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In reverse actuation, a voltage/electrical-current signal can be generated from applying a me-
chanical force to an electroactuator. Such processes are of interest in touch sensing and soft
robotics applications. We develop a classical density functional theory of reverse actuation for
polymer-electrolyte-composite electroactuators, that treats mobile cations in the same spirit as
forward actuation (curving in response to applied voltage). The proposed framework is applied
to electroactuators with micro-structured porous electrodes (with cylindrical or slit pores) and flat
electrodes, the dynamic response of which has to be modelled differently. Open- and short-circuit
operation modes are investigated separately. A detailed analysis of the proposed theory indicates
the preferred architectures for sensing, depending on the operation regimes.

1 Introduction
There is great interest in developing electroactuators for soft
robots and touch sensors.1–4 Amongst the most promising candi-
dates for which are ionic polymer metal composites (IPMCs)5–16

and composites made from hydrated ionomers with carbon-
based electrodes.3,4,17–26 Generally, electroactuators composed
of polymer-electrolyte films, such as Nafion (where the proton has
been replaced by a mobile bulky cation)11–14 confined between
two electrodes, curve in response to an applied voltage across the
electrodes (forward actuation). Whereas when the electroactua-
tor is curved, originating from an external mechanical force, an
output voltage or transient current can be generated (reverse ac-
tuation). Both of which, forward and reverse actuation (see Fig. 1
for more details), involve the redistribution of the mobile cations
and solvent.27–40

Since Ref. 13, where forward and reverse actuation was first
described with a physics-based theory, there has been substan-
tial research into developing more responsive (from an applied
voltage) and sensitive (in terms of reverse actuation) electroac-
tuators.3–40 Advances in forward actuation have entailed the use
of volume-filling electrodes41–51 to increase the volumetric stress
induced from the redistribution of ions. On the other hand, im-
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provements to the sensitivity of reverse actuation has not been a
priori obvious, although some experiments have indicated using
ions of larger hydrated volumes in both flat and volume-filling
electrodes.31,33

Nemat-Nasser and Li proposed a micromechanical description
of reverse actuation.13 In that theory, upon application of a force,
open-circuit voltage was calculated from the assumption that the
cations, in their local pockets of hydrated ionomer (enclosed by
SO−3 groups in Nafion, for example), would be displaced slightly
from the equilibrium positions they would have occupied without
an applied force. The displacement of cations relative to immo-
bile anions forms dipoles throughout the ionomer; all of which
are aligned, constructively interfering to create the open-circuit
voltage. The theory was in good agreement with experiments,13

but it required a detail knowledge of the ionomers structure.

Subsequently, Farinholt and Leo31 suggested a reciprocity be-
tween forward and reverse actuation: both processes involve a
direct proportionality between the induced stress and charge den-
sity. This conjecture permitted general, simple equations to be ob-
tained under the operating condition of short-circuit, which were
found to agree reasonably well with experiments.31 The downfall
of that approach, however, was the unknown parameter; that be-
ing, the proportionality constant between stress and charge den-
sity. Therefore, experimental data could be fitted but not pre-
dicted. Moreover, in the reported experiments it was found that
the proportionality constant should depend on the volume of the
mobile ion, but as mentioned in that paper the theoretical ap-
proach had no means to rationalise this observation.31

More recently, in Ref. 36 both open- and short-circuit character-
istics have been derived from the so-called governing equations.
There, sensing capabilities were introduced through the assump-
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Fig. 1 Depiction of forward and reverse actuation. In forward actu-
ation (left) a voltage is applied to the electrodes of the composite. The
mobile ions (only cations here) in the ionomer redistribute, which causes
stress in the vicinity of the electrodes. As shown, the upper electrode
is polarised negatively (blue minus sign), such that cations (red region
of actuator) distribute near the electrode to reside in the favourable elec-
trostatic field; this leaves the region near the lower, positively polarised
(red positive sign), electrode with a deficiency of cations (blue region of
actuator). Electroactuators are partially flexible, and so the beam curves,
with curvature κ (sign convention utilised here indicated), to relieve the
stress due to such rearrangement of ions. For simplicity, considering nar-
row beams we assume it curves only in longitudinal direction, as shown.
The curvature of such beam is defined as the inverse of its radius (i.e.
twice its mean curvature). 52 Reverse actuation is when an applied force,
depicted with a black arrow, curves the actuator and causes an electri-
cal response in the electrodes. The distributions of ions depends on the
system set up (open or short circuit).

