INTERPOLATION INEQUALITIES IN PRESENCE OF A MAGNETIC FIELD AND APPLICATION
TO SCHRODINGER OPERATORS

J. DOLBEAULIT, M.J. ESTEBAN, A. LAPTEV, M. LOSS

Let us consider the Schrédinger operator with exterior magnetic field B. It is defined via a magnetic
potential A satisfying curl A = B as follows:

—Aa=-A-2iA-V+|AP - 2idivA,

and the associated quadratic form is given by
f IVaul?dx
R4

Va:=V+iA
is the covariant derivative. The quadratic form is well defined for all functions

where

ueHy:={uc L’ R : Vaue 2RY}.

In this paper we are mainly interested in the case of a constant magnetic field B of strength B in
dimension d = 2, with A = g(—xz, x1). It is well-known that the infimum of the spectrum of —A, is
equal to B. Moreover the spectrum of —Ay is a the countable set {(2j+1) B : j € N}. The eigenspaces
corresponding to these elements of the spectrum are called the Landau levels and they are all infin-
ity dimensional. In particular the eigenspace corresponding to the lowest level B is called the LLL
(lowest Landau level). The case of a constant magnetic field B = (0,0, B) with magnetic potential
A= g(—xz, X1,0) in dimension d = 3 is similar, but is not studied in this paper.

1. SOME FUNCTIONAL INEQUALITIES IN PRESENCE OF A CONSTANT MAGNETIC FIELD

1.1. Some preliminary results in case p € (2,00).

Proposition 1. Consider a constant magnetic field with field strength B in two dimensions and de-
note the covariant derivative by Va. Then given any2 < p < oo, there exists a constant S, independent
of B such that

IVawll2 = S, BYP 1yl

Proof. Recall the Gagliardo-Nirenberg inequality
(1) IVl 2P Iyl = S, lyl, VyeH' R?).
Now observe that for a constant magnetic field

Blyl; < IIVayl;

and moreover by the diamagnetic inequality
IVIglllz < IVayll
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and hence
1-2/ 2/ 1-2/ 2/ _
Splwlly < IVIwll, P llwly? < IVawly, P lwly < B™P|Vayll,.

The following result follows from the proof of [23, Theorem 3.1].

Lemma 2. With the notations of the Proposition 1, for every c € [0,1], we have
) f IVayl?dx = (1- cz)f IV |? dx + ch vdx,
R2 R2 R2

and equality holds withy = ue'S and u> 0 ifand only if

s o oy 2U°
3) (=02u”, 01u ):T(A+VS).

Proof. For every ce€ [0,1],

fNAu/Fdx:f |Vu|2dx+f IA+VS|? u?dx
R2 R2 R?

=(1- 02)f2 IVulzdx+f2 (P IVul® + A+ VS u?) dx.
R R

Now,
fRZ (P IVul* + 1A+ VSI* u*) dx = fRzzcwm IA+VS|udx.
with equality only if c|Vu| = |A + VS| u. Since we have chosen the gauge
A= gxz, A, = —gxl
so that 0,A; —0;A, = B. Next,
2|VullA+VS|u=|Vi2|[A+VS| = (Vi) - (A+VS),
where (Vu?)" := (-8, u?, 8, u2), and there is equality only if
(0212, 01u%) =y (A+VS)
for some . Since c|Vu| = |A+ VS| u, we have y = 2u?/c. Integration by parts yields

f(02|Vu|2+|A+VS|2uz)dszcf u?dx.
R2 2

R
O

Let C, denote the optimal constant of the embedding of H!(R?) into L?(R%), that is, the best con-
stant in the inequality

4) IVul3+lul3 = Callul; ¥ueH' RY.

By considering the scaling u) (x) = u(x/A), we find that

2—-d(1-2

(5) IVul3+A% ulls = Co A Plul? VueH'®RY).

From now on, we assume that d = 2. An optimization on A > 0 shows that the optimal constant
in (1) is given by
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1.2. Case p € (2,00).
Proposition 3. Consider a constant magnetic field with field strength B in two dimensions and de-
note the covariant derivative by Va. Given any p € (2, +00), and any @ > —B, we have

(6) Iavl3+alwl3=C3(1-%)' 7 (@+cB) Iyl VyeH'®)

with1/c=n++\/n*+p—-1>1andn = a(p-2)/(2B). Moreover, when either « — +oo for a fixed
given B> 0 or B — 0. for a given a > 0, we have

IVav I3+ alyl} = C2ar [yl (1 +o0(1)).
Proof. For any @ > —B and c € [0, 1] such that a + ¢ B = 0, we use Lemma 2 to write
IVaw 3+ allyls = (1—02)fR2|Vu|2dx+(a+cB)fRZ u?dx.
By applying (5) with A% = (a + ¢ B)/(1 - ¢?), we get
IVaw I3+ allwl2= C2 (1) 7 (@+cB) Iyl

_2 2
Next we optimize the function ¢ — (1 - 02)1 ? (a¢+ ¢ B)r in the interval [0, 1]. This function reaches
its maximum at ¢ such that

(p-2)cla+cB)=B(1-c?).
Notice that a + ¢ B is nonnegative. With

_a(p-2)
- 2B

)

the equation for ¢ becomes
(p-1)c?+2nc—1=0.

