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ABSTRACT

Excess volatility in main emerging and developed stock markets is carefully analysed in
this study. Tail distribution of returns of both stock market index and individual stocks is
evaluated and compared with the theoretical distribution found by Gabaix et al. (2003,
2006). For stock market index, recursive and rolling estimation are used. In recursive
estimation, we find that all the developed markets obey ”the Cubic Law of Stock Re-
turns”, while most of the emerging countries exhibit heavier tail with a tail index lower
than 3 at 95% significance level. In rolling estimation, the tail index in the developed
markets does not stabilise around 3, and after 2008 financial crisis, all the developed
markets and most emerging ones suffer a drop in the tail index. For individual stocks,
the tail distributions of stock returns, trading volume, and the number of trades in each
emerging country behave quite differently from the theoretical model by Gabaix et al.
(2006), especially the stock returns.
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 We present detailed empirical analysis of heavy-tailedness in emerging markets 
 

 Heavy-tailedness properties are compared with those in developed markets 
 

 All the developed markets appear to obey the “cubic law of stock returns” 
 

 Many emerging markets have heavier tails with a tail index lower than 3  
 

 Heavy-tailedness of other financial variables differs from developed markets  
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1 INTRODUCTION

1.1 Heavy Tail in the Financial Market

The distribution of financial variables has been a key interest of research for a very long
time and it provides theoretical foundations in the area of asset pricing and risk manage-
ment. As Mandelbrot (1963) and Fama (1963) find that the distribution of stock returns
exhibit heavier tail than normal ones and large crashes frequently happen in the finan-
cial markets (e.g., Black Monday in 1987, Asian crisis in 1997, Subprime housing crisis
in 2008), alternative distribution for stock returns is under high demand to fit the volatility.
For instance, leptokurtic distributions such as stable Paretian (Mandelbrot,1963; Fama,
1965) and Student’s t distribution (Blattberg and Gonedes, 1974) have gain some pop-
ularity for some time. Recently, fat-tailed distribution also help solve some financial
problems, such as equity premium puzzle explained by Barro (2006) that is based on
rare economic disasters events. Since more characteristics of the tail behaviour of stock
returns are discovered (Dumouchel, 1983; Jansen and de Vries, 1991; Longin, 1996),
Extreme Value Theory (EVT) has been gradually applied in the tail distribution analysis.
Emerging from the EVT, power law is widely adopted as an appropriate tail distribution
for economic and financial variables.1 Power law has a counter-cumulative distribution
function like following (Newman, 2005):

Pr(X > x) =
C

xα

α is the tail index, which measures the thickness of the tail. Under power law distribu-
tion, the tail does not decays exponentially but by a power measured by the tail index,
and the smaller the tail index is, the heavier the tail.

Many empirical studies conclude that the tail index of financial returns in developed
markets lies in the interval (2, 4) (see Jansen and de Vries, 1991; Loretan and Phillips,
1996; Lux, 1996; Gopikrishnan et al., 1999; Plerou et al., 2000; Gabaix et al., 2003,
2006; Ibragimov et al. 2013, 2015; Ibragimov and Prokhorov, 2017, and references
therein). Gabaix et al. (2003, 2006) further argue that, in the developed financial mar-

1A detailed review of the history of power law and its successful applications can be found in Gabaix
(2009). As he summarises, power law has been widely used in social science such as income distribu-
tion (Cowell and Flachaire, 2007), the growth rate of city size (Ioannides and Overman, 2003), Internet
networks (Newman et al., 2006), and supply of regulations (Mulligan and Shleifer, 2005).
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kets, the tail index of stock returns is very close to 3 and develop a theoretical model
explaining this empirical regularity that they call “the Cubic Law of the Stock Returns”.
At the same time, only a few studies have dealt with the analysis of heavy-tailedness of
key variables in emerging economic and financial markets and, in particular, the ana-
logues of Gabaix et al.’ (2003, 2006) models for them (see Ibragimov et al. 2013; Sec-
tion 3.2 in Ibragimov et al., 2015, the discussion in these works). As many fundamental
differences exist between the developed and emerging markets, the above theoretical
models may not fit the emerging markets quite well. In this paper, we comprehensively
evaluate heavy-tailedness properties of stock market indices and individual stocks in
major emerging markets from different regions. Comparisons of the obtained empiri-
cal results with those available in the literature for developed markets imply that heavy-
tailedness properties of stock returns in most of emerging markets considered are more
pronounced than in their developed counter-parts. Importantly, the tail indices of stock
returns in emerging financial markets are found to be statistically significantly smaller
than 3. Thus, the theoretical model introduced by Gabaix et al. (2003, 2006) does not
hold in most of the emerging markets.

