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APPENDIX -A. FORMULAE USED IN NUMERICAL ANALYSIS 

The formulae used in various numerical techniques 

in the body of the thesis and in the other sections of 

the appendix are derived below, under the appropriate 

section headings. 

A.1. Numerical Integration 

There are two types of numerical integration: 

Case (i) corresponds to an indefinite integral in ana-

lytical integration, and is used in integrating differ-

ential equation(s) with the given boundary conditions. 

The Runga-Kutta integration is of this type and the 

reasons for its suitability for sheet metal deformation 

problems are given in Chapter 5. 	Case (ii), which is 

more generally known as "numerical quadrature", corres-

ponds to a definite integral between limits in analytical 

integration. In connection with the present work, for 

the same reasons as in Case (i), a "Lagrangian" method 

of numerical quadrature was found to be satisfactory. 

A.1.1. Runga-Kutta Method 

This method in general can be used in the solution 

of a set of first order differential equations, and also 

for those equations of higher orders which can be reduced 

to a set of first order equations (66). 

If the solution has reached the point x (a 'value of 
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the independent variable), then yr(x) = yl, y2, .., Yq 

(dependent variables). 	This. can be an interior point 

or a point on a boundary. 

Since 
dy 

dxr  = 2, goo., Yq) (A.1) 

which can be computed from the given differential equa-

tions, in a fourth-order Runga-Kut,ta process the follow-

ing intermediate quantities are calculated: 

•••• 	 .me 

kro = I  trOC I Ylt Y2, • " Trq) 

011•Mk 

k 	=i tr(i+0•5/971+0•51c10'72+0•5k20, 	y +0.5k440) 

kr2 =Qtr(I+0.5t$73.+0•5k1152+0.5k21, 41.0, 7+0.5k0.) 

kr3 	tr(7+1'71-1.k12'72+k22/ 	yq+kv) 

(A.2) 

then the next nodal point is: 

Yr(R41)  = Yr(-1)4. 	(kre2kr14.2kr2+kr3) 	(A•3) 

This process is repeated until the final boundary 

of the particular region under investigation is reached. 

The error introduced by this numerical method is propor-

tional to i 5  and is also influenced by the higher deriva- 

tives of .the functions involved. 	It is therefore nec-

essary to investigate the mathematical stability of the 

solution by repeating the calculation using different 

values of Q and reaching a compromise at which the solution 



yl  
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is sufficiently accurate, but still does not require a 

formidable amount of computer time. This method is 

well suited to automatic digital computers because the 

evaluations of eqns. (A.l),and hence (A.2) can be very 

laborious. 

In the present work this method was applied to a 

single differential equation at a time (suffix r = 1), 

and the other details are discussed in Chapter 5. 

A.1.2. Lagrangian Method 

Supposing that the functional relationship between 

x, and y is not analytical, but is given at unequal 

intervals of either the independent or of the dependent 

variable. It is then possible to approximate this 

relationship which is given at (s+l) discrete points, 

with a unique polynomial of degree not greater than s. 

The form of such arnlynomial usually associated with 

Lagrange is (33, 16): 

y 
(x-xl  x x2  

x o 1 x x2  
••• 

X.- X 
X ...X 

s 
YO 

0 8 

(A.4) 

This polynomial should be used with care since it may be 

unstable and may not represent the function correctly if 

the function is ill-conditioned, and the range is too 
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large. The lower degree polynomials are more stable 

but may lead to more approximate results for the same 

intervals. Therefore a compromise must be reached 

between the degree of the polynomial and its range, 

which can only be done by special investigations. For 

the present work a polynomial of second degree was found 

to be adequate since usually three consecutive points 

at unequal intervals were available in a short range. 

This can be written as: 

(x - x1)(x  - x2) 
	(x - x0 ) (x - x2) 

y 	(x0-xl )(x0- x2) 
	

(xi-  x0)(x1-  x2) Yl 

(x 	x0 )(x - xl ) 
(x2-  x0)(x2-  xl) 

y2  (A.5) 

To find the integral of y, eqn. (A.5) is integrated 

to give: 

x2 
fydx 

x1  

3 3 
yo 	x2-xl 

(x0-2̀1)(xo-x2)  [ 3 

  

1 
2 xi+x2)(x:-4)+xlx2(x2-xl)  

 

  

yl 	[4-4 
(x1-x0)(xl-x2) 3  - j2(x0+x2)(4-x12)+xox2(x2-x1) 

y2  
(x2-x0gx2-x 

[34 3i  , 
- i(x6+xl)(x:-4)+xx1(x2-x1) 

(A.6) 



m=1 

Y(m -1) 
m=w-1 

(x(m -1) 

1(x(m-i) 
x3  m 

3 
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This equation finds the value of the integral between 

the limits of x2  and xl  using the three points xo, xl  

and x2, This can be extended for a tabular data of 

(w+1) points as follows: 

if 	X
0 
 xl, ..., X

w 

and Yo, Yl, 
	then 

, 3 	x3  
-(m+1) 	m  

3 	2 (xm+x(m+1))(x(!+1)- xm)+xmx(m+1) 

Ym  
(x(m+a)- xm)] 

	

	  (xm  - x(m...1))(xm  - x(m+1)) 

(1-3 	3  

-(1,14.1)-xm - 
3 	2%x(m-1)+x(m+1))(x(it+1)- xr2(1)  

X ( 	) X ( m 	( X ( 	
m) 

Y(m+1)  
(x(m+1)-x(m-1) )(x(m+1)-xm )  

  

2 + x )(x2  m 	(m+1)- xm)  

x(m -1) xm (x(m+1) 	 (A.7) 

Hence the quadrature, or the definite integral of a 
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tabular function can be obtained. 

A.2. Numerical Differentiation 

For tabular functions at unequal intervals, the 

differentiation of the Lagrange polynomial provides appro- 

ximate derivatives of the function represented either 

at tabular or intermediate points. The accuracy of 

the derivatives will depend on how close the polynomial 

represents the given function, and hence this calls for 

an investigation of the degree and the range of the poly- 

nomial. In the present work, and for the intervals 

used, a second degree polynomial was found to be adequate. 

(1) 	If xo, xl, x2  

	

Yo l  Yll Y2 
	are given, 

to find (ad 
x2  

Eqn. (A.5) is differentiated with respect to x 

and x = x2 is substituted giving: 

x2 - xl 	X2 7  X0  
(2):x 

	

	(xo-x1)(xo-x2) Yo ♦ (x 	"t- )(x1 x2) 	Y1 
2 

2x2  - x1 - xo- 
+(A.8) 
(x2 - xo)(x2-xl) 	y2  

alternatively if 	= 

and t 2  = 
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(40x 2 	
p 	

2 	€ + 2 	2.i2  + 1  
- ( 13. + 1 2 ) -5r0 	.6.12 	Y1  + (11 + 12)12 Y2  

(A.9) 

(ii) If 	xo, xl, x2  

Yo' Y1' Y2 
	are given, 

to find 

Eqn. (A.5) is differentiated with respect to x, 

and x = x1  is substituted giving: 

xl x2 	2x1  - x2 - xo 
(xo  -xl)(xo  -x2) Yo 	(x1  -x0)(xl  -x2) Y1 

x1 -xo  
(x2 -xo)(x2 -x  ) Y2 (A.10) 

or 

dY=
-12 	• e 2 -  

.1.(€1:+z 2) Yo+ 	1e2 	
Yl /x 	1

1 
(E1+ £2)€2  

(A.11) 

(iii) If x1  x2  

Y1 Y2 and  (a) 	are given, 
x1  

to find cia 
dx x2 
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The Lagrange polynomial is rewritten for points 

x1, x2  and another fictitious point at (x1+ ox) having 

a function value (y1+() bx) similar to eqn. (A.5), as 
xi  

(x-x1-05x)(x-x2) 	(x-xl)(x - x2) 

(x1-x1-6x)(x1-x2) Y1 (x1+ Ox-x1)(x1"x-x2)  

(y1  +(AZ) 6x) dx xl 

(x -x1)(x -x1-6x) 
(x2-x,) (x,-xl- 6x) Y2 (A.12)  

After simplifying, rearranging, and taking the limit 

when 45x-o-0 : 

(2x1-x-x2)(x-x2) 

2  (xl- x2)  

(x x1)2 
Y2  

(x2-x1)2  

(x-xl )(x-x2 ) 

 

Y1 	(x1  -x2) 

  

 

(A.13)  

Differentiating eqn. (A.13) with respect to x and 

substituting x = x2  gives: 

2(Yl - Y2) 	
(c.-12 x - ix

2 	1 x2 dx)x 
(A.14)  

Polynomials involving derivatives such as eqns. 

(A.13) and (A.14) are generally known as Hermite poly-

nomials. 

follows: 
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A.3. Interpolation 

When a function is known at a set of discrete points 

of the argument or 'of the function itself , provided that 

it is continuous, the interior points can be found by 

interpolation, and the exterior points by extrapolation. 

Finding the function value for a given interior inter-

mediate value of the argument is known as direct, and 

the calculation of the argument for a given value of the 

function is known as inverse interpolation. 

For the present work a polynomial of degree two 

represented the functions sufficiently accurately for 

the ranges chosen. The following formulae applies for 

direct and inverse interpolation and extrapolation, at 

equal or unequal intervals of the function or the argument. 

(1) If 	xo' x1' x2 

Yo, Y1, y2  are given, 

y at a given x can be calculated from the Lagrange poly-

nomial (A.5). In the present work the algorithm due 

to Aitken (1) has been used since this was more adaptable 

to computer programming,If but it gives identical results 

with eqn. (A.5 ). The process consists of a sequential 

combination of"linear cross-means" as shown below which 

The author expresses his thanks to Mr.D.J.McConalogue, 
Department of Computer Science, Imperial College, 
for his valuable advice on numerical interpolation, 
and his help in writing the interpolation routine 
(Routine 2) in the computer program for the analysis 
of stretch forming. 
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is equivalent to a second degree polynomial interpolation: 

(x2 	-  x)Y1 	(xl  - x)Y2 
Y2,1 	x2 - xi  

- x)yo  - (xo  

xl  - x 

(x2  - x)y1,0  - (x0  - x) y2,1  

= Y2,2 - x2 - xo 

= 

4111•P 

(A.15) 

(ii) 	If 	Xl'  x2  

Yl,  Y2 	and (ii.X dx are given, 

to find y at a given x, eqn. (A.13) can be used, which 

is a Hermitean polynomial. 

The inverse interpolation or extrapolation can be 

effected by interchanging the given x's with the corres-

ponding y's, and carrying out the calculation as for 

direct interpolation. 	In either case the x's or y's 

need not be in a numerical sequence. 

A. 4 Maximum and Minimum 

It is sometimes necessary to find the maximum or 

a minimum of a function and the value of the argument 

at which this occurs. 	In the present work the following 

method was used in connection with the prediction of the 

Sp instability. 
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If y = f(x) and the values 

xo, xi, X2  

Yo' Y1' Y2 

are generated in a numerical solution, the point when 

the signs of 

Y2 - Yl and 	Yl yo 

x2 - 	xl xo 
become 

different must be determined. This would mean that 

the required maximum or the minimum is between x2  and x
o
, 

and the corresponding signs are - and for a minimum, 

and + and - for a maximum respectively. In case of a 

maximum if all the values of y are negated then it will 

be a problem of finding the minimum, which is a matter 

of convenience in a computer program. The results can 

be renegated when obtained in such a case. 

Assuming that such a point is reached and the mini-

mum is bound by x2  and xo as shown in Figs. A.1.a and 

A.1.b. .approaching in an increasing, and a decreasing 

sequence respectively. 	Such a function can be appro-

ximately represented by a Lagrange polynomial, for the 

present purposes a second degree one, as given by eqn. 

(A.5). 	Differentiating this equation, and equating it 

to zero: 



increasing.,  

decreasing 

(z) 

FIG, A.1, - SEQUENCE OF PONTS IN MINN iZATIoN. 
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dy 	2x - x2  - xl 	2x - x2 - xo  

	

dx 	(xo  - x1  )(xo  - x2  )Yo 4.  (x1  - x0)(xl  - x2) Y1 

2x - x1 - xo 

(x2 - x1)(x2 	xl) Y2  

Solving for the unknown x after some algebraic 

manipulation gives: 

X = 
1 _2 2 	2 2 	2 2 
(x1-x2)Yo  +(x2-xo)Y1 	(xo -xl)Y2  

2E(xl-x2)yo  + (x2-xo)y1  + (x0-x1)y0 
(A.16) 

Hence a first approximation to the minimum can be 

obtained by using eqn. (A.16). 	Since the function mini-

mised in general is not a polynomial, using this x a 

fuction value y is computed according to the numerical 

procedure of generating this function. For use in eqn. 

(A.16), the x-values need not be in a numerical sequence 

as shown in Fig. A.1, but this is necessary for the follow-

ing iterative technique. 

To improve on the minimum found, the points with 

suffices 0-2 and the first approximation for x and y 

would be available. From these available four points 

the best three are chosen by substituting the new x, y 

in place of the co-ordinates of one of the points in the 

initial sequence. 	This is effected as follows: 

If x2 > xo 	(Fig. A.l.a.): 



if 

if y > Y1 

if Yl> Y 

and 

(Fig. 

'-- 

A.1.b.): 

X > Xl  xo -= x 

x2  = x x1•x  

x 	x1 	x2=x1, y2=y1  )  

xp'x 	x0=x1, yo=yi  

ana 	Yo 

and 	y2  = 

and xi=x, 

and xi=x, 

y 

y 

yi=y 

y1=y 

A.4. 	 4o3. 

x2 = x 	and y2  = y 

xl) x' 	X = X 	and yo  = y 

x0=x1, yo=y, and xi=x yi=y 

xi)x 	x2=x1, y2=y1  and xi=x yi=y 
if  Yl> Y and 

When these transfers are made the new 

xo 	x2 

Y0  9 31.3.• Y2 are to be used in equation 

(A.16) to obtain a better approximation of the minimum 

of the function with that of the polynomial. The pro-

cess is carried on until the values of either x or y 

do not differ more than a specified amount in two con-

secutive approximations. This technique is rapidly 

convergent and is very accurate. 
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APPENDIX-B. GEOMETRICAL RELATIONSHIPS OF THE  

AXISYKMETRICAL SHELLS USED  

B.1. Principal Radii of Curvature  

In an axisymmetrical shell the two principal radii 

of curvature (pl, and p2) are in two mutually perpen-

dicular planes in meridional and circumferential direc-

tions as shown in FIG. B.1. 

FIG. B.1. PRINCIPAL RADII OF CURVATURE OF AN 

AXISIMMETRICAL SHELL 

To find the relationship between r, 6, and pl: 

(p1 + 2
P  

)( be) [cos ( e + = br 
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After expanding, simplifying and taking the limit 

( 66—P-0): 

Also 

dr p1 cos e = de 

r 64) 	P 2 6Y 

and from the right angle triangle BCD 

dy 	= by sin 0 	(B.3) 

Substituting eqn. (B.3) in eqn. (B.2) and rearranging: 

r 	= p2  sin 0 (B.4) 

Differentiating eqn. (B.4) totally and also using 

eqn. (B.1), it can be shown that the two principal 

radii) of curvature (p1, and p2) are not independent [ 1  
and they are related by the following equation: 

P2  
/31 	 (B.5) 

r  dp2  

p2 dr 

B.2. Ellipsoidal Shell  

Equation of an ellipse in Cartesian co-ordinates 

is (FIG.B.2): 

r2 2 

b2 
1 	(B.6) 
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From FIG. B.2, 

7- 

FIG.B.2. GEOMETRICAL PROPERTIES OF ELLIPSE 

dz 
dr - tan e (B.7)  

To find r in terms of a, b, and 0, eqn. (B.6) is 

differentiated totally, and using eqn. (B.7), z is found 

in terms of a, b, and 6 which is in turn substituted 

back to eqn.(B.6) to give: 

b
2 
2 2 -4 a(1 	— cot 6 ) 
a  (B.8)  



2-b2r3  p1  = 2211 b2oos2  e ,+a2sin2  e 	= 
a4sin3 
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The instantaneous radius of curvature is given by: 

2 
(cc11:)2] 2 

p1 = 

  

(B. 9. ) 

 

d2z1dr2 

  

   

dz 	d z2 Finding 	and 	from eqns. (B.6) and (B.7) and 
dr 

substituting in (B.9) gives: 

(B.10) 

It is more convenient to Tind the geometrical rela-

tionships in terms of r, a, and b for numerical computa-

tion, which can now be obtained as follows: 

After rearranging eqn. (B.8), 

tan e = rb (a2  - r2) 4/a 	(B.11) 

hence from the right angle triangle constructed from 

C.1 

eqn. (B.11) 

a (ca 	)4 

cos e = a (a2 	r2)2  Er2  (b2  - a2) 
a4.7 (B.12) 

sine = rb E r2 (b2  - a2) + a4  J 
	

(B.13) 



8 =r/P1 

e _ (p12  - r2)-2- /p1  

O = r ( p1
2 

 - r2 )_ -12- 

sin 

cos 

tan 
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From eqns. (B.10) and (B.13): 

p1 

I 
Cr2 (b2 	) 

	

a2. 	al 2  / a4b  (B.14) 

and from differentiating the arctan of eqn. (B.11) with 

respect to r: 

a 	a3b (a2  - r2)-i Er2  (b2  -a2  dr + a J 	(B.15) 

B.3. Hemispherical Shell  

The geometrical relationships for the hemispherical 

shell can be obtained by substituting a = b = p1  in the 

equations for the ellipsoidal shell, and the following 

equations are obtained. 

(B.16)  

(B.17)  

(B.18)  

dO 
dr 	

= iP
_ 12 - r2)- i (B.19)  k 

where pl  is a constant. 

B.4. Equations for Bulge Depth  

In stretch forming with a rigid punch, and also in 

hydraulic bulging, the depth of bulge cannot be computed 

analytically, unless some simplifying assumptions are 

made about the shape of bulge at places where the sheet 

metal is not in contact with the rigid tools. The two 
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methods used in the present investigation are described 

below: 

(1) 	Exact Method: From the general solution of the 

problems of stretch forming and hydraulic bulging (see 

Chapters 3, 5, and 6) the distributions off) and r along 

the shell profile at any stage are available. Bearing 

in mind that, as shown in FIG. B.3, the bulge depth h 

as measured in experiments is the distance between the 

internal face of the pole, and the blank-holder or lower 

die which rests on the thickest section of the undeformed 

blank: 

0 

In eqn. (B.20), the relationship between tan e and r 

is tabular and not analytical since it is obtained from 

the general numerical solution. Therefore the integral 

can be evaluated numerically by the Lagrangian quadra - 

ture formula (A.7). 	Hence it is possible to find the 

bulge depth at any stage of the deformation in stretch 

forming, hydraulic bulging and deep-drawing after the 

numerical solution is completed. 

(ii) Approximate Method: In some cases as in Chapter 

7 in the calculation of the coefficient of friction, it 

is more convenient to use an approximate analytical 

D/2  
t 	tb 

if  
h = 	tan° dr - .2 - 2' cos: + to 	(B.20) 
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tp  

  

  

  

tb. 
 

PIG, 8.3, BULGE PROFILE IN STRETCH FORMING. 

BULGE PROFILE FOR ELLIPSOIDAL PUNCH. 8,4. IDEALISED 

1 A 

DIE 

2 
PUNCH 

Instantaneous centre of curvature. 
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formula to calculate the bulge depth. To derive such 

a formula the following assumptions are made: 

a) Thickness remains constant throughout the bulge 

and it is equal to the original thickness. 

b) Angle of embrace on die is equal to that of the 

punch, i.e. region between die and punch is a 

truncated cone (a =w). 

Refering to FIG.B.4, for an ellipsoidal punch: 

tan a = AB-- BC 

AB = h + rotan a,- (b - z) 

From eqns. (B.6) and (B.8): 

(B.21)  

1„2 	 2 	b2 
AB = h+a(l+ =:72 cotta)-Itana 	'''' (tan 2a + —7) 

a 	a2 	a 

(B.22)  

BC = BE + EF - FC 	 (B.23) 

where BE = 1)/2 and IF = pd 	 (B.24) 

and 

FG 
FC = tana 	hence FC = FG cot a 

FG = PG - PF = (p 	t ).(sec a-l) 

therefore FC = ( d  + t 
o
)(sec a-1) cot a 
	(B.25) 

substituting eqns. (B.24) and (B.25) in (B.23): 

• 
BC = D/2 + P d  - (Pd  + ta )(sec a. -1) cota 	(B.26) 

substituting eqns. (B.26) and (B.22) in (B.21) and 
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simplifying: 

h 	= 	[

ID 	• 
k /2 + p d) 	a(1 

I 
(pd +to  )(sec a-1) 

b2 2  cotta )-2 	tan a 

(B.27) 

+ 
a 

+b 12 [l 	tan2a  - 	( 	+14)4] a a- 

The following equation can be similarly derived for 

a flat punch: 

(D /2 	Pd  - re)tana- 	+ pd  +to)(sec a-l) (B.28) 

The corresponding equation for a hemispherical 

punch can be obtained either from eqn. (B.27) or from 

eqn. (B.28): 

ID 	• 	• 
k /2 + p )tana - (p1 	+ p d + to

)(sec a...1) 	(B.29) 

The accuracy of the above equations will increase 

with decrease of to/p1 and  to/pd ratios. 
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APPENDIX—C.COMPUTER PROGRAM FOR THE SOLUTION 
OF THE STRETCH FORMING PROBLEM 
WHEN USING A HEMISPHERICAL PUNCH 

>>AUXILIARY PROGRAM 
>>JOB DESCRIPTION 

JOB 
LSC44ECr,"KAFTANOGLU MAC.TAPE.INITILIZATION RUNIx964 
COMPUTING 2000 INSTRUCTIONS 
TAPE 
Lazo° 

OUTPUT 
o LINE PRINTER 200 LINES 
STORE r5 BLOCKS 
COMPILER EMA 

MAIN-0.600 
AUXILIARY(O,o) 
DEPTH o 
DUMPS o 
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CHAPTERo 

A -*5r5 

>>SET RADII=.—ro 
1=0(/)5T3 
AI=—Io 
REPEAT 

>>TRANSFER RADII TO MAGNETIC TAPE 
WIND TAPE(i,io) 
WRITE(I,Ao) 

END 
CLOSE 

***Z 
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>>MAIN PROGRAM 
>>JOB DESCRIPTION 
JOB 
LSC44ECi, KAFTANOGLU HEMISPHERICAL RUN 
COMPUTING 240000 INSTRUCTIONS 
TAPE 
r Loroo 
OUTPUT 
o LINE PRINTER 2000 LINES 
STORE 32 BLOCKS 
COMPILER EMA 

MAIN-,2000 
AUXILIARY(O,o) 
DEPTH o 
DUMPS o 

»LAGRANGIAN INTERPOLATION 
ROUTINE2 

Kn=2I ( I) 22 
Mn=22(-I)Kn 
L=mn—Kn+20 
7.\1n=x1DIvIDE(UnZ(Nn—/)—£LZNn,Nn—CL) 
REPEAT 
REPEAT 

RETURN 

it** 

»HERM1TEAN DIFFERENTIATION 
ROUT1NE4 

P.20=C22-C20 
P,21=C22-£21 
f_22=E20+£21 

7.2o=XDIVIDE(C21Z2O,C20C22) 
Z2I=XDIVIDE(C22Z21—E2oZ2i,20£20 

7_22=xDIVIDE(E2oZ22;£2r£22) 
7_22=—Z2o422I+7_22 

RETURN 

37 1965 
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»HERMITEAN INTERPOLATION 
ROUTINE6 

En=C2o-221 
Fn=Z22-E20 
Gn=Z22- 2I 
Hn=2E20-Z22-E2I 
Hn=xDIVIDE(GnHnZ20,EnEn) 
C22=FriGn£22/En 
Z2s=xDIVIDE(FnnIZ2I,EnEn) 
Z22=Hil+£22-1-Zzi 

RETURN 

** 

TITLE 
D.KAFTANOLU ICST MECH.ENG.JOB.NO.LSC44ECI,/964 
TITLE 
THEORETICAL ANALYSIS OF STRETCH-FORMING FOR 
TITLE 

ANISOTROPIC MATERIALS - HEMISPHERICAL PUNCH- 
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CHAPTER! 

