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Abstract

Datalog, or the Horn-Clause query language, is a successful formalisation of the use
of pure logic programming to answer queries asked about finite relational structures.
However, Datalog is not expressive enough for some practically useful problems as those
logic programmers who feel the need to use the non-declarative feature negation as failure
probably know. In this thesis we assess the increased expressive power got by adding

negation as failure to the pure logic programming query answering approach.

To achjeve our aim we first define a logical query language DEF which is an
extension of Datalog and has just as nice syntax and semantics as Datalog. We show that
DEF is equally as expressive as the most common fixed point query language which
contains a lot of useful queries. We then show that DEF expresses exactly those queries

which can be implemented using logic programming with negation as failure.
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Introduction

We consider the relative expressive powers of various methods of answering
questions about finite structures. In particular, we investigate what improvement in
expressive power can result when query languages based on pure logic programming are

extended to languages based on logic programming with negation as failure.

The queries which we will be interested in are questions which can be asked of any
finite structure from some relational language and which give answers yes, no or a
relation on the domain of the structure. Query languages are just sets of strings of
symbols each of which represents a particular query. The most basic query language is
FO which contains all the first-order formulas of a given language and has the obvious
semantics. FO represents exactly those queries answerable using Codds’s Relational
Algebra [Cod70]. Unfortunately, it is not strong enough to express some practically
useful queries such as the transitive closure query. This has lead to some recent
developments of languages based on computing least fixed points. Such examples as

FO+LFP (Gur85] have overcome the deficiency in expressibility of FO.

Does logic programming provide any alternative answers? Logic programming
techniques can be applied to these problems in the deductive database setting [GMN84al.
Here we describe a situation (possibly incompletely) using a theory and then ask what has
to be true of the situation. This is not specifically designed for our problem of querying
finite structures yet we can handle some queries by both describing the structure and
defining the relation of correct answers to our query in the theory. For example, Q is
defined as the conjunction of R and S if we add the sentence
Ve ( Q(x) «— R(x) A §&))

to a theory completely describing any finite {R,S}-structure. Unfortunately, when



restricted to Horn-clause theories we can neither completely describe the structure nor
define (in the usual sense of implicit definition) the query. Thus, in practice, we get a lot

of "don’t know" answers.

A different method using much the same set up was pioneered in [ChH85] Instead
of trying to define the query inside the theory, we use the theory plus provability to
specify a query. To define the conjunction of R and S as above, we add the sentence
vr ( R(x) A S(x) = Q(x))
to a complete description of the {R,S}-structure. The answer to the query is the relation
of tuples which are provably in Q i.e. those tuples which are in the interpretation of Q in
any expansion of the queried structure to a model of the sentence. This approach, when
limited to relational Horn-Clause theories, is formalised in a language, sometimes called

DATALOG, which contains queries such as transitive closure which are not in FO.
New Work

Our new work starts with a definition of a powerful generalisation of DATALOG.
PROV contains all the queries which can be defined via provability from any relational
theory. A PROV query is an ordered pair, written PROV(P;P), of a finite theory P with
relation symbols of two types - the old ones from the language of the queried structures
plus some new different ones - and one of the new symbols P. The answer to PROV(P;P),
asked of any finite structure of the old language, is the relation of tuples which are in the
interpretation of P in any expansion of the structure to a model of P. The expressive
power of PROV is equivalent to that of the language USO of universally quantified second
order formulae - a language containing queries which are almost certainly too hard to
answer in a reasonable amount of time (see [Fag74D. PROV is the query language of

which all the other of our new languages are sub-languages.

The least powerful sub-language of PROV which we consider is DATALOG itself. It



is based on provability from Horn-Clause theories in which the old symbols do not appear
in the heads of clauses. This restriction ensures that only positive information from the
queried structure is needed in answering queries. We consider three possible ways of
making more expressive languages:

1) we could allow disjunctions in the heads of clauses - producing indefinite theories ;

2) we could allow negations of old relations and inequality to appear in the bodies of
clauses - producing non-positive theories ; or

3) we could allow universal quantification to appear in the bodies of clauses - producing
non-existential theories.

By allowing different combinations of these features we get several query languages of

differing expressive power and ease of implementation.

The strongest language, IMP, which is based on sentences allowing any of the
extensions, is shown to be as powerful as PROV itself. By a result in [Fag74], it can thus
express all the negations of non-deterministically polynomial time computable queries.
Polynomial time computable queries are thus well within its power - for example , "is the
size of the structure an odd number?” can be answered by trying to prove that Odd
follows from a complete description of the structure plus the following theory in which
R, S and Odd are new symbols:

{wvay ( R(x,y) = R(yx) ),

Ve ( R(x,x) = 0dd ),

Veyz ( R(x,y) A R(x,z2) A y=z = 0dd,
Vay R(x,y) v S(x,y),

Ve (W S(x,y) — 0dd ).



DEF and FO+LFP

Our most important generalisation of DATALOG is the query language DEF based
on sentences which can contain old negations, inequalities and universal quantifications as
conjuncts in the body but one and only one atomic formula appears as the head and it is
built from a new relation symbol. For example, if your brother is liked by everyone then
you are a correct answer to the DEF query PROV(P;Q) where P is as follows:

{ \ixyz [ parent(z,x) A parent(z,y) A x#=y A male(y) A ( W likes(u,y) )
- 0] )

In order to compare DEF with established query languages such as the least fixed
point language FO+LFP defined in [Gur85], we note the least fixed point character of
logic-programming type deductions. Basing our ideas on the use of a fixed point operator
in [EmK76], we invent a new least fixed point language LFP. It is characterised by the
use of one multiple operator defined by several first-order formulae. We show

DEF=LFP, ie. that DEF and LFP are equivalent in expressive power.

By showing that FO+LFP=LFP, we can conclude that DEF=FO+LFP. To show the
former we use a result in [Imm82] implying that the nesting of fixed point operators and
first-order constructions within each other can actually be collapsed. We must also show
that the multiple character of LFP can be mimicked by multiple uses of simple LFP
operators. This is not a trivial matter of coding the tuples of relations involved in a LZFP
operation into one big relation. Nevertheless, we can conclude that DEF, FO+LFP and

LFP are all equally expressible.
DEF and NAF

The major results in this thesis are those demonstrating the close relationship
between the class of queries implementable by logic programming with negation as failure

(LPNAF) and the class of queries expressible in DEF. By a query implementable with

—-10—



LPNAF, we mean one that can be answered by extending the usual logic programming
technique for answering DATALOG queries to the LPNAF technology -ie. we have an
LPNAF program PROG and a symbol P such that finding out whether & is a correct
answer to a query or not can be accomplished by asking " P(@)?" of the two-part program

consisting of a description of D followed by PROG.

The first problem is to get a workable definition of NAF. On the basis of comments
in [She84], we reject any ideas that the closed world assumption or the Clark completed
database provide any account of a declarative meaning of an LPNAF program. Instead,
‘we must base our work on a definition of a query evaluation process for NAF. We choose
a slightly more complete process (ie. it gets more answers) than Clark’s [Cla78] and so

have to relate it back to Clark’s.

It would be easier if we could use some sort of declarative meaning of NAF and, in
fact, we do so. We show how to construct from each functionless LPNAF program,
PROG, a first-order theory, SYNTH(PROG), such that :

1) if P(@) succeeds from PROG then P(@) is deducible from SYNTH(PROG); and

2) if P(«) finitely fails from PROG then P(@) is not deducible from SYNTH(PROG).
Furthermore, we detail some conditions, and say that a program which satisfies them is
covered. If PROG is covered then

3) if P(a) is deducible from SYNTH(PROG) then P(a) succeeds from PROG.

By using the results 1 and 2, we get a correctness result - for each functionless and
constantless LPNAF program, there is a DEF query such that the answers which are
obtained using the program are correct answers to the DEF query. Thus, all queries

implemented by LPNAF are in DEF.

By using result 3, we can get a completeness result - for any DEF query, there is an

LPNAF program which can be used to answer the query. The program will get all the



"yes" answers for the query, and if the program gets an answer then the answer will be

the correct answer for the DEF query.
Stratified Databases

In [ChH85), DATALOG is extended to a query language, C, which is based on a
hierarchy of sub-programs determining whether negations of new symbols can appear in
the bodies of (what would otherwise be) Horn-clauses. Universal quantification is not
needed for it is proven in [ChH85] that C=FO+LFP. So we can conclude that C=DEF.

The stratified database approach of [ABW86] is much the same as C.

The clausal language C is not a sub-language of PROV. Although C is based on the
relationship between a theory and one of its symbols, the relationship is not provability.
To define the semantics of C, Chandra and Harel nested provability in complementation
and complementations in provability. It is suggested in [ChH8S] that NAF is relevant to
implementing this language. We show that this is not so because finite failure to prove is
not the same as not provable. Implementing C involves knowing what is not provable in a
sub-program in order to be able to compute negations in a higher (in the hierarchy) sub-

program.

In order to implement a stratified database using LPNAF one must therefore use the
result in {Imm82] converting nestings of negations and fixed point operators to an
alternative single unnested fixpoint. Thus, we are essentially compiling the stratified
database into a DEF theory before attempting to answer the query. We make some brief
investigations into what other provability languages are similarly closed under nestings of
complementations. The idea of finite implicit definability is relevant here : we show that
all polynomial time computable queries are implicitly definable on finite structures, and
so nesting them under complementation does not offer any increased expressibility over

straight provability semantics.
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Implementations

The relationship between NAF and DEF suggests an alternative approach to
implementing DEF queries. Perhaps we could program directly with DEF theories. It
would be a purely logical approach (unlike NAF) and yet suffer no loss of expressibility
compared to LP with NAF nor any efficiency (this is because of the close relationship
between doing deductions in SYNTH(PROG) with programming with PROG). We develop
an improved unification algorithm supporting this development. It involves inequalities
as well as unifications and can handle problems like the following (which simple
approaches such as Skolemising out universal quantifications have trouble with) :

Wwil(w Lixy)) = B I,

LMM)

LAM) ™

Ve [ x=M A x=J - LGM)1
From this theory B(M) is concluded but the theory without the starred sentence fails to

lead to B(M).

— 13—



Chapter 1

Background

What are query languages? What is the expressive power of a query language?
What is logic programming? How can a query language be based on logic programming?
Why study the expressive power of query languages based on logic programming? In this

chapter, we shall endeavour to answer these questions.

These concepts and problems arise in the overlap between the study of databases and
the study of logic programming. While these are two distinct areas of research, they are
both ultimately concerned with the general task of answering complex questions about
complex situations - the core of database research perhaps being more concerned with the
logical representation of a particular type of situation (ie. finite relational structures) and
the core of logic programming research looking more at a certain way of computing

answers once a logical specification is given.

Both these areas and this thesis are based upon fundamental ideas from
mathematical logic. In order to get started, we first have a quick look at these
fundamental ideas - getting some terminology straight in the process. The three most
basic ideas are those of structures, theories and models. A structure is a formalisation of
the idea of a situation. A theory formalises the idea of a description which may or may
not apply to a given situation. If the description is actually appropriate to the situation

then we say that the structure is a model of the theory.

Green in [Gre69] and Kuhns in [Kuh67] and [Kuh70] both used logic for aspects of
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knowledge representation but the logical foundations for database theory were laid by
Codd in [Cod70]. He took the idea of a finite relational structure from mathematical logic

as the basis of his relational data model.

In section 1.2, we will see how Codd’s formalisation of the representation of a
complex situation allows us to then go on to formalise the idea of a question asked about a
situation. We shall introduce queries and then query languages. Query languages
represent whole classes of queries and we can ask when one language has more expressive
power than another - i.e. when does the former represent more queries than the latter.
We shall see how the focus of research has moved from the weaker first-order query

languages to the more powerful fixed point languages.

In section 1.3 we shall switch to concentrate on logic programming. We will see to
what extent logic programming lives up to the motivation for a declarative programming
language - i.e. a language using which a program describes the answers to the problem

which it solves as well as a method of solving the problem.

Pure logic programming has some serious limitations when it comes to specifying
problems about real situations. To logic programmers, one of the most annoying is the
inability to include rules involving negative information. Unfortunately, handling
negative information introduces formidable coruputational problems and the outcome of
attempts to come to some sort of compromise have been unsatisfactory. In section 1.4 we
shall see how logic programming has been extended in this way to include the

computational rule, negation as failure.

In section 1.5 we see how logic programs have been used in database problems. The
kinds of problems that such approaches can handle are so different to those described in
section 1.2 that we identify two distinct schools of database research - conventional

database theory as in 1.2 and deductive database theory as in 1.5. However, we shall see
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that deductive database theory is based on some shaky foundations.

In section 1.6 we will see how we can take ideas from deductive database research
that are both helpful to our task of asking questions of finite structures and based on safe

foundations. We end up with a query language, Datalog, based on logic programming.

Finally, in section 1.7, we will identify a need - the lack of expressive power of
Datalog concerning some practical problems - and a means - the possibility of extending
one of the ways of evaluating Datalog queries from using pure logic programming to using
logic programming with negation as failure. We identify some theoretical questions
which need answering before a query language implementable using logic programming

with negation as failure can be hailed as practically useful.

Hopefully, after reading this chapter, the reader will understand what we are setting

out to do and why.

1.1 Model Theory

In this section we will quickly go over the very basic basics of model theory. All
the details appear in the beginning of [ChK73] and we will just mention concepts which
might be different, or appear in different notation, in other treatments of the basics of

model theory and mathematical logic.

In the context of model-theoretic discussions in this thesis a language (commonly
known elsewhere also as a signature or a vocabulary) is a set of symbols of three sorts -
relation symbols, constant symbols and function symbols. Each relation symbol is
associated with a non-negative integer called its arity and each function symbol is

associated with a positive integer called its arity. A symbol of arity n is said to be n-ary.
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We shall pay particular attention to finite languages consisting wholly of relation

symbols. We shall reserve the term signature for such languages.

If L is a language then an L-structure is an ordered pair (S,e) consisting of a non-
empty set S and a map « which takes each n-ary relation symbol in L to an n-ary relation
on S, each n-ary function symbol to an n-ary function on S and each constant symbol in L
to an element of S. S is called the domain of the structure and the image of each symbol
from L under « is called the interpretation of the symbol. Just in case there is any doubt
about exactly what a relation on a set is, we will consider O-ary relations as either being
truth (ie the truth value of a tautology) or falsity and n-ary relations, for positive n, as

being a set of n-tuples from the set.

We will be particularly interested in structures with finite domains which we will

call finite structures.

Many times in this thesis we will be taking an L-structure and defining
interpretations for extra symbols which are not in L. We shall call this expanding the
structure - if LQK are both languages and D is an L-structure then we will call a K-
structure E an expansion of D if and only if the domains of D and E are the same and the

interpretations for all the symbols from L are the same in E as in D.

The opposite of expansion is reduction. If LQK are languages and E is a K-structure
expanding the L-structure D then we will call D the L-reduct of E - each K-structure E

has only one L-reduct D and we write this as El,.

If L is a language then, in the usual way, we form the first-order language of L with
identity consisting of L-terms, atomic L- formulae, L- formulae, and L-sentences. We also

define the ideas of freeand bound occurrences of variables in formulae.

If ¢ is an L-formula and x=( x,, - - - ,x,) is a tuple of distinct variable symbols
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then we write ¢=¢(x) if and only if all the free variables of ¢ appear amongst the x,. If
we have introduced ¢ by writing ¢=¢(r) as above and r is a k-tuple of L-terms then ¢(¢)
is the result of substituting each free occurrence of x, in ¢ by ¢,. For formulas ¢ which
have not necessarily been introduced as ¢=p(r) we write ¢(x\r) for ¢ under the same

substitution.

Such substitutions are also allowed to act on tuples of terms in the obvious way.
For example, if & contains variables from y then z(y\5) is & with each appearance of y,

replaced by b,, while if & has been introduced as Z=a(x), then a(a) is a(r\a).

If ¢ contains no free variables, ie. ¢ is a sentence, we shall sometimes say that ¢ is

closed and in other circumstances we shall say that ¢ is ground.
A set of L-sentences is called an L-theory.

If D is an L-structure, ¢=¢Xr) an L-formula, *=(x,, * - - ,x,), d a k-tuple of
elements from D then we specify when D is a model of ¢(d), D F¢{(d), in the usual way
(i.e. by induction on the construction of ¢). For example, D k= a=b if and only if a and b

are the same element of the domain of D.

We will find that a concept used in such definitions will be useful for us in this
thesis. If L is a language and M an L-structure then we will call a map « from L-terms to
elements of M an M-substitution if and only if it satisfies
MS1) if ais a constant from L then a« is the interpretation of a in M and
MS2) if f is a function from L and g=(e,, - - - ,e,) a k-tuple of L-terms then jf(¢)« is the
the image of (e,o, - - - ,e, @) under the map which is the interpretation of f in M.

We allow M-substitutions to operate on tuples of L-terms giving tuples of elements from

M in the obvious way.

We say D is a model of a theory T if and only if D is a model of all the sentences in
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We assume that the reader is familiar with the idea of an L-sentence ¢ being
deducible from an L-theory T. We write T I ¢ if this holds. It must be emphasised that
we are doing deductions in the first-order language of L with identity so the identity

axioms are available for use in such deductions.

We conclude by stating a theorem which we will make great use of in this thesis -

always implicitly.
THEOREM 1.1 (easy consequence of [ChK73] theorem 1.3.21)

¢ is deducible from T if and only if every model of T is also a model of ¢.

1.2 Query Languages

In this section we will have a quick look at the conventional database formalisation
for the problem of asking questions of complex situations. More details can be found in

[De180] and [Mai83].

In [Cod70] Codd laid the foundations for this approach by suggesting that
information about a situation should be stored in a database in a computer that can be
interacted with as if it was a finite relational structure. For example, if D is the
structure, R an n-ary relation symbol from the signature, & an n-tuple from the domain
of D then the user should find it very easy to find out whether D FR(&) or not. Codd
actually allowed a typed structure - ie. different domains for different coprdinates of a
relation - but, along with most of the researchers which will be mentioned subsequently,
we will get by without that complication. [Dat77] , [Dat81] and [U1182] contain more

recent presentations of this relational (or conventional) approach to databases.
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Now that we know what we are asking questions about, let us replace the vague idea
of a question by the formal concept of a query. A query will be something which picks
out some tuples in the domain of a structure as being correct answers. To define a query
formally we will use a variant of the concept of a global relation as introduced by

Gurevich in [Gur83] and set out in [Gur85].

If L is a signature and n is a non-negative integer then an n-ary L-query is a map
which takes each finite L-structure D to an n-ary relation on the domain of D. If q is an
n-ary L-query and D an L-structure then we say that an n-tuple Z€D™ is a

correct answer to q if and only if €q(D).

A specific example follows. If we know the immediate bosses of employees in a large
hierarchically organised company then we might ask about who is ultimately superior to
whom. Here L could contain only a 2-ary symbol boss_of and given an L-structure
representing the organisation in the obvious way the correct answers to our query are the
ordered pairs of employees in the ordered transitive closure of the boss_of relation.

Superiority is a 2-ary {boss_of}-query.

The simplest, more general, examples of L-queries are first-order L-formulae.
Suppose x=(x,, ... ,x,) and ¢(r) is a first-order L-formula. Then ¢ represents the n-
ary Lquery q defined as follows:
given an L-structure D, the n-ary relation q(D) on the domain of D is just the set of n-

tuples which satisfy ¢ in D
ie. VY aeD", aeq(D) <= DEHa).

Technically, it is a first-order formula along with an ordering on its free variables

(plus maybe other variables) which determines a query. For example, if ¢ is the formula

P(xy) A Qy,u)

and D = P(ab) A Q(bgc), then a query which we introduce as being represented by

—20—



@(x,y,u) has(a, b, c) as a correct answer, while ¢(u,x,y,z) represents a query with

(c,a,b,d) as a correct answer.

We have seen how first-order L-formulae can represent L-queries. This is a specific
case of a query language. If L is a signature then a query language on L is a class of
strings of symbols (called well formed formulae, wff, of the language) each of which
represents an L-query in some specified way. We will denote the query language
consisting of first-order formulae on L, with the method of representation as defined

above, as FO(L).

We shall generalise the model-theoretic notation of satisfiability to be useful for all
query languages.
If o is a wif from a query language on L and represents the n-ary L-query q
then for all L-structures D , for all €D™,
we will write Di=o(a) and say that & is a correct answer to o in D
if and only if aeq(D).

This is a generalisation, since for ¢ € FO(L),

Dk ¢{a) in the model-theoretic sense

<=> Dk ¢{a) in the query sense.

Codd, in [Cod72], developed the first query languages for his relational model
[Cod70]. He introduced the relational calculus and the relational algebra and showed that
they had the same expressive power. He proposed that they were to be the basis of a
notion of completeness for all query languages: a query language was to be called

complete if it could express all the queries definable by the relational calculus.

Bancilhon [Ban78] and Paredaens{Par78] both have shown that Codd’s languages can
express all first-order definable relations ie. the relational calculus has the same

expressive power as FO. Codd’s notion of completeness is just the same as being as

- 21—



expressive as the first-order query language.

However, there are languages much more powerful than FO and for this reason,
Codd’s definition of completeness is not totally satisfactory. Two related, very powerful
languages are the universal and existential second-order languages, USO and ESO
respectively. The wif of USO(L) are those of the form VS¢(xr) where S is a signature
disjoint from L and ¢ a first-order formula from LUS. The wiff VS¢(r), with
x=(x,, . . .,x,), represents the n-ary L-query q, where, for all L-structures D, for all

aebpn,
a€q(D) <= Dk VWS¢@) <=> V LUSstructures E such that El,=D, E=¢a).

ESO(L), on the other hand, has formulas 3S¢(r) such that
D 35¢{(a) if and only if there is an LUS-structure E such that El,=D and E=¢(a).

The negation of each ESO query is in USO and vice-versa.

If L=, then an example of a O-ary ESO(L) query is 3So, where S has 2-ary R, and
o is as follows:
Ve [ =R(xx) ] A Vay [ R(x,y) = R(yx) ] A
Vayz [ R(x,yINR(x,z) = y=z ] A Vx 3y R(x,y).
It should be apparent that, for all finite L-structures D, D=3So if and only if the size of D

is even.

A result of Fagin’s demonstrated that ESO is not a very practical query language
from a computing point of view. In [Fag74], he showed that the O-ary ESO queries are
precisely those O-ary queries which can be computed by a non-deterministic machine in
polynomial time. Given the current feelings that P==NP (see for example [DaW83] are

correct some ESO queries would take a long time to compute.

However, there are equally practical reasons why its no good just sticking to FO. In

[AhU79], Aho and Ullman point out that the relational calculus (and hence FO) can not
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express the transitive closure of a given relation and yet this is a widely used query.
Hajek [Haj75] actually gave the first proof that a transitively defined property- in this
case connectivity of finite graphs - is not first-order definable. Fagin [Fag75] gave a more
general theorem implying the same result. Since then Gaifman [Gai82] has given a general
theorem on the limitations of first-order expressibility but the simplest such proof is in

[GaV83l

One way to overcome this shortcoming is to add a tramsitive closure operator
directly to the query language (as suggested in [Z1079). Immerman [Imm83] explores this

possibility and some of the interesting results are given in [Gur8S].

However, the most developed extensions of FO are the least fixed point languages.
Early work in utilising this idea includes [AhU79], [ChH80a] , [ChH80b], [Imm82],

[Var82], [Liv83] and [Gur83]

The foundations for such languages were laid long ago by Tarski [Tar52]. If X is a
partially ordered set then we say that X is complete if every subset of X has a least upper
bound and a greatest lower bound. We say that a map F:X—X, ie. an operator on X, is

monotone if and only if
Ve,y€X x<y => F(x)SF(y),

and we call x€X a fixed point of F if and only if F(x)=x. Tarski proved that if X is a
complete partially ordered set, then every monotone operator on X has a
least fixed point ie. a fixed point x €X such that if y€X is also a fixed point of F then

x<y.

If L is a signature and D is a finite L-structure then the set REL,(D) of all n-ary
relations on the domain of D is a partially ordered set with the following order <:

If o,p€REL,(D) then o<p if and only if VAED" a€c => ace€p.
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Since REL,(D) is finite, REL (D) is complete.

Now suppose that P is an n-ary relation symbol not in L, x=(x,, . . . ,x,) and ¢(x)
is an LU{P}-formula. We will make an operator F, on REL/(D) out of ¢. Given

o €REL,(D) we must define an n-ary relation F,(c)EREL,(D). We proceed as follows:
VaZ€ED", a€F o) <=> DEHP\ox\1).

The notation DF@(P\o,x\a@) means that ¢(a) is true in the LU{P}-structure with L-

reduct D and the n-ary symbol P interpreted as the n-ary relation o.

For example, L might have the 1-ary symbol "Cat" in it. We can define an operator
F4on the 2-ary relations of an L-structure via the formula
¢x,y) = ( Cat(x) A Cat(y) A P(x)y) ) v P(yx)
If D is the L-structure with domain { Nick, Jane, Fluff, Rover, Tabby } such that Fluff

and Tabby are the only Cats then F, operates as follows:

F (@~

Fy

(Nick Jane), (Fluﬁ’,Rover)’

(Jane,Nick), (Rover ,Fwﬁ))]

Fy

(Nick Fluff ), (Fluff Fluff), (Fluff ,Tabby)]

= {(Fluﬁ,Fluﬁ’). (Fluff Tabby), (Fluff Nick), (Tabby,FMﬁ)]

Now, provided that ¢ is a formula of LU{P} such that for all L-structures D the
operator F, is monotone on REL,(D) then we could write LFP[¢pXy) to represent the
following query:

VL-structuresD, Va € D", DELFP¢Xa) if and only if 7 €p

where pEREL (D) is the n-ary relation which is the least fixed point of the operator F,
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on REL,(D). We know that the least fixed point p exists by Tarski’s theorem since F is

monotone on REL,(D).

For example, if L has 2-ary "parent” then we could let
Kx,y) = parent(x,y) v 3z[ P(x,z) A parent(z,y) }

A little work should convince the reader that the query LFP{¢pXx ,y) has correct answers

all those (a,b) in an L-structure D such that a is an ancestor of b.

The actual notation which has been developed is a bit more complicated than this
simplified version for it allows nested LFP operators. We will need to define the full
version in a later chapter. The interested reader is also referred to [Gur84] or [Gur85] for

details.

The language FO+LFP, FO with the addition of this form of least fixed point
operator, is easily shown to include transitive closure queries (our ancestor query was
such a one). It is also not too complicated from a computational point of view. In fact one
major reason for research into the LFP language is its close relationship with the class P of
polynomial time computable queries. In [ChH80b] it is shown that all FO+LFP queries
are polynomial time computable but there exist queries in P which are not in FO+LFP.
That the domain has an even size is one query in P but not in FO+LFP. Similar results are
also proven in [BGK84] Surprisingly, Immerman [Imm83] has shown that there are
polynomial time complete problems in FO+LFP. Immerman [Imm82] and Vardi [Var82]
have shown that if we restrict our attention to totally ordered structures then the P

queries we can ask on them are all expressible as FO+LFP queries (and vice versa).

In the simplified definition of the LFP operator which we gave we specified that, for

LFP¢] to be defined, ¢, a formula of LU{P}, should be such that F, is monotone on
it

REL/(D) for all L-structures D. A theorem of Lyndon’s, in [Lyn59], says that AFo is

monotone on REL(D) for all, finite or infinite, L-structures D, then ¢ is logically
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equivalent to an LU{P}-formula ¢ which is positive in P ie. P does not appear nested in
an odd number of negations in . For this reason, the actual language FO+LFP used by

most researchers allows LFP to operate only on formulas positive in P.

However, to use Tarski’s theorem to guarantee the existence of a least fixed point of
F, for our applications we only need F, to be monotone on all finite structures. This
suggests a more powerful language FO+LFP. The wif of FO+LFP (L) can have only
LFP{¢] for ¢ positive in P - ie. F, monotone on the n-ary relations from all L-structures
-, the wif of FO+LFP’ (L) can have LFP{¢] for F, monotone only on the n-ary relations
of all finite L-structures. Ajtai and Gurevich [AjG85] show that Lyndon’s theorem
doesn’t work when we restrict to finite structures only - ie. there are some ¢ such that F,
is monotone on the n-ary relations of all finite L-structures but ¢ is not logically

equivalent to a formula positive in P.

Gurevich and Shelah [GuS85] investigate the relative powers of FO+LFP, FO+LFP’
and another related language FO+IFP (using the so called non-monotonic or inductive
fixed point). In actual fact, each of these three languages is as expressible as the others.
Although FO+LFP’ uses wff based on some ¢ unavailable to FO+LFP, the fixed points of

these turn out to be expressible as fixed points in FO+LFP.

We have noted that the full definition of FO+LFP allows nesting of LFP operators.
In fact, as shown by Immerman [Imm82] only one level of nesting would suffice to

express all the FO+LFP queries. A similar result for FO+IFP is proven in [BoG86] .

Gaifman, in [Gai84], developed a generalisation of FO+LFP which is based on

operators on tuples of relations ie. on cartesian products of REL,(D). We shall employ a

simple version of this query language to show the close relationship of fixed point

languages with aspects from the theory of logic programming.
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Before we look at logic programming we shall define some notation to help us relate
query languages. If A(L) and B(L) are query languages on a signature L then we will
write AC(L) € B(L) if and only if every query represented by a wiff from A(L) is also
represented by a wif from B(L). We write A(L) = B(L) and say that A(L) and B(L) are
equally expressive if and only if both A(L) € B(L) and B(L) S A(L). If, for every
signature L, A(L) and B(L) are query languages which are equally expressive

(respectively A(L) < B(L)), then we will write A = B (respectively A S B).

1.3 Logic Programming

What is logic programming? In this section we will look at how the terms
declarative programming, logic programming and PROLOG are used and say how they
will be used in this thesis. We will also describe, in some detail, one way in which a

computer can work on a problem expressed by a logic program.

Programming is the activity of writing instructions which tell computers what to
do. Specific relationships between the written symbols and the computers actions (i.e.
changes of internal states) are summed up in specific programming languages. A program
is a set of instructions, expressed in a programming language, for the solution of a
particular problem. Declarative programming languages, logic programming languages
and PROLOG are three terms signifying three overlapping and not necessarily well defined

classes of programming languages.

We start by considering the procedural approach to a problem. This is simply
describing an algorithm for the solution of the problem. Writing a program is, by its
nature, approaching a problem in a procedural way - although we reserve the term

procedural programming language for members of a certain class of languages. The
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procedural interpretation of a programming language is the way in which the computer

acts according to the instructions of the language.

Contrasted to the procedural approach is the declarative approach to a problem.
This involves describing (in some language) properties of a correct answer to the problem
and forgetting about how such a solution is to be found. A declarative interpretation of a
programming language is some description of the answers which the computer arrives at
after running programs written in that language- it does not have to mention the details

of the algorithm that was used.

The difference between the procedural approach and the declarative approach to
problems is at the heart of a lot of the issues of ease of understanding of programs and
proof of correctness of programs. From these points of view it would be nice if a program
could convey explicitly a lot of declarative information about the problem it solves.
However, it might not seem possible that a program could be both a description of the

problem and instructions on how to solve it.

A declarative programming language is one that overcomes this apparent obstacle by
allowing its programs to be read by us as descriptions of the answers to a problem while,
at the same time, being able to be read by the computer as instructions for the solution of

the same problem. There are general discussions of this idea in [BYT85].

Two classes of declarative programming languages are popularly identified -
functional languages and logic programming (or relational) languages. Functional
languages [Dar84] are characterised by their declarative interpretations as defintions of
functions (often recursive). Their origins can be traced to work on the lambda calculus

and recursion equation systems ((Chu41] and [Kle36].

We are interested in the logic programming languages. These have been developed

since Kowalski, in [Kow74], showed that the language of logic, a particularly good
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language for describing problems, could, in some circumstances, also have a procedural

interpretation.

Up until that time, programming and doing automated theorem proving were
different activities. Now the distinction is less clear cut but there still is a difference in
emphasis which is worth pointing out. Automated theorem proving is concerned with
designing algorithms which can decide whether a given sentence is deducible from a given
set of sentences. To some extent the sets of sentences given to a computer using such an
algorithm can be regarded as a declarative program - the sentences are a description of the
problem and they are read by the computer as the instruction to decide, using its
algorithm, whether the given sentence follows from the given set. However, the term
declarative program would more often be used to denote a more detailed (lower level)

control of the operation of the computer by the programmer.

Kowalski, in [Kow74)], and Colmerauer et al, in [CKRP73), first presented the basis
for logic programming. Their idea was to have programs which looked like sets of Horn
clauses - a Horn clause is a sentence of the form
Ve ( Aty PA@) = R())

(or equivalently the universal quantification of a disjunction of an atomic formula and a

disjunction of negated atomic formulae).

Programs are built from program clauses which are built from lterals. In order to
allow for a generalisation later in the thesis, we shall call these positive literals. A
positive literal is an atomic formula "R(z)" where R is an n-ary relation symbol and Z an

n-tuple of terms.

A program clause is anything of the form A < A,, -+ - ,A, where A is a positive
literal, q is a non-negative integer and each A, is a positive literal. The head of the clause

isAand 4,, . .., A, isits body which may be empty.
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If L is a language then a program from L is a finite list of program clauses : each one

containing only symbols from L.

In the context of logic programming, a query is anything of the form L, - - - ,L,

where p is a positive integer and each L, is a positive literal.

It is easy to specify what we want to achieve. The program represents a Horn-
clause theory P in a straight forward way - the program clause A < A,, : - ,A,
containing distinct variables £ represents the Horn-Clause VWxr ( A%;4, = A ). The query
represents a formula ¢ in a straight forward way - L,, - - ,L, with variables x

represents ¢(r) = AL,L,. We want the computer to find & such that PH¢{(a).

For example, the program
R(y) < Pixy), Q)
P(xx) «
Xa) ~
represents the Horn-clause theory
{Wey ( P(x,y) AQGY) = RG) ), VW& Pxx), Ql)}
R(a) follows from the theory so we would want to be told that x=a is an answer to

"R(x)?" .

We shall call any language which uses this declarative interpretation a pure logic

programming language. - "pure” because it is purely declarative.

In [Kow74] and [CKRP73], it was shown how such programs could be used as
computer instructions - i.. given a procedural interpretation - by using automated
theorem proving techniques based on the resolution principle introduced in [Rob65) We

shall look at the details of this approach shortly.

Because logic programming is very declarative, the relation between the problem
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described by a logic program and the problem solved by running it is very clear cut. So it
may seem unnecessary for us to look at the procedural details. Apart from completeness
of exposition, there are two main reasons why we are doing so :

1) we want to distinguish PROLOG from pure logic programming;

2) in the next section we want to introduce a non-declarative extension (negation as
failure) of logic programming and this can really only be introduced as a modification of
the procedural interpretation of the language and ;

3) later in the thesis we want to introduce our own modification of the procedure to

enable extra expressiveness.

So let us now look at the basis for a procedural interpretation of logic programs -
what is called SLD-resolution (Linear resolution with a Selection function for Definite
clauses). The interested reader is referred to [Kow79] or [Llo84] for alternative

introductions.

The logic programming approach [Kow74] to positive query answering on Horn-
Clause theories is based on the resolution principle of Robinson [Rob65). We try to find a
substitution & for the variables X in a query ¢{xr) = AZ,L, such that the theory P is
inconsistent with ~¢{(a). If PU { ~¢(a) } is inconsistent then P¢(aq) - so & is the type of

answer we are looking for.

A goal from LUC is anything of the form «L,, -+ - ,L, where p is a non-negative
integer and each L, is a literal with relation symbol from L and constants from C. When

p=0, the goal , "+«", is called the empty goal.

A resolution proof of the inconsistency of a Horn-clause theory P with the negation
~R(a) of a substitution of a positive query R(X) is basically a path of goals leading from
the goal <R(x) representing the negation of the query to the empty goal. Each goal in the

path represents a "less” inconsistent formula than a certain substitution of the last goal.
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The empty goal represents the negation of truth ie. falsity. A path from ~R(x) to «
with the substitution £ — & shows that ~R(q) is "more” inconsistent with P than falsity

ie. PU{-R(a)} is inconsistent. Thus P+ R(a).

The attempted construction of a path of goals proceeds by the selection of a literal
from the last goal and the choice of a clause of the program which says something about
this literal (i.e. which has a head containing the same relation symbol). In SLD-resolution
a rule governing the selection of literals is specified. The steps in paths of these versions
must involve the literal indicated by the rule being used to get the next step. In most

versions of PROLOG the selection rule is the "leftmost” selection rule.

We allow substitutions to operate on literals, queries and goals to get other literals,

queries and goals in the obvious ways.

The crucial concept in the resolution process is that of unification. We say that
literals L and K unifyif there are substitutions 6, ¢ for their variables respectively such
that LO = K. 0 and ¢ are called unifiers of L and K. For example, P(x,y,a) and P(u,u,v)

unify with unifiers 6 taking x to z and y to z and ¢ taking u to z and v to a.

We note that another but equivalent approach to unification is usually presented in
literature on logic programming (for example in [L1084]. If we assume that or make
efforts to bring it about that L and K have no variable symbols in common then we can
unify L and K by using just one unifier - LO = K8 say. We find that when we need to be
precise in some later proofs the need to check on and change the symbols in the literals to
be unified makes this alternate approach too messy. It is easy to see that our definition of

unification is equivalent and we will see that it is less messy for our purposes.

If literals L and K unify then there are always most general unifiers (mgus) 6 and
¢ - ie. unifiers 6, ¢ such that, for all unifiers , X, for all variable symbols u,v, for all

constant symbols a,
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1) if uG=v9 then uy=vy
2) if uf=a then u¢=a.
3) if ug= v¢ then ux=vy and

4) if ug=a then uy=a.

In the pure Horn-clause case unifications are useful because they help us use program
clauses to get "less" inconsistent goals. Basically, if <L,, - - - ,L, is the most recent goal
found in the construction of a path, and if L, unifies with the head A of a clause
A«eA,, + -+ A with mgus 0, ¢ then «L6, - - - ,L0,Ap, - - - , A $,L,.10, - -+ L,0is
"less" inconsistent with the Horn-clause theory than «L.6, - - - ,L,0. For the exact
formulation of this property see [Llo84] (or wait to section 5.1 where we give a

generalised version).

In SLD-resolution with a selection rule R we end up with the following definition of
a success ful path for a goal G from a program PROG - otherwise known as an R-computed
resolution refutation of PROG U {G}. A successful path for G from PROG with answer
substitution @ is a finite sequence of goals (Go,G, : ‘- ,G,) and substitutions
(0g, -+ * + ;. such that
SLD1) G=G;

SLD2) G, is the empty goal;

SLD3) for each i=0,1,..k-1 , if G, is «L,, - - - ,L, and R selects L, then there is a
program clause A«<A,, - - - ,A, from PROG such that L, and A unify with mgus 0,, ¢,
and G,,; is ‘-Lleu e ’Ll-lel’Al¢l’ e ,A1¢,,L,,19,, e vaoz ; and

SLD4) 0 is equal to the composition 6, - « + 0, restricted to the variables in G.

If «L,, - - - ,L, has a successful path from PROG with substitution 6 then we say

that 0 is an R-computed answer substitution for L,, - * + ,L, from PROG.

It is not hard to show that for any selection rule R, this process gets exactly the
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right answers according to the meaning we have determined for the program and query.

THEQOREM 1.2 (from [L1084] theorem 7.1)

For every pure logic program PROG, for every query L,, * - -,L,, for every
selection rule R, for every substitution 6 of the variables in the query, if 0 is an R-
computed answer substitution for L, - --,L, from PROG then WAZ,L#6) is a

consequence of the Horn-clause theory represented by PROG.

THEOREM 1.3 (from [L1084] theorem 9.5)

For every pure logic program PROG, for each query L,, - * - ,L,, for each selection
rule R, for each substitution 6 of the variables in the query, if W/\Z,L,0) is a consequence
of the theory represented by PROG then there is an R-computed answer substitution o of

L, -+ - ,L, from PROG and a substitution 7 such that 6 = oy.

So now we have reduced the problem of giving a pure logic program a procedural
interpretation to the problem of finding successful paths using any selection rule. As we

have said, PROLOG uses the leftmost selection rule, but how does it find paths?

PROLOG proceeds by what is called a depth-first search with the choice of literals
done on the basis of their order in the program. The computer tries to build one path at a
time. Where it has a choice of clauses to unify a selected literal with, it chooses the first
such clause in the program and extends the path using that clause. When it can extend the
path no further, and yet it has not constructed a successful path, it goes back to try the
other clauses at its most recent choice. This is known as backtracking. The full details of

this standard control strategy are given in [Hog84l

One important thing to note is that PROLOG may miss out on finding some or all of
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the successful paths.

What we have just described might better be called the procedural interpretation of
"pure” PROLOG for nearly every existing version of PROLOG uses the syntax of pure
logic programming as only a basis for a programming language. "Real" PROLOGs are
described in [CIM81], [Hog84] and [CCP80] In [Kow81b], Kowalski explains some of the
main non-declarative (also called control or extra-logical) features of PROLOG. In the

next section and throughout this thesis we will look closely at one of these features.

Finally, we shall answer the main question of this section - what is logic
programming? Instead of giving it a rigorous definition, we use the term to refer to the
general area of research that is wide enough to include both studies of purely declarative
languages based on the language of logic and studies of non-declarative languages based on

or related to PROLOG.

1.4 Negative Information

In the next few sections we will see how logic programming can be used in a
database query language setting. One of the main themes of this thesis concerns the effect
on expressibility of such query languages when their bases are extended from pure logic

programming to logic programming based on negation as failure (NAF). What is NAF?

If we are going to use a logic program to describe a situation and a query then it is
clear that we might be frustrated because we can not directly express rules involving
negations. Even quite straight forward queries use negated conditionals in their definition.
For example, you may want to describe a group of people who have parents, grandparents,
sons and daughters amongst them and then add that a person’s (blood) uncle is someone

who is both a son of that person’s grandparents and not that person’s father.



NAF is an attempt to handle such negative conditions. It is not, as we will see, a
very good attempt. Also, there are other ways of handling generalisations of Horn
clauses. In particular, Hodges, in [Hod85] shows how to code any finite first-order theory
as a Horn clause theory in such a way that we can use SLD-resolution on the latter to get
answers to queries asked of the former. Nevertheless, the desire to work with negative

information was the motivation for NAF.

Although algorithms which we would call versions of NAF were first appearing in
automated theorem proving (Hew72]) and logic programming (Rou75] and [WPP77D in
the early and mid seventies, it was not until 1978 that serious attempts to justify the
practice were made. The reason that problems of legitimation occurred was that NAF is a
deviation from the principles of declarative programming - NAF fails as (an

implementation of) negation.

In his detailed description of a query evaluation process (qep) - ie. procedural
interpretation - for logic programming with a special rule for handling negation, Clark in
[Cla78] motivated the NAF rule by reference to the closed world assumption (CWA)
which had appeared in [Rei78a] and [NiG78]. The CWA is the assumption that the person
who wrote the program is implicitly giving a more detailed description than he explicitly

gives : the facts which can not be deduced from his explicit description are in fact false.

It does not matter how we formalise this rough idea for we can now proceed to
explain the motivation behind the NAF rule. A logic program will now be able to include
clauses of the form A«A,, - - -+ ,A, Where some of the A, can be negative literals ie. of

the form not( P(&) ) where P() is a positive literal.

