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Abstract 

The Stokes-layer generated by a sinusoidally oscillating flat plate in an infinite 
fluid is an important prototype of unsteady flows, and is known to be susceptible 
to high-frequency instability. According to linear theory (Tromans, 1977; Cowley, 
1987), small disturbances can grow exponentially over part of a period and become 
neutral at some time. The present study considers nonlinear effects on the instability 
under a high-Reynolds-number assumption, i.e. R ^ 1. It is shown that in the 
vicinity of the neutral time, the small disturbances evolve from a linear stage to 
a nonlinear stage due to enhanced nonlinear interactions inside the critical layers 
- the neighbourhood of a level at which the phase velocity of the disturbance is 
equal to the basic flow velocity. Specifically, we have studied the evolution of a 
two-dimensional wave, a pair of oblique waves and a resonant triad of waves. The 
temporal-spatial modulation of near-planar waves is also considered. 

For a two-dimensional disturbance, it is shown that the evolution is controlled 
by nonlinear eff'ects once the linear growth rate has decreased from order one to 
0(6?), where e is the magnitude of the disturbance. The amplitude equation turns 
out to be an integro-differential one of Hickernell type (Hickernell 1984). We study 
the amplitude equation by series-extension and numerical methods. For the inviscid 
case, i.e. e >> the solutions always develop a finite-time singularity. When 
viscosity is included, i.e. e ~ R~^, it is found that (a) viscosity generally delays the 
finite-time singularity, and (b) if viscosity is sufficiently large the singularity can be 
completely eliminated, with the result that the wave evolves to an equilibrium state, 
confirming the findings of Goldstein Sz Leib (1989). In particular, for the present 
problem it is found that for disturbances with wavenumbers in the range [0.6, 1.3], 
a finite-time singularity always occurs, no matter how large the scaled viscosity 
parameter is. If e <C i.e. the disturbance is relatively small, the amplitude 
equation can be reduced to a classical Stuart-Landau equation by taking a limit of 
the integro-differential equation. The stability of the equilibria is also studied. 

For the case where the disturbance consists of a pair of oblique waves, the non-
linear evolution stage comes at a much earlier time, namely when linear growth rate 
is ), and it then evolves over a much faster time scale 0(e~3), as in Goldstein 
& Choi (1989). Mathematically this is due to a pole type of singularity in the 
outer solution for the streamwise and spanwise velocities, which is much stronger 
than the branch-point singularity associated with Uyy{yc) ^ 0. We show that for 
the disturbances with order-one spanwise wavenumbers, the amplitude equation is 
the same as that of Goldstein & Choi(1989), although Uyy{yc) = 0 in their case. 
However, we point out that when three-dimensionality is relatively weak, the fact 
that Uyy{yc) 7̂  0 in our problem does bring in a difference. Moreover, we obtain an 
amplitude equation for the case when viscosity effects are important in the leading 
order equations of the critical layers, thus extend the analysis of Goldstein & Choi 
(1989). At least under the inviscid hmit, the solution of the amplitude equation can 
develop a finite-time singularity, corresponding to the finite-distance singularity of 



Goldstein & Choi (1989). In addition, it is noted that the nonlinear interaction of 
waves can generate strong vortices of the same magnitude as the waves. We suggest 
that these vortices may be identified as those observed in experiments, and may 
have relevance to the streaky structure in a turbulent boundary layer. 

For the case when three waves form a resonant-triad, we show that when the 
amplitude of the planar and the obhque waves are C)(c3) and 0(e) respectively, 
a mutual interaction takes place and the disturbances are governed by a coupled 
integro-differential equation system. These amphtude equations are significantly 
different from those of Raetz (1959), Craik (1971), Smith & Stewart (1987) in two 
important aspects. Firstly the local growth rate depends on the the whole history 
of the evolution, unlike a conventional resonant triad, where the local growth rate 
depends only on the instantaneous amplitudes of the disturbances (see Goldstein 
& Lee, 1990). Secondly the back reaction of the obhque waves on the 2-D wave is 
accounted for by two cubic terms and one quartic term rather than by one quadratic 
term. The amplitudes of the two-dimensional and the three-dimensional waves can 
exhibit a finite-time singularity, the structure for which is proposed. The evolution 
equations obtained in our study are shown to be valid until the magnitude of the 
disturbance becomes order one; thus they provide a full description of the develop-
ment of resonant-triad waves from their linear small amplitude stage towards the 
fully-nonhnear order-one-amplitude stage. 

For the temporal-spatial modulation case, i.e. the case when the amplitude of 
the disturbance is a slowly-varying function of spanwise position as well as of time, 
it is shown that the development of the disturbance is controlled by critical-layer 
nonlinearity when its linear growth rate decreases to 0 (es ) . Nonlinear interactions 
influence the evolution by producing a streamwise vortex and cross-flow distortion. 
The modulation equation turns out to be an integro-payimZ-differential one contain-
ing hi story-dependent nonlinear terms. A novel feature of the amplitude equation is 
that the derivatives with respect to space, including the highest derivative, appear 
in the nonlinear terms. These terms are associated with three-dimensionality, and 
hence represent vortex stretching and tilting effects. The possible properties of the 
amplitude equation are discussed. It is shown that a localized singularity may occur 
in a finite time. This provides a possible explanation for the focusing of streamwise 
vorticity and the formation of streaks. 

The finite-time singularity, which can occurs in all the four cases studied, suggests 
that explosive growth is induced by critical-layer nonlinear effects. Hence an initially 
small disturbance is further amphfied by nonlinear effects; moreover this nonlinear 
growth can prevent the disturbance evolving into an equilibrium state as implied by 
linear theory. We suggest that this nonlinear blow-up of high-frequency disturbances 
is related to the bursting phenomena observed in experiments, and can lead to 
transition to turbulence. 
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Chapter 1 

Introduction 

1.1 Stability of Steady Flows 
The transition from laminar to turbulent flow is one of the central problems in fluid 
mechanics. It is generally attributed to some form of instability of the underlying 
flow. One basic step to understand the transition is to study, either experhnentafly 
or mathematically, the development of small disturbances on the basic flow. 

Experimentally, many detailed investigations have concentrated on steady boundary-
layer flows, e.g. Blasius flow and free shear flow, in which small disturbances are usu-
ally introduced by vibrating ribbons or loud speakers (cf. experiments for Taylor-
Couette flow, where no artiflcial disturbance is introduced). The resulting waves or 
wave-packets initially are two-dimensional and evolve linearly (e.g. see Schubauer 
& Skramstad, 1947), then enter a nonlinear stage, at which super- and/or sub-
harmonics are generated. But eventually three-dimensional disturbances grow rapidly 
and become appreciable (e.g. see Klebanoff et a/., 1962; Kachanov & Levchenko, 
1984; Saric et ai, 1984; Cohen et al, 1991), and the flow undergoes laminar break-
down locally, manifested by the onset of turbulent spots, and ultimate transition to 
turbulence. 

Mathematically, the instability problem poses an initial-value problem of non-
linear partial differential equations (PDEs), which is difficult in general. For some 
simple basic flows, such a problem became solvable recently by using.supercom-
puters (see e.g. Kleiser & Zang, 1991). However when disturbances are sufficiently 
small, one may expect that it is reasonable to Hnearize the disturbance equations. 
The resultant hnear system usually has space- and/or time-periodic solutions ac-
cording to the symmetry of the flow. By seeking periodic solutions of the linear 
equations, the original initial-value problem is converted into a linear eigenvalue 
•problem^, solutions of which are usually called normal modes. The formulation and 
the solution of such eigenvalue problems are one of the main aims of linear instabil-
ity theory. Its mathematical treatments have been summarized by, e.g. Lin (1955) 

contrast, Hall (1983, 1988) has shown that Gortler instability is essentially an initial-value 
problem, and an eigenvalue approach yields misleading results. 



and Drazin & Reid (1981). By solving eigenvalue problems, the critical parame-
ter for the onset of instabihty, e.g. a critical Reynolds number, may be predicted. 
Also at a given parameter, the most dangerous mode, i.e. the mode with largest 
growth rate, may be identified. Moreover, the case where the eigenvalue problem 
is degenerate may have a significance in the instability of shear flows, as shown by 
Benney & Gustavsson (1981). From a dynamical-system point of view, this linear 
instability theory can be regard as a local bifurcation analysis. This type of analysis 
has proved to be highly successful for Taylor-Couette flow as illustrated beautifully 
by G. I. Taylor (1923). The theoretical prediction of Tollmien-SchHchting (T-S) 
waves for Blasius flow (Tollmien, 1929; Schlichting, 1933) and plane Poiseuille flow 
(Heisenberg, 1924; Lin 1944), was confirmed by landmark experiments of Schubauer 
& Skramstad (1947) and Nishioka et al. (1975) respectively. In particular, the pre-
dicted critical Reynolds number for Blasius flow is in reasonable agreement with 
experiments, even though the approach based on Orr-Sommerfeld (0-S) equation is 
strictly not mathematically justified (see e.g. Smith, 1979). 

To appreciate further the usefulness of the eigenvalue approach, we should recall 
that the eigenfunctions form a natural function base, from which the solution of 
the linear initial-value problem can be constructed. This was shown by Schensted 
(1960) for two-dimensional disturbances in plane Poiseuille flow, where the set of 
eigenfunctions is complete. As demonstrated by Henningson (1991), a similar con- . 
elusion holds for three-dimensional disturbances, but to represent the solution of 
the initial-value problem, the so-called Squire modes, in addition to the 0-S modes, 
have to be invoked. For Blasius flow, the eigenfunction set is not complete and a 
continuous spectrum exists. As a result, the representation of the solution is more 
involved (Gustavsson, 1971), but Gaster & Grant (1975) have demonstrated that 
the evolution of disturbances can be efi'ectively treated as a linear superposition 
of discrete modes provided nonhnear effects have not become significant. In this 
sense, these normal modes are basic "building-blocks" underlying the dynamics of 
the evolution. 

However, there are many situations where linear theory is insufficient and non-
linear effects have to be included. For instance: 

(a) For plane Poiseuille fiow, transition can occur at Reynolds numbers of the 
order of 1000, much lower than the linear-theory result 5772 (Orszag, 1971). 

(b) For a growing disturbance, no matter how small it is initially, at sufficiently 
large times its magnitude will become so large that nonlinearity can no longer be 
ignored. 

(c) Three-dimensional disturbances are observed to experience very fast growth, 
even though the initial dis turbanc^are predominantly two dimensional. 

To explain (a), Stuart (1960) and Watson (1960) developed weakly nonhnear the-
ory. The theory is formally valid in an asymptotically small vicinity of a bifurcation 
point, and is able to predict whether the bifurcation is subcritical or supercritical. 
The subcritical case indicates that provided the amplitude is larger than a threshold, 
a nonlinear bifurcation is possible at a lower Reynolds number; this provides a qual-
itative explanation for (a). A quantitative explanation can only be given by direct 

8 



numerical Simulation, but discrepancies with experiments still exist. The concept 
of threshold instability has been confirmed experimentally by ^ishioka et al. (1975). 
Moreover, by an amplitude-expansion procedure (now referred Stuart-Watson ex-
pansion), Stuart (1960) and Watson (1960) formally derived the Landau amplitude 
equations, which governs the evolution of two-dimensional modes near the neutral 
curve^, though as a self-consist ̂ symptot ic theory, the range of its vahdity may be 
small (Herbert, 1983). 

In the context of Poiseuille flow instability, an extension of Landau's equation 
to take account of spatial modulation was given by Stewartson and Stuart (1971) 
(see also Hocking, Stewartson &: Stuart, 1972; Davey, Hocking & Stewartson, 1974). 
They obtained an amplitude equation governing the subsequent nonhnear evolution 
of an initially linearly growing disturbance, and thus somewhat resolved problem 
(b). 

Problem (c) has initiated much theoretical interest. Raetz (1959); followed by 
Craik (1971), introduced a resonant-triad model, and showed that the resonance 
between a two-dimensional TS wave and two subharmonic oblique waves could be 
the mechanism for the rapid amplification of three-dimensional disturbances. On 
the other hand, Herbert put forward a linear secondary instability theory, in which 
the rapid growth of 3D disturbance is attributed to the parametric instabihty of 
the two-dimensional primary wave after it has reached a certain threshold (e.g. see 
Herbert, 1991; Bayly, Orszag & Herbert, 1991 and references therein). See also Kelly 
(1967) for a discussion of a 2-D subharmonic parametric instability mechanism; he 
first suggested this idea. 

One feature of transition is that it often, if not always, occurs at high Reynolds 
numbers. This suggests the application of asymptotic-expansion techniques; these 
have played an important role in the development of hydrodynamic instability the-
ory. For example, using these techniques, Heisenberg (1924) and Toll mi en (1929) 
predicted the instability for plane Poiseuille flow and Blasius boundary flow respec-
tively. Moreover, Smith (1979a,b) has pointed out that a high-Reynolds-number-
approach is the only mathematically self-consistent account of the instability of 
Blasius boundary layer. It does not, however, treat the minimum critical Reynolds 
number. Based upon the scaling yielded by earlier heuristic approximations. Smith 
(1979a,b) showed that TS instability in the vicinity of the lower branch of the 
neutral curve is described by a triple-deck structure. The fully nonlinear version of 
triple-deck problem is the counterpart of the fully Navier-Stokes (N-S) equations; the 
linearized version is equivalent to a hmiting form of the 0 -S equation. The extended 
interactive version of Smith, Papageorgiou & Elliott (1984) provides the application 
to flows at moderate Reynolds number of practical interest. Weakly nonlinear ef-
fects, in the Stuart-Watson vein, were studied in the framework of triple-deck theory 
by for example. Smith (1979b, 1980) and Hall & Smith (1982, 1984). More recently. 

^Generally speaking, "neutral curve" refers to the one yielded by linear analysis, and hence 
weakly nonlinear theory depends crucially on the existence of such a neutral curve. But Henningson 
(1991) argued that from the point of view of center manifold theory, the existence of a finite 
amplitude (nonlinear) neutral curve is sufficient. 
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nonlinear interactions between waves and vortices have been extensively studied, 
e.g. see Benney (1984), Hall & Smith (1989, 1990), Walton & Smith (1990), Hall 
& Smith (1991). In addition, by seeking high-frequency solutions of the triple-deck 
equations, Smith & Burggraf (1985) revealed some novel instability features such as 
eruption of vorticity from viscous sublayer and nonlinear Euler type of interactions. 
Along this line. Smith & Stewart (1987) studied resonant-triad interactions along 
the lower branch of the neutral curve. Recently, Mankbadi (1991), on the other 
hand considered resonant-triad interactions in the upper-branch-scaling regime; the 
agreement between his theoretical predictions and experiments is very impressive. 

It should be noted that all the nonlinear theories so far mentioned are developed 
for slowly-modulated neutral modes, i.e. for modes with vanishing small growth 
rates. This possibly deviates from many practical cases, where the growth rates 
of disturbances, though they may be small, are finite. Consequently, quantitative 
predictions from these theories are limited, though many valuable qualitative ones 
have been provided. Some efforts have been made to remedy this deficiency. For in-
stance, Zhou (1982) devised an approximation method, and calculated the threshold 
amplitude. The agreement with experiment is fairly good. Because of the limita-
tion of nonlinear theories, direct numerical computations were developed, of which 
there are two types. The first type is to solve the initial-value problem. The second 
type is a global bifurcation analysis in the parameter space (e.g. see Ehrenstein & 
Koch, 1991). In this approach, instead of tracing the temporal/spatial development 
of an initial disturbance, one seeks nonlinear (stable or unstable) equilibrium peri-
odic solutions directly; these solutions bifurcate at certain critical parameters. Such 
an approach has generally been applied to closed systems such as Taylor-Couette 
flow, where some bifurcated intermediate states are stable, and can be observed 
experimentally. In open flows, however, the intermediate states are often unstable, 
and therefore are not experimentally observable. Nevertheless, there is some evi-
dence that they may be related to coherent structures observed in transitional and 
turbulent flows. An appealing speculation is that these equihbrium solutions are 
basic "building blocks" constructing a lower-dimensional manifold; the solution of 
a nonlinear initial-value problem spends a substantial fraction of time "wandering 
around" the neighbourhood of this manifold. If this occurs, the mean quantities 
might be determined accurately enough by these equilibrium solutions. The above 
speculation seems to be supported by an interesting finding of Rozhdestvensky & 
Simakin (1984). They found that a low-resolution simulation, which they believe to 
be adequate to take account of large-scale coherent structures, closely approximated 
some overall quantities of engineering interest, such as the mean-flow profile and the 
skin f r i c t i o^ac to r . 

Most ofldeas so far mentioned have mainly been developed for Tollmien-Schlichting 
instabihty, however they also apply to other instabilities. In this thesis, we will be 
concerned with the evolution of Rayleigh instabihty waves in Stokes layers. We will 
explore aspects like nonlinearity, three-dimensionality, in particular, resonant-triad 
interactions and wave-vortex interactions. 
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1.2 Stability of Uns teady Flows 
Compared with steady flows, the instabihty of unsteady flows is not as well under-
stood. On the other hand, unsteady flows, in particular time-periodic flows, occur 
abundantly in nature, and a knowledge of their instability is important in many 
apphcations, e.g. the transport of sediment along the ocean bed (Li 1954), phys-
iological investigation of large blood vessels (Pedley 1980), and various pipe flows 
in engineering. For surveys on studies of instabilities of unsteady flows, see Davis 
(1974), von Kerczek et al. (1974, 1987), and Hall (1987). Stuart et al. (1990) 
recently studied the instability of a squeeze lubrication film, where the flow varied 
in both time and space. 

In this study, we will consider the instabihty of the Stokes layer generated by 
a flat plate oscillating sinusoidally with speed ([/o cos w f , 0) in an infinite fluid of 
kinematic viscosity v. The resulting flow has a boundary-layer thickness of order 
8" = (2f//w)2, and the Reynolds number R based on 8' and Uq is [/o(2/wz/)^/^. 
It is an important prototype of unsteady flows as well as an exact solution of the 
Navier-Stokes equations. Experiments show that a typical phenomenon occurring 
in the laminar-turbulent transition process is bursts of high-frequency disturbances 
followed by relaminarization, see e.g. Merkli & Thomann (1975), Clarion k, Pehssier 
(1975), Hino et al. (1976, 1983) and Akhavan et al. (1991a). Hino et al. (1983) 
found that the bursts, and the associated streamwise vortex structure were similar 
to those in the wall region of turbulent boundary layers. 

Previous theoretical work on instabihty problems of time-periodic flows has so 
far been restricted to the study of infinitesimal disturbances. Three types of theories 
have been suggested. The first type is the global theory based on Floquet theory. 
Von Kerczek & Davis (1974) considered the instabihty of a finite Stokes layer, i.e. 
the flow between an oscillatory plate and a stationary plate, with a distance m8* 
apart. For m = 8, they found that the flow is stable up to B = 800. The numerical 
method they adopted only applies to finite Stokes layers. Hall (1978) presented a/V 
improved version of Floquet analysis, which can be applied to infinite Stokes layers 
as well as to finite Stokes layers, but he too found that the fiow was stable for all 
Reynolds numbers investigated, i.e. R < 320. It was also shown by Hall that the 
flow has a continuous spectrum of damped modes at all values of Reynolds numbers, 
and that a set of discrete modes bifurcate from the continuous spectrum for certain 
values of the Reynolds number. However it appeal^that the least stable mode of 
the finite Stokes layer studied by von Kerczek & Davis does not correspond to the 
least stable discrete mode of the infinite Stokes layer when m = co. It is generally 
believed that according to Floquet theory, the flow is stable at low Reynolds numbers 
and possibly stable at all Reynolds numbers. Interestingly, while faihng to predict 
instabihty for a flat Stokes layer, the global theory gives successful predictions for 
periodic flows with the presence of centrifugal force or stratification effects(Seminara 
& Hall, 1976, Hall 1984, von Kerczek & Davis, 1976). A mathematical explanation 
for this is given by Cowley (1987). Based on a large-Taylor-number assumption, 
he could seek the high-frequency mode to the governing equation in Seminara & 
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Hall (1976). At this limit, the basic-flow can be regarded as quasi-steady, i.e. the 
mode can be found by "freezing" the basic-flow profile at each instant. Cowley 
found that the most unstable mode at each instant remains to be most unstable 
throughout the oscillation cycle. Hence the concept of the "net growth" represented 
by a Floquet exponent is appropriate. For the Stokes layer over a flat plate, however, 
there exists no mode which remains to be most unstable over the whole period. 
Physically, the instabilities of the flows studied by Seminara & Hall (1976), and von 
Kerczek & Davis (1976), are associated with the centrifugal and buoyancy instability 
mechanisms respectively, while for a flat Stokes layer, the instability is associated 
with shear of the basic flow. As a result of the diff'erence in instability mechanism, 
the instability in the stratified Stokes layer (Seminara & Hall, 1976) leads to the 
formation of stationary regular vortex patterns, while in the flat Stokes Ift^'er the 
instability is manifested by rapidly growing high-frequency disturbances followed by 
relaminarization. The fact that disturbances are observed to grow only over part 
of a period suggests that Floquet theory is too restrictive and may not be most 
relevant to the practical instability of Stokes layers; this is because Floquet theory 
concentrates on the net hnear decay or growth of a disturbance over a whole period 
rather than on the instantaneous "growth" to larger amplitude at any part in a 
period. The latter appears to be more relevant. 

The second approach can be classified as an Orr-Sommerfeld "quasi-steady" 
type, e.g. CoUins (1963), Obremski & Morkovin (1969) and Monkewitz (1983). As 
emphasised by Cowley (1987) (see also Smith, 1979a,b), these theories are more 
or less heuristic approximations and inconsistent mathematically in the sense that 
the Reynolds number is assumed to be sufficiently large so that a multiple scale 
analysis can be performed in time but then the Reynolds number is also taken 
to be order one so that viscosity can be retained in the Orr-Sommerfeld (0-S) 
equation. In particular, this type of analysis predicts that the instantaneous profile 
has a lower critical Reynolds number at the start of the acceleration phase than 
at the end of it (see e.g. von Kerczek & Davis 1974). Akhavan et ai (1991a,b) 
argued that this is in conflict with the experimental observation that bursts occur 
at the end of the acceleration phase. This disputable prediction may^due to the 
aforementioned inconsistency, and thus can not be accepted. Similar inconsistencies 
in some approaches made to analyze the effect of nonparallehsm on instability were 
noted by Smith (1979a,b). Also, it is difficult to take account of nonlinear effects 
systematically in these theories. 

The third type of approach is the self-consistent theory adopted by Tro-
mans (1977) and Cowley (1987). By assuming that the Reynolds number was large 
throughout, the earlier ad-hoc quasi-steady assumption was put on a self-consistent 
base. They assumed that the most relevant disturbances had frequencies of order 
Ru>, i.e. frequencies much higher than those of the basic flow. The disturbance thus 
evolves over a very fast time scale . This is required for mathematical self-
consistency but is also in good agreement with experimental observation. It is found 
that to the leading order, the disturbance is governed by the Rayleigh equation. A 
Rayleigh instability of the Stokes layer to high-frequency disturbances was identified 
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and the time interval over which such disturbances can grow was calculated. 

1.3 Critical-Layer Nonlinearity 
According to linear theory (Cowley, 1987), the disturbance undergoes a transient 
growth, and then decays. A possible transition mechanism for the Stokes layer is 
that before the disturbance decays, it can be further amplified by nonlinear effects 
and cause transition to turbulence. The present study will be concerned with the 
influence of nonlinearity on the disturbances considered by Cowley (1987). In par-
ticular, suppose that an instability wave with wavenumber a is excited at time r,-
on the left branch of the neutral curve A (see Fig.l , which arises in the paper of 
Cowley, 1987), and then grows exponentially according to linearized theory until 
the neutral time, say tq, is approached. In the vicinity of the neutral time, the 
growth rate becomes small, and critical layers emerge. Mathematically, because of 
the singular nature of the Rayleigh equation in the neighbourhood of critical layers, 
some neglected terms have to be reintroduced to remove the singularity. Physically, 
some ignored effects become important and have to be taken into account. These 
effects could be viscosity (Lin 1955, Drazin &: Reid 1981), nonlinearity (Benney & 
Bergeron 1969, Davis 1969) or the so-called translation effect (Cowley 1985, Haynes 
& Cowley 1986). In addition, Merkine (1984) showed that nonparallel effects rep-
resenting the "meridional advection" are significant in the critical layer of Rayleigh 
instability waves in a nearly parallel rotating barotropic flow. The theory of critical 
layers have been reviewed by Maslowe (1986) and Stewartson (1981). In this study, 
we are particular concerned with nonlinear effects within the critical layers. 

In the vicinity of a neutral curve, nonlinear effects can be taken into account by 
weakly nonlinear theory. The original version of weakly nonlinear theory (Stuart 
1960, Watson 1960) was developed for the case where the Reynolds number is of 
order one. There the disturbance is governed by the 0 -S equation at leading order, 
and the solution is regular in space; thus the nonlinear interaction takes place in 
the whole flow field. In high-Reynolds-number flows, the possibility that nonlinear-
ity could first become important inside critical layers was first highlighted by Lin 
(1957). Later, it was shown independently by Benney & Bergeron (1969) and Davis 
(1969) that if the amphtude of the disturbance is sufficient large, the singularity 
difficulty should be resolved by nonlinearity rather than viscosity. Cases where non-
linear and viscous effects are equally important in critical layer^ were considered by 
Haberman (1972), Smith & Bodonyi (1981), and Bodonyi^ SmitA'^1983). It should 
be emphasized that in these studies, the aim was to seek nonlinear neutral modes 
directly, rather than to follow the development of a linearly unstable mode into a 
nonlinear stage. Consequently, all critical layers in these studies are in equilibrium. 
It is not yet clear whether such equihbrium solutions can evolve from some initial 
linear state; thus the relevance of this type of mode to instability remains unknown. 

The critical-layer nonlinear effects in a time-evolution problem., were first in-
vestigated by Warn & Warn (1978), Stewartson (1978), and Brown & Stewartson 
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(1978). They specifically studied the evolution of a. forced Rossby wave, and showed 
that when time is sufficient long, nonlinearity inside the critical layers is significant 
at leading order, and as a consequence the initially linear Rossby wave enters a 
nonlinear evolution stage. The resulting critical-layer equation is similar to that 
of Benney & Bergeron (1969), but differs in one important respect; this is tha t a 
time-dependent term appears in the leading order equation, i.e. the critical layer 
is not in equilibrium. Note that in these studies, it was assumed that free insta-
bility modes were suppressed. On the other hand, Hickernell (1984) considered 
the critical-layer nonlinear effects on the evolution of a free Rossby-wave mode, i.e. 
the wave satisfies homogeneous boundary conditions. By imposing an appropriate 
radiation condition at infinity, the eigen-mode is "singular" in the sense that the 
critical level does not locate at the inflexional point of the basic flow profile (see 
below). Unlike the forced problem stated above, the critical-layer dynamics is now 
governed by linear equations at leading order, and nonlinearity is weak in the sense 
that it enters through inhomogeneous terms. Nevertheless, it is shown that this 
weak nonhnearity inside the critical layer controls the growth rate of the instability 
wave. In particular, because the time-varying term was retained in the leading-order 
equations of the critical layers, he obtained an amplitude equation which contains a 
history-dependent nonhnear term . 

More recently, Goldstein & Leib (1988) and Goldstein & Hultgren (1988) have 
considered the effects of critical-layer nonlinearity on the development of a two-
dimensional instability mode in a free shear layer. The cri t icaHajer structure ob-
tained by them turns out to be the same as that in the forced Rossby wave problem 
studied by Stewaxtson (1978) and Warn & Warn (1978). However, it^vorth pointing 
out that although the critical layer is strongly nonlinear, as in Benney and Bergeron 
(1969), the eigenrelation of the instability wave is not affected by nonlinearity at 
leading order. This is due to the fact that the critical layers evolved are regular 
here (see below). As will be shown in the next section, it is only incidental that the 
nonlinear terms are retained in the leading-order critical-layer equations. The nu-
merical solutions of Goldstein & Leib (1988), and Goldstein &: Hultgren {1989) show 
that vorticity roll up^^ue to critical-layer nonhnear effects. This process is initially 
inviscid, but sufficiently downstream, viscous effects eventually assert themselves, 
and cause the vorticity distribution to diffuse into a much simpler pattern with 
the generation of small lengthscale eddies being less pronounced compared with the 
inviscid case (Goldstein & Leib, 1988). The instability wave was found to grow 
algebraically, and consequently the critical layer evolves into a quasi-equilibrium 
one, which is similar to that of Benney & Bergeron (1969). But the detailed flow 
is different from theirs in that the vorticity in the closed streamhne, i.e. within the 
cat's-eye boundar}^is non-uniform. In both studies of Goldstein & Leib (1988) and 
Goldstein & Hultgren (1989), a specific mean-flow profile was used. A extension of 
their analysis into a general profile was made by Hultgren (1991). When an experi-
mentally measured profile was used, his theoretical prediction for the development 
of the wave was quantitatively in agreement with experiments. A strongly critical 
layer structure was shown to describe the vorticity roll-up process in boundary layers 
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with weak adverse pressure gradient (Goldstein, Durbin & Leib, 1987). Goldstein 
& Wundrow studied the evolution of so-called acoustic mode instability (Cowley 
& Hall, 1990) on hypersonic boundary layers. They showed that the dynamics of 
the critical layer was strongly nonlinear, and was governed by a nonlinear critical-
layer vorticity equation coupled with a nonlinear energy equation. Leib & Goldstein 
(1989) investigated the nonlinear interaction between the marginal unstable sinuous 
and varicose modes in the "Bickley jet" . Both modes are regular with the critical 
levels locating at the inflexional points (the Bickley jet has two inflexional points 
symmetrically off the center). The varicose mode is the subharmonic of the sinuous 
mode, and thus they form subharmonic resonance (Kelly, 1968), i.e. the nonlinear 
interaction occurs at quadratic order rather than at cubic order. The critical-layer 
was found to be strongly nonlinear, i.e. analogous to that of Goldstein &Leib (1988), 
but the equations governing the evolution of.the amplitudes and the distribution of 
the vorticity of each mode were strongly coupled. 

Goldstein & Leib (1989) considered the evolution of a single oblique mode in 
a compressible shear layer. They were concerned with the oblique modes whose 
critical level locates at the so-called generalized inflexional point, and hence the 
eigensolutions for the pressure and vertical velocity of the disturbance were regular 
at the critical layer. The outer solutions for the streamwise and spanwise velocity do 
exhibit a pole type of singularity, but in the single oblique wave case, it is appropriate 
to assume that the wave grows in its propagation direction, and thus this singularity 
as well as the spanwise velocity effects can be eliminated by an appropriate "Squire 
transformation" (see also Goldstein & Choi, 1989). Nevertheless, they showed that 
due to a pole type of singularity associated with the temperature fluctuation, the 
critical layer nonhnearity controlled the evolution of the disturbance in a way similar 
to that discovered by Hickernell (1984); the amplitude equation was found to be the 
same as that of Hickernell (1984). The numerical investigation of the amplitude 
equation show that the solution can either blow up at a finite distance downstream, 
or evolve into an equilibrium state, depending on the relative size of the disturbance 
and the Reynolds number as well as on the sign of the real part of the coefficient of 
the nonlinear terms. Leib (1991) further extended the analysis of Goldstein & Leib 
(1989) to the case where the critical level does not coincide with the generalized 
inflexional point. He also removed "restrictions of unit Prandtl number and linear 
viscosity-temperature relation". In this case, the critical level is a logarithmic branch 
point of the leading-order solutions for the pressure and the vertical velocity; 
the pole type of singularity associated with three-dimensionality is again ehminated, 
as in Goldstein & Leib (1989). The scaling of Goldstein & Leib (1989) still applies 
because it is just the scaling for the case with a logarithmic-branch-point singularity 
(cf. Hickernell, 1984). The amplitude equation was again found to be of Hickernell 
type, but the "nonlinear kernel function" differs from, however is an extension of^ 
that of Goldstein & Leib (1989). We further notice that this difference is mainly 
due to the additional nonlinear effect contributed by the logarithmic branch point. 
The removal of other restrictions also results in modifications to the kernel; however 
these modifications disappear at the inviscid hmit, and are not dominant effects in 
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the final formation of the finite-distance singularity. Leib (1991) showed that the 
amplitude equation could have either an equilibrium solution or a solution which 
blows up at a finite distance downstream, depending on the physical parameters of 
the flow. 

The evolution of interacting oblique modes, i.e. a pair o/oblique modes with the 
same streamwise wavenumber but opposite spanwise wavenumber was studied by 
Goldstein & Choi (1989) in an incompressible free shear layer. There the critical 
layer dynamics is significantly different from the corresponding 2-D case, "primarily 
because the streamwise velocity has a simple pole type of singularity" (Goldstein 
& Choi, 1989). The weakly nonlinear critical layer effects of Hickernell type were 
identified, in contrast to the strongly nonlinear one in the corresponding 2-D case 
(e.g. Goldstein & Leib, 1988). Note that the case of the interacting oblique waves is 
also significantly different from that of a single-oblique-wave (Goldstein k Leib, 1989; 
Leib, 1991) in that in the latter case the nonlinear effects associated with the pole 
of the streamwise velocity are suppressed by an appropriate Squire transformation. 
Ao a rcnult, nonhnear effects asserts-their themselves.jruich-^axlio'. 

The critical-layer nonlinear effects on the development of a resonant triad of 
Rayleigh instability waves in adverse-pressure-gradient boundary layers o/att inves-
tigated by Goldstein & Lee (1990). On the other hand, Mankbadi (1990) studied 
the resonant-triad evolution of T-S waves in Blasius boundary in the upper-lsranch-
scaling regime, in which a critical layer is distinct from the viscous wall layer (see, 
e.g. Drazin & Reed, 1981; Bodonyi & Smith, 1981). More comments on this aspect 
will be made in Chapter four. In addition, Churilov & Shukhman (1988) studied 
an unsteady, weakly nonlinear critical layer in a stratified flow and obtained am-
plitude equations evolving history effects. In particular, they found that in certain 
circumstanceji the cubic nonlinear term disappeared due to the symmetry property 
of the flow, and^uin t ic nonhnear term arose. 

This study is designed to address the effects of the critical-layer nonlinearity on 
the development of initially small disturbances, in the hope of shedding some light 
on the transition mechanism of the Stokes layer of interest here. We are concerned 
with the temporal evolution since this appear to be relevant to the instability of the 
Stokes layer. 

The overall structure of this thesis is as follows. In the next section of this 
chapter, which forms the cornerstone of this thesis, the underlying scalings are 
derived by considering nonlinear interactions inside critical layers. We show that , in 
the vicinity of, but before the neutral time, these nonlinear interactions control the 
overall development of initially linear instability waves. Consequently, disturbances 
enter a nonlinear evolution stage. The scalings are shown to be directly determined 
by the singularity properties of the disturbance vorticity near the critical levels. 
In Chapter two, we consider the simplest case where the disturbance is a two-
dimensional wave. In Chapter three, we study the evolution of the disturbance 
consisting of a pair of oblique waves. A disturbance that is composed of a resonant-
triad waves is studied in Chapter four. In Chapters two to four, the disturbance is 
assumed to be periodic in space and to evolve with time. However in Chapter five, 
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we consider the nonlinear temporal-spatial modulation of a near-planar wave, where 
the spanwise distribution of the disturbance is allowed to be of general form. 

Each chapter has a brief summary of the main results and an introduction. The 
analysis in each chapter proceeds in an outer-inner expansion style. In the "outer 
expansion" procedure, the asymptotic solutions near a critical levels are constructed; 
as usual, they are found to contain unknown jumps across the critical layers. In 
order for the inhomogeneous Ray lei gh equations to have solutions, an appropriate 
solvability condition has to be imposed. The "inner expansion" procedure seeks 
the solutions within the critical layers which match onto the corresponding outer 
expansions. The matching determines the jumps. It is noted that nonhnear effects 
control the development of the disturbance by altering these jumps. Using the 
solvability condition and the jumps, we obtain amplitude equations. The properties 
of the amplitude equations are discussed and interpreted. 

Except in Chapter four, viscous effects have been included in the leading-order 
critical-layer equations (Chapters two, three and five), i.e. the critical-layers evolved 
are both unsteady and viscous in nature. However, in Chapter four, a consideration 
of viscosity would greatly complicate the analysis. Instead, we assume that the 
Reynolds number is sufficiently large so that viscous effects do not play a leading-
order role in the evolution of the disturbance, and hence can be neglected. 

For the two-dimensional case (Chapter two), detailed numerical as well as ana-
lytical investigations of the amphtude equation are performed. The studies of the 
remaining cases are mainly devoted to derivation of the amplitude equations. 

1.4 General Scaling Arguments 
We take the flow to be described by Cartesian coordinates (z, y, z), where x is 
parallel to the direction of oscillation of the plate, y is normal to the plate and z is 
the spanwise direction. If (x,?/,z) is non-dimensionalised by 8*, velocity {U^V^W) 
by t/o, and time r by i.e. r — ut* (see §1.2 for the definitions for 8", Uq, w and 
Z*), then the basic flow field can be written as 

{U, y, W) = ( C O S ( T - y)e~^, 0,0) . 

We denote the perturbed flow by 

{U 4- u, y, w) . 

Substitution into the Navier-Stokes equations yields equations for {u^v,w). 
Following Cowley (1987), we study high-frequency instabihty waves, and intro-

duce the fast time scale 
t = RT , (1.1) 

to take account of the frequencies of the waves. 
The normal velocity component t; of a disturbance of 0(e) , to the leading order, 

has the form 
EAOV{Y, T)E cos /3z -f c.c. , 
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where e <C 1, and {3 is the spanwise wavenumber and is assumed to be order one; 
/? = 0 corresponds to the case of 2-D disturbances. The function v satisfies the 
Rayleigh equation, and the order-one complex constant AQ is a measure of the scaled 
amplitude of the disturbance. Hereafter c.c represents the complex conjugate of the 
part written out. For convenience, we have defined 

E = exp(ma; — i9{t)) , 

where a is the wavenumber, and is assumed to order one in this study, and 

d9 
— = ^ac{T) + ^ R - ' m i { T ) + . . . (1.2) 

with c being the complex phase velocity, i.e. c = + ici. For the fast time scale t 
defined by (1.1), it is convenient to introduce the factor \ in (1.2) (Cowley, 1987). 
The 0{R~2) term in (1.2) represents the effect of the viscous sub-Stokes layer (near 
the wall) with a thickness of order R~^', this thin layer needS to be introduced 
to reduce the slip velocity of the disturbance to zero at the wall (Cowley, 1987). 
However compared with nonhnear effects to be addressed in this study, this viscous 
modification to the dispersion relation is at a higher order (see Chapter two), and 
thus can be ignored. 

As discussed earlier, we concentrate on the times near to the neutral time, say 

T = TO + C'TI , 

where index / is a measure of how "quickly" the nonlinear evolution stage occurs. At 
this stage, the linear growth rate ac, is of order e', as can be deduced from a Taylor 
expansion of QC(T) at TQ, i.e. Q;c(r) = ac{To) + e'c'(TO)ri -f . . . . We will show that the 
value of the index I depends on the nature of the singularity in outer expansion of 
the disturbance vorticity at the critical layers. 