>>ALLOCATION OF VARIABLES 
A-*122 
13'4122 
CI22 

F-or 
GI 
H-or 
U-or22 
V-'122 
1,162 
X-4,490 
Y-'r 
Zyloo 

>>COMPUTATION OF STARTING VALUES AT THE POLE 
>>S.i,6 IN 5.1.1 

42 )E79'0"35 
X6=-0•020+0.03 
P.92=0.5X6 

0Q=0 
JUMPT,Sn>-r 
JUMPr2,6>P 
X5=B3-Br 
Xro=U3-Ur 
JUMPI4 
/3)X5=B2-Bo 
no=U2-Uo 
JUMPr4 
12)X5=o.3Zo 
Xxo=-o.5Zo 

>>COMPUTATION OF POLAR BOUNDARY CONDITIONS 
>>S.I IN 5-I-I 
14)A0=0 
Uo=r 
Vo=o 
Q=2 
JUMP7r,Z7r>X6 
L=2o(r)22 
EL=Z(L4-50-X6 
ZL=Z(L+54) 
REPEAT 
JUMPDOWN(R2) 
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U=Z22 
JUMP7r,U>o 
U=o 
70JUMP82,Z73>X6 
U=Z76 
82)JUMPDOWN43 
ACROSSI/2 

>>SP INSTABILITY SEARCH FOR REGION T 
2)JUMP5,dnI6 

JUMP8,C23=0 
En=XMOD(r-Xro/£23) 
JUMPrO,o.000r>En 
83)En=XMOD(Xxo) 
Fn=xMOD(£23) 
JUMP84,En>o.00000r 
JUMP84,Fn>o.00000r 
JUMPro 
84)JUMP4O,X36>X34 
0=1 
JUMP4x 
40)0=-I 
4t)JUMPDOWN38 

3)L=2o(1)22 
f;L=X(L+14) 
ZL=X(L+Ir) 
REPEAT 
JUMPDOWN39 
£23=X/0 
XI0=-Z22 
On=On+T 
JUMP96,5>E400 
ACROSS53/3 
90)ACROSSI6/2  

5)r,18=XMOD(o.3Xro) 
Qn=0 
W=o 
X33=1:16 
X36=Xr0 
JUMP0,5>C400 
ACROSS52/3 
91)ACROSSI5/2 

>>SP INSTABILITY SEARCH FOR REGION 2 
7)JUMP805>E16 
JUMP85,E23=0 
En=xMOD(I-Xio/E23) 
JUMP,O.000r>En 
85)En=XMOD(Xro) 
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Fn=xMOD(£23) 
JUMP86,En>0.000000r 
JUMP86,Fn>o.000000t 
JUMP9 
86 )JUMPDOWN3 8 
6)L=2o(022 
CL=X(LfI4) 
ZL=X(L+/I) 
REPEAT 
JUMPDOWN3 9 
£23=Xro 
Xr0=Z22 
Qn=Q14-x 
ACROSS6/4  

8)P,x8=xMOD(o.o25X/0) 
/8=-0Er8 

Qn=o 
X33=Er6 
X36=Xio 

ACROSSx5/4 

Ojumpro,R,›T 
JUMPTI,R=0 
JUMP8o,Mn>o 
JUMP8x,Mn=o 
X6r=X32 
JUMP8o 
80JUMP8o,X6r>X32 
JUMP/o,o>Z6o 
Mn=-/ 
260=-/ 
ACROSS6//5 

80)X5=X5+0.00v7Z60 
En=xEXP(B(Q-2)+X5) 
En=z5En-A(Q-2) 
JUMP/005.0000/>En 
Mn=Mn+t 
Zn=i 
ACROSS9/5 
/r)X5=X5—Xr5 
Xx5=0.5XI5 
En=XMOD(Xx5) 
JUMPIO,o.000003>En 
ACROSS8/5  

>>RESTART FROM POLE WHEN SP INSTABILITY IS OBTAINED 
>>IN REGIONS I AND 2 
IOWUMP49,C7>0 
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£54=B42-BI 
49)E7=io 
Nn=Q-2 
L=o(2)Nn 
Kn=xINTPT(o.5L) 
WKn=DL 
REPEAT 
Nn=xIMTPT(0.50 
Kn=xINTPT(o.5J) 
L=Nn(x)Kn 
WL=o 
REPEAT 

f5=0.51no 

P,54=xmOD(.2.5F:54) 
x6=130-E54 
sn=-/ 
Z4r=-ro 
7.42=-lo 
23r=-I 
2,32=o 
288=-To 
JUMP! 

>>DIAGNOSTIC OUTPUT UHEN NO CONVERGENCE IS OBTAINED 
r5)JUMPI6,0>E24 
JUMP29 
r6)JUMP23,224>-7 
C24=-5 
JUMP24 
23)NEWLINE 
CAPTION 
REGIONr,NO CONVERGENCE OF DE2,INTERMEDIATE RESULTS- 
224=ro 
24)ACROSS2r/2 

r7)JUMPr8,6>225 
JUMP29 
28)JUMP25,225>-7 
225=-5 
JUMP24 
25)NEWLINE 
CAPTION 
REGIONr,NO CONVERGENCE OF DX, INTERMEDIATE RESULTS- 

225=to 
JUMP24 

19),IUMP2o,(5>C27 
JUMP29 
no JUMP26 ,F.`,27>-7 



En7=-5 
JUMP27 
26)NEWLINE 
CAPTION 
REGION2,NO CONVERGENCE OF DO,INTERMEDIATE RESULTS— 
£27=ro 
27)ACROSS4/5 

20JUMP22,6>E26 
JUMP2.9 
22)JUMP28,£26>-7 
Es6=-5 
JUMP27 
28)NEWLINE 
CAPTION 
REGION2,NO CONVERGENCE OF DE2, INTERMEDIATE RESULTS— 

£26=ro 
JUMP27 

29)ACROSS3/o 

>>SELECTION ROUTINE FOR THE MINIMIZING ROUTINE 
38)JUMP3o,X32>Er6 
JUMP3I,X35>Xro 
L=-0 
X(L+32)=Er6 
X(L+35)=Xro 
JUMP 48 
30X(032)=Er6 
X(04.35)=Xro 
JUMP48 
3o)JUMP32,X35>Xro 
X(0+32)=X32 
X(0+35)=X35 
JUMP3 3 
32)L=-0 
X(L+32)=X32 
X(L+35)=X35 
33)X32=Er6 
X35=Xro 

48)RETURN 

>>MINIMIZING ROUTINE FOR SP INSTABILITY 
19)71=E2oE20 
Z2=r,2IP,21 
7,3=E22C22 
Z4=Z2—Z3 
Z3=Z3—Zr 
Z2=Zx—Z2 

421 
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ZI=C2V-£22 
C22=C22^£20 
C21=£20-E21 

Z4=Z4Z2o+Z3Z2T+Z2Z22 
22o=ZzZ2o-I-C22Z2T-1-£2rZ22 
JUMP87,Z2o=o 
Z22=0.5Z4/.C20 
JUMP88 
87)Z22=o.9X35+0.rX36 
88)RETURN 

>>COMPUTATION OF POLAR BOUNDARY CONDITIONS.S.r IN 5-1-1 
43)Bo=X6 
Co=-2Bo 
Do=XMOD(Co/r,62) 
Eo=xL0Q(B-1-£64Do) 
Eo=XEXP(Dn+CEo) 
Eo=C64Eo 
Fn=xEXP(C0) 
Fn=Fnq 
f95=10.5Fn-I-D 
qn=c95Fn 
Hn=DD 
Hn=cin/Hn+I 
Eo=C65Eo/Hn 
E96=—x.3333333U/C95 
Z97=0.6666667UEoFn/C95 
RETURN 

CLOSE 
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CHAPTER2 

VARIABLES' 

>>SETTING UP LOOP PARAMETERS FOR REGION /-S.3 IN 5-r-r 
r)£24=-ro 
P,25=-To 

2r)7,5=o.5QZo 

Rn=r 
X7 5=-r 

X2=xEXP(C(Q-2)) 
X2=X2G/D 
X3=r+o.5X2 

77)CI8=xMOD(o.6X/0) 
En=£/8/Zo 
JUMP23,En>o.I 
L/8=o.2Zo 
23)Cx8=-C/8 
XIo=no-£'8 
Ln=-x 
Qn=o 
14=o 
>>BEGINNING OF OUTER LOOP IN REGION r.S.4 IN 5-T-r 
/5)Xro=no+E/8 
I6)E3=U(Q-2)+Xio 
JUMPI3,K>Q 
Z8=4:3 
JUMPT4 
r3)Z8=o.5U(Q-1-04.o.5C3 

Vn=o 
X4=r+Z8 
X4=-o.5X2X4X3 
En=n-X4 
En=7,8-T 
Z54=En+£6IFn 
En=RnZ54 
JUMP75,0.000000/>En.  
Z54=xDIVIDE(2X4-Z8-/,z54) 
X/5=xMOD(0.6X5) 
JUMP2,X/5>0.00/ 
X/5=0.002 
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2)X5=X5—Xt5 
>>BEGIMMIN( OF INNER LOOP IN REGION r.S.5 IN 5—r-1.  
8)X5=X5+Xr5 

9)Z6=XEXP(B(Q-2)+X5) 
Z6=Z6Z5—A(Q-2) 
JUMPTO,Z6>o.00000t 
X5=X5+o.0000r3 
JUMP9 

>>S.6 IN 5—r—T 
To)X7=B(Q-2)—B(Q+0+X5 
En=RnX7 
JUMPri,En>o.0000oo8 
JUMP7O,R>o 
JUMP7i,R>—r 
X5=B(Q+I)—B(Q-2)+0.000rRn 
JUMP9 
7/)X5=X304.0.000/Rn 
JUMP9 
7o)JUMP92,Sn=—/ 
89)JUMP75,0>X75 
JUMP8/,Xxo>o./ 
E200=T202 
f',202=X7 
JUMP83,-9990>C200 
L=-Rn 
JUMP83,E(Rn+20T)>C(L+20/) 
En=xMOD(E/8) 
JUMP93,En>0.00000or 
JUMP8I,Rn>o 
JUMPS° 
93)Xro=Xro—£r8 
P,r8=0.5fA8 
f,2402,=200 
JUMP83 

92)JUMP89,C74>4 
Q=Q-2 
T=Q 
ACROSS3/6 

rx)C4=A(Q-2)+Z6 
»S.7 IN 5—/—r 
X9=Z54X7 
JUMP9i,X9>-8 
JUMP75,0>X75 
Xx0=Xxol-o.00000iRn 
JUMP96 
90X8=C(Q+01-X9 
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JUMPDOWN85 
JUMP6i,o>Fn 

>>INTEGRATION OF COMPATIBILITY EQUATION.S.8 IN 5-1-1 
INTSTEP(5) 

>>CALCULATION OF DELTA FOR INNER LOOP IN 
>> REGION 1—(5—r—x) 
XT2=Y/ 
X13=Y/—B(Q-2) 
Xr4=X5—Xx3 

JUMP4,6>E24 
MEWL I NE 
PRINT(X5)o,5 
PRINT(Xx4)o,5 

4)JUMP24,X5=o 
Xi7=XMOD(1—XI3/X5) 
JUMP36,0.00005>X17 
24)En=XMOD(X5) 
Fn=XMOD(Xx3) 
JUMPO,En>o.00000s 
JUMP/7,Fn>o.000005 
JUMP36 

>>CONSTRUCTION OF CHARACTERISTIC OF CONVERGENCE 
>> IN REGION I —SEE 5.9 IN 5—r-1 
17)JUMP35,R>200 
JUMR38,Vn>5 
X2 5=X26 
X26=X27 
X28=X29 
X29=X30 
X27=X14 
X3o=X5 
JUMP86,6>X75 
JUMPI8,Ro 
En=o.000/Rn 
90)X5=X3o+En 
Fn=B(Q-2)—B(QA-I)-1-X5 
Fn=Z54Fn 
JUMP,Fn>-5 
En=0.5En 
JUMP90 
86)JUMP/8,R0 
JUMP605>Xx4 
XI 5=-M5 
x9)X15=x.IXt5 
JUMPS 
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>>IMVERSE LINEAR INTERPOLATION.S.9 IN 5-r-I 
x8)JUMP37,R>r 
JUMP4i,X26X27 
R=o 
X5=X294-o.000003Rn 
JUMP9 
4r)X5=XDIVIDE(X29-X3O,X26-X27) 
X5=X29-X5X26 
JUMP9 

>>SELECTING PREVIOUS TRIALS WITH MINIMUM ERRORS-S-9 
>>IM 5-r-r 
38)L=x7(1)19 
ZL=XMOD(X(L+8)) 
REPEAT 
L=XMAX(ZO,009) 
X(L+8)=Xs4 
X(L+rx)=X5 

>>INVERSE LAGRAMGIAM INTERPOLATION S.9 IN 5-x-x 
37)L=20(1)22 
CL=X(L+5) 
ZL=X(L+8) 
REPEAT 
Vn=r0 

JUMPDOWN(R2) 
X5=Z22 
JUMP9 

>>EMD OF INNER LOOP IM REGION r S.9 IN 5-1-r 
35)ACROSSI5/x 

36)ACROSS3/3 

>>IF en/2 ADJUST LOCATION OF MOVING BOUNDARY 
6r)JUMP62,Sn>-r 
T=Q-2 
0=T 
ACROSS3/6 
62)T=0. 
P,33=V(Q-6) 
£34=V(Q-4) 
C35=V(Q-2) 
Z5x=r.5707963 
R=T 
S=Q-2 
ACROSS9o/6 

>>EVALUATING STRAIN COMPATIBILITY EQUATION.S.8 
>>IN 5-r-x 
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Odn=Jn+I 
JUMP6,Jn=3 
L=L+r 
6)JUMP,X>o.00000x 
Fr=o 
JUMP? 
3)C9=XEXP(2Yx+XL) 
Fi=x-9/X(L-1-3) 
Fx=Fx/X 
7)END AUX SEQ 

>>CALCULATION OF VARIABLES FOR INSTANTANEOUS 
>> PLANE STRAIN -SEE 5-/-x 
75)JUMP76,K>Q 
Fn=U(Q-s)-Fr 
En=7oU(Q-2)-26 /4.o.5X2X3Fn 
Fn=-X2X3Fn-U(Q-2)-x 
cin=E704-0.5X2X3 
X/o=X2X3+I 
X76=xDIVIDE(-135000En-RnFn035000Qn-RnXr0) 

JUMP78 
76)En=0.5U(Q4-04.o.5U(Q-2) 
Fn=En+I 
qn----x2x3Fn-En-r 
no=c70En-c6I+0.5x2x3rn 
x72=x2x3+r 
x73=0.5c70+0.25x2x3  
x76=x1DivIDE(-r3500oxio-RnGh035000x73-0.5Rnx72) 

78)xio=x76 
x74=BN+0-13(Q-2)+0.00000TRn 
P,202='"I0000 

Ei8=xMOD(0.0o5X76) 
JUMP8 /8>o.000/ 
E/8=o.000/ 
82)C/8=Rn£18 
no=no-CIB 
95)S=-1 
Ln=-I 
Qn=0 
W=o 
83)Xxo=no+E/8 
96)X5=X74 
X75=1 
JUMP/6 
8I)Rn=-I 
JUMP75 
8o)Rn=I 
S=-/ 
X7 5=-x 
Ln=-T 
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Qn=0 
1,1=0 
7.8=xDIVIDE(C6r-o.5X2X,i+o.5X2X3+26I) 

JUMP72,1<>0_ 
23=78 
JUMP84 
72)P,3=278-U(Q+0 
84)76=A(Q+0-A(Q-2) 
X7=o 
C4=A(Q-1- T) 
X8=C(Q-2) 
JUMPDOWN85 
JUMP6i3 O>Fn 
Xr2=B(Q+0 
XI0=-0.0I 
EI8=^0.005 
£400=I0 
ACROSS50/3 

>>EVALUATINQ STRAIN COMPATIBILITY EQUATION.S.8 IN 5-r-r 
85)R=R+T 
M=/ 
H=Z6 
X=A(Q-2) 
Yr=B(Q-2) 

CIII=X+0.5H 
JUMP48,Q>3 
En=xDIVIDE(X8-C(Q-2),76Z6) 
X48=EnGn(n+c(Q-2) 
JUMP49 

48)C20=A(Q-4)-Gn 
E2I=A(Q-2)-Gn 
C22=C4-Gn 
7.20=C(Q-4) 
Z2I=C(Q-2) 
7.22=X8 
JUMPDOWN(R2) 
X48=7.22 
49)X47=C(Q-2) 
X49=X8 
Hn=X-o.5H 

J11=47(049 
Hn=Hn+0.5H 
Fn=xEXP(XJn) 
Fn=0.5FnG 
qn=x1DIVIDE(FnHn,D+rn) 
qn=Hn-Gn 
Fn=m-cinqn 
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JUMP6o,Fn>o 
JUMP87 
60)Fn=xsuT(Fn) 
x(dn+3)=Fn/D 
X(J;14-6)=Cin 
REPEAT 
Jn=o 
L=46 

Hn=ti 

87)RETURN 

CLOSE 
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VARIABLES/ 

>>SETTING RETURN LABEL FOR INSTANTANEOUS PLANE STRAIN 
50)1 n)=52) 
52)X1o=X10-1-C/8 
53))C9=Xio 
X8=C(Q+1)+X9 
JUMP 5r 

430  

>>S./0-i? IN 5-z-/ 
3)jn)=40) 
5x)X/9=X7X71-X7X9 
X19=xSQRT(£67X9X9+E68X19) 
X/9=r,66X/ 
X2o=D(Q+I)+X19 +X/9 
X2i=xLOCI(B+£64X2o) 
X2/=xEXP(On+CX2I) 
X2r=r,64X21 
En=1:34-/ 
X4=-o.5X2X3En 
X22=X4-E3-1 
£13=r,3C3-2P,3-1-x 
X22=r,3C3+/-1-2X4X22-1-1.61£'3 
X22=XSQRT(C69X22) 
X22=X2//X22 
Ci3=xEXP(X8) 
N3=C1Cr3 
X23=X22g/3 
X24=xEXP(C(Q-2)) 
>>EVALUATION OF EQN.OF EQUILIBRIUM.S.I4 

Y/..,,;(24E(9.-2) 
X=A(Q-2) 

qn=X+0.5H 
JUMP48,Q>3 
X57=0.25£3+0.25Z6£964.0.75 
JUMP49 
48)20=A(Q-4)-Qn 
E2I=A(Q-2)-qn 
£22=24-Cm 
Z2o=U(Q-4) 
Z2I=U(Q-2) 
Z22=E3 
JUMPDOWN(R2) 

IN 	5 -r -/ 



X57=Znn 
49)X56=U(0-2) 
X58=E3 
Jn=o 
L=46  

S=S+1 
Pn=On 

Nn=r 

»INTEGRATION OF EQN.OF EQUILIBRIUM 
INTSTEP(xo) 

>>CALCULATION OF DELTA IN OUTER LOOP 
>>IN REGION ONE.S.15 IN 5-T-x 
Ci4=YI 
E/6=Yx-X23 
f.I5=xMOD(/-X23/C14) 
JUMP8,0>£25 
NEWL I NE 
PRINT(Xio)O,5 
PRINT(I6)6,5 
8)JUMP7,6>Ln 
JUMP3605.0000T>CI5 
7)JUMP35,S>200 
JUMP3o,Cr6>o 
On=-T 
JUMP3 2 
3o)On=i 
32)JUMPI,t>Qn 
ACROSS2/r 
r3)JUMP38,Ln>5 

>>SELECTION OF THE CORRECT BRANCH OF THE 
»CHARACTERISTIC S.15 IN5-T-/ 

X3r=X32 
X32=X33 
X34=X35 
X35=X36 
X33=ZI6 
X36=XT0 
JUMP/,Ln=i 

JUMP2.6,6>X75 
JUMP5,S>i 
JUMP24,S=0 
JUMP2I,X33>X32 
23)E18=2C18 
24)C202=-10000 
ACROSS83/2 

43! 



20JUMP33,0n0Pn 
JUMP22,X32>o 
JUMP23 
22)XIo=X76 
Er8=o.rf:;r8 
ACROSS95/2 
2o)JUMP5,S~o 
E;r8=OnCr8 
JUMP(In) 
5)Yn=£16-X32 
Yn=RnYnr,I8 
JUMP6,Yn>o 
JUMP9,3>W 
JUMP2 
9)£x8=XMOD(r.5Ex8) 
26)Er8=RnEz8 
JUMP(In) 

6)JUMP33,0nPn 
W=5 
JUMP34,E/6>X32 
£/3=xMOD(r.2CI8) 
P,/8=-RnZI8 
JUMP(In) 
34)JUMP2,X32>o 
fl;r8=xM0D(r.3Cr8) 
JUMP26 
>>POSSIBILITY OF SP INSTABILITY 
2)ACROSS3/! 

>>SELECTING PREVIOUS TRIALS WITH MINIMUM ERRORS 
>>AND BINARY CHOPPING.S.15 IN 5-r-1 
33)f:18=-0.5C/8 
Ln=i 
JUMP57,X33>X32 
X37=X33 
X38=X36 
X39=X32 
X4o=X35 
JUMP(In) 
57)X37=X32 
X38=X35 
X39=X33 
X4o=X36 
JUMP(In) 

OJUMPT4,CI6>0 
X37=C/6 
X38=no 
JUMP37 
14)X39=£r6 

43 2 
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X4o=Xto 
JUMP37 
38)JUMP8O,Cr6>o 
L=XMIN(Xo,0,33) 
X37=r,r6 
X38=Xxo 
JUMP8, 
80)L=XMAX(X0,3I,83) 
X39=Cr6 
X4o=Xto 
8r)XL=Cr6 
X(L-1-3)=Xro 

37)L=2o(r)22 
P.L=X(L+tr) 
ZL=X(L4-14) 
REPEAT 
Ln=ro 
Nn=22 
L=2o(r)22 
Kn=L 
JUMP9i,22>L 
Nn=2/ 
Kn=20 
9/)En=CNn-cKn 
JUMP62,En=0 
REPEAT 
>>INVERSE LACIRANGIAN INTERPOLATION TO 
>>FIND A BETTER DX.S.r5 IN 5—t—t 
JUMPDOWN(R2) 
L=-Rn 
JUMP6i,Z22>X(L+39) 
JUMP62 
61)JUMP63,X(Rn+39)>Z22 
62)Z22=0.5X38+0.5X4o 
63)XIo=Z22 
JUMP53,C400>5 
42)JUMP25,X75>o 
ACROSSx6/2 
25)E202=—r0000 
ACROSS96/2  
40)JUMP24,X75>o 
ACROSSI5/2 
35)JUMP36,o.00r>tr5 
ACROSSr7/t 
»END OF OUTER LOOP.S.r5 IN 5—t —r 
36)ACROSSr/6 

>>EVALUATION OF EQN.OF EQUILIBRIUM.S.14 IN 5-1-1 
ro)Jn=„Ing-i 
JUMPri,Jn=3 
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L=L-Er 
xr)JUMP4,X>o.0000r 
Fr=47:97 
JUMPT2 
4)Fn=xEXP(XL) 
Fn=0.57n 
En=D+Fn 
Gn=FnX(L4.3) 
En=xDIVIDE(X(L+9)X(L+6),DX(L+3)) 
F/=//Gn+En/X 
Hn=X(L+9)—I 
FI=UFI-14n/X 
Fr=YrFr 
r2)END AUX SEQ 

CLOSE 
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CHAPTER4 

VARIABLES/ 

>>SELECTION OF THE CORRECT BRANCH OF THE CHARACTERISTIC 
>>S.6 IN 5-1-2 
48)JUMP49,X7>o 
0=-I 
JUMP5I 
49)0=1 
5/)En=XMOD(Z) 
JUMP72,En>o.000000t 
X/0------o.000000r0 
JUMP73 
72)X20=XMOD(0•00TZ) 
Xr0=-0X2o+7, 
73)E/8=XMOD(Cro) 
P,28=-o.oT5018 
r2)Xn=-To 

XI= -I 

S=-I 
X-10=Xrci-£0 
Lri=o 
»BEGINNING OF INNER LOOP IN REGION 2 S.5-14 
/5)Xr0=XT01-cT8 
6)E3=V(0-2)+Xro 
JUMP2i,E3>o.000t 
Xxo=o.9Xxo 
JUMP6 
2r)Z8=XTAN(C3) 
U=1/C8 
JUMP2,0>Rn 
Z22=.2X/o/Z6-Bn 
JUMP3 

2)P,20=A(Q-2)-A(Q-4) 
f:2/=Z6 
£22=f;204-g2I 
Z2o=XDIVIDE(C2xV(Q-4),£20£22) 
Z2I=XDIVIDE(£22V(Q-2),E20£21) 
Z22=XDIVIDE(2£2/4-20,E2T£22) 
722=7.20-Z2I+Z22V(Q-2)+Z22X/0 

IN 5-r-2 
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3)7.9=—E4e8Z22 
JUMP23,C74>-0.5 
Z8=7.9 
JUMP24 
23)Z8=0.5Z9-1-0.5U(Q+1) 
24)Un=£7078—£61 
JUMP22,in>2 
1,x6=Un 
JUMP4 
22)En=0Un 
JUMPI5,63En 
X9=xDIVIDE(—x—Z8,Un) 
X9=X7X9 
JUMPx5,"ro>X9 
X19=X7X7-1-X7X9 
Xx9=xSQRT(1.67X9X94-E68Xs9) 
X19=C66X/ 
X2o=D(Q-1-0)4-XI9 
X21=xL0Q(B+£64X20) 
X2r=xEXP(Dn+CX21) 
X21=£64X21 
X8=C(Q4-04-X9 
£13=xEXP(X8) 
e/3=Gcr3 
x22=z9z9-2z9+1 
x22=z9z94-c61X22-1-/ 
x22.xscrT(z69x22) 

X22=X21/X22 
X23=X22£13 
X24=xSIN(E3) 
X24=1,/n/X24 
>>COMPUTATION OF DELTA FOR INNER 
>>LOOP IN RE(ION TWO.S14 IN 5—r-2 
Ei6=X24—X23 
Cx5=XMOD(T—X23/X24) 

JUMP15,0>C27 
NEWLINE 
PRINT(XI0)6,5 
PRINT(C16)o,5 
PRINT(Z9)0,5 
PRINT(X9)6,5 

5)JUMP4,6>Xn 
JUMP36,0.0000x>£15 
4)S=S+I 
Pn=On 
JUMP3.5,9>250 
JUMP4x,Jn>2 
Et7=XMOD(Cx6) 
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JUMP4i,Cx7>o.o000000r 
93)Jn=ro 
Z=Xxo 
JUMP48 
4x)JUMP38,Ln>5 