This paper covers more emerging countries and longer sample period than other pre-
vious researches. Further, it focuses on empirical analysis of analogues and modifica-
tions of the model by Gabaix et al. (2003, 2006) for tail distribution of emerging markets’
stock returns, with estimates of heavy-tailedness properties presented for key transac-
tion variables in the model, including the trading volume and the number of trades. The
results contribute to the literature in risk management, finance and the development of
emerging markets. They may help local and international investors better assess the
investment risk in the emerging stock markets, and further have a number of important
implications for key economic and financial models in them.

1.2 Literature Review

The studies by Gabaix et al. (2003, 2006) develop a model that links and explains
heavy-tailedness properties of several key variables in developed financial markets.
More precisely, the model developed in the studies links the empirical findings that the
tail indices of stock returns in developed markets are typically very closes to 3; the stock
trading volume has the tail index of 1.5; and the number of the trades has a tail index of
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3.

1.2.1 Heavy-Tailedness in Developed Markets

For the developed financial markets, based on ten stocks from S&P 500 and two other
stock indices (S&P 500 and UMI) in the U.S. stock market from 1962 to 1986, Jansen
and de Vries (1991) find the tail index of stock returns around 3 after accounting for
institutional changes on financial markets.2 Loretan and Phillips (1994) obtain estimates
of tail indices between 2 and 4 for stock indices and exchange rates in major developed
economics. After analysing 30 most frequently traded German stocks from the DAX and
DAX index itself from 1988 to 1994, Lux (1996) rejects the stable Paretian distribution
for stock returns and concludes that tail indices of the stock returns lie within the interval
of (2,4) and particularly around 3 in most cases.

Gopikrishnan et al. (1999) analyse the tail distribution of normalised stock returns for
the U.S., Tokyo, and Hong Kong stock exchange under the time scale from 1 minute to
more than 1 month. They find that the tail index is around 3 when the time scale is equal
or smaller than 4 days.3 Besides, Gabaix et al. (2005) find that even after accounting
for major financial crisis such as in 1929 and 1987, the daily stock returns still follow
power law distribution.

In terms of the trading volume, Gopikrishnan et al. (2000) find that its tail follows power
law distribution with the average index of around 1.5 (1.53±0.07), and Maslov and Mills
(2001) also find a similar value of 1.4 (1.4±0.1). Furthermore, Gabaix et al. (2006)
re-examine the tail distribution of trading volume in New York Stock Exchange, Paris
Bourse, and London Stock Exchange and conclude that the tail index is again 1.5
(1.5±0.1). The tail index of 1.5 for trading volume is referred as “Half-cubic Law of
the Trading Volume” by Gabaix et al. (2006). The “Half-cubic Law of the Trading Vol-
ume” is a key ingredient in the model of Gabaix et al. (2003, 2006) that explains “the
Cubic Law of the Stock Returns” in developed markets, together with the square root
price impact relation, r = ∆p ' kV 1/2 for large values V (here and throughout the pa-
per, r denotes log-returns, ∆p stands for the change in the logarithm of the stock price,

2On April 26, 1973, the Chicago Board Option Exchange was organised; the Bretton Woods agreement
was officially terminated this year; and oil shocks happened on this year as well.

3Gopikrishnan et al. (1999) also explain that the time scale cutoff of 4 days results from the time
dependence of average volatility of returns.
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and V denotes the trading volume). The latter is a linear relationship between squared
return and trading volume found by Hasbrouck (1991), Barra (1997), Grinold and Kahn
(1999), and Hasbrouck and Seppi (2001). Naturally, heavy-tailedness properties of the
trading volume are related to those of the number of trades. In turn, according to Plerou
et al. (2000), the number of trades follows power law distribution with the average tail
index of around 3.4 for 1000 U.S. stocks over the period from 1994 to 1995.

