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Abstract
A theoretical study is made of the stability of plasmas in the class of magnetic 

confinement devices known as pinches. The stability problem is treated by solv­

ing the linearised fluid equations of magnetohydrodynamics (MHD). However, 

unlike many previous studies, the model is not simplified to Ideal or Resistive 

MHD. Instead, many of the transport terms in the Braginskii equations are re­

tained in order to model the stability of current and future pinch experiments 

more accurately. The complexity of the resulting system of equations, requires 

in most cases, a numerical treatment. This has been possible using the linear 

initial-value code, ODRIC, which was made available to Culham Laboratory by 

Lawrence Livermore Laboratory. This code includes the Hall terms, ion and 

electron thermal conductivity tensors, the ion stress tensor, the parallel ther­

mal force and Ohmic heating, in addition to the familiar equations of Resistive 

MHD. Amendments have been made to the code, notably the correction of linear 

growth-rates for finite timestep, which allows more efficient convergence, and the 

inclusion of equilibrium density gradient terms.

ODRIC has been used to address some important questions on the stability of 

both Reversed Field Pinches (RFP’s) and Z-pinches. In the former case resistive- 

g and 77,--modes have been studied, while in the latter the combined effect of 

resistivity and viscosity on sausage and kink instabilities is reported.

In addition to the numerical work, an analysis of the effect of finite pressure 

on the stability of a plasma surrounded by a resistive shell has been carried out. 

This appears to be of relevance to many current and most future RFP’s, which 

will have pulse lengths much longer than the resistive diffusion time of the wall.
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Sym bols
All variables are in c.g.s. units unless otherwise stated, except for the electron 

and ion temperatures which are in eV 

(i.e. Boltzmann’s constant kB = 1.6 x 10~12 ergs eV~l ).

a the pinch minor radius.

B o the RFP major radius.

B  = (0, B e ,  B z ) the equilibrium magnetic field.

b =  (6,6,6) the perturbed magnetic field.

v  =  ( v r , v e , v z ) the perturbed centre of mass velocity.

f = (6,6,6) the plasma displacement.

T e the equilibrium electron temperature.

T e l the perturbed electron temperature.

T i the equilibrium ion temperature.

T , i the perturbed ion temperature.

n  = Tlt — 72 j the equilibrium number density of electrons or ions

p = nkB(Te + T i ) the equilibrium pressure.

P i the perturbed pressure.

p  =  n r r i i the equilibrium mass density.

P i the perturbed mass density.

Jo the equilibrium current density.

J i the perturbed current density.

I the equilibrium plasma current.

1 the mode growth-rate.

IV =  U)R  — 77 the mode frequency.

m the poloidal mode number.

k the axial wavenumber.

72* =  kR the toroidal mode number.

s w the thickness of the RFP shell.
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1.1 In troduction

Worldwide energy consumption has been rising at an increasing ra te  since the 

middle of the nineteenth century. Since energy demand is correlated with indus­

trialisation, the expected development of the third world suggests th a t this trend 

will continue. However, mankind continues to rely largely on the burning of fossil 

fuels and to a lesser extent, on the nuclear fission of uranium , to meet energy 

requirements. The limited reserves of both  fuels, together with the increasing 

demand, has been providing a strong m otivation to search for alternatives for a 

number of years.

More recently a concern with the environment has provided further impetus. 

The problems associated with the disposal of radioactive waste, and the accident 

a t Chernobyl, have led to widespread public opposition to fission reactors. On the 

otherhand the possibility th a t the carbon dioxide em itted by fossil fuel burning 

power stations could lead to an increase in the mean global tem perature (the so 

called “greenhouse effect” ), suggests th a t a return to to ta l reliance on fossil fuels 

is not the answer. Hence the requirement for a “clean” alternative.

The renewable sources (solar, wind, geothermal and tidal power) are perceived 

as environmentally clean. However, although they may be useful in special loca­

tions (e.g. solar cells in the desert, wind turbines on remote islands), it appears 

unlikely th a t they could meet the worlds energy demands alone.

It is for the reasons outlined above th a t the prospect of controlled nuclear 

fusion remains as attractive as ever. This process involves the fusing together 

of light nuclei to form a more tightly bound, heavier nucleus, with the resultant 

liberation of nuclear binding energy. It is a chain of such fusion reactions th a t 

sustain stars, bu t as far as a terrestrial energy source is concerned the most 

useful reactions involve isotopes of hydrogen. The easiest of these to realise is the 

deuterium  (2H ) - tritium  (3H )  reaction:

D + T  —► 4He(3.5MeV) + n(U.lM eV)

15



The deuterium  required for the reaction is abundant in sea water (1 in 5000 

w ater molecules), but the tritium  is radioactive and not found in nature. Instead 

it must be bred from lithium  :

6L i  +  n —► T  +  4 H e  +  4.8 M e V

7L i  +  n  —► T  +  4H e  -f n  — 2.5M e V

Thus it is envisaged th a t a blanket of lithium  surrounding the fusion reactor would 

serve the dual purpose of stopping the neutrons produced by the D  — T  fusions 

(i.e. converting the kinetic energy into heat) and also of breeding further tritium  

by the reactions above. The to ta l energy derivable from such a process depends 

on the  worldwide reserves of lithium . Table 1.1 compares the energy equivalent 

of the estim ated resources of lithium  with those of fossil fuels and uranium  

(estimates from reference [1.1]). Although enormous quantities of lithium are 

contained within the oceans its extraction is at present uneconomic. However, 

the first two columns of table 1.1 indicate th a t on the  basis of land reserves of 

lithium  alone, the energy th a t could be derived from D  — T  fusion is an order of 

m agnitude times th a t available from fossil fuels. A D  — T  fusion reactor would 

also have an environmental advantage over fission reactors, in th a t it produces 

comparatively little radioactive waste (although the structure itself would become 

radioactive). Ultimately it may be possible to achieve the still more difficult 

conditions necessary for deuterium -deuterium  fusion:

T(l.O lM eV )

D  -f D  —► <

+  p(3.02M eU) 50%

3H e ( 0 . S 2 M e V )  +  n(2.45M eU) 50%

In this case the to ta l energy reserve is not limited by lithium , and so it is prac­

tically inexhaustable (~  1010(3). Additionally the difficulties associated with 

handling the radioactive tritium  gas are removed.
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0 ) (ii) (iii)

Oil 4 14

Coal 33 300

Uranium fission 230 1400 2.5 x 105

D-T fusion (Li) 400 10000 1.5 x 107

D-D fusion (D) 1.5 x 1010

Table 1 .1 : Estim ated energy equivalent in units of Q (Q=1.055 x 1021 J), for 

resources of fossil fuels, Uranium, Lithium (for D-T fusion) and Deuterium (for 

D-D fusion). For comparison, the worldwide ra te  of consumption of energy is 

approximately 0.3 Q per year. The estimates come from reference [1 .1] and 

correspond to: (i) reserves with extraction costs less than  twice present ones, 

(ii) reserves with extraction costs 2 to 3 times present ones, (iii) to tal reserves 

within the oceans.
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For either of these fusion reactions to occur the separation between reacting 

nuclei m ust be less than  the range of the inter-nuclear force ( «  10- 15m ). Since 

the nuclei are positively charged this means th a t the Coulomb repulsion between 

them  m ust be overcome. The most extensively studied means of attem pting 

this is “Thermonuclear fusion” in which the fusion m aterial is heated to such 

high tem peratures th a t a significant fraction of its ions have enough energy to 

surm ount the Coulomb barrier, and become involved in fusion reactions. The 

alternatives to this m ethod have become known, by comparison, as “cold fusion” 

approaches. These include the infamous work of Fleischmann and Pons [1.2] 

in which they claimed to have achieved D  — D  fusion at room tem peratures, 

using an electrolytic cell with a paladium electrode. Their paper led to  great 

media excitement and worldwide attem pts to  confirm their results, bu t many of 

the initial confirmations have since been withdrawn and the scientific consensus 

seems to  be th a t Fleicshmann and Pons probably made a calibration error. A less 

well known cold fusion approach, but one with a firmer scientific basis is “muon 

catalysed fusion” . The muon is an elementary particle which is exactly like an 

electron in all respects aside from its mass, which is 207 times as large. In muon 

catalysed fusion the electron in a deuteron atom  is replaced by a muon, which, 

since it has a larger mass, orbits much closer to  the nucleus and more effectively 

screens its positive electric charge. Although the details are very complicated, 

basically the Coulomb barrier is narrowed by this screening and as a result the 

probability of quantum-mechanical tunneling through the barrier is increased. 

Unfortunately, energy is required to  create muons and so the practicality of the 

process rests on the number of fusions th a t each muon can catalyse. Currently, 

this num ber appears to be too small for muon catalysed fusion to be economic

[1.3].

Each of the attem pts a t cold fusion are very much fringe activities in com­

parison to  the considerable effort th a t has been devoted to therm onuclear fusion 

research over the past 40 years. The high tem peratures required for therm onu­
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clear fusion ensure th a t the reacting deuterium  and tritium  gases will be fully 

ionised. As a result they form an electrically neutral gas of ions and electrons, 

which is known as a “plasm a” . For this reason the behaviour of plasmas has great 

relevance to  the problem of controlled fusion.

1.2 The Conditions for Energy Breakeven 

and Ignition

The power lost by a hot plasm a can be w ritten as:

PL =  a n 2 T l / 2  +  —
TE

where the first term  represents radiation loss due to brem sstrahlung and the 

second term  represents both convective and conductive losses. The param eter, 

t e  is known as the “energy confinement tim e” . If therm onuclear conditions are to 

be m aintained an equal quantity  of power must be supplied by external plasma 

heating. Thus, to be a net producer of energy, a thermonuclear reactor must 

generate more electrical power than is required to m aintain the plasm a conditions. 

The to ta l therm al power which escapes from a thermonuclear plasma consists of 

the power from fusion reactions, in addition to the radiation, conduction and 

convection losses:

P T  =  — n 2 ( < r v ) Q f  +  a r P T 1 ^ 2  H-------------
4 ' te

where Q j  is the energy released per fusion, and (a v ) is the rate  of fusion reactions. 

If this is converted into electrical power with efficiency, x  then the condition for 

energy breakeven is:

\ P t > Pl
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Substituting the expressions for P j  and P l  and rearranging yields the “Lawson 

Criterion” [1.4]:

3 T
ute > -----v----------------------- r

4 ( ^ T ) M  Ql ~ ° T

For given x  the right-hand side is a function of tem perature only. Figure 1.1 

(reproduced from reference [1.5]) shows the breakeven condition as a function of 

tem perature for both D  — T  and D  — D  plasmas.

Also shown in figure 1.1 are “ignition” curves. Ignition occurs when charged 

particle products are contained within the reaction region and release sufficient 

energy through collisions to sustain the thermonuclear conditions without exter­

nal heating. Now, the  power supplied by the charged particle products is:

P c  =  ^ t i 2 (<t v ) Q c

where Q c is the energy released to the charged particles per fusion. The ignition 

condition is:

P c  >  P l

and this leads to a more stringent condition on the tite product:

3 T
n r E  >  “i-------------

- ( e r v )Q c -  a T l/2

The conditions for breakeven and ignition, reduce the problem of controlled 

therm onuclear fusion to one of obtaining a sufficient u t e  product. The techniques 

employed to do this fall into two classes.

The first, “magnetic confinement” , involves the containment of the plasm a’s 

particles by a magnetic field. This relies on the fact tha t charged particles perform 

Larmor orbits about magnetic field lines, so th a t in the absence of collisions (or 

other collective effects) the net motion of a particle in a direction perpendicular 

to  the magnetic field is zero. The loss of particles and energy parallel to the 

magnetic-field, can be limited by a suitable choice of magnetic geometry.
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The second, “inertial confinement” , uses laser implosion to increase the par­

ticle density to such a degree th a t the inertia of the nuclei provides sufficient Tg. 

This thesis is concerned with devices that fit into the former, magnetic confine­

ment class.

10 100

T  (keV)

F ig u re  1 .1 : n te for breakeven and ignition as a function of tem perature, 

for the D-D and D-T reactions(figure 2 from reference [1.5]).
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1.3 H istorical Background

In the earliest magnetic confinement experiments, the confining magnetic field was 

produced solely by an axial current flowing between two electrodes at opposite 

ends of a cylindrical tube of plasma. Such a current produces an azimuthal 

magnetic field and this tends to thermally insulate the plasma by pinching it 

away from the walls of the containing vessel [1.6]. The ohmic dissipation of the 

current also provides the required plasma heating. Thus these early cylindrical 

devices, which are known as “Z-pinches”, had a pleasing simplicity, with the axial 

current providing both heating and confinement. Unfortunately, the loss of heat 

to the electrodes seemed to be a severe limitation on the potential performance 

of Z-pinches. This led to the emergence of toroidal pinches, in which the plasma 

forms the single-turn secondary winding of a transformer and the current is driven 

inductively.

In early linear and toroidal pinch experiments there were signs that the plasma 

was prone to large-scale instabilities [1.7]. Theoretical work by Kruskal and 

Schwarzschild [1.8] indicated that pinches were unstable to perturbations that 

caused the plasma column to either locally constrict (“sausage” instability), or to 

bend (“kink” instability). Both types of instability were observed in subsequent 

pinch experiments [1.9], [1.10]. However, by 1957 separate experiments in the 

UK, the U.S.A and the U.S.S.R. had produced observable numbers of neutrons. 

Notable amongst these were the results from the toroidal pinch ZETA [1.11], 

which were released to the press, and misinterpreted as indicating that develop­

ing power from fusion was a mere formality. Unfortunately, it transpired that the 

neutrons produced were not thermonuclear in origin, being instead the result of 

fusions between ions which had been accelerated to large non-thermal velocities 

by the plasma instability.

It became obvious from this early research, that further progress depended 

crucially on finding some means of stabilising pinches against MHD instabilities.
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Theoretical analyses by Rosenbluth [1.12], Tayler [1.13] and Shafranov [1.14] sug­

gested that sausage and kink instabilities could be stabilised by an externally 

applied axial or toroidal field .#</,, of the same magnitude as that produced by 

the current, B$. The experimental implementation of this idea, produced an im­

provement in plasma stability, but residual instabilities persisted. The extension 

of theoretical work to include both localised pressure-driven instabilities [1.15] 

and resistive modes [1.16], suggested the cause of the remaining fluctuations.

Two separate means of further improving stability arose. In the U.S.S.R. a 

large toroidal field (B# ^  Bo) was introduced to stabilise the gross resistive- 

kink modes. The resulting “Tokamak” device has since evolved to become the 

dominant configuration in thermonuclear research. However, up until the late 

sixties, the West was pursuing a different means of achieving enhanced stability - 

by introducing high magnetic-shear. This was best achieved by having a toroidal 

field that reversed at the edge (the so-called “Reversed-Field Pinch” (RFP)). 

When Ohkawa et al. [1.17] compared the stability of various pinch configurations 

with Bj, ~  B q, they found that the RFP was indeed the most stable. Meanwhile, 

the Zeta machine enjoyed a period of improved stability which corresponded to 

spontaneous generation of a reversed field at the edge. Subsequently, Taylor [1.18] 

showed that this is consistent with the pinch relaxing to the lowest energy state 

compatible with magnetic-helicity conservation.

In the eighties many fusion programmes were switched to study the tokamak. 

As a result, alternatives have been somewhat neglected. This is unfortunate 

for two reasons. Firstly, many of the alternatives offer the possibility of more 

economical power than a conventional tokamak could provide. Tokamaks require 

a large externally applied toroidal field and non-ohmic heating, both of which 

increase the complexity and overall cost. By comparison, it may be possible to 

ohmically heat an RFP to ignition, and its smaller toroidal field is less expensive 

to produce. Still further from the tokamak in terms of complexity is the linear 

Z-pinch, which has once more become the subject of active fusion research [1.19].
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The alternative devices are in all cases less developed than tokamaks but even in 

the eventuality that tokamaks are proven to be superior, the study of alternatives 

is viable purely as a facility for the understanding of magnetic-confinement plasma 

physics. In limiting ourselves to tokamaks we run the danger of missing more 

general principles that may lead to true advances in understanding.

In all magnetic-confinement systems the MHD stability problem plays a vital 

part. Aside from gross instabilities which can terminate discharges, smaller-scale 

instabilities appear to lead to a degradation of the energy confinement time. 

Theoretical understanding and prediction relies largely on:

(i) identifying the relevant instabilities.

(ii) calculating the consequences of these instabilities.

This work is concerned with the former task. Most of the numerical work and 

analysis is applied to RFP equilibria although chapter 5 looks at the stability of 

Z-pinches.

The remaining two sections of this chapter are devoted to a discussion of the 

MHD model and the concept of linear stability.
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1.4 T he M HD M odel

The state of a plasma is completely specified by the the positions (r) and veloc­

ities (n) of its constituent electrons and ions. The distribution of velocities and 

positions is given by the ion and electron distribution functions, f e(r,u,t)  and 

fi(r ,u,t).  In principle it is possible to determine these by solving the coupled 

Boltzmann equations:

£ £  +  u.V /e -  - ( £  +  - u  x B ) : V J '  =  + Ce
o t  m e

^  +  u.V/j +  - ( E  +  if f  x =  Cfi +
Ot m e

( i . i )

( 1 .2 )

The right-hand side of these equations represent the total effect of collisions on 

the respective distribution functions. This includes contributions from both like 

collisions (Cee and C,-,) and also unlike collisions (Cet- and Cte).

For many practical purposes the kinetic description in terms of distribution 

functions is unnecessarily detailed, and it is sensible to seek a simplified system 

of equations by taking velocity moments of equations 1.1 and 1.2. The resulting 

equations describe the plasma in terms of the macroscopic variables of the number 

density, temperature and mean velocity of each particle species. The zeroth, first 

and second moments of equations 1.1 and 1.2 yield:

dne
dt

-f V.(neue) =  0

^ •  +  V.(niffi) =  0

(1.3)

(1.4)

d v  1
nrne(~KT + ^e-VFe) =  Vpe -  V.ne -  ene(E +  - v e x B)  -f R  (1.5)at c

n m i(~ K T + V i . V v j ) = — V p i  -  V .n t + e r i i ( E  -f - v { x B )  -  R  (1.6) ot c

^ n e( ^  +  ffe. v r e) +  pe.vffe =  -V .g e -  n e.Vffe + Q +  R.(ve -  ff;) (1.7)
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3 ,dTi _ „
2 n ‘( ~ g f  +  +  Pi-^Vi —V.gj -  Ilj.Vi?, -  Q ( 1.8 )

where the macroscopic variables are defined as:

na = J  fadS

va = —  [  u f a du
nQ J

T =-L a — J m a ( u -  vQf  f Q du

Va = ^a -Eo

and the remaining objects are the following velocity moments of the distribution 

functions:

Pa = j ma (u — va)(u — va) fa du =  pQ 1 +  Ua
R  = J me (u — ve) Ce{ du =  — J rrii (u — ut) Cte du

qa = ^  J mau(u — vQf fQdu

Q = Vi) Cie du = i  J(u -  ve) C , du -f R.(ve- Vi

Equations 1.3 to 1.8 describe the behaviour of the interpenetrating ion and 

electron fluids. Equation 1.3 expresses conservation of electrons, while 1.5 and

1.7 are the electron momentum and energy equations. Similarly equations 1.4,

1.6 and 1.8 describe the evolution of the ion component. The ion and electron 

fluids are coupled together by the momentum and energy transfer terms, R  and 

Q, and also by the frictional heating of the electrons: R.(ve — u,).

Unfortunately, in this form equations 1.3 to 1.8 are not a closed system. In­

deed, each order equation contains a higher order moment of the distribution 

function. Thus, the momentum equations contain the stress tensors, P a , which 

are second order moments, and the energy equations contain the heat flux vec­
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tors, qa , which are third order moments. A further approxim ation is required to 

close the system.

Braginskii [1 .20] assumed th a t the distribution functions depart only slightly 

from a Maxwellian, thus he wrote:

fa = fa + /a

where / °  is a  Maxwellian:

ro,~. - (  m <* \ 3/2 f mcw- -exp

and /* is a small correction. Maxwellian electron and ion distributions represent 

the exact solution of the kinetic equations for the case in which spatial and time 

derivatives vanish identically. Under this condition the “transport term s” , i?, Q, 

qa and I I a  also vanish. Thus all transport is attributable  to the deviations of the 

distributions from exact Maxwellians.

Braginskii solved the kinetic equations for the /* corrections, and then using 

these he was able to obtain the transport terms as functions of the macroscopic 

fluid variables. Thus for example the momentum transfer can be w ritten as the 

sum of two contributions. One of these is proportional to  the electron tem perature 

gradient, while the other is proportional to the relative motion between the ions 

and electrons:

r  =  r j  +  r t

with

R J = en {77U b(b.J) + q±b x (J x b) — ijx (b x J) j

R t  =  -/?n 6(6.VTe) ~(3±bx  (VTe x b ) - / 3 x(bx  VTe)

where J  =  n e ( v i —ue), and b is the unit vector in the direction of the magnetic field. 

The transport coefficients 7/||, /fy, etc. are functions of tem perature, density 

and magnetic field, which determine the relationship between the therm odynam ic
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forces, J  and VTe, and the thermodynamic fluxes R J and R T. Appendix 1A 

contains the other transport terms and appendix IB lists the transport coefficients 

as calculated by Braginskii [1.20].

The validity of the Braginskii equations is limited by the assumption that the 

ion and electron distribution functions are very nearly Maxwellian. For this to 

be a good assumption the following conditions should be satisfied:

(i)
d/dt  <  vtyi (1.9)

where djdt  represents the rate of change of any variable within the equations 

and vej  is the electron (ion) collision frequency.

00
L\\ »  Aeti (1.10)

where L\\ is an equilibrium length-scale in the direction parallel to the field 

and AC)t- is the electron (ion) collisional mean-free path.

(iii)

L± >  ( i- ii)

where L± is an equilibrium length-scale in the direction perpendicular to 

the field and aCy{ is the electron (ion) Larmor radius.

The separate conditions for electrons and ions are given by taking the correspond­

ing subscript.

Equation 1.9, can be interpreted as the condition that there are sufficient 

collisions to drive the distribution function towards a Maxwellian. This in turn 

means that the Braginskii equations cannot describe processes occurring on time- 

scales shorter than a collision time. Equations 1.10 and 1.11 are basically the 

conditions for any fluid theory to be valid. The fluxes in fluid equations are 

written in terms of first order spatial derivatives, so that a flux at any point is
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determined only by local gradients. For this to be an accurate picture, plasma 

particles, (either electrons or ions), must be incapable of sampling changes in the 

gradients, otherwise second-order or higher derivatives would have to be included. 

Thus we require that particles typically travel distances much less than the length, 

L , over which the equilibrium changes, where L ~  |Vt/>|/V> and ^  represents any 

equilibrium variable. Equations 1.10 and 1.11 express this condition for motions 

parallel and perpendicular to the magnetic field respectively.

Equation 1.10 is often violated in tokamaks, where the magnetic field curva­

ture in the toroidal direction defines a length-scale much shorter than the typical 

mean-free path. This has led to the development of “Neoclassical transport the­

ory” [1.21]. However, for the description of many important phenomena in other 

magnetic confinement devices the Braginskii equations are perfectly valid.

1.4.1 Single Fluid Equations

The small ratio of the electron to ion mass, means that for many purposes the 

electron inertia may be neglected. To be more specific, this is true for phenomena 

which:

(i) are much slower than the typical plasma frequencies associated with the 

electron mass:

8 / d i  <  Upe,Uce (1 .12 )

where wpe is the electron plasma frequency, and ujce is the electron Larmor 

frequency.

(ii) have length-scales much longer than the Debye length, Â>:

A > A  D (1.13)

If these conditions are satisfied two simplifications can be made to the fluid 

equations. Firstly, and most obviously, the electron inertial term may be ne­

glected in equation 1.5 . Secondly, the negligible electron mass implies that the
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electron response will be almost instantaneous. Thus the electrons will move 

quickly to neutralise any electrostatic fields, with the result that charge neutral­

ity will be maintained to a high degree of approximation throughout the plasma 

i.e.

«  m =  n

This approximation immediately removes one equation from the two fluid system. 

Indeed, when the electron mass is neglected the Braginskii equations can be 

conveniently written in terms of single fluid variables for the mass density, centre 

of mass velocity and current density:

p =  nrrii (1.14)

v =  v{ (1.15)

J  =  ne(v — ve) (1.16)

The resulting system of single-fluid equations is:

d p

d t
+  V.(pu) =  0

D v  

P D t

E  H— v x B  =  
c

0 (1.17)

47r -» ->
— J  x B  — Vp 
c

- v . ( n ,  +  n e) (1.18)

v Pe -  v .n .  +  R j (1.19)
pe \c

- n e.V (u -  — J) +  Q -  — R . f \
pe pe J

(1.20)

+ — J.V
pe ,5/3

D f pi
D t  I p 5/3 3p5/3

{ - V . q i - U i . V v - Q }

p =  Pi +  pe =  — (7f +  Te)
mi

( 1 .2 1 )

( 1.22)
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(1.23)V x B  =

V x E  = 

V.J3 =

c

I d S
c dt

0

(1.24)

(1.25)

where D/Dt  is the “convective derivative”:

D_
Dt

d _ _  
=  — -f v.V 

dt

Note that the displacement current has been neglected in Ampere’s law. This is 

justified as long as the phase velocities of the waves of interest are much slower 

than the speed of light, i.e. w/l* <C c.

