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Abstract

The Stokes-layer generated by a sinusoidally oscillating flat plate in an infinite
fluid is an important prototype of unsteady flows, and is known to be susceptible
to high-frequency instability. According to linear theory (Tromans, 1977; Cowley,
1987), small disturbances can grow exponentially over part of a period and become
neutral at some time. The present study considers nonlinear effects on the instability
under a high-Reynolds-number assumption, i.e. R > 1. It is shown that in the
vicinity of the neutral time, the small disturbances evolve from a linear stage to
a nonlinear stage due to enhanced nonlinear interactions inside the critical layers
— the neighbourhood of a level at which the phase velocity of the disturbance is
equal to the basic flow velocity. Specifically, we have studied the evolution of a
two-dimensional wave, a pair of oblique waves and a resonant triad of waves. The
temporal-spatial modulation of near-planar waves is also considered.

For a two-dimensional disturbance, it is shown that the evolution is controlled
by nonlinear effects once the linear growth rate has decreased from order one to
O(eg), where € is the magnitude of the disturbance. The amplitude equation turns
out to be an integro-differential one of Hickernell type (Hickernell 1984). We study
the amplitude equation by series-extension and numerical methods. For the inviscid
case, i.e. € > R™%, the solutions always develop a finite-time singularity. When
viscosity is included, i.e. e ~ R~¢, it is found that (a) viscosity generally delays the
finite-time singularity, and (b) if viscosity is sufficiently large the singularity can be
completely eliminated, with the result that the wave evolves to an equilibrium state,
confirming the findings of Goldstein & Leib (1989). In particular. for the present
problem it is found that for disturbances with wavenumbers in the range [0.6, 1.3],
a finite-time singularity always occurs, no matter how large the scaled viscosity
parameter 1s. If € < R=%, i.e. the disturbance is relatively small, the amplitude
equation can be reduced to a classical Stuart-Landau equation by taking a limit of
the integro-differential equation. The stability of the equilibria is also studied.

For the case where the disturbance consists of a pair of oblique waves, the non-
linear evolution stage comes at a much earlier time, namely when linear growth rate
is O(e3), and it then evolves over a much faster time scale O(e~3), as in Goldstein
& Choi (1989). Mathematically this is due to a pole type of singularity in the
outer solution for the streamwise and spanwise velocities, which is much stronger
than the branch-point singularity associated with Uy, (y.) # 0. We show that for
the disturbances with order-one spanwise wavenumbers, the amplitude equation is
the same as that of Goldstein & Choi(1989), although U, (y.) = 0 in their case.
However, we point out that when three-dimensionality is relatively weak, the fact
that Uy, (y.) # 0 in our problem does bring in a difference. Moreover, we obtain an
amplitude equation for the case when viscosity effects are important in the leading
order equations of the critical layers, thus extend the analysis of Goldstein & Choi
(1989). At least under the inviscid limit, the solution of the amplitude equation can
develop a finite-time singularity, corresponding to the finite-distance singularity of




Goldstein & Choi (1989). In addition, it is noted that the nonlinear interaction of
waves can generate strong vortices of the same magnitude as the waves. We suggest
that these vortices may be identified as those observed in experiments, and may
have relevance to the streaky structure in a turbulent boundary layer.

For the case when three waves form a resonant-triad, we show that when the
amplitude of the planar and the oblique waves are O(e%) and O(e) respectively,
a mutual interaction takes place and the disturbances are governed by a coupled
integro-differential equation system. These amplitude equations are significantly
different from those of Raetz (1959), Craik (1971), Smith & Stewart (1987) in two
important aspects. Firstly the local growth rate depends on the the whole history
of the evolution, unlike a conventional resonant triad, where the local growth rate
depends only on the instantaneous amplitudes of the disturbances (see Goldstein
& Lee, 1990). Secondly the back reaction of the oblique waves on the 2-D wave is
accounted for by two cubic terms and one quartic term rather than by one quadratic
term. The amplitudes of the two-dimensional and the three-dimensional waves can
exhibit a finite-time singularity, the structure for which is proposed. The evolution
equations obtained in our study are shown to be valid until the magnitude of the
disturbance becomes order one; thus they provide a full description of the develop-
ment of resonant-triad waves from their linear small amplitude stage towards the
fully-nonlinear order-one-amplitude stage.

For the temporal-spatial modulation case, i.e. the case when the amplitude of
the disturbance is a slowly-varying function of spanwise position as well as of time,
it is shown that the development of the disturbance is controlled by critical-layer
nonlinearity when its linear growth rate decreases to 0(6%). Nonlinear interactions
influence the evolution by producing a streamwise vortex and cross-flow distortion.
The modulation equation turns out to be an integro-partial-differential one contain-
ing history-dependent nonlinear terms. A novel feature of the amplitude equation is
that the derivatives with respect to space, including the highest derivative, appear
in the nonlinear terms. These terms are associated with three-dimensionality, and
hence represent vortex stretching and tilting effects. The possible properties of the
amplitude equation are discussed. It is shown that a localized singularity may occur
in a finite time. This provides a possible explanation for the focusing of streamwise
vorticity and the formation of streaks.

The finite-time singularity, which can occurs in all the four cases studied, suggests
that explosive growth is induced by critical-layer nonlinear effects. Hence an initially
small disturbance is further amplified by nonlinear effects; moreover this nonlinear
growth can prevent the disturbance evolving into an equilibrium state as implied by
linear theory. We suggest that this nonlinear blow-up of high-frequency disturbances
is related to the bursting phenomena observed in experiments, and can lead to
transition to turbulence.
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Chapter 1

Introduction

1.1 Stability of Steady Flows

The transition from laminar to turbulent flow is one of the central problems in fluid
mechanics. It is generally attributed to some form of instability of the underlying
flow. One basic step to understand the transition is to study, either experimentally
or mathematically, the development of small disturbances on the basic flow.

Experimentally, many detailed investigations have concentrated on steady boundary-

layer flows, e.g. Blasius flow and free shear flow, in which small disturbances are usu-
ally introduced by vibrating ribbons or loud speakers (cf. experiments for Taylor-
Couette flow, where no artificial disturbance is introduced). The resulting waves or
wave-packets initially are two-dimensional and evolve linearly (e.g. see Schubauer
& Skramstad, 1947), then enter a nonlinear stage, at which super- and/or sub-
harmonics are generated. But eventually three-dimensional disturbances grow rapidly
and become appreciable (e.g. see Klebanoff et al, 1962; Kachanov & Levchenko,
1984; Saric et al., 1984; Cohen et al., 1991), and the flow undergoes laminar break-
down locally, manifested by the onset of turbulent spots, and ultimate transition to
turbulence.

Mathematically, the instability problem poses an initial-value problem of non-
linear partial differential equations (PDEs), which is difficult in general. For some
simple basic flows, such a problem became solvable recently by using supercom-
puters (see e.g. Kleiser & Zang, 1991). However when disturbances are sufficiently
small, one may expect that it is reasonable to linearize the disturbance equations.
The resultant linear system usually has space- and/or time-periodic solutions ac-
cording to the symmetry of the flow. By seeking periodic solutions of the linear
equations, the original initial-value problem is converted into a linear eigenvalue
problem!, solutions of which are usually called normal modes. The formulation and
the solution of such eigenvalue problems are one of the main aims of linear instabil-
ity theory. Its mathematical treatments have been summarized by, e.g. Lin (1955)

n contrast, Hall (1983, 1988) has shown that Gortler instability is essentially an initial-value
problem, and an eigenvalue approach yields misleading results.




and Drazin & Reid (1981). By solving eigenvalue problems, the critical parame-
ter for the onset of instability, e.g. a critical Reynolds number, may be predicted.
Also at a given parameter, the most dangerous mode, i.e. the mode with largest
growth rate, may be identified. Moreover, the case where the eigenvalue problem
is degenerate may have a significance in the instability of shear flows, as shown by
Benney & Gustavsson (1981). From a dynamical-system point of view, this linear
instability theory can be regard as a local bifurcation analysis. This type of analysis
has proved to be highly successful for Taylor-Couette flow as illustrated beautifully
by G. I. Taylor (1923). The theoretical prediction of Tollmien-Schlichting (T-S)
waves for Blasius flow (Tollmien, 1929; Schlichting, 1933) and plane Poiseuille flow
(Heisenberg, 1924; Lin 1944), was confirmed by landmark experiments of Schubauer
& Skramstad (1947) and Nishioka et al. (1975) respectively. In particular, the pre-
dicted critical Reynolds number for Blasius flow is in reasonable agreement with
experiments, even though the approach based on Orr-Sommerfeld (O-S) equation is
strictly not mathematically justified (see e.g. Smith, 1979).

To appreciate further the usefulness of the eigenvalue approach, we should recall
that the eigenfunctions form a natural function base, from which the solution of
the linear initial-value problem can be constructed. This was shown by Schensted
(1960) for two-dimensional disturbances in plane Poiseuille flow, where the set of
eigenfunctions is complete. As demonstrated by Henningson (1991), a similar con- .
clusion holds for three-dimensional disturbances, but to represent the solution of
the initial-value problem, the so-called Squire modes, in addition to the O-S modes,
have to be invoked. For Blasius flow, the eigenfunction set is not complete and a
continuous spectrum exists. As a result, the representation of the solution is more
involved (Gustavsson, 1971), but Gaster & Grant (1975) have demonstrated that
the evolution of disturbances can be effectively treated as a linear superposition
of discrete modes provided nonlinear effects have not become significant. In this
sense, these normal modes are basic “building-blocks” underlying the dynamics of
the evolution.

However, there are many situations where linear theory is insufficient and non-
linear effects have to be included. For instance:

(a) For plane Poiseuille flow, transition can occur at Reynolds numbers of the
order of 1000, much lower than the linear-theory result 5772 (Orszag, 1971).

(b) For a growing disturbance, no matter how small it is initially, at sufficiently
large times its magnitude will become so large that nonlinearity can no longer be
ignored.

(c) Three-dimensional disturbances are observed to experience very fast growth,
even though the initial disturbancegare predominantly two dimensional.

To explain (a), Stuart (1960) and Watson (1960) developed weakly nonlinear the-
ory. The theory is formally valid in an asymptotically small vicinity of a bifurcation
point, and is able to predict whether the bifurcation is subcritical or supercritical.
The subcritical case indicates that provided the amplitude is larger than a threshold,
a nonlinear bifurcation is possible at a lower Reynolds number; this provides a qual-
itative explanation for (a). A quantitative explanation can only be given by direct
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numerical $imulation, but discrepancies with experiments still exist. The concept
of threshold instability has been confirmed experimentally by Nishioka et al. (1975).
Moreover, by an amplitude-expansion procedure (now referred as Stuart-Watson ex-
pansion), Stuart (1960) and Watson (1960) formally derived the Landau amplitude
equations, which governs the evolution of two-dimensional modes near the neutral
curve?, though as a self—consiste(:z;symptotic theory, the range of its validity may be
small (Herbert, 1983).

In the context of Poiseuille flow instability, an extension of Landau’s equation
to take account of spatial modulation was given by Stewartson and Stuart (1971)
(see also Hocking, Stewartson & Stuart, 1972; Davey, Hocking & Stewartson, 1974).
They obtained an amplitude equation governing the subsequent nonlinear evolution
of an initially linearly growing disturbance, and thus somewhat resolved problem
(b).

Problem (c) has initiated much theoretical interest. Raetz (1959), followed by
Craik (1971), introduced a resonant-triad model, and showed that the resonance
between a two-dimensional TS wave and two subharmonic oblique waves could be
the mechanism for the rapid amplification of three-dimensional disturbances. On
the other hand, Herbert put forward a linear secondary instability theory, in which
the rapid growth of 3D disturbance is attributed to the parametric instability of
the two-dimensional primary wave after it has reached a certain threshold (e.g. see
Herbert, 1991; Bayly, Orszag & Herbert, 1991 and references therein). See also Kelly
(1967) for a discussion of a 2-D subharmonic parametric instability mechanism; he
first suggested this idea.

One feature of transition is that it often, if not always, occurs at high Reynolds
numbers. This suggests the application of asymptotic-expansion techniques; these
have played an important role in the development of hydrodynamic instability the-
ory. For example, using these techniques, Heisenberg (1924) and Tollmien (1929)
predicted the instability for plane Poiseuille flow and Blasius boundary flow respec-
tively. Moreover, Smith (1979a,b) has pointed out that a high-Reynolds-number-
approach is the only mathematically self-consistent account of the instability of
Blasius boundary layer. It does not, however, treat the minimum critical Reynolds
number. Based upon the scaling yielded by earlier heuristic approximations, Smith
(1979a,b) showed that TS instability in the vicinity of the lower branch of the
neutral curve is described by a triple-deck structure. The fully nonlinear version of
triple-deck problem is the counterpart of the fully Navier-Stokes (N-S) equations; the
linearized version is equivalent to a limiting form of the O-S equation. The extended
interactive version of Smith, Papageorgiou & Elliott (1984) provides the application
to flows at moderate Reynolds number of practical interest. Weakly nonlinear ef-
fects, in the Stuart-Watson vein, were studied in the framework of triple-deck theory
by for example, Smith (1979b, 1980) and Hall & Smith (1982, 1984). More recently,

2Generally speaking, “neutral curve” refers to the one yielded by linear analysis, and hence
weakly nonlinear theory depends crucially on the existence of such a neutral curve. But Henningson
(1991) argued that from the point of view of center manifold theory, the existence of a finite
amplitude (nonlinear) neutral curve is sufficient.
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nonlinear interactions between waves and vortices have been extensively studied,
e.g. see Benney (1984), Hall & Smith (1989, 1990), Walton & Smith (1990), Hall
& Smith (1991). In addition, by seeking high-frequency solutions of the triple-deck
equations, Smith & Burggraf (1985) revealed some novel instability features such as
eruption of vorticity from viscous sublayer and nonlinear Euler type of interactions.
Along this line, Smith & Stewart (1987) studied resonant-triad interactions along
the lower branch of the neutral curve. Recently, Mankbadi (1991), on the other
hand considered resonant-triad interactions in the upper-branch-scaling regime; the
agreement between his theoretical predictions and experiments is very impressive.

It should be noted that all the nonlinear theories so far mentioned are developed
for slowly-modulated neutral modes, i.e. for modes with vanishing small growth
rates. This possibly deviates from many practical cases, where the growth rates
of disturbances, though they may be small, are finite. Consequently, quantitative
predictions from these theories are limited, though many valuable qualitative ones
have been provided. Some efforts have been made to remedy this deficiency. For in-
stance, Zhou (1982) devised an approximation method, and calculated the threshold
amplitude. The agreement with experiment is fairly good. Because of the limita-
tion of nonlinear theories, direct numerical computations were developed, of which
there are two types. The first type is to solve the initial-value problem. The second
type is a global bifurcation analysis in the parameter space (e.g. see Ehrenstein &
Koch, 1991). In this approach, instead of tracing the temporal/spatial development
of an initial disturbance, one seeks nonlinear (stable or unstable) equilibrium peri-
odic solutions directly; these solutions bifurcate at certain critical parameters. Such
an approach has generally been applied to closed systems such as Taylor-Couette
flow, where some bifurcated intermediate states are stable, and can be observed
experimentally. In open flows, however, the intermediate states are often unstable,
and therefore are not experimentally observable. Nevertheless, there is some evi-
dence that they may be related to coherent structures observed in transitional and
turbulent flows. An appealing speculation is that these equilibrium solutions are
basic “building blocks” constructing a lower-dimensional manifold; the solution of
a nonlinear initial-value problem spends a substantial fraction of time “wandering
around” the neighbourhood of this manifold. If this occurs, the mean quantities
might be determined accurately enough by these equilibrium solutions. The above
speculation seems to be supported by an interesting finding of Rozhdestvensky &
Simakin (1984). They found that a low-resolution simulation, which they believe to
be adequate to take account of large-scale coherent structures, closely approximated
some overall quantities of engineering interest, such as the mean-flow profile and the
skin fI‘lCth_l&\’fa.CtOI‘

Most of ideas so far mentioned have mainly been developed for Tollmien-Schlichting
instability, "however they also apply to other instabilities. In this thesis, we will be
concerned with the evolution of Rayleigh instability waves in Stokes la.yers. We will
explore aspects like nonlinearity, three-dimensionality, in particular, resonant-triad
interactions and wave-vortex interactions.
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1.2 Stability of Unsteady Flows

Compared with steady flows, the instability of unsteady flows is not as well under-
stood. On the other hand, unsteady flows, in particular time-periodic flows, occur
abundantly in nature, and a knowledge of their instability is important in many
applications, e.g. the transport of sediment along the ocean bed (Li 1954), phys-
iological investigation of large blood vessels (Pedley 1980), and various pipe flows
in engineering. For surveys on studies of instabilities of unsteady flows, see Davis
(1974), von Kerczek et al. (1974, 1987), and Hall (1987). Stuart et al. (1990)
recently studied the instability of a squeeze lubrication film, where the flow varied
in both time and space.

In this study, we will consider the instability of the Stokes layer generated by
a flat plate oscillating sinusoidally with speed (Upcoswt*,0) in an infinite fluid of
kinematic viscosity v. The resulting flow has a boundary-layer thickness of order
§~ = (2v/w)?, and the Reynolds number R based on 6* and Up is Up(2/ww)!/2.
It is an important prototype of unsteady flows as well as an ezact solution of the
Navier-Stokes equations. Experiments show that a typical phenomenon occurring
in the laminar-turbulent transition process is bursts of high-frequency disturbances
followed by relaminarization, see e.g. Merkli & Thomann (1975), Clarion & Pelissier
(1975), Hino et al. (1976, 1983) and Akhavan et al. (1991a). Hino et al. (1983)
found that the bursts, and the associated streamwise vortex structure were similar
to those in the wall region of turbulent boundary layers.

Previous theoretical work on instability problems of time-periodic flows has so
far been restricted to the study of infinitesimal disturbances. Three types of theories
have been suggested. The first type is the global theory based on Floquet theory.
Von Kerczek & Davis (1974) considered the instability of a finite Stokes layer, i.e.
the flow between an oscillatory plate and a stationary plate, with a distance mé*
apart. For m = §, they found that the flow is stable up to R = 800. The numerical
method they adopted only applies to finite Stokes layers. Hall (1978) presented an
improved version of Floquet analysis, which can be applied to infinite Stokes layers
as well as to finite Stokes layers, but he too found that the flow was stable for all
Reynolds numbers investigated, i.e. R < 320. It was also shown by Hall that the
flow has a continuous spectrum of damped modes at all values of Reynolds numbers,
and that a set of discrete modes bifurcate from the continuous spectrum for certain
values of the Reynolds number. However it appeargthat the least stable mode of
the finite Stokes layer studied by von Kerczek & Davis does not correspond to the
least stable discrete mode of the infinite Stokes layer when m = oo. It is generally
believed that according to Floquet theory, the flow is stable at low Reynolds numbers
and possibly stable at all Reynolds numbers. Interestingly, while failing to predict
instability for a flat Stokes layer, the global theory gives successful predictions for
periodic flows with the presence of centrifugal force or stratification effects(Seminara
& Hall, 1976, Hall 1984, von Kerczek & Davis, 1976). A mathematical explanation
for this is given by Cowley (1987). Based on a large-Taylor-number assumption,
he could seek the high-frequency mode to the governing equation in Seminara &
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Hall (1976). At this limit, the basic-flow can be regarded as quasi-steady, i.e. the
mode can be found by “freezing” the basic-flow profile at each instant. Cowley
found that the most unstable mode at each instant remains to be most unstable
throughout the oscillation cycle. Hence the concept of the “net growth” represented
by a Floquet exponent is appropriate. For the Stokes layer over a flat plate, however,
there exists no mode which remains to be most unstable over the whole period.
Physically, the instabilities of the flows studied by Seminara & Hall (1976), and von
Kerczek & Davis (1976), are associated with the centrifugal and buoyancy instability
mechanisms respectively, while for a flat Stokes layer, the instability is associated
with shear of the basic flow. As a result of the difference in instability mechanism,
the instability in the stratified Stokes layer (Seminara & Hall, 1976) leads to the
formation of stationary regular vortex patterns, while in the flat Stokes la@yer the
instability is manifested by rapidly growing high-frequency disturbances followed by
relaminarization. The fact that disturbances are observed to grow only over part
of a period suggests that Floquet theory is too restrictive and may not be most
relevant to the practical instability of Stokes layers; this is because Floquet theory
concentrates on the net linear decay or growth of a disturbance over a whole period
rather than on the instantaneous “growth” to larger amplitude at any part in a
period. The latter appears to be more relevant.

The second approach can be classified as an Orr-Sommerfeld “quasi-steady”
type, e.g. Collins (1963), Obremski & Morkovin (1969) and Monkewitz (1983). As
emphasised by Cowley (1987) (see also Smith, 1979a,b), these theories are more
or less heuristic approximations and inconsistent mathematically in the sense that
the Reynolds number is assumed to be sufficiently large so that a multiple scale
analysis can be performed in time but then the Reynolds number is also taken
to be order one so that viscosity can be retained in the Orr-Sommerfeld (O-S)
equation. In particular, this type of analysis predicts that the instantaneous profile
has a lower critical Reynolds number at the start of the acceleration phase than
at the end of it (see e.g. von Kerczek & Davis 1974). Akhavan et al. (1991a,b)
argued that this is in conflict with the experimental observation that bu1sts occur
at the end of the acceleration phase. This disputable prediction mayAdue to the
aforementioned inconsistency, and thus can not be accepted. Similar inconsistencies
in some approaches made to analyze the effect of nonparallelism on instability were
noted by Smith (1979a,b). Also, it is difficult to take account of nonlinear effects
systematically in these theories.

The third type of approach is the self-consistent theory adopted by Tro-
mans (1977) and Cowley (1987). By assuming that the Reynolds number was large
throughout, the earlier ad-hoc quasi-steady assumption was put on a self-consistent
base. They assumed that the most relevant disturbances had frequencies of order
Ruw, i.e. frequencies much higher than those of the basic flow. The disturbance thus
evolves over a very fast time scale (Rw)~!. This is required for mathematical self-
consistency but is also in good agreement with experimental observation. It is found
that to the leading order, the disturbance is governed by the Rayleigh equation. A
Rayleigh instability of the Stokes layer to high-frequency disturbances was identified
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and the time interval over which such disturbances can grow was calculated.

1.3 Critical-Layer Nonlinearity

According to linear theory (Cowley, 1987), the disturbance undergoes a transient
growth, and then decays. A possible transition mechanism for the Stokes layer is
that before the disturbance decays, it can be further amplified by nonlinear effects
and cause transition to turbulence. The present study will be concerned with the
influence of nonlinearity on the disturbances considered by Cowley (1987). In par-
ticular, suppose that an instability wave with wavenumber « is excited at time 7;
on the left branch of the neutral curve“A"(see Fig.1, which arises in the paper of
Cowley, 1987), and then grows exponentially according to linearized theory until
the neutral time, say 79, is approached. In the vicinity of the neutral time, the
growth rate becomes small, and critical layers emerge. Mathematically, because of
the singular nature of the Rayleigh equation in the neighbourhood of critical layers,
some neglected terms have to be reintroduced to remove the singularity. Physically,
some ignored effects become important and have to be taken into account. These
effects could be viscosity (Lin 1955, Drazin & Reid 1981), nonlinearity (Benney &
Bergeron 1969, Davis 1969) or the so-called translation effect (Cowley 1985, Haynes
& Cowley 1986). In addition, Merkine (1984) showed that nonparallel effects rep-
resenting the “meridional advection” are significant in the critical layer of Rayleigh
instability waves in a nearly parallel rotating barotropic flow. The theory of critical
layers have been reviewed by Maslowe (1986) and Stewartson (1981). In this study,
we are particular concerned with nonlinear effects within the critical layers.

In the vicinity of a neutral curve, nonlinear effects can be taken into account by
weakly nonlinear theory. The original version of weakly nonlinear theory (Stuart
1960, Watson 1960) was developed for the case where the Reynolds number is of
order one. There the disturbance is governed by the O-S equation at leading order,
and the solution is regular in space; thus the nonlinear interaction takes place in
the whole flow field. In high-Reynolds-number flows, the possibility that nonlinear-
ity could first become important inside critical layers was first highlighted by Lin
(1957). Later, it was shown independently by Benney & Bergeron (1969) and Davis
(1969) that if the amplitude of the disturbance is sufficient large, the singularity
difficulty should be resolved by nonlinearity rather than viscosity. Cases where non-
linear and viscous effects are equally important in critical layer% were, considered by
Haberman (1972), Smith & Bodonyi (1981), and Bodonyi Smitﬁ?\(1983). It should
be emphasized that in these studies, the aim was to seek nonlinear neutral modes
directly, rather than to follow the development of a linearly unstable mode into a
nonlinear stage. Consequently, all critical layers in these studies are in equilibrium.
It is not yet clear whether such equilibrium solutions can evolve from some initial
linear state; thus the relevance of this type of mode to instability remains unknown.

The critical-layer nonlinear effects in a time-evolution problem, were first in-
vestigated by Warn & Warn (1978), Stewartson (1978), and Brown & Stewartson
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(1978). They specifically studied the evolution of a forced Rossby wave, and showed
that when time is sufficient long, nonlinearity inside the critical layers is significant
at leading order, and as a consequence the initially linear Rossby wave enters a
nonlinear evolution stage. The resulting critical-layer equation is similar to that
of Benney & Bergeron (1969), but differs in one important respect; this is that a
time-dependent term appears in the leading order equation, i.e. the critical layer
is not in equilibrium. Note that in these studies, it was assumed that free insta-
bility modes were suppressed. On the other hand, Hickernell (1984) considered
the critical-layer nonlinear effects on the evolution of a free Rossby-wave mode, i.e.
the wave satisfies homogeneous boundary conditions. By imposing an appropriate
radiation condition at infinity, the eigen-mode is “singular” in the sense that the
critical level does not locate at the inflexional point of the basic flow profile (see
below). Unlike the forced problem stated above, the critical-layer dynamics is now
governed by linear equations at leading order, and nonlinearity is weak in the sense
that it enters through inhomogeneous terms. Nevertheless, it is shown that this
weak nonlinearity inside the critical layer controls the growth rate of the instability
wave. In particular, because the time-varying term was retained in the leading-order
equations of the critical layers, he obtained an amplitude equation which contains a
history-dependent nonlinear term .

More recently, Goldstein & Leib (1988) and Goldstein & Hultgren (1988) have
considered the effects of critical-layer nonlinearity on the development of a two-
dimensional instability mode in a free shear layer. The critica.l'lafger structure ob-
tained by them turns Hut to be the same as that in the forced Rossby wave problem
studied by Stewartson (1978) and Warn & Warn (1978). However, itﬁvorth pointing
out that although the critical layer is strongly nonlinear, as in Benney and Bergeron
(1969), the eigenrelation of the instability wave is not affected by nonlinearity at
leading order. This is due to the fact that the critical layers evolved are regular
here (see below). As will be shown in the next section, it is only incidental that the
nonlinear terms are retained in the leading-order critical-layer equations. The nu-
merical solutions of Goldstein & Leib (1988), and Goldstein & Hultgren (1989) show
that vorticity roll up‘?\due to critical-layer nonlinear effects. This process is initially
inviscid, but sufficiently downstream, viscous effects eventually assert themselves,
and cause the vorticity distribution to diffuse into a much simpler pattern with
the generation of small lengthscale eddies being less pronounced compared with the
inviscid case (Goldstein & Leib, 1988). The instability wave was found to grow
algebraically, and consequently the critical layer evolves into a quasi-equilibrium
one, which is similar to that of Benney & Bergeron (1969). But the detailed flow
is different from theirs in that the vorticity in the closed streamline, i.e. within the
cat’s-eye boundary, is non-uniform. In both studies of Goldstein & Leib (1988) and
Goldstein & Hultgren (1989), a specific mean-flow profile was used. A extension of
their analysis into a general profile was made by Hultgren (1991). When an experi-
mentally measured profile was used, his theoretical prediction for the development
of the wave was quantitatively in agreement with experiments. A strongly critical
layer structure was shown to describe the vorticity roll-up process in boundary layers
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with weak adverse pressure gradient (Goldstein, Durbin & Leib, 1987). Goldstein
& Wundrow studied the evolution of so-called acoustic mode instability (Cowley
& Hall, 1990) on hypersonic boundary layers. They showed that the dynamics of
the critical layer was strongly nonlinear, and was governed by a nonlinear critical-
layer vorticity equation coupled with a nonlinear energy equation. Leib & Goldstein
(1989) investigated the nonlinear interaction between the marginal unstable sinuous
and varicose modes in the “Bickley jet”, Both modes are regular with the critical
levels locating at the inflexional points (the Bickley jet has two inflexional points
symmetrically off the center). The varicose mode is the subharmonic of the sinuous
mode, and thus they form subharmonic resonance (Kelly, 1968), i.e. the nonlinear
interaction occurs at quadratic order rather than at cubic order. The critical-layer
was found to be strongly nonlinear, i.e. analogous to that of Goldstein &Leib (1988),
but the equations governing the evolution of the amplitudes and the distribution of
the vorticity of each mode were strongly coupled.

Goldstein & Leib (1989) considered the evolution of a single oblique mode in
a compressible shear layer. They were concerned with the oblique modes whose
critical level locates at the so-called generalized inflexional point, and hence the
eigensolutions for the pressure and vertical velocity of the disturbance were regular
at the critical layer. The outer solutions for the streamwise and spanwise velocity do
exhibit a pole type of singularity, but in the single oblique wave case, it is appropriate
to assume that the wave grows in its propagation direction, and thus this singularity
as well as the spanwise velocity effects can be eliminated by an appropriate “Squire
transformation” (see also Goldstein & Choi, 1989). Nevertheless, they showed that
due to a pole type of singularity associated with the temperature fluctuation, the
critical layer nonlinearity controlled the evolution of the disturbance in a way similar
to that discovered by Hickernell (1984); the amplitude equation was found to be the
same as that of Hickernell (1984). The numerical investigation of the amplitude
equation show that the solution can either blow up at a finite distance downstream,
or evolve into an equilibrium state, depending on the relative size of the disturbance
and the Reynolds number as well as on the sign of the real part of the coefficient of
the nonlinear terms. Leib (1991) further extended the analysis of Goldstein & Leib
(1989) to the case where the critical level does not coincide with the generalized
inflexional point. He also removed “restrictions of unit Prandtl number and linear
viscosity-temperature relation”. In this case, the critical level is a logarithmic branch
point of the leading-order solutions for the pressure and the vertical velocity;
the pole type of singularity associated with three-dimensionality is again eliminated,
as in Goldstein & Leib (1989). The scaling of Goldstein & Leib (1989) still applies
because it is just the scaling for the case with a logarithmic-branch-point singularity
(cf. Hickernell, 1984). The amplitude equation was again found to be of Hickernell
type, but the “nonlinear kernel function” differs from, however is an extension of,
that of Goldstein & Leib (1989). We further notice that this difference is mainly
due to the additional nonlinear effect contributed by the logarithmic branch point.
The removal of other restrictions also results in modifications to the kernel; however
these modifications disappear at the inviscid limit, and are not dominant effects in
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the final formation of the finite-distance singularity. Leib (1991) showed that the
amplitude equation could have either an equilibrium solution or a solution which
blows up at a finite distance downstream, depending on the physical parameters of
the flow.

The evolution of interacting oblique modes, i.e. a pair of oblique modes with the
same streamwise wavenumber but opposite spanwise wavenumber was studied by
Goldstein & Choi (1989) in an incompressible free shear layer. There the critical
layer dynamics is significantly different from the corresponding 2-D case, “primarily
because the streamwise velocity has a simple pole type of singularity” (Goldstein
& Choi, 1989). The weakly nonlinear critical layer effects of Hickernell type were
identified, in contrast to the strongly nonlinear one in the corresponding 2-D case
(e.g. Goldstein & Leib, 1988). Note that the case of the interacting oblique waves is
also significantly different from that of a single-oblique-wave (Goldstein & Leib, 1989;
Leib, 1991) in that in the latter case the nonlinear effects associated with the pole
of the streamwise velocity are suppressed by an appropriate Squire transformation.
Ars-sresult—nonlinear-offects-assertstheir themselves much earlier.

The critical-layer nonlinear effects on the development of a resonant triad of
Rayleigh instability waves in adverse-pressure-gradient boundary layers werp inves-
tigated by Goldstein & Lee (1990). On the other hand, Mankbadi (1990) studied
the resonant-triad evolution of T-S waves in Blasius boundary in the upper-branch-
scaling regime, in which a critical layer is distinct from the viscous wall layer (see,
e.g. Drazin & Reed, 1981; Bodonyi & Smith, 1981). More comments on this aspect
will be made in Chapter four. In addition, Churilov & Shukhman (1988) studied
an unsteady, weakly nonlinear critical layer in a stratified flow and obtained am-
plitude equations evolving history effects. In particular, they found that in certain
circumstancey the cubic nonlinear term disappeared due to the symmetry property
of the flow, and ,‘:Quintic nonlinear term arose.

This study is designed to address the effects of the critical-layer nonlinearity on
the development of initially small disturbances, in the hope of shedding some light
on the transition mechanism of the Stokes layer of interest here. We are concerned
with the temporal evolution since this appear to be relevant to the instability of the
Stokes layer.

The overall structure of this thesis is as follows. In the next section of this
chapter, which forms the cornerstone of this thesis, the underlying scalings are
derived by considering nonlinear interactions inside critical layers. We show that, in
the vicinity of, but before the neutral time, these nonlinear interactions control the
overall development of initially linear instability waves. Consequently, disturbances
enter a nonlinear evolution stage. The scalings are shown to be directly determined
by the singularity properties of the disturbance vorticity near the critical levels.
In Chapter two, we consider the simplest case where the disturbance is a two-
dimensional wave. In Chapter three, we study the evolution of the disturbance
consisting of a pair of oblique waves. A disturbance that is composed of a resonant-
triad waves is studied in Chapter four. In Chapters two to four, the disturbance is
assumed to be periodic in space and to evolve with time. However in Chapter five,
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we consider the nonlinear temporal-spatial modulation of a near-planar wave, where
the spanwise distribution of the disturbance is allowed to be of general form.

Each chapter has a brief summary of the main results and an introduction. The
analysis in each chapter proceeds in an outer-inner expansion style. In the “outer
expansion” procedure, the asymptotic solutions near a critical levels are constructed;
as usual, they are found to contain unknown jumps across the critical layers. In
order for the inhomogeneous Rayleigh equations to have solutions, an appropriate
solvability condition has to be imposed. The “inner expansion” procedure seeks
the solutions within the critical layers which match onto the corresponding outer
expansions. The matching determines the jumps. It is noted that nonlinear effects
control the development of the disturbance by altering these jumps. Using the
solvability condition and the jumps, we obtain amplitude equations. The properties
of the amplitude equations are discussed and interpreted.

Except in Chapter four, viscous effects have been included in the leading-order
critical-layer equations (Chapters two, three and five), i.e. the critical-layers evolved
are both unsteady and viscous in nature. However, in Chapter four, a consideration
of viscosity would greatly complicate the analysis. Instead, we assume that the
Reynolds number is sufficiently large so that viscous effects do not play a leading-
order role in the evolution of the disturbance, and hence can be neglected.

For the two-dimensional case (Chapter two), detailed numerical as well as ana-
lytical investigations of the amplitude equation are performed. The studies of the
remaining cases are mainly devoted to derivation of the amplitude equations.

1.4 General Scaling Arguments

We take the flow to be described by Cartesian coordinates (z,y,2), where z is
parallel to the direction of oscillation of the plate, y is normal to the plate and z is
the spanwise direction. If (z,y, ) is non-dimensionalised by &*, velocity (U, V, W)
by Us, and time 7 by w™!, i.e. 7 = wt* (see §1.2 for the definitions for 6*, Uy, w and
t*), then the basic flow field can be written as

(U,V,W) = (cos(T — y)e?,0,0) .
We denote the perturbed flow by
U+ u, v, w).

Substitution into the Navier-Stokes equations yields equations for (u,v,w).
Following Cowley (1987), we study high-frequency instability waves, and intro-
duce the fast time scale
t= Rt , (1.1)
to take account of the frequencies of the waves.
The normal velocity component v of a disturbance of O(¢), to the leading order,

has the form
€Aot(y,7)E cos Bz + c.c.
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where € < 1, and S is the spanwise wavenumber and is assumed to be order one;
B = 0 corresponds to the case of 2-D disturbances. The function o satisfies the
Rayleigh equation, and the order-one complex constant A, is a measure of the scaled
amplitude of the disturbance. Hereafter c.c represents the complex conjugate of the
part written out. For convenience, we have defined

E = exp(iaz — zé\(t)) ,
where o is the wavenumber, and is assumed to order one in this study, and
A

j—f:%ac(TH% F0(r) +... a2
with ¢ being the complex phase velocity, i.e. ¢ = ¢, + i¢;. For the fast time scale #
defined by (1.1), it is convenient to introduce the factor 1 in (1.2) (Cowley, 1987).
The O(R™2) term in (1.2) represents the effect of the viscous sub-Stokes layer (near
the wall) with a thickness of order R~%; this thin layer needsto be introduced
to reduce the slip velocity of the disturbance to zero at the wall (Cowley, 1987).
However compared with nonlinear effects to be addressed in this study, this viscous
modification to the dispersion relation is at a higher order (see Chapter two), and
thus can be ignored.