1.2.2 Heavy-Tailedness in Emerging Markets

Ibragimov et al. (2013) find that distributions of foreign exchange rates in the emerging
countries is more pronouncedly heavy-tailed than in developed ones, and may even
have infinite variance. Related studies on heavy-tailedness of foreign exchange rates
in emerging markets are provided by Akgiray et al. (1988), Koedijk et al. (1992), and
Candelon and Straetmans (2006). Focusing on emerging stock markets, Jondeau and
Rockinger (1999) conclude that nearly all the emerging countries’ stock indices consid-
ered in the paper have finite first and second moments, with a few of them also having
finite third moments. The authors also argue that due to the complicated evolution
of the emerging markets, there exist inherent instability in estimates of tail indices in
emerging markets while tail index estimates are more reliable for the developed ones.
Quintos et al. (2001) provide a detailed analysis of heavy-tailedness properties of ma-
jor stock indices in Thailand, Malaysia, and Indonesia from January 1995 to October
1998 using rolling, recursive, and sequential tail index estimation methods. The empir-
ical results obtained point out to structural breaks in the tail indices and an increase in
their heavy-tailedness after those countries have changed their pegged exchange rate
system to a floating one following the 1997 Asian Financial Crisis, with the pre-break
tail index values around 2.75 decreasing to around 1.75 in the post-break period. Fo-
cusing on the behaviour of extreme returns of 20 global stock market indices, Jondeau
and Rockinger (2003) conclude that each geographical group generates different tail
indices and heavy-tailedness properties of Asian financial markets are especially more
pronounced compared to those in their developed counter-parts. Similarly, LeBaron and
Samanta (2004) find that emerging markets do systematically have heavier tails than
developed ones, and similar conclusion is also reached by Gregoriou (2010).
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2 DATA

In this paper, all the data including stock market index and stock transaction data (stock
price, stock trading volume, and number of trades) are on a daily basis. Also, log return,
log(Pt+1/Pt), is used for all the markets. All the data are from the Bloomberg Terminal.
The stock market indices are from different developed and emerging regions. Emerg-
ing and developed markets are chosen from IMF and MSCI Emerging Market Index.4

The developed markets and their indices (in parenthesis) include: Japan (Nikkei 225)
in Asia, the Untied States (S&P 500) in North America, the United Kingdom (FTSE100)
and Germany (DAX) in Europe. The emerging ones are: China (SHCOMP), India (SEN-
SEX), Indonesia (JCI), Malaysia (FBMKLCI), the Philippines (PCOMP), South Korea
(KOSPI), Taiwan (TWSE), and Thailand (SET) in Asia; Chile (IGPA), Poland (WIG), Rus-
sia (INDEXCF), and Turkey (XU100) in Europe; Brazil (IBOV) and Mexico (MEXBOL)
from Latin America; and finally South Africa (JALSH) from Africa (See the summarised
table in Supplementary Material Section 2). The sample period for all the selected
countries is from the beginning of 1995 to the end of May in 2016, except for Russia
whose stock market data are available only from September 1997.

Individual stocks are chosen from each stock market index in the U.S. and chosen
emerging markets, and we use the U.S. market as a reference market. The transaction
data, including daily stock return, daily stock trading volume, and daily number of trades,
are from all the historical individual company members that had been listed in the index
since 1995. The time period again covers from the beginning in 1995 to May 2016.
As an example of Brazil, the historical list of membership companies in IBOV Index is
available from May 1998; then, all the historical members in each month from May 1998
are recorded, and redundant companies will be deleted; for each unique company, all
the transaction data from the beginning of 1995 to May 2016 will be collected. The
availability of dataset varies a lot among different markets, for example, the earliest
date available to assess the member companies listed in the index is May 1998 for

4As of Febuary 2015, IMF includes Argentina, Bangladesh, Brazil, Bulgaria, Chile, China, Colombia,
Hungary, India, Indonesia, Malaysia, Mexico, Pakistan, Peru, the Philippines, Poland, Romania, Russia,
South Africa, Thailand, Turkey, Ukraine, and Venezuela as emerging countries. The source is available
at: http://www.imf.org/external/pubs/ft/weo/2015/02/pdf/text.pdf. As of July 2016, MSCI Emerging Market
Index consists of following emerging markets: Brazil, Chile, China, Colombia, Czech Republic, Egypt,
Greece, Hungary, India, Indonesia, South Korea, Malaysia, Mexico, Peru, the Philippines, Poland, Russia,
South Africa, Taiwan, Thailand, and Turkey. The source is available at: https://www.msci.com/market-cap-
weighted-indexes.
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IBOV Index in Brazil, and the latest one is July 2009 for FBMKLCI Index in Malaysia.
However, no data are available for member stocks from INDEXCF in Russia and IGPA
Index in Chile.