JUMP36,CI6>o 
On=-1 
JUMP32 
3o)On=x 
32)JUMP8,t>Qn 
ACROSS7/x 
8)JUMP,'.r>In 
>>CONSTRUCTION OF THE CHARACTERISTIC 

>>OF CONVERGENCE FOR REGION 2 S.r4 IN 
X31=X32 

X32=X33 
X34=X35 
X3 5=X36 
X33=Ex6 
X36=Xxo 

5 

JumPi,Ln=r 
duriP55,so 
JUMP56,Jn>2 
flx8=011£/8 
50)JUMPx5 
55)JUMP52,2>Jn 
JUMP52,Xn>o 
Yn=E/6—X32 
Yn=-0Cx8Yn 

JUMP95,Xx>o 
JUMP95,Yn>o 
Xl=x 
95)JUMP7,Yn>0 
96)Ex8=2Ex8 
JUMP/5 
7)JUMP56,o>X32 
JUMPx6,2>S 
JUMP96,o>Xx 

>>POSSIBILITY OF SP INSTABILITY.S.x4 IN 51-2 
ACROSS6/x 
16)JUMP96,6.5>C89 
Xio=Z 
r.x8=XMOD(Xxo) 
JUMP7i,£/8>o.000000x 
1_./8=o.000000/ 
7x)Cx8=—o.0000i0E/8 
£89=0.0003 
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JUMP/2 

56)Xn=1.0 
JUMP33,0n0Pn 
Ci8=xMOD(Xio) 
JUMP74,£/8>0.0012000/ 
P,T8=0.24200o/ 
74)C18=-0.080E89E/8 
JUMP i.5 

52)JUMP33,OngPn 
EI8=1.6C/8 
JUMP/5 

>>BINARY CHOPPING OF THE CHARACTERISTIC IN 
»REGION 2,INNER LOOP 
31)JUMP57,X33>X3a 
X37=X33 
X38=X36 
X39=X32 
X40--1X35 
JUMP58 
57)X37=X32 
X38=X35 
X39=X33 
X40=,.36 
58)JUMPIO,2>Jn 
In=-6 
P.18=-0.5£18 
JUMP/5 

to)JUMP37,S>I 
no=XDIVIDE(X35-X36,X32-X33) 
X10=X35-XioX32 
Ln=i 
JUMP6 
9) In=In+i 
JUMP/T,OnPn 
P,T8=o.5E/8 
JUMPr3 
rI)Er8=-o.5/8 
JUMPt,Jn>/2 
JUMPI7,In=-5 
Jn=r3 
JUMP/8 
17),111=./4 
18)X32=E16 
X35=X10 
X37=E16 
X38=Xio 
JUMP/4 
/3)JUMP25,Jn=14 
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JUMP38,1n>-5 
25)JUMP6,r3>Jn 
Jn=13 

>>SELECTION OF TRIALS WITH MINIMUM ERROR 
>>IN REGION a ,INNER LOOP.S.r4 IN 5—r-2 
r9)X3x=Er6 
X34=Xso 
JUMPr 
38)JUMP8o,r6>0 
L=XMIN(XO,31,33) 
JUMPS! 
8o)L=XMAX(XO,31,33) 
8I)XL=er6 
X(L+3)=Xr0 

r)JUMP59,F;16>o 
X37=P,I6 
X38=Xro 
JUMPr4 
59)X39=r,16 
X40=XTo 

I4),JUMPr5,"2>In 
>>INVERSE LAGRANGIAN INTERPOLATION IN REGION 2, 
>>INNER L00P.S.i4 IN 5-1-2 
37)L=2o(r)22 
f.:L=X(L+Ir) 
ZL=X(L4-r4) 
REPEAT 
Ln=ro 
Nn=22 

L=so(r)22 
Kn=L 
JUMP0,22>L 
Nn=2/ 
Kn=2o 
9r)En=fnn—£Kn 
JUMP62,En=o 
REPEAT 

JUMPDOWN(R2) 
JUMP6i,Z22>x(04-39) 
JUMP62 
6/)L=-0 
JUMP63,X(L+39)>Z22 
62)Z22=o.5X384-o.5X4o 

63)Xro=Z2z 
JUMP6 

35),JUMP9'4,Jn>2 



JUMP93 
94)JUmp36,0.0°1>N5 
In=o 
Qn=o 
JUMP/6,£89>o.5 
ACROSSi9/i 

››END OF INNER LOOP IN REGION 2 
36)Mn=—i 
ACROSS2/5 

CLOSE 
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CHAPTER5 

VARIABLES/ 

>>SETTING PARAMETERS AND STARTING VALUES FOR 
>> OUTER AND INNER LOOPS IN REGION 2.5.2 IN 5-x-2 
x)P,26=-10 
E27=-10 

4)7-5=0.5(2Zo 

Z6o=r 
Xr5=o.005 
6I)X5=B(Q4.1)-13(?-2)-Fo.00000/rZ6o 
R=-x 
vn=o 
X5=X5-X15 
8)X5=X54-X15 

9)Z6=xEXP(B(Q-2)+X5) 
Z6=Z5Z6-A(Q-2) 
X7=B(Q-2)-B(Q+I)+X5 
En=XMOD(X7) 
JumP9/,En>0.0000008 
En=xsiGm(x?) 
X5=X54-0.01200009234567En 
JUMP9 
9/)JUMP2o,Z6>o.00000r 
X5=X54-0.000012 
JUMP9 

20)s=-1 
in=0 
Qn=0 
c89=r 
0=1 
Jn=0 
Ln=0 
E4=A(Q-2)-Fa 
Wn=XDIVIDE(Ah,6.283/854C4) 
2/8=xMOD(o.r8X/o) 

441  
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JUMP7i,f:r8>o.00000r 
Ex8=o.0000r 
70)Cro=Xro-Cr8 
ACROSSr5/4 

>>EVALUATION OF STRAIN COMPATIBILITY EQN. IN REGION 2, 
>>OUTER LOOP S.15 IN 5-r-2 
2)R=R+I 
M=r 
H=Z6 
X=A(Q-2) 
Yx=B(Q-2) 

14=X+0. 5H 
JUMPr8,Q>Rn 

X43=B(Q-2)+X5 
X43=XEXP(2X43+X8) 
En=xCOS(C3) 
X43=1-43/En 
X43=X43/E4 
£20=c50 

7.20=X41 
721=X42 
Z22=X43 
JUMPDOWN(R4) 
Cn=C51Z22+X42 
Cn=X45-X46Cn 
Cn=X44Cn-2X42 

220=A(Q-2) 
£21=4 
E22=Bn 
Z2o=V(Q-2) 
7.2r=C3 
7.22=W 
JUMPDOWN(R6) 
X51=Z22 
£22=Cn 
Z2o=C (Q-2) 
Z2r=X8 
Z22=14 
JUMPDOWN(R6) 
X48=Z22 
JUMPr9 
x8)C2o=A(Q-4)-1,1 
£2r=A(Q-2)-W 
£22=£ -W 
Z2o=V(Q-4) 
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Z2I=V(Q-2) 
Z22=23 
JUMPDOUN(R2) 
X5T=Z22 
7_20=C(Q-4) 
72/=C(Q-2) 
Z22=X8 
JUMPDOUH(R2) 
X48=Z22 
19)X47=C(Q-2) 
X49=X8 
X5o=V(Q-2) 
X52=23 
L=50(052 
XL=xCOS(XL) 
REPEAT 

Nn=r 

Kn=0 
L=46 

>>INTEGRATION OF STRAIN COMPATIBILITY EQM.IN REGION z, 
>>OUTER LOOP S.x5 IN5-r-2 
INTSTEP(5) 
Xx2=Yr 
Xr3=Yr-B(Q-2) 
>>CALCULATION OF DELTA IN REGION 2,OUTER LOOP 
X14=X5-X13 
JUMP6,0>226 
NEWLINE 
PRINT(X5)0,5 
PRINT(XI4)015 

6)JUMP24,X5=0 
Xi7=XMOD(/-X/3/X5) 
JUMP36,6.00005>X77 
24)En=xMOD(X5) 
Fn=xMOD(X/3) 
JUMP;7,En>0.0000005 
JUMP7,Fn>0.0000005 
JUMP3 6 

7)JUMP35,R>/oo 
JUMP38,Vn>5 
>>CONSTRUCTION OF CHARACTERISTIC OF 

>>CONVERGENCE IN REGION2,OUTER LOOP 
X25=X26 
X26=X27 
X28=X29 
X29=X3o 
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X27=Xx4 
X3o=X5 

JUMPIO,Ro 
JUMP92,6>Zn 
JUMP93,Z6o>0 
JUMP95,X27>o 
En=XMOD(B(Q-2)-B(Q+0-1-X3o) 
JUMP96,En>o.0000r 
JUMP36 
96)X15=0.00000819 
JUMP8 
95)X/5=-o.000178945 
JUMP8 
93)X15=02.000123456 
JUMPS 
92)JUMP8,Z6o>o 
JUMP16,o›Xr4 
Xr5=-Xx5 
JUMPS 
>>INVERSE LINEAR INTERPOLATION IN REGION 2,' 

>>OUTER LOOP S.16 
>>IN 5-1-2 
ro)JUMP4o,R=2 
X5=xDIVIDE(X29-X30,X26-X27) 
X5=X29-X5X26 

97)E8=XSIGN(B(Q-2)-B(Q+04-X5) 
JUMP98,Z6o>o 

JUMP9,o>En 
JUMP36 
98)JUMP9,En>0 
Z6o=-1 
Xr5=o,000s 
JUMP6r 

4o)En=XMOD(B(Q-2)-B(Q+r)+X5) 
JUMP37,En>o.0000r 
JUMP36 

>>SELECTION OF PREVIOUS TRIAL WITH MINIMUM ERROR 
>>IN REGION 2,OUTER LOOP S.i6,5-r-2 
38)L=r7(r)r9 
ZL=xMOD(X(L+8)) 
REPEAT 

L=xMAX(Z607,t9) 
X(L+8)=Xr4 
X(L+Tr)=X5 
>>INVERSE LAGRANGIAN INTERPOLATION REGION.2, 

>>O.L.STEP r6 IN 5-1-2 



445 • 

37)L=20(x)22 
£L=X(L+5) 
ZL=X(L+8) 
REPEAT 
Vn=x0 
JUMPDOWN(R2) 
X5=Z22 
JUMP97 

35)JUMP36,(5.02>n7 
ACROSS2x/x 
36)ACROSS4/6 

»EVALUATION OF STRAIN COMPATIBILITY EQN.IN  REGION 2, 
»OUTER LOOP. S.x5 IN 5-1-2 

5)Kn=1<n+x 
JUMP,Kn=3 
L=L+x 
3)£9=xEXP(2Yx+XL) 
Fx=x-C9/X(L1-3) 
Fx=Fx/X 
END AUX SEQ 

CLOSE 



446  • 

CHAPTER6 

VARIABLES/ 

>>TRANSFER CONVERGED VALUES TO MAIN VARIABLES 
»IN REGION r 
OAQ=P.4 
BQ=Xr2 
CQ=X8 
DQ=X2o 
EQ=X22 
UQ=1,3 
VQ=X55/D 
VQ=XARCTAN(X52,VQ) 

P,400=o 

>>CHECK WHETHER A POSSIBILITY FOR SP INSTABILITY 
>>EXISTED IN REGION 
JUMP73,E88>o 
JUMP73,o>E7 
JUMP7,DQ>D(Q-2) 
L=Q-4, 
JUMP72,L>o 
L=o 
72)Kn=XINTPT(o.5L) 
JUMP74,WKn>o.o00oi 
75)f:54=XMOD(o.5C54) 
X6=B0-1-054 
Sn=-1 
z4r=—ro 
7,42=-10 
E:3/=-1 
£32=0 
ACROSS/// 
74)En=xMOD(WKn—DL) 
JUMP75,En>o.o/ 
P.88=io 
>>CHECK WHETHER MOVING BOUNDARY IS REACHED 
73)JUMP3,PT 
»ADVANCE SUFFIX TO COMPUTE MORE POINTS IN REGION 
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Q=Q+2 
ACROSSI/2 

»MOVINQ BOUNDARY REACHED 
3)JUMP5516>Z4I 
>>INTERPOLATION OF VARIABLES WHEN 

>>MOVM BOUNDARY IS BETWEEN TWO NODAL POINTS 
En=z43-n3 
Fn=Z43-Z4c 
Fn=Fn/En 
JUMP4o,Fn>o.1 
Z5o=-ro 
R=Q 
JUMP4I 
40)R=Q-2 
Z5o=io 
41) S=T 
Z51=Z4o 
133=A(S-4) 
£34=A(S-2) 
f.35=AS 
JUMPDOUN42 
AR=Z40 
Q=R 

JUMP5 

>>CALCULATION OF BOUNDARY CONDITIONS AT MOVING BOUNDARY 

55)Z4o=AQ 
5)Rn=Q+3 
qn.xsiN(w) 
f:ro=BQ 
C/2=VQ. 
Hn=xEXP(CO 
Hn=GHn 
An=6.283/854AQEQHngn 
Bn=xTAN(VO) 
X2=Hn/D 
X3=14-0.5X2 
En=r+UQ 
X4=-o.5X2EnX3 
£7t=X4-UQ-t 
f.'72=UQUQ-2UQ+' 
C7T=P:6I-UQUQ-2X4C7I-C61r,72 
C71=XSQRT(C73-E7oP,7t) 
C52=-£61+£7I 
f'52:-.,£52/£70 
Bn=-BnP-52/AQ 

mn=0 
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Nn=Q-2 
L=Nn(2)Q 
Kn=Kn+r 
JUMP:9,AL>o.0000r 
X(Kn+40)=0 
JUMPro 
9)En=XEXP(28L+CL) 
FN=XCOS(VL) 
En=x-En/Fn 
X(Kn+40)=En/AL 
r,(Kn+49)=AL 
/o)REPEAT 
X44=XEXP(-2K-CO 
X45=AQX42-1 
X45=X45(nBn 
X46=Fn 

7.6=AQ-A(Q-2) 
Xr0=BnZ6 
X5=X42Z6 
9=Q+2 
ACROSSI/5 

>>TRANSFER CONVERGED VALUES TO MAIN VARIABLES 
>>IN REGION 2 

4)AQ=1.4 
BQ=Xx2 
CQ=X8 
DQ=X2o 
EQ=X22 
UQ=Z9 
VQ=T3 

>>CHECK UHETHER A POSSIBILITY FOR SP INSTABILITY 
»EXISTED IN REGION 2 
JUMP76,£88>o 
JUNP76,o>C7 
JUMP76,DQ>D(Q-2) 
L=Q-4 
Kn=xINTPT(0.5L) 
JUMP78,WKn>o.o00or 
77)r.54=XMOD(o.5£54) 
X6=Bo+£54 
Sn=-r 
42=-/0 
Z42=-10  

£32=0 
ACROSSi/r 
78)En=XMOD(Wn-DL) 
JUMP77,En>o.ox 
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N38=10 

• >>RESTORE OVERWRITTEN VALUES AT MOVING BOUNDARY 
76)JUMP405>Z4x 
L=T+4 
JUMP43,Q0L 
UMP45,6>Z50 

R=T-2 
AR=7,23 
BR=Z24 
CR=Z2 5 
DR=Z26 
ER=Z27 
UR=7.28 
VR=Z29 
JUPIP43 

45)S=Q 
R=T 
Z5r=c).5TZo 
UT=e52 
Nn=32 
L=T(2)Q 
Nr1=Nn+r 
eNn=xEXR(—BL) 
1:Nn=ALENn 
REPEAT 
JUMPDOWN42 
En=xEXP(BT) 
AT=EnZ5r 

»CHECK WHETHER REGION 2 IS FULLY PLASTICALLY DEFORMED 
43)JUMPxi,C74>-0.5 
JUMPri3 O>Z0 
f,7r=B(Q-2)—B(Q—T) 
£72=K—B(Q+T) 
JUMPri,£72>o 
JUMP/i05>£71 
P,7x=XMOD(U(Q-2)—UQ) 
£72=XMOD(U(Q-4)—WQ-2)) 
C7r=£7r/£72 
JUMPri,2>C7r 
NEWLINE 
CAPTION 
REGION n IS NOT FULLY PLASTICALLY DEFORMED AT STAGE 
PRINT(P)20 
NEWLINE 
NEWLINE 
N=T-2 
£7T=N 
£72=M 
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Ln=xINTPT(C7r/E72) 
Ln=LnM 
ACROSS7/o 

»MODIFY MOVING BOUNDARY LOCATION IF TOO MUCH 
» OVERESTIMATED 
rr)JUMP44,Pd 
JUMP46,UQ>-o.8 
JUMID47,Sn>-/ 
JUMPDOWN58 
T=T-2 
Q=T 
P,32=5 
JUMP3 
47)JUMP6o,Z42>o 
Z42=ro 
JUMPDOWN 58 
60)c32=5 
Z4r=ro 
Xrr=XMOD(o.5Xrr) 
Z4o=Z40-XII 
Q=T 
JUMPDOWN 59 
JUMP3 

>>ADVANCE CALCULATION TO NEXT POINT IN REGION 2 
46)Q=Q+2 
ACROSSx/5 

>>AT CLAMPED EDGE CHECK IF BOUNDARY CONDITION 
>> IS SATISFIED 
44)Sn=Sn+r 
£3o=xMOD(BJ) 
JUMP82,80>Sn 
£9 r 
JUMP83,0.000/>E30 
JUNP5o 
82)JUMP5o,C30>0.000008 

Z74=274+1  
83)ACROSS4/o 

50)C28:---£29 
JUMP48,13,1>0 
Pn=0 
£29=-r 
JUMP49 

48)C29=I 
Pn=2 
49)JUMP51,c3r>5 
>>CONSTRUCTION OF CHARACTERISTIC FOR BOUNDARY 
>>MATCHING.S.r-2 IN 5-r-3 



7.1o=7.31 
Z3T=Z32 

7.14=7.5 
732=BJ -
735=7/,0 
JUMP52,n/7>0 
JUMP5/,Sr?=0 
JUMP57,Pnp7q'.nn 
cl)JUMP5,1,,B4 
JUMPDOUNrP 
T=T-2, 

P39.=0 
jUMP3 
f il )jOMPr,P? 
JUMP56,47>n 
T=T+2 
P.T 
XTo=U0-2,)—U(0-4) 

AoROSST/2 

c'6)XIT=XMOD(0.5XTI) 

JOMP63,742>o 
T=T+p 
63)P32=o 
ZAI=Io 
7,/=i0 
O=T 
JU4PDO 1 JN5c, 
JUMP/ 
57)JOMP6I,Z/r7!>o 
T=T+Pn 
ZA2=I0 
JOMP6T,RJ>o 
JUMPDOWN58 
»BINARY CHOPPINn OF CHARACTERISTIC FOP POUNDARY 

»MATCHIN.S./ IN 5-1-3 
607, 40=0-5Z404-0 .5734 

JOMP62,Z12>7.31 
736=7_32 
7.37=7.35 
7./6=7_3/ 
7, 3.9=7-34 
JUMP61 
62)Z38=Z32, 
Z?9=7.35 
736=Z31 

45T 



717=774 
JUilP67 

>>ELECTION OF PREVIOUS TRIALS PlTH MINIMUM 
>>ERROR.S.A IN e-T-2  
22),JUMP644 Pd>o 
Z/6-=8,7 
777=Z40 
JUMP65 
64)7'pl=BJ 
Z30=Z4o 
JUMF65 
(;')JUMP86,Bd>0 
L=XMIM(Zo,30,32) 
7.16=RJ 
7.37=7.4o 
JUMP66 
86)L=xMAX(7.0,30,32) 
7_18=BJ 
779=7,40 
66)7L=BJ 
Z(L+3)=7,10 
65)L=20(022 
PL=Z(L+xo) 
7.L=Z(L+II) 
REPEAT 

>>INVERSE LA(RANflIAN INTERPOLATION FOP BOUNDARY 
>>MATCHING.S.4 IN f-T-3 
Nn=22 
L=2o(022 
Kn=L 
OUMP98,22>L 
Nn =2I 
Kn=20 
,8)En.PNn-PKn 
JUMR68,En=0 
REPEAT 
JUMPDOWN(RO 
JUMP677 7.22>Z1r, 
JUMP68 
69),JUMP69,7.1,7>72f,  
68)222=xDIVIDE(7.79-7.:7,78-7_36) 

Z7.2=739-722738 
60)JUMP88,o>29Y 

Z22 n.5Z27+o-£279 
88)1:40=222 
JUMP63 

>>INTERPOLATTON OF VALUES AT MOVINO, BOUNDARY 



>>AT on DECREE. 
no)JUMPflOWNA2 

L=2o(T)22. 
Lp=1_11.4-2, 
ZL=AL” 
REPEAT- 
dUMPDOWN(R 
AR =E22 
JaPDOWN5P 
Z42=To 
7/1./=To 
Yri=xMOD(0.5X7T) 
7.4('=A(T-2)+XT7 
JUMP3 

»PRESERVES TEMPORARY VALUES AT 
58)L=720 
Kn=T-2 
Nn=Kn(2)T 
L=L+2o 
Z(L4-23)=ANn 
Z(L4-24)=BNn 
Z(L4-25)=CNn 
Z(L4-26)=DNn 
Z(L+27)=ENn 
Z(L4-28)=UNn 
7(L+29)=VNn 
REPEAT 
xix=AT-A(T-2) 
RETURN 

MOVINfl BOUNDARY 

»RESTORES TEMPORARY 
rn)L=-20 

Kn=T-7. 
Nn=Kn(n)T 
L=L+2o 
ANn-,Z(L+23) 
BrIn=7.(L-1-24) 
CNn=7.(L+25) 
DNn=7.(L+20 
ENn=7,(L+,/) . s  
UNn=Z(L4-28) 
VNn=Z(L+2) 
REPEAT 
RETURN 

VALUES AT MOV!Nfl ROUMDARY 

»iNTERROLAT!ON ROUTINE FOR MOVIri  C.)1)!‘!PAPY 
12)1,11=-S-6 
L=7o(T)22 
Ln=Ln4.2 



(L+7: )^.-7,5 
7Lt----BLv 
REPEAT 
JUMP DOWN ( R2 ) 

PR=7.2,2, 
Ln=?,-6 
L=no( 7) 2,2 
Ly.=Ln÷2. 
ZL=CLn 
REPEAT 
JUMP DO WN (R ) 
CR=Z2, 
Li4=S-6 
L=20(1)2,2 
Ln=L11+2, 
ZL=DLn 
REPEAT 
JUMPDOWN (R2 ) 
DR=Z2, 2 • 
Ln=S-6 
L=20 ( )22 
Lya:r--E,174-2 
ZL=ELn 
REPEAT 
JUMPDOWN(R2 ) 
ER=7.2, 2 
Lii=S•-•6 
L=2o(x )22 
Ln=Ln+2, 
7.L=ULn 
REPEAT 
‘IUMPDOWN (R2 
UR=Z22 
Ln=S-6 
L=2n(r )22 
Ln=Ln+2 
ZL=VLn 
PZP EAT 
JUilP DO WN (R2, ) 
VR=Z22, 
RETURN 

CLOSE 



! 5 5 



CHAPTER° 

VARIABLES! 

>>:TART EXECUTION OF PROGRAM 
»TRANSFER RADII ON MAGNETIC TAPE TO 
»MAIN VARIABLES 
WIND TAPE(I,I0) 

READ FWD(I,Prn0 
L=0(0722 
AL=P(L-Fro!) 
REPEAT - 
»TEST FOR SIGN OF PAD!! 
JUMP75,A!0>0 
JUMP 7c 
>>READ ALL VAPIAPLES FROM MAGNETIC TAPE 

-,e)PFAD FWD(I.P!0!) 
L=0(0!22 
RL=P(L+TnT) 
REPEAT 
READ FUD(7,PTc7) 
L=0(01- 22 
CL=P(L+Tn!) 
REPEAT 
READ FWD(T,P,Tr7,7) 
L=0(0T22 
DL,,, P(L-1-107) 
REPEAT 
READ FWD(I,rici) 
L=0(01.22 
EL=L(L-FIoi) 
REPEAT 
READ FWD(I,EIoI) 
L=o(I)x22 
UL=C(L+Iox) 
REPEAT 

READ FWD(T,f:To:) 
L=0(0'22 

r6 



VL=P(L4-3-0y) 
REPEAT 
READ FLID(T,P7e)7) 
L=0(067 
WL=P(L-I-Tc,T) 
REPEAT 
READ FWD(7,PT,7i) 
L=0(T)o0 
XL=P(L1-7or) 
PEPEAT 
READ FWD(T,PTc7) 
L=0(T)Too 
7L:=--P(L+Toi) 
REPEAT 
READ FWD(I,Po) 
READ FWD(7,P7c!) 

