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Gratings which are in apparent motion reveal some startling properties for classical radi-
ation, especially for luminal gratings traveling at or around the speed of light. We show 
here that their quantum properties are even more remarkable, their effective refractive 
index modeling the Schwarzschild singularity which as we show generates spontaneous 
Hawking radiation in correlated photon pairs. Subjected to external radiation, luminal 
gratings provoke stimulated emission of photon pairs which we propose as a possible 
means of observing Hawking radiation in the laboratory.
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Consider a periodic modulation of refractive index which appears to move with velocity 
cg , which in turn modulates the local velocity of light, c

(
x − cg t

)
 . A Galilean transfor-

mation, X = x − cg t , to a co-moving frame in which the grating is stationary reveals a 
singularity.

	
[1]

where 1∕c2(X ) = �(X )�(X ) and �mov couples electric and magnetic fields. We refer the 
reader to earlier papers for derivation of the constitutive relations in the new frame 
(1, 2). The singularity formed when c(X ) = cg is of the same order as seen when  
light encounters the event horizon in a black hole and is the basis for the analogy we 
make.

Given this series of optical event horizons in a moving grating, each can be expected 
to emit Hawking radiation from the vacuum state (3). Although analogue Hawking 
radiation has been predicted and observed for isolated optical and sonic event horizons 
(4–7), here we calculate its spectrum for a time-varying grating confined to a fixed-length 
window within an otherwise homogeneous medium. This approach to observing analogue 
Hawking radiation from multiple optical horizons has not been considered before, and 
we find the effective temperature of the emitted radiation scales exponentially with the 
length of the grating. Thus, even low-contrast transluminal gratings can emit a large 
amount of radiation from the vacuum state.

Space-time modulations of the refractive index can lead to unusual wave propagation, 
where common assumptions such as frequency conservation no longer hold. This has been 
known since the early work of Morgenthaler (8) and Mendonça (9), but until recently, 
there was little possibility of any experiments in this area. Yet space-time-varying material 
parameters can now be implemented using nonlinear optical effects (10, 11) and acoustic 
signal processing (12), sparking an ongoing deepening theoretical understanding (13). 
These developments have included the discovery of Fresnel drag in synthetically moving 
media (1), the theory of homogenization for space-time-varying materials (2), energy 
redirection through varying anisotropy (“temporal aiming”) (14), polarization selective 
wave amplifiers (15), and temporal antireflection coatings (16).

Diffraction gratings in time (17, 18) and in space-time (19–22) are interesting special 
cases, and a new gain mechanism has been discovered in these systems (23–26). A 
moving grating profile, n(x − cg t ) , traps wave energy at points where the grating velocity 
cg equals the local wave speed c = c0∕n . As the wave moves through the grating, its 
energy is concentrated at an exponential rate around these accumulation points such 
that a continuous wave input is transformed—via a linear equation—into a series of 
extremely short, intense electromagnetic pulses (this process is shown in the final panel 
of Fig. 1).

As found in ref. 17, there is a similarity between wave propagation close to one of 
these accumulation points and close to a space-time event horizon. Investigating this 
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equivalence, and the implied Hawking-like radiation is the 
subject of this paper. At points where the grating and wave 
velocities are equal, energy either accumulates (dc ∕dX < 0 ) or 
disperses (dc ∕dX > 0) , as shown on the right of Fig. 1. The 
wave is drawn away from a point where dc ∕dX < 0 , without 
ever crossing this point, analogous to outward propagation 
from a black hole event horizon. An accumulation point is the 
time reverse of this and is thus equivalent to inward propagation 
toward a white hole event horizon: a point that the wave cannot 
enter. As shown previously in ref. 1, waves are intensely ampli-
fied at the accumulation point, becoming singular in the limit 
of an infinitely extended grating. The relation of these singular 
points to wave catastrophes was recently discussed in ref. 27. 
Transluminal space-time gratings can therefore be understood 
as an effective space-time geometry for light, containing an 
alternating sequence of optical black and white hole event hori-
zons. This is an extreme instance of transformation optics—the 
established equivalence between electromagnetic materials and 
space-time geometry (28, 29)—and connects to earlier work 
investigating optical event horizons in nonuniformly moving 
media (30, 31).

