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APPENDIX -A. FORMULAE USED IN NUMERICAL ANALYSIS

The formulae used in various numerical techniques
in the body of the thesis and in the other sections of
the appendix are derived below, under the appropriate

section headings.

A.l. Numerical Integration

There are two typeé of nmumerical integration:
Case (i) corresponds to an indefinite integral in ana=-
lytical integration, and is used in integrating differ-
ential equation(s) with the given boundary conditions.
The Runga-Kutta integration is of this type and the
reasons for its suitability for sheet metal deformation
problems are given in Chapter 5. Case (ii), which is
more generally kndwn as "“"‘numerical quadrature", corres-
ponds to‘a definite integral between limits in analytical
integration. In.conmection with the present work, for
the same reasons as in Case (i), a Y"Lagrangian" method

of numerical quadrature was found to be satisfactory.

A.1l.1. Runga-Kutta Method

This method in general can be used in the solution
of a set of first order differential equations, and also
for those equations of higher orders which can be reduced
to a set of first order equations (66).

If the solution has reached the point x (a value of



A.l.l. 391.

the independent varigble), then Yr(;) = ¥ ;é. ces ;a
(dependent variables). This can be an interior point

or a point on a boundary.

dy
. r
Since —= = gr(x,yl,yz, ceees yd) (A.1)
which can be computed from the given differential equa-
tions, in a fourth-order Runga—Kup#afprocess the follow-

ing intermediate quantities are calculated:
kro =ztr(;l-};lv;2o es oy -}-'.q)

k3 =4 gr(x+o,5[,yl+o.5klo.y2+o.5k20, ceey yq+0.5kqo)

k., =£ gr(x+o.5!,y1+o.5kll,y2+o.5k21, cees yq+0.5kql)

(A.2)

then the next nodal point is:
o - 1
yr(x+2) =y (X)+ 2 (kr°+2krl+2kr2+kr3) (A.3)

This procéss is repeated until the final boundary
of the particular region under investigation is ;eached.
The error 1ntr;duced by this numerical method is propor;
tional to.l5 and is also influenced by the higher deriva-
tives of the functions involved. It is therefore nec-
essary to investigate the mathematical stability of the
solution by repeating the calculation using different

values of ¢ and reaching a compromise at which the solution
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is sufficiently accurate, ysf'still does not require a
formidable amount of computer time. This method.is
well suited to automatic digital computers because the
;;aluations of eqns. (A.l1),and hence (A.2) can be very
laborious.

In the present work this method was applied to =a
single differential equation at a time (suffix r = 1),

and the other details are discussed in Chapter 5.

A.1l.2. Lagrangian Method

Supposing that the functional relationship between
x, and y is not aﬁalytical, but is given et unequal
intervals of either the independent or of the dependent
variable, It is then possible to approximate this
relationship which is given at (s+l) discrete points,
with a unique polynomial of degree not greater than s.
The form of such aplynomial usually associated with

Lagrange is (33, 16):

[xx x - x, x - x, X - x
Y AXox X -X *r X =x Yo *| x——=
o () o 8

1 2 1 o
x - x, x - x )
TUTETT e T Yy * sees 3§ (A.l})
xl x2 xl xs 1

This polynomial should be used with care since it may be
unstable and may not represent the function correctly if

the function is ill-~conditioned, and the range’is too
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. large. The lower degree polynomials are more stable
but may lead to more approximate results for the same
intervals. Therefore a compromise must be reached
between the degree of the polynomial and its range,
which can only be done by special investigations. For
the present work a polynbmial of second degree was found
to be adequate since usually three consecutive points

at unequal intervals were available in a short range.

This can be written as:

(x - xl)(x - x2) | (x - xo)(x - xz)
y = (x,-x; (=~ x5) Yo * (- % )(x;= x5) Y1

(x = xo)(x - xl)

(x2— xo)(xz— xl) Y2 (4.5)

+

To find the integral of y, eqn. (A.5) is integrated'

to give:
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This equation finds the value of the integral between

the limits of x,

and Xoe This can be extended for a tabular data of

(w+l) points as follows:

and xy using the three points xo, X1

if xo, x eeey X

1’ W
and Yor Y10 0 Yy then
xw m=w-1
Y(m-1)
dx =
/ & Z Z(m-1) = %) (F(m-1) = F(me1))
xl n=1l
1(3 l) - 1 2
+ .
m , -3 (xm+x(m+l))(x(ﬁ+l) )+x X (me1)
Ym
(x(m*l)- a) | ¥ (x, - x(m4l))(xm - x(m+l))

1) X (me1)) (K(me1)~ Xa)

x3 -x3
‘m+l[ m 1

2

Y(m+1)

" X (me1) " (me1)) F(me1) %)

X(m-1)*(m+1) X(me1)*m)

x(3+1)“ X 1 2 2
m m
3 - E(x(m-l) * xm)(x(m+l)- x,) *

x(m-l) *m (x(m+l) - xm) (4.7)

Hence the gquadrature, or the definite integral of a
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tabular function can be obtained.

A.2. Numerical Differentiation

For tabular functions at unequal intervals, the
differentiation of the Lagrange polynomial provides appro-
ximate derivatives of the function represented either
at tabular or intermediate points. The accuracy of
the derifatives will depend on how close the polynomial
represents the given function, and hence this calls for
an investigation of the degree and the range of the poly-
nomial. In the present work, and for the intervals

used, a second degree polynomial was found to be adequate.
"(1) If X s X3, X,

» Y30 Yo are given,

YO
4y
to find (dx) :
X2

Eqn. (A.5) is differentiated with respect to x

and x = X, is substituted giving:

X, - X : x, - x
&) . o . Tt
(dx x (xo-xl)(ib-xz) Yo (x;- xb)(xl- x,) Y1

2

X, = X, = X -

2 o
¥ (x2 - x&%(xz-xl) Y2 (4.8)

alternatively if !l = X3 - X
and 2‘2 = X, - X
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A.2.

(QI) ) Z> y -(l-o-fzy . 2[2+£l

Blr,  0ly *€a) 7o e 717 (G )2, V2

(A.9)
(ii) If X s X X,
Yo' Yl, Y, are given,
to find (%xz) H
*1

Eqn. (A.5) is differentiated with respect to x,

and x = x, is substituted giving:

1

(QI) _ X=X, - 2xl - X, - xo y
dx x, (x,-x; ) (x,-x,) 7o (xy=x ) (x;-x5) "1
. X =X,
+ = — y (a.10)
(x2 xo)(x2 xiT 2

or
(EI) - -4, + f:_;;fék + £
dx x, 21(21*12) o 212 1 (21"‘ ‘62)(2
(A.11)

1 *2

Y1 Ya and (%%)x are given,
1

to fina (%

4 - v .
"
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The Lagrange polynomial is rewritten for points

X;» X, and another fictitious point at (x;+ 6x) having
a function value (yl*(%i) 6x) similar to eqn. (A.S)s as
X
follows: 1
(x-xl-bx)(x—xz) (x=-x;)(x - x,)

= +
y (x;-x;-6x)(x;-x,) Y1 (x3+ 6x=x; )(x;+6x-x,)

. (x =-x;)(x -x;~56x)
x) + 5, (%%, - 6x) 72 (A.12)

(vy +(%§)x
1

After simplifying, rearranging, and taking the limit

when b&6x-—2>0 :

(2xl—x-k2)(x-x2) (x—xi)(x-xz) dy
T (%= x2)2 T (x-x5) dX)xl
N2
( ,12 Vs (4.13)
(x2-xl |

Differentiating eqn. (A.13) with respect to x and

substituting x = X, gives:

(&) - B (), (a1

Polynomials involving derivatives such as eqns.,
(A.13) and (A.1hk) are generally known as Hermite poly-

nomials.
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A.3. Interpolation

When a function is known at a set of discrete points
of the argument or of the function itself, provided that
it is continuohs, the interior points can be found by
interpolation, and the exterior points by extrapolation.
Finding the function value for a given interior inter-
mediate value of the argument is known as dirept; and
the calculation of the argument for a given value of the
function is known as inverse interpolation.

For the present worg a polynomial of degree two
represented fhe functions sﬁfficiently accurately for
the ranges chosen. The following formulée applies for

direct and inverse interpolation and extrapolation, at

equal or unequal intervals of the function or the argument.
(1) I =x,, x, x,

yo, yl, yz ‘are given,

y at a given x can be calculated from the Lagrange poly-
nomial (A.5). In the present work the algorithm due

to Aitken (1) has been used since this was more adaptable
to computer programming,! but it gives identical results

with eqn. (A.5 ). The process consists of a sequential

combination of"linear cross-means" as shown below which

= The author expresses his thanks to Mr.D.J.McConalogue,
Department of Computer Science, Imperial College,
for his valuable advice on numerical interpolation,
and his help in writing the interpolation routine
(Routine 2) in the computer program for the analysis
of stretch forming.
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i1s equivalent to a second degree pblynomial interpolation:

(xz - X)Yl - (xl - x)Yz

Y = -
2,1 x, Xy

(x; = x)y, - (x, - x)y;

Yig = -
1,6 xy X, .

(xz - x)y1J6 - (xo - x) Yz’l

y =Y = -
2,2 X, X

(A.15)

Yi» ¥ and (%%). are given,
*1
to find y at a given x, eqn. (A.13) can be used, which
is a Hermitean polynomial.

The-inverse interﬁolation or extrapolation can be
effected by interchanging the given x's with the corres-
ponding y's, and carrying out the calculation as for
direct interpolation. In either case the x's or y's

need not be in a numerical sequence,

A.4 Maximum and Minimum

It is sometimes necessary to find the maximuﬁ or
a minimum of a function and the value of the argument
at which this occurs,. In the present work the following
method was used in connection with the prediction of the

Sp instability.
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If y = f(x) and the values

X, Xp9 X,

YO) Ylv y2

are generated in a numerical solution, the point when

the signs of

Y, = Y Y, =Y
;3_:_;L and ;l_:_JE become
2 1 1 xb

different must be determined. This would mean that

the required maximum or the minimum is between x, and xo,
and the corresponding signs are - and + for a minimum,
and + and - for a maximum respectively. In case of a
maximum if all the values of y are negated then it will
be a problem of finding the minimum, which is a matter
of conveniénce in a éomputer prograﬁ. The results can
be renegated when obtained in such a case,

Assuming that such a pointnis reached and the mini-
mum is bound by X5 and x, as shown in Figs. A.l.a and
A.l1.b. .approaching ih an increasing, and a decreasing
sequence respectively. Such a function can be appro-
ximately represented by & Lagrange polynomial, for the
present purposes a second degree one, as given by eqn.

(A.5). Differentiating this equation, and equating it

to iero:
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-~ FIG, Al - SEQUENCE OF POWNTS IN. M\N'}M\ZAT\OQ,
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SZ _ 2x - x2 - x1 2x - x2 - X

— - y
dx (xo x, (X, x2) o

2X - xl - xo

&, - 5 )(x, - =)

]
o)

+ YZ

Solving for the unknown x after some algebraic

manipulation gives:

2 2 2 _2 2 2
(x5=-x2)y. +(x5-xT)y, + (x5 -xT)y
x - 1 2 O 2 O 1 O 1 2 (A.l6)
2[(x1-7)7g + (xpmx)yy + (x-x))7; ]
Hence a first approximation to the minimum can be
obtained by using eqn. (A.16). Since the function mini-

mised in general is not a polynomial, using this x a
fuction value vy is computed agcording to the numerical
procedure of generating this function. For use in eqn.
(A.16), the x-values need not be in a numerical sequence
as shown in Fig. A.l, but this is necessary for the follow-
ing iterative iechnique.

To improve on the minimum found, the points Withr
sufficés 0-2 and the first approximation for x and y
would be available. From these available four points

the best three are chosen by substituting the new x, y

' dn place of the co-ordinates of one of the points in the

initial sequence. This is effected as follows:

If x, > x, (Fig. A.l.a.):
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x ) e
d
if y'> ¥y an
xl):x
x)xl
xi}x

When these transfers

x T x
o!

X

1’ 2

Yor Y3i» Yo
(A.16) to obtain a better

of the function with that

403.

X, = X and Yo = ¥

X, = X and Yo = VY
X=Xy Yo=Yy and x;=x 0y, =y
X,=X)y VoY, and X =X Y=Y

x, = X and Yo =Y

X, = x and Yo =Y
x2=xl, y2=yl and xl=x, y1=Y
x°=xl, yo=yl' and X =X, Y=Y
are made the new

?

are to be used in equation

approximation of the minimum

of the polynomial. The pro-

cess is carfied on until the values of either x or Y

do not differ more than a

secutive approximations.

specified amount in two con-

This technique is rapidly

convergent and is very accurate,
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APPENDIX-B. GEOMETRICAL RELATIONSHIPS OF THE

AXISYMMETRICAL SHELLS USED

B.1l. Principal Radii of Curvature

In an axisymmetrical shell the two principal radii-
of curvature (pl, and p,) are in two mutually perpen-
dicular planes in meridional and circumferential direc-

tions as shown in FIG. B.1l,

FIG. B.1l. PRINCIPAL RADII OF CURVATURE OF AN

AXISYMMETRICAL SHELL
To find the relationship between r, 6, and Pyt

(py + 5)(60) (000 (o0 ) | = ox



Bolo ) 4050

After expanding, simplifying and taking the limit

(66—>0):
dr ‘
py cos b= 46 (B.1)
Also
rég = p,byY (B.2)

~and from the right angle triangle BCD
dy = 6¢ sin @ (B.3)
Substituting eqn. (B.3) in egn. (B.2) and rearranging:

r = sin o (B.4)

P2
Differentiating eqn. (B.4) totally and also using

eqn. (B.1), it can be shown that the two principal

radiﬁ of curvature (p;, and p,) are not independent

n
and they are related by the following equation:

] p2
. o= (B.5)
) 1_.2_:‘.8.3
Po dr

B.2./ Ellipsoidal Shell
Pl

Equation of an ellipse in Cartesian co-ordinates

is (FIG.B.2):

X 4+ = = 1 (Baé)
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From Fl1G. B.2,

FIG.B.2. GEOMETRICAL PROPERTIES OF ELLIPSE

*

L& = - tan® | (B.7)

To find r in terms of a, b, and 8, eqn. (B.6) is
differentiated totally, and using eqn. (B.7), z is found
in terms of a, b, and 8 which is in turn substituted

back to eqn.(B.6) to give:

2 .
r = a(l + -‘9—-2- cot? 6 )_% (B.8)
a , .
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The instantaneous radius of curvature is given by:

3
[} . (%g)zJ 2

Py " (B.9 )
d "z
dr2
: dz dzz
Finding ar and -3 from eqns. (B.6) and (B.7) and
dr
substituting in (B.9) gives:
2 23
Py = b2a? [bzccs2 o+ azsinza] - 2x (B.10)
au's:i.n3 e

It is more convenient to find the geometrical rela-
tionships in terms of r, a, and b for numerical computa-
tion, which can now be obtained as follows:

After rearranging eqn. (B.8),

-
tan & = rb (a° - 2)"%/a (B.11)

hence from the right angle triangle constructed from

eqn. (B.11)

cos@ = a (a2 - rz)% [rz (™ - a") + auJ 2 (B.12)

sin6 = rb [ r? (bz - a%) + au] (B.13)
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From eqns. (B.10) and (B.13):
2
oy = [rz (b2 - a%) + a“] / a*v (B.14)

and from differentiating the arctan of egn. (B.l1ll) with

respect to r:
-1
28 . 2 (a® - 2yt [rz (b° -a®)+ a‘j (B.15)

B.3. Hemispherical Shell

The geometrical relationships for the hemispherical

shell can be obtained by substituting a = b = in the

P1
equations for the ellipsoidal shell, and the following

equations are obtained.

sin 6 = r/pl ‘ (B.16)
cos 6 = (9;2 - rz)% /Py (B.17)
tan 6 = r (p2 - %)t (B.18)
2L (529

where Py is a constant.

B.4. Equations for Bulge Depth

In stretch forming with a rigid punch, and also in
‘hydraulic bulging, the depth of bulge cannot be computed
analytically, unless some simplifying assumptions are
made about the shape of bulge at places where the sheet

metal is not in contact with the rigid tools. The two
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methods used in the present investigation are described

below:

(i) Exact Method: From the general solution of the

problems of stretch forming and hydraulic bulging (see
Chapters 3, 5, and 6) the distributions of 6 and r along
the shell profile at any stage are available, Bearing
in mind that, as shown in FIG. B.3, the bulge depth h

as measured in experiments is the distance between the
internal face of the pole, and the blank-holder or lower

die which rests on the thickest section of the undeformed

blank:
D/2 ‘ t t
_P b
h = //rtane dr = .3 = 3 cos-¢ + to (B.20)
0

In eqn. (B.20), the relationship between tan 6 and r

is tabular and not analytical since it is obtained from
the general numerical solution. Therefore the integral
can be evaluated numerically by the Lagrangian quadra-
ture formula (A.7). Hence’it is possible to find the
bulge depth at any stage of the deforﬁation in stretch
forming, hydraulic bulging and'deep-drawing after the

numerical solution is completed.

(ii) Approximate Method: In some cases as in Chapter

7 in the calculation of the coefficient of friction, it

is more convenient to use an approximate analytical
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R o |
| FIG.8.3. BULGE PROFILE IN STRETCH FORMING,

1 Instontanescus cenfre of curvature.

FIG, B4 \DEALISED BULGE PROFILE FOR. ELLIPSOIDAL PUNCH,
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formula to calculate the bulge depth. To derive such
a formula the following assumptions are made:

a) Thickness remains constant throughout the bulge
and it is equal to the original thickness.

b) Angle of embrace on die is equal to that of the
punch, i.e, region between die and punch is a
truncated cone (a =g ).

Refering to FIG.B.4, for an ellipsoidal punch:

AB |

tan o = BC (B.21)

AB = h+ r'tana- (b - 2)

From eqns. (B.6) and (B.8):

: 2 2 2
AP = h+a(l+ % cotza)_é‘tana -[b- -tlé- (tanza + -b—z-)"%]

a a a
(B.22)
BC = BE + EF - FC (B.23)
1
where BE = D/2 and EF = p, , (B.24)
-I-.‘F% = tana hence FC = FG cot «
} 1
and FG = PG - PF = (pd + to)v(sec a-1)
]
therefore FC = (pd + to)(sec a-1) cot a (B.25)
substituting eqns. (B.24) and (B.25) in (B.23):
D ] ’
BC = “/2+p4 - (pq+ to)(seca -1) cota (B.26)

substituting eqns. (B.26) and (B.22) in (B.21) and
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simplifying:

2 -3
' 2
h = [(D/Z + pd) - a(l + -b—z- cotza) ]ta.na.
a

- (p; +t_)(sec a-1) +b[l - g— (tanaa +P-;-)-%] (B.27)

The following equation can be;similarly derived for -

a flat punch:

n o= (P/2 + p) - r )tana- (p; + p; +t )(sec a-1) (B.28)

The corresponding equation for a hemispherical

punch can be obtained either from eqn. (B.27) or from

eqn. (B.28):
n = (P/2+ pc'l)tana- (p;_ + p:l + to)(sec a=1) (B.29)

The accuracy of the above equations will increase

L}
with decrease of to/pl and to/pd ratios.

»

-
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APPENDIX~C.COMPUTER PROGRAM FOR THE SOLUTION
OF THE STRETCH FORMING PROBLEM
WHEN USING A HEMISPHERICAL PUNCH

>>AUXILTARY PROGRAM
>>JOB DESCRIPTION

JOB

LSC44ECi,'KAFTANOGLU MAGeTAPELIMITILIZATION RUNIz1964
COMPUTING 2000 INSTRUCTIONS

TAPE

1 Lotoo

QUTPUT

o LINE PRINTER 200 LINES

STORE 15 BLOCKS

COMPILER EMA

MAIN=6co
AUXIL1ARY(o0,0)
DEPTH o

DUMPS o
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CHAPTERo
A=515

>>SET RADII==r0
I=o(1)513
Al=-10

REPEAT

>>TRANSFER RADII TO MAGNETIC TAPE
WIND TAPE(1,10)
WRITE(1, Ao)

END
CLOSE

*x*7
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>>MAIN PROGRAM

>>JOB DESCRIPTION

JOB

LSC44ECI, KAFTANOGLU HEMISPHERICAL RUN 37 1965
COMPUTING 240000 INSTRUCTIONS
TAPE

1 Lozioo

OUTPUT

o LINE PRINTER 2000 LINES
STORE 22 BLOCKS

COMPILER EMA

MAIN=»2000
AUXILIARY(o,0)
DEPTH o

DUMPS o

>>LAGRANGIAN INTERPOLATION
ROUTINE2

Kint=21(1)22

Nn=22(—1)Kn

L=Nn-Kn+z20

ZNn=XDIVIDE(£N#Z (Nn~1)~£LZN# , ENn—~£L)
REPEAT

REPEAT

RETURN

* %

SSHERMITEAN DIFFERENTIATION
ROUTI NE4

floo=far-£20
fa1=L22~f2a1
ffaa=f£a30+fazx

Z20=XDIVIDE(£21Z20,f20822)
Z21=XDIVIDE(£21Z21~£20Z21,£20821)

Z22=XDIVIDE(£20Z22,£21822)
Zaa=—Z20+Z21+Z22

RETURN
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>>HERMITEAN INTERPOLATION
ROUTINES6

En=£s0-£21

Fn=Zz22~£20

Gn=Z22-£21

Hl=a2£20=Z22=£21

Hn=xDIVIDE(GnHnZz0,ENEnN)

£22=FnGnfa2/En

Z21=XDIVIDE(FnFnZa1,EnEn)
Zzaz2=Hn+fz22+Z21

RETURN

* %

TITLE
BeKAFTANOGLU ICST MECH.ENG«JOB«NO.LSC44EC1,1964
TITLE
THEORETICAL ANALYSIS OF STRETCH=FORMING FOR
TITLE
ANISOTROPIC MATERIALS = HEMISPHERICAL PUNCH-

416
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CHAPTER®

>>ALLOCATION OF VARIABLES
A=>122
B~»122
C~>122
D~»122
E~»122
For
G-I
H~>1
U»122
Vo122
=62
X=go0
Y1
7100
£»650

>>COMPUTATION OF STARTING VALUES AT THE POLE
>>S.1,2 IN Se1ecz

42)£79=0403 5

X6=—0e024U+0403

E92=°o 5X6

1)Q=o0
JUMP13,S0n>~1
JUMP12,3>P
Xs=B3-B1
X10=U3=U1
JUMP14
13)Xs=B2-Bo
Xr1o=Uz2-Uo
JUMP 14
12)Xs=0.3Z0
X10=-045Z0

>>COMPUTATION OF POLAR BOUNDARY CONDITIONS
>>Se.1 IN g=1-1
14)Ao=0

Uo=1

Vo=o

Q=2
JUMP71,Z71>X6
L=z20(1)22
flL=7(L+51)=X6
ZL=Z (L+54)
REPEAT
JUMPDOUN (R2)



U=Z22

JUMP71,U>0

U=o
71)JUMP82,Z73>X6
U=Z96

82) JUMPDOWN43
ACROSS1/2

>>SP INSTABILITY SEARCH FOR REGION 1
2)JUMP5,0>£16
JUMP82,£23=0
En=XMOD(1=X10/£23)
JUMP10,0.0001>En
83 )En=xMOD(Xzo0)
Fn=xMOD(£23)
JUMP84 ,EN>0.000001
JUMP84 ,F11>0,000001
JUMP1z1o0
84)JUMP40,X36>X34
O=1

JUMP4 1

£0)0==1
41)JUMPDOUNZ 8

z)L=20(1)22
FL=X(L+14)
ZL=X(L+11)
REPEAT
JUMPDOUN3z 9
£23=X10
X1o0=Z22
On=Qn+1
JUMPgo, §>£400
ACROSS53/3
90)ACROSS16/2

5)£18=XMOD(0e3X10)
On=o0

W=o0

X213=£16

X26=X10
JUMPo 1, §>f400
ACROSS52/3
91)ACROSS15/2

>>SP INSTABILITY SEARCH FOR REGION 2
7)JUMP8,6>£16

JUMP85,£23=0

En=xMOD(1=X10/£23)

JUMPg9 ,0.0001>En

85)En=xMOD(X10)
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Fn=xXxMOD(£23)

JUMP86 ,En>0.0000001
JUMP86 ,Fn>0.0000001
JUMPg

86 ) JUMPDOWN2 8
6)L=20(1)22
el=X(L+14)
ZL=X(L+r1)