An elementary computation shows that

c=clp,n = 772+p—1—77_ ! €(0,1)
’ p-1 n+vnt+p-1 o
In the asymptotic regimes as either ¢ — +oo or B — 0., ¢ converges to 0. O

1.3. Logarithmic Sobolev inequality. By passing to the limit as p — 2 in (6), we obtain a logarith-
mic Sobolev inequality.

Corollary 4. Consider a constant magnetic field with field strength B > 0 in two dimensions. Then
foranyn >0 we have

w?
w13

(7) IIVAwllﬁanfszzlog( )dx+B[c(2,n)+nlog(W)] lyl2 VyeH ®),

where c(2,m) = \/n?+1-n.

Proof. First let us consider the Gagliardo-Nirenberg inequality

IV I3+ Iyl = Calyls Yy eH R

written with optimal constant C,Z7 for p > 2. Let us apply (5) with A?> = -1 so that our inequality

p-2’
now reads
p-2

c2 ()"
p\p-2 p-2

1913 - 55 (w13 - Iyig) = 1.
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By passing to the limit as p — 2, we recover the Euclidean logarithmic Sobolev inequality with
optimal constant, that is

21 2 1,1/2
®) IVl z—f o
1// 2 2 Rd‘// g(”u/”g

As a consequence, we obtain that lim,_.,, C, =1 and

_4P=2
Cz( 1 )ldzn_L
P2

dx+%log(2me®)lyl3 VyeH' RY).

9 lim
p—24

In other words, this means that
C2 —1——(p 2)log(p-2)+ Llog(2me?) (p-2)+o(p-2) as p—2,.
Assume that d =2 and let € = p — 2 — 0... We have shown that
(10) C,=1-%loge+ 5log(2me’) +o(e)
and, with ¢ = c(p,n),

77
p—

— 2B [(1—§1ogg+ lo g(znez))(1+§log(1—02))(1+§%)( - $1og(*27)) - 1]

—B [C(Z 1) +nlog(M)]

t\N

C2a-cA'” (2"B+cB)

because 1 - c(2,m)? = 2n¢(2,n). By rewriting (6) as
2
19aw 13 = 222 (113 — iy 13) + [ C2 (- )7 (225 + ¢ B)» — 222 iyl

we can pass to the limit as p — 2, and establish (7). O
As proved in the Proposition below, it turns out that the above magnetic logarithmic Sobolev in-
equality is optimal, and that the optimizers are all known.

Proposition 5. Consider a constant magnetic field with field strength B > 0 in two dimensions. Then
the logarithmic Sobolev inequality (7) is optimal and the optimizers are all the functions

_,[\x b2

Yx)=Ce ¢

+i % (b1xo— ble)]

CeC, ceR, beR?.

Note that the vectors b = (b1, by) are precisely the magnetic translations. The magnetic Hamiltonian
is not invariant under the standard translations, but it commutes with the magnetic translations.

Proof. In order to prove this result, let us see first that (7) can be proved also in the following way.
First write w asy = ue'S, with u > 0, and note that for every o > 0 the logarithmic Sobolev inequality
with B = 0 can be written as

) f lul® dx,

f Vul dx>—f (||u||2) dx+—log(

and as proven in [4], there is equality in the above inequality if and only if, up to translation and

02
multiplication by a constant, u = e~ I¥* " Hence, combining this inequality with Lemma 2, we

find that for all 0 > 0, for all c€ [0, 1],
2 1-— 2 2 2
BC+U 1-c log( e ))[ Iulzdx,
2 g2 R2

1—c2 42
f|VAM| dx>Mf 1o g(” ||2)dx+
(72=E c=\/n*+1-n
C’ )

and choosing
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we see that the above inequality is exactly the same as (7). Moreover, the only possible functions

o2
for which there is equality are the Gaussians C e~ *~P* satisfying (3), with C € C and b € R. This
means that S has to satisfy

B B
01S=—>by, 0.S=-—",
1 5 2 2 5 1

which implies S = g (bax1 — by x2) + D. This ends the proof. O

1.4. Case p € (1,2). Now let us turn our attention to the case p € (1,2). With a straightforward

abuse of notations, we shall use the notations ||ull, = ( fga |ul” dx)”p and L” (R%) for measurable
functions such that |||, < oo, even when p < 1.

Let us consider the Gagliardo-Nirenberg inequality
11 IVul)3+lluly = Callul; VYueH' nLP®RY)

where, compared to the case p > 2, the position of the norms || ullg and | ulli7 have been exchanged.
A scaling similar to the one of (5) shows that, for any A > 0,

2-p
(12) IVul3+ A% Jul? = C2A% ul} VueH' NLPRY).

