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ABSTRACT

The work described in this thesis was performed in the context of
a project to improve ship design by the application of computers. The

particular aspect which is treated here is the design of the hull-form.

The first part of the work describes some of the problems which
arise in bringing a hull-form from the preliminary design stages to a
form suitable for building. A brief description of manual methods is
followed by a review of several past attempts to perform the same task
numerically, using computers. The main difficulty is shown ta be the
wide range of slopes and curvatures of hull-forms. The drawbacks of
current computer-methods are pointed out, thus indicating the reasoning

behind the author's approach to the problem.

The second part of the work treats some conventional methods of
hull-surface description, namely least-squares polynomials and the
division of the hull into geometrically distinct regions. These methods
are analysed rigourously, and the difficulties encountered in their use
are indicéted. Several improvements and variations are propésed, and

their results are compared with those of the original metheds.

The third part treats basic linear and non-linear transformations
of the hull-surface into different reference systems. It is shown that
many of the difficulties of curve description may be overcome by rotation
and by transformation to polar co-—ordinates about a uniquely defined pole.
It is, however, also shown that, despite considerable improvement over the
cartesian co-ordinate system, both transformations are inadequate for

practical shipbuilding.

In the final part, a different concept of 'similarity' between a
graphically defined form and the corresponding mathematical definition
is'explored. The new concept, of minimising fhe shortest, i.e. normal,
distancés from the mathematical definition to the original data is
shown to lead to very powerful curve and surface~fitting methods. Further, .
the latter is shown to be quite close to the long-sought complete

mathematical description of a hull.

The work refers almost exclusively to ships' hulls, but it is clear
that hulls belong to a large class of engineering surfaces, to which the
analysis is equally applicable. For illustration, the various methods

treated in this work are tested by applying them to two hull-forms.
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CHAPTER 1 :—

INTRODUCTION



1.1 Foreword

There are several strong reasons for defining a ship hull-form
mathematicaily. Some of these are: |

a) The simplification of hydrodynamic analysis.

b) A true mathematical definition of a hull is invariant under
scaling, i.e. scaling it up, for building purposes, does not create
unwanted discrepencies. This essentially puts the mathematical definition
on a par with full-scale lofting.

c) Mathematical shell-plate develoment and the userf numerically
controlled cutting and welding machinery ensue, with little additional
' effort.

d) The mathematical definition of a parent form can be distorted
analytically to a new desired form. This is valuable for designing new
ships which are based on successful previous designs.

e) A variety of lesser reasons; for instance, more accurate and
convenient hydrostatic analysis, reduced space requirements and increased
speed of lofting. |

These reasons have attractéd researchers to this subject for several
decades, but the advent of computers brought the subject out of its
infancy. The recent parallel development of computers, numerical analysis
and numerically controlled tools have brought about a feformation of
concepts. The reformation has been catalysed by increased competitiveness
..in shipbuilding, and increases in the prices of raw materials and labour.
Speed of design and the minimisation of scrap are more important now
than ever before; |

In parallel with the development of power-ships in the last century,
building regulations and traditions have also evolved. The regulations,
which are mostly for safety, have constrained many aspects of ship
design, and much effort has been devoted to making the corresponding

computer methods conform. Tradition has also exerted a considerable, and



not always justified, influence on certain elements of ship design. Until
recently, mathematical ship lofting had been such a subject.

On consideration of the literature on the mathematical definition
of hull forms, much similarity of concept between different methods may
be noticed. For example, most of the methods use polynomials as the
lofting function, and the least-squares criterion as the measure of the
similarity between the mathematical defimition and the initial design;
also, all the methods known to the author employ the cartesian co-
ordinate system, with the occasional, localised, non-linear transfermation.
A particular function, goodness—of—fit criterion and co—ordinate system
may be demanded theoretically for some applications, but not for hull
forms. | |

Some of the author's earlier work falls into the category described,
above. The author is not, in fact, a naval architect; therefore, once
the shortcomings of the earlier work were recognised, the investigation
procceded with broader applications in mind than just ships. The sub-
seqﬁent work }s quite general, with ships serving mainly to illustrate

‘difficult' engineering surfaces.

1.2 Definition of 'Fairness!'

The concept of 'fairness' of ships' lines is largely subjective;
so much so, in fact, that it is unusual for several naval architects
and loftsmen to unanimously find a particular set of lings 'fair'.
Before attempting to define hulls mathematically, which implies fairing,
the concept must be defined quantitafively. |

At this point, it is convenient to refer briefly to the manual, or
graphical, fairing process. Normal practice is to start with a body-
plan, which is drawn to a scale of the order of 1:50. It is drawn in the
usual engineering convention, of two main orthogonal views - cross—

sections and waterlines -~ with a third, confirmatory, view - buttecks;
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other information, which is optional but which'is often given, is that
of diagonals and 'flat-of-side' curves, the former béing pro jections
unto noh—principal planes, and the latter defining the region on the
hull surface where the cross—section does not vary. Figure 1.1 is an
illustration of a typical body-plan, with examples of all these views.
The plan is often derived from a successful previous design. Data,
generally known as 'offsets', is read off the plan, and checked carefully
for reading and transcription errors. The offsets.are then scaled up;
modern practice is to scale up to 1/10th of full scalé, but until about
10 years ago, full scale had been used in most European shipyards. The
scaled offsets are drawn on a large, flat surface -~ the 'mould loft' -
and it is then that the fairing, or lofting, process proper commences.
This consists of smoothing the offsests by means of wooden battens, or
splines, in such a way that all the principal views remain smooth
simultaneously, i.e. in such a way that no unwanted bulges or hollows
are created in any of the views. It is in this "lines' fairing" procedure -
that the subjective opinion of the loftsman is exercised.
Consideration of the graphical method and of various computer-aided
fairing methods has led to the following definition, which seems to Ee
a good compromise between mathematical rigour and acceptability to the
ioftsman. It is taken from Berger'(Berger et al., 1966), but extended to
surfaces, and consists of three conditions which the 'faired' curve or
.. surface must satisfy:
| a) The curve or surface must be continuous up to and including the
the second derifative, i.e. it must'possess continuity of value, slope
and curvature.
b) The curve or surface must be completely free of extraneous
inflexion points, while possessing those inherent in the data.

c) Deviations from the scaled offsets must be as small as possible,
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consistent with the satisfaction of conditions (a) and (b).

The proviso must be added that if knuckles are present, the fairnéss
criteria shall apply only to those sections of the curve or surface that
lie between the knuckles.

Condition (c), while being the easiest to quantify, has led to a
serious controversy, namely: What is the maximum deviation between the
scaled offsets and the mathematical definition , that should be allowed
for practical fairing ? To the author's knowledgg, this problem has not
been satisfactorily resolved yet. At one time, it was believed that
accuracies as high as 1/4" in the full scale plan were necessary. This
. implies that the data must be read off the 1:50 body-plan to the remark-
able ac;uracy of half the thickness of a pencil line ! Further, it will
be shown in this thesis that the value of the maximum deviation, measured

in the conventional way, is not necessarily a reliable measure of the

quality of the mathematical definition. .

1.3 Errors in the Data

There are two sorts of errors in the data, which must be considered
in any fairing system, whether it be manual of mathematical, ﬁamely:

a) The difference between the preliminary body-plan, and the corres—
ponding faired form, which the naval architect has visualised. This
difference includes the measurement error which is inherent in any
measuring device, and is small, by definition.

b) 'Human' errors, such as mistakes of measurement and transcription;
generally relatively large in magnitude.

The last afe assumed to have been eliminated before the fairing
method proper is applied. For manual fairing, these errors are removed
by very careful cross—checks of the data. As this is tedious and time-
consuming, it is only reasonable that computer—ai&ed fairing methods

Y

should be preceded by computerised error-checking sequences. These do
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indeed exist, and are genérally simple to implement. In fact, many of
the simpler errors can be réctified, at least approximatel&, using a
slight éxtfapolation of the basic definition of fairing; usually, only
borderline cases need be referred to the designer for confirmation. Such
a feature must implicitly be included in any practicél lines' fairing
system,

Throughout this work, it is assumed that the data is free from
gross errors, i.e. type (b), although most of the fairing methods
described will be seen not to be susceptible to these'errors. Whenever

type (b) errors are considered, it is clear from the context.

1.4 The Universal Hull Function

The fundamental aspect of mathematical fairing is the existence of
a universal function that, with different parameters, is capable of
describing any hull. Earlier work in this field consisted of seeking
such a function, and limited success has been achieved. However, it was
soon discovered that even the simplest hull-surface consists of several
regions of distinct geometrical properties, 50 that this universal
function, if it existed, would have éo be extremely complex.

There is a class of empirically derived functions, which relate

some of the hull parameters, e.g. the block coefficient, to the perfor—

mance required of the vessel (e.g. Watson, 1962). These functions are

.. of considerable practical interest, but they do not convey enough

information about the hull form.

It is now generally accepted that, for practical mathematical
fairing, the hull surface must be divided into several parts, each to>be
faired separately, but in such a way that the combined surface'is still
continuous in value, slope and curvature. From the shipbuilder's stand-

point, this is an equally valid and useful form definition.
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1.5 Aim of this Work

The intention of computer—aided design is to relieve thé deéigner
from the>tedium of performing monotonous calculations; and from having
to use intuition to make decisions that can be deduéed mathematically.

In other words, a practical lines' fairing system should, as much as
possible, assess its own results, and decide whéther they qualify for
the designer's attention.

The main drawback of systems which make their own decisions is that
they are too rigid. That is to say that either because of their complex
structure, or by design, they leave the user little room for experimen-
tation. |

The other, currently prevalent, approach is to simply provide the
naval architect with a basic fairing package, and to leave the rest to
him. This suffers from the disadvantage, that unless the user is completely
familiar with the mathematics of the method, alterations to the input
data in order to achieve a specific change in the results must be made
on a trial and error basis.

The ideal, effective, lines' fairing system lies betweeg the two
extremes described above. Some of its most desirable propertieé are
summarised in the following:

a) The input to the system must be simple, and in é form which is
familiar to the naval architect. )

b) The output from the system should be clear, preferably graphical,
and, again, in a form familiar to the user.

¢) If left to its own devices, the syétem should make competent
decisions about basic aspects, and it should inform the user of these
decisions. This-includes the correction of obvious user errors.

d) It should be easy to override the built-in decision mechanism,

or to modify it.
e) Expert knowledge of the mathematical backgrouna of the system
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should not be needed to operate it succéssfully.‘Awareness of the basic
principles involved is as much as should be expected of the user. This
implies a clear relationship between any éhange to the input data and
the resulting change in the output.

f) One of the unfortunate features of computer-aided design systems,
which is often dismissed in theoreticai works, is that practically every
system is computer-dependent to some degree. It is the author's convic-
tion that complete machine independence is some time away yet, but that
any practical system should strive towards this ideal. There seems little
point in developing a sophisticated lines' fairing system for a computer
that will soon be obsolete. Similarly, it is unwise to dismiss thé
practical application of a particular fairing method because it needs
bigger and faster machines than are currently availabie.

Each of these requirements is difficult in its own right. Some of
them conflict by nature, and must be compromised upon. In particular,
the need to split the hull surface into several patches, for practical
fairing, has created new difficulties, while solving some of the old
ones. The fairing problem is now in two distinct parts - the hull
division problem, and the choice of function suitable for each part of
the hull. Correspondingly, tke aim of this work has been twofold:

a) To formalise hull division methods,

b) To experiment with different clagses of functions, so as té
miﬁimise the number of functional forms that need be uscd for a satisfac-
tory hull definition, thus also simplifying the problems of (a); or,
more simply, to find such functions, that can cope with the rapid changes
of slope and curvature of the typical hull form.

The aim of fhis worlt was not necessarily to prdduce a directly
usable lines' fairing system. Nevertheless, as many as possible of the
desirable qualities of such a system have been included in the experimental

work.
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1.6 Outline of the Work

Chapter 2 comprises a brief review of the literature on this subject,
a broad classification, by their mathematical background, of a selection
of methods, a typical division of the hull surface, and the fairing
procedure with contemporary methods. The limitations of the various
methods are discussed, as are the objectioms, from the naval architect's .'
point of view, to the fairing procedure.

Chapter 3 contains a concise treatment of least-squares curve énd
surface-fitting by polynomials. Practical methods are described for the
automatic choice of the optimum degree of polynomial for given dataj
also, for the correction of computational rounding error when using
relatively high-order polynomials. Whiie little of fhe individual ideas
is new, their collective treatment and-application in this way provides
a foundation for the subsequent work.

Chapter 4 describes various attempts to find a general, amalytical,
way of splitting a hull surface into mathematically distimet patches.
Several conventional and two new methods, one of bésic geometry and the
other using splines, are treated, and a comparative set of results given.

Using the techniques of Chapters 3 and 4, an experimentél lines'
fairing program has been developed by the author (Grossman, 1967), of a
similar structure to that outlined by J.G. Hayes (1962). The system has
not been completed, because it had such obvious deficiencies, that a
totally differeht approach to the problem was indicated.

As a result, Chapter 5 contains experiments with basic transfor-
mations, namely'rotation and transformation to polar co—ordinates.
Least—squares polynomials are used to fair the transformed data in the
new co—ordinate systems; using the curve-fitting method of Chapter 3,
~ with automatic choice of degree. Similar aftempts may have been made
in the past, but there seems to be no evidence in the literature. Further,

the automatic choice of polynomial order is thought to be a major step



forward.

By that time, it had been noticed that the deviations, in the
conventional sense of the word, between the original and the faired data
were often misieading as regards the quality of the results. A more
realisticlmeasure was the shortest distance from each data point to the
corresponding faired value. By redefining the concept of 'déﬁiation'
suitably, a completely original, powerful, curve-fitting method was
discovered - ‘'parametric' curve-fitting - which is described in
Chapter 6. The procedure is essentially a transformation, but the data
remains in the original reference system (this is an immediate advantage
over transformations such as those of Chapter 5). Least-squares polyno-
mials are again employed for the mathémétical aefinition, but in a novel
way.

The mathematical definition of a hull implies a surface, rather
than a curve, description. Therefore, Chapter 7 treats the extension of
the method of Chapter 6 to surfaces, i.e. the shortest distances from
the data points to the faired surface are minimised. It is shown that a
large part of the problem is its precise definition, and that the one
used is the simplést to analyse and to implement. The parametric surface
is very flexible in terms of the slopes and curvatures it can describe;
so flexible, in fact, that the method can fair substantial portions of
hull surfAces without subdivision. Moreover, an unusual amount of freedom
is allowed in the disposition of the data points about the surface, i.e..
unlike many fairing methods, the data points need not be given on a
rectangular grid, nor even in any regular manner. The parametric curve
and surface-fitting methods seem to fill important gaps both in the
general theory of least-squares approximation, and its application to
lines' fairing.

Finally, the work is summarised in Chapter 8, and a number of

possible paths of further research in this field are suggested.



1.7 . Co-ordinate System and Notétion

Whenever reference is made specifically to ships, rather than to
generalisuffaces, the co-ordinate system which is shown iﬁ Figﬁre 1.2
is used.

The notation employed in the algebfa is standard wherever convenient.
Matrices are denoted by capitals, and vectors by overlines. When clear
from the context, they are used without explicit definition. Vector

spaces and norms are implicitly euclidian.

1.8 Data used

Throughout the work, except when data was constructed éspécially
to test certain features of a method, data for analysis was taken from
the two body-plans given in Appendix A. These two hulls are arbitrarily
referred to as Model 1 and Model 2. Both are relatively simple forms,
and have been chosen for the following reasons:

a) Model 1 has a simple bow, a compound stern profile, and a rising
floor.

b) Model 2 has a bulbous bow, but a mathematically simple stern
profile, and_no rise-of-floor. | |

¢) A common reason for both is that if any fairing or hull division
method failed on either hull, it would undoubtedly fail on more.complex

forms. At the same time, these two forms provide a cross—section of the

. kind of data that a lines' fairing system must process.

1.9 Computihg Equipment and Langsuage

Much of the computing has”been performed with the IBM-7094 Mk. II
at the Department of Coﬁputing and Control of Imperial Collége. For
some of the later work, the CDC-6600 at the University of London
Computing Centre was used. Both machines have interfaces to a CALCOMP

digital plotter, which has produced most of the graphical output included
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Figure 1.2 :- The Co-ordinate System
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in this thesis.

The PDP-9, with a Visuél Display Unit, provided by the sbonsors of
this work, and the UNIVAC-1108 at the National Engineering Laboratory
(which also has an attached plotter) have also been used for some of
the experiments. |

Following the policy of machine independence, the FORTRAN-IV
language has been used exclusively for computer programs. While this
language has some marked deficiencies, it is implemented in the vast
majority of scientific computing establishments, and seems likely to
remain so in the near future. The standard version of the language has
been strictly adhered to, which has permitted the use of a variety of

convenient computers. -
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CHAPIER 2 :~

PAST AND PRESENT METHODS OF

MATHEMATICAL HULL DEFINITION
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2.1 A Review of Mathematical Tull Definition Methods

The research in this field has been for twe pricipal aims -
hydrodynami ¢ analysis, and actual shipbuilding. The former employs quite
crude approximations, and, therefore, the accuracy of the hull definition
need only be of the same order as that of the approximations; the
emphasis is on the simplicity of the hull function, for analysis reasons.
The latter purpose requires a precise hull definition, in order to be of
any practical use. It ié the second category that has proved the more
difficult, and that is the oné of concern in this work.

The ideal solution is clearly a hull definition which is precise
enough for mechanised building,.and yet sufficiently simple for
convenient hydrodynamic anal&sis.,Thié has been borne in mind throughout
the work.

It would take a large volume to enumerate and study, even super-
ficially, ail the attempts to défine hull formé mathematically. Fortunate-—
ly, excellent surveys exist already. A review of work in this field up
to 1955 is to be found in Saunders (1957). Later efforts are reviewed by
Miller and Kuo (1Q63) and by Pitidis-Poutous (1964). Finally, the most
up-to-date study of computer metheds is that of Kuo (1971). On -the
practical side, a good example of a modern mathematical fairing system,
of which details are available, is that of Kantorowitz'(1967). Commer—
cially, AUTOKON of Norway provide a compﬁter—aided ship design sefvice,
and SENER (Shipbﬁildérs) of Spain have developed their own system (FORAN,
1969), to name but two. It is noted that these particular systems do
not normally permit the designer any direct interaction with the computef
method. One system, which has been developed with explicitly the last
peint in mind, is that of Horsham (1970), which employs a Time-Sharing
computer terminal. A more comprehensive list of works is provided in
the Bibliography{

As an illustration of the diversity of previous research in this



field, four classes of hull definition methods are described briefly,

with the emphasis on the mere unusual ones. Whenever relevant, reference
is given to a specific utilisation of a method. Further, the main relative
advantages and drawbacks of each ciass of methods are noted.

Mathematical fairing is often achieved by optimising some 'fairness'’
~criterion; it is then expressed algebraically as the minimisation of the
corresponding error norm. The choice of error norm usually has about as
much effect on the results as the original choice of hull description
function. This is shown by describing three methods which employ the
same hull function, but different measures of fairness. Methods which
just fit the given data are not considered.

The study of these past aftempts, and of moderh methods, indicates
that all the lines' fairing methods , which are in regular use by sﬁip—
builders, require that the hull be split into several parts, which are
faired separately. A typical hull division, for use with contemporary
methods, and typical functional forms used to fair each region, are
therefore included.

Finally, the complete fairing procedure with a typical computer—

aided lines' fairing system is outlined.

2.2 A Classification of Mathematical Hull Definition and Fairing

Methods
S 2.2.1 The numerical definition

This, rather.basic, method is included here for completeness. As
the name suggesfs, it consists of the straight-forward definition of a
form, by as many points on the hull surface as are necessary for an
accurate description, i;e. offsets, fore and aft profiles, etc. Fairing
is invariably accomplished by smoothing higher order finite differences

by least-squares.

Disadvéntages: difficult to formulate and computerise; has few of
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the desirable properties of a true mathematical definition.

2.2.2 Least—-squares polynomials

This is a classical method which, because of its relative simplicity,
alone accounts for over half the research in this fi eld. As much of this
thesis is concerned with various aspects of polynomial methods, only
a brief summary is given here.

Initially, attempts were made to fit entire hulls with poélynomials.
Curve-fitting, rather than surface-fitting, was used.VIt was soon
realised that very high order polynomials are needed to describe some
“parts of the typical hull form (Kerwin, 1962). Unfortunately, this is
incompatible with the .description of 1ineaf regions, such as the ﬁater—
lines at the Parallel-Middle-Body. Moreover, waterline endings, cross—-
sectional curves and stem and stern profiles have been found unmanageable,
because of their ranges of slopes. Consequently, the early researchers
only treated the relatively simple parts of the hull, often with fifth
or sixth order polynomials.

By 1960, it was generally accepted that, for practical mathematical
fairing, the hull surface must be faired in parts. The parts which are
suitable for polynomial definition were still faired by repeated curve-
fitting; on the othér hand, methods had been devised for treating
'difficult' regions (Pien, 1960; J.G. Hayes, 1962).

Advantages: simplicity of calculation and manipulation; the least-
squares criterion penalises large deviations.

Disadvantages: restricted to surfaces of limited gradients; very
prone fo instability, i.e. unwanted oscillations between the data points;
diffiéulty of deciding on the optimum degree of polynomial; surface-
fairing by repeated curve—faifing places severe restrictions on the
distribution of the givén data points and on the degrees of the pdlyno~.

mials.
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2.2.3 Mathematical splines

These will be treated more fully later in the thesis. For the time
being, it suffices to say that the data is fitted by polynomials, in a
piecewise manner, i.e. each polynomial applies to one interval between
a pair of data points only. The coefficients of the spline equatiohs may
be calculated using 'thin-beam' theory, thus intending to simulate
mamial fairing. The main difference is that a curve composed of cubic
splines -~ the most common generally, and the only ones seriously
considered for 1ines'.fairing — has discontinuities in the third
derivative at the data points.

When calculating spline equations for an exact fit at the data
points, an underdetermined system of lineaf equations (in the coeffi-
cients) is obtained. The two remaining degrees of freedom are most
conveniently thought of as the curvatures, or, more precisely, the values
of the second derivative, of the spline curve at the end-points. The
values chosen for these control the behaviour of the fitted curve
between the data points. For simple interpolation, the values are usually
not critical, and may be estimated by finite differences; thin-beam
theory implicitly demands that they be taken as zero, by assuming the
beam to be pin-jointed at the end-points.

Method 1 »

The first spline method (Theilheimer and Starkweather, 1962) uses
the discontinuities in the third derivative at the data points as the
measure of error. This is reasonable, because these discontinuities
are proportional to the forces acting at the points. The method consists
of varying the estimates of the second derivative at the end-points in
such a way as to minimise these discontinuities.

Disadvantages: depends heavily on the accuracy of the given data;

cannot cope with steep élopes or with rapidly changing slopes.



- 25 -

Method 2

This method (Asker, 1962) attempts to overcome both disadvantages
of the previous method. The error measure is an exact imitation of the
one used for graphical fairing. An initial spline curve is fitted to
the data. The points are then removed, one at a time, a new curve being
fitted each time, and the difference in the dependent co-ordinate at
the missing point is noted. The largest of these differences is the error
'norm’'. However, the_method, as published, gives no indication of how
this error is minimised.

An ingenious solution is offered to the problem of steeply varying
curves. Fach spline is computed with respect to a local co-ordinate
system, which has been rotated.so as to place the relevant pair of points
on the abscissa. An iterative scheme is outlined (without proof) for
computing the modified splines.

Disadvantages: it is not clear how fairing is accomplished; the
modified spline requires much computation, both for fitting the curve,
and for calculating points on it, so as to outweigh the object of the
modification; the extension to.surfaces is not given, and is not obvious.

Method 3

This method (Berger et al., 1966)_generates spline curves and
surfaces in a completely different way. The fitted curve or surface is
no longer required to pass exactly through all the data points. Instead,
the basic definition .of 'fairing' (Section 1.2) is expressed algebrai-
cally; in particular, the error measure is the maximum devation between
the fitted function and the original points, i.e. the minimax error.
Usiﬁg splines as the hull definition function, the problem is shown to -
be one of Linear Prograﬁming (1p).

| While the minimax is a powerful and critical méasure, both theoreti-
cally and practically, it leads to an inconvenieﬂtly large LP problem, as

regards the number of variables and constraints. In order to ensure a
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solution in a reasonable amount of computer time, Berger compromises, by
redefining the error norm as the sum of the magnitudes of the deviations .
at all the data points.

It is shown that the extension of the method from curves to surfaces
is straight-forward; also, that the matching of boundary conditions of
combined surfaces presents no difficulties.

Advantages: the flexibility of the spline function means that the
division of the hull_sqrface is not critical; further constraints, perhaps
invelving 6ther naval architecture considerations, can be added very
simply.

Disadvantages: this method eﬁploys second degree finite differences
at the data points. As these a?e not available at the end-points (or
boundaries, in the case of surfaces), difficulties are encountered there;
the method uses much computer time, even on reasonably modern computers,
and using the modified error norm; the most outstanding teature of this
method is the use of the minimax error norm, anq the redefined norm is
only marginally superior to least-squares; finally, fairly accurate data

is needed (Berger gives a methed for improving raw data).

2.2.4 Intrinsically fair hull forms

The alternative to fairing data which has been read off a drawing
is to creéte an intrinsically fair form mathematically. As there is no
~ comparison process, the definition of 'fair' no longer applies, and one
must revert to the original, subjective, definition. Tﬁis implies that
the géneration of the form is by trial and error, which, in turn, implies:
the use of an interactive computer system, if the process is to be‘ 
attractive. One such méfhod has been treated by MacCallum (1970), who
uses a parametric surface definition (Coons, 1967). It is noted that
even when 'moulding' a hull by computer in this Qay, the surface must

be divided into several patches to achieve a satisfactory form. The
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allied subject, of intrinsically—fair analytical form distortion, has
been treated by Horsham (1970).

The importance of an intrinsically fair form definition cannot be
overstressed. However, the relative advantages and disadvantages of this
class of methods can only be discussed with reference to particular
methods. The only common property is the lack of a rigourous definition
of 'fairing'. If the interactive moulding is performed via a Visual
Display Unit (VDU), a further drawback follows - the limited precision

of VDU's means that it is difficult to assess the quality of the results.