REPEAT

JUMPDOWN3 9

f.22=X10

X1o0=Z22

QN=Qn+1

ACROSS6/ 4

8)£18=xMOD(0.025X10)
£18=-0£18

Qn=o

X22=£16

X36=X10

ACROSS15/4

9)JUMPro ,R>1
JUMP11,R=0
JUMP8o, Mi>o0
JUMP81,Mn=0
X61=X32
JUMP8o
81)JUMP80O,X61>X22
JUMPr0,0>Z60
Mi=-—1

Z6o=-1
ACROSS61/5%

80)X5=X5+0,0037Z60
En=XEXP(B(Q—z§+X5)
En=ZsEn—A(Q—2)
JUMP10,0.00001>En
Mu=Mn+1

in=x

ACROSS9/ 5
11)X35=X5-X15
X15=0e¢5X13
En=XMOD (X1 5)
JUMP10,0.000003>EN
ACROSS8/ 5

>>RESTART FROM POLE WHEN SP INSTABILITY 1S OBTAINED

>>IM REGIONS 1 AND 2
10)JUMP49,£7>0
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£54=Bo—B1
49)£7=10

N#=Q=-2

L=o(2)N#n
Kn=xINTPT(o.sL)
WK#=DL

REPEAT
N#=XINTPT (0« 5Q)
Kn=XINTPT (0. 5J)
L=N#n(1)Kn

Wl=0

REPEAT

ES""O . SQZO

£54=XMOD (0o S£54)

X6=Bo-£54
Sh==1
Z41==10
Z42==10
£31=~3
f22=0
£88=-10
JUMP 1

>>DIAGNOSTIC OUTPUT WHEN NO CONVERGENCE IS OBTAINED

15)JUMP16,0>£24
JUMP2g

16)JUMP23,£24>=7

£24=-3
JUMP24
23 JNEWLINE
CAPTION

REGIONI,NO CONVERGENCE OF DE2, INTERMEDIATE RESULTS=-

f£24=10
24)ACR0OSS21/2

17)JUMP18,0>f25
JUMP2g

18)JUMP25,825>=7

£25==5
JUMP24

2 5 )NEWLINE
CAPTION

REGIONI,MO CONVERGENCE OF DX, INTERMEDIATE RESULTS-

£25=10
JUMP 24

19)JUMP20,0>£27
JUMP2g

20)JUMP26 ,f29>=7
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£27==5

JUMP217

26 ) NEVL INE

CAPTION

REGION2,MO CONVERGEMCE OF DO, INTERMEDIATE RESULTS-
f27=10 ‘

27)}ACROSS4/ 5

21)JUMP22,0>£26
JUMP29
22)JUMP28,826>—9
£a26=—g
JUMP27
28)NEWL INE
CAPTION
REGION2,NO CONVERGEMCE OF DEz2, INTERMEDIATE RESULTS=-
fa6=10

JUMP 27

20)ACR0SS3 /0

>>SELECTION ROUTINE FOR THE MINIMIZING ROUTIMNE
28)JUMP30,X32>£16
JUMP31,X25>X10
L=-0
X$L+3z)=£:6
X({L+35)=X10
JUMP48
3I)X?O+3z)=£16
X(0+35)=Xr0
JUMP8
30)JUMP32,X35>X10
X(0+32)=X32
X(0+35)=X35
JUMP3 3

32)L==0
X(L+32)=X32
X{L+z5)=X35
23)X32=£16

X3 5=Xr0

48)RETURN

>>MINIMIZING ROUTINE FOR SP INSTABILITY
29)7Z1=f20f20

Z2=F£21f21

Zz3=f22f22

Za=Z2"73

Za=Z3=21

Zo=Z1~Z2
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Zi=f21-£22
faz2=f£22-f£20
Lor1=£20-£21I

Z4=Z4Z20%723Z21+22222
f20=Z1Z20%f22Z21+L21722
JUMP8# ,£20=0
Z22=045Z4/£20

JUMP88
87)Z22=0.9X3 5+0. 1X36

88 ) RETURN

>>COMPUTATION OF POLAR BOUMDARY CONDITIONS.Ser IN g=1-1
43)Bo=X6

Co==2Bo
Do=xMOD(Co/£62)
Eo=XLOG(B+£64Do)
Eo=XEXP (Dn+CEo)
Fo=£64Eo0

Fn=xEXP (Co)

Fn=Fng

f£95=0.5Fn+D

Gn=£q95Fn

Hn=DD

Hn=Gn/Hn+:

Eo=£6 5Eo/Hn
£96=-143333333U/£95
£97=0.6666667UE0Fn/Lo 3
RETURN

CLOSE
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CHAPTER=2

VARIABLES:

>>SETTING UP LOOP PARAMETERS FOR REGION 1-S.3 IN g§~=1-1
1)E24=~10
fag==10

21)Z5=0e §0Z0
S=-1

Rn=1x
X75=—1

X2=XEXP(C(Q—-2))
X2=X2G/D
X3=1+0.5X2

77)£18=XMOD(0+6X10)
En=£18/Zo
JUMP23,En>0e1
£18=0.2Z0

23)£18==£18
Xro=X10-£18

Ln=—1

Pn=o

W=o0

>>BEGINNING OF OUTER LOOP IN REGION reSes4 IN g—1-1
15)Xro=X10+£18
16)£3=U(Q-2)+X10
JUMP13,K>Q

Z8=£2

JUMP14
13)78=045U(Q+1)+0e5F3
I4)R==~1

V#ii=o

Xa=1+78

Xa=—0e5X2X4X3
En=Z8-Xs

Fr=78~y

Zs4=En+£61Fn

En=RnZss4
JUMP75,040000001>E7
Z34=XDIVIDE(2X4~Z8~1,Z54)
X1 5=XxMOD{0+6X5)

JUMP2 ,X15>0.001
X15=0e.002



2)Xg=Xg=X15§

S>>BEGINNING OF INMNER LOOP IN REGIOM 1.S.5 IN g=1-1

B)Xg=Xsg+Xrg

9)Z6=XEXP (B(@-2)+Xs)
76=767¢~A(Q=2)
JUMP10,Z6>0.000001
Xg=X5+0.000013

JUMPg

>>8.6 IN 5=1-1
10)X7=B(Q=2)-B(Q+1)+Xs
En=RnX7
JUMP11I,EN>0.0000008
JUMP70,R>0

JUMP71,R>-1
Xs=B(Q+1)~B(Q—2)+0.0001R%
JUMPg
71)Xg=X30+0.000 IRN
JUlP g

70)JUMPg2,SH==1

89) JUHP7 5, 05X 75
JUMP81,X10>041
f2o00=f202

£202=X7
JUMP83,=9990>£200
L=-R#
JUMP83,£(Rr+201)>£(L+201)
En=xMOD(£18)

JUMPg3 ,En>0.0000001
JUMP81 ,R">0

JUMP8o

93)Xro=X10-£18

f£.r18=0. SEIB

f202=f200

JUMP83

92)JUMP89,£74>4
Q=0-2

T=Q

ACR0SS3/6

11)£4=A(Q-2)+Z6
>>Se7 IN g§=1—1
X9=Z54X7
JUMPo1,X9>—8
JUMP75,0>X75
X10=X10+0.,000001RN
JUMPg6
91)X8=C{Q+1)+Xo
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JUMPDOWNS 5
JUMP6 1 ,0>F#

>>INTEGRATION OF COMPATEBILITY EQUATION.S.8 IN s—r-1
INTSTEP(¢)

>>CALCULATION OF DELTA FOR INNER LOOP IN
>> REGION 1=(g=1~1)

Xra=Y1

Xr3=Y1=B(Q-2)

X14=Xg5—X13

JUMP4,06>E24
MEVLINE
PRINT(Xs5)o, 5
PRINT(Xz14)o0,35

4)JUMP24,X5=0
Xrg=xMOD(1=X13/X3)
JUMP36,06.00005>X17
24)En=xmoo(xS§
Frn=xMOD (Xz13)
JUMP17,En>0.000005
JUMP17,F#1>0400000§
JUMP36

>>CONSTRUCTION OF CHARACTERISTIC OF CONVYERGENCE
>> IN REGION 1 <=SEE S.q9 IN g=r—1
17)JUMP35,R>200
JUMP38,Vn>5

X25=X26

Xob6=Xan

X28=X29

X29=X30

Xoq=X14

X30=Xg

JUMP86,06>X75
JUMP18,R#0
EN=0.0001RN

90 ) Xs=X30+EN
Fﬂ=B?Q—z)—B(Q+I)+X5
Frn=Zg4Fn

JUMPg ,F#>=5

Efi=0e SEH

JUMPgo
86)JUMP18,R=0
JUMP19,0>X14
X15==X15
19§X15=1.1X15
JUMP8



>>INVERSE LIMEAR INTERPOLATIONe.S.g9 IN g—1-1
18)JUMP37,R>1

JUMP41,X26%X27

R=o

X5=X29+0.000003RN

JUMPg

41)X5=XDIVIDE(X29=X30,X26~X27)

X5=X29=X5X26

JUMPg

>>SELECTING PREVIOUS TRIALS WITH MINIMUM ERRORS=S=-9
>>IN g=1-1

28)L=17(1) 19

ZL=xMOD (X (L+8))

REPEAT

L=xMAX(Zo,17,1t9)

X(L+8)=X124

X(L+z11)=Xs

>>INVERSE LAGRANGIAN INTERPOLATION S.9 IN g=1-1
37)L=20(1)22

£L=X(L+5)

ZL=X(L+8)

REPEAT

V=10

JUMPDOWN(R2 ).
X5=Z22
JUMPg

>>END OF INNER LOOP IN REGION t S.g9 IN s=1-I
33)ACROSSt5/1

36 )ACROSS3/3

>>1F ©>£/2 ADJUST LOCATION OF MOVING BOUNDARY
61)JUMP62,3n>—1
T=Q=2

O=T
ACR0OSS3/6
62)T=0
£33=V(Q-6)
£34=V(Q-4)
£35=V(Q-2)
Z5I=1+5707963
R=T
S=Q~2
ACROSS90/6

>>EVALUATING STRAIN COMPATIBILITY EQUATION.S.8
>>IN gs~1-1
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g)dn=Jdn+r

JUMP6 ,Jn=1

L=L+1

6)JUMP3,X> 0000001
Fr=o

JUMP7
3)E£9=XEXP(2Y1+XL)
Fr=1—=£9/X(L+3)
Fr=Fr/X

7)END AUX SEQ

>>CALCULATIOM OF VARIABLES FOR INSTANTANEOUS
>> PLANE STRAIN -SEE g—1~1
7%)JUMP76,K>Q
Fn=U(Q=2)+1
En=£70U(Q=2)=£61+0. 5X2X3FN
Fn==Xa2X3Fn-U(Q=2)~1
Gn=£g0toe 5X2X3
X1o0=XaXa+1
X76=XDIVIDE(~13 5000En=RNF#/, 13 5000GH~RNX10)
JUMP% 8 .
76 YEn=0.5U(Q+1)+0.5U(Q-2)
Fn=En+:
Gn==X2X3Fn-En-1
Xr1o=£70En~£61+0. 5X2X3Fn
Xq2=X2X3+1
KX73=0a5L701t0e25X2X3
X76=XDIVIDE(~135000X10=R%G#, i3 5000X73=0e sRNX72)
78)X10=X76
X74=B{Q+1)=B(Q=2)+0.000001RN
£202==10000

£18=xM0D(0e005X76)
JUMP82,£18>0.0001
£18=0.000T1
82)L18=RNLr8
Xro=X10-£18
05)S=~1

L#t==—1

Qn=0

V=0
83)X10=X10+£18
96)X5=X74

X75=1

JUMP16

81)Rn=-1

JUMP 75

8o0)RN=1

S=~-1

K75==1

Lin=-—1¢
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On=o
=0

7Z8=XDIVIDE(£61-04 5X2X3,%+0e 5X2X3+£61)
JUMP72 , K>0

£3=28

JUMPS 4

72)£3=278-U(Q+1)

84)76=A(Q+1)-A(Q-2)

X7=0

£a=A(Q+1)

X8=C(Q=2)

JUMPDOUNS s

JUMP61,0>Fn

Xr2=B(Q+1)

X10==0.01

£18=—0.00%

£400=10

ACROSS 50/3

>>EVALUATING STRAIN COMPATIBILITY EQUATION.S«8 IN g5—1-1
85)R=R+1 :
M=t »

H=Z6

X=A (Q-2)

Yr=B(Q-2)

Gﬂ=X+O.5H

JUMP48,0>12
En=xD1VIDE (X8-C (Q=2),2676)
X48=EnGnGgn+C(Q=2)

JUMP49

48)£20=A(Q~4)=Gn
f21=A(Q~2)~Gn
f22=L4—GN
Z20=C(Q=4)
Z21=C{Q=2)
Z22=X8
JUMPDOWN (R2)
X48=722
49)X47=C(Q=2)
X49=X8
Hﬂ=X—O.5H

Jn=47(1)49
Hn=H#n+o0. gH

Fn=XEXP (XJn)
Fﬂ=0.5FﬂG
Gn=%D1VIDE(FnHn,D+Fn)
GN=Hn-Gn

Fn=DD—~GnGn



JUMP60o ,Fn>o
JUMP 87
60)Fn=XxSQRT(Fn)
X{Jn+4)=Fn/D
X(Jn+6)=Gn
REPEAT

Jn=o0

L=46

N#i=1
84 )RETURN

CLOSE
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CHAPTER3

VARIABLES®

>>SETTING RETURN LABEL FOR INSTANTANEQUS PLANE STRAIN
s0)In)=52)

s2)X1o=X10+£18

s3)X9=X10

X8=C(Q+1)+Xq

JUMP 51

>>Se.r0~13 IN g=1=1
3)In)=4°§
s1)X19=X7X7+X7X9
X19=XSQRT(£67XgXg+£68X19)
X19=£66X1

XZO:D(@+I?+XI9
X21=XLOG(B+£64X20)
Xa1=XEXP(Dn+CXz2r1)
X21=£64X21

Efi=fz+1

X4==0ce5X2X%3En

X22=X4-£3~1
£13=£3£3=2£3+1
Xa2=£3£3+1+2X4X22+£61L13
X22=XSQRT(£69X22)
X22=Xa21/X22

£13=XEXP(X8)

£13=GL13

X23=X22813

X2 4=XEXP(C(Q=2))
>>EVALUATION OF EQN.OF EQUILIBRIUMeS.14 IN 5-1-1
Y1=X24GE(Q-2)

X=A(Q-2)

GNn=X+oeg5H
JUMP48,Q>3
X57=0e25£3+042526£96+0e75
JUMP 49
48)£20=A(Q-4)—Gn
£21=A(Q-2)-Gn
Loa=£4=GN
Z20=U(Q-4)
Z21=U(Q=2)
Z22=£13

JUMPDOWN (R2)
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>>INTEGRATION OF E@QN.OF EQUILIBRIUM
INTSTEP(10)

>>CALCULATION OF DELTA IN OUTER LOOP
>>IN REGION ONE«.Se15 IN g=1-12
£14=Y1

£16=Y1~X23
£15=XMOD(1~X23/£14)
JUIP8,06>L2¢

NEVL INE

PRINT(Xz0)o0,38

PRINT(g£16)0,35

8)JUMP7,08>L#
JUMP36,6.00001>£1 5
7)JUMP35,S>200

JUMP30,£16>0

On=-—1

JUMP 32

30)0n=1

32)JUMP13,1>0n

ACROSS2/1

13)JUMP28,Ln>5

>>SELECTION OF THE CORRECT BRANCH OF THE
>>CHARACTERISTIC Se15 INg—r—1

X31=X32

X32=X33

X34=X35

X35=X36

X22=£16

X36=X10

JUMPz,Ln=1

JUMP20,6>X75
JUMP3,S>1
JUMP2 4 ,5=0
JUMP21,X33>X32
23)L18=2£18
24)F202=-10000
ACROSS83/ 2



21)JUMP3 3 ,0n#Pn
JUMP22,X32>0
JUMP23
22)X10=X76
£18=0.1£18
ACROSSg5/2

20) JUMP35,S#0
£18=0nL18

JUMP (1In)
5s)Yn=£16-=X32
YNn=RnYng£r8
JUMP6 ,Y1>0
JUMPg, 3>V

JUMP2
9)£18=xMOD(1.5£18)
26)£18=RNL18
JUMP(In)

6)JUMP33 ,0n=Pn
V=g
JUMP34,£16>X32
£18=XMOD(1+2£18)
£18=-RNL18
JUMP(In)

34 )JUMP2,X32>0
£18=xMOD(1.3£18)
JUMP 26
>>POSSIBILITY OF SP INSTABILITY
2)ACROSS3 /1

>>SELECTING PREVIOUS TRIALS WITH MINIMUM ERRORS
>>AND BINARY CHOPPING.S.1§ IN g=1-1

33)R18==0.5£18
Ln=1
JUMP57,X33>X32
X37=X33
X38=X36
X39=X32
Xg40=X35
JUMP(1#)
57)X37=X32
X28=X35
X39=X33
X40=X36
JUMP(1n)

1)JUMP14,£16>0
X39=£16
X238=X10

JUMP 37
14)X39=£16
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re0=X10

JUMP3 7
28)JUMP80,£16>0
L=xMIN(X0,371,33)
X27=£16

X28=X10

JUMP8 1
8o0)L=xMAX(X0,31,33)
X39=£16

Xgo0=X10
81)XL=£16
X(L+3)=X10

37)L=20(1)22
fL=X(L+r1)

ZL=X(L+14)

REPEAT

Ln=10

Mil=22

L=20(x)22

Kn=L

JUMPg1,22>L

N#i=21

Kn=20

a1 ) EN=£NA—£Kn
JUMP62,En=0

REPEAT

>>INVERSE LAGRANGIAN INTERPOLATION TO
>>FIND A BETTER DXeSaers IN s-1-1
JUMPDOWN(R2)

L.=-Rn
JUMP61,Z22>X(L+39)
JUMP6 2
61)JUMP63,X(RN+39)>Z22
62)Z22=0e5X38+%0.5X40
63)X10=Z22
JUMP53,£400>5
42)JUMP25,X75>0
ACROSS16/2
25)£202=~10000
ACROSS96/2
40)JUMP24,X73>0
ACROSS15/2
35)JUMP36,0.001>£15
ACROSS17/1

>>END OF OUTER LOOP«Se.rs5 IN g—1-r1
36 YACROSS1/6

>>EVALUATION OF EQN.OF EQUILIBRIUH.S.I4 IN g=1-1

10)Jn=Jn+x
JUMPrzr,Jdn=3
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L=L+1
11)JUMP2,X>0.00001
Fi=£97

JUMPI2
A)YFn=XEXP(XL)
Frn=D+Fn
Gn=FnX(L+3)
En=xDIVIDE(X(L+9)X(L+6),DX(L+3))
Fr=1/Gn+En/X

Hn=X (L+g) -1
Fi=UFz+Hn/X
Fr=Y1F:

12)END AUX SEQ

CLOSE
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CHAPTER4

VARIABLES?

>>SELECTION OF THE CORRECT BRANCH OF THE CHARACTERISTIC
48)JUMP4g,X7>0

O=-1

JUMPs1

49)0=1

s1) En=XMOD (Z)
JUMP72,ENn>0.0000001
X10==0.,00000010
JUMP73
72)X10=XMOD(0.0017)
X10=—=0Xr10+Z

72 )£18=XMOD(X10)
f.18=-0.0150£18

12)Xn==10
X1=—1

S==1
X1o=X10—-£18
Lu=o

>>BEGINNING OF INNER LOOP IN REGION 2 Ses—14 IN 5—1-2
T5)X10=X10+£18
6)£3=V(0=2)+Xr10
JUMP21,£3>0.0001
X10=0.90X10

JUMP6
21)£8=XTAN(£2)
£8=1/£8
JUMP2,Q@>Rn
Z2a2=2X10/26-Bn
JUMP3

2)£20=A(0=2)=A(Q-1)

fo1=76

fz2=fa0+fa1

Z20=XDIVIDE(£2:1V(Q—4),£20f22)

Z21=XDIVIDE(£22V(Q@-2),£20L21)
Z2o2=XDIVIDE(2£21+£20,f21822)
722=720-Z21+722V(Q=2)+Z22X10



3)7Z0==£4£8Z22
JUMP23,£74>=0. 5%
28=7q

JUMP2 4
23)78=0+5Z9+04 5U(Q+1)
24)Un=£70728-£61
JUMP22,J1n>2

f£16=Un

JUNP4

22 ) En=0Un
JUMP 1§, 02En
Xg=XDIVIDE(=~z1-Z8,Un)
Xg9=X7X9
JUMP15,=10>X0g
X19=XqX7+X7Xg
X19=XSQRT (£67X9X9+£68X19)
X19=£66X1x
Xzo=D(Q+:§+X:9
X21=XLOG(B+£64X20)
X21=XEXP (Dn+CX21)
X21=£64X21
X8=C(Q+1)+X
£:3=XEXP(X8§
E13=GL13
X22=Z9Z9g—2Zg+1
X22=Z9Zg+L£61X22+1
X22=XSQRT(£69X22)

X22=X21/X22

X23=X22£113

X24=XSIN(£3)

Xai=Wn/Xaa

>>COMPUTATIOM OF DELTA FOR INNER
>>LOOP IN REGION TWO.Szs4 IN §-1-2
£16=X24~-X23

£15=xMOD(1~X23/X24)

JUMP5,0>£27
NEWLINE
PRINT(X10)o0,5
PRINT(£16)0,5
PRINT(Zg)o, s
PRINT(Xg)o, s

s YJUMPZ,0>X%
JUMP36,06.00001>£15
4)S=S+1

Pn=0n

JUMP35,35>250
JUMP41,Jn>2
£19=XMOD (£16)
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JUMP41,f17>0.00000001
93)Jn=10

Z=X10

JUMP 48

41)JUMP38,Ln>¢

JUMPz0,£16>0

On=—1

JUMP3 2

30)0n=1

22)JUMPS, 1>Qn

ACROSS7/ 1

8)JUMPg ,=1>1n

>>CONSTRUCTION OF THE CHARACTERISTIC
>>0F CONVERGENCE FOR REGION 2 S.r4 IN 5—1-2
XKzr=X32

X32=X33

X34=X35

X35=X36

X33=£16

X36=X10

JUMP1,Ln=1
JUMPs55,S#0
JUMP 50 ,Jdn>2
£18=01nL£18
so)JUMP1s
ss)JUMP 52, 3>J0
JUMPg2,Xn>0
Yn=£16-X32
Y#n==0£18Y#%

JUMPg 5, X1>0
JUMPgs,Yni>0
Xr=1
95)JUMP7,Yn>0
96)£18=2£18
JUMP1 5
7)JUMP 56 ,0>%X32
JUMP16,3>S
JUMPg6,0>X1

>>POSSIBILITY OF SP INSTABILITY.S.14 IN g=1—2
ACROSS6/1

16)JUMPg6,04 5>£89

Xro=Z

£18=xMoD(Xz0)

JUMP71,£18>0.0000001

£18=0.0000001

71)£18==0,000010£18

£89=040003



JUMP 12

56)X#=10
JUMP3 3, 0n#Pn
£18=xMOD(X10)
JUMP74,£18>0.0000001
£18=0.000001
74)£18=~0.080£89£18
JUMP 1
52)JUMP3 3, 0n#Pn
£18=1.6£18

JUMP1 5

>>BINARY CHOPPING OF THE CHARACTERISTIC IN
>>REGION 2, INNER LOOP
33)JUMP57,X33>X32
X37=X33

X38=X26

X39=X22

X40=X35

JUNMP 58

57)X37=X32

X38=Xs35

X39=X33

Xa0=X36
s8)JUMP10,3>J0

[1==6

£18=—0.5£18

JUMP1

10)JUMP37,5>1 '
X1o=XDIVIDE(X35~X36,X32~X33)
X1o0=X35-X10X32
Ln=1

JUMP6

o) In=1n+1
JUMP 11, 0n#PH
f£18=0. 5£18
JUMP13
I1)f18==0.5£18
JUMP13,Jn>12
JUMP17, In==g
Jn=12

JUMP18

17)Jdn=14
18)X22=£16
X35=X10

Xa7=£16

X38=Xro0

JUMP14
13)JUMP25,dn=14

438
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JUNP3 8, In>=5
25)JUMP1g, 13>Jn
Jn=13

>>SELECTION OF TRIALS WITH MINIMUM ERROR
>>IN REGION 2, INMER LOOP.S.14 IMN g=1=2
19)X21=£16

Xz24=X10

JUMP1

28)JUMP80,f16>0

L=XMIN(Xo0,41,33)

