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Abstract

An Interval Translation Mapping (ITM) is a piece-wise translation 7': I — [ defined
on a finite partition [y, ..., I, of an interval [ into r > 2 sub-intervals. We do not assume
that the images of these intervals are disjoint. These maps naturally generalize the classical
Interval Exchange Transformations (IETs) by removing the bijectivity assumption. Let
ITM(r) be the space of all Interval Translation Mappings, where we fix r but not the
intervals Iy, ..., I, nor the translations on each of them. The set X(T") := (,-,7"({)
is then either a finite union of intervals (and 7" behaves like an IET on those inte;vals), in
which case the map is called of finite type, or is a disjoint union of finitely many intervals
and a Cantor set, in which case the map is called of infinite type.

In Chapter III, for an arbitrary » > 2, we show that the set of finite type maps contains
an open and dense set of ITM(r). This resolves in positive a topological version of a long-
standing conjecture due to Boshernitzan and Kornfeld. More precisely, we show that there
exists an open and dense subset S(r) of ITM(r) consisting of stable maps such that each
T e S(r):

- is of finite type;
- the first return map to any component of X (7") corresponds to a circle rotation;
- 8(r) T — X(T) is continuous in the Hausdorff topology.

In Chapters I and II we give an introduction to and an overview of the fields of IET's

and I'TMs, respectively.
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Introduction

Interval Exchange Transformations (IET's) are the finite piece-wise continuous bijective
isometries of compact intervals. They arise naturally as return maps to small transversals in
the study of flows on surfaces, measured foliations, and billiards dynamics. The dynamical
properties of IET's are very closely related to analogous properties of all of these objects.
For this reason, and because they constitute an extremely rich class of dynamical systems
themselves, IE'T's have been the subject of much-celebrated work by Sinai, Keane, Veech,
Masur, Boshernitzan, Forni, Marmi, Moussa, Yoccoz, Avila, Viana, Chaika, and many

other authors, since their introduction in the early 70’s.

Perhaps most importantly for dynamical systems theories in general, the study of IET's
demonstrates the power of analysing the dynamics of a renormalization scheme for the pur-
pose of studying generic properties of a class of dynamical systems. Intuitively speaking,
a renormalization is a map that assigns to a dynamical system 7" : X — X a dynamical
system 7”7 : Y — Y, which is defined as the return map under 7" to a smaller set Y C X
(one can usually also rescale Y back to X by a nice map). Renormalization therefore
speeds up the time at which the dynamics are happening and zooms into space. Iterating
this process allows one to study small-scale and long-term properties of the starting dy-
namical system 7". The renormalization scheme for IET's is called Rauzy-Veech induction,
and it has been the central tool for establishing many of the deepest results in the field.
Some of them include the proofs that almost every IET: is uniquely ergodic (known as the
Keane conjecture) by Veech in [ ], admits solutions to the cohomological equation by

Marmi—Moussa—Yoccoz in [ ], and is weakly mixing by Avila—Forni in [ ].

Besides renormalization, the main tool in the study of IETs are their connections to
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geometry, more specifically the construction of suspensions over IETs. It is often more
convenient to work with suspensions because they are higher-dimensional and therefore
less rigid, and therefore have a richer perturbation theory. The most important tools in their
study are the associated Teichmiiller flow and the action of the mapping class group, which
can be seen as the geometric analogues of the Rauzy-Veech induction. One of the most
important example of the usefulness of this connection is the proof of Keane’s conjecture
by Masur in [ ], which was simultaneous to that of Veech in [ ].

There are several possible natural generalizations of [ET's, each giving rise to a different
subject of dynamical systems. Those that retain the bijectivity of the map, e.g. IETs with
flips, GIETSs or infinite IET's associated to special infinite translation surfaces, retain many
of the good properties of IET's and are often intimately related to IETs themselves. In
particular, at least one of the two main tools in the study of IET's, namely renormalization
or connections to geometry, is retained.

The main topic of this thesis are the Interval Translation Mappings (ITMs) that are the
finite piecewise isometries of a compact interval, first studied in [ ]. As such they are
obtained from IETs by dropping the bijectivity assumption. This makes the problems of
finding a general renormalization scheme and associated geometric (topological, combina-
torial) theories much more complicated than for [ETs. At the time of writing this thesis,
which is roughly 30 years since the study of [TMs was initiated, both of these problems
remain unsolved.

There is a natural dichotomy for I'TMs: each map is either of finite or of infinite type.
The first example of an infinite type map was constructed in [ ] by Boshernitzan and

Kornfeld. They conjectured that such behavior should be rare:

Boshernitzan—Kornfeld Conjecture For all » > 2, the set of all infinite type maps is a

measure zero subset of the set of all ITMs on 7 intervals ITM(r).

As IETs are the dynamical systems naturally closest to ITMs, the historical approach
to tackling the Boshernitzan—Kornfeld Conjecture was through similar methods that were
used to study generic properties of IET's, namely renormalization. As mentioned, a general
renormalization scheme has not been developed in generality, but it has been successfully

used to study special families of I'TMs and to establish the conjecture for these families
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(e.g.in [ 1,1 1,1 1,1 ]). This approach culminated in the proof of the
Boshernitzan—Kornfeld Conjecture for » = 3 by Volk in [ ]. However, already r = 4
has so far proven too complicated for the development of a renormalization scheme.

The main result of this thesis is the topological version of Boshernitzan—Kornfeld Con-
jecture, which the author established in a joint work with Kostiantyn Drach and Sebastian

van Strien in [ IE

Topological Prevalence of Finite Type Maps For every r > 2, the set of all finite type

I'TMs on r intervals contains an open and dense subset of the set of all 'TMs on r intervals
ITM(r).

Our main novelty is that we do not use any type of renormalization, and we instead
develop a theory of stability for I'TMs and establish a powerful transversality result that
allows for detailed control over global dynamics under perturbation. In the process, we
also demonstrate that the theory of ITMs is, somewhat surprisingly, fairly similar to the
theory of smooth real 1-dimensional dynamical dynamics. Our results also suggest the

following strong refinement of the Boshernitzan—Kornfeld Conjecture:

Irrational Rotations Conjecture The set of all ['TMs on r intervals that correspond to

irrational circle rotations has full measure in IT'M (7).

More precisely, our results imply that if the Boshernitzan—Kornfeld Conjecture is true,
then so is the Irrational Rotations Conjecture.

The thesis is separated into 3 chapters, which are as follows. In Chapter I, we survey
the field of Interval Exchange Transformations, from its historical beginning to modern
developments. The field of IET's, and especially its various connections to other dynamical
systems, geometry and number theory, is too vast to cover completely, so we focus on the
most important breakthroughs of the field and on the aspects of theory most related to that
of ITMs. This means we often focus mostly on the ergodic and combinatorial properties
of IET's, and we do not into the details of the connections with geometry. In Chapter 11, we
give an overview of the field of Interval Translation Mappings, focusing on the parallels

and connections to IETs.
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In Chapter III, which is based on the preprint [ ], we give a self-contained proof
of the topological version of the Boshernitzan—Kornfeld Conjecture. To do this, we estab-
lish several results which are of independent interest. We prove the density of eventually
periodic maps (analogues of Morse-Smale maps in our setting) in Theorem I11.4.2, the
characterization of stable maps by intrinsic dynamical properties called ACC and Matching
in Theorem I11.6.12, and show that stable maps approximate eventually periodic maps in
Theorem II1.7.1. Putting these three results together gives that the set of stable maps is
an open and dense subset of the set of all ITMs, and since they are of finite type, we get
the topological version of the Boshernitzan—Kornfeld Conjecture as a corollary. The cru-
cial technical tool in the proofs of these results is a linear independence theorem of certain
dynamically defined vectors, Theorem II1.5.6.

The presentation in the first two chapters is mostly informal, and we do not go through
the proofs of any of the results but give sketches of the most important ones. This is because
the results in Chapter III are self-contained, and they do not rely on any existing results for
IETSs or ITMs. Thus the main purpose of the first two chapters is to give an overview of
and compare the fields of IETs and I'TMs, so as to put our results in Chapter III in the
context of these theories.
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CHAPTER 1

Interval Exchange Transformations

I.1 Notation, definitions, conventions

Interval Exchange Transformations (IETs) are the finite bijective piecewise isometries of
a bounded interval /. Normalizing the bounded interval [ to be equal to [0, 1), we have the

following formal definition:

Definition I.1.1 (Interval Exchange Transformation) An IET is a bijective map 7' : [ — I,
for which there exists a partition of / into finitely many intervals I, = [5,_1, (;), where
0=pFy<p1<--<f_1<pf.=1land 1 < s < r, such that the restriction of 7" to each

of these intervals is a translation by a factor ;. In other words, we have that:

T

Ie(x) =T _'_,757

forl <¢<r.

The standard convention is for the intervals for 7" to be continuous from the right, so the
intervals of continuity of 7" are closed from on the left and open on the right. Because 7T’
is a bijection, the images of the intervals [ are mutually disjoint and they cover the whole

interval /. The order of these images inside / is encoded by a permutation o of {1,...,r}
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such that o(s), where 1 < s < r, denotes the position of T'(/;) inside /. If 7 is the inverse
of o, then we must have that ;) + V7s) = Brs41) — 1 + Y741 forall 1 < s <r—1. An

example on 4 intervals is shown in figure 1.1

|
|
0 ¥

0 1
Figure I.1: Dynamical plane of a 4-1ET.

The chosen notation for IETs will be more convenient for our purposes as it readily
generalizes to the one used for Interval Translation Mappings (ITMs), which are the central
topic of this thesis. The more standard notation is define a d — IET as amap [0, 1) — [0, 1)
represented by a pair (A, 7), where 7 is a permutation of 1,...,d and \ is an element of
the (d — 1)-dimensional standard simplex A. The permutation 7 is equivalent to o from
the preceding paragraph and A = (\q,...,\y) is a vector such that Zle Ai = 1and \;
equals the length ¢’th interval of continuity of 7. We will occasionally use this notation
when necessary, e.g. when discussing the Rauzy-Veech induction in Section 1.3.

The standard assumption is that the IET's we are dealing with are irreducible, meaning
that there is no k& < n such that 7 permutes the first k£ elements, as in this case, we can
reduce to the case of smaller number of intervals. The parameter space of irreducible
r — IETs, denoted by IET(r), is therefore defined as the disjoint union of sets {o} x A,
where o is a permutation of n elements. The natural measure on this set is the product of
the counting measure and the Lebesgue measure on A. When we talk about a typical map,
we mean with respect to this measure, and for simplicity, we will say that such a map is
Lebesgue-typical. In almost all cases, our results will apply to any (or at least Lebesgue-
typical) IET on any number of intervals. Thus we will often omit stating very precise
information, and simply refer to 7' as a map, which will mean that it is an irreducible
r — IET for some r > 2.
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The necessary background in ergodic theory and number theory for this chapter is cov-

ered in sections 1.8 and 1.9, respectively.

I.2 Early history of [ET's

IETs were first considered in print by Sinai in his 1973 book Introduction to Ergodic The-
ory [ ]. He proved that if the union of orbits of 5’s is dense in I, then the map 7" has
at most r ergodic probability measures. A bit later, in 1975, Keane wrote his seminal paper
[ ] in which he introduced a condition under which an IET is minimal. In literature,
this is known as either the infinite distinct orbit condition (idoc) or the Keane condition.

We will stick to the latter name:

Definition 1.2.1 (Keane condition) An IET T is said to satisfy the Keane condition if
T™(B;) # T™(B;) forall 0 < 7,5 < r with i # jand n,m € Z.

This turned out to be the appropriate generalization of irrationality for circle rotations,

as Keane proved the following:
Theorem 1.2.2 An IET 7T that satisfies the Keane condition is minimal.

Keane also improved Sinai’s result and showed that if a map 7' satisfies the Keane
condition, it has at most r ergodic probability measures. An earlier result of Katok on
surface flows [ ] implies a better bound of EJ, which was also shown by Veech in
[ ]. However, the existence of a map that was minimal and not uniquely ergodic was
not demonstrated. For » < 3, it is easy to show that minimality implies unique ergodicity,
as for » = 2 all maps are isomorphic to circle rotations, while for » = 3 all maps are
return maps of circle rotations. Thus the minimal number of intervals should be at least
4. The first example of such a map, for » = 5, was given by Keynes and Newton in 1975.
Keane provided a ‘minimal’ possible counterexample with » = 4 in [ ]. All of the
constructed examples have special number-theoretic properties, so he conjectured in this

paper that such maps should be rare:

Conjecture 1.2.3 (Keane’s conjecture) The set of all non-uniquely ergodic IETs with a

given permutation 7 has zero Lebesgue measure.
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This turned out to be a highly non-trivial problem that required the development of
several new tools. The two most important ones are the connections of IETs with geom-
etry, in particular with Riemann surfaces, Quadratic Differentials, and Teichmiiller flow
(see Section 1.4), and the Rauzy-Veech induction, which can be seen as the combinatorial

counterpart of the geometric connection.

I.3 Rauzy-Veech induction

In[ ] Rauzy first described an induction algorithm for IET's that generalizes the con-
tinued fraction algorithm from Diophantine approximation (see Section 1.9). We will give
a very minimalistic description of this algorithm, enough to state the important theorems
related to it. For details see the surveys by Viana [ ] and Yoccoz [ ].

Let 7'be anr —IET. Let [y := 1— 3,_; be the length of the last interval of continuity of
T.Letly :=1—T(B-()-1) be the length of the interval whose image is last with respect to
the order in 1. Let 7" be the return map under 7" to the longer of the two intervals [0, 3,_;),
[0, T(B-(r)—1)). Then it is easy to see 7" is also an interval exchange transformation on
r intervals (see figure 1.2). By rescaling the interval I’ to I, 7" can be taken to again
be an IET defined on [0,1). The map R : IET(r) — IET(r) defined by R(T") = T’,
or R(m,A\) = (n’', N'), is called the Rauzy-Veech induction, and it can be viewed as a
dynamical system on IET(r). It turned out to be the central tool for analyzing the properties
of Lebesgue-typical [ETs.

Note that in order to carry out the induction, we need that [; # [,. Keane’s condition
turned out to be crucial in this aspect because it is equivalent to the property that the in-
duction step can be applied infinitely many times, i.e. to the condition that [; # [y always
holds. Thus the induction can be carried out for a full measure subset of IET's. For future
reference let A be the matrix that describes the change of lengths: A\ = A. Thus the effect
of the Rauzy induction on lengths is to apply the linear map A and then rescale the domain
so that the sum is 1. For a map 7T that satisfies the Keane condition, let A;, As, ... be the
associated infinite sequence of matrices.

Interestingly, the first progress made towards the proof of Keane’s conjecture did not

use the Rauzy-Veech induction. In [ ] Keane and Rauzy proved, using explicit per-
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Figure 1.2: Rauzy-Veech induction step without rescaling.

turbations and elementary ergodic theory, that the set of all uniquely ergodic maps is a
residual subset (in the sense of Baire) of IET(r). Thus they proved a weak form of the
topological analogue of Keane’s conjecture, but their methods proved insufficient to study
the measure-theoretic question.

The important connection between Lebesgue-typical [E'Ts and Rauzy-Veech induction
was established by Veech in [ Jand [ ], building on the earlier work by Rauzy in
[ ]and [ ]. He proved the following theorem:

Theorem 1.3.1 If the dynamical system R defined by the Rauzy-Veech induction supports
an absolutely continuous invariant measure on IET(7), then almost every map in IET(r)

is uniquely ergodic.

The existence of such a measure was then established by Veech in [ ], completing

the proof of Keane’s conjecture. The proof has roughly the following steps:

1. Construction of a space of suspensions of IET's called zippered rectangles that is in

fact a (2r — 1)-dimensional manifold M
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2. Showing that M supports a natural flow S and a volume element I" invariant under
S

3. Proving that M, S and I ‘project’ to IET(r), R and p, respectively, where y is a

absolutely continuous invariant measure for R.

An issue with the constructed measure x is that is infinite, which complicated study-
ing the finer ergodic properties of R. In his seminal paper [ 1, Zorich constructed a
finite invariant measure pz for an accelerated version Rz of R. It is defined by setting
Rz(A\, ) = R™(\,m), where n is the minimal integer such that that the longer of the
two last two intervals [3,_q, 1) and [3-(»)—1, 1) becomes the shorter one. The study of the
ergodic properties of this accelerated algorithm became a central topic in the field of IETs.

The most notable is perhaps the analysis of the associated Lyapunov exponents (of
the matrix product A; A, ...), which we do not cover in detail, but give a brief historical
overview. The simplicity of the top exponent and various properties of the other exponents
were established by Zorich in [ ]. The first deviation results related to the second
exponent were also obtained by Zorich in [ ]. Forni proved in [ ] that the g’th
exponent is positive, where ¢ is the genus of the associated translation surface (see [ ]
and [ ] for an introduction to these). The simplicity of the top g components (known
as the Kontsevich-Zorich conjecture [ 1, [ ]) was established in full generality
by Avila and Viana in [ ].

The Zorich acceleration R z and the associated measure i also played a major role in
the proofs of theorem 1.4.3 ([ 1), in the study of the cohomological equations for I[ET's
(I ]) and the linearisation of GIET's ([ ]) (see Section 1.7 for more details).

A final aspect of the Rauzy-Veech induction that we discuss is the fact that it gives rise
to an equivalence relation on the set of all irreducible rotations on 7 symbols, by the simple
criterion that two permutations 7, 7’ are equivalent if there an IET 7" with permutation 7
that under iterates of R gets mapped to an IET 7" with permutation 7’ (as stated, it is not
symmetric, but can be easily shown to be so). These equivalence classes are called reduced
Rauzy classes. The extended Rauzy classes, which are larger classes obtained by allowing
two more operations (Rauzy-Veech induction form the left and a canonical involution) on

m, were classified by Zorich and Kontsevich in [ ]. The classification is based on two
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combinatorial properties caller called hyperellipticity and spin parity. A third property,
called degree of a marked singularity was added by Bossy in [ ] to classify all the
reduced Rauzy classes. These approaches are heavily based on geometric methods, while
a completely combinatorial proof of these classifications is due to Fickenscher [ ].
Geometric methods were also used by Zorich in [ ] to find explicit representatives for
all (reduced and extended) Rauzy classes and by Delecroix to give explicit formulas for the

cardinalities of Rauzy classes in [ ].

I.4 Ergodic properties of [ETs

The Keane conjecture was also proved by Masur in [ ], at roughly the same time as
Veech and by using a somewhat similar method in spirit. We state the main ingredients
of the proof without defining many of the relevant objects, as this would require a longer

diversion into Teichmiiller theory (see [ L1 ] for a detailed introduction):

1. The space of normalized quadratic differentials supports a natural measure p. Its
most important property for all other steps is that it is invariant under Teichmiiller

flow and the action of the mapping class group (but we do not explain why).

2. Each quadratic differential canonically gives rise to a vertical foliation (which is
a measured foliation). Under certain assumptions, the return map to a transversal
of this foliation induces an IET. Conversely, there exists a normalized quadratic

differential (entire families in fact) whose vertical foliation gives rise to any chosen
IET.

3. The measure ;. behaves well with respect to the Lebesgue measure on the space of
IETs: A set I/ of IETs of Lebesgue zero/non-zero Lebesgue measure gives rise to a

set of quadratic differential of zero/non-zero p-measure.

4. The set of all quadratic differentials for which the vertical foliation is not uniquely
ergodic has p-measure zero. As non-uniquely ergodic IET's give rise to non-uniquely
ergodic measured foliations, this means that the Lebesgue measure of non-uniquely

ergodic IET's has to be zero.
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Rees gave a different proof of Keane’s conjecture in [ ], also using geometric
methods. Kerckhoff gave another one in [ ], using only elementary combinatorial
properties of the Rauzy induction (Yoccoz further simplified this proof in [ ]). The
following is the sketch of the original proof:

1. For any given map 7' that satisfies the Keane condition, one can show that the set of
T'-invariant measures p equals the set C> = ﬂ;’;o C,, where C,, = A;...A,Cy,
and Cj is the infinite cone of vectors in R"~! with non-negative entries. Thus one

needs only that C'*° is a line for a Lebesgue-typical 7.

2. It is enough to show at infinitely many times n, C™ — C™! shrinks by a definite
amount in both diameter and volume. This follows if the ratios of sums of entries of

the matrix products A; ... A, are bounded by some uniform constant C'.

3. Rauzy-Veech induction R on the Rauzy class of given map 7' can be encoded by
a graph (G, and it can be shown that 2. follows from a combinatorial property of G

called normality.

4. Using elementary volume and distortion estimates, one can show that normality holds
for a Lebesgue-typical 7', which completes the proof.

This proof in fact works in the more abstract setting of simplicial systems that satisfy
certain combinatorial properties, and [ET's with the Rauzy-Veech induction are a special
case of such systems. A strong generalisation of this approach was recently developed by
Fougeron in [ ].

All of the previously mentioned proofs of the Keane conjecture did not establish a
condition that could be used to check if a given IET is uniquely ergodic. The first such
criterion was established by Boshernitzan in [ ]. He called this condition ‘property

P’ and established the following theorem:

Theorem 1.4.1 (Boshernitzan) Almost every IET satisfies property P. Moreover, if an
IET satisfies property P then it is uniquely ergodic.



10 Chapter I : Interval Exchange Transformations

This theorem therefore gives another proof of Keane’s conjecture, one that does not
rely either on connections to geometry or Rauzy induction. We do not state the definition
of property P, as it is somewhat complicated. Fortunately, Veech was able to find a simpler
full-measure condition in [ ], which he called the Boshernitzan criterion. Let 7" be an
IET and let ¢, be the length of the shortest interval of continuity of 7™. Then we have the

following theorem:
Theorem 1.4.2 (Veech) If limsup,, ., €,n > 0 then the 7" is uniquely ergodic.

We now turn to the analysis of other ergodic properties of IETs. Their definitions
and basic properties are recalled in Section 1.8. Katok proved in [ ] that IET's are
never mixing. On the other hand, earlier work by Katok and Stepin [ ] on general
approximation results in ergodic theory implies that a typical 3 — IET is weakly mixing.

In a series of articles ([ 1,1 L1 ]) Veech explored many ergodic and
spectral properties of IET's. One of his main results (in [ ]) is that for an infinite class
of irreducible permutations, sometimes called Veech or W -type permutations, almost every
IET is weakly mixing (a simpler proof of this result was given by Chaves and Nogueira in
[ D-

The general question of whether a typical IET is weakly mixing remained open for the
next 20 years and required major developments in the field, e.g. the results by Zorich and
Forni discussed in the previous section [.3. It was finally resolved in the positive by Avila

and Forni in [ ]:

Theorem 1.4.3 (Avila—Forni) A Lebesgue-typical IET whose permutation is not a rotation

is weakly mixing.

At the roughly same time, Sinai and Ulcigrai also obtained in [ ] that almost every
IET of periodic type is weakly mixing and constructed explicit examples of such IET'.
A bit later, in [ ], Boshernitzan established weakly mixing for almost all IET's in
families obtained by inducing, i.e. taking return maps to smaller intervals. Nogueira and
Rudolph proved in [ ] that almost every [ET is topologically weakly mixing (see defi-
nition 1.8.15).

A convenient condition similar to Theorem 1.4.2 to check if a given IET with a W-type

permutation is weakly mixing was established by Boshernitzan and Nogueira in [ ]:
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Theorem 1.4.4 (Boshernitzan-Nogueira) Assume that 7" is an r — IET with » > 3 such
that it satisfies the Keane condition, Boshernitzan’s criterion and is ergodic with respect to

some probability measure p. Then 7' is weakly mixing with respect to fi.

I.5 Modern developments

In this section, we give a summary of recent results on IETs. As a cutoff point between
classical and modern, we chose the seminal paper of Avila and Forni [ ], the preprint
of which came out roughly 20 years ago.

A natural question once the genericity in parameter space of a certain dynamical prop-
erty has been established is: How large is the set of exceptional systems in the parameter
space? In the setting of IET's the natural measure of largeness of such sets is the Hausdorff
dimension.

The first general result in this direction was established by Masur in 1992 in [ 1,
where he proved that the set on non-uniquely ergodic r — IET's for » > 4 has Hausdorff
dimension at most r — % Note that the dimension of the space is » — 1, so the result can
be rephrased to say that the Hausdorff codimension is at least % Curiously, for r = 2,3
minimality is equivalent to unique ergodicity, so the Hausdorff dimension in this case is
equal tor — 2.

It was widely believed that % should be the correct value for the Hausdorff codimension,
but the proof for the lower bound turned out to be much harder and required almost 30 years
before its completion. It was first established for » = 4 by Athreya and Chaika in [ 1,
and in full generality by Chaika and Masur in [ 1.

For the set of non-weakly mixing IET's, the first improvement on the results of Avila and
Forni was established by Avila and Leguil in [ ], where they proved that the Hausdorff
codimension is positive, without giving an explicit numerical bound. Their results were
improved by Al-Sagban, Apisa, Erchenko, Khalil, Mirzadeh and Uyanik in [ ], where
they showed that the Hausdorff codimension is at least % for any » > 3. The results of
Chaika and Masur in [ ] also apply for non-weakly mixing parameters and r > 4,
and give a lower bound of % Thus these two results combine to show that for » > 4, the

Hausdorff codimension of the set of all non-weakly mixing parameters is exactly % As the
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lower bound only works for > 4, the a priori simplest case of 7 = 3 still remains open'.

We now go through several results coming from various research directions, which are
therefore not as related as the previous ones. We focus on the results concerning primarily
IETSs, and not the associated geometric theories and billiards (which are the topic of the
next section 1.6).

In [ ], Chaika analysed the Hausdorff dimension of the invariant ergodic mea-
sures, coming from Keane’s examples in [ ], that are not equivalent to the Lebesgue
measure. He proved that the set of possible dimensions (non-trivially) accumulates at and
includes 0. He also showed that the Hausdorff dimension can be equal to 1 and that a cer-
tain subset of dimensions is contained in a special compact set. Chaika also constructed the
first example of a topologically mixing IET in [ ]. His example was on 4-intervals,
and a bit later Boshernitzan and Chaika showed that no 3 — IET can be weakly mixing
in [ ]. They in fact prove general recurrence results about measure-preserving sys-
tems (generalizing results of Bosherntizan [ 1), and then they apply them to 3 — IET's.
Chaika and Fickenscher then proved in [ ] that for all » > 4, the set of topologically
mixing maps is a residual subset of IET(r). Robertson showed in [ ] that the set of
all mildly mixing (see Definition 1.8.9) IET's with 1/ -type permutations has full Hausdorff
dimension in IET(r) for all » > 1.

A sharpening of the results by Avila—Forni [ ] was obtained by Avila, Forni, and
Safaee in [ ], where they described the rate of decay of Ceséro averages of Lipschitz
observables for almost all IETs. Chaika showed in [ ] that every ergodic transfor-
mation is disjoint (Definition 1.8.11) from almost every IET. In [ ] Chaika and Eskin
verified the Sarnak conjecture for a full-measure of 3 — [E'T's that satisfy a certain Diophan-
tine property. The same authors also proved in [ ] that almost every 3 — IET is not
2-simple (Definition 1.8.12). Athreya and Boshernitzan established in [ ] that every fi-
nite alternating composition of iterates of an IET that of a rotation by « is uniquely ergodic
for almost every o. Chaika and Robertson showed in [ ] that the skew product of a
linearly recurrent IET and almost every step function (with average equal to 0) is ergodic.
Chaika generalized a theorem of Kurzweil (see [ ]) for circle rotations to IETS in

[ ], and quantitative versions of this result were obtained by Chaika and Constantine

"We would like to thank John Chaika for confirming this in written communication.
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in [ ]. Finally, Chaika and Hensel showed in [ ] that the set of uniquely ergodic
maps is a path-connected subset of IET(r) for all r > 4.

1.6 Billiards

One of the main reasons IET's gathered a lot of attention is because of their connection to
polygonal billiards. Roughly speaking, billiards are dynamical systems defined by two sets
of data: a polygon P in the plane and a direction §# € S'. The dynamical system on the
interior of P starts as the straight line flow in direction ¢, with the continuation of the orbit
that hits the boundary of P defined by the standard reflection law (see figure 1.3). Note that
this is well-defined only for points that do not eventually land on the corners of P under
this flow. Rational polygons are those for which every angle is a rational multiple of 7. In
this special case, one can show that the return maps under the flow to appropriately chosen
arcs in P have the structure of IET's (see Section II.5 for the general construction for I'TMs
that also applies for IETs). One can use this construction to ‘pull back’ the desired results
about billiards from those for IETs. A good introduction to billiards is the survey [ ]
by Masur and Tabachnikov.

9(,-“‘)9

Figure 1.3: Polygonal billiards
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For the ergodic theory and recurrence properties of billiards, one is interested in the
same set of questions as for IETs. The first generic results were obtained by Katok and
Zemljakov in [ ], where they established that for all but countably many directions,
the billiards flow in a given rational polygon is transitive and that for an everywhere dense
G5 set of general polygons, the billiard flow is transitive in all directions. An analogous
result was obtained by Boldrighini, Keane, and Marchetti in [ ], where they relied
on the corresponding result of Keane for [ET (Theorem 1.2.2), and the fact that IET's arise
as return maps under the billiard flow.

The analogous result to the theorems of Masur and Veech about the genericity of
uniquely ergodic IETs was established by Kerckhoff, Masur, and Smillie in [ ].
The set of all flows on a given rational polygon is naturally identified with a one-parameter
family of translation surfaces My, parametrized by the angle flow 6. The billiard flow re-
stricts to a flow of angle # on My, and the unique ergodicity of this flow is equivalent to the
unique ergodicity of the billiard flow. Thus the following theorem also implies that almost

every direction of a billiard flow is uniquely ergodic:

Theorem 1.6.1 (Kerckhoff-Masur—Smillie) For almost every 6 the flow on Mj is uniquely

ergodic.

Similar to the related questions about Hausdorff dimension for exceptional IET's from
Section 1.5 can be asked for the billiard flow as well. The work of Masur from [ ]
also implies that the set of all non-uniquely ergodic directions of a billiard flow on a given
polygon has Hausdorff dimension at most %

The bound was shown to be strict by Cheung in [ ] for all rectangular polygons Py
with barriers of length 0 < A < 1 for which A is a Diophantine number (see figure 1.4). On
the other hand, in the appendix of [ ], Boshernitzan showed that for an uncountable
set of A\, the Hausdroff dimension of the non-uniquely ergodic directions for the flow P, is
zero. These were shown to be the only possible dimensions by Cheung, Hubert, and Masur

in [ ] through the following theorem:

Theorem 1.6.2 (Cheung—Hubert—-Masur) The Hausdorff dimension of the non-uniquely
ergodic directions for the flow on P, is equal to % if and only if \ satisfies the Pérez-Marco

condition (see Definition 1.9.3). Otherwise, the Hausdorff dimension is 0.
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Figure 1.4: Rectangular billiard with a vertical barrier

It is a general fact the translation surfaces obtained by unfolding a polygon constitute
only a zero measure subset of all translation surfaces. Thus the results of Avila and Forni
on weak mixing for IET's and translation surfaces (Theorem 1.4.3) do not give results about
generic weak mixing properties of billiards. Avila and Delecroix made the first progress on
this problem in [ ] by showing that for every regular polygon, the set of weakly mixing
directions has full measure. A similar result was obtained by Malaga and Troubetzkoy in
[ ], where they showed that almost every direction is weakly mixing for a dense G5
subset of polygons that have only horizontal and vertical sides. Chaika and Forni proved in
[ ] that the full billiard flow on the unit tangent bundle of the polygon is weak mixing
(with respect to the Liouville measure) for a dense G5 subset of polygons (not necessarily
rational). In a recent preprint ([ ], at the time of writing published only on arXiv),
a breakthrough was obtained by Arana-Herrera, Chaika, and Forni: they gave a complete
characterization of rational polygons on which the billiard flow is weakly mixing in almost

every direction.

I.7 Generalizations of [ET's

There are at least 4 natural generalizations of IET's, each of which is its own area of re-
search. For a more comprehensive list of various dynamical systems related to IET's, see
the survey by Skripchenko [ ]. Here is the list of the 4 main ones, with informal

descriptions:
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1. Interval Exchange Transformations with flips: The orientations of the images of the

continuity intervals may be reversed.

2. Generalized Interval Exchange Transformations (GIETSs): Intervals are still per-

muted, but they are mapped by diffeomorphisms instead of just translation.
3. Infinite Interval Exchange Transformations: Infinitely many intervals are permuted.

4. Interval Translation Mappings (ITMs): Intervals are translated, but their images may

overlap.

IETs with flips display drastically different generic behaviour from IETs. Nogueira
proved in [ ] that almost every IET with flips has a persistent periodic interval.
Nogueira, Pires, and Troubetzkoy gave a detailed description of the possible dynamics of
IETs with flips in [ ]. They showed that for the number M7 of minimal components
of T and Pr, the number of periodic components of 7', it holds that 2M; + Pr < n, and
they characterized all possible (M, Pr). Finally, Skripchenko and Troubetzkoy showed
in [ ] that the Hausdorff codimension on the set of minimal IETs with flips is in (0, 1]
and that the Hausdorff codimension of minimal non-uniquely ergodic IET's with flips is at
most 2.

