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Abstract

Reservoirs are inherently heterogeneous. The depositional environment, com-
paction, deformation and cementation can lead to spatial variability in petro-
physical properties, over many orders of magnitude and length-scales, with a

profound effect on the flow behaviour of the fluids flowing within it.

Conventional reservoir modelling workflows have adopted k-orthogonal meshes
that are fixed in time and space. Due to the complex geometries found in
reservoirs and the multi-scale structure of the governing equations, a more

flexible approach is needed.

This thesis presents an alternative to conventional grid-based modelling and
simulation workflows. Surface-based modelling (SBM) is used to capture ge-
ological heterogeneity at all scales that impact flow, without reference to an
underlying grid. Petrophysical properties within these domains are modelled as
internally homogeneous. We show that cell-to-cell variability in reservoir models
is not needed to capture multi-phase flow. Instead one can use a small number

of larger, internally homogeneous but geometrically complex geological domains.

For flow simulations, geomodels are discretised using unstructured tetrahe-
dral meshes and the governing equations are solved using a control-volume-
finite-element method (CVFEM). The proposed simulator incorporates dynamic
adaptive-mesh optimisation (DAMO), designed to tackle the unique challenges of
spatially varying petrophysical properties in porous media. Multi-scale features
are better captured at lower computational cost by refining the mesh resolution

where/when necessary and coarsening elsewhere.

Material discontinuities in porous media strongly influence multi-phase flow. Tra-
ditional CVFEMs smear out jump discontinuities of saturation or concentration.
The high aspect ratio elements typically required to discretise the heterogeneous
domains in subsurface reservoirs are also very challenging on standard CVFEMs.
To overcome these issues we develop a new discretisation based on the bubble
enriched finite-element method (FEM). This new method is able to accurately

represent saturation discontinuities on geologically complex models.


HTTP://WWW.IMPERIAL.AC.UK




X

List of Publications

. H. Osman, G. H. Graham, A. Moncorge, and C. Jacquemyn. 'Is cell-to-cell

scale variability necessary in reservoir models?. Submitted

. H.Osman, P. Salinas, C.C. Pain, and M.D. Jackson. "An efficient control
volume finite element method for multi-phase flow in heterogeneous porous

media on challenging meshes'. To be submitted

P. Salinas, C. C. Pain, H. Osman, Z. Xie, and M. D. Jackson (2019).
“Vanishing artificial diffusion as a mechanism to accelerate convergence
for multiphase porous media flow”. In: Computer Methods in Applied

Mechanics and Engineering

P. Salinas, D. Pavlidis, Z. Xie, H. Osman, C. C. Pain, and M. D. Jackson
(2018a). “A discontinuous control volume finite element method for multi-
phase flow in heterogeneous porous media”. In: Journal of Computational
Physics 352, pp. 602-614. 1sSN: 00219991. por: 10.1016/j.jcp.2017.
09.058

P Salinas, D Pavlidis, Z Xie, H Osman, C C Pain, and M D Jackson
(2018b). “A robust mesh optimisation method for multiphase porous
media flows”. In: Computational Geosciences. 1SSN: 1420-0597. DOTI:
10.1007/s10596-018-9759-z

P. Salinas, C. C. Pain, H. Osman, C. Heaney, D. Pavlidis, and M. D.
Jackson (2018c). “Vanishing Artificial Capillary Pressure For Improved
Real-Size Reservoir Simulations”. In: EFCMOR XVI-16th European Con-

ference on the Mathematics of Oil Recovery.

H. Osman, G. H. Graham, A. Moncorge, and M. D. Jackson (2018).
“Impact Of Cell-To-Cell Scale Variability On Flow In Reservoir Models”. In:
15th European Conference on the Mathematics of Oil Recovery (ECMOR
XV) September 2018

Y. Melnikova, C. Jacquemyn, H. Osman, P. Salinas, G. Gorman, G.
J. Hampson, and M. D. Jackson (2016). “Reservoir Modelling Using
Parametric Surfaces and Dynamically Adaptive Fully Unstructured Grids”.
In: ECMOR XV - 15th FEuropean Conference on the Mathematics of Oil
Recovery. Do1: 10.3997/2214-4609.201601887


https://doi.org/10.1016/j.jcp.2017.09.058
https://doi.org/10.1016/j.jcp.2017.09.058
https://doi.org/10.1007/s10596-018-9759-z
https://doi.org/10.3997/2214-4609.201601887




X1

Acknowledgements

None of this work would have been possible without the generous time and
support of my supervisors and colleagues. First of all, I would like to thank my
supervisor Matthew Jackson. I express my sincere gratitude for allowing me
the chance to work with you and for sharing your expertise and perspectives.
You've helped me be more concise and deliberate in my thinking and writing
for which I am eternally grateful. Thank you for making the NORMS research

group such a fun and stimulating environment to work in.

I would also like to thank my co-supervisors Christopher Pain and Sebastian
Geiger for insightful comments and suggestions. I especially want to thank
Christopher Pain for his boundless enthusiasm for numerical methods and his
original development of IC-FERST.

No one works in isolation and I have had the pleasure to work alongside some
amazing people in the research group and wider at the Earth Science and
Engineering Department. NORMS has been like a little family, thank you all
for making social events so much fun and being a great sounding board for my
ideas. I particularly appreciate the help and generosity of Pablo Salinas and
Carl Jacquemyn who have gone above and beyond the call of duty. This project

would not have been possible without their combined input and support.

I would also like to extend my thanks to the NERC Centre for Doctoral Training
in Oil and Gas for sponsoring and funding this project under the framework of
Extending the Life of Mature Basins.

Last but not least to my family. Thank you for your endless love and support.
You have always encouraged me to achieve my goals and have put up with my

rants about work without complaint.






Contents

Declaration of Authorship
Copyright Declaration
Abstract

List of Publications
Acknowledgements

List of Figures

List of Tables

Introduction
1.1 Motivation . . . . . . . . .
1.2 Thesis outline . . . . . . . . . ..

Background and Literature review

2.1 Modelling multi-phase flow through porous media . . . . . . ..
2.1.1 Pore scale modelling . . . ... ... ... ... ...
2.1.2  Continuum scale modelling . . . . . .. ... .. .. ...

2.2 Numerical schemes . . . . . ... ... oL
2.2.1 Finite-difference method . . . . . . . . ... .. ... ..
2.2.2  Finite-volume method . . . . . .. ... ... ... ...
2.2.3 Finite-element method . . . . . . .. .. ... ... ...
2.2.4  Multi-scale methods . . . . .. ... ... 0.
2.2.5  Temporal discretisation . . . . . . .. .. ... ... ...

2.3 Building geological models . . . . . .. ... ...
2.3.1 Conventional modelling methods . . . . ... ... ...
2.3.2 Gridding . . . ...
2.3.3 Surface-based modelling . . . . . ... ... ... ..

2.3.4 Unstructured adaptive meshes . . . . . . ... ... ...

xiil

iii

vii

ix

xi

xvii

XXix



Xiv

24 Summary ... ... 45
Numerical Method 47
3.1 Introduction . . . . . . . . .. ... ... 47
3.2 Modified governing equations . . . . . .. ... ... L. 48
3.3 Weak formulation . . . . . .. ... ... ... L. 50
3.4 Discrete formulation . . . . .. ... L 52
3.4.1 Force-balance . . . . ... ... ..o 52
3.4.2 Rock and fluid properties. . . . . . ... ... 54
3.4.3 Global continuity . . . . . ... ... 54
3.4.4 Time stepping approach . . . . . . . ... ... ... .. 55
3.4.5 Pressure projection . . . . ... ... oL 56
3.4.6 Mass balance for the fluid phases . . . . . ... ... .. o7

Investigating the effect of cell-to-cell variability in reservoir

models 61
4.1 Introduction . . . . . . . .. ... Lo 62
4.2 Test cases . . . . . . . . 64
4.2.1 Lower SPE 10: Fluvial Model . . . . . . ... ... ... 65
4.2.2 Upper SPE 10: Shallow Marine Model . . . . . . .. .. 65
4.2.3 H-Field: North Sea Reservoir . . . ... ... ... ... 66
4.2.4 Rock and fluid properties. . . . . . . .. ... 66
4.2.5 Well placements and controls . . . . .. ... ... ... 70
4.3 Methodology . . . . . . .. .. 72
4.3.1 Goodnessof fit . ... ... ... ... ... ... ... 72
4.3.2 Removal of cell-by-cell variability . . . ... ... .. .. 73
44 Results. . . . . .. 75
4.4.1 Lower SPE 10 model: Segmentation and Clustering . . . 75
4.4.2 Upper SPE 10 model: Summary of Goodness of Fit results 81
4.4.3 H-Field Model: Summary of Goodness of Fit results . . . 83
4.5 Discussion . . . . . . ... 83
4.6 Conclusions . . . . . . . ... 87

Dynamic adaptive-mesh optimisation for multi-phase flow in

geological formations 91
5.1 Introduction . . . . . . . . .. ... .. 92
5.2  Dynamic adaptive-mesh optimisation . . . . . . ... ... ... 93

5.2.1 Metric formation . . . . ... ... ... ... 93

5.2.2  Mesh optimisation . . . .. ... ... ... 95



5.2.3 Mesh to mesh interpolation . . . .. ... ... ... ..
5.2.4  Accounting for high Courant numbers . . . . . . . . . ..
0.3 Testcases . . . . . . .
5.3.1 Counter-current Spontaneous Imbibition . . . . . .. ..
5.3.2 DNAPL infiltration . . . . . .. ... ... ... .....
5.3.3 Surface-based models . . . . . . ... ..o
54 Results . . . . . . . .
5.4.1 Spontaneous imbibition . . . . . ... ... ...
5.4.2 DNAPL infiltration . . . . . . . .. ... ... ... ...
5.4.3 Fracture model (SBM 1) . . ... ... ... ... ....
5.4.4 Channel model (SBM 2) . . ... ... ... ... ....
5.4.5 Fault model (SBM 3) . . .. ... ... .. ... .....
5.5 Cost of adaptivity . . . . . . . ..o
5.6 Discussion . . . . . . . ...

5.7 Conclusions . . . . . . . .

6 Modelling material and property discontinuities
6.1 Introduction . . . . . . . . ... ...
6.2 Stability . . . . ...
6.3 Discretisation with bubble functions . . . . . . . . ... ... ..
6.3.1 Force-balance equation . . . . ... ... ... .. ... ..
6.3.2 Global and local continuity equation . . . . .. .. . ..
6.3.3 Inter-element fluxes . . . . . . . ... ... ... ... ..

6.3.4 Special considerations for the mass matrix . . . . .. ..

6.3.5 Solution mechanism . . . . . .. ... ... .. .. ....
6.4 Numerical Experiments . . . . . . . . ... ... ... ......
6.5 Results. . . . .. .. .
6.5.1 Model 1 . . . . . .. .. ..
6.5.2 Model 2 . . . ... ...
6.5.3 Model 3 . . . . .. ...

6.6 Conclusions . . . . . . . . .

7 Conclusions and Future Work
7.1 Conclusions . . . . . . . . .,
7.2 Future Work . . . . . . . .

Bibliography

A Analytical solution for Spontaneous Imbibition

A.1 Analytical solution for Spontaneous Imbibition . . . . . . . . ..

XV

97

98
100
102
104
106
113
113
114
116
116
118
122
126
128

131
132
133
136
136
138
138
139
140
140
143
143
143
147
149

155
155
156

159

187






List of Figures

1.1

2.1

2.2

2.3

24

2.5

Conventional modelling and simulation workflow (Jackson et al.,
2013). .

(A) The representative elementary volume (REV) concept after
Bear (1972)), (B) porous media at the micro-scale, large fluctu-
ations in property averages occur as the volume samples more
grain or void space (pores), (B) at macro-scale volumes spanning
several grains where average property becomes independent from
the averaging volume, (C) heterogeneous layered systems can
introduce further fluctuations due to spatial variability in flow
properties. . . . . ... L.
Conceptual sketch illustrating multi-scales (n = 1,2, 3) of REV
related to geological heterogeneities and scales of measurement,
from Nordahl and Ringrose (2008) . . . . . .. . ... ... ...
(A) Deviated grid for a sloping fault. Warmer colours indicate
greater deviations from orthogonality; (B) Error in total verti-
cal flux vs fault angle for the vertical-flow problem (Wu and
Parashkevov, 2009) . . . . . . . ...
(A) two-point-flux approximation (TPFA) in one dimension (1D);
(B) multi-point-flux approximation (MPFA) in 2D; the interaction
region is depicted by the dashed lines and centred around vertices
to form a dual grid. Modified from Juanes et al. (2005). . . . . .