Maxwell’s Equations Tell a Quantum Story

Like Schrödinger’s equation, Maxwell’s equations describe the phys-
ics of a particle as a wave. The absence of Planck’s constant due to 
the zero mass of the photon hides the essentially quantum nature of 
these equations which already foretell many quantum effects. We 
begin with a transluminal grating of spatial period 2�∕g.

	 [2]

Eq. 2 defines a PT-symmetric system and the absence of backscat-
tering implied by the constant impedance of the model yields dis-
persion relationships with real frequencies and real wave vectors. This 
model has been extensively investigated and much is known about 

its classical behavior (23–26). It is especially interesting when the 
local velocity of light at some point within the grating equals the 
grating velocity, cg = Ω∕g , which then acts as an accumulation point 
for energy. An intense peak of radiation forms at this point whose 
energy grows exponentially with length of grating. This is despite 
the absence of band gaps. The existence of such points defines a 
transluminal grating.

It is known from previous work (23, 24) that the pulses have 
the form,

	

[3]

where � is the frequency of the incident radiation. To a high degree 
of accuracy f �(x) has a Lorentzian form,

	
[4]

Analytic theory (24) gives the value of � as

	
[5]

Through performing a Fourier transform on Eq. 3 and concentrating 
on negative frequencies, we calculate the spectrum of emerging 
radiation,

	 [6]

where c0
(
k̃ + ng

)
 is the incident frequency which we assume to 

be positive and c0
(
k̃ + n�g

)
 is one of the exit frequencies which 

we assume to be negative. We define k̃ as the input wave vector 
modulo g . For a long grating ( gd ≫ 1 ), the spatial/temporal trans-
mission function (3) is highly localized ( 𝛾 ≪ 1 ); we can approxi-
mate the integral in ref. 6 to give

	
[7]

where we have assumed n� ≫ 𝛾−1 , which shows that the energy 
content of the mode emerging from the grating is proportional to

�
(
gx −Ωt

)
= �

(
gx −Ωt

)
= �b + 2� cos

(
gx −Ωt

)
.

f �(x)e−i�c
−1
0

f (x),

f (x)= i ln
xg +2i�

xg −2i�
, f �(x)=

4�

x2g2+4�2
.

� = e−2�gd .

F
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Fig. 1. Event horizons in a moving grating: (Left) a collection of rays (red) propagates through a stationary diffraction grating with variable wave speed c,  
indicated via the blue shading. (Center) A grating moving with speed c

g
 , tends to locally concentrate or disperse rays around points where |||cg − c

||| is minimal. 
(Right) A transluminal grating contains points where c

g
= c through which rays cannot propagate. At these points, the rays are either highly concentrated (white 

lines) or dispersed (black lines), equivalent to white (W.H.) and black hole (B.H.) event horizons, respectively.
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[8]

where we have remembered that 
(
k̃∕g + n�

)
< 0 and have inter-

preted the exponential dependence on photon energy in terms of 
an effective Hawking temperature, TH  . From our definition of � 
(5), we see that this temperature increases exponentially with the 
length of grating,

	 [9]

These equations derived from the classical limit already hint that 
something special happens at negative frequencies. Next, we fur-
ther probe the significance of the negative.

