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Abstract

Datalog, or the Horn-Clause query language, is a successful formalisation of the use 

of pure logic programming to answer queries asked about finite relational structures. 

However, Datalog is not expressive enough for some practically useful problems as those 

logic programmers who feel the need to use the non-declarative feature negation as failure 

probably know. In this thesis we assess the increased expressive power got by adding 

negation as failure to the pure logic programming query answering approach.

To achieve our aim we first define a logical query language DEF which is an 

extension of Datalog and has just as nice syntax and semantics as Datalog. We show that 

DEF is equally as expressive as the most common fixed point query language which 

contains a lot of useful queries. We then show that DEF expresses exactly those queries 

which can be implemented using logic programming with negation as failure.
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Introduction

We consider the relative expressive powers of various methods of answering 

questions about finite structures. In particular, we investigate what improvement in 

expressive power can result when query languages based on pure logic programming are 

extended to languages based on logic programming with negation as failure.

The queries which we w ill be interested in are questions which can be asked of any 

finite structure from some relational language and which give answers yes, no or a 

relation on the domain of the structure. Query languages are just sets of strings of 

symbols each of which represents a particular query. The most basic query language is 

FO which contains all the first-order formulas of a given language and has the obvious 

semantics. FO represents exactly those queries answerable using Codds’s Relational 

Algebra [Cod70j. Unfortunately, it is not strong enough to express some practically 

useful queries such as the transitive closure query. This has lead to some recent 

developments of languages based on computing least fixed points. Such examples as 

FO+LFP [Gur85] have overcome the deficiency in expressibility of FO.

Does logic programming provide any alternative answers? Logic programming 

techniques can be applied to these problems in the deductive database setting [GMN84a]. 

Here we describe a situation (possibly incompletely) using a theory and then ask what has 

to be true of the situation. This is not specifically designed for our problem of querying 

finite structures yet we can handle some queries by both describing the structure and 

defining the relation of correct answers to our query in the theory. For example, Q is 

defined as the conjunction of R and S if  we add the sentence 

V r ( Q ( r )  <— ► R M  a  S i x )  )

to a theory completely describing any finite {R,S}-structure. U nfortunately, when
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restricted to Horn-clause theories we can neither completely describe the structure nor 

define (in the usual sense of implicit definition) the query. Thus, in practice, we get a lot 

of "don’t know" answers.

A  different method using much the same set up was pioneered in [ChH85]. Instead 

of trying to define the query inside the theory, we use the theory plus provability to 

specify a query. To define the conjunction of R and S as above, we add the sentence 

Vr ( RCr) a S(r) -► fiGr) )
to a complete description of the {R,S}-structure. The answer to the query is the relation 

of tuples which are provably in Q Le. those tuples which are in the interpretation of Q in 

any expansion of the queried structure to a model of the sentence. This approach, when 

limited to relational Horn-Clause theories, is formalised in a language, sometimes called 

DATALOG, which contains queries such as transitive closure which are not in FO.

New Work

Our new work starts with a definition of a powerful generalisation of DATALOG. 

PROV contains all the queries which can be defined via provability from any relational 

theory. A  PROV query is an ordered pair, written PROV(P;P), of a finite theory P  with 

relation symbols of two types - the old ones from the language of the queried structures

plus some new different ones - and one of the new symbols P. The answer to PROV(P;P), 

asked of any finite structure of the old language, is the relation of tuples which are in the

interpretation of P in any expansion of the structure to a model of P. The expressive 

power of PROV is equivalent to that of the language USO of universally quantified second 

order formulae - a language containing queries which are almost certainly too hard to 

answer in a reasonable amount of time (see [Fag74D. PROV is the query language of 

which all the other of our new languages are sub-languages.

The least pow erful sub-language of PROV w hich we consider is DATALOG itself. It
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is based on provability from Horn-Clause theories in which the old symbols do not appear 

in the heads of clauses. This restriction ensures that only positive information from the 

queried structure is needed in answering queries. We consider three possible ways of 

making more expressive languages:

1) we could allow disjunctions in the heads of clauses - producing indefinite theories ;

2) we could allow negations of old relations and inequality to appear in the bodies of 

clauses - producing non-positive theories ; or

3) we could allow universal quantification to appear in the bodies of clauses - producing 

non-existential theories.

By allowing different combinations of these features we get several query languages of 

differing expressive power and ease of implementation.

The strongest language, IMP, which is based on sentences allowing any of the 

extensions, is shown to be as powerful as PROV itself. By a result in [Fag74], it can thus 

express all the negations of non-deterministically polynomial time computable queries. 

Polynomial time computable queries are thus well within its power - for example , "is the 

size of the structure an odd number?" can be answered by trying to prove that Odd 

follows from a complete description of the structure plus the following theory in which 

R, S and Odd are new symbols:

{ Vcy ( R(x,y)  -> £ (y ,x ) ) ,
V e ( R i x j c )  -  O d d  ) ,

\Jxyz ( R(x , y ) A R i x j )  A y -* O d d ,

Vcy R(x,y) V S i x , y \
Vc ( V/ S i x , y) -» O d d  ) }.
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DEF and FO+LFP

Our most important generalisation of DATALOG is the query language DEF based 

on sentences which can contain old negations, inequalities and universal quantifications as 

conjuncts in the body but one and only one atomic formula appears as the head and it is 

built from a new relation symbol. For example, if your brother is liked by everyone then

you are a correct answer to the DEF query PROV(P;Q) where P is as follows;

{ \ /x y z  [ p a r e n tC z jc )  A p a r e n t ( z , y ) A x ^ y  A m a le iy ')  A ( W  U k e s (u ,y }  )

-  Q C x ) ]  }.

In order to compare DEF with established query languages such as the least fixed 

point language FO+LFP defined in [Gur85l we note the least fixed point character of 

logic-programming type deductions. Basing our ideas on the use of a fixed point operator 

in [EmK76l we invent a new least fixed point language L F P . It is characterised by the 

use of one multiple operator defined by several first-order formulae. We show 

D E F = L F P , i.e. that DEF and L F P  are equivalent in expressive power.

By showing that FO+ LFP= £FF, we can conclude that DEF= FO+LFP. To show the 

former we use a result in [Imm82] implying that the nesting of fixed point operators and 

first-order constructions within each other can actually be collapsed. We must also show 

that the multiple character of L F P  can be mimicked by multiple uses of simple LFP 

operators. This is not a trivial matter of coding the tuples of relations involved in a L F P  

operation into one big relation. Nevertheless, we can conclude that DEF, FO+LFP and 

L F P  are all equally expressible.

DEF and NAF

The major results in this thesis are those demonstrating the close relationship 

between the class of queries implementable by logic programming with negation as failure 

CLPNAF) and the class of queries expressible in DEF. By a query implementable with
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LPNAF, we mean one that can be answered by extending the usual logic programming 

technique for answering DATALO G queries to the LPNAF technology -i.e. we have an 

LPNAF program PROG and a symbol P such that finding out whether dr is a correct 

answer to a query or not can be accomplished by asking " PGr)?" of the two-part program 

consisting of a description of D followed by PROG.

The first problem is to get a workable definition of NAF. On the basis of comments 

in [She84l we reject any ideas that the closed world assumption or the Clark completed 

database provide any account of a declarative meaning of an LPNAF program. Instead, 

we must base our work on a definition of a query evaluation process for NAF. We choose 

a slightly more complete process (i.e. it gets more answers) than Clark’s [Cla78] and so 

have to relate it back to d a rk ’s.

It would be easier if  we could use some sort of declarative meaning of NAF and, in 

fact, we do so. We show how to construct from each functionless LPNAF program, 

PROG, a first-order theory, SYNTH(PROG), such th at:

1) if  PGr) succeeds from PROG then PGr) is deducible from SYNTH(PROG); and

2) if  PGr) finitely fails from PROG then PGr) is not deducible from SYNTH(PROG). 

Furthermore, we detail some conditions, and say that a program which satisfies them is 

covered. If PROG is covered then

3) if  PGr) is deducible from SYNTH(PROG) then PGr) succeeds from PROG.

By using the results 1 and 2, we get a correctness result - for each functionless and 

constantless LPNAF program, there is a DEF query such that the answers which are 

obtained using the program are correct answers to the DEF query. Thus, all queries 

implemented by LPNAF are in DEF.

By using result 3, we can get a completeness result - for any DEF query, there is an 

LPNAF program which can be used to answer the query. The program w ill get all the
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"yes" answers for the query, and if  the program gets an answer then the answer w ill be 

the correct answer for the DEF query.

Stratified Databases

In [ChH85l DATALO G is extended to a query language, C, which is based on a 

hierarchy of sub-programs determining whether negations of new symbols can appear in 

the bodies of (what would otherwise be) Horn-clauses. Universal quantification is not 

needed for it is proven in [ChH85] that C=FO+LFP. So we can conclude that C= DEF. 

The stratified database approach of [ABW86] is much the same as C.

The clausal language C  is not a sub-language of PROV. Although C  is based on the 

relationship between a theory and one of its symbols, the relationship is not provability. 

To define the semantics of C, Chandra and Harel nested provability in complementation 

and complementations in provability. It is suggested in [ChH85] that NAF is relevant to 

implementing this language. We show that this is not so because finite failure to prove is 

not the same as not provable. Implementing C  involves knowing what is not provable in a 

sub-program in order to be able to compute negations in a higher (in the hierarchy) sub­

program.

In order to implement a stratified database using LPNAF one must therefore use the 

result in [Imm82] converting nestings of negations and fixed point operators to an 

alternative single unnested fixpoint. Thus, we are essentially compiling the stratified 

database into a DEF theory before attempting to answer the query. We make some brief 

investigations into what other provability languages are similarly closed under nestings of 

complementations. The idea of finite implicit definability is relevant here : we show that 

all polynomial time computable queries are im plicitly definable on finite structures, and 

so nesting them under complementation does not offer any increased expressibility over 

straight provability semantics.
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Im plem entations

The relationship between NAF and DEF suggests an alternative approach to 

implementing DEF queries. Perhaps we could program directly w ith DEF theories. It 

would be a purely logical approach (unlike NAF) and yet suffer no loss of expressibility 

compared to LP w ith NAF nor any efficiency (this is because of the close relationship 

between doing deductions in SYNTH(PROG) with programming with PROG). We develop 

an improved unification algorithm supporting this development. It involves inequalities 

as w ell as unifications and can handle problems like the following (which simple 

approaches such as Skolemising out universal quantifications have trouble with) :

Vy [ ( Vc L(x ,y) ) -► B (y ) ],

L(M,M)

l (j ,m ) (*)

V x  [ x ^ M  A x ^ J  -* L { x ,M )  1

From this theory B(M) is concluded but the theory without the starred sentence fails to 

lead to B(M).
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Chapter 1
Background

What are query languages? What is the expressive power of a query language? 

What is logic programming? How can a query language be based on logic programming? 

W hy study the expressive power of query languages based on logic programming? In this 

chapter, we shall endeavour to answer these questions.

These concepts and problems arise in the overlap between the study of databases and 

the study of logic programming. While these are two distinct areas of research, they are 

both ultimately concerned with the general task of answering complex questions about 

complex situations - the core of database research perhaps being more concerned with the 

logical representation of a particular type of situation (i.e. finite relational structures) and 

the core of logic programming research looking more at a certain way of computing 

answers once a logical specification is given.

Both these areas and this thesis are based upon fundamental ideas from 

mathematical logic. In order to get started, we first have a quick look at these 

fundamental ideas - getting some terminology straight in the process. The three most 

basic ideas are those of structures, theories and models. A  structure is a formalisation of 

the idea of a situation. A  theory formalises the idea of a description which may or may 

not apply to a given situation. If the description is actually appropriate to the situation 

then we say that the structure is a model of the theory.

Green in [Gre69] and Kuhns in [Kuh67] and [Kuh70] both used logic for aspects of
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knowledge representation but the logical foundations for database theory were laid by 

Codd in [Cod70]. He took the idea of a finite relational structure from mathematical logic 

as the basis of his relational data model.

In section 1.2, we w ill see how Codd’s formalisation of the representation of a 

complex situation allows us to then go on to formalise the idea of a question asked about a 

situation. We shall introduce queries and then query languages. Query languages 

represent whole classes of queries and we can ask when one language has more expressive 

power than another - i.e. when does the former represent more queries than the latter. 

We shall see how the focus of research has moved from the weaker first-order query 

languages to the more powerful fixed point languages.

In section 1.3 we shall switch to concentrate on logic programming. We w ill see to 

what extent logic programming lives up to the motivation for a declarative programming 
language - i.e. a language using which a program describes the answers to the problem 

which it solves as well as a method of solving the problem.

Pure logic programming has some serious limitations when it comes to specifying 

problems about real situations. To logic programmers, one of the most annoying is the 

inability to include rules involving negative information. Unfortunately, handling 

negative information introduces formidable computational problems and the outcome of 

attempts to come to some sort of compromise have been unsatisfactory. In section 1.4 we 

shall see how logic programming has been extended in this way to include the 

computational rule, negation as failure.

In section 1.5 we see how logic programs have been used in database problems. The 

kinds of problems that such approaches can handle are so different to those described in 

section 1.2 that we identify two distinct schools of database research - conventional 

database theory as in 1.2 and deductive database theory as in 1.5. However, we shall see
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th a t deductive database theory is based on some shaky foundations.

In section 1.6 we w ill see how we can take ideas from deductive database research 

that are both helpful to our task of asking questions of finite structures and based on safe 

foundations. We end up with a query language, Datalog, based on logic programming.

Finally, in section 1.7, we w ill identify a need - the lack of expressive power of 

Datalog concerning some practical problems - and a means - the possibility of extending 

one of the ways of evaluating Datalog queries from using pure logic programming to using 

logic programming with negation as failure. We identify some theoretical questions 

which need answering before a query language implementable using logic programming 
with negation as failure can be hailed as practically useful.

Hopefully, after reading this chapter, the reader w ill understand what we are setting 

out to do and why.

1.1 M odel Theory

In this section we w ill quickly go over the very basic basics of model theory. A ll 

the details appear in the beginning of [ChK73] and we w ill just mention concepts which 

might be different, or appear in different notation, in other treatments of the basics of 

model theory and mathematical logic.

In the context of model-theoretic discussions in this thesis a lan gu age  (commonly 

known elsewhere also as a signature or a vocabulary) is a set of symbols of three sorts - 

re la tio n  sym bo ls, co n s ta n t sym b o ls  and fu n c tio n  sym bols. Each relation symbol is 

associated with a non-negative integer called its a r i ty  and each function symbol is 

associated with a positive integer called its a r ity . A  symbol of arity n is said to be n -a ry .
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We shall pay particular attention to finite languages consisting w holly of relation 

symbols. We shall reserve the term s ig n a tu re  for such languages.

If L  is a language then an L -stru c tu re  is an ordered pair (S,a) consisting of a non­

empty set S and a map a  which takes each n-ary relation symbol in L  to an n-ary relation 

on S, each n-ary function symbol to an n-ary function on S and each constant symbol in L  

to an element of S. S is called the dom ain  of the structure and the image of each symbol 

from L  under a  is called the in te rp re ta tio n  of the symbol. Just in case there is any doubt 

about exactly what a relation on a set is, we w ill consider O-ary relations as either being 

truth (i.e the truth value of a tautology) or falsity and n-ary relations, for positive n, as 

being a set of n-tuples from the set.

We w ill be particularly interested in structures with finite domains which we w ill 

call f in ite  s tru c tu re s .

Many times in this thesis we w ill be taking an L-structure and defining 

interpretations for extra symbols which are not in L. We shall a ill this e x p a n d in g  the 

structure - if L £ K  are both languages and D is an L-structure then we w ill call a K- 

structure E an ex p an sio n  of D if  and only if the domains of D and E are the same and the 

interpretations for all the symbols from L  are the same in E as in D.

The opposite of expansion is red u c tio n . If L £ K  are languages and E is a K-structure 

expanding the L-structure D then we w ill call D the L -red u c t of E - each K-structure E 

has only one L-reduct D and we write this as EIL.

If L  is a language then, in the usual way, we form the first-order language of L  with 

identity consisting of L - te r m s , a tom ic  L- form u lae , L -  fo rm u lae , and L -se n te n c e s . We also 

define the ideas of f r e e  and bound  occurrences of variables in formulae.

If 0 is an L-formula and x =  ( x lt • • • ,x*) is a tuple of distinct variable symbols
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then we write 0=0(jr) if  and only if  all the free variables of <f> appear amongst the x t. If 

we have introduced 0  by writing 0 =0 (xO as above and r  is a k-tuple of L-terms then 0(r) 

is the result of substituting each free occurrence of x t in 0  by ft. For formulas 0  which 

have not necessarily been introduced as 0=0 Gr) we write 0(r\r) for 0  under the same 

substitution.

Such substitutions are also allowed to act on tuples of terms in the obvious way. 

For example, if  u contains variables from y then u(j\S) is a with each appearance of y t 

replaced by blf while if  a has been introduced as ff=aKr), then uiir) is ffOrVr).

If 0 contains no free variables, i.e. 0 is a sentence, we shall sometimes say that 0 is 

c lo se d  and in other circumstances we shall say that 0  is g ro u n d .

A  set of L-sentences is called an L - th e o ry .

If D is an L-structure, 0=0(r) an L-formula, X=Cxv  •••,£*), E  a k-tuple of 

elements from D then we specify when D is a m o d el of 0GT), D H0GT), in the usual way 

(i.e. by induction on the construction of 0). For example, D h  a=b if  and only if  a and b 

are the same element of the domain of D.

We w ill find that a concept used in such definitions w ill be useful for us in this 

thesis. If L  is a language and M an L-structure then we w ill call a map a  from L-terms to 

elements of M an M -su bstitu tion  if and only if it satisfies 

MSI) if  a is a constant from L  then aa is the interpretation of a in M and 

MS2) if f  is a function from L  and E*4jeXt •••,£*) a k-tuple of L-terms then f is~ )a  is the 

the image of (e xa , • • • ,ek a ) under the map which is the interpretation of f  in M.

We allow M-substitutions to operate on tuples of L-terms giving tuples of elements from 

M in the obvious way.

We say D is a m od el of a theory T  if and only if D is a model of all the sentences in
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T.

We assume that the reader is familiar with the idea of an L-sentence 0  being 

d e d u d b le  from an L-theory T. We write T  I- 0  if this holds. It must be emphasised that 

we are doing deductions in the first-order language of L  with identity so the identity 

axioms are available for use in such deductions.

We conclude by stating a theorem which we w ill make great use of in this thesis - 

always im plicitly.

THEOREM 1.1 (easy consequence of [ChK73] theorem 1.3.21)

0 is deducible from T  if  and only if  every model of T  is also a model of 0.

1.2 Query Languages

In this section we w ill have a quick look at the conventional database formalisation 

for the problem of asking questions of complex situations. More details can be found in 

[Del80] and [Mai83].

In [Cod70] Codd laid the foundations for this approach by suggesting that 

information about a situation should be stored in a database in a computer that can be 

interacted with as if it was a finite relational structure. For example, if D is the 

structure, R  an n-ary relation symbol from the signature, s  an n-tuple from the domain 

of D then the user should find it very easy to find out whether D KR(<r) or not. Codd 

actually allowed a typed structure - i.e. different domains for different coordinates of a 

relation - but, along with most of the researchers which w ill be mentioned subsequently, 

we w ill get by without that complication. [Dat77] , [Dat8l] and [U1182] contain more 

recent presentations of this re la tio n a l (or c o n v e n tio n a l) approach to databases.
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Now that we know what we are asking questions about, let us replace the vague idea 

of a question by the formal concept of a query. A  query w ill be something which picks 

out some tuples in the domain of a structure as being correct answers. To define a query 

formally we w ill use a variant of the concept of a global relation as introduced by 

Gurevich in [Gur83] and set out in [Gur85j.

If L  is a signature and n is a non-negative integer then an n-ary L -q u ery  is a map 

which takes each finite L-structure D  to an n-ary relation on the domain of D .  If q is an 

n-ary L-query and D  an L-structure then we say that an n-tuple a € D n is a 

c o rre c t a n sw e r  to q if  and only if  a G q (D ) .

A  specific example follows. If we know the immediate bosses of employees in a large 

hierarchically organised company then we might ask about who is ultimately superior to 

whom. Here L  could contain only a 2-ary symbol boss_of and given an L-structure 

representing the organisation in the obvious way the correct answers to our query are the 

ordered pairs of employees in the ordered transitive closure of the boss_of relation. 

Superiority is a 2-ary {boss_of}-query.

The simplest, more general, examples of L-queries are first-order L-formulae. 

Suppose X = (x v  . . . , i n) and 0Gr) is a first-order L-formula. Then 0 represents the n- 

ary L-query q defined as follows:

given an L-structure D, the n-ary relation q(D) on the domain of D is just the set of n- 

tuples which satisfy 0 in D

i.e. V ffG D ", ffGg(D) <=> Dh0Gr).

Technically, it is a first-order formula along with an ordering on its free variables 

(plus maybe other variables) which determines a query. For example, if 0  is the formula 

P(x,y) a  Q(y,u)

and D 1= P(a,b) A Q(b,c), then a query which we introduce as being represented by
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<£(x,y,u) has (a , b , c) as a correct answer, while $(u,x,y,z) represents a query w ith 

(c , a , b , d) as a correct answer.

We have seen how first-order L-formulae can represent L-queries. This is a specific 

case of a query language. If L  is a signature then a qu ery  lan gu age  on L  is a class of 

strings of symbols (called w ell f o r m e d  fo rm u la e , w f f , of the language) each of which 

represents an L-query in some specified way. We w ill denote the query language 

consisting of first-order formulae on L, with the method of representation as defined 

above, as FO(L).

We shall generalise the model-theoretic notation of satisfiability to be useful for all 

query languages.

If cr is a w ff from a query language on L  and represents the n-ary L-query q 

then for all L-structures D  , for a ll cc€ D n,

we w ill write Z)NcK<r) and say that a  is a c o rre c t a n sw e r  to a  in D  

if  and only if  a € q ( D ) .

This is a generalisation, since for <p&FO(lS),

DN  0(<r) in  th e  m od el-th eore tic  sen se  

<=> D  h= 0(<r) in  th e  qu ery  sen se.

Codd, in [Cod72], developed the first query languages for his relational model 

[Cod70]. He introduced the relational calculus and the relational algebra and showed that 

they had the same expressive power. He proposed that they were to be the basis of a 

notion of completeness for all query languages: a query language was to be called

complete if it could express all the queries definable by the relational calculus.

Bancilhon [Ban78] and Paredaens[Par78] both have shown that Codd’s languages can 

express all first-order definable relations i.e. the relational calculus has the same 

expressive power as FO. Codd's notion of completeness is just the same as being as
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expressive as the first-order query language.

However, there are languages much more powerful than FO and for this reason, 

Codd’s definition of completeness is not totally satisfactory. Two related, very powerful 

languages are the universal and existential second-order languages, USO and ESO 

respectively. The w ff of USO(L) are those of the form VS^CxO where S is a signature 

disjoint from L  and <f> a first-order formula from LU S . The wff VS$Gr), with 

x = t x lt . . . , x n\  represents the n-ary L-query q, where, for all L-structures D ,  for all 

a € D n,

a € q ( D )  <=> Z)h V S # »  <=> V  LUS-structures E  such that E \L= D , _ET=<£(<r). 

ESO(L), on the other hand, has formulas 3S#6r) such that

D \=  3S$Gr) if  and only if  there is an LUS-structure E  such that E \ L= D  and i?l=<£(<r).

The negation of each ESO query is in USO and vice-versa.

If L=0, then an example of a O-ary ESO(L) query is 3Scr, where S has 2-ary R, and 

<x is as follows:

V r [ -«.RCr,x) ] A \Jxy [ R ( x ,y) R(y^c) ] A

V x y z  [ R ( x ,y ) / \ R ( x  -» y = z  ] A  Vc 3y R ( x ,y ) .

It should be apparent that, for all finite L-structures D, Dl=3Scr if  and only if the size of D 

is even.

A  result of Fagin’s demonstrated that ESO is not a very practical query language 

from a computing point of view. In [Fag74], he showed that the O-ary ESO queries are 

precisely those O-ary queries which can be computed by a non-deterministic machine in 

polynomial time. Given the current feelings that P ^ N P  (see for example [DaW83D are 

correct some ESO queries would take a long time to compute.

However, there are equally practical reasons why its no good just sticking to FO. In 

[AhU79], Aho and ULLman point out that the relational calculus (and hence FO) can not
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express the transitive closure of a given relation and yet this is a widely used query. 

Hajek [Haj75] actually gave the first proof that a transitively defined property- in this 

case connectivity of finite graphs - is not first-order definable. Fagin [Fag75] gave a more 

general theorem implying the same result. Since then Gaifman [Gai82] has given a general 

theorem on the lim itations of first-order expressibility but the simplest such proof is in 

[GaV83].

One way to overcome this shortcoming is to add a transitive closure operator 

directly to the query language (as suggested in [Zlo79D. Immerman [Imm83] explores this 

possibility and some of the interesting results are given in [Gur85].

However, the most developed extensions of FO are the least fixed point languages. 

Early work in utilising this idea includes [AhU79l [ChH80a] , [ChH80b], [Imm82], 

[Var82], [Liv83] and [Gur83l

The foundations for such languages were laid long ago by Tarski [Tar52]. If X  is a 

partially ordered set then we say that X  is com p le te  if  every subset of X  has a least upper 

bound and a greatest lower bound. We say that a map F:X-»X, i.e. an operator on X, is 

m onotone  if  and only if

V x ,y € X  x ^ y  => F ( x ) ^ F ( y \

and we call x  € X  a f ix e d  p o in t of F if  and only if  F(x)=x. Tarski proved that if  X  is a 

complete partially ordered set, then every monotone operator on X  has a 

le a s t f ix ed  p o in t i.e. a fixed point x € X  such that if  y € X  is also a fixed point of F then 

x^y.

If L  is a signature and D is a finite L-structure then the set R E L n( D ) of all n-ary 

relations on the domain of D is a partially ordered set with the following order 

If (T f iZ R E L jJ ) )  then cr^p if and only if  Vir€Z)n => cTGp.
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Since R E L jD ) is finite, R E L jD ) is complete.

Now suppose that P is an n-ary relation symbol not in L , x=Cx!...........xn) and 0 (r)

is an LU {Pi-formula. We w ill make an operator F #  on R E L j iD )  out of <f>. Given 

cr^ R E L j D )  we must define an n-ary relation F j c r )  6 R E L n (D  ). We proceed as follows:

Vr6£>n, erep/cr) <=> DH£(P\cr,jrVr).
The notation DH£(P\ovrVr) means that $C<r) is true in the L  U {P}-structure with L- 

reduct D and the n-ary symbol P interpreted as the n-ary relation o\

For example, L  might have the 1-ary symbol "Cat" in it. We can define an operator 

F $ on the 2-ary relations of an L-structure via the formula 

<£(x,y) -  C C a t ( x )  A  C a t(y) A  P(x,y) ) V P(y,x).

If D is the L-structure with domain { Nick, Jane, Fluff, Rover, Tabby } such that Fluff 

and Tabby are the only Cats then F^ operates as follows:

P/0)= 0

F * (N ic k  J a n e ) ,  (F lu ff f o v e r ) (J a n e  N i c k  ), (R o ver  f l u f f  )

F* ( N i c k f l u f f ) ,  ( F lu f f f l u f f ) ,  ( F lu f f f a b b y )

( F lu f f f l u f f ) ,  ( F lu f f f a b b y ) ,  ( F lu f f N ic k ) ,  ( T a b b y f l u f f )

Now, provided that 0 is a formula of LU{P| such that for all L-structures D the 

operator F $ is monotone on R E L j D ) then we could write LPP[0Xy") to represent the 

following query:

VL- s tr u c tu r e s D , Vr€£)n, D f=LFP[0](<2") if  and only if <T€p

where p €  R E L j D )  is the n-ary relation which is the least fixed point of the operator F 0
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on R E L jJ D ). We know that the least fixed point p  exists by Tarski’s theorem since F #  is 

monotone on R E L n(D  ).

For example, if  L  has 2-ary "parent" then we could let

00c, y )  =» p a r e n t ix ,y) V 3z [  P ( x j )  A p a r e n t i z ,y) ].

A  little work should convince the reader that the query LFF[<f>J.x ,y) has correct answers 

all those (a,b) in an L-structure D such that a is an ancestor of b.

The actual notation which has been developed is a bit more complicated than this 

simplified version for it allows nested LFP operators. We w ill need to define the fu ll 

version in a later chapter. The interested reader is also referred to [Gur84] or [Gur85] for 

details.

The language FO+LFP, FO with the addition of this form of least fixed point 

operator, is easily shown to include transitive closure queries (our ancestor query was 

such a one). It is also not too complicated from a computational point of view. In fact one 

major reason for research into the LFP language is its close relationship with the class P of 

polynomial time computable queries. In [ChH80b] it is shown that all FO+LFP queries 

are polynomial time computable but there exist queries in P which are not in FO+LFP. 

That the domain has an even size is one query in P but not in FO+LFP. Similar results are 

also proven in [BGK84]. Surprisingly, Immerman [Imm83] has shown that there are 

polynomial time complete problems in FO+LFP. Immerman [Imm82] and Vardi [Var82] 

have shown that if we restrict our attention to totally ordered structures then the P 

queries we can ask on them are all expressible as FO+LFP queries (and vice versa).

In the simplified definition of the LFP operator which we gave we specified that, for 

LFP[<f>] to be defined, 0, a formula of L U  {P}, should be such that F #  is monotone on

rfR E L n(D ) for all L-structures D. A  theorem of Lyndon’s, in [Lyn59], says thatŷ F̂  is 

monotone on R E L n(D) for all, finite or infinite, L-structures D, then 0 is logically
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equivalent to an LU{P}-formula \fr which is p o s itiv e  in P i.e. P does not appear nested in 

an odd number of negations in \f/. For this reason, the actual language FO+LFP used by 

most researchers allows LFP to operate only on formulas positive in P.

However, to use Tarski’s theorem to guarantee the existence of a least fixed point of 

F $ for our applications we only need to be monotone on all finite structures. This 

suggests a more powerful language FO+LFP*. The wff of FO+LFP (L) can have only 

LFP[0] for <f> positive in P - i.e. F #  monotone on the n-ary relations from all L-structures 

- , the w ff of FO+LFP* (L) can have LFP[0] for F $  monotone only on the n-ary relations 

of all finite L-structures. Ajtai and Gurevich [AjG85] show that Lyndon’s theorem 

doesn’t work when we restrict to finite structures only - i.e. there are some <f> such that F^  

is monotone on the n-ary relations of all finite Lrstructures but <f> is not logically 

equivalent to a formula positive in P.

Gurevich and Shelah [GuS85] investigate the relative powers of FO+LFP, FO+LFP’ 

and another related language FO+IFP (using the so called non-monotonic or inductive 

fixed point). In actual fact, each of these three languages is as expressible as the others. 

Although FO+LFP’ uses w ff based on some <f> unavailable to FO+LFP, the fixed points of 

these turn out to be expressible as fixed points in FO+LFP.

We have noted that the fu ll definition of FO+LFP allows nesting of LFP operators. 

In fact, as shown by Immerman [Imm82] only one level of nesting would suffice to 

express all the FO+LFP queries. A  similar result for FO+IFP is proven in [B0G86] .

Gaifman, in [Gai84], developed a generalisation of FO+LFP which is based on 

operators on tuples of relations i.e. on cartesian products of R E L n[ D  ). We shall employ a 

simple version of this query language to show the close relationship of fixed point 

languages with aspects from the theory of logic programming.
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Before we look at logic programming we shall define some notation to help us relate 

query languages. If A(L) and B(L) are query languages on a signature L  then we w ill 

write A(L) £  B(L) if  and only if  every query represented by a wff from A(L) is also 

represented by a w ff from B(L). We write A(L) =  B(L) and say that A(L) and B(L) are 

equally expressive if  and only if  both A(L) £  B(L) and B(L) £  A(L). If, for every 

signature L , A(L) and B(L) are query languages which are equally expressive 

(respectively A(L) £  B(L)), then we w ill write A  s  B (respectively A  £  B).

13 Logic Programming

What is logic programming? In this section we w ill look at how the terms 

declarative programming, logic programming and PROLOG are used and say how they 

w ill be used in this thesis. We w ill also describe, in some detail, one way in which a 

computer can work on a problem expressed by a logic program.

P ro g ra m m in g  is the activity of writing instructions which tell computers what to 

do. Specific relationships between the written symbols and the computers actions (i.e. 

changes of internal states) are summed up in specific p ro g ra m m in g  la n gu ag es. A  p ro g ra m  

is a set of instructions, expressed in a programming language, for the solution of a 
particular problem. Declarative programming languages, logic programming languages 

and PROLOG are three terms signifying three overlapping and not necessarily w ell defined 

classes of programming languages.

We start by considering the p ro ced u ra l a p p ro a c h  to a problem. This is simply 

describing an algorithm for the solution of the problem. Writing a program is, by its 

nature, approaching a problem in a procedural way - although we reserve the term 

procedural programming language for members of a certain class of languages. The
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p r o c e d u r a l in t e r p r e t a t io n  of a programming language is the way in which the computer 

acts according to the instructions of the language.

Contrasted to the procedural approach is the d e c la r a t iv e  a p p r o a c h  to a problem. 

This involves describing (in some language) properties of a correct answer to the problem 

and forgetting about how such a solution is to be found. A  d e c la r a t iv e  in t e r p r e t a t io n  of a 

programming language is some description of the answers which the computer arrives at 

after running programs written in that language- it does not have to mention the details 

of the algorithm that was used.

The difference between the procedural approach and the declarative approach to 

problems is at the heart of a lot of the issues of ease of understanding of programs and 

proof of correctness of programs. From these points of view it would be nice if  a program 

could convey explicitly a lot of declarative information about the problem it solves. 

However, it might not seem possible that a program could be both a description of the 

problem and instructions on how to solve it.

A  d e c la r a t iv e  programming language is one that overcomes this apparent obstacle by 

allowing its programs to be read by us as descriptions of the answers to a problem while, 

at the same time, being able to be read by the computer as instructions for the solution of 

the same problem. There are general discussions of this idea in [BYT85].

Two classes of declarative programming languages are popularly identified - 

functional languages and logic programming (or relational) languages. Functional 

languages [Dar84] are characterised by their declarative interpretations as defintions of 

functions (often recursive). Their origins can be traced to work on the lambda calculus 

and recursion equation systems ([Chu4l] and [Kle36]).

We are interested in the logic programming languages. These have been developed 

since Kowalski, in [Kow74], showed that the language of logic, a particularly good
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language for describing problems, could, in some circumstances, also have a procedural 

interpretation.

Up until that time, programming and doing automated theorem proving were 

different activities. Now the distinction is less clear cut but there still is a difference in 

emphasis which is worth pointing out. Automated theorem proving is concerned with 

designing algorithms which can decide whether a given sentence is deducible from a given 

set of sentences. To some extent the sets of sentences given to a computer using such an 

algorithm can be regarded as a declarative program - the sentences are a description of the 

problem and they are read by the computer as the instruction to decide, using its 

algorithm, whether the given sentence follows from the given set. However, the term 

declarative program would more often be used to denote a more detailed (lower level) 

control of the operation of the computer by the programmer.

Kowalski, in [Kow74], and Colmerauer et al, in [CKRP73], first presented the basis 

for logic programming. Their idea was to have programs which looked like sets of Horn 

clauses - a Horn clause is a sentence of the form

V r C A U  P f j r t) — R(v) )

(or equivalently the universal quantification of a disjunction of an atomic formula and a 

disjunction of negated atomic formulae).

Programs are built from program clauses which are built from l i te r a ls . In order to 

allow for a generalisation later in the thesis, we shall call these positive literals. A  

p o s itiv e  li te ra l is an atomic formula "R(izO" where R is an n-ary relation symbol and a  an 

n-tuple of terms.

A  p ro g ra m  clau se  is anything of the form A  «- A t, • • • .A, where A  is a positive 

literal, q is a non-negative integer and each A, is a positive literal. The head of the clause 

is A  and A u . . . .  A , is its body which may be empty.
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If L  is a language then a p r o g r a m  from L  is a finite list of program clauses : each one 

containing only symbols from L.

In the context of logic programming, a qu ery  is anything of the form L v  • • • JLp 

where p is a positive integer and each L t is a positive literal.

It is easy to specify what we want to achieve. The program r e p r e s e n t s  a Horn- 

clause theory P in a straight forward way - the program clause A  «- A lf • • • 

containing distinct variables X  represents the Horn-Clause V r ( AjLiA, A  ). The query 

r e p r e s e n t s  a formula 0 in a straight forward way - L v  • • • >Lp w ith variables X  

represents <f>(xO -  A [mlL t. We want the computer to find a  such that Pl-0Gr).

For example, the program 

R(y) ♦ - P(x,y), Q(x)

P(x,x) ♦ - 

Q(a) -

represents the Horn-clause theory

{ \ /x y  ( P ( x , y ) A Q ( y ) -* R ( y )  ) , V x P ( x j c )  , Q ( a )  }.

R(a) follows from the theory so we would want to be told that x=a is an answer to 

"R(x)?" .

We shall call any language which uses this declarative interpretation a p u r e  logic 

programming language. - "pure" because it is purely declarative.

In [Kow74] and [CKRP73], it was shown how such programs could be used as 

computer instructions - i.e. given a procedural interpretation - by using automated 

theorem proving techniques based on the resolution principle introduced in [Rob65]. We 

shall look at the details of this approach shortly.

Because logic programming is very declarative, the relation between the problem
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described by a logic program and the problem solved by running it is very clear cut. So it 

may seem unnecessary for us to look at the procedural details. Apart from completeness 

of exposition, there are two main reasons w hy we are doing so :

1) we want to distinguish PROLOG from pure logic programming;

2) in the next section we want to introduce a non-declarative extension (negation as 

failure) of logic programming and this can really only be introduced as a modification of 

the procedural interpretation of the language and ;

3) later in the thesis we want to introduce our own modification of the procedure to 

enable extra expressiveness.

So let us now look at the basis for a procedural interpretation of logic programs - 

what is called SLD-resolution (Linear resolution with a Selection function for Definite 

clauses). The interested reader is referred to [Kow79] or [Llo84] for alternative 

introductions.

The logic programming approach [Kow74] to positive query answering on Horn- 

Clause theories is based on the resolution principle of Robinson [Rob65]. We try to find a 

substitution a- for the variables x in a query <£(x) = A?mlL t such that the theory P is 

inconsistent with -•$(dr). If PU { -*<£(<r) } is inconsistent then PH£(<r) - so a  is the type of 

answer we are looking for.

A  goal from L U C  is anything of the form * - L lt • • • JLp where p is a non-negative 

integer and each L t is a literal with relation symbol from L  and constants from C. When 

p=0 , the goal , is called the empty goal.

A  resolution proof of the inconsistency of a Horn-clause theory P with the negation 

->R(<r) of a substitution of a positive query R(x) is basically a path of goals leading from 

the goal «-R(x) representing the negation of the query to the empty goal. Each goal in the 

path represents a "less" inconsistent formula than a certain substitution of the last goal.

-  31 -



The empty goal represents the negation of truth i.e. falsity. A  path from * - R ( x )  to <- 

with the substitution X -*■  a  shows that -*.RGr) is "more" inconsistent with P than falsity 

i.e. PU{-i.RGr)} is inconsistent. Thus PI- -R(<r).

The attempted construction of a path of goals proceeds by the selection of a literal 

from the last goal and the choice of a clause of the program which says something about 

this literal (i.e. which has a head containing the same relation symbol). In SLD-resolution 

a rule governing the selection of literals is specified. The steps in paths of these versions 

must involve the literal indicated by the rule being used to get the next step. In most 

versions of PROLOG the selection rule is the "leftmost" selection rule.

We allow substitutions to operate on literals, queries and goals to get other literals, 

queries and goals in the obvious ways.

The crucial concept in the resolution process is that of unification. We say that 

literals L  and K  u n i f y  if  there are substitutions 9 , 0 for their variables respectively such 

that L 0 = K0. 6 and 0 are called unifiers of L  and K. For example, P(x,y,a) and P(u,u,v) 

unify with unifiers 0 taking x to z and y to z and 0  taking u to z and v  to a.

We note that another but equivalent approach to unification is usually presented in 

literature on logic programming (for example in [L1o84D. If we assume that or make 

efforts to bring it about that L  and K have no variable symbols in common then we can 

unify L  and K  by using just one unifier - L0 = K0 say. We find that when we need to be 

precise in some later proofs the need to check on and change the symbols in the literals to 

be unified makes this alternate approach too messy. It is easy to see that our definition of 

unification is equivalent and we w ill see that it is less messy for our purposes.

If literals L  and K unify then there are always m ost g en era l u n ifiers im g u s ) 6 and 

0  - i.e. unifiers 6 , 0  such that , for all unifiers 0 , X » for till variable symbols u,v, for all 

constant symbols a,
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1) if u0-v0 then ut/r-v0
2) if u0-a then u0-a.
3) if u0= v0 then u^=vx and
4) if u0=a then u;̂=a.

In the pure Horn-clause case unifications are useful because they help us use program 

clauses to get "less" inconsistent goals. Basically, if  *~Llf • • • >Lp is the most recent goal 

found in the construction of a path, and if  L t unifies with the head A  of a clause 

A * - A v  • • • y \  w ith mgus 0 , <f> then «-L10, • • • y L ^ B y A ^  • • • ^ 0^ LJ+10, • • • JL,p B is 

"less" inconsistent with the Horn-clause theory than «-L10, • • • JLp 0. For the exact 

formulation of this property see [Llo84] (or wait to section 5.1 where we give a 

generalised version).

In SLD-resolution with a selection rule R we end up with the following definition of 

a s u c c e s s fu l  path for a goal G from a program PROG - otherwise known as an R-computed 

resolution refutation of PROG U {G}. A  successful path for G from PROG with answer 

substitution 0 is a finite sequence of goals (Go,Gly • • • ,G*) and substitutions 

(0o, * ’ * A J  such that 

SLDl) G =G ^

SLD2) G k is the empty goal;

SLD3) for each i=0,l,~.,k-l , if G t is <-Lt, • • • JLp and R selects L t then there is a

program clause A * - A lt • • • ^  from PROG such that L t and A  unify with mgus 0it 0, 

and G|+i is * L f ) j, ■ * * 0 i-i0ji4 i0(, ’ * * ’ * * *L>p Bi * and

SLD4) 0 is equal to the composition 0O • • • 0*.t restricted to the variables in G.

If * - L v  • • • yLp has a successful path from PROG with substitution 0 then we say 

that 0 is an R-computed answer substitution for L v  • • • JLp from PROG.

It is not hard to show that for any selection rule R, this process gets exactly the
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THEOREM 1 2  (from [Llo84] theorem 7.1)

For every pure logic program PROG, for every query L v • • • JLpt for every 

selection rule R, for every substitution 6 of the variables in the query, if  9 is an R- 

computed answer substitution for L u • • • J j? from PROG then \ 0 \ [ mlL tQ) is a 

consequence of the Horn-clause theory represented by PROG.

THEOREM 1.3 (from [Llo84] theorem 9.5)

For every pure logic program PROG, for each query L v • • • JLpt for each selection 

rule R, for each substitution 9 of the variables in the query, if  \ 0 \ fmlL tB) is a consequence 

of the theory represented by PROG then there is an R-computed answer substitution <x of 

L j, • • • yLp from PROG and a substitution y such that 0 = cry.

So now we have reduced the problem of giving a pure logic program a procedural 

interpretation to the problem of finding successful paths using any selection rule. As we 

have said, PROLOG uses the leftmost selection rule, but how does it find paths?

PROLOG proceeds by what is called a depth-first search with the choice of literals 

done on the basis of their order in the program. The computer tries to build one path at a 

time. Where it has a choice of clauses to unify a selected literal with, it chooses the first 

such clause in the program and extends the path using that clause. When it can extend the 

path no further, and yet it has not constructed a successful path, it goes back to try the 

other clauses at its most recent choice. This is known as backtracking. The fu ll details of 

this standard control strategy are given in [Hog84].

One important thing to note is that PROLOG may miss out on finding some or all of

right answers according to the meaning w e have determined for the program and query.
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the successful paths.

What we have just described might better be called the procedural interpretation of 

"pure" PROLOG for nearly every existing version of PROLOG uses the syntax of pure 

logic programming as only a basis for a programming language. "Real" PROLOGS are 

described in [C1M811 [Hog84] and [CCP80]. In [Kow81bl Kowalski explains some of the 

main non-declarative (also called control or extra-logical) features of PROLOG. In the 

next section and throughout this thesis we w ill look closely at one of these features.

Finally, we shall answer the main question of this section - what is logic 

programming? Instead of giving it a rigorous definition, we use the term to refer to the 

general area of research that is wide enough to include both studies of purely declarative 

languages based on the language of logic and studies of non-declarative languages based on 

or related to PROLOG.

1.4 Negative Inform ation

In the next few sections we w ill see how logic programming can be used in a 

database query language setting. One of the main themes of this thesis concerns the effect 

on expressibility of such query languages when their bases are extended from pure logic 

programming to logic programming based on negation as failure (NAF). What is NAF?

If we are going to use a logic program to describe a situation and a query then it is 

clear that we might be frustrated because we can not directly express rules involving 

negations. Even quite straight forward queries use negated conditionals in their definition. 

For example, you may want to describe a group of people who have parents, grandparents, 

sons and daughters amongst them and then add that a person’s (blood) uncle is someone 

who is both a son of that person’s grandparents and not that person’s father.
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NAF is an attempt to handle such negative conditions. It is not, as we w ill see, a 

very good attempt. Also, there are other ways of handling generalisations of Horn 

clauses. In particular, Hodges, in [Hod85l shows how to code any finite first-order theory 

as a Horn clause theory in such a way that we can use SLD-resolution on the latter to get 

answers to queries asked of the former. Nevertheless, the desire to work with negative 

information was the motivation for NAF.

Although algorithms which we would call versions of NAF were first appearing in 

automated theorem proving ([Hew72]) and logic programming ([Rou75] and [WPP77D in 

the early and mid seventies, it was not until 1978 that serious attempts to justify the 

practice were made. The reason that problems of legitimation occurred was that NAF is a 

deviation from the principles of declarative programming - NAF fails as (an 

implementation of) negation.