GIETs are a natural generalization of IET's from a geometric point of view, as they
arise as return maps of minimal foliations of higher genus surfaces. They are interesting
dynamical objects in their own right, but we are going to focus on certain aspects of their
relationship with IETs. A natural question, in parallel to KAM theory and the theory of
circle diffeomorphisms (see [ 1), is under what condition is a GIET conjugate to
an IET? Such conjugacy problems often boil down to solving linearized versions of the
problem that are called cohomological equations. Generally speaking, for a map 7', co-
homological equations look for solutions ) (which are regular and satisfy some necessary
conditions) of the equation ¢ o T' — 1) = ®, where ® is a function also satisfying some
necessary regularity conditions. A first major breakthrough on cohomological equations
related to IETs was obtained by Forni in [ ], where he showed that on a surface of
genus g > 2, for almost every vector field X, the equation Xu = f has a distributional

solution u for f satisfying certain necessary conditions and that if f additionally satisfies
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a finite set of linear conditions, the solution w is smooth. The IET version of this result,
namely that for almost every IET 7', the equation v oT"—1 = & has a solution, was proven
by Marmi, Moussa, and Yoccoz in [ ]. The full-measure Diophantine condition on
T is called the Roth type condition. A similar full-measure condition on 7" called the re-
stricted Roth type condition was used in [ ] by the same authors to show that the
set of GIET that are C"-conjugate to T' forms a C'*-submanifold of finite codimension. To

finish our discussion on GIETSs, we survey some of the major recent advances in a similar

direction to [ ]: the regularity of solutions from [ ] was improved by Marmi
and Yoccoz in [ ], the hyperbolicity at the fixed points of the Rauzy-Veech operator
on the space of GIETs was shown by Ghazouani in [ 1, and C*-rigidity of d — GIETs,

where d € {4, 5}, was established by Ghazouani and Ulcigrai in [ 1.

Infinite IET's in full generality form too large of a space to be systematically studied
similar to IETs. This is made clear by the result of Arnoux, Ornstein, and Weiss from
[ ], which states that every aperiodic measurable transformation is isomorphic to
some infinite IET. Moreover, the analogue of the fundamental Keane’s Theorem 1.2.2 does
not hold for infinite IETs. Thus the infinite IET's that are mostly studied arise as return
maps of special infinite translation surfaces. A good reference for these surfaces is the
book by Delecroix, Hubert, and Valdez [ ].

ITMs are the main topic of this thesis, and they will be discussed in detail in the next

chapter.

I.8 Appendix A: Ergodic Theory and Topological Dynam-
ics

In this section, we define and present the basics of the ergodic and recurrence properties of
general topological dynamical systems. Some good references for these are [ ] and
[ ], respectively.

Let X be a topological space, I3 be the Borel o-algebra of X, andlet7T : X — X bea

map.



18 Chapter I : Interval Exchange Transformations

Definition 1.8.1 (Invariant Measure) A Borel measure p is said to be invariant under T' if

T is a measurable function with respect to ;. and:
T H(A) = pu(4), VAEeB.
A natural notion of the irreducibility of an invariant measure is the following:

Definition 1.8.2 (Ergodic measure) An invariant measure ( is said to be ergodic if every

T'-invariant p-measurable set has either full or zero measure.

We also say that 7" is ergodic with respect to p or that 7' satisfies ergodicity. A map is
uniquely ergodic if it supports only one ergodic measure x, normalized so that (X)) = 1.

The following is a crucial characterization of ergodicity:

Lemma 1.8.3 A map 7 is ergodic if and only if for all A, B € B:

N-1
1 n
Jm E_O u(T7"(A) N B) = u(A)u(B).
The following two properties are therefore natural strengthenings of ergodicity:

Definition 1.8.4 (Weakly mixing) We say that a map 7" is weakly mixing with respect to

an invariant measure /i if

One can show that weak mixing is equivalent to the product system (X x X,7" x T)

being ergodic with respect to the product measure p X f.

Definition 1.8.5 (Mixing) We say that a map 7" is mixing if for all A, B € B,

lim u(T~"(4) N B) = p(A)u(B).

n—oo
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All of these properties can be characterized in terms of convergence properties of the
Koopman operator Uz acting on the space L?(T, i) by precomposition with T: Up(f) :=
foTl.

Lemma 1.8.6 We have the following three equivalences:

s Tergodic <= Vf,g € L*(T,p):

N—-1

1
lim — ) /U”fg—/fdu/gdu.
N—)OONTL:O X T() X X

o T weakly mixing <= Vf,g € L*(T, p):

/XU%(f)gdu—/deu/ngu':O

e T mixing <= Vf,g € L*(T, p):

N-1

) 1
D

n=0

im [ U(Padn= [ fan [ gd

n—oo

Using the previous lemma, ergodicity and weak mixing also have the following spectral
characterizations:

Lemma 1.8.7 (Spectral characterizations) The following equivalences hold:
* T'ergodic <= Every Up-invariant function f is constant y-a.e.
* T weakly mixing <= Every eigenfunction f of Uy is constant p-a.e.
Mixing can be characterized by the existence of ‘almost’ eigenvalues:

Lemma 1.8.8 (Mixing characterization) 7' is mixing if and only if there does not exist an

f € L*(X, p) with zero average and a sequence k,, — oo such that:

lim [ Uk (f)fdp=1.
X

n—oo
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This characterization motivates the following definition for a property that sits between

weak mixing and mixing:

Definition 1.8.9 (Mild mixing) We say that a map T is mildly mixing if f € L*(X,pu) is

such that there exists a sequence k,, — oo for which:

lim | (/) - f]

n—oo

0,

L2(Xp)
then f must be constant p-almost everywhere.

We would like to have a natural notion of independence of two measurable systems.

This property is called disjointness, and in order to do this we first have to define:

Definition 1.8.10 (Joinings) A joining of systems (X, u1, T) and (Y, v, S) is a T' x S-invari
ant measure A on X X Y with marginals (pushforwards of the measure under the canonical

projection maps) p and v.

Definition 1.8.11 (Disjointness) A pair of systems (X, u, 7)) and (Y,v,5) is said to be

disjoint if their only joining is the product measure ;1 & v.
A relaxation of this condition is to allow for a certain class of simple joinings:

Definition 1.8.12 (2-simple) An ergodic system (X, u,T") is said to be 2-simple if any
self-joining is either the product measure ;1 X g or its support is equal to a graph of a

p-preserving map S : X — X that commutes with 7'.

We now turn to strictly topological versions of our previous definitions: Let X be a

topological and let 7" : X — X be a map.

Definition 1.8.13 (Transitivity) We say that a map 7' is transitive if for all open sets U, V
there exists an integer n > 0 such that 7(U) NV # 0.

Definition 1.8.14 (Topological mixing) We say that a map 7' is topologically mixing if for
all open sets U, V' there exists an integer N > 0 such that for all n > N we have that
T(U)NV # (.
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Considering the remark after Definition 1.8.4, it makes sense to define the following:

Definition 1.8.15 (Topological weak mixing) We say that a map 7' is topologically weakly

mixing if T' x T'is transitive.

Similarly as before, one can associate to 7" an operator acting on the space of continuous
functions f : X — X by precomposition: Ur(f) = f o T. We then have the following
characterization of topological weak mixing (the assumptions are not best possible, see

[ ] and [ ] for stronger version of the characterization):

Lemma 1.8.16 Assume that the space X is additionally compact and metrizable, and that
T is minimal. Then 7" is topologically weakly mixing if and only if the only continuous

eigenfunctions of Uy are the constant functions.

Finally, we give the definition of a type of recurrence for IETs. Let €, be the shortest
interval of the partition of I by points 7 *(3;) for0 < k <nand 0 < i < r.

Definition 1.8.17 (Linearly recurrent IE'Ts) We say that an IET T is linearly recurrent if

lim inf,,_,. ne, > 0.

1.9 Appendix B: Number Theory

In this section, we are going to review some basic definitions and results coming from

number theory and Diophantine approximation. A good reference for these is [ ].

Definition 1.9.1 (Gauss map) The Gauss map is amap G : (0,1) — (0, 1), defined by

1 1
ey =~ |1
(@) =——|;
It is clear that = € Q N (0,1) there exists an integer n > 0 such that G"(x) = 0.

In the case when z is irrational, the Gauss map generates an infinite sequence of integers
a, = L L J where z,, = G™(x).

Tn—1
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The sequence of integers a,, constitutes the continued fraction of z, we write: © = [0 :

ajasas . . .| and it holds that:

ag + ———
2 a3+...

where we interpret the right-hand side as a limit as n — oo of the fractions 2—" defined

inductively in the following way:

Zﬁ - Pn—10Gn +pn—2
An qn—10an + Pn—2 '

The analysis of the sequences a,, and z—: is crucial to the study of various Diophantine

properties of irrational numbers. One such crucial property is the following:

Definition 1.9.2 (Diophantine number) An irrational number z is said to be Diophantine if

there exists ¢, s > 0 such that for all rationals }5, we have that:

It is simple to show that almost all irrational numbers are Diophantine. A more sophis-

ticated property, first introduced in [ ]:

Definition 1.9.3 (Pérez—Marco condition) An irrational number z is said to have the Pérez—

Marco condition if the sequence of rationals 2—: generated by the Gauss map and x satisfies:

[e.e]

log 1
Z 0g 10g gk+41 < 00

—1 qk
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Interval Translation Mappings

I1.1 Definitions and notation

Interval Translation mappings (ITMs) are the finite piecewise isometries of a bounded
interval /. Normalizing the bounded interval / to be equal to [0, 1), we have the following

definition:

Definition II.1.1 (Interval Translation Mapping) An ITM isamap 7' : [ — I, for which
there exists a partition of I into finitely many intervals I, = [B,_1, 55), where 0 = [y <
b1 < -+ < fB_1 < pB,=1and 1 < s < r, such that the restriction of 7" to each of these

intervals is a translation by a factor ~y,. In other words, we have that:

T

(%) = & + 7,

forl <¢<r.

An example for » = 4 is shown in figure II.1. Compared to the definition of Interval
Exchange Transformations (Definition I.1.1), it is exactly the same except that we do not
require the map to be bijective. The graphs of an I'TM (left) and IET (right) on 4 intervals
are displayed in figures 11.2 and I1.3, respectively.
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Figure I1.1: The dynamical plane of a 4-ITM.

Note that we must have that v; € [—5;_1,1 — ;] for all 1 < i < r, since the image
of T is contained in [0, 1) by definition. These conditions mean that the parameter space
ITM(r) for ITMs on 7 intervals is a convex polytope in R* ! and we endow ITM(r) with
the corresponding subspace topology and restricted Lebesgue measure. In the special case
when T’ is bijective, we get the well-known Interval Exchange Transformations (IET's).
These maps were first introduced by Boshernitzan and Kornfeld in [ ], as a natural

generalization of IET's.

3 + 7
Bt
Bat s
Bat s
bt Bt
Byt
. By+
0=7 By By B 1=5 0=0 B B, By 1=,
Figure I1.2: I'TM on 4 intervals Figure I1.3: IET on 4 intervals

Since the map is not surjective, it makes sense to define X,,(7") := T™(I), forn > 1,
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and: -
X = ﬂ X,
n=0

Note that X,,.; C X, for all n > 0 and that each X, is a union of finitely many inter-
vals, from which it is easy to show that X is non-empty. An interval translation mapping
is said to be of finite type if X,,.1 = X,, for some n and of infinite type when X, ; C X,
for all n. It is easy to see that the induced map 7' : X — X is surjective, and also injec-
tive except at countably many points. It is relatively simple to show that X is equal to the
non-wandering set of 7' (see Lemma I11.3.2).

Similar to IET's, a crucial role is played by return maps to intervals:

Definition II.1.2 (Return map) Let J be an interval contained in X. By R, we denote the

first return map to J.

It is easy to see that the domain of R is the entire interval J, that it is bijective, and that
J is partitioned into finitely many maximal half-open subintervals such that every point in
the interior of these intervals does not land on a discontinuity of 7' before returning to .J.
In other words, R; is an IET. For simplicity, we will refer to these subintervals as ‘the

continuity intervals of R;’.

IL.2 Properties of general ITMs

In this section, we chronologically go through all of the known results for general ITMs,
mostly for an arbitrary number of intervals r, but sometimes focusing on r = 3.

The first result obtained for general I'TMs was obtained Boshernitzan and Kornfeld in
[ ], and it states that if the parameters defining a map 7’ lie in a quadratic field, then
the map is of finite type. If we consider R as a vector field over QQ, then the rational rank of
a set of real numbers is equal to the dimension of the subspace spanned by these numbers.

By R(T), we denote the rational rank of the set of parameters defining 7.

Theorem I1.2.1 If R(7T") < 2, then T is of finite type.
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The authors of that paper also observed that the topological entropy of every [TM
must be zero. This is implied by a more general theory of symbolic flows developed by
Boshernitzan in [ ].

The same result, but for general piecewise isometries defined on polytopes was obtained
by Buzzi in [ ]. The setting of this paper is a straightforward generalization of ITMs
to arbitrary dimension: we partition a convex polytope into finitely many convex polytopes

and consider the maps which are isometries on each of the smaller polytopes.
Theorem IL.2.2 Piecewise isometries on polytopes have zero topological entropy.

The first detailed analysis of the properties of general ITMs was carried out in [ ]
by Schmeling and Troubetzkoy. Their first result was the characterization of finite type

maps:
Theorem I1.2.3 An I'TM 7' is of finite type if and only if X is a finite union of intervals.

Note that only the ‘if” part of the theorem is interesting, the other follows by definition.

They also show that described the non-wandering set of infinite type maps transitive on it:

Theorem I1.2.4 The non-wandering set X is a Cantor set for an infinite type map 7' that is

transitive on X .

Theorems 11.2.3 and 11.2.4 can straightforwardly be combined to show the following
that in general, X is equal to the union of a Cantor set and a finite union of intervals (see
Lemma II1.3.2).

The main theorem of [ ] is an upper bound on the number of minimal components
for an aperiodic ITM. Recall that a minimal set is a compact invariant subset in which

every orbit is dense and that a map with no periodic points is said to be aperiodic.

Theorem I1.2.5 (Number of minimal sets for ['TMs) Let 7" be an aperiodic I'TM. Then the

number of minimal set of T"is | % ].

The authors of this paper also provide examples of open subsets of the parameter space

in which every map is of finite type. This is a consequence of the following theorem:
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Theorem IL.2.6 Let 7" be a finite type map such that R(7") = 2r — 1. Then every map in a
sufficiently small neighbourhood of 7" is of finite type.

They also observed that the maps are conjugate on their non-wandering sets, which
implies local stability (see Definition I11.6.1).

In [ ], Bruin and Troubetzkoy proved that the following well-known property of
IETs generalizes to I'TMs:

Theorem I1.2.7 An ITM T that is transitive on X is minimal on X.

In[ ] Buzzi and Hubert generalized the well-known Milnor-Thurston theorem to
piecewise monotone maps without periodic points. Recall the statement of the original

theorem (see | D:

Theorem I1.2.8 A piecewise monotone map 7' with positive topological entropy is topo-

logically semi-conjugated to a map with piece-wise constant slope 4¢"t»(T).

As maps without periodic points have zero topological entropy, the following is a gen-

eralization of Theorem I1.2.8:

Theorem I1.2.9 A piecewise monotone map 7' without periodic points is topologically
conjugate to an ['TM (with flips) under the necessary assumptions of no non-wandering

intervals and irreducibility at infinity.

Note that in this case, we get an actual conjugacy. Thus ['TMs with flips serve as rigid
models for piecewise monotone maps without periodic points. Another important result

shown in [ ] is an upper bound on the number of ergodic measures of an I'TM:

Theorem I1.2.10 An ITM T has at most r ergodic measures that are not supported on

periodic intervals.

This was shown to be sharp by Bruin and Troubetzkoy for » = 3 in [ ] and for
arbitrary r by Bruin in [ ], by examples coming from special families. In particular,
this shows that ITMs are not in general factors of IETSs, because IETs have at most | |
ergodic measures.

Let us now turn to the central question in the field of I'TMs: the Boshernitzan—Kornfeld

conjecture (first stated in [ D:
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Conjecture I1.2.11 The set of all infinite type maps in I'TM(r) has measure zero.

Currently, it has been established for the full parameter space ITM(3) only for r = 3.
This was shown by Volk in [ ] by proving that almost every I'TM on three intervals
can be reduced to a rotation or a double rotation (discussed in more detail in Section I1.3).
Since double rotations of infinite type are a zero meausure subset of all double rotations (see
Theorem I1.3.6), we get the desired result. The main method of proof is renormalization,

which is also the case for the two important families discussed in Section II.3.

The main difficulty in analysing the generic properties of I'TMs for r > 4 is that there
are currently no tools analogues to those of IETs. There are no associated geometric the-
ories. There are in fact no reasonable topological or combinatorial models. Perhaps most
importantly, there is no renormalization scheme analogous to Rauzy-Veech induction. In
the next section we describe how, when such a scheme is available, we can prove analogous

results as for IETs.

II.3 'Two special families

In this chapter we are going to analyse two important special families of ITMs: the Bruin-
Troubetzkoy family ([ ]) and double rotations ([ 1), which are the main examples
and sources of motivation in the field. The maps in the BT family are in fact special cases of

double rotations, but they are better understood and sharper results are available for them.

I1.3.1 Bruin-Troubetzkoy family

Our presentation in this subsection closely follows [ ]. The Bruin-Troubetzkoy (BT)
family is a 2-parameter family of maps defined as follows. Consider U := {(«, 5) : 0 <
f<a<l1},L:={ap):0<a<pf+1<1}and R :=UU L. For (a, ) in the
interior U° of U consider the ITM T =T, 5 : [0,1) — [0, 1) defined by:
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T+ o forz €[0,1—a)
Top(z) =< x4+ p forze[l—a,1—[)
r+p—1 forxe[l-p,1)

~

/s

- >
Y

Figure I1.4: Graph of a BT-map

The graph of one such map is displayed in the Figure I1.4 (the picture is from [ .
The most important feature of this family is that there is a well-defined renormalization
operator acting on the parameter space. The idea is to look at the interval J = [1 — o, 1)
and the first return map R; to J. We clearly have that R, restricted to [1 — o, 1 — ) is

equal to 7". There are two possibilities for the interval [1 — 3, 1):

1. The whole interval [1 — (3, 1) returns at the same time. Thus the return map R is an
ITM on 2 intervals and thus stabilizes on a rotation. This easily implies that 7" is of

finite type.

2. There are two different return times, that is, there is a positive integer k such that the

left part of the interval returns in & steps and the right part of the interval returns in
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k — 1 steps. In this case, it is easy to check that the map R is, up to affine rescaling,

amap T, g in the BT-family, where:

(o, 8) = Glo, ) i= (g Gk H) ,

«

where k = EJ

The map G defined in this way is called the Gauss map, by analogy with continuous
fraction algorithms (see Section I.8). It is the renormalization operator acting on parameter
space of all BT-maps. One can now again consider the same interval [1 — o/, 1) and the
return map to it. If we are never in case 1. above, then the map is clearly of infinite type,
while it is of finite type in the other case. In other words, the infinite type maps are the
infinitely renormalizable ones. In figures II.5 and I1.6, you can see the set of all finite
and infinite type maps, respectively. Each closed colored triangle in the left figure 1.5
corresponds to the set of maps that have the same orbit under the renormalization operator
up to the time of renormalization to an ITM on two intervals. The right figure I1.6> shows
the set of infinite type maps.

Let us note that the first example of an infinite type map, constructed by Bosherntizan
and Kornfeld in [ ], was a special member 7, > of this family. The parameter « is
chosen as the unique root of the polynomial P(z) = x* — 22 — 3z + 11in [0, 1]. This map
is a fixed point of (G, and hence of infinite type. It is therefore self-similar, in the sense
that the return map defined on [1 — «, 1) is isomorphic to T, ,2. This example provides
a counterpart to Theorem 11.2.1, as it shows that parameters coming from a cubic number
field can give an infinite type map.

It can be shown that the second iterate G? is uniformly expanding away from the
parabolic fixed point (1,1). From this, it follows by standard arguments that the set of
all infinite type maps A has zero measure in the parameter space of all BT maps. This
gives a proof of Conjecture 11.2.11 for this special family of maps.

The authors of [ ] further study the dynamical properties of infinite type maps and

I'The picture was created by Bjorn Winckler.
2The picture is taken from [ ].
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Figure I1.5: Finite type maps from the

family in [BT03] Figure I1.6: Infinite type maps from the

family in [BT03]

the properties of the set of all infinite type maps A in the parameter space of BT maps. They
give sufficient conditions both for when an infinite type map is uniquely ergodic and when
it is not. With this, they show that the set of uniquely ergodic maps is a dense G5 subset of
A. As mentioned in the previous section, they also construct examples of maps that have
two ergodic measures on X. They further prove that the set of all G-periodic infinite type
maps forms a countable dense subset of A and that all of the Hausdorff dimensions for the

non-wandering sets of infinite type maps have a uniform upper bound » = 0.84955.. ...

Most of these results obtained for infinite type BT maps come from studying the sub-
shifts associated with these maps. The following theorem from [BT03] describes this rela-

tionship:

Theorem IL.3.1 (Infinite type BT maps are isomorphic to subshifts) The set A is naturally
indexed by KC def {k = koky...;k; € {1,2,3}, ko # 1 inf. often and ko; 1 # 1 inf. often
}. for any sequence k, the map T}, 3 ‘Y is isomorphic to the shift space (Za, 3 O') generated

by the chain of substitutions xx, © Xx, © Xk, © - - - Where
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1 — 2
2 — 31k
3 — 31k

Xk -

The sequence X, © X, © Xk, © - - - (3) is equal to the itinerary of the point 1~, and since
the infinite type BT maps are minimal, the itinerary of every other point is contained in
the orbit closure of this sequence under the shift map o, from which the correspondence
follows.

The BT family was generalized by Bruin in [ ] to an arbitrary number of intervals.
He defined an analogous renormalization operator and obtained analogous results to those
for the BT-family. In particular, he showed the existence of maps with » — 1 ergodic
measures and uniform upper bound on Hausdroff dimensions of X for infinite type maps.

Finer ergodic properties of the infinite type BT-maps were recently studied by Bruin
and Radinger in [ ]. Again, this was done by studying the dynamics of the associated
subshift systems coming from Theorem I1.3.1. Most importantly, they establish a criterion

for the systems to be linearly recurrent:

Theorem I1.3.2 (Linear recurrence criterion for infinite type BT maps) The subshift (X, o)
associated to an infinite type BT map T, s is linearly recurrent if and only if (k;),  is
bounded and the sets {i : ko; > 1} and {i : ky;_; > 1} have bounded gaps.

They also show, through the study of Lyapunov exponents for the infinite matrix prod-
ucts associated with the renormalization sequence of an infinite type map (analogous to the

case of IETSs), that the weakly mixing maps are generic among the infinite type BT-maps:

Theorem I1.3.3 (Weak mixing is generic among infinite type BT maps) The weakly mixing
maps form a dense G5 subset of A.

In another recent paper [ ], Artigiani, Hubert, and Skripchenko refined some
of the results from | ]. They developed a new renormalization scheme, which is a
Markovian multidimensional continued fraction (MCF) algorithm. This means that the
results of Fougeron in [ ] are applicable, which immediately gives their first main

theorem:
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Theorem I1.3.4 (Almost every infinite type BT map is uniquely ergodic) There exists a
natural measure x, whose support set coincides with A, such that for p-almost all (o, 3) €

A, the transformation 7, g is uniquely ergodic.

The Gauss map from [ ] can be obtained as an appropriate acceleration of the
this new renormalization scheme. Another improvement obtained in [ ] are sharper

bounds on the Hausdorff dimension of A:

Theorem I1.3.5 (On the Hausdorff dimension of set of infinite type BT maps) The Haus-
dorff dimension of A can be bounded by:

1.5 < dimp (A) < 2

Moreover, the Hausdorff dimension of the set A is equal to its affinity dimension.

The upper bound is also an immediate consequence of the results on general MCF
algorithms from [ ], while the lower bound is obtained using methods of Jiao, Li,

Pan, and Xu from [ ] and of Jurga from [ ].

I1.3.2 Double rotations

Our presentation in this subsection closely follows [ ]. Double rotations are a natural
generalization of the BT-family on which one can still define a renormalization operator
and study its dynamical properties. These maps were first introduced by Aihara, Ito, and
Suzuki in [ ]. A double rotation T(, g, : [0,1) — [0, 1) is defined by:

r+a (mod1l) ifze€0,c)
r+p (mod1) ifx€lel)

Tiap.o)(T) = {

with a, 8,¢ € [0,1). These three values define the parameter space, P = [0,1) x
[0,1) x [0, 1), a three-dimensional cube. Thus a double rotation is an I'TM with up to four
subintervals of continuity. The renormalization operator .S defined on this space is called
Suzuki induction (in [ ]) or the SIA induction (in [ ]). It is again defined as a
first return map to an appropriate subset of [0, 1). The formula depends on the relationship

between the parameters, so we partition the parameter space P as follows
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1. Py :={(a,Bc) v < e < 1— B

2. Py ={(a,8,0):a<Bl—B<c<l—a};
3. Py ={(a,8,¢) ;e < B,1—a<ckh

4. Puy:={(a,B,c): B < a,c< B}

5. Py ={(a,B,¢): B< o, B <c<ak

6. P :={(a,B,0): B<a,a < c}.

Any parameter that is in Py or F(5) reduced to a rotation under renormalization. On

the remaining elements of the partition, we define the renormalization S:

( 5} 1) T ﬁ) if (a, 8,¢) € P

o B ) = <{a 1} {B 1 ’H%u—l> if (o, B, ¢) € P,
TP () ) g)  wesaeny
<{1 a} {1 a}’f a) if (o, 8, ¢) € H)

with the renormalization defined on the sets [0, 1 — 5),[1 — «,1),[0,c)U[1l — B+¢, 1), and
0, c—a)Ulc, 1) for Py, Ps), Py, and P respectively. If a point («, 3, ¢) maps to P9 or
P5) under iteration of S, then the corresponding ITM is of finite type. Thus we can define
the set BB of all («, 3, ¢) € P such that there exists n € Ny with S™(«, 3, ¢) € Py U Fs).

The set B is equal to the set of all infinite type double rotations. Similar to the BT case,
one can prove that an acceleration of S is uniformly expanding and thus get the following

theorem:

Theorem I1.3.6 The set B of all infinite type double rotations has zero Lebesgue measure
in P.

In the original paper [ ], this statement was proven only for parameter slices with
fixed (v, 3), where it was shown that the set of parameters ¢ which give rise to an infinite

type map is a measure zero Cantor set. The full Theorem I1.3.6 was proven later by Bruin
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and Clack in [ ]. Another interesting result of [ ] is that for any S-invariant mea-
sure defined on the B, the set of all non-uniquely ergodic maps has measure zero, but no
example of such a measure is provided. It was suggested that thermodynamic formalism
may be used to construct such a measure, but it was only constructed later by Artigiani,
Fougeron, Hubert, and Skripchenko in [ ], using the results of Fougeron [ ].
Similar to [ ] for BT maps, the authors of [ ] use an alternative renormalization
compared to [ ] and [ ], which puts them in the context of Markovian multidi-
mensional continued fraction (MCF) algorithms. This means that the results of [ ]
apply, from which they recover Theorem I1.3.6 via a different method and show that the
Hausdorff dimension of B is strictly less than 3 (confirming a numerical result from [ ]
which gives the bound 2.88 .. .).

II.4 Open problems

In this section, we summarize the main open problems, some of which were mentioned
in earlier sections. For more open questions related specifically to the stability theory
of I'TMs, see Section III.9 of Chapter III. The main one, as mentioned before is the

Boshernitzan—Kornfeld conjecture:
Conjecture I1.4.1 The set of all infinite type maps in ITM(r) has measure zero.

There are two main problems for I'TMs that need to be solved in order for the theory of
[ETs to have an analogue for I'TMs. The first and, we believe, the most important one is to

define a renormalization scheme for almost all I'TMs:
Problem I1.4.2 Define a renormalization scheme for I'TMs.

The second is to find an associated geometric theory and a flow. The non-injectivity
of I'TMs becomes a problem here, as the flow would presumably have to be something

non-injective as well.
Problem I1.4.3 Associate to ['TMs a geometric theory.

A softer and perhaps more traceable problem would be to find topological (combinato-

rial) models instead:
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Problem I1.4.4 Construct topological models for ITMs.

Except for these three major problems, let us also mention two other interesting ones.
The first concerns the measure of Cantor sets for infinite type maps. For all known exam-
ples, they always have measure zero and Hausdorff dimension uniformly bounded away
from 1. A general proof of this seems hard, because I'TMs have no hyperbolic properties,

so contraction results are difficult to obtain.

Question I1.4.5 Does there exist an infinite type map such that the measure of the Cantor

set X is non-zero?

The examples in earlier sections show that infinite type maps can have more ergodic
measures than is possible for IETs. Infinite type maps seem to be rare even among the

infinite type maps for these special examples, so the following is a natural question:

Question I1.4.6 Which uniquely ergodic infinite type ITMs are factors of IET's?

IL.S Spy billiards

Interval Translation Maps naturally arise in the context of billiards with spy mirrors. This
was first observed in [ ] and later studied in more detail in [ ; ]. In this
section, we elaborate on an example of this construction. This section is equal to Appendix
Aof [ 1.

Let P be a Euclidean polygon. A billiard path in P is the trajectory of a particle moving
inside P by straight lines and bouncing off the sides of the polygon according to the physi-
cal law of reflection: the angle of incidence equals the angle of reflection. Such trajectories
terminate when they meet the angles of the polygon (see [ ] for a standard introduc-
tion to billiards). The polygon P is called rational if all its angles are rational multiples of
7. For such polygons, one can associate a canonical surface S with flat Euclidean metric in
such a way that every billiard trajectory in P corresponds to a straight line (geodesic) in S.
The flat metric on S is defined everywhere except at finitely many cone points, called sin-
gularities, for which the cone angles are multiples of 27. The surface S is constructed by

unfolding of P (see [ ; ; ] for more details of the construction below).



I1.5 Spy billiards 37

For each side e; of P, let ; C R? be the line passing through the origin parallel to
e;. Consider the group Ap generated by reflections R., in the line ¢;, where e; runs over
the complete list of edges of P. Since the angles of P are rational, that is, have the form
27m; /n; for some coprime integers m; < n;, the group Ap will contain precisely 2N
elements, where NNV is the least common multiple of the n;’s. The direction of a billiard
trajectory in P is constant between bounces and changes after each bounce by the action of
an element in Ap. Thus, every billiard trajectory in a rational billiard can have only finitely

many directions.

To construct S, consider 2N polygons of the form g(P) + v,, where g runs over the
elements in Ap and the translations v, are chosen so that the resulting polygons are disjoint;
denote them P, ..., Pony. We now glue the edges of these polygons pairwise to form a
surface: for every edge e; in P and an element g € Ap, consider the element go R,, € Ap.

For these two elements, define the edges

¢ :=g(e;) +v, and " :=goRe(e;)+ Vgor,, - (I.5.1)
It is easy to check that these edges are parallel and belong to a pair of distinct polygons in
the collection P, ..., P,y. In this way, all edges of the polygons P, ..., Py split in such
pairs €', ¢”. We identify these edges by translation (explicitly given by vgor,, —v,). After all
the identifications, we obtain a closed orientable surface with a flat metric except at finitely
many conical singularities (corresponding to the identified vertices of the polygons) where
the angles are multiples of 27 ([ , Lemma 17.3]). This is the desired surface S; such
surfaces are called translation surfaces to indicate that they were obtained by identifying

parallel pairs of sides in a collection of polygons by Euclidean translations.

For a given direction 6, the billiard trajectories in P in direction # correspond to a
parallel geodesic flow 7y on S in direction §. Each trajectory, instead of reflecting off a
side e of P, continues as a straight line into the reflected copy of P attached to P through
e. This flow is called the billiard flow. If I is a segment transverse to this flow, then the first
return map of T} to I, properly rescaled, is an interval exchange transformation | ,
Section 1.7]. This connection between rational billiards and IET's has been explored in

depth in many publications, as mentioned in the introduction.



38 Chapter II : Interval Translation Mappings

Interval translation mappings appear in a similar way once we add spy mirrors to our
billiard table.

A spy mirror in P is a two-sided vertical segment, with one transparent side and one
reflective side. The trajectory 7y of a particle reflects according to the standard rules if it
approaches the polygon sides or a spy mirror from its reflective side, and ~y passes through
unobstructed if it approaches a spy mirror from the mirror’s transparent side. A rational
billiard with spy mirrors is a rational polygon P together with finitely many spy mirror seg-
ments inside P and the reflection law just described; the spy mirrors are assumed to make
rational angles with the sides of P. We denote such a billiard table by P 3. Unlike classi-
cal polygonal billiards, billiards in polygons with spy mirrors are non-invertible dynamical
systems.

We can associate to P a surface S called a translation surface with spy mirrors. We
utilize a similar construction as above, where instead of .Ap, we use the group A5 generated
by reflections in lines passing through the origin and parallel to all sides of P as well as to
all the mirrors in P. By the same reasoning, Az is a finite group with 2N elements for some

~

N € N. The surface S is obtained by gluing together 2N rational polygons ]31, N N

with spy mirrors, each being a reflected copy of P. Each polygon in this collection is of
the form g(]3) + v,4, and we reflect and translate not only P but also all the spy mirrors.
In the images, the reflective and transparent sides of the spy mirror are swapped, and S is
obtained by gluing pairs €', ¢” of parallel sides in ﬁl, o ,ﬁ2 % using the relation (IL.5.1).
Note that we do not glue along spy mirrors. In this way, we obtain a translation surface
with two-sided slits. Every forward billiard trajectory vy C P in direction 6 unfolds into
a straight geodesic ray tg C S with the property that if it approaches the reflective side
of a spy mirror 2’ in a copy P, = gz(ﬁ) + vg,, with 2’ = g;(z) + v, for some spy mirror
z C P, then ty continues from the same position on the reflective side of the parallel mirror
2" = g; o R,(2) + vyop. in the copy of P generated by ¢, o R, and vy, (here, R, is
the reflection in the line through the origin parallel to z). Thus, if [ C Pisa segment in
the complement of the spy mirrors, and ¢’ is a direction transverse to /, then all billiard
trajectories in p starting on [ in the direction @’ correspond to a flow T} of parallel lines

in S starting in some segment .J in some transverse direction ¢ (that depends on 6’ and the

3The polygon P "wears" a hat ™, as all typical spies do.
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starting interval 7). If this flow returns to J, then the properly rescaled first return map is
naturally an interval translation map (the rescaling is done in the same way as for rational
billiards).

