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Let us consider the Schrödinger operator with exterior magnetic field B. It is defined via a magnetic
potential A satisfying curlA = B as follows:

−∆A =−∆− 2 i A ·∇+|A|2 − 2 i divA ,

and the associated quadratic form is given by∫
Rd

|∇Au|2 d x

where
∇A :=∇+ i A

is the covariant derivative. The quadratic form is well defined for all functions

u ∈ H1
A :=

{
u ∈ L2(Rd ) : ∇Au ∈ L2(Rd )

}
.

In this paper we are mainly interested in the case of a constant magnetic field B of strength B in
dimension d = 2, with A = B

2 (−x2, x1). It is well-known that the infimum of the spectrum of −∆A is
equal to B . Moreover the spectrum of −∆A is a the countable set {(2 j+1)B : j ∈N}. The eigenspaces
corresponding to these elements of the spectrum are called the Landau levels and they are all infin-
ity dimensional. In particular the eigenspace corresponding to the lowest level B is called the LLL
(lowest Landau level). The case of a constant magnetic field B = (0,0,B) with magnetic potential
A = B

2 (−x2, x1,0) in dimension d = 3 is similar, but is not studied in this paper.

1. SOME FUNCTIONAL INEQUALITIES IN PRESENCE OF A CONSTANT MAGNETIC FIELD

1.1. Some preliminary results in case p ∈ (2,∞).

Proposition 1. Consider a constant magnetic field with field strength B in two dimensions and de-
note the covariant derivative by ∇A. Then given any 2 ≤ p <∞, there exists a constant Sp independent
of B such that

‖∇Aψ‖2 ≥ Sp B 1/p ‖ψ‖p .

Proof. Recall the Gagliardo-Nirenberg inequality

(1) ‖∇|ψ|‖1−2/p
2 ‖ψ‖2/p

2 ≥ Sp ‖ψ‖p ∀ψ ∈ H1(R2) .

Now observe that for a constant magnetic field

B ‖ψ‖2
2 ≤ ‖∇Aψ‖2

2

and moreover by the diamagnetic inequality

‖∇|ψ|‖2 ≤ ‖∇Aψ‖2
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and hence

Sp ‖ψ‖p ≤ ‖∇|ψ|‖1−2/p
2 ‖ψ‖2/p

2 ≤ ‖∇Aψ‖1−2/p
2 ‖ψ‖2/p

2 ≤ B−1/p‖∇Aψ‖2 .

�

The following result follows from the proof of [23, Theorem 3.1].

Lemma 2. With the notations of the Proposition 1, for every c ∈ [0,1], we have

(2)
∫
R2
|∇Aψ|2 d x ≥ (

1− c2)∫
R2
|∇ψ|2 d x + c B

∫
R2
ψ2 d x ,

and equality holds with ψ= u e i S and u > 0 if and only if

(3)
(−∂2u2, ∂1u2)= 2u2

c
(A+∇S) .

Proof. For every c ∈ [0,1],∫
R2
|∇Aψ|2 d x =

∫
R2
|∇u|2 d x +

∫
R2
|A+∇S|2 u2 d x

= (
1− c2)∫

R2
|∇u|2 d x +

∫
R2

(
c2 |∇u|2 +|A+∇S|2 u2)d x .

Now, ∫
R2

(
c2 |∇u|2 +|A+∇S|2 u2)d x ≥

∫
R2

2c |∇u| |A+∇S|u d x .

with equality only if c|∇u| = |A+∇S|u. Since we have chosen the gauge

A1 = B
2 x2 , A2 =−B

2 x1

so that ∂2A1 −∂1A2 = B . Next,

2 |∇u| |A+∇S|u = |∇u2| |A+∇S| ≥ (∇u2)⊥ · (A+∇S) ,

where
(∇u2

)⊥
:= (−∂2u2, ∂1u2

)
, and there is equality only if(−∂2u2, ∂1u2)= γ (A+∇S)

for some γ. Since c|∇u| = |A+∇S|u, we have γ= 2u2/c. Integration by parts yields∫
R2

(
c2 |∇u|2 +|A+∇S|2 u2)d x ≥ B c

∫
R2

u2 d x .

�

Let Cp denote the optimal constant of the embedding of H1(R2) into Lp (Rd ), that is, the best con-
stant in the inequality

(4) ‖∇u‖2
2 +‖u‖2

2 ≥C 2
p ‖u‖2

p ∀u ∈ H1(Rd ) .

By considering the scaling uλ(x) = u
(
x/λ

)
, we find that

(5) ‖∇u‖2
2 +λ2 ‖u‖2

2 ≥C 2
p λ

2−d (1− 2
p ) ‖u‖2

p ∀u ∈ H1(Rd ) .

From now on, we assume that d = 2. An optimization on λ > 0 shows that the optimal constant
in (1) is given by

S2
p = 2

p

(
1− 2

p

)1− 2
p C 2

p .
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1.2. Case p ∈ (2,∞).

Proposition 3. Consider a constant magnetic field with field strength B in two dimensions and de-
note the covariant derivative by ∇A. Given any p ∈ (2,+∞), and any α>−B, we have

(6) ‖∇Aψ‖2
2 +α‖ψ‖2

2 ≥C 2
p

(
1− c2)1− 2

p (α+ c B)
2
p ‖ψ‖2

p ∀ψ ∈ H1(R2)

with 1/c = η+
√
η2 +p −1 > 1 and η = α (p − 2)/(2B). Moreover, when either α→ +∞ for a fixed

given B > 0 or B → 0+ for a given α> 0, we have

‖∇Aψ‖2
2 +α‖ψ‖2

2 ≥C 2
p α

2
p ‖ψ‖2

p (1+o(1)) .

Proof. For any α>−B and c ∈ [0,1] such that α+ c B ≥ 0, we use Lemma 2 to write

‖∇Aψ‖2
2 +α‖ψ‖2

2 ≥
(
1− c2)∫

R2
|∇u|2 d x + (α+ c B)

∫
R2

u2 d x .

By applying (5) with λ2 = (α+ c B)/
(
1− c2

)
, we get

‖∇Aψ‖2
2 +α‖ψ‖2

2 ≥C 2
p

(
1− c2)1− 2

p (α+ c B)
2
p ‖ψ‖2

p .