A=PTOT 
R=PT02 
r=PI03 
D=PT04 
E=P 11:0 
F=Pro6 
r!=-Pio7 
U=p1. 08 
D;1=PTO9 
I=xINTPT(P7To) 
J=XINTPT(PIII) 
K=XINTPT(PITn) 
M=x1NTPT(P/T:.) 
P=XINTPT(Pit/0 
T=x1NTPT(PiTf) 

JUMP7I,P>I 
>>READ DATA TAPE 
70)READ(I) 
0 1,4,1—/ 

READ(A) 
READ(R) 
READ(C) 
READ(D) 
READ(F) 
READ(G) 
READ(M) 
READ(J) 
READ(P,60 
L.---71(1)73 
READ(ZL) 
READ(Z(L1-7)) 
REPEAT 



A 

U=7,7 4  
Tr.xINTPT(o.n.) 
T=2T 

Xf_19=o 

>>PRINT INPUT VARIABLES WITH CAPTIONS 

NEWLINE 
REPEAT 
CAPTION 
PARAMETERS USED IN THE THEORETICAL COMPUTATION— 
NELINE 
NEWLINE 
CAPTION 
A= 
PRINT(A)6,0 
CAPTION 
B= 
PRINT(B)T,4 
CAPTION 
N= 
PRINT(C)T,3 
NEWLINE 
CAPTION 
PUNCH PROFILE RADIUS= 
PRINT(D)I, 
NEWLINE 
CAPTION 
DIAMETER OF THE CLAMPED EDflE= 

Pi'jNT(F)T,3 
NEWLINE 
CAPTION 
INITIAL THICKNESS= 
PRINT(C)I,4 
NEWLINE 
CAPTION 
NUMBER OF INTEGRATION STEPS= 

PRINT(J)3,0 
NEWLINE 
CAPTION 
STRAIN RATIO IN TENSION= 
PRINT(26T)2,2  
NEWLINE 
CAPTION 
PAVEN VARIATION OF COEFFICIENT OF FRICTION WITH POLAR— 

CAPTION 
STRAIN— 
NEWLINE 
CAPTION 
POLAR CIRCUMFERENTIAL STRAIN 	COEF. OF FRICTION 



NEWLINE 
L=7T(x)73 
Kr ,,,o(707.0 
SPACE 
REPEAT 
PkINT(7L)T,c 
Kn=o(I)T9 
SPACE 
REPEAT 
PININT(Z(L+3))T,C  
NEWLINE 
REPEAT 

L=o(T)7 
NEWL I NE 
REPEAT 

X6o=o 

£74=-1  

£90=0 

»COMPUTE CONSTANTS INVOLVINC P 
C62---.P.6TP6Tr614.12e6161+T,IPI+n 
P62=XS9RT(o.33333333f6n) 
P62=XDIVIDE(..:P6I+I,P62) 
£63=:XDIVIDE(!7P614-4,3P61+3) 
P63=XSQRT(P63) 

P64=37/P63 
P65=XS9RT(0.66()666674-0.3:33333P67) 

£6i6=£6 T+2  
P66=xSPPT(o.66666667P66) 
P66=YDfVIDE(66,r,P65.4-70 
P67=2P6x£67-614.1.  
P6A=46T-1-n• 
P69=xDIVIDE(I,P6I4-n) 
P7o=C6T1-2-  
r71=P.67P61 

»SET INITIAL CONDITIONS ON PLANK 

70=o.cF/J 
J=2,I 
KII=J+1 
L=I(2)Kn 
Ln=L—I 
AL=0.51LJ/Zo 
RL=o 
CL=o 
DL=0 



EL=0  
UL=0  
VL=0 
REPEAT 

-60 

>>SET INITIAL PARAMETERS FOR LOOPS AND 
P3T=-I 
P.12,=o 
7.41=-To 
Zt2"--TO 
e7=-To 
P88=-To 
K=o 
M=2M 
P46=o 
C49=-0  
On=xL0G(A) 
P=I 
Sn=-T 
P82=o 
ACROSS42/T 

»OUTPUT OF RESULTS PEP STAGE 
4),JUMP6,0>P88 
,En=0.5TZo 
JUMP08,Fn>P5 
jUMP98,X89>2 
Sn=-T 
7/1„37=-TO 
7-42==-10 
P3T=-I 
Pln=o 
X6=80 

P88=-10 
P7=-To 
X89=5 
AOROSST/T 
98)NEULINE 
NEWLINE 
CAPTION 
PLASTIC INSTABILITY AT- 
PRINT(P5 )T,/i. 
NEWLINE 

>>CALCULATION OF BULCI E DEPTH 
6)P2-7=0 
P4o7zo 
c26=-A2  
P20=xTAN(V2) 

roMPUTATION 



L=2(2),J 
P78=AL 
P47=xiAN(VL) 
E1,=n38P 38 

nn=EnP./8-Fnr.37 

En=P38-P37 

Un=o 
Kn=16(0:0 
Vn=n 
Wn=T 
YP=T 
Nn=16(T)P 
JUMP5,Nn=Kil 
V1,7=PNn+V;1 
Wn=WIITNII 
Xn=PKr-PN11 
Y14---YnXn 
OREPEAT 
H11=0 .333/1 333 73: 

Fin=HrP(K;14-3)/Yr 
Ur7=U17+Ny, 
REPEAT 
P.6=P64-U1 
P.76=P-7'7 
P?7=i,38 
P30=P40 
P210=rily 
REPEAT 

K/3=  4I 
L=0(J)J 
Kn=Kn+/ 
EKn=xEXP(CL) 
EKn=0.5Q£Kn 
REPEAT 
En=xCOS(VJ) 
P94=P6-EnE43-p4n4. 01 

P94=25.ePt 

»CONTINUATION OF OUTPUT 
An=0.0004523Ar! 
NEWLINE 
CAPTION 
STAU- 
PRINT(P)2,0 
CAPTION 
PUNCH LOAn- 

16 r 



PRINT(An)!7,4 
CAPTION 	• 
BULGE DEPTH— 
PRINT(P903,3 
CAPTION 
MOVING BOUNDARY IS AT— 
PRINT(Z4()2,4 
PRINT(c7.2?578PTn)n,n 
En=xEX0(—pi0) 
En=Z40En 
CAPTION 
INITIAL RADIUS, 
PINT(En)T,4 
NEWLINE 
NEWLINE 
CAPTION 
CURRENT EFFECTIVE COEFFICIENT 

PRINT(U)I,3 
NEWLINE 
NEWLINE 
N=J 

LII=J 

7)Nn=7-2 
CAPTION 
REGION I 
NEWLINE 
NEWLINE 
Pn="-I0 

L=0(M)Ln 
JUMPIQ,Nn.›L 
JUiiP/9,Pn>o 
NEWLINE 
CAPTION 
REGION 
NEWLINE 
NEWLINE 
Pn=zo 
T9)Mn=xINTPT(0.5L) 
En=KI/Z0 
PRINT(En)I,1 
PRINT(AL)I,3 
nn,=)(EXP(CL) 
Gn=GGn 

JUMPT2,AL>o.00ncox 
R=o(z)I5 
SPACE 
REPEAT 

/1.6 2. 

OF FRICTION— 



JUMPI3 
In)Fn=xSIN(VL) 
Hn=0.5GnEn 
Un-z.-AL+Hn 
Un=xLOG(Un/En) 
PRINT(UOI,-2 
Vn=.-AL—Hn 
Up=xL0G(Vn/En) 
PL1NT(Un)1.3 
13)PRINT(ROT,:7; 
PRINT(CL)T,3 
PRINT(—PL—CL)T,:, 
PRINT(DL)T,3 
Un=xL0G(B+P.64DL) 
Un=xEXP(Dn+CUn) 
Unz--- 64Un 
PRINT(U05,0 
PRINT(EL)5,0 
Un=ELUL 
PRINT(Un)5,0 
P'i-dNT(UL)T,1 
PRINT(57.29578V02.,1 
JUMPT8,L>Nn 
Wn---.1+0.5Gn 
,JUPTI,AL>0.0nooT 
Wr=xDIVIDE(7.ELRnW27,DD) 
JUMP ro 
TTY,4n=ELAL+UnWnEn 
Wr=xDIVIDE(WIIGn,DVn) 
TOPRINT(Wn)5,n 
Wn=xDIVIDE(B+P6ADL,CP61) 
PRINT(Wn)T,3 
JUMP() 
Tb),Aq=AL/Fn 
PRINT(—Wn/UL),n 
PR1NT(Vn)2.2 
0)Wn=xEXP(C(L+7)) 
OP=A(L-FT)E(L+T)RWn 
Ui;=ALELRn 
JUMP5T.Upwn 

D 
fT)NEWLINE 

REPEAT 

»OVERWRITE RESULTS OF PREVIOUS STAflE 
»By THOSE OF CURRENT STARE 
JUMP2,PR8>0 

L.---0(2)N 
A(L+17)=AL 



R(L+0=BL 
C(L+0=CL 
D(L+/)=DL 
E(L+I)=EL 
U(L+I)=UL 
V(L+I)=VL 
REPEAT 

>>TRANSFER ALL NECESSARY VARIABLES FOR RESTART 
>>TO MAGNETIC TAPE 
VINE) TAPE(T,I0) 
L=0(01:22 
r(L+ToT)==AL 
REPEAT 
WRITE(T,P70.0 
L=0(T)7. 22 
P(Lt/00=13L 
REPEAT 
WRITE(T,PT0T) 
L=0(01•27 
P(L4-100,---CL 
REPEAT 
VRITE(T,Pror) 
L=0(0127 
(L+1'07)=DL 
REPEAT: 
WRITE(T,PT00 
L=0(0722, 
P(L+I0T)=EL 
REPEAT 
WRITE(T,1T00 
L=0(012.2 
P(L+T0T)=UL 
REPEAT 
WRITE(x,r,T0T) 
L=0(0.122 
P(L+T.00=VL 
REPEAT 
WRITE(T,P1- 00 
L=0 ( T )67, 
P(L+107)=411, 
REPEAT 
WRITE(7,P700 
L=0(090  
P(L+100=XL 
REPEAT 
WRITE(T,P/0.1) 
L=0(01.00 
P(L+1. 00=7_L 
REPEAT 
WRITE(T,P1.n0 



WRITE(I,2o) 
P:roT=A 
Pron=B 
NI:33=C 
PiOr1=1) 
P1705=E 
P.To6=F 
PTO7=C7 
P/o8=U 
Pro9=Dn 
CTIo=I 
2IT/=J 
21I2=K 
Pii3=N 
2.1-7:4=P 
Nic=T 
WRITE(T,Prox) 

»BREAK OUTPUT AT EVERY 	STAflES 
-700()=R9o4-, / 
JUMP3o,I2>P90 
NEWLI NE 
1071,0,0,0 
NEWLI NE 
CAPTION 
000iTINUATION OF RESULTS FROM STA(F 

PRINT(P)n,o 
NEWLI NE 
c900 
3o)UUMP8,-0.5>P74 

»RESET PARAMETERS FOR NEXT STAC,F 
Pt4=PA5 
P45=66 

P.47=E48  
P.48=P49 
En=xEXP(—PI(1) 
PA,6=EnZ4o 
PAo=Bo 
56c1=58T 
P8T=P82 
On=xMAX(Do,o,4) 
P82=DJn 
4UMPT,I,P7A>o.f 
8)7_22=Ro+fio2 
JUMP 

r4)En=P/1:6+2.7,(1 
L=20(Onn 
PL=OL4-2.4)—Ep 
ZL=P(L+27) 



REPEAT 
JUMPDOWN(R2) 
X6=Z22 
En=P824-27c) 
L=20(022 
PL=P(L+6o)—En. 
7,=P(L+27) 
REPEAT 
,JUMPDOWN(Rr+) 
JUMPT,X6>722 
7nn=X6 
T5)X6=7,22 
Ep=X6—Rn 
4UNP62,Er>o.00 r 

X6=Ro4-0.r,0!75 
6.7)S/1=-T 

P= + I  
Il4=T 
7.=—To 
:742=—To 
P3i=—T 
P32=0 
,JUMP6o,—o.5>P74 
L=d11+8 
JUMP6I,LT 
T=2T—K 
JUMP6 /  

6o)T=T+4 
61)C91=-1 
K=In 
ACROSSx/x 

>>DIAQNOSTIC OUTPUT WHEN NO CONVERGENCE IS +DETAINED 
)NEULINE 
Kn=0-2 
Mn=P+T 
L=Kn(3)Nn 
PRINT(AL)o,; 
PRINT(BL)0,f 
PRINT(CL)0,5.  
PRINT(DL)o;E 
PRINT(RL)o,f 
PRINT(UL) 
PRINT(V00,5 
;,EWLIME 	- 
REPEAT 

NEWLINE 
PRINT(P)n,o 
PRINT(T)2,6 
PRINT(Sn)20) 

466 



PRINT(9)2,o 

-,)L=o(T) 
NEWLINE 
REPEAT 
JUNPT,I?o 

>>END CALCULATION 
Ei4D 

CLOSE 

216 7 
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APPENDIX-D. COMPUTER PROGRAM FOR CURVE FITTING TO STRAIN 
HARDENING LAW BY LEAST SQUARES 

»MINIMIZATION ROUTINE 
ROUTINE 970 

VnyNN-FUn 
Q=M-t 
R=o(r)Q 
P,R=0 
REPEAT 
R=o(T)0 
M?=I 
x7(RM-1-Un)O,N 
ER=0 
REPEAT 
R=o(r)0. 
£R=F+F 
REPEAT 
x7(Vn)CO,N 

JUMPDOWN(T) 
Fn=F 

I) 	R=x(r)N 
WRM-N+Un)£0,M 
x6(R-I+Vn)Gn,t 
Hn=0 
Gn=.5Gn 

2) JUMPD9WN 99 
JUMPDOWm(T) 
JUMP3,R00 
6) RETURN 
3) JUMP4,Fn›F 

Gr1=-Gn 
JUMPDOWN99 
Gn=.5Pin 
JUMP2 

4) En=F 
Cin=2Cin 
JUMPDOWN99 
JUMPDOWN(T) 
JUMP6,R=o 
JUMPI5,P>En 
Fn=En 
Hn=.5Gn+Hn 



JUMP4 

EnvEn—En 
EnvF—En 
1-7 vxDIVIDE(PFn+En,PF14.-L 
Hid=(:  

JUMPDOWNno 
„JUMPDOWN(T) 
JUMP6,R=o 
Fn=F 

x7(R—T+Vn)Hn,T 
REPEAT 

JUMPDOWN(S) 
JUMP6,R=0 

x7(N+Vn)Y0,N 

R=T(I)N 

I=T(ON • 
Y(1-0=-0 
REPEAT 

1=i“T)N 
x6(IN—N+Un)P0,N 
x6(1—I+Vn)cin,i 
J=I(I)N 
Y(J— I)=GnE(J— x)+Y(J—I) 
REPEAT • 
REPEAT 

JUMP7,R=x 

I=R—T 
1=1(-0/ 
x6(1N—N+Un)E0,m 
F=o 
J=I(T)N 
F=Y(d—ONJ T 

REPEAT 
J=x(7)N 
y(j— /)=—Fr(d-7)+Y 
REPEAT 
REPEAT 

7) 	F=0 
‘1=x(I)N 
F=Y(J-1)Y(J-7. )+E 

• - ) 

Aon 



REPEAT. 
F=xSPRT(T/F) 
d=T(T)M 
Vd— T)=EY(J—T) 
REPEAT 

y (RN—NA-Un)Y0,N 

REPEAT 

Y6(N-1-Vn)y0,N 

JUMPT 

90 )• I=T(I)M 
Y(1 — T)=C4nP(1 — r)+Y(I — I) 
REPEAT 
RETURN 

70  

TITLE 
R.KAFTAMOG.LU ,ME0H.EN0. !CST JOE', NO U—!7,66[,2 17q63 

TITLE 
CURVE FITTIr TO STRAIN HAPDEMIMn LAW ray LEAST SQUARES 



4 7 T 	• 

CHAPTER! 

>>VARIABLE ALLOCATIONS 
A-*5 
B-).5 
C.4floo 
0-42oo 
E-05 
C-45 

Y-+ 5 
P45 

»SCALING AND SETTING OF INITIAL VALUES 
8)Yo=o.00000!X 
YT=0 
Y..1=V 

»SETTING OF MINIMIZATION ROUTINE PARAMETERS 
F=0.002 
N=3 
Unvo  

S)=Io) 
T)=20 ) 
LY7.=o 

c„0-0,00000ix 
qi=r, 
(7.2=v 

>>ENTER MINIMIZATION ROUTINE 
JUMPDOWN(Ro7o) 

JUMP/2,YT>r, 
»IF o>B CURVE FIT TO LUDUIK PO1!!ER 

ACROSS n.0/2 

»GO TO PRINTING SECTION 
12)ACROSS5/o 

»GENERATE THE ERROR FUNCTION 
2o)Dn=xL0G(Yo) 
F=o 
Kn=!(/)P 
Y=YT+CKn 

JUMP?o,Y>o 
Y=o 



.JUMP,T 

?o)Y=XLWY) 
Y=.1(EXP(Y2Y+Dr) 
?T)Y=DKn—Toonr,ocY 
F=YY+F 
REPEAT 
RETURN 

>>,CCURACY TE?TS FOR CONVERflENCE 
TrOMp=o(17):7 
Htir=yMOD(YMP/(;Mr—!) 
REPEAT 
JUMPQ,H0>An 
JUMP9,HI>An 
JUNP9,H2>An 
Ln=Ln+1 
JUMP9,3>Ln 

R=o 

PRANT(i000000go)0,5 
PRINT(Q1)0,5 
PRINT(C)0,$  
Piji\IT(Xn)o,7 

n)Nn=(T)? 
4In=YNn 
REPEAT 
Xn=F 

RETURN 

yEXP 
YLOG 
xSORT 

CLOSE 
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CHAPTERn 

VARIABLES' 

>>IF 0>B LUDWIK POWER LAW IS USED FOR CURVE FITTING 
4°)NEWLINE 
CAPTION 
LUDIJIK POWER LAW IS USED FOR MORE ACCURACY. 
NEWLINE 

»SCALING AND SETTING OF INITIAL VALUES 
Yo=o.00000iX 
YI=V 

F=o.00n 
N=n 
Unvo 
s)=45) 
T)=48) 
Ln=o 

Go=o.00000rX 
Gr=V 

>>ENTER MINIMIZATION ROUTINE 
JUMPDOWN(R97o) 

»GO TO PRINTING SECTION 
ACROSS28/o 

»GENERATE THE ERROR FUNCTION 
48)Dn=xL0G(Yo) 
F=o 
Kn=/(/)P 
JUMP4i,onKn 

Y=xLOG(CKn) 
Y=xEXP(YrY+Dn) 
Y=DKn-r000000Y 
F=YY+F 
4r)REPEAT 
RETURN 

>>ACCURACY TESTS FOR CONVERGENCE 
45)Ho=XMOD(Yo/Go-r) 
H1=XMOD(Yr/Gr-I) 

JUMP42,Ho>An 
JUMP42,Hr>An 

Ln=Ln+i 



JUMPA2,?>Ln 

R=o 

PRINT(I000000r,o)o, 
PRINT(PT)o,5 
PRINT(Xn)0,7 

,n)r-,0=Yo 
(,1-YT 
X1,'=;= 

RETURN 

xEXP 
)(LOC 
X3qRT 

CLOSE 

/175 



CUAPTERo 

VARIARLES7 

>>READING IN OF DATA 
READ(An) 

READ(K) 
A)1(,=-K—I 

0=n(T)2 
READ(A0) 
READ(RO) 
REPEAT 

REiiD(P) 
In=7(1)P 
READ(CIn) 
READ(DIn) 
iEFEAT 

>>CALCULATION OF INITIAL VALUES OF A,B AND N 
A=xL0Q(B2/B0) 
B=XLOG(B2/BI) 
B=A/B 

M=0 
U=0.0/ 
C=o.o6 

n)C=C+U 
M=11-FT 
QP=L 
ign=H 
JUMPI5,M>30 
AiMPT6 
T5)M=Io 
TOD=C+A2 
E=O+AT 
Z=C+Ao 
7=yLOG(D/Z) 
E=xL0r(D/E) 
F=7. /E 

'76 
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3)L=—T 

r7)JUMP2i,M=I 
JUMP22,LQn 
JUMP23,H>Wn 
JUMP2T 

23)U=—U 
JUMP2s 
22)U=—o.5U 
2r)JUMP2,H>o.000r 
JUMP24,C>o 

C=o.ox 
D=C+A2 
Z=C+Ao 
z=xL0q(D/Z) 
24)v=A/z 
W=XLOG(C+Ar) 
X=XLOMBr) 
X=X—VW 
X=XEXP(X) 

NEWLINE 
NEWLINE 
RRINT(X)0,5 
PRINT(C)O,5 
PRINT(V).6,5 
NEWLINE 
NEWLINE 

>>START OF MINIMIZATION 
ACROSS8/r 

>>PRINT A,B,N,AND ERROR 
ONEWLINE 
PRINT(r000000Yo)O,s 
PRINT(Yr)o,5 
PRINT(Y2)6,5 
PRINT(F)o,1 
NEWLINE 
NEWLINE 

>>TABULATION OF INITIAL DATA AND FITTED CURVE 
Bn=xL0G(I000000Yo) 
Jn=r(x)P 
PRINT(Cdn)i,8 

PPINTWO5,6 
on=xLoci(Y14-cJn) 
cn=xEXP(Y2cn+Bn) 



PRINT(Cn)5,n 
PRINT(DJn—Cno 
JUMP40.>-DJn 
PRINT(xoo—rooCn/DJT/)n,T 
to)NEWLINE 
REPEAT 
JUMPno 

>>PRINT A,B AND ERROR FOR LUDWIK POWER LAW 
28)NEWLINE 
NEWLINE 
PRINT(TonoclooYo)o, 
PRINT(YT)o,5 
PRINT(E)0,7 
NEWLINE 
>>TABULATION OF INITIAL DATA AND FITTED CURVE 

»FOR LUDWIK POWER. LAY 
Rv=xL0C( T or,0(7,0c,yn) 

PINT(CJII)T,3 
PPINT(Ddn),!,c,  
JUMP“,Cdn>o 

dUMP-76 
. 5)Cn=xL0C,(C4P) 
ryr-- XEXP(YTCp+BP). 
36)FRINT(C),7,0 
PRINT(DJn—Cn)3,0 
JUNP4x,0.›.-DJn 
PRINT(Ioo—zooCn/DJ02,I 

WNEWLINE 
REPEAT 

29)Pn=o(06 
NEWLINE 
REPEAT 

»CHECK•IF THERE IS 
,IUMP4.K>o 

END 

yEXP 

MORE DATA TO RE FITTED 

rLOSE 
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APPENDIX—E. COMPUTER PROGRAM FOR THE ANALYSIS OF 
EXPERIMENTAL RESULTS 

JOB 
KAFTANOGLU 9UNn—n 	ti 

COMPUTING '70000 INSTRUCTIONS 
OUTPUT 

o LINE PRINTER 3,r. LINES 
STORE 17 BLOCKS 
CoMPILER EMA 

MAIN-447o 
AUXILIARY(o,o) 
DEPTH o 
DUMPS o 

TITLE 
B.KAFTANOGLU,MECH.ENG. ICST ,!OR NO LSCECT, T064 
TITLE 
DATA PROCESSING FOR STRETCH FORMING AND DEEP—DRAWING 

TITLE 
AISOTROPIC 



CHAPTER' 

A4 50 
R -)50 
C-'50 
D-*y) 

F-*50 

H-4.30 
>>CALCULATION OF OUTER AND INNER CIRCUMFERENTIAL STRAINS 

50)0=r(2 )N 
FRINT(A0)I,4 
JL;MP(1,B0>o 
RO=DO+EODO/D 
0)W=xL0G(RO/A0) 
PRINT(W)/,4 
PkINT(CO)T,4 
JUMPio,DO>0 
DO=D+EO 
DO=BO—EOBO/DO 
To)X=xL0G(DO/C0) 
PRINT(X)I.4 
»CALCULATION OF MEAN CIRCUMFERENTIAL 	 THICKNESS, 

»MERIDIONAL. AND EQUIVALENT STRAINS 
Y-0.5Ao4-0.co  

PRINT(Y)T,1 
7=0.5Bo+0.5D0 
An=xLOVVY) 
PRINT(An)T,.A_ 
R-xt_0(E0/F).  
PnINT(ROT, 

PRINT(On)I.4 
DI/7=1/Cv+AnAn 
DII=YSORT(HIADn+HisAnB ‘) 
%=HT/DP 
PRINT(Dn)T..,. 
»CALCULATION OF THE STRESS kATIOS 

, IUMPTI,D0>E 
.JUMP 12.0>'] 
JUMPIT,DO>D 
F41=DO/D 

1-1 ,,.=xORT(DD—DODO) 
H;=-Hz/D 
JOMPT1 
In)JUMPTI,DO>0 
Ep=HH—C;C; 

(;11=XSORT(DODOEn+0G(Q) 
H3=xSQRT(QG—DODO) 



H3=GH3/(;11. 
En=p0H/P:n 
Fn=xDIVIDE(rmr,nnyl,c,nri nH) 

T3)rl=Fn4.0. ,-,E0 
W11,=(;nEn 
XII=xDIVIDE(-o.fEO,FPD9) 
TA)Hn=2V-7 
nn=V+FiTo 
Un=xDIVIDE( -InAn+Rnr,AHT6Rn) 

Vn=V 
V=7-1-UpWn 
V=XnV 
Yn=xMDD(T-Vn/V) 
,IUMPT4,Yn>0'.nooT 
7n=To 
JUMPI5 

TT)Zn=-To 
V=0 
Un=xDIVIDE(-An-I-BnHT0.Ap+HT6Bn) 

»CALCULATION OF EnUIALENT, - MEP IOIONAL, AND 
»CIRCUMFERENTIAL .TRFE=9 

TOPRINT(UOT, 
Hn.xLWR+HI:7D/1) 
Ho=xEXP(U+CH0) 
H0=T2Ho. 
PRINT(Ho)5,0 
FIT7=V-T-Un 
HT8=UnUp-nUn4-T 
HT=UnUn+T-1-nVHT74-HT0HIP 
NI=XSCTT(T.fHir.:HI) 
1-13:=Ho/HT 
PRINT(HT)5,e 
I-12=UnHT 
PRINT(H2)r,^ 
NEWLI NE 
PRINT(BO)T,4 
PRINT(DO)T,1. 
PRINT(Z)T,4 
»CALCULATION OF INTEPFACIAL PRESSURE 

»CJEFF[CIENT OF FRICTION 
JUMPT6.o>Zn 
HA=xAROTAN(H3,En) 
SPACE 
SPACE 
PRINT(57.29578H4)n,2 
Hc=T-Un 
H6=T+Un 
1-17=HA-EnM/ 
H8=xDIVIDE(H5EnEn,H6M7) 
PRINT(-nHTV)/!„0 
PRINT(H8)T,4, 

482 



T 6 ) NEWLINE 
NEWL I NE 
REPEAT 
ACROSS 60/0 

xL,Ori 
x EXP 
xSQRT 
x AR C TA N 

CLOSE 



CHAPTER° 

VARIABLES! 