Figure I1.7 illustrates the construction in the simplest possible case when P is a square,
and P is P together with two vertical spy mirrors starting at the horizontal side. In this
case, N = 2, the group Ap is generated by reflections in the coordinate axes, and the
corresponding translation surface S is a torus obtained by gluing four copies of the square
P. The first return map of the flow 7 on S to the global vertical transversal is shown in

Figure I1.8, left; this map is naturally an ITM on four intervals (same picture, right).

I SR Y AU S

- e el e

Figure I1.7: Spy billiard

The rational polygon P is the white square P with two vertical spy mirrors z7, 2o start-

ing on the bottom side of P. The transparent sides of the spy mirrors are indicated in green,
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while all the reflective sides and the reflective edges are marked in black. The translation
surface S is the torus obtained by gluing four reflected copies of p (one in white and three
in gray). In the picture, the opposite sides of the large square are identified. The copies
21, 21 and 29, 25 of reflected spy mirrors are identified with the two copies 27, z}” and 25, 2%’
respectively, the reflective sides are flipped. The piece of the billiard trajectory in direction
6 is shown in P (solid and dashed segments in P). This trajectory unfolds into the straight

line trajectory in S shown with solid blue lines.

B L L e P

_______________________________

Figure I1.8: (Left) I'TM from a spy billiard

The flow T} starts on the entire vertical side on the left. Under this flow (with the
corresponding jumps due to the presence of spy mirrors), the colored segments on the left
(blue, red, green, and orange) are mapped isometrically to the colored segments on the
right. In this way, we obtain an ITM (shown on the right as the graph of the map) as
the first return map of the flow to the transversal, properly cut open from the circle to an

interval; the cutting is done at the point marked with the rhombus.
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The relationship between billiards and ITMs has not been fully explained, and the

following fundamental problem is still open:

Question I1.5.1 For which spy billiards can I'TMs be obtained as return map to transverse
arcs?

The main problem is that it is not clear that the domain of the return map under the flow

of an arc J is the entire arc. If this is the case, then we get an I'TM.



CHAPTER 111

Density of Stable Interval Translation Mappings

III.1 Overview of dynamical stability

One of the main aims in the field of dynamical systems is to determine which dynamical
systems are stable, and if possible, to prove that such systems are ‘typical’. It turns out
that I'TMs are never structurally stable (see Corollary II1.2.1). For this reason, we define a
map to be stable in this context if the next best thing holds: if -loosely speaking- its non-
wandering set depends continuously on the system. This notion of stability is weaker than
the usual ones in 1-dimensional dynamics because it does not require that the system and
its perturbation are conjugate on their non-wandering sets (see [ 1, [ ]). Note
that for IE'T"s, the non-wandering set is always the entire interval, so the main result of this

chapter becomes trivial.

That density of structural stability holds for smooth real 1D systems is proven in [ 1;
that it holds for complex holomorphic maps in 1D was proven by McMullen and Sullivan
[ ]; it does not hold in higher dimension due to examples by Newhouse (and others).
That it holds for ITM’s is proved in this Chapter.
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stability notion ‘ appropriate context ‘ density holds for
structural stability | smooth systems real 1D: v/, C1D: v/, real > 1D: x
stability piecewise isometry I™: v

Whether or not a map in ITM is stable is equivalent to two conditions: Absence of
Critical Connections (ACC) and the Matching condition (M) (see Section II1.6 and Theo-
rem II1.6.12 for more details). Here ACC means that no iterate of a discontinuity (critical
point) is mapped to another discontinuity. As we have seen in Chapter I, in IET literature
this is known as the Keane condition. The Matching condition means that the return map
to a component of the non-wandering set has at most one discontinuity. This condition
has no clear analogue for invertible systems. It rules out that one connected component
of the non-wandering set consists of two pieces with independent dynamics which join up
for ‘coincidental’ reasons. This characterization of stability implies in particular that stable
maps are simple: their dynamics on their non-wandering set corresponds to (a union of)

circle rotations.

stability notion context condition ‘ density
structural stability | smooth systems >1D | hyperbolicity and transversality X
structural stability | smooth 1D systems hyperbolicity and ACC R:v,C:?
stability I™ ACC and M v

So in this sense, the results for ITMs of this Chapter are the analogue of the density
of hyperbolicity in the real one-dimensional dynamics (proved in [ ]). The corre-
sponding question for systems on the complex plane (such as quadratic maps) is the Fatou
conjecture and is still wide open. Hence the ACC and M conditions can be considered as

the analogues of hyperbolicity in our setting.

Definition III.1.1 (Stable maps) We say that a map 7 is stable if there a neighbourhood U
of T"in ITM(r) such that:

1. The mapping X assigning to each map T inU the corresponding set Y(T ) is contin-
uous with respect to the Hausdorff topology on compact subsets of [0, 1]. Moreover,
for each T € U, X (T) is homeomorphic to X (T').

2. The number of discontinuities in 7 \ X (7") is constant in /.
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It is easy to see that stable maps are of finite type (see Corollary I11.6.2). Moreover, the
number of components of X (7') is constant in /. In general, the map 7+ X (7)) is neither
upper nor lower semi-continuous. For example, it is possible to have that the set X (T') can
jump up or down as is shown in Example I11.6.6.

Let S(r) be the set of all stable maps in ITM(r). For a stable map 7', denote by [T]
the connected component containing 7" in S(r). We call [T'] the stability component of T'.
When we do not need to emphasize a specific map 7', we call a connected component of
S(r) a stable region. Note that the minimal number n so that 7" (1) = X (7") does not need
to be constant within a stable region. It is clear that [7'] is the maximal neighbourhood U/ for
which the conditions of stability hold. It is easy to prove that for = 2 the entire parameter
space ITM(2) is equal to the closure of a single stability component. A very interesting
open problem is to describe the geometry of stable regions (see subsection 111.9.2).

In the space of IETS, the definition of stability is vacuous, as the non-wandering set
is always equal to [0, 1), so all of the conditions for stability are trivially satisfied. On the
other hand, by the Characterization of Stability Theorem II1.6.12, every IET is not stable

when considered as a map in the space of I'TMs.

III.2 Summary of results

The results and pictures discussed in Chapter II suggest that the finite type maps should
be prevalent in the parameter space for an arbitrary number of intervals. As mentioned at
the beginning, this was already conjectured in the measure-theoretic sense by Boshernitzan
and Kornfeld in the first paper on I'TMs ([ D.

Our main result shows that this conjecture is true in the topological sense, i.e. that the
set of all finite type maps contains an open and dense subset of the full parameter space
ITM(r). This is achieved by developing the theory of stability of ITMs and proving the

following:

Main Theorem I (Density of Stable Interval Translation Maps) The set S(r) of all stable

maps interval translations maps on r intervals is dense in the parameter space I['TM(r).

It is easy to show that the stable maps are of finite type (see Corollary II1.6.2), from
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which we obtain the main theorem of this Chapter:

Main Theorem II (Topological Prevalence of Finite Type Maps) Finite type maps contain
an open and dense set of the parameter space ITM(r), while the set of infinite type maps

has empty interior in I['TM(r).

Proof. By Main Theorem I, the stable maps form a dense subset of ITM(r). Since the set
S(r) is open by definition and stable maps are of finite type by Corollary I11.6.2, the result
follows. [l

The proof of Main Theorem I is divided into the following three steps.

Theorem A (Eventually periodic maps are dense) The set FP(r) of all eventually periodic
maps is dense in ITM(r).

An eventually periodic map is the one for which every point in / lands on a periodic

point.

Theorem B (Stability <= ACC + Matching) A finite type map is stable if and only if it

satisfies the Absence of Critical Connections and Matching conditions.
The ACC and Matching conditions will be defined in Section II1.6.

Theorem C (Stable maps approximate Eventually Periodic maps) For any eventually pe-
riodic map 7', there exists an arbitrarily small perturbation 7" of 7" that is of finite type and

satisfies the ACC and Matching conditions, and in particular, is stable by Theorem B.

Proof of the Main Theorem. By the theorems above we have that:

S(r)
Thm B

= {Maps satisfying ACC and Matching}

Thm C
> EP(r)

Thm A

DA TTM(r).
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Corollary II1.2.1 No map in ['TM(r) is structurally stable or (2-stable.

Proof. Near each map there is an eventually periodic map, by Theorem A, and one with

rationally independent parameters (which implies that there are no periodic points). [

In Section II1.4, we prove that the eventually periodic maps are of finite type and that
the set of all eventually periodic maps contains a countable dense subset of ITM(r). By the
Characterization of Stability Theorem II1.6.12, we also know that the return maps to inter-
vals of X must correspond to circle rotations. The stable maps which are also eventually
periodic therefore correspond to rational rotations, in the sense that the return map to any
component interval of X is a rational rotation, where by ‘component interval’ we mean a
connected component of X, which in the finite type case is a half-open interval. In Section
II1.8 we show that the stable maps form a full measure subset of the set of all finite type
maps.

In Subsection II1.9.1, we apply our results to the special family from [ ] to show
that the connected components of stability are exactly the coloured triangle regions in Fig-
ure II.5. Moreover, any point not contained in a closure of a triangle is of infinite type. In
Subsection I11.9.2, we will discuss the full parameter space ITM(r) of ITMs on r intervals,

with a focus on the geometry of stable regions.

III.2.1 Main idea of the proof

The basic problem we deal with everywhere is: how to perturb a map 7" so that some of
its dynamical properties change, while some others do not? In analogy to smooth one-
dimensional dynamics (e.g. [ 1), the dynamical properties of a map depend on the
behaviour of critical points. For us, the discontinuities of the map serve as the critical
points. Thus the problem is about controlling critical itineraries: we want some of them
to change, and some of them to stay the same up to certain return times. Because our
maps are piecewise linear, this can be reformulated in terms of the linear independence
of certain vectors defined by the itineraries of critical points (see Section IIL.5 for details).
The main difficulty is the following: how does the dynamics of a map 7" prevent the linear

dependence of a set of vectors? We deal with this in the proof of Theorem II1.5.6. This is
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a transversality result that is crucial in the proofs of Theorem B and Theorem C. The proof

of this linear independence relies on a rather detailed and subtle dynamical analysis.

II1.2.2 Organization of the chapter

The structure of the chapter is as follows. In Section I11.3 we prove that X (possibly without
the point 1) is equal to the non-wandering set of and a few other auxiliary results used
throughout the chapter. In Section II1.4 we introduce the product notation, define eventually
periodic maps, and prove Theorem A. In Section II1.5 we prove the crucial Theorem II1.5.6
about the linear dependence of critical itinerary vectors. In Section III1.6 we define the ACC
and Matching conditions and prove Theorem B, using a special case of Theorem III.5.6,
while in Section III.7 we prove Theorem C', using the full version of Theorem II1.5.6. In
Section II1.8 we show that the set of stable maps has full measure in the set of finite type
maps, which strengthens the Boshernitzan—Kornfeld Conjecture to the Irrational Rotations
Conjecture. In Section III1.9 we discuss the parameter space and possible future research.

The connection between I'TMs and billiards is contained Appendix II.5.

II1.3 Preliminaries

II1.3.1 Notation and conventions

Since the map 7' is discontinuous, it will be useful to introduce the notion of signed points.
Consider the relation ~ defined on all half-open intervals of contained I, such that [; ~ I,
if and only if the left endpoint of /; is equal to the left endpoint of /5. For a point = € [0, 1],
we define 2T as the equivalence class of all intervals [x, x + €), for € > 0 sufficiently small
so that [z, x +¢€) € I. We refer to points of this form as the +-type points. Analogously, we
define x~ as the equivalence class (under the relation of having the same right endpoint) of
all intervals [z — €, z), where € is sufficiently small so that [z — €, z) € I, and we refer to
these points as the —-type points. We will also say that 2" is the ‘-+-part’ of  and that 2~
is the ‘—-part’ of . We use the term ‘geometric point’ to refer to points contained in the

geometric interval [ = [0, 1) and the term ‘signed point’ to refer to the equivalence class
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2t or = of a point x € I. We will simply use the term ‘point’ if it does not matter what
type we are considering.

We adopt the convention that the signed point 2" is immediately to the right of =, while
2~ is immediately to the left of x. With this convention, the definition of intervals contained
in I can be extended to signed points in the following way. By [a, b], where a and b can be
signed points or geometric points, we will denote the set of all points (signed or geometric)
between a and b, including a and b. For example, the set [x~, 3] contains ~, z, ™+ and
y~, but not y and y*, and we will write z—, z, 2", y~ € [¢7,y | and y,y" ¢ [z7,y7].
Analogously, (a, b) will denote the set of all points between a and b, excluding a and b. We
also define the sets [a, b) and (a, b] in the obvious way. Note with this notation we have that
0%, 17 are elements of [0, 1), but 0~, 1, and 17 are not. We will refer to all of these sets as
intervals. Thus the term ‘intervals’ will refer to these more general sets if we are dealing
with signed points, and to subsets of [ if we are not. Moreover, we will use the convention
that the intervals of I are half-open and of the form [a, b), unless stated otherwise.

We will write a ~ b if the set {a, b} is equal to {x ™, 2~} for some point x € I. We will
also say that such a pair of signed points touches (or is touching).

The definition of any map 7' can be extended to signed points in the following way. For
apoint x € I, let z; := lim,, 7™ (y) and 2, := lim,y, 7" (y). Since 7 is discontinuous,

2" ~ z; does not necessarily hold. Thus it makes sense to define:

T (x")
T (z7)

+
21

The definition of limits of signed points is also straightforward. If lim; .., z; = 2z for some
sequence (z;) € I, then we can define lim; ,, 2;° := z*. Finally, the distance d(a,b)
between two signed points a, b is defined as the distance between the geometric points in /
corresponding to a and b.

We now define the critical set C of T as the following set of signed points:

C = {5;75f7 e 757‘7717 jfl}'
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We will refer to the elements of C as either the critical points or the discontinuities, depend-
ing on the context. We will sometimes use the labels BBL := 0" and 3. := 17, but we do
not consider them as critical points. We denote by C* the set of all +-type points in C, and
by C~ the set of all —-type points in C. We will also continue to use the term ‘discontinuity’
to refer to geometric points in / at which the map 7" : I — [ is discontinuous. If we want
to highlight that we are not considering a signed point, we will use the term ‘geometric
discontinuity’.

If a point x € [ does not land on a discontinuity of 7" up to some time n > 0, then
for our purposes there is no difference between iterates 7"(xz~), 7" (x) and T™(z™). If
a geometric point x does land on a discontinuity of 7" at some time 7, then we will not
consider iterates of = for any time larger than n, but iterates of ™ and =~ instead. In
particular, we do not consider iterates of any geometric discontinuity /3, but only of 57 and
[£~. Thus whenever we are considering iterates of some discontinuity, it is assumed that it
is a signed point.

Most of the time, we do not need to know the index of a discontinuity with respect to
the order in I nor whether the discontinuity is of +-type or —-type. That is why we will
often use labels 3, 3, and f,. to denote the discontinuities we are dealing with. If we care
about the sign of a discontinuity, we will use the labels 57, 5., etc. In that case, we will
use the same label without a sign to denote the geometric discontinuity in / corresponding
to the signed discontinuity, e.g. we denote by (3 the geometric discontinuity such that 5
is the +-part of 5. We will use the notation ind(3) € {0, 1,...,r} to mean the index of 3
with respect to this order inside /.

The perturbation of (or a map sufficiently close to) some starting map 7" will be denoted
by T. Many of the most important objects associated to a map 7', e.g. critical points, the set
X and boundary points of intervals contained in X, will have well-defined continuations for
sufficiently small perturbations of 7". For any such object Z, we will denote its continuation
by Z,e.g. Bt, X, J and similar.

We associate to each point x € [ its itinerary. Here it does not matter if a point is signed

or geometric. The itinerary of z is an infinite sequence of integers (ig(x), i1 (), ..., in(x),. ..

with 1 <, (z) < r, where i,,() = s means that 7"(z) € I,. We will often use ‘itinerary

up to time n’ to refer to the first n elements of this sequence.
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Finally, for a point = (can be either signed or geometric) we will refer to the set O(x) :=
{z,T(x),T*(x),...} asthe T-orbit of x. Moreover, if S is a subset of I, we will refer to the
set O(S5) := |J,cq O(x) as the T-orbit of S. If the map 7" is clear from the context, we will
omit it and simply use the term ‘orbit’. We will refer to the set O(x,n) := {z,..., T" 'z},
where n > 0, as the orbit up to time n of x, and to the set O(S, n) := J,.q O(x,n) as the

orbit up to time n of S.

II1.3.2 The non-wandering set of T’

As usual, define the non-wandering set NW (T') of T to be the set of = € I so that for each
neighbourhood U of z there exists n > 0 so that 7" (U) N U # (. The set X = (., X,
is by definition the attractor of T'. In special cases, it is possible for X to accumulate on
1, which is not contained in / = [0, 1). Because of this, we assume the closure X of X is
defined as the closure of X in R, and not I, so that X is always compact. Because of this,
we also consider other topological notions as happening in R, e.g. the interior of a set or a
limit of sequence,

Our main result of this subsection is that the set X \ {1} is equal to the non-wandering
set of 7. We first prove a lemma about the structure of X that is mentioned in several places

in the literature ([ 1,1 L1 1), but no explicit proof is available.

Lemma II1.3.1 For any map 7', we have that X = A; U A, where A is a finite union of
closed intervals and A, is a Cantor set. The union is disjoint, except possibly at the right

endpoints of the intervals in A;. Moreover, one of the sets A, A, is allowed to be empty.

Recall that all of the intervals we consider are half-open and of the form [a, b), unless
stated otherwise, and that by ‘component interval’ we mean a connected component of X

that is an interval.

Proof of Lemma I11.3.1. Let A'1 be the union of all maximal intervals contained in X. We
first prove that A, always contains at most finitely many intervals. Indeed, we claim that
Al is equal to the union of orbits of intervals of X that contain discontinuities of 7. More
precisely, A} = | sex O(Jp), where Jg is the component interval of X containing 3 € X.
Since the return map R; to any interval J of X always has finitely many branches, this



II1.3 Preliminaries 51

proves the claim. Let J be some interval of X. As a boundary point of any continuity
interval of IR; must at some point land onto a discontinuity in R;, we have that each
such interval eventually lands into an interval Jg. Thus every continuity interval must be
contained in the orbit of some /4, as 7 is a bijection on any O(.Jg). Thus the entire interval
J must be in A}, which proves the claim. We set A; := A_'1

Let Ay := {X \ A}, and assume that it is non-empty. Recall the well-known charac-
terization of a topological Cantor set: it is a compact, metrizable and totally disconnected
set with no isolated points. We now show A satisfies all of these properties. Compactness
follows by definition, while metrizability follows from it being a subset of [0, 1]. It is totally
disconnected because the image of any path between two different points in A, must be an
interval in A,, which is impossible as X \ A; is nowhere dense. Indeed, if it were dense in
some interval, then this entire interval must be contained in X,, for all n, as X, is a finite
union of intervals. This gives that this interval is in X as well, so we get a contradiction
with the definition of As.

Finally, we prove that there are no isolated points by showing that for any point = € As,
there is a sequence in A, accumulating on x. First of all, we know that x is not periodic,
as it would then be contained in a maximal periodic interval. As it is contained in X, the
set of all of its preimages must therefore be infinite and contained in A,. Thus its set of
preimages must have an accumulation point y in A,. If the orbit of  accumulates on x, we
are done, so assume that this is not the case. This means that there exists a strictly monotone
sequence x,, — y of ni-preimages, with ny < ns ..., such that the itinerary of x,, and y
up to time ny, is different, i.e. the iterates of the interval [z, ,y) before time n contain a
discontinuity. Since there are finitely many discontinuities, there is a discontinuity [ that
occurs for infinitely many k. Thus the orbit of y accumulates on 3, so 3 is contained in A,
and the orbit of S accumulates on z. Indeed, since ¢~ is not periodic (preimages of = would
then be contained in a periodic interval), we know that in any finite time, the iterates of y
must have bounded non-zero distance between discontinuities. Thus the times at which the

interval [z, ,y) lands on § must be unbounded, so z is not isolated. U
Lemma I11.3.2 X \ {1} is equal to the non-wandering set NW (7).

Proof. We first prove that X \ {1} D NW(T). Let = be a point such that = ¢ X. This
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means that / N X = () for any sufficiently small neighbourhood ¢/ of x. Take one such
sufficiently small open neighbourhood U, of x. Then there exists ng > 1 such that X,, has
definite distance from Uy for all n > ng, and thus we have that 7" (Uy) N Uy = () for all
n > ng, since T"(Uy) C X,.

Next, we know that neither ™ nor =~ is periodic, since X = () —, 7"(I). Because
of this, for every n > 1, there exists a sufficiently small neighbourhood ¥/, of z such
that T°(U,) N U, = O for all 1 < i < n. LetU,, C Uy be such a sufficiently small
neighbourhood. By our choice of Uy, this means that 7" (U,,,) N Uy, = O for all n > 1.
Thus the point x is not in the non-wandering set.

We now prove that X \ {1} € NW(T). Let z be a point in X \ {1}. By Lemma
I11.3.1, we have that X = A; U A,, where A, is a finite union of closed intervals and As is
a Cantor set (we may assume both are non-empty). Thus for any sufficiently small closed

neighbourhood U of = we have that exactly one of the following holds:
1. U N X contains exactly one closed interval J of definite length, and = € J;
2. U N X contains no interval.

In the first case, we know that there must exist n > m > 1 such that 7™ (J) N T"(J)
contains an interval of definite length since J has definite length and 7' is a piecewise
isometry. Since X is T-invariant, int(.J) C X and T'|X is a bijection, we know that
T™=1(J)NT"(J) contains an interval of definite length as well. Thus we also have that
JNT"(J) #0,s0x C NW(T).

In the second case, we show that x € w(/3) for some discontinuity 8 € C. This is suffi-
cient, since all w-limit sets are contained in the non-wandering set, and thus x € NW (T') as
well. Let U be a neighbourhood of x as above. For any n > 0, we know that the boundary
points of X, consist of iterates of discontinuities. If x ¢ w(f3) for every 5 € C, then there
is a definite distance between the boundary of X,, and z for all sufficiently large n. Since z
is contained in every X,,, an interval of definite length containing z must also be contained
in every X,,. Thus X NU must contain an interval, which is a contradiction with our choice
of U. Thus = € w(/3) for some discontinuity 5 € C, which finishes the proof. O
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II1.3.3 Properties of finite type ['TMs

In this subsection, we state or prove several simple results that will be continuously used

throughout the chapter.

Lemma II1.3.3 (Orbit Classification Lemma) For each point = € I, either singed or geo-

metric, at least one of the following three possibilities holds:
1. (Precritical) x lands on a critical point of 7'
2. (Preperiodic) z lands on a periodic point of 7’;
3. (Accumulation) There exists a critical point 3 € C such that 8 € w(z).

Proof. Assume that none of the above holds for a point z € I. Since the first and the third
conditions do not hold, the orbit of x stays a positive distance § away from every critical
point of 7T". This and the second condition give that the orbit of x also stays at least § away
from every periodic point of 7". Indeed, if the point 7"(x), for some n > 0, is less than
0 away from some periodic point y of minimal period p, then the closed interval between
T"(x) and y cannot map forward continuously until time p, because this would mean that
T"(x) is periodic. Thus some iterate of this interval must contain a discontinuity, which
means that the orbit of = gets less than ¢ close to C, which is a contradiction.

Thus there exists a maximal interval J, of length at least  and containing x in its interior
such that no point in this interval lands on a critical or a periodic point. Thus the interval .J,
maps forward continuously for all time, and every interval T (.Jy) has the property that none
of its points land on critical or periodic points. Let J; be the maximal interval containing
T"(z) such that no point in it lands on a critical or periodic point, and note that T%(Jy) C J;.
Since all of the intervals J; have length at least ¢, there exists n > m > 0 such that
Jo N Jp # 0. By maximality, J, = J,, and thus 7"""™(J,,) = J,,. Since T"};m is
continuous and a translation, it must be the identity, so 7"~ (7™ (x)) = T™(x), which is

a contradiction. L]

For a finite type map T, every component J of X is of the form [z, y~|. We will refer to

x*,y~ as the ‘boundary points of X~ (or as the points in the boundary of X). The set of all
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boundary points of X will be denoted by 0.X. The points in the set int(X) := X \ 0.X will
be referred to as the ‘internal points of X’. The next simple result describes the boundary

and internal dynamics of an interval J of X.
Lemma I11.3.4 Let 7" be a finite type I'TM. Then the following two properties hold:

(a) Every component of X is of the form [T%(3%), T*2(3,)], respectively, for some
BT, B € XNCandky, ky > 0;

(b) If T" () is an interior point of X for some 3 € X NC and [; > 0, then there exist
B. € X NCand Iy > 0 such that T"(3) ~ T%=(,).

Recall that Tx is a bijection, so the inverse T&l is well defined.

Proof. Since T is of finite type, the preimage of every boundary point of X is either a
boundary point of X or a discontinuity of 7'. Fix x in the boundary of X and assume that
T "(x) ¢ C for every n > 0. Since there are finitely many boundary points, this means
that 77" (z) is eventually periodic. Because 7|y is a bijection, this means that z is also
periodic. By assumption, it does not land on a discontinuity. Thus there is an interval
of points around x that are all periodic with the same period. This contradicts x being a
boundary point of X, as all periodic points are contained in X . Thus x = 7"(3) for some
discontinuity 3 € C, which proves (a).

For (b), let « be a point that is either a discontinuity contained in X or a boundary point
in X. Since T of finite type and bijective on X, if the image of x is contained in the interior
of X, then there is point y which is either a discontinuity or a boundary point of X such
that T'(z) ~ T'(y). By part (a), we have that T(y) is of the form T"2(/3,) in both cases.

Assume that 7" (3) € int(X) for some n > 0, 3 € X N C. We may assume (3 is the
last discontinuity in O(f3, ;). Thus T%(3) ¢ C for 0 < i < l;. We may further assume that
T'(B) ¢ int(X) for 0 < ¢ < l;. Indeed, if some iterate T%(3), for 0 < i < Iy, was in int(X)
and satisfied (b), then every iterate 77(3), for i < j < Iy, is in int(X) and also satisfies (b).
This is because /3 does not land on a discontinuity before time ;. This means that 7' ~1(3)

is in the boundary of X, so (b) once again follows from the paragraph above. [
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III.4 Product notation and eventually periodic maps

II1.4.1 Product notation and perturbations

In this subsection, we introduce the product notation, which will be used throughout the
chapter. It is a very convenient way to represent and control iterates of critical points.

ForeachT,x € 1,s=1,...,7rand n > 1, we define:
ko(z,n,T) = #{T"(z) € I,;0 < i < n}.

Thus k4(x,n, T') represents the number of entries of x into I, up to time n. This is an ana-
logue of the first term in the continued fraction expansion for circle rotations, see [ ,
Section 1.1]. When the map 7' is clear from the context, we will usually simply write
ks(z,n).

Let W(r) := R"@R"! be the (2r — 1)-dimensional real vector space that contains
the coefficient vectors (introduced below), and let (ey,...,e,) and (fi,..., f.—1) be the
canonical bases for R” and R"?, respectively. Recall that ITM(r) is the parameter space
of ITMs on r intervals, and that it is a convex polytope contained in R*~!. We call the
elements of this space parameter vectors. These vectors also have canonical coordinates
coming from the ambient space R*"~!. We will use the shorthand (v 3) for a parameter
vector (yy ... Y B1 .. Bro1)-

Let (-,-) be the standard scalar product on R*~'. Since W(r) = R"@PR"! and
ITM(r) is a subset of R*"~, it makes sense to write (v, (7 8)) = S2/_, veYs+ 311 VsrrBs
for a coefficient vector v = Y ', vse, + ZZ: vsrrfs € W(r) and a parameter vector
(v 8) € ITM(r). We call (v, (v 3)) the product of v and (y 3).

The first reason for introducing this product is to obtain a formula for any iterate 77 (3;)
of some discontinuity /3. Define the vector of coefficients in v(S,,n,T) € W(r) of this

iterate as:

U(ﬁ*a n, T) = Z ks(@*a n, T) €s, find(ﬁ*)

1<s<r
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Then the following holds:

T

T(B.) = Y ku(Ben, T)ys + B

s=1

= <U(ﬁ*’n7T)7 (75) >7

where the vector (v ) corresponds to the defining coefficients of 7. With this notation,
we can associate to any landing of some discontinuity /3, on some other discontinuity f,.
a coefficient vector in the following way. If T"(f,) = ., then the landing vector L is
defined as:

L= (Z ks(Be,m) €, Sinacs.) — find(ﬁ**)) :
s=1

By the above formula for the iterate 7" (3,), we have that:

- Z k5(6*7 n, T)’YS + /B* - 5**
s=1
= <L7 ('7 B) >

The second reason why the scalar product notation is useful is that it gives explicit for-

mulas for how the 7T'-iterates of points change after a perturbation § of 7. Let {g1, . .., gr, b1, - ..

be the canonical basis of the tangent space TrI'TM(r) at point 7" = (v ) in [T M (r). Each
perturbation 7" of a map T in [T M (r) is given by a linear functional 8 : TrITM(r) — R,
so that 4, = 7, + 8(gs) and 3, = B, + d(h,). Thus T is obtained from T by perturb-
ing in the direction ¢ := (6(g1) ... d(g,) 6(h1) ... 6(h,_1)) € TrITM(r). Hence, after
identifying TrITM(r) and R?"~!, it makes sense to write (7 3) + 6 = (3 /3).

If the itineraries of 5 under 7" and B under 7 are the same up to some finite time n > 1,

then we have the following formula:

7hr—1}
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Z (B, n)ys + B — Zk (B,n)ys — B
Z )+ B — B
Z 0(gs) + 6(hina(s))

= (v(f,n,T),6).

Thus if we want 77" (/3.) = [.. to hold after perturbation as well, we must have that

(assuming the itinerary of 3, up to time n does not change):

<L75> =

Product notation can also be used to define parameter families of ITMs. Assume that the

parameter vector (v 3) of T satisfies some equation:

r

r—1
Z a;"; + Z bifi =0,

=1 i=1

where a b; € R. This is equivalent to saying:

(v,(v8))=0 (I11.4.1)

for the associated vector of coefficients v := (ay,...,a,,b1,...,b._1). By a parameter
family, we will refer to the subspace of ITM(r) consisting of all parameter vectors for
which equation (II1.4.1) holds for all vectors v in some set £. For a map 7" and a set of
vectors £, we will write (£,7") = 0 if the parameter vector corresponding to the map 7’
satisfies (I11.4.1) for all vectors v € £.

We will say that a family is rational if all of the vectors in £ have rational coefficients.

They are important because of the following simple lemma:
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Lemma II1.4.1 Parameters with rational coefficients are dense in rational families.

Proof. Recall that the set /M T'(r) of all ITMs on r intervals can be viewed as a closed
convex polytope in R* 1. Therefore, a family 7 given by a set of vectors £ can be viewed
as a convex polytope of co-dimension ¢ = dim(span(€)) as the intersection of ITM(r)
and the linear sub-space F spanned by £. If T is now a rational family, then there exists
an invertible matrix A with rational coefficients that maps £ to a coordinate sub-space,
say, r1 = ... = T9._1+ = 0 (where we denoted by z; some Cartesian coordinates in
R?*~1). It is clear that the points with rational coordinates are dense in the image A(T).
Since the matrix A has rational coefficients, so does A~*, and thus the points with rational
coordinates are dense in A~" - A(T) = T. Hence, parameters with rational coefficients are

dense in the rational family 7. ]

II1.4.2 Density of eventually periodic maps

We say that T is eventually periodic if every point in C (recall that this is a set of signed
points) is eventually periodic. Eventually periodic maps are the simplest non-trivial maps,
an analogue of Morse-Smale systems from smooth interval dynamics (see [ 1. We

now prove the parametric version of Theorem A:

Theorem II1.4.2 (Eventually periodic maps are dense - Parametric version) Let 7' be a
map contained in a rational family 7 defined by a set of vectors £. Then arbitrarily close

to 7" in T, there is an eventually periodic map T.

This theorem is a straightforward consequence of the fact that the maps with rational
parameters are dense. Recall that the distance between signed points is defined as the

distance of geometric points in / that the signed points correspond to.

Proof. Because of Lemma III.4.1, we only need to prove that maps 7' for which the param-
eter vector (/) has rational coefficients are eventually periodic. In fact, it is enough that
only the coefficients 71, ..., ~, are rational. Let N(-y) be the set of all linear combinations
of 71, ..., with integer coefficients. This set is discreet, because the minimal distance

between any of its elements, if non-zero, is at least %, where ¢ is the largest denominator of
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the numbers 71, . . ., 7,. Thus for any 5 € C, we have that the set § + N(v) N[0, 1) is finite.

As any iterate of (3 is contained in this set, we must have that (3 is eventually periodic. [
Definition I11.4.3 For 7" € ITM(r), we define the following sets:
* (C; is the set of all 5 € C that eventually land on a discontinuity;
* Cyisthe setofall 8 € C that never land on a discontinuity, but are eventually periodic;
* Cy=C1 UCy;
s CF =C* NG, fori€{0,1,2}.

