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 A B S T R A C T

We propose a novel type of nonlinear solver acceleration for systems of nonlinear partial differential equations 
(PDEs) that is based on online/adaptive learning. It is applied in the context of multiphase flow in porous 
media. The proposed method rely on four pillars: (i) dimensionless numbers as input parameters for the 
machine learning model, (ii) simplified numerical model (two-dimensional) for the offline training, (iii) 
dynamic control of a nonlinear solver tuning parameter (numerical relaxation), (iv) and online learning for real-
time improvement of the machine learning model. This strategy decreases the number of nonlinear iterations 
by dynamically modifying a single global parameter, the relaxation factor, and by adaptively learning the 
attributes of each numerical model on-the-run. Furthermore, this work performs a sensitivity study in the 
dimensionless parameters (machine learning features), assess the efficacy of various machine learning models, 
demonstrate a decrease in nonlinear iterations using our method in more intricate, realistic three-dimensional 
models, and fully couple a machine learning model into an open-source multiphase flow simulator achieving 
up to 85% reduction in computational time.
1. Introduction

The numerical solution of partial differential equations (PDEs) is 
an ubiquitous tool for modelling physical phenomena. Among PDE 
problems, multiphase flow in porous media is crucial for understanding, 
developing and managing subsurface reservoirs, with applications in 
areas such as carbon sequestration, hydrocarbon recovery, geothermal 
energy extraction, and groundwater resources. However, the intricate 
coupling between the governing equations and their inherent nonlin-
earity present substantial challenges to the numerical solution (Aziz, 
1979; Jackson et al., 2015; Li and Tchelepi, 2015; Pour et al., 2023). 
Traditionally, Newton methods in monolithic fully-implicit formula-
tions have been employed to solve these discretized nonlinear equa-
tions; however, sequential methods are emerging as a competitive 
alternative due to their flexibility and extensibility. Sequential methods 
allow the use of specialized solvers for the solution of each equation 
in multiphysics problems (Salinas et al., 2017a; Jiang and Tchelepi, 
2019; Freitas et al., 2020). The Picard iterative solver can function as 
a sequential method, which can be conceptualized as a nonlinear block 
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Gauss–Seidel problem or a sequential fixed-point iteration (Silva et al., 
2021). Compared to Newton-like methods, Picard iterative solvers have 
less stringent convergence criteria (Elman et al., 2005; Lott et al., 
2012). Newton methods can also be used in sequential approaches 
within both inner and outer loops. Their quadratic convergence makes 
them generally faster than Picard iterations (Ortega and Rheinboldt, 
1970; Jenny et al., 2006; Wong et al., 2019).

Significant research has been performed to accelerate sequential 
methods. To this end, the use of numerical relaxation (Press et al., 
2007) has shown promising results. Salinas et al. (2017a) introduced 
an acceleration technique employing numerical relaxation, targeting 
the saturation field in multiphase porous media problems. Jiang and 
Tchelepi (2019) implemented three distinct nonlinear acceleration 
techniques in the sequential-implicit fixed point method, with nu-
merical relaxation outperforming both quasi-Newton and Anderson 
acceleration.

The widespread success of machine learning across various domains 
has recently motivated its application in accelerating the convergence 
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of numerical PDE simulations.  Greenfeld et al. (2019) proposed a new 
framework for multigrid PDE solvers, where a single mapping from dis-
cretization matrices to prolongation operators is learned using a neural 
network in an unsupervised learning procedure. Hsieh et al. (2019) 
proposed an approach to learn a fast iterative PDE solver tailored to a 
specific domain. It achieved significant speedups compared to standard 
formulations; however, it only works for linear solvers. Oladokun et al. 
(2020) implemented a random forest regression to generate the linear 
convergence tolerance in a nonlinear solver, resulting in a reduction 
of linear iterations.  Kadeethum et al. (2022) used the prediction from 
a machine learning-based reduced-order model as a initial guess for 
the nonlinear solver iterations. Their approach maintains the full order 
model accuracy while accelerating the nonlinear solver convergence. 
In a previous work (Silva et al., 2021), we proposed a machine learn-
ing acceleration to determine the value of the numerical relaxation. 
We used a random forest model (trained offline) and a selection of 
dimensionless parameters for the training and controlling the machine 
learning algorithm. The machine learning acceleration was able to 
generalize, and improve the stability and efficiency of the nonlinear 
solver.

A promising approach in the field of machine learning comes in 
the form of learning from online/evolving data streams (Read et al., 
2012; Kirkpatrick et al., 2017; Gomes et al., 2017a; Chen and Liu, 2018; 
Montiel et al., 2020; Hoi et al., 2021). It can provide an attractive 
alternative to accelerate nonlinear PDE solvers, since in each numerical 
simulation several nonlinear iterations are performed, and they can 
be used to improve the convergence of the nonlinear solver. We can 
highlight two main branches of algorithms to train the machine learn-
ing model, instance-incremental methods (Cauwenberghs and Poggio, 
2000; Oza and Russell, 2001; Losing et al., 2016; Hoi et al., 2021) and 
batch-incremental methods (Breiman, 1999; Polikar et al., 2001; Wang 
et al., 2003; Montiel et al., 2020). Instance-incremental learning uses 
only one sample to update the machine learning model at each time, 
where batch-incremental learning uses a batch of multiple samples 
to update the model each time. Read et al. (2012) compared these 
two approaches for the task of classification of evolving data streams. 
They showed that both methods perform similarly given a limited 
resource, and that the optimal batch size depends on the problem in 
consideration.

In this work, as a starting point, we perform a sensitivity in the 
machine learning models and features of the machine learning acceler-
ation proposed in our previews work (Silva et al., 2021). Then we use 
an online learning approach to improve/update the machine learning 
model in run time, with the aim of continuously adapting to changes in 
the numerical PDE simulation. To the best of the authors’ knowledge, 
this is the first work to use online learning to accelerate a numerical 
PDE solver.

