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Abstract. Markovian queueing analysis requires fitting models of ar-
rival and service processes, such as phase-type (PH) distributions, to
accurately represent system measurements. However, fitting real-world
data is challenging in practice due to model over-parameterization, the
large order of the fitting equations, and the limited understanding of
the impact of fitting decision on queueing. Motivated by these issues, we
present a methodology that uses quasi-birth-death (QBD) processes to
fit PH distributions directly from measured queueing data. Core to the
proposed method is a new result that reduces the solution of a broad
class of QBD processes to the analysis of a collection of simpler queueing
systems featuring PH distributions of small order, leading to exact or
approximate solutions depending on the chosen arrival process. The pro-
posed method reduces the computational complexity of solving a QBD
process from cubic to quadratic for this special class of QBD processes.
Numerical results on real traces demonstrate that this feature enables
accurate PH fitting from real-world system data.

1 Introduction

An important branch of stochastic modeling focuses on fitting real-world data
to the family of distributions compatible with a given queueing model. In partic-
ular, phase-type (PH) distributions are routinely used to parameterize queueing
systems, as they give rise to an underlying stochastic process that is a continuous-
time Markov chain (CTMC) [14]. PH distribution fitting assumes that the em-
pirical distribution obtained from the data can be well approximated by the
distribution of passage times in absorbing CTMCs. Unfortunately, this may not
hold in practice unless the number of states of the CTMC is large, which in-
troduces difficulties in the fitting process. In fact, existing algorithms struggle
to fit general PH models with more than a handful of states, as they incur sig-
nificant computational and numerical issues, especially when the model is over-
parameterized, i.e., it has more parameters than degrees of freedom [3]. However,
working with small or medium-sized PH distributions can considerably constrain
the range of distributions that can be fitted, as the number of states is linearly
proportional to the degrees of freedom available for fitting [16].
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Motivated by the above challenges, this paper proposes a novel fitting al-
gorithm to estimate input PH distributions for a class of Markovian queueing
systems, focusing on those that can be modeled as quasi-birth-death (QBD)
processes. Surveys such as [2] indicate a gap in the literature to estimate arrival
and service distributions tailored to QBD processes. Unlike the direct fitting of
a PH distribution from traces of inter-arrival or service times, inverse problems
involving QBDs fitted from queueing data have rarely been considered [22]. In-
tuitively, such a development would allow the PH distribution fitting process
to capture the salient aspects that drive the observed QBD behavior, filtering
out less influential characteristics of the distributions from a queueing analysis
perspective. The present work seeks to address this gap by focusing on fitting
the QBD service process from the arrival process and the marginal distribution
of queue-length probabilities, whether measured or simulated. This is particu-
larly relevant when service times are unavailable, as is often the case with cloud
providers.

To make our technique effective, we focus on PH distributions represented
as compositional PH models obtained via the Kronecker Product Composition
(KPC) operator [16]. We prove the surprising result that parameterizing QBD
processes with PH service distributions defined through the KPC operator al-
lows the solution of the QBD process to be decomposed into the solutions of
independent, but much smaller, QBD processes. Depending on the characteris-
tics of the arrival process, this approach can be exact or approximate. Although
divide-and-conquer approaches already exist to explore the space of PH distri-
butions for fitting purposes (e.g., [16]), to the best of our knowledge, this is the
first work to develop a PH distribution fitting method of this kind that efficiently
searches a space of QBD processes.

Our KPC-based approach reduces the time complexity of calculating marginal
queue-length probabilities in a QBD from cubic to quadratic. Leveraging this
fast computation of queue-length probabilities alongside numerical search meth-
ods, we develop a fitting algorithm that can efficiently explore PH distributions
that result in QBD processes that accurately fit the empirical queueing data.
Validation experiments on real traces reveal that our method can learn service
distributions from queueing data more accurately than existing methods that
directly fit the service distributions. This improvement in accuracy also extends
to the response time distributions computed from the resulting queueing models.
Furthermore, the fitted PH models exhibit low prediction errors when used to
parameterize QBD models with different arrival processes, showing low general-
ization errors.

The remainder of the paper is organized as follows. Section 2 summarizes
related work in the area of PH distribution fitting. Section 3 provides basic
definitions and relevant background. Section 4 develops the decomposition result
for solving QBD processes. Section 5 applies the results of the previous section
to the QBD process fitting. In Section 6, we report and discuss our numerical
results. Section 7 concludes the paper and outlines future work.