As discussed earlier, we concentrate on the times near to the neutral time, say

7‘=7‘0-|-61T1,

where index [/ is a measure of how “quickly” the nonlinear evolution stage occurs. At
this stage, the linear growth rate ac; is of order €, as can be deduced from a Taylor
expansion of ac(T) at 7o, i.e. ac(r) = ac(ry) + €'¢'(10)m + . ... We will show that the
value of the index [ depends on the nature of the singularity in outer expansion of
the disturbance vorticity at the critical layers.

Before proceeding to a formal asymptotic expansion, we need to set down the
underlying scaling, i.e. to specify the evolution time scale and the thickness of the
critical layers in terms of the magnitude of the disturbances e. For this purpose,
we introduce an intermediate time scale® ¢; = ac;t, which is much “slower” than
the time scale of the instability waves, but much “faster” than the time scale of the
underlying Stokes flow. The disturbances are then described by time variables ¢, ¢;,
and 7. In terms of these new variables, the z-momentum equation can be written
as follows

7] — 0 0 oU dp 0 0 0
O —— —c ) —+9oR 1 — —RAu=-F L u——uv——
{ac,at1 +U c,)ax +2R aT}u-{—v oy R Au 9 Do 8yuv LR
where we have replaced % by —c,% after using (1.2) to the order required, and
o? o? 92

JAN

= 922 + oy? + 022

3For inferring underlying scaling, this time scale is loosely defined at present, but will be pre-
cisely defined in each chapter.
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We are particularly interested in the case where the nonlinear evolution occurs
on the fastest possible time scale, i.e. the time-variation term appears at leading
order in the critical-layer equations. Suppose that the thickness of the critical layer
is O(u), then near a critical level, (U —¢,) is O(p) if U, (y.) = O(1 ) where y. is the
critical level defined by U (yc) = ¢r. Balancing ac; gt and (U — cr) yields

g~ 0(c) . (1.3)

This scaling brings in a new non-equilibrium effect that does not occur in the analysis
of Stuart (1960) and Hall & Smith (1982, 1984). As pointed out by Hickernell (1984),
it is this effect that leads to an integro-differential type of amplitude equation. Such
a non-equilibrium effect was included in the analysis of Goldstein & Leib (1988,
1989), Goldstein & Hultgren (1989), Goldstein & Choi (1989), and Goldstein & Lee
(1990), Churilov & Shukhman (1988).

From the asymptotic property of the Rayleigh equation near a critical level, we
know that v ~ O(e) as y — y..

For a regular critical layer of two-dimensional disturbances, i.e. Uy (y.) = 0,
both v and streamwise velocity u are regular, and in particular u ~ €(y — y.) as
y — Y. For a singular critical layer of 2-D disturbances, i.e. Uy, (y.) # 0, u exhibits
a logarithmic singularity, i.e. u ~ elog(y — y.) as y — y.. For three-dimensional
disturbances, the streamwise velocity u exhibits a pole type of singularity, i.e. u ~

€ (y —y.)"" as y — y., as noted by Benney (1961). In summary, for all three cases
the vorticity of the disturbances can be expressed in the following general form
O(——) ~ 0(=3) (1.4)
w~ Uy, ~O0(——)~ 0(—), .
! (y - yc)k I

where the value of k represents the singular property of vorticity, i.e.

0 for a regular critical layer of a 2-D disturbance, i.e. Uyy(yc) =
k=4 1 fora singular critical layer of a 2-D disturbance, i.e. Uy, (y. )
2 for a 3-D disturbance.

Following the idea of Hickernell (1984), we now turn to analyze the nonlinear in-
teractions inside the critical layers. The quadratic interaction through vu, produces
a forcing of O(;—i) Balancing this forcing term with ac; gt“ in the z-momentum
equation, we know that it generates a second harmonic and a mean-flow distortion,
say u?,

@ €’
ul®) ~ O(#k+1) .

Similarly, the cubic interaction through vuz(f) produces a forcing of O(;,fi—z) Bal-

ancing this forcing term with ac; gt“, we know that it drives a fundamental u(®):

ul® ~ ~ O( k+3).
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In order for the evolution of the disturbance to be affected by nonlinear interactions
inside the critical layers, this fundamental is required to match with the unsteadiness
of O(ac;e) ~ O(pe) in the outer region, i.e.

63

0(“k+3)~JCK€u)-

This rather delicate balance was first discovered by Hickernell (1984). Its physical
interpretation is that the nonlinearly generated streamwise velocity is required to
smooth out the O(ex) discontinuity of the outer solution across the critical layer.
The above balancing yields

o~ O(e54) (1.5)
or equivalently
f)
= ——. 1.
k+4 (16)

Clearly the scaling depends on the singular property of the critical layers. For
regular critical layers, ¥ = 0, so p ~ O(e%). This is the scaling in Goldstein &
Leib (1988) and Goldstein & Hultgren (1988). Under this scaling, the critical layers
turn out to be strongly nonlinear. But we emphasise that this is only a coincidence
because, unlike Benney & Bergeron (1969), we did not deliberately require nonlinear
terms to be retained at leading order in critical-layer equations.

For 2-D singular critical layers, &k = 1 so

[~ O(eg) . (1.7)

This is the scaling obtained by Hickernell (1984). The same scaling applies to
evolution of a single oblique mode in a compressible share layer (Goldstein & Leib
1989), where the cross-flow effects and the effects associated with the pole type of
singularity can be eliminated by use of an appropriate “Squire transformation”.

In the problem concerned here, it turns out that along the right branch of the
neutral curve (see Fig.1), there exist two critical layers and both are singular. Equa-
tion (1.7) thus sets the scaling for the two-dimensional disturbance, which will be
studied in chapter two.

For 3-dimensional disturbances, k = 2, so

o~ O(ed) . (1.8)

This scaling was obtained by Goldstein & Choi (1989) when studying three dimen-
sional disturbances in a free shear layer, where U, (y.) = 0. Note that in the present
problem, U,,(y.) # 0. We shall examine the nonlinear evolution of a pair of oblique
waves in such a flow in chapter three. It appears that (1.5) unifies the scalings for
a variety of cases, and provides certain insight into the critical-layer nonlinearity.
Following a similar analysis as above, we can obtain the scalings for the resonant-
triad case and temporal-spatial modulation case. But we prefer to present these
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scaling arguments in chapter four and chapter five respectively, which are devoted
to the study of these two case.

Finally, we check for the influence of viscosity. A typical case is that viscous
diffusion terms appear at leading order in the critical-layer equations. This occurs
when

R™% ~ O(n) ,

l.e.

R ~ O(e 7). (1.9)
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Chapter 2

Nonlinear Evolution of a
Two-Dimensional Wave

Abstract

The Stokes-layer generated by a sinusoidally oscillating flat plate in an infinite
fluid is an important prototype of unsteady flows, and is known to be susceptible
to high-frequency instability (Tromans, 1977; Cowley, 1987). According to their
linear theory, a small disturbance can grow exponentially over part of a period and
become neutral at some time. The present study considers nonlinear effects on
the instability. We assume that the Reynolds number R is asymptotically large,
le. R > 1. It is shown that in the vicinity of, but before the neutral time, the
small disturbance evolves from a linear stage to a nonlinear stage due to enhanced
nonlinear interactions inside the critical layers, i.e. thin regions centered on levels
at which the phase velocity of the disturbance is equal to the basic flow velocity.

For a two-dimensional wave, it is shown that the evolution is controlled by nonlin-
ear effects when the linear growth rate decreases to O(eg), where € is the magnitude
of the disturbance. The amplitude equation turns out to be an integro-differential
one of Hickernell type (Hickernell 1984). The solutions develop a finite-time sin-
gularity if viscosity is not too large, and viscosity generally delays the finite-time
singularity, in agreement with the findings of Goldstein & Leib (1989). For the Stokes
layer of interest in this study, it is found that for disturbances with wavenumbers
in the range [0, 0.6] or [1.3, 1.43], the singularity can be completely eliminated if
viscosity is sufficiently large; as a result the wave evolves to an equilibrium state.
The stability of this equilibria is also studied. However for the disturbances with
wavenumbers in the range [0.6, 1.3], a finite-time singularity occurs, no matter how
large the scaled viscosity parameter is. We suggest that this nonlinear explosive
growth of high-frequency disturbances may be related to the bursts observed in
experiments.
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2.1 Introduction

As a first step in our theoretical study of nonlinear effects on the stability of Stokes
layers, we consider the simplest case where the disturbance is a two-dimensional
wave.

As stated in Chapter one, critical-layer nonlinearity exerts its influence on the
development of a two-dimensional wave at the times near to:

T=7’0+6%T1 , | (2.1)

i.e. the time at which the linear growth rate is O(e%). It is at this stage that
nonlinear effects control the development of the disturbance.

For a two-dimensional disturbance, it is convenient to work with the stream-
function equation, which is written as follows:

_ 10 - Y 1
(U'a; + 255;) 2¢ - Uyya—m = §V4¢ + 1/’r¢yyy - ¢y¢xyy ’ (2-2)
where ) ,
v2 - __a_ + a_
0z?  Oy?
For convenience, we rewrite the nonlinear evolution time scale as follows
1, |
th= et (2.3)

The evolution of the disturbance is then described by four time variables, namely t,
t1, 71 and 7o; the dependence on the slow time variables 7, and 7, is parametric to the
order of approximation in this study. With the multiple time scales so introduced,
the time derivative in equation (2.2) should be interpreted as follows

3} 0 1_20 2 0 0
— 5 R— 4+ —Reb— + ¢ 5 — 4+ — . 24
67'_) 5t+2 68t1+6 871+870 ( )
Since the basic flow U evolves on the slow time variable 7, it is sufficient to
expand its profile at time 7 in a Taylor series about the neutral time 7o

U(y,7) =U(y,70) + C%UT(y,Tg)Tl + ...

Hereafter all basic flow quantities will be evaluated at 7o unless otherwise mentioned.

The whole evolution process can be summarized in Fig2. As illustrated, the
disturbances are initially well described by linear theory (Tromans, 1977; Cowley,
1987). As the neutral time 7, is approached, their growth rates become small,
and linear critical layers emerge. Once the growth rates decrease further to O(ef),
le. at times 7y = O(1), nonlinear interactions take place and control the overall
development. The earlier linear and the subsequent nonlinear solutions are required
to match in an asymptotic sense in the mutual overlapping domain. The analysis is
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largely similar to that of Hickernell (1984) because of the the same type of singularity
being treated. However one different point is that instead of imposing an initial
condition at some specific time, we insist, following the idea of Goldstein & Leib
(1989), that the nonlinear stage should match onto the earlier linear one (see also
Goldstein, Durbin & Leib, 1987; Churilov & Shukhman, 1988). Note that besides
a different flow being considered, the present study also differs from Goldstein &
Leib (1989) in two aspects: firstly we consider the temporal evolution, and secondly
our critical-layer singularity is associated with the logarithmic branch point in the
disturbance velocity rather than the simple pole associated with temperature.

2.2 Outer Expansion

In this and the next sections, we assume that the Reynolds number is large enough so
that viscosity does not play a leading-order role in the evolution of the disturbance.

2.2.1 Asymptotic Solutions Near Critical Layers

Outside the critical layers, the stream function of the disturbance is expanded in
the following series:

Y = ey +6%7/)2+€%¢’3+--- ) (2.5)
where 11 = A(t1,71,70)$1(y, 70)E + c.c, E = exp(iaz — zé(t)), and
A
dé 1 1 __: ,
E = §QC(To)QQ(TQ) -+ §R_2 QI(TO) + ... ' (26)

Here the dependence on 7y, and 7; is due to the time variation of the basic flow.
They can be treated as parameters to the order of interest in this study, and thus
hereafter they will not be written out explicitly.

The function ¢; satisfies the Rayleigh equation:

| v (U—=c)(D?=a®)¢y — Uyyey = 0. | (2.7)
The bew\dwﬂ COA&A&wn Whal &, vanishes ek the wisl and ok che nfinity,
Let n = y — yZ, where y! is the j-th critical level defined by U(y?) = c; then as

n — £0, ¢, has the following asymptotic behaviour:

¢1 ~ afdy + b ¢y + pida log 0] (2.8)

where 1
¢a=n+§pj772+--- 3 (29)
d=1+gn +.... (2.10)

The O(eg) term is introduced to take account of the nonlinear interaction inside
the critical layer, and has the following form

Yy = ¢o(y,t1)E* + coc. .
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The function ¢, satisfies the same equation and hence has the same asymptotic
behaviour as ¢; provided « is replaced by 2a. Later, however, ¢, will be found to
be identically zero.

The function 15 takes account of distortion of fundamental in the vicinity of the
neutral time, and has the following form

Y3 = da(y, 1) E + cc. . (2.11)
The function ¢3 is the deviation of the eigenfunction from its neutral state, and is
found to sa‘risfy the following inhomogeneous Rayleigh equation:
U + ia(?nyﬁA
(U - c) U-c

(Dt 2l = (i) [~ —(iallm) A

The asymptotic behaviour of ¢3 is as follows:

¢z~ —b}trj log [n] + (a;trj + b;'tSj)'I] log |n| + ...

}1 . (2.12)

+cE o+ dE[gy + pidalog 1] , (2.13)
where
Uy
pi = oo (2.14
! U, )
1, 10, U
% = ¢t om T o (2.15)
’ 2 2 U, U2
U, dA _
AP -1zvr 77 2
7.7 (7 ) Uy2 (li (ZQUTTI)A]) ( 16)
s; = (1a)71{( zaUyTﬁA)—[{y—;’-k(zarlA)Ui’yT
Y Uy
VSN )
+(—E —iaU;n 4) s yy} ) (2.17)

where all basic flow quantities are evaluated at time 7, and at the critical lever yJ.
The jumps (a- — a;') etc. will be determined by analyzing the critical layers.
We now introduce an inner variable:

— i
y=21=4"Y (2.18)
The outer expansion written in terms of the inner variable is as follows:
Y o~ ebiAE + €8 log 65( birj + bipJAY)E b
+ b [(=bFrjlog [Y] + dF) + A(afY + binog [YD)E
+ €8 log et [(a ri+ bFs; +dfp,)Y + = Apr*YZ]E

+ €5 [ciY + (afr; + bfs; + dipJ)Ylog Y|+...]E
+ece+.... (2.19)




2.2.2 Solvability Condition

Multiplying both sides of (2.12) by ¢, and integrating from 0 to 400, we obtain the
solvability condition for (2.12):

— Z FP(AJ) = Z.a—l']].g;% + J2T1A 3 (220)
J

where the summation is made over all critical layers, and F'P denote the finite part

Of AJ’: »

Dj = (pay$1 — dad1y), i+ — (bayb1 — dadry),_ - - (2.21)
The constants J; and J; are defined by the following integrals
_ ot Uy g
So= /0 U= oy $1dy , (2.22)
to Upls Uyr -
= —— — dy. 2.2
J2 /0 [ (U—C)2 +(U_C)]¢1 [ ( 3)

Note that J; and J; are singular and should be interpreted in the sense of Hadamard.
By using the asymptotic expressions (2.8), (2.13) together with (2.9) and (2.10), it
is found

FP(8;) = (6 ef —b7ef) = ri(bf af —b7la7) — ps(b} df — b7 d5)
—df(a} —a7) —af(df —d7 )+ (af —af)(d} — d77) . (2.24)

We shall obtain the amplitude equation from (2.20) and (2.24) after the jumps

(af —aj) etc. are determined by analysing the critical layers in the next section.

We emphasise that nonlinearity influences the evolution of disturbance by altering
these jumps; thus in the analysis of the critical layers, it is sufficient to concentrate
on these parts of the solution contributing to these jumps.

2.3 Inner Expansion

2.3.1 Inner Solutions and Jumps

The expression (2.19) suggests that the inner expansion within the j-th critical layer
takes the following form:

U=ely + 630, + €5 logef Uy + €5 Wy 4.6k loged Uy,

+ €50, + €k log EWg, +e5Us+ ... . (2.25)

The function ¥, satisfies the equation:

Lo¥, =0, (2.26)
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where

0 - — a,0°
Ly =[— Y = . 2.27
o =g, T (O +Un)g gy (2:27)

The solution which matches the outer expansion is: '
U, = A(t))E + cc. (2.28)

where A = bjA and b} = b = b;, i.e. the jump (b] — b]) is zero.
The functions ¥, and ¥, ; both satisfy the same equation as ¥;. The solutions
that match the outer expansion are:

\Ilz = B(tl) + é(tl)Ez + c.c. ,
\Dl,l = bj(—T‘j + ApJY)E + c.c. .

The function V5 satisfies:

LoV3 = L1V, , (2.29)
where
1~ -2 7 1o 2 ° ] a 9
Ll = —(§Uyy5 + UyTTll + ??“ T'TTl )8 '8}/2 + Uyy‘a_:l; . (.-.30)
Let
‘1}3 = @3(}/,t1)E +c.c.,
then ®; satisfies the following equation:
Izoq)g = iafl(tl)Uyy 9
where
- d . == 0?
Lo = [3—t1 + 1a(U,Y 4+ Urry)) Y7 -
It can be shown that:
@3)/)/ = iOJUyybjFo(Y,tl) ; (231)
@3}/ = @3}’(0,t1) -I-pjbjFl()/,tl) ; (232)
N1 Uyy
@3 = @3(0,t1) + (I)ay (0, tl))f -+ (za) -ﬁ?bng(Y,h), (233)
y
where
-
F(Y,ty) = [ elo@rslmiengeye (2:34)
t a0, Y (6~t1) _ .
R e L (235)
—00 3 |
1 gl E-t) _iol], Y (6 —t;) — 1 :
B(Y,t) = / y A(€)eoUrmiet) ge
2( 1) o (5 _ t1)2 (6) 6
(2.36)
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Using a Mellin transformation technique (Bleistein et al., 1990), we find that as
Y — +oo, @3y and @3 have the following asymptotic form

By~ igz‘ijgn(Uy)fi +[®av(0,41) + pj (v + log |aT, Y )A] + O(Y ),
(2.37)
T, _ o _ .
b, ~ {:l:;zSgn(Uy)ij + [@3v(0,t1) + p;(y + log |aU,Y|)A]}Y

F5irib;Sen(0,) — r38;Sgn(T,)(x + 1 + log [all,Y]) + B5(0, 1) + O(Y™2) ,
(2.38)

where v is the Euler constant. Matching the asymptotes of ®3y and &5 with the
their outer solutions respectively gives the following jumps:

af —a; = wip;b;Sgn(U,) , (2.39)
df —d; = —mir;b;Sgn(U,) . (2.40)

In this procedure, ®3(0,¢,) and ®3y(0,1,) are determined as follows:

_ 1 . _
93(0,t1) = df + 7‘jbngn(Uy)(;)-7rz +v+1+1oglal,|), (2.41)
@3)’(0,t1) == QoA 3 (24—2)
where . . B
Qo = a;' - ijj[gisgn(Uy) +7—1+loglal,l] . (2.43)
The function ¥, satisfies the following equation:

LO\I"i = Ll\PQ + \I}l,x\lfg,yyy + N (244)

The first non-homogeneous term in (2.44) is analogous to that in (2.29) and thus
it produces an analogous velocity jump. The solution driven by the second term
(¥12¥3yyy), i.e. by the nonlinear interaction of the fundamental, produces no
velocity jump. Because (2¢, c) is not an eigen-mode of Rayleigh’s equation (Cowley,
1987), 15, and hence ¥,, should be identically zero.

The solution of (2.44) has the following form:

U, = (Ih(,o) + (I>‘(12)E2 + cc. (2.45)

)

where the mean-flow distortion, <I>§°, and the second harmonic, Q’ff), satisfy the

following equations respectively

ait@ff’w = —ia*Uy U, A%(tr) [ e @Y+ 0mee iy — £)dg,  (2.46)
1 0
['(;S‘ +2a(0,Y + U,n))0y = ia® yynyAl(h)/o e~ O +0rm)ee Aty — €)de .
1
(2.47)




We find that

0Py = —ia®Tyl, [ [T e 0T Ot he (1 — ) At — ¢ - m)dgn,
(2.48)
oy = =l 0,7 [ [T e O Omieg (1 — ) At - € - n)dedn,
(2.49)
¥y = @000, [ [ e @XM — 0 A — €~ n)dedy
(2.50)
oPyyy = o'U,0," /Ooo /Ooo e O +Trm) @2 (¢ 4 2m) Aty — ) Aty — € — n)dEdy .
(2.51)
The function ¥ satisfies the following equation:
LoUs = L1 U5+ LUy + 91, Vuyyy + ..., (2.52)
where
1_ 1 o®
L, = [6UyyyY3 + Uyyr1 Y2 + Uy 72Y + G mrl]a 7
+Uy Y + Uyyfrl]a%
[8‘91 (O,Y +0 Tl)ai]%. . (2.53)

We shall first seek the solution induced by the linear forcing terms, i.e. the first
and the second terms in (2.52). By using (2.28), (2.30), (2.33) and (2.53), these two
forcing terms can be expressed in the form of FU(Y,t,)E, where

FO4) = a2[_a?_+ia(UY + U,m)A] + 10,5, Y + Uyyrri) A
1

+a2Uybe'(

bt

Uy Y? + Ui Y + 20U, Fo(Y, 1)

[\

s U
+1aUy, [83(0,11) + @3y (0,21)Y + (1) 1U—yjbjF2(Y,t1)] .
Yy

(2.54)

Let (I>5ny denote the solution driven by FU)(Y,¢,)E; then it is found that

- 1. . 1
(I)g})’}’ = P?bjG2(Y, t1) + a2Uyybj(§UyyY2 + UprnY + §U‘r'r7'1 )G1(Y )
+ia[(UyyyY + UnyTl)bJ' + 0ny0Y]F0(Y’ t1)
_ (21 . _
+a?b;A(ty) + iaUy, / D3(0, ¢)eio OV +Urm)E-ti)ge | (2.55)
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where
1

Gl(Y,tl) = FO Y é)eW(Uyy'*'U'r"'l)(E tl)df
+c0
= [ At - e eimka, 2.56)
0
t
Gy (Y t) = 'R (Y, £)eiOuY +0rm)(=t) gg

Aty — €)@ +Umitge | (2.57)

_ /+°° UVt _ jal,VE ~ 1
= | :

Integrating with respect to Y, we have:

o 1 7.
oY) = (ial,) lpfijz(Y,tl)+557]??51‘1{1(3’%)— U—yTlpjbsz(Y,tl)
Yy _ y
1 Uyir
+ia(Uyyy b; +Unyo)( 7,72 Ho(Y, ;) + 5&/ m1b; F1(Y, 1)
Yy Yy

—aianrTijbj/ (€278 — 1) A(ty — §)em O +Urm)e g
2 0

+00 eial_nyﬁ -1

o?bjA(t)Y + p; /0 : B3(0, 1, — £)e @O +Urm)ege
+®5v(0,%1) (2.58)
where
+o0 ¥ - ial, Y¢é - _
Ho(l/’ tl) — ‘/(; 1 + aUyY€€2 € v A(tl _ ﬁ)e—za(Uyy-}-UT"’l )5d€ ,

(2.59)

A(tl _ é)e—ia(UyY+UT’r1 ){d{- ,
(2.60)

; [t (aU,Y€)? — 2iaU,YE -2 + 9eielUy Y
() )tl) - 0 62

A(tl _ é)e—ia(UvY+U,‘rl )Edé )
(2.61)

400 s T VEoicUYE _ o ial,YE ; _)/ 2
Hy(Y,t) = /0 tolyee™ 2yt +ial, Ve +

62

The asymptotic behaviour of <I>§’,), again can be obtained by a Mellin-transformation
technique. After an extensive calculation we have:
1
O~ (afp; + 24305 + 5A50)Y + (afr; + pydf +5ib;) log Y]
1 . = -
+{i§7rzSgn(U Yafr; +pidf +sib)+..}+0Y™Y) . (2.62)
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We now consider the solution of (2.52) induced by the nonlinear forcing term
(¥, .¥4yyy), which, after some substitution, can be written as follows:

FOY, 1) = ic(A2 Dy + AD)y — A0 )E+ ... +cc, (2.63)

where only the terms proportional to E need to be written out, since we are only
interested in the fundamental wave. The solution is:

o0y = —i®0,, U (I, + 11, + I13) | (2.64)
where
+00 ptoo ptoo n “ . L= _
W= [ [ Al A (hm(p) Altie——p)e O +0m) &0 dedcdy
o Jo Jo
(2.65)
+00 pt+o00 +oo
= —/ / / E+2p)EA* (10 A(ti—(—p) A(t1—E~(—p)e T +0-mE) dedcdp
(2.66)
oo oo —ia(UyY +Urm1)(¢€)
mL=[" [ "6 A(tr=0) A(t—(p) A" (tr—t—(—p)e =@ +0mm)E) g dcdp
(2.67)
Integrating (2.64) with respect to Y, we obtain:
B0V, 1) = —ia® U, 2 / (T + I, — I5)dY + 88)(0,1,).
AsY — too, @57;, (Y,t1) has the following asymptotic behaviour:
_ - +oor+oco . - A N N
(V) ~ Fric U0y [ [ At— ) Alti— €~ QA" (0126 () + ...
(2.68)
Matching (@g[)),- + @g’;) ) with outer expansion gives the following jump:
cf—¢ = wiSgn(U,)(afr; + p;df + s;b;)
~omiat Uy |0y [ €2 A€ Alti——) A" (-2 ~C)dgl
(2.69)

It is noted that (a} —aj) and (dj —dj) correspond to the classic £ phase shift
at the logarithmic branch pomt whlle (c — ¢; ) is modified by nonlinearity, which
as will be shown, has a significant effect on the evolution of the disturbance.

2.3.2 Evolution Equation of the Amplitude

Inserting the jumps (2.39), (2.40) and (2.69) into (2.24), and using (2.20), we obtain
the crucial evolution equation as follows:

d
T =smA+aly [ [T EAL-OAM-E-OA (=2%-0ddC . (270)
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where

90 = fo/f, (2.71)
g = hHlf, (2.72)
7, 0,0,y — U2 U2
= -1 Z JyTuy Mgy LYY 2.7
f io {Ewb [2le| al + ib; AL + by U5}+J1}, (2.73)

. U U U..U (U Uyyy — U2 )U.,
_ omib; 31 at — mappiiyyr _ Yutyr | Wy uwy T Yy
fo = LUmb gl — "G T~ 5,1 A
U, U
B . (2.14)
fh = 27riz:(b§|bj|2[—]yy|[7y|)- (2'75)
J

In order to match its earlier linear evolution stage, A ha$. the following asymptotic
behaviour (see e.g. Goldstein & Leib, 1989):

A — Agesonn as t; — —oo. (2.76)

Equations (2.70) and (2.76) describe the evolution of disturbances.
Following the idea of Goldstein & Leib(1989), we scale out Aq and 7, by intro-
ducing the rescaled variables:

t_ = —Tltl - X9 , (277)

AD) = Alt)er/(-n)?, (2.78)
where X, and z, are chosen so that:
gomo — i(Xo — o) = log[Ao/(—71)?] . (2.79)

It follows from (2.77) and (2.78) that

e

A() = AR ()t

1

Noticing this relation, we found that the evolution equation and the asymptotic
behaviour then become:

Y —godvaty [ A AE-E- O A -2~ C)ddc , (280

A — e~wottivo as t—o —00. (2.81)
The evaluation of the coefficients go and g will be discussed in §25’
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Furthermore to scale out g, we introduce:

= o?AlglF gl , (2.82)
= |golt = Xo, (2.83)

o~ »*

where ¢ and Xo satisfy the following equation:

- ,§—|A + g0 = log{a?|g|¥|go| ¥} . (2.84)
Then we obtain:
A _ iy /+°°/+°° AT AF—E—()A"(F—26—C)ded( ,  (2.85)
di’ =l v 0 0 - ( () ( € 6 ) .
Ao ent as t—o —oc0, (2.86)

where 19 = —go/|g0|, and v = g/|g|.

2.4 Viscous Effects

In this section, the effect of viscosity on the evolution will be examined. We shall
consider a typical case where the viscous effects are as important as time-variation
effects in the critical layers. This happens when

o

R'= e, (2.87)

where A is introduced to reflect the viscosity effect, and is assumed to be O(1).
The equation (2.6) now can be written as follows:
A

dg 1 1 1

Ef- = EOJC(T()) + 5/\%6291 + ‘i)\ﬁgﬂg + ... ) (288)
where the corrections to the complex frequency at O(e2) and O(e8), i.e. O(R™7) and
O(R™1) respectively, are due to the viscous effects. The outer expansion is modified
correspondingly as follows

% = ety + €Sy + €5t + €50, ..

where the introduction of ¥y = A(t))¢4E + c.c. at O(es) is to take account of
the viscous correction. The functions %, ¥, and 3 satisfy the same equations
respectively, and hence have the same solutions as in the inviscid case. The function
¢4 satisfies the following equation:

T Uyy

[(U—C)(DZ—O.'2)—Uyy]¢4 = /\iﬂlmqﬁl .
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When written in the inner variable, we find that as y — v,
€8 by ~ €5 log e%[—/\%ﬂlia_lb;tfj] + eg[fji - /\%Qlia'lb;tfj logY]+ ...,

_ U,
where 7; = —(-}-‘él .

The inner expansion still takes the form of (2.25) and we repeat it here:
U =¥, + €3 U, + €5 log eglﬁl,l + 6%\113 + et log eg‘llz,z

+ €8 U, + €5 log 6‘%\1’3'1 + eg\Ils 4., (2.89)
The function ¥, satisfies the equation:
Lo, =0, (2.90)

where
_@_ ] o? B o*
0z 0Y? oY+’
Note that due to viscous diffusion, the critical-layer equation becomes fourth order.
The solution which matches the outer expansion is:

- 0 . _
LO = [——t';' + (Uy)/ + U‘rTl) (2.91)

U, = A(t,)E + cc. (2.92)
where A = b;A and bf =07 = b;.

The functions ¥, and ¥, satisfy the following equations respectively:

0¥,

.Z/O\IIQ - '—/\%Ql 01/2

+ U1V yvyy — Uiy Visyy

LoV, = 0.
The solutions that match the outer expansion are:
U, = B(ty) + C(t,) E* + c.c. .
Uy =bi(—r; + Ap;Y)E +c.c.

The function VU3 satisfies: ; _
Lo\I’s = LI\III ] (293)

where

o° - 0

L=~ geay: T Ungy

UyyY2 + Dy.,-le + =U,, 7% + 2)t,U,)

S
o =

Let
\I’3 = @3()/, tl)E + c.c. )
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and then ®; satisfies the following equation:

Lo®s = iaA(t)0,, , (2.95)
where
o= [Z 4+ ia(0,Y + Om) 2 - 22
0= g T Wigyz T Yaye
Let
9%d,
= Ty
_ U,
v = Y+U

then (2.95) can be written as follows

0 0? TS
[a—t' + ZCYU Y /\8Y2]F zaUyyA(tl) . (296)

Following Hickernell (1984), we take a Fourier transform to equation (2.96) with
respect to Y, and obtain:

Ta, — U T + AT = QWiaUyyA(tl)(S(k) , (2.97)
where I's is the Fourier transformation of I's defined by
_ +oo oo -
To= [ “TyetTay .

On writing T = t; + ﬁ and regarding I's as a function of T and k, we have:

_ A, . k
r3k - a_[jyk P3 = —QWZPJA(T - a_lzl)6(k) , (298)

where §(k) is a Dirac delta function. The solution is as follows:

_ 1y &5 . k _

Ty = 2mi 3305 A(ty + —)H (=T, k) , (2.99)
aUy

where H(—U,k) is a Heaviside step function. The inverse Fourier transformation of

I'; yields

T3 = ial,,biFy(Y, 1) , (2.100)
where oo o
B(Y,t) = /0 Alty — €)e~1€—ie0Fege (2.101)
Note that we have put . ]
8 = g)\azUyz .
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Integrating I's with respect to Y, we obtain:

Bzy = Qay(0,t1) + p;b Fi(Y 1), (2.102)
1 Us, £
@3 = @3(0,t1)+q)3y(0,t1)}/.+('la)_l—ﬁ%bng(l/,tl), (2103)
Yy
where
. 400 eiaUyYf -1 —ia(DyY 40,7 )ems1£3
BY,t) = /0 T Al = g)e O (2.104)
5 400 1 — seviJ iaUgY£_ ichyYf . ~ 3
B(Y,t) = / 1~ il ¥Ee z < Aty — £)em UV +Urm)t-al ge
0

(2.105)

Following the same procedure as in the inviscid case, we find that the jumps
across the j-th critical layer are as follows:

al —a; = mip;b;Sgn(U, ), (2.106)
df —d; = —mir;b;Sgn(U,) . (2.107)

Note that they are exactly the same as in the inviscid case, i.e. viscosity does not
alter the jumps (af — aj) and (df — d).

The function Uy satisfies the following equation:
92
0Y?

By the same argument as in inviscid case, we conclude that t,, and ¥,, should be
identically zero. The solution of (2.108) has the following form:

Loy = L0y — M50 — Uy + Uy, Ugyyy . (2.108)

0, =0VE+00 + 0P E? 4 cc. . (2.109)
In particularly, (Dgl) satisfies the following equation:

Lo = —ial,,b; 20, Fy(Y, 1) . (2.110)
This equation can be solved in a similar way of solving for ®3. It is found that

ol)y = —ial,,bA2 MGy (Y, 1), (2.111)

+o0 o . ,
oY = pibiAi / (1 — 2OV A(ty — £)e OV +Dmlt=at ge
+23(0,4) , (2.112)

|‘ ql

NGy (Y1) + 080(0,4)Y + ©M(0,1,),  (2.113)

2
)
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where

. +o0 PP

Cr(Yyt)= [ €At —g)em O +OmEaege (2.114)

_ +oo g00yYE _ i0 T VE — 1 -

Galt, )= [ S T A g O g
(2.115)

Matching with the outer expansion gives the jump:
f = f; = 77,7050, Sgn(0,)

We shall see that this jump condition will not be used in deriving the evolution equa-
tion. This is not unexpected because it only provides a correction of the viscous
sub-Stokes layer to the growth rate at O(R™%) i.e. O(e$), which is much smaller
than the nonlinear growth rate of O(e?'») that we are considering.

The mean-flow distortion q)go) and the second harmonic @32) satisfy the following
equations respectively:

0 o* ol -
'~ Aaw]q)‘(*oy)” = =i’ Uy, Uy A°G1 (Y, 1), (2.116)

0 o2 s 2 A
[5_1 + 2ia(U,Y + U, 7'1)/\81/2]@4),}, =ia UyybejAGl() Lt1) . (2.117)

The solutions are:

_ +oop+00 - _
By = —ia? 0, O [ e (=) Al (=€) KL (€, e +0rmeacag

(2.118)
Oy = 10T OB [ EAM=0)Al(-€) KD (€, Qe O 0 gcae
(2.119)
and so ;
8y =~ U, D28 [ €A (=) Al O €, Qe O 0 acag
(2.120)
@5y = a0, U2 [T E(6420) A0 A= (=) KD (6, Q)0 +0rmIea0 g g
(2.121)
where
KO, ) = emEweo (2.122)
K‘Ez)(f,C) = e s1(+3¢%¢+66C7+4¢%) (2.123)
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The function ¥y satisfies the following equation:

32

LoWs = L0, + [,0, — ,\%Ql-a—ﬁqr4 + 0, Vayyy (2.124)
where
% 1- 3, 7 2, 7 2 1- 3 3 7oV a o
L2= -{[gUyyyY +UnyT1Y +UyTTTl Y+g TTTT] +2)‘t1(UTTTl+UyT) )]-a—’c—)\ﬂg}gjﬁ
_ _ 0 d _ _ 0, 0*
-|-[Uyyy)/+Uny7'1]-6—x—[52;+(UyY+UTTl)—6;]% . (2125)

Due to viscous effects, the operators L, and L, are modified and additional terms
appear on the right-hand side of equation (2.124). The solution driven by the first
three terms on the right-hand side of (2.124) is denoted by @gl)E, and it is found
that, to the order of interest in this study, @gl,) has the same asymptotic behaviour
as represented by (2.68). So we shall only consider the solution forced by the non-
linear interaction (¥ W, yyy). This forcing term can be written as follows:

FO(Y, 1) = iaA® ) E +ia(ADQyy — A0 E+ .. 4 cc,  (2.126)

where again only the terms proportional to E are written out. We find that only the
solution induced by the first term contributes to the jump ¢ — ¢j. Let us denote

this solution by @g”)E, then @é"’ satisfies the following equation:

— - +ocop+co P
Lod{) = —ia® U, U A[ [ € A(=0) A (b0 KD (€, OO0 dcde
(2.127)
The solution is found as follows:

o = —ia®0,, U281, (2.128)
where
- +oop+00p+00 . - 3
= [T e AR Altrt60) A" (e 20 K (€, p)e OOt dedy
0o Jo J-¢

(2.129)
Integrating with respect to Y, we have:

coptoop+oo ]—eteUyY¢
o) = 0, 0,5 [T R A Al () ATt~ )

I&’j(f, p)e—ia(ﬁyym’n)C_‘”Cad('dfdp ) (2.130)
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Matching (<I>§’,), + <I>f,,’;)) with the outer expansion determines the jump:
cf —c; =miSgn(U,)(a} rj + pid} + s;b;)

! _ _ 400 p400 ~ ~ "
~2riat U0, [ [ €2 K6, O A€ Alti—¢-0) A (tr-26-0)dede
(2.131)

where

I{J(f,c‘) = e_%Aﬂj(2§3+3524) ,and IBJ — a2U2 ) (2132)

Y

Here the suffix j refers to the j-th critical layer.