We list the contributions of our work as follows:

• We propose an online/adaptive learning acceleration for nonlin-
ear PDE solvers, and apply it to a broad class of multiphase porous 
media problems. It is able to control the convergence of the 
nonlinear solver by learning from previous nonlinear iterations 
of the running numerical simulation.

• We investigate the best set of features (dimensionless numbers) 
used as input parameters for the proposed acceleration and com-
pare different machine learning models for controlling the con-
vergence of the solver.

• We fully integrate a machine learning model into the nonlinear 
solver of an open-source multiphase flow simulator, achieving up 
to 85% reduction in computational time (only using the offline 
training, the online update would further improve the results).

• The proposed methodology can be applied to other types of 
nonlinear solvers provided they use a numerical relaxation or 
another tuning parameters that influences the solver convergence.
2 
The remaining of this paper is structured as follows. We present 
the governing equations of the multiphase porous media flow and the 
Picard iterative solver in Section 2. Section 3 describes the proposed 
adaptive learning acceleration. Following that, the test cases are de-
tailed in Section 4 and the results are presented in Section 5. Finally, 
a discussion and concluding remarks are provided in Sections 6 and 7, 
respectively.

2. Background and problem setting

In this section, we show the governing equations of the multiphase 
porous media flow problem. Then we describe the Picard iterative 
solver and the numerical relaxation used here.

2.1. Governing equations and discretization

We report the governing equations for incompressible porous-media 
flow considering capillary pressure and gravity. The mass-balance equa-
tion is 

𝜙
𝜕𝑆𝛼
𝜕𝑡

+ ∇ ⋅ 𝐮𝜶 = 𝑄𝛼 , (1)

where 𝛼 represents an immiscible-fluid phase and 𝑡 is time. 𝜙 is the rock 
porosity, 𝐮 is the Darcy velocity, 𝑆 is the saturation, and 𝑄𝛼 is a source 
term.

The relation between pressure and the Darcy velocity is given by 
the multiphase Darcy’s law for phase 𝛼 as 

𝐮𝜶 =
𝑘𝑟𝛼𝐊
𝜇𝛼

(−∇𝑝𝛼 + 𝜌𝛼𝑔∇𝑧), (2)

where 𝜇𝛼 , 𝑘𝑟𝛼 , and 𝐊 are the viscosity, relative permeability, and 
permeability tensor, respectively. 𝜌 is the density, 𝑝 is the pressure, 𝑔
is the gravitational acceleration, and ∇𝑧 is the gravity direction.

Considering a wetting (𝑤) and non-wetting (𝑛𝑤) phase and includ-
ing capillary pressure, 𝑝𝑐 , the system of equations is completed by the 
constraints 
𝑝𝑐 = 𝑝𝑛𝑤 − 𝑝𝑤, (3)

𝑆𝑤 + 𝑆𝑛𝑤 = 1. (4)

Our approach adopts a spatial discretization strategy using the 
double control volume finite element method, as elaborated in Salinas 
et al. (2017b). This method offers an enhancement over the traditional 
control volume finite element method, particularly for highly distorted 
meshes, as discussed in Fung et al. (1992), Durlofsky (1993), Jackson 
et al. (2015) and Gomes et al. (2017b). In this framework, velocity 
is discretized via finite elements, while pressure and saturation are 
handled through control volumes. For time discretization, we employ a 
𝜃-method. Here, 𝜃 is adaptively adjusted between 0.5 (Crank–Nicolson 
scheme) and 1 (equivalent to implicit Euler), guided by the total vari-
ation diminishing criterion (Pavlidis et al., 2014). The solution of the 
equations reported here are implemented in the open-source code IC-
FERST (Imperial College Finite Element Reservoir SimulaTor) (Gomes 
et al., 2017b; Salinas et al., 2017a,b; Obeysekara et al., 2021). Further 
details about IC-FERST can be found in https://multifluids.github.io/.

2.2. Nonlinear solver

We use a sequential method (Picard iterative method) to solve 
the discretized nonlinear system of equations, constituted by Eqs. (1), 
(2), (3), and (4). The method, outlined in Salinas et al. (2017a), is 
depicted in Fig.  1 and involves three iterative loops. The time loop 
is indicated by a solid line in Fig.  1, the coupling between saturation 
and pressure (nonlinear outer loop) by a dotted line, and the iteration 
over saturation and velocity (nonlinear inner loop) by a dashed line. 
Within the inner loop, saturation is calculated first, followed by an 
update in velocity based on the newly computed saturation. This cycle 

https://multifluids.github.io/
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Fig. 1. Sequential nonlinear solver loops. 
Source: Reprinted from Salinas et al. 
(2017a).
repeats until either convergence is achieved or the maximum number 
of iterations is reached. Subsequently, in the outer loop, pressure is 
recalculated based on the updated saturation, which in turn leads to 
a new velocity calculation derived from the pressure estimate. This 
initiates a new iteration in the inner loop. The entire process continues 
until either convergence is achieved or the maximum iteration limit is 
met.

To enhance the convergence rate of the nonlinear solver, a re-
laxation parameter is implemented (Salinas et al., 2017a; Jiang and 
Tchelepi, 2019; Silva et al., 2021). This technique updates the satu-
ration by integrating the newly computed field with saturations from 
prior inner loop iterations. The calculation for the new saturation is as 
follows 
𝑆𝑘 = 𝜔𝑘𝑆̃𝑘 + (1 − 𝜔𝑘)𝑆𝑘−1 + (1 − 𝜔𝑘)𝛽+1𝜔𝑘(𝑆𝑘−2 − 𝑆𝑘−1), (5)

where 𝑆𝑘 is the updated saturation, which is calculated using the 
saturation 𝑆̃𝑘 from step (4) in Fig.  1. 𝑘 denotes the current iteration of 
the inner loop. The relaxation parameter is represented by 𝜔, and 𝛽 is 
the exponent that determines the relative significance of 𝑆𝑘−1 and 𝑆𝑘−2. 
Here, we adopt a constant value of 0.4 for 𝛽, following the methodology 
outlined in Salinas et al. (2017a).