Next we optimize the function c 7→ (
1− c2

)1− 2
p (α+c B)

2
p in the interval [0,1]. This function reaches

its maximum at c such that

(p −2)c (α+ c B) = B (1− c2) .

Notice that α+ c B is nonnegative. With

η= α (p −2)

2B
,

the equation for c becomes

(p −1)c2 + 2ηc −1 = 0.

An elementary computation shows that

c = c(p,η) =
√
η2 +p −1−η

p −1
= 1

η+
√
η2 +p −1

∈ (0,1) .

In the asymptotic regimes as either α→+∞ or B → 0+, c converges to 0. �

1.3. Logarithmic Sobolev inequality. By passing to the limit as p → 2+ in (6), we obtain a logarith-
mic Sobolev inequality.

Corollary 4. Consider a constant magnetic field with field strength B > 0 in two dimensions. Then
for any η> 0 we have

(7) ‖∇Aψ‖2
2 ≥ ηB

∫
R2
ψ2 log

(
ψ2

‖ψ‖2
2

)
d x +B

[
c(2,η)+η log

(
2πe2 c(2,η)

B

)]
‖ψ‖2

2 ∀ψ ∈ H1(R2) ,

where c(2,η) =
√
η2 +1−η.

Proof. First let us consider the Gagliardo-Nirenberg inequality

‖∇ψ‖2
2 +‖ψ‖2

2 ≥C 2
p ‖ψ‖2

p ∀ψ ∈ H1(Rd )

written with optimal constant C 2
p for p > 2. Let us apply (5) with λ2 = 1

p−2 , so that our inequality
now reads

‖∇ψ‖2
2 − 1

p−2

(
‖ψ‖2

p −‖ψ‖2
2

)
≥

[
C 2

p

(
1

p−2

)1−d p−2
2 p − 1

p−2

]
‖ψ‖2

p .
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By passing to the limit as p → 2, we recover the Euclidean logarithmic Sobolev inequality with
optimal constant, that is

(8) ‖∇ψ‖2
2 ≥ 1

2

∫
Rd
ψ2 log

(
ψ2

‖ψ‖2
2

)
d x + d

4 log
(
2πe2)‖ψ‖2

2 ∀ψ ∈ H1(Rd ) .

As a consequence, we obtain that limp→2+ Cp = 1 and

(9) lim
p→2+

[
C 2

p

(
1

p−2

)1−d p−2
2 p − 1

p−2

]
= d

4 log
(
2πe2) .

In other words, this means that

C 2
p = 1− d

2 p (p −2) log(p −2)+ d
4 log

(
2πe2) (p −2)+o(p −2) as p → 2+ .

Assume that d = 2 and let ε= p −2 → 0+. We have shown that

(10) C 2
p = 1− ε

2 logε+ ε
2 log

(
2πe2)+o(ε)

and, with c = c(p,η),

C 2
p (1− c2)1− 2

p
(2ηB

p−2 + c B
) 2

p − 2ηB
p−2

= 2ηB
ε

[(
1− ε

2 logε+ ε
2 log

(
2πe2))(

1+ ε
2 log

(
1− c2))(1+ ε

2
c
η

)(
1− ε

2 log
(

2ηB
ε

))
−1

]
→ B

[
c(2,η)+η log

(
2πe2 c(2,η)

B

)]
because 1− c(2,η)2 = 2ηc(2,η). By rewriting (6) as

‖∇Aψ‖2
2 ≥ 2ηB

p−2

(
‖ψ‖2

p −‖ψ‖2
2

)
+

[
C 2

p (1− c2)1− 2
p
(2ηB

p−2 + c B
) 2

p − 2ηB
p−2

]
‖ψ‖2

p

we can pass to the limit as p → 2+ and establish (7). �

As proved in the Proposition below, it turns out that the above magnetic logarithmic Sobolev in-
equality is optimal, and that the optimizers are all known.

Proposition 5. Consider a constant magnetic field with field strength B > 0 in two dimensions. Then
the logarithmic Sobolev inequality (7) is optimal and the optimizers are all the functions

ψ(x) =C e
− B

c

[
|x−b|2

4 +i c
2 (b1x2−b2x1)

]
, C ∈C , c ∈R , b ∈R2 .

Note that the vectors b = (b1,b2) are precisely the magnetic translations. The magnetic Hamiltonian
is not invariant under the standard translations, but it commutes with the magnetic translations.

Proof. In order to prove this result, let us see first that (7) can be proved also in the following way.
First writeψ asψ= u e i S , with u > 0, and note that for everyσ> 0 the logarithmic Sobolev inequality
with B = 0 can be written as∫

R2
|∇u|2 d x ≥ σ2

2

∫
R2

u2 log

(
u2

‖u‖2
2

)
d x + σ2

2
log

(
2πe2

σ2

)∫
R2
|u|2 d x ,

and as proven in [4], there is equality in the above inequality if and only if, up to translation and

multiplication by a constant, u = e−
σ2

4 |x|2 . Hence, combining this inequality with Lemma 2, we
find that for all σ> 0, for all c ∈ [0,1],∫

R2
|∇Au|2 d x ≥ σ2 (1− c2)

2

∫
R2

u2 log

(
u2

‖u‖2
2

)
d x +

(
Bc + σ2 (1− c2)

2
log

(
2πe2

σ2

))∫
R2
|u|2 d x ,

and choosing

σ2 = B

c
, c =

√
η2 +1−η ,
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we see that the above inequality is exactly the same as (7). Moreover, the only possible functions

for which there is equality are the Gaussians C e−
σ2

4 |x−b|2 satisfying (3), with C ∈ C and b ∈ R2. This
means that S has to satisfy

∂1S = B

2
b2 , ∂2S =−B

2
b1 ,

which implies S = B
2 (b2x1 −b1x2)+D . This ends the proof. �

1.4. Case p ∈ (1,2). Now let us turn our attention to the case p ∈ (1,2). With a straightforward

abuse of notations, we shall use the notations ‖u‖p = (∫
Rd |u|p d x

)1/p and Lp (Rd ) for measurable
functions such that ‖u‖p <∞, even when p < 1.

Let us consider the Gagliardo-Nirenberg inequality

(11) ‖∇u‖2
2 +‖u‖2

p ≥C 2
p ‖u‖2

2 ∀u ∈ H1 ∩Lp (Rd )

where, compared to the case p > 2, the position of the norms ‖u‖2
2 and ‖u‖2

p have been exchanged.
A scaling similar to the one of (5) shows that, for any λ> 0,

(12) ‖∇u‖2
2 +λ2+d 2−p

p ‖u‖2
p ≥C 2

p λ
2 ‖u‖2

2 ∀u ∈ H1 ∩Lp (Rd ) .