A control volume in the triangular finite element mesh. Filled

circles represent element vertices, empty circles are the centroids.

xvii

13

14

18

19

21



xviii

2.6

2.7

2.8

2.9

2.10

2.11

2.12

Traditional CVFEM, here for a POpgP1 element pair. The exact
solution p(x) is approximated by p(x) using the piecewise linear

interpolation functions IV; and N; of each finite element. The

piecewise constant derivative of this solution % is proportional
to the Darcy velocity but discontinuous across two neighbouring
finite elements. Flux continuity is achieved across boundaries of
adjacent control-volume (CV) built around the nodes of the finite

element. Integration of the fluxes over the surface of the CVs

ensures mass conservation. Adapted from Paluszny et al. (2007).

Heterogeneity at various scales within a generic shoreface-shelf
sandstone reservoir (Sech et al., 2009). . . . .. ... ... ...
Various modelling methodologies on a continuum from the conven-
tional geostatistical models (far left) which are able to incorporate
data directly to the unconditional (no data integration) process-
based models (far right), from Pyrcz et al. (2015). . . . . . . ..
Loss of fidelity in grid-based models, adapted from Jackson et al.,
2015 . L
Modelling of a faulted domain using (A) Cartesian grid; (B)
Corner-point grid; (C) 2.5-D perpendicular-bisector grid (PEBI)
(Jackson et al., 2015). In (A), the grid is orthogonal, the dipping-
fault has to be approximated by staircase-like steps. In (B), the
fault geometry is better captured but is non-orthogonal both in

plan view and cross section. In (C), the grid is approximately

k-orthogonal in plan view but still non-orthogonal in cross section. 32

A generic example of the rule-based surface-hierarchy. Structural
surfaces (1-2) are at the top of the hierarchy as they truncate
all other surfaces. Stratigraphic surfaces (3-5) are at the next in
the hierarchy, truncated by structural surfaces but truncate facies
boundaries. Sedimentological surfaces (6-11) are the base of the
hierarchy (Jackson et al., 2015). . . . . . .. .. ... ... ...
Overview of the surface-based modelling approach adopted by
Bertoncello et al. (2013). (A) Basal surface, representing the sea
floor; (B) thickness events extracted from process-based model
(Michael et al., 2010); (C) Top view of final model; (D) Cross
section of final geological model. Colours represent different

domains enclosed by surfaces. . . . . . ... ... ... ... ..

33



2.13

2.14

2.15

2.16

2.17

2.18

2.19

Surfaces govern the architecture of the grid using stratigraphic
corner point gridding. Where geological zones pinch out, degener-
ate quadrilateral cells are generated. To avoid no flow barriers
and to maintain vertical continuity non-neighbour connections
are used. Adapted from White and Barton (1999). . . ... ..
2D section through surface-based models showing the corner
gridding scheme used to preserve geological architecture of the
dipping surfaces. (A) from Sech et al. (2009), here clinoform dips
were < 1°, (B) from Graham et al. (2015a) where clinoform dips
were up to 5% . .. . L L
a) Cross-bedded sandstones model used to investigate the sen-
sitivity of effective permeability to sample volume, b) effective
permeability in the dip and strike directions as a function of
sample volume, normalised by the permeability of equivalent
sandstone only sample. The error bars indicate the numerical
artefacts introduced by cornerpoint gridding. From Massart et al.
(2016). . . .
Common structural heterogeneities represented using non-uniform
b-spline curves and surfaces (NURBS). (A) Faulted recumbent
fold, (B) Conjugate normal fault sets, C) Listric growth fault.
Adapted from Jacquemyn et al. (2018). . . . . . . .. ... ...
Multiple surfaces representing internal heterogeneity within a
channelised body (Jacquemyn et al., 2018). . . . . . . ... ...
Geological complexity of an outcrop of Liassic limestone on the
southern Bristol Channel coast, UK. (A) Photograph of a small-
scale fold structure intersected by carbonate veins crosscut by
later Alpine joints; (B) NURBS computer aided design (CAD)
model of the same structure with the numerous intersection curves
and acute intersection angles between fractures. (Paluszny et al.,
2007) .« .
Common procedures for adapting a mesh. (A) to (B) local refine-
ment or coarsening of the mesh is known as h-adaptivity, (C) to
(D) relocating or moving mesh points is known as r-adaptivity
and (E) to (F) locally varying the polynomial basis functions is

known as p-adaptivity. . . . . .. . ...

Xix

37



XX

2.20 Scalar field with a sharp interface represented on different meshes

3.1

3.2

3.3

4.1

4.2

with the same minimum edge length. (A)-(B) Structured mesh.
Capturing the interface requires 56,320 elements. (C)-(D) Isotropic
unstructured mesh. The use of unstructured meshes leads to a
significant reduction in the number of elements, 5,667 elements.

(E)-(F) Anisotropic unstructured mesh. A further reduction can

be seen with the use of anisotropic meshes to only 2,805 elements. 44

(A) Rock properties permeability and porosity are piecewise con-
stant in the finite element, (B) Fluid properties such as viscosity
and saturation are constant within the sub-control volume. . . .
Finite element representation of the force density (v,) and Darcy
velocity (u,) on a two dimensions (2D) element. (A) discontinuous
PO finite element representation of the force density; (B) as o, is
made up of finite-element (FE)- and CV-wise terms, the Darcy
velocity is discontinuous across sub-control volumes. . . . . . . .
Flow chart of the non-linear solver algorithm. The algorithm
consists of three main loops, thick solid line denotes the outer
time loop, dotted line denotes the fixed point iteration method
used to solve the non-linear system of equations. The dashed

lines denote the saturation fixed point iteration (SFPI) used to

95

accelerate the Anderson-fixed point method (Salinas et al., 2017a). 60

(A) Reservoir models typically contain cell-to-cell variations in
petrophysical properties; (B) The geological concept captures the
architecture of key heterogeneities. . . . . . .. ... ... ...
Petrophysical properties within the Lower SPE 10 Model. Plots
(A-C) show the spatial distribution of horizontal permeability
in (A) three dimensions (3D); (B) vertical cross section (X-X’)
and (C) horizontal cross section (Y-Y’). Dimensions in metres.
Plots (D-F) show the frequency distribution of (D) horizontal
permeability; (E) vertical permeability and (F) porosity. Plots
(D-F) also show the frequency distribution after division into

three segments; see Method section for more details. . . . . . . .



4.3

4.4

4.5

4.6

Petrophysical properties within the Upper SPE 10 Model. Plots
(A-C) show the spatial distribution of horizontal permeability
in (A) 3D; (B) vertical cross section (X-X’) and (C) horizontal
cross section (Y-Y’). Dimensions in metres. Plots (D-F) show the
frequency distribution of (D) horizontal permeability; (E) vertical
permeability and (F) porosity. . . . . . .. ... ...
The H-Field Model. Plot (A) shows the 3D spatial distribution of
horizontal permeability; plot (B) shows the fault blocks, where red
indicates the fault plane; plot (C) shows the location of production
wells in green and water injection wells in blue. Dimensions

in metres. Plots (D-F) show the frequency distribution of (D)

poel

horizontal permeability; (E) vertical permeability and (F) porosity. 69

Segmentation and clustering of the Lower SPE 10 Model. (A)
Segmented model with three segments. (B) 3x3x3 cube around
an input cell during clustering. The central cell’s value is then
replaced with the modal value of the neighbouring cells; here a
green permeability value is replaced by a blue one. (C) Clustered
model. The cell-to-cell variability is removed, creating more
geologically meaningful domains. . . . . . . . . ... ... ...
Goodness of Fit (GOF) as a function of segment number. (A)
Lower SPE 10 Model with the inverted five spot well configuration;
(B) Lower SPE 10 model with the line drive well configuration; (C)
Upper SPE 10 Model with the inverted five spot well configuration;
(D) Upper SPE 10 Model with the line drive well configuration;
(E) H-Field model. Points with lines denote the segmented models
without clustering. The different line markers denote the different
fluid viscosity ratios. Dashed and solid lines denote the GOF
including and excluding water breakthrough, respectively. Unfilled
and filled triangles denote the GOF with and without water
breakthrough for the clustered models. . . . . . . ... ... ..



xxii

4.7

4.8

4.9

4.10

4.11

4.12

4.13

Well and reservoir responses of the base, segmented and clustered
models of the Lower SPE 10 Model and the inverted five spot well
configuration with uniform oil and water viscosities. Plots (A-D)
show oil production rate as a function of time for each producer
well. Plots (E-H) show water production rate as a function of time
for each producer well. Plot (I) shows the bottom hole pressure
for the water injection well. Plots (J-L) show, respectively, the
total reservoir oil production rate, water production rate and
cumulative oil production as a function of time. . . . . . . . ..
Horizontal cross sections through the Lower SPE 10 Model show-
ing horizontal permeability and water saturation at a given time
step during production via the inverted five spot well configuration
with uniform oil and water viscosities. Plots (A) and (B) show,
respectively, the permeability at a horizontal section through
the base and 10-segment and clustered models. Plots (C) and
(D) show the water saturation at a given timestep on the same
horizontal section. . . . . . . . .. ... L
Vertical cross sections through the Lower SPE 10 Model showing
horizontal permeability and water saturation at a given time step
during production via the inverted five spot well configuration
with uniform oil and water viscosities. Plots (A) and (B) show the
vertical section through the base and 10-segment and clustered
models, respectively. Plots (C) and (D) show the water saturation
at the same vertical section. . . . . . . ... ... ... ... ..
Horizontal sections through the Upper SPE 10 Model showing
horizontal permeability. Plot (A) shows the base Upper SPE 10
model; plot (B) shows the Upper SPE 10 model with 10 segments
after clustering. . . . . . .. ..o
Horizontal sections through the H-Field Model showing horizontal
permeability. Plot (A) shows the base H-Field model; plot (B)
shows the H-Field model with 20 segments after clustering. . . .
Goodness of Fit of segmented models without clustering, as a
function of segment number for 10 realisations of the H-Field. (A)
Goodness of Fit excluding water breakthrough; (B) Goodness of
Fit including water breakthrough. . . . . . . . .. ... ... ..
Surface-based model inspired by SPE 10 model 2. (A) Full model;

(B) Lower, fluvial section; from below (Jacquemyn et al., 2018).

82

82

88



5.1

5.2

5.3

5.4

2.5

2.6

5.7

5.8

2.9

Work flow to generate and adapt unstructured meshes on surface-
based models. (A) Original surface-based model depicting two
domains; (B) a 2D surface mesh is built to capture the bounding
surfaces; (C) an initial coarse 3D tetrahedral mesh is built within
the domains; during flow simulation the volume meshes can be
refined, (D), or coarsened, (E) using hr adaptivity but the geology
remains intact. From Jackson et al. (2015). . . . . . .. .. ...
Topological operations performed on elements in order to optimise
a mesh (Pain et al., 2001; Piggott et al., 2009).. . . . . . . . ..
(A) and (B) Two triangular meshes with some finite element
solution depicted by different colours. (C) and (D) show the same
triangular supermesh with the FE solutions mapped from mesh
(A) and (B), respectively. Adapted from Farrell and Maddison
(2011). . . . .
Standard mesh adaptivity algorithm. The mesh is adapated to
user-specified field(s) after a user-defined number of time-steps.