3 METHODOLOGY

It is known that power law has the following counter-cumulative distribution function:

Pr(X > x) =
C

xα
(1)

for all X > xmin, the minimum value of X

For each side of the tail distribution, equation (1) can be written as:

P (X > x) ∼ C1

xα1
(2)

P (X < x) ∼ C2

xα2
(3)

The whole tail distribution can be written as:

P (|X| > x) ∼ C

xα
, with α = min(α1, α2) as x→∞ (4)

Thus, from equation (4), (2), and (3), the parameter α stands for the tail index for the
whole tail distribution, α1 is for the right tail, and α2 refers to the left tail respectively. If
α1 6= α2 statistically, a tail asymmetry occurs.

The tail index is also defined as the maximal order of finite moments of the interested
variable. For example, variable x has finite variance when αx > 2, and has infinite kur-
tosis or higher orders when αx < 4 and so forth (see Supplementary Material Section
1). Normally, α is greater than 1, with finite mean; when α ' 1, it turns out to be a
special case of power law distribution, which is Zipf’s law.5 Thus, the main advantage
of the power law is that it can nest different distributional alternatives characterised by

5Zipf’s law is a distributional model firstly used to describe local growth in city size (Zipf, 1949), then it
has been a model applied in economics, or in general social science.
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different tail behaviour into a single semi-parametric tail index estimator.

To estimate the tail index α in equation (4), we use Hill estimation with following steps.
Firstly, the total sample N is arranged in an ascending order, which is:

|xmax| > |x2| > |x3| > |x4|... > |xN−1| > |xmin|

A subsample of n observations is chosen from the upper tail in ordered sample N:

|xmax| > |x2| > |x3| > |x4|... > |xn| (5)

n = κN,while κ stands for the truncation

Then, then Hill estimator is following:

α̂Hill =
n∑n

i=1(log|xi| − log|xn+1|)
(6)

The corresponding standard error of α̂Hill is s.e.Hill = α̂Hill√
n

, and the 95% C.I.:

(
α̂Hill − 1.96

α̂Hill√
n
, α̂Hill + 1.96

α̂Hill√
n

)

3.1 The Trucation κ

From equation (5), the truncation κ is defined as the ratio of the number of tail observa-
tions to the number of total observations. The choice of the optimal κ is controvertible.
If large truncation level is used, one may contain too many observations that should
have been located in the centre of the distribution rather than in the tail, and deviating
too much from the tail would lead downward bias in estimation. However, if too small
truncation is used, the estimator would be much sensitive to the outliers and too few
observations would also generate biased result. Various papers have discussed the
choice of optimal truncation. Hall (1982) suggests that the optimal selection should de-
pend on the properties of the tails; DuMouchel (1983) finds that the optimal truncation
should be fixed at 10% of the total sample size; Jansen and de Vries (1991) mention
that the bias of the standard error in tail estimation is majorly due to the inclusion of
centre characteristics; Danielsson and de Vries (1997) suggest to use 1% of the sam-
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ple; Jondeau and Rockinger (1999) conclude that the optimal truncation depends on
different tail distributions, and they obtain optimal truncation for each different region:
from 5% to 7.5% for the developed regions, and 12.5% to 15% for the emerging ones;
McNeil and Frey (2000) test 1000 bootstrap samples with each sample size of 1000
and conclude that the number of 100 generates low bias.

In this paper, 7.5% and 15% truncation levels are chosen as the optimal one for the
developed and the emerging markets separately for following reasons. Firstly, as sug-
gested by Jondeau and Rockinger (1999), 7.5% and 15% is accepted as optimal for
the developed and the emerging markets respectively; secondly, according to the Hill
plot (in Supplementary Material Section 3), for the developed markets, the tail index
stabilises at 7.5% level, and for the emerging ones, the tail index for most of them sta-
bilises at around 15%.6 The result is also consistent with the conclusion by Hall (1982)
that the optimal truncation level depends on the property of each tail distribution, and
agrees with the finding by Jondeau and Rockinger (1999) that more number of obser-
vations should be included as the tail for emerging countries due to the unstableness in
their tail.7

4 EMPIRICAL ANALYSIS

4.1 Tail in Stock Market Index

We start with tail index analysis with 95% confidence interval graphically to illustrate the
tail behaviour of each country with different aspects including the tail asymmetry, tail
stability, and tail heaviness. First of all, to choose the optimal truncation κ and to trace
the tail estimator for accuracy, we implement Hill plot for each country. Furthermore,
we use both recursive and rolling methods in tail index to assess the change in tail
distribution of the emerging and developed markets, and analyse both tails in detail.
For each method, the period covers from the beginning of 1995 to May 2016, except for
Russia starting from 1997 due to data unavailability before that time.

6Gumbel (1958) states that the optimal level is based on the stability of corresponding tail index when
the tail index becomes roughly linear in the plot.