tion that the immobile counterion concentration in the ionomer
changes linearly with curvature, which resulted in the theory hav-
ing no free parameters.36 The obtained equation for open-circuit
voltage (from the boundary condition of no current) was not di-
rectly related with the characteristics of the ionomer or mobile
cation.36,37 Experiments, however, have shown the generated sig-
nal depends on such characteristics.31,33

It is implicit to all descriptions of electroactuation that ions act
in an analogous manner to defects in the theory of elasticity of
solids.51,53 When a voltage is applied to the electrodes, the mo-
bile ions redistribute to reside in an energetically favourable elec-
trostatic field.11,13,14 The positions of the ions in the electrical
double layer at the interface of the electrode are not favourable
in terms of their elastic energy, however. This stressful region can
cause the hydrated ionomer to expand.11,12,51 In reverse actua-
tion, modelling ions explicitly as defects has not yet been investi-
gated. Here we bridge that gap.

The structure of the article is as follows. First, the general func-
tional for reverse actuation is presented and discussed. Open-
circuit voltage is obtained from the electroneutrality condition
and its dependence on system parameters discussed. Thereafter,
short-circuit characteristics are presented in the main text for flat
electrodes and micro-structured electrodes with cylindrical pores
(in Fig. 2 the studied electrode architectures are displayed). Fol-
lowing the theoretical analysis, stimulated by its results, we will

discuss the best structure for reverse actuation depending on op-
erating regimes.

2 Theory
To start we shall pedagogically outline the intimate connection
between forward and reverse actuation. In forward actuation a
voltage is applied to the electrodes. This causes the mobile cations
to redistribute from the positively polarised electrode to the neg-
atively polarised one. As a result, cation-depleted and cation-rich
ionic space charges (electrical double layers)∗ form at the cor-
responding electrodes. The presence/absence of cations in the
electrical double layers, which act as volumetric defects, causes
stressful regions to develop in the ionomer; to partially relieve
the elastically unfavourable domains, the flexible electroactuator
bends.

Once the actuator is bent (from the applied voltage in this ex-
ample), the distribution of ions and electrostatic potential distri-
bution should have characteristics of reverse actuation. Therefore,
both forward and reverse actuation electroactive responses exist
when there is an applied voltage; and any theory developed for
forward actuation must naturally contain the reverse actuation
response.11,12 It is interesting to note, and will become more ap-
parent later, that in Refs. 11 and 12, where the case of forward
actuation was solved self-consistently, the reverse actuation elec-
troactive response was already contained within the developed
forward actuation formalism.

If one imagines that something then holds the curved electroac-
tuator in place and shorts the electrodes, it would be expected
that most of the charge on the electrodes is quenched. Therefore,
the majority of the accumulated charge in the electrical double
layers is released. Hence, it should be clear that sensing is always
a smaller effect (than forward actuation) because there is not a
strong electrostatic driving force to redistribute the cations.

On the other hand, if the electrodes are under open-circuit con-
ditions, then there is no net charge in the electrodes to screen.
Therefore, as previously reported,36 the hydrated ionomer does
not break local electroneutrality anywhere, at least at equilib-
rium, when sensing in open-circuit.13

In the presented classical density functional formalism an ex-
ternal force is assumed to bend the actuator with constant cur-
vature, κ, as depicted in Fig. 1; this is the only place where the
external force is implicitly introduced into the theory. In contrast
to forward actuation, there is no elastic energy penalty term, but
otherwise the free energy functional remains the same.11,12,51

For a specified curvature we intend to find the the electrostatic
potential distribution, charge density distribution, surface charge
density, net charge of an electrode and the transient electrical
current.