Before proceeding to a formal asymptotic expansion, we need to set down the 
underlying scaling, i.e. to specify the evolution time scale and the thickness of the 
critical layers in terms of the magnitude of the disturbances e. For this purpose, 
we introduce an intermediate time scale^ = a q f , which is much "slower" than 
the time scale of the instability waves, but much "faster" than the time scale of the 
underlying Stokes flow. The disturbances are then described by time variables t, ti, 
and r . In terms of these new variables, the z-momentum equation can be written 
as follows 

where we have replaced ^ by —Cr^ after using (1.2) to the order required, and 

#2 #2 32 
A = + 

^For inferring underlying scaling, this time scale is loosely defined at present, but will be pre-
cisely defined in each chapter. 
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We are particularly interested in the case where the nonlinear evolution occurs 
on the fastest possible time scale, i.e. the time-variation term appears at leading 
order in the critical-layer equations. Suppose that the thickness of the critical layer 
is 0(/u), then near a critical level, ({7 — cv) is 0( / i ) if Uy{yc) = 0 (1) , where yc is the 
critical level defined by U{yc) = c^. Balancing a c , - ^ and [U — cv)|^ yields 

fj. ~ 0{ci) . (1.3) 

This scaling brings in a new non-equilibrium effect that does not occur in the analysis 
of Stuart (1960) and Hall & Smith (1982, 1984). As pointed out by Hickernell (1984), 
it is this effect that leads to an integro-differential type of ampHtude equation. Such 
a non-equilibrium effect was included in the analysis of Goldstein &; Leib (1988, 
1989), Goldstein & Hultgren (1989), Goldstein & Choi (1989), and Goldstein & Lee 
(1990), Churilov & Shukhman (1988). 

From the asymptotic property of the Rayleigh equation near a critical level, we 
know that v ~ 0(e) as y —> i/g. 

For a regular critical layer of two-dimensional disturbances, i.e. Uyy{yc) = 0, 
both V and streamwise velocity u are regular, and in particular u ~ e{y — yc) as 
y yc. For a singular critical layer of 2-D disturbances, i.e. Uyy{yc) 0, u exhibits 
a logarithmic singularity, i.e. u ~ elog(y — yc) as. y yc- For three-dimensional 
disturbances, the streamwise velocity u exhibits a pole type of singularity, i.e. u ~ 
^ {y ~ Uc)'^ as y —> %/c, as noted by Benney (1961). In summary, for all three cases 
the vorticity of the disturbances can be expressed in the following general form 

~ ~ ~ ' (1-4) 

where the value of k represents the singular property of vorticity, i.e. 

k — 
0 for a regular critical layer of a 2-D disturbance, i.e. Uyy(yc) = 0, 
1 for a singular critical layer of a 2-D disturbance, i.e. Uyy{yc) ^ 0, 
2 for a 3-D disturbance. 

Following the idea of Hickernell (1984), we now turn to analyze the nonlinear in-
teractions inside the critical layers. The quadratic interaction through vUy produces 
a forcing of O ( ^ ) . Balancing this forcing term with a c i ^ in the z-momentum 
equation, we know that it generates a second harmonic and a mean-flow distortion. 
say 

e2 
~ O ( ^ ) 

Similarly, the cubic interaction through produces a forcing of O ( n ^ ) . Bal-
ancing this forcing term with a c , ^ , we know that it drives a fundamental 

~ O ( ^ ) 
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In order for the evolution of the disturbance to be affected by nonlinear interactions 
inside the critical layers, this fundamental is required to match with the unsteadiness 
of 0(ac{e) ~ 0{fie) in the outer region, i.e. 

This rather delicate balance was first discovered by Hickernell (1984). Its physical 
interpretation is that the nonlinearly generated streamwise velocity is required to 
smooth out the 0{efi) discontinuity of the outer solution across the critical layer. 
The above balancing yields 

fi ~ , (1.5) 

or equivalently 

^ " 1 + 4 - G) 

Clearly the scaling depends on the singular property of the critical layers. For 
regular critical layers. A: = 0, so ~ 0(e&). This is the scaling in Goldstein & 
Leib (1988) and Goldstein & Hultgren (1988). Under this scaling, the critical layers 
turn out to be strongly nonlinear. But we emphasise that this is only a coincidence 
because, unlike Benney & Bergeron (1969), we did not deliberately require nonlinear 
terms to be retained at leading order in critical-layer equations. 

For 2-D singular critical layers, ^ = 1 so 

P ^ - ( X 6 5 ) . (L7) 

This is the scaling obtained by Hickernell (1984). The same scaling applies to 
evolution of a single oblique mode in a compressible share layer (Goldstein & Leib 
1989), where the cross-flow effects and the effects associated with the pole type of 
singularity can be eliminated by use of an appropriate "Squire transformation". 

In the problem concerned here, it turns out that along the right branch of the 
neutral curve (see Fig.l), there exist two critical layers and both are singular. Equa-
tion (1.7) thus sets the scaling for the two-dimensional disturbance, which will be 
studied in chapter two. 

For 3-dimensional disturbances, k — 2, so 

/ i ~ 0 ( e 3 ) . (1.8) 

This scaling was obtained by Goldstein & Choi (1989) when studying three dimen-
sional disturbances in a free shear layer, where Uyy{yc) = 0. Note that in the present 
problem, Uyy{yc) ^ 0. We shall examine the nonlinear evolution of a pair of oblique 
waves in such a flow in chapter three. It appears that (1.5) unifies the scalings for 
a variety of cases, and provides certain insight into the critical-layer nonlinearity. 

Following a similar analysis as above, we can obtain the scaHngs for the resonant-
triad case and temporal-spatial modulation case. But we prefer to present these 
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scaling arguments in chapter four and chapter five respectively, which are devoted 
to the study of these two case. 

Finally, we check for the influence of viscosity. A typical case is that viscous 
diffusion terms appear at leading order in the critical-layer equations. This occurs 
when 

R - ^ ~ 0( / i ) , 

i.e. 
R ^ O ( e - 4 4 ) . (1.9) 
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Chapter 2 

Nonlinear Evolution of a 
Two-Dimensional Wave 

Abstract 

The Stokes-layer generated by a sinusoidally oscillating flat plate in an infinite 
fluid is an important prototype of unsteady flows, and is known to be susceptible 
to high-frequency instabihty (Tromans, 1977; Cowley, 1987). According to their 
linear theory, a small disturbance can grow exponentially over part of a period and 
become neutral at some time. The present study considers nonlinear effects on 
the instability. We assume that the Reynolds number R is asymptotically large, 
i.e. i? > 1. It is shown that in the vicinity of, but before the neutral time, the 
small disturbance evolves from a linear stage to a nonlinear stage due to enhanced 
nonlinear interactions inside the critical layers, i.e. thin regions centered on levels 
at which the phase velocity of the disturbance is equal to the basic flow velocity. 

For a two-dimensional wave, it is shown that the evolution is controlled by nonlin-
ear effects when the linear growth rate decreases to O(e^), where e is the magnitude 
of the disturbance. The amplitude equation turns out to be an integro-differential 
one of Hickernell type (Hickernell 1984). The solutions develop a finite-time sin-
gularity if viscosity is not too large, and viscosity generally delays the finite-time 
singularity, in agreement with the findings of Goldstein & Leib (1989). For the Stokes 
layer of interest in this study, it is found that for disturbances with wavenumbers 
in the range [0, 0.6] or [1.3, 1.43], the singularity can be completely eliminated if 
viscosity is sufficiently large; as a result the wave evolves to an equilibrium state. 
The stabihty of this equilibria is also studied. However for the disturbances with 
wavenumbers in the range [0.6, 1.3], a finite-time singularity occurs, no matter how 
large the scaled viscosity parameter is. We suggest that this nonlinear explosive 
growth of high-frequency disturbances may be related to the bursts observed in 
experiments. 

22 



2.1 Introduct ion 
As a first step in our theoretical study of nonlinear effects on the stability of Stokes 
layers, we consider the simplest case where the disturbance is a two-dimensional 
wave. 

As stated in Chapter one, critical-layer nonlinearity exerts its influence on the 
development of a two-dimensional wave at the times near to: 

T = To -t- , (2.1) 

i.e. the t ime at which the linear growth ra te is 0 { e ^ . It is at this stage tha t 
nonlinear eifects control the development of the disturbance. 

For a two-dimensional disturbance, it is convenient to work with the stream-
function equation, which is writ ten as follows: 

^ - V'yV'zM, , (2.2) 

where 

For convenience, we rewrite the nonlinear evolution t ime scale as follows 

^1 - . (2.3) 

The evolution of the disturbance is then described by four time variables, namely t, 
t i , Ti and To; the dependence on the slow t ime variables Ti and tq is parametr ic to the 
order of approximation in this study. With the multiple t ime scales so introduced, 
the t ime derivative in equation (2.2) should be interpreted as follows 

Since the basic flow U evolves on the slow time variable r , it is sufficient to 
expand its profile at t ime T in a Taylor series about the neutral t ime TQ 

U{y,T) - U{y,TO) + t^Uriy,TO)TI + ... . 

Hereafter all basic flow quantities will be evaluated at tq unless otherwise mentioned. 
The whole evolution process can be summarized in Fig2. As illustrated, the 

disturbances are initially well described by linear theory (Tromans, 1977; Cowley, 
1987). As the neutral t ime tq is approached, their growth rates become small, 
and hnear critical layers emerge. Once the growth rates decrease fur ther to 0{e&), 
i.e. at times Ti = 0 (1 ) , nonlinear interactions take place and control the overall 
development. The earlier linear and the subsequent nonlinear solutions are required 
to match in an asymptotic sense in the mutual overlapping domain. The analysis is 
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largely similar to that of Hickernell (1984) because of the the same type of singularity 
being treated. However one different point is that instead of imposing an initial 
condition at some specific time, we insist, following the idea of Goldstein & Leib 
(1989), that the nonlinear stage should match onto the earlier linear one (see also 
Goldstein, Durbin & Leib, 1987; Churilov & Shukhman, 1988). Note that besides 
a different flow being considered, the present study also differs from Goldstein & 
Leib (1989) in two aspects; firstly we consider the temporal evolution, and secondly 
our critical-layer singularity is associated with the logarithmic branch point in the 
disturbance velocity rather than the simple pole associated with temperature. 

2.2 Outer Expansion 
In this and the next sections, we assume that the Reynolds number is large enough so 
that viscosity does not play a leading-order role in the evolution of the disturbance. 

2.2.1 A s y m p t o t i c Solut ions N e a r Cr i t ica l Layers 
Outside the critical layers, the stream function of the disturbance is expanded in 
the following series; 

V" = e^i + 65^2 + e ^ 3 + . . . , (2.5) 

where = A{ti,Ti,To)(j)i{y,To)E + c.c, E = exp(mz - iO{t)), and 

dd 
— =-AC{TO)CLO{TO) +-R 2ni(ro) + . . . . (2.6) 

Here the dependence on tq, and Ti is due to the time variation of the basic flow. 
They can be treated as parameters to the order of interest in this study, and thus 
hereafter they will not be written out explicitly. 

The function (f>i satisfies the Rayleigh equation: 

, L , . 6 , , , ip ~ c)(D^ - a^)(6i - Uyy(l)i = 0 . (2.7) 
l1\« BOUJvdî v;̂  CoadU^orv 4-̂  VO-nisiKftj t i p 

Let t; = y — yJ, where is the j-th. critical level defined by U{yl) = c; then as 
f] —» ±0 , has the following asymptotic behaviour: 

~ + Pj<f>a log \r]\] , (2 .8) 

where 

<f>a = V + + . . . , (2.9) 

<̂6 = 1 + qjr]^ -f . . . . (2.10) 

The 0 ( e t ) term is introduced to take account of the nonhnear interaction inside 
the critical layer, and has the following form 

tp2 = 4- c.c. . 
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The function <̂2 satisfies the same equation and hence has the same asymptotic 
behaviour as (pi provided a is replaced by 2a. Later, however, <̂2 will be found to 
be identically zero. 

The function ^3 takes account of distortion of fundamental in the vicinity of the 
neutral time, and has the following form 

^3 = + C.c. . (2 .11) 

The function </>3 is the deviation of the eigenfunction from its neutral state, and is 
found to satisfy the following inhomogeneous Rayleigh equation: 

+ • (2-12) 

The asymptotic behaviour of <̂>3 is as follows: 

<^3 ~ - b f r j log 17/1 + (afrj + bfsj)?j log |r/| + . . . 
+cf(f>a + dflc^b + Pj<f>a log \v\] , (2.13) 

where 

Pi = ^ , (2.14) 

1i = . (2.15) 

Uy 

1 ^ ^yyy 
+ 2 u. 

% 

( M 
-1 ^yy r - ( r j - (m) {iaUTTi)A] , (2.16) 

— (zo) ^{{-iaUyrTiA)-^ + (iaTiA)-^ 

+ ( - ^ - . (2.17) 

where all basic flow quantities are evaluated at time tq and at the critical lever y^. 
The jumps (a^ ~ J ) etc. will be determined by analyzing the critical layers. 

We now introduce an inner variable: 

Y = \ = . (2.18) 
£5 65 

The outer expansion written in terms of the inner variable is as follows: 

i) ~ ebfAE + es log + }yfpjAY)E 

+ log | y | + (f^) + log | y | ) ] E 

+ e! log e^{afrj + bfsj + dfpj)Y + ^ApjbfY^]E 

+ e^cfY + {afrj + bfsj + dfpj)Y log \Y\ + .. .]E 
-|- c.c. - | - . . . . (2.19) 
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2.2.2 Solvabili ty Cond i t ion 
Multiplying both sides of (2.12) by and integrating from 0 to +oo, we obtain the 
solvability condition for (2.12): 

- Y , + J2T,A . (2.20) 
j Oil 

where the summation is made over all critical layers, and FP denote the finite part 
of Aj i 

- (f>3(l>ly)\y^yi+ — {.<t>Zy<i>l — M\y)\y^yi- • (2.21) 

The constants J i and J2 are defined by the following integrals 

" I (a 

Note that Ji and J2 are singular and should be interpreted in the sense of Hadamard. 
By using the asymptotic expressions (2.8), (2.13) together with (2.9) and (2.10), it 
is found 

F f ( A j ) = ( 6 t c t - 6-C-) - - 6-^0") - P;(6+c(+ -

« - «7) - - (^7) + « - - (^7'). (2.24) 

We shall obtain the amplitude equation from (2.20) and (2.24) after the jumps 
(a+ — a~) etc. are determined by analysing the critical layers in the next section. 
We emphasise that nonlinear!ty influences the evolution of disturbance by altering 
these jumps; thus in the analysis of the critical layers, it is sufficient to concentrate 
on these parts of the solution contributing to these jumps. 

2.3 Inner Expansion 

2.3.1 I n n e r Solut ions and J u m p s 
The expression (2.19) suggests that the inner expansion within the j- th critical layer 
takes the following form: 

^ -j- £^^2 "f" log / -j- ^3 "t" 6® log £5^2,/ 

+ £^^'4 + £5 log £5 ^3 ( + £5^5 + . . . . (2.25) 

The function satisfies the equation: 

Lo^ i = 0 , (2.26) 
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where 

= + + (2.27) 

The solution which matches the outer expansion is: 

= A.(^ti^E + c.c. , (2.28) 

where A = bjA and 6+ = 6~ = bj, i.e. the jump {bf — bj) is zero. 
The functions ^2 and both satisfy the same equation as The solutions 

tha t match the outer expansion are: 

^2 — -^(^1) 4" C(ti^JE^ + c.c. , 

^1,/ = + ApjY)E + c.c. . 

The function ^3 satisfies: 
^ 0 ^ 3 = -^1^1 5 (2.29) 

where 

i l = - ( \ u „ Y ' + %rT ,Y + + C ? „ A . (2,30) 

Let 
^ 3 = $3(^^, i l ) E + c.c. , 

then 03 satisfies the following ecjuation: 

Zo$3 = iocA{ti)Uyy , 

where 

^0 = [•̂ 7~ + ic({UyY + UrTi)]-

It can be shown that ; 

$3yy = io:%ybjFo{Y,ti) , (2.31) 

$37 = ^3Y{0,ti) + pjbjFi{Y,t i ) , (2.32) 

$3 = isiOJi) + i'3Y{0,t,)Y + iia)-'^biF,(Y,h), (2.33) 
c/; 

where 
r'l 

; i ) ( y , f i ) = (2.34) 
*/—oo 

rti ^io,UyY{^-ti) _ 2 . _ 
f , (y , i , ) = / — , (2.35) 

J — OO ( — 01 

W , ) = / . ' l . 

(2.36) 
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Using a Mellin transformation technique (Bleistein et al., 1990), we find that as 
Y —> ±00, $3y and $3 have the following asymptotic form 

^3/ ~ ^2'^Pj^S,T^{Uy)A+[^3Y{0,k) + Pj{7+ log\aUyY\)A] +0{Y~'^) , 

(2.37) 

^3 ~ {±2^Sgn(i7y)pjA + [$3y(0,( i) 4- Pj("y + log | a i /yy | ) ,4 ]}y 

T ^ i r j b j S g n { U y ) - r j b j S g n { U y ) { ^ + 1 + log \aUyY\) + $3(0 ,<i ) + 0{Y-^) , 

(2.38) 

where 7 is the Euler constant. Matching the asymptotes of $3^ and $3 with the 
their outer solutions respectively gives the following jumps: 

4 - "J : 7r2pj6jSgn([/y) , (2.39) 
df - dj = -irirjbjSgn{Uy) . (2.40) 

In this procedure, $3(0,^1) and $3r(0,i t i) are determined as follows: 

^3(0,4) = dj + rjbjSgn{Uy){^ni + 7 + 1 + log \aUy\) , (2.41) 

$3y(0,<i) = QQA , (2.42) 

where 

Qo = aj - Pjbj[^iSgn{Uy) + 7 - 1 + log \aUy\] . (2.43) 

The function ^4 satisfies the following equation: 

LO^4 = -t'1^2 + ^i,ar^3,yyy + . . . . (2.44) 

The first non-homogeneous term in (2.44) is analogous to tha t in (2.29) and thus 
it produces an analogous velocity jump. The solution driven by the second term 
(^ i , r^3 ,yyy) , i.e. by the nonlinear interaction of the fundamental , produces no 
velocity jump. Because (2a, c) is not an eigen-mode of Rayleigh's equation (Cowley, 
1987), ^2, and hence ^2 , should be identically zero. 

The solution of (2.44) has the following form: 

$4 = + c.c. , (2.45) 

where the mean-flow distortion, $4°^ and the second harmonic, satisfy the 
following equations respectively 

= -ic?U„UyA-(U) , (2.46) 

1 ^ + 2ia(UyY + £/ , r . ) )$S?r = ia=U„U,A(h) J" *'>'"><(A{h - • 

(2.47) 
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We find that 

r r _ , ) / ! ( ! , - ( - , 
JO JO 

(2.48) 

i f y y y a'U„U,'' T /" 
Vo Vo 

(2.49) 

$?'yy = ia^UyyV, r r e-"(0,l'+0.n)«+2,)^^((j _ ,)x(ii - ( - 7,)d(dn , 
*/ 0 */ 0 

(2.50) 

0(")yyy = T T ^ - ?;) j?; . 
Jo JO 

(2.51) 

The function ^5 satisfies the following equation: 

-^0^5 = -^1^3 4- + ^l,a;^4,KyK + • • • , (2.52) 

where 

^2 = -llu„,Y'' + U„RT,Y^ + U,„r;Y+]:U„,Tf] 

'^Wyyy^ 

J:+ 
We shall first seek the solution induced by the linear forcing terms, i.e. the first 

and the second terms in (2.52). By using (2.28), (2.30), (2.33) and (2.53), these two 
forcing terms can be expressed in the form of F^^ \Y, t i )E , where 

f ( ' ) (y ,< i ) = a " [ ^ + 2a( i7 ,y + i7,Ti)A] + M ^ v ! , . ^ ' + (;vyTTi)A 
uti 

+aW„bj[^U„Y' + U„t,Y + \u„T;)Fo(Y,h) 

+ i Q t / „ i $ 3 ( o , < , ) + $ 3 y ( o , i , ) y + ( w % % f 2 ( y , < i ) ] • 

(2.54) 

Let 0gyyjB denote the solution driven by F^'^{Y,ti)E-, then it is found tha t 

$ i J y = pjbiG2{Y,h) + a'U„bi(^U„Y'+ UyrT^Y + ^U„r;)G^(Y,U) 

+ iQ:[{UyyyY + UyyrTl)bj + UyyQQY]Fo{Y,tl) 

A((i) + $3(0, ^ (2.55) 
J — CO 
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where 

J—oo 

= r ° ° (A{h - ^)e-'«(i/,y+i/rn)(j^ , (2.56) 
Jo 

G2{Y,h) = r j ^ ( y , 
J — OO 

= r ° ° _ ^y^ia{rjyY+Urr,)i^^ _ (2.57) 
Jo i 

Integrating with respect to Y, we have; 

$ # = {iaU,)-yjbiH,{Y,t,) + - ^r,pib,G,{Y,h) 

+zHu„,hi + u„Qo)T~Ho(y,h)-^ 

-liaUrrT^Pjbj - l ) ^ ( ' i - Oe-'-C.y+CrT.K^^ 

a" 

9. 
+00 gioiUyYi _ 

'biA{h)Y + Pil $3(0, (, -

+$5y(0 , i i ) , (2.58) 

where 

(2.59) 

Hi{Y,h) = r ' ^ {(^UyYif - 2iaUyYi - 2 + _ ^)g-,or(a,y+Drn)y^ , 
JQ 

(2.60) 

H.(Y,u) = r + ' A j t , - p . , . 
Jo q 

(2.61) 

The asymptotic behaviour of $gy again can be obtained by a Mellin-transformation 
technique. After an extensive calculation we have: 

$5y ~ (oj'Pj + 2gj6j + •^Ppj)Y + { a j r j + p j d j + Sjbj) log \Y \ 
1 
2' 

+ {±^7r«Sgn(C7j^)(a+rj + pjdj + Sjbj) + ...} + 0{Y~'^) . ( 2 . 6 2 ) 
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We now consider the solution of (2.52) induced by the nonhnear forcing te rm 
(^ i , r ^4 ,yyy) , which, after some substitution, can be writ ten as follows; 

f W ( y , ( I ) = + . . . + C.C , (2.63) 

where only the terms proportional to E need to be writ ten out, since we are only 
interested in the fundamenta l wave. The solution is: 

$ W y = -2a=i7 , , i7J (n i + % + Hs) , (2.64) — ^NRJ'TJ TJ"^! 

where 

Jo Jo Jo 
(2.65) 

Jo Jo Jo 
(2.66) 

Jo Jo Jo 
(2.67) 

Integrating (2.64) with respect to Y, we obtain: 

$ ( ^ ( y , ( i ) = - n 3 ) ( f y + $ i^ (o ,< i ) . 

As y —> ±oo, $5y (y , ^i) has the following asymptotic behaviour: 

$(^)(y,<i) - T7r2a ' ' i7 , j i7 j r T l " A ( ( i - ^ ) A ( < i - ^ - ( ) A * ( ^ ] - 2 ( - 0 ( Z ^ c ( ( : + . . . . 
v/ 0 */ 0 

(2.68) 
Matching ($^y + ) with outer expansion gives the following jump: 

+p^dj + Sjbj) 

(2.69) 

It is noted tha t (a+ —aj) and {dj —d~) correspond to the classic ±7r phase shift 
at the logarithmic branch point, while (c+ — c j ) is modified by nonlinearity, which 
as will be shown, has a significant effect on the evolution of the disturbance. 

2.3.2 Evolu t ion E q u a t i o n of t h e A m p l i t u d e 
Inserting the jumps (2.39), (2.40) and (2.69) into (2.24), and using (2.20), we obtain 
the crucial evolution equation as follows: 

dA /• + CO /•+00 
'TT = 9oTi^ + oc'̂ 9 I I —C)c?(̂ f'C ) (2.70) 
all Jo Jo 
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where 

so = f o / J , (2.71) 
9 = S i l f , (2.72) 

/o = 

( 2 M ) 

/ . = 2 » I ] ( 6 ; | 6 , p a „ | i 7 , | ) . (2.75) 
j 

In order to match its earher linear evolution stage, A ha^). the following asymptotic 
behaviour (see e.g. Goldstein Sz Leib, 1989): 

A -4 aa - o o . (2.76) 

Equations (2.70) and (2.76) describe the evolution of disturbances. 
Following the idea of Goldstein & Leib(1989), we scale out AQ and TI by intro-

ducing the rescaled variables: 

t = —Titi — xq , (2.77) 

A{i) = y4(ii)e'^°/(—Ti)2 , (2.78) 

where A'o and Zg are chosen so that: 

goXo — i{Xo — (po) = log[Ao/(—Ti)2] . (2.79) 

It follows from (2.77) and (2.78) that 

;4(^ = A ( ^ ^ ) e ' ^ / ( - T i ) ^ . 
- T l 

Noticing this relation, we found that the evolution equation and the asymptotic 
behaviour then become: 

dA - f+CO r+oo _ _ 
= —GOA + A'^GJ^ ^ A{T—^)A{T—(—()A*{T—2^ — ()d(d^, (2.80) 

A 6-'=*+'^ as -GO . (2.81) 

The evaluation of the coefficients go and g will be discussed in §2^^. 
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Furthermore to scale out yo, we introduce: 

A = , (2.82) 
^ = |g'o|̂ — -^0 , (2.83) 

where y?o and XQ satisfy the following equation: 

— t—^XQ + zyo — kol ^} • (2.84) 
l5'o| 

Then we obtain: 

= i/qA + vJ^ ^^A{i—()A{t—^—()A*(i—2(—Qd(d(, (2.85) 

A —> e""' as i —y —oo , (2.86) 

where UQ = -go/\gol and = g/\g\. 

2.4 Viscous Effects 
In this section, the effect of viscosity on the evolution will be examined. We shall 
consider a typical case where the viscous effects are as important as time-variation 
effects in the critical layers. This happens when 

6 
R-^ = Aei , (2.87) 

where A is introduced to reflect the viscosity effect, and is assumed to be 0(1) . 
The equation (2.6) now can be written as follows: 

A 

H ~ + . •. , (2.88) 

where the corrections to the complex frequency at 0{e&) and O(e^), i.e. 0{R~^) and 
0{R~^) respectively, are due to the viscous effects. The outer expansion is modified 
correspondingly as follows 

Tp - C1pi + 6*^2 + e^V'3 + ) 

where the introduction of ip4 = A{ti)4)4E + c.c. at 0(€») is to take account of 
the viscous correction. The functions ^ i , ^2 and 7/13 satisfy the same equations 
respectively, and hence have the same solutions as in the inviscid case. The function 
<̂4 satisfies the following equation: 

[(V-c)(D^-a-')-V„]4,, = . 
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When written in the inner variable, we find that as j/ —>• yl, 

£5^4 ~ £5 log £5 [ — l o g ?'] + . . . , 

where r j = ^ . 
The inner expansion still takes the form of (2.25) and we repeat it here: 

^ + €& $2 + loge^^'i,/ + + £5 log £5^2,/ 

+ £#^4 + £# log £1^3,; + £#^5 + . . . . (2.89) 

The function satisfies the equation: 

Xo^i = 0 , (2.90) 

where 
= + + (2.91) 

Note that due to viscous diffusion, the critical-layer equation becomes fourth order. 
The solution which matches the outer expansion is: 

g/i == /i(fi)JS -k C.C. , (2L92) 

where A — bjA and bj = bj = bj. 

The functions ^2 and satisfy the following equations respectively: 

1 
LQ'^2 — + ^ i . r ^ i . y y y - ^ i . y^ i . ^yy , 

Lo^i,/ = 0 . 

The solutions that match the outer expansion are: 

$2 — -^(^1) 4" C{ti)E'^ + c.c. . 

^1,/ = 4" 4- c.c . 

The function $3 satisfies: 
•^0^3 = , (2.93) 

where 

i . = - i l u „ Y ' + U „ n Y + + 2 A t . i / 0 g ^ + U „ ^ . (2.94) 

Let 
^3 = ^3(^^)^i)-£' + c.c. , 
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and then $3 satisfies the following equation: 

I o $ 3 = , ( 2 . 9 5 ) 

where 

Let 

L„ = I J - + ic(U,Y + - A ^ 
dh ^ dY^ 

CP$3 Fs = 

^ ^ + 

then (2.95) can be written as follows 

+ ^cJjyY - = iaUyyA(ti) . (2.96) 

Following Hickernell (1984), we take a Fourier transform to equation (2.96) with 
respect to Y, and obtain: 

Tsti - cxUy'̂ sk + = 2TriaUyyA{ti)6{k) , (2.97) 

where Fs is the Fourier transformation of Fs defined by 

V — 0 0 

On writing T — ti + and regarding Fa as a function of T and k, we have: 

T s t - A ( r - ^ ) ^ ( A : ) , ( 2 . 9 8 ) 

where 8{k) is a Dirac delta function. The solution is as follows: 

Ts = + -^)H(-U,k) , (2.99) 
\Uy\ OCUy 

where H{—Uyk) is a Heaviside step function. The inverse Fourier transformation of 
F3 yields 

F3 = iaUyybjFo{Y,ti) , (2.100) 

where 
^ ( y , < i ) = . (2.101) 

Note that we have put 

•si = . 
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Integrating Fa with respect to Y, we obtain: 

$3y = + pjbjFi{Y,t i ) , (2.102) 

$ 3 = $ 3 ( 0 , f i ) + $ 3 y ( 0 , f i ) y + M - : & 6 , A ( y , f i ) , ( 2 . 1 0 3 ) 

where 

J
r+oo 1 

' A(ti - , (2.104) 

0 Q 

F2(Y,h) = 1 - laUyY^e'-'^y''^ - . 

( 2 . 1 0 5 ) 

Following the same procedure as in the inviscid case, we find tha t the jumps 
across the j - th critical layer are as follows: 

af - a~ = TripjbjSgn{Uy) , (2.106) 
— dj = —TrirjbjSgn{Uy) . (2.107) 

Note tha t they are exactly the same as in the inviscid case, i.e. viscosity does not 
alter the jumps {aj — aj) and (0?+ — d j ) . 

The function ^4 satisfies the following equation: 

: #2 
-£'0^4 = Li'^2 ~ ^ ^ 2 ^ 3 + ^ i ,x^3 ,y ry • (2.108) 

By the same argument as in inviscid case, we conclude tha t ^2, and ^2 , should be 
identically zero. The solution of (2.108) has the following form: 

$4 - + c.c. . (2.109) 

In particularly, $4^^ satisfies the following equation: 

. (2 .110) 

This equation can be solved in a similar way of solving for 03. It is found that 

~ ~ i c x U y y b j d i G i { Y , t i ) , (2.111) 

+ $ g ( 0 , < i ) , (2.112) 

= - % a - : & A & n i G 2 ( y , ( i ) + $ ( ^ ( 0 , < i ) y + $ r ) ( 0 , ( i ) , ( 2 . 1 1 3 ) 
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where 

G i{Y,h ) = , (2.114) 

G2{Y,h) = £°° - laUyY^ - . 

(2.115) 

Matching with the outer expansion gives the jump: 

/ / - f f = Tra-'^bjfjX^niSgn{Uy) . 

We shall see tha t this jump condition will not be used in deriving the evolution equa-
tion. This is not unexpected because it only provides a correction of the viscous 
sub-Stokes layer to the growth rate at 0{R~^) i.e. (9(e5), which is much smaller 
than the nonlinear growth rate of 0 ( e s ) tha t we are considering. 

The mean-flow distortion $4°^ and the second harmonic $4^^ satisfy the following 
equations respectively: 

[J- - A^l®&V = -ia'U„U,h]A-G^(Y,U), (2.116) 

( J - + 2ta(V,Y + = ic?U„U,b)AGi(Y,h) . (2.117) 

The solutions are: 

(2 .118) 

(2.119) 

and so 

(2 .120) 

(2 .121) 

where 

(2.122) 

K a \ ( , 0 = . (2.123) 
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The function ^5 satisfies the following equation: 

^ 0 ^ 5 = - ^ 2 ^ 1 + - ^ 1 ^ 3 — ^ y 2 ^ 4 + ^ i , r ^ 4 , y y y ; ( 2 . 1 2 4 ) 

where 

4{t^yw^^ + ^ y y r T i ] ^ - [ ^ + ( t / j / y + t / T T i ) ^ ] ^ . (2.125) 

Due to viscous effects, the operators Li and Z2 are modified and additional terms 
appear on the right-hand side of equation (2.124). The solution driven by the first 
three terms on the right-hand side of (2.124) is denoted by $5 and it is found 
that , to the order of interest in this study, $5^ has the same asymptotic behaviour 
as represented by (2.68). So we shall only consider the solution forced by the non-
linear interaction (^i , r^4,yyy)- This forcing term can be written as follows; 

FW(y ,< i ) = + * a ( ^ $ g y y - A ' $ g y y ) E + . . . + c.c , (2.126) 

where again only the terms proportional to E are written out. We find that only the 
solution induced by the first term contributes to the jump Cj — cj. Let us denote 
this solution by then $5"^ satisfies the following equation: 

( 2 . 1 2 7 ) 

The solution is found as follows: 

, (2.128) 

where 

^- l -OO/ ' + O O / ' + O O 

- ( Jo Jo 
( 2 . 1 2 9 ) 

Integrating with respect to Y, we have: 

I \ _ _ /•+00/-+00/-+00 1—f>̂ °'UyYC, 
$5y = (^^UyyUyby^ ^ ^ ^ ^ ^ ( ̂ l - C " ^ ^ ) ̂ * (^1 "C""2^"^ ) 

. ( 2 . 1 3 0 ) 
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Matching ($5^ + ) with the outer expansion determines the jump: 

4 ~ 9 = ^^Sgn(t/y)(afrj + pjd^ + sjbj) 

-2,Tic,'U„\U,\l*"'l*''eKj((, 0A(h-0Aiti-(-()A-iU-2(-^)d(d( , 

( 2 . 1 3 1 ) 

where 
C) = , a j i d . ( 2 . 1 3 2 ) 

Here the suffix j refers to the j - th critical layer. 

By the same procedure as in the previous section, we obtain the evolution equa-
tion and the appropriate asymptotic behaviour for the viscous case as follows; 

(j A , f + 00 r + co 

(2.133) 

A Aoe^°^'*' as -> - 0 0 , (2.134) 

where the summation is made over all critical layers; there are two for the Stokes 
layer under consideration in this study. The coefficients go and gj are defined as 
follows 

^0 = / o / / , (2.135) 
9i = f i l f , (2.136) 

where the constants fo and / have the same expressions as in inviscid case respec-
tively, and 

= . (2.137) 

Notice that / j , hence gj have different values at each critical level. The kernel 
Kj{(,C) represents the effects of viscosity. For inviscid case, A = 0, K j { ^ , Q = 1, 
and so equation (2.133) reduces to (2.70). 

As for the inviscid case, we introduce the new variables: 

A = A e ' ^ V ( - r i ) t , (2.138) 
i - —Tî i — xq , (2.139) 
A = A / ( - T i ) \ (2.140) 

to scale out AQ and TJ, where XQ and XQ are chosen so that : 

goXo — i{Xo — (fo) = log[v4o/(—Ti):] . (2.141) 
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The evolution equation and the asymptotic behaviour then become; 

_ c+oo r+oo _ _ _ _ 
-^ = -goA + a , 

(2.142) 
^ _ e-gof+,w, as f - > - o o . _ (2.143) 

The evaluation of the coefficients go and g j will be discussed in §2.^ 
Furthermore, to scale out yo we introduce: 

A = ( 2 . 1 4 4 ) 

^ — \Qo\i ~ Xq , (2.145) 

A = A / 3 b o f , ( 2 J 4 6 ) 

where yo and %o satisfy the following equation: 

- rA-^'o + ^Vo - log{Q:^| bol - (2.147) 
|yo| 

Then we obtain: 

( 2 . 1 4 8 ) 

A —> e""' as i—>—oo, (2.149) 

where 

and 

^ j ( & ( ) = , ( 2 . 1 5 0 ) 

^0 = —gol\go\ 5 (2.151) 
— ^;/ l • (2.152) 

The amplitude equations (2.85) and (2.148) bear some resemblance to the Stuart-
Landau equation in that they evolve cubic nonlinear terms, but they differ from the 
latter in one important aspect; this is that the local growth rate depends on the whole 
history of the evolution rather than only on the instantaneous amplitude. This form 
of amplitude equation was first derived by Hickernell (1984) in his study of singular 
modes of Rossby wave. Goldstein and Leib (1989) showed that the same amplitude 
equations governed the spatial evolution of an oblique wave in a compressible shear 
layer, although there the critical-layer nonlinearity is associated with a pole type of 
singularity in temperature fluctuation rather than the logarithmic branch point as in 
the case of Hickernell (1984) and the present case. Amplitude equations containing 
non-local nonlinear terms were also obtained by Churilov &z Shukhman (1988) in 
their study of a two-dimensional disturbance in a stratified flow. 
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Finally note that the above theory is formally valid when e is much smaller 
than 0 (1 ) but much larger than or at the order of 0(R~e), i.e. the disturbance is 
relatively large. Next we turn to the limit 

e < R - e , (2.153) 

which corresponds to the hmit A —> +00. We shall examine equation (2.133) under 
this limit by the following variable changes; 

Inserting them into (2.133) and taking the limit A —> +00 yields; 

+ q^A 3^/o|ApA + o(A 3) . (2.154) 
Cell 

This is a Stuart-Landau equation; here 

That equation (2.133) reverts to a Stuart-Landau equation (2.154) was first shown 
by Hickernell (1984). For the problem at hand, a little more discussion seems to 
be appropriate. Note that all the terms in the equation are at the same order if 
Ti ~ 0(A~3). Recalling that 

4 8 
5 n = e 5 (r — TO) , A 3 = i ? 3 e 

we obtain 
T — To ^ O(-RSe^) . (2.155) 

Obviously when (2.153) holds, r — TQ <C This implies that the critical layers 
are now conventional steady-viscous ones. Churilov & Shukhman (1987) analysed 
such a critical layer of a stratified shear flow, and obtained an amplitude equation 
of Stuart-Landau type. See also Churilov & Shukhman (1987) and Huerre (1987) 
for studies of steady-viscous critical layer in free shear-layers. 

Recalling tha t - the sub-Stokes layer has a correction of 0 ( R ~ 2 ) to the linear 
growth rate, we have an additional restriction for the validity of (2.154): 

7 2 ^ ^ X 9 ( 7 2 - ^ ) , i.e. e > 0 ( ; Z - ^ ) . 

We therefore conclude that when 

R - ^ < e < R - ^ , (2.156) 

or equivalently 
1 

1 A <3: j ? ; ; , (2.157) 
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the evolution can be described by (2.154). The amplitude equation (2.133), how-
ever, has a larger range of validity, namely A <C -R". If the first of the restrictions 
(2.157) is violated, the evolution equation could still be of Stuart-Landau form, but 
its coefficients must be modified due to the sub-Stokes layer^. When e ~ or 
equivalently A ~ i?io, we should concentrate on times near to TQ -f- Corre-
spondingly, 65 and e~s in the second and third terms on the right-hand side of (2.4) 
should be replaced by R~2 and respectively. Consequently the time scales ti 
and Ti are not distinct any more. 