JUMP8 1

80)L=XMAX(Xo,51,%3)

81)XL=£16

X(L+3)=X10

t)JUMPso,£16>0
X37=£16

X28=X10

JUMP14
50)X39=£16
Xa0=X10
14)JUNP TS, =2>1n
>>INVERSE LAGRANGIAN INTERPOLATION IN REGION 2,
>>IMNER LOOP.S.14 IN 5—1-2
37)L=20(1)22
rL=X(L+r1)
ZL=X(L+14)
REPEAT

Ln=1o0

N#i=22

L=20(1)22

Kn=L
JUMPg1,22>L
N#ni=21

Kn=20

o1 )EN=LNn~£Kn
JUMP6 2 , En=0
REPEAT

JUMPDOWN(R2)
JUMP61,Z22>X(0+39)
JUMP62

61)L==0

JUMP63 ,X(L+39)>Z22
62)7Z22=0e5X38+0.5X40

63)X10=Z22
JUMP6

35)JUMPg4 ,n>2
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JUMPg3

94 )JUMP326,0.,001>f15
In=o

On=o0

JUMP16,£89>045
ACROSS19/1

>>END OF INNER LOOP IN REGION 2
36 )Mpn=~1
ACROSS2/ g

CLOSE
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CHAPTER g

VARIABLES:

>>SETTING PARAMETERS AND STARTING VALUES FOR

>> OUTER AND INNER LOOPS IN REGION 2S.2 IN 5-1-2
1)f26==10

f27=-10

4)7.5=0450Z0

Zn=-1
Mit=—1

760=1

X15=0.00%
6!§X5=B(Q+I)"B(Q—2)+0.00000I1260
R=~1

Vii=o

X5=X5=X15

8)Xs=Xgs+Xrg

9)Z6=XEXP (B(9~-2)+X5)
26=7Z526—~A(Q—2)
X7=B(Q=2)-B(Q+1)+X5
En=xMOD(X7)
JUMPg1,En>0.0000008
En=xSIGN(X7)
X5=X5+0.0000009234567En
JUMPg
91)JUMP20,26>0.000001
Xg=Xg5+0.000013

JUMPg

20)S=~1

In=o

Bn=o

E8g=1

O=1

Ji=o

Lin=o

£4=A(Q=2)+Z6
Wn=XDIVIDE(A#,6.2831854R4)
£18=XMOD(0.18X10)
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JUMP71,£18>040000071
£18=0.,00001
7t)X10=X10-£18
ACROSSt5/4

S>>EVALUATION OF STRAIN COMPATIBILITY EQN. IN REGION 2z,
>>0UTER LOOP Sers IN s—1=2

2 )R=R+1

N=1

H=Z6

X=A(Q-2)

Yr=B(9-2)

W=X+o0a 5H
JUMP18,Q>R7

X43=B(Q-2)+Xs5
X43=XEXP (2X43+X8)
En=XCOS (£3)
X43=1=~X43/ED
X43=X43/£4
£20=£50
far1=f£351
L£22=£4
Zzo=X41
Z21=Xz2
Z22=X43
JUMPDOWN (R 4)
Cn=£s51Za22+X42
Cn=X45-X46CN
Cn=X44Cn—2X42

£20=A(Q-2)
for=£4
£22=Bn
Z20=Y(Q=2)
Z21=£3
Z2 2=V
JUMPDOWN (R6 )
Xg51=722
£22=Cn
Z20=C(Q-2)
Z21=X8
Zaa=U
JUMPDOUN (R6 )
X48=Z22
JUMP1g
18)£20=A(Q—4) -V
La1=A(Q=2)=V
C £az2=£4~V
Z20=V(Q=4)



Z21=V(Q=2)
Z22=£3
JUMPDOWN (R2)
Xg1=722
Z20=C(Q=4)
Z21=C(Q=2)
Z22=X8
JUMPDOWIN (R2)
X48=Z22
19)X47=C(Q-2)
X49=X8
Xs0=V(Q~2)
R52=£3
L=so(1) 52
XL=xCc0s (XL)
REPEAT

Nn=r1

K#i=o
L=46

443

>>INTEGRATION OF STRAIN COMPATIBILITY EQN.IN REGION 2,

>>0QUTER LOOP S.15 INg—1=2
INTSTEP(5)

X12=Y1

X13=Y1-B(Q-2)

>>CALCULATION OF DELTA IN REGION 2,0UTER LOOP

Xrg=Xg=X13
JUMP6 ,0>£26
NEWLINE
PRINT(Xs5)o,s
PRINT(Xz14)0,5

6) JUMP24,X5=0
X17=XMOD (1~X13/X35)
JUMP36,0.00005>X17
24)En=XMOD(X5§
Frn=xMOD (Xr3)
JUMP7 ,EN> 040000005
JUMP7,F1>0.0000005
JUMP36

7)JUMP35,R>100

JUMP38,Vn>5

>>CONSTRUCTION OF CHARACTERISTIC OF
>>CONVERGENCE IN REGIONz2,0UTER LOOP
X25=X26

X26=X219

X28=X29

X29=X30
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Xag=X14
Xz30=X3

JUMP10,R#0
JUMPg2,0>Zn
JUMPg93 ,Z60>0
JUMPg 5 ,X27>0
En=XxMOD(B(Q=2)~B(Q+1)+X30)
JUMP96 ,ENn>0.,00001
JUMP 36
96)X13=0.00000819
JUMP8
05)X15==0.000178045%
JUMP8
93)X15=0.000123456
JUMP8
92)JUMPS,Z60>0
JUMP26,02X14
X1g==X1g
JUMP8
>>INVERSE LINEAR INTERPOLATION IN REGION 2z,
>>0UTER LOOP S.16
>>IN g=1=2
10)JUMP40,R=2
Xs=xDIVIDE(X29=X30,X26~X27)
X5=X29=X5X26 '

97)En=xS1GN(B(Q-2)-B(Q+1)+X5)
JUMP98,Z60>0

JUMPg, 0>En

JUMP3 6

98)JUMPg,En>o

Z6o==1

X15=0.0005

JUMP6 1

40)En=XMOD (B(Q=2)~B(Q+1)+X5s)
JUMP37,En>0,00001
JUMP36

>>SELECTION OF PREVIOUS TRIAL WITH MINIMUM ERROR
>>IN REGION 2,0UTER LOOP S.16,%=1—2

38)L=17(1) 19

ZL=XMOD (X (L+8))

REPEAT

L=XMAX(Zo,17,19)

X(L+8)=X14

X(L+11)=X53

>>INVERSE LAGRANGIAN INTERPOLATION REGION.z,
>>0.L.STEP 16 IN S—I'—ﬂ
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37)L=20(1)22
£L=X(L+s)
ZL=X (L+8)
REPEAT

V=10
JUMPDOWN (R2 )
Xg=Zsaa

JUMP g7

35)JUHP36,0.02>X17
ACROSS21/1
36 JACROSS4/6

>>EVALUATION OF STRAIN COMPATIBILITY EQN.IN REGION 2, -
>>0UTER LOOP. Se15 IN 5—1-2

sYKn=Kn+1

JUMP3 ,Kn=3

L=L+1

3)Ro=XEXP(2Y1+XL)

Fr=1=£9/X(L+3)

Fi=F:1/X

END AUX SEQ

CLOSE



CHAPTER®G

VARIABLES:

>>TRANSFER CONVERGED VALUES TO MAIN VARIABLES
>>IMN REGION 1

1)AQ=£4

BO=X12

cO=¥%8

DP=Xzo0

EQ=X22

UQ=£3

VQ=Xs55/D

VQ=XARCTAN(X52,VQ)

f.400=0

>>CHECK WHETHER A POSSIBILITY FOR SP INSTABILITY
>>EXISTED IN REGION 1 ‘
JUMP73,£88>0

JUNPq3,0>£7

JUMP 73 ,DQ>D (9=2)

L=0-4

JUMP72,L>0

L=o

72)Kn=XINTPT(0.s5L)

JUMP74,1IKn>0.00001

75)£54=XMOD (0« 5£54)

X6=Bo+£ 54

Sh=~1

Z41=~10

Z42==10

L3171

£32=0

ACROSS1/1

74 )En=xMOD (UKn-DL)

JUMP75,EM>0.01

288=10

>>CHECK WHETHER MOVING BOUNDARY IS REACHED
72)JUMP3,Q>T

>S>ADVANCE SUFFIX TO COMPUTE MORE POINTS IN REGION 1
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R=Q+2
ACROSS1/2

>>MOVING BOUNDARY REACHED
3)JUMPgs,06>Z41
>>INTERPOLATION OF VARIABLES WHEN
>>MOVING BOUNDARY IS BETWEEN TWO NODAL POINTS
ENn=Z43-223

Fn=Zap3=Z40

Fn=Fn/En

JUMP4o0 ,Fi>0.1

Z50==—10

R=0

JUMP4rx

40)R=Q=2

Zz0=10

41)S=T

Zgi=Z40

£33=A(S=4)

£24=A(S=2)

£35=AS

JUMPDOWN4 2

AR=Z40

=R

JUMP 5

>>CALCULATION OF BOUNDARY CONDITIONS AT MOVING BOUNDARY
>>SJMN 5=1=2

5§)240=A@

S ) R1=Q+4
Gn=xSIN(VQ)
fro=BQ
£12=VQ
Hn=XEXP (CQ)
Hn=GHn
AN=6428218 54 AQEQHNGH
Bn=xTAN(VQ§
X2=Hn/D
Xz2=1+0.5X2
En=1+U9Q
X4=—0e5X23ENX3
£71=X4-UQ~1
£72=U00UQ=2UD+1
L71=£61-UQUQ—-2X4L71~L61L72
£71=XSQRT(£72=£70£71)
f£ga=£61+L£71
£52=£352/L£70
Bn==Bn£s2/AQ

Kn=o



MN=Q=2

L=N#n(2)9

Kn=Kn+z
JUMPg,AlL>0.0000T1
X (Kn+g40)=o0

JUMPro

9) En=XEXP (2BL+CL)
Fn=xcos(vL)
En=1-En/Fn
X(Kn+g0)=En/AL

£ (Kn+ag)=AL
10)REPEAT
Xa4=XEXP (=2BQ~CQ)
X45=AQX42~1

X4 5=X4 5GNBN
Xa6=Fn

76=AQ-A(Q-2)
X10=Bnzé
X5=X4276
Q=Q+2
ACROSS:/ 5

>>TRANSFER CONVERGED VALUES TO MAIN VARIABLES
>>IN REGION =2

4)AQ=£4

B@=X12

CQ=X8

D@=X20

EQ=X22

UQ=Zqg

VQ=£3

>>CHECK WHETHER A POSSIBILITY FOR SP INSTABILITY
>>EXISTED IM REGION 2
JUMP76,£88>0
JUMP76,06>£9
JUMP76,DQ>D (0-2)
L=0~4 ‘
Kn=XINTPT (0. 5L)
JUMP78,WKn>0.0000T1
77)F54=XMOD (0« 5£54)
X6=Bo+£g4

Sti==—1

Z41="10

Z4a2=—10

£a1=—1

f32=0

ACROSSz1/ 1

78 )En=xMOD (WKn—-DL)
JUMP77,En>0.01
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£88=zr0

>S>RESTORE OVERWRITTEN VALUES AT MOVING BOUMDARY
76)JUMP 43 ,06>Z41
L=T+4
JUMP43,0Q#L
JUMP45,6>Z50
R=T=2

AR=Z723

BR=Z24

CR=Z25

DR=Z26

ER=Z27%

UR=Z28

VR=Z29¢g

JUMP4 73

45)S=Q

R=T
Zs5t=0e5TZ0
UT=£52
Nfi=22
L=T(2)0
N#1=N#1+1
£MH=XEXP (~BL)
£Nf=ALENN
REPEAT
JUMPDOVN4 2
En=XEXP(BT)
AT=EnZsgrx

>>CHECK WHETHER REGIOM 2 IS FULLY PLASTICALLY DEFORMED
43)JUMPIT,£74>=00 5

JUMP11,0>7Z41

£71=B(Q-2)-B(9-1)

£72=BQ-B(Q+1)

JUMP11,£72>0

JUMPIT,0>£71

£71=xMOD(U(Q=2)-UQ)

£72=xMOD(U(Q=4)-U(@~2))

£q1=£71/L892

JUMPrx,2>£71

NEWLINE

CAPTION .

REGION 2 IS NOT FULLY PLASTICALLY DEFORMED AT STAGE
PRINT(P)2,0

NEVLINE

NEWLINE

N=T=2

£q1=N

£q2=M



450

La=xX INTPT(£71/£72)
Lu=LnM
ACROSS7/0

>>MODIFY MOVING BOUNDARY LOCATION IF TOO MUCH
>> OVERESTIMATED
11)JUMP44,02>J
JUMP46,UQ>—048
JUMP47,Sn>-1
JUMPDOUN 58

T=T~2

Q=T

£32=%

JUNMP3
47)JUMP60,Z42>0
ZL2=10
JUMPDOWN 8
60)£32=5

Z41=10
X11=XMOD (04 5X11)
Zyo=Z40=X11

Q=T

JUMPDOUNs9

JUMP3

>>ADVANCE CALCULATION TO NEXT POINT IN REGION 2
46)0=Q+2
ACROSS1/ g

>>AT CLAMPED EDGE CHECK IF BOUNDARY CONDITION
>> IS SATISFIED
44)SH=Sn+1
£20=XMOD(BJ)
JUMP82,40>3n

for=1
JUMP83,0e0001>£30
JUMP 50
82)JUMP50,£30>04000008
£74=L747%1

83 ) ACROSS4/0

50)£28=f£a29

JUMP48,BJ>0

Pn=o

£a2g9=—1

JUNMP49

48)L29=1

Pi=a

49)JUMPsT, £3:>5

>>CONSTRUCTION OF CHARACTERISTIC FOR BOUNDARY
>>MATCHINGWSe1=2 IN 5-1—3



Z20=2131

Z31=Z72

Z23=724

Zz4=72¢

Z.2a=BJ

77( 70

JUMP<9 Ffr1>0
JUMP 5 2, Sn=o
JUMP:7, fof#fao
co)IUMPcﬂ R.1>n
lUMPDO”FrQ
T=T~2

O=T

ffr2=0

JUMP 7

T4 YJUMP &, fon>s
JUMP 6,7 41>0
T:T-!—z

O=T

XIO—U(O—O) U(Q—‘)
Xe=B{(0=2)~ B(ﬂ-ﬂ)
ACROSS1/>

<6 )X1r=xM0D(0.5%11)
Zao=Zg0+X11
JUMP A2, 7 12>0

T=T+>

62)Fz2=0

Zri=10

Za2=10

O=T

JUMPDOUWN 5o
c7)JUMP61,7Z42>0
T=T+Pn

Za2=710

JUMP61,BJ>0
JUMPDOUB<8

>SBINARY CHOPPING OF CHARACTERISTIC FOP ROUNDARY
>>MATCHING«Se 2 IN 5—1-7
61)7.40=0.5240+0. 577
fier=1

JUMP 62 ,Z222>7 21
Z26=Z722

Z37=L35

Zau=731

720=774

JUMP 6+

62)738=Z32

Z2a=725

Z26=Z131

N
"



Z29=734
JULP 6 2

>>CELECTION OQF PREVIOUS TRIALS WITH MIMIMUM

c2)JUMP 6 4,BJ>0
Z26=BJ

Za9=Z 40

JUMP 6 5
64)728=BJ
Z2a=740

JUME 635

<1 )JUMP86,BJ>0
L=xMIN(Zo,30,32)
Z26=8J

Zan=Z40

JUMP 66

86 )L=xMAX(Zo, 20, 32)
Z28=BJ

Z2a=Z40
f6)ZL=BJ
Z(L+3)=7 40
65)L=20(7)2>
pi=7(L+10)
Zi=Z(L+12)
REFEAT

firr=10

>>INVERSE LAGRANGIAN INTERPOLATION FOP
>>MATCHINGeSe s 1IN r=1=2

N7=22

L=so(1)22

Kn=L

JUMPa8, 2250

N#=a21

Kn=s0

08 )En=£Nn—£Kn

JUMP 68 . En=o

REPEAT

JUMPDOWN(R2)

JUMP67.Z222>7 20

JUMP 68

67)JUNP6g,Z27>7 20
68)722=XDIVIDF(Z20=727,728=726)
Zoo=7.70=7227138

Ao )JUMP88,0>Far
722=0e5727v0e 57220

88 )isro=72n

BOUMDARY

>>INTERPOLATION OF VALUES AT MOVING ROUNDARY



>>AT oo DEGREE.
a0 ) JUMPDOWN 12
[.n=l—-6 '
L=z2o{1)22
Lon=L1+o

ZL=ilw

FPEPEAT
JUMPDOWN(R» )
AR=Zn»o
JUMPDOWN R
Z40=10

24110
¥r11=xMOD(0.cX71)
740=A(T—2)+X13
JUMP 2

>>PRESERVES TEMPORARY VALUES AT MOVING BOUNDARY
58 )L=-20
Kn=T=2
Nn=Kn(z2)T
L=L+z0
Z(L+23)=aN#n
Z(L+24)=BNn
7(L+25)=CNn
Z(L+26)=DNn
Z{L+27)=ENn
Z{L+28 )=UN#n
7.(L+29 )=VNn
REPEAT
X11=AT=A(T-2)
RETURN

>>RESTORES TEMPORADY VALUES AT MOVINS ROUNMDAPY
en)L==20
Kn=T=n
Mu=Kn (2 )T
L=l+20
AN=Z (L+23)
BHr=Z(L+2s)
CNn=Z(lL+o¢c)
DNn=7Z(1+2A)
ENp=Z(L+an)
UNn=Z(L+28)
VNi=Z{l+25)
REPEAT
RETURN

>>INTERPOLATION ROUTINE FOR MOVIMA ROINNDARY
49)Lm=3~6 '
L=so0(1)2n

f.n=lnt+a



FL=f(L+12)=7cr

7L=Bln
REPEAT
JUMPDOWN(R2)
BR=Z22
Ly1=5~6
L=2o0(1)22
Lr=Ln+2
Zl.=CLn
REPEAT
JUMPDOWN(R2)
CR=722
Lii=S=6
L=20(1)22
Ln=Ln+2
ZL=DL#n
REPEAT
JUMPDOWN(R2)
DR=Z22
Ln=S—-6
L=20o(1)2>2
Lrn=[Ln+s
ZL=EL#n
REPEAT
JUMPDOWN(R2)
ER=722
Ln=8~6
L=so0(1)22
lLn=Ln+ta
7L=UL#n
REPEAT
JUMPDOWN(R2)
UR=722
Ln=8S-6
L=sa(1)22
Ln=Ln+o
ZL=VLn
RZPEAT
JULPDOWN(R2)
VR=Z22
RETURN

CLOSE
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CHAPTERo

VARTABLESy

>>ZTART EXECUTION OF PROGRAM
>>TRANSFER RAD!! ON MAGNETIC TAPE TO
>>MAIN VARIABLES

WIND TAPE(1,10)

READ FuD(1,f107)
L=a{1)12-
AL=fF(L+107)

REPEAT

>>TEST FOR SIOM OF RADIY
JUMP 7 Ata>a
>>READ ALL VAPIARLES FROM MACNETIC TAPE
»e¢)READ FUD(1,f1071)
L=o(1)102>n
RL=F{L+y071)

RFPEAT

READ FUD(1,f107)
L=o(1)r122
cL=f{lL+rar)

RFPEAT

READ FWUD(7,fre1)
L=o(1)122
DL=f(L+yo1)

PEPEAT

READ FUD(1,fic01)
L=o{1)7122
EL=£(L+101)

REPEAT

READ FWD(1,f101)
L=o(1)122
UL=£(L+101)

REPEAT

READ FUD(1,f101)
L=ol(1)122



Vi=f(L+yor)
REPEAT

PEAD FUD(1,f101)
L=a{1)62
WL=f(L+to1)
REPEAT

READ FUD(z.f1e01)
L=o(1)on
XL=p{L+1071)
PEPEAT

READ FUD(s:,fr1e01)
L=o(1)100
7L=F({L+101)
REPFEAT

READ FWD(1,fo0)
READ FUuD(1,f1e1)

A=f101

B=f102

C=f103

D=f104

E=fro0x

F=f106

G=f107

U=f108

Dy=f100

I=x INTPT(f170)
J=XINTPT(f111)
K=xINTPT(fz112)
M=xINTPT(f117)
P=xINTPT(f11.)
T=x INTPT(fz11°r)

(JUMP?I 5\P>I
>>READ DATA TAPE
70 JREAD(1)
1)I=1-1

READ(A)
READ(B)
RCAD(C)
READ(D)
READ(F)
READ(G)
READ(M)
READ(J)
READ(£61)
L=g1(1)71
READ(ZL)
READ(Z(L+2))
RCPEAT

457

L]



U:Z”‘]A
T=XINTPT{o«n.I)
T=2T

X8a=0

>>PRINT INPUT VARIABLES WITH CAPTIONS
L=o(1)5

MEWLINE

REPEAT

CAPTION

PARAMETERS USED IN THE THEORETICAL COMPUTAT]IONw
NEVL I NE

MEWL I NE

CAPTION

A=

PRINT(A)6,0

CAPTION

B=

PRINT(B)r1, 2

CAPTION

N=

PRINT(C)1, >

NEWLIHME

CAPTION

PUNCH PROFJLE RAPDIUS=
PRINT(D)1, -

NEWL. I NE

CAPTION

DIAMETER OF THE CLAMPED EDGE=
PLINT(F)1,1

NEWLINE

CAPTION

INITIAL THICKNESS=
PRINT(G)1.4

MEWLINE

CAPTION

NUMBER OF INTEGRATIOM STFPS=
PRINT(J) 2.0

NEWLINE

CAPTION

STRAIN RATIO IN TENSION=
PRINT(£61)2,»

NEWLINE

CAPTION

GIVEN VARIATION OF COEFFICIENMT OF FRICTION WITH POLAR-
CAPTION

STRA] N=-

MEWLTNE

CAPTION

POLLAR CIRCUMFERENTIAL STRAIM COEF. OF FRICTION



ALq

MEWL I NE
L=ar(1)72
Kn=o(1)10
Si"ACE

REPEAT
PrINT(7L)1, 2
Kﬁ=o(1)19
SPACE

REPEAT
PoINT(Z(l42))1, 2
MEWLINE
REPEAT

l.=e{1)7
MEWLINE
REPEAT

for=-1

X60=0
£74="1

fgo=0

>>COMPUTE CONSTAMNTS INVOLVING P
Leao=4f61061 61 +120C1061 40 F 1t
F62=XSORT(0.33535333562)

PEo=XDIVIDE(-fh1+ :,ea:)

£6Ea=XDIVIDE(s061+
Fha= XQQRT(Fﬁn,

PGA—I/F63

P65 XQQRT(O.‘ 65&("7-‘-@,,33_,
FH6e=F67+0

PEE=XSORT(0.6RAEEAETRES)

FE6=XDIVIDE(£65, 286A1+1)

F67=0f61R6T 2£61+1 '

PEB=4f61+0

F6a=xXDIVIDE(z.r, fé1+s)

fno=£61+7

£ra=L61R61

>S>SET INITIAL COMDITIONS ONMN BRI AMK

70=0.5F/J
J=od -
Knn=dJd+1
L=1(2)Kn
La=l—1
AL=0.cl.nZo
RL=o

ClL=o

Dl.=o



ElL=0o
UlL=0
Vi=o
REPEAT

>>SET INITIAL PARPAMETERS FOR LOOPS
Paor==1
fiza=o0
Za1i==10
Z42==10
f.7==10
£88=-10
=0
M=oM
f46=0
£ao=o0
Dn=xLOG(A)
P=1
C Sn=—g
fRa=o
ACROSS42/1

>>0UTPUT OF RESULTS PER STACE
2)JUMP 6, 0>188
. En=0.5TZ0
JUMPao8,En>fs
JUMPa8,X8a0>2
Snis~1
Zr1="10
Za2==~10
flar==—1

fl2o=0

X6=Bo

for=—1
£88=~10
fg=~10

X8a=¢
ACROSS1/1

08 )NEWLINE
NEWLINE
CAPTION
PLASTIC INSTABILITY AT-
PRINT(fg)1, 4
NEWLINE

>>CALCULATION OF BULGE DEPTH
6)fa2n=0

Fro=0

£a6==As

Faa=xTAN(V2)