It is easy to see C = Cy if and only if 7" is eventually periodic. The next proposition
shows that a stronger property holds: if the +-type discontinuities are eventually periodic,
then so is every other point in /. In particular, all of the —-type discontinuities are eventu-
ally periodic as well. Analogously, it is also sufficient that the —-type discontinuities are

eventually periodic.

Proposition I11.4.4 If C™ = C;, then T is eventually periodic. Moreover, every point in [
is eventually periodic.

Thus this proposition shows that the name ‘eventually periodic’ is justified.

Proof. We first prove that there exists an ¢ > 0 such that for each 5 € C™, the interval
|8, 8 + €) is eventually periodic and maps forward continuously for all times. Let N be
the smallest time such that 7% (/3%) is a periodic point for all 5+, and let p be the maximal
period of these points. Let € > 0 be the closest positive distance the orbit of any 5 up to
time N + p gets to the left of a point in C*. Note that 57 can land on another critical point,
but in our definition of € we ignore these times and look only at the positive distances. We
claim that this is our required €. Indeed, if the iterates of any interval [3, 8 + €) contain
a discontinuity before time N + p, it would mean that the distance between a point in the
orbit of 5T and another critical point would be less than ¢, contradicting the definition of e.
Thus, every such interval maps forward continuously up to time N + p. Since TV (87) is
periodic and has period < p, we see that the entire interval [TV (3), T™ () + ¢) consists of
points of the same period, which shows that ¢ has the required property.
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Now assume, for the sake of contradiction, that there is some x € I, which is not even-
tually periodic. By assumption, 3, is eventually periodic. We define a finite sequence of
eventually points x¢ = 6;1 << - <xp<zandtimesng=0<n; < -+ < mny
such that 7" (z;) € C and d(T™(x;), T™(x;_1)) > e forall 1 < i < ¢ by the following
inductive procedure.

If x; is already e-away from z, we stop the procedure. Otherwise, define n;,; be the
minimal time the orbit of the interval [x;, x) contains a critical point. Such a time exists
because x and z; must have different itineraries, as x; is eventually periodic, while x is not.
Let ;1 be the rightmost point in [z;, z) which lands on a critical point at time n;, ;. We
have that n;,; > n;, because x; is the rightmost point in [z; 1, ) which lands on a critical
point by time n;, which means that the interval [z;, z) maps forward continuously up to
time n;. Moreover, we have that n;; —n; < N + p, as x; becomes periodic with period at
most p, after at most /V iterations. We claim that x;.; — x; > €. Indeed, by construction,
we have that 7 ([z;,x)) = [3,y), for some 87 € CT. The interval [3, 5+ ¢) maps forward
continuously for all times, which means that only the points in [+ ¢, y) can land on critical
points. Thus x;11 — z; > €, which means that the inductive procedure must terminate at
some finite time. Since d(z;, ) < € and this interval maps forward continuously up to time
n; when x; lands on some critical point 57, we see that all points in this interval must be

eventually periodic, contradicting our choice of x. 0

An important corollary of the proof of this proposition is that eventually periodic maps
are of finite type. Note that this fact, alongside Theorem I11.4.2, shows that the finite type
maps are dense in ITM(r).

Corollary II1.4.5 Eventually periodic maps are of finite type.

Proof. Eventually periodic maps clearly satisfy C™ = C . The second part of the proof of
Proposition I11.4.4 shows that under iterates of map that satisfies C™ = C;, each point in
I eventually lands into one of the finitely many periodic intervals. Thus X must be equal
to the union of orbits of these periodic intervals, which shows that it is of finite type by

Theorem I1.2.3. Thus every eventually periodic map is of finite type. [



II1.5 Linear independence of itinerary vectors 61

III.5 Linear independence of itinerary vectors

III.5.1 Statement and setup

The crucial property that allows us to change one part of the dynamics while keeping the
other parts as they are is the linear independence of itinerary vectors of discontinuities.
This is the content of Theorem II1.5.6 and Corollary II1.5.8. To state these results precisely,
we need some preliminary results and notation. When introducing objects that depend on
some interval ./, the dependence will be explicit in the notation if the object in question will

be used in the context where there are several J-intervals, and it will be implicit otherwise.

Let J = [T, y”~] be an interval contained in X. Recall that the return map R; to
J is well-defined (see 11.1.2) and that there are finitely many points af,...,a%,_, in the
interior of J that land on discontinuities before returning to J. Let J{,...,J 1‘\11,,—1 be the
maximal intervals in J such that no point in their interior lands on a discontinuity, and let
r be the return time of J/ to J. Let ay™™ := o+ and aj, := y~ be the boundary points
of J. Foreachl1 < j7 < Ny —1, let m}H be the number of discontinuities that a‘j]’+ lands
on before returning to J and, for 1 < £ < m;]Jr let B‘H(j, k) be the k-th discontinuity
along the orbit up to return time to J of a;-“. Define m;-]’f and 377 (j, k) similarly, for
1 <j<Ny—landl1 < k < m;-]’_. Note that for each 1 < j < Nj, we have that
B77%(4,1) and 8%~ (4, 1) are the + and — part of a single discontinuity, which we denote by
(7 (j). Figure 1111 illustrates these points for an interval .J for which R; has three branches
and o = (321).

Recall that W (r) = R" @ R" ! is the space of coefficient vectors, and that (e, . . ., e,)

and (fi,..., f-_1) are the canonical bases for R” and R" !, respectively.

We now define three types of dynamically defined vectors associated to the orbit of .J.
The first ones are the L-vectors, that correspond to the first landings of points af, ay, ..., a%;,

to discontinuities:

Definition ITL5.1 (Landing vectors) For 1 < j < N; — 1, let I be the landing time of a;
to 47(j) and let L7 € W (r) be the associated landing vector:
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@ =ap ; af . aj ;
Ji J3 J3
| 1 I
RN () 87(1)
a74(0,2) Bh7(1,2) BT (1,2) B (2,2) 877 (2,2)
g7 (2,3)

877 (0,3) 84— (1,3) 81,3 gl (2,3)

gl (3, ril;;'_

;j'j"'(l.m‘{ +) 87 ’t?.m';'_)

gl o, m('{ +)

Figure III.1: All dynamically important points in the orbit of an interval .J for which the
return map R; has three branches.

(Zk aj, lj) e, _.find(ﬁ"(j))>'

Recall that ind(f) is the index of 5 with respect to the order of critical points inside
of /. Note that if a; is a discontinuity of 7, i.e. if the landing time l;-] is zero, then L;-] =
(O, — find(ﬁJ(J’))> by definition. We call L7 the landing vector of a] to 3”(j) because the
following holds:

o—a+Zk 77— 87 (5)

(Zk aj, J _5J(j)> +a3]
=(L{,(v9)) +aj
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The second type of vectors we need to consider are the C-vectors, which correspond to
landings of discontinuities in the orbit of J onto other discontinuities (which are thus also
in the orbit of J).

Definition IIL.5.2 (Critical connection vectors) Foreach1 < 7 < Ny —land1 < k <
m;*, let ¢’ (j, k) be the landing time of 37+ (j, k) to 87 (j, k + 1) and let C”(j, k) €
W( ) be the associated landing vector:

CP(j k) = <Zk (B, k), " (5, k) €, Finaar+ Gy — find(BJ’+(j,k+1))> :
The following holds by construction:

T

0=B""(j, k) + > k(BTG K), "V (G, ke — BTGk + 1)

s=1

= Z ks(ﬁj#(j: k)? qJHr(ja k)>ﬁ)/8 + BJHF(j? k) - BJHF(]‘) k+ 1)
s=1
= (C7"(5,k), (v B)).
Define C7~(j, k) € W (r) analogously for 1 < j < Ny —land1 <k < m;]’_

The third type of dynamical vector we need to consider are the R-vectors, which corre-

spond to the return of points a;”, a}t, .. a}{,j 1) a]{};l to the interval J.

Definition II1.5.3 (Return vectors) Foreach1 < 7 < N; —1, let r;-“ be the time at which
B* (5, m J+) lands into J and let RJJr € W (r) be the landing vector:

RJ+ (Z k /8J+ j, J+)7 ] ) S) find(ﬁ‘]’+(j’mj’+))> .

Thus we have that:

(R, (7)) Zk‘ (B Gomd ), ) ) ye + BT (,m ™) € .
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L3 Ly Ly
ct(0,1) c¢h=(1,1) G, 1) @h={(2:1)
ChT(0,2) Cch=(1,2) cH(1,2) CM(2,2)
CHH(0,5) o (1,5) Loty @) L o2)) o4 (3,4)

N il U R o LR
B

Figure III.2: Vectors associated to the orbit of an interval J for which the return map R;
has three branches.

Define r}]’_ and R;-]’_ € W (r) analogously for 1 < j < Ny — 1.

It = ag’+ andy~ = a}(’,;, the definitions of the corresponding

For the boundary points x
dynamical vectors depend on whether they land on discontinuities of 7" before returning to
J or not. If ag’+ lands on a discontinuity of returning to ./, then we may analogously as for
other a;-H, where 1 < j < Nj — 1, define the vectors L7, C77(0, k) and R(‘)H. In the case
when aé’* does not land on a discontinuity of 7" before returning to ./, we only define the

return vector RO‘]’+ to J:

Zk J+ J+)€5,0 ’

where 7 is the return time of af to J. Analogously, if aN lands on a discontinuity
of T', we may define the vectors L N C’~(Ny, k) and Rﬁ‘l . If a ~, does not land on a

discontinuity of 7" before returning to ./, then define Rﬁ; analogously as for ag’Jr.

We would also like to have control over the dynamics of the discontinuities not con-

tained in X . For this purpose, we also introduce the following more general notation for a
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critical connection vector. Recall from Section II1.4 that we say that 8 € C; if 3 eventually
lands on a discontinuity. Let 5’ denote the first such discontinuity in the orbit of 3, and let
q(p) be the landing time of /3 to 5’. Note that § and 3’ are signed discontinuities, by the
definition of C; (I11.4.3).

Definition I11.5.4 (General critical connection vectors) Let 5 be a discontinuity of 7" which

eventually lands on another discontinuity. Define the vector vz € W as:

CB = (Z ks(ﬁa‘](ﬁ))e& find(ﬁ) - find(ﬁ’)) )
s=1

By definition, we have that:

0=p5+ iks(ﬁ,qw))% -5
= <Oﬂv (’Yﬁ»

Recall also that Co denotes the set of all discontinuities that never land on other discon-
tinuities, but are eventually periodic. The dynamically important vector related to these
discontinuities is the landing vector of such a discontinuity into X. We do not include
these vectors in Theorem II1.5.6. The reason is that they land into interiors of intervals
which we can control with Theorem II1.5.6. Thus we can already control the dynamics of
these discontinuities with this theorem, without the need to include them into the statement.

In the statement of Theorem III.5.6, there are two types of intervals contained in X.
There is a distinguished interval .Jy, which can be any interval contained in X, and there

are in intervals .J1, . . . , J,, that are maximal periodic intervals. Here is the definition:

Definition ITI.5.5 A maximal interval J C I consisting of periodic points with the same
itinerary is called a maximal periodic interval. It is clear that J is a half-open interval and
that its boundary points have the property that they land on discontinuities of 7" or on the

boundary points of /. Moreover, no point in the interior of P lands on a discontinuity.

To ease the notation, we will not explicitly state the ranges for all indices that appear in

the statement, as they are the same as in the discussion above. Moreover, we will abbreviate
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the dependence of vectors, numbers and points related to the interval J;, for 0 < ¢ < n, to

the dependence on the number i, e.g. we will write C*"(j, k) instead of C/# (5, k).

Because the definitions of the dynamical vectors associated to the boundary points the
interval Jy from Theorem III.5.6 are different depending on whether they land on discon-
tinuities of 7" or not, this leads to different statements of Theorem II1.5.6, depending on it
these landings happen or not. For simplicity, we will assume that these boundary points
land on discontinuities of T', because this case is more complicated, and we state Theorem
II1.5.6 with this assumption. The proof of Theorem II1.5.6 in the case when at least one of
the boundary points does not land on a discontinuity is analogous. Moreover, we also as-
sume that all of the points ag’i, for 0 < 5 < N, land on at least two discontinuities before
returning to Jy. If this is not true for some a?’i, then there are no critical connection vectors
associated to this point, leading to a different statement of Theorem II1.5.6. As this case is
also simpler, we will assume that there are always critical connection vectors associated to
every a?’i. All of these vectors are illustrated in Figure II1.2, for the same interval J as in
Figure I11.1.

For the maximal periodic intervals ./, ..., J,, the only points that land on discontinu-
ities are the boundary points, so N; = 1 for 1 < 7 < n. For each J;, we will consider the
vector C+(0,mgt) := Ry + Li, instead of the landing vector L}, and the return vector
Ry, The reason for this is that the vector C* (0, mé’+) is equal to the critical connection
vector corresponding to the landing of 5% (0, m§* — 1) to £4(0,1). This is the special
property of maximal periodic intervals: their return and landing vectors combine into a crit-
ical connection vector, which is not true in general. This will be crucially used in the proof
of Proposition III.5.14, which is one of the main steps in the proof of Theorem III.5.6. We
define C*~(1,m%") analogously.

Theorem II1.5.6 (Coefficients of Linear Dependence) Let 7'be an ITM. Let Jy, J1, Jo, ..., J,
be intervals contained in X that have pairwise disjoint orbits, and let C_ x be the set of all
discontinuities in C; that are not contained in X. Assume that .J; is a component interval
of X and that Jy, ..., J, are maximal periodic intervals. As above, let the following be the

vectors related to their dynamics:
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d L?? R‘?7+7 R‘(]:‘Li? CZ7+<]7 k)? C%_(j’ k>;

(*)
* U, for § € C_x.
Assume that there exist real coefficients:
° a?? a27+7 a?7_7 al7+ (]7 k)? a,l/’i(j’ k);
(**)
* ag, for B € C-x.
such that the vectors in (*) satisfy:
" mé’Jr . . n miyi . .
a0, K)CTTOR) | +) | Yot (1, k)Ch (1, E)
i=1 \ k=1 i=1 \ k=1
No*l mg +—1
+ %+ (j, k)OO (j, k) + o RY
§=0 k=1
(I11.5.1)
mq -1
No j
+ %" (4, k)CO (j, k) + o TR
j=1 k=1
No
+ ZO&?L? + Z Ongg = 0.
Jj=0 BeC_x
Then it must hold that:
Oéi’_‘_(ou 1) == Oéi’—i_(o?mg)’—i_) - _ai’_(L 1) == _ai7_<17 m?_);
aO,—i—(]” 1) = ... = a0’+(j, m;),—i— _ 1) _ a?,—i— (I11.5.2)
=" (j+1,1) = ==a""(j+1,my; — 1) =—a)y,
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of o of
— O+ _ 0= 0.+ el — 3 0,4 .
=a7(0,1) =a (L1)+a"7(1,1) =a " (2,1)+a”T(2,1)

a® (1,1 % (2,1) at(2,1)

a’t(1,2)  a%7(2,2)
=a%t(L,1) =a”(2,1)

a® (L) A% (2.)
f=abt(1,1) =a%(2,1):

Figure II1.3: The coefficients for the landing vectors and critical connection vectors are
at the start of their corresponding arrows, while the coefficients for the return vectors are
at the end. The indicated equalities between the coefficients come from the conclusion of
Theorem I11.5.6.

forall1 <7 <mnand0 < j < Ny — 1, respectively. Moreover, we have that:

ag = a®*(0,1);
oz(])vo = ozo’_(No, 1);

af =a®*(j,1) + a® (4, 1);

(IIL.5.3)
Qg = O,

forall 1 < j < Ny — 1and forall 8 € C_x, respectively.

The conclusion of Theorem II1.5.6 for .J, (which is in fact the same interval as in Figures
III.1 and II1.2) with three branches of the return map is demonstrated in Figure II1.3. The
assumption Ji, . . ., J,, are maximal periodic intervals is necessary for our proof to work. A

natural question to ask is whether this is necessary.
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Question II1.5.7 Does Theorem II1.5.6 hold if we assume that /1, ..., J, are component

intervals of X?

The proof of this theorem is split into the next three subsections. The important conse-

quence of Theorem II1.5.6 is the following corollary:

Corollary IIL.5.8 (Linear independence of dynamical vectors) Let 7" be an ITM. Let

Jo, J1, Jo ..., J, be intervals contained in X with pairwise disjoint orbits. Assume that J
1s a component interval of X and that J, ..., J, are maximal periodic intervals. Then the
vectors:

0+ 0+ (7 7).
* L_??RJ 7CO+<j7k>7CO (j?k)’
« CWF(0,k) for1 < k <mbT and Co~(1,k) for 1 < k < m{™;

o Cg, fOl‘ﬁ € Cﬁx,

form a linearly independent set.

Proof. For the sake of contradiction, assume that they are linearly dependent with coeffi-

cients:

* of, o}, 0% (5, k), % (5, k);
« a1 (0,k) for 1 <k <my*and o (1,k) for1 < k < m§;

* ag, for g € C-x.

This linear dependence can be extended to include the vectors R?’_ and C (1, mf)’_) by

setting:
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forall1 < 5 < Npand 1 <7 < n, respectively. Then by equation (II1.5.2) from Theorem
II1.5.6, we must have that:

o't (0,1) = =" (0,my") = —a"(1,1) =+ = —a" " (1,m}") = 0;
oco’+(j, =---= OCO""(j, mg’+ —-1) = a?’Jr
= =" (L) = = —a® (+ Lmy — 1) = —af5; =0,

forall1 < i <nand 0 < 5 < Ny — 1, respectively. Thus by equation (II1.5.3) from
Theorem II1.5.6, we also have that:

a) = a”*(0,1) = 0;
ayy, = a” (No, 1) = 0;
aj =a”*(j,1) +a"7(j,1) =0+ 0=0;

045:0,

forall 1 < 5 < Ny — 1and forall 8 € C_y, respectively. Thus all of the coefficients of the

linear dependence are equal to zero, which is what we wanted to prove. [

IIL.5.2 Refining partitions of /

For the purpose of the proof, we will simplify the notation used in the statement of Theorem
I11.5.6. Denote by V the set of all vectors from (*) and by .4 the set of all coefficients from

A critical connection vector v € V corresponds to the orbit of a discontinuity of 7" up
to the time of landing on another discontinuity. For such v, let P(v) be the ordered set
of points along the orbit corresponding to v. The landing vectors correspond to the orbit
of a discontinuity of the return map R; up to the time of landing onto discontinuity of
T, critical connection vectors corresponding to the orbit of a discontinuity of 7" up to the
landing time to another discontinuity of 7°, and the return vectors correspond to the orbit of
a discontinuity up to the time of landing into J. We adopt the convention that the first point

in the orbit corresponding to the vector is included in P(v), while the last one is not. For
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example, this means that the P(v) associated to the critical connection vector C%*(0, 1) is
equal to {8%7(0,1), T(8%F(0,1)),...,T4""©2=1(50+(0,1))}. If a discontinuity of 7" is
already contained in Jy, then the set P(v) for the associated landing vector is empty. We
will exclude such vectors from the set V. For a vector v € V, let us denote by vy, the first
element of P(v) and by v, the last element of P(v).

Definition ITI.5.9 Let V be the set of all vectors as defined above. Then we define the set
of all distinguished points (with respect to )) as the union of all points in P(v):

P = U P(v).
veY
Note that P is by definition a set that includes both signed (from critical connection
and return vectors) and geometric points (from landing vectors) points. For a vector v € V),
we will denote by a(v) its corresponding coefficient. The assumption (II1.5.1) of Theorem
II1.5.6 then reads as:

> a(w) =0. (IIL.5.4)

veY

Let v, be the s-th e-coefficient of v. Equation (II1.5.4) implies:

Za(v)vs =0, forall1 < s <r.

vey
Note that v, also equals the number of points from P(v) contained in /. This means that
we have the initial partition 7° of I into intervals Iso = I,, for 1 < s < r, such that a linear
equation on the number of points from each P(v) holds on each interval of this partition.
This motivates the following two definitions:

Definition II1.5.10 Let /* be any interval in /. Then we define the number of points from
P(v)in I* as:
N(I*,v) :=|P(v)NI7.

Next, we introduce intervals for which the number of points from each P(v) satisfy a

linear equation with respect to the coefficients in .A:
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Definition IIL.5.11 (A-subordinate interval) Let /* be an interval in /. We say that [* is an

A-subordinate interval if the following equation holds:

> a(v)N(I*,v) = 0.

veY

Let 7% = U§:1 I? be a partition (not necessarily dynamical) of / into intervals I,

ie. I = |_|];”:1 I*. We say 7 is an A-subordinate partition if every interval I is an A-
subordinate interval. By the discussion above, we know that Z° is an A-subordinate parti-
tion. Our goal will be to refine the level-0 partition Z° into A-subordinate partitions which
consist of more intervals.

More precisely, we will define a sequence of partitions Z™ = UZ:{L I of I into inter-

vals I so that:

1. Z™ is a refinement of Z™!;

2. I™ is an A-subordinate partition.

This procedure will terminate at some maximal level M, described in Definition II1.5.16.
Our first goal is to find a criterion for when the partition Z™ can be refined into Z™"! by
splitting some interval ;" of Z™ into two intervals. We will show that this can be done
by splitting along the gap interval between a certain pair of two neighbouring, but not
touching, distinguished points. Recall that two signed points = and y touch if {z,y} =

{z*, 27} for some point z. The following lemma shows how to find such a pair:

Lemma II1.5.12 (Distinguished pair) Let Z™ be an .4-subordinate partition. Assume that
there exists a triple (17", p1, p2), where I7" is an element of the partition, and py, p, is a pair

of signed and distinct distinguished points in I]", with p; to the left of p,, such that they

are:
(a) Neighbouring, but not touching, in I7";

(b) Thereexistnol < j < Ny—1land0 <k < 7’? such that p; and p, are contained in
T*(.J?),and no i > 1 and k > 0 such that p; and p, are contained in T%(.J;).
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Then one can find a triple, still denoted by (1", p1, p2), that additionally satisfies:

s

(c) The gap interval G = [p1, p2] between the points has maximum length among all

triples satisfying (a) and (b);

(d) Either at least one of the points p;, p, has no preimage in P or no pair of preimages

q1,q2 € P of p1, ps is contained in the same element of the partition Z™.

We call a pair of points from the conclusion of Lemma II1.5.12 a distinguished pair.

Proof. By assumption, we can always choose p; and py such that they satisfy (a) and (b),
and by choosing the pair with maximal distance, we can assume they also satisfy (c). As-
sume that this pair does not satisfy assumption (d). We will show that such a pair can be
‘pulled back’ to find a different pair of points that also satisfies (d).

By assumption, the pair of points p;, ps has at least one pair of 7T-preimages ¢1,q2 € P
that are contained in a single interval of Z". Let us show that this pair ¢y, ¢> also satisfies
properties (a), (b) and (c). Indeed, if they are contained in a single element of the partition,
then 7" maps [q, go] continuously to GG, as Z™ is a refinement of Z°. Thus ¢; and ¢, are
not touching and not contained in an iterate of the form 7% (J) or T*(.J;), so (b) follows.
Moreover, if they are neighbouring, i.e. if there is no point from P between them, then they
also satisfy (a) and (c).

Assume the contrary, that there is some point ¢ € P N [q1, 2] between points ¢; and
¢2. Since this interval maps forward continuously, 7'(q) € G is not contained in P. This
is only possible if ¢ = v;,5, Where v is either a critical connection vector corresponding to
landing on a point in Cy, Or ¢ = Vg 45, Where v is a return vector. In the first case, 7°(q)
must be a discontinuity, which contradicts p; and p, being in the same partition element
of Z™. In the second case, we know that T'(¢) € Jo, for some 1 < i < n, so the interval
(p1, p2) must intersect Jo. We will show that this means that p; and p- are not neighbouring
in P. Indeed, if neither of them is contained in Jy = [z%", 3% ~], then the boundary points
of J, are between them. If only p; is contained in .Jy, then 3%~ is between them, since it
must be contained in (py, p2). If only ps is in Jy, then 2% is between them. Finally, if they
are both contained in Jy, then by (b) they are not contained in the same interval J?, so they

are not neighbouring in this case either. Thus the pair ¢, ¢ satisfies (c) as well.
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Thus if the points py, py satisfy (a), (b) and (c), but not (d), we can always find their
pullback to another pair of points ¢, ¢, that also satisfies (a), (b) and (c). If the pair ¢, ¢
does not satisfy (d), then we can pull back this pair as well. If this can be performed indef-
initely, then some pair of points p;, p» must appear twice. Then the interval G = [py, ps]
must be periodic, as the gap interval between the pullback of points maps continuously
over the gap interval between the points themselves. Moreover, no point in [py, po] lands
on a discontinuity. Thus p; and p, are contained in X and have the same itineraries. This
is only possible if they are both contained in a single iterate of the form T%(.J?) or T%(.J;),
as points from different iterates of this kind must have different itineraries. This is a con-
tradiction with (b), so the pullback cannot be performed indefinitely. Thus by pulling back,
at some point we arrive at a pair of points that also satisfies (d). [

Let P := I NP and G° := G \ {p1,p2}. Define 222 as the average of geometric
points in / corresponding to p; and p,. Note that ’% is the midpoint of G. Let I' be the

interval in [ to the left of 22422 and let I” be the interval in [ to the right of 21322,

Lemma II1.5.13 (Left or right) Let Z™ be an .A-subordinate partition as in Lemma I11.5.12,
and let G = [p;, p2| be a gap interval. Then for any element /! of this partition, we have
that the set 7'(P.") is either fully to the left or fully to the right of %. More precisely,
we have that either T(P™)NI' =Qor T(P™) N I" = .

Proof. Assume the contrary, that there exists an interval /" for which we have that T'(P™)
intersects both I' and I”. Let ¢1,q; € P™ be two neighbouring (not necessarily signed)
points in /™ such that their images are contained in P, and ¢, gets mapped to I’ and ¢ gets
mapped to /. Assume first that the image 7°(¢; ) is contained in G°, with the case for 7'(¢»)
being analogous. Then T'(¢;) is not a point in P, since p; and ps are neighbouring. This
is only possible if ¢; = v;,5:, Where v is either a critical connection vector corresponding
to landing on a point in C, or a return vector. The second case was already shown to be
impossible in the proof of Lemma I11.5.12, while the first case is impossible since p; and
po are by assumption contained in a single interval of the partition Z™. Thus, neither of
the points 7'(q1), T'(go) is contained in G°. As this pair gets mapped forward continuously,
this means that the image of the gap between these intervals is at least as large as G. By

property (d) of Lemma II1.5.12, it is impossible that ¢; and ¢, get mapped over p; and po,



II1.5 Linear independence of itinerary vectors 75

respectively. If ¢; and ¢ are both signed, then this is a contradiction with maximality of G.
We may without loss of generality assume that ¢; is not signed, with the other case being
analogous. This means that ¢, € P(v) for a landing vector v, so it is contained in the left
boundary of an iterate of the form T’“(J]Q). As there is no other points in P contained in the
interior 7%(.J?), this means that p, and p, must both be contained in 7%*(.J?), which is a

contradiction. L]

We now show that we can get an A-subordinate partition of level m + 1 if we split the

interval I} containing the pair p;, p» along the gap interval G.

Proposition II1.5.14 (Refining a partition) Let Z™ be an .A-subordinate partition of level
m and assume that there exists at least one interval /7 of the partition as in Lemma II1.5.12.
Then the partition Z™ ! obtained from Z™ by splitting I along ’% is an A-subordinate

partition of level m + 1.

Proof. Let I:f’l be the maximal (half-open) interval to the left of ’% inside 7, and let
I'}"" be the maximal (half-open) interval to the right of Z% inside 7. Then the intervals
of the partition Z"*" = (J; ., 1 [7"F" are defined as:

(
I, Fors<s

I

I, Fors=y¢

Im+1,__ S
mh

I, Fors=s+1

Im

s—1»

For s > s + 1.

\
By construction, Z™! is a refinement of Z°. As only one of the intervals was modified, we

know that:

Za(v)N(I;nH, v) = Za(v)N(I;”,v) =0 for s < §';

ey e (111.5.5)
Za(u)N([:”l, v) = Za(v)N([ﬁl, v) =0fors > s +1.
veVY veV

Thus, in order to show that Z™"! is an A-subordinate partition, we only need to prove:
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> a)NIZT v) =0

veY

> a(w)NIZ v) =0.

veY

(I11.5.6)

Note that it is clearly enough to only prove one of the above equations holds, as the other

follows from:

> a@)NIZT v)+ > aw)NI, v)

veY veY
=) a(v)N(I',v) =0.
vEY

Because of this, we may without loss of generality assume that the interval .J; is contained
in I", because we can otherwise just do the computation that follows for I" instead of I'.
This assumption will be important when we compute A, (defined in (II1.5.7)) for landing
and return vectors. Let P’ := P N I' be the set of all distinguished points to the left of the
midpoint of G. Let Ind’ be the set of all s € {1,...,m + r} such that T(P™) C I'. Note
that this definition makes sense because of Lemma I11.5.13. Let P41 := Usemat Pi* =

“L(PY N P be the set of all distinguished points that 7" maps into P’. Consider the
following equation:

=) NI ) =Y NI ). (IIL5.7)

s€lInd! s<s’

This equation states that the number of elements of P(v) contained in I' equals the number
of elements of P(v) that get mapped under 7" into I' up to an error term A,,. From (I11.5.7),

we get:

> aw)N(IF* )

veY
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=Y aw) | > NUwv) =Y NI 0) - A,

veY s€lndy, s<s’

= > | D awnNUr, )
D YNNI ) | =) aw)A,

s<s’ veY vey
- — Z a(v)A,
vey

where the sum in the third line is zero because of the inductive assumption that each interval
I is A-subordinate, and the sum in the fourth line is zero because of equation (IIL.5.5).

Thus we only need to prove that:

> aw)A, =0. (I11.5.8)

veV
We now compute the error term A, for all vectors v € V. For this purpose, we define the

following sets:

Note that the following holds:
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We first compute A, for a critical connection vector v € V. Note that this includes the
vectors in C_x. For any point p in P (v)l that is not equal to v (We do not assume it
is contained in P(v)'), we have that there exists exactly one point ¢ in P(v)"~! such that
T'(q) = p. Indeed, this is because each element of P(v) except the first one has a preimage
in P(v). Moreover, for each point ¢ in P(v)"~! that is not equal to v,.;, we have that
T(q) € P(v)'. Thus we get the following formula for A, for a critical connection vector
veEV:

0, If Ufirst < Pl and Viast € Pl’_l
—1, If Ufi/rst - Pl and Viast ¢ Pl’_l
A, = (IL.5.9)
1, If Ufirst ¢ Pl and Viast € Pl’_l

0, If Ufirst ¢ Pl and Viast ¢ Pl’_l.

Now we compute A, for a return vector v € V. For every point ¢ in P(v)! that is not
equal to vy;,.¢, We again have that there again exists exactly one point ¢ in P(v)>~! such
that T(q) = p. Moreover, for each point ¢ in P(v)>~! that is not equal to vj,;, We have
that 7'(q) € P(v)!. Recall that we have assumed that .J; is contained in I”. This means
that T'(vjas) € P!, and 50 vy ¢ P~ Thus A, in this case only depends on whether

Ufirst € Pl so we get the following formula:

—1, If Ufirst € Pl
A, = (I11.5.10)

0, If Ufirst ¢ Pl.

Analogously, for a landing vector v, we know that vy, ¢ P!, so the value of A, depends

only on whether v, € P71

1, Ifvy € PH1
A, = (I11.5.11)
0, If Viast ¢ Pl’_l.

Let wg, for a (signed or geometric) discontinuity 3 € P, be the unique vector in V such that
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weirst = (3, and let wg = 0, a(wg) = 0 for all § ¢ P. We claim that the sum in (IIL.5.8) is

equal to:

| —alwse) — alws-) + > a(w) | . (11L.5.12)
Bell weV,
T(wlast)e{ﬁvﬁJrzﬁi}
Here, we sum over all geometric discontinuities 5 € [ !, Note for every v € V), the coef-
ficient a(v) is equal to at most one a(wg=) in (II1.5.12). Such a a(wg) exists if and only
if vy is a signed discontinuity in I'. Moreover, a(v) is also equal to at most one o(w)

in the inner sum of (II1.5.12), and such a(w) exists if and only if 7'(v;,s) is a (signed or

geometric) discontinuity in /'. We now prove that the following two claims hold:

1. A, = —1in (II1.5.8) if and only if o(v) is equal to some a(wg) and not equal to any
a(w) in (IIL.5.12);

2. A, = 1in (IIL.5.8) if and only if a(v) is not equal to any «(wg) and equal to some
a(w) in (II1.5.12).

The equality of (II1.5.8) and (II1.5.12) clearly follows from these two claims, because then
the contribution of «(v) to equations (II1.5.8) and (I1.5.12) is equal for all vectors v € V.
We prove the first claim, while the proof of the second one is analogous.

We know that if A, = —1, then vj;5y € P! and vy ¢ P51, In particular, v is not
a landing vector, by (II1.5.10). Thus v 1s a signed discontinuity in / !, while T (vgst)
is not a discontinuity in I', so a(v) is equal to some a(wg) and not equal to any a(w).
Conversely if a(v) is equal to some «(wg) and not equal any c(w) then the vy is a
signed discontinuity in I', so vy € P!, and T'(vae) is not a discontinuity in I', so
Vst & PL=1. Thus A, = —1, so the claim follows.