By optimizing on A > 0 when d = 2, we obtain the scale invariant form of the Gagliardo-Nirenberg
inequality

1-2 14
IVl, 2lwl3 =Spllyl, YyeH NLPR?),

14 _p
with % = (5)2(1- g)l 2 C5. The strategy of the proof of Proposition 3 applies: for any c € (0, 1),

for any 8 > 0, by applying (12) with A4’ = /(1 — ¢?), we obtain
IVAwI3+ Blwl3 = (cB+C2pE - cH' ) Iyl

The function ¢ — ¢ B+ C BZ (1-c?)!"% is positive in [0,1] and its derivative is positive at 0, and

.. . . . . . » _p
negative in a neighborhood of 1_. Hence it achieves its maximum, K = ¢, B+ Cf, Bz (1- cf)1 2

pB
22-p) Cp ﬁp/z .

, at

the unique point c, € (0,1) given by (17652),,,2 =

Proposition 6. Consider a constant magnetic field with field strength B in two dimensions. Given
any p € (1,2), and any 3 > 0, we have

IVaw 5+ Blwls = KP Iyl VyeH nLP(R?)

with KP as above. Moreover, for a given fixed B and 8 — +oo or for B — 0 with a fixed > 0,

IVAWIG + Blwll% = C2 B2 llwl3 (1 +o(D)).

1.5. Convergence towards the lowest Landau levels. We conclude this section by considerations
on the limit as @« — (—B) . Let ug(a) be the optimal constant in the inequality

IVaw i3 +allyls = up(a@) lyll5, Yy eH,.

Notice that by homogeneity, we can always consider optimal functions such that |||, = 1. Optimal
functions exist according to [15].

Proposition 7. Let d = 2 and consider a constant magnetic field with field strength B. If u, is a
minimizer for ug(a) such that |uqll, = 1, then there exists a non trivial vy € LLL such that

lim |lug — vyl =0.
an-p o TR
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Proof. Let us consider a minimizer u, of ug((a) such that ||uq|, = 1 and decompose it as uy =
Vg + Wy, where v, € LLL and wy, is in the orthogonal of LLL. Then, by the orthogonality of v, and
Wq, we get

uB(@) = (@ + B) |vgll5 + (@ +3B) | wgll5 = (@+3B) w5 ~2Bllwgl3 as a\ —B.
Since limg\ - pg(@) =0, this implies that limg\ —g [[we/|l2 = 0. On the other hand, we know that
pg(@) = (@ + B) lvgll5+ V4 wgl3 +allwgl,

which concludes the proof. O

2. OTHER FUNCTIONAL INEQUALITIES IN PRESENCE OF A MAGNETIC FIELD

Although the estimates below are written only for constant magnetic fields, it is possible to gener-
alize them to non-constant magnetic fields B for which the spectral following gap inequality holds

(13) IVawll2 = AB] wl> Vv eH (RYC),

where A is any magnetic potential satisfying curlA = B. We recall that A[B] = B if B is a constant
magnetic field, d =2 and A = %(—xz, x1). From now on, unless it is explicitely specified, we assume
for simplicity that d = 2.

2.1. Case p € (2,00). Here we generalize to a magnetic field B satisfying (13) with A[B] > 0 the re-
sults obtained in Section 1. The first result is an extension of Proposition 3, which is actually valid
for general magnetic fields.

Proposition 8. Let d = 2. Consider a magnetic field B with magnetic potential A and assume
that (13) holds for some A = A[B] > 0. For any p € (2,00), any a > —A, and any v € H}‘ we have

(14) IVaw 5+ allyls = Ky Iyl

where
. 2A
if azyp5,

RSN

2
Kp=S3@+MA" if ae[—A,%], K,=C

a
p

2
p
and C’% denotes the optimal constant in (4).

When d = 2, we recall that S% = C5 (%)% (1- %)1_%. If a = 0, we observe that K, = 55 A’ from which
we deduce the inequality

1
(15) IVawll2 =S, Av lyll, YweH,.

Proof. For any ¢ € [0, 1], we deduce from the diamagnetic inequality

(16) IVIwlll2 < IVawllo
and from (13) and (5) that

a+At
IVaw 5+ allwls =t (IVawl5 = Allwl3) + A= 1) [IVawll; + S Iyl

> (1= 0 IVIYII3 + @+t A) Il = C5 (- 0'77 (a+tA) 7 .

Finally we have to optimize the quantity

1-2 2
t— Q-1 ra+tAN)r

on the interval ¢ € [max{0,—a/A},1]. The optimum value in the interval (—a/A,1) is achieved for

t= % - %’;2), which proves the first inequality. For ¢ = 2 A/(p —2), the maximum is achieved at

t = 0, which proves the second inequality. (|
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2.2. Further interpolation inequalities in case p € (2,00). Without magnetic field, Gagliardo-
Nirenberg interpolation inequalities can be put in scale-invariant form (1) by optimizing (5) on
the scale parameter A > 0. In presence of a magnetic field, one may wonder if an inequality similar
to (1) exists. Let us assume that 8 € (1-2/p,1) and let

2p6

q=5——"—5"
2-p+pl

By Holder’s inequality we obtain that

0172
)

0/2
(IVaw 13+ allw13)” w13~ = (Kq lwl2) " w130 = K9 1yl

A similar estimate, which also covers the limit case 8 = 1 — 2/ p, also holds.

