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ABSTRACT 

The work 'described in this thesis was performed in the context of 

a project to improve ship design by the application of computers. The 

particular aspect which is treated here is the design of the hull-form. 

The first part of the work describes some of the problems which 

arise in bringing a hull-form from the preliminary design stages to a 

form suitable for building. A brief description of manual methods is 

followed by a review of several past attempts to perform the same task 

numerically, using computers. The main difficulty is shown to be the 

wide range of slopes and curvatures of hull-forms. The drawbacks of 

current computer-methods are pointed out, thus indicating the reasoning 

behind the author's approach to the problem. 

The second part of the work treats some conventional methods of 

hull-surface description, namely least-sqUares polynomials and the 

division of the hull into geometrically distinct regions. These methods 

are analysed rigourously, and the difficulties encountered in their use 

are indicated. Several improvements and variations are proposed, and 

their results are compared with those of the original methods. 

The third part treats basic linear and non-linear transformations 

of the hull-surface into different reference systems. It is shown that 

many of the difficulties of curve description may be overcome by rotation 

and by transformation to polar co-ordinates about a uniquely defined pole. 

It is, however, also shown that, despite considerable improvement over the 

cartesian co-ordinate system, both transformations are inadequate for 

practical shipbuilding. 

In the final part, a different concept of 'similarity' between a 

graphically defined form and the corresponding mathematical definition 

is explored. The new concept, of minimising the shortest, i.e. normal, 

distances from the mathematical definition to the original data is 

shown. to lead to very powerful curve and surface-fitting methods. Further, 

the latter is shown to be quite close to the long-sought complete 

mathematical description of a hull. 

The work refers almost exclusively to ships' hulls, but it is clear 

that hulls belong to a large class of engineering surfaces, to which the 

analysis is equally applicable. For illustration, the various methods 

treated in this work are tested by applying them to two hull-forms. 
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CHAPTER 1 :-

INTRODUCTION 
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1.1 	Foreword 

There are several strong reasons for defining a ship hull—form 

mathematically. Some of these are: 

a) The simplification of hydrodynamic analysis. 

b) A true mathematical definition of a hull is invariant under 

scaling, i.e. scaling it up, for building purposes, does not create 

unwanted discrepencies. This essentially puts the mathematical definition 

on a par with full—scale lofting. 

c) Mathematical shell—plate develoment and the use of numerically 

controlled cutting and welding machinery ensue, with little additional 

effort. 

d) The mathematical definition of a parent form can be distorted 

analytically to a new desired form. This is valuable for designing new 

ships which are based on successful previous designs. 

e) A variety of lesser reasons; for instance, more accurate and 

convenient hydrostatic analysis, reduced space requirements and increased 

speed of lofting. 

These reasons have attracted researchers to this subject for several 

decades, but the advent of computers brought the subject out of its 

infancy. The recent parallel development of computers, numerical analysis 

and numerically controlled tools have brought about a reformation of 

concepts. The reformation has been catalysed by increased competitiveness 

in shipbuilding, and increases in the prices of raw materials and labour. 

Speed of design and the minimisation of scrap are more important now 

than ever before. 

In parallel with the development of power—ships in the last century, 

building regulations and traditions have also evolved. The regulations, 

which are mostly for safety, have constrained many aspects of ship 

design, and much effort has been devoted to making the corresponding 

computer methods conform. Tradition has also exerted a considerable, and 



not always justified, influence on certain elements of ship design. Until 

recently, mathematical ship lofting had been such a subject. 

On consideration of the literature on the mathematical definition 

of hull forms, much similarity of concept between different methods may 

be noticed. For example, most of the methods use polynomials as the 

lofting function, and the least-squares criterion as the measure of the 

similarity between the mathematical definition and the initial design; 

also, all the methods known to the author employ the cartesiall co-

ordinate system, with the occasional, localised, non-linear transformation. 

A particular function, goodness-ol-fit criterion and co-ordinate system 

may be demanded theoretically for some applications, but not for hull 

forms. 

Some of the author's earlier work falls into the category described 

above. The author is not, in fact, a naval architect; therefore, once 

the shortcomings of the earlier work were recognised, the investigation 

proceeded with broader applications in mind than just ships. The sub-

sequent work is quite general, with ships serving mainly to illustrate 

'difficult' engineering surfaces. 

1.2 	Definition of 'Fairness'  

The concept of 'fairness' of ships' lines is largely subjective; 

so much so, in fact, that it is unusual for several naval architects 

and loftsmen to unanimously find a particular set of lines 'fair'. 

Before attempting to define hulls mathematically, which implies fairing, 

the concept must be defined quantitatively. 

At this point, it is convenient to refer briefly to the manual, or 

graphical, fairing process. Normal practice is to start with a body- 

plan, which is drawn to a scale of the order of 1:50. It is drawn in the 

usual engineering convention, of two main orthogonal views - cross- 

sections and waterlines - with a third, confirmatory, view - buttocks; 
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other information, which is optional but which is often given, is that 

of diagonals and 'flat-of-side' curves, the former being projections 

unto non-principal planes, and the latter defining the region on the 

hull surface where the cross-section does not vary. Figure 1.1 is an 

illustration of a typical body-plan, with examples of all these views. 

The plan is often derived from a successful previous design. Data, 

generally known as 'offsets', is read off the plan, and checked carefully 

for reading and transcription errors. The offsets are then scaled up; 

modern practice is to scale up to 1/10th of full scale, but until about 

10 years ago, full scale had been used in most European shipyards. The 

scaled offsets are drawn on a large, flat surface - the 'mould loft' - 

and it is then that the fairing, or lofting, process proper commences. 

This consists of smoothing the offsests by means of wooden battens, or 

splines, in such a way that all the principal views remain smooth 

simultaneously, i.e. in such a way that no unwanted bulges or hollows 

are created in any of the views. It is in this "lines' fairing" procedure 

that the subjective opinion of the loftsman is exercised. 

Consideration of the graphical method and of various computer-aided 

fairing methods has led to the following definition, which seems to be 

a good compromise between mathematical rigour and acceptability to the 

loftsman. It is taken from Berger (Berger et al., 1966), but extended to 

surfaces, and consists of three conditions which the 'faired' curve or 

surface must satisfy: 

a) The curve or surface must be continuous up to and including the 

the second derivative, i.e. it must possess continuity of value, slope 

and curvature. 

b) The curve or surface must be completely free of extraneous 

inflexion points, while possessing those inherent in the data. 

c) Deviations from the scaled offsets must be as small as possible, 



I t5' 

100' 

• 
• 

1.1 

eAsr  
A P 

Arrt_2 evzor-it-e 

-9 	-8 	-7 

BODY PLAN  
AFMODY 	FOREBODY 

$.0.5* 0.0- 

1-00' 
0 44.41414V 

0-”).,•• 

FP 

7 -1 FP ▪ 5 
• SrAcrtrIvA. 

l.00.1Ceru 010.1.0o.. 1.4 ,0 011Zo•rr•.L PLA•M. 

0.50 BUTT. 

e, 	PRO+. It—V.. 

Ay 

• 

Figure 1.1 :- A typical Lines' Drawing 



consistent with the satisfaction of conditions (a) and (b). 

The proviso must be added that if knuckles are present, the fairness 

criteria shall apply only to those sections of the curve or surface that 

lie between the knuckles. 

Condition (c), while being the easiest to quantify, has led to a 

serious controversy, namely: What is the maximum deviation between the 

scaled offsets and the mathematical definition , that should be allowed 

for practical fairing ? To the author's knowledge, this problem has not 

been satisfactorily resolved yet. At one time, it was believed that 

accuracies as high as 1/4" in the full scale plan were necessary. This 

implies that the data must be read off the 1:50 body-plan to the remark-

able accuracy of half the thickness of a pencil line ! Further, it will 

be shown in this thesis that the value of the maximum deviation, measured 

in the conventional way, is not necessarily a reliable measure of the 

quality of the mathematical definition. 

1.3 	Errors in the Data  

There are two sorts of errors in the data, which must be considered 

in any fairing system, whether it be manual or mathematical, namely: 

a) The difference between the preliminary body-plan, and the corres-

ponding faired form, which the naval architect has visualised. This 

difference includes the measurement error which is inherent in any 

measuring device, and is small, by definition. 

b) 'Human' errors, such as mistakes of measurement and transcription; 

generally relatively large in magnitude. 

The last are assumed to have been eliminated before the fairing 

method proper is applied. For manual fairing, these errors are removed 

by very careful cross-checks of the data. As this is tedious and time-

consuming, it is only reasonable that computer-aided fairing methods 

should be preceded by computerised error-checking sequences. These do 
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indeed exist, and are generally simple to implement. In fact, many of 

the simpler errors can be rectified, at least approximately, using a 

slight extrapolation of the basic definition of fairing; usually, only 

borderline cases need be referred to the designer for confirmation. Such 

a feature must implicitly be included in any practical lines' fairing 

system. 

Throughout this work, it is assumed that the data is free from 

gross errors, i.e. type (b), although most of the fairing methods 

described will be seen not to be susceptible to these errors. Whenever 

type (b) errors are considered, it is clear from the context. 

1.4 	The Universal Hull Function 

The fundamental aspect of mathematical fairing is the existence of 

a universal function that, with different parameters, is capable of 

describing any hull. Earlier work in this field consisted of seeking 

such a function, and limited success has been achieved. However, it was 

soon discovered that even the simplest hull—surface consists of several 

regions of distinct geometrical properties, so that this universal 

function, if it existed, would have to be extremely complex. 

There is a class of empirically derived functions, which relate 

some of the hull parameters, e.g. the block coefficient, to. the perfor—

mance required of the vessel (e.g. Watson, 1962). These functions are 

of considerable practical interest, but they do not convey enough 

information about the hull form. 

It is now generally accepted that, for practical mathematical 

fairing, the hull surface must be divided into several parts, each to be 

faired separately, but in such a way that the combined surface is still 

continuous in value, slope and curvature. From the shipbuilder's stand—

point, this is an equally valid and useful form definition. 
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1.5 	Aim of this Work  

The intention of computer—aided design is to relieve the designer 

from the tedium of performing monotonous calculations, and from having 

to use intuition to make decisions that can be deduced mathematically. 

In other words, a practical lines' fairing system should, as much as 

possible, assess its own results, and decide whether they qualify for 

the designer's attention. 

The main drawback of systems which make their own decisions is that 

they are too rigid. That is to say that either because of their complex 

structure, or by design, they leave the user little room for experimen— 

tation. 

The other, currently prevalent, approach is to simply provide the 

naval architect with a basic fairing package, and to leave the rest to 

him. This suffers from the disadvantage, that unless the user is completely 

familiar with the mathematics of the method, alterations to the input 

data in order to achieve a specific change in the results must be made 

on a trial and error basis. 

The ideal, effective, lines' fairing system lies between the two 

extremes described above. Some of its most desirable properties are 

summarised in the following: 

a) The input to the system must be simple, and in a form which is 

familiar to the naval architect. 

b) The output from the system should be clear, preferably graphical, 

and, again, in a form familiar to the user. 

c) If left to its own devices, the system should make competent 

decisions about basic aspects, and it should inform the user of these 

decisions. This includes the correction of obvious user errors. 

d) It should be easy to override the built—in decision mechanism, 

or to modify it. 

e) Expert knowledge of the mathematical background of the system 
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should not be needed to operate it successfully. Awareness of the basic 

principles involved is as much as should be expected of the user. This 

implies a clear relationship between any change to the input data and 

the resulting change in the output. 

0 One of the unfortunate features of computer—aided design systems, 

which is often dismissed in theoretical works, is that practically every 

system is computer—dependent to some degree. It is the author's convic—

tion that complete machine independence is some time away yet, but that 

any practical system should strive towards this ideal. There seems little 

point in developing a sophisticated lines' fairing system for a computer 

that will soon be obsolete. Similarly, it is unwise to dismiss the 

practical application of a particular fairing method because it needs 

bigger and faster machines than are currently available. 

Each of these requirements is difficult in its own right. Some of 

them conflict by nature, and must be compromised upon. In particular, 

the need to split the hull surface into several patches, for practical 

fairing, has created new difficulties, while solving some of the old 

ones. The fairing problem is now in two distinct parts — the hull 

division problem, and the choice of function suitable for each part of 

the hull. Correspondingly, the aim of this work has been twofold: 

a) To formalise hull division methods, 

b) To experiment with different classes of functions, so as to 

minimise the number of functional forms that need be used for a satisfac— 

tory hull definition, thus also simplifying the problems of (a); or, 

more simply, to find such functions, that can cope with the rapid changes 

of slope and curvature of the typical hull form. 

The aim of this work was not necessarily to produce a directly 

usable lines' fairing system. Nevertheless, as many as possible of the 

desirable qualities of such a system have been included in the experimental 

work. 
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1.6 	Outline of the Work 

Chapter 2 comprises a brief review of the literature on this subject, 

a broad classification, by their mathematical background, of a selection 

of methods, a typical division of the hull surface, and the fairing 

procedure with contemporary methods. The limitations of the various 

methods are discussed, as are the objections, from the naval architect's 

point of view, to the fairing procedure. 

Chapter 3 contains a concise treatment of least-squares curve and 

surface-fitting by polynomials. Practical methods are described for the 

automatic choice of the optimum degree of polynomial for given data; 

also, for the correction of computational rounding error when using 

relatively high-order polynomials. While little of the individual ideas 

is new, their collective treatment and application in this way provides 

a foundation for the subsequent work. 

Chapter 4 describes various attempts to find a general, analytical, 

way of splitting a hull surface into mathematically distinct patches. 

Several conventional and two new methods, one of basic geometry and the 

other using splines, are treated, and a comparative set of results given. 

Using the techniques of Chapters 3 and 4, an experimental lines' 

fairing program has been developed by the author (Grossman, 1967), of a 

similar structure to that outlined by J.G. Hayes (1962). The system has 

not been completed, because it had such obvious deficiencies, that a 

totally different approach to the problem was indicated. 

As a result, Chapter 5 contains experiments with basic transfor-

mations, namely rotation and transformation to polar co-ordinates. 

Least-squares polynomials are used to fair the transformed data in the 

new co-ordinate systems, using the curve-fitting method of Chapter 3, 

with automatic choice of degree. Similar attempts may have been made 

in the past, but there seems to be no evidence in the literature. Further, 

the automatic choice of polynomial order is thought to be a major step 
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forward. 

By that time, it had been noticed that the deviations, in the'  

conventional sense of the word, between the original and the faired data 

were often misleading as regards the quality of the results. A more 

realistic measure was the shortest distance from each data point to the 

corresponding faired value. By redefining the concept of 'deviation' 

suitably, a completely original, powerful, curve-fitting method was 

discovered 	'parametric' curve-fitting - which is described in 

Chapter 6. The procedure is essentially a transformation, but the data 

remains in the original reference system (this is an immediate advantage 

over transformations such as those of Chapter 5). Least-squares.polyno-

mials are again employed for the mathematical definition, but in a novel 

way. 

The mathematical definition of a hull implies a surface, rather 

than a curve, description.' Therefore, Chapter 7 treats the extension of 

the method of Chapter 6 to surfaces, i.e. the shortest distances from 

the data points to the faired surface are minimised. It is shown that a 

large part of the problem is its precise definition, and that the one 

used is the simplest to analyse and to implement. The parametric surface 

is very flexible in terms of the slopes and curvatures it can describe; 

so flexible, in fact, that the method can fair substantial portions of 

hull surfaces without subdivision. Moreover, an unusual amount of freedom 

is allowed in the disposition of the data points about the surface, i.e. 

unlike many fairing methods, the data points need not be given on a 

rectangular grid, nor even in any regular manner. The parametric curve 

and surface-fitting methods seem to fill important gaps both in the 

general theory of least-squares approximation, and its application to 

lines' fairing. 

Finally, the work is summarised in Chapter 8, and a number of 

possible paths of further research in this field are suggested. 
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1.7 	Co-ordinate System and Notation 

Whenever reference is made specifically to ships, rather than to 

general surfaces, the co-ordinate system which is shown in Figure 1.2 

is used. 

The notation employed in the algebra is standard wherever convenient. 

Matrices are denoted by capitals, and vectors by overlines. When clear 

from the context, they are used without explicit definition. Vector 

spaces and norms are implicitly euclidian. 

	

1.8 	Data used 

Throughout the work, except when data was constructed especially 

to test certain features of a method, data for analysis was taken from 

the two body-plans given in Appendix A. These two hulls are arbitrarily 

referred to as Model 1 and Model 2. Both are relatively simple forms, 

and have been chosen for the following reasons: 

a) Model 1 has a simple bow, a compound stern profile, and a rising 

floor. 

b) Model 2 has a bulbous bow, but a mathematically simple stern 

profile, and no rise-of-floor. 

c) A common reason for both is that if any fairing or hull division 

method failed on either hull, it would undoubtedly fail on more complex 

forms. At the same time, these two forms provide a cross-section of the 

kind of data that a lines' fairing system must process. 

	

1.9 	Computing Equipment and Language  

Much of the computing has been performed with the IBM-7094 Mk. II 

at the Department of Computing and Control of Imperial College. For 

some of the later work, the CDC-6600 at the University of London 

Computing Centre was used. Both machines have interfaces to a CALCOMP 

digital plotter, which has produced most of the graphical output included 
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Figure 1.2 :- The Co-ordinate System 
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in this thesis. 

The PDP-9 with a Visual Display Unit, provided by the sponsors of 

this work, and the UNIVAC-1108 at the National Engineering Laboratory 

(which also has an attached plotter) have also been used for some of 

the experiments. 

Following the policy of machine independence, the FORTRAN-IV 

language has been used exclusively for computer programs. While this 

language has some marked deficiencies, it is implemented in the vast 

majority of scientific computing establishments, and seems likely to 

remain so in the near future. The standard version of the language has 

been strictly adhered to, which has permitted the use of a variety of 

convenient computers. 
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CHAPTER 2 

PAST AND PRESENT METHODS OF 

MATHEMATICAL HULL DEFINITION 
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2.1 	A Review of Mathematical Hull Definition Methods 

The research in this field has been for two pricipal aims 

hydrodynamic analysis, and actual shipbuilding. The former employs quite 

crude approximations, and, therefore, the accuracy of the hull definition 

need only be of the same order as that of the approximations; the 

emphasis is on the simplicity of the hull function, for analysis reasons. 

The latter purpose requires a precise hull definition, in order to be of 

any practical use. It is the second category that has proved the more 

difficult, and that is the one of concern in this work. 

The ideal solution is clearly a hull definition which is precise 

enough for mechanised building, and yet sufficiently simple for 

convenient hydrodynamic analysis.. This has been borne in mind throughout 

the work. 

It would take a large volume to enumerate and study, even super—

ficially, all the attempts to define hull forms mathematically. Fortunate—

ly, excellent surveys exist already. A review of work in this field up 

to 1955 is to be found in Saunders (1957). Later efforts are reviewed by 

Miller and Kuo (1963) and by Pitidis—Poutous (1964). Finally, the most 

up—to—date study of computer methods is that of Kuo (1971). On.the 

practical side, a good example of a modern mathematical fairing system, 

of which details are available, is that of Kantorowitz(1967). Commer— • 

cially, AUTOKON of Norway provide a computer—aided ship design service, 

and SENEII (Shipbuilders) of Spain have developed their own system (FORAM, 

1969), to name but two. It is noted that these particular systems do 

not normally permit the designer any direct interaction with the computer 

method. One system, which has been developed with explicitly the last 

point in mind, is that of Horsham (1970), which employs a Time—Sharing 

computer terminal. A more comprehensive list of works is provided in 

the Bibliography. 

As an illustration of the diversity of previous research in this 
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field, four classes of hull definition methods are described briefly, 

with the emphasis on the more unusual ones. Whenever relevant, reference 

is given to a specific utilisation of a method. Further, the main relative 

advantages and drawbacks of each class of methods are noted. 

Mathematical fairing is often achieved by optimising some 'fairness' 

criterion; it is then expressed algebraically as the minimisation of the 

corresponding error norm. The choice of error norm usually has about as 

much effect on the results as the original choice of hull description 

function. This is shown by describing three methods which employ the 

same hull function, but different measures of fairness. Methods which 

just fit the given data are not considered. 

The study of these past attempts, and of modern methods, indicates 

that all the lines' fairing methods , which are in regular use by ship-

builders, require that the hull be split into several parts, which are 

faired separately. A typical hull division, for use with contemporary 

methods, and typical functional forms used to fair each region, are 

therefore included. 

Finally, the complete fairing procedure with a typical computer-

aided lines' fairing system is outlined. 

2.2 	A Classification of Mathematical Hull Definition and Fairing 

Methods  

2.2.1 	The numerical definition  

This, rather basic, method is included here for completeness. As 

the name suggests, it consists of the straight-forward definition of a 

form, by as many points on the hull surface as are necessary for an 

accurate description, i.e. offsets, fore and aft profiles, etc. Fairing 

is invariably accomplished by smoothing higher order finite differences 

by least-squares. 

Disadvantages: difficult to formulate and computerise; has few of 
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the desirable properties of a true mathematical definition. 

2.2.2 	Least-squares polynomials 

This is a classical method which, because of its relative simplicity, 

alone accounts for over half the research in this field. As much of this 

thesis is concerned with various aspects of polynomial methods, only 

a brief summary is given here. 

Initially, attempts were made to fit entire hulls with polynomials. 

Curve-fitting, rather than surface-fitting, was used. It was soon 

realised that very high order polynomials are needed to describe some 

parts of the typical hull form (Kerwin, 1962). Unfortunately, this is 

incompatible with the description of linear regions, such as the water-

lines at the Parallel-Middle-Body. Moreover, waterline endings, cross-

sectional curves and stem and stern profiles have been found unmanageable, 

because of their ranges of slopes. Consequently, the early researchers 

only treated the relatively simple parts of the hull, often with fifth 

or sixth order polynomials. 

By 1960, it was generally accepted that, for practical mathematical 

fairing, the hull surface must be faired in parts. The parts which are 

suitable for polynomial definition were still faired by repeated curve-

fitting; on the other hand, methods had been devised for treating 

'difficult' regions (Pien, 1960; J.G. Hayes, 1962. 

Advantages: simplicity of calculation and manipulation; the least-

squares criterion penalises large deviations. 

Disadvantages: restricted to surfaces of limited gradients; very 

prone to instability, i.e. unwanted oscillations between the data points; 

difficulty of deciding on the optimum degree of polynomial; surface-. 

fairing by repeated curve-fairing places severe restrictions on the 

distribution of the given data points and on the degrees of the polyna-. 

mials. 
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2.2.3 	Mathematical splines  

These will be treated more fully later in the thesis. For the time 

being, it suffices to say that the data is fitted by polynomials, in a 

piecewise manner, i.e. each polynomial applies to one interval between 

a pair of data points only. The coefficients of the spline equations may 

be calculated using 'thin—beam' theory, thus intending to simulate 

manual fairing. The main difference is that a curve composed of cubic 

splines — the most common generally, and the only ones seriously 

considered for lines' fairing — has discontinuities in the third 

derivative at the data points. 

When calculating spline equations for an exact fit at the data 

points, an underdetermined system of linear equations (in the coeffi—

cients) is obtained. The two remaining degrees of freedom are most 

conveniently thought of as the curvatures, or, more precisely, the values 

of the second derivative, of the spline curve at the end—points. The 

values chosen for these control the behaviour of the fitted curve 

between the data points. For simple interpolation, the values are usually 

not critical, and may be estimated by finite differences; thin—beam 

theory implicitly demands that they be taken as zero, by assuming the 

beam to be pin—jointed at the end—points. 

Method 1  

The first spline method (Theilheimer and Starkweather, 1962) uses 

the discontinuities in the third derivative at the data points as the 

measure of error. This is reasonable, because these discontinuities 

are proportional to the forces acting at the points. The method consists 

of varying the estimates of the second derivative at the end—points in 

such a way as to minimise these discontinuities. 

Disadvantages: depends heavily on the accuracy of the given data; 

cannot cope with steep slopes or with rapidly changing slopes. 
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Method 2  

This method (Asker, 1962) attempts to overcome both disadvantages 

of the previous method. The error measure is an exact imitation of the 

one used for graphical fairing. An initial spline curve is fitted to 

the data. The points are then removed, one at a time, a new curve being 

fitted each time, and the difference in the dependent co-ordinate at 

the missing point is noted. The largest of these differences is the error 

'norm'. However, the method, as published, gives no indication of how 

this error is minimised. 

An ingenious solution is offered to the problem of steeply varying 

curves. Each spline is computed with respect to a local co-ordinate 

system, which has been rotated so as to place the relevant pair of points 

on the abscissa. An iterative scheme is outlined (without proof) for 

computing the modified splines. 

Disadvantages: it is not clear how fairing is accomplished; the 

modified spline requires much computation, both for fitting the curve, 

and for calculating points on it, so as to outweigh the object of the 

modification; the extension to.surfaces is not given, and is not obvious. 

Method 3  

This method (Berger et al., 1966) generates spline curves and 

surfaces in a completely different way. The fitted curve or surface is 

no longer required to pass exactly through all the data points. Instead, 

the basic definition of 'fairing' (Section 1.2) is expressed algebrai-

cally; in particular, the error measure is the maximum devation between 

the fitted function and the original points, i.e. the minimax error. 

Using splines as the hull definition function, the problem is shown to 

be one of Linear Programming (LP). 

While the minimax is a powerful and critical measure, both theoreti-

cally and practically, it leads to an inconveniently large LP problem, as 

regards the number of variables and constraints. In order to ensure a 
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solution in a reasonable amount of computer time, Berger compromises, by 

redefining the error norm as the sum of the magnitudes of the deviations 

at all the data points. 

It is shown that the extension of the method from curves to surfaces 

is straight—forward; also, that the matching of boundary conditions of 

combined surfaces presents no difficulties. 

Advantages: the flexibility of the spline function means that the 

division of the hull surface is not critical; further constraints, perhaps 

involving other naval architecture considerations, can be added very 

simply. 

Disadvantages: this method employs second degree finite differences 

at the data points. As these are not available at the end—points (or 

boundaries, in the case of surfaces), difficulties are encountered there; 

the method uses much computer time, even on reasonably modern computers, 

and using the modified error norm; the most outstanding feature of this 

method is the use of the minimax error norm, and the redefined norm is 

only marginally superior to least—squares; finally, fairly accurate data 

is needed (Berger gives a method for improving raw data). 

2.2.4 	Intrinsically fair hull forms  

The alternative to fairing data which has been read off a drawing 

is to create an intrinsically fair form mathematically. As there is no 

comparison process, the definition of 'fair' no longer applies, and one 

must revert to the original, subjective, definition. This implies that 

the generation of the form is by trial and error, which, in turn, implies 

the use of an interactive computer system, if the process is to be 

attractive. One such method has been treated by MacCallum (1970), who 

uses a parametric surface definition (Coons, 1967). It is noted that 

even when 'moulding' a hull by computer in this way, the surface.must 

be divided into several patches to achieve a satisfactory form. The 
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allied subject, of intrinsically-fair analytical form distortion, has 

been treated by Horsham (1970). 