In his detailed description of a q u ery  eva lu ation  p ro c e ss  (q e p ) - i.e. procedural 

interpretation - for logic programming with a special rule for handling negation, Clark in 

[Cla78] motivated the NAF rule by reference to the closed world assumption (CW A) 

which had appeared in [Rei78a] and [NiG78j. The CW A is the assumption that the person 

who wrote the program is im plicitly giving a more detailed description than he explicitly 

gives : the facts which can not be deduced from his explicit description are in fact false.

It does not matter how we formalise this rough idea for we can now proceed to 

explain the motivation behind the NAF rule. A  logic program w ill now be able to include 

clauses of the form A * - A lt • • • ,A, where some of the A, can be negative literals i.e. of 

the form not( PGr) ) where P(ir) is a positive literal.

When we come to do some serious work using NAF we shall describe a query 

evaluation process using a NAF rule (based on Clark's one) but for now we w ill just get a 

taste of its behaviour. Given a program and a goal we proceed as in SLD-resolution trying
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to find a successful path, from the goal to the empty goal. When a positive literal is 

selected then things proceed as before but when a negative literal is selected then the NAF 

rule goes into operation. For now we w ill assume that the literal is ground - say that it is 

not( PGr) ). Now we leave this refutation for the moment and separately try and see 

whether P(<r) succeeds or not by the same process. If P(<r) succeeds then we go back to 

our main path and act as though not( PGr) ) has failed - i.e. the path can not continue. If 

PGr) fails then, in accordance with the CW A intuition, we act as though not( PGr) ) 
succeeded - i.e. the next goal in the path is the old one minus not( PGr) ). In fact we don’t 

really always know whether a query w ill not succeed because the process might get stuck 

in a loop. For this reason, we can only succeed not( PGr) ) if  PGr) fails in a finite amount 

of time and for this reason NAF should properly be called negation as finite failure.

For example, consider the following program :

R(y) «- P(x,y) , not( Q(x) )

P(a,b) «- 

Q(b) «-

From this program it is not hard to see that R(b) succeeds according to the NAF rule. 

This is because not( Q(a) ) succeeds when Q(a) finitely fails as it does.

This example also shows that NAF is not an implementation of classical negation. 

What does it implement?

We have just managed to ask the peculiar question which many logic programmers 

find themselves asking. It is nothing special for computer scientists to be trying to 

develop some technology to solve a given problem. Here, however, we have the opposite. 

The technology has been developed but we are not sure about what the problem is that it 

solves. In fact, as we w ill see, no-one has yet succeeded in giving a satisfactory account of 

what NAF does implement.
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There is no guarantee that such a declarative meaning for NAF actually exists but it 

would be useful if  it did. Giving some meaning to NAF outside the complicated query 

evaluation process would be welcomed by the users of logic programming. Questions 

about whether a particular program truly implements a particular problem could be 

answered by comparing the problem with the meaning of the program and using general 

results about how w ell a program implements its meaning. An account of declarative 

meaning would also be useful to us when we want to generalise about the behaviour of 

logic programs.

Let us just be clear about what we would want from such a meaning. The meaning 

of any logic program w ill be a set of sentences of some language. We want it to be easy to 

construct from any program - the easier the construction is, the more declarative is the 

meaning. We w ill also give each query a formula as a meaning. In the pure logic 

programming case we have already specified what set of sentences a program represents 

and what sentence a query represents.

The important aspect is that the meaning must represent a problem which the 

program solves. The computer can give a substitution as the answer to a query, say "noM 

or get stuck in a loop (we w ill also see that some implementations of NAF can also give 

up). However, the meaning of a query can either follow from the meaning of the program 

or not. Obviously we w ill want a yes answer to correspond to a valid deduction and a no 

to correspond to not-deducible but we have to decide what a non-termination means.

Different people with different requirements may be happy with different accounts 

of declarative meaning depending on exactly how w ell they want a program to implement 

its meaning. We shall identify several types of relationships which could exist between a 

program an its meaning.

To make the ideas clear let us suppose tha t w e are only asking ground queries w ith
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ground meanings so we only get "yes" anĉ  "no" answers instead of substitutions. Also, we 

w ill only consider atomic queries and we w ill assume that the accounts of meaning are 

nice enough to define the meaning of such a query as the :A se^.

It is common in logic programming research to see the term soundness used in this 

connection. We w ill use it for our weakest relationship between a program and a 

meaning. Let us say that a program so u n d ly  implements a theory if  and only if  

if  a query succeeds from the program then the the query is deducible from the theory.

To know that a program soundly implements a theory can sometimes be useful - we 

know that a yes answer means yes. However, there are problems both with using it as a 

requirement on a practical particular level and as a requirement on the general level for 

an account of meaning.

First let us consider the practical level - solving a given problem. Clearly, soundness 

is a necessary requirement for a proposed solution to be acceptable: it would not usually 

be desirable for a program to come up with incorrect yes answers to the problem. On the 

other hand, in many circumstances, it is equally desirable for the program not to come up 

with incorrect no answers. The government might be happy for a computer, which 

soundly implements British entry-visa requirements, to say "no" to people who are 

entitled to have one, but the people might not be so happy. Requiring only soundness 

makes life easy for the programmer - she can implement any problem by a program 

which always says "no".

On the general level, a requirement of only soundness of an account of meaning is 
equally easy to satisfy. We could say that the meaning of any program is an inconsistent 

theory. Then, every program implements its meaning soundly. Clearly, any account of 

meaning which can only ensure that each program soundly implements its meaning is of 

little use to us.
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Of much more use is the relationship which we w ill call correctness. Let us say that 

a program c o r r e c t ly  implements a theory if  and only if

1) if  a query succeeds from the program then the query is deducible from the theory and

2) if  a query finitely fails from a program then the query is not deducible from the 

theory.

So here we are interpreting a loop as meaning don’t know - we do not know whether the 

meaning of the query is deducible from the meaning of the program or not.

On the general level, correctness is the ideal relationship. Given a program, if  our 

general account of meaning provides it with a meaning which it implements correctly, 

then no-one is to say that the program is not an attempt to implement that theory. 

Nothing in the behaviour of the program contradicts this assumption. A  general account 

which provides every program with a meaning which it implements correctly is very 

satisfactory.

For the purposes of solving problems, on the other hand, correctness is not sufficient. 

The programmer can easily provide a program which correctly implements any problem: 

he just has to use the program which loops on all the queries.

We need a stronger notion still. Let us say that a program completely implements a 

meaning if and only if

a query succeeds from the program if  and only if  the meaning of the query is deducible 

from the meaning of the program.

It should be clear that completeness implies correctness.

Correctness is all that we require for our reverse problem of finding a meaning for 

given programs. For the usual problem of solving problems, we do not need an account of 

meaning which always gives a theory which the program implements completely. It is 

sufficient that we show that under certain conditions on the program, the program
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implements its meaning completely. The programmer may then be able to solve a problem 

by presenting a program which has a meaning which represents the problem and which 

satisfies the conditions. Then our general result implies that the program gets all the yes 

answers and no more.

We could go a step further and define perfection to be completeness plus no looping - 

i.e. the answer to all queries is either a correct yes or a correct no. However, logic 

programming with NAF rarely obtains the necessary conditions of no looping for this 

relationship to hold - whether or not we have an account of meaning.

We have said that there are no accounts of the meaning of logic programs with NAF. 

Yet, at least two ideas are commonly put forward - the CW A and Clark’s Completed 

Database (CDB). Let us see why they are unsatisfactory.

The following material is based on the work of Shepherdson in [She84] and [She85] 

and Flannagan [Fla86] in which papers the relationship between Clark’s qep, the CW A  

and the CDB is explored in detail.

A  simple example shows that the CW A does not give us the meaning of NAF. 

Consider the following program.

P ♦ - not( Q )

Neither P nor Q follows from the program (taken as the set { ->Q -* P } of sentences) so 

the implicit meaning of the program under the CWA contains { -«Q ->• P , -<P , -iQ } from 

which Q is a consequence (as the set is inconsistent). However Q finitely fails from the 

program so the program incorrectly implements its supposed meaning.

Contrasted with that observation that the CW A does not give a basis for finding the 

meanings of programs is the following result.
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THEOREM 1.4 (theorem  1 [She84D

If a query Q fails in the qep then its negation iQ  follows from the program plus the 

CW A and if  Q succeeds with answer 0 then Q0 follows.

This might seem to supply us w ith something as good as a correctness result. 

However, the relationship which theorem 1.4 shows holds between a program and its 

CW A meaning suffers the same defects as soundness. First, any always looping program 

implements any problem. Second, giving any program an inconsistent meaning is just as 

good, and a lot simpler, than giving it the CW A meaning. Theorem 1.4 is not good enough 

to justify the use of the CW A as a basis for an account of declarative meaning of NAF.

The other main contender for the title of the meaning of NAF is the CDB idea which 

Clark introduced with his qep in [Cla78]. Although the failings of the CDB are much the 

same as those of the CW A it is worth describing it in greater detail because something like 

it w ill make an appearance in this thesis.

Constructing the CDB is essentially replacing the "if"s in the program by "iff's. More 

precisely we proceed as follows.

First of all, we decide on a language L  which contains not only those symbols in the 

program but those which we might want to query about. As pointed out in [Fla86] , Clark 

makes his "construction" of the CDB impossible by not limiting his CDB to a particular 

language. The CDB actually depends on this choice as well as on the program.

For each relation symbol R from L, we put one sentence, called the definition of R, in 

the CDB. If R is n-ary we choose n variable symbols X  = (x lt • • • >xn), not appearing in 

the program. If R appears in the heads of no program clauses then the definition of R is 

Vr ( ->R(r)).
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Otherwise, if  R appears in the heads of precisely clauses c x , • • • , c* in the program 

for k > 0 then, for each such clause c t , R(r) *~ L X, say, we first construct a

formula E t = E f a ) .  If the distinct variable symbols in the clause are y  then 

El -  3y(f • • ■ L r
Now we define the definition of R to be

Vr[R(r) «— * E xy  • • • v£*l-

Although, unlike Clark, we are using the first-order theory w ith identity so we do 

not have to add equality theory to get the same answers as Clark, we do have to follow  

him in specifying the free interpretations for terms. So, to the definitions above we add 

a  for each pair of distinct constants from L,

Vcy( /Gr)5*g(y)) for each pair of distinct function symbols f,g from L ,

Vry( /(x)- f f y ) - *  ( Xi-y/v • • • / \ x n~ y n ) ) for each function symbol f  from L, 

V r( for each constant symbol a and function symbol f  from L

and finally we add V r(f^ x ) for each term t built from at least one function 

symbol and each x  which is one of the variables x  in t .

In [Cla78] is proved the same sort of result for the CDB as Shephedson’s result for 

the CW A. Again the observation that meaning as contradiction would do just as well 

makes the practical use of this doubtful.

An example shows that there is no hope for a general correctness result for the CDB 

either.

P <- not( P )

is a program which finitely fails the query "S?" and yet S follows from the inconsistent 

CDB of this program.

To sum up then, NAF can only be seen as a non-declarative feature of a 

programming language. To find out what problem a given logic program with NAF is
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implementing we w ill have to follow through how the computer would run the program. 

Contrary to what we have seen in the pure logic programming case, currently there is no 

satisfactory way of avoiding this by referring to a separate meaning of the program.

1.5 Deductive databases

In the next two sections we w ill look at how logic programming can be applied to 

our problem of answering queries on finite relational structures. One general framework 

for doing this is the deductive database approach represented w ell in a series of collections 

[GaM78] , [GMN81] and [GMN84b]. In this section we w ill see what deductive databases 

are in theory and in practice.

In its most general form (see for example [Kow81aD a deductive database is the 

representation of a set of sentences (or sometimes the theory of consequences of a set of 

sentences). Having the conventional / deductive database dichotomy paralleling the 

model-theoretic / proof-theoretic dichotomy of logic like this has many consequences for 

the way we deal with and talk about the two types of database. [NiG78], [Kow81a] and 

[Rei84] contain discussions of these consequences.

Thus a deductive database is a not necessarily complete description of a situation and 

there may be several essentially different situations which it describes. Queries no longer 

get just yes or no answers. In a conventional database representing a structure D we 

either have DN£(<r) or Dh-’̂ Gr). However if  we have a deductive database representing a 

theory T  then there are four different possible relationships:

1) TV  $Gr) and not T1— ■ <£(fl") - the yes answer;

2) Tl— '0Gr) and not TV - the no answer ;

3) neither TV  0(<r) nor Tl— '<£(<r)- the don’t know answer; and

4) both TV 0(<r) and Tl— *0(<r) - the inconsistent answer.
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Being able to deal with situations of which we do not have complete information is 

one of the advantages of the deductive approach over the conventional approach. The 

conventional approach has been modified to deal with incomplete information by the use 

of some three valued logic (see [Cod79] and [Lip79D but this approach is not very 

satisfactory ([Gra77] , [Vas79] , [Vas80]). The other big advantage is that we can describe 

information using general rules instead of lists of facts - and thus save on space and make 

the database nicer for humans to deal with.

That’s the theory of deductive databases. Now let us look at the practice. There are 

at least three ways in which the research and use of deductive databases differ from the 

fu ll generality of the ideas we have just seen.

First, not just any set of sentences is acceptable as a deductive database. Obviously, 

if  we want to find out what follows from the sentences then we want them (and the 

query) to be in an acceptable form for automated theorem proving. The first papers 

introducing the deductive database idea (for example [Emd78] and those in [GaM78D did 

not distinguish it much from logic programming. As Harel noted in [Har80], the 

deductive database researchers were a relatively self-contained group who had more to do 

with logic programming than database research. Given this history it is not surprising 

that we often see deductive databases being introduced in the form of logic programs 

([GMN84a] , [L1T85] and [L1T86D. The actual job of using PROLOG to answer deductive 

database queries is described in [WaP8l] , [Dah82] , [Llo83] , [L1T85] and [L1T86].

Second, not just any formula is usually acceptable as a query to a deductive 

database. Again, we make the restriction to what logic programming can handle - 

conjunctions of literals. This is not such a serious limitation as it might at first seem 

because the ability of deductive databases to contain rules means that queries can be 

defined inside the database. To be more precise, suppose that we know that we are going 

to want to query the database about the formula <f>. Then , provided we can express 0 in
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the restricted form appropriate to the database, we can choose a new symbol P say and 

describe P, inside the database, as having interpretation those tuples which satisfy <f>. 

Then we only need to ask "PGr) ?".

Third is the approach to negative information. It would be quite restrictive to stick 

to descriptions of situations and definitions of queries which are expressed in pure logic 

programming. A ll the answers to the questions we can ask w ill either be the yes answer 

or the don’t know answer. A  negated atomic sentence ->PGr) is never the consequence of a 

set of Horn clauses. However, as we saw in the last section, we must be careful when we 

step outside this restricted domain.

In practice the attempted solution to this problem is usually some use of NAF (see 

for example [Kow78]). Now there is some cause to combine use of the CW A w ith pure 

logic programming - as we w ill see in the next section - but it is not satisfactory to use 

NAF for this purpose even in this restricted setting and there certainly are problems with 

a more widespread use of the rule.

Some of the properties of NAF in the pure logic programm ing case are described in 

[ApE82] and [JLL83] but they do not equate the CW A with NAF. Gallaire, Minker and 

Nicolas in [GMN84a] try to justify the use of NAF in the pure logic programming case - 

i.e. a situation is described in some way by a pure logic program and then when queries 

are asked and fail the answer is taken to be "no". Unfortunately, it is mistakenly assumed 

that the CW A , the CDB and NAF are all effectively the same thing in this case. So their 

formalisation is incoherent. In particular, their belief that the CDB is complete (in the 

model-theoretic sense) leads them to make several false claims.

Consider the following deductive database: 

edge(a,b) 

edge(b,b)
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TC(x,y) <- edge(x,y)

TC(x,y) «- edge(x^) , TC(z,y)

By applying Clark’s completion and other rules (as in [GMN84aD we get the following 

theory P as being the theory which the database represents:

V x  (x=a) V Gc=&) , 

a ^ b  ,

V x y  [ e d g e { x ,y )  «— ► (Gc=a/\x«4>) V (x = b /\y * * b )  )] ,

\ / x y z  [ T C i x ,y) «—♦ ( e d g e ix ,y) V 3z  C e d g e ( x j )  A  T C i z ,y) )) l  

In [GMN84a] it is claimed that a theory derived in such a way from a deductive database 

w ill always be complete. Unfortunately neither TC(b,a) nor -«TC(b,a) are derivable from 

P - P is not complete. So even if  NAF could be used to find a ll those (x,y) such that 

-<TC(x,y) is deducible from P then it still would not implement the CW A.

It must also be pointed out that relying on the CW A for any justification deprives 

deductive databases of their ability to describe situations incompletely. Of course, that is 

fair enough if  , like us, one is concentrating on completely known structures.

Another justifying-the-technology approach can be found in [L1T85]. Lloyd and 

Topor consider databases consisting of clauses of the form A  <— W  where A  is an atom and 
W  is a typed first-order formula. The stance is very much one of finding a declarative 

meaning for a procedural interpretation based on conversion (following results in [LIT84]) 

of the database into a logic program and then the usual NAF qep. Such a "here’s the 

solution / what’s the problem ?" approach can be useful if  the user is told when she or he 

can and how he or she can rewrite a given problem in the form of the declarative meaning 

of a program, construct such a program and run it to get the right answers. Lloyd and 

Topor, who are essentially using a CDB justification for NAF, do not give instructions for 

converting a given problem into the CDB of a program and leave the question of when the 

program gets the right answers as an open problem.
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It is shown (in theorem 1 [L1T85D that each "yes" answer which the qep gets is a 

correct answer according to the meaning. However, as we have remarked before, this is 

nothing special unless we know that a "no" answer means "no".

Now let us skip over this swampy area of justifications for NAF and assume that 

either we are restricting ourselves to pure logic programming, that someone has come up 

w ith a declarative meaning for NAF or that someone has extended pure logic 

programming in some other declaratively justified way. Let us see how we apply the 

deductive database approach to our problem of asking queries of completely known finite 

relational structures.

We have seen that queries are often defined as derived relations inside deductive 

databases. When a deductive database is used to ask a perhaps complicated query to a 

finite structure then this leads to the existence of two different sets of relation symbols in 

the database : there are the symbols from the signature of the structure which we w ill 

call ex ten sio n a l symbols and there are the new symbols which we have introduced to help 

us define the query and which we w ill call in ten sio n a l symbols.

In general, the clauses defining the extensional symbols w ill be facts i.e. ground 

clauses with empty bodies, while the intensional symbols w ill be in the heads of rules i.e. 

not facts. Reiter in [Rei78a], [Rei78b], [Rei78c] and [Rei80] has done a lot of work based 

on the idea of a partition of the database into an extensional database (EDB) consisting of 

facts and an intensional database (IDB) consisting of any types of clauses. Minker has 

shown, in [Min 82], that it is easy to equivalently rewrite any deductive database in this 

form.

In our applications the EDB w ill contain a description of the queried structure. If L  

is a signature and D a finite L-structure then the EDB describing D consists of all the 

clauses R(<r) *- such that R is n-ary from L, dr is an n-tuple from the domain of D and
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DH r (<t). We assume that D is nice enough to have a domain which consists of symbols 

which we can use in a logic program.

Maybe we can represent our query in the IDB in some way but we are still faced 

with the problem that in the pure logic programming case we are stuck with getting only 

"yes" or "don’t know" answers. In the next section we w ill see how we can effectively use 

the CW A to get us some "no" answers.

1.6 Datalog

From beginnings within deductive database theory another approach to the 

application of logic programming to database problems has emerged. This is the use of the 

Datalog, or Horn clause, query language which forms a basis for the research in this 

thesis.

Datalog can be thought of as the EDB/IDB approach in the pure logic programming 

case in combination with the CW A. So, although the CW A w ill be used, all the logic 

programs in this section w ill be pure - i.e. no NAF. We shall now make some other 

restrictions on the IDB which we w ill explain in the next chapter : we suppose that no 

constant or function symbols appear in the IDB, and as usual, no extensional relation 

symbols appear in IDB heads. Not all of these restrictions are always made in every paper 

on Datalog but they all are in [ChH85] for example.

A  Datalog query (P;P) w ill have its answers defined as the interpretation of a 

particular symbol P by such an IDB, P, along with what is effectively a use of the CW A.

DEFINITION

If L  is a signature then DATALOGKL) is the L-query language specified below.
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SYNTAX:
(P;P) is a wff of DATALOG(L) if  and only if 

there is a signature S disjoint from L  such that

1) P  is a finite set of L U S  Horn clauses with only symbols from S appearing in their 

heads and

2) P is a relation symbol from S.

SEMANTICS:

If P  and P are as above with P n-ary then the wff (PjP) represents the n-ary L-query q 

where

for all finite L-structures D,

if  EDB -  { RGr) I D h RGzO , a is from D , R from L  }, 

then for all a  from D",

* 65(D) if  and only if  EDB U P  h POr).

One way of getting answers to a DATALOG(L) query (P;P) asked of a finite L- 

structure D is as follows.

1) describe D by EDB,

2) combine EDB with the IDB, P , to get a pure deductive database,

3) query the database with "PGr) ?",

4) and if  P(a) succeeds then a is a correct answer to the query and otherwise, and here 

it looks like we are using the CW A, a- is not a correct answer to the query.

Let us see Datalog in action. As commented on in [GMSV87], the "canonical" 

example of a Datalog query is CP;path) which computes the directed transitive closure of 

edge on any finite {edge}-structure when P  is as follows :

{ V s  ( edge(x,y) -* path(x,y) ),

V s y z  ( path(x,z) A path(z,y) -♦  path(x,y) ) }.
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For instance, if  D contains a, b, c and d and the only edges are from a to b and from b to c 

then to find whether (a,c) is in the transitive closure of edge in D we w ill use "path(a,c) ?" 

to query the following database : 

edge(a,b) «- 

edge(b,c) «- 

path(x,y) «- edge(x,y) 

path(x,y) «- path(x,z) , path(z,y) .

Clearly the querying succeeds as it should. Since "path(d,a) ?" does not succeed we can 

conclude that (d,a) is not in the transitive closure. The fact that path(d,a) does not 

finitely fa il shows that we are using the CW A and not NAF.

Datalog has been presented here as a specialised part of deductive database research. 

However, there are at least three reasons for regarding it as distinct in practice.

First, there is no necessity for the logic programming procedural semantics to be used 

for Datalog query evaluation and, in practice, it is not used much (although [JCV84] is an 

exception). More common (see for example [HeN84], [Cha79] , [McKS80] , [McKS8l]) is 

the compiling approach where the description of the queried structure is stored in a

conventional database and the query, (Pd3), is compiled - i.e. transformed - into a 

program of conventional database access instructions which can then be applied to the 

database. Also based on storing the structure in a conventional database is the bottom-up 

approach (see for example [U1185D where the derived relations defined by a set of

sentences P  are built recursively as whole relations (as opposed to the top-down one tuple 

at a time approach of logic programming).

Second, Datalog is a query language so there is much more emphasis on questions of 

optimising queries and expressibility (see for example [BaR86D than there is in deductive 

database research where queries are hidden as derived relations inside databases. 

[GMSV87] gives a short summary of such Datalog work before going on to investigate the
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practicality (or otherwise) of one approach to the problem, of optimising Datalog queries. 

[ChH85] considered the expressibility of Horn clause queries and in particular compared 

them with fixed point languages. It was shown that Datalog expresses precisely those 

queries representable by a fix point operator applied to a positive existential query. We 

shall look at their work in more detail in the next section.

Third, the semantics of Datalog based on what is provable distinguishes it from the 

semantics of deductive databases based on what is true. In its theoretical form a 

deductive database is a theory which may describe a situation. If the theory is consistent 

then we can deduce that some facts are true in a model of the theory, we can deduce that 

some facts are false and we do not know about some other facts perhaps. From a theory, 

on the other hand, each fact is either provable or not provable. Datalog is based on this 

latter relationship.

What has just been said does not seem to agree with the introduction of Datalog as 

pure deductive databases with EDB/EDB divisions and the use of the CW A. It might also 

be noted that the CW A does not appear much in Datalog literature, and indeed it does not 

appear in our definition of Datalog. These observations can be explained by the fact that 

the provability semantics of Datalog and the pure logic programming plus CW A semantics 

are two different means to the same end. Each fact P(<r) is either provable or not provable 

from a given theory PUEDB. If it is provable then a is a correct answer to the Datalog 

query (Pd5) asked of the structure D described by EDB. But also POT) w ill be true in any 

model of PU ED B, so the logic programming semantics says "yes" too. If K a ) is not 

provable from PU ED B then a  is not a correct answer to (Pd5) asked of D. But also, since 

P(<r) is not provable, the CW A says that we assume that P(<r) is false in a model

im plicitly described by PU ED B under the CW A - so the logic programming semantics 

says "no" too.
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In th is thesis w e w ill try  to do a ll of our defining of queries explicitly  and not leave
work to be done by implicit assumptions like the CW A.

1.7 Extending Datalog

We have seen how we can have a query language based on logic programming. In 

this section we w ill argue that both the motivation and the possibility exist for defining a 

practical query language which is also based on logic programming but is more expressive 

than Datalog.

We have said that Chandra and Harel have shown in [ChH85] that Datalog expresses 

precisely the queries representable by a fixed point operator applied to a positive 

existential first-order formula dChH85] Theorem 4.1). Thus DATALOG(L) is a (not 

necessarily strictly) less expressive language than FO+LFP (L).

In fact, Chandra and Harel point out two very simple and useful classes of FO+LFP 

queries which are not expressible in Datalog. These are the complement and the universal 

quantification of an extensional relation - e.g. asking " -> R(x)?" and V  y R(y)?" of {R}- 

structures. We w ill show that these are not in Datalog later (but it is easy to do). Using 

the same ideas it can be shown that asking "whose brother is liked by everyone?" of a 

{parent, male, likes }-structure can not be done in Datalog. Other queries involving 

universal quantification, negation and inequality appear in all sorts of practical 

applications.

There is, thus, ample justification for regarding Datalog as inadequate to some extent 

in practice and certainly inadequate compared to FO+LFP.

Chandra and Harel in [ChH85] went on to define several extensions of Datalog. We 

shall meet their extensions H\ C  and FN later in the thesis. Apart from brief references to
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the possibility of implementing C  using NAF and the apparently severe problems 

implementing FN, Chandra and Harel concentrate on the expressive power of their 

extensions. We, on the other hand, being interested in query languages based on the 

automated theorem-proving logic programming techniques w ill pay much more attention 

to implementational aspects.

The natural question for us to ask at this stage is "can the computational rule NAF 

help us answer more questions? ". It should be possible to modify the logic programming 

approach to answering Datalog queries to allow impure programs. We have seen that 

Datalog queries can be implemented by sticking a pure logic program after a description of 

the queries structure. We shall refer to the members of a larger class of queries 

which can be implemented in the same way by sticking an impure logic program after a 

description of the queries structure as LPNAF queries (but we w ill leave it until later to 

define this class rigorously).

So it is possible to extend Datalog but the problems we have seen with giving 

declarative meaning to NAF all get in the way of working out what queries we can now 

answer.

For example, we can see that we can answer the popular brother query. Suppose 

that we have a finite { parent, male, likes }-structure D. We first describe D in a logic 

program as follows.

1) We introduce a new 1-ary symbol exist.

2) If {â  • • • &k} is the domain of D (in some order) we put the clause 

" exist(a, ) «- " in the program for each i.

3) If D N parent(a.b) (meaning a is a parent of b) we put " parent(a.b) " in the 

program.

4) If D H male(a) (meaning a is a male) we p u t" male(a) «- " in.

5) If D 1= likes(a,b) (meaning a likes b) we put " likes(a,b) " in.
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To such a description of any structure we add the following clauses using new symbols

2-ary eq and neq and 1-ary unpop and popbroth. 

eqC X^C ) «-

neq(X,Y) «- exist(X) , exist(Y) , not( eq(X,Y) ) 

unpopOO exist®  , exist®  , not( likes(Y,X) ) 

popbroth® «- parentCY^X) , parent(Y,Z) ,

m ale®  , neq(X,Z) , exist®  , not( unpop(Z) )

It should be apparent that under such a set up, popbroth(c) succeeds under the N AF rule 

if  and only if  c has a brother who is liked by everyone.

In [ChH85] Chandra and Harel say that NAF justifies their extension of H to C  from 

an operational point of view and that NAF gives rise to the possibility of using the 

language C. Later we w ill try to formalise exactly what they are claiming here and show 

that it is unjustified. Although it is easy to devise a method for computing answers to C  

queries, this is not using anything like the procedural interpretation (i.e. query evaluation 

process) of logic programming and we w ill show that it can not be maintained that C 

gives declarative meaning to LPNAF theories.

We are left with some open questions.

1) Is there a natural extension of Datalog which captures the expressive power of LPNAF 

- (preferably in as declarative a way as possible)?

2) If so, then how does the expressive power of this language compare with other 

languages - in particular FO+LFP which contains lots of useful queries?

Let us get to work on these.
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Chapter 2
Provability

In this chapter, we shall establish a general framework for query languages based on 

the provability semantics. We shall first define a query language, PROV, formalising the 

fu ll generality of this idea. Then, after showing that PROV is very expressible, indeed too 

expressive to be practical, we w ill consider restrictions to various sublanguages. By being 

more restrictive we can lim it ourselves to easier queries to compute. The least expressive 

sublanguage we consider is Datalog itself. Then we gradually add more features to 

increase expressibility until we reach PROV again. Questions of expressibility and 

implementability of one sublanguage, DEF, w ill be left for later chapters.

2.1 PROV

In this section we w ill try to capture the fu ll generality of the provability semantics 

in a very expressive query language. This is so that we can later switch our attention to 

less expressive, more easily implementable languages just by defining restricted 

sublanguages of the fu ll language.

In describing the language Datalog we have already given some meaning to the term 

"provability". In particular we contrasted it with definability. Let us have a quick look 
at definability again.

The concept often appears in logic with the presentation of the Beth definability 

theorem - see for example [ChK73j. It concerns the relationship between two types of
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definability - explicit and implicit. We w ill need to use versions of these concepts 

specially adapted for the query language setting.

Definability in this context concerns how precisely a particular theory determines 

the relationship between interpretations of its symbols in its models. For our purposes we 

consider a theory w ith two classes of relation symbols - the old and the new. Suppose 

that L  and S are two disjoint signatures and that P is an LUS-theory. Do P and 

interpretations for the old symbols - those from L  - determine an interpretation for one of 

the new symbols P from S?

We w ill say that P explicitly defines P if  there is an L-formula <f> such that 

P K V c (  PGr) «— * #Gr) ).

In this case we know exactly and explicitly what the interpretation for P is in terms of 

the interpretation for the symbols from L  in all models of P.

However, maybe P specifies exactly the interpretation for P for fixed interpretations 

for the symbols from L  but not necessarily in an explicit way. Maybe if  E and F are two 

models of P which agree on interpretations for the symbols from L  - i.e. EIL = FIL - then E 

and F also agree on the interpretation for P. We can say this equivalently in a syntactic 

way by saying that if  the LUS'-theory F  is got from P by replacing each symbol S from 

S by a symbol S ’ of the same arity from S' then 

PU P' h V t( P ( x )  — + P ' ix )  ).

In this case we w ill say that P im plicitly defines P.

The Beth definability theorem concerns the relationship between these two notions of 

definability.
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THEOREM 2.1 (from  [BoJ74])

If L  and S are two disjoint signatures, P is an LUS-theory and P is from S then P 

explicitly defines P (in terms of the symbols from L) if  and only if  P im plicitly defines P 

(in terms of the symbols from L).

It is easy to see how to use ideas from here to employ theories to define queries. If L  

and S are disjoint signatures and P is an LUS-theory which im plicitly (or equivalently 

explicitly) defines P from S then, given any finite L-structure D, there is at most one way 

of interpreting P in expanding D to a model of P - otherwise we could construct two 

models of P which agree on their L-reducts (both D) but disagree on P. So, provided we 

could guarantee that there w ill be at least one expansion of each such D to a model of P, 

then we have the possibility of a query language - the answer to the definability query 

determined by P and P, when asked of D, is the relation which P must be interpreted as in 

any expansion of D to a model of P. In other words P and P determine a query q such 

that ere q(D) if  and only if, for every expansion of D to a model E of P, E N PGr). We 

can replace "every" here by "some" without changing q because of the conditions on P and

P.

If P is

{Vr ( R(x) V S(x) ) , V* ( TOO «— * ( ( R(x) APGO)v(SCx)APCO)) ) }  
then P explicitly defines T  in terms of {P} (as P). It is also true that any finite {P}- 
structure D can be expanded to a model of P - simply make R true on all elements, S not 

true anywhere and T  have the same interpretation as P. Not surprisingly, P and T  

determine a 1-ary query with correct answers all those c such that D h P(c).

The provability idea is just an extension of this semantics to the case where we drop 

the restrictions on P and P. No longer do we care whether P defines P, we just see what
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elements are in every expansion of D to a model of P. If P has no such expansion then all 

the tuples are.

Suppose that we have a signature L. Let us define PROV(L).

SYNTAX of PROV(L)

If S is a signature, n a non negative integer, P a finite LUS-theory (written in some 

order)

and S an n-ary symbol from S then PROV(P;S) is a w ff of PROV(L) and such wffs 

are the only wffs.

SEMANTICS of PROV(L)

If PROV(P;S) is the wff above then for all finite L-structures D, for all a  from D” ,

D h  PROV(P;S) (<r) if and only if for every expansion E of D to a model of P,

E  H SGr).

For example, if L  contains 2-ary P, S contains 2-ary T  and P is the L  U S-theory 

{ Vky ( P(x,y) -+ T(x,y) ) , Vfcyz ( P(x,z) A T(z,y) -» T(x,y) ) }

then PROV(P;T) is a 2-ary L-query which has correct answers on a finite L-structure D, 

those ordered pairs in the (directed) transitive closure of the interpretation of P in the 

structure.

It might seem unnecessary for us to have restricted P to a relational theory. 

However, for reasons of implementation of sublanguages which we w ill mention later it is 

best if  constants and function symbols do not appear in P. This does not cost us anything 

in expressivity because it is easy to do the usual trick of rewriting theories in an 

equivalent form with only relation symbols (although we need some new relation 

symbols).
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2.2 Provability and Minimal Models

For an example let us look at the following theory. L  has O-ary raining, S has O-ary 

roof-leaking, 1-ary outside, inside and wet,

T={ raining -»roof-leaking,

Vfc [ raining A  outsideCx) -» wet(x) ] ,
Vk [ roof-leaking A  insideCx) -» wet(x) 1 
Vk [ outsideCx) V  insideCx) ] }.

Now suppose we have an L-structure D having domain with one element Richard and the 

O-ary relation raining being true in D. Then D h  PROV( T ; r o o f - le a k in g ) and 

D H PROV( T  ; wet XRichard) but we don’t have D h  PROV(T ; ou tsid e  XRichard) nor do 

we have D h  PROV(T; in s id e  XRichard).

We can use the notation to define new relations on the given structure. In that 

example we have virtually defined a new O-ary relation "ROOF-LEAKING" and new 1-ary 

relations "WET", "INSIDE" and "OUTSIDE" on D. ROOF-LEAKING is the O-ary relation 

true , W ET contains Richard and INSIDE and OUTSIDE are both the empty 1-ary 

relation. Given any L-structure D’ we can define corresponding relations ROOF­

LEAKING’, W ET, OUTSIDE’ and INSIDE’ by 

ROOF-LEAKING’ <=> D’ h  PROV(T; ro o f- le a k in g  ), 

and for any d € D’ , d€W EV  <=> D’ h  PROVCT; w e t ) (d), 

d € INSIDE’ <=> D’ 1= PROVCT; in s id e  ) (d), 

d € OUTSIDE’ <=> D’ H PROVCT; ou tside  ) Cd).

In general , if L  and S are disjoint signatures, D an L-structure , P an L  U S-theory, 

and S an n-ary symbol from S then we can define an n-ary relation cr on D as follows: 

Vfr€Dn , <T€cr <=> D H PROV(P;S) Gr).

Associating each n-ary relation symbol in S with an n-ary relation on D seems like
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expanding D to an L  U S-structure - one can interpret the symbol from S as its associate 

relation. The above example shows that this is not such a good idea. If we do expand D 

to an L  U S-structure E along those lines then we find that

E r - w i t s id e  ( R i c h a r d ) /\ - \ in s id e  ( R i c h a r d  \  Thus E is not a model of T. It is not very 

pleasing to use T  to expand D and not end up with a model of T. This does not invalidate 

anything we have done but it is an example worth keeping in mind.

If an L  U S-theory P is such that we can expand each finite L-structure D in this way 

and end up with a model E of P then clearly this is a minimal expansion of D to a model 

of P with respect to the interpretations of the symbols from S. Under such circumstances 

we w ill call P mlnimlsable. Minimisable provability queries are much easier to 

understand. This is perhaps because its nicer to think about what is true in a model (in 

this case the minimal model) than what is provable from a theory.

2 3  P rovab ility  and Theorem -Proving

What has provability got to do with automated theorem-proving?

Let us suppose that we have an automated theorem prover i.e. a machine which, for 

some class T  of theories, behaves as follows:

if U  is a signature, C  is a set of constant symbols, U is an n-ary relation from U, c  is an 

n-tuple of constant symbols from C  and Q is a first-order UUC-theory from T  (written 

in some order) then the machine says "yes" to "Q ? U( c )" if and only if Q \~ U (c )  and it 

says "no" otherwise. If it could exist then an implementation of PROLOG with a loop 

checker would work as such a machine for T  being Horn-Clause theories.

Can we use our machine to find out whether D h PROV( P; S) (a) or not? By 

definition DhpROV(P;S Xa") if and only if for every L  U S-structure F , if  FIL=D and FHP 

then FKS(<r). If we could find some first-order way of saying that F latten  we could use
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our machine. For suppose that FHD if  and only if  FIL=D then 

DHPROV(Ptf X<r)

<=»> V L U ̂ -s tru c tu res  F, FJ=D U P => FHSGr)

<=»> DUPHSGr)

<—> the machine says "yes" to "DUP ? S(<t T .

Unfortunately we can not find any such D because a first-order theory can not define 

a domain except up to isomorphism. However that is all we need.

DEFINITION If L  is a signature, D is a finite L-structure, and C  is the domain of D 

regarded as a set of constant symbols then the facts about D, FA(D), is the L U  C-theory 

DCA(D) U UNA(D) U PFACTCD) U NFACTCD) where 

DCA(D) is { V tV c€c(£=c) },

UNA(D) is { Ac^cc(c ^ d ) },

PFACTCD) is { R(c) I D h  R(<r) },

N FACltD ) is { -R(c) I D N -R(<r).

It is straight forward to prove that if  a finite LUSUC-structure G is a model of the 

facts about D then G lL is isomorphic to D as an L-structure. This is as close as we can get 

in first-order logic to forcing G lL to be equal to D.

A  little model theory shows that 

VLUS-structures F, if FIL -D  and FHP then FHSGr)

<=>

VLUSUC-structures G , if  Gf=FA( D )U P then GI=S(<r).

This last result is equivalent to the following.
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RESULT 2.2
DHPROV(P;S X<r) is true if  and only if  FA( D )UPf-,SGr).

Thus our machine says "yes" to "FA( D )U P  ? SGr)" if  and only if  DHPROV(P;S X<r).

In order to compute with our new provability relationship a user has only to either 

use a slightly adapted theorem-prover or use an ordinary theorem prover but type in the 

facts about D followed by P when he or she wants to determine whether 

DhPROVCPtf X<r) or not.

2.4 PROV and USO

It is easy to prove that PROV and the language of universally quantified second 

order queries USO are equally expressible. Chandra and Harel in [ChH85] defined a 

language FN very similar to PROV and showed that it is as expressive as USO. Their 

result is not very hard to prove or surprising either - all three languages are clearly 

equivalent. We justify defining and using PROV in this thesis rather than FN or USO 

because most of the other less powerful languages which we consider are sub-languages of 

PROV and not sub-languages of FN nor USO i.e. the less powerful languages use wffs 

from PROV representing the same queries as they do in PROV.

USO (and FN) are based on sentences. PROV is based on theories . Showing the 

equivalence of USO and PROV is not really much more than conjoining the sentences in a 

theory to form a long sentence.

DEFINITION of USO

If L  and S are disjoint signatures then the wffs of USO(L) are all the strings of the 

form VS</<r) where <f> -  0 (r) is a first-order LUS-formula. If x  has length n then for 

any L-structure D , for any <1 € D n , DhVS^GT) if  and only if  every L  U S-structure E
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expanding D is a model of 0(<T).

THEOREM 2.3

For a ll signatures L  , USO(L) =  PROVCL).

proof : VS^Cr) is equivalent to PROVC { V r ( $ ( :r ) - » P ( r ) )  } ; P ) and PROV(P;P) is 

equivalent to VS( AP~*P(x)).

Q.EJD.

We can bring a result of Fagin’s in here to show that this means that there are PROV 

queries which are probably quite time consuming to answer. The reader unfamiliar with 

the basics of computational complexity as applied to query answering is referred to 

[Fag74j. There, Fagin describes how to code a finite structure in an acceptable form for an 

input to a Turing machine. A  O-ary query is polynomial time computable if  and only if 

there exists a function f  taking positive integers to positive integers such that f(n) is 

polynomial in n and there is a machine for answering the query which, on a structure of 

size n, answers the query in less than f(n) steps. A  O-ary query q is nondeterministically 

polynomial time computable if  and only if there is such a function f  and a not necessarily 

deterministic machine which can answer the query in less than f(n) steps. Fagin gives 

examples of queries which are of the latter type and probably not of the former type. 

Whether these queries actually are in one class and not the other is an open problem 

similar to the w ell known problem of whether NP=P or not (see [DaW83] or [GaJ79D.

Fagin in [Fag74] showed that the O-ary queries which are nondeterministically 

polynomial time computable are precisely those which have negations in USO (the 

language of existentially quantified second order queries ESO contains exactly the 

negations of USO queries). Since the set of polynomial time computable queries is closed
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under negation this means that there are probably PROV queries which take a long time to 

compute - i.e. are not polynomial time computable.

So PROV is very much a general framework as opposed to a language with practical 

applications.

2JS Datalog as a sub-language of PROV

We have defined a very expressive query language, PROV, which is really too 

expressive to be practical - it can express queries which take a long time to compute. Let 

us now go to the other extreme and cut back on expressive power w ith the aim of being 

left w ith nice easy queries. By aiming for the class of provability queries which logic 

programming without function symbols can handle it is not surprising that we end up 

with Datalog.

A  sub-language of PROV can be specified simply by defining a class C  of theories and 

saying that PROV(P;P) is in the sub-language if  and only if P is in C. To end up with 

those queries which logic programming can handle it seems a simple matter of using the 

class of Hom-clause theories as C.

However, a query language containing all wffs PROV(P;R) where P is a Horn-Clause 

theory (i.e. P consists entirely of Horn-Clauses) is not the same as one that w ill only use 

Horn-Clause theories when deducing answers using theorem-proving. For example, 

suppose L={L}, S={R,S},

P={ V t RGc), Vc ( R(x) -> LGc) ) },

and the L-structure D has only one element d such that D h->L(d). The facts about D are 

Vc(x=d) and -<L(d). We know that Dt=PROV(P;SXd) if and only if FA( D )UPl-S(d) if 

and only if
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VcR(x)

Ve( R(x) -+ L(x) ) 

Vi(x-d)

-LCd)

S(d)

is a valid deduction, which it is. In all expansions of D to a model of P, S(d) is true 

because there are no such expansions. So we see that the defining theory, P, is Horn- 

Clause but that non-Hom-Oause deductions must be done to answer a query.

The problem here is that having a symbol from L  in the head of a clause of our 

defining theory allows us to deduce a contradiction. In fact if  we do not allow symbols 

from L  in the heads of clauses (of the defining theory) then we never have this problem. 

Under these conditions we only ever need to use the positive atomic propositions in the 

facts about the L-structure in doing our deductions.

For example, suppose that L={L}, S={SJR},

P={ V i S(x) , V i ( L(x) -» R(x) ) }

and the L-structure D has domain {a,b} with Dt=L(a)/\->L(b). Then DHProv(P;RXa) 

because

V i [ (x=a) V (x=b) ] *

a ^ b  *

L(a)

->L(b) *

V i S(x)

V i ( L(x) -* R(x) )

R(a).

- 6 6 -



In fact we can carry through this proof whether the asterisked sentences are there
or not. Similarly we can not prove R(b) from the axioms plus or minus the asterisked 
ones. Thus b is not a correct answer to PROV(P;R) asked of D.

This is the reason for our restriction on the heads of Datalog queries. This is enough 
to guarantee that we can use logic programming. PFACT is defined in v .v section 2.3.

LEM M A 2.4

If L  and S are disjoint signatures, P an LUS-theory consisting w holly of Horn- 

clauses w ith only relations from S in their heads, R from L  then 

for all L-structures D, for all S  € D n,

D h  PROV(P;R) GO if  and only if

p f a c i Xd ) U P h r GD.

proof:

The if  half is easy as PFACrCD) is a subset of FA(D). To prove the converse we assume 

that D h PROV(P;R) (<D and show that any LUSUD-structure E which is a model of 

PFACTCD) and P , also satisfies EKRGD. Suppose we have such an E.

We define an L  U S-expansion F of D by putting FKSCeO if and only if EHS(e").

In fact, F is a model of P as we can discover by considering each clause of P 

individually. Assuming that F satisfies all the conjuncts in the body of a clause for some 

substitution x \ ?  of the variables in the clause then any conjunct in the body is either

1) L(ir) for L  from L, whence F¥xL{tc{e)'), so DhLCtrCr)), so LCtrCr)) is in PFACT(D), so 

EhLCtKeO); or

2) is S(.£r) for S from S, whence FKSGrCr)), so by construction E^SCtrCe)).

Hence E satisfies the body with x  replaced by S’ and E is a model of P and so of this clause 

so E satisfies the head under this substitution. By the construction of F so does it.
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Hence F  is a model of P expanding D and so by hypothesis F  kRGr). By its 

construction so is E as required.

Q.EJD.

The other restrictions we made to logic programs to make them into Datalog queries 

were making them function and constant free. Since logic programming can "handle" 

functions and constants this might seem to have been an unnecessary restriction.

However, we know from [Hod 85] that if  we use logic programming w ith function 

and constant symbols then we end up being able to solve any first-order problem so we 

can answer any provability query. Since our purpose is to build up from Datalog to more 

expressive languages without being too expressive we have to avoid function symbols 

unless we want to reach the expressive power of PROV again.