2.3 A Tvpical Division of the Hull Surface and a Geometrical

Classification of the Regions

A typical hull division is depicted in Figure 2.1. Table 2.1 gives
details of the geometrical types of the various regions.

Conics are taken to include circular arcs as special cases. Also,
not all hull forms possess all the geometrical types, e.g. a destroyer

form has no Parallel-Middle-Body.

2.4 The Fairing Procedure with Contemporary Computer—Aided Methods

At present, there seems to be no method which is capable of
describing even the simplest practical hull form by a single equation.
Computer-aided fairing is usually performed as follows, with little
variation between methods:

Step 1: Given a suitable lines' drawing, the offsets and other
relevant data are read off the drawing.

Step 2: A trial division of the hull, as shown in the previous section,
is made manually, often by observation.

Step 3: The initial division boundaries are usually irregular space-
curves. Patch fairing methods invariably demand smooth patch boundaries,

so that these must be smoothed before the patches can be faired. This
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Table 2.1:=

Typical Hull Division and Patch Classification (see

Figure 2.1)

Patch Region Fairing Function

Polynomial and straight-line combina-

1 Bow tion for the profilej; usually conic
for the cross-section; sometimes sub-
divided further, as shown.
Polynomial; usually of degree 3-5

2 Forebody for the waterlines, and one or two
degrees lower for the cross-sections.

Parallel- . :
3 Middle-~ Plane, or low-order polynomial,
Body

Similar to the Forebody, but usually

b Afterbody the same order polynomial for both

' sets of curves.

Conic and straight-line combination
for the profilc; conic for the

> Stern cross-section; some¢times subdivided
further, as shown.,

6 Bilge Ofteplgizgg as conic or glrcular
section, of known dimensions.

= Floor Plane, horizontal or inclined at a

given slope.
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is a critical and tedious phase of the procedure, because its difficulties
are identical in principle fo those of fairing the complete hull, i.e.
the boundaries themselves contain linear and other awkward segments. The
smoothing is usually berformed graphically.

Step 4: Data is prepared for the computer, e.g. punched cards.

Step 5: The patches are faired separately, using a suite of computer—
programs, which maintain continuity of value, slope and curvature at the
patch boundaries. It is noted that when conics or straight lines are used,

they are invariably iitted exactly, rather than faired.

Step 6: Generally speaking, the computer results are produced in
graphical form, using a digital plotter. The size of the drawings is
as large as the plotter permits - wusually larger than the origiﬁal
body-plan; also, the waterlines and sections are plotted more densely
than in the original plan, the latter often at frame stations.

Step 7: The results are examined by the designer and the loftsman. If
they are satisfactory, the hull form is finalised. Otherwise, there are
usuaily two possibilities, namely,

a) Where relevant, degrees of polynomials may be altered.

b) The p;tch—boundaries may be altered.

The procedure is then iterated either from Step 3 or Step 4, depending
on the alterations which have been made.

The degrees of the polynomials and the positions of the patch-
boundaries often bear no clear relationship to the results. Any
modification to these must therefore be made on a trial and‘error basis.
The more advanced the fairing method, fhe more flexible it is, i.e. the
less sensitive it is to these variables. Nevertheless, the procedure is
tedious and time—consuming. Several iterations are normally needed fo'
finalise a design,'wh%ch means several computer-runs, and many man-hours.
Moreover, the non—systeﬁatic variation of degrees of polynomials and the

artificial hull division are alien to the maval architect.



CHAPTER 3:=-

LEAST SQUARES CURVE AND SURFACE FITTING



3.1 Introduction

There is a vast liteorature on the subject of least-squares curve
and surface fitting, Because of the diversity of the accounts, a
review is presonted here, which contains all the theory necessaory
for this thesis, without elaborating on the more profound details,

In comparison with curve fitting, least-squares surface fitting
has been neglected somewhat., For meny applications, it has been
achieved by fitting curves in orthogonnl directions. This, and bi-
variate surface fitting proper, are both pfesented.

Of particular interest to lines' fairing aée practical problems,
such as computational rounding error and the 6ptim91 degree of poly-

nomial for given data, Possible solutions to these problems are dis-

cussed,
3.2, Curvos
3.2.1 Besic theory

An excellent summary of the theory of least squares curve
fitting by polynomials is given by Forsythe (1g57), together with
the outline of the'étructure of the corresponding computer program,
In this section, a brief, but in some ways more generai, account is
given of the former, whilg some of the techniques displayed in the
latter are no longer necessaery for the modern computer,

Given n data points, (x ,y ), 1 <i < n,.with x-values exact,
and the y-values subject to :rr:rs € with weights w , 1 < i <n,
Initially, nothing is sssumed about ;he digstribution ;f fhe errors,

It is required to approximate ; by a linesr ccombination of

a set, P, of (m + 1) arbitrary functions in x,

P = [p(x),o<k<m],
k



in such a way as to minimise the sum of squares of weighted devi-
ations between ; and the approximation, i,e, let the approximating

function be

f(x) —a p(x)+a p(x)+ .... +8 p (X) cerees(3.1)
c o© 11 : m m
go that y =f(x)+e , 1<i<n cesees(3+2)
i i i

with the coefficients, E, selected so that

n

i -
S = w6 . ceeeee(3.3)

izt i i

is a minimum, Henceforth, all summations with the index ‘i shallvbe
teken to be over the data points, i.e; from 1 to n,

To compute ;, the expression for thelerror vector, 5, obtgined/
from equations 3.1 end 3.2, is substituted in equation 3.3, which is
then differentimted with respect to each 'a' ; for a turning point .
of S, all the derivatives must be zero. The following set of linear
equations (in @), known as the 'normal equations', is obtained:

Ga =T

where G is a (m+ 1)(m + 1) symmetric matrix, with elements

2 :
g Z:Wp(x)p(x),0§k_<_m;0_<_1_<_m
k1 i i ki 1 i

end T is the column matrix with eolements

2
t = z : wy pix) , 0<k<m,

k i i i k i
Agsuming thet G is of full rank, the solution is given by
S | ] :
a = G i 4

So far, nothing has been assumed about the functions 'p(x)°’.

For present purposes, let ; be epproximanted by a polynomial.
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k
Congsider the case of p(x)=x, i.e.
k
2 m
f(x) a +2a x+2 X + ,..... +80 X
0 1 2 : m
2 k+1
Then g = w x ceeeea(3.4)
kl i i i
2 k
and t = ¥ ¥y X
k i i i i

It can be shown that the soluton is unique, and a minimum of
S. Thore ars two serious objections to this dorivation . The first
is obvious - each timo the degree of the approximating polynomialiis
raised, a row and a column are ndded to G, and it has to be inverted
again; thare'is no gimple relationshinp between fhe tvo iﬁvarses.
The seconé objection is more profound, To.illustrate it, let n be
large, and lot % be distributed approximately uniformly in the
range [0,1]. The summation of.equation 3.4 can then be replaced by
an integral, which simplifies to

n

g =
kl k+1+1 .

i,e, n=times the principal minor in the Hilbert mntrix

1 1

1 had - secvas
2 3

1 1 1
2 3 4
H =
1 1 1
3 4 5
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Minors of the Hilbert matrix are known to be extremely ill~

conditioned. For example, with m = 7 , the ratio of the highest

to lowest term in H.-1 is about 2,500,000, Therefore, extreme

computational precision is needed to get velid solutions even for

moderate degrees. Moreover, the difficulty incfeasea with the number

of data points, so instead of improving, the approximation worsens.
Reverting to the general function, lét the functions P bs de-

coupled, by making them orthonormal with respect to §, i.e, let

them obey the condition

Z 2 o for k#1
¥ P (x.) p (x.) = [ ' ] ceeess(3.5)

i ik i 1 i 1 for k=1
The matrix G then becomes 8 well—conditioned diagonal matrix,
and the solution to the normal equations is given by
2 N
a = v y p(x), 0<k<nm veenee(3.6)
k i i i k i '

The corresponding minimum of S is given by

A 2 2
S vw [y ~a p(x)=-....-a p(x)]

m i i i 0 0 1 m m i
2 2 2 2 2 2 2 2 ‘
= v ¥y + @ ¥ p(x)+ ...+ w pi(x)
i i i 0o i i o0 i m i i m i
2 . 2 .
- 2a w y pl{x)=-,..-2a w y p(x)
0o i i i 0 i m i i i m i

2 .
2 z :w [ cross—products of the p's ]
i i

The last group is zero by definition; each of the summations in the
intermediate group is the expresasion for the corrosponding coeffi-

cient from equation 3.6; hence



m

5 Z wz;z - Z . | .....’.(3.7)

m i i i 0 Xk
i,o, when a new function is added to the set P , a single summation
term gives the new coefficient immediately, without affecting any
of the previous ones and without inverting a matrix; the resulting
reduction in the sum of squares of deviations is directly available
a8 the square of the coefficient, although rather severe rounding
error is to be expected from the difference of two quantities.
which are generally very similar,

There remains the definition of P, For a polynomial approxiﬁating
function, each p(x) must necessarily ﬁe o polynomial, It is possible
to orthonormalise the vectors generated from the monomials: 1, x,
x?, cee » xm, by using the Gram—-Schmidt procedure. A botter solution
is to generate orthonormal polynomials, using.a fhree torm recur-

ronce formula suggested by Householder (1953), as follows:

let b p(x) = (x=-c)p (X - d p (x) ......(3.8)
k k k k-1 k k-2

with p = i »bd =0 and k=1,2,,.,,,m . The values of b, c and d
are cagculabla it each stage,

To prove this formula, let it be true, and assume that a set
of orthonormal polynomials has been found; then, let b, ¢ and d
be calculated.

Treating equation 3.8 o5 e vector relationship, multiply it by
an arbitrary member of the orthonormal set, p'(x) y Weight end

J
sum over the data points, to obtain the following equation:
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i i j i k i i i J i i k-1 i

25 ) ‘
b v p(x)p(x) w p(x)x p (x)
X . . . .

2
- d Zw_p.(x')p (x) ......(3.9)

k i i 3 i k=2 i

Set j = k -1 in equation 3.9, Using the orthondrmality

2 2.
c = w x p (x) .

k i i i k-1 i

condition,

Similarly, with j = k -~ 2,

2 ' |
q:wap (x)p (x) .

k i i i k-1 i k=2 i

The value of b is such that the normality condition is mainteined,
k
and is computed frem the relationship

2 2 2 .
b w p(x)=1 |,

k i i k i

Finelly, by setting j = k, the following identity is obtained

) :
b:wap(x)p (x)

k i i i k i k=1 i
whence it follows that d can be expressed by the altornstive formula
k
d = b b
k. k-1 k-2

This completes the proof, For & more powerful one, it msy initislly
be assumod thet the new polynomial is related to all the previous

onos, and the relational coefficients, other than the ones derived



above, shown to be zero. The formula breaks down at k = n - 1, at
which stage the fittod polynomial would pass sxactly through all
the data points., -

For an arbitrary distribution of the x-values, the norms of
tho 6rthogona1 voectors (i.e. the successive values of b) become
either vory large or very small, This coen be illustrated by assuming
X to be distributed approximately uniformly in the range [-1,+1],
The polynomials generated in that case would be similar to the
Legendre pblynomials, which, for that range of x, have a rapidly
decreasing leading coefficient (Forsythe uses Chebyshev polynomials
to show this, because they hew?e similar behaviour snd simpler to
manipulaote). The leading coefficient rempins constent if x is
scaled to lie in [-2,42]., In sctual practice, the x-values sre not
uniformly distributed, and the leading coefficient does not necesss~
rily swamp the others (or vice verse), 23 has been assumed implicitly.
Nevertheless, the highest computational precision is 1ikeiy with
this scaling when using fixod-point arithmetic, With modern computers,

which normally used floating-point arithmetic, this scaling is no

longer essential, but still advisable, so that the rolationship 3.8
involves quantities of similar magnitudes, It is almost imperative .
to at leest shift the origin of x so that the mean shifted vélue is
zoero, The significnnce of this,Ain relation to the computation of
polynomials, is clear from observation,

An important modification to the basic procedure was suggestod
by Clenshaw (1960). He shows that the orthogonal polynomials can be
ropresented by linear combinations of Chebyshev polynomials; the
entire recurrence sequence and the least squares celculptions cen
be performed directly in terms of the Cheobyshev form, with minor

alterations only (x must be scaled to lie in [-1,+1], and the lesding



coefficient in the polynomiasls in the summation must be hslved), The
benefit f?om this elternative form is much lower computer storsge
requirement, at the sacrifice of some computational speed,

The modified procedure was adopted for the Experimental Lines®
Fairing Package (Grossmen, 19067), but was found unsuiteable for the

more general experiments attempted later,

3622, Computational error analysis

Some loss of significent figures occurs_in the cdmputation of
the approximating function. It is useful to know the magnitudezof
this loss, and, if possible, to correct it, using the available in-
formation., The following analfsis ig based on the &ork of Clenshaw
and Hayes (196035),

Let C denote the reduction in the sum of squares of woighted
m

deviations as the degree of the epproxtimating polynomisl is reised

from (m = 1) to m, It is calculated from

2 2 Z 2 2
- v [ f (x_) - y.]~ + v [t (x)-y1

n i i m i i i i m1 i i

Q
t

2 : : 2
= - w [£f (x)+a p(x)-y1
i i m-1 i m m 1 i
0 2 2
+ w [ £ (x)~-y]1
i i m-1 i i
2 2 2 2 2
==2a w p(x)[f (x)-y1 + a w p(x)
m i im i ' m=-1 i i m i i m i

veeeed(3.10)

which, using the orthonormaelity condition end the expression for

a (equation 3.6), reduces to
m



2 2 2 2
C = a w p(x) = a ceves(3.11)

m m i i m i o
(this fact is alresdy known from equation 3.7, but this particular
derivation is used later)

Now, the coﬁputed values of £ (x), p (x) and 8 are subject

m-1 m m
to error; let them be denoted by

A
P @)= £ (x) + & (%)
m-1 m=-1 m-1
A
p (x) = p (x) + dép (x)
m n m
A
and a = a + . oa .
m m m

Two estimates can now be calculated for the anctusl reduction in thg

sum of squares of weighted deviations, nawely

(1) 2 272
C = = v p (x) from equation 3.10, and, from
n i i in i

equation 3,11,

(2) A Z 2 :
C = =2a w Ip(x)+8H (x)IL £ (x)+8 (x)]
i :

n ‘m i i m i m m-1" i m-1 i

A2 Z 2 A2 |
- a v p (x) ‘ eaeees(3.12)

n i in 1

In expanding equation 3,12, it is noted that

2
:E:: vw p(x)Sf (x) = o

i im i m-l i

by oxrthogonality, since &f (x) is a 1ihear conmbination of poly-
, m~1 '
noninls of dogree less than m; also,
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2 |
Zw_&p(x_)[f (x)-y1 = o

i i om i m-1 i ‘i
because [f (x) - y] is the difference between & fit of degree
(m - 1) anz_in exact fit end can therefore be expressed as a linear
combination of orthonormal polynomianls of degrees m to (n - 1), i.e.
f (x)-y = =-a p(x) - a P (x)-...-a p (x)
m=-1 i i m m i Ml ml i n-1 n-1 i
vhereas $p (x) is a polynomial of deg£ee (m - 1) - there is no error

m
in the leading coefficient, Therefore, neglecting the smell quentity

2 : .
Z v &p (x) & (x) ,

i i m i m1 i
equation 3.12 simplifies to
(2) A A2 2/\2_
C = 2a a - @& w p (x) .
m mn m m i im i
I1f the error in p (x) is small, the summation in the second term is

m
very nearly unity. Therefore, to a first approximation,

(2) A A2
C = Z2Za &8 = @
m mn ‘m
(1) A2

and C = &
m . m

whence the corrected value of the coefficient a ‘can be deduced:
) m

| 1A 2) / (1)
@ = -~ g 1 + C c eoeen.(3.13)
2

m m m m

Equation 3.13 may be used to estimote the orror and to inform
the user of its megnitude, A botter solution ic to apply the correc—

tion numerically as the computation preceeds, until the error either
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exceads & given bound, or becomes s0 large as to swamp all the useful
information, As a sefety measure, the computation should not be
abandoned on the grounds of excessive rounding error of a single
cbafficient; it is not unusual to find coefficients that are alter~
nately small and subject to severe error, and large snd error free,
e.g, when the date fitted is spproximately an even function in Xx,

and the x-values are distributed approximately symmetrically asbout
the origin, Generally speaking, & termination of the fitting '

procedure because of rounding error is very rare,

3.2.3. Imposition of constraints on the fit

In the foregoing sections it hes beeﬁ essumed that the deviﬁtions
are weighted discretely. For many applications, it is desired instead
to impose certain conditions on the fit, e.g. thet the fitted curve
pass exactly through specifiied dats points. A flexible way of achie=-
ving this is described by Cadwell and Williems (1961) and, more ekton—
givély, by Clenshaw.end Hayes (1965).

The approximating function, f(x), is split into three parts,
namply

£f(x) = q(x) g(x) + r(x) ceesesf3.14)
where g(x) is a polynomianl, ostensibly generated by the orthogonal
polynomials procedure; q(x) and r(x) are the 'forcing_iunctions’.h
r(x) is chosen so as to fulfil the.ﬁesired requirements; q(x), the
'zeroising function'!, ensures that the product q(x)g(x) (and, if
necogsary, its derivaetives) igs zero at the appropriate points, i.se,
that it does not- 'interfere' with the values provided by r(x)., For
exsmple, let £(1) =1 ; then q(x) =1 - x and r(x) =1 =eare the
simplest forms of q(x) end r(x).

The straight forward way to implement this is to calculate a
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new dependent varieble, Y, from

y - x(x)
Y = ‘i i = glx)+¢€ |, 1
i q(x ) i i
i

A
[
A
=]

(except where q(x) = O , because these points contribute nothing to
the sum of squares of deviations). Y ig then fitted, using the

values q(x ) as discrete weights, to allow for the division, i.e,

if using t;e procedure of Section 3.2.1, w = q(x ) . After the fit,
the required function, f(x), can be recover:d fromiequation 3.14.
Alternatively, q(x) can be included implicitly in £(x) by
setting p (x) = q(x) as the first orthogonal polynomiel, and epply-
ing the prgcedure to Y = y - r(x ),‘ 1<i<n, As p (x) is
i i i o
@ factor of all the succeeding polynomials, it is also a factor of
their linear combinetion. This avoids the initial division by q(x),
the weighting, and the finel multiplicetion by ¢{x) to recover £(x).
Despite the superficial differences between the two meathods,
their formel equivalence cen be proved. It is noted that the ortho-
normal functions, p(x), are only éolynomials with the latter method
if q(x) is a polynomial, This is normally not very restrictive.
Derivatives can also be imposed, using the latter method, by
appropriate choice'of q(x), and r(x). If a certain degree of deri-
vative is constrained, it is implied that the lower ones are cons-
trained, too (this is clear by observation); This méy_create a
problem, because the lower derivatives are not necessariiy given,
A possible solution in such cases is to estimate the valﬁes of the 7
derivatives; then repeatedly carry out a fit and refine the esti-
mates, until the lowest sum of squares of deviations is found.

Further, infinite values of f(x) and/or its gradients cen

also be imposed, although only at the end-points of the x=-interval.
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for multiﬁle singularities,_the interval must be split up,

The ability to constrain a least squores fit is particularly
imparfant for lines' fairing, If the hull surface is divided into
patches, continuity up to any degree can bo preserved betwoen

patches,

3.2.4. Deduction of the optimum degreec of polynomisl by snelysis

of the residuals

The problem is one of fitting the given derte by polynomisls of
progressively higher order, end deciding st which stage the best
epproximetion to the deta has been found, The concept of 'best® is
, vague, Common criterig for goodness-of-fif are the values of the sum
of squares of residuals and the 'root-mean-squere error' (RMS), which
is an estimate of the veriance of the errors, Unfortunately, both of
theso criteria can be mislesding.

Here, two different solutions to this ﬁroblem are described, The
first is quite general, but is analytically unfounded; the second is
analytically sound, but makes assumptions sbout the distribution of
the errors and, as such, is only approximate in the general cease.
Despite these theoretical shortconings, hoth methods have been found

very efficient in a variety of spplications.

2) The maximum deviation normsl to the fitted curve
Consider the data and the fitted curve ;f figure 3.1. The
deviation, G,Aat the dats point P is large, whereess the ;urve igs o
good fit to the data to most intents and purposes., It is the high
. value of derivative implied by the cdnte in the neighbourhocod of P
which is misleading,
Lot the 'true deviation', &, be tho minimum distance betwoen

the point P and the curve, i.e, the longth of the normsl PT dropped
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Figure 3.1 :~ A typical data sct, with .an apparently bad fit,

g
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Figure 3.2 :- Enlargemsnt of the neighbourhood of point P in

Figure 3.1,
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from P onto the curve at T(x ,y ) = figure 3.2,

t t
Dofine the fit &as satisfactory if
A
8= mx[d,1<i<nl] <
i A .

where g8 is & prescribed, small, positive number. § is recognissble
a8 the Chebyshev, or minimax, nofm of the vector of 'true deviations',
131l . Its use in this context is not altogether legitimete,
becauseozhe curve wes fitted by minimisging || € || . Therg is,
therefore, no guarsntee that the condition cen be mit for o given
velue of B8, regsrdless of the order of the fitted polynomisl (slthough
it can be proved that @8 n ~>co, Il € || => || € || = Cheney,
1966 - and hence it is likely that the cond?tion be metogor some..
value of 8 and degreé of polynomial),

Léaving the theoretical objections sside for the moment, the

A

practicality of computing § must be considered. The complete deri-
vation is given in Appendix B, The calculation is a simple iterative
procedure, based on Newton's method for finding & zero of a function,
and combined with the Regula Falsi method to force convergence in
cases where the basic procedure divergest

Thus there seem to be no practical objections to this method of
assessing the quaelity of a fit, end it was used in the Experimental
Lines'! Fairing Package (Grossmen, 1967). In use, it was noted theat
when the points corresponding to the meximum and minimum values of
® remained unchanged when the degrée of polynomisl wes pltered, there

was often a ‘rogue! point in the input date.

b) The statistical significence test

This is treated by Hudson (1964, vol. II). A cursory description
is given here of the principles involved, without the stetistical
background or the associated proofs,

So far in this chepter, the values of the dependent varisble, y,
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have been assumed to originate from a drawing, and to be gsubject to
random reading errors, Let it now be postulated that thoie exists an

oxect function, g(x), of which the values of y are representative.

This function is to be approximated by a polynomial, f(x), of dégree
m, The value of m is sought, which gives rise to the "best approxima-
tion' to g(f), with the actunl values of the rasidurls playing a
socondary role,

To assist the dofinition of the term 'best approximation'!, it
is agsumoed that the measuroments of y can be carried-out sny number
of times, The best approximation is then that which minimises the
variance of the fit to y, i.e, the variance of the coefiicients in
f (x), over sn indefinite number‘of texperiments’,
m

The estimate of unexplained variesnce, ¢ , in one set of data

is given by
e = s VAR

where ¥ is the number of degrees of freedom, and is given by
¥y = n-m-~1.:
o~ is known as the 'root~mean-square' (RMS) srror.

The smount by which f (x) will vary in repeated experiments can

m
be shown to be
m
i N 2
Var [f (x)] = p (x) var [a ]
- m k=0 k- k
which can be proved to be
. m
2 2
= o b (x)
k=0 k

(the unweighted version is given, for clerity)
1f the degree of f(x) is increased to (m + 1), the sum of squares

of residuals decresses to
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s = S - a from equation 3.7,

and the new and old variances of f(x) are related by

Var [£ (x)] Var [f (x)]
m+1 n 2
= + b
2 2 m+1
o o

So that the bottor fit in this case has beon obteined at the expense
of an increase of Cl'~2 b2 in the variance of the fitted curve,

There normally exi::i a critical value, m = h, which corresponds
to the first (m + 1) terms in the Taylor expansion of g(x). It is
this critical degree which is sought, It is postulated thet

a = 0 forell n-1>k>h

In practico,kthis is not so, and the object of the follawing
analysis is to determine a bound, & coefficient below which can be
discorded to a given degree of confidencs,

~ Until now, nothing has been assumed sbout the distribution

of the residuals. N&w assume that they have independent and identical
normal distributions, with zero mesn and varisnce o? (nlthough

different variances can be accomodated by introducing weights).

Then the coefficients & can be shown elso to have a normal distribu~

k 2
tion, about & mean & and with a variance of ¢ , It is noted that the
2 k 2
velue of o im not known, but is egtimnted by ¢ .
™

Further, the important result can be derived, that -

a

3

is digtributed as F if a =0
2 ' .1y J

o o

m

where the F~digtribution is the standard statisticel tool for measuring

confidence in the identity, within experimentel error, of the values



of two variances estimated independently for the same sample of
normally distributed random varisbles.
The procedurs is thus to make the hypothesis that

[ ; § = a S sesses = 8B = o,
m4-1 m+2 n=1

and to test it, using the wvalues of the F-distiibution which are
tabulated according to degree of confidence and the number of degreesn
of froodom (Pearson and Hartley, 1958).

In practice, it is possible for coefficients to be alternately
zoro and finite, or even large, e.g. for even functions, with the
x-values distributed approximately uniformly about the origin (note
the similarity with the anelysis of rounding error - Section 3.2,2).
It is therefore advissble to fit a polynomial of o reasonsbly high
dogree (i.e. higher then that expected for the optimum, but lower
then that at which the rounding error is significent), to téat the
coefficients oné by one, starting with the higher onems, end to
digcerd the insignificant ones (i.e. the ones which sre zero to a
given degree of confidence), until a significent one is encountered.
The dogree, h, thus found is defined &s optimal, The function f(x)
can bo recovered in the usual woy, from the remesining (h 4 1)
coofficients and the corresponding orthonormal polynomials,.