The importance of an intrinsically fair form definition cannot be 

overstressed. However, the relative advantages and disadvantages of this 

class of methods can only be discussed with reference to particular 

methods. The only common property is the lack of a rigourous definition 

of 'fairing'. If the interactive moulding is performed via a Visual 

Display Unit (VDU), a further drawback follows - the limited precision 

of VDU's means that it is difficult to assess the quality of the results. 

	

2.3 	A Typical Division of the Hull Surface and a Geometrical  

Classification of the Regions  

Atypical hull division is depicted in Figure 2.1. Table 2.1 gives 

details of the geometrical types of the various regions. 

Conics are taken to include circular arcs as special cases. Also, 

not all hull forms possess all the geometrical types, e.g. a destroyer 

form has no ParalleI-Middle-Body. 

	

2.4 	The Fairing Procedure with Contemporary Computer-Aided Methods  

At present, there seems to be no method which is capable of 

describing even the simplest practical hull form by a single equation. 

Computer-aided fairing is usually performed as follows, with little 

variation between methods: 

Step 1: Given a suitable lines' drawing, the offsets and other 

relevant data are read off the drawing. 

Step 2: A trial division of the hull, as shown in the previous section, 

is made manually, often by observation. 

Step 3: The initial division boundaries are usually irregular space-

curves. Patch fairing methods invariably demand smooth patch boundaries, 

so that these must be smoothed before the patches can be faired. This 
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Figure 2.1:—  Typical division of the hull surface 
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Table 2.1:- 

Typical Hull Division and Patch Classification (see 

Figure 2.1) 

Patch Region Fairing Function 

Polynomial and straight-line combina- 

1 Bow tion for the profile; usually conic 
for the cross-section; sometimes sub-
divided further, as shown. 

Polynomial; usually of degree 3-5 
2 Forebody for the waterlines, and one or two 

degrees lower for the cross-sections. 

Parallel- 
3 Middle- Plane, or low-order polynomial. 

Body 

Similar to the Forebody, but usually 
4 Afterbody the same order polynomial for both 

sets of curves. 
• 

5 Stern 

Conic and straight-line combination 
for the profile; conic for the 
cross-section; sometimes subdivided 
further, as shown. 

6 Bilge Often given as conic or circular 
section, of known dimensions. 

7 Floor Plane, horizontal or inclined at a 
given slope. 



— 3 

is a critical and tedious phase of the procedure, because its difficulties 

are identical in principle to those of fairing the complete hull, i.e. 

the boundaries themselves contain linear and other awkward segments. The 

smoothing is usually performed graphically. 

Step 4: Data is prepared for the computer, e.g. punched cards. 

Step 5: The patches are faired separately, using a suite of computer—

programs, which maintain continuity of value, slope and curvature at the 

patch boundaries. It is noted that when conics or straight lines are used, 

they are invariably fitted exactly, rather than faired. 

Step 6: Generally speaking, the computer results are produced in 

graphical form, using a digital plotter. The size of the drawings is 

as large as the plotter permits — usually larger than the original 

body-plan; also, the waterlines and sections are plotted more densely 

than in the original plan, the latter often at frame stations. 

Step 7: The results are examined by the designer and the loftsman. If 

they are satisfactory, the hull form is finalised. Otherwise, there are 

usually two possibilities, namely, 

a) Where relevant, degrees of polynomials may be altered. 

b) The patch—boundaries may be altered. 

The procedure is then iterated either from Step 3 or Step 4, depending 

on the alterations which have been made. 

The degrees of the polynomials and the positions of the patch—

boundaries often bear no clear relationship to the results. Any 

modification to these must therefore be made on a trial and error basis. 

The more advanced the fairing method, the more flexible it is, i.e. the 

less sensitive it is to these variables. Nevertheless, the procedure is 

tedious and time—consuming. Several iterations are normally needed to 

• finalise a design, which means several computer—runs, and many man—hours. 

Moreover, the non—systematic variation of degrees of polynomials and the 

artificial hull division are alien to the naval architect. 
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CHAPTER 3:- 

LEAST SQUARES CURVE AND SURFACE FITTING 



- 32 - 

Introduction  

There is a vast literature on the subject of least-squares curve 

and surface fitting. Because of the diversity of the accounts, a 

review is presented here, which contains all the theory necessary 

for this thesis, without elaborating on the more profound details. 

In comparison with curve fitting, least-squares surface fitting 

has been neglected somewhat. For many applications, it has been 

achieved by fitting curves in orthogonal directions. This, and bi-

variate surface fitting proper, are both presented. 

Of particular interest to lines' fairing are practical problems, 

such as computational rounding error and the optimal degree of poly-

nomial for given data. Possible solutions to these problems are dis-

cussed. 

3 -2  Curves 

 

3.2.1 	Basic theory  

An excellent.  summary of the theory of least squares curve 

fitting by polynomials is given by Forsythe (1957), together with 

the outline of the structure of the corresponding computer program. 

In this section, a brief, but in some ways more general, account is 

given of the former, while some of the techniques displayed in the 

latter are no longer necessary for the modern computer. 

Given n data points, (x ,y ), 1 < i < n, with x-values exact, 

and the y-values subject to errors 6 with weights w , 1 < i < n. 
i 	 i 

Initially, nothing is assumed about the distribution of the errors. 

It is required to approximate y by a linear combination of 

a set, P 	of (m + 1) arbitrary functions in x, 

P = [ p (x) , 0 < k < m ] , 
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in such a way as to minimise the sum of squares of weighted devi-

ations between y and the approximation, i.e. let the approximating 

function be 

f(x) = a p (x) + a p (x) + 	+ a p (x)   (3.1) 
o 0 	1 1 	m m 

so that 	y=f(x)+e , 1<i< n   (3.2) i 	i 	i 

with the coefficients, a, selected so that 

S= 

 

2 2 
w 
i i 

 

(3.3) 

  

   

is a minimum. Henceforth, all summations with the index 	shall be 

taken to be over the data points, i.e. from 1 to n. 

To compute a, the expression for the error vector, L obtained 

from equations 3.1 and 3.2, is substituted in equation 3.3, which is 

then differentiated with respect to each 'a' ; for a turning point 

of S, all the derivatives must be zero. The following set of linear 

equations (in 0, known as the 'normal equations', is obtained: 

G a = T 

where G is a (m + 1)(m + 1) symmetric matrix, with elements 

g = 
kl 

 

2 
W p(x )p(x ) 	0<k<m;0<l< m 
i k i 1 i 

 

and T is the column matrix with elements 

w y P (x ) 	o < k < m . 
iiki 

Assuming that G is of full rank, the solution is given by 
-1 

a = G T 

So far, nothing has been assumed about the functions 'p(x)'. 

For present purposes, let y be approximated by a polynomial. 

t 
k 
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k 
Consider the case of 

	
p (x) = x 
	

i.e. 
k 

2 
f(x) =a +a x+a x+ 	 +a x 

0 1 2 

Then g 
kl 

  

(3.4) 

   

   

and 

  

2 
w y x 
i i i 

  

     

It can be shown that the soluton is unique, and a minimum of 

S. There are two serious objections to this derivation . Tho first 

is obvious - each time the degree of the approximating polynomialiis 

raised, a row and a column are added to G, and it has to be inverted 

again; there is no simple relationship between the two inverses. 

The second objection is more profound. To illustrate it, let n be 

large, and lot x be distributed approximately uniformly in the 

range [0,1]. The summation of equation 3.4 can then be replaced by 

an integral, which simplifies to 

n 
g 
kl 	k + 1 + 1 

i.e. n-times the principal minor in the Hilbert matrix 

1 	1 
1 

2 3 
1 1 1 

- MEI 	.1=0 

2 3 4 
H 

1 1 1 
- - - 
3 4 5 
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Minors of the Hilbert matrix are known to be extremely ill- 

conditioned. For example, with m = 7 , the ratio of the highest 
-1 

to lowest term in H is about 2,500,000. Therefore, extreme 

computational precision is needed to get valid solutions even for 

moderate degrees. Moreover, the difficulty increases with the number 

of data points, so instead of improving, the approximation worsens. 

Reverting to the general function, let the functions P be de-

coupled, by making them orthonormal with respect to x, i.e. let 

them obey the condition 

E 2  w p (x ) p (x ) 
i 	ikili 

r  0 for kX11 

I_ 

 

i for k = 1 

 

(3.5) 

 

The matrix G then becomes a well-conditioned diagonal matrix, 

and the solution to the normal equations is given by 

y p (x ) , 0 < k < m 	(3.6) 
iiki 

The corresponding minimum of S is given by 

2 	 2 
w (y -a p(x ) - 	—ap(x ) 
i 	i 	0 0 i 	m m i 

2 2 	2 	2 2 	2 	2 2 
w y 	a  	p (x)÷... + e 	iw p (x ) 
i i 	Oi ioi 	in i i m i 

- 2 a 
0 

 

2 
w y p (x ) - 	-2 a 
i i 0 i 

 

2 . 
w y p (x ) 
iimi 

  

a k 

A 

S 
m 

IMO cross-products of the p's ] 

The last group is zero by definition; each of the summations in the 

intermediate group is the expression for the corresponding coeffi-

cient from equation 3.6; hence 
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A 

S 

 

2 2 
w y 

2 
a 

 

(3.7) 

   

    

   

ktO 

  

i.e. when a now function is added to the set P , a single summation 

term gives the new coefficient immediately, without affecting any 

of the previous ones and without inverting a matrix; the resulting 

reduction in the sum of squares of deviations is directly available 

as the square of the coefficient, although rather severe rounding 

error is to be expected from the difference of two quantities 

which are generally very similar. 

There remains the definition of P. For a.polynomial approximating 

function, each p(x) must necessarily be a polynomial. It is possible 

to orthonormalise the vectors generated from the monomials: 1, x, 
2 
x 	x , by using the Gram-Schmidt procedure. A better solution 

is to generate orthonormal polynomials, using a three term recur-

rence formula suggested by Householder (1953), as follows: 

Let 	b p (x) = (x - c ) p (x) - d p (x) 	(3.8) 
k k 	k k-1 	k k-2 

with p = 1 , d tO andk= 1,2,...,m . The values of b, c and d 
0 	1 

are calculable at each stage. 

To prove this formula, let it be true, and assume that a set 

of orthonormal polynomials has been found; then, let b, c and d 

be calculated. 

Treating equation 3.8 as a vector relationship, multiply it by 

an arbitrary member of the orthonormal set, p (x) , weight and 
3 

sum over the data points, to obtain the following equation: 



2 
w p (x ) p (x ) 	w p (x ) x p (x ) 
iji ki 
	

i j i i k-1 i 
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-c Lw p (x ) P (x) 
k i i j i k-1 i 

  

 

2 
- d 	1 w p(x)p (x) 
ki i j i k-2 i 

 

(3.9) 

  

Set j = k 1 in equation 3.9. Using the orthonormality 

 

condition, 

      

2 	2.  
c= 1 ~w x p (x) . 
k 	i 	i i k -1 i 

  

Similarly, with j = k - 2, 

      

  

2 
w x p (x) p (x) . 
i i k-1 i k-2 i 

  

    

The value of b is such that the normality condition is maintained, 
k 

and is computed from the relationship 

2 2 
w p(x) = 	. 
i k i 

Finally, by setting j = k, the following identity is obtained 

w x p (x ) P (x) 
iiki k-1 i 

whence it follows that d can be expressed by the alternative formula 
k 

d = b i//( b 
k . 	k-1 	k-2 

This completes the proof. For a more powerful one, it may initially 

be assumed that the"new polynomial is related to all the previous 

ones, and the relational coefficients, other than the ones derived 

b = 
k 
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above, shown to be zero. The formula breaks down at k = n 1, at 

which stage the fitted polynomial would pass exactly through all 

the data points. 

For an arbitrary distribution of the x-values, the norms of 

the orthogonal vectors (i.e. the successive values of b) become 

either vory large or very small. This can be illustrated by assuming 

x to be distributed approximately uniformly in the range [-1,+1]. 

The polynomials generated in that case would be similar to the 

Legendre polynomials, which, for that range of x, have a rapidly 

decreasing leading coefficient (Forsythe uses Chobyshev polynomials 

to show this, because they has similar behaviour end simpler to 

manipulate). The leading coefficient remains constant if x is 

scaled to lie in [-2,+2]. In actual practice, the x-values are not 

uniformly distributed, and the leading coefficient does not necessa-

rily swamp the others (or vice versa), as has been assumed implicitly. 

Nevertheless, the highest computational precision is likely with 

this scaling when using fixed-point arithmetic. With modern computers, 

which normally used floating-point arithmetic, this scaling is no 

longer essential, but still advisable, so that the relationship 3.8 

involves quantities of similar magnitudes. It is almost imperative 

to at least shift the origin of x so that the mean shifted value is 

zero. The significance of this, in relation to the computation of 

polynomials, is clear from observation. 

An important modification to the basic procedure vas suggested 

by Clenshaw (1960). He shows that the orthogonal polynomials can be 

represented by linear combinations of Chobyshev polynomials; the 

entire recurrence sequence and the least squares calculations can 

be performed directly in terms of the Chobyshev form, with minor 

alterations only (i must be scaled to lie in [-1,+1], and the leading 
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coefficient in the polynomials in the summation must be halved). The 

benefit from this alternative form is much lower computer storage 

requirement, at the sacrifice of some computational speed. 

The modified procedure was adopted for the Experimental Lines' 

Fairing Package (Grossman, 1967), but was found unsuitable for the 

more general experiments attempted later. 

142.:2* 	Computational error analysis  

Sbme loss of significant figures occurs in the computation of 

the approximating function. It is useful to know the magnitude of 

this loss, and, if possible, to correct it, using the available in-

formation. The following analysis is based on the work of Clenshav 

and Hayes (1965). 

Let C denote the reduction in the sum of squares of weighted 

deviations as the degree of the approximating polynomial is raised 

from (m - 1) to m. It is calculated from 

2 	2 
C =- it w [f(x) y 1 

i i mi 

  

 

2 	2 
w [ f (x ) - y ] 
i • 	ml i 	i. 

 

     

2 	 2 
w 	f 	(x ) + a p(x)-y ]  
i 	i 	m m i 

2 	2 
w [ f (x )-y] 

m-i i 

IN* 

= - 2 a 

 

2 	2 	2 	2 2 
w p (x ) [ 1 (x ) - y ] + a 	w p (x ) 
i m i ' m-1 i 	i 	i m' i 

  

	(3.10) 

which, using the orthonormality condition and the expression for 

a 	(equation 3.6), reduces to 
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2 	2 2 	2 
c = a 	• at p (x ) = a 

mi imi 

 

(3.11) 

 

(this fact is already known from equation 3.7, but this particular 

derivation is used later) 

Now, the computed values of f (x), p (x)  and a are subject 
m-1 

to error; let them be denoted by 

A 

f 	(x) = f (x) + Sf (x) 
mri 	mri 	m-1 

A 

p (x) = 	p (x) + 	dSp (x) 

A 

and 	 a 	a + 	 • 

Two estimates can now be calculated for the actual reduction in the 

sum of squares of weighted deviations, namely 

(1) 2 
C = a 

 

2 A 2 
v p (x ) 

m 
from equation 3.10, and, from 

  

equation 3.11, 

  

(2) A 

C = 	2 a 
'm 

 

2 
w i p (x ) + Sp (x )1 f (x.) + 5f (x )] 
i 	m 	m 	mHjy 	111,4 

 

A  2 	2 A  2 
a 	i  w p (x ) 
mi imi 

In expanding equation 3.12, it is noted that 

2 
w P (x ) 	(x) 

	
0 

i m i 	mri 

(3.12) 

by orthogonality, since $T (x) is a linear combination of poly- 
m-1 

nomials of degree less than m; also, 
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2 
w 	(x) f (x ) y 7 = 0 
i m i 	m-1 i 	i 

because [f (x) y] is the difference between a fit of degree 
m-1 

(m - 1) and an exact fit and can therefore be expressed as a linear 

combination of orthonormal polynomials of degrees m to (n 1), i.e. 

f 	(x ) - y = -a p (x ) - a 	p (x ) - 	- a 	p (x) 
m-1 i 	i 	m m i 	m+1 m+1 i 	n-1 n-1 i 

whereas 5i3 (x) is a polynomial of degree (m - 1) - there is no error 

in the leading coefficient. Therefore, neglecting the small quantity 

2 
w 	(x f (x) , 
i m i 	m-i i 

equation 3.12 simplifies to 

(2) 	A 	A 2 
C = 2aa- a 

111 

 

2 A  2 
w p (x ) • 
i m 

 

If the error in p (x) is small, the summation in the second term is 

very nearly unity. Therefore, to a first approximation, 

(2) 
	

A 
	

A 2 
C 	2 a a - a 

m m 

(1) 
	

A 2 
and C a 

m. 

whence the corrected valuo of the coefficient a can be deduced: 

i A [ 	(2)/ (1) 

a = --- a 	1+ C C 
in 	2 	m 	m 	111 

   

  

(3.13) 

  

   

Equation 3.13 may be used to estimate the error and to inform 

the user of its magnitude. A better solution is to apply the correc-

tion numerically as the computation proceeds, until the error either 
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exceeds a given bound, or becomes so large as to swamp all the useful 

information. As a safety measure, the computation should not be 

abandoned on the grounds of excessive rounding error of a single 

coefficient; it is not unusual to find coefficients that are alter-

nately small and subject to severe error, and large and error free, 

e.g. when the data fitted is approximately an even function in x, 

and the x-values are distributed approximately symmetrically about 

the origin. Generally speaking, a termination of the fitting '  

procedure because of rounding error is very rare. 

3.2.3.  Imposition of constraints on the fit 

 

In the foregoing sections it has been assumed that the deviations 

are weighted discretely. For many applications, it is desired instead 

to impose certain conditions on the fit, e.g. that the fitted curve 

pass exactly through specified data points. A flexible way of achie-

ving this is described by Cadwell and Williams (1961) and, more etten-

sively, by Clenshaw.and Hayes (1965). 

The approximating function, f(x), is split into three parts, 

f(x) = q(x) g(x) + r(x) 	(3.14) 

where g(x) is a polynomial, ostensibly generated by the orthogonal 

polynomials procedure; q(x) and r(x) are the 'forcing functions'. 

r(x) is chosen so as to fulfil the desired requirements; q(x), the 

'zeroising function', ensures that the product q(x)g(x) (and, if 

necessary, its derivatives) is zero at the appropriate points, i.e. 

that it does not' 'interfere' with the values provided by r(x). For 

example, let f(1) = 1 ; then q(x) = 1 - x and r(x) = 1 are the 

simplest forms of q(x) and r(x). 

The straight forwArd way to implement this is to calculate a 
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now dependent variable, Y, from 

y 	r(x ) 
g(x ) 	e 	, 	1<i< n 

i 	q(x ) 	i 	i 

(except where q(x) = 0 , because these points contribute nothing to 

the sum of squares of deviations). Y is then fitted, using the 

values q(x ) as discrete weights, to allow for the division, i.e. 

if using the procedure of Section 3.2.1, w = q(x ) . After the fit, 

the required function, f(x), can be recovered from equation 3.14. 

Alternatively, q(x) can be included implicitly in f(x) by 

setting p (x) = q(x) as the first orthogonal polynomial, and apply-
0 

ing the procedure to Y = y - r(x ), 1 < i < n. 	As p (x) is 
i 	i 	i 	 0 

a factor of all the succeeding polynomials, it is also a factor of 

their linear combination. This avoids the initial division by q(x), 

the weighting, and the final multiplication by ci(x) to recover f(x). 

Despite the superficial differences between the two methods, 

their formal equivalence can be proved. It is noted that the ortho-

normal functions, p(x), are only polynomials with the latter method 

if q(x) is a polynomial. This is normally not very restrictive. 

Derivatives can also be imposed, using the latter method, by 

appropriate choice of q(x), and r(x). If a certain degree of deri-

vative is constrained, it is implied that the lower ones are cons-

trained, too (this is clear by observation). This may create a 

problem, because the lower derivatives are not necessarily given. 

A possible solution in such cases is to estimate the values of the 

derivatives; then repeatedly carry out a fit and refine the esti-

mates, until the lowest sum of squares of deviations is found. 

Further, infinite values of f(x) and/or its gradients can 

also be imposed, although only at the end-points of the x-interval. 
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for multiple singularities, the interval must be split up. 

The ability to constrain a least squares fit is particularly 

important for lines' fairing. If the hull surface is divided into 

patches, continuity up to any degree can be preserved between 

patches. 

3.2.4. 	Deduction of the optimum degree of polynomial by analysis 

of the residuals  

The problem is one of fitting the given data by polynomials of 

progressively higher order, and deciding at which stage the best 

approximation to the data has been found. The concept of 'best' is 

vague. Common criteria for goodness-of-fit are the values of the sum 

of squares of residuals and the 'root-moan-square error' (RMS), which 

is an estimate of the variance of the errors. Unfortunately, both of 

those criteria can be misleading. 

Here, two different solutions to this problem are described. The 

first is quite general, but is analytically unfounded; the second is 

analytically sound, but makes assumptions about the distribution of 

the errors and, as such, is only approximate in the general case. 

Despite these theoretical shortcomings, both methods have been found 

very efficient in a variety of applications. 

a) The maximum deviation normal to the fitted curve  

Consider the data and the fitted curve of figure 3.1. The 

deviation, 6, at the.data point P is large, whereas the curve is P 

good fit to the data to most intents and purposes. It is the high 

value.of derivative implied by the date in the neighbourhood of P 

which is misleading. 

Let the 'true deviation', 	be the minimum distance between 

the point P and the curvo, i.e. the length of the normal PT dropped 
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Figure 3.1 :- A typical data set, with an apparently bad fit. 

Figure  3.2  :- Enlargement of the neighbourhood of point P in 

Figure 3.1. 
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from P onto the curve at 'T(x ,y ) - figure 3.2. 
t t 

Define the fit as satisfactory if 
A 

maxts,i<i < n 	< 
A 

where 0 is a prescribed, small, positive number. $ is recognisable 

as the Chebyshev, or minimax, norm of the vector of 'true deviations', 

II 	II 	. Its use in this context is not altogether legitimate, 
oo 

because the curve was fitted by minimising II -4-  II . There is, 
2 

therefore, no guarantee that the condition can be met for a given 

value of 0, regardless of the order of the fitted polynomial (although 

it can be proved that as n 	II 6 II -4  II 4 II - Cheney, 
2 	00 

1966 - and hence it is likely that the condition be met for some 

value of 0 and degree of polynomial). 

Leaving the theoretical objections aside for the moment, the 
A 

practicality of computing & must be considered. The complete deri-

vation is given in Appendix B. The calculation is a simple iterative 

procedure, based on Newton's method for finding a zero of a function, 

and combined with the Regula Falsi method to force convergence in 

cases where the basic procedure diverges. 

Thus there seem to be no practical objections to this method of 

assessing the quality of a fit, and it was used in the Experimental 

Lines' Fairing Package (Grossman, 1967). In use, it was noted that 

when the points corresponding to the maximum and minimum values of 

$ remained unchanged when the degree of polynomial WEIS altered, there 

WAS often a 'rogue' point in the input data. 

b) The statistical significance test 

This is treated by Hudson (1964, vol. II). A cursory description 

is given here of the principles involved, without the statistical 

background or the associated proofs. 

So far in this chapter, the values of the dependent variable, y, 
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have been assumed to originate from a drawing, and to be subject to 

random reading errors. Let it now be postulated that there exists an 

exact function, g(x), of which the values of y are representative.' 

This function is to be approximated by a polynomial, f(x), of degree 

m. The value of m is sought, which gives rise to the 'best approxima-

tion' to g(x), with the actual values of the residuals playing a 
A 

secondary role. 

To assist the definition of the term 'best approximation', it 

is assumed that the measurements of y can be carried out any number 

of times. The best approximation is then that which minimises the 

variance of the fit to y, i.e. the variance of the coefficients in 

f (x), over an indefinite number of 'experiments'. 

The estimate of unexplained variance, pr , in one set of data 

is given by 

2 
e = S 

where 'iv is the number of degrees of freedom, and is given by 

= n m 	. 

or is known as the 'root-mean-square' (RMS) error. 

The amount by which f (x) will vary in repeated experiments can 
in 

be shown to be 
is 

2 
Var El (x)]   p (x) Var to ] 

m 	k=.0 k 

which can be proved to be 

= 

2 
	 b2(x) 
k=0 k 

(the unweighted version is given, for clarity) 

If the degree of f(x) is increased to (m + 1), the sum of squares 

of residuals decreases to 
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2 
= S - a 

m+1 	m 	m+1 
from equation 3.7, 

and the new and old variances of f(x) are related by 

Var [f (x)] 	Var [f (x)] 
2 

	 = 	 + b 
2 
	

2 	m+1 

So that the bettor fit in this case has been obtained at the expense 
2 2 

of an increase of our. b 	in the variance of the fitted curve. 
m+I 

There normally exists a critical value, m = h, which corresponds 

to the first (m + 1) terms in the Taylor expansion of g(x). It is 

this critical degree which is sought. It is postulated that 

a 	= 0 for all n-1>k> h 
k 

In practice, this is not so, and the object of the following 

analysis is to determine a bound, a coefficient below which can be 

discarded to a given degree of confidence. 

Until now, nothing has boon assumed about the distribution 

of the residuals. Now assume that they have independent and identical 
2 

normal distributions, with zero mean and variance sa (although 

different variances can be accomodated by introducing weights). 

Then the coefficients a can be shown also to have a normal distribu- 
k 

tion, about a mean a and with a variance of ea . It is noted that the 
2 	k 	 2 

value of sa is not known, but is estimated by cr. 

Further, the important result can be derived, that 

a 
j 

is distributed as F  if a = 0 
2 

where the F-distribution is the standard statistical tool for measuring 

confidence in the identity, within experimental error, of the values 
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of two variances estimated independently for the same sample of 

normally distributed random variables. 

The procedure is thus to make the hypothesis that 

a 	= a 	= 	 - a 	= 0 
m+1 	mf2 	 n-1 

and to test it, using the values of the F-distribution which are 

tabulated according to degree of confidence and the number of degrees 

of freedom (Pearson and Hartley, 1958). 

In practice, it is possible for coefficients to be alternately 

zero and finite, or even largo, e.g. for even functions, with the 

x-values distributed approximately uniformly about the origin (note 

the similarity with the analysis of rounding error - Section 3.2.2). 

It is therefore advisable to fit a polynomial of a reasonably high 

degree (i.e. higher than that expected for the optimum, but lower 

than that at which the rounding error is significpnt), to test the 

coefficients one by one, starting with the higher ones, and to 

discard the insignificant ones (i.e. the ones which are zero to a 

given degree of confidence), until a significant one is encountered. 

The degree, h, thus found is defined as optimal. The function f(x) 

can be recovered in the usual way, from the remaining (h 1) 

coefficients and the corresponding orthonorinal polynomials. 

