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ABSTRACT 

This thesis examines the undrained behaviour 

of embankment dams and their foundations, during and 

immediately after construction, using finite element 

analysis predictions and field observations. 

Techniques for the solution of -nonlinear 

simultaneous equations are examined and compared. A new 

numerical technique has been developed and is used for the 

research in order to allow the inclusion of nonlinearities 

for the soil model. Provision is also made for the 

addition of further complexities. The stability of the 

technique at failure loads was proved to be satisfactory. 

The real soil behaviour under different loading conditions 

is briefly reviewed in the light of existing mathematical 

constitutive laws. An arithmetic model utilising the 

isotropic elastic equations for relating stress and strain 

increments, was employed. 

Empingham trial bank and main embankment were 

analysed and they were also used exclusively as vehicles 

for developing the techniques. A back analysis was used 

to estimate the in-situ: stress-strain and strength 

characteristics and initial stresses from trial bank field 

observations. A systematic back analysis technique was 

developed from this, which emphasised the need for direct 

field measurement of strains. 

The back figured soil properties were then used 

to predict the main dam behaviour, thus bypassing the need 

for laboratory testing. This exercise uncovered a special 
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difficulty due to the important effect of undrained shear 

strength discontinuities at low factors of safety . 

During the examination of the finite element 

results, some general aspects of the behaviour of 

embankment dams were studied, especially with regard to 

the simulations of construction sequence. The manner in 

which finite element could be employed to improve 

embankment dam engineering is discussed. Finally, a 

parametric study was made to examine the effect of the 

different variables involved. 
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CHAPTER 1  

THE FINITE ELEMENT METHODS  

1,1. 	The Stress Analysis of a Continuum 

The aim in performing an engineering stress analysis 

of a real continuous structure is to study the response of 

that structure to a given set of loading conditions. From 

this response, the following information may be obtained:- 

i) the mechanism of behaviour, 

ii) the magnitude and direction (where applicable) 

of displacements, stresses and/or pore water 

pressures (directly or inferred) at selected points, 

iii) the stability (or the margin of safety) of the 

structure. 	This is an active current area of 

of research, 	To date (1975), there is no 

reliable method of defining the stability of a 

continuum using stress-strain analysis only. 

Such solutions involve a knowledge of the following: 

i) the loads applied to the structure, 

ii) the relevant material properties, 

iii) the geometry and appropriate boundary conditions. 

There are two well-tried methods for solving a continuum. 

Firstly there is a model analysis, which involves the 

application of scaled values of the real applied loads to a 

model exhibiting all the features of the prototype structure, 

The response of the model is measured and used to interpret 

or predict the behaviour of the prototype. For this method 

a detailed knowledge of the material properties is not always 

necessary. 
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The second method is the direct solution of the 

structure's governing equations. The closed form solution 

of these equations is only possible for a limited number of 

simple problems. However, numerical techniques enable the 

governing equations of a complex problem to be approximated 

by a system comprising a finite number of variables, whose 

solution provides an approximation to the true solution of 

the problem. 

Finite difference methods provided the solutions to 

some problems slightly more complex than those which could 

be solved in closed form (Bishop 1952), but even for these 

approximate methods solution time was prohibitive for all 

but the simplest cases until the advent of the digital 

computer. The arrival of these machines heralded a great 

advance in the solution of continuous structures by numerical 

methods; complex geometries and material behaviour can now 

be acc6mmodAted in such solutions with relative ease. 

Problems involving elasticity are governed by linear 

differential equations, Washizu(1968). 	More complex 

- material behaviour can often be approximated by a sequence 

of elastic response increments. 

The finite element method (FEM) is a particular 

numerical technique which can be used to approximate linear 

differential equations by a system of simultaneous equations 

(Zienkiewicz, 1971). 	This approximation is the most 

important and revealing feature of the method. Use of FEM 



in this way, and also in conjunction with incremental 

procedures of the type just mentioned, can provide approximate 

solutions to a wide variety of real problems, 

The FEM is well suited for use on a digital computer 

once it is programmed for a particular type of material stress-

strain law: Compact input data can produce quick and 

economic analyses to a variety of problems involving that law, 

1.2 	Outline of the Finite Element Method 

A qualitative outline of the use of the FEM for 

continuum stress analysis is given in this section. Although 

the FEM can be explained in terms of mathematical processes 

(i.e. using variational principles) the application of these 

to stress analysis has a physical significance which can 

make their understanding easier; therefore a physical rather 

than a mathematical explanation is given, 

In the closed form solution of stress analysis 

problems three conditions should be satisfied throughout the 

structure, Timoshenko and Goodier (1951), These conditions 

are (i) equilibrium - of forces, (ii) compatibility of 

displacements, and (iii) the material stress-strain laws. 

In the FEM a structure is approximated by an assemblage of 

elements of the structure, interconnected at a finite number 

of joints or nodal points replacing infinite numbers of the 

element boundary points, This process is called idealisation 

or discretisation; it involves the evaluation of the element 

characteristics independently from the rest of the structure 



and will be discussed in detail in section 1,3. 	Once the 

element characteristics are established, the general 

procedures of assembly and solution will follow a pattern 

for which the structural analogy provides a convenient 

basis (see section 1.4). 	During the solution, the three 

conditions listed above are satisfied within each element 

and at the nodes, while in general only one of the first 

two conditions can be satisfied at the element interfaces 

depending on the approach followed, (discussed further in 

section 1.5). 	This satisfaction will allow the structure 

to be approximated by a finite set of primary variables 

inter-related by a system of simultaneous equations, These 

primary variables always appear in pairs and are called the 

nodal variables. 	In the case of plane stress, plane 

strain, axisymmetric and three dimensional stress analysis 

they are the corresponding nodal components of force and 

displacement. The greater the number of elements the 

greater are the number of nodes and primary variables and 

hence the closer is the convergence of the solution to that 

for a true continuum. 

Once the primary variables have been evaluated the 

secondary variables, strains and stresses are uniquely 

defined within each element using the definition of strains 

and the material stress-strain laws. 

As mentioned before, the finite element idealisation 

cannot in general satisfy fully both equilibrium and 
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compatibility at the element interfaces. The two most 

common idealisations satisfy either compatibility or 

equilibrium across each interface of a finite element. 	In 

the present work, the formulation satisfying compatibility 

throughout is used, it is commonly referred to as the 

"displacement approach". Thus the unknown primary 

variables are the displacements at the nodes which are 

interrelated to the known nodal forces by a set of equations 

representing the stiffness of the structure. 	These 

equations can be obtained either by the virtual work principle 

or by minimising the strain energy of the finite element 

idealisation. The strain energy of a displacement 

idealisation is always less than the structure's true strain 

energy, Zienkiewicz, (1971), therefore a displacement 

formulation overestimates a structure's stiffness, and hence 

underestimates the displacements, 

To summarise, the displacement approach of the finite 

element stress analysis of a continuum involves three basic 

steps:- 

1, From the applied loads, the equivalent nodal 

forces are calculated tF3. 	These are called the known 

primary variables. 

2. From the element characteristics, the overall 

structural stiffness matrix is assembled DC]. 	Inversion 

of the stiffness matrix solves for the displacements at the- 

nodes t,3 	These are called the unknown primary variables. 

tt, can be so,h4C12.01 ttn some dentin s, 
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3. From the displacements at the nodes, the strains 

are calculated. Using the material stress-strain laws, the 

stresses are also calculated, thus the secondary variables 

are found. 

1.3 	The Displacement Formulation of the Method 

The individual element characteristics, namely the 

element stiffness matrices and the equivalent nodal force 

vectors, are now considered. It is important to note that 

the derivation is carried out independently for each element 

utilising the principle of virtual displacements (often 

referred to as the principle of virtual work), 	This principle 

does not depend on the mechanical properties of the material 

and is therefore valid for any state of the body such as 

solid, liquid, elastic or inelastic. 	The principle of 

virtual displacement states:- 

"For a body in equilibrium, the sum of work,for any 

system of virtual displacements, of all external and 

internal forces acting on the body must be zero". 

This means that the forces in equilibrium do not 

show any tendency to displace the body by doing work on it. 

The term virtual displacement signifies a small imaginary 

displacement from the position of equilibrium, which does 

not violate the geometrical conditions or constraints 

imposed on the movements or deformations of the body.' Subject 

to the above restriction, the virtual displacements are 

quite arbitrary. 



In the displacement approach of the FEM, the unknown 

primary variables are the displacements at the nodes, which 

constitute the element displacement vector [ale  in the form: 

when n denotes the total number of the nodes around the 

element. Thesizeofthevectorto1 depends on the number 1  

of degrees of freedom considered at each node, These 

displacements may be induced by a loading system consisting 

of distributed body forces [pl (force/unit volume) and/or 

surface pressure [g3 (force/unit area) applied to the 

structure, and constrained by some boundary conditions. 

The basic step of any finite element analysis is to 

describe uniquely the unknown function 1f, which is the 

displacement field in this case, within the element in terms 

of the value of this function at the nodes and a set of n 

parameters in the form:- 

if) = E (Ni  rIl {61 	= [NI je  
i=1 

where Ni  is a scalar parameter which is a function of the 

position of the point considered in relation to node i, and 

will be discussed in detail in section 1.5. [II is an 

identity matrix of order equal to the number of displacement 

components at each node. Ni  is called the shape function 



of node i, and [N] is the shape function matrix of the element, 

With the displacements known at all points within 

the element, the strains at any point can be determined, 

resulting in a relationship of the form:- 

n 
to 	( 	= [B] ts3e 

i=1 
(1.2) 

[131 , being generally composed of derivatives of the shape 

function at node i . [13-1 is called the strain matrix of 

the element. 

Assuming strains to be related to stresses by a 

modulus matrix [D1 , containing the relevant material 

properties, then the stresses are uniquely defined as follows:- 

fal = {D1 (i He  1) + {0.01 
	

(1.3) 

where fEjand kJ denote the initial strains and initial 

stresses respectively, 

If virtual displacements d ple  are applied at 

the nodes, this will result in a system of corresponding 

displacement (dffi ) and strain (dfel) fields within each 

element defined as follows:- 

difl =  
1=1 	" 

[1\1].451. = [Na di63e  

n 
die .] = 

=1 
[B],d6). = [B] disie  

i 

and the sum of the work done dW, by the stresses, distributed 



body forces and distributed surface forces over the whole 

element 2 and its externally loaded boundary r will be: 

dW = (dple)T(f [B-1 Ttaid0 	I [N] Tip3dS2 	f [N] T  tgidr) 

In order to put the element into equilibrium, and hence 

reduce the virtual work (dW) to zero, a system of nodal forces 

fF
le! statically equivalent to the actual element boundary 

stresses and any boundary distributed forces must be added 

to the above equation, taking the form:- 

(dp3e)TiFle = (d f s ie) 7 (f [B]Tta) d2...f f N yri pids.2....f ."—.4.7 
 

igld r 	(1.4) 

As mentioned before, this relationship is valid 

for any value of virtual displacement diSr, thus it can be 

eliminated from both sides of equation (1.4). 	Substituting 

Equation (1.2) and Equation (1.3) into Equation (1.4), the 

element characteristic equation is obtained in the form 

(fp]T[D] pfldstile  - frBf[Di{eoidR + f[BiTfaoldQ 

e  
f[N]

T  tpidO - f[N]
Tfg}d 	(1.5) 

Equation 1.5 is in the form FORCE=STIFFNESS x DISPLACEMENT 

hence by analogy: 

r r the element stiffness matrix DC]e = f[B]T  LD103.1dS2 

and the element equivalent nodal force vectors are: 

due to distributed body force 1F3e  = - ffN3Tipids2 

due to distributed surface force [Fr 
9. 

due to initial stress 	iFle  = fiBiTfaoldi 
ao 

due to initial strain 	tP1:0=-fLB3T[D]ieoida 
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Thus equation1.5 may be rewritten in the form 

fFle  = CKlefsie  + [Fl; + [21: + fFi: + 
o 

(1.6) 

1.4 	The Overall Structural Stiffness Matrix Equation 

The overall structural stiffness matrix equation, 

the solution of which provides a solution to the problem, 

is represented in this section. The basis of the assembly 

of the overall stiffness matrix and the overall load vector 

is also given. 

After evaluating the force-displacement relation-

ship for each element in the form of equation (1.6)the problem 

reduces to one of a conventional structural type, which may 

be readily solved numerically using standard structural 

analysis techniques (Timoshenko and Young, 1965; Przemieniecki 

1968). 

Assuming a single notation to each unknown 

component of the displacements at each node, regardless of 

its connections with the neighbouring elements, results in 

the displacement vector for the whole structure in the form: 

where m denotes the total number of nodes in the whole domain. 
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This assumption automatically satisfies the displacement 

compatibility requirementsad to nooles. 

Proceeding with the solution, requires the 

satisfaction of the equilibrium condition. Equilibrium 

is satisfied within the element as explained in the preceding 

section. The equilibrium condition for each node is 

established by equating the sum of the equivalent nodal 

force components, contributed by the elements meeting at 

that node, to zero. 	This results in an equation of the 

form: e=l File  = 0 for node 'i',where _I, denotes the 

number of elements meeting at node i. 	Substituting for 

[11e from equation (1,6) the equilibrium equation for node 

i becomes, 

L 	n 	_1  e 	e 	e 	e 	e 	e 

E_ If E_  [ Ki  .1 f& ji 1+ i Pulp  + I Pi} g  +tFiLio  + [F13_1= 0 
e1 j1 3 	 c-o 

If such equations are assembled for all the nodes, the overall 

structural stiffness matrix equation is obtained in the form 

tqfsi . Fi 
in which the assembled components are 

K 51 = 	K i  	e  
e=1 iJ  

(1,7) 

See figure (1,1) 

and 'F. = 	is- F.7e 
e=1 

5 F.-te 
C 	p 

c F, /e 
L 	ao  

+ 5 F.? 
( 	eo j 

It is important to note that once a coefficient of the load 

vector or the stiffness matrix of each element tie K..
ij,P.) 

is evaluated it could be put immediately in its appropriate 

location in the storage of the computer, The inversion of 
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the overall stiffness matrix [K1 gives the solution for the 

unknown displacements vector: 

i s/ _ 

It is worth mentioning here that the inversion is only 

possible if a minimum number of prescribed displacements, 

to prevent rigid body movements of the structure, are imposed 

on equation (1,7) otherwise the matrix is singular, 

Knowing the displacement vector for each element, 

the strains and stresses can be calculated using equation 

(1,2) and equation (1.3). 

1.5 	Interpolation Formulae and Shape Functions 

A finite element solution could be defined as one 

in which values inside an element are given by an inter-

polation formula in terms of values at the nodes on the 

boundary or inside the element. External nodes are not 

used, partly to reduce the overall stiffness matrix 

equations bandwidth: see figure (1.1), and partly because 

in a real engineering structure a sudden change in the 

material properties usually occurs at a material discontinuity, 

eg, soft clay lying on top of stiff rock. 	Such a problem 

can be handled accurately by introducing an element boundary 

at the discontinuity, but cannot be handled if strains in the 

rock depended on nodal movements in the clay (Irons 1968). 

In section 1.4, the shape function Ni  was defined 

by equation 1.1. 	Once these shape functions are found for 
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the nodes defining an element, the interpolation formula is 

defined, and hence all element characteristic equations and 

the overall stiffness matrix equations, equation (1.6) and 

equation (1.7), could be evaluated and assembled ready for 

solution. The use of interpolation formulae represents the 

main approximation in a finite element solution as it limits 

the infinitenumber of variables of,the true domain to a finite 

number of nodal variables, and thus the exact solution will 

never be obtained irrespective of the fineness of the mesh 

used. However, the interpolation formula must represent 

the displacement field within the element and at the sides 

as closely as possible in order to obtain acceptable 

solutions. An acceptable solution is one of a series of 

solutions, each better than or at least as good as the one 

preceeding it, corresponding to a series of finite element 

meshes each finer than the one preceding it using the same 

element type. 	This is called the convergence test, 

Convergence conditions can be achieved if the interpolation 

formula is chosen such that two requirements are satisfied 

(Bazeley et al 1965):- 

1. Continuity of the displacement between 

adjacent elements must be preserved. This implies that 

the values of stresses and strains at the element sides are 

finite, Therefore, the interpolated value of displacement 

on a side depends only on the value of the displacement at 

the nodes on that side, and the interpolation formula on 

the side must be the same for both elements. 

t 
Lic p 1' 1 VI s p ectal Carl €S 



14 

2. Constant states of stress and strain can be 

exactly reproduced. This criterion stems from the fact that 

if the size of the element reduces to nearly a point, all 

values of strains inside the element will be the same. An 

extreme case is that the interpolation formula should 

produce zero strains if the nodal displacements are caused 

by rigid body movements. 

Assuming, for simplicity, that only one variable 

is considered at each node, the standard procedure for 

developing the shape functions is as follows. A square 

element is used for convenience its sides extending from 

g = -1 to g = +1 and from n = -1 to n = +1 (see figure 

1.2) where g and n are nondimensional curvilinear coordinates, 

Considering, for example, four corner and four mid-side 

nodes to define the element, 	The interpolationformula will be 

n 
6 = E 	N.6. = N 6 i 	1 1 L=1 

+ N363 
+ +N167 + N868 

This interpolation formula must give correct nodal values 

for all 6.. 	Giving any particular 6i  a unit value, the 

others being zero, Ni  will therefore be unity at i and zero 

at the other nodes. Thus considering each node separately 

and giving it a unit value for the unknown, the shape 

function Ni can be determined uniquely if the above two 

requirements are satisfied (C.F.page 13 and top of this page). 

For the element used in all the work reported in 

this thesis, the 8 - noded quadratic element, Irons and 

Zienkiewicz (1968) and Irons (19.613), the shape 

0 
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functions are: 

corner nodes 

N1 =1/4 (l+go) (l+n0  ) (g0  +no  -1) 

Mid-side nodes 

Ei  = o Ni  = 	(1-g 2) (l+no) 

n.=0N.=1/2 (1+Eo) (1-n
2
) 

where 

go = gg. 	no = nni 

1.6 Iso arametric Elements and Numerical Integration 

The preceding section described the square or "parent" 

element which is the source of the nodal configuration and 

shape functions Niand their derivatives, but these simple 

local dimensionless coordinates become generalized global 

coordinates in an actual finite element analysis, where 

the nodes can in principle be in any position, say a 

curved or distorted shape, to fit a real structure, 

Therefore a mapping procedure is needed to transform to the 

new coordinates, allowing for distorting the simple parent 

element into a more arbitrary shape. 

The isoparametric element, Irons and Zienkiewicz, 

(1968), is a mapped element from a parent one where the 

global coordinates of any point (x,y) within it are defined 

by the shape functions Ni  which are used also to describe 

the displacement. 
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In the two dimensional case the mapping relation is: 

X = £NiXi 
 

= MY 
1 i 

(1.8) 

where (X.,Yi 
 ) are the global coordinatesof the node i. 

Equation (1.8) represents a unique relationship between 

each computation of local coordinates (Ern) and its 

corresponding global coordinate (X,Y), provided that the 

distortion does not exceed certain limits (Zienkiewicz 

1971). 	If conditions of convergence are satisfied in the 

parent element, then these conditions are also satisfied 

in the isoparametric distorted element, Irons(1968). 

To establish the element characteristic equations, 

which include Ni  and its derivatives in the global 

coordinates, two transformations are required; transformation 

of derivatives and of integration from local to global 

coordinates. Using rules of partial differentiation,the 

derivatives in the global coordinates could be defined in 

terms of derivatives in the local one as follows: 

N. 

= [J] 

aNi  - ax  
ax 
3N i aNi  

= Lac 	ac 
ax 
an 	an ay 

t. 

The matrix [J] is called the Jacobian matrix, whose 

conditions of inversion limit the distortion of the element, 

(ie [J1 must not be singular). To carry out the integration 
of the element matrices in the local coordinates, thus 
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keeping simple integration limits, transformation is 

introduced to the element volume, (see Murnaghan (1951)), 

as follows: 

dx dy 	J dOn 

and thus, the element stiffness matrix in two dimensions 

becomes 

r ,Tr nr 	 r nr  
[K r = IIIB OD 10 A dxdy = f

1 
[ 131Tr 

n 
lBaJjdedn 

-1-1 

In calculating the above integration and the other 

stiffness equations described in section 1.4 for isoparametric 

elements many items must be integrated over a domain which 

may have a curved boundary. Many difficulties arise; not 

only are the analytic integrals very complicated, but also 

in certain cases they are ill-conditioned, 	Taig (1961) 

has introduced numerical integration for a particular element 

and Irons (1963) has used it as deliberate policy as a means 
O 

by which more complicated problems and elements can be 

implemented. 

For Gauss quadrature, n sampling integrating points 

are sufficient to integrate a polynomial of degree (2n-1) 

exactly. For example if the shape functions are quadratic in 

x and y, the polynomial of the stiffness matrix will be 

quartic and 3 Gauss points are needed to integrate [K] e  

correctly. But in some cases in which the element type 

used in this report is one,, it was found, (Nayak (1971) and 

Naylor (1974)), that it is possible to improve the performance 



18 

by using a reduced integration rule, say•2 instead of 3 

Gauss points, This paradoxical result seems to arrive from 

neglecting certain badly behaved terms, but no mathematical 

proof is yet known. Tables with the position of points and 

weighting coefficients are given in Zienkiewicz (1971). 

The isoparametric element combined with numerical 

integration provides many advantages:- 

1. less time is needed for preparing data input. 

2. Boundaries can be mapped more accurately and 

fewer elements are needed to give the required 

accuracy (Pugh 1976). 

3, In nonlinear analysis, it allows the failure zone 

to spread more smoothly within the element. 

4. The stresses at the Gauss points are reliable and 

there is no need to use approximate averages, which 

is common practice with simple triangular elements. 
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CHAPTER 2 

NON-LINEAR SOLUTION TECHNIQUES  

Introduction  

In Chapter 1, the displacement approach of finite 

element formulation yielded the general finite element 

stiffness equation in the form of a load-displacement 

relationship as follows: 

[K] [&1 = f. F1 

which represents a system of simultaneous equation, and its 

solution is the final and most important stage of the analysis. 

The size of the equation depends on the problem and can in 

some cases be as large as 10,000 unknown, thus an economic 

and reliable algorithm is needed, 

As mentioned before, the sub-matrix of C K1 is: 

e, [KJ = 	rD]tB] do2 

which is a function of geometry CB) and material properties 

[D]. 	If the evaluation of both the strain matrix [B] and 

modulus matrix [D1 is independent of the primary variables 

pior the secondary variables ial and kJ , the system is 

a linear one which can be solved using one of the well-tried 

methods of solution. Recently, it has been shown that no 

method exists which requires fewer arithmetical operations 

than the direct Gauss elimination method, Klyuyev, Kokovkin 

Sherbak (1965), which has thus become the standard method 

for finite element linear solutions (Irons 1970, 1971, 

Rashid 1970, Melosh and Bamford 1969). 
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Non-linearity appears when either B] or [D] is 

dependent (directly or indirectly), on the displacement 

vector pl. The work described in this thesis is based 

on the assumption that displacements are sufficiently small 

for the problem geometry to be unchanged and that the theory 

of infinitesimal strains is valid, 	Thus the matrix CB-1 is 

evaluated directly, and nonlinearity is only due to material 

properties being  dependent on the unknown required results, 

Assuming  that stress-strain relationship is written in the 

nonlinear form: 

A tcfl = [Dt (t01)1 	At ci 
	

(2.1) 

where [Dt (icr3)] F. [Dt1 is a function of M. 	This 

notation will appear frequently in the text. 	The overall 

structural stiffness equation may be written in one of the 

forms: 

[K(I61)] fsj = If((s1)1 	[F1 	(2,2a) 

or IR (161 )1 	= fFl-[f( 	)1 = o 	(2.2b) 

or in more general form: 

fr(6i) = o 	(r,i = 1,--)n) 	(2.2c) 

where m denotes the total number of degrees of freedom. 

The solution of simultaneous nonlineai equations 

of the above form is usually a very difficult problem and 

no very satisfactory methods of functional iteration(which 

can proved by mathematics only) are known for this problem 

(Ralston 1965, Broyden 1965). 
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One important factor (which is stated in much of the 

literature on the subject, Traub, 1964) is that a good 

initial estimate is necessary for the success of any 

iteration method. In a stress analysis of a continuum an 

initial value of the unknown can be estimated by using a 

stiffness matrix corresponding to the tangential (or secant) 

properties of the material at the start of the load increment. 

However, from the author's experience, this could be 

dangerous where an increase of external loading requires an 

increase in stiffness to model non-linear behaviour. 	Such 

a situation arises when the increase in load causes a decrease 

in shear strain and stress in part of the domain. 

In this chapter, the most common finite element 

nonlinear algorithm, the tangential stiffness method, is 

described. A new method developed during the course of 

the work is also given; finally a quantitative assessment 

of some acceleration techniques is made and the best is 

compared with the present form of the Conjugate-Newton 

method proposed by Irons (1973). 	The Alpha-Constant 

stiffness matrix, Nayak (1971) and Nayak and Zienkiewicz 

(1972), has proved to be the best acceleration technique, 

one reason being that it uses only one stiffness matrix 

during iteration. 

2.2 	Step and iterative techniques 

The methods described in numerical analysis text 



22 

books, Householder (1953), Traub (1964), Ostrowski (1966), 

Wendroff (1966), Saaty and Bram (1964), and some recent 

papers, Broydon (1969), on the subject of non-linear 

simultaneous equations are not sufficient for the non-linear 

finite element analysis for two main reasons: 

a. The methods presented are generally not suited for 

economic computer solution of 	a large non-linear 

system. 

,b. The methods are only tested for very small problems and 

in non-linear work, a generalisation for larger problems 

is not always possible, 

The advantages of using numerical integration to calculate 

the residual error after each iteration, and of being able 

to understand the physical meaning of the different 

variables and related parameters in equation (2.2) and the 

symmetric banded nature of the matrix means that the non-

linear finite element algorithms take a different form from 

those of a pure mathematical approach. The available 

techniques used in solving real non-linear problems can be 

• classified in two main categories: 

i. Approximate step techniques 

ii. Iteration techniques using the residual force concept. 

The basis for classification is that the first 

category does not give a measure of convergence or of error 

(it can be inspected manually after the solution as will be 

shown later), while the second category does give a measure 
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of convergence. 	In this section the two categories will 

be described in general terms as applied to a material 

governed by a law similar to equation (2.1). 

2.2.1. Approximate step techniques 

The result after a pre-stated number of steps is 

considered as a solution for the non-linear problem, i.e. 

the number of steps are not determined during the marching 

of the solution as in the iteration methods. Thus the 

stresses and strains of the solution are not compatible 

with the nominated stress-strain law, although they can 

be a good approximation, bearing in mind the uncertainties 

involved in the selection of basic material parameters 

defined by equation (2.1)..  

The most commonly used algorithm of this technique 

is the tangential stiffness method, usually referred to in 

soil mechanics literature as the incremental method. 

Its mathematical basis is the first order Euler-Cauchy step-

by-step method, which can be explained geometrically for a 

single equation, see figure (2.1), as an approximation of 

the curve by part of a polygon whose first side is tangential 

to the curve at the initial point and so on. Although the 

Euler-Cauchy method is used for solving differential 

equations, Henrici (1962) and Davidenko (1953a, 1953b) 

converted the problem of simultaneous non-linear equations 

into a solution of differential equations and Kizner (1964) 

has used the idea of conversion to give a general method of 

solution. 
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The general solution equation for a step J is: 

= f611-1 	[K(i61J-1 )] 1.  AIFiJ  
The Solution Algorithm of the tangential stiffness method 

for a load vector ill is marched as follows, figure (2,1): 

Divide the load vector fF/ into S-steps of loading. 

(The division could be either equal or unequal steps). 

S 
= Z 

J=1 
A 111J  S = number of steps. 

2. Calculate the tangential matrix [Dt] corresponding to 

the state of stress at the start of the step: 

[Et(fa0I) t(t6o1)1 

3, Evaluate the overall stiffness matrix 

{Kt  (Dt  ( tdol ))I 

4. Solve to obtain the displacement corresponding to step 

load AlPi1 

7 1 -1 
AftSi

1 
 = [1‹

t
(D
t
(fs0)))] 	. 	A IF/1  

5. Compute the strains and stresses corresponding to step 

displacement A Ph: 

A Cl = [B]. Afdi 1 

A  fall = [Dt(i6o1)  1. 	+11 
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6. Accumulate the results to obtain the solution for the 

first step, which is going to be used to evaluate the 

properties in the next step 

	

f 6-11 = 1603 	4611 

= COI + £11 

	

6/1 = cioj 	Afail  

Repeat from 2 to 6 for each step to obtain the final response 

of the domain to theload vector. 

The greater the number of steps, the closer is the 

approximation to the nominated stress-strain curve at the 

expense of more computer time, It is worth mentioning that 

the process is attractive to the soils engineer simulating 

sequential construction process (e.g. earth/rockfill dam/ 

embankment and excavation construction) as each step can 

represent a particular stage of construction. 	Two steps 

can also be used for one stage in case of severe non-linearity 

(i.e. near failure), 	Early in the application of this 

method to soil mechanics problems, the material properties 

for each step were calculated manually from the stresses and 

strains generated by the previous step. Nowadays the 

algorithm described above is repeated automatically in the 

computer once the number of steps have been specified in the 

input data. 
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The majority of non-linear finite element analyses 

in the field of soil mechanics have used this technique. 

Unfortunately only one documented case showing how well the 

method succeeded in reproducing the nominated stress-strain 

curve is available, Al-Hussaini (1972). 	In figure 13 of 

this paper, the technique followed the curve very closely 

using 27.steps, which is very time-consuming. 	Over-shooting 

above the failure surface is expected with this technique 

since the check on stress level is carried out at the start 

of the step; over-shooting was reported by Dunlop and 

Duncan (1970) to be of the order of 10% which again could 

be reduced by using smaller steps near the failure state of 

stress. Once a point of the domain is above the failure 

stress a very small value is assigned to the deformation 

parameter (e.g. E nearly zero).. 	Strain-softening can not 

be modelled using this technique because the overall stiffness 

matrix may tend to be non-positive definite. 

2.2.1.1.The Quasi Runge-Kutta one-step technique 

The second of this category, the Quasi Runge-Kutta 

one-step technique was developed and implemented in a 

version of the program FESS (Finite Element System Swansea) 

by the author (1972). 	This technique is also used for the 

majority of applications during the course of research in 

embankment dams. 

In this technique the load vector t'Fl is applied 

directly in one step and the marching of the solution, which 
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is described below, is performed. This technique has the 

same general limitation as the other method with regard to 

post-peak modelling and stress-strain compatibility with the 

material law. Two main advantages gained from using this 

technique are:- 

a, The size of the step does not influence the results 

greatly because the non-linearity is dealt with during 

the step, thus closer reproduction of the nominated 

stress-strain curve is achieved for the same computer 

time. 

b. 	To avoid serious 'overshooting' the risk of local 

failure during any loading step is examined by an 

iterative technique, as described in Chapter 4.  

subsequently. 

The technique is an approximation to the fourth 

order Runge-Kutte method which uses for each step four 

auxiliary quantities to arrive at the solution. 	In this 

approximation one auxiliary vector A[6] is used instead 

of four. 	It has a simple geometrical interpretation; 	for 

a single equation, see figure (2.2), the curve is 

approximated by a straight line whose slope corresponds' to 

the tangent of the curve at some intermediate point between 

the starting point and the final solution, 	The position 

of the intermediate point is arrived at by an iterative 

process to avoid over-shooting, 	The general solution 

equation for a vector case is 
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t 'Sol 	4-  [K(1601 4. A t6})  -.1 I F / 

where the auxiliary vector is 

4 ,151 = 	[K({ 0p1-1.f F1 
The components of the diagonal matrix 1- Iti j are a function 

of stress level and could also be a function of the non-

linearity of the stress-strain curve; they are evaluated 

using the stress vectors at the Gauss points. ryli  need 

not have space in the core or be stored as it is evaluated 

inside the Gauss-loop for each point independently. At 

	

present the 	only criterion for evaluating 	6 1 3 is the 

position with respect to the failure stress and its components 

lie between 0.5 and zero.. The choice of 0.5 as a limit 

is arbitrary; the limit should be selected to suit the rate 

of change of the curvature of .the stress-strain curve. 

The solution algorithm of the Quasi Runge-Kutta 

method is as follows:- 

1. Calculate the tangential modulus rriti corresponding to 

the state of stress at the start of the step (if the 

point is at or exceeding failure, then Et  is assigned 

a value close to zero); 

11)01601)1 	rEt (fa01), voia0P1 
2. Evaluate the overall stiffness matrix 

	

11 
 Kt (Dt 	01))1 



29 

r 
3. Initialise the diagonal matrix Ou= 0.5 

4. Solve to obtain the first trial of the auxiliary 

vector: 

*1 r 	-1 
A16 )= YIJKODt(i601))] 	fri 

5. Calculate the stresses and strains corresponding to 

the auxiliary displacement vector 

Atel = [131 AC61 

A t:3 = [Dt(faoq" Atled 

6. Accumulate the stresses and strains to those at 

the start of the step, while retaining the initial 

values 

oi + A f:i 
01 	Afa1 

7. * Check the position of f lac l with respect to the 

failure criteria. 

If  1
1 

0 1 is above failure criteria, modify the local 
e, 

/ factor 	until {a is below failure surface. 