By optimizing on λ> 0 when d = 2, we obtain the scale invariant form of the Gagliardo-Nirenberg
inequality

‖∇ψ‖1− p
2

2 ‖ψ‖
p
2
p ≥ Sp ‖ψ‖2 ∀ψ ∈ H1 ∩Lp (R2) ,

with S2
p = ( p

2

) p
2
(
1− p

2

)1− p
2 C 2

p . The strategy of the proof of Proposition 3 applies: for any c ∈ (0,1),

for any β> 0, by applying (12) with λ4/p =β/(1− c2), we obtain

‖∇Aψ‖2
2 +β‖ψ‖2

p ≥
(
c B +C 2

p β
p
2 (1− c2)1− p

2

)
‖ψ‖2

2 .

The function c 7→ c B +C 2
p β

p
2 (1− c2)1− p

2 is positive in [0,1] and its derivative is positive at 0, and

negative in a neighborhood of 1−. Hence it achieves its maximum, K p = c∗ B +C 2
p β

p
2 (1−c2∗)1− p

2 , at

the unique point c∗ ∈ (0,1) given by c
(1−c2)p/2 = p B

2(2−p)Cp βp/2 .

Proposition 6. Consider a constant magnetic field with field strength B in two dimensions. Given
any p ∈ (1,2), and any β> 0, we have

‖∇Aψ‖2
2 +β‖ψ‖2

p ≥ K p ‖ψ‖2
2 ∀ψ ∈ H1 ∩Lp (R2)

with K p as above. Moreover, for a given fixed B and β→+∞ or for B → 0 with a fixed β> 0,

‖∇Aψ‖2
2 +β‖ψ‖2

p ≥C 2
p β

p
2 ‖ψ‖2

2 (1+o(1)) .

1.5. Convergence towards the lowest Landau levels. We conclude this section by considerations
on the limit as α→ (−B)+. Let µB(α) be the optimal constant in the inequality

‖∇Aψ‖2
2 +α‖ψ‖2

2 ≥µB(α)‖ψ‖2
p ∀ψ ∈ H1

A .

Notice that by homogeneity, we can always consider optimal functions such that ‖ψ‖p = 1. Optimal
functions exist according to [15].

Proposition 7. Let d = 2 and consider a constant magnetic field with field strength B. If uα is a
minimizer for µB(α) such that ‖uα‖p = 1, then there exists a non trivial vα ∈ LLL such that

lim
α↘−B

‖uα− vα‖H1
A(R2) = 0.
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Proof. Let us consider a minimizer uα of µB((α) such that ‖uα‖p = 1 and decompose it as uα =
vα+wα, where vα ∈ LLL and wα is in the orthogonal of LLL. Then, by the orthogonality of vα and
wα, we get

µB(α) ≥ (α+B)‖vα‖2
2 + (α+3B)‖wα‖2

2 ≥ (α+3B)‖wα‖2
2 ∼ 2B ‖wα‖2

2 as α↘−B .

Since limα↘−B µB(α) = 0, this implies that limα↘−B ‖wα‖2 = 0. On the other hand, we know that

µB(α) = (α+B)‖vα‖2
2 + ‖∇A wα‖2

2 +α‖wα‖2
2 ,

which concludes the proof. �

2. OTHER FUNCTIONAL INEQUALITIES IN PRESENCE OF A MAGNETIC FIELD

Although the estimates below are written only for constant magnetic fields, it is possible to gener-
alize them to non-constant magnetic fields B for which the spectral following gap inequality holds

(13) ‖∇Aψ‖2
2 ≥Λ[B]‖ψ‖2

2 ∀ψ ∈ H1(Rd ,C) ,

where A is any magnetic potential satisfying curlA = B. We recall that Λ[B] = B if B is a constant
magnetic field, d = 2 and A = B

2 (−x2, x1). From now on, unless it is explicitely specified, we assume
for simplicity that d = 2.

2.1. Case p ∈ (2,∞). Here we generalize to a magnetic field B satisfying (13) with Λ[B] > 0 the re-
sults obtained in Section 1. The first result is an extension of Proposition 3, which is actually valid
for general magnetic fields.

Proposition 8. Let d = 2. Consider a magnetic field B with magnetic potential A and assume
that (13) holds for some Λ=Λ[B] > 0. For any p ∈ (2,∞), any α>−Λ, and any ψ ∈ H1

A we have

(14) ‖∇Aψ‖2
2 +α‖ψ‖2

2 ≥ Kp ‖ψ‖2
p

where
Kp = S2

p (α+Λ)Λ
2
p −1 if α ∈

[
−Λ, 2Λ

p−2

]
, Kp =C 2

p α
2
p if α≥ 2Λ

p−2 ,

and C 2
p denotes the optimal constant in (4).

When d = 2, we recall that S2
p =C 2

p

( 2
p

) 2
p
(
1− 2

p

)1− 2
p . Ifα= 0, we observe that Kp = S2

p Λ
2
p , from which

we deduce the inequality

(15) ‖∇Aψ‖2 ≥ Sp Λ
1
p ‖ψ‖p ∀ψ ∈ H1

A .

Proof. For any t ∈ [0,1], we deduce from the diamagnetic inequality

(16) ‖∇|ψ|‖2 ≤ ‖∇Aψ‖2

and from (13) and (5) that

‖∇Aψ‖2
2 +α‖ψ‖2

2 = t
(‖∇Aψ‖2

2 −Λ‖ψ‖2
2

)+ (1− t )

(
‖∇Aψ‖2

2 +
α+Λ t

1− t
‖ψ‖2

2

)
≥ (1− t )‖∇|ψ|‖2

2 + (α+ tΛ) ‖ψ‖2
2 ≥C 2

p (1− t )1− 2
p (α+ tΛ)

2
p ‖ψ‖2

p .