Corollary 9. Under the assumptions of Proposition 8, with A = A[B], for any 0 € [1-2/p,1) and any
v e HL(RY), we have

0/2
)

_ LpO-p+2) (. £a-o0
(Va3 + allyl3) 150 = &3 777" (min{1,1+ 415,)7 0 iyl

Proof. With 0, =1- %, we can write

0-0x 1

1 -0
w370 = (IVAwII3 + allwl3)2 = (IVaw 3+ allyll3) =0

(IVav 12+ aly1?)’?

1 0-0x

1 1-0
= (Kp i) ™ (19aw15 + a ) =

If ¢ € (—A, 0], it follows from (13) and (16) that
IVaw 13 +allyls = (1+4) IVaplla = (1+£) IVIwll2,

while we can simply drop « ||w||§ when a = 0. Hence it follows from (1) that

<

_e*

1 1-6
(IVawl3+alwl3)” Iyl 0 = (Kpllwl3)* ™ (min{1, 1+ 4} S, lyll,) 0~
14

which concludes the proof. O

0/2
)

2.3. Case p — +o00: a magnetic Onofri inequality. From many points of view, Onofri’s inequality
plays in dimension d = 2, the role of Sobolev’s inequality in higher dimensions. According to the
Euclidean version of Onofri’s inequality, for any u € L' (R?, dy) with Vu € L?(R?, dx), we have

1
1 “d _f d —f Vul*dx,
og(fRze p)< Rzu ﬂ+16n Rz| ul“dx

where dp = p(x) dx denotes the probability measure defined by p(x) = < (1 +[x1)7?%, x € R% On
the one hand, we can apply this inequality with u = ||, and on the other hand rely on the Cauchy-
Schwarz inequality and (13) to estimate

1
f udpslullz gl =—=Ilwlz2= Va2
R2 T

1
V3 V3T A
We conclude by using the diamagnetic inequality (16) with A = A[B] that

log (f e’ du) < VAl + —— VAV,
R? ~ V3rA 167w 2
This is equivalent to the following result.

Proposition 10. Let d = 2. Consider a magnetic field B with magnetic potential A and assume
that (13) holds for some A = A[B] > 0. Then

8 3LA(—1+\/1+%Alog(fRze"”'du) <IVayl: Yy eH,.
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The optimality in Onofri’s inequality is achieved by considering the test functions u, = 1+ ¢ as
€ — 0, with
o(x) = L
lx|2+1°

We recall that ¢ solves —A@ = 8m . It is compatible neither with the equality in the Cauchy-
Schwarz inequality nor with the optimality in (13), and so the question of an optimal magnetic
Onofri inequality is open.

One can alternatively consider the unique, smooth and radially symmetric solution (7, cps) of

1
e 2 x> +cnm

_ _. 2
Acyy=M TTiaree =ny, XeR
fRZe 2 dx

for any M € (0,87). We refer to [8] for details. With uys := np/ M, we have the following inequality:

log(f e”d,uM)—f uduy < ﬁf IVul®dx,
R? R? R?

and, with the same scheme as for the standard Onofri inequality, we have

1og(f lwld,UM) L 1Vay o + 77 1Vav13,

which finally gives an inequality similar to the one of Proposition 10 in case M < 8, that is,

m( 1+\/1+ Alog(fRZeMduM))<||VAw||2 VyeH).

2.4. Logarithmic Sobolevinequality. The extension of Corollary 4 to non-constant magnetic fields
goes as follows.

Proposition 11. Let d = 2. Consider a magnetic field B with magnetic potential A and assume
that (13) holds for some A = A[B] > 0. Forany u € H}x and anyn =1, we have

2

(17) ||vAu||§znAf u? log

I ||2)dx nAlog(55) ulf Ve H'@).

Notice that in the semi-classical regime corresponding to a limit of the magnetic field B such that
A = A[B] — 0, then with nn = ﬁ — +00, we recover the classical logarithmic Sobolev inequality (8)
without magnetic field.

Proof. For any a = =55 Inequahty (14) takes the form
IVaul} +allul}= Ciar lul} YueH ®).

Let us choose a = i?_Z’ with = 1. Hence

2.2 2nA 2
1Vaul3 = 225 (1wl - i) +

2 c2 (ZnA) _2nA

p-2 p-

With d = 2, by passing to the limit as p — 2, and using the fact that

u2
hm— ully, —llu f u?log| — | dx
o (el = ) = | g(”u”%

we obtain (17). O



INTERPOLATION INEQUALITIES WITH A MAGNETIC FIELD 9

2.5. Case p € (1,2). We have a result similar to the one of Proposition 8.

Proposition 12. Let d = 2. Consider a magnetic field B with magnetic potential A and assume
that (13) holds for some A = A[B] > 0. Forany p€ (1,2), any >0, and anyy € H}‘ we have

IVay Il + Bl iy, = Ky w3
where

p . 2 . _pr g_l 4 .
Kp=Cpp* if ﬂzﬁ*::(%)pcpp’ Kp=A+AT25(1-58)7" BCy if Pel0,ful,

and Cf] denotes the optimal constant in (11).