>>READINC; IN OF DATA TAPE. SEE FORMAT IN 
READ(I) 
!)I=I-T 
READ(H!o) 
READ(J) 
READ(A) 
READ(B) 
READ(C) 
,IUMPo,o>j 
READ(D) 
JUMP 2 
o)READ(C) 
READ(H) 
2)REAn(E) 
E=1.. 	 (1-E 
READ(K) 
RFAD(L) 
PEAD(F) 
11=21--T. 

[I o ,  

>>READIMr, OF CRID MEASUREMENTS FOR OUTER SUPFAnE, 
»Amp THICKNESS 
M=!(2)N 
READ(AM) 
READ(A(M+0) 
READ(BM) 
READ(B(M+/)) 

JUMP3,2K 
READ(CM) 
READ(C(M+0) 

JUMP3,pK 
READ(DM) 
READ(D(M+T)) 

3)READ(EM) 
READ(E(M+7)) 
JUMP4,2_>f< 
READ(FM) 
READ(F(M+T) 
„JUMP4,3>k 
PEAD(GM) 
PEAD((;(144-T)) 
/1)REPEAT 

'4, 84 



»CALCULATION OF RADII RY SI.IPTRACT!NG MICROSCOPE READINGS 
» FROM 7.5IN 
0=x(2)N 
AL)=---r.c000rl—A0 
A(04-0=1. .,:on00—A(04-1. ) 
R0=1.0000—B0 
R(04-T)=1.50000— (04-7.) 

JUMPc,2›-K 
CO=I. Soo—CO 
C(0+1)=T.snono—C(04-17) 
JUMP‹,/›-K 
D3=1.5ol000—DO 
D(04-0=i.soono—D(OT) 
f.)REPEAT 

»AVERAGING RADII AND THICKNESSES 
0=T(2)N 

AO=A0+A(0+0 
A0=0.5A0 
RC=B01-R(0+0 
R0=0.5B0 
E(01-0=B0 
E0=E04-E(04-0 
E0=0.5E0 
E(04-0=E0 

JUMP6,2A‹ 
00=C0+C(04-T) 
CO=0.5C0 
f7)=RO+CO 
B=c).c.B0 
FOF,F0+F(01-0 

E0=F0+FO 
EL;=0.5E0 

JUMP6,3N‹ 
DO=DO+D(04-0 
DO=0.5DO 
BO=B(0+0+CO+00 
R0=0. '33.333B0 
G,=GOI-G(01-I) 
ro=0.5no 
E3=E0-1-04-Fo+w 
E0=0.333333E0 
6 )REPEAT 

»READING OF GRID MEASUREMENTS FOP INNEP SURFACE 
0=T(2)N 
Ri:AD(00) 
RAD(C(04-T)) 
READ(00) 



READ(D(04-T)) 

READ(F0) 
READ(F(04-0) 
JUMP7, 3;K 
READ(C,O) 
READ(G(04-1)) 
7 )REPEAT 

>>CALCULATION OF RADII Ry SURTRACTINr MICROSCOPE READINGS 
>> FROM T.qIN,AND AVERAP.INin 
0=1- (n)N 
CO=I.c0000-CO 
0(0+0=T•c7onno-C(04-0 
C0=CO+C(04-/) 
CO=0.5C0 
DO=T.coono-DO 
0(0+0=r.conno-D(04-7) 
DO=DO+D(0:1-T1 
DO=0.DO 
D(4.0-DO 
JUMP8,2N< 
FO=I.c000n-F0 
F(04.0=7.coono-F(01-1. ) 
FO=F04-F(04-0 
F0=0.rF0 
DO=20-T-F0 
M.J=0.r.D0 

,IUMP8,7K 
r0=1.50000-G0 
n(0+0=T.c000n-r,(0-FT) 
PO=C0-4-“0-1-T) 
nO-n.cc10 
Do=n(0+3.)+FO-FGO 
Do=0..,,33333D0 
F )REPEAT 

>>CALCULATION OF CONSTANTS IN EQUATIMS 
U=XLOG(A) 
JUMPI0,0>d 
V=D 
jUMPI/  
Io)V=C,G/H 
ii)D2=6-1-0.5ET 
V=xDIVIDE(-ETZn,VV) 

NEWLINF 
CAPTION 
DATA NO- 
PRINT(1?- 	2,6' 
NEWLINE 
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>>CALCULATION OF CONSTANTS INVOLVIT\M, R—VALUE 
Hr3=Hro+2 
Hir=XSORT(o.6666667H13) 
HrI=XDIVIDE(HIT,Miro-Fr) 
Hr2=XDIVIDE(Hro+r,Hro+2) 
1-1r2=XSQRT(r.5H12) 
lix4=2Firo-Fr 
Hr5=2HroHroi-Hro 
Hi6=Hro+r 
1-179=r/Hr3 

ACROSSso/r 

6o)In=o(r)ro 
NEWLINE 
REPEAT 

JUMPr,I>o 

>>END CALCULATION 
END 
CLOSE 
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APPENDIX — F. cOMPUTFp PRJrRAM FOP EPTIMA.TINC THE LIMITING 
DRAWING RATIO 

TITLE 
EXPRED LDR KAFTANOOLU ICT •TOPNO.T^nr 



CHAPTER° 
A.-* 3  
F3-4•3 
(7'42 
>>READI NC OF DATA 
1)PEAD(K) 
K=K—I 
1=0(02. 
READ(A1)- 
READ(BI) 
REPEAT 
>>CALCULATION OF INITIAL CONSTANTS 

A=AoL'AT 
B=A0—A2 
B=A /B 
J=-1 
2),J=J+T 
C=0.3J+o.no 
D=xEXP(—CAo) 
E=xEXP(—CBI) 
F=xEXP(—CR2) 
n=D—E 
H=D—F 
H=n/H 
(7,1=H—R 

U=CT—00 
U=0.3 /U 
14=o 
V=0.20—UCo 
>>SUCCESSIVE APPROXIMATION LOOP 

2.1V=V—UW 
'D=xEXP(—VR0) 
E=y,EXP(—VRT) 
F=xiDCP(—VR2) 
r=p—L 
H=D—F 
H=r' /H 

7,--- xMOD(W) 
JUMP;,?>o.000T 
X=A/fl 
Y=Ai—XE 
NEWLINE 
>>FRINTINQ OUT OF RESULTS 
PRINT(V)0,4 
PRINT(X)5, 
PRINT(Y)i i 4 
FRINT(25.4Y)2,2; 
PRINT(Y/1.3o00)/ T 3 
NEtJL I NE 

a 



PRINTOr+O.on(7).", 
PRINT(i—o.o/T,; 
PRINT(25-AY:l-o-Rnff)^ 
PRINT(25./7Y—c..P2ff )  
PRINT(W)o,4 
NEWLINE 
NEWLINE 

END 
YEXP 
CLOSE 

A00 
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APPENDIX-G. THEORY OF PLASTIC BENDING UNDER BIAXIAL 

TENSION FOR ANISOTROPIC LINEAR STRAIN - 

HARDENING MATERIALS  

An approximate theory to estimate the thinning under 

plastic bending under biaxial tension for anisotropic 

materials with linear strain-hardening properties is 

presented. It is developed along the same lines as that 

given by Chung and Swift (18) for isotropic materials 

under conditions of plane strain, and it shows the limita-

tions of their theory. This method can be applied in 

cases when: 

(i) The tensile force under which the plastic bending 

is taking place is statically determinate, e.g. in 

bending of a metal strip around a pulley, 

(ii) The plastic bending is superimposed on another stress 

system with a mean tensile stress acting in the plane 

of bending, e.g. plastic bending under tension at 

the start of the die curvature in deep-drawing. 

It will be assumed that the material obeys a linear 

strain-hardening law of the type: 

0 = o + PC 
0 

where EO is the equivalent stress of the material prior to 

plastic bending, and f3 is a coefficient expressing the 

rate of linear strain-hardening. It is further assumed 

that the elastic strains are negligible in comparison with 

the plastic ones, and plane sections remain plane during - 
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bending. Also the effect of the interfacial pressure 

between tool and sheet metal will be neglected, and 

bending will be assumed to take place under a constant 

stress ratio (ratio of stresses in the plane of the sheet) 

which may be equal to that, prior to the commencement of 

bending. 

As shown in Fig. G.1, bending takes place under the 

applied tension resulting from the mean stress lb' 

The neutral surface of bending NN is displaced from the 

central surface CC by an amount yN, which can be deter-

mined by equating the applied tension to the difference 

between the bending tension and compression. However, 

as shown in Fig. G.1, two distinct cases exist in the 

process. In Case I, the neutral surface remains within 

the thickness of the sheet, whereas in CaseII, it is 

outside of the thickness, because of the higher applied 

tension and hence higher mean stress, which completely 

compensates the compressive stresses due to bending. 

In the second case all fibers of the sheet suffer tensile 

strains in contrast to those in Case I. This possibility 

was not mentioned by Swift (78), and Chung and Swift 

(18), and their analyses can only apply for the condi-

tions of Case I. Since they have not provided a cri-

terion to find the limiting mean stress for the change 

over from Case I to Case II, results obtained using 

their method need to be checked back to see that the 
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neutral surface remains within the thickness of the 

sheet, otherwise the results may be incorrect. 

The present analysis is as follows: 

From Fig.G.1: 

t 
a P1 2 - YN 

The meridional strain at any fibre is given by: 

el  = in (1 + 	) 
P  N 

(G.2)  

(G.3)  

The ratio of the circumferential stress to the meridional 
a 2 one is: 	= x, and it is assumed to remain constant a l  

during bending. 0
3 

= O, as mentioned earlier. 

The yield criterion for anisotropic materials under 

these conditions become: 

a = V1a1 
	 (G.4) 

where V1 is a constant. 

By dividing two of the eqns. (3.19) side by side: 

dE2 	R(x - 1)+ x 
	 - V2 - a constant 	(G.5) 

del 	R(1 - 4)+ 1 

Then substituting V2dell  in eqn. (3.23) for de:', and 

simplifying: 



a 0  
a = 1 	V 	V 1 1 v1 

(G.8) 
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( 
 (2+10:

ik f 	2 	/ 	 N 21 2  
dE [12R. +31)0.+V2

2)+2V2(R+2R 	del 1 + 2R 

which leads to: 

= V3E1 
	 (G.6) 

where V
3 

is another constant. 

To be consistent with the sign convention adopted 

for y in eqn. (G.3), the following conditions must be 

satisfied by eqns. (G.4) and (G.6): 

when 1  .4.> 0 	than 	V1> 0 -< 

and 

E1 . 0 	then 	3  0 .> C 

(G.7) 

so that a and E will always remain positive. These can 

be ensured by taking the appropriate signs of the radicals 

in eqns. (G.4) and (G.6) to satisfy the.above conditions. 

This distinction was not made by Chung and Swift (18). 

From eqns. (G.4), and (G.1): 
a• 

Substituting fore from eqns. (G.6) and (G.3) also with 

the approximation: 

in (1 t X) 4 X— 
PN 	PN 

with about 1% error in the relevant range, into eqn. 



a 0 a1  = Vi 	Vi  V3 p (G.9) 

a 

0 

YN 

dy 

t -*y 2 N 

albt  = 	(IV°  V  v3 PN 

0 

+ 	V -X-] dy v VI 3 pN  
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This equation gives the stress distribution through 

the tbAckness. 

For Case I: 

Keeping the conditions of inequalities (G.7) in mind, the 

applied tension can be equated to the difference of 

bending tension and compression, which is given by the 

integral of eqn. (G.9). However when y>0 then Vi, 

and V3> 0, and when 0> y then 0>V1, and V3. This 

produces a change of sign only in the first term of eqn. 

(G.9). 	Hence the equilibrium of the forces results in: 

(G.10) 

Integrating and solving for yN: 

YN 
albt  (G.11) 

fav t 2Bo  

v1 	v1pN 



t 
}YN 

0,bt = 

11(1679".  

1 VT. 
V3 

t 
YN7 2 
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For Case II: 

There is no stress discontinuity through the 

thickness, and the equilibrium between the applied tension 

and bending stresses is expressed as: 

11 dy 	(G.12) 
PN, 

Integrating And solving for yN: 

V1pN 	a 
YN 	pv

3 
(alb - V.1

)0 
 

(G.13) 

It is seen that eqn. (G.13)  for Case I is quite differ- 

ent from eqn. (G.11) for Case II, and the correct one 

should be used under a given set of conditions. 

Criterion to Determine Which Case to Apply: 

At the limiting state between the two cases, 

referring to Fig. G.1: 

YN 
	t 	and P N = P1 
	(G.14) 

Substituting these conditions in eqn. (G.11), and sim-

plifying: 

For Case I: 
a 	: 

ad 	pv,t 

lb > V1 
+  2V1p 

For Case II: 

(G.15) 
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In the estimation of thinning under plastic bending 

under tension the following sequence should be followed: 

From the given conditions, a check should be made 

by using the inequality (G.15) to see whether the 

applied stress is greater or less than the limiting 

stress, to determine which case to apply. 

(ii) If Case I: since the value of p N  is not known 

' 	t beforehand, a starting value of p is ,zp i  + 	can be 

used with the value of the initial thickness in 

eqn. (G.11), to obtain a value of yN. 

If Case II: with the value of the applied mean 
YN stress

lb°  p 
can be directly found from eqn. 

N 
 

(G.13). 

(iii) The extension of the element is given by the mean 

strain at the central fibre which is; 

YN clb 	In (1 t 	) 
PN 

(G.16) 

and for the type of anisotropy considered, the 

circumferential strain, if bending does not take 

under plane strain conditions from eqn. (G.5) is: 

2b 	= V2 elb 	(G.17) 

The thickness strain can be found from the con-

stancy of volume using eqns. (G.16), and (G.17): 

6313 = - (1+V2) In (1 + YN) PN 	
(G.18) 

(1) 
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The additional applied stress necessary to supply 

the work required to impose this bending can be 

calculated by equating the work done in bending 

to the work done by the applied stress. 	In cases 

when this bending takes place under conditions other 

than plane strain, work done in the circumferential 

direction should also be considered in addition to 

that of in the meridional direction. 	For this, a 

similar method followed by Chung and Swift (18) 

for the plane strain bending of isotropic materials 

can be used. 

However in most cases since the bending strains 

are small this addition to the applied stress may be 

negligible. 

The first approximations for the values of P N, t, 

and possibly elb  can be improved and the procedure can 

be repeated including steps (i) to (iv) until no sig- 

nificant changes in the results are obtained. 	It is 

important to repeat step (i) in case there is a change 

over from Case I to Case II or vice versa due to the 

errors in the first approximations. 

It should be mentioned that eqn. (G.11) will reduce 

to that given by Chung and Swift (18) when x = 0.5 and 

R = 1, i.e. plane strain bending under tension for iso-

tropic materials. 
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Table 8.1 - Materials tested. 

Material 

r 

Composition 
or .  

Specification 

Hardness, 
VPN 

Thickness, A 10-3  in. 
(tolerances as measured) 

Mild Steel 
(E.D.D.S.) 

Not known 
(designated 
E.D.D.S.M) 

107 	(5 kg load) 
102 
109 	" 

S.W.G. 
" 
ti 

14 
16 
20 

= 
= 
= 

80.5 -+ 0.5 
61 	:it.  0.3 
34.5 - o.3 

Soft Copper Bright-annealed, 
commercially 

pure 

50 	(1 kg load) 
54 	" 
54 	ti 

" 
it 
" 

16 
18 
20 

= 
= 
= 

65 
48.5 
37.5 

+ - 0.5 + 7  0.5 
— 0.5 

Soft Brass 70 : 30 
Bright-annealed 

83 	(2.5 kg load) 

83 	it 
75.5 	It 

" 

If. 
n 

16 

18 
20 

= 

= 
= 

64.7 

47.5 
36.2 

± 1 
+ - 0.5 
± 0.8 

Soft Aluminium Bright-annealed, 
commercially 

pure 

26.2(1 
27.2 
27.4 

kg load) 
ft 
It 

it 
ti 

16 
18 
20 

it + = 
= 
= 

61.2 
46.9 
35.8 

.4: 0.5 
0.3 

± 0.4 

Extra Deep-Drawing Quality Steel 
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Table 8.2 - Values of the constants A, B, and n in 

X = A(B + Et  )n  obtained by the computer program 

using the least squares method. 

Material Direction A B n 

Average 
Approximation 
with real curve 

% 

16 SWG 
Steel 
E.D.D.S. 

Rolling & 
Transverse 

81758 0.0099 0.2687 41 

16 SWG 
E.D.D.S. 

45°  85063 0.0082 0.2571 ~1.5 

16 SWG 
E.D.D.S. 

Mean of T & 
45°  by Least 
Squares 

83452 0.0092 0.2632 ,..,3 

16 SWG 
E.D.D.S. 

Arithmetic 
Mean of T & 
450  

83411 0.0090 0.2629 

18 SWG 
Soft 
Brass 

Mean of R,T 
& 45° by 

Squares 

93685 

Least  

0.0165 0.4373 ^.1.5 

18 SWG 
Soft 
Copper 

Mean of R,T 
& 45°  by 
Least 
Squares 

68394 0.0122 0.3789 ,s01.5 

18 SWG 
Aluminium 

Rolling 19905 0.0041 0.1945 <1 

18 SWG 
Aluminium 

Transverse 22701 0.0133 0.2939 <1 

18 SWG 
Aluminium 

45°  23404 0.0082 0.2771 <1 

18 SWG 
Aluminium 

Mean of R,T 
& 450 by 
Least 
Squares 

21952 0.0087 0.2532 Ad3 

18 SWG 
Aluminium 

Arithmetic 
Meanie R,T 
& 450 

22004 0.00850.2552 
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Table 8.2 - (Cont..) 

Material Direction A B n 
Average 

Approximation 
with real curve 

% 

14 SWG 
E.D.D.S. 

Rolling & 
Transverse 

83748 0.0217 0.3053 is., 	1.5 

14 SWG 
E.D.D.S. 

45°  84447 0.0142 0.2792 ^-, 1.5 

14 SWG 
E.D.D.S. 

Mean of T & 
45°  by Least 
Squares 

84070 0.0186 0.2941 ...., 2.5 

14 SWG 
E.D.D.S. 

Arithmetic 
Mean of T 

84097 

& 45°  

0.0180 0.2923 

20 SWG 
E.D.D.S. 

Rolling & 
Transverse 

89331 0.0968 0.3829 oh,  1.5 

20 SWG 
E.D.D.S. 

45° 90064 0.0638 0.3376 ....., 	1.5 

20 SWG 
E.D.D.S. 

Mean of T & 
450  by Least 
Squares 

89794 0.0801 0.3607 ...., 	2 

20 SWG 
E.D.D.S. 

Arithmetic 
Meanof T & 
45° 

89697 0.0803 0.3602 

16 SWG 
Soft 
Brass 

Mean of R,T 
& 450  by 
Least 
Squares 

96642 0.0112 0.4235 ^..... 	1 

20 SWG 
Soft 
Brass 

Mean of R,T 
& 45° by 
Least 
Squares 

92547 0.0149 0.4403 ^.,1 

16 SWG 
Soft 
Copper 

Mean of R,T 
& 450  by 
Least 
Squares 

65485 0.01297 0.3849 ^/2 

20 SWG 
Soft 
Copper 

Mean of R,T 
& 450  by 
Least 
Squares 

65007 0.0170 0.3643 ....01.5 
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Table 8.2 - (Cont..) 

Material Direction A B n 
Average 

Approximation 
with real curve 

e P 

16 SWG 
Soft 
Aluminium 

Rolling 24778 0.0333 0.2966 f%/1 

16 SWG 
Soft 
Aluminium 

Transverse 23242 

, 

0.02775 0.2727 <1 

16 SWG 
Soft 
Aluminium 

45° 21536 0.0113 0.2144 <1 

16 SWG 
Soft 
Aluminium 

Mean of R, 
T & 45° by 
Least 
Squares 

23574 0.0274 0.2738 ,%)2 

16 SWG 
Soft 
Aluminium 

Arithmetic 
Mean of R, 
T & 45o 

23185 0.0241 0.2612 

20 SWG 
Soft 
Aluminium 

Rolling 26577 0.0115 0.2827 ^a 1.5 

20 SWG 
Soft 
Aluminium 

Transverse 23858 0.0126 0.2537 ,cl 	1.5 

20 SWG 
Soft 
Aluminium 

45° 26006 0.0346 0.3611 ^a 1.5 

. 
20 SWG 
Soft 
Aluminium 

Mean of R, 
T & 450  by 
Least 
Squares 

23863 0.0127 0.2587 "-/ 4 

20 SWG 
Soft 
Aluminium 

Arithmetic 
Meance R, 
T & 45° 

25480 0.0196 0.2992 
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Table 8.3 - Values of the constants A, B, and n in 
X = A(B es )n  obtained by the computer 
program using the least moduli method. 

Material 

1 

Direction A B n 
Average 

Approximation  with real curve 

16 SWG 
Steel 
E.D.D.S. 

 
Rolling & 80815 0.0084 0.2606 4:1 

16 SWG 
E.D.D.S. 

45° 82234 0.0063 0.2395 evl 

16 SWG 
E.D.D.S. 

* 

Mean of T & 
45° by 
Least 
Moduli 

81494 0.0053 0.2403 ^.3 

16 SWG 
E.D.D.S. 

Arithmetic 
Mean of T & 
450 

81524 0.0073 0.25 

18 SWG 
Soft 
Brass 

Mean of R,T 
& 450  by 
Least 
Moduli 

92542 

' 

0.0203 0.4427 -,02.5 

18 SWG 
Soft 
Copper 

Mean of R,T 
& 450  by 
Least 
Moduli 

68846 

.,. 

0.0134 0.3859 

. 

.-.J1.5 

. 

18 SWG 
Alumin-
ium 

Rolling 19899 0.0049 0.1953 <1 

18 SWG 
Alumin- 

Transverse 22625 

ium  

0.0141 0.2948 4.1 

18 SWG 
Alumin- 

450  23275 

ium  

0.0082 0.2748 ..., 	1 

18 SWG 
Alumin- 
ium 

Mean of R,T 
& 450  by 
Least 
Moduli 

20869 0.0026 0.2188 ...., 3.5 
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Table 8.3 - (Cont..) 

Material Direction A B n 

Average 
Approximation  with real curve 

VI 

18 SWG 
Aluminium 

Arithmetic 
Mean of R,T 
& 45°  

21933 0.0096 0.2549 

14 SWG 
E.D.D.S. 

Rolling & 
Transverse 

81979 0.0167 0.2864 ...,l. 5 

14 SWG 
E.D.D.S. 

450  82436 0.0114 0.2617 •••• 1.5 

14 SWG 
E.D.D.S. 

Mean of T 
& 45°  by 
Least 
Moduli 

85022 0.0206 0.3047 .,3.0 

14 SWG 
E.D.D.S. 

Arithmetic 
Mean of R, 
T & 450  

82270 0.0141 0.2741 

20 SWG 
E.D.D.S. 

Rolling & 
Transverse 

88131 0.1136 0.3924 ^01.5 

20 SWG 
E. D. D.S. 

450  90083 0.0669 0.3395 ...J1.5 

20 SWG 
E.D.D.S. 

Mean of T 
& 450  by 
Least 

90244 

Moduli  

0.0913 0.3757 ^)2.0 

20 SWG 
E.D.D.S. 

Arithmetic 
Mean of T 
&450  

A 

89107 0.0902 0..3659 

16 SWG 
Soft 
Brass 

Mean of R, 
T & 450  by 
Least 
Moduli 

98385 0.0215 0.4285 ..., 	1.5 

20 SWG 
Soft 
Brass 

Mean of R, 
T & 45° by 
Least 
Moduli 

93128 0.0205 0.438 ,..A 
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Table 8.3 - (Cont..) 