Non-linear mesh adaptivity. The mesh is adapted as part of the
non-linear solver with an addition loop (dashed line). . . . . . .
(A) Domain split into two regions. A large porosity is set for the
left-hand domain to ensure insignificant change in saturation. The
right-hand domain’s porosity is kept at 0.20 and homogeneous
permeability of 1 x 107!3m?  (B) the right-hand side domain is
initially saturated with the oil phase and no external forces are
applied i.e. all boundaries are no flow boundaries. The wetting
phase invades the domain purely by capillary forces. . . . . . . .
Geometry and boundary conditions of DNAPL infiltration test
case (Helmig, 1997) . . . . .. ... .. ... ...
1.5 x 1.5m sample of the Kilve model (Figure 5.9¢) extruded 0.1
m . Fracture width are uniform at 3mm. . . . . . . . .. .. ..
(A) Structural map of Lilstock on the southern margin of the
Bristol Channel coast, showing the Lilstock anticline and regional
map showing the location of the Kilve model; (B) The gently
folded alternating limestone and shale beds of the Kilve anticline.
Early joints were formed parallel to the fold axis around the hinge
zone of the anticline; (C) Kilve sketch, Area = 6 x 6m. From
Belayneh et al. (2006). . . . . . ... ... oL

xxiii

98

99



XXiv

5.10

5.11

5.12

5.13

5.14

5.15

5.16

5.17

SBM 2. Channelised sandstone reservoir with three channel
groups; 1,000 mD (Domain 1), 200 md (Domain 2) and 100 mD
(Domain 3). Non-reservoir mudstone is not modelled. Vertical
exaggeration 4x. . . .. ..o Lo
Cross section of SBM 2, discretised using Cartesian grids at
decreasing resolution (vertical exaggeration 5x). (A) model made
up of 400, 000 cells (109,585 active cells); (B) model made up of
100, 000 cells (26,735 active cells); (C) model made up of 25,000
cells (6,477 active cells). The connectivity of the smallest channels
is lost as the mesh is coarsened. We also encounter some artificial
connectivity. . . . . . .. L
Surface-based channel model (SBM 2) made up (A) approximately
8,000 elements (mesh D1); (B) mesh D2, 13,000 elements

SBM 3. Conjugate normal faults offsetting stratigraphic layers of
contrasting permeability; 1,000 mD (Domain 1) and 1 mD (Do-
main 2); (A) side view; (B) top view; (C) example of unstructured
tetrahedral mesh. . . . . . . .. ... ..o
Saturation snap shots after 10,000 seconds. (A) with a fixed mesh
(mesh A3, 8,000 elements); (B) adapted mesh AA3 with < 100
elements. . . . . ... L
(A) Comparison of numerical results for counter-current sponta-
neous imbibition against the analytical solution for fixed mesh
simulations. The dashed line denotes the analytical solution; (B)
The L1 error norm of the fixed and adaptive mesh solutions after
10,000 seconds; the dashed line denotes linear convergence. The
adaptive mesh simulations yields similar solution quality to the
fixed mesh results using approximately two orders of magnitude
fewer elements when comparing the highest resolution adaptive
and fixed models. . . . . .. ..o
Infiltration results after 2,360 seconds. (A) Fixed mesh B1 (202
elements) simulation; (B) fixed mesh B2 (666 elements) simulation;
(C) fixed mesh B3 (2,604 elements); (D) fixed mesh B4 (17,082)
(B) DAMO simulation with an average of 1380 elements (mesh
BA3); (C) experimental results (Helmig and Huber, 1998).

Normalised mass leakage into the capillary barrier corresponding

to the time step in Figure 5.16 . . . . . .. .. .. ... .. ..

112



5.18

5.19

5.20

5.21

0.22

0.23

5.24

5.25

XXV

Water saturation after approximately 0.1 pore volumes injected.
(A) fixed mesh C1, with 33,606 elements; (B) fixed mesh C2, with
477,759 elements; (C) DAMO simulation an average of 41,653
elements (mesh CAL). . .. .. ... ... ... .. ... 119
Oil recovery and water cut plots as a function of the pore volume
injected (dimensionless time), (A) Oil recovery as a proportion of
the volume originally in place; (B) watercut (ratio of produced
water to total volume produced) . . . ... ... ... ... .. 120
The geometry of SBM 2 is maintained at all levels of refinement.
This ensures that the connectivity of the channels are preserved
during DAMO. . . . .. .. 121
Oil recovery and water cut plots as a function of the pore volume
injected (dimensionless time), (A) Oil recovery as a proportion
of the volume originally in place; (B) zoomed in section of oil

recovery; (C) watercut (ratio of produced water to total volume

produced); (D) zoomed in section of watercut . . . ... .. .. 121
Production plots as a function of time for simulations of the fault
model. (A) oil recovery; (B) water cut. . . . . ... ... ... 123
Water saturation after 0.2 pore volumes injected. (A) Mesh A;

(B) Mesh D; (C) DAMO simulation. . . . . . ... ... ... .. 124
Comparison of CPU times (normalised to the coarsest fixed mesh
time) between one time step without adaptivity (blue bars) and
one time step followed by one adaptive step (red bar). (A) SI
model; (B) Fault model (SBM 3). . . . ... ... ... ... .. 125
Total CPU time for the Fault model (SBM 3) normalised to CPU
time for mesh E1. Blue bars denote fixed meshes, red bar denotes
the DAMO simulation. . . . . .. ... .. ... ... ... ... 126



XXVI

6.1

6.2

6.3

6.4

6.5

Four CVFEM schemes in their lowest order variants (A) Con-
tinuous double control-volume-finite-element method (DCVFEM),
where CVs span multiple elements. Sharp saturation/component
interfaces can not be preserved without significant grid refinement.
(B) interface control-volume-finite-element method (ICVFEM)
from Abushaikha et al. (2015), where pressure nodes are placed
on the element-element interfaces. CVs are therefore shared by, at
most, two elements. CV smearing is reduced but not eliminated.
(C) Discontinuous CVFEM from Salinas et al. (2018a), where
pressure nodes are allowed to be discontinuous between elements.
CVs are therefore discontinuous and sharp saturation/component
interfaces can be honoured. However this discretisation is based
on a P2pg— Plpg element pair making it an expensive method in
terms of the DOFs needed and is not robust on distorted meshes.
(D) The new discontinuous DCVFEM uses a linear element pair
Plpg — Plpg with a bubble function augmented velocity space
i.e. Plgipe — Plpg. . . .« . . . o o
1D illustration of an unstable equal order discretisation. The
pressure field is piecewise linear; the pressure gradient is there-
fore piecewise constant. The discrete gradient operator M~'Cp
evaluates the gradient onto the velocity nodes, in this case at the

same locations as it is equal order. This results in the gradient

being evaluated as zero everywhere. Adapted from Wilson (2009). 135

Intra-element fluxes (sold lines) between sub-control volumes
inside the element are calculated for both the continuous and
discontinuous formulations. With the discontinuous formulation,
sub-control volumes are discontinuous between elements as well,
where inter-element flux (dashed lines) are calculated. . . . . . .
Numerical experiments to obtain the optimal 3 scaling parameters
in 2D and 3D. Error evolution for the 2D Buckley Leverett a)
and 3D b) solution as a functionof 5. . . . . . ... ...
(A) The coarsest 2D mesh used in the Buckley-Leverett model,
(B) saturation maps of the water phase after 0.6 pore volumes
injected (PVI) with the continuous DCVFEM and the new discon-
tinuous DCVFEM, respectively. Water is injected at the left-hand

boundary displacing oil of equal viscosity in a homogeneous domain. 144



6.6

6.7

6.8

6.9

6.10

6.11

6.12

Comparison of the analytical Bucklet-Leverett solution at distance
0.5 dimensionless units from the inlet boundary to the numerical
solution of the new method (discontinuous DCVFEM) using three
meshes. Number of elements are in the flow direction, meshes are
refined by edge splitting. . . . . . . . ...
a) Convergence of the L; error of the water saturation as a
function of the mesh element length for the numerical solution
of the Buckley-Leverett problem using the continuous DCVFEM,
the discontinuous DCVFEM and the new element pair reported
discontinuous DCVFEM; b) Convergence of the L, error as a
function of number of degrees of freedom. . . . . . . . ... ...
(A) Permeability map and dimensions (dimensionless units) of
the embedded fracture model (Salinas et al., 2018a). Permeability
contrast of 1 x 10* between the high permeability fracture and
surrounding low permeability domain, (B) an example of the
unstructured tetrahedral mesh used. . . . . . . .. ... ... ..
2D slice of the embedded fracture model using the classical
CVFEM (left) and the new formulation (right). (A),(B) The
control volume dual mesh for each method. The embedded frac-
ture is depicted by the red rectangle. The CVs around the fracture
are highlighted in green. In the classical CVFEM discretisation
they span the fracture boundary while in the new formulation the
sharp interface is retained. Both meshes have the same number of
degrees of freedom. (C),(B) saturation maps of the water phase
after 0.08 PVI and (E),(F) saturation maps of the water phase
after 0.15 PVL. . . . .. .o
Normalised mass leakage into the low permeability domain in the
embedded fracture model at (A) after 0.08 PVI; (B) after 0.15
PVI. The ratio of velocity:pressure nodes is shown in (A) for the
three discretisations. . . . . . . . . ... .o
Channel model meshed using unstructured tetrahedral elements.
Three groups of channels are shown with large contrast in perme-
ability (top). High aspect ratio elements are needed to capture
the geometry. Examples of distorted elements are highlighted in
red (bottom). . . . . ...
Reduction in residual error as a function of the number of itera-
tions for the initial time-step. Solid lines, dashed lines and dotted

lines are, respectively, the results on Mesh A, Band C. . . . . .

XXVii



XXViii

6.13 Water saturation distribution at various time steps of the channel
model using the continuous DCVFEM (left) and the discontinuous
DCVFEM (right); vertical exaggeration x4. Water injection is
at the right boundary, production at the left boundary. . . . . . 152

7.1 Semi-structured meshing. Starting from a coarse mesh represented
by a single element in (A), a hierarchy of meshes can be obtained
by refine-by-splitting (B) and (C). . . .. ... ... ... ... 157



XXiX

List of Tables

4.1

5.1
5.2
9.3
5.4

6.1

Model data . . . . . . . .. ... ... 71
Fixed and DAMO simulations . . . . . ... .. ... ...... 103
Material and fluid properties for SI test case . . . . . . . .. .. 105
Material and fluid properties for DNAPL test case (Helmig, 1997) 107
Rock and fluid properties for surface-based models . . . . . . . . 108
Model set up. . . . . . . . ... 143






Chapter 1

Introduction

Contents
1.1 Motivation . . . . ¢ ¢ i v v i i i it e e e e e e e e 1
1.2 Thesisoutline. . . . . ... ... ... ... 6

1.1 Motivation

The modelling of multi-phase fluid flow through subsurface reservoirs is of great
interest in a wide range of engineering applications, including the exploitation
of natural resources (groundwater, hydrocarbons, geothermal), storage of COx

and disposal of nuclear waste.

Geological modelling and flow simulation have become instrumental in the
understanding and management of these reservoirs. In the petroleum industry,
for example, the high cost of field development requires accurate prediction of oil
recovery and oil production rates. The volume of unrecovered oil (and to a lesser
extent, gas) is strongly correlated to the geological heterogeneity of reservoirs
(Fisher, 1991). This inverse correlation between reservoir heterogeneity and final
recovery highlights the need for improved reservoir modelling and simulation
workflows (Matthai et al., 2007).

Geological modelling and flow simulation are the basic components of most
reservoir evaluation workflows. During the modelling stage, field data (e.g.
seismic, well logs and core measurements) and geological analogues are used
to build a model of the reservoir. Flow is then simulated, providing the user
with a means to understand the complex interactions of the chemical, physical
and fluid flow processes occurring in the subsurface. Sufficient understanding of

these processes is key if we are to optimise the recovery or storage mechanism.
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The major challenge in understanding and predicting reservoir performance is
therefore two-fold: realistically modelling the reservoir geology, and accurately
simulating the chemical, physical and flow processes. This is far from a trivial
problem as the highly heterogeneous nature of geological formations tend to
create very complex reservoir architectures and hydraulic conductivities. These

heterogeneities exist over a wide range of scales.

The conventional modelling workflow applied throughout the petroleum indus-

try, and incorporated within commercial software packages (e.g. Petrel™) is
described by, amongst others, Bryant and Flint (1993) and Jackson et al. (2013).

This workflow has remained essentially static for over two decades (Figure 1.1).

The reservoir volume is first delineated by surfaces that represent the top, base
and key bounding faults of the reservoir. This volume is then partitioned into
geologically defined zones (e.g. different depositional environments or lithological
contrasts), using surfaces that are interpreted from seismic data or correlated
between wells. A fized, (close to) k-orthogonal grid is then defined within each
reservoir zone, discretising the reservoir volume into a large number (currently
up to 1 x 10?) of grid cells (Jackson et al., 2015). Facies codes are then assigned
to each grid cell using one of a number of geostatistical methods: typically pixel-
based methods such as sequential indicator simulation (SIS) or object-based
methods such as boolean simulation (Seifert and Jensen, 2000). The aim is
to replicate the conceptual geological model developed for each reservoir zone.
Once the geomodel is built, the next step is to distribute the petrophysical

properties within these reservoir zones.

Models of flow and transport in porous media are based on the continuum
theory through the notion of a representative elementary volume (REV). The
REV is based on the idea that petrophysical properties, such as porosity and
permeability, are constant within a small but representative volume, constituting
a natural length scale for modelling porous media. However, multi-phase flow in
porous media does not show a clear separation of scale (Moyner and Lie, 2016).
Instead, the petrophysical properties and governing equations exhibit multi-scale

behaviour.