Recently, conservation laws in this system have been studied 
(26), and it was found that energy is not always conserved, but 
instead, rigorous conservation applies to a pseudo-photon number, 
Ñ  , defined as

	
[10]

where Un is the flow of energy in the nth mode and �n the 
frequency of that mode. Ñ  sits in contrast to the true photon 
number, N  , which recognizes that frequencies may be negative, 
but photon energies are always positive. The two expressions 
do not conflict if transitions are confined to frequencies of the 
same sign, but if photons make a transition that flips the sign 
of the frequency, there is a conflict, and it follows that,

	
[11]

Not only have we removed a negative energy photon from Ñ  but 
we have added a second one with positive energy to N  . Thus 
Maxwell’s equations already inform us that our system is capable 
of creating qubits. The presence of negative frequencies in the 
transmitted spectrum implies that qubits have been formed in an 
essentially quantum process

Constructing a Hamiltonian for the system (23, 24) confirms 
this conclusion,

	

[12]

Photons injected with positive frequencies cannot pass the ± 
threshold in frequency but instead populate frequencies of oppo-
site sign by stimulated emission of qubits the two members of 
which straddle the divide in sign and thereafter lead independent 

e+4� (k̃∕g+n
� ) = e−ℏ|�n� |∕(kBTH ) ,
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4kB
e2�gd .
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∑
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, N =
∑
n
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||
,
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�
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lives. Spontaneous emission can be thought of as emission stim-
ulated by vacuum fluctuations and this is the approach we take 
here.

Consider a finite section of grating. Radiation of unit amplitude 
incident from the left with frequency ω is transmitted by the 
grating into a range of frequencies with amplitudes so that the 
energy flux at each transmitted frequency is

	 [13]

where Uinc is the incident flux. Now our strategy is clear: we 
substitute Uinc = c0ℏ�∕2  , corresponding to the right-going 
energy flux in the vacuum state, we shall be able to calculate the 
spontaneous emission from the grating.

There is however one fly in the ointment. Classical calcula-
tions are equivalent to real photons: The first term in Eq. 12 is 
the quantum counterpart of classical frequency conversion, 
allowing photons to climb up and down the frequency scale. 
This process is not available to the ground state because the 
annihilation operators in the first term of ref. 12 give a null 
result. Only the second term in ref. 12 survives, which represents 
the photon creation process. Therefore, if our classical calcula-
tion injects a positive frequency wave to mimic the vacuum 
state, positive frequencies emerging from the grating will be 
polluted by these frequency shifts which will spread the spec-
trum over all positive frequencies.

However as just observed, the first term in ref. 12 cannot couple 
a positive frequency input to negative frequencies. Negative fre-
quencies can be populated only by stimulated emission and there-
fore the negative frequency flux will give a true representation of 
the processes available to vacuum fluctuations. Furthermore, if we 
integrate over all positive frequency fluctuations the negative fre-
quency fluxes will be symmetrical with the other half of the qubits 
created at positive frequencies. Adding in the contribution of 
negative frequency incident fluctuations gives a factor of two. The 
final formula for spontaneous quantum radiation is then

	
[14]

Next, we ask how many photon pairs emerge from a length of 
grating, in the limit of a long grating. We can calculate this num-
ber from Eq. 6 and show that

	 [15]

where we have assumed a fixed incident wave of frequency 
� = c0

(
k̃ + ng

)
 . The expression is clearly independent of � and 

therefore of the length of grating. We computed Eq. 15 numeri-
cally and the result we plot in Fig. 2.

U
(
�+n�Ω

)
= Uinc
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Saturation of the curve indicates that the number of pairs cre-
ated in a length of grating is always finite. However, at the same 
time, a process of amplification is taking place as the photons 
created climb a frequency ladder. This can be seen by summing 
over all the field intensities in the emerging modes,

	
[16]

The ladder-climbing process rapidly depletes frequencies in the 
vicinity of zero, the hot spot for pair creation, as photons flee to 
large positive and negative frequencies. Creation of qubits is largely 
confined to low values of n.

Fully Quantum Mechanical Calculation

The semiclassical argument presented in the previous section can be 
justified using a fully quantum mechanical calculation. We use the 
Heisenberg picture (32), where the time variation of the system is 
imprinted in the field operators, rather than the state vector. As 
discussed above, classically we can characterize a windowed grating 
in terms of a two-time transmission function T

(
t , t ′

)
 , e.g., for left 

to right propagation,

	
[17]

Eq. 17 captures the linear relation between the time-dependent outgo-
ing field Ef (t ) at x = d in terms of the incoming field Ei

(
t ′
)
 , at x = 0 , 

lim
d→∞

−∞∑
n�=−1

|||F̃
(
k̃, n, n�

)|||
2
=

sin2
(
�
(
k̃∕g +n

))
(
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)2
e+2�gd

g
.