The general free energy functional for reverse actuation, with
bending as depicted in Fig. 1, can be approximated by

∗ In single mobile charge carrier materials, 54 such as Nafion, the positively charged
double layer is formed by an excess of cations with a background of ‘homogeneously’
distributed SO−3 groups, whereas the negatively charged electrical double layer com-
prises of and abundance of stationary SO−3 groups, not compensated by cations.
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Fig. 2 Representation of the studied electrode architectures. Flat electrode electroactuators are depicted on the left. The blue region, of thickness
2h, represents the hydrated ionomer with a single mobile cation, and the black regions represent the electrodes and casing. The general form of
volume-filling micro-structured electrodes is depicted in the middle. The colour coding is the same as flat electrodes, with additional grey regions to
illustrate the micro-structured electrodes which interpenetrate the ionomer. For micro-structured electrodes h refers to the length of the pores in the
electrodes, and 2a is the thickness of the layer of the ionomer separating the two porous electrodes. On the right the two types of studied micro-
structured electrodes, with cylindrical and slit pores, are sketched. The white lines in the micro-structured diagrams represent the ‘unit cell’. The
dashed black line indicates the neutral plane in the middle of the construction.

F=
∫

dr
[
− ε

8π
(∇ψ(r))2+eψ(r)ρ(r)+kBT g(r)−Kvρ(r)κx

]
. (1)

The first two terms are electrostatic energy contributions (in
Gaussian units throughout), where ε, −∇ψ(r), e, ψ(r) and ρ(r) =
c+(r)− c−(r) are the relative permittivity, electric field, elemen-
tary charge, electrostatic potential, and excess charge concentra-
tion, given by the cation concentration minus the anion concen-
tration, respectively. The third term is the lattice-gas energy of a
single mobile cation, where

g(r) = c+(r) ln
{

c+(r)
cmax

}
+(cmax− c+(r)) ln

{
1− c+(r)

cmax

}
, (2)

with c+(r) and cmax denoting the local concentration and the max-
imal possible concentration of cations, respectively.54† The last
term in Eq. (1) couples the excess charge concentration with the
curvature of the electroactuator, where K and v are the bulk mod-
ulus‡ and excess volume of an ion,§ respectively.11,12,51 From Eq.
(1) it is clearly seen that the energy is lowered when cations re-
distribute from domains of the ionomer with negative strain to

†Note that such approximations for taking into account excluded volume effects in
concentrated electrolytes and ionic liquids has been used myriad times, being ‘redis-
covered’ in many instances throughout the history of its use. 55–60

‡The bulk modulus is an effective parameter of the theory since electroactuators are
composites.

§ Note that the excess volume of an ion is not necessarily equal to the volume of an
ion since solvent can be replaced in the electrical double layer.

regions of positive strain.

Note that the employed functional is a local one which neglects
correlations beyond the mean-field and it accounts for excluded
volume effects through a simple lattice-gas term. There are, of
course, differences in the results when the excluded volume ef-
fects are described using different approximations,61 but these
differences are minor at small voltages of the kind that we deal
with in our paper.

In Ref. 31 an element of reciprocity between forward and re-
verse actuation was suggested. Here, this reciprocity appears be-
cause ions behave as volumetric defects in both forward and re-
verse actuation. This is why the term that couples curvature and
excess charge concentration is the same in both free energy func-
tionals.11,12,51

Minimising the free energy functional with respect to electro-
static potential

δF

δψ
= 0 (3)

yields the Poisson equation

∇
2
ψ(r) =−4πe

ε
ρ(r). (4)

The number of anions in each infinitesimal thickness, dx, is
assumed to be constant. This results in their dependence follow-
ing c−(r) = c0/(1+κx), where c0 is the bulk concentration of an-
ions.36

Minimising the functional with respect to c+(r) yields electro-
chemical potential of cations, µ̄+. Chemical equilibrium requires
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the electrochemical potential to equal the chemical potential in
the neutral plane, µ+(x = 0). Solving the equality, µ̄+ = µ+, per-
mits the dependence of cation concentration on system parame-
ters and variables to be obtained. Utilising the resulting equation
in the excess charge concentration gives

ρ(r) =− c0

(1+κx)

(1− γ)