By the same procedure as in the previous section, we obtain the evolution equa-
tion and the appropriate asymptotic behaviour for the viscous case as follows:

dA 00 p400
=+t [T Dok 06 A=At~ -0 4 (=26 -0dkdl
(2.133)
A — Age®nh as t; — —oo, (2.134)

where the summation is made over all critical layers; there are two for the Stokes
layer under consideration in this study. The coefficients go and g; are defined as
follows

go = fo/f, (2.135)
9 = filf, (2.136)

where the constants fo and f have the same expressions as in inviscid case respec-
tively, and ’

fi= QWibglbjPUyleyl - (2.137)
Notice that f;, hence g; have different values at each critical level. The kernel
K;(&, () represents the effects of viscosity. For inviscid case, A = 0, K;(§,() = 1,

and so equation (2.133) reduces to (2.70).
As for the inviscid case, we introduce the new variables:

A = Ae%o)(—m)E (2.138)
{ = '—T]tl'—.'Eo, (2139)
A= M(-n)?, (2.140)

to scale out Ag and 77, where X and z4 are chosen so that:

goo — (Ko — o) = log[Ao/(—71)?] . (2.141)
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The evolution equation and the asymptotic behaviour then become:

e A (6,08 AT-OAG-¢-OA (-2 - Odede

(2.142)
A — g~%ottivo as t— —oo. ) (2.143)
The evaluation of the coefficients go and g; will be discussed in §2.%.
Furthermore, to scale out ¢y we introduce:
A = &AY gilHgol F (2144)
t = |golf — Xo, (2.145)
A= A3lgof*, (2.146)
where (g and X, satisfy the following equation:
~ lj—lA +ipo = log{a?| Y g1 |90l "3} . (2.147)
0

Then we obtain:

dA A oo e o 2 A7 Ars Ax(§
Z =i+ [ P rifil6 O A= A=~ A (-2~
(2.148)
A — en? as {— —c0, (2.149)
where ) s
K;(€,¢) = e 8 +30 (2.150)
and
vo = —go/lgol (2.151)

vi = g/1) gl (2.152)

The amplitude equations (2.85) and (2.148) bear some resemblance to the Stuart-
Landau equation in that they evolve cubic nonlinear terms, but they differ from the
latter in one important aspect; this is that the local growth rate depends on the whole
history of the evolution rather than only on the instantaneous amplitude. This form
of amplitude equation was first derived by Hickernell (1984) in his study of singular
modes of Rossby wave. Goldstein and Leib (1989) showed that the same amplitude
equations governed the spatial evolution of an oblique wave in a compressible shear
layer, although there the critical-layer nonlinearity is associated with a pole type of
singularity in temperature fluctuation rather than the logarithmic branch point as in
the case of Hickernell (1984) and the present case. Amplitude equations containing
non-local nonlinear terms were also obtained by Churilov & Shukhman (1988) in
their study of a two-dimensional disturbance in a stratified flow.

40



Finally note that the above theory is formally valid when € is much smaller
than O(1) but much larger than or at the order of O(R™¢), i.e. the disturbance is
relatively large. Next we turn to the limit

e< R, (2.153)

which corresponds to the limit A — 4+o00. We shall examine equation (2.133) under
this limit by the following variable changes:

E=\¢ , (=A3¢.

Inserting them into (2.133) and taking the limit A — +o0 yields:

d. 4
f = gori A + a* A3 GI|APA + o(A73) . (2.154)

This is a Stuart-Landau equation; here
1 1

IP_ )
9 x 23 (3)

W

_ 4 -
Iy = g=33 Zgjﬁj
That equation (2.133) reverts to a Stuart-Landau equation (2.154) was first shown
by Hickernell (1984). For the problem at hand, a little more discussion seems to
be appropriate. Note that all the terms in the equation are at the same order if
71 ~ O(A~3). Recalling that

oo

-4
3

Lol

7'1:6_%(T—‘7'0), AT3 = R3es

we obtain )
T — 19~ O(R3€%) . (2.155)

Obviously when (2.153) holds, 7 — 70 < R-%. This implies that the critical layers
are now conventional steady-viscous ones. Churilov & Shukhman (1987) analysed
such a critical layer of a stratified shear flow, and obtained an amplitude equation
of Stuart-Landau type. See also Churilov & Shukhman (1987) and Huerre (1987)
for studies of steady-viscous critical layer in free shear-layers.

Recalling that -the sub-Stokes layer has a correction of O(R'%) to the linear
growth rate, we have an additional restriction for the validity of (2.154):

Rie2> O(R™%) , ie €3> O(R™%).
We therefore conclude that when
RR<e< R, (2.156)

or equivalently l< < RS (2.157)
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the evolution can be described by (2.154). The amplitude equation (2.133), how-
ever, has a larger range of validity, namely A < R, If the first of the restrictions
(2.157) is violated, the evolution equation could still be of Stuart-Landau form, but
its coeflicients must be modified due to the sub-Stokes layer!. When € ~ R, or
equivalently A ~ R%, we should concentrate on times near to 75 + R_%Tl. Corre-
spondingly, €5 and €% in the second and third terms on the right-hand side of (2.4)
should be replaced by R™% and R} respectively. Consequently the time scales ¢,
and 7, are not distinct any more.

2.5 Evaluation of the Coelficients in the Ampli-
tude Equation

The form of the amplitude equation (2.85) and (2.148) is dictated by the singularity
property of critical layers, and appear to be generic for disturbances in a variety of
flows. However the coefficients in these amplitude equations depend on the detailed
profile of the basic flow, and on how the disturbance deviates from its linearly neutral
state.

For both the inviscid and viscous cases, evaluation of the coefficients needs:

(1) A calculation of the eigenvalues and eigenfunctions. This is done by using a
shooting method supplemented by a high order Frobenius solution near the critical
layers, see, e.g. Benney & Bergeron (1969), Haberman (1972), and Bodonyi & Smith
(1983). The sizes of af, b; are also specified in this procedure.

(2) A suitable method for dealing with the Hadamard finite part of singular
integrands of the form

f+oo
J= | f)didy .

For this purpose, we write J as follows:

k k

where \

yeth
i= [, fwsdy.

k+1_h

Jp = / © 7 f(y)gtdy

E+h
1

Jo= [ rw)stdy,
Jo= [ f)idy.

c
L4

1The author believes that Dr. J.S.B. Gajjar may have investigated such a problem.
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The interval [yf — h,y* + h] accommodates the critical level y*, and hence f(y)
and ¢, are singular, but they can be approximated by their asymptotic expansions
respectively, so the finite part of J; can be determined analytically. The integrals JJ
are regular and can be evaluated numerically. By using the asymptotic expressions
of f(y) and ¢, at large y, Jo can be easily calculated.

The coeflicients in equation (2.80) and (2.142) are plotted against wavenumbers
in Figd and Fig(4a-4b).

2.6 Study of the Amplitude Equation

2.6.1 Finite-Time Singularity

Equations (2.85) and (2.148) were first studied by Goldstein & Leib (1989). They
found that the solutions could terminate a finite distance downstream; note that
they considered spatial evolution. In this study, we consider temporal evolution. Our
finite difference solutions together with the series analysis, which will be discussed in
the subsequent two subsections, also suggest that solutions to (2.85) and (2.148) blow
up within a finite time, say t,. For both inviscid and viscous cases, the singularity

structure is as follows a
0

(ts _ {)%-H&
Following Goldstein & Leib (1989), we insert (2.158) into (2.85) and (2.148), and
find that

A= (2.158)

d ..
(5 + ’LU) = Zl/jl(lo'z.]o s (2159)

J

where
‘]0 :/0+°E§A+®dcgz[(1 + 6)(1 + 5 + C)]'(;—'H&)(l + 26 + C)—(%_,‘&) .

The singularity parameters |ao| and & can be calculated from (2.159) (Goldstein
& Leib, 1989). The blow-up time ¢, is determined by fitting numerically calculated
results to (2.158). It is noted that |ao| and ¢, have been scaled by the wavenumber «
through go and g. The singularity-structure parameters corresponding to (2.80) and
(2.142), say |Ao| and {,, are related to |ao| and ¢, through the following relations:

- -1
A = a el JgI77,
- - - .
ts = lgol ™t + g5, log{a™?|gol?|g] 7%} ,
where go, denotes the real part of go. If disturbances of different wavenumbers
have the same magnitude, then %, reflects which disturbance blows up first and Ay

reflects the “strength” of the blow-up. The |Ay|, & and £, so obtained at different
wave numbers are plotted in Fig5h.

43



2.6.2 Series Analysis and Extension

As 1 — —co, A can be expressed in the following form:

A = Be™t (2.160)
+oo -
B=>" b, (2.161)

where v = vy + 1}, and the b, satisfy the following recursion relation:

bO = 1)
n
bny1 = n+11/§kz=% v _1bibi— LZVJ i(k,L,n) ,
n=0,1,2,..., (2.162)
where
+00 £2
(k,1,n) = —2XB;63~v(2n— (2
Ry(k, ,n) = [ T TI T T CPl e v (enli2)elde . (2163)

For the viscous case R;(k,l,n) has to be evaluated numerically, but for the inviscid
case, i.e. A = 0, it has the following expression:

2
R;(k,l,n) = 2.
i(k,Ln) vik+n—-1014+1)2n-142)3 (2.164)
Let = = exp(vt), then B is a power series of the form:
B=>) b=". (2.165)

Such series can be analyzed using the Domb-Sykes Plot method and the method of
Pade Approximants (Van Dyke, 1975, 1984).

For some wavenumbers, {Re(b,)}, {Im( »)} have fixed sign patterns. This indi-
cate that the nearest smgularlty =. of B is on real positive axis, i.e. =, > 0. A
Domb-Sykes Plot (Van Dyke, 1975, 1984) gives a good estimation of =, and therefore

of the singularity time ¢, by
ts = v log(Z,) . (2.166)

For o = 1.0, the result of this procedure is shown in Fig6 and Fig7 for X =0,2.0
respectively. The singularity time ¢; so obtained has four accurate digits. However
for other wavenumbers, Re(Bn), I7n(5n) have an alternating sign pattern. This
indicates that the nearest singularity =, < 0, i.e. the corresponding singularity time
ts i1s off real axis and hence has no physical meaning.

As shown in Fig8, for certain parameters the power-series solution (2.161) pro-
vides a good approximation up to the singularity time. The series (2.161) can
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be analytically continued by recasting it into a continuous fraction. Although the
method of Pade Approximants (Van Dyke, 1975, 1984) fails to give an estimation of
the real singularity time, nevertheless as an approximation to A, the resultant con-
tinuous fraction does have a much larger valid range than the corresponding power
series, see Fig9.

2.6.3 Finite Difference Method

The scaled evolution equations (2.85) and (2.148) were solved numerically by using
a predictor-corrector scheme with fourth-order accuracy. We assumed that when
{ < =Ty, A was approximated by its power series, where the size of Ty can only
be determined by trial. The integral domain [O,+oo) x [0,+00] is divided into
three domains, namely Dy = [0,T5] x [0,T0), D1 = [To,+o0] x [0,400], Dy =
[0,T5) % [To,+00]. The double integrals over Dy were evaluated by Simpson rule.
Tails on D; and D, were expressed by using the expressions for A(f—¢), A(i—¢—()
and A*(f—2€—() respectively.

The amplitude evolution obtained using the finite difference method is shown in
Fig5-8 for different wavenumbers. As illustrated, the solutions develop a finite time
singularity in the inviscid case. Note that the instability wave amplitude does not
exhibit oscillation upstream of the singularity for all wave numbers (cf. Goldstein &
Leib, 1989). Viscosity generally delays the occurrence of the finite-time singularity
plowded the scaled viscosity parameter )X does not exceed a critical value, say /\(e
l.e. viscosity is not too large. But for wavenumbers in the range of [0.6,1.3], the
finite-time singularity always occurs, as shown in Figl0 and Figll, no matter how
large ) is. Note that for the Stokes layer of interest here, this is a substantial range of
wavenumbers. For wavenumbers beyond this range, the singularity is eliminated and
consequently the disturbance evolves into an equilibrium state when X exceeds some
A Results for two typical wavenumbers o = 0.5 and a = 1.4 are presented in
Figl2 and Figl3 respectlvely It turns out to be difficult to determine the size of )\ (e),
One may expect that )\ corresponds to the critical value for the equilibrium state
to be stable. For this purpose, we study the stability of the equilibrium solution in
the next section. However, our calculation shows that this is not the case.

2.7 The Instability of Equilibrium Solutions

2.7.1 Equilibrium Solution

For the viscous case, the evolution equation (2.148) possesses a solution of the form:

A= At (2.167)
as noted by Goldstein and Leib (1989). Here
Rev x4
2 _ 0 -174 5 16
| Ao] RCI/OI Az (2.168)
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k= .
e , (2.169)
o= 8%, (2.170)
11
Io= ——T(3).
° T 9x 2} (3)

Because Re(—go), and hence Re(vg) are always positive (see equation (2.151)), it
follows from (2.168) that the condition for the existence of this equilibrium solution
is:

Reyy < 0. (2.171)

The condition (2.171) is a generalization of that of Goldstein & Leib (1989) to the
multiple-critical-layer case. For the present problem, it is found that the above
condition is satisfied for the wave numbers o < 0.6003 or o > 1.293. For 0.6003 <
a < 1.293, condition (2.171) is violated (see Fig.14), and hence (2.148) has no
equilibrium solution. Our study shows that in this range the solution always develops
a finite-time singularity, no matter how large X is. The scaled equilibrium-amplitude
|Ag]A=% and k are plotted in Figl5. The next task of this section is to examine the
mstability of the equilibrium solutions.

2.7.2 The Instability Problem
We perturb the equilibrium solution in the following way:

A =[Ao + B(D))e* (2.172)
then B satisfies the following equation after linearization:

dB . oofTee ~ 7 2 7 7 (7
= = o= il)B+ A3 [T iR (E OEIBE-E-0)+ BE-)+ B (-26-0)] .

(2.173)

Following Stuart & DiPrima (1978), we shall seek a solution of the form:
B = 0160{ + C’ze"‘{ 3 (2174)

where C1,Cs,0 generally are complex numbers. Inserting into (2.173) we get the
following relations:

oCy = (vo— ik)Cy + A2 Y v KV, + A2S v KPCy
o"Cy = (vo — ik)Co + A2 v KTV, + A2 w0y
The requirement that B is non-zero yields the eigenrelation as follows

o—vo+ik— AT K" —AZy vk

=0, 2.175
~AAT vk o—v3—ik—AZL viKY (2.175)
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where
KD = [agf e expl-35,(26 4 3EQ) O o)
0 0
t+oo  ptoo ~
KD = [T dce? exp-2;(26° + 362)]e 0.

After integration with respect to the {, we have

+00 52 1 -~ 38.:£3 4
KO _ d _ —()2B.) e~ (2X8;€°+0¢8) 2.176
; I o ange T e, (2.176)
400 2 -
KO = [l e (2177)
o o rsige

The above eigenvalue problem generally must be solved numerically. But when
X — +00, we can get asymptotic ex 1essmns for o.
As X — +o0, it is found that I& ) and I\( ) have the following expansions:

K~ 20(385)7H + —s(=a)mi(08,) (=37 E = S R)o(36,) 8 +ol(08) ¥

2x 3%
(2.178)
KO~ 10(5\[3]')'6 + :3%3(—0)%771'(;\@)_%-}-(—3—%]1—gll)a(j‘ﬁj) {()‘ﬂJ)-—]
(2.179)

where s = 1 according to whether Im+/—o > 0 or < 0, and

+o0 toog=38" _ ]
I = /0 £ dt | Jy = /0 —

The O[()\B;)~%] term is in fact identically zero if we notice that Jy= —6x 3731 .
Therefore ¢ should be expanded as follows:
C=0p+ 80,4+ Atop+... . (2.180)

Inserting the asymptotic expressions of K( , K and o into (2.175), we have:

0o = —2Revy , (2.181)
oy = 2% x (Rewp)? Reip Agorri (2.182)
oy = %(Reﬁg)2Ago7r2 , (2.183)
where
Agy = —z:’;gfo-l : =S 8,7 .
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Obviously, oo < 0, suggesting that the equilibrium solution is stable when the
viscosity parameter X is sufficiently large. However o, is purely imaginary, and
o3 > 0 and one may thus expect that there exists a finite critical value )., below
which the equilibria is unstable. The existence and the size of ). are determined
by numerical solution of the eigenvalue problem (2.175). The results for two wave
numbers a = 0.5, 1.4 are presented in Figl6 and Figl7 respectively. Note that
for a = 0.5, X, = 2. 0, but the solution corresponding to X = 5.0 still develops a
singularity rather than approaching to the stable equilibrium, as can be seen from
Figl2. This suggests that X < /\(e) i.e. stable equilibrium state is not necessary a
attractor. The same conclusion holds for a = 1.4; see Figl3 and Figl7.

2.8 Conclusions and Discussion

In this study, we have shown that an initially small linear two-dimensional wave
will eventually enter a nonlinear evolution stage due to enhanced nonlinearity inside
the critical layers. The nonlinear evolution is governed by an integro-differential
equation of Hickernell type. For relatively small amplitude waves, i.e. € € R‘g, this
amplitude equation reverts to a classical Stuart-Landau equation.

The nonlinearity is found to have a profound effect on the development of the
waves, namely it causes a blow-up in a finite time. Viscosity generally postpones
the blow-up. For the disturbances with wavenumbers in the range of [0.6,1.3], non-
linearity has a robust effect in the sense that a finite-time singularity always occurs,
no matter how large the scaled viscosity parameter X is. This seems to suggest
that most dangerous modes should have wave lengths in the range [5.16*,10.56*],
where 6* is the thickness of Stokes layers. Monkewitz and Bunster (1987) observed
that the wave length of the disturbance was about 106*. But this apparent agree-
ment can only be regarded to be tentative because the disturbance in experiments
is three-dimensional.

For those wavenumbers beyond the range [0.6,1.3], our calculations show that
if the scaled viscosity parameter \ is larger than a finite critical value A the
singularity is eliminated and consequently the wave evolves into an equlhbrlum
state. The stability of this equilibrium is also studied. It is shown that when X
exceeds a crltlcal value ), the equilibrium solution is stable. Interestingly, we find
that ). < /\ ), i.e. the critical viscosity parameter for the equilibrium solution to
be stable is sma,ller than that for equilibrium solution to belong-time limit of the
solution of initial-value problem. This indicates that the equ1hb11um state, though
it is stable, does not necessarily attract the solution of the initial-value problem.

The equilibrium state, however is not observed in experiments. Such a disagree-
ment is not uncommon in hydrodynamic instability theory. For example, for plane
Poiseuille flow, an equilibriynis predicted both by theoretical and computational
work (Zahn et al. 1974, Orszag & Kells 1980), but not verified by experiments
(Nishioka, 1975). There it has been argued that such an equilibrium is destroyed by
a radical secondary instability in the quasi-equilibrium stage (Herbert 1981, 1983).
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For the present problem, note that when the growth rate has decayed to O(R']i)
in the process of approaching the equilibrium stage, the sub-Stokes layer will affect
the evolution.

Nevertheless the blow-up is the general feature of the evolution. We suggest that
this nonlinear effect may cause transition to turbulence. In particular, the explosive
growth of the high-frequency wave may be related to bursts, a significant phenomena
of Stokes layer instability observed in experiments.

The present nonlinear theory shows that initially small disturbances are sub-
stantially amplified by nonlinear effects in the neighbourhood of the right branch
ofsneutral curve, and hence can attain a finite amplitude by this nonlinear amplifi-
cation. Referring to the neutral diagram of Cowley (1987), we may conclude that
disturbances are most likely to be observed shortly or around the phase 7 of the
basic flow. This conclusion is in agreement with the observations of Monkewitz and
Bunster (1987), but contradicts others, e.g. Akhavan et al. (1991a) and references
therein. They find that explosive growth occurs at the end of the acceleration phase,
i.e. phase 0 in the notation of the present study. A possible explanation is that all
experiments were actually conducted for finite Stokes layers, where an additional
parameter I' = h/6* sets in, with & being the half width of a channel or the radius
of a pipe. The value of I" in most experiments is in the range of 3 to 10, but is about
44 in that of Monkewitz and Bunster (1987), closest to the infinite Stokes layer with
I' = oo studied in this work. Though the basic flow proflle at ' = 10 is very close
to that at I’ = oo, it is possible that at low I', some new mode which does not exist
at high I', may bifurcate and cause transition. It seems that the effects of I' on the
instability of finite Stokes layers deserve further study.
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Chapter 3

Nonlinear Evolution of a pair of

Oblique Waves

Abstract

The nonlinear evolution of a pair of initially linear oblique waves (e, %) is
studied under a high-Reynolds-Number assumption, where e, 8 are the streamwise
and spanwise wavenumbers respectively. It is shown that when the growth rate
decreases to O(e'/?), where ¢ is the magnitude of the disturbance, the disturbance
comes into a new evolution stage because of enhanced nonlinear effects in the critical
layers. The nonlinear evolution occurs much earlier and evolves at a much faster time
scale than in the corresponding two-dimensional case studied in Chapter two. As
pointed out by Goldstein & Choi (1989), this is due to a pole-type singularity in the
streamwise velocity, which is stronger than the logarithmic branch-point singularity
of the two-dimensional case.

The amplitude equation is shown to be the same as that of Goldstein & Choi
(1989), though in our case the critical levels do not locate at the inflexional points
of the basic-flow profile. However it is note that when three-dimensionality is suffi-
ciently weak, the logarithmic- branch-point singularity will assert its influence. Also
the incorporation of viscosity in our analysis consists of an extension of the study of
Goldstein & Choi (1989). Viscous effects are found to be represented by a compli-
cated modification to the structure of the nonlinear term. As-a—sesultequilibrium
setuttons-may-befound. The solution of the amplitude equation can develop, at least
at inviscid limit, a finite-time singularity, suggesting that a substantial growth can
be induced by nonlinear effects. This result gives further support to the instability
mechanism suggested in Chapter two, that the subsequent nonlinear development of
initially small linear disturbances may lead the flow into turbulence. The nonlinear
blow-up of three-dimensional high-frequency disturbances in a finite time may be
related to the bursts observed in experiments.

In addition, it is noted that nonlinear interactions between waves drives a vortex
flow of the same magnitude as the fundamental waves. A vortex structure was
observed by Hino et al. (1983), who also suggested that the bursting process, streaky
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structure (Kline it et al., 1967; Kim et al., 1971) in a turbulent boundary layer and
in a Stokes layer are essentially identical. We thus believe that the results from the
present study may be helpful in understanding of turbulence in a boundary layer.

3.1 Introduction

The self-consistent high-Reynolds-number approach to the instability of a Stokes
layer of Tromans (1977) and Cowley (1987) makes it possible to take nonlinear ef-
fects into account systematically. Such an attempt was made for two-dimensional
disturbances in Chapter two, where it was shown that nonlinear interactions in-
side the critical layers will inevitably affect the evolution of disturbances, causing
a blow-up in a finite time. It is suggested that this subsequent nonlinear growth is
responsible for the transition from laminar to turbulent states.

However in reality, the disturbances from the environment are generally three
dimensional. For Tollmien-Schlichting instability, it is well recognized that only in
carefully controlled experiments, are the disturbances mainly two dimensional, e.g.
Schubauer & Skramstad (1947), Nishioka et al. (1975). Even so the two-dimensional
disturbances can dominate only in the very early stage of development. Three-
dimensional disturbances inevitably overtake two-dimensional ones when transition
occurs, e.g. Klebanoff et al. (1962), Kachanov et al. (1984,1987), Saric et al. (1984).
For the Stokes layer, three-dimensionality is particularly important because the
disturbances grow rapidly, which makes it difficulty for an artificial two-dimensional
disturbance to be introduced and observed. So far there are no experiments for
contrclled disturbances. The present study is to extend the theory of Chapter two
to the three-dimensional case. In particular, we consider the disturbance consisting
of a pair of oblique waves (a, /), where a and § are streamwise and spanwise
wavenumbers respectively. Such a form of disturbance is important because the
“quadratic interaction” produces a vortex flow. On the other hand, significant
vortex structure was observed by Hino et al. (1983) in a finite Stokes layer.

The nonlinear spatial evolution of a pair of oblique waves in a free shear layer was
studied by Goldstein & Choi (1989). They showed that because of the pole type of
singularity in the streamwise velocity, critical-layer nonlinearity exerted its influence
when the linear growth rate decreased to O(e?), much earlier than in the correspond-
ing two-dimensional case (Goldstein & Leib, 1988). Consequently, the critical-layer
dynamics became weakly nonlinear in the three-dimensional case, in contrast to the
two-dimensional case, where the critical layer is strongly nonlinear. Goldstein &
Choi (1989) also point out the critical-layer dynamics of a pair of oblique modes
differs from that of a single oblique mode (Goldstein & Leib, 1989; Leib, 1991): in
the former case, the dynamics is dictated by the pole type of singularity associated
with the three-dimensionality, while in the latter case, the effects of this singularity
do not assert themselves when the wave grows in its propagation direction.

In this Chapter, we are concerned with the temporal development of a pair of
oblique waves. Note also that U,,(y.) # 0 for the Stokes layer of interest here.
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Nevertheless, the analysis in this Chapter can be regarded as a temporal equivalent
of the analysis of Goldstein & Choi (1989) when £ > €z, though the basic flow is
different. When g ~ e%, however, the nonlinear term associated with logarithmic
singularity will come into the final amplitude equation; this term is absent for a
free shear layer because there U,,(y.) = 0. We shall address this issue in Chapter
five in a more general situation where spanwise space-modulation will be considered.
Moreover, in our analysis viscous effects will be included, and thus the critical layers
evolved are thus non-equilibrium and viscous in nature. This extends the study
of Goldstein & Choi (1989). Leib (1991) investigated the evolution of a single
oblique wave whose critical level dogg not locate at the (generalized) inflexional point.
However, it should be remarked that the present analysis is different from his. This
is because in his work the effects of the pole type of singularity in the streamwise
and spanwise velocities were suppressed by an appropriate Squire transformation,
and nonlinear effects were associated with the logarithmic branch-point singularity
and the (pole type of) singularity in the temperature.

With the scale set in Chapter one, we shall concentrate on the times specified by

1
T =T+ €311,

namely the times at which the linear growth rate decreases to 0(6%). It is at
this stage that nonlinear effects begin to affect the evolution of the disturbances.
Correspondingly we introduce the nonlinear evolution time scale

13

i, = 363t , (31)

4

where ¢t = R7 is the fast time scale introduced to take account of the frequency of
the waves.

The basic flow U evolves on the slow time scale 7, it is sufficient to express its
profile at time 7 in a Taylor series about the neutral 7o

O(y,7) = U(y,70) + € Ur(y, 7o)t - -

Hereafter all quantities associated with the basic flow will be evaluated at 74 unless
otherwise mentioned. .

The overall evolution of the three-dimensional disturbance is summarized in Fig2.
As illustrated, the disturbance initially grows exponentially as described by linear
theory (Cowley, 1987) until its growth rate decrease to O(e3), ie. at 1, = O(1).
At this stage, nonlinear interactions inside the critical layers control the evolution.
Following Goldstein & Choi (1989), we require this subsequent nonlinear stage to
match with the earlier linear stage in the mutual overlapping domain.

For simplicity, throughout §2 to §4 of this chapter, we shall assume that the
Reynolds number R is sufficiently large so that the viscosity does not play a leading-
order role in the development of the disturbance. Viscous effects will be considered
in §5, where the Reynolds number is scaled in such a way that the viscous diffusion
term appears at leading-order in the critical-layer equations.
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3.2 Outer Expansion

3.2.1 Asymptotic Solutions Near Critical Levels

QOutside the critical layers, the flow is basically linear and is governed, to the order
of approximation in this study, by the following equations:

Ou Bva_w

Ou - 0u oU Op
-1VuY vu ¢
R T U TG, 9z (3:3)
v -0v Op
-19¢ v _vr
2R 5, + Uax 5y’ (3.4)
Jw - 0w Op
1Y% o %
2R 5, +U8x 5 (3.5)
Elimination of pressure yields:
o -0, 0w Oow,  0OUdw
19 Yv,yov Jw, OJuvow — ]
(2R or + U@:v)(az 8y) Oy Oz 0 (3.6)
and Y 5
-19 7Y% \vo2, 7 9V _
(2R 5 + Uam)v v Uyyax 0. (3.7)
With the multiple time scale introduced, we have the following relation
0 0 0 1 0 0

1., _1
e TR TR el

The velocity (u,v,w) and the pressure p of the disturbances are expanded as
follows:

u = eu1+e§U2+... , (3.8)
v = e +eSvgt... (3.9)
w o= ew1+e§w2+... , (3.10)
p = emteSpt... . (3.11)
The “early time” linear solution suggests that v; can be written as
vy = A(t1)01(y) cos zE + c.c. , (3.12)

A
where the function A(t;) is the amplitude of the disturbance, £ = exp(iaz — :6(t)),
and b1 1
— = zacm) +3 “3 0 (r0) ¥ ... . (3.13)
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Here for simplicity, we have assumed that the two oblique waves are of equal am-
plitude. We note, however that it is straightforward to extend the analysis to the
un-equal-amplitude case. As in Chapter two, the dependence on the slow time scale
71 and 7o is parametric and will not be written out explicitly. The function o,
satisfles the Rayleigh equation:

(U - )(D? — &)y — U,y =0, (3.14)
where we have written
2Q0 = Q’C(To) R a = (a2 + ﬂQ)%

Let n = y — y!, where yJ is the j-th critical level, then as n — %0, %; has the
following asymptotic behaviour:

vy ~ af‘ﬁa + b;h [¢b + pj¢a log |77|] ) (315)
where
1,
$a=ntgpm +..,
¢b:1+qj772+... .
The function v, takes the following form:
Vg = Uo(y,t1,7)E cos Bz + 6£0’2) cos2fBz+ccH+..., (3.16)

where a vortex component 1')%0'2) cos 283z has to be included in order to match the
inner solution. The function 7, is the deviation of the eigenfunction from its neutral
state, and satisfies the inhomogeneous Rayleigh equation:

Uy, dA - U, ial,,, A
2 S W Il vy Zyyr 'l
(D ~(@ 42 Vg = (i) (= gy — (iallem) Al sy 4+ =720

15, . (3.17)

The asymptotic behaviour of 7, is as follows:

Vg ~ ——b;!:’l"j log |7]| + (a;'t'f'j + b_:jhsj)n log |77| +...

+cE G+ dE (s + pidalognl] (3.18)
where
U,
p; = _(73/__?{_, (319)
y
o 1_2 1Uyyy Uz,
_ U dA L=
T = (1' ) U2 [_.dTl_(zaU‘rTl)A] ) (3.21)
s; = (ia)“l{(—zaUyTTlA)q—+(za7-1A)Ué’,yT
y
dA U, U U?
Hgp, — iaDm ) (3.22)
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all the basic-flow quantities are evaluated at time 7 and at the critical level y?. The
jumps (a} — aj) etc. will be determined by analyzing the critical layers.

According to the continuity equation, we can write w; = Aw,;Fsin 8z + c.c.,
then w; satisfies the equation:

ow, U, _ _
*87-}- U—cwl = ~po,,
the solution of which is
W, = & 'sinf| _Uy Dy — By ) - (3.23)
U-c i
where
sinf = /& .

The velocity u; takes the form:
u; = Aty E cos Bz + a§°’2)(y, t1) cos 28z + c.c.

where @; is obtained from the continuity equation as follows:

N /A )
= = (i) {[z= 0 — B sin® 0+ 9, ) (3.24)

It is noted that in orde: for u; to match with the inner solution, a vortex component
ﬂgo’Q)(y, t1) cos 26z has to be included at this order. A similar vortex component was
encountered at the leading-order expansion in the analysis of Goldstein & Choi
(1989). As will be shown later, This vortex is driven by a streamwise slip velocity
across the critical layer, which itself is generated by a nonlinear interaction inside
critical layer. Note that this vortex is unexpected large in the sense that it has the
same magnitude as the fundamental waves.

Similarly, we write the pressure p; = A(t;)p, F cos Bz + c.c., and

P = 1@ cos 8[U,; — (U — ¢)vy )] - (3.25)

As y — yI, the asymptotic solutions of py, %;, W, are worked out as follows

p1 ~ ta'UycosfbF +... (3.26)
i ~ —(ia) 'sin? Ot 4+ ..., (3.27)
W, ~ & 'sinfbfpTt4... (3.28)

where we notice that the singularity in @; appears as a simple pole rather than a
logarithmic branch of the two-dimensional case. It is this difference that results in
the faster nonlinear evolution time scale in the present case, see Chapter one and

Goldstein & Choi (1989).
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We now introduce an inner variable:

Y =

o
=
—~
(OS]
[\
NeJ
A

The outer expansions written in inner variable are as follows:
v o~ biAE cos Bz + €3 log e%( birj + bip]AY)E cos Bz ;
+e3[(— —bFrilog|Y| 4+ dF) + A(aFY + biK’ log |Y])]E cos Bz
+ €5 loges [(aFr; + bFs; + dip;)Y + Ap.7 *Y?|E cos Bz
+ €3 [ciY + (aj r; + b;'tSj + d;-tpj)Ylog Y|EcosfBz+cc+... ,(3.30)
a) ' sin? 0AbTY ' Ecos fz +ce.+ ..., (3.31)
(
(

(=
& 'sin0bTAY 'Ecos Bz + c.c+ .. 3.32)
p ~ €ia 1UycosﬁAb;-tEcosﬂz+c.c+... . 3.33)

5
2
w ~ €3

3.2.2 Solvability Condition

Multiplying both sides of (3.17) by o, integrating from 0 to +oco, and utilising the
asymptotic solutions (3.15) and (3.18), we obtain the solvability condition for (3.17):

dA
za‘lJld— + oA = — Z{(bj'cj - bj_cj—) - Tj(bfaj - bJTa..i_)
J

—pj(b;rd;r —b;7d;) - (a;rdj —a;d;)}, (3.34)

where the summation is made over all critical layers, and J; and J, are constants
defined by the following integrals respectively

Y R

Ji = A (U_c)2vldya (335)
— +°°_ UyyU‘f Uyyv ~2

ho= [ T-f T T-a 1% (3.36)

Note that these integrals are singular and should be interpreted in the sense of
Hadamard.

As in the previous chapter, after the jumps (af — aJ), etc. are determined in
the next section, the amplitude equation can be derived from (3.34). Note again
that nonlinear effects influence the evolution by altering these jumps; thus for the
purpose of deriving the amplitude equation, we only need to consider those parts of
the inner solutions contributing to these jumps (see below).
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3.3 Inner Expansion

Equations (3.30)-(3.33) suggest that the inner expansions within the j-th critical
layer take the following form:

u = €§U1+€%U2+6§U3+... , (
EVi+eVa+EVa+..., (
w = €§W1+C%W2+6%W3+... , (3.39
p = e%P1+e§P2 + e%P3+... . (

<

where so far as deriving amplitude equation is concerned, the €” log e terms do not
need to be explicitly included since they are passive in the sense that they match
onto the outer solutions automatically whenever the solutions at €® match with their
corresponding outer expansions, i.e. the matching at €" log e3 order does not yield
additional jump condition. These terms, however, must be included if a comparison
between theory and experiments is to be made.

The function V satisfies the equation:

0%V
‘her
o L ——a—+(UY+U )i (3.42)
°~ atl Y ™ 3:1: ' .

The solution which matches the outer expansion is:
Vi = A(t,)E cos Bz + c.c. , (3.43)

where A = b;A, and bj" = b; = b;, i.e. the jump (bj’ — b;) is zero.
The expansion of the y-momentum equation gives:
0P,
— =0 3.44
6Y b ( )

and so P, = 1210, cos § AE cos Bz + c.c. .
The function W; satisfies the following equation

LW, = —%il . (3.45)

Let W, = W}Esin Bz + c.c., then W satisfies:
L8OW, = iU, sinfcos 64 ,

where

LW = 9 + nia(U,Y + U,m) .
oty
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The solution that matches with the outer solution is
W, = iU, sin 8 cos oW |
where

W = [Tedn - e e, Q=a@Y+Tm) . (346)

Similarly, we can write U; = Uy E cos Bz + c.c., and then the continuity equation
yields

~

U, = -0, sin? oW

At O(e?), V, satisfies
0 0511 053

/ — ——= )
where
15 72 7 Ve 1 - 2 0 -~ 0
L] = ——("Z-Uyy) + Uer1) + iU’TTTl )W + Uyya—m ) (348)

and Sy;, Sa; are Reynolds stresses defined as follows

_ou  ou vy OUW,
Sn o= p + oY + oz (3.49)

_OUW, | VW, | QW
Sa = —p— ot (3.50)

Furthermore, S;; and S3; can be expressed as

S = S'(O 0 4 SS’?) cos2fBz + .S'S’O)E2 5(2 D E? 00528z + c.c. |
Sz = S(O 2 sin 28z + ng’z)ﬁ sin2fz + c.c. .