Ef (t ) =

+∞

∫
−∞

T
(
t , t �

)
Ei
(
t �
)
dt � .

Fig.  2. Plot of the integral in Eq.  15  versus − log �
(
d

)
 for k̃ = 0.5, n = 1.0,

g = 1.0, � = 0. 05 , which shows the photon number saturating with length 
of the grating

which encodes the solution to Maxwell’s equations within the grating. 
Given that in the Heisenberg picture field operators obey the classical 
Maxwell equations, e.g., � Ẽ ∕�x = �0 �H̃ ∕�t , and the same bound-
ary conditions, Eq. 17 also holds for the field operators,

	
[18]

Eq. 18 now connects the vacuum state on the input side of the 
grating—defined the same way as in free space, as the zero eigen-
state of the incoming wave annihilation operators âi�0⟩ = 0—to 
the corresponding outgoing state, which in general will not be the 
zero photon state. To find the relationship between the creation 
and annihilation operators on the two sides of the grating, we 
decompose the field operators as integrals over frequency,

	

[19]
Substituting this expansion of the input and output field operators 
into Eq. 18, we can relate the creation and annihilation operators 
on the two sides of the grating,

	 [20]

where T
(
�′,�

)
 is the double Fourier transform of the two-time 

transmission function encountered in Eq. 14 of the previous 
section. Eq. 20 determines the vacuum radiation emitted from 
the grating and is an integral form of a Bogoliubov transforma-
tion (33). Importantly, when the grating mixes positive and 
negative frequencies, T

(
��, −�

) ≠ 0 , the annihilation oper-
ators âf  for outgoing modes depend on the creation operators 
â†
i
 for incoming modes. This means that the number of outgoing 

photons in the vacuum state, counted using 
⟨
0
|||â

†

f
âf
|||0
⟩

 , is 

nonzero because the vacuum state is not reduced to zero by âf  . 
Note that the presence of optical event horizons in the grating 
is crucial to this emission process. The local frequency of a wave 
propagating through the grating (23, 24), �∕

(
1 − cg ∕c

)
 , 

changes sign across each point where cg = c.
To quantify the vacuum radiation, we calculate the average flow 

of electromagnetic energy emerging from the grating. In our sim-
plified case, the materials are impedance matched and we can write 
the Poynting vector operator in terms of the square of the electric 
field Ŝx = Ê Ĥ = �−1

0
Ê 2 . Applying the operator expansion (19) 

and the transformation of the creation and annihilation operators 
(20), the total emitted energy U  is

	

[21]
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The infinite term �(0)∕2 on the right of Eq. 21 is the zero photon 
contribution to the energy flow, which is canceled as soon as we 
include the right-to-left traveling waves in the calculation: from 
here on we drop this divergent term.

Eq. 21 holds for any linear medium. For the grating illustrated in 
Fig. 1, the transmission function is periodic in time, which simplifies 
the general expression. Writing the transmission function, T  , for an 
N  period grating as a sum over the transmission, T̃  through one 
period, displaced by multiples of the grating temporal period Δg.

Fig. 3. Numerical calculation of vacuum emission: (Left) Emitted photon number density per unit time calculated from Eq. 24 for d = 3, 5, 7 × L
g
 . For this calculation, 

we used �� = �� = 0.05, c
0
= 1.0, Ω = 1.0, g = Ω . Emission is peaked in the range 0 < 𝜔 < Ω and vanishes at multiples of the grating frequency. The dashed lines 

are the curves �−1
e
−ℏ�∕k

B
T scaled to pass through the maximum of the spectrum, and with the effective temperature given by Eq. 9. (Right) Numerical calculation 

of two frequency transmission function T
(
�,�′

)
 for d = 5L

g
 and input frequencies � = Ω (blue) and � = 0.66 Ω (green). As anticipated, for an input frequency 

equal to an integer multiple of the grating frequency, the transmission function does not couple positive and negative frequencies.