Fé=p

AMD

FOMPUTATION

A60



L=2(2)J

f28=AL
£41=xTAN(VL)
En=£28£48
Frn=£a9f27

Gn= EnPaB -Fnfza
Frn=En-Fn
En=fq8=-£17

Un=o
Kn=26(1)28
Vii=o
Un=1x
Yn=1
Ni=26(1)18
JUPPr MNi=Kn
Vn= FN%+Vn
Wn=WnhNn
An=pKn—=rNn
n=YnXn
« JREPEAT
Hn=60.32721717
Hi=Hre (Kp+a) /Yy
Un=Un+Hp ~
REPFAT
ra=pr+ln
Fo6=fa27
Fag=i28
Pao=Ff40
FPlo= Pnr
PEPEAT

Kn ?J

Vn Kn+1

£Kn=xEXP (CL)
£Kn=0.5GEKnN

REPEAT

En=xC0S(VJ)
£ga=f6-Enf43-F 42+G
flos=25a4af0 2

22 A=~ . rV,n FrntilpnEn
- ~ )
7

>>CONTINUATION OF OUTRPUT
An=o.o0004r57502 1307
MEWLINE

CAPTION

STAGE-

PRINT(P)»,n

CAPTION

PUNCH LOAD=-

261



A6

PRINT(An )=, 2

CAPTION

BULGE DEP TH-
PRINT(fo4)3. 3

C4APTION )
MOVING BOUNDARY IS AT-
PRINT(Z40)2, 2

PRINT( 270098012 )2, 2
En=xEXP(=f10)

En=Z 40En

CAPTION

INITIAL RADIUS,

Pl NT(E”)I, 4

NEWL I NE

NEWLINE

CAPTION

CURRENT EFFECTIVE COEFFICIENT OF FRICTION=-
PRINT(U)1, 4

NEWL.TNE

NEWLINE

N=d

Ln=J

2 INn=T—2
CAPTION
REGION 1
NZUWL I NE
NEWLINE
Prn=—10

L=0(M)LH
JUMP 19, Nn>L
JUIP 1a ., Pr>o
NEWLIMNE
CAPTION
REZGION 2
NEWLINE
NEWLINE
Prn=10

10 )Kn=x INTPT (0. ¢L)
En=Knzo
PRINT(En)1, 2
PRINT(AL)1, 2
Gn=XEXP (CL)
Gn=GGn

JUMPr2,AL>0.000001
R=o(1)1¢

SPACE

REPEAT



JUMP 17

12 )Frn=xSTN(VL)
Hn=o0.5GnFn
Un=AL+Hn
Un=xLOG(Un/En)
PRINT(Un)1, 2
Vu=AL~H#n
Un=xLOG(Vn/En)
PLINT(Un)1, 2

12 )PRINT(BL)1, 2
PRINT(CL)7, 2
PRINT(-BL-CL)1, -
PRINT(DL)1,2
Un=xLOG(B+£64DL)
Un=xEXP (Dn+cUn)
Un=.64Un
PRINT(Un)s, e
PRINT(EL):,o
Un=ELUL
PRINT(Un)s,0
PRINT(UL) 1,2
PRINT(57.20578VL)2, 1
JUMP 18 , L>N#
Un=D+oe5Gn
JUiiPr1.AL>0.00007
Wn=xDIVIDE(2ELnW7,DD)
JUMP 10 ,
11)un=ELAL+UnWUnFn
Wr=xDIVIDE(WnGs,DVn)
10 )PRINT(Wn)c,n
Wn=xDIVIDE (B+r64DL,CRA )
PRINT(Un)r, 3

JUMPo

16 )un=AL/Fn
PRINT(-Wn/UL)», »
PRINT(Wn)a, »

o YWn=xEXP(C(L+1))
Wn=A(L+1 )E(L+1)GUn
U(;-:."‘;LELGW
JUMP e 1, Upi>lin
CAPTION

D

s 1 YNEUWL INE

REPEAT

LERA

>>BY THOSE OF CURREMT STACE
JUMP - £R8>0

L=o{2)N

AlL+1)=AL

462



B(L+71)=BL
C({L+1)=CL
D(L+1)=DL
E(L-%—I >=EL
U(L+1)=UL
V(L+1)=VL
REPEAT

>>TRANSFER ALL MECESSARY
>>TO MAGNETIC TAPE
WIND TAPE(1,10)

L=o(1)122
£{L+107)=AL
PEPEAT
WRITE(T,f101)
L=o(1)722
f{l+107)=BL
REPEAT
WRITE(1,f101)
L=o(1)122
£{L+101)=CL
REPEAT
VRITE(1,fr071)
L=o(1)12»
f(L+107 )=DL
REPEAT.
WRITE(1,f101)
L=o(1)122
£(l.+ro1 )=EL
REPEAT
WRITE(1,f701)
L=o(1)122
Fll+ror)=UL
REPEAT
WRITE(1,f101)
L=o(1)r22
Fll+ro1)=VL
REPEAT
VRITE(1,f101)
L=o(1)62
£ll+io7 )=Vl
REFPEAT
WRITE(r,fr01)
L=o(1)oo
f{L+1o1)=XL
REPEAT
VRITE(1,f101)
L=ol1)100
f{Ll+so1)=7L
REPEAT
WRITE(1,.fr01)

VARIABLES FOR RESTART



WRITE(1,fe)
Lror=A
£ro2=B
fro2=C
filroa=D
f1o¢=E
f1o06=F
£ra7=06
f108=U
f100=Dn
fr110=}
frrr=dJ
£112=K
£r113=M
fiyya=P
Prig=T
WRITE(1,E1071)

>>BREAK OUTPUT AT EVEPY 1o STARES
7I)£oo=ﬂgo+1

JUMP 20, 12>f00

NEWLINE

1071,0,0,0

NEWLINE

CAPTION

FOnTINUATION OF PEQULTQ FROM STAGE
PRINT(P\O

NEWLINE

foo=0

30)JUMP8,=0.5>f17 .

>>RESET PARAMETERPS FOR MEXT STAGE
faa=flas

Pﬁs PA6

fag= PAB

P~8 £ 10

Fﬂ XEXP( £10)
fa6=EnZao
£10=Bo

180=f81

£81=82
Jn=xMAX(Da, 0, 1)
£8a=DJdn
IUMP]’/,F” A>0.
8)Zaa= R0+F0?
JUMP 15

14)En=f£16+270
L=sol{1)22
fL=f(Lin4)=Epn
ZL=f(L+a7)



REPEAT
JUMPDOUWN(R> )
Xé6=Zn2
En=£g8a+£70
L=so(1)22
pL=f(L+60)-En
Zl=f{L+a~)
REPEAT
JUMPDOWN(R» )
JUMP 1 ¢, X6>7 21
1c)X6=7Z20
En=X6~Beo
JUMPA2 ,En>o.nezr
X6=Bn+to.002¢c
ﬁg)gﬁz—r
P=F+y

[»=T

ZAT==10
Z42="10
for=—1

fian=o
JUMP Ao, ~0e5>F7 4
L=Jp+8

\JUMP6 I. L?T
T=aT~K

JUMP6 1
60)T=T+4
61)Lg1=~3
K=1n
ACROSS1/1

>>DIAGNOSTIC QUTPUT WHEM NO CONVERGEMCE

2 JNFULINE
Kn=90=—»
M#=0+1
L=K#n (2 )Nn
PRINT(AL)o,
PRINT(RL)o,
PRINT(CL o,
PRINT{(DI.)o.
PRINT(FL)ao,
PRINT(ULL ),
PRINT{VL)o,
WFEULINE
REPEAT

L1rtratriqa L

MEWI.TNE
PRINT(P)2.0
PRINT(T)z2.0
PRINT(Sn)2,0n

IS OBTAINED

466



PRINT(0)5,0
sYL=o(1)r=
NEWLINE

REPEAT

\'UMPI . l>0

>>END CALCULATIOM
ERD

CLOSE

Y

467



468

APPEMD 1X-D. COMPUTER PROGRAM FOR CURVE FITTING TO STRAIN
HARDEMING LAY BY LEAST SQUARES

SSMINIMIZATION ROUTINE
ROUTINE 970

Y UNN+Un
Q=N—-1
R=0(1)8
f£R=0
REPEAT
R=0(1)0
fR=1

X7 (RN+U#) £o, N
f£.R=0
REPEAT
R=0(1)0
LR=F+F
REPEAT
X7(Vi)fo,N

JUMPDOWN (T)
Frn=F

1) R=1(1)N

X6 (RN~N+Un)fo,N
X6 (R—1+VNn)Gh, t
Hn=o0

Gﬂ=.5Gn

2) JUMPDOWN go
JUMPDOWN(T)
JUMP3 ,R#o0

6) RETURN

3) JUMPa,Fn>F

GH=-G#
JUMPDOUNg9
Gﬂ=.5Gﬂ
JUMP2

4) En=F
Gn=2G7
JUMPDOWNg9
JUMPDOWN(T)
JUMP6 ,R=0
JUMP 5 ,F>En
Frn=En

Hn=. sGn+Hn



) FrnuFn-En

EnvF-En
FuoxDIVIDE(RFn+En, 8Fp+ Em)
Hn=GnFun+Hn

Cu=;mFm~T-5Gn

JUMPDOWNaq

JUMPDOWN(T)

JUMP 6, R=0o

Frn=F

x7(R=1+Vn)Hn, 1
REPEAT

JUMPDOWN(S)
JUMP6,R=0

X7(N+Vi)Yo,N
R=71(1)N

I=1(1)N
Y(l-1)=o
REPEAT

I=ii (1IN

v 6{ IN=-N+Un)fo,N
¥6(1=14Vn)Gn, 1

J=1(1)N
Y(J-1)=Gne(J-1)+Y(J-1)
REPEAT

REPEAT

JUMP 7, R=1

[=R~=1

I=1(-1)1

6 ( IN=N+Un)f£o, N
F=0

J=z(1)N

F=Y (J~3 )£ (J=1)+F
REPEAT

J=1(1)N
Y(J=1)==Fr(J=z1 )+Y (J=1)
REPEAT

REPEAT

7)) F=o
J=1 (1IN
Fev(J=1)Y (J=1)+F

160



REPEAT
F=xSORT(1/F)
J=r(1)N
Y(J=1)=FY{J—-1)
REPEAT

¥ 7 (RN=N+Un)Yo . N
REPEAT

& (N+V)Ye, N
JUMP 1

ao) I=1(1)N
Y(I-1)=Gne(1-1)+Y(1-1)
REPEAT

RETURN

¥#* #

TITLE

ReKAFTANOGLU ,MECH.(ENC, 10ST .JOB NO U-p66/n,

TITLE

1067

270

CURVE FITTINA TO STRAIM HARDEMIMc LAW RY LEAST SQUARES



CHAPTER 1

>>VARTABLE ALLOCATIONS
A*c

R*:

("—»0 PeXe)

D=200

G-

H»%

Y-y

=g

>>3CALING AND SETTING OF IMITIAL VALUES
8)YYo=0.000001X

Yr=C

Yao=V

S>SETTING OF MIMIMIZATION POUTINE PARPAMETERS
F=o0.002

N=1

Unvo

S)=10)

T)=20)

Ln=o

Go=oe.000001X
G1=C
Go=V

>>ENTER MINIMIZATION ROUTINE
JUMPDOUN(Ra 70)

JUMP22,Y1>n
>>1F o>B CURVE FIT TO LUDWIK POWER LA,
ACROSS10/2

>>G0 TO PRINTING SECTIOM
22 JACROSS<: /o

>>GENERATE THE EPRPOR FUNCTION
20 )Dn=xLOG(Ys)
F=o
Kn=1(1)P
Y=Y14+CKn
JUMP 26, Y >0
Y=o



JUMP 2 1

20)Y=xLOG(Y)

Y=xEXP(Y~-Y+Dn)
:I)Y=DKH—TQQQOOﬁY

F=yY+F
REPEAT
RETURN

>>,CCURACY TESTS FOR

o YMr=al1)n

HMn=yMOD (YM#n/GMy=1)

REPEAT
JUMPqo ,Ho>An
JUMPg ,H1>An
JUMPg ,H2>A%
Ln=Ln+y
JUMPg, 3>Ln

R=o0

PRINT(1000000G0 )0, &

PRINT(G1)o, 5
PRINT(Gz2)o, 5
PRINT(X#)o, 7

o)Nn=o(1)>
CNr=YNn
REPEAT
In=F

RETURN
vEXP
vI.OG
XSORT

CLOSE

CONVERGENCE



473



474

CHAPTER2
VARTABLES:

>>1F o>B LUDWIK POWER LAW IS USED FOR CURVE FITTING
40 )NEWLINE

CAPTION

LUDWIK POVER LAY IS USED FOR MORE ACCURACY.
NEUL INE .

>>SCALING AND SETTING OF INITIAL VALUES
Yo=0.,000001X
Y=V

F=0.002
M=2
Unvo
S)=45)
T)=48)
L#=0

Go=0s.000001X
Gi=V

>>ENTER MINIMIZATION ROUTINE
JUMPDOWN(Rg970)

>>GO TO PRINTING SECTION
ACROSS28/0

>>GENERATE THE ERROR FUNCTIOM
28)Dn=xL0OG(Yo)

F=0

Kn=1(1)P

JUMP41,02>CKn

Y=XLOG(CKn)
Y=XEXP(Y1Y+Dn)
Y=DK#i~1000000Y
F=YY+F

4T )REPEAT
RETURN

>>ACCURACY TESTS FOR CONVERGENCE
43)Ho=xMOD(Yo/Go~1)
Hi=xMOD(Y1/Gi—1)

JUMP4 2, Ho>An
JUMPa2,Hy>An

Ln=Lnt+t1



475

JUMP 42, 2>Ln
R=o0

PRINT(1000000G0 )0, r
PRINT(G1)o, ¢

PRINT(Xn)o,
+2)Go=Yo
G1=Y1x

="

RETURN

xEXP

¥LOG

XSORT

CLOSE



aab
Ci:APTERo

VARTABLES:

S>READING IN OF DATA
READ(An)

READ(K)
2 YK=K-1

O=n(1)2
READ(A0)
READ(RO)
REPEAT

READ(P)
177=1(1)P
READ(CIn)
READ(DIn)
iEPEAT

>>CALCULATION OF INITIAL VALUES OF A,B ANMD N
A=xLOG(Rz2/Bo)

B=xLOG(Bz2/B1)

B=A/B

M=o
U=pe.o1
C=p.06

Q)C=C+U
M=M+71

On=L

Wy=H
JUMP15,M>200
JUMP 16
15)M=10
16)D=C+An
E=C+A1
7=0+An
7=xLOG(D/Z)
E=xLOc(D/E)
E:Z/E

n=E-R
H=xMOD(G)
JUMP 1, G>o
T)l=1
JUMP 1+



4717

2 )L=—1

17)JUMP21,M=1
JUMP2 2, L=Qn
JUMP22 , H>Un
JUMP2 1

22)U==U

JUMP2 1

22)U="00 sU
21)JUMP2,H>0.0001
JUMP24,C>0

C=0.0T1
D=C+A2
Z=C+Ao
7Z=xLoGg(D/z)
24)V=A/Z
W=xLOG(C+Ar)
X=xL0G(Br)
X=X=vy
X=XEXP(X)

NEWL INE
MEVLINE
PRINT(X)o, 5
PRINT(C)o, 3
PRINT(V)o,¢
NEWLINE
NEWL INE

>>START OF MINIMIZATION
- ACROSS8/1

>>PRINT A,B,N,AND ERROR
s )NEULINE
PRINT(1000000Y0)0,§
PRINT(Y1)o,3
PRINT(Y2)o,3
PRINT(F)o,7

NMEWLINE

NEWL INE

>>TABULATION OF INITIAL DATA AND FITTED CURVE
Bn=XLOG( 1000000Y0)

Jn=1(1)P

PRINT(CJn) 1,1

PRINT(DJ#n) 5,0
Cn=xXLOG(Yx+CJn)
Cn=xEXP(Y2Cn+Bn)



PRINT(Cn)c,o
PRINT(DJn=Cn)z, o

JUMP 40>DJn
PRINT(100=~100CH/DJv)a, 1
20 )NEWLINE

REPEAT

JUMP 20

>SPRINT A B AND ERROR FOR LUDWIK POUER LAWY
28 YNEWLINE

MEWLINE

PRINT(1000000Y0 )0, ¢

PRINT(Yr)o, s

PRINT(F)o, 7

NEWLINE

>>TARBULATION OF IMITIAL DATA AMD FITTER CURVE
>>FOR LUDWIK POUWER LAW

Rp=xLOC(10n0encYe)

n=1(1)P
PRLINT(CIn) 1, »
PRINT(DJ# )¢, o
JUMP 7 ¢, CJn5a
M=o

JUMP 2 6

2 )On=xLOG(C.In)
Cr=xXEXP (Y :Cr+Rn)
26)CRINT(CP ) r, o
PRINT(DJn=-Cn)1,0

JUMP 4 I. O?DJ?’Z
PRINT(100=100C#/Ddn)2,1

41 JNEWLINE
REPEAT

29)Pn=o(1)6
NEWLI1NE
REPEAT

>>CHECK IF THERE IS MORE DATA TO RE FITTED
JUMP 4, K >a

END

¥EXP
¥1.0G

rL.OSE

-
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APPENDI X~E. COMPUTER PROARRAM FOR THE ANAL?Q!S OF
EXPERIMENTAL RESULTS

JOB ‘

L5C44ECT, KAFTAMOOCLL PUMN amn 3nhy
COMPUTING 70000 IMSTRUCTIONS
OUTPUT

o LINE PRINTER jnan LIMNES

STORE 19 BLOCKS

CuMPILER EMA

HATN= 479
AUXILTARY (0.0}
DEPTH o
DUMPS o

TITLE
B KAFTANOGLU,MECH.ENC. 10ST I0R NO LSC4:ECy, 1064
TITLE
DATA PROCESSINR FOR STRETNH FORMINT AND DEEP-DRAWING
TITLE

A 1SOTROPIC



CHAPTER{

A-so
B-z5o
C=zo
D»SQ
E»50
F*So
C*So
H=z20

#8717

>>CALCULATION OF QUTEP AND [INMER CIRPCUMFERENTIAL STRAINS

c0)0=1(2)N
PRINT(AO)1, 4
JUMPo . BO>0
BO=DO+EODO/D

o )U=xLOG(BO/AO)
PRINT(W)1, 2
PRINT(CO)x, &
JUMPIQ,DO>0
DO=D+EQ
DO=RB0O~EQBO /DO
10 )X=xLOG(DO/CO)
PRINT(X)1,4

>>CALCULATION OF MEAN CIRCUMFERENTIAL

>>MERIDIONAL AMD EQUIVALENT STRAINS
Y=0+5A0+0.:CO

PRINT(Y)1, 4

7=04+5B0+0.5D0

An=xLOG(Z/Y)

PRINT(An)r1, »

R=xL.OG(EQ/F)

PrINT(R# )1, 4

Cr=—An—-Bn

PRINT(CH )1, 2

Du=UnCu+AnhAn

D#=¥SORT(Hr 4Dn+H1B1RIL )

Dij;=Hr1Dn

PRINT(Dn)1, ~

S>CALCULATION OF THE  STwhiSS HATIOS

JUMP r1,DO>E

JUMP 12, 0>
JUMP171.DO>D
E»=D0O/D

Frn=D
H>=xLORT(DD-DODOL)
H3=H3/D

JUMP 71 7

12 )JUMP 11,DO>C
En=HH-GG

Grn=XSORT (DODOEN+GGGG)
H2=XxSQRT(GG=DODO)

THICKNESS,



En=pOH/Gn
Fn=xDIVIDE(GnGnes,coqnH)

12)Gn=Fn+o.cEO

Wi=GnEn
Xn=xDIVIDE(~n, EQ, F1DD)
v 4 Hn=n V=1

Gu=V+Hro

Un=xDIVIDE (HnAn+BnGy, AnHi4Rn)
V=V

V=7+Urtin

V=XnV

Yn=xMOD(1-Vn/V)

JUMP 1 4. Y7 >0.0001

N=10

JUMP 5 ¢

11)7N==70

V=g
Un=xDIVIDE(-An+BunHro, An+H1 £R#)
>>CALCULATION OF EQUIVALENT, MERIDIOMAL, AMD
SSCTRCUMFERENTIAL STRESSES

re )PRINT(Un) 1,
Ho=xLOG(B+H1~D1)

Ho=xEXP (U+CHo )

Ho=712Ho

PRINT(Ho )=, 0

Hrp=V=1-~Un

Hrg=UnUn—alln+1
Hy=UnUn+1+2VHy7+HyoHz®
Hi=xSORT(1.cH1ioH1)

Hy=Ho/H1

PRINT(Hr)s5. 0

Hao=UnHz

PRINT(H2)s5,n

NEWLINE

PRINT(BO)1, 4

PRINT(DO )1, #
PRINT(Z)1, 1
>>CALCULATION OF INTERFACIAL PRESSURE
>>COEFFICIENT OF FRICTION
JUMP 16,0>70
Ha=xARCTAN(H2,En)

SPACE

SPACE
PRINT(c7.20578H4a)2, 2
He=1-Un

He=1+Un

Ho=H 4~EnH 2
He=xDIVIDE(HsEnEn,HeH7)
PRINT(=2H1V)z.0
PRINT(H8 )1, 2

182



6 )NEWLINE
NEWLINE
REPEAT
ACROSS60/0

%06
yEXP
YSORT
¥xARCTAN

CLOSE

281



£8 2
CHAP TER o

VARTABLESY

>>READING IN OF DATA TAPE. SFEE FORMAT IN 171.-
READ( 1)
1)I=1-1
READ(H71o)
ReAD(J)
READ(A)
READ(B)
READ(C)
JUMPa, n>.J
READ(D)
JUMP o

0 JREAD(R)
READ(H)
»YPEAD(E)
E=7.c00~E
READ(K)
PEAD(L)
PEAD(F)
N=ol.—q

>>READING OF GRID MEASUPEMENTS FOR OUTER SURFACE,
>>AND THICKNESS

M=1(25)N

RPEAD(AM)

READ(A(M+1))

READ(RM)

READ(B(M+1))

JUMP 3, 22K
READ(CM)
READ(C(M+1))

READ(DM)
READ(D(M+1))

3 )JREAD(EM)
READ(E(M+1))
JUMP 4, 22K
READ(FM)
READ(F(M+1)
JUMP 4, 2>K
READ(GM)
READ(G(M++))
#)REPEAT



#8¢

>>CALCULATION OF PADIY Ry SUPTRACTING MICPOSCOPE READINGS
>> FROM 71.c¢IN

O=1(2)N

AU=71.c0000-A0

AlO+1)=v.r0000-A(0+1)

RO=1.50000-B0

B(O+1)=1.50000-P(0+1)

JUMPS‘ . 22K

CO=14500-CO
C({0+1)=71.50000-C(0+1)
JUMPSS?ZK
DO=1450000~N0
D(O+1)=1.50000-D(0+1)
< JREPEAT

>>AVERAGING RADIT AMD THICKNESSES
O=I<2)N
AO=AO0+A(O+1)
AD=0.5A0
C=BO+B(0+1)
Bo=0 . QBO
R(O+1)=BO
EO=EO+E(0+1)
ED=00 QEO
E(0+1)=EO

JUMP 6, 22K
CO=CO+C(0+7)
CO0=0.5C0
BU=RBO+CO
BU=o0.5BO
FO=FO+F (Q+1)
F\J:O.SFO
FO=F0O+FO
Eu=0.5EO

JUMP 6, 22K
DO=DO+D(0+1)
DO=00 SDO
BO=B (0+1 Y+CO+DO
RO=0.173722B0
Go=G0+G(0+1)
GO=0.56G0
EO=E(0+1 )+F0+G0
E0=0.3331333E0

6 )REPEAT

>>READING OF GRID MEASUREMENTS FOP INMEP SURFACE
O=1(2)N

RLAD(CO)

READ(C(O+1))

READ(DO)
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READ(D(O+71))

JUME 7, 22}
REZAD(FO)
READ(F(O+7))
JUMP 7, 22K
READ(RO)
READ(G(0O+1))
7 )REPEAT

>>CALCULATION OF RADIT RY SURTRACTIMS MICROSCOPE READINGS
>> TROM 1.cIN,AND AVERAGINA

O=1(2)N

CO=1.50000~CO

C(0+1)=1.50000-C(0+1)

CU=Co+C(0+1)

CO0=0.5C0
DO=1.50000-D0
D(O+1)=1450000=-D(0+1)
DO=N0+D(0+7)

DO=6. DO

D(G+1)=D0

JUMPg , 22K
FO=1,.,50000n0-F0
F(O+1)=1.5%0000=F(0+1)
FO=0+F(0+71)

FO=0.cFO

DO=C0+FO

Du=o0. DO

JUMP g . q)K
CO=1.50000—GO
ClO0+1)=7450000=0(0+1)
CO0=G0+G(0+1)

C0=n. GO
DO=N{(0+1)+FO+GO

DO=0. 22322300

e YREPEAT

>>CALCULATION OF CONSTANTS IN EQUAT]HMS
U=xLOG(A)

JUMP 10, 0>J

V=D

JUMP 1

10)V=GG/H

11)Zn=6+0.cEz

V=xDIVIDE(=ExZ#n, VV)

NEWLINE
CAPTION
DATA NO-
PRINT(22=1)r,6
NEWLINE



>>CALCULATION OF CONSTANMTS INVOLVING R-VALUE

Hrisz=Hro+2
H1:1=%SORT (0.6666667H13)
Hrr=xDIVIDE(Hr1,3H1o+1)

Hr2=XDIVIDE(Hro+1,Hzo+2)

H12=XSQRT(z1.5H12)
Hra=2Hzio+1:
Higs=2HioHzo+Hzo
Hi6=Hro+1x
Hig=1/H13

ACROSSso/1
6o)In=o(1)ro

NEWL INE

REPEAT

JUMPz1, >0

>>END CALCULATION

END
CLOSE

487
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APPENDIX - F. COMPUTFP PRONPAM FOP ESTIMATING THE [ IMITING
DRAWING RATIO

TITLE
EXPRED LDR KAFTANOGLU ICST .IOBMO.Ta2ne
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CHAPTERo

Ao

B-q

C-» .
>>READING OF DATA
1 )READ(K)

K=K=1

I=o(1)2

READ(AL)
READ(BI)

REPEAT
>>CALCULATION OF INITIAL CONSTANTS
A=Ao-A1

B=Ao-A2

B=A/R

J=—-1

2 )J=J+1
C=0.3J+0.20
- D=xEXP (-CBo)
E:XEXP(—CBI)
F=xZXP (-CB»)
n=D-E

H=D-F

H=c /H

CJ=H-R
JUIiPa , J#x
U=C1~-Co

U:o.g/U

W=p

V=0.20-UCo
>>CUCCESSIVE APPRPOXIMATION LOOP
2 V=V=Uy
"D=xEXP(=VRg)
E=yEXP (-vB1)
F=yLXP(=VRB»)
A=Dei

H=D-F

H=r/H

W=H-=R

7=xMOD (W)
JUMP », 7>0.0001
X=A/G

Y=A1-XE

NEWLINE
>>PRINTING OUT OF RESULTS
PRINT(V)o, 4
PRINT(X)s, 2
PRINT(Y)z,4
PRINT(2544Y)2,2
PRINT(Y/1.2000)1,3
NEWLINE



100
P

PRINT(Y+n¢o~ﬂr\T,

PRINT(Y—0.0ooc\

PRINT(acz. /Y+0.R"

PRINT(ne.sy=c.82"

PR]FT(J)O.H
NEWLITNF

NEWL. T NE

JUMP 1, K#2a

END

yEXP

CLOSE

-

LA k'xlit.a

b (.'\
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APPENDIX~G. THEORY OF PLASTIC BENDING UNDER BIAXIAL.