1.4.2 Ideal and R esistive M H D

Although simpler than the original kinetic treatment, the single-fluid equations, 

are still complicated enough to make their analytical solution difficult, and so 

reduced forms are often sought. Freidberg [1.22], has examined the regimes in 

which simpler models apply. He assumed Ty ~  L± ~  a and found that when:

— 0 
a

and

\ m,- /  a

the Braginskii equations plus Maxwell’s equations can be reduced to the “resistive 

MHD” model:

f£ + V.(#.0) = o

Dv  1 =♦ _p—  =  - J  x B - V p  
Dt c

E  H— v x B  = pJ
c

(1.26)

(1.27)

(1.28)
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D P, =  0 
Dt p5/3 (1.29)

V x B  =  — Jc (1.30)

_  l d B  
c dt

(1.31)

V .B  =  0 (1.32)

A still more restrictive model neglects resistivity in Ohm’s law, so that equa­

tion 16 is replaced by:

E + - v x B  = 0 (1.33)
c

The resulting “Ideal MHD Model” has been extensively applied in the study of 

the linear stability of magnetically confined plasmas.

1.5 The Linear Stability  Concept

Central to the theoretical analysis of magnetic confinement systems is the concept 

of stability. As an introduction consider the stability of a mechanical system. The 

governing equation is Newton’s second law:

dPx dV(x)m—— =
dt2 dx

Imagine that x is the position of a point mass , m, on some undulating terrain 

defined by the gravitational potential V(x). Initially the mass is in equilibrium 

and at rest at x =  xq so that:

d?x 
dt2

dV(x)

xo dx
= 0

X O

Expand Newton’s law about this point

d2(x — xq)m-
dt2

=  -(x - X0)
(PV
dx2 +

*0
Let f =  x — x0 , therefore

<P( _  . (PV
m dt2 * dx2 + (1.34)

*0
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Now we “linearise” i.e. we assume that the displacement from equilibrium, £, is 

so small that quadratic and higher order terms in equation 1.34 are negligible. 

Thus the equation for the displacement reduces to:

where V" =  d2V/dx2\Xo

y n A
dt2  ̂ m

This has a solution:

(1.35)

£ oc exp
'yn
m I

Thus if:

(i) V ” > 0 , the displacement oscillates but does not grow. This corresponds 

to the mass being in a well.

(ii) V" < 0 , the displacement grows exponentially with growth-rate, 

7 = yfV"/m.  This correponds to the mass being on a peak.

The “linear” analysis presented above is only valid for small displacement, £, 

such that:

f  <
V ”
ynt

Eventually a linear instability will violate this condition. Calculation of the sub­

sequent time-evolution of the perturbation requires the inclusion of higher-order 

terms in the displacement and correpondingly higher-order derivatives of the po­

tential. This means that the long-time behaviour of a linear instability is deter­

mined by the global nature of the potential, while linear stability is dependent 

solely on its local nature (i.e. V" only).

We conclude that linear theory is useful in determining whether instabili­

ties exist and thus whether a more complicated non-linear treatment is required. 

Additionally, linear theory is perfectly adequate for determining the conditions 

necessary to totally avoid an instability. Such “stability conditions” are of partic­

ular importance for magnetic confinement. In this thesis the often complicated
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systems of equations studied, prohibit a non-linear treatment. So we content 

ourselves with a linear theory and offer the reasons above as justification.

Returning now to the discussion of linear theory, note that in general the 

analogue to equation 1.35 is not soluble. Extracting the relevant information 

requires more subtle techniques. Multiply equation 1.35 by £:

‘ ( 2 £  + £ v ) - odt ( 2 2 /

where £ =  d£/dt. Thus the term in brackets must be a constant in time. This 

constant is merely the change in total energy of the mass, (kinetic-f-potential), 

due to the displacement. Assuming that £(:r, t) = £(x)exp(—iu;t), then we have:

2m t2 , V " t2—uj—£ -|----- £ =  constant
2 s 2 s

This must be true for all displacements, so the constant is zero. Finally we arrive 

at the result previously obtained by straightforward solution of equation 1.35:

u 2 Y1
m

For a more general system we have:

2 _  W ( 0  
SK(i)

where <SVF(£) is the change in potential energy due to £ 

and u;28K(£) is the change in kinetic energy due to £.

If u)2 < 0 then the system is unstable, and since 6K is positive definite, the sign 

of 8W  alone determines stability:

8W < 0 =$> instability

►

8W > 0 stability

(1.36)

Equation 1.36 is known as “The Energy Principle”. Stability to a particular £ is 

determined by finding the change in potential corresponding to that £. However,
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£ may take on many forms and this method requires a calculation of £W(£), for 

all possible displacements, in order to guarantee stability. Clearly, the crucial dis­

placement is the one that minimises SW. Fortunately, using Variational calculus 

it is possible to derive an (Euler-Lagrange) equation, for this most unstable dis­

placement. The solution of this equation can then be substituted into the energy 

principle to determine stability. For the special case of the ideal MHD stability 

of a cylindrical pinch, this last step is not necessary. Newcomb [1.23], has derived 

theorems that allow stability to be determined purely from the behaviour of the 

solution to the Euler-Lagrange equation.

Energy principles, such as equation 1.36, have been extensively used to study 

ideal MHD stability. Energy principles provide insight into the free-energy sources 

responsible for instability, and in some cases it is possible to determine stability 

conditions purely by inspection of the 8W  expression. However for more compli­

cated models that include dissipation (e.g. resistivity, viscosity), the total energy 

of the displacement is not constant, and energy principles are not usable. In this 

case, the full system of equations must be solved either by a numerical technique, 

or analytically, by some form of asymptotic matching. In this thesis an “Initial 

Value Code” has been used to study the linear stability of a cylindrical plasma 

described by Braginskii’s equations. The code is known as “ODRIC” and was 

provided to Culham Laboratory by A.A.Mirin and co-workers [1.24] of Lawrence 

Livermore Laboratory. The next chapter contains a description of ODRIC along 

with amendments made to the code.
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Appendix 1A : Transport Terms

(i) Momentum transfer, R.

R  =  R J +  R t  (1A.1)

with

R J ~  e n { r ) \ \ b ( b . J ) 7 ] ± b  x  ( J  x  b) — 7)x (b x  J ) }  (1A.2)

R t  =  —/3j| b (b .V T e) — f 3 ± b x  (VTe x 6) — /?x (6 x VTe) (1A.3)

(ii) Energy Transfer, Q.

3 m e

2 mi ( T i - T e ) (1A.4)

(iii) Electron Heat Flux, qe.

=  (1A.5)

with

<fe =  - ■ L { / 3 l[T ' b ( l j )  +  0 ± T j x { J x i )  +  l3x T ' ( i x J ) } (  1A.6 ) 

q l  =  - /c e|| b ( b . V T e) -  Ke± b x (VTe x b) -  /ceX (b x VTe) (1A.7)
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(iv) Ion Heat Flux,

q{ =  - K i \ \ b ( b . V T i )  -  Ki± b x ( V T { x b) -  Kix (b  x VTt)

(v) Stress Tensor, II .

n „  = f io W zz

Hxx ~ Y W "  ~  y(W'*. -  Ww) - X y

= f j W zz +  ^ (W „  -  W „ )  +  » 3w ty

n xy = n yx = —f i \ W xy +  ^—- { w xx —■ W yy)

n X2 = n 2X = - f i 2w Xz -  n 4w yz

iiN>> n zy == + /̂ 4

where the magnetic-field is parallel to z and:

d v i  dvi, 2

(1A.8)

(1A.9)

(1A.10)

(1A.11)

(1A.12)

(1A.13)

(1A.14)

(1A.15)
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Appendix IB : Braginskii Coefficients
(i) Electron Transport Coefficients.

T ||
m e
— 2— ao n e i r &

m* L _ a'lXl + Qp
n e 2r e l A e

7x me W j X l  +  qg) 
n e 2Te e A e

/?U =  n e f a

_ .. Pixi + R
Pi. — A

fix neX e(fix;+/%)Ae

ê| TgTg
---------7om e

n eTer e +  7 q 
m e A e

rZeTeTe (7" ^  + 7")

where:

-A"e —  ^ c e T e

A e  =  X e4 +  ^ X e2 +  5o

and for singly charged ions ( z =  1):

cx0 =  0.5129 > A) =  0.7110 , 7o

a'0 =  1.837 , ft =  2.681 To

a "  =  0.7796 ft =  3.053 t S

a [  =  6.416 , f t =  5.101 i i

a "  =  1.704 , At =  1.5 Ti

£0 = 3.770 , St 14.79

(1B.1 )

(1B.2 )

(1B.3)

(1B.4)

(1B.5)

(1B.6 )

(1B.7)

(1B.8 )

(1B.9)

3.1616 , 

11.92 ,

21.67 ,

21.67 ,
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The electron transport coefficients have recently been recalculated by Ep- 

perlein and Haines [1.25], via a  direct numerical solution of the electron 

kinetic equation. Their most significant correction occurs for the rfx and 

(3± coefficients, for which they derive quite different functional forms from 

Braginskii in the relevant ujcer e —► oo limit. The other coefficients are in 

close agreement with Braginskii. Since, rjx and (3± are not included in the 

calculations to be presented in chapters 4 and 5, the Braginskii coefficients 

are sufficiently accurate for the purposes of this work.

(ii) Ion Transport Coefficients.

*•11 = 3.906 " iTiTi
m i

(IB .1 0 )

«i± =
n iTir,(2 .0A '? +  2.645) 

rrii A ,•
(IB .11)

«ix =
n tTtr t (2.5X? +  4.65) 

m,- A,-
(IB .1 2 )

v\\ = 0.96nT,rt- (IB .13)

f* 1 =
^ _ (4 .8 0 X ?  +  2.23)

n Tir t (IB .14)

V2 =
^ _ ( \ . 2 0 X f  +  2 .23)

(IB .15)

^3 = 2  ̂ , X (<X?a+. 2-38) (IB .16)

\iA - (IB .17)

where:

X i  = UdTi

Ai = A",4 +  2.70 X,2 +  0.677

a ; = X *  +  4.03 X f  +  2.33

A" = 16.0 X f +  16.12 X ?  +  2.33
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C hapter 2

A  D escription  o f th e O D R IC  

Linear Stab ility  Code
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2.1 In troduction

ODRIC stands for “One-Dimensional Resistive Initial Value Code” . It solves a 

set of fluid equations of the Braginskii-type in cylindrical geometry. The authors 

of the code are A.A.Mirin and co-workers at the Lawrence Livermore Laboratory, 

U.S.A. They have already published a complete description of ODRIC [2 .1], and 

so in this chapter we only give a brief description of the code, along with the 

improvements th a t have been made.

2.2 Simplifying Assum ptions

The use of ODRIC to the study the  stability of pinches entails the following 

assumptions:

(i) The pinch is well descibed by cylindrical geometry (r, 6 , z) .

This means th a t all perturbed variables can be w ritten as:

U ( r , t )  =  U ( r , t )  e x p ( i m 0  *f i k z )

where m  and k label poloidal and axial fourier harmonics respectively. For 

an equilibrium with cylindrical symmetry, the different harmonics are not 

coupled and the calculation is reduced to  a one-dimensional problem for 

each mode, i.e. each (m, k)  pairing. In a tokamak where toroidal effects are 

strong this cylindrical approximation is poor, and fourier harmonics can 

be strongly coupled (as, for example, in ballooning modes). However, the 

low q and large aspect ratio conditions of R F P ’s, means th a t they may be 

treated  with reasonable accuracy in cylindrical geometry.

(ii) Equilibrium quantities are time-independent.

Consider the following, symbolic system of equations:

L ^  = Rf7 (2.1)

43



A A

where L and R  are m atrix operators, operating on the perturbed variables 

in the m atrix, U . In a linearised system of equations, L and R  contain 

only zeroth-order, equilibrium quantities. If in addition they are time- 

independent then the elements of U  can be separated into the product of 

a function of space only and a function of tim e only. For equations with 

first-order time derivatives, the tim e variation reduces to:

0 ( r , t )  =  U ( r ) e x p ( i u t )

In general u  can be real or imaginary.

This is equivalent to the decoupling of fourier harmonics for cylindrical sym­

metry, as considered above. In each case the independence of L and R  from 

a variable, (0 , 0 or t), has meant th a t the fourier harmonics of th a t variable 

are independent of one another. It is therefore possible to reduce the system 

of equations to a problem in the radial variable only, by replacing poloidal, 

axial and time derivatives, by i m ,  ik  and iw  respectively. This results in an 

eigenvalue problem for each (m, k ) pairing. However for complicated sys­

tems of equations this formalism becomes progressively more difficult. In 

initial-value codes, such as ODRIC, the time derivatives are not replaced by 

iu). Instead, the equations are perturbed and the perturbation is integrated 

forward in tim e until the solution has an exponential tim e dependence.

The assumption of a static equilibrium, requires th a t the characteristic 

timescales of the modes we study, are much shorter than  those on which 

the equilibrium changes i.e.

d_

d t <  M
equil

(iii) The equilibrium flow velocity, u0, is negligible.

This reduces the convective time-derivatives to partial derivatives:

|  + «.v d_

d t
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The equilibrium velocity is negligible for:

where l represents the characteristic length-scale of the solution to the lin­

earised equations, and l/ |u ;| is its characteristic time-scale.

(iv) The plasm a is directly in contact with a perfectly-conducting wall.

This assumption leads to the simplest possible boundary conditions, but 

since the wall prevents boundary deforming perturbations, it gives an opti­

mistic picture of stability. Fortunately, for the cases of interest in this thesis 

the effect of this assumption is either easy to  quantify (e.g. the stabilisation 

of long wavelength m  =  1 modes in the Z-pinch), or negligible (e.g. for 

resonant modes in the R FP).

2.3 B oundary Conditions

(i) a t r  =  0 symmetry conditions [2 .2 ] yield different boundary conditions for 

different poloidal mode numbers, m:

5 - le- v - Vo - dVz - dTil = dTel - dpi - Q 
r r d r  d r  d r  d r

dbr dbg d v r d v B _
vz — Tn  — Tei — pi  — — — — — 0

d r  d r  d r  d r

for m  =  0

for m  =  1

br =  bg =  v r =  vg =  v z =  Tn =  T ei =  pi  =  0 for m  >  2

(ii) at r  =  a conducting wall and free-flow boundary conditions [2 .1]

d{rbg) d (rvg)  d v z dbz dTn  d T ei dp i  

T r d r  d r  d r  d r  d r  d r  d r
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2.4 The Num erics

ODRIC solves a system of equations of the form of equation 2.1. The radial 

derivatives contained in L and R, are centred:

d O  _  u j + l  -  #,_!
d r  r j+ 1 -  T j.!

where jf labels the variable a t the j th radial location. The tim e differencing is 

fully implicit, so th a t the discretised form of equation 2.1 is:

. {/"+> _ U n
A t

= R  U"+1 (2.2)

where n labels the n ih timestep, and A t  =  t n+1 — t n. Notice th a t only the variable 

at the (n -f l ) </l tim estep, appears on the right-hand side of this equation, (this 

is the definition of a fully implicit scheme). Equation 2 .2  can be w ritten as:

( L - R A  t ) U n+l = L  U n (2.3)

This m atrix equation is to be solved at each radial location. Discretising the 

radial derivatives in the operators, leads to the following general form for the 

problem:

-  +  B j U ? * '  -  C j O t f  =  t ) j  (2.4)

Systems such as these are known as “triadiagonal” , i.e. the m atrix  involved has 

non-zero elements only along the main diagonal and the two nearest adjacent di­

agonals. Triadiagonal m atrix equations may be efficiently solved by an algorithm 

due to Richtmyer and Morton [2.3], which is explained below.

We begin by casting equation 2.4 in the form:

Uj -f E j U j+ l  =  F j  (2.5)

where the tim e subscripts and operator hats, have been dropped. Substituting 

this equation for j  —> j  — 1, into equation 2.4 yields:

Uj  +  Aj(Bj -  C 3E } ^ f l UJ+1 =  (Dj + (2.6)
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Thus comparing equation 2.5 with equation 2.6, we conclude that:

E j =  -  C jE y_i) -1  (2.7)

and

F j =  (D , +  C j F,-_,)(B j -  C iE ^ , ) - 1 (2.8)

Equations 2.5, 2.7 and 2.8 form the algorithm  for the solution of the triadiagonal 

system. Given right-hand (j  =  j m a x ), and left-hand (j  =  0) boundary conditions 

on £/, the calculation proceeds in two sweeps:

(i) The left-hand boundary condition is used to determine E 0 and F 0 ,  and then 

the  E j and F j  are calculated by repeated application of equations 2.7 and

2.8 for increasing j (j = 1,2.. . j m a x  —  1).

(ii) The right-hand boundary condition is used to determine U j m a x  and then 

using E j  and F j  from the first sweep, the U j m a x  are calculated by repeated 

application of equation 2.5 for decreasing j (j  =  j m a x  — l,jm a a : — 2 . . .  1).

For initial-value problems this procedure must be carried out a t each timestep. 

Thus, for a system of p  equations, the m ajor numerical tasks to be performed, 

per meshpoint, per tim estep, are:

(i) The inversion of a p  x  p  matrix.

(ii) Four separate multiplications of a p  x  p  m atrix by a p  x  p  m atrix.

(iii) The multiplication of a  p-dimensional vector by a p  x  p  m atrix.
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M
be

Tel

0= Vr
V0

Vz

Pi

\ Til)

Thus even the straightforward numerical tasks outlined above, require consid­

erable computing resources. There is a need to minimise the number of times 

which these tasks must be carried out, i.e. to minimise the number of timesteps 

required for convergence. Fortunately, savings in c.p.u. tim e are possible using a 

m ethod outlined by Charlton [2.4].

In ODRIC, the vector U is eight-dimensional in complex variables:

2.5 C harlton ’s M ethod

Consider, once more, equation 2.1:

We established in section 2.1, th a t for time independent L and R , the solution 

to this equation takes the form:

U ( r , t )  =  U ( r )  e x p ( i \ t )

where, in general, A is a complex frequency. Thus in eigenvalue form:

i \ L U  =  R U (2.9)

We wish to  find the eigenvalue, A, which is the exact solution to equation 2 .1 . 

However, we are using an initial value technique and so the time derivative on
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the left-hand side of equation 2.1 is not treated  exactly, instead it is discretised 

to  give:

(L — H A t ) U n+1 =  L U n (2 .10)

This equation is solved as outlined in the last section. A frequency, u>, is calculated 

from the ratio of a perturbed quantity at one tim estep, to the same quantity at 

the  preceeding timestep:
U n+1

exp (iu>t) =  - j j j -  (2 .11 )

where U  is a component of U.  In general the calculated frequency, lo, will differ 

from the exact frequency, A. Now we seek a relationship between them. Equation

2.9 may be used to eliminate R  in equation 2 .10 :

L(1 — i \ A t ) U n+1 — L U n

Thus

(1 -  i \ A t ) U n+1 =  U n

and so from equation 2.11 we arrive at a relationship between the calculated 

frequency and the exact frequency:

exp(zu^)

Now writing, to =  l o r  -f zloj  and A =  

to  its real and imaginary parts.

1
“  (1 -  i X A t )

Ar. -  zA-̂ , this equation may be separated in

Xj A t  =  ex p (u J iA t)  sin(a;i?Ai) (2 .1 2 )

and

Ap A t  =  1 — exp(a;/A^) cos(uj j iAt)  (2.13)

Note th a t as A t  —► 0 then lor —► Â - and u>i -h►-Â . Equations 2 .12  and 2.13 

may be used to  correct inaccuracies due to the use of a finite tim estep. They are 

very useful for codes such as ODRIC, which have equations th a t can yield many
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solutions (or modes). The initial value technique relies on convergence to the 

dom inant mode, i.e. the one with the fastest growth-rate. Consider, for example, 

two modes growing with growth rates 71 and 72 , where 71 >  72 . (In the notation 

used above 7  =  The ratio of the magnitude of the faster growing mode

to th a t of the slower growing mode is proportional to exp([7 i — 7 2]f). Conver­

gence requires th a t [71 — 72]̂  is large. Thus for given 71 and 72 , the numerical 

integration m ust be carried out over m any growth-times. However, in the in ter­

ests of economising on c.p.u. tim e, we wish to limit the number of timesteps 

required. Therefore we need to be able to  use large tim esteps. Equations 2.12 

and 2.13 allow this w ithout loss of accuracy. Additionally, if we have some idea of 

the exact frequency (A), we can calculate the optimum tim estep for convergence. 

This is the tim estep th a t maximises the growth of the numerical solution during 

one tim estep, i.e. maximises —u;/A t .  Using equation 2.12 to eliminate lor from 

equation 2.13 yields:

(1 — \ $ A t )  exp(— u j A t )  =  cos[arcsin{At A tex p (— u j A t ) } ]

In order to simplify notation, let: 6  =  A^Af, a  =  —LJjAt, and x  — A^/A^.

Then this equation is:

(1 — £)exp(a) =  cos[arcsin{x<$exp(a)}] (2-14)

Now squaring equation 2.14 and using sin2 x  — 1 —cos2 x  , yields a relationship for 

the convergence param eter, a , in term s of the exact frequency and the tim estep 

only:
1 ( 1 1

(2.15)“ 2 ln { (1  -  sy + x2p
Using this equation, a  versus 6 has been plotted out in figure 2.1, for various 

values of x- A simple analysis of equation 2.15 shows th a t a  has a maximum at:

1
6 = 6r =

1 + XS
with a  corresponding value:

a  — a m ax  —  2 ln 1 1 +

(2.16)

(2.17)
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Thus the optimum timestep for convergence is:

Notice, from equation 2.15, th a t if the exact frequency is purely imaginary ( x  =  

0 ), then  there is a resonance condition a t 6 =  1.0. At this point the calculated 

grow th-rate becomes infinite and convergence is achieved immediately. In studies 

such as this one, in which numerical work is used to  extend analytical results, the 

frequencies are often known to some degree. In this case A t  may be chosen to:

(i) optimise convergence as explained above.

(ii) converge to a mode other than  the fastest growing mode. This can be 

achieved either by “tuning” A t  to make 6 ~  1 for the required mode, or by 

making 6 >  2 for all faster growing modes. In this la tte r case equation 2.17 

shows th a t a purely growing mode is “numerically stabilised” if AgAt  =  

6 > 2 .

Charlton et al. [2.4] have used the tuning technique in an initial value code to 

study tokamak stability. Their Crank-Nicholson time-differencing scheme does 

not however lead to  numerically stabilised solutions, in the m anner th a t the fully- 

implicit scheme considered here does. Thus in ODRIC we have an additional 

means of converging to the slower growing solutions. However, it should also be 

noted, th a t whereas C harlton’s code leads to purely growing (or damped) modes, 

ODRIC in general yields complex frequencies. It is apparent from equations 2.16 

and 2.17, and figure 2.1, th a t as the exact solutions become more oscillatory (and 

X  increases), the numerical resonance is progressively more strongly damped. 

Thus for larger x  the convergence param eter becomes much less sensitive to the 

choice of timestep, and C harlton’s m ethod becomes much less useful. Fortunately, 

there is a simple m ethod for reducing the oscillatory nature of the numerical 

solution and thus once again aiding convergence.
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7 At

F ig u re  2 .1 : Numerically computed growth-rate, 7 , versus “true” growth-rate, 
AR, for solutions with various “true” frequencies, A/.



2.6 Reducing the  Oscillating N a tu re  

of the  Solution

For the reasons explained above, linear initial-value codes converge slowly to 

frequencies which have real parts comparable or larger than  their growth-rates. 

This is very unsatisfactory for the study of MHD instabilities in fusion devices, 

because as we shall see in proceeding chapters, diamagnetic effects often in tro­

duce large real frequencies to comparatively slowly growing instabilities. We can 

alleviate the  problem by solving for O' =  0 exp{— iX ' t ]  instead of U  explicitly. 

Thus equation 2.1 can be written as an equation for U':

L ( ^ -  +  iX' )U'  =  K U '  
a t

or in finite difference form:

(1 +  i \ ' A t )  

A t
R  U

/n+l
A t

(2.18)

Thus it is possible to solve for U 1 instead of £/, by replacing A t  by A t / (1 -f-z’A'At),
—̂

wherever it occurs on the left hand-side of equation 2.4. Now, if U  has an exact 

frequency A, then U'  has an exact frequency A — A'. Thus if A' is chosen to be 

of a similar order as the real part of A, the code has only to converge to a mode 

with a small real frequency. We know from the previous section tha t this can be 

achieved with reasonable efficiency. A t the end of the calculation U  is recovered 

from U  =  U* e x p ( i \ '  A t ) .
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2.7 Sum m ary of A m endm ents and A dditions

to  ODRIC

In conclusion, the following amendm ents/improvements have been made to the 

code:

(i) Equations 2.12  and 2.13 have been implemented to correct frequencies for 

the effect of using finite timestep.

(ii) Equation 2.3 has been generalised to equation 2.18, to allow the oscillatory 

part of the frequency to be reduced, and so aid convergence.

(iii) Equilibrium density gradients, which did not appear in the original code, 

have now been included.
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R eview  o f A nalytical W ork on  

R F P  Stability
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3.1 In troduction

The reversed field pinch is a toroidal magnetic confinement device in which 

poloidal and toroidal components of the magnetic field are of a similar mag­

nitude. Its most fundam ental phenomena are the spontaneous reversal of the 

toroidal field at the plasm a edge, and the subsequent sustainm ent of this con­

figuration against resistive diffusion. The self-organisation of the plasma into a 

reversed field state  has been described by a theory due to Taylor [3.1], which is 

summarised below.

The starting point is the work of W oltjer [3.2], who had shown th a t in an ideal 

(dissipationless) plasma, the magnetic helicity, K , associated with each field line 

is conserved:

K
- L

A . B d r  =  constant

where the integral is over, u, the volume enclosing a given field line, and A  is 

the magnetic vector potential. Taylor recognised tha t K  would no longer be 

conserved in the more realistic case of a resistive plasma. In fact, resistivity 

allows field lines to break and reconnect, so th a t the identity of each field line is 

not defined for all time. Instead, Taylor postulated tha t the magnetic helicity of 

the entire plasma volume, u0? would be conserved:

K q =  I A . B d r  =  constant (3.1)
Jv o

Equation 3.1 acts as a constraint on the states th a t are accessible to the plasma. 