For the procedure to be computerised, a way must be found of
obtaining the F~values by computer, The tablé of voluos for each
degree of confidence (four are comm;nly used - theo 95.0,'97.5, 99.0
and 99.9 perceﬁt levels) consigits of botwsen 35 and 40 entries,
which are not for regularly varying V. In order not to hove to
store the entire tables in the cémputer ana to interpolate or
extrapolate for the missing velues, it is usuel to approximate

each by a relﬁtivaly simple function, Appendix C centains spch
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approximations, which havo been derived empirically,

For ship forms, the assumptions made about the diafribution of
the residuals are not necessarily true, although they are likely to
g0, The procedure described above has been tested oxtonsively, and.
found to perform very woll, In somes cases, an unexpeoctedly low
crder was deduced es optimal, leaving rather high residuals. Nearly
always in these cases, an error was later discovered in the input

data, thus confirmiﬁg the validity of the experiment.

3.3 Surfeces

3.3.1. Genernl description of the problem

Given n dats points, with their sssociested weights,

(x,y,2,w), 1<i<n.,
i 404 i

There are several ways of fitting a polynémiel to z in terms of x
end y. The ones that maey be chosen depend on the distribution of
the independent varisbles in the xy=-plane, the three‘most importent
ones being .

&) Data given on every intersection of a (k ¥ 1) rectangular
mesh, |

b) Data given on a quasi-rectangular grid, e.g. x, say, veries
in a regular mannor beiween two linits; for every vélue of X, x ,
y is distributed, not necessarily regularly, between the limitSOA
f(x) and £ (x ), where f (x) and f (x) are real functions,
i 0 2 O 1 2 -
doefined over the range of Xx, -

‘¢) Deata distributed randomly, between irregular, finite limits.

Problem (a) is treated by Cadwell (1901), and, bricfly, by

Clenshaw end Hayes (1965). It is solved essontially by reposted

gpplication of the curve fitting procedure, whether this sppli-



cation be analytical or numericsl. Orthogonal polynomials sre
genrated for one of the independent variebles, Their multipliers
with réspéct to each rov of z (i.e, the a's of section 3.2.1) areé
then fitted in terms of the second independent variable., It cen be
shown that the order in which the independent variables sre teken
is immaterial, dadwell considers the criterion of RMS to govern the
choice of degrees of x and y in the final fit. He also considers
the effect of missing data points, This is overcome by & simple
. iterative procedure, which consists of estimatiné thé migsing
points, and repeatedly fitting the augmented data and replacing the
missing values by the fitted ones. It can be proved that if this
procesé converges, then it converges to the true least squarés
solution, Convergence conditions sre not well defined; essgentiglly,
not téo many points may be missing,

Problem (b) is discussed by Berztiss (1954) end elsborated
by Clenshaw and Hayes, This is sn important cese, because it is‘
directly spplicable to hullsg, where the regularly varying perameter
corresponds to the waterline hbighys. The solption ig egain esgen=
tially one of repeated curve fitting., The irregularly varying
paramoter, y say, is first treated by

2y =-f(x)~-£f (x)
: 1 2

f (x) + f (x)
1 2

which ensures that Y lies in the range [-1,+1], a8 is required by
the Chebyshev mbdificntion, although the important point is that
the mesh is effectively 'rectangulerised'. Orthogonal polynomials
aro genorated in terms of = - the order is importont in this case =
end their multipliers for rows of =z #rg fitted by polyncmials in

terms of Y. It is pointed out by Clenshsw and Hayes thet the surfoce
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fitted thus ie not the true least squares one; for most applications,
this is immaterial, bocamuse the least squeres criterion is often used
merely as a convenient means of obtmnining a reasonable approximation
fo tho data, and is not demanded by the theory behind the epplication.
Clenshew and Hayes also describe an iterative proceduré to allow for
missing data points,

Problem (c) was solved anclytically by Weisfeld (1959). He
proves that the generation . of orthogonel polynomials by a three
set recurrence formule is extensible to any number of dimensions,
Cadwell and Willioms (19061) solved the bi-variate version by an
analytical spplication of the Gram-Schmidt orthonormalisstion
process to a set of moncmial functions. |

Ihitially, mothod (b) wes considered for this work, It wes
tried in the Exporimental Lines' Fairing Packege, where the following
drewbacks were discovered:

;) For the cross=~fairing to beo successful, the first set of
curves fitted mugt ;11 be fitted by polynomiasls of the same degree,
This contradicts the objective of automstic gelection of degree by
computer, The latter can still be implemented, by repeatedly modifying
and re-fitting the data, until the degree selection mechanism deducea_
the same degree for all the curves, It is very inconvenient.

ii) Undue restrictions are imposed on the data points,

Altogethor, method (c) seems to bo the most general and versa~
tile. The true least squares surface is generated, with all the .
agsocinted advanteges, Therefore, a subset of Weisfeld's theorem,‘
involving two independont variables only, is proved below. The

procedure lends itself well to programming,
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3.3.2. Bi-variate orthonormsl polynomigls

The form of polynomigsls used for curve fitting is stenderd, but not
for“ surface fitting. A vériety of polynomisl models csn be generated
by orthonormal sequences, The model used here ig one of the simpler
extengions of the curve :itting model,

Define the mth degree polynomial as the linear combination of
21l the monomials xF yl s vhere k + 1 <m, i,e, let the epproximating

function be

Z(X,Y) = a

10 11
2 2
+ &8 X + 8 Xy + & Yy
20 21 22
b+ scevrecasrecensee
m m~1 m
+ & < + a x y + ssecsv0vrerse + ] Y

mo mi n
coee-0(3.15)
This model mey be solved directly, vie the normal equations.
The geme difficulty is concountered sg in the case of curve fitting,
namely severe ill-conditioning of the equations. Therefore, let
tﬁe epproximating function be a linear combinetion of of orthonormel

functions, i.e. lot

z(x,y) = a p (x,7)
00 ¢©O0

+ a p (xy) 4+ a p (xy)
10 10 10 10

+ I EENERERENEE NN RN

+ & p (xy) + & p (X¥) F+ +e0ee + & p (x,¥)
mO0 mO mi ml mm  mm

eeed(3.26)
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where
' 2 1 for k=Zu end 1= v -
w p (x,y)p (x,y) =
i i k1 1 i uvr i i 0 for eny other indices

Ag for curve fitting, it cen be deduced that
_ 2
a = w z p (x,y)
k1 i i i k1l i i

and that the minimum sum of squares of weighted deviations is given

by
m k
A 2 2 2
S = w z - a
m i i i k=0 1=0 k1

without assuming anything but orthonormality.

For o polynomial spproximation to z, the orthonormal functions
rust also bo polynomials., To essist their definition, let the following
order, which corresponds to thet of the monomisls in equetion 3.15, be
induced in their generation:

k 1 . u v
(X y ) precedea (x y )if k+1<u+v

or if k+1=Zu+v end 1<wv,
Thus, the indices of the functions in equetion 3,16 correspond to

those of the monomials in equation 3.15. Now let each orthonormal

k 1
function, p (x%,y), bo a linear combination of the monomial x ¥y
k1
and all the monomials which precede it, i.e,
p (y)=0[1]
- 00
P (xy)=[1,=x]
10
r (xy)=01,x,1y]
11
[ ]
2 kK 1
P (x!y):[ltx’Yax y eeee 3 X ¥ ]

k1



It mey be seen that the polynomiels are in groups, esch of which
corresponds to & given degree, which, in turn, equels k.

It is ssserted that each of these orthogonsl polynomials is
non-trivially (i.e. with & non~zero coefficient) related only to
the polynomials of the two preceding groups, a#d to the preceding
polynomials (if there are eny) in the current group.

Proof

Aggume that éach polynomial is ralated to all the preceding ones;

i.6, for k>1 and 1 >1, let

1-1
b p (Ly)=yp (x,y) - Z c p (xy)
k1 k1 k-1,1-1 v=0 kv kv
k-1 k-2
- Z c P (x,y) - Z c P (%,y)

v=0 k-1,v k-1,v v=0 k=2,v k-2,v

k- u
- i: Z c p (x5 ceered(3.17)

uz0 v=0 uv  uv
For 1 = 0, y is replaced by x in the relationship. This is left eside
for the moment,
Treating equation 3,17 &8s a vector relastionsghip, multiplying
both gides by a weighted eleoment of asn erbitrsry member of the ortho~

normel set, p (x,y), say, and summing over tho dsts points:
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.
b . :E:: w p (x,y)p (x,y) =

k1 i i rt i i kK1 i i

2
- ZE:: v p (x,y)y p (x,y)

i i rt 1 i i k-1,1-1 1 i

1"'1 -

2 \" 1
- Z w. P (X.,Y.) ZJ ¢ p (x,y)

i i rt i i wv=0 kv kv i i

k-1 A :
2
- v p (x,y) c P (x,y)
i i v i i v=0 k-i,v k-i,v i i
k~2

2
- EE:: v p (x,y) :E:: c P (x ,y )

i i rt 1 i v=0 k-2,v k-2,v 1 i

k~ u . .
Y ey )
v p (x,y) e p (x,y) ......(3.18)

i i r»t i1 i u=0 wv=0 uv uv i i

Set r = t in equation 3.18. Using the orthonormality condition
and the fact that the summations may be interchanged, it is obtained

directly that

2 : -
¢ = zz:: wypP (x,y)p (x,y), -~ 0<v<l=t1
kv i i i k-1,1-1 i i kv i i ‘

In a similer feshion, by setting r =k ~1, rz=k -2 sand

r = k - 3 in equetion 3.18, it is found that

.2
c = ZE:: v y P (x,y)p (x,vy), 0<v<k-~-1i,
k-1,v i i i k-1,1-1 i i k-1,v i i
2
c = vy P (x,y)p (x,y), 0<v<k-2

k-2,v i i 0i k2,144 i k-2,v i 4



2 ' .
c _:Zwyp (x,y)p (x,y) ,

uv i i i k-1,1-1 i i uvy i 1
Oﬁuik - 3 ; 0§V£ u --o-c‘-(3.19)
The velue of b csn be calculated frdm the normelity condition,
kl '

Equation 3.1¥ cen be rearrsnged, to give

yp (x,y) = b p (xy) + [ p's of lower degreee] ....(3.20)
k-1,1-1 k1l kl -

Replacing k by (k - 3) in equation 3.20, end substituting for the
expression y p (x,y) in equation 3.19, it is readily deduced, by
uv

orthogonality, that

¢ =0 forall [0<u<k-3;0<v<ul
uv

This part of the assertion is thus proved. The special cuoso of

1 = 0 can be proved in exsctly the samo way.

The formula is valid as long as 1/2A(m + 1)(m + 2) < n, By
reazoning analogous to curve fitting, it cen bé shown that the
greatest computétional precision is likely with the independent
variables sceled to lie in the square [-2,421].

3.3.3 Rounding error

The pfoblem of rounding error is more severe with surface fitting
then with curve fitting, if for no other resson then thet thére aTre
usually meny more vectors to compute and normalise; It is noted thet
the error anzlysis of Section 3.2.,2 relies only upon the conditibn
of orthénormality, end may therefore be epplied to surface fitting.
There is one difference - for curves, each degree corresponds to a
single orthonormal polynomial snd its associated coefficient, but
for surfaces, each degreo correéponds to & whole set of polynominls
and their asgsociatod coofficients, Thoreforo, the magnitude of the

first order error snd the correction for it cen be derived in a



similar way to that of curve fitting, but by considering the effect

of adding‘a gingle polynomial instead of rgising the degree by one,
With curves, further computstion is deemed pointless when

two coefficients that correspond to successive degrees ere swanped

by their estimated rounding error, and these coefficients sre

excluded from the final epproximation. When fitting surfeces, there

are several possible tests, nemely

8) All the coofficients of one degree are swemped by error -
the entire set is excluded from the final approximation,

b) As (a), but applied to two succesgsive degrees.

c) Coefficients which are swamped by their estimated roupding
errors are simply excluded from the final approximation, at any
timo in the computation,

Test (b) is the direct equivalent of the corresponding test
for curve fitting, but is unlikely in practice, excopt when fitting

very high order polynomials,

3.3.4 Impogsition of constraints on the fit

The only case congicdered here is thet of-bi—variate surfaco
fitting. Cases of reopeated curve fitting are trested by imposing
twvo-dimensional constraints on the curves.

The imposition of constreints on surfaces is cerried out in ai
similar way to curves, The approximeting function is split up into
three parts, nemoly

£(xy) = qlxy) elx,y) + r(x,y)
where
r(x,y) supplieé the wranted values of the function (end the
derivatives, if so desired) ot the spocified points,

a(x,y) 'zerces' the product q(x,y) g(X,y) at these points,



and g(x,y) is the polynomial fitted by the orthogonal polynémials
procedure to the transformed variable

z = r(x,y)
i i i

i a(x ,y )
i i

with weights w alx ,y ) .

i i i

Ag with curve fitting, the function q(x,y) cen be implicitly
included in f(x,y) by setting the initial orthogonél polynomisl to
q(x,y), which is much more efficient,

An importent fect is thet the dimengionality of the constreints
is alweys the spme as that of'the space of the indépendent variables,
i,e. with plene curves, constraints cén be imposed et points; with
surfaces constraints coan only be imposed along lines (or curves).
Thus, strictly speaking, the above method forces values of £(x,y)
along the contour q(x,y) = O, i.e. mlong the projection of q(x,y)
on the xy-plene. Conditions at 2 single point cen only be controlled
by heavy, discrote weights at ‘(and near) the point,

The last point is one of the advantageslof surface—fitfing by
repeated curve-fitting for general use, but, for ship forms, inter-

patch continuity would be imposed along space—curves.i

3.3.5 Deduction of optimum degree of polynomisl by 9na1ysié

of the resgiduels

The methods thet cen be used the optimum degree of the spproxi-
mating surface are similar to those availebleo for curves — Section
3.2.4.

In practice, the first method described (checking that the

maximum deviation normal to the fitted functicn is bslow 8 given



bound) leads to numerical difficulties. Tho celculation of the
doviation normal to a curve alrendy involves on iterative procedgre:
tho equivalent procedure for a surface (other than a plane) is -
basically highly ungtable. Whilst it can be implemented, the statisti-
method offers distinct adéantages.

The statistical method, which relies only on the condition of
ofthonormality and on the normal distribution ¢f the errors in the
date, is directly applicable to surface fitting. Nevertheoleas,
there remains the seme difficulty ss for the rounding érror enslysig =
Section 3.3.3 = namely whether to discard a single orthogonel poly-
nomial ss inéignificant, a whole set, or two successive sets. By
analogous reasoning, the last is the logical choice. In prectice, it
is unlikely to find two completely insignificent sets, but rather
'slmost' insignificant ones, i.e. sets with a low proportion of
statigtically significant coefficients, Such cazses do not lend
themselves to convenient computer anslysis, and are classical
oxamples where the user's intuition is more usgful than background

mathematics,

3.4 Discussion

The various idéas doscribed in this chepter have been implemented
in a generai program for least squares curve fitting by polynomials,
end a less comprehensive surface fitting program, Although no specific
results are gi#en here, the former hes beoen used exteonsively for the
work described in Chapter 5 (Transformations), and a part of it in
1Chaﬁfer 6 (Parametric éurve Fitting).‘Also, a modification of the
latter has been used for the work of Chapter 7 (Parametric Surface

Fitting).
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CHAPTER 4 :-

MATHEMATICAL DIVISION OF THE HULL SURFACE
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4.1 Introduction

From the foregoing chapters, it is clear that even the simplest
hulls consist of combinations of surfaces of distinct functional
forms, Therefore, no universal function has been found to degcribe an
entire ﬁull satisfactorily. Oddly, it is the mathomatically simplest
form, i.e. plane surfaces, which, when joining higher order surfeces,
croate the greatest difficulties, This is becnuse tho higher order
functional forms that describe the adjacent patches tend to oscillate
about the plane surfaces, From the survey of.present methods, it
appears to be accepted generally that it is simpler to divide the
hull into patches of differont functional forms, which may then
faired individuslly, rather than to attempt to find & universal
function,

After the division, the patch boundaries should be smoothed,
preferably by an analyticel form, to facilitete their mathematicel
definition, The data defining the boundariés may itself be awkward
to fit, It is found in practice that most fairing methods are
sensitive to tho positions of the patch bounderies. This, plus the
fact that the idea of division is unnaturel from the neval
architect's point of view, implies the advantages to be had from a
formnlised approach to the division problem.

The techniques described-in this chapter were devised specifi=-
cally for the isolation of planar regions, in order to identify the
start of the Flat-ﬁf-Bottom (FOB) and the Parallel=-Middile—Body
(PMB) regions of hulls, They can be applied, in modified form, to the
isolation of other functional forms,

The analyses are restricted to curves, rather than surfaces,
because engineering surfaces are normally defined by mutuélly

orthogonal two-dimensignal views, and tho division is performed
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prior to the three-~dimensionel fairing,

It is assumed that the slope of the linear region to be iden-—
tified i3 known, although some of the methods described below are
applicable to cases in which it is not. In the case of the FOB (line
AB in Fig, 4.1), the slope, known ag 'Rise~of-Floor', is part of the
hull specificetion; the other possible straight line is the side of
the hull (line CD in Fig. 4.1), which would either be vertical, or
its slope would be given, For the PMB (line AB in Fig. 4.2), the
slope is clearly zero, Apart from the slopes; the other information
available normally is the table of offsets, For the FOB this is often
not enough, and more data is usually given, by the functional form
of the curved segment (BC) joining the straight lines.

Several possible solutions to the divigion problem are des—
cribed, In principle, the curve to be divided is fitted by some
function, e,g., & polynomial, in a piecewise fashion, until the piece
is found that is either entirely linear or brackets a section of the
right slope,

The firat two methods, which uge & quadratic snd a cubic locel
fit respectively, require the knowiedge of the approximete position
of the breskpoint, for stability. The third, which is a pseudo-
curvature method, is @ means of loceting the mpproximate position
ol the breskpoint. It may alsé be used to simultaneously check for
errors in the datm. The fourth method, ﬁsing splines, is an elebo=
ration of the cubic method, which obviates the need for the approxi-
mate position, and mokos more efficient uso of the given data,

The advantages and limitations of all the methods are described,
The results, including some outright failureg, are presonted together,

for ease of comparigon,
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Figure 4,1 :~ Flat-of-bottom end bilge analysis.

Parellel=-middle-body region

slope= O,
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Figure 4.2 :~ Parallel Middle Body annlysis,
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4.2 The Quadratic Method

Consider the points P, Q and R in Fig. 4.3, where P and Q ere
given dats points, and‘R is the sought breakpoinf.
Lot the region QPR ﬁe described by the parsbola
y=ae +8 X+a x? | evesee (4.1)
o 1 2
Then, substituting the co-ordinates of points P and Q in;equation

4.1, one obtains

Yy =& +8 X +8 x - eeeses (442)

and oy a +8 X +8 X% ......'(4.3)
q o 1 q 2 q

Let the (known) straight line SR be given by
y=mx+ b

Then, at the (unkﬁown) point R, the parabole and the straight

line intersect, Therofore
m x +b=-a +a X +a xZ vesose (4.4)
r r o 1 r 2 r

Also, assuging continuity of first derivative, SR is tangential

to the parabola at‘R. By differentiating equation 4.1 and equating

the derivative to m, one obtains

8 +28 x - m T dieess (4.8)
1 2 r .

Either by solving these equations, or from the geometric pro-

perties of the parabolg, the following expression is obtainéd'

2 .
X - Yy -mXx ~-b
[.P r D P ' 2 ‘
= =B y Bay
X ~-x Yy =mx -b
l aq T q q

Then, if B is real, the two roots are given by
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+
™
M
1
b

r + 8 -1

If an epproximation to the breskpoint is provided, or, at
least, its position relative to x and x 1is gpecified, the epp-
ropriate root may be chosen, essuging thg two roots mre sﬁffi-
ciently far apart for the correct one to be easily distinguish~
able, The meaning of a complex g8 is that there is no perabolsa
that satisfies the conditions - a very unlikgly event, except
through orrors in data.

The low order of the parabola makes it somewhat lacking in-
flexibility, It is thereforo quite simple to construct failing
cases for this method, Also, th; analysis involves only the data
points next to the breakpoint, thus making rather inefficient use
of the given date, and requiring an euxilisry mothed to find

thoso points,

4.3 The Cubic Method

Fitting a pﬁrabola to the segment PQR (Fig., 4.3) implies a
digcontinuity in the second derivative at the breskpoint, R;-For
second derivetive continuity at the joint, a cubic must be fitted,
This is possible, using just the two neighbouring dats points, &s
before, the extra daota demanded by the cubic fit being provided
by the second derivative coﬂtinuity.

Lot the cubic be of form

2 3
y=8& +a8 X+8 X +a X ceress (4.6)
o 1 2 3 :
Lot the (knowa) straight line be

y=mx+Db , a8 before,

Then, at points P and Q,
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3 .
y = - +a X +a X + a X ’ s 000 (407)
p o 1 p 2 p 3 p .
2 3 : :
Yy =a +a X +8 x +2a X ceeeee (4.8)

q o 1 4q9g 2 qg 3 q

From functional continuity at point R,
2 3
mx +b Ta +8 X +8 X +a x seeeee (4.9)
r o i r 2 r 3 r

From continuity of first derivative at point R,
2
m = 22 % + 38 X eeees (4.10)
1 r 3 r

From continuity of second derivative at point R,

0= 28 + 68 x ceeen (4.11)
2 3 r

Solving these equations for x or making use of the geometrical
.
properties of cubics, leads to the following equation in x
o
3
X =-x ¥y =mx =-5H
p T p p 3

1
i
©

, 8ay.
X =X Yy -mx ~-bLb
q r q q

Ther, teking tho (only) feal root,
Bx =-x

x = q P
r g = 1

The cubic is clearly & more poworful method than the quade.
ratic, There is no smbiguity ébout the solution of the eguation,
and the second derivative cdntinuity is of practical importance,
However, like the quadratic, it is = purely localised method,
and, thereforé, the deta points adjacent to the breakpoint must
be found before it can be applied, .

A moethod will now be demcribed, that locates the segment

contoining the breskpoint,
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Q(x Y )
qQ q
_ —— "glope= m
o %

Figure 4.3 :— Detection of the sterting point of a linear region

by fitting quadratic or cubic,

R(x ,7 )
T T

9 q

P{x ,v )

Figure 4.4 i~ Pseudo-curvaeture analysis,.



4.4 The Pseudo-Curvature Method

Both foregoing division methods require the two data points
adjacent to the breakpoint on the curved side. If & straight line
can he identified, the entering or leaving a linear region can
bevdetected. Refering to Fig. 4.4, there are many ways of deciding
whethor the points P, Q and R lie on a straight line, vis.

a) Compute area of triangle PQR, given by

1 y x
p P
1 .
Az = dot | 1 v x
2 q q
1 y x
r T

If the points are on a straight line, the area is zero,
b) Estimato the second derivative et Q, using the standard
finite difference formula

2 (y =y)x ~x)=(y -y Xx ~-x)
AY 9 p r P r p 4q P

2 (x -2 Xx -x)Xx ~x)
A= 9 p r p r q

In the straight 1line region, the second derivetive is =zero.

c) Estimate the curvature at Q by finite differences, i,e.

compute
y ~vy Yy -v
-1 | a p -1 |r q
tan - ton
X - x x -=x
q p r q

2 2 2 2
(x =x) +(y =-y) +(x -x) +(v -y)
q p q p - T a r q
If P, Q end R lie in a straight 1line, e=o.

Method (2) is simple and szound, but informs neithor of tho

overall behaviour of the data, nor of itz correctness. liethod (bh)



is en improvement in both respects, and has been used by Berger et
al,, (1966) to detect errors in data, It is os simple to compute as
(a), but is orientation dependent, Method (c) is orientation indepen-
dent, but is more complicated, It also uses a trigonometric function,
making it more sensitive to computatational founding errors. The
method finally selacted has the combined advantages of ell threo,
without somo of the drawbacks,

Define ‘'pseudo-curvature' at point Q by the height of the
triangle PQR, normaligsed with respect to its base, i,e.

* QS

x ~x)My =-y)=-(x -=x)y -3)
P q P by P r p q

2 2
(x =x%x) +(y -y)
T P T P

* ®
¢ has properties similar to those of . The magnitude of e

indicates the deviation of the data points from & straight line;
¥
changes in the sign of ¢ indicate inflexions, the number and
positions of which permit errors to be detected, It is simple to
compute, except at the end-points, where all second order mothods
feil, ényway. The points next to the breakpoint are foqnd by te~
king the points in successive triplets (which, reforing to Fig., 4.4,
means that having processed the sét PQR, one of the boihta, ssy P,
iBs discarded and point T is included, so that the new triangle'to be
*x®

processed is QRT), computing the velue of @ for each triplet, end
checking for a change of state.from linear to nonjlinear or vice-
versa. The method does, however, have its limitations, ss follows:~-

n) There is an infinity of triangles with spexes at three spe-

, *
cific pointg, which all give rise to the samo value of p (Fig.
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4.5). For meaningful rssults, the angles P and R should be non-obtuse,

This limitation is not serious, beascuse the check for acuteneés is
simple, and even if it is not carried out, any undesirable behaviour
of the data should be noticed when the next point is considered,
E

b) It is extremoly unlikely that & value of e of exactly zero
would be obtained when processing real data, especially in view of
possible data errors, Therefore, some small, positive parameter,.e,

*
soy, must be chosen, and a region 'eccepted' as linear if lp | < 6.
The value of 6 must be a compromise between the accuracy required
and that which can ressonably be expected from the deta,
* .o

¢) The values computed for 3 depend on the reletive scaling o;
the variables, Therefore, the vslue of € is not universel, end must
be selected according to the data. Usually, 6 = 0 [ 0.001 1],

*® .

d) The definition of @ implies that a linear region must span

at least three points in order for it to be detected,

Despite these limitations, the simplicity of the method made

the investigation worthwhile,

4.5 Spline Methods

Splines are essentially a piecewisb fit by cubics, Their appli-
cation to lines' fairing is aﬁ important subject in its own right
(Berger ot al,, 1966 ; Theilheimer and Starkwesther, 1961).‘Here
they are considered merely as a tool to identify linear regions.