Finally we have to optimize the quantity

t 7→ (1− t )1− 2
p (α+ tΛ)

2
p

on the interval t ∈ [max{0,−α/Λ},1]. The optimum value in the interval (−α/Λ,1) is achieved for
t = 2

p − α (p−2)
Λp , which proves the first inequality. For α ≥ 2Λ/(p −2), the maximum is achieved at

t = 0, which proves the second inequality. �
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2.2. Further interpolation inequalities in case p ∈ (2,∞). Without magnetic field, Gagliardo-
Nirenberg interpolation inequalities can be put in scale-invariant form (1) by optimizing (5) on
the scale parameter λ> 0. In presence of a magnetic field, one may wonder if an inequality similar
to (1) exists. Let us assume that θ ∈ (1−2/p,1) and let

q = 2 p θ

2−p +p θ
.

By Hölder’s inequality we obtain that(‖∇Aψ‖2
2 +α‖ψ‖2

2

)θ/2 ‖ψ‖1−θ
2 ≥

(
Kq ‖ψ‖2

q

)θ/2 ‖ψ‖1−θ
2 ≥ K θ/2

q ‖ψ‖p .

A similar estimate, which also covers the limit case θ = 1−2/p, also holds.

Corollary 9. Under the assumptions of Proposition 8, withΛ=Λ[B], for any θ ∈ [1−2/p,1) and any
ψ ∈ H1

A(Rd ), we have(‖∇Aψ‖2
2 +α‖ψ‖2

2

)θ/2 ‖ψ‖1−θ
2 ≥ K

1
4 (p θ−p+2)

p

(
min

{
1,1+ α

Λ

}
Sp

) p
2 (1−θ) ‖ψ‖p .

Proof. With θ? = 1− 2
p , we can write

(‖∇Aψ‖2
2 +α‖ψ‖2

2

)θ/2 ‖ψ‖1−θ
2 = (‖∇Aψ‖2

2 +α‖ψ‖2
2

) 1
2
θ−θ?
1−θ?

(‖∇Aψ‖2
2 +α‖ψ‖2

2

) 1−θ
1−θ?

≥
(
Kp ‖ψ‖2

p

) 1
2
θ−θ?
1−θ? (‖∇Aψ‖2

2 +α‖ψ‖2
2

) 1−θ
1−θ?

If α ∈ (−Λ,0], it follows from (13) and (16) that

‖∇Aψ‖2
2 +α‖ψ‖2

2 ≥
(
1+ α

Λ

)‖∇Aψ‖2 ≥
(
1+ α

Λ

)‖∇|ψ|‖2 ,

while we can simply drop α‖ψ‖2
2 when α≥ 0. Hence it follows from (1) that(‖∇Aψ‖2

2 +α‖ψ‖2
2

)θ/2 ‖ψ‖1−θ
2 ≥

(
Kp ‖ψ‖2

p

) 1
2
θ−θ?
1−θ? (

min
{
1,1+ α

Λ

}
Sp ‖ψ‖p

) 1−θ
1−θ? ,

which concludes the proof. �

2.3. Case p →+∞ : a magnetic Onofri inequality. From many points of view, Onofri’s inequality
plays in dimension d = 2, the role of Sobolev’s inequality in higher dimensions. According to the
Euclidean version of Onofri’s inequality, for any u ∈ L1(R2,dµ) with ∇u ∈ L2(R2,d x), we have

log

(∫
R2

eu dµ

)
≤

∫
R2

u dµ+ 1

16π

∫
R2
|∇u|2 d x ,

where dµ = µ(x)d x denotes the probability measure defined by µ(x) = 1
π (1+ |x|2)−2, x ∈ R2. On

the one hand, we can apply this inequality with u = |ψ|, and on the other hand rely on the Cauchy-
Schwarz inequality and (13) to estimate∫

R2
u dµ≤ ‖u‖2 ‖µ‖2 = 1p

3π
‖ψ‖2 ≤ 1p

3πΛ
‖∇Aψ‖2 .

We conclude by using the diamagnetic inequality (16) with Λ=Λ[B] that

log

(∫
R2

e |ψ| dµ
)
≤ 1p

3πΛ
‖∇Aψ‖2 + 1

16π
‖∇Aψ‖2

2 .

This is equivalent to the following result.

Proposition 10. Let d = 2. Consider a magnetic field B with magnetic potential A and assume
that (13) holds for some Λ=Λ[B] > 0. Then

8
√

π
3Λ

(
−1+

√
1+ 3

4 Λ log
(∫
R2 e |ψ| dµ

))≤ ‖∇Aψ‖2 ∀ψ ∈ H1
A .
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The optimality in Onofri’s inequality is achieved by considering the test functions uε = 1+ εϕ as
ε→ 0, with

ϕ(x) = |x|2 −1

|x|2 +1
, x ∈R2 .

We recall that ϕ solves −∆ϕ = 8πµϕ. It is compatible neither with the equality in the Cauchy-
Schwarz inequality nor with the optimality in (13), and so the question of an optimal magnetic
Onofri inequality is open.

One can alternatively consider the unique, smooth and radially symmetric solution (nM ,cM ) of

−∆cM = M
e−

1
2 |x|2+cM∫

R2 e−
1
2 |x|2+c d x

=: nM , x ∈R2

for any M ∈ (0,8π). We refer to [8] for details. With µM := nM /M , we have the following inequality:

log

(∫
R2

eu dµM

)
−

∫
R2

u dµM ≤ 1
2 M

∫
R2
|∇u|2 d x ,

and, with the same scheme as for the standard Onofri inequality, we have

log

(∫
R2

e |ψ| dµM

)
≤ 1p

3πΛ
‖∇Aψ‖2 + 1

2 M ‖∇Aψ‖2
2 ,

which finally gives an inequality similar to the one of Proposition 10 in case M < 8π, that is,

Mp
3πΛ

(
−1+

√
1+ 3

4 Λ log
(∫
R2 e |ψ| dµM

))≤ ‖∇Aψ‖2 ∀ψ ∈ H1
A .

2.4. Logarithmic Sobolev inequality. The extension of Corollary 4 to non-constant magnetic fields
goes as follows.

Proposition 11. Let d = 2. Consider a magnetic field B with magnetic potential A and assume
that (13) holds for some Λ=Λ[B] > 0. For any u ∈ H1

A and any η≥ 1, we have

(17) ‖∇Au‖2
2 ≥ ηΛ

∫
R2

u2 log

(
u2

‖u‖2
2

)
d x +ηΛ log

(
πe2

ηΛ

)
‖u‖2

2 ∀u ∈ H1(R2) .