Petrophysical properties are measured at the scale of a few centimetres, using
core experiments or wireline tools (McCarthy, 1995). In contrast, geomodel grid
block sizes are typically of the order of 10s of metres. Traditionally, upscaling
techniques are used to overcome this issue of scale. To quantify the macroscopic
behaviour of flow, upscaling procedures are used to generate effective properties
at the scale of a grid block (Haldorsen and Damsleth, 1990; Jackson et al., 2003).
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Property models are then built, again typically using pixel-based geostatistics

to populate the grid blocks.

The availability of vast amounts of seismic, geological and reservoir data have
resulted in very large, high resolution geomodels, which can be simulated directly
(e.g. GigaPOWERST™ | Dogru et al., 2002; Dogru et al., 2009). However, it is
often unfeasible to simulate such models (within a reasonable turnaround time),
as the computational cost for simulation are much greater than that to model
geological properties. The final step in conventional modelling workflows typically
upscales the fine-scale model onto a coarser-scale grid ready for conventional
reservoir simulation, where the finite-difference-finite-volume method (FDFVM)
with the two-point-flux approximation (TPFA) are typically used to solve the
governing equations. However, it is recognised that this second upscaling step
can lead to a loss in smaller-scale heterogeneities that may have a significant
impact on flow (Aarnes et al., 2008; Kippe et al., 2008; Jackson and Muggeridge,
2000).

Despite the ubiquity and longevity of this workflow, the use of k-orthogonal grids
limits the complexity of the geometries that can be represented in geological
models. Further loss of fidelity occurs during the upscaling step, where the
resulting simulation model often fails to honour the original geological concepts
or capture key heterogeneities. The geometry of the grid is restricted to be
k-orthogonal in most commercial simulators, in order to be consistent with the
TPFA. This leads to the use of (close to) k-orthogonal grids such as Cartesian,
corner point or 2.5D Voronoi grids which often provide a poor representation of
geological heterogeneities (Berge et al., 2019). It is well known that conforming
pillar grids to complex geological features such as inclined faults can give large
grid-orientation errors (Wu and Parashkevov, 2009). To tackle this, several
authors have developed 3D Voronoi grids able to conform to geological and
well boundaries (Berge et al., 2019; Klemetsdal et al., 2017; Manzoor et al.,
2018). However, for these methods additional care should be taken for more

complex structural features (e.g. intersecting faults) where post-processing may
be needed (Merland et al., 2014).

In real engineering applications, engineers often compromise between strictly
Cartesian-type grids and representing geological realism. A promising modelling
approach is the Cartesian cut cell where solid bodies are cut out of a background
Cartesian mesh (Ingram et al., 2003; Mallison et al., 2014) and the related Cut
Finite Element methods (CutFEM) (Burman et al., 2015), where the boundary

of the domain is represented using, for instance, a level set function.
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Another limitation of conventional simulation models is that grid resolution is
fixed throughout a given reservoir zone. Multi-phase flow through porous media
results in complex interfaces, such as sharp saturation fronts, which move through
the domain. Accurate representation of these localised phenomena requires small
grid block sizes. This can lead to very large models with superfluous resolution

in areas where large grid sizes would suffice.

Adaptive gridding offers a more efficient use of computational effort where the
grid is adapted in time and space to provide sufficient spatial resolution where
needed. The idea of using adaptive gridding for reservoir simulation is not new,
dating back to the early 1980s. One of the first applications was by Heinemann
and Von Hantelmann (1983) who described a 2D implementation of dynamic local
grid refinement of Cartesian grids using finite-difference methods (FDMs). Later
Schmidt and Jacobs (1988) presented an adaptive gridding method with mixed
finite elements. However, most early applications created isotropic adapted
meshes, primarily through edge splitting. Adaptive gridding/meshing techniques
have seen significant advances in the last few years (Alauzet and Loseille, 2016).
However, these have been almost exclusively for free flow problems. One of
the biggest obstacles to adaptive meshing for porous media flows is how to
represent the spatially varying petrophysical properties and how to interpolate
those values (especially permeability) from the old to the new mesh. This will
be discussed further in Chapter 5, where we describe the dynamic adaptive-mesh

optimisation (DAMO) algorithm used in this work.

An alternative geological modelling approach, termed surface-based modelling
(SBM) (e.g. Denver and Phillips, 1990; Xie et al., 2001; Caumon et al., 2009;
Sech et al., 2009; Jackson et al., 2013) uses surfaces to capture all geological
heterogeneities, whether structural, stratigraphic, sedimentological or diagenetic,
that impact fluid flow. The discrete volumes are bounded by surfaces without

reference to a fixed grid.

Control-volume-finite-element methods (CVFEMs) that use non k-orthogonal
unstructured meshes (e.g. Huyakorn and Pinder, 1978; Fung et al., 1992;
Edwards, 2002; Jackson et al., 2013) can greatly increase the utility of the SBM
approach, by enabling the representation of more complex geometries. The
method proposed here also integrates a DAMO algorithm (Pain et al., 2001) that
optimises the mesh resolution to resolve areas of dynamic interest. DAMO has
the potential to greatly increase the computational efficiency of the simulation by

focusing resources where they are needed most to increase the solution accuracy.
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The shortcomings of the conventional modelling and simulation methodologies
are widely recognised (Heinemann et al., 1991; Verma and Aziz, 1997; Wu and
Parashkevov, 2009; Sech et al., 2009; Jackson et al., 2013; Lie et al., 2018).
Substantial developments have been made to tackle these issues, however, more
research work is required. The work in this thesis builds upon decades of work
by previous authors in order to develop an integrated geological modelling and

reservoir simulation methodology.

SBM was first considered in the 90’s by Denver and Phillips (1990) and Hu
et al. (1994). However, conventional pillar gridding and FDFVM simulation
methodologies dependent on the TPFA limited the complexity of geological
architectures that could be captured due to the requirement of k-orthogonality.
Alternatively, advanced discretisations such as the multi-point-flux approxima-
tion (MPFA) (Aavatsmark, 2002; Edwards, 2002; Aavatsmark et al., 2008; Lie
et al., 2012) can be used when the grid is distorted away from k-orthogonality.

A large body of work exists on the use of CVFEM in flow simulations, as far
back as the late 1970’s (e.g Huyakorn and Pinder, 1978; Dalen, 1979; Fung et al.,
1992; Edwards, 2002; Geiger et al., 2004; Helmig et al., 2006; Matthai et al.,
2007; Aarnes et al., 2005), and as mentioned earlier, the use of dynamic mesh

optimisation is also not new (e.g Schmidt and Jacobs, 1988; Dahle et al., 1990).

1.2 Thesis outline

For improved representation of multi-scale geological heterogeneity and predic-
tion of subsurface flows, modelling workflows must have three important features:
(1) accurately capture important multi-scale geological architectures, (2) dis-
cretise the flow equations with compatible numerical schemes and (3) allocate
computational resources in an efficient manner. Most published contributions
have focused on at most two of these features. As a result, there is a lack of
a holistic workflow for the meshing and simulation of reservoir models. These

contributions are summarised in Chapter 2.

In this work, use a surface-based approach for modelling and simulation that
replaces conventional grid-based workflows (Jackson et al., 2013; Jackson et al.,
2015). Geological models are constructed using grid-free parametric surfaces
(non-uniform b-spline curves and surfaces (NURBS)) that can efficiently and
accurately capture geological heterogeneity at multiple scales. Petrophysical
properties are modelled as constant within geologically defined domains bounded

by surfaces. Models are then discretised using unstructured, non-k-orthogonal
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meshes to simulate flow. The mesh is dynamically refined or coarsened within
the geological domains, while preserving geological architectures. In Chapter 3
we set out the numerical framework which makes use of a hybrid node-centred
CVFEM for simulating multi-phase flow on surface-based models within the
Imperial College Finite Element Reservoir SimulaTor (IC-FERST).

In Chapter 4 we test the hypothesis underpinning our application of SBM:
that surface bounded volumes can be used to model all heterogeneities of
interest. While conventional modelling workflows use surfaces to delineate large
scale features such as bounding faults and geological zones (Figure 1.1), with
SBM, surfaces are used to bound all heterogeneities of interest. Petrophysical
properties are modelled as being uniform within each of these volumes. While the
allocation of property values in these volumes may be stochastic in nature, the
volumes are homogeneous and remove the cell-to-cell variation in petrophysical
properties common with conventional approaches. In Chapter 4 we investigate
whether these cell-to-cell heterogeneities are needed to capture important flow

characteristics.

The DAMO algorithm used in this work is detailed in Chapter 5. We explore
the benefits and difficulties encountered with our approach using both capillary
dominated and advection dominated porous media flows. The cost of adapting

the mesh is also assessed.

Large variations in material properties such as permeability have profound effects
on fluid flow (Dawe et al., 1992; Debbabi et al., 2017a; Debbabi et al., 2017b).
These boundaries are well represented using finite element methods; however,
when the transport is modelled using node-centred control-volume (CV), jump
discontinuities are smeared out across these material interfaces (Salinas et al.,
2018a). This is a well known issue of CVFEM and often requires a very fine
mesh at material interfaces. To address this issue, a new numerical method is
developed in Chapter 6. The new discretisation has a minimal computational
overhead over the traditional CVFEM and is simultaneously stable in very

challenging meshes.

The thesis closes with the conclusion chapter summarising the contributions and

scope for future work.






Chapter 2

Background and Literature

review

In geological formations, fluids flow through tiny interconnected pores ranging
from the sub-millimetre down to the nanometre scale. In this chapter we review
the different approaches used to model multi-phase flows through geological
reservoirs. While most of the examples in this thesis come from the petroleum
industry, the methods and applications can readily be applied to other disciplines

due to the generality of the underlying physics.

We then describe the various approaches to geological modelling used to capture
subsurface architectures and numerical schemes used to discretise and solve
the governing equations. Conventional modelling workflows ubiquitous in the
petroleum industry are shown and their limitations explored. Surface-based

modelling, which forms the basis for our new modelling workflow, is introduced.

We finish with adaptive unstructured meshing of subsurface models. Significant
advances in mesh adaptivity have been made in the last few decades; however
they have focused almost exclusively on free flow problems. The idea of adaptive
meshes for flows in geological formations is relevantly new, a novelty that we

will to exploit later in this thesis.
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2.1 Modelling multi-phase flow through porous

media

The flow of multi-phase fluids through geological formations is of fundamental
importance in a wide range of engineering applications. These include, enhanced
hydrocarbon recovery, storage of COs, remediation of contaminants in ground-
water aquifers, enhanced hydrocarbon recovery, nuclear waste storage and heat

production from high-enthalpy geothermal systems.

2.1.1 Pore scale modelling

Fluids in subsurface reservoirs flow through tiny interconnected pores from the
micron to sub-micron scale (Nelson, 2009). The simultaneous flow of multiple
phases in the pore space is a complex process. Rock wettability, geometry and
the balance of viscous/capillary /gravity forces all play a role in controlling how
fluids are arranged in the pore space. Understanding how fluids move at this
scale is crucial to building representative continuum-scale models to describe
flow at the reservoir scale. The macroscopic averaged properties can either be
measured experimentally or computed via pore-scale models. Using modern
computer tomographic methods it is possible to image and distinguish between
rock, pore space and fluid phases under static and transient conditions (Blunt,
2017). Assessing the variability in flow properties would require a number of
representative samples. However, with specialised and expensive equipment,
typically requiring a long time to complete, it is often unfeasible to assess this
variability experimentally. Recent work by Mosser et al. (2017) has proposed
the use of machine learning algorithms to efficiently reconstruct the solid-void

structures of porous media. This is currently an active area of research that
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utilises trained neural networks to produce synthetic images that capture the
key statistical and morphological characteristics of the parent porous media
(Mosser et al., 2017; Mosser et al., 2018; Wang et al., 2018).

At the pore scale, flow is governed by the Navier-Stokes momentum equations,
which for an incompressible Newtonian fluid with constant viscosity p can be
written as (Blunt, 2017)

0
/LVQV—,O<(,;;+V'VV>—VPM—|—pg_O (2.1)

where v is the velocity field vector, p, is the microscopic fluid pressure, g is the

acceleration due to gravity and V is the divergence operator.

The momentum equation is combined with the continuity equation enforcing

conservation of mass

V-v=0 (2.2)

The Navier-Stokes equation, Equation 2.1, combined with the continuity equation,
Equation 2.2, form a system of equations. With appropriate boundary conditions

these equations can describe the flow of single-phase fluids in the pore space.