[
exp
{

eψ(r)−Kvκx
kBT

}
−1− κx

1− γ

]
(1− γ)exp

{
eψ(r)−Kvκx

kBT

}
+ γ

, (5)

where γ = c0/cmax is the compacity of the mobile cations.
In Refs. 11 and 12, where a very similar Poisson equation was

utilised, the problem of forward actuation was self-consistently
solved. In that theory, which dealt with electroactuators with flat
electrodes, it was found that most of the ionomer was in an elec-
troneutral state (ρ = 0). As can be seen from Eq. (5), there must
be a finite electrostatic potential in the bulk that linearly changes
with displacement from the neutral plane (x = 0) for there to be
electroneutrality. Such a dependence has been reported for re-
verse actuation multiple times.31,36 As we shall outline here this
linear electrostatic potential in the bulk gives rise to the sensing
capabilities of electroactuators. Hence, that self-consistent theory
was able to satisfy the requirement that a theory for forward actu-
ation must also contain the reverse actuation response, although
it was not noted at the time.11,12

2.1 Open-Circuit Voltage

Open-circuit sensing occurs under the idealisation of infinite re-
sistance between the electrodes external connection. Under the
electroneutral condition Eqs. (4)-(5) have a trivial solution,
which affords for open-circuit voltage

Ṽ = ζK
x
h
, (6)

where Ṽ = eV/kBT , ζ =Kv/kBT and K= κh are voltage in units of
thermal voltage (kBT/e ≈ 25 meV at room temperature), dimen-
sionless reverse actuator constant, and dimensionless curvature,
respectively.

A positive electrostatic potential develops in the upper half of
the electroactuator when there is a positive curvature (see Fig. 1),
which prevents the cations from redistributing there and breaking
electroneutrality. A similar linear relationship has been derived
previously in Ref. 36, but with a different constant of proportion-
ality between output voltage and curvature.

In the presented theory, open-circuit voltage increases with the
stress caused by a volumetric defect. This relationship is quite
intuitive: bulkier cations should have a greater preference for re-
distribution upon an applied mechanical force, owing to the cor-
respondingly larger energy gain from moving a bulky cation from
a region of compression to extension. It has been found in ex-
periments31,33 that the sensing voltage depends on the size of the
mobile ion. This is in agreement with the presented theory. The
stress also increases with the bulk modulus of the ionomer. Thus,
bulky cations in ‘strong’ ionomers are preferable for open-circuit
sensing.

2.2 Short-Circuit: Flat Electrodes

Short-circuit conditions occur when the external connections be-
tween electrodes have negligible electrical resistance. It shall
henceforth be assumed that 1� κx, such that 1+κx≈ 1; note that
it is simple to extend the analysis to include this contribution, but
we do not do so here for simplicity.36 The open-circuit analysis
demonstrated, in accordance with previous literature,13,33,36,37

that the voltage is extremely small, being fractions of thermal
voltage for typical system parameters and variables. Hence, it is
reasonable to linearise the Poisson equation, formally only pos-
sible provided γ is not close to 1, but giving the correct physical
behaviour for the whole range of γ in the end, to afford the stud-
ied Helmholtz equation in dimensionless form

d2ψ̃ f (x̃)
dx̃2 = (1− γ)ψ̃ f (x̃), (7)

where ψ̃ f = u f (x̃)−ζKx̃/h̃.11,12 Here, u f (x̃) = eψ f (x)/kBT is elec-
trostatic potential in the units of thermal voltage; x̃ = xκD, with
κD =

√
4πe2c0/kBT ε denoting the inverse Debye length; and

h̃ = hκD.
Solving the Helmholtz equation, with boundary conditions

ψ̃ f (0) = 0 and ψ f (±h̃) = 0,31 yields for the electrostatic poten-
tial distribution

u f (x̃) = ζK

[
x̃
h̃
− sinh{

√
1− γ x̃}

sinh{
√

1− γ h̃}

]
. (8)

In Fig. 3a) an illustrative electrostatic distribution is shown for
flat electrodes.