One would expect the  minimum energy state  to be favoured, so Taylor minimised 

the magnetic energy of the plasma subject to equation 3.1. The resulting field is 

given by:

V x B  =  f iB  (3.2)

where /i is constant over the entire plasm a volume. It is determ ined solely by
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the helicity, K 0, and the toroidal flux, ip. The general solution of equation 3.2 

(reference [3.3]) is:

B  =  ' £ a m,kB m’k(r )

where the  am^ are arbitrary constants. The B m'k are given by:
T TTL

B ? ' k =  - B o - [ k J ' m( y )  -f fi— Jm (y) \  sin ( m 6  +  k z )
y V

B™'k =  - B o - [ f i J ' m(y )  +  k — J m(y) \  cos( m $  +  k z )  >
y  y

(3.3)

B™,k =  B 0J m cos(mO -f- k z )

where y  =  r  ( //2 —A:2)1/2, J m is the m th order Bessel function, and Bo  is a constant. 

Notice, th a t the general solution can contain any number of components. How­

ever, we must now apply the boundary condition, which for a perfectly conduct­

ing wall a t r  =  a is: B r (a)  =  0 . This condition is satisfied by the axisymmetric 

m  =  0 , k  =  0 component for all //, but only satisfied by the other components at 

certain discrete values of fi. The first of these discrete values corresponds to the 

m  =  1 , k ~  1.25 component and occurs at / ia  =  3.11. Thus the Taylor theory of 

“relaxed states” predicts:

(i) For fia <  3.11 the magnetic field will take up the axisymmetric 

(m =  0 , k =  0 ) form:

B r  =  0 . 0

B e =  B o M f i r ) (3.4)

B z =  B 0J0{n r )

This equilibrium is known as the “Bessel Function Model (BFM )” . B z and 

Be  are plotted out in figure 3.1. Notice th a t for /za >  2.4 the axial field, B z , 

reverses. Thus the theory predicts a reversed field to occur in the pinch for 

0  >  1.2, where 0  =  B e ( a ) / ( B Z) =  /za/2. This is impressively close to the 

point at which reversal was observed to occur in Zeta, a t 0  ~  1.4.
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(ii) If the volt-seconds are increased such th a t 0  reaches 1.55, a helical per­

turbation will appear in the equilibrium. Any further volt-seconds do not 

increase 0  or the current (I  =  /zt/>), instead the plasma takes up a more 

helical form [3.4]. Thus the theory predicts current saturation a t 0  ~  1.55. 

This was first observed in HBTX 1A [3.4].

It is evident th a t relaxed state  theory is a significant contribution to the 

understanding of RFP behaviour. However, the experimentally observed plasmas 

differ from the BFM in two significant ways. Firstly, the kinetic pressure is not 

negligibly small in R FP plasmas. Typically (3 ~  5 — 10%, yet the BFM confines 

no pressure. This shortcoming is not surprising since the relaxed sta te  has been 

derived from the minimisation of the magnetic energy alone, i.e. the therm al 

energy has been neglected throughout. Secondly, the “//-profiles” are observed 

to depart from the constancy th a t defines the BFM. In fact, the parallel current, 

(J|l =  J . B / B  =  //H), appears to decay to zero a t the plasma edge. There have 

been various attem pts to  extend the theory to account for these discrepancies 

with experiment. Unfortunately, none have added significantly to its predictive 

power.

The failure of the plasma to reach a fully relaxed state  would appear to be 

associated with the “sustainm ent” phenomenon. This is the process by which the 

pinch m aintains a reversed field despite resistive diffusion. All resistive plasmas 

suffer from magnetic field diffusion according to  the curl of Ohm ’s law:

3 B
—  =  T?V2i? -  V  x ( v  x  B )  
a t

Thus to m aintain a static state the diffusive term  must be balanced by the second 

term  on the right-hand side of this equation. In general this is possible if a non­

equilibrium flow velocity, u0, is assumed. The resulting induced v0 x  B  electric 

field m aintains the configuration. However, if an axisymmetric equilibrium has 

a field zero (or reversal point), it cannot be m aintained by such a steady state
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flow. Consider, once again, O hm ’s Law:

£  +  v  x  B  =  rjJ

Now writing:

E  =  -V<t>
d A
d t

we have:
d A  =♦ _ f* .

— — =  rj J  -  v  x B  +  Vcj) 
d t

(3.5)

For a steady state  we require d j d t  — 0 . Thus the poloidal component of equation

3.5 yields:

ld<f>
v e B r -  v rB z -----—  =  r)Je

r ou

Now, for an axisymmetric equilibrium B r =  d / d 6  =  0, and so for a steady state:

v r B z =  rjJe (3.6)

At the reversal point B z =  0 and this equation is violated, i.e. the equilibrium 

cannot be sustained by a steady s ta te  flow. The experimental observation th a t 

R FP equilibria can exist for many resistive diffusion times, therefore leads to the 

conclusion th a t there must be some time dependent activity th a t sustains the 

configuration. In this case equation 3.6 is replaced by:

(it x  3 ) 6  =  1 Jo (3.7)

where v  and B  are the fluctuating parts of the velocity and magnetic field re­

spectively, and the angled brackets represent a time average. It is widely believed 

th a t the required fluctuations are provided by the non-linear evolution, and in­

teraction, of MHD instabilities. Successful numerical simulations of R F P ’s using

3-dimensional MHD models [3.5, 3.6, 3.7], would seem to support this belief.

In view of the necessity for fluctuations/instabilities in the RFP, it is perhaps 

not surprising th a t the Taylor relaxed state  is not experimentally observed. By
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definition, this configuration has the minimum free energy available to  drive in­

stabilities. Thus, even if the pinch was a t some instant in the fully relaxed state, 

it would diffuse away from this state  until there were sufficient fluctuations for 

equation 3.7 to be satisfied. In this way the quasi-steady state  is a result of the 

competition between resistive diffusion and relaxation.

The complexity involved in the 3-D numerical simulation of R F P ’s requires 

the plasm a model chosen to  be as simple as possible. Typically a  zero-beta, 

incompressible (V .u =  0 ), resistive MHD model is assumed. Although this is suf­

ficient to yield both spontaneous reversal and sustainm ent, the resulting magnetic 

fluctuation level is normally larger than th a t detected in experiments. Addition­

ally, the exclusion of therm al pressure means th a t the simulations can yield no 

information on the crucial subject of energy confinement. Apparently, more re­

alistic models need to be studied to compliment the simulations. In particular, 

calculation of the transport properties of the R FP requires the identification of 

the relevant confinement degrading instabilities. This la tter task is the subject 

of this and the next chapter, in which the linear stability of R FP equilibria is 

examined.

In the remainder of this chapter we review some of the most significant pieces 

of theoretical research on MHD stability of the RFP. This is useful as a grounding 

for the interpretation of the numerical results to be presented in the next chap­

ter. Beginning with the comparatively simple ideal MHD model, the remaining 

subsections cover progressively more complicated models.
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F ig u re  3.1: Magnetic field profiles for the BFM: B z =  J 0(/zr), Be  =  J i ( f i r ) .
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3.2 Ideal M HD Stability

The equations of ideal MHD are:

l + v - ( H =  0

D v

P D t
=  J

E  +  v  x  B =  0

D  (p) — 0
D t  \ f )

V x l =

V x B =  J

VJE? =  0

dB_

d t

where T is the ratio of specific heats, and the equations are w ritten in rationalised 

Gaussian units, with the velocity of light set equal to unity. This is the system 

to be followed in the remainder of this thesis.

In order to linearise these equations, we write all variables as a time inde­

pendent equilibrium quantity plus a small time dependent perturbation, e.g. 

B  =  B 0 -\-b(t), v  =  Vq 4- V\( t) .  We neglect any equilibrium flow, i.e. set u0 =  0 (for 

a discussion of this assumption see chapter 2 ), and to simplify notation, drop the 

subscripts on B 0 and v x. Now, neglecting terms tha t are second or higher order 

in perturbed quantities, we arrive a t the linear equations:

d v

Po'di 
E i  -f v  x B

0

J 0 x b  +  J i  x  B  — V px 

0

(3.8)
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0 (3.11)
i { t t H + # r { ^ + ’

f)h
(3.12)

^  -  db
Vx£l = ~ai

Equations 3.8 and 3.11 yield:

4* uVpo -f- Tpo^7*7 =  0 (3.13)
ot

The time-independent nature of the coefficients of perturbed quantities, implies 

th a t the evolution of the perturbation has an exponential form (see chapter 2 ). 

Thus the perturbed quantities may be w ritten as:

X ( r , t )  =  X ( r )  exp(iu>t)

where a; is a frequency to be determined. It is also useful to introduce the 

“displacement vector” , £, which is defined by:

v  = di
d t

Then the curl of Ohm ’s law (equation 3.10) along with Faraday’s Law (equation 

3.12) yields:

6 =  V x ( f x J 5 )  (3.14)

while from equation 3.13 the perturbed pressure is:

Pi =  f-Vpo +  I> 0V.£ (3.15)

Now substituting equations 3.14 and 3.15 into equation 3.9:

-  u 2p 0t  =  (■V x V x ( f  x B ) )  x B  +  (V x B )  x V x ( ( x B )  +  V  {£ 'V p 0 +  I> 0V .f}

(3.16)

This is a vector equation for the displacement. It is analogous to  equation 1.35, 

and may be used, (as shown in section 1.3), to derive an energy principle. Thus
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when we multiply by d £ / d i  and integrate over time, the right-hand side of equa­

tion 3.16 yields the change in potential energy per unit volume, due to £. Then, 

integrating over the volume of the plasma gives the to tal change in potential 

energy of the plasma, S W V. The sign of 6 W p determines stability via equation 

1.36.

The energy integral has been given in various forms, but perhaps the most 

revealing is due to Greene and Johnson [3.9]:

2

S W r -\i d r  < b - B
B 2

+ rPo(V.£)2 -  j  ( f  x B ) . b  -  2(f.Vp0)(f.£)

(3.17)

where d r  is an element of volume and

is the magnetic field line curvature. (This equation has been derived assuming 

th a t the radial components of the displacement and perturbed magnetic field 

vanish at the  plasma surface, i.e. £r (a) =  K { a ) =  0)- The first two terms of 

equation 3.17 are positive definite and thus they have a stabilising influence. 

However, the remaining two term s may be negative and so they are the driving 

terms for instability.

(i) —( J o . B / B 2) ( (  x B ) . b  represents the change in free energy associated with 

the current. It can lead to instability for J 0. B  ^  0 , i.e. parallel currents 

may drive instability.

(ii) — 2 (<f.Vp0)(£.£) represents the change in free energy associated with pres­

sure gradients. It is destabilising for £.Vp0 >  0, he. when the curvature of 

the field and the pressure gradient are in the same direction.

Instabilities th a t are driven by parallel currents are known as “kinks” and 

instabilities driven by pressure gradients are known as “interchanges” . However,
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this terminology can be misleading since generally instabilities arise from a com­

bination of both  driving terms.

Equation 3.17 is the change in potential energy of the plasma alone. If the 

plasma is surrounded by vacuum then £(a) ^  0 , and the to ta l potential energy 

change is:

8 W  =  6 W p +  8 W a +  8 W V

where 8 W S is the work done in distorting the plasma surface and 8 W V is the 

change in potential energy of the vacuum. If the plasm a is directly in contact 

with a perfectly conducting wall, £(a) =  0 so tha t 8 W a =  8 W V =  0, and any 

resulting instabilities are known as “internal modes” . On the otherhand, if an 

instability distorts the plasma surface it is known as an “external mode” .

Equation 3.17 may be reduced to  a more convenient form for cylindrical 

pinches [3.10]:

s w ^ U dr{f ( ^ ) 2 + a e ] (3-18)
where { is the radial component of displacement vector, a is the plasma radius 

and

_  r 3( k . B ) 2 _  r ( k r B z +  m B e)2 

m 2 -f k 2r 2 m 2 -f k 2r 2

2 k 2r 2 d p  (ro2 + P r 2 -  l ) ( k r B 2 +  m B ef  2 fcV  2 2 2 2 2

rri1 +  fc2r 2 d r  (m 2 +  fc2r 2) r  (m 2 +  fc2r 2)2 z 6

In order to determ ine stability we m ust determine the sign of the minimum value

of 8 W P. If 8 W P is negative the energy principle tells us th a t the plasma is unstable

(see section 1.3). The displacement th a t minimises 8 W P is provided by variational

calculus:

T r { fdi ) - ^  =  °  (3'19)
This is “Newcomb’s equation” . Its solution may be substituted back into the 

energy integral to reveal whether the plasma is stable or not. However, theo­

rems due to Newcomb [3.10] may be used to determine stability (or otherwise)
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directly from the solution of equation 3.19, i.e. .without the need to compute 

equation 3.18. Some of Newcomb’s theorems will be used later in this thesis. For 

the time being though, just consider the structure of equations 3.18 and 3.19. 

Note th a t Newcomb’s equation has regular singular points wherever /  =  0 , i.e. 

wherever k . B  =  0 . These radial locations are known as “resonant points” , since 

they correspond to  positions where the  pitch of the perturbation  matches th a t 

of the equilibrium magnetic field. Also, we observe from equation 3.18, th a t the 

f  { d ^ [ d r ) 2 term  is positive definite and thus th a t it is a stabilising contribution. 

However a t a resonant point, r  =  r 3, this contribution vanishes, and so we might 

expect perturbations localised here to  be the most unstable. The stability anal­

ysis for displacements th a t are localised around resonant points was carried out 

by Suydam [3.11] and is summarised below.

3.2.1 A  Local Stability C ondition

We begin by expanding equation 3.19 about the resonant point, r  =  r 5, where 

f ( r a) =  / ' ( r 3) =  0 . (As usual primes denote radial derivatives). Let x  =  |r  — r s| 

and write:

_  1 „  2 r.B}B>
J 2Ja B 2 P

2

X2

and

2B]j dp  

^ B 2 d r

where P  =  r B z / B e  is known as the “pitch” . Thus equation 3.19 becomes:

i h { x2 i t )  + D ‘t ‘ =  °  (3 -20)

where the “Suydam param eter” ,

2  p'

Bir.
P '

2

6 6



Equation 3.20 has a series solution:

£s =  A x u( 1 -f a i x  -f a 2x 2 -1-----) +  B x ~ v~l ( l  A  bxx  -f b2x 2 H----- )

where A, B ,  a 1? 6ls a2, &2> • • • are constants and:

" = “5 + 5(1 ~ 4iDs)1/2
A t least one of these solutions for £3 is singular in the x  —► 0 limit. Thus it is 

not possible to use f 3 directly as a trial function in the energy integral. Instead 

we m ust seek to construct a well behaved unstable displacement (S W P <  0) by 

modifying the behaviour of £3 as x  —► 0 .

For D s >  1/4, v  is complex and £3 takes the following form for small x:

£a =  C \ x \ ~ 1 2̂ cos { \ 'ln x  +  </>} (3.21)

where C 2 =  4A jB, \  =  { D a — 1/4)1/2, and tan  (f) =  i ( B  — A ) / ( B  -f A) .  As |a;| —> 0 

the am plitude of f 3 becomes infinitely large, and it oscillates infinitely rapidly in 

|rc[. This is obviously unphysical behaviour and we conclude th a t the solution is 

not suitable for computing the energy integral. Nevertheless equation 3.21 may 

be used as the basis for a well-behaved displacement:

C =  (s  for \x\ >  e

£ =  £*(e) =  £c for |x| < e

It is straightforward to  calculate the energy integral (equation 3.18) for this trial 

function:

f t
di,
dr

7T r ,9 ir4+c 7T
n k i , - < + 2 ft,f

J r4+e

Now applying the boundary conditions £(0 ) =  f(a) =  0 we evaluate this expres­

sion and find:

S W p = c M T D a — — ) cos2 6 A  x  cos ^ sin $
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where 6 =  x ln  |# | +  </>• An alternative form for this expression is:

S W P =
c 2* r :  r

4
+  D ,  cos {cos' 1 ( ^ - ± ) + 2 8 }

We m ust choose the value of e which minimises 6 W p, and since f ” >  0 this 

corresponds to making the argument of the cosine equal to 2ttti:

S W ™  =  ( d .  -  i

Thus we have a negative 8 W P and an unstable displacement whenever D s >  1/4.

To determine whether there is an instability for D a <  1/4 the above procedure 

m ust be repeated for real u. However, in this case it is not possible to  construct 

a well behaved displacement th a t makes the energy integral negative. Thus for 

perturbations localised around a resonant point we have the necessary stability 

condition:

D .  <  1/4

or equivalently
_ d p

d r  8 \ P
(3.22)

This is “Suydam ’s criterion” , which expresses the maximum stable pressure gra­

dient for a given magnetic field configuration. It arises from the  competition 

between the  destabilising interchange term , and the stabilising effect of “shear” . 

This can be seen more clearly if equation 3.22 is rewritten as:

b 2 (k.Sy2
K .V p  <

8 |£||B|
(3.23)

■4 A “4

where k =  6 m / r  +  z k  and in a cylinder the curvature vector is given by:

k = — r_ B ] _
r 2B 2

Previously, examination of the energy integral indicated th a t any /c.Vp >  0 has 

a destabilising influence (i.e. lowers 8 W P). From equation 3.23 we see th a t finite,
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positive values of U .V p  can be made stable by the radial variation of the field 

(i.e. the shear). This can be understood by recalling th a t for k . B  5̂  0 there is a 

stabilising term  in the energy integral. This term  arises from the work required 

to bend magnetic field lines. At the resonant point the  pitch of the perturbation 

matches th a t of the field lines and no work is required. However, even a short
•+ —4

distance from the resonance, k . B  need not be precisely zero and there can be a 

resulting stabilising contribution to the energy integral. Thus Suydam’s criterion 

states the  ra te  a t which k . B  m ust change in order to stabilise a given interchange 

driving term .

Note th a t equation 3.22 is a only a necessary condition for stability. It cannot 

be a sufficient condition since the analysis is a local one, i.e. it assumes th a t 

the perturbation is localised about a resonant point. The absence of the parallel 

current driving term  from Suydam ’s condition, implies th a t it has a negligible 

effect on this class of displacements. However, now we consider more global 

modes in which the parallel current will be seen to be of great importance.

3.2.2 G lobal Stability  R equirem ents

Exam ination of the energy integral can yield some general stability requirements, 

th a t may be used to construct equilibria tha t are stable to ideal MHD instabilities.

Consider a system th a t has a perfectly conducting wall at r  =  a.  In this 

case equation 3.18 contains the information about plasm a stability. Note, from 

equation 3.18, th a t a sufficient condition for stability is: g ( r )  >  0 for 0 <  r  <  a. 

However, in general there is a non-negligible stabilising contribution from the 

f ( d £ / d r ) 2 term , so th a t this condition is too stringent to  be useful. Nevertheless, 

the functional form of g  m ust have an im portant influence on stability. We 

consider m  =  1 modes and write g  in terms of the pitch, P :

2 k 2r 2
9  =

dp k 2r B j+
1 -f k 2r 2 d r  (1 -f k 2r 2)

(,k P  +  1)(*P[3 +  k 2r 2] +  k 2r 2 -  1) (3.24)

(The choice of m  =  1 is not as arbitrary as it may appear. The first of Newcomb’s
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theorems [3.10] states: “ A linear pinch is stable for all values of m  and k if and 

only if it is stable for m  =  1, —oo <  k  <  oo and for m  =  0 , k —► 0 .” Thus 

in cylindrical geometry the stability of m =  1 is of particular significance). The 

pressure decreases outwards in pinches and so the first term  of g  is normally 

destabilising. However, we neglect this term  and consider purely current driven 

modes, i.e.
L2_ d 2

9  =  9 J =  (i +" d * y { k P  + 1 ) ( * p [ 3 + k V ]  + " 1} (3-25)
The sufficient condition (for current driven modes), g j  >  0 , yields:

k P < - l  or k P > ± = ^ £  (3.26)

Now, if there is some region of the plasm a over which g j  is negative, we might 

expect th a t a  displacement localised here would be unstable. Specifically, a func­

tion th a t is zero in the g j  >  0 regions and a finite constant in the g j  <  0 region, 

will avoid both stabilising terms in the energy integral, equation 3.18. Figure

3.2 shows various pitch profiles, and the regions over which g j  is negative. Also 

shown in figures 3.2(i) and 3.2(ii) are the unstable trial functions. Figure 3.2(i) 

corresponds to a tokamak type profile, i.e. a monotonically increasing pitch pro­

file which, by symmetry, has a minimum on axis. While figure 3.2(h) is similar 

to the recently measured “Ultra-Low q (ULQ)” profiles [3.12], which have a pitch 

minimum off axis. In both cases, the eigenfunctions shown indicate tha t a pitch 

minimum is unstable to current driven modes. Additionally, Suydam’s criterion 

indicates th a t localised pressure driven modes will also be unstable at a pitch 

minimum, (for any negative pressure gradient). We conclude th a t a cylindrical 

plasma can only be stable if it has a monotonically decreasing pitch profile, since 

this is the only way th a t a minimum in the pitch can be avoided.

The above constraint on the equilibrium can be strengthened for the case when 

a vacuum region exists between the plasm a edge, (r =  rp), and the conducting 

wall, (r =  a). The vacuum magnetic field is given by:

V x B  =  J  =  0
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w ith the corresponding pitch, P v:

where P ( r p) is the pitch at the plasm a edge. For monotonically decreasing P ( r )  

this equation implies a pitch minimum at r  =  rp if P ( r p) >  0 . Thus for stability 

with a vacuum region we require P ( r p) <  0 , i.e. the pitch m ust reverse somewhere 

within the  plasma. The RFP corresponds to such a configuration.

In conclusion, the attem pt to  avoid the instabilities associated with pitch 

minima has lead to an R FP type equilibrium. In contrast, tokamak equilibria 

would appear to be unstable because they have a pitch minimum. However, this 

is an incorrect conclusion since we have neglected the toroidal geometry of this 

device.

The most elementary effect of the toroidal geometry is the quantisation of the 

axial wavenumber:

k  =
n k

where R q is the m ajor radius of the torus, and n k is an integer (the toroidal mode 

number). Thus for toroidal machines, k should be replaced by n k/ R o .  So th a t 

g j  >  0 gives (for m  =  1):

„*,<-! or n q  <  -  ̂ ~ + ^  (3.27)

where q =  P j R o  is the  “safety factor” . Note tha t if n kq <  — 1 , m  =  1 current 

driven modes are stable. For a tokamak-profile this sets a limit on the on-axis 

value of q (for negative n k):

q(o) >  -
_i_
n k

Thus for n k =  —1 the configuration is stable if ^(0) >  1 . This requirement 

appears to be very im portant in tokamaks where its violation is associated with 

the “saw tooth” phenomenon.
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Ensuring tha t the on-axis q is larger than unity, is also enough to avoid the 

localised pressure-driven modes. This is because, for a large aspect ratio  tokamak, 

Suydam ’s criterion should be replaced by Mercier’s criterion [3.13]:

d p n  ^ ^ r B ' ( p 1 ' (3.28)

The — p'q2 term  is due to toroidal curvature, which unlike the poloidal curvature, 

is favourable for stability. For q >  1 the toroidal curvature is sufficient to allow 

a negative pressure gradient to be supported even at a pitch minimum. (Note 

however, th a t toroidicity does not provide stability to all localised pressure driven 

modes. Regions of unfavourable curvature exist on the outside of a torus and 

this can lead to poloidally localised “ballooning” instabilities). We also note in 

passing th a t M ercier’s criterion reduces to Suydam’s criterion for small q. Thus 

in an RFP, where typically q <  1/3, there is only a small toroidal correction.

The above offers an interesting insight into the very different natures of toka­

mak and R FP configurations. It is apparent th a t the tokamak is very dependent 

on its toroidal geometry. The q >  1 requirem ent demands a large axial field in a 

m oderate aspect ratio  tokamak, or a m oderate axial field in a very tight aspect 

ratio  tokamak. On the otherhand the R FP can be stable even in cylindrical ge­

ometry. Instead it relies on the shear associated with the reversed field to provide 

stability. Consequently, there are no constraints on the aspect ratio of an R FP 

and its geometry may be selected to  minimise engineering difficulty and cost. 

This is one of the reasons th a t R F P ’s are still widely studied, despite the more 

advanced status of tokam ak research.

Having established the special nature of RFP equilibria, we now summarise 

further stability constraints on such configurations.

(i) Pressure Profile on Axis

In a cylindrically symmetric equilibrium, continuity a t the origin requires 

th a t any non-zero variable m ust have zero first derivative. Thus both 

P '( 0 ) =  0 and p '(0 ) =  0 . This means th a t Suydam ’s criterion must be
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re-evaluated, including the next order term s in the expansion about r  =  r a. 

The resulting stability condition for small r , is:

2

r 2 +  8p"(0 ) >  0
2 V <t(0)

where a  — 1 / P .  The first term  is positive definite but becomes negligibly 

small as r  —*• 0. Thus for stability we require:

p"(0) > 0

i.e. the pressure profile m ust be hollow or flat on-axis.

(ii) D e p th  o f F ie ld  R e v e rsa l

Recall equation 3.26, which gives the conditions for stability to m =  1 

current driven modes. For k >  0 and small k 2r 2 we have:

p < ~ \  or p > T k

Thus for a reversed pitch-profile we must have:

P ( 0 )  > -Ip(a)

This is a lim itation on the depth of reversal of the axial field. If the radius 

of the current channel, r c, is defined by r 2 =  J / 7rJ 2(0 ), then this condition 

can be written as [3.14]:

r c . -3,(0)
a* ^ £*(a)

This expresses the importance of the conducting wall for R FP stability. 

If the conducting wall is too far from the current channel, current driven 

instabilities will occur.