We now show that the sum in (III.5.12) is equal to zero, which finishes the proof.
Indeed, we know that the f-coefficient at ind(3) for some 3 € I' for the resulting vector
in (II1.5.4) has to be zero. The only vectors in this sum for which this f-coefficient is non-
zero are those vectors v for which vy, = 5% or those for which T'(vi.s) € {3, 87,57}

Thus taking the f-coefficient at ind(3) in equation (II.5.4), we get that:
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—a(ws+) — alws-) + > a(w) | =0
weV,
T(wlast)e{ﬂ76+7ﬂi}

As we split along an interval G° that does not contain a discontinuity in its interior, we
know that 5% € I' if and only if 3~ € I'. Thus we must have that:

> | —alwss) — alws-) + > a(w) | =0,

Belt weY,
T(wlast)e{676+7ﬁi}

which finishes the proof. [
Let us now show that Proposition II1.5.14 can be applied only finitely many times.

Lemma IIL.5.15 We can apply Proposition III.5.14 finitely many times if we start with the

initial partition Z° given by the continuity intervals.

Proof. We will show that applying Proposition II1.5.14 always increases the number of
elements of the partition that have a non-empty intersection with P. Since P is a finite
set, this clearly shows that Proposition II1.5.14 can only be applied finitely many times. By
construction, we can apply Proposition II1.5.14 to a partition Z™ if and only if we find a pair
of distinguished points p;, p2 as in Lemma II1.5.12. These points are contained in the same
element I} of the partition, so after splitting the partition along the gap interval GG between
them, we get two intervals ISTH and I;?“ that contains p; and p-, respectively. Thus we
have increased the number of elements of the partition that have a non-empty intersection

with P, so the proof follows. [
Thus this refinement procedure must stop at some maximal level:

Definition ITI.5.16 (Maximal partition) Let M be the level at which the procedure of in-
ductively applying Proposition II1.5.14 stops. We call the partition Z* obtained by this

procedure the maximal partition.
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It is of maximal level in the sense that for the partition TM of this level, there is no
pair of points satisfying (a) and (b) from Lemma III.5.12. Recall that C_x is the set of
all discontinuities in C; not contained in X. The maximality of Z™ gives the following

corollary:
Corollary II1.5.17 All of the coefficient a(v), for § € C-x, are equal to zero.

Proof. We will prove this for a +-type discontinuity /3, with the proof for a —-type discon-
tinuity being analogous. Let ZM be the maximal partition as in Definition I11.5.16. Assume
that there is another point p € P contained in the element of the partition I containing
B. As (3 is a discontinuity, it must be the leftmost point /M, as T is a refinement of Z°.
Thus we may assume that $ and p are neighbouring, but not touching. As 5 ¢ X, we know
that this pair of points is not contained in a periodic interval. Thus this pair of points satis-
fies properties (a) and (b) from Lemma I11.5.12, so the partition Z* can in fact be refined,
which is a contradiction with its maximality. Thus there is no other distinguished point in
IM. As M is an A-subordinate partition, we must have that a(vg) = 0, as this is exactly

the equation which M needs to satisfy to be .A-subordinate. [

As all of these coefficients are zero, they do not contribute to the equation (II1.5.4). Thus
we may exclude their corresponding vectors and points from V' and P, respectively. This
means that all points in /P are now contained in X. This immediately gives the following
corollary, which proves a part of Theorem II1.5.6 for the landing vectors corresponding to

points in the interior of .Jy:

Corollary IIL.5.18 We have that o) = a%%(j,1) + o (j,1) forall 1 < j < Ny — lin
conclusion (I11.5.3) of Theorem II1.5.6.

Proof. By Corollary II1.5.17, we know that for all 1 < j < Ny — 1, there exist only three

vectors v € V such that the f-coefficient at ind(3°(j)) is non-zero. These are exactly
U 07 . 077 . . . 0 . . .

L;,C *(4,1) and C”~(j,1). As the f-coefficients at ind(3°(j)) in equation (II.5.4) have

to cancel out, we get that:

aj =a”"(j,1) +a""(5,1)

forall1 <7 < Ny—1. O
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We may now assume that the points and vectors associated to the landing vectors L?,
forall 1 < j5 < Ny — 1, are not contained in P and V, respectively. Thus P now contains
only signed points. We can make this assumption because we will be able to deduce the
remaining equalities from the conclusions (II1.5.2) and (II1.5.3) of Theorem II1.5.6 without
using these landing vectors.

The maximality of Z* also gives the following corollary:

Corollary IIL1.5.19 All maximal intervals contained in X that do not contain discontinuities

in their interiors are A-subordinate intervals.

Proof. We claim that every element I of the partition, I N X contains at most one
interval that contains points in P. Indeed, if there were at least two such intervals in this
intersection, then we could choose a pair of points from two such neighbouring intervals as
the pair of points from Lemma II1.5.12, which would mean we can further refine Z", and
this is a contradiction with maximality of ZM. Since Z" is a refinement of Z° and since
in Proposition I11.5.14 we always split along a gap interval G not containing any points in
‘P in its interior, a maximal interval H contained in X that does not contain discontinuities
in its interior and has non-empty intersection with P is contained in a single element I
of the partition Z*. By Corollary I11.5.17, all of the points in P N IM are contained in a
single such interval H. Since M is an A-subordinate interval, this gives that H is also an
A-subordinate interval. Since intervals contained in X that do not contain points in P are

trivially .A-subordinate, the proof follows. O

III.5.3 Refining partitions into .4-subordinate intervals

Our next goal is to partition the intervals of X into smaller .A-subordinate intervals. These
smaller intervals can then be further partitioned, and we will show that we may continue
with this procedure until all intervals of the form T k(J]Q ), for1 < j < Ny—1and l? <
k< r?, and T k(J Z) for 1 <7 < mnandk > 0, are elements of this partition. In order to do
this, we will show how a partition of an interval into smaller .4-subordinate intervals may
be further refined by ‘pushing forward’ the partition of the preimage of this interval.

Let H = [a,b) # Jy be a component interval of X. Assume that H satisfies the
following two properties:
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1. There is a finite number of points a = hy < hy < --- < hgy < hgy1 = b such that
the intervals Hy = [hg, h1),..., Hy = [hg, hyy1) are A-subordinate, and such the

intervals (h;“, hqul) contain no discontinuities for all 0 < ¢ < k;

2. The preimage of H in X can be partitioned into A-subordinate intervals G, =
[90:91), G1 = [92,93), - - ., GI = [ga1, g2u4+1). such that the intervals (g3, g5,,,) con-
tain no discontinuities for all 0 < r < [. We allow for o, 11 = g2, 12, i.€. the intervals

could touch at their boundary points.

We will refer to these intervals as H-intervals and G-intervals, respectively. We distinguish

between the following two types of points in H:
« hi by, hy,, will be called Type-1 points;
* T(95).T(97) ---,T(gy.,) will be called Type-2 points.

We will refer to any point that is either a Type-1 or a Type-2 point as special. Note that a
point can be both a Type-1 and a Type-2 point. For example, this is the case for boundary
points points ¢ and b~

Let H) = [hy, hy), HY = [h},hS), ..., H), = [h,, k!, ;) be the maximal intervals in
H, such that the intervals (h;", h ) contain no special points for all 0 < ¢ < m. In other
words, the boundary of each H; consists of two neighboring, but not touching, special
points. We will refer to these intervals as H'-intervals. These intervals form a partition of
H, which is a refinement of the partition into Hy, Hy, ..., H.

Recall that because of Corollary I11.5.17 all of the points in P are contained in X. Since
H # Jy, every point p € P N H not equal to some 3%(j, 1), for 1 < j < Ny — 1, has
a unique preimage in X N P. Moreover, p is contained in the same P(v) as its unique
preimage in X M P if and only if p is not a discontinuity of 7". This fact will be repeatedly
used in the proof below. It will also be convenient to introduce the following notation: for
a 3 € X that is not equal to some 3%*(j,1), for 1 < j < Ny — 1, denote by vﬁ’l the
unique vector in V such that T'(v;,;) = (. Note that this vector is now unique because
of Corollary II1.5.17. For a discontinuity Boi(j, 1), with 1 < 7 < Ny — 1, we define

vﬁ’oli G = 0. Recall also that vg is the unique vector in VV such that v, = 3.
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Proposition I11.5.20 (Push-forward of a partition) Let H satisfy the two assumptions in
II1.5.3. Then the intervals Hy,..., H] are also A-subordinate intervals. Moreover, for

every discontinuity contained in A that is also a Type-2 point, we have that:
—a(vz") + a(vg) = 0.

Proof. The proof goes by induction, starting with the leftmost interval H|, and going to the
right. The induction has two hypotheses:

* H is an A-subordinate interval for all z < ¢;

* For each discontinuity /3 of 7" contained in these intervals that is also a Type-2 point,
we have that:
—a(vz') + a(vg) = 0.

We now prove the base of the induction for ¢ = 0. Note that by assumption, none of the
H-intervals contain discontinuities in their interior. The proof depends on the type of the
boundary point 2} of H{. There are 3 different cases.

Case 1: h) is only a Type-1 point

Then H{ = H, so the first hypothesis follows. Assume first that a is not a discontinuity
of T'. In this case, even if A} is a discontinuity of 7', it is not of Type-2, so the second
hypothesis follows. If a™ = (%, then since H is assumed to be a component of X, we
know that 5~ ¢ X. Thus the only vectors in V for which the f-coefficient at ind(5%) is

non-zero are vg+ and vﬁf Thus we have that:
—a(vﬁj) + a(vg+) =0,

so the second hypothesis follows in this case as well.

Case 2: h) is only a Type-2 point

Note that this means that A/ is not a discontinuity of 7', as discontinuities are Type-1
points by the assumption that H-intervals do not contain discontinuities in their interiors.
Moreover, we have that H|, = T(G,), for some 0 < r < [. Assume that a is not a

discontinuity of 7. Then the second hypothesis follows, as there are no discontinuities in
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H].. Moreover, all of the points in H N P belong to the same P(v) as their preimages in
G, and thus N(Hj,v) = N(G,,v) for all v € V. Thus H{ is an A-subordinate interval,

because G, is. Same as in the previous case, if a™ = 57, then:

a(vgt) — a(vgr) =0,

so the second hypothesis follows.

Case 3: h) is both a Type-1 and a Type-2 point

This means that H, = Hy, = T(G,), for some 0 < r < [, so the first hypothesis
follows. Assume that a is not a discontinuity of 7. If the right boundary point A} of
H} is not a discontinuity of 7', the second hypothesis trivially follows. If A\ = 3, is a
discontinuity of 7', then we have that N(H/,v) = N(G,,v) for all v € V, except for vg,

and v/;*l. Thus we have that:

0=> a()N(Gv) =Y a(w)N(Hv) = a(v;!) - alvs),

veY veEY

so the second hypothesis follows. If we assume a™ = 37, then as in Case 1, we get that:

a(vgl) — a(vgs) = 0.

If A/ is not a discontinuity of 7', the second hypothesis follows, so we may assume h|~ =
G5 . Then we have that:

0=> a@N(G,,v)=> a@N(H)v)=a(v;) - alvs) + a(v;!) —alvg-),
vEY VeV
which implies:
a(vﬁ_*,l) —afvs-) =0,
so the second hypothesis follows.
Assuming the two induction hypothesis, we now want to prove that H; | = [h;,,, ki, ,)

is also an A-subordinate interval, for some ¢ > 0. The proof now depends on the type of

both k%, and h;7,, so there are 4 cases.
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Case 1: Both are only Type-1 points

Then H| 41 = H, for some ¢, so we are done, because in this case even if the bound-
ary points are discontinuities, they are only of Type-1, so we need not check the second

inductive hypothesis.

Case 2: Both are only Type-2 points

Then H{ , = T(G,) for some r, and neither of the boundary points is a discontinuity
of T'. Thus the first inductive hypothesis follows from the fact that N(H/,v) = N(G,,v)

for all v € V, and the second because there are no discontinuities in H_ ;.

Case 3: h;, is a Type-1 point and h;7 , is a Type-2 point

Then H/, is contained in the image of the interval G, for which T'(g;,,1) = hy,,.
H!,..., H] be all of the other H’-intervals contained in 7'(G,) and note that they form a
partition of 7'(G,.). Thus we have that:

t+1

Y N(H.v) = N(G,,0v)

for all v except those for which either v ;. = 5 or T'(vjqs) = (3, Where (3 is a discontinuity
contained in 7'(G,). Thus we have that:

t

S AN (Hyy0) = 3 a(@)N(Gro) = (3 ao)N(HLv)

veY veY Z=u veY
+ Z ( a(vg) + a(v; )) (I11.5.13)
BET(Gr)
= Y (~awp) +av;").
BET(Gr)

Here we sum over all signed discontinuities 5 € T'(G,). We now need to consider all of
the discontinuities contained in 7(G,.). The analysis is different for discontinuities on the
boundary and those in the interior. For a discontinuity 3 contained in the interior of 7'(G,.),

we know that:
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—o(vg+) + a(v;j) — a(vg-) + a(v;) =0, (II1.5.14)

by the assumption of Theorem III.5.6 and by Corollary II1.5.17. If the left boundary point
hit, of T(G,) is a discontinuity 3;", then we know that:

—a(v,.) + alv;}) =0, (I11.5.15)

*

by the second inductive hypothesis. If the right endpoint h;_, of T'(G,) is a discontinuity
B, then it is a Type-1 point as well, so we know that H;_ , is an H-interval by the first
assumption about the H-partition, and thus an A-subordinate interval. Putting equations
(IT1.5.13), (I11.5.14) and (II1.5.15) together gives:

0= Z t+1a )

veY

B CHCARRICS)

BET(G)

(III.5.14)&(III.5.15) (U ) + CY(

Ut
This proves the second inductive hypothesis, so the inductive step is done in this case. Thus

we may assume that h;_, is not a discontinuity. Then by equations (I11.5.13), (IIL.5.14) and
(ITI1.5.15) we have that:

(IL5.14)&(11L5.15) _
0= > (-as) +a(;))

BET(G)

(IHS 13)
Z t+1’ )7

veY

so H , is an A-subordinate interval in this case as well. Finally, if the left boundary point
ht, of T(G,) is not a discontinuity, then by equations (II1.5.13) and (II1.5.14) we have
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that:

0 (219 Z <—oz(vg) + a(vﬁ_l)>

BeT(Gr)

(IIL5.13)
Z t+1’ )

veY

which finishes the proof.
Case 4: hy ., is a Type-2 point and h;_, is a Type-1 point

Then similarly as in the previous case, we know that H;, is contained in a larger H-
interval H,, which is partitioned into H'-intervals H) , ..., H], which are A-subordinate by

the inductive hypothesis, and H_ ;. Similarly as in the previous case, we have that:

From here we simply need to consider whether the boundary points of /, are discontinu-

ities and the proof follows analogously as in the previous case. [

It is interesting to note that the analogous statement for the ‘pull back’ of a partition
does not hold. A simple counterexample occurs when the interval J, does not contain
a discontinuity, but its image 7'(.Jy) contains a single discontinuity £ in its interior. In
this case 7T'(.Jy) is partitioned into two .A-subordinate intervals 7'(.J;) and 7'(.J;), where
T(Jy) and T'(J3) touch at . Thus if we consider H = T'(Jy), the pull-back version of
Proposition I11.5.20 would give us that .J; and .J; are A-subordinate. This would mean that
af = a®*(j,1) and a®~(j,1) = 0, where a; is the discontinuity in .J — 0 that lands on 3.
By Theorem II1.5.6, we know that this does not necessarily hold, so in general we can not

‘pull back’ a partition.
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II1.5.4 Proof of Theorem II1.5.6

In this subsection, we finish the proof of Theorem III.5.6. We do this by continuing with
the process of refining partitions started in Subsection II1.5.2. This will be done by refining
the maximal partition Z* from Definition I1.5.16. This refinement is obtained by further
partitioning the maximal intervals in X that do not contain discontinuities in their interiors
into smaller intervals.

As we will now care only about the partitions of the component intervals of X, we
introduce a new label for such partitions. We will say that a partition Z, of the components
of X into A-subordinate intervals is an AX -partition. Such a partition is defined by a
finite set of points that are contained in the interiors of intervals of X, which we call the
break points of Z,. By Corollary I11.5.19, we know that the partition of X into maximal
intervals that do not contain discontinuities in their interiors is an A X -partition. As we do
not need to consider Z as a partition of I anymore, we will denote this A X -partition by
ZM as well. Thus the set of break points By of ZM is the union of the boundary points of
all maximal intervals contained in X that do not contain a discontinuity in their interiors.
This set is clearly the union of all discontinuities of 7" and all the boundary points of X.
We will show how to inductively refine this partition by applying Proposition II1.5.20.

More precisely, we will show by induction that for each m > 0, there is an A4X-
partition Z™*™ such that its set of break points B,, is equal to the union of the following

two types of points:

1. Points z € X such that there exists a ¢ < m and a discontinuity 5 € X such that
z2=TYp)and T"(B) ¢ Jo forall 0 < r < g;

2. Points z € X such that there exists a ¢ < m and a boundary point x of X such that
z=T9Yz),and T"(x) ¢ Jyforall 0 < r < q.

These two properties clearly imply that B,, 11 D B,,, so ZM+™1 ig a refinement of ZM+™,

Proof of Theorem 111.5.6. The base of induction is given by Lemma II1.5.12 and Proposi-
tion I11.5.14. Assuming we have a level m partition Z**™ such that its set of break points

B, is equal to the union of the two types of points described above, we show how to refine
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it into a level m + 1 partition Z**™+1 We describe this refinement in terms of the new
break points that get added to B,,, by applying Proposition II1.5.20.

Let H be any component of X not equal to .J,. By the inductive assumption, Z*+™
induces a partition of H into A-subordinate intervals. We may take these .A-subordinate
intervals to be the [ -intervals from Proposition II1.5.20. As [ is a component interval of
X, we know that its T-preimage in X consists of maximal intervals that do not contain
discontinuities in their interiors, which are A-subordinate by Corollary I11.5.19. As ZM+™
is a refinement of 7", these preimage intervals are further partitioned into .A-subordinate
intervals, and we may take these intervals to be the G-intervals from Proposition II1.5.20.
Thus by Proposition II1.5.20 we know that the partition into H-intervals can be refined
into a partition into .4-subordinate H’-intervals. The set of boundary points of these H'-
intervals is equal to the union of the images of break points in 5, contained in the G-
intervals and the break points in B,, N H. This holds for any H # Jy, and thus for each
break point p € B,,, we get that T'(p) is a break point of B,,., provided T'(p) ¢ Jo.
Thus every point of the first and second type described above is contained in 5, ;1. Thus
the partition Z**+™*! obtained by applying Proposition I11.5.20 has the desired properties,
which completes the induction step.

Thus for every sufficiently large m every point of either of these two types is a break
point of B,,:

1. Points z € X such that there exists a ¢ and a discontinuity § € X such that z =
TB)and T7 () ¢ Jy forall 0 < r < g;

2. Points z € X such that there exists a ¢ and a boundary point x of X such that
z=TYz)and T"(z) ¢ Jo forall 0 < r < g;

Let 3%F(j,k), for0 < j < Ny —land k < m?’+, be a discontinuity in the orbit of Jp,

and let P(v) be the orbit associate to the vector v such that v;,.s = %7 (j, k). Note that
0+
J

that v, is a break point of B,,. Thus if we apply Proposition II1.5.20 to the component

because of k£ < m;"", we know that T'(v;,s) € P. For m large enough, we therefore know

interval H of X containing 7' (v;,s ), we get that:

a®F(j. k) =% (4, k + 1), (I1L.5.16)
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ifk+1<m)", or
AP (Gm)T = 1) = a%T(j,m)), (IL5.17)

ifk+1= m?’+. This is because T'(viqst) = 8% (4, k + 1) is a Type-2 point. It is clear that
an analogous argument applies to discontinuities of the form 3%~ (5, k), for 1 < 57 < N
and k < mg’Jr, B5t(0,k), for 1 <i <mand k < m{", and 5~ (1,k), for 1 < i < n and
k < m7" . Thus combining equations (III.5.16) and (I11.5.17) for all of these discontinuities

gives:
at(0,1) = -+ = a"*(0,mg")
0"(1,1) =+ = " (1 my )
0,+ 0,4 0,+ 0,+
a(j,1)=--=a""(j,m 1)=a;";
G 1) T %J - (I11.5.18)
A’ (j+11) = =a" G+ 1myy —1) = a);

ag = (0, 1);

0‘?\/0 = ozo’_(NO, 1),

forall1 <7 <mand0 < j < Ny — 1, respectively.

Next, for every 0 < j < Ny, we know that both a2’+ and a?jl have to land on discon-
tinuities before the interval [a?’J“, a?;r_l return to Jy. Thus there is a time ¢, such that the
points Tq(a?’+) and Tq(a?’;l) are both break points of B,,, for a sufficiently large m. Thus

the interval [Tq(a?’+), Tq(a?;r_l)) is A-subordinate, so we get that

a(v) = —a(w), (IIL.5.19)

where v and w are the vectors such that Tq(a?’+) € P(v) and Tq(a?f) € P(w), respec-
tively. Moreover, v is either a critical connection vector or a return vector related to the
orbit of a?’Jr, and w 1s either a critical connection vector or a return vector related to the or-
bit of a;)jl. Again, an analogous argument applies to discontinuities of the form 3%~ (j, k),
forl < j < Nyand k < m?’”L, BoT(0,k), for1 <i <nandk < mé”L, and 3% (1, k),
for 1 <i < mandk < mj". Thus by combining (II1.5.18) and (II1.5.19) for all of these

discontinuities we get both of the conclusions (II1.5.2) and (III.5.3) from the statement of
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Theorem I11.5.6. [

II1.6 Stability is equivalent to ACC and Matching

I11.6.1 Definitions and examples

Let us recall the definition of a stable I'TM from the introduction:

Definition II1.6.1 (Stable maps) We say that a map 7' is stable if there a neighbourhood U/
of T in ITM(r) such that:

1. The mapping X assigning to each map T inU the corresponding set X(T ) is contin-
uous with respect to the Hausdorff topology on compact subsets of [0, 1]. Moreover,
for each T € U, X (T)) is homeomorphic to X (T').

2. The number of discontinuities in 7 \ X (7') is constant in /.

A corollary of Theorem II1.4.2 is that stable maps are of finite type:
Corollary II1.6.2 Stable maps are of finite type.

Proof. By Theorem II1.4.2 we know that eventually periodic maps are dense in I'TM(r).
Thus they are also dense in the neighbourhood U/ of a stable map 7" on which the definition
of stability III.6.1 holds. This means that there is at least one map in U/ for which the
non-wandering set is equal to a finite union of intervals since eventually periodic maps are
of finite type by Corollary II1.4.5. Thus an infinite map can not be contained in ¢/, since
the non-wandering set of an infinite type map must contain a Cantor set by Lemma I11.3.2,

which is not homeomorphic to a finite union of intervals. [

Note that this definition is softer than the usual notions of stability in 1-dimensional
dynamics, like €2-stability (see [ ]) and J-stability (see [ ]). The difference is
that we do not require any dynamical conjugacy between the maps in the neighbourhood
U, just that several properties remain the same: finite type, number of discontinuities and

the shape of the non-wandering set.
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Recall that we use the shorthand X for the non-wandering set of a perturbation 7" of 7.
The next two lemmas follow immediately from the fact that the non-wandering set X ofa
sufficiently small perturbation T of T is close to and homeomorphic to the non-wandering
set X of 7T'.

Lemma II1.6.3 For a sufficiently small perturbation 7" of a stable map 7, we have that

X (T) consists of the same number of intervals as X and these intervals are pairwise close
to each other in sense of Hausdorff. This means that each component J of X has a well-
defined continuation J C X, and in particular that its boundary points z and y also have
continuations  and y. Moreover, the continuation J of an interval .J contains the continu-

ations of the discontinuities contained in J. L]

Lemma II1.6.4 Each sufficiently small perturbation T of a stable map 7' has the same

number of discontinuities in each of the following sets:
1. Interior of the non-wandering set: int(.X).
2. Interior in I of the complement of the non-wandering set: I \ X.
3. Boundary of the non-wandering set: 0.X.

Moreover, each continuation J of an interval J of X contains the continuations of discon-

tinuities in J. [
Let us now give a non-trivial example of a stable map, shown in figure I11.6.1 below.

Example I11.6.5 (Stable map) Assume thatr = 3 and that the interval J = [T2%(35), T(; )]
contains 3, in its interior. Let J— = [T%(35), 85 ] and J* = [35, T(535 )]. Assume the fol-
lowing about the orbits of 35 and 3; :

hd T(ﬂ;) € [1 and T?(ﬁj) € [2,
e T(By) € Iyand T*(By) € Iy;
Then:

« T3(By) = B3 +73+ 7 + 2
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« T3(By) =P +7%+7+m,

so T3(B5) ~ T3(By). If we additionally assume that 7°(53;), T%(3,) € J, then, for a
suitable choice of parameters as in the figure below, 7 is stable and we have that X (T) is
equal to the orbit of J. Indeed, the itineraries of 35 and 3, remain the same for all nearby

maps T, which means that the interval .J = [T2(35), T(5;)) is a continuation of .J.

”
- gy

T(JT)

Figure IIL.4: A particular map as in Example II1.6.5 with 8y = 0, 51 = 1/3, 82 = 2/3,
Py =1,v7 =1/3,7 = 1/7, 43 = —1/2. The intervals J~ and 7'(J~) are shown in pink
and the intervals J*, T'(J 1), T?(J") are drawn in blue.

The definition of stability mainly concerns the topology and the location of the non-
wandering set. Thus the dynamical meaning of stability is unclear from the definition,
and the dynamical information retained by making a small perturbation of a stable map is

relatively soft. We would therefore like to characterize stability in terms of more concrete
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dynamical properties. Intuitively speaking, three things can happen for an arbitrarily small
perturbation Tofa map 7' that can break stability:

1. A definite part of X gets removed, i.e. X is smaller (either by size or by the number
of intervals) than X by a definite amount, so the mapping X is not lower semi-

continuous.

2. A definite new part gets added to X, i.e. X is bigger (either by size or by the number
of intervals) than X by a definite amount, so the mapping X is not upper semi-

continuous.

3. Discontinuities that were in X are notin X.

We are therefore looking for dynamical properties that guarantee that none of these three
things can happen for an arbitrarily small perturbation of 7". To guarantee that the first thing
does not happen, we can ask for the dynamics of the full orbit of every interval J of X to
remain the same after perturbation (as in the example above). For the third, we can simply
require that there are no discontinuities in the boundary of X (assuming the first and the
second things do not happen). The second one is the most elusive, and we will need to
discuss it a bit before giving the definitions of the required dynamical properties.

The following example illustrates the simplest way in which the set X can become

larger.

Example II1.6.6 Assume that there are two discontinuities 3, and [3,, for which there exist
k1 > 0 and ks > O such that:

TH(BY) = B, and T™(8,,) = B, .

Moreover, assume that none of the discontinuities 8, 5., 5. and (., are in X and that

there exists a perturbation 7" of T" such that:

* The itinerary of 3, remains the same up to time k; and at time & it lands e-distance
to the left of 5

*%0
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* The itinerary of ., remains the same up to time k5 and at time k5 it lands e-distance
to the right of 3.

Note that there exists an interval of points to the right of 3} all of which have the same
itinerary as 3 up to time k;. The same holds for 3., and its itinerary up to time k5. In
particular, these intervals of definite size map forward continuously up to times %y and ko,
respectively. By our assumption on the perturbation 7, for a sufficiently small € the interval
(85, 87 4 €) maps forward continuously up to time k; + ko. Thus it is periodic with period
k1 + ko and is thus contained in X. As 3, 37, 5 and (3, were by assumption not in X
and therefore a definite distance away from it, we see that X (1) and X (T') cannot be close.

Thus X can not be a stable map.

This example is the simplest case of a more general phenomenon called ghost preim-
ages. We give the definition for a +-type discontinuity, with the one for —-type being

analogous.

Definition I11.6.7 (Ghost preimage) Let 3, a discontinuity of 7. A discontinuity 3, that

lands on 3] is called a ghost preimage of 3.

Thus a ghost preimage of a +-type discontinuity 3, is a —-type discontinuity (., that
lands on . The definition can easily be extended to a —-type discontinuity. The moti-
vation for the name is the following: 3, is almost a preimage of 5, i.e. by an arbitrarily
small perturbation we can make the iterate 7%(3;,) land to the right of 3", thus creating an
actual preimage of 5.

In Example I11.6.6 we have that 3 is a ghost preimage of 3., and that 3., is a ghost
preimage of 3, as well. This is the property that allows for the enlargement of X, and it

motivates the following definition:

Definition II1.6.8 (Ghost tree) Let 3 be a discontinuity of 7. The ghost tree GT () of [ is
defined inductively in the following way. Set 5 to be the root of the tree, i.e. the set of level
0 vertices of the tree. Assume that we have defined all of the vertices of level < n and all
of the edges between them. Then the level n 41 vertices of the tree correspond to the set of
all ghost preimages (if such exist) of the discontinuities corresponding to level n vertices

of the tree. The new edges are those between discontinuities and their ghost preimages, i.e.
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a new direct edge 3, — .« is added if and only if j, is a level n + 1 vertex, (.. is a level

n vertex and 3, is a ghost preimage of f,..

Thus GT (5) is a directed tree, with well-defined levels, and edges exist only between
vertices of consecutive levels. If 5, — [, then we say that (.. is a parent of (3, and that
By 1s a child of (... The types of discontinuities alternate between consecutive levels and
the tree can have finitely or infinitely many levels. The following simple lemma gives a

criterion for when a ghost tree is infinite:

Lemma II1.6.9 (Infinite ghost trees) The ghost tree G7 () of some discontinuity (3 is

infinite if 5 appears as a vertex in G7 () at some level n > 0.
Note that this is exactly the case in Example I11.6.6.

Proof. If B appears again as a vertex on some level n > 0, then all of the levels that
appeared before the second appearance of  have to repeat. There is at least one level
between these appearances, as the discontinuity type has to change from level to level.

Thus the tree must be infinite. O]

We are now ready to state the two dynamical properties that characterize stability. All
of our statements work for all components J of X, except in the special case when no point
in the interior of J lands on a discontinuity and the return map R to this component is the
identity. We will call such components of X dynamically trivial, and components not of

this form dynamically non-trivial.

Definition II1.6.10 (Absence of Critical Connections (ACC)) We say that a finite type T'
satisfies the ACC condition if the following three conditions hold:

1. (A1) For every component J of X and each point a € .J, we have that the orbit of a

up to and including the return time to J contains at most one critical point of 7';

2. (A2) For every dynamically non-trivial component .J of X, we have that none of the
boundary points of .J land on discontinuities up to and not including the return time
to J;

3. (A3) For every discontinuity 5 ¢ X, its ghost tree G7 () does not contain [3.
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The reason for the name is that if any of these properties is violated, then the defining
parameters (7 ) of T" satisfy a non-trivial linear equation which we call a critical connec-
tion. Note that these are particular critical connections that we want to avoid and that we
do not need to avoid all of them. An easy consequence of Al and A2 is that there are no
discontinuities in the boundary of X. Indeed, the preimage in X such a discontinuity is
either a discontinuity, which violates Al, or a boundary point of a dynamically non-trivial
interval of X, which violates A2.

Note that if A1 and A2 hold, then every vertex of the ghost tree G7 () fora g ¢ X
corresponds to a discontinuity that is not contained in X. Indeed, by the above, we have
that there are no discontinuities in the boundary. Thus if (3, is a ghost preimage of f3;,
and 3, is contained in X, this means that 3, is also contained in X. Thus every ghost

preimage of a 5 ¢ X must also not be in X. Thus the claim follows by induction.

Definition II1.6.11 (Matching) We say that a finite type 7" satisfies the Matching condition
if for every dynamically non-trivial interval J of X, we have that exactly one point a € .J

lands on a critical point before returning to .J, and this point « is in the interior of J.

The reason we call this property Matching is that if a is the single point from above,

then we must have that:
1. J= [RJ(CL+)7RJ(CL_>>;
2. Ri(a™) ~ R5(a™),

and thus the second iterates under R; of a™ and ¢~ must ‘match’. An analogous prop-
erty also called Matching has been discussed in slightly different contexts (see [ 1,
[ LI ]). Interestingly, the authors of [ ] were unaware of this at the time
of defining Matching in the context of that paper.

In the case when no point in the interior of .J lands on a discontinuity, we know that .J is
a maximal periodic interval and thus both boundary points of J land on discontinuities. If
A1l and A2 hold for 7, then the boundary points of such intervals only land on discontinu-
ities and are not actually themselves discontinuities of 7', since there are no discontinuities
in the boundary of X, by the discussion below Definition II1.6.10.

With the definitions out of the way, we can now recall the statement of Theorem B:
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Theorem I11.6.12 (Characterization of Stability) A finite-type interval translation map T’
is stable if and only if it satisfies the ACC and Matching properties.

The proof of Theorem I11.6.12 is spread over the next three subsections. The outline
of the proof is as follows. For the ‘only if” direction, we will show that a stable map T’
that already satisfies Al and A2 must also satisfy Matching. We will then show that any
nearby map must also satisfy Al and A2, which shows that any stable map must satisfy
Al and A2. If a stable map does not satisfy A3, we will be able to produce an explicit
perturbation of the map that increases the non-wandering set by a definite size, which gives
a contradiction. Putting all of this together shows that stability implies ACC and Matching.
For the other direction, we will show that the ACC and Matching properties are very rigid,
and that therefore any map close to such a map must also satisfy these properties, giving

stability.

I11.6.2 Stability, A1 and A2 imply Matching

Recall that k4(z) is the number of entries of the orbit of x to the interval I, up to, but not
including, time k:
ko(z) = #{T(x) € I, for 0 < j < n}.

With this definition, we have the following explicit formula for any iterate of x:

TH(x) == + Z ks(x)ys.