This will give a new AI61 say Ali 

8. Calculate the tangential stiffness matrix corresponding 

to a state of stress always below or equal to 

failure conditions 
** - 

[Dt ( t6oi + A161) 

9. Evaluate new overall stiffness matrix 
** 

[Kt(Dt.({801 + 0161))3-1 
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10. Solve to obtain the displacement vector corresponding 

to. the load vector 

** 
= [Kt(td ol + 461 )]-1. (Fi 

11. Calculate stresses and strains for the step 

Ale} = 

Aral = [Dt(t501-4- Ai:Sp -pie/ 

12, 	Accumulate the stresses and strains of this step 

to that at the start of the step 

fel = feoi 	Afei 

fai = I aol 	Atai 

The above algorithm implies two solutions for each 

step as compared with one slutibn for each step in the 

tangential method. From the comparison shown in figure 

(2.3a) it is clear that the results of one step of Quasi 

Runge-Kutta is better than the results of two steps of the 

tangential stiffness method. Figure (2.3b) shows how well 

the technique succeeded in following to failure the nominated 

stress-strain curve at one point in a problem of about 1000 

degrees of freedom. 

2.2.2. it4Eati2a:L.tanataEu esitysesciamat 

An iterative process for the solution of a system 

of equations of the type mentioned above, equation (2.2), 
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may be defined by the statement that, if foli, i = 1)  

are approximations to the solution required, they enable 

another approximation t ol to be calculated by means of some 
i+1 

recurrence relation, called the iteration formula: 

Nit]. = 
	

(2.3) 

provided that 161i4.1  is a closer approximation to the 

required solution idithan was ioi3and that (1153i-163).+o as 

i4-oC. 	That is using the trial results ISli-461i-n+1 from 

the previous iterations, i, i-1,-4-n+1 an approximation 

163i4.1  is calculated, and then replacing one of the vectors 

fdli...iqi-n+1  by Ni+1, a new approximation /61i+2  is 

calculated using the remaining n vectors and so on, This 

expression, equation (2.3), is an example of an n--point 

iteration function (note that.n denotes the number of previous 

approximations used to establish a new approximation). The 

iteration function G.1
, will in general involve not only 

but also values of f({d/) and some of its derivatives 

evaluated at one or more of the vectorsf611 This is only 

possible if G.1  has as many continuous derivatives as 
wo• 

required in the neighbourhood of the solution 	The The 

subscript i on Gi  is necessary only when the iterative 

function itself may change from one iteration to the next. 

(as Nayak's method 1971); if not, the iteration function 

will become stationary (i.e. independant of i), thus G is 

used instead of G1. 	If the iteration using a stationary 

iteration function converges to a solution tS/ then the 
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following equation must be true: 

161 = 	(6'1 	idj) 

In text books on the subject, methods for finding 

the solution of equation (2.2) based on equation (2.3) are 

called functional iteration methods... In finite element 

non-linear analysis, functional iteration methods could be 

classified here into two main approaches: 

a. The Newton-Raphson methods, which iterate on the left 

hand side of the non-linear system (See equation 2.2a) 

b. The Constant Stiffness method, which iterates on the 

right hand side of the non-linear system (See equation 

2.2a) 	The so-called initial stress and initial 

strain methods are variations of this method. 

As was said before, the physical understanding of the 

different parameters involved in the non-linear equation 

enableb a valuable interpretation for the algorithm to be 

made. A good example is the residual force concept 

introduced and used as a routine technique for linear analysis 

accuracy assessment by the numerical analysis group at 

Swansea. 	It is an essential feature of any reasonable 

non-linear iterative method described in this thesis, and 

thus it will be described in detail. In an iteration 

technique an approximation to the true solutionpi.is 

arrived at for each iteration i, using a convenient stiffness 

matrix (which need not be the true one), The state of the 

structure during this iteration is such that the displacement 
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pattern is not in equilibrium with the external applied 

nodal forces because the stiffness matrix used is in-

appropriate. In matrix form this becomes 

f (f fsl i)3 	fF14 = 	3 

Thus the residual forces fR1 are those forces which 

if added to the external loads would exactly balance the 

internal loads due to the incorrect state of stress in the 

structure. Any iteration process from the above two 

approaches will try to relax the. structure by giving 

successive additional increments of displacement Af&li,i=1,..,n 

so that the residual force becomes zero or negligible, 

ending with a correct displacement vector: 

fsi = flsoi + E °A i=1 

where n here denotes the total number of iterations. 

The residual force Rk for variable k is written as: 

Rk i+1 = F- E Ktdri r=1 

where L = the number of elements contributing to the variable 

k, and Ktai denote a non-linear function of d and F
k is the 

external applied nodal force at variable k. The point here 

is that the computer need never encounter anything vaguely 

resembling Kt, if the full implications of the isoparametric 

elements and numerical integration are realized. The very 

simple and completely general process in calculating 

residuals is the following algorithm: 
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InitializefR/ = 0 

Enter integrating loops over the internal regions 

(or boundary) of the element. At each Gauss point 

a) compute the strain due to the approximate 

displacement vector, 

b) from the strain, compute the stress using the 

stress-strain law, 

c) by virtual work find the contribution to each 

nodal force due to stresses using numerical 

integration as described in chapter one, 

d) again, by virtual work find the contribution 

of gravity, pressure, pore water pressure, etc. 

and accumulate them into tFi . 

2.2,2.1,Newton-Raphson Method 

The system of equations to be solved is written in 

the form: 

tR(161)i 	= R.(d ) 
r 

Suppose that the required solution is at d1
+c1, d 2+c2  

m+em ) then the m-variable form of Taylor's theorem gives, 

Booth (1966): 

Ri(d i+el, 62+c2  ....1 6m+em) = 

m 
aRi R (e 	) + 	c 	+ 0(c2) i 1,  2--- / m 	r g 

r=1 	
a 
 ur 
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where for a second order process 	is e2...em  is considered 

to be a solution of the set of linear simultaneous equations 

(i.e. neglecting e21, i=1,--)m) 

e1 D 	
i . 	6  

2 T 
aR 

(51 	r 	ax um 	
Ri 

and in a matrix form 

TKIT tel = — 111(i.61)1 

{ el 	= 	[K);)-  1.11(161)1 

therefore 

161i+1 = A—([1(7-1  IR({63)3) 6=61  (2.4) 

where the expansion of [-K IT  for two degrees of freedom as 
an example IS 

aRi 	DR].  

"1 "2 

/R2 	aR2 
as 	as2 1 

a K = 

Equation (2.4) is known as the Newton-Raphson iterative 

function which is a one-point stationary function. The 

conditions for conversion and error analysis are given by 

Lancaster (1966), Brown (1969) and Rall (1966), 	Again, it 

is clear that convergence is achieved if 1.1114-0 i.e. by the 

disappearance of residual forces. 

For engineering purposes the best iterative processes 

are in general second order , therefore a rapid convergence 
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for this method is expected, provided a sufficiently good 

initial estimate for the unknown variable icS/ is used (as 

mentioned before), however if the initial estimate is far 

from the final solution, the method does not succeed 

(Ralston 1965). 	The main disadvantage of this method is 

that in each iteration the tangential stiffness matrix for 

each element has to be calculated and the stiffness matrix 

for the whole structure ( [J] = [K]T  Jacobian matrix) has 

to be reassembled and inverted. Inverting [J] requires 

more than (M5/6) 	multiplication operations based on the 

elimination algorithm (Crandall 1956) or 	if the 

semi-bandwidth-is 	Kans(1972), m = total number of degrees 

of freedom. 

It is not uncommon for [K11, to be unsymmetrical. 

This may cause problems, due to the loss of many useful 

theorems if the [K]T matrix is unsymmetric or non-positive 

definite, Irons and Treharne(1971). An _asymmetric [K]T  

matrix arises in many of the non-linear field problems 

Lyness (1972) and from using a non-associative flow rule in 

plasticity problems which gives an asymmetric D]matrix. 

The matrix is non-positive definite unless all the following 

conditions are satisfied: 

   

K11 K
12 

K
13 

K
21 

K
22 K23 

K31 K32 K33 

 

K11 > 0, 

K11 K
12 

K21 K22 

 

> 0, 
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This could be encountered if a material exhibiting strain-

softening is modelled like brittle soils. 

The Newton-Raphson method was introduced to the 

finite element elastic-plastic solution by Pope (1965a, 1965b). 

Variations of the use of this method depending on the size 

of the load increment in relation to the spread of the plastic 

zone were given by Yamada, Yoshimura and Sakurai (1968), 

Marcal and King (1967) and Yamada (1969). 	The method was 

attractive at that time due to the lack of other alternatives, 

its simple algorithm and its quadratic convergence, Traub 

(1964), (if it does converge). 	The author believes that 

due to high cost as well as possible numerical troubles in 

some cases, the EKJT  method in general is to be avoided. 

2.2.212.Constant Stiffness Method 

Gallagher, Padlog and Bijlaard (1962) first used 

a technique which is quasi Newton-Raphson with 1K] instead 

of [K1  in all iterations of a non-linear problem and 

modifying the right hand side (i.e,fFi ) of the equation 

to compensate for the error introduced by using [K]; their 

technique is now called the "initial strain method". Again 

the new modified right hand side physically interpreted 

as the residual forces needed to balance the structure, 

Due to the non-applicability of this method to elastic 

perfectly plastic material an alternative method was introduced 

by Zienkiewicz et al (1969), called the "initial stress 

method". The latter has the same distinctive feature as 
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the former, which is to keep the stiffness matrix of the 

whole structure constant in the memory of the computer, 

without changing it during all the iterations - hence its 

name, The constant stiffness method has the advantage of 

being easily interpreted physically as follows: 

1, Apply the load vector iF1 to the nodes of the domain, 

Using the available stiffness matrix, find the 

corresponding displacement vector pl. This stiffness 

matrix could be either the elastic or the tangential 

matrix at the start of the loading, and it is to be 

kept constant, 

2, Compute the residual forces fR/ as described in 

Section 2.2. 

3. Compute the relaxation on the residuals. 

feli+1 = CK1 I Rli+1 

4. Then add teli+1 to the current displacement which 

has been accumulated from previous iteration as a 

correction term giving: 

f631+1 = f61, 	eli+1 
	(2,4a) 

Repeat 2, 3, and 4, 	If fe3 and 1111 iterate towards 

zero, the process converges. Any problem of non-symmetry 

or non-positive definitions does not appear in this procedure. 

It is expected to have a slower convergence than the Newton- 

Raphson method, 	See figure (2,4a) for comparison between 
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the two methods for one degree of freedom case, Argyris 

and Scharpf (1969) proved the convergence to be of first 

order and they concluded that the iterative initial stress 

method always converges as long as no physical failure 

occurs. The author has found that the method converges 

very slowly near failure and this was also reported by 

Nayak (1971), 	Due to that, an acceleration for the 

interation process is needed for economic reasons in order to 

achieve an acceptable time for the non-linear finite element 

solution, This will be the subject of the remainder of the 

chapter. 

2.3 	Acceleration techniques 

The problem is that at iteration i of a non-linear 

algorithm, there is an error ei  due to the residual Ri_i, 

so in order to accelerate the iteration process, the object 

is to find a factor a which when multiplied by ei  gives a 

displacement that when used in the next iteration gives an 

errorei+1  = o, 	Figure (2.4b) shows a graphical representation 

of the problem for a single degree of freedom assuming 

that the solution between e and a is linear, 	In a real 

problem the relation is not linear and a lot of attention 

has been given to the evaluation of the acceleration factor, 

Different over-relaxation factors were examined in detail 

by the author 	(Hamza 1972), The conclusion was that 

alpha constant stiffness matrix,Nayak and Zienkiewicz (1972), 
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was better than the others because of the following main 

reasons: 

	

1, 	It converges more monotonically. 

	

2. 	It is easy to program in its new simplified form. 

	

3, 	It was the only method which succeeded in the strain 

softening region. 

2.3,1 Alpha-Constant stiffness matrix  

Nayak (1971) and Nayak and Zienkiewicz (1972) suggested 

the use of an over-relaxation factor ra _Ito accelerate the 

iterative process with the use of constant [IC] matrix, 

This factor is applied in equation (2,4a) above, giving 

(see figure (2,4b) for one degree of freedom representation) 

= 	r a,leii 
They used a complicated notation for evaluating the terms 

of the diagonal matrix a ,, The final displacement vector 

at iteration i is 

J=i 

I
d bi  = 	6°1 + z 	e)siJ  3=1 

The detailed formula and computational process in 

terms of their notation are explained in the above-mentioned 

papers. A different algebraic approach, using the same 

assumptions and arriving at the same results, which leads to 

a more simplified algorithm and thus easier programming, is 

4.144m4oped to examine this method in the following two 
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sections, This was also represented in the author's previous 

work, Hamza (1972), 

2.3 1.1,The structure of Al ha iterative rocess 

The basis of Nayak's iteration is: 

Ri  = F 	Rtd1-1 r=1 
k = 1, 2 

where L = number of elements contributing to variable k 

This is to be calculated for each degree of freedom 

individually, using the non-linear constitutive law, The 

true stiffness matrix for the whole structure need not be 

formulated, as explained earlier, 

The residual force vector fR1i is to be relaxed 

on the domain using the iK1 matrix as before: 

= [K1-1  1Rli  

where i denotesthe iteration number. 

Now the correction term, which is to be added to 

the current deflection 161i_l  is 

raj  leli  

with ra
1 ' 

'an unknown diagonal matrix to be evaluated term 

by term, as shown below, The definition of raj  is 

= EK1 ieli 	[KIT rai 
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re-arranging 

[K1 je1i =[K1 rale l. 	- rK]T ) 

As an approximation, Nayak puts raj in the second term 

the existing r. 

eli 	r a 1fe1i 	rK3-1([Ki 	rK]T) rai 

r Thus he develops the recurrence formula for updating a j : 

a.1 e i= raii-lei [R]-1(rKJ / e i-1K7T ra j 

Considering one term at a time, (i.e, equating a row from 

the left hand side to the same row of the result of the right 

hand side):- 

41=m kJ r K-1 (LK)Ieji - [KiTraji_ileVj 
k = ak 	J=r 

i-1 
e 

when ak = the value of a for the k th variable considered, 

Basu (1972) interprets the last term of equation (2,5) as 

follows: 

[ 	- [KiTra K!T [K1Tretifeli 

= 111- [K]T(161i-1+ raJfeli) 

= tF3 CK]T 161i 
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because 
	

Pit = 	+ r a 
ki.--114 

	
2,6 

fx1 fe/i  - 	= 

Therefore, 

J=m -kJ 	 J=m kJ J K-1 	( [K] iel 	[K] ra 1  J . fel. )j 	K-1 	R i+1 i 	T 	-1 J=1 	 J=1 

2,7 

Now we go to Nayak's work, 	He uses two re-solutions in 

one iteration, In order to avoid confusion of the two 

different notations Nayak's process will be written in words. 

A full process of Nayak's "iteration" may be described as 

follows: 

* First half, 

6 = 6 inherited from last "iteration" + 

a inherited X e of the 1st resolution 

* Second half, 

Update a using equation (2,5) whiCh involves 2nd resolution, 

say anew , then 

6 = 6 inherited from last iteration + a 	X new 

of the 1st resolution 

In the present work each resolve is counted as a 

separate iteration, Jae, Nayak's "iteration" = two separate 

iterations. Looking at Nayak's "iteration" through the new 

notation we find: 
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* after the 2nd resolve (i,e. iteration No. i+1) 

isli+1 s  isli.1 	raiteli 
	 2.8 

* after the 1st resolve of the next "iteration" (i,e, 

iteration No, (i+2)) 

isl +2 = isii+1 	ra,teli+2 
	 2,9 

Using equation (2,5) and equation (2.7) 

. 
k- 	k 	e 1+1 a ai-1 el - 2,10 

From 2,6 it would appear that a can be logically suffixed thus 

k e1+1k k a ---- ai+1 = a i -1 + 	k ei 

2.11 

Substituting the value of a of equation (2,11) into equation 

(2.8) term by term: 

di+1 = i-1 + a e.  

= 

 

4.L 
, + e11 )e = 1-1 +ai-1 ei+ e i+1 ei  

= 

	

Si _1 	a. e + e 

	

1-1 	1-1 i 	1+1 

1+1 = Si + ei+1 

giving an over relaxation factor = 1.0 

2,12 

This is a very interesting result, Nayak's "iteration" 
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has two quite dissimilar halves: 

(i) as in equation (2,9) and equation (2.10). a variable 

a part which is dangerous 

(ii) as in 2,12 a constant a part, dth a= 1.0 which 

is particularly safe. 

It is possible now to explain tentatively why this 

technique has been giving good results in some cases, It 

may be that the second half with constant a repairs the 

damage done by the first part with variable a, 	(It has 

always been puzzling that the technique ever succeeds, for 

in the absence of any mathematical proof'of convergence in 

a system of many degrees of freedom one expects divergence. 

(See discussion section. 2.4)). 

2.3.1.2. Summary of simplified algorithm comparison with Nayak's 

Iteration i or 1st halfoLnyakIsliteration" 

1, 	Compute the current residual: [4 = tR(N)i_l/ 

2. Re-solve 	
l 
e = 

3. Update d 	161i = Wi-l+r"Jprevieli 
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Iteration (i+1) or 2nd half of Na ak's "iteration" 

1. Compute the current residual:iR/1.4.1  = /R(i6)i  

2. Re-solve 
	

feli+1 = EK1 11Rii+1 

3. While re-solving, store the previous ei  and update a 

term by term. 
e. +1 

anew 
= 	1 
 previous 	ei  

and store it for the next iteration 

(compared with calculation. from equation (2,5) in 

Nayak's version) 

4. 	Update d 
	

Pli+1 = 167i feli+1 

(compared with 	la7. 	Ts7 	+ra. 	qe7.) 
t. )1+1 	I ii-1 	inewl 

The differences which simplified the algorithm are 

1, In calculating a 

2, In applying 	a 

3. 	In updating 	6i+1 

2,3.2. Com arison between Al ha-Constant stiffness matrix 

and Con'u ate-Newton techniques 

Irons (1973) represented a method, the Conjugate-

Newton method, which uses also a constant stiffness matrix 

with an acceleration factor. 	In evaluating the acceleration 

factor, the principle of minimizing the potential energy of 
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the perturbation of the residual was utilized, The details 

of the algorithm and its mathematical proof of convergence 

are given in the above-mentioned reference. Irons claimed 

that his method was better than the Alpha-Constant method, his 

argument being based on an example of a non-linear problem 

with five variables. The mathematics involved are difficult 

and a review of which is outside the scope of this work, and 

the program is very complex. 	It was the writer's intention 

to examine this method with bigger problems and to compare 

it with the Alpha-Constant method in order to use the best in 

a complete two-dimensional finite element program. 

A simple finite element program was written to 

incorporate Irons' algorithm as a "black box", A force 

distortion relationship of the form 

+ a63 

c b1631 

(where a,b,c are constants and F, 6 are the force and 

corresponding distortion) is used, which could show a "strain-

softening" region. The root mean square of the residual 

forces is used as a measure of convergence. 

First, a 20 degree of freedom problem is solved under 

two-cases of loading, one of them producing a slight softening 

region (load =1, 1,05 units), 	Second, an 88 degree of 

freedom was used to justify a conclusion, also two load 

cases were solved, (load = 0,2, .25 units). 	The results 

are plotted in the form of iteration number against root mean 
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square of residuals and shown in figures (2,5, 2,6, 2.7), 

In all cases, the Alpha-Constant method gave a 

better result. However, in all cases, except the 88 degree 

of freedom and load = 0.2 case, Conjugate-Newton gave 

either better or comparable results early in the iteration 

process, then stopped convergence, or even diverged (in the 

case of 20 degree of freedom and load = 1,0), 	It is 

worth mentioning here that if an iterative method for the solution 

afequation22converges mathematically, as the Conjugate- 

Newton proved to do, then the only limitation on the 

accuracy of-the numerical solution is in the number of 

digits carried in the computation (Ralston 1965). 	The 

round-off error in a single iteration is the only inherent 

limitation on the accuracy. Bearing this in mind and the 

success of the conjugate-Newton in the early stage of the 

iteration process, it can be inferred that the damage which 

occurred in the later iterations is due to round-off errors 

and not natural divergence. Thus, if this difficulty is 

overcome the Conjugate-Newton method might be as good as the 

Alpha-Constant method and it will have the support of its 

mathematical proof of convergence, The Alpha-Constant 

method has no such proof. 

For the time being, the Alpha-Constant method has 

been adopted for non-linear work requiring iteration, due 

to its simplicity and ease of programming. 
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2.4. 	Discussion and Conclusions 

Non-linear finite element analysis is problem 

dependent and a generalised algorithm for all kinds of 

problems is not available, Two algorithms were 

demonstrated here to give better answers than others. They 

are the Quasi-Runge-Kutta one step technique and the 

simplified Alpha-Constant stiffness technique. Both techniques 

were incorporated in a version of FESS (Finite Element 

System Swansea), yielding two separate programs, SAN2 for the 

step method and SAN3 for the iterative techniques (Soil 

And Non-Linearity) 

For engineering problems with large degrees of 

freedom and the need for rapid turn-round, an iterative 

process is not advisable, as it has to be watched carefully 

and its accuracy, measured foi convergence, is not always 

required. Thus the step technique may be sufficient. 

However, a strain-softening problem cannot be handled using 

this technique and a problem which includes unloading may 

cause numerical troubles because of the use of the [KIT, a 

flexible matrix, which may predict large strains even for 

the unloading region. This problem faced the author in 

the application of this technique to Empingham main dam 

which includes shear unloading due to an irregular 

construction sequence. 

The simplified Alpha-Constant stiffness matrix 

method is most suited for problems including strain 
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softening and unloading because it uses [K7) which is a 

constant matrix and does not depend on the stress level 

during iteration, 

The best form of stress-strain law to suit the step 

technique as shown above is: 

Atai = ID(10-1)1 , A lei 

And its explicit form is given in Chapter 3. 

But for the iterative technique, as used in this 

work, the best form for the stress-strain equation is 

Aitri = [13( el)]. Ale} 

To avoid the use of two stress-strain equations the first 

one was also used in the iterative method. To achieve that, 

an iteration inside the Gauss-loop was implemented in SAN3 

in order to evaluate the value of Alc3 corresponding to 

the strain vector gel. 
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CHAPTER 3 

THE REPRESENTATION OF SOIL PROPERTIES FOR STATIC 

NON-TIME-DEPENDENT STRESS-STRAIN SOLUTIONS  

3,1 	General 

A rigorous stress-strain law should be able to 

describe analytically the state of stress and state of strain, 

including the state of failure, in all three phases, (solid 

particles, water and gas), of an element of soil under any 

case of loading having satisfied all implied boundary 

conditions. A stress-strain law is needed together with 

compatibility conditions and equilibrium equations, in order 

to solve a continuum problem, as shown in Chapter 1, 

`Soils, unlike other engineering materials, possess 

a mechanical behaviour highly dependent on their previous 

geological and stress history, 	If a soil element is subject 

to irrecoverable strain, its structure will. be permanently 

modified; thus its future behaviour under further changes 

of effective stress will also be modified. Although the 

soil may be anisotropic due to geological deposition 

inducing preferred particle orientation, effective stress 

changes during the application of further stress may induce 

additional anisotropy which should be taken into account in 

any realistic model for soil. 

Another complication is added if the element of soil is 

' subject to principal stress and/or principal stress 

increment rotation, a condition which is not easy to reproduce 
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in the laboratory, but which very commonly occurs in reality. 

The effect of rotation of stresses on the behaviour of soil 

is reported to change the void ratio, thus causing volume 

change; it might cause anisotropy as well. 

Some soils exhibit volume change during shearing 

which may be either an increase or a decrease. Finally, 

some classes of soil show apparent brittleness (strain 

- softening) behaviour in varying degrees, and it may be 

important to model this behaviour for some engineering 

problems. Experimental work on these classes of soil has 

shown the development of a discontinuity once the peak shear 

stress has been achieved and after which the stress-strain 

curve continues as a stress-relative displacement curve, 

Maguire (1975). Thus a continuous solution in applying 

the compatibility conditions is ambiguous. 

For many years the solutions of linear elasticity 

and limit plasticity have been utilised in solving soil 

mechanics and foundation engineering problems, many 

simplifying assumptions being made due to the lack of more 

sophisticated solutions. 	In deriving the elastic solution, 

the soil is assumed to be a linear elastic body which can 

never fail; in the plasticity solution the soil is assumed 

to be a rigid-plastic body usually covered by the Mohr-

Coulomb failure criterion. The former predicts deformation 

only, the latter assesses stability only. Neither approach 

models the complete behaviour of a soil continuum under load. 
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Recent developments in numerical techniques with 

the ability to predict deformations in soils (e.g. FEM) using 

complicated stress-strain laws, have focussed attention on 

the need to define soil stress-strain laws, the solution 

techniques being limited by the availability of data on soil 

properties, (an example of this limitation is encountered 

in the use of a simple linear anisotropic soil model), 

Nevertheless, the literature on the subject is full of stress-

strain solutions for different soil types, using mainly two 

categories of soil models: 

(1) those utilising only the theory of elasticity, but with 

attempts made to account for the nonlinearity typically 

observed in soil stress-strain relationships including 

the failure stage; 

(2) those utilising theories of plasticity, which are 

dependent on the type and variation of yield function 

and flow rule used; this category is more varied than 

the first, 

In this chapter a review is made of the assumptions 

and basic principles of the above-mentioned models and some 

solutions utilising these models in finite element application 

are examined. The soil models used in the course of this 

research are also presented. 
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3.2 	Discussion on the Isotro•ic Elastic Model 

An ideal elastic body is characterised by its natural 

state in which the stress depends upon the state of 

deformation only and the natural state assumption requires 

that when the external loads are released the body assumes 

its natural state again, Truesdell (1966). 	The work done 

by the external forces acting on the body is stored as 

elastic energy (internal energy) which is available for full 

recovery once the loads are removed. On this basis two 

alternative approaches are available for defining the ideal 

elastic behaviour, which have the same meaning for 

infinitesimal strain theory:- 

(1) Stress is a function of strain (Cauchy 1823, 1828, 1829)*  

(2) Internal energy is a function of strain (Green, 1839, 1841) 

Based on the former definition the fundamental stress-

strain equation for any elastic, but not necessarily linear 

or isotropic, body may therefore be written 

e[el = f c7 Alai 
This equation states that: 

(1) Any stress increment Afc gives rise to a set of strain 

increments Aid which are a unique function of the 

causative stress increment 

(2) the strain increment is fully recoverable on unloading 

Referred to by Atkinson (1973) 
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i.e. it is path independent and the principle 

of superposition applies, and the system is conservative, 

The matrix (C1 contains 21 independent parameters 

Love, (1927) in its general case, i.e. full anisotropy, 

which may not be constant over the stress increment range, 

it is here that non-linearity is introduced, 	If various 

conditions of symmetry are imposed the number of independent 

parameters in the matrix [C1 are reduced until in the case 

of an isotropic material the matrix EC1 , contains only two 

independent parameters (except at "failure" as explained 

later) which may or may not be constant, The conventional 

parameters generally used are E, Young's modulus and v, 

Poisson's ratio and the explicit stress-strain equations 

are found in Love (1927). The relationship between these 

parameters and conventional soil compressibility parameters 

mv, co.  and ko  are found in Lambeand Whitman (1969). 

It is important to note that in the case of a 

linear elastic isotropic body the axes of principal stress 

and the axes of principal strain, which are determined quite 

independently, coincide, Jaeger,(1956). 

An important consequence of isotropic elasticity is 

that shear and volume stresses may be decoupled, and purely 

deviatoric stress increments will produce zero volume change, 

For the conventional triaxial test, the increments of 

deviatoric strain, Ay
d' 

and volumetric strain, Ac
v
, may be 
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related to the corresponding stress increments ATd and 

Aav as follows:- 

Aid = G ( Aal - "3 )  = G Ard 

+ 2Aa_ 	 _ 
3 	K Aam 

where G and K are the shear and bulk moduli respectively 

and they are related to E+ v by the following equations 

Jaeger, (1956) 

2(1+v) 

3(1-2v) 

So far, no reference has been made to whether E and 

v are drained or undrained parameters. In soil mechanics 

engineering problems, the solution required may be for one 

or more of the following cases:- 

1) Undrained loading where no drainage is assumed, 

2) Undrained loading followed by drainage (either 

consolidation or swelling) 

3) Drained loading 

4) Partly drained loading, as in the case of sand drain 

zones. 

For the first class, the author believes that 

Aev 	K 

undrained deformation parameters are sufficient to carry out 
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the analysis. Although the deformation is always a function 

of effective stress:- 

6 = f( 	) = f(a-u) 

the pore water pressure u is a function of the total stress:- 

u = fl (a) 

thus the deformation is a function of total stress 

6 = f2 
(a 	f

1 
 (a)) 

and hence there is no need to use the effective stress 

parameters E', v' which need more elaborate tests and more 

time for their measurement. The undrained Poisson's ratio 

v for fully saturated soils is theoretically only slightly 

less than 0,5. 	Due to the compressibility of soil grains 

and that of the water, Bishop (1966a)showed that v 0.5 

but is very close to it and thus the numerical problem of 

using v = 0,5 for the analysis of such a case is removed by 

using v = 0.499 say, which with the use of isoparametric 

elements (see Chapter 1) and the reduced integration rule 

proves to give acceptable answers Naylor, (1974) provided 

that the mesh is fine enough (this was found during the 

course of the author's research) and the stresses are only 

considered at the Gauss points, not at the nodes. The 

undrained Young's modulus Eu  may be obtained from the 

conventional undrained triaxial test where Lai = 0, 

Naylor (1974) has proposed a method by which the 

excess pore-water pressure under undrained conditions can 
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be evaluated using the effective stress parameters E', vl 

and an apparent bulk modulus of compressibility Ka  of the 

pore fluid which is expressed in the form 

1 = 	1-n 
Ka Kf Ks 

where KS is the bulk modulus of the solid part of the 

material skeleton (i,e. soil particles), Kf, the actual bulk 

modulus of compressibility of the pore fluid and n is the 

porosity. 

Naylor's approach requires the use of the effective 

stress parameters E', v'  which, can only be determined by 

slow tests. An alternative way is to carry out the analysis 

in undrained terms and to use the. pore water pressure 

parameters A and B (Skempton, 1954, and Bishop, 1954) 	to 

evaluate the excess pore-water pressure as follows:- 

u = B [ Aal  + A(Acri  - Acr3)] 

A could be a function of the stress level. Generally, if 

loading is at usual engineering rates, the pore-water pressure 

is relatively easy to measure Vaughan,(1972a)and a 

sophisticated method for its determination may be unnecessary. 

For the third class, where the loading is such that 

no excess pore-water pressure is set up, the drained 

parameters E', v' should be used and they could be most 

easily determined from a triaxial test keeping Acy = 0 and 

measuring either the minor principal strain El-Ruwayih (1975) 
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as well as the major or by measuring the volume change 

and using the relati_on:- 

= 1 KV/V 
2 	eel  

which assumes that the volume change is isotropic, Poisson's 

ratio is found to vary greatly with stress level. 	In 

dilatant soil a value of vl > 0,5 might be obtained which 

is meaningless in terms of an elastic analysis due to energy 

considerations; Sokolnikoff, (1956). 	Reasonable values 

are obtained only during the early stages of the test when 

the specimen decreases in volume, 

The ratio between the 'elastic modulus' for drained 

and undrained conditions for real soils might vary within 

very wide limits, especially for fine grained soils; 

Maksimovic, (1971). 	But assuming elastic behaviour and 

that the water in the soil voids does not transfer shear 

stresses (either the viscosity of water is neglected or the 

rate of undrained loading is very slow), a relationship can 

be easily obtained (from Gu  = G')of the form 

Eu E t (isotropic) 

Since v' is typically about 0,3 at low stress levels, then 

the approximate relationship between Eu  and E' for an elastic 

soil can be taken as 

Eu = 1.15E' 
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Wroth (1971), using an equation given by Henkel (1971), has 

shown that for London clay Eu/r, = 1,34 assuming isotropy 

and Eu/El 
in the vertical direction was equal to 1,616 

for transverse anisotropy, 

The second class of undrained loading followed by 

dissipation, whether swelling or consolidation,is of particular 

interest and difficulty. A rigorous solution must consider 

the complete problem of pore-water pressure dissipation and 

the stress dependency of the compressibility of the soil 

skeleton (and the compressibility of the pore fluid if the 

soil is partly saturated), The formulation of the problem 

assuming a linear elastic soil skeleton and an incompressible 

pore fluid was given by Biot (1941) and incorporated in a 

finite element solution by Christian and Boehmer (1970) 

and Hwang, et al (1971). 	A solution with the non- 

linear compressibility of the soil and/or compressible 

pore fluid is not yet available (1975), 

An approximate alternative approach, suggested here, 

is to decouple the problem by carrying out firstly and 

independently the undrained stress analysis case of loading 

and then either to evaluate the pore-water pressure set up 

by one of the two approaches mentioned above (Naylor's 

method or Skempton's A and B method) or to use field 

measurements of A u at selected points and then to establish 

a reasonable distribution from experience; with either 

approach the initial values of the unknown Au are 

evaluated, 
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A separate analysis should then be carried out to 

evaluate the pore-water pressure distribution after a 

certain time interval, the span of which needs to be 

considered carefully, using a standard consolidation program. 

This presents the second approximation as the total stresses 

are assumed to remain constant during the consolidation 

analysis, which is not the case in reality due to changes 

in yl . The time interval should be small enough to account 

for that and also for the non-linearity of the soil skeleton 

if it is considered. 	If the soil skeleton is assumed to 

be linear elastic and the results are only required at the 

end of consolidation; only the final pore-water pressure 

distribution at the steady state is needed,Naylor (1974). 