What about just constants? Then the distinction between the constant symbols in 

PFACr(D) and those in P would lead to failure to implement the provability semantics. 

For example, consider the ({P},{R,c,Y})-theory P =* { R(c) , Vk ( Kx) A R(x) -» Y  ) }.

If the {P}-structure has domain {a} and D t= P(a) then D h  PROV(P;Y) under the extended 

provability semantics. This is because any expansion of D to a model E of P must have c 

interpreted as a so E h  Ka) A R(a) and thence E N Y .  On the other hand, if  we query Y of 

the program

Ka) «—
RCc) -

Y  «- Kx) , R(x)

we do not get "yes". The program does not know that every expansion of D also satisfies 

Vk ( x=a ).

So, if we want to keep a simple semantics (provability), a simple implementation
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Gogic program consisting of description of structure followed by description of query) 

and not be too expresive then we stick to relational theories.

2.6 Definite Existential Implications

Can we use a practical extension of pure logic programming to help us answer 

queries from a different generalisation of Datalog? Lloyd and Topor in [L1T84] suggest 

making PROLOG more expressive by allowing any first-order formula in the body of 

clauses and give an implementation of the extension. However the implementation treats 

negation as failure. Let us see if  we can follow their idea of allowing more in the bodies 

of clauses, but stay with a simple semantics and not make things too hard to implement.

Allow ing equality in the body is no problem - Vfcy ( x=a -* R(x,y) ) is equivalent to 

W  R(a,y) and Vkyz ( x=y -*• S(x,y,z) ) is equivalent to V&z S(x,x,z). It is easy to see how 

to trivially rewrite a theory to take care of equality - there is no need to have an explicit 

ability to allow it in the bodies.

As for inequality, we w ill see below that allowing inequality in the bodies of clauses 

presents a similar problem to that of allowing negations of relation symbols from the 

extensional language.

We have conjunctions in the bodies of Horn-Clauses - what can be done about 

disjunctions? It is commonly done (see for example [L1T84D and quite correct to replace 

Vr ( ACr) v  BGr) -* CCx")) by the two clauses Vr ( ACr) -* CGr) ) and 

V r ( BGr) -* CCxO ). Again we don't need disjunctions explicitly in the bodies of clauses.

Allowing negation in the body of a clause seems to be the most popular extension of 

pure logic-programming. However this is usually not implemented as negation. Thus one 

can write a theorem with negation in it into the computer but not use the computer to
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correctly deduce from the theorem. Rather, the ad-hoc rule negation as failure is used. We 

have already compared negation and NAF. We impose a strict separation between first- 

order theories from which we want to make deductions and the programs with NAF 

which might look like theories but are instructions for a computer to follow. If we want 

to make automated deductions from a first-order theory then the theory is one thing and 

the theory that looks like the program which we use to help us make the deductions is 

another thing.

We w ill make use of negation as failure in implementations but to suppose that we 

can use it to help us in deducing from theories containing unrestricted use of negation in 

the bodies of (generalised) clauses would be a mistake. A  common problem occurs when 

we can not prove P(a), say, we assume ->P(a) and then we use -iP(a) to prove Ka) in some 

way. Such logic is obviously flawed. However this problem w ill never occur w ith atomic 

propositions PGr) where P is from our extensional signature L  if  we continue to prohibit 

symbols from L  from being in the heads of clauses. For in that case we can never use 

-•PGr) to prove PGr). In fact, if  we can not prove P(<r) then ->P(<t ) is actually in the facts 

about the L-structure. In this section we w ill investigate fu lly  the use of negations of 

facts from the structure.

On the other hand, implementing negations of intensional relations directly as 

negation as failure w ill cause the problems referred to above. In fact it is very hard to 

handle such clauses. We can see this by noting that Vk ( A(x) A  ->B(x) —► C(x) ) is 

logically equivalent to V i ( A(x) -> B(x) V C(x) ). Thus, allowing negations in general in 

the bodies of clauses is equivalent to allowing disjunctions in the heads of clauses. Such a 

clause is called an in d efin ite  clause by Gallaire, Minker and Nicolas in [GMN84a]. They 

note that it is very hard to deduce from theories containing indefinite clauses.

Our first extension of the basic Horn-Clause query language allows extensional 

negations and inequality in the bodies of sentences.
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DEFINITION

if  L  and S are disjoint signatures then the L  U S-sentence V  X ( A/Li A, -♦  P ( y ) ) 

is a d e fin ite  e x is te n tia l (L^ - im p l ic a t io n  if  and only if

1) x  is a possibly empty tuple of distinct variable symbols;

2) n is a non-negative integer;

3) each A, is either

3a) R(v) for R from LU S ,

3b) -*R(v) for R from L  or 

3c) u t ^v ;

and 4) P is a relation symbol from S.

DEFINITION if  L  and S are disjoint signatures then a finite L  U S-theory is called a 

definite existential (L,S)-theory if  and only if  it only contains definite existential (L,S)- 

implications.

Now we define the definite existential query language - definite as only one atomic 

formula appears in the head, existential as no universal quantifications appear in the 

conjuncts in the body.

DEFINITION If L  is a signature then the existential sub query language DE(L) of 

PROV(L) consists of those queries PROV(P;R) from PROV(L) in which P is a definite 

existential (L,S)-theory, S is a signature disjoint from L  and R is a symbol from S.
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For example, of a (parent , married , male }-structure we can now ask who is an aunt of 

whom. If P is

{ Vfcyzu ( parent(y,x) A  parent(z,y) A  parent(z,u) A u ^ v A  ->male(u)

-* aunt(u,x) ),

Vkyzuv ( parent(y^x) A  parent(z,y) A  parent(z,u) A u ^ v A  male(u) A  married(u,v)

-*  aunt(v,x) ) }

then on any { parent , married , male }-structure D, D h PROV(P;P) (a,b) if  and only if  a 

is an aunt of b (given the obvious meaning in terms of the other relations).

Chandra and Harel in [ChH85] pointed out an obvious deficiency in the expressivity 

of their version of Datalog. They then remedied this by extending H  to H' which is the 

same as DE. That there has been some improvement in expressive power by us making 

this move can be judged by using Chandra and Harel’s example of a query which is not in 

Datalog but clearly in DE.

If L  has just a 1-ary symbol R in it then the 1-ary L-query q given by a€q(D) if and 

only if  D f=-<R(a), is called the complementation or negation of R. Clearly q is in DE(L).

To see that it is not in Datalog assume for contradiction that it is - say q = 

PROV(P;P) where P is a Hom-clause (L,S)-theory. Let D be the L-structure with domain 

{a} such that D h-<R(a). So D H PROV(PJ'Xa) and by lemma 2.4, PFACT(D)UP h P(a). 

But PFACltD ) is empty so PHP(a). Now if  E is the L-structure with domain {a} such 

that E NR(a) then a^q(D). However Pt~P(a) so PFACT(E)UP h Ka) so E 

NPROV(P;PXa). This is the desired contradiction.

We know that to answer PROV(P;RXa_)? asked of a structure D, we can try to prove 

that RGr) follows from FA(D )U P. For Datalog P we can use a Hom-clause theorem- 

prover. We w ill see that if we treat negated extensional relations and inequality as just 

some more extensional relations then we can use the same theorem-prover for DE queries.
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We have som ething to prove here : one can not alw ays ju st regard negated relations
as new relations. The deduction 

Vx ( S(x) -+ A(x) )

Vt C ->S(x) -* A(x) )

V x A ( x )  

is valid while

Vc C S(x) -* A(x) ) 

Vc ( i?(x) -♦ A(x) )

Ve A(x)

is not. It requires the special circumstances of our definite existential theories to make 

similar replacements work. Consider the deduction 

-•SCa)

Vt ( --S(x) -» ACx) )

A(a)

which is valid as is 

*(a)

V t C i?(x) -♦  A(x) )

A(a).

In fact, we w ill show that if  R  is systematically replaced by a new relation 

symbol CR*) in the axioms for the theorem-prover then the type of proofs that we are 

interested in still go through.

Let us suppose that L  and S are disjoint signatures. We choose another signature L*
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disjoint from both L  and S such th at:

1) for a ll n-ary R  from L  there is n-ary 12* in L*;

2) there is a 2-ary relation symbol ineq in L*;

3) all the R*s and ineq are different.

Given a finite L-structure D we have defined F A (D ) as 

DCA(D) U UNA(D) U PFACT(D) U NFACTCD).

Now we define

C/1VA*(D) -  A c ineq(c,d) ;

N F A C T (D ) -  { 12*GD I R S U D b ^ R O ) }.
We shall call the Hom-clause theory UNA*(D ) U PFAClXD) U N FA C T Q D ), F A ( D Y . 

Given an definite existential (L,S>theory P we define P* as P w ith u p ±v in bodies replaced 

by ineq(u,v) and -> 12(c) replaced by 12*Or).

LEM M A 2.5

If L  and S are disjoint signatures , P is a definite existential (L,S)-theory, D is a finite L- 

structure, n is a non-negative integer, R  is n-ary from S and c € D n then 

for all n-ary R from S, for all a € D n,

D h  PROV(P^2 ) (c) if  and only if  U N A '(D )U P FA C ltD )U N F A C T  *(D)UP* l-12(ff ). 

proof: (only if)

Suppose D h PROV(P* 2̂ ) (<r) and that E  is an LUL*USUD-sVcM/esuch that E  is a 

model of FA (T )Y UP*. (D acts both as a finite L-structure and the set of constant symbols 

which its domain can be taken to be). We must prove that E  is a model for 12(c).

Define the L  U S-structure F  as follows: l 7 is an expansion of D i.e. .FIL=D and for 

every n-ary S from S and n-tuple <1 from D, F\=S(<£) if  and only if  If we now
an A

show that l 7 is a model of P then l 7l=12(<r) ̂ ve w ill have our desired result.
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So take any clause c Vr ( A/U A,Cr) -* P it t) ) from P. And suppose S’ from F  

satisfies -FHA/li A,teO.

By going through each possibility for each A, in turn it w ill be shown that 

where A,* is A, w ith negation of an L  relation changed to a positive appearance of the 

corresponding L* symbol and inequality changed to a use of ineq. But P* contains the 

clause c w ith just these changes made and E  is a model of P*. Thus E h P it t is ’)). No 

changes are made to the head of any clause when moving from P to P*. But by the 

construction of F  it must also be a model of P it lie ) ') as it agrees w ith E  on relations from

S.

We know that FYmA iie ’). Let us now show that E h A fjr ) . There are five cases 

depending on the nature of A t.

If A t is R tiv t) with R t from L  then ^ KR^ G r)). Since is D then D b R ^ ie ) ) .  

But then R ^ i r ) )  would be in PFACTCD) which is a subset of FA(D)* of which E  is a 

model. Finally since in this case A* is A t we have E ^ A f e ) .

If A, is ->Rtiv t) with R t from L  then as above D\=->Rtiv l ie'')). In this case though we 

have a negative fact so F ’ACD)* contains and again E h A ^ is’).

If A t is x p ^ x q then F\=ep ^ e q but F  has the same domain as D so ep and eq are 

different elements of D. Thus in e q ie p ,eq) is in F’A(D)* and so E \= A ]ie:).

If A, is StiV f) w ith S t from S then the construction of F  from E  implies that E  is 

also a model of A ^ ).

This completes the only-if proof.

(if)

- 7 5 -



Suppose that i 7A(D)UP* hR(<r). We must show that D h  PROV(P;R ) (<r). So given 

any LUS-structure F  such that F \ L is D and F  is a model for P we want to show that F  

is also a model of R(<r). To do this we do the opposite of what we have just done and 

construct a model E  of i 7 A(D) U P* which agrees w ith F  on S.

We simply make the L  U L* U S U D  -structure E  by expanding F  by defining 

interpretations for in eq  and each K* for K  in L . We put E h in e q  (c /f) if  and only if  c and 

d are different elements of D and E f c l f ic O  whenever F )r->K {cO . It is straight forward to 

show that E  is a model for F A ( J ) J . A  similar case by case argument to that in the first 

half of the proof shows that E  is a model of P\ Thus E b R ic r )  and by construction of F  so 

is F .

QE£>.

In the light of [Hod 85] this result might not seem worthy of mention: Hodges’ 

theorems imply that if  we are allowed to code the description of the queried structure 

then we can answer any provability queries using a Horn clause theorem prover. 

However, Hodges’ coded theories make great and essential use of function symbols which 

puts this work out of the scope of this thesis: we are lim iting ourselves to 

implementations which do not use function symbols. It should also be noted that the 

coded theories also make use of equality axioms whose ability to cause looping makes 

them unsuitable for depth-first implementations. On the other hand, our coding in the DE 

case does not use function symbols and does not necessarily introduce clauses like the 

equality axioms which are prone to causing looping. The programmer who is capable of 

avoiding looping problems in writing pure logic programs can use the same skill to try and 

keep them out of the coded Horn clause theories.

Thus DE is a practical language. But is it expressive enough?
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2.7 DEF

A ll the queries in the language DE are easy to answer - at least as easy as those in 

Datalog. It is also quite expressive. However, as we are about to show, it does not even 

capture all the FO queries. We should be able to extend it to an even more expressive 

language without making the result too impractical. In fact, in this section we do just 

that, and end up w ith a language DEF, of definite queries, which we w ill spend a lot of 

the thesis investigating.

As Chandra and Harel [ChH85] show, their language H, which is equivalent to our 

DE, can not express universal quantification - i.e. if  L  contains 1-ary R then q, given by 

aGq(D) if  and only if  DHVfc R(x), is not expressible in H.

To see that q is not in DE(L) suppose that we have D with domain {a} such that 

Dt=R(a) and E with domain {a,b} such that L HR(a) but E f=->R(b). Then it is clear that 

U N A 'C D ) U PFACIXD) U N F A C T  *(D) is a subset of U N A *(E ) U PFA C ltE) U N F A C T  ‘(E). 

If q was in DE(L), say q « PROV(P;P) for P a DE (L,S)-theory then by the last theorem 

since a€q(D), DhPROVCP^Xa), U N A * (D )U P EA C H Y )U N F A C T  *(D)UP* hPCa),

U N A  (E) U PFAClXE) U N F A C T  *(E) U P* hP(a), EHPROVCP^Xa) and so aGq(E). This is 

clearly not so. So we have a contradiction.

After noting that universal quantification is missing from H', Chandra and Harel go 

on to try and add a limited form of negation of intensional relation symbols to the bodies 

of implications. We shall look at the resulting language, C, later. For now, we do the 

perhaps more obvious thing and just add universal quantification to the bodies of 

sentences.
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DEFINITION

If L  and S are disjoint sentences then an LUS-sentence 0 is a defin ite  (L,S)- 

imp lica tio n  if  and only if  <f> -  Vc ( A/LiA -♦ P t y )  ) where :

1) x is a possibly empty tuple of distinct variable symbols;

2) n is a non-negative integer;

3) each A, is either

3a) .RjGt,) for R t from L,

3b) ->Rt( it, )  for R t from L,

3c)

3d) S t(trt)  for S t from S or 

3e) V y S f a t)  for S t from LUS;

4) P  is from S.

DEFINITION

If L  and S are disjoint signatures then an LUS-theory P is a definite (L,S)-theory if 

and only if  P is finite and consists only of (L,S)-implicatioELS.

DEFINITION

If L  is a signature then DEF(L) the definite query language on L, is the sub-language 

of PROV(L) containing precisely those PROV(P;P) such that there is a signature S such 

that P is a definite (L,S)-theory.

It should be clear that the DCA(D) may be necessary in using FA(D)UP to answer 

DEF PROV(P;P) on D. Thus we need something more than a Horn-clause theorem-prover. 

We shall investigate some possibilities later in the thesis.
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One thing that is nice to know about DEF is that all definite theories are minimisable 

and hence intuitively pleasing to use to define queries (see section 2.2).

LEM M A 2.6

If P is definite then P is minimisable.

proof:

Suppose that P is a definite (L,S)-theory. Given any finite L-structure D we w ill 

expand it to a model of P in which the interpretation of each S from S contains precisely 

those elements which are in the interpretation of S in every expansion of D to a model of

P. This is simply achieved by expanding D to E where, for each k-ary S from S, for each 

k-tuple a  from D EHSGr) if  and only if  D h  PROV(P,SXo"). It only remains for us to 

prove that E is in fact a model of P.

Suppose that <j> -  Vr(/\/.iAt-*A) is a sentence from P and that a  is from D such that 

for each i=l~q , E is a model of AjOrVr). We must show that E is a model of A (rV r).

If F is any expansion of D to a model of P then for each A, either:

1) A, is R(ir) for R from L  whence EI=R(ir(<r)) so DhR(tr(<r)) and so FHAjCrVr);

2) A, is u^ v so EHuGiO^vGr) so DHKaO^vGr) and so FHuGzO^vGr);

3) A, is ->R(ir) so EH->R(tr(<r)) so Dh-'RGrGr)) and so Fh-’R(irGr));

4) A t is S(ir) for S from S whence P(D)I—SGr(<r)) so FHSGrGr)) i.e. FHAjCrVr); or

5) A t is VySGr) whence for all b from D, EHS(irGr2>)) so as above FI=SGr(<r,6)) and 

again EI=A,GcVr).

Thus FW V.iAjCrVr) but Ft=P so FHACrVr). Hence, if  A  is SGr) then 

DNPROV(P^ XiK x'Vt)) and so E^SGrCrVr)). Thus E is a model of <f> and hence of P.
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QJED.

2.8 IMP

We have started with a very expressible language PROV , restricted our interest to a 

much less expressible but much more implementable language Datalog and then gradually 

added features to increase power again. Two different features have been considered:

1) allowing inequality and basic negations in bodies to get DE; and

2) adding universal quantification to get DEF ;

In fact we can show quite easily that by adding one more feature to definite theories 

we can again regain the expressive power of PROV. Whether DEF itself has this power 

also is a question which w ill have to wait a little longer to be answered. To define the 

language IMP of implicational queries we extend DEF by allowing multiple heads to our 

implications.

DEFINITION

If L  and S are disjoint signatures then an LUS-sentence 0 is an (L,S)-implication if 

and only if 0 =* V r ( A/liA, -+ ) where:

1) X is a possibly empty tuple of distinct variable symbols;

2) n is a non-negative integer,

3) each A, is either

3a) f?(Grt) for R t from L,

3b) ->Rt(trl ) for R, from L;

3c) u ? ± v ,

3d) S tQrt) for S t from S or 

3e) y y S fa J for St from LUS;
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4) m is a positive integer; and

5) each P } is from S.

DEFINITION

A  finite L  U S-theory P consisting solely of (L,S)-implications is called an 

implicational (L,S)-theory.

DEFINITION

If L  is a signature then IMP(L) is the sub-language of PROV(L) containing all the 

wffs PROV(P;P) such that P is an implicational (L,S)-theory, S is a disjoint signature 

from L  and P is from S.

It is not too hard to show that we have regained the expressivity of PROV. 

Obviously IMP's queries are all expressible in PROV - they are all actually in PROV.

To show the converse we use a well known result to convert a given theory into an 

equivalent one in clausal form. Unfortunately the process adds some constant symbols - 

Skolem constants - which we then must get rid of. We must also cope with the possibility 

of clauses w ith empty heads being produced. It is not a difficult result to establish.

THEOREM 2.7

For all signatures L  , PROV(L) =  IMP(L). 

proof: That IMP(L) Q  PROV(L) is easy.

To prove PROV(L) Q  IMP(L) we assume q 6 PROV(L) , say q is PROV(P;P) where P is 

an L U  S-theory and P is n-ary from S, and rewrite q as an IMP query.
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We say that a theory Q is clausal if  and only if  it consists solely of sentences 

of the form V ( V/I^A,) where each A, is either an atomic formula or the negation of an 

atomic formula. In [Nil71] it is proven that for any P as above there exists a clausal 

L  U S U F-theory Q for some set F  of function and constant symbols such that any model 

of P can be expanded to a model of Q and the LUS-reduction of any model of Q is a 

model of P. From now on in this proof we w ill regard constant symbols as O-ary 

function symbols.

Now we proceed to remove the constant and function symbols in F  from Q. To do 

this we choose two new (n+l)-ary relation symbol R f and S f  for each n-ary function 

symbol /  in F. Let R be the signature of those new relation symbols. A n  L U S U R -  

theory equivalent to Q is constructed in two parts:

1) one, T lt says that R f codes a function i.e. there is a function f  such that R /(tr,v) is true 

if  and only if  fCn)=v ; and

2) the other T 2 is Q with all references to f ’s replaced equivalently by R / s .

To define T x we include the following three sentences for each n-ary function 

symbol f  from F. We take an n-tuple of distinct variable symbols x  not including y  nor z 

then the sentences are:

Vzyz(->R f (x ,y ) V ->Rf (x>z) V 
Vryz ( R f (x ,y ) V S r ( x ,y ))

VrC-VyS/roO).

To define T 2 we recursively apply the following operation to remove the appearances 

of symbols from F  from Q. Suppose that after a certain number of applications of this 

operation we have a theory containing V( V/LiA,). Suppose further that the sentence 

contains a symbol from F. Say that one of the A, is P(ir) or ->P6r) and one of the u } is 

f(v) Cor c) for f  (or c) from F. We replace the sentence as follows. First replace u } in A, 

by z where z is a new variable symbol. Second, add the disjunct ->Rf ( v , z )  to the whole

- 8 2 -



disjunction with the new A* replacing the old. Finally, we universally quantify z in the 

new sentence. We keep applying this transformation until we have got rid of all the 

symbols from F. This w ill eventually happen (as we are always removing appearances of 

symbols from F) and then we have our theory T r

It is not hard to see that as far as sentences of L U S  are concerned T i U T 2 has the 

same consequences as Q.

Now we are almost done. We would like to rewrite T jU T j as an (L, SUR)- 

implicational theory by simply putting negative disjuncts on the left of an implication as 

positive conjuncts. There are two obstacles. First, equality. Disjuncts in the head which 

contain equality can be replaced by conjuncts in the body containing inequality. Now we 

choose a new symbol eq  and add a clause Vc eqCxpc). Conjuncts, x=y, containing 

equality can be replaced by eq(x ,y).

Second is the problem of empty heads - we might have clauses w ith no positive 

disjuncts. Solving this is a simple matter of choosing a new O-ary relation symbol F say, 

adding it as a disjunct to any headless implications and also adding the sentences 

VrCF-*R(jr)) for each symbol R. Its not hard to see that we have an equivalent theory.

Q.RD.

Thus, in increasing expressivity from Datalog to DE to DEF to IMP we have gone 

from easy queries to compute to time consuming ones. In the rest of the thesis we w ill 

show that the change from a practical to an impractical language occurred when we 

moved from DEF to IMP.
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Chapter 3
Fixed Points

In this chapter we determine the expressive power of DEF by showing how it 

compares w ith an established query language - namely FO-fLFP. First, we lay some 

foundations for fixed point work then we show how to build the FO+LFP language on 

them. We next define a different fixed point language L F P  which looks very much like 

our provability language DEF. By using and reworking a few results of other people we 

can conclude that L F P  is equally expressible as FO+LFP. Finally we show that L F P  is 

equivalent in expressive power to DEF. The corollary that FO+LFP =  DEF allows us, 

amongst other things, to separate DEF from IMP and PROV in expressiveness. It also 

shows that DEF is a practical language with neither too weak an expressive power, so that 

it is deficient in practice, nor too strong a power so that it can express time consuming 

queries.

3.1 Least Fixed Points

Least fixed point languages are based on the well-known phenomena of the existence 

of least fixed points of monotone operators in complete partially ordered sets. We shall 

quickly look at the concepts involved and establish this fundamental fixed point theorem. 

The basics from algebra can be found, for example, in [Kur65], the fixed point theorem 

itself in [Tar52].

A  set P with a binary relation ^ called the o rd e r  on P and written p^q is called a
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p a r tia l ly  o rd e re d  s e t  or p o s e t , if  and only if  the following conditions are all satisfied: 

V p i n P , p ^ p ;

V p  , q in P , if  p^q and q^p then p=«q ;

Vp, q and r in P , if  p^q and q^ r then p^ r .

A  simple example of a poset which is of interest to us is the set R E L j jS )  of n-ary 

relations on a finite set - or domain of a finite structure - D. We order R E L j jS )  by 

writing a^/3 if  and only if  for all d  in a  , d  is also in 0. The basic properties of set 

inclusion im ply that R E L j jS )  is a poset.

If P is a poset then we define the concepts of le a s t  u p p e r  bound  , luJb. , of a subset 

of P and g r e a te s t  lo w e r  bound  , g i b .  , of a subset of P in the usual way. We w ill call P a 

co m p le te  poset if  and only if  each of its subsets have both a l.u.b. and a gd.b« R E L j jS )  is 

a complete poset - for example the l.u.b. of a set of relations is the join of them all.

A  map from a set to itself w ill be called an o p e ra to r  on the set. If F is an operator on 

a poset P we can ask whether or not F preserves the ordering on P. F is called m on oton e  if 

and only if  for every p,q in P, if p^q then F(p)^F(q).

For example, if  a  is any n-tuple from D then we have an operator F defined on 

R E L n(D ) which takes any n-ary relation on D to that relation joined with the one 

containing only z .  This is clearly monotone.

In that example many elements of R E L n(D ) are untouched by the operation of F. 

They are called fixed points of F. In general if P is a poset , F an operator on P and F(p)=p 

then we call p a f ix e d  p o in t of F.

Sometimes we have a least fixed point- one that is ^ them any other. In our last 

example the relation which contains only a  was the least fixed point.
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In other situations there is no least fixed point- maybe there are no fixed points or 

maybe there are two which are incomparable by The operator at -> -i<x has no fixed 

point on R E L „(D). The operator which takes at to at if  a  is a singleton and otherwise takes 

ot to the fu ll n-ary relation on D has no one least fixed point on R E L n(D) if  D has more 

them one element. Note that both these operators are not monotone.

Tarski's theorem says that that last observation is not surprising.

THEOREM 3.1

Any monotone operator F on a complete poset P has a least fixed point. If 0 is the bottom 

element of P (i.e. the l.u.b. of the empty subset) and P is finite then there is n such that 

F(0 ) is the least fixed point.

proof:

Suppose that F is a monotone operator on a complete poset P. Since P is complete the 

empty subset of P has a l.u.b. which is thus a minimum element of P - let us call it 0.

We define a sequence a Q̂a v  • • • as follows : 

c lq  = 0 ;
and for all n^O , an+1 = F(a„).

Since 0 is the minimum element of P, a 0^ a l and since F is monotone we can prove 

by induction that for all n , a„ ^o7l+1 i.e. the chain is (not necessarily strictly) increasing.

If P is finite as it w ill be in all our applications we can obviously find a fixed point c 
along this sequence (otherwise we would run out of elements). However its not hard to 

prove the result for not necessarily finite P so let us keep going.

We keep defining a a for all ordinals whether we have reached a fixed point or not.
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As before aa+1 is FCaa) but if  0 is a lim it ordinal then we define â  to be the l.u.b. of all 

the preceding a ^ .

Now by using transfinite induction we can prove that the sequence is still increasing.

The a  to a+1 case is as before, the lim it (5 case is obvious by the definition of a*.
' \

Since P is a set we must eventually run out of new elements for the sequence and 

then a a equals a y for a  less than y  say. Then a0<P(aa)«aa+1< • • • So FCa«)=ua

and we have a fixed point.

Suppose that c is another fixed point of F  in P. We know that O^c so 

a!=F(0XF(c)=c. By trans finite induction we can prove that a a ^ c  and so a a is the least 

fixed point of F.

If P is finite then a  is finite and a a = F“(0) by definition.

Q.KD.

3.2 FO+LFP

Because we w ill need detailed knowledge of the construction of FO+LFP for an 

expressibility proof and because it is interesting to compare its construction with that of 

our new language L F T  it w ill be worth the trouble to define FO+LFP in detail. We expand 

upon the outline given in [Gur84] and [GuS85].

If D is a structure and R E L n{D) is the poset of n-ary relations on the domain of D 

then we have noted and it is not hard to see that R E L j iD) is a complete poset. In 

particular this holds when n=0 and R E L n(X>) has two elements - false ^ true.

R E L n(D) w ill be the complete poset in which we are finding least fixed points. The 

operators which we w ill be using w ill be defined via first-order formulae. Just to get the
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notation cleared up ready for doing this we w ill say that if  L  is a signature, D an L- 

structure, P v • • • JPk are relation symbols not in L, 0 -  0Gr) is a first-order

LUfPj,  • • • yPk}-formula which we might write as 0(P v • • • J?k*r), a- is a tuple of

elements from D (of the same length as x )  and plt • • • p k are relations on the domain of

D of the same arities as P v • • • JPk respectively then we write DH^Cpj, • • • ,pk j r )  (or

more correctly 'DH f)(Pl\p lt • • • >Pk\pk j:\a J ) if  and only if  the following equivalent 

conditions are true:

1) the expansion of D to an L U  {Plt • • • P k}-structure E by interpreting P t in E as p,

makes i?l=0Gr);
2) replacing P ,(tr) by tz 6 p , in 0  makes DH0(<r) w ith the obvious semantics.

This is very standard notation.

Now to define an operator on R E L j jS )  by a first-order formula we proceed as 

follows. Suppose that L  is a signature, P is an n-ary relation symbol not in L  which we 

call a du m m y  relation symbol , <f)(P*r) is a first-order LU{P}-formula with 

X=(xx, •••,*„). Then F p R E L „(.D )-+ R E L n(D) maps p Z R E L jjS )  to F <t>( p ) e R E L n(D') given 

by a  G F jip )  <=> DH 0(p/r) for every a  in D 71.

An example of such an operator on a { 1-ary E }-structure D is the E-difference F 0 

on D defined via <£(x )=*E(x )/\-> P (x  ). An element a is in F $(p) if and only if it is in E (i.e. 

Dt=E(a)) and not in p.

The really interesting operators are those defined by formulas 0 in which the 

dummy relation symbol does not appear under an odd number of nestings of negations - 

we say it only appears p o s itiv e ly . Using a relatively simple induction on the construction 

of 0 we can show that positivity of P in 0 has the following straight forward relation 

with the order on R E L n(D):
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LEMMA 3.2 (technical result l )

If P is an n-ary relation symbol not in the signature L, D is an L-structure , P 

appears only positively in the first-order LU{P}-formula 0(P,jr) and cr^p are k-ary 

relations on D then for all a in D,

DH£(P\ovr) => D H p d P \p A l

The reason why operators defined by positive formulas are interesting should then be 

apparent . If P appears only positively in <f> then cr^p => F/oO^P/p). For if 

(TG-F/cr) then DH Ĉo-^r) so DH£(p,<r) and ffGF/p). Thus , in this case , F# is a 

monotone operator.

The basic idea of the FOf-LFP language is that we can make use of such an operator 

to define a query. Suppose that L is a signature and k-ary P not in L appears only 

positively in the first-order formula 0(P^r) with x = ix lt • • • ,x*). Then we define the k- 

ary (FOf-LFP) (L) query L F P pJ s f i by picking out on each L-structure D as the relation 

of correct answers the k-ary relation p which is the least fixed point of the F^ operator. It 

has a least fixed point because it is monotone on the complete poset R E L j iD).

The notation L F P pJ jf>) as above seems more complicated than is needed to do the job

- why not just L F P i< fF This is because the actual language FG+LFP is more complicated

- it allows nesting of LFP operators within other LFP operators and within first-order 

formulae. Different dummy relation symbols are used to construct different operators at 

different levels of nesting. The subscript P on L F P  Pjc is needed to indicate which dummy 

variable is used to define the operator which has least fixed point L F P PJC.

The syntax of (FO+LFP) (L) is defined by finding a signature P disjoint from L, 

constructing some pre-w ffs by adding into the usual rules for construction of wffs of 

FO(LUP) the LFP formation rule below which binds some occurrences of symbols from P
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and then taking as w ffs those pre-wffs w hich have no free occurrences of symbols from  P.

LFP formation rule

if n is a non-negative integer, P n-ary from P, X-Gc lf • • • ,xn) an n-tuple of distinct 

variable symbols, 0 is a pre-wff, is an n-tuple of variable symbols and P

does not appear negatively in 9 then x  = [ L F P ^(0) ] (tr) is a pre-wff. x  has free variables 

those of 0 leave out x and add those in a, it has positive free predicates those of 9 leave 

out P and has the same negative free predicates as 9.

To define the semantics for the wffs of the new language we first define meanings for 

the pre-wffs. That is , if 9(JP „ • • • tP ktz ) is a pre-wff of FO+LFP we specify under what 

circumstances Dt~0(plf • • • yPk& \ This we do in the usual way by induction on the 

construction of 0.

For example suppose that 0=»\/ŷ  and \p has free appearances of P Xi • • • JPi and free 

variables from x or y . Suppose that we have already defined the meaning of ̂  under all 

substitutions. Then 0 has free appearances of P u • • • and free variables from x. We 

say DMKPjNpj, • • • JPt\plt^ \s) if and only if for every b from D

DHjO\\Pi. • • * ^Np^xVr.yVO.

The only new situation is when 9= LFPPiX(<f>) Gr). Let us suppose that P is n-ary so 

X=Cxv • • • ,xn) are all different , a=Cult • • • jun\  we know the meaning of <f> always , the 

free variables y of 0 are those of <f> minus x plus those in tt and the free predicates 

P v • • • tP l in 0 are those in <f> except P. We must decide whether or not 

D\=9(Px\p lt • • • X̂pj.yVr).

To decide this we define a map F iR E L n(T))-*RELn (D) given by e€ F (o d if and only if 

DĤ C-PjNPi, • • • tP l \p lJP\oc,y\n^r\B'). We note that we can define this map because , by
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induction , we have already specified the meaning of <f>. Since P appears only positively in 

(̂Pi. * • • F is monotone on R E L n(D) and has a least fixed point j3 in R E L n(D).

We define DhLFPp^CtpCP x\ p u • • • t/>,\pl,P,yVr,jr) ) Gr(<r)) if  and only if  tz itr) is in

f i­

l l s  a simple matter to now carry over the meanings of pre-wffs to those pre-wffs 

which are wffs. We do not have to worry about substitutions for predicate variables in 

the wffs though because they have no free appearances of dummy symbols.

For example if  L  contains 2-ary parent then 

<K u ,y ) -  -i L F P ^ i  p a r e n t ix ,y ) V  Bz ( p a r e n t i x j ' )  A  A ( Z )  )  )  ( u )  

is a w ff of (FOi-LFPXL) and if  parent is interpreted by {(a,b)l a is a parent of b } then 

Dh0(a ) if  and only if  a is not an ancestor of b.

In [ChH82a], Chandra and Harel related FO+LFP to other query languages and 

classes of queries. One of the important results from our point of view is the following.

THEOREM 3.3 (from THEOREM 5.4 [ChH82a])

The class of queries represented by FO+LFP is strictly contained in the class of 

polynomial time computable queries.

3.3 Definition of L F P

In this section we w ill give a rigorous definition of the new language L F P . It is a 

simple non-nesting version of the simultaneous fixed point language developed in [Gai84] 

and also is based on something closely related to the type of operator appearing in 

[EmK76]. The basic properties of simultaneous fixed points are discussed in [Mos74j. The 

underlying partially ordered set in which we w ill be finding least fixed points now
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consists of tuples of relations on a structure. We shall examine this idea first. As in the 

FO+LFP case we will then see how to define operators on our poset using first-order 

formulae. This time we will use tuples of formulae. As before we can restrict our 

formulae to ensure that a monotone operator is defined. We shall bring all these steps 

together to give an exact specification of the syntax and semantics of our new language.

Finally, several differences between the constructions of FO+LFP and L F P  will be 

noted. One of the main ones is , of course, the simultaneous multiple character of LFP. 
The other is the fact that we have not made a provision for nesting of LFP operations 
while FO+LFP allows nesting of LFP. This is because the notation for LFP looks 
complicated enough without nesting so we have risked expressive power for the sake of 

neatness.

the poset

What complete partially ordered set are we finding our new multiple fixed points in? 

DEFINITION

If m  is a positive integer , . . . ,mm) is an m-tuple of non-negative integers ,

L is any signature and D is an L-structure 

then

1) an flT-ary relation on D is any m-tuple p=Cplf . . . ,pm) of relations pt on the 

domain of D such that each p, is an m,-ary relation ;

2) R E L jD  ) is a poset with elements all the flT-ary relations on D ; and

3) R E L j D ) is ordered by ^ where for every c R E L jD )

if and only if for every i=l~.m crl ^ p l i.e. the extension of cri is included in the 

extension of p,.

It is easy to see that R E L j iD ) is a complete poset when D is finite.
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It is important to note that a multiple relation is not just an ordinary relation with a 

big arity - they don't have an extension but a tuple of extensions.

We have said that R E L J .D ) is a complete poset. Its bottom element 0 is the ru­

mple 0=(0lf . . . ,0m) where 0, is falsity if and otherwise is the empty m t-ary 

relation on D.

defining multiple operators

Now that we have our complete poset the next step towards constructing a least 

fixed point language is to find a symbolic way of defining operators (especially monotone 

ones) on the poset. If m  is a positive integer , lf • • • /nm) an m-tuple of non­

negative integers and L a signature then we want to be able to specify an operator 

F iR E L m(D )-* R E L m(D ) for any given L-structure D.

Any such function mapping into a set of m-tuples can be broken down into m  

simpler functions acting together. If p G R E L m(D ) then

F ip )= (.F  £p ) , , F m(py) 6 R E L m(.D) each F f.R E L j.D  )-+ R ELmi(D ). Each F } maps a

tuple of relations to a single simple relation and so could possibly have been defined by a 

first-order formula with some dummy relation variable symbols.

As in the FO+LFP case a first-order formula with symbols from L plus some 

dummy relation variable symbols can be used to represent a mapping on relations. Now 

we choose m  different relation symbols P v . . .  ,P m not in L with each P k being mr ary. 

To represent a possible F } we use a first-order LU {P1( . . . -formula <f>j with free 

variables from Xj=Cxn , . . . ,x Given p Z R E L jiD ) we define F }(p )€ R E L mjiD ) as 

follows:

\ fc Z D m‘ , a e F l (p) <=> DHi/P.V,.....P „ \p „^ t\a).
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Now it  is a simple m atter to pu t several of these maps together to define an operator.

DEFINITION Suppose we are dealing with L-structures. If m  is a positive integer , 

m=Cmlt . . . .m*) an m-tuple of non-negative integers , P={Plf . . . ,P m] is a signature 

disjoint from L such that each P t is m,-ary , <f>v . . . ,<f>m are LUP-formulae, and 

x v . . .  ,x m are tuples of variable symbols each Xt*^xn , . . . ,xtej) an m,-tuple such that 

all the free variables from <f>t appear in X,

then the string r ^ ^ P j ix ^ ,  . . . ,<f>m-*Pm(x*)] is called an m-ary

generalised L,-prescrip tion for multiple operators.

We call this string a "generalised prescription" because we are going to be solely 

interested in a special case for which we will reserve the name "prescription". W hy is it a 

prescription for multiple operators?

DEFINITION If r is a generalised prescription as above then on any L-structure D we can 

use r to define an operator F 'J lE L m(D )-+ R E Lm(D ) as follows: 

given p € R E L n( D \ for all i-l~m , for all a € D m*,

a e [F (p ) l <=> d h & O iW  • • •
We say that r prescribes F on D.

monotone operators

We saw in the construction of FO+LFP that the easiest way to ensure that a 

symbolically defined operator is monotone is to make the formula positive in the dummy 

variables. We shall follow this example in constructing L F P . Things are even easier if we 

don’t allow nesting of L F P  operations . In this case any negations can be pushed into the 

atoms. In fact we wont suffer any loss in expressibility if negations are only allowed to 

appear on non-dummy atoms.
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DEFINITION If L is a signature and r-{01-»f,1Cr1)l . . . ->1^,00] is a generalised L-

prescription for multiple operators then we call r an L-p rescrip tion for multiple operators 

if and only if each <f>t is built

from only truth and falsity, equality and inequality, atoms from L, negated atoms from 

L and atoms from P v . . .  ,P U

using only conjunction , disjunction and universal or existential quantification.

A  simple proof by induction on the construction of each <f>t will show that:

LEMMA 3.4 (technical result 2)

If r is an m-ary L-prescription for multiple operators, D is an L-structure and r 

defines F on D then F is a monotone operator on R E L j iD  ).

the query language

Finally, we can define our new fixed point language:

Syntax of Lf KL)

l) If c ^ m  are positive integers , m=(mv . . . ,m n) is an m-tuple of non-negative

integers and r - i f a - P M .....<t>m- P nGO] is an flT-ary L-prescription for multiple

operators then LfPir ;PC) is a well formed formula of L F K L);

and 2) the only well formed formulas of L F K L) are those defined in l).

Semantics of L F K L )

If L F K t \Pc) is the well formed formula of LFKL) given in l) above then it 
represents the m c-ary L-query q defined as follows:
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if  D is any L-structure and r defines F iR E L m(D  ) -> R E L m{ D ) on D then, by lemma 3.4, F 

is monotone on R E L j^ D )  which is a complete poset and so, by theorem 3.1, F  has a least 

fixed point p Z R E L j iD  ). We say for all <T GZ)”*',

D  h L F I K r  \PC X<r)

< = > Z € q ( D )
<=>ff€pc.

For example,

L F K  mother(x,y) V father(x,y) -» P^x.y) , P^x.y) V  3z ( P f e j d  A P2Cz,y) ) -* P 2(x,y) ;

i>2)

is just the ancestor query on any {mother,f ather} -structure. Suppose that D contains

Richard, Mary, W illiam  and Stanley such that father(Richard , William), 

father(William , Stanley) and mother(Mary , W illiam) are the only true atomic 

propositions in D. The prescription r as above prescribes F on D which behaves as follows. 

F(0,0) = C { (Richard , William) , (W illiam , Stanley) , (Mary , W illiam) } , 0  ).

F K 0 J 0 )  = ( { (Richard , W illiam) , (W illiam , Stanley) , (Mary , W illiam) },

{ (Richard , W illiam) , (W illiam , Stanley) , (Mary , William) } ).

F X 0 J 0 )  = ( { (Richard , William) , (W illiam , Stanley) , (Mary , William) },

{ (Richard , W illiam ) , (W illiam , Stanley) , (Mary , William) ,

(Richard , Stanley) , (Mary , Stanley) } ).

F X 0 0 ) - F X 0 0 ) .

The answers to the query are the ordered pairs in the second set of the ordered pair 

F X 0 0 )  which is the least fixed point of F . These are the right answers to the ancestor 

query.

superficial comparisons

Now that we have a perfectly well defined query language what are we going to do
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w ith  it?

We are not going to develop it as a practical language. It may look much neater at 

expressing queries than FO+LFP but it also looks something like deductive database 

approaches to query posing. This is not surprising because the language has been defined 

to bridge the gap between deductive databases and conventional query languages. We w ill 

see in later chapters that a language as powerful as L F P  can be easily implemented using 

existing theorem-proving methods - the importance of LFP w ill be as a standard of 

expressive power.

Let us compare the expressibility of FO+LFP and LFP. The first step in such a 

comparison w ill be to see whether the constructions of the languages offer any clues to 

relative expressibility. We know that FO+LFP allows nesting of least fixed point 

operations while LFP does not. Negations can appear anywhere in FO+LFP queries 

provided they amount to an even number when nested above a dummy relation symbol. 

Negations only appear on non-dummy atoms in LFP. On those points FO+LFP appears 

more powerful than L F P . However we know that LFP has its multiple character while 

FO+LFP is based solely on simple operators. No easy conclusions can be drawn.

In fact its quite a job to compare the languages.

3.4 Expressing FO+LFP in LFP

Our task is now to show that FO+LFP is (not necessarily strictly) less expressive 

than the new language LFP. The essence of the problem is to get rid of the nesting of LFP 

operators which appear in FO+LFP queries. As we know LFP does not allow nesting of 

L F P  operators.

Fortunately, most of the work has been done for us by Immerman in [Imm82]. He
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showed that the nestings of LFP operators can be collapsed even inside FO+LFP itself. So 

we do not even need the extra power of multiple operators which L F P  makes available 

for us - each FO+LFP query is equivalent to one with only one LFP operator.

In [ChH80b] Chandra and Harel laid the groundwork for Immerman’s result. They 

defined a fixed point hierarchy of queries formed by applications of negation, 

quantification and LFP. We translate their notation into that of FO+LFP - 

£0 ■  { 0 I 0  is a quantifier free FO query }. 

for each ordinal a  , 

n a -  { -xf> I 0 is from Z a },

Z a+l = { 3 x0 10 is from IIa } and 

for each lim it ordinal /3 ,

Z p = { L F P Pj(4> X ir) I P only appears positively in 0, a</3 and 0 is from Z a }.

We follow Immerman in his modification of the definition of the hierarchy by 

allowing L F P ^ i / f i b r )  in Z fi even when a  is not simply a tuple of distinct variable 

symbols. However we stick w ith [ChH80b] on the question of positive versus monotone. 

Immerman allows L F P ^ t y X i r )  in Zfi when 0 is monotone (on all structures - finite or 

infinite) in P. This causes no problems because Immerman’s expressions are all equivalent 

to expressions already in FO+LFP dLyn59D.

Chandra and Harel show that the hierarchy quickly captures all of FO+LFP -

THEOREM 3.5 (THEOREM 4.4 [ChH80bD

U a<w2̂ a “  FO+LFP.

Immerman’s important result is that the hierarchy collapses at the first fixed point 

level -
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THEOREM 3.6 (THEOREM 2 [Imm82D

Za -  FO+LFP.

The basis of the proof is being able to express the negation of any query 

L F P ^ X u r )  as a positive LFP query. To achieve this, Immerman defines some fixed 

point queries which answer questions about ranks of tuples - a rank of a tuple being the 

number n of times the monotone function F+  must be applied to the empty relation before 

the tuple is in F \ ( & \  We can express, in Zu, when a tuple has the maximum finite rank 

of any tuple, and when a tuple has a greater rank than this. These latter tuples are the 

ones not in LFPQ7*). Immerman gives a concrete demonstration of this construction by 

defining the negation of the ancestor query as L F P Stx0f>Xir') for some first-order formula 

0.

We can now prove our lemma - 

LEM M A 3.7

For all signatures L, (FO+LFP) (L) £  L F P  (L). 

proof:

Given any (FO+LFP) (L) query, Immerman’s result implies that it is equivalent to a 

(FO+LFP) (L) query of the form \fXy) “ L F P Pjc(st>Xir) for 0 (r) = 0 from FO (LU{P}). 