2.1.2 Continuum scale modelling

While pore-scale models are practically used in the millimetre to centimetre
scale, the problems of interest such as oil recovery, contaminant flows and CO,
migration must be simulated at the metre to kilometre scale (Aghaei and Piri,
2015). Computational limitations makes the use of pore-scale methods for these

problems impossible.

In order to describe the flow at larger scales, an averaged description of the flow
is needed. The representative elementary volume (REV) concept forms the basis
for macroscopic modelling of flow in porous media. The REV is defined as the
minimum volume at which pore-scale fluctuations in flow properties, such as
porosity, approach a constant value (Bear, 1972, Figure 2.1a). The behaviour
of these property averages are a function of length scale. At the micro- (pore-)

scale, flow properties exhibit sharp fluctuations. If the averaging volume is very
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small then the property can oscillate depending on whether a greater number of
grains or pores are sampled. Taking porosity (¢) as an example, the averaging
volume can either be within a single grain, in which case ¢ = 0, or within a void
(pore) where ¢ = 1. Neither value is representative of the whole domain. As the
length scale is increased these fluctuations begin to dampen. A a certain length

scale, the averaged property is independent of the averaging volume. It is at
this length scale that REV is defined.

In homogeneous systems, further increases in length scale do not impact the
average value. However, in heterogeneous systems this is not the case: flow
properties are a function of location as well as scale. This complicates the
simple definition of the REV. Geological porous media in fact have several scales
where a REV can be defined. A number of authors have shown how REVs
can be established at the lithofacies scale i.e. decimetre scale (Jackson et al.,
2013; Nordahl and Ringrose, 2008). Lithofacies are by definition a recognisable
subdivision of a stratigraphic unit. It follows that larger REV scales could be
defined that capture larger geological features such as parasequences and facies
association. To this end, Nordahl and Ringrose (2008) show that the size of
the REV is dependent on both the property itself and the correlation length
scale of the lithological element. Based on this they proposed a multi-scale
REV framework (Figure 2.2), where the natural averaging length scale and
measurement length scales can be compared. We will return to this idea in
Chapter 4 where we look at how conventional approaches model the spatial

discretisation of these flow properties.

Continuity equation

At the micro-scale the continuity equation is derived in the REV where relevant
flow parameters are averaged (Bear, 1972). Defining the Darcy velocity, q = ¢v,
as a volume averaged velocity over many pores, and for multi-phase flow the
saturation, S, = ¢, /¢, as the fraction of the pore space filled by phase «, the

multi-phase continuity equation, in differential form reads

0Sa
ot

¢ +V-qa—Vy=0 (2.3)

where U, is the mass flux due to sources (¥, > 0) or sinks (¥, < 0).
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FIGURE 2.1: (A) The REV concept after Bear (1972)), (B)
porous media at the micro-scale, large fluctuations in property
averages occur as the volume samples more grain or void space
(pores), (B) at macro-scale volumes spanning several grains where
average property becomes independent from the averaging vol-
ume, (C) heterogeneous layered systems can introduce further
fluctuations due to spatial variability in flow properties.
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FIGURE 2.2: Conceptual sketch illustrating multi-scales (n =
1,2,3) of REV related to geological heterogeneities and scales of
measurement, from Nordahl and Ringrose (2008)

Darcy’s law

The transition from the microscopic to macroscopic scale also creates a new
momentum equation. This leads to the introduction of Darcy’s law (Nutting,
1930; Wyckoff et al., 1933), which describes the macroscopic flow of a single fluid

phase through an ensemble of pores

q= —I;(Vp - pg) (2.4)

where q is the Darcy velocity, p is the macroscopic pressure and K is the

permeability tensor.

The permeability (K) is an intrinsic property that is a measure of the resistance
provided by the porous medium to fluid flow. It therefore indicates the level
of tortuosity and connectivity of the pore space. One of the greatest impacts
on permeability is the pore size (or grain size). Different rock types, from
sandstone to mudstones have a range of permeability that can span many orders

of magnitude.

For multi-phase flow this becomes (Muskat, 1949)
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Kk,

Qo = — (VDo — pag) (2.5)

o

where £k, is the relative permeability, a dimensionless quantity that indicates

the additional resistance to flow of fluid phase « in the presence of other phases.

2.2 Numerical schemes

Analytical solutions to the coupled system of equations above are available
under simplified assumptions and can play a crucial role in validating numerical
methods. Analytical solutions can also help interpret experimental results as
well as make sense of the complex non-linear interactions of the governing equa-
tions. However, the complex geological geometries and time varying boundary
conditions cannot be resolved by analytical solutions. For most systems of
practical interest the governing equations must be solved numerically. To this
end, the equations, computational domain, boundary and initial conditions must

be discretised.

The spatial discretisation of the domain and of the governing equations must
be coordinated in a way that ensures accurate approximation of the physical
processes. Unfortunately, developments of the geological modelling (Section
2.3) and reservoir simulation technologies have often been conducted separately.
Conventional modelling approaches typically discretise both the petrophysical
properties and flow equations on the same grid, an accidental outcome of
the gradual evolution of modelling workflows. Attempting to better represent
complex geometries invariably leads to deformed grids unsuitable for conventional
simulators. Stair stepping grids have the opposite problem; they fail to accurately

capture complex geometries while being suitable for conventional simulators.

In the following section we will summarise the numerical schemes used to solve
the governing equations. The continuous functions in the governing equations
are approximated by a finite number of discrete values which may be distributed
arbitrarily in space. A number of numerical schemes exist for the discretisation

of partial differential equations, the most popular of which are

e finite-difference method (FDM), which approximate derivatives by Taylor

series expansions;
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e finite-volume method (FVM), which are based on the underlying integral

conservation law and consider fluxes between control-volumes (CVs); and

e finite-element method (FEM), which reduce the integral equations into a

number of simple patches with limited overlapping support.

2.2.1 Finite-difference method

The most predominant numerical method among theoretical /practical applica-
tions is based on the finite-difference method (Firoozabadi and Hoteit, 2015).
This is largely due to their easy implementation, low computational cost and

mass conservative formulations.

Starting with the conservation equation in differential form, the solution domain
is partitioned by a grid and the approximate solution of a continuous function

g(x,t) at node 7 is a pointwise approximation

gi(t) = g(xi, 1) (2.6)

The differential operators that appear in the governing equations are then
approximated by differences, as functions of the pointwise approximations g;,
using the Taylor series expansion. Considering a uniform mesh, a first-order
approximation (global error norm of O(Ax) ) of the first derivative of ¢ in the x

direction at node ¢ is given by

( gggg ) N gm(t)A; gi(t) 2.7)

The mass flux f;; between grid cells 7 — j involves a number of cells defining a
stencil. The simplest scheme generates a 5-point stencil in 2D (or 7-point in 3D),
which can be written using the well known concept of transmissibility (Maliska

et al., 2007)

A
fij = Z(AaK)l]Tj(®] - (I)i)a
z i (2.8)
- ,I%j Z )‘a(q)j - q)i)a

where f;; = u;; - A;; is the mass flux between adjacent grid cells ¢ and j in the

discretised solution. A, represents the phase mobility (%) and ¢, = p, — gpaz



Chapter 2. Background and Literature review 17

is the phase potential. A;; and h;; are the flow area and grid spacing between

points ¢ and j. Tj; is transmissibility, defined as

T, - K, Aij (2.9)

hij

An important characteristic of the Equation 2.8 is that the flux across the grid
cell face between ¢ and j depends solely on the potential gradient in the ¢ — j
direction; hence, it is named the two-point-flux approximation (TPFA). The
permeability tensor (K;;) is assumed diagonal in this scheme; use of the TPFA

with full tensors will result in errors (e.g. Aavatsmark et al., 1994).

This scheme requires that the grid be k-orthogonal, where the principal elements
of the permeability tensor are aligned with the local coordinate system. On
such grids, the flux across a boundary can be well approximated by a factor
of the fluid-potential difference between two neighbouring cells. However, for
non-orthogonal grids, the flux calculation across a boundary depends on all
components of the potential gradient on the boundary (Aziz, 1993). Applying
transmissibility, in the current form (Equation 2.9), on non-orthogonal grids
therefore leads to errors in the flux evaluation. It is well known that the TPFA is
inconsistent with the Darcy flow equation when k-orthogonality is not satisfied
(e.g. Jones et al., 1997; Chen et al., 2007; Wu and Parashkevov, 2009; Jackson
et al., 2015), i.e. the solution will not converge to the exact answer even with

infinite grid refinement.

The dependency of simulation results on the type of grid is called the grid
orientation effect. Since it was first demonstrated for the 5-point finite difference
scheme by Todd et al. (1972), many works have been published on this phe-
nomenon (e.g. Coats et al., 1974; Potempa, 1985; Wu and Parashkevov, 2009).
In their paper, Wu and Parashkevov (2009) conducted a detailed analysis of the
simulation errors associated with deviated grids. Figure 2.3a shows an example of
a 2.5D Voronoi grid representing a fault-block geometry. In generating this grid,
non-orthogonality is introduced in vertical cross section. Wu and Parashkevov
(2009) concluded that for most practical cases, while errors in horizontal flow
are relatively small, the adverse effect of non-orthogonality on vertical flow can

be quite significant (Figure 2.3b).

There exists a large body of work devoted to techniques for reducing the grid
orientation effect (e.g. Yanosik and McCracken, 1979; Ko and Au, 1979; Quan-
dalle and Besset, 1985; Hurtado et al., 2007; Bagheri and Settari, 2007; Pruess

and Bodvarsson, 1983). However there is still no universally accepted remedy.
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FIGURE 2.3: (A) Deviated grid for a sloping fault. Warmer

colours indicate greater deviations from orthogonality; (B) Error

in total vertical flux vs fault angle for the vertical-flow problem
(Wu and Parashkevov, 2009)

Despite the inconsistency of the TPFA method (for non k-orthogonal grids), it
is still widely used in most commercial reservoirs. On structured grids these
methods are unmatched in efficiency and robustness (Wu and Parashkevov,
2009). However, one of the major disadvantages of the FDM is that they are

restricted to simple geometries (Ferziger and Perié¢, 2002).

2.2.2 Finite-volume method

In the FVM, the solution domain is subdivided into a finite number of non-
overlapping CVs. Mass conservation is then established over the CV by approxi-
mating the flux across control volume boundaries. Using the integral form of

the conservation equation, the flux through a CV surface (I') is given by

fo== [ (AKV®,) - nds (2.10)

where n is the unit outward normal vector to the control boundary surface (I').

Traditionally, the TPFA was used to approximate the flux across each face of
the CVs but, as explained above, this scheme is inconsistent with the Darcy
equation for non-k-orthogonal grids. To obtain a more consistent scheme, a more
advanced discretisation is needed, termed the multi-point-flux approximation
(MPFA) (e.g. Aavatsmark et al., 1994; Edwards and Rogers, 1998; Verma and
Aziz, 1997; Lie et al., 2012). These methods are based on an extended stencil
that uses more than two grid cells to approximate the interface fluxes. Following
the pioneering work by the early authors, a whole class of MPFA methods now
exist (Aavatsmark, 2002).
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FIGURE 2.4: (A) TPFA in one dimension (1D); (B) MPFA in 2D;
the interaction region is depicted by the dashed lines and centred
around vertices to form a dual grid. Modified from Juanes et al.

(2005).

In the MPFA method, the fluxes are computed across half-edges inside an inter-

action region (Figure 2.4b). The flux across an interface i can be approximated
by

fia=>_T;P; (2.11)
jed
where J is the set of grid cells that surround interface ¢. This naturally leads to
a 9-point stencil in 2D, and 27-point stencil in 3D (Verma and Aziz, 1997).

MPFA methods have received a lot of attention due to their easy incorporation
into legacy reservoir simulation codes and is undergoing further development as
a result (e.g. Eigestad et al., 2002; Mlacnik et al., 2006; Njifenjou and Nguena,
2008; Chen et al., 2007; Friis and Edwards, 2011; Ahmed et al., 2015; Lie et al.,
2012). However the MPFA comes with a large computational cost due to the
larger stencil employed. MPFA schemes are also not guaranteed to produce

symmetric and positive-definite discrete systems.