After some calculation, we find that

Sﬁ"") = %iaUyzsinzﬁfl*ﬁfo(l), - (3.51)
SO %iaU;sin?HA*ﬁ/él), (3.52)
S0 = %iaU;sin’zo[AWé”+2sin20W§°)m‘f(§°’], (3.53)
58’2) = %iaU;sinzﬁAWél), : (3.54)
S = %ﬁUj cos? O[A* W + 25in? oW OWL O] (3.55)
S = %ﬁchosza,&Wél). (3.56)
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Inspecting the right-hand side of (3.47), we know V; has the solution of the following
form

Vy = V{VE cos Bz + V% cos 28z + VPOE? + cec. . (3.57)

The fundamental component V2 is only driven by the linear forcing term, i.e.
L Vi = iaUy A, which is exactly the same as in the two-dimensional case studied in
Chapter two. By this analogy, we can obtain the following jump conditions:

al —a; = mip;b;Sgn(U,) , (3.58)
df —d; = —mir;b;Sgn(U,) . (3.59)

Substituting (3.51) to (3.56) into (3.47), we find that

a%ffzﬁg’,i, = —i5%sin? (AW + 4sin? oW OWM) | (3.60)
LEVGS) = 183 sin? LAWY + 4sin® oW OW M) (3.61)
where ) )
S = al,.
After inserting (3.46) into (3.60), and integrating (3.60), we find the solution
797 = —i5sin% / de / dné(€+4sin? 0n) A* (8 — ) At —n—€)e= % .
(3.62)

In simplifying the solution into the present compact form, we have effectively dropped

a purely imaginary part, which, according to (3.57) does not alter the physical ve-

locity. Similar operation will made in solving for W(®?) (see below).

Similarly, we substitute (3.61) into (3.61). Integration of (3.61) yields
_ +eoo +oo - - ;
i 2%22 = 15° sin20/ dé|  dn[€®+4sin® 0(E+n)n)A(ty —1) Aty —n—E)e™ e+
0 0

(3.63)

Integrating Vg(y’y once with respect to Y yields
_ +oo +o0 e
V3 = —5rsint[de [y [¢P+4sin® O(E+mIn)(€ + 2m) e E) — 1)
0 0
A=) Aty —n—€)em ™+, (3.64)

where we have put

Q = aUyY 5 w= a(j,-Tl,

and the integral constant (or more precisely a function of ¢;) is taken to be zero by
matching with the corresponding outer solution.
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Instead of integrating 172(,2;}0) to get 172(2’0), we obtain it from the z-momentum
equation together with the continuity equation in the following way.
The continuity equation is

2iaU + V3% =0, (3.65)
and the z-momentum equation is
LOUE 4§, v = _g20) (3.66)

From the above two equations, we obtain
~ 1
720 - —5i8” LLOVED — 018y, (3.67)

It turns out that the above expression for 172(2’0) is very helpful in evaluating the
asymptotic behaviour of the related solution of the next order.
The function W, satisfies the following equation

LoW, = —5—1:"’ - FQ(Y)% — Sa1 (3.68)
where ' i |
Fy(Y) = 5UyyY2 +UpnY + 5 T
The velocity W, has the form
W, = WV E sin Bz + W sin 282 + WP E?sin 282 + c.c. . (3.69)

Since at next order, we are only interested in the interaction that can generate the
fundamental, I/V M) does not need to be worked out. The solutions forced by the

nonlinear interaction are W'g( and T/VQ(2 2), which are found to satisfy the following
equations respectively

ailw 7308 = _ 502 (3.70)

LOW D = —sg? . (3.71)
The solutions are
0~ 5] s e
(3.72)
(3.73)

Trom - the continuity equation, V %D 4+ 2,3W(0 2 = 0, we have
N ~ +oo  ptoo - - ,
Vi) = 82 Sin29/0 d€/0 dn(€E+4sin On)A*(ty—n)A(t —n—€)e™™* . (3.74)
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Integration with respect to ¥ yields

- ~ +oo  rtoo g - - .
Vo0 = iSsin0] " de [ dng ™ (¢+4sin’ on)[e™ M — 1A (81— ) A(ts —n—)e™
0 0
+7°(0,1,) . (3.75)

The function ‘72(0’2)(0,151) is unimportant as far as deriving the amplitude equation
is concerned.

AsY — too,

N _ +oo
(V% 4 ce) ~ 485 sin407r/ n|A(t, — n)|2dn
0
+{order-one continuous terms} + o(1) .

It is seen here that a vortex component must be included in the O(eé) outer expan-
sion of v so that it matches onto Vz(o’?).

The function U, satisfies
oW, 92U, d _ JW,

5. Py —gyon Tl

LoUsy = Uy Vi + Fi(Y) (3.76)

where . _
nY)=U,Y + Uy, .
The solution takes the following form

Uy = UVE cos Bz+ULO + UL cos 282+ UV E*+ WPV E? cos 28z +c.c. . (3.77)

Again only the second harmonic and mean flow distortion/vortex induced by non-
linearity need to be worked out. It follows from the continuity equation that

7

U3 = —(2ia) 1730 O3 = ia W

The mean-flow distortion and vortex however satisfy the following equations respec-
tively

A 1 _ A
%Uéf’,}o) = —§a'153sin29A*Wé2), (3.78)
1

The solutions are

1 _ +oo +00 - - .
U(OO) = —EQ_ISSSiHQQ/ df/ d’?fQA*(tl—U)A(tl—U—f)e—mf,
0 0

(3.80)
N 1 - +oco 400 . N N .
Ué?)’,z) = —Ea'lS3 sin20/0 df/o dn[€®+2En+4sin®0n?) A*(t;— ) Aty —n—€)e % .

(3.81)
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Integration once with respect to ¥ yields

. ~ +oo  rtoo .
U2(°’2)—_— -—%oflS3 sin20/ df/ dn £1E2 426+ 4 sin20p?)[e75% — 1]
0 0

A*(ty—n)A(t—n—€)e=% + U*D(0,1,) .
(3.82)

AsY — *oo,

. _ +oo .
( o2 4 cc) ~ :{:4a"152sin497r/ n?|A(t, — n)|%dn
0
+{order-one continuous terms} + o(1) .

This is in fact a streamwise slip velocity generated by the nonlinear interaction
inside the critical layers, to which the outer expansion of u has to match. This
1s the reason that the leading-order outer expansion of u should contain a vortex
component. In order to make our points, we now turn to examine the asymptotic
behaviour of (W©? + c.¢) as ¥ — +oo. It is found from (3.72) that

. +oo
W2 4 cc=4sin? Oﬂ_ly_z/ 7|A(t1 ~n)’dn +o(Y %) . (3.83)
0

We notice that all vortex components generated by nonlinear interactions are bounded
as Y — Zoo, in contrast to the case of Hall & Smith (1991), where unbounded
growth of these vortices was found. This is because the critical layers in the present
study are unsteady, and the balance is between the inertial term and the nonlinear
forcing terms. In their case, however, the critical layer is a steady-viscous one, and
the balance is between the viscous diffusion term and the nonlinear forcing terms,
e.g. for W3 the balancing is between Wi (in our notation) and a nonlinear
forcing, which, as ¥ — £oo decays like ¥V =2 as in the present case. Therefore
W2 grows like “LogY + Y. In Hall & Smith (1991), this unbounded growth of
vortices was shown to be a crucial reason for the small-amplitude three-dimensional
disturbances to generate an order-one mean-flow distortion. Unbounded growth of
mean-flow distortion was also noted by Churilov & Shukhman (1987) in their study
of a two-dimensional disturbance in a stratified shear flow. There they found that a
linear diffusion layer, situated between the critical layer and the outer layer, had to
be introduced to achieve the matching for the mean-flow distortion. It appears to
us that the theory of Hall & Smith (1991) (we refer to the part on Rayleigh wave),
which did not originate from, but can be related to that of Churilov & Shukhman
as follows: for three-dimensional disturbances there exists a scaling such that the
diffusion layer spreads into the whole flow field, and becomes fully nonlinear; Hall
& Smith (1991) showed that, under this scaling an order-one streamwise mean-flow
velocity was generated. Note that the nonlinear process addressed by Hall & Smith
(1991) occurs at a much slower time/spatial scale compared with that in our study.
A close examination of their analysis indicates that their evolution occurs at the
time/spatial scale of O(e‘zR‘:%), where € is the amplitude of the waves, and R is
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the local Reynolds number, i.e. the square root of their global Reynolds number.
As will be shown in section five of this chapter, when viscosity effects has included,
our final amplitude equation describes the evolution occurring at the time scale of
O(e'zR_%), much faster than that studied by Hall & Smith (1991). They argue that
their theory describes the process taking place at the final fully-fledged transition
stage, at which the instability waves sature under nonlinear effects. We feel that
it would be nice to be able to embed their theory into the whole evolution picture
of disturbance, i.e. to examine whether an earlier linear or weakly nonlinear distur-
bance eventually enters the stage discussed by them (see below).

For the purpose of deriving the evolution equation, it is sufficient to seek a
solution for V5 only. We find that V5 satisfies the following equation:

0 .0 0
LoVayy = L1V + LoV, OY[@ Sz + 7532] , (3.84)
where .
L, = [lU Y34+ U, 1Y%+ Uyrr 72Y + g 7—3]——83
2 G yvv yyt’1 yr7 1 G T 1 9z0Y?
- ~ 0
+[Uyyyy + Uyy'rﬁ]—é_a,—‘
0 . 9 .. 0* 0* )
_[3t1 (U,Y + U, 7"1)'3—3: [—8_3—73 + —5'—23] ) (3.85)
and the Reynolds stresses 51, and Sz; are defined as follows
0 J 0
S1g = e (U U;) + E?(Ul‘é + UW1) + a—z(Ulvaz + UMW), (3.86)

3} 0 0
Sz = %(Uﬂ% + U, W) + W(W}Vg + WLoW) + 5;(21/1/1”/2) . (3.87)
We only need to find the fundamental component at this order, i.e.
Vo =VaEcosBz+ce.+...,

and correspondingly, we write
0 0

—8——512+ 5~532 MEcosfz +cc +.

with non-fundamental components being neglected.
It is noted that the relevant part of linear forcing term, i.e. LiV2 + LoV},
the same as F (l)(Y t;) of Chapter two, although L;V, contains non- fundamental

components. So the solution (denoted here by 173(1) ) driven by it has the following
asymptotic behaviour

WY~ (afp; + 208+ 5P + (af i+ pidf + s5ty) log [V

+{i-§7riSng(Uy)(aj T; +pjd;~" +s;0;)+...}. (3.88)
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It is found to be convenient to write the nonlinear forcing term M as a sum of
the following four terms, namely

M =M + M, + Mz + M, ,

where
M, = iaAU;$Y giaAU;f,‘,”%r%ﬂAW;g‘,”?), (3.89)
M, = ial,y V3O —2020,0;07 | (3.90)
My = zz‘aU;,YV;“’) (3.91)
My, = iaAUSY + AU(°2)+ ,BAW( ) 4 iaA=UP0)

1 .- _ .
+§aA*U2(2’2 + 5[3.4*14/52’” +ial; y V0P = 2a20,08%) . (3.92)

The nonlinear forcing terms are deliberately split-up as above so that the solutions
and their asymptotlc behav1ou1 can be worked out easily. The solutlons driven by
M; are denoted by V () ( =0,1,2,3) respectively. It is found that V ) makes no
contribution to the jump.

The forcing M, represents the Reynolds stress generated by the interaction be-
tween the vertical velocity of fundamental wave and the induced vortex. It can be
shown that

+oo ptoo p+o0
Uy =554t [ JA(t=0) Atrn) A" (t6p¢)e D dédndc
(3.93)
where
EM(E,n) = 26% 4 €2 4 2sin0(€%) + £n?) . (3.94)

Integrating with respect to ¥ from —oo to +00, we get the jump

- N _ +oortoo _ A A -
P (+00)= Vi (—00)= Sjosin®d] [ RO(E,n)Alti) Altrm€) A" (t-26-n)dgan
0 0
(3.95)
where we have put ~
Jo=m|S|7".

The forcing M, represents the interactions between the streamwise velocity of

the fundamental wave and the induced vortex flow. The solution driven by aé{’

needs more effort. After some algebraic manipulation, we find

(9]\4 54 5 =
tosainte [ e+ 20+ A0+ Cnll(¢ — e O — (emi]
A(ti—=Q) Aty —n) A*(ty —n —€)e @ dgdnd( . (3.96)
The solution induced by it can be expressed as

Vi = §4sin%0J (3.97)
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where

J :/0+°70+°Z+00/0+02_1 [€2+€¢+2En+45in%0(n+ ()] [(¢ — &) e M) _ ¢ =10(cH)]
Aty —v—C)A(ty —v—n)A*(t, —v —p—£)e~ @ de dnd(dv

The “singular- h‘ ” factor €71 in the kernel makes it difficult to derive the asymptotic
behaviour of V3 y- To overcome this difficulty, we split J into three parts, namely
J1, Ju, Jo as follows

J=J, +4sin%J, — Jp , (3.98)

where
_ +oop+oor+o00pr+o0 2 2 g g2 (¢t
no= [ e - v ng—2e—asin®o(r+)le
Aty —v—Q)A(ty —v=n)A"(th—v—n—€)d¢dndCdv ,  (3.99)

77Q[e—zﬂ (¢Ho€) _ —zﬁ(<+v)]

/+oo +oop+o00 +oo
0

0 0 0

i+
Alti—v— c)fi(tl—v n)A*(tr—v—n—£)e” 2 dgdnd(dv (3.100)

b = [T v

( —v—()A (tl— —rl)A*(tl—v—n—f)eia’fdfdnd(dv.

The integral Jp in fact does not contribute to the jump we need and hereafter will
not be discussed.
Integration of J; with respect to ¥ from —oo to co yields

+o0 +oop+00 +m . 2
/ JiI (Y)Y = 2]0/ / / —(C+v)2+27¢ =2({+v)y—4sin®0(n+C)7)
Aty —v—n) Aty —v—C)A* (t1— 20—y — ) dnd( dv
With the right-hand side simplified, the above equation can be written as follows
+oo . +oop+oo . oprd
[T mmiay = =20 [T 262(6+n) + 4sin (36426 +7€))
Aty =€) Aty — £ —n) A" (t, —26 —n)dédn (3.101)
The integral J, can be reduced to a triple-integral
Jv — _1_/+oo/+7+°° 6-—1772(:2[6—@(1)-{)_6—1’(217]
2Jo Jo Jo )
A(ts—Q)A(ts—n)A* (8 (= €)e™ O dedndc . (3.102)

It will be seen that the factor n in the kernel brought in by combining two Reynolds
stress terms is crucial for the success of the following procedure of analyzing the
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asymptote of [ J,YdY as ¥ — +oo. Integrating with respect to ¥ from —Y to
Y, we have

Y _ aly [Foopteoptes sinQ(n —¢£)  sinQ(n)
/_yJU(Y)dY_ 3 /0/0/06 n*¢? e

A(ts =) A(ti —n) A (t: — { = €)™ de dnd

In order to identify the main contribution to the above integral as § — oo, we
write the the kernel into the following form

sin Q(n — {) sin Q(n)

—¢ n

=T,§25£;M n¢? co SQ??

—¢
The first term represents the contribution from € = 7, the second and the third
represent the contribution from £ = 5 = 0. After the kernel is so split and fac-
torized, the asymptote of the multiple integral becomes essentially the asymptote
of several single integrals. By utilising a Mellin transformation method (Bleistein
& Handelman, 1990), we find that only the first term contributes an O(1) jump,
namely

E ¢ ]

in Q¢ . ~ sin® %Qé.

—29¢%sin Qn (3.103)

[Ty =jo [T et A - A - A - € - Opdeac

o0

After some transformations, this can be rewritten as follows

[ amay =25 [T 10+ g6+ 36
A(ty—€) Aty —n) A*(t; —26—n)dédn . (3.104)

The forcing ag\;{a is the Reynolds stress generated by the interaction between

streamwise velocity of the 3-D fundamental and 2-D harmonic which itself is gener-
ated by the interaction between fundamentals. Utilising (3.67), we obtain

8Mg
Y

The solution driven by the first term is

= a8 0y LV 4 2ialsy VY — 20007107 4y SS9 . (3.105)

0

— 13 T A -
a5 diem DUy (Bl + 22UV @)

which, after integration by parts, can be simplified as follows:

CYS U YY‘ Y —()ZO./ dte—tﬂ(tl—i)U* () (20)('{)
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The solution driven by last two terms in (3.105) is
2za/ die= -0 (HVED (1) — 2] / die= 00 L (0)SEV ()
So the solution driven by My is

7, =_—25 Wyy V2O — 2ial; / die= =D (HSEOE) . (3.106)

For brevity, we write ‘/3,)/}/ as
V&), = §4sin*0I, + §4sin*61; + 284 sin01, |
where

I, = a8~%sin~100; ,, V3 | (3.107)

=T At )t 0
(3.108)

I, =/0+°70+°°/0+°°/0+°°<26-m(£+n%*—c),21(t1_v—n)A(tl—u—g)/i*(tl—v—()(lfdnd(dv.
- (3.109)

Substituting of the expressions for Ul*’yy and VQ(E}O) into I, we find
+oop+oaptoo 5 i
L= _/ / / CPE? +4sin’0(E+m)(§+m)](§+27) " [ HERTO — K]
o Jo Jo
Aty =n)A(ts —€—n) A (t,— (e~ ™M dgdnd( .
Then integration with respect to Y yields

+Y
/ | L)y

= 25 [T Ele rasinta(e+npme2n) |
A(ty—n)A(ti—E—n) A*(t,—()e '"”“”'”dﬁdndC -

st(( £~ 217) sin ¢
—§—27 ¢

]

Here again the kernel is split as follows
sin Q(¢ — £ — 27) __sin 974
¢—¢ —_277 ¢
A2 g i sin (¢ — § — 2n)
= ([€%+4sin20(€+7)7] - e-2n
i = sin (€ + 27)
—([624+45in®0(E+7)n] cos QCW

. 2 l =
—2([€*+4 sin?0(£+n)n] sin chm ?:_(52: 2n) .

G2 +4sin®0(E+n)n](E+2n) 7" ]

(3.110)
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After a similar procedure as in treating J,, we can obtain

400 ) +4coptoo ° .
[ L@y = =2 [l + asin(¢ + m)el(2¢ + )
Aty =€) A(ts —€—n) A" (ty —2£ —n)dédn (3.111)

The jumps related to integrals I; and I, are straightforward, they are

+00 . fHoortee 9 = " A ,
[ nay =20 [ e4n?rAtt-e) Ata—g-n)A*(1-26-n)dedn , (3112)
and
400 +oortoo 7
/ VA : 3 2 2
/_oo L(Y)dY = 4]0/0 /0 [35 + 3¢ + én°)
A1 =) Aty —§—n) A" (t1—2€ —n)ddn . (3.113)
Matching f/é,,y with the outer expansion requires
¢f —¢j = Vay(+e0) = Vay(—o0), (3.114)
With the jumps so obtained, we have
¢t —¢; =miSgn(U,)(afr; + pidf + s;b;)
+ma®|U, l381n?0/ / K (&) At —€)A(ty —€—n)A™(t; — 26 —n)dédy
(3.115)
where
K(§,m) = (267 + &n) — 25in*0(2€° — €n*) — 4sin*0(¢n + £n?) . (3.116)

It is noted that (af — aj) and (df — dj) correspond to the classic +7 phase
shift in the outer expansion, while (cj’ — ¢ ) is modified by nonlinearity. As will be
shown, it is through this modification that nonlinear effects control the evolution of
the disturbance.

3.4 Evolution Equation of the Amplitude

3.4.1 Amplitude Equation

Inserting the jumps (3.58), (3.59) and (3.115) into (3.34), we obtained the evolution
equation as follows:

d 0 oo
=amA+a [ KEDAL-OAL—¢-n) A" (-2 —n)ddn

(3.117)
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where the kernel K (£,7) is defined by (3.116), and

9 = folf, (3.118)
9; = hlf. (3.119)
The constants fo and f are defined by (2.73) and (Z.74) respectively, and
fi = —ma®sin®0 ) B2|b; 1|0 ° (3.120)
J

where the summation is made over all critical layers. To match with the earlier linear
evolution stage (Goldstein & Choi, 1989), the appropriate asymptotic behaviour is

A — Ape®h as t; — —oo, (3.121)

Note that)although in the present problem U,,(y.) # 0, the nonlinear kernel
K(£,n) is the same as that in Goldstein & Choi (1990)! where U,,(y.) = 0.
This is because nonlinear interactions inside the critical layers are only associated
with the pole type of singularity in v and w, compared with which, the logarithmic
branch-point singularity associated with Uy, (y.) # 0 is weaker.

In order to scale out the Ay and 7, we follow the idea of Goldstein & Choi
(1989), and introduce the rescaled variables:

= Ae¥o/(—m)?, (3.122

= 7l — g, (3.123

] >|
~— ~—r

where X, and z, are chosen so that:
goo — 1(Xo — o) = log[Ao/(—T1)*] . (3.124)

Then the evolution equation and the asymptotic behaviour become:

A — g %ottHivo as 1— —00. (3.126)
Further to scale out g, we introduce:

= Algil7lgol™, (3.127)

o~ }l

where ¢y and X, are chosen to satisfy the following equation:

- Tz%l Vo + i0o = log{|g1]%]g0 7%} - (3.129)

! Actually, we obtained the present nonlinear kernel K(£,n) before noticing the correction of
Goldstein & Choi (1990). In checking the difference between (3.116) and that in Goldstein & Choi
(1989), we spotted the same errors as corrected by Goldstein & Choi (1990).
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Then we obtain :

dA

S = wdtn [ [ KEAG-6AE-E-0)A (-2 —0)dtdc , (3.130)

A — et as t-— —o0, (3.131)

where vy = --go/|go|, and h = 91/|gl|-

3.4.2 Finite-Time Singularity Structure

The singularity structure of the amplitude equation (3.125) was proposed by Gold-
stein & Choi (1989), where the spatial evolution of disturbances in a free shear layer
was studied and solutions were shown to blow up at a finite distance downstream.
Corresponding to the temporal evolution studied in this Chapter, the solutions blow
up within a finite time, and the singularity structure is as follows

= dg _
~ W as i — ts s (3132)

where ¢ and aqg are real and complex constants respectively. It is noted that the
structure depends only on the order of the polynomial kernel K (£,7).
As in Goldstein & Choi (1989), substitution of (3.132) into the amplitude equa-
tion (3.125) yields
(34 1i0) = g1 Dolaol? (3.133)

where
Do= [ [" K(EmI+OQ+ £+l ORI (2 4m) iy . (3.131)

From (3.133), |ao| and o can be solved. The singularity time ¢, can be determined
by the same way as described in Chapter two.

3.5 Viscous Effects

In this section, we consider viscosity effects on the evolution. A typical case is
that the viscous diffusion terms appear in the leading-order critical-layer equations.
According to the scaling arguments in Chapter one, this happens when R ~ O(¢™?).
So we write

R'= e, (3.135)

where the parameter A is introduced to reflect viscosity effects, and is assumegto be
of order one.
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3.5.1 Amplitude Equation

In this subsection, we derive the amplitude equation for the viscous case. The outer
expansions and solutions are the same as for the inviscid case. The inner expansions
take the form of (3.37) to (3.40). The function V; satisfies the equation

LoV,yy =0,

where, due to viscous diffusion, the operator Lg is of second order:

. o _ _ i) o?
Lo=[=—+UY +U,n)=—

B 83:] - /\m , (3.136)

in contrast to the first-order operator of the inviscid case. This modification is
the main difference that viscosity brings in. The solution which matches the outer
expansion is:

R caspr
V, = A(tl)EA—l— c.c. (3.137)

where A = b;A and b} = by = b;, i.e. the jump (b — b7) is zero.

The leading-order solution for pressure P; is same as in the inviscid case, i.e.
P, =ia~'0, cos OAE cos Bz + c.c. .

The function W) satisfies the following equation

- 0P,
/= ——= .
LoW 5

z
Let W, = W, E sin Bz + c.c., then W satisfies:
LW, = iU, sinf cos A | (3.138)
where

.Ii(n)——a—-l—nz'Oz(UY-i—[j’r)—/\a—2
T oy v ) T

As in Chapter two, the equation (3.138) can be solved by a Fourier transformation
method, which yields the solution

% o (0
Wy = U, sin @ cos HWZ{ ) ,
where for convenience, we have introduced

2 (n 400 n i —enEd—i 1 N
Wy =/0 A= TN, 5 = 20T (3.139)

Similarly, the leading-order streamwise velocity U, can be written as U, = U E cos Bz+
c.c., where

A

U, = —U, sin? 0W§°) .
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At O(e), V, satisfies
3 65’11 6531
W[ax + 62]+“"

where the forcing terms which do not contribute to the jumps are not written out.
The operator L, and Reynolds stress Sy;, S3; are defined in the same way as in the
inviscid case. The solution to equation (3.140) has the following form:

LoVayy = LiVi + (3.140)

Vo= VZ(I)E cos Bz + VQ(O’” cos28z + \72(2’0)E2 +cec. . (3.141)

The fundamental component V( is only driven by the linear forcing term, i.e.
LV, = zaUyyA which is exactly the same as in the two-dimensional case. Hence
by this ana,logy, we obtain the following jump conditions:

af —a; = mip;b;Sgn(U, (3.142)

v) s
3
dy —dy —mir;0;Sgn(U,) . (3.143)

The functions 172(0’2) and 172(2’0) are found to satisfy the following equations re-
spectively

0 P (oo _

o6 " tave WYY = —i5%sin® 9LA" WP + 4sin? oW OW D] (3.144)

LOVEY) = i8%sin? gJAWD + 45in? oW O WD) . (3.145)
The solutions are found as follows
~ +0o 400 o .
V;?? = 511120/ / { n A*(tl—— )A(tl—vy—ﬁ)e"mdfc[n ,
(3.146)
+oo +00 2 ;
P = a8 a0 [ 109 m) Al —m) Al —n—€)e N dea
(3.147)

where we have defined

IO, q) = g1 (43¢ (3.148)

[0(6,y) = el ssssrsn) (3.149)

1096, n) = IO e +asin?p [ e gp) (3.150)
0

1996, m) = IO +4sin0 [ (€ +20)e e a) . (3151)
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The function U, satisfies

8Wl 2*t, 0 — OW,

saoy oy T Vv,
where Fi(Y) and F,(Y) are the same as in the inviscid case.
The solution takes the following form

LUy = ~UVs + Fi(Y) 52 — Fy(Y) (3.152)

U, = Uél)E Cos ﬂz+f]§0 o) U(0 2 cos 2ﬂz+0§2’0)E2+C72{2’2)E2 cos 2ﬂz+c.c. . (3.153)

It is found that we only need to solve for the mean-flow distortion U2 ) and vortex
flow U (02) , which satisfy the following equations respectively

1 _ .

[Oit Y2] U5 = —5e7 5 sin gA* W | (3.154)

1

8
Frap YQ]UQ _—%S“’"’) o,V (3.155)

1

where

S92 = —z'aU; sin? QA W . (3.156)

The solutions are

N _ +oop+to00 A A .
899 = 278 sin0[ [ IO m)Ar(ts—m) Al —n—€)edgd
! o Jo

4

(3.157)
033 = —5a78sint0[ " 109, ) Aty =) Aty - €)e~ el
(3.158)

where we have put

LON(Em) = T e+ 20 +4sin0 [[2(y = e 4%aq) . (3.150)

Integrating once with respect to Y, we find

A C too A
(Uéon) +c.c) ~ —Sa‘lSQSin“GW/ /7](7] - C)€_231(3|A(t1 — n)[*d¢dn
o Jo

+{order-one continuous terms} + o(1)

as Y — too. As in the inviscid case, the nonlinear interaction inside the critical
layers generates a streamwise slip velocity across the critical layers. It is noted that

this slip velocity is modified by viscosity.
The function W, satisfies the following equation
0P, 8Wl

LoW, = ——~ — Fy(Y)~

~ Su, (3.160)
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and W, has the form v
W, = T/Vz(l)E sin Bz + W;fo’?) sin2fz + W2(2’2)E2 sin2f8z + c.c. . (3.161)

But as far as deriving the amphtude equation is concerned, it is sufficient to solve
for the vortex component I/V2 2 only It follows from the continuity equation that

Wi = —(28)1V 37 . (3.162)

As in the inviscid case, the jump (cJ+ — ¢; ) has to be determined by solving for
V3, which is found to satisfy the following equation:

0.0 4]
tavlE et
where Ly, L,, and the Reynolds stresses S;o and S3, are defined in the same way as

in the inviscid case. For the purpose of deriving amplitude equation, we only need
to find the fundamental component at this order, i.e.

LoVayy = LiVy + LW, —Ss3] (3.163)

%:‘A/},Ecosﬂz-}—c.c.-k... ,

and correspondingly, we write

9 _9532=1\‘4Ecosﬂz+c.c.+... ,
Oz 0z

with non-fundamental components being neglected.
It is noted that the relevant part of linear forcing term, i.e. (LiV, + LyV), is
the same as F(I)(Y,tl) of Chapter two, although L,V, contains non-fundamental

Si2 +

components. So the solution (denoted here by 173(1) E ) driven by it has the following
asymptotic behaviour

‘73(,1)); ~ (a p; +2¢;b; + pzb )Y + (a T +de+ + s;b;) log ||
+{:t§7rz'Sng(Uy)(aj r; + pjd;- + Sjbj) +.. } . (3.164)

We now write the nonlinear forcing term M (Y, ;) as follows
M =M + M+ M,

where ]\2 (7 = 1,2,3) have the same expressions as M; of the inviscid case respec-
tively, but the solutions evolved in the expressions, e.g. U2 (%9 }ave been modified by
viscous effects. We now assume that V3,(J )E denotes the solution driven by M ; and

I';(k) denotes the Fourier transformation of f/;;?,,
+ o0

T(k) = / Vayye ¥ dy .

-0
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To obtain the jump, we need to evaluate {V;’Q(-{-oo) V(Q(—oo)} It can be shown
that

A

V3P (+00) = Vi (~00) = T;(0) .
Using this relation, we ﬁnd
W%+w)x&% )
osm2o/ / KW, n) Aty — ) Aty —n—€) A*(t, — 26 —m)dEdn , (3.165)
where

KM(E,n) = KO(E,n){263+€+25in%0 /0 "2+ 26(n— ()]0 =3nEC 4} | (3.166)

and .
RO(¢,n) = e-n@+38n) . (8.167)

We now consider %ng)y, i.e. the solution driven by M. As in the inviscid case,

there is a difficulty in evaluating the asymptotic form of 173(%2 Inspired by the
experience there, we write

Wy = Qult,t) = Oy G507,
then Q4(Y, %) satisfies
L(1 Q= N, (Y,t), (3.168)

where

Ny = My + ia(_fy'lf/gl)([}ly,,), Uioy

Notice that o .
L0y = —ial, 0, . (3.169)

Differentiating with respect to Y, we obtain
LU vy = 20,0,y . (3.170)

The complex conjugate of (3.155) yields

[— — A 62,2 U590 = —aiyé;‘](‘“) I, vy (3.171)

On making use of (3.170) and (3.171), we find
N zaU1 yV2 *(0.2) 201201 U;’()?’z)—Qi)\aUy_lfjlyyyy U;’(}?ﬂ)——iaU;lf]l,yyg;l(o’z) .
(3.172)
After solving for )»(Y,¢;), we obtain
V33 (+00) — Vi) (—00)
~ +o0 +oo - - -
= 28%0sin®0f [ RO (€At~ At —n- A (-2 ~1)dedn , (3.173)
o Jo
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where we have put
f{(l)(fﬂ)) = =51l +n° +(E+n)°] , (3.174)

and

K@ (&)
= {ff“”(ﬁ,n) / @m0 —E(Er 22018 dg

" ¢
+ KO [ [(n+<)(n+3<)—(£+n)(£+n+24)]e'3”“*’”(2”*‘)%}
+45in2 { ROE,n) [ dge2 [ 0142257 (€m0 gy

2 ¢ ¢ G 3 2
+ KW(¢,n) / d( 3o (Em(am)e /O(v—p[l+2A52(£—<)(n+<)21e"”““ ol 1dv} :

(3.175)
Finally, we solve for ‘73(;;,)), i.e. the solution driven by Ms. On writing
Vady = Qa(Y 1) + U Oy Vi3 (3.176)
then ()3 satisfies ) )
LVQs = Ny, 1), (3.177)
where ) 3 o
Nz = Mzy — Uy_lLE\l)( 1YYV 20)) .
Noticing
LPVED = 200, V29 4 22529
and using the complex conjugate of equation (3.170), we find
Ny = —2iaU0; U yy ST 4 2207 Uy VD (3.178)
where
S0 = —zaU2 sin?0[AW{) + 2sin? oW OW) .
After finding the solution for ®s, it can be shown
VP (+o0) = Vi (~o0)
= 48%0sinta [ RIEm) At ) Al ~n—)A*(n -2 ~n)dedn , (3179)
where
()
. 14 ~
= KO ) { [ ocl1+ 1S+ 0+ 0%(E - O] (e m, O
3 ¢ _ 3
+ 4sin0 dC To(6, 7, ) (o) 142082 (60 (6= ”"””dv} ,
0
(3.180)
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and :
o(€,7,¢) = e~ (4°+66CP+9n?+6enC+6n%()

Matching onto the outer solution yields

t
¢ 6

= miSgn(U,)(afr; + p;d}f + s;b;)
4?0, sin’0 [ "R (€ o) Alts ) Aty — 6 n) A" (61 =2 ~n)dgan ,
(3.181)
where we have written
K;(¢,m]s1) = K, (€,7]s1) + 4252 sin0 K, (€, n]sy) . (3.182)

The suffix j refers to the j-the critical layer, and the argument s, refers to the
parametric dependence on s;. The functions K, and K are expressed as follows

Ko(€nlst)
= KO n)(26° + £n)
+25in0 { KO(,n) [162 + 26(n - e g

. ¢
+EO(,n) [Tem30)¢(erzni20)e e g
_*_2];'(1)({’,7) /5 77(6--51(463+6542+9n42+6£n4+6n20d§
0
~ £
+ RO n) [T (r+30)~(E4n) (€20 Jem “W'f*ofdc}
1dg d 77 (0) S om3siec [ —s1(20%4360?)
+8sint0 { KO, ) / d¢ e / (o)™ dv
0 0
+2KM(¢,n) / ; d( &1 (4> +6EC +nCH6gnc+on™) / C(( _ p)es1 @I gy,
0 0

+ KW, n) /E d( e~ 31 E+m)(2n+0) /C(v _C)e—s1[2v3+3(5+n)v2]dv} ,
0 0
(3.183)

and

‘[(/\(éanlsl)
. 3
= 2KW(¢, 77)/0 DC(E + 1+ C)P(€ — ()em U+ +9nC HeEnCHO1C) ¢

% ¢ 2 [T 3 2
+4sin’ {K“’)(f,n) [ e [T u—n—()(e-)cte N gy
~ ¢ ¢ s
+K(l)(€’n)/(; d¢ 6-—3s1(5+n)(2n+()4/0 (U_C)(g_o(n_*_oze—s;[zu +3(5+,,)U2]dv
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N € 3 ¢
+ 2[((1)(5’,7)/0 d ems(4¢ +6£<2+9n<2+6€n<+6n2<)/0 (C—v)(é—C)(§+77+C)2e"(2”3+3’7”2)dv} )
(3.184)

Note that the structure of K,(¢,n) is somewhat different from K,(¢,7), and its
appearance is rather unexpected. Nevertheless the kernel K(¢,7) reduces to (3.116)
when A = 0, as expected.

as follows

Using the modified jump, we obtain the amplitude equation for the viscous case

dA

g =9omA+ /0+°°/0+°° > 9iKG(E,m) At —€) Aty —€—n) A" (t, — 26 —n)dédn
(3.185)

where the summation is made over all critical layers; in the present problem there
are two. The kernel K;(€,7) is defined by (3.182), and

g = folf, (3.186)
9 = filf. (3.187)

The constants fo and f have the same expressions as in the inviscid case respectively,

fj = -—7!‘C¥3 sin29b§|bj|2|(_/y|3 . (3188)

The coefficients g; against wavenumber @ = (a® + 82)7, are plotted in Figl8a and
Figl8b in a convenient scaled manner. The coefficient g, against & is the same as
shown in Fig3 except the « there is replaced by a.

3.5.2 The Finite-Time Singularity, Equilibrium Solution,

and Viscous Limit

We note that the finite-time singularity identified for the inviscid case applies to the
viscous case, i.e. it is unaltered by viscosity. However, as in the two-dimensional case
(Chapter two), we expect that viscosity may delay the occurrence of the singularity,
or eliminate it if the viscosity is sufficiently large.

Surprisingly, the amplitude equation (3.185) does not admit an equilibrium so-

lution. This is a remarkable difference from the two-dimensional viscous case.

We now turn to examining the amplitude equation under the limit A — +oo.

This corresponds to the situation where the viscosity is relatively large or the distur-
bance is relatively weak (see (3.135)). It can be shown that the amplitude equation
(3.185) is reduced to the following equation:

+00
/\_%% =gom A+ )\—lgA/o [Ats — n)2dy + O(A~3) . (3.189)
1
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where we have performed the variable change t; — A3¢;. The constant § is defined

by

2

g= 2?3 sing[1 — 2 sin20]I‘(§-) > ogiBit, (3.190)
J

where the summation again is made over all critical layers. Remarkably, the non-
linear term is still non-local, and the amplitude equation does not appear to be of
Landau-Stuart type?. Note also that at the viscous limit, the coefficient g is zero,
i.e. nonlinear term vanishes, when 6 = Z. The same behaviour occurs in the inviscid
case, as noticed by Goldstein & Choi (1990). But generally, K;(¢,7|s,) is non-zero
when 6 = 7.