7In Jondeau and Rockinger (1999)’s paper, they find that the optimal number of observations in tail
varied for different regions. For example, in terms of the left tail, the average optimal tail size for developed
countries is 207 out of 3913; for Asian country, it is 369 out of 4855; for emerging countries in Europe, the
optimal is 506 out of 1358; and for emerging ones in Latin America, the value is 201 out of 2064.
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4.1.1 Hill Plot

We conduct Hill plot for the whole tail to show how tail index changes against increasing
truncation level and then to choose the optimal truncation. Generally, tail index behaves
inversely with the increasing truncation level because more observations are included
as the tail. In tail estimation, the principle is that the optimal truncation level should be
as small as possible to avoid the large bias due to the inclusion of observations from
central part.

We use all the sample data in Hill plot to analyse the historical distribution corresponding
to different truncation levels ranging from 2.5% to 15%, with 95% confidence interval.
As shown in Supplementary Material Section 3, Hill plots behave quite differently be-
tween the developed and emerging markets. In the developed markets, the tail index of
all the developed markets stabilises at the truncation level of roughly 7.5%, and some
of them, such as in the U.S. and U.K. markets, suddenly decrease after the truncation
level exceeds 7.5%, indicating the optimal truncation level for the developed markets.
At 7.5% truncation level, “the Cubic Law of the Stock Returns” holds statistically at 95%
significance level for Germany, the U.K. and U.S., but the tail index in Japan is slightly
larger than 3.

For emerging countries, most of the tail indices decrease slowly with truncation level
and stablise when the truncation level reaches 15%. Statistically, at 15% truncation
level, all the tail indices in the emerging markets are smaller than 3. Thus, the “Cubic
Law of the Stock Returns” is rejected at that point.

4.1.2 Recursive Estimation

We use recursive estimation to analyse the historical tail distribution over the sample
period for each market. The initialisation window is 5 years, and one single observa-
tion is added into the window until the final day. As shown in Supplementary Material
Section 4, the first tail index in 2000 covers observations in the past 5 years , and it will
keep changing when the window keeps expanding. Tail index in either tail and whole
tail with 95% confidence interval is shown for each market. One of the major features
in recursive tail estimation is that once extremal events happened, the extremal values
would be carried into next windows and remain as the extremes unless more extremal
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values appear when the window is expanding. Thus, the recursive tail index can only
indicate the overall tail distribution over the history but cannot accurately reflect whether
the tail distribution is becoming less heavy-tailed with time.

Firstly, we will discuss some characteristics of the tail index, such as its asymmetry, sta-
bility, and also heaviness, in the developed countries. For tail asymmetry, we only anal-
yse one-side tail, and the whole tail for the aspects of stability and heaviness. Graphi-
cally, all the developed countries share similar features in the movement of the recursive
tail index. There are not huge differences between the left and right tail for all of them.
However, their tails do not exhibit long-term stability. All the tail indices come across a
sudden drop in late 2008, and the tail index in markets such as Japan and the U.S. falls
from significant 3.5 to 3 at 95% level. After the drop, all the markets maintain a stable
tail index around 3, and the cubic law holds statistically for all the developed markets.
The sudden drop around late 2008 can be explained by the stock market turmoil after
the well-known 2008 subprime financial crisis occurs in the U.S., which has a contagion
effect on other stock markets that band with the U.S. market. The reason for why the
tail index stabilises until the end after the crisis is that the extremes happened during
the crisis remain as extremes so that such tail heaviness is kept until the end.

For the emerging markets, in either tail and the whole tail, the tail index for the U.S.
market is used as a reference line for comparison, shown as the red line in Supple-
mentary Material Section 4. Regarding of the tail asymmetry, most of them do not have
significant tail asymmetry. In the Asian region, in India, the estimated left tail index is
lower than 3 significantly for most of the time, but the right one is above 3 significantly
before around 2003; similarly, Thailand has left tail index lying around 3 before 2003,
but its right tail is below 3 significantly all the time. In the European region, the left tail
in Chile is heavier consistently. The tail behaves quite differently as the left tail index
exhibits heavier tail.

In terms of the tail stability, unlike in the developed markets, the tail index in all the
emerging markets except for South Africa tends to be stable without suffering any big
change during the financial crisis period. This indicates either that the financial crisis
does not affect emerging markets too much compared to other developed countries or
that the negative shock caused by the financial crisis is severe but still relatively small
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compared to the local historical negative shocks in emerging markets that have been
already carried over. Thus, further analysis needs to be conducted by rolling method.