The effect of dissipating an increment of pore-water 

pressure, whether it is after'an interval of time or after 

the steady state is achieved, on the state of stress of the 

soil skeleton is obtained by carrying out a finite element 

stress analysis for the soil skeleton using the pore-water 

pressure increment as the case of loading as follows. 	If 

the general equations of equilibrium of an element of soil 

are considered, then these take the form for the 

x direction:- 

aax 	• at at
XZ 

ax 	a; 4" aZ 
+ X = 0 

with two other equations of similar form in the direction of 

y and z. 	In this case X represents the total body force/ 
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unit gross volume of the material. But: 

ax= a' 	u 

Thus 

/ 	Dr 
- 	x 	

ay 	az 	ox 
xy 	xz 	au + (X - 	= 0 

a x  

This equation is of identical form to the above one 

of page 61, 	but the body force terms have now been 

changed by the amount. 

au _ au au and - axp 	ay 	az 

in the appropriate directions and the analysis is carried 

out after converting the gradient of the pore-water pressure 

into an equivalent body force, which is technically 

achieved without problems once the values of Au are input 

at the nodes in an isoparamLric finite element program, 

The soil parameters used during this stage of the 

analysis are the effective stress parameters E', v' and 

they may be nonlinear in which case E' and v' are related 

to Aa3 and Aa1 - Aa3 by a family of curves, 	If the pore- 

water pressure is known only at the steady state and the 

soil skeleton is nonlinear, the analysis cannot be carried 

out because the principle of superposition can no longer be 

applied, due to the expected irregularity of the dissipation 

sequence and the soil skeleton's response to it, Only by 

knowing the pore-water pressUre distribution at close time 
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intervals during which 

(1) the dissipation could be considered regular 

(2) the total stress could be considered constant during 

consolidation. 

could the method be applied, Thus the span of the time 

interval represents the third approximation, 

It is worth mentioning here that whether the 

dissipation is consolidation or swelling, the procedure 

described above is valid. 	In case of condolidation, the 

soil skeleton will exhibit a decrease of volume due to an 

increase in the compressive effective stress, and in case 

of swelling, the soil skeleton will increase in volume due 

to the decrease in the compressive effective stress,thus 

the volume change and the causative stresses have the same 

sign, hence the analysis for swelling does not imply 

NO> 0.5. 	But it must be pointed out that the swelling 

process is an unloading one in terms of volumetric stresses 

so unloading parameters should be used in the analysis. 

The fourth loading case, that where partial 

consolidation occurs during loading can be handled in three 

ways. Firstly, a fully coupled solution can be used. 	The 

only solutions known to the Author involve the assumption 

of linear elastic soil deformation parameters together with 

the Biot consolidation equations. 	Secondly, soil deformation 

parameters in terms of effective stress may be used, as in 
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the second class of loading previously described, with the 

pore pressure changes estimated independently from undrained 

loading behaviour and uncoupled consolidation theory, and 

applied to the soil skeleton as nodal drag forces. Thirdly, 

as a crude approximation that has been used in modelling 

the behaviour of the sand drain zone at Empingham Dam 

(Chapter 7), the pore pressure changes can be estimated 

independently, volume changes can be deduced from the pore 

pressure changes and the total stress deformation parameters 

can be modified to account for the volumetric strains. The 

method of doing this is set out in Chapter 7. It may be 

noted that the effect of consolidation or swelling could 

be simulated using the strain method of loading mentioned in 

Chapter 4. 

One of the main obstacles to using the isotropic 

elastic model for soils is the volume change exhibited by 

some soils during shear loading, which can be either 

contraction or expansion. To illustrate this behaviour,  

the results of tests on field compacted Lias clay (Sodah, 

(1974))are plotted in the form of volume change versus 

allround total pressure during consolidation and shear 

stages, see figure (3.1). 	In the application of shear 

a sudden change in the value of bulk modulus K is observed. 

Using extrapolation, the volume change due to shear Vs  could 

be appreciated. Thus the use of the bulk modulus K from 

an isotropic consolidation test for the stress analysis of 

a continuum which may have an arbitrary stress path is not 
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representative for the actual behaviour of soil. The use 

of Poisson's ratio obtained from the conventional triaxial 

test takes account of both volume change due to shear as well 

as that due to aliround pressure up to a limit of v'= 0,5, 

At the failure stage, modelled using the incremental 

tangential E = 0, the two parameters E, v are no longer 

independent, Writing Poisson's ratio in terms of bulk 

modulus K and Young's modulus E 

3K - E 
v  

shows that at E = 0, v takes a value of 0,5 for all values 

of K. This dependency is of importance for partly saturated 

clays used as fill material and for granular soils. The 

physical explanation is that at failure, where E = 0, the 

maximum principal strain is very large and if v 0.5, 

the soil will exhibit a very large volume change which is 

not the case in reality. The author believes that an 

analysis which uses an isotropic elastic model at failure 

should account for this dependency otherwise the model is 

inconsistent. 

3.3 	Review of the Models Usin• "Isotropic Elasticity" 

A review of selected examples is given here to cover 

the different approximate models used for soil stress-strain 

behaviour assuming "nonlinear elasticity". 

Since the early application of nonlinear finite 

element analysis to soil mechanics a bilinear approximation 

of the stress-strain curve has been used in several solutions. 
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Dunlop and Duncan (1970), D'Appolonia and LambB(1970), Wong 

(1971), and Lu and Scott (1972), studied stress conditions 

in excavated slopes, immediate settlements of footing on 

clay, earth pressure on sheet piles and stability of cuts 

respectively. In such a model the stress-strain parameters 

defining the soil model are Young's modulus before and after 

failure, the failure stress and Poisson's ratio. 

Variations in the initial Young's modulus may be 

assigned in accordance with the confining pressure or depth. 

The elements in which the stress exceeds the failure stress* 

are ofter assigned a low value of modulus about 0.001 or 

0,0001 times its initial value. For best results it was 

found that Poisson's ratio is also modified after yield so 

that the volumetric compressibility remains constant during 

failure, as explained in Section 3.2. 	Dunlop and Duncan 

(1970) used a value of Poisson's ratio equal to 0.475 before 

failure and a value of 0.49999 after failure, while 

D'Appolonia and Lamb (1970) used 0,499 before failure and 

0.4999995 after failure. 	In all cases five parameters 

were needed for the analyses. 

D'Appolonia and Lambe(1970) checked the validity of 

the model by comparing the experimental stress-strain curves 

obtained in plane strain extension and compression tests 

with the analytical predictions. 	Dunlop and Duncan (1970) 

showed that their finite element analysis gave reasonable 

behaviour in a qualitative comparison with the field 

* Generally, overshooting is expected. 
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observation of slope failure in over consolidation clay 

excavation for Seatle Freeway reported by Bjerrum (1967). 

Another approximation of the stress-strain curve 

was the use of a multi-linear elastic model, Ellison (1968), 

and Ellison et al (1971), to represent the behaviour of 

Chattahoochee River sand in a study of a single pile 

foundation. Ellison (1968) compared the finite element 

prediction with the experimental results of Vesic (1967) 

determined from embedded and driven piles in Chattahoochee 

sand. Good agreement was claimed. In this model the 

initial Young's modulus was assumed to vary as:- 

= (A 4-B (53) 

in which A and B were experimentally determined parameters. 

The coefficient A is assumed to be constant for all densities 

while B varies with relative density. The modulus was 

subsequently decreased to 0,5Ei, 0.16Ei, 0,042E1, and a very 

small value at 25%, 72.5%, 93% and 100% of deviatoric stress 

at failure. The model was tested by comparing the triaxial 

stress-strain cive with the multi-linear approximation and 

utilising the model in finite element analysis of the pile 

test. For the pressure range considered, the dense 

Chattahoochee sand is nearly incompressible for small strains 

(v = 0.5) and would tend to expand as failure is approached 

with a pseudo-Poisson's ratio. increasing to about 0.6'or 0.7. 

For medium dense and loose sands, the appropriate Poisson's 

ratio lies between 0.25 and 0.4. 	No provision for Poisson's 
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. ratio variation was made in the computer analysis used by 

Ellison (1968) and constant values of 0,45, 0,35 and 0,32 

were assigned to dense, medium dense and loose sand 

respectively, A total of ten parameters, to define the 

five different slopes of the hypothetical stress-strain 

curves, and a Poisson's ratio value are necessary for the 

solution. 

A more realistic approximation of the stress-strain 

behaviour is the use of a curve representation. Generally 

two approaches are possible to feed the test data into the 

computer for the evaluation of the parameters. In one 

approach the test data is supplied in digital form and in 

the other it is supplied in ftinctional form. In the digital 

form, a number of closely spaced points on a stress-strain 

curve are given as input. Hence the modulus is calculated 

by considering two adjacent points (by chord slope) 

approximate to the tangent modulus. Because of their 

dependence on stress level, the relationships between stress 

and strain must be supplied at a number of closely spaced 

values of stress levels, From the set of data supplied 

in digital form the moduli are calculated at the required 

stress level Gopalakrishnayya, (1973). 

In the second approach, the stress-strain relation-

ships are supplied in functional form assuming either 

hyperbolic stress-strain relationships Kulhawy et al,(1969) 

and Duncan and Chang, (1970) or using mathematical spline 
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functions Desai,(1971). 	The hyperbolic representation, 

involving the use of a small number of parameters with 

identifiable physical significance, has the advantage that 

it is easier to compare the properties of different soils 

and to develop experience and judgement in terms of 

parameters and it is of particular advantage while carrying 

out a sensitivity study. 	However, in general, it involves 

more approximation to the measured stress-strain behaviour 

than those obtained by spline function or digital form. 

Duncan and Chang (1970) adopted the procedure of 

representing nonlinear stress dependent soil stress-strain 

behaviour by fitting the loading stress-strain curve with 

a hyperbola. The procedure attempts to account for 

inelastic soil behaviour by using'a different' relationship 

for shear unloading-reloading cycles, For loading the 

hyperbolic stress-strain relationship proposed by Kondner 

and his co-workers (1963) is used, defining the tangent 

modulus as 

in which E is the initial tangent modulus, C and 0 are the 

)ohr-Coulomb shear strength parameters and Rf  is the failure 

ratio defined as 

(al - a3)f 	compressive strength  
R = 	= Rf 	 asymptotic value of the hyperbolic (a1 - a3)ult 	curve used to approximate the true 

stress-strain curve, 
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The initial tangent modulus was defined using Janbu'S (1963) 

equation as follows:- 

_C3
3 n E = KP (—) a Pa 

in which K and n are experimentally determined parameters 

and Pa is the atmospheric pressure, The values of the 

five parameters C, 0, Rf, K and n may be determined 

conveniently from the results of a series of triaxial or 

plane strain compression tests, the drainage conditions 

corresponding to the conditions to be analysed. 

The unloading and reloading behaviour of a soil is 

represented by a single modulus independent of the percentages 

of strength mobilised and of the directions of the shear 

unloading. The unloading-modulus is defined by:- 

cr3 n E = K P ur 	ur a Pa 

with n the same as in first loading and Kur  determined from 

results of tests involving one or more cycles of unloading. 

The determining factor in deciding whether to calculate an 

unloading-reloading or first loading modulus was the 

maximum previous value of (a, - (13) only. 	If this value 

increased, a first loading modulus was calculated, but if 

this value decreased an unloading-reloading modulus value 

was calculated which is a poor way of modelling shear 

unloading. A better way is to store both the last and the 
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maximum previous (at-  a3) and also the principal stress 

rotation, as discussed in Chapter 8, 

The stress-strain curves defined by this model were 

compared to the experimental ones obtained from laboratory 

tests, but no attempt was made to compare predicted and 

observed volumetric changes. The model was also used in 

analyses of excavation behaviour, Chang and Duncan (1970), 

and of footing tests, Mitchell and Gardner (1971). 	In each 

case good agreement with observed field behaviour was 

claimed. 

The same model was modified by Kulhawy and Duncan 

(1970) to include an empirical relationship for tangent 

Poisson's ratio which reflects the nonlinearity and stress 

dependency of volume changes observed in soils during first 

loading. Comparison of published data of volume change 

for contractive soils with this empirical relationship 

showed that it can predict the observed behaviour over some 

range of the curve well enough. 

The empirical relationship used for the tangent 

Poisson's ratio vt'  was very closely related to that for 

the tangent modulus, the variation of axial strain with 

radial strain being assumed hyperbolic, The nonlinear stress 

dependent tangent Poisson's ratio relationship derived was:- 

vi 	F log (a3/Pa) vt 	(1 - dea)
2 
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03 and Pa 
in same units, 

v = initial tangent Poisson's ratio at one atmosphere, 

= constant expressing the rate of change of vi  with a3  

= constant to be determined during the triaxial test 

a - a 1 	3 e 	= 
a 	a3 n 	Rf (a1 - a3) (1 - sin 0) KP 	1- a Pa 	2 (C cos 0' + a3 sin 0') 

No relationship was developed for the variation of Poisson's 

ratio on unloading. The five parameters C, 0, Rf, K and n 

are the same as in the tangent modulus relationship and the 

three last parameters, d, vi, and F are determined from 

volume change measurements during triaxial tests. With the 

nonlinear Poisson's ratio effect incorporated into the 

Duncan and Chang model, a total of nine parameters is needed, 

These parameters are assumed to be determined from simple 

triaxial compression tests. 

Desai (1971) used a cubic spline to approximate the 

stress-strain curves of a cohesive soil mass and compared 

finite element predictions of footing settlements to the 

experimental load-deformation behaviour of a model circular 

footing. 

A spline function approximates a given curve by a 

number of polynomials of a given degree spanning a number 

of nodes or data points, The polynomials are fitted in 

such a way that representation over the nodes of successive 
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polynomials is as smooth as it can be made without resorting 

to a single polynomial over the complete range. 

It is therefore only necessary to supply the finite 

element program with limited chosen stress-strain data points 

for different confining pressures and by using the routine for 

solution of simultaneous equations, always included in a 

finite element program, the spline and its first derivatives 

are completely defined. 	The spline itself gives the 

relationship between stresses and strains and its first 

derivatives allow one to obtain the variations of the 

tangent modulus for different confining pressures and at 

different strain or stress levels, whether the spline has 

been defined as a function of strains or stresses. 	Its 

main disadvantage is the use of more computer time, 

especially if this procedure has to be repeated for each 

Gauss point in each element for each increment of load. 

No unloading-reloading behaviour was considered 

by Desai (1971) and only undrained behaviour of clays was 

analysed, thus, Poisson's ratio was assumed to be a constant 

equivalent to 0,48. 	To define the stress-strain curves 

no parameter is required but a fixed number of points 

should be selected, the number of points depending on the 

order of accuracy required. 	In addition a value of the 

Poisson's ratio has to be chosen. 

The use of bulk modulus and shear modulus as 

alternatives to the conventional Young's modulus and 
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Poisson's ratio was first introduced by Clough and Woodward 

(1967). 	They derived the elastic constitutive matrix (C) 

for plane strain conditions with separate components as 

follows:- 

ul 	(Mb 4- Md) (Mb  - Md) 	0 	el  

a3 
	Mb - Md) (Mb 1- Md) 	° 

T max- 
0 	0 Md Ymax 

in which (51, a3 
T
max 

denote the major, minor principal 

stresses and maximum shear stress respectively and e1' e3' 

Ymax the corresponding strains. 

The bulk modulus Mb  was assumed to remain constant 

during loading and all the nonlinearity was accounted for 

by modifying the shear modulus Md. Such analysis requires 

six parameters to describe the stress-strain behaviour of 

soil, This model was employed in analysis of construction 

of the Otter Brook dam. Little data is available to 

confirm this model's behaviour, but reasonable agreement 

was found with the available observed data for Otter Brook 

dam, 

Domaschuk and Wade (1969) derived a nonlinear stress 

dependent model from an extensive series of tests on 

Chattahoochee River sand which enabled separate values for 

bulk and shear moduli to be calculated. Two types of tests 
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were conducted: isotropic compression and constant mean 

normal stress tests. The isotropic compression tests were 

employed to determine the relationships for the bulk 

modulus, while the constant mean normal stress tests were 

used to determine the relationships for the shear modulus. 

The bulk modulus was related to the mean normal 

stress, at  using a bilinear relationship of the form: 

m1 In (K. +ma) + C1 	(a< a < a*)m1 	11 ml  am) 	1 

1 = 

	

	In (Ki2 + m2am)  + C2 	(a< m < 100 psi) 
m2 

inwhichthe.constants ml, m2 and K. 	1 , K.2  were obtained from l  

an analysis of the test data, C1  and C2  were evaluated at 

a* which represented the stress at which there was change 

in slopes ml  and m2, and Ev  denotes the volumetric strain. 

From the experimental results obtained in the 

drained triaxial constant mean normal stress tests, the stress- 

strain relation was characterised by hyperbolic parameters 

similar to those used by Kondner et al (1963), resulting in 

the equation relating the deviatoric stress Sd, to the 

deviatoric strain E as follows: 

Ed 
M
di Sd - 1 + b EdMdi  

in whichMdi  is the initial tangent shear modulus and b is 

and 



76 

the reciprocal of the ultimate value of Sd. Values of Mdi 

were obtained by taking a tangent to the deviatoric stress-

strain curve at the origin plotted on an enlarged scale, 

This has the disadvantage of relying on the part of the 

curve which is less accurate due to bedding errors. An 

average value of b for given values of the initial density 

and mean normal stress was obtained by selecting several 

points at random on the deviatoric stress-strain curves and 

substituting the coordinates in the previous hyperbolic 

equation for Sd. 	Still this model did not take account of 

the value of strain at failure as an independent variable. 

In the finalised equations the bulk modulus was 

related to am by the following equation: 

Mb  = mbi m um 

in which Mbi is the initial slope of the volumetric strain-

isotropic stress relationship. Values of the shear modulus 

were established from the instantaneous slope of the 

deviatoric stress-strain relationship.:.- 

d = Mdi (1 - b Sd)
2 

The validity and performance of the model was checked 

by comparing experimental and predicted variations of 

volumetric strain with mean normal stress in the isotropic 

compression tests and by comparing experimental and predicted 

variations of resultant deviatoric stress with resultant 
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deviatoric strain as obtained from drained triaxial constant 

mean normal stress tests. Good agreement between 

predicted and observed results was found, but the model was 

not tested against a different stress path, i.e. one which 

coupled shear and mean stress. A total of nine parameters 

is necessary to define this model, Both isotropic 

compression and constant mean normal stress tests must be 

conducted to determine the required parameters. Because 

the bulk modulus is formulated in terms of am  it is 

necessary to know the value of the intermediate principal 

stress a
2 
 as well as a1 and a3. 

A third bulk and deviatoric moduli model was 

developed by Clough and Duncan (1969) which represented a 

hybrid between a strict bulk and deviatoric model and the 

Duncan and Chang model (1970). 	The first loading tangent 

modulus value Et, the initial modulus value Ei, and the 

unloading-reloading modulus value Eur,  , were calculated as 

prescribed by the Duncan-Chang model. However, these 

values were employed as follows to determine the bulk and 

deviatoric modulus values. 

From the theory of elasticity,the deviatoric modulus 

was calculated as:- 

1 	E M = - d 	2 	1-1-v 

in which E was Et on primary loading and Eur 
 on unloading-

reloading. And the bulk modulus in plane strain conditions 
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was determined by:- 

= / 	 Mb  (140(1-2v) 

inwhichEwasE.).  
on primary loading and Eur  on unloading- 

reloading. 

Thus, the deviatoric modulus varied with confining 

pressure and shear stress on primary loading and with 

confining pressure on unloading-reloading while the bulk 

modulus varied only with confining pressure in either case. 

By following this procedure, the bulk modulus increases 

with increasing confinement as shown by Domaschuk and Wade 

(1969) and a reasonable bulk compressibility is guaranteed 

even when the deviatoric modulus is reduced at failure, 

Only triaxial tests need to be conducted to determine the 

six input parameters required for the model. 

The accuracy of the model was tested against observed 

soil behaviour in triaxial tests where it was found to closely 

fit observed stress-strain curves, 	It was also utilised in 

finite element analyses of two instrumented navigation locks 

and the observed and predicted behaviour showed reasonable 

agreement. 

In a non-linear elastic analysis in which the, tangent 

modulus is reduced as failure is approched, there is a danger 

that the bulk compressibility of the soil will be seriously 

underestimated unless the Poisson's ratio of the soil is 

increased towards failure, as mentioned in Section 3.2. 	Thus 
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the case of Md and Mb 
is a useful model in this aspect 

because it guaranteed a reasonable value of the bulk 

compressibility at failure, But, as mentioned in Section 

3.2, evaluating its value from a stress path which does not 

include shear and then applying the same values for a stress 

path which couples shear and normal stresses may lead to an 

error. 

3.4 	EarlatRIEinE-12ati2iLY 

In this section the main assumptions of plasticity 

theory are reviewed briefly. One of the most important 

assumptions is the time independence in stress-strain 

relationships; the deformations are assumed to occur 

instantaneously. The second main assumption is that 

deformation has two components: an elastic one which is 

recoverable during unloading and a plastic one which is 

permanent. These two components are independent of each 

other and the total strains are given by 

felT = fele + tel 

where the elastic strains obey the equations in section 3.2. 

The material is generally assumed to be isotropic, 

and it remains isotropic during the loading process. But 

some of the following concepts are also valid for anisotropic 

materiols. The principal axes of the stress vector Id and 

elastic and plastic strain vectors icie  and ki 	coincide 
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as long as the material is isotropic. Bauschinger 

noticed that if a sample is loaded in extension to a yield 

stress YE, then unloaded and reloaded in compression, the 

yield stress in compression YC, is less than YE; this is 

called the Bauschinger effect. 

Plasticity theory is based on the existence of a 

yield function, i,e. there exists a function of the stresses, 

f(101) = K2, fulfilling the following conditions: the material 

behaves elastically if (flo)) <K2 and yields for f(fai) = K
2, 

if the material is a perfectly elastic plastic one, 

A work-hardening material is a material in which 

plastic and elastic deformations occur at the same time 

during yielding. For such a material, yielding occurs if 

f(lal) > K2, and a new yield function going through the 

new stress point is developed, The domain in the stress 

space, where the material behaves elastically, is extended, 

Because of the assumptions of the isotropy and no Bauschinger 

effect, all the yield surfaces developed during the work-

hardening are geometrically similar. 

Another assumption based on experimental evidence 

for metals, is that yielding is unaffected by hydrostatic 

pressure because no permanent volume changes are recorded. 

Drucker (1950, 1951, 1953) has shown that for 

materials that are stable at yield, the normality principle 

must apply. Simply, this implies that the strain rate 

vector for a stress increment applied to a yielding material 
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must be normal to the yield surface. This principle has 

extremely important implications in soil mechanics in that 

the limit analyses, which have been employed for many years 

in design of footings and retaining walls, have only been 

proven for materials in which the normality principle is 

valid, Davis (1968). 	However, a number of investigations 

have presented evidence that normality does not necessarily 

hold for soils, (Hansen (1953), De Josselin de Jong (1964), 

Poorooshasb, Holubec and Sherbourne (1966),, (1967), 

E1-Ruwayih (1975)). This has resulted in a number of attempts 

to develop modifications to conventional plasticity theory 

to correct the discrepancies created through use of the 

normality principle. These attempts have taken two forms: 

1. development of alternative yield criteria for which 

an associative flow rule (normality) is valid or 

2. development of non-associated flow rules. 

One of the results of the application of the 

normality principle to a material which yields upon reaching 

a stress state defined by the Mohr-Coulomb criterion is that 

the material must expand or increase in volume upon yielding. 

This type of behaviour does occur in dense sand, for instance, 

but not in loose sands nor in most clayey soils which 

actually contract on yielding. Drucker, Henkel and Gibson 

(1958) suggested a solution to this problem by proposing 

that the yield surface looked like the Mohr-Coulomb surface 
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with its open end capped by a dome which would expand and 

contract as the volume of the soil changed. The application 

of the normality principle with this surface produces a 

material which would contract on advancement of the yield 

surface cap. They obtained remarkable qualitative 

agreement with the behaviour of clay in triaxial test under 

a single stress path. 	Experimental results by Henkel (1958) 

however, proved that this theory was too simple for soils 

since, among other discrepancies, it predicted strain rates 

which did not agree with the data from laboratory triaxial 

shear tests. 

Roscoe and his co-workers (1958,,1963) made several 

modifications to this basic capped yield surface showing that 

a bullet shaped yield was more appropriate, From more recent 

work by Roscoe and Burland (1968) for normally 

consolidated clays, the bullet shape was changed to an ellipse, 

One of the principal axes of the ellipse coincides with the 

stress isotropic line. 

As mentioned above, several workers have suggested 

that the normality rule may not hold for some soils, 

Hagmann (1971), and Zienkiewicz (1971) have therefore 

proposed models where the normality principle was not retained. 

These models are reviewed in a subsequent section, 

Unfortunately no experimental studies or field results were 

used to check the validity of these models. 
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3,5. 	ReaicyLoS122....522. 12022 s 

applied to soil mechanics solutions 

The plasticity models used in soil mechanics 

solutions could be classified into five classes according to 

the choice of the yield surface and flow rule used: 

Class 1 Elastic plastic model with uncapped yield surface 

and associative flow rule (allowing volume change 

during yielding) 
r 

Class 11 Elastic plastic model with uncapped yield surface 

and non-associative flow rule (no volume change 

during yielding is allowed) 

Class 111 Strain-hardening model with uncapped yield surface 

and associative flow rule 

Class 1V Strain-hardening models with capped yield surface 

and associative flow rule 

Class V Hybrid model with one or more yield surfaces and 

associative or non-associative flow rule 

In the following paragraphs a brief review is given of some 

of the soil problems solved using the above models; no details 

of the techniques are provided as they are already described 

in the original references quoted here. 

Class 1 

This represents the earliest and simplest plasticity 

model which might be utilised in solving some soil problems. 

The theory and assumptions of this model were given by Drucker 
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and Prager (1952) and Drucker (1953). 	Taking the effects 

of the intermediate principal stress on the behaviour of 

frictional soil into account, they established a 

generalisation of the Mohr-Coulomb failure criterion. The 

yield surface derived is conical in the principal stress 

space. The generalised yield function is given as follows 

+ 12 = K 

where a and K are physical positive constants at each point 

of the material; 11  is the sum of the principal stresses: 

11 = ax + ay 
 4- az 

12 
is the second invariant of the stress deviation: 

2 	6 
1 	

x 	y 	z 	
- ax ) 2 

	

1 = - (a 	a ) 2 + (a - 	) 2 + a 

	

2 	2 	2 + T 	T 	T xz xy 	yz  

Thus the yield function for elastic perfectly plastic 

material is given as: 

f(ial) =0 

In this case, if normality holds the plastic strain 

incrementiltel is proportional to the gradient of the yield 

function, or, in other words: 

A 	61 = X 
'f( cl)  

id 
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where X is a positive factor of proportionality which is 

characteristic of the flow rule adopted, This equation 

implies that plastic strains during drained plastic 

shearing are positive (expansive). 

Christian (1966) used the Drucker-Prager model in a 

finite difference study of the behaviour of a flexible 

footing on frictional material, and presented the resulting 

constitutive equations in incremental form. The footing 

analysis showed that the plastic zone in the soil under 

the footing had a greater lateral extent than truly occurs 

for non-frictional materials, Displacements increased 

almost linearly with loads until failure. The surface 

displacements were similar to those of the general shear. 

No comparisons were made with actual behaviour, so no exact 

test was possible of the predicted behaviour. 

Hagmann (1971) performed a finite element analysis 

of the settlement of a strip footing using a dilatant Mohr-

Coulomb material, but the effect of the intermediate 

principal stress was not considered. The shape of the load 

deformation curve was also found to be similar to that of a 

soil failing in general shear failure, but its slope never 

actually became vertical. The failure load was about three 

times as large as the corresponding failure load given by 

the Terzaghi (1943) bearing capacity analysis which has 

been shown in laboratory experiments to yield a reasonably 

good estimate of bearing load. The increase in volume of 
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the dilatant material during plastic shear produced 

unrealistically large surface heave. 

Class 11 

In order to reduce the unrealistically large surface 

heaves noted in the previous model, Hagmann (1971) derived 

the constitutive relations for an elastic-plastic frictional 

material having no volume change on yielding: this type 

of flow rule is non-associative for the material whose yield 

• surface develops from the stress isotropic line. This non-

dilatant Mohr-Coulomb model was used in a finite element 

study of a strip footing. The calculated failure loads 

were still more than twice those predicted by Terzaghi 

(1943) solution, This improved model however gave more 

realistic values of the displacements at the surface. The 

predicted settlements were about twice as large as the 

settlements predicted by the material which dilates during 

plastic shear. The load deformation curve was again similar 

to that of a general shear failure. 

Class 111 

Dibaj and Penzien (1969) studied non-linear seismic 

response of earth structures employing an elastic-plastic 

strain hardening model using the Mohr-Coulomb yield criterion 

extended according to Drucker and Prager (1952). The 

normality condition was assumed to hold giving a dilatant 

associative flow rule. The study analysed hypothetical 

earth dams subjected to dynamic loading but no comparison 
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with experimental or field data was presented, The writers 

reported that their findings looked reasonable. 

Class 1V 

Christian (1966) derived the incremental plasticity 

equations for an elastic plastic strain hardening material 

having an ellipsoidal cap. For the flow rule the volumetric 

plastic strains were assumed directly proportional to the 

volumetric stresses even though it is recognised that plastic 

volume changes vary logarithmically with stresses. Failure 

was defined by the Drucker-Prager yield surface but strain 

rates were not normal to its surface. Normality was only 

applied for the ellipsoidal cap, 	It was assumed that the 

ratio of the major and minor axes of the ellipse is a 

constant.. Because the model contracts during plastic 

shear it was not intended to represent dilatant materials 

such as dense sands. 

This model was used in the analysis of a flexible 

footing acting on the strain hardening material. Christian 

(1966) reported vertical displacements at the surface 

almost ten times greater than those obtained in previous 

runs using a Drucker-Prager material, The initial portion 

of the loading curve was largely due to plastic volumetric 

compression. Lateral and normal stresses were also much 

larger than in previous runs on Drucker-Prager materials. 

The load-deformation curve was similar to that of local 

shear failure, 
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Tang and Hoeg (1968) also performed footing analysis 

using this model and found that the predicted settlements 

increased with increasing friction angle or increasing 

cohesion a predicted behaviour which is in disagreement with 

reality. 

Hagmann (1971) modified Christian's elliptical yield 

surface model by adopting the Mohr-Coulomb failure criterion 

and assuming a flow rule in which the volumetric strain 

varies logarithmically with volumetric stress. Using this 

model, Hagmann analysed the case of a lubricated end plane 

strain sample and a strip footing. 

The plane strain sample was represented by one 

finite element. The finite element analysis indicated 

that the ideal plane strain sample failed without experiencing 

the large shear strains occuring in the triaxial samples, 

This behaviour is in agreement with plane strain data 

reported by several workers 'Bishop (1966b), 

The model was also applied to a strip footing 

problem. The shape of the deformation curve obtained was 

- similar to that of a soil failing in local shear. The 

entire'surface experienced settlement, which is unrealistic 

even in the case of very loose soil. This was a 

consequence of the contracting behaviour of the model as it 

strain-hardened. 

Roscoe, Schofield and Wroth (1958) and Roscoe and 

Burland (1968) have presented a number of strain hardening 
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models for the drained behaviour of normally consolidated 

clays and granular materials such as loose sands. One 

important concept of this model is the "critical state surface". 

It is assumed that after uniform shearing a soil reaches 

a critical state surface and no further changes in volume 

occur under shear. The model in effect assumes that the 

bulk modulus of a soil varies approximately linearly with 

volumetric stress. But this relation might be expected 

to vary with different powers for different soil types. 

The soil was also assumed to be stable in the sense defined 

by Drucker (1959) and therefore the normality principle 

was incorporated into the model (the strain rate vector 

expressed in terms of only the plastic components of strain 

Ay and deep  must be normal to the yield locus). The 

complete equations defining the material behaviour of 

"Cam-Clay", modified "Cam-Clay" and revised modified "Cam- 

Clay" are found in the above-mentioned reference, a review 

of which is outside the scope of this work. 

In an independent study Zienkiewicz and Naylor (1971) 

utilised the modified "Cam-Clay" theory in a finite element 

study of a triaxial sample of a hypothetical clay. They 

found reasonable qualitative behaviour although no 

experimental data were compared to give any quattfitC4I1:-.2, 

evaluation of the model performance. Naylor and Zienkiewicz 

(1971) used the same model to analyse a footing on a lightly 

overconsolidated clay. They found good agreement between 
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the early part of the load-settlement curve predicted by 

the model and the curve predicted by conventional methods. 

There was no experimental data for the clay used and 

comparison wag- only hypothetical. 

Smith and Kay (1971k analysed hollow cylinder 

specimens of "wet" clay using both the "Cam-Clay" with a 

non-associative flow rule and the modified "Cam-Clay" models, 

They concluded that the "Cam-Clay" (with non-associative 

flow rule) predictions were in closer agreement with observed 

data than those of the modified "Cam-Clay" model. 

Class V 

In all of the "Cam-Clay" models a discontinuity 

arises in the yield surface where the yield cap intersects 

the critical state surface. For deviatoric effective stress 

states less than the critical state, yielding is stable in 

the sense defined by Drucker (1959) and a reduction in the 

plastic component of volumetric strain occurs. For 

deviatoric stress state beyond the critical, the yield cap 

diverges from the space diagonal. Yielding is then unstable 

and the associative normality rule no longer applies, This 

state is designated super-critical whereas the former is 

designated sub-critical, Zienkiewicz and Naylor (1971). 