Now we simply let r= [ 4>-*P(r) , P(tr)-*Q (cr) l  It is not too hard to show that 

L F P p/<f>Xir) is equivalent to L F P ir  -Q ).

Q.EJD.
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3.5 Expressing LFP in FO+LFP

In this section we w ill try to express any L F P  query as a FO+LFP one. This would 

seem to be a simple matter of combining all fixed point relations produced by the L F P  

operator on a structure into one big LFP fixed point. Unfortunately, the simple approach 

does not quite work and we have to make things a bit more complicated. A ll the ideas are 

based on work in [ChH85] which, in turn, is related to the ideas on collapsing fixed points 

in [Mos74l Immerman, in lemma 4.1 [Imm86l proves a simple case of our result.

Let us suppose that we have an flT-ary L-prescription r. We want to find a 

(FO+LFP) (L) query which is equivalent to L F P i r ; P, ) - i.e. gets the same answers on 

all finite L-structures. We could try coding each /n-ary relation p  an any structure D, as 

a Emr ary (simple) relation A(p) given by (<rlt • • • A m ) €A ( p )  if  and only if \ i  a t € p t . 

Then we could try coding r as a FO-formula 0 in a corresponding way so that r 

prescribing F  on D implies that <f> prescribes Em,-ary f  on D given by f(p) = ACF(cr)) 

where Acr=p. This simple idea can not work because p  -* A(p) is not an injective coding 

- if  any p t is empty then A(p) w ill be. It is not easy to overcome this problem, especially 

when the set of i such that the ith component of i 7n(0) is empty (where F  is prescribed 

by r on D) depends on D and n.

We must consider an alternative approach. Chandra and Harel solved a similar 

problem in [ChH85] when they expressed any DATALOG (H in their notation) query in 

FO+LFP. They also start off trying to code multiple relations as simple ones - but in a 

different way. We adapt their idea to suit our purposes. We end up with the following 

coding of a prescription by a FO+LFP expression.

Suppose that L  is a signature, s = [ • • • ,0* - * P j x n̂  ] is an ffr-ary L-

prescription, M  -  ( m lt • • • jn m ), e is [log2(m )}+l, M is the maximum of the m, and l  is an 

integer between 1 and m. We proceed to define a (FO + LFP) (L) query First we
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choose an M-tuple X and an e-tuple y of new  variable symbols.

Let code} be the formula (yi=yo)A * * • A(y« =yo)> For each i -  1 _ m different from 

l ,  let b j  be the jth bit in the binary representation b lb 2 • • • b , of i. Put € j equal to y,«y0 

if  b j  is 0 and equal to y t ?*yQ if  b j  is 1. Now codej is the formula exA • • • a c«- For 

example, c o d e \  -  Cy^yo) A  (y^yo) A  ^ y - ^ y ^  - corresponding to the representation O il 

for 3.

Now we choose a new M+e -ary relation symbol P. For each i -  1... m, we get <f>t by 

replacing any appearance P k(tr) of any P k in r̂, by 

3 x j[ c o d e lkr t Xx- u x) / \  • • • A(jcWjk“^*>VF(r,7 )].

Now let Xt be code}A3r,[(x • • • a Oĉ -^ P a ,̂]. Finally we put x  -  V ^ i  and

-  3xmj+1 • • • xmy i L F P ^ i x i r y *  * • • .yoD-

For example, if  s -  [ P 2( .x ) -* P l( x )  , i?Gc)-*P2(x) ] then 

j^ yjLP P p ^ C x X x  ,y0,y0,yo)] Where

X = [ Cy^yJ A (y2=y„) A 3u[ Gc=u) a  fa  ] ] v 

[ (yi^yo) a  (y2-yo) a  3u[ (x-u) a  r Ur) ] ]

and where 4>x is Cy^yo) A (y2=yo) A Cx=u) A P (x  ,y  0,y  v y  2) l

For the coding to be successful we would want s t* to be equivalent to LFJKs; P t). 

We can prove this preliminary result.

LEM M A 3.8 (technical result 4)

For all finite L-structures D, for all <7 from D, if  D then D \=LF IK s jP,X*T).

Proving the converse, however, runs into trouble because the coding makes such use 

of the inequality relation on the domain of D that it falls down when the domain is
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trivial - Le. only has one element. For example, suppose that d is the lone element in the 

domain of an {i?}-structure D, that D kR(rf) and that 

s -  [ P 2W - * P x( x )  , £(x)-*P2(x) ]

as above. Then D hL P P is  •JP^Xd ). However, we do not have D Kr^Gf) because the least 

fixed point of the operator prescribed by x-*P(x,y0ly 1,y2) ^ the empty 4-ary relation on 

D.

If D is non-trivial then we can use the coding.

LEM M A 3.9 (technical result 6)

For all non-trivial finite L-structures D, for all 3  from D, if  D ^ L F P { s  ;P,X*D then 

D

If D is trivial then the coding may miss some of the tuples which are in the multiple 

fixed point but we can show that we catch those tuples which we know are in the 

multiple fixed point after one operation of the multiple operator.

LEM M A 3.10 (technical result 7)

For all finite L-structures D, if s prescribes G on D and 3  €[G(0)]Pj then D

Chandra and Harel’s solution to the problem of trivial databases is based on their 

version of this result. If we have a prescription r* which, on trivial databases, prescribes 

operators which get to their fixed point after one operation then the coding of r* w ill 

work. Thus, given any prescription r, if we can find such an r* which always prescribes 

operators w ith the same fixed point as r then it w ill give an equivalent FO+LFP query to 

the original one involving r.
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If r -  [ <£1->f?i( r 1), •••,<£* ~*Pn( x m)] is an fit-ary L-prescription and fir an m-tuple 

then we define the fir-ary L-prescription r* as follows. For any L-prescription 

s -  [ i/f1-*P1( r 1), • • • -+ P kW  1 *PP(s) -  [ a p p b lrJ —P  f a ) ,  • • • A P p ty k ) - ' P k( x k)  J 

where app(.\f/i ') is got from ^ by replacing any appearance P f(it) of any P q by 

( iA?(r?\a-)vP,(rr)). We put r* -  app^ r).

It should be clear that the following relationship holds.

LEM M A 3.11 (technical result 10)

If r prescribes F  on D and r* prescribes G on D then F  and G have the same least 

fixed point.

The important point for us as we try to overcome the problem of trivial databases is 

the following observation about any prescription.

LEM M A 3.12 (technical result 11)

If r prescribes F  on trivial D then F m( 0 )  is the least fixed point of F  on D.

Now we can put all these results about r* and s t* together to prove the following 

result.

LEM M A 3.13

If L  is a signature then for every L F P iL) query there is an equivalent (FO+LFPXL) 

query.

proof:
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Suppose that m is a positive integer, AT is an m-tuple of non-negative integers, r is 

the /TT-ary L-prescription [ (f>x-+ P x{z^ ), • ■ • ,<f>n -* P m(x'M)  ] and l  is between 1 and m. We 

w ill show that L F K  r ; P x ) is equivalent to ( r * \ \

If D Kr*YGT) then lemma 3.8 implies that D h L F i t r *  \P tX cO . However r* and r 

prescribe operators with the same fixed point so we also have D NZFPCr

In proving the converse we identify two cases. If D is non-trivial and 

D K L F P ir x P iX d l  then we know that we also have D hC F T K r* iP iX .d l. Lemma 3.9 

implies that D K r*  ),*GT) as required.

If D is trivial and r prescribes F  on D, then r* prescribes G -  F 1* on D with G<0) 

being the least fixed point of F . So, if  D kCFH r;P,X< f) then J  6[G(0)]Pl and so lemma 

3.10 implies that D K r*

Q.ED.

Now we can put our results of the last two sections together to get a major result.

LEM M A 3.14 

FO+LFP = L F P
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3.6 FO+LFP versus D EF

In this section we give some quick proofs of the obvious connections between 

LFFCL) and DEF(L). It should be already clear that they are equally expressive. Here we 

just have to make some adjustments to turn the theory Pr which an L-prescription r looks 

like into a definite theory.

First we establish the equivalence - in terms of queries represented - between the 

prescription r and the theory Pr* Then we show how to construct a prescription r from 

any definite theory P so that PROV(P;R) -  PROVCPr We then show how to construct 

a definite theory P from any prescription r so that PROV(P; P i)  -  PROVCPr 5 P i)• Finally 

we sum up the results.

If L  is a signature and r = [01-*JP1Cr1), • • • ,<f>k -*Pk(xk)] is an L-prescription then we 

define a L U { ? lf • • • A }-theory Pr as { Vfci(.<f>l -* P l( r l)), ~ , Vc*(<£*-*P*CrJk)) }.

LEM M A 3.15

For each Z=» 1 ~ k , PROVCPr; P t ) -  L F K r ^ l

proof:

part one ) Df=pROV(Pr ;F,X<r) implies D h L F IK r  jFjXd").

Suppose that Dt=pROV(Pr ^,X<r). Let S be {P v  • • • >Pk }. We define an expansion E 

of D to an L  U S-structure by EHP,(<J) if  and only if  DKLFPCr \P l X c ). If we show that E 

is a model of Pr then we are done.

We show that E is a model of Pr by showing that if îs a model of any <f>t( x t\ c )  then 

it is a model of P t( c ). Let 7r be the least fixed point of the operator F prescribed by r in D. 

Then if E is a model of we have DI=<£<(7r*x'Ac). By the definition of F, c€[F(7r)]p..
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Thus C 'C M p. So D K C P H r^ X d ”) and so E is a model of P f^c) as required.

part two ) DKZIFH r;?,) implies DNpROV(Pr ;PjX<r).

Suppose that D K C FH rjP ,) and that r prescribes F on D. Given any expansion of D 

to a model E of Pr we must show that E r F f f f ) .  First we show by induction that for each 

n, for each for each i-  1 — k, if  ff‘€[Frt(0)]Pj then E hP,(g*).

It is trivially true for n=0.

Assume that it is true for n. Now if  e € [ F n*K 0)]Pi then Df=01CFn(0),2"). But each 

[Pn(0 )]p }  is (by the inductive hypothesis) less than or equal to the interpretation P ]  for 

P j  in E in the usual order on relations on the domain of D. Since <f>t is monotone with 

respect to the interpretations for the P Jt DHf>t( P f ,  • • • >Pl&}. That is E Since E

is a model of Pr we have E hP,(eO as required.

We know that for large enough n, i rn(0) is the least fixed point tt of F . We know 

that so, using our inductively proved result for large enough n we have E t=P,((r)

as required.

Q.E.D. (lemma 3.15)

LEM M A 3.16

If L  and S are disjoint signatures, R is from S and P  is a definite (L,S)-theory then 

there exists an L-prescription r such that PROV(Pr ;R) = PROV(P;R).

proof:

part one ) definition of r
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Suppose that S is {P v  • • • >F*}. For each P x from S, if  F , is p-ary then choose 

distinct variable symbols lt • • • yXlp") which do not appear in P. We define an

LU{jPlf • • • ,F*}-formula <f>t as follows.

If F, appears in the heads of no sentences in P  then <f>i is f a ls i ty .

If F , appears in the heads of precisely sentences c v  • • • ,cm from P  where m is non­

zero then we put 0,-V*-i/3 j where if  Cj is VjKA/LiA, -+F,GpO) then j3} is 

ŷCA/LiCx, -v, )AA"_1A j).

Finally we put r -  [<£1~*F1( r 1), • • • ,<f>k ->F*(r*)].

part two ) Df=PROV(P;F X a) implies DHpROVCPr #X<r)

Suppose that E is an expansion of D to a model of P r* We w ill show that E is a 

model of P.

If V y C A ^ A ^ P f v ) )  is any clause from P  then it was called c j , the jth clause 

containing F, in the head in our construction of r. If c  is from D such that E h A/li A, (y\c) 

then E H/3/r,\v(y\c’)) so E H&CXfYKyVr)). But EKPr so E is a model of FjOCyVr)) as 

required.

part three ) DHp r o v QP,\R X<r) implies DHpROV(P;F Xa)

Suppose that E is an expansion of D to a model of P . We w ill show that E is a 

model of Pr aucl hence E w ill be a model of R(<r) as required.

Suppose that E is a model of #,(jt,\F). </>, is not falsity (if E is a model of it) so say 

it is V7.i/3 j . Thus E is a model of one of the - say the one corresponding to the

sentence VyCA/liA, -*F,(v)) from P. By definition of j3 j there must be a tuple c  from D 

such that E r* F = v (y \c )  and 'ErJ\*mlA l{ j \ c \  But E is a model of P  so E is a model of 

F,(v(y\cO). Thus El=F,(£D as required.
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Q.EJD. (lemma 3.16)

LEM M A 3.17

If L  is a signature and r -  [01->P1Gr1), •••,<£* - >P*(X‘A)] is an L-prescription then 

there exists a signature S containing {Plt • • • *P*} and a definite (L,S>theory P  such that 

for each 1- 1 ~ k, PROVCP^i) -  PROV(Pr; P.)-

proof:

part one ) definition of S and P

We put each P, in S and for each subformula \f/ of each <f>t we order the free variables 

from \f/ in some way y v  • • • ,y« and put a new and different m-ary relation symbol in

S. That is a ll we put in S.

Before we construct P  we w ill define an operation * on the set of those subformulas. 

We define *(i/0 by induction on the construction of \p.

Ktruth ) = { Sm  }
K falsity) = { }
Ku =v) -  { VrS^Gc,*) }
K u ^ v )  = { Vty(x;*y-»Su„vG;,y))}
For each R from L, if  the free variables in R(ir) were ordered y then 

K  R (ir)) -  { VyCRGzO-'S^Cy)) }.

For each R from L, if the free variables in ->R(tr) were ordered y  then

K  - R i tr ) ) = { \y i - R ( a ; ) - * S ^ R(a)( y ) ) } .

For each i = 1 ~ k , if the free variables in P f j z )  were ordered y  then 

K  P,Gr) ) -  { V yC P /fl-W ^ C y)) }

If the free variables from <f>, and 0Vi// were ordered x  , y  and z  respectively then

*( 0v<A) - {^ ( s f x ^ s ^ ^ X X i y i s ^ y ^ s ^ z ) ) }  u *(<p) u *ty).
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If the free variables from 0, 0 and 0A0 were ordered X , y  and z  respectively then

k  <t>M>) -  ( u  u  *(' /' )•
If x  and y  are the free variables in 0  and \ti<f> respectively then

*( ) - {vy(\AsA)-sN*<>(7))l u *(<#>).

If x  and y  are the free variables in 0 and 3u<f> respectively then 

K  3u<f>) -  (NtfuCS/rW ^ Cy))} U *(0).

Now for each i -  1 -. k  if  the free variables in 0, were ordered yf then we put

P, -  {Vflr^Cy,)-^))} u *(0,).

Finally we put P  -  U*-iP/*

It is easy to check that P  is in fact a definite (L,S)-theory.

part two ) DHpROVCP^j X<r) implies Df-pROVCPr ;P|X<r)

Suppose that E is an expansion of D to a model of P r* We expand E to an LU S - 

structure F as follows. If 0 is a subformula of one of the 0, with its free variables 

ordered y  then we put FI= S j i c )  if and only if E)=0(y\c).

It is clear that F is a model of all the K  0 ). If FHS^CyCx^c)) then EH^CyCx^c))- 

But E is a model of P  so ET'-PjGr) and hence FKP,Gr). Thus F is a model of P.

Since Df=PROV(P;Fi X<r) F is a model of F,(<r) and so E is.

part three ) DHpROV(Pr ;P,X<r) implies DNpROVCP^P/ X<r)

Suppose that F is an expansion of D to a model of P. We prove that the restriction E 

of F to L U  [ P lt • • • *P*} is a model of Pr*

By induction on the construction of a subformula 0 it is easy to show that, because 

F is a model of each *(0), if Ef=0(y\c) then FHS^(c).
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If S  -  7j(xi\c) and E t h e n  so FHP,(c) and so EKP/c). Thus E is a

model of Pr*

Since DHpROVCPr ;P/X<r) we have EHP,(<r) and so FHP,Gr) as required.

QJELD. (lemma 3.17)

LEM M A 3.18 

L F P =  DEF 

proof:

Just combine the lemmas in the obvious way.

Q.ED. (lemma 3.18)

Combining this with theorem 3.14 we arrive at the following.

THEOREM 3.19 

DEF = FO+LFP

This allows us to finally answer our main unanswered question about the relative 

expressive powers of provability languages - we can now place DEF strictly between DE 

and IMP in expressive power.

COROLLARY 3.20

IMP represents queries which are not in DEF. 

proof:
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Let q be any one of the O-ary polynomial time computable queries which is not in 

FO+LFP. Such queries exist by theorem 3.3. Since -*q w ill be non-deterministically 

polynomial time computable it w ill, by Fagin’s result (THEOREM 6, [Fag74]), be in ESO 

and hence, by THEOREM 2.3, q is in PROV. Thus, by THEOREM 2.7, q is in IMP. Since 

q is not in FO+LFP it is not in DEF.

Q.EJD.
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Chapter 4
Negation as Failure

In this chapter we w ill lay the foundations for our work on query languages based 

on logic programming w ith negation as failure. The starting point for such work must be 

a workable definition of negation as failure. We have seen that NAF can not be 

introduced in a declarative way so we have no choice but to look at the details of the 

query evaluation process. Here we define a version of such a process and compare it with 

the original version so we can write about practical results in future chapters.

4.1 A query evaluation process for Negation As Failure

In this section we define a version of the query evaluation process for negation as 

failure. We choose to define a general version not limited to any particular selection rule. 

However, the NAF rule we use is a fairly simple and incomplete one. We shall compare 

our QEP with other versions in the next section. We work without function symbols 

because they are not necessary for our purposes.

Programs are built from program clauses which are built from literals. These are 

positive literals and negative literals. A  p o s itiv e  li te ra l is an atomic formula ”R(ir)" 

where R is an n-ary relation symbol and a  an n-tuple of variable symbols and/or constant 

symbols. A  n eg a tive  l i te ra l is "not ( R(tr) )" where R(ir) is a positive literal.

A  p ro g ra m  c lau se  is anything of the form A  *- A lt • • • ,A, where A  is a positive 

literal, q is a non-negative integer and each A, is a literal. The h ea d  of the clause is A  and

-  112 -



Ap . . . .  Ay is its body w hich m ay be empty.

If L  is a signature and C  a finite set of constant symbols then a p ro g ra m  from L U C  

is a finite list of program clauses : each one containing only relation symbols from L  and 

constant symbols from C

In the context of logic programming a q u ery  is anything of the form L v  • • • JLq 

where p is a positive integer and each L t is a literal

A  g o a l from L U C  is anything of the form *~L V • • • £ , ,  where p is a non-negative 

integer and each L t is a literal w ith relation symbol from L  and constants from C  When 

p=*0 , the goal , is called the empty goal

We have seen that in the pure Horn-clause SLD-resolution case we construct a path 

of goals leading from the query goal to the empty goal. In this case it gives us a proof of 

inconsistency. In the NAF case we still try to construct such a path but the rule 

governing what is a valid step in the path is generalised to take account of negative 

literals. The relation between the path and a proof of inconsistency is no longer there.

The attempted construction of a path of goals proceeds by the selection of a literal 

from the last goal and, in the case that this is a positive literal, the choice of a clause of 

the program which says something about this literal (i.e. which has a head containing the 

same relation symbol). In SLD-resolution and most versions of NAF a rule governing the 

selection of literals is specified. The steps in paths of these versions must involve the 

literal indicated by the rule being used to get the next step. In our, more general version, 

a path can have its steps generated by the selection of any literal from one step to get to 

the next. We w ill say more about the relationship between our NAF and other NAFs in 

the next section.

Our use of the property of some goals being able in a finite amount of time to be
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shown not to succeed means that we have to be more specific in getting from one step to 

the next possible one. We do not want to have to check for the failure of each of the 

extensions of a path got by trying any of the infinite number of possible mgus for a 

particular literal and a clause head. We suppose that we have a deterministic way of 

getting mgus - Le. if  G is a goal, L  is a literal from G and A , which unifies w ith L, is the 

head of a clause c then we suppose that we have specified a pair of substitutions 9 , <f> as 

th e  mgus of L  from G and A  from c such that

1) 9 is a substitution of the variables appearing in G;

2) <f> is a substitution of the variables in c;

3) if  9‘ is a substitution of the variables in G and <f>’ is a substitution of the variables 

in c such that L9'-A<f> ' then there is a substitution a  of the variables in G9 and in c<f> such 

that 9oc=9' and 0<x=0'.

Such a strong condition is necessary. For example, suppose we are not so fussy and 

allow 9 taking x-»x and y-»y and <j> taking y-*x and to be the mgus of Q(x) from 

< - R ( x , y \ Q ( x )  and Q(y) from Q(y)«-PCx,y). We should succeed Y  from the program 

Y  <- Q(x) , R(x,y)

Q(y) «-P(x,y)

R(a,b) «- 

P(c,a) «-

but the only hopeful path is 

<- Y

«- Q(x) , R(x,y)

«- Ky,x) , R(y,y)

<- R(a,c)

which ends in failure. In fact, our definition prevents us making such a mistake by 
disallowing such 9 and <f> (they are not allowed because condition 3 does not hold with 9' 

taking x to x and y to y  and <f>' taking y to x and z to z).
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In the SLD case we use unification to get the next step after a positive literal is 

selected. When the program and/or query contain "not" we must must specify how to 

continue a path after we select a negative literal from the previous step. Suppose we 

choose not( Kir) ). Roughly, Clark’s idea in [Cla78] was to see whether Kir) succeeds or 

fails and then if  Kir) succeeds then do not continue the path via this literal and if  Kir) 
fails then allow the next step in the path to be the same as the last step without 

not( Kir) ). It might seem that we are capturing the closed world intuition by behaving 

as if  "notC Kir) ) appears as a program clause whenever Kir) fails. In fact, the 

situation is more complicated.

There are at least three problems with this simple idea of negation as failure. First, 

how do we know whether Kir) fails? Many goals have infinite paths and these same goals 

can also have a successful path or alternatively no successful path at alL If the goal has 

an infinite path and no successful path then the computer can go off constructing the 

infinite path and never be able to conclude finally that there is no successful path. In 

practice we have to use the result of finite failure - Le. the goal has a finite set of finite 

paths none ending in the empty goal. As we shall see, this distinguishes NAF from 

negation as not provable.

Second is the problem of variable symbols in Kir). If R(x) «- not( Kx) ) appears in 

a program and Kx) succeeds with substitution taking x to a then are we really justified in 

failing R(x) according to our vaguely defined motivation for negation as failure? Suppose 

that Kb) fails. Shouldn't we succeed R(x) with the substitution taking x to b? Even 

trying all the possible substitutions 6 for x and succeeding R(x) w ith 0 if  Kx0) fails is not 

good enough because perhaps there are other elements in a model not named by constants 

which do not satisfy P. Do the implicit assumptions of the closed world assumption 

include one that there are no other elements apart from those named by constants which 

actually appear in the program? Even if  we include this assumption we have already
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made a lot more work for the computer - try K ir$ ) for each substitution <f>. Most 

common versions of PROLOG do not even try to capture the intuition correctly and use a 

very badly behaved implementation- It is better for the process to give up visibly when 

things get too hard for it rather than for it to carry on incorrectly. Clark [Cla78] first 

introduced a version of NAF which gave up , or floundered, if a non-ground literal was 

chosen. He also suggested an improved version which could handle some non-ground 

literals and the hard to implement extended version mentioned above. We w ill base our 

version on Clark’s original one.

Third is the problem of negation loops. To find whether PGr) succeeds or fails we 

might come to a point in a path where not( P(ir) ) is selected. The computer w ill happily 

get stuck in a loop in such situations. When we are defining the concept of a path we 

must decide whether we have a path or not in such cases. For example, if  

Ka) +- not( P(a) )

appears in the program then we must say whether («- Ka) , «- not( Ka) ) , <-) is a path 

or not. If we are not careful then we might say that it is a path if and only if it is not a 

path. We shall avoid this nonsense making circularity by attempting a definition 

inductively involving successive levels of "not"s.

DEFINITION

We define inductively on the level n the concepts of

1) an n-path for a goal G,

2) a closed set of n-paths for G,

3) K ir) succeeds at level n with substitution 0, and

4) K ir) finitely fails at level n.
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A ll these concepts are relative to a fixed program with symbols from a fixed 

signature and finite fixed set of constant symbols.

Now suppose that n is a non-negative integer such that for all non-negative integers 

m less than n we have defined m-paths, closed sets of m-paths, success at level m and 

finite failure at level m.

n-paths for a goal G

We say that H is g o t from G v ia  9 at level n if  and only if  

G is non-empty, it is *~ L V • • • JLp say, and there is an L t such that either

G V l) L t is positive, it unifies with the head A  of a clause A « -A lf • • • ,A, w ith the 

mgus 9 , <f> of L t from G and A  from the clause and H is

*~~Ll0, • • • tLt.iQyAirf), • • • • • • JLP9

or

GV2) L t is not( K ir) ), n is greater than zero, K c )  is ground and finitely fails at 

level n-1, 6 is the identity and H is * - L x, • • • tL lmX9L^x* • • • J jp .

A  sequence (G* • • • ,G*) of goals with a sequence CO* • • • .O*̂ ) of substitutions is an

n-p a th  for a goal G if  and only if

1) G 0 is G

and

2) each GJ+1 is got from G, via 0,a{. k o J

Closed sets o f n-paths fo r a goal G

A  set G of n-paths for G is c lo sed  if  and only if

CSl) (G) , along with the empty list of substitutions , is in G,
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and
CS2) if  (G , G lt • • • ,G*) al°ng with (0* • • • ,0*.!) is in G then either 

CS2.1) Gt is empty 

or

CS2.2) G k is non-empty, it is * - L lt • • • £ , ,  say, and there is an L, such that 

CS2.2.1) L , is positive, and if it unifies w ith the head of a program clause 

A * - A lf * • • w ith mgus 0 , <f> of L, from G k and A  

from the clause then 

(G , G lt • • • ,G*,

• • • y A y ifr tln + iQ , • • • tL p O  )

along with(0Q, • • • ,0*.!,0) is in G  

or

CS2.2.2) L t is not( K c )  ), n is greater than zero, PGr) is ground and either 

CS2.2.2.1) K ir) succeeds at level n-1 

or

CS2.2.2.2) K ir) finitely fails at level n-1 and

(G , G  j, * * * * iLi .\*Li is in G.

Success at level n

We say that P(tr) su cceed s  at level n with substitution 0 if  and only if  there is an 

n-path for ending in the empty goal, 0̂  • • • ,0* is the sequence of substitutions in

the path and 0 is the restriction of the composition 0O • • • 0* to the variables appearing in

a.
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Finite failure at level n

We say that K ir) f in ite ly  f a i l s  at level n if  and only if  there is a closed set of n- 

paths for <-PGr) such that none end in the empty goal and there is a finite bound on their 

lengths. We call such a set a c lo sed  bo u n d ed  s e t  o f  u n su c c e ss fu l p a th s  for «- PGr).

Success, Finite Failure and Non-Termination

We say that K ir) succeeds with substitution 0 if  and only if  PCs') succeeds with 

substitution & at some level. We say that K ir) finitely fails if  it does so at some level. If 

PGr) neither succeeds nor finitely fails at any level then we say that it does not terminate. 

In the next section we w ill identify one particular type of non termination as being 

particularly annoying.

Before looking at a few examples let us prove a useful lemma.

LEM M A 4.1

If K ir) succeeds then K c )  does not finitely fail, 

proof:

If K ir) succeeds at level k and finitely fails at level l  then it is easy to see that it w ill both 

succeed and finitely fa il at level m , the maximum of k and l .  If G is a closed bounded set 

of unsuccessful m-paths for and P is a successful m-path for then it is

easy to get a contradiction by showing (by showing by induction that equivalent paths to 

each of the sub-paths of P are in G) that an m-path the same as P (up to equivalence) is in 

G. By equivalence here we mean the same up to substitution under an invertible 

substitution.

Q£X>.
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Example 1

R(y) «- Kx,y) , QGO

Kx^O *-

Q(a)

In this program a is a constant symbol and x and y  are variable symbols as they usually 

are. R(x) succeeds at level 0 with answer x -♦  a because the following is a O-path for 

<-R(y). (<- R(y) , «- Kx,y) , Q(x) , ♦ - Q(x) , «-) w ith unifiers taking y  to y  to x to a 

respectively. We note that here and in other examples we w ill assume particular mgus as 

’’the" mgus of literals.

Exam ple 2

R(x) <- not( P(x) )

P(a) -

We suppose that this program comes from a finite set of constant symbols with a and b in 

it. Then { ( «- P(b) ) } is a closed set of O-paths for <- Kb) which is bounded and 

unsuccessful. Thus Kb) finitely fails at level 0. So (*- R(b) , *- not( Kb) ) , «-) is a 1- 

path for ♦ - R(b) and R(b) is successful at level 1.

Example 3

Ka) «- not( Ka) )

Ka) neither succeeds nor finitely fails at any level n as can be shown in a simple 

induction.
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4J2 Implementing the QEP

In the last section we defined a query evaluation process which we called NAF. 

However, NAF is a term in common usage amongst logic programmers. What justification 

do we have for associating our concept with this term? Let us look briefly at what usually 

goes under the name and at the relationship between those concepts and our QEP.

The differing versions of logic programming w ith negation as failure can be classified 

by two independent criteria -

1) what, if  any, literal selection rule do they use to continue paths and

2) what happens when a negative literal is selected.

In the literature, one can find several different approaches to the second problem. 

Our QEP behaves, when a negative literal is chosen to continue a path, as the original 

query evaluation process (qep) of Clark in [Cla78] does when its fixed selection rule 

selects a negative literal. Mu-Prolog (see [Nai82D also behaves in the same way when its 

special selection rule selects a negative literal. This approach is quite a practical one (i.e. 

its easy to implement) and this fact, along with the fact that it was Clark’s original one, 

are the reasons why it is used in this thesis. However, it does have the draw back of 

getting stuck - i.e. f lo u n d erin g  - when a goal fu ll of non-ground literals presents itself so 

that such a literal must be chosen.

Most of the other approaches which are mentioned here are attempts at reducing the 

amount of floundering which a qep does. Commercial Prolog versions usually use a 

flounder-proof rule which is not very amenable to theoretical considerations (see [Llo84] 

page 81). IC-Prolog (see [CMcC79D uses a version which flounders less than ours and can 

be justified to some extent (as much as ours) on the basis of the closed world assumption 

with finite failure but it is not much referred to in the literature. Clark in [Cla78] used 

the same justification for an extended version of his original qep which does not flounder
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but is only of theoretical interest because it is not implementable. Shepherdson [She85] 

makes some changes to this on theoretical grounds but again the version is not of practical 

use. We w ill leave it to other researchers to relate the results in this thesis to the 

behaviour of these other versions of NAF.

The other main way in which other versions of NAF might differ from ours is in the 

selection rule used, if  any. Our QEP does not use one. Remember that a path is extended 

- i.e. a new goal H got from an old one G - by the selection of a literal L  from the old goal 

such that either L  is positive and H is the result of unifying L  from G with the head of a 

clause or L  is negative and ground , its positive part finitely fails and H  is G without L. 

See GV1 from section 4.1 for details. We also specify a closed set by including all 

possible extensions of each path using one of the literals in its last goal (see CS2.2). In 

most versions of NAF a selection rule is fixed which specifies exactly which literal from 

the goal is to be used to extend paths in GV1 and CS2.2.

A  selection rule is a map which picks out one literal from each non-empty goal. If R 

is a selection rule then we w ill talk about R-qep in which successful and finitely failing 

goals are those in which the choice of literals in GV1 and CS2.2 is that chosen by R. 

Sometimes, the term selection rule is used to mean a more general map whose choice of 

literal, from a goal in a path, is also dependent on what the initial query was and how 

long the path is. Shepherdson, in [She 84], calls our kind of selection rule the narrow kind 

but, in [She85l he shows that such selection rules get all the answers.

It is clear that 

RESULT 4.2

Assuming that QEP and R-qep use the same mgus, if a goal succeeds with a 

substitution (respectively finitely fails) at level n in R-qep then it succeeds with that 

substitution (respectively finitely fails) at level n in QEP.
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However, it is easy to see that the converse does not hold* For example, consider the 

following program

P « - P , Q .

Suppose that R is the selection rule which picks P from the goal «- P , Q . Obviously, P 

finitely fails in QEP. However, R-qep gets stuck in a loop.

We have some work to do to justify our use of QEP on practical grounds. It is not 

necessarily of much use for us to get results about a qep which is far stronger than any 

commonly considered qeps. Our QEP gets a ll the results which any R-qep gets. We have 

seen that at least some R-qeps are not as strong. It would be nice if  there was a maximal 

selection rule - Le. a rule R' such that R'-qep gets any answer (Le. any yes or no answer) 

which any R-qep does. It is easy to see that such a rule is impossible (consider which 

literal it picks from «- P , Q).

Although we can not find a universal maximal selection rule we can find a maximal 

one for each program (its a bit of work to show that this is so as we see below). In fact, 

not only is it maximal but it reaches the strength of our QEP. This is the result which 

enables us to relate results about our QEP back to results about versions of Clark’s qep 

with particular selection rules.

It must be pointed out that the same result can be deduced fairly easily from 

theorem 5 [She84] and theorem 1 5  [She85]. One only needs to note that Shepherdson’s 

definition of a selection rule is wide enough so that any path in our QEP is also a path 

using one of these selection rules. We justify presenting our proof on the basis that we 

w ill make use of all of its parts in the next chapter in proving our main results. It is 

readily conceded that investigations into the relationship between the behaviour of the 

NAF qep’s and selection rules are exhausted by the results in [She 84] and [She 85].

Given a program PROG we define its maximal selection rule R as follows. A ll
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reference to success and failure and other terms involved in a qep are referring to the 

behaviour of the goal in our QEP. For each goal G, if  G does not finitely fa il and contains 

at least one positive or ground negative literal then we get R to pick one of those literals. 

If G does not finitely fail but contains all non-ground negative literals then we pick any 

one of them. If G does finitely fa il then the specification of R is more difficult. We find 

the least m such that G finitely fails at level m and the least l  such that there is a closed 

bounded set of unsuccessful m-paths for G with a ll their lengths less than l .  From one 

such set G, we note which literals from G are used to fail G or extend it into a path in G  

in accordance with the definition of a closed set. We get R to pick one of these literal 

from G.

Now we must justify our use of the term maximal in describing that selection rule. 

THEOREM 4.3

If our QEP succeeds a goal G with substitution 0 from program PROG then the 

version, R-qep, of NAF using the maximal selection rule for PROG w ill succeed G0 under 

an invertible substitution 

and

if our QEP finitely fails a goal G from PROG then R-qep does too. 

proof:

By induction on n we prove that

a) if  QEP succeeds G under 9 at level n then R-qep succeeds GO under invertible \p at level 

n; and

b) if  QEP finitely fails G at level n and n is the minimum such integer then G finitely fails 

at level n in R-qep.
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Assume tha t w e have show n a and b up to n-1. Now for n.

PART a)

Suppose that the QEP succeeds G under 0 at level n.

To assist us in this proof we w ill employ the concept of a path tree.

DEFINITION

If G is the goal * - L u • • • J jp and n a non-negative integer then an n-p a th  tr e e  for G 

is a tree with each node labelled by a string called its l i te ra l label Q la b e l) and a string 

called its c la u se  label ( jd a b e l) such that 

for each node t of the tree one of the following is true

P T l) t is the root, both its llabel and its clabel are t has exactly p successors 

t l9 • • • Jtp and each t, is llabelled L { ;

PT2) t has no successors, is llabelled with a literal and is clabelled "unfinished" ;

PT3) t is llabelled with a positive literal, K ir) say, t is clabelled with a clause 

-PCvO'-Aj, ' ' ' y \  from PROG, there is a substitution <f> of the variables in the clause 

such that t has exactly q successors s lt • • • rs1 and each s t is labelled A t<f>; or

PT4) t is llabelled with a ground negative literal, not( K<r) ) say, K<r) finitely fails at 

level n-1 from PROG, t has no successors and is clabelled "negative".

Path trees w ill be used to represent a whole set of paths - each different only in the 

selection of literals from goals. We w ill call each such path an example of the path tree.

DEFINITION

An n-path (G<» • • • ,G, ) with (0„, • • • ,0,_1 ) is an exa m ple  of an n-path tree for H 

if  and only if  there is a substitution € and for each i -  0 -  l , there is a map a t associating 

each appearance of a literal in G t with a node in the tree such that
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EG1) H -  G O0O • • • eMe;

EG2) if  G, is * - K v  ■ • • >Kr then a, maps K } to a node llabelled K f i t • • • 0Me; and 

EG3) if  K t is chosen from G, (as above) to get to G t+l and ctt( K j ) - t  then either 

EG3a) K t is positive,

tisclabelled w ith A '-A j, • • • ,A ,,

the mgus of K t from G, and A  from the clause are 0 ,, <£,,

Gj+i is • • • yK t .i9 tfA .l<f>lt • * • • • • yKr 9lt

a u l maps K uQl to a, (if,,)

and Qf(+1 maps A %<j>i to the successor s u of t with Uabel A.0A+1 • • • Qul€ or 

EG3b) K t is negative and ground,

0, is the identity,

Gj+1 is «“ 2TX0|, • • • ^ . A ^ A .  • • •

the clabel of t is ’’negative” 

and a u l maps X u0t to c£ K u).

We w ill also find it useful to have an ordering on these path trees.

DEFINITION

We say that a tree H  is a su b -tre e  of a tree G if  and only if  

there is a map P from the nodes of H  to the nodes of G and a substitution y  such that for 

all nodes t of H,

STl) p ir o o t B) - r o o t  0 ,

ST2) if  t has exactly q >0 successors in H  then p i t )  has exactly q successors in G 

and p  takes t’s successors in a one-to-one manner to p i t  )’s.

ST3) if  p i t ) has a successor p iu  ) in G then u is a successor of t in H,

ST4) if  t is clabelled "*" then P i t )  is too, if  t is clabelled with a clause then p i t )  is 

clabelled with the same clause and if  t is clabelled "negative" then so is p i t ), and
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ST5) i f  t  is llabeUed w ith  a literal L then j3(f) is llabelled Ly.

Now back to the proof.

Since G succeeds under 0 in QEP at level n, there is an n-path ( G* • • • ,GX ) with 

(00, • • • A .i ) such that G 0 -  G, G, is empty and 0*0Q • • • 0N1. By lemma 4.4 we can 

construct an n-path tree G for G0 which is finished - Le. has no nodes clabelled 

"unfinished" - and of which the path is an example.

By lemma 4.5, we can use G to construct an n-path ( H q, • • • ,2f,) with

tyo* ' ' ‘ f°r such that it uses the selection rule R, it is an example of G and
Of

either H t is a ll non-ground negative literals, ^he path is successful̂  or it can be extended 

further.

By lemma 4.6 H t is not all non-ground negative literals so either we get a successful 

path or we can keep extending it.

To show that it is impossible for us to keep getting longer and longer such paths we 

note that, by lemma 4.7, if  a path tree H is constructed from H-path (as in lemma 4.4) 
then it w ill be a sub-tree of G . But, by lemma 4.4, each step of H-path causes the 

number of nodes in the constructed tree H to increase or stay the same and if  the number 

of nodes stays the same then the number of unfinished nodes decreases. So for long 

enough path we get more nodes in the constructed H than in the path tree G of which H  is 
a sub-tree. This is impossible by the definition of sub-tree.

So suppose that we have a maximal such path - so it is successful. Since it is an 

example of G, G0 -  for some €. If <̂ =̂ 0 ' * ' 'I'i-i then we have G0 = G0^e

so  ̂is invertible on G0 as required.

It remains to prove the lemmas.
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LEMMA 4.4

Given an n-path, G-path -  (G* * • * A  ) with (0* • • • ,0,.! ), we can construct an 

n-path tree G for G O0O ■ • ■ 0M such that

1) G-path is an example of G with € being the identity,

2) the range of a , is the unfinished nodes of G, and

3) if  we extend G-path by one more step and construct a new tree then it has as many or 

more nodes and if  it has the same number then it has less unfinished nodes.

proof:

If G 0« «-Llf - • • ,L p then we start with a tree, G& with a root w ith p successors 

t v  • • • Jtp . We give the root llabel and clabel "*" and each t, llabel L $ Q • • • 0M and 

clabel "unfinished". If we put €*=0O • • • 0M and a0 mapping each L t to f, then it is easy to 

see that the path (Go) is an example of the tree G^

We keep constructing trees G0, G j , ~ , G, , and maps a #  • • • ,a t such that, for each 

i.

C l)  (G„, • • • ,G,) with (0Q, • • • ,0i _x) is an example of G, with a* • • • ,oe, being the 

appropriate maps and €*0, • • • 0M being the appropriate substitution and 

C2) the range of att is the unfinished nodes of G,.

These conditions hold when i-0. Suppose that they hold for i and we are moving on 

to i+1. Say G, is * - K u • • • JCr and K s is chosen to get to G1+1. Say that ĉ CK-,) = t. There 

are two cases.

case 1: K t is positive. Say that G1+1 is got by the unification of K t and the head of the 

clause A + - A v  • • • Suppose that 04 , <f>t are the mgus of K t from G, and A  from the 

clause. To construct G 1+1 from G, we take off t’s "unfinished" clabel and give it the clause 

as its clabel, we give t exactly q successors s lt • • • ySf , we llabel each s u with
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An4>fit+i * * ’ 0|-i aad we clabel s n "unfinished". To see that the conditions are satisfied 

define put a,*i(A.&)"tf« and put 6=0,+1 • • • 0M.

case 2: K t is negative. Take off t’s "unfinished" clabel and reclabel it "negative". 

Define a u G r .e ^ U r .) .

We note that in the end, when i-Z, then if  the path was successful and so G, is 

empty, by C2 the tree is finished - i.e. has no unfinished labels. It is also easy to check 

that each extension of G, to G,+1 does not decrease the number of nodes and if  it does not 

increase them then it decreases the number of unfinished nodes instead.

. QJLD. (lemma 4.4)

LEM M A 4.5

Given an n-path tree G and a selection rule S which selects positive or ground 

negative literals if  there are any then we can construct an n-path (if*  ■ • • ,ff,) with 

(<Ao» * * ' such that

1) the path proceeds by the selection of literals according to S,

2) it is an example of G,

3) if G is finished then either

3.1) H t is all non-ground negative literals and we say the construction has 

floundered,

3.2) H , is empty or

3.3) we can extend the path further.

proof:

Say that G is an n-path tree for H -  «-Llf • • • JLP. We construct an n-path starting 

with the first goal G„ -  H Let ar0 take each L t to the successor f, of the root of the tree
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llabelled Lt.

We keep constructing a path (G q» * * ■ ,G,) w ith (0̂  • • • ,0,.!) for as long as we can 

or want to. We shall ensure that it is always an example of G. The short path (G„) is 

clearly an example.

Now suppose that we have a path of length l  and we want to extend it. Obviously if  

G, is empty then we can not. Also, if  G, is all non-ground negative literals then we must 

give up and in this case we say that the construction has floundered. Otherwise R w ill 

choose any positive or ground negative literal.

Suppose that G, is * - K u • ■ • JK.r and that K } is chosen. There are three cases.

Case 1 : attC K j)  is clabelled "unfinished". Again we must abandon our construction 

here. Note that this case w ill not arise if  G is finished.

Case 2 : c t , (K j )  is llabelled positively, say with P(ir), and clabelled with a clause 

P(v) * - A lt • • • yA^. If the mgus of K } from G, and P(v) from the clause are 0, , <f>t then 

G,+1 is * - K l0,, • • • y K h lQltA x(f>lt • • • ,A ,<j>lyK • • • yKr9t. Since G is a path tree, by 

PT3 there is a substitution £ of the variables in the clause such that We put

o',+1CKB0,)=aICK'II) and a,^04*$,) equal to the successor s u of a,(K }) with llabel A v (.

The extended path ( G q, * * * ,G1+1 ) with ( 0* • * * »0| ) is an example of G as we 

now show.

Since the path up to G, is an example of G, there is, by EG1, a substitution €, such 

that G = G o0„ * * • 0m €{. By EG3, a t^ K j)  is llabelled PGr) -  K j€ r  So T̂;€,=P(v£). But 0,

, <f)t are mgus of K } and P(v) so there is eI+1 such that €,=0,eI+1 and £=<£,€,+1. Thus G = 

G O0O • * * 0j-i0j€j+i and EG1 holds.

Since K ) €l^ K ) Ql€j+1, this is what we require as the llabel of the image (« a t( K jJ )  of
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K jO t under a M . We also have a,+1(A*0,) being a node labelled A , £-.4.0,6,^ as required. 

Because €,-0,€,+1 we have the other <x, behaving correctly in respect to the longer path as 

they did in respect to the path up to G,. So EG2 holds.

K j  is chosen from G t to get G/+1 and it is easy to see that EG3 holds.

Hence we have constructed our longer example.

Case 3: ott( K j )  is llabelled with a ground negative literal, notC P Gr) ) say, P(<r) 

finitely fails in QEP at level n-1, a,CK j )  has no successors and is clabelled "negative". By 

EG2, not( PGr) ) -  K j € t but we only choose ground negative K } so K ) is not( P(<r) ). We 

have a new goal, GI+1 -  + -K U • • • JK j.ltK  j.u • • • JCr with 0, being the identity. If we get 

a,+1 to map as a , on those literals and put eu l equal to €, then it is straight forward to 

check that we still have an example.

Q.EX). (lemma 4.5)

LEM M A 4.6

Suppose that G-path is a successful path for G under 0, that H-path is a path for H 0, 

that H q is a substitution of G0 and that both G-path and H-path are examples of a path 

tree G. Then H-path does not end fu ll of non-ground negative literals.

proof:

Suppose that H-path is (H &  • • • >Hk) with (0q, • • • and suppose for

contradiction that H-path does end in all non-ground negative literals. By lemma 4.4, we 
can construct an n-path tree H  for such that H-path is an example of H

with e being the identity and the range of a k being the unfinished nodes of H.
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By lemma 4.7, H  w ill be a sub-tree of G.

By lemma 4.8, since is a substitution of G0, we have an example,

I-path, of H which is either successful or there is a literal K  which is the one selected from 

a goal G m in G-path and a node of H which is clabelled "unfinished" and llabelled with a 

substitution of K.