The Component Queues Method for QBD Process Fitting and Analysis 3

2 Related work

Most fitting algorithms use PH distributions or Markovian arrival processes
(MAPs) to fit trace data. PH distributions and MAPs can be readily plugged
into various families of performance models, including quasi-birth-death (QBD)
processes, queueing networks, stochastic Petri nets and Markovian process alge-
bras [29,5,10,32,13,33]. PH distribution fitting, in particular, has received con-
siderable attention over the years due to its importance in modeling and sim-
ulation studies, software reliability, web server modeling, load balancing, and
risk theory [24,35,8,30,26,27,18,6,1]. Established fitting approaches include the
expectation maximization (EM) algorithm, the cumulative distribution function
(CDF) fitting, and moment matching algorithms [34,19,9]. EM algorithms, for
which many solutions are available [3,34,7,31], are understood to perform well
on shorter traces; however, they are computationally costly and require long-
running executions to find accurate PH distributions. Therefore, EM algorithms
are overly demanding for fitting the long traces necessary for heavy-tailed distri-
butions. The high computational costs of EM algorithms are overcome by direct
fitting of the cumulative distribution function (CDF) [19] or moment matching
algorithms [9,16,21]. CDF and moment-based fitting typically require inverting
analytical expressions that describe certain statistics of the PH distribution, such
as high-order polynomials used to compute the moments of PH distributions. The
computational complexity of such expressions is directly proportional to the size
of the corresponding PH distribution. Therefore, methods relying on quantities
such as moments tend to induce significant restrictions on the size of the PH
distribution they attempt to fit. The result is either the fitting of small PH
distributions or compositional models constructed based on Kronecker algebra,
such as process superposition or Kronecker product composition, which define
large distributions in terms of smaller PH distributions. An interesting recent
approach uses Bernstein exponentials [20], which form a subclass of acyclic PH
distributions, to fit a distribution by sampling its density function.The method
allows for tunable accuracy, notably enabling even the fitting of bounded uni-
form distributions; however, it can converge slowly and require very large PH
distributions that may make the following queueing analysis intractable.

3 Preliminaries

In this paper, we consider QBD processes where both inter-arrival and service
times follow a PH distribution. A PH distribution is completely determined
by a matrix A0 of transition rates between phases and a probability vector α
that defines the initial probabilities of starting in each phase. An arrival process
with PH inter-arrival times is a Markovian Arrival Process (MAP). Instead of
the vector-matrix pair (α,A0), a PH distribution can also be represented using
MAP notation as A = (A0,A1) where A0 ∈ Ra×a defines the transition rates
between phases and A1 ∈ Ra×a describes external transitions corresponding to
arrivals to the system. A1 is a rank one matrix given by A1 := −A01α where
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α is the row vector of initial probabilities and 1 is a column vector of ones. The
infinitesimal generator of the above PH arrival process is QA = A0+A1. Keeping
the matrix notation, the service process is represented by S = (S0,S1) where
S0,S1 ∈ Rs×s and the corresponding infinitesimal generator is QS = S0 + S1.

Let matrix B denote the service rates (backward transitions), matrix L the
local transitions, and matrix F the arrival rates (forward transitions). We focus
on QBD processes with the following infinitesimal generator

Q :=


L0 F 0 . . .
B L F . . .
0 B L . . .
...

...
...

. . .


B := Ia ⊗ S1

L := A0 ⊕ S0 = A0 ⊗ Is + Ia ⊗ S0

F := A1 ⊗ Is

(1)

where B,L,F ∈ Ras×as and Ia, Is are identity matrices of dimension a × a
and s× s, respectively, and ⊗ denotes the Kronecker product operation. Matrix
L0 ∈ Ras×as is different to L as only the arrival process has internal phase
transition. Hence, L0 is defined as

L0 := A0 ⊗ Is (2)

The state space of the QBD process can be described with triplets (A,S, L),
where A ∈ {1, ..., a} and S ∈ {1, ..., s} denote the internal phase of the arrival
and service processes, respectively, and L ∈ N0 denotes the level of the process.
If the stationary distribution exists, it is the unique solution to the equation

πl = π0R
l (3)

where πl = (πl1, πl2, ..., πlm) denotes the steady state probabilities corresponding
to level l and m = as is the number of internal phases within a given level.
Therefore, |π0| = (1 − ρ) where ρ is the utilization of the queue, that is, the
probability of a busy server, which occurs whenever the queue is non-empty.
Furthermore, R ∈ Ras×as is defined as

R = −F (L+ FG)−1 (4)

where G ∈ Ras×as is the minimal non-negative solution to the equation

B +LG+ FG2 = 0 (5)

The matrix G above has a probabilistic interpretation and plays a central role
in our proposed fitting algorithm. Given the state space defined above, the ele-
ments of G correspond to the following downward first-passage times. Let Xt ∈
(A,S, L), t ≥ 0 denote a QBD process and let i = (i0, i1, l) and j = (j0, j1, l−1).
Denoting the elements of G as Gij , the elements of G correspond to the following
conditional probabilities:

Gij = P (Tl−1 < ∞∧XTl−1
= j|X0 = i) (6)
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where Tl−1 is the first passage time to level (l − 1). Assuming that the QBD
process is positive recurrent, the process reaches any level in a finite time with
probability 1, regardless of the starting state. Therefore, the rows of G corre-
spond to the conditional probabilities that, given the process starts in state i
of level l, the first passage to level l − 1 hits the state j of level l − 1. Since
the columns of G correspond to all possible states of level l − 1, they sum to 1,
making G a stochastic matrix.