Roscoe et al (1958)recognised the form of the yield surface 

for the super-critical region but did not attempt to 

associate a flow rule with it, 	All the "Cam-Clay" models 

only attempted to define behaviour of a clay in the 
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sub-critical region. 	It was postulated that stiff and 

overconsolidated clays had behaviour associated with the 

super-critical region. 

Zienkiewicz and Naylor (1971) attempted to develop 

a model which includes the behaviour associated with the 

super-critical region. First they reformulated the "Cam-

Clay" model in terms of conventional invariants of stress. 

The parameters p and q of Roscoe and Burland (1968) were 

expressed as 

_ 1 
- 3 

q =f3 12  

where 11  and 12 
are as defined previously. A third 

parameter 8 was adopted, following Nayak (1971) and defined 

as follows: 

sin 3 0 = 
27 13  

2q3 

where 13 
the third stress invariant is expressed as: 

13 = al 62 a3 

The complete family of yield surfaces was written in the form: 

F(p, q, 0, h) = 0 

h is a strain hardening parameter. This new formulation 

allows extension of the yield surfaces to a three-dimensional 
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stress space, 	For Roscoe and Burland (1968) model, F is 

discontinuous at the critical stater  and separate forms were 

defined for the sub-critical and super-critical stress states. 

Schofield and Wroth (1968) and Roscoe and Burland (1968) had 

proposed'forms for the sub-critical state but these were 

not generalised for three dimensional applications, therefore 

Zienkiewicz and Naylor (1971) recommended the use of a 

sub-critical yield surface defined by 

H (p, q, 0, 	= 0 

the form of H being selected to suit experimental or 

theoretical considerations. 

For the super-critical stress region, the yield 

surface F should demonstrate the three following characteristics: 

1) strain softening.  

2) yield according to the Mohr-Coulomb criterion 

• 3) 	dilation on yielding. 

Criteria 1 and 3 are in contrast to the sub-critical 

yielding which is both strain hardening and non-dilatant. 

It should be noted that the proposed yield surface differs 

from the conical surface of revolution about the space 

diagonal used by Drucker and Prager (1952) in that it is an 

hexangular pyramid. 

A further important refinement made by Zienkiewicz 

and Naylor (1971) was to make the cohesion a variable, 

depending on the strain hardening parameter h, This 
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corresponds to the fact that strain softening is associated 

with a decrease of the cohesion while strain hardening 

increases the cohesion for the proposed model. 

Since soil is found to be dilatant in the super-

critical region, a flow rule producing some dilation, but 

not as much as would be given by an associate flow rule 

specifying normality to the yield surface, is necessary. 

Zienkiewicz and Naylor (1971) introduced a plastic potential 

similar in shape to the yield surface but with a 

modification to allow the dilatancy to vary with distance 

(in stress space) from the critical state. Finally they 

assumed a linear elastic isotropic behaviour within the yield 

surface to be applicable. No experimental proof or 

observational evidence of the applicability and performance of 

their model was presented. 

3.6 	The stress-strain model used in this work 

In the preceding sections of this chapter, it has 

been demonstrated that a wide diversity exists in the models 

proposed to describe the stress-strain behaviour of soil, 

There appears to be more fundamental differences between the 

various plasticity models than between the elasticity models. 

For example, all of the isotropic elasticity models must 

predict contractive behaviour as long as Poisson's ratio is 

kept less that 0.5, and non-linearity in the soil behaviour 

is accounted for by reducing the Young's modulus or the shear 
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modulus value. On the other hand, volume changes in the 

plasticity models may vary from strongly expansive to strongly 

contractive, and non-linearity may be simulated by strain-

hardening based on the conventional failure envelope or on 

a capped yield surface, One fact is clear: more fundamental 

testing is needed to determine the most suitable model 

for soil behaviour. 

However, the proof of the adequacy of most of the 

non-linear elastic approaches has come from the successful 

use of these models in analyses of observed field behaviour. 

On the other hand no proof has been presented for the 

accuracy of most of the plasticity models. Only the Roscoe 

and Burland (1968) plasticity model has been demonstrated to 

adequately simulate certain classes of soil behaviour 

observed in laboratory tests. - 

Still there are uncertainties about the basic 

assumptions of the theory of plasticity if it is to be applied 

to soils. These could be summarised in the following points: 

1) Does a yield function f(lai) = K2  exist such that 

if f(tal) < K2, the material behaves elastically, 

and if f(fal) > K2 it behaves plastically with two 

independent components of elastic and plastic strains 

2) Is the soil a stable material as it was described 

by Drucker (1959)? 
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3) Is the ratio of plastic stress increment 
• 

determined by the existing state of stresses ? 

4) If so, is the plastic strain increment vector 

normal to the yield surface ? 

Due to these uncertainties in the plasticity 

assumptions and the successful use of non-linear elasticity 

models in embankment dam analysis, the non-linear elasticity 

model has been utilised for the work in this thesis. It is 

important to note that although the model may be adequate 

for design purposes, it still does not fully represent the 

soil behaviour, but there is not sufficient experimental 

data for using other models at this stage for the soils 

considered in this thesis. 

It is interesting to note that most of the plasticity 

and elasticity models employ some form of empirical curve 
• 

fitting procedure in their formulation. The flow rule for 

most plasticity models is determined by a curve fitting 

technique, Curve fitting is also employed in the non-linear 

elasticity models to simulate the stress-strain curves so 

that a tangent or secant modulus may be found at any stress 

level. 

The widely used equation in the finite element 

analysis of soil structures to fit the stress-strain curves 

is the hyperbolic equation, as shown earlier. This curve 

was first tried for the Empingham trial bank analysis, but 
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the approach adopted for this example was that of parametric 

study, which requires a study of the effect of a small 

change in one at a time of the several variables on the 

overall stress and displacement fields. The hyperbolic 

equation is believed not to qualify for this approach, if 

each parameter which controls the stress-strain curve is 

tested (i.e. strain at failure, curvature and initial 

tangent modulus). 	It was noticed that the initial 

tangential modulus Ei 
and the strain at failure as 

determined by curve fitting using this equation are controlled 

only by the ratio of the fictional ultimate strength to 

the actual shear strength (Rf  in Kulhawy et al, 1969). 

Thus full control of a small variation in the strain at 

failure, which may be crucial for high stress level problems 

or of small variations in initial modulus, could not be 

achieved. 

The second disadvantage of the hyperbolic fitting 

relates to the pattern of the family of curves as a3  varies. 

Writing the hyperbolic equation in the form 

E f  
1 	2 Tmax (a3) (a

3
) = ( 

 1 - Rf)  E1 (a3) 

where o
f 
(the strain at failure) is the only constant in 

the equation, it could be seen that variation of ef  with 

a3 is dependent on the variation of 
2Tmax  with a

3, 
2Tm 	E1  

In other words, if 	E 	is kept constant, then of  is l 
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also constant as a3 varies, which might not be true for 

real soils. 

The second curve fitting used in the application 

of non-linear elasticity is the exponential equation Janbu 

(1963) relating the initial tangential modulus El  to the 

minimum principal stress a3, using two constants. This 

equation has been used in finite element work for a wide 

range of soils under drained and undrained conditions. This 

equation predicts a value of El,_equal to zero if a3  = O.O. 

This is not the case for undrained clay materials, which hold 

a value of effective stress (a3) while the total a3  = 0.0, 

Thus this equation is only to be used for drained conditions 

or undrained conditions of clays which have a high 

percentage of granular material. 

During the course of this research a logarithmic 

equation is used to represent the stress-strain curve as 

shown on figure 3.2. Having tried some other functions, 

the proposed equations provide flexibility and control over 

the various variables defining the stress-strain behaviour. 

The explicit form of the equation for axial strain is 

1+  

ab2 
b  log (1 - ab a ) 	a r b r 

where 	c
r 

denotes the strain ratio = 
ce 

(a1 - a3)f ee denotes the linear strain = E. 
1 
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(al-a3)  
denotes the max.shear stress mobilised - 

al b denote constantsto be determined from the test data, 

The equation is written in a dimensionless form, thus enabling 

a family of curves to be normalised to a single curve from 

which the two constants a and b can be determined. 

Normalisation is achieved first by normalising against the 

shear strength, and then against the linear strain 

(al - (73)  
E. 

The strain at failure could be written in the form: 

2T 

( 

1 

 ab2
+ b 	-1 	max 

log (1 - ab) + E), Ei  

This value (ef) may vary with the variation of a3  independently 

2Tmax of 

	

	by linking the constant a with the profile 
El 

of strain at failure vs a3. 	In this case the constant a 

will be constant for single curve behaviour, but will vary 

for the family of curves. 

A small program is written to evaluate the constants 

a and b, in case of  does not vary independently with a3. 

If e varies independently, the program will evaluate the 

values of the constant a at various a3 values, In the 

main program, SAN2, the value of the constant a is evaluated 

from the given data at the certain stress state using 

Lagrangian interpolation, 

(al 
0-
3
)f 
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The above equation is fed into the computer in the 

following form: 

1- ab 
Et  = Ei 1 + aar 

which can be obtained by differentiating the original form. 

The latter form is more suitable for the non-linear algorithm 

adopted in SAN2, and for any tangential stiffness method, 

The equation relating Ei  and Traax with the state of 

stress and with depth (in the case of foundations) is 

described in Chapter 4, The constants required to 

completely define the soil properties are summarised in 

Chapter 4. Poisson's ratio v has generally been kept 

constant in the work described in this thesis as a value 

close to 0.5 is required to simulate undrained shear. A 

variation of the programme with v increasing to 0.5 as 

failure is approached is described in Chapter 4. 
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CHAPTER 4 

PROGRAMMES 

4,1 	General 

In this chapter is given a description of the 

programmes developed and used during the course of this 

research. The main finite element programmes SAN2 and 

SAN3 are based on a modified version of FESS, which was 

under development by Naylor in Swansea 1971-72, Input 

of geometry, boundary conditions, initial stresses, material 

properties and applied loads are described. Input 

instructions are the same for SAN2 and SAN3 to facilitate 

the convenient use of the programmes, although the non-linear 

techniques and the flow charts are essentially different. 

The main difference between them is that SAN2 employs a 

step method and SAN3 an iterative method to follow a non-

linear stress-strain curve, 

The embankment problems for which the programmes 

were intended involve large meshes with irregular displays 

and with distortions of elements to fit complexities of 

problem geometry. Manual checking of the geometry data 

input is tedious, yet an undiscovered error wastes computing 

time and causes delays. To avoid these problems a simple 

programme (called CHECK) was developed, using the Calcomp 

facility in the Imperial College Computer Centre, This 

programme checks co-ordinates and element topography before 

a finite element computation is made. 



101 

To handle and display the vast amount of stress 

and displacement data produced by each stage of an analysis, 

a technique to display results graphically was considered 

essential. The aim of this display was to represent 

the pattern of general behaviour, rather than to show the 

variation of some particular function at specific points. 

Two graphics programmes were written; EASY, which utilises 

the microfilm hardware machine in the University of London 

Computer Centre, and HANDY, which utilises the kingmatic 

machine at the Imperial College Computer Centre. 

Finally, a small programme was written to examine 

the non-linear properties of the stress-strain equations, 

given the test data, as described in Chapter 3, section 6. 

4.2 	Programmes SAN2 and SAN3 

4.2.1 General descriptions 

SAN2 and SAN3 are two-dimensional (plane strain, 

plane stress or axisymmetric) stress-strain and displacement 

analysis programmes. The element used is the isoparametic 

8-noded element, Irons and Zienkiewicz (1968). 	The capacity 

is up to 250 elements and 900 nodes (1800 degrees of freedom). 

The reduced Gaussian 'integration rule is used, which is 

a 2 x 2 integrating point formula. The main solution 

routine (SOLVE), which is the same as that in FESS, uses 

the direct Gaussian elimination method, which is the best 

for solving a system of simultaneous linear equations. The 
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element stiffness matrix subroutine (ELSTIF), which is 

almost the same as that in SPAN*, was written for the 

elastic constitutive law using Lame's parameters, Some 

error diagnoses were injected in (SOLVE) and (ELSTIF) in 

order either to warn the user in case of ill-conditioned 

numbers, or to stop the calculation. Also, (ELSTIF) 

was modified to deal with the type of stress-strain non-

linearity and the techniques introduced in Chapters 3 and 2, 

Displacements of nodes at boundaries can be 

restricted to fixed values, which may be zero. The fixed 

values may be varied incrementally. The maximum total 

number of restricted degrees of freedom is 250. Restrictions 

are only possible in the horizontal and vertical directions. 

Restrictions in an inclined direction are not available in 

the programme but they could be implemented easily. 

External loads can be applied as nodal forces, as 

body forces (force per unit volume) suface normal stresses 

and surface tangential stresses. These loads may be applied 

automatically in increments, once the number of increments 

is specified. The printed output is given in any combination 

of the following forms for some or all the elements of the 

problem:- 

1) Basic values of accumulated stress and strain 

2) Maximum and minimum accumulated principal stresses 

and strains and their angles and the maximum shear 

* SPAN was the name given to Naylor's modified version 
of FESS. 
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stress. 

3) The first and second stress and strain invariants. 

4) The incremental values of the displacements at the 

nodes. 

5) The strength and deformation parameters used during 

the increment. 

6) The maximum shear stress mobilized and maximum to 

minimum principal stress ratio. 

The stresses and strains can be obtained at the Gauss points, 

at the nodesand/or at selected points within some or all the.  

elements. The values of stress at Gauss points have been 

shown to be better conditioned than those elsewhere Naylor 

(1974), and most attention has been given to these stresses. 

The accumulated stresses and strains at the Gauss 

points and the increments of displacements at the nodes can 

be stored on magnetic tape or discfile for subsequent graphic 

plotting and/or for future reference, or to be used as input 

data for subsequent Loading Conditions. The forces 

calculated at the nodes, equivalent to the final state of 

stress are compared to the load vector representing the 

applied loads in order to check the equilibrium. The results 

of this comparison are also given in the printed output for 

each increment of load, 
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4.2.2 	Input of  Geometry. 

The domain is divided into four-sided elements. 

The ratio of length to width is kept to a minimum, particularly 

for areas of concentrated stress variations, A four sided 

element can be distorted to a triangular element with 5 nodes 

in one of its sides. A test was carried out using such 

elements and the results compared with the closed form 

solution for a hollow cylinder. 	The stresses at the Gauss 

points showed acceptable agreement, as did displacements at 

the nodes. Stresses at nodes showed very poor agreement. 

During the preliminary analyses of Empingham main 

dam it was found that elements which had a large length to 

width ratio and which were also severely distorted from the 

rectangular did not transmit their own weight in a uniform 

way during simulation of construction in layers, It is  

recommended that particular care should be taken in 

proportioning elements which will act as applied loads, 

particularly if v close to 0.5 is used, 	(A badly conditioned 

element can be tolerated for stress calculation, since it 

has no effect on the overall solution and the error it 

produces is only local. However, a badly conditioned 

element which is used to apply load will apply an incorrect 

load and therefore effect the overall solution). 

The geometric input data is presented as the 

coordinates of the corner and/or mid-side nodes and as the 

element topography, i,e, a list of the nodes around each 

* A maximum ratio of 1:5 was usually adopted in the work pre 
based on previous experience. When stress variation alon 
axis of the elements was small, ratios up to 25 were used -14,  
apparent instability resulting. 
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element. If the coordinates of a mid-side node are given 

and they do not lie in a straight line with the two corner 

nodes, the computer will assume a parabolic curve for the 

element side. If the mid-side node is not given, the 

programme will assume that the node lies on a straight line 

between the corner nodes and midway between them. 

4.2.3 	Input of material properties.  

Up to 15 different materials can be modelled in one 

analysis. The number of parameters available to describe 

each material property is 32. Only 16 have been used in 

the work so far, the remainder being available for the 

future development of more sophisticated soil models, The 

soil model so far programmed is that described in Chapter 3, 

plus some recent developments described subsequently. 

The initial tangent modules, Ei, is programmed as 

the general equation, which can be used as it stands or to 

define certain special cases, 

a PROP7 
E. = PROP1 1_21 

ip 	+ PROP6. z + PROP14.a3) 	4.1 

where: 

PROP1, PROP?, PROP6, PROP14 are constants 

min, principal stress (compressive) 

depth of point below ground surface 

atmospheric pressure. 

a3  = 

z = 

p = 
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This equation facilitates the use of an initial tangent 

modulus which may be varied either: 

a) linearly with depth z(PROP1 and PROP6) 

b) Exponentially with a3  (Janbu,1963) (PROP1, PROP7) 

or c) linearly with a3  (PROP1, PROP14) 

In each case the unwanted constants may be set to zero. 

The following are illustrative examples. 

a) Ei  varies with depth z only. 

PROP14 = PROP7 = 0 

It is programmed that if PROP7 = 0, then p = 1,0 

and the general equation becomes 

E = PROP1 (1 + PROP6.z) 

b) If E. varies with a3 only (linear) 

PROP6 = PROP7 = 0 

and the general equation becomes 

E = PROP1 (1 + PROP14, a3) 3  

If E1  varies exponentially with a3  

PROP14 = PROP6 = 0 

and the general equation becomes 
al  PROP7 

E. = PROPI.p 

The shear strength programmed is that defined by the Mohr- 

Coulomb or Tresca failure criteria in the form 

if  = PROP9 (1 + PROP10.z + PROP11.a3) 
	

4.2 
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where PROP9, 10, 11 are constants. Giving appropriate 

values the general equation (2) can take the following 

terms 

1 = PROP9 

Tf  = PROP9 (1 + PROP10.z) 

Tf  
. = PROP9 (1 +PROP11.a3) 

These equations can deal with drained shear with constant 

pore pressure, undrained shear of saturated and partly-

saturated soil and the variation of undrained shear strength 

with depth. 

The tangent modulus, Et, for a given (a, - 

is programmed as follows (See Chapter 3, Section 6) 

1 - PROP12 x PROP13 (al- a3) 
2 Tf 

1 + PROP13 a3 
2 T )  

where PROP12, 13 are constants from test data 

Ei &Tf 
are calcuIlfrom equation 4.1 & 4.2. 

The programme in which PROP12 and PROP13 are determined from 

test date is written in FORTRAN and BASIC. 	A very small 

value is assigned to Et  when (a1- a3) is equal to (or greater 

than) Tf. 

The value of Poisson's ratio v is assigned the constant 

PROP2. The variation of v with state of stress, as 

discussed subsequently, has not been used in the work 

Et  = E. 4 . 3 
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presented in this thesis, 

Uniform linear material properties is a special case, 

obtained as follows: 

a) PROP12 = PROP13 = 0, Equation4.3 becomes Et= Ei  

b) PROP? = PROP14 = PROP6 = 0, Equation 4,1 becomes 

E.= PROP1. 

c) PROP9 = PROP10 = PROP11= 0, Then it is programmed 

that PROP9 takes a very large value, 

4.2.4 Inalt_of  initial stresses.  

The initial stresses in the soil at the start of 

loading must be known so that moduli may be selected for the 

first loading increment which are equivalent to the point 

on the stress-strain curve which matches the initial stresses. 

For real soil with negligible ground slopes 

a
z 
 = E y6

z  

where siz = vertical stress 

= depth below ground surface 

The horizontal stress is given by the coefficient of earth 

pressure at rest, Ko, where 

= K .a x 	Ko  .a2  

K may vary with depth, Skempton (1961) Ko may be different 

on the x and y planes, and it is convenient to programme in 
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terms of total stress. Hence the initial stresses are 

programmed according to the following equations. 

= K 
ox sa 

* 
z 	'ox = Cl "4" C2' z  

ay  = Koy .aZ 	Koy 
= C

3 
+ C4 , z 

where 

bulk unit weight of the soil 

FC2  = the constants linking Ks=  with z 

* 
C3'C4 

= the constants linking Koy  with z 

Values of the above constants are specified for 

each element and the initial stresses are calculated 

automatically for each node for which a value z is specified, 

The initial stresses at the Gauss points are then computed 

using the shape functions and the values at the nodes, for 

those elements which share nodes at which the initial 

stresses were spedified, Nodes may be shared by more than 

two elements, and, where construction in layers is simulated, 

initial stresses may not be required in all the elements, 

The programme contains a facility for restricting the 

assumption of initial stresses to specified elements in this 

situation, 	It is also possible to specify initial stresses 

(ax  pay r azpt ) directly at the nodes, as well as 

calculating them by the above method, 
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4.2,5 Dealing with the construction sequence  

Simulating the construction of an embankment dam 

may involve excavation and/or building in layers. Excavation 

may be simulated by eliminating tractions at the post-

excavation surface. This is easily programmed by adding 

a system of nodal forces equal in magnitude and opposite in 

directions to the forces acting, at the excavation surface 

due to the state of stress before excavation. This process 

is performed automatically by specifying the code numbers 

of the appropriate nodes in the appropriate input queue, 

The elements to be 'excavated' are assigned a stiffness 

close to zero, which gives an upper bound to the 

displacement field, 

Construction in layers is simulated by using the 

dense liquid technique, King (196'4), for the new layers. 	The 

elements representing the new layers are initially assigned 

a very small Young's Modulus and a Poisson's ratio close to 

0.5, 	There are two ways of applying the load due to 

placing a new layer to the underlying soil, Firstly, the 

elements in the new layer may be given weight, The stresses 

obtained within the elements are correct for fluid properties 

assumed in the elements. The stiffness of the layer is 

increased subsequently and the increased stiffness operates 

during subsequent loading, see figure (4,1) for description 

of the method, Secondly, placing the new layer may be 

simulated by applying a pressure normal to surface between 
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the new layer and the rest of the soil, equivalent to the 

height of fill, The stresses within the new layer are 

specified as initial stresses for subsequent calculations, 

The first approach predicts horizontal stresses 

initially nearly equal to vertical stresses, 	In the second 

approach horizontal stresses initially greater than vertical 

stresses can be specified, which may correspond more nearly 

to over-consolidation by compaction, ' The effect of 

different initial stresses will appear when values of E 

are selected for subsequent loading steps. 

The disadvantages of the dense liquid technique are, 

firstly, that the wrong stiffness is used for the layer, 

resulting in an underestimated overall stiffness matrix, 

secondly that no shear stresses are transmitted by the new 

layer during the application of its own load, and, thirdly, 

that the strains in the new layer are very large, A subroutine 

(CORSTN) has been written to correct the values of strain 

for the new layer using the correct stresses and the true 

stress-strain properties (in secant modulus form), The 

algorithm is as follows:- 

Enter Gauss point loop 

1, Look up stress values 

2, Calculate shear strength (Tf)  

3, Calculate max shear stress (al  - a3) 

4, Calculate secant modulus corresponding to the stress level 

5, From 1 & 4, Calculate the strain vector, 
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The subroutine is used for only these elements which 

represent the new layers. These elements are identified 

by the computer as they are assigned a very small value for 

PROP1 and the true values of PROP1 to PROP16, 

4.2.6. Non-linear Programme - SAN2 

This programme is based on the quasi Runge-Kutta 

one step technique, described in principle_in Chapter 2. 

A flow chart is given in Appendix. 

As described previously, the load vector is applied 

in one step.' However, the non-linear algorithm includes 

the evaluation of each element stiffnessmatrix, assembling 

them to form the overall stiffness matrix, solving, and 

repeating the complete process for a second time. During 

the first solution, the properties of the soil are set 

according to the pre-existing stresses, and may include 

failure (E0)! 	The stresses derived from the first 

solutions are calculated to correspond to some proportions 

of the displacement vector obtained from the first solution 

(Subroutine SELECT), as explained in the subsequent 

algorithm 	These stresses are stored in a local disc 

and are not added to the initial stresses at the start of 

the increment, because they do not contribute to the final 

stress results; they are only used as a pilot estimate of 

the magnitute and direction of the new stress increment. 
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In the second solution, the stiffness matrix for 

each element is calculated according to the following 

algorithm (Subroutine NLELAST) 

Enter Gauss point loop 

set yi  = 1,0 (Y1  is defined in Chapter 2) 

1. Retrieve the stress vector corresponding to half the 

displacement increment obtained in the first solution. 

Multiply it by Y1• 	The output is, say, Aa* 

2, Add Aa* to the initial stresses at the start of the 

increment. 

3, Calculate principal stresses and shear strength from 

the stresses resulting from (2). 

4(i) If the max. shear stress from (2) is less than 95% of 

the shear strength from (3), then the modulus is 

calculated from equation(4.3) .and stored in a.  local disc, 

(RETURN). 

(ii)If the max. shear stress is more than 95% of the shear 

strength but less than it, half the value from equation 

4.3 is taken and stored (RETURN). 

(iii)If the max. shear stress from (2) is more than the 

strength from (3), then yi  is set to 0.5i. 

(GO TO STEP 1). 

4(iii) is the start of an iterative process which is 

performed_for each Gauss point. Following this algorithm 

this was tried empirically and found satisfactoryfor 
roblems tried he-rein 
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(1 - 4(i)) ensures that deformation properties equivalent 

to the average stresses for the increment are adopted, Steps 

4(ii) and 4(iii) ensure that this does not imply significant 

overshooting if the stresses are near failure, which would 

otherwise occur in a one step, non-iterative method. 

Subroutine NLELAST selects material properties for 

the second solution. The stress and strain increments from 

this second solution are then added to the stresses 

existing before the load increment to give the final result. 

4.2.7 Non linear Programme - SAN3  

This programme is based on the Alpha-Constant stiff-

ness matrix technique Nayak, (1971). This technique has 

been simplified in SAN3, as described in Chapter 2, 	It was 

the first non-linear technique developed, but was replaced 

by SAN2 for the embankment analyses presented in this thesis 

for the following reasons: 

(i) SAN3, if terminated at an arbitrary residual error, will 

result in a situation where the stresses are in agreement 

with the stress-strain curve but the finite element structure 

is not in.equilibrium with the applied loads. 	In this 

situation the engineering significance of the errors is 

difficult to evaluate. 

(ii) SAN2, should always produce a solution in equilibrium 

which allows a result to be checked manually. 	The errors 

occur due to the failure to follow the stress-strain curves 

exactly, they can be readily examined by comparing the 
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nominated and actual stress-strain curves (see Chapter 2) 

and they can be controlled by reducing the size of the 

loading increment. 

(iii) SAN21  is naturally suited to a problem such as a 

simulation of embankment construction in layers, where results 

after a number of small loading increments are required, and, 

for this type of problem it appeared to be more efficient. 

SAN3 may prove a useful tool for single load increment 

problems and it may allow strain-softening problems to be 

examined. 

In SAN3 the root mean square of the residual is 

used as a measure of convergence which should decrease and - 

become very small as the iteration proceeds. The iteration 

is terminated when the root mean square reaches a pre-set 

value, or when a pre-set number of iterations have been 

performed. The acceptance standard is arbitrary, and is 

based on experience, especially in the case of non-monotonic 

convergence. 

The principal factors concerning the acceleration 

vector alpha are:- 

a) The alpha vector which is equal in size to the number 

of degrees of freedom used should be stored in the 

computer core, increasing the space required. 

b) The alpha vector is only updated every second iteration. 

This is the main simplification to this method which was 

developed by Nayak (1971). 
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c) Nayak's limits on the calculated value for the components 

of the vector are used, These are, firstly, if alpha 

is updated to a value greater than 8, it is set to 4, 

and, secondly, if alpha is updated to a value less than 

zero, it is set to 1. 

SAN3 is an iterative method which requires careful 

examination during the solution. 	Its use is potentially 

dangerous for large problems with high non-linearity unless 

the user is fully familiar with the programme. 

4.2,8 	Shear unloading, 

SAN2 has been modified to accommodate shear unloading, 

In the first solution of the non-linear technique it is-

established whether the shear stress will increase or decrease, 

and the Gauss points at which a decrease will occur are 

identified, For these points a linear modulus is adopted 

during the second solution, 	If shear stresses increase 

again after unloading the first loading stress-strain curve 

is followed, 

4.2.9 	Poisson's ratio v varying with stress, 

This programme development has not been used in the 

analyses presented in this thesis but has been used to 

simulate drained shear. Two variation equations are used, 

Following Kulhawy et al (1969) the initial value, vi  is 
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varied as 

vi  = M N In (73  pa 

where M and N are constants 

pa = atmospheric pressure, 

During  shear, the following  equation is used: 

=..v.(1-R) 	R/2 

wherea a 1 a3  R - 
(al-  a3)f 

thus v = vi 
under isotropic stress and v = 0,5 at 

failure, 

In the computation v is selected and modified in,the 

subroutine NLEAST for each loading  increment in the same 

way as is described for E in section 4,2,6, 

4.2.10 Strain loading. 

In Chapter one it was shown, using  the virtual work 

principle, that, the subjection of an element e to a strain 

vector kEl over its region 0; maybe represented by a nodal 

force vector lir of the form: 

= - I [131 T r D1 tel dS2 

at its boundary, where 131 and [Di are the geometrical 

and material properties matrices of that element respeCtively. 

This strain loading  is programmed in SAN2 taking  

account of the fact that non-linearity exists not only on the 
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left hand side but also on the right hand side of the overall 

stiffness matrix equation because the load vector IFle  is 

dependent on the modulus matrix [D1 , 

The strain loading facility may have a wide range 

of applications in the soil mechanics field, for example: 

1, It could be used to simulate a volume change during 

shear and/or a volume change corresponding to v > 0,5, 

2. It is a technique for solving the problems associated 

with a sudden change in the volume of materials such as 

loess or rock fill shoulders under impounding, 

3, It could be used to simulate the mechanical effect of 

freezing a soil foundation, 

4, It could be used as a means of simulating the partly-

drained loading case, 

4,3 	The qra ics ro  rammes EASY and HANDY 

The micr film programme EASY is written to process 

the output from either SAN2 or SAN3, previously stored on 

magnetic tape, and to display it in graphic form, The input 

is in two parts:- 

a) The stresses and strains for each Gauss point of each 

element, 	This is read, element by element, in the form of 

the element code number first, then the number of Gauss points 

in the element, then the values for the Gauss points in 

present order, 

b) The geometric input data is as for SAN2 and SAN3, 	The 
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geometry is fed in afresh, rather than stored on magnetic 

tape with the stresses and strains, as this method was found 

to be quicker and cheaper. 

Functions which can be printed as numbers at some 

or all of the Gauss points are:- 

Horizontal, vertical and shear stresses and strains, 

Maximum and minimum principal stresses and strains 

Maximum shear stress and strain 

The ratio between maximum shear stress and the shear 

strength, 

The stress ratio 

Functions which can be printed graphically are:-

Principal stresses and their rotation with respect 

to the horizontal, shown as crosses drawn to scale, 

Displacements represented in vector form by arrows, 

which can be a sequence of straight lines representing 

displacements for each successive load increment, 

Displacement vectors can be requested for all corner 

and mid-side nodes, for Corner nodes only, for part of 

the domain only or for any selected nodes. 

The Kingmatic programme HANDY was written to display 

horzontal strains and displacements as a continuous function 

along any horizontal surface at any stage of incremental 

loading. An outline of the structure is automatically drawn, 

Data is input in the same way as for EASY, 
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CHAPTER 5  

STABILITY OF  NON-LINEAR SOLUTION TECHNIQUES 

Two questions must be posed when judging the 

validity of a finite element solution to a soil continuum 

problem, 

• (i) How well does the mathematical stress-strain model 

represent that part of the soil behaviour which is 

relevant to the problem ? 

(ii) How well does the numerical solution technique obey 

the nominated mathematical stress-strain model ? 

The first question was considered in Chapter 3. 	In this 

Chapter the second question is discussed in engineering 

terms drawing only on examples encountered by the author, 

A numerical solution technique should ideally produce 

stresses, strains and displacements satisfying both 

equilibrium, locally and overall, and the stress-strain 

relationship, 	In practice the solution technique may 

result in one or more of the following numerical crimes
) 

being commited; the effect of each crime on the acceptability 

of the solution will vary:- 

(i) The nominated stress-strain curve is not followed 

precisely, The extent to which the nominated stress-

strain curve is followed by the SAN2 programme is shown 

in figure (2,3b) of Chapter 2, which indicates that the 

solution technique, although satisfying equilibrium, does 

not satisfy the stress-strain relationship but follows 
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a slightly stiffer one. 

(ii) The nominated strength of the soil is exceeded 

(i.e. over-shooting) leading to a state of stress beyond 

the soil capability, a situation which over-estimates 

the safety of the structure, especially for problems 

involving low factors of safety, 

(iii) Numerically badly-behaved regions of the domain may 

lead to a complete failure of the solution. 

In extreme cases, failure of the numerical solution 

technique to obey the nominated mathematical stress-strain 

model may result in numerical instability. This instability 

may occur when the technique has to deal with one of the 

following:- 

a) nearly incompressible materials. 

b) two adjacent materials with very different moduli 

(e.g. concrete adjacent to soft rock), 

c) the introduction of a shear strength cut-off in the 

stress-strain relationship. 