If I-path was successful then, since it is an example of H, H is finished (by lemma 

4.9). This can not be as the range of the map a k from the non-empty last goal of H-path 

to the nodes of H is the unfinished nodes of H.

So the following is true. From G m which is *~ K X, • • ■ JLT say, K } is selected, and a 

node t of H is clabelled "unfinished" and llabelled w ith a substitution of K } .

Since t is unfinished it is a k{M r) for one of the literals M r from By EG2, the 

llabel of a*(Mr) is M re  but € is the identity. So the llabel of t is M r itself. However, we 

know that this llabel is a substitution of K }. Since M r is non-ground negative so must K } 

be.

This contradicts the fact that it was selected from G m in the successful G-path.

Q £D . (lemma 4.6)

LEM M A 4.7

Suppose that G is an n-path tree, we construct an n-path, H-path, which is an 

example of G, as in construction two, and we construct, from H-path, an n-path tree H  as 

in lemma 4.4 so that H-path is an example of H. Then H  is a sub-tree of G.

proof:
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Suppose that H-path is CH* * * * *Hk)  with ty* ‘ * A - i  )• If G is a path tree for G

-  * - L lt • • • yLt  then, since H-path is an example of G, there is a substitution € such that 

G -  H Q4f0 • • •

The construction in lemma 4.4 proceeds by the construction of a sequence of trees H 0 

, _ , H*. H-path is an example of G and of each of the H, so we w ill denote each of the

H 0
literal appearance to node maps as a,0 , a , 0, « , a, * to distinguish them.

We show by induction on i that 

IC1) each H, is a sub-tree of G.

We also show that the map /3, from the nodes of H, to those of G satisfies 

IC2) if  if ,  is * - K lf • • • yKr and -  t then 0,(f )-<x[ K K and y  -  €.

First i«0. We recall that H 0 has a root with p successors, f lt • • • f p w ith each f, 

llabelled K t^t0 • • • *ftk.v  G is an n-path tree for G so its root has p successors, s lt • • • j  

say. Each s, is llabelled L t0. We define j30 as follows. /30Cr o o t ^ h r o o t Q and /30(r,)=.y,. Its 

easy to check ST1 to ST5. ST4 holds because all H 0’s non-root nodes are clabelled 

"unfinished". ST5 holds with y  -  € - we know • • • \pk.le~ L i because of the 

relationship between H 0 and G.

Now let us assume that the conditions hold for i and we try and move on to i+1. 

Suppose that if , is * - K v  ■ • • JCr and that K } is chosen.

case 1 : a t f i K j )  is clabelled "unfinished". This can not happen because then we would 

be at the end of H-path at H t

case 2: K } is positive, a f K K j)  -  t is llabelled positively, say by K ir), t is clabelled 

K v ) «-A1, • • • fA j, v £ = a , the mgus of K } from if , and K ir) from the clause are i/r, , <f>t 

and H hl is • • • J C j . r f ^ A j + i ' P t ,  • * * *Kry\it. So H ,+1 has q new

nodes - s lt • • • the successors of ot*l{ K  ̂ s .  We let j3,+1 map as 0, on H, and j3,+1Cy„) is
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the successor t, of t which is llabelled A*£. This clearly makes IC2 hold.

ST1 still holds.

If t’ has exactly p’ >0 successors in H 1+1 then either

a) it did so in H, so 0, mapped them one-to-one to the exactly p’ successors of /3,(f') in G 

so so does 01+l or

b) t’- t  and p -p  whence 0i+1 maps s lt • • • ts 1 to t v  • • • jtf respectively in G.

So ST2 holds.

If has a successor u') in G then either

a) it did so in H, so u* is a successor of t’ in H, so in H ,+1 or

b) u’ is one of the s H, t* is s whence u* is a successor of t\

So ST3 holds.

The only new clabel to check is that of s which is also that of t so ST4 holds.

We know that K ^ -.P O ^ ,), that s is llabelled • • • \ffk.x (as H-path is an

example of H,) so t is llabelled KjXp, • • • t/^e. However, this is Kir) so Kir) = 

K j'I'i * * ’ â-i€ -  K ?0  0 ^ 1+i • • • $ k.v  Thus £ -  0i^1+i " • • Now s u is llabelled

A , * • • t/Vi /3mC O  -  t is llabelled A u£=Au<f>i'l't+i * * * 'I'k-i6* So ST5 holds.

Case 3 : K j  is negative. This is almost just a simple version of case 2.

QJLD. (lemma 4.7)

LEM M A 4.8

If G-path, (G q, • • • ,G,) with (0„, • • • .Q,̂ ), is a successful n-path for G = G 0, 0 = 

0O * * * 0M is an example of an n-path tree G , H  is a path tree for H which is a 

substitution of G0 and H  is a sub-tree of G then we can build an n-path I-path which is an
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example of H  and is either successful or there is G m and a node of H  such that if  K  is 

selected from G m then the llabel of t is a substitution of K  and the clabel of t is 

"unfinished".

proof:

We use lemma 4.5 to construct I-path -  (/* • • • J k) with ({„» • • • from H  but 

selecting literals so that

1) for each i there is 7), such that G,

2) and either

2.1) k-Z (and so the I-path is successful) or

2 .2 ) literal K  is selected from G k but which has llabel a substitution of K  is

clabelled "unfinished".

By induction on i, we find r)t such that 

IC1) G it)l**Il and

IC2) if  a,H is the map mapping the literals in I t to nodes in H, £ is the sub-tree mapping 

nodes in H  to nodes in G and a,0 is the map mapping literals in G, to nodes in G then for 

all K j  in G„ j3(ocfKK j) )= a < K K ,) .

H 0= G 0B0 • • • 0M=G0. H  is a tree for • • • ^*.r=G{ty so I o=GQifr=Go0\f/.

So the conditions hold when i=0.

Suppose that we have constructed (/q, • • • J t) with (£„,••• ,J|.|) from H  such that 

IC1 and IC2 hold.

If i=Z we are done, so suppose that i < Z. Then G, is non-empty so so is I t which 

equal G tr\t. Since the G-path does not flounder G, is not all non-ground negative literals so 

neither is Say G, is —K u • • • JCr and K } is selected to get to GJ+1. We select K }r), 

from /, to continue I-path. Since K } is not non-ground negative, neither is K j  7)r  There
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are three cases.

Case 1 : c tf (K jT )t)  is clabelled unfinished. Then we must stop our construction here. 

We put i-k  and we have our result.

Case 2 : a tC is llabelled positively, say with PGz"), and clabelled with a clause, 

say PO ) * - A lt • • • /M is got from I ,  by unifying K j i ] ,  w ith the head of the clause. 

Now a t( . K is a node in H  which is a sub-tree of G but jSCa1H0STi7ji)) -  afCK j )  so 

is clabelled w ith the clause (by ST4). Since K } is selected to get to and G- 

path is an example of G then EG3 implies that if  0, , <f>t are the mgus of K i from G, and 

P(v) from the clause then G1+1 is • • • rX’J.10l,A 10|, • • • ^ <j>ltK j ^ 9 lt • • • ,2sTr0,.

If £, , £, are the mgus of K j7 )t from I ,  and POr) from the clause then I  & i is 

'rh!ii> ’ * * j+tT}t£ lt • • • yKrT j^ . But K s o

there is an T)1+1 such that and Thus J m -G m tim.

By ST2, /3 maps the successors of a jK K  jTft) to the successors of a f i K j )  in such a 

way that IC2 is preserved.

Case 3 : oct( K is llabelled with a negative ground literal and clabelled "negative". 

This case is straight forward in the light of case 2.

QJLD. (lemma 4.8)

LEM M A 4.9

If (G^ • • • ,G,) with (0Q, • • • ,0M) is a successful path and is an example of G then 

G is finished.

proof:
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Suppose that G  is unfinished. By EG3, any node of G in the image of any a t is 

clabeUed w ith a clause or "negative". So any of the unfinished nodes are not in the range 

of any of the a,. Let t be a minimal such node - i.e. t is not in the range of any of these 

maps but its predecessor, s say, is. Suppose that s is a t( K  j).

We follow K j  to K jQ f in GM , to K j 9 t0M  in Gt+2, ~ and so on until K f i i • • • 0 l+p is 

selected from Gi+/+1. This must eventually happen so that G, can be empty.

By EG3, each a iH.( jC j9 t • • • 0/+r̂ ) is equal to s. If K j 9 t • • • 01+,  was negative then, 

by EG3, s would have no successors. It does, so it is positive and the clabel of s is a clause 

with q body literals say. By EG3, s has exactly q successors and all are mapped to by oti+1. 

This contradicts our assumptions about t.

Q iLD. (lemma 4.9)

PART b) n is the minimum integer such that G finitely fails in the QEP at level n.

By induction on l  we show that

if H is a goal , n is the minimum integer such that H finitely fails at level n in QEP 

and l  is the minimum integer such that H has a closed bounded set of unsuccessful n- 

paths of length less than or equal to l 

then H finitely fails at level n in R-qep.

First suppose that 1=0. Say that G is the chosen set of closed bounded unsuccessful 

n-paths for G of length 0 which was used in the definition of R. Since R can not select a 

literal which extends the path (H) into G it must select a literal which immediately fails 

H. So we have a closed bounded set of unsuccessful R n-paths for H  as required.

Now assume we are up to an l greater than zero. One set of closed bounded 

unsuccessful n-paths of length less than or equal to 1 for H are chosen in the definition of
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R. Suppose tliat it is G. R chooses a literal from H which either immediately fails or 
extends (H) into a path in G. There are two cases depending on whether the literal is 
positive or negative but the proofs are similar so that we w ill only present the positive 
case.

Suppose that L is the chosen positive literal. For each clause which has a head 
unifying with L if H t is the result of unifying L from H with the clause and 0 the 
appropriate mgu then (H , with (0) is in G. If we take all the paths from G with 
second goal and chop of the first goal H then its easy to see that we end up with a 
closed bounded set of unsuccessful n-paths for Hl all of length less than or equal to l-1 . 
By our inductive hypothesis must finitely fail at level n in R-qep. If we now add H to 
the start of all the R-paths in a closed bounded set of unsuccessful R n-paths for H1 then 
we know that H finitely fails at level n in R-qep.

Q.KD. (of THEOREM 4.3)
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Chapter 5
Declarative Meaning

It would make our job of relating LP with NAF to other query answering 
approaches much easier if we could characterise the answers to a program in some simpler 
way than as those queries successful in the complicated QEP. For similar reasons, other 
researchers, from Clark [Qa78] onwards, have tried to give LP with NAF a declarative 
meaning. We have already discussed what would be acceptable as such a meaning and 
why existing attempts fail. In this chapter we solve our problems by giving LP with NAF 
a satisfactory declarative meaning in the case when no function symbols appear.

5.1 The Synthesis of a Program

We now try to capture the meaning of negation as failure by describing a theory, 
SYNTH(PROG), corresponding to any logic program using NAF. The idea w ill be that 
making deductions from SYNTH(PROG) w ill give the same answers as running the 
program.

It must be noted that a successful attempt to capture the meaning of NAF must deal 
with the possible appearance of function symbols in programs. These are useful in many 
applications of logic programming. We suspect that the SYNTH alternative can be 
generalised in a straight forward way to programs containing function symbols but for 
our purposes we need only look at function-free programs.
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We suppose that PROG is a LOGIC PROGRAM with NAF containing no function 
symbols. L is a finite relational signature containing all the relation symbols of PROG plus 
any others that one might want to query of PROG. C is a non-empty but finite set of 
constant symbols containing all those that appear in PROG plus any others that one might 
ask about in queries. The clauses in PROG are cu • • • &p.

For each signature L, we suppose that we have determined disjoint signatures L*, 
Lppnnt fdlnoQ such that!

1) L* contains exactly one n-ary symbol R* for each n-ary R from L;
2) Lpi0O contains exactly one n-ary symbol R \  for each clause c from PROG where c 

has n-ary R from L in its head;
3) failpzoo contains exactly one k-ary relation symbol faile for each clause c from 

PROG, where c contains k different variable symbols.
We define \ f loa to be the union of these three signatures.

In all models of the theory SYNTH(PROG), R* w ill be true of all the tuples which 
fail finitely to be proven to be in R from PROG. We intend R*c to be true of all those 
tuples which fail finitely to be proven to be in R from PROG using a resolution proof 
with top clause c. We intend faUc to be true of a tuple a if when the body of c is taken as 
a query with all the variables of c in some fixed order replaced■; a then the query 
fails finitely.

The synthesis SYNTH(PROG) of PROG is the finite first-order LULrao° UC-theory 
defined by
SYNTH(PROG) -  POSCPROG) U NEG(PROG) U INEQ(PROG).
In fact, it is dependent on the choice of L and C. When we want to be specific it w ill be 
introduced as SYNTH( PROG , L , C ).

POS(PROG)-{ POSCc, ) I i-l_p  }.
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NEGCPROGM NEGtR ) I R 6 L } U NEG(c t) U • • • U NECXc, ).
INEQCPROG)- { a i* b I a,b different constants from C }.

For every k-ary relation symbol from L either
1) R  does not appear in the heads of any clauses in PROG, in which case NEGCR ) is the 
sentence Vr R’CxO; or
2) R appears in the heads of precisely the clauses d i t  . . .  , d t , in which case NEGCR ) is
the sentence Vr [ A%x -*■  R*(x) 1

For each clause c, we define the sentence POS(c) and the theory NEG(c) as follows. 
Suppose that c is P M * -  A v . . . , A „, n is a non-negative integer, the distinct variables 
appearing in c are x=(x v . . . , xm) in some order, P is k-ary, and V=(yv . . . ,v*).

In what follows, for a literal A, if A is positive, say RGr), we put A* = R(tr) and A* 
-  R*Gr) and if A is negative , say not( RCff) ), we put A* -  R*(tr) and A' -  RGr).

POS(c) for c as above is Vr ( A/LjA,* -» P (v ) ).

Suppose that w=C.wv . . . ,w,) are precisely the distinct variables appearing in v, 
that a = ( .u v  . . . , u k ) are k new variable symbols, and that z=Czv . . . , z r ) are the distinct 
variables from x not appearing in v. Then NEG(c)= NEGV(c) U NEGC(c) U NEGB(c) U 

FAIL(c) where 
NEGV(c) =

{ Ur C u ^ U j  -» P* J j l )  ) I i^ j are from l~.k such that v, and v } are the same variable } 
NEGCCc) = { Ur ( a -» P*cOr) ) I i=l~.k v,=a from C }
NEGR(c) -  { W  ( ( Ur fa tlfx ) ) -  P*cO ) ) }
FATL(c) = { Ur ( A; -  fall£x) ) I i=l~n }.
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For example if PROG is 
Ka) «- not( P(a) )
R(x) «- Q(x,y) , T(y) , not( S(x) )
Q(x^) «- 
TCa) «- 
S(b) -

from a set of constants {a,b} and a signature including only the relation symbols in PROG 
then SYNTHCPROG) is 
{ f*(a) -  Ka) ,

Vry (Q (x ,y )/vr(y )/\S#(x )-♦ £ (* )) ,
Vfc ( Q(x^0 ) ,
TCa) ,
S(b) ,
Vc(Fi (x )-*P*(x)), VxyCQlCx ,y )->Q* (x ,y )),
VcCR*2(x)-R *(x)), Vz(S's(x)^S'(x)X  
V t(r< (x )-r (x )),
W ( u*a -> P[(u) ) , fail1-*P1( a ), Ka) -  fail,,
VxCCVy fallfx,y) ) -* R*2 ( x ) ) , \/xy ( Q*(x,y) -» failfx,y) ) ,
Vsy ( r ( y )  -» failfx,y) ) ,  V£y ( S(x) -» failfx,y) ) ,
Vhv C u ^ v -♦  Q*3( u ,v ) ) , Vc( /atfj(x)-*Q3(x,x)),
Vii ( u^a -» 7^(u) ) , fcdU-+TA{a \
Vh ( u^b -* 5j(u) ) , fail -̂*S*s{a), 
a^b }.

It is interesting to note that S'(a) , 7*(b) , R*(b) , R(a) follow from SYNTH(PROG) but 
neither Ka) nor F*(a) does while our query evaluation process on PROG finitely fails S(a), 
T(b) and R(b), succeeds R(a) and does not terminate on Ka).
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5.2  Soundness o f the QEP w ith  respect to SYNTH

In this section we give a detailed outline of the proof that the negation as failure 
query evaluation process is "sound" with respect to the synthesis of a program. This means 
that the answers the QEP comes up with are true in all models of the synthesis of the 
program.

To be precise, we only prove soundness for atomic propositions. This is not a serious 
limitation because, if we want to know about answers to L lt • • • Jjp with variables x 
then we could choose a new symbol Q put • • • >L? in the program and ask
"Q(r)?".

As usual, if a is a formula with free variables x then V& is the sentence Vra. 

THEOREM 5.1

For all signatures L, for all finite sets C of constant symbols, for all logic programs 
PROG with symbols from LUC, for all non-negative integers r, for all r-ary R from L, 
for all r-tuples a  of variable symbols and constants, for all substitutions 9 of the 
variables in a
if R(ir) succeeds with answer 9 
then SYNTH(PROG) b V  R ( tr9 l

proof:

First some notation for the proof. If L is the positive literal R(ir) then L* is L itself 
while L ' is f?*Gr). If L is the negative literal not( R(ir) ) then L* is R*(tr) while L~ is R(ir). 
If B is the list L lt • • • of literals then B* is the conjunction L { A • • • /\Lp while B ' is 
the disjunction L \V  • • • vLb
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We actually show that for all n,
a) if R(ir) succeeds with answer 0 by level n then SYNTH(PROG) hVROr0), and
b) if R(ir) finitely fails by level n then SYNTH(PROG) bVR*(zr).

To do so we proceed by induction on n. Suppose a) and b) are true for all m less than 
n. Now let us look at n.

a) R(ff) succeeds w ith answer 0 by level n

We show that SYNT i t  PROG) hV R(tr0) by taking any model M of SYNTJ&PROG) 
and showing that M hVR(c0). We must point out that M does not have to be finite.

We know that there is an n-path
( • • • , * - B k , * - )

such that B0 is R(rr), each *-Bul is got from *-Bt using a unifier 0, and 0=0O • • • 0*.

We proceed by induction back from Bk to B0 showing that for each i,
M H A B t f t  * * * 0*).

Then MhVRitrB) as required. So suppose that either i=k or that i <k  and 
M N U 5 ; +10W  • • • 0*).

We must show that AfhVG?/0,0m • • • 0*).

There are two cases;
1) the path is continued by the selection of a positive literal from *-Bt ; or
2 ) the path is continued by the selection of a negative literal.

case 1

Bt is L u • • • *LP, the path is continued by the selection of a positive literal L } from 
L lt • • • >LP, and Lj unifies with the head A of the clause A*-Av • • * ^  in PROG. If 
the mgus of L } from *-Bt and A from the clause are 0, , <f> then 2?U1 is
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LyQfr * * ’  JLj_iOttAi<f>, • • • yAffitL

Thus we know that
M h \a i9 tA • • • aLJ-^ iAAî A  • • * /vV0AL;+10,A • • • aLp*9, ^ Ul ' ' ’ 0*

v
or that i-it, Bk -  L } and the clause is just A*- in the program.

It is not hard to use the sentence Vr(Af A * * * aA/ A ) in SYNTPLPROG) and
the fact that L*fit-L  f l t Â<j> to show that ATHV(5/0j)0, +1 • • • 0* as required.

case 2

5, is Llt • • • yL?, Lj -  not( Kir) ) is selected from L lt • • • JLf to continue the path, 
0, is the identity substitution on the variables in ff, Kir) finitely fails at level n-1  and Bul 
is (L lt * * * yL j.\iL j+it • • • L̂̂ )0 j.

By our inductive hypothesis SYNT&PROG) h V CP’Grfy)) so MHVCP'Grfy)) and 
M\=\(Ll*Bl'). Its easy to deduce that • • • 0*).

It is a simple matter to combine this result with the fact that either P,+1 is empty or 
that 0 ,0 ,+1 * • • 0*) (as 0 , is the identity) to get that
AfHULiA • • • AL;.iALJa L;.iA • • • a L/)0« * ' * 9 k 

as required.

b) R(ff) finitely fails by level n

We show that SYNTEiPROG) hVR*(ir) by again taking a model M of 
SYNTJEtPROG) and showing that M¥=\/R*{a).

We know that there is a closed bounded set G of unsuccessful n-paths for R(ir). Say 
that all of its paths have length less than 1. We proceed by decreasing induction on k 
down from I to 1 showing that if a path from G of length k ends in *-B then
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Since («-i?Gr)) is itself in G this we w ill show that MHVR’Gr).

For k- l  there is nothing to prove since there are no paths in G of length l. So 
suppose that we have proven the inductive hypothesis for paths of length k+ 1  and that 
(«-.R(tr) , Sv • • • ) is of length k from G.

Sk.i can not be the empty goal so suppose that it is *~LV • • • JLp. Because G is 
closed we know that there is an L, such that either:
case 1 : L, is positive and if it unifies with the head of a program clause A*-Av • • • ^  
with mgus 6,<f> of Lt from Sk.x and A from the clause and Sk+X is 
+~ Lx9t • • • yLt.x9, Ax(f>, • • • yÂ<f> , * • * yLpO then , • • • , Sk , 5Jk+1 )
is in G; or
case 2 : Lt is not( K v) ) which is ground, n is greater than zero and P(v) succeeds at level 
n-1  ; or
case 3 : Lx is not( P(v) ) which is ground, n is greater than zero, K v) finitely fails at level 
n-1  and C*- R(jr)JSXt • • • JSk,*~LXt • • • tL̂ .XyL^Xt • • * L̂p') is inG.

In case 2, our inductive hypothesis Con n) tells us that M\=\/L{ from which we have 
our desired result that M¥=\(.L {V • • • vLp-

In case 3, our inductive hypothesis on l tells us that 
M h U X i V  • • • vLi'-iVLuiV • • • vLP) 

which also implies our desired result.

In case 1, if there are no clauses in PROG containing the relation symbol P , say, 
which is in Lt then SYNT&PROG) contains VrF*(r) so that MNVL,' from which we get 
our result.

The possibility remains that in case 1 there are some clauses in PROG with P in their 
heads. Suppose they are d u • • • •
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We know that SYNTWPROG) contains the sentence Vc(AfmlPlf(x) -» P*(r)). Thus, 
it is sufficient for showing our result to show that for each substitution <f> of the variables 
in L v • • • yLf by elements of the domain of M either 
M H LiV  • • • vLi'-iVZrfViV * ' ' VLp<f> or for each clause d from d lt • • • 4 g,
M h P ^ t r < j> \

Given any substitution <f> suppose that the first possibility does not hold and that d is 
one of the dt. Say d is -P(v)«-Alt • • • ,A,.

There are two cases. First suppose that a<f> can not be got as a substitution of v. By 
TR12 we have either:
1) there is an i such that v, is a constant a and ut<f> is not the interpretation of a in M; or
2) there are i and j such that vt=Vj is a variable symbol but ut<f> and u}(f> are different 
elements of M.
Sentences in NEGVCd) and NEGC(d) give the result that AfkP^(c0) as required.

Next we consider the case when u<f> is equal to vrf for some M-substitution 77 of the 
variables w in v.

We use the sentence f a i l which M satisfies (because it is in
SYNTltPROG)) to prove that MhP*d(vvj). Note that X  are all the variables in d and z  
are those not in w. So given any M-substitution (jl of z  we must show that 
Mh failjix  X w \wr\yZ\zii).

Remembering that 9 , x  are the mgus of P(ir) and PĈ ) we know by our induction on 
k. and the fact that G is closed that
M t M L i Q v  • • • VLT-i^VAiXV • • • VA^XVL^flV • • • y L 'f i ) -

For the same reasons plus the fact that P(ir0 )-PGrX>v\W7],r\r>i), we know that there is a 
substitution € of the new goal such that Be=4> and xe=(w\k7t),z \z/jl). Then it is clear that 
each L;9e » L;<f> and each A,xe -  A^w\wrf^r\Zfi). Since
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AfKLiflv • • • vz*'i0v^i*v • • • vA'XvLr+10v • • • vl;0)€,
we have
M\r L\<f> V * * * v  V

V • • • v  A^^^riyZXzfj.) V 
V • • • v  l ;0 .

Because we assumed that M is a model of no L)<f> we know that MhAfo?\wriyZ\ZfjL) for 
some r. However, we also know that MbVciA;-* r)). Hence 
MH failJixXw\wr)j\Zfi) as required.

Q.ED.

53  Correctness of the QEP w ith respect to SYNTH

In this section we w ill see how correctly the QEP captures consequences of 
SYNTH(PROG). We w ill establish that the QEP never says "no" to atomic consequences of 
SYNTH(PROG).

THEOREM 5.2

For all signatures L, for all non-empty finite sets C of constant symbols, for all logic 
programs PROG with symbols from LUC, for all non-negative integers r, for all r-ary R 
from L, for all r-tuples a of constants from C 
if SYNTH(PROG) h R(<r)
then R(<r) succeeds or fails to terminate in the QEP. 

proof:

The basic idea of the proof is to construct a model of SYNTH(PROG) which contains 
information about the operation of the QEP. We construct an LULrao° U C-structure M
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as follows:
1) the domain of M is the set of constants C;
2 ) each constant is interpreted as itself;
3) for each S6 L, for each tuple S from C, M bSffi if and only if the QEP either succeeds 
or does not terminate on S(Sy,
4) for each S€L, for each tuple S from C, MbS*QT) if and only if the QEP either finitely 
fails or does not terminate on S(S~);
5) for each S€L, for each clause d with S in its head, if the head of d is S(v), its body is
A v • • • , w are the distinct variables in v  in the order used in SYNTHCPROG), z  are
the others in d also in order and x  are all the distinct variables in d in order then

5a) for each tuple S from C, MbStfS) if and only if 
5a.l) Vj-Vj is a variable symbol but b ^ b /,
5 a.2 ) v, is the constant a from C but b,^a; or 
5a.3) there is a ground substitution 0 for w such that 

5a.3a) v<j>=5 and
5a.3b) for all ground substitutions t/r for z  there is an i such that 

M bAii.w\W(f>rz\Z\py, and

5b) for each tuple a  from C M bfailjiir) if and only if there is an i such that 
M b A tix \ s ) .

Now we show that M is a model of SYNTH(PROG). We will prove the two lemmas
later.

1) For all clauses c, MbPOS^c ) by lemma 5.4.

2 ) For all R from L, M bN E ( X R  ) because either
2a) R appears in no heads,when for all S R(2T) finitely fails so MbR'QD and hence
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MI-VcR’Cr); or
2b) R appears in precisely the heads of d lt • • • 4 g* when lemma 5.5 implies 

M)~\/X<J\fmlR*dl (r) -* R'Cr) ) as required.

3) For all clauses c, by the definitions of the interpretations of failc and S*c, 
M )= N E(Xc ).

4) By the construction of M, M h IN E & P R O G ).

Since SYNTH(PROG) h RGr), we know MkR(<r) and by definition RGt) either 
succeeds or does not terminate. Thus it only remains for us to prove the two crucial 
lemmas.

In order to prove lemma 5.4, we shall make use of some game theory in the tradition 
of Ehrenfeucht [Ehr6 l] and Fraisse [Fra54]. In particular, we shall introduce some games 
for two players such that the existence of a winning strategy for one particular player is 
equivalent to the finite failure of a given goal in the QEP operating on our program PROG.

The two players are called respectively the existential player and the universal 
player. The game proceeds as the development of a sequence of current goals. The n- 
game for P(v) is played according to the following rules:
GO) the current goal starts as «- );
Gl) if the current goal is empty the universal player wins;
G2) otherwise the existential player chooses a literal L from the current goal;
G3) if L is positive and does not unify with the head of any program clause then the 
existential player wins;
G4) if L is positive and does unify then the universal player picks one such clause which 
we use to get a new goal from the current goal in the usual way and this becomes the new 
current goal;
G5) if L is not( S(fr) ) which is ground and SGr) succeeds at level n-1 with any
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substitution then the existential player wins;
G6 ) if L is not( SGr) ) which is ground and SGr) finitely fails at level n-1 then the current 
goal with L left out becomes the new current goal;
G7) if L is not( SGr) ) and SGr) is not ground or neither succeeds nor finitely fails at level 
n-1  then the universal player wins;
G8) if the game goes on forever then the universal player wins.

LEMMA S.3

The existential player has a winning strategy for the n-game for P0r) if and only if 
PO) finitely fails at level n.

proof:

the only if direction (essentially Konig’s lemma)

Suppose that the existential player whose name is Eloise has a w inning strategy. Let 
G be the set of all initial segments of the paths of the current goals got in all possible 
plays of the n-game for PGO with Eloise using her w inning strategy. It is easy to see that 
G is closed and does not contain any successful paths.

We must show that G is bounded i.e. that there is a bound on the length of games. 
We know that no games go on forever because then Eloise would lose but that is a
different matter to there being a bound on all their lengths.

Suppose for contradiction that there is no bound. We say that a play of the game is 
possible, now, if it is legal and Eloise plays according to her w inning strategy. We show 
how Abelard can play so that at any stage of the play and for any integer m, there is a 
possible play of the game the same as the actual play up to that stage but going on for
longer than stage m. Because there is no bound on the lengths of possible plays this is true
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at the beginning.

Now suppose that it holds at some stage. The goal can not be empty for then 
Abelard would win. Eloise now picks a literal according to her strategy. Because the 
unbounded set of possible extensions of the actual play (as it was before Eloise made her 
move) consisted wholly of plays continued by Eloise moving according to her winning 
strategy, they are all still extensions of the actual game (after Eloise has made her move). 
If Abelard is not required to make a choice then we are at the next stage of the game with 
the condition still holding.

If, on the other hand, Abelard is required to make a choice we can get him to choose 
as follows so that the condition is still preserved. Abelard is only active when he is 
picking a clause from the program after Eloise has chosen a positive literal Then he only 
has a finite number of choices. Suppose that each of these choices led to a stage which 
could only be extended by at most some finite amount of possible play. Then, contrary to 
what we have established, the play after Eloise's choice can only be extended by at most 
the finite maximum of these finite number of finite bounds. So there is a choice open to 
Abelard which leaves the condition holding. We get Abelard to make that choice.

Now, if Abelard plays according to that strategy the game w ill go on forever and he 
w ill win. Since Eloise is using her winning strategy we have our desired contradiction.

the if direction

Suppose that Kir) finitely fails at level n. Let G be a closed bounded set of 
unsuccessful n-paths for «- Kir). We show that Eloise has a w inning strategy in the n- 
game for Kir). Eloise w ill keep a record of the progress of play in a path of the current 
goals which we w ill show is always in G.

At the start of the game the first current goal is «- Kir) and Eloise puts that in her
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path. This short path is in G.

At each move of the play the record is kept in G as follows;
1) Since the current record is in G the current goal is not the empty one.
2) Also, because the current record is in the closed set G, there is a literal L in the non­
empty current goal such that
2a) L is positive, and if it unifies with a head of a clause then there is an extension of the 
record using L and the clause in G,
2b) L is ground negative with the positive part of it succeeding at level n-1 (which is 
greater than or equal to zero).
or 2c) L is negative, ground, finitely failing at level n-1 and the extension of the record 
with L disappearing is in G.

We get Eloise to choose one such L.
3) If L is positive and does not unify then Eloise wins.
4) If L is positive and does unify then no matter which such clause Abelard chooses the 
choice of L guarantees that our next current goal keeps the record in G.
5) If L is not( Kir) ) which is ground with Kir) succeeding at level n-1  then Eloise wins.
6) If L is not( Kir) ) with Kir) ground and finitely failing at level n-1  then the choice of 
L guarantees that the next current goal keeps the record in G.
7) The choice of L guarantees that 3 to 6  are the only possibilities.
8) The game can not go on forever as the record is kept in G which is bounded.

There is no way that Abelard can win and as the game finishes eventually Eloise 
must win.

QiLD. (lemma 5.3)

Now let us prove the first of our two main lemmas.
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LEMMA 54

If A*-Alt • • • ,A, is a clause in PROG then AfhVr(/V_1A,+-»A).

proof:

Suppose that 0  is a substitution of x  by elements from M (Le. constants from C) 
such that for each i-l~ q  M h A t*<f>.

We must prove that ATK4.0. Suppose for contradiction that A<f> finitely fails , say at 
level n. We are using the result that finite failure and success are incompatible. Thus the 
existential player has a winning strategy in the n-game for A<f>. We get a contradiction by 
inviting Eloise to play as the existential player in the n-game for A<f>. She can use the 
w inning strategy yet we w ill show how we can win as the universal player.

To help us play we enlist the support of two people p la y e r , and o p p o n e n t  t for each 
i=l~q such that A, is a positive literal. We get p la y e r t and o p p o n e n t t to play the n-game 
for At< f> - p la y e r , as the existential player, o p p o n e n t t as the universal player. By 
assumption, M ^ A ftf) G.e. MKA,0) so A t<f> either succeeds or does not terminate. In 
particular A t<f> does not finitely fail at level n. Thus p la y e r t does not have a w inning 
strategy. It is easy to show (see TR13 in the appendix) that, in this case, o p p o n e n t t does 
have a winning strategy. We get o p p o n e n t t to play the game according to such a strategy 
and we w ill specify how p la y e r , is to play shortly.

We note that if A i is negative, say not( R(ir) ), then MKR*Gr</>) so R(iT0) either 
finitely fails or does not terminate. In particular R(tr$) does not succeed at level n. To 
simplify terminology we w ill start a game, called the ith side game, with initial goal 
<-A,0. We w ill never play this game but now we have an ith game for each i=l...q 
whether A, is positive or negative.
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So let us start our game against Eloise. If A is P(y) then *-P(y<f>) is the first goal. 
Eloise w ill pick the literal P(v<fd because she has not got much choice and we find that it 
does unify with the head of a clause. We choose the clause A+-Av • • • ,A,. Suppose 
that 0, are the mgus of P(v<j>) from *-P(v<f>) and P(v)  from the clause ( where 0 is the 
empty substitution since there are no variables in the first goal ). Thus 
is the next goal in the main game.

While this was going on we assume that the other games are waiting for our 
attention before starting. Thus the current goal in the game between playeri and opponentt 
is *-A,0 .

From now on we map each appearance of a literal in the current goal of the main 

game to an appearance of a literal in the current goal of a side game. At the start we map 
each Aj\(/ to the only literal, Aj<f>, in the current goal of the jth game.

As we proceed we w ill keep the following condition satisfied.

There are substitutions ev • • • ,eq of some of the variables in the main current goal such 
that
Cl) for each literal L appearing in the main current goal, if L maps into the pth game then 
it maps to the literal Le,,
C2) if a variable symbol x appears in both literals L and K in the main current goal and L 
and K map into different side games, say the pith game and the p2th game respectively, 
then xepl and x€p2 are the same constant, and 
C3) the map is one-to-one.

At the start, since P(v0)=P(v)$ and 0 , i/r are mgus of PC^0) and P(v) there must be 
a substitution € such that <f>=\fte. We put elt • • • ,eq all equal to €. Its easy to see that the 
conditions hold. C2 holds since each Aj\p€j=*Aj<f> is ground.
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Now suppose that it is later in the game, that we have kept the condition holding 
and that «-Llf • • • JLr is the current goal in the main game. Remember that we are 
trying to show that we can win whatever Eloise does.

The current goal could be empty and then, in accordance with Gl, we would have 
won. So suppose not. By G2, Eloise chooses a literal Lt and she does so according to her 
strategy.

Now either Lt is positive or negative.

CASE 1: Lt is positive.

In this case, we turn our attention away from the main game for a moment as 
proceed as follows. Since a negative literal can not be got as a substitution of a positive 
one our condition on the labelling implies Lt maps to a literal Ltep in the pth game, say, 
and Ap is positive. So the current goal in that game is not empty and playerp , who has 
been waiting patiently for our instructions before choosing a literal, is told to choose Ltep.

Since Lt is positive so is Ltep. Furthermore, since opponentp has been playing 
according to a winning strategy we know that he can not lose by Ltep failing to unify. 
Thus opponentp picks a clause B *-Bu • • • ,Br which has a head which does unify with 
A V

Suppose that the mgus of Ltep from the last goal in the p-game and B from 
B *-Blt • • • JSr are y , 8 .

We return to main game and note that if Ltep unifies with B then so does L,.

Since the chosen literal does unify, by G3 Eloise does not winnow.

Instead, by G4, we are to pick a clause. We choose B<-Bu • • • >Br. Say that the 
mgus of Lt from —L u • • • JLP and B from the clause are 0 , X- The new current goal is
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then *~Lfi, • • • ^.fi^B^x, * • * JrXJ'i*A ' ' ' >LP9. We define a new map as follows. 
If Lj (for j^ i) mapped to Lj€p in the pth game then map L fi to L }€py  in the new pth 
side goal CLj€p is not Ltep by C3). Otherwise map L fi to Lj€pl where L } was mapped to. 
Map BjX to BjS in the new pth goal.

It is easy to see that C3 is preserved.

Since 9,X are mgus of L, and B but Ltepy-B8  there is a substitution e‘p such that 
9€p’-*€py  and xer

To define each for p l^ p  we proceed as follows. For each variable xO in a literal 
L fi mapping into the pith game, we put x9epl’~xepV

We must check that epl‘ is well defined. Suppose that x9~y9 for different symbols x 
, y in literals mapping into the pith game. For the mgu 9 to make xQ-y6 means that x 
and y must also appear in Lt. L, maps to the pth game, so by C2, xepl=xep and yepl=yep 
and they are both constants. So xepl=xzp**xepy  (as constants don’t change under 
substitutions) - x9ep'-y9€p'-yepy=yep=yepl. So epl' is well defined.

Next we check on condition Cl. Take any literal from the new current goal. There 
are three cases.

Case 1.1 : It is L fi mapping to L }epy  in the pth game. Then Lfiep=L}epy  as 
required.

Case 1.2 : It is L fi mapping to L }epl in the pith game. Then Lfiepl'=L,epl by the 
construction of epl'.

Case 1.3 : It is B;x mapping to B fi in the pth game. Then BjX^/^B f i  as required.

So Cl holds.
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Now we check C2. Suppose that x appears in two literals mapping to different 
games. There are three cases.

Case 1.1 : The literal map to games pi and p2 neither of which are p. Since the B}xs 
map to the pth game, the literals must be LgB and Lh6. Say x-y0 for y from Lg and x~zB 
for z from Lh. Lg must have mapped to the pith game and Lh to the p2th game. If y=z 
the fact that C2 held before implies that x£pi**yBePi-y€pl is the same constant as 
y ep2- z  eP2~z Bep2-x  ep2. So suppose that y^z. Then, for the mgu 0 to make yQ-z9 means 
that both y and z appear in Lt. Lt maps into the pth game so, again since C2 held before, 
we have y€?1-y€ , is a constant. Similarly zep̂ z€p is a constant. But then 
ye^-ye^y-yBep-zBep‘-ze py-z€p. Thus, xe^'-yGe^'-ye^-ye, is the same constant as 
x ep2- z  Bep2- z  ep7- z  ep.

Case 1 .2  : One of the literals is LgB mapping to the pth game. The other literal 
which does not map to the pth game must be L fi say. Suppose x=*y0 for y from L Jt x=zB 
for z from Lg a, p l^ p  and L fi maps to the pith game. If y=z then, since C2 held before, 
zeps*yep is the same constant as yepl. Then xep‘=z6ep'=zepy=zep =yepx=y9ep̂ =xep̂  which 
is a constant. So suppose that y^z. For 0 to make yO=z$, y and z must appear in Lr As 
before xepl,=ye;(»y06p**z9ep=zep=*zepy=zBep=xep is a constant.

Case 1.3 : One of the literals is Bgx. Say x=zx  for z from Bg, x=y& for y from L Jt 
p^pl and Lj maps to the pith game. For 6,x to make yB=*zx, y must appear in Lx so 
x e ^ y e e ^ y e ,^  is a constant and equals yepy=y6ep'=zx^p'=xep'.

So the conditions hold.

CASE 2 : L } is negative.

Assume that Lt is not( S(w) ). Thus the main game could be continued according to 
rules G5, G6  or G7. If rule G7 was applicable then we would win the main game. So let us
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suppose that rule G7 is not applicable in which case L, is ground and so equal to L t€p. 

Suppose further that Lt is mapped into the pth game. There are two cases.

Case 2.1) A p is not( R(izO ), so L tep is not( R(ir0) ). We know that R(ir0) -  S(w) 
does not succeed at level n.

Case 2 2) A p is positive and L t maps to L tep - not( S(w) ) in the pth game. So the 
current goal in this game is not empty and playerp is told to choose this literal. Since 
playerp does not win S(w) does not succeed at level n-1 .

In both cases rule G5 is ruled out so that only rule G6  remains available for the 
continuance of the main game. We note that Eloise has not won during this move of the 
game.

The new goal is *~Llt • • • JjlmX,L1+1, • • • JLP. We keep all the mapping on the 
literals as before. It is easy to see that our condition on labelling is still satisfied.

Finally we need only point out that since Eloise can never win the game, either we 
win it at a finite stage or it goes on forever and, by G8 , we win it then too.

QJLD. (lemma 5.4)

LEMMA 5.5

If R appears in the heads of precisely the clauses d lt • • • then 
M l-VflcCAt^ (r )-R  *(r)].

proof:

Suppose that 0  is a ground substitution of X  such that for each i MKR^Cr0). We 
must prove that R(jr0) either finitely fails or does not terminate. So suppose that it
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succeeds, say at level n.

There is a successful n-path for *-‘R(jt0 ). The second goal w ill be got via a clause d 
such that the head of d unifies with R(jt0). Thus d is one of the di and MbR*d(r<f>).

Let us suppose that «-Alf • • • ,A, is the body of the clause, that 0 , 0O are the mgus 
of R(x*0) from +-RCr<£) and the head from d so that «-A10o, • • • »A? 0O is the second goal 
in the successful path.

We choose any ground substitution € for A fi0 • • • 0*, • • • ,A*0O • • • 0* where 
0 lt • • • ,0* are the mgus used in the successful path from the second step to the third and 
so on to the empty goal.

By the definition of the interpretation of R* in M we know that there is an i-1-.q 
such that MbA;0o * • • 0*6. There are two cases.

case 1) A, is positive, it is Kir) say. So P(tr0o • • • 0*e) either finitely fails or does 
not terminate. However, it is easy (but a bit messy) to extract a successful n-path for 
this goal from the path for R(r0) (in which Kir0) appears as a literal in the second step).

case 2) A, is negative, it is not( Kir)) say. So Kir0o • • • 0*6) either succeeds or does 
not terminate. Following the literal A, down through the successful path for R(r</>) we 
must eventually find a step when the literal A(0O • • * 0, is chosen. Since the path is 
successful K c0o • • • 0,) must be ground and fail finitely at level n. The fact that 
Kir0o • • • 0,) 0/+1 • • • 0*6 -  Kir0o • • • 0 , ) then gives a contradiction.

In both cases we have reached our desired contradiction.

Q£J). (lemma 5.5)

Q.EJD. (theorem 5.2)
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5A  Completeness o f QEP w ith  respect to SYNTH

To help us show that we can implement some logically formulated problems using 
NAF we can only make use of the synthesis construction if we can guarantee that in some 
useful cases the QEP gets all the answers that SYNTH says it should. To this end we 
present the completeness result of this section.

We can not hope to have a universal completeness result In this section we show 
how conditions can be specified that ensure that the QEP w ill not flounder and in fact w ill 
go on to get all the results it should. The condition on programs - that they are covered - 
is a stricter form of the conditions presented in [She85] to avoid floundering. Being 
covered is not so strong as to be impractical, though, as we w ill see in the next chapter.

This may be the first generally useful completeness result for NAF to be proved. As 
with other results in this thesis its generalisation to the function case would be very 
desirable. Unlike the other results, there seems to be a bit more work involved in doing 
the generalisation in this case.

If L is a signature, C a finite set of constant symbols and PROG a logic program with 
symbols only from L and C then we say that PROG is covered if and only if there is a 
relation symbol R from L such that the following three conditions are satisfied.
COVl) R is in the head of clause d implies that there is a tuple a from C such that d is 
"RGr)
COV2) for any tuple a from C there is a clause "RGr) in PROG; and
COV3) for all clauses c from PROG, if a variable symbol x appears in a negative literal in
the body of c then it also appears in a literal of the form RGr) in the body of c.
We w ill call such an R a grounding relation and any positive literal containing R a 
grounding literal.
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THEOREM 5.6

For all signatures L, for all non-empty finite sets C of constant symbols, for all logic 
programs PROG with symbols from LUC only, for all non-negative integers r, for all r- 
ary R from L, for all r-tuples a from C
if PROG is covered and SYNTH(PROG) I- RGr) then the QEP succeeds R(<r).

proof:

We construct an LULPI0° U C-structure M as follows.
1) the domain of M is the set C of constants;
2 ) each constant is interpreted as itself;
3) for each S from L, for each tuple B from C, M h SfS) if and only if the QEP 

succeeds SC50;
4) for each S from L, for each tuple B from C, M h S*(&) if and only if the QEP 

finitely fails S(50;
5) for each S from L, for each clause d from PROG with S in the head, if the head of 

d is S(v), the body is A u • • • ,A?, w are the variables in v  in order as in SYNTH(PROG), 
2  the others in d in order, X all the variables in d in order then

5a) M h S*d(B} if and only if either 
5al) vt**Vj is a variable symbol but b ^ b ji 
5a2) v, is the constant a but b ^ a ;  or
5a3) there is a ground substitution <f> for w such that v<p=B and for all ground 

substitutions for 2, there is i from 1 ... q such that M 
and

5b) M h fa ille )  if and only if there is i -  1 q such that M HA^xXc).

Now M is a model of SYNTH (PROG) as 
MODI) for every clause c, M h POS(c) by lemma 5.7;

- 162 -



M0D2) for every R from L, M H NEG(R) because either
MOD2a) R appears in no heads when for every F, R(&) finitely fails so M hVcR’Cr); or 
MOD2b) R appears in some heads when lemma 5.12 implies the result;
MOD3) for all clauses c, the definitions of interpretations of failc and S*c ensure that M h 
NEG(c); and
MOD4) by the definition of the interpretation of the constants of C, M h INEQCPROG).

Since SYNTH(PROG) h R(<r), M h R(<r). Thus the QEP succeeds R(<r) as required.

It just remains to prove lemmas 5.7 and 5.12.