2.5 Evaluation of the Coefficients in the Ampli-
tude Equation 

The form of the amplitude equation (2.85) and (2.148) is dictated by the singularity 
property of critical layers, and appear to be generic for disturbances in a variety of 
flows. However the coefficients in these amplitude equations depend on the detailed 
profile of the basic flow, and on how the disturbance deviates from its linearly neutral 
state. 

For both the inviscid and viscous cases, evaluation of the coefficients needs: 
(1) A calculation of the eigenvalues and eigenfunctions. This is done by using a 

shooting method supplemented by a high order Frobenius solution near the critical 
layers, see, e.g. Benney & Bergeron (1969), Haberman (1972), and Bodonyi & Smith 
(1983). The sizes of a f , bj are also specified in this procedure. 

(2) A suitable method for dealing with the Hadamard finite part of singular 
integrands of the form 

Jr+°° 
0 

For this purpose, we write J as follows: 

J — Y^Jl -\- JQ-\- Jcx> , 
k k 

wher; 
rvc+h ryc+^ 

n = L s i v W v . 

JyZ-h 
rVc^^—h „ 

Jy^+h 
rvl-h-Jo= fiy)<i>idy, 

Jo 
r+oo 

./oo = / _ f{y)<l>idy . 

^The author believes that Dr. J.S.B. Gajjar may have investigated such a problem. 
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The interval [?/̂  — h,y^ + h] accommodates the critical level and hence f{y) 
and <f>i are singular, but they can be approximated by their asymptotic expansions 
respectively, so the finite part of can be determined analytically. The integrals 
are regular and can be evaluated numerically. By using the asymptotic expressions 
of f{y) and <f)i at large y, Joo can be easily calculated. 

The coefficients in equation (2.80) and (2.142) are plotted against wavenumbers 
in Fig3 and Fig(4a-4b). 

2.6 Study of the Ampl i tude Equation 

2.6.1 F in i t e -T ime Singular i ty 
Equations (2.85) and (2.148) were first studied by Goldstein & Leib (1989). They 
found that the solutions could terminate a finite distance downstream; note that 
they considered spatial evolution. In this study, we consider temporal evolution. Our 
finite difference solutions together with the series analysis, which will be discussed in 
the subsequent two subsections, also suggest that solutions to (2.85) and (2.148) blow 
up within a finite time, say tg. For both inviscid and viscous cases, the singularity 
structure is as follows 

Following Goldstein & Leib (1989), we insert (2.158) into (2.85) and (2.148), and 
find that 

( | + i5-) = , (2.159) 
j 

where 

r+oo r + c o r t 
^0 + 0 ( 1 + 6 + + 2^ + ( ) - ( # - - ) . 

The singularity parameters |flo| ^.nd a can be calculated from (2.159) (Goldstein 
h Leib, 1989). The blow-up time tg is determined by fitting numerically calculated 
results to (2.158). It is noted that |ao| and have been scaled by the wavenumber a 
through go and g. The singularity-structure parameters corresponding to'(2.80) and 
(2.142), say |Ao| and tg, are related to |ao| and tg through the following relations: 

Ao = a - ' | a o | 

is = k o r ' ^ . + ^o ' r ' logfa-^ l^o l^br^} , 

where gor denotes the real part of go. If disturbances of different wavenumbers 
have the same magnitude, then is reflects which disturbance blows up first and Ao 
reflects the "strength" of the blow-up. The |Ao|, a- and is so obtained at different 
wave numbers are plotted in Fig5. 
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2.6.2 Series Analysis and Ex tens ion 
As i ^ —oo, A can be expressed in the following form: 

A = , (2.160) 

+00 _ 
= ]>] ane""* , (2.161) 

71=0 

where 1/ = I/qj/*, and the bn satisfy the following recursion relation: 

^0 = 1 , 

f l l Z K-Mi-k J 2 h , 
yn-t ijv J 

n = 0 , 1 , 2 , . . . , (2.162) 

where 

r+00 f2 
Ri(k, l,n) „(J, + 1 ) ^ -H2''-l+2)(]d( . ( 2 . 1 6 3 ) 

For the viscous case Rj(k, l,n) has to be evaluated numerically, but for the inviscid 
case, i.e. A = 0, it has the following expression: 

Let E = exp(vt), then 5 is a power series of the form: 

5 = ^ 6 „ E " . (2.165) 
n = 0 

Such series can be analyzed using the Domb-Sykes Plot method and the method of 
Fade Approximants (Van Dyke, 1975, 1984). 

For some wavenumbers, {i?e(6„)},{77n(6„)} have fixed sign pat terns . This indi-
cate tha t the nearest singularity of B is on real positive axis, i.e. E^ > 0. A 
Domb-Sykes Plot (Van Dyke, 1975, 1984) gives a good estimation of Eg and therefore 
of the singularity t ime tg by 

= z/~Mog(Ec) . (2.166) 

For a = 1.0, the result of this procedure is shown in Fig6 and Fig7 for A = 0,2.0 
respectively. The singularity time so obtained has four accurate digits. However 
for other wavenumbers, Re{bn), Im{bn) have an alternating sign pat tern . This 
indicates tha t the nearest singularity Ec < 0, i.e. the corresponding singularity t ime 
ts is off real axis and hence has no physical meaning. 

As shown in Fig8, for certain parameters the power-series solution (2.161) pro-
vides a good approximation up to the singularity time. The series (2.161) can 
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be analytically continued by recasting it into a continuous fraction. Although the 
method of Fade Approximants (Van Dyke, 1975, 1984) fails to give an estimation of 
the real singularity time, nevertheless as an approximation to A, the resultant con-
tinuous fraction does have a much larger valid range than the corresponding power 
series, see Fig9. 

2.6.3 F in i t e Dif ference M e t h o d 
The scaled evolution equations (2.85) and (2.148) were solved numerically by using 
a predictor-corrector scheme with fourth-order accuracy. We assumed that when 
t < —To, A was approximated by its power series, where the size of To can only 
be determined by trial. The integral domain [0, -foo) x [0,4-oo] is divided into 
three domains, namely DQ = [0, x [0, To], Di = [7^, -t-oo] x [0, +oo], D2 = 
[0, To] X [To,-foo]. The double integrals over Do were evaluated by Simpson rule. 
Tails on Di and D2 were expressed by using the expressions for A{i—Q, A{i—^ — Q 
and A*(i—2^ — ( ) respectively. 

The amplitude evolution obtained using the finite difference method is shown in 
Fig5-8 for different wavenumbers. As illustrated, the solutions develop a finite time 
singularity in the inviscid case. Note that the instability wave amphtude does not 
exhibit oscillation upstream of the singularity for all wave numbers (cf. Goldstein & 
Leib, 1989). Viscosity generaUy delays the occurrence of the finite-time singularity 
provided the scaled viscosity parameter A does not exceed a critical value, say 
i.e. viscosity is not too large. But for wavenumbers in the range of [0.6,1.3], the 
finite-time singularity always occurs, as shown in Fig 10 and F ig l l , no matter how 
large A is. Note that for the Stokes layer of interest here, this is a substantial range of 
wavenumbers. For wavenumbers beyond this range, the singularity is eliminated and 
consequently the disturbance evolves into an equilibrium state when A exceeds some 
A(̂ )̂  Results for two typical wavenumbers a = 0.5 and a = 1.4 are presented in 
Fig 12 and Figl3 respectively. It turns out to be difficult to determine the size of Â ®̂  
One may expect that corresponds to the critical value for the equilibrium state 
to be stable. For this purpose, we study the stability of the equilibrium solution in 
the next section. However, our calculation shows that this is not the case. 

2.7 The Instabil ity of Equil ibrium Solutions 

2.7.1 Equ i l i b r i um Solut ion 
For the viscous case, the evolution equation (2.148) possesses a solution of the form: 

A = Aoe'^' , (2.167) 

as noted by Goldstein and Leib (1989). Here 
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ImuoReuo - Reuolmvo ^ ^ • (2 
4 

fo == ][] y , / ; ; ' ' , (2.170) 

• 

Because Re{—go), and hence i?e(fo) are always positive (see equation (2.151)), it 
follows from (2.168) that the condition for the existence of this equilibrium solution 
is; 

Reuo < 0 . (2.171) 

The condition (2.171) is a generalization of that of Goldstein & Leib (1989) to the 
multiple-critical-layer case. For the present problem, it is found that the above 
condition is satisfied for the wave numbers a < 0.6003 or ct > 1.293. For 0.6003 < 
Q < 1.293, condition (2.171) is violated (see Fig.14), and hence (2.148) has no 
equilibrium solution. Our study shows that in this range the solution always develops 
a finite-time singularity, no matter how large A is. The scaled equihbrium-amplitude 
|v4o|A"3 and k are plotted in Figl5. The next task of this section is to examine the 
instabihty of the equilibrium solutions. 

2.7.2 T h e Ins tab i l i ty P r o b l e m 
We perturb the equilibrium solution in the following way: 

A = + (2.172) 

then B satisfies the following equation after linearization: 

r] J-^ f 4-OOf+OO 

(2.173) 

Following Stuart Sz DiPrima (1978), we shall seek a solution of the form: 

B = + ( 2 . 1 7 4 ) 

where Ci,C2,cr generally are complex numbers. Inserting into (2.173) we get the 
following relations: 

cC, = („(,-ik)c, + " j A f ' c , + / I S E , 

a'C2 = {fo — ik)C2 + ^ . 

The requirement that B is non-zero yields the eigenrelation as follows 

= 0 , (2.175) 
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where 
f + o o r+oo 

K f = e x p i - \ i 3 , ( 2 e + • 

After integration with respect to the ( , we have 

/ ( • f = r ^ d d ( + . (2.176) 
-/O <7 + o X p j ^ ^ o 

= r ° ° d i [ £ jg-(2A/3,̂ 3+2aO _ (2.177) 

The above eigenvalue problem generally must be solved numerically. But when 
A —> +00, we can get asymptotic expressions for a. 

As A —> +OQ, it is found that and have the following expansions: 

X O 2 

( 2 . 1 7 8 ) 

( 2 . 1 7 9 ) 

/o(A^j) ® + - — ^ 5 ( - c r ) 2 7rf(A/3j) 6 + ( - 3 3 J i - ^ / i ) ( T ( A ^ j ) « +o[(A/?j) 
2x32 <j 

where 5 = ± 1 according to whether I m ^ — a > 0 or < 0, and 

The 0[(A/3j)~^] term is in fact identically zero if we notice that J j = —6 x . 

Therefore a should be expanded as follows: 

(7 = (TQ A ®(Ti + A ®(72 . (2.180) 

Inserting the asymptotic expressions of K j ^ \ K f ^ and cr into (2.175), we have: 

(7Q = —IRcvq , (2.181) 

u i = 2 2 X [ R e u o Y R e v 2 A o Q ' ' ^ i , ( 2 . 1 8 2 ) 

c z = - ( 7 ^ 6 ( 7 2 ) ^ ' ^ % ^ ^ , ( 2 . 1 8 3 ) 

where 
RcUq J _ r—̂  /0~| 
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Obviously, CTQ < 0, suggesting that the equilibrium solution is stable when the 
viscosity parameter A is sufficiently large. However CTJ is purely imaginary, and 
(72 > 0 and one may thus expect that there exists a finite critical value A ,̂ below 
which the equilibria is unstable. The existence and the size of Ac are determined 
by numerical solution of the eigenvalue problem (2.175). The results for two wave 
numbers a = 0.5, 1.4 are presented in Fig 16 and Fig 17 respectively. Note that 
for a = 0.5, Ag = 2.0, but the solution corresponding to A = 5.0 still develops a 
singularity rather than approaching to the stable equilibrium, as can be seen from 
Figl2. This suggests that Ac < A(^\ i.e. stable equilibrium state is not necessary a 
attractor. The same conclusion holds for a = 1.4; see Fig 13 and Figl7. 

2.8 Conclusions and Discussion 
In this study, we have shown that an initially small linear two-dimensional wave 
will eventually enter a nonlinear evolution stage due to enhanced nonlinearity inside 
the critical layers. The nonlinear evolution is governed by an integro-differentia.l 
equation of Hickernell type. For relatively small amplitude waves, i.e. e R~^ •, this 
amplitude equation reverts to a classical Stuart-Landau equation. 

The nonlinearity is found to have a profound effect on the development of the 
waves, namely it causes a blow-up in a finite time. Viscosity generally postpones 
the blow-up. For the disturbances with wavenumbers in the range of [0.6,1.3], non-
linearity has a robust effect in the sense that a finite-time singularity always occurs, 
no matter how large the scaled viscosity parameter A is. This seems to suggest 
that most dangerous modes should have wave lengths in the range [5.16*, 10.56*], 
where 8* is the thickness of Stokes layers. Monkewitz and Bunster (1987) observed 
that the wave length of the disturbance was about 106*. But this apparent agree-
ment can only be regarded to be tentative because the disturbance in experiments 
is three-dimensional. 

For those wavenumbers beyond the range [0.6,1.3], our calculations show that 
if the scaled viscosity parameter A is larger than a finite critical value A^'), the 
singularity is eliminated and consequently the wave evolves into an equilibrium 
state. The stability of this equihbrium is also studied. It is shown that when A 
exceeds a critical value Ac, the equilibrium solution is stable. Interestingly, we find 
that Ac < A^®\ i.e. the critical viscosity parameter for the equilibrium solution to 
be stable is smaller than that for equilibrium solution to b ^ o n g - t i m e limit of the 
solution of initial-value problem. This indicates that the equilibrium state, though 
it is stable, does not necessarily attract the solution of the initial-value problem. 

The equilibrium state, however is not observed in experiments. Such a disagree-
ment is not uncommon in hydrodynamic instability theory. For example, for plane 
Poiseuille flow, an equilibriu/ips predicted both by theoretical and computational 
work (Zahn et al. 1974, Orszag & Kells 1980), but not verified by experiments 
(Nishioka, 1975). There it has been argued that such an equihbrium is destroyed by 
a radical secondary instabihty in the quasi-equilibrium stage (Herbert 1981, 1983). 
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For the present problem, note that when the growth rate has decayed to 0{R~^) 
in the process of approaching the equihbrium stage, the sub-Stokes layer will affect 
the evolution. 

Nevertheless the blow-up is the general feature of the evolution. We suggest that 
this nonlinear effect may cause transition to turbulence. In particular, the explosive 
growth of the high-frequency wave may be related to bursts, a significant phenomena 
of Stokes layer instability observed in experiments. 

The present nonhnear theory shows that initially small disturbances are sub-
sta^ntially amplified by nonlinear effects in the neighbourhood of the right branch 
of/s^neutral curve, and hence can attain a finite amplitude by this nonlinear amplifi-
cation. Referring to the neutral diagram of Cowley (1987), we may conclude that 
disturbances are most likely to be observed shortly or around the phase | of the 
basic flow. This conclusion is in agreement with the observations of Monkewitz and 
Bunster (1987), but contradicts others, e.g. Akhavan et al. (1991a) and references 
therein. They find that explosive growth occurs at the end of the acceleration phase, 
i.e. phase 0 in the notation of the present study. A possible explanation is that all 
experiments were actually conducted for finite Stokes layers, where an additional 
parameter T — hj8* sets in, with h being the half width of a channel or the radius 
of a pipe. The value of F in most experiments is in the range of 3 to 10, but is about 
44 in that of Monkewitz and Bunster (1987), closest to the infinite Stokes layer with 
F = GO studied in this work. Though the basic flow proflle at F = 10 is very close 
to that at F = oo, it is possible that at low F, some new mode which does not exist 
at high F, may bifurcate and cause transition. It seems that the effects of F on the 
instabihty of finite Stokes layers deserve further study. 
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Chapter 3 

Nonlinear Evolution of a pair of 
Oblique Waves 

Abstract 

The nonlinear evolution of a pair of initially linear oblique waves (a , ±/3) is 
studied under a high-Reynolds-Number assumption, where a , /? are the streamwise 
and spanwise wavenumbers respectively. It is shown that when the growth rate 
decreases to where e is the magnitude of the disturbance, the disturbance 
comes into a new evolution stage because of enhanced nonlinear effects in the critical 
layers. The nonlinear evolution occurs much earlier and evolves at a much faster time 
scale than in the corresponding two-dimensional case studied in Chapter two. As 
pointed out by Goldstein Sz Choi (1989), this is due to a pole-type singularity in the 
streamwise velocity, which is stronger than the logarithmic branch-point singularity 
of the two-dimensional case. 

The amplitude equation is shown to be the same as that of Goldstein & Choi 
(1989), though in our case the critical levels do not locate at the inflexional points 
of the basic-flow profile. However it is note that when three-dimensionality is suffi-
ciently weak, the logarithmic- branch-point singularity will assert its influence. Also 
the incorporation of viscosity in our analysis consists of an extension of the study of 
Goldstein & Choi (1989). Viscous effects are found to be represented by a compli-
cated modification to the structure of the nonhnear term. As a result, equilibrium 
aolutionc may br found. The solution of the amplitude equation can develop, at least 
at inviscid limit, a finite-time singularity, suggesting that a substantial growth can 
be induced by nonlinear effects. This result gives further support to the instability 
mechanism suggested in Chapter two, that the subsequent nonlinear development of 
initially small linear disturbances may lead the flow into turbulence. The nonlinear 
blow-up of three-dimensional high-frequency disturbances in a finite time may be 
related to the bursts observed in experiments. 

In addition, it is noted that nonlinear interactions between waves drives a vortex 
flow of the same magnitude as the fundamental waves. A vortex structure was 
observed by Hino et al. (1983), who also suggested that the bursting process, streaky 
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structure (Kline it et al., 1967; Kim et al., 1971) in a turbulent boundary layer and 
in a Stokes layer are essentially identical. We thus believe that the results from the 
present study may be helpful in understanding of turbulence in a boundary layer. 

3.1 Introduct ion 
The self-consistent high-Reynolds-number approach to the instability of a Stokes 
layer of Tromans (1977) and Cowley (1987) makes it possible to take nonlinear ef-
fects into account systematically. Such an at tempt was made for two-dimensional 
disturbances in Chapter two, where it was shown that nonlinear interactions in-
side the critical layers will inevitably affect the evolution of disturbances, causing 
a blow-up in a finite time. It is suggested that this subsequent nonlinear growth is 
responsible for the transition from laminar to turbulent states. 

However in reality, the disturbances from the environment are generally three 
dimensional. For Tollmien-Schlichting instability, it is well recognized that only in 
carefully controlled experiments, are the disturbances mainly two dimensional, e.g. 
Schubauer & Skramstad (1947), Nishioka et al. (1975). Even so the two-dimensional 
disturbances can dominate only in the very early stage of development. Three-
dimensional disturbances inevitably overtake two-dimensional ones when transition 
occurs, e.g. Klebanoff et al. (1962), Kachanov et al. (1984,1987), Saric et al (1984). 
For the Stokes layer, three-dimensionality is particularly important because the 
disturbances grow rapidly, which makes it difficulty for an artificial two-dimensional 
disturbance to be introduced and observed. So far there are no experiments for 
controlled disturbances. The present study is to extend the theory of Chapter two 
to the three-dimensional case. In particular, we consider the disturbance consisting 
of a pair of oblique waves (a ,±/0) , where a and /? are streamwise and spanwise 
wavenumbers respectively. Such a form of disturbance is important because the 
"quadratic interaction" produces a vortex flow. On the other hand, significant 
vortex structure was observed by Hino et al. (1983) in a finite Stokes layer. 

The nonlinear spatial evolution of a pair of oblique waves in a free shear layer was 
studied by Goldstein & Choi (1989). They showed that because of the pole type of 
singularity in the streamwise velocity, critical-layer nonlinearity exerted its influence 
when the linear growth rate decreased to 0(63), much earlier than in the correspond-
ing two-dimensional case (Goldstein & Leib, 1988). Consequently, the critical-layer 
dynamics became weakly nonlinear in the three-dimensional case, in contrast to the 
two-dimensional case, where the critical layer is strongly nonhnear. Goldstein & 
Choi (1989) also point out the critical-layer dynamics of a pair of oblique modes 
differs from that of a single oblique mode (Goldstein & Leib, 1989; Leib, 1991): in 
the former case, the dynamics is dictated by the pole type of singularity associated 
with the three-dimensionality, while in the latter case, the effects of this singularity 
do not assert themselves when the wave grows in its propagation direction. 

In this Chapter, we are concerned with the temporal development of a pair of 
obhque waves. Note also that Uyy{yc) ^ 0 for the Stokes layer of interest here. 
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Nevertheless, the analysis in this Chapter can be regarded as a temporal equivalent 
of the analysis of Goldstein h Choi (1989) when ^ es, though the basic flow is 
different. When 13 ^ , however, the nonlinear term associated with logarithmic 
singularity will come into the final amplitude equation; this term is absent for a 
free shear layer because there Uyy{yc) = 0. We shall address this issue in Chapter 
five in a more general situation where spanwise space-modulation will be considered. 
Moreover, in our analysis viscous effects will be included, and thus the critical layers 
evolved are thus non-equilibrium and viscous in nature. This extends the study 
of Goldstein & Choi (1989). Leib (1991) investigated the evolution of a single 
oblique wave whose critical level do%. not locate at the (generalized) inflexional point. 
However, it should be remarked that the present analysis is different from his. This 
is because in his work the effects of the pole type of singularity in the streamwise 
and spanwise velocities were suppressed by an appropriate Squire transformation, 
and nonlinear effects were associated with the logarithmic branch-point singularity 
and the (pole type of) singularity in the temperature. 

With the scale set in Chapter one, we shall concentrate on the times specified by 

T = To + e3 Ti , 

namely the times at which the linear growth rate decreases to 0(63). It is at 
this stage that nonlinear effects begin to affect the evolution of the disturbances. 
Correspondingly we introduce the nonlinear evolution time scale 

<1== , ( 3 . 1 ) 

where t = RT is the fast time scale introduced to take account of the frequency of 
the waves. 

The basic flow U evolves on the slow time scale r , it is sufficient to express its 
profile at time R in a Taylor series about the neutral TQ 

[/(?/, T) = [7(2/, To) + e^C7T(y,ro)^ • • • 

Hereafter all quantities associated with the basic flow will be evaluated at To unless 
otherwise mentioned. 

The overall evolution of the three-dimensional disturbance is summarized in Fig2. 
As illustrated, the disturbance initially grows exponentially as described by linear 
theory (Cowley, 1987) until its growth rate decrease to 0(^3) , i.e. at TI = 0(1) . 
At this stage, nonhnear interactions inside the critical layers control the evolution. 
Following Goldstein & Choi (1989), we require this subsequent nonlinear stage to 
match with the earlier linear stage in the mutual overlapping domain. 

For simplicity, throughout §2 to §4 of this chapter, we shall assume that the 
Reynolds number R is sufficiently large so that the viscosity does not play a leading-
order role in the development of the disturbance. Viscous effects will be considered 
in §5, where the Reynolds number is scaled in such a way that the viscous diffusion 
term appears at leading-order in the critical-layer equations. 
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3.2 Outer Expansion 

3.2.1 A s y m p t o t i c Solut ions N e a r Cr i t ica l Levels 
Outside the critical layers, the flow is basically Hnear and is governed, to the order 
of approximation in this study, by the following equations: 

- - i . "" 
= "If' 
• - i ' « > 

Elimination of pressure yields: 

+ = (3.6) 

and f ) 1 f ) 

(272-:— + = 0 . (3.7) 

With the multiple time scale introduced, we have the following relation 

d d 1 : ^ _i d d 

The velocity {u,v,w) and the pressure p of the disturbances are expanded as 
follows: 

u = tu\ t^U2 4 - . . . , (3.8) 

V = €VI -|- 63 ^2 "l" . . . , (3.9) 

w = ewi + e3W2 + ... , (3.10) 

P — ^Pl + 63p2 4" . . . . (3.11) 

The "early time" hnear solution suggests that Vi can be written as 

vi = A{ti)vi{y) cos P z E + c.c. , (3.12) 
A 

where the function A{ti) is the amphtude of the disturbance, E = exp(%az — i9{t)), 
and A 

2"^ ^^i('''o) + • • • • (3.13) 
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Here for simplicity, we have assumed that the two obhque waves are of equal am-
plitude. We note, however that it is straightforward to extend the analysis to the 
un-equal-amplitude case. As in Chapter two, the dependence on the slow time scale 
Ti and To is parametric and will not be written out explicitly. The function Ui 
satisfies the Rayleigh equation: 

(i7 - c)(D" - = 0 , (3.14) 

where we have written 

2fio = olc{TO) , a = (Q^ + . 

Let T] = y — where y{ is the j - th critical level, then as ^ ±0 , has the 
following asymptotic behaviour: 

~ af(f)a + hf[(j)b -\- pj(j)^\og |7?|] , (3.15) 

where ^ 
= 7? + + . . . , 

(f>b — \ ^jT] - | - . . . . 

The function ug takes the following form: 

V2 = V2{y,ti,T)E cos/3z + cos2/3z + c.c+... , (3.16) 

where a vortex component cos 2/9z has to be included in order to match the 
inner solution. The function is the deviation of the eigenfunction from its neutral 
state, and satisfies the inhomogeneous Rayleigh equation: 

The asymptotic behaviour of V2 is as follows: 

V2 ~ - b f v j log I77I + { a f r j + bfsj)r} log I?;! + . . . 
+ C <̂̂ a + df [<̂ 6 + log Wl] , (3.18) 

where 

Pi = & , (3.19) 

Tj ^ (iafTrTi)/!] , (3.21) 

Sj = ( ia) ^{(—mt/yi-TiA)-^ + ( i o r i A ) - ^ ' ^ 

+ ( - ^ - ; (3.22) 
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all the basic-flow quantities are evaluated at time TQ and at the critical level J/̂ . The 
jumps (a^ — aj) etc. will be determined by analyzing the critical layers. 

According to the continuity equation, we can write Wi = AwiE sin j3z + c.c., 
then wi satisfies the equation: 

dWl , Uy _ 
+ TT "̂ 1 = , 

the solution of which is 

dy U — c 

= Q-^ sin . (3.23) 

where 
sin 6 — j31 a. . 

The velocity ui takes the form: 

Ui = AuiE'cos^^: + uf'^^(j/,ii)cos2^5r + c.c. , 

where Ui is obtained from the continuity equation as follows: 

til = sin^ 6 + Ui,y} . (3.24) 

It is noted that in order for Ui to match with the inner solution, a vortex component 
ti) cos 2/3z has to be included at this order. A similar vortex component was 

encountered at the leading-order expansion in the analysis of Goldstein & Choi 
(1989). As will be shown later. This vortex is driven by a streamwise shp velocity 
across the critical layer, which itself is generated by a nonlinear interaction inside 
critical layer. Note that this vortex is unexpected large in the sense that it has the 
same magnitude as the fundamental waves. 

Similarly, we write the pressure pi = A{ti)piE cos /3z + c.c., and 

Pi = ia~^ cos^[i7yUi — {U — c)ui,j/] . (3.25) 

As y yi, the asymptotic solutions of pi,Ui,w)i are worked out as follows 

Pi ~ ia~^ Uy cos 6bf + ... , (3.26) 

Ui ~ —{ia)~^s'm'^6bfri~^ + . . . , (3.27) 

wi ~ sin -F . . . , (3.28) 

where we notice that the singularity in Ui appears as a simple pole rather than a 
logarithmic branch of the two-dimensional case. It is this difference that results in 
the faster nonlinear evolution time scale in the present case, see Chapter one and 
Goldstein & Choi (1989). 
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We now introduce an inner variable: 

Y = \ . (3.29) 
£3 

The outer expansions written in inner variable are as follows: 

V ~ ebfAE cos /3z + log e^{—bfrj + bfpjAY)E cos /3z 

+ e 3 [ ( - 5 ^ r j l o g \ Y \ + d f ) + A{afY + 6 ^ log \Y\ )]E cos 
1 
2^ 
1 

+ £3 log e^[{afrj + hfsj + dfpj)Y + -ApjhfY'^]Ecos^z 

+ £3 [c^y + (ojTj + hfsj + dfpj)Y log \Y\E cos + c.c + . . . , (3.30) 

u ~ £3 (—io;)"^ sin^ cos/?z + c.c. + . . . , (3.31) 

w ~ £^Q~^ sin06^Ay"^jEcos/32 + C . C + . . . , (3.32) 

p ~ e icT^Uy cos 6Ah^E cos ^ z c . c . . (3.33) 

3.2.2 Solvabili ty Cond i t ion 
Multiplying both sides of (3.17) by Uj, integrating from 0 to -fcx), and utihsing the 
asymptotic solutions (3.15) and (3.18), we obtain the solvability condition for (3.17): 

+ J2T\A - - - hj Cj ) - rj{bjaj - b- ) 
3 

, ( 3 . 3 4 ) 

where the summation is made over all critical layers, and J i and Jg are constants 
defined by the following integrals respectively 

" i 

Note that these integrals are singular and should be interpreted in the sense of 
Hadamard. 

As in the previous chapter, after the jumps {aj — a j ) , etc. are determined in 
the next section, the amphtude equation can be derived from (3.34). Note again 
that nonlinear effects influence the evolution by altering these jumps; thus for the 
purpose of deriving the amplitude equation, we only need to consider those parts of 
the inner solutions contributing to these jumps (see below). 
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3.3 Inner Expansion 
Equations (3.30)-(3.33) suggest that the inner expansions within the j-ih critical 
layer take the following form: 

2 ^ 4 u = t^U\ + e® (72 4" , (3.37) 

V = €^Vi c® V2 -|- 6 ^ . , (3.38) 

w = t^Wi + 6^W2 + , (3.39) 

p — P\ + P2 4" + . . • • (3.40) 

where so far as deriving amplitude equation is concerned, the e" log es terms do not 
need to be explicitly included since they are passive in the sense that they match 
onto the outer solutions automatically whenever the solutions at e" match with their 
corresponding outer expansions, i.e. the matching at e^loges order does not yield 
additional jump condition. These terms, however, must be included if a comparison 
between theory and experiments is to be made. 

The function Vi satisfies the equation: 

f)2y 
= 0 , (3.41) 

where 

Lo = ^ — h {UyY + i/T-Ti)— . (3.42) 

The solution which matches the outer expansion is: 

Vi = A{ti)Ecos/3z + c.c. , (3.43) 

where A = bjA, and bf = bj = bj, i.e. the jump {bj — bj) is zero. 
The expansion of the y-momentum equation gives: 

Ft P 
^ ^ ^ = 0 , ( 3 . 4 4 ) 

and so Pi = ia~^Uy cos 9AE cos /3z -f c.c. . 
The function IVi satisfies the following equation 

r)P 
jLoM/i == . ( 3 . 4 5 ) 

Let Wi = WiEsin/3z + c.c., then 14̂  satisfies: 

L^ohVi = iUy sin 9 cos 9A , 

where 
L^-) = ^^+niaiUyY + Urri). 
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The solution that matches with the outer solution is 

Wi = sin0cos0Wo°^ , 

where 
r+°° 

w , n = o ( i 7 , y + . (3.46) 

Similarly, we can write Ui = UiEcos/3z + c.c., and then the continuity equation 
yields 

Ui = - i /^s in^^wd") . 

At 0(e3) , V2 satisfies 

= + + (3.47) 

where 

i i = - ( ^ u „ r ' + t / . ,T .y + + u „ £ , (3.48) 

and S*!!, 531 are Reynolds stresses defined as follows 

= f 

Furthermore, S'n and S31 can be expressed as 

gii = gg'°) + cos 2;8z + cos 2,8z + c.c. , 

sin 2^z + sin 2^z + c.c. . 

After some calculation, we find that 

c(O.O) _ 
•̂ 11 — (3.51) 

0(0.2) _ 
Oji — (3.52) 

c(2.0) _ Oji — ^iaU^ sin" 0[AWi'^ + 2 sin" , (3.53) 

s i f ' = (3.54) 

C(0,2) _ 
•̂ 31 — cos" e[A*W^^^ + 2 sin" , (3.55) 

o{2,2) _ 
•̂ 31 — (3.56) 
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Inspecting the right-hand side of (3.47), we know V2 has the solution of the following 
form 

COS COS 2,8z + + c.c. . (3.57) 

The fundamental component is only driven by the linear forcing term, i.e. 
LiVi = iaUyyA, which is exactly the same as in the two-dimensional case studied in 
Chapter two. By this analogy, we can obtain the following jump conditions: 

aj — aj = TripjbjSgn{Uy) , (3.58) 
df — dj = —'KirjbjSgn{Uy) . (3.59) 

Substituting (3.51) to (3.56) into (3.47), we find that 

_ _ .^3 4 sin" )] , (3.60) 
uti ' 

sin" ) + 4 sin" g i i f )] , (3.61) 

where 
S = aUy. 

After inserting (3.46) into (3.60), and integrating (3.60), we find the solution 

= —iS^sin^of d^f dr)^{^+Asm^Or])A*{ii—r])A{ti — T] — ̂ )e~'^^. 
' Jo Jo 

(3.62) 

In simplifying the solution into the present compact form, we have effectively dropped 
a purely imaginary part , which, according to (3.57) does not alter the physical ve-
locity. Similar operation will made in solving for (see below). 

Similarly, we substi tute (3.61) into (3.61). Integration of (3.61) yields 

= 2:9^sin"6^ lf?;[^"-H4sin"g(^-k,7)?7]v4(^i-7/)A(<i-,7-^)e-'"((+"'') . 

(3.63) 

Integrating once with respect to Y yields 

=—S^ sixi^dj d ( j di] 4 sin^ 0(<f+77)j7]((f + — 1] 

A(<i -7;)A(f 1 — 7 / — , (3.64) 

where we have put 
A = ocUyY , u = aUrTi, 

and the integral constant (or more precisely a function of t i ) is taken to be zero by 
matching with the corresponding outer solution. 
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Instead of integrating to get we obtain it from the x-momentum 
equation together with the continuity equation in the following way. 

The continuity equation is 

= o , (3.65) 

and the x-momentum equation is 

. (3.66) 

From the above two equations, we obtain 

^(2.0) = . (3.67) 

It turns out that the above expression for is very helpful in evaluating the 
asymptotic behaviour of the related solution of the next order. 

The function W2 satisfies the following equation 

LoW, = - F 2 { Y ) ^ - Ss, . (3.68) 

where 
F2{Y) = ^-U„Y' + UyrnY + \U„TI , 

The velocity W2 has the form 

W2 = sin sin 2;0z + sin 2;8z + c.c. . (3.69) 

Since at next order, we are only interested in the interaction that can generate the 
fundamental , does not need to be worked out. The solutions forced by the 
nonlinear interaction are and which are found to satisfy the following 
equations respectively 

. (3.70) 

. (3.71) 
The solutions are 

2 «/ 0 0 

(3.72) 

(3.73) 

iyj2.2) ^ _ 1 ^ - 1 ^2 8in"g ^7?^A(<1 - 77)A(<1 - - ^)e-'»((+2'') 
2 Jo Jo 

TwtYN the continuity equation, ¥2^^^ + 2/31^2°'̂ ^ = 0, we have 

sin^O[ d ^ l di]{^+As'm'^6T])A*{ti — T])A{ti — r]—()e~^^^. (3.74) 
Jo Jo 
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Integration with respect to V yields 

Jo Jo 
f i ) . (3.7!)) 

The function is unimportant as far as deriving the amplitude equation 
is concerned. 

As y —> ±00, 

+ c.c) ~ ±85sin^07r/" T]\A{ti — T])\'^dT] 
Jo 

+{order-one continuous terms} + o(l) . 

It is seen here that a vortex component must be included in the 0(e3) outer expan-
sion of V so that it matches onto 

The function U2 satisfies 

LOU2,Y = -UyyVi + Fi{Y)-^ - ^6) 

where 
f : ( y ) = + i 7 y , r i . 

The solution takes the following form 

C/g = + + . ( 3 . 7 7 ) 

Again only the second harmonic and mean flow distortion/vortex induced by non-
linearity need to be worked out. It follows from the continuity equation that 

The mean-flow distortion and vortex however satisfy the following equations respec-
tively 

A i / M = , ( 3 . 7 8 ) 

. ( 3 . 7 9 ) 

The solutions are 

Z Jo JO 
( 3 . 8 0 ) 

( 3 . 8 1 ) 
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Integration once with respect to Y yields 

1 . o . / ' + ~ . y + ~ 
—-Q ^S^sixi^of d ^ j dt] ^ ^[^^ + 2^7/+4sin^077^][e — 1] 

2 Jo Jo 

( 3 . 8 2 ) 

As y —>• ±oo, 

(6^2°'̂ ^ + c.c) ~ =F4Qf ^S^sin^OTrf rj'^\A{ti — r])\'̂ dT] 
Jo 

+ {order-one continuous terms} + o(l) . 

This is in fact a streamwise slip velocity generated by the nonlinear interaction 
inside the critical layers, to which the outer expansion of u has to match. This 
is the reason that the leading-order outer expansion of u should contain a vortex 
component. In order to make our points, we now turn to examine the asymptotic 
behaviour of c.c) as Y —> ±oo. It is found from (3.72) that 

+ C.C = 4sin" - 7;)|"(/7; + o (y -^ ) . (3.83) 

We notice that all vortex components generated by nonlinear interactions are bounded 
as Y -4 zhoo, in contrast to the case of Hall & Smith (1991), where unbounded 
growth of these vortices was found. This is because the critical layers in the present 
study are unsteady, and the balance is between the inertia] term and the nonlinear 
forcing terms. In their case, however, the critical layer is a steady-viscous one, and 
the balance is between the viscous diffusion term and the nonlinear forcing terms, 
e.g. for the balancing is between Wyy^ (in our notation) and a nonlinear 
forcing, which, as Y —> ±oo decays like Y~^, as in the present case. Therefore 
iy(o.2) grows like ^''LogY F " . In Hall & Smith (1991), this unbounded growth of 
vortices was shown to be a crucial reason for the small-amplitude three-dimensional 
disturbances to generate an order-one mean-flow distortion. Unbounded growth of 
mean-flow distortion was also noted by Churilov & Shukhman (1987) in their study 
of a two-dimensional disturbance in a stratified shear flow. There they found that a 
linear diffusion layer, situated between the critical layer and the outer layer, had to 
be introduced to achieve the matching for the mean-flow distortion. It appears to 
us that the theory of Hall & Smith (1991) (we refer to the part on Rayleigh wave), 
which did not originate from, but can be related to that of Churilov & Shukhman 
as follows: for three-dimensional disturbances there exists a scaling such that the 
diffusion layer spreads into the whole flow field, and becomes fully nonlinear, Hall 
& Smith (1991) showed that , under this scaling an order-one streamwise mean-flow 
velocity was generated. Note that the nonlinear process addressed by Hall & Smith 
(1991) occurs at a much slower time/spatial scale compared with that in our study. 
A close examination of their analysis indicates that their evolution occurs at the 
t ime/spatial scale of (9(e"^i?~3), where e is the amphtude of the waves, and R is 
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the local Reynolds number, i.e. the square root of their global Reynolds number. 
As will be shown in section five of this chapter, when viscosity effects has included, 
our final amplitude equation describes the evolution occurring at the t ime scale of 
0(e~^R~3), much faster than that studied by Hall & Smith (1991). They argue tha t 
their theory describes the process taking place at the final fully-fledged transition 
stage, at which the instability waves sature under nonlinear effects. We feel tha t 
it would be nice to be able to embed their theory into the whole evolution picture 
of disturbance, i.e. to examine whether an earlier linear or weakly nonlinear distur-
bance eventually enters the stage discussed by them (see below). 