For the procedure to be computerised, a ray must be found of 

obtaining the F-values by computer. The table of values for each 

degree of .confidence (four aro commonly used - the 95.0, 97.5, 99.0 

and 99.9 percent levels) consists of between 35 and 40 entries, 

which are not for regularly varying V. In order not to have to 

store the entire tables in the computer and to interpolate or 

extrapolate for the missing values, it is usual to approximate 

each by a relatively simple function. Appendix C contains such 
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approximations, which have been derived empirically. 

For ship forms, the assumptions made about the distribution of 

the residuals are not necessarily true, although they are likely to 

so. The procedure described above has been tested extensively, and 

found to perform very well. In some cases, an unexpectedly low 

order was deduced as optimal, leaving rather high residuals. Nearly 

always in these cases, an error was later discovered in the input 

data, thus confirming the validity of the experiment. 

3.3 	Surfaces  

3.3.1. 	General description of the problem 

Given n date points, with their associated weights, 

(x ,y ,z 	) , 1 < i < n 

There are several ways of fitting a polynomial to z in terms of x 

and y. The ones that may be chosen depend on the distribution of 

the independent variables in the xy-plane, the three most important 

ones being 

a) Data given on every intersection of a (k X 1) rectangular 

mesh, 

b) Data given on a quasi-rectangular grid, e.g. x, say, varies 

in a regular manner between two limits; for every value of x, x , 
0. 

y is distributed, not necessarily regularly, between the limits 

f (x ) and f (x ), where f (x) and f (x) are real functions, 
1 0 	2 0 	1 	2 
defined over the range of x. 

.c) Data distributed randomly, between irregular, finite limits. 

Problem (a) is treated by Cadwell (1961), and, briefly, by 

Clonshaw and Hayes (1965). It is solved essentially by repeated 

application of the curve fitting procedure, whether this appli- 
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cation be analytical or numerical. Orthogonal polynomials are 

genrated for one of the independent variables. Their multipliers 

with respect to each row of z (i.e. the a's of section 3.2.1) are 

then fitted in terms of the second independent variable. It can be 

shown that the order in which the independent variables are taken 

is immaterial. Cadwell considers the criterion of RMS to govern the 

choice of degrees of x and y in the final fit. Ho also considers 

the effect of missing data points. This is overcome by a simple 

iterative procedure, which consists of estimating the missing 

points, and repeatedly fitting the augmented data and replacing tho 

missing values by the fitted ones. It can be proved that if this 

process converges, then it converges to the true least squares 

solution. Convergence conditions are not well defined; essentially, 

not too many points may be missing. 

Problem (b) is discussed by Berztiss (1964) and elaborated 

by Clenshaw and Hayes. This is en important case, because it is 

directly applicable to hulls, where the regularly varying parameter 

corresponds to the waterline heights. The solution is again essen-

tially one of repeated curve fitting. The irregularly varying 

parameter, y say, is first treated by 

y - f (x) -f (x) 
1 	2 

Y 
f (x) 	f (x) 
1 	2 

which ensures that Y lies in the range E-1,4.1], as is required by 

the Chebyshev modification, although the important point is that 

the mesh is effectively trectangularised% Orthogonal polynomials 

are generated in terms of x - the order is important in this case Mai 

and their multipliers for rows of z are fitted by polynomials in 

terms of Y. It is pointed out by Clonshaw and Hayes that the surface 
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fitted thus is not the true least squares one; for most applications, 

this is immitterial, because the least squares criterion is often used 

merely as a convenient means of obtaining a reasonable approximation 

to the data, and is not demanded by the theory behind the application. 

Clenshaw and Hayes also describe an iterative procedure to allow for 

missing data points. 

Problem (c) was solved analytically by Woisfeld (1959). He 

proves that the generation 	of orthogonal polynomials by a three 

set recurrence formula is extensible to any number of dimensions. 

Cadwell and Williams (1961) solved the bi-variate version by an 

analytical application of the Gram-Schmidt orthonormalisation 

process to a set of monomial functions. 

Initially, method (b) was considered for this work, It vas 

tried in the Experimental Lines? Fairing Package, where the following 

drawbacks wore discovered: 

0 For the cross-fairing to be successful, the first set of 

curves fitted must all be fitted by polynomials of the same degree. 

This contradicts the objective of automatic selection of degree by 

computer. The latter can still be implemented, by repeatedly modifying 

and re-fitting the data, until the degree selection mechanism deduces 

the same degree for all the curves. It is very inconvenient. 

ii) Undue restrictions are imposed on the data points. 

Altogether, method (c) seems to be the most general'and versa-

tile. The true least squares surface is generated, with all the 

associated advantages. Therefore, a subset of Weisfeldts theorem, 

involving two independent variables only, is proved below. The 

procedure lends itself well to programming. 
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3.3.2. 	Bi-variate orthonormal polynomials  

The form of polynomials used for curve fitting is standard, but riot 

for 	surface fitting. A variety of polynomial models can be generated 

by orthonormal sequences. The model used here is one of the simpler 

extensions of the curve fitting model. 

Define the mth degree polynomial as the linear combination of 
1 

all the monomials x y , Inhere k 1 < m, i.e. let the approximating 

function be 

z(x,y) = 	a 
00 

+11 x + a y 
10 	11 

2 	2 
+ax+axy+ay 

20 	21 	22 

m-1 

	

+ax+ax y+ 	 + a y 
m0 	ml 	 mm 

( 3 15 ) 

This model may be solved directly, via the normal equations. 

The same difficulty is encountered as in the case of curve fitting, 

namely severe ill-conditioning of the equations. Therefore, let 

the approximating function be a linear combination of of orthonormal 

functions, i.e. let 

z(x,y) = 	a p (x,y) 
00 00 

	

+ a p (x,y) 	a p (x,y) 
10 10 	10 10 

+ a p (x,y) 	a p (x,y) + 	 + a p (x,y) 
00 m0 	ml ml 	mm mm 

( 3 . 16 ) 
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where 

2 
w 	P 	(x Or ) P (x Or ) = 

r 1 for 	k= u 	and 	1= v 

i i 	kl 	i 	i uv 	i 	i 0 for any other indices 

As for curve fitting, it can be deduced that 

2 
a = 	,  w z p (x ,y ) 
kl 	i 	i i kl i i 

and that tho minimum sum of squares of weighted deviations is given 

by 
m k 

A 

S 
m 

 

2 2 
w z 

i 

   

2 
a 
kl 

 

k=0 1=0 

without assuming anything but orthonormality. 

For a polynomial approximation to z, the orthonormal functions 

must also bo polynomials. To assist their definition, let the following 

order, which corresponds to that of the monomials in equation 3.15, be 

induced in their generation: 

k 1 
	

u v 
( x y ) precedes ( x y ) if k+ 1< u+ v 

or 	if k+1=u+v and l< v. 

Thus, the indices of the functions in equation 3.16 correspond to 

those of the monomials in equation 3.15. Now let each orthonormal 
k 1 

function, p (x,y), be a linear combination of the monomial x y 
kl 

and all the monomials which precede it, i.e. 

P (2t,y) = 	
] 

00 

P (x0r) 	[ 1  x 
10 

P (x,y) =C1, x 
11 

2 
	

k 1 
P (x,y) =r 1  ,x,y,x, • • • • 	x y 
k 
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It may be seen that the polynomials are in groups, each of which 

corresponds to a given degree, which, in turn, equels k. 

It is asserted that each of these orthogonal polynomials is 

non-trivially (i.e. with a non-zero coefficient) related only to 

the polynomials of the two preceding groups, end to the preceding 

polynomials (if there are any) in the current group. 

Proof  

Assume that each polynomial is related to all the preceding ones, 

i.e. for k > 1 and 1 > 1, let 

1-1 

b 	p (x,y) = Y P 	(xFY) 
	

c p (x,y) 
kl kl 	k-1,1-1 

	
v=0 kv kv 

k-1 

Ylo c 	(x,y) - 	y) 

k -2 

v=0 	k -1,v k -1,v 	v=0 k-2,v k-2,v 

 

P (x,y) 
v=0 uv uv 

 

(3.17) 

  

U=0 

 

For 1 = 0, y is replaced by x in the relationship. This is left aside 

for the moment. 

Treating equation 3.17 as a vector relationship, multiplying 

both sides by a weighted element of an arbitrary member of the ortho-

normal set, p (x,y), say, and summing over tho data points: 



2 
w p (x ,y ) 	1 c 	p 	(x ,y ) 
i rt i i v=0 k-1,v k-1,v i i 
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2 

	 V p (x ,y ) P (x ,y ) 
kl i 	i rt i i kl i i 

2 
P (x a ) Y P 	(x a ) 

i rt i i i k-1,1-1 i i 

1-1 
2 

	 w p (x ,y ) 	c p (x ,y ) 
i 	i rt i i v=0 kv kv i i 

  

k-2 

   

2 
w p (x ,y 	(x ,y ) 
i rt i i v=0 k-2,v k-2,v f i 

an,  T, 	p (x ,y 	J  	p (x ,y ) 	 
2 

i 	i rt i i u=0 v=0 uv uv i i 
(3.18) 

Set r = t in equation 3.18. Using the orthonormality condition 

and the fact that the summations may be interchanged, it is obtained 

directly that 

2 
Y P 	(x ,y ) p (x ,y ) , 	0 < v < 1 - 1 

kv 	i 	i i k-1,1-1 i i kv i 

In a similar fashion, by setting r = k - 1, r = k - 2 and 

r = k - 3 in equation 3.18, it is found that 

k-1,v 
	 2  w y p 	(x ,y ) p 	(x ,y ) , 0 < v < k - 1, 

i 	i 	k -1,1 -1 Ni i 	k-i, v i i 

  

2 
w Y P 	(x ,Y ) P 	(x ,y ) , 0 < v < k - 2 

k -29v 

 

i i k-1,1-1 i i k-2,v 
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2 
Y P 	(x 	) P (x ,Y) , 
i k-1,1-1 i i uv i 

0 <u<k - 3 ; o <v< u 	(3.19) 

The value of b can be calculated from the normality condition. 
kl 

Equation 3.1y can be rearranged, to give 

y P 	(x,y) = b p (x,y) + [ p's of lower degrees] ....(3.20) 
k-1,1-1 	kl kl 

Replacing k by (k - 3) in equation 3.20, and substituting for the 

expression y p (x,y) in equation 3.19, it is readily deduced, by 
uv 

orthogonality, that 

c 	=0 for all [0 <u<k- 3 ;0<v<u] 
uv 

This part of the assertion is thus proved. The special case of 

1 = 0 can be proved in exactly the same way. 
00.410.milms.11.4.0.10M.111.1110.11011111.....W.0 

The formula is valid as long as 1/2  (m + 1)(m + 2) < n. By 

reasoning analogous to curve fitting, it can be shown that the 

greatest computational precision is likely with the independent 

variables scaled to lie in the square [-2,+2]. 

3.3.3 	Rounding error 

The problem of rounding error is more severe with surface fitting 

than with curve fitting, if for no other reason than that there are 

usually many more vectors to compute and normalise. It is noted that 

the error analysis of Section 3.2.2 relies only upon the condition 

of orthonormality, and may therefore be applied to surface fitting. 

There is one difference - for curves, each degree corresponds to a 

single orthonormal polynomial and its associated coefficient, but 

for surfaces, each degree corresponds to a whole set of polynomials 

and their associated coefficients. Therefore, the magnitude of the 

first order error and the correction for it can be derived in a 

and 

uv 
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similar way to that of curve fitting, but by considering the effect 

of adding a single polynomial instead of raising the degree by one. 

With curves, further computation is deemed pointless when 

two coefficients that correspond to successive degrees ere swamped 

by their estimated rounding error, and these coefficients are 

excluded from the final approximation. When fitting surfaces, there 

are several possible tests, namely 

a) All the coefficients of one degree are swamped by error - 

the entire set is excluded from the final approximation. 

b) As (a), but applied to two successive degrees. 

c) Coefficients which are swamped by their estimated rounding 

errors are simply excluded from the final approximation, at any 

time in the computation. 

Test (b) is the direct equivalent of the corresponding test 

for curve fitting, but is unlikely in practice, except when fitting 

very high order polynomials. 

3.3.4 	Imposition of constraints on the fit 

The only case considered here is that of bi-variate surface 

fitting. Cases of repeated curve fitting are treated by imposing 

two-dimensional constraints on the curves. 

The imposition of constraints on surfaces is carried out in a 

similar way to curves. The approximating function is split, up into 

three parts, namely 

f(x,Y) = cgx,y) g(x,y) + r(x,y) 

where 

r(x,y) supplies the wanted values of the function (and the 

derivatives, if so desired) at the specified points, 

q(x,y) 'zeroes' the product q(x,y) g(x,y) at these points, 
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and 	g(x,y) is the polynomial fitted by the orthogonal polynomials 

procedure to the transformed variable 

r(x ,y ) 
i i 

1 < i < n 
cgx ,y ) 

i i 

with weights 	q(x ,y ) . 
i 	i i 

As with curve fitting, the function q(x,y) can be implicitly 

included in .f(x,y) by setting the initial orthogonal polynomial to 

q(x,y), which is much more efficient. 

An important fact is that the dimensionality of the constraints 

is always the same as that of the space of the independent variables, 

i.e. with plane curves, constraints can be imposed at points; with 

surfaces constraints can only be imposed along lines (or curves). 

Thus, strictly speaking; the above method forces values of f(x,y) 

along the contour q(x,y) = 0, i.e. along the projection of q(x,y) 

on the xy-plane. Conditions at a single point can only be controlled 

by heavy, discrete Weights at•(and near) the point. 

The last point is one of the advantages of surface-fitting by 

repeated curve-fitting for general use, but, for ship forms, inter-

patch continuity would be imposed along space-curves. 

3.3.5 	Deduction of optimum degree of polynomial by analysis  

of the residuals  

The methods that can be used the optimum degree of the approxi- 

mating surface are similar to those available for curves - Section 

3.2.4. 

In practice, the first method described (chocking that the 

maximum deviation normal to the fitted function is below a given 
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bound) leads to numerical difficulties. The calculation of the 

deviation normal to a curve already involves an iterative procedure; 

the equivalent procedure for a surface (other than a plane) is 

basically highly unstable. Whilst it can be implemented, the statisti-

method offers distinct advantages. 

The statistical method, which relies only on the condition of 

orthonormality and on the normal distribution of the errors in the 

data, is directly applicable to surface fitting. Nevertheless, 

there remains the same difficulty as for the rounding error analysis - 

Section 3.3.3 - namely whether to discard a single orthogonal poly-

nomial as insignificant, a whole set, or two successive sets. By 

analogous reasoning, the last is the logical choice. In practice, it 

is unlikely to find two completely insignificant sets, but rather 

'almost' insignificant ones, i.e. sets with a low proportion of 

statistically significant coefficients. Such cases do not lend 

themselves to convenient computer analysis, and are classical 

examples where the user's intuition is more useful than background 

mathematics. 

3.4 	Discussion  

Tho various ideas described in this chapter have been implemented 

in a general program for least squares curve fitting by polynomials, 

and a less comprehensive surface fitting program. Although no specific 

results are given here, the former has been used extensively for the 

work described in Chapter 5 (Transformations), and a part of it in 

Chapter 6 (Parametric Curve Fitting). Also, a modification of the 

latter has been used for the work of Chapter 7 (Parametric Surface 

Fitting). 
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CHAPTER 4 :- 
MATHEMATICAL DIVISION OF THE HULL SURFACE 



_ 62 _ 

4.1 	Introduction  

From the foregoing chapters, it is clear that even the simplest 

hulls consist of combinations of surfaces of distinct functional 

forms. Therefore, no universal function has been found to describe an 

entire hull satisfactorily. Oddly, it is the mathematically simplest 

form, i.e. plane surfaces, which, when joining higher order surfaces, 

create the greatest difficulties. This is because the higher order 

functional forms that describe the adjacent patches tend to oscillate 

about the plane surfaces. From the survey of present methods, it 

appears to be accepted generally that it is simpler to divide the 

hull into patches of different functional forms, which may then 

faired individually, rather than to attempt to find a universal 

function. 

After the division, the patch boundaries should be smoothed, 

preferably by an analytical form, to facilitate their mathematical 

definition. The data defining the boundaries may itself be awkward 

to fit. It is found in practice that most fairing methods are 

sensitive to the• positions of the patch boundaries. This, plus the 

fact that the idea of division is unnatural from the naval 

architect's point of view, implies the advantages to be had from a 

formalised approach to the division problem. 

The techniques described in this chapter were devised specifi-

cally for the isolation of planar regions, in order to identify the 

start of the Flat-of-Bottom (FOB) and the Parallel-Middile-Body 

(PMB) regions of hulls. They can be applied, in modified form, to the 

isolation of other functional forms. 

The analyses are restricted to curves, rather than surfaces, 

because engineering surfaces are normally defined by mutually 

orthogonal two-dimensional•viows, and tho division is performed 
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prior to the three-dimensional fairing. 

It is assumed that the slope of the linear region to be iden-

tified is known, although some of the methods described below aro 

applicable to cases in which it is not. In the case of the FOB (line 

AB in Fig. 4.1), the slope, known as 'Rise-of-Floor', is part of the 

hull specification; the other possible straight line is the side of 

the hull (line CD in Fig. 4.1), which would either be vertical, or 

its slope would be given. For the PMB (line AB in Fig. 4.2), the 

slope is clearly zero. Apart from the slopes, the other information 

available normally is the table of offsets. For the FOB this is often 

not enough, and more data is usually given, by the functional form 

of the curved segment (BC) joining the straight lines. 

Several possible solutions to the division problem are des-

cribed. In principle, the curve to be divided is fitted by some 

function, e.g. a polynomial, in a piecewise fashion, until the piece 

is found that is .either entirely linear or brackets a section of the 

right slope. 

The first two methods, which use a quadratic and a cubic local 

fit respectively, require the knowledge of the approximate position 

of the breakpoint, for stability. The third, which is a pseudo-

curvature method, is a means of locating the approximate position 

of the breakpoint. It may also be used to simultaneously check for 

errors in the data. The fourth method, using splines, is an elabo-

ration of the cubic method, which.obviates the need for the approxi-

mate position, and makes more efficient use of the given-data. 

The advantages and limitations of all the methods are described. 

The results, including some outright failures, are presented together, 

for ease of comparison. 
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Figure 4.1 :- Flat-of-bottom and bilge analysis. 

Parallel-middle-body region 

slope= O; 
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Figure 4.2 :- Parallel Middle Body analysis, 
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Then, if 0 is real, the two roots are given by 
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4.2 	The Quadratic Method  

Consider the points P, Q and R in Fig. 4.3, where P and Q are 

given data points, and R is the sought breakpoint. 

Lot the region QPR be described by the parabola 
2 

y 	+a x + a x   (4.1) 
0 1 2 

Then, substituting the co-ordinates of points P and Q in equation 

4.1, one obtains 
2 

y =a +a x +a x 
polp2 p 

2 
and 	y =:a +a x+a x 

q o 1q. 2 q 

 

(4.2) 

(4.3) 

 

 

Let the (known) straight line SR be given'by 

y =mx+ b 

Then, at the (unknown) point R, the parabola and the straight 

line intersect. Therefore 
2 

m x +b=a +a x+ax 
	

(4.4) 
r r 	o 	1 r 	2 r . 

Also, assuming continuity of first derivative, SR is tangential 

to the parabola at R. By differentiating equation 4.1 and equating 

the derivative to m, one obtains 

	

a+ 2 a x= m   (4.5) 
1 	2 r 

Either by solving these equations, or from the geometric pro-

perties of the parabola, the following expression is obtained 
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+0x x 
q P 

r 	± Q 	- 

If an approximation to the breakpoint is provided, or, at 

least, its position relative to x and x is specified, the app- 
p 	q 

ropriate root may bo chosen, assuming the two roots are suffi-

ciently far apart for the correct one to be easily distinguish-

able. The meaning of a complex 0 is that there is no parabola 

that satisfies the conditions - a very unlikely event, except 

through errors in data. 

The low order of the parabola makes it somewhat lacking in '  

flexibility. It is therefore quite simple to construct failing 

cases for this method. Also, the analysis involves only the data 

points next to the breakpoint, thus making rather inefficient use 

of the given data, and requiring an au.niliary m3thed to find 

those points. 

4.3 	Tho Cubic Method  

Fitting a parabola to the segment PQR (Fig. 4.3) implies a 

discontinuity in the second derivative at the breakpoint, R. For 

second derivative continuity at the joint, a cubic must be fitted. 

This is.possiblo, using just the two neighbouring data points, as 

before, the extra data demanded by the cubic fit being provided 

by the second derivative continuity. 

Let the cubic be of form 
2 	3 

y=a +a x+a x +a x 
0 1 2 3 

Lot the (known) straight lino be 

y =mx+ b 	, as before. 

Then, at points P and Q, 

	 (4.6) 
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3 
y =a+a x+a x+ax 
P o 1 13  2 P 3P 

2 	3 
y =a +a x+a x -Fax 
q olq2q3 q 

From functional continuity at point R, 
2 	3 

mx+b=a+ax+ax+ax 
r 	o 1 r 2 r 3 r 

From continuity of first derivative at point R, 
2 

m= 	2ax+ 3ax 
1 r 	3 r 

From continuity of second derivative at point R, 

• • 	 (4.9) 

	 (4.1o) 

o= 	2a + 6a x   (4.11) 
2 	3 r 

Solving these equations for x or making use of the geometrical 
r 

properties of cubics, leads to the following equation in x 
r 

y 	-m x - b 

3 
p say. 

x 

x- x 
q 	r 

y 	-mx 	- b 
ci 	q 

Then, taking the (only) real root, 

— 1 

Tho cubic is clearly a more powerful method than the quad-. 

ratic. There is no ambiguity about the solution of the equation, 

and the second derivative continuity is of practical importance. 

However, like the quadratic, it is a purely localised method, 

and, therefore, the data .points adjacent to the breakpoint must 

be found before it can be applied. 

A method will now be described, that locates the segment 

containing the breakpoint. 



- 68- 

(gx ,y ) 
q q 

P(x a ) 
P P 

as. ••••• 

•••• •••••• 	slope= m 

R(x ,y ) 
r r 

Figure 4.3  :- Detection of the starting point of a linear region 

by fitting quadratic or cubic. 

P(x ,y ) 
P P 

Figure 4.4  :- Pseudo-curvature analysis. 
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4.4 
	

The Pseudo-Curvature Method 

Both foregoing division methods require the two data points 

adjacent to the breakpoint on the curved side. If a straight line 

can be identified, the entering or leaving a linear region can 

be detected. Refering to Fig. 4.4, there are many ways of deciding 

whethor the points P, Q and R lie on a straight line, vis. 

a) Compute area of triangle PQR, given by 

1 

1 
A = 	det 

2  
1 

q 	q 

r 	r 

If the points are on a straight line, the area is zero. 

b) Estimate the second derivative at Q, using the standard 

finite difference formula 

(y 	y )(x 	x ) 	(y 7 y )(x - x ) 
aelY 	q pr p r. q 

2 	(x - x )(x 	x )(x 
	x ) 

x 	 q p r p r q 

In the straight line region, the second derivative is zero. 

o) Estimate the curvature at Q by finite differences, i.e. 

compute 

-1 
tan 

Y  - 

(1 	P 

x x 
q P 

CM' 

-1 
tan 

   

1•1•••••••••••••1111111111.11 

2 	2 	2 2 
(x - x ) +(y - y ) +(x - x ) +(y - Y ) 
q p q p r q r q 

If P, Q and R lie in a straight line, e  .7.: 0. 

Method (a) is simple and sound, but informs neither of the 

overall behaviour of the data, nor of its correctness. Method (b) 
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is an improvement in both respects, and has been used by Berger et 

al., (1966) to detect errors in data. It is as simple to compute as 

(a), but is orientation dependent. Method (c) is orientation indepen-

dent, but is more complicated. It also uses a trigonometric function, 

making it more sensitive to computatational rounding errors. The 

method finally selected has the combined advantages of all three, 

without some of the drawbacks. 

Define 'pseudo-curvature' at point Q by the height of the 

triangle PQR, normalised with respect to its base, i.e. 

QS 

e = 
RP 

(x -x )(y - y ) - (x -x )(y - y ) 
r p r p q 

2 	2 
(x-x)   +(y - y ) 
r p r p 

e  has properties similar to those of e. The magnitude of e  
indicates the deviation of the data points from a straight line; 

* 
changes in the sign of e  indicate inflexions, the number and 

positions of which permit errors to be detected. It is simple to 

compute, except at the end-points, whore all second order methods 

fail, anyway. The points next to the breakpoint are found by ta-

king the points in successive triplets (which, reforing to Fig. 4.4, 

means that having processed the set PQR, one of the points, say P, 

is discarded and point T is included, so that the new triangle to be 

processed is QRT), computing the value of e  for each triplet, and 

checking for a change of state from linear to non-linear or vice-

versa. The method does, however, have its limitations, as follows:- 

a) There is an infinity of triangles with apexes at three spe- 
* 

cific points, which all give rise to tho same value of e  (Fig. 
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A 	A 

4.5). For meaningful results, the angles P and R should be non-obtuse. 

This limitation is not serious, beacuse the check for acuteness is 

simple, and even if it is not carried out, any undesirable behaviour 

of the data should be noticed when the next point is considered. 
* 

b) It is extremely unlikely that a value of e  of exactly zero 

would be obtained when processing real data, especially in view of 

possible data errors. Therefore, some small, positive parameter, 6, 

say, must be chosen, and a region 'accepted' as linear if 1e I < 6. 

The value of 6 must be a compromise between the accuracy required 

and that which can reasonably be expected from the data. 

c) The values computed for e
, 

depend on the relative scaling of 

the variables. Therefore, the value of e is not universal, and must 

be selected according to the data. Usually, 6 = 0 [ 0.001 ). 

d) The definition of e  implies that a linear region must span 

at least three points in order for it to be detected.' 

Despite these limitations, the simplicity of the method made 

the investigation worthwhile, 

4.5 	Spline Methods  

Splines are essentially a piecewise fit by cubics. Their appli-

cation to lines' fairing is an important subject in its own right 

(Berger et al., 1966 ; Theilheimer and Starkweather, 1961). Here 

they are considered merely as a tool to identify linear regions. 

Given the data points (x ,y ) , 1 < i < n. 
i 	i 

Let them be fitted exactly by a sot of (n - 1) cubics, each of 

which is valid between one pair of points only, in such a way that 

continuity of up to the second derivative is maintained at the 

points. 
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Consider the ith interval, between (x ,y ) nnd 	y ). 
i i 	1+1 1+1 

Then, for x <x < x 	, let y be given by 
i+1 

3 	 3 
y = C (x 	-x) +C (x - x ) 

1,1 1+1 	i,2 

+ C 	(x 	-x) +C (x - x ) 
i,3 i+i 	1,4 

 

(4.12) 

 

where C is the (n - 1) * 4 matrix of spline coefficients. The 

derivation of C is given in Appendix D. The following points are 

noted:- 

a) Unless specified, the values of the second derivative at the 

end-points must be estimated or taken to be zero (note similarity 

in this respect with other methods of this chapter). 

b) The splines are orientation dependent. That is, if the data 

happens to represent a regular function, the spline fit is a valid 

approximation to the function only if the values of the first deri-

vative implied by the data are small. Computationally, this is mnni- 

fested by terms in 	1 
	

in the derivation of C. 
(x-x)   

i+i- 

c) The data should be one-valued, i.e. the x values should 

increase or decrease monotonically. 