TENSION FOR ANISOTROPIC LINEAR STRAIN -
HARDENING MATERIALS
" An approximate theory to estimate the thinning under

plastic ben&ing under biaxial tension for anisotropic
materials with linear strain-hardening properties is
presented. It is developed along the same lines as that
given by Chung and Swift (18) for isotropic materials
under conditions of plane strain, and i1t shows the limita-
tions of their theory. This method can be applied in

cases when! : ’

(i) The tensile force under which the plastic bending
is taking place is statically determinate, e.g. in
bending of a metal strip around a pulley,

(11) The plestic bending is superimposed on another siress
sygtem with a mean tensile stress acting in the plane
of bending, e.g. plastic bend¥ng under tension at

the start of the die curvature in deep-drawing.

It will be assumed that the material obeys a linear

strain-hardening law of the ftype:

e = C e (¢.1)

where g is the equivalent stress of the material‘prior.to
plastic bending, and P is a coefficient expressing the
rate of linear strain-hardening. Itis further assumed
that the elastic strains are negligible in comparison with

the plastic ohes, and plane sections remain plane during -
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bending. Also the effect of the interfacial pressure N
between tool and sheet metal will bé neglected, and
bending will be éssumed to take place under a constant
stress ratio (ratio of stresses in the plane of the sheet )
which may be equal to that, prior to the commencement of
bending.

As shown in Fig. G.l, bending takes place under the
applied tension resulting from the mean stress %1p°
The neutral surface of bending NN is displaced fr;m the
central Surface CC by an amount Yne which can be Qeter-
mined by equating the applied tension to the difference
between the bending ténsion and-compression. However,
as shown in Fig. G.1l, two distinct cases exist in the
process. In Case I, the neutral surface remains within
the thickness of the sheet, whereas in CaselIX; it is
outside of the thickness, because of the higher applied
tension and hence higher mean stress, which completely
compensates the compressive stresses due to bending.
In the second case all fibers of the sheet suffer tensile
strains in contrast to those in Case 1. This possibility
was not mentioned by Swift (78), and Chnng and Swift
(18), and their analyses can only apply for the condi-
tions of Case I. Since they have not provided a cri-
terion to find the limiting mean stress for the change
over from Case I to Case II, results obtained using

their method need to be checked back to see that the
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neutral surface remains within the thickness of the
sheet; otherwise the results may be incorrect.

The present‘analysis is as followé:
From Fig.G.1l:

' t '
Py = P1 *+ 3 - ¥y (6.2)

The meridional strain at any fibre is given by:

€, = 1In (1 +pzN) (¢.3)

The ratio of the circumferential stress to the meridional

one is: - = x, and it is assumed to remain constant
1

during bending. o, = 0, as mentioned earlier.

3
The yield criterion for anisotropic materials under

these conditions become:

[

3(:x2+R(x2-2x+l)+J]

2(2 + R)

aj
"

91

or

(G.4%)

]

o V1°1
where Vl is a constant.

By dividing two of the eqns. (3.19) side by side:

de, R(x - 1)+ x
— = = V2 - a constant (G.5)
de R(1 - x)+ 1 ‘

Then substituting Vzdt-:;_E in eqn. (3.23) for ds'zt, and

simplifying:
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1 + 2R

L s
de" = [%—(;ml-E2R2+3R+1)(1+v§)+2v2(n+2nzﬂ de,;

which leads to:

= V3€1 (G.6)

where V3 is another constant.
To be consistent with the sign convention adopted
for y in egn. (G.3), the following conditions must be

satisfied by eqns. (G.4) and (G.6):

when 0,2 O than v, 20
€
1 20 then v3>< 0
so that ;'and'E will always remain positive, These can

be ensured by taking the appropriate signs of the radicals
in eqns. (G.4) and (G.6) to satisfy the above conditions.
This distinction was not made by Chung and Swift (18).

From eqns. (G.4), and (G.1):
»

; ;o B E
1 Vl Vl Vl

Substituting for ¢ from eqns. (G.6) and (G.3) dlso with

the approximation:

in (1 + %) = L
Py Py

with about 1% error in the relevant range, into eqn.

(¢.8):
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o '
- .....B b A
g, = + v : (6¢.9)
1 Vl vl 3 p N

This equation gives the stress distribution through

the thickness.

~For Case 1:

Keeping the conditions of inequalities (G.7) -in-mind, ithé
applied tension can be equated to the difference of
bending tension and compression, which is given by the
integral of eqn. (G.9). However when y>»0 then V,, -
and v3> 0, and when 0 ) y then o>vl, and v3. This
produces a chénge of sign only in the first term of eqn.

(¢.9). Hence the équilibrium of the forces results in:

t
2’y °“ .
- o ]
= o B L °) £ X
t = + v dy '+ - ¢ A'4 dy
1b [Vl vy 3 PN ﬁ vy vl 3 Py
t
0 INT 2
(¢.10)
Integrating and solving fér Yyt
t
Yy = = 1b (G.11)
BVt
—2 ., 3
\' v
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For Case II:

There is no stress discontinuity through the.
thickness, and the equilibrium between the applied tension

and bending stresses 1is expressed as:

(¢.12)
v,p , o
vy = 5—%,3—“ (535 = 72) 4 (c.13)

It is seen that eqn. (G.13) for Case I is quite differ-
ent from eqn. (G.1ll) for Case II, and the correct one

should be used under a given set of conditions.

Criterion to Determine Which Case to Apply:

At the limiting state between the two cases,

referring to Fig. G.1l:

Py (G.14)

£
yy = 373 and ey

Substituting these conditions in eqn. (G.11), and sim-

plifying:
For Case 1: c Bv,.t
°1v < Vg MY (G.15)
> 1 11

For Case I1XI:
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In the estimation of thinning under plastic bending

under tension the following sequence should be followed:

(1) From the given conditions, a check shﬁuld be made
by using the inequality (G.15) to see whether the
applied stress is greater or less than the limifing
stress, to determine which case to appiy.

(11) If Case I: since the value of p,. is not known
beforehand, a starting value of pNgspi + & “can be
used with the value of the initial thickness in
eqn. (G.11), to obtain a value of Yy

If Case XII: with the value of the applied mean

Y,
stress o__, . | can be directly found from egn.
1b Py
(G.13).

(iii) The extension of the element is given by the mean

strain at the central fibre which is:

N
€1, = 1n (1 + 5= ) (¢.16)
N
and for the type of anisotropy considered, the
circumferential strain, if bending does not take

under plane strain conditions; from eqn. (G.5) is:

€2 = V2 f1p (6.17)
The thickness strain can be found from the con-
stancy of volume using eqns. (G.16), and (G.17):
Y
N
)

Eqp = - (1+V2) in (1 +-;; (G.18)
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(iv) The additional applied stress necessary to supply
the work required to impose fhis bending can be
palculated by equating the work done in bending
to the work done by the applied stress,. In cases
when this bending takes place under conditions other
than plane strain, work done in the circumferential
direction should also be considered in addition to
that of inﬁthe meridional direction. For this; a
similar method followed by Chung and Swift (18)
for the plane strain bending of isotropic materials

can be used.

However in most cases since the bending strains
are small this addition to the applied stress may be
negligible.

The first approximations for the wvalues of’PN. t,

and possibly o can be improved and the procedure can

1b
be repeated including steps (i) to (iv) until no sig-
nificant changes in the results are obtained. It dis
important to repeat step (i) in case there is a change
over from Case I to Case II or vice versa due to éhé
- errors in the first approximations.

It should be mentioned that egqn. (G.1ll) will reduce
to that given by Chung and Swift (18) when x = 0.5 and

R =1, i.e. plane strain bending under tension for iso-

tropic materials.
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Table 8.1 - Materials tested.

Material Composition Hardmess, Thickness, x J.O"3 in.
or VPN (tolerances as measured)
Specification
Mild Steel Not known 107 (5 kg load) S.W.G. 14 = 80,5 ; 0.5
(E.D.D.S.) (designated 102 " " 16 = 61 Z 0.3
" E.D.D.S.%) 109 " " 20 = 34,5 - 0.3
Soft Copper Bright-annealed, 50 (1 kg load) " 16 = 65 { 0.5
commercially 54 " " 18 = 48,5 s 0.5
pure 54 ", n 20 = 37.5 = 0.5
Soft Brass 70 : 30 83 (2.5 kg load) " 16 = 64,7 X1
Bright-annealed 83 " " 18 = 47.5 E 0.5
755 " " 20 = 36.2 - 0.8
Soft Aluminium | Bright-annealed, 26.2(1 kg load) " 16 = 61,2 £ 0.5
commercially 27.2 " : " 18 = 46.9 0.3
pure 270)"' " " 20 = 35.8 e 001"

% Extra Deep-Drawing Quality Steel

216
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Table 8.2 - Values of the constants A, B, and n in

X = A(B + ¢, )™ obtained by the computer program

using the least squares method.

Average
Material Direction A B n |Approximation
with real curve
al
/9
16 SWG Rolling & 81758 | 0.0099}0.2687 (1
Steel Transverse
E.D.D.S.
16 SWG 45° 85063 | 0.0082]0.2571 ~l.5
E.D.D.S.
16 SWG Mean of T &| 83452 | 0.0092]|0.2632 ~3
E.D.D.S. |45°9 by Least
Squares
16 SWG Arithmetic 83411 | 0.0090}0.2629
E.D.D.S. |Mean of T &
450
p—
18 SWG Mean of R,T 93685 | 0.0165]0.4373 ~l.5
Soft & 45° by
Brass Least .
Squares
e ]
18 SWG Mean of R,T 68394 | 0.0122]0.3789 ~1l.5
Sof't & 45° by
Copper Least
Squares
18 SWG Rolling 19905 | 0.0041{0.1945 L1
Aluminium )
18 SWG  [Transverse 22701 | 0.0133/0.2939 L1
Aluminium
18 SWG 45° 23404 | 0.0082|0.2771 L1
Aluminiam
18 SWG Mean of R,T 21952 | 0.0087]0.2532 ~3
Alumindum [ & 459 by
Least
Squares '
18 SwWG Apithmetic 22004 | 0.0085]0.2552
Aluminum [Meanof R,T
& 459
—




Table 8.2 - (Cont..)
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Squares

Average
Material Direction A B n Approximation
with real curve
%
. —
14 SWG |Rolling & 83748 | 0.0217 | 0.3055 ~ 1,5
E.D,D,S.| Transverse
14 swe 45° s84ulh7| 0.0142 | 0.2792 ~ 1.5
E.D.D.S.
14 SWG Mean of T & 84070 | 0.0186 | 0.2941 ~ 2.5
E.D.D.S.| 45% by Least
Squares
14 swe Arithmetic 84097 | 0.0180 | 0.2923
E.D.D.S.|Mean of T '
& 450
t .
20 SWG Rolling & 89331 ] 0.0968 | 0.3829 ~ 1.5
E.D,.D.S.| Transverse
20 SWG 450 90064 | 0.0638 | 0.3376 ~ 1.5
EUD.D.S.
20 SWG (Mean of T & | 89794 | 0.0801 | 0.3607 ~ 2
E.D.D.S.|450 by Least
Squares .
20 SWG Arithmetic 89697 | 0.0803 | 0.3602
E.D.D.S.|Meanof T &
45° —
16 SWG |Mean of R,T 96642 | 0.0112 J0.4235 1
Soft & 450 by ~
Brass Least
Squares
rr20 SWG |Mean of R,T 92547 | 0.0149 |0.4403 ~ 1
Soft & 459 by
Brass Least
Squares
|
16 SWG |Mean of R,T 65485 | 0.01297]|0.3849 ~2
Soft & 459 by
Copper Least
Squares
|
20 SWG Mean of R,T 65007 | 0.0170 |0.3643 ~1.5
Soft & U500 by
Copper Least




Table 8.2 - (Cont..)
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Average
Approximation
Material Direction A Bv n with real curve
o,
,O

16 SWG Rolling 24778 10.0333 |0.2966 ~1
Soft '
Aluminium
16 SWG Transverse| 23242 |0.02775(0.2727 1
Sof't
Aluminium .
16 SWG L 50 21536 |0.0113 |o0.2144 1
Soft
Aluminium
16 swa Mean of R, | 23574 |0.0274 |0.2738 ~ 2
Soft T & 459 by ,
Aluminium | LLeast

Squares
16 SWG Arithmetic| 23185 |0.0241 |0.2612
Soft Mean of R,
Aluminium [T & k5o

—

20 SWG Rolling 26577 |0.0115 |0.2827 ~ 1.5
Soft
Aluminium
20 SWG Transverse | 23858 ]0.0126 [0.2537 ~ 1.5
Soft
Aluminium
20 SWG L 50 26006 {0.0346 [0.3611 ~ 1.5
Soft
Aluminium
20 SWG Mean of R, | 23863 |0.0127 |0.2587 ~ L
Soft T & 459 by
Aluminium | Least

Squares
20 SWG Arithmetic | 25480 [0.0196 ]0.2992
Soft Mean of R,

Aluminium |T & 45°
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Table 8.3 - Values of the constants A, B, and n in

X =

A(B + €5 )™ obtained by the computer

.program using the least moduli method.

p——

L 50

Average
ati
Material] Direction A B n $§§;°§t21 czgve
’ of
/O
16 sWG | Rolling & 80815 | 0.0084|0.2606 <1
Steel ’
E.D.D.S.
16 SWG L 50 82234 0.0063]0.2395 ~ 1
E.D.D.S.
16 SWG Mean of T & | 81494 0.0053]0.2403 ~ 3
E.D.D.S.| 45° by
* Least
' Moduli
16 swG Arithmetic 81524 0.0073]0.25
E.D.D.S.]|Mean of T &

Moduli

18 swe Mean of R,T | 92542 0.0203(0.4427 ~2.5
Soft & 459 by

Brass Least ‘

Moduli
—ﬂ

18 sweG Mean of R,T | 68846 0.0134]0.3859 ~l1l.,5
Soft & 450 by

Copper Least

Moduli

18 SWG |Rolling 19899 | 0.0049]0.1953 <1
Alumin-

ium

18 SWG Transverse 22625 0.014110.2948 {1
Alumine- :

ium

18 SWG L 5° 23275 | 0.008210.2748 ~ 1
Alumin-

ium

18 SWG (Mean of R,T | 20869 0.0026 |[0.2188 ~ 3.5
Alumin- | & 45° by

ium Least
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Table 8.3 - (Cont..)
_ Average
Material Direction A B n igiioitZitizﬁve
p———————— e —————————
18 swG Arithmetic |21933 | 0.0096 | 0.2549
Aluminium| Mean of R,T

& 45°

1k swg Rolling & |81979 | 0.0167 | 0.286k ~1l.5

E.D.D.S, | Transverse
14 swG 4o 82436 | 0.0114 | 0.2617 ~1,5
E.D.D.S.
14 sweG Mean of T 85022 | 0.0206 | 0.3047 ~3.0
E.D.D.S. | & 45° by
Least
Moduli
14 swaG Arithmetic [82270 | 0.0141 | 0.2741
E.D.D.S. |Mean of R, '
T & 450
_*-
20 SWG Rolling & 88131 | 0.1136 | 0.3924 ~l.5
E.D.D,S, ]|Transverse
20 SWG 450 90083 | 0.0669 | 0.3395 ~1.5
E.DOD.S'
20 SWG Mean of T 90244 1 0.0913 | 0.3757 ~2,0
E.D.D.S. & 459 by
Least
Moduli
20 SWG Arithmetic [89107 |0.0902 | 0.3659
E.D.D.S., |Mean of T
& 450
| 16 swc Mean of R, [981385 |0.0215 | 0.4285 o~ 15
Soft T & 459 by
Brass Least
Moduli .
20 SWG Mean of R, [93128 |0.0205 |0.438 ~l
Soft T & 459 by o
Brass Least

Moduli o -
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Table 8.3 - (Cont..)

Average
Approximation
Material Direction A B n with real curve
[

16 SWG - Mean of R,T 65753]0.013| 0.3883 ~l.5 .
Soft & 459 by
Copper Least ]

Moduli
20 SWG Mean of R, | 65098]0.016Q 0.3634 ~1,5
Soft T & 45° by
Copper Least

Moduli :
16 SWG Rolling 2451910.0314 0.2887 ~1
Soft
Aluminium 14
16 SwWG Transverse | 23260/0.0274 0.2726 ~1
Soft
Aluminium
16 SWG 450 22308|0.0177 0.2400 ~1
Soft
Aluminium
16 swG Mean of R,T|22631|0.0199| 0.2457
Soft & 459 by ~2
Aluminium | Least v

Moduli
16 SwaG Arithmetic {23362]0.0256|0.2671
Soft Mean of R,
Aluminium | T & 450
20 SWG Rolling 28623(0.02141 0.3304 ~1.5
Soft '
Aluminium
20 SWG Transverse |30636|0.0579]0.4455 .

~1l.5

Soft -
Aluminium
20 SWG 450 2594110.0338|0.3579 ~1.5
Soft )
Aluminium
20 SWG Mean of R,T|26060{0.0700}0.3954
Soft & 45° by ~g
Aluminium | Least

Moduli
20 SWG Arithmetic |28400]|0.037710.3779
Soft Mean of R,

Aluminium | T & bL5°
RN
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Table 11.1 - Necking and fracture in Erichsen test.

Material jThickness, Form of Necking Form of Fracture Other Remarks
SWG
|
R (=Rolling direction) R
14 All round, severe } for 43 mm strips
Steel 16 " K n for 45 mm strips
20 " ) " for 45 mm strips
16 Slightly visible 1‘ Mostly one arc Very rarely
present »
Brass 18 " ( " Very rarely
20 " ( " Very rarely
16 All round, scvere C~ q) Rarely
Copper 18 " (
20 " ( T Rarely
16 Slightly elliptical, Some
very severe
Aluninium 18 " Some
20 " Some .
R R
Note: For Aluminium - Elliptical necking was measured as follows:
Dp 0.559 D 0. 560 Dy 0. 549
S.W.G. 16 5= = =1.04; S.W.G. 18 == = =1.05; S5.W.G.20 g~ = = 1.065
R 0.5 R 0.533 R 0.541
DT = dia. of neck in transverse direction DR = dia., of neck in rolling direction
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. ,}
Table 11.2 - Limiting drawing ratio in deep-drawing.
Limiting Within an increment L.D.R. Constants for the Sizes of Blanks ' Comments where L.D.R.
Material Blank of 0.025:on L.D.R. with respect to pmpirical Eqn. D =Me'Nh+D ;i:gigzion of Db 1 was not as predicted
Diameter| Oversize|] Undersize]l Punch Mean b cr Critical Dia- Dcr within an increment
Blank Blank Diametsr Wall N y D meter
5.W.G. in. in. in. Diameter _ cr in.
W o |
Db,£7Db,£7Db,3
, 3.940 ,
3.0270 3.059 2.994 2.328 2.219 0.45185| 138391 3.0270 ,3.5166 1.30 Successful
' 3.152
3.938
3.067 3.100 3.035 2.359 2.275 .| 0.5285- | 353053 3.067 3.545 1.28 | successful
‘ 3.151
) 3.938 _
3.032 3.065 3.000 2.333 2.270 0.45555 | 21334 3.032 3.545 1.30 Successful
. 3.152
’ Range (E_b-l,_'!'.) ]
: : ‘ 3.345 D_..
2.902 2.935 2.870 2.333 2.128 0.44662 | 32711 2.902 3.150 1.155| Successful gad gofbe re-
: uce or
2.953 ~ Aluminium to
’ obtain accu-
g - 3.340 rate results
2118 2.837 2.869 2.804 2.182 2.105 0.47613 | 18628 2.837 3.150 1.175 | Successful U
- ‘
§ 2.953
—
< : 3.346
20 2.839 2.872 2.807 2.185 2.126 ' 0.57621 | 57441 2.839 3.150 1.185 | Successful "
- ¢ 2.953
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Table 11.2. - (Cont..)
Constants for the Sizes of Blanks A Comments where L.D.R.
Blank of 0.025 on L.D.R. | with respect to Fmpirical Bqn. D =Me™ '+D_| Prediction of | 4= | Was not as predicted
L Diameter | . &l Critical Dia- Yex within an increment
Materia Oversize | Undersize| Punch Mean meter
S.W.G. in. Blank Blank Diameter | Wall N Mo D . in. __+
be WY T M Y L S 5 SO Y N L S A
D D D
b,1 b,2 b,3
3.937 ‘
. 0.033465 2.989 3. 54k 1 1.315 Successful
2.989 3.022 2.957 2.299 ' . |
3.150
- . _ : 3.937 _
§ 16 3.026 3.059 2.940 2.328 2,218 0.37646 6331 i3.026 3.5 i1.30 Successful
0 ' 3.150
: 3.939
20 3.095 3.128 3.063 2.181 2,317 . 0.4h4o84 } 3628 | 3.095 : 3.545 - 1.27 Successful
3.150
. 3.938 -
16 3.094 3.127 3.062 2.1380 2.268 . 0.34822 | 13503 | 3.094 3.545 1.27 Successful
3.152 R
g .
® |18 .1 . : - Missed by one
2 3.100 3.132 3.067 2.385 2.300 increment
. 3.938 It was necessary to
20 11 . 148 . , . 1.26 choose 3 points from
3.115 3 3.083 2,396 | 2.332 | o0.32582 | 5100 | 3.115 3. 544 1:265 | tne curve h versus
3.150 Dy constructed from
6 points. .
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Table 11.3 = Calculated earing units for hemispherical cups

Mean Height Mean Hedight Baring Units Angle No.
Material Thigg?ess' of Lars of Troughs h-h, of of
« * (h ), in.* (h,), in.* x 100 Ears Ears

e t ht .