We now introduce a novel characterization result for the PH/PH/1 queue
used throughout the paper. A similar result is established for the MAP/G/1
queue in [12, Theorem 12.10]; unlike this earlier result, our characterization
allows the service phase to be explicitly included in the definition of the state
space, which is essential for the models considered in this paper.

Theorem 1. Let π0 = (π01, . . . , π0m), then

π0 = (1− ρ)x (7)

where x is the solution to xG = x , x1m = 1.

The proof of Theorem 1 can be found in [11, Section 5.3.4, Chapter 5]. Despite
the tractability of the above formulas, it is well-known that a queue with a large
PH service distribution, i.e., with many phases, is expensive to solve. However,
limiting the size of the PH service distribution would significantly affect the type
of data the model could fit. In this paper, we overcome this by focusing on KPC-
PH distributions, composed of small PH building blocks [16]. Here, we recall the
key KPC-PH definition used throughout the paper.

Definition 1. Let N = (N0,N1) represent a general PH distribution and H =
(H0,H1) a hyperexponential distribution. The KPC-PH distribution denoted by
S = N ⊗H = (S0,S1) is defined as S0 = −N0 ⊗H0 and S1 = N1 ⊗H1.

The fact that H corresponds to a hyperexponential distribution ensures that
S, as defined above, produces a valid PH distribution. Let XN be the random
variable denoting the inter-arrival time of process N in Definition 1 and let XH

and XS be the corresponding random variables for H and S. It can be seen that
the following relation holds [17]

E[Xk
S ] =

1

k!
E[Xk

N ]E[Xk
H ] (8)

Since the composed PH distributions have independent degrees of freedom, the
overall degrees of freedom of the KPC-PH distribution grow linearly with the
number of composed PH distributions, allowing larger compositions to be used
for fitting more characteristics of the empirical dataset.

4 Obtaining the queue-length distribution

4.1 Introducing component queues

Let A/S/1 denote, analogously to Kendall’s notation, a KPC-queue with a PH
renewal arrival process A and KPC-PH service time distribution S = N ⊗
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H1 ⊗ . . .⊗HJ . We follow the convention that scalar multiplication of a process
applies to all representation matrices, that is, cA = (cA0, cA1) for real c. Our
main result is a strategy to decompose the KPC-PH queue into a collection
of smaller queueing systems, called component queues, enabling a divide-and-
conquer solution strategy for the QBD model. We begin by formally defining
component queues.

Definition 2 (Component queues). Consider a KPC queue A/S/1 where
S = N ⊗H1 ⊗ . . .⊗HJ is the Kronecker product composition of a general PH
and J hyperexponential distributions, its decomposition into component queues
is given by the following set of queueing processes

1. CQN := A/N∗/1 where N∗ := µ∗
H1

. . . µ∗
HJ

N , and µ∗
Hk

is the mean depar-
ture rate of process Hk, k = 1, . . . , J .

2. CQHk
= M/H∗

k/1, where M is a Poisson process with unit rate and

H∗
k := (µ∗

N/λ∗
A)

 ∏
1≤i≤J,i̸=k

µ∗
Hi

Hk

where µ∗
N is the mean departure rate of process N , µ∗

Hi
are the mean de-

parture rates of processes Hi, and λ∗
A is the mean arrival rate of process

A.

The component queues CQN and CQHk
, 1 ≤ k ≤ J defined above are themselves

QBD processes. Moreover, each component queue has the same utilization as
the original A/S/1 queue. The latter property can be readily verified by the
definitions, using the recursive expression of the Kronecker product composition
moments in (8) for k = 1, as the service rates are reciprocals of the mean service
times. Thus, if the A/S/1 queue is stable, so are its component queues.

4.2 Approximating the matrix G

We approximate the matrix G of the original queue via the matrices GN and
GHk

, k = 1, . . . , J , which are analogously defined as G, but for the component
queues CQN and CQHk

. Let G̃ denote the approximation of the matrix G. In
the case of Poisson arrivals, G̃ is the same as G, so the approximation holds
without error. Formally, we have

Proposition 1. Let M/N⊗H1⊗. . .⊗HJ/1 be a KPC-PH queue with Poisson
arrivals and let G̃ = GN ⊗GH1

⊗ . . . ⊗GHJ
. Then G̃ = G = 1α, where α is

the embedded distribution of the service process phase at departure instants.