In each outer nonlinear iteration, the initial relaxation parameter 
𝑤0 sets the stage for calculating subsequent relaxations 𝑤𝑘. The latter 
are computed to optimize the convergence rate by minimizing the 
3 
residual saturation (Salinas et al., 2017a). A critical consideration is 
the selection of 𝑤0 for each outer nonlinear iteration. While a simple 
approach might use a constant value across all iterations, the relax-
ation parameters must be carefully balanced: small enough to prevent 
divergence, yet large enough to expedite convergence. The choice of 
𝑤0 significantly influences the convergence of the nonlinear loops, but 
its optimal value is not predetermined and varies with each specific 
problem. Furthermore, even the most effective static value may lead 
to a higher number of iterations compared to a well-adjusted dynamic 
relaxation factor (Küttler and Wall, 2008; Jiang and Tchelepi, 2019; 
Silva et al., 2021).

3. Online learning acceleration

The relaxation parameter is of paramount importance to accelerate 
the nonlinear solver convergence. Therefore, we propose a novel ap-
proach to adjust the relaxation factor in each outer nonlinear iteration, 
where we adapt the machine learning model to the changes in the 
numerical simulation during run time, as shown in Fig.  2 and Algorithm 
1. We start with an offline part, where the machine model is trained 
in a dataset generated by a simple two-dimensional reservoir model. 
The machine learning model is designed to take simulation properties, 
dimensionless numbers, and the number of inner nonlinear iterations 
at each outer nonlinear iteration as inputs. Its output is the calculated 
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Fig. 2. Online/adaptive learning acceleration for nonlinear PDE solvers.
value of the relaxation parameter. Further details about the offline 
training can be found in Silva et al. (2021). Here, we test different 
sets of dimensionless numbers as input parameters, and we analyse 
several machine learning models in terms of accuracy, prediction time 
and simulation results.

After the offline stage, we use the machine learning model to 
determine the value of the numerical relaxation for a number of outer 
nonlinear iteration that we call 𝑊  (as in Fig.  2 and Algorithm 1). 
Following that, we can update the machine learning model using a 
batch-incremental method (𝑊 > 1), or an instance-incremental method 
(𝑊 = 1). After updating, we run more 𝑊  outer nonlinear iterations 
and update the machine learning model again. The process continues 
until the end of the numerical simulation. Given that batch-incremental 
and instance-incremental methods can perform similarly (Read et al., 
2012), and to avoid the cost added to the numerical simulation each 
time we update the machine learning model, we choose to use batch-
incremental methods here (or 𝑊 > 1). We also test different batch sizes 
in order to determine the best one for the solver and multiphase porous 
media problems used here. It is worth mentioning that since we have 
a fixed simulation time the number of updates of the machine learning 
model is finite, different from classical online learning problems.

The main goal of the adaptive learning acceleration is to train the 
machine learning model offline using a simple reservoir model (that 
is fast to run). Then apply the proposed acceleration to more complex 
and challenge reservoirs, while still learning from them in run time. 
During the numerical simulation, we learn from previous nonlinear 
iterations of the running reservoir model in order to better calculate 
the relaxation factor for the coming iterations.
4 
Algorithm 1 Online/adaptive learning acceleration pseudo-code
Require: Train the Machine Learning Model (ML) offline

𝑊 ← buffer size
𝑐 ← 0 ⊳ Counter for the outer nonlinear iterations
Start simulation:
 while not end of the simulation do
 𝑟𝑒𝑙𝑎𝑥𝑎𝑡𝑖𝑜𝑛 ← ML(Physics of the system, Inner nonlinear
iterations set to 1)
 Run one outer nonlinear iteration using 𝑟𝑒𝑙𝑎𝑥𝑎𝑡𝑖𝑜𝑛.
 𝑐 ← 𝑐 + 1
 if 𝑐 = 𝑊  then
 Update ML using data from the last 𝑊  outer nonlinear 
iterations.
 𝑐 ← 0
 else
 continue
 end if
 end while
End simulation

3.1. Input parameters and dimensionless numbers

The spatial distribution of fluids in multiphase flow through porous 
media are governed by the interplay of capillary, viscous, and gravi-
tational forces (Hoteit and Firoozabadi, 2008; Li and Tchelepi, 2015; 
Debbabi et al., 2017a,b, 2018b). The relative significance of these 
mechanisms is influenced by a combination of system length-scales, 
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Fig. 3. Two-dimensional homogeneous layered reservoir used for offline training. It shows the saturation of the displaced phase in one point in time during the numerical 
simulation. Blue represents the injected phase and red the displaced phase.
Table 1
Input parameters for the machine learning model. CFL stands for Courant–Friedrichs–Lewy (CFL). The features where MIN, 
MAX and AVERAGE applies are defined control-volume wise.
 Features Silva et al. (2021) Set 1 Set 2  
 Effective aspect ratio One value One value One value 
 Darcy velocity Average, max and min Average Average  
 Total mobility Average, max and min Average Average  
 CFL number Max value Max value Max value 
 Shock-front CFL number Max value Max value Max value 
 Shock-front number ratio One value One value One value 
 Shock-front mobility ratio Average, max and min Average Average  
 Longitudinal capillary Average, max and min Average Average  
 Transverse capillary Average, max and min Average ×  
 Buoyancy number Average, max and min Average ×  
 Longitudinal buoyancy Average, max and min Average Average  
 Transverse buoyancy Average, max and min Average ×  
 Vanishing artificial diffusion Average, max and min Average Average  
 Transport equation residual One value One value One value 
 Transport equation residual old One value One value One value 
 Transport equation residual ratio One value One value One value 
 Inner nonlinear iterations One value One value One value 
 Number of features: 35 17 14  
fluid-rock properties, and flow rates (Debbabi et al., 2018b). Conse-
quently, the inputs for the machine learning model are selected to 
be the dimensionless numbers as outlined in Debbabi et al. (2017a,b) 
and Debbabi et al. (2018a). Employing dimensionless parameters to 
calculate the relaxation parameter enables the use of a simple two-
dimensional layered reservoir for training, while effectively covering 
a broad spectrum of the physical space. All the input parameters are 
summarized in Table  1. A detailed description of the feature selection 
is given in Section 5.1.