LEMMA 5.7

If RGt) «- Av • • • is a clause in PROG then M h Vr ( AfmlA{ -» RCir) ). 

proof:

Suppose that 0  is a ground substitution of X  and for each i= l^q, M h A t*<f>.

For each i, we define an integer ml as any integer such that A t<f> succeeds at level ml 

if A, is positive and such that A;<f) finitely fails at level m, if A, is negative . Let m be the 
maximum of the mt.

We know that R(zr</>) and R(ir) unify. Suppose that 0  , ip are the mgus of R(ir0) 
from *-R(tr<f>) and R(ir) from the clause. We show that R(ir0) succeeds by constructing 
an m-path beginning with the goals, <- R(tr<p) then *~A^t • • • Â, \f/.

By lemma 5.8, we can assume that all the non-ground negative A,»/ra come after the 
others. We w ill continue the m-path by getting rid of each A ^ in turn getting to goals of 
the form * -A t\f/lt • • • every so often and eventually ending up with the empty goal.
We w ill ensure that as i goes from 1 to q+1
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Cl) there is a substitution €, such that and
C2) for all variables x in any Aj\f/it there is k<j such that i^ k  and A k\J/k contains x 

and is a grounding literal

Let us see that these conditions hold when i=l and is \p. As P(V<f>) =* PC?0 <f> while 
0 , \fr are mgus of R(ir) and R(ir) we know that there is a substitution such that O e^  
(which is nothing special) and Thus Cl holds. C2  holds because of our assumed
ordering of the literals and the fact that PROG is covered.

Now suppose that we have *-A,^lt • • • as above. There are two cases.

case 1 : A,*/r, is negative.

By C2, this first literal in the goal must be ground. So A ^ -A ^ C j-A ^ . We know 
that the positive part of A,$ finitely fails at level m so we can have a next goal 
* -A l+l\f/lt • • • fA, \frt. If we put ^/+1=^ and €<+1-€, then we have got a goal satisfying Cl. 
Because we have not introduced any new variable symbols in non-ground negative 
literals, nor got rid of any grounding literals C2 still holds.

case 2  : A,^, is positive.

Since A, ̂ ,6, -  A,<£ succeeds at level m, lemma 5.9 implies that there is a substitution 
X such that At\pt succeeds at level m with substitution X and A,0 is a substitution of 
A ^ t X -

By lemma 5.11, a path continues from «-Ai</fi,A,+1t/r1, • • • ,A? \pt to 
• • • ► A?t/r<+1 in such a way that there is a substitution e<+1 such that 

So Cl still holds.

We have not introduced any new variables in negative literals but we may have gotC OV 1)
rid of a grounder in the form of A,^,. By * the only path got by selecting a grounder,
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immediately grounds any of its variables. So any variables in non-ground negative 
literals which relied on to conform with C2 no longer appear. So C2 still holds.

Q.RD. (lemma 5.7)

LEMMA S.8

If *-Llt ' ' • yLr succeeds under 0 at level n and a  is a permutation of { 1 , , p }
then *~La(1> • ■ • succeeds under an equivalent substitution to 0 at level n.

proof:

Suppose that (G* • • • ,G*) with (0„, • • • ,0* )̂ is a successful n-path for
+-LV • • • JLp so G0 -  «-Llt • • • ,LP, Gk -  «- and 0 « 0O • • • 0k.v

We show by induction on i= 0 ~ k that there are p possibly empty lists C[, • • • ,CP
of literals, a substitution %|, of G, and an n-path (Hq, • • • ^ff,) with (<£<» • • • such
that

11) G, is • • • ,C‘,
12) 7 is invertible and
13) H t is *-CL(i)T)„ * • • ,CLq,)TV

To start with we put H 0 =■ • • • yLa{p> C^=Lt and r\Q equal to the identity so

that the conditions hold.

Now suppose that they hold for i. So G, -  *~C[, • • • ,Cp. Say that K from Cj is 
selected to get to Gul. If <x(r )= j  then we select K7)t from C^T), in Ht to get to Hhl.

There are two cases.

Case 1 : K is positive.
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Say that C) is K v • • • >KS, K is K t and to get GJ+1 we unify K with the head of 
B*-Blt • • • A . Say that the mgus of K from Gt and B from the clause are 9it\f/,. So Gi+1

is
Cj0|, • • * 19 {, ' • •

We define Cl*1 -  CJ0, for each
K f i t *  ’ * * 
required.

• * ‘ ‘ ^AC'^0,, • • • j C f r .

u r* j and we put C1/ 1 equal to 
A ® ,. So Gm -  «-C,1*1, • • • JC}*1 as

Now, if K unifies with B then, as 7), is invertible, so does Krit. Say that the mgus of 
K7)t from H t and B from the clause are <f>t,Xr Thus H hl is 
*~mC ia(l)r lt<f>t* * * ’ £'a(r-l)7)<$<>̂ l7)j0<» ' * '

• ® 1Xt»  * ‘  * * B q X t* K t+ irlt<f>l> * ’  '  > K if) l4 >l & ta(r +x)7)l <f>it  •  •  •  ,G ia(^)T\l (j>l .

Now, Ky)l<j>l^Bxl but 0„i/r, are mgus of K and B so there is 7)i+1 such that 'f)l<f>l=9l’r)l.i. 
and Xi^tTh+v It is straight forward to check that Hhl is ♦“C*g)7)l+1, • • • as
required.

Since Krfirj'i19l -  B\pt but <f>ltxt are mgus of K 7), and 5  there is £<+1 such that 
2111(1 ’/'<”* < ^ is straight forward to check that G(+17}(+1̂ (+1=Gi+1 so that 7̂  is 

invertible as required.

Case 2  : K is negative.

In this case we select Kr)t from in H , as before. This w ill be ground as K is.
This case is then almost a simple version of case 1.

QiLD. (lemma 5.8)

-  1 6 6 -



LEMMA 5.9

If L is a positive literal, PROG is covered, L<f> succeeds under 0 at level m then there 
is a substitution X such that L succeeds under X at level m and L<f>Q is a substitution of
LX-

proof:

By lemma 4.4 we can construct a finished m-path tree G for L<f>9.

By lemma 4.5 we can construct an m-path (Hq, • • • ,# ,) with ( ô, • • • ,ipkmJ  for L 
which is an example of G and either Ht is all full of non-ground negative literals, its 
empty or we can keep going.

By lemma 5.10 Ht can not be full of non-ground negative literals. By considering 
sub-trees as in theorem 4.3 we know we can find a maximal such path. So it is successful.

Since it is an example of G, there is a substitution € such that L<f)Q=H0xf/0 • • • ^Me. 
Put x " '/'o ’ ‘ * 'Pi-1 aud we have our result.

QJLD. (lemma 5.9)

LEMMA 5.10

If L is a positive literal, PROG is covered, then no path beginning with *-L can end 
full of non-ground negative literals.

proof:

We show by induction on the length of paths beginning with *-L that any variable 
appearing in a negative literal in the last goal also appears in a grounding literal in that
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goal.

This is true of the path (♦ ”£ ).

Now suppose that we have a longer path. By our inductive hypothesis the condition 
holds of the second last goal (which is the last goal of a shorter path). Suppose that K is 
selected from that goal to get to the last one.

There are three cases.

Case 1 : K is positive but not a grounder.

In this case, any variables in negative literals which are descendents of literals other 
than K also appear in the grounders which are descendents of the appropriate grounders in 
the second last goal. Any variables in negative descendents of K appear in grounding 
descendents of K by virtue of cOv/3).

Case 2 : K is a grounder.

The last goal is got from the second last one by removing K and grounding all the 
variables which appeared in K. Any variables left in negative literals w ill also appear in 
grounding descendents of other grounding literals in the last goal.

Case 3 : K is negative.

We get rid of a negative literal so the condition is preserved.

Q.EJD. (lemma 5.10)
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LEMMA5.il

If Lj succeeds under 9 at level m and € is a substitution of L v • • • JLp such that L xe
is a substitution of Lfi then there is an m-path starting with *~LXt • • • JLP and ending
with *-L2̂ , • • • Jsp\fr such that L2e, • • • JLpe is a substitution of L2 • • • *Lp\}t.

proof:

Suppose that (G* • • • ,G*) with (0* • • • ,9k.x) is a successful m-path for L x so that 
Gq-L j and G*-«- and that 9=90 • • • Qk_x. Let € be as above.

We construct a path (H<* • • • yHk) with (<£o, • • • ,<f>k.̂ ) such that there are lists
Cq, * * * ,C* literals, substitutions • • • ,17*, and {<„••• ,£* such that
11) Gj-̂ -C,,

12) Hr <r-Clt)lJL£it • • •
13) 7), is invertible,
14) Z/1̂ J*»L/10o • • • 9t.i7)it
15) {, is invertible on the variables not in L x
16) if x from L x, • • • JLp does not appear in L x then x (t does not appear in C,£j.

At the start we put C0-L  lf 7)0 and £0 equal to the identity.

Suppose the conditions hold for i. Now, Gl=*-Ct=*-Kx, • • • >Kr say. Suppose that 
K t is selected. We shall assume that Kt is positive because the proof when it is negative is 
virtually a special case of the positive proof which follows.

Suppose that Kt is unified with the head of B*-Bx, • • • tBi with mgus 9i$ l to 
continue the path. So
G1+1=«-Ci+1 - -  K x9t, • • • • • • JC r9t-

Now Ht is *-Ct7)lrL 2̂ , • • • which equals *-Kxi)t, • • • JK.rr\ltL 2̂ lt • • •
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We select I C t7)tt note that it unifies with B since T)t is invertible, and with appropriate 

mgus we end up with H hl being

’  *  *  yK r Tft<f>itI j2 ^ i<f>n *  '  *  * Lp 4> f

Now K t f t f a B X t  but Qlt\pt are mgus of K t and B so there is a substitution T),+1 such 

that and Xi~'J'tr li+v We Put and then it is easy to check that 12 holds

for i+1.

We know that K trit7)’t 10t~ K t6t- B \p t but <f>ltx t are mgus of K tr\t and B  so there exists X 

such that and XjX-i/r,. Thus it is easy to check that 771+1X is the identity on C,+1

and so 13 holds.

We know that L & - L A 0 • • • 0m t)( so now we have

L & i + r L & f a - L f o  ’ * • ‘ • ‘ O i-A V i.i as required.

Now suppose that x appears in L #  • • • JLp but not in L l and that y  appears in 

L l t  • • • y L p but x^ y. We know that x ^ ^ y ^  and that does not appear in 0 ,7 ) , . Since 

x£, does not appear in K tr\t then <f>„ which along w ith Xi are mgus of K tr\t and B, is 

invertible on x£j. Thus x ^ i+ l^ y ^ v  This shows that 14 holds. For the same reasons 

can not appear in C M yjM  -  otherwise <f>t must map to the same symbol as it does some 

variable in C,?},. So 15 holds.

We can assume that by induction we have shown that 11-15 hold for i=k. We put = 

Gk is empty so so is C k and hence H k is * - L 2'ff, • • •

We define a substitution (3 on H k as follows. If x appears in H k then x is y ^ k for y 

from L v  • • • J L p . We put x ( $ = y e  and we must check whether j3 is w ell defined. Suppose 

that y ^ k = z Since £* is invertible on the rest of the variables, either y=z or both y and z 

appear in L v  We know that L xe - L f i y  for some substitution y .  Then 

y  e = y  Q y - y  Tykl y - y  T f j y - z  £k 7 ) ^ 2  Qr)k 7)-kxy ~ z  Q y - z  €. So 0 is well defined.
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Thus L 2€, • • • >L?€ equals L 2\ft\3, • • • *L?0/3 as required.

Q.RD. (lemma 5.11)

LEM M A 5.12

If R appears in precisely the heads of clauses d lf • • • 4 g then 

M h (jr)—£*(r)X

proof:

Suppose that R is k-ary and that 0  is a ground substitution of X such that for all i -  

1 _ g, M hR*dtix(f>). We must show that M KR*(x0), i.e. that R(;r0) finitely fails.

For each i -  1 -. g we define an integer m l as follows. If R(x0) does not unify with 

the head of d t put m l -  1. Otherwise, suppose that d t is • • • .A^, that w  are

the variables in v  in the order as in SYNTH(PROG) and that Z  are the others in d , in 

order. Since M kRj ( r 0) but X0 does unify with v ,  we know that there is a ground 

substitution ^ for w such that v^=x0 and for all ground substitutions 0 of z ,  there is a j 

such that M HA}(w\wx^"\x0). Either A } is positive and A/w\wx^\x0) finitely fails at 

level m if  say, or A } is not( P(ir) ) say and P(irXwr\w^^'\x0) succeeds at level m lf say. We 

put m, to be the maximum of the (only finitely many) m t r  Put m to be the maximum of 

the m t.

Since PROG is covered there is a grounding relation. Pick one such and reserve the 

term g ro u n d in g  li te ra l for positive literals containing it.

Now we play as the existential player against Abelard as the universal player in the 

m-game for R(x0). We w ill win no matter how Abelard plays. By lemma 5.3 this w ill 

show that R(x0) finitely fails as required.
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THE GAME: w e show  how  to play to w in.

The current goal starts as *-R(x<f>\ Its not empty so Abelard does not w in now. 

We choose the literal R(r<£) from the goal. If it does not unify then we w in straight 

away. If it does unify then it is with some of the d t . Suppose that Abelard chooses the 

clause d -  R(y) «- A u • • • ,A, from the dt. Say that the mgus of R(x<f>) from *-R(X(j>) 

and R(*0 from d are 0 , \p where 0 is the empty substitution C X(f> is ground ). Thus the 

new current goal is «- A{X* ' ' ' >AjX'

A s  we play we w ill keep track of the following sequence of sets. Suppose that we 

have played through current goals G„,Glf • • • ,G* where G 0 is «- RCr0), G x is 

• • • yA^x and G M  is got from G, via substitution 0,. We define the set of 

p o ssib le  su b stitu tio n s  of G x at stage k by 

P S k -

{ 0 X • • • 0*_x€ I e is a ground substitution of precisely the variables appearing in G k }.

Now, at stage 1, this is P S X =» { € I € is a grounding substitution of the variables in G t }. 

We note that this is a finite set (as C  is finite and only a finite number of variables appear 

in G t).

Suppose that w are the variables in the head R(v) of d in order and z  are the Test of 

the variables in d in order. For every e from P S X there is a j = l~q such that MHA )Xe- 

For each such € we define an integer l ( as follows. If A } is positive then A ^ e finitely fails 

at level m as we know from the definition of m. We choose any closed bounded set of 

unsuccessful m-paths for A ,x € and let l ( be any bound on the lengths of the paths. If A } 

is negative we put l t be 1. We define l  to be the maximum of these l fs.

Suppose that the arities of the relations in L  are all less than r. We w ill show how 

to play so that if  the game keeps going that long then once every It steps at the longest the 

set of possible substitutions after that many steps is strictly smaller than it was before.
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P S M  is always included in P S k so this shows that the game must eventually stop, for P S k 

can never be empty (even if  it includes only the empty substitution it is still not empty).

In fact we w ill show how to play so that Abelard does not w in at any finite stage so 

that if  the game must finish then it must be because of us winning.

THE OUTER LOOP : we show how to play so that in at most I t  steps of the game 

either we w in or PS is reduced.

So let us suppose that we are at stage k of the game. The previous current goals 

were G & G u • • • ,Gk.l where G 0 is «- R(r<£), G x is «-AjX, • ■ • and each G1+1 is got 

from G, via 0,. P S k is non-empty because 0j • • • 0*̂ 6 is in P S k for any € grounding the 

variables in G k. We choose any such €. Since M hR'd(x<f>) there is an i-  l~q such that

We choose any such i.

To continue the game we employ two different strategies - one if  A, is positive, the 

other if  it is negative.

STRATEGY ONE - A, is positive and recall that we are showing how to play to win 

or to reduce PS in at most It steps.

To help us play we get some other people to play a game at the same time. As we 

play we w ill keep note of a substitution of the variables in the current goal of the main 

game. This is called the current substitution and is e at first.

As the main game progresses we w ill get p la y e r  and o p p o n e n t to play a side game. 

We know that M hA^xOx • • • 0*.j€ so that A i)(Bl • • • 0*̂ 6 finitely fails at level m. We 

get the two to start off playing the m-game for A i)(6 1 • • • 0*_1€ - o p p o n en t playing the 

existential player according to a winning strategy (which wins within l  steps) which we 

know exists and p la y e r  as the universal player waiting for our instructions.

- 173 -



In order to use the progress of this side game for our benefit we w ill define a map 

from the literals in the current goal of the side game to literals in the past or present goals 

of the main game.

To help us define the map we w ill have to talk of descendents of appearances of 

literals in the goals of the main game. If G, is * - L x, • • • >Lr and L } is selected to get to 

G<+1 then G1+1 is «-L101, • • • yL }.xQltC > L }. xQlt • • • yL p 9i where either 

C  is B x<f>, • • • L t is positive and the clause B  *~BX, • • • is used (with

appropriate mgus 0, , <f>)

or C  is empty, 0, the identity and L j  is negative.

If jp ^ k  then the im m ed ia te  d e sc e n d e n t of L k from G, is L k9 t from G,+1. The immediate 

descendents of L j  from G, are the literals, if  any, in C . Descendents of appearances of 

literals are d e sc e n d e n ts  of immediate descendents in the obvious transitive way.

To start off with, we map A , ^  • • • from the beginning goal,

* • ' 0*.i€, of the side game to the first descendent of A ,x  from the second goal, 

• * * fA1\ t  of the main game to be selected. If no descendent of A tx  is selected then 

we can trace the descendents of A ,x  down to the current main goal without one being 

selected and this is where we map A txOx • * * 9k.xc to.

Finally, we w ill keep note of a not necessarily ground substitution of the variables 

in the current goal of the side game. We shall call it the side substitution and start it off 

as the empty map (there are no variables in A txQx • * •

We shall soon specify some conditions on the relationship between the main game 

and the side game. These may or may not hold at various stages of the play. Right now 

in the play and at various other times we shall call a tea break. We shall see that the 

specified conditions hold at this first tea break and we shall see that when the game 

continues after a tea break at which the conditions hold then either we can play to win,
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we can play to reduce PS or we can play so that another tea break can be called at which 

the conditions hold.

We w ill always have a move in the side game between tea breaks so there can be at 

most l  tea breaks before the number of possible substitutions are strictly reduced or we 

win. We w ill have at most r moves in the main game after each tea break and before we 

win, we reduce PS or we have another tea break. Thus, there w ill be at most I t  moves 

before we w in or reduce PS as required.

Suppose that the main game has progressed through current goals G o,G lt • • • ,Gk , 

where G„ is «-R(jt0), G x is *-A yX , ■ • • ,A?x  and G/+1 is got from G, via substitution 0,. 

Suppose further that \j/ is the current substitution - a substitution of G k - and 7] is the side 

substitution - a substitution of the variables in the current goal of the side game. We 

remember that we have defined a map from the literals of the current side goal to some of 

the past or present literals of the main game. Tea breaks w ill only be called w hen:

TB l) For every literal L  from the current goal of the side game, if  L  maps to K  from 

a past or present current goal G, of the main game then K 9 t • • • Q ^ ^ L r f ;

TB2) For every literal L  from the current goal of the side game , if  L  maps to K  of 

past G t then K  was chosen by us from G t to get to G1+1;

TB3) For each variable x appearing as ut in a negative literal not( P(zzO ) in the main 

current goal there is a grounding literal, K  say, containing x also in that goal such that if 

not( P(ir) ) is mapped to by a literal not( P(v) ) in the side current goal and v4 is a 

variable symbol then there is a grounding literal containing v, in the side current goal 

mapping to K  in the main current goal;

TB4) No mapped to literal is equal to a descendant of another.

It is easy to see that the tea break conditions hold at the beginning of the side games 

(i.e. at the beginning of the outer loop) when the current substitution is € and the side 

substitution is 0. TB3 holds because PROG is covered and because no negative literal is
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mapped to - the only mapped to literal is the descendent of which is positive.

THE INNER LOOP: we show how to play so that in at most r moves of the main 

game, either 

we win,

PS is reduced or

we call another tea break.

Also, we w ill not call another tea break until p la y e r  has made at least one move in the 

side game.

Now suppose that we have just had a tea break. We start again by inviting o p p o n e n t  

to make his move in the side game. Since o p p o n en t is playing a winning strategy in that 

game the current goal there is non-empty and o p p o n en t picks a literal L.

There are two cases.

case 1

L  maps to K  of past goal G, of the main game. So we know that K  was chosen by us 

in going from G t to GJ+1.

case 1.1

If K  (and so L) is positive then Abelard must have responded with a unifying clause 

c with head M, say. Say that the mgus of K  from G t and M from c are 0, , 0,. So 

But then M 9 t • • • 0*.^ =* K Q , • • • 0*.^ =* L i) . Thus M unifies with L  too. 

We get p la y e r  to pick the clause c as a response to o p p o n en t’s  choice of L. So the side 

game is continued to a new current goal and p la y e r  has had his regulation move in the side 

game. Suppose that the mgus of L  from the side goal and M from c are <f>, £.

We must update our record of maps and substitutions. We leave the current
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substitution as before - Le as </r.

We define a new side substitution t)‘ as follows. Since M 9 t • • • Qk.x̂ L r \  but are 

mgus of L  and M, there is a substitution 7)' of the new side goal such that 07)'=-7] and 

£ t ) '= 0 |  • • • O x̂ff.

Now we define the new map. If * - L v  • • • JLP was the old side goal and L=*Lt , c is 

• • • JBr then the new side current goal is 

* - L x<f>, • • • y L t . ^ y B • • • yBr +1</>, • • • £ ,p0. We map each Lj<f> to where L } was 

mapped to before. Now, since Abelard responded with c to our choice of K  in G,, G1+1 w ill 

contain B x<f>lf • * * JBr (f>(. To define the image of B £  under the new map we locate Bj<f>t in 

G/+1 and follow  the progress of its descendants down through the history of the main 

game. We follow  descendents of B J<j>i down until either one is chosen in which case we 

map B j£  to this chosen literal, or we reach the current goal, in which case we map Bj<f> to 

the descendant in the current goal.

Now, after all that work we may as well have a tea break. First we must check that 

we are allowed to. Clearly TB2 holds by our construction of the map. Now take any 

literal from the new side current goal.

The literal could be L'<f> for one of the L ' from the old goal. Then both L'<f> and L ‘ 

map to K ' of G } say. So we know that K 'O  j • • • O^xp^L'r). By our construction of t)', 

though, 07)'“ 7} so we have K 'O  j • • • OkA\lf=L‘ (f>ri‘ as required.

The other possibility is that the literal is for B  from the body of c. Then 2?£ 

maps to a later descendant, say Bcfrfim  • • • 0, in G ,+1, of the B<j>t in G,+1. But then, 

CS#,01+1 • * * O 0..1  ' * * "  B & )' by the definition of 7)'.

So TB1 holds.
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Let us check that TB3 holds. Suppose that x is a variable appearing as i/, in not( 

P(ir) ) in the main current goal. We have not updated the main game itself since the last

tea break so there is still a grounding literal, C  say, containing x in that goal. Suppose

that not( PGr) ) is now mapped to by a literal, not ( P(v) ), in the new side goal and v t is a 

variable symbol. There are two possibilities.

possibility 1 : notC PGO ) is one of the Then, previously, L } -  not( P(w) ) say, 

from the last side goal mapped to not( PGr) ) and since w, is a variable symbol. So

there was a grounding literal L t containing w, in *~L lt • • • J jp and mapping to C  in the 

main current goal. This can not have been the L  selected because L  mapped to a past

goal. So L t <f> appears in the new side goal and maps to C. It also contains so TB2

holds.

possibility 2 : not( P(v) is one of the B & . So not( PGr) -  B j ( 7)'. By our 

construction of the map, in particular its action on the Z?,£s, we know that not( P(ir) ) is 

the descendant of Bj<f>t appearing in some G1+1 after a unification involving the clause 

B * - B v  • • • JBq. In fact, not( PGr) ) must be B j $ f i M  • • • 0*_j. Say that B ,= not( P(w) ) 

so tz=W(fiiQi+l • • • 0*.! Since ut is a variable, w t must also be a variable and since PROG is 

covered there must be B t grounding we. If any of the <f>l or subsequent 0<+1 down to 0*.! 

ground the variable appearing in the same position in each descendent of B s<f)t then it 

would do the same to the other appearance of the same variable in the eth place in the 

descendent of B jfa . This can not happen, nor can the grounding of this variable by the 

selection of the descendent of B l <f>l and its unification.

Thus the descendent 5,^0/.! • • • Qk-1 appears in the main current goal w ith x in it. 

By the construction of the map in the current side goal maps to B t <f>flM  • • • 0A.j. 

Furthermore, since B t contains the eth term w t of B j  = not( P(w) ) then B t £ contains the 

eth term v, of B j (  -  not( PGtO ).
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So TB3 holds.

Now we check that TB4 holds. We need only check that no Lj<f> maps to a 

descendent of a or vice versa (the other checks are easy). No Lj<f> maps to a 

descendent of a because then L } previously mapped to a descendent of the selected L t .

No B X  maps to a descendent of an L }<f> because then, following B x£ s ancestors back, 

we find that the literal K  of G, which L t mapped to is equal to, a descendent of or an 

ancestor of the literal which L } (and so L }<f>) maps to.

So TB4 holds.

So we can have a tea break.

case 1.2

Suppose that K  is negative - say K  -  not( M ). Since we didn’t lose at G lt M either 

succeeds at level m with an invertible substitution or finitely fails at level m. Since we 

didn’t w in at G it M must finitely fa il at level m. So G1+1 is G t minus K. Since o p p o n en t is 

only choosing ground negative literals L  is ground. So K Q X • • • O ^ x l^ L r ^ L . Since M 

finitely fails, M Q t • • • 0*.^ does too (TR14). So the new current goal in the side game is 

the old one minus L. We carry the map down and keep substitutions the same. It is easy 

to see that we can have a tea break.

case 2 - L  maps to a literal K  in the main current goal

Thus the main current goal is non-empty.

case 2.1 - K  is positive

We pick K  in the main game. Abelard may give up and then we win. Otherwise he 

w ill pick a clause c with head M which unifies with K.
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The main current goal is updated to G*+1 via the mgus, 9kt <f>k of K  from G k and M  

from c.

case 2.2.1 - There is a substitution, \f/' of G*+l such that

We return to the side game where o p po n en t has chosen L. Now M and K  unify with 

mgus 0kt <j>k , so M<f>k- K 9 k . From TB1 we know that K \p - L r j . Thus 

L  7)-K 4 r—K 0* 0* \p'. Thus M and L  unify.

We get p la y e r  to pick clause c in the side game. Its continued with 9 , <f> as the mgus 

of L  from the goal and M from c.

Now we update our records. \j/‘ is made the new current substitution.

We define a new side substitution 7)' as follows. Since 9,<f> are mgus of L  and M  but 

Lrf=*M<f>k\f/‘t we know that there exists a substitution 7)' of the new side goal such that 

07)'=7) and 4>Ti’-<f>k\}j'.

We must also define a new map. This we do exactly as specified in case 1.1 except 

we carry down the map on the old main goal.

Let us check that we can have a tea break. Clearly, TB2 holds.

If we have a literal from the new current goal of the side game then it is either LQ

for L  from the old goal or it is B(f> for B  from the body of c.

If it is L 9  then L 9  and L  map to K  of G t say. We know that K 9 t • • • 0*.^ =* L r\.

Thus K 9 t • • • 9k_x9kW - K 9 t • • • 0*.^ -  L t) =» L 9 t)\

If it is B(f> then it maps to B<f>k in G*+l and B(f>kip' -  B(f>7)'. Thus TB1 holds.

Now we show that TB3 holds. Say that the old main goal was * - K lt • • • JCp and 

YL=Kt was selected. The new main goal is
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* - K xQkt • • • fKt-fikfBi<f>k* * * • * ' * JtpQk- Suppose that variable x appears

as «, in notC P Cff) ) in the new main goal. There are two cases.

case 1 : not( P GzO ) = K }Qk. Say K } -  not( K w )  ). Then wt is not ground so there is 

a grounding literal containing w t as one of the K rs. It can not be the chosen K t because 

then (by the properties of grounding literals) 0* would ground w t (but w ,9 k- u t -  x). So 

K r9k appears containing x in the new goal. If K jO k is mapped to by a literal w ith non- 

ground ith argument in the new side goal then this literal is one brought down from the 

previous goal as each B r<f> maps to B r 9k. So its immediate ancestor mapped to K r  Thus 

there was a grounder for its ith argument also in the side goal and mapping to a grounder 

in the main goal. If that grounder was L  then K  was a grounder for w,. Thus 0* grounds 

w t contrary to our supposition. Thus this grounder was not L  and its descendent is still in 

the side goal.

case 2: not( K ir) ) -  B r<f>k. Say B r -  not( K w ) ), is the variable x so then w t

is a variable. Since PROG is covered, there is a B s grounding w t. So B t <f>k is a grounder for 

ut. Also B r<f> maps to B r<f>k and B s<f> maps to B s<f>k, B s<f> being a grounder for the ith 

argument in B r<f>.

Now to check TB4. This is easy as no B r<pk is a descendent of (or equal to) some 

other mapped literal , because its immediate ancestor, K, was not.

case 2.2.2 - there is no substitution i/i' of Gk+1 such that \//=Qki//'.

We note that the number of possible side games is reduced as 0X • • • 9k.1ip which is 

in P S k is not in P S k. v

case 2.2 - K  is negative

We would like to pick K  in the main game. However, K  may not be ground and so 

we may have to do a bit of work beforehand. For each variable in K  in some order we
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repeat the following procedure to ground the variable.

If x appears in K  then by TB3 there is a grounder for x in the main goal. We pick 

that. Abelard w ill respond with one of the grounding clauses. If the mgu 0* does not 

agree with the current substitution - i.e. there is no substitution \fj' of such that 

0i • • • 0Jk_i'A~0i • • • 0*-i0* '̂ - then, as in case 2.1.2, we have reduced the number of 

possible substitutions of G t and we have completed our task.

Otherwise, we carry down the maps, make such a \fi' the new current substitution. 

We do not need to make a new side substitution because we have not extended the game 

and for each mapping L \  if  it maps to K '  in G, then K '9 i • • • 'rj so

K %  • • • QtW -L'-r).

If we have not yet grounded K0* by now we repeat the procedure again for each of 

the remaining variables. We can only do this at most r times before we have grounded K.

Now that K  (or its substituted descendent) is ground we choose it in the main game. 

Since we have kept the tea break conditions holding K  = Ki/r -  L t). Now  op p o n en t, who is 

playing a winning strategy, chose L  in the side game so it must be ground and equal to K  

and the positive part of L  must either succeed or finitely fa il . In the first case, the 

positive part of K  succeeds so we win the main game.

In the second case, the next current goal in both games is the old one minus the 

chosen literal.

We keep \J/ and r\ as before and map each literal in the new side current goal to 

where it was mapped before, except those mapping to the old main current goal get 

mapped to the corresponding literal in the new current goal.

Clearly, since 0* is the identity, we can have a tea break.
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STRATEGY TW O - A, is negative and recall that we are showing how to play to w in 

or to reduce PS in at most I t  steps.

Suppose that A , is not( K ir) ). Thus K ir);^  • • • 0*̂ 6 succeeds at level m.

A  successor of the literal A tx  from must still appear in G k for otherwise we must 

have chosen the literal not( K ir^ i • • • Qj ) ) from a past current goal G J+1. If this had 

happened, since Kir^Oj • • • ) is a substitution of Ktr^Oi • • • Oj ), the latter would

not have finitely failed contrary to the evidence that we are still playing the game.

So AiXQj • • • 0*̂  appears in the current goal Gk.

If it is not ground then we can, by lemma 5.10, choose a grounder for any variable x 

appearing in it. Abelard w ill respond with a grounding clause and we w ill get a new mgu 

0*. Perhaps P S M  is strictly smaller than P S k in which case we have completed our task. 

Otherwise ‘ ‘ 0*-i€ is in P S M  , say that • * * 0*-i€«X0i * * * 0*-i0*t}. So K ir)

X î ’ * ‘ Q/tV succeeds at level m. If A ^ i  • • • 0* is not ground we repeat the procedure. 

We can only do this at most r times.

So we may assume that A ,xO i • • • 0j is ground and K ir) xQv • • • 9 }t) succeeds at 

level m. But since K ir) * * • Qj is ground it equals K ir) x&i * • * 0,7). So we choose 

A,*0i • • • 9 } and clearly we win the game.

Q.EJD.
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Chapter 6
LPNAF and DEF

In this chapter we w ill demonstrate the close relationship between the queries 

implementable using logic programming with negation as failure (LPNAF) and those 

expressible in the formal language DEF. In fact, we w ill show that not only are they the 

same class of queries but that it is easy to convert from a logic program implementing a 

query to the DEF expression of the query and vice versa.

To do this we first use the completeness result for NAF to show how to find an 
LPNAF program which completely implements each DEF query. By exploiting the 

SYNTH construction, establishing this result is mainly a matter of technicalities.

For the dual result, showing that DEF expresses LPNAF, we use the correctness 

result for NAF. We show how to construct a DEF query which is correctly implemented 

by each LPNAF program.

6.1 Implementing D EF

Let us start to make some use of the synthesis construction now by showing how to 

implement any DEF query in a logic program with NAF.

We saw how to implement any Datalog query by sticking a logic program after the 

logic programming description prog(D), as defined below, of the queried structure D.
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DEFINITION

If D is a finite L-structure then prog(D) is the following logic program consisting 

only of atomic facts with relation symbols from L  and constant symbols the elements of 

D. For each non-negative integer k, for each k-ary symbol R from L , for each k-tuple a  

from D the clause *R(<r) is in prog(D) if  and only if  DKRGr).

LPNAF has loosely been defined as the generalisation of this method of query 

answering to the case when impure programs can be added to a description of the queried 

structure. Unfortunately there is a major problem w ith this approach if  we continue to 

describe each queried structure D by prog(D). When it comes to non-Hom-clause queries 

the description is not adequate - structures with different answers to the same query can 

have the same description. Elements which do not appear in any tuples in the extensions 

of L  relations do not even appear in the program. It is not hard to see that queries 

involving negations or universal quantifications of relations from L  can not be answered 

on the basis of prog.

If we want to answer more general queries we shall have to improve the description 

of the queried structure. In fact, it is very easy to augment the description prog to make 

it adequate for other queries. We just need to describe the domain of the queried 

structure.

DEFINITION If we are going to be querying L-structures then we choose a 1-ary relation 

symbol, e x is t ,  not in L. For each finite L-structure D, progex(D) is the logic program 

with relation symbols from L U  {e x is t} , constant symbols the elements of D and 

containing prog(D) plus all the clauses of the form "exist(a) for a from D.

Clearly, we have now described each structure up to isomorphism- i.e. more

-  1 8 5 -



adequately than we need for the type of queries we are asking. Now, let us see if  we can 

use this method for implementing any DEF query. Suppose that PROV(T,*Q) is such a 

query. If L  and S are disjoint signatures, e x is t is a 1-ary relation symbol not from L  nor 

S and T  is a definite (L,S)-implicational theory then we construct the logic program 

implementing T  as follows.

First, distinct 2-ary relation symbols eq  and neq  are chosen which are not in 

L U S U  {exist}.

Second, for each sentence <f> from T, for each conjunct c from the body of the 

sentence, if  the conjunct is y yS (tf) then a new relation symbol S^. is chosen. If a  contains 

the distinct variable symbols x lf • • • ,x, apart from y then is /-ary. Let R be the 

signature containing L , S , e x is t  , eq  , neq  and all these new relation symbols.

We define a program PROG with relation symbols from R and no constant symbols.

A) For each sentence <f> =» \J z [ / \fmlA t -+ A ]  from T,

l)  put A * -[A j, • • • I A , ] in PROG, where, for each conjunct c * A j from the body 

of the implication,

1.1) if R is from L  or S then [ R(ir ) ] is R(ir),

1.2) [ u?*v ] is n e q ( u ,v \

1.3) if R is from L  and a  contains distinct variable symbols x v  • ■ • ,x, 

then [ ->R(ir) ] is e x is t (x x), • * • # x ls t  (x, ),not (R  (it)),

1.4) if  S is from S and a  contains distinct variable symbols x lt • • • yXt apart from 

y then [ VySGr) ] is e x is t ( x j ,  • • • # x is t  (x, ) j io t  (5^(x lt • • • ĉ,)).

B) For each sentence <f> from T, for each conjunct c in the body of the implication, if 

c is V yS (x r\ a contains distinct variable symbols x u • • • ,x, apart from y then

put S frd x i, • • • e x is t (xj), • • • f ix is t (x,),e x is t ( y ) / i o t  (JS(a)) in PROG.
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C) Put eq(jXyX)*- and neqtx,y)*~exist(x ),exist (y )jiot ( eq(x,y ) ) in  PROG.

The implementation of the popular brother query in section 1.7 uses exactly this 

construction. The fact that that example works is not surprising given the following 

result.

LEM M A 6.1

For any signature L , for any n-ary query PROV(T,*Q) from DEF(L), if  PROG is the 

logic program constructed from T  in the manner described above then for all finite L- 

structures D, for all c  from D n,

progex(D) + PROG succeeds Q(c) if  and only if  D h  PROV(T;Q) (c).

proof: 

part one )

Suppose that progex(D) + PROG succeeds Q(c).

Put SYNTHC progex(D) + PROG ) = SYNTHC progex(D) + PROG , R , C  ). Thus, 

SYNTHC progex(D) + PROG ) H2(c). We must prove that DN PROV(T;Q) (c). This w ill 

be accomplished by showing that any model M of FA(D )U T is a model of Q ( c )  and using 

result 2.2.

First we construct a model N of SYNTHC progex(D) + PROG ) from M. We w ill then 

know that N is a model of QC<̂ )* However, our construction w ill be such that M w ill be a 

model of Q(c )  too.

If T  is an LUS-theory and C  is the finite set of constant symbols being the domain 

of D in a different guise, then M is an L  U S U C-structure.
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Now, progexCD) is a program with relation symbols from L \J { e x i s t }  and constant 

symbols from C, PROG is a program with no constant symbols and with relation symbols 

from R -  L U S U Sx U [ e x is t , eq , n eq  } where Sj. contains all the extra relation symbols 

introduced by the construction of PROG from T. Thus SYNTHC progex(D) + PROG ) w ill 

be a RUR* U R ^ ^ ^ moo U fa llpn(̂ Dypt,00 U C-theory. We define a structure N from these 

symbols.

1) The domain of N is that of M.

2) The constants of C  are interpreted in N as in M. Since M  is a model of FA(D) it is 

a model of DCA(D) and UNA(D) so we might as well regard its domain, and so the 

domain of N, as being the constants C, i.e. the domain of D.

3) L and S are interpreted on N as on M.

4) e x is t is the fu ll 1-ary relation.

5) neq  is the not equal 2-ary relation on N.

6) For R from L, R* is the complement of R on N.

7) eq* is the same as n eq .

8) For each sentence <f> from T, for each conjunct c of the form \/y S (tr ) , if  x are the l 

distinct variables apart from y in a  (as chosen and ordered in the construction of PROG) 

then for every /-tuple a  from N, NKS^Gr) if  and only if  MHvTfySGrGr.y)).

9) For each R from L, for each clause c of progexCD) with R in the head, NHRc*(<r) if 

and only if  c is not "R(<r)

10) If d is the clause with eq  in its head then eq*d is the not equal 2-ary relation on 

N.
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11) If  d is the clause w ith  S+. in  its head then S*̂ .4 is the same relation as S^.

12) ex is t*  is the empty 1-ary relation.

13) If d is the clause with S&  in its head then (assuming the SYNTH construction 

took the variables r  , y  of d in that order) we put NW fa il j ie c jb ) if  and only if 

MHS(tr(<r^).

14) If d is a clause from progex(D) then f c d ld is the false O-ary relation.

15) If d is the clause * e q (x jd  then f a i l d is the empty 1-ary relation.

16) The rest of the relation symbols do not matter too much and we interpret them 

as fu ll relations of the appropriate arity.

Now we must establish our claim that N is a model of SYNTHC progex(D) + PROG ). 

This is straight forward to do sentence by sentence if a little time and space consuming. 

Thus, we must show that N is a model of POS(d) for each clause d from progex(D) or 

PROG, NEG(P) for each symbol P from L U S U S iU  {e x is t , eq  , neq  }, NEG(d) for each 

clause d and INEQ(C).

Most of these sentences require very simple proofs. We w ill just look at two of the 

hardest.

Suppose that d is the clause A<-[A J, • • • ,[A? ] from PROG and that we must show 

that NHPOS(d). So T  contains the sentence V K /V .1A i-+A), we know M KT and we want 

to show that N NV£(/y..i[Aj+-*A). Suppose that a  is from N such that for each i= l...q 

NHA, K^ V t)- We w ill show that for each i=l~q MKA, ( z \ a ) .  Thus, M KA ( z \ a )  and since 

M and N have the same interpretations for symbols from S, NHA (rVr) as required.

If A, is R(ir) where R is from L  or S then [A j is A, so [A,]* is A,. Thus 

NKR (trCzXer)) and A t ( z \ a )  too because N and M agree on R.
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If A, is U5**v then [A,h is neg(u,v). So N rn e q  (u  ,v Xz~\&). This means that u(zVr) is 

a different element of the domain of N from v i z \ s \  So they are different in M too and 

MHA, (z \x \

If A, is w ith R from L, a  containing x lt • • • pc, then [A j+ is

e x is t (x ,)a  • • • / \e x is t  (xi )AR'(tr). So NHR*(tr(rVr)). By construction of N this means 

MH-«R (aX<r)) so MH A, (rVr).

If A, is VyS(tr), S from S, a  containing x lf • • • p:, and y  then [Aj* is 

e x is t (x ,)a  • • • / \e x is t  (xi )A5jc(r). So NKS^OrteAflO). By construction of N this means 

M F = \/y S ( tr ,y X z \a \  U ,  MHA,CzAar).

This completes our proof that N b P O S  ( d  ).

The other proofs involved in showing that NH SYNTHC progexCD) + PROG ) are all 

much easier. The only other proof involving a bit of thought is the following.

Suppose that d is the clause mS ^ (z ')* -e x is t  (yVtof ( S(.tr) )" and that we must show 

that NWVi?G(d). NEG(d) contains three sentences:

a) Vr((Vy f a l l j i z , y  )-»5j)Cid(r)) which is true in N because of the interpretations of S *^4 

and of f a i l d ;

b) \% y ( .e x ls t* (y )->  fa i lJ <X ',y)) which is true because exist*  is empty; and

c) VryGS(ir)-* /atfjCr.y)) which is true because of the interpretation of f a i l d being defined 

as it is.

This completes what is worth seeing of the proof of part one of our main theorem 

for this section.

part tw o)
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Suppose that D H PROV(T^) ( c ) . Then FA (D )U T We show that SYNTH(

progex(D) + PROG So then, by theorem 5.6, Q(c) succeeds from progex(D) +

PROG as progexCD) + PROG is covered.

To proceed, we suppose that N is a model of SYNTH( progexGD) + PROG ). Note 

that N may be an infinite structure. We use N to construct a model, M, of FA(D )U T. 

Thus M is a model of Q(<r) and our construction w ill be such that this implies that N is a 

model of QCc') as well.

If C  is the domain of D taken as a set of constant symbols and S is the signature of 

new relations in T  then M  is the LUSUC-structure with the same domain as D, 

interpretations of the constants from C  as themselves, interpretations of symbols from L  

as in D and interpretations of symbols from S as in N Le. MHSGt) if  and only if  NHS Gr).

It is clear that MHFA(D) and that if  MHQ(c) then NHQ(c) so it only remains for us 

to prove that MKT.

Given any sentence from T  we shall show that M is a model of it.

Suppose that a  is from M ( i.e. from D ) such that M is a model of each of the A ^ V r). 

We know that N is a model of V^ A/.jA , ]+-»A). If we can show that N is a model of 

each [A,]* then we w ill know that NHACrVr). But N and M agree on the relation from S 

which appears in A  so MHA Cz"\<r) as required.

If A 1 is R(fl") w ith R from L  then MHA, ( z \ a )  implies that £>KR(zr(<r)). So the clause 

asserting this is in progex(D). SYNTH( progex(D) + PROG ) contains R(ir(<r)) so N is a 

model of it. Hence, NHCA, K .rVr) as required.

If A, is SOr) with S from S then MHSGrGr)). But M and N agree on S so 

N K A , K^ Vt) as required.
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If A* is z p ^ z i  then Mb a p ^ a r  So C ap ^ a q ) is in SYNTHC progexCD) + PROG ). 

Thus N H i, ^ a f . If d is the clause * e q (x jd  from PROG then the sentence 

VhvGz -*eql(.u  ,v ))

is in SYNTHC progexCD) + PROG ). N is a model of this so it is also a model of eqd(a p ). 

Since d is the only clause with eq in its head N is also a model of 

yxy{eq 'd(x  ,y  ) ^ e q  *{x ,y  ))

and hence of eq*(ap xit ). We also know that N is a model of e x is t  (ap )  and e x i s t(a?) 

because of the appropriate clauses in progexCD). Finally, since " n e q (x ,y )  *- existCx) , 

existCy) , not( eqCx,y) )" is in PROG, we know that N is a model of V  

x y ie x t s t  {x  ) / \e x is t  (y ) /\e q * (x  , y )-»neqGc , y )). Putting this all together we can deduce that 

NWteg (a,/Zj) , Le. N K  A  K s ’VO* as required.

If A  is ->R(jcr) for R from L  and t z i z \ s )  is 5  then MH-vRĈ T) so D b -> R (fr). Thus R(51 

does not appear in progexCD). If R appears in the heads of no clauses then NHR'CZT) 

Cbecause its a model of the sentence VrR*(xO from the synthesis) and otherwise NHR*(£0 

Cbecause we can go through all the clauses d from progexCD) with R in their heads 

showing that N is a model of R 'J S ) and then use the sentence relating all the R d s to R*). 

Finally, we can show that N is a model of each e x is t C^X-zAaO for each x t appearing in u  so 

N is a model of [AK^ \ff), i.e. e x i s t ( x t) / \  • • • / \ ( x t ) /\R * (trX z \a ') .

If A  is VyS(tr) with S from S then MHVysGrGr.y)). Suppose that <f> is the sentence 

from T  that A t is the conjunct c from the body of. Suppose further that d is the clause 

" S ^ C x )* -ex is t ( y )  , notC SCiT ) )". If x  is x lt • • • ,x, let us put x }( z \ a )  -  e } . We aim to 

show that NHVy / ailjie~,y). Given any element n from the domain of N there are two 

possibilities.