(iii) P o lo id a l B e ta  L im it

Robinson [3.15] has considered the stability of m  =  0 modes. Using a trial 

function in the energy principle, he has derived a limit on the total plasma
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pressure tha t can be confined without loss of stability. Specifically, there is 

a condition on the poloidal beta:

(3e =
q2B q

f  r p d r  <  — 
J o 2

Conditions (i) to (iii) above may be used as guidelines in the a ttem pt to con­

struct MHD stable equilibria. Robinson [3.15] has carried out this procedure and 

arrives a t an equilibrium th a t appears stable, for fig as large as 31%. Unfortu­

nately values of 5 to 10% are more typical in R FP experiments. We conclude 

th a t marginal Ideal MHD stability does not accurately describe the RFP, and 

proceed to  more complete stability models.

3.3 Resistive M HD Stability

The only change in going from ideal to resistive MHD is in Ohm ’s law, which 

becomes:

E  -f v x B  =  tjJ

Taking the curl:
d B  _ _

=  V  x  (v  x  B )  — r)V x  V  x  B  (3.29)

The linearised version of this equation yields:

b =  V  x (f x  B )  +  ^  V 2b (3.30)

where we have w ritten v  =  7 <£, i.e. 7  is the growth rate. Equation 3.30 is the 

resistive version of equation 3.14. Note the additional term , which represents 

diffusion of the magnetic field. At high tem peratures the 77 a  T ~ 3/ 2 dependence of 

the resistivity, means th a t this term  is small even for slowly growing instabilities. 

However, the resistivity proves to have a significant effect on plasm a stability. 

Consider equation 3.30. We expand the first term  on the r.h.s.:

V x ( f x 5 )  =  -(£v)5 -  B V .f +  { B . V ) (  +  ( v . B
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F ig u re  3.2: (i) a monotonically increasing pitch-profile with a minimum on 
axis, (ii) a pitch-profile with a minimum off axis, (iii) a monotonically decreas­
ing and reversing pitch profile.
For profiles (i) and (ii) the pitch minimum allows an unstable eigenfunction, 
£, to be constructed.
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Now using V . B  =  0 and B r =  0 (for an axisymmetric equilibrium), we con­

clude:

V x ( ( x B ) \ r =  ( B . V ) (

■4 __

where once again (  is the radial component of £. Thus the radial component of 

equation 3.30 becomes:

br =  (B .V )£ +  —V 26|r 7
and for ( ( f )  =  £(r)exp(zm 0 -f ik z ) :

br =  i(k.B)( +  —V 26|r7
(3.31)

where =  0 m / r  -f 57;. Equation 3.31 indicates th a t the resistive term  is not 

negligible at the resonant points, where k . B  =  0. At these locations the radial 

magnetic field obeys a diffusion equation, i.e. close to the resonant points the 

field can diffuse through the plasma. This is contrary to  the case in ideal MHD, 

in which the magnetic field is “frozen” into the plasma. To dem onstrate this we 

integrate equation 3.29 over a surface, S:

d §
J S (3.32)J  d S  =  J  V  x ( v  x B ) . d S  +  77 J  V 2B.<

Now Stoke’s theorem allows us to  write:

J  V  x (t? x  B ) . d S  =  j ( v  x B ) . d l  =  -  /  B . ( v  x  dl)

where dl  is a line element and /  represents integration along a contour th a t 

encloses S .  Thus equation 3.32 becomes:

d §  r
J  - ^ . d S  +  B . ( v  x d l )  =  T}J  V 2J3 J S (3.33)

The l.h.s. of this equation is the to ta l time-derivative of the magnetic flux, ip, 

tha t intersects the  surface, where:

v- = / B . d S
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The first term  of equation 3.33, represents the change in the flux due to the

tim e variation of the field, whilst the second term  is the change due to the tim e
_

variation of S .  Therefore we have:

^  ^  + £V</> =  X)J V 2B.dS (3.34)

Note tha t in the absence of resistivity, the flux threading a given fluid element

is constant. For this reason the magnetic field is said to be “frozen” into the

plasma. In contrast, resistivity perm its the flux intersecting a given element to 

change. As a result the resistivity allows the magnetic field an additional degree 

of freedom, with which we might expect new instabilities to be associated.

The equations th a t govern resistive stability are:

=  (V x B )  x b + (V x 5) x B  +  V(£Vp0 + rp0V .f) (3.35)

6 = V x (f x B) +  ^V 2fc (3.36)
7

These equations replace equation 3.16. Notice th a t resistivity increases the order 

of the equations from second to fourth order in perturbed variables. This obvi­

ously increases the m athem atical complexity of the problem. However, we may 

utilise the fact th a t the resistivity is only im portant in a narrow layer about the 

resonant surface. This means th a t most of the plasma can be described by the 

simpler ideal equations. Whilst in the resistive layer, the problem is simplified 

because its narrowness allows equilibrium variables to be treated  as constants 

(defined at r  =  r s ). Asymptotic m atching of the ideal and resistive layer solu­

tions will then define the complete solution, and yield a dispersion relation for 

the growth-rate. We now consider the layer equations in more detail, following 

the original work of Coppi, Greene and Johnson [3.16] (hereafter CGJ).

Even allowing for the spatial independence of equilibrium quantities, the layer 

equations remain too complicated for an analytic solution. Fortunately they may 

be simplified by an “ordering procedure” . This is merely the process of selecting 

solutions of a certain type. Effectively, constraints are placed on the solution
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and these are then used to determine the relative m agnitudes of quantities in 

the system of equations. Generally this allows certain higher order terms to be 

neglected and results in a simplification of the problem. Below we summarise the 

ordering used by CGJ.

To begin with we define a co-ordinate system such tha t:

b =  rbT -f i\\b\\ +  i±b±

where i|| is the unit vector in the direction of the magnetic field and
A A

i ± =  r  x Zjj. Each perturbed variable can be written as an expansion in a small 

param eter, e. Thus, for example:

b =  i%b^  -f e b ^  -f e2b£2) H----- ) -f i \ \ (b ^  -f -f e2b ^  H----- )

+  i ± ( b ^  +  e b ^  -f e26 ^  H----)

We choose the expansion param eter to be the distance from the singular surface, 

e =  r  — r a, and consider the radial derivative of a perturbed quantity  to be a factor 

1/e larger than the quantity itself. Now the following assumptions are made:

0)
6 ~ (3.37)

^

This ensures th a t the ( k .B ) £  term  on the r.h.s. of equation 3.36 is of the 

same order as the first term  on the l.h.s.

(ii)

B . b  +  p i  ~  0 (3.38)

This is the condition for pressure balance along the field-lines. I t ’s validity 

is dependent on the relevant motions being much slower than  the magneto­

acoustic velocity, i.e. 7 2 <C k \ ( B 2 +  T p ) / p  where k±  is the component of 

the wavevector perpendicular to  the field. Thus, equation 3.38 specialises 

the analysis to instabilities tha t grow much slower than  ideal modes.
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Theses two assumptions allow the relative magnitudes of the  components of b and 

£ to be determined. To begin with, V.6 =  0 to all orders, implies:

br ~  ei||, eb±

So, from equation 3.37 we conclude :

br ~  e2, 6|| ~  b± ~  e

Now equation 3.38 yields:

B&<1) -  ptr -  Tp(V.() = 0 (3.39)

Thus to 0 (e _1):

~  =  o =4- £<0) ~  o

and to 0(e) equation 3.39 gives:

(V.e)<°> = 0 = = K r ~ e£ ||,e f .L

So the ordering demanded by equations 3.37 and 3.38 is:

b =  ^e2̂ 2) + • * •) + +  •••) + + * • *) (3.40)

i  =  + • • • ) + i i i « r + • • • ) + *x(do)+ • • •) (3.41)

Using this ordering we find th a t the resistive layer is described in 

by:

lowest-order

d£r ikB .
1  + Be ^  =  °

(3.42)

dbr ikB.  
d r *  B , h  -  "

(3.43)

Bb\\ =  p̂ r +  rp(V.f) (3.44)

/ry2J9£|| =  -p'br + i(k.B)'xbi\ (3.45)
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6,1 +  i ( k . B ) ' x b " (3.46)2 £//
P I  t r = 2 k 2B

k  -
7

6II “ ” 6II

i ( k . B ) rx£r

i ( k . B ) ' x £|| -  B(V .£) -  (p+BB 2)' 4r

(3.47)

(3.48)

where x =  r  — r a, and each equilibrium quantity is evaluated a t r  =  r s. Equations 

3.42 and 3.43 are V.£ =  0 and V.6 =  0 respectively, while equation 3.44 is 

merely the assumed pressure balance along the field. Equations 3.47 and 3.48 are 

the radial and parallel components of Ohm ’s law. Equation 3.45 is the parallel 

component of the m om entum  equation. Thus, equation 3.46 is the only equation 

th a t is neither a component of equation 3.35 or 3.36, nor directly derived from 

the ordering. This equation is known as the “annihilated momentum equation” , 

and it results from operating on equation 3.35 with the operator V .(jE?/ B ) x  . 
For further details the reader is referred to CGJ [3.16].

The system of equations 3.42 to 3.48 can be reduced to  three second order 

differential equations:

r  =
X 2 , X  T 1 

<3C Q  Q

y ir

where £ — £r ,

q ( 1 +  | ^  +  ! ^ ) t  + q (s '"-d
2 D \  £>---- ( A ---- X $T/3 j  C <3

T ~ lrS ,* = ----- hr ,
k P ' B g L r

(3.49)

(3.50)

(3.51)

T  =  - 2 B r . P ' 2B l b0°ll

and Q  =  7 / Q r , X  — x / L T with

_ ( v k2P '2B 2e \ 1/3 

\ Pr l  J
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and

L r =
p t f r ]  y /3

k 2P ' 2B 2e )

The remaining symbols in the equations are equilibrium parameters:

D  =  —2 is Suydam’s param eter 

ft =  2p ( r s) / B 2 is the beta value at the resonant point 

s  =  4 /P '2

The first thing to notice about equations 3.49 to 3.51, is their behaviour under 

the reflection X  —>■ —X .  By inspection we can see th a t the parity of $  is always 

opposite to th a t of T  and £. Thus there are two solutions, one corresponding to 

an even parity  £ (odd \P) and the other corresponding to  an odd parity £ (even 

\k). The relevant conditions at the origin are:

TW ISTING £'(0 ) =  0 ; T '(0 ) =  0 ; (0) =  0 (3.52)

TEARING £(0) =  0 ; T(0) =  0 ; (0)' =  0 (3.53)

In general the “twisting” and “tearing” parity modes have different growth-rates, 

and so they can be considered as separate instabilities. We will consider them  in 

tu rn , following the work of Finn and Mannheimer [3.17]. To begin with, “Tearing 

ordering” is assumed, i.e. 7  ~  77s/5, r  — r s ~  D  r)2/ 5. This ordering has 

proved to yield dispersion relations which are most complete, in the sense th a t the 

m atching conditions to the external region appear, in addition to the local layer 

param eters. The reader is referred to  Greene [3.18] for further details. Under 

tearing ordering, equation 3.49 yields, to lowest order:

" =  0 =» $  =  A X  +  B

where A  and B  are constants. This solution for may be used in the remaining 

layer equations.
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3.3.1 T w isting Parity M odes

The twisting mode boundary condition (equation 3.52), demands th a t B  — 0. 

Thus to lowest order in X ,  =  0 and equations 3.50 and 3.51 decouple from 

equation 3.49. The resulting fourth-order system can be solved in term s of Her- 

m ite functions, ultim ately yielding the dispersion relation [3.17]:

n 3/2 _  r/3(2/ +  1) ( 2 D  
V 2 \T ( 3

s - ( 2 l +  l) 2 (3.54)

where l labels the /^-order Hermite function. Notice th a t the l =  0 harmonic is 

the most unstable, so th a t the stability condition for twisting modes is:

2 D

r/?
<5 + 1 (3.55)

3.3.2 Tearing Parity M odes

The tearing mode boundary condition, implies tha t is a constant. (This is the 

so called “constant-Vt approximation” ). The resulting equations have been solved 

by CGJ [3.16], to yield a complicated dispersion relation, which gives the growth 

ra te  in terms of the layer parameters and the matching conditions. To make the 

meaning of the dispersion relation more obvious, we consider the incompressible 

limit:

2 D

17? 0

which yields:

L rA< =  G  (3.56)

where G  ~  2.12 is a constant and A ' is determined by the solutions in the ideal 

regions either side of the resistive layer. In the incompressible limit:

A ' = K ±
K + r s

(3.57)

where 6r_ and br+ are the ideal solutions for r <  r s and r  >  r a respectively.

Equation 3.56 contains two terms that can drive instability. M ost obvious is the
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familiar destabilising effect of pressure-gradient, which is contained within the 

Suydam param eter, D .  Additionally, instabilities may be driven by A 7, i.e. by 

favourable energy changes th a t occur outside the layer. Thus A 7 contains the 

effect of parallel currents etc.

There are two special limits of equation 3.56.

(i) W hen there is no pressure-gradient, D  — 0 and:

Q oc (Lr A ')4/5 =4- 7  oc t;3/5 A m/5

Thus for A 7 >  0 there is an instability. These instabilities are known as 

“tearing modes” .

(ii) W hen A 7 =  0:

2/3
=£• 7  oc

In this case D  >  0 leads to a unstable “resistive-g” mode. Notice th a t re­

sistivity has strengthened the stability condition for pressure-driven modes, 

from D  <  1/4 (Suydam ’s criterion) to D  <  0.

If bo th  D  and A 7 are non-zero, equation 3.56 indicates th a t both  must be 

negative for stability.

3.4 Resistive-D rift S tability

Now we extend the resistive MHD model by including the Hall term s in Ohm ’s 

Law:

E  -f v  x B  =  tjJ  H----- ( J  x B  — V pe) (3.58)
n e

The Hall term s have two effects on plasma stability. Not surprisingly the existing 

resistive modes are modified, but additionally there are a new class of modes 

th a t are associated with charge separation. These “drift modes” are essentially 

electrostatic in nature, and exist even in the 77 —> 0 limit. So for illustrative
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purposes, we consider the simplest case of electrostatic perturbations (b =  0) in 

a collisionless plasma, with uniform magnetic field in the z  direction [3.19]. We 

write perturbed quantities as:

n (r) =  n ( x )  exp(zfc||2r +  i k y  -f i u t )

where the equilibrium density and tem perature vary only in the x  direction. The 

system of equations to be solved are:

dn
dt

-f V .(nu) =  0

n M
D v

~Dt
J  x  B  -  V(pe +  pi)

E + v x B =  — (J x B — Vpe)
n e

D_

D t (*) -

where n  is the num ber density (of both ions and electrons), and M  is the ion 

mass. The last of these equations is the adiabatic law for the ions. In addition we 

need an electron equation of state. We assume th a t electron therm al conduction 

along the field-lines is sufficiently rapid for the electron tem perature perturbation 

to be negligibly small, i.e. we set Te\ =  0.

O hm ’s law and the momentum equation give the velocity perpendicular to 

the magnetic field:

E x B B x Vp, B x Dv/Dt
v± + +

B 2 n e B 2 ' w c i B  

where o;cl- =  e B / M  is the larmor frequency. For mode frequency, uj <C wct-, the 

last term  of this expression is negligible. Under this assumption it is possible to 

derive a polynomial for u> [3.19]:

0,3 u ? _ M  ( t  + - t \  -  M r  
*' m { Tc +  r ' )  m t 'K -!)- 0 (3.59)
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and

—k T e n' 

e B  n
W*e =

Vi
T - / T j

n ' / n

For <  u>me equation 3.59 yields three roots, which are the marginally stable 

electron drift wave:

UJ = UJme

and the two remaining roots:

- - * ( ! - * )

Thus there is an instability if 77,- > 2 / 3 .  This branch of the dispersion relation is 

known as the w 17,— mode”.

The derivation above is of course very idealised. In a fusion device the mag­

netic field is not uniform, and k\\ is a function of x.  W hen this is taken account of, 

equation 3.59 is replaced by a second order differential equation.(The derivatives 

are in fact 0 ( k a i )  terms th a t have been neglected in equation 3.59, see [3.20]). 

The eigenvalue condition for the equation then yields a dispersion relation , which 

has an 77,- mode solution [3.20, 3.21]. Thus it is safe to conclude th a t this instabil­

ity is not a result of the simplifying assumptions used in deriving equation 3.59. 

However, more careful analyses do conclude th a t the critical value of 77,-, should 

in fact be derived from kinetic theory. (The fluid theory is only applicable for 

rji >  1 [3.21]).

Having established the existence of a new type of instability th a t is driven by 

ion tem perature gradients, we proceed to consider modifications to the resistive 

instabilities considered in the previous subsection. When the Hall term  is included 

[3.22], equations 3.49 to 3.51 are replaced by:

=  QCa  +  X t )  +  i Q . V  +  i O j - T X  (3.60)
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(3.61)r  =

<̂p// _

X \  X T 1
Q ? Q Q

« ( 1 + Z F + f ? ) T + , 5 ( ' - i ’ - ' i §

+ ! L x 9  + iQ.YpKTCr-DQ-iQ.Qi± r

where Q* =  o;*e/Q r and

(3.62)

Kt  =
m -  r  + i

l  +  ^ t  +  T e / T i
(1 +»7e)

Finn, M annheimer and Antonsen [3.22] solved this system of equations num eri­

cally, w ithout using the c o n sta n t-a p p ro x im a tio n . They found a strong stabil­

ising effect on both twisting and tearing parity modes. In particular, modes with 

both D  >  0 and A ' >  0 were completely stable at m oderate values of g =  s Q + / 2 D .  

However, it should be noted th a t in most cases they assumed k t  =  0, which has 

the effect of excluding t j modes from their analysis.

Hahm and Chen [3.23] reconsidered equations 3.60 to 3.62 for modes in the 

“semicollisional regime” , which is defined by:

Cs_

Uci
> L r

where C s =  (Te/M )1/f2 is the ion sound speed. They conclude tha t for semicolli­

sional modes, the ion sound term s are negligible and so the Fourier-transformed 

layer equations can be reduced from fourth to second order. This allows the 

following dispersion relation to be derived:

< * , -  -  [1 -  e K )  =  -iA  ( f  D(! -  e) + ~  (1 7
\ 2  7T{Ll) —  C J * e J  J

(3.63)

where be =  eu)2/ D  , e =  s T ( 3 / 2 D , and A is proportional to the parallel resistivity. 

This dispersion relation is valid for both tearing parity and twisting parity modes 

(set A ' =  0). It has been derived neglecting the effect of perpendicular resistivity 

(i.e. perpendicular particle transport). Equation 3.63 has an unstable root for
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all values of u;*e, and thus the resistive modes are never completely stabilised. 

However, when Hahm and Chen included the effect of perpendicular resistivity 

as a  perturbation on the solution of equation 3.63, they found th a t modes with 

A ' <  0 could be stable. In fact for A ' =  0 there is the following critical Suydam 

param eter below which a mode is stable:

D < v/2
L- (_i_Y
2jr2 Vl + T J

S  N X ' 2 , a B i T p  

{ucxTa Y  V >7|| /  a r s B  y / s
(3.64)

where rA =  a ^ J p / B 2, S  =  tr I ta =  cl2/ ( t}\\ta ) and r  =  Te/T i .  Equation 3.64 has 

been derived from equation 36 of reference [3.23], assuming th a t the electron and 

ion pressure profiles have the same shape.

3.5 Full Braginskii S tability  for T i =  0

Finn and Drake [3.24] have extended equations 3.60 to 3.62 to include the effect 

of finite electron therm al conduction. This means th a t the  free energy of the 

electron tem perature gradient is available to drive instabilities. In the semi colli - 

sional regime, Finn and Drake find th a t a tearing parity mode, can be driven by 

either perpendicular transport (of particles or heat), or curvature. Figure 3.3 is 

a reproduction of figure 2(a) from reference [3.24]. It shows the stability diagram 

for the mode driven solely by curvature, where:

(3kBe
Ldc —

n e r a

and

Notice th a t there is an unstable range of wc/w»e, th a t shrinks as the electron 

tem perature gradient is reduced (i.e. /  is reduced). The m ajor effect of cross­

field transport, is to  destabilise the mode even when it is below the lower threshold 

in the curvature frequency. This is dem onstrated by the dotted-line in figure 3.3.

87



F ig u re  3.3: Stability diagram for the M.C.D. mode (figure 2 of ref. [3.24]). The 
param eter /  determines the elTect of the tem perature gradient: /  =  r/e/ (  1 +  rje). 
The solid lines show the mode driven by curvature only, i.e. w ithout cross-field 
transport. The dashed line demonstrates the destabilising influence of cross-field 
transport below the lower curvature threshold.



3.6 Conclusions

We can draw the following conclusions from the review of linear stability  presented 

in this section:

(i) R FP profiles can be constructed th a t are completely stable to ideal modes, 

even when inflated to large (3 values.

(ii) Stability according to resistive MHD, requires D  <  0 and A ' <  0 for every 

mode. This means th a t any (negative) pressure gradient is linearly unstable.

(iii) If the Hall terms are included in Ohm ’s Law, both twisting and tearing 

parity  resistive modes can be stabilised by coupling to drift waves. In 

the semi collision al regime this stabilisation is largely due to  perpendicular 

particle transport, and leads to a critical D  value for each mode.

Additionally the drift terms perm it an electrostatic instability th a t is driven 

by ion tem perature gradients (the rfr mode).

(iv) If the electrons do not obey an adiabatic equation of state  (and generally 

they do not), electron tem perature gradients can drive a tearing parity 

instability ( “Magnetic Curvature Drift Instability” ). In this case the mode 

is unstable over a range of the parameter:

u c _ 2p  B p

u+e P'er s B
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C hapter 4

T he Effect o f Transport Terms 

on R F P  Stability
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4.1 In troduction

The m ajor practical and conceptual problem in magnetic confinement devices is 

th a t of the anomalous transport of particles and heat. In Reversed Field Pinch 

(R FP) experiments this manifests itself as a much lower beta  value than would 

be achievable on the basis of classical collisional transport.

The current favoured explanation for anomalous transport is as the outcome 

of turbulence generated by plasma instability. Thus theoretical prediction relies 

on:

(i) Identifying the confinement degrading instability (or instabilities).

(ii) Developing a non-linear model of the relevant instability.

(iii) Estim ating the transport th a t results from its non-linear evolution.

In tokamak physics there has been a considerable quantity  of work dealing with 

each of these steps. However, in the R FP community the theoretical emphasis 

has been on understanding the dynamo mechanism th a t m aintains the configu­

ration, and less on an understanding of anomalous transport (although these are 

almost certainly connected). Consequently, even the models used to study the 

linear stability of R F P ’s, have rarely been more complex than  resistive MHD, 

which although a useful model, is not an accurate description for many current 

experiments. Thus even (i) cannot be said to have been properly tackled. The 

purpose of this work is to  partially rectify this by considering the stability of an 

R FP equilibrium according to more complete plasma models.

The low q and large aspect ratio of typical R F P ’s, means th a t one may rea­

sonably simplify the problem by assuming cylindrical geometry. Then Fourier 

analysing in poloidal and axial directions reduces the equations for the pertu r­

bation to  a separate problem for each Fourier harmonic. Effectively this means 

th a t the perturbed variables (represented by the vector U )  are w ritten as:

U( r )  =  U (r) exp(zm0 -f i k z )
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and the cylindrical symmetry implies th a t each Fourier “mode” , which is defined 

by given values of m  and fc, is uncoupled from all other Fourier modes. The 

effects of additional physics are expected to be especially im portant for resonant 

modes, i.e. ones for which:

771

k.B =  — Bb +  kBz =  0
r

at some point within the plasma. At the resonant point the ideal equations 

become singular and even small terms can become im portant. The classic example 

of this is resistivity, which although a negligibly small correction throughout most 

of the plasm a becomes im portant within a “resistive layer” of the resonance. 

Indeed, the inclusion of resistivity introduces additional instabilities th a t are not 

possible in an ideal MHD model (see section 3.2).

The narrowness of the resistive layer facilitates an asym ptotic matching pro­

cedure in which the  full resistive equations are solved within the layer (with 

equilibrium variables treated  as constants), and the ideal MHD equations are 

solved elsewhere [4.1]. The asymptotic m atching of the resistive solution with 

the ideal solutions on both  sides of the layer, then yields a dispersion relation for 

the linear modes of the plasma. Other term s can be treated by including them 

in the equations which describe the resonant layer. Such “layer theories” were 

reviewed in chapter 3.

The asym ptotic m atching procedure is a ttractive for two reasons. Firstly, the 

dispersion relation th a t results is general in the  sense th a t it separates the global 

stability properties of the equilibrium (which are determined by the solution 

outside the layer), from the details of the layer physics. This means th a t a change 

in the layer physics does not invalidate the calculation of the relevant global 

stability param eter (usually A ' ), which needs only be calculated once for each 

plasm a equilibrium. Secondly, the inclusion of non-ideal terms in only a narrow 

layer often allows an analytical solution th a t would not otherwise be possible. 

Unfortunately, this is less likely to be true for the more complex plasm a models
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th a t interest us here, which would yield layer equations requiring a numerical 

treatm ent. W ith this in mind one is led to consider whether a numerical solution 

of the complete equations across the entire plasma radius is just as worthwhile. 

Such a m ethod loses some of the generality of the layer treatm ent but includes 

the effects of additional terms throughout the plasma (i.e. not just close to the 

resonance). As such it is applicable even when layer theories begin to breakdown 

(layer theories are only strictly applicable in the limit th a t the layer thickness is 

infinitesimally small).

In this chapter a purely numerical method has been used to study the stability 

of resonant modes within a R FP equilibrium. However, a careful comparison with 

the existing layer theories has been carried out in the a ttem pt to achieve both 

a more general understanding of the effects of additional physics, and also an 

appreciation of the limitations of the layer theories. Results have been obtained 

using the linear stability code, ODRIC [4.2], which was described in chapter

2. This code solves the Braginskii fluid equations [4.3] in cylindrical geometry 

using an initial value m ethod [4.4]. ODRIC was supplied to Culham laboratory 

by Mirin and co-workers (hereafter MOKBE) of Lawrence Livermore laboratory. 