For the purpose of deriving the evolution equation, it is sufficient to seek a 
solution for V3 only. We find that 1-3 satisfies the following equation: 

LqVs^yy = LiV-2 4- L2V1 -t- g y + ^5*32] , (3.84) 

where 

— ~['7:UyyyY^ + UyyTTiY^ -)- UyrrT^Y -\- -UrTTT\\ 

a 
'^\Pyyy^ 

and the Reynolds stresses 5'%2 and S32 are defined as follows 

+ + + + ( 3 . 8 6 ) 

^32 = ^ ( [ / i W 2 + [ / 2 T F i ) + ^ ( I / l 4 T 6 + M/2V^) + ^ ( 2 M ^ i 1 V 2 ) . ( 3 . 8 7 ) 

We only need to find the fundamental component at this order, i.e. 

V3 = c o s Pz + c.c. - f ... , 

and correspondingly, we write 

d d -
77~'S'l2 + "H~'5'32 = ME COS /3z -|- c . c . - | - . . . , 
ox OZ 

with non-fundamental components being neglected. 
It is noted that the relevant part of linear forcing term, i.e. LiV-2 4- L2V1, is 

the same as of Chapter two, although L1V2 contains non-fundamental 
components. So the solution (denoted here by ) driven by it has the following 
asymptotic behaviour 

~ + 2qjbj + ^Pjbj)Y + (a/rj + pjd/ + Sjbj) log \Y \ 

+{±^T^iSng{Uy){afrj + p jdf + sjbj) + . . . } . (3.88) 
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It is found to be convenient to write the nonlinear forcing te rm M as a sum of 
the following four terms, namely 

M — Ml + M2 + M3 + MQ , 

where 

Ml = , (3.89) 

M z = ( 3 . 9 0 ) 

J i f s == , ( 3 9 1 ) 

Mo = 

. ( 3 . 9 2 ) 

The nonlinear forcing terms are deliberately split-up as above so that the solutions 
and their asymj^totic behaviour can be worked out easily. The solutions driven by 
Mj are denoted by {j = 0 ,1 ,2 ,3 ) respectively. It is found tha t ^3°^ makes no 
contribution to the jump. 

The forcing Mi represents the Reynolds stress generated by the interaction be-
tween the vertical velocity of fundamental wave and the induced vortex. It can be 
shown tha t 

%J 0 «/ 0 «/ 0 

( 3 . 9 3 ) 

where 
^ ! ' ) ( ^ , 7 7 ) = 2 ^ " + ^"7; + 2s in2g(^: :77 + ^77") . ( 3 . 9 4 ) 

Integrating with respect to Y from —00 to +00, we get the j ump 

(3.95) 
where we have put 

Jo = 7r|^r^ • 

The forcing M2 represents the interactions between the streamwise velocity of 
the fundamenta l wave and the induced vortex flow. The solution driven by 
needs more effort. After some algebraic manipulation, we find 

= " 2 M^^+^C+2^'?+4sin^^(7?+C)7?][(C-Oe 

A { t i — Q A { t i — r } ) A * { t i — r } — ^ ) e ~ ^ ' ^ ^ ^ ' ^ ^ d ( d r j d ( . ( 3 . 9 6 ) 

The solution induced by it can be expressed as 

s i n ' ^ g J , ( 3 . 9 7 ) 
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where 
r+oor+oof+ooi-+(x> 

*/ 0 V 0 */0 */ 0 
A{ti — v — ()A{ti —v — r})A*{ti—v — ri — ̂ )e~^'^^^'^^d(dr]d(dv . 

The "singular-hke" factor in the kernel makes it difficult to derive the asymptotic 
behaviour of To overcome this difficulty, we split J into three parts, namely 
JifJv, Jo as follows 

<7 = i/i + 4 sin^^Ji, — Jq , (3.98) 

where 

J
r+oor+oor+oof+oo 

' / / / [C'-6"+2?7C-2^7;-4sin"g(77+C)C]e-'"((-+-() 
0 Jo Jo Jo 

A{ti—v — ()A{ti — v — ri)A*{ti — v — T] — ̂ )d^di]d(dv , (3.99) 
/• + OO/• + CO/• + CX)/• + oo 

Jo Jo Jo Jo 
; 4 ( < i - u - ( ) A ( ( i - u - , 7 ) A ' ( ^ i - t ; - , ; - ^ ) e - ^ ( ( ^ ) ( f ^ j , ; j ( j u (3.100) 

Jo = 2 
Jo Jo Jo Jo 

A{ti —v — ()A{ti — v — T))A*{ti — v — r]—^)e*'^^d^dT]d(dv . 

The integral JQ in fact does not contribute to the jump we need and hereafter will 
not be discussed. 

Integration of Ji with respect to F from — oo to oo yields 

/ • + C O r+oor+cor+oo 
/ Ji{Y)dY = 2jo / / [C -(c+^) +2r?C-2(C + ^^)??-4sin^^?(7/ + C)77] 

J —CO Jo Jo Jo 

r + c o r+oor+cor+oo 
lo Jo Jo 

A{ti — v — r])A{ti —v — ()A*{ti — 2v—rj — ()dr]d(dv 

With the right-hand side simplified, the above equation can be written as follows 

/
+OO /• + CO/- + CX) 

J i ( y ) j y = - 2 ; o / / [2^'(^+77) + 4 s i n ' g ( | r + 2 ^ \ + , ; ^ 0 ] 
- 0 0 Jo Jo 

^(^1 ~2^—77)f/̂ c?77 (3.101) 

The integral Jy can be reduced to a triple-integral 
1 /•-T-OOF-L-OO/' + OO , 

= % / / / 
z Jo Jo Jo 

A{ti — ()A{ti — rj)A*{ti—( — ̂ )e *'^^^^d^dr]d(^ . (3.102) 

It will be seen that the factor rj in the kernel brought in by combining two Reynolds 
stress terms is crucial for the success of the following procedure of analyzing the 
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asymptote of f^y J^YdY as F —̂  +00. Integrating with respect to Y from —Y to 
y , we have 

r UY)dY = g-, _ sinHfa) 
J-Y Jo Jo Jo V — Q V 

In order to identify the main contribution to the above integral as A —+ ±00, we 
write the the kernel into the following form 

f - i ^ 2 ^ 2 r S i n O ( 7 7 - 0 _ s i n 0 ( 7 / ) 

77 — ^ rj 

= r,e cos 2 ,C ' sin 0 , ! ! ^ . (3.103) 

The first term represents the contribution from ^ = rj, the second and the third 
represent the contribution from if = 77 = 0. After the kernel is so spht and fac-
torized, the asymptote of the multiple integral becomes essentially the asymptote 
of several single integrals. By utilising a Mellin transformation method (Bleistein 
& Handelman, 1990), we find that only the first term contributes an 0 (1 ) jump, 
namely 

r + 00 f + OOf + CO 
/ Jv{^')dY = jo / ~ C)^*(^i ~ C ~ • 
«/ — 00 Jo Jo 

After some transformations, this can be rewritten as follows 

/
+ OO /• + OD/- + CO 

= 2;o / / + K ' , / + K??'] 
-co Jo JO 

v4(ii—if)A(f% — — 2if — Tĵ d^dTj . (3.104) 
The forcing is the Reynolds stress generated by the interaction between 

streamwise velocity of the 3-D fundamental and 2-D harmonic which itself is gener-
ated by the interaction between fundamentals. Utilising (3.67), we obtain 

^ = a S - ' U l y y L i ^ ^ v i y ^ + 2 m ( 7 - , , l / « - 2iaU;'UlyySll-° '> . (3.105) 

The solution driven by the first term is 

a s - ^ J ' l + 2 i n ] v } y \ t ) , 

which, after integration by parts, can be simplified as follows: 

' ' J —CO ' ' 
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The solution driven by last two terms in (3.105) is 

J—oo ' ' J—oo ' 

So the solution driven by is 

H'vV = . (3.106) 

For brevity, we write V^^yy as 

^ s i n ' g j , + sin^g/i + 25" sin^^/s , 

where 

7^ = s i n - ' ' g % y y , (3.107) 

f+oof H-oof+oo A ^ A 

; . = / / / (('e-""^>A(t,-v)A(t,-v-()A'(t:-v-Od(dCdv , 
*/ 0 «/ 0 &/ 0 

(3.108) 
r+cor+cor+oor+co ^ 

^ 2 = / / / / C ' e - ' " ( ^ + ^ ) A ( < i - i ; - , ; ) A ( f i - u - ^ ) ; l * ( f i - u - C ) ( f ^ j , 7 j ( d u . 
i/ 0 */0 »/ 0 */0 

(3.109) 
Substi tuting of the expressions for t /^yy and V^̂ y°̂  into we find 

F + OOF + OO/' + OO 
/ « = - / / / C"K" + 4sin^g((+7;)(^ + 7;)](^ + 2,7)-i[e-'»((+:::^<)-e'^] 

Jo Jo Jo 

A{ti — ri)A{ti—^ — rj)A*{ti—()e~"^^^'^'^''^d(drid( . 

Then integration with respect to Y yields 
r+y 

/ r ( y ) ( f y 

Here again the kernel is split as follows 

= ( I f + 4 s in '«( ( + „ ) , ] " K - j 

sin i)((f + 2ri) 
-C[^ + 4 sin 0(^+77)7;] cos QC 

( + 2,; 

-2C[.^^+4 sin^^(^+ 77)7/] sin . (3.110) 

67 



After a similar procedure as in treating we can obtain 

/
+ 00 /• + CO/'+CO 

h{Y)dY = -2jo / / [??- + 4 sin^0(^ + ?7)^](2^ + r?) 
-co Jo Jo 

^(^1 —2^ — r])d(drj (3.111) 

The jumps related to integrals Ii and I2 are straightforward, they are 
f + 00 F + OOF + OO ^ . 

/ h{y)dY = 2jo / {^+r])r}A{ti—^)A{ti—^—ri)A*{ti—2^—T])d^dri, (3.112) 

J-00 Jo Jo 

and 

/ + OO /• + 00/- + 0 0 7 
72(y)(fy = 4 ; o / / + + 

- 00 V 0 «/ 0 o 

^(^1 ~2i^ —77)c?̂ <i7/ . (3.113) 

Matching Vŝ y with the outer expansion requires 

Cj — Cj = %,y(+oo) — t4,y(—00) , (3.114) 

With the jumps so obtained, we have 

4 - 9 = 7rz'Sgn(t/y)(atrj + pjd+ + 6jbj) 
__ f + 0 0 f + OO jk A ^ 

+7ra^|[/yPsin^^/ / K{^,r])A{ti—^)A{ti—^ — i])A'{ti — 2^ — i])d^drj , 
Jo Jo 

(3.115) 
where 

= (26^ + ^̂ 77) - 2 sin^g(2^^ - - 4sin^g(^^7; + (?7^) . (3.116) 

It is noted that (a+ — o j ) and (0?̂  ~ dJ) correspond to the classic ±7r phase 
shift in the outer expansion, while (c^ — c^) is modified by nonlinearity. As will be 
shown, it is through this modification that nonlinear effects control the evolution of 
the disturbance. 

3.4 Evolut ion Equation of the Ampl i tude 

3.4.1 A m p l i t u d e E q u a t i o n 
Inserting the jumps (3.58), (3.59) and (3.115) into (3.34), we obtained the evolution 
equation as follows: 

dA r+00 f+00 
= doTiA + gi K{^,rj)A{ti — ̂ )A{ti—( — i])A'{ti—2^ — 7])d^dri, 

(3.117) 
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w here the kernel K{(,T]) is defined by (3.116), and 

20 = . & / / , (3 118) 

9, == A / / . (3^19) 

The constants fo and f are defined by (S'T?) (2-^4-) respectively, and 

/ i = , (3.120) 
3 

where the summation is made over all critical layers. To match with the earlier linear 
evolution stage (Goldstein & Choi, 1989), the appropriate asymptotic behaviour is 

A —> as —oo , (3.121) 

Note that^although in the present problem Uyy{yc) ^ 0, the nonlinear kernel 
K{(,r]) is the same as tha t in Goldstein & Choi (1990)^ where Uyy{yc) = 0. 
This is because nonhnear interactions inside the critical layers are only associated 
with the pole type of singularity in u and w, compared with which, the logarithmic 
branch-point singularity associated with Uyy{yc) ^ 0 is weaker. 

In order to scale out the AQ and TI, we follow the idea of Goldstein & Choi 
(1989), and introduce the rescaled variables: 

A = y 4 e ' ^ / ( - T i ) ^ , (3.122) 

i = —T'l̂ i — xq . (3.123) 

where A'o and .Tq are chosen so that : 

goXo — i{Xo — <f>o) = log[^o/(—Ti)^] • (3.124) 

Then the evolution equation and the asymptotic behaviour become: 
A - r+oo r+oo _ _ _ _ 

~ = + / K{(,,,)A{t-0A{t-(-/:)A'(t-2i-(;)did(: ,(3A25) 
at Jo Jo 

g--ao(+,v% ag ( _ _ C X ) (3.1S!6) 

Further to scale out (fo, we introduce: 

A = (3.127) 

^ = 1^0— ^ 0 , (3.128) 

where tpo and A'̂ o are chosen to satisfy the following equation: 

— Is'ol ^} • (3.129) 
1̂ 01 

^Actually, we obtained the present nonlinear kernel A'(^,77) before noticing the correction of 
Goldstein & Choi (1990). In checking the difference between (3.116) and that in Goldstein & Choi 
(1989), we spotted the same errors as corrected by Goldstein & Choi (1990). 
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Then we obtain : 

= vqA + VIJ^ R{^,T])A{t—()A{i—^ — QA*(i—2^ — Q d ( d ( , (3.130) 

A e""' as t-^-oo , (3.131) 

where i^o = -go/\gol and = gil\gi\. 

3.4.2 F i n i t e - T i m e Singular i ty S t r u c t u r e 
The singularity structure of the amplitude equation (3.125) was proposed by Gold-
stein & Choi (1989), where the spatial evolution of disturbances in a free shear layer 
was studied and solutions were shown to blow up at a finite distance downstream. 
Corresponding to the temporal evolution studied in this Chapter, the solutions blow 
up within a finite time, and the singularity structure is as follows 

^ ~ _ ^3+icT i t s , (3.132) 

where a and UQ are real and complex constants respectively. It is noted that the 
structure depends only on the order of the polynomial kernel K{^,r)). 

As in Goldstein & Choi (1989), substitution of (3.132) into the amplitude equa-
tion (3.125) yields 

(3 4- icr) = giDo\ao\^ , (3.133) 

where 

f+OO f+oo 
= ^ % 7!r(^ ,7;)[( l+^)( l -^^+, ; ) ] - (^")( l+2^+77)-(^ ' ' ) ( f^6; . (3.134) 

From (3.133), |ao| and a can be solved. The singularity time tg can be determined 
by the same way as described in Chapter two. 

3.5 Viscous Effects 
In this section, we consider viscosity effects on the evolution. A typical case is 
that the viscous diffusion terms appear in the leading-order critical-layer equations. 
According to the scahng arguments in Chapter one, this happens when R ~ 
So we write 

R~^ = Xe , (3.135) 

where the parameter A is introduced to reflect viscosity eifects, and is assumejto be 
of order one. 

70 



3.5.1 A m p l i t u d e E q u a t i o n 
In this subsection, we derive the amplitude equation for the viscous case. The outer 
expansions and solutions are the same as for the inviscid case. The inner expansions 
take the form of (3.37) to (3.40). The function Vi satisfies the equation 

LoVfXY = 0 , 

where, due to viscous diffusion, the operator LQ is of second order: 

^ ^ ^ ^ : (3.136) 

in contrast to the first-order operator of the inviscid case. This modification is 
the main difference that viscosity brings in. The solution which matches the outer 
expansion is: 

Vf = A{t^)E + c.c. , (3.137) 
A 

where A = hjA and b'j = bj = bj, i.e. the jump (6+ — bj) is zero. 
The leading-order solution for pressure P j is same as in the inviscid case, i.e. 

Pi = ia~^Uy cos 6AE cos -t- c.c. . 
The function satisfies the following equation 

hw, = . 

Let Wi = WiE sin /3z -f c.c., then W satisfies: 

= iUy sin 9 cos 9 A , (3.138) 

where 
a . . ^ \ . a : Lx — •XT—1" nia{UyY + UrT^) — A-a y : ' 

As in Chapter two, the equation (3.138) can be solved by a Fourier transformation 
method, which yields the solution 

= sing cos 

where for convenience, we have introduced 

. (3.139) 

Similarly, the leading-order streamwise velocity IJI can be written as UY = U\E cos /?z4-
C.C., where 

III = -UySin^9W^x^ . 
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At 0(€3) , V2 satisfies 

^oV2,Yy = LiVi + + - ^ ] + • • • , (3.140) 

where the forcing terms which do not contribute to the jumps are not written out. 
The operator Li and Reynolds stress 5'ii, S31 are defined in the same way as in the 
inviscid case. The solution to equation (3.140) has the following form: 

V2 = cos cos 2/3z + + c.c. . (3.141) 

The fun_damental component is only driven by the linear forcing term, i.e. 
LiVi = iaUyyA, which is exactly the same as in the two-dimensional case. Hence 
by this analogy, we obtain the following jump conditions; 

0 / - aj = nip J bjSgn{Uy) , (3.142) 

df - dj = -7rirjbjSgn{Uy) . (3.143) 

The functions and axe found to satisfy the following equations re-
spectively 

+ , (3.144) 

iA'^2,yy = +4sin^tf l i4° 'H/< ' ' ] . (3.145) 

The solutions are found as follows 

(3.146) 

% y y = iS^sm^oJ^ ' / ) ^ ( ^ i - ^ / ) ^ ( ^ i , 

(3.147) 

where we have defined 

(3.148) 

= /(°)(C,;)[( + 4 s i n ' ( 3 . 1 5 0 ) 

+ + (3.151) 
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The function U2 satisfies 

h u , y = - U „ V , + . ( 3 . 1 5 2 ) 

where F i iY) and F2{Y) are the same as in the inviscid case. 
The solution takes the following form 

(/2 = cos COS cos 2^z+c .c . . (3.153) 

It is found that we only need to solve for the mean-flow distortion &nd vortex 
flow which satisfy the following equations respectively 

~ = --a~^5^sin^6'A*iyj[^^ , (3.154) 

- U , v i y ^ . (3.155) 

where 
sin^ ) . (3.156) 

The solutions are 

(3.157) 

U2°y^ = -^a-^S^siri^eJ^ / l ° ' ^ ) ( ^ , )7 )A ' (< i - ' 7 )A( f i - , ; - ^ ) e - ' "y^ j , ; , 

(3.158) 

where we have put 

: M ( & ' ? ) = ; " " ( & 9 ) K ' + 2 ( ' ? + 4 s i i i ' » j f ' ' 2 ( , ( 3 . 1 5 9 ) 

Integrating once with respect to F , we find 

+ c.c) ~ —8a~^5^sin^07r/" / (7/ — C)e~^®^'*^|A(ii — r])\'^d(dr] 
•/ 0 */ 0 

+ {order-one continuous terms} -f o(l) 

as Y —> ±00. As in the inviscid case, the nonlinear interaction inside the critical 
layers generates a streamwise slip velocity across the critical layers. It is noted that 
this slip velocity is modified by viscosity. 

The function IV2 satisfies the following equation 

L0W2 = - f 2 ( y ) ^ - 531 , (3.160) 
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and W2 has the form 

W2 = W2^^E sin /3z + sm2/3z + sin 2/3z + c.c. . (3.161) 

But as far as deriving the amplitude equation is concerned, it is sufficient to solve 
for the vortex component only. It follows from the continuity equation that 

= - ( 2 / 3 ) - ^ % " ) . (3.162) 

As in the inviscid case, the jump (c+ — Cj ) has to be determined by solving for 
V3, which is found to satisfy the following equation: 

^o%,yy = •L1V2 + L2V1 + + ^ 5 3 2 ] , (3.163) 

where Li , L2, and the Reynolds stresses 5'i2 and S32 are defined in the same way as 
in the inviscid case. For the purpose of deriving amplitude equation, we only need 
to find the fundamental component at this order, i.e. 

% — V3E cos ^z + c.c. + . . . , 

and correspondingly, we write 

d d ~ 
7r~'S'i2 + "?r~'S'32 = ME cos Pz + c.c. + ... , 
ox oz 

with non-fundamental components being neglected. 
It is noted that the relevant part of linear forcing term, i.e. {L1V2 + ^^2^4), is 

the same as of Chapter two, although L1V2 contains non-fundamental 
components. So the solution (denoted here by i^ '^E ) driven by it has the following 
asymptotic behaviour 

% y + 6^6^) log jF | 

+ {±^7rzSng(i/j,)(a+rj + pjdf + sjbj) + . . . } . (3.164) 

We now write the nonlinear forcing term as follows 

M = M\ "t" M2 + M3 , 

where Mj {j = 1 ,2,3) have the same expressions as Mj of the inviscid case respec-
tively, but the solutions evolved in the expressions, e.g. have been modified by 
viscous effects. We now assume that V^^E denotes the solution driven by M j and 
r^(A;) denotes the Fourier transformation of 

r+°o . 

J — CO 
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To obtain the jump, we need to evaluate { ^ j / ( + o o ) — oo)}. It can be shown 
that 

!>«(+«.) - = r,(0). 
Using this relation, we find 

T>W(+c») -

= S^josiii^oJ^ — (3.165) 

where 

and 

. (3.167) 
We now consider Vs^y, i.e. the solution driven by Mg. As in the inviscid case, 

there is a difficulty in evaluating the asymptotic form of V^^y. Inspired by the 
experience there, we write 

V3% = Q2(Y,h) - ia[/;'U,,yyU;'°''> , 

then Q2{Y^ti) satisfies 
2i ')Q2 = ./V2(y,<i) , (3.168) 

where 
#2 = M2,y + . 

Notice that 
= -icctJytJi . (3.169) 

Differentiating with respect to F , we obtain 

L^X^Uiyy = —2iaUyUi^y . (3.170) 

The complex conjugate of (3.155) yields 

1 ^ - - U,v;r . (3.171) 

On making use of (3.170) and (3.171), we find 

^ 2 = . 
(3.172) 

After solving for Q2{Y,ti), we obtain 

= 2 % s i n ' ' 0 r 7 ' ' ° ° ^ ( ' ) ( ^ , 7 7 ) A ( < i - ^ ) v 4 ( f i - , ; - ^ ) A X < i - 2 ^ ^ , (3.173) 
Jo Jo 
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where we have put 
, (3.174) 

and 

(3.175) 

Finally, we solve for v j y y , i.e. the solution driven by M^. On writing 

^3% = Q , ( y , t , ) + u ; ' u ; y y V , T . (3.176) 
then Qs satisfies 

2 r ) Q 3 = W , < i ) , (3.177) 
where 

% = As . r - 0 ; ' L ^ p { u i y y i 4 ^ f ) . 
Noticing 

and using the complex conjugate of equation (3.170), we find 

% = - 2 i a C / ; ' t / - , , , , S i f • ° ' + 2M/;'0lyyyV,'p°J , (3.178) 

where 

After finding the solution for Qs, it can be shown 

^ , y ( + o o ) - ^3^,K(-°°) 

= i S ' j o s m ' e r i * " K f ( i , r , ) A ( t i - ( , ) A ( t i - r i - i ) A - ( U - 2 i - - q ) i i d - , , , (3.179) 
JQ JQ 

where 

= /?<"(«.,) ?([1 + 2A5̂ (f + , + ( ) ' ( ( - C)] n„(f,,, Ode 

+ n„({,>,,C)_('(C-")ll+2AS'(?+>rt<)'({-<))="""'""'"''<'''} , 

( 3 . 1 8 0 ) 
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and 
^oU,V,C) = _ 

Matching onto the outer solution yields 

4 - ^ 
= TriSgn{Uy){ajrj + pjdj + Sjbj) 

+na:^\Uy\^ sin^oj^ Kj{iTr}\si)A{ti — ̂ )A{ti — ̂  — r})A*{ti—2^ — 'q)d^d'q, 

( 3 . 1 8 1 ) 

where we have writ ten 

= A's(^,77|5i) + 4A5^sin^0/^'A(^,7?|si) . (3.182) 

The suffix j refers to the j - the critical layer, and the argument 3% refers to the 
parametr ic dependence on 5i. The functions Ks and Kx are expressed as follows 

^<sU,ri\s-i) 
= -t e i ) 

+ 2 t i n H [ K f ' ' \ ( , v ) £ i e + 2 « , -

+/(•<»'({,,) y^ ' [C(2,+3C)-«f+2,+2C)le- '«« 'c(C 

Jo 

+ ^(')(^,^)j[^[(#()(#3()-((-H7)(a#20]e-3"(^)(2^)y(j 

+ 8 sin-'g 77) 

+2K^^\(,ri) _ ^\g,i(2u3+3„u=)j^ 
Jo Jo 

(3.183) 

and 

Kx{(,v\si) 

= rj) 1^C{( + r; + ()^(^ - ( ) e - " 
Jo 

+4sin^g j ^ ( ° ) ( ^ , ? ; ) j ( ^ ( f C e - ^ ' ( ( ' j ^ ' ^ ( u - , ; - ( ) ( ( - ( ) ( ^ e - ' ' ( ^ ' ^ + ^ ' ' ' ) ( f u 

Jo Jo 
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(3.184) 

Note tha t the s t ructure of KX{^,T]) is somewhat different f rom Ks{^,TI), and its 
appearance is ra ther unexpected. Nevertheless the kernel K{^,T}) reduces to (3.116) 
when A = 0, as expected. 

Using the modified jump, we obtain the amplitude equation for the viscous case 
as follows 

dA f + OO f + OO _ 
^ y i g j K i i i i v ) M h — i f ) ^ ( ^ i —^—ri)A*{ti—2i—ri)didri , 

(3.185) 

where the summation is made over all critical layers; in the present problem there 
are two. The kernel Kj{^,r j ) is defined by (3.182), and 

^0 = / o / / , (3.186) 

gj = / , / / . (3.187) 

The constants fo and / have the same expressions as in the inviscid case respectively, 
and 

f j = - i r a ^ sm'^Ob'j\bj\'^\Uyf . (3.188) 

The coefficients g j against wavenumber a = (a^ + /)^)&, are plotted in F ig l8a and 
F ig l8b in a convenient scaled manner. The coefficient go against a is the same as 
shown in Fig3 except the a there is replaced by a . 

3.5.2 T h e F i n i t e - T i m e Singulari ty, Equ i l i b r i um Solut ion , 
a n d Viscous Limit 

We note tha t the finite-time singularity identified for the inviscid case applies to the 
viscous case, i.e. it is unaltered by viscosity. However, as in the two-dimensional case 
(Chapter two), we expect tha t viscosity may delay the occurrence of the singularity, 
or eliminate it if the viscosity is sufficiently large. 

Surprisingly, the ampli tude equation (3.185) does not admit an equihbrium so-
lution. This is a remarkable difference from the two-dimensional viscous case. 

We now turn to examining the amphtude equation under the limit A —» +oo. 
This corresponds to the situation where the viscosity is relatively large or the distur-
bance is relatively weak (see (3.135)). It can be shown tha t the ampli tude equation 
(3.185) is reduced to the following equation: 

A ^-j— = gQTiA + X ^gA f \A{ti — T))\̂ dT] + 0{X~^) . (3.189) 
all Jo 
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where we have performed the variable change ti —> The constant g is defined 
by 

, 2 

p — — sin^^[l — 2s in^^] r ( - ) ^ , (3.190) 

where the summation again is made over all critical layers. Remarkably, the non-
linear term is still non-local, and the amplitude equation does not appear to be of 
Landau-Stuart type^. Note also that at the viscous limit, the coefficient g is zero, 
i.e. nonlinear term vanishes, when ^ = f • The same behaviour occurs in the inviscid 
case, as noticed by Goldstein & Choi (1990). But generally, ^ j (^ ,7 / | s i ) is non-zero 
when 0 = | . 

As in Chapter two, we examine the validity of the amplitude equation (3.189). 
To keep equation (3.189) balanced, we require TI ~ A"^, and X~^A = A with 
A — 0(1) . The rescaled amplitude equation is then 

dA r+oo 
— = gofiA + gAJ^ \A{ti - T])\ drj , (3.191) 

where we have written A as A, and TI = \~3f1. 
Recalling that TI = e ~ 3 ( t — tq), and A~3 = ( e i ? ) ? , we obtain 

T - To - 0(e#^&) , (3.192) 

i.e. the evolution time scale is 0{e~3Note that this time scale is much faster 
than that in Hall & Smith (1991), where the t ime/spatial scale is found to be 
0(e~^i?~3). Since e <C R~^, we have (r — TQ) <C R~3. This implies that inside the 
critical layers, the unsteady effects are less important than viscous effects, and the 
critical layers thus become steady and viscous. RecaUing that the sub-Stokes layer 
has a correction of 0{R~^) to the growth rate, and hence in order for the amplitude 
equation (3.189) to be vahd, we further require 

i.e. € » 0 ( A - ! ) . 

We therefore can conclude that when 

C e C (3.193) 

or equivalently when 
1 A <s: , (3.194) 

the evolution can be described by (3.191). The vahdity of the/u//j/integro-differential 
form of amplitude equation (3.185) is restricted only by A <C , i.e. it has a much 
larger vahdity range than (3.191). When the first restriction of (3.193) is violated, 
the amplitude equation could still be of form (3.191), but its coefficients must be 
modified by the sub-Stokes layer near the wall. Notice also that , when A = 0(i?<), 
the unsealed amplitude is of order (A'se) , i.e. iJs; this is just the amplitude scale 
in Hall & Smith (1991). 

^The author is very grateful to Prof. S.N. Brown for telling him her recent result, without 
knowing which the present author would not have realized this point. 
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3.6 Conclusions and Discussions 
In this chapter, we have shown that nonhnearity affects the evolution of a pair of 
obHque waves with 0 (1 ) spanwise wave number much earher than that of a two-
dimensional wave, and the nonlinear evolution time scale is much faster. This is due 
to the pole type of singularity in the streamwise velocity as well as in the spanwise 
velocity (Goldstein & Choi, 1989), cf. the logarithmic branch-point singularity in 
the corresponding 2-D case. 

It is shown that although Uyy{yc) ^ O i n the present case, the nonlinear in-
teraction, and as a result, the amplitude equation is the same as that in the case 
where Uyy{yc) = 0, e.g. free shear layers considered by Goldstein & Choi (1989). 
The amplitude equation is an integro-differential one. Explosive growth in the form 
of a finite-time singularity is possible and may be related to bursting phenomena 
observed in experiments. The result gives further support to the point of view 
that subsequent nonlinear growth of initially small disturbances causes transition to 
turbulence. 

Our analysis has included viscosity, thus has extended that of Goldstein & Choi 
(1989). It is shown that viscous effects influence the evolution of the disturbance by 
modifying the structure of the nonlinear terms. The resulting amplitude equation 
does not seem to admit equihbrium solutions. This suggests that nonlinear effects 
do not render the disturbance neutral; hence it will not enter the regime described 
by Hall & Smith (1991) from the stage considered in this chapter. 

One interesting feature is that the nonlinear interaction inside the critical layers 
generates a vortex of the same size as the fundamental wave in the main part of the 
flow. This strong vortex may be identified as that observed by Hino et al. (1983) in a 
finite Stokes layer between two plates. It may also be possible to relate this vortex to 
the streaky structure in a turbulent boundary layer, where high-frequency bursting 
is a significant phenomenon; this is because large scale coherent structures in the 
outer region of a boundary layer may generate a flow similar to a Stokes layer in 
the wall region. One may expect that the dynamics there, especially the instability 
mechanism, is analogous to that of the present problem; thus the results obtained 
here may be helpful in understanding the wall-layer phenomenon in a turbulent 
boundary layer. Such a point of view is supported by the experiments of Hino et 
al. (1983), who gave evidence that the generation of vortex structure and bursting 
processes (like ejection, sweeping ) are similar in these two flows. 

In this Chapter, we have assumed that the spanwise wavenumber is of order 
one, i.e. ^ ~ 0(1) . It is under this condition that the nonlinearity associated 
with the logarithmic branch point is weaker than that associated with the pole. 
However, from the amphtude equation it is seen the coefficient of the nonlinear 
term is proportional to sin^^ = and therefore it will be small if P is small, 
i.e. these nonlinear effects are weak for weakly three-dimensional disturbances. A 
typical case of special interest is when nonhnearity from the simple-pole singularity 
is as strong as that from the branch-point singularity. A scahng argument, similar 
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to that in Chapter one reveals that this occurs when 

This problem will be considered in Chapter five, where the amplitude is allowed to 
be a function of spanwise space Z — T^Z as well as time T-y = E^T. 

81 



Chapter 4 

The Nonlinear Evolution of 
Resonant-Triad Waves 

Abstract 

The nonlinear evolution of initially linear high-frequency disturbances in a Stokes 
layer is studied under a high-Reynolds-Number assumption. The disturbances are 
composed a two-dimensional wave (2a, 0) of magnitude 6, and a pair of oblique 
waves (ct, ± p ) of magnitude e, where a , (3 are the streamwise and spanwise wavenum-
bers respectively. We assume = ^/3a so that resonant conditions are satisfied when 
disturbances become nearly neutral in the process of evolution. It is shown that the 
growth rate of the disturbance is controlled by nonlinear interactions inside critical 
layers, i.e. thin regions centered on levels at which the phase velocity of the distur-
bance is equal to the basic flow velocity. In order for there to be a nonlinear feedback 
mechanism between the two-dimensional and the three-dimensional waves, the lat-
ter are required to have a larger magnitude than the former, namely 6 ~ 
The nonlinear evolution time scale is (9(e~3), i.e. 0 ( 5 ' ^ ) . 

The amplitude equations turn out to be significantly different from those of 
Raetz (1959), Craik (1971) and Smith & Stewart (1987) in several important re-
spects. Firstly, as in Goldstein Sz Lee (1990) they are integro-differential equations, 
i.e. the local growth rate depends on the whole history of the evolution, unlike a 
conventional resonant triad, where it depends only on the instantaneous amplitude 
of the disturbance. Secondly the back reaction of oblique waves on the 2-D wave is 
accounted for by two cubic terms and one quartic term in the wave amplitude rather 
than one quadratic term. Thirdly the amplitudes of the two- and three-dimensional 
waves can theoretically always exhibit a finite-time singularity, while in a conven-
tional resonant-triad equation, the occurrence of a finite-time singularity depends 
delicately on the coefficients (Craik 1975). The structure of the finite-time singular-
ity is identified, and it is found that the 2-D wave has a "more singular" structure 
than the 3-D waves. The finite-time singularity implies that explosive growth is in-
duced by nonlinear effects. We argue that this nonlinear blow-up of high-frequency 
disturbances is related to the bursting phenomena observed in experiments, and can 
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lead to transition to turbulence. 

4.1 Introduct ion 
In Chapters two and three, nonlinear effects were investigated for the cases of a 
two-dimensional wave, and a pair of oblique waves respectively. It was shown that 
before the disturbance became neutral, a nonlinear interaction could take place 
inside the critical layers, and that this controlled the growth rate. As a result, 
a finite-time singularity was induced by this nonlinear interaction. Consequently, 
instead of evolving into an equilibrium state, as implied by linear theory (Cowley 
1987), the disturbance is further amplified by nonlinear effects. This result suggests 
that instability and transition of the Stokes layer may be explained in terms of this 
nonlinear growth over part of a period rather than in terms of the net growth over 
a whole period. The explosive growth of the high-frequency disturbance may be 
related to the bursts observed in experiments. 

In this chapter, we will explore an even stronger nonlinear interaction, namely 
a resonant-triad interaction. This type of interaction takes place in many kinds of 
wave flows, e.g. see Craik (1985). The possibihty of a resonant-triad interaction 
between Tollmien-Schlichting (T-S) waves was put forward theoretically by Raetz 
(1959) and Craik (1971). The mechanism they proposed is the following. Suppose 
there is a pair of three-dimensional modes, say (q ' ,±^,CI), and a two-dimensional 
mode, say (2a;, 0, cg), where ±/3 are the spanwise wavenumbers of the 3-D modes, a 
and 2a are the streamwise wavenumbers, and Ci and c; are the phase velocities of 
the 3-D and 2-D modes respectively. If 

Cl = C2 , (4.1) 

then a nonhnear interaction can occur at (amplitude)^ order, i.e. "sooner" than the 
(amplitude)^ order of the non-resonant case (Stuart, 1960; Watson, 1960). 

It is worthwhile noting that the relevant modes involved may have more general 
forms and do not necessarily have to be associated with the same instability. For 
instance, Hall & Smith (1988) considered an interesting resonant-triad interaction in 
a concave channel flow. This flow can support T-S waves as well as Taylor-Gortler 
vortices. The triad they considered was composed of a pair of oblique T-S waves 
and a Gortler vortex. 

The resonant-triad interaction mechanism has been used to explain the appear-
ance of three-dimensional disturbances. For example, it is beheved that the stag-
gered arrangement of T-S wave revealed by Saric et al. (1984) and Kachanov et 
al. (1984) is the result of a resonant-triad interaction between a pair of oblique 
sub-harmonic modes with the basic fundamental two-dimensional mode. 

As pointed by Stuart (1962a,b), for T-S instability, condition (4.1) is not easily 
satisfied, i.e. it is not always allowed by the dispersion relation of T-S waves. Craik 
(1971) found that in a boundary layer, (4.1) is valid only for some specific values of 
a and (3, and he referred to this as the selective amplification mechanism. Recently, 
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Smith & Stewart (1987) put Craik's analysis on an asymptotic basis by using a triple-
deck style analysis; they showed that the resonant triad-interaction took place for 
"high-frequency" T-S waves. 

In the case of Rayleigh waves, condition (4.1) can be easily satisfied. Suppose 
(2a ,0 ,c ) is a neutral mode of Rayleigh's equation, then from a consideration of 
Squire's transformation, we conclude that if 

(3 = VDA , 

the ( q ; , ± ; 5 , c ) modes are also neutral, and moreover the resonant-triad condition is 
satisfied. Using this idea, Goldstein & Lee (1990) studied a resonant-triad inter-
action in a boundary layer. They assumed that an adverse pressure gradient was 
present, which although weak, supported long wavelength Rayleigh instability waves 
(Goldstein et a/., 1987). They first considered the case where the 2-D and 3-D waves 
have equal order of amphtude. It was shown that the 3-D waves are enhanced by 
2-D wave, but they had no back reaction on the 2-D wave. As a result, the 3-D 
waves exhibit faster than exponential growth, and the 2-D wave grows exponentially, 
unafi'ected by the 3-D waves. Eventually, the 3-D waves will have grown sufficiently 
large to affect the 2-D wave and then the evolution will enter a fully-interactive 
stage. This fully-interactive stage was then considered by them. Importantly, they 
pointed out that the feedback effect of the 3-D waves on the 2-D wave was through 
a quartic rather than a quadratic interaction; thus the amplitude for the 2-D wave 
contained a quartic term. But they did not carry out a detailed critical-layer analy-
sis to give the exact form of this term. Moreover, it seems that they overlooked the 
cubic interaction terms. 

A fully-interactive resonant-triad of T-S waves in the Blasius boundary layer 
was studied by Mankbadi (1991). He was concerned with the upper-branch scaling 
regime (cf. Smith & Stewart, 1987). Along the upper branch, the viscous critical 
layer is distinct from the viscous wall layer and hence the flow is not described by a 
triple-deck structure (Drazin k. Reid 1981, Bodonyi & Smith 1981). He showed that 
the nonlinearity dominating the evolution of the amplitude was from the critical 
layer, and demonstrated good agreement with experiments. 