As in Chapter two, we examine the validity of the amplitude equation (3.189).
To keep equation (3.189) balanced, we require 7, ~ A"%, and A"34 = A with
A = O(1). The rescaled amplitude equation is then

dA +oo
T =nA+GA [ At - m)Pdn (3.101)
1

where we have written A as A, and 7, = )\';‘7_'1.
. 1 1 1 .
Recalling that 7, = €73(7 — 73), and A~3 = (eR)3, we obtain

T — 70 ~ O(e3 R3) | (3.192)

1.e. the evolution time scale is O(e‘gR_%). Note that this time scale is much faster
than that in Hall & Smith (1991), where the time/spatial scale is found to be
O(e"2R~%). Since ¢ « R~!, we have (7 — 7o) < R~3. This implies that inside the
critical layers, the unsteady effects are less important than viscous effects, and the
critical layers thus become steady and viscous. Recalling that the sub-Stokes layer
has a correction of O(R™?) to the growth rate, and hence in order for the amplitude
equation (3.189) to be valid, we further require

€iRT > R™2, ie €3 O(R%).
We therefore can conclude that when
Ri<e<R!, (3.193)

or equivalently when 1

l1<K< ALK Ry, (3.194)
the evolution can be described by (3.191). The validity of the fullyintegro-differential
form of amplitude equation (3.185) is restricted only by A < R%,i.e. it has a much
larger validity range than (3.191). When the first restriction of (3.193) is violated,
the amplitude equation could still be of form (3.191), but its coefficients must be
modified by the sub-Stokes layer near the wall. Notice also that, when A = O(R%),
the unscaled amplitude is of order (/\_%e), i.e. R¥; this is just the amplitude scale

in Hall & Smith (1991).

2The author is very grateful to Prof. S.N. Brown for telling him her recent result, without
knowing which the present author would not have realized this point.
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3.6 Conclusions and Discussions

In this chapter, we have shown that nonlinearity affects the evolution of a pair of
oblique waves with O(1) spanwise wave number much earlier than that of a two-
dimensional wave, and the nonlinear evolution time scale is much faster. This is due
to the pole type of singularity in the streamwise velocity as well as in the spanwise
velocity (Goldstein & Choi, 1989), cf. the logarithmic branch-point singularity in
the corresponding 2-D case. \ .

It is shown that although U,,(y.) # 0 in the present case, the nonlinear in-
teraction, and as a result, the amplitude equation is the same as that in the case
where U,,(y.) = 0, e.g. free shear layers considered by Goldstein & Choi (1989).
The amplitude equation is an integro-differential one. Explosive growth in the form
of a finite-time singularity is possible and may be related to bursting phenomena
observed in experiments. The result gives further support to the point of view
that subsequent nonlinear growth of initially small disturbances causes transition to
turbulence.

Our analysis has included viscosity, thus has extended that of Goldstein & Choi
(1989). It is shown that viscous effects influence the evolution of the disturbance by
modifying the structure of the nonlinear terms. The resulting amplitude equation
does not seem to admit equilibrium solutions. This suggests that nonlinear effects
do not render the disturbance neutral; hence it will not enter the regime described
by Hall & Smith (1991) from the stage considered in this chapter.

One interesting feature is that the nonlinear interaction inside the critical layers
generates a vortex of the same size as the fundamental wave in the main part of the
flow. This strong vortex may be identified as that observed by Hino et al. (1983) in a
finite Stokes layer between two plates. It may also be possible to relate this vortex to
the streaky structure in a turbulent boundary layer, where high-frequency bursting
is a significant phenomenon; this is because large scale coherent structures in the
outer region of a boundary layer may generate a flow similar to a Stokes layer in
the wall region. One may expect that the dynamics there, especially the instability
mechanism, is analogous to that of the present problem; thus the results obtained
here may be helpful in understanding the wall-layer phenomenon in a turbulent
boundary layer. Such a point of view is supported by the experiments of Hino et
al. (1983), who gave evidence that the generation of vortex structure and bursting
processes (like ejection, sweeping ) are similar in these two flows.

In this Chapter, we have assumed that the spanwise wavenumber is of order
one, i.e. f ~ O(1). It is under this condition that the nonlinearity associated
with the logarithmic branch point is weaker than that associated with the pole.
However, from the amplitude equation it is seen the coefficient of the nonlinear
term is proportional to sin®d = $%/a?, and therefore it will be small if B is small,
1.e. these nonlinear effects are weak for weakly three-dimensional disturbances. A
typical case of special interest is when nonlinearity from the simple-pole singularity
is as strong as that from the branch-point singularity. A scaling argument, similar
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to that in Chapter one reveals that this occurs when
B~ O(ef) .

This problem will be considered in Chlapter five, where the amylitude is allowed to
be a function of spanwise space Z = €5z as well as time ¢, = €5¢.
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Chapter 4

The Nonlinear Evolution of
Resonant-Triad Waves

Abstract

The nonlinear evolution of initially linear high-frequency disturbances in a Stokes
layer is studied under a high-Reynolds-Number assumption. The disturbances are
composed gt a two-dimensional wave (2a,0) of magnitude 6, and a pair of oblique
waves (a, £7) of magnitude €, where o, § are the streamwise and spanwise wavenum-
bers respectively. We assume 8 = v/3a so that resonant conditions are satisfied when
disturbances become nearly neutral in the process of evolution. It is shown that the
growth rate of the disturbance is controlled by nonlinear interactions inside critical
layers, i.e. thin regions centered on levels at which the phase velocity of the distur-
bance is equal to the basic flow velocity. In order for there to be a nonlinear feedback
mechanism between the two-dimensional and the three-dimensional waves, the lat-
ter are required to have a larger magnitude than the former, namely § ~ O(e*/?).
The nonlinear evolution time scale is O(e'%), ie. 0(5‘%).

The amplitude equations turn out to be significantly different from those of
Raetz (1959), Craik (1971) and Smith & Stewart (1987) in several important re-
spects. Firstly, as in Goldstein & Lee (1990) they are integro-differential equations,
i.e. the local growth rate depends on the whole history of the evolution, unlike a
conventional resonant triad, where it depends only on the instantaneous amplitude
of the disturbance. Secondly the back reaction of oblique waves on the 2-D wave is
accounted for by two cubic terms and one quartic term in the wave amplitude rather
than one quadratic term. Thirdly the amplitudes of the two- and three-dimensional
waves can theoretically always exhibit a finite-time singularity, while in a conven-
tional resonant-triad equation, the occurrence of a finite-time singularity depends
delicately on the coefficients (Craik 1975). The structure of the finite-time singular-
ity is identified, and it is found that the 2-D wave has a “more singular” structure
than the 3-D waves. The finite-time singularity implies that explosive growth is in-
duced by nonlinear effects. We argue that this nonlinear blow-up of high-frequency
disturbances is related to the bursting phenomena observed in experiments, and can
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lead to transition to turbulence.

4.1 Introduction

In Chapters two and three, nonlinear effects were investigated for the cases of a
two-dimensional wave, and a pair of oblique waves respectively. It was shown that
before the disturbance became neutral, a nonlinear interaction could take place
inside the critical layers, and that this controlled the growth rate. As a result,
a finite-time singularity was induced by this nonlinear interaction. Consequently,
instead of evolving into an equilibrium state, as implied by linear theory (Cowley
1987), the disturbance is further amplified by nonlinear effects. This result suggests
that instability and transition of the Stokes layer may be explained in terms of this
nonlinear growth over part of a period rather than in terms of the net growth over
a whole period. The explosive growth of the high-frequency disturbance may be
related to the bursts observed in experiments.

In this chapter, we will explore an even stronger nonlinear interaction, namely
a resonant-triad interaction. This type of interaction takes place in many kinds of
wave flows, e.g. see Craik (1985). The possibility of a resonant-triad interaction
between Tollmien-Schlichting (T-S) waves was put forward theoretically by Raetz
(1959) and Craik (1971). The mechanism they proposed is the following. Suppose
there is a pair of three-dimensional modes, say (o, +8,¢c;), and a two-dimensional
mode, say (2a,0, c;), where £+ are the spanwise wavenumbers of the 3-D modes, a
and 2o are the streamwise wavenumbers, and ¢; and ¢, are the phase velocities of
the 3-D and 2-D modes respectively. If

C1 = Cg, (41)

then a nonlinear interaction can occur at (amplitude)? order, i.e. “sooner” than the
(amplitude)® order of the non-resonant case (Stuart, 1960; Watson, 1960).

It is worthwhile noting that the relevant modes involved may have more general
forms and do not necessarily have to be associated with the same instability. For
instance, Hall & Smith (1988) considered an interesting resonant-triad interaction in
a concave channel flow. This flow can support T-S waves as well as Taylor-Gortler
vortices. The triad they considered was composed of a pair of oblique T-S waves
and a Gortler vortex.

The resonant-triad interaction mechanism has been used to explain the appear-
ance of three-dimensional disturbances. For example, it is believed that the stag-
gered arrangement of T-S wave revealed by Saric et al. (1984) and Kachanov et
al. (1984) is the result of a resonant-triad interaction between a pair of oblique
sub-harmonic modes with the basic fundamental two-dimensional mode.

As pointed by Stuart (1962a,b), for T-S instability, condition (4.1) is not easily
satisfied, i.e. it is not always allowed by the dispersion relation of T-S waves. Craik
(1971) found that in a boundary layer, (4.1) is valid only for some specific values of
a and 8, and he referred to this as the selective amplification mechanism. Recently,
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Smith & Stewart (1987) put Craik’s analysis on an asymptotic basis by using a triple-
deck style analysis; they showed that the resonant triad-interaction took place for
“high-frequency” T-S waves.

In the case of Rayleigh waves, condition (4.1) can be easily satisfied. Suppose
(2a,0,c¢) is a neutral mode of Rayleigh’s equation, then from a consideration of
Squire’s transformation, we conclude that if

ﬂ:\/ga)

the (o, +8,c) modes are also neutral, and moreover the resonant-triad condition is
satisfied. Using this idea, Goldstein & Lee (1990) studied a resonant-triad inter-
action in a boundary layer. They assumed that an adverse pressure gradient was
present, which although weak, supported long wavelength Rayleigh instability waves
(Goldstein et al., 1987). They first considered the case where the 2-D and 3-D waves
have equal order of amplitude. It was shown that the 3-D waves are enhanced by
2-D wave, but they had no back reaction on the 2-D wave. As a result, the 3-D
waves exhibit faster than exponential growth, and the 2-D wave grows exponentially,
unaffected by the 3-D waves. Eventually, the 3-D waves will have grown sufficiently
large to affect the 2-D wave and then the evolution will enter a fully-interactive
stage. This fully-interactive stage was then considered by them. Importantly, they
pointed out that the feedback effect of the 3-D waves on the 2-D wave was through
a quartic rather than a quadratic interaction; thus the amplitude for the 2-D wave
contained a quartic term. But they did not carry out a detailed critical-layer analy-
sis to give the exact form of this term. Moreover, it seems that they overlooked the
cubic interaction terms.

A fully-interactive resonant-triad of 7-S waves in the Blasius boundary layer
was studied by Mankbadi (1991). He was concerned with the upper-branch scaling
regime (cf. Smith & Stewart, 1987). Along the upper branch, the viscous critical
layer is distinct from the viscous wall layer and hence the flow is not described by a
triple-deck structure (Drazin & Reid 1981, Bodonyi & Smith 1981). He showed that
the nonlinearity dominating the evolution of the amplitude was from the critical
layer, and demonstrated good agreement with experiments.

This chapter is concerned with the fully-interactive resonant-triad composed of
Rayleigh instability waves. The purpose of the study in this chapter is two fold.
Firstly, we shall address the role of resonant-triad interactions in the instability and
transition of the Stokes layer. Secondly in a broad sense, we are concerned with the
evolution of a resonant-triad of Rayleigh instability waves under nonlinear effects
from the critical layers, which, by assuming that the Reynolds number is sufficiently
large, are predominately inviscid, but unsteady, in contrast to the viscous and steady
one in the work of Mankbadi (1991). The nonlinear terms in the amplitude equa-
tions, as will be shown, are fully determined by nonlinear interactions inside the
critical layers and do not depend on the basic flow as a whole. Thus the results
obtained are valid for Rayleigh instability in a broad class of flows.
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4.2 Scaling Argument and Formulation

The flow is described by Cartesian coordinates (z,y, z), where z is parallel to the
oscillating direction of the plate, y is normal to the plate, and z is the spanwise
direction. If we take 6*, w™!, and U, as characteristic length, time and velocity
scales respectively, then the basic flow is given by

(U,V,W) == (cos(T — y)e™¥,0,0) .
We denote the perturbed flow by
(U + w,v,w) .

Following Cowley (1987), we study high-frequency instability waves, and intro-
duce the fast time scale
t =Rt (4.2)

to take account of the frequency of waves, where R is the Reynolds number defined
in Chapter one.

We assume that the velocity component v of a two-dimensional disturbance of
magnitude O(§) has the leading-order form

§Boda(y, T)E* + c.c. |

where § € 1, and the order-one complex constant number By is a measure of the
scaled amplitude of the 2-D wave. Hereafter c.c. represents the complex conjugate
of the part written out. For convenience, we have defined
A
E = exp(iaz —16(t)) ,

where dIO\ . .

pri 50’0(7) + iR—%Ql(T) +...

with ¢ being the complex phase velocity, i.e. ¢ = ¢, + 2¢;. In this study, we assume
that the wavenumber « is of order one.

The three-dimensional disturbance is composed of a pair of oblique Rayleigh
waves with equal magnitude € and streamwise wavenumber o, but opposite spanwise
wavenumbers +3. We assume that § = v/3a so that they have the same phase
velocity as the two-dimensional wave, i.e. the resonant condition is satisfied. The
velocity component v of the 3-D disturbance can be expressed, to the leading order,
in the form

€Aot1(y,7)E cos Bz + c.c. ,

where Ag is a measure of the scaled amplitude of the 3-D waves.

According to linear theory (Cowley 1987), both the two- and three-dimensional
disturbances start to grow from the same time, say 7;, until a time, say 7o, at which
they both become neutral (see figure 1). In the vicinity of the neutral time 7o, the
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growth rates are small, and critical layers emerge. Due to the singular property of
the Rayleigh equation near critical layers, nonlinearity may first become important
there. For surveys of the importance of nonlinear effects in critical-layers, readers
are referred to the papers by Stewartson (1981), Maslowe (1986), Hickernell (1984),
Goldstein & Leib (1988, 1989), Goldstein & Hultgren (1989), Goldstein & Choi
(1989) and Goldstein & Lee (1990). Our main concern is how this nonlinearity
affects the evolution of the resonant-triad waves.

Before proceeding to a formal asymptotic expansion, we need to set down the un-
derlying scaling, i.e. the relation between ¢;, € and §. For this purpose, we introduce
an intermediate time scale t; = ac;t, which is much “slower” than the time scale
of the instability waves, but much “faster” than the time scale of the underlying
Stokes flow; the disturbances are then described by time scales #, t; and 7. In terms
of these new variables, the z-momentum equation can be written as follows

{ac;=— 0 +(U-c )i—f—‘)R‘ —}z +vQ—U—=—-a—p—£uu———a——uv——guw,
8t1 Oz Y

where % has been replaced by _Cfa%'

We are particularly interested in the case where the nonlinear evolution occurs
on the fastest possible time scale, i.e. in which the time-variation term appears at
leading order in the critical-layer equations. Suppose the thickness of the critical
layers is O(u), then near a critical layer U — ¢, is O(x) if U,(y.) = O(1). Balancing
ac; gt” and (U — ¢,) % yields

i~ 0(c) . (4.3)

This scaling brings in a new non-equilibrium effect that does not occur in the analysis
of Raetz (1959), Craik (1971), Smith & Stewart (1987) and Mankbadi (1991). Such
a non-equilibrium effect was included in the analysis of Goldstein & Lee (1990),
see also, e.g. Goldstein & Leib (1988, 1989), Churilov & Shukhman (1988), and
Goldstein & Choi (1989). As pointed out by Hickernell (1984), such apeffect leads to
a different type of amplitude equation that involves history effects and is therefore
an integro-differential equation.

As a critical layer is approached, the streamwise velocity of the 3-D waves exhibits
a pole type of singularity, i.e.

ary o
ORISR

as noted by Benney (1961), where y. is a critical level defined by U(y.) = c,.
Then the magnitude of uzp, is O(ep™2). According to the asymptotic property of
Rayleigh’s equation, the normal velocities of the two- and three-dimensional waves
are of order § and € respectively. The nonlinear interaction inside the critical layer

between the 2-D and the 3-D waves, say through :—y(kuw) , produces a forcing
term of O(efu~%). By balancing this forcing term with ac,-gt-‘:—, we know that it

drives a 3-D wave velocity of O(e§u™2). We require it to balance the unsteadiness
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of O(eac;), i.e. O(ep) by (4.3), in the 3-D waves so that the evolution is affected by
this resonant interaction. This balance yields

p~ O(6%) . (4.4)

We will concentrate on the situation where there is energy feedback between the
2-D and 3-D waves. Conventionally, the quadratic interaction of oblique waves feeds
energy back to the 2-D wave. In the present case, this interaction takes place inside
the critical layers, and produces a forcing of O(e*1~?), say through %(U3D03D). Bal-

Su

ED
as well as a mean-flow distortion 1of O(€®u~3). However, the 2-D wave component
generated by this interaction does not produce a velocity jump across the critical
layers. As a result, the quadratic interaction between the 3-D waves does not af-
fect the growth of the 2-D fundamental wave (see Goldstein & Lee, 1990, and also
§4.2 below). It is found that the cubic interaction between the 2-D wave and the
mean-flow distortion generates a forcing of O(e?6u~*). Balancing this forcing with
aci%‘l—, we find that it drives a 2-D wave component of O(€?6x~°). This 2-D wave
component contributes a velocity jump of the same order (see below). It balances

the unsteadiness of O(8ac;) ~ O(6) in the 2-D wave when e?6u™% ~ &y, i.e.

). (4.5)

ancing this forcing term with ac; 2%, we know that it produce a 2-D wave component

o=

i~ Ofe
Notice that from (4.4), we have
§~ O(ef) . (4.6)

Equations (4.5) and (4.6) set the underlying scaling for the analysis in this study.
Note that the magnitude of the 3-D waves is required to exceed that of 2-D wave.
This is the same as in the work of Goldstein & Lee (1990) and Mankbadi (1991),
but in contrast to much previous work on three-dimensional instability, where it is
generally assumed that the magnitudes of 3-D waves do not exceed that of 2-D wave.
However, in favour of the present scaling is the fact that for Stokes layers, it has
not yet been possible to identify a dominant 2-D instability stage by reducing the
environmental disturbances and introducing artificial 2-D disturbances. The present
scaling implies that the disturbance is dominated by the three-dimensional waves,
and exhibits a “peak-valley” splitting pattern.
With the scale set above, we shall concentrate on the times near to

T =17+ 6%7'1 , (4.7)

namely the time at which the growth rate is reduced to O(e%); it is at this stage
that nonlinearity begins to affect the evolution. The disturbance evolves over time
scale #;, while the linear growth rate and the basic flow depend parametrically on
the slow time scales 7, and 7y. Since the basic flow U changes only on the slow time
scale 7, it is sufficient to expand its profile at 7 in a Taylor series about 7

(7(:(/,7’) = U(vaO) + 6%(_}7(3/77—0)7—1 +...
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Hereafter, all basic flow quantities will be evaluated at 79 unless otherwise mentioned.
For convenience, we rewrite the nonlinear evolution time scale ¢; in the form

1,
t = et (4.8)

The evolution picture can be summarised in Fig.2. As illustrated, we assume
that the disturbances are initially described by linear theory, and grow exponentially.
Then as they approach the neutral time 7, the growth rates become small, and linear
critical layers emerge. As the growth rate decreases further to O(e%), l.e. at times
71 = O(1), nonlinear interactions take place and control the overall development.
The earlier linear and the subsequent nonlinear solutions should be required to
match in some mutual overlapping domain.

Finally for simplicity, we shall assume that the Reynolds number is large enough
so that the viscosity does not play a leading order role in the evolution of the
instability waves.

4.3 Outer Expansion

4.3.1 Outer Expansions and Asymptotic Solutions Near
Critical Layers

Outside the critical layers, the flow is basically linear and is governed, to the required

order of approximation, i.e. O(eg), by the following equations:

du Jv Jw

mtey T =" (49)
ou ~Ou OU Op
1Yt vu oy v

2R+ U+ o (4.10)
dv - 0v Op

-1 —_— = —— .

2R or + U@x By’ (4.11)
ow - Jw Op
-127 —_ = ——

2R 57 +U@x e (4.12)

Eliminating the pressure terms yields:

0 _ 0 0v Ow oU dw

—1_ —— —_— i — ) — ———— .
CR 5+ U535~ 5) = 505, =0 (4.13)
and 5 5 9
9Rp-1__ J 2y — 1 _’U = .
(2R 3 + Uax)v v — Uy, % 0. (4.14)

With the multiple time scales introduced in §2.2, the time derivative 58; should be
interpreted as follows

& 8 1..0 10 .0
— 4+ —Re3— + €T — F — . 4.1
L TR R TR P (4.15)
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The velocity (u,v,w) and the pressure p of the disturbances are expanded as
follows:

U o= eu 4 efuy+ eSuz+ ... , (4.16)
v = ev +efup+eSvgt... (4.17)
w o= ew +€e3wy+ Swyt... . (4.18)
P = ep+eipt.... (4.19)

The presence of the two-dimensional disturbance requires that the expansions must

be taken to one order higher than is necessary for a pair of oblique waves (Chapter

three). However we shall see that substantial parts of the analysis are the same.
The earlier linear solution suggests that v; can be written as

v1 = A(t1, 71, 70)01(y, 7o) cos BzE + c.c. , (4.20)

A
where A(%;) is the amplitude of the three-dimensional waves, E = exp[iaz — 10(t)],
and A
db I 1
E‘: =Qo(To)+ §R 291(To)+... . (421)

Here the dependence on 7 is due to the time variation of the basic flow, and the
dependence of A on 7 is due to the time variation of the linear growth rate. Because
both 79 and 7, only appear as parameters to the order that we work, they will not
be written out explicitly hereafter.

The function v, satisfies the Rayleigh equation:

(U - e)(D* — &30y — Uyt =0, (4.22)
where we have written
Wo=0ac , a=(’+p)7.

Let n = y — y!, where yJ is the j-th critical level, then as 5 — =40, ; has the
following asymptotic solution:

Oy ~ a5 da + b [y + pjdalog 0] (4.23)

where ]
0 :77+3pj772+--- ,

d=1+gn +....

The function v, takes the following form:

vy = By(y,t1) cos BzE + B(t1)a(y) E* + v®(y, t)cos fz + e+ ..., (4.24)
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where B¢, E? is a two-dimensional wave of scaled amplitude B(t;), and o, is the
deviation of the eigenfunction of 3-D waves from its neutral state. The function ¢,
satisfies Rayleigh’s equation, and we have assumed 2a = &,

As for a pair of oblique waves (Chapter three), o, satisfies the inhomogeneous
Rayleigh equation:

U, dA _ U, zaU A
2_ (5240 Y V5. = (i)"Y [ 222 (s _yy vyl
[D*~(@" 47 )02 = (10)7{] . (zaUrTl)A](U_c)2 101, (4.26)
The asymptotic form of ¥, is as follows:
Ty ~ —bfrj log || + (afrj + bFs;)nlogln| + ...
+¢F da + dE[¢y + pidalognl] (4.27)
where
Uyy
p; = =2, (4.28)
J Uy
]' =2 1 Uyyy Uy2y
q. = - + —_— - =, (4.29
! 2 2 U, Uz )
Uy, dA .
= (o) T,
T; (1) 02 ", (taU,m)A], (4.30)
s; = (ia)H{(~ial TTIA)U-'—y;’ + (tam A) Usr
y Uy
= NG L 4.31
+( 7 ial,n A) 03 } (4.31)

All basic flow quantities are evaluated at time 7, and at the critical level y?.
At O(eg), it is sufficient to solve the deviation of the two-dimensional wave
eigenfunction from its neutral state; for this purpose we write

V3 = (}53(y,t1)E2 +cec+... . (432)

The function ¢ satisfies an inhomogeneous Rayleigh equation similar to that for o,
namely

U, . dB A U 2ialy,, 71 B
2_ (=2 vy _ -1 2 Yy it 14 .
(D2~ (@ g2 )l = (2ic) (=37 = Qi) Bl i + 27,
(4.33)
The asymptotic behaviour of ¢3 is as follows:
¢s ~ —bfR;logn|+ (afR; +bFS;)nlogln| + ...
+C#6, + D¢y + pidalog|nl] (4.34)
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where

O, dB

R; = (2ia) 7 g (2ialU,m)B], (4.35)
Yy
S; = (2ie) Y (-2ial,, B)gli + (2iam B) UE’W
J yril Uy2 1 Uy
dB _ U,Uyyy — U?
+(——=—~ — 2iaU,n B) ———%} . 4.36
( dtl aurm ) Ug } ( )

We note that C;-t and D;t are generally different from cf and df respectively, since
the right hand side of (4.26) differs from that of (4.33). The jumps (a} — a) etc.
will be determined by analyzing the critical layers.

According to the continuity equation, we can write w; = A(t;)w,(y)E sin Bz +
c.c., and then w; satisfies the following equation:

all!l Uy
oy TT—¢

11)1 = _51_)1 )

the solution of which is

@, = & sin 6] UUy B — b1y (4.37)

where

sin9=ﬂ/&=—\g—-§.

The velocity u; takes the following form:
uy = A(t1)8y(y) E cos Bz + ﬁgo’z)(y,tl) cos 208z + c.c. ,
where 4; can be obtained from the continuity equation as follows:

Uy

'&1 = —(ZO.)_I{[U '(_)1 - ﬁl,y] Sil’l2 9 + ’l—)]’y} . (438)

c

Note that a vortex component ﬁgo’z)(y,tl)cos 2Bz has to be included in order to

match with the inner solution, and as will be shown later, this is driven by the slip
velocity generated by nonlinear interactions inside the critical layers.
Similarly p; = A(t;)p1E cos Bz + c.c., and

P =ia " cosO[U,0; — (U — ¢)try)] - (4.39)
As y — yJ, the asymptotic behaviours of p;, %, w; can be shown to be

p ~ & U, cos 9bf o, (4.40)

i ~ —(ia) !sin® ben_l +..., (4.41)

W, ~ & lsin ben'l +..., (4.42)
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where we notice that the singularity in %, appears as a simple pole, rather than the
logarithmic branch point which is characteristic of the two-dimensional case. It is
this difference that results in the faster nonlinear evolution time scale in the three-
dimensional case. For free shear layers, Goldstein & Choi (1989) have shown that
because of the pole type of singularity in streamwise velocity of a three-dimensional
disturbance, the critical-layer dynamics of 2-D and 3-D disturbances is significantly
different: for the former it is strongly nonlinear (Goldstein & Leib, 1988; Goldstein
& Hultgren, 1989), but for the latfer it is weakly nonlinear.

At the next order solution for pressure, we only need to solve for the 2-D wave
component; therefore we write

p2 = B(t1)p2(y)E* 4 cc. + ... . (4.43)
It is found that . i i
P2 = §ia_l[Uy¢2 — (U = ¢)¢ay] 5 (4.44)
where as y — y7,
Py ~ %ia‘lbef +.... (4.45)

y=21. (4.46)
€3 :

The outer expansions written in terms of the inner variable are as follows:
v ~ ebFAE cosfBz + €3 log 6%(—1)ij + bfijYé:E cos Bz
+ S {[(=bFr;log |V | + dF) + A(GY + b;¥ log Y |))E cos Bz + b BE®)
5 1
+ 3 log €3 {[(aFr; + bFs; + dEp;)Y + §Apjbti2]Ecos Bz
+ ('_b;tRj + b;-tijY)EQ}
+ e%{[c}tY + (a;-trj + bFs; + dfp;)Y log |Y||E cos Bz
+ [(—bFRilog |Y| + DF) + B(a;Y + b7Y log [Y )| E?}

6 1
+ 3 loge3 {[(aF R; + bES; + DIp,)Y + S BrbYYIE 4.}
+ eS{[CEY + (a2R; + bES; + DEp;)V log [V |E® + ...} + cc+... (4.47)

u ~ e(—ia) " sin? QALY ' Ecos fz +ce ... (4.48)

w ~ efalsin Hb;-tAY'lE cosfBz+cc+..., (4.49)
_ 1, -

p ~ eia'U,cos 9Ab;-hE cos Bz + €3 iza'lbe;g‘BE2 +ccH+.... (4.50)



4.3.2 Solvability Conditions

Multiplying both sides of (4.26) by ©,, integrating from 0 to 400, and utilising the
asymptotic solutions (4.23) and (4.27), we obtain the solvability condition for (4.26):

.1, dA - _ - -
o ljla + oA = —-E{(b;'cj' —b; ¢ ) — rj(b;a;. - bj a; )
j
—pj(bj'd;-" —b;d;) — (aj'd;-F —a;d;)}, (4.51)
where the summation is made over all critical layers, and J; and J, are constants

defined by the following integrals respectively

— teo Uyy ~2 o9
J1 = /0 T -7 C)zvldy , (4.52)
e U0, O
2 = /0 [ T-op ' (U —c)]”ldy ' (4:53)

Note that these integrals are singular and should be interpreted in the sense of
Hadamard.
By the same procedure, the solvability condition for (4.33) is derived as follows:

. _,. dB — _
J

—p;i(bf D} — b7 D7) — (af Df — aj D;)} (4.54)

t
Equations (4.51) and (4.54) are crucial in deriving amplitude equations. The jumps

(af — a; ) etc. will be determined by analysing the critical layers. It is important

to note that the left-hand sides of (4.51) and (4.54) are linear and that nonlinear
terms come fromf\critical layers through these jumps. Thus in the analysis of the
critical layers, it is sufficient to concentrate only on the solutions contributing to
these jumps. Since we find that the solution driven by the quadratic interaction of
the 3-D waves does not contribute to any jump, the quadratic term in 3-D amplitude
will not appear in the amplitude equation of the 2-D wave.

4.4 Inner Expansion

(4.47)-(4.50) suggest that the inner expansions within the j-th critical layer take the
following form:
2 3 4 5
u = eSUy+esUy+esUs+esUs+... ( )
v = i+eVot+eVatesVy+... (4.56)
w = Wy +EWy+ W+ W, +... (4.57)
p = €P1+6%P2+6§P3+..., ( )
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where the €"log €3 terms are not written out since they match onto the outer so-
lutions automatically whenever the solutions at €® match with their corresponding

outer expansions.

We shall see that the solutions at the first two orders are available from the
analysis for a pair of oblique waves (Chapter three), but with some modification

due to the presence of the two-dimensional disturbance.
The function V] satisfies the equation:

o*V
gy =0
where 5 5
Lo=—+U,Y 4+ U,m)= .
0 oty (Uy? +UT1)8:1:

The solution which matches the outer expansion is:

~

Vi = A(t1)Ecos Bz +cc. .

Matching with the outer solution yields bf = b7 = b;, i.e. the jump (bf

" 3
zero, and A(ty) = b;A(t1).

Expansion of the y-momentum equation gives:

0P
Yy

-0,
and so . )
P, = ia"'U, cos OAE cos Bz + c.c. .
The function W, satisfies the following equation

0P,
o= 1
Lo Ep

Let W; = I/i/l(Y,tl)E sin Bz + c.c., and then W, satisfies:
ﬁé”Wl = in sinf cos 0 A ,
where

L = 9 + nic(U,Y 4+ Urmi) .
oty

The solution that matches with the outer solution is

~ —

Wy = i0, sin 6 cos oW |
where we have put

A oo . _ _
Wi = / Aty — e de,  Q=o0,Y +Urm) .
0
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Similarly, we write U, = Ul(Y,tl)E cos Bz + c.c., and then
U, = ~U, sin® Hﬁféo)
At O(€3), the pressure is written as
P, = P(2 0)(Y, t)E? + PV E cos Bz + c.c
and P;)(z,o) satisfies )

gE
=0. 4.6
5y =0 (4.65)
The solution matching with the outer expansion is
L. g g
P = 2ia™'0,B . (4.66)

p4

The three-dimensional pressure component ]52(1’1) is not needed in the following anal-
ysis, though it can be found.

The velocity V5 satisfies
0 0511  0S3;

L LiVi+ — — 4.67
O%YY 1 1+ 63/[ ax + az ]’ ( )
where
1= o 7 P PN _ 0
L, = —(iny) + U,mY + §U"TI)B:::0Y2 + Uyy% , (4.68)
and S;1, S31 are Reynolds stressfdefined as follows
ou?  ou v, oUW,
S 1 1V1 141 n
1 Oz + Yy + 9z (4.69)
aUl "Vl 8V1 VVl 81/1/12
= ) 4.70
S gz T oy T s (4.70)
Furthermore, S;; and S3 can be expressed as
S = S(O 0 4 5(02 cos2fBz + 5 20)E2 + 5(2 D E? cos 2Bz + c.c.
Su = S99 cos28z + SEVE? cos 2Bz + cec. .
After some calculation, it is can be shown that
1. - . rerh
SO0 = sial] sin’ 04 w (4.71)
S = %z’aU; sin? QAW | (4.72)
1 - . P
SO = 5ial) sin® HIAWY + 2sin? oW OWY)] (4.73)
s@P = lialZsin?0AWS (4.74)
SP2 = %ﬂU; cos? O[A"W + 2sin? oW O WO | (4.75)
e _ %ﬂl—]; cos? QAW (4.76)
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Inspecting the right-hand-side of (4.67), we know V; has the solution of the following

form
Vo = \72 Ecosfz+ V( cos 2Bz + %(Z’O)EQ +cec. . (4.77)

The 3-D fundamental component V is only driven by the linear forcing term,
ie. iy = zaUyyA which is exactly the same as in the two-dimensional case stud-
ied in Chapter two. By the same procedure, we can obtain the following jump
conditions: _
af —a; = wip;b;Sgn(U,), (4.78)

J

d;_ — dJ_ = —nirjbngn(Uy) . (4.79)
Substituting (4.71)-(4.76) into (4.67), we find that
0

o0 — V%% = —i8%sin? G| A* WD + 4sin? W OWM (4.80)
2 V2 yy = 15%sin? 0[AW? + 4sin? HI/i/éO)W'él)] , (4.81)

where we have put ) )
S=al,. (4.82)

The solutions are found to be as follows

+co

Vass = —zS3sm20/ de | dng(+4sin® 0n) A (1 =) Altr —n—€)e™ % ,
(4.83)
V3 = 8 sin?f)/o +°‘°d£/0 "nle2+ 4 sin? 0(¢ +n)m) At —n) Aty —n— e
(4.84)

In writing 1A Yy into the compact form (4.83), we have dropped a purely imaginary

part, which, according to (4.77) do@é not alter the physical velocity. The same

operation will be made in simplifying the solution for W(®2). Integrating V, ,},2 once

with respect to Y yields

V2(§,0 — sm20/ d{ d77 §2+4sm ( )n](§+2n)-1[e-iﬁ(5+2n) _ 1]
Aty =) Aty —n—€)emiterm) | (4.85)
where we have put _ i

Q=alY, &=alm, (4.86)

and an integral constant (or more precisely a function of ¢;) is taken to be zero by
matching with the corresponding outer solution. Instead of integrating \2 %0 ) to get

Vg(?’o), we obtain it from the z-momentum equation together with the continuity

equation in the following way.
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The continuity equation is
2iaU + V) =0, (4.87)
and the z-momentum equation is
LPUEO) + 0,09 = —(2ia) PP — 520 (4.88)

The first term of the right hand side, which is absent in the case of a pair of oblique
waves (Chapter three), is the pressure related to the 2-D wave, and the second term
is the forcing from the nonlinear interaction. From the above two equations we
obtain

. ~ 1l o Ay
V2(2'0) -5 51-5—1[/82)‘/2(3}0) U 5(20 ) (4.89)

It turns out that the above expression for V( 0 is very helpful in evaluating the
asymptotic behaviours of the related solutions at higher order.
The function Wj; satisfies the following equation

0P, oW,
LW, = Y -5 4.90
0 Oz ( ) Oz 31 ( )
where . .
FQ(Y') = §Uyy},2 + UyTTIY + 51777-7'12 .
The velocity W, has the form
W, = W'( )E sin Bz + I/V )sin 28z + T/V (22 p2 gin 2Bz + cec., (4.91)

where W M) is the component driven by linear forcing through the first terms on
the right-hand side of (4.91); it does not need to be worked out because it does
not contribute to the jumps. The solutions forced by the nonlinear interaction are
VV (02) 2nd W/ (2.2) , which satisfy the following equations respectively

0 W) = _ 50D (4.92)
oty
LPWED = _gd (4.93)

The solutions are
77(0,2) 1 a2 2T [T .2 A% 0 —iNe
Wy = _iﬁ S*sin 9/0 df/o dn(€+4sin“0n)A*(t1—n)A(ti—n—E)e ,
(4.94)

W - —-ﬁ 152sm2o/ dg/ dnEA(ty —n) Aty —n—€)e= e
(4.95)
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According to the continuity equation ‘ y ) ¢+ QﬂW' (02) = 0, we have

A — +oo +oo A A .

Vi = 5%sin%0 /0 d¢ /O dn(E+4sin® ) A*(t—n) At —n—E)e ™ . (4.96)
Integration with respect to Y yields

~ — +o0 +o0 .= A A .
V%% = iSsin®0 /O d¢ / dné ™ (E+4sin® On)[e ™ — 1) A*(t,—n) A(t, —p—€)e™ ¢
0
+V9(0,1,) . (4.97)
As Q0 — Loo, ie. Y — Foo (see (4.86)),

. _ +oo .
(Vi 4 ce) ~ +45 sin497r/0 nlA(t, — n)|*dn
+{ order-one continuous terms} + o(1) .