Material Direction A B n 

Average 
Approximation  with real curve 

16 SWG 
Soft 
Copper 

Mean of R,T 
& 45° by 
Least 
Moduli 

65753 0.013 0.3883 -#1.5 

20 SWG 
Soft 
Copper 

Mean of R, 
T & 45° by 
Least 

65098 0.016C 

Moduli  

0.3634 ,-,1.5 

16 SWG 
Soft 
Aluminium 

Rolling 24519 0.0318 0.2887 ,.., 1 

16 SWG 
Soft 
Aluminium 

Transverse 

- 

23260 0.0273 0.2726 ,..,1 

, 
16 SWG 
Soft 
Aluminium 

45° 22308 0.0177 0.2400 ..id1 

16 SWG 
Soft 
Aluminium 

Mean of R,T 
& 45° by 
Least 	' 	• 
Moduli 

22631 0.0199 0.2457 
"f  2 

16 SWG 
Soft 
Aluminium 

Arithmetic 
Mean of RI  
T & 45° 

23362 0.0256 0.2671 

20 SWG 
Soft 

Rolling 28623 

Aluminium  

0.0214 0.3304 -,1.5 

20 SWG 
Soft 
Aluminium  

Transverse 30636 0.0579 0.4455 
- 

^,1.5 

20 SWG 
Soft 
Aluminium 

450  25941 0.0338 0.3579 ,J1.5 

20 SWG 
Soft 
Aluminium 

Mean of R,T 
& 45° by 
Least 
Moduli 

26060 0.0700 0.3954 
,...8 

20 SWG 
Soft 
Aluminium 

Arithmetic 
Mean of R, 
T & 45° 

28400 0.0377 0.3779 
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FIG 44 TRUE CIRCUMFERENTIAL STRAIN IN THE 

ER1CHSEN TEST. 
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Table 11.1 - Necking and fracture in Erichsen test. 

Material Thickness, 
SWG 

Form of Necking Form of Fracture Other Remarks 

Steel 

14 

16 

20 

All round, severe 
to 

to 

(dot 

1 (=Rolling direction) 

0 	
to 

0 	
to 

...-.. 

to., 

..... 

.... 

R 

for 43 mm strips 

" 	for 45 mm strips 

" 	for 45 mm strips 

Brass 

16 

18 

20 

Slightly visible 

" 
it 

lh 

( 

( 

Mostly one arc 
present 

n 

" 

O Very rarely 

O Very rarely 

Very rarely 

Copper 

16 

 18 

20 

All round, severe 
It 

n 

C 

( 

( 

0 Rarely 

T Rarely 

Aluminium 

16 

18 

20 

very severe 
n 

11 

Slightly elliptical, vSome 

R 

et. 
,,...., 

....., 

Some 

" 	Some . 

R 

Note: For Aluminium - Elliptical necking was measured as follows: 

DT 0.559 	DT 0.560 	DT 0.549 
S.W.G. 16 	- 	 -1.04; S.W.G. 18 	= ----- -1.05; b.W.G.20= 	a 1.065 DR 0.538 DR 	 DR0.533 	0.541 

DT = dia. of neck in transverse direction 
	DR = dia. of neck in rolling direction 

\-71 
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Table 11.2 - Limiting drawing ratio in deep-drawing. 

Material 

S.W.G. 

Limiting 
Blank 

in. 

Within an increment 
of 0.025 on L.D.R. 

L.D.R. 
with respect to 

Constants for the 

-Nh Empirical Empirical Eqn. Db=Me+Der  
was not as predicted

Diameter 

Sizes of Blanks 
used for 
Prediction of 
Critical Di a- 
meter 

in. 

D b1   
Comments where L.D.R. 

within an increment Oversize 
Blank 
in. 

Undersize 
Blank 
in. 

Punch 
Diameter 

Mean 
IT" 
cr 

Wall 
Diameter 

A 

N M D Cr 

16 

18 

20 

3.0270 

3.067 

3.032 

3.059 

3.100 

3.065 

2.994 

3.035 

3.000 

4 

2.328 

2.359 

2.333 

2.219 

2.275 	. 

2.270 

0.45185 

0.5285 

0.45555 

138391 

353053 

21334 

3.0270 

3.067 

3.032 

Dbo)Db,;)Dbo  

3.940 

3.546 

3.152 

3.938 

3.545 

3.151 

3.938 
3.545 
3.152 

1.30 

1.28 

1.30 

Successful 

Successful 

Successful 

k o 
a 
0 
0 

Db  1  

0 
.r4  

5 
H 
,4 

16 

18 

20 

2.902 

2.837 

2.839 

2.935 

2.869 

2.872 

2.870 

2.804 

2.807 

2.333 

2.182 

2.185 

2.128 

2.105 

2.126 

0.44662 

0.47613 

0.57621 

32711 

18628 

57443 

2.902 

2.837 

2.839 

3.345 

3.150 

2.953 

3.340 

3.150 

2.953 

3.346 

3.150 
2.953 

1.155 

1.175 

1.185 

Range (---2.-.) D cr 
Successful had to be re-

duced for 
Aluminium to 
obtain accu-
rate results 

 It Successful 

Successful 	# 



TABLE 11.2 	p. 565 



566. 

Material 

S.W.G. 

Limiting 
Blank 
Diameter 

Within an increment 
of 0.025 on L.D.R. 

L.D.R. 
with respect to 

Constants for the 

Empirical Eqn. Db=Me-N1144) 
cr 

Sizes of Blanks 
used for ' 
Prediction of 
Critical Dia- 
meter 

in. 

IL! 
Comments where L.D.R. 
was not as predicted 
within an increment 

IMENIMMIIMMINNI 

Der 

NUMMI 
in. 

Oversize 
Blank 
in. 

Undersize 
Blank 
in. 

Punch 
Diameter 

Mean 
Wall 

DLameter 
N M D cr 	, 

S
te

el
 

	
I 

D 	D 	D 
b,1 b,2 b,3 

3.937 
0.033465 4817 2.989 3.5424 ].335 Successful 

14 2.989 3.022 2.957 2.299 2.166 3.150 

3.937 
16 3.o26 3.059 2.944 2.328 2.218 0.37646 6331 13.026 3.544 1.30 Successful 

3.150 
- 

3.939 
20 3.095 3.128 3.063 2.381 2.317 0.44984 3628 3.095 3.545 1.27 Successful 

3.150 
--- -- 	---- 

3.938 
16 3.094 3.127 3.062 2.380 2.268 0.34822 13503 3.094 3.545 1.27 Successful 

3.152 

m 
0  
= 

183.100 3.132 3.1)67 2.385 2.300 Missed by one 
increment 

1 

3.938 It was necessary to 
20 3.115 3.148 3.083 2.396 2.332 0.32582 5100 3.115 3.544 1.265 choose 3 points from 

the carve h versus 
3.150 Bb  constructed from 

6 points. 
. _ -- 	I 
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Table 11.3 - Calculated earing units for hemispherical cups 

Material Thickness, 
SWG 

Mean Height 
of Ears 

(he ), 	in.M 

Mean Height 
of Troughs 
(ht), 	in.M 

Earing Units 
he-ht 100 x 

Angle 
of 
Ears 

No. 
of 
Ears ht 

14 1.618 1.480 9.33 9o°  4 

Steel 16 1.612 1.502 7.3 90°  4 

20 1.664 1.555 7.02 90°  4 

16 1.585 1.556 1.86 45°  4 

Brass 18 Negligible 

20 Negligible 

16 1.587 1.562 1.6 45°  4 

Copper 18 1.608 1.574 2.16 90°  4 

20 1.644 1. 588 3.5 4  90°  

16 1.400 1.333 5.15 43°  4 

Aluminium 18 1.300 1.178 10.4 90°  4 

20 Negligible 

he and ht 
measured from the pole of the hemispherical end. 
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Table 11.4 - Coefficients of friction in the Erichsen 
Test. 

Thickness, 
SWG 

Angle 
(a) 

Punch 
Penetra- 
tion 
(h) 
mm 

4 

Brass Copper Steel 

14 15° 3.37 0.067 
30°  6.23 0.050 
45°  8.93 0.017 

16 15°  3.39 0.014 0.014 0.054 

30°  6.31 0.016 0.016 0.030 
45°  9.13 0.018 0.026 0.012 

18 15o  3.40 0.014 0.011 

30o  6.36 0.010 0.007 
45°  9.29 0.010 

20 15o  3.41 0.007 0.011 0.043 

30°  6.41 0.007 0.005 0.025 
45°  9.40 0.006 0.003 0.013 

Note: p. for aluminium is estimated to be 40.01. 
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Table 11.; - Coefficients of friction operative between 
sheet metal, die and blank-holder in deep- 

, 	drawing. 

Material Lubricant Angle 
o 

a 
 

Punch 
Penetration 

mm 

Coefficient 
of Friction 

li• 

16 SWG HTG 15 7.20 0.085 
E.D.D.S. Grease 30 13.15 0.040 

45 18.38 0.034 

Dry 15 7.20 0.12 
ti Surfaces.  30 13.15 0.12 

45 18.38 0.09 

18 SWG HTG 15 6.73 0.05 
Brass Grease 30 12.28 0.03 

45 17.10 0.02 

Dry 15 6.73 0.06 
it Surfaces 30 12.28 0.05 

45 17.10 0.05 

SWG-18 HTG 15 6.73 0.035 
Copper Grease 30 12.28 0.028 

45 17.10 0:016 

Slightly 15 6.73 0.06 
n Roughened 30 12.28 0.07 

Surfaces 45 17.10 0.05 

P.T.F.E. 15 6.73 	- 0.01 
tt 30 12.28 0.006 

45 17.10 0.004 

Dry 15 6.73 0.05 
It  Surfaces 30 12.28 0.05 

45 17.10 0.05 

SWG-18 HTG 15 6.73 0.02 
Aluminium Grease 30 12.28 0.015 

45 17.10 0.010 

Dry 15 6.73 0.042 
II Surfaces 30 12.28 0.04 

• 45 17.10 0.044 
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Table 11.6 - Coefficients of friction between punch 
and sheet metal in stretch forming and 
deep-drawing. 

Material Lubricant 
Polar 

Circumferential 
Strain 

(E2)1) 

Coefficient 
of Friction 

II 

18 S.W.G. Shell H.T.G, 0.045 0.47 
Soft Copper Grease 0.10 0.32 

0.135 0.26 

It P.T.F.E. 0.085 0.20 
Film 0.160 0.135 

0.33 0.070 

tf  Dry and 

Rough Punch 0.05 0.6 
Surface 0.060 0.6 

16 S.W.G. Shell H.T.G. 0.043 0.42 

E.D.D.S. Grease 0.095 0.29 
0.13 0.24 

18 	S.W.G. Shell H.T.G. 0.045 0.45 

Soft Brass Grease 0.1 0.31 

0.14 0.26 
A 

18 S.W.G. Shell H.T.G. 0.048 0.44 
Soft Aluminium Grease 0.08 0.41 

0.12 0.38 
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An Investigation of the Erichsen. Test 

By B. Kaftanoglu, B.Sc. (Eng.), and J. M. Alexander, Ph.D., B.Sc. (Eng.), M.I.Mech.E., 
M.I.Prod.E., F.I.M. 

The effect on the Erichsen number of altering the main variables has been investigated, and the 
relative amounts of drawing-in and stretching that occur under different conditions determined. 
Both round and strip specimens of varying thickness and diameter (or width) have been examined 
in mild steel, copper, brass, and aluminium, all in soft tempers. A strip specimen of a given width 
is equivalent to a round specimen of a certain diameter as far as determination of the Erichsen 
number is concerned, and the relationship between diameter and strip width has been found for the 
materials stated. It is shown that drawing-in of the sheet can be completely prevented only by using 
serrated blank-holder and die surfaces, together with blank-holder loads sufficiently great to effect 
indentation of the sheet specimen. As far as possible, lubrication conditions were maintained 
constant, a proprietary brand of graphite grease being used. A method is suggested for estimating 
the coefficient of friction from measurements of punch load in successive tests with different blank-
holder loads, and values have been determined for these experiments. Finally, a comparison is 
made between the earing of hemispherical-ended cups, deep drawn using a rough punch from the 
materials studied, and the form of fracture observed in the Erichsen test. There is no apparent 
correlation, all-round ' isotropic ' fractures being associated with quite pronounced earing. 

The Erichsen test is well known to sheet metal users and is 
employed both as a guide to deep-drawing and pressing 
qualities and as a method of quality control. In spite of its 
popularity no British Standard Specification exists, the most 
recent official statement about the test being contained in a 
draft German specification.' The general configuration of the 
test and the principal dimensions are indicated in Fig. 1. In 
this specification the sheet is clamped between blank-holder 

and die under a specified load. The depth of penetration h 
(mm) of the spherical punch into the sheet at the instant when 
fracture just starts is known as the Erichsen number. 

The most important earlier researches seem to have been 
those by Fukui et al.,' Kruger,' and Kokkonen and Nygren.4  
Fukui attempted to correlate various " formability " tests, 
and found some degree of correlation between the limiting 

Paper No. 2145. Manuscript received 2 April 1962. Contribution 
to a Symposium on " Tests for Deep Drawing " to be held in 
Swansea on 25 September 1962 at the Autumn Meeting of the 
Institute of Metals. Dr. Alexander is Reader in Plasticity in 
the Department of Mechanical Engineering, Imperial College of 
Science and Technology, London. Mr. Kaftanoglu is a Research 
Student at Imperial College.  

drawing ratio measured for hemispherical-ended cups, and 
both general elongation and the " standard Erichsen value ", 
although this could not be expressed quantitatively. Kruger 
reported that the Erichsen test gave a better indication of the 
suitability of a given sheet of metal for deep drawing than 
did cup-drawing tests, and that it was more sensitive to any 
change in properties of the sheet. Kokkonen and Nygren 
investigated the scatter of results caused by variations in the 
surface finish of the tools and differences in the material. They 
gave the limits of uncertainty in determining the Erichsen 
number for a single machine and also the uncertainty as 
between different machines. In addition, Jevons5  mentions 
some tests which he carried out to show the effect of strip 
width on Erichsen number. 

Most of the remaining literature devoted to this test has 
been essentially practical in nature, and includes no systematic 
study of variables. In particular, no investigation is recorded 
of strains occurring in the sheet during the tests, so that the 
relative amounts of ' drawing' and ' stretching' that occur 
are not known. It is clear that the sheet metal must deform 
over the punch nose mainly by stretching, but there must also 
be some ' drawing-in ' of the sheet over the die-profile radius. 
Since rupture always occurs at some location on the punch 
nose, the stretching component is the more important. The 
Erichsen test assesses the ability of a sheet of metal to with-
stand failure from biaxial tensile instability when being 
stretched over a spherical surface under given frictional 
conditions. Because of the drawing-in that takes place, how-
ever, the Erichsen number may not correctly evaluate this 
property; if much drawing-in occurs a higher Erichsen number 
will result for the same amount of stretching. 

In practical pressing operations, stretching and drawing 
occur together, so that it may be useful to have a test in which 
both elements occur, although it should be possible to specify 
in some way how much of each is required. This would 
necessitate a knowledge of the relative amounts of 'stretching' 
and drawing' that occur in the practical process, and this is 
rarely known with any accuracy. In most complicated pres-
sings these elements vary all over the component, so that it 
would seem to be a good idea to subject a sheet of metal 
to separate tests, one to assess its ability to stretch over a 
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TABLE I 
Materials Tested 

Material Composition Hardness, Thickness, x 10-3  in. 
or VPN (tolerances as measured) 

Specification 

Steel Not known 107 (5 kg load) S.W.G. 14 = 80.5 ± 0.5 
(designated 102 	„ „ 	16 = 61 	± 0.3 
E.D.D.S.*) 109 „ 	20 = 34.5 ± 0.3 

Copper Bright-annealed, 50 (1 kg load) „ 	16 = 65 	± 0.5 
commercially 54 	„ „ 	18 = 48.5 ± 0.5 

pure 54 	„ „ 	20 = 37.5 ± 0.5 

Brass 70 : 30 83 	(2.5 kg load) ,, 	16 = 64.7 ± 1 
Bright- 83„ „ 	18 = 47.5 ± 0.5 

annealed 75.5 „ „ 	20 - 36.2 ± 0.8 

Aluminium Bright-annealed, 26.2 	(1 kg load) „ 	16 = 61.2 ± 0.5 
commercially 272 	„ 53 	18 = 46.9 ± 0.3 

pure 27.4 	„ „ 	20 = 35.8 ± 0.4 

* Extra Deep-Drawing Quality Steel 

punch head and another to assess its ability to ' draw-in '. A 
long discussion of such aspects of testing is out of place in the 
present context, but it would appear that the Erichsen test 
should primarily be regarded as a ' stretching ' test, and there-
fore any drawing-in is undesirable and will inevitably lead to 
undue scatter in results. 

Two other stretching tests should be mentioned, namely, 
the hydraulic-bulge test and the hole-expanding test, but these 
are felt to be less realistic, since in the former case the geo-
metry is not imposed by the tools and there is no frictional 
effect, and in the latter tensile instability occurs under a uni-
axial circumferential tension at the edge of the hole. 

Factors Studied 
The factors that influence the Erichsen number, (assuming 

that the properties of the material are constant), are as follows. 
The first six all relate to the geometry of the specimen and 
tools; the last three relate to the conduct of the test: 

1. Specimen shape and plan dimensions. 
2. Specimen thickness. 
3. Specimen flatness. 
4. Surface finish of specimens and tools. 
5. Play and misalignment of tools; rigidity of machine. 
6. Zero-point and fracture-point determination. 
7. Blank-holder load. 
8. Lubrication. 
9. Speed and temperature of testing. 
In considering these variables in the present work, the 

temperature was kept substantially constant (between 20 and 
23° C). Previous researches had indicated that speed of 
testing had little influence, so this was kept constant and at a 
minimum, thereby easing the problem of detecting the initi-
ation of fracture and ensuring reliability of the readings from 
the hydraulic gauges of the testing machine used, which could 
not be depended upon at high speeds. Alignment of the tools 
and rigidity of the machine were checked and found satis-
factory. The specimens were sufficiently flat, having been cut 
from 6 x 3 ft sheets. The zero point was always checked and 
corrected, if necessary, as described later. For the end-point 
an electronic cut-out mechanism had been incorporated in the 
machine by the makers, and this was generally found to be  

adequate. The surface of the tools was highly polished 
(approximately 8 t.t-in. c.l.a. for the die and 6 for the punch), 
and did not vary during the tests. 

It was decided to keep the lubrication conditions as constant 
as possible, by applying graphite grease supplied by the Shell 
Oil Company and designated H.T.G. Grease, as recom-
mended in the D.I.N. specification.' In this way the surface 
finish of the tools was protected and the ' sensitivity ' of the 
material to the test increased, since friction was kept to a 
minimum. The remaining factors (specimen dimensions and 
blank-holder load) were varied in a systematic way to cover 
a wide range of test conditions. 

The object of the present research was, therefore, to assess 
the effects of altering the chosen variables, and to indicate the 
requirements which might have to be met in any specification. 

Material 
Four commonly-used metals were tested: mild steel, copper, 

brass, and aluminium, all in soft tempers. The steel had been 
temper-rolled to eliminate the yield-point jog; the other metals 
were in the bright-annealed condition. All were supplied in 
the form of 6 x 3 ft sheets, and had received no special 
treatment other than that normally used to provide fairly 
isotropic material for industrial pressing. Particulars are given 
in Table I. 

Hardness tests were carried out according to B.S.427, the 
mean of six indentations made at various points in each sheet 
being given in the table. 

Experimental Apparatus 
The main item of equipment used was a sheet-metal testing 

machine of 35 Te (Te = Tonne) capacity, manufactured by 
Roell and Korthaus. The machine will provide constant blank-
holder force, and incorporates an electronic mechanism which 
cuts out immediately a preset decrement in punch load is 
reached. This, when suitably calibrated, generally coincides 
with the initiation of fracture; if it does not, pressing can be 
continued by switching the machine on again. Two gauges 
are provided on which it is possible to read punch load, one 
for the range 0-3 Te, the other 0-35 Te, while a third gauge 
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selected lubrication, and cut-out sensitivity were determined 
for each thickness in each material to give minimum crack 
width (i.e. just letting light through). 

To check the consistency of the lubrication, three identical 
blanks in each thickness and diameter were pressed. The 
results (Erichsen numbers) seldom differed by > 0.1 mm, and 

Fig. 2. 	 never by > 0.2 mm unless the cause was a material defect. 
This is generally within the accepted accuracy of the Erichsen 
number. 

The electronic cut-out was sufficiently sensitive to detect the 
required crack size in all materials and thicknesses except for 
the soft aluminium, S.W.G. 20. An incremental pressing 
procedure, in increments of 0.1 mm, had to be adopted for 
this material, until the desired crack was obtained. In the case 
of brass it was difficult to obtain the required crack simply by 
relying on the electronic cut-out, because it happened too 
quickly for the machine to stop in time. However, a character-
istic noise was heard and the depth indicator suddenly altered 
by " 0.2 mm after the crack had occurred, so that these signs 
could be used to establish the Erichsen number. 

Exploratory tests with the rough blank-holder showed that 
the following loads could adequately indent the sheet: steel 
3.8, brass 3.5, copper 3.5, aluminium 2 Te. Complete preven-
tion of drawing-in was not obtained in the case of brass and 
copper at the loads shown above, as will be discussed later. 

On the basis of the results of the preliminary investigation 
with unscribed specimens, the following values of the variables 
were chosen, to be applied to each thickness: 

records blank-holder load, range 0-4 Te. After the gauges 
had been recalibrated by means of a proving ring and special 
attachment, they were then accurate to within 0005, 0.002, 
and 0.002 Te, respectively. To maintain a constant speed of 
penetration, it was necessary to open the speed-control valve 
slightly as punch load increased. 

Also incorporated in the panel of the testing machine was 
an indicator that recorded the depth of penetration of the 
punch at any instant. The calibration of this gauge was also 
checked. The zero point of the punch was set to within 0.001 
in. by means of a depth micrometer, alterations being made 
by putting shims under the punch. 

The tools used were satisfactory as regards dimensions and 
surface finish, and when assembled in the machine were con-
centric and correctly aligned. 

A small 80 Te blanking press was used to blank the circles 
required for the tests, although some of the smaller sizes 
( < 60 mm dia.) were obtained by turning at very low speeds in 
a lathe, with a plentiful supply of coolant to avoid raising the 
metal temperature. 

The problem is predominantly an axially symmetrical one 
so a grid made up of concentric circles was scribed on the 
circular blank. For this purpose an attachment was designed 
incorporating a hardened tool-steel scriber, the point of which 
had an included angle of 60° and a relief angle of 20°, suitable 
for fixing to the tool post of a toolroom lathe. The scriber was 
held in a carrier supported between pivot points, fitted with a 
movable weight that could be adjusted to vary the force on the 
scriber in a similar manner to that adopted for the tracelet 
mechanism described by Brewer and Alexander.° 

Measurements were effected with two machines made by 
the Societe d'Instruments Physiques: a Universal Measuring 
Machine designated MU 214 B, and a Co-ordinate Measuring 
Machine U 10. 

An additional device was made to centralize round blanks 
and strip in the testing machine, and to ensure that the centre 
of the scribed circles would coincide with the axis of sym-
metry of the punch. This was a " centring tool " which fitted 
over the blank-holder with no " play " and had four stops 
adjustable in the four perpendicular directions, moving in 
slots; these could be set to within 0.001 in. by using a micro-
meter or vernier in conjunction with a specially made measur-
ing tool. 

Finally, a blank-holder was made which was exactly the 
same as the standard blank-holder, except that the surface 
which contacted the sheet metal was serrated. The serrations 
were produced in a lathe which gave a groove similar to that 
on a gramophone record; the dimensions are as shown in 
Fig. 2. This blank-holder is referred to throughout as the 
" rough " blank-holder. 

Testing Procedure 
Before beginning the programme proper, a number of tests 

were made with each material to determine realistic ranges for 
the various parameters, unscribed blanks being used. The 
blank-holder force, specimen thickness, size, and shape,  

Blank dia. (mm): 100, 75, 60, 41-43-45 

Blank-holding loads (Te): 
Steel 0.4, 2.0, 3.8 (3.8 with rough blank-holder). 
Copper and brass 0.4, 3.0 (3.5 with rough blank-holder). 
Aluminium 0.4, 2.0 (2.0 with rough blank-holder). 

The specimens were prepared and scribed, generally on 
both sides, by means of the equipment already described. 
A width of between 0.001 and 0.0013 in. was satisfactory for 
the scribed line, in that it did not then influence fracture and 
did not disappear after deformation had occurred. When the 
grid had been scribed, it was measured accurately to within 
0.0001 in. up to 0.4 in. dia. and to within 0.0005 in. for the 
larger diameters, using the U.10 Co-ordinate Measuring 
Machine. In order to measure to within 0.0001 in. a scribed 
line of width 0.001 in., special illumination was necessary, 
green and white light being used to illuminate each face of the 
scribed line and thus clearly define its bottom and edges. 

The scribed specimens were then numbered and degreased 
with acetone, and the graphite grease applied uniformly over 
the specimen. The centring tool was set for the blank diameter 
being used and the sensitivity of the electronic cut-out set at 
the optimum point (as determined from the preliminary tests). 
The zero point of the punch was checked and the depth-
indicator gauge set at zero. The specimen was then placed 
on the blank-holding plate between the stops of the centring 
tool and the die locked in position. Blank-holding load was 
applied gradually until the desired value was established. The 
speed-control valve was then set to give the minimum punch 
speed feasible ( es,  0.05 mm/sec). The punch load was recorded 
at every 1 mm of penetration, since the speed was low enough 
for this to be done. The machine stopped automatically 
either at fracture or just before (at necking instability). If the 
machine stopped too soon it could be restarted to give a 
fracture of the desired appearance (light just passing). 
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no 

where so = logarithmic circumferential strain 
Rm = mean radius of deformed circle. 
Re = initial radius of circle. 

Since the accuracy of measurement was to within 0.0002 
in., the maximum error in the worst case was 0.0056 (logarith- 
mic strain). 

Thickness strains were calculated from the equation 

tm  
Et  = In — 

to 	
. . (2) 

where et = logarithmic " through-thickness " strain 
t. = mean thickness after deformation 
to = original thickness. 