Notice that in the semi-classical regime corresponding to a limit of the magnetic field B such that
Λ =Λ[B] → 0, then with η = 1

2Λ →+∞, we recover the classical logarithmic Sobolev inequality (8)
without magnetic field.

Proof. For any α≥ 2Λ
p−2 , Inequality (14) takes the form

‖∇Au‖2
2 +α‖u‖2

2 ≥C 2
p α

2
p ‖u‖2

p ∀u ∈ H1(Rd ) .

Let us choose α= 2ηΛ
p−2 , with η≥ 1. Hence

‖∇Au‖2
2 ≥ 2ηΛ

p−2

(
‖u‖2

p −‖u‖2
2

)
+

[
C 2

p

(
2ηΛ
p−2

) 2
p − 2ηΛ

p−2

]
‖u‖2

p .

With d = 2, by passing to the limit as p → 2+ and using the fact that

lim
p→2+

2
p−2

(
‖u‖2

p −‖u‖2
2

)
=

∫
R2

u2 log

(
u2

‖u‖2
2

)
d x ,

we obtain (17). �
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2.5. Case p ∈ (1,2). We have a result similar to the one of Proposition 8.

Proposition 12. Let d = 2. Consider a magnetic field B with magnetic potential A and assume
that (13) holds for some Λ=Λ[B] > 0. For any p ∈ (1,2), any β> 0, and any ψ ∈ H1

A we have

‖∇Aψ‖2
2 +β‖ψ‖2

p ≥ Kp ‖ψ‖2
2

where

Kp =C 2
p β

p
2 if β≥β? :=

(
2Λ

2−p

) 2
p

C
− 4

p
p , Kp =Λ+Λ1− p

2
p
2

(
1− p

2

) 2
p −1

βC
4
p

p if β ∈ [0,β?] ,

and C 2
p denotes the optimal constant in (11).

Proof. For all ψ ∈ H1
A, by (13) and (16), we obtain that

‖∇Aψ‖2
2 +β‖ψ‖2

p = t
(‖∇Aψ‖2

2 −Λ‖ψ‖2
2

)+ (1− t )‖∇Aψ‖2
2 +β‖ψ‖2

p +Λ t ‖ψ‖2
2

≥ (1− t )‖∇|ψ|‖2
2 +β‖ψ‖2

p +Λ t ‖ψ‖2
2 .

Next we apply (12) to u = |ψ| with λ2 =
(
β

1−t

)p/2
. This yields

‖∇Aψ‖2
2 +β‖ψ‖2

p ≥
[

(1− t )1− p
2 β

p
2 C 2

p +Λ t
]
‖ψ‖2

2 .

If β ≤ β?, the right hand side is maximal for some t ∈ [0,1], otherwise the maximum on [0,1] is
achieved by t = 0, which concludes the proof. �

2.6. Optimal constant in the magnetic interpolation inequality, in case p ∈ (2,2∗). Let 2∗ =
2d/(d − 2) if d ≥ 3 and 2∗ = +∞ if d = 2. For any α > −Λ[B] and any p ∈ (2,2∗), let us consider
the optimal constant µB(α) in the inequality

(18) ‖∇Aψ‖2
2 +α‖ψ‖2

2 ≥µB(α)‖ψ‖2
p ∀ψ ∈ H1

A ,

that is,

µB(α) := inf
ψ∈H1

A\{0}

‖∇Aψ‖2
2 +α‖ψ‖2

2

‖ψ‖2
p

.

Proposition 13. Let d ≥ 2 and p ∈ (2,2∗). Consider a magnetic field B with magnetic potential A
and assume that (13) holds for someΛ=Λ[B] > 0. The function α 7→µB(α) is positive on the interval
(−Λ[B],+∞), monotone increasing, concave and such that

lim
α→(−Λ)+

µB(α) = 0 and lim
α→+∞µB(α)α

d−2
2 − d

p =C 2
p .

As a consequence, for any given α> 0, we obtain

lim
ε→0

µεB(α) =C 2
p α

d
p − d−2

2 .

Proof. The positivity is a consequence of Proposition 8, while the concavity follows from the fact
that α 7→ µB(α) is achieved as minimizing an affine function of α on a set of functions ψ. The
estimate as α → (−Λ)+ is obtained by considering test functions for (13). As α → +∞, a lower
estimate is obtained by arguing as in Proposition 8 for any d ≥ 2 and using (5). To see that this
estimate is optimal, we argue as in the proof of [10, Theorem 1].

The small magnetic field regime follows from the change of variables ψ(x) =φ(ε1/2x). Since

‖∇εAψ‖2
2 +α‖ψ‖2

2

‖ψ‖2
p

= ε d
p − d−2

2
‖∇εAφ‖2

2 +αε−1 ‖φ‖2
2

‖φ‖2
p

,

we deduce that

(19) µεB(α) = ε d
p − d−2

2 µB
(
αε−1) .
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The conclusion follows by considering the asymptotic regime as αε−1 →+∞. �

2.7. Optimal constant in the magnetic interpolation inequality, in case p ∈ (1,2). For any β > 0,
let us define

νB(β) := inf
ψ∈H1

A\{0}

‖∇Aψ‖2
2 +β‖ψ‖2

p

‖ψ‖2
2

,

i.e., νB(β) is the optimal constant in the interpolation inequality

(20) ‖∇Aψ‖2
2 +β‖ψ‖2

p ≥ νB(β)‖ψ‖2
2 ∀ψ ∈ H1 ∩Lp (R2) .

Proposition 14. Let d = 2 and p ∈ (1,2). Consider a magnetic field B with magnetic potential A and
assume that (13) holds for some Λ = Λ[B] > 0. The function β 7→ νB(β) is positive on the interval
(0,+∞), monotone increasing, concave and such that

lim
β→0+

νB(β) =Λ and lim
β→+∞

νB(α)β− p
2 =C 2

p .

As a consequence, for any given β> 0, we obtain

lim
ε→0

νεB(β) =C 2
p β

p
2 .

The proof is very similar to that of Proposition 13. We will not detail it here. It relies on a change of
variables from which we deduce that, for all β> 0 and ε> 0,

νεB(β) = ενB(βε−
2
p ) .