The form of the electrostatic potential distribution first ap-
peared in Ref. 31, but the parameters in the equation are dif-
ferent. Indeed, here they depend on system specific properties
and, in principle, practically all parameters are known without
any fitting (although this will have to be verified by experiments).
The only parameter that is not generally well known is the excess
volume of an ion, but this should be approximately equal to the
volume of the hydrated ion,12 provided minimal displacement of
solvent occurs (further theoretical development through the in-
clusion of explicit solvent could remove some ambiguity in the
evaluation of the excess volume). Moreover, if the excess vol-
ume of cations are the same in forward and reverse actuation,
the former can be used to determine the values of the parameters
of Eq. (8).12 This would be interesting to experimentally verify,
and would cement the reciprocity between forward and reverse
actuation.

It is evident that there are two contributions to the electrostatic
potential distribution in Eq. (8). The first, as seen on the left in-
side the brackets, has a linear dependence on displacement from
the neutral line (x = 0), as found in the previous section. Hence,
a major fraction of the polymer-electrolyte membrane is elec-
troneutral. The second term in the brackets comes from screening
of electrode charge, and therefore it only contributes to the dis-
tribution in the electrical double layer regions.

An interesting feature of Eq. (8) is when γ = 1. Under this
special case, the short-circuit electrostatic potential distribution
recovers that of open-circuit, owing to ions not being able to move
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and form electrical double layers at the interface.
The excess charge concentration¶ is given by

ρ̃ f (x̃) = (1− γ)ζK
sinh{

√
1− γ x̃}

sinh{
√

1− γ h̃}
, (9)

where ρ̃ f (x̃) = ρ f (x̃)/c0. Analysing the excess charge concentra-
tion, an example of which is displayed in Fig. 3b), reveals that at
the interfaces volumetric defects accumulate in regions of positive
strain and deplete in domains of negative strain. For positive cur-
vatures, cations redistribute from the lower electrode to reside in
the vicinity of the upper electrode. This is the expected behaviour
if one considers ions to behave as volumetric defects, since by
redistributing mobile cations from regions of compression to ex-
tension the elastic energy can be partially relieved.

The dimensionless surface charge density of the electrode, σ̃ =

−∇̃u|h̃,‖ is then

σ̃ f = ζK

[√
1− γ coth{

√
1− γ h̃}− 1

h̃

]
. (10)

Since the thickness of the electroactuator, 2h, is typically much
longer than the Debye length (κDh� 1),31 we can simplify the
dimensionless surface charge density to

σ̃ f ≈
√

1− γζK. (11)

Provided the channels in the hydrated ionomer are large
enough for continuous passage of cations from one electrode to
the other and the mean height of roughness of the electrodes is
significantly smaller than the separation between them (and that
the thickness of the double layer is smaller than the height and
the correlation length of roughness62), then the dynamics of elec-
trode charging is determined by the migration of ions through
the bulk ionomer with charging the electrical double layers oc-
curring momentarily relative to the characteristic migration time
(the latter assumption is warranted when h is much greater than
the double layer thickness54). In Ref. 54 the dynamics of charg-
ing flat electrodes with single mobile charge carriers, in the high
and low voltage limit, was explored. Such charging dynamics was
the basis of the theory in Refs. 11 and 12 for the time-dependent
characteristics of forward actuation. Since the voltages in reverse
actuation are always extremely small, typically less than thermal
voltage, it is sufficient to only utilise the low-voltage limit from
Ref. 54.

As an idealisation here, it was assumed that the resistance of
any external components is negligible. Such an approximation
should be sufficient for sensing applications, but would not be
adequate when the electrical response is performing work against
a load in energy harvesting applications.

It is henceforth assumed that the time and spatial dependences
are separable, and that there is initially a step change in the cur-
vature of the electroactuator. Hence, the time-dependent charge

¶At linear response it is trivial to obtain excess charge concentration from ρ f =

−kBT c0(1− γ)ψ̃ f .
‖ In dimensional form the surface charge is given by σ = eσ̃/4πlBλD, where lB =

e2/εkBT is the Bjerrum length and λD = 1/κD is the Debye length.

of the upper electrode (situated at h) is given by

Q̃ f ≈−
√

1− γζKS̃ f

(
1− exp

{
− t̃ f

})
, (12)

where Q̃ f = Q f /e is the number of accumulated charges, S̃ f =

S/4πlBλD is the characteristic surface area scaling factor for flat
electrodes, and the dimensionless time, t̃ f = t/τ f , depends on the
characteristic decay time, τ f , which is given by

τ f =
hλD√
1− γD

S
S0

, (13)

with λD, D, S and S0 denoting the Debye length, diffusion coef-
ficient of mobile cations, total surface area of one electrode and
macroscopic surface area occupied by that electrode (note that
S > S0 in general because the electrodes are typically not perfect
flat surface)11,12, respectively. In Fig. 3c) the general curve for
the accumulation of charge from a step change in curvature is
displayed.