While in principle the FVM can accommodate any type of grid, most commercial
simulators using FVM employ the TPFA (Manchuk and Deutsch, 2009) and
are therefore limited to using k-orthogonal grids. Although corner point grids
do offer greater flexibility over Cartesian grids they are not guaranteed to be
k-orthogonal. It is also difficult to align corner point grids with complex well

trajectories, overturned surfaces and intersecting faults (Farmer, 2005).
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2.2.3 Finite-element method

Similar to the FVM, FEM discretise the domain into a number of discrete volumes
(or finite elements). These elements are generally unstructured and usually
triangles or quadrilaterals in 2D, while tetrahedral and hexahedral elements are
most often employed in 3D (Zienkiewicz et al., 2013). Unlike finite-difference-
finite-volume method (FDFVM) with the TPFA, FEM in general do not suffer
from the k-orthogonal grid restriction. Unknown variables and gradients are
approximated using known element interpolation functions. This allows variables
such as saturation and concentration to vary within a given element which helps
to reduce numerical dispersion. A key step in the implementation of FEMs is the
use of reference elements on which a set of interpolation functions is constructed
once and mapped to each element in a mesh (Elman et al., 2006). FEMs are
therefore only suitable when mapping between physical and reference elements

are well-defined.

Standard finite element methods are based on the Galerkin formulation of
weighted residuals (Donea and Huerta, 2003) and have gained wide popularity
in several branches of engineering science, especially in civil and aeronautical
engineering (Zienkiewicz et al., 2013). The success of the standard Galerkin
finite-element (SG) methods in these fields drew many researchers to apply these
techniques in fluid dynamics. However, for multi-phase flow in porous media, it
was quickly apparent that the solution was unstable, producing oscillations near

sharp fronts and converging to the wrong solution (Spivak et al., 1975).

One variant developed to avoid this issue is the fully coupled upwind-weighted
finite-element method (FUG) (Huyakorn and Pinder, 1978; Dalen, 1979; Forsyth,
1991; Helmig and Huber, 1998; Bastian and Helmig, 1999). A comparative study
by Helmig and Huber (1998) showed that the SG method failed to produce
accurate results due to non-physical mobility terms which leads to incorrect
fluxes. Accurate results were obtained using the FUG method where the mobility
is fully upstream weighted, equal to the value of the mobility at the upstream

node.

A drawback of FUG methods is that the algebraic solution matrices are often
poorly conditioned and not diagonally dominant, making the use of fast matrix
solvers difficult (Geiger et al., 2004). Another draw back is that, in general, the

SG and FUG methods are not locally mass conservative.

A need for local mass conservative formulations lead to the development of
hybrid control-volume-finite-element method (CVFEM). The CVFEM were first
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FIGURE 2.5: A control volume in the triangular finite element
mesh. Filled circles represent element vertices, empty circles are
the centroids.

proposed by Baliga and Patankar (1980) and Prakash (1987) for Navier-Stokes
equations. The CVFEM are similar in some respects to FVM with MPFA | in
that the integral conservation equations are applied to polygonal CVs, built
around each node of the triangular mesh. The dual control volume mesh is
formed from the finite element mesh by joining the centroids of the elements

and the element edge midpoints (Figure 2.5).

The geometric flexibility of the finite element method is therefore retained and
combined with the local mass conservation property of the finite volume method.
In the CVFEM, the pressure field is solved for using the standard Galerkin
method and the saturation is solved on the CV. For traditional CVFEM the
fluid velocity is obtained by element-wise differentiation of the pressure field

and Darcy’s law.

A 1D representation is shown in Figure 2.6 for a POpgP1 element pair, where
pressure varies linearly across each element (P1) and velocity is constant within
each element and is discontinuous between elements (POpg). The piecewise
constant derivative of the pressure field across each finite-element (FE) leads to
a discontinuous velocity field across two adjacent elements. The dual CV mesh
is then used to provide a flux continuity across the boundaries of adjacent CVs
(Geiger et al., 2004).

Material properties such as porosity and permeability are defined FE-wise. While
this ensures accurate representation of the complex geological heterogeneities,
the node-centred CVs smear out saturation solutions across material boundaries
(Edwards, 2006; Nick and Matthéi, 2011; Abushaikha et al., 2015; Salinas et al.,
2018a).

It is well known, although rarely reported in the literature that solving the
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T control|volume

finite element,

FIGURE 2.6: Traditional CVFEM, here for a POpgP1 element
pair. The exact solution p(z) is approximated by p(z) using the

piecewise linear interpolation functions INV; and IN; of each finite

element. The piecewise constant derivative of this solution g—g is

proportional to the Darcy velocity but discontinuous across two
neighbouring finite elements. Flux continuity is achieved across
boundaries of adjacent CV built around the nodes of the finite
element. Integration of the fluxes over the surface of the CVs
ensures mass conservation. Adapted from Paluszny et al. (2007).

pressure equation with the CVFEM presents difficulties in poor quality meshes.
Pressure solutions may fail to converge, or be physically unrealistic (Salinas et al.,
2017b). The derivative of the pressure solution is approximated by derivatives of
the interpolation functions. However, when element angles are large, determining
accurate derivatives of these interpolation functions can be challenging. This
can lead to the pressure solution failing to converge (Salinas et al., 2017b).
In this work, we will introduce a variant of the CVFEM termed the double
control-volume-finite-element method (DCVFEM) in Chapter 3 and later extend

it to address the issue of saturation smearing in Chapter 6.

It is clear, therefore, that in the standard CVFEM, the velocity representation is
one order less accurate than the pressure representation. In contrast to this the
mixed FEM (Chen and Hou, 2002; Hoteit and Firoozabadi, 2006; Durlofsky and
Chien, 1993; Aarnes et al., 2006) allow for the simultaneous computation of the
pressure and its gradient. The pressure and velocity are therefore of the same
order of accuracy. Moreover, mixed FEMs yield continuous velocities across
element edges and are thus locally conservative, similar to the FVMs (Durlofsky
and Chien, 1993; Wheeler and Yotov, 2006). A computational drawback of
standard mixed methods is the need to solve an algebraic system of saddle

point type (Helmig, 1997). However, hybridisation of the mixed finite element
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formulation was demonstrated to overcome this deficiency. In the mixed-hybrid
FEM Lagrangian multipliers are used to obtain a linear system of equations with
more favourable properties (Huber and Helmig, 1999; Moortgat and Firoozabadi,
2016; Farhloul and Fortin, 2002; Arnold and Brezzi, 1985; Aarnes et al., 2008;
Farthing et al., 2003).

The approach used in this thesis and described in Chapter 3 achieves the same
objective of higher order velocities using an alternative method. In essence, we
use a FE interpolation of the CV solutions to provide, potentially, very high

order velocity approximations (Gomes et al., 2017).

2.2.4 Multi-scale methods

As discussed earlier, typically an upscaling approach is used to develop effective
flow properties such as permeability from an underlying fine-scale ‘geo-model’
to a ‘simulation model’, where any of the above discretisation schemes can be
used. However, upscaling techniques are generally process dependent and limited
to certain boundary conditions (Durlofsky et al., 1997). As an alternative to
traditional upscaling techniques, so-called multi-scale discretisation methods
were developed (Hou and Wu, 1997; Klemetsdal et al., 2018; Aarnes et al., 2008;
Tchelepi et al., 2007). These methods are based on hierarchical grids with basis
functions used to map between associated cells of the fine-scale and coarse-scale
grids. Similar to traditional upscaling techniques, these basis functions are found
by solving a localised flow problem (Moyner and Lie, 2016). However, unlike
the effective properties of traditional upscaling methods, these basis functions

are able to account for the local fine-scale variations.

Multi-scale methods therefore have the potential to capture small-scale effects
on large-scale models and accelerate flow simulations. However, most multi-scale
methods have been implemented on simple grid geometries (e.g. Lunati and
Jenny, 2006; Wang et al., 2014). Significant developments have been made over
the past decade, the methods are now applicable to grids with general polyhedral
geometry and unstructured topology (e.g. tetrahedral, prismatic, hexahedral
elements) (Moyner and Lie, 2016; Lie et al., 2017a).

2.2.5 Temporal discretisation

As well as the spatial discretisation, the governing equations require temporal
discretisation. As unsteady flows are parabolic in time, the solution at a

particular time step depends solely on previous time steps. The semi-discrete
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method is the most commonly used technique; where the time derivatives are
replaced by finite-differences. Various time stepping schemes exist to advance

the solution depending on the time at which the equation is discretised.

The simplest scheme is the explicit forward Euler where the solution at t"*! is
obtained directly from known values at time ¢". The explicit scheme is easy to
implement and parallelise. However, for stability reasons, explicit methods can
impose severe restrictions on the time step size, especially for strongly varying
velocity and/or mesh size, i.e. the Courant-Friedrichs-Lewy (CFL) condition
(Courant et al., 1967).

Alternatively, the implicit backward Euler scheme involves iteratively solving a
system of equations to obtain the solution at t"*!. Although more expensive to
implement, the implicit method is stable for large Courant numbers (Donea and
Huerta, 2003).

The level of ‘implicitness’ can be tuned with the implicitness parameter 6
(0 <0 <1). The forward Euler is obtained for # = 0 and the backward Euler
is returned when 6 = 1. Both explicit and implicit methods are first-order; an
alternative is the second-order Crank-Nicolson method, where 8 = 0.5, often used
due to its simple two-level time stepping approach and unconditional stability
(Donea and Huerta, 2003).

Implicit schemes include the fully implicit (FI) method and sequential implicit
methods. In the FI method the coupled system is solved simultaneously and is
unconditionally stable, allowing for large time steps. However, FI methods can
be more expensive and more dissipative than explicit methods. On the other
hand sequential methods decouple pressure and saturation equations which adds

flexibility in the discretisation and solution methodology.

A classical sequential method is the implicit pressure explicit saturation (IMPES)
scheme, such as the streamline methods (e.g. Blunt et al., 1996), where the
pressure equation is solved implicitly while the saturation equations are treated
explicitly. However, for highly heterogeneous models, the CFL stability condition,
of the explicit update, may lead to severe time step restrictions in smooth regions
away from sharp fronts that make it less efficient than implicit methods (Blunt
and Rubin, 1992). This can be further exacerbated when non-linearity is

introduced; when, for example, high capillary effects are included.

To improve stability of sequential implicit methods Watts (1986) proposed
an approach treating both pressure and saturation implicitly, allowing much

larger time steps than those achieved with IMPES. However, the semi-implicit
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treatment of velocity still caused stability and mass conservation issues (Aziz
and Settari, 1979; Watts, 1986). Recently the sequential fully implicit (SFI)
method was proposed by Jenny et al. (2006) to address these issues. The SFI
method implicitly solves the pressure and saturation equations iteratively before
advancing to the next time step. The method provides a consistent, mass

conservative solution (Jiang and Tchelepi, 2019).

Another approach is an adaptively implicit scheme, which smoothly switches
from Crank-Nicolson (6 = 0.5) to backward Euler (Blunt and Rubin, 1992;
Gomes et al., 2008), which we use in this thesis. The level of implicitness is
controlled by a local stability criterion based on a total variation diminishing
scheme (Kuzmin, 2010). This ensures that the scheme is able to resolve shock
fronts with a first-order, non-oscillatory method while higher-order time accuracy

are used in smooth regions (Gomes et al., 2017).

2.3 Building geological models

The mathematical formulation describing flow through porous media requires
adequate boundary and initial conditions and a description of the subsurface ge-
ometry. Creating the representative geological architecture and the attributable

properties such as rock and fluid properties is known as geological modelling.

Many of the geological heterogeneities of interest, have complex geometries
that occur over a broad range of length scales, from the scale of the pore to
the depositional system (Figure 2.7). These heterogeneities can be attributed
to the complex sedimentary, diagenetic and tectonic events that created them.
Accurate prediction of reservoir performance depends on the accurate estimation

of the subsurface material properties and fluid distribution.

Understanding of reservoir architectures has improved considerably with the
advent of advanced imaging techniques and characterisation of reservoir ana-
logues (Jia et al., 2012). The combination of higher resolution reservoir data
and computing power has lead to a step change in reservoir characterisation
capabilities. The most significant advances have been in seismic acquisition
and processing. The introduction of 3D seismic, increasingly high resolution
data and improved processing capabilities have allowed geoscientists to interpret

seismic data faster and more accurately.

Unfortunately, many of the important geological heterogeneities are below seismic

resolution, and detailed core and well-log data typically sample less than 0.1% of
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the reservoir volume (Carlson, 2003). With the limited resolution and extent of
field data, the major challenge in subsurface modelling is how to utilise geological
analogues, seismic and sparse well data, to develop a conceptual description
of the subsurface. Stochastic models provide a means to represent the spatial
uncertainty through the construction of multiple realisations, constrained to
data (Haldorsen and Damsleth, 1990; Damsleth et al., 1992; Pyrcz and Deutsch,
2014). A wide variety of geostatistical methodologies have been developed to

achieve this dual goal.