The proof of Proposition 1 is given in [11, Section 5.3.2, Chapter 5]. While it
gives an exact decomposition of the G matrix for queues with Poisson inputs, if
the arrival process is an arbitrary PH then G and G̃ are no longer identical and
our method provides an approximation. The following result outlines for this
case a relationship between G and its approximation G̃.
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Theorem 2. Consider a queue with PH arrival process A and KPC-PH service
process S = N ⊗H1 ⊗ . . .⊗HJ , where Hk, k = 1, . . . , J are hyperexponential.
Defining G̃ = GN ⊗GH1 ⊗ . . .⊗GHJ

, we have the following relationship between
G̃ and G

G̃ ≈ (Ian ⊗GH1 ⊗ . . .⊗GHJ
)G (9)

where a and n denote the number of phases of process A and N , respectively,
and Ian is the identity matrix with dimension an× an.

An approximate lumping argument supporting Theorem 2 is given in [11, Section
5.3.2, Chapter 5]. As we explain in the following sections, the above result is
fundamental, as it allows us to estimate steady-state performance metrics for the
QBD process in terms of the GN and GHk

matrices of the individual component
queues CQN and CQHk

. As these processes are significantly smaller than the
original queue, the net result is a large reduction in computational cost of the
QBD analysis.

The key result in Theorem 2 is interpreted as follows. Matrix G̃ = GN ⊗
GH1

⊗ . . . ⊗GHJ
, which is efficiently constructed with a Kronecker product of

matrices, each of which is obtained by solving the smaller component queues,
may be seen as an approximation of G by means of aggregation. The aggregation
is applied by the premultiplying factors on the right-hand side of (9). Compared
to the exact model, relying on G̃ thus loses some information about the internal
phases of process H, but its computation can be done much more efficiently
than computing G. This provides a novel approximation for the solution of the
QBD, which becomes exact in the case of Poisson arrivals.

4.3 Example

To illustrate (9), we now show it in a small example. Let the number of hy-
perexponential components in the KPC service be J = 1, and the degree of the
arrival process A and the service components N ,H be 2, so that an = 4 and
let αH = [α1, α2] be the embedded distribution of the hyperexponential com-
ponent. From Proposition 1, we know that GH = 1αH . Multiplying I4 ⊗ GH

with G = (gij)1≤i,j,≤m implies that the (2i− 1)th and 2ith rows of G̃ are iden-
tical. Furthermore, they are computed from G by averaging these specific rows,
weighted according to the embedded distribution αH of H. That is,

G̃ = GN ⊗GH = (I4⊗GH)G =



α1g11 + α2g21 α1g12 + α2g22 . . . α1g18 + α2g28
α1g11 + α2g21 α1g12 + α2g22 . . . α1g18 + α2g28
α1g31 + α2g41 α1g32 + α2g42 . . . α1g38 + α2g48
α1g31 + α2g41 α1g32 + α2g42 . . . α1g38 + α2g48

...
...

. . .
...

α1g71 + α2g81 α1g72 + α2g82 . . . α1g78 + α2g88


which shows the aforementioned aggregation property. We also provide a nu-
merical example to further illustrate the aggregation process. Consider a queue
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with the following hyperexponential arrival process with mean 3 and squared
coefficient of variation (SCV) 11/9

A0 =

[
−0.25 0

0 −0.5

]
A1 =

[
0.125 0.125
0.25 0.25

]
and a KPC service process where the first component is Erlang-2 with unit mean
and the second component is a 2-phase hyperexponential distribution with the
following parameters

H0 =

[
−10 0
0 −20

]
H1 =

[
5 5
5 15

]
corresponding to mean 1/15 and SCV 5/4. Below, we can see how closely G

aligns with the aggregated matrix G̃ = GN ⊗GH ,

G =



0.488 0.488 0 0 0.012 0.012 0 0
0.494 0.494 0 0 0.006 0.006 0 0
0.494 0.494 0 0 0.006 0.006 0 0
0.497 0.497 0 0 0.003 0.003 0 0
0.024 0.024 0 0 0.476 0.476 0 0
0.012 0.012 0 0 0.488 0.488 0 0
0.012 0.012 0 0 0.488 0.488 0 0
0.006 0.006 0 0 0.494 0.494 0 0


G̃ =



0.491 0.491 0 0 0.009 0.009 0 0
0.491 0.491 0 0 0.009 0.009 0 0
0.496 0.496 0 0 0.005 0.005 0 0
0.496 0.496 0 0 0.005 0.005 0 0
0.018 0.018 0 0 0.482 0.482 0 0
0.018 0.018 0 0 0.482 0.482 0 0
0.009 0.009 0 0 0.491 0.491 0 0
0.009 0.009 0 0 0.491 0.491 0 0


As visible, the proposed approximation based on component queues effectively
provides a local weighted sum of neighboring elements of G. The benefit is that
the expression on the right can be computed efficiently via Kronecker products,
whereas the original G matrix on the left cannot.