We now recall the notation for the dynamics of a return map R to J, from the beginning of
Section 4. The notation is slightly changed, so that it better fits the notation of this section.
Let J = [z,y) be a dynamically non-trivial interval of X and let ay,as,...ay_1 be the
points in J which land on discontinuities before returning to J and let Iy, l5, ..., [y be the
corresponding landing times on critical points. More precisely, let [; > 0 be the smallest /;
such that 7% (a;) = B;; € C. By the Al assumption, /; is unique. Let J; = [z,a;), Jo =
laf,a3), ...,y = [ak_,,y), and let ki, ko, ..., ky be the return times of these intervals,
i.e. Ry(J;) = T"(J;). Note that we must have [; < k; and I; < k;, 1. We will also use the
labels ag = z and ay_; = y, but these points do not land on discontinuities by A2.
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Let us note that we consider all a’s in J which land on critical points. For simplicity,
we choose to use the term ‘discontinuity of [2;’ as a shorthand for ‘the points in JJ which
land on discontinuities of 1" before returning to J’, even though the return map might not
actually be discontinuous at these points. Likewise, we will refer to the intervals Jy, ..., Jy

as the ‘continuity intervals of R;’.

It is convenient to associate to each .J a permutation ¢; which corresponds to the order
on J in which the subintervals return to JJ. Thus if d = 2 and the order in which the
intervals return is: R;(J3) R;(J2) Rs(J1), then o; = (321).

Let 75 = (i1, 12,...,1y) be the inverse of o, so that the order of the images under the
return map is R;(J;,) Ry(Ji,) ... Ry(J;y). Then the following equations must be satisfied:

Ry(az,) ~ Ry(af,_y)

Ry(a;, ) ~ Rylai, ).
These equations are central to the stability of the interval J, i.e. to the property that J
always has a continuation J for any sufficiently small perturbation. To show this, we need
to analyse what happens when we perturb a map 7’ that is stable and satisfies Al and A2.
By T we will denote a perturbation of 7. As before, by Z we will denote the continuation

of any object of interest Z, e.g. B+, X , T and similar.

The main thing that properties A1 and A2 allow is control over finite time itineraries
for any sufficiently small perturbation. To make this precise, consider any point x € [ that
does not land on a critical point before time n. Let s(z,4), for 0 < ¢ < n, be index such
that the iterate 7"(z) is contained in Iy, ;. Associated to each iterate 7%(z) we therefore

have the following two vectors:
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Ui,* = Z Zs(flj) €, _fs(,z’,i)

1<s<r

Thus we have the following formula for the distance between an iterate of = and the

critical points in [, ;):

T'(x) = Bfpin1 =+ ("1, (7 8));
Brwiy — T'(@) = =(v"", (v B)) — =.

By the assumption on time n, all of the quantities above are positive for 0 < 7 < n.
Thus they remain positive for all sufficiently small perturbation 7" of T', because they clearly
depend continuously on (y 3). This means that the itinerary of x up to time n remains the
same for all sufficiently small perturbations. Note that this in fact also holds for a small
interval of definite size around this point. This follows immediately from the fact that if
some orbit up to time n of some point x does not land on a discontinuity, then the same

holds true for an interval of definite size (depending on n) around z.

We would like to have the same conclusions for itineraries of critical points. For this
we have to slightly change the argument because the points themselves change under per-
turbation. Assume that some discontinuity 3 does not land on a discontinuity before time
n. Then analogously as above we define s(3,1), for 0 < ¢ < n, to be index such that the

iterate 7(3) is contained in (5. Again, we have the following vectors:

Ui7+(6> = 7’8(/8) €s, find(B) - fs(z,i)fl ;

1

IA
IA

EANA

Ui’_(ﬂ) = Zs(ﬂ) €s, find(ﬁ) - fs(wﬂ') )

1

IA
IA

EANA

and the following formula for the distance from the critical points in I ;):
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T'(8) = Blpiyr = W (v B))s
Brwny — T'(B) = =", (v 8)).

Thus by the same argument as before, we have that the itinerary of 5 up to time n does
not change for all sufficiently small perturbations.

We can analogously do this for the backward itinerary of any point x or discontinuity
B, so we get that they also persist under sufficiently small perturbations. Moreover, we
can use ACC2 in the same way to prove that the itinerary of every boundary point of X
also remains the same after a sufficiently small perturbation and that this also holds on a
neighbourhood of definite size around these points.

We will now put together these observations to prove that the structure of the entire
return map Ry to any interval J of X remains stable for a sufficiently small perturbation.
More precisely, we will prove that the number of points that land on discontinuities remains
the same, that the images of Ji, ...,y under R; remain in the same order and that their
return times remain the same. We first give a lemma that eliminates some annoying cases

in the proof of Proposition I11.6.14.

Lemma II1.6.13 Let 7' be a stable map that also satisfies property A2. Then we must have
that have that R;(.J;) # J1 and R,(Jy) # Jy, for any dynamically non-trivial interval .J
of X. In other words, the return map cannot fix the boundary sub-intervals.

Proof. We give the proof for .J;, with the one for ./ being analogous. Assume the opposite,
that R;(J;) = J;. Then we have that R;(z) = z, i.e. x is periodic. Since x = T™(5%),
where § € X is a discontinuity of the starting map 7', and 7’| x is a bijection, by pulling
back with (T|x) ™!, we see that  must land on 37 before it returns to .J. This is a contra-
diction with A2. [l

Proposition II1.6.14 (Stability of the return map) Let 7" be a stable map that also satisfies
properties Al and A2. Let Thbea sufficiently small perturbation of 7. Let J = [z,y),
where x = T™ (ﬁjT(l)_l) and =T"(53; ), be a dynamically non-trivial interval of X

and let .J be its continuation. Then the following properties hold:
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1' j = [Tml(B}:T(l)fl)7Tm2(B;T(N)))’

2. The only points in J that land on critical points before they return are a;,...,an_1,
where a; := TN_“(BJﬂ-) forl1<i< N —1;

3. Each &j, for0 <: < N —1,anda, , for 1 < N, has the same itinerary up to time k;

as before the perturbation;

4. The return time of each interval [a;, a; ) is ki1 (Where we use the convention that

A S,
ag =T and ag, , = ¥);

5. The order in J in which the intervals return is given by the same permutation 7 =

(71,72 - - jas1) as for J.

Proof. We know that the itinerary of @ contained in the interior of J remains unchanged
until time k;, when it lands back into J. This comes from the stability of the backward
itinerary of 3;; until time /; and the stability of the forward orbit of 3;; up to time k;. That
the same holds for aj and @y follows from the stability of the forward orbit of the boundary
points of X. Thus the third property follows.

For the second property, assume the contrary: there exists some other point 2z € J that
lands on a discontinuity before returning to J. Let .J; = [a] ,,d;) be the interval that
contains z. In the case when both @, | and a; return to J at time k;, we know that z must
land on a discontinuity before time k;. This is clearly impossible, as the itineraries of a; ,
and a;” must therefore be different, which contradicts the third property. Thus we know that
i =7(1) ori = 7(N). We may assume the former, with the proof in the other case being
analogous. This means that ;" ; and z land outside of J at time k;. The entire orbit of .J
must be contained in X, so in particular the interval [T"%: (a;" ,), @] must also be contained
in X. This contradicts the maximality of .J, so the second property follows.

In fact, the proof of the second property also implies the fourth. Indeed, if we assume
that some interval [a; |, ;") does not return to J at time k;, we get a contradiction with the
maximality of .J. The fifth property follows from this as well.

The first property follows from Lemma I11.6.13: Gj must be the image under Ry of
some a@; with ¢ > 0. This must be the same 7 as for 7. The proof for ay is analogous, so

the first property follows.
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]

Let us state as a corollary the fact that this lemma immediately implies that the equa-

tions for the return map still hold after perturbation:

Corollary II1.6.15 Let 7" and J be as in Proposition I11.6.14. Then for a sufficiently small
perturbation of 7', all of the following equations still hold:

With this proposition, we are ready to prove that any dynamically non-trivial interval J

of X contains exactly one discontinuity.

Proposition II1.6.16 Let 7" be a stable map that satisfies the ACC condition and let J be a
dynamically non-trivial interval of X. Then the return map R; to J contains exactly one

discontinuity.

Proof. Assume first that the return map has 3 of more discontinuities. Then there exists an
equation:

D (7~ D (At

RJ(aij) ~ RJ(aij+171)

such that neither a;, nor d;;+1_1 are boundary points of J. Thus we have that :

EL; + Z(kly)s(a;)ﬁ/s = a;;_H—I + Z(kij+1)5<ag+1—1)ﬁ/s
s=1 s=1

for any sufficiently small perturbation d. Let us first assume that the discontinuities a; and

~ 4
Ay~

Now, let the perturbation T be such that we only change (3 J,i; 1O B T = ﬁij + €, where

, are different, i.e. that4; # i;.; — 1.

e 1s sufficiently small so that Proposition II1.6.14 applies. By Corollary I11.6.15, we have
that:
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d; + Z(klj)s(a; Vs = 7'J+1 1 + Z Z]-‘rl ZJ+1 1)7

s=1

— €=10,

as the only value that changes is a; , since a, = T (lej) by definition. This is clearly
a contradiction, so we may assume i; = i;41 — 1. Then if we make a perturbation that only

changes some ; to J; := y; + €, we get:

€ (=i )ilay) + (ki, = 1,)u(B7,,)) =
€ (=(ipmm)ilai 1) + (ki = L (B, 1))

by Corollary III.6.15. Since the above holds for all € and ¢, we get:

(kij - lij)t<ﬁ;,ij) = (kij+1 - lij+1)t(ﬁ}:7;j+1fl)7

since (1;)¢(a;;) = (1 +1_1)t(a;;+171), as these points have the same itinerary up to time
landing time lij = lij -1to0f3 7,i;- Since this holds for all ¢, we must in fact have that the

return vectors v;; and v;, 11, defined as:

Vi; = Z (kij)s(a;;—l)esa 0

1<s<r

Vi1 = Z (ki; + l)s(a;;) es, 0

1<s<r

of J;; and J;, are equal. This is a contradiction with Corollary IIL.5.8. Indeed, we have
that v;; is equal to the sum of all vectors in Corollary I11.5.8 related to the orbit up to return

time of a _, and that v;, 1 is equal to the sum of all vector related to the orbit of a . Thus
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if they are equal, we get a non-trivial dependence between the vectors in Corollary 111.5.8
by putting the coefficient 1 in front of vector in Corollary II1.5.8 related to the orbit up to

+

return time of aj_1s

coefficient —1 in front of every vector related to the orbit of a;; and 0
in front of every other vector. This is a contradiction, so this case is impossible.
Assume now that ./ contains exactly two discontinuities. By Lemma I11.6.13, we know

that we must have o; = (321). The above equations now reduce to:

af + > (k2)o(af)ve =y + > (ks)a(y)7s
ay + Y (ka)slag)ys =z + > (k1)s(@)7s,

where © = T*~"(57,) and y = T" 7" (7). Thus by doing the same perturbations as

above, we get that:

—(l)i(ay) + (k2 = 1)e(B7,) = (ks + k1 — 1)(B,)
—(l2)i(ag ) + (k2 = 12)1(B7y) = (k1 + k3 — 12):(87,),

forall 1 <t < r. If we define the vectors vy, vo and v3 as above, this implies v; + v3 = vs.

In the same way as above, this contradicts Corollary II1.5.8, as we again get a non-trivial
linear dependence between vectors from this corollary.

Thus we get that it is impossible for .J to contain more than one discontinuity. As it is

by assumption dynamically non-trivial, it must therefore contain exactly one discontinuity.

[

Proposition II1.6.16 tells us that every dynamically non-trivial interval J must contain
exactly one point that lands on a discontinuity before returning ./, which implies Matching.

Thus we have the following result:

Theorem II1.6.17 (Stability + A1 + A2 — Matching) A stable map that satisfies prop-
erties Al and A2 must also satisfy the Matching property. [
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II1.6.3 Stability implies ACC

Because of Theorem II1.6.17, we now only need to prove that stability implies ACC to
complete the first implication of Theorem II1.6.12. Our proof will be indirect: we will first
perturb the map so that it satisfies ACC, and therefore Matching, and use this to conclude
the same thing about the starting map.

We now recall the definition of rational independence:

Definition IT1.6.18 (Rational independence) Let {s1, s, . .., s, } be a finite set of real num-

bers. These numbers are said to be rationally independent if the following holds:
Zqisi:O, withg; € Q | = (¢ =0Vi).

This condition on the set {31, ..., 3., 7, - - -, 7} is stronger than ACC. Indeed, if ACC
does not hold, i.e. if one of Al, A2 or A3 is violated, then we have an equation of the

following form:

B + Zns’Ys = 5*7
s=1

which implies that the the numbers {51, ..., 5,71, ..., 7} are rationally dependent.
Rational independence, and therefore ACC, can be achieved by an arbitrarily small

perturbation. This follows from the next lemma applied to the set {51, ..., 5, Y1, -, Vr}-

Lemma IIL.6.19 Let {sq,ss,...,s,} be a finite set of real numbers. Then we can make
an arbitrarily small perturbation to each of the numbers so that they become rationally

independent.

Proof. The proof is by induction. Assume that the numbers sy, ..., s, are rationally in-
dependent. We need to show that we can add s;,; do this set by an arbitrarily small
perturbation. Indeed, the set of all numbers which are rationally dependent with s, ... s
is equal to the set of all linear combinations with rational coefficients of these numbers.
This set is only countably infinite, so there is a real number arbitrarily close to s;; which

is rationally independent from sy, . .., Sk. [
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Before going into the proof of Theorem I11.6.22, we give two lemmas about the maps
that satisfy properties A1, A2 and Matching.

Lemma II1.6.20 Let 7" be a finite type map that satisfies properties A1, A2 and Match-
ing. Then the orbit of any point z € X enters at most one interval of X that contains a

discontinuity of 7'.

Proof. Assume the contrary, that for some point z we have that T*1(2) € J; = [z1,y1) > 3
and T’”(z) € Jy = [x9,y2) D Ps, With ky < ko. Without loss of generality, we may assume
that 7% (z) lands into .J, before returning to .J;. Indeed, we can choose k; to be the last
time z is in J; before landing to .J,. Moreover, we may assume that 7%2(z) lands to .J;
before returning to J,, by choosing k, as the last time 7% (z) is in .J, before returning to
J1. We may assume T%1(z) € [, y;), with the other case being analogous. By Matching,
no point except 57 in the interior of this interval lands on a discontinuity before returning
to Ji, B does not land because of Al and y does not land because of A2. Thus it must
at time ky — ky, when it is contained in .J5, be compactly contained in one of the intervals
(2, B7), [BF, y2), which we call J'. As J; is dynamically non-trivial, by Matching and
ACCI no point in J’ can land on discontinuity before returning to J5. By our choice of ks,
the interval T%2~%1([3% y;)) must land to J; before it returns to J,. At this time 37 must
land on z. But the points from J’ to the left of T%2=%1(3%) must land outside of J. Since

they must be contained in X, this contradicts the maximality of .J. O]

Lemma II1.6.21 Assume that a finite type map 7" satisfies properties A1, A2 and Matching.
Then every trivial interval J = [z,y) of X has the property that x lands only on the
discontinuity 51 and y lands only on the discontinuity 5, for some 5 € X.

Proof. Assume first that z lands on 3] at the same time y lands on .. This means that
B and [, are contained in the same interval of X. Since by Al and A2 there are no
discontinuities in the boundary of X, we know that the return map to this interval of X has
at least two discontinuities of its return map. This is a contradiction with Matching, so this
case is impossible.

Let 7" (z) = B and T™(y) = f3.,, and assume without loss of generality that k; < k.
By Al and A2, the interval .J; of X containing 7" (J) must be dynamically non-trivial,
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which means by Matching that no point in J;, except (., lands on a discontinuity before
returning to J;. But 5 and S, also do not land on any other discontinuities because of

Al. As we know that y must land on a discontinuity, this forces 5, = 3, . [

*

We are now ready to prove the following theorem, which alongside Theorem III.6.17

proves the first implication of Theorem I11.6.12:
Theorem II1.6.22 A stable map 7 satisfies the ACC condition.

Proof. Let us first derive some simpler properties of 7. Let T be a sufficiently small
perturbation of 7" which satisfies properties Al and A2, and for which Lemma II1.6.4. Then
T also satisfies the Matching condition, by Theorem III.6.17. This means that there are no
discontinuities in the boundary of X, so the same must be true for X, by Lemma I11.6.4.
Moreover, each dynamically non-trivial interval .J of X contains at most one discontinuity
in its interior. By Lemma II1.6.4, the same must be true for each corresponding interval .J
of X. For a trivial interval J, Lemma III1.6.21 shows that the boundary points of J land
only on the + and — of a single discontinuity 5 € X.

Assume that 7" does not satisfy Al: some interval J = [z, y) contains a point a which
lands on a discontinuity more than once before returning to J. By the last part of the para-
graph above, we know that .J is dynamically non-trivial. By the first part, we know that a is
in the interior of .J and that a* and a™~ are the only points in J that land on a discontinuity.
We may without loss of generality assume that a™ lands on two discontinuities, with the
other case being analogous. Thus there are times k; < ky such that 7% (a™) = BF € J;
and T*2(a™) = B, € Jo. Let z be a point in the interval [a™,y) which does not land on
a critical point before return time and assume that the above perturbation is small enough
so that z is still contained in .J return time and has the same itinerary up to return time to
J. By Lemma II1.6.20, this means that the T-orbit of z up to return time to J lands into at
most one interval of X that contains a discontinuity. Thus we have the same conclusion for
the T-orbit of z up to return time, as the 7" and T orbits of z pass through corresponding
intervals of X and X, respectively. Moreover, this has to also hold for every point in the
continuity interval [a,y) of R; containing z. Thus a™ does not land in both .J; and .J,,

which is a contradiction. Thus 7" must satisfy Al.
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Next, assume that 7' violates A2: there is a point = in the boundary of a dynamically
non-trivial interval J = [z, y) of X that lands on a discontinuity before return time (the
case for y is analogous). Let z be a point in the interior of J, to the left of a, the only
discontinuity of R;. In particular, the orbit of z up to return time does not land on any
critical point. We may thus assume that the perturbation is small enough so that z has the
same itinerary up to return time with respect to the intervals of X and Lemma I11.6.20 holds
for ~ and 7. Thus the T-orbit of z has the same properties: it enters at most one interval
of X that contains a discontinuity of 7'. Therefore this has to hold until return time for the
continuity interval [z, a) of R that contains z. Thus it is impossible that both = and a land

on a discontinuity, which is a contradiction. Thus 7" must satisfy A2 as well.

Finally, assume that 7" violates A3. We will show that we can perturb 7" in such a way
that the X increases by definite size, contradicting the stability of 7. Indeed, if A3 does not
hold, then there is some [ that appears in its ghost tree G7 (). Without loss of generality,
we may assume that it is of 4+-type and equal to B;lr . Thus we have a finite path in the ghost
tree: B < B, < B < -+~ < B, = ;. By Al and A2, none of the discontinuities

in this path are contained in X. For even j with 2 < 5 < 2F, let k; be the time at which

A lands at 3 | and let v; be the landing vector:

Uj = Z (kj)s(6> €s, fmd(ﬁjj’) - find(ﬁ;;,l)

1<s<r

Define k; and v; analogously for odd 7 with 3 < j < 2k + 1. If the orbit of 5;; lands on
n; > 0 other discontinuities before time k;, we split v; into n; + 1 vectors that correspond
to consecutive landings in this orbit. By Corollary I11.5.8, all of these vectors are linearly
independent, as they correspond to discontinuities in C_x. Thus for sufficiently small e,
there exist a sufficiently small perturbation § (in the sense that 7T is still in I/) so that we

have:

(vj,0) = —eforodd i ;

(vj, ) = +eforeveni,
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and so that 6:; lands on the same discontinuities before time k; as before, for all 1 <
j<2k+1.

This makes 6;1“ periodic with period szﬂ k;

7=1 J
interval contained in X. As B;; was a definite distance away from X, since there are no

, and is therefore contained in a periodic

discontinuities in the boundary of X, this means that for a sufficiently small perturbation
the set X contains more discontinuities than X . This contradicts the stability of 7', so A3
follows. ]

II1.6.4 ACC + Matching implies Stability

We are now going to prove the other direction in Theorem II1.6.12, which finishes the proof.

Theorem I11.6.23 Let 7" be a finite type map that satisfies the ACC and Matching proper-
ties. Then 7' is a stable map.

Proof. We will show that there for a sufficiently small perturbation of 7', X is close to and
homeomorphic to X, and contains the same discontinuities as X. By definition, this shows
that 7' is stable.

By Al and A2 we know that that there are no discontinuities in the boundary of X.
Moreover, for any 7' that satisfies A1, A2 and Matching, every dynamically non-trivial
interval J has the property that only a single point a in the interior of J lands on a discon-
tinuity and that the return map to J is a rotation. This gives X = | | O(Jp), where Jp is
the dynamically non-trivial interval of X containing . These orbits are disjoint and there
is a definite distance between them because of Lemma I11.6.20.

We have that every dynamically non-trivial interval .J is of the form [T%2(a™), T* (a™)),
where Ry = T* on J; = [x,a”) and Ry = T*? on J, = [a*,y). Moreover, for every such

interval J of X, we have that there is an interval J’ = [z, y/) containing J such that:

* No pointin [/, §7) lands on discontinuity up to time &; and no pointin [37, ¢') lands

on a discontinuity up to time k.

* The intervals [z, z) and [y, 3/) have definite size.
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Indeed, this follows from A2. We may assume that .J’ is sufficiently small so that for a
sufficiently small perturbation of 7', the itineraries of points in [#’,a~) up to time k; and
[a™,y) remain the same as for 7. Moreover, we may assume that the perturbation is small
enough so that the itineraries of a* and a~ up to time k; + k, remain the same as for 7T'.
Thus the interval [7%2(a*), 7% (@~)) has a well-defined return map on it that is a rotation,
so it is in particular contained in X. We will show that it must be an interval of X. For a
sufficiently small perturbation, it is compactly contained in .J’. This means that the points
in [/, 7% (a")) land into [T%2(a™), 7% (a~)) at time k; and points in [7%(a~),%’) land
into [T*2(at), T% (a~)) after time k,, which means that they are not contained in X. Thus
[T*2(a*), T% (a~)) is an interval of X, so it is in fact equal to .J.

For every trivial interval J of X, we know that there is a single dynamically non-trivial
interval J of X that contains a discontinuity 3 of 7" into which J lands, by Lemma II1.6.20
and Lemma II1.6.21. Thus it must be contained in the orbit of J3. Let J; and J, be the two
continuity intervals of Jg. As J is trivial, it must in fact be equal to an iterate of either J; or
Jo. We may assume the former, with the other case being analogous. Assume J = T (.J}).
By the discussion for dynamically non-trivial intervals, this iterate moves continuously for
sufficiently small perturbations. Thus 7% (jl) is an interval contained in X. We now show
that it must be maximal. Indeed, there is again an interval J' O J that is of a definite size
larger than J that has the same itinerary as .J up to the time J lands into J3. We may assume
J' is sufficiently small so that it lands into the interior of Jj; and that this continues to hold
for all sufficiently small perturbations. As above, this means that the points in J’ \ T (jl)
are not contained in X, which show that 71 (.J,) is an interval of X.

Thus we know that every interval J of X has a well-defined continuation J for all
sufficiently small perturbations. We will show that X must in equal | | Bex O(J5), which
completes the proof. Let X’ be the union of all intervals J'.

Let us first show that this is the case if the itineraries of critical points outside of X do
not change up to their landing time into the interior J'. Indeed, since for any sufficiently
small perturbation the points in J'\ J eventually land into J, and thus into X, if none of the
itineraries change, then all of the critical points outside of X still land into the interior of
X'. Moreover, if these itineraries do not change, then they also do not change for intervals

of definite size containing these discontinuities. We may assume these intervals are small
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enough so that they also land into the interior of X' after a sufficiently small perturbation.
Thus all of these intervals are not contained in X , so all of the discontinuities that were
not in X remain outside of X. By the Orbit Classification Lemma I11.3.3, we know that
every pointin z € I\ X" that is not eventually periodic must either land on a discontinuity
or accumulate on a discontinuity. If it lands on a discontinuity, it is clearly not in X. It
either accumulates onto a discontinuity inside of X', or onto a discontinuity outside of X",
and in this case, it must eventually land into the interval of definite size that lands into the
interior of X’. Thus in both cases, it eventually lands into | | Bex O(jﬁ), which means that
itisnotin X. If z € I\ X’ is eventually periodic, it must land into a periodic interval of T'.
The boundary points of such an interval must be the landings of discontinuities contained
in X, so z must also land into | | sex O(Jg). Thus every point must eventually land into
Lgex O(Jp), which means X = | |5 O(Js). By the characterization of finite type maps
I1.2.3, we know that 7" is of finite type, so the claim follows.

Thus it must hold that for any sufficiently small perturbation, there is a critical point
outside of X for which the itinerary changes. By the paragraph above, we may assume that
the perturbation is small enough so that if the itinerary of a critical point does not change,
then there is an interval of definite size that contains it and lands into the interior of X’ at
the same time as before the perturbation. Moreover, we may assume that the perturbation
is small enough so that the itinerary of every discontinuity outside of X up to some finite
time in which it does not land on another discontinuity remains the same as before the
perturbation. Thus if some 5 ¢ X does not land on a discontinuity before the time it lands
into the interior of X', we may assume it still does so.

Now, let T be a sufficiently small perturbation as in the preceding paragraph. Let 5?;
(we may assume it is of +-type, with the other case being analogous) be a discontinuity
that:

* It changes itinerary before landing into the interior of X’;
* It does not eventually land into X’.

Such a discontinuity exists because if every discontinuity that changes itinerary still lands

into X', then there are again intervals of definite size containing such discontinuities that
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also land into X’, so in the same way as in the paragraph above we must have that every
point z € I\ X’ eventually lands into X', which gives X = | | sex O(Js).

We will show now that there is a finite path ; < B;, < -+ < B in the ghost tree of
31 such that 3, already appears earlier in the path. This means that 3, must be in its ghost
tree GT (5.), which contradicts A3.

Let n, be the first time at which the itinerary of B;; changes. Since the perturbation is
small enough, we know that ﬁfl must have landed on a discontinuity B;g at time n;, and
now it lands to the left of it. We now claim that there is a discontinuity 3;. such that 3;,

lands on 3;; at some time n, and such that Tratne ( B: ) lands to the right of B; .

Indeed, if 3;, does not change itinerary before landing into X', the same holds for a
definite size interval to the left of BZ_Q and thus for 7™ ( ,5’;; ), which is a contradiction with
our choice of ﬁ,;lr . Let my 1 be the first time at which ;) changes itinerary. In the same way
above, we know that we must have 77> (f3; ) = f3; , for some discontinuity 3, not con-
tained in X and that 3;, now lands to the right of /B;g 1 after perturbation. If T”1+m2’1( ~;; )
is to the left of 32_2 1> then we may repeat this argument for 3, |, and get that it must land at
some f3; , at time my 2, and it has to land to the right of B:g - after the perturbation. Contin-
uing by induction, we get that there is a minimal finite ¢, such that 771 721F+m2, ( )
lands to the right of 5;;,52 and that we have 5, — 5,5 — --- — [, ,,. There has
to exist such a finite ¢, because there are finitely many discontinuities, so each iterate
T2 ( Nf”) moves to the right by at least ¢ > 0. Thus at each step ¢ of the induction
B, — Tmtmaat+mai(3H) has to be smaller than 3, ;| — T™Fma1t=+mai-1(BF) by at

ia,i
= + .+
least e. We can therefore set ny := mg; + - - - + mayy, and i = Dty

This argument can now be repeated for ﬁ;g , so by induction we get an infinite path
<« B, « [ < ... in the ghost tree of 3;". Since there are only finitely many

i1 i3

discontinuities, one of them has to repeat, so we get the required finite sequence.
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II1.7 Eventually periodic maps can be approximated by

stable maps

III.7.1 Unstable number and correspondence

Recall the statement of Theorem C:

Theorem II1.7.1 Let 7" be an eventually periodic map. Then arbitrarily close to 7" in the

parameter space, there is a stable map 7.

The idea of the proof is to inductively remove the critical connections that prevent the
map 7" from being stable. Our main tools will be Theorem III.5.6 and Corollary I11.5.8. In
this subsection, we formalise this idea and prove a few preliminary lemmas, before going
into the proof of Theorem II1.7.1 in the next subsection. We first introduce a few concepts

related to the dynamics of the discontinuities of an eventually periodic map 7'.

Definition IIL.7.2 (Cycle of discontinuities) Let 3 be a discontinuity of an eventually peri-
odic map 7" contained in X . Then the cycle of (3 is defined as:

i.e. the set of all discontinuities in the orbit of 3.

We say that a cycle is non-trivial if C'(3) # {£}. In this case [ lands on at least one
other discontinuity of 7.

Assuming 7' is eventually periodic, we know that for all j3,, 8., € X we have that
B« € C(P.) if and only if 5., € C(B,). Thus the set of all discontinuities contained in X
is partitioned into cycles, which we consider as equivalence classes of the relation 3, ~ f,.
if and only if 5, € O(f.«). Let Z be the set of all equivalence classes, i.e. the set of all
cycles.

A stable eventually periodic map has the property that the size of each cycle is exactly
one. Additionally, it has no discontinuities in the boundary of X. With this in mind, we

define a number which tells us how far an eventually periodic map is from having this

property:
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Definition II1.7.3 (Unstable number of 7") Let 7" be an eventually periodic map. Then the
unstable number of T, denote by U (7T")m is defined as:

UT) = | > (C|-1) | +loxnc|

Cez

For a periodic discontinuity 3, we will denote by P(J) the maximal periodic interval
containing /3, in the sense of Definition III.5.5. For brevity, we will usually omit stating

maximality when discussing periodic intervals, but it is always assumed.

Definition II1.7.4 (Correspondence) Let 7" be an eventually periodic map. We say that
T has the correspondence property if for each discontinuity 37 € X, we have that 3~
eventually lands into the maximal periodic interval P(S") and if analogously for every
discontinuity 5, € X, 5 eventually lands into P(/3] ).

Since the orbits of 5~ and 31 both end up in the same periodic cycle of intervals, these
points have ‘corresponding dynamics’. This is a fairly strong property. One of the things it

implies is the following restriction on the structure of every interval J of X:

Lemma II1.7.5 Let 7" be an eventually periodic map that has the correspondence property.
Then for every interval J of X, there exists a discontinuity 5 € X such that J is contained

in the union of iterates of P(5%).

Note that since 7' is eventually periodic, each interval of X already has the property of
being ‘tiled’ by periodic intervals. If we additionally assume correspondence, the lemma
above says that there exists a 7 € X such that all of these periodic intervals are iterates
of P(BT).

Proof. Assume the contrary, that there is an interval J of X containing iterates of two
periodic intervals with disjoint orbits. Let P and P, be two touching periodic intervals in
J with this property. By maximality, the point at which they touch must eventually land on
a discontinuity S. Thus 5~ and S belong to periodic intervals with disjoint orbits, which

contradicts the correspondence property. [
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A map that has unstable number zero and satisfies the correspondence property is al-

most stable:

Lemma II1.7.6 Let 7" be an eventually periodic map. Assume that U(7") = 0 and that
T satisfies the correspondence property. Then 7' also satisfies the A1, A2 and Matching

properties.

Proof. Since U(T') = 0, no point in X can land on two discontinuities, so A1 follows.

By the Lemma III.7.5, we know that any interval J of X is tiled by intervals that are
all iterates of a single maximal periodic interval P(5%). Since U(T) = 0, 5 does not
land on any other discontinuity. Since P(S") is a maximal periodic interval, there exists
a discontinuity 5. € X such that the right boundary point of P(S") lands on 3, at some
time k. Additionally, we have that P(58,) = T*(P(3")).

Assume that the left boundary point of a dynamically non-trivial interval J lands on
a discontinuity before returning to .J. The case for the right boundary point is analogous.
We know that this discontinuity must be 7. Since the interval is dynamically non-trivial,
a point in the interior of J must also land on a discontinuity of 7" before returning to J.
This discontinuity has to be either 3 or (.. In the first case, we get a contradiction with the
fact that orbits of the components of a return map must be disjoint up to return time. In the
second case, we get that 5 lands on (3,7, which is a contradiction with U(T") = 0. Thus
both cases are impossible, so A2 follows.

If a dynamically non-trivial interval J does not satisfy the Matching property, then there
are two points in the interior of J that land on discontinuity before returning to .J. These
discontinuities can again be only 3 or ,, and we get a contradiction in the same way as for
A2. Thus Matching follows as well. 0

Our goal now is to produce a finite sequence of sufficiently small perturbations each of
which decreases the unstable number of 7', and also makes 7' satisfy the correspondence
property. By induction, this will result in a map that has unstable number zero and satisfies
the correspondence property. We then do a final perturbation to get a map that also satisfies
A3, which by Lemma III.7.6 means it satisfies ACC and Matching.

The main idea of the proof is to remove the discontinuities that contribute to the un-

stable number of 7', i.e. are in a cycle inside of X or in the boundary of X, or violate the
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correspondence property, while preserving the dynamical properties of points not in the
orbit of these discontinuities.
This result allows us to show that an arbitrarily small perturbation of 7" satisfies the

correspondence property and does not increase the unstable number:

Lemma IIL.7.7 (Perturbation to correspondence) Let 7' be an eventually periodic map.
There exists an arbitrarily small perturbation T of T that satisfies the correspondence prop-
erty and U(T) < U(T).

Similar to the statements of Theorem II1.5.6 and Corollary II1.5.8, for brevity, we will

omit stating the ranges of all indices explicitly.