3. KELLER–LIEB–THIRRING ESTIMATES FOR MAGNETIC SCHRÖDINGER OPERATORS

3.1. A Keller–Lieb–Thirring estimate for negative potentials. Let us consider the Schrödinger en-
ergy of some function ψ ∈ H1

A in case of a negative potential V ∈ Lq (Rd ). Using Hölder’s inequality
with 1/q +2/p = 1, with q > d/2, we know that

(21)
∫
Rd

|∇Aψ|2 d x +
∫
Rd

V |ψ|2 d x ≥
∫
Rd

|∇Aψ|2 d x −
∫
Rd

|V | |ψ|2 d x ≥ ‖∇Aψ‖2
2 −‖V ‖q ‖ψ‖2

p .

We know from Proposition 13 that there exists a unique α such that µB(α) = ‖V ‖q . Using (18), we
obtain that the right hand side is bounded from below by −α‖ψ‖2

2. Let us denote by αB : [0,+∞) →
[−Λ[B],+∞) the inverse of the function α 7→ µB(α) and by λA,V the principal eigenvalue of the op-
erator −∆A+V defined as the infimum of the quotient of the Schrödinger energy ofψ by ‖ψ‖2

2. This
can be summarized as follows.

Corollary 15. Let d ≥ 2 and q > d/2. Consider a magnetic field B with magnetic potential A and
assume that (13) holds for some Λ=Λ[B] > 0. With the above notations,

(22) λA,V ≥−αB(‖V ‖q ) ∀V ∈ Lq (Rd ) such that V ≤ 0 a.e.

This estimate is optimal. Moreover, −αB(µ) is nonnegative if µ= ‖V ‖q ≤µB(0) and

lim
µ→+∞αB(µ)µ− 2 q

2 q−d =C
− 4 q

2 q−d
p

with p = 2 q
q−1 . As a consequence, for any given µ> 0, we obtain

lim
ε→0

αεB(µ) =
(
C−2

p µ
) 2 q

2 q−d
.



INTERPOLATION INEQUALITIES WITH A MAGNETIC FIELD 11

Proof. The optimality case in (22) is equivalent to the optimality case in (18) because V =−|ψ|p−2

realizes the equality case in (21). The small magnetic field regime is obtained from (19) by writing
µ=µεB(αεB(µ)) and composing both sides of the identity with αB, hence showing that

αεB(µ) = εαB

(
µε

− 2 q−d
2 q

)
,

and using the asymptotics as µε−
2 q−d

2 q →+∞. �

Explicit estimates follow from Proposition 8 when d = 2 by inverting the inequality µB(α) ≥ Kp .

Corollary 16. Let d = 2. Under the same assumptions as in Proposition 15, with p = 2 q
q−1 , we have

αB(µ) ≤ S−2
p Λ

1
q µ−Λ if µ ∈

[
0, qΛ1− 1

q S2
p

]
, αB(µ) ≤

(
C−2

p µ
) q

q−1
if µ≥ qΛ1− 1

q S2
p .

A better estimate, although non explicit, can be obtained from Proposition 3 in case of a constant
magnetic field. See Fig. 1.
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-1

1

1 2 3 4 5 6
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-0.4

-0.2
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FIGURE 1. Case p > 2: plot of lower estimates of the principale eigenvalue λA,V as
a function of Λ with d = 2, p = 7 and Λ= 1 as a function of µ (left). For more read-
ability, the same computation is represented, except that the straight line estimate
µ 7→ S−2

p Λ1/q µ−Λ has been subtracted (right). The result of Corollary 16 is given
by the plain curve. In case of constant magnetic field, we have Λ = B and the im-
proved (although purely numerical) result that can be deduced from Proposition 3
is represented by the dashed curve.

3.2. A Keller–Lieb–Thirring estimate for positive potentials. By Hölder’s inequality with expo-
nents 2/p and 2/(2−p), with p ∈ (1,2), if W is a positive function, we have

‖ψ‖2
p =

(∫
Rd

W − p
2

(
W |ψ|2) p

2 d x

)2/p

≤ ‖W −1‖q

∫
Rd

W |ψ|2 d x ,

with q = p
2−p . Using (18), we know that∫

Rd
|∇Aψ|2 d x +

∫
Rd

W |ψ|2 d x ≥
∫
Rd

|∇Aψ|2 d x +β‖ψ‖2
p ≥ νB(β)

∫
Rd

|ψ|2 d x .

with β= 1/‖W −1‖q . The results of Proposition 14 provide us with estimates on the principal eigen-
value of the Schrödinger operator −∆A +W .

Corollary 17. Let d ≥ 2 and q ∈ (1,+∞). Consider a magnetic field B with magnetic potential A and
assume that (13) holds for some Λ=Λ[B] > 0. If W is a positive potential, then

λA,W ≥ νB

(
‖W −1‖−1

q

)
∀W such that W −1 ∈ Lq (Rd ) .
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This estimate is optimal.
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FIGURE 2. Case p ∈ (1,2): plot of lower estimates of the principale eigenvalue λA,V

as a function of Λ with d = 2, p = 3/2 and Λ= 1 as a function of β (left). The same
computation is represented (right), except that the straight line estimate

β 7→Λ+Λ1− p
2

p
2

(
1− p

2

) 2
p −1

βC
4
p

p

has been subtracted. The result that can be deduced from Proposition 12 is given
by the plain curve. In case of constant magnetic field, we have Λ = B and the im-
proved (although purely numerical) result that can be deduced from Proposition 6
is represented by the dashed curve.

If d = 2, we recall that

νB(β) ≥Λ+Λ1− p
2

p
2

(
1− p

2

) 2
p −1

βC
4
p

p if β ∈ [0,β?] , νB(β) ≥C 2
p β

p
2 if β≥β? =

(
2Λ

2−p

) 2
p

C
− 4

p
p ,

with Λ=Λ[B] given by (13), according to Proposition 12. If, additionally, B is a constant magnetic
field of intensity B > 0, then Λ= B and we deduce from Proposition 6 the improved estimate

νB(β) ≥ c∗ B +C 2
p β

p
2 (1− c2

∗)1− p
2 where c∗ ∈ (0,1) solves

c

(1− c2)p/2
= p B

2(2−p)Cp βp/2
.

See Fig. 2.