4.4 Approximating the matrix R

The formula (3), which is used for calculating the steady-state queue-length
probability vectors, requires the calculation of matrix R. In this subsection, G̃,
previously derived, is used to obtain an estimate for R. Using (4) and substitut-
ing the approximation G̃ for G, we propose the approximation

R ≈ −F (L+ FG̃)−1 (10)

In the above formula, the computational bottleneck is the inverse calculation,
which, as we now show, exhibits special properties for the class of QBDs we
consider. First, we have found through numerical experimentation that the in-
version of matrix L is very efficient due to its sparsity. Furthermore, we prove
in the following result that FG̃ is a low-rank matrix.

Theorem 3. Given a KPC queue with PH arrival process A = (A0,A1) and
service process S = N ⊗H1 ⊗ . . .⊗HJ , where Hk, k = 1, . . . , J are hyperexpo-
nential and G̃ = GN ⊗GH1

⊗ . . .⊗GHJ
as before, rank(FG̃) ≤ n, where n is

the number of phases of process N .
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The proof of Theorem 3 is given in [11, Section 5.3.3, Chapter 5]. The low-rank
of FG̃ is an important property of our method, which allows us to efficiently
compute the inverse of the sum in (10) using the Woodbury matrix identity:

R ≈ −F (L+ FG̃)−1 = −F (L+UΣV )−1

= −F (L−1 −L−1U(Σ−1 + V L−1U)−1V L−1) (11)

where F ,L, G̃ ∈ Rm×m,U ∈ Rm×k,Σ ∈ Rk×k,V ∈ Rk×m, and k = rank(FG̃).
The Woodbury matrix identity relies on the decomposition of FG̃ = UΣV ,
where Σ is invertible and hence rank(Σ) = rank(FG̃). A straightforward ap-
proach to obtain U ,Σ,V is to use the Singular Value Decomposition (SVD) of
FG̃. The computational complexity of this operation for a matrix with dimen-
sion m×m is typically O(m3) in general [4]. However, we can improve that by
exploiting the special Kronecker-form structure of FG̃. We know

FHk
GHk

= Ihk
(1hk

αHk
) = 1hk

αHk
, k = 1, . . . , J

from Proposition 1. Let FNGN = UNΣV N be the SVD of matrix FNGN .
Define U and V as follows

FG̃ = FNGN ⊗ FH1
GH1

⊗ . . .⊗ FHJ
GHJ

= (UNΣV N )⊗ (1h1
αH1

)⊗ . . .⊗ (1hJ
αHJ

)

= (UN ⊗ 1h1
⊗ . . .⊗ 1hJ

)Σ(V N ⊗αH1
. . .⊗αHJ

) = UΣV (12)

Since rank(FG̃) = rank(FNGN ) = rank(Σ), this decomposition has the re-
quired properties. Moreover, it is significantly faster to calculate as it only re-
quires the SVD of a much smaller matrix FNGN . The SVD of FNGN takes
O(n3) time and calculating the Kronecker products to obtain U and V takes
O(m2) time. Therefore, the entire decomposition runs in O(n3 +m2) time. Re-
call that the size of FNGN is n × n and FG̃ is a m × m matrix. Under the
assumption that n ≪ m, O(n3 +m2) is dominated by the m2 factor.

4.5 Approximating the queue-length probabilities

With the efficient approximation of matrix R in (3), we can now compute the
steady-state probability vectors π̃l = (πl1, . . . , πlm) for l ∈ N0, where m is the
number of phases in each level. As stated in the background section, to calculate
π0, one must first solve the associated system of equations for x. It is known that
if a solution x exists, then it is unique for the system. Using our approximate
G̃ = GN ⊗GH1 ⊗ · · · ⊗GH1 , we have similarly to (7) that xG̃ = x, x1s = 1.
Let xN and xHk

, k = 1, . . . , J be the solutions of the above system of equation
where G̃ is replaced by GN and GHk

, k = 1, . . . , J , respectively.

(xN ⊗ xH1
⊗ · · · ⊗ xHJ

)G̃ = (xN ⊗ xH1 ⊗ · · · ⊗ xHJ
)(GN ⊗GH1 ⊗ · · · ⊗GHJ

)

= xNGN ⊗ xH1GH1 ⊗ · · · ⊗ xHJ
GHJ

= xN ⊗ xH1 ⊗ · · · ⊗ xHJ
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where the last equation holds because of the definition of the vectors xi. Fur-
thermore,

(xN ⊗ xH1 ⊗ · · · ⊗ xHJ
)1s = (xN ⊗ xH1 ⊗ · · · ⊗ xHJ

)(1n ⊗ 1h1 ⊗ · · · ⊗ 1hJ
)

= xN1n ⊗ xH11h1 ⊗ · · · ⊗ xHJ
1hJ

= 1⊗ 1⊗ · · · ⊗ 1 = 1

Therefore, xN ⊗ xH1
⊗ · · · ⊗ xHk

is the unique solution to the approximate
system of equations xG̃ = x, x1s = 1. Furthermore, Proposition 1 states that
GHk

= 1hk
αHk

. This implies that xHk
= αHk

, since αHk
is a probability vector

and αHk
GHk

= αHk
1hk

αHk
= 1αHk

= αHk
.