The corresponding dimensionless transient current, Ĩ = dQ̃/dt̃,
from a step change in curvature is

Ĩ f =−
√

1− γζKS̃ f exp
{
− t̃ f

}
. (14)

In Fig. 3d) the dimensionless current scaled to the surface area
factor is displayed.

2.3 Short-Circuit: Micro-Structured Electrodes with
Cylindrical Pores

The structure of the electroactuator with micro-structured elec-
trodes with cylindrical pores is depicted in Fig. 2. Since the
resulting dimensionless equations for micro-structure electrodes
with slit pores do not significantly differ, we analyse that struc-
ture in the Supplementary Information (SI)†.

The assumptions formulated in the first paragraph of the previ-
ous section also apply here. It is further assumed that all edge ef-
fects, from the entrance and end of the pore, are negligible, such
that the separating membrane is ignored (valid when h >> a).
We employ a ‘unit cell’ concept for an average ‘tandem pore’ of
the electroactuator, as seen in Fig. 2, by a cylinder which does
not change with curvature of the beam (the assumption is valid
when 1 >> κx).

The utilised dimensionless Helmholtz equation, valid when γ is
not close to unit, in cylindrical coordinates is given by

1
r̃

∂

∂ r̃

(
r̃

∂ψ̃c(x̃, r̃)
∂ r̃

)
+

∂ 2ψ̃c(x̃, r̃)
∂ x̃2 = (1− γ)ψ̃c(x̃, r̃). (15)

where r̃ = κDr is the dimensionless radial coordinate and
ψ̃c(x̃, r̃) = uc(x̃, r̃)−ζKx̃/h̃.

It is assumed that the equation is separable, ψ̃c(x̃, r̃) =

Xc(x̃)Rc(r̃). The ordinary differential equation in the x̃ coordinate
is taken to be

d2Xc(x̃)
dx̃2 = 0. (16)

The solution of which is simply
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Fig. 3 Short-circuit characteristics for an electroactuator with flat electrodes. The parameters used were as follows K = 5 x10−3, h̃ = 100 (note
that this is significantly smaller than typical, which was chosen for illustrative effect. For typical systems, h̃ is of the order of 105), ζ = 0.5 and γ = 0.5. a)
- Distribution of electrostatic potential in units of thermal voltage as a function of dimensionless position in the ionomer. The linear relationship holds for
the majority of the electroactuator, only near the electrodes does it deviate. b) - Excess charge concentration scaled to bulk concentration of cations as
a function of position in the ionomer. Electroneutrality is only broken in the vicinity of the electrodes. c) - Dimensionless charge scaled to the surface
area factor as a function of dimensionless time. d) - Dimensionless current scaled to the surface area factor as a function of time in the units of τ f .

Xc =
ζKx̃

h̃
. (17)

The ordinary differential equation for the dimensionless radial
coordinate is as follows

d2Rc(r̃)
dr̃2 +

1
r̃

dRc(r̃)
dr̃

= (1− γ)Rc(r̃). (18)

The general solution of which is given by modified Bessel func-
tions of the first and second kind. The modified Bessel function
of the second kind must be discarded since it is not a physical
solution for the problem at hand (in the center of the pore, the
electrostatic potential distribution must be finite and equal to that
of open-circuit). For the considered short-circuit case, the second
boundary condition is simply, uc(x̃, R̃) = 0.31 Hence, the solution
for dimensionless electrostatic potential inside a pore is

uc(x̃, r̃) =
ζKx̃

h̃

[
1− I0(

√
1− γ r̃)

I0(
√

1− γR̃)

]
, (19)

where R̃ = κDR and I0 is a modified Bessel function of the first

kind.∗∗ As can be seen from Fig. 4a), the magnitude of the elec-
trostatic potential increases with displacement from the neutral
plane. Again, electrical double layers form only in the vicinity of
the electrodes, leaving most of the hydrated ionomer inside the
pore electroneutral.