The previous published results by this group [4.5] are the prime motivation for 

this chapter. They studied the stability of a tearing mode stable (TMS) RFP 

equilibrium [4.6] to resistive-g modes (section 3.3). According to simple resistive 

MHD, g-modes will be unstable in RFP equilibria with any finite (negative) 

pressure gradient ([4.7] and section 3.3), so th a t these modes are a favourite 

explanation for anomalous transport in R F P ’s. However, reference [4.5] reports 

th a t including all the terms available in ODRIC causes “all modes tested to 

stabilise” . Clearly, the possibility of an RFP equilibrium th a t is completely stable 

is intriguing and worthy of further study.

Prior to  reference [4.5] there were a number of numerical studies of RFP 

stability. Most of these have been based around results from initial value codes 

much like ODRIC. Extensive stability studies have been carried out by Robinson
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and co-workers [4.8], using progressively more complex plasm a models. This 

culminated in the code GNSTAB which included:

• compressibility

• isotropic resistivity

• Hall terms in Ohm ’s law

• anisotropic therm al conductivity

• the full ion stress-tensor.

Both Hosking and Robinson [4.9], and Hender and Robinson [4.10] have used 

GNSTAB to study resistive-g mode stability. Hosking and Robinson highlighted 

the effect of parallel ion viscosity and found tha t g-modes could be completely 

stabilised at low bu t non-zero values of beta. Hender and Robinson included 

both Hall terms and the full ion stress tensor. They found interesting behaviour 

with increasing Larmor radius : first the damping of the g-mode and then the 

re-emergence of an instability at higher Larmor radii (see figure 4 of reference 

[4.10]). However, this behaviour was not discussed and they also reported tha t 

: “ the inclusion of Hall effect alone makes the interchanges more unstable” , in 

apparent contradiction with the more recent analytical work of Finn, Mannheimer 

and Antonsen [4.11] (hereafter FM A).

Thus when M OKBE [4.5] decided to use ODRIC to study R FP stability, there 

remained some anomalies to be resolved. The code itself extended the equations 

of GNSTAB to include :

• separate ion and electron tem perature equations

• the thermoelectric effect in O hm ’s law (parallel only)

• Hall term s and Ohmic heating in the electron tem perature equation.
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In order to emphasize pressure-driven modes MOKBE used an equilibrium 

which is stable to both ideal modes and tearing modes a t zero beta  [4.6]. Specif­

ically they chose an equilibrium with pitch profile , P  =  r B z / B o  :

w -K ’-iO '-S O O
where a is the plasm a radius. The pressure profile was chosen to give a Suydam 

param eter of D  =  0.2 at each radial location, ( D  <  0.25 corresponds to Suydam’s 

condition [4.12]), where:

2p' ( P ' \  
B l r  ( p )

Here, p  is the pressure and the primes denote radial derivatives. It is im portant 

to  note a t this point th a t all of the pressure gradient was assumed to be due to 

the  tem perature gradient, i.e. the equilibrium density was taken to be uniform 

across the plasma radius. MOKBE studied the stability of this equilibrium for 

param eters appropriate to  ZT-40M [4.13], first using a simple resistive model but 

then gradually introducing more of the terms available in ODRIC.

Initially they included just the Hall term s in O hm ’s Law, and found th a t 

the  “tearing parity” or resistive-g mode (odd parity v r and even parity br across 

the  resistive layer), was stabilised with increasing Hall param eter ( I / û -t̂ ). This 

appears to agree with the findings of FMA [4.11]. However, M OKBE also found a 

“twisting parity” mode (even parity v r and odd parity br across the layer), which 

had a growth rate  increasing with Hall param eter. They seem to have assumed 

th a t this is the tw isting parity resistive mode, but do not show any Lundquist 

param eter scalings to confirm this. If this mode is merely a resistive mode th a t is 

being amended by the Hall effect, then the numerical result is in fact in conflict 

w ith FMA [4.11], who predict th a t drift effects stabilise both tearing and twisting 

parity  modes. M OKBE presumably feel th a t the discrepency is due to FM A’s 

assum ption th a t the electrons are isothermal along field lines (i.e. Ke|| =  oo). 

They proceed to  show th a t including the ZT-40 values of therm al conductivity
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can completely stabilise the twisting mode, and th a t it is the parallel therm al 

conductivity coefficients th a t are most im portant in this respect. However, they 

do not include the effect of the electron parallel therm al conductivity alone, and 

so it is not possible to  confirm agreement with FMA (who assume ne|| =  oo, 

/c,|| =  0 ). Thus there remains some uncertainty about the effect of Hall term s on 

pressure driven resistive modes and in particular about the exact nature of the 

tw isting parity  mode described by MOKBE.

MOKBE also considered the effect of the ion-stress tensor alone (i.e. neglecting 

Hall terms and therm al conductivities), and found a stabilising influence on both 

m  — 0 and m  — 1 modes. They show th a t the m =  1 mode is more strongly 

dam ped at lower values of Lundquist param eter (i.e. in a more resistive plasma).

Finally, MOKBE report the effect of including all the available terms : “ for 

all resonant combinations of (m =  0 , l , 2 , 3 ; | n |  =  1 ,9 ,17 ,25 ,33), the resulting 

mode is stable” . This is the result th a t was mentioned earlier as the stimulus for 

this chapter. W hen considered alongside the analytical work which was reviewed 

in chapter 3, it suggests the following questions :

(i) where is the 77,-mode [4.14]?

This mode is unstable when 77,- > 2 / 3 ,  and the flat density profile assumed 

in reference [4.5] corresponds to 7/,• =  oo. Thus the inclusion of the Hall 

term s (drift effects), might be expected to yield unstable 77,-m odes th a t are 

supposedly robust to ion viscosity and therm al conductivity [4.15].

(ii) where is the “Magnetic Curvature Drift mode” of Finn and Drake [4.16] ? 

This is a semicollisional tearing parity mode which is driven by coupling to 

the electron tem perature gradient via either magnetic curvature, or cross- 

field transport of particles or heat. Although it is derived from the cold ion 

Braginskii equations (i.e. neglecting ion viscosity and ion therm al conduc­

tivity), Finn and Drake claim : “ Ion tem perature effects, specifically V pt- 

and ion gyroviscous terms, are unim portant for this mode” .
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Thus both of these instabilities might have been expected to  persist even when 

all the available terms were included.

In the rem ainder of this chapter we aim to investigate these outstanding ques­

tions, and in particular emphasize the agreements and disagreements with the 

existing analytical work.

4.2 T he M odel

Below we list the full system of normalised equations available in ODRIC. The 

corresponding normalisations are shown in table 4.1.

dp
dt + V.(/0u) = 0

d v  t* st 1 _, \ 1 . u „p-Qi = Jx£--v(pe + pt-) + -v.nt-
E  +  v x B  =  r}J +  ^ ( f  x -0 .7 lV ||T e

_ P _ d T i
r - i  dt

P dTe
r - i  dt

V  x E  

Pe

Pi

■PiV.v +  V . ( K i . V T i )  +  -  Ti)
m i  Te

=  - p e V . U  4 -  V . ( f C e . V T e )

+  2  J . ( E  +  v x B )  +  -  T c)
rrii r e

d B

dt
p T e

p Ti

(4.1)

(4.2)

(4.3)

(4.4)

(4.5)

(4.6)

(4.7)

(4.8)

Here T is the ratio of specific heats and r e is the electron-ion collision time. The 

param eter v  expresses the m agnitude of the Hall effect:

1
i/ = ----

U>ciTA

The remaining symbols have their usual meanings.
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Variable Normalisation

r a

B B = B 2( 0)

P P =  p{r9)

P
B 2

p = -&

V
B

A (47rp)1/2

Table 4.1: The normalisation used in ODRIC .

The transport coefficients contained in the ion stress-tensor, II,-, the ion and 

electron thermal conductivity tensors, /c; and Ke, and the resistivity tensor, 77, 
have been calculated by Braginskii [4.3], and are listed in appendix IB. In all but 

the former case the transport tensors can be written in terms of just three coeffi­

cients representing transport parallel to the magnetic-field, and in two orthogonal 

directions perpendicular to the magnetic-field , e.g.

/ce.VTe = /ce||6(6 .Vre) + tce±b x (VTe x b) -f KeX(b x VTe)

where b is the unit vector in the direction of the equilibrium magnetic-field. The 

ion stress-tensor is defined in terms of five coefficients. Three of these are iden­

tifiable as the components of collisional viscosities, while the remaining two are 

entirely attributable to the effects of finite larmor radius.

Equations 4.1 to 4.8 constitute the normalised Braginskii equations [4.3] with 

the following simplifications:

100



• The resistivity is treated as a scalar: f?|| =  tj± =  77, 7 7x =  0.

• Electron inertia is neglected in Ohm’s law (equation 4.3).

• Electron viscosity is neglected in equations 4.1 and 4.3.

• Only the parallel component of the thermoelectric effect is included in 

Ohm’s law.

• The component of the heat flux due to friction has been neglected in the 

electron temperature equation.

• Equilibrium flow velocities have been neglected so that in the linearised 

equations convective derivatives are replaced by partial derivatives:

d d
dt dt

The reader is referred to reference [4.5] for further details of these approximations.

Equations 4.1 to 4.8 are linearised about the chosen equilibrium and then 

solved in cylindrical geometry for the perturbation, £/, where:

< k  ^
be

Tel

vr 

ve 

vz 

Pi

\  Til J

The problem is reduced from 3 spatial dimensions to 1 spatial dimension, by 

Fourier transforming in in both poloidal and axial directions. Effectively one 

writes:

U =

U(r,t) =  U (r, t) exp(zm0 + ikz)
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The assumed cylindrical symmetry of the equilibrium, implies that different 

(m,k)  pairings (i.e. “modes”) are uncoupled, so that each may be treated in 

isolation. The reader is referred to chapter 2 for details of the initial-value tech­

nique that is used to solve the resulting system of equations.

The transport coefficients and their normalisations are given in table 4.3. 

These coefficients correspond to the WdTi —> oo limit of the expressions derived 

by Braginskii [4.3]. Note that the normalised resistivity corresponds to S~l where 

S  is the Lundquist parameter:

s  _  t r  _  47TQ2 1 
ta  <?ta  tj±

Like MOKBE we calculate transport coefficients using ZT-40M [4.13] param­

eters as our reference point:

a =  20 cm 

n =  3 x 1013 cm-3 

Te =  Ti =  300 eV 

B  =  4000 G

For a fully ionised pure deuterium plasma, these parameters yield:

S = 7.266 x 105 

v =  0.294 

fe = 17.128

The remaining normalised transport coefficients are shown in the third column 

of table 4.3. Each of the transport coefficients are taken to be uniform across the 

plasma radius. (Note that this excludes rippling modes from the analysis). In 

the remainder of this chapter the transport coefficients will often be expressed 

as a fraction of the ZT-40M value e.g. v — 0.294 «e|| =  2281.0 CKel, Acex =

7.32 x lO-8^ ,  «ex =  8.32 x 10-3CKe3.
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Transport Coefficient Normalisation ZT-40M value
m e A n a 2

1.38 x 10- 6
n e 2 Te c 2 t a

/ce|| =  3.1616 — n T c T e 
11 m e

p a 2
2281.00

a cca m i nTe/Ce± =  4.664----------—
™ e  u>2cer e

7.32 x 10- 8

5 r r i i  n T e

Kex — 02 m e o j ce

n 8.32 x lO"3

ac,'|| =  3.900 n T i T i
•n 64.69

2 n T i

/C« 1  =  2
“ Z iT i

n 1.33 x 10"6

5 n T i

Ki* =  o ------2 D c{
8.32 x 10"3

^11 =  0.96 n T ^ i
p a 2 

2rA
31.85

3 n T i

;/l 10 U & T i

4.00 x 10- 7

6 n T i

1*2 =  K 2 5 u£ T ;
1.60 x 10-6

n T i  

0 3  =  - —2We-
3.33 x 10- 3

n T i

0 4  =
U c i

15 6.66 x lO"3

Table 4.2: Normalised transport coefficients for ZT-40M parameters.
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The equilibrium we use is the same T.M.S. equilibrium that was used by 

MOKBE. However, we do not restrict ourselves to flat density profiles, instead 

considering equilibria that have a uniform rjx, where

-lf d T  1
VT = U r

dpi
d r P.

For all the cases we consider, the ion and electron temperatures are equal every­

where, so that tjt =  Tji. The pressure gradient remains the same as for MOKBE 

(i.e. D = 0.2 everywhere), but it is now decomposed into temperature and density 

gradients according to:

Integrating these equations leads to:

dT
p d7

T)t
1 + rjTd

*1T
T  =  Cp'+^r

P =
1 _ J _

—  D1+T?rc p
where C is a constant to be determined by the boundary conditions. We choose C 

such that the density is unity at the resonant surface. This means that the inertial 

term within the layer is always of a similar magnitude, and guarantees that modes 

that are insensitive to temperature gradients have the same normalised growth- 

rate for all tjt-

The beta value of the equilibrium is dependent on both the pressure profile 

(i.e. D), and the pressure at the edge. Table 4.2 lists values of central beta, /?0, 

and the poloidal beta, /%, for D = 0.2 and various normalised edge pressures, 

where:

A

A

2p(0)
B{ 0)2

4 f  rp (r ) dr 
a^BKa)
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p{a) Po Pe
0 .0 0 0.087 0 .1 2 1

0 .0 2 0.107 0.156

0.05 0.137 0.225

0 .1 0 0.187 0.339

Table 4.3: Central and poloidal beta values for the D  =  0.2 T.M.S. equilib­

rium at various normalised edge pressures.

The results below refer to the stability of m = 0 , ka = 1 .0  for this equilibrium. 

The specialisation to this particular mode is made in order to highlight the effects 

of the various terms in the full system of equations. Beginning with resistive MHD 

in section 4.3, progressively more physics is introduced through sections 4.4 to

4.6. Particular emphasis is placed on the identification of the various branches of 

instability, and on comparison with previous analytical work .

In section 4.7 the radial profiles of various local stability parameters are plot­

ted out for the TMS equilibrium. These embody the stability of this equilibrium 

according to the work of Finn and Mannheimer [4.17], Hahm and Chen [4.18], 

and Finn and Drake [4.16]. Comparison is made with the complete stability that 

was reported by MOKBE.
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4.3 R esistiv ity

We begin by including resistivity only, and attempt to compare the results with 

the analytical work described in section 3.3. For this case equations 4.1 to 4.8 

are reduced to the far simpler model below:

S + V W  = 0 (4.9)

d v
= J  X B -  jV (pe + Pi) (4.10)

E  +  v  x B  = TjJ (4.11)

dTi
' at + P i V 'v  =

3—  - ( T e -T .)
m i re

(4.12)

d T e
a  = 3— l { T i  -  Tt )

m i re
(4.13)

V x £  = d B
d t

(4.14)

P = Pi + P e  =  p(Te +  Ti) (4.15)

Recall, from section 3.3, that the resistive layer equations have two distinct solu­

tions with differing behaviour at the resonant point, r =  r s . The twisting parity 

mode has a zero in the radial magnetic field perturbation at r =  rs, while the 

tearing parity mode has a zero in the radial velocity perturbation. Remember 

that the latter can be driven by both A' and the pressure gradient at the res­

onance (resistive-g mode), while the former is driven only by the local pressure 

gradient. In general A' is non-zero, so that the twisting and tearing modes have 

non-degenerate growth-rates and should be observable as separate solutions to 

the linearised equations.

The analytical work of Finn and Mannheimer [4.17], indicates that the twist­

ing mode is stabilised by compressibility leading to the stability condition (also 

equation 3.55):
2D
Y p < s + 1 (4-16)
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where s  = 4 /P '2, Y is the ratio of specific heats and /? is defined at r =  ra. Thus 

for larger T/3 a larger value of Suydam parameter, jD, can be supported without 

loss of stability. For the m  =  0  mode in the TMS equilibrium (D  =  0 .2 ), stability 

is predicted for :

T(3 > 0.17

or with T = 5/3:

T(l) > 0.007

Note that in MOKBE, T'(l) =  0 .1 , so the twisting parity m  — 0 mode should 

have been stable according to Finn and Mannheimer.

Below we attempt to verify the stabilisation of the twisting mode by artificially 

reducing T(3 and using Charlton’s technique to observe both twisting and tearing 

parity modes under identical conditions. The two separate parity resistive modes 

have of course been identified using shooting methods (e.g. [4.11]), but previous 

initial value approaches have relied on convergence to the fastest growing mode 

and have therefore been incapable of resolving the slower growing instabilities. 

Thus an orthodox initial value code could only yield conclusions on the fastest 

growing mode, i.e. tell us that for T(3 greater than some value the tearing parity 

mode is dominant. Once the growth-rate of the twisting mode is reduced below 

that of the tearing parity mode it would effectively be invisible to the code, 

and further stabilisation could not be followed. Thus this is a situation where 

Charlton’s method enables additional results to be extracted. The reader is 

referred to section 2JS for details of the technique.

Figure 4.1 shows the normalised growth-rates of both twisting and tearing 

parity m  =  0, k =  1 .0  modes versus Tf3. For convenience, the variation in Tf3 

has been achieved by varying the ratio of specific heats while keeping T(l) =  0 .1  

(i.e. keeping /? constant). A more physically meaningful situation would involve 

setting T = 5/3 and varying the value of the edge temperature. However, some
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experimentation shows that the growth-rates depend only on the product of T 

and /? and are insensitive to their individual values (in agreement with [4.17]). 

Thus we are at liberty to choose the means of varying this parameter. Notice that 

for very small values of Tfi the twisting mode is dominant. This is presumably 

due to the suppression of the tearing parity mode by A' < 0. As 17? is increased 

the growth-rate of the twisting mode is quickly reduced while the tearing mode 

asymptotes to a growth rate 77,4 «  2 .1  x 1 0 -3. It becomes extremely difficult 

to observe the twisting mode for Yfi > 0.17 and figure 4.1 suggests that the 

mode is stable at T/? ~  0.18. This compares well with the Finn and Mannheimer 

prediction of 0.17.

Figures 4.3 and 4.4 show the profiles of perturbed variables for twisting and 

tearing parity modes respectively. In both cases there are large gradients at the 

resonant point of r s =  0.883. However, comparing the profiles of specific variables 

demonstrates the very different nature of these two instabilities. For example, 

the opposite parities of the vr perturbations immediately identifies each mode. 

Perhaps of greater significance are the br perturbations, which indicate that the 

tearing parity mode leads to the formation of magnetic islands (br at r = r a 

non-zero), while the twisting mode merely bends field lines.

Finally, we should check that we are observing resistive modes by checking 

the scaling with resistivity. This has been carried out and yields the analytical 

7 T4 oc S - 1 / 3 scaling at large S. At small values of S  the behaviour diverges 

significantly from the layer theory predictions, for reasons associated with ap­

proximations of the theory. This is discussed further in Appendix 4A, in which 

ODRIC growth-rates have been compared with the exact analytical growth-rates 

for tearing modes in a Bessel function equilibrium.

To summarise this section we have:

(i) identified twisting and tearing parity modes as independent branches of 

instability
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(ii) observed the compressional stabilisation of the twisting mode with increas­

ing r p .

4.4 R esistiv ity  and Hall term s

The equations are those of the previous section but with Ohm’s law (equation

4.11) replaced by:

p \  2
(4.17)

Figure 4.2 demonstrates the effect of gradually introducing the Hall terms through 

the parameter v. C v = 0 .0  corresponds to the resistive MHD model considered 

above, while C v =  1 .0  corresponds to the ZT-40M value. The branch labelled (1)

terms, in agreement with the work of Finn, Mannheimer and Antonsen [4.11],

The parameters appropriate to figure 4.2 are: r s/a  =  0.883, B / B q =  0.52, P =  

0.445, ka =  1 .0 0 , s — 1.392, T  = 5/3, S  = 7.266 x 1 0 5. Thus equation 4.19 yields:

v  > 0.046

or as a fraction of the ZT-40M value:

C v > 0.155

Again, this is in reasonable agreement with the numerical results which indicate 

stability for C v > 0.17 .

is the the tearing parity, pressure-driven, resistive mode, which will hereafter be 

termed the “resistive-g mode”. Notice that this branch is stabilised by the Hall

and also Hahm and Chen [4.18]. For a negligible A' and equal electron and ion 

temperatures, the stability condition is given by equation 3.64:

(4.18)

109



Figure 4.5 shows the profiles for the resistive-g mode at C v =  0.16. Here the 

mode is strongly coupled to the electron drift wave, leading to a more complicated 

mode structure and a large real frequency.

Branch (2 ) shown in figure 4.2 is the twisting parity mode observed by MOKBE. 

Its profiles are shown in figure 4.6. Although it is of a similar structure to the 

twisting resistive mode shown in figure 4.3, it has much less localised velocity 

perturbations. Also observable “underneath” branch (2 ) is an instability with an 

odd parity v T perturbation. Its behaviour with C u, and its mode structure (figure

4.7) suggest that it is the first harmonic of branch (2). Presumably there are also 

slower growing higher harmonics.

It is important to identify the mechanism responsible for the emergence of 

branch (2 ) (and its higher harmonics). MOKBE suggest that this instability 

is in fact the twisting parity resistive mode driven unstable by the Hall terms. 

However, this appears to be in disagreement with FMA [4.11], who conclude 

that both twisting and tearing parity, pressure-driven, resistive modes can be 

stabilised by coupling to drift waves. Fortunately the discrepancy can be traced 

to an assumption used in this reference. Referring back to equation 3.62, note 

that the parameter k t  was set to zero by FMA, so that effectively they assumed 

rji =  2/3. This is in contrast to the results of figure 4.2 or those of MOKBE which 

have been obtained using a uniform density equilibrium (i.e. t/,- = oo). In order 

to determine whether a genuine discrepancy exists we must examine the effect 

of finite density gradient on branches (2 ) and (3). This is achieved using the 

straightforward extension of the TMS equilibrium described in the introduction 

to this chapter.

Figure 4.8 shows the growth-rates of branches (2) and (3) versus 1 / ( 1  +  77,). 

As the equilibrium density gradient is introduced branches (2 ) and (3) are both 

suppressed and become marginally stable at 7;,- w 2/3. Thus there is no instability 

for T]i < 2/3 and the numerical results do not contradict FMA. More importantly, 

this stability condition coincides with that for 77,- modes (section 3.4). Additional
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experimentation, reveals that branches (2) and (3) are driven specifically by the 

ion temperature gradient (rather than the electron temperature gradient), and 

that their growth-rates scale little with resistivity. The latter point would seem 

to rule them out as a variant of a resistive mode and strongly suggests that they 

are the zeroth and first harmonic 77,- modes. Likewise we are led to a similar 

conclusion about the identity of the ‘even mode’ observed by MOKBE.

In summary introducing the Hall terms has two discernable effects:

(i) the stabilisation of resistive-g modes by coupling to the electron drift wave

(ii) the introduction of a new instability (the 77,- mode) that is driven unstable 

by ion temperature gradients if 77, > 2 /3 .

4.5 R esistivity, H all term s and E lectron  

Therm al C onductivity

Now we extend the model of the previous section by including the electron thermal 

conductivity. Thus equation 4.15 is replaced by:

P d T e 
T -  1 d t

+ p eV .v  =  V.(#ce.VT'e) +  3
m e p . _ m ,
— - ( T i  -  T e )mi re (4.19)

The relevant layer theory is that of Finn and Drake [4.16], which was summarised 

in section 3.5. Here the reader should recall the major conclusion of Finn and 

Drake: ‘finite electron thermal conductivity allows access to the free energy source 

associated with the electron temperature gradient, and this can drive a tearing 

parity instability ( the MCD mode), provided that the curvature frequency lies 

within a given range, or that there is some cross-field transport of particles or 

heat’. In this section we set out to identify the MCD mode and confirm the 

behaviour reported by Finn and Drake.

Figure 4.9 is basically a repeat of figure 4.2 but now with electron thermal 

conductivity included. Additionally the edge temperature has been reduced to
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T (  1 ) =  0 .0 1  (from 0.1) so that the u c/u)me ratio is comfortably within the range 

for unstable MCD modes (see figure 3.3). The branch marked (1 ) is the resistive-g 

mode branch that has been considered in the previous sections. At small values 

of C v the g-mode is suppressed much as it is in figure 4.2. However, increasing C v 

does not totally stabilise this branch, instead the growth-rate reaches a minimum 

(approximately where it was previously stable) and then increases with C v . In 

figure 4.9 the mode is now marked (4) although it is actually the continuation of 

the g-mode branch. Also shown in figure 4.9 is the zeroth-order 77,■ mode, which 

is little affected by the electron thermal conductivity.

Figure 4.12 shows the mode structure of branch (4) at the ZT-40M value of 

the Hall parameter. The bT profile indicates that this is an island forming, tearing 

parity instability. However, the velocity profiles are significantly different from 

those of the simple resistive-g mode (fig 4.4). This is not inconsistent with the 

MCD mode in which the velocity perturbation plays a less central role than it 

does in normal tearing or g-modes (see ref [4.16]). There are additional reasons 

to identify branch (4) with the MCD mode:

• the behaviour of branch (2)/(4) with increasing drift frequency is very sim­

ilar to that reported by Finn and Drake (see figure 3.3)

• the frequency of branch (4) at C u =  1.0 is ujta =  0.0438, which is compa­

rable to the electron drift frequency for this equilibrium: =  0.0478,

and also consistent with the MCD mode.

Thus we can tentatively identify branch (4) with the MCD mode. However, 

before we can confirm this we must check that the mode is dependent on both 

the electron temperature gradient and the wc/u>me ratio.

Figure 4.11 shows the growth-rate and frequency versus the edge temperature. 

Varying the edge temperature is equivalent to varying u>c/u+ e since:

_  4ft 
U\,e D P '2
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—  «  25.6(0.02+ T(1))

Thus the range 0 .0  < T(l) < 0 .1  corresponds to 0.51 < u c/ujme < 3.07.