Let R̃ be the approximation of R given by (11). Based on the previous results,
π̃l can be computed as

π̃0 = (1− ρ)(xN ⊗αH1
⊗ . . .⊗αHJ

) (13)

π̃l = π̃0R̃
l

for l > 0 (14)

5 Fitting algorithm

In this section, the theoretical results established in the previous section are
combined with a search algorithm to find a QBD process that matches a given set
of queue-length probabilities. Our main contribution is the optimization problem
formulation. The user may choose different numerical solvers based on their
preferred cost and convergence properties.

5.1 Decision variables

The decision variables are a set of vector parameters used to construct the com-
ponents of the KPC-PH distribution. Initially, we describe the construction of the
hyperexponential PH components, denoted as Hi = (Hi0,Hi1), i = 1, . . . , J ,
specified by the parameter vectors αHi ∈ Rhi−1 and λHi ∈ Rhi . Note, that αHi

has one dimension less than the number of phases in process H, with the last
element chosen to satisfy the constraint that the elements sum to 1. Therefore,
the actual probability vector is formulated as α′

Hi
= (αHi

, 1−αHi
1hi−1).

To ensure α′
Hi

is a valid probability vector, the following constraints apply to
the decision variables: 0 ≤ αHi

and αHi
1 ≤ 1 for i = 1, . . . , J . The diagonal

elements of Hi0 are stored in the decision vector 0 ≤ λHi , i = 1, . . . , J , so that
Hi0 = diag(−λHi) and Hi1 = λ⊤

Hi
α′

Hi
.

Constructing N = (N0,N1) requires additional effort as the matrices N0,N1

are no longer diagonal. The decision vector αN ∈ Rn−1 is analogous to αHk

and thus subject to the same constraints: 0 ≤ αN and αN1 ≤ 1. Finally,
0 ≤ λN ∈ Rn2

records both the off-diagonal elements of N0 and the exit rates
t. Here, N1 = tαN , and the diagonal elements of N0 are set to ensure the row
sums of QN = N0 +N1 sum to 0 as required.
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Algorithm 1 Calculating the approximate queue-length probabilities
Input: αN ,λN ,αH1 ,λH1 . . . ,αHJ ,λHJ ,A
1: Construct the PH distributions from αi,λi parameters as shown in Section 5.1
2: Calculate F and L from the components (1)
3: Solve CQN with cyclic reduction to get GN ▷ O(LCRn

3)
4: Calculate the SVD decomposition of FNGN = UNΣV N ▷ O(n3)

5: Calculate U and V for decomposition FG̃ = UΣV (12) ▷ O(m2)
6: Calculate π̃0 from the components (4.5)
7: Run Algorithm 2 with input F ,L, π̃0,U ,Σ,V to get π̃1, . . . , π̃t ▷ O(m2t)
8: Calculate marginal probability for level 0 as π̃0 = π̃01m

9: return π̃ = (π̃0, . . . , π̃t)

Algorithm 2 Calculating π̃1, . . . , π̃t

Input: F ,L, π̃0,U ,Σ,V ,
1: Σ−1 = inv(Σ) ▷ O(k) as Σ is diagonal
2: L−1 = inv(L) ▷ O(m2) when L is upper triangular
3: A = V L−1 ▷ O(km2) as V is rectangular
4: B = Σ−1 +AU ▷ O(k2m) as U is rectangular
5: π̃0 = (1− ρ), π̃l−1 = π̃0

6: for l = 1, . . . , t do
7: u0 = π̃l−1(−F )L−1 ▷ O(m2)
8: u1 = u0U ▷ O(km) as U is rectangular
9: u2 = (B⊤\u⊤

1 )
⊤ ▷ O(k3) to solve system of linear equations

10: u2 = u2V ▷ O(km) as V is rectangular
11: u1 = u2L

−1 ▷ O(m2)
12: π̃l = u0 − u1, π̃l = π̃l1m, π̃l−1 = π̃l

13: end for ▷ O((m2 + k3)t)
14: return π̃1, . . . , π̃t

5.2 Outline of the fitting algorithm

During the fitting process, the assumption is that we have information on the
arrival process A and a finite number t of marginal queue-length probabilities
π = (π0, π1, . . . , πt). The marginal queue length probabilities are calculated from
the queue-length probabilities by summing the probability vectors at each level,
that is π0 = π01m and π1 = π11m. We start by implementing the equations of
Section 4 in Algorithm 1, to calculate the approximate marginal queue-length
distribution from the decision variables αN ,λN ,αH1