3.2. Training dataset

We run the offline training using data from a multiphase porous 
media flow simulation of a simple two-dimensional layered model, as 
shown in Fig.  3. We inject one phase on the left side and produce both 
phases on the right side. The aim is for the injected phase to push 
the displaced phase through the porous media. Because the reservoir 
model must be run numerous times to generate the dataset for training, 
employing a simple reservoir model considerably simplifies the training 
process.

To create a diverse offline training dataset, we perturb the physical 
parameters listed in Table  1 by varying the simulation inputs. These in-
puts include horizontal and vertical permeabilities, porosity, time step 
size, capillary pressure, relative permeability, gravity magnitude and 
direction, viscosity, and the relaxation parameter. We run 6500 sim-
ulations, which represents approximately 1.8 million instances (outer 
nonlinear iterations). This dataset is split into a training (80%) and test 
(20%) set.

In the online stage (online/adaptive learning), for each outer non-
linear iteration we store: the dimensionless numbers in Table  1, the 
relaxation factor, and the number of inner nonlinear iterations. After 
running 𝑊  outer nonlinear iterations, we then run the online training. 
We repeat this process every 𝑊  nonlinear iterations until the end of 
the numerical simulation.
5 
Table 2
Rock-fluid modelling using the Brooks–Corey parametrization.
 Property Cases 1 and 2 Case 3 Case 4  
 Relative permeability end point of water 1.0 0.3 0.3  
 Relative permeability end point of oil 1.0 0.8 0.8  
 Relative permeability exponent 2.0 2.0 2.0  
 Immobile fraction of water 20% 20% 20%  
 Immobile fraction of oil 30% 20% 20%  
 Entry capillary pressure 1000 Pa 100 Pa 10000 Pa 
 Capillary exponent 1.0 1.0 1.0  

4. Test case description

We evaluated the adaptive learning acceleration across four distinct 
reservoir models as in Silva et al. (2021). Each of them represents 
two-phase immiscible flow within a porous medium:

1. Test case 1: two-dimensional layered reservoir model used for 
training.

2. Test case 2: heterogeneous two-dimensional reservoir model 
with distinct permeabilities across its four quadrants.

3. Test case 3: more intricate three-dimensional reservoir model 
simulating channelized formations.

4. Test case 4: complex three-dimensional reservoir model with 
faulted structures.

For all reservoir models, both gravity and capillary pressure were 
considered. The capillary pressure and relative permeability were mod-
elled using the Brooks–Corey parametrization (Brooks and Corey, 1964) 
with the values shown in Table  2. In our tests, we injected one phase 
from the left and extracted both phases from the right. Fig.  4 provides 
a saturation map for each test case.

The convergence criteria for the nonlinear solver are defined as 
follows: the relative mass conservation of the system must be less 
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Fig. 4. Saturation of the displaced phase in one point in time during the numerical simulation. Blue represents the injected phase and red the displaced phase. In all cases, we 
injected one phase on the left and produce both phases on the right.
Fig. 5. Test case 1 (2D) permeability field in m2.
than 10−3, and the infinite norm of the delta saturation between two 
successive nonlinear iterations should be less than 10−2 within a single 
time step. Additionally, we set maximum limits of 30 and 10 for the 
outer and inner nonlinear iterations, respectively. In evaluating differ-
ent scenarios, the total number of nonlinear iterations is determined 
by summing the outer iterations and one-third of the inner iterations. 
This approach aligns with the methodologies previously established 
by Salinas et al. (2017a) and Silva et al. (2021).

4.1. Test case 1

Test case 1 is the layered reservoir model used to generate the 
dataset for the offline training. The model comprises two layers and 
is built in two-dimensions (Fig.  5). The upper layer displays a porosity 
of 10% and a horizontal permeability measuring 200 millidarcies (mD). 
Conversely, the lower layer possesses a porosity of 20% and a horizon-
tal permeability of 100 mD. The vertical permeability in both layers 
is 10% of their respective horizontal permeabilities. Additionally, the 
viscosity ratio of the injected fluid to the displaced fluid is 5 and the 
density contrast between these two fluids is 300 kg∕m3.

4.2. Test case 2

Test case 2 is a heterogeneous two-dimensional reservoir model 
with distinct permeabilities across its four quadrants (Fig.  6). In the 
upper layer, the horizontal permeabilities are 200 mD and 20 mD, from 
left to right. In contrast, the lower layer exhibits horizontal permeabili-
ties of 10 mD and 100 mD. Across both layers, the vertical permeability 
equals the horizontal permeability. Additionally, a uniform porosity of 
20% is observed across all layers. Regarding fluid properties, a viscosity 
ratio of 5 exists between the displaced and the injected fluid, and there 
is a density contrast of 300 kg/m3 between fluids.
6 
4.3. Test case 3

Test case 3 is a three-dimensional reservoir model featuring fluvial 
sandstone channels situated within a backdrop of low-permeability 
mudstone (Fig.  7). The channels are classified into three types based 
on their width: thin, medium, and wide. The permeabilities assigned 
to these types are 1000 mD for thin channels, 200 mD for medium-
sized channels, and 100 mD for wide channels. In each channel type, 
the permeability in the vertical direction matches the horizontal perme-
ability. The porosity for all channels is uniformly set at 20%. Further 
parameters include a viscosity ratio of 5 between the displaced and 
injected fluid, and a density contrast of 289 kg/m3 between fluids.