Proof. Assume that T" does not satisfy the correspondence property at some discontinuity
3. Without loss of generality, assume that 57 € X, with the other case being analogous.
Let n = |Z| be the number of critical cycles in X. Let J = J; be the periodic interval
P(3%). For each of the remaining n — 1 cycles, let 5’ be any discontinuity from this cycle
and let JP(f’) be the corresponding maximal periodic interval. We label these intervals
as Jo,...,J,, in any order. By construction, these are maximal intervals with disjoint
orbits, so they satisfy the assumption of Corollary II1.5.8 (note that we may clearly omit
the interval .J, from the statement of Corollary III.5.8 and still get the same conclusion for
the vectors related to Jy, ..., J,). By linear independence, there exists a arbitrarily small

perturbation ¢ of parameters (y ) such that:

C"(0,k),6) = (CV(1,k),0) = 0 fori > 1,
) =0for 5 € C_x,
F(0,k),6) =0 for k < my™,
CY(1,k),6) =0 for k < my~,
(0

» My ) > )

where € > 0 is arbitrarily small. In the first line, we are using C*~ (1, my™) = >, % C**(0,k)—

T,—
my —1

vty CPT(1,k). If € is sufficiently small, the first two equations above imply that the

dynamics of any critical point whose orbit is disjoint from the orbit of ./; remain unchanged.
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Indeed, the first equation gives that every such point in X is still periodic and that its peri-
odic interval moves continuously with . The second shows that any such point in C; still
lands on a periodic discontinuity. Finally, we may assume that ¢ is small enough so that
every such point in C, still lands into the interior of a periodic interval, as these intervals
move continuously with ¢. In particular, for any such point, it is in X after perturbation if
and only if it was in X before the perturbation.

Note that the points in C; that are not contained in X still land on discontinuities in
O(J1) and that the points in C, still land into the interior of the orbit of J; for a sufficiently
small perturbation.

By the third and fourth equations, the dynamics of the interval J; also do not change
up until the time it returns to itself, when, by the fifth equation, the interval I.(8") =
(BT, 87 + €) now lands to the left of . By assumption, 5~ does not land into J;. Since
T is eventually periodic, 5~ must eventually into a periodic interval, whose orbit must be
disjoint from the orbit of .J;. By the above, the dynamics of this periodic interval and of 5~
remain unchanged after the perturbation. Thus, for € sufficiently small, the interval I.(57)
eventually lands into a periodic interval whose orbit does not intersect I.(57). Thus I.(87)
is not contained in X anymore. By our choice of 8, every point in .J; eventually lands into
I.(87), the entire orbit of J; is also not in X. Thus we have that the entire critical cycle
C(B%) is not in X anymore. Thus every discontinuity that was not contained in X and
landed into .J; is also not contained in X. As the dynamics of all other critical points do
not change, we have that U(T) < U(T'). We also know that 7" is eventually periodic, since
all critical points that land into the orbit of .J; eventually land into a periodic interval, while
all other critical points remain eventually periodic.

By induction, after a finite number of arbitrarily small perturbations, we have that T

satisfies the correspondence property and that U(T') < U(T). O

II1.7.2 Proof of Theorem II1.7.1

As mentioned before, our strategy is to remove from X the discontinuities that are con-
tained in non-trivial critical cycles. The perturbation we make depends on the location of

the critical value corresponding to the critical point we want to remove. More precisely,
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we want the critical value to not be the first or the last one in an interval J of X. If the
number of continuity of .J is at least 4 such a critical value can easily be found. The cases
with less continuity intervals need to be treated separately. In all cases, the perturbation we
choose is simple and explicit, but a lot of things need to be checked to see that it works.
Similar to the statements of Theorem II1.5.6 and Corollary III.5.8, we will assume that the
boundary points of .Jy land on discontinuities of 7', and do the proof under this assumption.

The analysis in the other case is simpler.

Proof of Theorem 111.7.1. By Lemma II1.7.7, we may assume that 7" satisfies the corre-
spondence property. Assume first that there is a 3t € X that lands on at least one other
discontinuity, with the proof of 5~ being analogous. Let .J, be the interval of X containing
such a ST with the maximal number of branches, and let N, be the number of branches
of the return map to J,. If Ny > 2, we may assume that 57 is in the interior of .Jy. In-
deed, if it is in the boundary, we can replace 3T by the first critical point in the orbit of .J;
that is contained in the interior of an iterate of .Jy. Recall that o denotes the permutation
corresponding to the order in which the intervals of .J return to .J, and that 7 := o~ L.
Casel: Ny >3

Let v, be the second critical value of the return map R j, to J, with respect to the order

inside of J; and let Jg(z) and JS(S) be the two continuity intervals of the return map such
that the images of their boundary points touch at v,. Let ag, with 1 < p < Ny — 1, be the
first critical point of R j, in the orbit of vy, which exists because .J; is, by Lemma II1.7.5,
equal to the union of iterates of a single periodic interval. Let P > 0 be minimal time such
that RY (v2) = a)). Let a and b be the integers:

¢ = R, (1) € S0 <t < P
 bi=4H{RY (v2) € T30 <t < P}
Let €1, €2 > 0 be sufficiently small such that for b > 0 we have that:

a €9 a+1
b+1 €1 b '

or if b = 0, such that:

aep < €.
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In both cases, ¢; and ¢, satisfy:
—€y < —ae€y + bey < €.

Note that €; and €, can clearly be chosen arbitrarily small. Moreover, we may choose ¢;

and €5 to be of the form r1|P(87)|, ro| P(5)|, where r; and r are small rational numbers.

Let n be the number of critical cycles in X not contained in the orbit of .Jy. For each
such cycle, let 5’ be one of the discontinuities contained in it and let P(3’) be the corre-
sponding maximal periodic interval. We label these intervals as .J, ..., J,. The intervals
Jo, J1, ..., J, therefore satisfy the assumptions of Corollary III.5.8. Thus we may make a
perturbation ¢ of the parameters (v ) such that:

CiH(0, k), 8) = (C"(1,k),5) = 0 fori > 1,
Cs,0) =0for g € C_x,

= (C""(j, k),0) = (C"7(j, k),0) =0,
)7175> =~

ng)f1v5> = €2,

—~ —~ P R e
O
g
~

The analysis is now similar as in Lemma II1.7.7: the only dynamical change is that the
image of the interval JS(Z) at the time of returning to .Jy shifts to the left by ¢; (fourth
equation) and the image of J2(3) shifts to the right by e, (fifth equation). Indeed, the first
two equations guarantee that the dynamics of critical points with orbits disjoint from .Jy
have the same dynamics as before. The third equation says that for each 0 < 57 < N, the
same point a? in .Jy lands on the discontinuity Bo (7). Moreover, the T-orbit of a?’i up to
the time r?’i contains same set of discontinuities as before the perturbation. Finally, the

last three equations mean that each interval [a;)’*, CL?’H

the same time r;-r as before. Thus the return map R Jo to Jy is well-defined and has the same

), for 0 < j < Ny, returns to Jy at

intervals of continuity. The images under this return map of every interval except Jg(z)

and JS(g) are also the same. In particular, their itineraries remain the same for sufficiently
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.
| r:: v/|!>i e |

— — —

1 €1€2 €9

Figure II1.5: The result of applying ¢ to the particular .Jy for which the return map has 5
branches.

small e. The resulting perturbation for the return map with 5 branches and the associated

permutation o = (53214) is shown in Figure IIL.5.
Because R, is well-defined, we have that X N O(.Jy) = O(X N Jy) and X N J, =

N, R’}O(Jo). The interval [v; — €1, v5 + €;) is not in X, since it is not in the image
of Ry, and X N Jo = N2, RﬁO(JO). On the other hand, the intervals [v; — €, v1) and
[vg,v3 + €) now both have two R -preimages, and every other point in .Jy only has a
single R Jo-preimage. As a, is by assumption the first critical point in the orbit of vy, we
know that v, must land on it before it lands on v; or vs, as they are critical values. Thus for
sufficiently small ¢; and e, we know that [v; — €1, v1) and [vs, v3 + €5) are not contained in
the T-iterates up to and including time P of [vy — €1, vy + €3). Thus all of these iterates of
[ve — €1, V2 + €3) are also not contained in X.

The image Ri([vz — €1, V9 + €3)) is equal to the image R, ([vs — €1, v2 + €3)) shifted
by —ae; + besy, by the definition of a and b. Thus by our choice of ¢; and e;, we have that
ag is still contained in this image. Thus ag is also not contained in X . Consider the set of
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T iterates of the intervals J jQ up to the times when they return to .J,. By our choice of 9§, we

know all of these intervals are mutually disjoint, with the only possible exceptions being:

1. Iterates of J, (o) for the times after agg)fl lands on 8% (7(2)—1, mgg)fl) and iterates

of J, 1) for the times after a?’(z) lands on 5%~ (7(1), mg’(z));

2. Iterates of J,(3) after the time ag’(g) for the times after 3%~ (7(3), mg’(g)) and iterates

of J(4) for the times after a?’(ﬁ)q lands on 8% .(7(4) — 1, mg’(z)fl).
Since there are only two possible exceptions to R J, iterates up to return time of the J;’s
to not be disjoint, we know that we have that every point in the orbit of ag up to the
landing on 3y(p), as well as all of the discontinuities in the orbit up to return time of 37 (p)
and 35 (p) to Jy do not have any additional iterated T-preimages contained in .J;. Since
X NO(J)=O(X N.J), this means that all of these points are not contained in X

Assuming that 7" is eventually periodic, this shows that U(T) < U(T). The proof is
the same as in Lemma II1.7.7. The discontinuities in C; and C, that landed into J, still
do so for a sufficiently small 4, so they are still not contained in X , as we can choose &
small enough so that O(JO) remains a positive distance away from these discontinuities.
Moreover, every critical cycle not contained in the 7-orbit of J; remains unchanged, and
all of the discontinuities that land into intervals corresponding to these cycles are still not
in X. Thus the contribution of all of these critical points to U/ (T) remains the same. The
set of discontinuities contained in O(Jo) N X is smaller by at least one and they possibly
split into several cycles instead of forming a single one. Thus the contribution of these
discontinuities to U(T) is strictly smaller than before, so U(T) < U(T) follows.

Finally, we see that R Jo 1 conjugate, via the affine map that sends Jy to [0, 1), to an
ITM on Nj intervals for which all parameters are rational. Indeed, we know by Lemma
I11.7.5 that .Jy is equal to the union of iterates of P(57), so the length of every J]Q is an
integer multiple of | P(37)|, and by our choice of €1, €5, every translation factor associated
to every branch of Ry, is also a rational multiple of | P(5%)|. This means that every point
in J is eventually periodic. Moreover, every critical point that lands into O(.Jp) is also
eventually periodic. Since the dynamics of other critical points do not change, we see that
T remains eventually periodic.

Case2: Ny =3
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This case is different because we only have two critical values of R, and thus we are
unable to make the same perturbation as in Case 1 and still have that R 7o C Jo (with
R J, defined as in Case 1). The perturbation ¢ in this case depends on the permutation o
associated to Rj,. We give the proof for o = (321), with the proof in every other case
being analogous.

Without loss of generality, we may assume that the first critical value of 17, in the
backward R j,-orbit of [ is vy, with the other case being analogous. Let P be such that

RY (v1) = B. Thus we have that v; = Ry, (%) and vy = Ry,(a]™"). In this case, let:
e a:=#{R\(v) € J5;0 <t < P}
o b:=#{RY(v,) € J5;0 <t < P}.

Once again, let €1, €5 > 0 be sufficiently small and of the same form as before, so that for
b>0:

a <62<a—|—1
b+1 €1 b ’

orif b =0:

ae; < €.

In both cases, we again have that:
—€y < —ae€y + bey < €.

We can now choose the analogous intervals .J, ..., J, as in Case 1, and thus find a pertur-
bation ¢ such that:

C"(0,k),8) = (C"(1,k),8) = 0 fori > 1,
Cjs,0) =0for g € C_x,

L3, 6) = (C¥*(4,k),8) = (C”(4,k),8) = 0,
R87+7 5> = —€y1, <R(1)7+? 5> = €2, <jo+7 6> = O

Thus we once again have that R Jo(Jo) C Jo, and the rest of the analysis is the same as in

Case 1. The dynamics outside of the orbit of .J, do not change and R J, 1s conjugate to an
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ITM with rational parameters, so 7' is eventually periodic. To prove that U(T) < U(T),
it is enough to show that 5 ¢ X. The intervals [v1,v; + €;) and [a3~ — €1, ay ) are not
in the image R, (Jy) and therefore not in X. Since (Ry™",8) = 0, we thus have that the
only R, -preimage of [v; — €1,v;) is [ay~ — €1, ay ), and therefore [v; — €, 1) is also
not in X. Thus the image Ri([vl — €1,v1 + €3]) is also not in X. Ttis equal to the image
R?O([vl — €1,V1 + €]) shifted by exactly —ae; + bey, and therefore still contains /3. Thus
B¢ X.
Case3: Ny =2

In the first two cases, we were able to make a perturbation that removed from X a

discontinuity that was the first one in the orbit of some a? € Jp. Such a perturbation is not
possible in this case, so we will instead remove the discontinuities that come later in the
orbits of a8’+, a(l)’jE and ag’_.

Again, we may choose ¢ so that the dynamics do not change outside the orbit of .Jy, but

for J, we have:

) =€ (C"7(1,1),8) = —,
8y =0, (CY7(1,k),6) =0, forall k > 1,

* and

where € > 0 is arbitrarily small. The first equation means that the T-iterates on ay’
ag’_ not land on the first critical points in their 7-orbits. The second and third equation
give that all of the critical connections in the T-orbit of .Jy, except the landing of 5% (1,1)
to 4%7(1,2) and of 8%*(1,1) to f%*(1,2), are preserved under the iterates of 7. The
fourth equation means that the return map R J, to Jy remains unchanged. This means that
the interval I;7 = [3%%(1,2), 3% (1,2) + €) maps forward continuously with T-iterates
of J9 and lands to the left of JO at the time when .J returns to .J, under the iterates of 7.
Analogously, the interval 1. = [3%7(1,2) — ¢, 3% (1,2)) lands to the right of J? at the
time .JO returns to .J, under the iterates of 7. Thus I - follows J? continuously under the
iterates of 7" until the time J? returns to Jy, and at this time I." lands into Jy. As the T-orbit

of Jy is disjoint from I, we conclude that I is not in X. Analogously, we have that I
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is also not in X. Thus every discontinuity in the orbit of ay™", a3, 3%*(1) and 5%~ (1)
is not contained in X anymore, except for 3. As R Jo 1s the same as before perturbation,
all of these discontinuities are eventually periodic and £ is still periodic. Thus T is still
eventually periodic. Moreover, the critical cycles of 57 and 3~ now have size one, so
U(T) < U(T) as well.

Cased: Ny =1

In this case $7 is in the boundary of J, = P(3"). Since T satisfies the correspondence

property, we know that 5~ must eventually land into J. Thus we make a similar perturba-
tion as in Case 3: we keep all of the dynamics outside of the orbit of .J; as they are, and for

Jo we choose a 0 such that:

where € > 0 is arbitrarily small. Thus we avoid the first critical connection, for both
a8’+ — A% and a)”, and keep all of the others in the orbit of a8’+. The return map to
Jo again does not change. Similarly as in Case 3, we again have that the interval [ =
[8°7(0,2), 8°7(0,2) + €) follows J, continuously under the iterates of 7" until .J, returns
to itself, when it lands to the left of 5~. By assumption, 5~ eventually lands into .Jy, and
thus, for sufficiently small ¢, J* eventually lands into J as well. Since the T-orbit of J is
disjoint from it, we know that J is not in X. Same as in Case 3, we thus know that T is
eventually periodic and U(T) < U(T).

Since we have now covered all cases, we may assume by induction that we have a
map that satisfies the correspondence property and for which no critical point in X lands
on a different critical point. Assume now that there exists some discontinuity 5% in the
boundary of some interval J of X, with the case for 3~ being analogous. Since 7T satisfies
the correspondence property, we know that Jo = P(37), because otherwise 57 would have
to land on some other discontinuity. We also know that 5~ must eventually land into J. Let
t1 be the time at which 5~ lands into J, and let [ be the distance between S and 7% (57).
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Let ¢, be the minimal period of 57. We then make a perturbation 4 that keeps all dynamics
outside of the orbit of .J as they are and shifts the return map to J, to the left by e, i.e.
T%(B%) = —e. Note that this means that 7" (5~) = 7" (57). For a sufficiently small e,
the interval [ — ¢, 5) does not contain any -+-type discontinuity before it lands into Jj,
even after perturbation. Thus the return map to the interval J' = [ — ¢, 5 + [) is now well
defined and equal 7% on J, = [ —¢,() and T% on J, = [3, 5 + ). Taking € to be a
rational multiple of | means that 5 remains eventually periodic. Thus, 7" is still eventually
periodic and there is one less discontinuity in the boundary of X. We have added 5~ to X,
but by construction, it is the only discontinuity in its cycle, and therefore U(T) < U(T).
Thus by induction, we get a map that satisfies the correspondence property and has
unstable number zero. By Lemma I11.7.6 we know that it also satisfies properties A1, A2
and Matching. Assume now that it does not satisfy A3. This in particular means that
C_x # (. Then we can make a perturbation ¢ that does not change the dynamics of all

critical points contained in X, and for which:

(Cg,0) = —¢, forall e C.xNC™,
(Cs,0) =¢, forall B € C_x NCT,

where € > ( is small enough so that the itineraries up to the landing time into X of dis-
continuities in C_x do not change. Thus there are no critical connections outside of X
anymore, so A3 must hold. Since the dynamics of all other critical points do not change,
A1, A2 and Matching still hold. Thus the resulting map is stable. [

III.8 Almost every finite type map is stable

In this section, we show that the Boshernitzan—Kornfeld Conjecture implies the Irrational
Rotations Conjecture. In fact, this results follows immediately the Characterization of
Stability Theorem I11.6.12 and the following theorem:

Theorem II1.8.1 The set of all infinite type maps has full measure in 7'M (r) \ S(r).
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Proof of Boshernitzan—Kornfeld Conjecture —> Irrational Rotations Conjecture. Since in-
finite type maps have zero measure in I['TM(r), by Theorem II1.8.1 the stable maps have
full measure in ITM(r). By Theorem II1.6.12, we know that stable maps correspond to
maps for which the return map to every interval is either a rotation or the identity. The set
of stable maps with rationally independent coefficients forms a full measure subset of sta-
ble maps, and for these maps, every return map corresponds to an irrational circle rotation.
Thus the maps corresponding to irrational circle rotations form a full measure subset of
ITM(r). ]

We now turn to the proof of Theorem III.8.1. Until now, we only needed to consider
first return maps on intervals contained in X, for which it is known that they are bijective
and have finitely many branches, and thus correspond to IETs. It is clear that this notion

can be generalized to an arbitrary interval J C X.

Definition I11.8.2 Let 7" be an ITM and assume that there is an interval J C [ such that
each point of / returns to .J under iterates of 7". Then .J is partitioned into maximal intervals
on which the itinerary up to the return time to .J is constant. The map R ; defined piecewise
on these intervals as the iterate of 7" for which this interval returns to .J is called the return

map to J.

Compared to the definition of the return map to a component interval of X, the gen-
eralized return map does not need to be bijective. Thus the images of its branches are not
necessarily disjoint. The next lemma tells us when a generalized return map has a continu-

ation for all sufficiently small perturbations.

Lemma II1.8.3 Let 7" be an ITM and let J C I be an interval such that the generalized

return map R; is well-defined. Assume that:

* For each point «a in the interior of .J, we have that the orbit of a contains at most one

critical point of T';
* The boundary points x, y of .J do not land on discontinuities for all time.

Then for any sufficiently small perturbation of 7', there exists an interval J close to .J such

that the generalized return map 2 to J is well-defined.
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Proof. Let Jy, ..., J, be the component intervals of R, let ry, ..., r, be their return times
to J, and let aq, ..., a,_1 be the points in the interior of J that land on discontinuities. By
the second assumption, we know that .J; does not land back on itself when it returns to J.
Indeed, this would mean that z is a periodic point. Since the points to the left of x are not
contained in X, this means that x must be the left boundary point of a maximal periodic
interval, so it must eventually land on discontinuity, contradicting the second assumption.
By an analogous argument, we know that .J,, also does not land on itself when it returns to
J, so both J; and .J,, land into the interior of .J when they return to .J. This means that there
is an interval J containing J, which is larger by a definite size, and such that a generalized
return map I2; on J is well-defined. By the first assumption, for every sufficiently small
perturbation of 7', the points a4, ..., a,_1 have continuations ay, ..., a,_; which land on
the same discontinuities as before and have the same landing times. This means that every
interval J~Z = [@;_1,a;) has the same itineraries up to time r;. Let 7 be the permutation
associated to J, so that the intervals J.(;) and J,(,) get mapped to the front and back of
J, respectively. For a sufficiently small perturbation T’TU)(jT(l)) and T "TW(JNT(n)) are
both contained in .J. Thus the interval [T’ﬂl)(a:f(l)_l), T (a;,)) has a well-defined
generalized return map and is close to J. ]

We now show a lemma about the global stability of the critical set and critical orbits in
[Ty]. Recall that Cx (T') denotes the set of all critical points of 7" contained in X (7). For
a B € Cx(T), let J(J3) be the component interval of X (T') containing /5. Let 7(5~) and
r(8+) be the return times of 5~ and 5+ to J(/3), respectively.

Lemma I11.8.4 Let [Tj] be the stable region. Then:

« Forany T € [Tp] the set Cx (') is equal to the set of continuations of the discontinu-

ities contained in Cx (7).

« If the /3 is the continuation of a discontinuity 3 € Cx(T}), then r(5~) = r(5~) and

r(B) = r(67).

e The T-itineraries of B ~ and 7 are equal to the Ty-itineraries of 5~ and 87 up to and
including the time r(37) + r(58%).
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More briefly, we will say that Cx (Tp), 7(67), 7(57) and the itineraries of ST, 5~ up to
and including the time r(3~) + (") are constant in [Tp]. Note that for a stable map 7T, all
of these are locally constant in a small neighbourhood of T in parameter space. The proof
is in the first part of the proof of Theorem I11.6.23. Lemma III1.8.4 tells us that this is true

globally inside the stable region as well.

Proof. Since [T}] is connected and open, it is path-connected. Let 7 : [0, 1] — [1j] be a path
starting at T, and ending at T". Since n(t) is a stable map, for every ¢ € [0, 1], there is a small
neighbourhood U (t) of 7(t) such that the critical set, return times and itineraries of critical
points up to the times described above are constant. By compactness, the cover of ([0, 1])
by the neighbourhoods ¢/(¢) has a finite subcover U(t1),...,U(t,), where t; < --- < t,,.
Since these neighbourhoods are open, U(t;) N U(t;,1) is non-empty, for all 1 < i < p.
Thus the critical set, return times, and itineraries are constant on the union of these sets as
well. By induction, it must be constant on the entire path 7([0, 1]), and thus constant on the

entire stable region [T]. O
The crucial reason why Theorem II1.8.1 holds is the following theorem:

Theorem III.8.5 Let 7' be a finite map in the boundary of stable region. Then 7" has a

critical connection.

This means that the parameters defining such a map must satisfy a linear equation with
integer coefficients. Thus such maps live on a countable union of codimension-1 subspaces

and are therefore of zero measure.

Proof. Let [Ty] be the stable region such that T € 0[Tp]. Let {T},},en be a sequence of
maps in [Ty] converging to 7. We may assume that 7" satisfies the ACC property because
otherwise 7" has a critical connection. We will show that this means that the sequence of sets
m converges in the Hausdorff topology and that the resulting set is a subset of X (7).
This immediately follows if we prove that the constancy from Lemma III.8.4 extends to
T in the following sense: the continuations of discontinuities in Cx(7p) are contained in
Cx (T) and their return times and itineraries are the same as for 7j.

For the sake of contradiction, assume that there is a discontinuity 57, € Cx(7p) such

that its continuation 3 has a different itinerary up to the return time of 3z, to its component
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interval of X (7). We may without loss of generality assume that 37 is of +-type, with the
other case being analogous. Let & be the smallest time for which the itineraries are different.
This means that T (8r,) € I, and T*(3r) € I, where by continuity s’ € {s — 1,s + 1}.
Since [ is of +-type, we must in fact have that s’ = s + 1. Indeed, by ACC, none of the
images 7% (7, ) land on 3 (T,,), where 37, are the continuations of (7,. In particular, they
are all to the right of 4. Thus passing to the limit, we have that 7" (1) can’t be to the left
of 55(T'), so s = s+ 1. By a similar argument as before, we have that all of the iterates
(Br, ) must be strictly to the left of 3., ,(7},). Thus if the itinerary changes, in the limit we
must have that 7)(0r, ) lands on 8, | (T'). This is a contradiction with our assumption that
there are no critical connections, so S has the same itinerary up to the return time of 5y,

to its component interval of X (7p).

A similar argument then shows that each iterates T7(1) has the same itinerary up to
time () as 5. Indeed, again by looking at the smallest time when the itinerary changes,
we get a critical connection for 7'. This clearly shows that the required constancy extends
to 7" in a continuous way, meaning that the orbits of intervals Jz, where Jj3 is the interval
containing 8 € Cx (7)), move continuously from [Ty] to 7. Finally, we will show that
the orbits of different intervals .J3 must remain separated, i.e. they do not touch. Indeed,
if two components of different orbits touched, we would have a critical connection. This
is because these different components must have different itineraries. Thus they must at
some point land on different sides of some discontinuity ;. By considering the first such
time, we must have that the point at which these components touch lands on [, thus cre-
ating a critical connection, since the boundary points of these components are iterates of
critical points. Thus X (7;) has a homeomorphic continuation inside X (7") with the same
dynamics as X (7p).

Since T is not stable, there exists a component interval .J of X (7") for which the return
map violates Matching, and thus has at least three branches. By our previous discussion,
the orbit of .J has a definite distance from the continuation of X (7). Indeed, it is clear that
is disjoint from it and does not touch the the continuation of X (7)) because the touching
point would have to land on discontinuity to separate the orbits of the touching components
of X(7}) and O(J), since they must have different itineraries. Since the ACC condition
holds for 7', the interval J satisfies all of the assumptions of Lemma III.8.3. Thus by
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Lemma II1.8.3, for any sufficiently small perturbation 7" of T there is an interval J close to
J which has a well-defined generalized return map ;. Since 7' is in the boundary of J,
we may assume that 7' € [Ty]. But then J contain points in X which are definite distance
from the continuation of X (7). This is clearly a contradiction, so 7" does not satisfy ACC

and must therefore have a critical connection. OJ

As a corollary, we get a sufficient condition for a finite type map to not be in the closure

of any stable region:

Corollary II1.8.6 Let 7" be a finite type map that does not satisfy Matching and has no

critical connections. Then 7" is not in the closure of any stable region.

Proof. Since T' does not satisfy Matching, it is not contained in any stable region. Since
it does not have any critical connection, by Theorem III.8.5 it is also not contained in
the boundary in any stable region. Thus it is not contained in the closure of any stable

region. ]

Theorem II1.8.5 allows us to establish the following criterion for a map to be of infinite
type:

Lemma II1.8.7 Let 7" be a map that is not a finite type stable map and assume that the
defining parameters (vyi,...,%, 51,...,0-—1) are rationally independent. Then 7T is an

infinite type map.

To prove this criterion, we need the following lemma about the number of equations a

map needs to satisfy in order for a return map to an interval of X to have n > 2 branches.

Lemma III.8.8 Let 7" be a map such that there is an interval J contained in X on for
which the return map R; has exactly n > 2 continuity intervals. Then there are at least
n — 2 linearly independent vectors vy, . . ., v,_o with integer coefficients such that defining
parameters (7 [3) of T satisfy (v;, (y3)) =0, forall 1 <i <n —2.

Proof. Let o be the permutation associated to R; and let 7 be its inverse. We have the

following string of n — 1 equalities that must hold:

Rtl<a;(1)) = RJ(G:-F(Q)—I)
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Ry(azs) = RJ(CL:(:’,)—Q

RJ(GT_(n_1)) = RJ(aj(n)q),

where the a’s are the discontinuities of R; and the boundary points of .J. There are two
cases. The first is when the boundary points of .J land on discontinuities. Then we have
that R;(at) = (R)® (v j)), where R/ is the corresponding return vector, so all the

equalities above are equivalent to:

J— J,
<RT(1) - RT(;)_p (v8)) =0
RY, — R L (vB) =0
( 7(2) 7(3)—1 (v B8)) (II1.8.1)
J— J,
<R7(n—1) - RT(:)—I? (f}/ ﬁ)> =0
If there is a linear dependence between the n — 1 vectors Ri’(z) — Ri’(;)_l, cee Ri’(;_l) —
Ri’(z)_l with coefficients oy, ..., a,_1, we can extend it to the linear dependence of all

vectors associated to the return map J, by setting the coefficients for all other vectors to
0. Then it easily follows from Theorem IIL.5.6 that all of the coefficients of this linear
dependence must be zero, so a; = -+ = «,_1 = 0. This is due to the simple fact that
return vector Ri’&r)fl does not appear among the vectors in (II1.8.1), so the coefficient next
to it is 0, and this propagates in the conclusion of Theorem III.5.6 to all coefficients being

equal to zero. Thus in this case we get n — 1 linearly independent vectors.

If either a or a, does not land on a discontinuity, then we must replace in (I11.8.1) the
vector k" by Ri’(J{)fl + R, or the vector R~ by Ri’(;) + R~ This is because in this
case R;(af) = af +(RJT, (v 5)) and af = <Ri’(—5—l’ (7)), and similarly for a,, . If either
of these vectors lands on a discontinuity, then the same argument as above shows that we
get n — 1 linearly independent vectors, because either Ri’ar)_l or Ri’(;) will have coefficient
zero. Thus we may assume that both boundary points do not land on discontinuities. But
then we may simply take the subset of n — 2 vectors that does not include the vector related

to the return of a7, and the same argument as before shows that these vectors are linearly
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independent. L

The last part of the proof where we reduce the set from n — 1 to n — 2 vectors might
appear unnecessary, but it is simple to check that for cases n = 3 and n = 2, the set of

n — 1 vectors we get in the last part of the proof is linearly dependent.

Proof of Lemma I11.8.7. Since we have assumed that the defining parameters are rationally
independent, we know that 7" has no critical connections so it satisfies ACC. If T" did not
satisfy Matching, there would have to be a component interval of X with at least three
branches of the return map. By Lemma II1.8.8 this would mean that there is at least one
non-zero vector v with integer coefficients such that (v, (v 3)) is equal to 0. This contradicts
our assumption on rational independence, so 7" satisfies Matching. Thus if 7" were of finite
type, it would have to be stable, but we have assumed that this is not the case. Thus 7" has

to be of infinite type. [
Finally, Lemma III.8.7 allows us to prove Theorem IIL.8.1:

Proof of Theorem I11.8.1. Let INF(r) be the set of all infinite type ITMs on r intervals.
The set of all rationally independent parameters R(r) has full measure in /7'M (r). By
Lemma II1.8.8, we know that any map associated with such parameters has to be either a
stable finite type map or an infinite type map. Thus S(r) U INF(r) has full measure in
ITM(r), so INF(r) has full measure in ITM(r) \ S(r). O

III.9 Parameter space and future work

II1.9.1 The Bruin-Troubetzkoy family

In this subsection, we are going to apply our results to the parameter space of the special
family from [ ] and show that the open coloured triangles in Figure I1.5 (duplicated

below for easier reference) form an open and dense subset of the parameter space.
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In [BTO3], the authors consider a two-parameter family 7,;, with 0 < b < a < 1,

consisting of maps 715, , defined as follows:

r+a forz € 0,1 —a)
Top(x) =< x+b forr e[l —a,1-0)
r+b—1 forze[l—>51)

In [BTO3] it was shown that the set of all finite type maps in 7, is equal to the set
of all maps that under the iterates of a certain renormalization operator get mapped into
a certain region. The set of closed yellow triangles touching the bottom side of the big
triangle in the figure above corresponds to the set of all maps that get mapped into this
region after one step. It is easy to show that the maps on the boundaries of these triangles
are not stable (in this family) because they violate ACC and that the maps in the interiors
of these triangles are stable. Moreover, every other coloured triangle in the picture gets
mapped homeomorphically onto one of these yellow triangles under the iterates of the
renormalization operator. Thus the same conclusion holds for any triangle: the maps in the
interior are stable and the maps on the boundary are not. Thus the set of all stable finite
type maps is equal to the union of interiors of these triangles. In the remainder of this

subsection, we are going to prove that the stable maps form a dense subset of this family,
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which therefore shows that the set of (open) triangles forms a dense and open subset of the
parameter space, as suggested by the figure. The authors of [ ] do not explicitly state
this result, but it can probably be derived from their results.

To apply our results to the family 7, ;, we will use the following trick. We may assume
that 3, and 3, are parameters, and not the fixed points 0" and 1~. The boundary points
of the interval are parameters of this family but they are not discontinuities of a map. Thus
we allow for the interval of the definition of an I'TM to change, which enlarges the space

ITM(r) to @(T) of 2r 4 1 parameters. The boundary conditions for this space are:

By < B+
B, > By + s,
/BS+1 2 /65

forall 0 < s < r — 1. We will in fact only need to consider a small neighbourhood
of ITM(r) in this space, so all of the parameters we consider are uniformly bounded.
The reason for making this extension is that when we make perturbations in the proofs of
Theorems II1.6.12 and I11.7.1, we need to be able to change all of the parameters defining
amap 7', and this is impossible if the parameters 0 and 1 are fixed.

Thus we can consider an extension 7\;71) of the family above in this extended space
@(3) The defining equations of this family are:

By +m =05
By +72 =065
B + 3=

Theorem II1.9.1 (Density of stable maps in the Bruin—Troubetzkoy family) Stable maps

are dense in 7, .