The first point was investigated by Naylor (1974) and is 

examined further in Chapter 6 of this thesis. 	Using linear 

- material properties and a Poisson's ratio of 0,499,Naylor 

showed that, provided the reduced Gauss integration rule is 

used with the 8-noded isoparametric element, the stress 

results based on the average of the 4 Gauss points are 

smoothly distributed without oscillation, 	This finding is 
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also demonstrated to be true for both the non-linear cases 

presented in Chapter 6 and subsequently in this Chapter, 

The author has not had to deal with the second 

point during the course of the work presented here, but it 

can be speculated that a large ratio of moduli, depending 

on the computer used, may cause numerical instability, 

The third and the most important point is that of 

the shear strength cut-off. At low factors of safety, a 

large part of the soil domain will be in 'local failure', i.e. 

the soil elements can not sustain any increase in shear 

stress, which is normally associated with increase in strains, 

A sound non-linear solution technique should reproduce this 

state with acceptable over or under-shooting, A point 

with a shear stress higher than its shear strength is an 

indication of an inadequate solution algorithm. While 

inability to follow the lower part of the stress-strain 

curve may lead to an error in the strain and displacement 

field, inability to follow the strength cut-off leads to 

an error in stresses which is the most important factor in 

the assessment of a structure's stability, especially if the 

behaviour of the soil forming the structure is controlled 

by the strength parameters, With increasing applied load, 

the local failure zone is bound to increase until the whole 

structure fails. Again, a sound non-linear technique,should 

allow the structure to "fail" before any numerical troubles 

are encountered, i.e, the stresses, strains and displacements 
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are still satisfying equilibrium and the stress-strain 

relationship. 

Predicting failure, in the way it is described 

above, is a valuable facility for some classes of soil 

problems, although assessing stability of the structure 

under working loads is another matter, The numerical 

behaviour of the solution at failure load has to be checked 

if the programme is to be used for stability studies, 

Such a check has been made by Davachi (1976). 	Using the 

programme SAN2, he has solved the strip footing problem and 

compared the failure load predicted by the finite element 

solution with the exact solution of Prandtl (1920). 

Figure (5.1) shows the stress-strain curve and the 

geometry of the problem solved, Figure (5,2) shows the 

settlement-load curve, in which the shape shows general 

shear failure, and a very close prediction of the collapse 

load is obtained. 	Figures (5,3, 5,4, 5.5, 5,6) show the 

values of some stresses, at the failure load, which are,  

stable and local over shooting did not exceed 12%. 

Thus it is demonstrated that the solution is stable 

and accurate for failure with simulated undrained 

.saturated soil properties. 
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CHAPTER 6  

ANALYSIS OF EMPINGHAM TRIAL BANK 

6,1 	Introduction 

Empingham dam was constructed during the period 

1970-1974 for the Welland and Nene River Authority as part 

of a pumped storage scheme for water supply. The Consultant 

engineers were T & C Hawksley. 	Professor A.W. Bishop, 

Dr.P.R. Vaughan and Mr,J.M, McKenna acted as geotechnical 

advisors. 

General descriptions of the site geology and of 

the dam are given by Werneck (1974) and Maguire (1975) and 

will not be repeated here. A brief description of the 

problems which lead to the construction of the trial bank 

are given in section 6.2. The purposes of the finite 

element analysis are disqussed in section 6,3. The remaining 

part of the chapter deals with analysis, results and 

conclusions. 

6.2 	Purpose and brief description of the trial bank 

The dam is 40m high, of compacted Upper Lias Clay 

fill, on a foundation of over-consolidated brecciated 

Upper Lias Clay which was severely sheared and distorted by 

Valley bulging and peri-glacial frost action. 	Figure (6.1) 

shows a section of the valley at the dam. A typical cross-

section of the main dam is shown diagrammatically in figure 

(6.2). 	The properties of the clay foundation, both undrained 

and partly drained where sand-drains are used, controlled the 
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stability. Operational shear strengths of over-consolidated 

clays are difficult to predict by laboratory testing, as they 

involve sample size problems, test rate effects, anisotropy, 

progressive failure, variation of strength with depth, etc, 

These problems are discussed in detail by Maguire (1975), 

The operational shear strength determination was the 

major problem in making design assumptions. There was 

limited information on the properties of the Upper Clay from 

previous engineering works. There was scarce and somewhat 

conflicting information on the undrained and drained 

strength of the foundation. 

The general site investigation utilized conventional 

tests on standard-sized soil samples and the results were all 

subject to sample size effects. 	260mm diameter plate tests 

were performed to examine the undrained strength and these 

gave results similar to the 100mm diameter triaxial tests, 

The application of this result to the design without further 

confirmation was not considered prudent. Further in-situ 

tests were considered, but time was short and only the bulk 

undrained strength could have been examined for a relatively 

small volume of the clay, thus a reliable bulk design 

strength including the full effect of foundation shears could 

not be determined. A conservative final design could have 

been prepared but it would have relied largely on judgement, 

unconfirmed by quantitative information. 

Also, it has been shown by Sodah (1974) that 
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properties of compacted clay fills cannot be predicted from 

tests on laboratory compacted specimens but can be predicted 

from tests on samples taken from field compacted material, 

As a consequence of these difficulties the decision 

was taken to construct a large instrumented trial bank, which 

is discussed in detail by Werneck (1974), 	The trial 

embankment was constructed as part of the main contract, which 

was let on a provisional cross-section, and was later 

incorporated in the main embankment. The construction 

sequence was arranged to allow the trial bank to be built 

within -the upstream berm early during construction, Figure 

(6,3) illustrates its relative position, 	Provision was 

made in the contract for modification of the final dam cross-

section after completion of the trial bank, thus a method of 

designing as construction proceeded was adopted. The main 

provisonal element was the extention of the berms which was 

to be decided four months after completion of the trial bank, 

With a steep slope, the shear stress on the trial 

bank foundation would be greater than that imposed by the 

final higher but much flatter embankment. Thus the undrained 

strength could be checked and with measurement of pore 

pressure it was hoped that the strength in terms of effective 

stress could be deduced. 	Preliminary studies using linear 

finite element analysis, Hamza (1972),showed that the design 

strength of the foundation would be exceeded. 

The properties of the fill as placed could be 
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established and the delay would enable the rate of consolidation 

of the foundation, examined intially by laboratory and in-

situ tests, to be checked by pore pressure measurements 

during the initial construction. The trial embankment would 

also allow the deformation behaviour of the fill and foundation 

to be studied and it was hoped that, by back analysis, the 

stress strain relationship could be deduced. This under-

standing of the deformation behaviour might provide a check 

on the method of analysis. While it was hoped that complete 

failure of the embankment could be avoided, only an acceptably 

small part of the main dam foundation would be weakened if 

failure occurred. 

The final arrangement of the trial bank is shown in 

figure (6.4). The bank was placed to one side of the valley 

centre line, to avoid the main valley bulge, which contained 

a typical material, Vaughan et al.(1973). 	A trench was 

cut into the side of the valley to give a sufficient length 

at the same height. While the section of the bank was not 

constant, it was hoped that this would give behaviour 

sufficiently close to two-dimensional plane strain conditions 

for two dimensional methods of analysis to be valid, 

Instrumentation was placed on three cross-sections, chainages 

487, 514 and 537. 	Subsequent deformation observations showed 

that plane strain behaviour was effectively achieved, 

Wernek (1974). 

Before the embankment was completed, several slips 
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occured in temporary borrow pit slopes. Back analysis of 

these slips, showing an average undrained strength of 50KN/m2  

(half the average of 100mm diameter triaxial tests) over the 

upper 15m of the clay, gave partial confirmation of the 

undrained strength assumed in the design and lessened the 

need to test the trial bank to failure. In the event this 

did not fail, construction being terminated when large 

deformations had occured, This enabled four months of creep 

measurements to be made, but it also prevented the direct 

determination of the shear strength by limit equilibrium 

methods, as discussed subsequently. 	Thus the use of finite 

element analyses became necessary, 

6,3 	Aims of the finite element analysis 

This instrumented trial bank provides a very good 

opportunity for one development of a greater understanding 

of the behaviour of embankment dams on weak foundations 

during and immediately after construction. A stress-strain 

analysis provides a mathematical model, through which a 

rational framework of interpretation of observed behaviour 

may be constructed, and thus the analysis may be of great 

importance. The main aims of the finite element analysis 

of this particular exercise can be summarized as follows: 

i) To back analyse the trial bank to deduce the foundation 

deformation parameters and strength using observed 

deformation and non-linear stress-strain solutions. 
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(ii) From the number of analyses carried out for the 

purpose of bank analysis and others, where only one 

variable changed at a time, a sensitivity study 

could be made to determine the importance of the 

different variables at different stages of 

construction. 

(iii) To provide a framework through which the instrumentatio 

results could be interpreted. 

(iv) To study the range of the stress paths followed by 

the different points of the domain, 

(v) To check the extent of the foundation in which the 

undrained shear strength was mobilized, thus testing 

the design shear strength assumption. 

(vi) To provide a firm base for predicting the behaviour 

mechanism of the main dam during and immediately 

after construction. 

(vii) To predict the total stresses which, together with 

the measured pore-water pressures, would enable the 
 

drained shear strength parameters c, (I)
■ 
 to be 

evaluated. 

(viii) At the same time that these analyses were carried 

out a laboratory testing programme was conducted 

to give more information about the foundation stress-

strain behaviour; thus a comparison between the 

laboratory and predicted stress-strain curves could 

be made. 
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(ix) Last and by no means least, this exercise is 

used as a means for developing the non-linear 

techniques and for solving other associated 

problems; thus a complete package was ready for 

the main dam analysis, 

It is worth mentioning here that limit equilibrium 

analysis could not have replaced the finite element one for 

the following reasons:- 

i) Limit equilibrium does not predict the mechanism of 

behaviour, a requirement which is of importance in 

this case, especially because of the speculation 

about the effect of progressive failure. 

ii) There was a major difference in strength between the 

fill and the foundation, The interpretation of the 

bank behaviour prior to failure depends entirely on 

the relative mobilisation of the strength of the fill 

and foundation which could not be assessed in a limit 

equilibrium analysis. 

iii) A limit equilibrium analysis gives no information on 

deformation and pre-failure stress distribution, and 

thus is of no use as far as the interpretation of field 

measurements of deformation is concerned, 

iv) The limit equilibrium method necessitates the assumption 

of a stress distribution within the sliding mass, which 

could be severely in error due to the difference 

Mou,i, 	can e va I vafe clifFerev4 	tivrwiturl' 
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between the properties of fill and foundation, 

v) The limit equilibrium method yields only a number 

to assess stability, the Safety factor, The 

definition and limited use of this number is discussed 

by Vaughan (1975), 

It is also important to mention here that three-dimensional 

analysis would have been very complicated, costly and time-

consuming, especially for non-linear material properties. 

6.4 	Schedule and results of the analysis 

As explained before there were three instrumented 

cross-sections of the trial bank Chainage 487 was adopted, 

rather than Chainage 514 or 537 as the main section for finite 

element analysis for the following reasons:- 

i) More foundation material was involved in the section 

because of the trench. 

ii) It is remote from the valley bulge, thus it includes 

more typical material. 

The programme for analysing the trial bank attempting 

to achieve the above mentioned aims (Section•6.3.) can be 

divided into the following three stages:- 

Stage 1: Analyses before completion of the trial bank 

construction Hamza,(1972), 

Stage 2: Preliminary analyses after the construction of the 

trial bank. 
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Stage 3: Final Non-linear analyses, 

For both stages 1 and 2 the stress-strain relation-

ship for fill and foundation was assumed to be linear, but 

the variation of E with depth was modelled in the upper 15 

metres of the foundation and the dependence of E on the mean 

stress was modelled for the fill. 	In stage 3, complete 

non-linearty of the stress-strain relationship was incorporated 

for both the fill and foundation soils. In all analyses 

Made (except 2 runs for stage 1) the construction sequence 

was modelled i.e, a layered analysis was performed. The 

results of stresses, strains and incremental displacements 

were stored on a magnetic tape, or disc, after each layer was 

applied, and used for the following layer as initial data. 

To simplify operations, the finite element mesh and numbering 

were kept the same for all construction stages. 

6.4,1 	Stage 1: Primary analyses before completion of the 

trial bank construction.  

These analyses were carried out before the construction 

of the trial bank was completed. They are all linear analysis 

but with E varying with (al  + 03) in the fill and with 

variation of modulus with depth in the foundation. The results 

of this stage were reported in detail by Hamza (1972) but no 

interpretation of the results was then given, 

The main purpose of this stage of analysis was to 

confirm that the shear stresses in the foundation would be 
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greater than those under the main dam, A limit equilibrium 

analysis was of limited value because of the wide difference 

between the strength of fill and foundation, 

The material properties used for the fill and the 

foundation were taken from a report by Vaughan (1972b)based 

on the site investigation information. Four sets of soil 

properties were considered to cover the uncertainties of 

this information, these were (all in kN/M2) :- 

a) Foundation: E = 11,600 + 767 d 	(Low) 

Fill 	v = 0.35 

b) Foundation: as set (a) 

Fill 
	

v = 0.45 

c) Foundation: E = 38,890 + 2537 d 	(High) 

Fill 	v = 0.35 

d) Foundation: as set (c) 

Fill 	v = 0,45 

In all analyses Poisson's ratio for the foundation was given 

a constant value of 0,48, and the fill modulus was given by: 

Efill = 4,700 + 8 p 

where: d 	= depth below ground surface 

p 	= the mean stress 

It is worth mentioning that the shear strengths were 

not introduced in the analysis, although the choice of E 

was based on a factor multiplied by the shear strength. The 
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ratio between the fill and foundation moduli is likely to 

be critical for stress prediction. Variation in this ratio 

was covered by the varying values of E of the foundation as 

shown above. 

The findings of this stage could be summarized as 

follows :- 

i) The ratio between the foundation and the fill moduli 

is an important factor in the foundation deformation 

behaviour. Figure (6,5) illustrates the effect on 

the vertical and horizontal displacements of the 

foundation. 

ii) The use of Possion's ratio vfill of.0,45 or 0,35 for 

the fill did not affect the foundation deformations of 

the foundation significantly, as shown in figure (6,5), 

However the use of vfill = 0,45 gave higher shear 

stresses in the foundations. Figure (6,6) shows that 

the use of vfill 
= 0.45 gave higher shear stress 

mobilizations for the three depths considered, for both 

values of foundation stiffness. 

iii) From comparison of displacements of selected points in 

the trial bank measured early in construction with the 

analysis predictions, it was found that the high values 

of foundation moduli gave better agreement, 

iv) Examining the change of horizontal displacement of the 

foundation with bank height for both foundations showed 

a nearly linear relationship, The ratio between 

horizontal deformations in the two cases was directly 
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proportional to the ratio between the foundation moduli, 

The linear relationship shows that, while a global 

modulus in a linear analysis may give coincidence with 

any one measured displacement pattern, a fit with field 

observations can only be expected at low stress levels 

when there is no local failure. Non-linear assumptions 

must be used if local failure occurs. 

v) From the comparison of single lift and layered analyses 

it was found, for this particular case of linear 

properties and a regular construction sequence, that the 

maximum shear stresses in the foundation differed 

slightly, figure (6,7), 

This part of the work lead to the following conclusions - 

i) Further analysis should take into account the non-

linearity of the material properties in order to predict 

A, realistic pattern of deformation, 

ii) The case of 'fill = 0,45 and high foundation moduli 

should be the starting point for the back analysis. 

iii) Layered analyses should be employed as they gave higher 

shear-stresses in the foundation. 

iv) The mobilized shear-stresses exceeded the "design" 

shear strength over the full width of the foundation to 

a depth of up to 12 metres by up to 50%, figure (6,8), 

This confirmed that the shear stresses imposed by the 

trial bank, were higher than those which imposed by 

the main dam. 
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6.4,2 	Stage 2: Analysis after the Construction of 

the trial bank  

During construction, the slope design was changed 

by introducing a berm, because large deformations and a 

slight discontinuity were observed near the toe, Thus a 

new geometry had to be modelled, The new analyses also 

included the actual construction sequence and the actual 

stripped ground levels, 

6.4,2.1 The Meshes: 	Two meshes were designed, figure (6,9) 

and figure (6,10) :- 

1) 

 

Without filling of the main dam on the down stream side 

of the trial bank, 

2) With filling of the main dam to model the horizontal 

thrust imposed on the bank by the main dam. 

The principles for designing those meshes were:- 

i) Modelling the construction sequence in 7 stages, including 

the excavation of the trench. The first layer was made 

thicker than subsequent ones because the stress difference 

introduced by it is low, 	This is not true of the increase 

of stress ratio in drained behaviour, and similar treatment 

of a drained case would lead to some numerical instability, 

The layers at the top were made thinner in order to help 

the non-linear technique in following the stress-strain 

curve near failure. 	Table (6.1) shows the fill levels 

corresponding to the idealized layers, 
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ii) The nodes were designed to coincide with the location 

of the inclinometers and horizontal deformation gauges, 

--iii) The site investigation indicated that the depth of the 

soft brecciated upper clay was about 15 metres. 

Below this the clay was stronger and nearer in properties 

to a soft mud-stone. The foundation was divided into 

3 layers of elements of. about 5 metres thick each, 

underlain by a buffer zone 10,0 metres thick to act as 

a transition zone, 

iv) Smaller elements were used where higher shear stresses 

were anticipated. 

6.4.2.2 The initial stresses There were no field measurements 

at the start of the analysis to indicate a value for K, thus 

some assumptions were required to assign a reasonable value, 

The vertical stresses were taken to.be equal to the 

over-burden pressure, The pore water pressure was observed 

to be approximately equivalent to a standpipe level at ground 

level. The foundation is nominally heavily over-consolidated 

and thus the initial horizontal stresses should correspond 

to a value of Ko greater than 1, However, the Upper Lies 

Clay at Empingham is subjected to three effects, all acting 

to reduce Ko; these are:- 

i) Extensive periglacial frost shattering, which may have 

released the horizontal stresses, 
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ii) The embankment was built on the lower part of the slope 

(near the valley bulge) a condition which reduces the 

maximum value which the horizontal stress a can have 

downslope, 	Figure (6,11) 

iii) The plane of the trial bank cross-section zx, is parallel 

to the strike of the valley slope, The horizontal stress 

a
x 
will therefore be closer to az than it is to ay, 

Figure (6,11) shows a qualitative illustration in three 

dimensions of the last two factors, Thus it was decided that 

a value of Ko
= 1 would be a reasonable starting point for the 

analyses of stage 2, Maguire (1975) found subsequently that 

Ko= 1 was consistent with the Suctions in samples of the 

Upper Lias Clay, 

6,4.2,3 Summary and aims of stage 2 analyses 

This stage was carried out, as mentioned before, using 

linear material properties to investigate the effects of 

various relevant factors before starting the non-linear 

analysis, The main aims of this intermediate stage were: 

i) To check that the foundation, with the berm in the 

upstream slope-of the bank, is stressed more highly than 

the undrained strength assumed for design purposes. 

ii) To check on the development of a realistic active 

pressure in the fill and to check if shear unloading 

occured within the fill in the upstream slope, a 

condition which would require the introduction of a shear 

unloading model in the programme. 
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iii) To investigate the effect of upstream main dam filling 

and whether it caused shear unloading in the downstream 

slope and foundation of the bank, 

iv) To investigate the effect of using a Poisson's ratio in 

the foundation very close to 0.5, namely from 0.48 to 

0.49999, on the numerical stability of the solution and 

as a parameter influencing the results. 

v) To investigate the effect of the different side boundary 

conditions employed in the analysis (rigid smooth and 

controlled stress) on the behaviour of the bank. 

Table (6.2) contains a summary of the finite element 

analyses performed in this stage together with their purposes 

and conclusions. 

6,4.2.4 Material properties for Stage 2 

For the foundation: i) the undrained modulus was 

assumed to be independent of the state of stress, but to vary 

linearly with depth, as case(d)of Stage 1, up to 15,0 meters 

• below a horizontal line passing through the toe, ii) Poisson's 

ratio was kept constant for each analysis, but varied for 

different analyses as shown in Table (6,2). 

The fill was assigned a modulus which varied with 

the mean total stress, and a Poisson's ratio of 0.45, as 

case (d) of Stage 1. 

Figure (6.12) shows details of the material properties 

used in Stage 2. 
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6,4,2,5 Findings of Stage 2 Analyses 

Run 1: Figure (6,13) shows the development of 

- horizontal and vertical stresses at the bank centre line. 

The values of the stresses illustrate that the fill model 

worked reasonably, 

Figure (6.14) shows the values of maximum shear 

stresses in the fill at different vertical sections starting 

from the centre line through the upstream slope, The maximum 

shear stresses are increasing monotonically as the 

construction proceeds at all locations, thus it was believed 

that there is no shear unloading and hence the modelling of 

unloading behaviour was not needed, 	Figure (6,15) shows 

development of maximum shear stresses at three different 

levels in the foundation, Design strength is exceeded over 

full foundation width, The absence of down-stream filling 

simulation gave significant shear stresses under the centre 

and down stream side of the bank. 

Run 2: This run is the same as run 1 except that 

down-stream filling was modeled, ie. the mesh in figure (6.10) 

was used. 

Figure (6.16) shows fill stresses at the bank centre-

line. Horizontal stresses have increased slightly due to the 

extra thrust imposed by the down-stream filling, 	Figure 

(6.17) shows the development of maximum shear stresses after 

each layer at three different levels in the foundation. The 

following were observed as an effect of simulating the down- 
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stream filling in the analysis:- 

1) 	shear stresses under the upstream slope increased slightly, 

ii) shear stresses under the centre line decreased due to the 

support given by the fill, 

iii) Shear unloading and reloading occurs in.the foundation 

due to the irregular construction sequence of the bank 

and the downstream filling as shown in table (6.1). 	This 

behaviour affected only the part downstream of the centre-

line, 

Runs 3 6 7 and 8: These runs were mainly to investigate 

the effect of the use of a foundation Poisson's ratio very 

close to 0.5, namely varying from 0,48 to 0.49999. 	The points 

examined were:- 

i) What is the effect of a small variation of Poisson's ratio 

on the maximum shear stress distribution? 

ii) What is the safest (numerically) and the value closest to 

0,5 to be used in the further, non-linear, analyses? 

Figure (6,18) shows the influence on the maximum 

shear stress at the end of construction, The increase in 

Poisson's ratio,has only a small effect which was not regarded 

as significant. Only the averages of the stress at the 4 

Gauss points of each element were used and in no case 

considered was numerical instability encountered. Nevertheless, 

the value of 0,499 was chosen for further work because; 

i) it was doubtful whether a higher value was needed, 
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ii) the difference in results between 0,499 and 0.49999 was 

negligible in terms of stresses, and iii) the further work 

was non-linear, which might have caused additional numerical 

instability, 

Runs 4 and 5: Those runs were carried out to 

investigate the extent of the side boundary effects on the 

solutions, and whether a displacement boundary or a "stress 

boundary" was more suitable. Poisson's ratio was kept at 

a constant value of 0,495, 	In run 4, a horizontal stress 

at the side boundary was applied using the value of foundation 

Poisson's ratio and assuming a one dimensional elastic model 

to be valid at this 'sliced boundary'. 	The values of the 

horizontal stress applied were varied during the construction 

depending on the external applied loads. Figure (6.19) shows 

the assumptions and the way the stresses were calculated. 

In run 5, the side boundary was considered rigid 

and smooth, 

The results are shown in figure (6.18.) which shows 

that the side boundary effect does not spread towards the 

area of interest, ie. under the upstream slope, 	Rigid 

smooth side boundaries were adopted in all further solutions 

rather than 'stress boundaries' because of convenience in 

input data, as the 'boundary stress' will necessitate a new 

calculation, depending on v of the foundation, for every 

layer added, as described in figure (6,19), 
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To investigate the sensitivity of the solution 

to the variation in Poisson's ratio, 	the vertical and 

horizontal stresses and displacements for the end of construction 

stage are plotted in figure (6.20). 	The vertical stresses 

for both cases are virtually identical. The vertical 

settlement has increased by 50% due to the decrease of from 

0.48 to 0.49999, while the horizontal stresses and displace-

ment only changed by about 8% of maximum value, 

6.4,3 	Stage 3 : Final non-line 

The aim was to back analyse the trial bank in order 

to obtain the non-linear stress-strain properties of the 

foundation (strength being of particular importance) which 

could reasonably fit the real performance and hence be used 

in predicting the behaviour of the main dam during completion 

(Chapter 7). 	The factors which needed to be considered in 

the back analyses were: 

i) Non-linearity of the foundation deformation properties 

ii) Horizontal variation of the foundation strength 

iii) Increase and decrease of the design strength profile 

iv) Non-linearity of the fill properties 

v) Variation in Ko  of the foundation. 

v1) Drainage of the soil adjacent to the drainage blanket 

between the fill and foundation, which would cause 

softening of the surface layer of the foundation near 

the toe, 
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The work was limited by the following short-comings: 

a) final estimates of the actual prototype deformations 

were not available immediatly because at that time they were 

being examined and corrected by Wernek (1974) concurently 

with the finite element calculations, and only preliminary 

plots of field data were available for the early stages of the 

back analysis, 	b) final soil test data from laboratory not 

immediately available for comparison Maguire, (1975). 

The philosophy of the analyses was based on the 

following 3 points:- 

(1) The local failure zone should be reproduced in the 

analysis as it was believed to control the over-all 

pattern of behaviour, 

(11) Foundation behaviour would not be sensitive to the 

fill properties assumed. 

4111) As shown in section 6.4.2.5 and figure (6.20) the 

vertical deformation could be more affected by a 

small variation of the foundation's Poisson's ratio 

than would horizontal deformations. Also the 

measured vertical deformation included the 

consolidation of the base of the Upper Lias clay which 

is not reproduced in the analysis. 	Hence, the 

horizontal displacements are more critical for 

comparison with prediction of prototype performance. 

Table (6.3) lists all the analyses of this stage; and their 

assumptions, purposes and conclusions. 
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6.4.3,1' Field Performance 

Locations of the instruments of the cross-section 

of the trial bank analysed are shown in figure (6.21). 

Measured horizontal movements, adjusted for consistency of 

location and fill level between field and finite elements 

results, are summarized in figures (6,22, 6.23, 6,24, & 6.25). 

It must be noted that not all the information in those figures 

were present at the start of the work. 

6.4.3.2 Preliminary non-linear solutions:- 

Cases 2a, 2c, 2d,  

Three diffrent stress-strain curves were assumed 

for the foundation properties and three finite element analyses 

were carried out to see what type of behaviour resulted. The 

foundation non-linear deformation and strength properties are 

summarized in figure (6.26). 	The foundation strength was 

assumed to vary with depth from the inclined stripped ground 

level according to the design profile given by Vaughan (1972). 

The fill properties were kept the same as previously (ie stage 2) 

Based on field measurements available in April 1973, 

a comparison with the predicted horizontal movements are shown 

in figures (6.27, 6.28, 6,29, 6.30, 6.31, & 6.32). 	Inspection 

of those figures showed that case 2c (ie. that of a steep stress-

strain curve) gave the 6v0" fit to the field measurements. 

It is worth mentioning here that, although case 2a (ie. that 

of a bi-linear stress-strain curve) gave a better fit at end 
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of construction, the development of displacements with fill 

height and the profile with depth atinclinoneters IB3 and 134 

were not well represented. However, the results of the best 

fit (case 2c) gave an over-prediction everywhere and during 

all construction stages. The difference between predicted 

and measured values was least at the toe and increased 

regularly towards the middle of the bank. Thus, changed 

assumptions which would counteract these trends were thought 

of. The aim at that stage was to get a better fit with the 

field pattern of behaviour rather than a fit with the 

absolute values of the field measurements. 

6,4,3,3 Effect of strength: Cases 3a, 3b, 

Case 3a:- Inspection of the preliminary solutions 

suggested that an increase of the shear strength varying from 

a minimum at the toe to a maximum at inclinometer 184 would 

produce the required effect, This was readily achieved by 

starting the design shear-strength profile from a horizontal 

line and not from the inclined stripped ground surface as 

assumed in case 2c. 

The normalised stress-strain curve and the fill 

properties are kept the same as case 2c. The summary of the 

foundation properties of this case is given in figure (6.33). 

Figures (6,34, 6.35, 6,36, 6.37, 6.38, & 6.39) shows 

the horizontal displacements as compared to case 2c (last 

best fit) and to the measured values, which indicate an overall 

better fit due to the new strength assumption. At the toe, 
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the predictionswere very close but as the distance increases 

from the toe the finite element over-predicted until reference 

point H3A beyond which the over-prediction is relatively 

consistent. 

Case 3b:- Due to the consistency of the over-' 

prediction over part of the foundation, a uniform increase in 

shear strength was introduced and case 3b was carried out. 

Also, this case was thought important as it would show the 

sensitivity of the solution to the shear strength. 	It was 

hoped that this change would not affect significantly the 

good fit observed at the toe for case 3a. 

The profile of shear strength with depth assumed for 

this case, which is 10% higher than case 3a over all the 

foundation depth and the corresponding stress-strain curve 

are shown in figure (6.40). 	Again the fill properties and 

the foundation normalized stress-strain curve were kept the 

same as before. 

The horizontal displacements at the six reference 

points for this case and case 3a as compared to the field 

measurements are shown in figures (6.41, 6.42, 6.43, 6.44, 

6.45, & 6.46), 	Reduction in displacements is observed every- 

where of a magnitude of about 30% near the toe and about 20% 

at reference point 14, 	This yielded an apparent better fit 

at the inner 3 points (ie. H3B, H3C and 14) and a much 

worse fit at the other points. 	However, figure (6.47) shows, 

_for the selected 4 reference points, that, having eliminated 
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the initial part of the displacement Vs. fill height curve, 

(ie. that part which is controlled by the initial part of the 

stress-strain curve) and comparing the remaining parts of the 

displacements V .fillheightcurve (which are most likely to be 

governed by the shear strength). The results of case 3a 

are closer to the measured horizontal displacements than are 

those of case 3b. Thus case 3b was not considered an 

improvement, and case 3a still gave the best fit. 

6,4.34 Effect of fill non-linearity:. Case 3c, 

At this stage the non-linear fill deformation and 

strength properties were derived from field compacted triaxial 

samples and field pore water pressure measurements. The final 

stress-strain curve and strength, varying with a3, are 

represented in figure (6,48), 

The comparison of this case with case 3a and the 

measured horizontal displacements are shown in figures (6.49, 

6.50, 6.51, 6.52, 6.53, 6.54). 	Apart from at the toe (point 

HX3)1  case 3c gave a better fit everywhere. 	The reduction 

in the displacements due to the non-linear assumption is an 

apparent paradox, arising from the fact that the stress level 

in the fill is low, thus a modulus close to the initial 

modulus was selected, by the programme algorithm, while in 

the previous cases with linear fill properties a lower value 

corresponding to 50% stress level secant modulus was used. 

Hereafter case 3c is considered the best fit, however, it is 
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worth noticing that there is under-prediction at the toe and 

over-prediction at the inner inclinometer (ie the error in 

the prediction is not consistent). 

6.4,3,5 Effect of Ko
: Cases 3d, 3e, 

The next step was to find a realistic assumption 

which could produce the required effect (ie. predicts more 

displacement at the toe and less towards the centre). Thus 

it was hoped that Kel would produce this effect. Near the 

toe, the local failure is mainly due to an increase of the 

horizontal stresses and hence failure is reached quicker with 

Ko>1, while in the centre of the dam, local failure will be 

mainly due to an increase of vertical stresses, hence, failure 

is reached less quick 
	

with Ko>1. 

Values of Ko = 1,25 and 1.1 were chosen and cases 

3d and 3e were run. 	Comparison for case 3d'of Ko  = 1.25 with 

case 3c (last best fit) and the measured displacements at 

foundation level and atinclinometers 1B3 and 1B4 are shown 

in figures (6.55, 6.56, 6.57, 6,58, 6.59, 6.60, 6.61, & 6,62). 

The comparison demonstrates that the use of Ko  = 1.25 predicts 

more displacements for all locations considered (the use of 

Ko = 1.1 gave an intermediate results). Also, at the two 

inclinometers the profile of deformation was essentially different 

from the measured deformations, giving a bulge starting at a 

depth of 8 meters, where the measured displacements were very 

small. 
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It is worth noticing that the predicted displacements 

at foundation level for cases 3c and 3d are nearly parallel 

with the exception of a slight increase of displacements for 

case 3d due to placing of the last layer. However the aim 

of this run was not achieved (ie. the prediction of more 

displacement at the toe and less at inclinometer IB4), 

Also, the pattern of displacement'with depth for Ko>1 was 

worse than with Ko 
= 1, figures (6,61, 6.62), hence the 

value of Ko= 1 was used in subsequent analyses. 

6,4.3.6 Effect of the swelling of the toe: Case 3f. 

Full mobilisation of undrained shear strength of the 

foundation near the toe requires the maintenance of a negative 

pore water pressure. However, the presence of the horizontal 

drainage blanket would allow swelling to occur, thus the 

drained shear strength would be operating. Under low 

confining pressure, the drained strength is lower than the 

undrained strength. Due to the drop of shear strength near 

the toe, it was speculated that a better fit would be obtained 

if the swelling is modelled. 

Assuming that 0' = 23°  and c' = o.o Maguire,(1975) 

a simple calculation was carried out to determine the undrained 

shear strength equivalent to swelling at the toe, and the 

length over which the reduced strength would operate. Although 

the spread with depth of this weaker zone is limited to 

only one metre or so, a linear distribution was assumed, within 
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the element concerned, between the lower strength at the top 

to the strength previously assumed (case 3c) at the bottom, 

The results were compared with measured displacements 

and results from case 3c, The modelling of the swelling 

effect at the toe slightly improved the over-all fit, but not 

enough to explain the inconsistency between measured and 

predicted displacements. Therefore the effect of a drained 

toe is insignificant and the back analysis was with case 3c 

still considered the best fit. 

6,4,3,7 Interim Conclusions  

Case 3c gave the best fit, At this stage the stress-

strain curve and strength profile were considered adequate 

for main dam analysis and this was proceeded with, as 

discussed in Chapter 7, 

The horizontal displacements at foundation level, berm 

level and the inclinometers, 183 and 184 for the six 

construction stages for cases 3a, 3b, 3c and 3d are shown in 

figures (6,63, 6,64, 6,65, & 6,66), 

6,4,4 	Systematic back analysis.  