4.4. Test case 4

Test case 4 features a three-dimensional, complex reservoir model 
characterized by faulted geological structures (Fig.  8). The reservoir 
is characterized by a sequence of alternating layers of mudstone and 
sandstone. The mudstone layers have a horizontal permeability of 1 
mD, while the sandstone layers have a horizontal permeability of 1000 
mD. In both layer types, the permeability in the vertical direction 
matches the horizontal permeability. Regarding porosity, the mudstone 
layers exhibit a porosity of 20%, while the sandstone layers display 
a lower porosity of 10%. Moreover, a viscosity ratio of 5 is present 
between the displaced and the injected fluid accompanied by a phase 
density contrast of 300 kg/m3.

5. Numerical results

In the following sections, we test and select the best set of di-
mensionless numbers as input parameters, and analyse several ma-
chine learning models in terms of accuracy, prediction time and sim-
ulation results. Following that, we apply and analyse the proposed 
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Fig. 6. Test case 2 (2D) permeability field in m2.
Fig. 7. Test case 3 (3D) permeability field in m2.
Fig. 8. Test case 4 (3D) permeability field in m2.
online/adaptive learning acceleration. Finally, we integrate the best 
machine learning model into IC-FERST in order to actually generate 
a walltime reduction. As a baseline for comparison, we use here the 
nonlinear solver acceleration presented in our previous work (Silva 
et al., 2021). There we used a random forest to calculate the relaxation 
parameter, but relying only on the offline training. For the remainder 
of this paper, the random forest model used in Silva et al. (2021) will 
be referred as original random forest.

5.1. Machine learning feature selection

We investigate different sets of features, in order to evaluate their 
effect on the proposed method. In Silva et al. (2021) a set of 35 features 
were chosen (see Table  1), and for the parameters defined in each 
grid cell the average, minimum and maximum over the domain were 
calculated, excepted for the Courant–Friedrichs–Lewy (CFL) number 
where it is already known that the maximum value plays an important 
role in the nonlinear solver convergence (Younis et al., 2010; Salinas 
et al., 2017a; Obeysekara et al., 2021). In this work, we test two new 
sets of features as shown in Table  1. Fig.  9 shows the correlation 
between all features, calculated from the numerical simulations in the 
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training dataset. We notice from the figure that the average, minimum 
and maximum values are highly correlated when considering the same 
parameter. Therefore, in the first set (Set 1) we consider only the 
average. For the second set (Set 2), we also see that capillary and 
buoyancy numbers are highly correlated among themselves. Hence, we 
have looked the feature importance (see Fig.  10), and for the capillary 
and buoyancy numbers we included only the most important ones. As 
for the original random forest, we run a hyperparameter optimization 
using a grid search with a 3-fold cross-validation for the two new sets 
of features. The implementation of the random forests used here is the 
one in Pedregosa et al. (2011). For the sake of comparison, the results 
reported in this section only consider the offline training.

In Fig.  10, we show the feature importance of the SET 1 generated 
by the original random forest. We can notice that the transport equation 
residual ratio (how fast the solver is converging) is the most important 
feature, while the other residuals also appear among the top variables. 
Moreover, we see that the Shock-front CFL number and CFL number 
appear among the most important features. This CFL dependence on 
the solver convergence is also seen in Younis et al. (2010), Salinas et al. 
(2017a) and Obeysekara et al. (2021). Fig.  10 also shows that the most 
important features among the buoyancy and capillary numbers are the 
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Fig. 9. Correlation between features calculated using the numerical simulations in the training dataset.
Fig. 10. Feature importance of SET 1.
longitudinal buoyancy and longitudinal capillary. Because of that, we 
kept them on SET 2, as mentioned in the previous paragraph.

Fig.  11 shows a comparison of the different number of features. 
In Fig.  11(a) we can see the test root mean square error (RMSE) 
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of the random forest models for the three sets of features. There is 
no significant difference in the RMSE when comparing the models. 
However, in Figs.  11(b) and 11(c) we can notice that the reduction in 
the number of nonlinear iterations (improvement) is greater for Set 1 



V.L.S. Silva et al. Artiϧcial Intelligence in Geosciences 6 (2025) 100146 
Fig. 11. Comparison of different number of features. (a) the test root mean square error of the trained random forest models. (b) the improvement in the number on nonlinear 
iterations compared with the original random forest. (c) average improvement (reduction) in the number of nonlinear iterations compared with the original random forest.
(fewer features). Set 2 (many fewer features) increased the average 
number of nonlinear iterations. The results show that the acceleration 
using the random forest with Set 1 performed better than the original 
random forest and the one with Set 2. Therefore, the 17 features of Set 
1 were selected to continue the experiments.

5.2. Machine learning model selection

We compare several machine learning models for controlling the 
numerical relaxation. All of them were implemented using Pedregosa 
et al. (2011), except for the xgboost models where we used Chen and 
Guestrin (2016) and the neural network (multilayer perceptron - MLP) 
where we use Abadi et al. (2015). The input in all the models are the 17 
features selected in the previous section (Set 1), except for the original 
random forest that uses the 38 features in Table  1. For each machine 
learning model we run a hyperparameter optimization using a grid 
search with a 3-fold cross-validation. Again, for the sake of comparison, 
the results reported in this section only consider the offline training. 
In the following, we give a brief description of each machine learning 
method tested.

• Linear regression: Linear regression estimates the output by 
computing a linear combination of the input features along with 
an intercept term (Hastie et al., 2009; Géron, 2019). This results 
in a model that represents a linear relationship between the inputs 
and the target variables.

• Decision tree: Decision trees make predictions using a hierar-
chical structure of nodes and branches, where the data is split 
into distinct rectangular regions based on feature values. Each 
region is assigned a fixed output value. Although simple in de-
sign, decision trees are highly effective and form the basis for 
more sophisticated ensemble methods such as random forests and 
gradient boosting (Hastie et al., 2009; Géron, 2019).
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• Random forests: Random forests, first proposed by Breiman 
(2001), are ensembles of decision trees. During training, each tree 
is built using a different bootstrap sample of the data, and at each 
split, a random subset of features is considered to determine the 
best split. These random sources help reduce the variance of the 
model (Breiman et al., 1998; Breiman, 2001). The final output is 
obtained by averaging the predictions from all individual trees.