Proof. The following is the list of changes in the proof of our 4 main Theorems: 111.4.2,
II1.5.6, I11.6.12 and II1.7.1.

1. Theorem II1.4.2 - Density of eventually periodic maps in 7,;: We already know that
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eventually periodic maps are dense in parametric families because Theorem I11.4.2
was proven for rational families, and 7, is clearly a rational family. Thus every map
in the interior of this parameter space can be approximated by an eventually periodic

map in this space, so the eventually periodic maps are dense in 7.

2. Theorem IIL.5.6 - Linear Dependence of itinerary vectors for maps in @(3): We
need to add the itinerary vectors for 37 and (3. to the statement and proof. This
is where the trick of considering the extended parameter space ﬁ/[(r) becomes
relevant: we need 0 and 1 to be parameters so that the calculations in the proof still

apply to them. The proof remains unchanged otherwise.

3. Theorem III.6.12 - Matching and ACC is equivalent to Stability in @(3): The left
and right boundary points 3, and 3 are not discontinuities of a map in m(B), SO
they are not critical points (but they are parameters of the map, which is the important
point for Theorem II1.5.6). Thus these points do not need to be included in the
definition of ACC, Matching or stability, and so the proof that ACC and Matching
characterizes stability does not change. Note that a map 7" which is stable in @(3)
and contained in 7, is stable within this parameter family as well, in the sense that
there is neighbourhood of 7" in 7, ;, which satisfies all of the properties of stability as
in Definition I11.6.1,

4. Theorem III.7.1 - Approximation of eventually periodic maps in 7, by stable maps
in ?’;b: By item 2, the vectors corresponding to the defining critical connections of
the family ﬁ,b are included in Theorem II1.5.6. Thus these critical connections may
be preserved every time we make a perturbation in the proof Theorem III.7.1. Thus
the same proof as before shows that we may make a finite sequence of perturbations

to an eventually periodic map that makes it stable.

By item 1, if we start with a map 7" in 7, 5, we can perturb it to an eventually periodic map
that is still in 7, ;. Because of item 4, we may then perturb it to a map in the extended para-
metric family ﬁ\;b that satisfies ACC and Matching and is thus stable by item 3. This map
T is possibly not contained ITM(3), but because the perturbations we make are arbitrarily

small, there is an arbitrarily small rescaling of it that is contained in ITM(3). Indeed, we
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may first translate all of the S-parameters by — (3, so that the left boundary of the interval is
0. Note that this preserves the itineraries of all points and the (dynamically relevant) equa-
tions satisfied by the parameters of the map, so it does not change the dynamics. Moreover,
this change in parameters can be chosen arbitrarily small, since 7T is arbitrarily close to a
map in 7, for which 8 = 0. Next, we multiply all of the parameters by 1/3; . This also
does not change the dynamics, is arbitrarily small, and gives that the left boundary point
is now 17. Thus by this rescaling, arbitrarily close to the stable map in ﬁ,b we get a map
in ITM(3) with the same dynamical properties, which must therefore be stable in ﬁ/l(B)
and contained in 7, . This map is therefore stable in 7, as described in item 3. Thus the

stable maps are dense in 7, . O

II1.9.2 Future work: geometry and dynamics in the boundary of sta-

ble regions

In this final subsection, we discuss the properties of the full parameter space ITM(r) of
all I'TMs on r intervals, and we present a few conjectures. Recall that a connected com-
ponent of the set of stable maps S(r) corresponds to the maximal neighbourhood [7'] of a
stable map 7' that satisfies the three properties from the definition of stability (Definition
II1.6.1). Such sets [T] are called stable regions. A very interesting problem is to describe

the geometry of these regions.
Question II1.9.2 What are the geometric properties of stable regions and their boundaries?

Ghost preimages (see Definition I11.6.8 and Example I11.6.6) can be used to show that
stable regions are not convex in general. Since ghost preimages are codimension 1 phe-
nomena, it seems plausible that by taking the closure of a stable region, we can make it

convex.
Question I11.9.3 Is the closure of a stable region always convex?

Because the stable regions are generally not convex, the following also appears to be a

non-trivial question:

Question I11.9.4 Are the stable regions simply connected?
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Because of ghost preimages, the boundary of stable regions can contain countably many
hyperplanes. The accumulation properties of these hyperplanes seem difficult to describe,

and we are led to the following question:
Question I11.9.5 Is the boundary of every stable region locally connected?

Besides their geometry, a step towards the proof of Boshernitzan—Kornfeld Conjecture
is to understand how the stable regions are arranged in the parameter ITM(r). Are they

necessarily separated from each other, or can they ‘tile’ the parameter space?

Question II1.9.6 Are the stable regions (partially) separated from each other? In other
words, does for every stable region [T'] exist an open subset of the (outer) boundary on
which the set of points that are contained in the boundary of some other stable component

is small (e.g. meager or countable)?

Figure II1.9.1 suggests that this is true: every closed coloured triangle has at least one
side on which the set of points where it touches other triangles is countable.
Another interesting problem is describing the dynamics in the boundary of stable re-

gions:

Question II1.9.7 What are the dynamical properties of a map in the boundary of a stable

region?

The boundary of a stable set is where the topology of a non-wandering set changes,
so it is contained in bifurcation locus of ITM(r). Thus the answer to this question would
constitute the start of the bifurcation theory of ITMs. Intuitively, the bifurcations should
be associated with the changes of critical itineraries, and they should in turn be associated
with critical connections. This is confirmed by Theorem III.8.5 for finite type maps. It is

not clear that this should also hold for infinite-type maps:

Question II1.9.8 Do infinite type maps in the boundary of a stable region have critical

connections?

Since a necessary condition for a finite type map to be in the boundary of a stable region

is that it has a critical connection, a natural question to ask is whether the maximal possible
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number of critical connections is sufficient for a map to be in the closure of a stable region.

The eventually periodic maps are exactly such maps, so we conjecture the following:

Conjecture I11.9.9 Each eventually periodic map is contained in the closure of some stable

region.

The proof of Theorem II1.7.1 does not give the proof of this conjecture, even though the
perturbation is arbitrarily small. The reason for this is that the perturbations we inductively
make do not give us full control of the dynamical properties of the resulting map, just that
the number of critical connections decreases and that the map remains eventually periodic.
Thus it is possible that by making the perturbation smaller, we end up in different stable

regions.



Bibliography

[AB13]

[AC15]

[AD16]

[AFO7]

[AFS23]

[AHCF24]

[AHS24]

Jayadev S. Athreya and Michael Boshernitzan. “Ergodic properties of compo-
sitions of interval exchange maps and rotations”. In: Nonlinearity 26.2 (2013),
pp. 417-423.

Jayadev S. Athreya and Jon Chaika. “The Hausdorff dimension of non-uniquely
ergodic directions in H(2) is almost everywhere 3. In: Geom. Topol. 19.6
(2015), pp. 3537-3563.

Artur Avila and Vincent Delecroix. “Weak mixing directions in non-arithmetic
Veech surfaces”. In: J. Amer. Math. Soc. 29.4 (2016), pp. 1167-1208.

Artur Avila and Giovanni Forni. “Weak mixing for interval exchange transfor-
mations and translation flows”. In: Ann. of Math. (2) 165.2 (2007), pp. 637—
664.

Artur Avila, Giovanni Forni, and Pedram Safaee. “Quantitative weak mixing
for interval exchange transformations”. In: Geom. Funct. Anal. 33.1 (2023),
pp. 1-56.

Francisco Arana-Herrera, Jon Chaika, and Giovanni Forni. Weak mixing in
rational billiards. 2024.

Mauro Artigiani, Pascal Hubert, and Alexandra Skripchenko. “Renormaliza-
tion for Bruin-Troubetzkoy ITMs”. In: arXiv preprint arXiv:2412.07928 (2024).



142 Bibliography

[AL18] Artur Avila and Martin Leguil. “Weak mixing properties of interval exchange
transformations & translation flows”. In: Bull. Soc. Math. France 146.2 (2018),
pp- 391-426.

[AM24] Jayadev S. Athreya and Howard Masur. Translation surfaces. Vol. 242. Grad-
uate Studies in Mathematics. American Mathematical Society, Providence,
RI, [2024] ©2024, pp. xi+179.

[AOWS8S5]  Pierre Arnoux, Donald S. Ornstein, and Benjamin Weiss. “Cutting and stack-

ing, interval exchanges and geometric models”. In: Israel J. Math. 50.1-2
(1985), pp. 160-168.

[Art+21] M. Artigiani, C. Fougeron, P. Hubert, and A. Skripchenko. “A note on double
rotations of infinite type”. In: Trans. Moscow Math. Soc. 82 (2021), pp. 157—
172.

[AS+21] Hamid Al-Sagban, Paul Apisa, Alena Erchenko, Osama Khalil, Shahriar Mirzadeh,
and Caglar Uyanik. “Exceptional directions for the Teichmiiller geodesic flow
and Hausdorff dimension”. In: J. Eur. Math. Soc. (JEMS) 23.5 (2021), pp. 1423—
1476.

[AVO7] Artur Avila and Marcelo Viana. “Simplicity of Lyapunov spectra: proof of the
Zorich-Kontsevich conjecture”. In: Acta Math. 198.1 (2007), pp. 1-56.

[BC12] Henk Bruin and Gregory Clack. “Inducing and unique ergodicity of double
rotations”. In: Discrete Contin. Dyn. Syst. 32.12 (2012), pp. 4133-4147.

[BC13] Michael Boshernitzan and Jon Chaika. “Diophantine properties of IETs and

general systems: quantitative proximality and connectivity”. In: Invent. Math.
192.2 (2013), pp. 375-412.

[BCK17]  Henk Bruin, Carlo Carminati, and Charlene Kalle. “Matching for generalised
[-transformations”. In: Indag. Math. (N.S.) 28.1 (2017), pp. 55-73.

[BHO4] Jérome Buzzi and Pascal Hubert. “Piecewise monotone maps without peri-
odic points: rigidity, measures and complexity”. In: Ergodic Theory Dynam.
Systems 24.2 (2004), pp. 383—-405.



Bibliography 143

[BK95]

[BKM78]

[Boil2]

[Bos12]

[Bos84]

[Bos85]

[Bos93]

[BR23]

[BruO7a]

[BruO7b]

[Bru+19]

[BTO3]

Michael Boshernitzan and Isaac Kornfeld. “Interval translation mappings”.
In: Ergodic Theory Dynam. Systems 15.5 (1995), pp. 821-832.

Carlo Boldrighini, Michael Keane, and Federico Marchetti. “Billiards in poly-
gons”. In: Ann. Probab. 6.4 (1978), pp. 532-540.

Corentin Boissy. “Classification of Rauzy classes in the moduli space of abelian
and quadratic differentials”. In: Discrete Contin. Dyn. Syst. 32.10 (2012),
pp. 3433-3457.

Michael Boshernitzan. “A condition for weak mixing of induced IETs”. In:
Dynamical systems and group actions. Vol. 567. Contemp. Math. Amer. Math.
Soc., Providence, RI, 2012, pp. 53-65.

Michael Boshernitzan. “A unique ergodicity of minimal symbolic flows with
linear block growth™. In: J. Analyse Math. 44 (1984/85), pp. 77-96.

Michael Boshernitzan. “A condition for minimal interval exchange maps to
be uniquely ergodic”. In: Duke Math. J. 52.3 (1985), pp. 723-752.

Michael D. Boshernitzan. “Quantitative recurrence results”. In: Invent. Math.
113.3 (1993), pp. 617-631.

Henk Bruin and Silvia Radinger. “Interval Translation Maps with Weakly
Mixing Attractors”. In: arXiv preprint arXiv:2312.10533 (2023).

Henk Bruin. “Renormalization in a class of interval translation maps of d
branches”. In: Dynamical Systems 22 (2007), pp. 11 -24.

Henk Bruin. “Renormalization in a class of interval translation maps of d
branches”. In: Dyn. Syst. 22.1 (2007), pp. 11-24.

Henk Bruin, Carlo Carminati, Stefano Marmi, and Alessandro Profeti. “Match-
ing in a family of piecewise affine maps”. In: Nonlinearity 32.1 (2019), pp. 172—
208.

H. Bruin and S. Troubetzkoy. “The Gauss map on a class of interval transla-
tion mappings”. In: Israel J. Math. 137 (2003), pp. 125-148.



144

Bibliography

[Buz01]

[CC19]

[CE19]

[CE21]

[CF15]

[CF20]

[CHI19]

[Cha08]

[Chall]

[Chal2a]

[Chal2b]

[Che03]

Jérome Buzzi. “Piecewise isometries have zero topological entropy”. In: Er-
godic Theory Dynam. Systems 21.5 (2001), pp. 1371-1377.

Jon Chaika and David Constantine. “Quantitative shrinking target proper-
ties for rotations and interval exchanges”. In: Israel J. Math. 230.1 (2019),
pp- 275-334.

Jon Chaika and Alex Eskin. “Mobius disjointness for interval exchange trans-
formations on three intervals”. In: J. Mod. Dyn. 14 (2019), pp. 55-86.

Jon Chaika and Alex Eskin. “Self-joinings for 3-IETs”. In: J. Eur. Math. Soc.
(JEMS) 23.8 (2021), pp. 2707-2731.

Jon Chaika and Jon Fickenscher. “Topological mixing for some residual sets
of interval exchange transformations”. In: Comm. Math. Phys. 333.1 (2015),
pp. 483-503.

Jon Chaika and Giovanni Forni. Weakly Mixing Polygonal Billiards. 2020.

Jon Chaika and Sebastian Hensel. “The set of uniquely ergodic interval ex-
change transformations is path-connected”. In: Ergodic Theory Dynam. Sys-
tems 39.2 (2019), pp. 311-356.

Jon Chaika. “Hausdorff dimension for ergodic measures of interval exchange
transformations”. In: J. Mod. Dyn. 2.3 (2008), pp. 457-464.

Jon Chaika. “Shrinking targets for IETs: extending a theorem of Kurzweil”.
In: Geom. Funct. Anal. 21.5 (2011), pp. 1020-1042.

Jon Chaika. “Every ergodic transformation is disjoint from almost every in-
terval exchange transformation”. In: Ann. of Math. (2) 175.1 (2012), pp. 237-
253.

Jon Chaika. “There exists a topologically mixing interval exchange transfor-
mation”. In: Ergodic Theory Dynam. Systems 32.3 (2012), pp. 869-875.

Yitwah Cheung. “Hausdorff dimension of the set of nonergodic directions”.
In: Ann. of Math. (2) 158.2 (2003). With an appendix by M. Boshernitzan,
pp. 661-678.



Bibliography 145

[CHMI11] Yitwah Cheung, Pascal Hubert, and Howard Masur. “Dichotomy for the Haus-
dorff dimension of the set of nonergodic directions”. In: Invent. Math. 183.2
(2011), pp. 337-383.

[CM20] Jon Chaika and Howard Masur. “The set of non-uniquely ergodic d-IETs has
Hausdorff codimension 1/2”. In: Invent. Math. 222.3 (2020), pp. 749-832.

[CNO1] Juliana Chaves and Arnaldo Nogueira. “Spectral properties of interval ex-
change maps”. In: Monatsh. Math. 134.2 (2001), pp. 89—102.

[CR19] Jon Chaika and Donald Robertson. “Ergodicity of skew products over linearly
recurrent IETS”. In: J. Lond. Math. Soc. (2) 100.1 (2019), pp. 223-248.

[Dell13] Vincent Delecroix. “Cardinality of Rauzy classes”. In: Ann. Inst. Fourier (Greno-
ble) 63.5 (2013), pp. 1651-1715.

[DHV24]  Vincent Delecroix, Pascal Hubert, and Ferran Valdez. Infinite Translation Sur-
faces in the Wild. 2024.

[DSS25] Kostiantyn Drach, Leon Staresinic, and Sebastian van Strien. Density of Sta-
ble Interval Translation Maps. 2025.

[Eli+02] L. H. Eliasson, S. B. Kuksin, S. Marmi, and J.-C. Yoccoz. Dynamical systems
and small divisors. Vol. 1784. Lecture Notes in Mathematics. Lectures from
the C..LM.E. Summer School held in Cetraro, June 13-20, 1998, Edited by
Marmi and Yoccoz, Fondazione CIME/CIME Foundation Subseries. Springer-
Verlag, Berlin; Centro Internazionale Matematico Estivo (C.I.M.E.), Florence,
2002, pp. viii+191.

[EW11] Manfred Einsiedler and Thomas Ward. Ergodic theory with a view towards
number theory. Vol. 259. Graduate Texts in Mathematics. Springer-Verlag
London, Ltd., London, 2011, pp. xviii+481.

[Ficl6] Jon Fickenscher. “A combinatorial proof of the Kontsevich-Zorich-Boissy
classification of Rauzy classes”. In: Discrete Contin. Dyn. Syst. 36.4 (2016),
pp- 1983-2025.

[For02] Giovanni Forni. “Deviation of ergodic averages for area-preserving flows on
surfaces of higher genus”. In: Ann. of Math. (2) 155.1 (2002), pp. 1-103.



146

Bibliography

[For97]

[Fou20a]

[Fou20b]

[Fur81]

[Gha21]

[GU23]

[Hub06]

[Hub16]

[INO4]

Giovanni Forni. “Solutions of the cohomological equation for area-preserving
flows on compact surfaces of higher genus”. In: Ann. of Math. (2) 146.2
(1997), pp. 295-344.

Charles Fougeron. Dynamical properties of simplicial systems and continued
fraction algorithms. 2020.

Charles Fougeron. “Dynamical properties of simplicial systems and continued
fraction algorithms”. In: arXiv preprint arXiv:2001.01367 (2020).

H. Furstenberg. Recurrence in ergodic theory and combinatorial number the-
ory. M. B. Porter Lectures. Princeton University Press, Princeton, NJ, 1981,
pp- xi+203.

Selim Ghazouani. “Local rigidity for periodic generalised interval exchange
transformations”. In: Invent. Math. 226.2 (2021), pp. 467-520.

Selim Ghazouani and Corinna Ulcigrai. “A priori bounds for GIETs, affine
shadows and rigidity of foliations in genus two”. In: Publ. Math. Inst. Hautes
Etudes Sci. 138 (2023), pp. 229-366.

John Hamal Hubbard. Teichmiiller theory and applications to geometry, topol-
0gy, and dynamics. Vol. 1. Teichmiiller theory, With contributions by Adrien
Douady, William Dunbar, Roland Roeder, Sylvain Bonnot, David Brown,
Allen Hatcher, Chris Hruska and Sudeb Mitra, With forewords by William
Thurston and Clifford Earle. Matrix Editions, Ithaca, NY, 2006, pp. xx+459.

John Hamal Hubbard. Teichmiiller theory and applications to geometry, topol-
0gy, and dynamics. Vol. 2. Surface homeomorphisms and rational functions.
Matrix Editions, Ithaca, NY, 2016, pp. x+262.

Michael itzan and Arnaldo Nogueira. “Generalized eigenfunctions of interval
exchange maps”. In: Ergodic Theory Dynam. Systems 24.3 (2004), pp. 697—
705.



Bibliography 147

[Jia+24]

[Jur23]

[Kat73]

[Kat80]

[Kea75]

[Kea77]

[Ker85]

[KMS86]

[KN76]

[Kon97]

[KR69]

Yuxiang Jiao, Jialun Li, Wenyu Pan, and Disheng Xu. “On the Dimension of
Limit Sets on P(R3) via Stationary Measures: Variational Principles and Ap-
plications”. In: International Mathematics Research Notices 2024.19 (2024),
pp- 13015-13045.

Natalia Jurga. “Hausdorff dimension of the Rauzy gasket”. In: arXiv preprint
arXiv:2312.04999 (2023).

A. B. Katok. “Invariant measures of flows on orientable surfaces”. In: Dokl.
Akad. Nauk SSSR 211 (1973), pp. 775-778.

Anatole Katok. “Interval exchange transformations and some special flows
are not mixing”. In: Israel J. Math. 35.4 (1980), pp. 301-310.

Michael Keane. “Interval exchange transformations”. In: Math. Z. 141 (1975),
pp- 25-31.

Michael Keane. “Non-ergodic interval exchange transformations”. In: Israel
J. Math. 26.2 (1977), pp. 188-196.

S. P. Kerckhoff. “Simplicial systems for interval exchange maps and measured
foliations”. In: Ergodic Theory Dynam. Systems 5.2 (1985), pp. 257-271.

Steven Kerckhoff, Howard Masur, and John Smillie. “Ergodicity of billiard
flows and quadratic differentials”. In: Ann. of Math. (2) 124.2 (1986), pp. 293—
311.

Harvey B. Keynes and Dan Newton. “A “minimal”, non-uniquely ergodic
interval exchange transformation”. In: Math. Z. 148.2 (1976), pp. 101-105.

M. Kontsevich. “Lyapunov exponents and Hodge theory”. In: The mathemat-
ical beauty of physics (Saclay, 1996). Vol. 24. Adv. Ser. Math. Phys. World
Sci. Publ., River Edge, NJ, 1997, pp. 318-332.

Harvey B. Keynes and James B. Robertson. “Eigenvalue theorems in topolog-
ical transformation groups”. In: Trans. Amer. Math. Soc. 139 (1969), pp. 359—
369.



148 Bibliography

[KR80] Michael S. Keane and Gérard Rauzy. “Stricte ergodicité des échanges d’intervalles”.
In: Math. Z. 174.3 (1980), pp. 203-212.

[KS67] A. B. Katok and A. M. Stepin. “Approximations in ergodic theory”. In: Us-
pehi Mat. Nauk 22.5(137) (1967), pp. 81-106.

[KSSO07] Oleg Kozlovski, Weixiao Shen, and Sebastian van Strien. “Density of hyper-
bolicity in dimension one”. In: Ann. of Math. (2) 166.1 (2007), pp. 145-182.

[Kur55] J. Kurzweil. “On the metric theory of inhomogeneous diophantine approxi-
mations”. In: Studia Math. 15 (1955), pp. 84—112.

[KZ03] Maxim Kontsevich and Anton Zorich. “Connected components of the mod-
uli spaces of Abelian differentials with prescribed singularities”. In: Invent.
Math. 153.3 (2003), pp. 631-678.

[Lan95] Serge Lang. Introduction to Diophantine approximations. Second. Springer-
Verlag, New York, 1995, pp. x+130.

[Mas82] Howard Masur. “Interval exchange transformations and measured foliations”.
In: Ann. of Math. (2) 115.1 (1982), pp. 169-200.

[Mas92] Howard Masur. “Hausdorff dimension of the set of nonergodic foliations of a
quadratic differential”. In: Duke Math. J. 66.3 (1992), pp. 387-442.

[McM94]  Curtis T. McMullen. Complex dynamics and renormalization. Vol. 135. An-
nals of Mathematics Studies. Princeton University Press, Princeton, NJ, 1994,

pp. x+214.

[MMYO0S5] S. Marmi, P. Moussa, and J.-C. Yoccoz. “The cohomological equation for
Roth-type interval exchange maps”. In: J. Amer. Math. Soc. 18.4 (2005), pp. 823—
872.

[MMY12] Stefano Marmi, Pierre Moussa, and Jean-Christophe Yoccoz. “Linearization
of generalized interval exchange maps”. In: Ann. of Math. (2) 176.3 (2012),
pp- 1583-1646.



Bibliography 149

[MS93] Welington de Melo and Sebastian van Strien. One-dimensional dynamics.
Vol. 25. Ergebnisse der Mathematik und ihrer Grenzgebiete (3) [Results in
Mathematics and Related Areas (3)]. Springer-Verlag, Berlin, 1993, pp. xiv+605.

[MS98] Curtis T. McMullen and Dennis P. Sullivan. “Quasiconformal homeomor-
phisms and dynamics. III. The Teichmiiller space of a holomorphic dynamical
system”. In: Adv. Math. 135.2 (1998), pp. 351-395.

[MST17]  Alba Malaga Sabogal and Serge Troubetzkoy. “Weakly mixing polygonal bil-
liards”. In: Bull. Lond. Math. Soc. 49.1 (2017), pp. 141-147.

[MTO02a] Howard Masur and Serge Tabachnikov. “Chapter 13 Rational billiards and flat
structures”. In: ed. by Boris Hasselblatt and Anatole Katok. Vol. 1. Handbook
of Dynamical Systems. Elsevier Science, 2002, pp. 1015-1089.

[MTO2b] Howard Masur and Serge Tabachnikov. “Rational billiards and flat structures”.
In: Handbook of dynamical systems, Vol. 1A. North-Holland, Amsterdam,
2002, pp. 1015-10809.

[MT88] John Milnor and William Thurston. “On iterated maps of the interval”. In:
Dynamical systems (College Park, MD, 1986—87). Vol. 1342. Lecture Notes
in Math. Springer, Berlin, 1988, pp. 465-563.

[MY16] Stefano Marmi and Jean-Christophe Yoccoz. “Holder regularity of the solu-
tions of the cohomological equation for Roth type interval exchange maps”.
In: Comm. Math. Phys. 344.1 (2016), pp. 117-1309.

[NNO8] Hitoshi Nakada and Rie Natsui. “The non-monotonicity of the entropy of a-
continued fraction transformations”. In: Nonlinearity 21.6 (2008), pp. 1207-
1225.

[Nog89] Arnaldo Nogueira. “Almost all interval exchange transformations with flips
are nonergodic”. In: Ergodic Theory Dynam. Systems 9.3 (1989), pp. 515—
525.

[NPT13] Arnaldo Nogueira, Benito Pires, and Serge Troubetzkoy. “Orbit structure of
interval exchange transformations with flip”. In: Nonlinearity 26.2 (2013),
pp. 525-537.



150

Bibliography

[NRO7]

[PM93]

[Rau77]

[Rau79]

[Ree81]

[Rob19]

[Sch11]

[SIAO05]

[Sin73]
[Skr23]

[STOO]

[ST15a]

A. Nogueira and D. Rudolph. “Topological weak-mixing of interval exchange
maps”. In: Ergodic Theory Dynam. Systems 17.5 (1997), pp. 1183-12009.

Ricardo Pérez Marco. “Sur les dynamiques holomorphes non linéarisables et
une conjecture de V. I. Arnol’d”. In: Ann. Sci. Ecole Norm. Sup. (4) 26.5
(1993), pp. 565-644.

Gérard Rauzy. “Une généralisation du développement en fraction continue”.
In: Séminaire Delange-Pisot-Poitou, 18e année: 1976/77, Théorie des nom-
bres, Fasc. 1. Secrétariat Math., Paris, 1977, Exp. No. 15, 16.

Gérard Rauzy. “Echanges d’intervalles et transformations induites”. In: Acta
Arith. 34.4 (1979), pp. 315-328.

Mary Rees. “An alternative approach to the ergodic theory of measured foli-
ations on surfaces”. In: Ergodic Theory Dynam. Systems 1.4 (1981), pp. 461—
488.

Donald Robertson. “Mild mixing of certain interval-exchange transforma-
tions”. In: Ergodic Theory Dynam. Systems 39.1 (2019), pp. 248-256.

Richard Evan Schwartz. Mostly surfaces. Vol. 60. Student Mathematical Li-
brary. American Mathematical Society, Providence, RI, 2011, pp. xiv+314.

Hideyuki Suzuki, Shunji Ito, and Kazuyuki Aihara. “Double rotations”. In:
Discrete Contin. Dyn. Syst. 13.2 (2005), pp. 515-532.

Ya.G. Sinai. Introduction to ergodic theory. Erevan Gos. Univ, 1973.

A. S. Skripchenko. “Renormalization in one-dimensional dynamics”. In: Us-
pekhi Mat. Nauk 78.6(474) (2023), pp. 3—46.

J. Schmeling and S. Troubetzkoy. “Interval translation mappings”. In: Dy-
namical systems (Luminy-Marseille, 1998). World Sci. Publ., River Edge, NJ,
2000, pp. 291-302.

Alexandra Skripchenko and Serge Troubetzkoy. “Entropy and complexity of
polygonal billiards with spy mirrors”. In: Nonlinearity 28.9 (2015), pp. 3443—
3456.



Bibliography 151

[ST15b] Alexandra Skripchenko and Serge Troubetzkoy. “Polygonal billiards with one
sided scattering”. In: Ann. Inst. Fourier (Grenoble) 65.5 (2015), pp. 1881-
1896.

[ST18] Alexandra Skripchenko and Serge Troubetzkoy. “On the Hausdorff dimension
of minimal interval exchange transformations with flips”. In: J. Lond. Math.
Soc. (2) 97.2 (2018), pp. 149-169.

[SUO5] Ya.G. Sinai and C. Ulcigrai. “Weak mixing in interval exchange transforma-
tions of periodic type”. In: Lett. Math. Phys. 74.2 (2005), pp. 111-133.

[Tab05] Serge Tabachnikov. Geometry and billiards. Vol. 30. Student Mathematical
Library. American Mathematical Society, Providence, 2005, pp. xii+176.

[Vee77] William A. Veech. “Topological dynamics”. In: Bull. Amer. Math. Soc. 83.5
(1977), pp. 775-830.

[Vee78] William A. Veech. “Interval exchange transformations”. In: J. Analyse Math.
33 (1978), pp. 222-272.

[Vee81] William A. Veech. “Projective Swiss cheeses and uniquely ergodic interval
exchange transformations”. In: Ergodic theory and dynamical systems, I (Col-
lege Park, Md., 1979-80). Vol. 10. Progr. Math. Birkhiuser, Boston, MA,
1981, pp. 113-193.

[Vee82] William A. Veech. “Gauss measures for transformations on the space of in-
terval exchange maps”. In: Ann. of Math. (2) 115.1 (1982), pp. 201-242.

[Vee84a] William A. Veech. “The metric theory of interval exchange transformations. 1.
Generic spectral properties”. In: Amer. J. Math. 106.6 (1984), pp. 1331-1359.

[Vee84b] William A. Veech. “The metric theory of interval exchange transformations.
II. Approximation by primitive interval exchanges”. In: Amer. J. Math. 106.6
(1984), pp. 1361-1387.

[Vee84c]  William A. Veech. “The metric theory of interval exchange transformations.
III. The Sah-Arnoux-Fathi invariant”. In: Amer. J. Math. 106.6 (1984), pp. 1389—
1422.



152 Bibliography

[Vee87] William A. Veech. “Boshernitzan’s criterion for unique ergodicity of an inter-
val exchange transformation”. In: Ergodic Theory Dynam. Systems 7.1 (1987),
pp. 149-153.

[Via06] Marcelo Viana. “Ergodic theory of interval exchange maps”. In: Rev. Mat.
Complut. 19.1 (2006), pp. 7-100.

[Vol14] Denis Volk. “Almost every interval translation map of three intervals is finite
type”. In: Discrete Contin. Dyn. Syst. 34.5 (2014), pp. 2307-2314.

[Yoc06] Jean-Christophe Yoccoz. “Continued fraction algorithms for interval exchange
maps: an introduction”. In: Frontiers in number theory, physics, and geome-
try. 1. Springer, Berlin, 2006, pp. 401-435.

[ZK75a] A. N. Zemljakov and A. B. Katok. “Topological transitivity of billiards in
polygons”. In: Mat. Zametki 18.2 (1975), pp. 291-300.

[ZK75b] Alexander N. Zemljakov and Anatole B. Katok. “Topological transitivity of
billiards in polygons”. In: Mat. Zametki 18.2 (1975), pp. 291-300.

[Zor06] Anton Zorich. “Flat surfaces”. In: Frontiers in number theory, physics, and

geometry. I. Springer, Berlin, 2006, pp. 437-583.

[Zor08] Anton Zorich. “Explicit Jenkins-Strebel representatives of all strata of abelian
and quadratic differentials”. In: J. Mod. Dyn. 2.1 (2008), pp. 139-185.

[Zor96] Anton Zorich. “Finite Gauss measure on the space of interval exchange trans-
formations. Lyapunov exponents”. In: Ann. Inst. Fourier (Grenoble) 46.2 (1996),
pp- 325-370.

[Zor97] Anton Zorich. “Deviation for interval exchange transformations”. In: Ergodic
Theory Dynam. Systems 17.6 (1997), pp. 1477-1499.

[Zor99] Anton Zorich. “How do the leaves of a closed 1-form wind around a surface?”
In: Pseudoperiodic topology. Vol. 197. Amer. Math. Soc. Transl. Ser. 2. Amer.
Math. Soc., Providence, RI, 1999, pp. 135-178.



	Interval Exchange Transformations
	Notation, definitions, conventions
	Early history of IETs
	Rauzy-Veech induction
	Ergodic properties of IETs
	Modern developments
	Billiards
	Generalizations of IETs
	Appendix A: Ergodic Theory and Topological Dynamics
	Appendix B: Number Theory

	Interval Translation Mappings
	Definitions and notation
	Properties of general ITMs
	Two special families
	Bruin-Troubetzkoy family
	Double rotations

	Open problems
	Spy billiards

	Density of Stable Interval Translation Mappings
	Overview of dynamical stability
	Summary of results
	Main idea of the proof
	Organization of the chapter

	Preliminaries
	Notation and conventions
	The non-wandering set of T
	Properties of finite type ITMs

	Product notation and eventually periodic maps
	Product notation and perturbations
	Density of eventually periodic maps

	Linear independence of itinerary vectors
	Statement and setup
	Refining partitions of I
	Refining partitions into A-subordinate intervals
	Proof of Theorem III.5.6

	Stability is equivalent to ACC and Matching
	Definitions and examples
	Stability, A1 and A2 imply Matching
	Stability implies ACC
	ACC + Matching implies Stability

	Eventually periodic maps can be approximated by stable maps
	Unstable number and correspondence
	Proof of Theorem III.7.1

	Almost every finite type map is stable
	Parameter space and future work
	The Bruin–Troubetzkoy family
	Future work: geometry and dynamics in the boundary of stable regions