14 1.618 1.480 9.33 90° N

Steel 16 1.612 1.502 7.3 90° 4

20 1.664 1.555 7.02 90° A

16 1.585 1.556 1.86 L,5° I
Brass 18 Negligible
20 Negligible

16 1.587 1.562 1.6 4 5° 4

Copper 18 1.608 1.574 2.16 90° 4

20 1.64Y4 1.588 3.5 90° 4

16 1.400 1.333 5.15 545° 4

Aluminium 18 1.300 1.178 10.4 90° R
20 Negligible

¥ h and h
e t

measured frbm the pole of the hemispherical end.

. 89g
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Table 11.4 - Coefficients of friction in the Erichsen
Te®t,

Thickness,| Angle Punch
SWG (a) Penetra- |
tion
(h) Brass | Copper |Steel
F mm
14 [A 15° 3.37 0.067
30° 6.23 . 0.050
4 5° 8.93 0.017
16 15° 3.139 0.014 | 0.014 |0.054
30° 6.31 0.016 | 0.016 |0.030
4 5° 9.13 0.018 | 0.026 |0.012
18 15° 3.40 0.014 | o0.011
30° 6.36 0.010 | 0.007
45° 9.29 0.010
20 15° 3.41 0.007 | 0.011 |0.043
30° 6.41 0.007 | ©0.005 [0.025
Alf 45° 9.4%0 0.006 | 0.003 |o.013

Note: yu for aluminium is estimated to be { 0.01.
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Table 11.% - Coefficients of friction operative between
sheet metal, die and blank-holdexr in deep-
drawing.

Anele Punch Coefficient
Material Lubricant go Penetration| of Friction
x mm N
16 SwWG HIG 15 7.20 0.085%
L.D.D.S. Grease 30 13.1y 0.040
Ly 18. 38 0.034
Dry 15 7.20 0.12
" Surfaces 30 13.15 0,12
45 18.138 0.09

(-

18 SWG HTG 15 6.73 0.05
Brass Grease 30 12.28 0.03
hs 17.10 0.02

Dry 15 6.73 0.06

" Surfaces 30 12.28 0.05

L5 17.10 0.05

—

SWG-18 HTG 15 6.73 0.035
Copper Grease 30 12.28 0.028
L4y 17.10 0:016

Slightly 15 6.73 0.06

" Roughened 30 12.28 0.07
Surfaces 45 17.10 0.05

P.T.F.E. 15 6.73 0.01

" 30 12.28 0.006
Ly 17.10 0.004

Dry 15 6.73 0.05

" Surfaces 30 12.28 0.05

ks 17.10 0.05

SWG-18 HTG 15 6.73 0.02
Aluminium | Grease 30 12.28 0.01%
L5 17.10 0.010

Dry 15 6.73 0.042

n Surfaces 30 12.28 0.04

Ls 17.10 0.044
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Table"ll‘6 - Coefficients of friction between punch
' and sheet metal in stretch forming and

deep-drawing,
Material Lubricant Circu;;ii;ntial S;e§£igizgz
Strain .
L-.l .(Ele B
18 s.w.G. Shell H.T.G|{ 0.045 0.47
‘Soft Copper Grease 0.10 0.32
0.135 0.26
" P, T.F.E, 0.085 0.20
Film 0.160 0.135
0.33 0.070
" Dry and
Rough Punch 0.05 0.6
Surface 0.060 0.6 L
16 S.W.G. Shell H.T.G. 0.043 0.42
E.D.D.S. Grease 0.095 0.29
0.13 0.24
o . - » me—
18 S5.W.G. Shell H.T.G. 0.04s5 O.4s
Soft Brass Grease 0.1 0.31
0.14 0.26
18 S.W.G. Shell H.T.G. 0.048 0.4k
Soft Aluminium Grease 0.08 0. 41
0.12 0.38




An Investigation of the Erichsen Test

By B. Kaftanoglu, B.Sc. (Eng.), and J. M. Alexander, Ph.D., B.Sc. (Eng.), M. Mech.E.,

M.I.Prod.E., F.ILM.

The effect on the Erichsen number of altering the main variables has been investigated, and the
relative amounts of drawing-in and stretching that occur under different conditions determined.
Both round and strip specimens of varying thickness and diameter (or width) have been examined
in mild steel, copper, brass, and aluminium, all in soft tempers. A strip specimen of a given width
is equivalent to a round specimen of a certain diameter as far as determination of the Erichsen
number is concerned, and the relationship between diameter and strip width has been found for the
materials stated. It is shown that drawing-in of the sheet can be completely prevented only by using
serrated blank-holder and die surfaces, together with blank-holder loads sufficiently great to effect
indentation of the sheet specimen. As far as possible, lubrication conditions were maintained
constant, a proprietary brand of graphite grease being used. A method is suggested for estimating
the coefficient of friction from measurements of punch load in successive tests with different blank-
holder loads, and values have been determined for these experiments. Finally, a comparison is
made between the earing of hemispherical-ended cups, deep drawn using a rough punch from the
materials studied, and the form of fracture observed in the Erichsen test. There is no apparent
correlation, all-round °©isotropic’ fractures being associated with quite pronounced earing.

The Erichsen test is well known to sheet metal users and is
employed both as a guide to deep-drawing and pressing
qualities and as a method of quality control. In spite of its
popularity no British Standard Specification exists, the most
recent official statement about the test being contained in a
draft German specification.! The general configuration of the
test and the principal dimensions are indicated in Fig. 1. In
this specification the sheet is clamped between blank-holder

FROM DIN 50101 55 ¢mm
R=10 mm Fracture b
accurs here ﬂ | sheet metal
r=075mm 1 under test
! {90mm width}
Dz 27 mm
DIE .
h= depth of penetration mm _,_',_/_ﬂ_ N h
{Erichsen Number} :
PUNCH BLANK
f l HOLDER
LOAD = 1 TDNKE
33pmm
Fig. 1.

and die under a specified load. The depth of penetration A
(mm) of the spherical punch into the sheet at the instant when
fracture just starts is known as the Erichsen number.

The most important earlier researches seem to have been
those by Fukui ef al.,? Kriiger,? and Kokkonen and Nygren.4
Fukui attempted to correlate various ‘ formability  tests,
and found some degree of correlation between the limiting

Paper No. 2145, Manuscript received 2 April 1962. Contribution
to a Symposium on * Tests for Deep Drawing > to be held in
Swansea on 25 September 1962 at the Autumn Meeting of the
Institute of Metals. Dr. Alexander is Reader in Plasticity in
the Department of Mechanical Engineering, Imperial College of
Science and Technology, London. Mr. Kaftanoglu is a Research
Student at Imperial College.

JOURNAL OF THE INSTITUTE OF METALS

457

drawing ratio measured for hemispherical-ended cups, and
both general elongation and the ““ standard Erichsen value *,
although this could not be expressed quantitatively. Kriiger
reported that the Erichsen test gave a better indication of the
suitability of a given sheet of metal for deep drawing than
did cup-drawing tests, and that it was more sensitive to any
change in properties of the sheet. Kokkonen and Nygren
investigated the scatter of results caused by variations in the
surface finish of the tools and differences in the material. They
gave the limits of uncertainty in determining the Erichsen
number for a single machine and also the uncertainty as
between different machines. In addition, Jevons® mentions
some tests which he carried out to show the effect of strip
width on Erichsen number.

Most of the remaining literature devoted to this test has
been essentially practical in nature, and includes no systematic
study of variables. In particular, no investigation is recorded
of strains occurring in the sheet during the tests, so that the
relative amounts of ‘ drawing’ and ° stretching > that occur
are not known. It is clear that the sheet metal must deform
over the punch nose mainly by stretching, but there must also
be some ¢ drawing-in > of the sheet over the die-profile radius.
Since rupture always occurs at some location on the punch
nose, the stretching component is the more important, The
Erichsen test assesses the ability of a sheet of metal to with-
stand failure from biaxial tensile instability when being
stretched over a spherical surface under given frictional
conditions. Because of the drawing-in that takes place, how-
ever, the Erichsen number may not correctly evaluate this
property; if much drawing-in occurs a higher Erichsen number
will result for the same amount of stretching.

In practical pressing operations, stretching and drawing
occur together, so that it may be useful to have a test in which
both elements occur, although it should be possible to specify
in some way how much of each is required. This would
necessitate a knowledge of the relative amounts of ‘stretching’
and ¢ drawing ’ that occur in the practical process, and this is
rarely known with any accuracy. In most complicated pres-
sings these elements vary all over the component, so that it
would seem to be a good idea to subject a sheet of metal
to separate tests, one to assess its ability to stretch over a

1961-62, Yol. 90
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TaBLE I
Materials Tested

Material Composition Hardness, Thickness, x 1073 in,

or VPN (tolerances as measured)
Specification

Steel Not known 107 (5 kg load) SW.G. 14 =805+ 05
(designated 102 v v 16 =61 £ 03
E.D.D.S.*) 109 N , 20=1345403
Copper Bright-annealed, 50 (1 kg load) ys 16 =65 £ 05
commercially 54 N ' 18 =48-5 £ 0'5
pure 54 v .  20=13754+£05

Brass 70 : 30 83 (25 kg load) ' 16 =647 £ 1
Bright- 83 . . 18=475 %05
annealed 755 ' .  20=1362 408
Aluminium Bright-annealed, 262 (1 kg load) . 16 =612+ 05
commercially 272 . u 18 =469 + 0-3
pure 27-4 ” , 20=2358+04

* Extra Deep-Drawing Quality Steel

punch head and another to assess its ability to ‘ draw-in . A
long discussion of such aspects of testing is out of place in the
present context, but it would appear that the Erichsen test
should primarily be regarded as a * stretching ’ test, and there-
fore any drawing-in is undesirable and will inevitably lead to
undue scatter in results.

Two other stretching tests should be mentioned, namely,
the hydraulic-bulge test and the hole-expanding test, but these
arc felt to be less realistic, since in the former case the geo-
metry is not imposed by the tools and there is no frictional
effect, and in the latter tensile instability occurs under a uni-
axial circumferential tension at the edge of the hole.

Factors Studied

The factors that influence the Erichsen number, (assuming
that the properties of the material are constant), are as follows.
The first six all relate to the geometry of the specimen and
tools; the last three relate to the conduct of the test:

1. Specimen shape and plan dimensions,

2. Specimen thickness.

3. Specimen flatness.

4. Surface finish of specimens and tools.

5. Play and misalignment of tools; rigidity of machine.
6. Zero-point and fracture-point determination.

7. Blank-holder load.

8. Lubrication.

9

. Speed and temperature of testing.

In considering these variables in the present work, the
temperature was kept substantially constant (between 20 and
23° C). Previous researches had indicated that speed of
testing had little influence, so this was kept constant and at a
minimum, thereby easing the problem of detecting the initi-
ation of fracture and ensuring reliability of the readings from
the hydraulic gauges of the testing machine used, which could
not be depended upon at high speeds. Alignment of the tools
and rigidity of the machine were checked and found satis-
factory. The specimens were sufficiently flat, having been cut
from 6 X 3 ft sheets. The zero point was always chccked and
corrected, if necessary, as described later. For the end-point
an electronic cut-out mechanism had been incorporated in the
machine by the makers, and this was generally found to be

adequate. The surface of the tools was highly polished
(approximately 8 p-in. c.La. for the die and 6 for the punch),
and did not vary during the tests.

It was decided to keep the lubrication conditions as constant
as possible, by applying graphite grease supplied by the Shell
Oil Company and designated H.T.G. Grease, as recom-
mended in the D.I.N. specification.® In this way the surface
finish of the tools was protected and the * sensitivity > of the
material to the test increased, since friction was kept to a
minimum. The remaining factors (specimen dimensions and
blank-holder load) were varied in a systematic way to cover
a wide range of test conditions.

The object of the present research was, therefore, to assess
the effects of altering the chosen variables, and to indicate the
requirements which might have to be met in any specification.

Material

Four commonly-used metals were tested : mild steel, copper,
brass, and aluminium, all in soft tempers. The steel had been
temper-rolled to eliminate the yield-point jog; the other metals
were in the bright-annealed condition. All were supplied in
the form of 6 x 3 ft sheets, and had received no special
treatment other than that normally used to provide fairly
isotropic material for industrial pressing. Particulars are given
in Table L.

Hardness tests were carried out according to B.S.427, the
mean of six indentations made at various points in each sheet
being given in the table.

Experimental Apparatus

The main item of equipment used was a sheet-metal testing
machine of 35 Te (Te = Tonne) capacity, manufactured by
Roell and Kérthaus. The machine will provide constant blank-
holder force, and incorporates an electronic mechanism which
cuts out immediately a preset decrement in punch load is
reached. This, when suitably calibrated, generally coincides
with the initiation of fracture; if it does not, pressing can be
continued by switching the machine on again. Two gauges
are provided on which it is possible to read punch load, one
for the range 0-3 Te, the other 0-35 Te, while a third gauge
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0.0126
Yy 2 27 f
Fig. 2.

records blank-holder load, range 04 Te. After the gauges
had been recalibrated by means of a proving ring and special
attachment, they were then accurate to within 0-005, 0-002,
and 0-002 Te, respectively. To maintain a constant speed of
penetration, it was necessary to open the speed-control valve
slightly as punch load increased.

Also incorporated in the panel of the testing machine was
an indicator that recorded the depth of penetration of the
punch at any instant. The calibration of this gauge was also
checked. The zero point of the punch was set to within 0-001
in. by means of a depth micrometer, alterations being made
by putting shims under the punch.

The tools used were satisfactory as regards dimensions and
surface finish, and when assembled in the machine were con-
centric and correctly aligned.

A small 80 Te blanking press was used to blank the circles
required for the tests, although some of the smaller sizes
(< 60 mm dia.) were obtained by turning at very low speeds in
a lathe, with a plentiful supply of coolant to avoid raising the
metal temperature.

The problem is predominantly an axially symmetrical one
so a grid made up of concentric circles was scribed on the
circular blank. For this purpose an attachment was designed
imcorporating a hardened tool-steel scriber, the point of which
had an included angle of 60° and a relief angle of 20°, suitable
for fixing to the tool post of a toolroom lathe. The scriber was
held in a carrier supported between pivot points, fitted with a
movable weight that could be adjusted to vary the force on the
scriber in a similar manner to that adopted for the tracelet
mechanism described by Brewer and Alexander.6

Measurements were effected with two machines made by
the Société d’Instruments Physiques: a Universal Measuring
Machine designated MU 214 B, and a Co-ordinate Measuring
Machine U 10.

An additional device was made to centralize round blanks
and strip in the testing machine, and to ensure that the centre
of the scribed circles would coincide with the axis of sym-
metry of the punch. This was a ““ centring tool > which fitted
over the blank-holder with no “ play ” and had four stops
adjustable in the four perpendicular directions, moving in
slots; these could be set to within 0-001 in. by using a micro-
meter or vernier in conjunction with a specially made measur-
ing tool.

Finally, a blank-holder was made which was exactly the
same as the standard blank-holder, except that the surface
which contacted the sheet metal was serrated. The serrations
were produced in a lathe which gave a groove similar to that
on a gramophone record; the dimensions are as shown in
Fig. 2. This blank-holder is referred to throughout as the
“rough ” blank-holder.

Testing Procedure

Before beginning the programme proper, a number of tests
were made with each material to determine realistic ranges for
the various parameters, unscribed blanks being used. The
blank-holder force, specimen thickness, size, and shape,

selected lubrication, and cut-out sensitivity were determined
for each thickness in each material to give minimum crack
width (i.e. just letting light through).

To check the consistency of the lubrication, three identical
blanks in each thickness and diameter were pressed. The
results (Erichsen numbers) seldom differed by > 0-1 mm, and
never by > 0-2 mm unless the cause was a material defect.
This is generally within the accepted accuracy of the Erichsen
number,

The electronic cut-out was sufficiently sensitive to detect the
required crack size in all materials and thicknesses except for
the soft aluminium, SW.G. 20. An incremental pressing
procedure, in increments of 0-1 mm, had to be adopted for
this material, until the desired crack was obtained. In the case
of brass it was difficult to obtain the required crack simply by
relying on the electronic cut-out, because it happened too
quickly for the machine to stop in time. However, a character-
istic noise was heard and the depth indicator suddenly altered
by ~0-2mm after the crack had occurred, so that these signs
could be used to establish the Erichsen number.

Exploratory tests with the rough blank-holder showed that
the following loads could adequately indent the sheet: steel
3-8, brass 3-5, copper 3-5, aluminium 2 Te. Complete preven-
tion of drawing-in was not obtained in the case of brass and
copper at the loads shown above, as will be discussed later.

On the basis of the results of the preliminary investigation
with unscribed specimens, the following values of the variables
were chosen, to be applied to each thickness:

Blank dia. (mm): 100, 75, 60, 414345

Blank-holding loads (Te):
Steel 0-4, 2:0, 3-8 (3-8 with rough blank-holder).
Copper and brass 0-4, 3-0 (3-5 with rough blank-holder).
Aluminium 0-4, 2-0 (2-0 with rough blank-holder).

The specimens were prepared and scribed, generally on
both sides, by means of the equipment already described.
A width of between 0-001 and 0-0013 in. was satisfactory for
the scribed line, in that it did not then influence fracture and
did not disappear after deformation had occurred. When the
grid had been scribed, it was measured accurately to within
0-0001 in. up to 0-4 in. dia. and to within 0-0005 in. for the
larger diameters, using the U.10 Co-ordinate Measuring
Machine. In order to measure to within 0-0001 in. a scribed
line of width 0-001 in., special illumination was necessary,
green and white light being used to illuminate each face of the
scribed line and thus clearly define its bottom and edges.

The scribed specimens were then numbered and degreased
with acetone, and the graphite grease applied uniformly over
the specimen. The centring tool was set for the blank diameter
being used and the sensitivity of the electronic cut-out set at
the optimum point (as determined from the preliminary tests).
The zero point of the punch was checked and the depth-
indicator gauge set at zero. The specimen was then placed
on the blank-holding plate between the stops of the centring
tool and the die locked in position. Blank-holding load was
applied gradually until the desired value was established. The
speed-control valve was then set to give the minimum punch
speed feasible (~0-05 mm/sec). The punch load was recorded
at every 1 mm of penetration, since the speed was low enough
for this to be done. The machine stopped automatically
either at fracture or just before (at necking instability). If the
machine stopped too soon it could be restarted to give a
fracture of the desired appearance (light just passing).
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After the test the specimen was cleaned and degreased. The
distorted grids were measured in four perpendicular radial
directions parallel and perpendicular to the rolling direction
in the sheet. The four sets of radial measurements were always
different since the crack was never perfectly symmetrical. The
thickness of the specimens was measured to within 0-002 in.

. " : = |,(§P4H)
with a micrometer of g in. nose radius, It was necessary to s
cut a specimen just to one side of a meridional plane in order C
to measure the thickness at each point in the buige. -~
Circumferential strains were calculated from the mean R -HH
deformed radii and original radii of the scribed circles using é
the equation:
R
g = In— T
o Rq 1)
where =g = logarithmic circumferential strain
R» = mean radius of deformed circle. v
Rp = initial radius of circle. *
Since the accuracy of measurement was to within ~0-0002 :
in., the maximum error in the worst case was 0-0056 (logarith- :
mic strain).
Thickness strains were calculated from the equation
1,
e =In-— RN )
to
where ¢; = logarithmic ““ through-thickness ” strain
tm = mean thickness after deformation -
. e . 1 4
to = original thickness.
In this case the maximum error was 0-009 (logarithmic strain). Fig. 3.
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stimation of the Coefficient of Friction the circumterential stresses in the flange. s value of punc
Estimation of the Coefficient of Fricti he circuamferential in the fla; This value of h

The forces acting on a segment of a round specimen sub-  load may be denoted by Po. If it be assumed that the circum-
tended by an angle 56 are as illustrated in the top elevation of ~ ferential stresses g are not affected by the increase of shear
Fig. 3. The plan view shows the distribution of forces acting stresses on the surface, then horizontal equilibrium requires
on a segment of the flat flange. The circumferential stresses that

induced by the plastic deformation of the flange are denoted P cot « Py cota
by op and these can be assumed to be unaffected by friction, 56 = 50 +Fi+ F2
to a first-order approximation, for any given value of «. .
In Fig. 3 Le. Pcot e = Pycot e + (P + 2H) N €))
P = punch load Differentiating this equation keeping Py and « constant,
H = blank-holder load
u = coefficient of friction _ SPcote (4)
3P + 28H o
w(P + H) .
Fi= 3¢ friction force on upper surface. The variation of cot « with depth of penetration / (see

= Fig. 1) can be determined on the assumption that the thickness
w i of the sheet material remains constant and equal to its original
F, = ——= = friction f 1 . . . .
2 360 riction force on lower surface thickness #q, from consideration of the geometry of the bulge,
In the absence of friction F; and F, would be absent, and  Which leads to the equation
equilibrium of horizontal forces would require that the D

h= |75 +r) tane — (R+r + t9) (sec e — 1)

. P Pcota
horizontal component of 56 namely TR should balance G
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where the symbols refer to the dimensions indicated in Fig. 1. is that the result is dependent on taking the difference between

Thus, the value of p can be estimated for the same value of 4 large, nearly equal, quantities and is therefore subject to some

from two tests carried out under identical conditions, with the error. The error in neglecting the effect of increase in frictional

exception that the blank-holder load is altered by an amount stresses on the circumferential stresses in the flange is also not

3H, which will lead to a change in P of 3P. It may be pointed known; this error will clearly be climinated by plotting p

out here that the effect of the punch load on friction appears versus 8H and extrapolating back to zero 8H.

to have been neglected in the theories of Chung and Swift?

and of Fukui.? Since the punch load is normally much higher

than the blank-holding load, neglect of this is likely to lead to Results

significant errors if it is desired to include the effect of friction The Erichsen numbers obtained were plotted against blank

in the analysis. diameter (or strip width), since this variable had most effect.
The method suggested here for estimating the coefficient Typical results are shown in Figs. 4 and 5 for copper and steel.

of friction during pressing or drawing has the advantage Circumferential strains on both inner and outer surfaces of

that it is being measured in the actual process and not in each specimen were measured, as well as thickness strains, and

a simulative process. It is theoretically also possible to predict typical results are shown in Figs. 6-9. Graphs of punch load

any variation of p during the operation, due for example to versus punch travel were also determined, typical results for

the effect of punch load on friction. The main disadvantage brass being as shown in Fig. 10.

y,
030 / \
/ k .
025 = TRUE HOOP STRAINS
v L ! .
T i in the
!
\ ERICHSEN TEST
|
0.20 t —
| i
|
015 \ ]
\
\
Lo | L i
\ \
0P L MATERIAL— 14 S.W.G, E.D.D.S. —
\ x DIAMETER OF BLANKS — 100 mm
-
\ \ LUBRICANT — SHELL H.T.G. GREASE
" 0.08 \ ] y J -
B \ ]
z \ 1
2 oy ; * ‘
& \\ INITIAL RAQILS (R_)l
5 . 01 o2 _ oh o\L ols 07 08 098 1o 1 2 s
g i in.
2 \ 7 L
£ 1 - 777 1 +
Vs74
¥ /
~0.05 — \\i,\ —LA °©e e 04T BHL
\: a o a 3.8 T BH.L
- « x ¥ 3.8 T BHL rough
I ———  DUTER STRAINS
010 | i lNNI%R STRI}!NS
- 1 1 |

Fig. 6.