The corresponding dimensionless excess charge concentration
inside a pore is given by

ρ̃c = (1− γ)
ζKx̃

h̃
I0(
√

1− γ r̃)
I0(
√

1− γR̃)
. (20)

As displayed in Fig. 4b) cations redistribute from the lower elec-
trode to the upper one to form a cation-enriched electrical dou-
ble layer there, leaving the lower electrode with a cation-depleted
electrical double layer. It can also be seen that the extent of cation
enrichment and depletion increases with displacement from the
neutral plane.

Taking the derivative of Eq. (19) with respect to dimensionless

∗∗The 0 refers to the order of the modified Bessel differential equation, namely Eq.
(15). It is zeroth order because of the Laplace equation for Xc(x̃).
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Fig. 4 Short-circuit characteristics for an electroactuator with micro-structured electrodes with cylindrical pores. The parameters used were
K= 5 x10−3, R̃ = 100 , ζ = 0.5 and γ = 0.5. a) - Electrostatic potential, scaled to thermal voltage, as a function of the radial coordinate in the pore for the
indicated pore depths. Inside the pore, there is almost constant potential at each depth - deviations only occur near the electrode surface where space
charges form. b) - Excess charge concentration, in units of bulk concentration of cations, as a function of radial coordinate in the pore for the indicated
pore depths. c) - Charge, in units elementary charge, scaled to the surface area factor as a function of time in the units of τc. d) - Dimensionless current
scaled to the surface area factor as a function dimensionless time.

coordinates yields the dimensionless electrostatic field. Evaluat-
ing the displacement field, D = εE, at the upper electrode per-
mits the dimensionless surface charge density of that pore to be
obtained

σ̃c(x̃) =
√

1− γ
ζKx̃

h̃
I1(
√

1− γR̃)
I0(
√

1− γR̃)
, (21)

where I1 is the modified Bessel function of the first kind of or-
der 1.†† Since the pore radius is typically many times the Debye
length, the dimensionless surface charge density simplifies to

σ̃c(x̃)≈
√

1− γ
ζKx̃

h̃
. (22)

The dynamical behaviour of charging a porous system, such as
the discussed micro-structured electrodes, requires transmission
line theory.51,63 In which, the ions charging the electrical double
layer move along the electrode surface, in the interior of the elec-
trode pore. In doing so the electrical current moves through a

††This modified Bessel function comes from I1(z) = dI0(z)/dz.

series of resistors, off which capacitors can be charged as the ions
migrate into the pore. Since the pore is finite in length, there is
no current at the end of the pore, and only a transient current is
observed.

Once again it is assumed that cations are much smaller than the
channels of the elastomer in which they migrate, the resistance
of external load is negligible and the surface charge density can
be multiplied by a function of time and space that describes the
dynamics of charging, as outlined in Ref. 51.

The total charge of one electrode is then approximately given
by the charge per one pore multiplied by the number of them.
Furthermore, since h� a the integration can be approximately
taken from 0 to h̃. Hence, the evolution of charge of the upper
electrode can be approximated by

Q̃c =−
√

1− γ
2ζKS̃c

h̃2

∫ h̃

0
dx̃x̃φc(x̃, t̃c) (23)

where S̃c = RhS0/4πlBλDR2
u and the time-dependent function is

given by51
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φc(x̃, t̃c) = 1− 4
π

∞

∑
n=0

(−)n(
2n+1

) ·
cos

[(
n+

1
2

)
π

(
1− x̃

h̃

)]
exp
{
−
(
2n+1

)2t̃c
}

; (24)

the time is in units of τc, which is given by

τc =
8h2C
π2RΣ

, (25)

where C and Σ are the capacitance and ionic conductivity, respec-
tively. It is sufficient to assume that the capacitance is constant,
with a value of the Debye capacitance, since the equations have
been solved at linear response. Evaluating the integral we ob-
tained the net charge in the upper electrode

Q̃c =−
√

1− γζKS̃c

[
1− 32

π3

∞

∑
n=0

(−)n(
2n+1

)3 exp
{
−
(
2n+1

)2t̃c
}]

.