When we come to do some serious work using NAF we shall describe a query
evaluation process using a NAF rule (based on Clark’s one) but for now we will just get a

taste of its behaviour. Given a program and a goal we proceed as in SLD-resolution trying
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to find a successful path from the goal to the empty goal. When a positive literal is
selected then things proceed as before but when a negative literal is selected then the NAF
rule goes into operation. For now we will assume that the literal is ground - say that it is
not( P(q4) ). Now we leave this refutation for the moment and separately try and see
whether P(q) succeeds or not by the same process. If P(a) succeeds then we go back to
our main path and act as though not( P(a) ) has failed - ie. the path can not continue. If
P(x) fails then, in accordance with the CWA intuition, we act as though not( P(a) )
succeeded - ie. the next goal in the path is the old one minus not{ P(a) ). In fact we don't
really always know whether a query will not succeed because the process might get stuck
in a loop. For this reason, we can only succeed not{ P(q) ) if P(«) fails in a finite amount

of time and for this reason NAF should properly be called negation as finite failure.

For example, consider the following program :
R(y) <« PQx,y) , not{ Q) )
P(a,b) ~
Qlb) ~
From this program it is not hard to see that R(b) succeeds according to the NAF rule.

This is because not( Q(a) ) succeeds when Q(a) finitely fails as it does.

This example also shows that NAF is not an implementation of classical negation.

What does it implement?

We have just managed to ask the peculiar question which many logic programmers
find themselves asking. It is nothing special for computer scientists to be trying to
develop some technology to solve a given problem. Here, however, we have the opposite.
The technology has been developed but we are not sure about what the problem is that it
solves. In fact, as we will see, no-one has yet succeeded in giving a satisfactory account of

what NAF does implement.
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There is no guarantee that such a declarative meaning for NAF actually exists but it
would be useful if it did. Giving some meaning to NAF outside the complicated query
evaluation process would be welcomed by the users of logic programming. Questions
about whether a particular program truly implements a particular problem could be
answered by comparing the problem with the meaning of the program and using general
results about how well a program implements its meaning. An account of declarative

meaning would also be useful to us when we want to generalise about the behaviour of

logic programs.

Let us just be clear about what we would want from such a meaning. The meaning
of any logic program will be a set of sentences of some language. We want it to be easy to
construct from any program - the easier the construction is, the more declarative is the
meaning. We will also give each query a formula as a meaning. In the pure logic
programming case we have already specified what set of sentences a program represents

and what sentence a query represents.

The important aspect is that the meaning must represent a problem which the
program solves. The computer can give a substitution as the answer to a query, say "no"
or get stuck in a loop (we will also see that some implementations of NAF can also give
up). However, the meaning of a query can either follow from the meaning of the program
or not. Obviously we will want a yes answer to correspond to a valid deduction and a no

to correspond to not-deducible but we have to decide what a non-termination means.

Different people with different requirements may be happy with different accounts
of declarative meaning depending on exactly how well they want a program to implement
its meaning. We shall identify several types of relationships which could exist between a

program an its meaning.

To make the ideas clear let us suppose that we are only asking ground queries with
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ground meanings so we only get "yes” and "no" answers instead of substitutions. Also, we
will only consider atomic queries and we will assume that the accounts of meaning are

nice enough to define the meaning of such a query as the: q‘uaru‘s dsell

It is common in logic programming research to see the term soundness used in this
connection. We will use it for our weakest relationship between a program and a
meaning. Let us say that a program soundly implements a theory if and only if

if a query succeeds from the program then the the query is deducible from the theory.

To know that a program soundly implements a theory can sometimes be useful - we
know that a yes answer means yes. However, there are problems both with using it as a
requirement on a practical particular level and as a requirement on the general level for

an account of meaning.

First let us consider the practical level - solving a given problem. Clearly, soundness
is a necessary requirement for a proposed solution to be acceptable: it would not usually
be desirable for a program to come up with incorrect yes answers to the problem. On the
other hand, in many circumstances, it is equally desirable for the program not to come up
with incorrect no answers. The government might be happy for a computer, which
soundly implements British entry-visa requirements, to say "no" to people who are
entitled to have one, but the people might not be so happy. Requiring only soundness
makes life easy for the programmer - she can implement any problem by a program

which always says "no".

On the general level, a requirement of only soundness of an account of meaning is
equally easy to satisfy. We could say that the meaning of any program is an inconsistent
theory. Then, every program implements its meaning soundly. Clearly, any account of
meaning which can only ensure that each program soundly implements its meaning is of

little use to us.
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Of much more use is the relationship which we will call correctness. Let us say that
a program correctly implements a theory if and only if
1) if a query succeeds from the program then the query is deducible from the theory and
2) if a query finitely fails from a program then the query is not deducible from the
theory.
So here we are interpreting a loop as meaning don’t know - we do not know whether the

meaning of the query is deducible from the meaning of the program or not.

On the general level, correctness is the ideal relationship. Given a program, if our
general account of meaning provides it with a meaning which it implements correctly,
then no-one is to say that the program is not an attempt to implement that theory.
Nothing in the behaviour of the program contradicts this assumption. A general account
which provides every program with a meaning which it implements correctly is very

satisfactory.

For the purposes of solving problems, on the other hand, correctness is not sufficient.
The programmer can easily provide a program which correctly implements any problem:

he just has to use the program which loops on all the queries.

We need a stronger notion still. Let us say that a program completely implements a
meaning if and only if
a query succeeds from the program if and only if the meaning of the query is deducible
from the meaning of the program.

It should be clear that completeness implies correctness.

Correctness is all that we require for our reverse problem of finding a meaning for
given programs. For the usual problem of solving problems, we do not need an account of
meaning which always gives a theory which the program implements completely. It is

sufficient that we show that under certain conditions on the program, the program
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implements its meaning completely. The programmer may then be able to solve a problem
by presenting a program which has a meaning which represents the problem and which
satisfies the conditions. Then our general result implies that the program gets all the yes

answers and no more.

We could go a step further and define perfection to be completeness plus no looping -
i.e. the answer to all queries is either a correct yes or a correct no. However, logic
programming with NAF rarely obtains the necessary conditions of no looping for this

relationship to hold - whether or not we have an account of meaning.

We have said that there are no accounts of the meaning of logic programs with NAF.
Yet, at least two ideas are commonly put forward - the CWA and Clark’s Completed

Database (CDB). Let us see why they are unsatisfactory.

The following material is based on the work of Shepherdson in [She84] and [She85]
and Flannagan [Fla86] in which papers the relationship between Clark’s qep, the CWA

and the CDB is explored in detail.

A simple example shows that the CWA does not give us the meaning of NAF.
Consider the following program.

P+~ not( Q)
Neither P nor Q follows from the program (taken as the set { ~Q — P } of sentences) so
the implicit meaning of the program under the CWA contains { -Q — P, ~P, ~Q } from
which Q is a consequence (as the set is inconsistent). However Q finitely fails from the

program so the program incorrectly implements its supposed meaning.

Contrasted with that observation that the CWA does not give a basis for finding the

meanings of programs is the following result.
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THEOREM 1.4 (theorem 1 [She84)D

If a query Q fails in the gep then its negation -Q follows from the program plus the

CWA and if Q succeeds with answer 6 then Q8 follows.

This might seem to supply us with something as good as a correctness result.
However, the relationship which theorem 1.4 shows holds between a program and its
CWA meaning suffers the same defects as soundness. First, any always looping program
implements any problem. Second, giving any program an inconsistent meaning is just as
good, and a lot simpler, than giving it the CWA meaning. Theorem 1.4 is not good enough

to justify the use of the CWA as a basis for an account of declarative meaning of NAF.

The other main contender for the title of the meaning of NAF is the CDB idea which
Clark introduced with his gep in [Cla78]. Although the failings of the CDB are much the
same as those of the CWA it is worth describing it in greater detail because something like

it will make an appearance in this thesis.

Constructing the CDB is essentially replacing the "if"s in the program by "iff"s. More

precisely we proceed as follows.

First of all, we decide on a language L which contains not only those symbols in the
program but those which we might want to query about. As pointed out in [Fla86] , Clark
makes his "construction” of the CDB impossible by not limiting his CDB to a particular

language. The CDB actually depends on this choice as well as on the program.

For each relation symbol R from L, we put one sentence, called the definition of R, in
the CDB. If R is n-ary we choose n variable symbols x* = (x,, - * - ,x,), not appearing in
the program. If R appears in the heads of no program clauses then the definition of R is

vr ( -R(x)).
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Otherwise, if R appears in the heads of precisely clauses ¢, , * * *, ¢, in the program
for k > O then, for each such clause ¢, , R(¢t) «L,, - - L, , say, we first construct a
formula E,= E(x). If the distinct variable symbols in the clause are y then
E =39(t =x N\ -+ * Alta=x AL -+ - L,
Now we define the definition of R to be

Vr[R(x) «— EV ' - - vE. }

Although, unlike Clark, we are using the first-order theory with identity so we do
not have to add equality theory to get the same answers as Clark, we do have to follow
him in specifying the free interpretations for terms. So, to the definitions above we add

a#b for each pair of distinct constants from L,

Vay( f(x)=g(y)) for each pair of distinct function symbols f,g from L,

Veg( f{x)= f(g)= ( x=y,A -+ * Axa=y, ) ) for each function symbol f from L,
VWx( f(xr)=a) for each constant symbol a and function symbol f from L

and finally we add Vx(t#x) for each term t built from at least one function

symbol and each x which is one of the variables X in ¢.

In [Cla78] is proved the same sort of result for the CDB as Shephedson’s result for
the CWA. Again the observation that meaning as contradiction would do just as well

makes the practical use of this doubtful.

An example shows that there is no hope for a general correctness result for the CDB
either.

P« not( P)
is a program which finitely fails the query "S?" and yet S follows from the inconsistent

CDB of this program.

To sum up then, NAF can only be seen as a non-declarative feature of a

programming language. To find out what problem a given logic program with NAF is
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implementing we will have to follow through how the computer would run the program.
Contrary to what we have seen in the pure logic programming case, currently there is no

satisfactory way of avoiding this by referring to a separate meaning of the program.

1.5 Deductive databases

In the next two sections we will look at how logic programming can be applied to
our problem of answering queries on finite relational structures. One general framework
for doing this is the deductive database approach represented well in a series of collections
(GaM78] , [GMN81] and [GMN84bl In this section we will see what deductive databases

are in theory and in practice.

In its most general form (see for example [Kow81a) a deductive database is the
representation of a set of sentences (or sometimes the theory of consequences of a set of
sentences). Having the conventional / deductive database dichotomy paralleling the
model-theoretic / proof-theoretic dichotomy of logic like this has many consequences for
the way we deal with and talk about the two types of database. [NiG78], [Kow81a] and

[Rei84] contain discussions of these consequences.

Thus a deductive database is a not necessarily complete description of a situation and
there may be several essentially different situations which it describes. Queries no longer
get just yes or no answers. In a conventional database representing a structure D we
either have Di=¢(a) or D=~¢(a). However if we have a deductive database representing a
theory T then there are four different possible relationships:

1) T+ ¢{a) and not T+ -¢{a) - the yes answer;
2) T+ =¢(a) and not T+ ¢{a) - the no answer ;
3) neither T+ ¢{(a) nor T+ ~¢{(a)- the don’t know answer; and

4) both T+ ¢(a@) and T+ -¢{(a) - the inconsistent answer.



Being able to deal with situations of which we do not have complete information is
one of the advantages of the deductive approach over the conventional approach. The
conventional approach has been modified to deal with incomplete information by the use
of some three valued logic (see [Cod79] and [Lip79D but this approach is not very
satisfactory ((Gra77] , [Vas79] , [Vas80]. The other big advantage is that we can describe
information using general rules instead of lists of facts - and thus save on space and make

the database nicer for humans to deal with.

That’s the theory of deductive databases. Now let us look at the practice. There are
at least three ways in which the research and use of deductive databases differ from the

full generality of the ideas we have just seen.

First, not just any set of sentences is acceptable as a deductive database. Obviously,
if we want to find out what follows from the sentences then we want them (and the
query) to be in an acceptable form for automated theorem proving. The first papers
introducing the deductive database idea (for example [Emd78] and those in [GaM78]D did
not distinguish it much from logic programming. As Harel noted in [Har80], the
deductive database researchers were a relatively self-contained group who had more to do
with logic programming than database research. Given this history it is not surprising
that we often see deductive databases being introduced in the form of _logic programs
(IGMN84a] , [LIT85] and [LIT86]D. The actual job of using PROLOG to answer deductive

database queries is described in [WaP81] , [Dah82] , [L1083] , [LIT85] and [L1T86].

Second, not just any formula is usually acceptable as a query to a deductive
database. Again, we make the restriction to what logic programming can handle -
conjunctions of literals. This is not such a serious limitation as it might at first seem
because the ability of deductive databases to contain rules means that queries can be
defined inside the database. To be more precise, suppose that we know that we are going

to want to query the database about the formula ¢. Then, provided we can express ¢ in
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the restricted form appropriate to the database, we can choose 2 new symbol P say and
describe P, inside the database, as having interpretation those tuples which satisfy ¢.

Then we only need to ask "P(x) 2"

Third is the approach to negative information. It would be quite restrictive to stick
to descriptions of situations and definitions of queries which are expressed in pure logic
programming. All the answers to the questions we can ask will either be the yes answer
or the don’t know answer. A negated atomic sentence =P(q) is never the consequence of a
set of Horn clauses. However, as we saw in the last section, we must be careful when we

step outside this restricted domain.

In practice the attempted solution to this problem is usually some use of NAF (see
for example [Kow78]). Now there is some cause to combine use of the CWA with pure
logic programming - as we will see in the next section - but it is not satisfactory to use
NAF for this purpose even in this restricted setting and there certainly are problems with

a more widespread use of the rule.

Some of the properties of NAF in the pure logic programming case are described in
[ApE82] and [JLL83] but they do not equate the CWA with NAF. Gallaire, Minker and
Nicolas in [GMNB84a] try to justify the use of NAF in the pure logic programming case -
i.e. a situation is described in some way by a pure logic program and then when queries
are asked and fail the answer is taken to be "no". Unfortunately, it is mistakenly assumed
that the CWA , the CDB and NAF are all effectively the same thing in this case. So their
formalisation is incoherent. In particular, their belief that the CDB is complete (in the

model-theoretic sense) leads them to make several false claims.

Consider the following deductive database:
edge(a,b)

edge(b,b)
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TOx,y) « edge(x.y)

TC(xy) « edge(xz) , TC(zy)
By applying Clark’s completion and other rules (as in [GMN84a]) we get the following
theory P as being the theory which the database represents:

v (x=a) v (x=b),

a#®b,

Vay [ edge(x,y) «— (x=anx=b) v (x=bAy=b) )],

Vayz [ TC(x,y) «— ( edge(x,y) v 3z ( edge(x,z) A TC(z,y) ) 1
In [GMN84a] it is claimed that a theory derived in such a way from a deductive database
will always be complete. Unfortunately neither TO(ba) nor ~TC(b,a) are derivable from
P - P is not complete. So even if NAF could be used to find all those (x,y) such that

-TC(x,y) is deducible from P then it still would not implement the CWA.

It must also be pointed out that relying on the CWA for any justification deprives
deductive databases of their ability to describe situations incompletely. Of course, that is

fair enough if , like us, one is concentrating on completely known structures.

Another justifying-the-technology approach can be found in [LIT85]. Lloyd and
Topor consider databases consisting of clauses of the form A <« W where A is an atom and
W is a typed first-order formula. The stance is very much one of finding a declarative
meaning for a procedural interpretation based on conversion (following results in [L1T84]
of the database into a logic program and then the usual NAF gep. Such a "here’s the
solution / what’s the problem ?" approach can be useful if the user is told when she or he
can and how he or she can rewrite a given problem in the form of the declarative meaning
of a program, construct such a program and run it to get the right answers. Lloyd and
Topor, who are essentially using a CDB justification for NAF, do not give instructions for
converting a given problem into the CDB of a program and leave the question of when the

program gets the right answers as an open problem.
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It is shown (in theorem 1 [LIT85) that each "yes" answer which the qep gets is a
correct answer according to the meaning. However, as we have remarked before, this is

nothing special unless we know that a "no” answer means "no".

Now let us skip over this swampy area of justifications for NAF and assume that
either we are restricting ourselves to pure logic programming, that someone has come up
with a declarative meaning for NAF or that someone has extended pure logic
programming in some other declaratively justified way. Let us see how we apply the
deductive database approach to our problem of asking queries of completely known finite

relational structures.

We have seen that queries are often defined as derived relations inside deductive
databases. When a deductive database is used to ask a perhaps complicated query to a
finite structure then this leads to the existence of two different sets of relation symbols in
the database : there are the symbols from the signature of the structure which we will
call extensional symbols and there are the new symbols which we have introduced to help

us define the query and which we will call intensional symbols.

In general, the clauses defining the extensional symbols will be facts ie. ground
clauses with empty bodies, while the intensional symbols will be in the heads of rules i.e.
not facts. Reiter in [Rei78a], [Rei78b], [Rei78c] and [Rei80] has dome a lot of work based
on the idea of a partition of the database into an extensional database (EDB) consisting of
facts and an intensional database (IDB) conmsisting of any types of clauses. Minker has
shown, in [Min82], that it is easy to equivalently rewrite any deductive database in this

form.

In our applications the EDB will contain a description of the queried structure. If L
is a signature and D a finite L-structure then the EDB describing D consists of all the

clauses R(d) « such that R is n-ary from L, @ is an n-tuple from the domain of D and
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D= R(a). We assume that D is nice enough to have a domain which consists of symbols

which we can use in a logic program.

Maybe we can represent our query in the IDB in some way but we are still faced
with the problem that in the pure logic programming case we are stuck with getting only
"yes" or "don’t know" answers. In the next section we will see how we can effectively use

the CWA to get us some "no" answers.

1.6 Datalog

From beginnings within deductive database theory another approach to the
application of logic programming to database problems has emerged. This is the use of the
Datalog, or Horn clause, query language which forms a basis for the research in this

thesis.

Datalog can be thought of as the EDB/IDB approach in the pure logic programming
case in combination with the CWA. So, although the CWA will be used, all the logic
programs in this section will be pure - ie. no NAF. We shall now make some other
restrictions on the IDB which we will explain in the next chapter : we suppose that no
constant or function symbols appear in the IDB, and as usual, no extensional relation
symbols appear in IDB heads. Not all of these restrictions are always made in every paper

on Datalog but they all are in [ChH85] for example.

A Datalog query (P;P) will have its answers defined as the interpretation of a

particular symbol P by such an IDB, P, along with what is effectively a use of the CWA.

DEFINITION

If L is a signature then DATALOG(L) is the L-query language specified below.
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SYNTAX:
(P;p) is a wif of DATALOG(L) if and only if
there is a signature S disjoint from L such that
1) P is a finite set of LUS Horn clauses with only symbols from S appearing in their
heads and

2) P is a relation symbol from S.

SEMANTICS:

If P and P are as above with P n-ary then the wif (P;P) represents the n-ary L-query q
where

for all finite L-structures D,

if EDB = { R(d) ID = R(a), @ is from D, R from L },

then for all @ from D”,

@eq(D) ifand only if  EDB UP rFa).

One way of getting answers to a DATALOG(L) query (P;P) asked of a finite L-

structure D is as follows.
1) describe D by EDB,
2) combine EDB with the IDB, P, to get a pure deductive database,
3) query the database with "P(x) ?",
4) and if P(q) succeeds then & is a correct answer to the query and otherwise, and here

it looks like we are using the CWA, & is not a correct answer to the query.

Let us see Datalog in action. As commented on in [GMSV87], the "canonical”

example of a Datalog query is (P;path) which computes the directed transitive closure of

edge on any finite {edge}-structure when P is as follows :
{ & (edge(xy) — path(xy) ),

Viyz ( path(x,z) A path(zy) - path(z,y) ) }.
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For instance, if D contains a, b, c and d and the only edges are from a to b and from b to ¢
then to find whether (a,c) is in the transitive closure of edge in D we will use "path(ac) ?"
to query the following database :

edge(a,b) «

edge(be) «

path(x,y) « edge(x,y)

path(z,y) « path(x;2) , path(zy) .
Clearly the querying succeeds as it should. Since "path(d,a) ?" does not succeed we can
conclude that (d,a) is not in the tramsitive closure. The fact that path(d,a) does not

finitely fail shows that we are using the CWA and not NAF.

Datalog has been presented here as a specialised part of deductive database research.

However, there are at least three reasons for regarding it as distinct in practice.

First, there is no necessity for the logic programming procedural semantics to be used
for Datalog query evaluation and, in practice, it is not used much (although [JCV84] is an
exception). More common (see for example [HeN84), [Cha79] , [McKS80] , [McKS81D is
the compiling approach where the description of the queried structure is stored in a
conventional database and the query, (P;P), is compiled - i.e. transformed - into a
program of conventional database access instructions which can then be applied to the
database. Also based on storing the structure in a conventional database is the bottom-up
approach (see for example [U1l85) where the derived relations defined by a set of

sentences P are built recursively as whole relations (as opposed to the top-down one tuple

at a time approach of logic programming).

Second, Datalog is a query language so there is much more emphasis on questions of
optimising queries and expressibility (see for example [BaR86] than there is in deductive
database research where queries are hidden as derived relations inside databases.

[GMSV87] gives a short summary of such Datalog work before going on to investigate the
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practicality (or otherwise) of one approach to the problem of optimising Datalog queries.
[ChH85] considered the expressibility of Horn clause queries and in particular compared
them with fixed point languages. It was shown that Datalog expresses precisely those
queries representable by a fix point operator applied to a positive existential query. We

shall look at their work in more detail in the next section.

Third, the semantics of Datalog based on what is provable distinguishes it from the
semantics of deductive databases based on what is true. In its theoretical form a
deductive database is a theory which may describe a situation. If the theory is consistent
then we can deduce that some facts are true in a model of the theory, we can deduce that
some facts are false and we do not know about some other facts perhaps. From a theory,
on the other hand, each fact is either provable or not provable. Datalog is based on this

latter relationship.

What has just been said does not seem to agree with the introduction of Datalog as
pure deductive databases with IDB/EDB divisions and the use of the CWA. It might also
be noted that the CWA does not appear much in Datalog literature, and indeed it does not
appear in our definition of Datalog. These observations can be explained by the fact that
the provability semantics of Datalog and the pure logic programming plus CWA semantics
are two different means to the same end. Each fact P(q) is either provable or not provable
from a given theory PUEDB. If it is provable then g is a correct answer to the Datalog
query (P;P) asked of the structure D described by EDB. But also P(¢) Will be true in any
model of PUEDB, so the logic programming semantics says "yes" too. If P(q) is not
provable from PUEDB then a is not a correct answer to (P;P) asked of D. But also, since

P(a) is not provable, the CWA says that we assume that P(q) is false in a model

implicitly described by PUEDB under the CWA - so the logic programming semantics

says "no" too.
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In this thesis we will try to do all of our defining of queries explicitly and not leave

work to be done by implicit assumptions like the CWA.

1.7 Extending Datalog

We have seen how we can have a query language based on logic programming. In
this section we will argue that both the motivation and the possibility exist for defining a
practical query language which is also based on logic programming but is more expressive

than Datalog.

We have said that Chandra and Harel have shown in [ChHS85] that Datalog expresses
precisely the queries representable by a fixed point operator applied to a positive
existential first-order formula (ChH85] Theorem 4.1). Thus DATALOG(L) is a (not

necessarily strictly) less expressive language than FO+LFP (L).

In fact, Chandra and Harel point out two very simple and useful classes of FO+LFP
queries which are not expressible in Datalog. These are the complement and the universal
quantification of an extensional relation - e.g. asking " = R(x)?" and "V y R(y)?" of {R}-
structures. We will show that these are not in Datalog later (but it is easy to do). Using
the same ideas it can be shown that asking "whose brother is liked by everyone?" of a
{parent, male, likes }-structure can not be done in Datalog. Other queries involving
universal quantification, negation and inequality appear in all sorts of practical

applications.

There is, thus, ample justification for regarding Datalog as inadequate to some extent

in practice and certainly inadequate compared to FO+LFP.

Chandra and Harel in [ChH85] went on to define several extensions of Datalog. We

shall meet their extensions H', C and FN later in the thesis. Apart from brief references to
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the possibility of implementing C using NAF and the apparently severe problems
implementing FN, Chandra and Harel concentrate on the expressive power of their
extensions. We, on the other hand, being interested in query languages based on the
automated theorem-proving logic programming techniques will pay much more attention

to implementational aspects.

The natural question for us to ask at this stage is "can the computational rule NAF
help us answer more questions? ". It should be possible to modify the logic programming
approach to answering Datalog queries to allow impure programs. We have seen that
Datalog queries can be implemented by sticking a pure logic program after a description of
the queries structure. We shall refer to the members of a larger class of queries
which can be implemented in the same way by sticking an impure logic program after a
description of the queries structure as LPNAF queries (but we will leave it until later to

define this class rigorously).

So it is possible to extend Datalog but the problems we have seen with giving
declarative meaning to NAF all get in the way of working out what queries we can now

answer.

For example, we can see that we can answer the popular brother query. Suppose
that we have a finite { parent, male, likes }-structure D. We first descriﬁc D in a logic
program as follows.

1) We introduce a new l-ary symbol exist.

2) If {a,, * - - ,a,} is the domain of D (in some order) we put the clause

" exist(e, ) «~ " in the program for each i.

L

3) If D k= parent(a,b) (meaning a is a parent of b) we put " parent(a,b) « " in the

program.

4) If D k= male(a) (meaning a is a male) we put " male(a) « " in.

5) If D = likes(a,b) (meaning a likes b) we put " likes(a,b) « " in.
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To such a description of any structure we add the following clauses using new symbols
2-ary eq and neq and 1-ary unpop and popbroth.

eq( XX )

neq(X,Y) « exist(X) , exist(Y) , not( eq(X,Y) )

unpop(X) + exist(X) , exist(Y) , not( likes(Y,X) )

popbroth(X) + parent(Y,X) , parenu(Y,Z) ,

male(Z) , neq(X,Z) , exist(Z) , not( unpop(Z) )

It should be apparent that under such a set up, popbroth(c) succeeds under the NAF rule

if and only if c has a brother who is liked by everyone.

In [ChH85] Chandra and Harel say that NAF justifies their extension of H to C from
an operational point of view and that NAF gives rise to the possibility of using the
language C. Later we will try to formalise exactly what they are claiming here and show
that it is unjustified. Although it is easy to devise 2 method for computing answers to C
queries, this is not using anything like the procedural interpretation (ie. query evaluation
process) of logic programming and we will show that it can not be maintained that C

gives declarative meaning to LPNAF theories.

We are left with some open questions.
1) Is there a natural extension of Datalog which captures the expressive power of LPNAF
- (preferably in as declarative a way as possible)?
2) If so, then how does the expressive power of this language compare with other

languages - in particular FO+LFP which contains lots of useful queries?

Let us get to work on these.
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Chapter 2

Provability

In this chapter, we shall establish a general framework for query languages based on
the provability semantics. We shall first define a query language, PROV, formalising the
full generality of this idea. Then, after showing that PROV is very expressible, indeed too
expressive to be practical, we will consider restrictions to various sublanguages. By being
more restrictive we can limit ourselves to easier queries to compute. The least expressive
sublanguage we consider is Datalog itself. Then we gradually add more features to
increase expressibility until we reach PROV again. Questions of expressibility and

implementability of one sublanguage, DEF, will be left for later chapters.

2.1 PROV

In this section we will try to capture the full generality of the provability semantics
in a very expressive query language. This is so that we can later switch our attention to
less expressive, more easily implementable languages just by defining restricted

sublanguages of the full language.

In describing the language Datalog we have already given some meaning to the term
"provability”. In particular we contrasted it with definability. Let us have a quick look

at definability again.

The concept often appears in logic with the presentation of the Beth definability

theorem - see for example [ChK73] It concerns the relationship between two types of
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definability - explicit and implicit. We will need to use versions of these concepts

specially adapted for the query language setting.

Definability in this context concerns how precisely a particular theory determines
the relationship between interpretations of its symbols in its models. For our purposes we
consider a theory with two classes of relation symbols - the old and the new. Suppose
that L and S are two disjoint signatures and that P is an LUS-theory. Do P and
interpretations for the old symbols - those from L - determine an interpretation for one of

the new symbols P from S?

We will say that P explicitly defines P if there is an L-formula ¢ such that
PFVe ( P(x) «— ¢(x) ).
In this case we know exactly and explicitly what the interpretation for P is in terms of

the interpretation for the symbols from L in all models of P.

However, maybe P specifies exactly the interpretation for P for fixed interpretations
for the symbols from L but not necessarily in an explicit way. Maybe if E and F are two
models of P which agree on interpretations for the symbols from L - ie. El, = Fl, - then E
and F also agree on the interpretation for P. We can say this equivalently in a syntactic
way by saying that if the LUS'-theory P’ is got from P by replacing each symbol S from
S by a symbol S’ of the same arity from S’ then
PUP' F vx( P(x) «— P(x) ).

In this case we will say that P implicitly defines P.

The Beth definability theorem concerns the relationship between these two notions of

definability.
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THEQREM 2.1 (from [BaJ74D

If L and S are two disjoint signatures, P is an LUS-theory and P is from S then P
explicitly defines P (in terms of the symbols from L) if and only if P implicitly defines P

(in terms of the symbols from L).

It is easy to see how to use ideas from here to employ theories to define queries. If L
and S are disjoint signatures and P is an LUS-theory which implicitly (or equivalently
explicitly) defines P from S then, given any finite L-structure D, there is at most one way
of interpreting P in expanding D to a model of P - otherwise we could construct two
models of P which agree on their L-reducts (both D) but disagree on P. So, provided we
could guarantee that there will be at least one expansion of each such D to a model of P,
then we have the possibility of a query language - the answer to the definability query
determined by P and P, when asked of D, is the relation which P must be interpreted as in
any expansion of D to a model of P. In other words P and P determine a query q such
that @€ q(D) if and only if, for every expansion of D to a model E of P, E = P(¢). We
can replace "every" here by "some” without changing q because of the conditions on P and

P.

If Pis
{Wx (R®) VvSx)), v (T «— ( (RE) APE)V(SE) APR)))}
then P explicitly defines T in terms of {P} (as P). It is also true that any finite {P}-
structure D can be expanded to a model of P - simply make R true on all elements, S not
true anywhere and T have the same interpretation as P. Not surprisingly, P and T

determine a l-ary query with correct answers all those ¢ such that D = P(c).

The provability idea is just an extension of this semantics to the case where we drop

the restrictions on P and P. No longer do we care whether P defines P, we just see what
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elements are in every expansion of D to a model of P. If P has no such expansion then all

the tuples are.

Suppose that we have a signature L. Let us define PROV(L).
SYNTAX of PROV(L)

If S is a signature, n a non negative integer, P a finite LUS-theory (written in some
order)
and S an n-ary symbol from S then PROV(P;S) is a wff of PROV(L) and such wifs

are the only wifs.
SEMANTICS of PROV(L)

If PROV(P;S) is the wif above then for all finite L-structures D, for all & from D~,
D = PROV(P;S) (a) if and only if for every expansion E of D to a model of P,

E = S(a).

For example, if L contains 2-ary P, S contains 2-ary T and P is the LUS-theory
{ vy (PRy) = TRY) ), Vayz ( P(x2) A T(zy) = T(xy) ) }
then PROV(P;T) is a 2-ary L-query which has correct answers on a finite L-structure D,
those ordered pairs in the (directed) transitive closure of the interpretatibn of P in the

structure.

It might seem unnecessary for us to have restricted P to a relational theory.
However, for reasons of implementation of sublanguages which we will mention later it is
best if constants and function symbols do not appear in P. This does not cost us anything
in expressivity because it is easy to do the usual trick of rewriting theories in an
equivalent form with only relation symbols (although we need some new relation

symbols).
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2.2 Provability and Minimal Models

For an example let us look at the following theory. L has O-ary raining, S has Q-ary

roof-leaking, 1-ary outside, inside and wet,
T=( raining—roof-leaking,

V& [ raining A outside(x) — wet(z) ],

V& [ roof-leaking A inside(x) — wet(x) ],

V& [ outside(x) V inside(x) ] }.
Now suppose we have an L-structure D having domain with one element Richard and the
O-ary relation raining being true in D. Then D k= PROV( T ; roof-leaking) and
D = PROV( T ; wet XRichard) but we don’t have D k= PROV(T ; outside XRichard) nor do

we have D k= PROV(T; inside XRichard).

We can use the notation to define new relations on the given structure. In that
example we have virtually defined a new O-ary relation "ROOF-LEAKING” and new 1-ary
relations "WET", "INSIDE" and "OUTSIDE" on D. ROOF-LEAKING is the O-ary relation
true , WET contains Richard and INSIDE and OUTSIDE are both the empty 1l-ary
relation. Given any L-structure D’ we can define corresponding relations ROOF-
LEAKING’, WET’, OUTSIDE’ and INSIDE’ by
ROOF-LEAKING’ <=> D’ = PROV(T; roof-leaking ),
and for any d € D', dEWET' <=> D’ = PROV(T; wet ) (d),

d € INSIDE® <=> D’ = PROV(T; inside ) (d),

d € OUTSIDE’ <=> D’ = PROV(T; outside ) (d).

In general , if L and S are disjoint signatures, D an L-structure , P an LUS-theory,
and S an n-ary symbol from S then we can define an n-ary relation o on D as follows:

vaeD® , a€oc <=> Dk PROV(PS) (a).

Associating each n-ary relation symbol in S with an n-ary relation on D seems like
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expanding D to an LUS-structure - one can interpret the symbol from S as its associate
relation. The above example shows that this is not such a good idea. If we do expand D
to an  LUS-structure E along  those lines then we find that
Er-outside(Richard ) A -inside(Richard). Thus E is not a model of T. It is not very

pleasing to use T to expand D and not end up with a model of T. This does not invalidate

anything we have done but it is an example worth keeping in mind.

If an LUS-theory P is such that we can expand each finite L-structure D in this way

and end up with a model E of P then clearly this is a minimal expansion of D to a model
of P with respect to the interpretations of the symbols from S. Under such circumstances
we will call P minimisable. Minimisable provability queries are much easier to
understand. This is perhaps because its nicer to think about what is true in a model (in

this case the minimal model) than what is provable from a theory.

2.3 Provability and Theorem-Proving
What has provability got to do with automated theorem-proving?

Let us suppose that we have an automated theorem prover i.e. a machine which, for
some class T of theories, behaves as follows:
if U is a signature, C is a set of constant symbols, U is an n-ary relation from U, ¢ is an
n-tuple of constant symbols from C and Q is a first-order UUC-theory from T (written
in some order) then the machine says "yes" to "Q ? U( & )" if and only if QrU(c) and it
says "no" otherwise. If it could exist then an implementation of PROLOG with a loop

checker would work as such a machine for T being Horn-Clause theories.

Can we use our machine to find out whether D = prOV( P; ) (g) or not? By
definition DEPROV(P:S Xa ) if and only if for every LUS-structure F, if Fl =D and F=P

=D
then F=S(a). If we could find some first-order way of saying that Fl,_&hen we could use
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our machine. For suppose that F=D if and only if Fi =D then
DE=PROV(P:S Xa)
<=> VWLUS-structures F, F=DUP => F=5(a)
<=> DUPHS(a)

<=> the machine says "yes" to "DUP ? S(a)"

Unfortunately we can not find any such D because a first-order theory can not define

a domain except up to isomorphism. However that is all we need.

DEFINITION If L is a signature, D is a finite L-structure, and C is the domain of D
regarded as a set of constant symbols then the facts about D, FA(D), is the LUC-theory
DCA(D) U UNA(D) U PFACT(D) U NFACT(D) where

DCA(D) is { ViV elx=c) },

UNA(D) is { Acpsedlc®d) },

PFACT(D) is {R(c) ID=R(c) },

NFACT(D) is { =R(¢) I D = =R(c).

It is straight forward to prove that if a finite LUSUC-structure G is a model of the
facts about D then Gl is isomorphic to D as an L-structure. This is as close as we can get

in first-order logic to forcing G, to be equal to D.

A little model theory shows that
VL US-structures F, if Fi, =D and F=P then F=S(a)
<>

WL USUC-structures G, if GEFA( D )UP then Gl=S(a).

This last result is equivalent to the following.
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RESULT22

DEPROV(P:S Xd) is true if and only if FA( D JUPHS(a).
Thus our machine says "yes" to "FA( D JUP ? S(a)" if and only if D=PROV(P;S Xa).

In order to compute with our new provability relationship a user has only to either
use a slightly adapted theorem-prover or use an ordinary theorem prover but type in the
facts about D followed by P when he or she wants to determine whether

D=PROV(P;S Xd) or not.

2.4 PROV and USO

It is easy to prove that PROV and the language of universally quantified second
order queries USO are equally expressible. Chandra and Harel in [ChHS85] defined a
language FN very similar to PROV and showed that it is as expressive as USO. Their
result is not very hard to prove or surprising either - all three languages are clearly
equivalent. We justify defining and using PROV in this thesis rather than FN or USO
because most of the other less powerful languages which we consider are sub-languages of
PROV and not sub-languages of FN nor USO ie. the less powerful languages use wffs

from PROV representing the same queries as they do in PROV.

USO (and FN) are based on sentences. PROV is based on theories . Showing the
equivalence of USO and PROV is not really much more than conjoining the sentences in a

theory to form a long sentence.
DEFINITION _ of USO

If L and S are disjoint signatures then the wifs of USO(L) are all the strings of the
form VS¢(r) where ¢ = ¢(r) is a first-order LUS-formula. If x has length n then for

any L-structure D, for any d €D" , DEVS@¢(d) if and only if every LUS-structure E
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expanding D is a model of ¢{(d).

THEOREM 2.3

For all signatures L, USO(L) = PROV(L).

proof : VS¢(x) is equivalent to PROV( { Wx(¢(x)=P(x)) }; P ) and PROV(P;P) is
equivalent to VS( AP—P(x)).

Q.ED.

We can bring a result of Fagin’s in here to show that this means that there are PROV
queries which are probably quite time consuming to answer. The reader unfamiliar with
the basics of computational complexity as applied to query answering is referred to
[Fag74] There, Fagin describes how to code a finite structure in an acceptable form for an
input to a Turing machine. A O-ary query is polynomial time computable if and only if
there exists a function f taking positive integers to positive integers such that f(n) is
polynomial in n and there is a machine for answering the query which, on a structure of
size n, answers the query in less than f(n) steps. A O-ary query q is nondeterministically
polynomial time computable if and only if there is such a function f and a not necessarily
deterministic machine which can answer the query in less than f(n) steps. Fagin gives
examples of queries which are of the latter type and probably not of the former type.
Whether these queries actually are in one class and not the other is an open problem

similar to the well known problem of whether NP=P or not (see [DaW83] or [GaJ79].

Fagin in [Fag74] showed that the O-ary queries which are nondeterministically
polynomial time computable are precisely those which have negations in USO (the
language of existentially quantified second order queries ESO contains exactly the

negations of USO queries). Since the set of polynomial time computable queries is closed
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under negation this means that there are probably PROV queries which take a long time to

compute - i.e. are not polynomial time computable.

So PROV is very much a general framework as opposed to a language with practical

applications.

2.5 Datalog as a sub-language of PROV

We have defined a very expressive query language, PROV, which is really too
expressive to be practical - it can express queries which take a long time to compute. Let
us now go to the other extreme and cut back on expressive power with the aim of being
left with nice easy queries. By aiming for the class of provability queries which logic
programming without function symbols can handle it is not surprising that we end up

with Datalog.

A sub-language of PROV can be specified simply by defining a class C of theories and
saying that PROV(P;P) is in the sub-language if and only if P is in C. To end up with
those queries which logic programming can handle it seems a simple matter of using the

class of Horn-clause theories as C.

However, a query language containing all wiffs PROV(P;R) where P is a Horn-Clause
theory (i.e. P consists entirely of Horn-Clauses) is not the same as one that will only use
Horn-Clause theories when deducing answers using theorem-proving. For example,
suppose L={L}, S=(R,S},

P={ V& R(x), V& (R(x) = L(x)) },
and the L-structure D has only one element d such that D =-L(d). The facts about D are
Vx(x=d) and -L(d). We know that DEPROV(P;SXd) if and only if FA( D JUP-S() if

and only if
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VaR(x)

Va(RG) = L&x) )
Vi (x=d)

-L(d)

S(d)
is a valid deduction, which it is. In all expansions of D to a model of P, S(d) is true
because there are no such expansions. So we see that the defining theory, P, is Horn-

Clause but that non-Horn-Clause deductions must be done to answer a query.

The problem here is that having a symbol from L in the head of a clause of our
defining theory allows us to deduce a contradiction. In fact if we do not allow symbols
from L in the heads of clauses (of the defining theory) then we never have this problem.
Under these conditions we only ever need to use the positive atomic propositions in the

facts about the L-structure in doing our deductions.

For example, suppose that L={L}, S={SR},
P={ v& S(x) , Vs (L&x) = R(z) ) }
and the L-structure D has domain {a,b} with DkL(a)/\-L(b). Then DEProv(P;RXa)
because

Vi [ (x=a) Vv (z=b) ] *

a=b *
L(a)

-L(b) *
vk S(x)

vz (L&) = RK) )

R().
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In fact we can carry through this proof whether . the asterisked sentences are there
or not. Similarly we can not prove R(b) from the axioms plus or minus the asterisked

ones. Thus b is not a correct answer to PROV(P;R) asked of D.

This is the reason for our restriction on the heads of Datalog queries. This is enough

to guarantee that we can use logic programming. PFACT is defined in - . © section 2.3,

LEMMA 2.4

If L and S are disjoint signatures, P an LUS-theory consisting wholly of Horn-
clauses with only relations from S in their heads, R from L then
for all L-structures D, for all 4 €D",
D =PROV(PR) (d) if and only if

PFACT(D)UP + R(d).

proof:
The if half is easy as PFACT(D) is a subset of FA(D). To prove the converse we assume
that D = PROV(P;R) (d) and show that any LUSUD-structure E which is a model of

PFACT(D) and P, also satisfies E=R(d). Suppose we have such an E.
We define an LU S-expansion F of D by putting F=S(¢) if and only if E=S(e).

In fact, F is a model of P as we can discover by considering each clause of P
individually. Assuming that F satisfies all the conjuncts in the body of a clause for some
substitution x\& of the variables in the clause then any conjunct in the body is either
1) L(z) for L from L, whence Fi=L(a(¢)), so DEL(a(e)), so L(a(e)) is in PFACT(D), so
E=L(a(e)); or
2) is S(z) for S from S, whence Fl=S(a(¢)), so by construction EFS(z(e)).

Hence E satisfies the body with x replaced by & and E is a model of P and so of this clause

so E satisfies the head under this substitution. By the construction of F so does it.
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Hence F is a model of P expanding D and so by hypothesis F R(d). By its

construction so is E as required.

QED.

The other restrictions we made to logic programs to make them into Datalog queries
were making them function and constant free. Since logic programming can "handle”

functions and constants this might seem to have been an unnecessary restriction.

However, we know from [Hod85] that if we use logic programming with function
and constant symbols then we end up being able to solve any first-order problem so we
can answer any provability query. Since our purpose is to build up from Datalog to more
expressive languages without being too expressive we have to avoid function symbols

unless we want to reach the expressive power of PROV again.