• Extra tree: Extremely randomized trees are an ensemble learn-
ing method based on decision trees that introduces additional 
randomness in how splits are determined, compared to Ran-
dom Forests. This added randomness typically helps to lower the 
model variance, although it may slightly increase bias (Geurts 
et al., 2006).

• Adaboost: Adaptive Boosting is an ensemble learning technique 
that combines multiple weak learners into a single strong clas-
sifier. Unlike bagging methods, AdaBoost builds models sequen-
tially, where each new model focuses more on the instances 
that previous models misclassified. This iterative reweighting of 
training samples helps reduce bias and improve overall accu-
racy (Freund and Schapire, 1997).

• Xgboost: eXtreme Gradient Boosting is an advanced implementa-
tion of gradient-boosted decision trees (GBDT)
(Chen and Guestrin, 2016). GBDT constructs decision trees in 
a sequential manner, where each new tree aims to correct the 
errors made by the previous ones. Xgboost enhances this ap-
proach by incorporating techniques such as regularization, which 
contribute to its strong performance across a wide range of 
datasets (Shwartz-Ziv and Armon, 2022; Borisov et al., 2022; 
Grinsztajn et al., 2022). It has become one of the most popular 
models for tabular data. The xgboost library (Chen and Guestrin, 
2016) also offers a variant of random forests. In this study, we 
evaluate both the standard xgboost model and its random forest 
counterpart.
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Fig. 12. Comparison of different machine learning models. (a) the test root mean square error. (b) the one-instance prediction time.
• Multilayer perceptron: A Multilayer Perceptron (MLP) is a fully 
connected, feed-forward neural network consisting of multiple 
layers of neurons, each employing nonlinear activation functions. 
The architecture comprises at least three distinct layers: an input 
layer, one or more hidden layers, and an output layer (Goodfellow 
et al., 2016; Hastie et al., 2009).

Fig.  12 shows a comparison of the different models. In Fig.  12(a) we 
can see the test RMSE of the machine learning models. Apart from the 
linear regression all the models present similar RMSE. Fig.  12(b) shows 
the prediction time for one instance. For each machine learning model, 
we run the prediction 1000 times and average the resulted prediction 
time. As we use the machine learning model to generate the relaxation 
parameter in each outer nonlinear iteration, we want the prediction 
time to be as low as possible. We can notice that the xgboost models, 
linear regression and decision tree exhibit the lowest prediction times.

Fig.  13 shows the reduction in the number of nonlinear iterations 
(improvement) for all the machine learning models, using as baseline 
the original random forest. We can also see the cumulative number of 
nonlinear iterations during the numerical simulation for all the machine 
learning models and the case with no relaxation in Fig.  14. In Fig. 
13(a) the solutions accelerated using the adaboost and decision tree 
have failed to converge for test case 4. Because of that, their average 
improvement is not shown in Fig.  13(b). The only models that have 
generated better results than the original random forest are the xgboost 
random forest and the random forest (both with Set 1). It is also worth 
noting (from Fig.  14) that the approach with no relaxation generated 
the worst results for the test cases 1 and 2, and it failed to converge for 
the test cases 3 and 4.

5.3. Online learning

In the previous sections, we focused on the offline training. The two 
machine learning models that generated better results than the original 
random forest are the xgboost random forest and the random forest. 
Adding that ensemble learners have the advantage of being flexible, as 
new learners can be selectively added or removed, that they are usually 
easier to optimize, and that they are often used when learning from 
evolving data streams (Oza and Russell, 2001; Read et al., 2012; Gomes 
et al., 2017a; Montiel et al., 2020), we have selected these two models 
to test the online/adaptive learning shown in Fig.  2.

Many state-of-the-art ensemble methods for data stream learning 
are adapted versions of bagging and boosting strategies (Gomes et al., 
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2017a; Montiel et al., 2020). In this work, given that the xgboost 
library (Chen and Guestrin, 2016) already supports a boosting strat-
egy for training continuation, we apply the online learning method 
Adaptive XGBoost, proposed by Montiel et al. (2020), to the xgboost 
model. Nonetheless, we consider here that we already have the first 
learner trained offline. In the online stage, as new outer nonlinear 
iterations arrive, they are stored in a buffer of size 𝑊 . Once the buffer 
is full, we train a new member of the ensemble with the residuals from 
the previous members. It is worth noting that we do not reach the 
maximum ensemble size, unlike Montiel et al. (2020), because the time 
of the numerical simulation is finite the same way as the number of 
updates (usually less than 10 updates by numerical simulation). For the 
random forest, we modify the method proposed by Montiel et al. (2020) 
to work as a bagging strategy, since this is the strategy supported 
by the random forest in the Scikit-learn library (Pedregosa et al., 
2011). As in the Adaptive XGBoost method, as new outer nonlinear 
iterations arrives, they are stored in a buffer of size 𝑊 . The difference 
in the random forest is that once the buffer is full, we train a new 
set of ensemble members with the samples in the buffer, and add it 
to the previous ensemble. The hyperparameters used to configure this 
methods are described in Appendix.

We applied these two strategies to the four test cases shown in Fig. 
4. Tables  3 and 4 show the percentage reduction (improvement) in 
the number of nonlinear iterations compared with the original random 
forest (state-of-the-art results from Silva et al. (2021)). The columns 
RF and XGBRF represent the two machine learning models selected 
from the previous section, but without the online learning stage. In 
the batch-incremental learning, the size of the batch must be chosen 
to provide a balance between accuracy (large batches) and response to 
new instances (smaller batches) (Read et al., 2012). In this context, we 
test different buffer sizes (𝑊 ) represented in the remaining columns of 
Tables  3 and 4. Fig.  15 also shows the average reduction of each one 
of these strategies. We also notice that the strategy with buffer size 
equals 50 (𝑊 = 50) produced the best average performance for both 
machine learning models. Also for the strategy with buffer size equals 
25 (𝑊 = 25), the number of nonlinear iterations became worse than 
the original random forest for some test cases. This can indicate that 
updating the machine learning model with short buffer sizes does not 
necessarily improve the final results.