Given the data points ( X , ¥ ), 1<4i<n,

Lot them be fitted exactlzlby glset of (n - 1) cubics,&each of
which is valid between one pair of ﬁointa only, in such a wey that

continuity of up to the second derivative is meinteined 2t the

points,
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Consider the ith interval, between (x ,y ) end (x , y ).

i i i+l il
Then, for x < x <x , let y be given by
i i+l
3
y=¢C (x -x%x) +C (x-x)
i,1 i+ i,2 i
+C  (x -x) +C (x=-x) cesss (4,12)
i,3 i+l i,4 i

vhere C is the (n = 1) * 4 matrix of spline coefficients. The
derivation of C isvgiven in Appendix D, The following points are
noted:~

a) Unless specified, the values éf the second derivative at the
end-points must be estimated or taken to be zero (note similerity
in this respect with other methods of this chapter),

b) The splines are orientation dependent. That is, if the date
happens to represent a regular function, the spline fit is a valid
approximation to the function only if the values of the first deri-
vative implied by thé dete are gmell, Computationally; this is meni-
fosted by terms in 1 in the derivation of C,

(x =-=x) -
i+ i

c) The date should be one-valued, i.e. the x values should

increase or decrease monotonically. |

The obvious way to locate the start of linear segments (or, for
that mattér, eny segment of a given slope) is to fit the data with
splines; then, by differentiating the spline in each interval,‘tho
interval containing the broakpoint can be found. The derivative of
the corresponding spline, which is a quadratic, can then be solved
for the exact position of the breakpoint, ’

The straight-forward implementation of this is‘prevented by
property (b), particularly for ship lines, Oﬂe way to overcomo

this problem is to generate (n - 1) co-ordinate systems, with their
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origins at the first (n - 1) points and the streight line between
each pair of points teken as the corresponding ebscisse, snd tb fit
the splines with respect to these (Asker, 1962), As this is a
somevhat inefficient process, a botter way is to use 'paramétric
splines' (APT, 1967), es follows:- |

let (u, 1 <i<n) bea vector of monotonically incfeasing
or decreasinglvalues of some paremeter,

Let the sets of x values and y values, each be fitted by

splines in terms of u, i.e., for each interval u < u < u

i i+l
(x) 3 (x) 3
x=C (u -u) +4C C(u=u)
i,1 i i,2 . i
(x) (x)
+C (u ~u) +4C (u=-u) eesse (4.13)
i,3 i+ i, 4 i
(y) 3 (y) 3
and y=C (u -u) +4C (u=u)
i, 1 i+l i,2 i
() n
+ C (u - U) + C (U - u ) s e (4-.14-)
i,3 i#t i, 4 i :

where the superscripts denote the particular set of coefficients.

Then dy dy /// d x
d x du du

dy : Co-
and sny value of implied by the data casn be obteined by rela-
d x
d x dy
tive scaling of end -——= | whilst keeping the last two
du du

within easily manageable limits.,

In practice, a convenient way to generate the paremster vector
vector is to compute thoe accumulative linearised erc-length between

the data points, i,e,
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-
@
ot
[~
"

o

. 2 2
. and u - u + (x -x ) +(y -y )
i i1 i -1 i i1

for 2 <i<n;

Then, in each interval, teking extreme cases of horizontal
and vertical intervals, it may be seen that the finite difference
estimate of the meen derivative in the ith intervel behaves well,

that is

fAﬂ

A 2 -
J (x - +(y.-y )
i i~-1

and similarly for x. If necessary, u may be scaled down further,

to control the parametric gradients,
Assume that the interval conteining the breskpoint is known -

lot it be the ith interval, The exact value, (x ,y ), must be com~
r r
puted indirectly, by computing the corresponding value of u, u
T

?

first. The lagt may be found in three distinct weys :-

a) By computing the point of intersection of the ith spline

with the given straight line, i.e, with y = mx + b,
T T
Substituting for x and y , in terms of u , from equetions 4.13
r r T

and 4.14, rearranging and simplifying, the following equation is

obtained for u :-
r .
. 3 2
‘'a u +8 U +8 uU +a8 =0 eveee (4.15)
3 r 2 r 1 r 0 :

where it is convenient to define p, q, v and w asg

(» (x) (y) (x)
p=C -mC ; q=2¢C -mC

i,l i,l i,2 i,2

) (x) (» (x)
v=_¢eC -mC H w=2C -mC
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and ' a

=q-p
3
a =3 (pu -qu)
2 i+l i
2 2
a =3(qu ~pu )+w-v
1 i i+l
3 3 .
& T pu -qu +vVvVu -wu - -=-b

o - i+l i i+l i
Equation 4.15 can have one or three reai roots; none or all of
which may be inside the ith interval,
b) By computing the position of the point at which the ith

spline has the given slope, m,

dy
Given Sm—— - m o enc o (4-16)
d x|u

o

By differentiating equations 4,13 ahd 4.14, substituting in
equation 4.16, rearranging and simplifying, of by observing that
equation 4,160 is tho derivative of equation 4.15, the following

quadratic is obtained for u :-
b o

3 a u2 +2a u 4+8 =0 ©eenes (4.17)
3 r 2 r 1
where a , az and & are as dofined above,

Gétmetrically, the roots of equation 4.17 ere the positions of
the maximum and minimum distances of the spline from the stresight
line. There méy be no real roots, coincident roots or two distinct
roots, none or any of which may be in the permissible rasnge,.

c) By computiné thé position of the point at which the ith spline

has zero second derivative (i.e. gocond derivative continuity with

the straight line),.
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2
d y
Given =0
2
dx
r
2 2
dx dy dy dx
2 - 2 T2
dy du du du du
Now, eeves (4.18)
2 3
d x d x
du
d x
Heonce, if -l Z 0 , u 1is the root of
d uju T
T
2 2
d x dy dy d x
— = ea——— LR R (4.19)
2 2 )
du du du du

By differentiating equations 4,13 and 4.14 once and twice,

substituting in equation 4.19, rearranging and simplifying, the

following quedratic is obtained for u :~-

2

2
b u + b u

+ b ceves (4.20)

r ir (4]

where it is again convenient to define p end ¢ ss

(x) (x) (¥ (¥)
p= C -C and ¢q= C - C ,
i, 4 i,3 i,4 i,3:
and b, b =&and b s&re given by
2 1 0
(x) () (x) (¥)
b =3 [u -ul]l[c c -c c ]
2 i+l i i, 2 i,1 i, 1 i,2
) (x) (%)
b =p [C -Cc 1 - qlc -C 1 = b [u +u ]
1 i1 i,2 i,1 i,2 2 i#l i
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Figure 4.5 ¢~ Illustration that an infinity of triengles give

the same value of pseudo-curvature,

r
y
o Q
1]
7
/,
47
e
/
/
,/ / y=mx + b
/// ’w"" ‘
- =
/7,&-‘
s
,/‘l;c'
=)
(8} X

Figure 4.6 := Possible behaviours of the spline in the interval

conteining the breskpoint,



(x) (x) ' (y) - (y) .
and b = q [C u -C ul] -plc u.  =-C u ]
0 i, 1 i+t i,2 i o i,1 il i,2 i
+b u u
2 i iH

Here, again, there is the possibility of none, one or two
valid solutions,

Theoretically, eithef method .may elso be used to find the
interval containing the breskpoint. Given the informetion about the
straight line, and having fitted the data points with splines,
either equation 4.15, 4.17 or 4.20 may be solved in each interval
eand the rcots, if real, checked for being inside the intervél,
until the correct root is found, In.practice, similar problems arise
with all three methods. They are best illustrated pictorially.
Assume that the breskpoint is not exactly at one of the given-data .
points, Then, refering to Fig, 4.0, the spline in the relevant in-
terval cannot describe both a curved and a linear region, and mugt
therefore oscillate about the given straight line, Hence each of
three methods can, produce more than one theorstically valid
solution. Moreover, method (&) fails in cases where the spline
functions do not intersect the straight line, and method (c¢) may
detect an inflexion point which is totally unrelatedAto the sought
linear rogion. Consequently, it appears that only mothod (b) ma&
be applied in a mechenical feshion, especially if thore is no prior
knowledge about the breskpoint.

The analysis of method (c).is illuminating about the general
properties of parametric splines. It mey be seén from eguation-.(4.18)

- that they are extremely flexible, inssmuch es they have rn infinite
range of curvature. Each spline has two inflexions, and, of course,

the basic resson for thoir choice in this context is their ebility



-79 o

to describe infinite y/x slopes. Later in the work, these properties

wore used as the basis for a complete fairing technique.

4.6 Results

The methods described in this chapter were applied to
data extracted from Appendix A, The deséription of data used is
presented in Table 4.1, and the results in Tables 4.2 snd 4.3,
using the following notation:f

a) x = co-ordingste of breakpoinf. Sometimes, this is not in>the
convent:onal x-direction, but the units sre consistent for esch set
of data, and are usually a percentsge of the corresponcing hull
dimension, |

b) The breskpoints given in Table-4.1 ere visuasl estimates.

c) For waterline data, only the afterbody breskpoint was com~
puted,

d) The letter 'F' as an entry indicates a failure of the par-
ticular method for the corresponding data. Note: some data were
used, that have no linear region, In such cases, 'F' is the correct
result, |

©) The code 'N,A,' as an entry indicates that the particular
method was not applicable to the corresponding data,-e.g.‘a slope
dependent method when the slope was not given,

£) The value used for € in the ‘*pseudo-curvature' method was
0,01, This was found to be an acceptable compromise for most data.

g) For tesfing purposes, the 'quadratic' and the 'cubic' methods
were applied to the interval which visually conteined the break-=
point (as given in Taﬁle 4.1).

h) The ‘*Agreement' column is an overall qualitative asgossment
of the esgreement between several methods snd the visuslly correct

breakpoint,
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Teblo 4,1 :—

List of datea sots usod for testing hull division mothods

2) Model 1
Idont. No., of Straight line Breozkpoint
Description of Data
No, Points Equation Inter-} x
vrl T

1 Soection at Station 1 1/2 11 .201 x ~ 141 1 -0.7
2 Soction at Station 2 11 .201 x - .14 1 0.7
3 Section et Station 2 1/2 11 .201 x - 141 1 io,1
4 Section at Station | 3 11 201 x - 141 1 16.8
5 Section at Station 4 11 »201 x ~ 141 2 40.5
.6 Section et Station § 11 .201 x = .11 3 54.7
i Soction st Station 6 11 201 x - .11 2 40.6
8 Section st Stntion 7 11  201 x - 141 1 21.3
9 | Section ot Stetion 7 1/2 11 .201 x - 141 1 14.2
1o Scction at Stetion 8 11 2201 x -,141 1 6.5
11 Soction et Station 8 1,2 11 .201 x - .1 1 0.7
12 Stern Profile i3 ~35.714 x - 125,071 7 i.2
13 Bow Profile 15 - none [
14 60 p.c. Vatorline ;8 y = 100,0 ——— ] ——
15 | 80 p.c. Vatorline 19 y = 100,0 9 45.0
16 100 p.c. Waterline 23 y = 100.0 11 38.0
i7 120 p,c. Watorline 23 y = 100.0 11 35.0
18 140 p.c. Waterline 23 y = 100.0 11 32.0
19 150 p.c. Waterline 23 y = 100,0 9 25,0
20 Bulwarks Curve 25 y = 100.0 1o 22.0




Table 4.1 (continued)

b) Model 2
Ident. No. of Streight line Brerkpoint
"Description of Detna
No. Points Equrtion Inter-] =x
vel r
21 Section st Stetion 1/2 11 y=o0 1 2.8
22 Section st Station 1 12 y=o0 1 8.2
23 Section at Station 1 1/2 12 y=0o 1 23.1
24 Section at Station 2 1z y=0 1 42.4
25 Soction at Station 2 1/2 12 y=0 1 63.3
26 Section at Station 3 12 y=o0 1 78.9
27 Section at Station 3 1/2 12 y=o 1 85.0
28 | section at Station 4 12 y=0 1 86.0
29 Section at Statioﬂ 12 y=0 1 82.5
30 Section at Station 8 1/2 12 y=o 1 | 71.4
31 Soction at Station @ 12 y=o 1 44.3
32 Section at Station g 1/2 12 y=o 1 12.7
33 Section at Station Q ‘3/4 12 y=o -1 4.2
34 Section at Station 10 11 y=o 1 0
35 Waterline B 20 y = ;qd.o 8 37.0
.36 Waterline C 20 y = 100.0 7 34.0
37 Waterline D 20 y = 100.0 6 27.0
38 Watorline E 20 y = 100.0 6 25,0
39 Woaterline F 21 y = 100.0 7 25.5
40 Waterline G 21 y = 100,0 6 23,0




Teble 4,2:—

Computed Position of Brerkpoint, using the Pseucdo-curveture

the Quadratic and the Cubic Mcthods,

8) Model 1

Interval No. x by x by
Ident. No. : r T
by Pseudo- Agroement
of Data Quadratic Cubic
Curvaturo
1 2 3 12.6 -25.0 very bad
2 F 2.3 -11.5 vory bed
3 F 1.9 | -85 very bead
4 F 206.9 -3.7 vary bed
5 2 + 35.3 25.3 féir
6 2 + 53.5 7.1 good
7 7 (F) 36.6 - 28.1 . good
8 6 (F) 16.8 11.0 feir
9 5 (F) - 9.8 2.8. foir
10 5 (F) 3.2 -4.0 b-ed
11 5 (F) -1,0 ~7.3 bed
12 5 + -6.9 | -6.9 bed
(%)
13 3 + ~ N.A, N.A. good
14 4 + (F) 48.8 55.2 vory good
15 2 + (F) 43.8 47.4 very good
16 6 + 40.2 46.4 good
17 2 + (F) 33.0 | 43.0 . good
18" 11 4 28.2 40.4° good
19 9 + 30.9 '37.5 feir -
20 9 + 17.7 70.5 bed

(*) Point of inflexion found,
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Table 4.2 (continued):—

b) Model 2
Intervel No. x by x by
Icent. No. r r
by Pscudo- Agreement
of Dete : Qurdrrtic Cubic
Curvature

21 F 1.8 -2.1 bad

22 5 + 7.4 -2.9 bad

23 1o (F) " 22,9 9.4 fair

24 8 (m 41.9 32.0 feir
25 7 (F) 65,2 56.4 very good
26 6 (F) 80.8 74.0 | very good
27 -4 (F) 89,2 84.8 vory good

28 4 (F) 03.9 91.3 good
29 5 (F) 7.5 82.8 vory good
36 5 (F) 73.8 65.5 very good
31 5 + (F) .46.8 36.5 - vory good

32 9 (F) 14.9 5.3 good

33 F 4.9 2.7 feir

34 F 3.3 ~1.4 feir
35 8 + 36.7 38.3 very good
36 | 8 + 33.3 35.8 very good

37 7 + 29.9 33.3 good
38 7 + 27.8 .30.1 very good
39 7 + 26.6 28.2 very good
‘40 7 + 2476 27.9 vory good




Trblo 4.3 =
Computed Position of Brorkpoint, using the Spline Methods
a) Model 1
Mothod (&) fothod (b) Method (c)
Ident, Ko,
Interval Intorval Intorvel Agroement
of Data x x x
No. r No. r No. T
1 1 0.7 F ———— 8 (M| 72.4 fair
2 1 0.7 F ———— 1 C.7 very good
3 1 0.7 F ———— 1 0.7 bad
4 1 0.7 F —e————— 1 0.7 bad
5 1 0.7 F ——— 2 25.5 bad
6 3 50.6 2 42,0 2 31.2 feir
7 2 36.0 1 25,1 1 0.7 bed
8 1 18.9 1 11.3 1 0.7 frir
9 1 7.5 1 4,6 1 0.7 brd
10 1 0.7 F | - 1 0.7 bed
11 1 0.7 F — 1 0.7 | very good
1L : ..
12 8 -6,8 6 3.5 10 ~7.9 bed
12)
13 N.A, —— N.A, ——— ) -0.1 good
(3
14 F | === 8 47.1 1 50.0 | very good
(1) o
15 9 46.1 9 46.2 3 9.0 good
(1) )
16- 12 45.0 12 45.1 2 -1.6 fair
iy 11 40.0 12 45,5 3 22,7 fair
18 F ——— iz 46.0 3 0.1 | very bad
(1)
.19 1o 27.5 10 27.0 1 ~0.5 good
20 10 25,0 8 12.3 1 -0.9 bad




- 85

‘Table 4,3 (continued)
b) Model 2
Mothod (&) lMothod (b) Mothod (c)
Ident, No,
Interval Intorval Intervel Agroement
of Date x x x
No. T No. T No. T
21 1 2.8 F ———— 2 10.9 feir
22 2 8.2 1 4.8 1 0 feir
23 2 23.1 1 13.4 1 o frir
24 2 42. 4 1 24.5 1 o " bed
25 2 63.3 1 35.6 "1 0 bed
26 2 78.9 1 " 46,5 1 ) bed
27 1 86.0 1 51.5 1 0 bad
28 2 86.0 1 49.9 1 ) bed
29 2 82.5 1 - 48,2 1 ) bed
30 2 71.4 1 41.8 1 o bed
31 2 "44.3 1 25.6 1 o bad
(1) :
32 1 6.4 1 7.3 1 o] vary bad
33 . 2 4.2 1 2.4 1 "0 fair
(3)
34 1 (o} F ———— 1 o vory good
(1) ,
35 8 38.1) 8 37.7 2 9.9 good
(¢! :
36 10 55.0 8 37.0 2 " 8.9 bad
37 6 30.0 1 2.5 2 5.2 bad
(1)
38 1o 55.3 7 31.9 1 2.5 | very bed
1) ' :
39 26,1 7 27,5 1 o very good
40 25.0 7 25.9 1 o very good

(1) Averego of two velid roots.

(2) Infloxion found.

(3) Point of meximum breadth of weterlinoe found. .
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i) A '+'Aaccompanying en entry indicates that more than one
linear region was found, Only the main one was investigated in-

such cases,

4.7 Discussion and Conclusions

The results obtained using the methods described in this
chapter were altogether unsatisfactory, Some of the methods were
found to work some of the time, for simple data, but there was to
much variation ip the quality of the results to even consider the
sutomatic application of_any of these methods,

The pseudo-curvature method showed up errors in the input
data, as expected, This, possibly excessive, sensitivity throws
some doubt on the usefulness of the method for practicel feiring.

The quadratic and the cubic methods ‘performed well for
waterlines, where the data 1is eminenfly suiteble, As for the
cross~gectional data, the curved parts>are-usuelly conics, snd
cennot be aspproximated woll by 1low order polynomiela; which is
confirmed by the results. Surprisingly, there was little difference
between the two methods in the quality of the results,

The three spline methodé were found to be more reliable, ineg-
much as they either failed completely or produced vaiid, although
not alwa&s accopiable, solutions. The problem enticipated, i.e,
oscillationgs about the solution, was found to be quite sevefe,
mainly because of the flexibility of the parametric splines.

Two further problems were found, vhich are common to all hull
division meathods, as follows

a) All the methods dopend on accurate input data. This somewhat
contradicts the original aim ~ that of feiring ‘out' errors. Usually,

the division boundanries would be smcothed after the division, which
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reduces the effect of the initial errors, but does not eliminate it.

b) Data, such as the 60 9%  waterline of Model 1, which heve no
linear region, may still have to be split, so as to separate the
forebody from the afterbody, if the hull has any PMB, Any division
algorithm may cause the two breskpoints to overlap, as illustrated
in Fig. 4.7. Such & situation is clearly not practical and must be
checked,

In conclusion, it was found that the most satisfactory way of
separating patches is to estimate the division point menually, i.e,
visually, and to improve the estimate using either the quadratic or
the cubic method, The pseudo-curvature method mey still be applied
initially to detect errors in data. The designer's supervision
is necessery in all cases. Assuming that it is necessery to divide
the hull, a much preferable solution would be to use fairing methods
vhich sre insensitive to the exact division boundaries. Experiments

with such methods will now be described.
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----  Hypohtetical patch boundary.

Practical patch boundary.

Figare 4.7:~ Hypothetical overlap of hull surface patch

boundaries,
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CHAPTER § t=

TRANSFORMATIONS
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5.1 Introduction

In the previous chepters it was shown that the problem of hull
division is not easily soluble. The curves that prove to be the most
difficult are those which are made up of several segments, each of a
different mathematical type. This chapter is concerned meinly with
theAanalysis of such curves, and the development of practical fitting
methods,

Consider the typical stern profile in Fig. 5,1 and the typical
parallel-middle~body section in Fig, 5.2, Points lifted from either
drawing eare unsuitable for direct polynemiel fitting., Fig. 5.1 i;
simply badly oriented, and could probably be fitted with line AO as
the abscissa, Fig, 5}2 » in addition to being badly orionted, has
straiéht line regions, making it unsuitable for polyncmials even if
rotated,

The first transformation attempted was the elementary one of
rotation. It is shown thet, by rotating the co—-ordinate axes of raw
data, it is possibie to fit a selection of curves with lesst-squares
polynomi#l mothods.

The second transfbrmation considered wes that to polar co-
ordinates., This is a more interesting transformation, becsuse in
geheral, providing the pole is chosen well, straight line segments
are eliminated, and 'difficult' slopes in the cartesian system bacome
manageable in the polar system. |

In order to assess the improvement obtained by the transforma=-
tions, the original and the transformed data had to be fitted to some
common standard. The simplest standard is the degree of the fitted
polynomials, but thore is generally no obvious guide as to what tﬁat
should be, especially_in view of possible gross errors in the data,

A better standard consists of extracting the maximum information from
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Figure 5.1 :~ A typical stern profile, less the propeller boss.

Figure 5.2 3= A typicael Parallel Middle Body sectional curve,
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the data in each case, Such a stendard was avalisble in the form of
the cprve-fitting package of Chapter 3, in which the optimum degree
of a polynomial is decided automaticelly, by analysing the residual
deviations‘for each degree, Using this peckege, it slso tﬁrned‘out

to be quite simple to detect 'human' errors in dete, and thus correct
them,

It is shown, for both transformetions, that the imposition of
end-conditions, e.g. an exact fit at the end-points, presents no
difficulty,

It is further shown that both transformations, whilst schieving
considerable improvements over direct poynomial fitting, have limit-
ations, which prevent them from being used in a mechenical, computer

like manner,

5.2 "Rotation

5.2.1 Description of problem

Generally speaking, data points implying slopes greater than about
+60 deg. (e.g. the neighbourhﬁod of point B in Fig. 5.1, depending on
the scaling of the variables) cannot be fitted by polynomisls with
eny reliable accuracy. It is required.to find thet aggle of rotation
that will make the implied slopes optimal (defined below)‘for poly-
nomials,

Given : the data points (y ,z , 1 <i < n )., The points must be
assumed to beo prdered and reason:bl; accurete, to meke the following
analysis meaningful.

The deta is to be rotated by © to a new set of reference axes,
(y',z'), where they become (y',z', 1 < i < n), There are several
criteria that may be chosen f;r zhe optimality of @, but they all

have in common the necessity to calculate the initial implied deriva-



tives of the data,

Re2.2 Egtimates of slopes and preliminary analysis

The derivatives may be calculated using finite difference
methods, but high order methods would be unstable for the same
reasons that the date is to be rotated, and also unnecessufy, since
the date contains errors. Therefore, let the slope nt each data
point (or, more strictly speeking, between ezch psir of points) be

estimated by the following first order formuls:

1 <4 <n-1

One point thet arises immediately is that of multi-valued dats,
i,e, data that has, for at least one value of y, more then one valﬁe
of z, For instanco, the pressnce of line AB in Fig., 5.2 makes it
multi-valued in that particular co-ordinate éystem. Least-squares
fitting tends to 'average' out the multiple z values for such data,
because no account is taken of the order of the points. Whereas this
condition may be'overcome easily for the data of Fig, 5,2, simply by
rotating it, as shown in Fig, 5.0, it is clear that some dafa will
bo multi-valued in any cartesian reference system. The ability to
detect fhis ig & by-product of derivative estimation, as follows:~

Consider the ith point.AThe slope estimate iz 6 ,

The straight forward way of checking for a multi-valued point
is to compute M8 = 9. -8 .

Then, if |A8] > 7, the data ii multi-valued sbout any
cartegian systen,

In practice, problems arige with 8 changing quadrents, It is

therefore simpler to compute the angle spanned by the points, eas

follows:~



n—2
Lot B = z :AE
izl i
where
MNP =8 -8 and, from Fig. 5.3,
i i+l i

(y -y Xz -z Y-y -y XNz -z )
-1 i+l i i+2 i+l i+2 i+l i+l i

(y -y Wy -y ) =-(z -z X= -~z )
i+2 i+l i+l . i i4+2 i+l i+l i

‘The check is then whether {81 > 7.
This was included in the rotation experiments, as a preliminary

test for the suitability of data.

5.2.3 Optimum engle of rotation

Agsuming thet a deta set has passcd the preliminary check, it is
nov required to rotate it to the orientation best suited to polynomial
fitting, Although there is no unique solution to this, a simple and
offective condition is that the maximum rotated slope be minimised,
that is, the value of §) is used, that minimises

=mex [ (I8 =0I) ,1<i<n]
. :

The vaelue of O may be deduced either intuitively, or by using
elementary ﬁinimax techniques. Consider a typical graph of € vs. @ in
Fig. 5.4. The envelope of the meximum of & is shown shaded. The
ninimum value on the envolope is at the intersection of the lines
representing (0 -8 ) and (B - @), where 6 and B

» min mnax ' min ' max
are the minimum and the moximum estimated slopes respectively, thus

leading to the result of

P=(8 +8 )/2
max min
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Figure 7,3 i~ First order estimate for slopes, and check for
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Figure 5.4 :~ Computation of optimum angle of rotation.



which gives rise to a maximum slope, in the rotated co~ordinate

system, of (© -8 )/ 2 at two points,
mex  min .

8e2.4 Rotation matrix and precautions

Having celculated the value of (), the data may be rotated to the
new orientation usging the standard 2D rotation matrix, bearing iﬁ

mind thet © is considered as subtracted from the slopes, vis.

y! y

cos(D) sin(w)l

z! -gin() cos(B) z

A1l slope dependent processing mey now be performed,
Before rotetion, the new méximum slope should be checked for
being 'reasonable', This, as before, depends on the scaling of the

variables, but should not, in general, exceed +60 deg,

5.2.5 Irposition of end-conditions

Rotation is a linear transformetion, Therefore eny velues imposed
upon points and/or derivatives of the polynomiel fitted to the original
data must simply be rotated in the seme way &s the date, using the

ebove matrix, and then applied to the transformed data.