For tail heaviness, in Asia, the tail index of many countries including China, Indonesia,
Malaysia, the Philippines, South Korea, and Thailand is 95% significantly smaller than
3 during the whole time period; for markets of India and Taiwan, they have tail index
around 3 during some time, but most of the time, the law does not hold and they have a
heavier tail. In Europe, Latin America, and Africa, all the markets have tail index lower
than 3 at 95% significance level all the time, and especially, Russia’s tail index is even
smaller than 2.5.

4.1.3 Rolling Estimation

Rolling estimation method has one advantage that it can help to analyse whether the
tail during a certain window is changing over the sample period. The rolling starts from
the beginning of 1995 until the end of the sample period and the rolling window size is
fixed at a period of 5 years, which contains roughly 100 observations for each emerging
market (15% truncation level) and 50 observations for each developed market (7.5%
truncation level). The rolling step is 1 trading day. Thus, each point over the period
stands for the tail distribution for its past 5 years. However, similar to recursive estima-
tion, when extreme values occur, they would also be carried over but only for next 5
years. For some time, one may observe that when there is a sudden big drop, a sudden
increase will occur immediately after 5 years, but this situation may be not caused by
any particular economic event happened at that time point but by the exclusion of the
extreme values after the rolling. Thus, because power law distribution only focuses on
extremal values, only decrease in the tail index will be focused in rolling method. The
figures of rolling estimation are shown in Supplementary Material Section 5.

There is no obvious tail asymmetry in the developed markets. For tail stability, Germany,
Japan, and the U.S. exhibit similar movement in the whole tail index. The index keeps
stable before 2008 and suffers a drop in late 2008 due to the financial crisis. For the
U.K., the tail index firstly rises from 3 to around 4 in 2002, but keeps decreasing until
2009. Then, after the crisis, the tail index for all of the markets keeps stable around 3
for 5 years until late 2014 because of the financial crisis. Afterwards, due to the exclu-
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sion of the extremes, the index suddenly increases. After 2014, for the whole tail index,
Germany, Japan, and the U.K. have the tail with index of 3.5 roughly, and the U.S. has
tail index stable around 3. For most of the time, cubic law cannot be rejected for those
four markets at 95% significance level.

For the emerging markets, in terms of the tail asymmetry, except for markets including
Indonesia and South Korea in Asia, Chile and Turkey in Europe, and Mexico in Latin
America, the left tail moves quite differently from the right one. For stability, except for
the Philippines in Asia and Turkey in Europe, the tail index in all the markets behaves
quite unstably over the sample period, which is consistent with the conclusion by Ibrag-
imov et al. (2013) that emerging countries are more sensitive to internal and external
shocks. The tail index for all the markets except for Turkey comes across a sudden
or slow drop when the 2008 financial crisis happens. As expected, for those markets
affected by the crisis, the tail index of them except for Poland increases after 2014 when
the negative extremes during crisis are excluded.

With respect to the tail heaviness, for all the markets, the cubic law holds significantly
for some time during the whole sample period. For some emerging markets such as
China, Indonesia, Malaysia, the Philippines in Asia and all the ones in Europe, the tail
index is lower than 3 at 95% significance level during most of the time.

Furthermore, Table I above shows the tail index of all the markets for the whole time pe-
riod, and it is obvious that the cubic law is statistically rejected among all the emerging
markets while it still holds in the developed ones. As a result, under both recursive and
rolling method, graphically, developed markets do not exhibit obvious tail asymmetry
in stock returns, but many emerging markets do. Specifically, we find that either from
the view of recursive or rolling method, “the Cubic Law of the Stock Returns” cannot
be rejected for most of the time period in the developed markets. However, for emerg-
ing markets, based on recursive method, most of them do not obey the cubic law at
95% significance level, and based on rolling method, their tail index is also below 3
statistically for most of the time.
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Table I: The Tail Index of the Stock Returns

Note: The table shows the tail index for the whole tail of all the markets during the
whole time period. For developed markets, 7.5% is chosen as the optimal truncation
while 15% for the emerging markets.
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4.2 Individual Transaction Variables