Figure 3.3 indicates that the MCD mode should be unstable in the range 

0.05 < uic/u)me < 2.9. However, although figure 4.11 indicates a reduction 

in growth-rate as T(l) increases the mode remains unstable even at T (l)= 0 .1  

(u>c/u\,e =  3.07). This discrepancy is perhaps attributable to the neglect of cross­

field transport and A' in figure 3.3.

Figure 4.12 shows the growth-rate and frequency of branch (4) versus 

1 / ( 1 + 7/e). It is clear that the mode is driven by the electron temperature gradient. 

As r]e is reduced (i.e. VTe reduced) the instability is suppressed, and its growth 

rate is negligibly small below rje «  0.25.

Finally, figure 4.10 shows the growth-rates of the resistive-g mode , the rji 

mode, and branch (4) versus Lundquist parameter. Here, the g-mode branch is 

shown in the absence of Hall terms (C v = 0). It demonstrates the characteristic 

S'- 1 / 3 scaling at large S  and resistive damping at low S  (see Appendix 4A). Of the 

two branches observable at C v =  1.0, the rji mode shows very little dependence on 

resistivity, while branch (4) tends to the g-mode scaling at large 5. Interestingly, 

branch (4) is also strongly suppressed at low S', which is perhaps associated with 

the breakdown of the semicollisional ordering.

Thus to summarise this section, we conclude that in the presence of finite 

electron thermal conductivity there exist two quite distinct instabilities:

(i) a mode that is driven by the ion temperature gradient, that has previously 

been identified as the 77,- mode.

(ii) a drift-resistive g-mode that is driven by the electron temperature gradient 

and is identifiable as the MCD mode of Finn and Drake [4.16].

These conclusions remain valid for the full cold-ion Braginskii equations ,i.e. both

or in th is specific case:
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instabilities are insensitive to the additional inclusion of Ohmic heating and the 

Thermoelectric effect.

4.6 T he Effect o f Ion Transport on M CD  

and r/i M odes

Having established the important instabilities in the cold-ion limit we proceed 

now to examine the effect of ion transport (i.e. finite ion temperature) on these 

modes.

To begin with we remind the reader of a result obtained in reference [4.5]. 

In that paper, the mode that we have identified as the 77,-mode was reported to 

be stabilised by the introduction of thermal conductivity, although the separate 

effects of the electron and ion thermal conductivities was not investigated. How­

ever, the results of the previous section show that the 77,- mode is little affected 

by electron thermal conductivity and so we must conclude that the ion thermal 

conductivity is responsible for the suppression observed by MOKBE [4.5].

Figure 4.14 shows the effect of ion parallel transport (i.e. /iy and /c,||), on the 

growth-rate and frequency of the 77,- mode. The dependent variable, a, is the ratio 

of the ion parallel transport coefficients to their reference ZT-40M values. Thus 

a  =  0 .0  corresponds to the (cold-ion ) model of the previous section, while a  = 1 .0  

corresponds to the ZT-40M values. An increase in a  may be considered as due to 

an increase in ion temperature, since //j| oc oc a  oc Tf^ 2. Thus one visualises 

increasing the ion temperature from zero up to the ZT-40M value. Associated 

with the increasing ion temperature is a decrease in the ion-ion collision frequency, 

1 since 1 oc JT3/ 2 oc a -3/5. The variation of */,-,• as a function of a  is also shown 

in figure 4.14.

It is immediately obvious from figure 4.14 that ion parallel transport can 

have a strong stabilising influence on 77,- modes. In fact, the m  =  0 , ka = 1 .0
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mode is stable for a  greater than about 0.28 and is therefore stable for ZT- 

40M parameters. This is presumably a similar stabilisation to that observed by 

MOKBE. However, we must be cautious here.

Notice that the ion-ion collision frequency has a similar magnitude to the 

mode frequency, suggesting that we are at the limit of validity of the fluid model. 

The Braginskii fluid equations are derived by assuming that both electron and 

ion distribution functions can be approximated by a Maxwellian plus a small 

correction (reference [4.3] and section 1.4). Thus the model may only be applied 

to processes occurring on much longer timescales than those required for the 

respective distribution functions to approach local thermal equilibrium (i.e. a 

local Maxwellian distribution). For electrons this demands:

j'ee >  w

and for ions:

V i i  >  o j

where u> represents the frequency of the process (or mode) to be described. From 

figure 4.14 we see that ua is less than u  for values of a  greater than about 0.02. 

Consequently, one can have no confidence in the stabilisation of the rji mode that 

is predicted using the fluid theory. Further progress requires the use of kinetic 

theory for the ions. A similar conclusion applies also to the MCD mode, since 

this mode has an even larger frequency.

Although the parallel ion transport cannot be described using fluid theory, 

the perpendicular ion transport remains valid provided:

L± >  at

where L±  is a typical equilibrium length-scale in the direction perpendicular to 

the magnetic field. For the reference case of ZT-40M parameters a,/a = 0.044, 

and this condition is easily fulfilled. Thus if parallel ion transport is neglected 

the Braginskii equations still provide an adequate description.
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Figure 4.15 shows the growth-rates of both 77,- and MCD modes versus ion Lar- 

mor radius. The ion parallel transport has been neglected but /Zi, /i2, ^3 , 7/4, /c,x 

and KiX are all included. At CQ| = 0  the model corresponds to that of the pre­

vious section. As C ai is increased the 77,- mode (branch(2)) is little affected, but 

the MCD mode (branch(4)) is noticeably suppressed. This latter point seems to 

be in contradiction with Finn and Drake [4.16] who claim that the MCD mode is 

insensitive to the ion dynamics. However, the disagreement is quantitative rather 

than qualitative, since the mode remains unstable even at the twice the reference 

Larmor radius.

Thus we can draw the following conclusions from this section:

(i) it is often inappropriate to use Braginskii ion parallel transport when de­

scribing instabilities in RFP’s and tokamaks. Many of the relevant insta­

bilities have large frequencies (a? «  u;*e), and this coupled to the high tem­

peratures and low densities, means that the ions are effectively collisionless 

(<jJ >  va).

(ii) the inclusion of the finite ion Larmor radius terms, has a mildly destabilising 

effect on the 77; mode but a more obvious stabilising influence on the MCD 

mode. However, both (m  = 0 , ka =  1.0) modes remain unstable at the 

reference ZT-40M value of the ion Larmor radius.
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r p
Figure 4.1: Growth-rate versus the value of T (!) at the resonant point for 
even parity (0 ) and odd parity (1 ) modes. S  =  7.266 x 1 05, T (  1 ) = 0 .1 .

Figure 4.2: Growth-rate versus Hall parameter (u =  0.294 x C u). S  = 
7.266 x 1 05, T( 1 ) = 0 .1 .
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F ig u r e  4.3: Profiles of perturbed variables for branch (0). S  =  7.266 x
1 0 5, T{  1 ) =  0 .0 ; 7  ta =  1.999 x  1 0 ‘ 3.
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F ig u r e  4 .4 : Profiles of perturbed variables for branch ( 1 ). 5  =  7.266 x
105, T ( l )  =  0.1; 7  7u =  2.096 x  10~3.
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Figure 4.5: Profiles of perturbed variables for branch (1 ). The real 
part of the perturbation is represented by the continuous line and the 
imaginary part by the dotted line. 5 = 7.266 x 1 0 °, T(l) =  0 .1 , C v — 
0.16. ; 7  ta  =  (0.1654 + i  5.237) x 10"3.
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Figure  4.6: Profiles of perturbed variables for branch (2). S  =  7.266 x
1 0 °, T ( l)  =  0 .1 , C u =  1 .0 , Tji =  rje =  co ; 7  ta =  (8 .960 4- f 1.440) x  1 0 - 3 .
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F ig u r e  4 .7: Profiles of perturbed variables for branch (3). 5  =  7.266 x
1 0 5, T ( l )  =  0 .1 , C v — 1 .0 , Tj{ — Tje — cc ; 7  rA =  (3 .718-rf 0.315) x  1 0 - 3 .
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Figure 4.8: Growth-rate versus 1 / ( 1  + 77,-) for branches (2 ) and (3). 
S  =  7.266 x 1 0 5, T( 1 ) = 0.1, C v =  1.0, m = 7]e.

Figure 4.9: Growth-rate versus Hall parameter including electron ther­
mal conductivity. S  =  7.266 x 1 0 °, T {  1 ) = 0 .0 1 , C Ke =  (1 , 1 , 1 ),
Vi — Ve — CX).
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Figure 4.10: Growth-rate versus the logarithm of the Lundquist param­
eter for branches (1),(2) and (4). For branch (1 ) : C„ = 0 .0 , for branches 
(2 ) and (4) : C v = 1 .0 . T(l) =  0 .0 1 , CKe = (1 , 1 , 1 ), 77,- = rje =  0 0 .

Figure 4.11: Growth-rate (continuous line) and frequency (dotted line) 
of branch (4) versus edge temperature, T (  1). S  = 7.266 x 1 0 5, Cv = 1 .0 ,
C Ke =  ( 1 ,  1 ,  1 ) ,  7H =  T]e =  CO.
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Figure 4.12: Profiles of perturbed variables for branch (4). S  =  7.266 x
1 0 s , T ( 1 ) =  0 .0 1 , C„ =  1 .0 , =  ( 1 , 1 , 1 ), TU =  7je =  cc  ; 7  r 4 =
(7.332 -f i 43.760) x  10"3.
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Figure 4.13: Growth-rate and frequency of branch (4) versus 1 / ( 1  + 7/e). 
S' = 7.266 x 1 05, T {  1) = 0 .0 1 , C v = 1 .0 , = (1 , 1 , 1 ), ^ = 7?e.

Figure 4.14: Growth-rate and frequency of branch (2 ) versus ion- 
parallel transport, where a  is the fraction of the ZT-40M values of /q| 
and /c,j|. Also shown as a dot-dash line, is the ion-ion collision fre­
quency. S  = 7.266 x 1 0 5, T( 1) =  0.01, C v = 1 .0 , CK<t =  (1,1,1), 

=  ( a , 0 , 0 , 0 , 0 ) ,  C Ki =  ( a ,  0 , 0 ) ,  77;  =  r)e =  0 0 .
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Figure 4.15: Growth-rates of branches (2 ) and (4) versus ion Larmor 
radius, ( a {/ a  =  0.044 x Cai). S  =  7.266 x 1 0 5, T( 1) = 0 .0 1 , C v =  1 .0 ,
C*. =  (1 , 1 , 1), c„ = (0 ,c i , c i , c ai, c j ,  CKi =  (0 , C l , C J ,  Vi =  Ve =
CO.
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4.7 Local Stability Param eters

In this section some important local stability parameters are calculated for the 

TMS equilibrium. The radial profiles of these parameters summarise the local 

stability properties of this equilibrium according to the various layer theories 

and allow comparison with the numerical work presented above. Also, since 

the numerical and analytical results are in good qualitative agreement, one may 

reasonably assume that the parameters embody the conclusions that would be 

derived from an extensive numerical study (i.e. one that examined all modes 

rather than just m = 0 , ka =  1 .0 ).

Figure 4.16 is a stability diagram for the twisting parity resistive mode (section

4.3). The ordinate is related to the normalised growth-rate derived by Finn and 

Mannheimer for compressible resistive MHD [4.11]:

n S/S =  ( l TA S 1/3 (ka) -V3f 2 =  -  3 -  i )

Thus wherever ft3/ 2 > 0 the equilibrium is unstable to an twisting parity resistive 

mode. For comparison note that the m  =  0 mode is resonant at r / a  = 0.883, 

so that for T (l)= 0 .1  this mode is stable, as stated in section 4.3. Figure 4.16 

demonstrates the stabilising effect of finite beta. Although the twisting parity 

mode is unstable for r / a  > 0.75 when T(1 )= 0 .0 , at T(l)=0.1 (higher beta) the 

mode is stable at every radial location.

Next, we summarise the stability of the resistive-g mode according to the 

theory of Hahm and Chen [4.18] (section 3.4). Recall that Hahm and Chen 

considered a model amounting to compressible resistive MHD plus the Hall terms 

in Ohm’s Law. They found both twisting and tearing parity instabilities were 

suppressed with increasing electron drift frequency, a;*e, so that for A' = 0 both 

modes were stable for drift frequencies greater than some critical value. Since the 

drift frequency is proportional to the axial wavenumber, k , this defines a critical
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axial wavenumber:

.  * . K - 2 ( u c i T A ) 3 r ,  B  ^ S Dkca — 4 v 2 7r -------------
S  a Be T p 2

Modes with k >  kc are stable. Figure 4.17 shows the corresponding critical 

toroidal mode number (nc = kc/Ro) for the TMS equilibrium using the reference 

ZT-40M parameters. Since this equilibrium has A7 < 0  everywhere this figure 

may be considered a pessimistic estimate of the stability of tearing parity resistive 

modes. Note also that integer values of n c are the only ones with any physical 

significance (integer n* being the requirement for single- valuedness in a toroidal 

device). Thus for T (l)= 0 .1 , all modes with > 0 are stable everywhere except 

close to the axis. The situation is similar for T(1 )= 0 .0 , although the vanishing 

of f$ at the wall leads to an additional unstable region. Above all else, figure 

4.17 demonstrates the strong stabilising effect of Hall terms on resistive-g modes, 

and suggests that instabilities of this type should be far less prevalent in current 

RFP’s than is implied by simple resistive MHD. However, as was made clear 

in section 4.5 this conclusion only applies when the electrons obey an adiabatic 

equation of state.

When the model is extended to include finite electron thermal conductivity 

the g-mode no longer stabilises with increasing u;*e, instead it evolves into the 

Magnetic Curvature Drift (MCD) mode [4.16]. Figures 4.18 and 4.19 show the 

important parameters for the MCD mode [4.16]. Recall that this mode can be 

driven unstable by either curvature or cross-field transport. In the former case 

an instability exists for a range of wc/ujme (see figure 3.3) values. The ratio 

is shown in figure 4.18. The regime of instability shrinks with decreasing r]e, but 

always lies in the domain 0.05 < u>c/ u me <  2.9 (for positive values of 7/e). Thus 

we conclude from figure 4.18, that the TMS equilibrium will be unstable to a 

MCD mode that is resonant at large radii, with the unstable region considerably 

diminished at large T(l). Figure 4.19 shows the parameter that determines the
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destabilising effect of cross-field transport:

where

is the shear length and

L.
P  B 2 

P '  B z B q

LP =
P_
p ’

is the length-scale associated with the pressure. The reader is referred to reference 

[4.16] for further details. Here we need only point out that the MCD mode can be 

driven by the perpendicular transport even in the absence of curvature, and that 

under these conditions the mode is maximally unstable (i.e. has largest growth- 

rate) at (* «  0.4.
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Figure 4.16: Stability diagram for the even parity resistive mode in the 
TMS equilibrium with D  =  0.2 and T =  5/3. Here ft is a normalised 
growth-rate: ft =  7 r A  S’1/3 (ka)~2/3.

a
Figure 4.17: Critical toroidal mode number, nc, for the resistive-g mode 
in the TMS equilibrium with D  = 0.2 and for ZT-40M parameters. 
Modes with n > n c are stabilised by the Hall terms.
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a
Figure 4.18: cuc/u;*e for the TMS equilibrium with D  = 0 .2  and Te =  TJ. 
For r)e =  oo the MCD mode is unstable for 0.05 < u c/u * e <  2.9.

a
Figure 4.19: for the TMS equilibrium with D  =  0 .2  and Te =  T,-. For
finite (* the MCD mode can be destabilised by cross-field transport even 
in the absence of curvature, with a maximum growth-rate at £* ~  0.4 
(see reference [4.9]).
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4.8 Conclusion

The paper by MOKBE [4.5] was the prime motivation for this chapter. In that 

work the ODRIC linear stability code was used to examine the effect of additional 

transport on resistive instabilities in a tearing mode stable Reversed field pinch 

equilibrium. Surprisingly, MOKBE reported total stability when all available 

terms were included. This appears to be in contradiction with some of the existing 

analytical work.

This chapter contains new results obtained using the modified version of 

ODRIC (see chapter 2 ). The equations solved are those of the version used 

by MOKBE but now including the equilibrium density gradient terms. The re­

maining modifications are all associated with more effective convergence, so that 

in the flat density limit the code is identical to the original. However, this chapter 

has been primarily concerned with a more careful comparison of the numerical 

results with the predictions from various layer theories, in the attempt to resolve 

some of the questions raised by reference [4.5].

In general, the layer theories have been demonstrated to be qualitatively cor­

rect. Thus:

(i) In compressible resistive MHD the twisting parity mode has been observed 

to be stabilised by finite T/3 in agreement with reference [4.17]. This has 

required convergence to a mode other than the fastest growing mode, and 

would not have been possible in a conventional initial value code. It is 

therefore a demonstration of the considerable benefit that “tuning” of the 

timestep can yield (see section 2.3).

(ii) The inclusion of the Hall terms in Ohm’s law leads to a coupling of the 

resistive-g mode with the electron drift wave. In agreement with refer­

ences [4.11] and [4.18], the mode can be completely stabilised for typical 

experimental RFP parameters. However, a new instability (plus harmonics) 

emerges and has a growth rate increasing with w*e. This mode is the ‘even’
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parity instability reported by MOKBE. The inclusion of the equilibrium 

density gradient terms has allowed a scaling of growth-rate with 77,- to be 

determined. The mode has been shown to be stable for 77; <  2/3 and thus 

identified as the fluid limit of the 77,- mode.

(iii) The extension of the model to include finite electron thermal conductivity 

leads to a different scaling of the resistive-g mode branch with o;*e. At 

low cjme the mode is suppressed much as for the adiabatic electron model, 

but with increasing u;*e (or equivalently u) it is no longer completely sta­

bilised. Instead it reaches a finite minimum growth-rate before evolving 

into a semicollisional tearing mode that is driven by the electron tempera­

ture gradient. The behaviour of this mode is in agreement with the work of 

Finn and Drake [4.16], who dubbed this limit of the branch the “Magnetic 

Curvature Drift Mode”. The 77; mode has been observed independently and 

appears largely unaffected by the electron thermal conductivity.

Thus in the cold ion limit there are two important instabilities:

• the rji mode

• the MCD mode.

(iv) The ion parallel transport appears to have a strong stabilising effect on the 

7}i mode, suggesting the source of the total stability observed by MOKBE. 

However, a comparison of the mode frequency with the ion-ion collision 

frequency shows the ions to be insufficiently collisional to be described by 

fluid equations. Thus in this regime (u> > z/Jt) the ion parallel transport 

can only be described by kinetic theory, and the effect of the parallel ion 

viscosity and parallel ion thermal conductivity must be discounted.

Inclusion of the finite Larmor radius terms alone shows the MCD mode can 

be suppressed by these but that the 77,- mode has a growth-rate increasing 

with ion Larmor radius. However, both m  = 0, ka =  1.0 modes remain
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unstable for the ZT-40 reference parameters.

Thus we conclude that there are (at least) two important confinement degrad­

ing (i.e. finescale) instabilities in RFP’s:

• the 77,• mode for 77t- > 2/3.

• the MCD mode for wclu)mc<Z.

The performance of current and future RFP’s is likely to be dependent on the 

non-linear dynamics of these modes. There have been numerous attempts to cal­

culate the anomalous transport due to 77,- modes, but only reference [4.19] has 

been specifically concerned with energy confinement in RFP’s. There appears 

to be a good case for further studies, especially since the heating of the ions by 

dynamo fluctuations [4.20] suggests that ion thermal transport will be an impor­

tant limiting factor for RFP confinement. As far as the author is aware, there 

are no publications dealing specifically with the transport due to MCD modes 

in RFP geometry. Here we will merely point out that the dominant transport 

mechanism is likely to be opposite for the two modes. The 77,- mode is basically 

an electrostatic instability and so the anomalous transport to be expected from 

it will be largely due to the fluctuating E  x B  drifts, where E  is the fluctuat­

ing electric field. In contrast the MCD mode is a tearing parity instability and 

therefore leads to the formation of magnetic islands. The resulting transport will 

presumably be of the “magnetic flutter” type.
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Appendix 4A : Tearing Mode Growth-Rates
in the BFM

In order to test the accuracy of ODRIC, all transport except resistivity was 

“switched off” and the growth-rates of tearing modes in the Bessel Function 

Model (BFM) were determined. The BFM equilibrium takes the simple form:

B e =  B o J ^ f i r )

B z =  B 0 M f i r )

and this allows an exact analytic calculation of A', where:

K
br

The required functional form of br can be obtained by solving the linearised 

version of V x B  x B  =  0. The solution yields the following expression for A':

A'
Zm(x3)

Z m- i M  +  m Z m( x s)

where:

(4A.1)

5) —

x s =  r(f i2 -  k2) l/2

771«/m ( x u;) T   ̂ n —k k v WJ m —1 tt>)

m Y m(x w) +  krwY m - i ( x w)

with rw the wall radius, J m the m th order bessel function of the first type and Ym 

the m th order bessel function of the second type.
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For m  =  0 this reduces to the expression given by Gibson and Whiteman 

[4.21]:

A '  =
2 J\ (%xv)

7rra«/i(ic5)[yi(xl(;) M x a) Pi(*£a)]
Resistive layer theory yields the growth-rate as a function of A':

(
A a . 2 j  5

koBeP^\ 5 _3/5A m /5

(4A.2)

(4A.3)

where all variables have been normalised so that Bq — B$/B, r8 = r8/a etc.

Figure 4.20 is a log-log plot of growth-rate versus Lundquist parameter for 

m =  0, ka = 1.65, and fi =  5.5. The two solid lines correspond respectively 

to growth-rates from ODRIC and from an incompressible code. The latter were 

supplied by Peter Kirby at Culham Laboratory. The dotted line represents the 

analytic result. Notice that the numerical results only approach the analytic the­

ory in the S —► oo limit. This is a good illustration of the limitations of the layer 

theory, which includes resistivity only in a narrow region about the resonant point. 

As such it captures the fundamental effect of resistivity, i.e. reconnection, but ne­

glects the damping effect of the resistivity outside the resonant layer. A proper 

treatment of the latter requires retaining resistivity throughout the plasma, and 

generally demands a numerical treatment. At low S  values the resistive damping 

can in fact dominate so that the growth-rate increases with increasing 5, ( 7  oc 5), 

rather than following the S ~ 3/ 5 tearing-mode scaling. However, at large S  the 

resistive damping is negligible and the numerical and analytic results are in good 

agreement.

The slight discrepency between the incompressible results of P.Kirby and the 

compressible results of ODRIC is attributable to the small stabilising effect that 

arises from allowing only incompressible motions [4.22].
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Figure 4.20: Normalised growth-rale versus Lundquist parameter for the 

m  = 0, ka  = 1.65 tearing mode in the BFM with fi = 5.5.
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5.1 Introduction

The theoretical description of the Z-pinch in terms of Ideal MHD suggests that 

it is strongly unstable to large-scale instabilities growing on the Alfven timescale 

[5.1]. However, Z-pinch experiments often achieve discharges lasting for many 

Alfven times [5.2], [5.3]. Much of the work of Z-pinch theorists is directed towards 

finding an explanation for this anomalous stability.

Papers by Culverwell and Coppins [5.4] and Cochran and Robson [5.5], have 

shown that the evolution of the equilibrium is of importance for resistive Z- 

pinches. They find that the time-dependence of the equilibrium can have a 

stabilising influence on global m =  0 and m = 1 modes for sufficiently small 

Lundquist parameter, S. This is seen to be of particular relevance to the results 

from deuterium fibre pinches [5.6].

Spies [5.7] has looked at the combined effect of resistivity and collisional vis­

cosity on the stability of static equilibria. Since reference [5.7] was the primary 

motivation for this chapter it is briefly reviewed in the next section.

5.2 R eview  of Work by Spies

Spies studied the effect of a scalar viscosity and resistivity on the modes of an 

incompressible plasma. His starting point was the following set of linearised 

equations for a mode of frequency, u:

^ • o , _ i v 2̂ + V x - ( B . V ) t - ( 6 . V ) B  = 0 (5.1)

i u j - ^ v A b + ( v . V ) B - ( B . V ) v  =  0 (5.2)

V.6 =  0 (5.3)

V.v =  0 (5.4)

where x  is the total perturbed pressure (thermal+magnetic). The variables in 

these equations have been normalised to the pinch radius, a, the Alfven velocity,
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vA, and the magnetic field at r  =  a. The resistivity and viscosity are contained 

respectively in the Lundquist parameter, S’, and the viscous Reynold’s number, 

R:

s =  Tr  _  4 7TQ2 1
ta yc2 ta

r  = _  pa2
ta V\\ ta

To make progress analytically Spies specifically considered modes with short axial 

wavelengths in a weakly dissipative plasma, i.e. k2 ~  S ~  R  <C 1. Under this

ordering the model yields the following tenth order differential equation:

' L2 ' ' b2
i v + ! j D 2

m2B 212 ^  4m2B 4
+ — =— D ~

where

, B ( f
k2 k2 m ‘

+  ^  r  +  +  r
B 2'

vr = 0 (5.5)

Dl = 1 +  —
1 d2
k2 dr 2

Interestingly, this equation is invariant under the interchange of S  and R. Thus 

any stability conditions derived from it must contain viscosity and resistivity on 

an equal footing.