3.3. Keller–Lieb–Thirring estimates for general potentials. The estimates of Sections 3.1 and 3.2
are respectively limited to nonpositive and nonnegative potentials V and W , which induces some
restrictions on the behavior of V as |x| → +∞ and on the behavior of W in a neighborhood of the
minimum if infessRd W = 0. However, it is easy to extend our results to a general potential Φ. We
can first rewrite (21) in a more general setting as∫

Rd
|∇Aψ|2 d x +

∫
Rd
Φ |ψ|2 d x ≥

∫
Rd

|∇Aψ|2 d x +λ
∫
Rd

|ψ|2 d x −
∫
Rd

(λ−Φ)+ |ψ|2 d x

≥ ‖∇Aψ‖2
2 −µ‖ψ‖2

p +λ‖ψ‖2
2

with λ ∈R, µ= ‖(λ−Φ)+‖q and q = p
p−2 . Using (18), we know that∫

Rd
|∇Aψ|2 d x +

∫
Rd
Φ |ψ|2 d x ≥−(

αB(µ)−λ)∫
Rd

|ψ|2 d x .

This makes sense of course if all above quantities are finite and well defined. For instance, one
cannot choose λ> supessRdΦ.
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A similar estimate holds in the range p ∈ (1,2). Let λ≤ infessRdΦ. Then we have

‖ψ‖2
p =

(∫
Rd

(Φ−λ)−
p
2

(
(Φ−λ) |ψ|2) p

2 d x

)2/p

≤ 1
β

∫
Rd

(Φ−λ) |ψ|2 d x ,

with 1/β= ‖(Φ−λ)−1‖q and q = p
2−p , using (20), we know that∫

Rd
|∇Aψ|2 d x +

∫
Rd
Φ |ψ|2 d x ≥

∫
Rd

|∇Aψ|2 d x +β‖ψ‖2
p +λ‖ψ‖2

2 ≥
(
νB(β)+λ) ‖ψ‖2

2 .

We can collect these estimates in the following result.

Corollary 18. Let d ≥ 2. Consider a magnetic field B with magnetic potential A and assume that (13)
holds for some Λ=Λ[B] > 0. Let Φ ∈ L1

loc(Rd ) be an arbitrary potential.

(i) If q > d/2, p = 2 q
q−1 and αB is defined as in Corollary 15, we have

λA,Φ ≥−(
αB

(‖(λ−Φ)+‖q
)−λ)

.

(ii) If q ∈ (1,+∞), p = 2 q
q+1 and νB defined as in Corollary 17, we have

λA,Φ ≥λ+νB

(
‖(Φ−λ)−1‖−1

q

)
.

These estimates hold for any λ ∈R such that all above norms are well defined.

4. SOME NUMERICAL RESULTS

In R2, we consider the magnetic gradient associated with the constant magnetic field of strength B
as

∇Au =∇u + i
B

2

( −x2

x1

)
u .

Let r =
√

x2
1 +x2

2 = |x| be the radial coordinate associated to any x = (x1, x2) ∈R2.

4.1. Case p ∈ (2,∞). Let us consider the problem of minimizing

Q
(p)
α [u] :=

∫
R2 |∇Au|2 d x +α ∫

R2 |u|2 d x(∫
R2 |u|p d x

)2/p

for a given fixed p ∈ (2,+∞). Upper estimates of α 7→ µB(α) can be obtained by looking for the

minimum of Q
(p)
α on a subspace of H1

A \ {0}.

For every integer k ∈N we introduce the special symmetry class

(Ck ) u(x) =
(

x2 + i x1

|x|
)k

v(|x|) ∀x ∈R2 .

With this notation, if u ∈Ck , then

Q
(p)
α [u] = (2π)1− 2

p Q
(p)
k,α[v]

where

Q
(p)
k,α[v] :=

∫
R2
|v ′|2 d x +

∫
R2

((
k

r
− B r

2

)2

+α
)
|v |2 d x(∫

R2
|v |p d x

)2/p
.

Simple estimates can be obtained by using test functions like vϑ(r ) = e−ϑr 2
and optimizing on the

value of ϑ. See Figs. 3 and 4.
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FIGURE 3. Case p = 3, B = 1: estimates ofα 7→µB(α). The dotted curve is the lower
estimate of Proposition 6 valid for an arbitrary magnetic field while the plain curve
is an upper estimate based on the optimization of Q0,α on Gaussian test functions.
The horizontal axis corresponds to α while the vertical axis is measured in units of
(2π)1−2/p .
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FIGURE 4. For the same parameters as in Fig. 3, the difference of the upper es-
timate (based on Gaussian test functions) and the lower estimate of Proposition 6
(valid for an arbitrary magnetic field: dotted curve in Fig. 3) is shown on the left.
The difference of the upper estimate based on Gaussian test functions and the
lower estimate of Proposition 3 is of much smaller order (right).

In principle, a better estimate can be found by numerically computing µB,0(α) where

µB,k (α) := inf
0 6=v∈Ck

Q
(p)
k,α[v] .

A minimizer of µB,0(α) solves the Euler-Lagrange equation associated with the minimization of
Q0,α, that is,

(23) − v ′′− v ′

r
+

(
B 2

4 r 2 +α
)

v =µB,0(α)

(∫ +∞

0
|v |p r dr

) 2
p −1

|v |p−2 v .

With no restriction, we can restrict the problem to positive solutions such that

µB,0(α) =
(∫ +∞

0
|v |p r dr

)1− 2
p

and have therefore to solve the reduced problem

−v ′′− v ′

r
+

(
B 2

4 r 2 +α
)

v = |v |p−2 v
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among positive functions in H1((0,+∞), r dr ) such that
∫ +∞

0 r 2 |v |2 r dr <+∞. From the existence

result [15, Theorem 3.5], we know thatµB,k (α) is given by the infimum of
(∫ +∞

0 |v |p r dr
)1−2/p on the

set of solutions. Numerically, we solve the ODE on a finite interval [0,R], which induces a numerical
error: R has to be chosen large enough.

2 4 6 8 10

2

4

6

8

FIGURE 5. Case p = 3, B = 1: estimates of α 7→ µB(α). The dotted curve is the
lower estimate valid for an arbitrary magnetic field while the plain curve is an upper
estimate based on (23). The plain curve gives a slightly better upper bound for large
values of α. Notice that there is a numerical error due to the fact that (23) is solved
on a finite interval. The estimate based on Proposition 3 cannot be distinguished
from the plain curve.
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FIGURE 6. For the same parameters as in Fig. 5, the difference of the upper and
the lower estimates are shown. The upper estimate is computed by numerically
solving (23). Left: lower estimate of Proposition 6. Right: lower estimate of Propo-
sition 3, which is about 3% of the estimate of Proposition 6.