This chapter is concerned with the fully-interactive resonant-triad composed of 
Rayleigh instability waves. The purpose of the study in this chapter is two fold. 
Firstly, we shall address the role of resonant-triad interactions in the instability and 
transition of the Stokes layer. Secondly in a broad sense, we are concerned with the 
evolution of a resonant-triad of Rayleigh instability waves under nonlinear effects 
from the critical layers, which, by assuming that the Reynolds number is sufficiently 
large, are predominately inviscid, but unsteady, in contrast to the viscous and steady 
one in the work of Mankbadi (1991). The nonlinear terms in the amplitude equa-
tions, as will be shown, are fully determined by nonlinear interactions inside the 
critical layers and do not depend on the basic flow as a whole. Thus the results 
obtained are valid for Rayleigh instability in a broad class of flows. 
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4.2 Scaling Argument and Formulation 
The flow is described by Cartesian coordinates (x ,y ,z ) , where x is parallel to the 
oscillating direction of the plate, y is normal to the plate, and z is the spanwise 
direction. If we take 6*, and Uo as characteristic length, time and velocity 
scales respectively, then the basic flow is given by 

{U, V, W) — ( C O S ( T — y)e~^, 0 , 0 ) . 

We denote the perturbed flow by 

{U + u, v,w) . 

Following Cowley (1987), we study high-frequency instability waves, and intro-
duce the fast time scale 

t = RT (4.2) 

to take account of the frequency of waves, where R is the Reynolds number defined 
in Chapter one. 

We assume that the velocity component u of a two-dimensional disturbance of 
magnitude 0{5) has the leading-order form 

6Bo(j)2{y,T)E'^ + c.c. , 

where 6 1, and the order-one complex constant number BQ is a measure of the 
scaled amplitude of the 2-D wave. Hereafter c.c. represents the complex conjugate 
of the part written out. For convenience, we have defined 

A 

E = exp(ZQ'a; — i6{t)) , 

where A 

f t = + + 
with c being the complex phase velocity, i.e. c = ĉ  -f zc,. In this study, we assume 
that the wavenumber a is of order one. 

The three-dimensional disturbance is composed of a pair of oblique Rayleigh 
waves with equal magnitude e and streamwise wavenumber a , but opposite spanwise 
wavenumbers ±/3. We assume that = y/Sa so that they have the same phase 
velocity as the two-dimensional wave, i.e. the resonant condition is satisfied. The 
velocity component v of the 3-D disturbance can be expressed, to the leading order, 
in the form 

eAoVi{y,T)E cos/3z + c.c. , 
where AQ is a measure of the scaled amplitude of the 3-D waves. 

According to linear theory (Cowley 1987), both the two- and three-dimensional 
disturbances start to grow from the same time, say r,-, until a time, say Tq, at which 
they both become neutral (see figure 1). In the vicinity of the neutral time TQ, the 
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growth rates are small, and critical layers emerge. Due to the singular property of 
the Rayleigh equation near critical layers, nonlinearity may first become important 
there. For surveys of the importance of nonhnear effects in critical-layers, readers 
are referred to the papers by Stewartson (1981), Maslowe (1986), Hickernell (1984), 
Goldstein & Leib (1988, 1989), Goldstein & Hultgren (1989), Goldstein & Choi 
(1989) and Goldstein & Lee (1990). Our main concern is how this nonlinearity 
affects the evolution of the resonant-triad waves. 

Before proceeding to a formal asymptotic expansion, we need to set down the un-
derlying scaling, i.e. the relation between c,-, e and 6. For this purpose, we introduce 
an intermediate time scale t-i = acit, which is much "slower" than the time scale 
of the instabihty waves, but much "faster" than the time scale of the underlying 
Stokes flow; the disturbances are then described by time scales t, ti and r . In terms 
of these new variables, the z-momentum equation can be written as follows 

r ^ , /Tr \ ^ , OD-1 ^ I _L ^ ^ ^ 
{„C.- + ( f / - c^)- + 2R , 

where ^ has been replaced by —Cr^. 
We are particularly interested in the case where the nonlinear evolution occurs 

on the fastest possible time scale, i.e. in which the time-variation term appears at 
leading order in the critical-layer equations. Suppose the thickness of the critical 
layers is 0( / / ) , then near a critical layer 0 — Cr is if Uy{yc) = 0(1) . Balancing 
aci§^ and [ u - C r ) ^ yields 

ju 0(c;) . (4.3) 

This scaling brings in a new non-equilibrium effect that does not occur in the analysis 
of Raetz (1959), Craik (1971), Smith h Stewart (1987) and Mankbadi (1991). Such 
a non-equilibrium effect was included in the analysis of Goldstein & Lee (1990), 
see also, e.g. Goldstein & Leib (1988, 1989), Churilov & Shukhman (1988), and 
Goldstein h Choi (1989). As pointed out by Hickernell (1984), such a^effect leads to 
a different type of amplitude equation that involves history effects and is therefore 
an integro-differential equation. 

As a critical layer is approached, the streamwise velocity of the 3-D waves exhibits 
a pole type of singularity, i.e. 

[y - Vc) 

T' as noted by Benney (1961), where Uc is a critical level defined by U{yc) = c 
Then the magnitude of «3d,3/ is 0{ei.r'^). According to the asymptotic property of 
Rayleigh's equation, the normal velocities of the two- and three-dimensional wa.ves 
are of order S and e respectively. The nonlinear interaction inside the critical layer 
between the 2-D and the 3-D waves, say through •§^{v2dU3d) , produces a forcing 
term of (9(e6/x~^). By balancing this forcing term with we know that it 
drives a 3-D wave velocity of 0(e^//~^). We require it to balance the unsteadiness 
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of O(eaci), i.e. 0{efj,) by (4.3), in the 3-D waves so that the evolution is affected by 
this resonant interaction. This balance yields 

H ~ 0(6^) . (4.4) 

We will concentrate on the situation where there is energy feedback between the 
2-D and 3-D waves. Conventionally, the quadratic interaction of oblique waves feeds 
energy back to the 2-D wave. In the present case, this interaction takes place inside 
the critical layers, and produces a forcing of 0 ( E ^ / I " ^ ) , say through ^ ( U S D U S D ) - Bal-
ancing this forcing term with a c i ^ , we know that it produce a 2-D wave component 
as well as a mean-flow distortion of 0(e^^~^). However, the 2-D wave component 
generated by this interaction does not produce a velocity jump across the critical 
layers. As a result, the quadratic interaction between the 3-D waves does not af-
fect the growth of the 2-D fundamental wave (see Goldstein Sz Lee, 1990, and also 
§4.2 below). It is found that the cubic interaction between the 2-D wave and the 
mean-flow distortion generates a forcing of Balancing this forcing with 

we find that it drives a 2-D wave component of This 2-D wave 
component contributes a velocity jump of the same order (see below). It balances 
the unsteadiness of O(Saci) ~ 0(6fi) in the 2-D wave when ~ <5/./, i.e. 

^ ^ - 0 ^ ^ ) . (4.5) 

Notice that from (4.4), we have 

S ~ 0(c3) . (4.6) 

Equations (4.5) and (4.6) set the underlying scahng for the analysis in this study. 
Note that the magnitude of the 3-D waves is required to exceed that of 2-D wave. 
This is the same as in the work of Goldstein & Lee (1990) and Mankbadi (1991), 
but in contrast to much previous work on three-dimensional instability, where it is 
generally assumed that the magnitudes of 3-D waves do not exceed that of 2-D wave. 
However, in favour of the present scaling is the fact that for Stokes layers, it has 
not yet been possible to identify a dominant 2-D instability stage by reducing the 
environmental disturbances and introducing artificial 2-D disturbances. The present 
scaling imphes that the disturbance is dominated by the three-dimensional waves, 
and exhibits a "peak-valley" sphtting pattern. 

With the scale set above, we shall concentrate on the times near to 

T = To + e^Ti , (4.7) 

namely the time at which the growth rate is reduced to 0(e3); it is at this stage 
that nonlinearity begins to affect the evolution. The disturbance evolves over time 
scale ^1, while the Hnear growth rate and the basic flow depend parametrically on 
the slow time scales TQ and TJ. Since the basic flow U changes only on the slow time 
scale T, it is sufficient to expand its profile at T in a Taylor series about TQ 

U{y,T) = U{y,To) + e3Ur{y,To)Ti + ... . 
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Hereafter, all basic flow quantities will be evaluated at TQ unless otherwise mentioned. 
For convenience, we rewrite the nonlinear evolution t ime scale in the form 

. (4.8) 

The evolution picture can be summarised in Fig.2. As illustrated, we assume 
tha t the disturbances are initially described by hnear theory, and grow exponentially. 
Then as they approach the neutral t ime TQ, the growth rates become small, and linear 
critical layers emerge. As the growth rate decreases fur ther to 0 (e3 ) , i.e. at times 
T\ = 0 (1 ) , nonlinear interactions take place and control the overall development. 
The earlier hnear and the subsequent nonlinear solutions should be required to 
match in some mutual overlapping domain. 

Finally for simplicity, we shall assume tha t the Reynolds number is large enough 
so tha t the viscosity does not play a leading order role in the evolution of the 
instability waves. 

4.3 Outer Expansion 

4.3.1 Outer Expans ions and A s y m p t o t i c Solut ions Near 
Critical Layers 

Outside the critical layers, the flow is basically linear and is governed, to the required 
order of approximation, i.e. 0(63) , by the following equations: 

+ + = - I ' 
= " i ' (4.11) 

+ (4.12) 

Eliminating the pressure terms yields: 

and 
= 0 . (4.14) 

With the multiple t ime scales introduced in §2.2, the t ime derivative ^ should be 
interpreted as follows 
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The velocity (u,v,w) and the pressure p of the disturbances are expanded as 
follows: 

U — 6Ui £3 ^2 + £3 _j- _ _ _ ^ (4.16) 

V = eui + e3i!2 + £3^3-j-. . . ^ (4.17) 

w = ewi + e^W2 +e^W3 + . . . (4.18) 

P - ePi + fspz + •. • • (4.19) 

The presence of the two-dimensional disturbance requires that the expansions must 
be taken to one order higher than is necessary for a pair of oblique waves (Chapter 
three). However we shall see that substantial parts of the analysis are the same. 

The earlier linear solution suggests that Vi can be written as 

= ^(ti ,Ti,ro)ui(j/ ,To) cos/?^^^ + c.c. , (4.20) 
/V 

where A(^i) is the amphtude of the three-dimensional waves, E = exp[ma; — 
and A 

— = Oo('''o) + 2^^ ^^i(''"o) + • • • • (4.21) 

Here the dependence on TQ is due to the time variation of the basic flow, and the 
dependence of A on is due to the time variation of the linear growth rate. Because 
both To and only appear as parameters to the order that we work, they will not 
be written out explicitly hereafter. 

The function satisfies the Rayleigh equation: 

(i7 - c)(D^ - a^)ui - = 0 , (4.22) 

where we have written 

2f2o = ac , Q; = {oP' -f 0^)^ . 

Let T) = y — yi, where yi is the j-th. critical level, then as 77 -4 ±0 , v\ has the 
following asymptotic solution: 

v\ ~ 4- + pj(t>a. log I?;!] , (4.23) 

where ^ 
4 = 774- + . . . , 

<?!>t = 1 + q^rî  + . . . . 

The function ug takes the following form: 

V2 = V2{y,ti) cos PzE 4- B{ti)(l>2{y)E^ + cos/?z + c.c + . . . , (4.24) 
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where B<I>2E^ is a two-dimensional wave of scaled amplitude and Ug is the 
deviation of the eigenfunction of 3-D waves from its neutral state. The function (̂ 2 
satisfies Rayleigh's equation, and we have assumed 2a = a , 

(j)2 = vi . (4.25) 

As for a pair of oblique waves (Chapter three), V2 satisfies the inhomogeneous 
Rayleigh equation: 

+ • (4-%) 

The asymptotic form of V2 is as follows: 

V2 ~ - b f r j log |7/| -f { a f r j + hfsj)r] log |?/| + . . . 
-\-cf(j)a-\-d'f[(i)b-\-pj(t)a\og\r]\], (4.27) 

where 

R = & , (4.28) 
Uy 

n = (4.30) 

= ( m ) ^ {(-iaUyrTiA)-^ •+ {iaT-^A) '^ 

+ ( - ^ - , c , t / , T , A ) ^ y ^ 2 ^ ) . (4.31) 

All basic flow quantities are evaluated at t ime Tq and at the critical level yl-
At 0 (e3 ) , it is sufficient to solve the deviation of the two-dimensional wave 

eigenfunction from its neutral state; for this purpose we write 

% = ^3(1/, t i )E^ + c.c -|- . . . . (4.32) 

The function ^3 satisfies an inhomogeneous Rayleigh equation similar to tha t for 
namely 

(4.33) 
The asymptotic behaviour of <̂ 3 is as follows: 

^3 ^ - h f R j log I?;! + {afRj -f bfSj)ri log |?7| + . . . 

+ c f + Df[<l>b + Pj<l>a log I77I] , (4.34) 
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where 

Rj = {2ia) {2iaUrri)B] , (4.35) 

Sj = (2^0) ^{{—2iaUyrT-yB)^^^ + {2iaTiB)-^— 

+ ( - ^ - . (4.36) 

We note tha t Cf and Df are generally different from cf and df respectively, since 
the right hand side of (4.26) differs from that of (4.33). The jumps (a^ — a]") etc. 
will be determined by analyzing the critical layers. 

According to the continuity equation, we can write = A(ti)wi(y)E sin /3z + 
C.C., and then wi satisfies the following equation: 

the solution of which is 

wi = a~^ sin ^^1 - 1̂,3,] , (4.37) 

where 
• a at- ^ 

sm B — p j a = - y - . 

The velocity Ui takes the following form: 

Ui = A ( t i ) u i ( y ) £ c o s + uf'^^(?/,ti) cos2;0z + c.c. , 

where can be obtained from the continuity equation as follows: 

ui = - ( z q ) ~ ^ { [ ^ ^ ^vi - sin^ 6 + ui,^} . (4.38) 

Note that a vortex component Ui°'^^(y, i i) cos 2^2 has to be included in order to 
match with the inner solution, and as will be shown later, this is driven by the slip 
velocity generated by nonlinear interactions inside the critical layers. 

Similarly pi = A{ti)pxE cos + c.c., and 

Pi = ia~^ cos6[UyVi — (U — c)v\^y\ . (4.39) 

As ?/ —> yi, the asymptotic behaviours ofp i ,Ui ,Wi can be shown to be 

pi ~ ia~^Uy cos 6bf+ ... , (4.40) 

~ —{ia)~^sm'^Obfrj~^ + ... , (4.41) 

Wl ~ a ^ sin Obfrj ^ + . . . , (4.42) 
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where we notice tha t the singularity in appears as a simple pole, rather than the 
logarithmic branch point which is characteristic of the two-dimensional case. It is 
this difference that results in the faster nonlinear evolution t ime scale in the three-
dimensional case. For free shear layers ,^olds te in & Choi (1989) have shown tha t 
because of the pole type of singularity in^treamwise velocity of a three-dimensional 
disturbance, the critical-layer dynamics of 2-D and 3-D disturbances is significantly 
different: for the former it is strongly nonhnear (Goldstein h Leib, 1988; Goldstein 
& Hultgren, 1989), but for the lalfer it is weakly nonlinear. 

At the next order solution for pressure, we only need to solve for the 2-D wave 
component; therefore we write 

It is found that 

where a.s y yf 

P2 = B(ti)p2{y)E^ + c.c. + ... . (4.43) 

p2 = -ia ^[Uy<f)2 — {U — c)(?i>2,y] , (4.44) 

P2 ~ ]^ia ^Uybf + . . . . (4.45) 

We now introduce an inner variable: 

y = 4 - . (4.46) 
£3 

The outer expansions written in terms of the inner variable are as follows: 

ebfAE cos /3z -f es log £3 ( — 4 - bfpjAY)E cos /3z 

+ log | y | + (f^) + A ( a ^ y + 6 # l o g |y | ) ]Ecos ,8z + 6^BE"} 

V ~ 

+ logei{[(a^rj + b f s j + dfpj)Y + \^ApjhfY'^]E cos 

+ l-bfRi + bfpiBY)E'-] 

+ e3{[c^y -f ( a f r j + bfsj 4- d ^ P ; ) y i o g | y | ] E c o s ^ 2 

+ [(-6±JJ, log | y | + £)^) + + i j y i o g IKDIE'} 

+ eS log £5 { | (o*i i , + b f S j + Dfpj)Y + ^BpibfY']E' + ...} 

+ £> { ( C f y + {afRj + b f S j + Dfpj)Ylog | y | ] £ ' + . . . } + c . c + . . . ( 4 . 4 7 ) 

u ~ 63 sin^ 6AbfY'^E COS + c.c.+ ... , (4.48) 

w ~ e^a~^ sin 6bfAY~^E cos/3z + C . C + . . . , (4.49) 

p ~ e ia~^Uy cos 9AbfE cos 13z + £3 ^ia'^UybfBE^ + C.C + ... . (4.50) 
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4.3.2 Solvabil ity Condit ions 

Multiplying both sides of (4.26) by ui, integrating from 0 to +oo, and utilising the 
asymptotic solutions (4.23) and (4.27), we obtain the solvability condition for (4.26): 

• —1 2CK "^1^ + -^2^1 A = - g{(6tct - b-c- ) - rj{bjaf - bj a- ) 
J 

, (4.51) 

where the summation is made over all critical layers, and J i and J2 are constants 
defined by the following integrals respectively 

" i (y 

Note tha t these integrals are singular and should be interpreted in the sense of 
Hadamard. 

By the same procedure, the solvability condition for (4.33) is derived as follows: 

i{2a) — b- Cj ) — Rj{bfa'j — b- ) 
(.4.54) 

tUj 
Equations (4.51) and (4.54) are crucial in deriving^mpli tude equations. The jumps 
(a^ — a j ) etc. will be determined by analysing the critical layers. It is important 
to note tha t the left-hand sides of (4.51) and (4.54) are linear and that nonlinear 
terms come from^critical layers through these jumps. Thus in the analysis of the 
critical layers, it is sufficient to concentrate only on the solutions contributing to 
these jumps. Since we find that the solution driven by the quadratic interaction of 
the 3-D waves does not contribute to any jump, the quadratic term in 3-D amplitude 
will not appear in the amplitude equation of the 2-D wave. 

4.4 Inner Expansion 
(4.47)-(4.50) suggest tha t the inner expansions within the j - th critical layer take the 
following form: 

u = e^Ui -f- + €.̂ 1/4 + . . . , (4.55) 

V = "t" V2 4" c'V3 1 (4.56) 

w = c^]Vi £3 -f- "t~ - f - . . . , (4.57) 

p = ePi-|-£3Po + -f . . . , (4.58) 
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where the e^loges terms are not written out since they match onto the outer so-
lutions automatically whenever the solutions at e" match with their corresponding 
outer expansions. 

We shall see tha t the solutions at the first two orders are available f rom the 
analysis for a pair of oblique waves (Chapter three), but with some modification 
due to the presence of the two-dimensional disturbance. 

The function Vi satisfies the equation: 

= 0 . (4.59) 

where 

LQ = ——h {UyY + . (4.60) 

The solution which matches the outer expansion is: 

Vi = A{ti)Ecos/3z + c.c. . (4.61) 

Matching with the outer solution yields = b~ — bj, i.e. the j ump {bj — bj) is 
zero, and yl(Zi) = bjA{ti). 

Expansion of the y-momentum equation gives: 

= 0 , (4.62) 

and so 
Pi = ia'^Uy cos 6AE cos jSz + c.c. . 

The function T^i satisfies the following equation 

== . (4X)3) 

Let Wi = Wi{Y^ t i )Es \n^z + c.c., and then satisfies: 

= iUySmO cos 6 A , 

where 

4 " ^ = ^ + m a ( t / , F + C/,Ti). 

The solution tha t matches with the outer solution is 

Wi = iUy sine c o s , 

where we have put 

M/j") = , n = a ( i 7 , y + i7 ,n ) . (4.64) 
Jo 
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Similarly, we write U\ = Ui{Y,t-i)E cos j3z + c.c., and then 

At 0(e5) , the pressure is written as 

f a = + C.C , 

and satisfies 
A 6(2.0) 

= 0 . (4L65) 

The solution matching with the outer expansion is 

== . (4.66) 

The three-dimensional pressure component is not needed in the following anal-
ysis, though it can be found. 

The velocity V2 satisfies 

ioV,,yy = i , V . + A l ^ + ^ ] , (4.67) 

where 

^1 = -il^UyyY^ + UyrTlY + " F/R T 5 4 68) 

and S'11,5'31 are Reynolds stres^defined as follows 

Furthermore, S'n and S31 can be expressed as 

^11 = cos 2/3z + cos 2,8z + c.c. , 

S31 = cos 2/3z -|- cos 2^z + c.c. . 

After some calculation, it is can be shown that 

sin^ ^ , (4.71) 

(4.72) 

= ^ iaU^ sin' + 2 sin' , (4.73) 

(4.74) 

cos' ) + 2s in ' , (4.75) 

Sg ' ' ) = l ,8 i7Jcos 'gy iM/f ) . (4.76) 

95 



Inspecting the right-hand-side of (4.67), we know V2 has the solution of the following 
form 

v;; = COS COS + C.C. . (4.77) 

The 3-D fundamental component is only driven by the linear forcing term, 
i.e. LiVi = iaUyyA^ which is exactly the same as in the two-dimensional case stud-
ied in Chapter two. By the same procedure, we can obtain the following jump 
conditions: 

a t - aj = TripjbjSgn{Uy) , (4.78) 

df — dj = —7rirjbjSgn{Uy) . (4.79) 

Substi tuting (4.71)-(4.76) into (4.67), we find tha t 

g.^2 + 4 , (4.80) 

sin" ^ + 4sin" , (4.81) 

where we have put 

S = aUy . (4.82) 

The solutions are found to be as follows 

= —iS^sin^of d ^ [ di]^{( + As'm'^OT])A*{ti—T])A{ti—rj — ̂ )e~'^^^ 
Jo Jo 

(4.83) 

(4.84) 

In writing into the compact form (4.83), we have dropped a purely imaginary 
part , which, according to (4.77) do^^ not alter the physical velocity. The same 
operation will be made in simplifying the solution for Integrating 
with respect to Y yields 

V^\f^ = —S^sm^of d(f dr] [^^+4 sin^ 0(^+7?)77](i^-h 2r7)"^[e"'"(^"'"^'') — 1] 
' Jo Jo 

, (4.85) 

where we have put 
Q, = aUyY , uj = aUrTi , (4.86) 

and an integral constant (or more precisely a function of ^i) is taken to be zero by 
matching with the corresponding outer solution. Instead of integrating to get 
V2^'°\ we obtain it f rom the x-momentum equation together with the continuity 
equation in the following way. 
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The continuity equation is 

= 0 , (4.87) 

and the a;-inomentum equation is 

= - ( 2 % a ) f . (4.88) 

The first term of the right hand side, which is absent in the case of a pair of oblique 
waves (Chapter three), is the pressure related to the 2-D wave, and the second term 
is the forcing from the nonlinear interaction. From the above two equations we 
obtain 

^(2.0) ^ ^ . (4.89) 

It turns out that the above expression for is very helpful in evaluating the 
asymptotic behaviours of the related solutions at higher order. 

The function W2 satisfies the following equation 

dPo dW, 
^oM/2 = — ^ - F 2 ( y ) ^ - , (4.90) 

where 
F2(r) = \ ( J „ y + U„T,Y+'^-U„rl . 

The velocity 11̂ 2 has the form 

W2 = E sin sin 2j3z + sin 2/)z + c.c. , (4.91) 

where is the component driven by linear forcing through the first terms on 
the right-hand side of (4.91); it does not need to be worked out because it does 
not contribute to the jumps. The solutions forced by the nonlinear interaction are 

and W2^'^\ which satisfy the following equations respectively 

= - s S ' " . (4.92) 

= - s g ' ' ' . (4.93) 

The solutions are 

dri{^+Asm'^ 6rj)A*{ti — 'r])A{ti — ri — Qe~^^^ , 
2 Jo Jo 

(4.94) 

2 J 0 J 0 
(4.95) 
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According to the continuity equation = 0 , we have 

sin^ej^ drj{^+Asm'^ 6r])A*{ti-T])A{ti-rj-^)e~'^^ . (4.96) 

Integration with respect to Y yields 

= iSsin^oJ^ dT]C'^{(+4sm'^ 9ri)[e~*^^ - l]A*{ti-T])A{ti-r)-^)e~'^^ 

. (4.97) 

As n —> ±oo, i.e. Y —> ±oo (see (4.86)), 

(̂ 2 °̂'̂ ^ + c.c) ~ ±45sin^^TT / r]\A{ti — r])\'^dTj 
Jo 

+ { order-one continuous terms} + o(l) . 

It is seen here that a vortex component must be included in the 0(e3) outer expan-
sion of V so that it matches to 

The function satisfies 

ioC/v- = -0„V, + F , ( Y ) ^ - + («S) 

where 

The solution takes the following form 

f/z = . (4.99) 

Again only the second harmonic and mean-flow distortion/vortex induced by non-
linearity need to be worked out. From the continuity equation, we obtain 

The mean-flow distortion and vortex satisfy the following equations respectively 

J - C ' w ' = . - (4.100) 

+ a / J C / v H ' r ' . (4.101) 

The solutions are 

^2°'°^ = ^S^sin^ef dd di](^A*{ti-r})A{ti-ri-^)e 
A «/ 0 V 0 

(4.102) 

= - i a d(j^ dT][i'^-\-2^r}-\-^sm^6r]^]A*{ti — r})A{ti-r]-^)e . 

(4.103) 
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Integration once with respect to Y yields 

s\v?9 ( d^f drj (^"^[^^4-2^77+4sin^077^][e"'^^ — 1] 
2i Jo *^o 

(4.104) 

As y ^ ±cx), 

(6^2°'^^ + c.c) ~ ^^Aia'^Ssin^dir J T]'^\A{ti — r])\'^dr] 

+ {order-one continuous terms} + o( l ) , (4.105) 

which is in fact the streamwise slip velocity generated by the nonlinear interaction 
inside the critical layers, to which the outer expansion of u has to match. This is the 
reason tha t the leading order outer expansion of u should contain a vortex compo-
nent. Note tha t this vortex is unexpectedly strong in the sense tha t it has the same 
magnitude as the 3-D waves. The interaction of the fundamental 3-D waves with 
this vortex, as will be shown, affects the evolution of the waves. The significance of 
vortex/wave interactions has been studied extensively, e.g. see Benney (1984), Hall 
& Smith (1989, 1990), Smith &: Walton (1990), Hall & Smith (1991). In particular, 
Hall & Smith (1991) have shown that the nonlinear interaction of small ampli tude 
waves may produce an order-one vortex structure, thus completely altei^the mean-
flow profile f rom its original laminar state. Compared with the present study, their 
critical layers are predominately steady and viscous. This is because their nonlinear 
evolution t ime scale is much slower, due to which only very small ampli tude waves 
are needed to generate a strong vortex. See comments in Chapter three on this issue. 

We first seek a solution for ^3; this is found to satisfy the following equation: 

L0V3XY = L1V2 -f L2V1 -f + ^"^32] , (4.106) 

where Li is defined by (4.68), 

and the Reynolds stresses S12 and Sz2 are defined as follows 

+ + + + (4.108) 

^32 = + + + + (4.109) 
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The Reynolds stresses contain different components, among which only those pro-
portional to E cos /3z and cos will be used later. Therefore we write 

5'i2 = E c o s / 3 z 8 1 2 ' ^ ^ E ^ cos/3z + c.c.+ . . . , (4.110) 

S32 = S^2^^E s'm/3z + 822'^^ E^ sin ^ z + c.c. + . . . . (4.111) 

After some calculation, we have 

] , (4.112) 

(4.113) 

+ , (4.114) 

. (4.115) 

Inspecting the right hand side of (4.106), we know that V3 should take the fol-
lowing form 

cos /?z + cos + c.c. + . . . , 

where the component proportional to E cos 3/32 is omitted since it will not be used 
in deriving the evolution equations. However, to derive the amplitude equation for 
the two-dimensional wave, two more components, i.e. VsE^ cos /)z and E^, have 
to be solved. Correspondingly, we write the derivatives of the Reynolds stresses as 
follows 

+ 1^^32 = M E cos cos + c.c. + . . . . 
ox oz 

It is noted that the relevant part of the linear forcing term, i.e. [L\V2 + ^2^4), is 
the same as F^^\Y,t i) in the two-dimensional case (Chapter two). So the solution 
(denoted here by ) driven by it has the following asymptotic behaviour as 
Y —> ± 0 0 , 

% y ~ ( a / P j + 2qjbj + ^ p j b j ) Y -j- { a f r j + p^df + Sjbj) l o g \ Y \ 

+{±^7rzSgn(i /y)(otr j + j t + sjbj) + . . . } . (4.116) 
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After some calculation, we write 

M = Ml M2 ~l" 4" MQ , 

where 

Ml = _ (4.117) 

== , (4.119) 

. (4.120) 

The nonlinear forcing terms are deliberately split as above so tha t the solutions and 
their asymptotic behaviours can be worked out more easily. The solutions driven 
by M j y are denoted by ( j — 0 ,1 ,2 ,3 ) respectively, i.e. 

W v l § Y ^ M i . Y , ( i = 0 . 1 , 2 , 3 ) . 

It is found tha t makes no contribution to the jump. 
It can be shown tha t 

z Jo Jo Jo 
(4.121) 

where 
^?)(&77) = 2^" + ^"7; + 2sin"g(^",7 + ^7;") . (4.122) 

Integrating with respect to Y from —00 to +00, we get the jump 

V3y{ + Oo) — Vj^Y{ — Oo) = S'^joSm'^6l j /î ^^(if,77)A(ii-Tf)A( î-77-T^)y4*(ii—2if—77)C?^C?77 , 
° ° (4.123) 

where we have put 

Jo = . (4.124) 

The solution driven by M2,y needs still more effort. After some algebraic ma-
nipulation, we find 

— . (4.125) 

The solution induced by it can be expressed as 

= (4 126) 
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where 

r+oor+oof+oor+oo _ ., , 

«/0 «/0 V 0 «/0 
A{ti — v — ()A{ti —v — ri)A*(ti—v — r] — ̂ )e~^'^^'''^^^d^dr)dl^dv 

The factor in the kernel creates difficulties in deriving the asymptotic behaviour 
of X^y J ( y ) c ? y , which is needed to obtain the j ump {cj — cj). To resolve this 
problem, we split J into three parts, namely J i , J„, Jo as follows 

J = Ji + 4 sin^0Ji; — Jo ) (4.127) 

where 

/• + 00/- + 00/- + 00/- +00 _ 
J i = / / I / [C^-^^ + 277C-2^r;-4sin 0{r] + C)r]]e-' 

Jo Jo Jo Jo 
—V — — V — — V — T] — ̂ ^d^dTjd^dv , (4.128) 

f+oof+oof4-oof+00 _, ^ , 
J;, = / / / / 

Vo Jo Jo Jo 
A{ti — v — ()A{ti —v — ri)A*{ti — v — ri — ̂ )e~'^^'^'^^^d(drjd(dv ,(4.129) 

r+oof+oof+oop+co 
J o = / / / / + + 

Jo Jo Jo Jo 
A{ti —v — ()A{ti — v — 7])A*{ti — v — i] — ()e"^^d(d7]d(dv . 

The integral Jq in fact does not contribute to the jump tha t we need and hereafter 
will be ignored. 

Integration of J-y with respect to Y from —06 to+tp yields 

/
+00 r+oor+oor+oo 

J i ( y ) ( f y = 2;o / / / [C:'-(C + i;):: + 2?7C-2(C + u ) 7 ? - 4 s i n : ' % + ()?7] 
-CO Jo Jo Jo 

A{ti — v—'i])A{ti—v — ()A*{ti—2v—ri — ()dr]d(^dv 

With the right-hand side simplified, the above equation can be wri t ten as follows 

/ + 0 0 r + oor + oo 
J i ( y ) j y = - 2 ; o / / [ 2 r ( ^ + ^ ) + 

-oo «/ 0 Jo 

A{ti — ̂ )A{ti—( — T])A*{ti —2^ — r])d^dr) (4.130) 

The integral Jy can be reduced to a triple-integral form 
z Jo Jo Jo 

i ( < i - 0 / 4 ( ^ 1 , (4.131) 
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or an alternative form 
Ju == , (4.132) 

9, 

where 

r+oof+oo 
no = j [ ^ (4.133) 

It will be seen that the factor 77 in the kernel of (see equation (4.131) ) brought in 
by combining two Reynolds stress terms is essential for the success of the following 
procedure of analyzing the asymptote of J„. Integrating Jy with respect to Y from 
—F to y , we have 

MY)dY=s-' 

In order to calculate the main contribution to the above integral, as A —> ±00, we 
split the the kernel into the following form 

— 1 2/-2r®"^ ^(^7 ~ 0 sin Or/ 

= - „ C ' c o s n „ ^ - 2 „ C ' s i n n „ ; ^ . (4.134) 

The first term represents the contribution from ^ = ?/, the second and the third 
represent the contribution from (̂  = 77 = 0. After the kernel is so split and factorized, 
the contributions from different stationary points are thus identified. To obtain the 
asymptote of the multiple integral, we essentially have to deal with the asymptotes 
of several single integrals. By utilizing a Mellin transformation method (Bleistein & 
Handelman, 1990), we find that only the first term contributes an 0(1) jump, i.e. 

/ Jv{Y)dY = jo f f — 0^(^i ~ C)^*(^i ~ ~ Od(d( . 
J—00 Jo Jo 

After some transformations, this can be rewritten as follows 

/
+00 f+oor+00 

y , ( y ) j y = 2;o / / + K ? ' ] 
-00 Jo Jo 

A(ti—^)A{ti — T])A*[ti — 2^ — r])d^drj . (4.135) 
The forcing Mzyy is the Reynolds stress generated by the interaction between 

the 3-D fundamental and the 2-D wave component. Utilizing (4.89), we can show 

(4.136) 
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The solution driven by the first term is 

J — OO ' 

while tha t driven by the second term is 

By integration by par ts this is simplified as follows 

aS-'Ulyyi4y> - 2ic, [" die-'°K'-'~IVly(i)i4y\i) . 
V—OO 

The solution driven by the last two terms on the right-hand side of (4.136) is 

J — CO J — CO 

So we have 

' %/—OO ' 

' V—OO 

For brevity, we write l^^yy as 

%(gy = 22%$̂  sin^O/!'') + sin'g;^ + sin^'g/i + 2^'^ , 

where 

, (4.137) 
Jo JQ 

7^ = s i n - ^ g ^ y y , (4.138) 

Ii=[ [ [ ^^^^'^^^A{ti — v)A{ti—v—^)A*(ti — v — ()d(d(dv, 
Jo Jo Jo 

(4.139) 

Jo Jo Jo Jo 
(4.140) 

Substi tuting the expression for U i ^ y into ly, we have 

r+oor+oor+oo „ _ . _ 
Iv= - I I I + 4 s i n 0(^+?;)(( + ?;)](^ + 2?/)-^[g-:n«+2'?-()_g'^C] 

Jo Jo Jo 
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Integration with respect to Y yields 
r+Y 

y ^ / , ( y ) d y 

Here again the kernel is split up as follows 

C = r + 4 s m = » K + , ) , ] t t + 2 , ) - M * : i ^ -

= ( r + 4 s i n = 6 K + , ) , | f i ^ l | i i ^ i ^ 

sin + 2r]) 
-C[<^ + 4 sin 6{^+I])T]]COSU( 

f + 2% 

-2C[if^+4 sin^6'(<f+ 7/)7/] sin • (4.141) 

Following a similar procedure as in treating J„, we can obtain 

/ + 00 /• + CO/-+CO 

Iy{Y)dY = -2jo / / [?/- + 4sin2(9(^ + + v) 
•oo Jo Jo 

. (4.142) 
The jumps related to the integrals Ii and I2 are straightforward, and are 

/
+CO R+CO ^ ^ 

I'*\Y)dY = 2j„ eA-(U-10B[h-i)di, (4.143) 
•00 Jo 

/ +0O f+oor+co , 
Ii{Y)dY = 2jo / {(+rj)'qA{ti — ()A{ti—(—T])A*{ti—2(—ri)d(dT), 

-00 Jo Jo 
. (4.144) 

and 

/
+CO /•+CO/- + CO 

l2(Y)dY = ijo / / + 3 ( \ + ( f ] 
- 00 Jo Jo 

A { t i - ^ ) A { t j - ( - ' i ] ) A ' { t i - 2 ( - i ] ) d ( d i ] . (4.145) 

To match onto the outer expansion, we require 

cj - cj = V3,y(+oo) - V3,y(-oo) . (4.146) 

With the jumps so obtained, we have 

4 - cj = 7riSgn{Uy){ajrj + pjdj + Sjbj) 
„ f+00 r+oo . 

+7r|S'| sin 0 / / K{^,r])A{ti — ()A{ti—^ — T])A*(ti—2^ — ri)d^dr] 
Jo Jo 

+4%%^" -2^)A(<i - ^ ) , 
(4.147) 
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where 

= (2^^ + ^^7/) - 2sin"g(2^^ - - 4siii''g(^"7; + . (4.148) 

It is noted tha t (a+ — a j ) and {d'j —dj) correspond to the classic ±7r phase shift 
in the outer expansion, while {cf — c j ) is modified by nonlinearity, which, as will 
be shown, has a significant effect on the evolution of the disturbance. 

So far the jumps obtained are sufficient for deriving the ampli tude equation for 
the oblique waves. The next task is to seek the jumps needed for deriving the 
ampli tude equation for the two-dimensional wave. 

In order to make following algebraic manipulation easier, we shall simplify 
before proceeding to seek solutions for V3, etc. 

After making the transformation (rj — ( ) —> we write the integral J i as follows 

r + cor + oof + oor+co 
= / / / / [3C^-^^ + 2r/C-2,^(r7 + C)-4sin^6'(r/ + C)(';+ 

»/0 vO */ 0 «/0 
— V — — V — — 7y)^4*(ii — v — — tj — ^^d^di]d^dv 

f + oor+oor+cor + co 
+ / / / / [ ( ) 7 + 4 T - ^ " + 2 C ( ? ; + ( ) - 2 ^ ( - 4 s i n " 0 C ( 7 ? + 2 ( ) ] e - ' ^ - ^ ) 

Jo Jo Jo Jo 

A.(ti —V — ^)y4.(tJ — V — ^ — V — — ^)d^dTid(^dv . 

We fur ther perform the transformation {( — TJ) ^ if, and obtain 
r+cof+oor+cor+oo 

= / / / / [ 6CH4(77-OC-2^(2^ + '?)-4sin^6'(77+2C)^]e-'"(^-+^) 
Jo Jo Jo Jo 

A{ti—v — ()A{ti — v — ( — r])A*{ti — v — ( — ri — ̂ )d(drid(dv 
/•+OOR+OOF+OOR+OO 

+ [(7; + C)(^ + 2?? + 3C)-4sin^6iC(f + 77+ 
Jo */ 0 V 0 «/ 0 

A.(^ti — V — — V — ^ — Tj — (^1 — V — ^ — Tj^d^dTjd(^dv . 