What about just constants? Then the distinction between the constant symbols in

PFACT(D) and those in P would lead to failure to implement the provability semantics.
For example, consider the ({P},{R,c,Y}}theory P={R(c),ve (P&E) ARR) = Y)}.
If the {P}-structure has domain {a} and D = P(a) then D = PROV(P;Y) under the extended
provability semantics. This is because any expansion of D to a model E of P must have ¢
interpreted as a so E = P(a) A R(a) and thence E = Y. On the other hand, if we query Y of
the program

P(a) ~

R(c) ~

Y « P(x) , R(x)
we do not get "yes". The program does not know that every expansion of D also satisfies

VW ( x=a ).

So, if we want to keep a simple semantics (provability), a simple implementation
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(logic program consisting of description of structure followed by description of query)

and not be too expresive then we stick to relational theories.

2.6 Definite Existential Implications

Can we use a practical extension of pure logic programming to help us answer
queries from a different generalisation of Datalog? Lloyd and Topor in [LIT84] suggest
making PROLOG more expressive by allowing any first-order formula in the body of
clauses and give an implementation of the extension. However the implementation treats
negation as failure. Let us see if we can follow their idea of allowing more in the bodies

of clauses, but stay with a simple semantics and not make things too hard to implement.

Allowing equality in the body is no problem - Wiy ( x=a — R(x,y) ) is equivalent to
Vy R(a,y) and Vxyz ( x=y — S(x,y,2) ) is equivalent to Vxz S(x,x,z). It is easy to see how
to trivially rewrite a theory to take care of equality - there is no need to have an explicit

ability to allow it in the bodies.

As for inequality, we will see below that allowing inequality in the bodies of clauses
presents a similar problem to that of allowing negations of relation symbols from the

extensional language.

We have conjunctions in the bodies of Horn-Clauses - what can be done about
disjunctions? It is commonly done (see for example [LIT84D and quite correct to replace
Ve ( A(x) v B(xr) — C(x) ) by the two clauses V& ( A(x) = C(r) ) and

vx ( B(r) = C(r) ). Again we don‘t need disjunctions explicitly in the bodies of clauses.

Allowing negation in the body of a clause seems to be the most popular extension of
pure logic-programming. However this is usually not implemented as negation. Thus one

can write a theorem with negation in it into the computer but not use the computer to
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correctly deduce from the theorem. Rather, the ad-hoc rule negation as failure is used. We
have already compared negation and NAF. We impose a strict separation between first-
order theories from which we want to make deductions and the programs with NAF
which might look like theories but are instructions for a computer to follow. If we want
to make automated deductions from a first-order theory then the theory is one thing and
the theory that looks like the program which we use to help us make the deductions is

another thing.

We will make use of negation as failure in implementations but to suppose that we
can use it to help us in deducing from theories containing unrestricted use of negation in
the bodies of (generalised) clauses would be a mistake. A common problem occurs when
we can not prove P(a), say, we assume =P(a) and then we use -P(a) to prove P(a) in some
way. Such logic is obviously flawed. However this problem will never occur with atomic
propositions P(a) where P is from our extensional signature L if we continue to prohibit
symbols from L from being in the heads of clauses. For in that case we can never use
-P(a) to prove P(a@). In fact, if we can not prove P(¢) then -P(@) is actually in the facts
about the L-structure. In this section we will investigate fully the use of negations of

facts from the structure.

On the other hand, implementing negations of intensional relations directly as
negation as failure will cause the problems referred to above. In fact it is very hard to
handle such clauses. We can see this by noting that Vx ( A(x) A -B(x) = Cx) ) is
logically equivalent to V& ( A(x) = B(x) v C(x) ). Thus, allowing negations in general in
the bodies of clauses is equivalent to allowing disjunctions in the heads of clauses. Such a
clause is called an indefinite clause by Gallaire, Minker and Nicolas in [GMN84a]. They

note that it is very hard to deduce from theories containing indefinite clauses.

Our first extension of the basic Horn-Clause query language allows extensional

negations and inequality in the bodies of sentences.
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DEFINITION

if L and S are disjoint signatures then the LUS-sentence ¥ ( A7, 4, = P(9))
is a definite existential (L,S}-implication if and only if
1) x is a possibly empty tuple of distinct variable symbols;
2) n is a non-negative integer;
3) each A, is either
3a) R(v) for R from LUS,
3b) =R(¥) for R from L or
3c) u#v;

and 4) P is a relation symbol from S.

DEFINITION if L and S are disjoint signatures then a finite LUS-theory is called a
definite existential (L,S)>-theory if and only if it only contains definite existential (L,S)-

implications.

Now we define the definite existential query language - definite as only one atomic
formula appears in the head, existential as no universal quantifications appear in the

conjuncts in the body.

DEFINITION If L is a signature then the existential sub query language DE(L) of
PROV(L) consists of those queries PROV(P;R) from PROV(L) in which P is a definite

existential (L,S)-theory, S is a signature disjoint from L and R is a symbol from S.



For example, of a {parent , married , male }-structure we can now ask who is an aunt of
whom. If Pis
{ Vkyzu ( parent(y,x) A parent(zy) A parent(zu) A uwv A -~male(u)
- aunt(u,x) ),
Vayzuv ( parent(y,x) A parent(zy) A parent(zu) A u#v A male(u) A married(u,v)
— aunt(v,x) )}
then on any { parent , married , male }-structure D, D k= PROV(P;P) (a,b) if and only if a

is an aunt of b (given the obvious meaning in terms of the other relations).

Chandra and Harel in [ChH85] pointed out an obvious deficiency in the expressivity
of their version of Datalog. They then remedied this by extending H to H' which is the
same as DE. That there has been some improvement in expressive power by us making
this move can be judged by using Chandra and Harel’s example of a query which is not in

Datalog but clearly in DE.

If L has just a 1-ary symbol R in it then the 1-ary L-query q given by a€q(D) if and

only if D ==R(a), is called the complementation or negation of R. Clearly q is in DE(L).

To see that it is not in Datalog assume for contradiction that it is - say q =
PROV(P;P) where P is a Hornclause (L,S)»-theory. Let D be the L-structure with domain
{a} such that D =R(a). So D = PROV(P;PXa) and by lemma 2.4, PFACT(D)UP  P(a).
But PFACT(D) is empty so P-P(a). Now if E is the L-structure with domain {a} such
that E ER(a) then a¢q(D). However PHP(a) so PFACT(E)UP I Pa) so E

E=PROV(P;PXa). This is the desired contradiction.

We know that to answer PROV(P;RXa~)? asked of a structure D, we can try to prove
that R(q) follows from FA(D)UP. For Datalog P we can use a Horn-clause theorem-
prover. We will see that if we treat negated extensional relations and inequality as just

some more extensional relations then we can use the same theorem-prover for DE queries.

- 72—



We have something to prove here : one can not always just regard negated relations
as new relations. The deduction

Ve ( Six) = A(x))

Ve (=S(x) = A(x))

v Alx)

is valid while
Ve ( S(x) = Alx))
Ve ( R(x) = A(x) )

v Alx)
is not. It requires the special circumstances of our definite existential theories to make
similar replacements work. Consider the deduction

-S(a)

Ve ( =S(x) = Alx))

AQ)
which is valid as is
RQ)

Ve ( R(x) = A(x))

AQ).

In fact, we will show that if - R is systematically replaced by a new relation
symbol (R*) in the axioms for the theorem-prover then the type of proofs that we are

interested in still go through.

Let us suppose that L and S are disjoint signatures. We choose another signature L'
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disjoint from both L and S such that :
1) for all n-ary R from L there is n-ary R’ in L';
2) there is a 2-ary relation symbol ineq in L';
3) all the R's and ineq are different.
Given a finite L-structure D we have defined FA(D) as
DCA(D) U UNA(D) U PFACT(D) U NFACT(D).
Now we define
UNAD) = A, uy¢p ineqlcd) ;
NFACT(D) ={ R*(d) | RELDF-R(J) }.
We shall call the Horn-clause theory UNA'(D) U PFACT(D) UNFACT'(D), FA(DDY.
Given an definite existential (L,S)>-theory P we define P* as P with u=v in bodies replaced

by ineq(u,v) and -~ R(a) replaced by R'(x).

LEMMA 2.5

If L and S are disjoint signatures , P is a definite existential (L,S)>-theory, D is a finite L-
structure, n is a non-negative integer, R is n-ary from S and Z€D" then

for all n-ary R from S, for all #€D™,

D = PROV(P;R ) () if and only if UNA'(D)UPFACTXD)UNFACT *(D)UP* R(a ).

proof: (only if)

Suppose D = PROV(P;R) () and that E is an LUL' USUD- stcudvesuch that E is a
model of FA(D)Y UP'. (D acts both as a finite L-structure and the set of constant symbols

which its domain can be taken to be). We must prove that E is a model for R(a).

Define the LUS-structure F as follows: F is an expansion of D ie. Fl =D and for
every n-ary S from S and n-tuple d from D, F=S(d) if and only if E=S(d). If we now

an
show that F is a model of P then FE=R(a) jwe will have our desired result.

— 74 —



So take any clause ¢ V& ( AL, A,(r) = P(&) ) from P. And suppose & from F

satisfies FEAR, A,().

By going through each possibility for each A, in turn it will be shown that E=AXe)
where A] is A, with negation of an L relation changed to a positive appearance of the
corresponding L' symbol and inequality changed to a use of ineq. But P* contains the
clause ¢ with just these changes made and E is a model of P'. Thus E=P(z(¢)). No
changes are made to the head of any clause when moving from P to P'. But by the
construction of F it must also be a model of P(a(¢)) as it agrees with E on relations from

S.

We know that FrA,(¢). Let us now show that EmAXe). There are five cases

depending on the nature of A,.

If A, is R(¥,) with R, from L then F=R/(7,(¢)). Since Fl is D then DR, (7,(&)).
But then R,(v,(¢)) would be in PFACT(D) which is a subset of FA(D) of which E is a

model. Finally since in this case A;is A, we have EFAXe).

If A, is =R,(v,) with R, from L then as above DF-~R(v,(£)). In this case though we

have a negative fact so FA(D) contains R}(¢,(¢)) and again EFAXe).

If A is x,7x, then Fle,7e, but F has the same domain as D so e, and e, are

different elements of D. Thus ineq(e,.e,) is in FA(D)' and so EFAXe).

If A is S(v,) with S, from S then the construction of F from E implies that E is

also a model of A (e).

This completes the only-if proof.

Gf)
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Suppose that FA(D)UP*FR(a). We must show that D = PROV(P;R ) (a). So given
any LUS-structure F such that Fl, is D and F is a2 model for P we want to show that F
is also a model of R(&). To do this we do the opposite of what we have just done and

construct a model E of FA(D)UP* which agrees with F on S.

We simply make the LUL'USUD-structure E by expanding F by defining
interpretations for ineq and each X* for K in L. We put Eineq(c,d) if and only if ¢ and
d are different elements of D and E=K"(d) whenever Fi-K(d). It is straight forward to
show that E is a model for FA(D). A similar case by case argument to that in the first
half of the proof shows that E is a model of P*. Thus E=R(a) and by construction of F so

is F.

QED.

In the light of [Hod85] this result might not seem worthy of mention: Hodges’
theorems imply that if we are allowed to code the description of the queried structure
then we can answer any provability queries using a Horn clause theorem prover.
However, Hodges’ coded theories make great and essential use of function symbols which
puts this work out of the scope of this thesis: we are limiting ourselves to
implementations which do not use function symbols. It should also be noted that the
coded theories also make use of equality axioms whose ability to cause looping makes
them unsuitable for depth-first implementations. On the other hand, our coding in the DE
case does not use function symbols and does not necessarily introduce clauses like the
equality axioms which are prone to causing looping. The programmer who is capable of
avoiding looping problems in writing pure logic programs can use the same skill to try and

keep them out of the coded Horn clause theories.

Thus DE is a practical language. But is it expressive enough?
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2.7 DEF

All the queries in the language DE are easy to answer - at least as easy as those in
Datalog. It is also quite expressive. However, as we are about to show, it does not even
capture all the FO queries. We should be able to extend it to an even more expressive
language without making the result too impractical. In fact, in this section we do just
that, and end up with a language DEF, of definite queries, which we will spend a lot of

the thesis investigating.

As Chandra and Harel [ChH85] show, their language H, which is equivalent to our
DE, can not express universal quantification - ie. if L contains 1-ary R then q, given by

a€q(D) if and only if Dk R(x), is not expressible in H.

To see that q is not in DE(L) suppose that we have D with domain {a} such that
D=R(a) and E with domain {a,b} such that =R(a) but £ }=-R(b). Then it is clear that
UNA'(D)UPFACT(D)UNFACT *'(D) is a subset of UNA'(E)UPFACT(E)UNFACT ‘(E).
If q was in DE(L), say q = PROV(P;P) for P a DE (L,S)-theory then by the last theorem
since  a€q(D),  DFPROV(P;PXa), UNA'(D)UPFACT(D)UNFACT *(D)UP* Hp(a),
UNA'(E)UPFACT(E)UNFACT *(E)UP* FP(a), EFPROV(P;PXa) and so a€q(E). This is

clearly not so. So we have a contradiction.

After noting that universal quantification is missing from H', Chandra and Harel go
on to try and add a limited form of negation of intensional relation symbols to the bodies
of implications. We shall look at the resulting language, C, later. For now, we do the
perhaps more obvious thing and just add universal quantification to the bodies of

sentences.
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DEFINITION

If L and S are disjoint sentences then an LUS-sentence ¢ is a definite (L,S)-
implication if and only if ¢ = Vr ( ALA, = P(v) ) where:

1) x is a possibly empty tuple of distinct variable symbols;

2) n is a non-negative integer;

3) each A, is either

3a) R,(a,) for R, from L,

3b) =R,(z) for R, from L,

3c) umv

3d) S,(a;) for S, from S or

3e) WyS(a,) for S, from LUS;

4) P is from S.

DEFINITION

If L and S are disjoint signatures then an LUS-theory P is a definite (L,S)-theory if
and only if P is finite and consists only of (L,S)-implications.

DEFINITION

If L is a signature then DEF(L) the definite query language on L, is the sub-language
of PROV(L) containing precisely those PROV(P;P) such that there is a signature S such

that P is a definite (L,S)-theory.
It should be clear that the DCA(D) may be necessary in using FA(D)UP to answer

DEF PROV(P;P) on D. Thus we need something more than a Horn-clause theorem-prover.

We shall investigate some possibilities later in the thesis.
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One thing that is nice to know about DEF is that all definite theories are minimisable

and hence intuitively pleasing to use to define queries (see section 2.2).

LEMMA 2.6
If P is definite then P is minimisable.
proof:

Suppose that P is a definite (L,S)-theory. Given any finite L-structure D we will
expand it to a model of P in which the interpretation of each S from S contains precisely
those elements which are in the interpretation of S in every expansion of D to a model of
P. This is simply achieved by expanding D to E where, for each k-ary S from S, for each
k-tuple & from D EmS(a) if and only if D = PROV(P,SXa™). It only remains for us to

prove that E is in fact a model of P.

Suppose that ¢ = Wr(/\L,;A,—A) is a sentence from P and that & is from D such that

for each i=1..q , E is a model of A,(x\@). We must show that E is a model of A(x\a).

If F is any expansion of D to a model of P then for each A, either:

1) A, is R(@) for R from L whence E=R(z(a)) so D=R(z(a)) and so F=A,(x\a);

2) A, is uv so Eru(a)=v(a) so DFula)=v(a) and so Fru(a)=v (2);

3) A, is -R(z) so E=-R(a)) so DE-R(uz(a)) and so F=-R(z(a));

4) A, is S(&) for S from S whence P(D}-S(r(a)) so F=S(u(a)) ie. F=A,(r\a); or

5) A, is VyS(z) whence for all b from D, E=S@(a,b)) so as above F=S(u(a,b)) and

again E=A,(r\a).

Thus F=ALA(r\a) but F=P so F=A(r\a). Hence, if A is S(@) then

DEPROV(P;S Xu(xr\a)) and so E=S(r(x\a)). Thus E is a model of ¢ and hence of P.

- 179 —



QED.

2.3 IMP

We have started with a very expressible language PROV , restricted our interest to a
much less expressible but much more implementable language Datalog and then gradually
added features to increase power again. Two different features have been considered:

1) allowing inequality and basic negations in bodies to get DE; and

2) adding universal quantification to get DEF ;

In fact we can show quite easily that by adding one more feature to definite theories
we can again regain the expressive power of PROV. Whether DEF itself has this power
also is a question which will have to wait a little longer to be answered. To define the
language IMP of implicational queries we extend DEF by allowing multiple heads to our

implications.
DEFINITION

If L and S are disjoint signatures then an LUS-sentence ¢ is an (L,S}-implication if
and only if ¢ = vx ( AL A, = V7,P,(v,) ) where:
1) r is a possibly empty tuple of distinct variable symbols;
2) n is a non-negative integer;
3) each A, is either
3a) R,(x,) for R, from L,
3b) =R,(a,) for R, from L;
3c) uv,
3d) S(a,) for S, from S or

3e) VS (x,) for S, from LUS;
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4) m is a positive integer; and
5) each P, is from S.

DEFINITION

A finite LUS-theory P consisting solely of (L,S-implications is called an
implicational (L,S)-theory.

DEFINITION

If L is a signature then IMP(L) is the sub-language of PROV(L) containing all the
wifs PROV(P;P) such that P is an implicational (L,S)-theory, S is a disjoint signature

from L and P is from S.
It is not too hard to show that we have regained the expressivity of PROV.
Obviously IMP's queries are all expressible in PROV - they are all actually in PROV.

To show the converse we use a well known result to convert a given theory into an
equivalent one in clausal form. Unfortunately the process adds some constant symbols -
Skolem constants - which we then must get rid of. We must also cope with the possibility

of clauses with empty heads being produced. It is not a difficult result to establish.

THEQREM 2.7
For all signatures L , PROV(L) = IMP(L).
proof: That IMP(L) & PROV(L) is easy.

To prove PROV(L) C IMP(L) we assume q € PROV(L) , say q is PROV(P;P) where P is

an LUS-theory and P is n-ary from S, and rewrite q as an IMP query.
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We shall say that a theory Q is clausal if and only if it consists solely of sentences
of the form V ( V,A,) where each 4, is either an atomic formula or the negation of an
atomic formula. In [Nil71] it is proven that for any P as above there exists a clausal
LUSUF-theory Q for some set F of function and constant symbols such that any model
of P can be expanded to a model of Q and the LUS-reduction of any model of Q is a
model of P. From now on in this proof we will regard constant symbols as O-ary

function symbols.

Now we proceed to remove the constant and function symbols in F from Q. To do
this we choose two new (n+1)-ary relation symbol R y and S, for each n-ary function
symbol f in F. Let R be the signature of those new relation symbols. An LUSUR-
theory equivalent to Q is constructed in two parts:

1) one, T,, says that R, codes a function ie. there is a function f such that R (z,v) is true
if and only if f(@)=v ; and

2) the other T, is Q with all references to f’s replaced equivalently by R s

To define T, we include the following three sentences for each n-ary function
symbol f from F. We take an n-tuple of distinct variable symbols X not including y nor z
then the sentences are:

Vayz(-R (x,y) V =R, (x,2) V ~(y#=z))
vayz(R ,(x,y) V S (x,y))
ve(=\yS ,(x,y)).

To define T, we recursively apply the following operation to remove the appearances
of symbols from F from Q. Suppose that after a certain number of applications of this
operation we have a theory containing W V,A,). Suppose further that the sentence
contains a symbol from F. Say that one of the A, is P(&) or -P(&) and one of the u, is
£(v) (or ¢) for f (or c) from F. We replace the sentence as follows. First replace u, in A,

by z where z is a new variable symbol. Second, add the disjunct ~R,(v,z) to the whole
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disjunction with the new A, replacing the old. Finally, we universally quantify z in the
new sentence. We keep applying this transformation until we have got rid of all the
symbols from F. This will eventually happen (as we are always removing appearances of

symbols from F) and then we have our theory T,

It is not hard to see that as far as sentences of LUS are concerned T,UT, has the

same consequences as Q.

Now we are almost done. We would like to rewrite T,UT, as an (L, SUR)
implicational theory by simply putting negative disjuncts on the left of an implication as
positive conjuncts. There are two obstacles. First, equality. Disjuncts in the head which
contain equality can be replaced by conjuncts in the body containing inequality. Now we
choose a new symbol eq and add a clause Vx eq(x,x). Conjuncts, x=y, containing

equality can be replaced by eq(x,y).

Second is the problem of empty heads - we might have clauses with no positive
disjuncts. Solving this is a simple matter of choosing a new O-ary relation symbol F say,
adding it as a disjunct to any headless implications and also adding the sentences

Ve (F —R(x)) for each symbol R. Its not hard to see that we have an equivalent theory.
Q.ED.
Thus, in increasing expressivity from Datalog to DE to DEF to IMP we have gone
from easy queries to compute to time consuming ones. In the rest of the thesis we will

show that the change from a practical to an impractical language occurred when we

moved from DEF to IMP.
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Chaptei' 3

Fixed Points

In this chapter we determine the expressive power of DEF by showing how it
compares with an established query language - namely FO+LFP. First, we lay some
foundations for fixed point work then we show how to build the FO+LFP language on
them. We next define a different fixed point language LFP which looks very much like
our provability language DEF. By using and reworking a few results of other people we
can conclude that LFP is equally expressible as FO+LFP. Finally we show that LFP is
equivalent in expressive power to DEF. The corollary that FO+LFP = DEF allows us,
amongst other things, to separate DEF from IMP and PROV in expressiveness. It also
shows that DEF is a practical language with neither too weak an expressive power, so that
it is deficient in practice, nor too strong a power so that it can express time consuming

queries.

3.1 Least Fixed Points

Least fixed point languages are based on the well-known phenomena of the existence
of least fixed points of monotone operators in complete partially ordered sets. We shall
quickly look at the concepts involved and establish this fundamental fixed point theorem.
The basics from algebra can be found, for example, in [Kur65], the fixed point theorem

itself in [TarS2)

A set P with a binary relation X called the order on P and written p<q is called a

— 84 —



partially ordered set or poset , if and only if the following conditions are all satisfied:
VpinP, pSp;
Vp,qinP, if pSq and g<p then p=q ;

Vp, qand rin P, if pS<q and q<Sr then pSr.

A simple example of a poset which is of interest to us is the set REL (D) of n-ary
relations on a finite set - or domain of a finite structure - D. We order REL/(D) by
writing a<B if and only if for all 4 in a, d is also in B. The basic properties of set

inclusion imply that REL (D) is a poset.

If P is a poset then we define the concepts of least upper bound , lub. , of a subset
of P and greatest lower bound , glb. , of a subset of P in the usual way. We willcallPa
complete poset if and only if each of its subsets have both a Lub. and a glb. REL, D) is

a complete poset - for example the Lu.b. of a set of relations is the join of them all.

A map from a set to itself will be called an operator on the set. If F is an operator on
a poset P we can ask whether or not F preserves the ordering on P. F is called monotone if

and only if for every pq in P, if p<q then F(p)<F(q).

For example, if & is any n-tuple from D then we have an operator F defined on
REL,(D) which takes any n-ary relation on D to that relation joined with the one

containing only &. This is clearly monotone.

In that example many elements of REL(D) are untouched by the operation of F.
They are called fixed points of F. In general if P is a poset , F an operator on P and F(p)=p

then wecall pa fixed point of F.

Sometimes we have a least fixed point- one that is £ than any other. In our last

example the relation which contains only & was the least fixed point.
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In other situations there is no least fixed point- maybe there are no fixed points or
maybe there are two which are incomparable by &. The operator o — =« has no fixed
point on REL,(D). The operator which takes « to « if « is a singleton and otherwise takes
a to the full n-ary relation on D has no one least fixed point on REL,(D) if D has more

than one element. Note that both these operators are not monotone.
Tarski's theorem says that that last observation is not surprising.
THEQREM 3.1
Any monotone operator F on a complete poset P has a least fixed point. If O is the bottom

element of P (ie. the Lub. of the empty subset) and P is finite then there is n such that

F*(0) is the least fixed point.

proof:

Suppose that F is a monotone operator on a complete poset P. Since P is complete the

empty subset of P has a L.u.b. which is thus a minimum element of P - let us call it 0.

We define a sequence apa,, * *+ * as follows :
a,=0;

and for all n20, a,,, = Fa,).

Since O is the minimum element of P, a,<a, and since F is monotone we can prove

by induction that for all n, a,<a,,, ie. the chain is (not necessarily strictly) increasing.

If P is finite as it will be in all our applications we can obviously find a fixed point ¢
along this sequence (otherwise we would run out of elements). However its not hard to

prove the result for not necessarily finite P so let us keep going.

We keep defining a, for all ordinals whether we have reached a fixed point or not.
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As before a,, is Fla,) but if B is a limit ordinal then we define a,z to be the Lu.b. of all

the preceding a_s.

Now by using transfinite induction we can prove that the sequence is still increasing.

o
The o to a+1 case is as before/ r{he limit B case is obvious by the definition of a,.

Since P is a set we must eventually run out of new elements for the sequence and
then a, equals a, for « less than y say. Then a,SFa =a,,< - * + Sa,=a,. So Fla)=a,

and we have a fixed point.

Suppose that c is another fixed point of F in P. We know that 0<c so
a,=F(0)SF(c)=. By transfinite induction we can prove that a,<c and so a, is the least

fixed point of F.
If P is finite then « is finite and a, = F*0) by definition.

QED.

3.2 FO+LFP

Because we will need detailed knowledge of the construction of FO+LFP for an
expressibility proof and because it is interesting to compare its construction with that of
our new language LFP it will be worth the trouble to define FO+LFP in detail. We expand

upon the outline given in [Gur84] and [GuS85].

If D is a structure and REL,(D) is the poset of n-ary relations on the domain of D
then we have noted and it is not hard to see that REL/D) is a complete poset. In

particular this holds when n=0 and REL,(D) has two elements - false < true.

REL,(D) will be the complete poset in which we are finding least fixed points. The

operators which we will be using will be defined via first-order formulae. Just to get the
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notation cleared up ready for doing this we will say that if L is a signature, D an L-
structure, P,, - - - ,P, are relation symbols not in L, ¢ = ¢(r) is a first-order
LU{P,, - - - ,P,)-formula which we might write as ¢(P,, - - - ,P,,T), @ is a tuple of
elements from D (of the same length as x) and p,, * * - ,p, are relations on the domain of
D of the same arities as P,, - - * ,P, respectively then we write Dg(p,, - - + ,0,,a) (or
more correctly DiE¢(P,\p,, - - * ,P,\0,,x\a)) if and only if the following equivalent
conditions are true:

1) the expansion of D to an LU{P,, - - - ,P,}-structure E by interpreting P, in E as p,
makes EFg(a);

2) replacing P(a) by T €p, in ¢ makes Di=¢X@) with the obvious semantics.

This is very standard notation.

Now to define an operator on REL,(D) by a first-order formula we proceed as
follows. Suppose that L is a signature, P is an n-ary relation symbol not in L which we
call a dummy relation symbol , ¢{P,r) is a firstorder LU{P}-formula with
x=(x,, + + + x,). Then FyREL, (D)-REL,(D) maps p€REL,D) to Fp)€EREL,(D) given

by a€Fp) <=> D ¢{pa) forevery ainD ™.

An example of such an operator on a { l-ary E }-structure D is the E-difference F ®
on D defined via ¢{x)}=E(x)/\~P(x). An element a is in F&p) if and only if it is in E (ie.

Di=E(a)) and not in p.

The really interesting operators are those defined by formulas ¢ in which the
dummy relation symbol does not appear under an odd number of nestings of negations -
we say it only appears positively. Using a relatively simple induction on the construction
of ¢ we can show that positivity of P in ¢ has the following straight forward relation

with the order on REL,(D):
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LEMMA 3.2 (technical result 1)

If P is an n-ary relation symbol not in the signature L, D is an L-structure , P
appears only positively in the first-order LU{P}-formula ¢{P,x) and o<p are k-ary
relations on D then for all Z in D,

D=g(P\o,a) => DE=¢(P\pa).

The reason why operators defined by positive formulas are interesting should then be
apparent . If P appears only positively in ¢ then o<p => F{o)SF (p). For if
a€F (o) then Di=¢(g,a) so Di¢pa) and a€F,p). Thus , in this case , F, is a

monotone operator.

The basic idea of the FO+LFP language is that we can make use of such an operator
to define a query. Suppose that L is a signature and k-ary P not in L appears only
positively in the first-order formula ¢(P,r) with x<(x,, * - + ,x,). Then we define the k-
ary (FO+LFP) (L) query LFP,(¢) by picking out on each L-structure D as the relation
of correct answers the k-ary relation p which is the least fixed point of the F, operator. It

has a least fixed point because it is monotone on the complete poset REL,(D).

The notation LFP, (¢) as above seems more complicated than is needed to do the job
- why not just LFP(¢)? This is because the actual language FO+LFP is mére complicated
- it allows nesting of LFP operators within other LFP operators and within first-order
formulae. Different dummy relation symbols are used to construct different operators at
different levels of nesting. The subscript P on LFP,  is needed to indicate which dummy

variable is used to define the operator which has least fixed point LFP,,.

The syntax of (FO+LFP) (L) is defined by finding a signature P disjoint from L,
constructing some pre-wffs by adding into the usual rules for construction of wffs of

FO(LUP) the LFP formation rule below which binds some occurrences of symbols from P
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and then taking as wifs those pre-wifs which have no free occurrences of symbols from P.

LFP formation rule
if n is a non-negative integer, P n-ary from P, x=(x,, * - - ,x,) an n-tuple of distinct
variable symbols, 0 is a pre-wff, Z=(u,, * - + u,) is an n-tuple of variable symbols and P

does not appear negatively in 0 then x =[ LFP,.(0) ] () is a pre-wff. X has free variables
those of 0 leave out x and add those in &, it has positive free predicates those of 0 leave

out P and has the same negative free predicates as 6.

To define the semantics for the wffs of the new language we first define meanings for
the pre-wffs. That is, if &P,, « - + ,P,,X) is a pre-wff of FO+LFP we specify under what
circumstances Di=6(p,, * - + ,0,,@). This we do in the usual way by induction on the

construction of 0.

For example suppose that 6=Vyy and  has free appearances of P, - - - ,P, and free
variables from X or y. Suppose that we have already defined the meaning of ¢ under all
substitutions. Then 0 has free appearances of P,, - - - ,P, and free variables from x. We
say DEO(P,\p, - - ,P\o,,x\@) if and only if for every b from D ,

DEY(P \p,, - - * P\, T\Z,y \b).

The only new situation is when 6=LFP, (¢) (@). Let us suppose that P is n-ary so
x={x,, + -+ ,x,) are all different , #=(u,, * - - u,), we know the meaning of ¢ always , the
free variables y of 0 are those of ¢ minus X plus those in & and the free predicates
P,---,P, in 0 are those in ¢ except P. We must decide whether or not

DEO(P,\py, * * * P \0,T\T).

To decide this we define a map F:REL,(D)~REL,(D) given by € F(a) if and only if

D=g(P,\p,, * * * P \0,,P\a,y\a,x\&). We note that we can define this map because , by



induction , we have already specified the meaning of ¢. Since P appears only positively in

#py + * + 01,Pax) F is monotone on REL (D) and has a least fixed point 8 in REL (D).

We define DLFP, ($(P\py, - * * ,P\0,,P,3\a.x) ) (a(a)) if and only if a(a) is in

Its a simple matter to now carry over the meanings of pre-wffs to those pre-wffs
which are wifs. We do not have to worry about substitutions for predicate variables in

the wifs though because they have no free appearances of dummy symbols.

For example if L contains 2-ary parent then
6(u,y) = =~ LFP,,( parent(x,y) v 3z ( parent(x,z) A A(Z) ) ) (u)
is a wff of (FO+LFPXL) and if parent is interpreted by {(a,b) a is a parent of b } then

Dk0(a b) if and only if a is not an ancestor of b.

In [ChH82a], Chandra and Harel related FO+LFP to other query languages and

classes of queries. One of the important results from our point of view is the following.
THEOREM 3.3 (from THEOREM 5.4 [ChH82a]

The class of queries represented by FO+LFP is strictly contained in the class of

polynomial time computable queries.

3.3 Definition of LFP

In this section we will give a rigorous definition of the new language LFP. It is a
simple non-nesting version of the simultaneous fixed point language developed in [Gai84]
and also is based on something closely related to the type of operator appearing in
[EmK76]. The basic properties of simultaneous fixed points are discussed in [Mos74]. The

underly.ing partially ordered set in which we will be finding least fixed points now
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consists of tuples of relations on a structure. We shall examine this idea first. As in the
FO+LFP case we will then see how to define operators on our poset using first-order
formulae. This time we will use tuples of formulae. As before we can restrict our
formulae to ensure that a monotone operator is defined. We shall bring all these steps

together to give an exact specification of the syntax and semantics of our new language.

Finally, several differences between the constructions of FO+LFP and LFP will be
noted. One of the main ones is , of course, the simultaneous multiple character of LFP.
The other is the fact that we have not made a provision for nesting of LFP operations
while FO+LFP allows nesting of LFP. This is because the notation for LFP looks
complicated enough without nesting so we have risked expressive power for the sake of

neatness.
the poset

What complete partially ordered set are we finding our new multiple fixed points in?
DEFINITION

If m is a positive integer , mM=(m,, . . . ,m,) is an m-tuple of non-negative integers ,
L is any signature and D is an L-structure
then

1) an m-ary relation on D is any m-tuple p<{p,, ... ,p,) of relations p, on the
domain of D such that each p, is an m,-ary relation ;

2) REL,(D) is a poset with elements all the fM-ary relations on D ; and

3) REL,(D) is ordered by < where for every o,p€REL (D)
o<p if and only if for every i=l.m o,<p, i.e. the extension of o, is included in the
extension of p,.

It is easy to see that REL (D) is a complete poset when D is finite.
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It is important to note that a multiple relation is not just an ordinary relation witha

big arity - they don’t have an extension but a tuple of extensions.

We have said that REL,(D) is a complete poset. Its bottom element @ is the m-
tuple @=(2,, . .. ,d,) where &, is falsity if m,=0 and otherwise is the empty m,-ary

relation on D.
defining multiple operators

Now that we have our complete poset the next step towards constructing a least
fixed point language is to find a symbolic way of defining operators (especially monotone
ones) on the poset. If m is a positive integer , m=(m,, * * + ;n,) an m-tuple of non-
negative integers and L a signature then we want to be able to specify an operator

F:REL,(D)—REL,(D) for any given L-structure D.

Any such function mapping into a set of m-tuples can be broken down into m
simpler functions acting together. If PEREL (D) then
F)Fp), ..., F(pD)EREL,(D) each F:REL,(D)-REL,(D). Each F, maps a
tuple of relations to a single simple relation and so could possibly have been defined by a

first-order formula with some dummy relation variable symbols.

As in the FO+LFP case a first-order formula with symbols from L plus some
dummy relation variable symbols can be used to represent a mapping on relations. Now
we choose m different relation symbols P,, ... ,P, not in L with each P, being m,-ary.
To represent a possible F, we use a first-order LU{P,, ..., P,}-formula ¢, with free
variables from x,=(x,, ...,%, ) Given pEREL,(D) we define F,(p)€REL, (D) as
follows:

vaeD™,a€F,(p) <=> DkE¢(P\p,, ..., P\p,.T,\a)
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Now it is a simple matter to put several of these maps together to define an operator.

DEFINITION Suppose we are dealing with L-structures. If m is a positive integer ,

m=(m,, . ..,m,) an m-tuple of non-negative integers , P={P,, ... ,P,} is a signature
disjoint from L such that each P, is mi-ary , ¢,, ... ,9, are LUP-formulae, and
Xy, ... ,X, are tuples of variable symbols each £;=(x,,, . .. ,X;) an m-tuple such that

all the free variables from ¢, appear in x,
then the string r={¢,=P(x,), ... ,p.—P.(r,)] is called an m-ary

generalised L-prescription for multiple operators.

We call this string a "generalised prescription” because we are going to be solely
interested in a special case for which we will reserve the name "prescription”. Why isita
prescription for multiple operators?

DEFINITION_ If r is a generalised prescription as above then on any L-structure D we can
use r to define an operator F:REL,(D)—REL_(D) as follows:
given pEREL, (D), for all i=1..m , for all €D™,

a€[F(p)l, <= Dk¢,(P)\p, ...,P\p,. T \2).
We say that r prescribes F on D.

monotone operators

We saw in the construction of FO+LFP that the easiest way to ensure that a
symbolically defined operator is monotone is to make the formula positive in the dummy
variables. We shall follow this example in constructing LFP. Things are even easier if we
don’t allow nesting of LFP operations . In this case any negations can be pushed into the
atoms. In fact we wont suffer any loss in expressibility if negations are only allowed to

appear on non-dummy atoms.
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DEFINITION If L is a signature and r={¢y—=P,(r), . .. ,¢,—~P,(x,)] is a generalised L-
prescription for multiple operators then we call r an L-prescription for multiple operators
if and only if each ¢, is built

from only truth and falsity, equality and inequality, atoms from L, negated atoms from
L and atoms from Py, . .. , P,

using only conjunction , disjunction and universal or existential quantification.

A simple proof by induction on the construction of each ¢, will show that:

LEMMA 3.4 (technical result 2)

If r is an m-ary L-prescription for multiple operators, D is an L-structure and r

defines F on D then F is a monotone operator on REL, (D).

the query language

Finally, we can define our new fixed point language:

Syntax of LFP(L)
1) If ¢ € m are positive integers , m=(m,, . . . ,m,) is an m-tuple of non-negative
integers and r={¢,—P(x), ... ,¢,—~P,(r,)] is an m-ary L-prescription for multiple

operators then LFP(r;P,) is a well formed formula of LFP(L),

and 2) the only well formed formulas of LFP(L) are those defined in 1).

Semantics of LFP(L)

If LFP(r;P,.) is the well formed formula of LFP(L) given in 1) above then it

represents the m_-ary L-query q defined as follows:
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if D is any L-structure and r defines F:REL,(D)—~REL,(D) on D then, by lemma 3.4, F
is monotone on REL (D) which is a complete poset and so, by theorem 3.1, F has a least

fixed point pEREL (D). We say for all ZED™,

DELFP(r;P Xa)
<=>aeq(D)
<=>aep..

For example,

LFP( mother(x,y) V father(z,y) = P,(x,y) , Py(x,y) VEZ ( P (x2) A PJSzy) ) = P xy) ;
P,)

is just the ancestor query on any {motherfather}-structure. Suppose that D contains
Richard, Mary, William and Stanley such that father(Richard , William),
father(William , Stanley) and mother(Mary , William) are the only true atomic
propositions in D. The prescription r as above prescribes F on D which behaves as follows.
F@2) = ( { (Richard , William) , (William , Stanley) , (Mary , William) }, @ ).
F{@@) = ( { (Richard , William) , (William , Stanley) , (Mary , William) },

{ (Richard , William) , (William , Stanley) , Mary , William) } ).
FY{(2,2) = ({ (Richard , William) , (William , Stanley) , (Mary , William) },

{ (Richard , William) , (William , Stanley) , Mary , William) ,

(Richard , Stanley) , (Mary , Stanley) } ).

F{22) = F{29).
The answers to the query are the ordered pairs in the second set of the ordered pair
FY@@) which is the least fixed point of F. These are the right answers to the ancestor

query.
superficial comparisons

Now that we have a perfectly well defined query language what are we going to do
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with it?

We are not going to develop it as a practical language. It may look much neater at
expressing queries than FO+LFP but it also looks something like deductive database
approaches to query posing. This is not surprising because the language has been defined
to bridge the gap between deductive databases and conventional query languages. We will
see in later chapters that a language as powerful as LFP can be easily implemented using
existing theorem-proving methods - the importance of LFP will be as a standard of

expressive power.

Let us compare the expressibility of FO+LFP and LFP. The first step in such a
comparison will be to see whether the constructions of the languages offer any clues to
relative expressibility. We know that FO+LFP allows nesting of least fixed point
operations while LFP does not. Negations can appear anywhere in FO+LFP queries
provided they amount to an even number when nested above a dummy relation symbol.
Negations only appear on non-dummy atoms in LFP. On those points FO+LFP appears
more powerful than LFP. However we know that LFP has its multiple character while

FO+LFP is based solely on simple operators. No easy conclusions can be drawn.

In fact its quite a job to compare the languages.

3.4 Expressing FO+LFP in LFP

Our task is now to show that FO+LFP is (not necessarily strictly) less expressive
than the new language LFP. The essence of the problem is to get rid of the nesting of LFP
operators which appear in FO+LFP queries. As we know LFP does not allow nesting of

LFP operators.

Fortunately, most of the work has been done for us by Immerman in [Imm82]. He
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showed that the nestings of LFP operators can be collapsed even inside FO+LFP itself. So
we do not even need the extra power of multiple operators which LFP makes available

for us - each FO+LFP query is equivalent to one with only one LFP operator.

In [ChH80b] Chandra and Harel laid the groundwork for Immerman’s result. They
defined a fixed point hierarchy of queries formed by applications of negation,
quantification and LFP. We translate their notation into that of FO+LFP -

I, = { ¢ | ¢ is a quantifier free FO query }.

for each ordinal o,

O,={-¢l¢is from I, },

Zon=1{Ix¢|¢is from II, } and

for each limit ordinal 8,

Zy={ LFP, (¢Xu) | P only appears positively in ¢, «<p and ¢ is from E,_ }.

We follow Immerman in his modification of the definition of the hierarchy by
allowing LFP, (¢Xu) in I, even when @ is not simply a tuple of distinct variable
symbols. However we stick with [ChH80b] on the question of positive versus monotone.
Immerman allows LFP, (¢Xu) in I, when ¢ is monotone (on all structures - finite or
infinite) in P. This causes no problems because Immerman’s expressions are all equivalent

to expressions already in FO+LFP (Lyn59D.

Chandra and Harel show that the hierarchy quickly captures all of FO+LFP -

THEOREM 3.5 (THEOREM 4.4 [ChH80bD

U, . 25, = FO+LFP.

Immerman’s important result is that the hierarchy collapses at the first fixed point

level -
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THEQREM 3.6 (THEOREM 2 [Imm82]

X, = FO+LFP.

The basis of the proof is being able to express the negation of any query
LFP,(¢Xu) as a positive LFP query. To achieve this, Immerman defines some fixed
point queries which answer questions about ranks of tuples - a rank of a tuple being the
number n of times the monotone function F, must be applied to the empty relation before
the tuple is in F3(@). We can express, in I, when a tuple has the maximum finite rank
of any tuple, and when a tuple has a greater rank than this. These latter tuples are the
ones not in LFP(F,). Immerman gives a concrete demonstration of this construction by

defining the negation of the ancestor query as LFP (¢Xu) for some first-order formula

o.
We can now prove our lemma -
LEMMA 3.7

For all signatures L, (FO+LFP) (L) S LFP (L).

proof:

Given any (FO+LFP) (L) query, Immerman’s result implies that it is equivalent to a
(FO+LFP) (L) query of the form y{y) = LFP, (¢Xur) for ¢(xr) = ¢ from FO (LU{P}).
Now we simply let r= [ ¢—P(x) , P@)—Q(@) ] It is not too hard to show that

LFP, ($Xur) is equivalent to LFP(r;Q).