4.2. Case p ∈ (1,2). Let us consider the problem of minimizing

Q
(p)
β

[u] :=
∫
R2 |∇Au|2 d x +β (∫

R2 |u|p d x
)2/p∫

R2 |u|2 d x

for a given fixed p ∈ (2,+∞). Upper estimates of β 7→ νB(β) can be obtained by looking for the min-

imum of Q
(p)
β

on a subspace of H1
A \ {0}. We assume that B is a constant magnetic field of intensity

B . As in the case p > 2, we can consider the special symmetry class Ck : if u ∈Ck , then

Q
(p)
β

[u] =Q
(p)
k,β[v]
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FIGURE 7. Case p = 3, B = 1: the plain curve is reproduced from Fig. 6 (right),
and corresponds to the maximal error when estimating α 7→ µB(α), with an upper
estimate given by (23). The lower estimate is based on Proposition 3. It has to be
compared with the difference between the plain curve in Fig. 3, corresponding to
the upper estimate based on Gaussian test functions, and the lower estimate of
Proposition 3, shown as a dotted curve. This explains in which sense the upper
estimate of Fig. 5 is better than the upper estimate of Fig. 3.

where

Q
(p)
k,β[v] :=

∫
R2
|v ′|2 d x +

∫
R2

(
k

r
− B r

2

)2

|v |2 d x + (2π)
2
p −1

β

(∫
R2
|v |p d x

)2/p

∫
R2
|v |2 d x

.

Simple estimates can again be obtained by using test functions like vϑ(r ) = e−ϑr 2
and optimizing

on the value of ϑ. See Fig. 8.

In principle, a better estimate can be found by numerically computing νB,0(β) where

νB,k (β) := inf
0 6=v∈Ck

Q
(p)
k,β[v] .

A minimizer of νB,0(β) solves the Euler-Lagrange equation associated with the minimization
of Q0,β, that is,

−v ′′− v ′

r
+ B 2

4 r 2 v = νB,0(β) v −β
(∫ +∞

0
|v |p r dr

) 2
p −1

|v |p−2 v .

With no restriction, we can restrict the problem to positive solutions such that

νB,0(β) =
(∫ +∞

0
|v |p r dr

)1− 2
p

and have therefore to solve the reduced problem

(24) − v ′′− v ′

r
+ B 2

4 r 2 v = νv −|v |p−2 v

among nonnegative functions in H1((0,+∞), r dr ) such that
∫ +∞

0 r 2 |v |p r dr < +∞. Notice that
the compact support principle applies according to, e.g., [1, 5, 6, 25], since p − 1 < 1 so that the
nonlinearity in the right hand side of (24) is non-Lipschitz. Numerically, we can therefore solve (24)
using a shooting method, with a shooting parameter a = v(0) > 0 that has to be adjusted to provide
a nonnegative solution with compact support, which minimizes

∫ +∞
0 |v |p r dr and thus determines
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β 7→ νB(β). Since we compute the size of the support of the approximated solution, there is no
numerical error due to finite size truncation.

0 1 2 3 4 5 6
0

2

4

6

8

FIGURE 8. Case p = 1.4, B = 1: Estimates of νB(β). The horizontal axis corresponds
to β measured in units of (2π)1−2/p . Estimates based on Gaussian functions corre-
spond to the dashed curve, and can be distinguished only for large values of β from
the numerical solutions found by solving (24), which are represented by the plain
curve. The dotted curve is the lower estimate of Proposition 12.
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-0.25

-0.20

-0.15
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FIGURE 9. The parameters are fixed to the same values as in Fig. 8. Left: differ-
ence of the estimate based on Gaussian test functions and of the lower estimate of
Proposition 12. Right: difference with respect to the lower estimate of Proposition 6
of the estimate based on Gaussian functions (dashed curve), of the estimate based
on the numerical solutions found by solving (24) (plain curve) and of the lower es-
timate of Proposition 12.

5. INVESTIGATION OF THE STABILITY OF THE k = 0 COMPONENT: A PERTURBATION APPROACH

Let us consider the problem of minimizing

Q
(p)
α [ψ] :=

∫
R2 |∇Aψ|2 d x +α ∫

R2 |ψ|2 d x(∫
R2 |ψ|p d x

)2/p
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for a given fixed p ∈ (2,+∞). Let us denote by u a minimizer of Q
(p)
α on the class (C0) of radial

functions, normalized so that it solves

−u′′− u′

r
+

(
B 2

4 r 2 +α
)

u = |u|p−2 u

and let us consider the test function

ψε = u +εe i θ v ,

where v is a radial function, depending only on r = |x|, and e i θ = (x1 + i x2)/r . In the asymptotic
regime as ε→ 0+, we have∫

R2
|∇Aψε|2 d x +α

∫
R2
|ψε|2 d x −

(∫
R2
|∇Au|2 d x +α

∫
R2
|u|2 d x

)
=

(∫
R2
|∇Av |2 d x +α

∫
R2
|v |2 d x

)
ε2 +o(ε2)

= 2π
∫ +∞

0

[
|v ′|2 +

(( 1
r − B r

2

)2 +α
)
|v |2

]
r dr ε2 +o(ε2) ,

‖ψε‖2
p −‖u‖2

p = 2π p
2 ‖u‖2−p

p

(∫ +∞

0
|u|p−2 v2 r dr

)
ε2 +o(ε2) ,

and finally(
Q

(p)
α [ψε]−µ0(α)

)
‖u‖2

p

= 2π

[∫
R2
|v ′|2 d x +

∫
R2

(( 1
r − B r

2

)2 +α
)
|v |2 d x − p

2

∫ +∞

0
|u|p−2 v2 r dr

]
ε2 +o(ε2)

where µ0(α) = ‖u‖p−2
p =Q

(p)
α [u].
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FIGURE 10. Case p = 3 and B = 10: plot of µ solving (25) as a function of α.

The linear stability of Q
(p)
α can therefore be recast as the eigenvalue problem of finding the low-

est µ ∈R for which

(25) − v ′′− v ′

r
+

(( 1
r − B r

2

)2 +α
)

v − p
2 |u|p−2 v =µv

has a solution in u ∈ H1
A. The quotient Q

(p)
α is linearly unstable at u if µ< 0.
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