The obvious way to locate the start of linear segments (or, for 

that matter, any segment of a given slope) is to fit the data with 

splines; then, by differentiating the spline in each interval, the 

interval containing the breakpoint can be found. The derivative of 

the corresponding spline, which is a quadratic, can then be solved 

for the exact position of the breakpoint. 

The straight-forward implementation of this is prevented by 

property (b), particularly for ship lines. One way to overcome 

this problem is to generate (n - 1) co-ordinate systems, with their 
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origins at the first (n - 1) points and the straight line between 

each pair of points taken as the corresponding abscissa, and to fit 

the splines with respect to these (Acker, 1962). As this is a 

somewhat inefficient process, a bettor way is to use 'parametric 

splines' (APT, 1967), as follows:- 

Let (u , 1 < i < n ) be a vector of monotonically increasing 

or decreasing values of some parameter. 

Let the sets of x values and y values, each be fitted by 

splines in terms of u, i.e. for each interval u < u < u 
i 	1+1 

(x) 	3 	(x) 	3 
x = c (u 	-u) +C 	u ) 

1,1 1+1 	i,2 	i 

 

(x) (x) 
+C 	(u 	-u) +C (u - u ) 

1,3 i+1 	i,4 

(y) 3 	(y) 	3 

	

y = C (u 	-u) 	C (u -u ) 
1,1 1+1 	i,2 

  

(4.13) 

   

and 

   

 

(y) 	(y) 
+C 	(u 	-u) +C (u -u ) 

1,3 1+1 	i,4 
	 (4.14) 

where the superscripts denote the particular set of coefficients. 

Then 	d y 	d y d x 
em•agarsem. 	 411•IMMINIMIIIM111•• 

d x 	d u 	d u 

d y 
and any value of ----- implied by the data can be obtained by rola- 

d x 

d x 	d y 
tive scaling of 
	

and ----- , whilst keeping the last two 
d u 	d u 

witthin easily manageable limits. 
In practice, a convenient way to generate the parameter vector 

vector is to compute tho accumulative linoarised arc-length between 

the data points, i.e. 
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Let 	u = O 

2 	2 
u = u 	+ 	(x 	x ) + (y - y ) 

	

i 	i-1 	i 	i-1 	i 	i-1 

for 2 < < n . . - 

Then, in each interval, taking extreme cases of horizontal 

and vertical intervals, it may be seen that the finite difference 

estimate of the mean derivative in the ith interval behaves well, 

that is 

ly -y I 

	

A Y 	i 	i-1 
0 <  	< 1 

	

Au 	 2 	2 
i 	(x -x ) + (y - y ) 

i 

and similarly for x. If necessary, u may be scaled down further, 

to control the parametric gradients. 

Assume that the interval containing the breakpoint is known - 

lot it be the ith interval. The exact value, (x ,y ), must be com-_ 
r r 

puted indirectly, by computing the corresponding value of u, u 
r 

first. The last may be found in three distinct ways :- 

a) By computing the point of intersection of the ith spline 

with the given straight line, i.e. with y = m x + b. 
r 	r 

Substituting for x and y , in terms of u , from equations 4.13 
r 	r 	r 

and 4.14, rearranging and simplifying, the following equation is 

obtained for u 
r 

3 	2 
a u+a u +a u +a = O 
3 r 2 r 1 r 0 

 

(4.15) 

 

where it is convenient to define P, q, v and w as 

(y) 	(x) 	(y) 	(x) 
p =C 	-mC 	; 	q =C 	-mC 

i,1 	1,1 	i,2 	i,2 

(Y) 	(x) 	(y) 	(x) 
v 	-mc 	w =c 	-mc 

i,3 	1,3 	1,4 	1,4 

and 
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and 
	

a = q p 

3 

a = 3 (p u 	- q u ) 
2 	1+1 

2 	2 
a= 3 (qu -pu ) +w-' v 
1 	1 	1+1 

3 	3 
a =pu 	-qu +vu • -wu- b 

O 	i+1 	1 	1+1 

Equation 4.15 can have one or three real roots, none or all of 

which may be inside the ith interval. 

b) By computing the position of the point at which the ith 

spline has the given slope, m. 

Given 
d y 

d xlu 
M 	 (4.16) 

  

By differentiating equations 4.13 and 4.14, substituting in 

equation 4.16, rearranging and simplifying, or by observing that 

equation 4.16 is the derivative of equation 4.15, the following 

quadratic is obtained for u 
r 

2 
3a u +2a u +a =0 
3 r 	2 r 1 

 

(4.17) 

 

where a , a and a are as defined above. 
1 	2 	3 

Geometrically, the roots of equation 4.17 pre the positions of 

the maximum and minimum distances of the spline from the straight 

line. There may be no real roots, coincident roots or two distinct 

roots, none or any of which may be in the permissible range. 

c) By computing the position of the point at which the ith spline 

has zero second derivative (i.e. second derivative continuity with 

the straight line). 



2 	---7 	2 
d y 	du du 	du du 

= 	 Now, 

•01111=•••• 

	  (4.18) 
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2 
d y 

2 
d x 

= 0 

2 	2 
dx 	dy 	d y d x 

Given 

r 

2 	3 

1  

d x 	

c 

 

d x 
Hence, if 	--- i 0 , u is the root of 

d u u 

2 
d y 	d x 

	 (4.19) 

d u 
2 

d u d u 
2 

d u 

By differentiating equations 4.13 and 4.14 once and twice, 

substituting in equation 4.19, rearranging and simplifying, the 

following quadratic is obtained for u :- 
r 

2 
bu+bu 	+b= O 	..... (4.20) 
2 r 	I r 	0 

where it is again convenient to define p and q as 

(x) 	(x) 	(y) 	(y) 
p= C 	C 	and q= C -C 

1,4 	i,3 	1,4 	1,3 

and 	b , b and b are given by 
2 1 	0 

(x) (Y) (x) (y) 
b = 3 to 	-u EC 	C 	-C 	C 
2 	1+1 i 	i,2 1,1 	1,1 i,2 

(y) 	(y) 	(x) 	(x) 
b = p EC 	- C ] - q EC 	C ] - b Eu 	+ u ] 
1 	i,1 i,2 	i,1 i,2 	2 1+1 i 

d u 

2 
d x 
	

dy 



m x + b 

- 77 - 

y 

A 

Q11 

Q 

• • 

O 

Pi re 4.5  :- Illustration that an infinity of triangles give 

the same value of pseudo-curvature. 

A 

PQ 

// 

0 

Figure 4.6  :- Possible behaviours of the spline in the interval 

containing the breakpoint. 
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(x) 	(x) 	(y) • 	(y) 
and b = q EC 	u 	-C 	u ] - p EC 	u 	-C 	u] 

0 	i,1 i+1 i,2 i 	1,1 1+1 i,2 i 

+buu 
2 i 1+1 

Here, again, there is the possibility of none, one or two 

valid solutions. 

Theoretically, either method may also be used to find the 

interval containing the breakpoint. Given the information about the 

straight line, and having fitted the data points with splines, 

either equation 4.15, 4.17 or 4.20 may bo solved in each interval 

and the roots, if real, checked for being inside the interval, 

until the correct root is found. In practice, similar problems arise 

with all three methods. They are best illustrated pictorially. 

Assume that the breakpoint is not exactly at one of the given data 

points. Then, refering to Fig. 4.6, the spline in the relevant in-

terval cannot describe both a curved and a linear region, and must 

therefore oscillate about the given straight line. Hence each of 

three methods can, produce more than one theoretically valid 

solution. Moreover, method (a) fails in cases where the spline 

functions do not intersect the straight line, and method (c) may 

detect an inflexion point which is totally unrelated to the sought 

linear region. Consequently, it appears that only method (b) may 

be applied in a mechanical fashion, especially if there is no prior 

knowledge about the breakpoint. 

The analysis of method (c) is illuminating about the general 

properties of parametric splines. It may be seen from egnation.,(4.18) 

that they are extremely flexible, inasmuch PS they have rn infinite 

range of curvature. Each spline has two inflexions, and, of course, 

the basic reason for their choice in this context is their ability 



-79 - 

to describe infinite y/x slopes. Later in the work, these properties 

were used as the basis for a complete fairing technique. 

4.6 	Results  

The methods described in this chapter were applied to 

data extracted from Appendix A. The description of data used is 

presented in Table 4.1, and the results in Tables 4.2 and 4.3, 

using the following notation:- 

a) x = co-ordinate of breakpoint. Sometimes, this is not in the 
r 

conventional x-direction, but the units are consistent for each set 

of data, and are usually a percentage of the corresponc'i.ng hull 

dimension. 

b) The breakpoints given in Table 4.1 are visual estimates. 

c) For waterline data, only the afterbody breakpoint was com-

puted. 

d) The letter 'F' as an entry indicates a failure of the par-

ticular method for the corresponding data. Note: some data were 

used, that have no linear region. In such cases, 'F' is the correct 

result. 

e) The code 'N.A.' as an entry indicates that the particular 

method was not applicable to the corresponding data, e.g. a slope 

dependent method when the slope was not given. 

f) The value used for e in the 'pseudo-curvature' method was 

0.01. This was found to be an acceptable compromise for most data. 

g) For testing purposes, the 'quadratic' and the 'cubic' methods 

were applied to the interval which visually contained the break-

point (as given in Table 4.1). 

h) The 'Agreement' column is an overall qualitative assessment 

of the agreement between several methods end the visually correct 

breakpoint. 
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Table 4.1 :- 

List of data sets used for testing hull division mothods' 

a) Model  

Idont. 

No. 
Description of Data 

No. of 

Points 

Straight line 

Equation 

Breakpoint 

Inter- 
vr1 

x 
r 

1 Soction at Station 1 	1/2 11 .201 x - .141 1 0.7 

2 Soction at Station 	2 11 .201 x - .141 1 0.7 
• 

3 Section at Station 2 	1/2 11 .201 x - .141 1 10.1 

4 Section at Station 	3 11 .201 x - .141 1 16.8.  

5 Section at Station 	4 11 .201 x - .141 2 40.5 

6 Section at Station 	5 11 .201 x - .141  3 54.7 

7 Section at Station 	6 11 .201 x - .141 2 40.6 

8 Section at Station 	7 11 .201 x - .141 1 21.3 

9 Section at Station 7 	1/2 11 .201 x - .141 1 14.2 

10 Section at Station 	8 ii .201 x -.141 1 6.5 

11 Soction at Station 8 	1/2 11 .201 x - .141 1 0.7 

12 Stern Profile 13 ' -35.714 x - 126.071 7 1.2 

13 Bow Profile 15 none 

14 6o p.c. Watorline 13 y .7 100.0 ---- 

15 So p.c. Waterline 19 y = 100.0 9 45.0 

16 100 p.c. Waterline 23 y = 100.0 11 38.0 

17 120 p.c. Watorline 23 y =.100.0 11 35.0 

13 140 p.c. Waterline 23 y = 100.0 11 32.0 

19 160 p.c. Waterline .23 y :-.- 100.0 9 25.0 

20 Bulwarks Curve 25 y .7 100.0 10 22.0 
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Table 4.1 (continued)  

b) Model 2 

leant. 

No. 
'Description of Data 

No. of 

Points 

Straight line 

Equrtion 

Breakpoint 

Inter- 
vrl 

x 
r 

21 Section at Station 	1/2 11 y = 0 1 2.8 

22 Section pt Station 	1 12 y = 0 1 8.2 

23 Section at Station 1 	1/2  12 y = 0 1 23.1 

24 Section at Station 	2 12 y = 0 1 42.4 

25 Soction at Station 2 	1/2 12 y = 0 1 63.3 

26 Section at Station 	3 12 y = 0 1 78.9 

27 Section at Station 3 	1/2  12 y = 0 1' 85.0 

28 Section at Station 	4 12 y = 0 1 86.o 

29 Section at Station 	8 12 y = o 1 82.5 

30 Section at Station 8 	1/2 12 y = 0 1  '71.4 

31  Soction at Station 	9 12 y = 0 1 44.3 

32  Section at Station 9 	1/2  12 y = 0 1 12.7 

33 Section at Station 9 	3/4 12 y = 0 	- 1 4.2  

34 Section at Station 10 11 y = 0 1 0 

35 Waterline B 20 y = 190.0 8 37.0 

36 Waterline C 20 y = 100.0 7  34.0  

37 Waterline D 20 y = 100.0 6 27.0 

38 Waterline E 20 y = 100.0 6 26,0 

39 Waterline F 21 y = 100.0 7 25.5 

40  Waterline G 21 y = 100.0 6 23.0 
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Table 4.2:- 

Computed Position of Breakpoint, usinr;. the Pscu0o-curvature  

the Quadratic and the Cubic Methods..  

a) Model 1 

Ident. No. 

of Data 

Interval No. 

by Pseudo- 

Curvature 

x 	by 
r 

Quadratic 

x by 
r 

Cubic 
Agroomont 

1 2 + 12.6 -26.0 very bad 

2 F -2.3 -11.5 vory bad 

3 F 1.9 -8.5 very bad 

4 F 26.9 -5.7 very bed 

5 2 + 35.3 25.3 feir 

6 2 	.4. 58.5 47.1  good 

7 7 (F) 36.6 28.1  good 

8 6 (F) 16.8 11.0 feir 

9 5 (F)  9.8  2.8. feir 

10 5 (F) 3.2  -4.0 bed 

11 5 (F) -i.o -7.3 bed 

12 5 + -6.9 -6.9 bad 
(*) 

13 3 + N.A. N.A. good 

14 4 	+ (F) 48.8  55.2 very good 

15 2 	+ (F) 43.8  47.4 very good 

16 6 	.f. 40.2 46.4 good 

17 2 	I- (F) 38.0 43.0 	. good 

18' 11 	+ 28.2 40.4 good 

19 9 	4. 30.9 37.5 fair. 

20 9 + 17.7 70.5 bad 

(*) Point of inflexion found. 
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Table 4.2 (continued):- 

b)Model 2 

Ident. No. 

of Data 

Interval No. 

by Pseudo- 

Curvature 

x 	by 
r 

QurdrPtic 

x by 
r 

Cubic 
Agreement 

21 F 1.8 -2.1 bed 

22 5 	+ 7.4 -2.9 bad 

23 10 (F) ' 22.9 9.4 fair 

24 8 (F) 44.9 32.0 feir 

25 7 (F) 66.2 56.4 very good 

26 6 (F) 80.8 74.0 . very good 

27 4 (F) 89.2 84.8 very good 

28 4 (F) 93.9 91.3 good 

29 5 (F) 87.5 82.8 very good 

30 5 (F) 73.8  66.5 very good 

31  5 	+ (F) 46.8  36.5 . very good 

32  9 (F) 14.9 5.3 good 

33 F 4.9 -2.7 feir 

34 F 3.3 -1.4 feir 

35 8 + 35.7 38.3 very good 

36 8 + 33.3 35.8  very good 

37 7 + 29.9 33.3 good 

38  7 	+ 27.8 30.1 very good 

39 7 + 26.6 28.2 very good 

40 7 	+ 24.6  27.9 very good 



Trblo  

Computed Position of Brorhpoint, using the Szlinn Mnthocs 

e) Modol 1  

Idont. No. 

of Data 

Method (a) Method (b) Method Cc) 

Agrooment Intorval 

No. 
x 
r 

Intorval 

No. 
x 
r 

Intorvrl 

No. 
x 
r. 

1 1 0.7 F ----- 
8  (F) 72.4 fair 

2 1 0.7 F ----- 1 0.7 very good 

3 1 0.7 F ----- 1 0.7 bad 

4 1  0.7 F ----- 1 0.7 bad 

5 1 0.7 F ----- 2 25.5 bad 

6 3 5o.6 2 42.0 2 31.2 frir 

7 2 36.0 1 25.1 1 0.7 bpd 

8 1 18.9 1 11.3 1 0.7 fair 

9 1 7.5 1 4.6  - 	1 0.7 bed 

10 1 0.7• F 1 0.7 bed 

11 1 0.7 F ----- 1 0.7 very good 
(1) 

.12 8 -6.8 6 3.5 10 -7.9 bed 
!2) 

13 N.A. ----- N.A.  ----- 6 -0.1 good 
(3) 

14 F . 	8 47.1  1 50.0 very good 
(1) 

15 9 46.1  9 46.2 3 9.0 good 
(1) 

16 -  12 45.0 12 45.1  2 -1.6 fair 

17 11 40.0 12 45.5 3 22.7 - 	fair 

18 F ----- 12 46.0  3 0.1 very bad 
(1) 

19 10 27.5 10 27.0 1 -0.5 good 

20 10 25.o 8 12.3 1 -40.9 bad 



- 85 - 

Table 4.3 (continued)  

b) Model 2  

Ident. No. 

of Data 

Method (a) Method (b) Method (c) 

Agreement Interval 

No. 
x 
r 

Intorval 

No. 
x 
r 

Interval 

No. 
x 
r 

21 1 2.8 F ----- 2 10.9 fpir 

22 2 8.2 1 4.8  1 0 fair 

23 2 23.1 1 13.4 1 o fair 

24 2 42.4 i 24.5 1 o bad 

25 2 63.3 1 35.6 1 0 bad 

26 2 78.9 1 46.5 1 o bad 

27 1 86.o 1 51.5 1 o bad 

28 2 86.o 1 49.9 1 o bad 

29 2 ' 	82.5 1 48.2  1 o bad 

30 2 71.4 1 41.8  1 o bad 

31  2 44.3 1 25.6 1 o bed 
(1) 

32 1 6.4 1 7.3 1 0 vory bad 

33 . 	2 4.2  1 2.4 1 0 fair 
(3) 

34 1 o F ----- i 0' vory good 
(1) 

35 8 38.i 8 37.7 2 9.9 good 
(1) 

36 10 55.o 8 37.0 2 8.9 bad 

37 6 30.0 1 2.5 2 6.2 bpd 
(1) 

38 10 55.3 7 31.9 1 2.5 very bed 
(1) 

39 7 25.1 7 27.5 1 0 very good 

40 6 25.0 7 25.9 1 0 very good 

(1) Average of two valid roots. 

(2) InfloxiOn found. 

(3) Point of maximum breadth of waterline found. , 
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i) A '4J accompanying an entry indicates that more than one 

linear region was found. Only the main one was investigated in 

such cases. 

4.7 	Discussion and Conclusions  

The results obtained using the methods described in this 

chapter were altogether unsatisfactory. Some of the methods were 

found to work some of the time, for simple data, but there was to 

much variation in the quality of the results to even consider the 

automatic application of any of these methods. 

The pseudo-curvature method showed up errors in tho input 

data, as expected. This, possibly excessive, sensitivity throws 

some doubt on the usefulness of the method for practical fairing. 

The quadratic and the cubic methods performed well for 

waterlines, where the data is eminently suitable. As for the 

cross-sectional data, the curved parts are usually conics, and 

cannot be approximated woll by law order polynomials, which is 

confirmed by the results. Surprisingly, there was little difference 

between the two methods in the quality of the results. 

The three spline methods were found to be more reliable, inas-

much as they either failed completely or produced valid, although 

not always acceptable, solutions. The problem anticipated, i.e. 

oscillations about the solution, was found to be quite severe, 

mainly because of the flexibility of the parametric splines. 

Two further problems were found, which are common to all hull 

division methods, as follows 

a) All the methods depend on accurate input data. This somewhat 

contradicts the original aim - that of fairing 'out' errors. Usually, 

the division boundaries would be smoothed after the division, which 
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reduces the effect of the initial errors, but does not eliminate it. 

b) Data, such as the 6o ir?  waterline of Model 1, which have no 

linear region, may still have to be split, so as to separate the 

forebody from the afterbody, if the hull has any PM. Any division 

algorithm may cause tho two breakpoints to overlap, as illustrated 

in Fig. 4.7. Such a situation is clearly not practical and must be 

checked. 

In conclusion, it was found that the most satisfactory way of 

separating patches is to estimate the division point manually, i.e. 

visually, and to improve the estimate using either the quadratic or 

the cubic method. The pseudo-curvature method may. still be applied 

initially to detect errors in data. The designer's supervision 

is necessary in all cases. Assuming that it is necessary to divide 

the hull, a much preferable solution would be to use fairing methods 

which aro insensitive to the exact division boundaries. Experiments 

with such methods will now be described. 
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I 

  

Hypohtetical patch boundary. 

Practical patch boundary. 

Figure 4.7:- Hypothetical overlap of hull surface patch 

boundaries. 
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CHAPTER 5 :-
TRANSFORIIATI CUS 
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5.1 	Introduction 

In the previous chapters it was shown that the problem of hull 

division is not easily soluble. The curves that prove to be the most 

difficult are those which are made up of several segments, each of a 

different mathematical type. This chapter is concerned mainly with 

the analysis of such curves, and the development of practical fitting 

methods. 

Consider the typical stern profile in Fig. 5.1 and the typical 

parallel-middle-body section in Fig. 5.2. Points lifted from either 

drawing are unsuitable for direct polynomial fitting. Fig. 5.1 is 

simply badly oriented, and could probably be fitted with line AO as 

the abscissa. Fig. 5.2 , in addition to being badly oriented, has 

straight line regions, making it unsuitable for polynomials even if 

rotated. 

Tho first transformation attempted was the elementary one of 

rotation. It is shown that, by rotating the co-ordinate axes of raw 

data, it is possible to fit a selection of curves with least-squares 

polynomial methods. 

The second transformation considered was that to polar co-

ordinates. This is a more interesting transformation, because in 

general, 	providing the pole is chosen well, straight line segments 

are eliminated, and 'difficult' slopes in the cartesian system become 

manageable in the polar system. 

In order to assess the improvement obtained by the transforma-

tions, the original and the transformed data had to be fitted to some 

common standard. The simplest standard is the degree of the fitted 

polynomials, but there is generally no obvious guide as to what that 

should be, especially in view of possible gross errors in the data. 

A better standard consists of extracting the maximum information from 
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Figure 5.1  :- A typical stern profile, less the propeller boss. 

Figure 5...2 :- A typical Parallel Middle Body sectional curve. 
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the data in each case. Such a standard was available in the form of 

the curve-fitting package of Chapter 3, in which the optimum degree 

of a polynomial is decided automatically, by analysing the residual 

deviations for each degree. Using this package, it also turned out 

to be quite simple to detect 'human' errors in data, and thus correct 

them. 

It is shown, for both transformations, that the imposition of 

end-conditions, e.g. an exact fit at the end-points, presents no 

difficulty. 

It is further shown that both transformations, whilst achieving 

considerable improvements over direct poynomial fitting, have limit-

ations, which prevent them from being used in a mechanical, computer 

like manner. 

Rotation 

5.2.1 	Description of problem 

Generally speaking, data points implying slopes greater than about 

+6o deg. (e.g. the neighbourhood of point B in Fig. 5.1, depending on 

the scaling of the variables) cannot be fitted by polynomials with 

any reliable accuracy. It is required to find that angle of rotation 

that will make the implied slopes optimal (defined below) for poly-

nomials. 

Given : the data points (y ,z 1 < i < n ). The points must be 
i i 

assumed to bo ordered and reasonably accurate, to make the following 

analysis meaningful. 

The data is to be rotated by 0 to a new set of reference axes, 

(yi,z"), where they become (y',z', 1 < i < n). There are several 
i 

criteria that may be chosen for the optimality of 0, but they all 

have in common the necessity to calculate the initial implied derive- 
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tines of the data. 

5.2.2 	Estimates of slopes and preliminary analysis 

The derivatives may be calculated using finite difference 

methods, but high order methods would be unstable for the same 

reasons that the data is to be rotated, and also unnecessary, since 

the data contains errors. Therefore, let the slope at each data 

point (or, more strictly speaking, between each pair of points) be 

estimated by the following first order formula: 

[ 

8 = tan 

z 	- z 
-1 i+1 i 

1 < i < n-1 

  

One point that arises immediately is that of multi-valued data, 

i.e. data that has, for at least one value of y, more than one value 

of z. For instance, the presence of line AB in Fig. 5.2 makes it 

multi-valued in that particular co-ordinate system. Least-squares 

fitting tends to 'averages out the multiple z values for such data, 

because no account is taken of the order of the points. Whereas this 

condition may be overcome easily for the data of Fig. 5.2, simply by 

rotating it, as shown in Fig. 5.6, it is clear that some data will 

be multi-valued in any cartesian reference system. The ability to 

detect this is a by-product of derivative estimation, as follows:- 

Consider the ith point. The slope estimate is 8 . 

The straight forward way of checking for a multi-valued point 

is to compute 	= e - 9 . 
i 

Then, if 01 > r , the data is multi-valued about any 

cartesian system. 

In practice, problems arise with e changing quadrants. It is 

therefore simpler to compute the angle spanned by the points, as 

follows:- 



- 94 - 

Let Q= Ae 
i=1 

where 

613 	= 8 	- 
i 	1+1 

B 
i 

-(Y 

and, from 	Fig. 5.3, 

Y )(z 	z 	) (Y - Y )(z - z ) 
141 i 1+2 1+1 i+2 i+1 1+1 1 

= tan 
(y )(y Y ) - (z -z )(z - z ) 

i+2 1+1 1+1. i 1+2 1+1 1+1 i 
OM. 

Tho chock is then whether 101 > r. 

This was included in the rotation experiments, as a preliminary 

test for the suitability of data. 

3-2.3  Optimum angle of rotation 

 

Assuming that a data set has passed the preliminary chock, it is 

now required to rotate it to the orientation best suited to polynomial 

fitting. Although there is no unique solution to this, a simple and 

effective condition is that the maximum rotated slope be minimised, 

that is, the value of 0 is used, that minimises 

e = max [ (18 - Dl) , 1 <i <n ] 

The value of 0 may be deduced either intuitively, or by using 

elementary minimax techniques. Consider a typical graph of e vs. 0 in 

Fig. 5.4. The envelope of the maximum of 8 is shown shaded. The 

minimum value on the envelope is at the intersection of the lines 

representing (0 - 8 ) and (8 	- 0), where 8 	and 8 
min 	max 	min 	MAX 

aro the minimum and the maximum estimated slopes respectively, thus 

leading to the result of 

0 = to 	+8 ) / 2 
max min 
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Figure 5.3  :- First order estimate for slopes, and check for 

multi-valued data. 

Figure 5.4  :- Computation of optimum angle of rotation. 
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which gives rise to a maximum slope, in the rotated co-ordinate 

system, of (e 	9 ) / 2 at two points. 
max min 

5.2.4 	Rotation matrix and precautions  

Having calculated the value of 0, the data may be rotated to the 

new orientation using the standard 2D rotation matrix, bearing in 

mind that 0 is considered as subtracted from the slopes, vis. 

oos(0) sin(0) y 
= 

z' -sin(0) cos(0) z 

All slope dependent processing may now be performed. 

Before rotation, the new maximum slope should be checked for 

being 'reasonable'. This, as before, depends on the scaling of the 

variables, but should not, in general, exceed ±60 deg. 