QED.
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3.5 Expressing LFP in FO+LFP

In this section we will try to express any LFP query as a FO+LFP one. This would
seem to be a simple matter of combining all fixed point relations produced by the LFP
operator on a structure into one big LFP fixed point. Unfortunately, the simple approach
does not quite work and we have to make things a bit more complicated. All the ideas are
based on work in [ChH85] which, in turn, is related to the ideas on collapsing fixed points

in [Mos74]. Immerman, in lemma 4.1 [Imm86], proves a simple case of our result.

Let us suppose that we have an m-ary L-prescription r. We want to find a
(FO+LFP) (L) query which is equivalent to LZFP( r; P,) - ie. gets the same answers on
all finite L-structures. We could try coding each m-ary relation p an any structure D, as
a Imj-ary (simple) relation A(p) given by (ay, - - - 4, ) €A(P) if and only if M a,€p,.
Then we could try coding r as a FO-formula ¢ in a corresponding way so that r
prescribing F on D implies that ¢ prescribes Im-ary f on D given by f(p) = AF(0))
where AT=p. This simple idea can not work because p — A(p) is not an injective coding
- if any p, is empty then A(p) will be. It is not easy to overcome this problem, especially
when the set of i such that the ith component of F*(@) is empty (where F is prescribed

by r on D) depends on D and n.

We must consider an alternative approach. Chandra and Harel solved a similar
problem in [ChH85] when they expressed any DATALOG (H in their notation) query in
FO+LFP. They also start off trying to code multiple relations as simple ones - but in a
different way. We adapt their idea to suit our purposes. We end up with the following

coding of a prescription by a FO+LFP expression.

Suppose that L is a signature, s = [ ¢,=P,(x), - -+ ¥, =P, (z,) ] is an m-ary L-
prescription, M =(m,, - - - ,m,), e is [log,(m )1, M is the maximum of the n, and [ is an

integer between 1 and m. We proceed to define a (FO + LFP) (L) query s;. First we
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choose an M-tuple X and an e-tuple ¥ of new variable symbols.

Let code] be the formula (y;=yJ/\ * * - A(y,=yo). For each i =1 .. m different from
I, let b, be the jth bit in the binary representation b,b, * - + b, of i. Put €, equal to y,=y,
if b, is 0 and equal to y,#y, if b, is 1. Now code} is the formula €A -+ - Ag. For
example, code$ = (y,=yo) A (y,%y) A (y,#y,) - corresponding to the representation 011

for 3.

Now we choose a new M+e -ary relation symbol P. For each i =1 .. m, we get ¢, by
replacing any appearance P,(7) of any P, in y, by
rylcodef ACx =N * * * A(xmy=Un, \P(L,57)L
Now let X, be code/Adr[(x =x, )N - - A(xm,=¥m)\$,} Finally we put x = V2,x, and

57 (xy + 00 Xp) =g * 0t X YdLFPp (X6 » ¢ 3ol

For example, if s =[ P(x)—P,(x), R(x)—=Px) ] then
st=3ydLFP,_(xXx ,y0Y»ys] Where
X=0 =y A=y A [ x=u) A ]] V
[ @12y A =y A [ (x=u) A R@) ]]

and where @, is Ixyoy, vyl (71#yd) A (Y=yo) A (x=u) A P(x,y,y.y,) 1

For the coding to be successful we would want s; to be equivalent to LFP(s; P).

We can prove this preliminary result.

LEMMA 3.8 (technical result 4)

For all finite L-structures D, for all & from D, if D k=s,;(d") then D ELFP(s;P,Xd).

Proving the converse, however, runs into trouble because the coding makes such use

of the inequality relation on the domain of D that it falls down when the domain is
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trivial - ie. only has one element. For example, suppose that d is the lone element in the
domain of an {R}-structure D, that D =R(d) and that '

s=[ P(x)-P,x), R(x)-P(x)]

as above. Then D =LFP(s;P,Xd ). However, we do not have D k=s;(d) because the least
fixed point of the operator prescribed by X—P(X,yey .Y, is the empty 4-ary relation on

D.

If D is non-trivial then we can use the coding.

LEMMA 3.9 (technical result 6)

For all non-trivial finite L-structures D, for all & from D, if D =LFP(s;P,Xd") then
D ks(d).

If D is trivial then the coding may miss some of the tuples which are in the multiple
fixed point but we can show that we catch those tuples which we know are in the

multiple fixed point after one operation of the multiple operator.

LEMMA 3.10 (technical result 7)

For all finite L-structures D, if s prescribes G on D and d €[G (@), then D k=s:(d).

Chandra and Harel's solution to the problem of trivial databases is based on their
version of this result. If we have a prescription r* which, on trivial databases, prescribes
operators which get to their fixed point after one operation then the coding of r* will
work. Thus, given any prescription r, if we can find such an r* which always prescribes
operators with the same fixed point as r then it will give an equivalent FO+LFP query to

the original one involving r.
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Ifr=[¢=P(r), * * * Pa—Palr,)] is an m-ary L-prescription and m an m-tuple
then we define the m-ary L-prescription r* as follows. For any L-prescription
s = [ yy=P(x), « + + Y —Pyxy) L app(s) = [ app(y,)=P(x)), - * + .app(y,)—P(x,) ]
where app(y,) is got from y, by replacing any appearance P (z) of any P, by

(¢ (x \@VP (7). We put r* = app™\(z).

It should be clear that the following relationship holds.

LEMMA 3.11 (technical result 10)

If r prescribes F on D and r* prescribes G on D then F and G have the same least

fixed point.

The important point for us as we try to overcome the problem of trivial databases is

the following observation about any prescription.

LEMMA 3.12 (technical result 11)

If r prescribes F on trivial D then F™(@) is the least fixed point of F on D.

Now we can put all these results about r* and s;" together to prove the following

result.

LEMMA 3.13

If L is a signature then for every LFP(L) query there is an equivalent (FO+LFPXL)

query.

proof:
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Suppose that m is a positive integer, AT is an m-tuple of non-negative integers, r is
the m-ary L-prescription [ ¢,=P,(x}), * * * @a—P.(r,) ] and [ is between 1 and m. We

will show that LFP( r; P, ) is equivalent to (r*);.

If D E(r*)(d) then lemma 3.8 implies that D ELFP(*;P,Xd). However r* and r

prescribe operators with the same fixed point so we also have D =LFP(r;P,Xd).

In proving the converse we identify two cases. If D is non-trivial and
D ELFP(r;P,Xd) then we know that we also have D mLFP(*;P,Xd). Lemma 39

implies that D k(r*){(d) as required.

If D is trivial and r prescribes F on D, then r* prescribes G = F™ on D with G(2)
being the least fixed point of F. So, if D =LFP(r;P,Xd) then d €[G(@)]; and so lemma

3.10 implies that D =(r*)(d).

QED.

Now we can put our results of the last two sections together to get a major result.

LEMMA 3.14

FO+LFP = LFP
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3.6 FO+LFP versus DEF

In this section we give some quick proofs of the obvious connections between
LFP(L) and DEF(L). It should be already clear that they are equally expressive. Here we
just have to make some adjustments to turn the theory P, which an L-prescription r looks

like into a definite theory.

First we establish the equivalence - in terms of queries represented - between the
prescription t and the theory P.. Then we show how to construct a prescription r from
any definite theory P so that PROV(P;R) = PROV(P,;R). We then show how to construct

a definite theory P from any prescription r so that PROV(P; P;) = PROV(P;; P,). Finally

we sum up the results.

If L is a signature and r =[¢,~P,(r), - - - ¢, »P,(x,)] is an L-prescription then we

define a LU{P,, - - - ,P,}-theory P: as { Vx,(¢,=P (1)), .. , Vx, (¢, =P, (5, ) ).

LEMMA 3.15

For each I=1 .. k, PROV(P,; P, ) = LFF(r;P,).

proof:

part one ) D=pROV(P, ;:P, X&) implies DELFP(r ;P Xa).

Suppose that DEpROV(P, ;P Xa). Let Sbe {P, - - - ,P,}. We define an expansion E
of D to an LUS-structure by E=P,(c) if and only if D=LFP(r;P, Xt ). If we show that E
is a model of P, then we are done.

it
We show that E is a model of P, by showing that if/\is a model of any ¢,(x,\c) then

it is a model of P,(c). Let 7 be the least fixed point of the operator F prescribed by r in D.

Then if E is a model of ¢,(x,\c) we have Di=¢,(7,x,\c). By the definition of F, ¢ €[F(m)], .
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Thus C€[m),. So D=LFP(r;P,X¢) and so E is a model of P,(¢) as required.

part two ) DELFP(r;P,) implies DEPROV(P, ;P Xa).

Suppose that D=LFP(r;P,) and that r prescribes F on D. Given any expansion of D
to a model E of P, we must show that E=P,(a). First we show by induction that for each

n, for each &, for each i= 1 . k, if Z€[F"(@)];, then E =P(e).

It is trivially true for n=0.

Assume that it is true for n. Now if Z€[F"¥@)], then DF¢,(F"(@),¢). But each
[F"(@)]s , is (by the inductive hypothesis) less than or equal to the interpretation P% for

P, in E in the usual order on relations on the domain of D. Since ¢, is monotone with
respect to the interpretations for the P,, Di=¢,(P%, - - - ,PE#Z). That is E =¢,(¢). Since E

is a model of P, we have E =P /(¢) as required.

We know that for large enough n, F*(@) is the least fixed point 7 of F. We know

that aE[‘rr],, so, using our inductively proved result for large enough n we have E =P,(a)

as required.

QED. (lemma 3.15)

LEMMA 3.16

If L and S are disjoint signatures, R is from S and P is a definite (L,S)-theory then

there exists an L-prescription r such that PROV(P,;R) = PROV(P:R).
proof:

part one ) definition of r
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Suppose that S is {P,, - * * ,P,}. For each P, from S, if P, is p-ary then choose

distinct variable symbols X;=(x,;, * * * %;,) which do not appear in P. We define an
LU{P, * * + ,P,}-formula ¢, as follows.

If P, appears in the heads of no sentences in P then ¢; is falsity.

If P, appears in the heads of precisely sentences ¢,, - * * ,c, from P where m is non-
zero then we put ¢,=\/%,8, where if ¢, is VW(/\L,A,—=P(¥)) then B, is

INL(x =V INALLA).
Finally we put r = [¢,=P,(x), * + - ¢, —P(x, )]
part two ) D=PROV(P;R Xa) implies DFPROV(P; ;R Xa)

Suppose that E is an expansion of D to a model of P,. We will show that E is a

model of P.

If VWWNALA—P(")) is any clause from P then it was called ¢, the jth clause
containing P, in the head in our construction of r. If ¢ is from D such that E A, A,(s\C)
then E FB,(x,\v(y\c)) so E k¢, (xr,\p(5\c)). But E=P, so E is a model of P(v(y\c)) as

required.
part three ) DEPROV(P, ;R Xa) implies DFpPROV(P;R Xa)

Suppose that E is an expansion of D to a model of P. We will show that E is a
model of P, and hence E will be a model of R(a) as required.

Suppose that E is a model of ¢,(x;\6). ¢, is not falsity (if E is a model of it) so say
it is V7,8,. Thus E is a model of one of the 8,(r,\b) - say the one corresponding to the
sentence Vy(/\L,A,~P(7)) from P. By definition of 8, there must be a tuple ¢ from D

such that E=b=v(y\c) and E=AL,A(y\c). But E is a model of P so E is a model of
P(v(y\c)). Thus E=P(5) as required.
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QED. (lemma 3.16)

LEMMA 3.17
If L is a signature and r = [¢,—P (1)), - - - ¢, —=P,(x,)] is an L-prescription then
there exists a signature S containing {Py, * * * ,P,} and a definite (L,S)-theory P such that

for each 1= 1 ... k, PROV(P;P;) = PROV(P;; P.).

proof:

part one ) definition of S and P

We put each P, in S and for each subformula  of each ¢, we order the free variables
from y in some way y,, * * * ,¥, and put a new and different m-ary relation symbol S, in

S. That is all we put in S.

Before we construct P we will define an operation * on the set of those subformulas.

We define X(y) by induction on the construction of V.

Heruth) = { Span }

H falsity) = { }

Hu=v) ={ v&s,.(x.x) }

Hu=v) = { Voy(x #=y—S,.,(x,y))}

For each R from L, if the free variables in R(&) were ordered y then
HR@) ) = { WR@)=S, 7N .

For each R from L, if the free variables in =R(z) were ordered y then
H ~R@) ) = { W(-R@)—S (7D}

For each i = 1 .. k, if the free variables in P,(a) were ordered § then
HP(@)) = | WP (@)=, (7)) )

If the free variables from ¢, ¥ and ¢V were ordered T, ¥y and Z respectively then

OV ) = VIS f0)S 4 EDAHS ()5 (T} U () U *().
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If the free variables from ¢, ¥ and ¢y were ordered X, § and Z respectively then
L pnY ) = { WS LINS Y (5)=8 2, (2D} U *(8) U *(y).
If £ and y are the free variables in ¢ and \iz¢b respectively then
Wi ) = (WS () =S, {TN} U *().
If £ and y are the free variables in ¢ and 3u¢ respectively then
Jug ) = (WS (£)=S5,,FN} U *(g).

Now for each i = 1 .. k if the free variables in ¢, were ordered ¥, then we put
P, = {(V,(S,(F)~P(t)} U *($,).
Finally we put P = ULP,.

It is easy to check that P is in fact a definite (L,S)-theory.
part two ) DPROV(P;P, Xa) implies DpROV(P; ;P Xa)

Suppose that E is an expansion of D to a model of P,. We expand E to an LUS-

structure F as follows. If ¢ is a subformula of one of the ¢, with its free variables

ordered y then we put F=S,(¢) if and only if E=(y\C).

It is clear that F is a model of all the *( ¢ ). If Fi=S4(5,(x,\c)) then E=¢,(y,(x,\c)).

But E is a model of P so E=P,(a) and hence F=P(d), Thus F is a model of P.

Since DEPROV(P;P; Xa) F is a model of P(a) and so E is.
part three ) D=pROV(P, ;P Xa") implies DFPROV(P;P; Xa)

Suppose that F is an expansion of D to a model of P. We prove that the restriction E

of Fto LU{P,, - - - ,P,} is a model of P:-

By induction on the construction of a subformula i it is easy to show that, because

F is a model of each X¢), if E=y(y\c) then F=S,(c).
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If 5 = 5,(x,\c) and E=¢,(5) then F=5,(5) so F=P,(c) and so E=P(¢). Thus Eisa

model of P,

Since DpROV(P, ;P, X&) we have E=P,(a) and so F=P,(a) as required.

QED. (lemma 3.17)

LEMMA 3.18

LFP= DEF

proof:

Just combine the lemmas in the obvious way.

QED. (lemma 3.18)

Combining this with theorem 3.14 we arrive at the following.

THEOREM 3.19

DEF = FO+LFP

This allows us to finally answer our main unanswered question about the relative

expressive powers of provability languages - we can now place DEF strictly between DE

and IMP in expressive power.

COROLLARY 3.20

IMP represents queries which are not in DEF.

proof:
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Let q be any one of the O-ary polynomial time computable queries which is not in
FO+LFP. Such queries exist by theorem 3.3. Since -~q will be non-deterministically
polynomial time computable it will, by Fagin's result (THEOREM 6, [Fag74]), be in ESO
and hence, by THEOREM 2.3, q is in PROV. Thus, by THEOREM 2.7, q is in IMP. Since

q is not in FO+LFP it is not in DEF.

QED.
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Chapter 4

Negation as Failure

In this chapter we will lay the foundations for our work on query languages based
on logic programming with negation as failure. The starting point for such work must be
a workable definition of negation as failure. We have seen that NAF can not be
introduced in a declarative way so we have no choice but to look at the details of the
query evaluation process. Here we define a version of such a process and compare it with

the original version so we can write about practical results in future chapters.

4.1 A query evaluation process for Negation As Failure

In this section we define a version of the query evaluation process for negation as
failure. We choose to define a general version not limited to any particular selection rule.
However, the NAF rule we use is a fairly simple and incomplete one. We shall compare
our QEP with other versions in the next section. We work without function symbols

because they are not necessary for our purposes.

Programs are built from program clauses which are built from literals. These are
positive literals and negative literals. A positive lteral is an atomic formula "R(z)"
where R is an n-ary relation symbol and & an n-tuple of variable symbols and/or constant

symbols. A negative lteral is "not ( R(zx) )" where R(z) is a positive literal.

A program clause is anything of the form A < A,, - - - ,A, where A is a positive

literal, q is a non-negative integer and each A, is a literal. The head of the clause is A and
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Ay ... A, is its body which may be empty.

If L is a signature and C a finite set of constant symbols then a program from LUC
is a finite list of program clauses : each one containing only relation symbols from L and

constant symbols from C.

In the context of logic programming a query is anything of the form L,, * - - ,L,

where p is a positive integer and each L, is a literal.

A goal from LUC is anything of the form «L,, - - - ,L, where p is a non-negative
integer and each L, is a literal with relation symbol from L and constants from C. When

p=0, the goal , "«", is called the empty goal.

We have seen that in the pure Horn-clause SLD-resolution case we construct a path
of goals leading from the query goal to the empty goal. In this case it gives us a proof of
inconsistency. In the NAF case we still try to construct such a path but the rule
governing what is a valid step in the path is generalised to take account of negative

literals. The relation between the path and a proof of inconsistency is no longer there.

The attempted construction of a path of goals proceeds by the selection of a literal
from the last goal and, in the case that this is a positive literal, the choice of a clause of
the program which says something about this literal (ie. which has a head containing the
same relation symbol). In SLD-resolution and most versions of NAF a rule governing the
selection of literals is specified. The steps in paths of these versions must involve the
literal indicated by the rule being used to get the next step. In our, more general version,
a path can have its steps generated by the selection of any literal from one step to get to
the next. We will say more about the relationship between our NAF and other NAFs in

the next section.

Our use of the property of some goals being able in a finite amount of time to be
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shown not to succeed means that we have to be more specific in getting from one step to
the next possible one. We do not want to have to check for the failure of each of the
extensions of a path got by trying any of the infinite number of possible mgus for a
particular literal and a clause head. We suppose that we have a deterministic way of
getting mgus - ie. if G is a goal, L is a literal from G and A, which unifies with L, is the
head of a clause c then we suppose that we have specified a pair of substitutions 6, ¢ as
the mgus of L from G and A from c such that

1) 0 is a substitution of the variables appearing in G;

2) ¢ is a substitution of the variables in c;

3) if 0' is a substitution of the variables in G and ¢’ is a substitution of the variables
in ¢ such that L6'=A¢’ then there is a substitution a of the variables in G and in c¢ such

that 6a=9' and Par=g'.

Such a strong condition is necessary. For example, suppose we are not so fussy and
allow 6 taking x—x and y—y and ¢ taking y—x and X—y to be the mgus of Q(z) from
~R(x,y)Q(x) and Q(y) from Q(y)—P(x,y). We should succeed Y from the program

Y «~ Q@) , Rix,y)

QAy) «~ Pxy)

R(a,b) «

P(ca) «

but the only hopeful path is

Y

-~ Q®) , R(xy)
~ P(y.x) , R(y.y)
~ R(ac)

which ends in failure. In fact, our definition prevents us making such a mistake by
disallowing such 0 and ¢ (they are not allowed because condition 3 does not hold with 6"

taking x to x and y to y and ¢' taking y to x and z to z).
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In the SLD case we use unification to get the next step after a positive literal is
selected. When the program and/or query contain "not” we must must specify how to
continue a path after we select a negative literal from the previous step. Suppose we
choose not{ P(@) ). Roughly, Clark’s idea in [Cla78] was to see whether P(7) succeeds or
fails and then if P(&) succeeds then do not continue the path via this literal and if P(z)
fails then allow the next step in the path to be the same as the last step without
not( P(z) ). It might seem that we are capturing the closed world intuition by behaving
as if "not( P(@) ) <" appears as a program clause whenever P(&) fails. In fact, the

situation is more complicated.

There are at least three problems with this simple idea of negation as failure. First,
how do we know whether (@) fails? Many goals have infinite paths and these same goals
can also have a successful path or alternatively no successful path at all. If the goal has
an infinite path and no successful path then the computer can go off constructing the
infinite path and never be able to conclude finally that there is no successful path. In
practice we have to use the result of finite failure - ie. the goal has a finite set of finite
paths none ending in the empty goal. As we shall see, this distinguishes NAF from

negation as not provable.

Second is the problem of variable symbols in P(@). If R(x) « not( P(x) ) appears in
a program and P(x) succeeds with substitution taking x to a then are we really justified in
failing R(x) according to our vaguely defined motivation for negation as failure? Suppose
that P(b) fails. Shouldn‘t we succeed R(x) with the substitution taking x to b? Even
trying all the possible substitutions 6 for x and succeeding R(x) with 6 if P(x4) fails is not
good enough because perhaps there are other elements in a model not named by constants
which do not satisfy P. Do the implicit assumptions of the closed world assumption
include one that there are no other elements apart from those named by constants which

actually appear in the program? Even if we include this assumption we have already
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made a lot more work for the computer - try P(@¢@) for each substitution ¢. Most
common versions of PROLOG do not even try to capture the intuition correctly and use a
very badly behaved implementation. It is better for the process to give up visibly when
things get too hard for it rather than for it to carry on incorrectly. Clark [Cla78] first
introduced a version of NAF which gave up , or floundered, if a non-ground literal was
chosen. He also suggested an improved version which could handle some non-ground
literals and the hard to implement extended version mentioned above. We will base our

version on Clark’s original one.

Third is the problem of negation loops. To find whether P(@) succeeds or fails we
might come to a point in a path where not{ P(z) ) is selected. The computer will happily
get stuck in a loop in such situations. When we are defining the concept of a path we
must decide whether we have a path or not in such cases. For example, if
P(a) «~ not( P(a) )
appears in the program then we must say whether («~ P(a) , «~ not( P(a) ), «) is a path
or not. If we are not careful then we might say that it is a path if and only if it is not a
path. We shall avoid this nonsense making circularity by attempting a definition

inductively involving successive levels of "not"s.

DEFINITION

We define inductively on the level n the concepts of
1) an n-path for a goal G,

2) a closed set of n-paths for G,

3) P(z) succeeds at level n with substitution 6, and

4) P(z) finitely fails at level n.
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All these concepts are relative to a fixed program with symbols from a fixed

signature and finite fixed set of constant symbols.

Now suppose that n is a non-negative integer such that for all non-negative integers

m less than n we have defined m-paths, closed sets of m-paths, success

finite failure at level m.

n-paths for a goal G

We say that H is got from G via 0 at level n if and only if

G is non-empty, itis «L,, - - - ,L, say, and there is an L, such that either

at level m and

GV1) L, is positive, it unifies with the head A of a clause A«A,, - - »A, with the
mgus 8 , ¢ of L from G and A from the clauss and H is
~Lb, - LA - ASL.0, - L0
or

GV2) L, is not( P(@) ), n is greater than zero, P(z) is ground and finitely fails at
level n-1, 6 is the identity and His <Ly, - - - ,L,;,Ly,y, * * - ,L,.

A sequence (G, * - - ,G,) of goals with a sequence (B, - - - ,0,.,) of substitutions is an

n-path for a goal G if and only if
1) G,is G
and

2) each G,,, is got from G, via 0,ad legdd -l

Closed sets of n-paths for a goal G

A set G of n-paths for G is closed if and only if

CS1) (G) , along with the empty list of substitutions , is in G,
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and
Cs2) if (G, G,, - - + ,G,) along with (8, * - - 6, ) is in G then either
CS2.1) G, is empty
or
CS2.2) G, is non-empty, itis «~L,, - - - ,L, say, and there is an L, such that
CS2.2.1) L, is positive, and if it unifies with the head of a program clause
A«A,, A, withmgus 8, ¢ of L, from G, and A
from the clause then
(G,Gy -+ * Gy
«L®, -, L.8Ap - ASL.0, - ,L,0)
along with (8, - - + ,0,.,,0) isin G
or
CS2.2.2) L, is not{ P(a) ), n is greater than zero, P(Z) is ground and either
CS2.2.2.1) P(x) succeeds at level n-1
or
CS2.2.2.2) P(x) finitely fails at level n-1 and

(G )Gb ct »Gk,‘—Lp te rL[.pL“p st ,-LP)ISinG.

Success at level n

We say that P(@) succeeds at level n with substitution 8 if and only if there is an
n-path for «P(z) ending in the empty goal, 8, * - - ,0, is the sequence of substitutions in
the path and 6 is the restriction of the composition 6, - - - 6, to the variables appearing in

a.
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Finite failure at level n

We say that P(@) finitely fails at level n if and only if there is a closed set of n-
paths for «P(z) such that none end in the empty goal and there is a finite bound on their

lengths. We call such a set a closed bounded set of unsuccessful paths for « P(x).

Success, Finite Failure and Non-Termination

We say that P(@) succeeds with substitution  if and only if P(&) succeeds with
substitution 6 at some level. We say that P() finitely fails if it does so at some level. If
P(a) neither succeeds nor finitely fails at any level then we say that it does not terminate.
In the next section we will identify one particular type of non termination as being

particularly annoying.

Before looking at a few examples let us prove a useful lemma.
LEMMA 4.1

If P(2) succeeds then P(7) does not finitely fail.

proof:
If P(7) succeeds at level k and finitely fails at level / then it is easy to see that it will both
succeed and finitely fail at level m , the maximum of k and [. If G is a closed bounded set
of unsuccessful m-paths for «P(z) and P is a successful m-path for «P(Z) then it is
easy to get a contradiction by showing (by showing by induction that equivalent paths to
each of the sub-paths of P are in G) that an m-path the same as P (up to equivalence) is in
G. By equivalence here we mean the same up to substitution under an invertible

substitution.

QED.
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Example 1

R(y) ~ PMxy) , Q@

P(xx) «~

Q) «~
In this program a is a constant symbol and x and y are variable symbols as they usually
are. R(x) succeeds at level 0 with answer x — a because the following is a O-path for
«~R(@y). (« Ry, ~ Pxy) , ) , - AX) , «) with unifiers taking yto y to x to a
respectively. We note that here and in other examples we will assume particular mgus as

"the” mgus of literals.

Example 2

R(zx) « not( P(x) )

Ma) ~
We suppose that this program comes from a finite set of constant symbols with a and b in
it. Then { ( «~ P(b) ) } is a closed set of O-paths for «~ P(b) which is bounded and
unsuccessful. Thus P(b) finitely fails at level 0. So (&~ R(b) , < not( P(b) ), «) isa 1-

path for «~ R(b) and R(b) is successful at level 1.

Example 3

P(a) «~ not( P(a) )
P(a) neither succeeds nor finitely fails at any level n as can be shown in a simple

induction.
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4.2 Implementing the QEP

In the last section we defined a query evaluation process which we called NAF.
However, NAF is a term in common usage amongst logic programmers. What justification
do we have for associating our concept with this term? Let us look briefly at what usually

goes under the name and at the relationship between those concepts and our QEP.

The differing versions of logic programming with negation as failure can be classified
by two independent criteria -
1) what, if any, literal selection rule do they use to continue paths and

2) what happens when a negative literal is selected.

In the literature, one can find several different approaches to the second problem.
Our QEP behaves, when a negative literal is chosen to continue a path, as the original
query evaluation process (qep) of Clark in [Cla78] does when its fixed selection rule
selects a negative literal. Mu-Prolog (see [Nai82]) also behaves in the same way when its
special selection rule selects a negative literal. This approach is quite a practical one (i.e.
its easy to implement) and this fact, along with the fact that it was Clark’s original one,
are the reasons why it is used in this thesis. However, it does have the draw back of
getting stuck - ie. floundering - when a goal full of non-ground literals presents itself so

that such a literal must be chosen.

Most of the other approaches which are mentioned here are attempts at reducing the
amount of floundering which a gep does. Commercial Prolog versions usually use a
flounder-proof rule which is not very amenable to theoretical considerations (see [L1o84]
page 81). IC-Prolog (see [CMcC79] uses a version which flounders less than ours and can
be justified to some extent (as much as ours) on the basis of the closed world assumption
with finite failure but it is not much referred to in the literature. Clark in [Cla78] used

the same justification for an extended version of his original qep which does not flounder
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but is only of theoretical interest because it is not implementable. Shepherdson [She85]
makes some changes to this on theoretical grounds but again the version is not of practical
use. We will leave it to other researchers to relate the results in this thesis to the

behaviour of these other versions of NAF.

The other main way in which other versions of NAF might differ from ours is in the
selection rule used, if any. Our QEP does not use one. Remember that a path is extended
- i.e. a new goal H got from an old one G - by the selection of a literal L from the old goal
such that either L is positive and H is the result of unifying L from G with the head of a
clause or L is negative and ground , its positive part finitely fails and H is G without L.
See GV1 from section 4.1 for details. We also specify a closed set by including all
possible extensions of each path using one of the literals in its last goal (see CS2.2). In
most versions of NAF a selection rule is fixed which specifies exactly which literal from

the goal is to be used to extend paths in GV1 and CS2.2.

A selection rule is a map which picks out one literal from each non-empty goal. If R
is a selection rule then we will talk about R-qep in which successful and finitely failing
goals are those in which the choice of literals in GV1 and CS2.2 is that chosen by R.
Sometimes, the term selection rule is used to mean a more general map whose choice of
literal, from a goal in a path, is also dependent on what the initial query was and how
long the path is. Shepherdson, in [She84], calls our kind of selection rule the narrow kind

but, in [She85], he shows that such selection rules get all the answers.

It is clear that

RESULT 4.2

Assuming that QEP and R-qep use the same mgus, if a goal succeeds with a
substitution (respectively finitely fails) at level n in R-qep then it succeeds with that

substitution (respectively finitely fails) at level n in QEP.
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However, it is easy to see that the converse does not hold. For example, consider the
following program

P+~P,Q.
Suppose that R is the selection rule which picks P from the goal « P, Q . Obviously, P

finitely fails in QEP. However, R-qep gets stuck in a loop.

‘We have some work to do to justify our use of QEP on practical grounds. It is not
necessarily of much use for us to get results about a qep which is far stronger than any
commonly considered qeps. Our QEP gets all the results which any R-qep gets. We have
seen that at least some R-qeps are not as strong. It would be nice if there was a maximal
selection rule - ie. a rule R’ such that R'-qep gets any answer (ie. any yes or no answer)
which any R-gep does. It is easy to see that such a rule is impossible (consider which

literal it picks from «~ P, Q).

Although we can not find a universal maximal selection rule we can find 2 maximal
one for each program (its a bit of work to show that this is so as we see below). In fact,
not only is it maximal but it reaches the strength of our QEP. This is the result which
enables us to relate results about our QEP back to results about versions of Clark’s gep

with particular selection rules.

It must be pointed out that the same result can be deduced fairly easily from
theorem 5 [She84] and theorem 7.5 [She85] One only needs to note that Shepherdson’s
definition of a selection rule is wide enough so that any path in our QEP is also a path
using one of these selection rules. We justify presenting our proof on the basis that we
will make use of all of its parts in the next chapter in proving our main results. It is
readily conceded that investigations into the relationship between the behaviour of the

NAF qgep’s and selection rules are exhausted by the results in [She84] and [She85].

Given a program PROG we define its maximal selection rule R as follows. All
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reference to success and failure and other terms involved in a qep are referring to the
behaviour of the goal in our QEP. For each goal G, if G does not finitely fail and contains
at least one positive or ground negative literal then we get R to pick one of those literals.
If G does not finitely fail but contains all non-ground negative literals then we pick any
one of them. If G does finitely fail then the specification of R is more difficult. We find
the least m such that G finitely fails at level m and the least / such that there is a closed
bounded set of unsuccessful m-paths for G with all their lengths less than /. From one
such set G, we note which literals from G are used to fail G or extend it into a path in G
in accordance with the definition of a closed set. We get R to pick one of these literal

from G.

Now we must justify our use of the term maximal in describing that selection rule.

THEOREM 4.3

If our QEP succeeds a goal G with substitution 6 from program PROG then the
version, R-qep, of NAF using the maximal selection rule for PROG will succeed GO under
an invertible substitution
and

if our QEP finitely fails a goal G from PROG then R-gep does too.

proof:

By induction on n we prove that
a) if QEP succeeds G under 0 at level n then R-qep succeeds GO under invertible y at level
n; and
b) if QEP finitely fails G at level n and n is the minimum such integer then G finitely fails

at level n in R-gep.
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Assume that we have shown a and b up to n-1. Now for n.

PART a)

Suppose that the QEP succeeds G under 6 at level n.

To assist us in this proof we will employ the concept of a path tree.

DEFINITION

If G is the goal «~L,, - - -+ ,L, and n a non-negative integer then an n-path tree for G
is a tree with each node labelled by a string called its lteral label (label) and a string
called its clause label (clabel) such that
for each node t of the tree one of the following is true
PT1) t is the root, both its llabel and its clabel are ™", t has exactly p successors
ty, * * - &, and each ¢, is llabelled L, ;

PT2) t has no successors, is llabelled with a literal and is clabelled "unfinished” ;

PT3) t is llabelled with a positive literal, P(@) say, t is clabelled with a clause
P(9)+=A, - - - ,A, from PROG, there is a substitution ¢ of the variables in the clause
such that v¢=a, t has exactly q successors sy, * * - ,5, and each s, is labelled A, ; or

PT4) t is llabelled with a ground negative literal, not( P(q) ) say, P(4) finitely fails at

level n-1 from PROG, t has no successors and is clabelled "negative”.
Path trees will be used to represent a whole set of paths - each different only in the
selection of literals from goals. We will call each such path an example of the path tree.
DEFINITION

An n-path (G, - * - ,G, ) with (8, + - - ,8,, ) is an example of an n-path tree for H
if and only if there is a substitution € and for each i = O .. [, there is a map ¢, associating

each appearance of a literal in G, with a node in the tree such that
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EGL) H=Gef,  * - 0.6
EG2) if G, is «~K,, - - - ,K, then o, maps X, to a node llabelled X,0, - - - 6,,€; and
EG3) if X, is chosen from G, (as above) to get to G,,; and o, (X )=t then either
EG3a) K, is positive,
tis clabelled with A«<A4,, - - - A,
the mgus of X, from G, and A from the clause are 0, , ¢,,
Guais «K\0,, * * * K,.10,4:¢), * + * A BLK, 0, - - - K, 0,
a,,, maps K,9, to o,(X,)
and «;,, maps A, ¢, to the successor s, of t with llabel A,¢,0,,, -+ + 0,,€0r
EG3b) X, is negative and ground,
0, is the identity,
G is X0, * - - K, ,0,K,.0, - K0,
the clabel of t is "negative”

and «,,, maps X,0, to A X,).

We will also find it useful to have an ordering on these path trees.
DEFINITION

We say that a tree H is a sub-tree of a tree G if and only if
there is a map B from the nodes of H to the nodes of G and a substitution y such that for
all nodes t of H,

ST1) B(root gl=root g ,

ST2) if t has exactly q >0 successors in H then B(t) has exactly q successors in G
and B takes t's successors in a one-to-one manner to 8(t )’s.

ST3) if B(¢) has a successor B(u) in G then u is a successor of t in H,

ST4) if t is clabelled ™" then B(¢) is too, if t is clabelled with a clause then B(t) is

clabelled with the same clause and if t is clabelled "negative" then so is (), and
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STS) if t is llabelled with a literal L then B(¢) is llabelled Ly.

Now back to the proof.

Since G succeeds under 0 in QEP at level n, there is an n-path ( G, - - - ,G, ) with
@y -+ - 8, ) such that G, = G, G, is empty and 0=0, - - - 6, ;. By lemma 4.4 we can
construct an n-path tree G for GO which is finished - ie. has no nodes clabelled

"unfinished" - and of which the path is an example.

By lemma 4.5 we can use G to construct an n-path (H,, * - - H,) with

(Yo * * * W) for Hy = GO such that it uses the selection rule R, it is an example of G and
or

either H, is all non-ground negative literals, ;\the path is succmful} Or it can be extended

further.

By lemma 4.6 H, is not all non-ground negative literals so either we get a successful

path or we can keep extending it.

To show that it is impossible for us to keep getting longer and longer such paths we
note that, by lemma 4.7, if a path tree H is constructed from H-path (as in lemma 4.4)
then it will be a sub-tree of G . But, by lemma 4.4, each step of H-path causes the
number of nodes in the constructed tree H to increase or stay the same and if the number
of nodes stays the same then the number of unfinished nodes decreases. So for long
enough path we get more nodes in the constructed H than in the path tree G of which H is

a sub-tree. This is impossible by the definition of sub-tree.

So suppose that we have a maximal such path - so it is successful. Since it is an
example of G, GO = Hy, - - - Y, ,€ for some € If Y=y, - - - ¢, , then we have GO = GOye

so Y is invertible on G as required.

It remains to prove the lemmas.
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LEMMA 4.4

Given an n-path, G-path = (G¢, * * * ,G, ) with (6, + - * ,0,, ), We can construct an
n-path tree G for Gyf, - - - 0, such that
1) G-path is an example of G with € being the identity,
2) the range of o is the unfinished nodes of G, and
3) if we extend G-path by one more step and construct a new tree then it has as many or

more nodes and if it has the same number then it has less unfinished nodes.
proof:

If Gg= «<L,, -+ +,L, then we start with a tree, G, with a root with p successors
ty, - ** £,. We give the root llabel and clabel ™" and each ¢, llabel L,8, - - - 6,, and
clabel "unfinished". If we put €=0, - - - 0,, and o, mapping each L, to ¢, then it is easy to

see that the path (G,) is an example of the tree G,.

We keep constructing trees G,, G,, . , G;, and maps o, * * * ,a; such that, for each
i,
CD Gy -+ ,G,) with (8, - - - ,0,,) is an example of G, with oy, - * - ,&, being the
appropriate maps and €=, - - - 0, being the appropriate substitution and

C2) the range of «, is the unfinished nodes of G,.

These conditions hold when i=0. Suppose that they hold for i and we are moving on
to i+l. Say G, is «K,, * * * ,K, and K, is chosen to get to G,,,. Say that o,(X,) =t. There

are two cases.

case 1: KX, is positive. Say that G,,, is got by the unification of X, and the head of the
clause A«<A,, - - - ,A,. Suppose that 6, , ¢, are the mgus of X, from G, and A from the
clause. To construct G,,, from G, we take off t’s "unfinished” clabel and give it the clause

as its clabel, we give t exactly q successors s,, * ‘- ,s,, we llabel each s, with
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A,$,0,, - - 0., and we clabel s, "unfinished". To see that the conditions are satisfied

define o,,(X,0,)=a,(X,0), put o, (A, P )=s, and put €=0,,, - - + ;.

case 2: K, is negative. Take off t's "unfinished” clabel and reclabel it "negative".
Define a,,,(K,0,)=a,(X,).

We note that in the end, when i=l, then if the path was successful and so G, is
empty, by C2 the tree is finished - i.e. has no unfinished labels. It is also easy to check
that each extension of G, to G,,, does not decrease the number of nodes and if it does not

increase them then it decreases the number of unfinished nodes instead.

. QED. (lemma 4.4)

LEMMA 4.5

Given an n-path tree G and a selection rule S which selects positive or ground
negative literals if there are any then we can construct an n-path (H,, - - - ,H,) with
(e * * * W) such that
1) the path proceeds by the selection of literals according to S,

2) it is an example of G,
3) if G is finished then either

3.1) H, is all non-ground negative literals and we say the construction has
floundered,

3.2) H,is empty or

3.3) we can extend the path further.
proof:

Say that G is an n-path tree for H= <L, - - - ,L,. We construct an n-path starting

with the first goal G, = H Let «, take each L, to the successor ¢, of the root of the tree
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llabelled L,.

We keep constructing a path (G, * * * ,G;) with (8, - - - ,,,) for as long as we can
or want to. We shall ensure that it is always an example of G. The short path (G,) is

clearly an example.

Now suppose that we have a path of length [ and we want to extend it. Obviously if
G, is empty then we can not. Also, if G, is all non-ground negative literals then we must
give up and in this case we say that the construction has floundered. Otherwise R will

choose any positive or ground negative literal.
Suppose that G, is <X, - - * ,K, and that X, is chosen. There are three cases.

Case 1: (X)) is clabelled "unfinished". Again we must abandon our construction

here. Note that this case will not arise if G is finished.

Case 2 : o(X ) is llabelled positively, say with P(r), and clabelled with a clause
P(v) <A, - - - ,A,. If the mgus of X, from G, and P(v) from the clause are 6, , ¢, then
Gy is «K\6,, -+ ,K,,0,A\¢, * * * A $,K .40, - + - K,0,. Since G is a path tree, by
PT3 there is a substitution { of the variables in the clause such that ¢{=z. We put

oy (K,0,)=0(X,) and «,,(A, $,) equal to the successor s, of o,(X,) with llabel A,{.

The extended path ( Gg, * * * ,G,,, ) with ( 6, * - + 0, ) is an example of G as we

now show.

Since the path up to G, is an example of G, there is, by EG1, a substitution ¢, such
that G = Gof, - * * 0,,6. By EG3, (X ) is llabelled P(r) = X ,€,. So K ,=P(v{). But 6,
, ¢, are mgus of K, and P(v) so there is €,, such that €=0¢,, and {=¢,€,;. Thus G =

Gy * * - 0,,0,€,., and EG1 holds.

Since K ,€=K ,0,€,,,, this is what we require as the llabel of the image (= o,(X,)) of
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K,0, under oy, We also have a;,,(A,¢,) being a node labelled A,{=A, €., as required.
Because €=0,€,,, we have the other «, behaving correctly in respect to the longer path as

they did in respect to the path up to G;. So EG2 holds.
K, is chosen from G; to get G,,, and it is easy to see that EG3 holds.
Hence we have constructed our longer example.

Case 3: oy(K,) is llabelled with a ground negative literal, not( P (a) ) say, P(a)
finitely fails in QEP at level n-1, o,(X ) has no successors and is clabelled "negative”. By
EG2, not( P(4) ) = K ,¢, but we only choose ground negative X, so X, is not{ P(q) ). We
have a new goal, G;,; = <K, * * * ,K,,K,,, - * - K, with 0, being the identity. If we get
@, to map as a; on those literals and put ¢, equal to € then it is straight forward to

check that we still have an example.

QED. (lemma 4.5)

LEMMA 4.6

Suppose that G-path is a successful path for G under 6, that H-path is a path for H,,
that H, is a substitution of GO and that both G-path and H-path are examples of a path

tree G. Then H-path does not end full of non-ground negative literals.

proof:

Suppose that H-path is (Hy, - - - H,) with (Y * * - W,,) and suppose for
contradiction that H-path does end in all non-ground negative literals. By lemma 4.4, we
can construct an n-path tree H for Hg, * * * ¢, such that H-path is an example of H

with € being the identity and the range of «, being the unfinished nodes of H.
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By lemma 4.7, H will be a sub-tree of G.

By lemma 4.8, since Hyy, * * * ¥,.; is a substitution of GO, we have an example,
I-path, of H which is either successful or there is a literal K which is the one selected from
a goal G, in G-path and a node of H which is clabelled "unfinished” and llabelled with a

substitution of K.

If I-path was successful then, since it is an example of H, H is finished (by lemma
49). This can not be as the range of the map o, from the non-empty last goal of H-path

to the nodes of H is the unfinished nodes of H.

So the following is true. From G, which is «+X,, - - - K, say, K, is selected, and a

node t of H is clabelled "unfinished” and llabelled with a substitution of X,.