Proof. For all € H}, by (13) and (16), we obtain that

IVaw 5+ Bllwly =t (IVawll; = Allwll3) + =0 IVayll5 + Byl + Atllyl;
= (1= 0 IVIyll5 + Blylls + Allyl;.

. 2 B pl2 P
Next we apply (12) to u = |y| with 1 = (ﬁ) . This yields

I9awlE + Blyl3 = [(1- 0% p5 CE+ At I3,

If B < B, the right hand side is maximal for some ¢ € [0,1], otherwise the maximum on [0, 1] is
achieved by ¢ = 0, which concludes the proof. O

2.6. Optimal constant in the magnetic interpolation inequality, in case p € (2,2%). Let 2* =
2d/(d-2)ifd =3 and 2* = +o0 if d = 2. For any a > —A[B] and any p € (2,2%), let us consider
the optimal constant ug(a) in the inequality

(18) IVav 13+ allyl = up(@) llwl’ Yy eHy,

that is,
IVaw i3+ ally 3

mn 5
weH, \{0} Iyl

pp(a) =

Proposition 13. Letd =2 and p € (2,2*). Consider a magnetic field B with magnetic potential A
and assume that (13) holds for some A = A[B] > 0. The function @ — ug(a) is positive on the interval
(—A[B], +00), monotone increasing, concave and such that

a-2
2

T

hn}m us(a@)=0 and agrywyg(a) a =C

2
a—(— P
As a consequence, for any given a > 0, we obtain
i 5 d_d=2
= 14 2
im pes(@) =C, a

Proof. The positivity is a consequence of Proposition 8, while the concavity follows from the fact
that @ — pg(a) is achieved as minimizing an affine function of a on a set of functions . The
estimate as ¢ — (—A), is obtained by considering test functions for (13). As a — +o00, a lower
estimate is obtained by arguing as in Proposition 8 for any d = 2 and using (5). To see that this
estimate is optimal, we argue as in the proof of [10, Theorem 1].

The small magnetic field regime follows from the change of variables w(x) = ¢(¢'/?x). Since
IVeawll3 +allyll -2 IVeadpll2 +ae™ I3
w3 113

’

we deduce that
d_d-2
p 2

(19) pe(@)=er” 7 pg(ae™).
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1

The conclusion follows by considering the asymptotic regime as ¢ €™ — +oo. U

2.7. Optimal constant in the magnetic interpolation inequality, in case p € (1,2). For any > 0,
let us define

IVaw 5+ Byl
in
yeH.\{0} (4
i.e., vg(p) is the optimal constant in the interpolation inequality

(20) IVAWlI5 + Byl = ve(B) Iyl Yy eH nLP(R?).

ve(P) :=

Proposition 14. Letd =2 and p € (1,2). Consider a magnetic field B with magnetic potential A and
assume that (13) holds for some A = A[B] > 0. The function  — vg(pB) is positive on the interval
(0, +00), monotone increasing, concave and such that

lim vg(f)=A and lim vB(a)ﬁ_g = Cf,.
—0, f—+o0

As a consequence, for any given 8 > 0, we obtain

. _ 2t
limv.p(f) = C}, B2

The proofis very similar to that of Proposition 13. We will not detail it here. It relies on a change of
variables from which we deduce that, for all >0 and ¢ > 0,

Ven(B) = evp(Be 7).

3. KELLER-LIEB-THIRRING ESTIMATES FOR MAGNETIC SCHRODINGER OPERATORS

3.1. AKeller-Lieb-Thirring estimate for negative potentials. Let us consider the Schrédinger en-
ergy of some function v € H}‘ in case of a negative potential V € LY(R%). Using Holder’s inequality
with 1/g+2/p =1, with g > d/2, we know that

1) fIVAllllzdx+f V|w|2dxzf |vAz/J|2dx—f Vi dx = Va2 = Vg w12
Rd R4 R4 R4

We know from Proposition 13 that there exists a unique a such that ug(a) = | Vll4. Using (18), we
obtain that the right hand side is bounded from below by —« ||1,U||§. Let us denote by ap : [0, +00) —
[—A[B], +00) the inverse of the function a — ug(a) and by A4 v the principal eigenvalue of the op-
erator —Aa + V defined as the infimum of the quotient of the Schrédinger energy of y by |1y |3. This
can be summarized as follows.