5.2.5 	Imposition of end-conditions 

Rotation is a linear transformation. Therefore eny values imposed 

upon points and/or derivatives of the polynomial fitted to the original 

data must simply be rotat©d in the same way as the data, using the 

above matrix, and then applied to the transformed data. 

5.2.6. 	Results  

The method has been tested with a representative eelecion of 

data. The rotation itself hardly necessitated the use of a computer. 

Polynomials wore fitted using the curve-fitting package of Chapter 3, 

with automatic choice of degree. 

A marked improvement in the quality of fit was observed in 

all cases. Two typical cases are shown in Figs. 5.5 and 5.6, with 

their untreated counterparts, for comparison. 
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a) Original points and 1st order (statistically optimal*) fit. 
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b) Rotation by 0.785 radian, and 9th order fit. 

Figure 5.5:- Effect of rotation on PMB section of Model 2. 

* The next statistically significant degree is 12. 
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b) Rotation by 0.656 radian, and gth order fit. 

Figure 5.6:— Effect of rotation on the Stern profile of Model 1. 
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It is clear, even from just the two cases shown, that despite 

the improvement due to rotation, the resulting fit to the data 

is considerably worse than that tolerable in practice. 

5..3 Polar Transformation 

 

5.3.1  Description of problem 

  

Consider the data points (y ,z , 1 < i < n) in Fig. 5.7. For 
i 

conciseness, 'curve' in this section refers to the figure generated 

by the straight line segments joining the points. 

Let point P be at (y ,z.). 
P P 

Let the points be transformed to their polar representation 

with P as a pole, i.e. to 

-1 

( r , 
i 

zi  - 

B 
i 
, 1 < i < n ), 	whore 

B 
i 

= tan  	(5.1) 
Y 
i 

Y 
p 

2 	2 
and r 

1 

= 	v/f(Y 	- y ) 
i 	p 

+ (z 	z ) 

	

 	(5.2) 

The data may then be smoothed by fitting a polynomial to r in terms 

of B. The approximate effect of this transformation on data such as 

in Fig. 5.2 is shown in Fig. 5.8. Even this rough sketch suffices to 

show up the advantage of the polar representation. 

5.3.2 	Choice of pole  

In the preceding discussion, point P appears to have been cho-

sen at random. Clearly some points are more suitable for a pole than 

others. Therefore, let the optimum pole position be defined as that 

which, when used in the transformation, produces the 'flattest' r/B 
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Figure 5.7  :- Typical data, with the points joined by straight 

line segments. 

Figure 5.8 :- Approximate effect of the polpr transformption 

on the data of figure 5.2, with pole at point P. 



b) E (r - 	where r =   r 
i=1 i 	n i=1 i 

21 
2 	1 
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curve. To complete the definition, a measure of 'flatness' must be 

introduced. 

Several metrics are possible, e.g. 

a) (r 	- r ) where r 	= max [r ] 
max min 	max 

and 	r 	= min (r ] 	1 < i < n 
min 

i.e. similar to least-squares. 

r - 11 
i=1 

The norms (a) and (c) are similar in nature. (b) suffers from 

the disadvantage that although the variance of r may be minimal, 

sharp peaks that might be introduced by the transformation are not 

prevented. For most reasonably smooth data, the choice of norm 

would be immaterial, but as a numerically iterative, rather than 

analytical, procedure must be used to minimise any of the three, 

the highest order norm, 1 , or the minimax norm, should be used, 
00 

i.e. norm (a). 

5.3.3 	Computation of position of pole .  

Let point Q(y ,z ) (Fig. 5.7) be a trial point for P. 
q q 

Define the 'flatness' function 

0(y ,z ) = r 
q q 	max 	min 

whore the values of r are calculated from equation 5.2, with respect 

to point Q. 

The function 0 has some interesting properties, discussed in 

Appendix E. The ones relevant to this section are 



- 102, - 

a) 0 is non-analytic, non-negative, and continuous, with, in 

general, discontinuous first and higher•derivatives, end, the more 

important property, found empirically, 

b) If the curve generated by the data points is convex in the 

range AB, then 0 has a unique minimum in the convex half-space of the 

curve, half-space in this context being defined as the area enclosed 

by the two end-segments of the curve extended to infinity. That 

minimum is the optimum position of P. 

It has been found empirically, from other characteristics of 0, 

that P lies approximately on the line MGN, where G is the centroid 

of the data points, and GN is perpendicular to AB. This fact is used 

to obtain a first appproximation to (y ,z ), by a linear search and 
P P 

parabolic interpolation (Appendix F) along MGN. The values are 

refined by a general purpose minimisation procedure, which does not 

use derivatives (Powell, 1965). 

The above does not necessarily apply to non-convex data. More 

than one minimum may exist, or none. However, instead of devising 

special techniques for such data, it has been found simpler to impose 

limits on the area of search for P, and abandon the senrch if the 

first approximation is not found within these limits. 

3.3.4 	Imposition of end-conditions 

The simplest imposed end-conditions are simply that one or both 

end points have particular z values. For definiteness, consider one 

end-point, say at y = y , 	and lot the required z value be.  z . 
1 	 1 

Let the equivalent polar co-ordinates be 8 and r 
1 	1 

It is clear that point (y ,z ) need simply be transformed 
1 1 

• like any other data point, using equations 5.1 and 5.2. 
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Other possible end-conditions include the imposition of certain 

values of end-derivatives. For definiteness, again, consider 

the imposition of 	dz 
z' 

dy y 	1 
1 

Using equations 5.1 and 5.2 and differentiating, it can be shown 

that the equivalent value of derivative in the polar system is given 

by 
1 + z'tan(8 ) 

dr 	1 	1 

d88 	-1 + ecot(6 ) 

where tan(8 ) is obtained from equation 5.1. 
1 

Similar analyses may be performed for the second and higher 

derivatives, if required, so that no difficulty should be experi-

enced in a practical implementation of this transformation. 

5.3.5 	Results and observations 

a) Computation of (y ,z ) 
P P 

The algorithm has been tested with both real and artificial 

data. The first approximation was found to be excellent in most 

cases, including some non-convex ones. Failures were obtained for 

data of very low curvature, data with more than one multi--valued 

point, and data which was roughly symmetridally 'S' shaped, all for 

fairly obvious reasons. These failures immediately limited the use 

of the method . 

b) Transformation and polynomial fit 

The transformation itself is straight forward, but a further 

limitation of the method was discovered during the testing stages. 

Some non-convex data, for which optimum poles could be found, were 

found to have multi-valued polar equivalents about these particular 
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0 x 

Figure 5.9  :- Non-convex data, for which an optimum pole can 

be found, but which transforms to multi-valued 

co-ordinates about the pole P. 
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poles (Fig. 5.9). This is clearly undesirable, but no satisfactory 

solution has been found to this problem. However, the condition is 

detectable during the transformation, by checking that B increases 

or decreases monotonically when transforming the points in their 

specified order. 

Results from typical data are shown in Figs. 5.10 and 5.11. 

These and others confirmed the validity of the experiment. The deg-

rees of the fitted polynomials were usually relatively high, and 

might have been higher if permitted by the curve-fitting package, 

as was indicated by fairly large residual deviations in the polar 

representation. Despite this, the fit in the cartesian system, after 

the reverse transformation, was usually very good, particularly 

visually. The reason for this is that the residual deviations in 

the polar representation are implicitly in the direction of r, and 

are therefore shared between the original y and z. In some cases, 

the position of the pole was such that the worst deviations were 

practically along the fitted curve, thus producing an apparently 

exact fit. 

0 Oscillations between points. 

This problem occurs with practically every form of curve fit-

ting by polynomials as the power is raised progressively in attempts 

to improve the fit. In this experiment, the r/e curves wore found to 

be exceptionally well behaved and'free of this problem.-The reverse 

transformation, however, did occasionally generate unwanted oscill-

ations, as may be seen in Fig. 5.10. 
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a) Original points and fitted curve after reverse transformation. 

THEIR • • 

b) Points after transformation about (9.636, 90.81), and 9th order fit. 

Figure  5.10:- Effect of polar transformation on PMB section of Model 2. 
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a) Original points and fitted curve after reverse transformation. 

b)  

1.60 	2.00 	2.20 	2.40 	2.60 
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Points after transformation about (11.14, —6.579), and 7th order fit. 

Figure 5.11:—  Effect of polar transformation on the stern profile 

of Model 1. 
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S.4 	Conclusions 

Both transformations were found to produce substantial improve-

ments in the quality of fit over direct fitting methods. The polar 

transformation was generally much more effective. 

Despite the improvements, the results obtained were not good 

enough to warrant the use of either transformation as the basis for 

an automatic, or even semi-automatic, hull-fairing method. 

Another disadvantage of both transformations is their depen-

dence on the accuracy of the data. Algorithms have been devised to 

identify and correct, or reject, bad data (Berger et al., 106) and, 

in practice, one such algorithm would be applied; also the curve-

fitting package helped to detect bad data. Nevertheless, both trans-

formations wore found too sensitive to errors in data. 

One important point, common to most transformations, emerged 

from this experiment - the directions of the residual deviations 

after the fit. The standard least-squares polynomial model assumes 

the errors to be in the values of the ordinate only. When thO poly-

nomial is fitted to transformed data, the residuals are implicitly 

in the values of the ordinate in the transformed space, i.e, gene-

rally shared between the original abscissa and ordinate. Although 

this alters the mathematical model of the fit, the effect on the 

fitted curve (or surface), after the reverse transformation, may 

often be beneficial. This discovery led to the postulation of a 

different mathematical model for curve and surface fitting, described 

in the following chapters, which takes the errors in the data to be 

in all the co-ordinate directions. 
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CHAPTER 6:- 
( * ) 

PARAMETRIC CURVE FITTING 

( * ) 
An abridged version of this chapter appeared in the Compute': 

Journal in Vol. 14, May 1971, under the same title. 
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6.1 	Introduction  

In most of the foregoing work, and also in most contemporary 

line's fairing methods, it is assumed that the errors in the data 

are in one of the co-ordinate directions only, namely in the depen-

dent variable. In Chapter 5, it was shown that there is much to be 

gained by assuming the error to be distributed between the co-

ordinate variables. This approach may be formalised, by defining 

the distribution and its associated weighting pattern. 

For this work, the division of errors may be justified by re-

calling the fact that data is read off a body-plan. If the same 

measuring device is used for both ordinate and abscissa, there is 

no reason to suppose that measurements in one direction are more 

accurate; for a measuring device of given precision, the absolute 

error in measurement, in any direction, can be taken as proportional 

to the scaling factor of 'real units°/'units of measurement'. This 

is used to deduce the relative distribution of error between abscissa 

and ordinate. Individual weights may be assigned to data points in 

the usual way, i.e. by a subjective estimate of their accuracy. 

The problem of least squares curve fitting when both ordinate 

and abscissa are subject to error has been of interest for some time 

A recent successful algorithm for for solving it is described by 

O'Neill (O'Neill et al., 1969). Given a sot of experimental data 

(x , y ), 1 < i < n, 
i i 

with x and y subject to error with weights w 	and w , it is 
xi 	Y1  

required to calculate points (x', y') that lie on a continuous 

curve so as to minimise the sum of squares of weighted perpendicular 

distances from the points (x , y ) to the curve, i.e. to minimise 
i i 



S 	= 
n 

e 	w 	(x .- x') 

[ 2 

	2 	z 

x 	xi 	i 	i 

2 	2 
+ 9 	w 	(y 	- y') 

2 3 y 	yi 	i 	i i=1 

whore the overall ratio of error in y to error in x is given by 

/ 8 , which also governs the angle between the line from each 
X 

data point to the corresponding point on the generated curve, and 

the tangent to the curve at that point. 

In O'Neill's work, y' is derived as a polynomial in x', and 

the discrete values x' corresponding to (x ,y ) are calculated by 

an iterative procedure. The idea can be generalised by introducing 

a third variable, u, and functions f and f , called the parametric 
X  

functions, such that 

x' = f (u) 
x 

y1  = f (u) . 
y 

For this work, polynomials, because they are very convenient, 

have been used. as parametric functions, i.e. 

 

f (u) = 
x 

k 

r=0 

k 

a u 
xr 

and f (u) = 

 

r 
a u 
yr 

  

r:=0 

Also, because the data sets to be processed have a natural ordering, 

it was further stipulated that the order of the data points be main-

tained. This definition makes the parametric curve orientation-

independent, which enables the fitting of multi-valued data, such 

as the typical hull cross-section often is, and even loops. 

The parameters to be calculated are the n-vector u and the 
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polynomial coefficients, i.e. (n + k + k + 2) unknowns. In this 
x 

chapter it is shown that there are several solutions, in the sense 

that they produce a minimum of S. An iterative technique is des- 

cribed, without a proof, which generally converges to the best 

solution in the least squares sense, without using derivatives. 

Although polynomials are used throughout the analysis, most of it 

is general, and can easily bo applied to other parametric functions. 

A certain similarity of functional form may be noticed here 

between the parametric curve described above, and that used by MacCallum 

(1970), although the method of generation is completely different. 

This is intentional, because the lines' fairing work was complemen- 

tary to MacCallum's work on curve and surface definition. 

6.2 	Statement of the Problem and Method of Solution 

6.2.1 	The objective function  

The function to be minimised is given by 

k 

   

S( a , —a , u) = 8 	v 
x y 	x i=1 xi 

k 
2 

+ 	w y 
[r 

- Et11 e0.041,8 (6.1) 
i=1 i r=0 yr 	i 

Let 	k = max [ k 	, k 	] 
x 	y 

Then 	S 	is 	a 	polynomial 	of order (2 k + 2) 	in 

( n + k +k + 2 ) independent variables. As such, S has 
x y 

at most k 	k 	real minima. 
x y 

Intuitively, equation (6.1) appears to be underdetermined; if 

u is linearly transformed, compensatory changes in a and 

would still lead to the same solution. By applying the Newton- 
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Raphson technique to the variables near a minimum of S, this property 

is clearly demonstrated; the resulting system of equations has 

( n + k +k + 2 ) unknowns, and only ( n + k + k ) equations. 
x y 	 x y 

The two variables eliminated from the system were u and u , for 
1 

reasons discussed below. There are algorithms for computing local 

minima of functions such as S, but they are rather inefficient for 

n > 20 (e.g. Powell, 1965). 

	

6.2.2 	The constraints 

Ordinary least squares fitting takes no account of the order 

of the independent variable. The reason for fitting x and y in 

terms of u is that a possibly multi-valued, ordered data set is 

separated into two independent, single valued sets. The last pro-

perty ensures that the order is not lost by the least squares fit, 

if the parametric functions are themselves single valued by nature, 

e.g. polynomials. To obtain correct separation for all data, some 

order must be induced in u. The natural choice was made, that 

u <u , 1 < i < n - 1, with u and u fixed. Because of the 
i i+1 	 1 

properties of linear transformation, it is only the distribution of 

u in the range u to u that affects the value of S. The values of 
1 

u and u are arbitrary; they were chosen as u = - 2 and u = + 2 
1 	n 	 1 
for computational precision (Section 6.3.1). 

	

6.2.3 	Non-linear programming 

The constraints on u change the nature of the problem from a 

standard minimisation one to a non linear programming problem, with 

a non-convex objective function and linear constraints. There are 

many techniques and programs available for the solution of such 

problems, but none of them take advantage of the relative simpli-

city of this particular problem. 
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6.2.4 	A possible algorithm 

Upon further consideration of the problem, it appears that it 

may be split into two simple parts. Given an initial u-vector, it 

is a relatively trivial matter to compute the functions f and f 
x 	y 

using least squares; and vice versa - given the functions f and f , 
x 	y 

then, subject to certain conditions (to be discussed below), a new 

approximation to u that results in a reduced value of S, may be 

computed by local minimisation of S with respect to each u in turn. 

For this to be successful, the components of ; should be 'reasonably' 

independent. Loosely defined, this moans that tho u-values should 

be ones that arise due to the nature of the data, rather than 

being forced by the constraints, i.e. the ultimate u-values should 

be well away from violating the constraints. Complete independence 

between the components of u is always sufficient (because the objec-

tive function reduces to a sum of independent functions, which may 

be minimised individually), but was found not to be strictly nece-

ssary (Section 6.3.2). 

The algorithm therefore consists of two processes - each 

major iteration consists of (n - 2) minor iterations for the new 

u-values (u and u being held fixed), and a least squares fit to 
1 

calculate the new polynomials which must, by definition, reduce S 

further or leave it unaltered. The major iteration is repeated 

until convergence is reached. 

This is a rather 	simple 	approach to a complex problem, 

but in combination with a good first approximation to u, it has 

given some interesting results. 
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6.3 	Computational Techniques 

6.3.1 	Least-squares derivation of the polynomials  

The method used was that of orthogonal polynomials, which is 

treated in Chapter 3. It is shown there that the highest degree of 

computational precision is obtained if the independent variable lies 

in the range [- 2, + 2] , which dictated the values of u and u . 
1 

In the same chapter, methods aro described for discrete weigh- 

ting of data points, and also for the imposition of desired end-

conditions. These were also implemented. 

6.3.2 	Iteration for u-vector 

The contribution at the ith point to the sum of squares of de- 

viations is given by 

2 2 
	

2 	2 2 
	

2 
s(u ) = 8 w Ex - f (u )] + 8 w [y - f (u )] 

i 	x xi i 	x i 	Y Yi i 	y 

It is a (2 k)th order polynomial in u . A new value u' is 

to be found, such that s(u') < s(u ), subject to 	< 	< u . 

	

i-1 	i 	i+1 
Figs. 6.1 to 6.5 show typical s/u behaviour, in order of decreasing 

frequency of occurence. It was convenient to write the program so 

that the local minimisation starts at u . Hence, at the i.111 point, 
2 

in the jth iteration, the value of u 	is from the current itera- 
i-1 

tion, and that of u 	is from the (j 1)th iteration. Fig. 6.5 
i+1 

depicts the problem that was encountered by O'Neill - that of se- 

veral local minima - but is less likely to occur, since it depends 

on the turning points of two functions, rather than one. Behaviour 

as in Figs. 6.3 and 6.4 is more common, because it can be caused by 

inflexions in f and f , and by certain combinations of the deriva- 
x 	y 

tives of f and f . Fig. 6.1 depicts the most desirable behaviour; 
x 	y 

it is the geometrical representation of independence between sucre- 



i+1 

1-1 1+1 i -1 1+1 

Figure 6.1  Figure 6.2  

1-1 
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Figure 6.3 	 Figure 6.4 

• 

Figures 6.1 - 6.5  :-

Typical behaviour of the ith 

contribution to the sum of 

squares of deviations, with 

varying u . 

1-1 	 1+1 

Figure 6.5  
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ssive u values. Fig. 6.2 is a case that occurs frequently in the 

early iterations. It represents the prevention, by a constraint, 

of a complete local minimisation. 

There are many ways, of varying sophistication, of locating 

the minimum of s. The method finally adopted - a simple, constant 

step search, without using gradients - has been found to be more 

than adequate. The position of the minimum is bracketed by moving 

down-hill from u , in steps of (u 	u )/20. The position 
i 	 i+1 	i-1 

is then refined by parabolic interpolation (Appendix F), and the 

process repeated with a step-size 1/100th of the original. As 

expected, this procedure has been found a little inefficient in the 

first one or two iterations, but this is more than offset by the 

simplicity of the program. The average number of calls to the 

function that evaluates the polynomial s(u) - the major computing 

time consumer in the entire algorithm - is 6 to 8 per point. 
No satisfactory solution has been found for problematic s/u 

curves. Generally speaking, successive u values tended to move in 

the same direction, that is when u 	u , u tended to in- 
i-1 

crease, too. Cases such as Figs. 6.3 to 6.4 were rarely found, end, 
in any case, there cannot be more than k such points in a set of 

data. 

6.3.3 	The initial approximation to u  

There are two 'natural' choices for the initial values of 

u , 	2 < i < 11-1, as follows: 
i 
a) Equally spaced, i.e u = u + i h, where 

u u 
h = 	n 	1 

n 1 

b) Linear approximation to arc-length, i.e. joining the data 
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points by straight line segments, and relating u to the lengths 

of those segments as 

2 	2 
u = u 	+ m 	(x - x ) + (y - y ) 
i 	i-1 	i 	i-1 	i 	i-1 

where m is a constant, such as to make u = 2. (a) is the simpler 
n 

of the two, but (b) may be justified qualitatively, as follows: 

Given the two functions f (u) and f (u), and their derivatives, 
x 	y 

ft(u) and f'(y), the arc length o-is related to u by 
x 	y 

2 	2 	1/2  
= tft (u) + 	( y)3 

• 2 	2 	1/2  
le. Au Efl (u) + f' (y)] 

x 	y 

and 	 2 	2 	-1/2  
46,u ;4 	Ef' (u) + f' (u)]   (6.2) 

x 	y 

(any text on elementary Differential Geometry, e.g. Eisenhart, 

1960). 

If the functions are a good approximation to the data points, 

the constant m can be thought of as an 'a priori' approximation to 

the mean (over n points) of the bracketed expression in equation 

(6.2). In words, the concentration of components of u is directly 

related to the concentration of the data points. 

In practice, it has been found that starting from either (a) 

or (b) led to the same solution, but, as hoped, (b) always  gave a 

much better starting point. 

In an attempt to locate all the minima of S, other initial 

approximations have been tried for several sets of data. These 

approximations were logarithmic, with values of.0 concentrated 

at either end of the range. The minima obtained in those cases 

wore different from the ones found using (a) or (b); they were 

d 

d u 

i.e. 
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in every instance worse, both in the initial and the final values 

of the objective function. 

Method (b) was finally adopted as the best first approximation. 

Results obtained indicate strongly that it normally leads to the 

global minimum of S. 

6.3.4 	Convergence 

The question of convergence is rarely a simple one. The obvious 

way is to compute the derivatives of the objective function with 

respect to the variables, and stop iterating when their values are 

sufficiently small. When the constraints are involved, the projection 

of the gradient vector unto the constrained sub-space must be 

considered instead. However, for this algorithm, the calculation of 

derivatives would detract from the simplicity of the program, and 

would slow it down considerably. Moreover, as only one constraint is 

considered at a time, gradient projection has no moaning. Because of 

the high speed of the program, it was decided to permit it to 

iterate until the limit of precision of the machine is reached 

(between 8 and 9 decimal places in single precision). The initial 

sum of squares of deviations S , is calculated; iteration stops 
0 

whon the reduction in S in two successive iterations is less than 
-a 

S * 10 , or when a prescribed running time or number of iterations 
0 
have been completed, whichever occurs earlier. 

6.4 	Results  

6.4.1 	Data  

A typical set of data for which this method was developed 

is shown in Fig. 6.6, with the solution superimposed. Many data 

sets of this kind were successfully tackled by the program, using 
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Figure 6.6:- A typical cross-sectional curve of a ship's hull 

(quartic fit). 
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cubics and quartics for parametric polynomials. Typical x/u and y/u 

curves generated are shown in Figs. 6.7 and 6.8. 

As an experiment, the program was applied to data that had been 

generated by by parametric quartics. The computed quartics were found 

to be identical to the generating ones - Fig. 6.9 - within the pre-

cision of the computer. 

Theoretically, the technique should be able to tackle a loop 

in the data. Data was generated using the equation 

and was fitted with parametric quartics - Fig. 6.10. 

These examples illustrate the groat flexibility of the algo-

rithm; given enough degrees of freedom in the polynomials, most 

practical engineering curves could be fitted. Unwanted oscillations 

between tho points wore found to be much less severe than with a y/x 

fit, probably because low order parametric polynomials permit a qua-

lity of fit only attainable by very high order polynomials of y/x. 

The ultimate test was the application of this algorithm to 

the offsets of Models 1 and 2. The results aro shown in Figs. 6.11 

and 6.12. 

6.4.2 Effects of the degrees of the parametric polynomials 

For simplicity, the same degree of polynomial was used for both 

x and y; this was usually between 3 and 5. 

The interesting fact has been noticed, that for many data sets 

the degree of polynomial had little numerical and no visual effect 

on the fit. This occured often when the fit was good, which indi-

catos that parametric fitting is less sensitive to 'noise' in the 

data -.a phenomenon discussed in Chapter 3 - than standard methods. 

2 	2 [ 0.5 + y 
x = y 	

 

0.5 - y 
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x 

Figure 6.7:— x/u curve for the fit of Figure 6.6 (a quartic). 

Figure 6.8:— Y/U curve for the fit of Figure 6.6 (a quartic). 
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Figure 6.9:— Symmetric parametric quartics. The quartic fit 

converged to the generating functions. 
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Figure 6.10:-  Example of a loop, or multi-valued data, generated 

/ 
from x

2 
y2. k0.5 y) / (0.5 — y) 	for 

—1.2.< x < 3.36 ; quartic fit, with exact fit at 

the end—points. 
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Figure 6.11:— Quartic fit to the cross—sectional curves of Model 1, 

after a maximum of 2000 iterations; the maximum 

deviation= 0.48 0/0, at station 3/4. 
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Figure 6.12:— Quartic fit to the cross—sectional curves of Model 2, 

with three points defining the Flat—of—Bottom on 

each curve, after a maximum of 2000 iterations; the 

maximum deviation= 0.69 0,/0, at station 9. 
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In no case did a reasonable increase in polynomial order cause 

unwanted oscillations between the data points. 

	

6.4.3 	Effects of weighting  

As expected, neither discrete weighting nor the imposition of 

end-conditions - Fig. 6.10 - affected the performance of the algo-

rithm. For some data, e.g. Fig. 6.6, the free fit was so close, 

that imposed end-conditions had no material effect on the result. 

	

6.4.4 	Number of iterations and processing time for convergence  

The number of iterations required vas found to be unpredict-

able. In some cases, both initial and final fit were bad, resulting 

in extremely slow convergence. In other cases, practically complete 

convergence was attained within 3 to 4 iterations. 

The aspect of computer processing time been neglected in pre-

vious chapters, because the time vas negligible for all the experi-

ments described this far. It had to be considered for this algo-

rithm, because of the indeterminate number of iterations that may 

be required. This aspect, too, showed the advantages of a problem 

oriented approach over general methods. The computing time was 

found to be approximately proportional to the number of points (as 

compared with proportionality to at least the square of the number 

of points for general non-linear programming methods), the first 

iteration usually taking longer than the others. The times on the 

IBM 7094 II were typically 2.3 mS/point/iteration for cubica, and 

2.7 mS/point/iteration for quartics., i.e. very reasonable, from 

the point of view of usability, for the average data set. 

	

6.4.5 	Validation of the results 

No mathematical proof has been found that a program based on 
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this algorithm should converge to a valid solution, global or other-

wise_ In practice, however, no data has been found for which it 

failed. As a check on the results and the convergence criterion, the 

problem was set up as a non-linear programming problem. This was then 

solved by a general problem solving package, which is based on a • 

variant of the Method of Feasible Directions (Benbow and Whitehead, 

1968), using results from this algorithm vs the initial feasible 

solution vector. Several sots of data were tried, and in no case was 

there a further reduction in the objective function. This, combined 

with relative slowness of the general problem solver, confirmed the 

validity of the simplified approach.. 