Using the "trial and error" method of back analysis, 

previously described it was considered that, with the large 

number of parameters which could be varied independently 

and comparing the results only with field displacement 

measurements at selected points, further improvement of fit 
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would be a matter of chance and uniqueness of results could 

not be demonstrated. For instance, it was found that cases 

2c and 3d gave similar results at the reference points 

although they assumed different strengths and values of Ko. 

This emphasised the need to develop a more direct and 

systematic method for back analysis, 

Displacements result from the integration of strains 

over the stressed domain. The same displacement at a 

particular point may arise from an infinite number of strain 

fields, and thus it is not possible to demonstrate uniqueness 

by comparisons of computed and measured displacements. As 

the number of points at which comparisons can be made increases, 

the probability of a unique solution being available increases, 

but progressive modification of the input data can only be 

made on the basis of semi-intuitive qualitative judgement, 

Ideally, a stress-strain curve can be measured 

directly in the field, if complete stresses and strains are 

measured at a point. In general, the extreme difficulty in 

measuring stresses makes such an approach impractical, 

However, the values of stress predicted by finite element 

analyses are relatively insensitive to the input soil properties, 

whereas the strains and displacements are directly dependent 

on them. Field strains may be measured,  more easily and 

accurately than stresses. Thus if stresses are predicted 

from an analysis with approximate input stress-strain data 

and then combined with measured field strains to give a 
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revised stress-strain curve, this should be nearer to the 

correct one, This revised curve maybe used to predict 

revised stresses, which can be recombined with the measured 

strains to give a further stress-strain curve, and so on, 

Hopefully, the process would iterate towards a unique curve, 

The power of such a technique could only be examined 

by a detailed programme of investigations, involving, perhaps, 

the back analysis of actual finite element solutions, 

Problems could arise in determining Ko, in dealing with large 

principal stress rotations, in determining strength in zones 

of local failure, and in dealing with drained problems in 

which shear and volumetric strains occur "simultaneously and 

in which volumetric strain results in increasing strength and 

stiffness in shear. 	It is doubtful if uniqueness can be 

proved in other than simple cases. It must be mentioned that, 

although the method might be in principle a valid one, it 

might not give good results for real problems in which the 

simple non-linear elastic model used in the analysis does not 

represent the real soil. 

A method of back analysis for undrained shear with 

Ko= 1 based on the above approach would be as follows:- 

a) Assume a linear stress-strain relationship and carry out 

a finite element analysis. 

b) Couple the measured strains, at different loading 'stages, 

with the corresponding stresses obtained in step a, This 

produces a 'deduced curve' at the point considered. 	This 
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coupling should be made for a number of points in the 

domain, the number depending on the variation of stress-

strain properties with depth. From the 'deduced curves' 

at the several points considered, a stress-strain relation-

ship for the domain can be derived. 

c) Using the stress-strain relationship derived in step b, 

carry out a finite element analysis, 

d) The stresses resultimgfrom step c and the field measured 

strains will yield a new stress-strain relationship, as 

described in step b. 

Repeat steps c and d until the stress-strain relationship 

assumed and deduced are near enough for practical purposes. 

Unfortunately, the instrumentation of the Empingham trial 

bank was not designed to determine local strains, but strains 

can be approximately determined for two points near the 

foundation surface where horizontal and vertical instrument 

systems cross,Werneck (1974). As a preliminary investigation 

of the method steps (a) and (b) were carried out using the 

deduced field strains, The deduced curve from one interation 

is compared with the curve for case 3c in figure (6.67). 

The fit is encouragingly good. 

6,4.4.1 The use of systematic back analysis for the 

trial bank - Case 4A. 

A complete systematic back analysis was not possible because: 

(a) There were not enough strain measurements to 
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enable the variation of properties with depth to be 

examined. 

(b) The strain measurements were not precisely made. 

(c) They were not available until a late stage of the work. 

(d) The technique was not developed until a late stage of 

the work. 

Nevertheless, an attempt has been made to improve on the 

prediction made in case 3c, using strain versus fill elevation 

plots prepared byWerneCk(1974) for the two points near the 

stripped foundation level at the two inclinometers. 

Figures (6.68, 6,69) show the stress-strain curves 

constructed from stresses from-  case 3c and the measured strains. 

The constructed curves are stiffer but show a lower strength 

than the original case 3c curves. It was speculated from 

the previous analyses that a general decrease in strength 

would produce much larger deformations (this was confirmed 

in a subsequent analysis, described in Chapter 8) 	It seemed 

probable that the change in strength with depth was probably 

different from the linear distribution assumed, a conclusion 

supported by the differences between the shapes of the 

measured and predicted profiles of deformation with depth. 

Thus case 4a was run using the back analysed stress-

strain curves to 80% of failure but retaining the strength 

distribution as in case 3c, as shown on figure (6.68). 	The 

fill properties were kept as before. 
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A comparison between case 4a, case 3c and the 

measured displacements is shown in figures (6.70, 6.71, 6.72, 

6.73, 6.74, 6.75, 6,76, 6,77, & 6.78). 	Case 4a underpredicts 

near the toe, but gives a better prediction than case 3c 

towards the centre of the bank. At depth, and early in the 

construction sequence,case 4a gave better results than case 3c. 

The other cases involving changing the rate of increase of 

shear strength and stiffness with depth were tried but they 

gave no improvement, and it was thought that the absence of 

adequate strain measurements at depth, which would have 

enabled a systematic back analysis to be performed, made 

further work unrewarding. However, the limited use of the 

technique which was possible using the trial bank data 

suggests that it is worthy of further examination and it is 

discussed further in Chapter 8, 	Its use will require 

revised methods of field instrumentation designed to measure 

local Strains. 

6,4,5 	Modelling of shear unloadin : Case 4au. 

An overall good fit had not yet been obtained, Case 

3c and 4a gave the best fit, Although predictions in both 

cases showed compression near the toe, this was not measured 

in the field. 

The presence of the berm would induce shear unloading 

due to the filling of the middle of the bank (see Chapter 8 

for more discussion). 	Shear unloading will increase the 
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stiffness of the berm and it was thought that reproducing 

this might decrease the compression at the toe. Inspection 

of the development of the shear stress in the berm showed 

some shear unloading, figure (6,79), 	The magnitude of 

unloading is small and also the shear stress level is low. 

Shear unloading was modelled in the Programme as 

described in Chapter 4, and case 4au was carried out, keeping 

all the other variables unchanged, The results are shown 

in figures (6,70, 6,71, 6,72, 6,73, 6,75, 6,77, & 6.78), and 

compared with case 4a and the measured displacement, The 

results show no significant improvement of fit, 

To investigate the differences between cases 4a and 

4au further the horizontal shear strains at foundation level 

and the vertical settlement at the berm level were compared 

in figures (6,80 and 6,81) which shows a slight difference 

in the settlements and a large difference in the horizontal 

shear strains which arises mainly due to a difference in 

principle stress rotation, 

6,4.6 	Shear strength •arameters in terms of effective stress 

As previously described, one of the aims of the 

finite element analysis was to examine if the predictions of 

total stress could be combined with measured pore pressures 

to give an indication of the effective stress shear strength 

parameters c' and 4)', 	The predicted stresses at the 

-piezometers are shown on figure (6,82) for the end of construction 
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when the total stress analysis showed that most of the 

foundation was at or near local failure. The measured pore 

pressures have been used to give the effective stresses, which, 

ideally should define the failure envelope in terms of 

effective stress. The points show considerable scatter 

although on average they define failure within about 15% of 

the values c' = 3 kN/m2, 4'=,  23o found by Maguire (1975) 

for large laboratory samples. 	It is clear that this method 

is ill conditioned as the effective stresses are a small 

difference between large predicted total stresses and large 

measured pore pressures and a small proportionate error in 

either would produce a large error in the average effective 

stress. 	If the errors lie in the total stress predictions 

they could be due to three-dimensional effects in the trial 

bank which could increase the average total stress (and hence 

the pore pressures) without affecting the stress-strain 

behaviour in terms of total stress, 	It is of interest that 

the errors appear to increase away from the toe of the bank, 

as three-dimensional effects might be expected to increase,.  

Errors in the bulk unit weights assumed and in the layer 

simulation techniques used seem less likely causes of error, 

6.4,7 	Inspection of stresses 

The maximum shear stresses for a range of the cases 

considered are represented in figures (6,83, 6.84, 6,85, 6,86, 

6,87, 6.88, 6,89, & 6.90). 	In all the cases a concentration 
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of shear stre.ss.u.nder the slope was observed, 	Figure (6,91) 

shows that the shear stresses are insensitive to the soil 

parameters assumed, 

The over-stressed zone predicted in a linear analysis 

(case 1H) and that predicted by a non-linear analysis (case 

3a) are compared in figures (6,92) and (6,93), 	The local 

failure zone of case 3a, is larger than the over-stress zone 

of case 1H and the shear stresses adjacent to it are higher, 

as should be expected, 

It is of interest to note that a calculation of the 

average factor of safety along the potential slip surfaces 

indicated by the two analyses gives the same answer; and the 

indicated critical surfaces are the same, 

Stress paths for 3 points in the foundation and 2 

points in the fill are represented in figures (6,94, 6,95, 

6,96, & 6,97), for the purpose of inspecting principal stress 

rotation and shear unloading, The principal stress rotation 

in the foundation is small, 	It acheives a value very early 

in the construction and then the principal stress increment 

rotation is negligible, Shear unloading was observed in the 

fill under the berm coupled with larger rotation of principal 

stresses. 

6.4,8 	Vertical Settlements of fill and foundation 

It was explained earlier that comparisons with field 

measurement were made only with horizontal displacements, 
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Nevertheless, it was of interest to inspect the vertical 

settlements for educational reasons and sensitivity studies, 

Vertical settlements at foundation level for cases 

3a, 3b, 3c and 3d after construction stages 3 and 5 are 

shown in figure (6,98), 	The figure shows that for all cases 

considered the vertical settlements lay within a small band, 

It is of interest to note that the range of variation of 

vertical settlement due to the use of different stress-strain 

relationships compared, with a constant Poisson's ratio of 

0.499 is less than that due to a variation in Poisson's ratio 

from 0.48 to 0,49999 with a linear stress-strain relation-

ship as shown previously in figure (6,20) 

The vertical settlements at berm level after 

construction stages 3, 4 and 5 for cases 3a, 3b, 3c and 3d 

are shown in figure (6,99), 	The range of vertical settle- 

ments variation for the cases plotted is only 17% of the 

maximum predicted, To check on the performance of the fill 

behaviour, the vertical settlements of case 3c at a point in 

the middle of the fill was compared with the field settlements 

for construction stages 3, 4 and 5 in figure (6,100) which 

shows excellent agreement, 

6.4.9 	comparison91Ln deduced stress-strain curves 

with those from laborator triaxial tests 

Maguire (1975) has reported the average stress-strain 

curve obtained from undrained slow triaxial tests on 260mm diameter 

specimens of the Empingham foundations clay from a particular 
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depth at which the 'design' strength was 50kN/m2, This curve 

is compared with the back analysed curves for the same 

effective depth as used in cases 3c and 4a, 	Strengths agree 

closely, as do strains at failure, 	The initial stiffness of 

the laboratory curve is less than that of the back analysed 

curves. The underestimate of initial modulus by triaxial 

tests starting from an initial isotropic stress is common 

in soil mechanics, 

6,5 	Conclusion 

A reasonable fit between the measurements of 

horizontal displacement and the finite element predictions 

was obtained by a back analysis process and a good knowledge 

of the operating stress-strain and shear strength parameters 

was obtained, However, prediction gave too much displacement 

at depth and not enough at shallow depth, Inspection of 

field measurements indicated 'failure' occurring at arelatively 

shallow zone, 4-5 metres below stripped ground surface, while 

this was not reproduced by the analysis. 

The reasonable fit obtained and the comparison with 

laboratory stress-strain and strength measurements suggests 

that the coupled use of non-linear stress-strain analysis 

and a good instrumented trial bank could bypass the need for 

an intensive laboratory testing programme, 

The semi-intuitive approach of back analysis by 

successive investigation of variables has shown the following 
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conclusions:- 

1, The results are sensitive to the undrained shear strength 

and Ko 
assumptions, especially at the surface, Hence 

the back analysed 	strength and Ko  are apparantly quite 

reliable for use in the final dam design, 

2. The results are relatively sensitive to the curvature of 

the stress-strain curve and especially the strain at failure, 

3, The results are least sensitive to the fill properties, 

4, Cases 3c and 4a gave a better fit than other cases, 

5, Any further improvement on the fit obtained based on trial 

and error would have been a matter of chance. 

The systematic back analysis method proved to be a 

promising technique, its development needs further research 

and more field strain measurements. 
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CHAPTER 7 

ANALYSIS AND PREDICTION OF EMPINGHAM MAIN 

DAM BEHAVIOUR 

7.1 	Introduction 

The main Empingham dam section was analysed 

immediately after the analyses of the trial bank reached 

the stage represented by Case 3c (Chapter 6), 	At this 

stage it was considered that the existence of an undrained 

strength equal to or in excess of the design strength profile 

had been proved to exist beneath the trial bank, and there 

was insufficient time to refine the analyses further. 	The 

purpose of the analyses was to examine likely stresses and 

deformations which might arise during completion of the 

main dam, to aid the interpretation of the field observations, 

and the analyses were completed about 3 months before 

completion of construction, 	Thus they represent a Class A 

prediction ,Lambe (1973),and they are presented in Section 

7.2 as the original report in which they were presented, 

from which only sections describing the technique of analysis 

have been deleted. 	The analyses cover a typical section 

34m high with sand drains in the foundation, which was 

analysed undrained and with partial drainage simulated in 

the sand drain zone. 	They also cover the North Section 

which represents the highest and most critical section with 

a completely undrained foundation, Since the sand drains 

produced a degree of consolidation in excess of the design 

assumption, it was expected that the North Section would 
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represent the most critical stability case. Although 

they had not apparently played a significant part in the 

performance of the foundation of the trial bank, the presence 

of major shear zones within the foundation was still feared, 

and the North Section was analysed with two such shear 

zones simulated within the foundation. 

The predictions made before the completion of 

construction are compared with the observed field behaviour 

in Section (7.3), and it is found that the observed 

deformations were considerably smaller then those predicted, 

Further post construction analyses of the main embankment 

sections, matching the further analyses of the trial bank 

reported in Section 6.4. of Chapter 6, have been performed 

to see to what extent a better match with the field 

observations can be obtained, The main modifications 

consist of using the stiffer stress strain curve resulting 

from the systematic back analysis of the trial bank , 

in reproducing shear unloading in the embankment fill and 

foundation, and of using a strength profile representing 

the average 'best fit' strength deduced beneath the trial 

bank, rather than the design profile strength, which was a.  

proven lower bound, The additional analyses and the extent 

to which the fit between predicted and observed deformations 

was improved are presented in Section 7.4.3. 
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7.2 	Anal ses before com letion of construction 

taken from the original report. 

7,2.1. 	Soil and structural model  

The soils are assumed to have isotropic properties, 

and the non-linear stress strain properties are assumed to 

be elastic, i.e. the soil is assumed to follow the same 

curve during unloading and reloading. This assumption is 

generally untrue for real soils, which are much stiffer 

during unloading and reloading than in first loading. The 

assumption will lead to error in as far as unloading and 

reloading occurs in the solutions. Unloading may be 

defined as a reduction in principal stress difference. 	Two 

areas in the solutions can be identified where this may 

occur. Firstly, shear unloading will occur in parts of 

the foundation if Ko 1. Fortunately, at Empingham, the 

available evidence sugests that Ko= 1. Shear unloading 

And reloading of the foundation will also occur at an early 

stage of construction beneath the reverse slopes formed 

the inside of the berms when these were higher than the 

central fill. 	These reverse slopes have not been modelled 

in the solutions as the number of elements required would 

have exceeded the capacity of the programme (the total height 

of the dam is modelled in 7 layers). 	It is not thought that 

this omission will significantly influence the predictions 

for the later stages of construction, which are of main 

interest as they can be compared with the field observations. 

Shear unloading may also occur in the fill near the inside of 
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the berms, As the bank reaches berm height, horizontal 

stresses will be less than vertical stresses. As the 

central part of the dam is raised the thrust generated will 

increase the horizontal stresses in the berm fill, while 

the vertical stresses remain substantially constant. 	Thus 

there is a probability of shear unloading. Since in the 

solutions of this stage shear unloading is not reproduced, 

the stiffness of the berm fill during construction of the 

dam centre is likely to have been underestimated. This 

would lead to an overestimate of deformation, as discussed 

in more detail subsequently. 

7,2,2, 	Soil properties used in the solutions.  

7.2.2.1. Undrained saturated clays in the foundation.  

The stress-strain behaviour depends only on the 

principal stress difference. 	In the solution, Aal  on the 

nominated stress-strain curve is taken to be equal to 

a1- a3 figure (3.21. 	The value of Ralf is taken to be 

equal to 2,Cu  and Cu  is assumed to vary with depth according 

to the design profile. The values of the curvature 

parameters a and b defining the shape of the stress strain 

curve are those which gave a reasonable fit to the behaviour 

of the trial bank, Typical stress-strain curves used are 

shown on figure (7.1). At 15m depth a transition to much 

stiffer shaley clay was assumed, This assumption is 

consistent with the performance of the foundation of the 

trial bank, 
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For incompressible, undrained, saturated clay 

Poisson's ratio v = k. 	This value cannot be used in finite 

element solutions, and a value of 0.49 has generally been 

used. 0.48 was used for one run to check the importance 

of this parameter. 

In the weak layers assumed in the one solution of 

the north actual section the undrained strength was assumed 

to be reduced by a factor of 0.6. The stress-strain curves 

assumed are shown on figure (7.2). 

7.2.2.2. Undrained, unsaturated clays as fill,  

All fill materials have been assumed to be partly 

saturated but undrained during construction. For such 

materials the strength and stress strain properties are a 

function of the minor principal stress operating on them. 

This process is modelled by assuming a family of stress-

strain compression curves dependent on a3, The ultimate 

strength for these curves is assumed to vary as determined 

in the previous design tests. Their shape is based on 

compression tests performed on these materials, Typical 

assumptions are shown in figures (7.3, 7.4 and 7.5). 

The method of using these curves is a modification 

of that illustrated on figure (2.2). 	At any stage in the 

solution, values of the minor principal stress and the 

principal stress difference are known for all points in the 

fill. When the next load increment is applied, a first 

solution is made using a curve selected according to the 
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initial value of a3, and a tangent modulus Et from this curve 

equivalent to the initial value of a1- 03. As before, an 

average value of al- a3  is determined; and also an average 

value of a3 for the increment, A new curve appropriate to 

this value of a
3 
is selected, and a new value of Et is found 

equivalent to the average value of al- a3, A second 

solution is obtained using this value. 	The families of 

curves are defined by (1) a constant failure strain, 

(2) a linear variation of strength with a
3
, and (3) a linear 

variation of E. with a3, 

Partly saturated fill is compressible and thus 

a value of Poisson's ratio less than a half and consistent 

with the compressibility of the fill must be used. A value 

of 0.45 has been adopted, based on the results of laboratory 

tests performed during the previous design work. 

The stress-strain properties assumed are consistent 

with the results obtained from the control tests performed 

on the samples of compacted fill as construction has 

proceeded. The Al fill is very heterogeneous and an 

adjustment has been made to allow for the fact that the 

control tests will have been weighted towards the more 

clayey and softer parts of the fill. 

7.2.2.3. Ea/siaayain2s11 !2.121LItflcii the sand drain zone. 
Modelling of the stress-strain behaviour of the clay 

in the sand drain zone presents considerable problems, The 

influence of an independently varying pore pressure cannot 
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be reproduced directly and the solution must be performed 

in terms of total stresses. There is nonuniformity of 

pore pressure around the sand drains, yet the material 

properties must be given average properties. The 

construction occurs in three placing seasons, with shut-down 

seasons between them. Deformations cannot be predicted 

during the shut-down seasons, and the first two construction 

and shut-down seasons must be considered as two stages in 

the construction sequence, rather than four. 

This problem is overcome by giving the soil 'elastic' 

properties which it is estimated will give the same deformat-

ions and stresses after a one step solution as would have 

occurred in the prototype after the construction and shut-

down season. As performed, the analyses assume an 

estimated compression modulus and Poisson's ratio. 

The material assumptions and the method of solution 

interrelate and are summarised on figure (7,6), 	The 

solution involves the selection of equivalent 'partly drained' 

elastic parameters for the first two years combined placing 

and shutdown behaviour, The clay is assumed to be 

undrained during the last placing season. The actual 

material properties assumed are summarised on figures (7.7, 

7.8, and 7,9). 

It may be noted that drainage has two effects. 

Firstly, drainage allows volumetric strains, which increase 

the predicted deformations. 	Secondly, drainage and 
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consolidation make the clay stronger and stiffer in as 

far as shear strains are concerned, this effect reducing 

the predicted deformations. While an allowance for partial 

drainage will increase the overall factor of safety against 

shear failure, the predicted deformations, when compared 

to a completely undrained case, may decrease or increase, 

depending on the relative importance of volumetric strains, 

which increase, and shear strains, which decrease, 	The 

difference between the undrained and partly drained cases 

may be illustrated in terms of the influence of stress 

changes on strains and subsequent material deformation 

properties. 	In the undrained case, strains and material 

properties are wholly dependant on the principal stress 

difference al- 	In In the partly drained case, both the 

strains and the material properties depend on the value of 

the minor principal stress a3 as well as on the principal 

stress difference. 	The effect is illustrated in figure. 

(7.9), where the actual maximum axial strains obtained from 

the solution are compared with the composite compression 

curve in terms of the compression moduli used by the computer 

during the various load increments. The curves differ most 

where drainage has been simulated. During the undrained 

stage the curves still differ, due to (1) the transformation 

from radial stress to plane strain made in the solution, 

(2) the fact that Poisson's ratio is 0,49 and not 0.50, and 

(3) errors due to the failure of the solution to follow the 

specified curve exactly. 
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7,2.3. 	Solutions obtained  

Main Section Half way between centre of valley and end of 

sand drain zone. 	Typical section, height 34m. 

Finite element mesh shown in figure (7,10), 

Solution A 	No sand drains. Poisson's ratio of undrained 

found. = 0,48 

B 	No sand drains. 	Poisson's ratio of undrained 

found. = 0,49 

With sand drains, Poisson's ratio of undrained 

found. = 0.49 

North Section The actual section at Ch.722, just beyond the 

end of the sand drain zone. Height 25m. 

Finite element mesh shown in figure (7.11) 

and figure (7.12). 

Solution D 	Undrained foundation with strength as design 

profile, Poisson's ratio = 0.49, 

Solution E 	Undrained foundation with two weak layers, 

Poisson's ratio = 0,49. 

The deformations and strains predicted are summarised 

on figures (7.13, 7.14, 7.15, 7,16 and 7,17). 	Deformations 

are shown for the surface of the berms, where they may be 

compared with field survey information; for a horizontal 

surface across the centre of the dam, comparable to the 

location on which rod gauge readings will be available and 

along the surface of the foundation. Sample stresses have 

been examined and some are plotted subsequently. 
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7.2,4, 	niscussism, of the results.  

The function of these solutions is considered to 

be twofold. Firstly, the solutions provide insight into 

the behaviour of what is a rather unusual embankment section 

and indicate general mechanisms of behaviour from which the 

limit analysis design calculations, which involve assumed 

mechanisms of behaviour, can be checked, Secondly, the 

prediction of deformation and deformation patterns provide 

a guide to the likely magnitude of the deformations of the 

real embankment and a framework within which field deformation 

observations can be related to stability. 

It may be noted that horizontal deformations only 

are presented and discussed, Vertical deformations may be 

in substantial error, due primarily to the use of a Poisson's 

ratio less than 0.5, which will allow volume changes and 

spurious vertical settlements, as discussed in Chapter 6 

in detail. 

7.2.4.1. Main Section 

The two solutions A and B allow the effect of the 

necessary assumption of a Poisson's ratio less than 0.5 for 

the saturated, undrained clay foundation to be assessed. 

The deformations predicted from solution B are typically 10% 

less than those of solution A and it can be concluded that 

a Poisson's ratio of 0.5 would give a further reduction in 

predicted deformation of the order of 10%. 	It may be noted 

that the effect of a small error in Poisson's ratio is 
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greatest when a3  is large and al  - a3  is relatively small, 

as is the case with a flat embankment section such as 

Empingham. 	Solution B, figure (7.14), Drawing 2, shows 

that the embankment would have been stable without sand 

drains. However, the plot of shear stress along the top of 

the foundation figure (7.18) shows that there would have been 

yield under the whole of the centre of the dam and the 

factor of safety would have been relatively low. This 

solution shows that the sand drains have been installed in 

exactly the right zone, where they occupy the zone of yield. 

The deformations predicted with the presence of 

sand drains (solution C) are shown on figure (7.15) Drawing 3. 

The deformations are less than those predicted without sand 

drains. Those on the upstream side are reduced by 25% 

whereas those on the downstream side are reduced by 50%. 

This is consistent with the finding of the limit analyses, 

which showed that with the final revised design assumptions, 

the thrust on the upstream berm, which controls the 

deformations of it, is controlled by the thrust of the 

sloping core rather than by the centre of the dam. The thrust 

of the core is not influenced by the presence of the sand 

drains. 	The deformation pattern is one of 'contained' 

plasticity, with measurable deformations spreading out to 

about 120m from the dam centre line. 

The shear stresses along the top of the foundation 

are shown on figure (7.18). 	Comparison with the stresses 
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from solution B shows an interesting and consistent effect. 

Solution B shows a value of Tmax 
near yield right across 

the dam centre, The value of the horizontal shear stress 

T decreases to zero at the dam centre, as it must where 
xz 
the horizontal displacements are zero. 	Solution C shows a 

much higher value of Tmax  in the sand drain zone, even before 

the dam centre has been raised above berm level. This 

arises from the simulated effect of consolidation. With 

Poisson's ratio less than 0.5, vertical loading produces a 

stress difference, e,g, 

V 
T
max 

= ( 1 - 1-v  ) av/2 

The plot of 	shows that the horizontal shear 

stress on the foundation is consistent with the displacements. 

Solution C shows slightly lower values beneath the berms 

and rather larger values beneath the dam centre, giving a 

totalpobilised horizontal force rather greater than 

solution B. 	This is consistent with the smaller strains 

predicted in the dam centre for solution C, which imply a 

larger active pressure exerted on the dam shoulders and 

a higher factor of safety. 

7.2.'4.2,, North Section 

This section has been given more detailed 

consideration, as preliminary limit analyses have indicated 

that it is the more critical stability case. 	The displace- 

ments predicted from solution D, which has a foundation with 
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an undrained shear strength equivalent to the standard 

design assumption, are shown on figure (7.16) (Drawing 4). 

The displacement is again one of 'contained' yield. 

Measurable displacements (of the order of 50mm) extend about 

110m on both sides of the centre line. The downstream 

displacements are greater than the upstream ones. 

Shear stresses on horizontal planes 1.06 and 

9.6m below the surface of the foundation clay are shown on 

figure (7.19). 	The foundation is close to yield near the 

surface (where local consolidation may make the design 

assumptions conservative). The proportion of the strength 

mobilised decreases with depth, which confirms the previous 

findings from the limit analyses, These stress distributions 

show the embankment section to be well proportioned, with 

no zones of complete yield in the foundation. They also 

indicate that there is an adequate factor of safety in the 

foundation. Stresses in the embankment fill have not yet 

been examined. 

Since the foundation is undrained, it is possible 

to predict pore pressures at the piezometers in this section 

from the predicted stress changes, and thus to compare 

these with the measured pore pressures. 	These predictions 

are shown on figures (7.20, 7,21, 7.22, 7.23, & 7.24) for 

piezometers N,F,2, 5, 8, 11, & 14, 	Stresses are taken 

for the nearest Gauss points and the measured piezometric 

elevation is assumed to apply to these points. 	The pore 
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pressures are predicted using a value of the Pore Pressure 

Coefficient B=1, and A=0 & 1/2. 

Solution E is for the north section with two weak 

layers introduced into the foundation. 	The layers are 0,5m 

thick and their strength has been reduced by a factor of 

0,6. 	It should be noted that the strength within these 

layers is isotropic, and they are not the equivalent of 

shear planes, which would have a reduced strength only with 

a horizontal component of shear stress. 	However, it is 

-considered that their overall effect on the deformation 

and stress pattern would be similar to that of shear planes. 

The purpose of this analysis is to indicate what effect 

such planes might have and how best their presence could be 

detected from the field observations. 

The predicted deformations are shown on figure 

(7.17) (Drawing 5). 	It can be noted first that their 

influence is to increase deformations by only about 30%, 

which is less than the overall accuracy of the solutions. 

Thus general deformations are an inadequate guide to the 

presence of such zones. 	The shear stresses developed in 

this solution are summarised on figures (7.25 & 7.26). 

Shear stresses near the foundation surface are similar to 

those found in solution D, figure (7.19). 	The stress 

distributions at depth show that yield has occured in both 

layers. 	Yield in the upper layer is extensive and symmetric 

`about the centre line. 	Yield in the lower layer 
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is less on the upstream side. Stresses in the dam fill 

have not been checked in detail, but an adequate factor of 

safety against complete failure seems to exist, even with 

the weak layers in the foundation, 

The reason for the similarity in the displacements 

predicted by solutions D and E may be deduced. Figure 

(7.27) shows stresses and displacements on a typical vertical 

section through the foundation. The stresses from solution 

E are slightly lower. The shear stresses in solution E 

are restricted by the yield stresses in the weak layers. 

While there are large relative displacements along the weak 

layers in solution E, the restriction of the shear stress 

means that strains in the clay on either side of the weak 

layers are less than those from solution D. Thus solution 

E shows increased displacements due to large strains in the 

weak layers but reduced strains and displacements in the 

remainder of the foundation. Overall displacements are 

not increased by the total relative displacements along the 

weak layers. 	The numerical values from figure (7.27) are:- 

Solution D Solution E 

Cumulative displacement in clay 

on either side of weak layers, 	225 mm 
	

181 mm 

Cumulative displacement in weak layers. 	10 mm 
	

117 mm 

Total surface displacement. 	235 mm 
	298 mm 

The increase in overall surface displacement is about 60% 

of the increase in displacement in the weak layers. Thus an 
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increase in overall displacement is ill-conditioned as a 

means of detecting the presence of weak layers. 

Figure (7.26) shows shear stresses and relative 

displacements along the upper weak layer. As might be 

expected, relative displacements are a function of 

horizontal shear stress, not maximum shear stress. Relative 

displacements would be readily measurable by an inclinometer 

tube over a length slightly less than that over which yield 

has been reached. 	From figure (7,26), this would be out 

to a distance of approximately 80m from the centre line. 

Once significant relative displacement has occured at a 

point, it increases rapidly with increasing fill height, 

Thus it may be concluded that the presence of critical 

continuous weak layers could be detected most readily by 
• 

rapidly increasing. 'kinks' in inclinometer tubes located 

within about 80m from the dam centre line. It is probable 

that relative displacements could propagate further than 

this before instability ensued, 

7.2.4.3. General pattern of movements 

It is convenient to consider the rate at which 

movements develope with increasing height of the dam, 

Deformations for typical points are plotted on figures (7.28, 

7.29, 7.30, & 7,31). 	They show that for solutions A-D 

the rate of increase of deformation with increasing fill 

height reduces slightly during the final stages of construction. 
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Solution E, which is for the foundation containing weak 

layers, shows- a slight increase in deformation rate with 

increasing fill height during the final construction stages. 

It may be concluded tentatively that field results which 

show an increase in deformation with fill height during the 

final construction stages show either a safety factor less 

than those consistent with the design assumptions and/or the 

presence of weak layers. Such observations would not 

necessarily be immediately crucial as the embankment 

sections have relatively high factors of safety if the 

design assumptions are correct. 

7.2.4.4. Possible errors in the solutions.  

Errors may arise due to incorrect assumptions of 

material properties and due to approximations and over 

simplifications in the method of solution. Many of the 

soil stress-strain properties assumed are based on limited 

evidence, and the conversion of compression test results to 

predict plane strain behaviour via the equations of 

isotropic elasticity used in the programme presents a 

further uncertainty. While the properties were selected 

to give a best estimate of deformations, it is thought that 

there is some element of conservatism in these assumptions. 

As discussed previously, the programme requirement 

for a Poisson's ratio marginally less than a half may have 

caused an overestimate of the deformations of the undrained 

saturated clay of the order of 10%, 
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The modelling of the stress-strain behaviour of the 

partly drained clay in the sand drain zone of solution C 

is subject to major uncertainties which are likely to be 

reflected in the accuracy of the deformation predictions. 

The most probable source of major error in the 

formulation and solution techniques is thought to be due 

to the absence of modelling unloading in the berm fill. 	The 

final design prepared in 1973 included a thickening of the 

berm fill at the inside of the berms to take advantage of 

shear unloading and to make the berms behave more like 

rigid plates. The more rigid their behaviour during the 

final stages of construction, the more uniformly the 

foundation beneath the berms will be stressed and the 

greater the passive resistance which can be mobilised for 

a given displacement at the toe of the upper slope will become. 

The effect of shear unloading is illustrated on 

figure (7.32), which shows the stresses predicted by 

solution D at a Gauss point within the upstream berm fill. 