	 [22]

T
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For large N, the ratio of sines on the right of Eq. 22 oscillates 
rapidly with a significant contribution only for frequencies 
�� = � +NΩ where Ω = 2�∕Δg . Substituting the transmission 
function (22) into our expression for the emitted energy (21) and 
applying the identity

	 [23]

the emitted energy per grating temporal period is given by

lim
N→∞

1

�N

sin2 (Nx )

sin2(x)
=

+∞∑
n=−∞

� (x+n� ) ,

	 [24]
U

NΔg

=
1

2𝜋Δ2
g

+∞

�
0

d𝜔
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𝜔
||T̃ (𝜔, −𝜔n)

||2 =

+∞

�
0

d𝜔�𝜔 (𝜔) ,

where �n = � + nΩ and   is the number density of emitted 
photons per unit time. Eq. 24 shows that the emitted energy 
at each frequency � is proportional to the square of the trans-
mission function multiplied by the ratio of the photon energies 
and summed over all negative input frequencies �n , as found 
in Eq. 14 of the above semiclassical argument. From Fig. 3, for 

instance, we can make the following estimate: For a 5 period 
grating with a contrast of 0.05 , integrating the area under  
the curve shown in Fig. 3 between � = 0 and � = Ωg gives a 
value of around 0.26 . Therefore, the number of photons emitted  
in this band per second is approximately 0.26 Ωg For a  
1.0THz modulation, we therefore we can expect 2� × 0.26 = 1. 63  
photons per picosecond, with the distribution of these  
photons peaked at half the grating modulation frequency, 
0.5THz.

As explained in the previous section, the problem of calculating 
the emitted spectrum of photons is reduced to finding the portion 
of the two-frequency transmission function that mixes positive 
and negative frequencies. In Fig. 3, we evaluate the spectrum given 
in Eq. 24, using a numerical calculated transmission function. The 
figure shows that the photon density  (�) oscillates as it decays 
exponentially with frequency. As we anticipated in our semiclassical 
analysis, the Left panel of Fig. 3 shows that the emission spectrum 
is null at frequencies that are an integer multiple of the grating 
frequency. This is a feature of the cosine grating, arising because it 
yields a tridiagonal operator, coupling only to frequencies � ±Ω . 

Additionally, the dashed lines in this panel show that the exponen-
tial decay of the spectrum with frequency is well approximated by 
the effective temperature identified in Eq. 9. Our analysis is further 
confirmed in the right-hand panel of the figure, which shows that 
when the input frequency is an integer multiple of the grating 
frequency, the transmission function no longer mixes positive and 
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negative frequencies. Sloan et al. have proposed a related method 
for the generation of entangled pairs (34).

Stimulated Vacuum Radiation

Transluminal gratings with optical wavelength periods spontane-
ously emit photons with an eV or so of energy and for the numbers 
we show to be created these are easily detectable. The difficulty is 
that producing such short-period gratings is a big experimental 
challenge, even though we are demanding only a few percent 
modulation. Moving to long spacings, the experimental challenge 
of manufacture becomes more feasible, but the energy output 
scales inversely as the spacing and soon becomes undetectable. 
Perhaps the most easily implemented experiment would be to 
switch to acoustic waves, but there too detectability of spontane-
ous emission suffers from an insurmountable intensity problem.

However, the same emission process of qubit creation is also 
evident in stimulated emission, where the grating is probed using 
a classical input. As we have argued above, a positive frequency 
input can only stimulate emission at negative frequencies by the 
creation of qubits, even though they may not be individually 
detectable. We shall show that a substantial fraction of the input 
energy can be converted to negative frequencies.