If n is the interpretation of b from C  then, since MHS Qr(ccJ>)), by the construction 

of M from N we know that NHS (tciccjb)). But Ccheck NEGCd)) N is a model of the 

sentence Vry(S(tr)— failjCx,y)) so Nl= f a i l j i z J b ).
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If n is not the interpretation of any constant from C  then, for each clause 

cl -  " exist(b) *-* from progex(D) + PROG with exist in its head, we have 

NH\t&(x  9±b -* ex is t^  (x )).

So N is a model of exist4 (71). However NHykCA,* ^  ^ x is t^ x  S e x is t  *(x)). So N is a 

model of exist* {n). But (check NEG(d) again) N is a model of Vry(ex£st*(y)-» f c d l j i x , y )) 

so Nt- f a i l  f a s t ) .

So lb*\/y failfe,y) as claimed. Because the sentence 

VflrCC Vyfailfx,y) ) -  S^4(r))
is in NEG(d) we know that NKS^ fcO . Now, by the construction of PROG, d was the 

only clause with S^4 in its head so NH\/c(S*c(;r)-*S'$c(r)) and hence Also,

each of the «jS are in C  so NHexist ( e T h u s  N is a model of 

e x is t ( O a  • • • A e x is t (e^AS^Cr), i.e. [A,K*-\ff).

This completes the proof of the second part of the theorem.

Q.EJD.

6.2 Expressing LP  w ith  N A F  queries in  D EF

In this section we show that each query which can be implemented by tacking a 

function-free and constant-free logic program with NAF onto the description progex(D) 

of the queried structure D is expressible as a DEF query. Most of the work has already 

been done when we use the synthesis to represent the program. We know that a synthesis 

looks like a DEF theory with constants in it.

Once we have shown how to construct a DEF theory from the program the proof 

that they represent the same query is much the same as the proof in the last section. We 

w ill give even less of the details.

-  1 9 3 -



So suppose that we have a logic program PROG which we use to query finite re­

structures D in conjunction with progex(D). Our first step is to show that we might as 

w ell be using a program with relation symbols from L  not appearing in the heads of 

clauses. This is because we can always introduce new derived relation symbols R’ for 

each R from L U  { e x i s t} , change the appearances of R in the heads of clauses to R\ change 

the appearances of R in the body of clauses to R’ and add clauses of the form 

" R’Gr) -  R( x T .

It is easy to see that this program implements the same query as does PROG.

So, without loss of generality we can assume that PROG has no appearances of 

symbols from L U  {exist} in the heads of clauses.

The second step is to form the synthesis of PROG assuming that there are no 

constant symbols in its language (there are none in the program itself) and that the only 

relation symbols are those from L  U { e x i s t} and those extra ones appearing in PROG.

From the synthesis, we remove the sentences

1) VcR X x )  where R is from L  and

2) Vx: exist*  ( x ).

We add the extra sentences 

l)  V tC-vRCxO -^ 'C x ')) for each R from L.

Call the resulting theory P.

P is not quite a DEF theory because it may contain multiple nestings of universal 

quantifications in the bodies of implications. It is a simple matter to add extra symbols 

and sentences to get an equivalent but DEF theory. We shall prove all our results 

without loss of generality by assuming that P is itself a DEF theory*

Let us call the signature of non-L symbols in PROG, S and the signature of derived 

relation symbols in P, T. Thus S is contained in T.
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LEMMA 6.2

For all finite L-structures D, for all non-negative integers r , for all r-ary Q from S, 

for all r-tuples c  from D,

1) if progexCD) + PROG succeeds QCc) then D h  PROVCPjQ) C C ) and
2) if  progexCD) + PROG finitely fails QC<r) then we do not have D h  PROVCP;Q) ( c  ) .

proof: 

part one )

First of all we show that we can expand any model of FA(D)U P into a model of 

SYNTHC progex(D) + PROG ). Suppose that M is a model of FACD)U P. To expand M to 

N we w ill define interpretations for the symbols R* for R  from L  and d a clause from 

progex(D), and for symbols f a i l d for d from progex(D). Since M is a model of FA(D) we 

may as w ell assume that its domain is that of D.

For each clause d from progex(D), for each k-ary R  from L , for each k-tuple S  from 

D we put

1) N if and only if  d is not " RC2T)<-" and

2) we make f a i l d the O-ary false relation.

We can show sentence by sentence that N is a model of 

SYNTHC progexCD) + PROG ).

This can be done in such a straight forward manner that it is not worth presenting here, 

part two )

Suppose that progexCD) + PROG succeeds QC<r). Thus,

SYNTHC progexCD) + PROG )h QC<r).

If M is any expansion of D to a model of P then we know, by part one, that M can be
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expanded to a model N of SYNTHC progex(D) + PROG ). Then we know that N and hence 

M is a model of Q(c*). This shows that D h PROV(P;Q) ( c  ) as claimed in the first part of 

the theorem.

part three )

Suppose that progex(D) + PROG finitely fails Q(c). Then by part b of the proof of 

theorem 5.1 we know that SYNTH( progex(D) + PROG )H2*(c). If M  is any expansion of 

D to a model of P, we know by part one, that M  can be expanded to a model N of 

SYNTHC progex(D) + PROG ). Thus NH Q*(c). Since <2* is interpreted on the reduct M 

of N as in N, MH (2*(<r). Thus D h  PROV(P;Q*) ( c  ) .

Our task w ill have been completed if  we now show that we can not have both 

D h  PROV(P;Q*) C c  ) and D h  PROV(P^) ( c  ) .

To do this it seems easiest to hark back to our results relating DEF to L F F . We have 

shown how to construct an L-prescription r such that for each S from S, PROV(P; S ) -  

L F F  ( r ; S ). Let us suppose that r prescribes F on D.

Assume for contradiction that D h  PROV(P;Q) ( c  ) and D h  PROV(P,*Q*) ( c  ). Thus 

c’€[i7'nC0)]Q and c6 [irm(0)]e, for large enough m. Hence we can choose the least k such 

that there is S from S with [F k(0 )] s fl[fr*(0)]5» nonempty.

Let us suppose that 5 6[F’*(0)]5 and B 6[i7*(0)]Jt.

Looking at the construction of r, we see that since D h<f>s( F k K 0 ) jB l  there is an 

implication in P and a tuple a  such that 5"=v(<r) and

D h A f.!A ,(jFkmK 0 ) / r ) .

We note that then S ( v ) * - A v  • • • .A, is a clause in PROG.

Now since D h 0 Jt( i r*'l(0 )^O  and Vir(Af.l5^JC r)->5*(r)) is the only sentence in P
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with head containing S*, we must have D H / V .^  (F)X.F *'K0)X

Since d -  " S ( v ) * - A lt • • • " is one of the clauses d u • • • £ g w ith heads containing S ,

we have D hSj(5XF*_1(0)).

Since Sj is not in L  this means that k-1 is greater than zero and that 

D * (F k_2(0)^T). Looking at the construction of </>5* from P we see that it is a

disjunction of formulae - one corresponding to each sentence in P w ith S*d in the head. 

Since F-vGr), D is not a model of the disjuncts corresponding to the sentences V  

x ( x ,  ^ x J-* S d(x')) nor the sentences Vc(jcf s*a-*S2Cr)). Thus D h \ f r f a i lJ ix X F  k~ K 0 )jr )  

where w  are the free variables in V and r-w(dr).

Choosing a substitution for Z  which, together w ith C for w  maps x  to a  we find that 

D h/cd/jC<rXF*‘a(0)). Thus k-2 is greater than zero and D faaJ iF k'X 0 ) /r X  Looking at 

the construction of this from P we find that it is a disjunction of Aj\ So there is an i = 1 

q such that D HA/O7*‘3(0),<r) and since F is monotone D \*A fJF k~ K 0 )jr ) .

We have already shown that D \= A ^ iF k'K 0 ) ,c r \  There are several possibilities for 

A,. If A, is R ((r )  or not( R {tr )  ) for R  from S we have a contradiction to the minimality 

of k.

Otherwise a t must be from L. If A, is î (ir) or not( i?Gr) ) for R  from L  then we 

know that D KR(ir(<r)) and that k-1 is greater than zero and D H£i ,(ir(<r)Xir *_2(0)). Since 

there is only one sentence Vz(->R  Cr)->i? *(r)) in P with R* in its head we must have 

D h-t£(rr(<r)) 

which is a contradiction.

Q.EX).
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6.3 Summary

Let us just summarise the relationship which we have investigated in this chapter - 

that between logic programming with negation as failure as a query answering tool and 

DEF as a query language. Because our results have involved the process QEP instead of 

one of Clark's original processes, we w ill have to call on the results of chapter four to 

give the results of this chapter meaning outside of the constructs of this thesis.

First, we combine result 4.2 and lemma 6.1 to get the following result showing that 

each LPNAF program implements a DEF query.

THEOREM 6.3

For all signatures L, for all signatures S, for all n-ary Q from S, for all logic 

programs PROG with symbols from LU S , there is an n-ary query q from DEP(L) such 

that

for all versions R-qep of NAF, for all finite L-structures D, for all n-tuples a  of elements 

from D,

a) if  progex(D) + PROG succeeds Q(<r) in R-qep then ff€q(D) and

b) if  progex(D) + PROG finitely fails Q(<r) in R-qep then <T̂ q(D).

We note that the program may not get answers on some tuples but when it does they 

w ill be answers to q.

Such a concept of implementation is inappropriate when we come to consider the 

other half of the relationship. Given a DEF query we want to find a program which 

implements it. This is easy if we allow the program to loop or flounder when it wants to 

and only require it to get the right results (according to the query) when it does get an 

answer. We could just implement any query by a program which always flounders.
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Obviously this is impractical. Fortunately, our result lemma 6.2 here is much stronger - 

we find a program which succeeds exactly the right answers.

Unfortunately, there is a problem when we relate this result to actual versions of 

NAF. Since the program, progex (D) + PROG, which we are using varies w ith the queried 

structure D, our result theorem 4.3 only allows us to be sure of the existence of a 

particular version of NAF able to implement the query which may depend on D. It is left 

as an open problem whether a general maximal selection rule can be found which is able 

to implement all progex(D) + PROG for all different D.

Here is the best result we can manage now.

THEOREM 6.4

For all signatures L, for all n-ary queries q from DEF(L), there is a signature S, an 

n-ary symbol Q from S and a logic program PROG with symbols from LU S , such that 

for all finite L-structures D, there exists a version R-qep of NAF such that 

for all a ,  n-tuples from D,

progex(D) + PROG succeeds Q(<r) in R-qep if and only if  a  6 q(D).

-  1 9 9 -



Chapter 7
Nesting

We extended our language DE of definite existential queries to DEF by allowing 

universal quantifications to appear in the bodies of clauses. This has given us a language 

representing the expressive power of logic programming with negation as failure. In 

[ChH85l Chandra and Harel extended their language YE (equivalent to our DE) to the 

language C  of clausal queries in which negations of derived relation symbols are allowed 

to appear in the bodies of clauses (provided that a certain partial ordering is respected). A  

similar approach forms the basis of the stratified database idea of Apt, Blair and Walker 

[ABW86]. This might seem to be as good or even better a representation of the behaviour 

of LPNAF. Certainly the onus is on us to justify introducing the alternative DEF.

In this chapter, we first define C  and stratified databases and then look at their 

relationship with NAF. Chandra and Harel proved that C is as powerful as FO+LFP and 

therefore, by a result of ours, C  is as powerful as DEF, and so by another result of ours C  

is as powerful as LPNAF. We emphasise that we have not seen any other proof that 

stratified databases are equally expressible as LPNAF.

Chandra and Harel do say that NAF provides an operational justification for C, 

suggesting that a stratified database can be implemented directly as a logic program using 

NAF. Certainly any stratified database looks like a program.

We show that NAF does not provide an operational justification for C. The 

operational effect of negation in a stratified database is as "not provable" rather than
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"finitely fails to be proven". We present an example which shows that even when there is 

no question of floundering, NAF does not always succeed the notCP)*s for which P is "not 

provable".

We have said that C  is as expressible as LP with NAF. We show that implementing a 

stratified database using LP with NAF essentially involves a compilation process turning 

the database into a DEF theory before writing the program. Although the database looks 

like a program this is not generally the program which implements it 1

There is also a problem with the task of finding the C  query which a program 

represents. There are interesting LP with NAF queries involving a program which is not a 

stratified database.

Finally we note that DEF has a much simpler semantics than C.

Thus we consider that we have ample reason for regarding DEF as the query 

language which best represents LP with NAF. Stratified databases give access to all the 

same queries but it is much more credible to regard this as a formalisation of a method of 

query answering based on taking whole relations through a process of fixed points and 

complementations.

Despite all this, the idea of nesting queries seems appealing in the context of 

provability languages - perhaps greater expressive power could be gained by nesting and 

using provability semantics within each level of the nesting. This leads us to the concept 

of finite implicit definability - theories which im plicitly define a relation provided that we 

stick to finite structures. We show that there is no point nesting on top of finitely 

im plicitly definable queries because straight provability semantics can be used to express 

the same query in a straight forward way. Using Immerman’s collapse result [Imm] we 

know that DEF queries are all finitely implicitly definable - so transitive closure is for 

example. In fact, we show that all polynomial time computable queries are. It is left as
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an open question whether finite implicit definability is the same as being in PROV
n  -'PROV =  us o n  -^uso = np  n co-np.

7.1 The Clausal Language

In this section we define the query language CLA which contains all the queries 
expressible by the clausal theories of [ChH85] - Le. those theories in G. These theories are 
constant-free versions of the stratified databases of [ABW86]. CLA queries are not 
derived from the clausal theories by provability as we have defined it. Thus we must 
spend some time specifying their different semantics.

Chandra and Harel had defined a class of theories H' which is the same as our class 
of definite existential theories. Thus, by using basic negations and inequalities in the 
bodies of otherwise Horn-clauses, they could answer all the DE queries (equivalent in 
expressibility to their fixed point language YE). They noted, on the other hand, that H‘ 
theories could not be used to define the universal quantification query.

Instead of remedying this deficiency, as we do, by adding universal quantification 
explicitly to get DEF, Chandra and Harel decided to allow the negations of derived 
relations in the bodies of clauses in a restricted manner. They then had to define a new 
non-provability semantics for their language as we shall see.

Chandra and Harel describe how to build a theory of their language by composing 
several DE (i.e. H') theories. We shall, instead, describe the finished product of these 
operations which now goes under the name of a stratified database.

DEFINITION

If L and S are disjoint signatures then an extended (L,S)-implication is an LUS-
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sentence of the form VrCA/LiA, - * P W )  where P is from S and for each i- l~ n  A* is either 
u-v, u?^v, R(tr) or -«R(tr) for R from L or S.

We note that the extended clauses of [ChH85] do not contain negations of derived 
relations but after composition of several such DE theories as described by Chandra and 
Harel we end up with extended implications.

DEFINITION

If L and S are disjoint signatures then an (L,S) stratified database is an LUS-theory 
consisting entirely of extended (L,S)-implications such that the following recursion 
limiting condition is satisfied:
there exists a partition n  -  { Slt • • • ,Sm } of S and a partial ordering ^ on tt such that
1) if R appears in the body of an implication headed by S then either R is from L or R is
from S Jt S is from Sk and ; and
2) if R appears negated in the body of an implication headed by S then either R is from L 
or R is from S Jt S is from Sk and S, < S k.

For example, if L contains 2-ary P and S contains 2-ary T and 2-ary R then the 
following theory is a stratified database:
{ V x y ( P ( x  , y ) - > T ( x  , y ) )

Vryz( P ( x j )  A T ( z  , y )  - T ( x , y ) )
V x y ( - ^ T i x , y ) ^ R ( x , y ) )  }.

An ordering is {T} < {R}.

If stratified databases were used as provability theories then they would not be very 
implementable. Allowing negations of derived relation symbols in the bodies of clauses is 
equivalent to allowing disjunctions in the head. As pointed out in [GMN84a] the resulting
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indefinite deductive databases are much harder to work with.

TngtwiH, the non provability language CLA is defined as follows: 

syntax of CLA(L):
CLA(P;R) is a wff of CLA(L) if and only if S is a signature disjoint from L, R is from S 
and P is an (L,S) stratified database.

semantics of CLA(L):
To specify the meaning of CLA(P;R) on an L-structure D we proceed by induction along 
the partial order on the partition of S. It does not matter which partial order on which 
partition we use but for definiteness let us take the minimal order on the maximal 
partition which is consistent with the recursion limiting property.

Suppose that we have defined whether DHXA(P;SX<f) or not for all J  from D, for 
all S from S, such that S, < S r  Now let P, consist of all the clauses with heads from S r 
Say sy  is U { S, I S ,< S , }. So P, is a definite existential LUSj/US^-theory. Define an 
LUSy-structure D } expanding D by D ,KSGT) if and only if DH=CLA(P;SX<f). Then, for 
every R from S ; we say DY=CLA(P\R X<D if and only if D j\=PROV(.I* j-JlXd").

Using provability in such a stepwise way might not seem to be too radical a change but it 
enables a later sub-theory to know what is not provable from an earlier sub-theory.

In our previous example of a stratified database we have two sub-theories - 
Pi -  ( VfcyCPGc.y )—■T (x ,y )), V tyz(P(x,z)A r(z,y)-»r(x ,y)) } 
and P2 -  { V cy(-r(x,y )-*R(x,y)) }.
If D has a P path from a to b but no path from b to a then D ^ P R O V C P fl)  (a,b) but not 
D h P R O V iP t? )  (b,a) and thus DY-CLAiV-JL) (b.a) but not D h C L A {P \R  ) (a,b).
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Chandra and Harel give the following theorem (but they call FOfLFP, FP) :

THEOREM 7.1

For all signatures L, CLA(L) =  FO+LFP (L).

Using our results relating DEF to both FO+LFP and to LP with NAF we can 
conclude that CLA captures all the queries implementable by LP with NAF. This result 
relating stratified databases to logic programming with negation as failure has not, as far 
as we know, been proven elsewhere.

THEOREM 7.2

For all signatures L, the class of L-queries implementable by tacking a logic program 
using negation as failure (but not using constant or function symbols) onto a description 
of the queried L-structure are precisely those queries expressible by using a stratified 
database with the semantics defined in [ChH85] or [ABW86].

7.2 Negation as failure versus negation as not provable

We have seen that stratified databases capture the expressive power of LP with NAF. 
Those databases even look like logic programs. Let us consider the relationship in more 
detail. First, we try implementing a stratified database and then we try expressing in 
CLA the query which is implemented by a program.

Negation as failure is often associated with "negation as not provable". One way 
such an association could be formalised is as follows:
if P is a Horn-clause theory from L and R is from L then all the tuples J  such that R(T)
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is not provable from P are exactly all the tuples such that R(cD finitely fails as a query 
asked of the logic program representing P. This seems to be what Chandra and Harel are 
claiming [ChH85] when they say that NAF gives rise to the possibility of using the 
language CLA.

However, the association, as formalised above, does not hold. Consider the following 
theory.

{ P(a,b)
P(b,a)
Vcy(F(x,y)-r(x,y)),

VcyzCP(x yZ )/\TO ,y )-+T(x ,y )),

It can be seen that T(a^) does not follow from the theory. If we ask T(a^) as a query to 
the logic program representing the theory then it is also easy to see that the qep w ill get 
into a loop.

That difference between "not provable" and "finite failure" is not important to 
someone who only requires that the consequences of a Horn-clause theory are precisely 
the successful queries from the pure logic program. However, to implement the "not 
provable" semantics directly by negation as failure it is required that a literal not 
provable from a lower sub-program finitely fails so that the fact of its failure is available 
to a higher sub-program.

For example, suppose that P is the following theory.
{ Vry(P(x,y)—r(x ,y ),
Vty z {P {x  a  )/\TU ,y )-*7(x ,y), 
y x y ( - T ( x  ,y)-»R (x ,y)) }.

If NAF truly implemented "negation as not provable" then the following logic program 
would implement the query CLA(P;R) -
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T(x»y) «- P(x,y)
T(x,y) «- P(x,z) , T(z,y)
R(x,y) «- not( TCx,y) ).

But consider the following {P}-structure. D has domain {a,b,c} and P contains only (a,b) 
and (b,a). Then (a,c) is a correct answer to the query CLA(P*JR) asked of D because (a,c) 
is not an answer to the query CLA(P;T). However if we apply our NAP query evaluation 
process to progCD) followed by the supposed implementation of CLA(P;R) then we w ill 
have problems succeeding R(a,c). This is because TCa,e) does not finitely fail from the 
program, as it does not from the relevant sub-program as we saw above.

We can not claim that stratified databases can be implemented directly in logic 
programs. Now let us try the converse problem expressing in CLA a query implemented 
by a logic program.

Consider the short program 
Odd(x) «- succCŷ x) , not( Odd(y) ).
After a description of any finite totally ordered (succ)-structure D this succeeds Odd(d) 
for all those elements d an odd number of successors from an element which has no 
predecessor. That is, Odd(d) succeeds if and only if there is an odd positive integer n and 
a sequence of elements of D such that

1) D NVt-succCx^o),
2) d -  en and
3) for each i-  0 , _ , n-1 , D Kyucc(elf£<M).

This program is not stratified database and yet NAF (with a left most selection rule) 
never flounders answering such queries with this program. It can not be claimed that 
stratified databases are appropriate for directly representing logic programs with NAF.

While a stratified database is not a direct representation of a logic program neither is 
a DEF theory. Perhaps, there is some simple transformation for turning a logic program
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into an SDB akin to the synthesis construction.

However, looking at our negation of the transitive closure example this does not 
seem likely. Let us suppose that there is a simple transformation. The relation R is the 
negation of the transitive closure of P. If we could transform this stratified database into 
an equivalent logic program in a simple manner then the end result could be transformed 
into an equivalent DEF theory and then into an equivalent L F P  prescription. What we 
have ended up doing is providing an alternative method of constructively showing 
Immerman’s collapse result. Since all the transformations are quite simple it would be 
probable that we would not end up with the very complicated representation of the 
negation of the ancestor (Le. transitive closure) query that Immerman gives as an 
example. So, finding a simple way of implementing a stratified database is essentially the 
same problem as collapsing LFP operators. This does not seem to be a "simple" procedure : 
it is certainly not as simple as our implementation for DEF queries.

In summary, we do not think that stratified databases provide a reasonable "logical" 
representation of logic programs with NAF. They certainly can not be implemented 
directly and finding a behaviour-preserving transformation is akin to collapsing nestings 
of LFP operators. There is ample justification for regarding the use of DEF theories as 
more sensible.

7.3 Nesting

Despite the implementation problems of stratified databases the idea of building 
provability theories by nesting some within others seems appealing. It would be useful if 
some queries could be defined in terms of others. In this section we first establish that this 
is something worth doing but is not trivially achievable. Then we w ill go on to consider 
under what circumstances it is useful.
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It does not take much searching to find circumstances where defining queries in terms 
of other queries is desirable. For example, suppose that we are given a set of people and 
are told who is a parent of whom and who is male. Eventually, we want to compute all 
the ordered pairs of people such that the first person is an uncle of the second. It seems 
perfectly sensible to first define grandparents and then define uncles in terms of parents, 
males and grandparents.

First, let us define what it means for one query to be defined in terms of another. If 
L is a signature, P is an m-ary relation symbol not in L, p is an m-ary L-query, q is an n- 
ary L-query and r is an n-ary LU{P}-query then we say that q can be d e f i n e d  as r 
i n  t e r m s  of p if and only if, whenever any finite L-structure D is expanded to an LU{P}- 
structure E by interpreting P as p(D) then i(E) -  q(D).

For example, suppose that L contains the 2-ary relation symbols parent and 1-ary 
male and that grandparent and uncle are other 2-ary relation symbols. Then, on 
structures with domains of people with parent(a,b) being true if and only if a is a parent 
of b and male(a) being true if and only if a is male we find that 
p- PROV( {\ / x y  (p a r e n t  ( x , y  )/\p a r e n t (y ,2 ) -* g r a n d  p a r e n t (x ,2 ) } ; g r a n d p a r e n t ) 
has correct answers exactly those (a,b) such that a is a grandparent of b. If r is the 2-ary 
L U { g r a n d p a r e n t , u n c l e  }-query
PROV( { Vtyu { m a l e  (* V\gr a n d  p a r e n t  ( u  , y ) / \ p a r e n t ( u  p c ) / \ ^ p a r e n t ( x  , y ) - *  u n c l e  (x,y)) } ; 

u n c l e  )

then it is clear that q can be defined as r in terms of p where q is the 2-ary L-query with 
answers (a,b) such that a is an uncle of b.

It might be objected that this idea is nothing special. We define the "uncle" query in 
terms of the "grandparent" query just by writing one theory with two sentences -
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P -  { V x y ip a ren tix  ,y M p a re n tiy  j  )-> gran paren t (x  a  )),
\/xyu(jnaU  (x  )/\gran dparen t(u  ,y M p a ren tiu  jc )/\^ p a ren t(x  m ) -* uncle(x  ,y)) }. 

Surely we are doing the same thing every time we define a query from PROV(L) by using 
a new signature S which contains more than one symbol.

However, that argument contains a basic flaw which is more apparent in other 
examples. Suppose that we have O-ary Q in L and two other O-ary relation symbols P and
R. Let p be the L-query PROV( { Q ~*P) ; P ) and r the LU{P}-query,
PROVC { - P - R  }; R ).
It is easy to check that ->p can be defined as r in terms of p - if an L-structure is expanded 
to an LU {P}-structure E by interpreting P as p(D) then E w ill be a model of P if and only 
if  DhQ* but then r(E) is true if and only if E is not a model of P Le. if and only if -»p(D) 
holds. Now, if someone continues to claim that defining queries in terms of other queries 
is just having big theories relating derived relation symbols to each other then they should 
claim that -«p is the L-query PROVC { Q -* P  , -iP-*!? } ; R ). It is easy to see that, on the 
contrary, the latter is the always false O-ary L-query.

Thus, the difference between nesting queries and joining theories is a generalisation 
of the difference between the stratified database semantics for a theory (used in a query) 
and the provability semantics. In the example above we note that CLA( { Q-*P,->P -* R 1 ; 
R ) is actually -«p.

In the stratified database situation we have seen that the "nesting" semantics does not 
give us any increased expressive power over DEF. In this section we will consider to what 
extent nesting of provability queries in general gives us access to other non-provability 
theories.

It is not hard to see that there probably are ways of nesting provability queries to 
escape from that class of queries. We have seen that PROV(L) contains exactly those 0-
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ary L-queries which are in co-NP Le. which have negations which are non- 
deterministically polynomial time computable. It is an open problem whether NP -  co- 
NP or not (see [GaJ79D- If NP ^  co-NP then (because of the symmetry of the situation 
with respect to negation) there w ill be L-queries in co-NP but not in NP. Such queries will 
be in PROV(L) but their negations will not. If we take one such p then it is clear that -’p 
can be defined as r -  PROV( {->P-*R} ; R ) in terms of p , Le. nesting provability r on top 
of provability p gets us out of PROV(L).

The main result of this section w ill be showing a partial converse of that 
observation. We w ill find a sufficient condition on p for there to be no point nesting on p - 
we could easily express the result in PROV(L) anyway.

For any signature L, non-negative integer n, n-ary L-query p and n-ary symbol P^L 
we say that p is collapsible if and only if for every query r from PROV(LU{P}), if q can 
be defined as r in terms of p then q € PROV(L).

So the collapsible queries are those which can not be stepping stones to get out of 
PROV. We already know that if any queries are not in NP then they are not collapsible. 
It is easy to show that if a query is not in co-NP then it is not collapsible either.

RESULT 7.3

p collapsible implies that p is in NP fl co-NP.

We try for a converse.

In our p» PROV( {Q-*P} ; P ) and r -  PROV( ; R ) example we noted that
PROV( \Q-*P,->P — R) ; R ) does not express the query q which can be defined as r in 
terms of p. Our investigations in the last section should suggest that we could try 
expressing ->pas a provability theory. Finding that -«p -  PROV( { -Q -+ P ') ; P ‘ ) it is then
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not surprising that q -  PROVC {Q ~*PrQ ~~*P'yP' ~*R}; R ).

This can be generalised into a possible method of collapsing nestings. Suppose that L, 
S and S' are disjoint signatures, m-ary P is from S, m-ary F  is from S' and -»PROV(P;P) -  
PROVCP'jP*). If PROV(R^0 is an implicational LU{P}-query and q can be defined as 
PROV(Rd0 in terms of PROV(P;P) then we could try expressing q by first changing R 
into R’ by changing each appearance of -*P in a body into P* and then seeing whether q is 
PROVCPUFUR'; R ).

DEFINITION

Let us say that (P,F) is (Py )-n es ta b le  if
1) PROVCFiP*) -  -  PROV(Pd>); and
2) for every implicational (LU {P} , T Mheory P, for all R from T if q can be expressed as 
PROV(Rd0 in terms of PROV(P;P) then q -  PROV(PUP'UR';R).

DEFINITION

We will say that an n-ary L-query p is easily collapsible if there are P , P\ P and P* 
such that p« PROVCPd3) and (P,P‘) is (P̂ P’̂ nestable.

Since all PROV(LU{P}) queries can be expressed as implicational PROV(LU{P}) 
queries it is not too hard to see that easily collapsible implies collapsible.

Now we recall that we hope to show that every L-query which is also from 
NPflco-NP is collapsible. Things are looking good because, if p is in NPOco-NP then both 
p and -«p will be provability queries - so there is P, P' , P and P’ such that p- PROV(P;P) 
and -p -  PROVCP’iP’).
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Unfortunately, we can not expect just any such (P,P0 to be (PJ’O-nestable. 
Consider the following example. Suppose that L is empty and P is a 1-ary relation 
symbol. Let p be the always full 1-ary L-query which is clearly in NPflco-NP. As they 
should be, p and -*p are able to be expressed as PROV(L) queries. For example, 
p -  PROVC {VcP(x)} ; P )
and - p -  PROVC {VryGc * y -< P '(x )  v  P'Cy)))}^).
Its clear that PROV( VrP(x)} ; P) is the full 1-ary Lrquery. The expression which we are 
claiming represents -»p can be seen to be the always empty 1-ary L-query, as , given any 
finite L-structure ( Le. 9et ) D, and any d from D, we can expand D to a model E of the 
theory by making Pte) true of every e except d - i.e. it is not so that 
DhPRO V({\7*y(x*y-*(P'(x) V P'(y)))} jP*) (d).
We are not claiming that this expression is the most "simple" for ->p. (PJP*) is not (PJ^)- 
nestable. Take R to be a O-ary relation symbol and R to be {VtCP(x)A-rP(x)-*P)}. 
Clearly r » PROV(R;R) is the always false O-ary LU {P}-query and so the always false 0- 
ary L-query q can be expressed as PROV(R;R) in terms of p. Given any L-structure D , if 
we interpret P as the full 1-ary relation (i.e. p(D)) to get the expansion E of D then r(E) 
and q(D) are both falsity. The result of nesting (P,P')UR‘
is {VrP(x) , Vry(x ^ y-*(P '(x) V P'(y))) , Vr(P(x)/\P’(x)-»P)}. But any expansion to 
a model of this of a set with more than one element must have R true. So 
PROV(PUP'UR';R) is not q.

While this (P,P*) is not (P»P’)-nestable it is clear that p, here, is easily collapsible - i f  

we express ->p as PROV(0J>’) instead then (P,P') is (P,P’)-nestable. Now let us try to find 
general conditions under which we can find the appropriate (P,P‘) there is one.
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7A  Finite Implicit Definability and Minimal Models

We have narrowed down our investigations of nesting to a search for easily 
collapsible queries. It turns out that this is related to the search for finitely implicitly 
definable queries and to the search for minimisable queries. Let us define these two new 
concepts and then give a result relating the three properties.

We shall say that an LUS-theory Q fin itely Im plicitly defines (fids) an n-ary L- 
query p as n-ary P from S if and only if

1) PROV(QiP) -  p and
2) for all finite L-structures D, there is an expansion of D to a model of Q and any 

two such expansions agree on their interpretations of P.
We shall say that p is finitely implicitly definable (fid) if there is such a theory Q.

So if Q fids p as P then Q not only defines p in the provability sense but also, at least 
on finite structures, Q defines p as P in the usual first-order sense - any two models which 
agree on their L-reducts agree on their interpretations of P.

It is not hard to show that any FO(L) query is fid. Say that p is an n-ary L-query 
defined by the FO(L) formula 0(r). If we choose n-ary Q not in L, and let Q be 
{Vr(0Cr)<— ► Q(r))} then Q fids q as Q. First we show that p is PROV(Q;Q). If D is a 
finite L-structure, E  is from D and D N PROV(Q;Q) (E ) then let E be the expansion of D 
to the LU {Q}-structure got by interpreting Q to contain all a. such that DH0Gr). Then 
EHJ so EH2GT)* By our construction DHpCE) so <F€q(D). If ^6q(D) then DHpC.f) and if 
we take any expansion E of D to a model of Q we will have so EhQCr).
Hence D h  PROV(Q;Q) (r). Any finite L-structure D has an expansion to the model of Q 
got by interpreting Q as 0 on D and if any two expansions of D are both models of Q then 
Q w ill be interpreted as 0  on D in both.
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If finite implicit definability was the same as (not necessarily finite) implicit 
definability then the first order queries would be the only fid queries (using Beth’s 
theorem). However, we shall see in the next section that there are more fid queries.

The other concept which we w ill see is relevant here is the idea of a theory having 
minimal models. We shall look at those provability queries PROV(P*,P) such that P has 
minimal models with respect to their interpretations of P. In chapter two we considered 
theories with minimal expansions with respect to all of their relation symbols. If L is a 
signature and p an n-ary L-query then we say that p is minimisable if  and only if there is 
a signature S disjoint from L, an n-ary relation symbol P in S and an L U S-theory P such 
that

1) PROV(P;P)-P and
2) for every finite L-structure D, there is an expansion E of D to a model of P such 

that P is interpreted as p(D) in E.
Since p -  PROV(P;P) in this case, any expansion of D to a model of P w ill include those 
tuples in p(D) in its interpretation of P. Thus E is a minimal model with respect to the 
interpretation of P under the set inclusion ordering on extensions of relations.

It is well known that Hom-clause theories have minimal models (minimal on all 
interpretations simultaneously) so all DATALOG queries are minimisable. We have 
generalised this result to DEF queries in chapter two. In the next section we will go 
further. For now let us relate our three properties.

LEMMA 7.4

The following are equivalent :
1) p is easily collapsible
2) p and -<p are minimisable
3) p is fid.
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proof:

part one (easily collapsible implies minimisable and negation minimisablc)

Suppose that the n-ary L-query p is easily collapsible. So there are P, P\ P and P* 
such that p -  PROV(P;P) and (P,F) is (PPO-nestable. Let D be any finite L-structure.

If r -  PROV( {Vr(P(r)A-*POr)-*P)} ; R ) then r is the always false O-ary LU{P}- 
query. Since (P,P0 is (P.PO-nestable and the always false O-ary L-query q can be 
expressed as r in terms of p then q -  PROV( PUP*UR*; R ) where R' is 
{Vr(P(r)AP'(xO-*P)} .

q is the always false query so we do not have D h PROV(PUP*UR,;R). Hence, there 
exists an expansion E of D to a model of PUP'UR' such that E is not a model of R.

It is not hard to show that the interpretation of P in E is p(D).

If a  €p(D) then D h PROV(P;P) Gr). EHP so ENP(<r).

If EhPGr), since EHVr(P(r)AP'(;r)-*P) but E is not a model of R then E is not a 
model of P*Gr). EHP' so we do not have D h PROVCPjPO (<r). Thus a  is not in -p(D) so a  
is in p(D).

Thus p is minimisable. Since (P,P’) being (PP’)-nestable implies that ->p -  
PROVCP'^) we can similarly show that -p is minimisable too.

end of proof of part one

part two (minimisable and negation minimisable implies fid)

Suppose that p -  PROV(P;P), -<p -  PROV(P';P0 and that any finite L-structure can 
be expanded both to a model of P minimal in its interpretation of P and to a model of P’
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m inim al in  its interpretation of P*. Without loss of generality we may suppose that P and 
P* share no symbols in common apart from those in L.

Let Q -  PUP'U { VrCP(r)*—♦ -P'CxO)}. We will show that Q fids p as P.

First we show that each finite L-structure D has an expansion to a model of Q. We 
know that we can expand D to a model E of P on which P is interpreted as p(D) and that 
we can expand it to a model F of P' on which P* is interpreted as -*p(D).

We combine E and F to get an expansion G of D as follows. The symbols from P 
which are not in L are interpreted in G as they are in E while the symbols from P' which 
are not in L are interpreted in G as they are in F. Thus G is a model of PUP*. It is easy to 
see that G is a model of VrCPCxO*—>-*f>'(xO) because P on G is p(D) and P* is -«p(D). So 
GHQ.

Now we can show that PROV(Q^P) -  p. If <r€p(D) and EHQ is an expansion of D 
then EHP and D h PROV(P;P) Gr) so EHPGr). Conversely, if ff^p(D) then a € ->p(D) so, if 
G is the expansion of D to a model of Q as above, then GhP’Gr). Thus G is not a model of 
P(<r) so it is not so that D PROV(Q;P) Gr)

Finally we show that expansions of a finite L-structure D to models E and F of Q 
agree on their interpretations for P. If EHPGr) then E is not a model of Pt<r). Thus we do 
not have D f* PROVCP* ’̂) Gr). So ff -̂<p(D) and hence a^p(D). So D N PROV(P;P) (tr) 
and we have FHP(<r) as required.

end of part two of proof

part three (fid implies easily collapsible)

Suppose that n-ary p is fid - say , Q fids p as P. Thus PROV(Qd>) -  p. Let Q' be 
QU{Vr(-PCr)«—► -'F'(r)}. We will show that (Q,Q') is (P.PO-nestable.
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First, we must show that PROVCQ'jP*) -  p. Let D be any finite L-structure and a  

from D.

If D h  PROVCQ'^) Gr) then we can find an expansion E of D which is a model of Q. 
We expand E to F by defining P* to be the complement of P. So F is a model of Q' 
expanding D and hence FV-Ptd"). Thus, FH-<P(<r), we can not have D h PROV(Q*,P) Gr) , 
8  ̂ p(D), and so a€-«p(D) as required.

Conversely, if ffC^pCD) then we do not have D h  PROV(Q;P) Gr) , so there is an 
expansion E of D to a model of Q such that E is not a model of PGr). Now suppose that G 
is any expansion of D to a model of Q\ Then G is an expansion of D to a model of Q so G 
and E agree on P. Hence G is not a model of PGr) but since it is a model of 
VrCP(jr)«——F'Gr)) we have GhPtcr). So D h PROVCQ'^) Gr) .

Now suppose that R is an implicational theory and that q can be expressed as 
PROV(R;R) in terms of p. We w ill show that q -  PROVC Q U Q1 U R'; R). Suppose that we 
have a finite L-structure D and a  from D.

First we show that ff€q(D) implies that D H PROV(Q U Q’ U R’;R) (<r) . If a  €q(D) 
then we take any expansion G of D to a model of Q U Q' U R' and, since 
Gf=Vr(.P(;r)<— —*P'Cr)) we will have GHR.

Now if F is the reduct of G to LU{P} we find that the interpretation of P in F is 
p(D). For if FhPGr) then GNPGr) so G is not a model of Ptc"), we do not have 
D h PROVCO'd )̂ i c )  , c^-.p(D) and so c €p(D). On the other hand, if c€p(D) then 
D H PROVCQd3) (<t) , GhP(<r) and so FHP(<r).

Since q can be expressed as PROV(R;R) in terms of p, q on D and PROV(R;R) on F 
have the same answers. Thus D h PROV(R;R) Gr) . But G is an expansion of D to a 
model of R so GHR(<r). This goes for any such expansion G so D h PROV(Q U Q’U R'd̂ )
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Gr).

Next we show that if D h  PROV(QUQ'UR';R) Gr) then <T6q(D). Suppose that 
D \r PROV(QUQ'UR';R) Gr). Since Q fids p as P there is an expansion H of D to a model 
of Q.

We note that the interpretation of P in H is p(D). If ff €p(D) then D h PROV(Q;P) 

Gr) so HHPGr). If HhP(<r) then, since all expansions of D to models of Q agree on their 
interpretations for P , D H PROV(Q*J?) Gr) and so s €p(D).

Now let F be the expansion of D to an LU{P}-structure got by interpreting P as 
p(D). If G is any expansion of F to a model of R then we form a structure I from the 
signature containing L, {PJ**}, all the relation symbols Q and all those from R. The

i

interpretations for symbols from L are as on D, for P as on F (and H), for P* the 
complement of P, for the others from Q as on H and others from R as on G.

It is clear then, that I is a model of QUQ'UR' so D-RGt). But R has interpretation in 
I as in G so GhR(<r). This proves that D h  PROV(R;R) Gr) . Now, since q can be defined 
as PROV(R;R) in terms of p we have 3  6 q(D) as required.

This shows that (Q,Q‘) is (P,P’)-nestable.

QiLD.

7.5 Polynomial Time Computable Queries

We are now able to prove a result which shows that nesting of queries is not such a 
useful technique. If a query is computable in a reasonable amount of time we w ill show 
that there is no point nesting on it.
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First let us recall some properties of DEF.

LEMMA 7.5

p € DEF(L) implies that p is minimisable

proof:

Suppose that p -  PROV(P;P) where P is a definite (L,S)-theory. Lemma 2.6 showed 
that P is minimisable - Le. for each D there is an expansion of D to a model of P which is 
minimal with respect to each of the symbols in S. In particular it is for P.

QJLD. (lemma 7.5)

LEMMA 7.6

DEF queries are easily collapsible

proof:

We have just proved that DE F queries are minimisable. Using our result showing 
the equivalence of D E F  and FO+LFP and the fact that FO+LFP is closed under negations 
we can also deduce that the negations of DE F queries are also minimisable. By lemma 7.4 
of the last section any D E F  query is thus easily collapsible.

end of proof

The following theorem from [Imm82] shows that on totally ordered structures, 
polynomial time computable queries are precisely the FO+LFP queries with one level of 
nesting (which we know means all the FO+LFP queries).
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THEOREM 7.7

If L is a signature, ^  a 2-ary relation symbol not in L and q an LU {^ }-query then 
q is computable in polynomial time on all L U {^ }-structures totally ordered by ^  
if and only if
there is a formula <£Cr) -  <f> from FO(LU{P}U{^}) and a tuple tc of variable symbols 
such that q and L F P ^ a g r e e  on all finite L-structures with ^  interpreted as a total 
order.

Using this theorem we can generalise the last lemma.

LEMMA 7.8

p is polynomial time computable implies that p is minimisable

proof:

Suppose that L is a signature, p is an n-ary L-query and that p is polynomial time 
computable.

We choose a 2-ary relation symbol ^ not in L and define an n-ary LU{^}-query q 
by q(G) =» p( GIL ) on all finite LU ^-structures G. Thus q is polynomial time computable 
on all LU ^-structures so it is polynomial time computable on all LU ^-structures which 
are totally ordered by

By Immerman's result q is equivalent to a FO+LFP(LU query on those structures 
and by our theorem 3.19 this in turn is equivalent (on all structures) to a DEF query. 
Suppose that PROV(P;Q) is one such DEF query.

Now let TO< be the following theory which says that ^ is a total order.
TO^ -  { VryGc ^yVy
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Vt(x <x),
Vcy(x <yAy < x -» x -y ),
V5cyx(x <yAy < 2 ->x < x ) }.

We put Q equal to T O < UP.

We show that p is minimisablc by showing that 1) PROV(Q;Q) -  p and 2) that every 
finite L-structure D can be expanded to a model of Q on which Q is interpreted as p(D).

1.1) D h  PROV«$Q) Gr) implies ff€p(D)

If D h  PROV(Q;Q) Gr) then let the LU ^-structure G be got from D by totally 
ordering its domain in some way. If H is any expansion of G to a model of P then H is an 
expansion of D to a model of Q so H)-QGr). Thus G h PROVCl^Q) Gr) and since 
PROV(P;Q) and q are equivalent on totally ordered structures such as D we have ff€q(G). 
But by definition of q we have ff€p(D) as required.

1.2) <T6p(D) implies D h  PROVCQ.'Q) Or)

Suppose that ff6p(D). If H is any expansion of D to a model of Q we put G =■ 
HILU ^ so that G is totally ordered by But q(G) -  p(D) so <rGq(G).
Thus G h PROV(P;Q) Gr) and since H is an expansion of G to a model of P we have 
HKXdO. Thus D h PROV(Q;Q) Gr) as required.

2) Every finite L-structure D can be expanded to HJ=Q such that Q is interpreted as 
p(D) on H.

We expand D to an LU ^-structure G by totally ordering its domain in some way.

Since P is a definite theory, PROV(P;Q) is minimisable so that G can be expanded to a 
model H of P such that Q is interpreted to contain exactly those <r such that 
G K PROV(P.-Q) Gr) .
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As G is totally ordered H is a model of Q. We need only show that Q is interpreted 
as p(D) on H.

If HHQ(<r) then D h PROVCP.’Q) Gt) so a  €q(G) and so ff€p(D).

If a  €p(D) then D h PROV(Q;Q) (<r) so any I which is a model of P expanding G is 
also a model of Q expanding D and so satisfies Q(<r). Hence D h PROV(P,*Q) Gr) so 
HHq(<r).

This completes the proof of the theorem.

CDROLLARY 7.9

polynomial time computable implies easily collapsible

proof:

This follows easily from lemma 7.4 since negations of polynomial time computable 
queries are too.

Q.ED. (corollary 7.9)

So there really is no point in nesting provability queries unless you are using very 
time consuming ones.

We may have reached the desired converse of result 7.3 but it will have to wait 
until it is shown whether NP H co-NP is just the polynomial time computable queries or 
not before we know for certain.
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Chapter 8
Improved Logic Programming

We have demonstrated a very close relationship between the results of answering 
queries using logic programming and of expressing queries in the logic language DEF. On a 
more general level we have related logic programming to certain logic theories using the 
synthesis construction. In the context of supposedly declarative programming languages 
it seems desirable if we could carry these relationships a step further and see if we can use 
the mechanics of logic programming directly on the logical theories to produce a truly 
declarative logic programming language. In this chapter, we do just this and introduce an 
idea for a logic programming language extended to handle universal quantifications and 
inequalities but free from the non-declarative features of NAF. However, we w ill only 
present the language in a preliminary function-free version.