During the later stages of construction, there is a 

reduction in maximum shear stress, and a3  increases more 

than a1. The effect is more marked if horizontal and 

vertical stresses are considered, The horizontal normal 

stress increases until it is only slightly less than the 

vertical. 	It may be noted that the final limit analyses 

were adjusted to give a final horizontal stress which should 

have exceeded the vertical stress by 20kN/m2 on average. 
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The inclusionofashear unloading model in the 

solutions requires a further development of the programme. 

The magnitude of its effect on the deformations predicted 

cannot be assessed, but the effect can be deduced on a 

qualitative basis. 

The shear stresses in the berm fill are a long way 

from failure and thus the berm fill is operating on the 

stiffest part of its first loading stress-strain curve. 

However, the deformations show that the berm is far from 

operating as a 'stiff plate', An unloading characteristic 

equivalent to an infinite compression modulus would give 

'stiff plate° behaviour, with uniform displacement along the 

base of the berm, 	The effect of stiffer berm fill can be 

assessed as follows:- 

The berms will behave more like rigid plates, and 

displacements along the berm will be more uniform. The 

more stiff the fill, the larger the passive resistance 

which can be mobilised for the same displacement at the 

inside of the berm. Thus the displacements at the inside 

of the berm will be reduced, This reduction will imply 

lower strains in the centre of the dam, and a larger active 

thrust generated, This in turn will require a higher 

passive berm resistance and larger berm displacements, and 

it will partly compensate for the increase in berm stiffness. 

The effect of berm stiffness is likely to become 

apparent from the field survey measurements. If the decay 
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of displacement with distance from the centre line is less 

than that predicted it can be inferred that this is due to 

berm stiffness. 	If this effect is significant, the results 

can be reassessed, 	It is possible to make a preliminary 

reassessment by inspection. The results show that 

deformation of the foundation surface is generally a function 

of the horizontal shear stress operating on the foundation, 

and that the deformation is also a function of the 

proportion of the foundation strength which has been mobilised, 

Thus, for each of the sections analysed we can identify a 

2 
section through the foundation where a maximum of .7.- of the 

foundation strength has been mobilised, The deformation of 

the foundation at the top of the section can therefore be 

identified with a factor of safety of 1,5 in the clay 

beneath. 	If, as a limiting case, the berm behaves as an 

infinitely stiff plate, the displacements along its base 

would be uniform. If these displacements are the same as 

the value for the surface where F= 1.5, then the overall 

factor of safety against failure beneath the berm would be 

1.5. Thus the values of foundation surface deformation 

identified above are lower bound values for the permissible 

deformations for a factor of safety of 1.5 beneath the berms 

if the berms behave as rigid plates. These values are:- 

Main section with sand drains 	70mm 

North section without weak layers 	80mm 

If the field measurements show rigid berm behaviour, these 
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values may be used immediately to assess whether the 

deformations are acceptable. 

7.2.4.5. Summary 

1) The analyses confirm that both sections have an 

ample stability reserve assuming soil properties previously 

used in the limit analyses. 

2) The North section remains quite stable even if weak 

zones are introduced into the foundation with strengths 

reduced by a factor of 0.6. 

3) Deformations equivalent to those which are being 

measured are predicted, for completion of the dam centre. 

They are probably overestimates. 

4) The analyses indicate that the increase in horizontal 

displacement fill height reduces towards the end of 

construction unless weak layers are present. An acceleration 

of deformation with increasing fill height may therefore 

be used as an indicator of potentially dangerous behaviour. 

5) The presence of weak layers may not lead to a 

detectable increase in overall deformations. 	The presence 

of critical weak layers should be detected by inclinometers 

within the distances specified, and will be indicated by 

discontinuities which rapidly increase with increasing fill 

height. Discontinuities which develop and then stop may 

indicate a local discontinuity rather than a general 

failure plane. 
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5) 	The most probable error in the analyses is due 

to the absence ofashear unloading model in the berm fill. 

The berms may behave in a more rigid manner than has been 

predicted, This should be detectable from the survey 

measurements. Lower bound values for acceptable 

deformations for rigid berm behaviour are suggested. The 

significance of this shortcoming in the analyses, and the 

implications concerning stability, can be assessed from 

the continuing field observations. 

7.3 	Comparison with field observation 

The field measurements available for comparison 

with predictions are 

a. Horizontal movements 

North Section: Observations from a three point wire 

extensometer (shown in figure (7.16)) are available. 	The 

absolute movements of the extensometer datum are not currently 

available. 

Main Section: Horizontal movements are available from two 

inclinometers in the berms (shown in figure (7.15)). 	Wire 

extensometers at these locations showed very small deformations 

and have not been used for comparison. 	The displacements 

indicated by the inclinometers at foundation level and at 

the surface of the dam have used. 

b. Pore water pressure  

North section: Piezometer records are available from 15 



185 

piezometers in the undrained foundation. Five of these, 

located as shown in figure (7.16), have been used for 

comparison of measured pore water pressures with those 

predicted from total stresses. 

c. Comparison with measured displacements 

The comparison between predicted and measured displacements 

for the North section is shown in figures (7.33 + 7.34) in 

the form of relative displacements between the points 1-2, 

2-3 and 3-4 of the extensometer versus fill height. The 

prediction was taken from solution D, i.e. that without the 

assumption of weak layers. The pattern of movements for the 

3 points were similar, but the magnitude of prediction 

were 3 times that measured for interval 1-3 and 3 times for 

the interval 3-4. The error was nearly constant over the 

development of the fill height and no increase in the rate of 

movement was predicted when end of construction was approached 

which confirms the stress predictions of figure (7.19)and which 

indicate that no zone of local failure occured. Improvement 

of this fit might be obtained by the over-all stiffening 

of the stress-strain curve and there is no reason to suggest 

that the shear strength should be modified from that of the 

design profile. 

The comparisonsfor the main section are shown in 

figures (7.35 + 7.36) in the form of absolute displacements 

versus fill height. The patterns for predictions and 

measurements are essentially different, although the final 

predicted and measured values are very close for the 4 points 

considered. The measured horizontal displacements for the 
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4 points showed a low rate of increase of displacements in 

the early stages of construction followed by a distinct 

increase in the rate of movements at about construction stage 
number 9. However, the predictions showed opposite patterns 

of behaviour having a large rate of increase at the early 

stages of construction followed, smoothly, by a small rate 

of movement at the end -of construction. 	Thus, the two 

patterns indicate different mechanisms; predictions give a 

decaying mechanism while field measurements give an 

accelerating one. 

The undrained factor of safety,based on the design 

strength profile, for end of construction case, and the 

stress predictions shown in figure (7.18) do not suggest 

that the accelerating mechanism was due to imminent shear 

failure, and the difference between the two mechanisms 

indicates a basic error in the predictions: 

a),If predicted movements for solutions D & E of the North 

section (i.e. with and without weak layers) are compared, 

figure (7.37), it is seen that the weak layers produce an 

accelerating mechanism of the same type as that displayed 

by the field measurements. This is an interesting and 

important observation. It may beinferred that the existence 

of a strength discontinuity localizes the strain and causes 

the bulk accelerating behaviour. Modelling this mechanism 

implies dealing with a discontinuity in strength leading 

to geometrical discontinuity. 	Since most natural soil will 

contain slightly weak zones this mechanism may control 
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deformation once local failure has occured,and failure to 

model it may prevent accurate deformation predictions from 

being made. This point requires further research. 

b) Creep movement was observed after the end of construction 

and movements nearly doubled after completion of loading. 

It can be assumed that some part of the displacement recorded 

for the last stages of construction is due to creep movement. 

Improvements to the fit of the main section might 

be obtained as follows:- 

i) Using a stiffer stress-strain curve to overcome the 

high rate of movement predicted at the start of construction. 

ii) To eliminate the creep movement or to incorporate a 

creep model. 

iii) To model a strength discontinuity in the foundation soil, 

c) Comparison of predicted and measured pore pressures. 

As mentioned in section 7.24.2, the predicted pore 

water pressure are compared with measured values in figures 

(7.20, 7.21, 7.22, 7.23 & 7.24) and a plot of total and 

effective stress at failure is shown in figure (7.38). 

value of mobilized friction angle was calculated from the 

total pressures and pore water pressure. 	The results 

are reasonable and indicate stability. However, these 

plots should only be considered as a check on the consistency 

of the field observations of pore pressure with the solution, 

as:- 
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Values of  Imaxf 
C

u 

A' 0

mob. 

and 0 are not necessarily 

consistent. Pore pressures predicted are very sensitive 

to values of a3. 

1 

0 mob.  is very sensitive to a3 and pore pressure. 

The plots indicate that only piezometers NF8 & 11 showed 

significant further rises during completion of the dam, but 

that creep was accompanied by increases in pore pressure, 

It should be noted that plots of this type were an unsatisfactory 

method of explaining the pore pressure observations beneath 

the trial bank. It is thought that this may have been due 

to three-dimensional effects, which may have caused 

discrepancies between the true and predicted average stresses, 

which control the pore pressures, while the true and predicted 

shear stresses, which control the horizontal displacements, 

may have been equivalent. 

The results confirm that the north section had an 

ample reserve of stability if the foundation strength is 

equivalent to the design assumption, which reinforces the 

view that the accelerating behaviour of the North section 

was not due to under-estimation of the bulk shear strength 

but due to a shear strength discontinuity, 

7.4 	 Analyses 	 ti on of the trial  

back analysis. 

7.4.1 	Solutions obtained 

Following the improvement in the fit obtained in the 
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trial bank due to the use of the systematic back analysis 

(cases 4a and 4au), further predictions of the main 

embankment behaviour have been made, incorporating the 

stiffer stress-strain curves from analysis 4a and shear 

unloading. The predictions, were:- 

North section: Cases  analysed are 

Fl stress-strain curve and strength as case 

4au (modelling of shear unloading with E.= 1 Eunloading)  

F2 As case Fl but no modeiUmg of shear unloading. 

F3 As case Fl but with E 	= 5 unloading 	Ei, 

F4 As case F3 but CuF4 = CuF3 + 5 KN/M
2 

Main section : Cases analysed are 

F5 As case F4. 

The displacements and strains from these solutions 

are shown on figures (7.39, 7,40, 7.41, 7.42 & 7.43). 

7.4.2. 	Comparison with field observation:- 

a) 	N. Section 

• The introduction of a stiffer stress-strain curve and 

shear unloading reduces the deformations generally, and 

produces a better fit to the measured relative displacements. 

However, the'spread' of points 1-2 is still overestimated and 

it is predicted to occur at a lower fill height. 

b) 	Main Section. 

The introduction of a stiffer first loading curve and 

shear unloading substantially decreases the predicted 



190 

displacements (by about II) and the predicted values at the 

end of construction are substantially less than those 

measured. The shape of the predicted displacement/fill 

height curves remains the same and shows the same major 

difference from the shape of the measured displacement curve. 

It may be noted that the rod gauges in the main sections 

showed movements much smaller than the inclinometers and 

less than those predicted by the 'improved' analysis. 

7.5 	General Conclusion 

Both the initial analyses and the 'improved' analysis 

give a poor prediction of the measured field deformations, 

While the accuracy of these measurements is difficult to 

assess, the poor prediction must be considered mainly a 

failure of the predictive approach. Possible reasons have 

been summarised in section 7.3. The main causes may be 

creep; the development of discontinuities during failure, 

and failure strain. 

(a) Creep appears unlikely to be a main cause of the 

discrepancy, as the stress-strain data used, which was 

derived from the trial bank, was obtained for similar loading 

times, 

(b) Shear discontinuities. 	The solutions of the North 

Sections with simulated weak layers, along which discontinuities 

developed, showed a very substantial difference in deformation 

pattern from the solutions with a strength varying smoothly 
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with depth. The inclinometers (both in the trial bank 

and the main dam) tended to show the development of shear in 

relatively narrow zones, whereas the solutions show more 

uniform strain. 	It seems possible that the failure of the 

analyses to reproduce the deformation pattern is due primarily 

to the failure to model the formation of local shear 

discontinuities. However, the predicted stresses show that 

local failure should not have occured, and thus this 

argument is not consistent. 

(c) 	Failure strain, 	Reexamination of the trial bank 

analyses shows that the bi-linear solution (case 2a) 

exhibited a displacement height characteristic more like 

the observed behaviour of the main dam. A smaller strain 

at failure, associated with the formation of shear 

discontinuities at shear stresses a little less than the 

average value, might more nearly represent the mechanism 

of local failure, and might change the stress pattern 

predicted for the main dam. This mechanism clearly requires 

further examination. 	However, it is difficult to see how 

it can be modelled by a continuum technique of analysis. 

If this mechanism can be demonstrated it may imply a 

limitation to the use of finite elements to predict 

deformation patterns in clays exhibiting it, at stresses 

greater than those causing local contained failure. 

The analyses gave a valuable insight into the 

mechanisms of failure of the embankment, particularly when 
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the stresses and stress changes were studied and they are 

of great value in planning the location of instrumentations. 

The relative failure of the predictions of displacement and 

displacement pattern, particularly of the main dam, to agree 

with those observed shows that the overall approach was of 

much more limited value as a method of assisting in the 

interpretation of field observations of displacements and 

in particular, of relating deformation to stability. 	Thus 

the main (and very important) practical contribution of the 

analyses lay in the proving of the existence of the design 

strength beneath the trial bank without the need for 

failing it. 
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CHAPTER 8 

FINAL REVIEW OF ENGINEERING ANALYSIS OF 

EMBANKMENT DAMS 

8.1 	Introduction 

In this chapter the current design procedure for 

embankment dams is examined with a view to highlighting those 

steps in the procedure in which finite element analysis 

may have an important role. The benefits of employing 

this method of analysis are discussed together with the 

problems encountered and the decisions to be made in its 

application when attempting to simulate real soil behaviour, 

and the construction sequence. 

The designation "embankment dams" includes earth, 

earth-rock fill and rock fill dams and their foundations. 

An earth dam could be either "homogeneous" or "zoned" and 

in either type the difference between fill and foundation 

strengths could vary considerably. An earth-rock fill dam 

could have either a central or an inclined impervious clay 

core while a rock fill dam may include a concrete or asphalt 

slab resting on the upstream slope to act as the impervious 

membrane. 

An embankment dam is subject during its life to the 

following loading conditions:- 

1. During construction the dam is subject mainly 

to gravity loading due to its own weight. The 

fill is placed in layers of finite thickness which 

are compacted, The subsequent behaviour of the 
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material is influenced by the compaction effect, 

the conditions of placement and the duration of 

the construction period. 

II During operation the dam is subject to several 

events, the timing of which vary and may overlap. 

One or more of the following events happen, possibly 

simultaneously:- 

a) First impounding: the reservoir water level 

rises to its final height over a varying period 

of time, introducing an upstream water loading, 

seepage forces (the effect of which depend on 

the coefficient of permeability of the upstream 

slope of the dam), and saturation or wetting of 

the upstream rock fill shell (which produces 

changes in volume and material properties and an 

unknown redistribution of the stress field),. 

b) Equilibration of pore water pressure: this 

process starts when the reservoir is filled and 

continues until the water flow establishes a 

steady state between upstream and downstream 

water levels; the process may take centuries 

in the case of clay dams, Vaughan& Wqlbancke (1973). 

c) Drawdown: the reservoir water level may fall 

at any time after first impounding. 	If the 

dam is a partofapower generation scheme, rapid 

drawdown and refilling may occur very frequently. 
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An ideal analysis should aimulate each of these 

physical events as a continuous and correctly-timed process 

and should predict the changing stresses, strains, pore 

pressures, and general behaviour of all parts of a dam. 

This analysis should be able to deal with the available 

engineering data and assumptions, and from its results the 

designer should be able to judge whether his design criteria 

have been met. Such an analysis would be immensely complex, 

even if it could ever be achieved. Thus it is more 

realistic at this stage to consider and attempt "partial 

analyses" which are relevant to particular phases of 

embankment performance and to see whether useful results 

can be obtained. 	Only the construction phase will be 

discussed in this Chapter; the author did not examine 

other phases during the course of research and there is very 

little literature on the subject to review. 

8.2 	The design criteria and procedure 

The function of a dam, namely the retention 

of water with acceptable leakage and without shear failure or 

sliding, leads to the three following design criteria:- 

a) 	Stability; The design analysis should ensure an 

adequate reserve against shear failure or sliding 

during construction and operation, taking account of 

possible fluctuations in reservoir water level and 

the effect of earthquakes, where these pose a threat. 

Stability is often determined by the foundation 
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properties because the fill can be placed under 

conditions which can be controlled and which lead to 

it having desired properties. 

b) Acceptable deformations: Deformations may become 

unacceptable without shear failure occurring. 	This 

is not usually a limiting condition but the design 

should ensure that free board remains adequate during 

operation and that no damage occurs to associated 

more rigid structures such as culverts, tunnels, 

draw-offs, access bridges, etc. 	Differential 

settlement along the crest of the dam and long term 

movements due to creep should also be acceptable. 

c) Water tightness and internal and external erosion: 

The correct selection and zoning of materials, 

according to their permeability and the proper design 

of filter transitions, drains, cut-offs and blankets 

should ensure a self-sealing dam, free from internal 

and external erosion. The design must be able to 

predict where areas of tensile stress zones or steep 

stress gradients develop since these could result in 

the formation of cracks, either due to gravity loading 

during construction or by water loading or by 

reservoir seepage pressures. Moreover, cracks due to 

earthquake movements must be avoided. 

The designer's task is to satisfy these criteria by 
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selecting the optimum dam shape and internal configuration 

(including drainage and protection measures) taking 

account of 

a) The mechanical and consolidation properties of the 

foundation. 

b) The available construction materials (and their properties) 

on and within reasonable reach of the site. 

c) The geometry of the site and proposed dam height. 

d) The required Factor of Safety against failure (which 

should include allowances for the uncertainties in the 

design and future events). 

He must, in addition, recommend an instrumentation layout 

and a framework for monitoring and analysing the field data 

to check that the dam's performance is satisfactory during 

construction and operation. 

The conventional design procedure for different 

dam types has been covered comprehensively by Vaughan (1974). 

The first step in the design procedure is to decide on a 

trial "shape" for the dam, and then to analyse that shape 

and determine whether it will satisfy the design criteria, 

Determining the optimum slopes of the dam involves trial 

and error using limit equilibrium methods '(such as stability 

coefficients and/or simple multi-wedge techniques) in which 

the assumed shear strengths are less than the available 

shear strengths of the various materials. The reduction 

in shear strength can be based on an average 'Factor of 
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Safety' or an assessment of acceptable average strain. 

The approximate form of the consolidation equation, 

i.e. based on Terzaghi's one-dimensional theory, and Laplace's 

seepage equation are employed to predict pore water pressures 

during construction and operation; these are used in the 

effective stress stability calculations. 	Simplified 

elasticity and plasticity solutions, Bishop (1952), are 

used to predict stresses which give guidance on such things 

as the pressure exerted by the core on the shoulders. 

This conventional design procedure must rely 

heavily on experience (including information from case 

histories), intuition and engineering judgement when answering 

such questions as:- 

a) Where is the best place for the core and what should be 

the optimum ratio of shoulder to core moduli to 

minimize arching and potential areas of cracking? 

What is the best distribution of different fill materials 

in the cross-section to give a more even distribution 

of shear stresses in the foundation? 

c) Does the construction require the use of sand drains or 

drainage blankets, and if so, where is the optimum 

place and how many are required? 

d) What are the stress paths followed by soil elements 

within the dam and how do they differ from the stress 

paths followed in the laboratory tests? 	(From such 
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a comparison it may be possible to specify more 

appropriate tests which could yield more realistic 

parameters), 

e) What are the measurements that should be obtained 

when monitoring the performance of the dam? Where 

should the instruments be placed to record the dam's 

characteristic behaviour and how should these field 

results be analysed? 

8.3 	The advantages and the role of the finite element 

method in design 

By adding finite element analysis to his design 

procedure, the designer is far better placed to answer the 

questions listed above, since the method has the following 

important advantages over conventional procedures:- 

a) 	In limit equilibrium methods a mechanism of behaviour 

at failure must be assumed and a backward analysis is 

followed while in finite element analysis the behaviour 

under working loads (and beyond, if required) is 

developed from the input information of material 

properties and geometry. The method is thus a forward 

analysis and this feature is of importance, particularly 

in the case of zoned dams where mobilization of strength 

in each material is difficult to assess, which means 

that the mechanism assumed for limit equilibrium could 

be very approximate. 
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b) Realistic stress-strain properties and boundary 

conditions can be handled, and stresses, strains and 

displacements are readily produced throughout the 

structure. 

c) Consolidation and Seepage theory could be modelled in a 

more realistic manner (i.e. less approximation) and 

the coupled consolidation equations are currently 

under active research. 

Simple finite element analyses of the trial cross-

sections can be used at an early stage of the design to 

amplify the consequences of alternative design assumptions 

(including the type of dam). 	The method may be particularly 

useful in the design of dams which are to be raised after 

sometime in operation. 

At the construction and operation stages the method 

of analysis may be used to check the performance of the dam 

in the light of changed circumstances revealed during 

construction, and field measurements of the actual behaviour 

of the dam, 	Thus the new concept of'design as you build' 

is best supported. 

The potential of the finite element method to 

"forward predict" unacceptable events from field observations 

is of particular importance. 	This is carried out by 

comparing measured and predicted values up to the current 

stage of construction and then extrapolating to forward 
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predict the behaviour during the next stage. An example 

of a forward prediction, in this case the pore water 

pressures under Empingham Main Dam, has been given by 

Vaughan (1975). 

An important additional benefit of the method of 

analysis is the coupled use of a well-instrumented trial 

bank and a sound non-linear finite element programme. 	This 

is a relatively new technique which can be used to provide 

the strength and stress-strain properties of a foundation 

whose properties are not easily obtained in either laboratory 

or conventional in situ tests. A systematic back analysis 

technique is suggested and has been used during the course 

of this research (Chapter 6). 	The purpose of this technique 

is to deduce the in situ stress-strain curve using the 

measured principal strains and the calculated stresses in 

a non-linear finite element analysis. 	Its success arises 

from the finding that the stresses are relatively insensitive 

to stress-strain non-linearity. This is demonstrated in 

Figure (6.91) which shows that for three different stress-

strain relationships, the maximum shear stresses do not vary 

appreciably. The method is an iterative one, but the process 

should succeed in two to three iterations provided that 

there are no abrupt changes in the strength and deformation 

properties. A summary of the steps in the method has been 

presented in Chapter 6. 

Unfortunately field measurements of strains have 
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not received the attention they deserve. The value of the 

strain at a point provides more information than the value 

of displacements at a point. The strains can be related 

directly to stresses, but displacements cannot and it is the 

stresses which are of importance. Examination of a strain 

field provides immediately a better understanding of the 

behaviour than examination of a displacement field; thus 

areas of alarming volume change, passive, active and at rest 

conditions can be distinguished. 

Finally, the finite element method is a good tool 

for parametric studies. The number of material parameters 

involved in the analysis of a dam is large and thus 

knowledge of the relative importance of these parameters 

is helpful. 	For a particular stage, some parameters are 

of greater importance than others, and finite element 

analysis will indicate which are the important ones. 

8,4 	Partial Analyses 

Selection of material parameters is, of course, 

all-important when carrying out finite element analyses. 

Since soil behaviour is controlled by effective stresses 

these parameters should be in terms of effective stresses. 

However, when pore pressure and hence effective stress 

changes are a function of total stress changes only and not 

of consolidation or drainage, then total stress parameters 

can be used, (see Chapter 3). 
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As mentioned in the introduction to this chapter, 

partial step-by-step analysis rather than complete analysis 

of the dam's construction and operation phases is more 

feasible now (1975). 	In principle a step-by-step analysis 

of sufficient complexity should predict the complete 

behaviour of the dam. However, it is worth emphasising that 

increased complexity does not necessarily lead to results 

which are closer to the true solution. Also, over-simplified 

analysis may mislead. For every case, there must be 

'critical' upper and lower limits of simplicity within which 

'good' results should be obtained. 	These limits are 

obtained from experience with the method and understanding 

of the mechanism of the problem and the behaviour of the 

material. 

In the remaining sections of this Chapter, the 

factors involved in partial analyses of construction stage 

are discussed and the relative importance of input data is 

assessed. 	Some analyses from the literature and from the 

author's work are presented in order to demonstrate the 

applicability of the finite element method in this field. 

8.5 	Analysis of construction phase 

Most of the finite element analyses of embankment 

dams reported so far were carried out to simulate the events 

of the construction phase; the literature is rich with 

analysis of actual dams (about 40 in number) and these have 

been recently tabulated by Duncan (1974) and Eisenstein 

(1974). 	Most of the non-linear analyses used Kondner's 
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(1963) hyperbolic function to describe the non-linearity 

of the stress-strain curve and Janbu's (1963) exponential 

function to describe the dependency of the deformation 

modulus on the confining pressure, i.e. the family of stress- 

strain curves. 	However, the stress increments were related 

to the strain increment via the set of elastic equations as 

discussed in Chapter 3. The soil data was that of either 

conventional triaxial or oedometer tests, thus the stress 

path effects on the behaviour were not simulated. 

Unfortunately, none of these analyses was employed 

as a design tool, nor forward predicted events for adding 

information to the design of dams under construction 

(i.e. none fell into Lambe's (1973) Class A predictions). 

The main use of the finite element method has been to 

compare actual measurements at existing dams with finite 

element predicted values of certain functions, such as 

stresses, strains and movements, 	The majority of the 

comparisons were with measured movements at certain points, 

especially vertical, rather than with patterns of behaviour. 

Little information has been given about stress prediction, 

except when comparison was made between tensile areas 

indicated by analysis and areas of cracks observed in the 

dam. Displays of the complete results are not found in the 

literature which is unfortunate since the educational value 

of these could be considerable. 

Little can be gained, with respect to improvements 
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in design from those previous analyses apart from the fact 

that the finite element method can predict behaviour, the 

accuracy of such predictions depending on the quality of 

the input data. A design procedure which utilizes the great 

potential of the finite element method and which is an 

improvement on the current one has not been demonstrated yet. 

The objective should be to use the finite element 

method as 'predictor-director' in a systematic design 

procedure. A 'predictor-director' approach is one in which 

the designer is able to use the predictions from an analysis 

to direct subsequent design analyses or processes. 	This is 

in contrast with the simple analysis which does not form 

part of a series of inter-related analyses (the examples in 

the literature fall into this category). 	The author has 

used the method as predictor-director, not in a design 

procedure, but in the systematic back analysis to derive in 

situ stress-strain properties, described in section 6,4.4. 

8.5.1. 	Layered Analysis 

A finite element analysis which simulates construc-

tion of the dam in layers will be named 'layered analysis', 

and not 'incremental analysis' as it is usually called in 

the literature; this is to avoid confusion with the 

incremental non-linear techniques for solving non-linear 

problems in which the weight due to one layer is added in 

several increments. 	The results of 'layered analyses' 

are generally compared with the results of 'single-lift' 

analyses, in which the dam loading and stiffness are 
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applied in one step. 

The need to simulate the construction sequence in 

the finite element analysis of embankment dams has received 

some attention, e.g. Clough and Woodward (1967), Kulhawy, 

Duncan and Seed (1969), Pyrah (1971) and Naylor and Jones 

(1973). 	The findings of these workers can be discussed 

under the following two headings:- 

A. 	Two-dimensional comparisons: Here the work of 

Clough and Woodward (1967) and Pyrah (1971) will be 

discussed. The former have analysed a "standard" 

homogeneous dam with rigid foundation and linear elastic 

material properties for both methods of analysis, i.e. 

'single-lift' and 'layered'. 	The latter has analysed 

"Bishop"(1952) dam, a homogeneous, linear elastic material, 

which is resting on a flexible foundation. 

The comparison between the two methods of analysis 

for the "standard" dam, showed that the three components 

of stress, vertical, horizontal and shear stress, are 

comparable for both 'layered' and 'single-lift' analyses. 

It is worth mentioning here that although the vertical 

stresses were identical in both cases, the shear stress 

showed some deviations, being slightly higher in the 'layered' 

analysis. The contours of vertical displacement were 

completely different for the two methods of analysis while 

the contours of the horizontal displacements were similar. 
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The great difference in the pattern of vertical 

displacement contours for both methods of analysis is 

mainly due to the definition of displacements, a matter 

which will be discussed later. To study the effect on 

the results of the number of layers needed for simulating 

the construction, the "standard" dam was analysed once with 

7 layers and once with 14 layers; by comparing the 

settlements on the centre line at 2 points, it was shown 

that the results for 7 and 14 layers were similar and thus 

it was concluded that 7 layers was as good as 14. No 

attempt was made to see whether 3 layers, say, would give 

the same results as 7 layers. 

Pyrah (1971) has compared the 'single-lift' and 

the 'layered' analysis solutions for stresses and 

displacements within the dam and its foundation. Within 

the dam near the centre line the vertical stresses were 

very similar, while the horizontal and shear stresses were 

much higher in the 'single-lift' analysis than the 'layered' 

analysis; in the latter these stresses tend to zero at the 

top. The deviation decreases from a maximum at the top to 

a negligable value at the mid-height of the dam. It is 

argued by Pyrah that the high compressive horizontal and 

shear stresses at the top of the dam in the 'single-lift' 

analysis are caused by a "beam action" due to the foundation 

settlements being larger at the centre of the dam than near 
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the toe, thus creating compressive strains within upper 

sections of the embankment. A large percentage of the 

settlements is caused by the bulk of the material forming 

the lower parts of the embankment and obviously these 

settlements cannot introduce stresses (or displacements) 

into any part of the embankment which does not exist when 

the loads are applied. The pattern and conclusions 

regarding settlement within the dam at the centre line are 

similar to those of Clough and Woodward. No other move-

ments within the dam were compared. 

Pyrah also found that the vertical, horizontal and 

shear stresses at the base of the embankment (i.e. the top 

of the foundation) were almost identical for both methods 

of analysis. 	The vertical settlements along the centre 

line within the foundation were reported to be identical 

for both methods of analysis. The horizontal displacements 

Were not compared anywhere. Pyrah concluded that the 

foundation behaviour is unaffected by the method of analysis. 

The two sets of conclusions are not contradictory 

but rather complementary in view of the different foundations 

considered; they may be summarised as follows:- 

i. For dams resting on a rigid base only the 

vertical displacements differ with the method 

of analysis. 
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ii. For dams resting on a flexible foundation:- 

Within the dam, horizontal and shear stresses 

and vertical settlement differ for both 

methods of analysis, especially at the top 

part of the dam. 

b) 	The foundation stresses and settlements are 

independent of the method of analysis. 

It is obvious that more comparisons should be made between 

both methods of analysis, especially with more critical 

functions, such as the maximum shear stresses, the principal 

stress ratios, the horizontal displacements and the shear 

strains, and it is necessary to concentrate on areas in the 

dam and its foundation away from the centre line, where 

the previous comparisons have been made. The use of a 

flexible foundation is often necessary in the case of 

embankment dams and is especially relevant to the type of 

embankment examined during the course of this work. The 

point of using a linear model to describe the material 

properties in this part of the study is in fact an advantage 

and by no means a draw-back, as will be explained later. 

The explanation for the difference in the vertical displace-

ment patterns given by Clough and Woodward and the explana-

tion given by Pyrah for the high values of compressive and 

shear stresses are satisfactory. 
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B. One -dimensional 	Here the work by 

Kulhawy„ Duncan and Seed (1969). and Naylor and Jones (1973) 

is discussed. 	The purpose of their work was to provide 

an insight into the amount of error involved in the F.E. 

type of layering analysis by comparing their settlement 

results from F.E, analyses with an infinitesimal layer 

analysis, i.e. an 'exact' solution; they also attempted 

to determine the number of finite layers needed to achieve 

a solution close to the 'exact' one, 	For simplicity they 

used a one-dimensional model which mathematically represents 

either a soil column or a broad fill. The two works are 

very similar in analysis procedure and in their conclusions; 

they differ slightly in the assumptions made for material 

non-linearity, Kulhawy et al used Janbu's hyperbolic 

relation between deformation modulus and a'3 while Naylor 

and Jones used a linear relation between the stiffness 

K(f(E,v)) and av  (this, of course leads to a non-linear 

solution since stiffness is no longer an independent 

parameter). 

Kulhawy Duncan and Seed compared the closed form 

solution of the infinitesimal analysis to the F,E, type layer 

analysis for different degrees of non-linearity and 

different numbers of layers. 	From their results it could 

be shown that for the same degree of non-linearity, the 

greater the number of layers the closer is the layered 

solution to that of the 'exact' one. 	Also, and most 

important in the author's view, the number of layers required 
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to achieve a solution close to the infinitesimal one reduced 

as the degree of non-linearity decreased until reaching the 

limit, when the material is linear, the layered solution 

coincided with the infinitesimal one, irrespective of the 

number of layers. No comparison was explicitly made with 

'single-lift' analysis because a proper definition of the 

settlement was lacking, 

In spite of using material non-linearity, which 

is different to that used by Kuihawy et al, Naylor and Jones 

arrived at the same conclusions and added a useful 

definition of the settlement. 	This definition has been 

used to interpret results quoted in this" thesis and in the 

author's M.Sc. thesis (1972). 	They also demonstrated 

analytically that for linear material properties, the 

settlement computed at the base of the hypothetical layer 

(Naylor's definition of settlement) is independent of the 

number of layers, a result which stimulated further work 

by the author. 

It is important here to comment on the way the 

writers dealt with the material non-linearity. 	Both groups 

used three different methods (which gave three different 

results for each case they considered); the parameters were 

based on either the state of stress before adding the new 

layer, the state of stress after adding the new layer. or an 

average value; (For a one-dimensional analysis, stresses 

are independent of modulus of deformation and can be 
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calculated before determining non-constant deformation 

parameters). 	The parameters were then used in a non- 

iterative solution from which the results could not be 

compatible with the stress-strain curve. Thus their 

answers were dependent on the non-linear technique and the 

size of the load increment. 	This argument is supported 

by their results. 