The second integral can be dropped because it is irrelevant to the jump needed. 
After i^erforming transformation[u ()—> ( and integrating , we can compress the 
first (quartic) integral into a triple integral 

r+oof+cor-\-oo 
= / / / [2(3+2(7;-^)C2_2^(2^+77)(-4sin2g(|C3+27?(2+;y2^]g_,«((-<) 

Jo Jo Jo 
" C ~''l~i)didT]d(^ . 

Applying the similar procedure to / i and /2, we finally have the result written as 

y^yv = , (4.149) 

where 

= S U m ^ e i , ^ a S - ^ U l Y v ^ ^ y ^ (4.150) 

y ^ Y = 4 5 S i n ® 0 = 25 's in®0H^^Ho , (4.151) 

= 2zS^sin^g7(^) , (4.152) 

106 



and 

= s ' s i n H r r r / ? . ( { . , , c ) e - " ( « ) 
j o Jo Jo 

A(ti — (^)A{ti—^—i])A*{ti—(—i]—^)d^dTjd^dv , (4.153) 

with the kernel Kv{(,V^O 

= \ e ( n + n) 

+ 4 s i r i ' « [ i c ' + ^ ( 1 - OC - \({i + 2.))C + \v{i + v){2( + -?)] 

+4 sin'( l[-C' + K - r iX' + ( ( ' + 2{,)C] . (4.154) 

The function satisfies the following equation 

(4.155) 

where 
= 2iQ(/,!7<" + • 

Substitution of (4.89) into (4.155) yields 

- 2zaF2(y)t6,yy + . 

(4.156) 
The last three terms of the right hand side are produced by the interaction between 
the oblique waves. After tedious calculation it is found that the solution driven by 
them makes no contribution to the jump needed. The first forcing term is analogous 
to that in the two-dimensional case, and the solution driven by it therefore i^roduces 
analogous jumps (Chapter two), namely 

at - aj = TripjbjSgn{Uy) , 
DF - DJ = —'!TIRJBJSGN{UY) . (4.157) 

Note that the first jump simply confirms the result obtained already. 

The function satisfies the equation 

= My , (4.158) 

where we write 
My = , 
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and 

= 2,8M^i,yV^y - 2 ^ # i , y y . 

The solution ^ i v e n by My^ is 

S' Sin's )-4('i-''-f-f , 
Jo Jo Jo 

(4.159) 
where the kernel is 

77,0 = + 2 0 ( 2 ^ + 0 + 4 s i n " g [ - ^ c ( ^ + c)(^ + 2()] . (4.160) 

The solution driven by the My^ is 
f^oor+cor+cor+co _ 

—AS'^ sin 6 / / / {[2^^ + 2(^7/ + + 4sin^^(i^ + 
Jo Jo Jo Jo 

A.{t\ — V — Ti^A.{t\ — V — ^)y4(ii — V — 7] — (^^d^di]d(^dv . 

After some simplification it can be written as follows 

-AS^sm^ef [ f 7?i^^({,7;,C)e~'"(^+^^"^''U(ii-7;)i(ii-77-C)i(^i-7;-<-^)c/^c/7;c?C, 
Jo Jo Jo 

(4.161) 
where 

= 3 ( ^ + C)77̂  + 2 ( 2 ^ : : + 4^c +3(^)77 
+4sin"g[773 + (^ + 2c)7;2 + ((^ + (),;] . (4.162) 

Before seeking the solution driven by MY \ we write My^ as follows after utilizing 
(4.89): 

= -2 ;9H/ i ,yyB + [ 7 ) 8 . 9 - : % , y y i r ^ y " ^ + 2^M/l,yl%°)] + 2 ^ i / ; ' l K , y y g ( ; ' ° ) . 

The solution driven by My?' is then 

sin''g[7^ + A + 2 s i n ' g ^ ] + 2%^^ s i n ' g f ^ , 

where 

a, = s i n - ' ' g w ^ i , y y , (4.163) 

A = r 7 ' ' T l c " e - ' " ( ^ ' ^ ) A ( < i - , ; ) A ( ( i - u - ( ) i ( / i - i , - ( ) ^ ^ ^ , 
Jo Jo Jo 

h = j [ I [ C'^e"^'^^'^'^^A{ti-v-T])A{ti-v-^)A{ti-v-C)d^dT]dCdv , 
Jo Jo Jo Jo 

!<,'•>= . (4.164) 
Jo Jo 
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The integrals Ii and I2 can be simplified as follows 

r+oof+oof+oo F+OOF + OOF + OO 
h= / / c ( e + c ) « + 2 c ) e - " < « - ' ' - " " ' 

Jo Jo Jo 
, (4.165) 

r+oof+oof+00 
= 2 / / / [7?" + ( ^ + 2 ( )?7" + ( ( " + 2 ^ ( + 2 c 2 ) 7 7 ] e - ' " ( ^ 2 ( 4 3 , ) 

Jo Jo Jo 

77 — • (4.166) 

The solution driven by all three terms can be written as 

%,yi = % ) , ' + , (4.167) 

where 

= (4.168) 

, (4.169) 

and 

Jo Jo Jo 
^(^1 5(4.170) 

with the kernel Ky{^,r],(): 

^«(^, '7,C) = - ^ 2 ^ + 0 ( ^ + 2 0 

+4 s in^g[ -^( (^ + ( 

+4sin ' 'g[-3,?"-3((+2()?72 + ( ^ ' - 2 ^ ( - 2 c " ) ? / ] . , (4.171) 

+ 4 s i n ' M - ; ( ( ^ + ( ) ( ^ + 2 C ) - 3 ( ( + ( ) , 7 " - ( 4 ^ " + 8 ^ ( + 6 ( ' ' ) , 7 ] 

Now we shall seek the solution for W3, which satisfies the following equation 

- f 3 ( n ^ - & . (4.172) 

where 
F3{Y) = -UyyyY^ + UyyrTiY"^ + UyrrTiV + -UTTTTI . 

The function W3 takes the following form 

W3 = W3E sin /3z + WsE^ sin + c.c. + . . . . (4.173) 
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Here again the components irrelevant to the generation of the 2-D fundamental a t 
the next order have not been written out. It is clear from (4.172) tha t M/3 should 
contain the solutions driven by first three terms on the right hand side of (4.172). 
However these solutions do not contribute to the jump (C^ — C~). So we shall only 
work out the solutions driven by —S321 i.e. it is sufficient to solve for Wz satisfying 
the following equation 

. (4.174) 

Following a similar procedure to tha t for solving and simplifying we have 

H/3 = H/j") + , (4.175) 

where 

t v f ' = , (4.176) 
1 
2 ' 

= - i / 3 - ' ' P s m ^ e w i ' ^ U o , (4.177) 

, (4.178) 

and 
f+<x>r+<x>f+oo 

Jo Jo Jo 
— — — , (4.179) 

with the kernel 

Kw = + sin2(9[C^ + 7/C - ^%(% + 3 0 ] + sin ' 'g[-(2^ + ?;)(] • 

(4.180) 

The function 7^) is defined as follows 

• f i " = • (4.181) 
Jo Jo 

The function Wz satisfies the following equation 

. (4.182) 

The solution can be written as follows after simplification 

W3 = , (4.183) 

where 

M/W = (4.184) 

(4.185) 
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and 

JQ JQ JO 
— ) (4.186) 

with the kernel K^iC^V^O 

?, C) = + 2 0 + + ()(,; - C) - + 2(( + 2()?] . (4.187) 

The function is defined as follows 

/!!") = r T l # i - ^ - , 7 ) B ( < i - , 7 ) e - ' ^ ) j ( j 7 ; . (4.188) 
Jo Jo 

The streamwise velocity at 0 (e3) takes the form 

U3 = U^E cos Pz + UsE^ cos + c.c.+ ... . (4.189) 

From the continuity equation it follows tha t 

% = - ( W - X ^ . y + , 9 1 ^ ) , (4.190) 
[̂ 3 = - ( 3 m ) - X % , y + ; 9 l ^ ) . (4.191) 

For the purpose of deriving the amplitude equation, it is sufficient to seek the 
2-D fundamenta l component in V4 only, i.e. 

y , = + c.c. + . . . . (4.192) 

The function satisfies the following equation 

0 0(2,0) 
i f n ' r ? = + i a - ' S i r ^ , (4.193) 

where and are the components proportional to E^ in Reynolds stresses 
Si3 and 521 respectively, i.e. 

5i3 = S[l'°^E^ + c.c. + . . . , ^21 = + c.c. + . . . , 

and the Reynolds stresses are defined as follows 

Si3 = —(2C/if/3 + U2) + -^{U\Vz + V\Uz + U2V2) + -^{UiWs + W1U3 + U2W2) , 

521 = . (4.194) 
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It is found that the solution driven by does not contribute to the jump (Cj" — 
C~), and therefore will be discarded hereafter. 

We denote the solution driven by by V̂  \ Following a 
similar procedure to that for the two-dimensional case (Chapter two) we find 

- % k - o o ) = 7riSgn(i/y)(a+i?j + p jD^ + bjSj) . (4.195) 

^ ^̂ (2,0) 
The nonlinear driving term 2ia—^p— is complicated. After some calculation we 

have 
ac(2.o) 

2 z q — = -2iaUi^YV3,Y + iocUiyyVs - ^ i a ^ U i y W z 

— 4 i Q ; / ? 6 ^ i — SiaUiVsyy ~ ^ (%,yyy + 

+ + iaU^yyVs — -ia^U^Y^'^3 

— -iaPU^Wsy — -ictil^VzyY 

. (4.196) 

As already remarked, the ,^^,yy terms in V3, and the terms in 
M's, etc., make the calculation of asymptotic form of the forced solutions difficult. 
To overcome this difficulty, we notice that from the z-momentum equation, as well 
as the continuity equation, that at O(e^) we have 

1/3 = + W ) - , (4.197) 

1/3 = ( 3 i a C ' J - ' i f ( l / 3 , y + m ) - £ / ; ' S < 5 ' ' . (4.198) 

Utilizing the above relations and (4.89), we split 2iaS^^^ into four parts, i.e. 

= TVW + iVi'l + AfW + JVW , (4.199) 

where 

JV(') = -iQp,->C/,Vy|A!7Py°' + ^AU^f> - - C7;'i/,,vSj;' '") 

-iaU-'Ui.yrlAU;^Y°^ + - C; 'C' ,VSi; '° ' ] 

- 2 i a 0 i , r M ' ^ - - 3iaC',Vj-''Jy -

-liafiUlrM'^ - j i a / j i / n w ' i . y + I ' v ? ) - \icV;V^iy 

112 



- z;8-^^3sm=g;%')no,y] 

sm^gw;(i)no,yy] , (4.200) 

A^W = i 7 - ' ^ i , y y 2 } , ' ) ( V ^ , y + / ? l & ^ ) - 2 2 a ^ l , y ( % y + ; 0 % ) 

- ta i7 ; :^ i ,yy[ (2%ai7 j - : [ / r ,y^! , ' ^%y°^ + ^ ^ r % y ° ^ ] 

- z a i 7 ; : ^ r , y y [ ( 2 % a i / J - : [ / i . y 2 ( ' ) f ^ y -

+ ^ ; ' [ % g y ^ ^ ^ % y ° ^ - ^ ^ % y y y % y ° ) ] , (4.201) 

yvC) = -22a ,9^ i ,y M/j') - 2%a(yi sin^gM/j^^Ho] 

-2ai7-:f;i ,yy[^iaLr,cr;(° ' : ' ) + 

+ [ - 4 z a / 3 % ( ° ' " ) M / j % ) ] , (4.202) 

Â C") = -220^^1,yWj'") - 4%a;9^i1%)^ - 3%a^ i%gy - ^ ( % g y y + /^T'^^y) 

-22a/)Lr;yiyj^) _ iza^gLr'w/W _ l z a ^ ; % g y 

- m i 7 ; ' ^ i , y y % y B - ^aD-'C/r.yyf^i.y^ + 2 m % % 9 A . (4.203) 

The solutions driven by are denoted by V4''\ Vj^ \ V4*\ re-
spectively. 

After integration by parts , we find the solution 

= ^C';'U,:yyK,y + m ] + O;'0yyylV3,y +/jWs] • 

- \ u i \ U i . y U l y ) y ^ & + • (4.204) 

After fur ther integration by parts, we find tha t 

(+oo) - ( - oo) 

= 2z^^ sin" Jo/ / / ^ C ( ^ , 7 / , C ) ^ ( ^ i - ^ ) ^ ( i i - ? ? - C ) 
JO Jo Jo 

A{ti — r] — ( — ̂ )A* {ti — 3rj — 2( — ̂ )d^drid( 
f+oo r+co, ^ 

+2S'^ sin^Ojo / {sec?? + C)(^ + 3C)-S(^i —C)^(ii — C~^)^*(^i ~3C—J?) 
0 JO 
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+C{v + 2C)(2?? + 3()B{ti — ( — r])A{ti — ()A*{ti — '3C — 2i])^ d-qdC, , 

(4.205) 

where 

iC.K. f .C) = | ' ( ' + (3{ + 17C)d' + ( - j { ' - j f C + ^ C V 

+ ( - f - f - f - jC=)^ 

+ ( " 5 ? ^ - ^ e c - j e e - n e - • (4.206) 

After some manipulation, can be written as 

+ sin^g( - sin'g , (4.207) 

where 

j | i ) 1"^ f'^ + 
Jo Jo Jo Jo 

A.[ti — ^ — v)A{t] —^)j4(fi —1] — ^—v)A*{t-i — ^—^)d^drjd<^dv ,(4.208) 

,n\ f+OOf+OOf + OOf+OO ^ ^ 
= / / / ^(C + + 2 u ) 2 ^ - V g - : n ( # 2 t ^ ) _ g - , n ( # 2 u ) ^ g - , w ( # 2 i ^ ) 

Jo Jo Jo Jo 
^(^1 — v^A(^ti — ^ — v^A.( t̂i — T] — v^A*[ti — ^ — V—^^d^dTid(^dv ,(4.209) 

Jo Jo Jo Jo 
A{ti—()A{ti — ri)A{ti—r) — v)A*{ti — ( — ()d^dr]d(^dv , (4.210) 

j<°) = f 7 " 7 " 7 " 7 
Jo JO Jo Jo Jo 

A{ti — jjL — v^A(^ti — jj, — V — C)-'̂  (^1—/' — V — ̂ ^d^dTjd(^dvdj.L ,(4.211) 

and 

A f ' ( f , i ) , C , t ) ) = ic(C + 2u)(2f + 4,) + C + 2<;) 

+ s m ^ « [ - j K + 2 , ) (C ' + 2Cu + 2« ' ) - iu (C + v ) ( ( + 2u)] . (4.212) 

The factors {rj + 2( + 2v) in and {t] + 2v) in and Jt^\ are brought in 
after the forcing terms are so grouped. The appearance of these factors makes 
the contributions from different stationary points isolated and therefore there is no 
essential difficulty in obtaining the asymptotic forms of the related solutions. 
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After some manipulation, it is found that 

1/4 y (+00) - 0 0 ) 

= 2iS^ sin^Ojof ( f 
Jo Jo Jo 

5 (4.213) 

where 

K,{(,V,0 = -^>7' +jK-2C)')'+j^(97f^ + 243$C + 59CV 

f f C + f 

+ + . (4.214) 

The solution Vj^yy and the asymptotic of V^y as V +00 are straightforward, 
and the final result is as follows: 

\/ij!(+cx,) -
_ f+00 f-)-00, 

= 2 ^ S i n % ^ {{8C" + siii"g[-2C(,7" + 4,7C + 7n]} 

+ {4C(7 + Oiv + 20 - sin^0C(^ + 20(677 + 70} 
— ( — — — . (4.215) 

The solution driven by can be readily written out and there is no essential 
difficulty in obtaining the asymptotes of as y —>• ±00. However because the 
solution consists of many terms, it needs tremendous algebraic manipulation to 
simplify it. Part of the algebraic manipulation was done by Mathematica on a 
computer. The final result is 

= 2z^=sin'<?;o r T ' " r ° ° A ' ( ' ' ) ( & , ; , 0 ^ ( < ] - 7 7 ) 4 < i - ; ? - 0 
Jo Jo Jo 

A(ti — Tj — ( — — 3i]—2( — ̂ )d^d7jd( (4.216) 

where the kernel is 

m ( , v , o = + ( " I ? + f f ) " ' + + " c v 

H j e + l e c - l i C - l o n 

+ ( i c + f e e + f e e + ^ e ) • (4.217) 
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Matching with outer expansion of corresponding component requires 

— Cj = 14,y(4-00) — 00) . (4.218) 

With the jumps so obtained, we have 

= 7riSgn((7y)(at A j + P j D t + hjSj) 

+35 '^ io / / — — — — 
*/ 0 «/ 0 

3 _. r+°° /•+°o . . 
+ 9*5' jo / —OA'(<i —3(— 

Z JO Jo 
1 -R O r + CO r + oo f+OO 

+ -iS sin 9jo / / KbU,ri,()A{ti-ri)A{U-T]-C) 
O JO Jo Jo 

A{ti—T] — ( — ̂ )A {ti —3T] — 2( — ()d^dT]d( , 

where the kernel Kb{^-,ViC) is 

= -37?"-4(^ + 2C)773-(3̂ :» + Ĉ + 2 C y 
+ ( 3 6 ' + 5^( + 4C::)C,7 (4.220) 

4.5 Evolut ion Equations of the Ampl i tudes 

4.5.1 Coup led A m p l i t u d e E q u a t i o n s 
Substituting jumps (4.78), (4.79) and (4.147) into (4.51), we obtain the amphtude 
equation of the oblique waves as follows: 

dA . /"+«). o/I f+oo 
'TT^ 5^0TiA + ^11 / (^A*{ti — 2()B{ti — ()d( 
(lt\ Jo 

f+oo f+00 
+912 / ^ a ( ^ , ^)^(^1 — ^ —^)^*(^1 — 2^ — , 

Jo Jo 
(4.221) 

where we have written go = / o / / , and (/u- = / u - / / {k = 1,2). The constants / and 
/o are the same as for a single two-dimensional wave (Chapter two), i.e. 

/ = + J . ) . 

/„ = 

- J , . 
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where the summation is made over all critical layers. Recall that and Jg are 
defined by (4.52) and (4.53) respectively. The constants / u and /12 are found to be 
as follows 

/ „ = (4.222) 
3 

fi2 = . (4.223) 

The kernel Ka{i,rj) is given by 

/C(^ , T?) = ((4^:: + 5^,7 + 37;::) . (4.224) 

Essentially the same amplitude equation for the oblique waves was obtained by 
Goldstein & Lee (1990) in their study of resonant-triad waves in adverse-pressure 
boundary layers. 

Note that the first nonlinear term on the right-hand side of (4.221) represents the 
resonant interaction between the 2-D and the 3-D waves, and the second represents 
the self-interaction of the 3-D waves. 

Similarly the amphtude equation of the two-dimensional wave is 

dB /-t-00 r+00 
— 25'o7"i-B + 5'2i ( B{ti — ()A{ti — ( — T])A'{ti — 3( — ri)dr)d( 

J
r+00 f+00 

/ C(^ + C)(^+2C)-S(^i — — 3C—27;)c?77C/( 
0 «/ 0 
F+OO F+OO F+OO +^23 / / / ^h(^5 7?) C)^(^l —'?)^(^1 —̂7 —0 Jo Jo Jo 

A{ti — r] — ( — ̂ )A*{ti — 3rj — 2( — ̂ )d^dr]d( , (4.225) 

where we have written g2k = '^.hk/f (^ = 1,2,3), the kernel r], ( ) is defined by 
equation (4.220), and 

/21 = (4.226) 
J 

/22 = . (4.227) 

i 

hz = (4.228) 

voe 
To evaluate . these coefficients j^eed. to solve the Rayleigh equation. This 

is done by the same method as described in Chapter two. The coefficients g n , ^21, 
and g2z are plotted against the wave number a in Fig.19a and Figl9b. Notice that 
<7i2 = —^521, and 5*22 = \g2\- The plot of go against the wavenumber is the same 
as in Fig3, provided a is replaced by 2a. 

Note that the 3-D waves feed energy back to the 2-D wave through the mutual cu-
bic interaction between the 2-D wave, as well as through the quartic self-interaction 
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of the 3-D waves. This is very different from conventional resonant-triad amphtude 
equations, where the 3-D waves feed back energy through a quadratic interaction. 
As pointed out by Goldstein & Lee (1990), the absence of quadratic feedback from 
the 3-D waves is due to the fact that the 2-D wave component generated by the 
quadratic interaction between oblique waves causes no jump across critical layers 
and therefore does not appear in the amplitude equation. 

The existence of the quartic term in amplitude equation was first pointed out 
by Goldstein & Lee (1990), but they neither gave the exact form of the kernel nor 
the coefficient of this quartic term. Also, the cubic feedback terms seemed to be 
overlooked by them^. 

In order to match to the earlier linear stage in an asymptotic sense, the ampli-
tudes A and B should have the following asymptotic behaviours (see e.g. Goldstein 
& Leib, 1989) 

A as (4.229) 

Thus the evolution of the resonant-triad waves is described by the above coupled 
amplitude equations (4.221) and (4.225) together with the appropriate "initial" con-
ditions (4.229). 

Note also that our amphtude equations bear some resemblance to those of 
Mankbadi (1991) in that cubic and quartic terms appear in the amphtude equation 
for the 2-D wave, but with quadratic term being absent. However, the nonlinearity 
in our equations is non-local. This is because the critical layers are unsteady in our 
work, in contrast to the steady-viscous one in the case of Mankbadi(1991). 

As demonstrated in §4.2, in order for there to be a feedback mechanism, the 
magnitude of the oblique waves is required to larger than that of the planar wave. 
To see this point more clearly, we rescale the amplitude equations by introducing 
the following variables 

t = —Titj — Xq , 

A = , 

where the real constants zo, XAI and A are chosen so that 

e - ' ^ ( - T i ) ' ' = , 
e - ' ^ A = . 

The rescaled amplitude equations and asymptotic conditions are as follows 
fl A _ r+oo _ _ 
- j j = -goA + g„e-"J^ 

[•+00 r+oo _ _ _ _ _ 
+Ao^I2 / / Ka{iif])A{t — ̂ )A{t—^ — rj)A*(t — 2( — ri)d^dr} , 

Jo JQ 
(4.230) 

a later version (1991), Goldstein k Lee obtained independently the quartic feedback terms 
and the cubic terms for their problem from detailed asymptotic expansions. 
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dB - r+°o r+oo _ _ _ _ _ _ 
= —2goB + Xog-ii ( B{t — ()A{t—C—ri)A*{t—3( — T])dridC 

r+oo /•+00 f + OO f + CO _ _ _ _ 
+^0922 / / C{T] + Q{ri+2()B{t — (—r])A{t — C)A*(t — SC — 2T])dr]dC 

«/ 0 $/ 0 
„ • r+°° r+°° r+°° _ _ _ 

-\-\oe"^°g23 / / / 
«/ 0 «/ 0 •/ 0 

A{i—ri — ( — ̂ )A*{i—3T] — 2(—^)d^dT]d( , (4.231) 

and 
A ^ B as - o o , (4.232) 

where Aq = jAg/(BoT^)|, and yo = ar^[v4o/(BoT^)]. The parameter Aq represents 
the importance of the initial amplitude of the three-dimensional waves, and yo is 
the initial phase difference between the three- and two-dimensional waves. 

If |Ao| <C 1, i.e. the initial scaled amplitude of the three-dimensional waves is 
weak, the equations (4.230) and (4.231) become 

dA — f+oo _ _ _ _ 
= —goA 4- ('^A*{t — 2^)B{t — ̂ )d( , (4.233) 

= —2goB . (4.234) 

This recovers the result for the equal-amplitude case considered by Goldstein & Lee 
(1990). It is clear tha t the three-dimensional waves have no back reaction on the 
two-dimensional wave. 

Note that in our study we assume that the three-dimensional waves initially 
are stronger than the two-dimensional wave. If on the other hand, we assume that 
they are of equal magnitude initially (in fact if e <C 6?), then the first stage of 
the evolution will be described by equations (4.233) and (4.234). In this regime, 
as shown by Goldstein & Lee (1990), the three-dimensional waves experience a 
faster than exponential growth, while the two-dimensional wave grows exponentially'. 
Ultimately the magnitude of the three-dimensional waves will become equal to 6*. 
At this stage, the double and triple integrals in (4.230) and (4.231) become so large 
that the cubic and quartic terms can no longer be neglected, no mat ter how small 
Aq is. The evolution then enters the regime described by the fully coupled equations 
(4.230) and (4.231). Although an asymptotic matching of the two regimes could be 
constructed with some careful shift of time origin, it seems unnecessary since the 
fully coupled equations keep all the terms of (4.233) and (4.234), and are uniformly 
valid in the two regimes. 

4.5.2 F i n i t e - T i m e Singular i ty S t r u c t u r e 
It seems tha t solutions of (4.221) and (4.225) develop a finite-time singularity. The 
structure for it is identified as follows 

119 



as ti —> is, where gq, bo are generally complex and a is a real. In fact the structure 
depends only on the order of the polynomial kernels in the amplitude equations. 

Substitution of the above expressions for A and B into (4.221) and (4.225) yields 

(3 4- z(7')ao S'II-C îiOq̂ O + 5'i2-Ci2ao|aoP ) (4.236) 
(4 + 2I(T)6O = (5'21-D21 + 5'22-Ĉ 22)̂ O|OO|̂  •f£^23-D23flol®Op 5 (4.237) 

where the constants Dj i etc. are expressed by the following integrands, which are 
convergent: 

Jo 

*/ 0 */ 0 

Jo Jo 
= r T ° ° ( h + ()( ' , + 2()(1 + C + 

Jo Jo 
(1 + ()-(3+'')(l + 3C + , 

/• + 00 /• + 00 /• + CO _ . , 
£>23 = / / / / a { f , 0 ( 1 + 3 , + 2C+ 

Jo Jo Jo 
[(1 + ?7)(1 + ,7 + 0 ( 1 + 7/ + c + . 

Solving bo from (4.237) and substituting into (4.236), we have 

= (4 + 2.a) I""!' + • (" 238) 

From (4.238), |ao| and a can be determined. After integrating equations (4.221) 
and (4.225) numerically, the singularity time tg can be determined in principle, 
as described in chapter two, i.e. by fitting the numerically calculated functions A 
and B to (4.235). However, numerical integration of (4.221) and (4.225) involves 
evaluation of a triple integral at each time step, and is therefore time consuming. We 
leave this task to the future. In the later version (1991) of Goldstein & Lee (1990), 
they integrated numerically the same form of amplitude equations, and confirmed 
the singularity structure proposed. However, the coefficients in their equations are 
different from those in ours. 

Surprisingly, the 2-D wave has a "more singular" structure than 3-D the waves. 
This implies that at the late stage the 2-D wave will grow faster than the 3-D waves 
and attain a comparable magnitude with that of the 3-D wave; thus the initial "non-
staggered" arrangement will evolve into a "staggered" pattern. A close examination 
reveals that the "more singular" structure is associated with the kernel Kb. 

To examine the validity of the amplitude equations (4.230) and (4.231), following 
the idea of Goldstein &: Leib (1989), we examine the asymptotic growth rates in 
the vicinity of the singularity. It follows from the singularity structure (4.235) 
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that asymptotic growth rates |y4^|(/|A^| and behave hke (|v4^|/|ao|)^ and 
(|J9t|/|6o|)4 respectively, where A'^ = tA and B'^ = SB are the unsealed amphtudes of 
the the three- and two-dimensional waves respectively. Therefore the initial scaling, 
i.e. growth rate ~ ~ (B^)*, is unchanged by the singularity. To quote from 
Goldstein & Leib (1989), "This suggests that the basic asymptotic structure will 
remain intact, and the present solution will not break down until the amplitude 
of the disturbance becomes order one. The flow will then be fully nonlinear and 
unsteady in the whole field, i.e. it will be governed by the Euler equations there". 
Note that equations (4.233) and (4.234) are valid only up to when the amplitude is 
of order e log e <C 1. 

4.6 Conclusions and Discussions 
In this chapter, we have discussed a resonant-triad interaction where all three waves 
interplay and reinforce each other. The resulting amplitude equations are different 
from those of Raetz (1959), Craik (1971) and Smith Sz Stewart (1987) in several 
important aspects. Firstly, the local growth rates depend on the whole history of 
evolution, unlike a conventional resonant triad, where the local growth rates depend 
only on the instantaneous amplitudes of waves. Secondly the back reaction of the 
oblique waves on the 2-D wave is accounted by two cubic terms, and one quartic 
term, rather than only one quadratic term. Thirdly, there seems to be no reason 
why the solution of our amplitude equations cannot develop a finite-time singu-
larity, whereas the occurrence of a finite-time singularity in conventional resonant 
triad equations depends delicately on the coefficients (Craik 1975); Smith & Stewart 
(1987) found that there was no finite-time singularity in the resonant-triad equa-
tions for lower-branch Tollmien-Schhchting waves in a Blasius boundary layer. It 
will be interesting to see whether such a singularity can be removed by viscosity ef-
fects. However, including them will greatly complicate an already complex analysis. 
In the case of a two-dimensional wave, it was found that viscosity effects generally 
delay the occurrence of the finite-time singularity and in certain cases, it can be 
eliminated completely if a appropriate scaled viscosity parameter exceeds a critical 
value (Goldstein & Leib 1989). Our study of the two-dimensional case in chapter 
two has shown that in a substantial range of wavenumbers, nonlinearity has a robust 
effect in the sense that a singularity always occurs, no matter how large the scaled 
viscosity parameter is. 

The kernels in the amplitude equations are fully determined by nonhnear inter-
actions inside the critical layers and do not depend on the detailed profile of the 
basic flow. Therefore, the amplitude equations are universally applicable to any ba-
sic flow which can support Rayleigh instability waves. The coefficients are expressed 
in terms of the basic flow profile and the eigenfunction of the Rayleigh equation. 
However in the present case, since nonlinear effects are dictated by the kernels, 
these coefficients lose their significance compared with the Landau coefficient in the 
classical weakly nonlinear theory. 
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It seems appropriate to compare our work with that of Goldstein Sz Lee (1990). 
By detailed asymptotic expansions and analysis of critical-layer dynamics, we have 
derived the quartic feedback term, while Goldstein & Lee (1990) only wrote out 
a general form for it by inspection. Also, we have shown that amplitude for the 
2-D wave should contain cubic terms, which were overlooked by Goldstein & Lee 
(1990), (but in a later version (1991), they resolved this problem). By including 
feedback effects, the evolution equations we obtain are valid until the amplitude 
of the disturbance becomes order one and thus provide a full description of the 
evolution of the resonant-triad waves from their linear small-amphtude stage towards 
the fully-nonlinear order-one-amplitude stage. The equal-amplitude case, where the 
2-D and 3-D waves have the same order of magnitude can be treated as a special 
case of the fully-interactive case. 

The discovery that an initially small disturbance can be further amplified by non-
linearity provides a possible explanation for instability and transition of the Stokes 
layer on a flat plate. It appears tha t instability and transition may be caused by 
this nonlinear instantaneous growth rather than the net growth of disturbances as 
studied in Floquet theory. Since the disturbances we considered have high frequen-
cies, we believe tha t the bursting phenomenon observed in experiments is related to 
the explosive growth predicted here. 

The nonlinear interaction between waves drives a vortex flow, which is unex-
pected strong in the sense that it has the same magnitude as the oblique waves 
(cf. Hall & Smith (1991)). The growth of this vortex is enhanced by a resonance 
mechanism as well. Indeed, both the measurement and visualisation of Hino et al. 
(1976, 1983) revealed the existence of a vortex structure in Stokes layers. 

Besides the above overall qualitative agreement of our theoretical predictions 
with experimental observations. There are some quantitative conclusions tha t may 
be drawn by combining the present nonlinear results and the linear results of Cowley 
(1987). Firstl}', it was shown by Cowley that the largest possible wavenumber for a 
growing mode was = 1.43, and we have shown that for a pair of three-dimensional 
modes (Q:,±/S,C), resonance with a two-dimensional mode ( 2 A ' , 0 , C ) occurs if ^ = 
\ / 3 a . Obviously it is required that 2a < a^, i.e. a < 0.72. Then (3 = ^/3a < 
\ / 3 X 0.72 = 1.25. Suppose that the disturbances are basically three dimensional 
and amplified by resonance, then the streamwise wavelength, say A .̂, of the observed 
disturbance should be larger than 8.736*, i.e. 

A * > & 7 3 y , 

and the spacing, say A ,̂ between two neighbour streaks should be larger than 2.526*, 
i.e. 

A , > 2 ^ 1 2 6 " , 

where 6* is thickness of Stokes layer. Thus our theory gives a "lower bound" of 
space scales of observable disturbances. Monkewitz and Bunster (1987) estimated 
from their experiment that A a; is about 106*. Hino et al. (1983) measured that 
Az is 1.5cm, which if measured by 8* is 3.76*. Both seem to be in the predicted 
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range. Secondly our nonlinear theory shows that disturbances are substantially 
amplified by nonlinear effects in the neighbourhood of right branch of neutral curve, 
which means that initially small disturbances can attain a finite amplitude by this 
nonlinear amplification. Referring to Cowley's neutral diagram, we can conclude 
that disturbances are most likely to be observed shortly before or around the phase | 
of the basic flow. This conclusion is in agreement with the observation of Monkewitz 
and Bunster (1987). But others, e.g. Akhavan et al. (1991a) and references herein, 
showed that explosive growth occurs at the end of the acceleration phase, i.e. phase 0 
in the notation of the present study. However one should note that all experiments 
were actually conducted for finite Stokes layers, where an additional parameter 
A = h/8* sets in, with h being the half width of a channel or the radius of a pipe. 
The value of A in most experiments is in the range of 3 to 10, but is about 44 in that 
of Monkewitz and Bunster. Though this difference does not seem alter the basic 
flow significantly, it is possible that at low A, some new mode which does not exist 
at high A may bifurcate and cause transition. 

In the present case, the disturbance initially has an "un-staggered" arrangement. 
The singular structure implies that in the later stage it will evolve to "staggered" 
arrangement. So far there are yet no visualisation experiments to elucidate this 
wave structure and its change in pattern. 
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Chapter 5 

Nonlinear Temporal-Spatial 
Modulat ion of the Near-Planar 
Rayleigh Instability waves 

Abstract 

The nonlinear temporal-spatial modulation of an initially linear near-planar dis-
turbance is studied under a high-Reynolds-number assumption. The disturbance 
consists of a Rayleigh wave whose ami^htude is allowed to be a slowly varying func-
tion of spanwise position as well as of time. It is shown that the development of the 
disturbance is controlled by nonlinear effects from the critical layers when the linear 
growth rate decreases to 0 ( e s ) in the course of development, where e is the magni-
tude of the disturbance. Nonlinear interactions influence the evolution by producing 
a streamwise vortex and cross-flow distortion. The amplitude equation turns out 
to be an integro-par(mZ-differential one containing historically-dependent nonlinear 
terms. In this sense it is similar to the amplitude equation of Hickernell (1984) type. 
But a novel feature of our amplitude equation is that the highest derivative with 
respect to spanwise position appears in nonlinear terms. These terms are associated 
with three-dimensionality, and hence represent vortex stretching and tilting effects. 
The possible property of the amplitude equation is discussed. It is shown that due 
to history accumulated nonlinear effects, a localized singularity may occur in a finite 
time. This provides a possible explanation for the focusing of streamwise vorticity 
and the eventual formation of streaks. 

5.1 Introduct ion 
Experiments on boundary-layer transition have revealed that after an initial two-
dimensional development stage, three-dimensional disturbances grow quickly and 
significant streamwise streaks are observed to form. Consequently, the "mean flow" 
is distorted into a "peak-valley" splitting pattern, and a high shear layer appearing 
in the valley, where secondary small-scale instability occurs in accompaniment with 
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the eruption of vorticity from the wall layer, e.g. see KlebanofF et al. (1962). Direct 
numerical simulations have confirmed these observations (Kleiser & Zang, 1991). 
A comprehensive list of literature of experimental and computational studies can 
be found in Hall & Smith (1989, 1991). Similar events have also been observed in 
fully-developed turbulent boundary layers (e.g. Kline et al., 1968; Kim et al., 1971). 

Such phenomena have been studied theoretically by Stuart (1965, 1984, 1987) 
from the viewpoint of an initial value problem . In this theory, the streamwise 
vortices were modeled by a predominately inviscid secondary flow embedded in an 
otherwise parallel shear flow. The secondary flow is assumed to be symmetric in 
spanwise direction and have a stagnation point. It is shown that a singularity may 
occur on the symmetric plane in a finite time, primarily because the flow converges 
towards the symmetric plane. Recently, Stuart (199|) assessed this problem us-
ing a Lagrangian description, which has been proved to be advantageous over an 
Euler'^(iescription^and showed that the singularity was of unsteady separation type 
(see e.g. Cowley, Van Dommelen & Lam, 1990). It seems that the singularity may 
not be eliminated by viscosity. If this is true, it is a singularity of the Navier-
Stokes equations. It may be possible that near, but before, the singularity time, the 
stagnation-point flow becomes unstable and breaks down to small scale motions. 
This speculation seems to be in consistent with the observation of small scale bursts 
accompanying vorticity concentration and eruption, but has yet to be esta|)lished. 
Note that in the theory of Stuart, the secondary flow can be of any k ind,^oes not 
have to be associated with any instability waves. His work addressed the fundamen-
tal aspects of vorticity concentration and eruption, i.e. three-dimensionality^ and 
nonlinearity. They are believed to be prerequisites for the flow to undergo stretch-
ing and tilting, and thus are essential for the formation of vorticity concentration 
and eruption. 

The significance of three-dimensionality in the linear development regime was 
recognized by Landahl (1975), among others. He showed that the response of par-
allel shear flow to a three-dimensional perturbation contains a non-decaying tran-
sient component, in contrast to the two-dimensional case, where only a decaying 
transient response is excited (Gustavsson, 1978). In certain circumstances, e.g. in 
so-called "by-pass" transition (Breuer & Landahl, 1990), such a three-dimensional, 
non-vanishing, transient response amy be more important than the instability mode, 
and may play an crucial role. The analysis of Landahl was based on inviscid and lin-
earization assumptions. Experimental investigations of Breuer & Haritonidis (1990) 
have shown that the transient portion ultimately decays due to viscous effects. Nev-
ertheless, for low-amplitude disturbances, the theoretical predictions of the early 
stage development and the spatial features of the flow were confirmed by the experi-
ments for low-amplitude perturbations. A numerical investigation including viscous 
and nonhnear eff'ects (Breuer & Landahl, 1990) demonstrated that after an initial 
linear stage, nonlinear effects soon began to enhance the growth of the perturbation. 

^Childress et al. (1989) gave an example of a two-dimensional stagnation point flow that 
developed a finite-time singularity, but this flow this was not physically realistic. 
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The mean flow was distorted into the form of streaks of low- and high-speed fluid, and 
a vertical high shear layer was formed followed by a small-scale secondary instabil-
ity. In the studies of Breuer & Haritonidis (1990) and Breuer & Landahl (1990), the 
initial flow structure is assumed to consist of a pair of counter-rotating streamwise 
vortices, but not exactly the stagnation-point type of Stuart (1987, 199}). While 
the former flow structure appears to be more general, it requires a numerical inte-
gration of the full Navier-Stokes equations. The advantage of the stagnation-point 
flow assumption is that it makes analytical insight possible (Stuart 199/). 