Since t is unfinished it is a,(M,) for one of the literals M, from H,. By EG2, the
llabel of «,(M,) is M,€ but € is the identity. So the llabel of t is M, itself. However, we
know that this llabel is a substitution of X,. Since M, is non-ground negative so must X,

be.
This contradicts the fact that it was selected from G,, in the successful G-path.

QED. (lemma 4.6)

LEMMA 4.7

Suppose that G is an n-path tree, we construct an n-path, H-path, which is an
example of G, as in construction two, and we construct, from H-path, an n-path tree H as

in lemma 4.4 so that H-path is an example of H. Then H is a sub-tree of G.

proof:
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Suppose that H-path is (H, * - * H,) with (Y, * * * Y4 ). If G is a path tree for G

= «L,, * - - ,L, then, since H-path is an example of G, there is a substitution € such that

G=Hyn * * * Yra&

The construction in lemma 4.4 proceeds by the construction of a sequence of trees H,

, = , H,. H-path is an example of G and of each of the H, so we will denote each of the

literal appearance to node mapsasa,“,af“,... ,a,n*todistinguish them.

We show by induction on i that
IC1) each H, is a sub-tree of G.

We also show that the map 8, from the nodes of H, to those of G satisfies

IC2) if H,is «K,, - * - ,K, and a,n‘(K,) = t then B,(¢ J=aX(X,) and y = €.

First i=0. We recall that H, has a root with p successors, t,, * * - ,t, With each ¢,
labelled K * * ¥,y G is an n-path tree for G so its root has p successors, s, * - - ,5,
say. Each s, is llabelled L,0. We define B, as follows. B(rooty }=rootq and B(t,)=s,. Its
easy to check ST1 to STS. ST4 holds because all Hys non-root nodes are clabelled
"unfinished”. ST5 holds with y = € - we know X, - * * ¥, ,6=L, because of the

relationship between H, and G.

Now let us assume that the conditions hold for i and we try and move on to i+1.

Suppose that H,is «~K,, * * * ,K, and that X, is chosen.

case 1: af(X ) is clabelled "unfinished”. This can not happen because then we would

be at the end of H-path at H,.

case 2: K, is positive, af(K,) = t is llabelled positively, say by P(z), t is clabelled

P(v) «A,, - - - ,A,, v{=a, the mgus of X, from H, and P(¢) from the clause are ¢, , ¢,
and H,, is <K\, * - * K Y,A, * - - »AqqsnKpl‘l’n *o K. So H,,; has g new
nodes - sy, * * - 5, the successors of a,n‘(K,)=s. We let B,,, map as B, on H, and B,,,(s,) is
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the successor ¢, of t which is llabelled A,{. This clearly makes IC2 hold.
ST1 still holds.

If t’ has exactly p’ >0 successors in H,,, then either
a) it did so in H, so B, mapped them one-to-one to the exactly p’ successors of 8,(t') in G
so so does B,., or
b) t'=t and p’=p whence 8;,; maps 5,, * * * 5, toty, * * ¢, Tespectively in G.

So ST2 holds.

If B,.,(¢t') has a successor B,,,(u') in G then either
a) it did so in H, so u’ is a successor of t’ in H, so in H,,, or
b) u’ is one of the s,, t’ is s whence u’ is a successor of t’

So ST3 holds.
The only new clabel to check is that of s which is also that of t so ST4 holds.

We know that K ,§,=P(v¢,), that s is llabelled X ¥y, * - * ¥, (as H-path is an
example of H,) so t is llabelled X,y, - - ¥, ,&. However, this is P(&) so P(z) =
Ky« Yy €= P(V) iy * - Ypye Thus § = @, -+ * ¥, 6. Now s, is labelled

A, c 0 Yy and Bhl(su) =t is llabelled A,{=A,$,¥,., * - * Yr4€ So STS holds.

Case 3: K, is negative. This is almost just a simple version of case 2.

QED. (lemma 4.7)

LEMMA 4.8

If G-path, (G4 © + - ,G;) with (8, - - - ,8,,), is a successful n-path for G = G, 0 =
0p---0,, is an example of an n-path tree G , H is a path tree for H which is a

substitution of GO and H is a sub-tree of G then we can build an n-path I-path which is an
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example of H and is either successful or there is G, and a node of H such that if K is
selected from G, then the llabel of t is a substitution of K and the clabel of t is

"unfinished".

proof:

We use lemma 4.5 to copstruct I-path = (I, « « « I,) with ({ * * + ,{,.,) from H but
selecting literals so that
1) for each i there is 7, such that G,n,=I,
2) and either
2.1) k=! (and so the I-path is successful) or
2.2) literal K is selected from G, but of "®(X'm,) which has llabel a substitution of K is

clabelled "unfinished".

By induction on i, we find 7, such that
IC1) G,my=I, and
IC2) if of is the map mapping the literals in I, to nodes in H, B is the sub-tree mapping
nodes in H to nodes in G and of is the map mapping literals in G, to nodes in G then for

all X, in G, Bla®(XK ,n D=, (X ).

H=G0, - - - 0,,=G0. His a tree for Hy, * * * ¥,..=GOY so I=GOY=G0y. B(s)=t,.

So the conditions hold when i=0.

Suppose that we have constructed (I, - « - ,I,) with ({, - - - ,{,.,) from H such that

IC1 and IC2 hold.

If i=l we are done, so suppose that i < l. Then G, is non-empty so so is I, which
equal G;m,. Since the G-path does not flounder G, is not all non-ground negative literals so
neither is I,. Say G, is «X,, - -+ X, and X, is selected to get to G,,,. We select X7,

from I, to continue I-path. Since X, is not non-ground negative, neither is X,m,. There
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are three cases.

Case 1: (X ,m,) is clabelled unfinished. Then we must stop our construction here.

We put i=k and we have our result.

Case 2 : (X ,m,) is llabelled positively, say with P(«), and clabelled with a clause,
say P(v) «A,, * * + ,A,. I, is got from I, by unifying X,n, with the head of the clause.
Now o(X,n,) is a node in H which is a sub-tree of G but BlaM(X m,)) = of(X,) so
a(K ) is clabelled with the clause (by ST4). Since K, is selected to get to Gy, and G-
path is an example of G then EG3 implies that if 6, , ¢, are the mgus of X, from G, and
P(v) from the clause then G,,, is «X0,, - - - K,,0,A4,0, - * - A $.K,,0, ' -+ X,0,
If § , £ are the mgus of X,m, from I, and P(v) from the clause then I, is

K, - KmbAdd, ’Aggl’Khlnlgl’ © K. But K,'I),§,=P(V')§, 50
there is an 7,,, such that 1,{,=6,7,., and §,=¢,n,.;. Thus I,,=G,, M.

By ST2, B maps the successors of afX,7,) to the successors of (X ) in such a

way that IC2 is preserved.

Case 3 : ay(X jm,) is llabelled with a negative ground literal and clabelled "negative”.

This case is straight forward in the light of case 2.

QED. (lemma 4.8)

LEMMA 4.9

If Gy ** - ,G) with (8, * + - ,9,.,) is a successful path and is an example of G then

G is finished.

proof:
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Suppose that G is unfinished. By EG3, any node of G in the image of any o, is
clabelled with a clause or "negative”. So any of the unfinished nodes are not in the range
of any of the o,. Let t be a minimal such node - i.e. tis not in the range of any of these

maps but its predecessor, s say, is. Suppose that s is a,(X ).

We follow X, to K ,0, in G,,,, t0 X,0,0,,,in G,,5, . and soon until K,0, - - - 6,,, is

selected from G,,,.;. This must eventually happen so that G, can be empty.

By EG3, each o, (X,0, - - - 0,,. ) isequal tos. If K,0, - - - 0,,, was negative then,
by EG3, s would have no successors. It does, so it is positive and the clabel of s is a clause
with q body literals say. By EG3, s has exactly q successors and all are mapped to by o,,.

This contradicts our assumptions about t.

QED. (lemma 4.9)

PART b) n is the minimum integer such that G finitely fails in the QEP at level n.
By induction on ! we show that

if H is a goal , n is the minimum integer such that H finitely fails at level n in QEP
and [/ is the minimum integer such that H has a closed bounded set of unsuccessful n-
paths of length less than or equal to [

then H finitely fails at level n in R-qep.

First suppose that [=0. Say that G is the chosen set of closed bounded unsuccessful
n-paths for G of length O which was used in the definition of R. Since R can not select a
literal which extends the path (H) into G it must select a literal which immediately fails

H. So we have a closed bounded set of unsuccessful R n-paths for H as required.

Now assume we are up to an ! greater than zero. One set of closed bounded

unsuccessful n-paths of length less than or equal to 1 for H are chosen in the definition of
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R. Suppose that it is G. R chooses a literal from H which either immediately fails or
extends (H) into a path in G. There are two cases depending on whether the literal is
positive or negative but the proofs are similar so that we will only present the positive

case.

Suppose that L is the chosen positive literal. For each clause which has a head
unifying with L if H, is the result of unifying L from H with the clause and 6 the
appropriate mgu then (H , H,) with (0) is in G. If we take all the paths from G with
second goal H, and chop of the first goal H then its easy to see that we end up with a
closed bounded set of unsuccessful n-paths for H, all of length less than or equal to I-1.
By our inductive hypothesis H, must finitely fail at level n in R-gep. If we now add H to
the start of all the R-paths in a closed bounded set of unsuccessful R n-paths for H, then

we know that H finitely fails at level n in Rqep.

QED. (of THEOREM 4.3)
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Chapter 5

Declarative Meaning

It would make our job of relating LP with NAF to other query answering
approaches much easier if we could characterise the answers to a program in some simpler
way than as those queries successful in the complicated QEP. For similar reasons, other
researchers, from Clark [Cla78] onwards, have tried to give LP with NAF a declarative
meaning. We have already discussed what would be acceptable as such a meaning and
why existing attempts fail. In this chapter we solve our problems by giving LP with NAF

a satisfactory declarative meaning in the case when no function symbols appear.

5.1 The Synthesis of a Program

We now try to capture the meaning of negation as failure by describing a theory,
SYNTH(PROG), corresponding to any logic program using NAF. The idea will be that

making deductions from SYNTH(PROG) will give the same answers as running the

program.

It must be noted that a successful attempt to capture the meaning of NAF must deal
with the possible appearance of function symbols in programs. These are useful in many
applications of logic programming. We suspect that the SYNTH alternative can be
generalised in a straight forward way to programs containing function symbols but for

our purposes we need only look at function-free programs.
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We suppose that PROG is a LOGIC PROGRAM with NAF containing no function
symbols. L is a finite relational signature containing all the relation symbols of PROG plus
any others that one might want to query of PROG. C is a non-empty but finite set of
constant symbols containing all those that appear in PROG plus any others that one might

ask about in queries. The clauses in PROG are ¢y, * - - c,.

For each signature L, we suppose that we have determined disjoint signatures L',
L}zoas failpgo Such that:

1) L® contains exactly one n-ary symbol R’ for each n-ary R from L;

2) L7z0c COntains exactly one n-ary symbol R®. for each clause ¢ from PROG where ¢
has n-ary R from L in its head;

3) failppoo contains exactly one k-ary relation symbol fail, for each clause ¢ from
PROG, where c contains k different variable symbols.

We define LP299 to be the union of these three signatures.

In all models of the theory SYNTH(PROG), R® will be true of all the tuples which
fail finitely to be proven to be in R from PROG. We intend R‘. to be true of all those
tuples which fail finitely to be proven to be in R from PROG using a resolution proof
with top clause ¢, We intend fail, to be true of a tuple @ if when the body of c is taken as
a query with all the variables of ¢ in some fixed order reoiaced \og,k a then the query

fails finitely.

The synthesis SYNTH(PROG) of PROG is the finite first-order LULP2® UC-theory
defined by
SYNTH(PROG) = POS(PROG) U NEG(PROG) U INEQ(PROG).
In fact, it is dependent on the choice of L and C. When we want to be specific it will be

introduced as SYNTH( PROG,L, C).

POS(PROG)={ POS(c,) li=1.p }.
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NEG(PROG)={ NEG(R)IR €L} UNEG(c,) U --- UNEG(,).

INEQ(PROG)= {a # blab different constants from C }.

For every k-ary relation symbol from L either
1) R does not appear in the heads of any clauses in PROG, in which case NEG(R ) is the
sentence V& R'(r); or
2) R appears in the heads of precisely the clauses d,, . . . ,d,, in which case NEG(R) is

the sentence Vr [ AY., R', )(1.') - R'(0) 1

For each clause c, we define the sentence POS(c) and the theory NEG(c) as follows.
Suppose that ¢ is P(r)— A, ...,A,, nis a non-negative integer, the distinct variables

appearing in ¢ are x=(x,, . . . ,,) in some order, P is k-ary, and v=(v,, . . . ,v,).

In what follows, for a literal A, if A is positive, say R(z), we put A* = R(z) and A"

= R'(z) and if A is negative , say not( R(#) ), we put A*= R'(z) and A" = R(x).
POS(c) for c as above is Vxr ( AL A — P(¥) ).

Suppose that w=(w,, . ..,w,) are precisely the distinct variables appearing in ¥,
that a=(u,, . . . ,u,) are k new variable symbols, and that z=(z,, . . . ,z,) are the distinct
variables from X not appearing in v. Then NEG(c)= NEGV(c) U NEGC(c) U NEGB(c) U
FAIL(c) where

NEGV(c) =
{vir Cuy=u, = P' («) ) | i are from 1.k such that v, and v, are the same variable }

NEGC(c) = { W (u,=a = P*.(a) ) li=1.k v,=a from C }

NEGB(c) ={WwW ((Vvz fail{x)) - P (v))}

FAIL(c) ={Vr ( A; = fail(r))li=1.n }.
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For example if PROG is

P(a) + not( P(a) )

RX) ~ Qxy) , T(y) , not( S(x) )

Qxx) «~

T(a) «~

S(b) ~
from a set of constants {a,b} and a signature including only the relation symbols in PROG
then SYNTH(PROG) is
{ PG -Pa),

Vay(Q (2 yINT(y)ns' (x)=R(x)) ,

e (Qxx) ),

@) ,

) ,

Va(Pi(x)=P'(x)), Way(Qi(x,y)—Q'(x,y)),

Ve(R3(x)=R'(x)), VWal(Si(x)-S'(x)),

Ve (T (x)-T*(x)),

Wi Cusa = Pi(u) ), faih—Pi(a), Pa) - fail,

Ve ((Vy fal(xy) ) = R;® ), Wy (Q'Gy) = falxy) ),

ey (T*(y) = fail(zy) ), Wey (8(x) = fail(xy) ),

Wy Custv = Q4(u,v) ), v ( fail(x)—Q4(x x)),

Vi (u=a = To(w) ), fail(~T(a),

Wi (u=b = S5(u) ), fali—Si(a),

as=b }.
It is interesting to note that S'(a) , T°(b) , R*(b) , R(a) follow from SYNTH(PROG) but
neither P(a) nor P*(a) does while our query evaluation process on PROG finitely fails S(a),

T(b) and R(b), succeeds R(a) and does not terminate on P(a).
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5.2 Soundness of the QEP with respect to SYNTH

In this section we give a detailed outline of the proof that the negation as failure
query evaluation process is "sound” with respect to the synthesis of a program. This means

that the answers the QEP comes up with are true in all models of the synthesis of the

program.

To be precise, we only prove soundness for atomic propositions. This is not a serious
limitation because, if we want to know about answers to L,, - * * ,L, with variables £

then we could choose a new symbol Q put Q(x)~L,, * -+ L, in the program and ask
R@x)?'.

As usual, if o is a formula with free variables x then W is the sentence Vro.
THEOREM 5.1

For all signatures L, for all finite sets C of constant symbols, for all logic programs
PROG with symbols from LUC, for all non-negative integers r, for all r-ary R from L,
for all r-tuples @ of variable symbols and constants, for all substitutions 8 of the
variables in &
if R(Z) succeeds with answer 6

then SYNTH(PROG) + V R(z9).

proof:

First some notation for the proof. If L is the positive literal R(z) then L* is L itself
while L™ is R'(z). If L is the negative literal not( R(z) ) then L* is R*(z) while L is R(z).
If B is the list L,, - - - ,L, of literals then B* is the conjunction L{A * - - AL, while B" is

the disjunction LjV - - - vL,.
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We actually show that for all n,
a) if R(&) succeeds with answer 0 by level n then SYNTH(PROG) HVR(z6), and

b) if R(z) finitely fails by level n then SYNTH(PROG) FVR'(@).

To do so we proceed by induction on n. Suppose a) and b) are true for all m less than

n. Now let us look at n.

a) R(7) succeeds with answer 0 by level n

We show that SYNTHPROG) FV R(z6) by taking any model M of SYNTHKPROG)

and showing that M =\VR(z6). We must point out that M does not have to be finite.

We know that there is an n-path
( ‘-Bu"_Bp R ,‘—Bp"’ )

such that B, is R(z), each «B,,, is got from ¢ B, using a unifier §, and 6=6, - - - 0,.

We proceed by induction back from B, to B, showing that for each i,
ME\(BO, - - - 6,).
Then M=VR(z0) as required. So suppose that either i=k or that { <k and
MEY(B16,., - - - 6,).

We must show that ME=\{B,0,0,,, - - - 0,).

There are two cases:
1) the path is continued by the selection of a positive literal from «B, ; or

2) the path is continued by the selection of a negative literal.

case 1
B,isL,, ' ,L,, the path is continued by the selection of a positive literal L, from
Ly ---,L,, and L, unifies with the head A of the clause A«<A4,, - - - ,A, in PROG. If

the mgus of L, from «B, and A from the clause are 6, , ¢ then B,,, is
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Lo, « L8449, - ,A'¢,L,,,9,, © L0,

Thus we know that
MELIOA - -+ ALTLONATON - -+ /\A¢’¢/\LL19:/\ te /\L;el 2., 0,

or that i=k, B, = L, and the clause is just A+ in the program.

It is not bard to use the sentence VX(A{A * * - AA; = A ) in SYNTHKPROG) and

the fact that L;0,=L,0,=A¢ to show that MFWB6,),,, - + - 6, as required.
case 2

ByisL,, - ,L,, L, =not{ P(x) ) is selected from L,, - - - ,L, to continue the path,
8, is the identity substitution on the variables in &, P(z) finitely fails at level n-1 and B,,,

is(Ll, oo 'LJ-I'LM' ... )Lp)el'

By our inductive hypothesis SYNTHPROG) + V (P*(@6,)) so M=WP*(z0,)) and

MECL,*0,). Its easy to deduce that MEWL0,0,,, - - - 6,).

It is a simple matter to combine this result with the fact that either B,,, is empty or
that M=\(B,,0,0,,, - - - 6,) (as 6, is the identity) to get that
MEMLIA * * ALMALIALaA ** * AL, -+ - By

as required.

b) R(z) finitely fails by level n

We show that SYNTHPROG) FVR'(z) by again taking a model M of

SYNT HPROG) and showing that ME=VR' (7).

We know that there is a closed bounded set G of unsuccessful n-paths for R(w). Say
that all of its paths have length less than /. We proceed by decreasing induction on k

down from [/ to 1 showing that if a path from G of length k ends in «B then MFVB-
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Since (—~R(a)) is itself in G this we will show that Mk=\VR'(z).

For k=l there is nothing to prove since there are no paths in G of length I. So
suppose that we have proven the inductive hypothesis for paths of length k+1 and that

(«R@), Sy, * * * .84, ) is of length k from G.

Sy1 can not be the empty goal so suppose that it is «L,, * - - ,L,. Because G is
closed we know that there is an L, such that either:
case 1: L, is positive and if it unifies with the head of a program clause A«A,, * - - A,
with mgus O0¢ of L, from S,, and A from the clause and S,,, is
—~ L ---,L,0 A, -+ Ad,L.,0, ---,L,0 then («R@)S,, "+, Sy, Spr)
is in G; or
case 2 : L, is not( P(v) ) which is ground, n is greater than zero and P(y) succeeds at level
n-1;or
case 3: L, is not{ P(¢) ) which is ground, n is greater than zero, P(v) finitely fails at level

n-1 and ('—R(ﬂ'),sl, c e "gk’.-Ll' ¢ ,L‘_I,L‘,p st ,L,)isinG.

In case 2, our inductive hypothesis (on n) tells us that MFVL,; from which we have

our desired result that ME\WL;V - - - yvL;).

In case 3, our inductive hypothesis on [ tells us that
MEML3V -+ vLiavLiaV * * VL)

which also implies our desired result.

In case 1, if there are no clauses in PROG containing the relation symbol P , say,
which is in L, then SYNTHPROG) contains VrP'(r) so that MEVL; from which we get

our result.

The possibility remains that in case 1 there are some clauses in PROG with P in their

heads. Suppose they are d,, * - - d,.
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We know that SYNTHPROG) contains the sentence VI(nL, Py (x) = P(x)). Thus,

it is sufficient for showing our result to show that for each substitution ¢ of the variables
in Ly---,L, by  elements of the  domain of M either
MML3V * * * yLiavLiaV * = * VL)X or for each clause d from dy, - - - 4,

ME=Pfad).

Given any substitution ¢ suppose that the first possibility does not hold and that d is

one of the d,. Say d is P(¥)«=A4A,, - -+ ,A,.

There are two cases. First suppose that &¢ can not be got as a substitution of v. By
TR12 we have either:
1) there is an i such that v, is a constant a and u,¢ is not the interpretation of a in M; or
2) there are i and j such that v;=v, is a variable symbol but u,¢p and u ;¢ are different
elements of M.

Sentences in NEGV(d) and NEGC(d) give the result that M=P(a¢) as required.

Next we consider the case when ¢ is equal to v7 for some M-substitution 7 of the

variables W in 7.

We use the sentence \W(\/Z fail{r)—Pi(v)) which M satisfies (because it is in
SYNTHPROG)) to prove that Mk=P)(vn). Note that £ are all the variables in d and 7
are those x;, not in Ww. So given any M-substitution x of z we must show that

M= fail (£Xw\wn,z\zu).

Remembering that 8, x are the mgus of P(z) and P(v) we know by our induction on
k and the fact that G is closed that
MRMLIOV - - - VLAOVAXY « * - VAXVLiAOV - - - yL;0).
For the same reasons plus the fact that P(@¢)=P(vXw\®wn,z\zu), we know that there is a
substitution € of the new goal such that fe=p and xe=(w\wm,z\zu). Then it is clear that

each L;0€ = L ¢ and each A;xe = A;(W\wmn,z\zu). Since
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MIL;OV -« VLiaBVAXV - * VAXVLL 0V - - - vIL,0)
we have
MLV - v LV
AW\PnZ\ZR) V - - - v A (F\wn,2\zp) V
Linp V- v L9
Because we assumed that M is a model of no Lj¢ we know that M=A{w\wn,z\zu) for
some 1. However, we also know that MkVr(A — failfr)).  Hence

M= fail {xXwW\wn,2\Zp) as required.

QED.

5.3 Correctness of the QEP with respect to SYNTH

In this section we will see how correctly the QEP captures consequences of
SYNTH(PROG). We will establish that the QEP never says "no" to atomic consequences of

SYNTH(PROG).

THEOREM 5.2

For all signatures L, for all non-empty finite sets C of constant symbols, for all logic
programs PROG with symbols from LUC, for all non-negative integers r,Afor all r-ary R
from L, for all r-tuples & of constants from C
if SYNTH(PROG) + R(a)

then R(&) succeeds or fails to terminate in the QEP.

proof:

The basic idea of the proof is to construct a model of SYNTH(PROG) which contains

information about the operation of the QEP. We construct an LULP2% UC-structure M
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as follows:
1) the domain of M is the set of constants C;
2) each constant is interpreted as itself;
3) for each SEL, for each tuple & from C, MS(6) if and only if the QEP either succeeds
or does not terminate on S(6);
4) for each SEL, for each tuple 5 from C, M=S*(5) if and only if the QEP either finitely
fails or does not terminate on S(6)
5) for each SEL, for each clause d with S in its head, if the head of d is S(), its body is
Ay - -+ A, W are the distinct variables in ¥ in the order used in SYNTH(PROG), z are
the others in d also in order and X are all the distinct variables in d in order then
5a) for each tuple & from C, Mk=S3() if and only if
5a.1) v=v, is a variable symbol but b,=b ;
5a.2) v, is the constant a from C but b,=a; or
5a.3) there is a ground substitution ¢ for @ such that
5a.3a) v¢p=b and
5a.3b) for all ground substitutions  for Zz there is an i such that

MEA(W\we,z\z¢); and

5b) for each tuple @ from C Mk failf{a) if and only if there is an i such that

MEA(\a).

Now we show that M is a model of SYNTH(PROG). We will prove the two lemmas

later.
1) For all clauses ¢, MF=POS(c) by lemma 5.4.

2) For all R from L, M=NE®XR) because either

2a) R appears in no heads,when for all 5 R(6) finitely fails so MmR'(5) and hence
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M=\vER'(x); or
2b) R appears in precisely the heads of d,, - -+ ,d,, when lemma 5.5 implies

MEVE(NER; (£) = R'(x) ) as required.

3) For all clauses c, by the definitions of the interpretations of fail, and S,

MENEG(c).
4) By the construction of M, M=INEQJPROG).

Since SYNTH(PROG) F R(a), we know MkR(a) and by definition R(a) either
succeeds or does not terminate. Thus it only remains for us to prove the two crucial

lemmas.

In order to prove lemma 5.4, we shall make use of some game theory in the tradition
of Ehrenfeucht [Ehr61] and Fraisse [Fra54] In particular, we shall introduce some games
for two players such that the existence of a winning strategy for one particular player is

equivalent to the finite failure of a given goal in the QEP operating on our program PROG.

The two players are called respectively the existential player and the universal
player. The game proceeds as the development of a sequence of current goals. The n-
game for P(v) is played according to the following rules:

GO) the current goal starts as « P(v);

G1) if the current goal is empty the universal player wins;

G2) otherwise the existential player chooses a literal L from the current goal;

G3) if L is positive and does not unify with the head of any program clause then the
existential player wins;

G4) if L is positive and does unify then the universal player picks one such clause which
we use to get a new goal from the current goal in the usual way and this becomes the new
current goal;

G5) if L is not( S(z) ) which is ground and S(&) succeeds at level n-1 with any
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substitution then the existential player wins;

G6) if L is not( S(&) ) which is ground and S(’) finitely fails at level n-1 then the current
goal with L left out becomes the new current goal;

G7) if L is not( S(@) ) and S(z) is not ground or neither succeeds nor finitely fails at level
n-1 then the universal player wins;

G8) if the game goes on forever then the universal player wins.

LEMMA 5.3

The existential player has a winning strategy for the n-game for P(¢) if and only if

P(v) finitely fails at level n.

proof:
the only if direction (essentially Konig’s lemma)

Suppose that the existential player whose name is Eloise has a winning strategy. Let
G be the set of all initial segments of the paths of the current goals got in all possible
plays of the n-game for P(v) with Eloise using her winning strategy. It is easy to see that

G is closed and does not contain any successful paths.

We must show that G is bounded ie. that there is a bound on the length of games.
We know that no games go on forever because then Eloise would lose but that is a

different matter to there being a bound on all their lengths.

Suppose for contradiction that there is no bound. We say that a play of the game is
possible, now, if it is legal and Eloise plays according to her winning strategy. We show
how Abelard can play so that at any stage of the play and for any integer m, there is a
possible play of the game the same as the actual play up to that stage but going on for

longer than stage m. Because there is no bound on the lengths of possible plays this is true

- 151 -



at the beginning.

Now suppose that it holds at some stage. The goal can not be empty for then
Abelard would win. Eloise now picks a literal according to her strategy. Because the
unbounded set of possible extensions of the actual play (as it was before Eloise made her
move) consisted wholly of plays continued by Eloise moving according to her winning
strategy, they are all still extensions of the actual game (after Eloise has made her move).
If Abelard is not required to make a choice then we are at the next stage of the game with

the condition still holding.

If, on the other hand, Abelard is required to make a choice we can get him to choose
as follows so that the condition is still preserved. Abelard is only active when he is
picking a clause from the program after Eloise has chosen a positive literal. Then he only
has a finite number of choices. Suppose that each of these choices led to a stage which
could only be extended by at most some finite amount of possible play. Then, contrary to
what we have established, the play after Eloise’s choice can only be extended by at most
the finite maximum of these finite number of finite bounds. So there is a choice open to

Abelard which leaves the condition holding. We get Abelard to make that choice.

Now, if Abelard plays according to that strategy the game will go on forever and he

will win. Since Eloise is using her winning stratecy we have our desired contradiction.

the if direction

Suppose that P(z) finitely fails at level n. Let G be a closed bounded set of
unsuccessful n-paths for « P(@). We show that Eloise has a winning strategy in the n-
game for P(z). Eloise will keep a record of the progress of play in a path of the current

goals which we will show is always in G.

At the start of the game the first current goal is — P(@) and Eloise puts that in her
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path. This short path is in G.

At each move of the play the record is kept in G as follows:
1) Since the current record is in G the current goal is not the empty one.
2) Also, because the current record is in the closed set G, there is a literal L in the non-
empty current goal such that
2a) L is positive, and if it unifies with a head of a clause then there is an extension of the
record using L and the clause in G,
2b) L is ground negative with the positive part of it succeeding at level n-1 (which is
greater than or equal to zero).
or 2c) L is negative, ground, finitely failing at level n-1 and the extension of the record

with L disappearing is in G.

We get Eloise to choose one such L.
3) If L is positive and does not unify then Eloise wins.
4) If L is positive and does unify then no matter which such clause Abelard chooses the
choice of L guarantees that our next current goal keeps the record in G.
5) If L is not{ P(&) ) which is ground with P(&) succeeding at level n-1 then Eloise wins.
6) If L is not( P(z) ) with P(z) ground and finitely failing at level n-1 then the choice of
L guarantees that the next current goal keeps the record in G.
7) The choice of L guarantees that 3 to 6 are the only possibilities.

8) The game can not go on forever as the record is kept in G which is bounded.

There is no way that Abelard can win and as the game finishes eventually Eloise

must win.

QED. (lemma 5.3)

Now let us prove the first of our two main lemmas.
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LEMMA 54
If A—A,, -+ ,A, is aclause in PROG then MiVI(AL,Ar—A).
proof:

Suppose that ¢ is a substitution of X by elements from M (ie. constants from C)

such that for each i=1..q MFA;¢.

We must prove that Mk=A¢. Suppose for contradiction that A¢ finitely fails , say at
level n. We are using the result that finite failure and success are incompatible. Thus the
existential player has a winning strategy in the n-game for A¢. We get a contradiction by
inviting Eloise to play as the existential player in the n-game for A¢. She can use the

winning strategy yet we will show how we can win as the universal player.

To help us play we enlist the support of two people player, and opponent, for each
i=1..q such that A, is a positive literal. We get player, and opponernt, to play the n-game
for A,¢ - player, as the existential player, opponent, as the universal player. By
assumption, MkEA;¢ (ie. MEAP) so A either succeeds or does not terminate. In
particular A;¢ does not finitely fail at level n. Thus player, does not have a winning
strategy. It is easy to show (see TR13 in the appendix) that, in this case, opponent, does
have a winning strategy. We get opponent, to play the game according to such a strategy

and we will specify how player, is to play shortly.

We note that if A, is negative, say not( R(z) ), then MER'(z¢) so R(w¢) either
finitely fails or does not terminate. In particular R(Z¢) does not succeed at level n. To
simplify terminology we will start a game, called the ith side game, with initial goal
—A,¢. We will never play this game but now we have an ith game for each i=1..q

whether A, is positive or negative.
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So let us start our game against Eloise. If A is P(¢) then «~P(v¢) is the first goal.
Eloise will pick the literal P(7'¢) because she has not got much choice and we find that it
does unify with the head of a clause. We choose the clause A«A, - - ,A,. Suppose
that 0, ¢ are the mgus of P(v¢) from «P(9¢) and P(¥) from the clause ( where O is the
empty substitution since there are no variables in the first goal ). Thus «Ayy, - - * ,A ¢

is the next goal in the main game.

While this was going on we assume that the other games are waiting for our

attention before starting. Thus the current goal in the game between player, and opponent,

is —A,¢.

From now on we map each appearance of a literal in the current goal of the main
game to an appearance of a literal in the current goal of a side game. At the start we map

each A,y to the only literal, A ¢, in the current goal of the jth game.
As we proceed we will keep the following condition satisfied.

There are substitutions €, -+ - ,6, of some of the variables in the main current goal such
that

C1) for each literal L appearing in the main current goal, if L maps into the pth game then
it maps to the literal Le,,

C2) if a variable symbol x appears in both literals L and K in the main current goal and L
and K map into different side games, say the plth game and the p2th game respectively,
then x€,, and x€,, are the same constant, and

C3) the map is one-to-one.
At the start, since P(v¢p)=P(v )b and 0, ¢ are mgus of P(v¢) and P(¥) there must be

a substitution € such that ¢=ye. We put €,, - - - ,, all equal to €. Its easy to see that the

conditions hold. C2 holds since each A,J€,=A ¢ is ground.
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Now suppose that it is later in the game, that we have kept the condition holding
and that «L,, + - - ,[, is the current goal in the main game. Remember that we are

trying to show that we can win whatever Eloise does.

The current goal could be empty and then, in accordance with G1, we would have
won. So suppose not. By G2, Eloise chooses a literal L, and she does so according to her

strategy.
Now either L, is positive or negative.
CASE 1: L, is positive.

In this case, we turn our attention away from the main game for a moment as
proceed as follows. Since a negative literal can not be got as a substitution of a positive
one our condition on the labelling implies L, maps to a literal L€, in the pth game, say,
and 4, is positive. So the current goal in that game is not empty and player, , who has

been waiting patiently for our instructions before choosing a literal, is told to choose L€,.

Since L, is positive so is L,e,. Furthermore, since opponent, has been playing
according to a winning strategy we know that he can not lose by L€, failing to unify.
Thus opponent, picks a clause B+B,, - * - ,B, which has a head which does unify with

Lye,.

Suppose that the mgus of L€, from the last goal in the p-game and B from

B<B, +-- ,B arey,d.
We return to main game and note that if L€, unifies with B then so does L,.
Since the chosen literal does unify, by G3 Eloise does not win now.

Instead, by G4, we are to pick a clause. We choose B+B,, - - * ,B,. Say that the

mgus of L, from «L,, -+ - ,L, and B from the clause are 6§, x. The new current goal is
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then «~L,6, - ,[,,0,B% * * * B XLy0, * * + ,L,0. We define a new map as follows.
If L, (for j=i) mapped to L,e, in the pth game then map L,0 to L e,y in the new pth
side goal (L ¢, is not L,€, by C3). Otherwise map L, to L €,, Where L, was mapped to.

Map B,x to B,§ in the new pth goal.
It is easy to see that C3 is preserved.

Since 6,x are mgus of L, and B but L,e,y=BS there is a substitution €, such that

0¢,'=€,y and xe,'=S.

To define each €,,' for p1#p we proceed as follows. For each variable x0 in a literal

L ,0 mapping into the p1th game, we put x0¢,,'=x¢,,.

We must check that €,,’ is well defined. Suppose that x@=y0 for different symbols x
, ¥ in literals mapping into the plth game. For the mgu 6 to make x0=y0 means that x
and y must also appear in L,. L, maps to the pth game, so by C2, x€,,=x€, and y€,,=ye,
and they are both constants. So x€,=x€,=x€,y (as constants don’t change under

substitutions) =x0e,'=y0€,'=y€,y=y€,=y€,,. So €,,' is well defined.

Next we check on condition C1. Take any literal from the new current goal. There

are three cases.

Case 1.1 : It is L,0 mapping to L,y in the pth game. Then L,Ge,’=L,ePy as

required.

Case 1.2 : It is L,0 mapping to L€, in the plth game. Then L,f¢,'=L €, by the

construction of €,,".
Case 1.3 : It is B,x mapping to B 3 in the pth game. Then B,xe,'=B,5 as required.

So C1 holds.
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Now we check C2. Suppose that x appears in two literals mapping to different

games. There are three cases.

Case 1.1 : The literal map to games pl and p2 neither of which are p. Since the B,xs
map to the pth game, the literals must be L,0 and L,0. Say x=y0 for y from L, and x=z6
for z from L,. L, must have mapped to the plth game and L, to the p2th game. If y=z
the fact that C2 held before implies that xe¢,'=yf¢, '=y€,, is the same constant as
Y€p1=2€,=20€,,=x€,,". So suppose that ys*z. Then, for the mgu 0 to make yf=z6 means
that both y and z appear in L,. L, maps into the pth game so, again since C2 held before,
we have ye€,=y€, is a constant. Similarly 2z€,=z€, is a constant. But then
Y&,=y€, y=y0¢,'=20¢,'=z€,y=2€,. Thus, X€,,'=y0€,,'=y€, =ye, is the same constant as

X€,,=20€,,'=z€,=2€,.

Case 1.2 : One of the literals is L,0 mapping to the pth game. The other literal
which does not map to the pth game must be L,8 say. Suppose x=y8 for y from L, x=26
for z from L, a, p1>*p and L0 maps to the pith game. If y=z then, since C2 held before,
z€,=y€, is the same constant as y€,,. Then x€,'=z0¢,'=z¢,y=2€,=y¢€,;=y0¢,,'=x€,,' which
is a constant. So suppose that y#z. For 0 to make y6=26, y and z must appear in L,. As

before x€,,'=y€,=y0¢,'=z0¢,'=z€,=2¢€,y=20¢,'=x¢€,’ is a constant.

Case 1.3 : One of the literals is B,X. Say x=zX for z from B,, x=y0 for y from L,
p=pl and L, maps to the pith game. For 0,x to make y6=z), y must appear in L, so

x€,,'=y0€,,'=y€,=y,, is a constant and equals y€,y=yfe¢,'=zxe,'=x¢,".
So the conditions hold.
CASE 2: L, is negative.

Assume that L, is not{ S(#) ). Thus the main game could be continued according to

rules G5, G6 or G7. If rule G7 was applicable then we would win the main game. So let us

- 158 —



suppose that rule G7 is not applicable in which case L, is ground and so equal to Le,.

Suppose further that L, is mapped into the pth game. There are two cases.

Case 2.1) 4, is not{ R(@) ), so L, is not( R(z¢) ). We know that R(z¢) = S(w)

does not succeed at level n.

Case 2.2) A, is positive and L, maps to L,€, = not{ S(#) ) in the pth game. So the
current goal in this game is not empty and player, is told to choose this literal. Since

player, does not win S(w) does not succeed at level n-1.

In both cases rule G5 is ruled out so that only rule G6 remains available for the

continuance of the main game. We note that Eloise has not won during this move of the

game.

The new goal is <Ly, - - - ,L, L.y, - **,L,. We keep all the mapping on the

literals as before. It is easy to see that our condition on labelling is still satisfied.

Finally we need only point out that since Eloise can never win the game, either we

win it at a finite stage or it goes on forever and, by G8, we win it then too.

QED. (lemma 5.4)

LEMMA 5.5

If R appears in the heads of precisely the clauses d,, - - - ,d, then

MEVEINE,R (£)- R ()]
proof:

Suppose that ¢ is a ground substitution of X such that for each i M=R; (r¢). We

must prove that R(r¢) either finitely fails or does not terminate. So suppose that it
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succeeds, say at level n.

There is a successful n-path for —R(r¢). The second goal will be got via a clause d

such that the head of d unifies with R(x@). Thus d is one of the d, and M=Ri(r ).

Let us suppose that «~A,, - - - ,A, is the body of the clause, that O, 6, are the mgus
of R(r¢) from —R(r¢) and the head from d so that «~A,0,, - - * ,A 0, is the second goal

in the successful path.

We choose any ground substitution € for A0, 0,, - - - ,A,0, - - 6, where
6, + + - ,0, are the mgus used in the successful path from the second step to the third and

S0 on to the empty goal.

By the definition of the interpretation of R; in M we know that there is an i=1..q

such that MEA;0, - - - 0,e. There are two cases.

case 1) 4, is positive, it is P(@) say. So P(@8, - - - 0,€) either finitely fails or does
not terminate. However, it is easy (but a bit messy) to extract a successful n-path for

this goal from the path for R(x¢) (in which P(z0) appears as a literal in the second step).

case 2) A, is negative, it is not{ P(z) ) say. So P(wf, - - - 6,€) either succeeds or does
not terminate. Following the literal A, down through the successful path for R(r¢) we
must eventually find a step when the literal A0, - -+ 6, is chosen. Since the path is
successful Pz, - - - 6,) must be ground and fail finitely at level n. The fact that

P@,---0)80,, - 0,e=Puh, - 0,) then gives a contradiction.
In both cases we have reached our desired contradiction.
QED. (lemma 5.5)

QED. (theorem 5.2)

- 160 —



5.4 Completeness of QEP with respect to SYNTH

To help us show that we can implement some logically formulated problems using
NAF we can only make use of the synthesis construction if we can guarantee that in some
useful cases the QEP gets all the answers that SYNTH says it should. To this end we

present the completeness result of this section.

We can not hope to have a universal completeness result. In this section we show
how conditions can be specified that ensure that the QEP will not flounder and in fact will
go on to get all the results it should. The condition on programs - that they are covered -
is a stricter form of the conditions presented in [She85] to avoid floundering. Being

covered is not so strong as to be impractical, though, as we will see in the next chapter.

This may be the first generally useful completeness result for NAF to be proved. As
with other results in this thesis its generalisation to the function case would be very
desirable. Unlike the other results, there seems to be a bit more work involved in doing

the generalisation in this case.

If L is a signature, C a finite set of constant symbols and PROG a logic program with
symbols only from L and C then we say that PROG is covered if and only if there is a
relation symbol R from L such that the following three conditions are satisfied.

COV1) R is in the head of clause d implies that there is a tuple & from C such that d is
"R(a) <"

COV2) for any tuple @ from C there is a clause "R(a) «" in PROG; and

COV3) for all clauses ¢ from PROG, if a variable symbol x appears in a negative literal in
the body of c then it also appears in a literal of the form R(z) in the body of c.

We will call such an R a grounding relation and any positive literal containing R a

grounding literal.
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THEOREM 5.6

For all signatures L, for all non-empty finite sets C of constant symbols, for all logic
programs PROG with symbols from LUC only, for all non-negative integers r, for all r-

ary R from L, for all r-tuples & from C
if PROG is covered and SYNTH(PROG) I R(&) then the QEP succeeds R(a).

proof:

We construct an LUL™99 UC-structure M as follows.

1) the domain of M is the set C of constants;

2) each constant is interpreted as itself;

3) for each S from L, for each tuple & from C, M k= S(6) if and only if the QEP

succeeds S(6);
4) for each S from L, for each tuple & from C, M k= $*(5) if and only if the QEP

finitely fails S(6;
S) for each S from L, for each clause d from PROG with S in the head, if the head of
d is S(v), the body is A,, * * * ,A,, W are the variables in ¥ in order as in SYNTH(PROG),
Z the others in d in order, x all the variables in d in order then
Sa) M = S%(5) if and only if either

5al) v=v, is a variable symbol but b,5b ;

5a2) v, is the constant a but b,5a; or

5a3) there is a ground substitution ¢ for W such that ¥¢=5 and for all ground
substitutions  for z, there is i from 1 .. q such that M E=A;(Ww\w¢,z\zy);

and

5b) M b= fail {c) if and only if there is i = 1 .. q such that M E=A,(x\¢).