,λH1
. . . ,αHJ

,λHJ
, and

the arrival process A. The time complexity of the main steps is noted inline and
discussed in detail in [11, Section 5.4.5, Chapter 5]. Once the relevant matrices
and π̃0 are calculated, Algorithm 1 calls Algorithm 2 to calculate the remaining
marginal probabilities iteratively. To reduce the time complexity of the compu-
tation, we do not compute matrix R directly. Instead, the Woodbury identity is
applied at every iteration, and matrix-matrix multiplication is entirely avoided.
We point to [11, Section 5.4.5, Chapter 5] for a detailed analysis of the time
complexity corresponding to the steps in Algorithm 2.
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The optimization problem to find a QBD process with a KPC-PH service
distribution, that has the given arrival process (A), and that when solved has
the given marginal queue length probabilities (πl for l = 0, . . . , t), can be written
as follows

min
∑t

l=0 |π̃l − πl|/πl

s.t. αi1 ≤ 1, i ∈ I := {N,H1, . . . ,HJ}
αi,λi ≥ 0, i ∈ I

(15)

where αN ∈ Rn−1,αHi ∈ Rhi−1,λN ∈ Rn×n,λHi ∈ Rhi with i = 1, . . . , J are
the decision variables, and π̃ = f(αN ,λN ,αH1

,λH1
. . . ,αHJ

,λHJ
|A) where

function f is the implementation of Algorithm 1.
The vector π and the arrival process A are inputs to the problem and re-

main unchanged throughout. In the case of an irreducible Markov chain, π > 0;
hence, division by πl is always allowed up to machine precision. Thus, we have
V = n − 1 + n2 +

∑J
i=1(2hi − 1) variables and C = V + n − 1 +

∑J
i=1(hi − 1)

constraints. The objective function calculates the error between the input π and
approximate π̃ = (π̃0, . . . , π̃t). Normalizing the difference forces the fitting algo-
rithm to correctly capture the tail of the distribution. This is necessary because
the probabilities corresponding to higher levels are very close to zero; therefore,
otherwise, the difference between the approximate and the input probabilities
would be negligible.

5.3 Using a gamma distribution as N

As expected, the general PH distribution N requires more parameters than the
hyperexponential components Hk. To reduce the number of parameters and
therefore the dimension of the optimization problem, we note the following. The
SCV of N can be chosen to be SCVN ≤ 1 without loss of generality. This is be-
cause a PH distribution with SCV > 1 is hyperexponential. Setting SCVN > 1
would mean the KPC-PH distribution is hyperexponential [25]. However, setting
SCVN = 1 gives a hyperexponential KPC-PH as well. In this case, the first com-
ponent is lost, but the number of hyperexponential components can be increased
from J to J + 1 to counteract the lost component.
During the optimization, we reduce the dimension of the search problem by using
a gamma distribution, which requires only two parameters. At each iteration,
the gamma distribution is approximated with an acyclic phase-type (APH) dis-
tribution. This approach is natural since the gamma distribution generalizes the
Erlang distribution by allowing a non-integer shape parameter.
Figure 1 shows that a gamma distribution with an SCV as low as .074 is closely
matched by an APH distribution of size 10, and is matched perfectly by an APH
distribution of size 15. The updated version of (15) that uses a two-parameter
gamma distribution is as follows:

min
∑t

l=1 |π̃l − πl|/πl

s.t. αi1 ≤ 1, i ∈ I := {H1, . . . ,HJ}
k, θ,αi,λi ≥ 0, i ∈ I

(16)



The Component Queues Method for QBD Process Fitting and Analysis 13

(a) CDF (b) Logmoments

Fig. 1. Gamma distribution with SCV = 0.074 approximated by APH distributions
of increasing size.

where π̃ = f(k, θ,αH1 ,λH1 . . . ,αHJ
,λHJ

|A) and function f is updated to in-
clude the conversion of the gamma distribution into an APH distribution before
the queue-length probabilities are computed. The parameters (k, θ) correspond
to the gamma distribution.

6 Numerical results

We now conduct numerical tests to evaluate the proposed divide-and-conquer
fitting algorithm. In our implementation, we used MATLAB and its built-in
solver fmincon [23] to solve the optimization problem 16. The numerical tests
were run on an Ubuntu machine with an Intel Xeon E5540 CPU having 16
virtual cores and 32GB of RAM.