6.4.6 	Artificially found minima  

As mentioned in Section 6.3.3, various first approximations 

to u have been tried, in an attempt to locate all the constrained 

minima of S. In some cases, up to three additional minima were found 

(verified by the general problem solver - Section 6.4.5). As expect-

ed, the additional solutions were always worse than the ones 

obtained using the arc-lengths as the first approximation. It has 

not been found possible to prove that it would be so in every case. 

6.5 	Possible Improvements to the Algorithm 

6.5.1 	The least-squares fit  

It is possible to include the coefficients of the parametric 

functions as variables in the local minimisation procedure. This 

means performing a least squares fit each time a u-value is moved, 

so that the functions remain the true least squares ones; this 

clearly eliminates the least squares fit at the end of the major 

iteration. 
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At first sight it seems impractical, but, on scrutiny, it 

turns out that only a few intermediate sums need be stored by the 

fitting program, updated in parallel with u, and a few divisions 

result in the new polynomials. This is somewhat similar to 

O'Neill's method, with constraints applied. 

Intuitively, the same results should be obtained es with 

the basic algorithm, but in fewer iterations. This was borne out 

in a number of tests, but it was also found that the increase in 

computation time per iteration roughly offset the reduction in 

the number of iterations needed. Therefore, effectively nothing 

was gained from the added complexity of the program, and the idea 

was abandoned. 

6.5.2 	The local minimisation  

In the local minimisation procedure, a group of u-values may 

persistently tend to violate their mutual constraints. Because of 

the sequential operation of the algorithm, this means that none 

of the interacting u-values are allowed to change. A possible 

improvement to the algorithm is to detect this situation, and to 

then treat the group as a single value (which can change), which 

is essentially what it has reduced to. At the end of each major 

iteration, an attempt must be made to 'release' the group, i.e. 

to separate it into individual values, to check whether the prob-

lem persists. 

The implementation of this improvement is far more difficult 

than that of the first. Up to (n - 1) points may form a cluster, 

and, of course, there may bo several clusters. It'is possible to 

generate data to show this, but whenever this problem occured with 

real data, it was due to the bad or errorneous ordering of the 
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points. Therefore, from a practical point of view, the value of 

this change to the algorithm is dubious, and it was not implemented. 

6.5.3 	A formal approach to the problem 

In recent years, there has been tremendous development in the 

field of non-linear optimisation, both constrained and unconstrained. 

It should now be possible to develop an efficient algorithm, with 

a sound mathematical basis, but which still makes use of the special 

properties of this particular problem. 

6.6 	Discussion and conclusions  

6.6.1 	The mathematics of the algorithm 

The two questions that arise immediately from the results are 

a) Can convergence to a minimum be guaranteed ? and 

b) If so, can it be proved to be the global minimum in every 

case 

No direct mathematical proof has been found for (a), but some 

of the results have been validated by a method for which convergence 

to a minimum can be proved; also, no data has been found, for which 

the program failed to converge. 

The answer to (b) is much more difficult. Unconditional conver-

gence to the global optimum of a non-convex function is extremely 

difficult to prove, and such a proof exists for very few methods 

indeed, if any. It can, therefore, only be stated that, based upon 

experience, the procedure described above tends to converge to the 

global minimum. 

If any of the above statements is untrue, it should be possible 

to disprove them, or, at least, to construct contradictory data. 

There is, however, no doubt as to the efficacy of the algorithm 

for most practical data. 
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6.6.2. The naval architecture aspect  

Parametric curve fitting goes a long way towards a mathematical 

description of a complete hull, as may be seen from the representative 

data that has been fitted. The definition of 'fairing', as given in 

Chapter 1, is just about complied with. However, even parametric 

polynomials cannot describe a line which consists of a curved and a 

linear segment, without some oscillations about the linear part. 

Therefore, for practical fairing, the hull should undoubtedly be 

split into patches. The important point is that fewer patches are 

needed, and the positions and shapes of their boundaries are not 

critical. 

The next point that must be considered is the fairing of the 

hull as a 3-D surface, rather than a collection of curves. There 

are two alternatives. The first is to cross-fair the coefficients 

of the parametric polynomials which describe the curves, in r simi-

lar way to that described in Chapter 3 in connection with ordinary 

polynomials. The problem of different degrees of polynomials of 

different curves does not arise, because the relative insensitivity, 

to degree, of the parametric fit means that all the curves can safely 

be faired with as high an order as is necessary for the worst data. 

On the other hand, the choice of independent variable for the cross-

fairing is not clear. The second alternative is to extend the tech-

nique to 3-D, i.o. to develop a parametric surface fitting methOd. 

This is considered in the next chapter. 

Failing the complete hull description, this method generates 

ideal analytical curves for other naval architecture applications, 

such as the calculation of displacement, longitudinal strength, etc., 

when straight forward interpolation is no longer sufficiently 

accurate. 
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CHAPTER 7: - 
PARAMETRI C SURFACE FITTING 
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7.1 	Introduction 

In the last chapter, a versatile curve fairing method was 

described. Although the Parametric Curve Fitting (PCF) algorithm can 

be used to fair surfaces in a similar way to ordinary polynomials, 

i.e. by repeated curve-fairing, a better solution is to extend the 

method to surfaces. 

Given data points (x ,y ,z ), 1 < i < n, subject to errors with 
i i i 

weights w , w and w , it is required to calculate the points 
xi yi zi 

(x' 	y' , z') that lie on a continuous surface, so as to minimise 

the sum of squares of weighted normal distances from the points 

(x , 
i 

y , 
i 

	

z ) 	to the surface, i.e. to minimise 
i 

	

2 	2 	2 	2 	2 	2 	2 	2 
s= e w 	(x 
[2 

 

- x') 	+ e 	w 	(y 	- y') 	+ e 	w 	(z 	- z') 
i=1 x 	xi 	i i 	y 	yi 	i 	i 	z 	zi 	i 	i 

whore EB , 8 , G 
x 	y 	z 

are parameters that control the direction cosines 

of the deviation vector, and can be used to allow for the overall 

errors in x, y and z being of different orders of magnitude. 

For this work, two variables, u and v, called the 'parameters', 

are introduced. The values of xt, y' and z' are derived from func-

tions in u and v, called the 'parametric' functions, i.e. 

x/ = f (u,v) 

y' = f (u,v) 
y 

z' = f (u,v) 
z 

where f , f and f are of known functional form. 
X y 

The parametric surface has certain properties which make it 

highly suitable for fitting general data. It is orientation indepen-

dent; also, because of the relationships between the physical surface 



gradients and the gradients of the parametric functions, a wide range of 

slopes and curvatures implied by the data can be accomodated. 

It was shown by Coons (1967) that, given the desired properties 

of a parametric surface at its corners and boundaries, the surface 

euqations, in canonical form, can be deduced. Although the method of 

deducing the surface equations in this work is completely different 

from Coons' method, the ease of generation and manipulation of poly-

nomials, and the convenience of comparing results, virtually dictated 

the use of polynomials for the parametric functions. 

The form of bi-variate polynomials, of degree m, used most 

commonly for surface fitting is 

f (u,v) = 
q=0 r=0 

q-r 
a u 
qr 

 

(7.1) 

 

which is treated fully in Chapter 3. However, by analysis of Coons' 

surfaces, it can be deduced that their true mathematical model is 

the double-power series 

m m 
q r 

f (u,v) = l(    a u v 
q=0 r=0 qr 

	 (7.2) 

for each of the dependent variables (MacCallum, 1970). As there is 

a growing interest in Coons' patches for moulding engineering 

surfaces, the latter formliA been chosen for this work, rather than. 

(7.1). Moreover, although the present method of computing the equations 

is different frOm Coons' method, the corners and boundaries still play 

an important part. 

In this section, it is shown to be necessary to restrict the 

parameters to a particular region in the parameter plane. The bounda-

ries of this region are the projections of the parametric surface 

onto the parameter plane. As the surface boundaries are not known 
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beforehand, they are approximated by the corresponding points in the 

input data. This means that the form of storing and handling input 

data must attach special importance to the corners end boundaries. 

This, in turn, assumes an implicit ordering of the data points; that 

is to say that the surface must not simply pass near the data points. 

as in an ordinary least squares fit, but it must follow the points 

in a given sequence. This is a direct extension of the PCF defini-

tion, and, as for PCF, it precludes the use of the method for scat-

tered data. 

Further, the concept of 'order' of data points is dafined. It is 

shown that the preservation of this order necessitates the imposition 

of certain interdependent constraints on the parameter values, resul-

ting inn inconveniently large non-linear minimisation problem. 

The method of solution is conceptually identical to that of PCF. 

Instead of solving the problem as one large Non-linear Programming 

(NLP) problem, it is divided into far simpler, local, NLP problems, 

which are then solved serially. Although polynomials are used exclu-

sively in the analysis, most of it is quite general, and applies 

equally to other parametric functions. 

7.2  Statement of the Problem and a Possible Solution 

 

7.2.1 	The objective function 

For simplicity, and without loss of generality, lot the three 

parametric polynomials be of the same degree, m. Then the given data 

points are described by 

x 
q=0 r=0 

q r 
a u v 	e , 
qr i i 	xi 
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q r 
y=     b u v + 6 
i q=0 r=0 qr i i 	yi 

and 	z = 
q r 

c u v 	+ e , 
qr i i 	zi 

1 < i < n . 

 

q=0 r=0 

 

where u and v are the parameter values corresponding to the data 

point (x ,y ,z ), and e , 6 and 6 are the deviations of 
i i i 	xi yi 	zi 

the fitted surface from the data point in the three co-ordinate 

directions. 

Then the least squares parametric surface is found by calculating 

the sets of coefficients a, b and c, and the [uv] matrix that 

minimise 

S(u,v) = 

whilst maintaining the original surface topology. 

The function S is a polynomial of order (4 m) in (2 n) 

independent variables (assuming implicitly that the polynomial 

coefficients are dependent on 	and v). With polynomials of 

degree greater than one, the function S is non-convex, with a large 

number of minima. The imposition of constraints on the variables 

causes an unpredictable reduction in the number of permissible minima, 

but the probability of attaining the global minimum of S is low, 

regardless of the minimisation method used. 

With other typos of parametric functions, the situation is 

similar. It is only for simple, monotonic functions, that any method 

can be guaranteed to converge to the global minimum. 

7.2.2 	The organisation of  data 

The method used to store and manipulate the data in the computer 

n 
2 	2 2 	2 	2 	2 2 
9w 
[ 

e Eliv 	9 	+9w a ... 	(7.3) 
i=1 x xi xi y 	yi 	yi 	z 	zi zi 
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must fulfil the following three requirements: 

a) The topology of the data should be represented, and preserved 

during the fitting procedure. 

b) The data description should be similar to that of a Coons' Patch, 

i.e. considerable emphasis should be placed on the corners and the 

boundaries of the fitted surface. 

c) The preparation of the data for input should be flexible and as 

simple as possible. 

The structure chosen fulfils all the requirements, and has the 

additional advantage of being very simple to program. Each data point 

is represented by a non-zero entry at a node on a rectangular, planar 

planar topological grid. Normally, the physical boundaries of the data 

surface should coincide with the topological boundaries, which, for 

convenience of analysis, should not have any vacant nodes. Away from the 

boundaries, it is desirable to be able to leave nodes vacant, and this 

is therefore permitted, subject to the proviso that there be at least 

two points per grid line, for otherwise, the 'line' is not defined. 

Figure 7.1 is an example of a topological data grid. 

Let the grid be of size (k X 1) . It is assumed, without loss 

of generality, that the lowest row and column indices are 1. 

Consider the (n X 6) matrix, in which the rth row contains 

the information pertaining to the rth data point (i.e. the columns 

are the n-vectors of x, y, z, u, v and w). 

Define the discrete mapping function T(i,j) by 

x, y, z, u, v, w ) 

x , 	Z 	U ,v,w : 1 < T(i,j) < n, 1 	 <k] 
T T 
	

T T 

(7.4) 
i.e. T(i,j) maps the topological co-ordinates (i,j) into physical 

co-ordinates, provided that the node (i,j) is not a null entry. From 



- 138 

I I I I I I I I I I 
--- 1  2 --- 6 --- 8 ---10 3 4 --- 5 7 --- --- 9 

I I I I I 1 I I I 	1 
---28 ---29 ---30 0 ---31 --- 0 —32 —33 ---40 ---11 

I I 1 1 I I 1 I I .1 
---27 --- 0 —48 49 —50 --- 0 ---12 ---51 --- 0 ---41 

1 1 I 1 I 1 I I 	I I 
---26 ---47 ---55 —54 --- 0  ---53 —52 —42 ---13 

1 111111111 
---25 ---46 --- 0 --- o ---45 0  ---44 0  ---43 ---14 1 111111111 
—24 ---23 —21 —20 ---19 —18 —17 —16 —15 

I I I I 1 I I I I I 

Figure 7.1:-  Representation of data points on a planar 

topological grid. 
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a data structure point of view, the data points, the parameter values 

and the weights are stored as linear arrays, and the value of the 

function T, if non-zero, is the pointer to the data at the node 

under consideration. 

7.2.3 	The /ordering/ of the parameters, and the constraints  

In the PCF algorithm, it was stipulated that the elements of 

the parameter vector, 1Z be in ascending order,. i.e. 

	

u 	< u , 1 < i < n - 1 
i 	i+1 

so as to preserve the order of the data points in the fitted func-

tions. With two parameters, the concept of 'order' is not quite so 

self-evident, and must be defined. 

Consider an off-boundary point, 0, on a (k X 1) topological 

grid, at node (i,j) (figure 7.2), where 

	

(i,j) 	: 2 <i<k- 1 , 2 <j<1-1] . 

Define the neighbours P, Q, R and S, of point 0, as the nearest 

valid data entries along the grid lines that intersect at 0, i.e. 

P is at (i,j)', i = max [r: 1 <r<i-1, T(r,j). > 0 
1 	1 

Q is at (i,j ) , j = max [r:i<j<j- 1,T(i,r) > 0 

	

R is at (i ,j) 	i 	:k>r>i+1,T(r,j)>O7 
2 	2 

	

S is at (i,j ) 	j = min [ r : 1 > r > j + 1 , T(i,r) > 0 ] 
2 	2 

Let these points be mapped onto the uv-plane, via the function 

T, to produce the polygon shown in figure 7.3, where the primes 

indicate the mapping. The mapped co-ordinates are es follows:-

0/ is at (u ,v ) , o = T(i,j) 
0 0 

P' is at (u ,v) 	P = TO ,j) 
P p 	1 
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R 

Figure 7.2 :- The topological polygon about an off-boundary 

data node. 

Figure 7.3  :- The mapping of Figure 7.2 onto the uv-plane. 
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Q' is at (u ,v ) , q = T(i,j ) 
q q 

R' is at (u ,v ) 	r = T(i ,j) 
r r 	2 

S' is at (u ,v ) , s = T(i,j ) 
s s 	2 

Having defined the neighbours of point 0, there are several 

possible ways of defining the 'order' of the parameters. The one 

chosen was dictated by simplicity, and by the failures of several 

other definitions that had been tried. 

Let the following 'order' be initially induced in parameter 

values: 

a) u < u < u , i.e. Belong a horizontal grid line, 
p 	o 	r 

that is, for j = constant, u varies as i.   (7.5a) 

b) v < v < v , i.e. along a vertical grid line, 

that is, for i = constant, v varies as j.   (7.5b) 

To complete the definition, the ranges of u and v must be 

specified. As for PCF, it can be shown that only the distribution of 

the parameter values within bounded intervals affects the results, 

not their absolute values. The final part of the definition is 

therefore: 

c) - 2 < u < + 2 , 
t 

< n 

 

(7.5c) 

 

and 	< v < + 2 . 
t 

The simplest geometrical constraints which preserve this order 

for all off-boundary points (on the boundaries, the problem reduces 

to a two-dimensional one, and is therefore a subset of the following) 

are the straight lines joining the points P'Q'R'S'P'. The region thus 

defined is termed the 'feasible domain', and any point within it is 

deemed 'feasible'. This is qualified algebraicly for a general point 
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(u,v), by specifying that the constraint vector, C1 , be non-positive 

for a feasible point, i.e. 

;1(u,v) < 0 

where 	d = (d, d, d, d ) 
1  2  3 4 

d (u,v) = (u - u ) v + (v -v)u+vu 	u v 
1 	s 	p 	p 	s 	s p 

d (u,v) = (u - u ) v + (v -v)u+vu 	u v , 
2 	r 8 	s r 	s r 	s r 

and so on, for the other two lines. 

The case depicted in 'figure 7.3 is the simplest possible. 

Scrutiny of different mappings from the topological grid onto the 

uv-plane, e.g. figure 7.4, shows immediately that the four constraints 

are always sufficient to define a convex feasible domain for the 

point O.  However, on consideration of the effects of the movements 

of 01  on the subsequent feasibility of its neighbouring points, it 

may be seen that more restrictions are necessary. For instance, let 

Q be the next node in the local minimisation procedure - figure 7.5. 

Then the latest position of Ot  is one of the apexes of the new 

constraint polygon; let F', G' and H' be the other apexes. It is 

clear that if 0' is on the shaded side of either line VQ9R", 

or line H/Q/P", point Q' is rendered non-feasible by the 

geometrical definition, although it may still obey the conditions 

of equations 7.5. Two (non-positive) constraints are added to 

prevent this, namely 

d (u,v) = (u - u ) v + (v -v)u+vu - u v 
5 	f q 	q f 	q f 	q f 

and 	d (u,v) = (u - u ) v + (v -v)u+vu - u v 
6 	q h 	h q 	h q 	h q 
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feasible domain 

Figure 7.4 :- A more complex constraint polygon. 

Figure 7.5 :- Effect of the current node on its neighbours. 
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Similar considerations apply to the points P', R' and 5', 

leading to eight constraints that must be added to the basic set, 

making the total number of constraints twelve, at each node. 

The initial definition of the 'order' of the parameters is now 

amended, or rather, replaced, by the stricter constraint definition: 

CRu,v) = (d , d , 	, d ) < O   (7.6) 
1 2 	12 

for each off-boundary point. Om each boundary, equation 7.5c applies, 

i.e. one of the variables is fixed; a subset of d restricts the 

movements of the other variable. At each of the four corner points. 

both variables are fixed (cf. similarity with the end-points in PCF). 

If this argument seems self-contradictory, it must be remembered 

that the geometrical definition of feasibility is the important one 

and the algebraic definition has been constructed to fit it, and not 

vice-versa. 

7.2.4 	Non-linear programming 

The constraints on the distribution of the parameter values 

identified the problem as a non-linear programming one, with a non-

convex objective function and linear constraints. To calculate the 

size of the problem, consider n data points, on a (k X 1) grid, 

and parametric polynomials of degree m. Then, with the particular 

polynomials used, the dimensionality of the problem is 
2 

2n - (k+ 1 - 2) + 3 (m + 1) 

(where the middle term is due to the..-reduced number of independent 

variables on the boundaries, and the last term. giving the total 

number of polynomial coefficients, is added to completely generalise 

the definition of the problem), and the number of constraints is 

n 	= 12 (n k - 1 + 2) 
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(boundary points have only four constraints each) 

	

Typically, n = 200 	k = 10 ; 1 = 20 ; m= 3 , giving 

n = 420 and n = 2064 . The solution of a problem of this size 
d 	 c 

is very difficult with any established general method. 

Unfortunately, this meant that there was no simple way in which 

the results of the technique described below could be verified, as 

was done for PCF. Therefore, more sophisticated convergence tests 

have had to be included in the implementation of the algorithm. 

7.2.5 	The algorithm 

In priciple, the algorithm used for surface fitting is identical 

to that of curve fitting, although the computational procedures for 

the former are far more complex. The outline of the procedure is 

repeated here, for clarity: 

a) Given an approximation to the parameter values, it is a simple 

matter to compute the best polynomial fit in the least-squares sense, 

to the given data. 

b) Having computed the polynomials, it is possible to improve the 

approximation to the parameter values by minimising the weighted 

square of the deviation at each data point in turn. This is hence-

forth referred to as the 'local optimisation problem'. 

c) An overall convergence test is applied. If convergence has not 

been reached, the process is repeated from (a). 

This method is still an Alternating Directions, or Direct Search, 

one (Box, 1965), although each of the n dimesnsions corresponding 
2 

to the data points, spans E (because the parameters are treated in 

u-v pairs). For general functions, this algorithm is very inefficient, 

as is usually the case for algorithms which predefine the search 

directions (Rosenbrock, 1960). Convergence to a minimum can only be 
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proved for unconstrained quadratic functions. 

There is one aspect of non-linear optimisation, of which the 

direct search method used here is thought less likely to suffer 

from than other algorithms, and that is the collapse into n subspace 

of the original problem, of less than n dimensions. This is caused 
d 

by convergence to a saddle point. The usual way of detecting and 

countering this is to perturb the solution vector, to let the algo-

rithm converge again, and to compare the new solution with the old 

one. In the procedure described above, the least squares fit in each 

cycle provides this perturbation implicitly. 

7.3 
7.3.1 
7.3.1.1 

Computational Techniques  

The parametric polynomials 

The derivation 

  

A least-squares fit with model (7.2) by orthogonal polynomials 

using a three-term recurrence formula, can be derived in exactly the 

same way as with model (7.1) (MacCallum, 1970'; Kantorawit7, 1967). 

All the comments about weighting, stability precision and the impo-

sition of boundary conditions, made about the latter in Chapter 3 

(Section 3.3), apply equally to the former and are therefore not 

given here. It is the consideration of precision in the derivation, 

that governed the choice of the [-2,+2] range for the parameters. 

7.3.1.2 	Three dependent variables  

The parametric surface description has, of course, three 

dependent variables, rather than one, as is normally considered for 

standard surface fitting. The extension is straight forward. The 

orthonormal polynomials need only be calculated once (per fit), and 

the three sets of coefficients are calculated from them using the 

basic orthonormal vector relationship. 
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7.3.2 	The local optimisation problem 

7.3.2.1 	Introduction  

The local problem, as described above, is a NLP problem in its 

own right. It is the same as the global one - equation 7.3 - without 

the summation over the data points, i-e. generally a non-convex poly-

nomial in two variables, with twelve linear constraints. It is a 

somewhat unusual constrained optimisation problem, inasmuch as the 

solution is expected to be an interior point most of the time. The 

algorithm chosen to solve it had therefore to be very efficient when 

the constraints are not effective, and at least reasonably efficient 

with constraints. The method finally chosen is a Conjugate Gradients 

method, in conjunction with Gradient Projection for handling the 

constraints. The former is presented in a completely general way; the 

latter, which is normally complex, reduces to a simple form, for 

three reasons, namely 

a) The low dimensionality of the problem, 

b) The bounded feasible region, 

and 	c) The feasible initial approximation, 

finally leading to an efficient procedure for solving the problem, 

including practical convergence tests and safeguards. 

7.3.2.2 	Minimisation by conjugate gradients  

There are many conjugate gradients minimisation methods. The 

one used here stems from a particular way of solving a set of simul-

taneous linear equations, with a positive-definite coefficient metr'x 

(Hestenes and Stiofl, 1952). It can further be shown to be a general 

isation of the Gram-Schmidt orthonormalisation procedure (Beckman, 

• 1960). A brief description only is given here, without proofs. 

Let x be the column vector of the co-ordinates of the point 
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(x , x .... x ) in a n-dimensional vector space. 
1 2 

Consider  a n-dimesional quadratic in x, of form 

1 
f(;) = a + b x + mows XIP 

	

x 

2 

where Q is the (constant) Hessian matrix of second partial deriva-

tives of the function, taken to be positive-definite end the prime 

denotes the transpose operator. 

The gradient of the quadratic is given by the column vector 

f 

  

   

x 

  

2 

 

= b + Q x 

The minimisation is effected by linear minimising searches in 

a sequence of directions, p , p 	p , where the 
0 	1 

directions are related by 

P 	- -ii- PT , o < i < n - 1   (7.6) 
i+1 	i+1 	1+1 i 

whore 0 is a scalar given by 
2 

Iii +111 
0 
i+1 	2 

IIgi II 

 

(7.7) 

 

and the first search direction is that of steopest descent, i.e. 

=   (7.8) 
0 	0 

In each search, x is modified by 

= x + t p 
1+1 	i 	i+1 1+1 

 

(7.9) 

 

Where t is a scalar, computed in the linear search so as to 

 

minimise 
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h = 	+ t p )   (7.10) 
i 	1+1 

implying that 

p' 

g = O  	(7.11) 
i i+1 

Equations 7.6 - 7.10 generate e sequence of conjugate, or Q- 

orthogonal, vectors, that is 	Q p = 0 for i 	j. The 

procedure can be proved to reach the minimum of the quadratic in 

n steps, or less, should any of the t's be zero, regardless of the 

starting point (Fletcher end Reeves, 1964). It is noted that all the 

equations, except equation 7.7, are quite general. The latter, while 

perhaps not necessarily producing the most efficient minimisation, 

is certainly one of the simplest to calculate, and probably the most 

economical in terms of computer storage space. 

In applying this algorithm to a non-quadratic function, the pro-

cess becomes iterative, rather than n-step. For non-convex functions, 

a local, rather than global, minimum is all that can be ensured, and 

even that subject to the following precautions:- 

a) A descent angle is maintained, i.e. 
	.10 	 mom 

g < 0.. 
i+1 i+1 

b) Every few iterations, the procedure is re-initialised, using 

the current point as the first approximation. 

The reason for these precautions is that the algorithm approxi-

mates the general objective function by a quadratic, and uses the 

properties of the latter; for the general function, this approxima-

tion is valid only in a small region, near the sought minimum. In the 

non-quadratic region, the information accumulated by the algorithm 

during some iterations can cause the newly calculated search direction 

to be far from optimal. In extreme cases, an ascending direction may 

be chosen. If such directions wore allowed, convergence becomes 
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difficult to guarantee, although it is still likely in practice. 

A convenient criterion for (a) has boen found to be:- 

_ p+ 	 g 

1+1 1+1 
Reset to steepest descent if 	 < e , 

Ilpi+111 Ilgi,ill 
i.e. when 	p 	differs from the zero-descent direction by less 

-1 	i+1 
than SIN (8), where 8 is some threshold value, which depends on 

-3 	-4 
the problem and on the computer used, of order 10 	to 10 . 

The number of iterations to be executed before a complete re-

initialisation is less obvious. It seems advisable, and is necessary 

for quadratic convergence, that the entire n-space spanned by x 

should be explored, entailing at least n iterations. There is no 

equivalent for the maximum number of iterations. Experience has 

indicated that a reset should be forced every (n + 1) iterations 

(i.e. every 3 for this particular problem). 

No sharp analytical results are available, that correlate the 

efficacy of the modified algorithm with the above criteria. The 

usual bench-marks (e.g. Rosenbrock7s banana shaped valley function), 

and particularly, examples of the function under consideration, have 

been found insensitive to the exact values used. 

7.3.2.3 The gradient projection method  

 

Gradient projection techniques. are lucidly treated in the lite-

rature (Rosen, 1960 ; Goldfarb, 1969). The general form is complex 

and therefore only the much simplified subset needed for this work 

is given here. 