Now M is a model of SYNTH (PROG) as

MOD1) for every clause ¢, M = POS(c) by lemma 5.7;
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MOD?2) for every R from L, M k= NEG(R) because either

MOD2a) R appears in no heads when for every 5, R(5) finitely fails so M FViAR'(Z); or
MOD2b) R appears in some heads when lemma 5.12 implies the result;

MOD?3) for all clauses ¢, the definitions of interpretations of fail and S; ensure that M =
NEG(c); and

MOD4) by the definition of the interpretation of the constants of C, M k= INEQ(PROG).

Since SYNTH(PROG)  R(a), M k=R(a). Thus the QEP succeeds R(d) as required.

It just remains to prove lemmas 5.7 and 5.12.

LEMMA 5.7

If R(x) ~ A, - - - ,A, isaclause in PROG then M k= W& ( AL,A} — R(@) ).
proof:

Suppose that ¢ is a ground substitution of £ and for each i= 1..q, M EA;¢.

For each i, we define an integer m, as any integer such that A,¢ succeeds at level m,
if A, is positive and such that A;¢ finitely fails at level m, if A, is negative . Let m be the

maximum of the m,.

We know that R(z¢) and R(z) unify. Suppose that O, Y are the mgus of R(z¢)
from +~R(a¢) and R(z) from the clause. We show that R(Z¢$) succeeds by constructing

an m-path beginning with the goals, < R(z¢) then ~Ay, * + + ,A ¥

By lemma 5.8, we can assume that all the non-ground negative A,ys come after the
others. We will continue the m-path by getting rid of each A,y in turn getting to goals of
the form <Ay, * - - ,A , every so often and eventually ending up with the empty goal.

We will ensure that as i goes from 1 to q+1
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C1) there is a substitution €, such that y,€,=p and
C2) for all variables x in any A,y,, there is k <j such that i<k and A,y, contains x

and is a grounding literal.

Let us see that these conditions hold when i=1 and , is Y. As M(v¢) = M(v) ¢ while
0, ¢ are mgus of R(&) and R(z) we know that there is a substitution €, such that 0¢,=0
(which is nothing special) and ye=¢. Thus C1 holds. C2 holds because of our assumed

ordering of the literals and the fact that PROG is covered.
Now suppose that we have «—A,y,, * - * ,A,, as above. There are two cases.
case 1: A,y, is negative.

By C2, this first literal in the goal must be ground. So A,¥,=A,y,€,=4,6. We know
that the positive part of A,¢ finitely fails at level m so we can have a next goal
—AaY, c LAY, If we put Y=Y, and €,,,=€, then we have got a goal satisfying C1.
Because we have not introduced any new variable symbols in non-ground negative

literals, nor got rid of any grounding literals C2 still holds.
case 2 : Ay, is positive.

Since A,y €, = A,¢ succeeds at level m, lemma 5.9 implies that there is a substitution

X such that Ay, succeeds at level m with substitution Y and A,¢ is a substitution of

A X-
By lemma 5.11, a path continues from “AY,A.aY, " ,4,¥ O
=AW * * * A W, in such a way that there is a substitution €, such that y,,€,,,=¢.

So C1 still holds.

We have not introduced any new variables in negative literals but we may have got
Covl)
rid of a grounder in the form of A,y,. By /\ the only path got by selecting a grounder,
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immediately grounds any of its variables. So any variables in non-ground negative

literals which relied on A,y, to conform with C2 no longer appear. So C2 still holds.

QED. (lemma 5.7)
LEMMA 5.8

If «L,, -+ ,L, succeeds under 0 at level n and « is a permutation of {1, .. , p}

then «L_uy * * * ,L ) Succeeds under an equivalent substitution to 0 at level n.

proof:

Suppose that (Gy * - ,G,) with (0, + -+ ,0,,) is a successful n-path for

“'Lx,"',L,SOGO-"'LI,"',L,,G,-‘—a.nde-eo'°°6,_l.

We show by induction on i= 0 .. k that there are p possibly empty lists C}, - - - ,C!
of literals, a substitution 7, of G, and an n-path (H,, - - + ,H,) with (¢, * - + ,¢,,) such
that

I G,is «C}, - - - C,

I2) 7, is invertible and

13) H,is «Clpym, = * - ComMe

To start with we put Hy= <L) * * * ,Ly,y» C’=L, and 7, equal to the identity so

that the conditions hold.

Now suppose that they hold for i. So G, = «C}, - - - ,C}. Say that K from C! is

selected to get to G,,;. If ofr )= j then we select X n, from C.ym, in H,to get to H,,.
There are twao cases.

Case 1: K is positive.
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Say that C is X, - - - ,X,, K is X, and to get G,,; we unify K with the head of
B«B,, - - ,B,. Say that the mgus of K from G, and B from the clause are ,,§,. So G,.,
is

*—CQO,, e ’Clj-letereu et )Kz-lehBl‘l’h ° e ,B,\l:,,K,,,O,, st ,K,O,,C',,IO,, LR ,C;O,.

We define C!* = C!6, for eacch u  j and we put CY' equal to
K0, - K 160,B Yy, ¢ ,B,\Ilmee,. <L K6. So G = «City--: ,C,M as
required.

Now, if K unifies with B then, as 7), is invertible, so does X7),. Say that the mgus of
Km, from H, and B from the «clause are ¢,x,. Thus H,, is
—CinM®Pv * * * CoeMbuE 1My - * KNP

BXis * * * BeXoKeamibn © ¢ 0 KNP CloayM®n * * © ChipyMidie

Now, Kn,¢,=BY, but 0,,y, are mgus of K and B so there is 7,,, such that 7,¢,=0,7,.,
and X;=¥;M;.;. It is straight forward to check that H,, is ~Cilym.y, * * * CLlyM., as

required.

Since Kmm;'0, = By, but ¢,x, are mgus of K7, and B there is {,,, such that
1;'0,=¢,{,., and Y, =x,{,,,. It is straight forward to check that G, 1,.,{,.;:=G,., so that 7,., is

invertible as required.
Case 2 : K is negative.

In this case we select K7, from C..,m, in H, as before. This will be ground as K is.

This case is then almost a simple version of case 1.

QED. (lemma 5.8)
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LEMMA 5.9

If L is a positive literal, PROG is covered, L¢ succeeds under 6 at level m then there
is a substitution X such that L succeeds under x at level m and L¢0 is a substitution of

Lyx.

proof:

By lemma 4.4 we can construct a finished m-path tree G for L¢#.

By lemma 4.5 we can construct an m-path (Ho, * « * H,) with (Y, * * * ¥, ,) for L
which is an example of G and either H, is all full of non-ground negative literals, its

empty or we can keep going.

By lemma 5.10 H,; can not be full of non-ground negative literals. By considering

sub-trees as in theorem 4.3 we know we can find a maximal such path. So it is successful.

Since it is an example of G, there is a substitution € such that L¢O=H, - * - ¥, €.

Put X =y, - - * {,, and we have our result.

QED. (lemma 5.9)

LEMMA 5.10

If L is a positive literal, PROG is covered, then no path beginning with <L can end

full of non-ground negative literals.

proof:

We show by induction on the length of paths beginning with «L that any variable

appearing in a negative literal in the last goal also appears in a grounding literal in that
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goal.
This is true of the path («~L).

Now suppose that we have a longer path. By our inductive hypothesis the condition
holds of the second last goal (which is the last goal of a shorter path). Suppose that K is

selected from that goal to get to the last one.
There are three cases.

Case 1: K is positive but not a grounder.

In this case, any variables in negative literals which are descendents of literals other
than K also appear in the grounders which are descendents of the appropriate grounders in
the second last goal. Any variables in negative descendents of K appear in grounding

descendents of K by virtue of cov3).
Case 2 : K is a grounder.

The last goal is got from the second last one by removing K and grounding all the
variables which appeared in K. Any variables left in negative literals will also appear in

grounding descendents of other grounding literals in the last goal.
Case 3: K is negative.
We get rid of a negative literal so the condition is preserved.

QED. (lemma 5.10)
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LEMMA 5.11

If L, succeeds under 6 at level m and € is a substitution of L,, * * - ,L, such that Le
is a substitution of L,0 then there is an m-path starting with <L, * - - ,L, and ending

with <Ly, « - + L,y such that L€, - - - ,L,€is a substitution of Ly, * - - ,L,{.
proof:

Suppose that (G, * * * ,G,) with (6, - + - ,0,.,) is a successful m-path for L, so that

Go=L, and G,=+ and that 0=0, - - - 0,,. Let € be as above.

We construct a path (Hy, « « + ,H,) with (¢, - - * ) such that there are lists
Ce - - * Cp Of literals, substitutions 7, - * = M, and { - + - ,{, such that

I1) G=+~C,,

12) H=~Cm,L2t, -+ - - L, ¢,

I3) 7, is invertible,

14) L,¢{=L,8, - - - 0,4

I5) ¢, is invertible on the variables not in L,

16) if x from L,, - - - ,L, does not appear in L, then x{, does not appear in C{,.
At the start we put Cy=L,, 7, and {, equal to the identity.

Suppose the conditions hold for i. Now, G=+C,=<K,, - - + K, say. Suppose that
K, is selected. We shall assume that X, is positive because the proof when it is negative is

virtually a special case of the positive proof which follows.

Suppose that X, is unified with the head of B+~B,, * - - ,B, with mgus 6,,J, to
continue the path. So

Gy=+Ciy = ~ Kleh e ,K:-leerl‘l’n e qu'J’ernlon e rKrol‘

Now H,is ~Cm,L{, - - ,L,{, which equals «~Xym, * - - K, n,L{, * * + .L,{.
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We select X,m,, note that it unifies with B since m, is invertible, and with appropriate
mgus duXi we end up with H,, ~ being
KN - KemdiBiXe 0 ,B,X»Kum,% te »Kr'm?sz.Lz{t‘ﬁu e ergthr

Now K m,¢,=BX, but 0,, are mgus of X, and B so there is a substitution 7,,; such
that 1,¢,=0,7M,., and X;=¢,7,.;. We put {,,;={,®, and then it is easy to check that I2 holds

for i+1.

We know that X,m,7;'0,=K,0,=By, but ¢,,x, are mgus of X,m, and B so there exists A
such that ¢ A=m;'0, and x,A=y,. Thus it is easy to check that 7),,,\ is the identity on C,,,

and so I3 holds.

We know that L=L0,---0,_m, ) now we have

L§a=L§ip=L\8, - - + 0,,nb=L\0, - - - 0,,0,m,,, as required.

Now suppose that x appears in L, - - ,L, but not in L, and that y appears in
Ly - ,L, but x=y. We know that x{,#y{, and that x{, does not appear in C,n,. Since
x{, does not appear in K,m, then ¢,, which along with X, are mgus of K,m, and B, is
invertible on x{,. Thus x{,,;#y{,,,. This shows that I4 holds. For the same reasons x{,,,
can not appear in C,,;,7,., - otherwise ¢, must map x{, to the same symbol as it does some

variable in C;7,. So IS holds.

We can assume that by induction we have shown that I1-I5 hold for i=k. We put ¢ =

{x- G, is empty so so is C, and hence H,is —L.y, * - * ,L, V.

We define a substitution B on H, as follows. If x appears in H, then X is y{, for y
from L,, - - - ,L,. We put xB=y€ and we must check whether 8 is well defined. Suppose
that y{,=2z{,. Since {, is invertible on the rest of the variables, either y=z or both y and z

appear in L,. We know that L,e=L,0y for some substitution 9. Then

ye=y0y=yOn, il y=y il y=2z e it y=2 O, il y=2 O0y=z€. So B is well defined.
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Thus L€, - - - ,L,€equals LyB, -+ * ,L,YB as required.

QED. (lemma 5.11)

LEMMA 5.12

If R appears in precisely the heads of clauses d;, - * * ,d, then
M k= V(AL R] ()= R(x)).

proof:

Suppose that R is k-ary and that ¢ is a ground substitution of X such that for all i =

1 g MkR; (r¢). We must show that M =R'(x¢), ie. that R(r'd) finitely fails.

For each i = 1 ... g we define an integer m, as follows. If R(x¢) does not unify with
the head of d, put m, = 1. Otherwise, suppose that d, is R(¥)<A,, * + + ,A,, that W are
the variables in ¥ in the order as in SYNTH(PROG) and that Z are the others in d, in
order. Since M MR (r¢) but ré does unify with ¢, we know that there is a ground
substitution x for W such that vx=x¢ and for all ground substitutions ¢ of Z, there is a j
such that M =A;(w\wx,z\zy). Either A, is positive and A (Ww\wx,z\zy) finitely fails at
level my, say, or A, is not M) ) say and P(@Xw\wx,z\zy) succeeds at level m,, say. We
put m, to be the maximum of the (only finitely many) m,,. Put m to be the maximum of

the m,.

Since PROG is covered there is a grounding relation. Pick one such and reserve the

term grounding lteral for positive literals containing it.

Now we play as the existential player against Abelard as the universal player in the
m-game for R(r¢). We will win no matter how Abelard plays. By lemma 5.3 this will

show that R(x'¢) finitely fails as required.
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THE GAME: we show how to play to win.

The current goal starts as «~R(r¢). Its not empty so Abelard does not win now.
We choose the literal R(r¢) from the goal. If it does not unify then we win straight
away. If it does unify then it is with some of the d,. Suppose that Abelard chooses the
clause d = R(¥) < A,, - - - ,A, from the d,. Say that the mgus of R(r¢) from ~R(xr¢)
and R(») from d are 0, ¢ where O is the empty substitution ( X¢ is ground ). Thus the

new current goal is &« A,X, * - * ,A X

As we play we will keep track of the following sequence of sets. Suppose that we
have played through current goals GoG,, ***,G, where G, is «~ R(r¢), G, is
—A)X, " A X and G, is got from G, via substitution 0, We define the set of
possible substitutions of G, at stage k by
PS,=
{6, --0,,eleisaground substitution of precisely the variables appearing in G, }.

Now, at stage 1, this is PS, = { €1 € is a grounding substitution of the variables in G, }.
We note that this is a finite set (as C is finite and only a finite number of variables appear

in Gy).

Suppose that W are the variables in the head R(v) of d in order and Z are the rest of
the variables in d in order. For every € from PS,; there is a j = 1..q such that MFA ;xe.
For each such € we define an integer /. as follows. If A, is positive then A xe finitely fails
at level m as we know from the definition of m. We choose any closed bounded set of
unsuccessful m-paths for A,xe and let [, be any bound on the lengths of the paths. If A4,

is negative we put [, be 1. We define [ to be the maximum of these [s.

Suppose that the arities of the relations in L are all less than r. We will show how
to play so that if the game keeps going that long then once every Ir steps at the longest the

set of possible substitutions after that many steps is strictly smaller than it was before.
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PS,,, is always included in PS, so this shows that the game must eventually stop, for PS,

can never be empty (even if it includes only the empty substitution it is still not empty).

In fact we will show how to play so that Abelard does not win at any finite stage so

that if the game must finish then it must be because of us winning.

THE OUTER LOOP : we show how to play so that in at most Ir steps of the game

either we win or PS is reduced.

So let us suppose that we are at stage k of the game. The previous current goals
were GoGy, * * * Gy Where Gy is « R(rd), G, is «A,x, - -+ ,A X and each G,,, is got
from G, via 8,. PS, is non-empty because 0, - - - 6, € is in PS, for any € grounding the
variables in G,. We choose any such €. Since M F=Ri(r¢) there is an i= 1..q such that
ME=AXS, - - - 6,,6

We choose any such i.

To continue the game we employ two different strategies - one if A, is positive, the

other if it is negative.

STRATEGY ONE - A, is positive and recall that we are showing how to play to win

or to reduce PS in at most It steps.

To help us play we get some other people to play a game at the same time. As we
play we will keep note of a substitution of the variables in the current goal of the main

game. This is called the current substitution and is € at first.

As the main game progresses we will get player and opponent to play a side game.
We know that M k=A;x9, - - - 0,,€ so that A, X9, « - * 0, ,€ finitely fails at level m. We
get the two to start off playing the m-game for A,x9, - - - 0,.,€ - opponent playing the
existential player according to a winning strategy (which wins within [ steps) which we

know exists and player as the universal player waiting for our instructions.
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In order to use the progress of this side game for our benefit we will define a map
from the literals in the current goal of the side game to literals in the past or present goals

of the main game.

To help us define the map we will have to talk of descendents of appearances of
literals in the goals of the main game. If G, is «~L,, * -+ ,L, and L, is selected to get to
G, thenG,,,is ~L,0,, - - - ,L,6,C,L,.\0,, - -+ ,L,0, where either
C is By, - ,Bp L, is positive and the clause B«B,, ---,B, is used (with
appropriate mgus 6, , ¢)
or C is empty, 6, the identity and L, is negative.

If j#tk then the immediate descendent of L, from G, is L,0, from G,,,. The immediate
descendents of L, from G, are the literals, if any, in C. Descendents of appearances of

literals are descendents of immediate descendents in the obvious transitive way.

To start off with, we map Ax8, - 0,,6 from the beginning goal,
~A, X9, -+ - 0,,¢ of the side game to the first descendent of A,X from the second goal,
~AX * A X of the main game to be selected. If no descendent of A, X is selected then
we can trace the descendents of A,;x down to the current main goal without one being

selected and this is where we map A,x9, - - - 0,,€ to.

Finally, we will keep note of a not necessarily ground substitution of the variables
in the current goal of the side game. We shall call it the side substitution and start it off

as the empty map (there are no variables in A,x9, - - - 6,.,€).

We shall soon specify some conditions on the relationship between the main game
and the side game. These may or may not hold at various stages of the play. Right now
in the play and at various other times we shall call a tea break. We shall see that the
specified conditions hold at this first tea break and we shall see that when the game

continues after a tea break at which the conditions hold then either we can play to win,
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we can play to reduce PS or we can play so that another tea break can be called at which

the conditions hold.

We will always have a move in the side game between tea breaks so there can be at
most [ tea breaks before the number of possible substitutions are strictly reduced or we
win. We will have at most r moves in the main game after each tea break and before we
win, we reduce PS or we have another tea break. Thus, there will be at most Ir moves

before we win or reduce PS as required.

Suppose that the main game has progressed through current goals GoG,, * * * ,Gu,
where G, is —~R(xr¢), G, is «~Ayx, - - ,A X and G,,, is got from G, via substitution 6,.
Suppose further that y is the current substitution - a substitution of G, - and 7) is the side
substitution - a substitution of the variables in the current goal of the side game. We
remember that we have defined a map from the literals of the current side goal to some of
the past or present literals of the main game. Tea breaks will only be called when :

TB1) For every literal L from the current goal of the side game, if L maps to K from
a past or present current goal G, of the main game then X6, - - - 0, ,y=Lm;

TB2) For every literal L from the current goal of the side game , if L maps to K of
past G, then K was chosen by us from G, to get to G,,;

TB3) For each variable x appearing as u, in a negative literal not( P(z) ) in the main
current goal there is a grounding literal, K say, containing x also in that goal such that if
not( P(z) ) is mapped to by a literal not( P(v) ) in the side current goal and v, is a
variable symbol then there is a grounding literal containing v, in the side current goal
mapping to K in the main current goal;

TB4) No mapped to literal is equal to a descendant of another.

It is easy to see that the tea break conditions hold at the beginning of the side games
(i.e. at the beginning of the outer loop) when the current substitution is € and the side

substitution is 0. TB3 holds because PROG is covered and because no negative literal is
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mapped to - the only mapped to literal is the descendent of A,x which is positive.

THE INNER LOOP: we show how to play so that in at most r moves of the main
game, either
we win,
PS is reduced or
we call another tea break.

Also, we will not call another tea break until player has made at least one move in the

side game.

Now suppose that we have just had a tea break. We start again by inviting opponent
to make his move in the side game. Since opponent is playing a winning strategy in that

game the current goal there is non-empty and opponent picks a literal L.
There are two cases.
case 1

L maps to K of past goal G, of the main game. So we know that K was chosen by us

in going from G, to G,,,.
case 1.1

If K (and so L) is positive then Abelard must have responded with a unifying clause
¢ with head M, say. Say that the mgus of K from G, and M from c are 6, , ¢,. So
M06,=K0,. But then MO, - -0,y = X6, - -+ 0,,¢ = L7. Thus M unifies with L too.
We get player to pick the clause c as a response to opponent’s choice of L. So the side
game is continued to a new current goal and player has had his regulation move in the side

game. Suppose that the mgus of L from the side goal and M from c are ¢, {.

We must update our record of maps and substitutions. We leave the current
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substitution as before - i.e as .

We define a new side substitution 1)’ as follows. Since M6, - * + 0, ,y=Lm but ¢,{ are

mgus of L and M, there is a substitution 7' of the new side goal such that ¢m'=n and

{n'=0, - + + Bp,¥.

Now we define the new map. If «~L, - - ,L, was the old side goal and L=L,, c is
MeB, - -,B, then the new side current goal is
“Lp, *** LoydB, ¢ - - B.LLud, + ¢ L. We map each L, to where L, was
mapped to before. Now, since Abelard responded with c to our choice of K in G,, G,,; will
contain By, * * * ,B,¢,. To define the image of B,{ under the new map we locate B ¢, in
G, and follow the progress of its descendants down through the history of the main
game. We follow descendents of B,$, down until either one is chosen in which case we
map B,{ to this chosen literal, or we reach the current goal, in which case we map B,¢ to

the descendant in the current goal.

Now, after all that work we may as well have a tea break. First we must check that
we are allowed to. Clearly TB2 holds by our construction of the map. Now take any

literal from the new side current goal.

The literal could be L'¢ for one of the L' from the old goal. Then both L'¢p and L'
map to X' of G, say. So we know that X', - - - 0, ¢y=L'n. By our construction of 7,

though, ¢n'=n so we have X'0, - - - 0, ,y=L"'¢n’ as required.

The other possibility is that the literal is B{ for B from the body of c. Then B{
maps to a later descendant, say B¢,8,, : - - 0, in G,,,, of the B¢, in G,,,. But then,

(B0, --6,)8,., - 0, ¢=Bf{n by the definition of 7.

So TB1 holds.
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Let us check that TB3 holds. Suppose that x is a variable appearing as u, in not(
P(z) ) in the main current goal. We have not updated the main game itself since the last
tea break so there is still a grounding literal, C say, containing X in that goal. Suppose
that not{ P(@) ) is now mapped to by a literal, not ( P(¥) ), in the new side goal and v, is a

variable symbol. There are two possibilities.

possibility 1 : not( P(#) ) is one of the L,p. Then, previously, L, = not{ P(w) ) say,
from the last side goal mapped to not( P(z) ) and since y=w¢, w, is a variable symbol. So
there was a grounding literal L, containing w, in ~L,, - * + ,L, and mapping to C in the
main current goal. This can not have been the L =L, selected because L mapped to a past
goal. So L, appears in the new side goal and maps to C. It also contains w,¢=v, so TB2

holds.

possibility 2 : not( P(») is one of the B,{. So nol P(&) W = B,{n. By our
construction of the map, in particular its action on the B,{s, we know that not{ P(z) ) is
the descendant of B,@p, appearing in some G,,, after a unification involving the clause
B«B,, - - - ,B,. In fact, not( P(z) ) must be B,$,0,,, - - - 0,,. Say that B,= not( P(w) )
so a=w@,0,,, - + - 0,, Since u, is a variable, w, must also be a variable and since PROG is
covered there must be B, grounding w,. If any of the ¢, or subsequent 0,,, down to 6,
ground the variable appearing in the same position in each descendent of B,¢, then it
would do the same to the other appearance of the same variable in the eth place in the
descendent of B,¢,. This can not happen, nor can the grounding of this variable by the

selection of the descendent of B, ¢, and its unification.

Thus the descendent B,¢,0,,, - - - 0k-1 appears in the main current goal with X in it.
By the construction of the map B,{ in the current side goal maps to B,$,0,,, * * * 0,,.
Furthermore, since B, contains the eth term w, of B, = not{ P(w) ) then B,{ contains the

eth term v, of B,{ = not( P(v) ).
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So TB3 holds.

Now we check that TB4 holds. We need only check that no L,$ maps to a
descendent of a B,{ or vice versa (the other checks are easy). No L,$ maps to a

descendent of a B,{ because then L, previously mapped to a descendent of the selected L,.

No B,{ maps to a descendent of an L ¢ because then, following B;{’s ancestors back,
we find that the literal K of G, which L, mapped to is equal to, a descendent of or an

ancestor of the literal which L, (and so L,¢) maps to.
So TB4 holds.
So we can have a tea break.
case 1.2

Suppose that K is negative - say K = not( M ). Since we didn’t lose at G,, M either
succeeds at level m with an invertible substitution or finitely fails at level m. Since we
didn’t win at G;,, M must finitely fail at level m. So G,,, is G, minus K. Since opponent is
only choosing ground negative literals L is ground. So K6, : : : 6, ,y=Lm=L. Since M
finitely fails, M0, - - - 0, does too (TR14). So the new current goal in the side game is
the old one minus L. We carry the map down and keep substitutions the same. It is easy

to see that we can have a tea break.
case 2 - L maps to a literal K in the main current goal
Thus the main current goal is non-empty.
case 2.1 - K is positive

We pick K in the main game. Abelard may give up and then we win. Otherwise he

will pick a clause ¢ with head M which unifies with K.

- 179 -



The main current goal is updated to G,,, via the mgus, 6,, ¢, of K from G, and M

from c.
case 2.2.1 - There is a substitution, Y’ of G,,, such that y=0,y".

We return to the side game where opponent has chosen L. Now M and K unify with
mgus 6,, ¢, , so M¢p=K0, . From TB1 we know that Ky=Lm. Thus

LrmKy=K0,y'=M¢,¢'. Thus M and L unify.

We get player to pick clause c in the side game. Its continued with 6, ¢ as the mgus

of L from the goal and M from c.
Now we update our records. ¢'is made the new current substitution.

We define a new side substitution 7' as follows. Since 6,¢ are mgus of L and M but

Ln=M¢,y', we know that there exists a substitution 7' of the new side goal such that

6n'=n and ¢N'=P, Y.

We must also define a new map. This we do exactly as specified in case 1.1 except

we carry down the map on the old main goal.
Let us check that we can have a tea break. Clearly, TB2 holds.

If we have a literal from the new current goal of the side game then it is either L6

for L from the old goal or it is B¢ for B from the body of c.

If it is LO then L0 and L map to K of G, say. We know that X6, - - - 6, ¢ = L.

Thus X8, - - - 6,.,0,¢'=K6, - - - 0,y =Ln=L0n.
If it is B¢ then it maps to B¢, in G,,, and B¢, y¥' = B¢n'. Thus TB1 holds.

Now we show that TB3 holds. Say that the old main goal was «X,, - - - ,K, and

14

K=K, was selected. The new main goal is
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—K\0,, * +* K 100B 1Py, ¢ »B¢¢nKmen **+,K,0,. Suppose that variable x appears

as #, in not( P () ) in the new main goal. There are two cases.

case 1: not{ P (2) ) = X,6,. Say K, = not( P(w) ). Then w, is not ground so there is
a grounding literal containing w, as one of the X,s. It can not be the chosen X, because
then (by the properties of grounding literals) 6, would ground w, (but w,0,=u, = x). So
K0, appears containing x in the new goal. If X ,0, is mapped to by a literal with non-
ground ith argument in the new side goal then this literal is one brought down from the
previous goal as each B,¢ maps to B,.6,. So its immediate ancestor mapped to X,. Thus
there was a grounder for its ith argument also in the side goal and mapping to a grounder
in the main goal. If that grounder was L then K was a grounder for w,. Thus 0, grounds
w, contrary to our supposition. Thus this grounder was not L and its descendent is still in

the side goal.

case 2: not{ P(&) ) = B.¢,. Say B, = not{ P(W) ), u,=w,¢, is the variable x so then w,
is a variable. Since PROG is covered, there is a B, grounding w,. So B,¢, is a grounder for
u,. Also B,¢ maps to B.¢, and B¢ maps to B,¢,, B,¢ being a grounder for the ith

argument in B,¢.

Now to check TB4. This is easy as no B,¢, is a descendent of (or equal to) some

other mapped literal , because its immediate ancestor, K, was not.
case 2.2.2 - there is no substitution ¥' of G,,, such that y=0,y'.

We note that the number of possible side games is reduced as 6, - - - 0, ¢ which is

in PS, is not in PS,,,.
case 2.2 - K is negative

We would like to pick K in the main game. However, K may not be ground and so

we may have to do a bit of work beforehand. For each variable in K in some order we
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repeat the following procedure to ground the variable.

If x appears in K then by TB3 there is a grounder for x in the main goal. We pick
that. Abelard will respond with one of the grounding clauses. If the mgu 6, does not
agree with the current substitution - ie. there is no substitution ¢' of G,,; such that
B, 0,,y=0, - -+ 0,,0,y - then, as in case 2.1.2, we have reduced the number of

possible substitutions of G, and we have comgleted our task.

Otherwise, we carry down the maps, make such a y' the new current substitution.
We do not need to make a new side substitution because we have not extended the game
and for each mapping L', if it maps to X' in G, then X0, --: 0, ,y=L'n so
K8, - 0,y=Ln.

If we have not yet grounded K@, by now we repeat the procedure again for each of

the remaining variables. We can only do this at most r times before we have grounded K.

Now that K (or its substituted descendent) is ground we choose it in the main game.
Since we have kept the tea break conditions holding K = K¢y = Ln. Now opponent, who is
playing a winning strategy, chose L in the side game so it must be ground and equal to K
and the positive part of L must either succeed or finitely fail . In the first case, the

positive part of K succeeds so we win the main game.

In the second case, the next current goal in both games is the old one minus the

chosen literal.

We keep ¢ and m as before and map each literal in the new side current goal to
where it was mapped before, except those mapping to the old main current goal get

mapped to the corresponding literal in the new current goal.

Clearly, since 8, is the identity, we can have a tea break.
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STRATEGY TWO - A, is negative and recall that we are showing how to play to win

or to reduce PS in at most Ir steps.
Suppose that A, is not( P(z) ). Thus P(@)x9, - - - 0, € succeeds at level m.

A successor of the literal A,x from G, must still appear in G, for otherwise we must
have chosen the literal not( P(wx®, - - - 0, ) ) from a past current goal G ,,. If this had
happened, since P(xx9, - - - 0,.€ ) is a substitution of P(xx9, - - - 0, ), the latter would

not have finitely failed contrary to the evidence that we are still playing the game.
So A;x9, * - - 0, appears in the current goal G,.

If it is not ground then we can, by lemma 5.10, choose a grounder for any variable x
appearing in it. Abelard will respond with a grounding clause and we will get a new mgu
0,. Perhaps PS,,, is strictly smaller than PS, in which case we have completed our task.
Otherwise X9, - - - 0,.,€ is in PS,, , say that X8, : - - 0,,€=x9, - - - 0,,0,m. So P(x)
X9, ° * * 8,m succeeds at level m. If A,xH, - - - 0, is not ground we repeat the procedure.

We can only do this at most r times.

So we may assume that Ax9, - - - 0, is ground and P(z) X9, - - - 0,7 succeeds at
level m. But since (&) X9, - - - 6, is ground it equals P(x) X0, - - - §,m. So we choose

Ax9; -+ - 0, and clearly we win the game.

QED.
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Chapter 6

LPNAF and DEF

In this chapter we will demonstrate the close relationship between the queries
implementable using logic programming with negation as failure (LPNAF) and those
expressible in the formal language DEF. In fact, we will show that not only are they the
same class of queries but that it is easy to convert from a logic program implementing a

query to the DEF expression of the query and vice versa.

To do this we first use the completeness result for NAF to show how to find an
LPNAF program which completely implements each DEF query. By exploiting the

SYNTH construction, establishing this result is mainly a matter of technicalities.

For the dual result, showing that DEF expresses LPNAF, we use the correctness
result for NAF. We show how to construct a DEF query which is correctly implemented

by each LPNAF program.

6.1 Implementing DEF

Let us start to make some use of the synthesis construction now by showing how to

implement any DEF query in a logic program with NAF.

We saw how to implement any Datalog query by sticking a logic program after the

logic programming description prog(D), as defined below, of the queried structure D.
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DEFINITION

If D is a finite L-structure then prog(D) is the following logic program consisting
only of atomic facts with relation symbols from L and constant symbols the elements of
D. For each non-negative integer k, for each k-ary symbol R from L, for each k-tuple a

from D the clause "R(a) «" is in prog(D) if and only if D=R(a).

LPNAF has loosely been defined as the generalisation of this method of query
answering to the case when impure programs can be added to a description of the queried
structure. Unfortunately there is a major problem with this approach if we continue to
describe each queried structure D by prog(D). When it comes to non-Horn-clause queries
the description is not adequate - structures with different answers to the same query can
have the same description. Elements which do not appear in any tuples in the extensions
of L relations do not even appear in the program. It is not hard to see that queries
involving negations or universal quantifications of relations from L can not be answered

on the basis of prog.

If we want to answer more general queries we shall have to improve the description
of the queried structure. In fact, it is very easy to augment the description prog to make
it adequate for other queries. We just need to describe the domain of the queried

structure.

DEFINITION _ If we are going to be querying L-structures then we choose a 1-ary relation
symbol, exist, not in L. For each finite L-structure D, progex(D) is the logic program
with relation symbols from LU{exist}, constant symbols the elements of D and

containing prog(D) plus all the clauses of the form "exist(a) «" for a from D.

Clearly, we have now described each structure up to isomorphism- ie. more
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adequately than we need for the type of queries we are asking. Now, let us see if we can
use this method for implementing any DEF query. Suppose that PROV(T:Q) is such a
query. If L and S are disjoint signatures, exist is a 1-ary relation symbol not from L nor
S and T is a definite (L,S)}-implicational theory then we construct the logic program

implementing T as follows.

First, distinct 2-ary relation symbols eq and neq are chosen which are not in

LUSU {exist}.

Second, for each sentence ¢ from T, for each conjunct ¢ from the body of the
sentence, if the conjunct is WyS(a) then a new relation symbol S, is chosen. If & contains
the distinct variable symbols x,, * - - ,x; apart from y then S, is l-ary. Let R be the

signature containing L, S, exist , eq , neq and all these new relation symbols.
We define a program PROG with relation symbols from R and no constant symbols.

A) For each sentence ¢ = \2{/\{,4,—A] from T,
1) put A~{A}], - - - [A,] in PROG, where, for each conjunct ¢ = 4, from the body
of the implication,
1.1) if R is from L or S then [ R(z ) ] is R(z),

1.2) [ us=v ] is neq(u,v),

1.3) if R is from L and & contains distinct variable symbols x,, - * - ,x
then [ -R(z) ] is exist (x,), - - - ,exist (x,),not (R(a)),

1.4) if Sis from S and & contains distinct variable symbols x,, * * - ,x;, apart from
y then [ \WWS(@) ] is exist(x ), - - - jexist (x)not (Su(xy, « - XD

B) For each sentence ¢ from T, for each conjunct ¢ in the body of the implication, if
c is VyS(a), & contains distinct variable symbols x,, * * * ,x, apart from y then

put S, (x,, - -+ x)eexist (x,), - - - ,exist (x,)exist (y),not (S(@)) in PROG.
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O) Put eq(x,x ) and neq(x,y)+exist (x)exist (y )not ( eq(x,y) ) in PROG.

The implementation of the popular brother query in section 1.7 uses exactly this
construction. The fact that that example works is not surprising given the following

result.

LEMMA 6.1

For any signature L, for any n-ary query PROV(T;Q) from DEF(L), if PROG is the
logic program constructed from T in the manner described above then for all finite L-
structures D, for all ¢ from D",

progex(D) + PROG succeeds Q(¢) if and only if D = PROV(T;Q) (¢).

proof:

part one )
Suppose that progex(D) + PROG succeeds Q(c).

Put SYNTH( progex(D) + PROG ) = SYNTH( progex(D) + PROG , R, C ). Thus,
SYNTH( progex(D) + PROG ) HQ(¢). We must prove that D= PROV(T;Q) (¢). This will
be accomplished by showing that any model M of FA(D)UT is a model of Q{¢) and using

result 2.2.

First we construct a model N of SYNTH( progex(D) + PROG ) from M. We will then
know that N is a model of Q(¢). However, our construction will be such that M will be a

model of Q(¢) too.

If T is an LUS-theory and C is the finite set of constant symbols being the domain

of D in a different guise, then M is an LUSUC-structure.
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Now, progex(D) is a program with relation symbols from LU{exist} and constant
symbols from C, PROG is a program with no constant symbols and with relation symbols
from R = LUSUS;U{exist, eq, neq } where S; confa.ins all the extra relation symbols
introduced by the construction of PROG from T. Thus SYNTH( progex(D) + PROG ) will
be a RUR'UR; 0)rro0 YU f @ progeqn)erroo UC-theory. We define a structure N from these

symbols.
1) The domain of N is that of M.

2) The constants of C are interpreted in N as in M. Since M is a model of FA(D) it is
a model of DCA(D) and UNA(D) so we might as well regard its domain, and so the

domain of N, as being the constants C, i.e. the domain of D.
3) L and S are interpreted on N as on M.
4) exist is the full 1-ary relation.
5) neq is the not equal 2-ary relation on N.
6) For R from L, R* is the complement of R on N.
7) eq® is the same as neq.

8) For each sentence ¢ from T, for each conjunct c of the form WyS(a), if T are the [
distinct variables apart from y in & (as chosen and ordered in the construction of PROG)

then for every I-tuple & from N, NS, (q) if and only if MF\4S(a(a,y)).

9) For each R from L, for each clause c of progex(D) with R in the head, N=R () if

and only if ¢ is not "R(a) «".

10) If d is the clause with eq in its head then eqj is the not equal 2-ary relation on
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11) If d is the clause with Sy in its head then S}, , is the same relation as S.
12) exist® is the empty 1-ary relation.

13) If d is the clause with Sy in its head then (assuming the SYNTH construction
took the variables £ , v of d in that order) we put Nk fail{ab) if and only if

Me=S(a(apb).
14) If d is a clause from progex(D) then fail,is the false O-ary relation.
15) If d is the clause "eq(x,x) «", then fail,is the empty 1-ary relation.

16) The rest of the relation symbols do not matter too much and we interpret them

as full relations of the appropriate arity.

Now we must establish our claim that N is a model of SYNTH( progex(D) + PROG ).
This is straight forward to do sentence by sentence if a little time and space consuming.
Thus, we must show that N is a model of POS(d) for each clause d from progex(D) or
PROG, NEG(P) for each symbol P from LUSUS.U {exist , eq , neq }, NEG(d) for each

clause d and INEQ(C).

Most of these sentences require very simple proofs. We will just look at two of the

hardest.

Suppose that d is the clause A~[A,], - - - [A ] from PROG and that we must show
that N=POS(d). So T contains the sentence VZ(/\L;A,—A), we know MET and we want
to show that N E=\Wz(AL,[A,}—A). Suppose that @ is from N such that for each i= 1..q
NHA, {7 \a). We will show that for each i=1.q MFA,(z\a). Thus, M=A(z\a) and since

M and N have the same interpretations for symbols from S, Ni=A (z\a) as required.

If A, is R() where R is from L or S then [4,] is A, so [4,} is A,. Thus

NER (a(z\a)) and M=A,(2\a) too because N and M agree on R.
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If A, is uv then [A,} is neq(u,v). So Nneq(u,vXz\a). This means that u(z\a) is
a different element of the domain of N from v(Zz\@). So they are different in M too and

MkA, (7\2).

If A is -R(&) with R from L, @& containing x, ---,x, then [A] is
exist(x I\ © + * pexist (x)NA\R'(@). So NE=R'(a(z\a)). By construction of N this means

ME=-R (a(a1)) so M=A,(z\a).

If A is WS@), S from S, & containing x,,:--,x, and y then [A4,] is
exist(x I\ * + + pexist ( \Si(T). So N=S3 (x(z\a)). By construction of N this means

ME\AS(@,y X2 \a), i.e. M=A, (2\2).
This completes our proof that N=POS(d ).

The other proofs involved in showing that Ni= SYNTH( progex(D) + PROG ) are all

much easier. The only other proof involving a bit of thought is the following.

Suppose that d is the clause "S . (r)«exist (y)not ( S(@) )" and that we must show
that NeNEG(d). NEG(d) contains three sentences:
a) Va((\#y fail{x,y)-S} ,r)) which is true in N because of the interpretations of S},
and of fail;;
b) Vry(exist *(y)— fail{x,y)) which is true because exist* is empty; and
o) vVry(S(@)— fail{r,y)) which is true because of the interpretation of fail, being defined
as it is.

This completes what is worth seeing of the proof of part one of our main theorem

for this section.

part two )
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Suppose that D = PROV(T;Q) (¢). Then FAD)UT HQ(c). We show that SYNTH(
progex(D) + PROG }Q(c). So then, by theorem 5.6, Q(c) succeeds from progex(D) +

PROG as progex(D) + PROG is covered.

To proceed, we suppose that N is a model of SYNTH( progex(tD) + PROG ). Note
that N may be an infinite structure. We use N to construct a model, M, of FA(D)UT.
Thus M is a model of Q(¢) and our construction will be such that this implies that N is a

model of Q(¢) as well.

If C is the domain of D taken as a set of constant symbols and S is the signature of
new relations in T then M is the LUSUC-structure with the same domain as D,
interpretations of the constants from C as themselves, interpretations of symbols from L

as in D and interpretations of symbols from S as in N ie. M=S(&) if and only if Ni=S(a).

It is clear that M=FA(D) and that if MQ(¢) then NEQ(¢) so it only remains for us

to prove that M=T.

Given any sentence Vz{(/\L,A,—A) from T we shall show that M is a model of it.
Suppose that & is from M ( ie. from D ) such that M is a model of each of the A,(z\a).
We know that N is a model of VZ(N\L,[A4,}—A). If we can show that N is a2 model of
each [A,]* then we will know that Ni=A (z\a). But N and M agree on the relation from S

which appears in A so M=A(Z\a) as required.

If A, is R(@) with R from L then M=A,(7\a) implies that D=R(@(a)). So the clause
asserting this is in progex(D). SYNTH( progex(D) + PROG ) contains R(z(a)) so N is a

model of it. Hence, NE{A, ]{z\a) as required.

If A is S(o) with S from S then M=S(z(a)). But M and N agree on S so

N A, H(z\a) as required.
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If A, is z,z, then Mia,#a,. So ( a,=a, ) is in SYNTH( progex(D) + PROG ).
Thus Nia, #a,. If d is the clause "eq(x,x) «" from PROG then the sentence
Vv (u 2y —eq)(u,v))
is in SYNTH( progex(D) + PROG ). N is a model of this so it is also a model of eq;(a,.a,).
Since d is the only clause with eq in its head N is also a model of
Way(eqs(x ,y)—eq'(x,y))
and hence of eg'(a,,a,). We also know that N is a model of exist(a,) and exist(a,)
because of the appropriate clauses in progex(D). Finally, since " neq(x,y) + exist(x) ,
exist(y) , notl eq(xy) )" is in PROG, we know that N is a model of V
xy(exist (x Jnexist (y)Neq*(x,y)—neq(x ,y)). Putting this all together we can deduce that

Ni=neq(a,,a,) , ie. N HA,(2\a), as required.