TRUE HOOP STRAIN'

025 030
= - -
o/D D\\
N il
0.20 % TRUE INNER HOOP STRAINS 0.28 7 .
. < \
/ \ in the ' TRUE HOOP STRAINS
Y — ~
éé‘/z L) ‘ in the
= i W ERICHSEN TEST 020 AT in
- —_ o
=T ‘\ —— | ERICHSEN TEST
13
| o ]
' ’ ' T |
\ e
\ MATERIAL - SOFT COPFER t \ { MATERIAL - SW.G.16 SOFT BRASS.
0.05 DIAMETER OF BLANKS - 7§ mm 0.10 \ \ DIAMETER OF BLANKS - 100 mm
LUBRICANT - SHELL HI.G. GREASE i LUBRICANT - SHELL HT.G. GREASE
INITIAL RADIUS (R.) l
0 oft o2 o3 4 5 06 07 08 09 1.0 1 2 in. 0.05 | \ | |
\
t I
T ’ ,n/lﬁ.—-—-——"' Z \ ! &4\‘ 1
=T o] a
?7/ v & \] \ INITIAL RADIUS (R,)
7 a \0 .
X ;7 S 0.1 02 0.3 ) .5 . 7 08 _ 09 1,0 1 1.2 18in,
~0.05 /f/ ] [+] —\T pe— ¢ (
/’[;{ 8 \
i = o
X = | i '
N .
-ol0 \ 4/ ! °o o © 0.4 T BHL. ~0.05 - —t—
\\-v' l © o o 0.4 T 8HL
\‘/ oam 30 T B.HL
/ - g o 8 30 7T BHL -+
- ——— 5WG. 16 Y X ¥ 35 T B.HL - rough
-0.15 R -010 !
' ——— SWG. 18 INNER STRAINS
— - — SWG. 20 - — — — OUTER STRAINS

Fig. 7. Fig. 8.



~0.5

—0-6

L]
(=]
~

~0.8

TRUE THICKNESS STRAIN |
s
w

L
>

=1

INITIAL  RADIUS QR.)
5 0.6 07 _ O 03

61 0z 03 04 T 08 g 10 118 i
/K‘ 4
If\/;ﬁ._i;
i \\V,
AN PUNCH LOAD DIAGRAM
1 .
/AN :
»4// ;
&\x 7 TRUE THICKNESS STRAINS 30 /?
F‘.\\ A\ ’/r; in the ‘ //
AN 5
\\\\\ 1 ERICHSEN TEST Z/
s\ L
Y| ] / il
\ Y ‘? J T ! U MATERIAL - SOFT BRASS ¥
\\ ’\ ;!j ©—6--  SWG.14 EDDS. — DIAMETER OF BLANKS - 100 mm '{/ ==
\ | '7’ T SMGI6 SORT BRASS o 20 LUBRICANT - SHELL HT.6. GREASE / L
P )J\\g -&-8-8-  SWG.% SOFT COPPER F: / /2//
J\ } “—+—+—  SWG. SOFT ALUMINIUM 5 % //// %/
| lj 2 - =
\\ f DIAMETER OF BLANKS - 100 mm ,// //‘f,// Z?
7 i
”[ BLANK HOLDER LOAD - 0.4 T. /// y / y /*/
// ARR 4
( LUBRICANT - SHELL HT.G. GREASE " / /;// 74 !
} /// . e aa 04 T BHL -
AV a s 30 T BHL
Y J V /%B/Jl// ® X R 38 T B.H.L-rough —
A
@ 2 ——L _— SWG. 16 E
7 ———  swe 18
= ; //@ . —.__ SWG. 20 -
V= I R
0 1 2z 3 4 5 & 7 8 g 10 1 12 13 14 15 mm

Fig. 9,

PUNCH TRAVEL (h)
Fig. 10,



Kaftanoglu and Alexander: An Investigation of the Erichsen Test

The actual final disposition of elements in the sheet over the
bulge was determined. For example, it was found that line
elements originally normal to the plane of the sheet were
finally substantially normal to the surface of the punch nose.
This is illustrated typically, for copper, in Fig. 11.

== ~4 - 4 Enveiope of the individual centres

of bending of the elements on the bulge

LUBRICANT - SHELL HI.G. GREASE

SOFT COPPER

Fig. 11. X5

MATERIAL ~

Cocflicients of friction were estimated from the punch load/
travel diagrams for all the specimens, the results being indi-
cated in Table II. The value of 8P was so small for aluminium
that no precise value of friction coefficient could be estimated,
although it must clearly be < 0-01

To establish whether there was any clear correlation be-

465
TaBLE 11
Calculated Coefficients of Friction () Using the Derived
Formula
Thickness, Angle | Punch n
SWG (o) Penetra
tion
(), Brass | Copper [ Steel
mm
15° 3-37 0-:067
14 30° 623 0-050
45° 8:93 0-017
15° 3-39 0-014 0-014 0-054
16 30° 6-31 0-016 0-016 0-030
45° 9-13 0-018 0-026 0-012
15° 3-40 0-014 0-011
18 30° 6-36 0-010 0-007
45° 9-29 0-010
15° 3-41 0-007 0-011 0-043
20 30° 6-41 0-007 0-005 0-025
45° 9-40 0-006 0-003 0-013

Note: u for aluminium is estimated to be < 0-01.

tween the fracture observed in the Erichsen test and subsequent
earing behaviour, hemispherical-ended cups were drawn, the
drawing ratio being slightly less than the limiting drawing
ratio, in all the materials and thicknesses, using a fairly rough
punch. Ears were obtained in most of the materials, as indi-
cated by the results in Table ITI. The method of definingearing
was that recommended by Thorley and Tucker® and Thorley.1¢
The behaviour of the corresponding material in the Erichsen
test is described in Table 1V.

Discussion

The only way of exhibiting the variation of Erichsen
number that occurs in the test is to define a measure of the
drawing-in and to plot Erichsen number against this variable.
This can be done because, for a given amount of stretching at
instability over the punch head, the Erichsen number depends

TapLE 111
Calculated Earing Units for Hemispherical Cups
. Mean Height of Mean Height of Earing Units Angle No.
Material Thickness, Ears Troughs he—he % 100 of of
SWG (%), in.* (%), in.* he Fars Ears
14 1-618 1-480 9-33 90° 4
Steel 16 1-612 1-502 7-3 90° 4
20 1-664 1-555 7-02 90° 4
16 1-585 1-556 1-86 45° 4
Brass 18 Negligible
20 Negligible
16 1-587 1-562 16 45° 4
Copper 18 1-608 1-574 2:16 90° 4
20 1-644 1-588 3-5 90° 4
o 16 1-400 1333 515 45° 4
Aluminium 18 1-300 1-178 10-4 90° 4
20 Negligible

* he and h; measured from the pole of the hemispherical end.
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only on the amount of drawing-in that takes place. A suitable
quantity to define drawing-in is the circumferential strain that
occurs at the inside diameter or bore of the blank-holder,
which can be denoted by 5. Thus, if the rough blank-holder
truly prevents all drawing-in, =5 will be zero when that blank-
holder is used. If blank diameter is also plotted against €z, an
idea of the size of blank necessary to prevent all drawing-in
might be obtained by extrapolation. The results for all the
materials and thicknesses investigated are given in this way,
in Figs. 12-15.

It can be seen that the rough blank-holder prevents drawing-
in almost completely for steel and aluminium, and that the
Erichsen number attains a minimum value in such circum-
stances. Drawing-in can apparently never be completely
prevented without the use of a rough blank-holder, because

Kaftanoglu and Alexander: An Investigation of the Erichsen Test

with a smooth blank-holder the curves of blank diameter
against drawing-in are not asymptotic to the zero axis.
Higher blank-holder loads do have some effect in reducing
drawing-in, but roughening the surface of the blank-holder is
clearly much more effective. Drawing-in of the copper and
brass could not be prevented by the rough blank-holder used
and it would be interesting to see whether drawing-in of these
materials could be prevented by having a rough surface on the
die also.

A correlation between round and strip specimens may be
established on the basis of their giving the same Erichsen
number. The results, plotted as strip width against blank
diameter, are given in Fig. 16. Between 75 and 100 mm, strip
width and blank diameter were equivalent for steel, copper,
and aluminium; thus, a strip of 16 S.W.G. copper, 80 mm

TABLE IV
Necking and Fracture in Erichsen Test
Material Thickness, Form of Necking Form of Fracture Other Remarks
SWG
(= Rolling direction) R
Mostly one arc only
-, Dresent
14 All round, severe ( 1 for 43 mm strips
A,
Steel 16 " ( ”} i I for 45 mm strips
20 3 ( :‘, 4 I for 45 mm strips
. . 4
16 Slightly visible Mostly one arc present Very rarely
Brass 18 " ( ’ Cb Very rarely
20 . ( . C’) Very rarely
16 All round, severe (r d) Rarely
Copper 18 » (‘
20 . (l ’I\ Rarely
16 Slightly elliptical, very severe q) :T: Some
Aluminium 18 ' q> j; Some
20 ” (D :‘: Some
R R
Note: For Aluminium—Elliptical necking was measured as follows:
Dr _ 0-559 ) Dp _ 0-560 . Dy _ 0549 _
S.W.G. 16 7 = g5 = 1:04; S.W.G. 18 5 = goag = 11055 $.W.G.20 71 = =y = 1°065

Dy = dia. of neck in transverse direction

Dp = dia. of neck in rolling direction
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wide, would give the same Erichsen number as a round blank
of 80 mm dia. This was certainly not true for brass, however;
the reason for this difference in behaviour is not known,
although it must be connected with the stress/strain properties,
as can be seen from Fig. 16, A round much larger in diameter
must be taken to obtain the same Erichsen number as is found
for the strip, since the brass strip specimen suffers less drawing-
in than a round blank.

Considering coefficients of friction, the value of p as calcu-
lated by the suggested method dropped off considerably with
increasing punch load in the case of steel, from a maximum
value of ~0-07 to a minimum value of 0-:012. The only com-
parable values seem to bethose originally determined by Swift!!
in his investigation of bending under tension, and he arrived
at a value of ~0-04 with graphite and tallow using mild steel
0-038 in. thick. Since load seems to have an important effect,
the correspondence is reasonable. Values of i for brass and
copper appear to be very low, of the order of 0-01, and must
certainly have been less than this for aluminium. Load did
not seem to have the effect noticed with steel. Swift obtained
values of . = 0-022 for brass, which is considerably higher,
but the values obtained by Takahashi and Alexander!? in the
plane-strain compression test on brass were of a similar order.

Regarding the experiments in which earing was measured,
it is clear from Tables IIT and IV that little or no correlation
exists between the appearance of the fracture and subsequent
earing behaviour, at least for the particular materials and

specimens examined. In fact, a completely misleading pre-
diction would be made, in that both steel and aluminium
showed round isotropic fractures in the Erichsen test and yet
gave pronounced earing when deep drawn into hemispherical-
ended cups.

Conclusions

It is concluded that *“ drawing-in *’ can never be completely
prevented in the Erichsen test without specially roughened
surfaces on die and blank-holder. Unless drawing-in is com-
pletely prevented considerable scatter may be found in test
results, due to variation in lubrication conditions, specimen
geometry, blank-holder load, and other factors. The loads
necessary to cause indentation of the sheet by the grooved
blank-holder may be taken as those quoted in the present
research for the materials studied. For other materials a load
must be chosen which gives a visible impression of the grooves
in the material. Care must be taken to modify the zero point
after indentation of the specimen by the grooves. (The actual
displacement necessary was ~ 0-002 in. in the present work).

The possibility of modifying the Erichsen test by using
blanks of smaller diameter, to allow a specified amount of
drawing-in to occur, might be considered. In this way a test
more representative of the particular process under consider-
ation might be devised. Thus, considering Fig. 14, for example,
if it were known that the hoop strain at the edge of the blank-
holder (or its equivalent) in the actual process was gg, = 0-15,
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with soft brass, S.W.G.18, then a blank dia. of 50 mm and
blank-holder load of ~ 2 Te should be used, to give an Erichsen
number of at least 16-3. The value normally obtained is
~14-2 only. However, it might be considered that such a
modification of the test would be undesirable, since the dies
used in practice have much more generous radii than those
used in the Erichsen test. Also, since failure inevitably occurs
by instability due to stretching over the hemispherical punch
head, there seems little point in introducing a further variable.
A cup-drawing test rather than a bulge test is more realistic
for assessing the capacity of the material to withstand deep
drawing.

Considering the influence of friction over the punch head
its presence may be thought desirable from the point of view
of simulating practical pressing conditions. On the other hand,
friction is a complicating factor which may obscure the res-
ponse of the material to the imposed biaxial stress system. Tt
has been shown by Wallacel3 that a suitably roughened punch
can completely inhibit failure over the punch head, so that the
presence of any friction must substantially modify the be-
haviour of the sheet as regards instability. Thus, it would
appear desirable to aim at the complete elimination of friction,
which might well alter the location of the fracture zone. This
zone was roughly in the same plane for all the current tests,
as can be seen from Fig. 9. Experience with the hydraulic-
bulge test would suggest that the fracture would move towards
the “ pole ” of the bulge, the lower the friction. It has been
suggested that thin polythene sheet is a very effective lubricant
in sheet pressing, and if this were used the friction could be
assessed by the method suggested here, as well as by observing
the fracture location.

To summarize, it is suggested that the Erichsen test could
be improved by:

(a) Using rough blank-holder and die surfaces in the manner
described, to eliminate all drawing-in,

(5) Reducing friction over the punch head to a minimum
and establishing standardized conditions by using polythene
or P.T.F.E. sheet, of a standard thickness.

Neither suggestion has been investigated systematically,

© The Institute of Metals.

but in view of their possible importance in relation to the
Erichsen test, it would seem desirable to carry out further
research on these factors.

The possibility of obtaining a theoretical solution for the
state of stress over hemispherical punch heads including
frictional effects, is being investigated. By applying such a
theory, together with the basic stress/strain curve of the
material, it should be possible to predict the occurrence of
instability under the biaxial state of stress over the punch head,
using a theory similar to that outlined by Mellor.14
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£ tion. This was thought to be due to the reaction of neutrons to

- give lithium and helium gas within the steel.

Dr. BrooM described the structures observed in copper after
high-temperature fatigue. Peak cavitation occurred on boundaries
. oriented at 45° for all types of strain cycle, but, with longer endur-
. ances, the peak moved towards the tensilé axis. There was also the
possibility of square-grain formation arising from continuously

Discussion

An Investigation of the Erichsen Test

Professor S. Fukur (Institute of Space and Aeronautical Science,

- University of Tokyo): This paper is worthy of admiration, especially
as the strain distributions are determined on both surfaces of the
specimens under carefully controlled experimental conditions and
they are discussed in detail. The results furnish valuable informa-
tion.

1 cannot agree, however, with the statement on p. 462 that the
effect of the punch load on friction appears to have been neglected
in the theories of Chung and Swift, and of Fukui. Those investi-
gators, as well as Sommer, Sachs, Siebel, and others, have in fact
taken the effect of the punch load on friction into account by

- assuming that the blank-holding force is supported on the fiat
face of the die, while the punch load is supported by the die-
throat profile. This assumption seems to be more realistic and
reasonable than the assumption that the punch load is taken by

" "’ the flat face, especially when the sheet is thin and fiexible.
The derivation of the equation for the punch load, applying the -

slow-spced belt equation to the present problem with the notation
shown in Fig. A, is as follows:
Considering the flat portion of the segment between Rs and Ra

- honzontal equilibrium of the forces gives:

3
8 &
OrtR2 8 ¢ — 2sin E‘E J- (cet)dr’ -‘2"H§$ =0
L
R:

.. the unit radial load at Rz = or! Ra ¢ =
&
& j (oet)dr' + 20 H. 2?:
R:
It is assumed that the frictlonal stress jto, due to the hormal
stress op acts between Ri and Rs where the blank contacts the die
profile, and the angle of contact is given by «. Applying the slow-

speed belt equation to this region, the approximate expression for
". the force acting at Section Ri in the plane of the sheet metal i;:

. Rs
&
2 { dd f (cet)dr'+2n H%’ }
Rz

The axial component of this force should be in equilibrium with
the fraction of the punch load on this segment, and hence:

This paper by B. Kaftanoglu and J. M. Alexander, appeared
in J. Inst. Metals, 1961-62, 90, 457.

*J. 0. Warwick and J. M. Alexa.nder,J Inst, Metals, 1962—63 ‘
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reversed grain-boundary movements with enhanced mobility on
45° oriented boundaries due to the shear stress. The relationship
between a tensile test and fatigue, as expressed by the Manson or
Coffin law, was considered by Mr. GrrTus. It had been found that
this law was obeyed for many materials, provided that the tensile

ductllny was determined for the same failure mechamsm as occurred

in fangue

' i F-'/Llig._r

—ent

(12
F,-»H-z—"

-‘lifc o t)dr'
Y

Fa
%'t/(ﬂ. .t) d

Fzg A Forces on a large segdmem of sheet metal in drawing over a
ie.

- Ra
P = sina eu> { 2n J (oot)dr’ 4+ 2 H}
R2

ot P = Pg + 2uH sina et=

A simpler version of this belt equation is even quoted by Warwick - .

and Alexander in their paper on the prediction of the limiting
drawing ratio from the strcss/stram curve.*

In the above equation it is assumed that the load P is supported
by the distributed stresses on and po, between Ri and Re, and
therefore the effect of the punch load P on friction is not neglected.

Furthermore, the calculated coefficients of friction based on the
formmla dP/OH= 2y sina e®2, which can be derived from differen-
tiating the punch-load equation using the experimental values for
OP/OH and a, should give similar values to the ones obtained by the
authors.

On the other hand, equation (3) of the present paper appears to
If we consider the case a= =2, which actually :

be erroneous.
occurs in deep drawing, equation (3) then leads to

O=pP+2H), . - = - 7

N : 196485, Vol. 93

I'»

. which is obviously incorrect. This equation could be correct only P
«if the blank sheet were ngld
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The AuTHORS (in reply): We thank Professor Fukui for his com-
ments and the interest he has expressed in our paper,

In this work, the discussion of the subject was mainly in the
context of the Erichsen test. The relevant characteristics related
to this problem are a high fo/r ratio and Rs — Ra > Ra — Ry,

In the theories of Chung and Swift, Fukui, Sommer, Sachs,
~<Gicbel, &c." for deep drawing using a large die-profile radius,
effectively 1o/r = 0 was assumed, thereby eliminating any effect of
bending and transverse shear stresses. With these assumptions
the flat portion of the sheet metal, as can be shown from consider-
ing the equilibrium of the membrane stresses, will make no con-
tribution in transmitting the vertical punch load. Therefore all
frictional forces will be on the die profile in the absence of blank-
holder load, as was assumed by the above-named authors.

However in the Erichsen test when fofr ~ 1 or >1 the bending -

and shear stresses in and around the die profile will be important,
as can be seen from Fig. 9 (p.464) of the paper. The derivation

of the formula for the punch load by Professor Fukui indicates

that the unit radial load at Rz is induced by the plastic deform-
ation, and the blank-holder friction. Applying the slow-speed
belt equation to the region between Rz and Ri, it has been
effectively assumed that the increase in the stress o, around
the die profile is only due to friction, the material there remaining
rigid. This of course is not the case, and the increase in o, due to
plastic deformation in this region is much larger than that due to
friction only. Also the suggested formula assumes that to/r= 0 and
R3 — Rz > Ras — Ri, which are not satisfied in the Erichsen test,
For these reasons the formule now suggested by Professor Fukui
for calculating punch load and coefficient of friction are likely to
give more approximate results than the method originally presented
by the authors. Fhe following analysis shows the effect of bend-
ing and shear stresses on the pressure between the flat part of the
blank and the die;

From the Vertical Equilibrium of Forces on an Element Shown
in Fig. B:

ProYsr + (V +dV)(r +8r) 8 — Vr 8y =0

dividing by r’ 8¢&r”

p+2 i+ E_o
ar ¥
or _
_ fav ¥V B T C
p= (dr'+r‘) E S A"'(l).-
Similarly, from moment vequilibriu‘m at poin_i O,T S Ca
_daM M _ upt
—_dr'+r’ 2 @

Fig. B An element of sheet metal in the radial drawing regidn
adjacent to the die entry. V and M are per unit length.

- Substituting in equation (1) and rearrénging: S

* Discussion: An Investigation of the Erichsen Test

Differentiating (2) with respect to r’;

dy_dM 1M M wds edt g
' drt rd’ rt 24’ dr”

_ _l&eM | 2dM ptfdp  p

p—.— [dr’2 to rdr (dr + ’)]

orpm o [EM 2aM]
P - 't ordr | ,

-The terms in the bracket are expected to be negative, since the - ’

" -bending moment is a maximum at Rz and decreases to zero at

R or before.

Therefore, bending redistributes the pressure around the die
profile and creates pressure between the flat part of the sheet metal
and the die. The total effect of all this pressure is to support the .
punch load, and a Jarge amount of punch load and frictional force
can be transmitted by the flat part of the sheet metal because of
its large area, as in the case of the Erichsen test, This effect was
neglected by the authors mentioned above.

For similar reasons the suggested slow-speed belt equation,
which does not incorporate the effects of bending and shear stress
and is valid for Ra— <0 is not expected to give realistic results
when fofr ~ 1.

I Rs
‘ -1~
| ,’,—-\ ~
' Sy ‘\ \
N\ Die 14 ¢ \
17
- Lo+
. 1 Punch ’
a
Side' 1. - P ! L = ‘N P
-
site2 A % T T T & -
I Jag
‘ | BLANKHOLOER  ALATE. ' N T
! !
-3
I .
R

Flg C A large segment of sheet metal in contact with the die and
blank-holder plate.

Equatjon (3) quoted in the paper leads to an inconsistency at
a = =/2, as mentioned by Professor Fukui, due to not specifying
all the forces involved in Po explicitly. Using the notation in
Fig. C, this can easily be shown as follows:

From Vertical Equilibrium of the Segment:

Ra Ry R3

’ ' s ’ P
"—p-l- 2rc por'dr’ — A 2npiridr’ — _41_1 w2rpitandr'dr’ + —4'—1 =0
T 2 2

2
R Ry Ry
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where
" Rs Ra Rs : .
ercpzr’dr’ = H, ercmr ‘dr’ +ju 2rcp1tan9r’dr H + P
Ra Ry R1 '

and H = blankholding load; P = punch load.

o

" R3 Rs
.-.JZrcplr'ilr H+P— ujan;tanBr’dr’ HyP—5
Ri R E

In this way the mtegrals can be related to the expenmentally :

measured forces.
For Horizontal Equilibrium:

Layp—sy
2n _

H2n R
—— r———1. .
Rs Ry - T
2 sm j-pzr’dr + 2 sin % j-pzr’dr R
E Rz R1 ’ ‘
. Rs ‘ A Ra
— 25sin qﬁ pitanOridr’ — w +2 sm 4’ cgrdr = 0.
2 2r
Ry Rl
Rs Rs : Rs
If S1= ujanﬁaner’drﬂ Sp = | pitanr'dr’y, ' Ss '=j-cgtdr’,

R TR ¢ : Lo R

when 1 02
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. uH + n(H + P — §1) — 2n83 — Pcota + 2rS3=0 .,.(3)

Differentiating the above equation totally, keeping a constant, and
using finite increments:

* nw&H -+ u(8H + 6P — 881) — 21882 — 8P cota + 2nbS3=0

.. (3a)

For a blank with a large ratio of — R and at early stages
Rz — R

of the drawing process, similar to' the Erichsen test, an increase

in H is likely to change the pressure distribution of the flat part

of the flange, and not affect greatly the pressure distribution around

— Ry

the die throat. Therefore, for a flat die with a high ratio of —
1

681 ~ 0 and 352 =0.

If it is assumed that the increase in frictional stress due to an -
increase in H does not affect 66 to a first-order approximation,
then 853 ~ 0, as was quoted in the paper,

.. from equation (3a2)

__ 8Pcotu
W= 5H 6P @

as obtained previously.

The cumulative effect of these three assumptions can be checked
by computing pt using the above formula and different values of
8H and extrapolating back to 6H =0, as was also suggested in
the paper (p. 462).

We do not agree with Professor Fukui that this inconsistency
was due to the fact that the blank was not rigid, since only con-
siderations of equilibrium have been used. The inconsistency
occurred because all components of Po were not given in the .
papet, particularly those due to the horizontal reaction of the die,
Equation (3) above could be used for:all values of a, but equation "
(4) (which is the same as equation (4) of the paper), can be used
only for cases such as the Erichsen test in which o does not exceed
~ 70°, The assumptions made in 1ts derivation will not hold for
larger values of a. NN . )
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Loladse may also be found in the paper by Opitz and
Gappisch*, :

(b) Albrecht varied both the depth of cut and the tool
nose radius in his experiments, By so doing he found that
the tool forces varied with both depth of cut and tool
nose radius; this is indeed an empirical result and a very
interesting one. We criticized not the empirical result, but
the assumptions which Albrecht made to determine the
‘proportions of the total tool force acting on the rake face
and on the tool nose. To do this Albrecht had to assume
that:

(i) variations in depth of cut altered the rake face
force only, and

(if) variations in nose radius altered the nose force
only.