In this case the maximum error was 0.009 (logarithmic strain). 

70 100 mm 90 50 60 
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After the test the specimen was cleaned and degreased. The 

distorted grids were measured in four perpendicular radial 
directions parallel and perpendicular to the rolling direction 
in the sheet. The four sets of radial measurements were always 
different since the crack was never perfectly symmetrical. The 
thickness of the specimens was measured to within 0.002 in. 
with a micrometer of s4  in. nose radius, It was necessary to 
cut a specimen just to one side of a meridional plane in order 
to measure the thickness at each point in the bulge. 

Circumferential strains were calculated from the mean 
deformed radii and original radii of the scribed circles using 
the equation: 
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Estimation of the Coefficient of Friction 
The forces acting on a segment of a round specimen sub-

tended by an angle 80 are as illustrated in the top elevation of 
Fig. 3. The plan view shows the distribution of forces acting 
on a segment of the flat flange. The circumferential stresses 
induced by the plastic deformation of the flange are denoted 
by Go and these can be assumed to be unaffected by friction, 
to a first-order approximation, for any given value of a. 

In Fig. 3 
P = punch load 
H = blank-holder load 
!.c = coefficient of friction 

u(P H) 
F1 = 	80 	— friction force on upper surface. 

F2 = 	= friction force on lower surface. 

In the absence of friction F1  and F2 would be absent, and 
equilibrium of horizontal forces would require that the 

	

horizontal component of
P 
	

P  cot a 
namely 	should balance 

	

80 	80  

the circumferential stresses in the flange. This value of punch 
load may be denoted by Po. If it be assumed that the circum-
ferential stresses ao are not affected by the increase of shear 
stresses on the surface, then horizontal equilibrium requires 
that 

	

P  cot a 	Po COt 
80 	80 

i.e. P cot a = Po cot cc + (P + 2H) 
Differentiating this equation keeping Po 

3.1) cot a 

	

— L 	ap + 28H 

The variation of cot a with depth of penetration h (see 
Fig. 1) can be determined on the assumption that the thickness 
of the sheet material remains constant and equal to its original 
thickness to, from consideration of the geometry of the bulge, 
which leads to the equation 

D 
h = 	r) tan GC — (R r 	to) (sec a — 1) 

• • • (5) 

F1  + F2 

• • • (3) 
and a constant, 
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where the symbols refer to the dimensions indicated in Fig. 1. 
Thus, the value of can be estimated for the same value of h 
from two tests carried out under identical conditions, with the 
exception that the blank-holder load is altered by an amount 
sH, which will lead to a change in P of 8P. It may be pointed 
out here that the effect of the punch load on friction appears 
to have been neglected in the theories of Chung and Swift7  
and of Fukui.8  Since the punch load is normally much higher 
than the blank-holding load, neglect of this is likely to lead to 
significant errors if it is desired to include the effect of friction 
in the analysis. 

The method suggested here for estimating the coefficient 
of friction during pressing or drawing has the advantage 
that it is being measured in the actual process and not in 
a simulative process. It is theoretically also possible to predict 
any variation of pc during the operation, due for example to 
the effect of punch load on friction. The main disadvantage  

is that the result is dependent on taking the difference between 
large, nearly equal, quantities and is therefore subject to some 
error. The error in neglecting the effect of increase in frictional 
stresses on the circumferential stresses in the flange is also not 
known; this error will clearly be eliminated by plotting II. 
versus 8H and extrapolating back to zero 8H. 

Results 
The Erichsen numbers obtained were plotted against blank 

diameter (or strip width), since this variable had most effect. 
Typical results are shown in Figs. 4 and 5 for copper and steel. 
Circumferential strains on both inner and outer surfaces of 
each specimen were measured, as well as thickness strains, and 
typical results are shown in Figs. 6-9. Graphs of punch load 
versus punch travel were also determined, typical results for 
brass being as shown in Fig. 10. 
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The actual final disposition of elements in the sheet over the 

bulge was determined. For example, it was found that line 
elements originally normal to the plane of the sheet were 
finally substantially normal to the surface of the punch nose. 
This is illustrated typically, for copper, in Fig. 11. 

LUBRICANT - SHELL H.T.G. GREASE 

MATERIAL- 	SOFT COPPER 

Fig. 11. 

Coefficients of friction were estimated from the punch load/ 
travel diagrams for all the specimens, the results being indi-
cated in Table II. The value of SP was so small for aluminium 
that no precise value of friction coefficient could be estimated, 
although it must clearly be < 0.01 

To establish whether there was any clear correlation be- 

TABLE II 
Calculated Coefficients of Friction (0 Using the Derived 

Formula 

Thickness, 
SWG 

Angle 
(a) 

Punch 
Penetra 

µ 

tion 
(h), 
mm 

Brass Copper Steel 

15° 3.37 0.067 
14 30° 623 0.050 

45° 8.93 0.017 

15° 3.39 0.014 0.014 0.054 
16 30° 6.31 0.016 0.016 0.030 

45° 9.13 0.018 0026 0.012 

15° 3.40 0.014 0.011 
18 30° 6.36 0.010 0.007 

45° 9.29 0.010 

15° 3.41 0.007 0.011 0.043 
20 30° 6.41 0.007 0.005 0.025 

45° 9.40 0.006 0.003 0.013 

Note: tt for aluminium is estimated to be < 0-01. 

tween the fracture observed in the Erichsen test and subsequent 
caring behaviour, hemispherical-ended cups were drawn, the 
drawing ratio being slightly less than the limiting drawing 
ratio, in all the materials and thicknesses, using a fairly rough 
punch. Ears were obtained in most of the materials, as indi-
cated by the results in Table III. The method of defining caring 
was that recommended by Thorley and Tucker9  and Thorley.1° 
The behaviour of the corresponding material in the Erichsen 
test is described in Table IV. 

Discussion 
The only way of exhibiting the variation of Erichsen 

number that occurs in the test is to define a measure of the 
drawing-in and to plot Erichsen number against this variable. 
This can be done because, for a given amount of stretching at 
instability over the punch head, the Erichsen number depends 

TABLE III 
Calculated Earing Units for Hemispherical Cups 

Material Thickness, 
SWG 

Mean Height of 
Ears 

(lie), in.* 

Mean Height of 
Troughs 
(ht), in.* 

Earing Units 
he-ht 

Angle 
of 

Ears 

No. 
of 

Ears x 100 ht  

Steel 
14 
16 
20 

1.618 
1.612 
1.664 

1.480 
1.502 
1.555 

9.33 
7.3 
7.02 

90° 
90° 
90° 

4 
4 
4 

Brass 
16 
18 
20 

1.585 1.556 1.86 
Negligible 
Negligible 

45° 4 

Copper 
16 
18 
20 

1.587 
1.608 
1.644 

1.562 
1.574 
1.588 

1.6 
2.16 
3.5 

45° 
90° 
90° 

4 
4 
4 

Aluminium 
16 
18 
20 

1.400 
1.300 

1.333 
1.178 

5.15 
10.4 

Negligible 

45° 
90° 

4 
4 

* he  and ht measured from the pole of the hemispherical end. 
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only on the amount of drawing-in that takes place. A suitable 
quantity to define drawing-in is the circumferential strain that 
occurs at the inside diameter or bore of the blank-holder, 
which can be denoted by eh. Thus, if the rough blank-holder 
truly prevents all drawing-in, eh will be zero when that blank-
holder is used. If blank diameter is also plotted against eh, an 
idea of the size of blank necessary to prevent all drawing-in 
might be obtained by extrapolation. The results for all the 
materials and thicknesses investigated are given in this way, 
in Figs. 12-15. 

It can be seen that the rough blank-holder prevents drawing-
in almost completely for steel and aluminium, and that the 
Erichsen number attains a minimum value in such circum-
stances. Drawing-in can apparently never be completely 
prevented without the use of a rough blank-holder, because  

with a smooth blank-holder the curves of blank diameter 
against drawing-in are not asymptotic to the zero axis. 
Higher blank-holder loads do have some effect in reducing 
drawing-in, but roughening the surface of the blank-holder is 
clearly much more effective. Drawing-in of the copper and 
brass could not be prevented by the rough blank-holder used 
and it would be interesting to see whether drawing-in of these 
materials could be prevented by having a rough surface on the 
die also. 

A correlation between round and strip specimens may be 
established on the basis of their giving the same Erichsen 
number. The results, plotted as strip width against blank 
diameter, are given in Fig. 16. Between 75 and 100 mm, strip 
width and blank diameter were equivalent for steel, copper, 
and aluminium; thus, a strip of 16 S.W.G. copper, 80 mm 

TABLE IV 
Necking and Fracture in Erichsen Test 

Material Thickness, 
SWG 

Form of Necking Form of Fracture Other Remarks 

Steel 

14 

16 

20 1, 

All round, severe 

3, 

R 

(rf 

(h 

(I) 

(I 

( 

(r 
( 

( 

(= Rolling direction) 
Mostly one arc only 
present 

1, 

(I) 

R 

for 43 mm strips 

$ 	for 45 mm strips 

$ 	for 45 mm strips 

Brass 

16 

18 

20 

Slightly visible 

, 

„ 

Mostly one arc present 

9 5 

I 	 ,, 

(I) 

(t) 

4, 

Very rarely 

Very rarely 

Very rarely 

Copper 

16 

20 

18 5, 

All round, severe 

If 

I 

I 

Rarely 

t Rarely 

Aluminium 

16 

18 

20 

Slightly elliptical, very 	severe 

CI) 

(1) 

O 

R 

Some 

Some 

Some 

R 

Note: For Aluminium—Elliptical necking was measured as follows: 
DT 0.559 S.W.G. 16 — = — = 1.04; 
DR 0538  

DT _0.560 
D 

S.W.G. 18 —- 1.05; 
R 0.533 

DT _ S.W.G. 20 — — = 1-065 
DR 0.541 

DT -= dia. of neck in transverse direction 	DR = dia. of neck in rolling direction 
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wide, would give the same Erichsen number as a round blank 
of 80 mm dia. This was certainly not true for brass, however; 
the reason for this difference in behaviour is not known, 
although it must be connected with the stress/strain properties, 
as can be seen from Fig. 16. A round much larger in diameter 
must be taken to obtain the same Erichsen number as is found 
for the strip, since the brass strip specimen suffers less drawing-
in than a round blank. 

Considering coefficients of friction, the value of [1. as calcu-
lated by the suggested method dropped off considerably with 
increasing punch load in the case of steel, from a maximum 
value of — 0.07 to a minimum value of 0.012. The only com-
parable values seem to be those originally determined by Swift"-
in his investigation of bending under tension, and he arrived 
at a value of 0.04 with graphite and tallow using mild steel 
0.038 in. thick. Since load seems to have an important effect, 
the correspondence is reasonable. Values of 1,t for brass and 
copper appear to be very low, of the order of 0.01, and must 
certainly have been less than this for aluminium. Load did 
not seem to have the effect noticed with steel. Swift obtained 
values of u. = 0.022 for brass, which is considerably higher, 
but the values obtained by Takahashi and Alexander12  in the 
plane-strain compression test on brass were of a similar order. 

Regarding the experiments in which earing was measured, 
it is clear from Tables III and IV that little or no correlation 
exists between the appearance of the fracture and subsequent 
earing behaviour, at least for the particular materials and  

specimens examined. In fact, a completely misleading pre-
diction would be made, in that both steel and aluminium 
showed round isotropic fractures in the Erichsen test and yet 
gave pronounced earing when deep drawn into hemispherical-
ended cups. 

Conclusions 
It is concluded that " drawing-in " can never be completely 

prevented in the Erichsen test without specially roughened 
surfaces on die and blank-holder. Unless drawing-in is com-
pletely prevented considerable scatter may be found in test 
results, due to variation in lubrication conditions, specimen 
geometry, blank-holder load, and other factors. The loads 
necessary to cause indentation of the sheet by the grooved 
blank-holder may be taken as those quoted in the present 
research for the materials studied. For other materials a load 
must be chosen which gives a visible impression of the grooves 
in the material. Care must be taken to modify the zero point 
after indentation of the specimen by the grooves. (The actual 
displacement necessary was 0.002 in. in the present work). 

The possibility of modifying the Erichsen test by using 
blanks of smaller diameter, to allow a specified amount of 
drawing-in to occur, might be considered. In this way a test 
more representative of the particular process under consider-
ation might be devised. Thus, considering Fig. 14, for example, 
if it were known that the hoop strain at the edge of the blank-
holder (or its equivalent) in the actual process was so, = 0.15, 
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with soft brass, S.W.G.18, then a blank dia. of 50 mm and 
blank-holder load of 2 Te should be used, to give an Erichsen 
number of at least 16-3. The value normally obtained is 
— 14.2 only. However, it might be considered that such a 
modification of the test would be undesirable, since the dies 
used in practice have much more generous radii than those 
used in the Erichsen test. Also, since failure inevitably occurs 
by instability due to stretching over the hemispherical punch 
head, there seems little point in introducing a further variable. 
A cup-drawing test rather than a bulge test is more realistic 
for assessing the capacity of the material to withstand deep 
drawing. 

Considering the influence of friction over the punch head 
its presence may be thought desirable from the point of view 
of simulating practical pressing conditions. On the other hand, 
friction is a complicating factor which may obscure the res-
ponse of the material to the imposed biaxial stress system. It 
has been shown by Wallace13  that a suitably roughened punch 
can completely inhibit failure over the punch head, so that the 
presence of any friction must substantially modify the be-
haviour of the sheet as regards instability. Thus, it would 
appear desirable to aim at the complete elimination of friction, 
which might well alter the location of the fracture zone. This 
zone was roughly in the same plane for all the current tests, 
as can be seen from Fig. 9. Experience with the hydraulic-
bulge test would suggest that the fracture would move towards 
the " pole " of the bulge, the lower the friction. It has been 
suggested that thin polythene sheet is a very effective lubricant 
in sheet pressing, and if this were used the friction could be 
assessed by the method suggested here, as well as by observing 
the fracture location. 

To summarize, it is suggested that the Erichsen test could 
be improved by: 

(a) Using rough blank-holder and die surfaces in the manner 
described, to eliminate all drawing-in. 

(b) Reducing friction over the punch head to a minimum 
and establishing standardized conditions by using polythene 
or P.T.F.E. sheet, of a standard thickness. 

Neither suggestion has been investigated systematically,  

but in view of their possible importance in relation to the 
Erichsen test, it would seem desirable to carry out further 
research on these factors. 

The possibility of obtaining a theoretical solution for the 
state of stress over hemispherical punch heads including 
frictional effects, is being investigated. By applying such a 
theory, together with the basic stress/strain curve of the 
material, it should be possible to predict the occurrence of 
instability under the biaxial state of stress over the punch head, 
using a theory similar to that outlined by Mellor." 
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tion. This was thought to be due to the reaction of neutrons to 
give lithium and helium gas within the steel. 

Dr. BROOM described the structures observed in copper after 
high-temperature fatigue. Peak cavitation occurred on boundaries 
oriented at 45° for all types of strain cycle, but, with longer endur-
ances, the peak moved towards the tensile axis. There was also the 
possibility of square-grain formation arising from continuously  

reversed grain-boundary movements with enhanced mobility on 
45° oriented boundaries due to the shear stress. The relationship 
between a tensile test and fatigue, as expressed by the Manson or 
Coffin law, was considered by Mr. Grrrus. It had been found that 
this law was obeyed for many materials, provided that the tensile 
ductility was determined for the same failure mechanism as occurred 
in fatigue. 

Discussion 
An Investigation of the Erichsen Test 

Professor S. Fuicut (Institute of Space and Aeronautical Science, 
University of Tokyo): This paper is worthy of admiration, especially 
as the strain distributions are determined on both surfaces of the 
specimens under carefully controlled experimental conditions and 
they are discussed in detail. The results furnish valuable informa-
tion. 

I cannot agree, however, with the statement on p. 462 that the 
effect of the punch load on friction appears to have been neglected 
in the theories of Chung and Swift, and of Fukui. Those investi-
gators, as well as Sommer, Sachs, Siebel, and others, have in fact 
taken the effect of the punch load on friction into account by 
assuming that the blank-holding force is supported on the flat 
face of the die, while the punch load is supported by the die-
throat profile. This assumption seems to be more realistic and 
reasonable than the assumption that the punch load is taken by 
the flat face, especially when the sheet is thin and flexible. 

The derivation of the equation for the punch load, applying the 
slow-speed belt equation to the present problem with the notation 
shown in Fig. A, is as follows: 

Considering the flat portion of the segment between R8 and Ra 
horizontal equilibrium of the forces gives: 

R3 
4) 8 

artRa 8 4, — 2 sin 2 — 	(aet)dr' — 21.11/— = 0 2n 
Ra 

.*. the unit radial load at R2 = art R2 84 
Ra 

84+ 	(aet)dr' 
8 tl) 

Ra 

It is assumed that the frictional stress turn due to the normal 
stress an acts between R1  and Ra where the blank contacts the die 
profile, and the angle of contact is given by a. Applying the slow-
speed belt equation to this region, the approximate expression for 
the force acting at Section Ri in the plane of the sheet metal is: 

R3 

e" 	(aot)dr'± 2p. H824, } 

R2 

The axial component of this force should be in equilibrium with 
the fraction of the punch load on this segment, and hence: 

This paper by B. Kaftanoglu and J. M. Alexander, appeared 
in J. Inst. Metals, 1961-62, 90, 457. 

J. 0. Warwick and J. M. Alexander, J. Inst. Metals, 1962-63, 
91, 1. 
JOURNAL OF THE INSTITUTE OF METALS 

Fig. A Forces on a large segment of sheet metal in drawing over a 
die. 

R3 

P = sina eisci 2n (ctet)dr' 
J 

R? 

or P = Po 20-isina epa 

A simpler version of this belt equation is even quoted by Warwick 
and Alexander in their paper on the prediction of the limiting 
drawing ratio from the stress/strain curve.* 

In the above equation it is assumed that the load P is supported 
by the distributed stresses an and nan  between Ri and R2, and 
therefore the effect of the punch load P on friction is not neglected. 

Furthermore, the calculated coefficients of friction based on the 
formula U9H--- 2µ sina egI, which can be derived from differen-
tiating the punch-load equation using the experimental values for 
bP1bH and a, should give similar values to the ones obtained by the 
authors. 

On the other hand, equation (3) of the present paper appears to 
be erroneous. If we consider the case a = r/2, which actually 
occurs in deep drawing, equation (3) then leads to 

0 = 1t (P 2H); 

which is 'obviously incorrect. This equation could be correct only 
if the blank sheet were rigid. 
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a 
PiS 

Di. 

Side 1. PI 

Sid* Z. 

dividing by r' SOr' 

dV V = 0 
dr' r' 

Or 

Similarly, from moment equilibrium at point 0,.'  

" = dM , M — — itpt V=  
dr' r' 2 • 

Fig. B An element of sheet metal in the radial drawing region 
adjacent to the die entry. V and M are per unit length. 

BLAAKHOLLER RATE. 

Fig. C A large segment of sheet metal in contact with the die and 
blank-holder plate. 

Equation (3) quoted in the paper leads to an inconsistency at 
a = is/2, as mentioned by Professor Fukui, due to not specifying 
all the forces involved in Po explicitly. Using the notation in 
Fig. C, this can easily be shown as follows: 

From Vertical Equilibrium of the Segment: 
Ro Rs 

2rc 
Lf2n p2r'dr' —12npir'dr' — kijanpitanOr'dr' PA! = 0 

2n 	 2Tr 

Ra 	 RI 	 R]. 

324 	 Discussion: An Investigation of the Erichsen Test 
The AUTHORS (in reply): We thank Professor Fukui for his com-

ments and the interest he has expressed in our paper. 
In this work, the discussion of the subject was mainly in the 

context of the Erichsen test. The relevant characteristics related 
to this problem are a high to/r ratio and R3  — Ra R2 — Rl. 

In the theories of Chung and Swift, Fukui, Sommer, Sachs, 
&c. for deep drawing using a large die-profile radius, 

effectively tolr = 0 was assumed, thereby eliminating any effect of 
bending and transverse shear stresses. With these assumptions 
the flat portion of the sheet metal, as can be shown from consider-
ing the equilibrium of the membrane stresses, will make no con-
tribution in transmitting the vertical punch load. Therefore all 
frictional forces will be on the die profile in the absence of blank-
holder load, as was assumed by the above-named authors. 

However in the Erichsen test when to/r = 1 or > 1 the bending 
and shear stresses in and around the die profile will be important, 
as can be seen from Fig. 9 (p.464) of the paper. The derivation 
of the formula for the punch load by Professor Fukui indicates 
that the unit radial load at R2 is induced by the plastic deform-
ation, and the blank-holder friction. Applying the slow-speed 
belt equation to the region between R2 and R1, it has been 
effectively assumed that the increase in the stress 1r around 
the die profile is only due to friction, the material there remaining 
rigid. This of course is not the case, and the increase in (sr  due to 
plastic deformation in this region is much larger than that due to 
friction only. Also the suggested formula assumes that to/r= 0 and 
R3 — R2 R2 — RI, which are not satisfied in the Erichsen test. 
For these reasons the formulae now suggested by Professor Fukui 
for calculating punch load and coefficient of friction are likely to 
give more approximate results than the method originally presented 
by the authors. The following analysis shows the effect of bend-
ing and shear stresses on the pressure between the flat part of the 
blank and the die: 

From the Vertical Equilibrium of Forces on an Element Shown 
in Fig. B: 

pr 8 Or' ( Y dV)(r' + Sr') — Vr' SIP = 0  

Differentiating (2) with respect to r': 

dV cl2M 1 dM M —  dp di — — —  
dr' 	dr' 2 	r' dr' 	r'2 	2 dr' ' if  dr' 

Substituting in equation (1) and rearranging: 

[d2M 2 dM µt(dp p)] 
dr'2 	r' dr' 	2 dr' 	r' 

[d2M 2 
+ 

d/
-
1 

• dr' 2 	r' dr' 

The terms in the bracket are expected to be negative, since the 
bending moment is a maximum at R2 and decreases to zero at 
R3 or before. 

Therefore, bending redistributes the pressure around the die 
profile and creates pressure between the flat part of the sheet metal 
and the die. The total effect of all this pressure is to support the 
punch load, and a large amount of punch load and frictional force 
can be transmitted by the flat part of the sheet metal because of 
its large area, as in the case of the Erichsen test. This effect was 
neglected by the authors mentioned above. 

For similar reasons the suggested slow-speed belt equation, 
which does not incorporate the effects of bending and shear stress 
and is valid for R2--i co is not expected to give realistic results 
when tolr 	1. 

Or p — 
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where 	 .'. pH + µ (H + P — Si) — 2nS2 — Pcota + 2745'3 = 0 

	
(3) 

	

R3 	 Ra 	Ra 

2rcpar'dr' = H, f2rrpredr' +fp 27spitanOr'de = H + P 

R2 	 Ri 	Ri 

and H= blankholding load; P= punch load. 

• R3 	 Re 

= H + P — pf.27rpitanOr'dr'= H P — 

Rt 	 RI 

In this way the integrals can be related to the experimentally 
measured forces. 
For Horizontal Equilibrium: 

(H + P — Sr) 

	

Harr 	27r 	  

	

R3 	 R3 

2 sin '1'1 	par'de + 2 sin 42! V. 

	

2 	 2 
R2 

	

R3 	 R3 

— 2 sin 'III pitanOr'dr' 	11)1 P cot a  + 	
411 2 sin — agar' = O. 

	

2 	 2rc 	 2 

	

Ri 	 RI 

	

Ra 	 Ra 	 R3 

If Si --= µ12npitanOr'dr', 
	

f
S2 = pitanedr', Sa = fctotdr', 

	

Rt 	 RI 	 RI. 

when 4.4-4- 0:  

Differentiating the above equation totally, keeping a constant, and 
using finite increments: 

• p 8H + µ (8H + 8P — 8S1) — 2n8S2 — 8P cota + 21r8S3 = 0 
... (3a) 

For a blank with a large ratio 	R3 —  R2  of 
R2 — Ri 

and at early stages 

of the drawing process, similar to' the Erichsen test, an increase 
in H is likely to change the pressure distribution of the flat part 
of the flange, and not affect greatly the pressure distribution around 

the die throat. Therefore, for a flat die with a high ratio of Ra — R2 

8.5.1 .rL•• 0 and 8.52= O. 
If it is assumed that the increase in frictional stress due to an 

increase in H does not affect ue to a first-order approximation, 
then 8S3 = 0, as was quoted in the paper, 
.'. from equation (3a) 

8Pcota II= 28H + 8P ... (4) 

as obtained previously. 
The cumulative effect of these three assumptions can be checked 

by computing it using the above formula and different values of 
8H and extrapolating back to 8H= 0, as was also suggested in 
the paper (p. 462). 

We do not agree with Professor Fukui that this inconsistency 
was due to the fact that the blank was not rigid, since only con-
siderations of equilibrium have been used. The inconsistency 
occurred because all components of Po were not given in the 
paper, particularly those due to the horizontal reaction of the die. 
Equation (3) above could be used for all values of a, but equation 
(4) (which is the same as equation (4) of the paper), can be used 
only for cases such as the Erichsen test in which a does not exceed 

70°. The assumptions made in its derivation will not hold for 
larger values of a. 

R2 — 
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Loladse may also be found in the paper by Opitz and 
Gappisch*. 