An alternative theoretical account, from the point of view as hydrodynamic in-
stability, has been provided by Hall Sz Smith (1989) and Smith & Walton (1990) 
for channel flow and Blasius boundary layer respectively. There they considered 
the nonlinear interaction between planar or near-planar Tollmien-Schlichting (TS) 
waves and logintudinal vortices, induced or input. It was shown that a small three-
dimensional "warping" could be amplified by nonlinear effects, and can lead to the 
localized concentration of streamwise vorticity. These theories are relevant to the 
situations where the transient response is not strong enough to overtake T-S in-
stability waves, and thus are complementary to those developed by, e.g. Breuer & 
Landahl (1990). The underlying mechanism is again the combined effects of three-
dimensionahty and nonlinearity. Smith & Burggraff (1985) in their study of the de-
velopment of "large amplitude, high-frequency" ^T-S waves, found that under certain 
conditions, the disturbance satisfied the classic^unsteady boundary-layer equations. 
By an analogy with unsteady separation of a boundary layer, they suggested that 
instability might be able to initiate vorticity eruption from the wall layer. There is 
no doubt that this is a very interesting suggestion. However the disturbance in their 
study is two-dimensional, while according to experiments, eruption occurs in the 
three-dimensional stage, and appeaQto be associated with the spanwise convergence 
of the flow, as discussed by Stuart (1991). A three-dimensional extension of Smith 
& Burggraff (1985) may be more relevant. A possible connection between the vor-
ticity eruption and unsteady separation also has been suggested by Ersoy &: Walker 
(1985, 1987), and Hon & Walker (1988). They specifically studied the separation of 
the boundary-layer flows induced by the so-called hairpin vortex and discrete loop 
vortex; these vortices are proposed to be the basic elements of wall-layer turbulence. 
Comments on this point of view can be found, e.g. in Cowley, Van Dommelen & 
Lam (1990). 

This study is to consider vorticity concentration of Rayleigh instability waves. We 
shall follow the idea of Hall & Smith (1989, 1990) and Smith & Walton (1990) in their 
studies of T-S waves, to examine whether a slight three-dimensional "imperfection" 
present in a near-planar wave can be further amplified by nonlinear interactions. 
However, we emphasise that this study is concerned with the Rayleigh wave, in 
contrast to the T-S wave considered by them. The analysis is thus significantly 
different from theirs. 

The basic flow under consideration is a Stokes layer generated by an sinusoidally 
oscillating flat plate. In previous chapters, it was shown that before linear distur-
bances become neutral, a nonlinear interaction can take place inside the critical 
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layers, and that this interaction controls the growth rate. A finite-time singularity 
was induced by the interaction. However, so far we have restricted the amplitude 
of the disturbances to be slowly varying functions of time only. The present study 
will extend the analysis to the case where the amplitude is a slowly varying function 
of spanwise position as well as time, is thus allowing for a theoretical study of the 
vorticity concentration in space. There is evidence in the experiments of Hino et al. 
(1983) that suggests that such a process occurs in Stokes layers. However, compared 
with steady flows, experimental investigations on this aspect are inadequate, and 
much less detailed. The present study is partly initiated by this observation, and 
partly by theoretical interests. 

On the side of theoretical studies, many theories assume that disturbances are 
purely periodic in spanwise direction, and thus only evolve with time or down-
stream. Such an assumption precludes the possibihty of a study of energy and/or 
vorticity re-distribution in space under nonlinear effects, which as stated above is 
an important phenomena in transition process. On the other hand, it is impossible 
to keep disturbances perfectly periodic in^spanwise direction; some "imperfection" 
is always present. Thus an extension to the more general case of temporal-spatial 
modulation is desirable. Temporal-spatial modulation of TS instability waves was 
studied by Stewartson & Stuart (1971). They considered the development of a 
two-dimensional disturbance which initially centered on a streamwise location, and 
derived an amplitude equation of nonlinear Schrodinger type, which is a generic 
equation governing the envelop of a two-dimensional wave packet. An analytical 
and numerical investigation by Hocking, Stewartson & Stuart (1972) showed that 
a localized singularity could occur in a finite time, implying a focusing of vortic-
ity in space (see also Hocking & Stewartson, 1972). Hocking, Stewartson k, Stuart 
(1972), and Davey, Hocking & Stewartson (1974) considered a disturbance centered 
on a point. There in addition to a slow streamwise variable, they introduced a slow 
spanwise variable to take account of the spanwise modulation. In this study, we are 
primarily interested in spanwise focusing, so we shall assume that the disturbance 
is a near-planar wave with an amplitude dependent on the spanwise coordinate and 
time. The dependence of amplitude on Z brings in a three-dimensional "warping". 
Following the idea of Hall & Smith (1989, 1990) and Smith & Walton (1990) in 
their studies of T-S waves, we shall investigate whether such a small warping in a 
Rayleigh wave can be amplified by nonlinear effects. We emphasise that the the-
ory presented in this study also applies to free shear layers, where the formation of 
streamwise vortices is a significant phenomena; see e.g. Jimenez (1983), Lasheras & 
Choi (1988), Lasheras, Choi & Maxworthy (1989), and Nygaard & Glezer (1991). 
Moreover, the formation of the streamwise vortices appear to be "facility-induced" 
(e.g. Jimenez, 1983; Nygaard & Glezer, 1991); thus the present approach seems to 
be closely relevant. 

As in previous chapters, suppose that a stability wave with wavenumber a is 
excited . . at time r,- on the left branch of the neutral curve (see Fig.l) . We assume 
that the dependence on the spanwise location is weak to ensure that the dispersion 
relation is not affected at leading order by this weak three-dimensionality. According 
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to linear theory (Tromans, 1977; Cowley, 1987), the disturbance grows exponentially 
until the neutral time, say TQ, is approached. In the vicinity of the neutral time, 
the linear growth ra te is small, and critical layers emerge. Due to the singular na-
ture of the Ray lei gh equation near a critical layer, nonlinear interactions, among 
other effects may become important and have to be taken into account. The main 
concern of this study is how critical-layer nonlinearity affects the temporal-spatial 
evolution of such a small disturbance, in particular how the disturbance vorticity 
is re-distributed by this nonlinearity. For general surveys of critical-layer theories, 
readers are referred to Maslowe (1986) and Stewartson (1978). References closely 
relevant to the present study are Hickernell (1984), Goldstein & Leib (1989), Gold-
stein & Choi (1989), and Goldstein &: Lee (1990). 

5.2 General Scaling Arguments 
The flow is described by Cartesian coordinates {x,y,z), where x is parallel to the 
oscillating direction of the plate, y is normal to the plate and z is the spanwise 
direction. If {x,y,z) are nondimensionahsed by 5*, t ime r by and velocity 
{U, V, W) by UO, then the basic flow field can be written as 

{U, y , W) = (cos(T — y)e~^, 0,0) . 

We denote the per turbed flow by 

{U -F U, .U, W) . 

Substi tution into the Navier-Stokes equations yields equations for {u^v^w). 
Following Tromans (1977) and Cowley (1987), we study high-frequency instabil-

ity waves, and introduce the fast t ime scale, 

t = RT , (5.1) 

to take account of the frequencies of the waves. 
The normal velocity component t> of a disturbance of 0 (e ) , to the leading order, 

has the form 
EAOV{Y, T)E cos ^Z + c.c. , 

where e <C 1, and /? is the spanwise wavenumber and we assume tha t ^ 1. 
We emphasise tha t for the purpose of deriving the scaling, it is sufficient to write 
the dependence on z in this special form. But f rom the next section, a general 
dependence on slow spatial variable Z = /3z is allowed for. The function v satisfies 
the Rayleigh equation, and the order-one complex constant number AQ is a measure 
of the scaled ampli tude of the disturbance. Hereafter c.c represents the complex 
conjugate of the part written out. For convenience, we have defined 

A 
E = exp(mx — iO{t)) , 
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where /•> 

f = 5ac(r) + l f l - ! n . ( T ) + . . . 

with c being the complex phase velocity, i.e. c = + icj. In this study, we assume 
that the wavenumber a is of order one. 

As discussed earlier, to facility critical-layer nonlinear effects, we should concen-
trate on the times near to the neutral time, say 

T = To -f C'TI , 

where the index I is a measure of how "quickly" the nonlinear evolution stage occurs. 
Before proceeding to a formal asymptotic expansion, we need to set down the 

underlying scaling, i.e. to specify the evolution time scale, the thickness of the critical 
layers, and the spanwise scale j3 in terms of the magnitude of the disturbances e. 
For this purpose, we introduce an intermediate time scale ti — acit , which is much 
"slower" than the time scale of the instability waves, but much "faster" than the 
time scale of the underlying Stokes flow; the disturbances are then described by 
the time variables i, t i , and r . In terms of these new variables, th^ a;-momentum 
equation can be written as follows 

, d - d _i d . dU 1 dp d d d 
{aci—-\-[U-Cr)-^-^2R —jw-l-i;-- R Au = —•uu-—xi.v-—iao, 

oti ox OT ay ax ax ay az 
where ^ has been replaced lay — t o the order required, and 

We are particularly interested in the case where the nonlinear evolution occurs 
on the fastest possible time scale, i.e. the time-variation term api^ears at leading 
order in the critical-layer equations. Suppose that the thickness of the critical layer 
is 0{^), then near a critical layer {U — Cr) is O(^) if UyiVc) — 0(1) . Balancing 
and {Uy - C r ) ^ yields 

r . 0((%) . (5.2) 

This scaling brings in a new non-equihbrium effect that does not occur in the analysis 
of, e.g. Davey, Hocking & Stewartson (1974), Hall & Smith (1989). It leads to a 
different type of amplitude equation that contains historically-dependent nonlinear 
terms of Hickernell (1984) type. 

To ensure that a spatial modulation term appears in the final amphtude 
equation, we require that 

~ 0{aci) . (5.3) 

From the asymptotic property of the Rayleigh equation, we know that v ~ (9(e) 
as y —> 2/c, where i/c is the critical level defined by U{yc) = c,.. The asymptotic 
behaviour of the cross-flow component ic is: 

w ^ e/3{y - y^)-\ (5.4) 

129 



where the pole type of singularity is associated with three-dimensionality as pointed 
out by Benney (1961). From the continuity equation, we know that 

u ~ + e l o g ( j / - ?/c) , (5.5) 

where the logarithmic singularity is due to the fact tha t Uyy{yc) ^ 0 for the Stokes 
layer. It turns out tha t for deriving scaling, we can concentrate only on the pole 
type of singularity without losing generality, because the resultant scaling happens 
to take the logarithmic singularity into account as well (see below). 

To fix the scaling, we now turn to analyze the nonhnear interaction within the 
critical layers, following the ideas of Hickernell (1984). The quadrat ic interaction, 
say through vuy produces a forcing of 0(e^/?^//~^). Balancing this forcing te rm with 
aC; ̂  in the x-momentum equation,"we know that it generates a second harmonic 
and a mean-flow distortion, say u^'^\ 

u 

The cubic interaction through produces a forcing of 0(e^y3^/i ^). Balancing 
this forcing term with we know that it drives a fundamental 

This fundamental is required to match with the unsteadiness of 0{aCie) ~ 0{fie) in 
the outer region, i.e. 

0(63;8"/r^) - 0(c / , ) , (5.6) 

so tha t the evolution of the disturbance is affected by nonlinear interactions inside 
the critical layers. Noting tha t a ~ 0 (1 ) , from (5.2), (5.3) and (5.6), we have 

^ - O(e^) , (5.7) 

fi ~ 0{e^) . (5.8) 

Finally, we check for the influence of viscosity. We consider the typical case where 
the viscous diffusion terms appear in the leading-order critical-layer equations. This 
happens when 

R - 3 - 0 ( / i ) , 

i.e. 
R ^ O ( e - l ) . (5.9) 

So we write 
R - ^ = X e l , (5.10) 

where the parameter A is introduced to reflect viscosity effects (cf. Haberman, 1972), 
and is assumed to be order one. 

Equations (5.7), (5.8) and (5.10) set the underlying scalings for this study. Note 
tha t the thickness of the critical layer, and thus the nonlinear evolution t ime scale 
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happen to be the same as those in the case where the disturbance is a purely two-
dimensional wave (Chapter two). However it should be emphasised tha t this is only 
a coincidence because the present scaling is obtained from the consideration of the 
pole type of singularity, irrespective of the presence of the logarithmic branch point. 
Nevertheless, under the present scaling, nonlinear effects associated with the latter 
singularity are also incorporated. As a result, it is expected tha t a correspond-
ing nonlinear term with coefficient proportional to UyyiVc) will appear in the final 
ampli tude equation (see §5). 

Wi th the scaling specified above, we concentrate on times near to: 

T = To + ESTI , (5.11) 

i.e. the t ime at which the linear growth ra te is It is at this stage tha t non-
linear effects control the development of the disturbance, and possibly redistribute 
the disturbance vorticity. For convenience, the nonlinear evolution t ime scale is 
rewritten as follows 

= -gsf . (5.12) 

The evolution of the disturbance is thus described by four t ime variables, namely 
t j , Tj and To; the dependence on the slow time variables Tj and Tq is parametr ic to the 
order of approximation in this study. With the multiple time scales so introduced, 
the time derivative ^ should be interpreted as follows 

Since the basic flow U evolves on the slow time variable r , it is sufficient to 

expand its profile at t ime r in a Taylor series about the neutral t ime TQ 

U{y,T) = U{y,T) + e^Uriy,TO)TI + ... . 

Hereafter all basic flow quantities will be evaluated at TQ unless otherwise mentioned. 
To take account of spanwise modulation, we introduce a slow spanwise spatial 

variable Z of the following form 
Z = e L , (5.14) 

and thus _ „ 

The overall evolution process can be summarized in Fig.2. As illustrated, the 
disturbance is initially well described by linear theory (Tromans, 1977; Cowley, 
1987). As the neutral t ime TQ is approached, the growth ra te becomes small, and 
linear critical layers emerge. As the growth rate decreases fur ther to 0 ( e i ) , i.e. 
at times TI = 0 (1 ) , nonlinear interactions take place and control the development. 
In particular, the initial spatial distribution of the vorticity may be rearranged by 
nonhnear effects. The earlier linear and the subsequent nonhnear solutions are 
required to match in an asymptotic sense in the mutual overlapping domain, as 
insisted in, e.g. Goldstein k Leib (1988, 1989) and Goldstein & Choi (1989). 
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5.3 Outer Expansion 

5.3.1 A s y m p t o t i c Solut ions N e a r t h e Cr i t i ca l Layers 
Outside the critical layers, the flow is basically linear and inviscid, to the order of ap-
proximation in this study. The velocity components and pressure of the disturbance 
are expanded as follows 

euj -|- t^U2 4" 65^3 , (5.16) 

tvi + "F • • • , (5.17) 

c^wi 6̂ 11)2 "F . , (5.18) 

P = epi +e^p2 +e^p3 +... . (5.19) 

The earlier linear solutions suggest tha t Vi can be written as 

vi = A{Z, t i ,Ti , To)vi{y, To)E + c.c (5.20) 

where A{Z,ti ,Ti,To) is the amphtude of the disturbance. Note tha t A is aUowed to 
be an arbitrary function of Z. Here we have defined tha t E = exp(zQa; — iO), and 

A 

— = no('^o) + ^i( ' 'o) + • • • , (5.21) 

where the correction to the complex frequency at O(e^), i.e. 0{R~^)., is due to 
viscous effects. The dependence on TQ and TX, is due to the t ime variation of the 
basic flow. Because they can be treated as parameters to the order of interest in 
this study, hereafter they will not be written out exphcitly. 

The function Uj satisfies the Rayleigh equation: 

(i7 - c)(D" - a")ui - = 0 , (5.22) 

where we have writ ten 
2^0 = cue . 

Let rj = y — yi, where yi is the j - th critical level; then a,s t] ± 0 , Ui has the 
following asymptotic behaviour: 

ui ~ af(j)a + log |7?|] , (5.23) 

where 
fh_ =71-4-

(j>b = 1 + . • • • (5.25) 

The O(e^) te rm is introduced to take account of nonlinear interactions inside 
the critical layer, and has the following form 

V2 — "^2 (^5^/5^1 )-^ C.C. . 
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<i>a = r] + \vi'n^ + • • • , (5.24) 



The function V2 satisfies the same equation and hence has the same asymptotic 
behaviour as Ui provided a is replaced by 2a. Later, however, V2 will be found to 
be identically zero. 

The function vz takes account of unsteady effects in the vicinity of the neutral 
t ime, and takes the following form 

U3 - y, t i ) E + c.c. . (5.26) 

The function U3 is the deviation of the eigenfunction from its neutral state, and is 
found to satisfy the following inhomogeneous Rayleigh equation: 

+ ^ ) } « 3 

= ( - ' - ( ' - I -

where the last term of the above equation represent the three-dimensional warping. 
T h e asymptotic behaviour of ug is as follows: 

% ~ 'V log [771 + { a f r j + bfs j) i ] log j??| + . . . 
+cf(pa + df[(f>b + Pj(j>a^og I77I] , (5.28) 

where 

Vi = ^ , (5.29) 
Uy 

rj = {ia) - {iQUrTi)A] , (5.31) 

Sj = (iay^ii-iaUyrTiA)^ + {iariA)^^ 

, (5.32) 

where all basic flow quantities are evaluated at t ime TQ and the critical lever y^. The 
jumps (aj — a J) etc. will be determined by analyzing the critical layers. 

T h e leading-order cross-flow component wi satisfies 

This suggests the following form for wi: 

Wi = Az{Z, ti)wi{y)E + c .c . 
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It is found that 

wi = • (5.34) 

The streamwise velocity ui takes the following form 

ui = A{Z,ti)ui{y)E + c.c . 

From the continuity equation, we find that 

ui = ia'^vi^y . (5.35) 

The O(e^) term ug is introduced to take account of nonlinear interactions inside the 
critical layers, and has the form 

K2 = + (7^°) + C.C . (5.36) 

Later, the harmonic component turns out to be zero; the mean-flow distortion 
is non-zero, but it determination is not needed. 

From the continuity equation, the solution for U3 is found to be U3 = U3{Y, Z, ti)E'^ + 
c.c, where 

U3 = ia~^{A{Z,U)v3^Y + A z z { Z , h ) w i } . (5.37) 

The pressure pi can be written as pi = A{Z,ti)pi{y)E + c.c, and 

Pi = ia~^[UyVi -{U - c)yi,J . (5.38) 

We now introduce an inner variable: 

Y = \ = . (5.39) 
es es 

The outer expansions of u, u, ui, and p written in terms of the inner variable are as 
follows; 

V ~ ebfAE + es loge^-bfrj + bfpjAY)E j,, 

+ r j log |yI -K (f^) + A ( o ^ y + log | y | ) ] E 

+ e® log 65 [(a±rj + bfsj 4- dfpj)Y + ^ApjbfY^]E 

+ e^cfY + {afrj + bfsj + dfpj)Y\og\Y\ + .. .]E 

-f- c.c. . , (5.40) 

u ~ eia~^{A{af — bfrjY'^) — a~'^bf Azzy~^}E + c.c + . . . , (5.41) 

w ~ —eia~'^bfAzY~^E + c.c + . . . , (5.42) 

p ~ da~^UybfE -f c.c - f - . . . . (5.43) 
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5.3.2 Solvabil ity Condi t ion 
Multiplying both sides of (5.27) by Vi and integrating from 0 to +oo, we obtain the 
solvability condition for (5.27): 

BA rP- A 
— ^ F P { A j ) — i a ^ J i — J 2 r i A ~ 1 (5.44) 

where the summation is made over all critical layers, and FP denote the finite part 
of Aj-: 

^ 3 = • (5.45) 

The constants Ji and J2 are defined by the following integrals 

fOO 
./s == / %i(!/)d:/ . (5JUS) 

Vo 
Note that J i and J2 are singular and should be interpreted in the sense of . : 
Hadamard. By using the asymptotic expressions (5.23), (5.28) together with (5.24) 
and (5.25) of <̂ i and <̂ 3, it is found 

- c^) - 6 j r j (o t - a - ) - - d ; ) 
--(ot<it -- o-To^:) . (fx49) 

We shall obtain the amplitude equation from (5.44) and (5.49) after the jumps 
(a+ — a j ) etc. are determined by analysing the critical layers in the next section. 
Here it is important to note that nonlinearity influences the evolution of disturbance 
by altering these jumps; thus in the analysis of the critical layers, it is sufficient to 
concentrate only on those part of the solution contributing to these jumps. 

5.4 Inner Expansion 
Equations (5.40) to (5.42) suggest that the inner expansions within the j-th. critical 
layer take the following form: 

u = tUi 6^1/2 "h U3 4" c.c , (5.50) 

V = eVo 4" e^Voi 4" -|-£5 - j - . . . ^ (5.51) 

w = c^]Vi + 6̂ V2 4- 4" • • • , (5.52) 

p = cPi 4" P2 4" P3 4" • • • . (5.53) 

The function Vo satisfies the equation: 

LoVayy = 0 , 
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where LQ is the unsteady-viscous hnear critical-layer operator: 

The solution which matches the outer expansion is: 

Vo = A{Z,ti)E 4- c.c. , (5.55) 

where A = bjA and bj = bj = bj, i.e. the jump (6+ — bj) is zero. 
The functions VQI satisfies the same equation as VQ. The solutions tha t match 

the outer expansion are: 

= B(^Z,ti) 4- C{Z^ti)E^ 4- c.c. , 

Expansion of the y-momentum equation yields 

dP, 
ay 

and so 

= 0 , 

Pi = ia ^UyA{Z,ti)E 4- c.c . 

The function Wi satisfies the following equation 

Let Wi = Tyi(F, Z, -f c.c, then 1% satisfies: 

, (5.56) 

where we have defined 

LQ — ——h nia{UyY 4- UtTi) — A 

The equation (5.56) can be solved by using a Fourier transformation method as in 
Chapter two; see also Hickernell (1984), and Goldstein & Leib (1989). It is found 
tha t 

Az(Z , <1 , (5.57) 

where we have put 

5i = ^Xa^Uy , and Cl = a{UyY + UTTI) . 

The velocity 14 satisfies: 

LoV-iyy = LiVQ , (5.58) 
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where 

Ll = -{-jOyyV^ + UyrT-iX + -UrrTi) Q^Qy^ + ^9) 

Let 
Vi = Vi(Y, Z,ti)E -\- c.c. , 

then Vi satisfies the following equation: 

Lo^Viyy = iaA{Z,ti)Uyy . 

It can be shown that 

I^,yy = A(Z, <1 . (5.60) 

Note that Vi is equivalent to 03 in the purely two-dimensional case (Chapter two). 
By this analogy, we obtain the following jumps; 

af - aj = TripjbjSgn{Uy) , (5.61) 
dj — dj = —TrirjbjSgn{Uy) . (5.62) 

Similarly, we write Ui = U\(Y^Z,ti)E + c.c, then from the continuity equation, 
we obtain 

c/.,y = -ia-^U^ J*" 

-U„ r " . (5.63) 
Jo 

The function V2 is found to satisfy the following equation: 

L0V2 = LiVoi + + -q^VqW\] + . . . . (5.64) 

The first non-homogeneous term above is analogous to that in (5.58) and thus it 
produces an analogous velocity jump. The solution driven by the second term, 
i.e. by the nonhnear interaction of the fundamental, produces no velocity jump. 
Because (2a, c) is not a fundamental mode of Rayleigh's equation (Cowley, 1987), 
ug, and hence VQ\ should be identically zero. From a consideration of the continuity 
equation, i.e. the harmonic in the second term in the outer expansion of u, 
should also be zero. 

The function W2 satisfies the following equation: 

= - ^ ( V ^ ^ i ) . (5.65) 

The solution for W2 generally should be written as 

+ C.C , 

137 



but it is found that at the next order the interaction associated with the harmonic 
does not contribute the jump (cj — cj), and hence does not affect the amplitude 

equation. Therefore, it is sufficient to solve for the cross-flow distortion After 
some manipulation, we find 

l i / f = Ul r ° ° , (5.66) 
Jo Jo 

where 
A'o({,C) = • 

We now turn to solve for U21 which is found to satisfy 

UU^,y = , (5.67) 

The solution takes the form 

-I- + C.C , 

but again, as for W2, it sufficient to solve for the streamwise-flow distortion It 
can be shown that 

f/gl = -iaU„U, r°°r°°«/i-(2,ii-C)i(Z,«,-J-C)A'o(f,C)e-'"'<J« 
«y 0 */ 0 

r ° ° r ~ (. - C ) ^ z z ( Z , U - i - Q K o U , 
Jo Jo 

To determine the jump (c+ — c~), we only need to solve for V .̂ It is found that 
satisfies the following equation 

^ 0 ^ = ^1^/1 + 2̂ 2%) + + c.c + . . . , (5.69) 

where the forcing terms which are irrelevant to the jump are not written out. The 
operator L2 is defined by 

I ; = -\\u„,Y= + U„,TiY^ + U,„TlY+\u,„Tl^ 

, d 
'^Wyyy^ "I" 

We shall first seek the solution induced by the hnear forcing term, i.e. {LiVi + 
L2V0), which we now denote by Y, ti)E. Note that F^'\Z, Y, ti) is the same as 

^1) of the two-dimensional case (Chapter two) except that the former depends 
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on Z. By a similar procedure, the solution (here we denote it by driven by 
it has the following asymptotic behaviour as Y —> ±00 , 

~ + 2g jb j + ^p'jbj)Y + { a j r j + p j d j + Sjbj) log \Y\ 

+{±^mSgn( i7^) (a t r^ ' + pjdf + sjbj) + . . . } + 0 ( F " ^ ) . (5.71) 

Let E denotes the solution induced by the nonlinear forcing term. Harmonics 
can be ignored as far as deriving the amplitude equation is concerned. It is found 
tha t V3 be writ ten as 

- a"i7^(A + 72 + 73) , (5.72) 

where 
r+co r+co r + c o 

n=/ / / (A{Z,ti—()A{Z,ti—(—r])A*{Z,ti—^—(—ri)Ki{^,rj,()d^d(drj, 
Jo Jo Jo 

(5.73) 
/•+00 r + co r+oo 

/ i = / / / A(Z, i i—()A(Z,C—7/) .42^(Z , i i — ( f — ( • — 5 
Jo Jo Jo 

(5.74) 
r+oo /•+00 r+00 

h= / / ^ ^'^( '^, ^1—C)[^(-^, ^1—(—^)^g(^, ^ 1 - ^ — , 
Jo Jo Jo 

(5.75) 
r + 00 r+os r + co . 

Jo Jo Jo 
(5.76) 

The kernel K i { ( , r j , ( ) is defined by 

Matching {V '̂y + V j p ) with outer expansion yields the following jump: 

4 - 9 
=nSgn(U,)(afrj + pjdf + Sjbj) 

„ _ _ /• + 00/- + 0 0 ^ 
—27ria Uyy\Uy\ / A{Z^ti~^)A{Z^ti--^—7))A*{Z^ti—2(—7])K{^^T))d^dri 

JO JO 
r + 0 0 f + 0 0 - m f+OOf + OO . 

—2Tra\Uy\ / / ( A(Z,ti—()A{Z,ti—^—r})A2z{Z,ti—2(—ri)h{^,i])d(drj 
Jo Jo 

—2'!ra\Uyf I f ^^rjA{Z,ti—Q[A{Z,ti—^—r])A2{Z,ti—2^—i])]zI'^ 
Jo Jo 

_ r+00 r+ca ̂  ^ 
—2na\Uy\ / / ^[A{Z,ti—^)A{Z,ti—^—T])Az{Z^t-i—2^—i])]zhi^,'rj)d^d7]. 

Jo Jo 
(5.77) 
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It is noted that (a+ — o.J) and (<:/+ — d~) correspond to the classic ±7r phase 
shift in the outer expansion, while (c+ — c j ) is modified nonlinearity; this has 
a significant effect on the evolution of the disturbance. Also note that nonlinear 
effects influence the evolution by producing a mean-flow distortion of vortex form, 
i.e. streamwise and cross-flow distortions and W ^ \ while the harmonics have 
no significance. In this sense, the nonlinear interaction is of wave-vortex type. 

5.5 Evolut ion Equation of the Ampl i tude 
Inserting the jumps (5.61), (5.62) and (5.77) into (5.49), and using (5.44), we obtain 
the crucial evolution equation as follows: 

^ ^ 
r + OO f+00 f + OO f+OO 

= + a ^9jKj{(,r))^ A{Z,ti—QA{Z,ti—^-r])A*{Z,ti—2^—T])d^dT] 
f+OO f+oo + / / 

Jo Jo 
f+OO f + oo 

+ ^ '^hjKj{^,ri)^'^T]A{Z,ti—^)[A{Z,ti—^—ri)A*2{Z,i-i—2(—T])]zd^dr] 
r+co /•+00 

(5.78) 

where the suffix j refers to the j - th critical layers, and the summations are made 
over all critical layers. The kernel Kj{(,T]) represents the effects of viscosity, and is 
defined by 

7^,(^,7;) = (5.79) 

For the inviscid case, A = 0, and so Kj{^ , ( ) = 1. The coefficients evolved are 
expressed in terms of the basic-flow profile and the eigenfunction as follows: 

So = / o / / . (5.80) 
g, = 2«6? |6 , f f 7 „ | £ / , | / / , (5.81) 

h, = 2i!ah]\hi?\U,fI! , (5.82) 
p = J s / f , _ _ _ _ (5.83) 

/o = 

+ 7 r ^ 6 | % ^ } - A . (5.85) 
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These coefficients can be evaluated in the same way as described in Chapter two. 
Note that the first nonhnear term is associated with the logarithmic branch 

point singularity, and appear^to be more like the traditional cubic nonhnear term. 
Because this term is the same as that in the amplitude of a purely two-dimensional 
wave (Chapter two), we shall refer it as "two-dimensional nonlinear term". The 
rest of the nonlinear terms are associated with the pole type of singularity. Besides 
these nonlinear terms are non-local, i.e. evolving history effects, a novel feature is 
that the spatial derivative, including the highest derivative appears in these terms. 
We shall call them "three-dimensional nonlinear terms" since they represent vortex 
stretching and tilting effects, which are unique for three-dimensional disturbances. 
We believe that these effects are crucial for the formation of focusing. We emphasise 
that the scaling of this analysis also applies to flows with regular critical layers, e.g. a 
free shear layer, for which a similar amplitude equation holds, except that the "two-
dimensional nonlinear term" disappears and ti is replaced by a nonlinear streamwise 
evolution variable, say Xi. Therefore it is sufficient for us to discuss the property of 
(5.78) only, while treating free shear layers as a special case with g j being zero. It 
is well known that streamwise vortices exist in free shear flows. There are evidences 
suggesting that these vortices are "facility" forced, e.g. by small geometric details 
(Jimenez, 1983; Nygaard & Glezer, 19991). This is very much in the line of the 
present study. Moreover, the scaling of the present study indicates that streamwise 
vortices may form when the linear growth rate decreases to 0 (e J ) , proceeding the 
roll-up process, Avhich occurs when the growth rate decreases to 0{e^) (Goldstein & 
Leib, 1988, Goldstein & Hultgren, 1989). This is consistent with the experimental 
observation that the formation of streamwise vortices may occur before the roll-up 
of the spanwise vortices is completed (Lasheras & Choi, 1988; Nygaard & Glezer, 
1991). 

Note that the above theory is formally valid for j3 ~ 0(65). I f / ? 0(^5), 
i.e. three-dimensionality is weaker, then there exists a difference between singular 
and regular critical layers: for singular critical layers, the term and the "three-
dimensional nonlinear terms" can be dropped, and the "two-dimensional nonlin-
ear term" dominates, i.e. the disturbance can be effectively treated as purely two-
dimensional. But for regular critical layers, the amplitude equation degenerates to 
a linear one. A similar scaling argument as in §2 suggests that when ^ ~ e2, the 
critical-layer structure of a two-dimensional disturbance (Goldstein & Leib, 1988) 
remains largely intact, i.e. the critical layer is strongly nonhnear, but subject to some 
modification due to the couphng with the three-dimensional velocity components. 

Note also that this study yields a single amphtude equation. Davey, Hocking & 
Stewartson (1974) found that the analysis of Hocking, Stewartson & Stuart (1972) 
was incomplete in that the amplitude equation should couple to an additional func-
tion related to the secular pressure gradient. However, we note that if it were 
assumed in their analysis, as it is in our case, that the amplitude depended on the 
the spanwise coordinate only, then B = \A\^ would immediately follow from their 
(2.28); in this case their coupled equations (2.31) and (2.34) are reduced to a single 
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equation, with the nonhnear term proportional to q representing three-dimensional 
nonlinear effects. 

In order to match its earlier linear evolution stage, A has the following asymptotic 
behaviour: 

A. —> v 4 o ( a s t\ —> —oo , (5.86) 

where Ao{Z,ti) is the initial spanwise distribution of the amplitude, and can be any 
function satisfying 

One typical case, which represents a initially localized disturbance is 

as discussed in, e.g. Hocking, Stewartson & Stuart (1972), see also Hocking &: Stew-
art son (1972). Equations (5.78) and (5.86) thus describe the evolution of distur-
bances. 

To scale out TJ, we introduce the new variables: 

A = /le'^'' /(-Ti)# , (5.88) 

1 — —T\ti — XQ , (5.89) 

2 = C5.90) 
A = A/(—Ti)^ , (5.91) 

where XQ and XQ are chosen so tha t : 

goXo — i{Xo — (po) = log[(—Ti) 2] . (5.92) 

The evolution equation and the asymptotic behaviour then become: 

r+oo f+00 _ r+oo f+00 _ _ _ ____ _ _ _ 
= —goA+a^ / 7 ) ^)'^^^(-^) ^ ( ^ ^ t—2(—T])d^dr] 

«/ 0 V 0 
f + 0 0 f + 0 0 _ _ _ _ _ _ _ _ 

+ ^ , ti—2(—T])d^dr] 
f-j-OO f-j-00 _ _ _ __ _ _ _ _ _ 

y»+00 r+OO _ _ _ _ _ _ _ _ _ 

(5.93) 

Ao{Z,t)e-^°'-^''^° as i ^-00 , (5.94) 
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where without loss of generahty, we can assume tha t the maximum of A is unity. 
Furthermore, to scale out yo we introduce: 

A = = , (5.95) 

^ (5.96) 

= l2o|i I p r - s 2 , (5^17) 

A = A / S k o f , (5^8) 

where (po and XQ satisfy the following equation: 

- + zyo = l o g { | ^ 9 j | 2 | 5 r o r ^ i p r ^ } • (5.99) 
1̂ 01 

Then we obtain: 

——X- P Z— 

= 1^0^ + 50 / / '6'̂ 'S-j(if 5'?)^ A{Z,t—^)A{Z,t—^—rj)A*{Z,t—2(—i])d^dri 
J 0 Jo 

+ ^ y^AjK A{Z ^ i—( )A{Z, i—j—ri )A\^{Z, ti—2(—i])d^d7] 

+ M ) A ( Z , ^ - 7 ; ) A ^ ( Z , , 
(5.100) 

and 
A A o { Z , i ) e ~ ' ' ° ^ as ?—>—oo, (5.101) 

where p, qj, vq and Uj are constants with unit modulus, i.e. 

P = - P / | P | , % = ' 

VQ = -9Ql\go\ , vj = gjl\'^gj\ • 

The kernel is rewritten as 

. (5.102) 

The real constant sq is defined by 

So = a ^ b h 2 , „ , l E ^ i l 
\Y.hj 

Note tha t SQ is zero for regular critical layers. 
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5.6 Some Propert ies of the Ampl i tude Equat ion 

5.6.1 Viscous Limit 
The above theory is vahd for e = 0{R~^). Next we turn to consider the limit when 

e < , (5.103) 

which corresponds to the viscous limit A —)• +oo. It can be shown that at this limit 
(5.100) reverts to the following equation: 

^ ^ ^ \ ^Io\A\'^A 

t f ) r+oo , 5 
+A ''l^[A{i\—f])A*2(ti—T})\zdr}-\-0{\ 3 ) /5 .104) 

where we have performed the variable change ti —> A&Zi. The constants involved 
are defined as follows 

= ô = | r ( i ) E M r . 

Note that even under viscous hmit the nonlinear term is still non-local. Moreover, 
the nonhnear term contains a time as well as space derivative. Amplitude equations 
with nonlinear terms containing space derivatives were also encountered by Wein-
stein (1981), where, however, these terms are local, and served as a higher-order 
correction. For the regular critical layers, IQ = 0, so we rescale the equation as 
follows; Z = XEZ, TI = A~3fi, and A = As A. Then the rescaled form of (5.104) is 

f)A cP'A 8 r+°° 1 
^ [^(^1 ~ • (5.105) 

For the singular critical layers, we introduce Z = \EZ, TI = A~3fi, and A — A. 
The rescaled form of (5.104) 

f)A <92 X 
d t — ~ do^iA + a^Io\A\'^A . (5.106) 

Note that we can not rescale the amphtude equation (5.104) such that the two 
nonlinear terms are retained in the equation at the same time. 

5.6.2 Equ i l i b r i um Solut ions a n d Secondary Ins t ab i l i ty 
One property of the modulation equation (5.100) is that if 

A = B ( f ) e ' ^ , (5.107) 
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then the "three-dimensional nonhnear terms" are identically zero, and consequently 
B satisfies the same equation as the amplitude of a purely two-dimensional wave 
(Chapter two). Note tha t (5.107) corresponds to the case where the disturbance is a 
single oblique wave. Thus this property somewhat explains why the pole type of sin-
gularity has no significance for the development of a single oblique wave (Goldstein 
& Leib, 1989). 

For flows with singular critical layers, when X ^ 0, the evolution equation pos-
sesses a three-dimensional equilibrium solution of the form: A = But we 
are primarily interested in a two-dimensional equilibria, i.e. ^ = 0. This equihbria 
was expressed in Chapter two; see (2.168) to (2.170). For the Stokes layer of interest 
here, the study in Chapter two found tha t the above condition was satisfied for wave 
numbers a < 0.6003 or a > 1.293. The next task of this section is to examine the 
instability of the above solution to a three-dimensional disturbance. The purpose 
is two fold. Firstly, as pointed out by Stuart and DiPr ima (1978), such a anal-
ysis yields an understanding of sideband instability. For the present problem the 
sideband consists of a two dimensional wave (a , 0), and a pair of three-dimensional 
waves {a, ±6^/3) (see below). Thus the sideband instabihty indicates a transfer of 
energy f rom the two-dimensional to the three-dimensional waves. Secondly, if the 
two-dimensional equilibria is unstable, it will be ruled out out as a terminal solution 
of (5.100). Moreover, if the growth rate of this secondary instabihty increases suffi-
ciently fast with 13, it may indicate a finite-time focusing singularity (Hall & Smith, 
1989). 