" It is our contention that these assumptions were not
validated experimentally and that from physical considera-
tions the validity of the second assumption is dubious.

(¢) It will be seen from Kamskov’s paper (Fig. 2, right-
hand graph) that the only part of the rake face on which
the coefficient of friction femained constant from 90 to
1000 ft/min was above a contact length of 1 mm for 0-3 mm
depth of cut. It'follows from Kamskov’s argument that
sticking friction occurred over a contact length ratio of

" 1-0/0-3 which is approximately 3 as stated in the paper.

(d) Our statement concerning Takayama and Usui’s

work referred specifically to Fig. 4a where it can be seen

that what we said was true; Dr Hsu is apparently referring -

to Fig, 4b.
(¢) That the real area of contact equalled or at least
approached, the apparent was implicit in Hucks” analysis.

The following Communication velates to the paper ‘Analysis
of the cup- -drawing process’y by D. M. WQO, which was
published in 1964, vol. 6, No. 2, p. 116. .

Mr B. Kaftanoglu (Student)—Mr Woo is to be com-
mended for his improved technique for solving the radial
drawing problem over-a die, and for investigating the
validity of the assumptions (Nos 1, 2 and 4) made by
Chung and Swift (reference (3)). It seems that assumption
(1) is justified, assumption (2) would give differences with
experimental results of the same magnitude but different
sign (Figs 6, 17, 18) and assumption (4) should not be
made if accuracy in calculating strains is required.

It is said that the main object of this investigation is to
predict the maximum punch load using equation (13)
which contains the values of variables at # corresponding
to the point of departure of sheet metal from the die, but
it was not shown how this # was computed, which is, of
course, very important. This analysis will be insufficient
to find this 6 without introducing a method of matching
the boundary conditions of radial drawing and stretching

* Oprrz, H. and Gappiscu, M. “Some recent research on the
wear behaviour of carbide cutting tools’, ¥. Machine Tool Design
and Research 1961 2 (No..1), 43
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regions including the moving contacts on punch and die.
Alternatively the approximate analysis adopted by Chung
arid Swift (3) can be used. The assumption of # = =2
which might have been used, will only apply for limiting
blank diameters at final stages with no clearance between
the cup and die. For all the other cases 8 < #/2. The
trend observed in the theoretical curves in Figs 19 and 20
(i.e., punch load—teduction of blank diameter) is that they
do not seem to pass through the origin when extrapolated,
suggesting that 8 was not calculated correctly. The differ-
ences between experimental and theoretical maximum
punch loads would be amplified if blank diameters were
considerably less than the limiting ones. Therefore the
analysis lacks generality.
The assumption of —0-01 polar thickness strain when
the sheet metal is stretch formed over the whole of the
punch profile, i.e. 8, = =2, is highly unrealistic. From
experiments and theoretical work done at Imperial College,
8, ~ =/10 for such a strain and is very sensitive to friction
and geometry. It will lead to serious error as also seen
from large differences between experimental and theoreti-

" cal thickness strains even at very low general strain level

(Figs 21 and 23),
The author’s suggestion for improving the stretch-
forming theory by including the effects of the region be-

- tween punch and die seems to be in error. Referring to

Fig. 4 he says that the computation starts at the point of
74 at which the stresses and strains have been determined
previously, and for the next point of 7,4, pss.. and
pas+1 are assumed in the first approximation to be the
same as those at r,. Since there is a discontinuity in pj; at
r, which can be seen by examining the equations (17) and
(18) with r, 8, oy, 65, ps > 0 a new value of p; must be
calculated at r, from the equations (17) and (18), which
should be used as a boundary condition. Therefore p,
shown in Fig. 4 must have the opposite sign, and it can
never have the sign shown in this region. It must also be
pointed out that in the equations (8), (17) and (18) (ie.
equations of equilibrium) only two are independent, since
the third equation in the direction of o, is identically satis-
fied with the symmetry of the problem, and therefore
should not all be used. The additional independent re-
lationship required is supplied by the differential equation
which gives the geometrical relationship between p; and
pa (see Hill (8), dp,fdr = pyfr(1—p4/ps)) which must be
satisfied by any axisymmetrical shell. It is still different
from equation (15) (constancy of volume). Otherwise in-
correct results might be obtained.

Furthermore, unlike the region over the die, in the
stretch-forming region over the punch and also between
the punch and die, the terms in (o,2) in equations (8) and
(14) are multi-valued and a criterion based on the mini-
mum plastic work is needed to find the correct combination
of o, and 7 found from the plasticity laws. This is particu-
larly important at larger deformations than quoted in the:
paper, and it is not believed ‘that the author’s method of
successive approximations will satisfy this requirement,
without further discrimination.
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These arguments are based on the extensive theoretical
"and experimental research conducted at Imperial Coliege
between 1961 and 1964, of which the first part of the ex-
perimental work was published by Kaftanoglu and
- Alexander*. A comprehensive theory for the solution of
the axisymmetrical sheet metal deformation problems is
developed to predict all the variables involved, until, and
at the onset of, fracture in stretch forming. It includes the
effects of plastic anisotropy, fnctlon, non-linear work-
hardening, pre-strain, thickness stress, non-uniform initial
conditions, and the complete strain history by accounting
for the moving contact point of the sheet metal on the
punch with continued deformation. Numerical solutions
including higher order differences in the differential equa-
tions (non-successive approximation method) have been
- obtained on the Atlas computer, and various instability
criteria have been studied. Good agreement was obtained
between theory and experiment. It is expected to publish
this work in the very near future.

1 would like to acknowledge the helpful discussions with
Professor J. M. Alexander on the points mentioned above.

AUTHOR’S REPLY
Mr D. M. Woo—I thank Mr Kaftanoglu for his com-

mendation of my work. Regarding the points he raised, I

wish to reply as follows:

For each of the cases considered (Figs 19 and 20), the
punch load reaches the maximum and remains practically
constant for reduction of blank diameter between about

15 per cent and 20 per cent. The angle 6, measured at the -

maximum reduction shown in Figs 19 and 20, was found
to be about =/2. Thus it may be concluded that the maxi-
mum punch load in such cases could be predicted satis-
factorily by considering the punch load at 20 per cent
‘reduction, and assuming 6 to be =/2. To compare the
theoretical and the experimental punch loads at smaller
reductions, the angle 6 was measured experimentally for
each pressing and then corresponding to this 6, the
theoretical punch load was obtained and compared with
" the experimental value. As mentioned by Mr Kaftanoglu,
the theoretical value of 8 could be estimated by using the
approximate method suggested by Chung and Swift. This

shows that the present solution could be used to predict -

the maximum punch load for other blank sizes which have
not been considered in the present work, and therefore the
solution is sufficiently general.

In the cup-drawing operation, the punch load rises
steeply in the early stages with little reduction of blank
diameter. Thus it is not justifiable to extrapolate the curves
to the region, the characteristic of which is quite different.

With regard to the stretch-forming problem, although a
solution is suggested (p. 121), only the preliminary results
based on the simplified conditions were obtained at the
time the paper was written. The inaccuracy of these results
was discussed on p. 130. However, further work concern-

* KAFTANOGLU, B. and ALEXANDER, J. M. ‘An investigation of the
Erichsen test’, ¥. Inst. Metr. 1961-62 80, 457.
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ing the stretch-forming process has now been successfully
completed.

The suggested solution described on p. 121 is correct.
To apply the solution for the region where the material is
not in contact with the punch, the computation starts at
the point of r, at which pg is obtained from equation
(18). Equations (16), (17) and (18) are consistent with the
assumed sign of p; corresponding to increasing ¢ as shown
in Fig. 4. In the present case, o, and g, are posmve at ry,
hence p; is negative and § is decreasing in this region. It
may be mentioned that the proposed solution is similar to
that for analysing the hydrostatic bulging process given
elsewheret. Equations (17) and (18) are used for assuming
the profile of a deformed element for each cycle of com-
putation. In other words, once the profile radii p; and p,
are assumed, the six unknowns, e, €, ¢, &, o; and o, can be
determined from equations (3), (5), (8), (16) and the two
equations of (4) (with ¢; = 0). From the results thus ob-
tained, new values p’y and p’, are then calculated using
equations (17) and (18), and the cycle of computation may
then be repeated until pg and p’. agree closely with the
assumed p; and p,.

The geometrical relatlonshlp

dps _paf) pPs)
dr r Pa

has been embodied in deriving the approximate equation
(16) for volume constancy, since the former is based on the
relationships r = p, sin 8 and p; df = dr/cos # which are
also used for obtaining the latter.

It may be pointed out that although the proposed
solution for the stretch-forming problem is valid, it has
been found in the computation that p; and p, did not con-
verge to the correct values as they did in the similar case
of hydrostatic bulging. Therefore, in further work, the
following approximate equatmn for volume constancy has

been used:
t+t
("i+12—"i2) (_1_25'1')

cos 046,44
2

(o-,tr)g sin 02
o ir

(Rz 12— RA) 1, =

together with the equation

sin 8 =

- Satisfactory agreement has been obtained between the

s

theoretical and the experimental results.

In the present analysis of stretch-formmg, only one
value of (o,£) was found at a particular point. This is based
on the fact that the material continues to thin at successive
stages of the forming process, and that corresponding to
each thickness 7, only one value of ¢, was obtained.

I am pleased to know of the work being carried out at
Imperial College as mentioned by Mr Kaftanoglu.

+ Woo, D. M. ’The analysis of ax1-symmetr1c forming of sheet
metal and the hydrostatic bulgmg process’s Int. ¥. mech. Sci.
1964 6, 303.
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LETTERS TO THE EDITOR

Discussion on ‘“The analysis of axisymmetric forming of sheet metal and the hydrostatic
bulging process”*

(Received 23 November 1964)

Tar writer found the subject paper an interesting example of the application of the
theory of plasticity for an isotropic continuum and the successive approximations method,
in particular to the process of hydrostatic bulging of sheet metal,

In his method of solution, the author seems to have used three equilibrium equations
(i.e. tangential, vertical and normal to the shell wall, equations (6), (8) and (9)), two of which
can be independent since the third equation in the direction of oy is identically satisfied with
the symmetry of the problem. The other independent relation should have been the one
shown by Hill [from Ref. 3 dp,/dr = {p,/r) (1— py/p)], which is still different from
equation (6) (constancy of volume), and which is a differential equation giving the
geometrical relationship between the two principal radii of curvature. It should be satisfied
by every axisymmetrical shell of this type. It would be interesting to know whether the
results obtained were checked with this formula.

The terms in (o,¢) in equation (6) are multi-valued and there are more than one
combinations of o, and ¢ that will satisfy equilibrium.

It is therefore necessary that the solution which gives the minimum plastic work should
be chosen, which is particularly important at larger strains and near the clamped edge.
The variables, using the method of successive approximations and equation (11) in such
critical cases, may not converge to the right values without further discrimination.

It would also be interesting to know whether the author obtained any results beyond
the maximum pressure in bulging for annealed materials. In previous researches (e.g.
Brown et al., Ref. 12) it has been found that fracture can take place at increasing, or
decreasing pressure after reaching 8 maximum. Could this solution be applied to elucidate
this phenomenon ?

These arguments are based on the extensive theoretical and experimental research
conducted at Imperial College between 1961-64, of which the first part of the experimental
work was published by Kaftanoglu and Alexander.t A comprehensive theory for the
solution of the axisymmetrical sheet metal deformation problems, including hydraulic
bulging, is developed to predict all the variables involved, until, and at the onset of
fracture in the stretch forming region. It includes the effects of plastic anistropy, friction,
non-linear work hardening, prestrain, thickness stress, non-uniform initial conditions, and
the complete strain history of the elements. Numerical solutions involving higher order
differences in the differential equations (non-successive approximation method) have been
obtained on the Atlas computer, mainly for stretch forming with a punch, similar to
Erichsen test, and various instability criteria have been studied. Good agreement was
obtained between theory and experiment. It is expected to publish this work in the very
near future.

I would like to acknowledge Professor J. M. Alexander for his helpful discussions on
the points mentioned above.

B. KAFTANOGLU
Department of Mechanical Engineering

Imperial College of Science and Technology
University of London

*D. M. Woo, Int. J. Mech. Sci. 6, 303 (1964).
1 B. KarTaNoGLU and J. M. ALEXANDER, J. Inst. Met. 90, 457 (1961-62).

447



Discussion

4

" Mechanical Aiﬁsotrbpy in' Sheet Metals

Dr. D. V. WiLsoN (Birmingham University), in an introductory

lecture, reviewed our present understanding of the relationships -

between preferred orientation,. plastic anisotropy, and practical

performance and identified those aspects of the problem which

needed clarification. The relationships between plastic anisotropy
and deep-drawing performance were understood in general terms,
although more detailed attention should be given to the effects of
planar variations in properties and to applications in asymmetric
drawing operations. In contrast, the understanding of the relation-
ship between preferred orientation and stretch-forming performance
was still fragmentary. In particular, there was a lack of information
on the orientation-dependence of work-hardening in textured

by Whiteley and Wise ;1 some differences in earing behaviour could
probably be attributed to differences in impurity content of the
steels, from the two different producers. Certain unusual features
were observed in pole figures of hot-rolled steel. The texture atthe

" surface was best represented by {110} <011)>, while at the centre it

sheets. More experimental investigation was required, particularly

on the effects of texture and grain size on flow strength, work-
hardening, and fracture behaviour, studied under a variety of
applied-stress systems. Even when this information was available,
its application to industrial forming operations might often present
formidable analytical problems. Efficient progress in realizing the
potential benefits of controlled mechanical anisotropy demanded
a combined operation over a broad field of engineering and
metallurgy.

Dr. M. A. ADAMs (Steel Company of Wales) introduced Session I,

- dealing with producer and consumer requirements for anisotropic

sheet metals, An ideal specification for sheet metal would involve
the development of a low through-thickness strength during rolling,
as this reduced the rolling load, and the subsequent development of
a high throughsthickness strength during the final annealing treat-
ment, as being beneficial in deep drawing. It so happened that
correctly processed stabilized steel approximated to these require-
ments, since the rolling texture contained a major component of
* cube-on-face * texture, {100} <011>, which was associated with
low normal strength on average strain ratio, R. On annealing, the
texture consisted mainly of *‘ cube-on-corner ” type, with {111}
planes parallel to the surface and associated with high R. Many
cubic metals also exhibited a high degree of elastic anisotropy and
<111> was usually the direction in which Young’s modulus was a
maximum.
conferred an additional benefit as it increased the elastic stiffness
of the sheet.

Mr. R. PearcE (College of Aeronautics, Cranfield) reported some
preliminary results on the effects of plastic anisotropy in stretch-
forming. Two materials, zirconium and aluminium, with similar
mechanical properties except in respect of their R values, which
varied from 9-4 for zirconium to 0-6 for the aluminium alloy, had
been tested. Sheet thicknesses were chosen to give similar bulge
heights and sections through the bulged sheets showed clearly a
very marked difference in strain distribution. The thickness strain
in the polar regions was much greater in the aluminium sheet than
in the zirconium sheet. Mechanical properties of a component
produced by stretching could therefore be significantly affected by
the R value of the sheet from which it was made. Mr. Pearce also
mentioned the effectiveness of small quantities of various elements
in producing changes in the plastic anisotropy of steel sheet, and
stated that further elucidation of the manner in which these trace
elements affected texture formation was required.

Mr. R. Jones (Steel Company of Wales) gave a detailed account
of the interaction between progess variables and plastic anisotropy
as revealed by strain-ratio measurements in commercial low-carbon
steel sheet. Most of his observations confirmed results published

Joint discussion held on 10 March 1965, at the Spring Meeting
in London of the Institute of Metals. The following papers are
relevant to the discussion:

E. R. Petty (J. Inst. Metals, 1962-63, 91, 54); P. G. Partridge and

- E. Roberts (ibid., 1963-64, 92, 50); E. Hirosawa (ibid., p. 78);

I. L. Dillamore and W. T. Roberts (ibid., p. 193); G. G. Moore and
J. F. Wallace (ibid., 1964-65, 93, 33). ;
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could be described as {100} <011>. As the finishing temperature
was allegedly high and the material fully recrystallized, the develop-
ment of pronounced textures following the complex metallurgical
sequence involving working, annealing, and phase transformation
was difficult to understand. No variations in texture through the
thickness of sheet had been observed after cold rolling.

Mr. B. KarraNocGLu (International Computers and Tabulators,
Ltd.) mentioned a theoretical approach adopted at Imperial College
for the prediction of stretch-forming performance in anisotropic
sheet materials. The approach was presumably based on the Hill
macroscopic theory. Results obtained with the aid of the Atlas
computer showed that a high R reduced the fracture strain and bulge
depth, To get a deeper bulge in stretch forming, whether by a rigid
punch or hydraulic pressure, R must be low, assuming that other
parameters such as friction and work-hardening remained the same,

. This was, of course, in contrast to the situation in deep drawing with

Thus, the development of cube-on-corner texture .

a flat punch, when high R was associated with great depth of draw,
The intermediate process of deep drawing with a punch with a
generous profile would be governed by the two opposing effects and
a high R might not necessarily result in a deeper draw,

The method of dealing with variations of R in the plane of the
sheet by taking an arithmetic mean of individual R values gave a
result biased towards the minimum of the individual ones.

Mr. J. Witts (Aluminium Laboratories Limited) considered
deformation in the flange in the deep-drawing process. Mr. Pearce
had previously suggested that material with high R would have less
tendency to buckle, but advantage of this fact could be taken only
when the pressure-plate loading could be reduced. For a press
operating under conditions of constant clearance, high R values
meant an increased resistance to deformation in the flange which
would reduce the deep-drawing ratio that could be obtained.

Session II was concerned with the macroscopic approach to
plastic anisotropy. Dr. J. F. WALLACE (Pressed Steel Co., Ltd.) .
introduced the subject by considering the effect of anisotropy on
instability in sheet-metal forming, The treatment was based on
Hill's macroscopic theory of plasticity, and it was’ further assumed
that fracture occurred by necking in a band perpendicular to the
maximum principal stress. The equivalent strain at which instability
was reached was calculated from the critical subtangent, the inter-
cept on the strain axis made by a tangent to the stress/strain curve
at the point where the increase in equivalent stress corresponding to

~a small increase of strain was just equal to the stress increase

486

required to satisfy the yield criterion. It was then possible to calcu-
late the variation of uniform elongation with strain ratio, R, for.
various stress systems. For, uniaxial tension, a low value of R
increased elongation, while for a biaxial tensile stress system,
uniform elongation increased with R. For plane strain, a small
increase in elongationaccompanied increasing R, but the effecton the
load-carrying capacity of a section might be significant. In the
analysis of deep drawing of a cylindrical cup, the increase of frac-
ture load due to increasing R outweighed the increase in drawing
load, and so a deeper cup could be drawn.

Dr. P. B. MeLLoR (Birmingham University) outlined some work
being carried out by Mr. Bramley and himself, aimed at checking
the validity of the macroscopic theory of plasticity developed
independently by Dorn? and by Hill.3 Plastic anisotropy in four
different stabilized steel sheets had been assessed by careful measure-
ments of the strain rates R at intervals of 10° in the plane of the
sheet, and by observing the plastic-flow behaviour at the centre of a

196465, Yol, 93
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appearcd that jets from the wave crests had been pro;ected
into the stainless steel.
Use of the electron-probe micro-analyser to measure the

intensity of the K2 spectral lines of chromium, nickel, and -

iron, enabled the concentration of these three elements to .
be measured in different parts of a jet. Scanning X-ray
micrographs showed an overall picture of the distribution
of these clements in a jet and its surrounding material.
The jet was found to be about 50 per cent stainless steel at;
its centre, which increased to over 60 per cent at the jet
tip. Material of composition between these limits was
found in all the variously shaped jets adjacent to the mild-
steel crests, and in some cases, completely filled the trough
between. From this it follows that actual melting of the-

surface layers and alloying must have occurred, despite

the extremely short duration of the operation. It would .
appear, therefore, that welding was caused by these series
of molten zones which varied in width but averaged about
60

1 should hke to make a comment on one other point: the
experiments the authors did on a hemispherical weld where
they showed that with increasing angle of inclination the
amplitude and wavelength increased. I have done the same
thing on the flat (i.e. at a constant angle of inclination) and

. I find that, as distance from the point of initiationincreases,

there is an increase in amplitude and wavelength, I notice

* the authors have some samples which show the same effect. |
1 do not know if they have seen any of the American work.

_The Americans have taken X-rays during the work
. process which have shown that the metal plate does col-

lapse at a different angle to its original angle. I wonder if
you could decide whether the change in wavelength is
really a function of angle of inclination, or whether it was
merely due to the increasing distance from point of

- initiation, which would cause an increase in wavelength.

Mr B. Kaftanoglu, B.Sc. (Eng.) (Studens)—My

original intention was just to make a brief comment on the = -
paper (No. 2) by Mr Vafiadakis, Professor Johnson, and _

Dr Donaldson. The authors computed the energy dissi-

- pated in plastically deforming a blank from the experi-

.mental strain distributions and the representative static -

stress—strain relation. This method was also used in Paper
1, and it requires laborious calculations and does not take
into account the effect of strain rate which might slightly
influence the results.

Consider the energy balance of the system shown in

Fig. 30 of Paper 2. The loss of potential energy of the
hammer = energy dissipated in plastically deforming -

blank+ heat energy gained by water and surrounding tools
+frictional

measurements of the temperature in the tools and water

. then the item, the heat encrgy gained, can be'determined.
Hence the unknown second item can be esnmated from -

. Proc Imm Mech Engrs 1964—65

losses+-acoustical energy losses+energy - -
‘absorbed in rebound of hammer. The last three items can
either be individually assessed or neglected because they .
demand a very small proportion of the energy involved. -

If it is possible to make instantaneous and accurate -
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. the known first. Such a method would not require any
‘knowledge of the stress—strain relations of the materials

“ used, and would therefore be independent of strain-rate
- effect. Since this method depends on reliable temperature
" measurements,

I should like to know if the authors think,
it is feasible. ' ] :
At Imperial College we have been working on the prob-

lem of stretch forming with rigid tools similar to those

used in the Erichsen test. A comprehensive theory for the
solution of ' axisymmetrical sheet-metal deformation

problems has been developed. It includes the effects of - .

plastic anisotropy, friction, nonlinear strain hardening,
and prestrain, Complete strain history has been taken into

" account, and strains and stresses up to and at the onset of

fracture have been calculated by a programme developed

- for the Atlas computer. Good agreement is obtained -

between theory and experiment. It is seen that friction

significantly influences the stress and strain distribution

in the stretch forming region and the point of fracture

‘moves away from the pole with increased friction. Our
.. results for strain distributions with the lowest coefficient
- of friction and those presented in this paper for free

forming show similar trends, and in both the fracture
points are located near the pole.

Mr A. 8. Bahrani, M.Sc. (Associate Member), and

: Professor B. Crossland, D.Sc. (Member)—We* should
like to make the following comments about the first paper,
. by Professor Johnson and Mr Sowerby.

(1) Whilc the work of Daniel Adamson (81) and Charles

. E. Munroe (1) on the forming of metals by explosives is

often quoted and recognized, the pioneer work of Walter

Claude Johnson (82), which is more relevant, is very -

~ seldom mentioned.

Johnson, who was an engineer from Westcombe Park,

~ Kent, obtained in 1897 Patent No. 21840 in which he’
- described “a method of generating fluid pressure for tube

jointing, or embossing, stamping of metal sheets and such- "
* like operations’.. Fig. 115, which is reproduced from the ..

above-mentioned patent, illustrates Johnson’s ideas. Fig. 1 -

~in this reproduction illustrates the process applied to

making joints in a cycle frame and Fig. 2 shows the method

applied to forming or embossing sheet metal into a die. -
. When the explosive charge C is fired, the projectile D is

accclerated and it strikes the ram B, thus setting up pressure
in the liquid above it. In Fig. 2 the mould E is shown hold~'

-, ing a die H into which the sheet metal blank F is forced.
-, Johnson also stated that ‘it is obvious that by inverting the

arrangement shown in Figs 1 and 2 and withdrawing the

projectile D and ram B the explosive charge may if

desired be allowed to act directly upon the surface of the

- liquid’.

Thus it can be seen that Johnson had the essential 1deas

" of explosive forming, ie. using an explosxve charge to
2 create a pressure wave in a liquid and usmg this pressure

; ', 3.* For convenience the separate canmbutwns of Mr Bahram and

{rofessor Crossland have been made by them into a ]omt contri-
ution, -~ .- )
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