If A, is ~R(@) for R from L and a(z\a) is & then M==R(5) so D==R(5). Thus R(5)
does not appear in progex(D). If R appears in the heads of no clauses then N=R*'(5)
(because its a model of the sentence VXR'(r) from the synthesis) and otherwise N=R*(5)
(because we can go through all the clauses d from progex(D) with R in their heads
showing that N is a model of R}(6) and then use the sentence relating all the R} s to R*).
Finally, we can show that N is a model of each exist(x,Xz\a) for each x, appearing in @ so

N is a model of [A,](2\a), ie. exist(x )\ - - + A(x; \R'(@XZ\a).

If A is VWS(@) with S from S then MF\4S(a(a,y)). Suppose that ¢' is the sentence
from T that A, is the conjunct ¢ from the body of. Suppose further that d is the clause
"Sec(x)—exist (y) , not( SGr ) ). If xis x,, -+ - x; let us put x,(z\a) = e,. We aim to
show that Ne\#y fail{e,y). Given any element n from the domain of N there are two

possibilities.

If n is the interpretation of b from C then, since Mi=S(a(a,b)), by the construction
of M from N we know that N=S(z(ab)). But (check NEG(d)) N is a model of the

sentence Vry(S(@)— fail{r,y)) so N= failfeb).
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If n is not the interpretation of any constant from C then, for each clause
cl = " exist(b) +«" from progex(D) + PROG with exist in its head, we have
Ne\/x(x b —exist}(x)).
So N is a model of existi(n). However NE\/A(/\,y nen cexisty(x)—exist*(x)). So N is a
model of exist*(n). But (check NEG(d) again) N is a model of Vry(exist'(y)— fail{r,y)
so N= failfe.n).

So NE=\/y fail{e,y) as claimed. Because the sentence
Ve(( Wy failfr,y) ) = Suq(r))
is in NEG(d) we know that NS, ,(¢). Now, by the construction of PROG, d was the
only clause with S, in its head so Nk=\/A(S,(£)—S,(r)) and hence N=S, (). Also,
each of the e,;3 are in C so Nmexist(e,). Thus N is a model of

exist(e N -+ - Aexist (@ )\Sy(6), ie. [AJ(2\a).
This completes the proof of the second part of the theorem.

QED.

6.2 Expressing LP with NAF queries in DEF

In this section we show that each query which can be implemented by tacking a
function-free and constant-free logic program with NAF onto the description progex(D)
of the queried structure D is expressible as a DEF query. Most of the work has already
been done when we use the synthesis to represent the program. We know that a synthesis

looks like a DEF theory with constants in it.

Once we have shown how to construct a DEF theory from the program the proof
that they represent the same query is much the same as the proof in the last section. We

will give even less of the details.
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So suppose that we have a logic program PROG which we use to query finite L-
structures D in conjunction with progex(D). Our first step is to show that we might as
well be using a program with relation symbols from L not appearing in the heads of
clauses. This is because we can always introduce new derived relation symbols R’ for
each R from LU/{exist}, change the appearances of R in the heads of clauses to R’, change
the appearances of R in the body of clauses to R’ and add clauses of the form
"R(x) ~R( )"

It is easy to see that this program implements the same query as does PROG.

So, without loss of generality we can assume that PROG has no appearances of

symbols from LU {exist} in the heads of clauses.

The second step is to form the synthesis of PROG assuming that there are no
constant symbols in its language (there are none in the program itself) and that the only

relation symbols are those from LU {exist} and those extra ones appearing in PROG.

From the synthesis, we remove the sentences
1) VxR'(x) where R is from L and
2) Vx exist*(x).
We add the extra sentences
1) Vx(~-R(x)—=R*(r)) for each R from L.

Call the resulting theory P.

P is not quite a DEF theory because it may contain multiple nestings of universal
quantifications in the bodies of implications. It is a simple matter to add extra symbols
and sentences to get an equivalent but DEF theory. We shall prove all our results

without loss of generality by assuming that P is itself a DEF theory.

Let us call the signature of non-L symbols in PROG, S and the signature of derived

relation symbols in P, T. Thus S is contained in T.
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LEMMA 6.2

For all finite L-structures D, for all non-negative integers r, for all r-ary Q from S,
for all r-tuples ¢ from D,
1) if progex(D) + PROG succeeds Q(¢) then D = PROV(P;Q) (¢ ) and

2) if progex(D) + PROG finitely fails Q(¢’) then we do not have D = PROV(P,Q) (¢ ).

proof:
part one )

First of all we show that we can expand any model of FA(D)U P into a model of
SYNTH( progex(D) + PROG ). Suppose that M is a model of FA(D)U P. To expand M to
N we will define interpretations for the symbols R; for R from L and d a clause from
progex(D), and for symbols fail, for d from progex(D). Since M is a model of FA(D) we

may as well assume that its domain is that of D.

For each clause d from progex(D), for each k-ary R from L, for each k-tuple & from
D we put
1) N =R}(8) if and only if d is not " R(6)«" and

2) we make fail, the O-ary false relation.

We can show sentence by sentence that N is a model of
SYNTH( progex(D) + PROG ).

This can be done in such a straight forward manner that it is not worth presenting here.
part two )

Suppose that progex(D) + PROG succeeds Q(¢). Thus,
SYNTH( progex(D) + PROG ¥ Q(c).

If M is any expansion of D to a model of P then we know, by part one, that M can be
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expanded to a model N of SYNTH( progex(D) + PROG ). Then we know that N and hence
M is a model of Q(¢). This shows that D = PROV(P;Q) ( ¢ ) as claimed in the first part of

the theorem.
part three )

Suppose that progex(D) + PROG finitely fails (¢). Then by part b of the proof of
theorem 5.1 we know that SYNTH( progex(D) + PROG *Q'(¢c). If M is any expansion of
D to a model of P, we know by part one, that M can be expanded to a model N of
SYNTH( progex(D) + PROG ). Thus N Q*(c). Since Q* is interpreted on the reduct M
of N as in N, M= Q*(c). Thus D = PROV(P;Q® (¢ ).

Our task will have been completed if we now show that we can not have both

D = PROV(P;Q¥) (¢ ) and D = PROV(PQ) ().

To do this it seems easiest to hark back to our results relating DEF to LFP. We have
shown how to construct an L-prescription r such that for each S from S, PROV(P; S ) =

LFP(r;S). Let ussuppose that r prescribes F on D.

Assume for contradiction that D = PROV(P;Q) ( ¢ ) and D = PROV(P;Q® (¢ ). Thus
c€[F"(@),, and c€[F™(D)], for large enough m. Hence we can choose the least k such

that there is S from S with [F*(@)]; N[F*(@)];, nonempty.
Let us suppose that 5 €[F*(@)); and 6 €[F*(@)), .

Looking at the construction of r, we see that since D k¢ (F*Y@)b) there is an
implication Wx(/\L;A4,—S(v)) in P and a tuple & such that 5=v(a) and
D AL A (F*H@)1).

We note that then S(r)—A,, - -+ ,A, is a clause in PROG.

Now since D Fpo(F* (@)b) and Vr(NE,S; (r)—S'(xr)) is the only sentence in P
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with head containing S*, we must have D HAE,S; (5)XF +(@)).
Since d = " S(#)-A4,, - - - ,A, "is one of the clauses d,, - - * ,d;, With heads containing §,

we have D =Sy (6 XF*4D)).

Since S3, is not in L this means that k-1 is greater than zero and that
D !-ng;(F,_,(ﬂ),b'). Looking at the construction of ¢y, from P we see that it is a
disjunction of formulae - one corresponding to each sentence in P with S in the head.
Since 6=p(q), D is not a model of the disjuncts corresponding to the sentences V
z(x,2x,—~S¥(x)) nor the sentences Vx(x,s#a—S)x)). Thus D kVZ fal{xXF*¥@)e)

where W are the free variables in ¥ and Z=w(x).

Choosing a substitution for z which, together with & for @ maps £ to & we find that
D k= fall{aXF*X2)). Thus k-2 is greater than zero and D k¢ ,,, (F*X@)a). Looking at
the construction of this from P we find that it is a disjunction of A;. So there isani=1

~ q such that D kA (F*¥@),d4) and since F is monotone D FA;(F*Y(@)a1).

We have already shown that D EA(F*¥@),a). There are several possibilities for
A, If A, is R(z) or no{ R(z) ) for R from S we have a contradiction to the minimality

of k.

Otherwise a, must be from L. If A, is R(@) or not( R(@) ) for R from L then we
know that D =R(a{a)) and that k-1 is greater than zero and D k¢, (@(a)XF *¥@)). Since
there is only one sentence VX(-R(r)—R*'(r)) in P with R’ in its head we must have
D =-R(a(a))

which is a contradiction.

QED.
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6.3 Summary

Let us just summarise the relationship which we have investigated in this chapter -
that between logic programming with negation as failure as a query answering tool and
DEF as a query language. Because our results have involved the process QEP instead of
one of Clark’s original processes, we will have to call on the results of chapter four to

give the results of this chapter meaning outside of the constructs of this thesis.

First, we combine result 4.2 and lemma 6.1 to get the following result showing that

each LPNAF program implements a DEF query.

THEOREM 6.3

For all signatures L, for all signatures S, for all n-ary Q from S, for all logic
programs PROG with symbols from LUS, there is an n-ary query q from DEF(L) such
that
for all versions R-qep of NAF, for all finite L-structures D, for all n-tuples & of elements
from D,

a) if progex(D) + PROG succeeds Q(a) in R-qep then €q(D) and

b) if progex(D) + PROG finitely fails (@) in R-qep then & ¢q(D).

We note that the program may not get answers on some tuples but when it does they

will be answers to q.

Such a concept of implementation is inappropriate when we come to consider the
other half of the relationship. Given a DEF query we want to find a program which
implements it. This is easy if we allow the program to loop or flounder when it wants to
and only require it to get the right results (according to the query) when it does get an

answer. We could just implement any query by a program which always flounders.
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Obviously this is impractical. Fortunately, our result lemma 6.2 here is much stronger -

we find a program which succeeds exactly the right answers.

Unfortunately, there is a problem when we relate this result to actual versions of
NAF. Since the program, progex (D) + PROG, which we are using varies with the queried
structure D, our result theorem 4.3 only allows us to be sure of the existence of a
particular version of NAF able to implement the query which may depend on D. It is left
as an open problem whether a general maximal selection rule can be found which is able

to implement all progex(D) + PROG for all different D.

Here is the best result we can manage now.

THEOREM 6.4

For all signatures L, for all n-ary queries q from DEF(L), there is a signature S, an
n-ary symbol Q from S and a logic program PROG with symbols from LUS, such that
for all finite L-structures D, there exists a version R-gep of NAF such that
for all &, n-tuples from D,

progex(D) + PROG succeeds Q(a) in R-gep if and only if d €q(D).
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Chapter 7

Nesting

We extended our language DE of definite existential queries to DEF by allowing
universal quantifications to appear in the bodies of clauses. This has given us a language
representing the expressive power of logic programming with negation as failure. In
[ChHS85], Chandra and Harel extended their language YE (equivalent to our DE) to the
language C of clausal queries in which negations of derived relation symbols are allowed
to appear in the bodies of clauses (provided that a certain partial ordering is respected). A
similar approach forms the basis of the stratified database idea of Apt, Blair and Walker
[ABW86]. This might seem to be as good or even better a representation of the behaviour

of LPNAF. Certainly the onus is on us to justify introducing the alternative DEF.

In this chapter, we first define C and stratified databases and then look at their
relationship with NAF. Chandra and Harel proved that C is as powerful as FO+LFP and
therefore, by a result of ours, C is as powerful as DEF, and so by another result of ours C
is as powerful as LPNAF. We emphasise that we have not seen any other proof that

stratified databases are equally expressible as LPNAF.

Chandra and Harel do say that NAF provides an operational justification for C,
suggesting that a stratified database can be implemented directly as a logic program using

NAF. Certainly any stratified database looks like a program.

We show that NAF does not provide an operational justification for C. The

operational effect of negation in a stratified database is as "not provable" rather than
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“finitely fails to be proven”. We present an example which shows that even when there is
no question of floundering, NAF does not always succeed the not(P)'s for which P is "not

provable”.

We have said that C is as expressible as LP with NAF. We show that implementing a
stratified database using LP with NAF essentially involves a compilation process turning
the database into a DEF theory before writing the program. Although the database looks

like a program this is not generally the program which implements it !

There is also a problem with the task of finding the C query which a program
represents. There are interesting LP with NAF queries involving a program which is not a

stratified database.
Finally we note that DEF has a much simpler semantics than C.

Thus we consider that we have ample reason for regarding DEF as the query
language which best represents LP with NAF. Stratified databases give access to all the
same queries but it is much more credible to regard this as a formalisation of a method of
query answering based on taking whole relations through a process of fixed points and

complementations.

Despite all this, the idea of nesting queries seems appealing in the context of
provability languages - perhaps greater expressive power could be gained by nesting and
using provability semantics within each level of the nesting. This leads us to the concept
of finite implicit definability - theories which implicitly define a relation provided that we
stick to finite structures. We show that there is no point nesting on top of finitely
implicitly definable queries because straight provability semantics can be used to express
the same query in a straight forward way. Using Immerman’s collapse result [Imm] we
know that DEF queries are all finitely implicitly definable - so transitive closure is for

example. In fact, we show that all polynomial time computable queries are. It is left as
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an open question whether finite implicit definability is the same as being in PROV

N -PROV = USO N -~USO = NP N co-NP.

7.1 The Clausal Language

In this section we define the query language CLA which contains all the queries
expressible by the clausal theories of [ChH8S] - ie. those theories in C. These theories are
constant-free versions of the stratified databases of [ABWS86]. CLA queries are not
derived from the clausal theories by provability as we have defined it. Thus we must

spend some time specifying their different semantics.

Chandra and Harel had defined a class of theories H' which is the same as our class
of definite existential theories. Thus, by using basic negations and inequalities in the
bodies of otherwise Horn-clauses, they could answer all the DE queries (equivalent in
expressibility to their fixed point language YE). They noted, on the other hand, that H'

theories could not be used to define the universal quantification query.

Instead of remedying this deficiency, as we do, by adding universal quantification
explicitly to get DEF, Chandra and Harel decided to allow the negations of derived
relations in the bodies of clauses in a restricted manner. They then had to define a new

non-provability semantics for their language as we shall see.

Chandra and Harel describe how to build a theory of their language by composing
several DE (ie. H') theories. We shall, instead, describe the finished product of these

operations which now goes under the name of a stratified database.

DEFINITION

If L and S are disjoint signatures then an extended (L,S)»-implication is an LUS-
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sentence of the form Vx(/\",A,—P(v)) where P is from S and for each i=l..n A4, is either

u=v, u#v, R(@) or -R(z) for R from L or S.

We note that the extended clauses of [ChH85] do not contain negations of derived
relations but after composition of several such DE theories as described by Chandra and

Harel we end up with extended implications.

DEFINITION

If L and S are disjoint signatures then an (L,S) stratified database is an LUS-theory
consisting entirely of extended (L,S}-implications such that the following recursion
limiting condition is satisfied:
there exists a partition w={ S, - - - ,S, } of S and a partial ordering < on  such that
1) if R appears in the body of an implication headed by S then either R is from L or R is
from S, Sis from S, and §,<S, ; and
2) if R appears negated in the body of an implication headed by S then either R is from L

or Ris from S,, Sis from S, and S, <S,.

For example, if L contains 2-ary P and S contains 2-ary T and 2-ary R then the
following theory is a stratified database:
{ Wxy(P(x,y)—=T(x,y))
Veyz( P(x,z) A T(z,y) =T(x,y) )
Vey(=T(x,y)—=R(x,y) }

An ordering is {T} <{R}.

If stratified databases were used as provability theories then they would not be very
implementable. Allowing negations of derived relation symbols in the bodies of clauses is

equivalent to allowing disjunctions in the head. As pointed out in [GMN84a] the resulting
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indefinite deductive databases are much harder to work with.
Instead, ‘the non provability language CLA is defined as follows:

syntax of CLA(L):
CLA(PR) is a wif of CLA(L) if and only if S is a signature disjoint from L, R is from S

and P is an (L,S) stratified database.

semantics of CLA(L)
To specify the meaning of CLA(P;R) on an L-structure D we proceed by induction along
the partial order on the partition of S. It does not matter which partial order on which
partition we use but for definiteness let us take the minimal order on the maximal

partition which is consistent with the recursion limiting property.

Suppose that we have defined whether D=CLA(P;SXd™) or not for all 4 from D, for
all S from S, such that §,<S,. Now let P, consist of all the clauses with heads from S,.
Say Sy is U { S,18S,<S, ). So P, is a definite existential LUSYUS,-theory. Define an
LUSY-structure D, expanding D by D ,=S(d) if and only if DFCLA(P;S Xd). Then, for

every R from S, we say DFCLA(P;R Xd) if and only if D =PROV(P ;R Xd).

Using provability in such a stepwise way might not seem to be too radical a change but it

enables a later sub-theory to know what is not provable from an earlier sub-theory.

In our previous example of a stratified database we have two sub-theories -
P, = { Vay(P(x,y)—=T(x,y)), Wxyz(P(x z)NT(z,y)-T(x,y)) }
and P, = { Vay(-T(x,y)=R(x,y)) }
If D has a P path from a to b but no path from b to a then D=PROV(P,T) (a,b) but not

DE=PROV(P;T ) (ba) and thus DCLA(P;R) (ba) but not D=CLA(P;R) (a,b).
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Chandra and Harel give the following theorem (but they call FO+LFP, FP) :

THEQREM 7.1

For all signatures L, CLA(L) = FO+LFP (L).

Using our results relating DEF to both FO+LFP and to LP with NAF we can
conclude that CLA captures all the queries implementable by LP with NAF. This result
relating stratified databases to logic programming with negation as failure has not, as far

as we know, been proven elsewhere.

THEQREM 7.2

For all signatures L, the class of L-queries implementable by tacking a logic program
using negation as failure (but not using constant or function symbols) onto a description
of the queried L-structure are precisely those queries expressible by using a stratified

database with the semantics defined in [ChH85] or [ABW86].

7.2 Negation as failure versus negation as not provable

We have seen that stratified databases capture the expressive power of LP with NAF.
Those databases even look like logic programs. Let us consider the relationship in more
detail. First, we try implementing a stratified database and then we try expressing in

CLA the query which is implemented by a program.

Negation as failure is often associated with "negation as not provable”. One way
such an association could be formalised is as follows:

if P is a Hornclause theory from L and R is from L then all the tuples d such that R(d)
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is not provable from P are exactly all the tuples such that R(d) finitely fails as a query
asked of the logic program representing P. This seems to be what Chandra and Harel are
claiming [ChH85] when they say that NAF gives rise to the possibility of using the

language CLA.

However, the association, as formalised above, does not hold. Consider the following

theory.
{ PMab)

P(ba)

Vay(P(x,y)—T(x,y)),

Vayz(P(x 2 INT(z,y)~T(x,y)),
It can be seen that T(ac) does not follow from the theory. If we ask T(ac) as a query to
the logic program representing the theory then it is also easy to see that the qep will get

into a loop.

That difference between "not provable” and “finite failure” is not important to
someone who only requires that the consequences of a Horn-clause theory are precisely
the successful queries from the pure logic program. However, to implement the "not
provable” semantics directly by negation as failure it is required that a literal not

provable from a lower sub-program finitely fails so that the fact of its failure is available

to a higher sub-program.

For example, suppose that P is the following theory.
{ Wey(P(x,y)-T(x,y),
Vxyz(P(x .z )N\T(z,y)—=T(x,y),
Way(=T(x,y)—=R(x,y) }.
If NAF truly implemented "negation as not provable” then the following logic program

would implement the query CLA(P;R) -
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T(xy) «~ Pxy)

Txy) «~ P(xz2) , T(zy)

R(z,y) «~ not( T(x,y) ).
But consider the following {P)-structure. D has domain {a,bc} and P contains onty (a,b)
and (ba). Then (ac) is a correct answer to the query CLA(P;R) asked of D because (a.c)
is not an answer to the query CLA(P;T). However if we apply our NAF query evaluation
process to prog(D) followed by the supposed implementation of CLA(P;R) then we will
have problems succeeding R(ac). This is because T(ac) does not finitely fail from the

program, as it does not from the relevant sub-program as we saw above.

We can not claim that stratified databases can be implemented directly in logic
programs. Now let us try the converse problem expressing in CLA a query implemented

by a logic program.

Consider the short program
0Odd(x) « suce(y,x) , not( Odd(y) ).
After a description of any finite totally ordered {succ)-structure D this succeeds Odd(d)
for all those elements d an odd number of successors from an element which has no
predecessor. That is, Odd(d) succeeds if and only if there is an odd positive integer n and
a sequence e, * * * .2, of elements of D such that

1) D EVx ~succ(x 2 ),

2)d=¢, and

3) for each i= 0, —~ , n-1, D ksucc(e, 2,.,).
This program is not stratified database and yet NAF (with a left most selection rule)
never flounders answering such queries with this program. It can not be claimed that

stratified databases are appropriate for directly representing logic programs with NAF.

While a stratified database is not a direct representation of a logic program neither is

a DEF theory. Perhaps, there is some simple transformation for turning a logic program
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into an SDB akin to the synthesis construction.

However, looking at our negation of the transitive closure example this does not
seem likely. Let us suppose that there is a simple transformation. The relation R is the
negation of the transitive closure of P. If we could transform this stratified database into
an equivalent logic program in a simple manner then the end result could be transformed
into an equivalent DEF theory and then into an equivalent LFP prescription. What we
have ended up doing is providing an alternative method of constructively showing
Immerman’s collapse result. Since all the transformations are quite simple it would be
probable that we would not end up with the very complicated representation of the
negation of the ancestor (ie. transitive closure) query that Immerman gives as an
example. So, finding a simple way of implementing a stratified database is essentially the
same problem as collapsing LFP operators. This does not seem to be a "simple” procedure :

it is certainly not as simple as our implementation for DEF queries.

In summary, we do not think that stratified databases provide a reasonable "logical”
representation of logic programs with NAF. They certainly can not be implemented
directly and finding a behaviour-preserving transformation is akin to collapsing nestings
of LFP operators. There is ample justification for regarding the use of DEF theories as

more sensible.

7.3 Nesting

Despite the implementation problems of stratified databases the idea of building
provability theories by nesting some within others seems appealing. It would be useful if
some queries could be defined in terms of others. In this section we first establish that this
is something worth doing but is not trivially achievable. Then we will go on to consider

under what circumstances it is useful.
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It does not take much searching to find circumstances where defining queries in terms
of other queries is desirable. For example, suppose that we are given a set of people and
are told who is a parent of whom and who is male. Eventually, we want to compute all
the ordered pairs of people such that the first person is an uncle of the second. It seems
perfectly sensible to first define grandparents and then define uncles in terms of parents,

males and grandparents.

First, let us define what it means for one query to be defined in terms of another. If
L is a signature, P is an m-ary relation symbol not in L, p is an m-ary L-query, q is an n-
ary L-query and r is an n-ary LU{P}-query then we say that q can be defined as r
in terms of p if and only if, whenever any finite L-structure D is expanded to an LU{P}-

structure E by interpreting P as p(D) then «(E) = q(D).

For example, suppose that L contains the 2-ary relation symbols parent and 1-ary
male and that grandparent and uncle are other 2-ary relation symbols. Then, on
structures with domains of people with parent(a,b) being true if and only if a is a parent
of b and male(a) being true if and only if a is male we find that
p= PROV( {\xy(parent(x,y\parent(y z)—grandparent(x,z) } ; grandparent )
has correct answers exactly those (a,b) such that a is a grandparent of b. If r is the 2-ary
LU{grandparent , uncle }-query
PROV( { \xyu(male (x)\grand parent(u,y )/\parent(u x )/\~parent(x,y )—=uncle(x,y)) } ;

uncle )
then it is clear that q can be defined as r in terms of p where q is the 2-ary L-query with

answers (a,b) such that a is an uncle of b.

It might be objected that this idea is nothing special. We define the "uncle” query in

terms of the "grandparent” query just by writing one theory with two sentences -
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P = { Vixy(parent (x ,y )N\parent(y 2 )—granparent(x,2)),
Viyu(male (x )\grand parent(u,y J\parent(u x JN\~parent(x u) — uncle(x,y)) }.
Surely we are doing the same thing every time we define a query from PROV(L) by using

a new signature S which contains more than one symbol

However, that argument contains a basic flaw which is more apparent in other
examples. Suppose that we have O-ary Q in L and two other O-ary relation symbols P and
R. Let p be the L-query PROV( { Q—P}; P) and r the LU {P}-query,

PROV( { -P—R };R).

It is easy to check that -=p can be defined as r in terms of p - if an L-structure is expanded
to an LU{P}-structure E by interpreting P as p(D) then E will be a model of P if and only
if Di=Q, but then r(E) is true if and only if E is not a model of P ie. if and only if ~p(D)
holds. Now, if someone continues to claim that defining queries in terms of other queries
is just having big theories relating derived relation symbols to each other then they should
claim that -p is the L-query PROV( { Q—P , =P—=R }; R ). It is easy to see that, on the

contrary, the latter is the always false O-ary L-query.

Thus, the difference between nesting queries and joining theories is a generalisation
of the difference between the stratified database semantics for a theory (used in a query)
and the provability semantics. In the example above we note that CLA( { Q—P,~P—R |;

R ) is actually -p.

In the stratified database situation we have seen that the "nesting” semantics does not
give us any increased expressive power over DEF. In this section we will consider to what
extent nesting of provability queries in general gives us access to other non-provability

theories.

It is not hard to see that there probably are ways of nesting provability queries to

escape from that class of queries. We have seen that PROV(L) contains exactly those O-
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ary L-queries which are in co-NP ie. which have negations which are non-
deterministically polynomial time computable. It is an open problem whether NP = co-
NP or not (see [GaJ79]D. If NP = co-NP then (because of the symmetry of the situation
with respect to negation) there will be L-queries in co-NP but not in NP. Such queries will
be in PROV(L) but their negations will not. If we take one such p then it is clear that ~p
can be defined as r = PROV( {-P—R} ;R) in terms of p, ie. nesting provability r on top

of provability p gets us out of PROV(L).

The main result of this section will be showing a partial converse of that
observation. We will find a sufficient condition on p for there to be no point nesting on p -

we could easily express the result in PROV(L) anyway.

For any signature L, non-negative integer n, n-ary L-query p and n-ary symbol P¢L.
we say that p is collapsible if and only if for every query r from PROV(LU({P)), if q can

be defined as r in terms of p then g € PROV(L).

So the collapsible queries are those which can not be stepping stones to get out of
PROV. We already know that if any queries are not in NP then they are not collapsible.
It is easy to show that if a query is not in co-NP then it is not collapsible either.

RESULTY7.3

p collapsible implies that p is in NP N co-NP.

We try for a converse.

In our p= PROV( {Q—P}; P) and r = PROV( {-p—R}; R ) example we noted that
PROV( {Q—P,~P—~R} ; R ) does not express the query q which can be defined as r in
terms of p. Our investigations in the last section should suggest that we could try

expressing -p as a provability theory. Finding that ~p = PROV( { =Q—=P'}; P') it is then
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not surprising that q = PROV( {Q—P,~Q—P',P'=R};R).

This can be generalised into a possible method of collapsing nestings. Suppose that L,
S and §' are disjoint signatures, m-ary P is from S, m-ary P’ is from S' and -PROV(P;P) =
PROV(P'P). If PROV(R;R) is an implicational LU{P}-query and q can be defined as
PROV(R;R) in terms of PROV(P;P) then we could try expressing q by first changing R
into R’ by changing each appearance of -P in a body into P’ and then seeing whether q is

PROV(PUP'UR’; R).

DEFINITION

Let us say that (P,P') is (P,P’)-nestable if
1) PROV(P';P) = - PROV(P;P); and
2) for every implicational (LU{P}, T )-theory P, for all R from T if q can be expressed as

PROV(R;R) in terms of PROV(P;P) then q = PROV(PUP'UR'R).

DEFINTTION

We will say that an n-ary L-query p is easily collapsible if there are P, P', P and P’
such that p= PROV(P;P) and (P,P") is (P,P'}-nestable.

Since all PROV(LU(P}) queries can be expressed as implicational PROV(LU{P})
queries it is not too hard to see that easily collapsible implies collapsible.

Now we recall that we hope to show that every L-query which is also from
NPNco-NP is collapsible. Things are looking good because, if p is in NPNco-NP then both
p and =p will be provability queries - so there is P, P', P and P’ such that p= PROV(P;P)

and -p = PROV(P";P’).
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Unfortunately, we can not expect just any such (P,P) to be (PP')-nestable.
Consider the following example. Suppose that L is empty and P is a l-ary relation
symbol. Let p be the always full 1-ary L-query which is clearly in NPNco-NP. As they
should be, p and -p are able to be expressed as PROV(L) queries. For example,

p = PROV( {WxP(x)}; P)

and ~p = PROV( {Vxy(x =y—(P'(x) v P'(y))}P).

Its clear that PROV( VxP(x)} ; P) is the full 1-ary L-query. The expression which we are
claiming represents -p can be seen to be the always empty l-ary L-query, as, given any
finite L-structure ( ie. set ) D, and any d from D, we can expand D to a model E of the
theory by making PYe) true of every e except d - i.e. it is not so that

D = PROV({\rxy(x =y —=(P'(x) v P'(y )} ;P) ().

We are not claiming that this expression is the most "simple” for -p. (P,P') is not (P,P’)-
nestable. Take R to be a O-ary relation symbol and R to be {Vx(P(x)A-P(x)—-R)}.
Clearly r = PROV(R;R) is the always false O-ary LU {P}-query and so the always false O-
ary L-query q can be expressed as PROV(R;R) in terms of p. Given any L-structure D, if
we interpret P as the full 1-ary relation (ie. p(D)) to get the expansion E of D then r(E)
and q(D) are both falsity. The result of nesting (P,POUR'

is {wxP(x) , Vxy(x=y—(P'(x) v P'(y)) , Vx(P(x)\P'(x)—R)}. But any expansion to
a model of this of a set with more than one element must have R true. So

PROV(PUP'UR'R) is not q.

While this (P,P*) is not (P,P’)-nestable it is clear that p, here, is easily collapsible - if
we express -p as PROV(Q;P’) instead then (P,P") is (P,P’)-nestable. Now let us try to find

general conditions under which we can find the appropriate (P,P') it there is one.
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7.4 Finite Implicit Definability and Minimal Models

We have narrowed down our investigations of nesting to a search for easily
collapsible queries. It turns out that this is related to the search for finitely implicitly
definable queries and to the search for minimisable queries. Let us define these two new

concepts and then give a result relating the three properties.

We shall say that an LUS-theory Q finitely implicitly defines (fids) an n-ary L-
query p as n-ary P from S if and only if

1) PROV(Q:P) = p and

2) for all finite L-structures D, there is an expansion of D to a model of Q and any
two such expansions agree on their interpretations of P.

We shall say that p is finitely implicitly definable (fid) if there is such a theory Q.

So if Q fids p as P then Q not only defines p in the provability sense but also, at least
on finite structures, Q defines p as P in the usual first-order sense - any two models which

agree on their L-reducts agree on their interpretations of P.

It is not hard to show that any FO(L) query is fid. Say that p is an n-ary L-query
defined by the FO(L) formula ¢(x). If we choose n-ary Q not in L, and let Q be
{Ve(¢{xr)—Q(x))} then Q fids q as Q. First we show that p is PROV(QQ). If D is a
finite L-structure, d is from D and D = PROV(Q;Q) (d) then let E be the expansion of D
to the LU{Q}-structure got by interpreting Q to contain all & such that D=¢{a). Then
E=Q so E=Q(d). By our construction D=¢(d) so d€q(D). If #€q(D) then D=¢X¢) and if
we take any expansion E of D to a model of Q we will have E=¢(¢) so E=Q(e).

Hence D = PROV(Q;Q) (¢). Any finite L-structure D has an expansion to the model of Q
got by interpreting Q as ¢ on D and if any two expansions of D are both models of Q then

Q will be interpreted as ¢ on D in both.
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If finite implicit definability was the same as (not necessarily finite) implicit
definability then the first order queries would be the only fid queries (using Beth's

theorem). However, we shall see in the next section that there are more fid queries.

The other concept which we will see is relevant here is the idea of a theory having
minimal models. We shall look at those provability queries PROV(P;P) such that P has
minimal models with respect to their interpretations of P. In chapter two we considered
theories with minimal expansions with respect to all of their relation symbols. If L is a
signature and p an n-ary L-query then we say that p is minimisable if and only if there is
a signature S disjoint from L, an n-ary relation symbol P in S and an LUS-theory P such
that

1) PROV(P;P)=P and

2) for every finite L-structure D, there is an expansion E of D to a model of P such
that P is interpreted as p(D) in E.

Since p = PROV(P;P) in this case, any expansion of D to a model of P will include those
tuples in p(D) in its interpretation of P. Thus E is 2 minimal model with respect to the

interpretation of P under the set inclusion ordering on extensions of relations.

It is well known that Horn-clause theories have minimal models (minimal on all
interpretations simultaneously) so all DATALOG queries are minimisable. We have
generalised this result to DEF queries in chapter two. In the next section we will go

further. For now let us relate our three properties.

LEMMA 7.4

The following are equivalent :
1) p is easily collapsible
2) p and -~p are minimisable

3) pis fid.
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proof:

part one (easily collapsible implies minimisable and negation minimisable)

Suppose that the n-ary L-query p is easily collapsible. So there are P, P, P and P’

such that p = PROV(P:P) and (P,P") is (P,P)>-nestable. Let D be any finite L-structure.

If r = PROV( {Vx(P(x)\-P(£)—R)} ; R ) then r is the always false O-ary LU{P}-
query. Since (P,P) is (PP’)-nestable and the always false O-ary L-query q can be
expressed as r in terms of p then q = PROV( PUP'UR'; R ) where R'is
{We(P(x)NP'(x)=R)} .

q is the always false query so we do not have D = PROV(PUP'UR%R). Hence, there

exists an expansion E of D to a model of PUP'UR' such that E is not a model of R.
It is not hard to show that the interpretation of P in E is (D).
If 2€p(D) then D k= PROV(P;P) (a). E=P so E=P(q).

If E=P(q), since ER\X(P(x)AP'(x)—R) but E is not a model of R then E is not a
model of P{a). E=P’ so we do not have D = PROV(P;P) (4). Thus & is not in ~p(D) so &

is in p(D).

Thus p is minimisable. Since (P,P') being (P,P’>-nestable implies that -p =

PROV(P;P’) we can similarly show that -p is minimisable too.

end of proof of part one

part two (minimisable and negation minimisable implies fid)

Suppose that p = PROV(P;P), -p = PROV(P';P’) and that any finite L-structure can

be expanded both to a model of P minimal in its interpretation of P and to a model of P’
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minimal in its interpretation of P. Without loss of generality we may suppose that P and

P' share no symbols in common apart from those in L.
Let Q= PUP'U { Vx(P(r)—-P'(x))}. We will show that Q fids p as P.

First we show that each finite L-structure D has an expansion to a model of Q. We
know that we can expand D to a model E of P on which P is interpreted as p(D) and that

we can expand it to a model F of P' on which P’ is interpreted as -~p(D).

We combine E and F to get an expansion G of D as follows. The symbols from P
which are not in L are interpreted in G as they are in E while the symbols from P’ which
are not in L are interpreted in G as they are in F. Thus G is a model of PUP". It is easy to

see that G is a model of Wr(P(r)——=P'(r)) because P on G is p(D) and P’ is ~p(D). So

G=Q.

Now we can show that PROV(Q;P) = p. If #€p(D) and E=Q is an expansion of D
then E=P and D = PROV(PP) (a) so E=P(q). Conversely, if a¢p(D) then q €~p(D) so, if
G is the expansion of D to a model of Q as above, then G=P(d"). Thus G is not a model of

P(a) so it is not so that D k= PROV(Q;P) (&)

Finally we show that expansions of a finite L-structure D to models E and F of Q
agree on their interpretations for P. If E=P(¢) then E is not a model of P{d’). Thus we do
not have D = PROV(P',P’) (d'). So d'éqp(D) and hence EEP(D) So DE PROV(PP) (o)

and we have F=P(q) as required.

end of part two of proof

part three (fid implies easily collapsible)

Suppose that n-ary p is fid - say , Q fids p as P. Thus PROV(Q;P) = p. Let Q' be

QU{Vx(P(r)—-P'(r)). We will show that (Q,Q") is (P,P’)-nestable.
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First, we must show that PROV(Q’;P’) = =~ p. Let D be any finite L-structure and

from D.

If D = PROV(Q;P) (&) then we can find an expansion E of D which is a model of Q.
We expand E to F by defining P’ to be the complement of P. So F is a model of Q'
expanding D and hence F=P(q"). Thus, F==P(d), we can not have D = PROV(Q;P) (),

Z (D), and so @ €~XD) as required.

Conversely, if #€-p(D) then we do not have D k= PROV(QP) (4) , so there is an
expansion E of D to a model of Q such that E is not a model of P(4). Now suppose that G
is any expansion of D to a model of Q. Then G is an expansion of D to a model of Q so G
and E agree on P. Hence G is not a model of P(q) but since it is a model of

VE(P(r)+—-~P'(x)) we have GRP(q). So D k= PROV(Q'P) (a).

Now suppose that R is an implicational theory and that q can be expressed as
PROV(R;R) in terms of p. We will show that q = PROV( QUQ'UR’ R). Suppose that we

have a finite L-structure D and a from D.

First we show that #€q(D) implies that D = PROV(QUQ'UR'R) (&) . If a€q(D)
then we take any expansion G of D to a model of QUQ'UR' and, since

GEVr(P(xr)—-P'(xr)) we will have G=R.

Now if F is the reduct of G to LU{P} we find that the interpretation of P in F is
p(D). For if F=P(c) then G=P(¢) so G is not a model of PX¢), we do not have
D = PROV(Q;P") (¢), ¢¢-~p(D) and so EP(D). On the other hand, if ¢€p(D) then

D = PROV(Q;P) (¢), G=P(¢) and so F=P(c).

Since q can be expressed as PROV(R;R) in terms of p, q on D and PROV(R;R) on F
have the same answers. Thus D = PROV(R;R) (4) . But G is an expansion of D to a

model of R so G=R(a). This goes for any such expansion G so D = PROV(QUQ'UR'R)
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(@.

Next we show that if D = PROV(QUQ'UR'R) (a) then #€q(D). Suppose that

D = PROV(QUQ'UR'R) (a). Since Q fids p as P there is an expansion H of D to a model

of Q.

We note that the interpretation of P in H is p(D). If #€p(D) then D = PROV(Q;P)
(a) so H=P(q). If H=P(a) then, since all expansions of D to models of Q agree on their

interpretations for P, D k= PROV(Q;P) (&) and so 2€p(D).

Now let F be the expansion of D to an LU{P}-structure got by interpreting P as
(D). If G is any expansion of F to a model of R then we form a structure I from the
signature containing L, {P,P’}, all the relatioxl1 symbols Q and all those from R. The
interpretations for symbols from L are as on D, for P as on F (and H), for P’ the

complement of P, for the others from Q as on H and others from R as on G.

It is clear then, that [ is a model of QUQ'UR' so [=R(a4). But R has interpretation in
I as in G so G<R(a). This proves that D = PROV(R;R) (a) . Now, since q can be defined

as PROV(R;R) in terms of p we have d€q(D) as required.
This shows that (Q,Q’) is (P,P’)-nestable.

QED.

7.5 Polynomial Time Computable Queries

We are now able to prove a result which shows that nesting of queries is not such a
useful technique. If a query is computable in a reasonable amount of time we will show

that there is no point nesting on it.

- 219 -



First let us recall some properties of DEF.

LEMMA 7.5
p € DEF(L) implies that p is minimisable
proof:

Suppose that p = PROV(P;P) where P is a definite (L,S)-theory. Lemma 2.6 showed
that P is minimisable - ie. for each D there is an expansion of D to a model of P which is

minimal with respect to each of the symbols in S. In particular it is for P.

QED. (lemma 7.5)

LEMMA 7.6
DEF queries are easily collapsible
proof:

We have just proved that DEF queries are minimisable. Using our result showing
the equivalence of DEF and FO+LFP and the fact that FO+LFP is closed under negations
we can also deduce that the negations of DEF queries are also minimisable. By lemma 7.4

of the last section any DEF query is thus easily collapsible.
end of proof

The following theorem from [Imm82] shows that on totally ordered structures,

polynomial time computable queries are precisely the FO+LFP queries with one level of

nesting (which we know means all the FO+LFP queries).
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THEOREM 7.7

If L is a signature, < a 2-ary relation symbol not in L and q an LU{<}-query then
q is computable in polynomial time on all LU{<}-structures totally ordered by <
if and only if
there is a formula ¢(r) = ¢ from FO(LU{P}U{<)) and a tuple & of variable symbols
such that q and LFP, (¢Xu) agree on all finite L-structures with < interpreted as a total

order.

Using this theorem we can generalise the last lemma.

LEMMA 7.8
p is polynomial time computable implies that p is minimisable
proof:

Suppose that L is a signature, p is an n-ary L-query and that p is polynomial time

computable.

We choose a 2-ary relation symbol € not in L and define an n-ary LU{<}query q
by q(G) = p{ Gl ) on all finite LU <-structures G. Thus q is polynomial time computable
on all LU <-structures so it is polynomial time computable on all LU S-structures which

are totally ordered by <.

By Immerman's result q is equivalent to a FO+LFP(LU &) query on those structures
and by our theorem 3.19 this in turn is equivalent (on all structures) to a DEF query.

Suppose that PROV(P;Q) is one such DEF query.

Now let TO be the following theory which says that < is a total order.

TO¢ = { Vey(x Syvy €x),
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Ve(x $x),
Vay(x SyAy Sx—x=y),
Weyz(x Syny<z—x<z) .

We put Q equal to TO¢UP.

We show that p is minimisable by showing that 1) PROV(Q;Q) = p and 2) that every

finite L-structure D can be expanded to a model of Q on which Q is interpreted as p(D).
1.1) D= PROV(Q;Q) (a) implies #€p(D)

If D = PROV(Q:Q) (a) then let the LU S-structure G be got from D by totally
ordering its domain in some way. If H is any expansion of G to a model of P then H is an
expansion of D to a model of Q so H=Q(q). Thus G k= PROV(P;Q) («4) and since
PROV(P;Q) and q are equivalent on totally ordered structures such as D we have Z €q(G).

But by definition of q we have Z€p(D) as required.
1.2) z€p(D) implies D = PROV(QQ) (&)

Suppose that €p(D). If H is any expansion of D to a model of Q we put G =
Hi U < so that G is totally ordered by <. But q(G) = p(D) so # €q(G).
Thus G = PROV(P;Q) (&) and since H is an expansion of G to a model of P we have

H=Q(a). Thus D = PROV(Q;Q) (&) as required.

2) Every finite L-structure D can be expanded to H=Q such that Q is interpreted as

(D) on H.
We expand D to an LU S-structure G by totally ordering its domain in some way.

Since P is a definite theory, PROV(P;Q) is minimisable so that G can be expanded to a
mode! H of P such that Q is interpreted to contain exactly those & such that

G = PROV(P,Q) (a).
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As G is totally ordered H is a model of Q. We need only show that Q is interpreted
as p(D) on H.

If H=Q(a") then D = PROV(P;Q) () so #€q(G) and so a €p(D).

If €p(D) then D = PROV(Q;Q) (4) so any I which is a model of P expanding G is
also a model of Q expanding D and so satisfies Q(d). Hence D & PROV(P;Q) (a) so
Hiq(a).