Hence we per turb the equilibrium solution in the following way: 

^ = [Ao + B( f ) cos . (5.108) 

Then B satisfies the following equation after linearization: 

at 

+Al r y Y . i'iKi(U)e\B(i-i-Q + B((-« + 
«/ 0 0 

- K 0 ' r T ° ° - £ 4 , K , { U m ' + e O B ' ( t - 2 ( - O d ( d ( . (5.109) 
Jo Jo 

Following Stuart & DiPrima (1978), we shall seek the solution of the form: 

B = + (5.110) 

where Ci , Cg, (7 are complex numbers. Inserting into (5.109) we get the following 
relations: 

aCi = (i/Q -ik - p^^)Ci + + AQ , 

a*C2 = (f/Q — ik — p^^)C2 + ^ "" ' 
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where and are defined by the following integrals: 

, (5.111) 

0 . 

The requirement tha t B is non-zero yields the eigenrelation as follows 

" - " 0 + ik + P/3' - A l z f j A ' ] " - -45 E f , A f ' + fi-'Al E q,Kf 

-AlE + fi'AlE q-Kf o - u i - ik - pp^ -AlE "-Kj" 
(5.114) 

The above eigenvalue problem generally must be solved numerically. Note tha t 
for regular critical layers, no equihbrium solution exists. 

5.6.3 Te rmina l Solut ions: F in i t e -T ime Focusing Singular-
i ty 

There are several candidates for the terminal form of the solution. For singular 
critical layers, i.e. gq ^ 0, the first possibility is the two-dimensional equilibrium 
state. If this is the case, it implies tha t the small three-dimensional "imperfections" 
are not be amplifies by nonlinear effects. However this equilibrium may be subject 
to a three-dimensional secondary instability, in which case could be ruled out as a 
terminal solution of (5.100). 

The second possibihty is that the solution blows up at a finite time, say t^, in 
the whole flow field, i.e. 

where a and CQ are real and complex numbers respectively. Note tha t the above two 
possibihties are associated with the "two-dimensional nonlinear term" and three-
dimensionahty does not play any role in the formation of the terminal form. 

The system (5.100) may also permit a three-dimensional nonlinear equilibrium 
solution of the form 

yi == . (5.116) 

Substitution of (5.116) into (5.100) yields the equation for H{Z) 

pH" + {uo - ik)H + poH\H\' + qo{H'H*" + H \ H f ) = 0 , (5.117) 

where 

9 x 2 ! 
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and 

After appropriate boundary conditions are imposed on H{Z), e.g. H{Z) decays to 
zero when Z —> ±00 , or periodic conditions as for a standing wave, equation (5.117) 
poses a nonlinear eigenvalue problem. Of particular interest is the periodic solution 
of (5.117) because if it exists, it represents a streamwise vortex structure. But at 
the present, the existence of such a form of solution remains to be established. 

Another particularly interesting terminal form is tha t the solution blows up at 
a particular spanwise location, say Zg, within a finite time, say tg. We te rm this 
singularity a "focusing singularity". The following structure is proposed: 

^ = ((, _ f ) - & - - F ( Z ) , (5.118) 

where 
A = ( < , - f ) - & ( Z - . g , ) . (5.119) 

A variable of the form (5.119) was introduced in, e.g. Hocking, Stewartson & Stuart 
(1971), and Hall & Smith (1989). In their discussion of localized singularity of non-
linear Schrodinger type of amplitude equation. Hocking, Stewartson & Stuart (1972) 
found tha t they had to introduce an additional logarithmic factor like log(^^ —f) in Z. 
Later, Hocking & Stewartson (1972) found tha t this complication was necessary for 
certain range parameters; the singular solution in terms of similarity variable (5.119) 
existed. Inserting (5.118) into (5.100) yields the an integro-differential equation for 
F{Z) 

-pF'\Z)+^-ZF'iZ) + {^+ia)F(Z) 

(5.120) 

where g = T,9j, q = T,qj and 

80(6,77) = (1 + 6 + 26 + . (5.121) 

The equation (5.120) has to be solved under certain boundary conditions to be 
imposed on F{Z). A simplest one is tha t the flow is symmetric about Z^ = 0, 
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and decays to zero at infinite. In that case, the appropriate boundary condition are 
i^'(O) — 0 and F{+oo) = 0. The validity of the focusing singularity structure (5.118) 
and (5.119) depends on the existence of F, which remains to be established. Note 
that the "two-dimensional nonlinear term" also has a contribution to the formation 
of the singularity. But we do not think its contribution is crucial; even if 5o = 0, the 
singularity may well occur. This suggests that the same focusing mechanism may 
apply to free shear layers. 
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Chapter 6 

Summary and Discussion 

6.1 Summary 
In this thesis, we studied nonhnear effects on the instabihty of the Stokes-layer 
generated by a sinusoidally oscillating flat plate in an infinite fluid under a high-
Reynolds-number assumption, i.e. i? ^ 1. According to hnear theory (Tromans, 
1977; Cowley, 1987), the flow is susceptible to high-frequency Rayleigh instability, 
and small disturbances can grow exponentially over part of a period and become 
neutral at some time. The present study shows that in the vicinity of the neutral 
time, the small disturbances evolve from a linear stage to a nonlinear stage due to 
enhanced nonlinear interactions inside the critical layers. We have systematically 
studied the nonlinear evolution of a two-dimensional wave, a pair of oblique waves, a 
resonant triad of waves, and the temporal-spatial modulation of a near-planar wave. 

For a two-dimensional disturbance, we show that the evolution is controlled by 
nonhnear effects when the linear growth rate decreases to 0(^5) , where e is the 
magnitude of the disturbance. The amplitude equation turns out to be an integro-
differential one of Hickernell type (Hickernell 1984). We studied the amplitude 
equation by series-extension and numerical methods. For the inviscid case, i.e. 
1 E ;$> i?~6, the solutions always develop a finite-time singularity proposed by 
Goldstein & Leib (1989). When viscosity is included, i.e. e ~ R~^, it is found 
that (a) viscosity generally delays the finite-time singularity, and (b) if viscosity is 
sufficiently large the singularity can be completely eliminated, with the result that 
the wave evolves to an equilibrium state, confirming the findings of Goldstein & 
Leib (1989). In particular, it is found that for the disturbance of wavenumber in the 
range [0.6, 1.3], the finite-time singularity always occurs, no matter how large the 
scaled viscosity is. If e <C -R"®, i.e. the disturbance is relatively small, the amphtude 
is reduced to a classical Stuart-Landau equation, which can be obtained directly by 
taking a limit of the integro-differential equation. The stability of the equilibria is 
also studied. 

For the case where the disturbance consists of a pair of oblique waves, the non-
linear evolution stage comes at a much earlier time, namely when linear growth 
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rate is 0(e3) , and it then evolves over a much faster time scale (9(e~5), as in Gold-
stein & Choi (1989). Mathematically this is due to the pole type of singularity 
in the outer solution for the streamwise velocity, which is much stronger than the 
logarthmic-branch-point singularity associated with Uyy{yc) / 0. We show that 
though Uyy{yc) 7̂  0 for the Stokes layer considered in this thesis, the amplitude 
equation is the same as that in Goldstein & Choi (1989). We note, however, that 
when three-dimensionality is sufficiently weak, the fact that Uyy{yc) ^ 0 will bring in 
a difference. Moreover, we derive the amplitude equation for the case when viscosity 
effects are retained at leading order in the critical-layer equations, thus extends the 
analysis of Goldstein & Choi (1989). The amplitude evolution equation is again of 
Hickernell type, with viscous effects being represented by a compUcated kernel. A 
numerical integration of the inviscid amphtude equation was performed by Gold-
stein & Choi (1990), and it was found that the solution developed a singularity at 
a finite distance downstream (see also Goldstein & Choi, 1989). The coefficients of 
the amplitude equations depend on the overall feature of the basic flow, and thus 
are different in the two cases. Nevertheless, it seems that there is little doubt that 
the solution of the amphtude equation in the present case, at least under inviscid 
limit, can develop a finite-time singularity, corresponding to the finite-distance one 
of Goldstein & Choi (1989). However, equilibrium solution may exist when viscosity 
is sufficiently large. In addition, it is noted that the nonhnear interaction of waves 
can generate a strong vortex of the same magnitude as the waves. We believe that 
this vortex may be identified as that observed in the experiments of Hino et. al. 
(1983), and may have relevance to the streaky structure in a turbulent boundary 
layer. 

For the case where the disturbances form a resonant-triad, we show that when 
the amphtude of the planar and the obhque waves are 0{e i ) and 0(e) respectively, 
a mutual interaction takes place and the disturbances are governed by a coupled 
integro-differential equation system. These amplitude equations are significantly 
different from those of Raetz (1959), Craik (1971), Smith & Stewart (1987) in two 
important aspects. Firstly, as in Goldstein & Lee (1990) the local growth rate 
depends on the the whole history of the evolution, unlike a conventional resonant 
triad, where the local growth rate depends only on the instantaneous amplitudes of 
the disturbances. Secondly the back reaction of the oblique waves on the 2-D wave 
is accounted for by two cubic and one quartic terms rather than by one quadratic 
term. The amplitudes of the two-dimensional and the three-dimensional wa.\'es can 
exhibit a finite-time singularity , and the structure for it is proposed (see also the 
later version (1991) of Goldstein & Lee, 1990). The evolution equations obtained 
in our study are shown to be valid until the magnitude of the disturbance becomes 
order one and thus provide a full description of the development of the resonant-triad 
waves from their hnear small amplitude stage towards the fully-nonlinear order-one-
amplitude stage. 

For the temporal-spatial modulation case, i.e. the case when the amplitude of 
the disturbance is a slowly varying function of spanwise position as well as of time. 
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it is shown that the development of the disturbance is controlled by critical-layer 
nonlinearity when its linear growth rate decreases to (9(es). Nonhnear interactions 
influence the evolution by producing a streamwise vortex and cross-flow distortion. 
The modulation equation turns out to be an integro-partial-differential one contain-
ing history-dependent nonlinear terms. A novel feature of the amplitude equation is 
that the derivatives, including the highest derivative, with respect to space appear 
in the nonlinear terms. These terms are associated with three-dimensionality, and 
hence represent vortex stretching and tilting effects. Some possible properties of the 
amplitude equation are discussed. It is shown that a localized singularity may occur 
in a finite time. This provides a possible explanation for the focusing of streamwise 
vorticity and the formation of streaks. 

The finite-time singularity, which can occur in all four cases studied, suggests 
that explosive growth is induced by critical-layer nonlinear eifects, indicating that 
an initially small disturbance is further amplified, rather than evolving into an equi-
librium state as implied by linear theory (Tromans, 1977; Cowley, 1987). We suggest 
that this nonlinear blow-up of high-frequency disturbances is related to the bursting 
phenomena observed in experiments, and can lead to transition to turbulence. 

6.2 Further Work 
In chapters three to five, we only derived amplitude equations and and discussed 
their possible properties. However, some numerical computation seems to be neces-
sary. A numerical investigation of the inviscid amplitude equation in Chapter three 
has been performed by Goldstein & Choi (1989) for certain parameters. Their nu-
merical solutions have confirmed their proposed singularity structure. It seems that 
for the inviscid case, i.e. A = 0, the proposed singular structures in each chapter are 
the only choice. However when viscosity included, other choices arise. The question 
which option actually occurs has to be settled by numerical means. In particular, 
the localized singularity and the periodic solution of a standing-wave form proposed 
at the end of Chapter five remain to be verified. 

A numerical investigation of the viscous amplitude equation in Chapter three 
also appears to be important. This is because if an equilibrium solution is allowed, 
it is possible that before this equilibriuiljis reached, the disturbance may enter the 
stage discussed by Hall & Smith (1991) once the growth rate becomes sufficiently 
small. Hence one may require that these two stages to match in an asymptotic sense 
rather than assigning an arbitrary input for the waves and vortex (Hall & Smith, 
1991). 

It would be also interesting to incorporate viscous effects into the analysis of 
Chapter four (resonant-triad case). Though such an at tempt seems to be straight-
forward, it will not an easy task, as we see that the analysis in chapters three and 
four has already been very complicated. We note that with the results of Chapter 
three at hand, we can easily write down the amplitude equation including viscosity 
effects for the oblique waves. But a derivation of the viscous amphtude equation for 
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the planar wave evolves much more complication;. 
The study in this thesis suggests that following the evolution stage described 

in this thesis, is the so-called Euler or Navier-Stokes stages, i.e. the stages where 
the disturbances are governed by the fully Euler or N-S equations. We feel that to 
resolve the relaminarization problem, these stages must be pursued. 

The Stokes layer studied in this thesis is over a half space, and is an ideal mode 
of the finite Stokes layers that occur in practice, e.g. oscillatory flows in pipes and 
channel. These flows have an addition length scale, i.e. the radius of the pipe or 
the width of the channel. The effects of this on the instabihty may be the reason 
for the disagreement between the observations of Monkewitz & Bunster (1987), and 
those of others, e.g. Akhavan et al. (1991): the former suggest that the phase at 
which disturbances are likely to be observed is but the latter find that it is phase 
0. Moreover, all experiments are conducted in finite Stokes layers, and quantitative 
data is available. Thus a direct comparison between theory and experiments is 
possible. 

It also seems to be important to study oscillatory flows in curved pipes or chan-
nels with a non-zero mean-flow component -such flows can be regarded as a simple 
model of blood flow in vessels. Because of curvature and mean shear, Taylor-Gortler 
instabihty (Seminara & Hall, 1976) and T-S instability may occur. Also, a secondary 
flow is set up in the transverse plane (see e.g. Berger &: Talbot, 1983). The interac-
tions among different instability waves, the secondary flow and the induced vortices 
(see Chapter three, four and five) pose a very challenging problem. 

152 



References 

Akhavan, R., Kamm, R.D., Shapiro, A.H. 1991a An investigation of transition to tur-
bulence in bounded oscillatory Stokes Flow. J. Fluid Mech. 225, Part 1, Experiments, 
395. 

Akhavan, R., Kamm, R.D., Shapiro, A.H. 1991b An investigation of transition to tur-
bulence in bounded oscillatory Stokes Flow. J. Fluid Mech. 225, Par t 2, Numerical 
simulations, 423. 

Benney, D.J. 1961 A nonlinear theory for oscillations in a parallel flow. J. Fluid Mech. 
10, 209. 

Benney, D.J. 1984 The evolution of disturbances in shear flows at high Reynolds number. 
Studies in Appl. Maths.., 1. 

Benney, D.J., Bergeron, R.F. 1969 A new class of non-linear waves in parallel flows. Studies 
in Appl. Maths. 48, 181. 

Berger, S.A., Talbot, L. 1983 Flows in curved pipes. Ann. Rev. Fluid Mech. 15, 461-512. 

Bleistein, N., Handelman, R.A. 1990 Asymptotic Expansions of Integrals, Dover Publica-
tion. 

Bodonyi, R.J., Smith, F.T. 1981 The upper branch stability of the Blasius boundary layer, 
including non-parallel effects. Proc. R. Soc. Lond. A375, 65. 

Bodonyi, Q.J., Smith, F.T., Gajjar, J. 1983 Amplitude-dependent stability of a boundary 
layer with a strong non-linear critical layer. ITM J. Appl. Maths. 30, 1. 

Breuer, K.S., J.H. Haritonidis 1990 The evolution of a localized disturbance in a laminar 
boundary layer. Part 1. Weak disturbances. J. Fluid Mech. 220, 569-594 

Breuer, K.S., M.T. Landahl 1990 The evolution of a localized disturbance in a laminar 
boundary layer. Part 2. Strong disturbances. J. Fluid Mech. 220, 595-621. 

Brown, S.N., Stewart son, K. 1978 The evolution of the critical layer of Rossby wave. Part 
11. Geophys. Astrophys. Fluid Dynamics 10, 1. 

Childress, S. lerley, G.R., Spiegel, E.A., Young, W.R. 1989 Blow up of unsteady two-
dimensional Euler and Navier-Stokes solutions having stagnation point form, J. Fluid 
Mech. 203, 1-22. 

Churilov, S.M., Shukhman, I.G. 1987 Note on weakly nonlinear stability theory of a free 
mixing layer. Proc. Roy. Soc. Lond. A409, 351-307. 

Churilov, S.M., Shukhman, I.G. 1987 Nonlinear stability of a stratified shear flow: a viscous 
critical layer. J. Fluid Mech. 180, 1-20. 

Churilov, S.M., Shukhman, I.G. 1988 Nonlinear stability of a stratified shear flow in the 
regime with an unsteady critical layer. J. Fluid Mech. 194, 187-216. 

153 



Clarion, C., Pelissier, R. 1975 A theoretical and experimental study of the velocity distri-
bution and transition to turbulence in free oscillatory flow. J. Fluid Mech. 70, 59. 

Cohen, J. , Breuer, K. S., Haritonidis, J. H. 1991 On the evolution of a wave packet in a 
laminar boundary layer. J. Fluid Mech. 225, 577. 

Collins, J.I. 1963 Inception of turbulence at the bed under periodic gravity waves. J. 
Geophysical Res. 18, 6007. 

Cowley, S.J. 1985 Pulsatile flow through distorted channels: low Strouhal number and 
translating critical layers. Q. J. Mech. Appl. Maths. 38 ,589 . 

Cowley, S.J. 1987 High frequency Rayleigh instability of Stokes layers. In Sta.bility of Time 
Dependent and Spatially Varying Flows, Ed. by Dwoyer, D.L. and Hussaini, M.Y., 261. 

Cowley, S.J., Hall, P. (1990) On the instability of hypersonic flow past wedge. J. Fluid 
Mech. 214, 17-42. 

Cowley, S.J., von Dommelen, L.L., Lam, S.T. 1990 On the use of Lagrangian variables in 
descriptions of unsteady boundary-layer separations. ICASE Report No .90-47 . 

Craik, A.D.D. 1971 Non-linear resonant instability in boundary layers. J. Fluid Mech. 50, 
393. 

Craik, A.D.D. 1975 Second order resonance and subcritical instability. Proc. Roy. Soc. 
A343, 351. ' 

Craik, A.D.D. 1985 Wave Interactions and Fluids Flows, Cambridge University Press. 

Davey, A., Hocking, L.M., Stewart son, K. 1974 On the nonlinear evolution of three-
dimensional disturbances in plane Poiseuille flow. J. Fluid. Mech. 63, 529. 

Davis, S.H. 1976 The stability of time-periodic flows. Ann. Rev. Fluid Mech. 8, 57-

Davis, R.E. 1969 On the high Reynolds flow over a wavy boundary layer. .7. Fluid Mech. 
36, 337-

Drazin, P.G., Reid, W.H. 1981 Hydrodynaniic StabiHty. Cambridge University Press. 

Ehrenstein, U., Koch, W. 1991 Three-dimensional wavelike equilibrium states in plane 
Poiseuille flow. J. Fluid Mech. 228, 111. 

Ersoy, S., Walker, J.D.A. 1985 Viscous flow induced by counter-rotating vortices. Phys. 
Fluids 28, 2687-2698. 

Ersoy, S., Walker, J.D.A. 1987 The boundary-layer due to a three-dimensional vortex loop. 
J. Fluid Mech. 185, 569-598. 

Caster, M. 1975 A theoretical model of a wave packet in the boundary layer on a flat plate. 
Proc. Roy. Soc. A347 , 271. 

Caster, M., Grant, I. 1975 An experimental investigation of the formation and development 
of a wave packet in a laminar boundary layer. Proc. Roy. Soc. A347, 253. 

154 



Goldstein, M.E., Choi, S.-W. 1989 Nonlinear evolution of interacting oblique waves on 
two-dimensional shear layers. J. Fluid Mech. 207, 97. Corrigendum, J. Fluid Mech. 216, 
1990,659. 

Goldstein, M.E., Durbin, P.A., Leib, S.J. 1987 Roll-up of vorticity in adverse-pressure-
gradient boundary layers. J. Fluid Mech. 183, 325-

Goldstein, M.E., Hultgren, L.S. 1989 Nonlinear spatial evolution of an externally excited 
instability wave in a free shear layer. J. Fluid. Mech. 197, 295-

Goldstein, M.E., Lee, S.S. 1990 The development of three-dimensional structure in adverse 
pressure gradient boundary layer, to be published. 

Goldstein, M.E., Leib, S.J. 1988 Nonlinear Roll-up of externally excited free shear layers. 
J. Fluid Mech. 191, 481. 

Goldstein, M.E., Leib, S.J. 1989 Nonlinear evolution of oblique waves on compressible 
shear layers. J. Fluid Mech. 207, 73. 

Goldstein, M.E. & Wundrow, D.W. 1990 Spatial evolution of nonlinear acoustic mode 
instabilities on hypersonic boundary layers. J. Fluid Mech. 219, 585-607. 

Gustavsson, L.H. 1978 On the evolution of disturbances in boundary layer flows. Trita-
Mek-78-02. Department of Mathematics, Royal Institute of Technology, Stockholm. 

Haberman, R. 1972 Critical layers in parallel shear flows. Studies in Appl. Maths. 50, 
139. 

Hall, P. 1978 The linear instability of flat Stokes layers. Proc. Roy. Sac. Lond. A359, 
151. 

Hall, P. 1984 On the stability of the unsteady boundary layer on a cylinder oscillating 
transversely in a viscous fluid. J. Fluid Mech 146, 347. 

Hall, P. 1987 Instability of time-periodic flow. In Stability of Time Dependent and Spatially 
Varying Flows, Ed. by Dwoyer, D.L. and Hussaini, M.Y., 206. 

Hall, P., Smith, F. T. 1982 St^ul. in Appl. Math. 66, 241. 

Hall, P., Smith, F. T. 1984 On the effects of nonparallelism, three-dimensionality, and 
mode interaction in nonlinear boundary-layer instability. Stud, in Appl. Math. 66, 241. 

Hall, P., Smith, F.T. 1988 The nonlinear interaction of Tollmien-Schlichting waves and 
Taylor-G or tier vortices in curved channel flows. Proc. Roy. Soc. Lond. A417 , 255. 

Hall, P., Smith, F.T. 1989 Nonlinear Tollmien-Schlichting/vortex interaction in boundary 
layers. Eur. J. Mech. B8 , 179. 

Hall, P., Smith, F.T. 1991 On strongly nonlinear vortex/wave interactions in boundary-
layer transition. J. Fluid Mech. 227, 641. see also ICASE, 89-22. 

Haynes, P.H., Cowley, S.J. 1986 The evolution of an unsteady translating nonlinear Rossby-
wave critical layer. Geophys. Astrophys. Fluid Dynamics 35, 1. 

155 



Heisenberg, W. 1924 Uber stabilitate und Turbulenz von Flussig-keitsstromen. Ama. Phys. 
Lpz., 4 74, 577-627 

Herbert, Th. 1981 A secondary instability mechanism in plane Poiseuille flow. Bull. Am. 
Phys. Soc. 26, 1257. 

Herbert , Th. 1983a On perturbat ion methods in nonlinear stability theory. J. Fluid Mech. 
126, 167. 

Herbert , Th. 1983b Secondary instability of plane channel flow to subharmonic three-
dimensional disturbance. Phys. Fluids 26, 871. 

Hickernell, F.J . 1984 Time-Dependent Critical layers in shear flows on the Beta-plane. J. 
Fluid Mech. 142, 431. 

Hino, M., Sawamoto, M., Takasu, S. 1976 Experiments on transition to turbulence in an 
oscillatory pipe flow. J. Fluid Mech. 75, 193. 

Hino, M., Kashiwayanagi, M., Nakayama, A., Hara, T. 1983 Experiments on the turbulence 
statistics and structure of a reciprocating oscillatory flow. J. Fluid Mech. 131, 363. 

Hocking, L.M., Stewart son, K., Stuart , J .T. 1972 On the nonlinear response of a marginally 
unstable unstable plane parallel flows to a two-dimensional disturbance. Proc. Roy. Soc. 
A 3 2 6 , 289-313. 

Hocking, L.M., Stewart son, K., Stuart , J .T . 1972 A nonlinear instability burst in plane 
parallel flow. J. Fluid Mech. 51, 707. 

Hon, T.-L., Walker, J.D.A. 1988 Evolution of hairpin vortex in a shear flow. NASA Tec. 
Men. 10858. 

Huerre, P. 1987 On the Landau Coefficient in the mixing layer. Proc. B.oy. Soc. Lond. 
A 4 0 9 , 308. 

Hultgren, L.S. 1990 Nonlinear spatial equilibration of an externally excited instability wave 
in a free shear layer, to appear. 

Itoh, N. 1977 Nonlinear instability of parallel flows with subcritical Reynolds numbers. J. 
Fhiid Mech. 82, 455. 

Jimenez, J . 1983 A spanwise structure in the plane shear layer. J. Fluid Mech. 132, 
319-336. 

Kachanov, Yu.S., Levchenko, V.Ya. 1984 The resonant interaction of disturbances at 
laminar-turbulent transition in a boundary layer. J. Fluid Mech. 138, 209-

Kelly, R.E. 1967 On the stability of an inviscid shear layer which is periodic in time and 
space. J. Fluid Mech. 27, 657-689. 

Kelly, R.E. 1968 On the resonant interaction of neutral disturbance in two inviscid shear 
layer. J. Flui Mech. 31, 789. 

Kim, H.T., Kline, S.J., Reynolds, W.C. The production of turbulence near a smooth wall 
in a turbulent boundary layer. J. Fluid Mech. 50, 133. 

156 



KlebanofF, P.S., Tidstrom, K.D., Sargent, L.M. 1962 The three-dimensional nature of 
boundary layer instability. J. Fluid Mech. 12, 1-34 

Kleiser, L., Zang, T.A. Numerical simulation of transition in wall-bounded shear flows. 
Ann. Rev. Fluid. Mech. 23, 495. 

Kline, S.J., Reynolds, W.C., Schraub, F.A., Runstadler, P.W. The structure of turbulent 
boundary layers. J. Fluid Mech. 30, 741. 

Landahl, M.T. 1975 Wave breakdown and turbulence. SIAM J. Appl. Maths. 28, 735-756. 

Landahl, M.T. 1990 On sublayer streaks. J. Fluid Mech. 212, 593-614. 

Lasheras, J.S., Choi, H. 1988 Three-dimensional instability of a plane free shear layer: an 
experimental study of the formation and the evolution of streamwise vortices. J. Fluid 
Mech. 189, 53. 

Lasheras, J.S., Cho, J.S., Maxworthy, T. 1986 On the origin and evolution of streamwise 
vortical structure in a plane, free shear layer. J. Fluid Mech. 172, 231. 

Leib, S.J. 1991 Nonlinear evolution of subsonic and supersonic disturbances on a compress-
ible free shear layer. J. Fluid Mech. 224, 551-578. 

Leib, S.J., Goldstein, M.E. 1989 Nonlinear interaction between the sinuous and varicose 
instability modes in a plane wake. Phys. Fluids A 1 (3),513-521. 

Li, H. 1954 Stabihty of oscillatory laminar flow along a wall. Beach Erosion Board, U.S. 
Arm.y Corps. Eng. Washington D. C. Tech. Memo. N o . 4 7 

Lin, C.C. 1944 On the stability of two-dimensional parallel flows. Proc. Nat. Acad. Sci. 
Wash. 30, 316-323. 

Lin, C.C. 1955 The Theory of Hydrodynamic Stability, Cambridge Press 

Lin, C.C. 1957 On the instability of laminar flow and transition to turbulence. In lUTAM 
Symposium Freiburg/BR, 144. 

Mankbadi, R.R. 1991 A critical-layer analysis of the near-resonant triad in Blasius boundary-] 
layer instability, to be published. 

Maslowe, S.A. 1986 Critical layers in shear flows. Aim. Rev. Fluid Mech. 18, 406. 

Merkine, L. 1983 A critical layer dominated by non-parallel effects in a rotating barotropic 
flow. Proc. Roy. Soc. A388 , 293. 

Merkli, P., Thomann, H. 1975 Transition to turbulence in oscillating pipe flow. J. Fluid 
Mech. 68, 567. 

Monkewitz, M. A. 1983 PhD. Thesis No.7297, Federal Insti tute of Technology, Zurich, 
Switzerland. 

Monkewitz, P.A., Bunster, A. 1987 The stability of the Stokes layer: visual observations 
and some theoretical considerations. In Stability of Time dependent and spatially Varying 
Flows, Ed. by Dwoyer, D.L. and Hussaini, M.Y., 244. 

157 



Nishioka, M., lida, S., Ichikawa, J. 1975 An experimental investigation of the stability of 
plane Poiseuille flow. J. Fluid Mech. 72, 731. 

Nygaard, K.J., Glezer, A. 1991 Evolution of streamwise vortices and generation of small-
scale motion in plane mixing layer. J. Fluid Mech. 231, 257. 

Obremski, H.J., Morkovin, M.V. 1969 Application of a quasi-steady stability model to 
periodic boundary layer. AIAA 7, 1298. 

Orszag, S.A. 1971 Accurate solution of the Orr-Sommerfeld stability equation. J. Fluid 
Mech. 50, 689. 

Orszag, S.A., Kells, L.C. 1980 Transition to turbulence in plane Poiseuille flow. J. Fluid 
Mech. 96, 159. 

Papageorgiou, D. 1987 Stability of the unsteady viscous flow in a curved pipe. J. Fluid 
Mech. 182, 209. 

Pedley, T.J . The Fluid Mechanics of Larger Blood Vessels, Cambridge University Press. 

Raetz, G.S. 1959 A new theory of the cause of transition in fluid flows. Northrop Corp. 

Rozhdestvensky, B.L., Simakin, I.N. 1984 Secondary flows in a plane channel: their rela-
tionship and comparison Avith turbulent flows. J. Fluid Mech. 147, 261. 

Sane, W.S., Thomas, A.S.W. 1984 Experiments on subharmonic route to turbulence in 
boundary layers. In Turbulence and Chaotic Phenomena in Fluids Ed. Tatsumi, T. 117-22, 
Amsterdam: North-Holland 

Schensted, 1960 Ph.D thesis. University of Michigan. 

Schhchting, H. 1933 Zur Entstehung der Turbelenz bei der Plattenstromung.iVac/ir. Ges. 
Wiss. Gorttingen, Math.-phys. Klasse, 181-208. 

Schubauer, G.B., Skramstad, H.K. 1943 Laminar boundary-layer oscillations and transition 
on a flat plate. NACA Rep. No. 909 

Seminara, G., Hall, P. 1976 Centrifugal instability of a Stokes layer: linear theory. Proc. 
Roy. Soc. Lond. A350, 299. 

Smith, F.T. 1979a On the non-parallel flow instability of the Blasius boundary layer. Proc. 
Roy. Soc. A336 , 91. 

Smith, F.T. 1979b Nonlinear instability of boundary layers for disturbances of various 
sizes. Proc. Roy. Soc. A368, 573, (and Corrigenda: A371, 1980). 

Smith, F.T., Burggraf, O.R. 1985 On the development of large-sized short-scaled distur-
bances in boundary layers. Proc. Roy. Soc. A399, 25. 

Smith, F.T., Papageorgiou, D., Elliott, J .W. 1984 J. Fluid Mech. 146, 313. 

Smith, F.T., Stewart, P.A. 1987 The resonant-triad nonlinear interaction in boundary-layer 
transition. J. Fluid Mech. 179, 227. 

158 



Smith, F.T., Walton, A.G. 1990 Nonlinear interaction of near-planar TS waves and longi-
tudinal vortices in boundary-layer transition. Mathematika 36, Pai't 2, 262. 

Stewart son, K. 1978 The evolution of the critical layer of a Rossby wave. Geophys. Astro-
phys. Fluid Mech. 9. 185. 

Stewart son, K. 1981 Marginally stable inviscid flows with critical layers. IMA, J. Appl. 
Math. 27, 133. 

Stuart , J .T. 1960 On the non-linear mechanics of wave disturbances in stable and unstable 
parallel flows. Part 1. J. Fluid Mech. 9, 353. 

Stuart , J .T. 1962a Nonlinear effects in hydrodynamic stability. In Proc. 10th Int. Cong. 
Appl. Mech. Stresa, Italy 1960, Eds F. Rolla & W.T. Koiter, 63. 

Stuart , J .T. 1962b On three-dimensional nonlinear effects in the stability of parallel flows. 
Adv. in Aero. Sci. 3, 121. 

Stuart , J .T. 1965 The production of intense shear layers by vortex stretching and convec-
tion. AGARD Report blA. 

Stuart , J .T. 1972 Nonhnear stability theory. Ann. Rev. Fluid Mech. 3, 347. 

Stuart, J .T. 1984 Instability of laminar flows, non-linear growth of fluctuations and tran-
sition to turbulence. In Turbulence and Chaotic Phenomena in Fluids, l U T A M Symp. 
Kyoto, ed. T. Tatsumi. AMsterdam: North-Holland, 17-26. 

Stuart, J .T. 1987 Nonlinear Euler partial differential equations: singularity in their solu-
tion. In Proc. Symp. Honor C.C. Lin., ed. D.J. Benney, F.H. Shu & Yuan Chi. Singapore: 
World Scientific Press. 

Stuart , J .T., DiPrima, R.C., Eagles, P., Davey, A. 1990 On the instability of the flow in a 
squeeze lubrication fllm. Proc. R. Sac. Lond A430, 347-375. 

Stuart , J .T. 1991 The Lagrangian picture of fluid motions and its implications for flow 
structures. IMA J. Appl. Maths. 46, 147-163. 

Stuart , J .T., DiPrima, R.C. 1978 The Eckhaus and Benjamin-Feir resonance mechanism. 
Proc. Roy. Soc. Lond. A362, 27. 

Tollmien, W. 1929 Uber die Entstehung der Turbulence. Nachr. Ges. Gorttingen, 
Math.-phys. Klasse, 21-44. 

Tromans, P. 1979 Ph.D. Thesis, University of Cambridge. 

von Kerczek, C. 1973, Ph.D. Thesis John Hopkins University 

Van Dyke, M. 1975 Perturbation methods in fluid mechanics., the Parabolic Press. 

Van Dyke, M. 1984 Computer-extended series. Ann. Rev. Fluid Mech.., 16, 287. 

von Kerczek, C. 1982, The instability of oscillatory plane Poiseuille Flow. J. Fluid Mech. 
116, 91. 

159 



von Kerczek, C., Davis, S.H. 1974 Linear stability theory of oscillatory Stokes layers. J. 
Fluid Mech. 62, 753. 

von Kerczek, C., Davis, S.H. 1976 The instability of a stratified periodic boundary layer. 
J. Fluid Mech. 75, 287. 

Warn, T., Warn, H. 1978 The evolution of a nonlinear critical level. Stud. Appl. Maths. 
59, 37. 

Watson, J. 1960 On the non-linear mechanics of wave disturbances in stable and unstable 
parallel flows. Par t 2. J. Fluid Mech 9, 371. 

Zahn, J.-P., Moomre, J., Spiegel E.A., Gough, D.O. 1974 Nonlinear cellular motions in 
Poiseuille channel flows. J Fluid Mech. 64, 319. 

Zhou, H. 1982 On the nonlinear theory of stability of plane Poiseuille flow in the sub critical 
rmige. Proc. Roy. Soc. A381 , 407. 

160 



F i g u r e C a p t i o n s 

F i g . l Sketch of the neutral diagram (from Cowley, 1987). T, is the time from which 
a mode with wavenumber a starts to grow and TQ is the time at which the 
mode becomes linearly neutral. We show that at time R = TQ + C'TJ, i.e. in 
the vicinity of, but before the neutral time is reached, nonlinearity controls 
the development of the disturbance. The index I takes different value in each 
chapter. 

Chapter two: I — where e is the magnitude of the two-dimensional 
instabihty wave. 

Chapter three: I = where e is the magnitude of the three-dimensional 
instability waves. 

Chapter four: I = where e is the magnitude of the three-dimensional 
instabiHty waves. 

Chapter five: / = where e is the magnitude of the near-planar instability 
wave. 

F ig .2 The evolution picture and critical-layer structures. The disturbances initially 
grow exponentially according to linear theory. As the neutral time TQ is ap-
proached, the growth rates become small, and linear critical layer emerge. 
Once the growth rates decrease further to O(e'), nonlinear interactions inside 
the critical layers control the overall development. The earher hnear and the 
subsequent nonlinear evolution stages are required to match in the overlapping 
domain. 

F ig .3 The coefficient go in amplitude equations (2.80) and (2.142), at different wave 
numbers. 

F ig .4a The real parts of the coefficients g in amplitude equation (2.80), gi and g2 
in the amplitude equation (2.142). 

F ig .4b The imaginary parts of the coefficients g in amplitude equation (2.80), gi 
and g2 in the amplitude equation (2.142). 

F ig .5 Plot of singularity structure parameters and cr, and the singularity time 
(A = 0.0) against wave numbers. 

F ig .6 Domb-Sykes Plot for a = 1.0 and A = 0; A: Re\bn/bn-i]\ x : /m[6„/6n_i]. 

F ig .7 Domb-Sykes Plot for a = 1.0 and A = 2.0; A: i?e[6„/6„_i]; x : /m[6„/6„_i]. 

F ig .8 Comparison of finite-difference, power-series and Pade-approximant solutions: 
o = 1.0 and A = 0, 2.0. The power series is truncated at 40-th order. 



Fig .9 Comparison of finite-difference, power-series and Pade-approximant solutions: 
a = 1.35 and A = 0, 2.0 and 20.0. The power series is truncated at 50-th order. 

F ig .10 Ln|yl| vs. the scaled time f for a = 0.8: solid lines represent finite difference 
results; dashed lines represent the asymptote computed from equation (2.158). 
Notice that finite-time singularity can not be eliminated by viscosity. 

F ig ,11 jLn|v4| vs. the scaled time f for a = 1.2: solid lines represent finite difference 
results; dashed lines represent the asymptote computed from equation (2.158). 
Notice that finite-time singularity can not be eliminated by viscosity. 

F ig .12 Z,M|v4| vs. the scaled time f for a = 0.5: solid lines represent finite difference 
results; dashed lines represent the asymptote computed from equation (2.158); 
dotted hnes represent the equilibria predicted by (2.168). Notice that finite-
time singularity is eliminated if A is sufficiently large. 

F ig .13 Ln\A\ vs. the scaled time f for a = 1.4: solid hnes represent finite difference 
results; dashed lines represent the asymptote computed from equation (2.158); 
dotted lines represent the equilibrium predicted by (2.168). Notice that finite-
time singularity is eliminated if A is sufficiently large. 

F ig .14 UQ defined by (2.170) vs. a ; for 0.6 < a < 1.3, equilibrium solution does 
not exist. 

F ig .15 Equilibrium solution: scaled amplitude |ylo|A~t and frequency k vs. a. 

Fig .16 Stability of the equilibrium solution for o- = 0.5: a vs. A. Dotted lines 
represent the large-A asymptotic approximation. 

F ig . 17 Stability of the equilibrium solution for a = 1.4: a vs. X. Dotted hnes 
represent the large-A asymptotic approximation. 

F ig .18a The real parts of the scaled coefficients in the amplitude equations (3.125) 
(the inviscid case) and (3.185) (the viscous case), where G = q/\a'^ sin^ 0], and 
Gj = gj/[a'^ sin^ e] ( j = 1,2). 

F ig .18b The imaginary parts of the scaled coefficients in the amphtude equations 
(3.125) and (3.185), where G = gl[ci'^ sin^ 6], and Gj — gjl\oL^ sin^ 0] {j = 1,2). 

F ig .19a The real parts of the coefficients g-n, 5*21 and 5-23 in the coupled amplitude 
equations (4.221) and (4.225). 

F ig .19b The imaginary parts of the coefficients g n , ^21 and ^23 in the coupled 
amplitude equations (2.221) and (4.225). 
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