The constraints and the constraint basis  

Consider the constraints as defined in Section 7.2.3. The 

feasible domain has arbitrarily been chosen to be in the negative 
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half-spaces of the lines defined; that is, for any feasible point 

(u , v ), 
0 	0 

< 0,  0 , 	1 < i < n 
il 0 	i2 0 

where n is the number of constraint lines, usually 12, 

(a , a ) are the coefficients of each constraint line, which have 
ii i2 

been normalised for convenience, i.e. 

2 	2 
a 	+ a 	= 1 

	
1 < i < n , 

i2 

and b is a constant for each line. 

It is convenient, for the purpose of the following discussion 

to denote the general. point (u 	v ) by the two-dimensional column 
0 0 

vector. x (as in the conjugate gradients section), end to group ell 

the normal vectors in a (n X 2) matrix. A, so that the const-

raint vector d, defined in equation 7.6, is given by 

c = A )7 - 13 < 

If q linearly independent constraints intersect at ;C , they 

and their unit normals are termed the /constraint basis/. 

The constraint basis must be updated after each linear search. 

In practice, the intersection can only be computed within the pre-

cision of the computer used. Instead of letting this be an arbitrary 

quantity, the constraint basis is defined as' the intersection of all 

the lines that are within s of x - figure 7.6 - where 0 is a 

value on tho limit of precision of the particular computer, usually 

	

-8 	-6 
of the order of 10 	to 10 . 

For this problem, the number of constraints that epprrently  

intersect at (u , v ) could be any between zero end twelve. 
0 0 

Clearly, the basis cannot consist of more then two vectors end 

way of eliminating the redundant ones has had to be developed. 
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Figure 7.6  :- Determination of constraint basis, with two 

constraints. 

Figure 7.7  :- Elimination of redundant constraints. 
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In two dimensions, this is simple. Referring to figure 7.7, it 

consists of starting from a feasible point, and eliminating all but 

the two lines which include the acutest angle about the point. 

In the full gradient projection method, special techniques to 

update the constraint basis after each iteration are necessary, for 

efficiency. It would have been pointless to do so for a low order 

problem such as this, and therefore the basis is recomputed in each 

iteration. 

Projecting the gradient 

It can be shown that if the projection operator devised by 

Rosen is applied to two dimensional problems - illustrated in figure 

7.8 - it simplifies to the the following set of rules (ignoring 

convergence tests for the moment) :- 

a) One constraint in basis 

If a g < 0, move along the constraint in the direction of 
q 

descent; otherwise, treat as unconstrained. 

b) Two constraints in basis 

Resolve by Lagrange Multipliers (LM); if both LM's negative, 

then the current point is the constrained minimum; otherwise, select 

the constraint corresponding to the greater LM, and continue with 

rule (a). 

7.3.2.4 The linear search 

 

Having computed a search direction, p , in the ith iteration, 

it is required to find the minimum of the function along p ; that 

is, to determine t 	., such that 
min 

d h 
(t 	) = 0 

d t 	min 
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Figure 7.8  :- Gradient projection in two dimensions. 
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where 	h(t) • = f ( 	t p ) 

A cubic interpolation scheme proposed by Davidon (1959), rne 

used by several other authors, has been found suitable. This scheme 

uses function values and gradients, and therefore requires more 

computation than schemes using function values only. On the other 

hand, the gradient at the starting point is known and that at the 
0 

minimum is needed for the next iteration; also the procedure has 

been found very efficient in terms of the number of steps to the 

minimum. 

The initial unconstrained estimate for t can be obtained by 

assuming h(t) to be a quadratic, with a minimum value f 	, at 
min 

2( f 	- f ) /   (7.12) 
0 	min 

The function in question being of a constrained least squares 

type, f 	can safely be taken to be zero. A gross over-estimate 
min 

by equation 7.12 is prevented by computing the upper bound of t , 

as follows:- 

Given the constraint vector in the ith iteration 

(x ) = A x - b < 0 	for feasible x. 

Find t 	such that 
max 

t 	= max [ t : t > 0 , 	(Tc + t ) < - 5 / 2 ] 
max 

Consider the jth constraint. Two possibilities exist, namely 

1) a p < 0, i.e. p does not intersect the jth constraint. 

Then d (x 	t p ) < 6/ 2 for all t > 0 . This is excluded 

from further consideration. 

2) 3 j) > 0. 
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- rd(x ) - / 2] 
Then 	t = 	 

j 	 a p 

The upper bound of t is thus given by 

t 	= min [t ] , 	1<j< n 
max 

In addition to imposing t < t 	changes in the function 
max 

value during the linear search must be kept 'reasonable' for accurate 

interpolation; also if the gradient vanishes, a check must be made 

that the point found is not a maximum. 

The accuracy with which t 	needs be calculated has been a 
min 

controversial subject for some time. Unnecessary precision is waste- 

ful in terms of computing effort, but, on the other hand, the search 

directions are only mutually conjugate (for a quadratic objective 

function) if the true minimum is found in each linear search. For the 

function in question, the interpolation formula- is exact in the quad-

ratic neighbourhood of the minimum, and there is little to be gained 

from high precision away from the minimum. In practice, a parameter 

must be found for the accuracy of the linear search, which is 

compromise between computing effort and the rapid convergence of the 

complete procedure. 

7.3.2.5 Convergence tests 

 

There aro three standard ways for the minimisation procedure to 

terminate after i iterations, namely 

a) Unconstrained 

llgi,ill 
< 	, whore I is some small assigned value 

(formally zero). 

b) One constraint in basis 
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- 	< 	, where I is the 2X2 identity 
II 	q q 1+111 

matrix, i.e. the gradient of the function is orthogonal to the qty 

constraint line. 

c) Two constraints in basis 

Let 	g 	= '7. a 4. a a , where the A 's are the LM's. 
1+1 	j j 	k k 

The current point is the constrained minimum if [X , 7s ] < 0 
j 	k 

These tests have been found adequate provided that the value 

of 4 was selected judiciously, according to the problem end the 
-6 	-3 

computer used. Usually t = 0 [10 to 10 ]. 

7.3.2.6 	The complete local optimisation algorithm 

Step 1 	Set 'reset to steepset descent' flag for the unconstrained 

conjugate gradients section. 

Step 2 	Given x , compute f and g . 
i 	i 

If Ili II < 	, exit; else 

Step 3 	Compute the constraint values, and find the ones that 

intersect at x . 

If more than two - step 9 

If two - stop 8 ; 

If one - stop 7 ; else 

Unconstrained minimisation by modified conjugate gradients. 

If 'reset to steepest descent' flag is set - step 6 ; 

Compute 	p 

pt g 

If   < e , 
11-511 IIg II 

step 4 
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i.e. nearly zero-descent - step 6  : 	else 

Step 5 	Linear search. Then stop 2  
_ 

Step 6 	Reset to steepest descent, i.e. I; = - g 	• 
i 	i 

Clear 'reset to steepest descent' flag. 

Then step 5  . 

Stez 7 	Single constraint in basis 

If a g > 0 , constraint not effective - stop 6  ; 
q i 

Compute new search direction 13 = - (I - a a ) g . 
q q i 

If IIp II < I , constrained minimum reached - exit; 

else step 5  

Step 8 	Two constraints in basis 

Resolve g by Lagrange Multipliers. 

If ( 	, 	) < 0 - constrained minimum - exit ; 
j k 

If X > 	q := j ; else q := k . 
j 	k 

Then 212E2 . 

Step 9 	Redundant constraints 

Remove the redundant constraints by finding the two lines' 

which include the smallest angle about x . Then step 8  . 

In practice, an upper limit is set to the number of iterations 

allowed, both in the linear search and in the overall procedure. 

7.3.3 	The first approximation to the parameter values  

It was shown in the PCP analysis that there is a direct, non- 

' linear relationship between the distribution of the parameter values 

and that of the data points. This relationship was used to generate 
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the first approximation to the parameter vector. 

There is, unfortunately, no simple equivalent in the case of 

two parameters. The formal equivalent of 'linearised' arc--length in 
2 	 3 
E is 'linearised' surface area in E 1.  but this yields only the 

values of the products of parameter increments from point to point, 

and is useless unless a relationship between the two parameters is 

known or assumed. 

It is possible to treat the points on each topological grid line 

as a plane curve, and to use the arc-length approximation directly. 

This has been found to lead to non-feasible first approxi- 

mations for all but very smooth data. Although a dummy iteration, 

that corrects the initial parameter matrix, can be included in the 

algorithm, the object of utilising the relationship between the arc-

length and the parameter values would then be defeated. 

The first approximation chosen ultimately was a topologically 

equally-spaced one, initially independent of the input data (except 

for the size of the grid); that is, et node (i,j) on P (k X 1) 

grid, 
(2 i -k -1) 

= 2 •    (7.130 
ij 	(k-1) 

(2 j - 1 - 1) 
v' 	= 2   (7.13b) 
ij 
	(1-1) 

whore the primes denote dummy variables. The true parameter values 

are those mapped from equation 7.13 via the mapping function T(i,j), 

- equation 7.3 - i.e. only at the nodes with data entries. 

This first approximation has the advantages of simplicity and 

feasibility. In PCF , it was found that the equally-spaced approxi-

mation usually led to the same solution as the the arc-length one 

(which in all the test cases proved to be the global optimum), 
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although more iterations have had to he performed. It is thought that 

convergence to a global solution is also likely for parametric surface-

fitting (PSF), although no way has been found to check this. 

7.3.4 Overall convergence of algorithm 

 

The convergence condition for the overall system is mathemati-

cally the same as that for the local problem. Computation may be 

terminated when the vector of derivatives of the global objective 

function S , with respect to ell the variables (including the poly-

nomial coefficients), or its projection onto the constraint subspace 

if any of the constraints are active, has all zero components. 

In this case, the least squares fit in each major iteration 
2 

ensures that at least 3 (m + 1) components of the gradient vector 

are exactly zero. Because of the way S is minimised here, the formal 

convergence test, as described above, would be both inconvenient and 

misapplied. Therefore, for reasons similar to those of PCF, the 

procedure is allowed to iterate, until either the decrease of S in 

two successive iterations is less than a prescribed threshold, or a 

specified running time or number of iterations have elapsed, whichever 

occurs earlier. 

7.3.5 	.The simplification of data preparation  

The data structure as defined in Section 7.2.2, permits great 

flexibility of input but it must be remembered that the topological 

ordering of the data affects the starting point of the iterative 

procedure, and thus probably the final result. The effect is highly 

data dependent and not easily calculable, and therefore care must bo 

taken when preparing data. 

In order to simplify the preparation of data, two facilities 

have been provided, as follows: 
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a) Given a grid of maximum size, the input data may be defined 

anywhere on it. That is to say, the boundaries of the data surface 

need not coincide with those of the grid, nor need they be explicitly 

defined. The rows and columns with the lowest and highest indices 

are taken to be the boundaries, thus implying the corner points, too. 

b) The boundaries (i.e. the rows and columns of highest end lowest 

indices) may be input with missing points. An algorithm has been 

devised, that 'pulls' points outwards from inside the mesh, until 

the corners and boundaries are full. The operation is such that the 

original topology of the mesh is not altered, i.e. the topological 

plane is 'stretched' only, not 'folded', and no new intersections 

between grid lines are created. This is best illustrated by an 

example; figure 7.10 shows the data grid of figure 7.9 after the 

transformation. Although adequate, the algorithm is mechaniCal; a 

better arrangement of data can nearly always be produced manually. 

7.3.6 	Graphical. output  

Conventional graphical display of surfaces consists of either en 

isometric drawing of the surface, or sections parallel to the co-

ordinate planes. Occasionally, a non-orthogonal view is also given, 

mainly for clarification. The former, which is only a guide to the 

shape of the surface, remains virtually unchanged when parametric 

functions are used; the lines plotted in the isometric drawing become 

space curves, - with x, y and z generated on a regular u-v grid. 

The latter reduces to a contouring problem, because each parametric 

polynomial itself generates a surface. Say, for instance, that a 

z - x section is wanted, for y = y . The values of the parameters 
a 

that correspond to the contour f (u,v) = y must be computed, and 
y 
	a 

substituted in f and f , to calculate the required curve. 
x 	z 
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Figure 7.9 :- A typical stern topology. 
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Figure 7.10 	The stern topology of Figure 7.9, with filled 

boundaries. 
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Assume that no extrapolation is wanted. The problem can then be 

stated in its most general form as: 
2 

Minimise h(u,v) = [ f(u,v) 	c ]   (7.14) 

Subject to Iu1 	Iv! < 2   (7.15) 

where f(u,v) is the parametric function that is being contoured, 

and c is the contour value. For the example quoted above, 

h(u,v) = 
2 

[ f (u,v) - y ] . 
y 	a 

Further, assume that the point (u ,v ) is known to lie on the 
0 0 

contour. Let an exploratory step be taken in one of the parameters, 

e.g. let u = u + 5 u . The approximate value of the correspond- 
0 

ing increment in v'for remaining on the contour can be found by 

equating the total differential of f(u,v) to zero, i.e. 

 

f of  
$ u + 	v 

a v 

+ 8v 
0 

whence 

au 

and the exact value of v can.be found by univariate minimisation of 

h(upv) -with respect to v, subject to the constraints (7.15). 

The starting point of the contour can be found by univariate 

minimisation of h(u,v) along each of the boundaries of the permis-

sible parameter domain, until an exact solution is found (one of the 

parameters will have the value of + 2). 

This problem is clearly a subset of the local optimisation 

problem in the surface fitting procedure, and can be solved by the 

same method. The facility of graphical output on a digital plotter 

could therefore be included in the PSF system with little additio-

nal effort. The method used to find the starting point of each con-

tour implies that the plotting is restricted to curves corresponding 
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to single segments of open contours. This is a little limited, but 

contour plotting was not the main aim of the work. 

7.4 	Results 

7.4.1 	Data used  

The algorithm has been tried on a variety of dete, ranging from 

simple surfaces that could have been fitted equally well using conven-

tional methods, to data with extreme gradients end curvatures. 

As a test of the capabilities of the PSF method, en attempt 

was made to fair the entire hull of Model 1 and the forebody of Model 

2 (up to the knuckle), each with a single patch, using polynomials of 

degrees 3 , 4 and 5. For the former, it was difficult to find a 

suitable topological arrangement for the data; for the latter, a good 

fit to the relatively great length of the parallel middle body con-

flicted with a good fit to the bulbous bow. The 'fits' were good 

numerically, but impractical. They are of academic interest only, and 

the plots are not included here. 

The method was finally applied to several patches, both from 

Model 1 and from Model 2. These patches have boon derived from the 

hulls' offsets by dividing the hulls at convenient points. with  

simple boundaries. The results, which aro not fully converged, are 

shown in figures 7.11 to 7.13. 

7.4.2 	Effects of the degree of the peremetric polynomials 

The method has been tried with polynomials of degrees between 

3 and 5. Unlike the PCF method, dramatic changes in the quality 

of fit wore usually experienced when the degree was changed. A 

probable reason is that surfaces require more degrees of freedom for 

adequate representation. 



— 165 — 

Y 

Figure 7.11:— Cross—sectional curves, at 1/4 station intervals, of a 

parametric surface fit to the Afterbody of Model 1. The 

surface is an unweighted quartic fit to the offsets from 

Station 0 to Station 5, from the Keel to the 160°A 

waterline. The maximum deviation is 1.56
o/0 at Station 5, 

100°/o waterline, after 36 iterations (incomplete 

convergence). 
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Figure 7.12:—  Cross—sectional curves, at 1/4 station intervals, of a 

parametric surface fit to the Afterbody of Model 2. The 

surface is an unweighted quartic fit to the offsets from 

Station 1/4 to Station 4, from the Keel to Waterline 'K', 

with three points defining the Flat—of—Bottom at each 

section. The maximum deviation is 0.92°/o, at Station 1/4, 

Waterline 'F', after 80 iterations. The oscillations about 

the origin are unusually large, and are probably due to 

the incomplete convergence. 
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Figure 7.13:- Cross-sectional curves, at 1/4 station intervals, of a 

parametric surface fit to the Forebody of Model 2. The 

surface is an unweighted quartic fit to the offsets from 

Station 8 to Station 10, from the Keel to the knuckle, 

with three point's defining the Flat-of-Bottom at each 

section. The maximum deviation is '0.58
o/o, at Station 10, 

Waterline 	after 46 iterations. Despite a good fit 

numerically, the surface is practically unacceptable. It 

was, however, still improving substantially from one 

iteration to the next. 

  



- 168- 

7.4.3 	Effects of weighting 

As expected, neither discrete weighting nor the alteration of 

the direction of the error vector affected the performance of the 

algorithm. 

7.4.4 	Effects of the arrangement of data on the topological grid 

It has been found that when there was a close correspondence 

between tho physical boundaries and the topological boundaries of a 

data set, e.g. x and y given on en approximately rectangular grid, 

reasonable changes in the arrangement on the grid of the 'internal' 

data points usually had little visible effect on the results, despite 

some numerical effect. 

For data with missing boundary points, the 'boundary filling' 

procedure - Section 7.3.4 - has been found adequate. However, better 

results, in terms of visual quality of the fitted surface, could 

nearly always be obtained by filling the boundaries manually, using 

'internal' points, in an intuitive manner; that is to say, in such a 

way that points lying on a grid line form as smooth a physical space 

curve as possible. For patches with truly awkward boundary shapes, 

several tries have usually been found necessary, for aesthetically 

pleasing results. 

7.4.5 	Number of iterations and processing time for convergence  

As in the PCF method, the number of iterations required for 

convergence has been found unpredictable. In some cases, both initial 

and final fit were bad, resulting in extremely slow convergence. In 

other cases, practically complete convergence was attained within 3 

to 4 iterations. 

Further, as in the PCF method, the major consumer of computing 

time is the local minimisation procedure. The speed of the procedure 
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was little affected by the precise values of the parameters B (the 

descent angle parameter) and 6.  (the 'thickness' of the constraints) 

but, on the other hand, was practically governed by the value of V 

(the highest acceptable value of the gradient or its projection). 

The optimum value of 4 is very machine and problem dependent. On 

the IBM-7094 Ilk. II 	the lowest value that can be used with impu- 
-3 

nity has been found to be 10 . With this value, the processing 

time has been found to be approximately 1/4 sec./point with bi-

cubic polynomials, and to rise roughly as the square of the degree 

of polynomials used, as expected. 

The effect of the number of points on the computing time cannot 

be so readily assessed. It is a combination of several factors, such 

as the size of the grid and the proportion and positions of the null 

entries. Very roughly, the effect is of an order between 1 .  and 2. 

7.4.6 	Oscillations between data points  

With conventional least squares fitting methods, it is often the 

case that a numerically good fit to the data points produces unwanted 

oscillations between the the points, especially when relatively high 

degrees of polynomials are used. This imposes a severe limitation on 

the quality of fit attainable with such methods. 

PSF appears far less prone to this problem. A probable reason is 

that relatively low order polynomials can be used to describe complex 

surfaces. When oscillations did occur, the data were frequently found 

to contain quite large errors, which the procedure attempted to fit 

too closely. 

7.4.7 	The formation of clusters  

An important condition for the reliable convergencr. of this 

algorithm is independence between the parameter values that corres- 
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pond to different data points, which is manifested by the optimised 

parameter values being away from the constraints. As anticipated, this 

was so for most of the data tried. Occasionally, however, cases were 

found, where groups of neighbouring parameter values tended to coalesce. 

This problem had also been encountered with the PCF procedure, and a 

possible solution is discussed in Section 6.5. The solution is difficult 

enough with PCF, and considerably more so with PSF. It is therefore 

very encouraging to note that whenever this problem occured, ,it was 

later found to have been due to bad initial topological arrangement of 

the data. 

7.5 	A Possible Improvement  

The operation of the algorithm, as described, is quite slow. It 

has been used simply because readily available NLP methods require 

the storage of a (n X m) matrix for a problem in n variables and 

m 	constraints, which, for this problem, tends to be larger than present 

computer storage sizes. In any case, the constraint descriptor matrix 

for this problem need only be approximately of size (12 n X 3). 

In recent years, there have been considerable advances in the 

field of non—linear optimisation, both constrained and unconstrained 

(a good survey may be found in Sargent and Sebastian, 1971, which is 

concerned primarily with unconstrained methods; no such collective 

treatment of constrained minimisation methods is available, but the 

above paper includes some useful references). Therefore, it should 

now be possible to construct a much more efficient algorithm for 

PSF, possessing formal convergence properties and faster convergence, 

and yet making use of the reduced storage requirements of this problem. 

7.6 	Discussion and Conclusions 

PSF is a flexible and versatile surface—fairing method. Although 
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somewhat lacking in theoretical proofs of converegence, results obtained 

for a wide range of data indicate that the method is both valid and 

practical. 

There is still no doubt that the hull-surface must be divided into 

several patches, which must be faired individually. However, by being 

able to describe compound surfaces successfully, the parametric surface 

definition eliminates many of the restrictions imposed on the patch-

boundaries by other methods. In other words, the naval architect can 

define the boundaries at points which appear natural to him, or which 

are imposed by practical considerations, rather than ones which are 

convenient mathematically. 

Further, PSF can also be used to convert a previously designed 

hull-form to the approximately equivalent Coons-patch representation 

(approximately, because some deviation may ensue from the fitting 

procedure. The resulting surface can then be moulded into a new, but 

related, shape (MacCallum, 1970), in several patches if necessary. 

• 



- 17.2 - 

CHAPTER 8 : - 

C ON CLUS I ONS 
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8.1 	Summary 

In this thesis, experiments with some unconventional lines' 

fairing methods have been described. It has been shown that many 

decisions relevant to the mathematical definition of hull forms can 

be. quantified, and hence made by computer. However, it has been found 

that the most critical decision, namely the division of the hull into 

patches, is best made by the designer, in an intuitive manner. 

Further, it has been shown that instead of attempting to replace 

the designer's intuition by uncertain methods, it is possible, and prac— 

tical, to use definitions of curves and surfaces that are insensitive 

to variations in the patch boundaries. Three such methods have been 

treated, two of which have proved very successful — the parametric 

curve and surface definitions. It is not suggested that the fairing 

of a practical hull form can be made into a 'single shot' affair, even 

with the parametric definitions, but the designer is allowed considerable 

freedom to experiment, whilst still obtaining 'fair' results. In this 

way, this work provides the designer with a new and powerful tool. 

8.2 	Future Work and Recommendations  

8.2.1 	A practical system 

Despite the strong practical slant of most of this work, even the 

successful methods, i.e. the parametric curve and surface definition, 

are of limited usefulness as they stand, particularly the latter. For 

their use in an integrated ship design system, a closer examination 

of multi—patch fairing is needed; also, possibly, more efficient 

methods of computing the parametric definitions. 

8.2.2 	Interactive Graphics 

It has been shown in this thesis that it is very difficult, if not 
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impossible, to devise a completely automatic lines' fairing system. 

Moreover, for many aspects which can be automated, the results do not 

justify the effort involved, i.e. it is often far simpler to let the 

designer make a decision. Considering also the delays and frustration 

caused by computer batch—processing, the conclusion is inevitable — some 

convenient form of man—machine interaction is needed for practical 

computer—aided ship—design. While Teletype terminals are very useful, 

there is nothing like a Visual Display Unit (VDU) for conveying certain 

information simply, quickly, accurately and quietly, both ways. 

It is beyond the scope of this work to discuss Interactive Graphics 

in any detail, but its application to the preliminary design of ships has 

been treated by MacCallum (1970). At present, it seems unlikely that the 

VDU will replace plotters for final assessment of hull—forms, because of 

its limited size and precision. On the other hand, little imagination is 

needed to visualise the power of a ship—design system which employs 

efficient lines' fairing programs, and which can be 'driven' via a VDU 

with a light—pen. Consider, for instance, the simplicity of: 

a) Removing coarse errors lrom input data, by observing the display 

of offsets and waterlines, 

b) Correcting less obvious errors by checking the display of the first 

and second finite—differences of the data, 

c) Splitting the hull into patches, by direct indication on the screen 

(assuming implicitly that the feature of selective scaling of portions of 

the display is available), 

d) Choosing a particular fairing method from a displayed selection, 

and so forth. The background computation must, of course, be performed 

fairly rapidly, although reasonable delays are tolerable. Hence the 

emphasis on the efficiency of the fairing programs. 

At the present state of computers and computing—science, there seems 
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to be vast scope for an integrated hull—design system, using a VDU 

linked to a host computer, almost certainly a time—sharing one, and 

possibly an on—line plotter. The entire design procedure can then be a 

smooth, closed—loop, operation, from the preliminary stages up to the 

final design. 

8.2.3 	A different 'goodness—of—fit' criterion 

The goodness—of—fit criterion used in this work is that of least—

squares, although in an unusual form. A better criterion, or norm, 

would be the 'minimax' norm, i.e. the function is computed, which 

minimises the maximum deviation ('deviation' is here and henceforth 

used in the commonly accepted sense, i.e. the difference in one of the 

co—ordinate directions, deemed the 'dependent') between the given data 

and the corresponding mathematical definition. The minimax norm is the 

most powerful and critical norm, by its definition, and the knowledge 

that the magnitude of the maximum deviation is below a given bound is 

very satisfactory. However, the numerical application of this criterion 

is difficult, because its mathematical-expression in terms of any 

regular hull descriptor function is not differentiable with respect to 

the parameters of the function, even in the vicinity of the solution. 

The minimax norm has been applied to lines' fairing by Berger 

(Berger et al., 1966). In that interesting experiment, the hull was 

described by a piecewise spline, enabling the problem to be formulated 

as one of Linear Programming. Its solution was usually costly in 

computer time, and difficulties were encountered with end—conditions. 

However, much has been discovered in the field of minimax approximation 

since Berger's attempt, and a renewed investigation should prove fruitful. 

The only reason, apart from analytical simplicity, for using the 

least—squares criterion is that it penalises large deviations. It has 
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been found in this work that the magnitude of the deviations can be 

quite misleading as to the quality of the fit, and that excellent 

results could be obtained by redefining the concopt of 'deviation' to 

mean the perpendicular distance from each data point to the mathematical 

definition. It would therefore seem worthwhile to investigate the 

application of the minimax norm to this perpendicular deviation, using 

well established functions, e.g. polynomials, for the basic hull 

description. This does not appear to have been considered either 

analytically or numerically. 

8.2.4 	Different hull description functions  

Polynomials are very simple to calculate and to manipulate. Con—

sequently, they have been predominant in the field of mathematical 

ship lofting. It is noted that practically whenever another function 

is used, e.g. a conic, to fit a stern ending, it is fitted exactly, i.e. 

without fairing. While the parametric hull definitions, which also 

employ polynomials, seem quite satisfactory for most applications, 

many, possibly better, hull definition functions remain unexplored. 