This completes the proof of the theorem.

ROLLARY 7.9

polynomial time computable implies easily collapsible

proof:

This follows easily from lemma 7.4 since negations of polynomial time computable

queries are too.
QED. (corollary 7.9)

So there really is no point in nesting provability queries unless you are using very

time consuming ones.

We may have reached the desired converse of result 7.3 but it will have to wait
until it is shown whether NP N co-NP is just the polynomial time computable queries or

not before we know for certain.
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Chapter 8

Improved Logic Programming

We have demonstrated a very close relationship between the results of answering
queries using logic programming and of expressing queries in the logic language DEF. On a
more general level we have related logic programming to certain logic theories using the
synthesis construction. In the context of supposedly declarative programming languages
it seems desirable if we could carry these relationships a step further and see if we can use
the mechanics of logic programming directly on the logical theories to produce a truly
declarative logic programming language. In this chapter, we do just this and introduce an
idea for a logic programming language extended to handle universal quantifications and
inequalities but free from the non-declarative features of NAF. However, we will only

present the language in a preliminary function-free version.

8.1 QUILOG

In this section we will specify what we want from a declarative programming
language powerful enough to be a rival to LP with NAF. From our results relating NAF
programs to their syntheses, we know that we must add inequalities and universal
quantifications to the repertoire of logic programming. We define a language QUILOG -
Quantifications (including Universal) and Inequalities in LOGic programming. It will be
designed to be declarative, to be based on the usual query evaluation process for logic

programming and to be able to handle programs ref;w:nting the syntheses of NAF
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programs. This last requirement will ensure that QUILOG can answer all the problems

that LP with NAF does.

We will have a program as a list of clauses as usual but now the clauses can have
more in their bodies. We will call the formulas listed in the bodies of the clauses,

con juncts.

If L is a signature and C a finite set of constant symbols then a QUILOG program
from LUC is a finite sequence of QUILOG clauses. A QUILOG clause is a string of the
form R(z) « A,, - - - ,A, where each 4, is either

1) S(v) for k-ary S from L and ¢ a k-tuple of C-terms,

2) v#w for v and w C-terms or

3) Wy S(») for S k-ary from L and ¥ a k-tuple of C-terms.

In order to spare us from being too declarative and having to list that each of the
constant symbols is different from each of the others, we shall suppose that the semantics
of the language takes care of those sentences. We say that PROG represents [PROG]
UINEJC)
where INEJC) = { a=b | a,b different elements of C },

[PROG] = {[c] I c is a clause from PROG }
and for each clause ¢, R(@) ~ A,, * - - ,A,, from PROG with variables t in some order,

[c] is VoL, A, = R(D)).

It is clear what we want from the query evaluation process. If R is from L and 7 2
tuple of constant symbols from C and variable symbols then, as before, we call R(«) a
positive literal. The substitution 6 of the variables r in & is a correct answer to R(«)
asked of PROG if and only if [PROG] UINEJC) + \r R(zrf). The correct answer is "no”
if and only if it can not be deduced that ir R(z) from [PROG] UINEJC). If there are no

variables in & and the empty substitution is a correct answer then so is "yes".
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Before going on to develop such a process in the next section, let us look at an

example. From the program
popular(y) « Vi likes(x,y)
likes( Mary , Mary ) «~
likes( John , Mary ) «
likes( x , Mary ) «~ x#=Mary , x*John
we want popular(Mary) to succeed. If the third line was not there then we would want it

to fail.

8.2 The Query Evaluation Process

Now let us develop a query evaluation process for QUILOG. As usual we will have

goals, selection rules and most general unifiers.

A QUILOG goal is a string of the form <A, - - -+ ,A, where each A, is of the form
S(#), v=w or Wy S(vr). Each A, whether a literal , an inequality or a universal

quantification is called a con junct of the goal.
A selection rule is a map which picks one conjunct from each non-empty goal.

If G is a QUILOG goal then a substitution of its free variables is called a substitution
of it or of its variables. If 0 is a substitution of the free variables in a conjunct L (plus
maybe others) then L9 is a predetermined fermila such that
1) it is LO as usual if L is an inequality or a literal, and
2) if L is a universal quantification, say VyS(a) then there is a variable symbol z which is
not in the range of 0 such that if x are the variables other than y in & then L is Vv
z[s(@) (x\xb,y\z) |

If 6 is a substitution of G = ~L,, - - ,L,, then GO is ~L,0, - - - ,L 0. For example, 6
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taking x to x1 and y to y1 is a substitution of G = «~VyS(x,y),R(y) and GO might be ~V

28(x1,z),R(y1).

We will only need to talk about mgus of literals (not other types of conjuncts) from
QUILOG goals and heads from clauses. This idea is the straight forward generalisation of

the concept from the pure logic programming case.

Now, if a literal is selected then we know what to do - we proceed as in SLD-

resolution. Let us consider first what to do if, instead, an inequality is selected.
If a=a is selected then clearly we want the goal to fail.

If a=b is selected for different a and b then the conjunct follows from [PROG] U

INEQ(C), so we can get a new goal by just removing this literal.

Because a non-ground x#a or x#y can turn into either of the above when we
ground more variables as we move down the path, it is best if we leave such inequalities
until they are ground. However, this leaves us with the possibility of ending up with a
goal full of non-ground inequalities. Suppose that we started with the goal G, ended up
with a list d of non-ground inequalities and went through a list of unifiers composing to 6.
In the next section, we will see that the QUILOG process, which we define, will, in this
case, guarantee that A/\d =AGH) is provable from [PROG] UINEQ(C). As we will see,
this i3 a useful thing to know when we come to have to deal with universal

quantifications. We stop the process under these conditions and say that d implies G 6.

If d implies GO and a term ¢t appears in d then Ad can never be true so the result
is not much use. A different problem arises if there is a variable symbol in d which is not
ﬁ GH. Suppose, for example, that xa implies R(y)0 when 0 takes y to a. So we know
that V& (x ®a—R(a)). If there is another constant other than a appearing in the program

then we would know that R(a) follows from PROG U INEQ(C). Otherwise, if a is the

- 227 -



only constant in PROG then we would have to know whether C contains other constants
to know whether this is a valid deduction or not. In fact, the author is confident that
such questions need never be asked when asking, in QUILOG, about deductions from the
program representing the synthesis of a NAF program (this confidence is summed up in
Conjecture 3.1 in the next section). We will let QUILOG flounder in such circumstances -
i.. when variables appear in d which are not in GO - and take this as an indeterminate

answer - a don’t know.

If d implies S(@) and d contains neither a conjunct of the form ¢7¢ nor any
variables not in 29, then we say that S(Z) succeeds with substitution @ under conditions

d.

The important aspect of the query evaluation process is its method of handling
universal quantifications. Suppose that we have selected VyS(z) from the last goal . We
leave this path for the moment and start another one for S(Z). The definition of the
results of the process will thus have to be done inductively at different levels as in the
NAF case. If S(a) finitely fails then we fail our original goal, if it loops then our goal is
equally indeterminate but if S(&) succeeds then we have several possibilities. Let us

suppose that S(&) succeeds with substitution 0 under conditions d.

First let us just get clear what we want from the process. If the path so far is
(Ge * + + ,Gy) with (8, - - - ,0,.,) then, as in the pure logic programming case we would
like to have ensured that MN\G,—=AGH, - - - 8,.,) follows from [PROG] U INEQXC). If
we choose a new goal G,., and a new substitution 6, such that WNG,.,—AG,0,) follows

then we would have the desired result that WNG,,,=AG8, - - - 6,) follows.

IfG,is ~Ly, - - .L, and L, is WS(a) then, in the usual logic programming style,
we want to replace L, from G, by a list C of other literals, and find a substitution 6, so

that the new goal G,., which is «L,,, - ,L,,8,C,L6,, - - - ,L,0,, satisfies the
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condition above. This will happen if we make sure that WA\C—\¥S(@)9,) (is true in any

model of [PROG] U INEQ(C)).

A little bit of work might need to be done here. If, by considering S(z), we find a
substitution ¢ of the variables in & such that W/A\C —VyS(a)p), we will have to generalise
it to a substitution 6, of all the variables in G,. As usual we want to gain maximum
benefit by using the most general such generalisation. If O ia a substitution of G, ¢ a
substitution of some of the variables in G then 0 is an mgg (most general generalisation)
of ¢ to G if and only if
1) ¢ is the restriction of 0 to its domain and
2) if ¢ is the restriction of substitution 6' to its domain then there is a substitution a of
G8 such that Gl = G6".

Its not too hard to show that such a substitution exists. We suppose that there is one

predetermined mgg called the mgg.

Now let us return to the situation in which, in order to handle the selection of
WS(@) we have gone away and found that S(Z) succeeds with substitution 0 under

conditions d. So we have ensured that \W/\d —S(z)0).

If y does not appear in @ then we also know that W/\d —\yS(2)8) and we can put C

=d and 6, as the mgg of 6 to G, to get our next goal.
Now suppose that y does appear in Z.

If y0 is a constant then we have not learnt much about WS(Z). For example, we
might be interested in VWyS(x,y) and find that S(x,y) succeeds with y being taken to a.
Thus we know that S( x, a ) is true. If we were to find that \\S(x,y) is true then it means
that we must also be able to show that VWy(y=a —S(x,y)). This is the crucial
observation regarding the qep of QUILOG. When trying to prove VyS(x,y), we ignore

discoveries such as that of S(x , a) being true and only come back to them if we find that
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S(x,y) succeeds under some condition making y different from a constant. In the general
process we ignore the result that S(a) succeeds if y0 is a constant and ask for an

alternative path for S(a).

For similar reasons we ignore the result if y9 is equal to x0 for a different variable

symbol x from &.

So suppose that we find a result in which y0 is nether a constant nor equal to x9 for
another x. To continue our path we first divide d up into two sets of conditions - those
relating y0 and those not. It is easiest to look at an example now, define the generalised
process below and then, in the next section, give a formal proof of the sensibility of its

behaviour.

Suppose that \S(x,y) is the selected conjunct and that S(x,y) succeeds under 6
taking x to x and y to y, under conditions x#a,y #x,y #c. Thus we know that
Vay(x #aAy=xN\y=c—S(x,y)).
In fact, if e does not equal aand S(e,e)and S(e, c) are true then we will know that
VS(e,y) is true. This allows us to have the next goal in the path got by replacing

WS(x,y) by x=a ,(x,x),X x,c)

Now let us see how such an example can be generalised.

If G and H are goals, 6 a substitution of the variables in G and m a non-negative
integer then we say that H is got from G via 0 at level m if and only if
DGisLy, - .L,;
2) L, is selected from G;
3) either
3a) L, is a=b for two different constant symbols a and b, and H is G without L,

and 0 is the identity
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3b) L, is atomic, there is a clause M —A,, - - - ,Aj such that M unifies with L, with
mgus 6 , ¢ of L, from G and M from the clause and H is
.—Lle’ oo »L;-xo»A1¢o N 'A'¢’LMQ, PN .L,O. or
3) L,is vy S(z) and
3c1) m>0,
3c2) S(x) succeeds at level m-1 with substitution ¢ under conditions d,
3¢c3) (as defined below) with S(7) succeeding with ¢ under d at level m-1
to show [\yS(@)kp, it remains to show S(ae,), - - - S(zg,,
and conditions e,
3c4) 0 is the mgg of ¢ to G and
35 His~(L0),~,L,0)e,Sae¢),.,ad,),L,,0,,,0).

With S(x) succeeding with ¢ under d at level m-1, to show [ \WS(@)kp it remains
to show S(@¢,), - - - S(@¢,,and conditions e, if and only if

1) y does not appear in & or , if it does , then y0 is not a constant and is not equal to
x0 for any other variable symbol x from &;

2) e is a list of inequalities containing exactly those ws%t from d such that neither w

nor t are y8; and

3) ¢y, * - - b, are exactly those substitutions ¢, for which there is either
3a) a constant ¢ such that y0c or c=y0 appears in d and ¢, acts as ¢ on the

other variables in Z but maps y to c or

3b) a variable x #y from & such that x>y or yf=x8 appears in d and ¢, acts as

¢ on the other variables in & but maps y to x¢.

We say that d implles G under 0 at level m if and only if there is a sequence
Gg * * * ,G, Of goals and a sequence 8, - - - 8, of substitutions such that

1) Gg- G.
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2) G, is empty or is all inequalities and G, = d,
3)0=0, - 0,,

4) for each i = 0. k-1, G,., is got from G, via 6, at level m.

G succeeds at level m with substitution 6 under conditions d if and only if
1) d implies G under 0 at level m,
2) there is no term t such that ¢ #¢ appears ind,

3) there is no variable appearing in d but not in G#.

G can flounder at level m if and only if
there is d and 0 such that

1) d implies G under 9 at level m,

2) there is no term t such that ¢ =t is in d

3) there is a variable in 4 which is not in G8

G can be extended at level m if and only if there is H and 8 such that H is got from

G via 0 at level m.

G can flounder immediately at level m if and only if
1) L is selected from G

2) Lis WS(a)

Idm>0

4) S(z) can flounder at level m-1.

G fails immedlately at level m if and only if
1 L is selected from G

2) either
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2.1) L is t =t for some term t,

2.2) L is atomic and does not unify with any clause’s head

23) L is WS(@), m>0 and S(z) either finitely fails at level m-1 or if it
succeeds with substitution 0 under conditions d at level m-1 then y0 is a constant or is

equal to x0 for another symbol x from &.

G finitely fails at level m if and only if there is a closed bounded set G of

unsuccessful m-paths for G which includes G itself.

An m-path for G is a sequence G4, * * - ,G, of goals and a sequence 8y, - - - 0, of

substitutions such that G, is G and each G,,, is got from G, via 6, at level m.

A path Go.G, with 8 - - 0, is successful if and only if G, is empty or all

inequalities and contains no variables x which do not appear in G¢f, * - * 8,.,.

G is closed if and only if if Gg, - * * ,G, With 0y, + - - 0, is a path in G then either
1) the path is successful

2) G, fails immediately at level m, or

3) if there is a goal G,., and a substitution 6, of the variables in G, such that G, is

got from G, via 8, at level m then the extended path is in G.

G is bounded if and only if there is a bound on the lengths of paths in G.

EXAMPLE:

It is easy to see that likes(x,y) succeeds at level O from the program
popular(y) « x likes(x,y)

likesqMary, Mary ) ~
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likes( John , Mary ) «
likes( x , Mary ) «~ x=Mary, x#John.
with a substitution 8 taking x to x and y to Mary under conditions x#Mary , x =John.

If we are trying to show Vi likes(x,y) then it remains to show x — Mary and x —

John under no conditions. This can be done as x0 = x is not a constant nor equal to y6 ie.

Mary.

Thus « likes( Mary , Mary ), likes( John , Mary ) can be got from

~ V& likes( x, y ) using 0 at level 1.
So popular( Mary ) eventually succeeds.

From the following shorter program popular ( Mary ) finitely fails.

popular(y) « Wx likes(x,y)

likes(Mary, Mary ) «~

likes( x, Mary ) « x=Mary, x#John.
This can be seen because we have a closed bounded set of unsuccessful 1-paths for
popular(y) - namely all the sub-paths of the following element.

~ popular( y)

— Vx likes(x,y)

~ likes( Mary , Mary ), likes ( John , Mary )

+ likes( John , Mary )
We can not continue — V/ x likes ( x, y ) in any other way, in particular we can not use

the fact that likes ( x ,y ) succeeds with substitution 6 taking x to Mary and y to Mary

because x6 is a constant.
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8.3 Soundness of the QEP

In this section we will establish the easiest result about the QEP. We will also give
two conjectures about other results which together would make the new language

something worth considering.

First a soundness result.

THEQOREM 8.1

If R(z) succeeds with substitution X then [PROG] UINEZJCH\R(Ty).

Before giving a proof of this result let us look at two other results which would
establish QUILOG as a useful alternative to LP with NAF and which the author believes

are true.

CONJECTURE 8.2

If R(z) finitely fails from PROG then 3R(a) is not a valid deduction from [PROG] U

INEQXC).
and
CONJECTURE 8.3

IF NAFPROG is a logic program with NAF and no function symbols then there is a
QUILOG program PROG (constructed easily from SYNTH(NAFPROG)) such that if R(z)
succeeds under X from NAFPROG then R(Z) succeeds under x from PROG and if R(x)

finitely fails from NAFPROG then it finitely fails from PROG.
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Now let us prove the soundness result.

proof:

Suppose that M is a model of [PROG] UINEJC). We show by induction on m that
if d implies G under 0 at level m then M is a model of Vr(/Ad =AG#H). Since the empty

list of conditions implies R(z) under x at some level m then M k\(R(aX)) as required.

Suppose that ¢ is an M-substitution of X such that M =Ad¢. We must show that M
is a model of AGO¢.

There is a sequence G, * * * ,G, of goals and 0, - - - ,0,, of substitutions such that
G,isG,0is 8, -+ 0,, G, isd and each G,,, is got from G, via 0, at level m. We show
that for each i, M =AG,0, - - - 6,.,¢. This is true for i=k and we now work back to i=0

which will give us our result.

Suppose that M is a model of AG,,\8,., * - * 6,.4, that G, is <Ly, - - - ,L, and that

L, is selected. There are three cases.
case 1 L, is an inequality.

Suppose that L, is a=b, G,,,is «=L,, - -+ ,L,,,L,,, - - - ,L, and 6, is the identity.
We know that M is a model of AG..0,., " 0,,b, so if r # j then M is a model of
L.0,6,, - 0,,9. If r=j then, since M =FINEJC) , we have M la=b0, - - - 8,0, giving

us M =AG,8, - - - 6,9 as required.
case 2 L, is a literal.

Suppose that L, is R(z), that R(z) from G, unifies with the head A from clause A
—Ay ctLA with mgus 8, , / . Thus Gia is
~L®8, - -.L,8.,A¥ - - ,A¥L, 8, - ,L,0. So by our inductive hypothesis, M

is a model for (L,O,A - - - AL, OAAYA - - NAYAL, O - -+ ALBB,., - - 0,,9
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Since M is a model of L0, - - - 6,.,¢ for each s different from j to show that M is a
model of AGH, * * - 0,,¢ we need only show that it is a model of L,§, - - - 0,,.

However L0, equals Ay so we are done when we show that M is a model of

A'f-’em e 9&4¢-

Now M is a model of [PROG] so it is a model of WAL, A,—A). We also know that it

is a model of AL, AY0,., * - - 0,.,6. Hence we have M =AYH,,, - - - 6,0 as required.
case 3 - L, is universal.

Suppose that L, is WS(@). So m>0, S(7) succeeds at level m-1 with substitution 7
under conditions f, with S() succeeding with 1) under £, to show [\yS(@)] 7 it remains
to show e and S(@¢, ) , . , S (@), 0, is an mgg of m 0o G, and G,,, is
—~(L,0), - - (L ,0)eS@p), - S@p)(L ,..0) --- (L,6)

By our inductive hypothesis on i, M is a model of L,0,0,,, - - 0,4 for each r
different from j We must show that M is a model for L,8, - - - 6,,6. We also know

that M is a model of (N\e),,, - + * 0,,¢ and of each S(z) ¢,9,,, * - * 6,,0.

By our inductive hypothesis on m, M is a2 model of Vzz(/\ f—=S(am)) where z is yn
and Z are the distinct variables in &7 apart from z. We know that there are not any other
variables in f, that y7 is in fact a variable and that it, z, is not equal to xm for any x

different from y in @.

Suppose that L8, - - - 6, is W[S(@Xx\xh, - - - 6,,y\w)l So x are the variables
in @ apart from y and w does not appear in £8, - - - 8, ,. To show that M is a model of
L6 0,4 we must show that, for each element c¢ of M, M
ES@Xx\x6, - - - 8,.,4,y\c). Sosuppose that c is an element of M.

We define an M-substitution € of z , z as follows. Put ze = c. If z,=x,7m, put

z,€=x,0, - - - 8,,¢. We must check that this is well-defined. If z,=x,7=x, 7, then, since
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6, is an mgg of 7, x,0,=x.0,, 50 x,0, - * * O, ,P=x,.0, - - - 6,,4. Thus €is well-defined and

clearly a(x\x0, - - + 6,4,y \c)=ame.
There are two cases.
case 2a - M is a model of A fn.
Then M is a model of S(@) me as required.
case 2b - M is not a model of A fe.
Let us suppose that M is not a model of wt €. There are three cases.
case 2bl - neither w nor t are z

In this case w#t is in e. But M is a model of Aef,,, - - - 0,.,9 so M is actually a

model of w2t €. This case does not arise.
case 2b2 - one, say w, is z and t is the constant a.

Since M is not a model of Wt € it is a model of z=a € So a=c (only the same
constant symbols have the same interpretation in M). Now we know that one of the ¢,
takes y to c because one inequality , wt, in f is yn=c. M is a model of S(z¢,)

0,., - - - 0,,¢ but this is just S(z) (x\x8, - - - 8, ,d,y\c).
case 2b3 - one, say w, is zand tis xm.

So M is a model of yme=xme. Thus x6, - - - 8, ,¢ is c. But we know that there is a
¢, taking ¥ to x8, such that M is a model of S(z¢,) 6,,; * - * 0,,¢. Thus M is a model of

S(z) (£\x6, - + - 0,,¢.y\c) as required.

QED.

- 238 —



Chapter 9

Conclusions

In this concluding chapter, we restate the objective of this thesis and its motivation,
assess how successful the thesis was in attaining this objective, point out some of the
interesting and useful by-products of our research and mention some related open

problems.

9.1 Review of aims and motivation

We set out to try and find a nice way of extending Datalog to take account of the
technology of NAF and to use whatever progress we made on that task to help us assess

the expressive power of the LPNAF implementation. Let us just recall why we did this.

We saw that there are two schools of database research - the deductive database and
the conventional database schools. One idea which incorporates aspects of both schools is
the Datalog language and its implementation using pure logic programming. However, we
saw that Datalog was not adequate to express some queries that fixed point languages can
handle and we know that logic programmers feel the need to use negation as failure o
improve the power of pure logic programming. There is clearly the need for an

improvement on Datalog.

The use of negation as failure is, as we saw in chapter one, fraught with problems.

The only satisfactory account of its behaviour is the definition of its query evaluation
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process and the technical non-intuitive nature of this does not lend it well to the task of

explaining the behaviour of logic programs in non-logic-programming terms.

It would be good if we could extend Datalog to a nice query language which clearly
represented the technology of NAF. In any case, if that is not possible, there is still the

technical question of the power of the LPNAF approach to be answered.

9.2 Account of Results
Let us review the major results which we have established.

In chapter two, we defined a query language DEF which is an extension of Datalog
and is nice in the sense that its syntax is quite easily specified (essentially just the
addition of conjuncts containing universal quantifications and inequalities to the bodies of
Datalog clause) and its semantics are the very intuitive provability semantics (which

Datalog also uses).

In chapter three, we were eventually able to prove that DEF is equally as expressible
as the most popular fixed point language, FO+LFP, which appears , for example, in

[Gurs4l

In chapter six, using the results of chapters four and five, we have specified a
particular implementation, LPNAF , of the general idea of putting impure logic programs
after descriptions of queried structures and shown that it is an implementation of exactly

the queries in DEF.

There is one reservation to this last result. We have seen that the actual version of
logic programming with negation as failure - the actual selection rule used - is not
specified when we say that LPNAF implements each query in DEF. All we know is that

there is such a version. In fact, from what we have shown, it can not be ruled out that
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the selection rule must be changed when we ask the same query of different structures. It
would be better if we could define some class of selection rules which can be used to
completely implement the generated program and better still, if, given any DEF query, we
could generate a program which could be used with the standard left-first selection rule to

implement the query in LPNAF.

The other result in chapter six, that any query implementable in LPNAF is actually

a DEF query, needs no apologies.

For good measure, in chapter seven, we have show that the only other claim to

similar results (of which the author is aware) is unfounded.

Finally, in chapter eight, we tackle the problem of the non-declarative nature of
LPNAF. We suggest that logic programming has the capability of being extended to
handle the necessary increased expressive power and to, at the same time, still remain

declarative.

9.3 Further Work for the Database theorist

It is worth pointing out some of the ways in which results from this thesis can be
used for other purposes. First, let us see what there is for people interested in database

questions.

One constructive thing that can be done is for the methods of translation between
the different languages FO+LFP, LFP and LPNAF to be extracted from the proofs of their
equivalence. Each of the appropriate proofs is done constructively although this fact was
not emphasised. This holds for the proof that FO+LFP is not more expressive than LFP
(despite the fact that it does not look as though it does) because Immerman’s result, which

is used in the proof, is proven constructively.
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With all these transformations readily available, one can find an implementation -
whether in LPNAF , QUILOG or some recursive technique - for any query expressed

recursively, as a fixed point, as a logical consequence or as a logic program.

By extracting the transformation out of Immerman’s result showing that FO+LFP
expresses exactly the polynomial time computable queries on an ordered structure we can

extend the flexibility of our query answering abilities a lot further too.

We looked at the question of complexity of queries in chapter seven. It was made
clear there that DEF stops short of capturing all the polynomial time computable queries.
Immerman considered extending the equivalent language FO+LFP to capture this class,
Perhaps there is a provability language and method of implementation which gets there.

However, the interested researcher is recommended to consult [Gur84] first.

To put such implementations to good use, it would be helpful for the researcher to
know which are good ways of implementing queries and which are not. LPNAF might be
excellent at finding one correct answer to a query but the user who wants to know them

all had better use some bottom-up whole relation implementation.

Theres a lot of practical work to be done classifying the uses that query answering
techniques will be put to and assessing the relative merits of the different ways of
answering them or coming up with better ways. The questions of expressive power,

covered in this thesis are only the beginning.

9.4 Further Work for the Logic Programmer

While the database researcher is looking at the rest of the thesis the logic
programmer who is not necessarily interested in database questions will be interested in

chapters four and five of the thesis. If function symbols can be incorporated into the

- 242 —



results of the these chapters then lots of important results can be proven or almost

proven.

In chapter four we have shown how to define a maximal selection rule for a given
program using negation as failure. Shepherdson, in [She84] also defines such a rule. In
some cases, for example if there is a certain ordering on the atomic propositions of the
language, it might be easy to predict the behavionr of such a rule. Such predictions will
be useful for making the practice of logic programming easier. A computer which, when
using one of those programs, could select the right literal, would get all the answers that
logic programming is capable of getting. With the results of chapter five, we know a lot

about these answers.

It looks fairly straight forward for the SYNTH construction of chapter five to be
generalised to the functional case. The correctness results should follow. In the
completeness result, the covering condition can be relaxed a lot - it was only made so
strict because that made the proof easy and it did not need to be less strict to get the
result in chapter six. However, there might have to be conditions introduced on the

appearances of function symbols in the program.

Even the proof in this thesis is a significant advance on the unsatisfactory Clark

results so it should not be hard to get useful results.

The other results of interest to the logic programmer are those concerning QUILOG.
There is still a lot of work to do on QUILOG - prove that it is correct, that it is complete
in some cases, generalise it and these results to the function case and actually implement it

on a computer.

There is another possibility for developing a powerful declarative language which is
suggested by work in this thesis. By approaching logic programming with negation as

failure from a fixed point point of view - by generalising the relationship between L PNAF
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and LFP - we might be able to define a declarative programming language based on
inductive definitions. When the completeness result of chapter five is generalised to the
function case, what might be needed is exactly the kind of ordering on atomic propositions

which an inductive definition involves.

Good luck with these problems.
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Appendix

Technical result 1

If L is a signature, P is an n-ary symbol not in L, D is an L-structure, ¢ = ¢(1) an
LU{P}-formula, P appears only positively in ¢ and o <p are n-ary relations on D then for
all # from D,

Di=¢(P\o &) implies Di=g(P\p,x).
proof:

By induction on the construction of LU{P}-formula ¢ we will prove the following:
if o<p then
P only positive in ¢ implies Di=¢(P\o",a) => Di=@(P\p,x) and

P only negative in ¢ implies Di=~¢{P\co",@) => Di=~¢(P\p,T).
If P does not appear in ¢, then clearly both implications hold.

If ¢ is P(z) then P appears only positively and we find that DEP\o,a) =>

a(q)eoc => a(a@)ep => D=(P\p,a).

If ¢ is 0/Ax and P appears only positively in ¢ then it appears only positively in 6
and X. So De&P\oca) => DF(P\ca) and DeE(P\oa) => DEO(P\p,g) and

DE=x(P\p,@) => Dr¢(P\p,&). Similarly for ¢ equalling 6V, 1x6 and V9.

If P appears only negatively in such ¢ it is equally easy to get the corresponding

result.

If ¢ is =0 and P appears only positively in ¢ then P appears only negatively in 6. So

D=(P\o &) => Di=~P\c &) => Dm~8(P\p,x) => D=g(P\p,a).
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If P appears only negatively in =6 then its equally easy to get the desired result.

QED.

Technical result 2

Suppose that L and P are signatures, for each i=1..m, ¢,(f,) is an LUP-formula in
which each P from P appears only positively, P=(P,, - - - ,P.) is a list of the distinct
symbols from P which appear in ¢, each P, is m,-ary, me(m,, * - * ;m.), D is a finite L-
structure and F:REL_(D)—REL_(D) is given by a€[F(p)], <=> Di=¢,(P\p,r,\2),

then F is monotone on REL (D).
proof:

Suppose that o<p. Then for all i, if #€[F(07)], then Di¢,(P\o",x,\@). Using TR1 m
times we get Di=¢,(P\p,x\a). So a€[F(p)},.

Thus [F(0)], <., [F()L

QED.

Technical result 3
Notation as in section 3.5.

For all m-ary relations 7 on D, we define an M+e-ary relation coded(7), by
(d 5)€coded (r) if and only if
there is an i such that
C1) Di=codel(5)

C2) d={a,c) and & is m,-ary and
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C3) €,
Then for all i, if Di=g,(P\coded(7),x\a) then Di=y,(P\1.£,\2).
proof :
By induction on the construction of .
case 1: no P,s appear in y,.
Then P does not appear in ¢, which is the same as y, and we have our result.
case 2: Y, = P,(a).
In this case ¢, = Ixy(code; A(x =u N - - - Alx, =4, )N\P(L,7).

coded ()
So if D r-¢,(P\/\,r,\a) then there is ¢ and g such that Di=codel(7\g),

D e y=u(ad/\ - - - N(ca,=un,(@))and D=P(c,gXP \coded(r)).

So (c,g)€coded (7). which implies that there is a j such that
Di=code'(g), ¢ = ( c1,cZ ), ¢T is m,-ary and cT€7,. But then }=k as g can not satisfy

code; and code', in D for different jand k.
Thus ¢1=a(a) and D=P (e XP\7.£\1).
case 3:y, is more complicated.

Its easy to get the result assuming the inductive hypothesis on the maximal proper

subformulas of ¢,.

QED.
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Technical result 4
Using the notation of section 3.5 and of technical result 3.
For all finite L-structures D, for all 4 from D™, if Di=s;(d) then D=CFP(s;P, Xd).
proof:
Suppose that xy— P(x,§) prescribes £ on D.
First of all we show that for any 7, f(coded (T))<coded (F(T)).

So suppose that (c,5)€ flcoded (7). Then Di=x(P\coded(T),£\C,y\b). So there is an

i such that Di=y,(P\coded (T).x\c,7\b).

Let us suppose that c=(c1,c2) with ¢I m-ary. By definition of X, we have
Dkcode{(y\6) and Di¢,(P\coded(r)xr,\c1). By technical result 3, we have

D=y, (P\1,x,\a) and hence d €[F(7)], from which the result follows.
Now back to the main proof.

We have f(@) € coded( F(@) ). f{@)< flcoded (F(D))). < coded (F(F(@))).

etc. From this we can deduce that [f f)Scoded ([FHLF)).

If Di=s,(d) then there is & and b such that D=LFP, (xXd &b, - - - b). Thus
(dapb, - p)is in Iff f) and from what we have just established it is also in

coded (FKF)).

By definition, there is i such that Dl=code/(b, - - - ,b) so that i={, and d €[{F7HF)],.
Thus D=LFP(s;P,Xd) as required.

QED.
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Technical result §
Notation as in technical result 6.
if D=y, (P\7,x\d) then Di=¢,(P\combi(r,g ,h).x,\d).
proof:
By induction on the construction of y,.
Case 1: ¢, contains no P,s.
Then =, and both conditions are Di=y,(£,\d).
Case 2: ¢, is P,(a).

Suppose that DRP(@XP\7.r,\d). Then a(d)€r,, and if we put b=code(g ki) then
Di=code}(6) and (a(d),c'p) €combi(r,g h).

Since this latter condition implies Di=P(a(d),c 5 XP\combi(r,g,h)), we have the

result that Di=¢,(P\combi(7,g h).r\d).
Case 3 : ¢, is more complicated.
This is easy using the inductive hypothesis.
QED.

Technical result 6

Notation as in section 3.5.

For all finite non-trivial L-structures D, for all d from D™, if Di=LFP(s;P,Xd) then

Di=s;(d).
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proof:

Say s prescribes F on D, with its Ifp being 7. Then
st = 0 XuYoLFPpn (XXX,y0 « -+ ,yo). Suppose tha

with Ifp o
So we know d €[mr],. Choose any two different elements g and

Notation. Suppose that b, is the jth bit in the binary representation
then code( g, h, i) is the e-tuple (c,, - - - c,) from D* with ¢ =g if b,=
bJ-lo

If p an m-ary relation on the domain of D, then combi(pe,g) is the m+log.k +
relation given by
(a,ch) €ecombi(pe.g)
if and only if
there is i such that
1) x€p,
2) ¢ is any ( m-m, )>-tuple

3) b= code(g , h ,i).
Say J€[F™(@)],- So(dg, - .g.g, " .g ) Ecombi(F™(@)e g).

Now combi(F(plg h)S flcombi(pgh) as we now show. Suppose that

(a,c.b)€combi(F(p)g ,h). Then 1) a€[F(p)}, and 2) b=code(g,h i).

But we claim that Di=x,(combi(p.g,h)x\aAC,y\b). First Di=code(5) as

b=code(g,hi4). Second, Di=(a=a N\ - - - Ala,, =a,).

Third, Di=¢,(combi (p,g ,h).x,\a) by TRS as we know that D=y, (p,x,\a).
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So Di=x{combi x\aAc,y\b) so (a,c,5)€ flcombi(p,g,h)).
Back to our main proof. We have (d,g, - ,g,g, " *.g ) €Ecombi(F™(@)g,h)

< flcombt (F*Y@),g ,h) < fAcombi(F*Y2)g h)

< fr(combi(Bg 1))
- /(@)

<o.
So(dg, - .g) €c. SoDksd).

QED.

Technical result 7
Notation as in section 3.5.

For all finite L-structures D, if s prescribes G on D and d €[G (@)],, then Di=s;(d).
proof:
Suppose that d €[G (Z)]p, . So D=y,(P\@x,\d).

Since @=coded (@), TR3 implies that Di~¢,(P\@,x,\d).

Now choose any element g from D and let g=(g, - - - ,g)€D*. Thus DicodeXg).
Choose any (M-m)-tuple ¢ from D. Thus Dkx,(P\@x\(d,c)y\g) and hence

D=x{(P\B,2\(d.0)y\g)-

Suppose that f is the operator prescribed by x—P(r,y) on D. So ( d,c,g)€ f(D) and

(d,c.g) is in the least fixed point of f.
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Thus DLFP,, (xXXd ,c,£) and we have our desired result that Di=s;(d).

QED.

Technical result 8
Notation as in 3.5.

If [y,=P(x,), - - * Wu—Pu(x,)] prescribes Gon D, n=1.. or m and d is an m,-
tuple of elements of D then

Diapp(y, XP\p.x,\d)
if and only if
either D=y, (P\p,x,\d) or D=y, (P\G(p).x;,\d).

proof:
By induction on the construction of .
Case 1: y, does not contain any Ps.

The "only-if" direction is easy in this case as app(y, =y,. The "if" direction is almost
as easy when it is realised that D=y, (P\G(p),x,\d) is true if and only if D=y, (P\p.x,\d)

because no symbols from P appear in y,.
Case 2 : Y, =P (a).
So app(y, =y, (x,\2) v p(a).
The only if direction.

Suppose that Drapp(y, XP\p,x,\d). If D=P (@XP\p,x,\d) we have our result so

suppose that D=y, (£, \@XP\p,x,\d) instead.
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Then Dy, (P\p.x,\a(d)). Thus a(d)€[G ()], , and DP (@XP\G(p)x,\d) giving
us the result that D=y, (P\G(p).x,,\d).

The if direction.
Just reverse the argument above.
Case 3: ¢, is more complicated.
The proof in this case is an easy use of the inductive hypothesis.
QED.
Technical result 9
Notation as in section 3.5.

If s prescribes G on D and app(s) prescribes H on d then,

for all m-ary relations p on D, H(p)=GAp)UG (p).
proof:
Suppose that s = [y,—=P (x), + -+ W, =P, (1)l
(inclusion of H(p) in GXp)UG(p))

Suppose that d €[H(p)], ] so that Drapp(y, XP\p,x\d). By TRS, we have either

Dy, (P\p,x,\d) or D=y, (P\G(p),x,\d).

In the first case, d €[G (p)],, and in the second case d €[G (G (p))], as required.
(other inclusion)

Suppose that d €GXpIUG(p). So either D=y, (P\p,x,\d) or D=y, (P\G(p),r,\d) and
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again by TRS.3, Dapp(y, XP\p.x,\d). Thus d €[H(p)], as required.

QED.
Technical result 10

If r prescribes F on D and r* prescribes G on D then F and G have the same least

fixed point.
proof:

We show by induction that for all , if r prescribes F on D and app/(r) prescribes G

on D then F and G have the same least fixed point.
This is true for O when app™r J=r.

Now assume that it is true for [, that r prescribes F on D, that s = app’(r) prescribes
G on D and that app**!(r J=app(s) prescribes H on D. By our inductive hypothesis F and G

have the same least fixed point. We must show that H shares it too.

IFEH)SIFEG)

We show by induction on n that H"(@)CIFAG) so that for large enough n we have

our result.

When n=0 the result is obvious. Now suppose that the result holds for n. Then
HY (@)=H(H"@))<HFHKG)) as H is monotone. But this is GXIFAGIIUG (FKG)) by

TRY. Because [JHG) is a fixed point of G we have our result.
[FEG)SIFLH).

OLIFLH).
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Gm{@) = GG"®@) € GUFKH) < GUFKH)IUGXIFKH))
= HUFAH)) = ITHH).

QED.

Technical result 11
If D is trivial and r prescribes F on D then F™(@) is the least fixed point of F in D.
proof:
Suppose that the single element of D is b.

Define sz(p) to be the size of the set { i=1..m | p, is the full m,-ary relation on D }.
We show that if p<o then s2(p) <sz(0). Its obvious that sz(p) is less than or equal to
5z(0) but there is i such that p,<o,. There are two cases. If m,=0 then o, is true, - the
full O-ary relation on D - while p, is false. So sz(p)<sz(c). If m, is greater than zero
then bbar=(b, * + + b) from D™ must be the m,-tuple in o, but not in p,. So &, is the full

m,-ary relation on D while p, is not. In both cases we have sz(p,)<sz(c ).

Suppose that F™(@) is not the least fixed point of F. Then we have a strictly
increasing chain @<F(@)< -+ - <F"(@)<F™X@). By the above argument we have a
strictly increasing chain of sizes, sz(@)<sz(F(@N< - - - <sz(F"(@))<sz (F™Y(@)).

Thus the last size must be at least m+1. This is impossible given the definition of size.

QED.
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Technical result 12

Suppose that C is a finite set of constant symbols, M is a model of INEQ(C), nis a
positive integer, /T is an n-tuple of elements from M, ¥ is an n-tuple of C-terms and AT
can not be got as an M-substitution of . Then either
1) there is an i such that v, is a constant a but m, is not the interpretation of a in M or
2) there is i,j such that v,=v, is a variable symbol but m, and m ; are different elements of

M.
proof:

Suppose that neither 1 nor 2 hold. We define an M-substitution o« of ¥ as follows.

For each variable symbol x in ¢, if x appears as v, put xa=m,.

We must show that this is well-defined. Suppose that v,=x=v,. Since 2 does not

hold m, and m, are the same element of M as required.

In fact va=m. For if v, is a constant then v,o is the interpretation of a in M which is

also m, since 1 does not hold. If v, is a variable symbol then v,a=m, by definition of c.

This is a contradiction to the premise that T can not be got as an M-substitution of

QED.

Technical result 13

If the existential player does not have a winning strategy for playing the n-game for

P(v) then the universal player does.

proof:
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We describe how the universal player plays so that at every stage the existential

player does not have a winning strategy from then on.
This is so at the start.
Suppose that it holds at some stage, there are two cases.
case 1: it is the existential player’s turn

case 1a : she can play to put herself in a position so that she has a winning strategy

from then on. This can not arise as then she would have a winning strategy from now on.

case 1b : she can make no such move. So then our condition holds at the next stage

of play.
case 2: it is the universal player’s turn

case 2a: every choice he makes puts the existential player in a winning position. This

can not arise because then she has a winning strategy now.

case 2b: there is a choice so that afterwards the existential player does not have a

winning strategy. We get the universal player to make any such choice.

QED.

Technical result 14

Suppose that M is an atomic formula, PROG is a program and 6 a substitution of the

variables in M. Then, if M finitely fails then M6 does too.

proof’
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Suppose that M finitely fails at level n. We play the n-game for MO as the
existential player against Abelard and we get friend to play as the universal player in the

n-game for M against Eloise using a winning strategy.

At the start the current goal in our game , «~M0, is a substitution of the current

goal, «— M, in the other game. We keep this relationship holding.

So suppose that it holds at some stage. Say, in our game, the goal is ~L,¢, - + + ,L,¢
while it is «<L,, - - - ,L, in the other game. Since Eloise is playing to win that goal will

not be empty so neither is ours. She chooses a literal L, say. We choose L ,¢.
Case 1: L,¢ is positive.

If L ¢ is positive and does not unify then we win. So suppose that it does. Abelard
will choose a unifying clause B+B,, - - - ,B, with mgus X,y say. Out new goal is
“LipX + 0 oL a@XBy - 0 0 BoYLL X, ¢ ¢ v L, ¢X. Now since L,¢x=By, L, and B
unify. So Eloise has not won her game yet. We get friend to choose the clause
B<B,, * - ,B, too. Say that the mgus are X,Y'. So the new goal there is G =
<Lx, "L, X.BWY, - BY.L,,X, - ,L,X. Since x',y’ are mgus of L, and b but
L ,px=BY, there is w such that x'w=¢x and Y'w=y'. So Gw is our goal and the condition is

preserved.
Case 2: L,¢ is negative.

Suppose that L, is not( S(z) ). If L, was not ground then Eloise who selected it
would lose. This can not happen so L; must be ground and so equal to L. Similarly
S(z) must either succeed or finitely fail at level n-1. If S(@) succeeds then we win so

suppose that it does not.

Our new gaol is «~L,p, - -, L, $L, 9, - ,L, and the other new goal is

<L, **+,L,,L,., " ,L, so the condition is preserved.
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Now the other game can not go on forever as then Eloise would lose. However we
have seen that it goes on as long as ours does. So our game must stop eventually too. We

have seen that the only way that this can happen is by us winning.

Hence we have a winning strategy as required.

QED.
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