Ideally one would like to solve equation 5.5 and obtain eigenfrequencies as a 

function of S and R , but in general this is not straightforward. However, for the 

special case of the constant current density equilibrium:

B
r

(?y
equation 5.5 reduces to one with constant coefficients and has a solution:

vr ~  exp{mr7rr}
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where nr counts the radial nodes of the eigenfunction. The dispersion relation 

that results is a quartic in u;, but it may be factorised into two quadratics, which 

may be compactly written in the form:

where:

2 . f k2 I:2) 2 k4 4 2 2mW -tl5+̂ )pa’-fi5P ~ m  ± T  =  °

p 2 = 1 + njjr2
■jp-

(5.6)

The positive and negative signs correspond to the two separate quadratics. Equa­

tion 5.6 differs from the dispersion relation for Alfven waves in a uniform field 

[5.8] only by the additional ±2m /p term. We are primarily interested in the un­

stable roots of equation 5.6, i.e. ones which have /m{cj} < 0. Since this model 

yields purely imaginary unstable eigenvalues, the most unstable root is the one 

with the largest positive value of iuj:

iuj = 7 = u y
G+i}

2 2m
H------

P

n 1 /2

m , 1 1 
1 S  +  R

it v

The maximally unstable mode of this root has m =  1 and p — 1 (no radial nodes):

''I max —
Jfc4 r l 112 11/2 r \  l\ k2
T l 5  + S/ + - (5 + l ) y

Thus for total stability we require 7max < 0, which leads to a condition on the 

axial wavenumber, k:

k > k c = (S R )1/4 (5.7)

Equation 5.7 is the primary result of Spies’ paper [5.7]. It states that short 

wavelength modes (i.e. ones with k > kc) can be stabilised by the combined effect 

of resistivity and viscosity. Indeed, in this ordering the stabilisation is due to the 

product of R  and 5, so if either the viscosity or resistivity is excluded the effect 

disappears.

Spies also considered general Z-pinch current profiles. He was able to show 

that a similar stabilising effect occurs, and for m =  1 he ascertained the range in
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which the critical wavenumber, fcc, lies:

SRJ*  < 4k4e < S R J 2max (5.8)

where J0 is the current density on axis, and Jmax is the maximum current density 

(both normalised so that B(a) =  1).

Equations 5.7 and 5.8 offer the intriguing possibility of explaining some of 

the reports of anomalous Z-pinch stability. However, the model used by Spies’ to 

derive these conditions is unrealistic in two ways:

(i) The assumption of incompressibility.

In particular this makes it impossible to describe the m =  0 sausage modes. 

Thus the dispersion relation (equation 5.6) yields no unstable m =  0 modes, 

whereas there are growing m — 0 modes in a compressible plasma.

(ii) The use of a scalar viscosity.

This means that the results are only strictly applicable in the u^r,- —> 0 
limit. Otherwise the viscosity should be described by the Braginskii ion 

stress tensor (see appendix IB and [5.9]).

In this chapter both of these shortcomings are eliminated, so that a more ex­

perimentally relevant picture of visco-resistive stabilisation can be formed. The 

results have been obtained numerically using the ODRIC initial value code [5.10]. 

Since the equations are solved computationally, no ordering assumptions are re­

quired and it is possible to determine the effects of viscosity and resistivity across 

the entire range of k (recall that Spies’ specialised to k 1).
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5.3 T he M odel

The following set of equations have been solved for linear m  =  0 and m =  1 
modes:

=  0

=  j  x 3  — Vp — v .n ,

= V J  

=  0

where IT,- is the ion Braginskii stress-tensor [5.9] (see appendices to chapter 1), and 

D/ Dt  is the convective derivative. The system is closed by Maxwell’s equations.

For total consistency the transport coefficients should be calculated at each 

radial location from the equilibrium parameters at that point. However, this is 

likely to make the results very dependent on the choice of equilibrium, which 

is rather arbitrary. In particular, the density and temperature profiles are con­

strained only by the requirement to produce the equilibrium pressure gradient, 

but must otherwise be determined by experimental measurements (which are not 

currently available). For this reason it is not considered worthwhile to introduce 

the additional complexity of radially varying transport coefficients, and instead 

the resistivity and viscosity coefficients are taken to be constants across the radius 

with values determined by the plasma parameters on axis.

The equations above constitute compressible resistive MHD plus the ion-stress 

tensor. It should be noted that they include neither heat flux terms nor Ohmic 

heating, so that the pinch is assumed to be adiabatic. A more complete set of 

Braginskii equations is available in ODRIC, but here we assume the model above 

in order to clarify the effects of resistivity and viscosity only. Despite this, the 

model can be considered as an extension of that used by Spies [5.7], since:

(i) the plasma is compressible, whereas Spies imposed incompressibility.

1  + v . W

Dv
PT)i

E  +  v x B  

D VpV 3>
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(ii) the viscosity can be anisotropic, (since the full Braginskii stress tensor is 

included), whereas Spies assumed a scalar viscosity.

The boundary conditions are those appropriate to a perfect wall surrounding 

the plasma, so that only internal modes are considered. Coppins [5.1] has shown 

that the most significant effect of the wall is to stabilise long wavelength m =  1 
modes, that would otherwise be unstable in a free-boundary plasma. However, 

aside from this, the effects of viscosity and resistivity are expected to be largely 

independent of the plasma boundary condition.

The equilibrium used corresponds to a pinch of constant radius, which is 

sustained by a current rising as I  cx t* [5.11]. For a uniform temperature the 

profiles are:

B$(r) h(qr)
h  (? )

M r) = q
lojqr)
h(q)

P(r)
4p(g) ~  ■fo(9r) 

io(q) -  1
T(r) Pp(q) - 1  

2 /?(<?)

(5.9)

where 70, I\ are modified Bessel functions, q =  1.656, Be has been normalised to 

its value at the plasma edge (r = 1) and p has been normalised to its on axis 

value.

This equilibrium has been chosen to allow comparison with the results of 

Culverwell and Coppins [5.4]. However, in contrast to that work, we neglect the 

time-variation of the equilibrium and instead opt to consider a more complete 

stability model. As such, the results presented below are only applicable to a 

weakly resistive Z-pinch, i.e. one in which the equilibrium changes negligibly 

over a typical mode growth-time. Strictly this corresponds to the equilibrium of 

equation 5.9 at late times (since S  cx t4/3).

The major reason for assuming a static equilibrium, is one of simplicity. It 

allows an obvious comparison with the analytical work of Spies [5.7], without the 

additional complication of equilibrium evolution. Also, the non-viscous results 

compliment the work of Culverwell and Coppins [5.4], in that they demonstrate
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I(kA) n(cm-3) T(eV) a(cm) S R Wc'Ti

I.C. Comp, pinch 150 7 x 1017 150 0.5 1053 4.3 1.9

Extrap Zl 25 5 x 1016 60 1.0 160 2.0 0.5

Los Alamos DZP 250 2 x 1021 150 44 212

Table 5.1: Experimental Z-pinch parameters for the Imperial College com- 

pressional Z-pinch [5.2], Extrap Zl [5.12], and the Los Alamos DZP [5.3].

the effect of resistivity on a static equilibrium. Thus the contribution to their 

results from equilibrium evolution, can be isolated.

Although the neglect of equilibrium variation is at best an approximation, 

it is a good approximation for a number of existing Z-pinches. Table 5.1 shows 

experimental Z-pinch parameters for three different machines. Extrap Zl is not a 

simple Z-pinch, but has been included because its stability has often been studied 

using Z-pinch geometry [5.7], [5.12]. The deuterium-fibre Los Alamos DZP has 

a very high density and correspondingly resistive nature. Consequently it would 

seem to require an evolving equilibrium treatment. However, both the Imperial 

College compressional pinch and Extrap Zl can be adequately studied with a 

static equilibrium. In both cases the plasmas are quite viscous, (R  «  4 for the 

I.C. pinch and R  «  2 for Extrap Zl), and so they are candidates for visco-resistive 

stabilisation as described by Spies.

The remainder of this chapter is devoted to the presentation and discussion 

of the results from ODRIC. Section 5.4 shows the effect of resistivity alone. In 

section 5.5 the zero-field limit —»• 0) of EE,- is included in accordance with the

work of Spies. Finally section 5.6 examines the effect of using the full anisotropic 

stress-tensor.
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1TA
ka Shooting code ODRIC

0.1 0.069 0.067

1.0 0.657 0.643

10.0 3.249 3.138

Table 5.2: Comparison of m =  0 ideal growth-rates.

5.4 R esistive Spectra

The resistivity is parameterised in terms of the Lundquist parameter, 5, which 

is defined by:

S  = —  (5.10)
TA

where ta = cl/ va is the Alfven time, and tr =  Ana2/r)±c2 is the resistive diffusion 

time (in C.G.S. units). Here va is the Alfven velocity, a is the plasma radius and 

7]± is the perpendicular resistivity.

In the S  —> oo limit the system of equations reduce to compressible ideal 

MHD. Thus by taking large S  it is possible to test ODRIC against ideal results. 

Table 5.2 shows the comparison of ODRIC m — 0 growth-rates for 5  = 106, 

against results from a shooting code [5.13]. Here and throughout growth-rates 

are normalised to the inverse of the Alfven time. The growth-rates are within 3% 

across the entire spectrum and the eigenfunctions are also satisfactorily similar.

Figures 5.1 and 5.2 show m =  0 and m =  1 spectra respectively, for various 

values of 5. It is apparent from figure 5.1 that resistivity has a stabilising influence 

on m  =  0. However, low values of S  are required before significant reduction in 

the growth-rate occurs. The m =  1 behaviour is rather more complicated but 

generally a similar conclusion may be drawn. Notice also that m =  1 modes with 

ka < 1.7 are stable. This is presumably due to the stabilising influence of the wall 

and is similar to that observed by Coppins [5.1].
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In both cases the effect is insignificant at values of S  for which the time 

evolution of the equilibrium may be neglected. This is in contrast to the results 

of Culverwell and Coppins [5.4], who include equilibrium time-dependence and 

find that perturbations are stable for S  < 5C, where:

Sc Rs 50(fca)-°-86 for m = 0

Sc as 40(fca)-0'75 for m = 1
(5.11)

These empirical formulae yield complete stability of ka =  10.0, m = 0 for Sc «  7, 

whereas in the static equilibrium treatment, similar parameters result in a mode 

growth-rate that is still more than 1/2 of the ideal growth-rate. Two conclusions 

may be drawn from this:

0) the static equilibrium treatment that is presented here, is only valid for

S »  Sc.

(ii) the resistive stabilisation observed by both Culverwell and Coppins [5.4] and 

Cochran and Robson [5.5], cannot be attributed to the effect of resistivity 

on a static equilibrium, i.e. the stabilisation is dependent on the resistive 

evolution of the pinch.
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5.5 V isco-R esistive Spectra

The dimensionless parameter that characterises the viscosity is the Reynold’s 

number, R:

R  = (5.12)

where fi\\ is the parallel viscosity coefficient (see appendix IB). To make contact 

with Spies [5.7] the viscosity is taken to be scalar i.e. V.II, —► //||V2v. This is 

the u>ct-rt- —► 0 limit of I I t\

The effect of viscosity on a slightly resistive plasma is demonstrated in figures

5.3 and 5.4. At the S  =  1000 value chosen, the resistive stabilisation is totally 

negligible and in the non-viscous limit the growth-rates are essentially those of 

ideal MHD. At finite values of R  the stabilisation is obvious. When R  «  10 
the m =  0 growth-rates are down by factors of between 10 and 80 across the 

spectrum. For m =  1 the shorter wavelengths seem to be preferentially damped, 

but even the least affected modes are 4 times less slowly growing than their ideal 

counterparts.

Equation 5.8 embodies Spies’ claim that short-wavelength modes can be to­

tally stabilised by a sufficiently small SR  product. Figures 5.5 and 5.6 show the 

visco-resistive stabilisation of ka = 10.0 for m =  0 and m — 1 respectively. On 

each graph S =  100 and S  =  1000 lines are plotted. It is noticeable that the SR  

product for stabilisation is approximately the same for both values of 5.

S R \cr it  «  5000 

SR\crit ~  7500

The m — 1 value falls within the ranges 

rium:

for

oIIs

for m = 1

defined by equation 5.8 for this equilib-

6000 < S R ^ u  < 19000 (5.14)

However, contrary to the incompressible model that Spies analysed, stability of

m =  1 kinks is not the most stringent requirement. In this case m = 0 modes
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need a smaller SR  product for stability (i.e. the plasma must depart further from 

being “ideal”).

5.6 The Effect o f an A nisotropic Stress Tensor

The assumption of scalar viscosity is only valid for u^r,- <C 1. However, as shown 

in table 5.1, Z-pinches do not generally obey this inequality.

Thus to accurately assess visco-resistive effects on Z-pinch stability, the full 

ion stress-tensor must be included. This is possible with ODRIC which contains 

all five viscosity coefficients (see appendix IB).

Figure 5.7 shows the full stress-tensor effect on m =  0 for 5 =  1000, R  =  10 

and a range of a;ct-r,- values. The wc,r,- = 0 curve is the R  =  10 curve of figure 

5.3. It is noticeable that as IT,- becomes more anisotropic the stabilising effect 

becomes weaker. When —► oo the effect is quite insignificant.

In order to isolate the effect of the finite-larmor radius (FLR) terms in the 

stress-tensor, m — 0 spectra are presented in figure 5.8 for finite u^r,-, both with 

and without these terms. The FLR terms are seen to have only a small stabilising 

influence at u^r,- values relevant to Z-pinch experiments.

Table 5.3 lists the fastest growing m — 0 and m =  1 modes for the I.C. 

Compressional pinch, using the parameters shown in table 5.1 and the full stress- 

tensor.

m ka ITA

0 6.0 0.339-fi0.249

1 3.0 0.310+i0.338

Table 5.3: Most unstable modes for the I.C. Compressional pinch, using the 

parameters of Table 5.1.

It is noticeable that the FLR terms introduce a strong oscillatory component to
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the instabilities. However, of greater relevance is the growth-time of the fastest 

growing mode, because this gives some indication of the expected lifetime of the 

pinch (lifetime ~  I / 7). Thus, this model predicts that the I.C. pinch should 

last at least 3 Alfven times. Although this prediction is an improvement on ideal 

MHD, which yields arbitrarily fast growing modes for arbitrarily large wavenum­

ber, it is still short of explaining the stability that is claimed for this experiment: 

I.C. pinch stable for ~  10 ta [5.2].

Thus, for the I.C. pinch we conclude that one or both of the following are true:

(i) some of the physics omitted from this model has a significant effect on linear 

stability, e.g.:

• other magnetohydrodynamic terms such as the Hall term and the ion 

and electron heat flux vectors.

• kinetic effects such as singular or resonant particle orbits.

(ii) non-linear effects are important, possibly leading to mode growth much 

slower than exponential.

If the latter is true, then the growth-time of the fastest growing mode is merely 

a lower estimate of the pinch lifetime.

For Extrap Zl, its small SR  product would surely lead to greater visco- 

resistive stabilisation, and this could perhaps explain its extended lifetime. How­

ever, confirmation of this requires using a magnetic geometry more appropriate 

to this experiment, rather than the simple Z-pinch model used here.
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5.7  D iscu ssio n

In the last section was varied for fixed S  and R  values, in order to demon­

strate the effect of an increasingly anisotropic stress tensor. In particular this sug­

gested that visco-resistive stabilisation would be small in tokamaks and RFP’s, 

where is large, although it could still be significant in Z-pinches, which often 

have small u;ct-r,-.

However, there is an inconsistency in this procedure for Z-pinches, since choos­

ing S and R  actually fixes û t,- [5.14], This is because Z-pinches in equilibrium 

must obey the Bennett relation:

A,/2 =  200N kB{Tc +  Ti)

where kg — 1.6 x 10-12erg eV-1 , N is the line density in cm-1, Te and T; are 

the electron and ion temperatures in eV , and I is the current in A. For a Z-pinch 

fy ~  1, so that the mean temperature is determined by the current and the 

line-density. Similarly, the magnetic-field (at the pinch edge) is derivable from 

Ampere’s Law and is a function of the current and the pinch radius:

B 0(a) = 0.2- 
a

where a is the pinch radius in cm and Be(a) is the magnetic field at the edge 

in G. Also the mean volume number density can be written in terms of the line 

density and the pinch radius:

N
« =  —2

Thus the temperature, density and magnetic field strength can all be written in 

terms of a, N  and 7, and so the transport coefficients are also dependent only on 

these three parameters. It is straightforward to derive expressions for the relevant 

stability parameters:

S  = 2.06 x 1018
I 4 a 1 
In A N 2
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R = 9.39 x 10-33̂ i V 3 
I 4 a

I 4a 1u>dTi =  1.95 x 1024

In A JV5/2

SR  =  1.94 x 10-14 N

where In A is the Coulomb logarithm. These expressions are valid for deuterium 

plasmas and have been calculated using the mean density, n, the Bennett tem­

perature, T  =  Te =  Tf, and taking B  =  B$(a)/2 as the mean magnetic field 

[5.14]. Notice that each of these parameters is actually a function of 74a /lnA  

and N , only. Indeed, in reference [5.14] it has been shown that other important 

stability parameters can be written in terms of I 4a and N. This means that (for 

given In A) the stability properties of any Z-pinch discharges can be expressed as 

a point in a two dimensional space (of I 4a vs. N). Of greater relevance here is the 

conclusion that selecting any two of 5, R  and wctr,- determines the third. This is 

a direct result of the fact that all Z-pinch discharges have fie «  1. For RFP’s and 

tokamaks this is not true, and therefore these machines inhabit a three dimen­

sional space, with the third dimension corresponding to discharges with different 

fi values.

In this section, the visco-resistive stabilisation of Z-pinches is re-examined 

using this requirement of self-consistency. The SR  product is fixed and is 

varied. These two parameters determine the individual values of S  and R  by the 

relations above:

S  =  7.58 (SRf^WciTi (5.15)

R  = 0.132 (Si?)'^2(wclri)-1 (5.16)

Table 5.4 shows the critical axial wavenumber, fcc, above which m = 0 modes are 

stable for SR  = 1000 and various values of cjctrt-.

This value of SR  corresponds to a line density of Â  =  5.15 x 1016 cm-1, which 

is close to the value used by Haines in his zero-dimensional model of Z-pinch
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UdTi 0.01 0.10 0.30 0.50 0.70 1.00 2.00 5.00

kc 4.83 4.95 5.02 6.34 7.44 8.84 12.49 20.40

Table 5.4: Critical axial wavenumber, kc versus o;ctrt- for m  =  0 modes with 

SR  =  1000.

radiative collapse [5.15]. Since the line density remains constant throughout, the 

SR  product is also a constant which is set by the initial conditions. The evolution 

of the collapsing pinch leads to a time varying value of o;ctrt- and therefore a time- 

dependent value of kc. Given o>ct-rt- as a function of time, table 5.4 indicates how 

the critical wavenumber varies and thus how the visco-resistive stabilisation varies 

during the discharge.

Table 5.4 confirms the conclusion of the last section - that effective visco- 

resistive stabilisation requires small a;CJrt- values. The result at o^r,- =  0.01 cor­

responds approximately to the scalar viscosity case studied by Spies. However 

as WciTi is increased the critical wavenumber increases slowly for wCt'Tt<0.3, but 

quite rapidly thereafter. The slow increase for low u^r,- may be due to the FLR 

terms (fi3 and /z4), which vary like u;ctrt- for a < C  1. For wctr,- 1 the five 

viscosity coefficients vary like:

~  1

~  (W«7Y)

and thus the stabilisation that is derived from the FLR terms and the perpen­

dicular collisional viscosity (/zi and /z2) quickly diminishes with increasing o;ctr,-. 

From equation 5.15 we conclude that the most effective visco-resistive stabilisa­

tion occurs at low S  (i.e. low a;c,-Tt). Unfortunately this is precisely the regime in 

which the time variation of the equilibrium should be included [5.4, 5.5]. Thus 

for a rapidly evolving pinch there is only a short fraction of the duration of the
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discharge for which the visco-resistive stabilisation is significant and yet the evolu­

tion of the equilibrium can be neglected. We quantify this requirement as S > Sc 

(see section 5.4) and u>ciTi < 1, which determines a range for I 4 a:

T4n
5.13 x 1(T25 N 5/2 > f 4  > 4.85 x 10~w N 2SC 

In A

For very small line densities this range vanishes, implying that the visco-resistive 

stabilisation of a static equilibrium is not relevant. Conversely, we require:

N  > 8.94 x 10n Sc2

for an appreciable effect. This condition is easily met in the I.C. pinch and 

Extrap. It is also satisfied in the model of reference [5.15], which implies that for 

some finite duration the discharge will be significantly stabilised by viscosity and 

resistivity. However, a glance at table 3 of that reference immediately shows that 

WdTi is less than unity only very early in the lifetime of the pinch ( t <5 x 10-9sec.) 

and that the visco-resistive stabilisation is negligible for the remaining time.

One would obviously like to increase the stabilising effect. Spies’ theory offers 

a simple recipe - merely decrease the SR  product by having low line densities. 

The more realistic study presented here yields a less clear cut recommendation, 

since a lower line density implies larger u^r,- (for given I 4a/\n  A), and a reduced 

stabilising effect. We still need to minimise SR  but without making the stress 

tensor anisotropic. Table 5.4 suggests that ^ c,r,- can be as large as 0.3 before 

the anisotropy of the stress tensor has a serious detrimental effect. Thus this 

empirical result suggests an optimum line density:

(  I 4a \  2̂ 5
jv- = 8ix io9y
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5.8 Conclusions

(i) Resistive stabilisation of m =  0 and m = 1 modes is insignificant at S  

values for which the time-dependence of the equilibrium may be neglected 

(figures 5.1 and 5.2).

(K) The combined effect of a scalar viscosity and resistivity can strongly damp 

both m  =  0 and m — 1 modes at realistic S  and R  values (figures 5.3 and

5.4).

(iii) Short wavelength modes can be entirely stabilised by a sufficiently small SR  

product (figures 5.5 and 5.6), in agreement with Spies [5.7]. Of relevance 

to this is the fact that for a Z-pinch in pressure balance (i.e. obeying the 

Bennett relation), the SR  product is dependent only on the line density:

SR  = 2.74 x 1CT14 N  (4-)1/2
A

where N  is the line density in cm-1, A  is the mass of the ions in units of 

the proton mass. Thus stability is improved for low line densities.

(iv) Although the viscosity and resistivity are equally important in this respect, 

figures 5.5 and 5.6 also show that for the remaining instabilities the viscosity 

has the larger damping effect. (Note that the S  =  1000 curves lie below the 

S =  100 curves).

(v) Assuming a scalar viscosity over-estimates the visco-resistive damping. When 

the full stress-tensor is included the effect is seen to decrease with increas­

ing anisotropy of the stress-tensor (figure 5.7 and table 5.4). Although it 

remains significant for typical Z-pinch parameters (u>c,-t,- ~  0(1)), the stabil­

ising influence is negligible at a v a l u e s  relevant to RFP’s and tokamaks 

(uciTi >  1000).

(vi) The FLR terms in the stress-tensor contribute only a minor damping effect 

at realistic values of 5, R  and uidTi (figure 5.8).
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These conclusions only apply rigorously to the self-similar equilibrium studied. 

However, this equilibrium does not possess any unique stability properties, (it 

is for example very like the constant-current density equilibrium), and so the 

conclusions almost certainly apply to a wider class of Z-pinch equilibria.

It should be noted that only the FLR terms in the stress-tensor have been 

included. A full appraisal of FLR effects requires the inclusion of the Hall terms 

in Ohm’s Law and the FLR terms in the heat-fluxes. However this chapter has 

been concerned specifically with visco-resistive effects and so the full effect of 

FLR on Z-pinch stability remains a topic for future work.
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CG90.06.1

Figure 5.1: The m  = 0 resistive spectrum (R  = co) for various values of 
Lundquist parameters, S.  The growth-rate is normalised to the inverse 
i)f the Alfven time.

CG30.06.2

Figure 5.2: The m  = 1 resistive spectrum ( R — co) for various values 
of Lundquist parameters, S.
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CG90.06.9

Figure 5.3: The m  =  0 visco-resistive spectrum for S  — 1000 and 
various values of scalar viscosity. R  is the Reynold’s number.

Figure 5.4: The m  =  1 visco-resistive spectrum for S  = 1000 and 
various values of scalar viscosity.
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Figure 5.5: The visco-resistive stabilisation of m = 0, ka = 10.0 for 
S =  1000,100.

Figure 5.6: The visco-resistive stabilisation of m  = 1, ka =  10.0 for 
S  =  1000,100.
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2.8 CG90.06.7

Figure 5.7: The m  =  0 visco-resistive spectrum for 5 = 1000, R  =  10, 
using the full stress-tensor for various values of o;cxr,-. Here X  =  WdTi, so 
that X  =  0 corresponds to a scalar viscosity.

CG 90.06.3

Figure 5.8: The effect on the m =  0 spectrum of including FLR terms
in the stress-tensor. The broken lines include FLR, the continuous lines
do not.
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Figure 5.9: Radial profiles of the m  =  0 , ka = 3.0 perturbation for the 
full stress tensor and I.C. pinch parameters. The dotted line represent 
the imaginary part of the perturbation.
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6.1 In troduction

Until recently Reversed-Field Pinch (RFP) experiments have operated with an 

effectively ideal wall (resistive time-constant of the wall, tw pulse-length of the

discharge, r^). However, as RFP’s approach reactor conditions, (and increases), 

the magnetic field has time to diffuse through the wall and the plasma is expected 

to display different behaviour. Consequently it is important to determine the 

effects on the RFP configuration of replacing the usual ideal wall with a resistive 

one.

The stability analysis has been simplified by Gimblett [6.1], who recognised 

that most experiments operate with a “thin-shell” (i.e electromagnetic skin-depth

wall thickness, 8W). This allows the diffusion equation for the magnetic field 

in the wall, to be replaced by:

dK
dt

'IW At 1
aS.„Aw r

(6.1)

where A'w is the normalised jump in the logarithmic derivative of the radial 

magnetic field across the wall:

A' =
o u t

dK
dr

— = A out -  A, 
br

(6 .2 )

r]w is the wall resistivity , 8W is the wall thickness.

For modes growing exponentially with growth rate 7 , equation 6 .1  yields:

l 7w — &-W (6 .3 )

where rw is the long time constant of the wall:

_  a8w
Vw

The linear theory of current-driven thin-shell instabilities has shown good 

agreement with the HBTXIC experiment [6.2], satisfactorily predicting the dom­

inant m = 1 instabilities that are observed in the ranges n* = ( - 5 , - 6 ,  —7) and
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nf. =  (2,3). However, a mode grouping at rik =  (9,10,11) has also been detected, 

and these are unaccounted for by the theory. In this chapter the ideal stability 

analysis is extended to finite-beta equilibria in an attempt to explain these modes.