Corollary 15. Letd = 2 and q > d/2. Consider a magnetic field B with magnetic potential A and
assume that (13) holds for some A = A[B] > 0. With the above notations,

22) Aayv z—-ag(lVlg) VVe Lq(Rd) such that V <0a.e.
This estimate is optimal. Moreover, —ag(u) is nonnegative if u = | Vll4 < ug(0) and
I
. oL _ =
ulgrpoo ag(pp 24 =Cp
with p = %. As a consequence, for any given |1 > 0, we obtain

2q

. _ -2 \2q-d
limag(p) = (Cp #) :
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Proof. The optimality case in (22) is equivalent to the optimality case in (18) because V = —|y|P~2
realizes the equality case in (21). The small magnetic field regime is obtained from (19) by writing
1= ueplasp(1)) and composing both sides of the identity with ag, hence showing that

_2q-d
a.g(u) =€ap (ue 24 ) )

_2q-d
and using the asymptotics as pe 27 — +oo. 0

Explicit estimates follow from Proposition 8 when d = 2 by inverting the inequality ug(a) = Kj,.

Corollary 16. Letd = 2. Under the same assumptions as in Proposition 15, with p = %, we have

49

1 _1 _ Lo _1
aB(,U)SS;ZAqu—A if pe O,qu 48%, , aB(,u)S(sz,u)ql if ,uqu1 qS%.

A better estimate, although non explicit, can be obtained from Proposition 3 in case of a constant
magnetic field. See Fig. 1.

02f

—o2f
—04f
oy

-0.8 ’

_10¢

FIGURE 1. Case p > 2: plot of lower estimates of the principale eigenvalue A5 v as
a function of A with d =2, p =7 and A =1 as a function of u (left). For more read-
ability, the same computation is represented, except that the straight line estimate
u— S;z A4y — A has been subtracted (right). The result of Corollary 16 is given
by the plain curve. In case of constant magnetic field, we have A = B and the im-
proved (although purely numerical) result that can be deduced from Proposition 3
is represented by the dashed curve.

3.2. A Keller-Lieb-Thirring estimate for positive potentials. By Holder’s inequality with expo-
nents 2/p and 2/(2 — p), with p € (1,2), if W is a positive function, we have

2 _ _r 2% 2lp -1 2
Iyl = W™z (Wlyl?)?dx| <IW 'l | Wyl dx,
[Rd Rd

with g = %. Using (18), we know that

f|vAw|2dx+f W|w|2dxzf |vAw|2dx+ﬁ||w||§sz(ﬁ)f i dx.
Rd Rd R4 Rd

with = 1/[|W™1| g- The results of Proposition 14 provide us with estimates on the principal eigen-
value of the Schrodinger operator —A + W.

Corollary 17. Letd =2 and q € (1,+00). Consider a magnetic field B with magnetic potential A and
assume that (13) holds for some A = A[B] > 0. If W is a positive potential, then

Aaw = vp (||W‘1 ||;1) VW such that W= e LI®RY) .
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This estimate is optimal.

0.2

-0.2

-0.4

1 2 3 4 5 -06

FIGURE 2. Case p € (1,2): plot of lower estimates of the principale eigenvalue A, v
as a function of A with d =2, p =3/2 and A =1 as a function of § (left). The same
computation is represented (right), except that the straight line estimate

_r 2.1 5
p—A+A"2E(1-8)»7 BC)

has been subtracted. The result that can be deduced from Proposition 12 is given
by the plain curve. In case of constant magnetic field, we have A = B and the im-
proved (although purely numerical) result that can be deduced from Proposition 6
is represented by the dashed curve.

If d = 2, we recall that

2 4

2_ 4 _
veB) = A+ATEL(1-2) T ey if pel0,fi, ve(B=CLEE if B=pa=(EL)" C,",
with A = A[B] given by (13), according to Proposition 12. If, additionally, B is a constant magnetic
field of intensity B > 0, then A = B and we deduce from Proposition 6 the improved estimate
c _ pB
(1—c2)pi2 ) 2-p) Cp ,Bplz .

veg(B)=c. B+ Czﬁg a- cf)l_g where ¢, € (0,1) solves

See Fig. 2.

3.3. Keller-Lieb-Thirring estimates for general potentials. The estimates of Sections 3.1 and 3.2
are respectively limited to nonpositive and nonnegative potentials V' and W, which induces some
restrictions on the behavior of V as |x| — +oco and on the behavior of W in a neighborhood of the
minimum if infessp« W = 0. However, it is easy to extend our results to a general potential ®. We
can first rewrite (21) in a more general setting as

f |VAw|2dx+f q>|y/|2dxzf IVAwlzdx+Af |1//|2dx—f A-®), ly>dx
Rd R4 R R4 Rd

= IVayls - pllyly + Alyl
with L eR, u=[[(A -®),ll;and g = %2. Using (18), we know that

f VAl dx + f Oyl dx = — (ap() - f i dx.

This makes sense of course if all above quantities are finite and well defined. For instance, one
cannot choose A > supessps P.
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A similar estimate holds in the range p € (1,2). Let A < infessg«®. Then we have

p 2/p
Iyl U @-1)72 (@-DlyP)?d ) s%fw@—mwzdx,

with 1/ =|[(®P-1)" lllq and g = usmg (20), we know that

fRd|vAw|2dx+fRdcb|w|2dxszd|VAw|2dx+ﬁ||w||§+A||wn§ = (va (B + A) Iy

We can collect these estimates in the following result.