Fig.  16 shows the comparison of the number of inner nonlinear 
iterations over the simulation period, for the test case 1. The horizontal 
axes represent the outer nonlinear iterations. We can notice from the 
blue box on the left, that for the first 50 outer nonlinear iterations the 
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Fig. 13. Comparison of different machine learning models. (a) Improvement in the number on nonlinear iterations compared with the original random forest. (b) Average 
improvement (reduction) in the number of nonlinear iterations compared with the original random forest.
Table 3
Adaptive learning acceleration using the random forest, and a bagging strategy for 
the online learning. Improvement (reduction) in the number on nonlinear iterations 
compared with the original random forest.
 Test case RF 𝑊  = 25 𝑊  = 50 𝑊  = 200 
 Case 1 2.1% 2.8% 3.7% 1.2%  
 Case 2 0.0% −1.8% 0.6% 0.5%  
 Case 3 −0.4% 2.7% 0.9% 2.7%  
 Case 4 4.3% 5.0% 4.5% 4.2%  
 Avg. reduction 1.5% 2.2% 2.4% 2.1%  

results from the random forest with the online/adaptive learning and 
the one without it are the same. This is because the buffer has size 50 
(𝑊 = 50), then until it is full no update is performed in the machine 
learning model. We can also see a clear reduction in the inner nonlinear 
iterations from the original random forest to the online/adaptive learn-
ing. It is worth noting that approximately after 300 outer nonlinear 
iterations the shock front (the interface between the two phases in the 
porous media, see Fig.  3) has passed the simulation domain, making 
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Table 4
Adaptive learning acceleration using the xgboost random forest, and a boosting strategy 
for the online learning. Improvement (reduction) in the number on nonlinear iterations 
compared with the original random forest.
 Test case XGBRF 𝑊  = 25 𝑊  = 50 𝑊  = 200 
 Case 1 0.5% −0.4% 2.4% 0.8%  
 Case 2 −0.6% −1.3% 0.0% 0.0%  
 Case 3 1.8% −1.3% 0.4% 0.4%  
 Case 4 2.8% 3.4% 3.3% 2.9%  
 Avg. reduction 1.1% 0.1% 1.5% 1.0%  

the nonlinear solver convergence much easier for the three strategies, 
only one inner nonlinear iteration is required to reach the convergence 
criteria. In Fig.  17, we show the values of the relaxation parameter over 
the outer nonlinear iterations for the random forest with and without 
online/adaptive learning. It shows that the case with the online/adap-
tive learning reduces the high-frequency variations in the relaxation. 
During the online learning, the sample training space comprises only 



V.L.S. Silva et al. Artiϧcial Intelligence in Geosciences 6 (2025) 100146 
Fig. 14. Cumulative number of nonlinear iterations for different machine learning models and for the case with no relaxation.
Fig. 15. Average improvement (reduction) in the number of nonlinear iterations compared with the original random forest. The Base case is considering no online updating.
the previous iterations, this maybe guiding the machine learning model 
to choose the best relaxation within this range.

5.4. Direct coupling

All of the previous machine learning models, including the original 
random forest (Silva et al., 2021), were not properly coupled with the 
numerical simulator in Fortran. An external Python script was called 
in each outer nonlinear iteration to generate the relaxation factor and 
it was passed ‘‘on the fly’’ to the numerical simulator. For that reason, 
no actual reduction in walltime was observed. Analysing the prediction 
time (Fig.  12(b)), the reduction in the number of nonlinear iterations 
(Fig.  13), and considering the viability to integrate the machine learn-
ing code with the numerical simulator (IC-FERST) in Fortran, we chose 
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the xgboost random forest to perform the coupling. A Fortran API 
for the xgboost was developed (available at https://github.com/viluiz/
solver/tree/main/xgboost_coupling), and we were able to load the 
machine learning model in memory and call it in each outer nonlinear 
iteration using a Fortran code. Although, the online training of the 
machine learning model was not yet supported in the API, thus the 
results in this section consider 𝑊 = ∞, which means no online update 
(the online update would further improve the results). Table  5 shows 
the reduction in the number of nonlinear iterations and walltime, when 
we compare the proposed method with the default dynamic relaxation 
presented in IC-FERST (Salinas et al., 2017a). It is a dynamic relaxation 
that adjusts the relaxation parameter mainly based on the CFL number. 
It has demonstrated great improvements in the convergence rate of the 
solver for a wide range of cases (Salinas et al., 2017a), and up to this 

https://github.com/viluiz/solver/tree/main/xgboost_coupling
https://github.com/viluiz/solver/tree/main/xgboost_coupling
https://github.com/viluiz/solver/tree/main/xgboost_coupling
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Fig. 16. Comparison of the number of inner nonlinear iteration over the simulation period, for test case 1. The horizontal axes are the outer nonlinear iterations and the vertical 
axes the number of inner nonlinear iterations.
Fig. 17. Values of the relaxation parameter over the simulation period, for test case 1.
point was the best available approach to calculate the relaxation in IC-
FERST. The method proposed here is able to outperform this approach, 
showing actual run time improvements. The results in Table  5 show 
that the reduction in walltime is, in some cases, even greater than the 
reduction in the number of nonlinear iterations. It means that for some 
cases, the proposed method not only reduces the number of nonlinear 
iterations, but also makes faster the solution of each nonlinear iteration.
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6. Discussion

Dealing with nonlinearities in systems of partial differential equa-
tions is always challenging and time-consuming, with a high impact 
on the overall applicability and performance of the nonlinear solver. 
Developing an efficient and robust nonlinear solver is nontrivial and 
requires a good understanding of the underlying physics of the system 
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Table 5
Reduction in run time and number of nonlinear iterations. Comparison between the 
proposed method (with no online update) and the default dynamic relaxation presented 
in IC-FERST (Salinas et al., 2017a).
 Case Run time Nonlinear iterations 
 Test case 1 19% 13%  
 Test case 2 34% 37%  
 Test case 3 9% 10%  
 Test case 4 85% 81%  

being modelled. The presented technique shows a promising route to-
wards creating a robust and efficient nonlinear solver easily by using a 
machine learning approach in combination with a numerical relaxation. 
The approach is simple to develop and quick to implement as it requires 
only three steps:

• Identify dimensionless numbers and the parameter space to study.
• Train a machine learning model offline using a simple numerical 
model to generate the training set.