2.3.1 Conventional modelling methods

Conventional modelling workflows generally follow the steps outlined in Figure
1.1. Reservoir volumes and large scale reservoir zones are typically delineated
using surfaces. Once these large scale structures have been defined, 3D reservoir

grids are typically built on which facies and petrophysical properties are assigned.

Facies are one of the most important features that determine the quality of
the reservoir, capturing the depositional setting, lithofacies and architecture
(Pyrcz and Deutsch, 2014). Facies modelling techniques can be categorised into
four main groups: (1) Pixel-based models (variogram-based and multi-point
statistics), (2) object-based models, (3) rule-based methods and 4) process-based
models. These methods can be placed in a continuum of modelling techniques
(Pyrcz et al., 2015; Figure 2.8). Pixel-based methods are typically easier to
condition but lack the ability to honour sedimentological concepts such as
connectivity and ordering relations, while process-based models can produce

highly realistic heterogeneity but are unconditional to local observations.

Variogram-based approaches describe the spatial correlation of two points in
space as a function of the distance between them. These methods have gained
popularity due to their simplicity, stability and unlimited ability to condition
to well data and trends (Pyrcz et al., 2015). Variogram-based models include,
among others, sequential indicator simulations (SISIM; Journel and Huijbregts,
1978) and truncated Gaussian simulations (TGSIM; MacDonald et al., 1998).
However, variogram methods are limited to two-point statistics (Deutsch and
Journel, 1998) and cannot look at spatial continuity with more than two locations;
as a result, complex geological structures are not well modelled (Pyrcz et al.,

2005).

More recently Strebelle (2002) extended pixel-based methods to use multiple-

point statistics (MPS), which is capable of capturing more complex spatial
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features as well as ordering relations. With MPS, the spatial heterogeneity is
inferred from a training image depicting the geometric features expected in
the subsurface. The statistics inferred from the training images (TIs) are used
to build models conditioned to well data. The TT is a conceptual image of
the expected spatial structure, often built using measured data. Current MPS
methods are designed for stationary TIs; however reservoir properties typically
exhibit non-stationary features such as trends. It is therefore difficult to create
realistic TIs with no trend or the trends removed, although some progress has

been made to address the problem of non-stationarity (e.g. Hu and Chugunova,

2008).

Object-based or boolean techniques were pioneered by Haldorsen and Lake
(1984), Stoyan et al. (1987), and Haldorsen and Damsleth (1990) with the
aim of constructing more geologically realistic stochastic models. Unlike the
pixel-based method, object-based algorithms assign whole objects or sets of
cells, each having a well defined geometry, to groups of cells or points in space.
Object models have been shown to be very efficient at reproducing repetitive
geological structures, such as fluvial channels and deltaic lobes (e.g. Shmaryan
and Deutsch, 1999; Seifert and Jensen, 2000; Damsleth et al., 1992; Deutsch
and Wang, 1996). However, difficulty in parameterisation of these object shapes
means that these methods lack flexibility and must often be done by trial and
error (Allard et al., 2004). This is particularly true when conditioning to dense

data or when exhaustive information such as seismic data needs to be integrated.

A first principles approach to geological modelling is the process-based method.
In this approach models are built by simulating the fundamental physics of
the sedimentation and depositional processes (Tetzlaff and Harbaugh, 1989;
Martinez and Harbaugh, 1993). An understanding of the physics of surface water
flow and sediment transport as well as basin formation and filling mechanisms
allows process-based models to produce realistic geometries not limited by
prior assumptions of spatial structure (Michael et al., 2010). However, initial
and boundary conditions for these models are highly uncertain. The high
computational costs of process-based models also limit the consideration of
multiple realisations. Despite the promise of more realistic model realisations
process, models are rarely used for flow prediction models, due to their limited
ability to condition to seismic and well data (Reza et al., 2006; Michael et al.,
2010).

Alternative rule-based approaches such as surface-based methods play an im-

portant role in expanding the capability of geostatistical modelling approaches.
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FIGURE 2.8: Various modelling methodologies on a continuum

from the conventional geostatistical models (far left) which are

able to incorporate data directly to the unconditional (no data

integration) process-based models (far right), from Pyrcz et al.
(2015).

Unlike process-based models, rule-based models do not aim to simulate sediment
transport, deposition and erosion; rather, they mimic the geometries created by
the geological process at varying scale and detail (Pyrcz et al., 2015). Surface-
based models are intuitive and able to accurately reproduce idealised geometries,
honouring facies continuity with relative ease. Our modelling approach make

use of this approach, which is explained in more detail later in this thesis.

2.3.2 Gridding

Regardless of the method used to guide the representation of heterogeneity, and
the data used to constrain the uncertainties in geometry or property distribution,
discretised models are needed for numerical calculations. Pixel- and object-based
approaches are built upon predefined grids. With a predefined grid, the spatial
resolution and structural complexity of the model is limited by the resolution
of the underlying grid. One approach to handling fine-scale heterogeneity is to
simply use a very large number of k-orthogonal grid blocks. With increased
computational capabilities, there has been an effort to develop massively parallel
simulators that allow simulations on models that contain 100s millions to billions
of grids cells (e.g. GigaPowers™; Dogru et al., 2002; Dogru et al., 2009). There
are several issues with this approach. First, intensive computational resources are
required to populate such large grid-based models with petrophysical properties.
Second, significant memory requirements are needed to store, visualise and
manipulate these models. Third, flow simulating these large models requires

substantial computational overhead. All these issues reduce the flexibility of
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modellers to test various geological concepts and reservoir engineers to explore

production/storage strategies.

Various gridding approaches have been developed which attempt to produce
discretised geomodels that retain the geometry of the geology, while suppressing
the number of distorted, non-k-orthogonal cells which are harmful to conventional

flow simulations or require multi-point flux approximation for flow computation.

The simplest gridding type is the Cartesian grid or regular grid which subdivides
the reservoir into sugar-cube cells. Such grids fulfil the orthogonality constraint
of conventional numerical schemes but typically provide a very poor represen-
tation of geological features without the use of a large number of grid cells.
For structurally complex environments, it is important to take into account
discontinuities such as faults, which are not aligned with the principle axis. On
Cartesian grids this can only be achieved by approximating inclined faults using
staircase-like steps (Figure 2.10a). This ensures the resulting grid is k-orthogonal

and therefore compatible with conventional flow simulators.

Corner point grids are the most common grid type in commercial workflows
(e.g. RMST™™ PETREL™™). They are sometimes referred to as pillar grids
(Ponting, 1992). Corner point grids offer greater flexibility to describe more
complex geometries (structural or stratigraphic) than Cartesian grids. Grid
cells are defined by their corner nodes enabling the model to conform to the
geometry of the reservoir, but at the expense of grid orthogonality, both in
plan view and cross section (Figure 2.10b). Pillars form a skeletal framework
which runs through the full thickness of the domain and the same resolution (i.e.
number of pillars) is imposed across all layers. Areal grid resolution is therefore
fixed, leading to large features being over-resolved while small features are under-
resolved or even omitted (Jacquemyn et al., 2018). When modelling non-vertical
faults, pillar gridding can cause large volume distortions and non-orthogonality
problems. Structurally complex interpretations can be difficult or impossible to
represent, such as vertically intersecting and listric faults, where modifications
of the fault geometries, simplifications and/or removal from the model are often
required. Pillar grids also make many common geological features impossible to
represent, such as non-monotonic surfaces associated with recumbent folds and

injected bodies (Jacquemyn et al., 2018).

Semi-unstructured grids such as perpendicular bisector (PEBI) grids or 2.5D
Voronoi grids are a more flexible gridding approach than corner point grids and
are commonly applied in commercial reservoir simulators. First introduced to

petroleum engineering by Heinemann et al. (1991), PEBI grids make it possible
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FICURE 2.9: Loss of fidelity in grid-based models, adapted from
Jackson et al., 2015

to capture complex boundaries such as faults with a grid which is (approximately)
k-orthogonal in plan view, helping to reduce grid orientation errors (Verma and
Aziz, 1997). However, non-orthogonality is still present in cross section (Figure
2.10c). Although less problematic than corner point grids, generating 2.5D
Voronoi grids remains a challenge, especially for complex geology and sharp
material interfaces. Another major drawback is that Voronoi cells cannot be
represented in parametric space (Paluszny et al., 2007), which reduces its utility

in an integrated FE code.

Some modern modelling tools (SKUA-GOCAD™  JewelSuite™) have at-
tempted to bridge the gap between geomodels and flow simulation models,
without simplifying the structural interpretation. With SKUA models, a param-
terisation of the subsurface is built which provides a representation for both geo-
and flow simulation models. For flow simulations SKUA geomodels are typically
mapped onto Cartesian grids, where stratigraphic and structural features are
captured in a stair-stepped fashion (Gringarten et al., 2009). This allows flow
simulation to be done using conventional finite-difference (FD) TPFA simulators.
However, as these methods still rely on k-orthogonal grids, they suffer from the

same drawbacks discussed earlier.
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FIGURE 2.10: Modelling of a faulted domain using (A) Cartesian
grid; (B) Corner-point grid; (C) 2.5-D perpendicular-bisector grid
(PEBI) (Jackson et al., 2015). In (A), the grid is orthogonal, the
dipping-fault has to be approximated by staircase-like steps. In
(B), the fault geometry is better captured but is non-orthogonal
both in plan view and cross section. In (C), the grid is approx-
imately k-orthogonal in plan view but still non-orthogonal in
cross section.

2.3.3 Swurface-based modelling

Surface-based geological modelling (SBM) is an alternative modelling approach
to grid-based methods, where all geological heterogeneity that impacts flow is
represented explicitly by their bounding surfaces (Xie et al., 2001; Pyrcz et al.,
2005; Zhang et al., 2009; Sech et al., 2009; Caumon et al., 2009; Graham et al.,
2015a; Graham et al., 2015b; Jacquemyn et al., 2018). A key difference to other
modelling approaches is that all heterogeneities of interest are built without

reference to an underlying grid.

Xie et al. (2001) suggested modelling the reservoir as a collection of separate
sedimentary units, where each unit is stochastically generated. Sech et al. (2009)
showed how surfaces can be deterministically interpolated between control lines
or points. These individual units are later assembled, maintaining the realistic
heterogeneity patterns. Any structural, stratigraphic, sedimentological and
diagenetic heterogeneities can be incorporated into the reservoir model using
a hierarchy of surfaces. The resulting facies and property models are able
to reproduce realistic geological architectures. Surfaces can be ranked into a
hierarchy of surfaces based on their interactions. Surfaces representing erosion,

for example, can be created by one surface truncating another (Figure 2.11;

Jackson et al., 2013).

Bertoncello et al. (2013) considered deposition of lobes in a turbidite reservoir

(Figure 2.12). A set of parametrised lobe templates (Figure 2.12b) are stacked
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FIGURE 2.11: A generic example of the rule-based surface-

hierarchy. Structural surfaces (1-2) are at the top of the hierarchy

as they truncate all other surfaces. Stratigraphic surfaces (3-5)

are at the next in the hierarchy, truncated by structural surfaces

but truncate facies boundaries. Sedimentological surfaces (6-11)
are the base of the hierarchy (Jackson et al., 2015).

sequentially upon a basal surface representing the sea-floor topography (Figure
2.12a). The final model, Figures 2.12c¢ - 2.12d accounts for the series of complex

depositional and erosional events.

There are a number of surface-based modelling (SBM) methods and codes that
have been developed in the past few years although, so far, no single, integrated
software package is available. While previous studies have shown that SBMs are
able to accurately reproduce realistic geological geometries, most only developed
static models. For the study of dynamic effects, the geometry needs to be
discretised and one of a variety of numerical methods can be used for flow

simulation.

White and coworkers (White and Barton, 1999; Willis and White, 2000; White et
al., 2004) developed a surface-based approach to modelling 2D outcrop exposures.
Similar works by Sech et al. (2009) and Graham et al. (2015a) extended the
SBM approach to 3D models of shallow marine reservoirs. Surfaces were traced
over photomontages of the outcrop exposures and later used to constrain corner
grids for flow simulations, i.e. stratigraphic corner point gridding. Grid blocks
at pinch outs (where two surfaces coincide) generate degenerate quadrilateral
cells with one edge having negligible thickness (Figure 2.13). The adjacent grid
cells with negligible thickness are marked as inactive and vertical continuity is

preserved using non-neighbour connections (Figure 2.13).