(26)
In Fig. 4c) the general curve for charge accumulation of the upper
electrode is displayed.

Taking the derivative of the above equation with respect to t̃c
yields dimensionless current

Ĩc =−
√

1− γζKS̃c

[
32
π3

∞

∑
n=0

(−)n

2n+1
exp
{
−
(
2n+1

)2t̃c
}]

. (27)

An example curve for which is displayed in Fig. 4d). Remember,
these dynamic equations have been derived with the assumption
of no external resistance. Hence, deviations from these equations
are expected when comparisons are made to experiments.63

3 Discussion
In dimensionless parameters and variables, there is clearly very
similar equations for flat and micro-structured electrodes. To
compare the different electroactuators, to reveal which type is
most suited for sensing, the equations must be cast back into di-
mensional form. Structural parameters, such as our h and R, and
alike, will always vary over the system. So hereafter, all corre-
sponding notations will be considered averaged of the sample.

For open-circuit voltage the describing equations are

V f = 2
Kv
e

hκ, (28a)

Vc = 2
Kv
e

aκ, (28b)

for flat electrodes and micro-structured electrodes with cylindri-
cal pores, respectively. It has been found that the sensing voltage,
Kv/e, is of the order of 10−1-103 times thermal voltage.12 This
is in reasonable agreement with range reported in experiments,
where open-circuit voltage is often found to be of the order of mV
and increases linearly with the strain.13,33 Moreover, experiments

have found that the electroactive response of reverse actuation
dependence on the volume of the mobile cations.31,33 The above
equations clearly have such dependence, which is in contrast to
previously derived open-circuit equations for voltage.36,37

Which type of electroactuator is better for open-circuit sensing?
For the same average curvature and overall device thickness (2H),
it is evident that flat electrodes are preferable. This is because h
is larger for flat electrodes than a is for micro-structured elec-
trodes. Hence, flat electrode electroactuators with large distances
between the electrodes are optimal for open-circuit sensing. It is
advantageous to sense in open-circuit because of the one-to-one
correspondence between curvature and voltage, and because the
electroactuator does not have to be in a dynamic state to obtain
information on its curvature.

For short-circuit sensing it is preferable to measure the charge
accumulated, rather than the current, because of the one-to-one
correspondence between charge accumulated and curvature at
long times, in a static state. Therefore, we shall further discuss
the accumulated charge for short-circuit sensing.

What type of electroactuator is better for short-circuit sensing?
Since the net charge accumulated scales with the surface area
of the electrodes, it is somewhat trivial to understand that, for
the same device size, the micro-structured electrodes should be
substantially more sensitive than flat electrodes. The ratio of the
charge accumulated in micro-structured electrodes to that of flat
electrodes is

Qc

Q f
=

S0

S
pc

h
R
. (29)

Both S0/S and pc are less than 1, but they are not necessarily
substantially so. Since h� R, the charge accumulated is, in fact,
significantly larger for micro-structured electrodes with cylindri-
cal pores. In the SI† the ratio of the charge accumulated in
micro-structured electrodes with slit pores is compared to flat
electrodes, where an analogous expression is found. Therefore,
micro-structured electrodes should be used for sensing in short-
circuit .

4 Conclusions
To summarise, a classical density functional theory formalism was
developed for the description of reverse actuation, in which ions
are modelled as volumetric defects. We found simple, analyti-
cal formula for the open-circuit voltage, and short-circuit surface
charge density, accumulated charge and transient current from
a step change in curvature. All measurable responses, voltage,
charge and current, were found to linearly increase with the vol-
ume of the defect and the thickness of the electroactuator, inde-
pendent of the type of the electroactuator. It was found that flat
electrode electroactuators are preferable for open-circuit sensing,
but micro-structured electrodes are advantageous for short-circuit
sensing.
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