Corollary 18. Letd = 2. Consider a magnetic field B with magnetic potential A and assume that (13)
holds for some A = A[B] >0. Letd e L1 ([Rd) be an arbitrary potential.

G) Ifg>dl2, p= 1 and agy is defined as in Corollary 15, we have
Mo =—(ag(IA-@)illg)—A).

(i) Ifge(1,+00), p= 1 and vg defined as in Corollary 17, we have

o=+ v (I@=17Z.

These estimates hold for any A € R such that all above norms are well defined.

4. SOME NUMERICAL RESULTS
In R?, we consider the magnetic gradient associated with the constant magnetic field of strength B

as

B —
VAu=Vu+i—( xz)u.
2 X1

Let r = \/x? + x5 = | x| be the radial coordinate associated to any x = (x1, x2) € R%.

4.1. Case p € (2,00). Let us consider the problem of minimizing
Jr2 IVaul?dx+a [g lul*dx
(Jee lulP dx)*'”

for a given fixed p € (2,+00). Upper estimates of @ — ug(a) can be obtained by looking for the

Q(p[]—

minimum of 2"’ on a subspace of Hy \ {0}.
For every integer k € N we introduce the special symmetry class

Xo+ IX)

| x|

k
(6r) u(x) = ) v(|x]) VxeR?.

With this notation, if u € 6, then

_2
2P =en'"r 2 )

k B
f V'] dx+f ((___r) +a)|v| dx
R2 2
2/p :
( Ivlpdx)
RZ

Simple estimates can be obtained by using test functions like vg(r) = e
value of 9. See Figs. 3 and 4.

where

2 ==

~97* and optimizing on the
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LNLELEEE ) N A B L B L L L R

-1 1 2 3 4 5 6

FIGURE 3. Case p =3, B = 1: estimates of @ — ug(a). The dotted curve is the lower
estimate of Proposition 6 valid for an arbitrary magnetic field while the plain curve

is an upper estimate based on the optimization of 2 , on Gaussian test functions.
The horizontal axis corresponds to a while the vertical axis is measured in units of

(2”)1—2/[)'

0.0014
0.0012
0.0010
0.0008

0.0006

-1 1 2 3 4 5 6 -1 1 2 3 4 5 6

FIGURE 4. For the same parameters as in Fig. 3, the difference of the upper es-
timate (based on Gaussian test functions) and the lower estimate of Proposition 6
(valid for an arbitrary magnetic field: dotted curve in Fig. 3) is shown on the left.
The difference of the upper estimate based on Gaussian test functions and the
lower estimate of Proposition 3 is of much smaller order (right).

In principle, a better estimate can be found by numerically computing ug (@) where
; (p)
a):= inf 27 [v].
H, k(@) 0£VEG; kall
A minimizer of upo(a) solves the Euler-Lagrange equation associated with the minimization of
20,4, that is,
n

2
" V' B> 2 oo p »! p-2
(23) -v —7+( r +a)v:uB,o(a) lv|Prdr [y v.
0

With no restriction, we can restrict the problem to positive solutions such that

+00 1—%
us,o(a) = (fo IVI”rdr)

and have therefore to solve the reduced problem

!

v 2 —

—v”——+(%r2+a)v=|v|p 2p
r
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among positive functions in H((0, +00), r dr) such that f0+°° r2|v|?rdr < +oo. From the existence
result [15, Theorem 3.5], we know that g ;. () is given by the infimum of ( ;™ [v|” r dr)' ' on the
set of solutions. Numerically, we solve the ODE on a finite interval [0, R], which induces a numerical
error: R has to be chosen large enough.

2 4 6 8 10

FIGURE 5. Case p = 3, B = 1: estimates of @ — ug(a). The dotted curve is the
lower estimate valid for an arbitrary magnetic field while the plain curve is an upper
estimate based on (23). The plain curve gives a slightly better upper bound for large
values of a. Notice that there is a numerical error due to the fact that (23) is solved
on a finite interval. The estimate based on Proposition 3 cannot be distinguished
from the plain curve.

0.004 -

L L L L L L L L L L
2 4 6 8 10 2 4 6 8 10

FIGURE 6. For the same parameters as in Fig. 5, the difference of the upper and
the lower estimates are shown. The upper estimate is computed by numerically
solving (23). Left: lower estimate of Proposition 6. Right: lower estimate of Propo-
sition 3, which is about 3% of the estimate of Proposition 6.

4.2. Case p € (1,2). Let us consider the problem of minimizing
oy Jee|Vauldx+ f (Jpe lul? dx)*”
Qﬁ [u] := 5
fRZ |u| dx
for a given fixed p € (2, +00). Upper estimates of — vg(f) can be obtained by looking for the min-

imum of Q;f ) ona subspace of H}‘ \ {0}. We assume that B is a constant magnetic field of intensity
B. As in the case p > 2, we can consider the special symmetry class 6%: if u € 6}, then

2 =2F,
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0.08+ .