• Apply the online learning to update the machine learning model 
during run time.

We applied the proposed method to two and three-dimensional 
multiphase porous media flow problems, as these types of problems 
represent significant applications in science and engineering, and are 
very challenging to model due to complex nonlinearities. A great deal 
of effort has been put in over the years by academia and industry to ad-
dress these problems (Li and Tchelepi, 2015; Salinas et al., 2017a; Jiang 
and Tchelepi, 2019; Freitas et al., 2020; Silva et al., 2021; Kadeethum 
et al., 2022), for which simulation time and computational resources 
are usually the main constraints. We tested the method in two and 
three-dimensional cases with very different geometries, such as layers, 
channel and faults, and also with a considerable range of permeability 
values. The proposed method can also be applied to other engineering 
and physical systems as long as they use a numerical relaxation (or 
other tuning parameter) to control the solver convergence.

The main limitations of the presented technique is the time required 
to train the machine learning model online and the necessity to calcu-
late the dimensionless numbers in each nonlinear iteration. However, 
usually the cost of the numerical simulation is by far more expensive 
than the training operations required, and the mathematical calcu-
lations used to compute the dimensionless parameters. Furthermore, 
we used batch-incremental learning techniques instead of instance-
incremental methods in order to minimize the online training cost, 
and the chosen set of dimensionless numbers reduces the number of 
calculated features when compared to Silva et al. (2021). In terms 
of machine learning model, we showed that the random forest out-
performed the other methods for both offline and online learning. 
Moreover, for the online learning, a consistent improvement is achieved 
when using the random forest with a bagging strategy. The xgboost 
random forest with an online boosting strategy did not show the same 
consistency (Fig.  15).

It is worth mentioning that the improvement brought by the online 
learning (Tables  3 and 4) is smaller than the offline training (Table 
5), although in terms of computational cost it is still relevant. We 
can see from Table  5, a direct relationship between the number of 
nonlinear iterations and the run time, which means that almost any 
reduction in the solver iterations can shortening computational time. 
The smaller improvement of the online learning maybe related to the 
effectiveness of the offline training to learn the optimal relaxation, 
given the online learning a small room for improvement. In this line, we 
can also notice that the greatest reductions in the number of nonlinear 
iterations and walltime (Tables  3, 4, and 5) are obtained in test case 
4. It is the realistic three-dimensional faulted reservoir model and is 
the most challenging case from a numerical standpoint, since it has 
the highest capillary value and comprises several intercalated layers of 
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low and high permeability. Capillary pressure is known for introducing 
a high non-linearity in the system of equations, as it introduces an 
effect on pressure due to the saturation (Salinas et al., 2020). This can 
potentially have a big impact in the non-linear solver, leading to smaller 
time-steps or even inability to solve the system. Likewise, high contrasts 
in permeability may affect the stability of the non-linear solver as the 
velocity of the fluid may change orders of magnitude when changing 
from a low permeable region to a high permeable region, and vice-
versa. Thus, the room for improvement in these cases is bigger than in 
other scenarios where non-linear solvers do not struggle as much. The 
presented approach is able to mitigate the damaging effects introduced 
by capillary pressure and high permeability contrasts and keep the 
non-linear solver working efficiently.

7. Conclusion

We propose an online learning acceleration for nonlinear PDE 
solvers. The proposed approach was applied to complex/realistic two 
and three-dimensional subsurface reservoirs and was capable of reduc-
ing the number of nonlinear iterations without compromising on the 
accuracy of the results. We also present an analysis of the performance 
of the presented acceleration technique. This analysis includes the use 
of different machine learning models, different dimensionless param-
eters, and different online learning strategies. In this study, we were 
able to select the most appropriate number of features (dimensionless 
numbers) used as inputs, and the most suitable machine learning 
models in terms of accuracy, prediction time and simulation results. 
Furthermore, we fully integrated a machine learning model into the 
nonlinear solver of an open-source, multiphase flow simulator (IC-
FERST) and applied it to a set of challenging multiphase porous media 
flow problems. We were able to reduce simulation time by 37% on 
average, and up to 85% in the best case (only using the offline training, 
the online update would further improve the results). Compared to 
other approaches our method is simple to implement and does not 
require retraining the machine learning model offline when applied to 
other simulation domains or sets of parameters. Furthermore, not only 
does it learn offline, but also learns during the simulation to which it 
is applied. We believe that the online/adaptive learning acceleration is 
not limited to the multiphase porous media flow. It can be applicable 
to any other system for which a relaxation technique (or other tuning 
parameter) can be used to stabilize the nonlinear solver.
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Table 6
Hyperparameters used for the online training of the xgboost with the boosting
strategy.
 Parameter Value 
 Number of new boosting trees 1  
 Learning rate 0.01  
 Maximum depth 3  
 Subsample of instances 1.0  
 Subsample of columns 1.0  
 Buffer size 50  

Table 7
Hyperparameters used for the online training of the random forest with the bagging 
strategy.
 Paramater Value 
 Number of new trees 70  
 Maximum depth 30  
 Maximum number of features 0.2  
 Buffer size 50  

Appendix. Online training hyperparameters

For the xgboost with the boosting strategy and the random forest 
with the bagging strategy, we have tested different hyperparameters 
and the best results were achieved using the values in Tables  6 and 7, 
respectively.

Data availability

The data, hardware configuration, and source code used in this work 
are available at https://github.com/viluiz/solver.
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