5.2.0., Results

The method hes been tosted with a ropresentative selecion of
data, The rotation itself hardly nocossit#ted the use of a computer,
Polynomials wero fitted using the curve-fitting package of Chapter 3,
with eutomatic choice of dogree,

A marked improvement in the quality of fit was observed in
81l cases. Two typicel casos are shown in Figs, 5.5 and 5.6, with

their untreated counterparts, for compavison,
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b)' Rotation by 0.785 radian, and 9th order fit.
Figure 5.5:- Effect of rotation on PMB section of Model 2.

* The next statistically significant degree is 12.
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Figure 5.6:— Effect of rotation on the stern profile of Model 1.
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It is clear, even from just the two ceses shown, that despite
the improvement due to rotation, the resulting fit to the dota

is considerably worse thon that tolerable in practice,

5.3 Poler Transformation

5.3.1 Description of problem

Consider the data points (y ,z , 1 < i < n) in Fig. 5.7. For
i i '
concigeness, 'curve' in this section refers to the figure genorated

by the straight line segments joiﬁing the points.
Let point P be at (y ,z ),

P P ’
Let the points be transformed to their polar representation

with P as a pole, i,e. to (r, 8, 1<i<n), whore
’ i i
z -z
-1 i P
8 = tan cecass (5.1)
1 Y. -y
1 p

and r

2 2 .
(vy -y) +(z -2) _ ceee-e (5.2)
i i P i P

The data may then be smoothed by fitting a polynomial to r in terms
of 8, The approximate effect of this transformation on data such as
in Fig, 5.2 is shown in Fig, 5,8, Even this rough sketch suffices to

show up the advantége of the polar representation.

5e3.2 Choice of pole

In the preceding discussion, point P appears to have been cho~
soen at random, Clearly some points are more suitable for & pole than
others. Therefore, let the optimum pole position be dofined as that

which, when used in the transformation, produces the 'flattest'ur/a
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D
X

Figure 5.7 3= Typical data, with the points joined by streight

line segments.

0 8

Figure 5.8 t= Approximote effect of the poler transformstion

on the data of figure 5,2, with pole at point P,
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curve, To complete the definition, a measure of '"flatness' must be
introduced,

Several metrics ere possible, e.g.

a) (x ~r ) where r = max [r ]
max min max i
end r = min r ] 1<i<n
min i
n n '
2 _ 1 _
b) (r -1) where r = —— r
i=1l i . n i=1 i

i.e, similar to least-squares.

n

c) :E:: [r =7

i=1 i

fhe norms (a) and (c) are similar in nature. (b) suffers from
the disadvantage that although the variance of r may be mihimal,
sharp peaks that might be introduced by the transformation are not
prevented. For most reaspnably smooth data, the choice of ndrm
would be immateriai, but as a numerically iterative, rather than
analytical, prbcedure must be used to minimise any of the three,
the highest order norm, 1 , of the minimax norm, should be used,

00
i.e. norm (a),

5.3.3 ‘Computation of position of pole

Let point Q(y ,z ) (Fig. 5.7) be a trisl point for P,
Define the 'flatness' function

My ,2z ) =r - T
q a max min

where the values of r are calculated from equation 5.2, with respect
to point Q, -
The function § has some interosting properties, discussed in

Appendix E, The ones rolevant to this soction are
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a) O is non-analytic, non—negativa, and contiﬁuous, with, in
general, discontinucus first and higher derivatives, and, the more
important property, found empirically,

b) If the curve generated by the dats points is convex in the
range AB, then 0 has e unique ﬁinimum in the convex helf-space of th;
curve, half-space in this context being defined es the arca enclosed
by the two end-segments of the curve oxtended to infinity. That
minimum is the optimum ﬁosition of P,

It hes been found empirically, from other characteristics of 0,
that P lies approximately on the line MGN, where G is the centroid
of the data points, and GN is perpendicular to AB, This fact is used
to obtain a first aﬁpproximation to (y ,z ), by a linear search and
parabﬁlic interpolation (Appendix F) aiong MGN, The values‘are
refined by & general purpose minimisation procedure, which.does not
usse derivafives (Powell, 1905).

. The sbove does not necessarily epply to non-convex data. More
than one minimum may exist, or none. Howovef, instead of devising
special techniques for such data, it has been found simpler to impose
limits on the area of sesrch for P, and cbandon the search if the

first approximation is not found within these limits,

5.3.4 Imposition of end-conditions

The simplest imposed end-conditions are simply that one or both
end points have particular z values. For definiteness, consider one

end~point, say at Y=y, and let the required z value be z .

. 1 : 1
Let the equivalent polar co~ordinates be 8 and 1r .
1 1
It is clear that point (y ,z ) need simply be tronsformed
1 1

like ahy other data point, using equations 5.1 and §5.2.
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- Other possible ond-conditions include the imposition of certsin
values of end-derivatives, For definiteness, again, consider

the imposition of dz

- -z

dyly 1
1

Using equations 5.1 and 5,2 and differentieting, it cen be shown

that the equivalent value of derivative in the polar system ig given

by :
1+ g'tan(8 )
dr 1 1

dele -1 + z'cot(8 )
1 1 1

where tan(8 ) is obtained from equation 3.1,
8 " _
Similar analyses may be performed for the second and higher
derivatives, if required, so that no difficulty should be experi-

enced in a practical implementation of this ftransformation,

5e3.5 Results and observations

a) Computation gf (y ,2)

The algorithm hes geai tested with both real and axtificial
data, The first spproximation was found to be excellent in most
cases, including some non-convex ones, Failures were obtained for
" data of very low curvature, dats with more than one multi--vslued
point, and data which wes roughly symmetricelly 'S' shaped, ¢ll for
fairly obvious reasons. These failures immediately limited the use
of the method , |

b) Transformation and polynomial fit

The transformation itself is straight forword, but e further.

limitetion of the method wo.s discovered during thé testing stages,

Some non~convex data, for which optimum poles could be found, were

found to have multi-valued poler equivalents snbout these particular
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4
z
0 . x>
Figure 5.9 :~ Non-convex data, for which sn optimum pole cen

be found, but which transforms to multi=velued

co-ordinates sbout the pole P,
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poles (Fig, 5.9). This is_clearly undesirable, but no satisfactory
solution has been found to this problem, However, the condition is
detectable during the transformation, by checking that 8 increases
or decreases monotonically when transforming the points in their
specified order,

Results from typical dete are shown in Figs, 5.10 and 5.11,
These and others confirmed the validity of the experiment. The deg-
rees of the fitted polynomials were usually relatively high;‘and'
might have been higher if permitted by the curve-fitting package,
as was indicated by feirly large residual deviations in the poler
representation., Degpite this, the fit in the cartesien system; after
the reverse transformation, was usually very good, perticularly
visually, The reason for this is that tho residusl deviations in
the polar representation are implicitly in the direétion of r, and
are therefore shared between the original y and z. In some cases,
the position of the pole was such that the worst deviations were
brﬁctically glggg'fhe fitted curve, thus producing an apparently
exact fit,

c) Oscillations between points,

This problem occurs with practically every form of curve fit-
ting by polynomials as the powoer is raised progressively in atfempts<
to improve the fit, In this experiment, the r/8 curves weors found to.
bé excoptionally well behaved snd free of this problem. - The reverse
fransformation, however, did cccasionally generate unwanted oscill-

ations, as may be seen in Fig. 5.10,
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Figure 5.10:~ Effect of polar transformation on PMB section of Model 2.
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of Model 1.
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5ed4 Conclusions

Both transformationg were found to produce substantial improve-
ments in the quality of fit over direct fitting methods. The polar
transformation was generally much more effective,

Despite the improvements, the results obtained were not good
enough to warrant the use of either transfiormation as the basis for
an automatic, or even semi-automatic, hull-fairing method,

Another disadvantage of both trensformations is their depen-
dence on the eaccuracy of the data., Algorithmé have been devised to
identify and corroct, or reject, bad date (Berger et 2l., 19665 and,
in practice, one such algorithm would be applied; also the curve-
fitting peckage helped to detect bad data. Nevertheless, both trasns-
formations were found too sensitive to errors in data.

One important poiht, common to most transformetions, emerged
from this experimént — the directions of the residusl deviations
after the fit, The standard least-squares polynomial model essumes
fhe errors to be in the values of the ordinate only. When the poly-
nomial is fitted to transformed data, the residuals are implicitly
in the values of the ordinate in the trensformed space, i.e. gene-
rally shared between the original abscissa end ordingte. Although
this alters the mathematical model of the fit, the effect on the
fitted curve (or surface), affer the reverse transformation, may
ofton be boneficial., This discovery led to the postulation of 2
different mathematical model for curve and surfoce fitting, desecribed
in the following chepters, which takes the errors in the data to be

in all the co-ordinete directions.
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CHAPTER 6:-
(*)
PARAMETRIC CURVE FITTING

()

An gbridged version of this chapter appeared in the Computer

. Journal in Vol, 14, May 1971, under the same title,.
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6.1 Introduction

Ih most of the foregoing work, and alsc in most contemporary
1ine'é fﬁiring methods, it is assumed that the errors in the date
gre in one of the co-ordingte directions only, nasmely in the dépen-
dent variable. In Chepter 5, it was shown that there is much to be
gained by assuming the error to be distributed between the co-
ordinate variables. This approach may be formalised, by defining
tho distribution and its associated weighting pattern,

For this work, the division of errors may be justified by re-
calling the fact that data is read off a body-plan. If the same
measuring device is used for_both or@inate and abgcissa, there is
no reason to suppose that maasufemonts in one direction are'more
accurate; for a measuring device of given precision, the absolute
error in measurement, in any direction, can be teken as proportional
to the scaling factor of 'real units'/'units of messurement'. This
is used to deduce the relative distribution of-efror between sbscissa
and ordinate, Individual weights may be assigned to deta points in
the usual way, i,e, by a subjéctive estimete of their accuracy,

The problem of least squares curve fitting when both ordinate
and sbscissa ére subject to error has been of interest for some time
A rocont successful algorithm for for solving it is described by
0'Neill (O'Neill ot al,, 1969), Given a set of experimental data

(x,y), 1f_i_<_n’

i i ,

with x and y subject to error with woights w eandw , it is
i i xi vi

required to calculate points (x', ¥') that lio on a coatinuous

i i
curve so as to minimise the sum of squares of weighted perpondicular

distances from the points (x , y ) to the curve, i,e, to minimise
i i



n
2 2 2 2 2 2
s = B w (x-=-x'") +8 w (y -y"
izl x xi i i y yi i i
where the overall ratio of error in y to error in x is given by
& /8 , which also governs the angle between the line from each
x y .
data point to the corresponding point on the generated curve, and
the tangent to the curve at that point,
In O'Neill's work, y' is derived &s & polynomial in x!, and
the discrete values x' corresponding to (x ,y ) are calculated by
i i i

an iterative procedure. The idea can be generalised by introducing

& third variable, u, end functions £ and f , called the parametric

x . ¥
functions, such that
x' = £ (uw)
x
y' = £ (u) .
y

For this work, polynomials, because they are very convenient,

have bheen used.as parametric functions, i.e,

"
=

[

®

e H

f (u)
X r=0 xr
k
' r
and : f (u) = a u
y r=0 yr

Also, because the data sets to be processed have a natural ordering,
it was further stipulated that the order of the data points be main-
tained, This dgfinition makes the parametric curve orientation—
independent, which eﬁables the fitting of multi-valued data, such

as the typicel hull cross—section often is, and even 1oopé.

The parameters to be calculated are the n-vector u and the
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polynonial coefficients, i.e. (n + k + k + 2) unknowns, Iﬁ this
chapter it is shown that there are s:verai solutions, in the sense
that they produce a minimum of S, An iterastive technique is des-
cribed, without a proof, which generally converges to the best
solution in the least squares sense, without using derivatives.
Although polynomials are used throughout the analysis, most of it
is genoral, and can easily be applied to other parametric fupctions.
A certain similarity of functional form may be noticed here
between the parametric curve described above, and that used by MacCallum
(1970), slthough the mothod of generation is completely different,

This is intentional, because the lines' fairing work was complemen-

tary to MacCallum's work on curve and surface dofinition.

6.2 Statement of the Problem and Meothod of Solution

6.2.1 The objective function

The function to be minimised is given by

k
n x
_ _ _ 2 :E:: 2 r
S(a ,a&a ,u)-=86 w x - a u
x y x iz=1 xi i r=0 xr i
k

n 2 .
2 2 r : '
+ 8 w y = a u ceeees (6,1)

y izl yi i =0 yr i

Let k=-max[ k , k 1

x y
Then § is @& polynomial of order (2 k + 2) in

(n+k +k + 2 ) independent variables, As such, S has

x y ‘
at most k k real minima,
x y : .

Intuitively, equation (6,1) appears to be underdetermined; if

u is linearly transformed, compensatory changes in a2 eand o
x Y
would still lead to the same solution. By applying the Newton—
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Raphson technique to the veriables near a minimum of S, this property

is  clearly demonstrated; the resulting system of equations has

(n+% +k +2) unknowns, end only ( n+k +k ) equations,
% y x y

The two varisbles eliminated from the system were u end u , for

: ) 1 n

reasons discussed below., There are algorithms for computing local

minima of functions such as S, but they are rather inefficient for

n > 20 (e.g. Powell, 1965),

6.2.2 The constraints

Ordinery least squares fitting tekes no account of the order
of the independent variable, The reason for fitting x end y in
terms of u is that & possibly multi—valﬁed, ordered deata set i§
separated into two independent, single valued sets, The last pro-
perty ensures that the order is not lost by the least squares fit,
if the parametric functions are themsolvés single valued by nature,
©.g. polynomials. To obtain correct separation for all data, some
order must be induced in u, The natural choice was made, that

u €u , 1<i<n-1, withu and u fixed, Because of the

i i+l 1 n
properties of linear transformation, it is only the distribution of

u in the range u to u that affects the vnlue of S, The values of
1 n
u and u are arbitrary; they were chosen sasu = -2 andu = + 2
1 n ' 1 n
for computational precision (Section 6,3.1).

6.2.3 Non-linear programming

The constraints on u change the nature of the problem from.a
standard minimisation one to a non lineer programming problem, with
a non-convex objective function and linear constraints. There are
meny techniques and progrems available for the soiution of such
problems, but none of them take advantisgo of the relative simpli--

city of this particular problem,
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6.2.4 A possible algorithm

Upon further consideration of the problem, it appears that it
may be split into two simple parts, Given an initial u-vector, it
is a relatively trivial matter to compute the functions £ aend f

x y
using least squares; end vice versa - given the functions f end f ,

then, subject to certain conditions (to be discussed below)f a nevry
approximation to u that results in a reduced value of S, may be
computed by local minimisation of S with respect to esch u in turn;
For this to be successful, the components of u should be 'ieasonably'
independent, Loosely defined, this means thst the u-vslues should
be ones that arise due to the nature of the data, rather thgn
being forced by the constraints, i,e. the ultimate u-values should
be well away from violating the constraints, Complete independence
between the components of u is always sufficient (because the objec—
tive function reduces to # sum of independent functions, which may
be minimised individually), but was found not to be strictly nece-
ssary (Section 06.3.2).

The algorithm therefore'consists of two processes -~ each
major iteration consists of (n - 2) minor iterations for the new
u-values (u and u being held fixed); and a least squares fit to
calculate tie new :olynomials which must, by'definition, feduce S
further or leave it unaltored. The major iteration is repeated
until convergence is reached, |

This is a rather simple approach to a complex problem,

but in combination with a good first approximation to G,‘it has

given some interesting results,
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6,3 °~  Computational Techniques

6.3.1 Least-squares derivation of the polynomials

The mothod used was that of orthogonal polynomials, which is
treated in Chapter 3. It is shown there that the highest degree of
computational precision is obtained if the independent variable lies
in the range [~ 2, + 2] , which dictated the values of U and u- .

In the same chepter, methods are described for discrite weighg

ting of data points, and also for the imposition of desired end-

conditions, These were also implemented,

6.3.2 Iteration for u-vector

The contribution at the ith point to the sum of squeres of de-
viations is given by

2 2 2 2 2 2
' s(u)=8 w [x -£2(u)] + 8 w [y ~-1£(u)l
i X Xi i X i y yi i y i

It is a (2 k)th order polynomial in u , A new value u' is
i i
to be found, such that s(u') < s(u ), subject to u <ut<u |,
i i i-1 i i+l
Figs, 6.1 to 6,5 show typical s/u behaviour, in order of decreasing

frequency of occurence, It was convenient to write the program so

that the local minimisation starts at u . Hence, at the ith point,

2
in the jth iteration, the value of u is from the current itera-
i-1
tion, and that of u is from the (j - 1)th iteration, Fig. 6.5

i+l
depicts the problem that was encountered by O'Neill - that of se-

veral local minima -~ but is less likely to occur, since it depends
on the turning points of two functions, rather than one. Bochaviour
as in Figs. 6.3 and 6.4 is more common, beceuse it can be ceused by
inflexions in £ and f , and by certain combinations of the derive- -

x y
tives of £ and £ . Fig. 6.1 depicts the most desirsble behaviour;

% y
it is the geometrical representation of independence botween succe-
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i-1 i+l

Figure 6.1

u u u
i-1 i+l
Figure 6.3
<]
i
u u u
i-1 i+1

Figure 6.5

8
i
u u u
i-1 i+l
Figure 6.2
s
i
u u u
i-1 i+l

Figure 6.4

Figures 6.1 - 6.5 :-

Typical behaviour of the ith
contribution to the sum of
squares of deviations, with

varying u ,
i
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sgsive u values., Fig, 6.2 is a caso thaé occurs frequently in .the
early iterations. It represents the prevention, by a constraint,
of a complete local minimisation, |

There are many ways, of varying sophistication, of locating
the minimum of s, The method finally adopted - a simple, constant
step search, without using gradients - has been found to be more
than adequate. The position of the minimum is bracketed by moving
down-hill from u , in steps of (u -u )/20. The position

i i4 i-1
is then refined by parabolic interpolation (Appendix F), and the
process repeated with a step-size 1/100th of the original. As
expected, this procedure has been found a little insfficient in the
first one or two itérations, but this is more then offset by the
simplicity of the program, The ;verage number of calls to the
function that evaluates the ﬁolynomial s(u) - the major computing
time consumor in the entire elgorithm - is 6 to Slper point.

No satisfactory solution has been found for problematic s/u
curves, Generelly ;peaking, successive u values tended to move in
the same difection, that is when u -~> 41, u tended to in-
crease, too, Cases such as Figs, 6.3-10 6L ;ere iarely found, end,

in any case, there cannot be more than k such points in a set of

data,

6.3.3 The initial approximation to u

There are two 'natural' choices for the initiel volues of .

u , 2<i<n-1, as follows:

i
a) Equally spaced, i,e u = u + i h, vhere
i 1
u - u
h = n 1 .
n-1

b) Linear approximation to arc-length, i,.e. joining the data
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points by straight line segments, and relating u to the lengths

of thpse gegments as

2 2
u “u  +m (x -x ) +(y -y )
i i-1 i i-1 i i-1

where m is a constant, such as to make u = 2, (a) is the simpler
n
of the two, but (b) may be justified qualitatively, as follows:

Given the two functions f (u) and f (u), and their derivatives,

x y
£'(u) and £'(y), the arc length o-is related to u by
x y
d o 2 2 1/2
= [£' (u) + £* (y)]
du X y
Ao 2 Auw [ (u) + £' ()]
x y
and | 2 2 -1/2
Auv 2 Ao [2' (u) + £' (u)] cesess (6.2)
x y

(any text on elementary Differential Geometry, e.g. Eisenhart,
1960).

If the functions are a good espproximetion to the dota points,
the constant m can be thouéht of as an 'a priori'! spproximstion to-
the mean (over n points) of the bracketed expression in equation
(6.2), In words, the concentrestion of‘components of uis directly
related to the concentration of the data points, |

In practice, it has been found that starting from either (a)
or (b) led to the same solution, but, as hoped, (b) always gave o
much better starting point,

In an attempt to locate all the minima of §, other initial
approximations have been tripd for several sets of data. Thesge
approximations were logarithmic, with velues of u concentrated
at either end of the range, The minima obtained in these cosesn

were different from the ones found using (a) or (b); they were
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in every instance worse, both in the initial snd the final values
of the objective function,

Method (b) was finslly adopted as the best first epproximation,
Results obtained indicate strongly that it normelly loads to the

global minimum of S.

6.3.4 Convergence

The question of convergence is rarely a simple one. The obvious
way is to compute the derivatives of the objective function with
respect to the variables, and stop iterating when fheir values are
sufficiently small, When the constraints are involved, the projection
of the gradient vector unto the éoﬂstrained sub-gpace must be
congidered instead, However, for this algorithm, the calculation of
derivatives would detract from the simplicity of the program, and
would slow it down considerably. Moreover, as'only one constraint is
considered at a time, gradient projection has no meaning. Becsuse of
the high speed of the program, it was decided to permit it to
iterate until the limit of precision of the machine is ;eached
(between 8 and g.decimal pleces in single precision). Thé in;tial
sum of squarés of deviations S , is calculated; iteration stops

4]
whon the reduction in § in two successive iterations is less then
-8 -
S * 10 » ©Or when a prescribed running time or number of iterations
o
have been completed, whichever occurs earlier,

6.4 Results

6.4.1 Data

A typical set of deta for which this method wes developed
is shown in Fig. 6.6, with the solution superimposod, Meny deta

sots of this kind were successfully tackled by the program, using
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[Sad

Figure 6.6:~ A typical cross-sectional curve of a ship's hull

(quartic fit).
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cubics and quartics for parametric polynomials, Typical x/u and " y/u
curves generated are shown in Figs, 6.7 end 6.8.

As an experimeht, the program was applied to data that had Seen
gonorated by by parametric quartics. The computed quartics were found
to bo identical to the generating ones - Fig., 6.9 - within the pro-
cision of the computer,

Theoretically, th; technique should be sble to tacklé a loop
in the data. Data was generated using the equation

2 2|1 05+y
X =y

0.5 -y
and was fitted with parametric quartics = Fig. 6.10.

These examples'illustrate the great flexibility of the algo-
rithh; given enough degrees of freedom in the polynomials, most
practical engineering curves could be fitteﬁ. Unwanted oscillations
botween tho points were found to be much less severe than with 2 y/x
fit, probably because iow order parametric polynomials permit a qua- |
lity of £it only gftainable by very high order polynomials of y/x,

The ultimate test was the application of this algorithm to
the offsets of Models 1 and 2, The results are shown in Figs, 6.11

and 6,12,

6.4.2 Effects of the degrses of the para@etric polynomials

For simplicity, the some degree of polynomial was used for both
x end y; this was usually between 3 ond 5.

The intergsting fact has been noticed, that for meny data sets
the dagree of polynomial hed little nunerical and no visuasl effect
on the fit, This occured often when the fit wes good, which indi--
catos that parametric fitting is less sensitive to 'noise' in the

data ~ a phenomenon discussed in Chapter 3 - than standard meothods,
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Figure 6.7:- x/u curve for the fit of Figure 6.6 (a quartic).

Figure 6.8:- y/u curve for the fit of Figure 6.6 (a quartic).

Y
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-
7

Figure 6.9:— " Symmetric parametric quartics. The quartic fit

converged to the generating functions.
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o9

J

Figg‘rre 6.10:~ Example of a 10015, or milti~valued data, generated -

X

from’ x° = 32 (0.5 +y) / (0.5 =y) for
~1.2 < x< 3.36 ; quartic fit, with exact fit at

the end-points.






Quartic fit to the cross—sectionai curves of Model 2,
with three points defining the Flat—of-Bottom on
each curve, after a maximum of 2000 iterations; the

maximum deviation= 0.69 2/0, at station 9.
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In no case did a reasonable increase in polynomirl order cause

unwanted oscillations between the data points.

6.4.3 Effects of weighting

As expected, neither discrete weighting nor the imposition of
end-conditions - Fig, 6,10 = affected the performance of the algo-
rithm, For some data, e.g. Fig. 0.6, the free fit was so close,

that imposed end-conditions had no msterial effect on the result,

6.4.4 Number of iterations and processing time for convergence

The number of iterations required was found to be unpredict-
eble, In/some cases, both initial and final fit were bad, resulting
in extremeoly slow cdnvergence. In other ceses, praqtically complete
convérgence wes attained within 3 to 4 iterations,

. The aspect of computer processing time been neglected in pre-~
vious chapters? becouse the time wos nogligiblo for 1l the éxperi—
ments described this far. It had to be considerod for this algo;
rithm, beceuse of khe indeterminate number of iferations that may
be required, This aspect, too, showed the mdvantages of a problem
oriented approach over general methods. The computing time was
found to be approximately proportiénal to the number of points_(as
comparéd.with proporfionality to at least the square of the number
of points for general non-linear programming methods), the first
iteration usually taking longer than the others. The times-on the
IBM 7094 II were typicelly 2.3 mS/point/iteretion for cubicsE end
2,7 mS/point/iteration for quarticg., i,e, very reasonsble, from

the point of view of usability, for the average data set.

6.4.5 Velidation of the results

No mathematical proof has beon found that a program based on
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this algorithm should converge to & valid solution, global or other-
wise. In practice, however, no datea has been found for which it
failed., As & check on the results and the convergence criterion, the
problem was set up as & non-linear programming problem., This was then
solved by a general problem solving package, which is based on a -
variant of the Method of Feasible Directions (Benbow snd Whitehesd,
1968), using results from this algorithm ss the initial feasible
solution vector. Séveral sets of date were tried, and in no cese wss
there a further reduction in the objective function, This, combined
with relative slowness of the general problem solver, confirmed thg

validity of the simplified approach,:

6.4.6 Artificially found minima

As mentioned in Section 6.3.3, various first approximations
tovﬁ'have been tried, in an ettempt to locate all the constrained
minima of S, In some cases, up to three additional minima were found
(verified by the general problem solver'- Section 6.4.5). As expoct-
ed, the additional solutions were always worse then the ones
obtained using the arc-lengths as the first approximation, It has

not been found possible to prove that it would be so in every case.