The empirical results trigger a more interesting question of whether the theoretical
model from Gabaix et al. (2006) only works for the developed markets. Gabaix et
al. (2003, 3006) have empirically tested the tail distribution of stock returns, trading vol-
ume, and the number of trades for individual stocks. Next, we also analyse individuals
stocks in all the emerging countries. To avoid the bias due to small sample size, we
delete the companies with less than 300 observations in any transaction variable. In
this empirical analysis, we also normalise each variable so that all the variables would
have a mean of 0 and a standard deviation of 1. The tables below comprehensively
summarise the tail index values in normalised stock returns, normalised trading vol-
ume, and normalised number of trades for each market at different truncation levels.
Besides, for the tail index of different variables in individual stocks, we also put them
into three categories and calculate their corresponding percentage respectively, and
those three categories include: 1) the ones whose tail index is smaller than theoretical
value at 95% significance level; 2) the ones whose tail index is equal to the theoretical
value at 95% significance level; 3) and the ones whose tail index is larger than the the-
oretical value at 95% significance level. The theoretical value of tail index by Gabaix et
al. (2006) is 3 for the stock returns, 1.5 for the trading volume, and 3 for the number of
trades respectively. Again, to be consistent with stock market index, for analysis, 7.5%
truncation is chosen for the U.S. market and 15% for emerging markets.
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4.2.1 Stock Returns

We firstly examine the whole tail index of stock returns. From Table II, for the United
States, at the truncation level of 5% and 7.5%, the mean tail index stays around 3. Also,
one can find a big drop, 0.28, from mean tail index at truncation level of 7.5% to 10%,
and this drop indicates again the optimal truncation level of the U.S. market stock re-
turns, which is consistent with the result from Hill plot. The mean and median is quite
close at each truncation level, which shows a low percentage share of extremely low or
high tail index occurred in sample. When focusing on 7.5% truncation level, one can
conclude that out of 924 number of individual tail indices, 55.63% of them stay around
3 at 95% significance level, or the cubic law cannot be rejected for them. However, for
40.69% of them, the tail index is lower than 3 significantly.

For emerging countries, the mean tail index ranges from 2.0015 in Thailand to 3.4267
in Taiwan. For truncation level of 10%,12.5%, and 15%, either in the mean or median
value, all the tail indices except for the one in Taiwan exhibit heavier tail in stock return
distribution. Taiwan obtains a mean of 3.4267 in the tail index of stock return at 15%
truncation level. In terms of the percentage share, each markets has a large share of
the stocks whose tail index in stock returns is smaller than 3 significantly at 95% level.
The highest percentage share reaches 96.70% in India, and the lowest one is 64.12%
in Taiwan. 11 markets out of 13 have more than 80% individual stocks whose tail index
of returns is smaller than 3 significantly, or the cubic law does not hold. Thus, the results
from individual stocks are consistent with the findings from stock market index.

4.2.2 Trading Volumes

Following the theoretical model, we also attempt to verify whether the “Half-cubic Law of
the Trading Volume”, or P (Vt > x) ∼ x−αV with αV ≈ 1.5, holds for the U.S. and emerg-
ing markets. Different from stock returns, the original trading volumes and the number
of trades never contain negative values, so only large trading transactions would be
considered. Thus, after normalisation, the right tail of the normalised variable is used.
As shown in Table III, in the U.S. market, the mean tail index in trading volume is 2.2646,
and the median is 2.2161 at 7.5% truncation, which are larger than 1.5. In percentage
share, most of the stocks, 77.49%, contain a tail index larger than 1.5, and only 22.19%
of trading volume tail index of stocks remain 1.5 at 95% significance level.
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In the emerging countries, at 15% truncation, the mean tail index ranges from 1.5565
in Thailand to 2.2903 in China. Overall, Indonesia, South Korea, Thailand, Poland,
Turkey, Mexico and South Africa have their mean or median tail index value around
1.5 at 15% truncation level, and the remaining markets have higher tail index. For the
percentage share, markets including Indonesia, South Korea, Thailand, Poland, Turkey,
Mexico, and South Africa have most of their tail indices remain 1.5 significantly, and the
tail index in other markets is significantly larger than 1.5. The result turns out that for
the stocks in many emerging and also even the U.S. markets, their tail index of trading
volume do not obey the half-cubic law.

4.2.3 Number of Trades

According to Gabaix et al. (2003, 2006), the tail index of the number of trade is expected
to follow the power law distribution such P (Nt > x) ∼ x−αN with αN ≈ 3. From Table
IV, in the U.S. market, the mean index value is 3.1889 at 7.5% truncation level, which is
quite close to the finding by Plerou et al. (2000). Also, 81.31% of the tail indices around
3 significantly.

In the emerging markets, at 15% truncation level, the tail index ranges from 1.7801 in
Thailand to 4.5956 in Taiwan. All the markets except Taiwan have lower-than-3 tail in-
dex when the truncation level is either 12.5% or 15%. Among all the emerging markets,
Taiwan, Brazil, and Mexico have large amount of stocks whose tail index is around 3 at
95% level; and the remaining markets have large percentage share of tail index signifi-
cantly lower than 3.