In recent years, much research has been carried out in the field 

of rational approximations, using the minimax norm. A rational approxi—

mation can, by its nature, describe a singularity, and could be useful 

for describing curves with almost vertical, linear regions. At present, 

the treatment of rational approximations seems to have been restricted 

to curves. The extension to surfaces and its application to hull forms 

should prove interesting. 
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APPENDICES  
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APPENDIX A:— Body Plans of Trio Typical Simple Ship Forms  

The particular ship forms given in this appendix more selected 

because they have some of the properties that make lines' fairing 

difficult mathematically, e.g. a bulbous boi, and yet they are simple 

forms. The names Model i and Model 2 are arbitrary. 

The data given here is incomplete. Only the details relevant to 

this work are given. 
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Table Al:- 

Basic Dimensions of Modol 1.  

Type of hull: 	 Optimised Trawler Form 

Length (overall) 	 216.46 ft 

Length Between Perpendiculars 	200.00 ft 

Breadth 	 38.4667 ft 

Draught 	 17.4889 ft 

Rise-of-Floor 	 20 percent draught 

Type of Bow: 	 straight 
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Table A2:- 

Offsets of Model 1  

The offsets aro expressed as porcentage of maximum half-breadth 

Waterline heights 

(expreased as percentage of Load Draught) 

Station 0 5 10 20 40 60 8o 100 120 140 160 18o zoo 
(keel) 

---- 2.5 29.2 51.9 69.7 81.7 ---- B ---- ---- ---- ---- ---- -.--- 

A ---- ---- . ---- 13.2  42.4 64.4 81.3 91.3 --- ---- ---- ---. '---- 

AP 0 ---- 24.3 50.7 71.4 87.3 95.8  -- ---- ---- ---- ---- ---- ----• 

1/4 ---- ---- --..- ---- ---- 1.3 34.3 58.4 77.5 90.7 93.1 --- - ---- 

1/2 0.7 1.4 2.0 3.3 4.9 8.2 19.1 43.4 65.5 82.1 93.6 ---- ---- 

---- 3/4 0.7 2.6 4.2 6.6 10.8 17.4 28.6 51.7 71.3 85.9 95.o ---- 

1 0.7 4.3 7.0 10.8 17.5 26.4 39.8 59.6 76.9 89.3 96.8 ---- ---- 

1 1/2 0.7 8.9 13.7 20.4 31.8 43.8  57.5 72.o 85.2 93.7 98.3 --- ---- 

2 0.7 12.9 20.9 31.3 46.4 59.8 71.8 82.6 90.7 96.7 99.2 ---- ---- 

2 1/2  0.7 18.o 29.0 42.7 60.5 72.8 82.6 90.0 95.5 98.7 100.0 ---- ---- 

3 0.7 21.8 36.7 53.9 72.4 83.6 90.9 95.5 98.3 99.6 100.0 ---- 

---- 

-- 

---- 
4 0.7 25.1 47.2 70.7 89.0 96.4 99.3 100.0 100.0 100.0 100.0 

91 5 0.7 25.1 50.4 74.5 91.4 97.9 100.0 100.0 100.0 ioo.o 100.0 ---- ---- 

6 0.7 26.1 46.6 66.5 82.2 89.3 92.9 95.2 97.1 98.5 . 99.5 ---- ---- 

7 0.7 23.8 36.6 50.3 63.2 70.1 75.4 80.4 85.4 91.0  97.7 ---- ---- 

7 1/2  0.7 19.8 29.2 40.0 51.4 57.8 63.5 69.4 76.1 83.9 92.9 ---- ---- 

8 0.7 14.5 21.5 29.6 39.1  44.7 50.3 56.7 64.7 .74.0 85.2 ---- - 

8 1/2 0.7 9.2  14.2 20.3 27.0 31.4 36.2 42.8 51.1 61.5 	' 74.3 88.3 ---- 

9 0.7 4.8 8.1 12.4 16.3 18.6 22.2 28.3 36.6 47.1 59.6 -74.1 ---- 

9 1/4 0.7 3.4 5.5 8.5 11.7 23.4 15.9 20.9 28.5 38.5 51.1 65.4 81.0 

9 1/2  0.7 2.1 3.4 5.4 7.3 8.6 10.6 14.4 20.4 29.8 41.8 55.6 70.5 

9 3/4 0.9 1.3 2.0 3.3 4.2  5.7 8.o 12.5 20.5 31.5 44.4 58.9 ---- 

FP 10 ---- * ---- ---- ---- ---- 2.4 5.0 10.8 19.9 32.1 46.1 ---- 
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Table A3:- 

Bulwark Curvo for Modol 1  

Station Uoight 

(as porcontago of 
Load Draught) 

'Offsot 

(ac porcontago of 
half-breadth) 

(Aft tip) -0.894 193.10 0 

B (- 1/2) 189.10 85.36 

A (- 1/4) 186.6o 93.36  

AP 	o 183.90 95.81 

1/4 181.30 98.18 

1/2 178.60 98.63 

3/4 . 	178.70 98.72  

1 172.60 99.18 

1 	1/2 168.30 99.27 
_ 

2 167.20 99.45 

2 	1/2  166.10 ioo.00 

3 166.10 100.00 

• 4 • 166.io 100.00 

5 166.10 100.00 

6 166.10 100.00 

7 166.10 99.27 

7 	1/2  172.00 98.63 

. 	8 179.10 97.18 

8 	1/2 188.00 93.81 

9 197.10 87.00 

9 	1/4 201.6o 81.72 

9 	1/2  206.20 75.00 

9 3/4 210.70 66.72 

FP 	10  215.10 	. 57.18 

(Foreword 	10.919 231.40 0  
tip) 
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Table A4:— 

Stem and Stern Profiles of Model 1  

Waterline height 

(as percentage of 
Load Draught) 

Stern Profile 

(as percentage 
of LBP relative 
to AP) 

Stem Profile 

(PS percentage 
of LBP relative 
to FP) 

0 (keel) 3.57 - 3.56 

5 3.57 - 2.07 

10 3.57 - 1.60 

20 3.57 - 1.15 

40  3•.57 - 0.77 

6o 3.49 - 0.39 

8o 2.27 o 

too - 5.24 0.45 

120 - 6.89 1.12 

140  - 7.46  2.00 

160 - 8.02 3.11 

180 - 8.57 4.49 

200 ----- 6.25 

220 0010.0 • OM 0 8.1.3 • 
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Table A5:- 

Flat-of-Bottom Boundary Curve of Model 1  

The offsets are given as percentage of maximum half-breadth. 

Station Offset 

1/2 0.7 

3/4 0.7 

1 0.7 

1 1/2 0.7.  

2 0.7 

2 1/2  10.1 

3 16.8 

4 40.5 

5 54.7 

6 40.6 

7 21.3 

7 1/2 14.2 

8 6.5 

8 1/2 0.7 

9 0.7 

9 1/4  0.7 

9 1/2  0.7 
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Table A6:- 

Additional data for Model 1  

This table contains tho lowest points of those cross-sectional 

curves which do not end on standard waterlines. 

Station Height 

(as percentage of 
Load Draught ) 

B 98.6 

A 93.3 

0 87,6 

1/4 79.4 

9 3/4 2.5 
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Table A7:- 

Basic Dimensions of Model 2.  

Type of hull: 

Length (overall) 

Length Between Perpendiculars 

Breadth 

Draught 

Rise-of-Floor 

Type of Bow:  

bulk carrier 

434.0  ft 
400.0 ft 

55.0 ft 

22.0 ft 

nil 

bulbous 
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Table A8 1- 

Offsets of Model 2. 

Waterline Kool A B C D E F G H J K 

Porcontago of 

Load draurht 
0 9.09 i8.18 27.27 45.45  63.64 81.82 ioo.00 118.18 136.36 154.55 

Watorlino offsets oxprossod as a percentage 
Station 

of 	maximum half-breadth 

AP 0 ---- ---- ---- --- ---- --- 15.7 30.9 40.1  46.2 50.5 

1/4 2.2 2.7 2.8 3.0  4.1  10.7 31.4 45.9 54.7 6o.8 65.2 

1/2 2.2 8.3 11.0 13.2 19.0. ' 28.9 46.2 58.7 66.9 72.7 77.1 

1 0 24.8 32.o 38.3 ' 	48.8  59.2 69.7 78.6 85.4 89.7 92.6 

1 1/2 0 45.6  55,0, 62.1 73.0 80.7 86.7 91.3 94.7 96.8 98.3 

2 0 66.6 75.6 81.3 88.9 93.7 96.6 98.o 99.0  99.5 99.8  

2 1/2  0 82,6 89.4 93.6 97.3 99.2  99.8 100.0 100.0 ioo.o 100.0 

3 0 92.1 96.8 99.o 100.0 100.0 100.0 100.0 100.0 100.0 100.0 

3 1/2 0 96.7 99.8 100.0 loo.o 100.0 100.0 100.0 100.0 100.0 100.0 

4 0 98.2 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 

0 	5 0 98.2 100.0 100.0 100.0 100.0 100.0 100.0 ioo.o 100.0 100.0 

6 o 98.2 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 

_ 6 1/2_ .._ _0 _ - .98.2 100.0 100.0 	_ 100.0 100.0 100.0 100.0 100.0 100.0 100.0._ 

7 0 98.2 100.0 ioo.o 100.0 100.0 100.0 100.0 100.0 100.0 100.0 

7 1/2 o 98.2 100.0 Imo 100.0 100.0 100.0 100.0 100.0 100,0 100.0 

8 . 0 95.5 98.8 99.9 100.0 100.0 100.0 100.0 100.0 100.0 100.0 

8 1/2 • 0 86.1 	• 91.2 93.4 94.8  95.7 96.8 98.6 loo.o . 100.0 100.0 

9 o 64.2 71.4 75.4 78.8 80.4 • 8z.5 86.8 92.3 94.4 95.3 

9 1/2 0 31.1 	* 37.8 42.3 46.8  48.2 50.7 56.3 64.2 71.9 74.6  

9 3/4 0 17.7 23.o 25.6 27.2 27.3 28.5 31.5 37.2  46.2 50.7 

FP 	10 0 11.3 14.6  15.2 10.5 4.9 1.6 0.3 3.2  9.9 15.7 

ft 
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Table A9:- 

Knuckle Curve for Model 2  

Station Height 

(as percentage of 
Load Draught) 

Offset 

(as percentage of 
half—breadth) 

8 	1/2 111.5 100.0 

9 122.0 93.5 

9 	1/2 132.4 71.4 

9 3/4 138.4 47.0 

FP 	10 143.4 12.4 

(Stem) 10.919 144.3 0 
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Table A10:- 

Stem and Stern Profiles of Model 2  

Waterline 

(height as 
percentage of 
Load Draught 

Stern Profile 

(as percentage 
of LBP relative 
to AP) 

Stem Profile 

(as percentage 
of LBP relative 
to FP) 

Keel 0 0.97 0 
(extrapolated) 

A 9.09 1.61 1.18 

B 18.18 1.82 1.51 

C 27.27 1.89 1.57 

D 45.45 1.89 i.o8 

E 63.64 1.52 0.51 

F 81.82 - 1.76 0.13 

G 100.00 - 2.91  0 

H 118.18 - 3.34 0.13 

J 136.36 - 3.55 0.36 

Knuckle 
(stem) 

144.30 ____ 0.48 

K 154.55 - 3.66 0.65 
4 
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Table All:- 

Flat-of-Bottom Boundary Curve of Model 2 

The offsets are given as percentage of maximum half-breadth. 

Station Offset 

1/4  2.2 

1/2 2.8 

1 8.2 

1 	1/2 23.1 

2 42.4 

2 	1/2 63.3 

3 78.9 

3 	1/2  
up to 86.o 
7 	1/2 

8 82.5 

8 	1/2 71.4 

9 	' 44.3 

9 	1/2 12.7 

9 	3/4 4.2 

FP 10 0 
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APPENDIX B:- The Calculation of the Distance from a Point in the 

xy-plane to a Curve y m f(x)  

Given A point P(x ,y ) in the xy-plane 
P P 

A plane curve described by y = f(x). 

Find The shortest distance, 6, from P to the curve, i.e. the 

length of the normal dropped from P unto the curve, at 

the point T(x ,y ), say. 
t t 

There are two equivalent approaches to the solution. The first 

is to calculate the length of the normal, and the second is to find 

the general expression for the length PT and to minimise that. The 

latter is given, because it illiustrates the problem better. 

Define the function d(x) by 

2 	2 
d(x) = Ex - x ] + Cy - Y ] 

2 	2 
Cx 	x 	+ (f(x) y 	(B.1) 

i.e. the square of the distance from P to an arbitrary point on 

the curve. The value of 6 corresponds to a minimum of d(x). For 

a stationary point of d(x), 

Cx - x ] + f'(x) Ef(x) y 	= o 

where f'(x) is the derivative of f(x) with respect to x. 

There is no general solution to equation B.2; it can only be 

solved analytically for particular functions. The function of 

interest here is a polynomial, generally of degree greater than 1, 

and the equation must be solved numerically. 

Define the function g(x) by 

g(x) = Ex - x 	+ f'(x) [f(x) y ] 	(B.3) 

where g(x ) = o. 
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Let the value of the ith approximation to x be given by x . 
t 	i 

Applying the Newton -Raphson method, the improved value of x, x , 
1+1 

is related to the current approximation by 

x = x 	h 
1+1 

where 	h = 	g(x ) / gl(x ) 

By differentiating equation B.3, expanding and simplifying, it is 

found that 

[x - x ] + f'(x ) [f(x ) 	y ] 
i p 

	(B.4) 
2 

1+f' (x ) + f"(x ) [f(x ) Y ] 

The value of x is thus improved iteratively, until the computod 

correction, h, is less them a prescribed value. It is noted that a 

maximum of d(x) is an equally valid solution, so that a check must 

be made that d•'(x ) = ge(x ) > 0, for a minimum. 
t 	t 

This method requires strict conditions for convergence, but 

if they exist, the convergence is rapid. Loosely speaking, the 

approximation to the root should be closer to the solution than 

any turning point and/or inflextion of g(x) (if it possesses any). 

The following procedure overcomes the obstacles: 

a) Take the first approximation as x = x , and compute an 
0 	•p 

upper bound for d(x). 

b) Compute a range, (a,b], which brackets the root, from several 

values of d(x) and g(x). 

c) Iterate for the root using equation B.4, checking in each 

iteration that d(x) is decreasing, and that x remains inside in,b]. 

If either condition is vdolated, the improved root is instead esti-

mated by 
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(b - a) Ig(a)1 
x = a + 

lg(a)I + Ig(b)1 

d) If possible, a new, reduced interval, [c,d], is found, where 

Id - ci < lb - al, and the process repeated from step (c). 

Once the point T has been found, the value of S can be calcu-

lated from equation B.1. 

Despite the limitations outlined above, this method has been 

found to perform well. An example is included, for illustration. 

Example  
2 

f(x) =  + x 

ft(x) . r. 2 x + 

f"(x) = 2 

Take the point P(2,1), - uncommonly far from the curve. The exact 

solution is x = 0.5 . The table below illustrates the rapid conver- 

gence. 

• ITEATION 	NO. 

.---- 

X H E').L.-1(A - 

0 2.000000 -0.789474 6.000000 
1 1.210526 -3.463292 2.789930 
2 0.747234 -0.203792 1.809419 
3 0.543443 -0.041786 1.680803 
4 0.501657 -0.001654 1.677956.  
5 / 	0.500003 -0.000003 1.677051 
6 0.500000 0.000000 1.677051 

• 

Let 

• • 

and 
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APPENDIX C:- Approximation to a Subset of the Statistical F-Tables  

Given tabulated values of F 	against 	(e.g. in Pearson and 
1,4 

Hartley, 1958), for the degrees of confidence 95.0, 97.5, 99.0 and 

99.9 percent (in fact, the inverse distribution is normally tabulated, 

i.e. the 5.0, 2.5, 1.0 and 0.1 percent point, but this does not affect 

the following). 

It is required to approximate each table, as closely as.possible, 

by a simple function. By observing the trend of the tables, it seems 

reasonable to fit each by a conic function, of the form: 

2 	2 
F 	+ RV + bV + cF 	d v F 	= 
1,* 

It is noted that although this observation is completely 

empirical and has no statistical justification, it is simple and 

convenient. 

The coefficients of the conic can be calculated by least squares, 

as follows: 

Let n be the number of entries in an F table, i.e. the entries 

are 	,F ) , 1<i< n 
i i 

Let the sum of squares of residuals be given by 

2 	2 	 2 
(F 	+ 	+ bl + c F + d 	F + e) 

By differentiating R with respect to each of the coefficients 

a, b, c, d and e in turn, and equating the derivatives to zero for 

minimum of R, the following sot of equations is obtained: 

R 
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a:- h a+h b+h c+h d+h e = h 
40 	30 	21 	31 	20 	22 

b:- 	h a+h b+h c+h d+h e =.- h 
30 	20 	11 	21 	10 	12 

c:- 	h a+h b+h c+h d+h e =- h 
21 	11 	02 	12 	01 	03 

d:- h a+h b+h c+h d+h e = -h 
31 	21 	12 	22 	11 	13 

e:- 	h a+h b+h c+h d+h e = - h 
20 	10 	01 	11 	00 	02 

Where h 
kl 

 

k 1 
F 

i i 

 

i=1 

Unlike the normal equations for standard polynomial approxima-

tion, these equations are well-conditioned, and may be solved in 

the usual way. 

Having found the values of the coefficients of the function, 

the value of F 	can be found for any ', by substituting ' in 
1,V 

the conic equation, and solving the resultant quadratic. The wanted 

root is real and positive, and by solving for one known point, it 

is deduced which of the two roots of the quadratic is the wanted 

one. 

Table C.1 contains the coefficients of the approximations to 

the standard four F-tables, and the maximum deviations of the 

approximations from the tabulated values. 

The approximations have been found sufficiently accurate only 

for 2 <V < 500, which is the normal range of degrees of freedom 

in practice. The extra precaution has boon taken for the special 

cases of 	= 1 and * > 500 , by using the tabulated values for 

the former, and the asymptotic value of F 	for the latter. 
1, oo 



Table C.1 :-  Approximations to F-tables 

confidence 
point 

(percent) 
n a b 

• 
c d e 

maximum 
deviation 
(percent) 

5.0 37 1.9975450*10 
-3 

-149.35007 -75.330845 38.818797 -82.082405 1.75 

-3 
2.5 37 6.2106713*10 -397.49358  -165.28960 79.043665 -401.52732 2.21 

-3 
1.0 36 7.8340514*10 -373.57679 -157.00656 56.183688 -422.62041 1.35 

-2 
0.1 35 2.5939629*10 -946.06202 -342.97817 87.202490 -2061.5735 1.98 
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APPENDIX D:- The Derivation of Spline Functions 

Spline functions originate from the flexible wooden battens used 

by draughtsmen to dram smooth curves between data points. When used 

for such purpose, the beam is bent to the desired shape, and weights 

are placed on it at the data points. The usefulness of the mathema-

tical equivalent of the beam, for curve fitting, came to light in 

recent years. Spline functions aro treated thoroughly elsewhere 

(Asker, 1962; Theilheimor and Starkweather, 1961; Handscomb , 1965; 

Powell, 1967) and, therefore, only a brief description and deriva-

tion, necessary for this work, aro given here. 

It is possible to derive the functions without reference to 

the beam, but it is interesting to consider two elementary physical 

properties of thin beams. Assuming that a thin beam of uniform 

flexual rigidity, R, is subjected to a bending moment M, and lies 

along the plane curve y = 0(x), the following expressions ensue 

from the theory of stress and strain (Timoshenko, 1951) :- 

a) The curvature of the beam is given by 

0"(x) 
	 (D.1) 

2 3/2 
[1 + Ot(x) ] 

b) The potential energy of the beam is proportional to the 

integral along its length of the square of the curvature, i.e. 

proportional to 

2 	2 -5/2 
4"(x) [1 + 02(x) ] 	dx   (D.2) 

and the shape it takes up is such as to minimise this energy under 

whatever constraints are in force, namely the weights at the data 

points. 

In deriving spline functions as an interpolation tool, it is 
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assumed that the slope, 0'(x), is small enough to be omitted from 

expression (D.1), The bending moment applied to the beam is trans-

mitted at the data points; with a uniformly flexible spline, equation 

(D.1) implies second derivative continuity at the points. 

Given data points (x , y ), 1 < i < n. Consider one segment 
i 

of the spline, lying between (x , y ) and (x , y ). 
i i 	i+1 i+1 

Let d =x -x 
i 	i+1 	i 

and 	cot :7  ott(x  ) ; 	011 	 )''(x 	) 
i+1 	1+1 

i.e. the second derivative of the spline, not of the function 

that is being interpolated. Assume, further, a constant third 

derivative throughout the segment; this assumption leads to the 

lowest order practical spline functions. Then, for x ei[x , x ], 
i 141 

	

0"(x - x ) + 0" (x 	-x) 
0"(x) = 	i 	i+1   (D.3) 

Integrating twice with respect to x and rearranging, 

3 	3 
0"(x - x ) + 0" (x - x) 

0(x) = 	i 	i 	i+1 1+1 
d 

+ 	A (x - x ) + B (x 	- x) 	(D.4) 
i 	1+1 

where A and B are constants of integration. 

By substituting the known values y and y 	for 0(x) in 
i 	1+1 

equation (D.4), A and B are found to. be 

A = 	i+1 - 1 d 0"   (D.5) 
i 
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B = 	i-ldOtt   (D.6) 
i 1+1 

It remains to compute the values of 0", 1 < i < n. The deri-

vative of the cubic in the segment is given by 

2. 	2 
0"(X - x ) -0"  (x - x) + 2 (y -y ) 

0'(x) =  i 	i 	i+1 i+1 	i+1 	i  
2 d 

+ 1 d (0'' - 011) 
i i+1 

	 (D.7) 

Substituting x = x in equation (0.7) and simplifying, 

Y 	Y 
0' (x ) =  1+1 	i - 1 d (0" + 2 Ott  )   (D.8) 

i 	i+1 

For continuity of first derivative at the data points, this 

value must equal the one obtained from the (i - 1)th segment, i.e. 

y - y 
0'(x ) =  i 	i-1  + 1 d (0" + 2 0" )   (0.9) 

6 i-1 i 
i-1 

Equating the expressions (D.8) and (0.9) and simplifying, 

d 	0" + 2 (d + d ) 0" + d Ott  - 
i-i i-1 	i-1 	i i 	i i+1 

Equation (D.10) holds for i = 2,3, ... , n-1 . Hence (n - 2) 

equations can be generated, that relate the values of 0''. The re-

maining two degrees of freedom can be resolved either by imposing 

two more constraints on the fit, or by using the thin beam analogy. 

Take the latter - assume that for 
	

Atx x 1, the beam is linear, 
1 n 

i.e. oft = 0'1 	0. 
1 

6 [ 
Y 	

•
Y 	Y Y 

i+1 	1-1  

i-1 

	 (0.10) 
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Then the values of 43/1, 4141. , tr t  may be computed by solving 
2 	n-1 

the linear equations 

S  P" = E,  

where S is the well conditioned tri-diagonal symmetric matrix 

2 (d + d ) 
1 2 	2 

d 	2 (d + d ) 
2 	2 3 	3 

S 
• • • 

2 (d + d ) 
n-2 n-1 

and 

z 	= 6 

[ 

i i-1 1+1 	i- 

Y  i -1 

Having found the values of 0" , the coefficient matrix of 

the spline can easily be calculated from equations (D.4), (D.5) 

and (D.6). 



-203- 

APPENDIX E:- Properties of the 'Flatness' Function of Polar 

Transformation.  

Given :- Data points (y ,z ) 	< i < n, 
i i 

A point P(y ,z ) in the yz-plane. 
0 0 

2 	2 
Let 	r 	(y 	Y ) +(z 	z ) 

i o i 0 

r -min(r ]  
min 

r 	= max Er ] 
	

1 e i < n 
Max 

Let 	Q and R be the extreme points of the data, i.e. the two points 

between which the distance is greater than between any other 

pair (Fig. 5.8). Assume, to start with, that there is only one 

such pair. 

Define the Flatness function 0 as 

0 = r 	r 
max min 

The following properties of 0 may be deduced by elementary 

considerations:- 

a) It is clearly non-analytic. 

b) It is non-negative and finite everywhere. 

c) It is continuous with, generally, discontinuous first and higher 

derivatives. 

d) As ly I and/or Iz I --* 00, 0 	0. 

0 

0) 0 has a maximal ridge, of value 'QR', along the lino generated by 

QR, but only outside the range QR. When there are more than one pair 

like QR, there is a ridge corresponding to each pair. When the ridges 

form a closed figure, 0 has a minimum inside the figure. 

f) The most interesting property of 0 is the existence of a minimum 

for finite values of y and z . The minimum lies in the same half- 
0 
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space of the curve ('curve' being defined as the figure created by 

joining all the data points, in their given order, by straight line 

segments, and taking the end segments to infinity) es the centroid 

of the data points, G. It has been found empirically that the mi-

nimum lies approximately on the line MGN, where GN is perpendicular 

to QR. 

g) Beyond the minimum, in the same direction and moving away 

from the curve, has a maximum. Further still it decreases, to fi-

nally blend in with its behaviour in the other half-space of the 

curve, which is a monotonic decrease. 



- 205 - 

APPENDIX F:- Univariate Minimisation by Quadratic Interpolation,  

without Gradients.  

Given: Three values of a function, f , f and f , at points 
a b 

a, b and c. For convenience, and without loss of generality, let 

a < b < c. 

It is required to compute the point d, at which the parabolic 

approximation to the function (not necessarily the function itself) 

has a minimum. 

Let the function be approximated by the three point Lagrangian 

formula 

f(x) = • 

(x - b)(x - c) 	(x - a)(x - c) 	(x - a)(x - b) 
	 f + 	 f + 	 f 
(a - b)(a - c) 	a 	(b - a)(b - c) 	b 	(c - a)(c - b) c 

By differentiating with respect to x and equating to zero, it 

can be shown that the turning point of the parabola is at 

2 2 	2 2 	2 2 
(b 	c ) f + (c - a ) f + (a - b ) f 

	

d= 1 	a  

	

2 	(b - c ) f +(c - a ) f +(a - b ) f 
a 

It is a minimum if the second derivative of the approximation 

is negative at d, i.e. if 

(b - c) f + (c - a) f + (a - b) f 
a < 0 

  

(a - b)(b - c)(c 	a) 

There are three basic possible outcomes, as followS 

a) A minimum predicted at d EBEa,c], and .f(d) < min (f ,f ,f ]. 
a b c 

This is the ideal situation. The position of the minimum can bo 

refined by discarding the point furthest from d, substituting d 

for it and repeating the computation, until d is within some pre-

scribed tolerance of ono of the points. 
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b) A minimum predicted at d flt[a,c], and f(d) < min Ef ,f ,f 1. 
a b c 

The precise action in this case depends on the configuration of 

the initial three points. With reasonably well behaved functions, 

the point furthest from d may be discarded, and the computation 

repeated until the minimum is bracketed, as in (a). The lest is 

necessary, because only in that situation can a true minimum of 

the function itself be guaranteed. 

c) A maximum predicted, or a minimum outside some prescribed 

limits on the value of d. As in (b), the precise action depends 

on the initial points, but, generally, the search step is reduced, 

and a local search in [a,c] is carried out. 
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