(b) Albrecht varied both the depth of cut and the tool 
nose radius in his experiments. By so doing he found that 
the tool forces varied with both depth of cut and tool 
nose radius; this is indeed an empirical result and a very 
interesting one. We criticized not the empirical result, but 
the assumptions which Albrecht made to determine the 
proportions of the total tool force acting on the rake face 
and on the tool nose. To do this Albrecht had to assume 
that: 

(i) variations in depth of cut altered the rake face 
force only, and 

(ii) variations in nose radius altered the nose force 
only. 

It is our contention that these assumptions were not 
validated experimentally and that from physical considera-
tions the validity of the second assumption is dubious. 

(c) It will be seen from Kamskov's paper (Fig. 2, right-
hand graph) that the only part of the rake face on which 
the coefficient of friction remained constant from 90 to 
1000 ft/min was above a contact length of 1 mm for 0.3 mm 
depth of cut. It' follows from Kamskov's argument that 
sticking friction occurred over a contact length ratio of 
1.0/0.3 which is approximately 3 as stated in the paper. 

(d) Our statement concerning Takayama and Usui's 
work referred specifically to Fig. 4a where it can be seen 
that what we said was true; Dr Hsu is apparently referring 
to Fig. 4b. 

(e) That the real area of contact equalled, or at least 
approached, the apparent was implicit in Hucks' analysis. 

The following Communication relates to the paper 'Analysis 
of the cup-drawing process', by D. M. WOO, which was 
published in 1964, vol. 6, No. 2, p. 116. 

Mr B. Kaftanoklu (Student)—Mr Woo is to be com-
mended for his improved technique for solving the radial 
drawing problem over a die, and for investigating the 
validity of the assumptions (Nos 1, 2 and 4) made by 
Chung and Swift (reference (3)). It seems that assumption 
(1) is justified, assumption (2) would give differences with 
experimental results of the same magnitude but different 
sign (Figs 6, 17, 18) and assumption (4) should not be 
made if accuracy in calculating strains is required. 

It is said that the main object of this investigation is to 
predict the maximum punch load using equation (13) 
which contains the values of variables at 0 corresponding 
to the point of departure of sheet metal from the die, but 
it was not shown how this 0 was computed, which is, of 
course, very important. This analysis will be insufficient 
to find this 0 without introducing a method of matching 
the boundary conditions of radial drawing and stretching 

* OPITZ, H. and GAPP/SCH, M. 'Some recent research on the 
wear behaviour of carbide cutting tools',,. Machine Tool Design 
and Research 1961 2 (No. 1), 43. 

regions including the moving contacts on punch and die. 
Alternatively the approximate analysis adopted by Chung 
and Swift (3) can be used. The assumption of 0 = w-/2 
which might have been used, will only apply for limiting 
blank diameters at final stages with no clearance between 
the cup and die. For all the other cases 0 < 1T/2. The 
trend observed in the theoretical curves in Figs 19 and 20 
(i.e., punch load—reduction of blank diameter) is that they 
do not seem to pass through the origin when extrapolated, 
suggesting that 0 was not calculated correctly. The differ-
ences between experimental and theoretical maximum 
punch loads would be amplified if blank diameters were 
considerably less than the limiting ones. Therefore the 
analysis lacks generality. 

The assumption of —0.01 polar thickness strain when 
the sheet metal is stretch formed over the, whole of the 
punch profile, i.e. 02  = v/2, is highly unrealistic. From 
experiments and theoretical work done at Imperial College, 
02 	7r/10 for such a strain and is very sensitive to friction 
and geometry. It will lead to serious error as also seen 
from large differences between experimental and theoreti-
cal thickness strains even at very low general strain level 
(Figs 21 and 23). 

The author's suggestion for improving the stretch-
forming theory by including the effects of the region be-
tween punch and die seems to be in error. Referring to 
Fig. 4 he says that the computation starts at the point of 
r2  at which the stresses and strains have been determined 
previously, and for the next point of ri , „ P3.1+1 and 
pci „ are assumed in the first approximation to be the 
same as those at r2. Since there is a discontinuity in p3  at 
r2  which can be seen by examining the equations (17) and 
(18) with r, 0, or , ae , 134  > 0 a new value of pa  must be 
calculated at r2  from the equations (17) and (18), which 
should be used as a boundary condition. Therefore p3  
shown in Fig. 4 must have the opposite sign, and it can 
never have the sign shown in this region. It must also be 
pointed out that in the equations (8), (17) and (18) (i.e. 
equations of equilibrium) only two are independent, since 
the third •equation in the direction of a e  is identically satis-
fied with the symmetry of the problem, and therefore 
should not all be used. The additional independent re-
lationship required is supplied by the differential equation 
which gives the geometrical relationship between p3  and 
p4  (see Hill (8), dp4/dr = p4/r(l. —p4Ip3 )) which must be 
satisfied by any axisymmetrical shell. It is still different 
from equation (15) (constancy of volume). Otherwise in-
correct results might be obtained. 

Furthermore, unlike the region over the die, in the 
stretch-forming region over the punch and also between 
the punch and die, the terms in (ar t) in equations (8) and 
(14) are multi-valued and a criterion based on the mini-
mum plastic work is needed to find the correct combination 
of ar  and t found from the plasticity laws. This is particu-
larly important at larger deformations than quoted in the 
paper, and it is not believed that the author's method of 
successive approximations will satisfy this requirement, 
without further discrimination. 
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These arguments are based on the extensive theoretical 
and experimental research conducted at Imperial College 
between 1961 and 1964, of which the first part of the ex-
perimental work was published by Raftanoilu and 
Alexander*. A comprehensive theory for the solution of 
the axisymmetrical sheet metal deformation problems is 
developed to predict all the variables involved, until, and 
at the onset of, fracture in stretch forming. It includes the 
effects of plastic anisotropy, friction, non-linear work-
hardening, pre-strain, thickness stress, non-uniform initial 
conditions, and the complete strain history by accounting 
for the moving contact point of the sheet metal on the 
punch with continued deformation. Numerical solutions 
including higher order differences in the differential equa-
tions (non-successive approximation method) have been 
obtained on the Atlas computer, and various instability 
criteria have been studied. Good agreement was obtained 
between theory and experiment. It is expected to publish 
this work in the very near future. 

I would like to acknowledge the helpful discussions with 
Professor J. M. Alexander on the points mentioned above. 

AUTHOR'S REPLY 
Mr D. M. Woo—I thank Mr Kaftanoklu for his com-
mendation of my work. Regarding the points he raised, I 
wish to reply as follows : 

For each of the cases considered (Figs 19 and 20), the 
punch load reaches the maximum and remains practically 
constant for reduction of blank diameter between about 
15 per cent and 20 per cent. The angle 0, measured at the 
maximum reduction shown in Figs 19 and 20, was found 
to be about 77/2. Thus it may be concluded that the maxi-
mum punch load in such cases could be predicted satis-
factorily by considering the punch load at 20 per cent 
reduction, and assuming 0 to be IT/2. To compare the 
theoretical and the experimental punch loads at smaller 
reductions, the angle 0 was measured experimentally for 
each pressing and then corresponding to this 0, the 
theoretical punch load was obtained and compared with 
the experimental value. As mentioned by Mr Kaftanoglu, 
the theoretical value of 0 could be estimated by using the 
approximate method suggested by Chung and Swift. This 
shows that the present solution could be used to predict 
the maximum punch load for other blank sizes which have 
not been considered in the present work, and therefore the 
solution is sufficiently general. 

In the cup-drawing operation, the punch load rises 
steeply in the early stages with little reduction of blank 
diameter. Thus it is not justifiable to extrapolate the curves 
to the region, the characteristic of which is quite different. 

With regard to the stretch-forming problem, although a 
solution is suggested (p. 121), only the preliminary results 
based on the simplified conditions were obtained at the 
time the paper was written. The inaccuracy of these results 
was discussed on p. 130. However, further work concern- 
* KAFrANooLu, B. and ALEXANDER, J. M. 'An investigation of the 

Erichsen test', 5. Inst. Met. 1961-62 90; 457. 
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ing the stretch-forming process has now been successfully 
completed. 

The suggested solution described on p. 121 is correct. 
To apply the solution for the region where the material is 
not in contact with the punch, the computation starts at 
the point of r2  at which p3  is obtained from equation 
(18). Equations (16), (17) and (18) are consistent with the 
assumed sign of p3  corresponding to increasing 0 as shown 
in Fig. 4. In the present case, ar  and a, are positive at r2, 
hence p3  is negative and 0 is decreasing in this region. It 
may be mentioned that the proposed solution is similar to 
that for analysing the hydrostatic bulging process given 
elsewheret. Equations (17) and (18) are used for assuming 
the profile of a deformed element for each cycle of com-
putation. In other words, once the profile radii p3  and p4  
are assumed, the six unknowns, cr, c„ Fr, a,. and ao  can be 
determined from equations (3), (5), (8), (16) and the two 
equations of (4) (with at  = 0). From the results thus ob-
tained, new values p'3  and p' 4  are then calculated using 
equations (17) and (18), and the cycle of computation may 
then be repeated until p'3  and p'4  agree closely with the 
assumed p3  and p4. 

The geometrical relationship 
dP4P4 (1  P4 

dr r Pa) 
has been embodied in deriving the approximate equation 
(16) for volume constancy, since the former is based on the 
relationships r = p4  sin 0 and p3  d0 = dr/cos 0 which are 
also used for obtaining the latter. 

It may be pointed out that although the proposed 
solution for the stretch-forming problem is valid, it has 
been found in the computation that p3  and p4  did not con-
verge to the correct values as they did in the similar case 
of hydrostatic bulging. Therefore, in further work, the 
following approximate equation for volume constancy has 
been used: 

(ri +12 — ri2) (-Fri+)  
2 (R, +12  --Ri2) to — 

cos 

together with the equation 
,.tr)2  sin 02 

sin 0 = 	 
Crrtr 

 

Satisfactory agreement has been obtained between the 
theoretical and the experimental results. 

In the present analysis of stretch-forming, only one 
value of (art) was found at a particular point. This is based 
on the fact that the material continues to thin at successive 
stages of the forming process, and that corresponding to 
each thickness t, only one value of a,. was obtained. 

I am pleased to know of the work being carried out at 
Imperial College as mentioned by Mr 1Caftanoglu. 

t Woo, D. M. 'The analysis of axi-symmetric forming of sheet 
metal and the hydrostatic bulging process', Int. 5. mech. Sci. 
1964 6, 303. 
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LETTERS TO THE EDITOR 

Discussion on "The analysis of axisymmetric forming of sheet metal and the hydrostatic 
bulging process"* 

(Received 23 November 1964) 

THE writer found the subject paper an interesting example of the application of the 
theory of plasticity for an isotropic continuum and the successive approximations method, 
in particular to the process of hydrostatic bulging of sheet metal. 

In his method of solution, the author seems to have used three equilibrium equations 
(i.e. tangential, vertical and normal to the shell wall, equations (6), (8) and (9)), two of which 
can be independent since the third equation in the direction of Go  is identically satisfied with 
the symmetry of the problem. The other independent relation should have been the one 
shown by Hill [from Ref. 3 dp2/dr = ( p,Ir) (1— N I p,)1, which is still different from 
equation (5) (constancy of volume), and which is a differential equation giving the 
geometrical relationship between the two principal radii of curvature. It should be satisfied 
by every axisymmetrical shell of this type. It would be interesting to know whether the 
results obtained were checked with this formula. 

The terms in (a,. t) in equation (6) are multi-valued and there are more than one 
combinations of ar  and t that will satisfy equilibrium. 

It is therefore necessary that the solution which gives the minimum plastic work should 
be chosen, which is particularly important at larger strains and near the clamped edge. 
The variables, using the method of successive approximations and equation (11) in such 
critical cases, may not converge to the right values without further discrimination. 

It would also be interesting to know whether the author obtained any results beyond 
the maximum pressure in bulging for annealed materials. In previous researches (e.g. 
Brown et al., Ref. 12) it has been found that fracture can take place at increasing, or 
decreasing pressure after reaching a maximum. Could this solution be applied to elucidate 
this phenomenon ? 

These arguments are based on the extensive theoretical and experimental research 
conducted at Imperial College between 1961-64, of which the first part of the experimental 
work was published by Kaftanoglu and Alexander.t A comprehensive theory for the 
solution of the axisymmetrical sheet metal deformation problems, including hydraulic 
bulging, is developed to predict all the variables involved, until, and at the onset of 
fracture in the stretch forming region. It includes the effects of plastic anistropy, friction, 
non-linear work hardening, prestrain, thickness stress, non.-uniform initial conditions, and 
the complete strain history of the elements. Numerical solutions involving higher order 
differences in the differential equations (non-successive approximation method) have been 
obtained on the Atlas computer, mainly for stretch forming with a punch, similar to 
Erichsen test, and various instability criteria have been studied. Good agreement was 
obtained between theory and experiment. It is expected to publish this work in the very 
near future. 

I would like to acknowledge Professor J. M. Alexander for his helpful discussions on 
the points mentioned above. 

B KAFTANOZ,ILU 
Department of Mechanical Engineering 

Imperial College of Science and Technology 
University of London 

* D. M. Woo, Int. J. Mech. Sci. 6, 303 (1964). 
t B. KAPTANO6LU and J. M. ALEXANDER, J. Inst. Met. 90, 457 (1961-62). 
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Discussion 

Mechanical Anisotropy in Sheet Metals 

Dr. D. V. WILSON (Birmingham University), in an introductory 
lecture, reviewed our present understanding of the relationships 
between preferred orientation, plastic anisotropy, and practical 
performance and identified those aspects of the problem which 
needed clarification. The relationships between plastic anisotropy 
and deep-drawing performance were understood in general terms, 
although more detailed attention should be given to the effects of 
planar variations in properties and to applications in asymmetric 
drawing operations. In contrast, the understanding of the relation-
ship between preferred orientation and stretch-forming performance 
was still fragmentary. In particular, there was a lack of information 
on the orientation-dependence of work-hardening in textured 
sheets. More experimental investigation was required, particularly 
on the effects of texture and grain size on flow strength, work-
hardening, and fracture behaviour, studied under a variety of 
applied-stress systems. Even when this information was available, 
its application to industrial forming operations might often present 
formidable analytical problems. Efficient progress in realizing the 
potential benefits of controlled mechanical anisotropy demanded 
a combined operation over a broad field of engineering and 
metallurgy. 

Dr. M. A. ADAMS (Steel Company of Wales) introduced Session I, 
dealing with producer and consumer requirements for anisotropic 
sheet metals. An ideal specification for sheet metal would involve 
the development of a low through-thickness strength during rolling, 
as this reduced the rolling load, and the subsequent development of 
a high through-thickness strength during the final annealing treat-
ment, as being beneficial in deep drawing. It so happened that 
correctly processed stabilized steel approximated to these require-
ments, since the rolling texture contained a major component of 
" cube-on-face " texture, {100 } <011>, which was associated with 
low normal strength on average strain ratio, R. On annealing, the 
texture consisted mainly of " cube-on-corner " type, with {111 } 
planes parallel to the surface and associated with high R. Many 
cubic metals also exhibited a high degree of elastic anisotropy and 
<111> was usually the direction in which Young's modulus was a 
maximum. Thus, the development of cube-on-corner texture 
conferred an additional benefit as it increased the elastic stiffness 
of the sheet. 

Mr. R. PEARCE (College of Aeronautics, Cranfield) reported some 
preliminary results on the effects of plastic anisotropy in stretch-
forming. Two materials, zirconium and aluminium, with similar 
mechanical properties except in respect of their R values, which 
varied from 9.4 for zirconium to 0.6 for the aluminium alloy, had 
been tested. Sheet thicknesses were chosen to give similar bulge 
heights and sections through the bulged sheets showed clearly a 
very marked difference in strain distribution. The thickness strain 
in the polar regions was much greater in the aluminium sheet than 
in the zirconium sheet. Mechanical properties of a component 
produced by stretching could therefore be significantly affected by 
the R value of the sheet from which it was made. Mr. Pearce also 
mentioned the effectiveness of small quantities of various elements 
in producing changes in the plastic anisotropy of steel sheet, and 
stated that further elucidation of the manner in which these trace 
elements affected texture formation was required. 

Mr. R. JONES (Steel Company of Wales) gave a detailed account 
of the interaction between process variables and plastic anisotropy 
as revealed by strain-ratio measurements in commercial low-carbon 
steel sheet. Most of his obseriations confirmed results published 

Joint discussion held on 10 March 1965, at the Spring Meeting 
in London of the Institute of Metals. The following papers are 
relevant to the discussion: 
E. R. Petty (J. Inst. Metals, 1962-63, 91, 54); P. G. Partridge and 
E. Roberts (ibid., 1963-64, 92, 50); E. Hirosawa (ibid., p. 78); 
I. L. Dillamore and W. T. Roberts (ibid., p. 193); G. G. Moore and 
J. F. Wallace (ibid., 1964-65, 93, 33). 
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by Whiteley and Wise ;I some differences in caring behaviour could 
probably be attributed to differences in impurity content of the 
steels, from the two different producers. Certain unusual features 
were observed in pole figures of hot-rolled steel. The texture at the 
surface was best represented by {110} <011>, while at the centre it 
could be described as {100} <01I>. As the finishing temperature 
was allegedly high and the material fully recrystallized, the develop-
ment of pronounced textures following the complex metallurgical 
sequence involving working, annealing, and phase transformation 
was difficult to understand. No variations in texture through the 
thickness of sheet had been observed after cold rolling. 

Mr. B. KAFTANOGLU (International Computers and Tabulators, 
Ltd.) mentioned a theoretical approach adopted at Imperial College 
for the prediction of stretch-forming performance in anisotropic 
sheet materials. The approach was presumably based on the Hill 
macroscopic theory. Results obtained with the aid of the Atlas 
computer showed that a highP reduced the fracture strain and bulge 
depth, To get a deeper bulge in stretch forming, whether by a rigid 
punch or hydraulic pressure, R must be low, assuming that other 
parameters such as friction and work-hardening remained the same. 
This was, of course, in contrast to the situation in deep drawing with 
a flat punch, when high R was associated with great depth of draw. 
The intermediate process of deep drawing with a punch with a 
generous profile would be governed by the two opposing effects and 
a high R might not necessarily result in a deeper draw. 

The method of dealing with variations of R in the plane of the 
sheet by taking an arithmetic mean of individual R values gave a 
result biased towards the minimum of the individual ones. 

Mr. J. WILLIs (Aluminium Laboratories Limited) considered 
deformation in the flange in the deep-drawing process. Mr. Pearce 
had previously suggested that material with high 11 would have less 
tendency to buckle, but advantage of this fact could be taken only 
when the pressure-plate loading could be reduced. For a press 
operating under conditions of constant clearance, high R values 
meant an increased resistance to deformation in the flange which 
would reduce the deep-drawing ratio that could be obtained. 

Session II was concerned with the macroscopic approach to 
plastic anisotropy. Dr. J. F. WALLACE (Pressed Steel Co., Ltd.) 
introduced the subject by considering the effect of anisotropy on 
instability in sheet-metal forming. The treatment was based on 
Hill's macroscopic theory of plasticity, and it was' further assumed 
that fracture occurred by necking in a band perpendicular to the 
maximum principal stress. The equivalent strain at which instability 
was reached was calculated from the critical subtangent, the inter-
cept on the strain axis made by a tangent to the stress/strain curve 
at the point where the increase in equivalent stress corresponding to 
a small increase of strain was just equal to the stress increase 
required to satisfy the yield criterion. It was then possible to calcu-
late the variation of uniform elongation with strain ratio, R, for 
various stress systems. For, uniaxial tension, a low value of R 
increased elongation, while for a biaxial tensile stress system, 
uniform elongation increased with R. For plane strain, a small 
increase in elongation accompanied increasing R, but the effect on the 
load-carrying capacity of a section might be significant. In the 
analysis of deep drawing of a cylindrical cup, the increase of frac-
ture load due to increasing R outweighed the increase in drawing 
load, and so a deeper cup could be drawn. 

Dr. P. B. MELLOR (Birmingham University) outlined some work 
being carried out by Mr. Bramley and himself, aimed at checking 
the validity of the macroscopic theory of plasticity developed 
independently by Dorn2  and by Hills Plastic anisotropy in four 
different stabilized steel sheets had been assessed by careful measure-
ments of the strain rates R at intervals of 10° in the plane of the 
sheet, and by observing the plastic-flow behaviour at the centre of a 
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appeared that jets from the wave crests had been projected 
into the stainless steel. 

Use of the electron-probe micro-analyser to measure the 
intensity of the K2 spectral lines of chromium, nickel, and 
iron, enabled the concentration of these three elements to 
be measured in different parts of a jet. Scanning X-ray 
micrographs showed an overall picture of the distribution 
of these elements in a jet and its surrounding material. 
The jet was found to be about 50 per cent stainless steel at i 
its centre, which increased to over 60 per cent at the jet 
tip. Material of composition between these limits was 
found in all the variously shaped jets adjacent to the mild-
steel crests, and in some cases, completely filled the trough 
between. From this it follows that actual melting of the 
surface layers and alloying must have occurred, despite 
the extremely short duration of the operation. It would 

I 

appear, therefore, that welding was caused by these series 
of molten zones which varied in width but averaged about 
60 n.. 

I should like to make a comment on one other point: the 
experiments the authors did on a hemispherical weld where 
they showed that with increasing angle of inclination the 
amplitude and wavelength increased. I have done the same 
thing on the flat (i.e. at a constant angle of inclination) and 
I find that, as distance from the point of initiation increases, 
there is an increase in amplitude and wavelength. I notice 
the authors have some samples which show the same effect. 
I do not know if they have seen any of the American work. 
The Americans have taken X-rays during the work 
process which have shown that the metal plate does col-
lapse at a different angle to its original angle. I wonder if 
you could decide whether the change in wavelength is 
really a function of angle of inclination, or whether it was 
merely due to the increasing distance from point of 
initiation, which would cause an increase in wavelength. 

Mr B. Kaftanoglu, B.Sc. (Eng.) (Student)—My 
original intention was just to make a brief comment on the 
paper (No. 2) by Mr Vafiadakis, Professor Johnson, and 
Dr Donaldson. The authors computed the energy dissi-
pated in plastically deforming a blank from the experi-
mental strain distributions and the representative static 
stress-strain relation. This method was also used in Paper 
1, and it requires laborious calculations and does not take 
into account the effect of strain rate which might slightly 
influence the results. 

Consider the energy balance of the system shown in 
Fig. 30 of Paper 2. The loss of potential energy of the 
hammer = energy dissipated in plastically deforming 
blank+ heat energy gained by water and surrounding tools 
+frictional losses + acoustical energy losses+ energy 
absorbed in rebound of hammer. The last three items can 
either be individually assessed or neglected because they 
demand a very small proportion of the energy involved. 
If it is possible to make instantaneous and accurate 
measurements of the temperature in the tools and water 
then the item, the heat energy gained, can be' determined. 
Hence the unknown second item can be estimated from 
ProcInsus Mech Engrs 1964-65 

the known first. Such a method would not require any 
knowledge of the stress-strain relations of the materials 
used, and would therefore be independent of strain-rate 
effect. Since this method depends on reliable temperature 
measurements, I should like to know if the authors think_ 
it is feasible. 

At Imperial College we have been working on the prob-
lem of stretch forming with rigid tools similar to those 
used in the Erichsen test. A comprehensive theory for the 
solution of axisymmetrical sheet-metal deformation 
problems has been developed. It includes the effects of 
plastic anisotropy, friction, nonlinear strain hardening, 
and prestrain. Complete strain history has been taken into 
account, and strains and stresses up to and at the onset of 
fracture have been calculated by a programme developed 
for the Atlas computer. Good agreement is obtained 
between theory and experiment. It is seen that friction 
significantly influences the stress and strain distribution 
in the stretch forming region and the point of fracture 
,moves away from the pole with increased friction. Our 
results for strain distributions with the lowest coefficient 
of friction and those presented in this paper for free 
forming show similar trends, and in both the fracture 
points are located near the pole. 

Mr A. S. Bahrani, M.Sc. (Associate Member), and 
Professor B. Crossland,,D.Sc. (Member)—We* should 
like to make the following comments about the first paper, 
by Professor Johnson and Mr Sowerby. 

(1) While the work of Daniel Adamson (8i) and Charles 
E. Munroe (i) on the forming of metals by explosives is 
often quoted and recognized, the pioneer work of Walter 
Claude Johnson (82), Which is more relevant, is very 
seldom mentioned. 

Johnson, who was an engineer from Westcombe Park, 
Kent, obtained in 1897 Patent No. 21840 in which he 
described 'a method of generating fluid pressure for tube 
jointing, or embossing, stamping of metal sheets and such-
like operations'.. Fig. 115, which is reproduced from the 
above-mentioned patent, illustrates Johnson's ideas. Fig. 1 
in this reproduction illustrates the process applied to 
making joints in a cycle frame and. Fig. 2 shows the method 
applied to forming or embossing sheet metal into a die. 
When the explosive charge C is fired, the projectile D is 
accelerated and it strikes the ram B, thus setting up pressure • 
in the liquid above it. In Fig. 2 the mould E is shown hold-
ing a die H into which the sheet metal blank F is forced. 
Johnson also stated that 'it is obvious that by inverting the 
arrangement shown in Figs 1 and 2 and withdrawing the 
projectile D and ram B the explosive charge may if 
desired be allowed to act directly upon the surface of the 
liquid'. 

Thus it can be seen that Johnson had the 'essential ideas 
of explosive forming, i.e. using an explosive charge to 
create a pressure wave in a liquid and using this pressure 

- 	• 	• 
For convenience the separate contributions of Mr Bahrani and 
Professor Crossland have been made by them into a joint contri-
bution. 
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