It is seen here that a vortex component must be included in the O(e¥) outer expan-

sion of v so that it matches to V(O 2)

The function U, satisfies

0”»’1 . 82U1 0511 = aM/-g

Lollay = ~UnVi+ B2 = R4y — 5y +U0rg,

(4.93)

where

Fl()/) = UyyY + UYTTl .
The solution takes the following form
U, = U YE cos Bz+U, 0o +U2(0’2) cos2f3z+ UéZ’O)E2+’C}2(2’2)E2 cos2fBz+c.c.. (4.99)

Again only the second harmonic and mean-flow distortion/vortex induced by non-
linearity need to be worked out. From the continuity equation, we obtain

U39 = —(26a)" 103 O3 = iBa W
The mean-flow distortion and vortex satisfy the following equations respectively
ai U5 = —%a-ISS sin? QA WP | - (4.100)
9 ~(02) 0 (02) = 13,(0,2)

The solutions are

3 = +00  pr+4oco . . .
9 = —sami5sinto[ e[ A (- ) At - €)™,

(4.102)
N 1 ~ +oo  pto0 . ~ A —
Uz(g./z) = —§a"153sin29/0 d{/o dn[€+26n+4sin20n| A* (¢ —n) A(t; —n—€)e™ ™ .

(4.103)
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Integration once with respect to Y yields

00 = ——za sm20/ d¢ 0+o¢?ln E7Y[€2+26n+4 sin?0n?][e= % — 1]
At —m) A= -)e* + U>7(0,11) .
(4.104)
AsY — foo,
(0, ©2) 4 ¢ ¢) ~ TFdia'Ssin'fr /+°° n?|A(t; — n)|*dn
+{order-one con'[c)inuous terms} + o(1) , (4.105)

which is in fact the streamwise slip velocity generated by the nonlinear interaction
inside the critical layers, to which the outer expansion of u has to match. This is the
reason that the leading order outer expansion of u should contain a vortex compo-
nent. Note that this vortex is unexpectedly strong in the sense that it has the same
magnitude as the 3-D waves. The interaction of the fundamental 3-D waves with
this vortex, as will be shown, affects the evolution of the waves. The significance of
vortex/wave interactions has been studied extensively, e.g. see Benney (1984), Hall
& Smith (1989, 1990), Smith & Walton (1990), Hall & Smith (1991). In particular,
Hall & Smith (1991) have shown that the nonlinear interaction of small amplitude
waves may produce an order-one vortex structure, thus completely alter$the mean-
flow profile from its original laminar state. Compared with the present study, their
critical layers are predominately steady and viscous. This is because their nonlinear
evolution time scale is much slower, due to which only very small amplitude waves
are needed to generate a strong vortex. See comments in Chapter three on this issue.

We first seek a solution for Vj; this is found to satisfy the following equation:

g .0 0
LOVS,YY L1V2 + LQV -+ ay[a 512 + 2532] y (4106)
where L, is defined by (4.68),
L, = [1[7 V34U, nY?+ U, TY+l s >
2 - 6~ vy yyr 1 yr7 1 6 T 5oy

9
Oz
0 P
_[EE + (in + Urmi) 5=

+[UyyyY + UnyTl}
02+ 2
Oz Oz? 822 ’

and the Reynolds stresses S, and Sa; are defined as follows

0 0 0
Su = (U + pp (Vs + VW) + - (LW + UaWh) , - (4.108)
0 0 0
532 = %(Uﬂ% + UQLV;[) + ﬁ/—(ﬂfl‘/z + ‘7‘/2‘/3) + 5;(21/1/11/1/2) . (4109)

(4.107)
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The Reynolds stresses contain different components, among which only those pro-
portional to E cos Bz and E3 cos Bz will be used later. Therefore we write

Sip = SEYEcos Bz + SEVE3 cos Bz + cc. + ..., (4.110)
Sz = .5'32 Y Esin Bz + S§3 Vg3 sinffz+cec.+.... (4.111)

After some calculation, we have
A TT* 1., * 2r Fr* 1. - *
SV = AUYY + SATEY - pinl; 00 + 0, 7507
3. o~ 1~ -, ~e 1A,
+Hzialh U3 + S0 VO + (07, 12 - S T130), (4112)

AU — 30, WD 4 [0 730 —§U V39 (4.113)

A

3,1 4 20
SV = AUY +

l\)l»—-

7* . I7 Fr* 1 S -
Sig;’l) - [ AM' (02 + zal/‘/1U2 0,0) _ _IBI"/ ]/I/ (0,2)]

. 1 7 * * * J
-|-[—§zanU2(0’2)—§I/Vl (°z]+[ WrVSD 1 Wy, V297 | (4.114)

1 . aA A - ~
SEY - =AW V2D g W - %lez‘g,'o)+I/V1,YV2(2’°). (4.115)

Inspecting the right hand side of (4.106), we know that V3 should take the fol-
lowing form

Vs = VaE cos Bz + VaE3 cos Bz + VOB + ce. + ...

where the component proportional to £ cos 38z is omitted since it will not be used
in deriving the evolution equations. However, to derive the amplitude equatlon for
the two-dimensional wave, two more components, 1.e. Vs E® cos Bz and V E2 have
to be solved. Correspondingly, we write the derivatives of the Reynolds stresses as
follows

aisu + ESM = MEcos Bz + ME®cos Bz + MEOE2 4 ce + ... .
z z

It is noted that the relevant part of the linear forcing term, i.e. (L, V2 + Lo V)), is
the same as F()(Y,t;) in the two-dimensional case (Chapter two). So the solution
(denoted here by %(I)E ) driven by it has the following asymptotic behaviour as
Y — 400,

1
Vi~ (afp; + 20505+ 5830;)Y + (afr; + pydf + 5;b;) log |V

1
+{:t§7rngn( yafr; +pidf +s;b)+ ...} (4.116)
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After some calculation, we write

M':A_41+A—42+M3+]\_40,

where
M, = idAU;9% + 1 AU P + ﬂAu/;;,” . (4.117)
My, = ialyyVy “) — 2020, U*(“) (4.118)
My = 2zaU;*yV(2°), (4.119)
My = iadUSY + 5ieAUSP + SBAWSY + iad U5

1 1. "
+§aA*U(22 -|—56A*Wz(2’2)+iaU1,yV2(°’2)—2&2U1U(02 . (4.120)

The nonlinear forcing terms are deliberately split as above so that the solutions and
their asymptotic behav1ou1s can be worked out more easily. The solutions driven
by M;y are denoted by V (4 (1 =0,1,2,3) respectively, i.e.

IAJ(()l)Vs(,QY = NIJ',Y , (1=0,1,2,3).

It is found that \73(0) makes no contribution to the jump.
It can be shown that

A ~ +oo p+o0 ptoo _ R o R .
Py =55t [ [ RO A Alti0) A (gm0 M dgdnd
Z 0 0 0
(4.121)
where

f&"f,”({, n) = 263 + £ + ‘2sin29(§2n + {7)2) } (4.122)

Integrating with respect to Y from —oo to +co, we get the jump

A - — +oortoo _ - A -

P (+00)— 3 (—00) = S40sin?0[ [ KY€, ) A(tr-) Altrm£) A" (er-26m) e,
(4.123)

where we have put

jo=m|S|7h. (4.124)

The solution driven by ]\_{[Q,Y needs still more effort. After some algebraic ma-
nipulation, we find

M,
Y

_ 400 p+00p+00 & 3
=5tsintg[ [ [T e e bec+2tn+asin0n+ (¢~ e~ (e
At —Q) Aty —n)A*(tn—n—€)e~ XD dgdnd( . (4.125)
The solution induced by it can be expressed as

Vi, = S4sinte (4.126)
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where
J =/ +7+7+7+°§“[§2+§C +2£n+45in’0(n+(n)[((—€)em M) — (= RG] |
o Jo Jo Jo
fl(tl—v—C)A(tl—v—n)/l*(tl—v—ﬂ~§)6'iw(CM)d€dndCdv

The factor £7! in the kernel creates difficulties in deriving the asymptotic behaviour
of [¥Y J(Y)dY, which is needed to obtain the jump (¢f —¢;). To resolve this
problem, we split J into three parts, namely J;, J,, Jy as follows

J =Ji +4sin%0J, — Jg , (4.127)

where

J =/0+°Z+OZ+OZ+°° [(2—€242n¢ —26n—45in?(n +(p)e= )
fi(tl —v —()fi(tl —v—n)/l*(tl —v—n—=§)dédnd(dv , (4.128)

:70+°°/0+°°/ °°/ “1( 4 ¢ [e=iHGH) _ gmifh(cho)]
Aty—v—0)A(t; —v—n)A*(t; —v—n—€)e" @ dednd¢ dv ,(4.129)
w=l LT €-+27-+ (e

Alti—v=C)A(t; —v—n) A (t —v—n—£)e®ededndldu
The integral Jy in fact does not contribute to the jump that we need and hereafter

will be ignored.
Integration of J; with respect to Y from —& towm yields

[T nar = [T 10 rne-2(¢+)n—tsin?o(n+n)
A(tl—v—n)/i(tl—v—()/i*(tl—2v—17—()d17d(dv .
With the right-hand side simplified, the above equation can be written as follows
[T nay =200 [T peern) + asin0(3e+260+7€)
A(tr—€) A(tr —€—n) A* (t: —26 —n)dEdn (4.130)
The integral J, can be reduced to a triple-integral form

1 oop+00p+00 or i 6
a5 [T ermpereaeo_ e
Aty =) A(ts =) A*(t1 = —€)e= O dednd( (4.131)
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or an alternative form .
Jy = sWT, (4.132)

where
I, = /0+°°/0+°°€_142[eiﬁ§_1]eio§A(tl_C)A*(tl_c_f)dédc - (4.133)

It will be seen that the factor 7 in the kernel of J, (see equation (4.131) ) brought in
by combining two Reynolds stress terms is essential for the success of the following

procedure of analyzing the asymptote of J,. Integrating J, with respect to Y from
—Y to Y, we have

+} o0 oo oo L=
1)/ J (Y)dY = S /+ /+/0 é’ 1n2§2[51nﬂ(’f) € _ sann]
A(ti= Q) Alti—n)A*(t1— (—€)e™ ™) dg dnd( .

In order to calculate the main contribution to the above integral, as ) — oo, we
split the the kernel into the following form

sin 0(77 —§) sin Qn
—¢ 7

,8in Q-(77 —£)
n—£

The first term represents the contribution from £ = 7, the second and the third
represent the contribution from ¢ = = 0. After the kernel is so split and factorized,
the contributions from different stationary points are thus identified. To obtain the
asymptote of the multiple integral, we essentially have to deal with the asymptotes
of several single integrals. By utilizing a Mellin transformation method (Bleistein &
Handelman, 1990), we find that only the first term contributes an O(1) jump, i.e.

&l ]

) -
= ¢ e QS 2 )

+00 . 400400 ~ N -
[Ty =ga [T et At - At - O A"t - € - O)dedc

[ee]

After some transformations, this can be rewritten as follows

e Rt s s 1
[ aay =2 [T 1€+ 3¢t + den?
Aty =€) A(tr—n) A(t,— 26 —n)dedy . (4.135)
The forcing ]\_Ig,yy is the Reynolds stress generated by the interaction between
the 3-D fundamental and the 2-D wave component. Utilizing (4.89), we can show
M

. A S 1w (2,0 C P (2,0 . Pl e 2,0
v = 2iaBUyy +aS Wiy LYV + 207y, V20 — 260071 Uy SE9

(4.136)
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The solution driven by the first term is

3]
2i()! dte_ZQ ti= t.B( )Ul YY ( )

-0

while that driven by the second term is
—iQ(t1 1)1 4 (2,0)
o87" die £y (Ol + 260073°(D)
By integration by parts this is simplified as follows
a5 U Vi3 — 2ia / die= =90 (HTEV ) .

The solution driven by the last two terms on the right-hand side of (4.136) is

-

dia [ die 605, (TGO - 20007 [ die 00, DSE)

So we have
t1

y = 2 clfe"m(”_f)é({)Af,yy(z)

—0o

(3
LAY

_ t - P
+a8705 yy V3D — 2100 /_ " die =0 L (D) SEO ()

For brevity, we write %(,“;',?).- as
Vidy = 265%sin201® + 3*sin®01, + $*sin®0l; + 254 sin®01, ,

where
_ Foort 2A* _ B —n)e MU g£d
N —{—n)B(ti—n)e ¢dn (4.137)

I’U = ag—s Sin—400iyyf/2(§}o) s (4.138)

I :7+°7+w +°°§(26"'9“M)A(t1“”)f‘i(tl—v—é)z‘i*(tl—v——()dgdgdv ;
0 0 0

(4.139)
I, = /0 +°Z +°°/0+°Z +°°<2 —iUE) A (4 —v—n) Aty —v—E€) A" (t; —v—()dédnd(du
(4.140)

0)

Substituting the expression for Ul yy and ‘2 y ' into I, we have

I,— _/+00/+o7+® (2[52—1-4si1120(§+17)(§+17)](§+277)‘1[e"'m&z”*)—e’ﬁ(]
o Jo Jo )
A(ty—n) Aty —€~n) A*(t, = ()e "= dednd( .
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Integration with respect to Y yields

+Y
/ L)Y
soq [T too e . _,SinQ¢ —€-2n) sinQ¢
— _95-1 22 2 1 _
Aty —n)A(tr —€E—n) A* (t:— e~ &) de dnd( .
Here again the kernel is split up as follows
91 p2 . 9 _,Sin Q¢ —€—=2n)  sinf)¢
+4sin“0(¢+ +2 -
¢°¢ (§+m)nl(€+2n) _[ C—£—3n %
sin (¢ — € — 2n)
(=&-=2n
—([€2+45in®0(E+7)n) cos QCELI%_(_%U_Q@
sin? 1Q(¢ + 27)
{+2n
Following a similar procedure as in treating J,, we can obtain

+o0 . +ooptco 5 .
[ Ry = =2 [ [T [+ 4sin0(e + mel(2€ + )

(oo}

]

]

= ([62+4sin?0(¢ +1)7)

—2( (6244 sin?0(¢ +7)n] sin Q¢ (4.141)

~ ~

Aty =€) A(t1 —E—n) A= (t, —26 —n)dédy . (4.142)

The jumps related to the integrals I{®), I; and I, are straightforward, and are

+0o oo, R
[y =2 [ A -2 Bt -€)dE (4.143)

oo

+o0 +ooptoo A A ~
| n@ydy =25 [ [ le+n) nAt -0 At - -4 (-2 —n)dgdn ,
(4.144)
and
+eo N B Y e 2 2
[ nway =4[ G+ 3¢+ en?
A(tr =€) A(tr —€ =) A" (t: =2 — ) dédn . (4.145)
To match ‘A/é,y onto the outer expansion, we require

¢t — ¢ = Vay(+o0) — Vay(—00) . (4.146)

With the jumps so obtained, we have
cf — ¢ =niSgn(U,)(afrj + pid} + s;b))
ar8Psin0[ [T TK (€, m) Al =€) Al ~€=n)A"(ts ~26 ~n)dedn
amissin® Y6 A" (1, —26) B(t— €)de |
(4.147)
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where

K(&n) = (263 + €n) — 25in°0(26° — €n%) — 4sin*0(E%n + €n°) . (4.148)

It is noted that (a} —aj) and (df — dj) correspond to the classic £ phase shift
in the outer expansion, while (¢f — ¢; ) is modified by nonlinearity, which, as will
be shown, has a significant effect on the evolution of the disturbance.

So far the jumps obtained are sufficient for deriving the amplitude equation for
the oblique waves. The next task is to seek the jumps needed for deriving the
amplitude equation for the two-dimensional wave.

In order to make following algebraic manipulation easier, we shall simplify Vg,,yy

before proceeding to seek solutions for Vi, ‘73(2'0) etc.
After making the transformation (7 — () — 7, we write the integral J; as follows

N =/O+OZ+OZ+OZ+T3C2—52+2n<—2§(n+<) 45in%0(n+C)(n+ 2¢)je )
Aty —v=)A(ty—v—(—n)A"(ty —v—( —1—€)dEdnd(dv
AT oo —e4 2000260~ sinog(n + 2 )2t
Aty —v—C)A(t; —v—C—n)A*(ty—v—C—€)dédnd(dv .
We further perform the transformation (€ — ) — £, and obtain
< :/c,+®/l)+m/c>+oo/c,+w[6<2+4(n—£)<—2£(2£+n)—4sin20(n+ 2¢)*)e~ (e
At —v=0)A(ty—v—( =) A*(ty —v—( —n—€)dEdnd(dv
+/;+OZ)+°Z+OZ+W [(n+)(€+2n+3() —4sin®0( (€ + -+ 2()]e G
Al —v—=()A(ti—v—(—n—EA*(ti—v—(~n)dédnd(dv .

The second integral can be dropped because it is irrelevant to the jump needed.
After performing transformation{v + {)— ( and integrating , we can compress the
first (quartic) integral into a triple integral

S =/+7+7 [2¢3+2(n—€)¢?—2£(2€+n)¢ —4sin? (23 + 202+ n?(Je U
0

0
A(ti= Q) A(t; —(—n)A*(ty = —n—€)d€dnd( .

Applying the similar procedure to I; and I3, we finally have the result written as

Vyy = ‘3(?)' + ‘3(,}’)’ + V(YY + Vs(l; Yo (4.149)
where
VSl = Sisin®0l, = a5 05y, VS, (4.150)
1/3(?'}, = 48%sin®0J, = 254 sm691/V0 Ilp , (4.151)
Vidy = 25sin’0I (4.152)
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and
Uy = st [ [T R, e
A(ts—Q)A(ti—¢—n) A*(ty = —n—€)dédnd(dv , (4.153)
with the kernel K, (¢,7, ()
Ryen,0) = 56°¢+)

S0+ 50— )07 = SE(E+20)C + 71(€ +m)(2E + )]
SO+ (€~ m)C* + (€ 4+ 26n)C] (¢.154)

The function \73(2’0) satisfies the following equation

FOTED Z FO300 4 e (4.155)
where g 1
M2 — QiQUlﬁ + W[ Ulv(l) + AUél)] .

Substitution of (4.89) into (4.155) yields

LEVEY = LY B - 2iaFy(Y) Vayy + ZzaUyy[——zS LEPVED — 07180+ M3

(4.156)
The last three terms of the right hand side are produced by the interaction between
the oblique waves. After tedious calculation it is found that the solution driven by
them makes no contribution to the jump needed. The first forcing term is analogous
to that in the two-dimensional case, and the solution driven by it therefore produces
analogous jumps (Chapter two), namely

+

af —a; = WipjbngH(Uy),

D} —D; = —riR;b;Sgn(0,) . (4.157)

Note that the first jump simply confirms the result obtained already.

The function V; satisfies the equation
[A/(()s)‘z;,yy = ]\Zy , (4158)

where we write

My = M + 6P + 11§ |
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and

M) = —§Av(2°) — BAWS
MY = smwl W)y + 4 V%Y

MY = 28W,y 2(,2}"0) — 28 Wy yy V20

The solution driven by M v ) is

ssintg [ RO (Em, 0 (1) Aty Aty C—€)dedndc

(4.159)
where the kernel is
. ~ ) 3
R (E,7,¢) = —€(6 +20)(2€ + )+ 4sin®B]—SC(€ + )€ +20)]
The solution driven by the ]\Zf)(?) is
g T dg [T ey . 2 —iQ(E+C+20+3v)
agtsin®d [T {1262 + 26n + €01+ 4sin®( + e

A(tl—v—n)A(tl—v OA(t —v—n— ¢)dédnd(dv .

After some simplification it can be written as follows

—454 Sln40/+07+00/+00 J(&,m, (e —m(&%%n)fi( n)A (tl_n—C) (tl—ﬂ—f—f)dfdﬂdfa

(4.160)

(4.161)
where
EP(En,0) = 3(6+On” + 2267 + 46C + 3¢
+4sin®0” + (€ +20)n" + (€ + O] - (4.162)
Before seeking the solution driven by M) we write ]\Zf,(S ) as follows after utilizing
(4.89):

M = —28W vy B+ i8S~ yy LE VD

+ 28Wi y Vi) + 28011 yy SO
The solution driven by ]\[

is then

V YZY = S%sin H[j,_, + jl +2 Sinzajg] -+ 27:53 sinzHI:(,") y

where

I, = iBS 5 sin™0Wy yy V3" (4.163)

L= e o0 4t — ) A —v—) Al —v—)dédgan
& :/o+°o/o+°j{)+oo/o+oz2e—m(€%vwfi(tl—U"U)A(tl—

- +oop400 n N -
19 =[] e At —g—n)Blts—m)e € dedn .

—&)A(t,—v—()dédnd(do ,

(4.164)
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The integrals I; and I, can be simplified as follows

f1=/0+°°/0+°°/0+°° C(E+Q)(EF20)em e
Alti—n)A(ti—n—C)A(ti—n—(—€)dédnd¢ ,  (4.165)

k =2/0+o°/0+°o/o+oo [773A+ (€+ 2§)n2 + (¢ roACs 2(%)n)e e
A(ti=n)A(ti—n—CQ)A(ti—n—(—€)d€dnd( . (4.166)

The solution driven by all three terms can be written as

Vayy = Vit + T3y + 79y (4.167)
where
173(’?), = S%sin*dl, —zﬁS Wiy Va3Y (4.168)
Vi, = 25%sin?9I® (4.169)
and
Wiy = Stsinte [T R e m e

A(ty—n)A(ty—n—C) At —n—(—€)d€dnd( ,(4.170)
with the kernel Iz'u(f,n, ¢):
Ko(€,m,¢) = —E(26+0)(E+2¢)

+4 si1129[—§<(£+4)(6+20—3(£+<)n2—(4£2+8£<+6<2)n]
+4sin*0[~30° - 3(E+20)n* +(E2—26¢—2C7)n) . (4.171)

Now we shall seek the solution for W3, which satisfies the following equation

0P; ow, oW,

=—-——-F - - 1
LoWs = Ep »(Y) 5 F(Y) 52 Sz , (4.172)
where ] 1
F3(§/) = gUyyyifa + Uyy-rﬁ}/z + UyTTlel/ + 60,-,-,-7'13 .
The function W3 takes the following form
W3 = W, E sin Bz + W3E® sin Bz+cec +.... (4.173)
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Here again the components irrelevant to the generation of the 2-D fundamental at
the next order have not been written out. It is clear from (4.172) that Wj should
contain the solutions driven by first three terms on the right hand side of (4.172).
However these solutions do not contribute to the jump (C;” — C;). So we shall only
work out the solutions driven by —Ss,, i.e. it is sufficient to solve for W, satisfying
the following equation

LW = -5 (4.174)

Following a similar procedure to that for solving and simplifying 173, we have

W = WD + Wi+ Wi + W (4.175)
where

Wi = —zS Wiy Ve (4.176)

WO = —ig' 8 sindo W, | (4.177)

W = g 15%sin2010) | (4.178)
and

ﬁ/ér) = zﬂ"153s1n29/ / / wa (&,m,Q)e _’Q(C'{)
—Q)A(t1—(—n)A*(t,—¢ —n—€)dédnd( , (4.179)
with the kernel Kw(f, 17,()

N 1 1 .. .
K, = —252 + sin?0[¢% + ¢ — —2-77(17 + 38)] + sin*0[—(2¢ + n)(] .

(4.180)
The function I is defined as follows
¥ = / / £A" (i~ E—n) B(ti—m)e ™ dedn . (4.181)
The function Ws satisfies the following equation
LOW, = -5V (4.182)
The solution can be written as follows after simplification
Wy = W + W + WO (4.183)
where
W = —zS Uiy VRO (4.184)
Wl = —ﬂ 152 5in%01®) | (4.185)
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and
W = g 1S?’sm"’H/ / / (€, 7, ()em 030

Altr—n)A(t—n— Q) A(ti—n—(—€)dédnd( , (4.186)
with the kernel Ky (€,7,¢)

Rul€m,0) = 766 +20) + sin®0(¢ + C)(n — ¢) — sin*0[3n” +2(€ +20)m] . (4187)
The fﬁncfion fg’) is defined as follows

- 4oopr+c0 . .
19 = [ eAti—e—n) Blts—m)e ¥ dgan . (4.188)

0

The streamwise velocity at O(e3) takes the form
Us = UsE cos Bz + Us E® cos Bz+ce +.... (4.189)

From the continuity equation it follows that

Us = —(i) }(Vay + W) , (4.190)
03 = —(31:01)-1(%,)/ + ,BVT/;;) . ) (4191)

For the purpose of deriving the amplitude equation, it is sufficient to seek the
2-D fundamental component in V; only, i.e.

~

Vi=VPOE fce+... . (4.192)

The function V4(2’0) satisfies the following equation
(2,0)

E@YED = LOYE 4 (@70 Ly 0515

Ao+ 4o 2520 (4.193)

where 573 (20) and S51 (20) are the components proportional to £? in Reynolds stresses
S13 and 521 respectlvely, ie.

Sis=SEE 4 e 4., So1=SEVE v cet ...,

and the Reynolds stresses are defined as follows

0 0 0
513 = %(2U1U3+U2) ay,(UlV'S‘}‘VleS‘l'UZ‘/) a (U]VV3+VV1U3+UQI/V)
0
Sy = a%VlUl a‘z,vua—vw (4.194)
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It is found that the solution driven by Sg,o) does not contribute to the jump (C;f —

C-

7 ), and therefore Séf’o) will be discarded hereafter.

We denote the solution driven by (I:P 173(2’0) + _lif) VQ(Q’O) ) by ‘21(1) . Following a
similar procedure to that for the two-dimensional case (Chapter two) we find

Viy (+00) = Vi) (~o0) = miSen(l,)(af B; + pi D +b;5;) - (4.195)
(2,0)

) .. . 8S . ) )
The nonlinear driving term 2:a0=33— is complicated. After some calculation we

l 3Y P

have

5529
oY

21 —2'ZOIU1 y‘ 3Y +lCYU1 ny_:g —4ZOlﬂU1 yVV
—4iafUWay — 3ialiVayy — A(Vayyy + BWayy)

2, : 4.
+—zanyV3 y + zannyZe, - gzaﬁUl",y Wi
——zaﬁU W 3y — gzaU \gyy
+2iaU; 0PV 4 [—4iapU;CPWSED — gl 032

+[—2ial; OOV — 4iapls PP WY
2BV, SIWED - gV y",?)w 22 (4.196)

As already remarked, the ‘3)} ,V )y terms in V3, and the 1/173(3), Vi/:,ft) terms in
W, etc., make the calculation of asymptotic form of the forced solutions difficult.
To overcome this difficulty, we notice that from the z-momentum equation, as well
as the continuity equation, that at 0(63) we have

Vs = (a0,) 'L (Vay + W) — U155V (4.197)
Vs = (3ial,) Ji (Vsy + BWs) — U 1513” . (4.198)
Utilizing the above relations and (4.89), we split 2iaS§3’Y) into four parts, i.e.
2185y = N 4 N® 4 NO 4 NO) | (4.199)
where
NO = U U5y [AUSY + 1/1(7 3D — 380, WD — U710,y 2]

_ . ) . a 1~ as
—ial; U yy [AU; S0 + -AU2 O _ W, 0509 4 -Ul VoD — U705, SO

—2iaBU; y Wi — 4zaﬂUl W:,E',, - 3zaU1V(§)y — A() ry + ﬂM )
—2ia U7, WD — —za,BU*[W3y + —zS Wiy V] — <ialUr iy

112



+[-2iaU; V%) — 4iapU; LW
_2IBV*(0 2)M/ 2 2) IB‘A/*(?,?) ﬁ/(2,2 2 U lU*()eyq) S{i’o)]
—4za,BU1[ 15~ II/Vl*sz 20 — B 53 sin®o WiV, v)

—A[ iBS YWy VaaSy — 8% sin® W o yy] (4.200)

N© = U_lUl Y)'-’igl)(f/a y + ﬂﬁfs) - QiaUl,Y(Vs,Y + ﬁws)
4307 Uy B (Vo + 65) + + Sialliy (Toy + BV5)
—iaU; O yy[(2i00,) 05, LEOVED 4 2 U*Vﬁf’ ]

—iaU; Uty y[(2ia0,) " Uh,y L(2)V(2°)—§U Vi)
* -~ 1 n

+0; 0559 LOVE — S AUy vy VSO (4.201)

NO = _2iaB0; y Wi — 2al;[5* sin® W P y] — A[—i5® sin®0W I T1,]
R P, 1. ..

—ial; Uy [5ialh U5 4 2 0y 1707

+[—4iaBU. *(02W“ ARSI (4.202)
N® = 2080,y W — 4iaBU1 Wi — 3zaU1V3(yy — AUy + BWEL)

—2iafU; Wi — —iaBUr W — -5 al; V)

—ial; O yy I‘J;,,,B — iU Ut yy Uy B + 26U 9 B (4.203)

The solutions driven by N NG N® N®) are denoted by V,,(r), ‘74( ‘74 V(b)
spectively.
After integration by parts, we find the solution

~

Vi = —U Wiy Wy + BWal + Uy Us vy [Vay + BW] -
—§U 2Oy Usy ) V350 + U7 0509 730 (4.204)
After further integration by parts, we find that
Vi (+00) = Vi (~o0)
= 2¢5%sin* ](/ /+o° f\ (&,m,¢) ( n)A (tl—n—()
A(ti—n—(—€) A" (t1—3n—2( —€)dEdnd(
284 sin'0jgl " [*T20n + On +30) Bt~ O A~ ~m)A*(t1 =3¢ —)
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+C(n +20)(2n + 30) Bty —C—n) At —C) A* (b= 3¢ —21) } dnd(

(4.205)
where
K(6m,0) = B+ BE+1T07° + (=3 € - T80+ o’
+(—'4—€3 - 3‘5 ¢— '4—§C2 - ZCS)U
Hogt' - 200 - Dec s 2y (4.206)
After some manipulation, ‘74“) can be written as
vy =i5%sin"0[J + sin?0(J) + JP) — sin0J) (4.207)

where
1) 400 p+0o0 p+00 p+o0 = = L
Jt :/ / / / .,7(2 +2 +2v)2§—l(6-—19(n+2(+2v—£)_e—zQ(n+2(+2v))e—zw(n+2(+20—{)
0

Alti—(=v)A(t = Q) A(ts —n— (—v) A*(t; —( —€)dEdnd(dv ,(4.208)

+00 ptoo p+00 pto0 . .
/ / / / <+U (7}+2v)2§—1(e—19(n+20—{)_e—zQ(n+2u))e—iw(n+2u—{)

Aty =) A(t = () At~ —v) A*(t—( —v—E)dEdnd(dv (4.209)

+o0 p400 400 p4o0 -3 0 '
L sy oo

Aty =) A(ti—m)A(ti—n—v)A*(ty—( - €)dédnd(dv ,  (4.210)

J© Hoo pheo pheo pheo )¢ QG20 2€) A (. _
= [ TR € e Altr—n—n)
A(tl—u— v)A(ty—p—v—{) A (t1— p—n—€)dédnd(dvdp (4.211)
and
, 1
KO ¢v) = 506+ 20)(2E + 41+ +20)

+ sin29[—§(§ +27)(¢% + 2¢v + 20?) — ;1)-'0(( +v)(¢ +2v)]. (4.212)

The factors (n+2¢(+2v) in J and (7 + 2v) in J{? and J® are brought in
after the forcing terms are so grouped. The appearance of these factors makes
the contributions from different stationary points isolated and therefore there is no
essential difficulty in obtaining the asymptotic forms of the related solutions.
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After some manipulation, it is found that
Vi (+00) = VP (~o0)
= 2i5%sin* 030/ / / Ki(,n,Q) At —m)A(t—n—0)

Ali—n—C-O)A(a=dn-2(~E)dednde ,  (4213)
where
K(m,0) = —fl’%n €= 207 + (9768 + 2436C +59¢)?
H2E —2—5% + e+ S0
HEEC +3e0 + 00 (4.214)

The solution ‘A{i(f;ly and the asymptotic of \A{!(,l;) as Y — 4oo are straightforward,
and the final result is as follows:

V5 (+00) = Vi3 (~o0)
_ +00 p+00
= 254 5in0, / / 1183 + sin0[-2((n* + 4n¢ + 7))}
o Jo
B(ti—Q)A(h—(~m)A" (b —3(~1)
+{4(n + O)(n + 2¢) — sin®6((n + 2()(6n + 7()}
Blti—C-mA(t—QA (=3¢ -2m)}dnd( . (4.215)
The solution driven by N can be 1ead11 written out and there is no essential
difficulty in obtaining the asymptotes of V4y as Y — £oo. However because the
solution consists of many terms, it needs tremendous algebraic manipulation to

simplify it. Part of the algebraic manipulation was done by Mathematica on a
computer. The final result is

11120]0 /+°°/+°°/ (&, O At —n) At —n—C)

A(ty—n—(—€)A"(t1—3n—2¢—£)dednd( (4.216)
where the kernel K((£,7,() is
) _ 8. 3 e T, 15
SR 26+ DO+ (~el — T+ O
+(§€3+1“_Z —ZC‘*)n
9
HEE+ 0200 120 (4.217)
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Matching f/;,y with outer expansion of corresponding component requires

~

Cf — C7 = Viy(+00) — Vyy(—c0) . (4.218)
With the jumps so obtained, we have

cf -C;5
= 7iSgn(U,)(af R; + p; D + b;S;)

+354j0/ OB -0 A~ n)A (=3¢ -n)dndC
550 [ O+ 20 Bt~ m At~ O A (8¢~ 2m)dnd
+o0 A A
+§ZS Si1120j0/0 '/0 /0 Kb(f-ﬂ’C)A(tl—ﬂ)A(tl—n—C)
A(ty=n—(— ) A™(t =3n—2( ~€)dédndC
where the kernel Ky(€,7,() is

Ky(&n,¢) = =3n* —4(6+20)n° — (36> + £¢ +2¢*)n’?
(362 + 56¢ +4¢%)¢(n (4.220)

4.5 Evolution Equations of the Amplitudes

4.5.1 Coupled Amplitude Equations

Substituting jumps (4.78), (4.79) and (4.147) into (4.51), we obtain the amplitude
equation of the oblique waves as follows:

aA = gomA+gn /0+0062A*(t1 — 20)B(t — £)d¢

dt,
400 400
tgu [ [T Kal€ A=Al —E—n)A" (=2 —n)dEdn
(4.221)

where we have written go = fo/f, and g1 = fir/f (k = 1,2). The constants f and
fo are the same as for a single two-dimensional wave (Chapter two), i.e.

Uyy U — U2 Uz,
f = ia I{Zwb [22IU PaJ +zbj%+b7r ]+J1} ,
¥¥y
2t U U,,U (U U — 020,
_ yy Us ot — mib[ T _ vy vl
fo E{me e J[IUyl 02 73 ]

U3

116



where the summation is made over all critical layers. Recall that J; and J, are
defined by (4.52) and (4.53) respectively. The constants f;; and fy5 are found to be
as follows

fu = —37Ti022bj|bj|2][7y|2 , (4.222)
fiz = —m3zb2lb| 10,1 . (4.223)

The kernel K,(€,n) is given by
Ko(€,m) = €(46% + 5¢n + 31%) (4.224)

Essentially the same amplitude equation for the oblique waves was obtained by
Goldstein & Lee (1990) in their study of resonant-triad waves in adverse-pressure
boundary layers.

Note that the first nonlinear term on the right-hand side of (4.221) represents the
resonant interaction between the 2-D and the 3-D waves, and the second represents
the self-interaction of the 3-D waves.

Similarly the amplitude equation of the two-dimensional wave is

B 99omB + gm [ [T @Bt Al —¢—n) A (=3¢ —n)dnd

dt;
t 400 rto0
g [ [+ O0+20) Bt = —n) Alts—)A” (s =3¢ 2n)dnd(
v [ [T e, O At —n) At =1 =)
Altr=n—( =) A (b =32 —E)dEdnd( ,  (4.225)

where we have written gor = 2f5/f (k = 1,2,3), the kernel I,(¢,n,() is defined by
equation (4.220), and

fau = =37a®> B *|U,1°, (4.226)
J
3 _
for = —§7ra3z_b§|bji?|Uy|3, (4.227)
j
3 , _
faz = —3—2a47rzzb;°-’lbj|2|Uyl4. (4.228)
j
we
To evaluate © . these coefficients need. to solve the Rayleigh equation. This

is done by the same method as described in Chapter two. The coefficients gi1, 921,
and g3 are plotted against the wave number « in Fig.19a and Figl9b. Notice that
912 = —75921, and g22 = 3gn1. The plot of go against the wavenumber is the same
as in Fig3, provided a is replaced by 2a.

Note that the 3-D waves feed energy back to the 2-D wave through the mutual cu-
bic interaction between the 2-D wave, as well as through the quartic self-interaction
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of the 3-D waves. This is very different from conventional resonant-triad amplitude
equations, where the 3-D waves feed back energy through a quadratic interaction.
As pointed out by Goldstein & Lee (1990), the absence of quadratic feedback from
the 3-D waves is due to the fact that the 2-D wave component generated by the
quadratic interaction between oblique waves causes no jump across critical layers
and therefore does not appear in the amplitude equation.

The existence of the quartic term in amplitude equation was first pointed out
by Goldstein & Lee (1990), but they neither gave the exact form of the kernel nor
the coeflicient of this quartic term. Also, the cubic feedback terms seemed to be
overlooked by them?.