6.5 Possible Improvements to the Algorithm

6.5.1 The least-squares fit

It is possible to include the coefficients of the parsmetric
functions as Variables in the local minimigsation procedure. This
means performing a least squares fit each time a u-value is moved,
so that the functions'remain the true least squsres oneg; this
clearly eliminates the least squares fit at the‘end of the major

iteration,
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At first sight it seems impractical, but, on scrutiny, it
turns out that only & few intermediate sums need be stored by the
fitting program, updeted in parallel with u, and a few divisions
result in the new polynomials, This is somevwhat similar éo
O'Neill's method, with constraints epplied,

Intuitively, the ssme results should be obteined sz with
tho basic algorithm, but in fower iterrtions. This wes borne out
in & number of tests, but it wes slso found that thq incresse in
computation time per iteration roughly offset the reduction in
the number of iterations needed. Therefore, effectively nothing
was gained from the added complexity of the program, end the idea

was sbandoned,

6.5.2 The local minimisation

In the local minimisation procedure, & group of u-values may
persistently tend to violate their mutual constraints. Because of
the sequential operation of the algorithm, this means that none
of the interacting u~values are allowed to change., A possible
improvement to the algorithm is to detect this situstion, ahd to
then treat the group as a single value (which can change), which
is essentiaslly what it has reduced to. At the end of each mejor
iteration, an attempt must be made to 'release' the group, i.e,
to separate it into individual values, to check whether the prob-
lem persists.'

The implementation of this improvement is far more difficult
than that of the first. Up to (n = 1) points may form 2 cluster,
end, of course, there hay be several clusters. It is possible to
gonerate data to show this, but whenoveor this prpblem occured with

real data, it was due to the bad or errorneous ordering of the
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points, Therefore, from 2 practical point of view, the value of

this change to the algorithm is dubious, and it was not implemented.

6.5.3 A formel approsch to the problem

In recent yesars, there'has been tremendous development in the
field of non-lineer optimisation, both constrained snd unconstrasined.
It should now be possible to develop sn efficient slgorithm, with
e sound mathematical bessis, but which still mskes use of the special

properties of this particular problenm.

6.6 Digcussion and conclusions

6.6.1 The mathematics of the algorithm

The two questions that arise immediately from the results ere
a) Can convergence to & minimum be guarantoced ? and
b) If so, can it be proved to be the globel minimum in every
case ?

ANo direct mathematical proof has been found for (a), but some
of the results have been valideted by a method for which convergence
to & minimum can be proved; also, no data hgs been found, for which
the progrem failed to éonverge.

The answer to (b) is much more difficult, Unconditionsl conver-
gence to the global optimum of a non—-convex function is extremely
difficult to prove, and such a proof exists for very few motﬁods
indeed, if any., It can, thorefore, only be stated thest, bascd upon
experience, the procedure described sbove tends to convergé to the
global minimum,

If eny of the ab&ve statements is untrue, it should be possible
to disprove them,. or, at least, to construct contradictory deta,
There is, however, no doubt as to the efficacy ;f the mplgorithm

for most practical data.
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0.6,2. The naval architecture aspect

Parametric curve fitting goes a long way towards a mathematical
description of a complete hull, as may be seen from the representative
‘deta that has been fitted., The definition of 'fairing'!, as givén in
Chapter 1, is just about complied with. However, even parametric
polynomials caennot describe a line which consists of a curved end a
linear segment, without some oscillations about the linear part,
Therefore, for prectical fairing, the hull should undoubtedly be
split into patches. The important point is that fewer patches are
needed, and the positions and shapes of their boundaries sre not
critical, - |

The next point that must be considered is the feiring of the
hull as a 3-D surface, rather than a collection of curves. There
are two elternatives. The first is to cross-fair the coefficients
of the parametric polynomiasls which describe the curves, in ¢ simi-
lar way to that described in Chapter 3 in connection with ordinary
polynomials, The problem of different degrees of polynomials of
différent curves does not arige, because the relative insensgitivity,
to degree, of the pﬁrémetric fit means that all the curves can safely
be faired wiéh as high an order as islnecessnry for the worst data.
On the other hand, the choice of independent variable for.the cross=
| féiring is not clear, The second alternative is to‘extend the tech-
nique to 3-D, i.o. to develop a parametric surface fitting method.
This is considered in the next chapter,

Failing the completo hull description, this method genorates
idoal anelytical curves for other navel architecture epplications,
such as the celculation of displacement, longitudinsl strength, etc.,
when straight forward intorpolation is no iongerlsufficiently |

accurate,
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CHAPTER 7:-

PARAMETRIC SURFACE FITTING
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7.1 Introduction

In the last chapter, a versatile curve fairing method was
described, Although the Parametriec Curve Fitting (PéF) algorithm can
be used to feir surfaces in a similar way to ordinary polynomials,
i.e..by repeated curve—-fairing, & better solution is to extend the
method to surfaces,

Given data points (x ,y ,z ), 1 < i < n, subject to errors with
i i i
woights w , w endw , it is required to calculate the points
xi yi zi
(x* , y', z') that lie on a continuous surface, S0 as to minimise
i i i
the sum of squares of weighted normal distences from the points

(x, y, z) to the surface, i,0, to minimise
i i i '

n
2 2 2 2 2 2 2 2 2
s = B w (x -x") +8 w (y -y"Y) +8 w (z -2z")
izl X xi i i y vyi i i z =i i i

wvhere [B, 8, 81 are parametqrs that control the direction cosines
of the de:iatzon :ector, and can be used to allow for the overall
errors in X, y and =z being of different orders of magnitude,

For this work, two variables, u and v, called the 'parameters',

are introduced, The values of x', y' and z' are derived from func-

tions in u and v, called the 'paresmetrie' functions, i,e.
) p ’

x' = f (u,v)
x
y* = £ (u,v
- y ’
z' = £ (u,v)
z

where f , £ and f are of known functional form, -
x ¥y z :
The paresmetric surfmce has certnin properties which make it
highly suitable for fitting general data, It is orientation indepen-

dent; also, because of the relationships between the physical surface



gradients and the gradients of the parametric functions, a wide range of
slopés and curvatures implied by the data can be accomodated,

It was shown by Coons (196?) that, given the desired properties
of a parametric surface at its corners and boundaries, the surfsce
euqations, in canonical form, can be deduced, Although the method of
deducing the surface equations in this work is completely Jdifferent
from Coons' method, the ease of generation snd manipulstion of poly-
nomials, andthe convenience of comparing results, virtuelly dictated
the use of polynomials for the parametric funétions.

The form of bi-variate polynomials, of degree m, used most

commonly for surface fitting is

Pt
f (u,v) = v eeeee (7.1)

q=0 r=0 qr
which is treated fully in Chapter 3, However, by analysis of Coons'
surfaces, it can be deduced thet their true mathematical model is

the double—-power series

f (u V) - Z Z LR XN N (7.2)

g=0 1r=0 qr

for each of the dependent variables (MacCallum, 1970), As there is
a growing interest in Coons' patches for moulding engineering .
surfaces, the latter formlﬁb‘be;n chosen for this work, rether than
(7:1). Moreover, although the'present method of computing the-equations
is different from Coons' method, the corners and boundaries still play
an important part.

In this section, it is shown to be necesssry to restricf the
parameters to e paerticular region in the parameter plene. The bounda-
ries of this region ere the projections of the parsmetric surface

onto the parameter plane. As the surface boundaries are not known
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beforehand, they are approximate§ by the corresponding poiﬁts in the
input data, This memns that the form of storing and handling input
data must attach special impbrtance to the corners and boundaries.
This, in turn, assumes an implicit ordering of the data points; that
is to say that the surface must not simply psss near the data points.
as in an ordinary least squares fit, but it must follow the points
in a given sequence, This is a direct extension of the PCF defini-
tion, and, as for PCF, it precludes the use of the method for scet-
tered dats, |

Further, the concept of 'order' of data points isdéiined. It is
shown that the preservation of this order necessitates the imposition
of certain interdependent constréints on the péramete? values, resul-
ting ina inconveniently large non-linear minimisation problem,

The method of solution is conceptually identical to that of PCF,
Instead of solving the problem as one large Non-linear Programming
(NLP) problem, it is divided into far simpler, local, NLP problems,
which are then solved serially, Although polynomials are used exclu-
sively in the analysis, most of it is quite general, and mspplies

equally to other parsmetric functions.

72 Statement of the Problem snd s Possible Solution

7.2, The objective function

For simplicity, snd without loss of generality, let the three
parametric polynomiels be of the spme degres, m, Then the given dsta

points are described by

m m '
I I
x = a u v + € ,
gr i i

i q=0 =0 xi



m m
q r
y = b u v + & |,
i q=0 r=0 qr i i yi
n m

N
i
(o]
=.n
<

]
+
@

and 1 <i<n,

where u and v are the persmeter values corresponding to the datse
i i
point (x ,y ,z ), and € , € &end € @sre the devistions of
i i i xi yi zi .
the fitted surface from the deate point in the three co~ordinete
directions,
Then the least squares parametric surface is found by calcuiating

the sets of coefficients a, b and ¢, and the [uv] matrix that

minimise

2 2 2 2 2 2 2
S(u,v) = 8B w €6 + 8w 6 + B w € ees (7.3)
i=1 x xi xi y yi yi z zi =zi

whilst maintaining the original surface topology,

The function 5 is @& polynomial of order (4 m) in (2 n)
independent variables (assuming implicitly that the polynomial
coefficients are dependent on u and v), With polynomials of
degree greater than one, the function S is non-convex, with a large
number of minima. The imposition of constrsints on the.variables
causes en unpredictable reduction in the number of permissible miﬁima,
but the probability of attaining the globel minimum of S is low,
regardless of the minimisation method used.

With other types of paremetric fﬁnctions, the situstion is
similer, It is only for simple, monotonic functions, that any method :

can be guaranteed to converge to the global minimum,

7:2.2 The organisétion of data

The meothod used to store and manipulato the data in the computer
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must fulfil the following three requirements:

a) The tﬁpology of the data should be represented, and preserved
during the fitting procedure.

b) The data description should be similar to that of a'Coons' Patch;'
i.e. considerable emphasis should be placed on the corners and the
boundaries of the fitted surface. |

c) The preparation of the data for input should be flexible and as
simple as possible.

The structﬁre chosen fulfils all the requirements, and has the
additional advantage of being very simple to prdgram. Each data point
is represented by a non-zero entry at a node on a rectangular, planar
planar topological grid. Normally, the physical boundaries of the data
surface should coincide with the t0p010giba1 boundaries, which, for
convenience of analysis, should not have any vacant nodes. Away from the
boundaries, it is desirable t6 be able to 1eafe nodes vacant, and this
is therefore permitted, subject to the proviso that there be at least
two points per grid line, for otherwise, the 'line' is not defined.
Figure 7.1 is an example of a topological data grid.

Let the grid‘be of size (k X 1) ., It is assumed, without loss
of generality, that the lowest row and column indices are 1.

Consider the (n X 0) matrix, in which the rth row contains
the infoémation pertaining to the rth data point (i.e. the columns
ere the n-vectors of x, y, z, u, v and w).

Define the discrete mepping function T(i, j) by

(;:;v;:;:;y‘—v)'=
[x,y,2z,u, v, w :1<T(,3 <n, .1 <i<k, 1<j<k]
T T T T T T
cecaes (7.4)

i.e. T(i,j) maps the topological co~ordinates (i, j) into physicsl

co-ordinates, provided thet the node (i, j) is not =z null entry, From
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a data structure point of view, the data points, the parsmeter values
and thp woights are stored es linear errays, and the value of the
function T, if non-zero, is the pointer to the data at the node

under consideration,

7e23 The 'ordering' of the paramoters, and the constraints

In the PCF algorithm, it was stipulated that the elements of
the parameter vector, G} be in ascending order, i,e,

u < u y 1 <i<<n-1,"
i i+l

so as to preserve the order of the data points in the fitted func-
tions. With two parameters, the concept of 'order' is not quite so
self-evident, eand must be defineé.

Consider an off-boundery point, O, on & (k X 1) topological
grid, at node (i,j) (figure 7.2), where

(i, =04, 2<igsk-1 , 2<j<1-11,

Define the neighbours P, Q, R and S, of point O, ms the nearest

valid data entriez along.tha grid lines that intersect at 0, i.e.

Pisat (i ,3), i =max[r:1<r<i-1, T(r,j) >0 ]
1 1

Qisat (i,J), J =max[r:1<j<j-1, T,r)>0]1

1 1 .

Riset (i ,3), 1
2 2

]

min['r:kz_r_>_1+1,'1‘(r,j)>o].

min [ r: 1 2r>3j+1, T(i,r) >01]

Sisat (i,5), J
2 2

Lot these points be mapped onto the uv-plane, via the function
T, to produce the polygon shown in figure 7.3, where the primes
indicate the mapping. The mapped co-ordinates are s follows:-

(i, J)

.0 isat (u,v), o
o o

P'igat (u,v), p=TH,J)
P P 1
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N
=

v

Figure 7.2 :- The topological polygon about an off-boundary

data node.

R'(u ,v )
r r

Q'(u ,v )
qa 4q

Figure 7.3 :~ The mapping of Figure 7.2 onto the uv-plane.
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Q'isat {u,v), q=T@G,j)
q q 1

R* isat (u,v), r =T( ,35)
r r 2

' igsat (v ,v ), s=T(i,j)
8 8 2

Having defined the neighbours of point 0, there are several
possible ways of defining the ‘order' of the parameters. The one
chosen was dictated by simplicity, and by the failures of several
other definitions that had been tried.

Let the following 'order' be initielly induced in parsmeter
values:

8) u < u < u , i.e, plong a horizontel grid line,

p o r
that is, for j = constant, u varies as i, eeeese (7.52)
b) v < v < v , i,e, slong a vertical grid line,
q o ] -
that is, for i = constant, v varies as j, vecaes (7.5b)

To complete the definition, the ranges of u and v must be
spocified, As for PCF, it can be shown that only the distribution of
the parameter values within bounded intervals affects the results,
not their sbsolute values. The final part of the definition is
therefore:

c) -2 < u < +2 ,
1 < t _<_ n LGN (7.5C)
t .

The simplest geometrical constraints which preserve this order
for all off-boundary points (on the boundaries, the problem reduces
to a two-dimensional one, and is therefore » subset of the following)
are the straight lines joining the points P'Q'R'S'P'. The region thus

defined is termed the 'feasible domein', and sny point within it is

deemed 'feasible'. This is qualified algebraicly for a genersl point
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(u,v), by specifying that the constraint vector, d , be non-positive

for a feasible point, i.e,

d(u,v) < O

where d = (d,d,d, d)
' 1 2 3 4
and d(uv) = (u =u)d)v + (v =v)du + v u =- u v ,
1 8 p P s 8 p 8 p
d (u,v) = (u —u)v + (v =v)u + v- u -« u v ,

2 o 8 8 r s T s r
end so on, for the other two lines.

The case depicted in <figure 7.3 is the simplest posgible,
Scrutiny of different mappings from the topological grid ento the
uv-plane, e.g. figure 7.4, shows immediately that the four constraints
are always sufficient to define a convex feasible domain for the
point 0'.' However, on consideration of the effects of the movements
of O' on the subsequent feasibility of its néiéhbouring pointsg, it
may be seen that more restrictions are nacessary./For instance, let
Q be the next node in the local minimisntion procedure - figure 7.5,
Then the 1latest position of O' is one of the apexes of the new
constraint polygon; let F', G' and H' be the other apexes. It is
clear that if 0O' is on the shaded side of either line F'Q'R'',’
or line H'Q'P'', point Q' is rendered non~feésible by the
geometrical definition, although it may still obey the conditioné
of equations 7.5, Two (non-positive) constraints sre asdded to

prevent this, namoly

d(uv) = (u ~u)v + (v -v)u + v u - u v

5 f q q f - q £ q £
and d(uv)= (u —u)v 4+ (v -v)u + § U - u v

6 q h h g " h q h q
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v
sl
feasible domain
N e
>
u
Figure 7:4 :~ A more complex constraint pelygon,
A
v st

<
u

Figure 2.5 +~ Effect of the current node on its neighbours,
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Similar considerations apply to the points P', R' and S°',
leading to eight constraints that must be added to the basic set,
making the total number of constraints twelve, at each node,

The initial definition of the 'order'! of the paramoters is now
amended, or rather, replaced, by the stricter constraint definition:

AWu,v) = (d,d, eees ,d ) < O cerees (7.6)
i 2 12
for each off-boundary point. On each boundsry, equation 7.5c spplies,
i.e. one of the veariables is fixed; a subset'of d restricts the
movements of the other variasble. At each of the four corner points.
both variebles are fixed (cf, similarity with the end-points in PCF),

If this argument seems self;contradictory, it must be romembered
that the geometrical definition of feasibility is the important one
and the algebraic definition has been constructed to fit it, and not

vice-~varse,

7204 Non-linear programming

The constraipts on the distribution of the parameter values
identified the problem as a non-linear programming one, with & non-
conveXx objective function and linear constraints, To calculate the
size of the problem, consider n data points, on a (k X 1) grid,
and parametric polynomials of degree m. Then, with the particula?
polynomials used, thé dimensionality of the problem is

n = 2n - (k+ 1-2) +3(m+ 1)2
d
(where thé middle term is due to the.reduced number of independent
variables on the boundaries, and the last term. giving the total’
number of polynomial coefficients, ié added to completely generelise

the definition of the problem), and the number of constraints is

n ‘:12(1‘1—1!"1'!‘2)
c
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(boundary points have only four constraints each)
Typically, n = 200; k=10; 1=20; m= 3, giving
n =420 and n = 2004 . The solution of a problem of this size
i: very difficulz with eny established general method.
Unfortunately, this meant thet there was no simple wey in which
the results of the technique described below could be verified, as

was done for PCF, Therefore, more sophisticated convergence tests

have had to be included in the implementation of the algorithm,

742.5 The algorithm

In priciple, the alpgorithm used for surface fitting is identical
to that of curve fitting, although the computational procedures f&r
the former are far more complex, The outline of the procedure is
repeated here, for clarity:

ﬁ)‘Given an spproximation to the psremeter values, it is a simple
metter to compute the best polynomial fit in the lesst-squares sense,
to the given data,

b) Having computed the polynomiels, it is possible to improve the
spproximetion to the parsmeter values by minimising the weighted
squere of the deviation at each data point in turn. This is hence-—
forth referred to as the 'local optimisation problem®.

¢) An overall convergence test is applied, If convergence hes not
been reached, the process is repeated from (a),

This method is still an Alternating Directions, or Direct Search,
one (Box, 1965), although each of the n dimesnsions corresponding
to the dafa points, spans E2 (beﬁause the parameters sre treatgd in
u-v peirs). For general functions, this algorithm is very inefficient,
as is usually the case for algorithms which predefine the search

directions (Rosenbrock,ligﬁo). Convergence to 2 minimum cen only be
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proved for'unconstfained-quadratic functions,

There is one aspect of non-lineer optimisation, of which the
direct search method used here is thought less likely to suffer
from then other algorithms, and that is the collapse into s subspace
of the original problem, of less than n dimensions. This is caused
by convergence to a saddle point, The ugual way of detecting and
countering this is to perturb the solution vector, to let the algo-
rithm converge again, and to compare the new solution with the old

one. In the procedure described above, the least squares fit in each

cycle provides this perturbation implieitly.

7.3 . __Computetional Techniques
7+3.1 The parametric polynomials
7.3.1.1 The derivation

A lesst-squares fit with model (7.2) by orthogonsl polynomisls
using a three-term recurrence formuls, can be derived in exectly the
seme way es with model (7.1) (MacCallum, 1970 °; Kentorowitz, 1967).
All the comments sbout weighting, stability precision end the impo=
sition of boundary conditions, made about the lstter in Chepter 3
(Section 3.3), =pply equally to the former and are therefore not
giVen here. It is the consideration of precision in the derivation,

that governed the choice of the [-2,+2]1 range for the parameters..

743.1.2 Throe dependent variables

The parametric surface doscription has, of course, ‘three
dependentlvariables, rather than one, as is normally considered for
standard surface fitting, The oxtension is straighf'forward. The
orthonormal polynomials need only be calculated once (pér fit), and
the three sets of cosfficients are calculatod from them ﬁsing the

basic orthonormal vector relationship,
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7¢3.2 The locel optimisation problem

7e3:2.1 Introduction

The local problem, as described sbove, is a NLP problem in its
owvn right, It is the same as the global one - equation 7.3 - withodt
the summation over the data points, i.e, generélly & non-convex poly-
nomial in two varisbles, with twelve linear constraints, It is a
somewhat unusual constrained optimisetion préblem, inesmuch es the
solution is expected to be sn interior point most of the time, The
algorithm chosen to solve it had therefore to be very efficient when
the constraints ere not effective, snd et leest ressonesbly efficient
with constrsints, The method finally‘chosen is » Conjugerte Greadients
method, in conjunctioﬁ with Gradient Projection for hendling the
constrﬁints. The former is presented in a completely genersl way; the
latter, which is normelly complex, reduces to a simple form; foi
three reasons, namely

a) The low dimensionality of the problem,
b) The boundeé feasible region,
and c¢) The feasible initial approximation,
finally leading to an ef;icient procedure for solving the problem,

including practical convergence tests and safeguards,

7:3.262 Minimisation by conjugate gradients

There are many conjugoto gradients minimisation methpdsT The
one used here stems from a particular way of solving s set of simul-
taneous lineer equations, with o positive~definite coefficient metrix
(Hestenes and Stiefl, 1052). It cen further be shown to be » general=-
isation of the Grem—-Schmidt orthonormelissation procecure (Beckmrn,
1960), A brief description only is given here, without proofs.

Let X be thelcolﬁmn vector of the co-ordinates of the point
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(X, X, eeee , X ) in a n-dimensional vector space,
i 2 n

Consider & n-dimesional quadratic in x, of form

where Q is the (constent) Hessian matrix of second partiel derive=-
tives of the function, taken to be positive-definite end the prime
denotes the trenspose operator,

The gredient of the dquedrstic is given by the column vector

- o f o £ o f
g(x) = , ) ceescsens
- o x O x dx
= b + Qx

The minimisation is effected by linear minimising searches in

8 seguence of directions, '5 ' '5 r esse g ;' , Wwhere the
o 1 n
directions are related by
P = ~-g + 8 P, 0<i<n-1 .,.., (7.6)
i+l i+l i+1 1

where g is a scalar given by

- 2
1%l | |
B = eerens (7.7)
i+l 2 _

1% I
i

and the first search direction is that of steepest descent, i.e.

P = -g o veeene (7.8)
0 0

In each sesrch, x is modified by

X = x + t p N ¢ X))
i+l i i+l i+1

Where t is a scaler, computed in the linesr search so s&s to

minimise
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h = f(x + tp ) - | Cevees (7.10)
i il
implying that
;' -é = 0 e s (7'11)
i i+l '

Equations 7.6 = 7.10 generrte p sequence of conjugate, or Q-
orthogonel, vectors, thet is p' Q p = O for i Z j. The
procedure can be proved to reachlthe mgnimum of the quadrstic in
n steps, or less, should sny of the t's bhe zero, regardless of the .
starting point (Fletcher end Reeves, 1904). It is noted that sl11 the
equations, except equation 7.7, are quite general, The latter, while
perhaps not necessarily producing the most efficient minimisation, |
is cortainly one of the simplest to calculate, and probably the most
economical in terms of computer storage space.

In applying this algorithm to a non-quadratic function, the pro-
cess boacomos itorative, rather then n-step. For non-convex functions,
& local, rather than global, minimum is all that can be ensured, and

even that subject to the following precautions:-

a) A descent angle is meintained, i,e. p' T < 0,

i+l it
b) Every few iterations, the procedure is re-initialised, using
the current point as the first spproximation.

The reason for these precautions is thst the elgorithm approxi=-
mates the general objective function by e quadratic, and uses the
properties of the latter; for the generel function, this epproxime-
tion is valid only in a small region, near the sought minimum, In the
non-quadratic region, the information accumulated by the algorithm
during some iterations'can cause the newly calculated search direction
to be far from optimal, In extreme cases, an ascending direction may

be chosen, If such directions were allowed, convergence becomes
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difficult to guarantee, although it is still 1likely in practice.

A convenient criterion for (a) has been found to be:~

- g
i+l i+l
Reset to steepest descent if — — < 8,
[Puaall 1%l
i+l i+l
i,e, when P differs from the zero-descent direction by less
-1 i+l
than SIN (8), where © is some threshold velue, which depends on
-3 -4

the problem and on the computer used, of order 10 to 10 .

The number of iterations to be executed before 2 complete re-
initialisation is less obvious, It seems advisable, and is necessary
for quadratic convérgence, that the entire n~space spanned by x
should be explored, eﬁtailing at least n iterations. There is no
equivaient for the maximum number of iterations. Experience has
indicated that a reset should be forced every (n + 1) itefqtions
(i.e, oevery 3 for this particular problem),

. No sharp analytical results ere available, that correlate the
efficacy of the modified a2lgorithm with the sbove criteria, The
usual bench-marks (e.g. Rosenbrock’s banana sheped valley function),
and particularly, examples of the function under consideration, have

been found insensitive to the exact values used.

7e3:243 The gradient projection method

Gradient projection techniques. are lucidly treated in the lite-
rature (Rosen, 1960 ; Goldfarb, 1969), The genersl form iz complex
and therefore only the much simplified subset needed for this work

is given here.

The constraints snd the constraint basis

Consider the constreints as defined in Section 7.2.3. The

feasible domein has arbitrarily been choson to be in the negative
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half-spaces of the lines defined; that is, for any feassible point

(uw , v),
o o
a8 u + a v - b < o0, 1<i<n ,
i1 o iz o i c

where n is the number of constraint lines, usually 12,
(2 , & c) are the coefficients of each constraint line, which have
i1 iz ‘

been normalised for convenience, i,e.

2 2

] 4+ na = 1, 1<i<n ,

il i2 c

and b is p constent for each line.