0.06 - -~

0.04 e

2 4 6 8 10

FIGURE 7. Case p =3, B = 1: the plain curve is reproduced from Fig. 6 (right),
and corresponds to the maximal error when estimating a¢ — ug(a), with an upper
estimate given by (23). The lower estimate is based on Proposition 3. It has to be
compared with the difference between the plain curve in Fig. 3, corresponding to
the upper estimate based on Gaussian test functions, and the lower estimate of
Proposition 3, shown as a dotted curve. This explains in which sense the upper
estimate of Fig. 5 is better than the upper estimate of Fig. 3.

where

k B 2 2 2/]7
|wﬁdx+j'(———l)|uFdx+Qno§1ﬁ(f dex)
R2\T 2 R2

|1/|2 dx
RZ

Simple estimates can again be obtained by using test functions like vg(r) = e~ and optimizing

on the value of 9. See Fig. 8.
In principle, a better estimate can be found by numerically computing vg () where

vek(p)i= inf 25[v].

A minimizer of vgo(fB) solves the Euler-Lagrange equation associated with the minimization
of 2 p, that is,

v 2 +oo p1
—v”——+BTr2v=vB,o(ﬁ)v—ﬁ(f Ivlprdr) P2y,
r 0

With no restriction, we can restrict the problem to positive solutions such that

+00 1-2
P
vaMﬁ)=(L prrdﬂ

and have therefore to solve the reduced problem

/
I

v
(24) V- = B2
r

v=vv—|v|P v

among nonnegative functions in HL((0, +00), r dr) such that f0+°° r?|v|P rdr < +oo. Notice that
the compact support principle applies according to, e.g., [1, 5, 6, 25], since p —1 < 1 so that the
nonlinearity in the right hand side of (24) is non-Lipschitz. Numerically, we can therefore solve (24)
using a shooting method, with a shooting parameter a = v(0) > 0 that has to be adjusted to provide
a nonnegative solution with compact support, which minimizes f0+°° |v|P r dr and thus determines
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B — ve(B). Since we compute the size of the support of the approximated solution, there is no
numerical error due to finite size truncation.

8-

0 \ \ \ \ \ |
0 1 2 3 4 5 6

FIGURE 8. Case p =1.4, B = 1: Estimates of vg(3). The horizontal axis corresponds
to f measured in units of (2 7)172/P Estimates based on Gaussian functions corre-
spond to the dashed curve, and can be distinguished only for large values of § from
the numerical solutions found by solving (24), which are represented by the plain
curve. The dotted curve is the lower estimate of Proposition 12.

025 b

020
~005[%
'

'

-010F %
5

015

-020

L L L L L L . K
1 2 3 4 5 6 —025F  temase”

FIGURE 9. The parameters are fixed to the same values as in Fig. 8. Left: differ-
ence of the estimate based on Gaussian test functions and of the lower estimate of
Proposition 12. Right: difference with respect to the lower estimate of Proposition 6
of the estimate based on Gaussian functions (dashed curve), of the estimate based
on the numerical solutions found by solving (24) (plain curve) and of the lower es-
timate of Proposition 12.

5. INVESTIGATION OF THE STABILITY OF THE kK = 0 COMPONENT: A PERTURBATION APPROACH

Let us consider the problem of minimizing
9Py = S VAVdxra fo lyldx
) (Jre lw1P dx)?'”
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for a given fixed p € (2,+00). Let us denote by u a minimizer of Q((f ) on the class (6p) of radial
functions, normalized so that it solves

B2

!
u _
—u"——+(—4 r2+a)u:|u|” 2u
r

and let us consider the test function

ve=u+ee'lv,

where v is a radial function, depending only on r = |x/|, and e’? = (x; + i x2)/r. In the asymptotic
regime as € — 0., we have

fIVAu/glzdx+af Iwglzdx—(f IVAulzdx+af Iulzdx)
R2 R2 R? R2

:(f IVAvlzdx+af Ivlzdx
R2 R2

=2ﬂf0+oo [Iv'|2+((%_%)2+a)lvlz] rdre*+o(e?),

&2+ 0(52)

+o00
el = llul? =2m 5 jul,™” (f lulP~? v? rdr) & +o(e?),
0
and finally
(2 el - wo(@) Il

+o0o
2 _
=27 f Iv’lzdx+f ((l—%) +a)|v|2dx—§f lulP? v’ rdr| e + o)
R? RV 0

where po(a) = | uIIZ_2 =27 [ul.

FIGURE 10. Case p =3 and B = 10: plot of u solving (25) as a function of a.

The linear stability of Qép ) can therefore be recast as the eigenvalue problem of finding the low-
est i € R for which

7 2 _
(25) —y”—7+((%—%) +a)v—§|u|p2v:/,tv

has a solution in u € H}‘. The quotient Qép Vis linearly unstable at u if u < 0.
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