In order to match to the earlier linear stage in an asymptotic sense, the ampli-
tudes A and B should have the following asymptotic behaviours (see e.g. Goldstein
& Leib, 1989)

A — Agefmt B 5 Bye¥emt as t] — —00 . (4.229)

Thus the evolution of the resonant-triad waves is described by the above coupled
amplitude equations (4.221) and (4.225) together with the appropriate “initial” con-
ditions (4.229).

Note also that our amplitude equations bear some resemblance to those of
Mankbadi (1991) in that cubic and quartic terms appear in the amplitude equation
for the 2-D wave, but with quadratic term being absent. However, the nonlinearity
in our equations is non-local. This is because the critical layers are unsteady in our
work, in contrast to the steady-viscous one in the case of Mankbadi(1991).

As demonstrated in §4.2, in order for there to be a feedback mechanism, the
magnitude of the oblique waves is required to larger than that of the planar wave.
To see this point more clearly, we rescale the amplitude equations by introducing
the following variables

—Tit; — Zo
= Be#/(-n)t,
= Ae*4/),

D>| ml ]

where the real constants zo, X4, Xp and X are chosen so that
e-—‘iXB(_Tl)ll — Boe-—2go.‘ro ,
e~iKa) = Agem90%0
The rescaled amplitude equations and asymptotic conditions are as follows
dA
dt

- too o I
—goA +gue™ [ EA ([T~ 26)B(E - £)d¢

+00 p400 - - - -
thogia [ [ Kall,mAG-€)AF-E—n) A" (T2 ~n)dedn ,
(4.230)

n a later version (1991), Goldstein & Lee obtained independently the quartic feedback terms
and the cubic terms for their problem from detailed asymptotic expansions.
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dB _ oo 0o _ _ _ -
— = —2g0B + Aoga1 _/0+ /0+ CCB(E-C)A(—¢—n)A* (=3¢ —n)dnd¢
+o0 o} - _ - - - -
+)\0922/0 /0+ C(n+C)(n+2¢)B(t—C—n)A(t—()A*(t—3( —2n)dnd(

w3 gas [ [ [ e m, O A=) A=)
AT-n—(—)A"(F-3—2(—€)dcdndl,  (4231)

and

A — e%t B 5 g0l as t— —oo, (4.232)

where Ao = |A2/(Bo7})|, and @o = arg[A3/(Borl)]. The parameter Xy represents
the importance of the initial amplitude of the three-dimensional waves, and ¢q is
the initial phase difference between the three- and two-dimensional waves.

If |do] < 1, i.e. the initial scaled amplitude of the three-dimensional waves is
weak, the equations (4.230) and (4.231) become

dA - : too o _ _

Z = —god+gue™ [EAE-2%)BE- )t (4.233)
4B i

— = =2 : .

This recovers the result for the equal-amplitude case considered by Goldstein & Lee
(1990). It is clear that the three-dimensional waves have no back reaction on the
two-dimensional wave.

Note that in our study we assume that the three-dimensional waves initially
are stronger than the two-dimensional wave. If on the other hand, we assume that
they are of equal magnitude initially (in fact if € < 5%), then the first stage of
the evolution will be described by equations (4.233) and (4.234). In this regime,
as shown by Goldstein & Lee (1990), the three-dimensional waves experience a
faster than exponential growth, while the two-dimensional wave grows exponentiallg'.
Ultimately the magnitude of the three-dimensional waves will become equal to 1.
At this stage, the double and triple integrals in (4.230) and (4.231) become so large
that the cubic and quartic terms can no longer be neglected, no matter how small
Ao is. The evolution then enters the regime described by the fully coupled equations
(4.230) and (4.231). Although an asymptotic matching of the two regimes could be
constructed with some careful shift of time origin, it seems unnecessary since the
fully coupled equations keep all the terms of (4.233) and (4.234), and are uniformly
valid in the two regimes.

4.5.2 Finite-Time Singularity Structure
It seems that solutions of (4.221) and (4.225) develop a finite-time singularity. The
structure for it is identified as follows

ao B~ bo

A~ T 1 N34 T 4 NdL9i. )
(ts — tl)3+w (ts _ t1)4+2w

(4.235)
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as t; — t,, where ag, by are generally complex and ¢ is a real. In fact the structure
depends only on the order of the polynomial kernels in the amplitude equations.
Substitution of the above expressions for A and B into (4.221) and (4.225) yields

)
(3 + 'I:O')ao =e guDuaObo + g12D12a0|a0| (4236)
(44 2i0)bo = (921D + 922D22)bo|ao| +€g23D23a0|a0|2 (4.237)

where the constants D,; etc. are expressed by tlie following integrands, which are
convergent:

+
D, = /0 5 (1_*_5) (4+2w)(1+2€) 3'“’)d§,
+oo pr+o0 R .
D = [ [T Kl + O + €+ ) EHL 4 2¢ + 1) dgdy
+oor+oo 3 , .
D = [ [T (14 )14 3¢ 4m) "D
+00 p4oo ;
Do = /0 /0 C(n+ ) +20)(1 + ¢ )~ G+
(14 ¢)7®H (1 + 3¢ + 29)~CVdnd(
+00 p400 )
Day = / / / Ko(6,7,O) (1 + 3+ 2¢ + €)==
(L4014 n+ 0 +7+ ¢+ &) Hdednd¢ .
Solving by from (4.237) and substituting into (4.236), we have

g11923D11D23
(4 + 2i0) — (g21Da1 + g22D22)lac)?

(3 + ZO’) = |a0|4 + g12D12|CL0|2 . (4238)
From (4.238), |ao| and o can be determined. After integrating equations (4.221)
and (4.225) numerically, the singularity time ¢, can be determined in principle,
as described in chapter two, i.e. by fitting the numerically calculated functions A
and B to (4.235). However, numerical integration of (4.221) and (4.225) involves
evaluation of a triple 1ntegral at each time step, and is therefore time consuming. We
leave this task to the future. In the later version (1991) of Goldstein & Lee (1990),
they integrated numerically the same form of amplitude equations, and confirmed
the singularity structure proposed. However, the coeflicients in their equations are
different from those in ours.

Surprisingly, the 2-D wave has a “more singular” structure than 3-D the waves.
This implies that at the late stage the 2-D wave will grow faster than the 3-D waves
and attain a comparable magnitude with that of the 3-D wave; thus the initial “non-
staggered” arrangement will evolve into a “staggered” pattern. A close examination
reveals that the “more singular” structure is associated with the kernel Kj.

To examine the validity of the amplitude equations (4.230) and (4.231), following
the idea of Goldstein & Leib (1989), we examine the asymptotic growth rates in
the vicinity of the singularity. It follows from the singularity structure (4.235)
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that asymptotic growth rates |At|,/|A| and |Bt|,/|B!| behave like (|At|/]ao])? and
(|BT|/|b0|)% respectively, where AT = ¢4 and B = 6B are the unscaled amplitudes of
the the three- and two-dimensional waves respectively. Therefore the initial scaling,
i.e. growth rate ~ (A1)3 ~ (B!, is unchanged by the singularity. To quote from
Goldstein & Leib (1989), “This suggests that the basic asymptotic structure will
remain intact, and the present solution will not break down until the amplitude
of the disturbance becomes order one. The flow will then be fully nonlinear and
unsteady in the whole field, i.e. it will be governed by the Euler equations there”.
Note that equations (4.233) and (4.234) are valid only up to when the amplitude is
of order eloge < 1.

4.6 Conclusions and Discussions

In this chapter, we have discussed a resonant-triad interaction where all three waves
interplay and reinforce each other. The resulting amplitude equations are different
from those of Raetz (1959), Craik (1971) and Smith & Stewart (1987) in several
important aspects. Firstly, the local growth rates depend on the whole history of
evolution, unlike a conventional resonant triad, where the local growth rates depend
only on the instantaneous amplitudes of waves. Secondly the back reaction of the
oblique waves on the 2-D wave is accounted by two cubic terms, and one quartic
term, rather than only one quadratic term. Thirdly, there seems to be no reason
why the solution of our amplitude equations cannot develop a finite-time singu-
larity, whereas the occurrence of a finite-time singularity in conventional resonant
triad equations depends delicately on the coefficients (Craik 1975); Smith & Stewart
(1987) found that there was no finite-time singularity in the resonant-triad equa-
tions for lower-branch Tollmien-Schlichting waves in a Blasius boundary layer. It
will be interesting to see whether such a singularity can be removed by viscosity ef-
fects. However, including them will greatly complicate an already complex analysis.
In the case of a two-dimensional wave, it was found that viscosity effects generally
delay the occurrence of the finite-time singularity and in certain cases, it can be
eliminated completely if a appropriate scaled viscosity parameter exceeds a critical
value (Goldstein & Leib 1989). Our study of the two-dimensional case in chapter
two has shown that in a substantial range of wavenumbers, nonlinearity has a robust
effect in the sense that a singularity always occurs, no matter how large the scaled
viscosity parameter is.

The kernels in the amplitude equations are fully determined by nonlinear inter-
actions inside the critical layers and do not depend on the detailed profile of the
basic flow. Therefore, the amplitude equations are universally applicable to any ba-
sic flow which can support Rayleigh instability waves. The coefficients are expressed
in terms of the basic flow profile and the eigenfunction of the Rayleigh equation.
However in the present case, since nonlinear effects are dictated by the kernels,
these coefficients lose their significance compared with the Landau coeflicient in the
classical weakly nonlinear theory.
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It seems appropriate to compare our work with that of Goldstein & Lee (1990).
By detailed asymptotic expansions and analysis of critical-layer dynamics, we have
derived the quartic feedback term, while Goldstein & Lee (1990) only wrote out
a general form for it by inspection. Also, we have shown that amplitude for the
2-D wave should contain cubic terms, which were overlooked by Goldstein & Lee
(1990), (but in a later version (1991), they resolved this problem). By including
feedback effects, the evolution equations we obtain are valid until the amplitude
of the disturbance becomes order one and thus provide a full description of the
evolution of the resonant-triad waves from their linear small-amplitude stage towards
the fully-nonlinear order-one-amplitude stage. The equal-amplitude case, where the
2-D and 3-D waves have the same order of magnitude can be treated as a special
case of the fully-interactive case.

The discovery that an initially small disturbance can be further amplified by non-
linearity provides a possible explanation for instability and transition of the Stokes
layer on a flat plate. It appears that instability and transition may be caused by
this nonlinear instantaneous growth rather than the net growth of disturbances as
studied in Floquet theory. Since the disturbances we considered have high frequen-
cies, we believe that the bursting phenomenon observed in experiments is related to
the explosive growth predicted here.

The nonlinear interaction between waves drives a vortex flow, which is unex-
pected strong in the sense that it has the same magnitude as the oblique waves
(cf. Hall & Smith (1991)). The growth of this vortex is enhanced by a resonance
mechanism as well. Indeed, both the measurement and visualisation of Hino et al.
(1976, 1983) revealed the existence of a vortex structure in Stokes layers.

Besides the above overall qualitative agreement of our theoretical predictions
with experimental observations. There are some quantitative conclusions that may
be drawn by combining the present nonlinear results and the linear results of Cowley
(1987). Firstly, it was shown by Cowley that the largest possible wavenumber for a
growing mode was «,, = 1.43, and we have shown that for a pair of three-dimensional
modes (o, 0, ¢c), resonance with a two-dimensional mode (2¢,0,¢) occurs if § =
V3a. Obviously it is required that 2a < o, ie. @ < 0.72. Then 8 = V3a <
V3 x 0.72 = 1.25. Suppose that the disturbances are basically three dimensional
and amplified by resonance, then the streamwise wavelength, say A, of the observed
disturbance should be larger than 8.736*, i.e.

As > 8.736™

and the spacing, say A,, between two neighbour streaks should be larger than 2.526%,
le.

Az 2 2.526™
where 6* is thickness of Stokes layer. Thus our theory gives a “lower bound” of
space scales of observable disturbances. Monkewitz and Bunster (1987) estimated

from their experiment that A, is about 106*. Hino et al. (1983) measured that
A, is 1.5cm, which if measured by 6* is 3.76*. Both seem to be in the predicted
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range. Secondly our nonlinear theory shows that disturbances are substantially
amplified by nonlinear effects in the neighbourhood of right branch of neutral curve,
which means that initially small disturbances can attain a finite amplitude by this
nonlinear amplification. Referring to Cowley’s neutral diagram, we can conclude
that disturbances are most likely to be observed shortly before or around the phase §
of the basic flow. This conclusion is in agreement with the observation of Monkewitz
and Bunster (1987). But others, e.g. Akhavan et al. (1991a) and references herein,
showed that explosive growth occurs at the end of the acceleration phase, i.e. phase 0
in the notation of the present study. However one should note that all experiments
were actually conducted for finite Stokes layers, where an additional parameter
A = h/6* sets in, with h being the half width of a channel or the radius of a pipe.
The value of A in most experiments is in the range of 3 to 10, but is about 44 in that
of Monkewitz and Bunster. Though this difference does not seem alter the basic
flow significantly, it is possible that at low A, some new mode which does not exist
at high A may bifurcate and cause transition.

In the present case, the disturbance initially has an “un-staggered” arrangement.
The singular structure implies that in the later stage it will evolve to “staggered”
arrangement. So far there are yet no visualisation experiments to elucidate this
wave structure and its change in pattern.
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Chapter 5

Nonlinear Temporal-Spatial
Modulation of the Near-Planar
Rayleigh Instability waves

Abstract

The nonlinear temporal-spatial modulation of an initially linear near-planar dis-
turbance is studied under a high-Reynolds-number assumption. The disturbance
consists of a Rayleigh wave whose amplitude is allowed to be a slowly varying func-
tion of spanwise position as well as of time. It is shown that the development of the
disturbance is controlled by nonlinear effects from the critical layers when the linear
growth rate decreases to O(eg) in the course of development, where € is the magni-
tude of the disturbance. Nonlinear interactions influence the evolution by producing
a streamwise vortex and cross-flow distortion. The amplitude equation turns out
to be an integro-partial-differential one containing historically-dependent nonlinear
terms. In this sense it is similar to the amplitude equation of Hickernell (1984) type.
But a novel feature of our amplitude equation is that the highest derivative with
respect to spanwise position appears in nonlinear terms. These terms are associated
with three-dimensionality, and hence represent vortex stretching and tilting effects.
The possible property of the amplitude equation is discussed. It is shown that due
to history accumulated nonlinear effects, a localized singularity may occur in a finite
time. This provides a possible explanation for the focusing of streamwise vorticity
and the eventual formation of streaks.

5.1 Introduction

Experiments on boundary-layer transition have revealed that after an initial two-
dimensional development stage, three-dimensional disturbances grow quickly and
significant streamwise streaks are observed to form. Consequently, the “mean flow”
is distorted into a “peak-valley” splitting pattern, and a high shear layer appearing
in the valley, where secondary small-scale instability occurs in accompaniment with
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the eruption of vorticity from the wall layer, e.g. see Klebanoff et al. (1962). Direct
numerical simulations have confirmed these observations (Kleiser & Zang, 1991).
A comprehensive list of literature of experimental and computational studies can
be found in Hall & Smith (1989, 1991). Similar events have also been observed in
fully-developed turbulent boundary layers (e.g. Kline et al., 1968; Kim et al., 1971).

Such phenomena have been studied theoretically by Stuart (1965, 1984, 1987)
from the viewpoint of an initial value problem . In this theory, the streamwise
vortices were modeled by a predominately inviscid secondary flow embedded in an
otherwise parallel shear flow. The secondary flow is assumed to be symmetric in
spanwise direction and have a stagnation point. It is shown that a singularity may
occur on the symmetric plane in a finite time, primarily because the flow converges
towards the symmetric plane. Recently, Stuart (199}) assessed this problem us-
ing a Lagranglan description, which has been proved to be advantageous over an
Eulel,\Aescrlptlon/and showed that the singularity was of unsteady separation type
(see e.g. Cowley, Van Dommelen & Lam, 1990). It seems that the singularity may
not be eliminated by viscosity. If this is true, it is a singularity of the Navier-
Stokes equations. It may be possible that near, but before, the singularity time, the
stagnation-point flow becomes unstable and breaks down to small scale motions.
This speculation seems to be in consistent with the observation of small scale bursts
accompanying vorticity concentration and eruption, but has yet to be estaphshed
Note that in the theory of Stuart, the secondary flow can be of any kind, does not
have to be associated with any instability waves. His work addressed the fundarnen—
tal aspects of vorticity concentration and eruption, i.e. three-dimensionality’ and
nonlinearity. They are believed to be prerequisites for the flow to undergo stretch-
ing and tilting, and thus are essential for the formation of vorticity concentration
and eruption.

The significance of three-dimensionality in the linear development regime was
recognized by Landahl (1975), among others. He showed that the response of par-
allel shear flow to a three-dimensional perturbation contains a non-decaying tran-
sient component, in contrast to the two-dimensional case, where only a decaying
transient response is excited (Gustavsson, 1978). In certain circumstances, e.g. in
so-called “by-pass” transition (Breuer & Landahl, 1990), such a three-dimensional,
non-vanishing, transient response amy be more important than the instability mode,
and may play an crucial role. The analysis of Landahl was based on inviscid and lin-
earization assumptions. Experimental investigations of Breuer & Haritonidis (1990)
have shown that the transient portion ultimately decays due to viscous effects. Nev-
ertheless, for low-amplitude disturbances, the theoretical predictions of the early
stage development and the spatial features of the flow were confirmed by the experi-
ments for low-amplitude perturbations. A numerical investigation including viscous
and nonlinear effects (Breuer & Landahl, 1990) demonstrated that after an initial
linear stage, nonlinear effects soon began to enhance the growth of the perturbation.

1Childress et al. (1989) gave an example of a two-dimensional stagnation point flow that
developed a finite-time singularity, but this flow this was not physically realistic.
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The mean flow was distorted into the form of streaks of low- and high-speed fluid, and
a vertical high shear layer was formed followed by a small-scale secondary instabil-
ity. In the studies of Breuer & Haritonidis (1990) and Breuer & Landahl (1990), the
initial flow structure is assumed to consist of a pair of counter-rotating streamwise
vortices, but not exactly the stagnation-point type of Stuart (1987, 1993 ). While
the former flow structure appears to be more general, it requires a numerical inte-
gration of the full Navier-Stokes equations. The advantage of the stagnation-point
flow assumption is that it makes analytical insight possible (Stuart 199/ ).

An alternative theoretical account, from the point of view as hydrodynamic in-
stability, has been provided by Hall & Smith (1989) and Smith & Walton (1990)
for channel flow and Blasius boundary layer respectively. There they considered
the nonlinear interaction between planar or near-planar Tollmien-Schlichting (TS)
waves and logintudinal vortices, induced or input. It was shown that a small three-
dimensional “warping” could be amplified by nonlinear effects, and can lead to the
localized concentration of streamwise vorticity. These theories are relevant to the
situations where the transient response is not strong enough to overtake T-S in-
stability waves, and thus are complementary to those developed by, e.g. Breuer &
Landahl (1990). The underlying mechanism is again the combined effects of three-
dimensionality and nonlinearity. Smith & Burggraff (1985) in their study of the de-
velopment of “large amplitude, high-frequency” T-S waves, found that under certain
conditions, the disturbance satisfied the cla,ssic;\unsteady boundary-layer equations.
By an analogy with unsteady separation of a boundary layer, they suggested that
instability might be able to initiate vorticity eruption from the wall layer. There is
no doubt that this is a very interesting suggestion. However the disturbance in their
study is two-dimensional, while according to experiments, eruption occurs in the
three-dimensional stage, and appeargto be associated with the spanwise convergence
of the flow, as discussed by Stuart (199(). A three-dimensional extension of Smith
& Burggraff (1985) may be more relevant. A possible connection between the vor-
ticity eruption and unsteady separation also has been suggested by Ersoy & Walker
(1985, 1987), and Hon & Walker (1988). They specifically studied the separation of
the boundary-layer flows induced by the so-called hairpin vortex and discrete loop
vortex; these vortices are proposed to be the basic elements of wall-layer turbulence.
Comments on this point of view can be found, e.g. in Cowley, Van Dommelen &
Lam (1990).

This study is to consider vorticity concentration of Rayleigh instability waves. We
shall follow the idea of Hall & Smith (1989, 1990) and Smith & Walton (1990) in their
studies of T-S waves, to examine whether a slight three-dimensional “imperfection”
present in a near-planar wave can be further amplified by nonlinear interactions.
However, we emphasise that this study is concerned with the Rayleigh wave, in
contrast to the T-S wave considered by them. The analysis is thus significantly
different from theirs.

The basic flow under consideration is a Stokes layer generated by an sinusoidally
oscillating flat plate. In previous chapters, it was shown that before linear distur-
bances become neutral, a nonlinear interaction can take place inside the critical
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layers, and that this interaction controls the growth rate. A finite-time singularity
was induced by the interaction. However, so far we have restricted the amplitude
of the disturbances to be slowly varying functions of time only. The present study
will extend the analysis to the case where the amplitude is a slowly varying function
of spanwise position as well as time, is thus allowing for a theoretical study of the
vorticity concentration in space. There is evidence in the experiments of Hino et al.
(1983) that suggests that such a process occurs in Stokes layers. However, compared
with steady flows, experimental investigations on this aspect are inadequate, and
much less detailed. The present study is partly initiated by this observation, and
partly by theoretical interests.

On the side of theoretical studies, many theories assume that disturbances are
purely periodic in spanwise direction, and thus only evolve with time or down-
stream. Such an assumption precludes the possibility of a study of energy and/or
vorticity re-distribution in space under nonlinear effects, which as stated above is
an important phenomena in transition process. On the other hand, it is impossible
to keep disturbances perfectly periodic in,\gpanwise direction; some “imperfection”
is always present. Thus an extension to the more general case of temporal-spatial
modulation is desirable. Temporal-spatial modulation of TS instability waves was
studied by Stewartson & Stuart (1971). They considered the development of a
two-dimensional disturbance which initially centered on a streamwise location, and
derived an amplitude equation of nonlinear Schrodinger type, which is a generic
equation governing the envelop of a two-dimensional wave packet. An analytical
and numerical investigation by Hocking, Stewartson & Stuart (1972) showed that
a localized singularity could occur in a finite time, implying a focusing of vortic-
ity in space (see also Hocking & Stewartson, 1972). Hocking, Stewartson & Stuart
(1972), and Davey, Hocking & Stewartson (1974) considered a disturbance centered
on a point. There in addition to a slow streamwise variable, they introduced a slow
spanwise variable to take account of the spanwise modulation. In this study, we are
primarily interested in spanwise focusing, so we shall assume that the disturbance
1s a near-planar wave with an amplitude dependent on the spanwise coordinate and
time. The dependence of amplitude on Z brings in a three-dimensional “warping”.
Following the idea of Hall & Smith (1989, 1990) and Smith & Walton (1990) in
their studies of T-S waves, we shall investigate whether such a small warping in a
Rayleigh wave can be amplified by nonlinear effects. We emphasise that the the-
ory presented in this study also applies to free shear layers, where the formation of
streamwise vortices is a significant phenomena, see e.g. Jimenez (1983), Lasheras &
Choi (1988), Lasheras, Choi & Maxworthy (1989), and Nygaard & Glezer (1991).
Moreover, the formation of the streamwise vortices appear to be “facility-induced”
(e.g. Jimenez, 1983; Nygaard & Glezer, 1991); thus the present approach seems to
be closely relevant.

As in previous chapters, suppose that a stability wave with wavenumber « is
excited . . at time 7; on the left branch of the neutral curve (see Fig.1). We assume
that the dependence on the spanwise location is weak to ensure that the dispersion
relation is not affected at leading order by this weak three-dimensionality. According
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to linear theory (Tromans, 1977; Cowley, 1987), the disturbance grows exponentially
until the neutral time, say 7o, is approached. In the vicinity of the neutral time,
the linear growth rate is small, and critical layers emerge. Due to the singular na-
ture of the Rayleigh equation near a critical layer, nonlinear interactions, among
other effects may become important and have to be taken into account. The main
concern of this study is how critical-layer nonlinearity affects the temporal-spatial
evolution of such a small disturbance, in particular how the disturbance vorticity
is re-distributed by this nonlinearity. For general surveys of critical-layer theories,
readers are referred to Maslowe (1986) and Stewartson (1978). References closely
relevant to the present study are Hickernell (1984), Goldstein & Leib (1989), Gold-
stein & Choi (1989), and Goldstein & Lee (1990).

5.2 General Scaling Arguments

The flow is described by Cartesian coordinates (z,y, z), where z is parallel to the
oscillating direction of the plate, y is normal to the plate and z is the spanwise
direction. If (z,y,z) are nondimensionalised by §*, time 7 by w™!, and velocity
(U, V,W) by Uy, then the basic flow field can be written as

(U,V,W) = (cos(t — y)e™¥,0,0) .
We denote the perturbed flow by
U+ u,-v, w).

Substitution into the Navier-Stokes equations yields equations for (u,v,w).
Following Tromans (1977) and Cowley (1987), we study high-frequency instabil-
ity waves, and introduce the fast time scale,

t=Rr, (5.1)

to take account of the frequencies of the waves.
The normal velocity component v of a disturbance of O(€), to the leading order,
has the form
€Aot(y,T)FE cos Bz + c.c.

where ¢ <« 1, and f is the spanwise wavenumber and we assume that § < 1.
We emphasise that for the purpose of deriving the scaling, it is sufficient to write
the dependence on z in this special form. But from the next section, a general
dependence on slow spatial variable Z = fz is allowed for. The function v satisfies
the Rayleigh equation, and the order-one complex constant number Ay is a measure
of the scaled amplitude of the disturbance. Hereafter c.c represents the complex
conjugate of the part written out. For convenience, we have defined

N
E = exp(iaz — 16(t)) ,
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where d{?\ ! .
1
— == -R72Q)
g = goelr) R+
with ¢ being the complex phase velocity, i.e. ¢ = ¢, + tc;. In this study, we assume
that the wavenumber « is of order one.
As discussed earlier, to facility critical-layer nonlinear effects, we should concen-

trate on the times near to the neutral time, say
T=To+ EITl ;

where the index [ is a measure of how “quickly” the nonlinear evolution stage occurs.

Before proceeding to a formal asymptotic expansion, we need to set down the
underlying scaling, i.e. to specify the evolution time scale, the thickness of the critical
layers, and the spanwise scale f in terms of the magnitude of the disturbances e.
For this purpose, we introduce an intermediate time scale t; = ac;t, which is much
“slower” than the time scale of the instability waves, but much “faster” than the
time scale of the underlying Stokes flow; the disturbances are then described by
the time variables ¢, t;, and 7. In terms of these new variables, the z-momentum
equation can be written as follows

0 ou dp 0 d

8 gl 8
— e \—a9R"Y L - _pRp-! S U —— ) — —
{ac; o, +(U—-¢,) " +2R aT}u—}-v 7 R Au 5. oa uu aym : zuw ,

where % has heen replaced by —CT% to the order required, and

We are particularly interested in the case where the nonlinear evolution occurs
on the fastest possible time scale, i.e. the time-variation term appears at leading
order in the critical-layer equations. Suppose that the thickness of the critical layer

is O(u), then near a critical layer (U —¢,) is O(n) if U, (y.) = O(1). Balancing a'c,-gT’i

and (U, — cr)% yields
p~ O(¢) . (5.2)

This scaling brings in a new non-equilibrium effect that does not occur in the analysis
of, e.g. Davey, Hocking & Stewartson (1974), Hall & Smith (1989). It leads to a
different type of amplitude equation that contains historically-dependent nonlinear
terms of Hickernell (1984) type.

To ensure that a spatial modulation term % appears in the final amplitude
equation, we require that

B? ~ O(ac;) . (5.3)
From the asymptotic property of the Rayleigh equation, we know that v ~ O(e)

as y — Y., where 1. is the critical level defined by U(y.) = ¢,. The asymptotic
behaviour of the cross-flow component w 1is:

w~efly —y)t, (5.4)
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where the pole type of singularity is associated with three-dimensionality as pointed
out by Benney (1961). From the continuity equation, we know that

un~ ey —yo)t + elog(y —ve) , (5.5)

where the logarithmic singularity is due to the fact that Uy, (y.) # 0 for the Stokes
layer. It turns out that for deriving scaling, we can concentrate only on the pole
type of singularity without losing generality, because the resultant scaling happens
to take the logarithmic singularity into account as well (see below).

To fix the scaling, we now turn to analyze the nonlinear interaction within the
critical layers, following the ideas of Hickernell (1984). The quadratic interaction,
say through vu, produces a forcing of O(e?4%u~2). Balancing this forcing term with

a'c,-ng in the z-momentum equation,“we know that it generates a second harmonic

and a mean-flow distortion, say u(?),
’U.(2) ~ 0(62ﬂ2”—3) .

The cubic interaction through vu{®) produces a forcing of O(¢*42u~*). Balancing

du

51> We know that it drives a fundamental u(3):

this forcing term with ac;
u(S) ~ 0(63,62[1—5) )

This fundamental is required to match with the unsteadiness of O(ac;e) ~ O(pe) in
the outer region, i.e.

O(B°1™") ~ Oep) , (5.6)

so that the evolution of the disturbance is affected by nonlinear interactions inside
the critical layers. Noting that a ~ O(1), from (5.2), (5.3) and (5.6), we have

™
4
2

G R

~—
~

(5.7)
(5.8)

=
¢
)

o

Finally, we check for the influence of viscosity. We consider the typical case where
the viscous diffusion terms appear in the leading-order critical-layer equations. This
happens when

R™5 ~ O(p)
l.e. .

R~ O(es5). (5.9)
So we write .

RV = )b | (5.10)

where the parameter ) is introduced to reflect viscosity effects (cf. Haberman, 1972),
and is assumed to be order one.

Equations (5.7), (5.8) and (5.10) set the underlying scalings for this study. Note
that the thickness of the critical layer, and thus the nonlinear evolution time scale
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happen to be the same as those in the case where the disturbance is a purely two-
dimensional wave (Chapter two). However it should be emphasised that this is only
a coincidence because the present scaling is obtained from the consideration of the
pole type of singularity, irrespective of the presence of the logarithmic branch point.
Nevertheless, under the present scaling, nonlinear effects associated with the latter
singularity are also incorporated. As a result, it is expected that a correspond-
ing nonlinear term with coefficient proportional to Uy, (y.) will appear in the final
amplitude equation (see §5).
With the scaling specified above, we concentrate on times near to:

T=To4ein, (5.11)

i.e. the time at which the linear growth rate is O(e%). It is at this stage that non-
linear effects control the development of the disturbance, and possibly redistribute
the disturbance vorticity. For convenience, the nonlinear evolution time scale is

rewritten as follows )

1 = 56% . (5.12)
The evolution of the disturbance is thus described by four time variables, namely {,
t1, 71 and 7¢; the dependence on the slow time variables 7; and 75 is parametric to the
order of approximation in this study. With the multiple time scales so introduced,

the time derivative 88_7 should be interpreted as follows

0 J 1 0 : 0 0

o~ fat e T e o

Since the basic flow U evolves on the slow time variable 7, it is sufficient to
expand its profile at time 7 in a Taylor series about the neutral time 7y

(5.13)

-~ 2
Uy, 7) =U(y,7) + esUr(y, o) + ...
Hereafter all basic flow quantities will be evaluated at 7o unless otherwise mentioned.
To take account of spanwise modulation, we introduce a slow spanwise spatial

variable Z of the following form s
Z =€z, (5.14)

and thus 5 . 8
— — €5 =— .
0z 0z

The overall evolution process can be summarized in Fig.2. As illustrated, the
disturbance is initially well described by linear theory (Tromans, 1977; Cowley,

1987). As the neutral time 7o is approached, the growth rate becomes small, and

linear critical layers emerge. As the growth rate decreases further to O(e-%), le.

at times 7, = O(1), nonlinear interactions take place and control the development.

In particular, the initial spatial distribution of the vorticity may be rearranged by

nonlinear effects. The earlier linear and the subsequent nonlinear solutions are

required to match in an asymptotic sense in the mutual overlapping domain, as

insisted in, e.g. Goldstein & Leib (1988, 1989) and Goldstein & Choi (1989).

(5.15)
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5.3 Outer Expansion

5.3.1 Asymptotic Solutions Near the Critical Layers

Outside the critical layers, the flow is basically linear and inviscid, to the order of ap-
proximation in this study. The velocity components and pressure of the disturbance
are expanded as follows

u = eu1+egu2+e%U3+... , (5.16)
v o= €y +e§v2+e%v3+... , (5.17)
w = e§w1+6%w2+e%w3+... , (5.18)
p = ep1+egp2+e§p3+... . (5.19)

The earlier linear solutions suggest that v; can be written as
v, = A(Z,t1,71,70)01(y,70) E + c.c (5.20)

where A(Z,t,,71,70) is the amplitude of the disturbance. Note that A is a.ll\owed to
be an arbitrary function of Z. Here we have defined that E = exp(taz — ), and
A

do

dt

R

A2es (o) + ... (5.21)

Lo =

Qo(70) +

where the correction to the complex frequency at O(e%), ie. O(R"%), is due to
viscous effects. The dependence on 7y and 7, is due to the time variation of the
basic flow. Because they can be treated as parameters to the order of interest in
this study, hereafter they will not be written out explicitly.

The function 7, satisfies the Rayleigh equation:

(U - C)(D2 — az)ﬁl - Uyy’ljl =0 N (522)
where we have written
20 = ac.

Let 7 = y — yJ, where yJ is the j-th critical level; then as 7 — %0, %; has the
following asymptotic behaviour:

Oy ~ af $a + b5 [d6 + pidalog Inl] (5.23)

where .
$a=n+sp0" +... (5.24)
do=1+gmn*+.... (5.25)

The O(e) term is introduced to take account of nonlinear interactions inside
the critical layer, and has the following form

vy = Bo(Z,y,t)E* + cc. .
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The function 9, satisfies the same equation and hence has the same asymptotic
behaviour as ©; provided « is replaced by 2. Later, however, o, will be found to
be identically zero.

The function vz takes account of unsteady effects in the vicinity of the neutral
time, and takes the following form

vy = 03(Z,y, 1) E + cc. . (5.26)

The function 93 is the deviation of the eigenfunction from its neutral state, and is
found to satisfy the following inhomogeneous Rayleigh equation:

U
{D2 — (a2 + 7 iyc)}’l_)g

| 9A . . Y ol mA. . 92A
= () =gy, — (alm) Al + I g (620

where the last term of the above equation represent the three-dimensional warping.
The asymptotic behaviour of o3 is as follows:

by ~ —bir;loginl + (afr; + bs;)nlogn] + ...

+¢5 da + d5[¢s + pidalogn]] (5.28)
where
Uyy
J Uy
1, 10y, U
g = o+ - (5.30)
PTYTIT, T
Uy, 0A . -
T; = (ZO.’) 1U_y3y _5;]- - (ZO{U,-T])A] 3 (531)
- ] U,ur
s; = (ia)’l{(—iaUyTﬁA)—qy—;+(z'a71A) 2
Uy Uy
A Uy Uyyy — U2
+(—5t: —ialU,n A) —_@—ﬂ} , (5.32)

where all basic flow quantities are evaluated at time 7 and the critical lever yI. The
jumps (a} — aj) etc. will be determined by analyzing the critical layers.

The leading-order cross-flow component w; satisfies

8 = 0 (9101_ 2 —i%
Ca T Va5 =P thg)az

This suggests the following form for w;:

wy; = Az(Z,t)0,(y)E + c.c .

(5.33)
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It is found that

U,
'lI)l = a—2[’l_)1,y — U _y c'l_)l] . (534)

The streamwise velocity u; takes the following form

uy = A(Z, ) (y)E + cc.
From the continuity equation, we find that
'l_Ll = ioz"lz_)l,y . (535)

The O(e%) term u, is introduced to take account of nonlinear interactions inside the
critical layers, and has the form

uy =uPE2+ U + ce . (5.36)

Later, the harmonic component ug2) turns out to be zero; the mean-flow distortion
is non-zero, but it determination is not needed.

From the continuity equation, the solution for u3 is found to be uz = u3(Y, Z,t, ) E*+
c.c, where

i3 = ia” ' {A(Z,t1)0sy + Azz(Z, )W} . (5.37)
The pressure p; can be written as p; = A(Z,t1)p1(y)E + c.c, and

]31 = iQf_l[Uy’l_)l - (U - c)t_)l,y] . (538)
We now introduce an inner variable:

—ayd
y=2 4705 (5.39)

2 2
€5 €5

The outer expansions of u, v, w, and p written in terms of the inner variable are as
follows:

v~ &FAE e loget (~bfr; + b pAY)E 4.
+€5[(—b¥r;log V] + df) + A(aFY + bEY log [Y )] E

1
+ ef log et [(afr; + bEs; + d¥p,)Y + S Ap; b YE

2
+ eg[c;hY + (aFr; + bFs; + dip;)Y1og Y| +.. ]E
+ece+..., (5.40)
u ~ ea{A(@F —bFr,Y ) —a T AzzY I E+ce+...,  (5.41)
w o~ —ea”BFAY TEdect ..., (5.42)
p ~ €eia'UbBFE+cet... . (5.43)
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5.3.2 Solvability Condition

Multiplying both sides of (5.27) by 9; and integrating from 0 to 400, we obtain the
solvability condition for (5.27):

(5.44)

. 14, 0A 0?A
—;FP(AJ) = ljla—lf1+J2T1A“J3a—Z_3 ,

where the summation is made over all critical layers, and FP denote the firite part
of AJ’:
Dj = (aybr — badiy)|,_ i+ — (Sayb1 — badiy)l, . 5- - (5.45)

The constants J; and J, are defined by the following integrals

_ teo Uyy =2
7 _/0 Ty (5.46)

+co Uyy[—]f
% —/0 T - T -9

Jy = /Oooﬁlz(y)dy. (5.48)

Note that J; and J, are singular and should be interpreted in the sense of -
Hadamard. By using the asymptotic expressions (5.23), (5.28) together with (5.24)
and (5.25) of ¢; and ¢z, it is found

D= bi(ef — ) = bri(af —a7) = bip;(df —d7)

J J J J J

—(a}df —ajdy) . (5.49)

Joidy , (5.47)

-+

We shall obtain the amplitude equation from (5.44) and (5.49) after the jumps
(aj — aj ) etc. are determined by analysing the critical layers in the next section.
Here it is important to note that nonlinearity influences the evolution of disturbance
by altering these jumps; thus in the analysis of the critical layers, it is sufficient to

concentrate only on those part of the solution contributing to these jumps.