Ii is convenient, for the purpose of the following discussion
to denote the general point (u v) bf the two—-dimensionsl coiumn
vector. x (as in the conjugateogradgents section), end to group a1l
the normel vectors in e (n X 2) matrix. A, so thet the const-
reint vector d, defined i: equation 7.6, is given by

d=A%X -3 <0

If ¢q linear1§ independent constreints intersect at =x ., they
and their unit normals are termed the 'constraint beasis',

The constraint basis must be updated after each linear seerch.
In practico, the intersection can only be computed within the pre-
cision of the computer used. Instead of letting this be an arbitrary
quantity, the constraint basis is defined as the intersection of all
the lines that are within § of x - figure 7.6 - where § is a
value on tho limit o§ precisiog of the perticular computer, usuaily
of the order of 10- to 10- .

For this problem, the number of constresints thet epprrently
intersect at (u , v ) could be any between zero snd twelve.

o o

Clearly, the besis cennot consist of more then two vectors end s

wey of eliminating the redundant ones hrs had to be developed.
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/ feasible domain

xV

Figure 2.6 t~ Determination of constraint basis, with two

constraints,

®Y

Figure 7.7 :— Elimination of redundant constraints.
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In two dimensions, this is simple. Referring to figure 7.7, it
consists of sterting from a feésible point, and eliminsting 211 but
the two lines which include the ecutest angle ebout the point.

‘In the full gradient projection method, Bpecial techniques to
update the constraint basis after each iteration are necessary, for
efficiency, It would have been pointless to do so for a low order
problem such as this, and therefore the basis is recomputed in each

iteration,

Projecting the gradient

It can be shown that if the projection operator devised by
Rosen is applied to two dimensional problems - illustreted in figure
7.8 = it simplifies to the the following set of rules (ignéring
convergence tests for the moment) :-

d) One constraint in besis

If a g < 0, move along the cbnstraint~in the direction of

descent; ogherwise, treat as unconstrerined,

b) Two constreints in basis

l Resolve by Lagrange Multipliers (LM); if both ILM's neg;tivg,
then the current point is the constreained minimum; othorwise. select

the constraint corresponding to the greater LM, and continue with

rule (a);

© 7e3.2.4 The linear search

Having computed a search direction, S » in the ith iteration,
i
it is required to find the minimum of the function along p that
i
is, to determine t .y such that
min

dh
—(t )= O
d t nin



solution
]

=z N , =

Figure 7.8 :~ Gradient projection in two dimensions.
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where h(t) = £(x + tp)
i i

A cubic interpoletion scheme proposed by Devidon (1959), onc
used by several other suthors, has been found suitsble., This scheme
useg function values and gradients, snd therefore requires more
computation then schemes using function values only. On the other
hend, the gradient at the starting point is known and that st the
minimumais needed for the next iteration; also the procedure has
bsen found very efficient in terms of the number of steps to the
minimum,

The initial unconstrained estimate for t can be obtained by

assuming h(t) to be a quadretic, with a minimum value £ , &t
min
t = 2(f - £)/ p'g | veees (7.12)
0 min i i i

The functicn in question being of a constrained leest squares

type, f can safoly be taken to be zero. A gross over-estimete
by equat?:: 7.12 is prevented by computing the upper bound of t ,
as follows:-

Given the constraint vector in the ith iteration

d(x)= AxXx - b < 0 for fersible 'x.
i i

Find ¢ , such thet

max
t = mex[t:t>0,d(x + tp)<-8/2]
max i i

Considor the jth constraint. Two possibilities exist, namely

1) a ; < 0, i.e. p does not intersect the jth constraint.

J i . i
Then d'(;c. +tp) < §/2 forall t>0. This is excluded
from iurghei consiaeraticn.
2) a p > O,.
j i



~[d(x)-§/ 2]
j i

Then  t = ——
h | , 8 p
j i

The upper bound of t is thus given by

t = min [t ], 1<j<n
max J c
In addition to imposing t < ¢t , chesnges in the function
mex

velue during the linear search must be kopt 'ressoneble'! for sccurste
interpolation; =elso if the gradient vanishes, & check must be made
that the pointifound is not a meximum.

The accuracy wi£h which ¢t needs be celculated hes been a

min

controversial subject for some time., Unnecessary precision is waste~
ful in terms of computing effort, but, on the other hend, the serrch
directions are only mutually conjugate (for 2 quadratic objective
function) if the true minimum is found in each linear search.-For the
function in question, the interpolation formula is exact in the quad-
ratic neighbourhood of the minimﬁm, snd there ig little to boe gained
from high precision away from fhe minimum, In practice, a parsmeter
must be found for the accuracy of the linear search, which is o
compromise between computing effort and the rapid convergence of the

complete procedure,

7.3.2.5 Convergence tosts

There are three standerd ways for the minimisertion procedure to
terminate after i iterations, namely

a) Unconstrained
|5l
i+l

b) One constraint in basis

< % ., where ¥ is some small sssigned velue

(formally zero),
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[I¢ -a*a)g Il < ¥ , where I is the 2X2 identity
I a a i#ll

matrix, i,e., the gradient of the function is orthogonal to the qth
constraint line,

c) Two constraints in basis

Lot E =2 a +A = , W%here the A's are the 1IM's,
i+l J 3 k k
The current point is the constrained minimum if [A , 2 ] < ©
3 k

These tests have been found adequate. provided that the value

of ¥ was selected judiciously, sccording to the problem end the

-6 -3
computer used. Usuelly ¥= O [10 +to 10 1.

7.3.2.0 The complete local optimisation algorithm
Step 1 Set '"reset to steoopset descent' fleg for the unconstresined

conjugate gradients section,

Step 2  Given x , compute f and g
i i i
If llg 1l <3, exit; else
i
Step 3 Compute the constraint values, and find the ones that

intersect at x .
i , .
I1f more then two - step Q ;

If two - step 8 ;
If one - gtep 7 ; alse

Step 4 Unconstrained minimisatic;n by modified conjugate gradients.
If 'reset to steepest descent' fleg is set - stop 6

Compute B -r;
i i

-p' e
i i
1f —. — < 8,
tle 11 tig 11

1 1




i.e. nearly zero-descent - step 6 : else

Step 5 Linear search, Then step 2 .
Step 6 Reset to steepest descent, i.e. p = =g .

Cloar 'reset to steepest descont' flag.

Then step 5 .

Step 7 Single constraint in besis
if a g > O, constraint not effective — stop 6 ;
q i
Compute new search direction p = = (1-2a'a e .
i q q 1
If IIE.][ < ¥ , constrained minimum reached - exit;
, i
else step 5 . p
Step 8 Two constraints in basis

Resolve: E by Lagrenge Multipliers.
i

If (A, A ) < O - constreined minimum - exit ;

J k
IZ A > A . qg:=j ; else q:i=k.
J . k
Then step 7 .
Step 9 Redundant constraints

Remove the redundant constraints by finding the two lines :

which include the smallest angle sbout x . Then step 8 .
i

In practice, an upper limit is set to the number of iteraticns

allowed, both in the linear search and in the overall procedure,

73.3 The first approximation to the parsmeter velues

It was shown in the PCF annlysis that there is a direct, non-
linear rolationship between tho distribution of the perameter values

and that of the date points, This relationship wes used to generste
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the first epproximation to the paremeter vector.

There is, unfortunately, no simple equivelent in the crse of
two paremeters. The formel equivelent of 'linesrised! prc~16ngth in
E2 is 'linearised' surfece area in E3 y but this yields only the
values of the products of parsmeter increments-from point to point,
and is uselessg unless a relationship between the two parsmeters is
known or assumed,

It is possible to treat the points on each topological grid line
as a plane curve, and to use the arc-length approximation directly,
This has been found to lead to non-feasible first approxi-
mations for all but very smooth data, Although a dummy iteration,
that corrects the inifial parameter matrix, can be included in the
algorifhm, the object of utilising the relationship between the arc-
longth and the parameter values would then be defeated,

The first approximetion chosen ultimately was a topologicelly
equally~spaced one, initielly independent of the input déta (except

for the size of the grid); thet is, af node (i,3j) on e (k X 1)

grid,
(2i-k-1)
ut - 2 = ceens (7.138)
ij (k - 1)
(2 j-1-1)
vl = 2 . ceves (7.13b)
ij (1 ~-1)

where the primes denote dummy varisbles. The true parsmeter velues
are those mapped from equation 7.13 'vie the mepping function T(i, 3)»
-~ equation 7,3 - i.e, only at the nodes with data entries.

This first epproximation has the advantages of simplicity and
feasibility., In PCF , it was found thet the equally-spaced ﬁpproxi-
mation usually led to the same solution as the the arc-length one

(which in all the test cases proved to be the global optimum),
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although more iterations have had to be performed. It is thought that
convergence to a global solution is also likely for parametric surface-

fitting (PSF), although no way has been found to check this.

7.3.4 Oversll convergence of slgorithm

The convergence condition for the oversll system is mathemati-
cally the szme as that for the local problem. Computstion mey be
terminated when the vector of derivetives of the global objective
function S, with respect to 211 the veriables (including the poly-
nomial coefficients), or its projection onto the constraint subspace
if eny of the constraints are active, has all zero components.

In this case, the least squares fif in each major iteration
ensures that at least 3 (m + 1)2 components of the gradient vector
are oxactly zero, Bocause of the way S is minimised here, the formal
convergence test, as described above, would be-both inconvenient and
misapplied. Therefore, for feasons similar to those of PCF, the
procedure is aliowed to iterate, until either the decrease of § in
two successive iterations is less than a prescribed threshold, or a

specified running time or number of iterations have elapsed, whichever

occurs earlier,

7.3.5 . The gimplification of dots preperstion

The data structqre p8 defined in Section 7.2.2, permits grest
flexibility of input but it must be remembered that the topologicsl
ordering of the data affects the starting point of the iterative
procedure, and thus probably the final result. The effect is highly
data dependent and not easily calculable, and thorefore care must be
taken when preparing data,

. In order to simplify the preparation of'data, two faciiities

havo been provided, as follows:
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a) Given a grid of maximum size, the input data may be defined
anyvhere oﬁ it, That is to say, the boundaries of the data surface
need not coincide with those of the grid, nor need they be explicitly
defined, The rows and columns with the lowest and highest indices
are taken to bo the boundsries, thus implying the corner points, too,

b) The boundaries (i.e. the rows and columns of highest end lowest
indices) may be input with missing points, An algorithm hes been
deviged, that 'pulls' points outwards from inside the mesh, until
the corners and boundaries are full, The operation is such that the
original topology of the mesh is not altered, i,e., the topologicel
plane is 'stretched' only, not 'folded', and no new intersections
between grid lines are created, This is best illustrated by an
examplé; figure 7,10 shows the data grid of figure 7.9 after the
transformation, Although adequate, the algorithm is mechanical; a

kettor arrangement of data can nearly always be produced mznuzlly,

7+3.6 Graphical.output

Conventional graphical display of surfaces consists of either an
isometric drawing of the surface, or sections parallel to the co-
ordinate planes. Occasionally, & non-orthogonal view is also given,
mainly for clarification, The former, which is only a guide to the
shape of the sdrface, remains virtuglly unchgnged when perametric
functions are used; the lines plotted in the isometric drewing become
space curves, with x, y &and 2z generated on » regulsr u-v grid,.
The latter reduces to a contouring problem, becesuse each peremetric
polynomial itself generastes a su;face. Say, for instence, that s
z - x section is wanted, for y =y . The values of the parsmeters:

a
that correspond to the contour f (u,v) =y must be computed, and
y a
substituted in £ end £ , to calculate the required curve.
x z
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Assume that no extrapolation is wanted. The problem can then be

stated in its most general form as:
’ ’ 2

Minimise h(u,v) = [ f(u,v) - ¢ ] cesse (7.14)

Subject to lul , Ivl < 2 cenes (7.18)

where f(u,v) is the parametric function that is being contoured,
end c¢ - is the contour value. For the example quoted sbove,

2
h(u,v) = [ £ (u,v) - y3] .
o y - a

Further, assume that the point (u ,v ) is known to lie on the
’ 0O O
contour., Let an exploratory step be trmken in one of the perasmoters,

e.g. let u=u 4 & u . The approximate value of the correspond-
o ) .
ing increment in v for remaining on the contour can be found by

equating the total differential of f£(u,v) to zero, i.e.

of o f
Su + §v = o,
du o v '
whence v - v + & V ’

0
and the exact value of v can. be found by univariate mipimisation of
h(u,v) with respect to v, subject to the cbnstraints (7.15).

The starting point of the contour can be found by univariate
minimisation of h(u,v) along emch of the boundaries of the permig-
sible parameter>domain, until an exact solution is found (one of the
parameters will have the value of + 2).

This problem is clearly a subset of the localioptimisation
problem in the surface fittiné procedure, and csn be solved by the
same method. The facility of graphical output on & digitsl plotter
could therefore be included in the PSF system with 1little additio=-
nal effort, The method used to find the starting point of eaéh con-

tour implies that the plotting is restricted to curves corresponding
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to single segments of open contours, This is a little limited, but

contour plotting was not the main aim of the work,

74 Results

7edol Data used

The algorithm has been tried on a variety of date, rsnging from
simple surfaces that could have been fitted squaslly well using conven-
tional methods, to data with extreme gradients end curvetures,

As 8 test of the cepsbilities of the PSF method, sn sttempt
- was made to fair the entire hull of Modsel 1 and the forsbody of Model
2 (up to the knuckle), sach wifh a siﬂgle patch, using polynomials of
degrees 3 , 4 and 5., For the former; it was difficult to find a
suitable topological arrangement for the data; for the latter, 2 good
fit to th9 relatively great length of the parallel middle body con-
flicted with a good fit to the bulbous bow, Thev'fits' were good
numerically, but impractical, They are of academic interest only, and
the plots are not included here,

The‘method was finally spplied to severai patches, both.from

Model 1 and from Model 2. These patches have beon derived from the

hulls' offsets by dividing the hulls at convenient points, with

simple . boundaries, The results, which are not fully converged, are

shown in figures 7.11 to 7.13.

7.4.2 Effects of the degrec of the parcmetric polynomisls

The method has been tried with polynomiels of degrees between
3 &and 5. Unlike the A PCF method, drametic chenges in the quslity
of fit wore usually experienced when the degree was chenged, A
probable reason is that surfaces require moro degrees of freedom for

adequate representation,
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it}

Y

Figure 7.11:~ Cross—sectional curves, at 1/4'station intervals, of a
parametric surface fit to the Afterbody of Model 1. The
g surface is an unweighted quartic fit to the offsets from
Station 1/2 +to Station 5, from the Keel to the 160°%4
waterline. The maximum deviation is 1.560/0 at Station 5,
100°/0 waterline, after 36 iterations (incomplete

convergenc e) .
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Figure 7.12:— Cross—-sectional curves, at 1/4 station intervals, of a
parametric surface fit to the Afterbody of Model 2. The
surface is an unweighted quartic fit to the offsets from

‘Station 1/4 to Station 4, from the Keel to Waterline 'K',
with three points defining the Flat-of-Bottom at each
section. The maximum deviation is 0.920/0, at Station 1/4,
Waterline 'F', after 80 iterations. The oscillations about
the origin are unusually large, and are probably due to

the incomplete convergence.
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Figure 7.13:~

it
Cross—-seetional cur%es, at 1/4 station intervals, of a
parametric surface fit to the Forebody of Model 2. The
surface is an unweighted quartic fit to the offsets from
Station 8 +to Station 10, from the Keel to the knuckle,
with three points defining the Flat—of-Bottom at each
section., The maximum deviation is '0.580/0, at Station 10,
Waterline 'C', after 46 iterations. Despite a good fit
numerically, the surface is practically unacceptable. 1t
was, however, still improving substantially from one

iteration to the next.
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7:4.3 Effects of weighting

As oxpected, noither discrete weighting nor the alteration of
the direction of the error vector affected the performance of the

algorithnm,

7.4.4 Effeéts of the arrangement of dats on the topologicel grid

It has been found that when there was a close correspondence
between tho physical boundaries snd the topologicel boundesries of =
data set, e.g. X end y given on #n spproximetely rectsngulsr grid,
reasonable changes in the arrangement on the grid of the 'internal'
deta points usually had little visible effect on the results, déspite
some numerical effect, .

For data with missing boundaiy points, the 'boundary filling?
procedure ~ Section 7.3.4 ~ has been found adequete, However, better
resulis, in terms of visual quality of the fifted surface, could
nearly always be obtained by filling the boundaries manually, using
'internal' points, in an intuitive manner; that is to say, in such a
way that points lying on a grid line form as smooth a physical space
curve as possible; For patches with truly awkward boundary shgpas,
several tries have usually been found necessary, for aesthetically

pleasing results,

Zedo5 Number of iterations and processing time for convergence

Ag in the PCF method, the number of iterations required for
CONvergenca has'been found unpredictable. In some ceses, both initisl
and final fit were bad, resulting in extremely slow convergence. In
other caseé, practically complete cﬁnvergence wog atteined within 3
to 4 iterations.

Further, 8s in the PCF mothod, the major consumer of computing

time is the local minimisation procedure. The speed of the procedure



- 169 -

was little affected by the precise values of the parameters 8 (the
descent angle parameter) and & (the 'thickness' of the constraints)
but, on the other hand, was practically governed by the value of ¥
(the highest acceptable valuo of the gradient or its projection);
The optimum value of ¥ is very machine and problem dependent, On
the IBM~7004 Mk, II ,- the lowest value that cen be used with impu-
nity has been found to be 10-3. With this value, the procesging
time has been found to be approximately 1/4 sec./point with bi~
cubic polynomialg, end to rise roughly as the square of the degree
of polynomials used, azs expected.

The effect of the number of points on the coﬁputing time cennot
be so readily assessed. It is & combination of severasl fesctors, such

as the size of the grid and the proportion and positions of the null

entries, Very roughly, the effect is of ean order between 1 and 2.

7.4.0 Oscillations between data points

' With conventional least squares fitting methods, it is often the
case that & numerically good fit to the data points produces umwanted
oscillations between the the points, especially when relatively high
dogrees of polynominls are used. This imposes & severe limitation on
the quality of fit attainable with such methods, -

PSF appears far less prone to this proplem. A probasble reason is
that relatively low order polynomials can be used to desgribe complex
surfaces, When oscillations did occur, the data were frequently found
to contain quite large errors, which the proceduro attempted to fit

too closely,

7.4.7 The formetion of clusters

An importent condition for the relierble convergencr of this

algorithm is independence botween the paramoter velues thet corros-



- 170 —~

pond to different data points, which is manifested by the optimised
parémeter values being away from the constraints. As anticipated, this
was so for most of the data tried. Occasionally, however, cases were
found, where groups of neighbouring parameter values tended tﬁ coalesce.
This problem.had also been encountered with the PCF procedure, and a
possible solution is discussed in Section 6.5; The solution is difficult
enough with PCF, and considerably more so with PSF. It is therefore
very encouraging to note that whenever this problem occured, .-it was

later found to have been due to bad initial topological arrangement of

the data.

7.5 A Possible Improvement

The operation of the algorithm, as described, is quite slow.-It
has been used simply because readily available NLP methods require
the storage of a (n X ﬁ) matrix for a problem in n variébles and
>m constraints, which, for this problem,tends to be larger than present
computer storage sizes. In any case, the constraint descriptor matrix
for this problem need only be approximately of size (12 n‘X 3).

In recent years, there have been considerable advances in the
field of non-linear optimisation, both constrained and uncenstrained
(a good survey may be found in Sargent and Sebastian, 1971, which is -
concerned primarily with unconstrained methods; no such collective
treatment of constrained minimisation methods is available, but the
above paper includes some useful references). Therefore,-it should
now be possible to construct a much more efficient algorithm for
PSF, possessing formal convergence properties and faster convergence,

and yet making use of the reduced storage requirements of this problem.

7.6 Discussion and Conclusions

PSF is a flexible and versatile surface-fairing method. Although
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somewhat lacking in theoretical proofs of converegence, results obtained
for a wide range of data in&icate that the method is both valid and
practical,

There is still no doubt fhat the hull-surface must be divided into
several patches, which must be faired individually. However, by being
able to describe compound surfaces successfully, the parametric surface
definition eliminates many of the restrictions imposed on the patch-
boundaries by other methods. In other words, the naval architect can
define the boundaries at points which appear natural to him, or which
are imposed by practical considerations, rather than ones which are
convenient mathematically.

Further, PSF can also be usea to convert a previously designed
hull-form to the approximately equivalent Coons—patch representation
(approximafely, because some deviation may ensue from the fitting
proéedure. The resulting surface can then be mﬂulded into a new, but

related, shape (MacCallum, 1970), in several patches if necessary.
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CHAPTER 8 :—

CONCLUSIONS
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8.1 Summgry

In this thesis, experiments with some unconventional lines'
fairing methods have been described. It has been shown that many
decisions relevanf to the mathematical definition of hull forms can
be. quantified, and hence made by computer. However, it has been found
that the most critical decision, namely the division of the hull into
patches, is best made by the designer, in an intuitive manner.

Further, it has been shown that instead of attempting to replace
the designer's intuition by uncertain methods, it is'possible, and prac-
tical, to use definitions of curves and surfaces that are insensitive
to variations in the patch boundaries. Three such methods have been
treated, two of which have proved very successful - the paraﬁetric
curve and surface definitions. It is not suggested that the fairing'
of a practicai hull form can be made into a 'single shot' affair, even
with the parametric definitions, but the designer is allowed considerable
freedom to experiment, whilst still obtaining 'fair' results. In this

way, this work provides the designer with a new and powerful tool.

8.2 Future Work and Recommendations

8.2.1 A practical system

Despite the strong practical slant of most of this wofk, even the
successful methods, i.e. the parametric curve and surface definition,
are of limited usefulness as they stand, particularly the latter. For
their use in an integrated ship design system, a closer examination
of multi-patch fairing is needed; also, possibly, more efficient

methods of computing the parametric definitions.

8.2.2 Intéractive Graphics

It has been shown in this thesis that it is very difficult, if not
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impossible,,ﬁg devise a‘completely automatic lines' fairing system.
Moreover, for many aspects which can be automated, the results do not
justify the effort involved, i.e. it is often far simpler to let the
designer meke a decision. Considering also the delays and frustration
caused by computer batch-processing, the conclusion is inevitable — some
- convenient form of mén—machine interaction is needed for practical
computer—aided ship-design. While Teletype terminals are very useful,
there is nothing like a Visual Display Unit (VDU) for conveying certain
information simply, quickly, accurately and quietly,.both ways.

It is beyond the scope of this work to discuss Interactive Graphics
in any detail, but its applicqtion to the preliminary design of sﬁips has
been treated by MacCallum (1970); At present, it séems unlikely that the
VDU will replace plottefs for final assessment of hull-forms, because of
its limited size and precision. On the other hand, little imagination is
neeﬂed to,visualise the power of a ship-design systém which employs
efficient lines' fairing programs, and which can be 'driven' via a VDU
with a light-pen. Consider, for instance, the simplicity of:

a) Removing coarse errors from input data, by observing'the display
of offsets and waterlines," -

b) Correcting less obvious errors by checking the display of the first
and second finite-differences of the data, “

c) Splitting the hull into patches, by direct indication on the screen
(assuming implicitly that the‘featuré of selective scaling of portions of
the display is available),

d) Choosiné a particular fairing method fr&m‘a displayed selection,
and so forth. The background computation must, of course, be performed
fairly rapidly, although reasonable delays are tolerable. Hence the
emphasis on the efficiency of the fairing programs.

At the present state of computers and computing-science, there seems
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to be vast scope for an integrated hull-design system, using a VDU
linked to a host computer, almost certainly a time-sharing one, and
possibiy an on-line plotter. The entire design procedure can then be a
smooth, closed-loop, 6peration, from the preliminary stages up to the

final design.

8.2.3 A different 'goodness—of-fit' criterion

The goodness—of-fit criterion used in this work is that of least-
squares, although in an umusual form. A better critefion, or norm,
would be the ;minimax' norm, i.e. the function is computed, which
minimises the maximum deviation ('deviation' is here and henceforth
used iﬁ the commonly accepted sense, i.e. the différence in one of the
co-ordinate directions, deemed the ‘dependent') between the given data
and the corresponding mathematical definition. The minimax norm is the
mosf powerful and critical norm, by its definition, and the knowledge
that the magnitude of the maximum deviation is below a given bound is
very satisfactory. However, the numerical application of this criterion
is difficult, because its mathématical»expresgion in terms of any
regular hull descriptor function is not differentiable with respect to
the parameters of the function, even in the vicinity of the solution.

The minimax norm has been applied to lines' fairing by Berger
(Berger et .al., 1966). In that interesting experiment, the hull was
described by a piecewise spline, enabling the problem to be formulafed
as one of Linear Programming. Its solutioﬁ was usually costly in
computer time, and difficulties wére encounteréd with end—conditioﬁs.
However, much has been discovered in the field of minimax aﬁproximation
since Berger's attempt,‘and a renewed investigation should prove fruitful.

The only reason, apart from analytical simélicity, for uéing the

least~squares criterion is that it penalises large deviations. It has
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been found iq this work that the magnitude of the deviations can be
quite misleading as to the quality of the fit, and that excellent
resulté could be obtained by redefining the concopt of 'deviation' to
mean the perpendicular distance from each data point to the mathematical
definition. It would therefore seem worthwhile to investigate the
application of the minimax norm to this perpendicular deviation, using
well established functions, e.g. polynomials, for the basic hull
description. This does not appear to have been considered either

analytically or numerically.

8.2.4 Different hull description functions

Polynomials are very simple to calculate and to manipuléte. Con-
sequently, they have been predominant in the field of mathematical
ship lofting. It is noted that practically whenever another function
is ﬁsed, e.g. a conic, to fit a stern ending, it is fitted exactly, i.e.
without fairing. While the parametric hull definitions, which also
employ polynomials, seem quite satisfactory for most applications,
many, possibly better, hull definition functions remain unexplored.