For comparisons between 'layered' and 'single-

lift' analyses of non-linear materials a better non-linear 

technique, namely an iterative one or a multi-incremental 

method for each layer, is required to eliminate errors 

other than those due to layering. Avoiding the errors due 

to non-linearity also explains the author's comment that 

the use of a linear model in the two-dimensional analyses 

was an advantage. 

Since the linear analysis in the one-dimensional 

case showed results independent of the number of layers and 

a better comparison was achieved using the average state of 

stress in the non-linear case, the author anticipated that 

if the non-linearity were to be handled by a better non-

linear technique the answer to the non-linear problem would 

also be independent of the number of layers. 	This is in 

contrast to the conclusions of Kulhawy et al and Naylor and . 

Jones that the solution for non-linear materials is 

dependent on the number of layers. 

Therefore a sequence of F.E. analyses of this 
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one-dimensional case has been solved, using the same 

assumptions regarding non-linearity, using Naylor's definition 

for settlement and using the non-linear technique described 

in Chapter 2. 	They have confirmed the author's view, refer 

to figure (8.1). 	The finding that the results in the one 

dimensional linear and non-linear cases are both independent 

of construction sequence is due to the fact that the one 

dimensional continuum problem is statically determinate. (One 

dimensional means 	horizontally constrained, thus jot is strictly 

statically determined ad the horizontal shear stress is equal to zero) 

In contrast a two dimensional problem is statically in-

determinate and it is a well known fact from structural 

engineering that stresses in statically indeterminate 

structures are dependent on their method of construction. 

The choice of a one-dimensional problem by Kulhawy 

et al and by Naylor and Jones to study the effects of 

construction sequence was, therefore, inappropriate since 

a one-dimensional problem is, in fact, independent of 

construction sequence. 	Their conclusions, therefore, 

are invalid and reflect on the shortcomings of the non-

linear techniques they employed. 

From the summary given earlier of the conclusions 

reached by Pyrah (1971) and by Clough and Woodward (1967) 

it is evident that simulation of the construction sequence 

is necessary for accurately predicting stresses and 

deformations within a homogeneous fill. 	'Layered' analyses 
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are even more necessary in dams in which the assumptions made 

by these workers are not met, i.e. in zoned dams, or those 

with materials having non-linear properties. However, the 

author wished to examine more closely Pyrah's conclusion 

that a single-lift analysis was sufficient for examining 

foundation behaviour. Comparisons have, therefore, been 

made of various stress and strain functions at points other 

than near the centreline in the foundation: the 'layered' 

and 'single-lift' analyses have used linear and non-linear 

material properties and the Empingham trial bank cross- 

section of Chapter 6. 	If a single-lift analysis could 

have been shown to be sufficient, this would have been of 

immense value since the behaviour of many dams, including 

Empingham, is controlled by their foundation. 

The method adopted when performing the 'layered' 

analyses used in these comparisons is discussed subsequently. 

Linear behaviour was assumed initially and seven layers 

were used in the 'layered' analysis. 	The first comparison 

is between the maximum shear stresses at a depth of 1.5m 

below original ground level and the results are presented 

in figure (8.2). 	This figure shows that the 'layered' 

analysis predicts maximum shear stresses up to 50% higher 

than those found in a 'single-lift' analysis; this is 

obviously significant when examining stability, particularly 

at low factors of safety, 

The second comparison is between the horizontal 



215 

strains at foundation level; the results shown in figure 

(8.3)indicate that the differences were less than 15%, which, 

in practice, is negligible. 	The third comparison is between 

predicted horizontal displacements at two sections remote 

from the dam centreline, figure (8.4). 	Again the differences 

are small but it is of interest to note that the differences 

increase with distance from the centreline. 

To generalise conclusions regarding the differences 

in foundation behaviour found when using 'layered' and 

'single-lift' analyses, non-linear behaviour was then 

assumed in identical situations. It must be emphasised 

that for the single-lift analysis it was ensured that the 

nominated non-linear stress-strain curve was followed 

accurately, i.e, that the non-linear technique was independent 

of the layering simulation; this was achieved by following 

either an incremental or iterative non-linear technique of 

the type described in Chapter 2; Figure (8.5) shows the 

compatibility of the 'layered' and 'single-lift° analyses, 

both following the nominated stress-strain curve with 

similar accuracy and so eliminating the errors due to the 

non-linearity. 

Figures (8,6, 8.7, & 8.8) show the same comparisons 

as figures 48,2, 8.3, & 8.4) but with the non-linear 

properties assumed. 	The results shown in these figures 

confirm that a 'layered' analysis should be used whether soil 

behaviour is linear or non-linear, particularly when stresses 
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are being examined in linear materials and when both stresses 

and displacements are being examined in non-linear materials. 

The reason for the larger difference between displacements 

when non-linear properties were used is explained 

diagrammatically in figure (8.9); this shows that for the 

same magnitude of stress error the strain and thus the 

displacement errors are amplified by the non-linearity 

between stress and strain. 

Thus it was concluded that while 'layered' analysis 

predicts different stresses and deformations in both the 

foundation and the fill, the effect of material non-linearity 

is only to amplify the differences in deformation. 

It is of interest to note that Goodman and Brown 

(1963) proved theoretically that for the case of an infinite 

wedge there is a difference between stress and displace 

ment in 'layered' and 'single-lift' analyses and the values 

of the stresses calculated in the 'layered' analysis are 

independent of the material properties. 	This conclusion 

does not conflict with the author's. 

The differences in the stresses and horizontal 

displacements, predicted by 'layered' and 'single-lift' 

analyses at points in both the fill and foundation remote 

from the centreline, require explanation. 	It would appear 

that these differences result from the temporary 

discontinuity introduced at the top of each new layer. When 

a layer is added there is zero restraint at its top surface; 



217 

the restraint at this level, especially in the horizontal 

direction, increases with each additional layer placed 

above and reaches a maximum when the dam is complete. In 

contrast, at an equivalent level in a 'single-lift' analysis, 

the full restraint is present through-out the analysis, due 

to the pre-application of stiffness. 	Since deformations 

due to the weight of material below any horizontal plane 

through the dam will depend to some extent on the restraint 

to movement provided by the material above that plane, 

deformations in a 'layered' analysis will be higher than 

those predicted by a 'single-lift' analysis. 	Since the 

increasing restraint at any level in a 'layered' analysis 

takes the form of an increasing shear resistance, there will 

be a corresponding difference in shear stress distribution 

predicted by the two methods, 'single-lift' predicting 

lower shear stresses. On the centreline of a symmetrical 

dam, such as the one analysed by Pyrah, there is zero shear 

on horizontal planes so that this location is least 

affected by the method of analysis. 	In a one dimensional 

problem, as analysed by Kulhawy et al and by Naylor and Jones 

there is zero shear on horizontal planes, thus, following, 

the argument above, there can be no differences in predictions 

from'layered' and 'single-lift' analyses. 

Having established the need to simulate the 

layering sequence it is necessary to examine the problems 

involved:- 
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1. 	Stiffness of the simulated layer: In the field 

the layers, which are generally 300mm thick, not only add 

weight to the underlying soils, but also modify the overall 

stiffness of the structure. 	It is impractical to include 

such small layers in the analysis, thus thicker layers 

are always used to simulate several actual layers. The 

question here is what value of stiffness should be given 

to the thick layer. 	In other words, what is the equivalent 

stiffness of one simulated layer added in one go to that of 

several layers added in steps (the equivalent stiffness 

should give the same deformation patterns in the underlying 

soils)? This problem has not been solved yet, but upper 

and lower limits are easy to establish. 	If a full stiffness 

is given to the layer according to its state of stress as it 

is modelled in one lift (assuming a perfect non-linear 

technique), the effect on the underlying part of the dam 

will be that of placing a slab of certain thickness and 

stiffness, and the resulting deformation will be in 

accordance with this confinement; this will provide a 

lower limit for deformation. The other extreme is to give 

the new layer no stiffness at all, thus the underlying part 

will take only load, no stiffness increase, and will 

deform freely; this will provide an upper limit. To explain 

this upper limit mathematically, assume that K is the 

stiffness of the dam up to the underside of the layer being 

placed, and (S the displacement vector and F is the 

load vector, thus:- 
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[K] 163 = tF/ 

By partial differentation. 

A [K1 t61 + 	. Atil= 

A 161 = [KI-1{ © fFl  - D [K] .{,53) 

Al6 = {K  _l 4F} 	[K]-le [K] 161 

Therefore, neglecting the stiffness of the new layer, 

A clq , is equivalent to ignoring the last term in the above 

equation and this must produce an upper limit. 

2. 	Effect of the deformation on the geometry: In the 

analysis no account is taken of the influence on geometry 

of the soil compressibility. 	The modelled layer just 

placed will compress under its own weight and will settle 

further due to the compressibility of the soil underneath 

it. Thus, the volume of soil which is actually filled to 

achiev.e the level of a certain layer is larger than the 

' volume which is based on the geometry between the two levels 

representing - the layer in the f.e. idealization. 	To deal 

with this problem it is necessary to predict the settlement 

in a separate solution or to assume it for each layer and 

then to evaluate an equivalent unit weight according to the 

expected settlement. The value of the error here, if this 

.effect is neglected, depends on the compressibility of the 

soil and thickness of the modelled layer, but may be 

significant in dams on soft foundations. 	This error could 

affect mainly the value of the mean stresses which in turn 

affect the strength in the drained case and the value of 
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pore water pressure in the undrained case, as mentioned 

in section 6.4. 

3. 	Compaction stress: Due to heavy rolling machines, 

the layer just placed developes an overconsolidation state, 

(i.e. horizontal stress bigger than vertical stresses), 	The 

subsequent behaviour of this layer will be controlled by 

the state of stress developed during compaction, This is 

particularly true in the case of small dams, in which the 

development of aH  due to compaction is more than that due 

to density and Poisson effect. The modelling of this 

effect is beyond the capability of the displacement approach 

of the finite element method, because it requires a 

predescribed stress boundary, unless a simulation of the 

dynamic loading is made. The technique used during the 

research, the dense liquid, which was described in Chapter 4, 

will predict an isotropic state of stress which may be a 

good approximation. An alternative model would have been 

the use of an anisotropic soil model for the layer just 

placed. 	The use of an anisotropic model for this effect 

is 'fictional', only being introduced to develop horizontal 

stresses larger than the vertical one. From the equations 

of cross anisotropy, it is possible to write (for broad fill) 

aH • -- = 
av 

n.vv EH n = Ev 1 H 

and thus aH will develop greater value than av if: 

1-vH n > 
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for the particular case of vH  = vv  = 0.5 

(i.e. incrompressibility, instropic conditions (n=1) gives an 

-isotropic stress (aH/av  = 1). 	For aH  to be bigger than 

then n>1.) 

8.5.2 	Three-dimensional effects.  

The question of whether or not it is necessary to 

take into account the third dimension in embankment dam 

analysis is examined by reviewing a number of comparative 

studies. 

Lefebvre and Duncan (1971) and Lefebvre et al (1973) 

reported the results of 3-D analyses of an idealized dam 

resting in a valley with wall valley slopes of 1:1, 1:3, 1:6. 

They compared the results of these analyses at the maximum 

transverse and maximum longitudinal sections with the 

corresponding results of the 2-D analyses of those sections. 

Homogeneous, elastic linear material properties were used. 

'Layered' analysis was performed to simulate the dam 

construction sequence. The foundation was taken as a rigid 

boundary. The difference between the 3-D and 2-D analyses 

at these...locations was greatest for slopes steeper than 1:3; 

stresses from the 3-D being lower than those from the 2-D. 

This difference was attributed to a "dross valley arching", 

i.e. the dam tends to hang on the valley slopes. More 

details about their finding will not be repeated here. 

Palmerton (1972) and Palmerton and Lefebvre (1972) 

analysed in 3-D a single dam with a central core on a flexible 
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foundation in a narrow valley of 1:1 valley wall slopes. 

Non-linear material properties were used. They compared 

their results with a 2-D analysis of the maximum transverse 

section, Their conclusions agreed with those of the previous 

investigations; they added that the introduction of a soft 

core increased the differences between the two solutions. 

Eisenstein, Krishongya and Morgenstern (1972), 

with a view to studying the development of tension zones, 

examined the effects of 3-D idealization. The vertical 

settlements, horizontal stresses and horizontal strains along 

the crest of the dam derived from 2 and 3-D analysis of a 

homogeneous section were compared. They found that the 

differences between the 2 sets of calculations are not 

significant and that 2-D analysis in plane strain of the 

longitudinal cross section was good enough to investigate 

cracking. However, as soon as the core and shell possess 

different stiffnesses, significant deviations arise, 	This 

result confirms the findings of Palmerton (1972). 

Eisenstein and Simons (1975) analysed a real dam 

in a deep valley in both 3-D and 2-D, and found that 

predictions were similar and compared favourably with the 

measured deformations in the plane that was used in the 2-D 

analysis. 	He concluded that 2-D analysis was sufficient, 

This is in conflict with the findings already discussed but 

may result from the fact that the plane selected by Eisenstein 

for comparison is shown by the results of the instrumentation 

to be one in which the behaviour was essentially two-dimensional, 
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The work discussed above is very useful for 

understanding the essential differences between the solutions 

for these idealized cases and proved that the 3-D F.E. method 

is applicable to truly 3-D situations such as curved axis 

dams. The main advantage of 3-D analysis is that it permits 

the engineer to examine the stress and displacement 

behaviour along any section through the dam, especially if the 

critical section is unknowingly 	not that at the centre of 

the valley. It is important to note that the average 

confining pressure was reported by Palmerton and Lefebvre 

(1972) to be up to 50% less at the lower part of the dam in 

a 3-D analysis. 	This has a significant effect on the pore 

water pressure development in the undrained case and on the 

shear strength in the drained case and on the prospects of 

hydraulic fracture, Vaughan (1975). 

All the comparisons made so far have been for the 

2-D planes representing the maximum transverse section. 

However, it can be anticipated that the greatest divergence 

between the two methods will occur on sections away from 

the centreline in either the passive or active zones. 

In deciding whether to perform 2-D or 3-D analyses 

one must consider:- 

(a) the availability of computer time and storage; 

(b) the valley geometry; 

(c) the position of the critical cross section in 
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relation to the valley centreline. 	If the 

critical cross section is close to the centreline 

or if the valley slopes are flat and the dam is 

relatively homogeneous a 2-D analysis is probably 

sufficient for analysis of the transverse section. 

When it is sufficient to perform a 2-D analysis 

(or made necessary by costs) examination of the maximum 

longitudinal section is advantageous. 

8.5.3. 	Soil Non-linearity 

A number of aspects of soil behaviour are non-

linear. Firstly, modulus of deformation is a function of 

(a1-a3); secondly the modulus is a function of (13'; and 

thirdly soil shear strength is finite (and incorporation of 

a shear stress limit immediately makes an analysis non-linear). 

It is pertinent to pose the question: 'which of these facets 

of non-linearity predominate in their effects on the results 

of both undrained and drained analyses?'. 	If this question 

could be answered then most attention could be directed 

towards modelling the appropriate non-linearity. 

In attempting to answer this question the author 

began by re-examining work by Bishop (1967) in which the 

latter compared the variation of ((a1-a3)/yH), where H denotes 

the height of the dam and y denotes the unit weight of the 

material, and (a
1'PI3') along potential slip surfaces, 	Bishop 

used a linear model for both the fill and foundation. The 



225 

author conducted a finite element analysis using the geometry 

of the Empingham Trial Bank, linear material properties, 

and a deformation modulus for the foundation which increased 

with depth; the results of this analysis are presented 

in figure (8,10) and(8.11) in the form of contours of 

(a1-a3)/yli and (a11 /(13
') and variation of these two 

functions along the same potential slip surface, These 

results confirmed Bishop's earlier predictions, namely that 

there is marked non-uniformity in each stress function, along 

a potential slip surface; in the case of (a1-a3)/rE 	the 

function reaches a pronounced maximum over the middle portion 

of the surface whereas the non-uniformity in (a11/0.31 ) occurs 

at each end of the slip surface, 

Unfortunately, the assumptions made regarding 

soil properties in Bishop's and the author's analysis are 

correct only for interpretation of the undrained case, since 

the modulus used was independent of the applied 	and and 

Poisson's Ratio was taken as 0,5 (.499 in the finite element 

analysis); thus only the distribution of (al-a3)/yH 

which controls undrained behaviour, is strictly relevant. 

Anticipating that an analysis in which drained behaviour is 

correctly modelled (i.e. modulus is a function of a31  and 

Poisson's Ratio is less than 0.5) would yield a different 

distribution of (a1'/a31), the stress function controlling 

drained behaviour, a further finite element calculation was 

made. 	In this calculation the same geometry was used, 

Poisson's Ratio was taken as 0.3 and Janbu's relation between 
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E and 3 was employed for the fill and foundation. The 

results of this analysis are plotted in figure (8.12); 

comparison with figure (8.11Y shows a distinct difference in 

the contours of (al'/a3'). 	The distribution of (a1t/a3') 

along a potential slip surface is far more uniform when 

drained behaviour is correctly modelled. 

Two conclusions can be drawn directly from this 

investigation:- 

(i) for undrained loading there is a concentration of shear 

stress on a potential slip surface which makes shear 

strength an important parameter. To ascertain just 

how critical a parameter is shear strength, further 

work was carried out. The results of the best fit 

between predicted and measured horizontal deformations 

in the Trial Bank (refer Chapter 6) were compared with 

two additional analyses. 	In the first additional 

analysis the shear strength was reduced by 15%; in 

the second, the slope of the stress-strain curve was 

increased by 25% throughout its length. 	The results 

can be compared in figures (8.13) and(8.14) which show 

clearly that shear strength predominates in controlling 

undrained behaviour, the change in deformation modulus 

made little practical difference. 

(ii) for drained loading there is no significant concentration 

of (a1Va3') and hence shear strength is not an important 

factor in controlling the behaviour. 	This could be 
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argued intuitively by the fact that an increment of 

loading is accompanied not only by an increase in 

(al'/a3') but also an increase in (a1
1+ 63') and hence 

in shear strength. Thus the behaviour is left to be 

controlled by the variation of E with 0.3' and the 

value of Poisson's Ratio. 

Plasticity theory to model non-linear soil behaviour 

in earth dams has not been used to date. However its use 

is to be encouraged, especially to model materials such as 

normally consolidated clays since their behaviour is most 

conveniently expressed in terms of plasticity. 

8.5.4 	Progressive Failure 

Progressive failure in soils will occur only if:- 

(i) there is non-uniformity of mobilised shear strength 

along a potential slip surface. 	In the undrained 

saturated case this coincides with non-uniformity 

of shear stress. 	In the drained case it coincides 

with non-uniformity of principal stress ratio. 

(ii) the soil exhibits brittle behaviour, i.e. a loss 

in strength after reaching a maximum value. 

Both conditions are necessary in combination, 

Bishop (1967 and 1971). 	Additionally, Palmer and Rice 

(1972) have proved that there is a minimum volume of soil 

required to absorb the energy released by slip surface 

propagation. 
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The importance of progressive failure on the 

stability of dam slopes depends, inter alia, on the degree 

of non-uniformity of mobilised strength, the rate at which 

the relevant strength (drained or undrained) drops with 

increasing strain,•and in certain cases, the residual 

strength. 

At Empingham Trial Bank (Chapter 6) which was 

constructed with a material which was believed to be brittle 

in undrained loading, it was concluded that the effect of 

progressive failure on the stability of the slope was 

insignificant, since, despite large deformations, 'runaway' 

failure did not occur; this was attributed to the low rate 

of drop in strength with strain which was found by Maguire 

(1975). 

The effect of progressive failure on the stability 

of dams built with granular materials under drained 

conditions is likely to be less critical than an undrained 

saturated situation in which the material has similar post-

peak behaviour. This can be explained by reference to 

figures (8,10, & 8,12) 	which show that around a potential 

slip surface the non-uniformity of the principal stress 

ratio, which controls drained stability, is far less than 

the non-uniformity of the maximum shear stress, which controls 

undrained stability. 

In materials showing a rapid drop in strength 

post-peak, it would be advantageous if the influence of 
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progressive failure on undrained stability of dam slopes 

could be allowed for. 	However, the uniqueness of a f.e. 

solution for a slope of material having a constitutive law 

which allows for strain-softening cannot be proved, because 

the material wil be unstable according to Drucker's (1959) 

definition. 	In addition, the strain-softening will be 

associated with slip surfaces and a continuum approach 

no longer applies unless the location of the slip surface 

is previously known and elements are concentrated around 

this plane to allow large strains to develop -locally. 

Nevertheless, the solution obtained can not be proven to be 

unique because the over-all stiffness matrix of the structure 

may not be positive definite. 

8.5.5 	Anisotropy 

The fact that soil behaviour is anisotropic, both 

as a result of geological history and stress path, has been 

introduced in Chapter 3. 	Up to the present time (1975) 

neither anisotropy of strength nor anisotropy of deformation 

parameters has been incorporated in the soil models used in 

the F.E. analysis of embankment dams. 

The major problem in developing a model which 

simulates cross-anisotropy of deformation parameters, which 

is the simplest form of anisotropy, is the requirement for 

five deformation parameters, one of which it is not possible, 

at present, to measure (Atkinson, 1973). 	Limits to this 
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particular parameter have been established by Pickering 

(1971) using energy principles. 	The,development of a 

cross-anisotropic model, using these limits, is to be 

encouraged since it could, ( apart from representing a truly 

anisotropic material) predict three of the characteristics 

of soil behaviour which cannot be predicted by an isotropic 

model, viz 

(i) volume change accompanying pure shear; 

(ii) Poisson's ratio greater than 0.5 for certain stress 

paths (to be discussed subsequently); and 

(iii) non-coincidence of the directions of principal 

strain increment and the causative principal stress 

increment. 

In those soils problems in which behaviour is 

dominated by shear strength and which were discussed in the 

section on non-linearity, it is more important to cater 

for anisotropy of shear strength than fOr anisotropy of 

deformation parameters; this eliminates the problem of 

defining five deformation parameters. 

8.5.6 	Stress Path 

Deformations in soils, which, as discussed 

previously, are controlled by effective stress changes, 

comprise both elastic and plastic strains. Plastic strains 

modify the soil's structure and hence its behaviour under 
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further loading; they result in the relation between 

deformations, and effective stress being non-linear and they 

ensure that measured deformations will depend on:- 

(i) the initial stresses and soil structure, and 

(ii) the direction in which the soil is loaded, i.e. 

whether shear stresses, and in the case of drained 

loading, mean normal stresses, are increasing or 

reducing and whether principal stresses and/or 

principal stress increments are rotating. 

This stress path dependency of soil behaviour was 

discussed briefly in Chapter 3. Both measurement of 

deformation parameters in the laboratory and the selection 

of appropriate parameters for analysis must take account of 

this characteristic. 	In fact, the two processes are inter- 

dependent, each relying on feedback from the other; thus, 

an ideal dam design procedure which takes full account of 

stress path dependency must be an iterative one, involving, 

for example, the following steps:- 

	

1 	Measure, or predict using geological history, the 

foundation in situ stresses. 

	

11 	Based on conventional laboratory test results or 

experience, assume deformation parameters for the 

construction materials and foundation, paying 

greater attention in non-homogeneous sections to 

getting their relative values correct than their 

absolute magnitude, because this tends to control 

the mechanism of behaviour. 
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111 	Calculate the stress changes, both magnitude and 

direction, which take place in the dam and 

foundation during construction. 

	

IV 	Perform laboratory tests which follow most closely 

the calculated stress changes and measure deforma-

tion and strength parameters. 

	

V 	Use the measured parameters in an appropriate F.E. 

analysis, the idealisation for which is established 

using the results from III. 

Iteration with steps 1V and V continues until there is 

compatibility between the calculated stress paths and those 

used in the laboratory. 

In the following, this ideal process is considered 

in more detail. 	In particular, the influence of initial 

stresses and direction of loading on predicted behaviour is 

examined, The limitations imposed in the laboratory by the 

difficulty in performing controlled stress tests in which 

partial rotation of the principal stresses can be controlled 

is discussed together with potential problems presented in 

F.E. analysis by dilatant behaviour. 

The initial stresses to be found in step 1 

determine the consolidation stresses to be used for tests 

on foundation material in step 1V and provide the starting 

	

point 	for the analysis in step V. 	In the analysis the 

distribution of initial stresses influences strongly the 
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location at which failure comences. For the case of Ko 

greater than one, local yield occurs first in the foundation 

beneath the toe of the dam; this is shown diagrammatically 

in figure (8.15) 	In contrast, for Ko  less than one, 

local yield probably occurs first in the foundation beneath 

the centre of the dam, refer figure (8.15). 

The distribution of initial stresses also helps 

to determine the direction of loading at each point in the 

foundation. 	It is important to realise that in any 

foundation in which Ko 
is not equal to unity an increase in 

load on the surface will lead both to areas where there is 

an increase in shear stress and to areas where there is a 

reduction in shear stress (termed shear unloading). 	The 

extent and location of the areas of shear loading and shear 

unloading affect the deformation pattern, refer figure(6.79) 

and they are governed not only by the distribution of initial 

stresses but in embankment dams by the regularity (or 

irregularity) of the construction sequence and by the presence 

of berms. 

The three situations leading to shear unloading 

during dam construction are examined in figure (8.16). 	In 

figure (8.16a) the case of Ko  not equal to one is shown; with 

Ko 
less than one an applied load at the surface will lead to 

shear unloading of elements in the vicinity of the toe of the 

load, but to shear loading under the centre of the load, the 

reverse is true for Ko 
greater than one. The effect on the 
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deformation pattern of the change in direction of shear 

loading is to produce larger deformations at the toe for 

Ko greater than one than for Ko 
less than one. 	This arises 

since the non-linear behaviour of soils is not recoverable 

and a steeper stress-strain curve is found during shear 

unloading. For the case of an irregular construction 

sequence shown in figure (8.16(b)), the same element may be 

subject in turn to shear loading, shear unloading and shear 

reloading, At the element shown within the berm drawn in 

figure (8.16(c)), the placing of additional load increases the 

horizontal stress on the element with little change in 

vertical stress. This shear unloading leads to a more 

rigid response of the berm and a more uniform distribution 

of shear stresses in the foundation, 

From these examples the importance of the direction 

of shear loading on deformation can be seen. 	In fact, 

modelling the effects of shear unloading is as important 

and similar to introducing non-homogeneous media, in that 

the existence of a stiffer modulus 'attracts' stresses and 

distributes the deformations more uniformly. 	It is essential, 

then, that the direction of shear loading is examined 

during the analysis and that the unloading-reloading stress-

strain curve is defined at the outset, together with the 

first loading curve. 

F.E. methods based on the tangential stiffness 

method cannot take account of the direction in which the 
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change of shear stress occurs. However, in the quasi 

Runge-Kutta method presented in Chapter 2 the direction is 

examined and the method can take account of the increased 

stiffness on unloading. 

Failure to distinguish between shear loading and 

shear unloading and to model correctly the higher stiffness 

on unloading can produce an incorrect pattern of behaviour 

or can lead to a complete breakdown of the solution if 

unloading is from the failure state or close to it. 	This 

breakdown of the solution was demonstrated in an analysis of 

Empingham Main Dam which simulated an irregular construction 

sequence. Using a model which neglected the effects of 

shear unloading, the solution failed because areas under 

consideration were at failure and low modulus was ascribed 

to them. When a large increment of stress was applied to 

these areas very large numbers were encountered which 

caused complete instability of the solution. An example of 

an incorrect pattern of behaviour being predicted is provided 

by comparing analyses of Empingham Trial Bank, one in which 

shear unloading was neglected and the other in which it was 

correctly modelled. Differences in horizontal strain at 

foundation level of up to 120% were predicted as shown in 

figure (6.81). 

The error due to ignoring shear unloading at low 

stress levels is small and probably can be tolerated. 

In addition to the direction of shear loading, the 
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effect of the rotation of the principal stresses or their 

increments must be considered. Beneath the edge of each 

layer placed in a dam, there is rotation of the principal 

stresses. 	However, as demonstrated in Chapter 6, the 

placing of further layers in a regular construction sequence 

produces little or no additional rotation of the principal 

stresses at these points; the same would not, of course, 

be true in an irregular construction sequence. 

This fact is of importance since it reduces to some 

extent the impact of not being able to simulate in the 

laboratory controlled partial rotation of the principal 

stresses, unless use is made of a hollow cylinder apparatus. 

Nevertheless this limitation in laboratory equipment may be 

particularly important in the case of soil elements on which 

reloading is accompanied by partial principal stress 

rotation, as occurs in the field. 	In the laboratory, the 

reload and unload curves determined without principal stress 

rotation are similar. 	It can be argued that near-coincidence 

of these two curves occurs because reloading stresses on 

every plane are similar to those produced on first loading, 

during which preferred orientation would have developed. 

Furthermore, it might be anticipated that rotation of the 

principal stresses through 90°  would produce a reloading 

stress-strain curve parallel to the initial curve. There is 

an urgent need for a test programme to examine reload stress-

strain curves for various principal stress rotations with a 

view to incorporating a relationship between rotation and 
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reload modulus in the analysis. 

In addition to their starting point, to the 

direction in which shear loading is changing and to the 

degree of principal stress rotation, stress paths differ 

in another respect, namely the direction in which mean 

normal stress is changing. Under undrained conditions, 

changes in mean normal stress produce no change in effective 

stress in saturated soils. 	If principal stress rotation 

is ignored, there are, therefore, only two effective stress 

paths under these conditions, one for shear loading and 

one for shear unloading. Under drained conditions, there 

is a lack of data on deformations and volume changes 

produced by a reduction in the component of mean normal 

stress, particularly under anisotropic stress conditions. 

Volume increases can be expected to accompany a 

reduction in mean normal effective stress. 	In addition, 

in conventional laboratory tests on medium dense and dense 

sands and rockfill, large volume increases accompany shear 

when the stress difference on the samples is increased 

beyond a certain limit. Direct interpretation of these 

results, assuming isotropy, yields a value for Poisson's 

Ratio in excess of 0,5, which is meaningless in an elastic 

model and which cannot be dealt with by an incremental 

elastic F.E. procedure, as was discussed in Chapter 3. 

Interpretation of the results using an anisotropic elastic 

model would, however, yield parameters which are acceptable 
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in that they satisfy the energy principles. 

Closer examination of the stress paths followed 

in the conventional laboratory tests, in which dilatancy 

occurs, reveals that there are two distinct stages in the 

test, A 7 B and B - C in figure (8.17)., both of which 

produce volume change. During the isotropic consolidation 

stage A - B, compressive volume strains occur; during 

stage B C, when the shear stress is increasing, a point 

is reached beyond which expansive volume changes occur. 

The cumulative volume change measured at C after following 

the path A - B - C may be compressive or expansive, 

depending on the proximity of point C to the failure 

envelope and on the initial mean normal stress. 

Laboratory tests on rock fill by El-Ruwayih (1975) 

and on sand by El-Sohby (1969) following the stress path, 

AC, i.e. along a line of constant stress ratio, R, have 

shown that the sign of the measured volume change depends 

on the magnitude of R. El-Ruwayeh conducted tests up to 

an R value of 3 (equivalent to (p'm  of 30°) and found that 

volume changes were compressive at all stages, El-Sohby 

found that up to an R of 4 there was no increase in volume; 

for an R of 4,5 he measured a large volume increase. 

It is clearly important to determine which of 

these alternative stress paths, A - B - C and A - CI is 

appropriate in dams built with granular materials and hence 

to determine how frequently dilatant behaviour is encountered 
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and, by inference, how useful would be an anisotropic 

model for predicting such behaviour. 

Using the Empingham Trial Bank cross section and 

material properties in which E' varied with ai, an F,E, 

analysis which simulated construction was carried out. The 

stress paths for 3 points were found and these are plotted 

in figure (8.18), 	The stress paths at these points 

approximately follow constant R lines. Since the maximum 

R value found for the points was 2.7, it can be inferred 

that dilatancy does not occur at these locations for the 

case examined, which preserves homogeneity. 

It would appear, therefore, that by virtue of the 

stress paths followed, dilation is unlikely to occur widely 

in dams, and the use of an anisotropic model to deal with 

dilation alone is not warranted. Charles (1975) has 

reported the results from the instrumentation of two rockfill 

dams; these indicate that dilatancy has not taken place, 

so confirming the author's view. 

8.6 	Local failure and stren•th discontinuities 

The discussion in section 8.5 has assumed a 

continuum which is homogeneous or regularly non-homogeneous 

(i.e. properties varying smoothly with depth), and which, 

in turn, produces solutions for stress, displacement and 

strain fields which are continuous. 	If continuity is 

maintained and the same model for material behaviour is 
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used, a change in the numerical value of the input porperties 

will only change the numerical value of the output; the 

predicted mechanism of behaviour will not change. 

However, the introduction of a strength discontinuity 

in the form of a zone of reduced strength can have a 

marked influence on the mechanism of behaviour. This 

became apparent in the exercises which led to the 

conclusions reported in Chapter 7. A strength discont-

inuity is likely to control behaviour in those problems in 

which local failure occurs in the weak zone since strains 

will be concentrated in this zone leading to sliding, the 

formation of a geometrical discontinuity and subsequent 

multi-wedge behaviour. 

If a strength discontinuity is shown to be present 

by site investigation, and this in itself is a major 

problem, then the discontinuity can be modelled by 

concentrating elements in its vicinity. Research is 

necessary to establish whether it is sufficient to place 

a random discontinuity to correctly predict behaviour. 
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