5.4 Inner Expansion

Equations (5.40) to (5.42) suggest that the inner expansions within the j-th critical
layer take the following form:

u = 6U1+6§U2-|-6%U3+C.C+..., (5.50)
v = Vot+eiVy+eVitesVateVat..., (5.51)
w = SW+eWo+eEWs+..., (5.52)
p = ePi+eEP,+eEP ... . (5.53)

The function Vj satisfies the equation:

LoVoyy =0,
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where L is the unsteady-viscous linear critical-layer operator:

0 - _ 0 0°

Lo=]

The solution which matches the outer expansion is:

Vo = A(Z,1))E + cec. (5.55)

where A = b;A and b = bj = bj, i.e. the jump (b} — b5) is zero.
The functions Vj; satisfies the same equation as V;. The solutions that match
the outer expansion are:

Voo = B(Z, 1)) + C(Z,t,)E* + c.c. |

Expansion of the y-momentum equation yields

0P

v -0

and so )
P, =ia"'U,A(Z,t,)E + cc .
The function W; satisfies the following equation

0P,
o= -
LW 27

Let W, = Wy(Y, Z,4,)E + c.c, then W, satisfies:
EOW, = —ia™'0,A2(2,4) , (5.56)

where we have defined

i =0 Oy Do) -2 D
Ly —-atl-i—ma(Uy) + Urni) )\GY?'

The equation (5.56) can be solved by using a Fourier transformation method as in
Chapter two; see also Hickernell (1984), and Goldstein & Leib (1989). It is found
that

A

_ +oo .
W, = —ia™10, /0 Az(Z, 4 —€)e= €% g (5.57)

where we have put
1 _ _ _
81 = -?;/\a2U; , and Q=o(U,Y +U,n).

The velocity V; satisfies:
LoViyy = LV, (5.58)
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where

1~ — 1= 0® ~ 0
Ll = —(inyY2 + Uy‘rTIY + 5 TTle)W + Uyya—m . (559)
Let
W =WY,Z,t)E+cc.,
then V; satisfies the following equation:
_Zgl)“/l,yy = 'LCYA(Z, tl)Uyy .
It can be shown that
Viyy = iall, / A(Z, 11— €)e= €% g | (5.60)

Note that V4 is equivalent to @3 in the purely two-dimensional case (Chapter two).
By this analogy, we obtain the following jumps:

af —a; = mip;b;Sgn(U, (5.61)

v)
df —d; = —mir;b;Sgn(U,) . (5.62)

Similarly, we write U; = U, (Y, Z,t1)E + c.c, then from the continuity equation,
we obtain

. _ . too .
Oy = —ia 02 [ £Az(2,t—g)em =0
0
_ +oo .
Oy [ A2, gy (5.63)
0
The function V; is found to satisfy the following equation:
9 9 3}
LoVy = LV + 81’2{6 VoUy + 5‘_ZV oWi}t +. (5.64)

The first non-homogeneous term above is analogous to that in (5.58) and thus it
produces an analogous velocity jump. The solution driven by the second term,
i.e. by the nonlinear interaction of the fundamental, produces no velacity jump.
Because (2a,¢) is not a fundamental mode of Rayleigh’s equation (Cowley, 1987),
vy, and hence Vg; should be identically zero. From a consideration of the continuity
equation, ug), i.e. the harmonic in the second term in the outer expansion of u,
should also be zero.
The function W, satisfies the following equation:

LoW, = —%(V})Wl) . (5.65)

The solution for W, generally should be written as

W, =W + WPE?+ cc,
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bAut it is found that at the next order the interaction associated with the harmonic
T/VQ(Z) does not contribute the jump (¢} —c; ), and hence does not affect the amplitude

equation. Therefore, it is sufficient to solve for the cross-flow distortion 13/2(0). After
some manipulation, we find

WO =02 [ [T eA (2,00 An( 2,66~ O Kol6, Qe dtdC , (5.66)
where
Kof£,¢) = e (€460

We now turn to solve for U,, which is found to satisfy

2
LolUpy = 0,202 ow, 0

y aZ ayz (‘/OUI) ) (567)

The solution takes the form
U, = Uz(o) + Ué”E"’ +cc,

but again, as for W, it suflicient to solve for the streamwise-flow distortion U2 0 It
can be shown that

Uz y = —zo.UyyU /+oo/+oo A* Z tl-—C)A(Z t1—E—C)Ko(€, e —zﬂgdéc
+U3 /+oo/+oo 2 4 (2, tl——g)AZZ(Z ty—€—C)Ko(€, C)e"95d5d(
+0, /+°°/ (2,1 —Q)Az(Z,t1 =€~ ()] z Ko(€, (e d£ d(5.68)

To determine the jump (cj' — c]-_), we only need to solve for V5. It is found that
V3 satisfies the following equation

. * a *
LoVa = Ly + LoV + i AU; OV E + —B—Z(AW OVE 4+ cct . (5.69)

where the forcing terms which are irrelevant to the jump are not written out. The
operator L, is defined by

1-
6UyyyY3 + Uyyrr1Y? + Uy 7Y +
+[Uyyyy + UnyTl]a—x

0
Oz 0z?

Ly g &

L, = [ 6 TTTTI]W

—[—— +(U,Y + U,ri) = (5.70)

We shall first seek the solution induced by the linear forcing term, i.e. (L1V; +
L,Vg), which we now denote by FW(Z,Y,t,)E. Note that F)(Z,Y,t;) is the same as
FU(Y, ;) of the two-dimensional case (Chapter two) except that the former depends
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on Z. By a similar procedure, the solution (here we denote it by @”E) driven by
1t has the following asymptotic behaviour as ¥ — o0,

VS~ (atp; +2¢5b + p2b VY + (atrs + pidf + s5b;) log|Y|
+{:i:§7rngn(U Jafr; + pidf +sib;)+..}+0(Y ™) . (5.71)

Let V3 ") E denotes the solution induced by the nonlinear forcing term. Harmonics
can be 1§nored as far as deriving the amplitude equation is concerned. It is found

that V be written as
Vi = —ia® 20,11 — *UA (L + I + 1) (5.72)
where
+oo p+o0
= [ A2, 6-0 A2, 0 () A (2, o) K6, Odedcd
(5.73)
L= /(,m/om/omf‘”’ﬁ(z,tl—C)A(Z,tl—c—n)ﬁ*zz(z,tl—é—C—n)Kl(é 1, ()dédCdn
(5.74)
400 pto00 p+o0 ~ ~ ~
= [ A O, ) A5 2tz e, O
(5.75)
I = /0 +°°/0 +°°/0 +°°§3 [A(Z,t1—C)A(Z, t1—(—n) A (Z, t1~E—(—n)]|z K1(E, m, ()dEdCdn
(5.76)

The kernel K;(é,7,() is defined by
1(1(5,77, C) = 6_31[252'*'3{271—(C—f)s]—iQ((—g) .

Matching (V( + V(")) with outer expansion yields the following jump:

t T
¢ ¢

=riSgn(T,)(a}r; + p;d + s;b;)
2wt U |0, [ € AZ,0-6) A2, ti—6-) A2, h-26-m) K (€, m)dedn
~amal0, P [ [ TR A(Z,14-6) A2, t—tn) (2,026 K (€ m)dedn
~amal0,P [ [ A2, h-O A2, ) A5 (2, -2t K (€, m) g

~2ral, |3/ / EA(Z,:-8) A(Z, ti—6—n) A3 ( 2, i=26—n)]2 K (€,m)dédn .
(5.77)
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It is noted that (af — aj) and (df — dj) correspond to the classic £7 phase
shift in the outer expansion, while (cj’ — ¢; ) is modified by nonlinearity; this has
a significant effect on the evolution of the disturbance. Also note that nonlinear
effects influence the evolution by ploducmg a mean- ﬂow distortion of vortex form,
l.e. streamwise and cross-flow distortions U2 % and W2 ), while the harmonics have
no significance. In this sense, the nonlinear interaction is of wave-vortex type.

5.5 Evolution Equation of the Amplitude

Inserting the jumps (5.61), (5.62) and (5.77) into (5.49), and using (5.44), we obtain
the crucial evolution equation as follows:

94 O°A
ot,  Lazz

= gonA+at [ [T (€ A2, 1) AZ =) AY(Z, ti-26-n)dedn
+o00 r+00 3

[T b€ A2, 60 A, =) A5 (2,526 )
+o0 p4oo

+/0 /0 >R K(E,)EnA(Z,1,—6)[A(Z, t,—E—n) A% (Z, t,=28—n)] zdEdn

+00 p4oo
+ [T b6 A2, ) ALZ, tmn) A3 2, =26 zdEdn
(5.78)
where the suffix j refers to the j-th critical layers, and the summations are made

over all critical layers. The kernel K;(¢,n) represents the effects of viscosity, and is

defined by

K;(&,n) = e7n 283436 (5.79)
For the inviscid case, A = 0, and so K;(£,{) = 1. The coefficients evolved are
expressed in terms of the basic-flow profile and the eigenfunction as follows:
g0 = fo/f, o (5.80)
9i = QWibﬁlbj!ZUy“Uny, (5.81)
hi = 2mabl|bY|UP/S (5.82)
VS ']3/fa (583)
Uyy U0 U2 U2
= {7 b;[2i— ;YW 4 W) 4 T} (5.84
f ta {;7" il Z|Uy| a +e 7,10, + 3]+ 1} ( )
7,0 Ty OOy (TyT — U2,
= omib;— ot — wib? [T - YT vy
fO ZJ:{ J ]Uyl2 J J[IUyl |Uy 2 Uley|2 ]
U, U,
+7%03 y(% }—Ja. (5.85)
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These coefficients can be evaluated in the same way as described  in Chapter two.

Note that the first nonlinear term is associated with the logarithmic branch
point singularity, and appearito be more like the traditional cubic nonlinear term.
Because this term is the same as that in the amplitude of a purely two-dimensional
wave (Chapter two), we shall refer it as “two-dimensional nonlinear term”. The
rest of the nonlinear terms are associated with the pole type of singularity. Besides
these nonlinear terms are non-local, i.e. evolving history effects, a novel feature is
that the spatial derivative, including the highest derivative appears in these terms.
We shall call them “three-dimensional nonlinear terms” since they represent vortex
stretching and tilting effects, which are unique for three-dimensional disturbances.
We believe that these effects are crucial for the formation of focusing. We emphasise
that the scaling of this analysis also applies to flows with regular critical layers, e.g. a
free shear layer, for which a similar amplitude equation holds, except that the “two-
dimensional nonlinear term” disappears and ?; is replaced by a nonlinear streamwise
evolution variable, say z;. Therefore it is sufficient for us to discuss the property of
(5.78) only, while treating free shear layers as a special case with g; being zero. It
is well known that streamwise vortices exist in free shear flows. There are evidences
suggesting that these vortices are “facility” forced, e.g. by small geometric details
(Jimenez, 1983; Nygaard & Glezer, 19991). This is very much in the line of the
present study. Moreover, the scaling of the present study indicates that streamwise
vortices may form when the linear growth rate decreases to O(e%), proceeding the
roll-up process, which occurs when the growth rate decreases to O(e?) (Goldstein &
Leib, 1988, Goldstein & Hultgren, 1989). This is consistent with the experimental
observation that the formation of streamwise vortices may occur before the roll-up
of the spanwise vortices is completed (Lasheras & Choi, 1988; Nygaard & Glezer,
1991).

Note that the above theory is formally valid for g ~ 0(6%). If 8 < O(e%),
i.e. three-dimensionality is weaker, then there exists a difference between singular
and regular critical layers: for singular critical layers, the term % and the “three-
dimensional nonlinear terms” can be dropped, and the “two-dimensional nonlin-
ear term” dominates, i.e. the disturbance can be effectively treated as purely two-
dimensional. But for regular critical layers, the amplitude equation degenerates to
a linear one. A similar scaling argument as in §2 suggests that when 8 ~ €2, the
critical-layer structure of a two-dimensional disturbance (Goldstein & Leib, 1988)
remains largely intact, i.e. the critical layer is strongly nonlinear, but subject to some
modification due to the coupling with the three-dimensional velocity components.

Note also that this study yields a single amplitude equation. Davey, Hocking &
Stewartson (1974) found that the analysis of Hocking, Stewartson & Stuart (1972)
was incomplete in that the amplitude equation should couple to an additional func-
tion related to the secular pressure gradient. However, we note that if it were
assumed in their analysis, as it is in our case, that the amplitude depended on the
the spanwise coordinate only, then B = |A|? would immediately follow from their
(2.28); in this case their coupled equations (2.31) and (2.34) are reduced to a single

141



equation, with the nonlinear term proportional to ¢ representing three-dimensional
nonlinear effects.
In order to match its earlier linear evolution stage, A has the following asymptotic

behaviour:
A — Ao(Z,t))eonn as t; — —oo, (5.86)

where Ag(Z,t,) is the initial spanwise distribution of the amplitude, and can be any
function satisfying

04 0% Ao

2,220, 5.87
o, Paze ! (5.87)
One typical case, which represents a initially localized disturbance is
A A
Ao = exp( ) s

(—t)F  Apty

as discussed in, e.g. Hocking, Stewartson & Stuart (1972), see also Hocking & Stew-
artson (1972). Equations (5.78) and (5.86) thus describe the evolution of distur-
bances.

To scale out 7;, we introduce the new variables:

= AeXo/(—7)F (5.88
= —nt—1xo, (5.89
(-n):Z, (5.90
= M(-n)?, (5.91

P Nl o) D>I
I
~— N N N

where X, and o are chosen so that:
goo — i(Xo — o) = log[(—m1)" %] . (5.92)
The evolution equation and the asymptotic behaviour then become:
o Faze
=—goA+a’ [ | 3 g6 AZ, 1) A2, T-4n)AN(Z, 2-26—n)dEdn
400 p+00 - - _ _
+ [T ik e e A2, -0 A2, E-6n) Az (2, h-2e-n)dedn

+ [T b€ m € A2, A2, B-6n) A3 (2, T-26)] e

[T b6 mEIAZ, ) A2, Fton) Ay (2, 26 )]
(5.93)

A— AO(Z,1?)6—"7°{'|'i‘p0 as t— -0, (5.94)
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where without loss of generality, we can assume that the maximum of A is unity.
Furthermore, to scale out ¢y we introduce:

A = AY gllgol Flpl 7, (5.95)
t = |90|t_—}:’o, (5.96)
Z = lgol?lpl ™22, (5.97)
A= ABlef, (5.98)

where ¢y and Xj satisfy the following equation:

o

- |go|X° +ipo = log{| > 417 |go| 3 IpI "%} (5.99)

Then we obtain:

0A _9%A

Yoz

4 [ LTS R A2, LA, Fem Ay (2, 2t g

+ /0+00/0+°°Z §iK;(€,n)EA(Z,1-€)A(Z,T-¢—n) Ay (Z,T-2¢~)) zdedn

(5.100)
and 3 : i
A — Ag(Z,1)e " as t— —co, (5.101)
where §, §;, o and v; are constants with unit modulus, i.e.
p=-p/lpls & ="hi/I2 ksl
vo = —go/|gol , v; =9j/|Zgj| :
The kernel is rewritten as
K, n) = e 008+ (5.102)

The real constant sg is defined by
|3 gj |

| ksl

Note that sq is zero for regular critical layers.

S0 = a2|p|
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5.6 Some Properties of the Amplitude Equation

5.6.1 Viscous Limit
The above theory is valid for € = O(R'%). Next we turn to consider the limit when

e< R%, (5.103)

which corresponds to the viscous limit A — +-00. It can be shown that at this limit
(5.100) reverts to the following equation:

104 9%A

2 -4 2
at p8Z2 g071A+Q’ A 3.[0|A| A

AT3

W3 doa [T lA - Ax - lzdr+00) (5.100)

where we have performed the variable change ¢, — A3t;. The constants involved
are defined as follows

1 1 -4
fo=g——2—%1“(§)291ﬂj3, Jo = Zhﬂ

33 x

cows

Note that even under viscous limit the nonlinear term is still non-local. Moreover,
the nonlinear term contains a time as well as space derivative. Amplitude equations
with nonlinear terms containing space derivatives were also encountered by Wein-
stein (1981), where, however, these terms are local, and served as a higher-order

correction. For the regula.r critical layers, I, = 0, so we rescale the equation as
follows: Z = A\eZ, 7, = A\=37, and A = A5 A. Then the rescaled form of (5.104) is

0A  0°A 0

at p622 gO”—-lA + JOA_

+oo .
5 17 [A(ty — n)AZ(t — n)]zdn . (5.105)
1 JO

A.

o=
N

For the singular critical layers, we introduce Z = A\sZ, 7, = /\‘%7"1, and A=A

The rescaled form of (5.104)

0A  J*A

5 Paze - g0 A+ o’L|APA . (5.106)

Note that we can not rescale the amplitude equation (5.104) such that the two
nonlinear terms are retained in the equation at the same time.

5.6.2 Equilibrium Solutions and Secondary Instability
One property of the modulation equation (5.100) is that if

A= B({)e? | (5.107)
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then the “three-dimensional nonlinear terms” are identically zero, and consequently
B satisfies the same equation as the amplitude of a purely two-dimensional wave
(Chapter two). Note that (5.107) corresponds to the case where the disturbance is a
single oblique wave. Thus this property somewhat explains why the pole type of sin-
gularity has no significance for the development of a single oblique wave (Goldstein
& Leib, 1989).

For flows with singular critical layers, when A £ 0, ‘the evolution equation pos-
sesses a three-dimensional equilibrium solution of the form: A = AgePZ+ik But we
are primarily interested in a two-dimensional equilibria, i.e. 8 = 0. This equilibria
was expressed in Chapter two; see (2.168) to (2.170). For the Stokes layer of interest
here, the study in Chapter two found that the above condition was satisfied for wave
numbers o < 0.6003 or a > 1.293. The next task of this section is to examine the
instability of the above solution to a three-dimensional disturbance. The purpose
is two fold. Firstly, as pointed out by Stuart and DiPrima (1978), such a anal-
ysis yields an understanding of sideband instability. For the present problem the
sideband consists of a two dimensional wave (a,0), and a pair of three-dimensional
waves (a, +e5 ) (see below). Thus the sideband instability indicates a transfer of
energy from the two-dimensional to the three-dimensional waves. Secondly, if the
two-dimensional equilibria is unstable, it will be ruled out out as a terminal solution
of (5.100). Moreover, if the growth rate of this secondary instability increases suffi-
ciently fast with 3, it may indicate a finite-time focusing singularity (Hall & Smith,
1989).

Hence we perturb the equilibrium solution in the following way:
= [Ag + B(%) cos BZ)er . (5.108)

Then B satisfies the following equation after linearization:

(f (vo — ik — pB*)B
43 [ Sk (e L BE—~0) + Bi—6) + B (-2 ~C)ldedC
38 [T S k(6 008 + 0B (-2 - ()ded (5.109)

Following Stuart & DiPrima (1978), we shall seek the solution of the form:
B=Ciel + Che’™t, (5.110)

where Cj,C,, 0 are complex numbers. Inserting into (5.109) we get the following
relations:

oCy = (vo — ik — pAY)Cy + A2 S v K$C; + A2 S (K~ gk cs
0*Cy = (vo — ik — pA2)C2 + A2 ;K VC, + ALY {vi K;P — B2 K; et
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where K; (1) y K (?) and K J(-S) are defined by the following integrals:

+00 £ 3863

KO def——S =(228;€°+0¢) 5.111

o= et 306)7e : (5.111)
+0o0 2 3

K® = / e[ |- (38 H208) (5.112)
0 0'+3/\ﬂj£2
400 L £3 2 -

KO = [T L __je-ewenn . ()
0 o+ 3X0B;€2 (o + 33B;€2)?

The requirement that B is non-zero yields the eigenrelation as follows

o—vy+ik+ppt— AT z/jK](l) —-Aly I/JI'(2 BrALY ffj[(}s)
=0.
AT KD + PAYGKY o -y —ik -8 - AZT v KY
(5.114)
The above eigenvalue problem generally must be solved numerically. Note that
for regular critical layers, no equilibrium solution exists.

5.6.3 Terminal Solutions: Finite-Time Focusing Singular-
ity

There are several candidates for the terminal form of the solution. For singular
critical layers, i.e. so # 0, the first possibility is the two-dimensional equilibrium
state. If this is the case, it implies that the small three-dimensional “imperfections”
are not be amplifies by nonlinear effects. However this equilibrium may be subject
to a three-dimensional secondary instability, in which case could be ruled out as a
terminal solution of (5.100).

The second possibility is that the solution blows up at a finite time, say t,, in
the whole flow field, i.e.

A=—% (5.115)
(t —t) +w

where o and ag are real and complex numbers respectively. Note that the above two
possibilities are associated with the “two-dimensional nonlinear term” and three-
dimensionality does not play any role in the formation of the terminal form.

The system (5.100) may also permit a three-dimensional nonlinear equilibrium
solution of the form

A= H(Z)e* . (5.116)
Substitution of (5.116) into (5.100) yields the equation for H(Z)
PH" + (vo — ik)H + poH|H|* + qo(H*H*" + HH'|*) = 0, (5.117)
where 1
Po = ) so Z viB; it A

©
X
o
(Al‘-'
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and

9 = Z q;B; S
After appropriate boundary conditions are 1mposed on H(Z), e.g. H(Z) decays to
zero when Z — +o0, or periodic conditions as for a standing wave, equation (5.117)
poses a nonlinear eigenvalue problem. Of particular interest is the periodic solution
of (5.117) because if it exists, it represents a streamwise vortex structure. But at
the present, the existence of such a form of solution remains to be established.
Another particularly interesting terminal form is that the solution blows up at
a particular spanwise location, say Z,, within a finite time, say t,. We term this
singularity a “focusing singularity”. The following structure is proposed:

9><2

A=, -5 F(2), (5.118)

where

Z=(t,—1)"3Z-2,). (5.119)

A variable of the form (5.119) was introduced in, e.g. Hocking, Stewartson & Stuart
(1971), and Hall & Smith (1989). In their discussion of localized singularity of non-
linear Schrodinger type of amplitude equation, Hocking, Stewartson & Stuart (1972)
found that they had to introduce an additional logarithmic factor like log(t,—%) in 7.
Later, Hocking & Stewartson (1972) found that this complication was necessary for
certain range parameters; the singular solution in terms of similarity variable (5.119)
existed. Inserting (5. 118) into (5.100) yields the an integro-differential equation for
F(2)

—pF"(Z) + lZ’F’(Z‘) + (i +i0) (%)
+oo 2 2 2
= 8¢ - | F o) P 1 7
o[ eenlemF [(H{)E] freramn) raerr e
+00 Z ¥ Z
+q [ / E0ule, )P, %)%J [(1+s+ng%]F”[<1+zg+ pedn
+oo oo Z Z
+a [ [emeen) et Pl Z[(WH)J}Z gdn
s [P0 P P11 )} zdgdn
o Jo U (R (L) (1+2£+) o
(5.120)
where ¢ = 3" g;, ¢ =X ¢; and
Oo(6,n) = (1 + )75 77(1 4 € +0) 777 (1 4 26 + )75+ (5.121)

The equation (5.120) has to be solved under certain boundary conditions to be
imposed on F(Z). A simplest one is that the flow is symmetric about Z, = 0,
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and decays to zero at infinite. In that case, the appropriate boundary condition are
F'(0) = 0 and F(+00) = 0. The validity of the focusing singularity structure (5.118)
and (5.119) depends on the existence of F, which remains to be established. Note
that the “two-dimensional nonlinear term” also has a contribution to the formation
of the singularity. But we do not think its contribution is crucial; even if so = 0, the
singularity may well occur. This suggests that the same focusing mechanism may
apply to free shear layers.
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Chapter 6

Summary and Discussion

6.1 Summary

In this thesis, we studied nonlinear effects on the instability of the Stokes-layer
generated by a sinusoidally oscillating flat plate in an infinite fluid under a high-
Reynolds-number assumption, i.e. R > 1. According to linear theory (Tromans,
1977; Cowley, 1987), the flow is susceptible to high-frequency Rayleigh instability,
and small disturbances can grow exponentially over part of a period and become
neutral at some time. The present study shows that in the vicinity of the neutral
time, the small disturbances evolve from a linear stage to a nonlinear stage due to
enhanced nonlinear interactions inside the critical layers. We have systematically
studied the nonlinear evolution of a two-dimensional wave, a pair of oblique waves, a
resonant triad of waves, and the temporal-spatial modulation of a near-planar wave.

For a two-dimensional disturbance, we show that the evolution is controlled by
nonlinear effects when the linear growth rate decreases to O(e%), where € is the
magnitude of the disturbance. The amplitude equation turns out to be an integro-
differential one of Hickernell type (Hickernell 1984). We studied the amplitude
equation by series-extension and numerical methods. For the inviscid case, i.e.
I >e>» R‘%, the solutions always develop a finite-time singularity proposed by
Goldstein & Leib (1989). When viscosity is included, i.e. € ~ R-%, it is found
that (a) viscosity generally delays the finite-time singularity, and (b) if viscosity is
sufficiently large the singularity can be completely eliminated, with the result that
the wave evolves to an equilibrium state, confirming the findings of Goldstein &
Leib (1989). In particular, it is found that for the disturbance of wavenumber in the
range [0.6, 1.3], the finite-time singularity always occurs, no matter how large the
scaled viscosity is. If € K R‘%, i.e. the disturbance is relatively small, the amplitude
is reduced to a classical Stuart-Landau equation, which can be obtained directly by
taking a limit of the integro-differential equation. The stability of the equilibria is
also studied.

For the case where the disturbance consists of a pair of oblique waves, the non-
linear evolution stage comes at a much earlier time, namely when linear growth
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rate is O(e3), and it then evolves over a much faster time scale O(e7%), as in Gold-
stein & Choi (1989). Mathematically this is due to the pole type of singularity
in the outer solution for the streamwise velocity, which is much stronger than the
logarthmic-branch-point singularity associated with Uy,(y.) # 0. We show that
though U,,(y.) # 0 for the Stokes layer considered in this thesis, the amplitude
equation is the same as that in Goldstein & Choi (1989). We note, however, that
when three-dimensionality is sufficiently weak, the fact that Uy, (y.) # 0 will bring in
a difference. Moreover, we derive the amplitude equation for the case when viscosity
effects are retained at leading order in the critical-layer equations, thus extends the
analysis of Goldstein & Choi (1989). The amplitude evolution equation is again of
Hickernell type, with viscous effects being represented by a complicated kernel. A
numerical integration of the inviscid amplitude equation was performed by Gold-
stein & Choi (1990), and it was found that the solution developed a singularity at
a finite distance downstream (see also Goldstein & Choi, 1989). The coefficients of
the amplitude equations depend on the overall feature of the basic flow, and thus
are different in the two cases. Nevertheless, it seems that there is little doubt that
the solution of the amplitude equation in the present case, at least under inviscid
limit, can develop a finite-time singularity, corresponding to the finite-distance one
of Goldstein & Choi (1989). However, equilibrium solution may exist when viscosity
is sufficiently large. In addition, it is noted that the nonlinear interaction of waves
can generate a strong vortex of the same magnitude as the waves. We helieve that
this vortex may be identified as that observed in the experiments of Hino et. al.
(1983), and may have relevance to the streaky structure in a turbulent boundary
layer.

For the case where the disturbances form a resonant-triad, we show that when
the amplitude of the planar and the oblique waves are O(e%) and O(e) respectively,
a mutual interaction takes place and the disturbances are governed by a coupled
integro-differential equation system. These amplitude equations are significantly
different from those of Raetz (1959), Craik (1971), Smith & Stewart (1987) in two
important aspects. Firstly, as in Goldstein & Lee (1990) the local growth rate
depends on the the whole history of the evolution, unlike a conventional resonant
triad, where the local growth rate depends only on the instantaneous amplitudes of
the disturbances. Secondly the back reaction of the oblique waves on the 2-D wave
is accounted for by two cubic and one quartic terms rather than by one quadratic
term. The amplitudes of the two-dimensional and the three-dimensional waves can
exhibit a finite-time singularity , and the structure for it is proposed (see also the
later version (1991) of Goldstein & Lee, 1990). The evolution equations obtained
in our study are shown to be valid until the magnitude of the disturbance becomes
order one and thus provide a full description of the development of the resonant-triad
waves from their linear small amplitude stage towards the fully-nonlinear order-one-
amplitude stage.

For the temporal-spatial modulation case, i.e. the case when the amplitude of
the disturbance is a slowly varying function of spanwise position as well as of time,
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it is shown that the development of the disturbance is controlled by critical-layer
nonlinearity when its linear growth rate decreases to O(eg). Nonlinear interactions
influence the evolution by producing a streamwise vortex and cross-flow distortion.
The modulation equation turns out to be an integro-partial-differential one contain-
ing history-dependent nonlinear terms. A novel feature of the amplitude equation is
that the derivatives, including the highest derivative, with respect to space appear
in the nonlinear terms. These terms are associated with three-dimensionality, and
hence represent vortex stretching and tilting effects. Some possible properties of the
amplitude equation are discussed. It is shown that a localized singularity may occur
in a finite time. This provides a possible explanation for the focusing of streamwise
vorticity and the formation of streaks.

The finite-time singularity, which can occur in all four cases studied, suggests
that explosive growth is induced by critical-layer nonlinear effects, indicating that
an initially small disturbance is further amplified, rather than evolving into an equi-
librium state as implied by linear theory (Tromans, 1977; Cowley, 1987). We suggest
that this nonlinear blow-up of high-frequency disturbances is related to the bursting
phenomena observed in experiments, and can lead to transition to turbulence.

6.2 Further Work

In chapters three to five, we only derived amplitude equations and and discussed
their possible properties. However, some numerical computation seems to be neces-
sary. A numerical investigation of the inviscid amplitude equation in Chapter three
has been performed by Goldstein & Choi (1989) for certain parameters. Their nu-
merical solutions have confirmed their proposed singularity structure. It seems that
for the inviscid case, i.e. A = 0, the proposed singular structures in each chapter are
the only choice. However when viscosity included, other choices arise. The question
which option actually occurs has to be settled by numerical means. In particular,
the localized singularity and the periodic solution of a standing-wave form proposed
at the end of Chapter five remain to be verified.

A numerical investigation of the wviscous amplitude equation in Chapter three
also appears to be important. This is because if an equilibrium solution is allowed,
it is possible that before this equilibriudsis reached, the disturbance may enter the
stage discussed by Hall & Smith (1991) once the growth rate becomes sufficiently
small. Hence one may require that these two stages to match in an asymptotic sense
rather than assigning an arbitrary input for the waves and vortex (Hall & Smith,
1991).

It would be also interesting to incorporate viscous effects into the analysis of
Chapter four (resonant-triad case). Though such an attempt seems to be straight-
forward, it will not an easy task, as we see that the analysis in chapters three and
four has already been very complicated. We note that with the results of Chapter
three at hand, we can easily write down the amplitude equation including viscosity
effects for the obligue waves. But a derivation of the viscous amplitude equation for
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the planar wave evolves much more complication: .

The study in this thesis suggests that following the evolution stage described
in this thesis, is the so-called Euler or Navier-Stokes stages, i.e. the stages where
the disturbances are governed by the fully Euler or N-S equations. We feel that to
resolve the relaminarization problem, these stages must be pursued.

The Stokes layer studied in this thesis is over a half space, and is an ideal mode
of the finite Stokes layers that occur in practice, e.g. oscillatory flows in pipes and
channel. These flows have an addition length scale, i.e. the radius of the pipe or
the width of the channel. The effects of this on the instability may be the reason
for the disagreement between the observations of Monkewitz & Bunster (1987), and
those of others, e.g. Akhavan et al. (1991): the former suggest that the phase at
which disturbances are likely to be observed is 7, but the latter find that it is phase
0. Moreover, all experiments are conducted in finite Stokes layers, and quantitative
data is available. Thus a direct comparison between theory and experiments is
possible.

It also seems to be important to study oscillatory flows in curved pipes or chan-
nels with a non-zero mean-flow component -such flows can be regarded as a simple
model of blood flow in vessels. Because of curvature and mean shear, Taylor-Gortler
instability (Seminara & Hall, 1976) and T-S instability may occur. Also, a secondary
flow is set up in the transverse plane (see e.g. Berger & Talbot, 1983). The interac-
tions among different instability waves, the secondary flow and the induced vortices
(see Chapter three, four and five) pose a very challenging problem.
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Figure Captions

Fig.1 Sketch of the neutral diagram (from Cowley, 1987). 7; is the time from which
a mode with wavenumber « starts to grow and 7o is the time at which the
mode becomes linearly neutral. We show that at time 7 = 7o + €'7y, i.e. in
the vicinity of, but before the neutral time is reached, nonlinearity controls
the development of the disturbance. The index [ takes different value in each
chapter.

Chapter two: | =
instability wave.

wmin

, where € is the magnitude of the two-dimensional

Chapter three: [ = %, where ¢ is the magnitude of the three-dimensional
instability waves.

Chapter four: { = %, where ¢ is the magnitude of the three-dimensional
instability waves.

Chapter five: | = %, where ¢ is the magnitude of the near-planar instability
wave.

Fig.2 The evolution picture and critical-layer structures. The disturbances initially
grow exponentially according to linear theory. As the neutral time 7 is ap-
proached, the growth rates become small, and linear critical layer emerge.
Once the growth rates decrease further to O(€'), nonlinear interactions inside
the critical layers control the overall development. The earlier linear and the
subsequent nonlinear evolution stages are required to match in the overlapping
domain.

Fig.3 The coefficient go in amplitude equations (2.80) and (2.142), at different wave
numbers.

Fig.4a The real parts of the coefficients g in amplitude equation (2.80), g; and g,
in the amplitude equation (2.142).

Fig.4b The imaginary parts of the coefficients g in amplitude equation (2.80), ¢;
and g in the amplitude equation (2.142).

Fig.5 Plot of singularity structure parameters Ap and o, and the singularity time
(A = 0.0) against wave numbers.

Fig.6 Domb-Sykes Plot for & = 1.0 and X =0; A: Re[b,/bn_1]; x: Im[b,/by_1].
Fig.7 Domb-Sykes Plot for & = 1.0 and X =2.0; A: Re[b,/b,_1]; x: Im[b,/bn_1]-

Fig.8 Comparison of finite-difference, power-series and Pade-approximant solutions:
a = 1.0 and XA =0, 2.0. The power series is truncated at 40-th order.



Fig.9 Comparison of finite-difference, power-series and Pade-approximant solutions:
a =1.35and A =0, 2.0 and 20.0. The power series is truncated at 50-th order.

Fig.10 Ln|A| vs. the scaled time £ for & = 0.8: solid lines represent finite difference
results; dashed lines represent the asymptote computed from equation (2.158).
Notice that finite-time singularity can not be eliminated by viscosity.

Fig.11 Ln|A| vs. the scaled time f for o = 1.2: solid lines represent finite difference
results; dashed lines represent the asymptote computed from equation (2.158).
Notice that finite-time singularity can not be eliminated by viscosity.

Fig.12 Ln|A| vs. the scaled time 7 for a = 0.5: solid lines represent finite difference
results; dashed lines represent the asymptote computed from equation (2.158);
dotted lines represent the equilibria predicted by (2.168). Notice that finite-
time singularity is eliminated if X is sufficiently large.

Fig.13 Ln|A| vs. the scaled time { for a = 1.4: solid lines represent finite difference
results; dashed lines represent the asymptote computed from equation (2.158);
dotted lines represent the equilibrium predicted by (2.168). Notice that finite-
time singularity is eliminated if A is sufficiently large.

Fig.14 7 defined by (2.170) vs. a; for 0.6 < o < 1.3, equilibrium solution does
not exist.

2
3

Fig.15 Equilibrium solution: scaled amplitude |A4o|A~3 and frequency k vs. a.

Fig.16 Stability of the equilibrium solution for o = 0.5: o ws. X. Dotted lines
represent the large-A asymptotic approximation.

)

Fig.17 Stability of the equilibrium solution for o = 1.4: ¢ wvs. Dotted lines

represent the large-A asymptotic approximation.

Fig.18a The real parts of the scaled coefficients in the amplitude equations (3.125)
(the inviscid case) and (3.185) (the viscous case), where G = g/[a*sin? ], and
G = g;/la*sin?0] (j = 1,2).

Fig.18b The imaginary parts of the scaled coefficients in the amplitude equations
(3.125) and (3.185), where G = g/[a sin? 0], and G; = g;/[a?sin? 0] (j = 1,2).

Fig.19a The real parts of the coeflicients g1, go1 and g3 in the coupled amplitude
equations (4.221) and (4.225).

Fig.19b The imaginary parts of the coefficients g;1, g21 and go3 in the coupled
amplitude equations (2.221) and (4.225).
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