In section 6.2 asymptotic solutions of the marginal ideal MHD equation are 

used to derive local stability criteria for modes resonant close to both sides of the 

resistive wall. Section 6.3 presents the thin-wall, non-resonant, m =  1 spectrum 

for a finite-beta equilibrium. This is derived from the numerical integration of 

the marginal MHD equation. The equilibrium used is a variable-// profile that 

has been inflated to uniform Suydam-parameter across the radius. In section 6.4 

inertia is included in the treatment of modes that are resonant within an inertial 

layer width of the wall. This leads to an amended thin-shell dispersion relation 

that yields instabilities growing at a rate dependent on both the Alfven and wall 

times. Section 6.5 contains a discussion of the relevance of the results to thin-shell 

RFP’s and section 6.6 lists the conclusions to drawn from this work.

6.2 Local Stability  Conditions

Consider the linear-growth of a perturbation in a cylindrically symmetric plasma. 

The perturbation is fourier-transformed in both axial (2) and poloidal (0) direc­

tions, so that the perturbed radial magnetic-field, 6r, is written as:

6r(f) = br(r) exp(imQ -f ikz + 71)

Away from resistive and inertial layers br obeys the equation below, as given in 

reference [6.3]:

—  + ^ ^  =  0 (6.4)

where

r3/% (r)
(m2 +  k2r2y / 2
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and
. iv2 2 dp (m B z — krBe) 2pmk

A  = - K  + "  ------- fV-------+

(m4 -f 10m 2k2r2 — 3k4r4) 2k2 dp
+ 4 K 4r6 F 2r dr

d 1 dp 1 dp. 2 (m2 — fc2r 2) 1 dp
Kh r B 2 dr

+  J ?  - k r B e ) +

Here p = J . B / B 2, F  = mBe/r  -f and A'2 = m2/ r 2 +  fc2. Equation 6.4 may 

be simplified close to the resonant point, r =  r a, where A(ra) =  0.

Writing:

F(r) =  F '( rs)(r -  ra) =  A'(ra)z

then for small x , equation 6.4 reduces to:

where

C, =  2k5

d2tf Cj C2. T n
d ^  +  (T  + ^ ^  =  0

A" dp 1 .dp
-  -  krB°)A'3 r dr F'r 1 dr

(6.5)

and

4  JwtnB. - fc-ai+ta - ̂ a»

c ,  =  _ “ L i , a

Equation 6.5 has a series solution:

= Aj\x\u+1(l

F ,2r dr

Ci
2(i /+ 1) M + ---)

+  B/|x| "(1 + ^ - |x | +  • • •) for r  >  r ;
£dl/

( 6 .6 )
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and

+ Bn\x\  ‘'( l  -  H-----) for r < r 9 (6.7)

Here Ai, Bj, A n  and B n  are undetermined constants and

v = - \  + \ { i - ± Day i \

Equations 6.6 and 6.7 can be used to study the stability of modes that have 

singular points close to the plasma edge. The two cases of the resonance just 

inside, or just outside the plasma, must be considered separately.

(i) R esonant M odes

We are interested in calculating 6' / 6r |r=a so that equation 6.3 may be used

to determine stability conditions. Thus we require where

xw = a — rs > 0. Equation 6.6 yields the required relationship for small

X y j  .

K _  (v + l )Ai\xw\u — vBi\xw\ v 1{1 -  (1 -  u)b\xw\] 
bT in Ai\xw\v+l +  Bi\xw\~v{l + vb\xw\)
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where b =  Ci/2v2. The ratio A j/ B j is equilibrium dependent and its 

calculation requires the numerical integration of equation 6.4, such as is 

carried out in section 6.3. However, the work of Newcomb [6.4] indicates 

that ideal stability is determined solely by the small solution at the singular 

point. So confining ourselves for the time being to determining stability 

criteria, (i.e. not growth-rates), we set Bi  =  0. Then:

In this case xw 

replaced by:

a — r8 < 0 so that d/dr  =  — d/d\x\, and equation 6.8 is

K _  ~ ( u + l )An\xw\l/ -f vBu\xw\ v 1{1 + (1 -  ^)6|xtt;[} 
K in AnlxvY*1 +  B u \x w\-V{l -  vb\xw\]

(6.10)

Once again we are faced with the undetermined ratio A jj/ B h . We require a 

sufficient stability condition and so consider the most unstable case of xw —► 0. 

Thus for small but finite v equation 6.10 is reduced to:

K
K
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In both the resonant and non-resonant cases the choice of solution is in agree­

ment with the work of Hastie (see Wesson [6.5]). In that treatment, stability 

conditions were derived from an energy principle, and the solutions were chosen 

on the basis that the energy integral should remain finite.

Using equations 6.3, 6.9 and 6.11 we can now derive stability criteria. The 

contribution from the vacuum, 6' / 6r |OUf, is only dependent on the perturbation 

(m,fc), and so for small enough xw the plasma terms dominate. The stability 

condition is simply that the growth-rate, 7, should be negative, implying stability 

if:

1/ +  1 > 0 for resonant modes (6.12)

IV 0 for non-resonant modes (6.13)

For Suydam-stable plasmas — 1/2 < j/ < 0, where the upper limit corresponds 

to zero pressure-gradient and the lower limit corresponds to the Suydam condi­

tion. Thus equation 6.12 implies that resonant-modes are always stable, whilst 

equation 6.13 implies that non-resonant modes are destabilised by any (negative) 

pressure-gradient at the plasma-edge.

This result is in conflict with Hastie (Wesson [6.5]), but the discrepancy may 

be traced to the inclusion of a vacuum region surrounding the plasma in that 

treatment. Thus far in this chapter the plasma has been denied the freedom to 

deform its boundary and expend energy in doing so. Not surprisingly this has 

repercussions for the stability conditions.

Now we include a vacuum region between the plasma and the wall, and cal­

culate the A'  associated with it. We begin with the MHD momentum equation:

dv -» -*
p—  = J  x  B  — Vp 
H dt F

Once again inertial terms are neglected so that the linearised version of this 

equation yields:

J\ x B  -f- Jq x b — Vpi
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where J 1? b and pi are perturbed current density, magnetic-field and pressure 

respectively. Taking the scalar product with the wavevector, fc, leads to:

k.(Ji x B)  -f k.(Jo x b) = iK 2pi

Writing the first term on the left-hand side in terms of scalar products and using 

V.o =  0 to eliminate k.b:

Fd(vbr)
= k.(J0 x t y - i K ^ B . b  + pi] (6.14)

r dr

This equation applies to both the plasma and the vacuum region between the 

plasma and the wall. In order to calculate a A' we subtract equation 6.14 for the 

plasma from equation 6.14 for the vacuum:

1 d(rbr)1 +
r dr = [k.(J0 x b ) } t - i K 2[B.b + Pl]± (6.15)

where [ denotes the discontinuity in the enclosed term across the interface. 

Continuity of total perturbed pressure means that the second term on the right- 

hand side of equation 6.15 is zero. In addition, for modes resonant close to the 

edge F  ~  F'x  and F* may be written in terms of the parallel current, J jj =  J .B /B .  

Thus the A' across the interface reduces to:

1 BrJ\\
A' = (6.16)

x w (2BcBe -  BrJ\\)

where B  = (B"‘ +  B ^ i/2

Equation 6.3 remains valid even for the free-boundary case, but now equations 

6.9 and 6.10 must be re-interpreted as b'T/br\viasma, where

K
br br

+ A',
plasm a

Consequently the stability conditions, equations 6.12 and 6.13, are replaced by:

BrJ\\
v +  1 + (2BzBe — Br  J||)

BrJn
v —

(2BzB e -  BrJ\\)

> 0

> 0

for resonant modes (6.17)

for non-resonant modes (6.18)
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These criteria are the same as those of Hastie. Notice that in the absence of any 

parallel current at the plasma edge they reduce to the fixed boundary conditions, 

equations 6.12 and 6.13.

Reversed-field pinches (RFP’s) are believed to have zero, or at most small 

parallel current at the edge, and so the conclusions derived from equations 6.12 
and 6.13 remain valid. Thus we expect RFP’s to be unstable to modes that are 

just non-resonant (i.e. have small F  at the plasma edge). The rik =  (9,10,11), 

m  =  1 grouping observed in HBTX1C appear to be non-resonant [6.2], and if this 

is the case they fit the description of the pressure driven thin-shell instabilities of 

equation 6.13.

6.3 T he m = l  F in ite-B eta  Thin-W all Spectrum

Although the local stability conditions indicate where instabilities will arise, they 

do not give the strength of the instabilities nor the overall effect of finite-beta on 

the spectrum. In this section we find the finite-beta, non-resonant m =  1 spec­

trum by the numerical integration of equation 6.4. The restriction to non-resonant 

modes is made for two reasons. Firstly the local stability analysis suggests that 

any new instabilities will be non-resonant and secondly the treatment of resonant 

modes requires integration through the singular point at r = r3, which is a far 

more difficult numerical problem.

The integration is carried out from the origin to the wall by a leap-frog method. 

The requirement of regularity leads to the boundary condition at the origin: 

oc rm+1/2 [6.3]. The solution at the wall is used to calculate 6' / 6r |tn , while 

b'r/br\out is given by the vacuum solution:

K _  , , 2] K m{\k\a)
br out U2 J

where K m is the m1" order modified Bessel function of the second kind. Then

equations 6.2 and 6.3 yield the linear growth-rates.
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In order to make contact with previous work [6.2], the equilibrium studied is 

a “variable-//” profile [6.6] where:

J\\ 2©o
~B

(6.19)

and 0o and oc parameterise the equilibrium. At zero-beta equation 6.19 is enough 

to define the Be and Bz profiles. However, we require a finite-beta equilibrium 

and so must additionally specify the pressure-profile. This is done by inflating 

the equilibrium to uniform Suydam parameter, Ds, where:

2k2 dp 
s F /2 r dr

The parameters ©0, a  and Ds totally determine the equilibrium via the pressure 

balance equation. If we choose Ds < 0.25 local ideal stability is guaranteed, which 

we require to study specifically thin-shell instabilities (i.e. instabilities that do 

not exist when an ideal wall surrounds the plasma). Note that inflating with a 

power-law pressure profile often leads to a violation of Suydam’s criterion at the 

edge.

A comparison of Be and Bz profiles at Ds =  0.0 (zero-beta) and Ds — 0.2 is 

shown in figure 6.1. The magnetic-field profiles are only slightly affected by the 

pressure, which amounts to a central beta, (do =  8.2%, at ©o =  1.65 and a  =  4.0.

Figures 6.2 and 6.3 show the m — 1 spectra for HBTX1C like profiles (©0 = 

1.65, a  =  4.0). Here ka =  rika/Ro where Rq is the major radius. For HBTX1C 

a = 0.26m and Ro = 0.8m so that rik ~  3.1 ka. Figure 6.2 shows the effect of 

finite pressure on the current-driven thin-shell instabilities. The Ds = 0 spec­

trum is in good agreement with Alper et al. [6.2], while Ds =  0.2 demonstrates 

the additional destabilising influence of finite pressure. The unstable part of the 

spectrum is only slightly broadened. Figure 6.3 shows specifically the modes that 

are just non-resonant at the wall. Modes with ka > 4.125 are resonant, but here 

only non-resonant modes are considered. Notice that the finite beta equilibrium 

has instabilities where there were none for zero beta. More precisely, tends
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to infinity as xw tends to zero, as expected from equation 6.11. However, the 

spectrum does not take the simple l / x w form except at very small values of xw. 

The numerical solution is equivalent to calculating 6J./6r |tn from equation 6.7 to 

all orders, with the ratio A u / B u  determined by the boundary condition at the 

origin. Its departure from 1 / x w implies that higher-order terms are not negligible 

and that they must be included in the growth-rate calculation. This is not sur­

prising for modes of a global nature such as m — 1 kinks. However, for very small 

xw the l / x w term in &'/6r |tn dominates and equation 6.11 is valid. The numerical 

solution shows this limit is the most unstable and so the stability criterion derived 

from equation 6.11, (equation 6.13), remains a sufficient condition.

Figure 6.4 shows a similar plot for ©o =  1.9 and a =  3.2. In this case modes 

with ka > 1.57 are resonant. Once again the current-driven external kinks are 

further destabilised, but now the unstable region is broadened to such a degree 

that it merges with the purely pressure-driven instabilities which are represented 

by the line that asymptotes to ka = 1.57. Thus the entire positive rik non-resonant 

spectrum is unstable.
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CG90.06.3

a
Figure 6 .1 : The equilibrium magnetic-field for a variable-^ profile with 
0o = 1.65 and a  = 4.0. The broken lines are for D s =  0 .0  and the 
continuous lines for D s =  0 .2 .

Figure 6 .2 : The m  =  1 thin-wall spectrum for the equilibria of figure 
6 .1 . For HBTXlC the wavenumber range corresponds to —4.6 < n < 4.6.
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CG90.06."

Figure 6.3: The m  =  1 , just non-resonant modes for the equilibria of 
figure 6 .1 .

Figure 6.4: The m  = 1 thin-wall spectrum for © 0 = 1.9 and a  =  3.2. 
Marginally resonant modes, (r s =  a), occur at ka ~  1.57.
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6.4 The Effect of Inertia

In a real plasma the growth-rate cannot increase without limit as xw —*• 0. Even­

tually inertial or resistive effects will become important and the analysis used 

above breaks down. In this section the inertial layer equation is solved and the 

solution is used to calculate the growth-rate of pressure-driven thin-shell modes 

in the small xw limit.

Close to the resonant surface of an ideal plasma the radial displacement, £ is 

described by [6.7]:

d_
dz

D ___________ ________________
3 i - z 2 + B 2/ r P £ =  o (6.20)

where T is the ratio of specific heats, P =  rBz/Bo is the pitch of the magnetic 

field (with the prime denoting it’s derivative) and

with ta the Alfven time defined at r = r3. For simplicity we consider the incom­

pressible limit, r  —> oo. In this limit equation 6.20 becomes Legendre’s equation, 

and has a corresponding solution in terms of Legendre functions [6.8]:

t  = EP;(z)  + FQ:(z)

where E and F are constants, and cr and v are defined by:

(6.21)

v(v +  1) =  - D a

(j2 4
p /2

In general E and F can only be determined by matching to a solution of the 

marginal (inertial-less) equation. This solution in turn requires a numerical inte­

gration such cts that reported in section 6.3. For the purposes of illustration we 

shall specialise the treatment here to localised instabilities, i.e. set either E or F
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to zero. Specifically we choose to retain only the solution with the z~u~1 depen­

dence in the large z limit, since this makes the non-resonant modes maximally 

unstable (see section 6.2). The Legendre functions have the following behaviour 

for large z:

P° - 1 - 1 / 2  r ( - i / 2 - v )
r(-v-c)

1+ 2 ^ - i/2 r ( i /2 +  y) „
T(1 + v — a)

2 - . - 1  i ^ r ( l + i '  +  i r)  , . i

r(i/ + 3/2)

Thus retaining only the z v 1 solution requires setting E =0, so that:

t  = Q°M

Now, br =  F'x£, so the corresponding contribution to the thin wall dispersion 

relation is:

1 ,  zdQ°v 1A,-n = — \-x x dz Ql

The derivative can be evaluated in terms of Q ° and Q l- 1 . Writing these functions 

in terms of hypergeometric series [6.8], yields:

d Q l 1 - ( r z  ( _ z G ( u , a -  l ,z 2)
dz Ql (z2 — 1) °  (z2 — 1) G(i/,<7,z2)

where G(v, cr, z2) represents the following hypergeometric function:

ox v <r 1 v a 3 1 ,
G(v,a,Z ) =  F(1 +  -  +  -  +  -  +  ,u +  - )

Now, for z2 1:

G(v,cr -  1, z2) _  (1 -f  ̂+ ct) 1
G(i/,cr,z2) (2  ̂+ 3) z2

and so we have the simpler form:

dQl  1
dz Ql

-  ( v \ \ )  z i k ^ 1)2 - * 3) 1
„ ^  +  (2i/ +  3) z ( z > - 1)

181



Thus for |z 21 $̂> 1, the plasma contribution to the thin-shell dispersion relation 

is :

Ai" = 4 0 + ? )  (6-22)
where

ac =  1 —
(*/ + ! )2 - ct'

2u -f- 3 J

For \ z 2 \ \k / v \ equation 6.22 reduces to the previous result for non-resonant

modes i.e. A,n =  —v lx w. Otherwise the ac/ z 2 inertial term is significant and 

should be included in the analysis. For 1 <C \ z 2\ <C |ac/ z/| the inertial term 

dominates.

The thin-shell dispersion relation that results from equation 6.22 is:

l Tw — Aout +
1

v  — (‘1 ta )2 «
x, x t ,  cr

(6.23)

There are two roots to this equation. The thin-shell mode corresponds to the 

root which has a vanishing growth-rate as Sw —> oo:

r 3 <?2

2k
. , v  4 \  4«

1 — ^ 1 +  ( -----1- Aouf
x,„ J x

1/2'

3 C 2 w^w
(6.24)

where Sw =  r^ /r^  and k = ac/ a 2 . The two opposite limits of equation 6.24 yield 

very different scaling of 7rw with xw. For large xw:

1fxw — -f- Aout
Xw

which corresponds to the inertia-free limit.

In the small x w limit the scaling depends on the sign of k. We shall just 

consider k < 0 since this is the case relevant to the equilibria used in section 6.3. 

For negative k the argument of the square root in equation 6.24 is positive for all 

x w, so that 7 is real. Thus in the xw —» 0 limit we have:

<? / 7 Y /2— xwSw ( ^ )
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Thus the mode actually becomes more stable as xw —► 0. For finite xw there is 

a competition between these two scalings and this leads to a maximally unstable 

value of xw.

We can calculate the maximum growth-rate by differentiating the dispersion 

relation (equation 6.23) with respect to xw and setting dr)/dxw =  0. We find 

turning points of 7 at:

=  3 (7 * ) ' ( -

with a maximum at:

Xw =  Xm =  ~ 1 T A
3 k 1 /2

(6.25)

Substituting equation 6.25 into equation 6.23 yields an equation for the maximum 

growth-rate, 7m, which can easily be solved to give:

7m Tv A p u t  f  & o u t 2 q
3S^ ( = n

1 /2

(6.26)

For a weakly resistive wall (large Sw) we have 7mrw ~  S]J2 which implies a growth 

rate scaling:

7m
1

{rwTAy^2

Thus the most unstable mode grows on a hybrid timescale of the Alfven and wall 

times.

Figure 6.5 shows 7rw as a function of xw, according to equation 6.24 with 

parameters similar to those expected in HBTX1C equilibria, i.e. k = —1.0, A out =  

—3.8, Ds — 0.2 and Sw =  1000. Also shown as dotted lines are the 7 oc l / x w 

scaling for large xw and the 7 oc x w scaling for small xw.
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Figure 6.5: 7rw as a function of x w from eqn.24 with n = —1.0, A out =  
-3 .8 , D 3 =  0.2 and Sw =  1000.



6.5 Discussion

This chapter has been concerned with the effect of finite pressure gradient on 

ideal modes resonant close to either side of a resistive wall. Indeed the analyses 

of sections 6.2 and 6.4 rely on the proximity of the resonance to the wall to allow 

the governing equations to be expanded about the wall. The resulting stability 

conditions are only applicable when this expansion is valid.

In section 6.3 we integrated the marginal MHD equation to calculate A'w for a 

finite beta RFP equilibrium. Only non-resonant modes can be treated in this way, 

since a resonance would imply an inertial layer within the plasma and therefore 

require the inclusion of inertia within the equations. More complex models that 

include inertia and resistivity, are routinely solved using initial-value or shooting 

codes, to yield the entire (resonant and non-resonant) spectrum. Merlin and co­

workers [6.9] have studied a similar finite beta equilibrium using a resistive MHD 

model with perfect wall boundary conditions. The introduction of pressure is 

seen in this reference to have a destabilising influence on both resonant and non- 

resonant modes. The range of non-resonant instabilities is broadened while the 

resonant perturbations are unstable to the resistive-g mode. In this chapter, the 

absence of resistivity and the specialisation to non-resonant modes (in section 6.3) 

means that resistive-g modes have not been treated. However, the expectation is 

that resistive-g modes would be similarly (and almost certainly more) unstable 

in a plasma bounded by a resistive rather than a perfect wall.

Instead of attempting a complete treatment of the effects of pressure gradients 

on thin shell instabilities, we have concentrated here on modes that are marginally 

resonant or marginally non-resonant close to the resistive wall. We have demon­

strated that there are a novel class of instabilities that arise from modes which are 

just non-resonant at the wall and which require both a finite pressure-gradient 

and a non-perfect wall in order to be unstable. These modes appear to be unsta­

ble in RFP equilibria, and so they should be unstable in thin-shell RFP’s such
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as HBTX1C.

The motivation for this work are the observations made on HBTXlC [6.2]. 

Thin-shell instabilities were seen in the m =  1 spectrum in the toroidal mode 

number ranges =  (—5 ,—6, —7), (2,3) and (9,10,11), all of which appeared 

to be growing exponentially with the same growth-rate: *yTw ~  0.3. The exis­

tence of the first two mode groupings has been satisfactorily explained by the 

zero beta thin shell theory [6.1], although the growth-rates are predicted to have 

a mode number dependence which is not observed. The last mode grouping at 

rik =  (9,10,11) appear to be just non-resonant and could therefore be desta­

bilised in the manner considered in this chapter. For the profile fit to HBTXlC 

equilibrium measurements ( i.e. ©0 =  1.65, a =  4.0), the theory of section 6.4 

predicts that m  = 1 instabilities should be maximally unstable for xw ~  0.02 
with a maximum growth-rate : 77̂  ~  6. This corresponds to fastest growing 

modes at rik =  (12,13), in contrast to the observed modes at n* =  (9,10,11). 

However, only a small change in the model equilibrium (i.e. error in the fit) is 

required for the theoretically predicted range to coincide with the range of un­

stable modes observed. More troublesome is the magnitude of the calculated 

growth-rate, which far exceeds that observed. However, this should perhaps not 

be surprising since by the time instabilities are experimentally observable they 

are almost certainly in a non-linear regime. As such the linear growth-rates calcu­

lated here are not applicable, they merely express the degree of linear instability, 

and suggest the important mode numbers. Also, the observation of very similar 

growth-rates for each of the unstable modes suggests that different toroidal mode 

numbers are coupled. Once again this can not be treated in the linear cylindrical 

model considered here.

In summary, the work presented in this chapter indicates that modes which are 

just non-resonant will be linearly unstable in a thin-shell RFP. The observation 

of m  =  1, rik =  (9,10,11) instabilities in HBTXlC, is in qualitative agreement 

with this prediction.
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6.6 Conclusions

(i) Local ideal stability criteria have been derived for pressure-driven instabil­

ities that are resonant close to a resistive shell. If a vacuum is included 

between the plasma and the wall, the stability conditions coincide with 

previous results derived from the energy principle (Hastie in Wesson [6.5]).

(ii) In the case where the parallel current at the edge vanishes, the free-boundary 

and fixed-boundary criteria coincide. Both predict that pressure gradients 

destabilise modes that are just non-resonant at the edge.

(iii) The numerical calculation of the non-resonant m  =  1 thin-wall spectrum 

shows the general destabilising influence of pressure gradient, but addition­

ally introduces new purely pressure-driven instabilities, which are identifi­

able with the modes derived from the local analysis.

(iv) As F  =  k.B at the edge goes to zero, inertial effects become impor­

tant and must be included in the dispersion relation. For localised non- 

resonant modes the inclusion of inertia leads to a maximally unstable value 

of xw — F /F '. The corresponding instability grows on a timescale which is 

determined by both the Alfven and wall times:

7 (twta)1/2

(v) The previously unexplained n* =  (9,10,11), m = 1 instabilities in the 

HBTX1C experiment appear to be non-resonant and have small F  =  k.B 

at the wall. Thus they could conceivably correspond to the class of pressure- 

driven thin-shell instabilities described here.
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Further Work
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7.1 Final Rem arks

The general conclusion of this research is that the simplest Ideal and Resistive 

MHD models often inadequately describe the stability of magnetically confined 

plasmas.

The results presented in chapters 4, 5 and 6 are concerned with the effect of 

relaxing one or more of the assumptions which are implicit in the use of these 

simpler models. In each case the stability properties of the plasma have been 

shown to be significantly altered. When additional physics was included in the 

study of resonant modes in the RFP (Chapter 4), the existing pressure driven 

resistive modes were stabilised but new branches of instability emerged. Thus the 

more complete plasma models give a different (and more accurate) description of 

the instabilities that are likely to lead to confinement degrading fluctuations in 

the RFP.

In Chapter 5 resistive and viscous effects were shown to have a stabilising 

effect on kink and sausage modes in Z-pinches. However, in this case the simplest 

scalar viscosity model led to an over-estimation of this effect. Once again a more 

complete full stress tensor model was required to formulate conclusions on many 

current Z-pinch experiments.

Finally in Chapter 6, using the simplest boundary conditions was shown to 

give an optimistic picture of RFP stability. Clearly, there are many instances 

when the simpler ideal and resistive MHD models fail to give quantitative pre­

dictions about magnetic confinement experiments.

190



7.2 F u rther W ork

Each of Chapters 4, 5 and 6 have suggested possible areas of further work, these 

are summarised below:

A study of the effect of collisionless ion dynamics on instabilities with 

iv > Va.

The development of non-linear turbulence theories of 77,-modes and MCD 

modes in RFP’s.

(iii) A study of the effect of resistivity and viscosity on the stability of an evolv­

ing Z-pinch equilibrium.

(iv) A study of the non-linear coupling of the thin-shell instabilities in the RFP.

(i)

(ii)
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