In recent years, much research has been carried out in the field
of rational approximations, using the minimax norm. A rational approxi-
mation can, by its nature, describe a singularity, and could be useful
for describing curves with almost vertical, linear regions. At present,
the treatment of rational approximations seems to have been restricted
to curves. The extension to surfaces and its applicatién to hull forms

should prove interesting.
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APPENDIX A:—- Body Plens of Two Typical Simple Ship Forms

The particular ship forms given in this appendix were selected
because they have some of the proporties that mske lines! fairing.
difficult hathemntically, 6.g. 8 bulbous bow, and yet they are simple
forms., The names Model 1 and Model 2 are arbitrary,

The data given here is incomplete, Only the details relevant to

this work ere given,
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Tabie Ali~-

Basic Dimensions of Model 1,

Type of hull: Optimiged Trawler Form
Length (overall) : 216,46 ft

Length Between Perpsndiculars 200,00 it

Breadth - 38.4667 £t

Draught : 17.4889 ft
Rise-of-Floor ' 20 percent draught

‘Type of Bow: ' straight
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Table A2:e

Offsota of Madel

The offsats aro exprossed as porcentage of meximum helf-brescth

R

- e

B T WIS NI S

Watorlins hoights
(exprossed as porcentage of Load Draught)
Station o 5 10 20 1 60 8 100 120 140 160 180 200
(kool)
B — — — —— — — —— 2.5 29,2 51.9 69.7 81.7 —
A —_— -] - — —_— | = | | 132 42.4 04.4 81.3 9.3 -
AP O — — — —— —_— ] —_— 24.3 50.7 71.4 87.3 95.8 —
1/4 —_ ] — | ] — ] =] - 2.3 | 343 | 384 | 775 | 907 | B2 | —-
1/2 0.7 1.4 2.0 3.3 4.9 8.2 19.1 43.4 65.5 82.1 93.6 — -——
3/4 0.7 2.6 4.2 6.6 10,8 17.4 28,6 51,7 71.3 85.9 95.0 — ——
1 0.7 4.3 7.0 10.8 17.5 26.4 39.8 59.6 76.9 89.3 . 96.8 ——— ——
11/2 0.7 8.9 1.7 20,4 31.8 43.8 §7.5 72,0 85.2 93.7 98.3 — ——
2 0.7 12.9 20.9 31.3 46.4 59.8 71.8 82.6 90.7 6.7 9.2 ——— ——
2 1/2 0.7 18.0 29.0 42.7 60.5 72.8 82.6 ©0.0 95.5 98.7 100.0 —_— ——
3 0.7 21,8 36.7 53.9 72.4 83.6 90.9 95.5 93.3 99.6 | 100.0 — -—
4 0,7 25,4 47.1 70.7 89.0 96.4 99.3 1co.0 100.0 1c0.0 100.0 —— —
95 0.7 25.1 50.4 74.5 ot.4 97.9 | 100.0 | 100,0 | 100.0 | 100.0 | 100.,0 — —_
6 0.7 26,1 46.6 66.5 82.2 89.3 92.9 95.2 97.1 98.5 | - 99.5 — —
7 0.7 | 23.8 36.6 50.3 63.2 | 70.1 75.4 | 80.4 | 85.4 9l.0 97.7 —_—]
7 1/2 07 | 19.8 | 20,4 | 40.0 | 514 | 578 | 635 | 69.4 | 762 | 83.9 | 029 | -~ | -—
8 0.7 14.5 21.5 29,6 39.1 44.7 '50.3 56.7 64.7 74.0 8s5.2 — —_—
812 | o7 | 92 | w2z | 203 | 2700 | 314 | 362 | 2.8 | st1 | 615 | 743 | 83 | —
9 ' 0.7 4.8 8.1 12,4 16.3 18,6 22,2 28.3 36.6 47.1 59.6 741 —
91/4 0.7 | 3.4 5.5 8.5 11,7 ' 13.4 15.9 20,9 28,5 38.5 51,1 65.4 81,0
9 1/2 0.7 24 3.4 Sed 7.3 8.6 10.6 14.4 20.4 29.8 41.8 55.6 70.5
0 3/4 — 0.9 1.3 2,0 3;3 4.2 5.7 8.0 12,5 20,5 31-.5 ' 44.4 58.9 .
FP 10 —— —— e — —_— —— —— 2.4 5.0 10,8 19.9 32.1 46.1
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Toble A3:i-

Station

lleight

(as porcentege of
Load Draught)

‘Offgot

(as porcontago of
half-breadth)

(At tip) 0.894
‘ B (- 1/2)
A (= 1/4)

AP 0

1/4

1z

3/4

1

1 1/2

2 1/2
3
4
5
6
7

7 1/2
8. .
8 172
9
9 1/4
9 1/2
9 3/4
FP 10

(Foreward 10.019
tip)

193.10
18g9.10
186,60
183.90
181.30
178.60
i78.7o
172.60
168.30
167,20
166.10
166,10
166,10
166,10
166.10
166.10
172,00
179.10
188,00
197.10
201,60 -
206,20
210,70
215.10 .

231.40

)
85.36
93.36
95.81
08.18
93.63
08.72
99.18
99.27
99.45

100,00

100,00

100,00

100,00

100.00
99.27
98.63
97.18
93.81

87.00
81,72
75.00
66,72

57.18

0
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Table A4:-

Stem and Stern Profiles of HModel 1

Waterline height

(a5 percentage of
Load Draught)

Stern Profile

(»s percentege
of LBP relative
to AP)

Stem Profile

(28 percentage
of LBP relative
to FP)

0 (keel)
5
10

20
40
60
8o

100

120

140

160

180

200

220

3.57
3.57
357
3.57
3457
3.49
2,27
= 5.24
- 6.89
- 7.46
- 8,02

- 8.57

- 3.56
- 2,07
- 1,60
-1.15
- 0.77
= 0.39
)
0.45
1.12
2,00
3.11 |
4.49
6.25
8.13
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Table A5:~

Flat-of=-Bottom Boundary Curve of Model 1

The offsets are given as percentage of meximum ha1f~breadth.

Station | Offset

1/2 0.7
3/4 0.7
1 0.7

1 1/2 0.7
2 0.7

2 1/2 | 10.1
| 16.8
40.5
54.7 -
40.6

NSOy A W

21.3
7 172 | 14.2
8 6.5

8 1,2 0.7
9 0.7

9 1/4 0.7
9 1/2 0.7
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Teble AGi=

Additional data for Model 1

This teble contains tho lowest points of those cross-sectional

curves which do not end on standard waterlines,

Station Hoight

(as percentage of
Load Draught )

B 93.6
A 03.3
0 87;6
174 794

9 3/4 2.5
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Teble A7:~

Basic Dimensiong of Model 2.
Type of hull: : bulk carrier
Length (overall) '434.0 1t
Length Between Pemenéiculars 400.0 ‘ft
Breadth ' 55.0 ft
Draught 22.0 £t
Rise-of-Floor nil

Type of Bow: bulbous
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Figure A.3 :- Stem and Stern Profiles and Waterline Endings
of Model 2.
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Table A8 :-

Difsots of Maodel 2,

Waterline Kool A B c D E F G H J K
Porcentoago of
. o 9.09 18,18 27,27 45.45 63.64 81.82 100.00 | 118,18 | 136,36 | 154.55
Load draught
Watorlino oifsots oxprossod as A porcentage
Station ’
of moximum half-broadth
AP o0 -— —— — ——— — —— 15.7 30.9 40.1 46.2 50.5
1/4 2,2 2,7 » ?.8 3.0 4.1 10.7 31.4 45.9 54.7 60.8 65.2
1/2 2,2 8.3 11,0 13.2 19,0 | 28,9 46.2 58.7 66.9 '72.7 77,1
1 o 24.8 32,0 38,3 48.8 59.2 69.7 78,6 85.4 89.7 92.6
1 1/2 o 45.6 55.0 62.1 73.0 8o.7 86.7 01.3 94.7 96.8 98.3
2 o 66,6 75.6 81.3 83.9 93.7 80,6 98.0 99,0 99.5 99.8
2 1/2 o 82.6 89.4 93.6 97.3 99.2 |. 99.8 100,0 1§o.o 100.0 100.0
3 o 92.1 96.8 99.0 100.0 100.0 100,0 100.0 100,0 100.0 100.0
3 1/2 o 96,7 99.8 100.0 100.0 100,0 100,0 100.0 100,0 100.0. 100,0
4 0 98.2 100.0 100,0 109.0 ico.0 100.0 100.0 ico.0 100,0 100.0
8 3 0 08.2 100.0 100.0 100,0 100.0 100.0 100.0 100.0 100.0 100.0
6 0 08.2 | t00.,0 | 100.0 100.0 100,0 100,0 | 1o00.0 100.0 100.0 ioo.o
612 Y ,98..2 100,0 100.0 100.0 100.0 100.0 100.0 100.0 100,0 100.0 _
7 o 08.z | 100.0 | 100,0 | 100.0 100.0 100.0 | 100.0 | 100.0 | 100.0 | 100.0
7 /2 0 98.2 100.0 100,0 100.0 100.0 100.0 100,0 100.0 100,0 100.0
8 o §5.5 98,8 99.9 100.0 100.0 100.0 100.0 100.0 100.0 100,0
' 8 1/2 T 0 86.1 | o1.2 93.4 94.8 05.7 96.8 98.6 100.0 | 100.0 100.0
9 0 64,2 7.4 | 75.4 | 78.8 80.4 | 82.3 86.8 92.3 94.4 | 95.3
9 1/2 o 31,1 37.8 2.3 46.8 48.2 50.7 56.3 64.2 71.9 74:0
9 3/4 o 17.7 23.0 25,6 27.2 27.3 28,5 31,5 37.2 16.2 50.7
FP 10 o 11,3 14,6 15.2 10,5 4.9 1.6 0.3 3.2 9.9 15.7

Il
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Table AQ:-

Knuckle Curve for Modeol 2

Station Height Offset
(mns porcentage of (a8 percentage of
Load Draught) helf-breadth)

8 1/2 111,5 100.0

9 122.0 ‘ 93.5

9 1/2 132.4 ‘ 71.4

9 3/4 138.4 47.0

FP 10 143.4 12. 4

(Stem) 10,019 144.3 0
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Table A10:-

Stem and Stoern Profiles of Model 2

WYatoerline

(height as
percentogo of
Load Draught

Stoern Profile

(as percentage
of LBP relative
to AP)

Stem Profilse

(as percentage
of LBP relative
to FP)

Keel o
A 9.09
B 18,18
c 27 .27
D 45.45
E | 63.64
F . 81.82
G 100,00
H 118,18
J . 136.36

Knuckle 144.30
(stem)
K 154.55

0.97
(extrapolated)

1.61
1.82
i.89
1.89
1.52
- 1.76'
- 2.01
- 3.34
= 3.55

- 3.06

1.18
1.51
1.57
1.08
0.51

0.13

0.13
0.36
0.48

0.65
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Toble All:-

Flat-of-Bottom Boundery Curve of Model 2

The offsets ere given &s percentage of meximum helf-breadth,

Station | Offset
1/4 2.2
1/2 2,8
1 8.2

1 1/2 | 23.1
2 42.4

2 1/2 63.3
3 78.9

3p iﬁz 86.0

7 1/2
8 82.5

8 172 71.4
9 4.3

9 1/2 | 12.7

9 3/4 4.2

FP 10 )
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APPENDIX B:~ The Calculntion of the Distonce from a Point in the

xy-plane to a Curve vy = f£(x)

Given A point P(x ,y ) in the xy-plane
A plane curse gescribed by y = f(x).

_Find ' The shortest distance, 5; from P to the curve, i.e. the.
length of the normal dropped from P unto the curve, at
the point T(x ,y ), say, |

There are two eqﬁi?ZIezt approaches to the solution. The first

is to calculate the length of the normal, and the second is to find
the general expression for the lsngth PT‘and to minimise that, The

latter is given, beceause it illlustrates the problem better,

Define the function d(x) by

2 2
d(x) = [x=-x1 +{y-y1
P P
2 2
= [x-x]1 +[f(x) -~y 1 evsese(B.1)
P P

i.e. tho square of the distance from P to an arbitrary poiﬁt on
the curve. The value of & corresponds to @& minimum of d(x), For
a stationary point of d(x),

[x=-x]1 + £(x) [#(x) -y 1 = o  eeeeed(B2)
p _ P

where f£'(x) is the derivative of f(x) with réspect to x.

There is no general solution to equation B,2; it can only be.
solved analytically for particular functions, The function of
interest here is.a polynomial, generally of degree greater than 1,
and the equation must be solved numericglly.

Dofine the functioﬂ g(x) by ‘

g = [x-x1 + £ (£ -y ] ceeeen(B3)
P P ‘

where g(x ) = O,
' t
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Let the value of the ith epproximation to x be given by x .
t i
Applying the Newton-Rephson method, the improved value of x, x ,
i+l
is related to the current approximation by

x = X + h
i+1 i i

where h -g(x) / g'(x) .
. i i i

By differentiating equation B.3, expanding and simplifying, it is

found that
[x -x1 + f%(x) [f(x) =y ]
i p i i p
h = : ceess {B.4)
i 2
1 +£'(x) + 1" (x) [flx) -y 1]
i i i P

The value of x is thus improved iteratively, until the computed
correction, h, is less tham a prescribed velue, It is noted that a
meximum of d(x) is an equally velid solution, so that 2 chccﬁ muét
be made that 4d''(x ) = g*'(x ) > 0, for a minimunm,

-This method re;pires st:ict'conditions for convergence, but
if they exist, the convergence is rapid. Loosely speszking, the
approximation to the root should be closer to the solution than
any turning point end/or inflextion.of g(x) (if it possesses ony).
The following procedurse overcomes the obstacles:

a8) Take the first approximation a8 x = x , and compute an
upper bound for d(x). ° i

b) Compute a range, [a,b], which brackets the root, frém several
volues of d(x) and g(x). |

¢) Iterate for the root using equation B.4, qhecking in each
itoration‘that d(x) is decreasiné, andlthat x remains inside [s,b]. .

If either condition ia violated, the improved root is instead esti-

mated by
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(b - a) lg(a)l

fg(adl + lg(b)l

d) If possible, a new, reduced intervel, [c,d], is found, where

f{d - el < Ib -~ al, and the process repeated from step (c),

Once the point T has been found, the value of g'can be calcu-

lated from equation B.1,

Despito the limitations outlined above, this method has been

found to perform well, An example is included, for illustration.

Example
Let f(x) = 'x2 + x + 1
.'. f"(x) . = 2x + 1
and - £''%(x) = 2

Take the point P(2,1} = uncommonly far from the curve. The exect

solution is x = 0,5 . The table below illustrstes the rapid conver-

gence,

ITERATION NI. X H DFILTA-
@ 2:.060300 ~3.789474 6.060A3G
1 12103526 -0, 463292 2.759930
2 DeTAT234 -(1.27M3792 1 8019419
3 De543443 -N.041786 1.6830803
4 Be5301657 ~-D.001654 1.677@56'
5 D« 5600053 ~3. 00703063 1677051
1) B.50000G 0.090600606 1.677051
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APPENDIX C:~ Approximation to a Subset of the Statistical F-Tables

Given tabulated values of F sgaingt ¥ (e.g. in Pearson and
Hartley, 1958), for the degrees o;fZOnfidence 95.0, 97.5, 99.0 end
§9.9 percent (in fact, the inverse distribution is normally tabulated,
i,e, the 5,0, 2,5, 1,0 and 0.1 percent point; buf this doeg not affect
the following).

It is required to spproximete each table, 88 closely as.possible,
by a simple function. By observing the trend of the tebles, it scems
reasonable to fit each by & conic function, of the form:

2 2 - A :
F + a¥ + b¥Y 4 cF + dvF + e = O
i,y A 1L,v 1,9 '

.It is noted that although this observation is completely
empirical and hag no statistical justification, it is simple and
convenient,

The coeffi?ients of the conic can be calculated by least squares,
as follows:

Let n be the number of entries in an F table, i.e, the entries

are (» ,F), 1<i<n |

1 1
Let the sum of squares of residuals be given by

n

' 2 2 , 2

R = (F + 2% + 1Y + ¢c¥F + d¥ F + o)
i=1 i i i i i i

By differentiating R with respect to each of the coefficients
&, b, ¢, d and e in turn, and equating the derivetives to zero for s

minimum of R, the following set of equations ie cbtesined:
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as- h a + h b 4+ h ¢c 4+ h d + h e = =h
40 30 21 31 20 22
b= h a + h b + h ¢ + h d + h e =. =-h
30 20 11 21 1o 12
cl- h a8 + h b + h c + h d + h e = =-h
21 11 02 12 , o1 - 03
di= h a + h b 4+ h ¢ + h d 4+ h e = -h
31 21 12 22 11 i3
oL h a + h b + h ¢ + h d + h e = =h
20 10 o1 11 00 02
n
k 1
_ where h = Y F
k1l izl i i

Unlike the normel equations for standard polynomial approxima—
tion, these equatiéns are well-conditioned, and may be solved in
the'usual WeY.

Having found the values of the coefficients of the fﬁnction,
the value of F cen be found for any W, by substituting 9 in
the conic equati;:, and solving the resultsnt quedratic., The wented
root is real and positive, snd by solving for one known point, it
is deduced which of the two rcots of the quadratic is the wanted
oné.

Table C,1 conteins the coefficients of the approximations to
the sfandard four F-tebles, and the maximum deviations of the
approximations from the tabulatod values.

The approximations have beeﬁ found sufficientl& accurate only
for 2 <V < 500, which is the normel range of degrees of freédom
in practice, The extra precaution has been tokon for the speciel
casegs of ¥ =1 and 9V > 500-, by using the tabplated values for

the former, and the asgymptotic velue of F for the latter,
1,00



Table C,1 :~ Approximations to F-tables

confidence maximum
point n a b c d e deviation
(percent) (percent)

5.0 37 1.9975450*10 -149.35007 ~75.330845 38.818797 -82.082405 1.75

2.5 -,'? 37 . 6,2106713*10 -397.49358 -165.28960 79.043665 ~-401.52732 2.21

. —3 .
1.0 ° 36 7.8340514*10 ~373.57679 ~157.00656 56.183688 -422.62041 1.35
. -2
0.1 35 2.5939620%10 -046.06202 -342.97817 87 .202490 -2061.5735 1.98

- 86T -
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APPENDIX D:- The Derivation of Spline Functions

Spline functions originate from the flexible wooden battens used
by draughtsmen to draw smooth curves bet%eon deta points. When used
for such purpose, the heam ip bent to the desired shape, and weights
are placed on it at the data points, The usefulness of the mathema-

" tical equivalent of the beam, for curve fitting, ceme to light in
recent years, Spline functions are treated thoroughly elsovhere
(Asker, 19062; Theilheimer and Starkweather, 1961; Handscomb , 1965;
Powell, 1967) and, therefore, only a brief description and doriva-
tion, necessary for this work, are given here,

It is possible to derive the functions withoﬁt reference»to
tho heam, but it is.intoreating to consider two elementary physical
.propérties of thin beams, Assuming that a thin beam of uniform
flexual rigidity, R, is subjected to a bending moment M, and lies
clcng the plenoc curve y = 0(x), the following expressions ensue
from the theory of stress and strain (Timoshenko, 1951) :-

8) The curvature of the beam is given by

Or*(x) : M
Z — eesess (D.1)
2 3/2 R
[1 + @' (x) ]

b) The potential energy of the beam is proportional to the
integral along its length of the square of the curvature, i,e,

proportional to )
2 2 -5/2 ,
O''(x) [1 + 0" (x) ] dx cesees (D.2)

end the shape it takes up is such as to minimise this energy under
‘whatever constraints are in force, namely the weights at the data’
points,

In deriving spline functions as en interpolotion tool, it is
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assumed that the slopeo, P'(x), is small enough to be omitted from
expression (D.1), The bending moment applied to the beam is trans-
mitted at tho data pointe; with a uniformly flexible spline, equation
(D.1) implies sacond'derivativé continuity at the points,

Given data points (x, y ), 1 < i < n, Consider one segment
’ i i
of the spline, lying between (x, y ) eand (x , vy ).
i i i+l i+l
et d = x - x -
i i+l i

md m" m'l(x ) ; m!' :m!'(x )_‘
' i i i+l il

i,e. the second derivative of the spline, not of the function
that is being interpolated. Assume, further, a constant third
derivative throughout the segmeﬂt; this assumption leads to the

lowest order practical spline functions, Then, forx&€[x , x 1,
i i1
P*''(x - x) + @' (x - x)
o' (x) = i i+l eesess (D.3)
d
i

Integrating twice with respect to x and rearranging,

3 ~ 3
"' (x-x)+0'"" (x ~-x)
0(x) = i i i+l i1
d
1

+ A(x=-%x) + B(x - x) C veerel(D.4)
. i i+l _—

where A and B are constents of integration.

By substituting the known values y @and vy for O(x) in
i i+l
equation (D,4), A and B are found to be

A: i+1 - 1d m" LG ] (Dls)
d 6 1 i :
i
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; ,
and B=_4i - 14 o' , seeses (D.6)
d 6 i i+

It romains to compute the values of ®'', 1 < i <n, The dori~-
i

vative of the cubic in the segment is given by

2 2
' (x~-x) -0""(x =-% +2(y =-y)
O(x) = i i i+l i+l i+l i
2 d
i
+ 1 d (m.' - m") . LI N ) (D07)
6 i i+l i

Subgtituting x = x in equation (D.7) end simplifying,
i

y -y :
C'(x )= __i#l i =~ 14a(@'"+20"") cveses (D.8)
i d i i il

For continuity of first derivative at the data points, this

valuc must equal the one obtained from the (i - 1)th segment, i;e.

y -vy
O'(x ) = _ i i=1 + 1d (@' +20) secass (D.Q)
i d 6 i-1 i i=1

i=3
Equating the expressions (D.8) and (D.9) and simplifying,
a 0'* +2 (d +d) Q' +d0*r =
i=l i} i=1 i i i il

6 i+1 . i - ‘i i_l secrece (Dolo)

Equation (D.10) holds for i = 2,3, ... , n~1 , Hence (n - 2)
equations can be generated, thet relate the valuezs of §i'!, Tho reo—
maining two degrees of freedom can be resolved either by imposing
two more constraints on the fit, or by using the thin beam snslogy.
Toke the latter — assume that for x £é[x1, x 1, the boam is linear,

n

i,e, P'* = @' = o,
1 n
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Then the values of @'Y, .., , 0'' mey be computed by solving
2 n=-1
the linear equations

sm" :z’

where S is the well conditioned tri-diagonal symmetric matrix

2 (d+4ad) d
1 2 2
d 2{d+d) d
2 2 3 3
S =
2(¢(d +d )
n-2 n-1
and
y -y Yy =3y
z =06 it i - i i-1
i d d

Having found the values of @'' , the coefficient matrix of
i

the spline can easily be celculated from equations (D.4), (D.5)

and (D,6),
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APPENDIX E:~ Properties of the 'Flatness' Function of Polar

Transformation,

Given :- Data points (y ,z ) , 1 <i <n,

1 1
A point P(y ,z ) in the yz-plane,
o o
2 2
Let =r = (y -y) +€z ~z2)
i i o i o
r = min [r ]
min - 4
r =max [r] | 1<iz<n
max i

Iet Q and R be the extreme points of the date, i.,e. the two péints
between which the distance is greater thén betwaenAany other
pair (Fig. 5.8)., Assume, to start with, that there is only one
such pair,

Define the Flatness function 0 es

D=-r -
max min

The following properties of ﬁ may be deduced by elementary
congiderations:- |

2) It is clearly non-analytic,

b) It is non-negetive and finite e?erywhore.

c) It is continuous with, generally, discontinuous first and>higher
derivativés.

d) As |y | and/or lz | —> oo, § —> O,

e) O has : maximal ridg:, of value 'QR', along the lino genorated by
QR, but dnly outside the range QR, When there are more than one pair
like QR, there is a ridge corresponding to each pair. When thé ridges
form a closed figure, ¢ has a minimum inside the figure,

£) Tho most interesting property of @ is the oxistence of o minimum

for finite values of y and z ., The minimum lies in tho same half-
o o



- 204 -

Bpacé of the curve ('curve' being defined as the figure createa by
" joining all the data points, in their given order, by straight line

segments, and taking the end segments to infinity) es the centroid

of the datm points, G, It has been found empirically that the mi-
.

nimum lies approximately on the line MGN, where GN is perpendicular

to QR,

g$ Beyond the minimum, in the samo direction and moving eway
from the curve, {® has a maximum, Further still it decreases, to fi-

nally blend in with its bohaviour in the other half-space of the

curve, which is & monotonic decreese,



- 205 -~

| _
APPENDIX F:- Uhivariate Minimisation by Quadratic Interpolstion,

without Gradients,

Given: Three values of n function, f , £ snd f , at points
a, b and ¢, For convenience, snd without 1388 :f gene:ality, let
a<b<ecg,
It is required to compute the point d, at which the psrebolic
approximation to the function (not necessarily the function itself)

has a minimum,

Let the function be approximated by the three point Lagrangian

formula
£(x) =
(x = B)(x - ¢)  (x = a)(x - ¢) (x - a)(x - b)
£f + f + £
(a = b)(a ~ ¢c) a (b - a)(b - ¢) b (¢ —a)(e=-Db) ¢

By differentiating with respect to x and equating to zero, it
can be shown that the turning point of the parabola is at

2 2 2 2 2 2

(b ~¢c)f +€c -2a)f +¢a ~-b) ?

d = 1 a b c
2 (b -c)Zf +€(¢c -~a)f +€(a =-b )T

a b".‘ c

It i & minimum if the second derivetive of the approximation
is negative at d, i,e, if
(b=-c)f +(c=8)f + (a=-Db) ¢

n b (o] < 0
(a = b)(b - ¢)(c - &) ' '

Thers are three basic possiblé outcomes, as foliowé
a) A minimum predicted at d GE[a?c], and f(d) < min {f ,f ,fA].
This is the idsal situmtion, The position of the minimum :anbbec
refined by discarding the point furthest from d, substituting d

for it and repsoting the computation, until d is within some pre-

scribad tolorence of one of the points,
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b) A minimum predicted af d £la,c], and £(d) < min [f ,f ,f ].
The precise action in this case depends on the configurat'iaonbofc
the initisl three pqints. With reasonsbly well behaved functions,
the point furthest from d may be discarded, and the computation
ropeated until the minimum is bracketed, as in (s8), The 1lest is
necessary, because only in thet situation can @ true minimum of
the functiqn itself be guaranteed,

c) A maximum predicted, or a minimum outside some prescribed
limits on the value of d, As in (b), the preéise sction depends

on the initial points, but, generally, the semrch step is reduced,

and a local search in [a,c] is carried out.
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