Although negative frequencies do not show up as such in a 
spectrometer, they are easily identified if the stimulating frequency 
is not an integer multiple of Ω∕2 . Suppose that the positive input 
frequency is �̃ modulo Ω . Then, all positive frequencies would 
show as �̃ modulo Ω and all negative frequencies as |Ω− �̃| mod-
ulo Ω , distinguishing them from the positive frequencies.

Taking Eq. 14 as the starting point, in Fig. 4 we plot 
|||F
(
k̃=0.75, 1, n�

)|||
2
 against n′.

The total flux of power summed over all negative frequencies 
is 0.7% (left) and 4.4% (right) showing that even for relatively 
long-period gratings, the power available for detection is substan-
tial and unlikely to be lost in background noise. We might envisage 
a transmission line experiment operating at GHz frequencies 
where external modulation of the components is used to create 
the required luminal grating.

Summary and Conclusions

A transluminal diffraction grating traps and amplifies radiation at 
points where the local wave and grating velocities are equal. For 
a simple cosine modulation of the refractive index these points 
occur in pairs, one of which is such an accumulation point for 
wave energy, whereas the other is the time reverse of this, from 
which electromagnetic radiation is extinguished. We have demon-
strated the equivalence of these points to white and black hole 
event horizons respectively and calculated the associated Hawking 

radiation: the photon emission that occurs when the vacuum state 
is incident onto the grating.

In contrast to previous work, which typically finds a thermal 
spectrum through applying a WKB-like approximation to an iso-
lated event horizon, we have calculated the two-frequency trans-
mission function T

(
�,�′

)
 for the windowed multihorizon 

geometry shown in Fig. 1. This set up could be experimentally 
realized via illumination of a nonlinear medium with an interfer-
ence pattern between chirped beams. The general formulas for the 
emission spectra calculated in Eqs. 14 and 24 show that the vac-
uum radiation is determined by the classical amplitude for radi-
ation to be shifted from positive to negative frequencies (or the 
reverse) after transmission through the grating.

Despite neglecting material dispersion and assuming impedance 
matching, we found that the emitted radiation from transluminal 
gratings has a spectrum that is quasi-thermal, with features that 
depend on the grating profile. For instance, Fig. 3 shows that while 
the photon number density decays exponentially with frequency, it 
is zero at multiples of the grating frequency, Ω . This can be understood 
in terms of the Fourier representation of a cosine, which is tridiagonal 
and couples the wave only to frequencies that differ by ±Ω . Emission 
at multiples of the grating frequency thus requires the wave to pass 
through zero frequency where the coupling to the grating vanishes.

Interestingly, the effective temperature of the emitted radiation 
is given by Eq. 9 and scales exponentially with the grating length. 
This indicates a large flux of electromagnetic vacuum radiation 
for a low-contrast grating with a window containing only tens of 
grating periods. In reality, this exponential dependence on the 
grating length is curtailed by material dispersion, as the emitted 
radiation spreads over an ever larger range of frequencies. However, 
our results are not restricted to electromagnetism, and analogous 
phenomena should be present in pressure acoustics or elasticity, 
where material dispersion may be reduced.

Although the quantum vacuum radiation can be identified 
through coincidence photon counting of oppositely circularly 
polarized photons, it may be experimentally challenging to reduce 
the temperature such that the pure vacuum state is incident on 
the grating. Nevertheless, classical stimulated emission experi-
ments can reveal the same amplification process and positive to 
negative frequency conversion. This makes acoustics a promising 
platform for investigating these effects, connecting to recent work 
demonstrating amplification of acoustic waves through positive 
to negative frequency conversion (35, 36).

Data, Materials, and Software Availability. There are no data underlying 
this work.
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Fig. 4. Calculation of the fraction of input power delivered at negative frequencies: plot of |||F
(
k̃=0.75, 1,n�

)|||
2

 against n′ showing the fraction of incident radiation 
converted to stimulated emission at each negative frequency. The parameters are for left d = 20 , for right d = 40 , and for both � = 0.05, g = 1, k̃ = 0.75, n = 1.
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