8.1 QUILOG

In this section we will specify what we want from a declarative programming 
language powerful enough to be a rival to LP with NAF. From our results relating NAF 
programs to their syntheses, we know that we must add inequalities and universal 
quantifications to the repertoire of logic programming. We define a language QUILOG - 
Quantifications (including Universal) and Inequalities in LOGic programming. It will be 
designed to be declarative, to be based on the usual query evaluation process for logic

Pprogramming and to be able to handle programs reresenting the syntheses of NAF
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programs. This last requirement w ill ensure that QUILOG can answer all the problems 
that LP with NAF does.

We will have a program as a list of clauses as usual but now the clauses can have 
more in their bodies. We w ill call the formulas listed in the bodies of the clauses, 
c o n  j u n c t s .

If L is a signature and C a finite set of constant symbols then a QUILOG p r o g r a m  

from LUC is a finite sequence of QUILOG clauses. A QUILOG clause is a string of the 
form R(ir) +- A u • • • ^  where each A, is either

1) SO) for k-ary S from L and V  a k-tuple of C-terms,
2) v for v and w  C-terms or
3) Vy SO) for S k-ary from L and v  a k-tuple of C-terms.

In order to spare us from being too declarative and having to list that each of the 
constant symbols is different from each of the others, we shall suppose that the semantics 
of the language takes care of those sentences. We say that PROG represen ts  [PROG] 
U IN E & C )
where IN E & C )  -  { a ^ b  I a,b different elements of C },
[PROG] =* { [c] l c is a clause from PROG }
and for each clause c, R(ir) * - A it • • • ,A?, from PROG with variables X in some order, 
[c] is VrCA/.iA,-*£(ir)).

It is clear what we want from the query evaluation process. If R is from L and a  a 
tuple of constant symbols from C and variable symbols then, as before, we call R(ir) a 
positive literal. The substitution 9 of the variables x in a  is a correct answer to R(ir) 
asked of PROG if and only if [PROG] K JIN E Q Q  I- Vr R(zr0). The correct answer is "no" 
if and only if it can not be deduced that lx  R(tr) from [PROG] U IN E & C ) . If there are no 
variables in a  and the empty substitution is a correct answer then so is "yes".
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Before going on to develop such a process in the next section, let us look at an 
example. From the program 

populaKy) ♦ - Vt likes(x,y) 
likes( Mary , Mary ) «- 
likes( John , Mary ) *- 
likes( x , Mary ) ♦ - x 5* Mary , x^John

we want populaKMary) to succeed. If the third line was not there then we would want it 
to fa il

8.2 The Query Evaluation Process

Now let us develop a query evaluation process for QUILOG. As usual we w ill have 
goals, selection rules and most general unifiers.

A QUILOG goal is a string of the form * -A v • • • ^  where each A, is of the form 
SCv), or Vy SC?"). Each A t, whether a literal , an inequality or a universal
quantification is called a con junct of the goal.

A selection ruLe is a map which picks one conjunct from each non-empty goal.

If G is a QUILOG goal then a substitution of its free variables is called a substitution 
of it or of its variables. If 0 is a substitution of the free variables in a conjunct L (plus 
maybe others) then L0 is a predetermined such that
1) it is L0 as usual if L is an inequality or a literal, and
2) if L is a universal quantification, say \>y.S(ir) then there is a variable symbol z which is 
not in the range of 0 such that if x  are the variables other than y in a  then L0 is V 
z [S (a )  (x \x0 ,y \z) l
If 0 is a substitution of G -  *~LX, • • • JLP, then G0 is «-L10, • • • JLp9. For example, 0
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We w ill only need to talk about mgus of literals (not other types of conjuncts) from 
QUILOG goals and heads from clauses. This idea is the straight forward generalisation of 
the concept from the pure logic programming case.

Now, if a literal is selected then we know what to do - we proceed as in SLD- 
resolution. Let us consider first what to do if, instead, an inequality is selected.

If a ^ a  is selected then clearly we want the goal to faiL

If a ^ b  is selected for different a and b then the conjunct follows from [PROG] U 
INEQ(C), so we can get a new goal by just removing this literal

Because a non-ground x ^ a  or x ^ y  can turn into either of the above when we 
ground more variables as we move down the path, it is best if we leave such inequalities 
until they are ground. However, this leaves us with the possibility of ending up with a 
goal full of non-ground inequalities. Suppose that we started with the goal G, ended up 
with a list d of non-ground inequalities and went through a list of unifiers composing to 0. 
In the next section, we will see that the QUILOG process, which we define, will, in this 
case, guarantee that \ ( J \ d  - * A G 9 )  is provable from [PROG] UENEQ(C). As we will see, 
this is a useful thing to know when we come to have to deal with universal 
quantifications. We stop the process under these conditions and say that d implies G 9 .

If d implies G0 and a term t p±t appears in d then Ad can never be true so the result 
is not much use. A different problem arises if there is a variable symbol in d which is not 
in GO. Suppose, for example, that xp±a implies R(y)0 when 0 takes y to a. So we know 
that \/x  (x  p*a— R (a )). If there is another constant other than a appearing in the program 
then we would know that R(a) follows from PROG U INEQ(C). Otherwise, if a is the

taking x to x l and y to y l  is a substitution of G -  * - \ / y S ( x , y Gy) and GO might be *-V
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only constant in PROG then we would have to know whether C contains other constants 
to know whether this is a valid deduction or not. In fact, the author is confident that 
such questions need never be asked when asking, in QUILOG, about deductions from the 
program representing the synthesis of a NAF program (this confidence is summed up in 
Conjecture ^.2 in the next section). We w ill let QUILOG flounder in such circumstances - 
ijt. when variables appear in d which are not in GO - and take this as an indeterminate 
answer - a don’t know.

If d implies S(ir)0 and d contains neither a conjunct of the form nor any 
variables not in tz9, then we say that SGr) succeeds with substitution 9 under conditions 
d.

The important aspect of the query evaluation process is its method of handling 
universal quantifications. Suppose that we have selected V ySitr) from the last goal . We 
leave this path for the moment and start another one for Site). The definition of the 
results of the process will thus have to be done inductively at different levels as in the 
NAF case. If S it t)  finitely fails then we fail our original goal, if it loops then our goal is 
equally indeterminate but if Si.tr) succeeds then we have several possibilities. Let us 
suppose that S itt)  succeeds with substitution 0 under conditions d.

First let us just get clear what we want from the process. If the path so far is 
(Gq, ' * ■ ,G*) with (00, • • • , 0 * then, as in the pure logic programming case we would 
like to have ensured that W\G*-»AGo0o ' ‘ * 0*-i) follows from [PROG] U INEQ(C). If 
we choose a new goal G*.x and a new substitution 0* such that \ 0 \ G k. l -+ /\G k9k) follows 
then we would have the desired result that \ ( J \G k. l -* A G o0o • • • 9k) follows.

If Gk is *~LX, • • • X , and L } is VySitr) then, in the usual logic programming style, 
we want to replace L } from Gk by a list C of other literals, and find a substitution 0* so 
that the new goal G*  ̂ which is * -L x9kt • • • ,L }_x9k,C *L j .x9k, • • • »Lp9k, satisfies the
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rendition above. This w ill happen if we make sure that V J \C  ->\/yS(tr)6k ) (is true in any 
model of [PROG] U INEQ(C)).

A little bit of work might need to be done here. If, by considering $(ir), we find a 
substitution <f> of the variables in a  such that W \C  -+\#S(tr)0), we w ill have to generalise 
it to a substitution 0* of all the variables in Gk. As usual we want to gain maximum 
benefit by using the most general such generalisation. If 0 is a substitution of G, <f> a 
substitution of some of the variables in G then 0 is an m gg (m ost general generalisation  ) 
of 0  to G if and only if
1) <f> is the restriction of 0 to its domain and
2) if <f> is the restriction of substitution 0' to its domain then there is a substitution a  of 
G0 such that G0a -  G0'.
Its not too hard to show that such a substitution exists. We suppose that there is one 
predetermined mgg called the mgg.

Now let us return to the situation in which, in order to handle the selection of 
VyS(*r) we have gone away and found that SGr) succeeds with substitution 0 under 
conditions d. So we have ensured that \ ( j \ d  - * S ( c r ) 9 ).

If y does not appear in a  then we also know that \ ( J \ d  - * \ / y S ( c r ) Q ) and we can put C 
= d and 0* as the mgg of 0 to G* to get our next goal.

Now suppose that y does appear in ff.

If y0 is a constant then we have not learnt much about VyS(tr). For example, we 
might be interested in VyS(x,y) and find that S(x,y) succeeds with y being taken to a. 
Thus we know that S( x , a ) is true. If we were to find that VSGc.y) is true then it means 
that we must also be able to show that \ / y ( y ^ a  - * S ( x , y ) ) . This is the crucial 
observation regarding the qep of QUILOG. When trying to prove V y S ( x , y), we ignore 
discoveries such as that of S(x , a) being true and only come back to them if we find that
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S(x*y) succeeds under some condition making y different from a constant. In the general 
process we ignore the result that 5 (c) succeeds if yd is a constant and ask for an 
alternative path for 5(c).

For similar reasons we ignore the result if yd is equal to xd for a different variable 
symbol x from c.

So suppose that we find a result in which yd is nether a constant nor equal to xd for 
another x. To continue our path we first divide d up into two sets of conditions - those 
relating yd and those not. It is easiest to look at an example now, define the generalised 
process below and then, in the next section, give a formal proof of the sensibility of its 
behaviour.

Suppose that \/yS (x  ,y) is the selected conjunct and that S(x,y) succeeds under d 
taking x to x and y to y , under conditions x ^ a ,y  p^x,y Thus we know that
V xy(x  r* a A y  ̂ x  Ay -»5(x ,y)).
In fact, if e does not equal a and S ( e , e ) and S( e , c ) are true then we w ill know that 
\/yS (e , y ) is true. This allows us to have the next goal in the path got by replacing 
YyS(x , y)by x ^ a  ,S( x , x ) , S ( x , c ) .

Now let us see how such an example can be generalised.

If G and H are goals, d a substitution of the variables in G and m a non-negative 
integer then we say that H is got from G via Q at level m if and only if
1) G is Z/lf • • • JLf \
2) L j  is selected from G;
3) either

3a) L j  is a ^ b  for two different constant symbols a and b, and H is G without L; 
and d is the identity
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3b) Lj is atomic, there is a clause M *~Alt • • • ^4, such that M unifies with L } with 
mgus 9 , <f> of L j  from G and M from the clause and H is
^~Lfif * * • t L j . i O y A j ^ i 9 t * • • ,LpBt or

3c) L j is S(ir) and 
3cl) m >0,
3c2) S(ir) succeeds at level m-1 with substitution <f> under conditions d t 
3c3) (as defined below) with S(ir) succeeding with <f> under d at level m-1 

to show [\#$Gr)]0, it remains to show SQrfaX  • • • JS(ff<f>k) 
and conditions e ,

3c4) 9 is the mgg of <f> to G and
3c5) H is «- ( L f i )  , -  , ( L j .f i  X e , SOr^) . -  , SCir&) , <JLh f i )  , -  , (L ,0 ) .

W ith  S(ir) succeeding with <f> under d at level m-1, to show  [ W/S(tr)]cf> it  rem ains 

to show SQrfaX  • • • JS(tr<f>k) and conditions e, if and only if
1) y does not appear in tt or , if it does , then y9 is not a constant and is not equal to 

x0 for any other variable symbol x from a;
2) e is a list of inequalities containing exactly those w ^ t  from d  such that neither w 

nor t are yB; and
3) <f>u • • • 4>k are exactly those substitutions <£, for which there is either

3a) a constant c such that y B ^ c  or c ^ y B  appears in d and <f>t acts as 0  on the 
other variables in tz but maps y to c or

3b) a variable x ^ y  from tt such that xBp^yB or y B ^ x B  appears in d and <j>, acts as 
</> on the other variables in a  but maps y to x<f>.

We say that d  i m p l i e s  G under B at level m if and only if there is a sequence 
Go* • • * ,Gk of goals and a sequence 0Q, • ■ • of substitutions such that

l) G0 ■  G,
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2) Gk is empty or is all inequalities and Gk ~ d ,

3)

4) for each i -  0 -  k-1, is got from Gt via 0, at level m.

G succeeds at level m with substitution 9 under conditions d  if and only if
1) d  implies G under 9 at level m,
2) there is no term t such that t ^ t  appears in d t
3) there is no variable appearing in d  but not in G0.

G can flounder at level m if and only if 
there is d  and 9 such that

1) d  implies G under 0 at level m,
2) there is no term t such that t ^ t  is in d
3) there is a variable in d  which is not in G0

G c a n  b e  e x t e n d e d  at level m if and only if there is H and 0 such that H is got from 
G via 0 at level m.

G c a n  f l o u n d e r  i m m e d i a t e l y  at level m if and only if
1) L is selected from G
2) L is VyS(flr)
3) m > 0
4) S6r) can flounder at level m-1.

G f a i l s  i m m e d i a t e l y  at level m if and only if
1) L is selected f rom G
2) either
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2.1) L is t  for some term t,
2.2) L is atomic and does not unify with any clause’s head
2 3 )  L is YySGr), m > 0  and S(ir) either finitely fails at level m-1 or if it 

succeeds with substitution 0 under conditions d  at level m-1 then y0 is a constant or is 
equal to x0 for another symbol x from a.

G fin ite ly  f a i l s  at level m if and only if there is a closed bounded set G of 
unsuccessful m-paths for G which includes G itself.

An m -path  for G is a sequence G& ■ ■ • ,Gk of goals and a sequence 0* • • • ,0* -i of 
substitutions such that G„ is G and each G<+1 is got from G, via 9t at level m.

A path Go^Gk with 0* • • • ,0*.! is su ccessfu l if and only if G* is empty or all 
inequalities and contains no variables x which do not appear in GO0O • • • 0*.1#

G is closed  if and only if if G* • • • ,G* with 0q, • • • ,0*  ̂ is a path in G then either
1) the path is successful
2) Gk fails immediately at level m, or
3) if there is a goal Gt>1 and a substitution 0* of the variables in G* such that G*., is 

got from Gk via 0* at level m then the extended path is in G.

G is bounded if and only if there is a bound on the lengths of paths in G.

EXAMPLE:

It is easy to see that likes(x,y) succeeds at level 0 from the program
populaKy) ♦ - Vt likes(x,y)
likes(Mary, Mary ) «-
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likesC John , Mary ) «-

likesC x , Mary ) ♦ - x ^ M a r y  , x ^ J o h n .
with a substitution 9 taking x to x and y  to Mary under conditions x j* M a ry  , x John.

If we are trying to show Vk likesCx,y) then it remains to show x -* Mary and x -*• 

John under no conditions. This can be done as xO -  x is not a constant nor equal to yQ i.e. 

Mary.

Thus «- likesC Mary , Mary ) , likesC John , Mary ) can be got from 

Vk likesC x , y ) using 9 at level 1.

So popularC Mary ) eventually succeeds.

From the following shorter program popular ( Mary ) finitely fails.

populaKy) «- Vk likes(x,y)

likes(Mary, Mary ) ♦ -

likesC x , Mary ) *- x  ^ M a r y  , x  ̂  J o h n .

This can be seen because we have a closed bounded set of unsuccessful 1-paths for 

popular(y) - namely all the sub-paths of the following element.

•- populaK y )

«- V  x likes(x,y)

«- likesC Mary , Mary ) , likes ( John , Mary )

*- likesC John , Mary )

We can not continue *- V  x likes C x , y ) in any other way, in particular we can not use 

the fact that likes ( x ,y ) succeeds with substitution 9 taking x to Mary and y to Mary 

because x0 is a constant.
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8.3 Soundness of the QEP

In this section we w ill establish the easiest result about the QEP. We w ill also give 

two conjectures about other results which together would make the new language 

something worth considering.

First a soundness result.

THEOREM 8.1

If R(ir) succeeds with substitution X then [PROG] U 7iV£&C>-VR(irx).

Before giving a proof of this result let us look at two other results which would 

establish QUILOG as a useful alternative to LP with NAF and which the author believes 

are true.

CONJECTURE 8.2

If R(ir) finitely fails from PROG then IR(ir) is not a valid deduction from [PROG] U 

INEQ(C).

and

CONJECTURE 8.3

IF NAFPROG is a logic program with NAF and no function symbols then there is a 

QUILOG program PROG (constructed easily from SYNTH(NAFPROG)) such that if R(ir) 

succeeds under x  from NAFPROG then R(tr) succeeds under x  from PROG and if R(tr) 

finitely fails from NAFPROG then it finitely fails from PROG.
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Now let us prove the soundness result.

proof:

Suppose that M is a model of [PROG] U I N E & C ) . We show by induction on m that 

if  d  implies G under 0 at level m then M is a model of V r ( A d - * A G 9 ) .  Since the empty 

list of conditions implies R(tr) under X at some level m then M HVr(R (c^)) as required.

Suppose that 0  is an M-substitution of x  such that M h /\d<f>. We must show that M 

is a model of A GQ<j>.

There is a sequence Go, • • • ,Gk of goals and 0* • • • ,0*.! of substitutions such that

G 0 is G, 0 is 0O • • • 0*.j, G k is d  and each G ltl is got from G t via 0, at level m. We show

that for each i, M HAG,0, • • • 9k.x<f>. This is true for i-k  and we now work back to i-0

which w ill give us our result.

Suppose that M is a model of A G ul0M • • • 0 * . that Gj is * - L x, ••*,£,, and that 

L j  is selected. There are three cases.

case 1 L j  is an inequality.

Suppose that L } is a ^ b ,  G ,.x is i~ L v  • • • £ ,  }. u • • • £ ,p and 0, is the identity.

We know that M is a model of A G N10ul • • • 0*.1<£, so if r ^  j  then M is a model of 

L r0,0f+1 • • • If r-j then, since M b l N E & O  , we have M h a ^ b 9 t • • • 0*.̂ , giving

us M KAGJ0, • • • 0*.^ as required.

case 2 L j  is a. literal.

Suppose that L } is R(ir), that R(ir) from G, unifies with the head A  from clause A 

* - A lt • • • ^  with mgus 9, , \Jj . Thus G ,.x is

* - L x9 ly • • • JL j.x9 ltA x\l), • • • ,A jxf/JLj.fit, • • • J jp 9,. So, by our inductive hypothesis, M 

is a model for (1^0, A  ■ • • A L  }.x9tA A x\liA  • • • A A ^ ^ A L M 0tA  * • • A L p9 t)6 lyl ■ • • 0,^.
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Since M is a model of L f0, • • • 0k.x<j> for each s different from j, to show that M is a 

model of AG,0, • * * 0*.^ we need only show that it is a model of L f i t • • • 9k_x<j>. 

However L f i t equals A\fr so we are done when we show that M is a model of 

* * * 9 k . x < f> .

Now M is a model of [PROG] so it is a model of \ ( J \ f mlA i -> A ) . We also know that it

is a model of A]LiA ^ i«i ’ ' ‘ Hence we have M KAi/r0J+1 • • • 9k.x<f> as required.

case 3 -  L j  is  universal.

Suppose that L } is \fySGr). So m>0, S(ir) succeeds at level m-1 with substitution 7) 
under conditions /, w ith SGr) succeeding with T) under /, to show [\*ysGzO] 7} it remains 

to show e  and SGr^ ) , -  , S Gr#,), 0, is an mgg of T) to G, and G<+1 is

- C M ,) , • • • .C L ^ W G r ^ ) , • • • jS Q rfa X tL  ■ * • ,CL,0<)-

By our inductive hypothesis on i, M is a model of L r 9t9^ x • • • 0*̂ 0 for each r 

different from j. We must show that M is a model for L j 9 t • • • 9k.x<j>. We also know 

that M is a model of (J \e )Q ti.x • • • 9k_x<f> and of each S(ir) 0r01+1 * • • 9k.x<f>.

By our inductive hypothesis on m, M is a model of V z z iA  /-► .SGz't})) where z is yr \ 

and z  are the distinct variables in (Z7) apart from z. We know that there are not any other 

variables in /, that yr) is in fact a variable and that it, z, is not equal to xt} for any x 

different from y in a .

Suppose that L,0, • • ■ 0*.! is VVvfSGrXxAx©, * • • 0*-i,y\w)]. So X are the variables 

in a  apart from y and w does not appear in x 6 , • • • 0*̂ . To show that M is a model of 

L }9 t • • • 9k.x<f>, we must show that, for each element c of M, M 

KSGrXx"\x0< • • • 9k.x<f>,y\c). So suppose that c is an element of M.

We define an M-substitution e of z , Z as follows. Put ze ** c. If z h= x grf, put 

zA€-Xg0, • • • 9k.x<f>. We must check that this is well-defined. If z k- x g7} - x g.r), then, since

-  237 -



0, is an mgg of 77, x t Ot- x f  Qt, so x t 9 t • • • 0Jk.1̂ -xr 0, • ■ • 0*.i0. Thus € is well-defined and 

clearly ff(x\x0, • • • 0*.1<£,y\c)-<n?€.

There are two cases.

case 2a - M is a model of A  f t ) .

Then M is a model of S(ir) 7)€ as required.

case 2b - M is not a model of A  /€.

Let us suppose that M is not a model of w ^r e. There are three cases.

case 2bl - neither w  nor t are z.

In this case is in e . But M is a model of A«0J+| • • • 0*^0 so M is actually a 

model of w e. This case does not arise.

case 2b2 - one, say w, is z and t is the constant a.

Since M is not a model of e it is a model of z=*a e. So a=c (only the same

constant symbols have the same interpretation in M). Now we know that one of the 0,

takes y to c because one inequality , w ^ t ,  in /  is y r i ^ c .  M is a model of SGr0,) 

0<4.i • • • 0*.!0 but this is just S(tr) (r\x0, • • • Bk.l<f>,y\c).

case 2b3 - one, say w, is z and t is *77.

So M is a model of y7)€-x7)e. Thus x 9 t • • • is c. But we know that there is a

0t taking y to x0, such that M is a model of SOT0,) 0,+l • • • 0*̂ 0. Thus M is a model of

SGr) (r\X0, • • • 0*.i0,y\c) as required.

QJLD.
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Chapter 9

Conclusions

In this concluding chapter, we restate the objective of this thesis and its motivation, 

assess how successful the thesis was in attaining this objective, point out some of the 

interesting and useful by-products of our research and mention some related open 

problems.

9.1 Review of aims and m otivation

We set out to try and find a nice way of extending Datalog to take account of the 

technology of NAF and to use whatever progress we made on that task to help us assess 

the expressive power of the LPNAF implementation. Let us just recall why we did this.

We saw that there are two schools of database research - the deductive database and 

the conventional database schools. One idea which incorporates aspects of both schools ls 

the Datalog language and its implementation using pure logic programming. However, we 

saw that Datalog was not adequate to express some queries that fixed point languages can 

handle and we know that logic programmers feel the need to use negation as failure to 

improve the power of pure logic programming. There is clearly the need for an 

improvement on Datalog.

The use of negation as failure is, as we saw in chapter one, fraught with problems. 

The only satisfactory account of its behaviour is the definition of its query evaluation
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process and the technical non-intuitive nature of this does not lend it w ell to the task of 

explaining the behaviour of logic programs in non-logic-programming terms.

It would be good if  we could extend Datalog to a nice query language which clearly 

represented the technology of NAF. In any case, if that is not possible, there is still the 

technical question of the power of the LPNAF approach to be answered.

9.2 Account o f Results

Let us review the major results which we have established.

In chapter two, we defined a query language DEF which is an extension of Datalog 

and is nice in the sense that its syntax is quite easily specified (essentially just the 

addition of conjuncts containing universal quantifications and inequalities to the bodies of 

Datalog clause) and its semantics are the very intuitive provability semantics (which 

Datalog also uses).

In chapter three, we were eventually able to prove that DEF is equally as expressible 

as the most popular fixed point language, FO+LFP, which appears , for example, in 

[Gur84].

In chapter six, using the results of chapters four and five, we have specified a 

particular implementation, LPNAF , of the general idea of putting impure logic programs 

after descriptions of queried structures and shown that it is an implementation of exactly 

the queries in DEF.

There is one reservation to this last result. We have seen that the actual version of 

logic programming with negation as failure - the actual selection rule used - is not 

specified when we say that LPNAF implements each query in DEF. A ll we know is that 

there is such a version. In fact, from what we have shown, it can not be ruled out that
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the selection rule must be changed when we ask the same query of different structures. It 

would be better if  we could define some class of selection rules which can be used to 

completely implement the generated program and better still, if, given any DEF query, we 

could generate a program which could be used with the standard left-first selection rule to 

implement the query in LPNAF.

The other result in chapter six, that any query implemen table in LPNAF is actually 

a DEF query, needs no apologies.

For good measure, in chapter seven, we have show that the only other claim to 

similar results (of which the author is aware) is unfounded.

Finally, in chapter eight, we tackle the problem of the non-declarative nature of 

LPNAF. We suggest that logic programming has the capability of being extended to 

handle the necessary increased expressive power and to, at the same time, still remain 

declarative.

9.3 Further W ork fo r the Database theorist

It is worth pointing out some of the ways in which results from this thesis can be 

used for other purposes. First, let us see what there is for people interested in database 

questions.

One constructive thing that can be done is for the methods of translation between 

the different languages FO+LFP, L F P  and LPNAF to be extracted from the proofs of their 

equivalence. Each of the appropriate proofs is done constructively although this fact was 

not emphasised. This holds for the proof that FO+LFP is not more expressive than L F P  

(despite the fact that it does not look as though it does) because Immerman’s result, w'hich 

is used in the proof, is proven constructively.
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W ith all these transformations readily available, one can find an implementation - 

whether in LPNAF , QUILOG or some recursive technique - for any query expressed 

recursively, as a fixed point, as a logical consequence or as a logic program.

By extracting the transformation out of Immerman's result showing that FO+LFP 

expresses exactly the polynomial time computable queries on an ordered structure we can 

extend the flexibility of our query answering abilities a lot further too.

We looked at the question of complexity of queries in chapter seven. It was made 

clear there that DEF stops short of capturing all the polynomial time computable queries. 

Tm merman considered extending the equivalent language FO+LFP to capture this class. 

Perhaps there is a provability language and method of implementation which gets there. 

However, the interested researcher is recommended to consult [Gur84] first.

To put such implementations to good use, it would be helpful for the researcher to 

know which are good ways of implementing queries and which are not. LPNAF might be 

excellent at finding one correct answer to a query but the user who wants to know them 

all had better use some bottom-up whole relation implementation.

Theres a lot of practical work to be done classifying the uses that query answering 

techniques w ill be put to and assessing the relative merits of the different ways of 

answering them or coming up with better ways. The questions of expressive power, 

covered in this thesis are only the beginning.

9.4 Further W ork fo r the Logic Programmer

While the database researcher is looking at the rest of the thesis the logic 

programmer who is not necessarily interested in database questions w ill be interested in 

chapters four and five of the thesis. If function symbols can be incorporated into the
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results of the these chapters then lots of important results can be proven or almost 

proven.

In chapter four we have shown how to define a maximal selection rule for a given 

program using negation as failure. Shepherdson, in [She84l also defines such a rule. In 

some cases, for example if there is a certain ordering on the atomic propositions of the 

language, it might be easy to predict the behaviour of such a rule. Such predictions w ill 

be useful for making the practice of logic programming easier. A  computer which, when 

using one of those programs, could select the right literal, would get all the answers that 

logic programming is capable of getting. With the results of chapter five, we know a lot 

about these answers.

It looks fairly straight forward for the SYNTH construction of chapter five to be 

generalised to the functional case. The correctness results should follow. In the 

completeness result, the covering condition can be relaxed a lot - it was only made so 

strict because that made the proof easy and it did not need to be less strict to get the 

result in chapter six. However, there might have to be conditions introduced on the 

appearances of function symbols in the program.

Even the proof in this thesis is a significant advance on the unsatisfactory Clark 

results so it should not be hard to get useful results.

The other results of interest to the logic programmer are those concerning QUILOG. 

There is still a lot of work to do on QUILOG - prove that it is correct, that it is complete 

in some cases, generalise it and these results to the function case and actually implement it 

on a computer.

There is another possibility for developing a powerful declarative language which is 

suggested by work in this thesis. By approaching logic programming with negation as 

failure from a fixed point point of view - by generalising the relationship between LPNAF
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and L F P  - we might be able to define a declarative programming language based on 

inductive definitions. When the completeness result of chapter five is generalised to the 

function case, what might be needed is exactly the kind of ordering on atomic propositions 

which an inductive definition involves.

Good luck with these problems.
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Appendix

Technical result 1

If L  is a signature, P is an n-ary symbol not in L, D is an L-structure, 0  -  (p ix )  an 

LU{P}-formula, P appears only positively in 0 and are n-ary relations on D then for 

all a  from D,

DH0(.P\ovr) implies DH0(PVvr). 

proof:

By induction on the construction of L U  {P}-formula 0 we w ill prove the following: 

if  cr^p then

P only positive in 0  implies D H p (P \c r jr )  —> DH0(P\p,<r) and 

P only negative in 0 implies DH-k/KPNoVt) —> Dh-*0(P\p,<r).

If P does not appear in 0, then clearly both implications hold.

If 0 is POr) then P appears only positively and we find that Dh0(P\ovr) => 

fl-(<r)€cr ==> a{<r)€p =*> Dt=0(P\p,<r).

If 0 is Q A x  and P appears only positively in 0 then it appears only positively in 0 

and x • So DH^CPXovr) => DM?(P\ovr) and Dh^PXovr) => DMKP\p,<r) and 

DHx(P\p^r) “ ■ > D K p ( P \p / r ) .  Similarly for 0 equalling 0Vx, 3x0 and Vr0.

If P appears only negatively in such 0 it is equally easy to get the corresponding 

result.

If 0 is -<0 and P appears only positively in 0 then P appears only negatively in 0. So 

DN0(F\o’/r) —> Dt— 0(P\cr,<r) - i> DH->0(P\p,<r) —> V H f £ P \p A l
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If P appears only negatively in -*0 then its equally easy to get the desired result.

Q£D.

Technical result 2

Suppose that L  and P are signatures, for each i«l~jn, <f>t( x t) is an LUP-form ula in 

which each P from P appears only positively, P ^ P U • • • JPm)  is a list of the distinct 

symbols from P which appear in <f>, each P t is /n,-ary, /rr-Onlf • • • ^n,), D is a finite L- 

structure and ¥ \R E L m(D )-* R E L K(D ) is given by a  €[F(/0]| <—> TjHf>tC F \p jr l\ff) , 

then F  is monotone on R E L ^(D).

proof:

Suppose that cT ^ p .  Then for all i, if  a,6[ir(cr)]j then DHf>lU T\U‘tz i\d ) . Using TR1 m 

times we get DH<£,(FNp^Vr). So a  € [ F ( p )]t.

Thus [F (c r ) l  ^  [F(/01 

Q££>.

Technical result 3

Notation as in section 3.5.

For all /rr-ary relations T on D, we define an M+e-ary relation c o d e d ir ) , by 

co d ed  (r) if and only if

there is an i such that 

C l)  D b co d e j(F )

C l )  J ’-Gt .c ) and a  is m t-ary and
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C3) <T€t,.

Then for all i, if  LHf>l(P \c o d e d ( .r ') jr l\ a >) then DH/fjCFNr^Vr).

proof :

By induction on the construction of \ft,.

case 1: no P ks appear in \frr

Then P  does not appear in <f>, which is the same as ^  and we have our result.

case 2 : i/r, « P k(tr).

In this case <f>, -  3zyicodelAixl"Ul)A • • • A(x*-*OAPGt,7).

So if  D H0,CP\ T̂jVr) then there is c  and g  such that D b c o d e lk( y \ g ) ,

D K c ^ ^ / X  • • • ACc^-u^CaOJand D b P ( c tg X P \c o d e d (r)).

So ( c ,g ) € c o d e d  (r). which implies that there is a j such that 

D h c o d e tJ(g ‘'), c  -  ( c T ,c T ), cT  is m,-ary and c T 6 rr  But then }*k as g  can not satisfy 

c o d e ‘k and co d e)  in D for different j and k.

Thus cT«ff(<r) and IX -P lt( tr X P \T jc t\ a \

case 3 : i//( is more complicated.

Its easy to get the result assuming the inductive hypothesis on the maximal proper 

subformulas of

Q.RD.

- 247 -



Technical result 4

Using the notation of section 3.5 and of technical result 3.

For all finite L-structures D, for all J  from D"\ if  Db s { {c D  then 'D h L F T {s'tP lX<D.

proof:

Suppose that x-*.P(r,y) prescribes /  on D.

First of all we show that for any r, /{coded (r)) <coded CF(fO).

So suppose that {cjd)6 /{coded (r)). Then \coded{r)yr\c ,j '/F ). So there is an
i such that Df-x, (F \coded (r)̂ r\c,y\50.

Let us suppose that c-(cT ,cD  with cT  mr ary. By definition of Xi we have 

Dhcocfe/CyXSO and CP \c o d e d  (r)^, \c"D. By technical result 3, we have

DHJr,CP\T,r,Vr) and hence ff€[ir(r)]< from which the result follows.

Now back to the main proof.

We have f(0)  ̂ codedC F(0) ). / 2( 0 K  /(caterfCFGzO)). < coded ( F ( F C 0  ) ) ). 

etc. From this we can deduce that l f ] i  f ) ^ c o d e d { C J ] i F ) \

If DKy,*(cf) then there is S  and b such that D\= L F P ^ { x X < f  • • • / > ) .  Thus

{< /& /> , • • • Jb) is in l f ] i f ) and from what we have just established it is also in 

c o d e d { [ /% F )) .

By definition, there is i such that D H :o d e j{b , • • • Jb) so that i-Z, and d^ X J ~ ^ iF )\ .

Thus Db L F H s  \P { X<D as required.

Q £ X > .

-  248 -



Technical result 5

Notation as in technical result 6.

if DH^r,CF\TfXi\J) then DH£, (P \com bl ( r ,g  J i \<D.

proof:

By induction on the construction of \frt.

Case 1 : <fo contains no P t s.

Then and both conditions are DH^CxiVT).

Case 2 : \p, is f^Cir).

Suppose that DKPkG r \ < D .  Then ffCDer*. and if  we put & -c o d e (g  Ji J. ) then 

DHcode*(50 and (rr(<D,<r,5") € com bi ( t ,g  J i \

Since this latter condition implies DKP(ir(<r),<r,5'X.P \co m bl ( r tg  J i)), we have the 

result that DH£, (P \co m bi ( T g j i ) ^ r ,  \ J ) .

Case 3 : \pt is more complicated.

This is easy using the inductive hypothesis.

QfLD.

Technical result 6

Notation as in section 3.5.

For all finite non-trivial L-structures D, for all J  from D*1, if D r L F P is  'J?t X d l  then

DKy,*(<r).
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proof:

Say s prescribes F  on D , with its lfp  being w . Then 

s t* -  3x„ul • • • x«y(£27PftrAy(x X r,y 0, • • • ,y<>). Suppose tha 

with lfp  cr.

So we know d  €[ir]^. Choose any two different elements g and

Notation. Suppose that b } is the jth bit in the binary representation 

then code( g , h , i ) is the e-tuple (cu • • • ,ct) from D * with c ,-g  if  b }-k 

br i.

If p  an tfr-ary relation on the domain of D, then c o m b l ip t  >g) is the m+logj* + 

relation given by 

( a,cjED € com bi ( p £ , g )  

if  and only if 

there is i such that

1)

2) c  is any ( m-m, )-tuple

3) 5"= code(g , h 4).

Say <J6[JF"(0)]Pj. So ( d tg ,  • • • ,g ,g ,  • • • ,g ) € com bi ( F m (0 )4? ,g ).

Now c o m b l(F (p )g  J tc o m b l (p ,g J i )  as we now show. Suppose

(a ‘,c J T )£ c o m b i( F ( p \g  J i \  Then l)  ff€[F(/j)], and 2) 5=*code(g Ji j i \

But we claim that (p ,g  J i ) x \ z A c , y \ F ) .  First D H :o d e ,(S l

S ^ co de ig J iJL ). Second, DKc^-a^ A ■ * * A(

Third, DHf>t(.com bl(p tg  J i ) j r t\ a )  by TR5 as we know that DN/^Qj^Vr).
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So Dh^combi jc \x A c ,y \fr )  so (<r,cJd) 6 /{combi{p,gJiX).

Back to our main proof. We have ( <7#, • • • g , g ,  • • • g  ) 6com£iCP" (0),g )

< / { c o m b i ( F m K0 )yg J i )  ^ /K c o m b i{ F m~K0 ) g  J i )

^ f*  {combi ( 0 g  J i))
-/B(0)

<o-.

So ( • • • >g ) €o\ So

Q.KD.

Technical result 7

Notation as in section 3.5.

For all finite L-structures D, if  s prescribes G on D and <7 €[G(0)]Pj then Dkr^tT). 

proof:

Suppose that <7€[G(0)]P/. So DN/r,(P\0fr J\<7).

Since 0 = c o d e d {0 \  TR3 implies that Df“#,(P\0,jr,V7).

Now choose any element g from D and let g = tg ,  • • • ,g)6D*. Thus Dheorfe/CgO. 

Choose any (AT-m,)-tuple c  from D. Thus Df=x, (P \0,r\GT,cO,y \̂ ) and hence 

DI=x(P \0 ^ \ { I tc X y \ g ) .

Suppose that f is the operator prescribed by x^ POr.y) on D. So ( /(0) and

GT.c.gO is in the least fixed point of f.
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Thus D b L F P p^ (xX d~ ,C ^ :) and we have our desired result that DHj ,*GT).

Q.RD.

Technical result 8

Notation as in 3.5.

If -*P«Cr„)] prescribes G on D, n -  1 «. or m and J  is an m n-

tuple of elements of D then 

D h a p p (\l/„  X F \ p j r„ \c D  

if  and only if

either or ’D H ftn( F \G ( p ' ) x „ \c D '

proof:

By induction on the construction of \f/n.

Case 1: \}/n does not contain any P? s.

The "only-if" direction is easy in this case as a p p ( \p n }= \pn . The "if" direction is almost 

as easy when it is realised that DHI/n( F \G ( p ) j c n\cD  is true if and only if DN/rn(FX p^ VD  

because no symbols from P  appear in \fr„.

Case 2 : ^n=f^(ir).

So app(4/n )=xp1 (r4Vr) v  P?Ĉ )-

The only if direction.

Suppose that D h a p p ( \p n X F \ p j c n\cD . If DhP?( c r X P \ p j r n\cD we have our result so 

suppose that DHIt1 ( x 9\f fX P \p jc „ \c D  instead.
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Then DH/ff CP\p,Tf \ a ( 3 ) ) .  Thus ff(<D€[G(p)]Pj, and DKP^rrXPAG Q r)^  \<-D giving 

us the result that DHIfn(JF \G (p)tX‘n\3 ) .

The if  direction.

Just reverse the argument above.

Case 3 : \pn is more complicated.

The proof in this case is an easy use of the inductive hypothesis.

Q.ED.

Technical result 9

Notation as in section 3.5.

If s prescribes G on D and app(s) prescribes H on d then, 

for all flr-ary relations p  on D, H (p )= G  K p )  U G ip ) .

proof:

Suppose that s -  **•.'/'«

(inclusion of H ip )  in G K p ) G G ip ) )

Suppose that 3 e [ H ( p ) ] Pn] so that D h a p p i\j/nX P \ p ^ \ 3 ) .  By TR8, we have either 

Dh\lfniF \p p c n\ J )  or DHI/niF \G ( p ) p r n\3 ) .

In the first case, 3  €[G(yj)]Pn and in the second case 3  € [G (G as required.

(other inclusion)

Suppose that 3 e G X p ) U G ( p ) .  So either DH}tn( F \p j r n\ 3 )  or Dh/f„( F \G ip ) p r n\ 3 )  and
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again by TR5.3, DKzppC$„ X F \p J n\S ). Thus ct £[H(p)]Pn as required.

Q.RD.

Technical result 10

If r prescribes F  on D and r* prescribes G on D then F  and G have the same least 

fixed point.

proof:

We show by induction that for all l ,  if  r prescribes F on D and app?(.r) prescribes G 

on D then F  and G have the same least fixed point.

This is true for 0 when a p p K r 'h r .

Now assume that it is true for l ,  that r prescribes F  on D, that s = a p r f i r )  prescribes 

G on D and that a p tf* K r  ) = a p p ( s )  prescribes H on D. By our inductive hypothesis F  and G 

have the same least fixed point We must show that H shares it too.

OTGETXtfKG)

We show by induction on n that H n(.0 ')C tJ ]( .G )  so that for large enough n we have 

our result

When n=0 the result is obvious. Now suppose that the result holds for n. Then 

H n* K 0 )-H C H n( 0 ) )  ̂  H  )) as H is monotone. But this is G K t f f iG  )) U G )) by

TR9. Because t J j iG  ) is a fixed point of G we have our result
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G n+ K 0 ) -  G(G"(0)) < G iC f i tH ) )  < G ( Q % H ))U G K C T K H ))

-  H it J J U l) )  -  tfJC ff).

Q.RD.

Technical result 11

If D is trivial and r prescribes F  on D then F m( 0 )  is the least fixed point of F  in D. 

proof:

Suppose that the single element of D is b.

Define s z ( p ) to be the size of the set { i=l~m I p, is the fu ll m,-ary relation on D }. 

We show that if  p<o* then s z ( p ) < s z  (cr). Its obvious that s z ( p )  is less than or equal to 

s z {c r )  but there is i such that p l « r l. There are two cases. If 7^=0 then crl is true, - the 

fu ll O-ary relation on D - while p, is false. So s z ( p ) < s z (<r). If m, is greater than zero 

then b b a r = tb , • • • Jb) from D M{ must be the m,-tuple in cr, but not in p t. So cr, is the fu ll 

m t-ary relation on D while p, is not. In both cases we have s z ( p t ) < s z Co*,>.

Suppose that F ” ( 0 ) is not the least fixed point of F. Then we have a strictly 

increasing chain 0 < F (0 )<  • • • < F m( 0 ) < F m* K 0 \  By the above argument we have a 

strictly increasing chain of sizes, 5z (0 )< j z (F(0 ))< • • • < s z ( F m(0 y ) < s z  ( F m*K0 ) \  

Thus the last size must be at least m+1. This is impossible given the definition of size.

Q£X).
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Technical result 12

Suppose that C  is a finite set of constant symbols, M is a model of INEQ(C), n is a 

positive integer, m  is an n-tuple of elements from M, 7  is an n-tuple of C-terms and m  

can not be got as an M-substitution of V . Then either

1) there is an i such that v, is a constant a but m t is not the interpretation of a in M or

2) there is i,j such that Vj-v, is a variable symbol but m t and m } are different elements of

M.

proof:

Suppose that neither 1 nor 2 hold. We define an M-substitution a  of V as follows. 

For each variable symbol x in V, if  x appears as v, put xa-m ,.

We must show that this is well-defined. Suppose that Since 2 does not

hold m t and m i are the same element of M as required.

In fact vac=ffl. For if  v, is a constant then v ta  is the interpretation of a  in M which is 

also m t since 1 does not hold. If v, is a variable symbol then v tat=*mt by definition of a.

This is a contradiction to the premise that m  can not be got as an M-substitution of 

v.

Q £JD .

Technical result 13

If the existential player does not have a winning strategy for playing the n-game for 

P(v) then the universal player does.

proof:
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We describe how the universal player plays so that at every stage the existential 

player does not have a winning strategy from then on.

This is so at the start

Suppose that it holds at some stage, there are two cases.

case 1 : it is the existential player’s turn

case la  : she can play to put herself in a position so that she has a winning strategy 

from then on. This can not arise as then she would have a winning strategy from now on.

case lb  : she can make no such move. So then our condition holds at the next stage 

of play.

case 2: it is the universal player’s turn

case 2a: every choice he makes puts the existential player in a w inning position. This 

can not arise because then she has a w inning strategy now.

case 2b: there is a choice so that afterwards the existential player does not have a 

winning strategy. We get the universal player to make any such choice.

Q.EJD.

Technical result 14

Suppose that M is an atomic formula, PROG is a program and 0 a substitution of the 

variables in M. Then, if  M finitely fails then M0 does too.

proof:
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Suppose that M  finitely fails at level n. We play the n-game for M0 as the 

existential player against Abelard and we get f r i e n d  to play as the universal player in the 

n-game for M against Eloise using a winning strategy.

A t the start the current goal in our game , «-M0, is a substitution of the current 

goal, «- M, in the other game. We keep this relationship holding.

So suppose that it holds at some stage. Say, in our game, the goal is *~Lx4>, • • • 

while it is * - L v  • • • J jf  in the other game. Since Eloise is playing to w in that goal w ill 

not be empty so neither is ours. She chooses a literal L } say. We choose Lj<f>.

Case 1 : L }<f> is positive.

If Lj<f> is positive and does not unify then we win. So suppose that it does. Abelard 

w ill choose a unifying clause • • • 3 , w ith mgus x ^  say* Out new goal is

* • * yL j . r f x J l  i'll, • ’ * JB ^ yL  h l<f>Xy • * * yLp4>x- Now since Lj(f>x=B\f/t L j  and B 

unify. So Eloise has not won her game yet. We get f r i e n d  to choose the clause 

B * - B lt • • • JB9 too. Say that the mgus are So the new goal there is G -

* -L tx!, * * • yL j.iX’yBi f̂f'y • * * yBfXlf'Jjj.iX', • * * >LPX . Since x!>V are mgus of L } and b but 

Ljffrx^Bxf/y there is oj such that x ‘(̂ =<f>X So Gq> is our goal and the condition is

preserved.

Case 2 : L }<f> is negative.

Suppose that L } is not( SGr) ). If L } was not ground then Eloise who selected it 

would lose. This can not happen so L } must be ground and so equal to Similarly 
SGr) must either succeed or finitely fail at level n-1. If SGr) succeeds then we win so 

suppose that it does not.

Our new gaol is • • • yL hX<f>yL hX<f>> • • • JLp and the other new goal is

* - L u • • • yLj.xyLj.xt • • • yLp so the condition is preserved.
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Now the other game can not go on forever as then Eloise would lose. However we 

have seen that it goes on as long as ours does. So our game must stop eventually too. We 

have seen that the only way that this can happen is by us winning.

Hence we have a w inning strategy as required.

Q.ED.
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