6.1 Evaluating the fitting algorithm

In this section, we use two real-life Microsoft production server traces, Radius
Authentication and BuildServer00, collected from the RADIUS authentica-
tion server and a Microsoft build server, respectively, to evaluate the fitting
algorithm outlined in (15) and implemented in MATLAB. In the upcoming fig-
ures, we refer to our method as KPC-QBD. We first compare KPC-QBD to an
alternative queue-based fitting method, which we term exact QBD. The alter-
native approach involves using optimization problem 15; however, instead of the
divide-and-conquer algorithm we developed, it employs the cyclic-reduction al-
gorithm implemented in QMAM [28] to compute the queue-length probabilities.
We also employ other well-established fitting algorithms as benchmarks, all of
which directly fit traces using moments of the trace. These fitting algorithms are
implemented in the KPC toolbox [16] and include:

– Prony’s method, which utilizes characteristic polynomials to exactly match
moments of the trace (see, [17, Theorem 1], and [15]).



14 J. Bor et al.

(a) Radius Authentication (b) Buildserver00

Fig. 2. Queueing results at 25% utilization when using KPC-QBD and exact QBD
methods to fit queueing probabilities.

– Hyperexponential parameter fitting, an approximate moment-matching al-
gorithm that uses a non-linear optimization problem to find the hyperexpo-
nential distribution that best approximates the first three moments of the
empirical trace.

– KPC-PH algorithm [16] that uses a divide-and-conquer approach to directly
match moments of a trace.

For all Kronecker-composition methods (KPC-PH, KPC-QBD, and exact QBD),
the number J of hyperexponential building blocks was experimentally selected
by evaluating multiple values of J .

Initially, examining the marginal queue-length probabilities in Figure 2, the
difference between KPC-QBD and exact QBD appears small. Fitting is per-
formed at the 25% utilization level where some improvement is noticeable. We
have observed similar result at 50% utilization. However, a significant difference
in fitting accuracy becomes evident upon inspecting the empirical Cumulative
Distribution Function (CDF) of the traces directly in Figure 3. KPC-QBD not
only outperforms the exact QBD method but also surpasses all other benchmark
methods that directly fit the traces. Noticeably, the sizes of the PH distributions
fitted by the exact QBD method are significantly smaller compared to those pro-
duced by KPC-QBD. This size difference is an anticipated limitation of exact
QBD, attributable to the slow computation of cyclic reduction at each iteration
of the optimization problem while evaluating its objective function.

6.2 Response time distributions

To further validate the proposed KPC-QBD algorithm, we calculate the response
time CDFs at 25% and 50% utilization for both the Buildserver00 and the
Radius Authentication traces. There are toolboxes that provide solvers for
response time calculations such as [28]. In Figures 4 and 5, the response time
CDFs are computed, except for KPC-QBD distributions, which are simulated
due to their large number of states. It is apparent from these figures that the
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(a) Radius Authentication (b) Buildserver00

Fig. 3. Empirical CDF of traces and the corresponding fitted distributions.

(a) ρ = 0.25 (b) ρ = 0.50

Fig. 4. Buildserver00 trace CDF of response time, KPC-QBD and benchmark meth-
ods.

KPC-QBD distributions offer a much closer fit compared to the other methods,
including the exact QBD distributions.

Motivated by the accuracy of the KPC-QBD method, we next reduce the
size of its distributions to make response time calculations numerically feasible
while preserving accuracy. The reduction is performed using the algorithm de-
scribed in [11, Algorithm 3, Chapter 5]. A reduced PH distribution size ensures a
smoother fit. This smoothing effect occurs because the reduced distribution has
fewer degrees of freedom, mitigating any overfitting that may have occurred due
to overparameterization. We run simulations of varying lengths to compute the
CCDF of response times for the Buildserver00 and Radius Authentication
traces. Achieving 99% convergence requires 106 iterations, taking about 38 sec-
onds. These results are compared with the original and reduced KPC-QBD dis-
tributions in Figure 6. The CCDF emphasizes tail behavior, where reduction er-
rors are most pronounced. For Buildserver00, a reduced size of 110 maintains
high accuracy and computes the PH response time distribution in 10 seconds, a
four times speedup over simulation. For Radius Authentication, a size of 130
provides a reasonable estimate in about 27 seconds.
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(a) ρ = 0.25 (b) ρ = 0.50

Fig. 5. Radius Authentication trace CDF of response time, KPC-QBD and bench-
mark methods.

(a) Radius Authentication (b) Buildserver00

Fig. 6. Response time CCDF at 25% utilization, comparing empirical simulation with
original and reduced KPC-QBD distributions.

7 Conclusion

In this paper, we present theoretical results for the efficient approximation of
marginal queue-length probabilities for a QBD process with PH-distributed ar-
rival times and compositional PH-distributed service times. We formulate an
optimization problem that utilizes this approximation of queue-length probabil-
ities in its objective function and aims to find a QBD process with a KPC-PH
service distribution, that closely matches a given set of marginal queue-length
probabilities.

Future work could examine the extension of the presented results to a broader
class of Markovian processes, such as matrix exponential distributions, Marko-
vian arrival processes, or rational arrival processes. Queueing systems associated
with these processes can be studied using matrix analytic methods. Therefore,
our results may also be used to fit and analyze these processes.
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