To summarise, at 15% truncation level, for stock returns, all the emerging markets have
lower-than-3 mean tail index of individual stocks, and a very large percentage share
of tail indices that are lower than 3 significantly; for trading volumes, half of emerging
markets have large share of tail index around 1.5 and the other half larger than 1.5
significantly; for the number of trades, most of the emerging markets maintain a large
share of tail index whose values are smaller than 3. Overall, the theoretical model does
not fit the emerging markets quite well.
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5 CONCLUSION AND FUTURE RESEARCH

In conclusion, we carefully analyse the excess volatility in main emerging stock markets
and developed countries. Based on Hill plots, we use 7.5% and 15% as the optimal
truncation level for developed and emerging markets respectively. We find that for the
tail index of all the markets over the whole time period, all the developed markets have
stock returns that follow the cubic law, but none of the emerging markets do. In terms
of individual stocks, the results show that the tail distribution in stock returns, trading
volume, and the number of trades in most of the emerging countries behave quite dif-
ferently from the theoretical model. Overall, “the Cubic Law of Stock Returns” does not
fit well in those emerging markets.

Furthermore, as a result, a new model of tail distribution for emerging markets is re-
quired. For future research, firstly, to be more accurate, one may consider including
more emerging markets and find the best truncation level in tail estimation of stock re-
turns in each emerging market instead of using same 15% truncation for all the emerg-
ing markets in this paper; secondly, some other common factors in emerging markets
could be nested into the model, such as lack of financial liberalisation (De Santis and
Imrohoroglu, 1997; Stulz, 1999; Mishkin, 2001; Holmes and Wong, 2001; Schmukler
and Kaminsky, 2003), large share of retail investors in the composition of market partic-
ipants (Vatnick, 2008; Aggarwal and Rao, 1990; Busse, 1999; Chopra et al., 1992) and
stricter financial regulation (Girard and Biswas, 2007; Sharma, 2013) etc.
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The “CUBIC LAW OF STOCK RETURNS” IN EMERGING MARKETS

ABSTRACT

Excess volatility in main emerging and developed stock markets is carefully analysed in
this study. Tail distribution of returns of both stock market index and individual stocks is
evaluated and compared with the theoretical distribution found by Gabaix et al. (2003,
2006). For stock market index, recursive and rolling estimation are used. In recursive
estimation, we find that all the developed markets obey ”the Cubic Law of Stock Re-
turns”, while most of the emerging countries exhibit heavier tail with a tail index lower
than 3 at 95% significance level. In rolling estimation, the tail index in the developed
markets does not stabilise around 3, and after 2008 financial crisis, all the developed
markets and most emerging ones suffer a drop in the tail index. For individual stocks,
the tail distributions of stock returns, trading volume, and the number of trades in each
emerging country behave quite differently from the theoretical model by Gabaix et al.
(2006), especially the stock returns.

Key Words: Tail Index, Emerging Stock Markets, Stock Market Volatility
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1 Moments of Power Law Distribution

The corresponding probability density function of a power law distribution is:

p(x) = αCx−α−1

As Pr(X > xm) = 1, therefore:

1 =

∫ ∞
xm

p(x)dx

After expansion, it can be found that the constant C = (xmin)
α.

< xm > =

∫ ∞
xmin

xmp(x)dx

= αC

[
1

−α+m
x−α+m

]∞
xmin

thus, < xm >=

 α
α−mx

m
min for m < α

∞ otherwise

2 List of Emerging Countries
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3 Hill Plot
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3.3 Europe

3.4 Latin America

3.5 Africa
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4 Recursive (Whole Tail)

4.1 Developed Markets
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4.2 Asia
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4.3 Europe

4.4 Latin America

4.5 Africa
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5 Recursive (Left Tail)

5.1 Developed Markets
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5.2 Asia
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5.3 Europe

5.4 Latin America

5.5 Africa
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6 Recursive (Right Tail)

6.1 Developed Markets
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6.2 Asia
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6.3 Europe

6.4 Latin America

6.5 Africa
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7 Rolling (Whole Tail)

7.1 Developed Markets
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7.2 Asia
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7.3 Europe
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7.5 Africa
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8 Rolling (Left Tail)

8.1 Developed Markets
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8.2 Asia
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9 Rolling (Right Tail)

9.1 Developed Markets
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9.2 Asia
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9.3 Europe
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