The modelling approach described above proved to be successful for the shallow
dipping stratigraphic surfaces, termed clinoforms (< 1°) modelled by Sech et
al. (2009) and White et al. (2004) (Figure 2.14a), where grid deviations from

k-orthogonality were small. However, the steeper dipping clinoforms modelled
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() (D)

FIGURE 2.12: Overview of the surface-based modelling approach

adopted by Bertoncello et al. (2013). (A) Basal surface, repre-

senting the sea floor; (B) thickness events extracted from process-

based model (Michael et al., 2010); (C) Top view of final model;

(D) Cross section of final geological model. Colours represent
different domains enclosed by surfaces.
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FICGURE 2.13: Surfaces govern the architecture of the grid using
stratigraphic corner point gridding. Where geological zones pinch
out, degenerate quadrilateral cells are generated. To avoid no
flow barriers and to maintain vertical continuity non-neighbour
connections are used. Adapted from White and Barton (1999).

by Graham et al. (2015a) (up to 5°; Figure 2.14b) caused severe deviations and
manual editing, including the addition of a dummy grid layer to reduce bypass
in degenerate cells, was needed to avoid large numerical errors compromising

the accuracy of the flow simulations.

These numerical artefacts were illustrated in the work by Massart et al. (2016).
A surface-based modelling approach was developed to determine the effective
flow properties of heterolithic, cross-bedded tidal sandstones (Figure 2.15a). A
corner point gridding scheme was used to discretise the model. The computed
permeability is shown in Figure 2.15b. The variations in effective permeability
are obscured by the large errors due to numerical artefacts caused by non-k-

orthogonality, introduced by stratigraphic corner point gridding.

The previous studies, and others have shown that the use of stratigraphic
corner point grids is not ideal for complex geometries. Next generation flow
simulators have started moving away from TPFA numerical schemes (Edwards,
2002; Paluszny et al., 2007; Jackson et al., 2015), which have, hitherto, restricted
simulation models to (close to) k-orthogonal grids. The next stage should be to
find a robust way of building 3D surface-based geological models suitable for

next generation flow simulations.

Jackson et al. (2015) proposed a surface-based modelling and reservoir simu-
lation workflow that replaces conventional grid-based methods. All geological
heterogeneity of interest that affects the spatial distribution of petrophysical
properties is represented by surface-bounded volumes. These discrete volumes
(geological domains) are modelled as internally homogeneous. The petrophysi-
cal properties within these domains are determined from core- or log-derived
data, or alternatively upscaled from fine-scale models that capture smaller-scale

heterogeneities below that of the modelled surfaces.
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FIGURE 2.14: 2D section through surface-based models showing

the corner gridding scheme used to preserve geological architec-

ture of the dipping surfaces. (A) from Sech et al. (2009), here

clinoform dips were < 1°, (B) from Graham et al. (2015a) where
clinoform dips were up to 5°

The SBM approach is grid-free, synonymous with the Boundary REPresentation
format (BREP) frequently used in computer aided design (CAD) for engineering
applications (Farin, 2002). With BREP, volume shapes are approximated
by their outer boundary, delineated by bounding surfaces. Several methods
exist to represent these bounding surfaces including non-smooth polyhedral
(triangulated) surfaces and smooth non-uniform b-spline curves and surfaces
(NURBS). While triangulated surfaces are easier to condition to well data, they
are scale dependent and it is often difficult to construct complex intersecting
geometries in 3D (Matthéi et al., 2005b). Alternatively, NURBS are an efficient
and flexible way to represent curves and surfaces using local control (Farin, 2002).
With local control points i.e. control points that only affect their immediate
neighbours, multiple boundaries can be matched. This allows complex, non-

monotonic shapes to be represented (e.g. Figure 2.16).

Another major advantage of this approach is that it is grid-free i.e. individual
elements are modelled as volumes bounded by parametric surfaces without
employing an underlying grid. This allows a flow simulation grid to be defined
only when needed; the geological model resolution is therefore not limited by

the grid resolution.
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FIGURE 2.15: a) Cross-bedded sandstones model used to inves-

tigate the sensitivity of effective permeability to sample volume,

b) effective permeability in the dip and strike directions as a

function of sample volume, normalised by the permeability of

equivalent sandstone only sample. The error bars indicate the

numerical artefacts introduced by cornerpoint gridding. From
Massart et al. (2016).
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However, a disadvantage of NURBS is that they are based on a tensor-product
structure leading to unavoidable gaps when expressing the intersection of two
NURBS surfaces (Sederberg et al., 2008). In the workflow adopted in this thesis
the ‘watertightness’ of the model is therefore only guaranteed at the meshing
stage. Significant research effort has recently been placed to solve the inconsis-
tencies in geometric and simulation models, known as design and analysis models
in the CAD literature. This has lead to the concept of isogeometric analysis
(IGA), to more closely integrate design and analysis models (Johannessen, 2014).
Several authors have proposed spline technologies for this purpose including
locally refined (LR) B-splines by Dokken et al. (2013). However, their discussion
is out of the scope of this thesis.p

As alluded to earlier, in their methodology, Jackson et al. (2015) incorporate the
property model directly into their geometrical model. When surfaces generated
are insufficient to represent all the heterogeneity of interest, additional surfaces
can be added. The combination of surfaces at lower hierarchical levels allows the
model to incorporate heterogeneity at multiple scales. Figure 2.17 demonstrates
this concept on a channelised sand body. The base of the channel represents the
highest hierarchical level and a further five surfaces are inserted that terminate

against the base surface, representing a channel lag and lateral accretion surfaces.

While NURBS surface-based models representing complex, geological geometries
may be discretised using conventional k-orthogonal grids, the refinement required
to track boundaries not aligned with the principle axis might be prohibitive.
The workflow advocated by Jacquemyn et al. (2018) and used in this thesis will
be to use unstructured tetrahedral meshes (Melnikova et al., 2016) to discretise

the surfaces and the volumes defined by the surfaces.

2.3.4 Unstructured adaptive meshes

One of the major challenges in flow simulating surface-based models is how
to discretise the model, while maintaining important geological features. Un-
structured, non-k-orthogonal meshes offer several advantages: one of the most
important is the accurate representation of complex geometries, both in plan
view and cross-section. These grids can be designed to align with fault surfaces,
stratigraphic layers, facies boundaries and other important interfaces such as
impermeable shale boundaries or ‘super k’ (very high permeability) zones. Faults
and fractures are especially challenging to model as they exhibit large aspect
ratios, layer displacement and complex cross-cutting relationships (Paluszny

et al., 2007). Figure 2.18 is an example of a complex fractured fold, observed at
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(c)

FIGURE 2.16: Common structural heterogeneities represented

using NURBS. (A) Faulted recumbent fold, (B) Conjugate normal

fault sets, C) Listric growth fault. Adapted from Jacquemyn
et al. (2018).
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/ / /

FI1GURE 2.17: Multiple surfaces representing internal heterogene-
ity within a channelised body (Jacquemyn et al., 2018).

an outcrop on the southern margin of the Bristol Channel coast. The fractures
have variable apertures and range in size over many orders of magnitude. This
would be impossible to represent using conventional (close to) k-orthogonal grids

without using a prohibitively large number of grid cells.

While unstructured, non-k-orthogonal meshes offer greater flexibility in pre-
serving complex geometries, they do come at an additional computational cost.
Unlike structured meshes, grid points on an unstructured mesh can be arbitrarily
connected to their neighbours; determining the location of neighbour cells is no
longer trivial. However, this does also allow the resolution of the mesh to vary

arbitrarily from one region to another.

Conventional reservoir simulation models employ the same fized, coarse grid
resolution throughout a given reservoir zone. In many production scenarios,
higher grid resolution may be needed in zones of dynamic interest, based on
the curvature of the solution fields of interest such as pressure or saturation
(Schmidt and Jacobs, 1988; Trangenstein, 2002; Mostaghimi et al., 2015; Jackson
et al., 2015). For example, during waterflooding in an oil reservoir, i.e. the
displacement of oil by the injection of water, a large saturation gradient exists

at the water front (shock front), which can be resolved more accurately with a
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FIGURE 2.18: Geological complexity of an outcrop of Liassic

limestone on the southern Bristol Channel coast, UK. (A) Pho-

tograph of a small-scale fold structure intersected by carbonate

veins crosscut by later Alpine joints; (B) NURBS CAD model of

the same structure with the numerous intersection curves and

acute intersection angles between fractures. (Paluszny et al.,
2007)

higher resolution grid. Behind the front (rarefaction) the change in saturation is

gradual and a lower resolution grid may be sufficient.

Computational memory and run time limit the maximum number of elements
that can be used in flow simulations. It is therefore impractical to simulate high
resolution models. Previous work in other areas of computational fluid dynamics
(CFD) have shown that a more efficient use of computational resources, without
losing the accuracy of the numerical solution, is to employ adaptive meshing

techniques to refine the grid where necessary (Alauzet and Loseille, 2016).
Several ways of modifying a mesh exist (Figure 2.19):

1. splitting or amalgamating existing elements and changing the connectivity
of the nodes — called h-adaptivity (Berger and Colella, 1989),

2. removing vertices to make new elements while retaining the same connec-
tivity — r-adaptivity (Budd et al., 2009), and

3. varying the polynomial order of the approximation — called p-adaptivity
(Babuska and Suri, 1994)

Mesh adaptivity is not a new idea. Significant progress has been made on

automatic mesh generation, error estimates and anisotropic meshes over the
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FIGURE 2.19: Common procedures for adapting a mesh. (A)

to (B) local refinement or coarsening of the mesh is known as h-

adaptivity, (C) to (D) relocating or moving mesh points is known

as r-adaptivity and (E) to (F) locally varying the polynomial
basis functions is known as p-adaptivity.
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past two decades (Alauzet and Loseille, 2016). However, these have been almost

exclusively for free flow problems.

Two basic strategies exist for mesh adaptivity in porous media flows: adaptive
mesh refinement (AMR) and dynamic mesh optimisation (DMO). AMR methods
are based on the ideas of Berger and Oliger (1984) using a sequence of nested,
logically rectangular meshes, adding or removing cells to achieve the desired level
of accuracy (Quandalle and Besset, 1985; Ewing et al., 1989; Heinemann and Von
Hantelmann, 1983). These methods have been shown to be particularly effective
on focusing resolution around fixed singular points such as wells. However,
early applications ignored geological heterogeneities, limiting the utility of such
techniques (e.g. Schmidt and Jacobs, 1988; Dahle et al., 1990; Dahle et al.,
1992). Recent applications have used only h-adaptive methods and Cartesian or
corner point grids (e.g. Batenburg and Bosch, 2011; Hoang and Kleppe, 2006;
Pau et al., 2012).

In dynamic mesh optimisation, the mesh evolves in order to cluster grid points
where high resolution is needed (Hiester et al., 2011; Jackson et al., 2015;
Mostaghimi et al., 2015). This requires a mapping of material properties from
old to new meshes. However, on conventional cell-based grids, material properties
need to be re-scaled (up-, down- or cross-scaled) to the adapted mesh. Wolff
et al. (2013) started with a fine-scale geological model and upscaled material
properties to a range of predefined coarse grid cells prior to flow simulation.
However, this a-priori approach compromises the flexibility of adaptivity; it is
impossible to know what the mesh geometry should be at each time step before

simulating the model.

Efficiency of mesh adaptivity can be further enhanced by identifying anisotropy
in the material or fluid interfaces that are to be captured. Sand-shale sequences,
for example, may contain a large number of thin, high aspect ratio layers.
The petrophysical properties vary by orders of magnitude but primarily in one
direction. In an efficient mesh, grid spacing would be smallest normal to the
interface and largest along the length of the interface. Isotropic meshes, however,
place the same spacing throughout. This leads to a superfluous number of
elements and thus increases the computational cost of the simulation. Figure
2.20 shows an example of unstructured meshes used to capture a sharp interface
in a non-geological application. A significant reduction in the number of elements

used to capture the interface is achieved by use of anisotropic meshes.
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FIGURE 2.20: Scalar field with a sharp interface represented
on different meshes with the same minimum edge length. (A)-
(B) Structured mesh. Capturing the interface requires 56,320
elements. (C)-(D) Isotropic unstructured mesh. The use of un-
structured meshes leads to a significant reduction in the number
of elements, 5,667 elements. (E)-(F) Anisotropic unstructured
mesh. A further reduction can be seen with the use of anisotropic
meshes to only 2,805 elements.
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2.4 Summary

The REV is a key concept that allows a porous medium to be treated as a
continuum. In heterogeneous porous media, there exist multiple REVs at various
length scales, forming recognisable subdivisions (domains) of the stratigraphic
units such as lithofacies and parasequences. Geological porous media typi-
cally comprise high aspect ratio geometries and non-parallel, non-orthogonal

boundaries over a broad range of length scales.

In conventional modelling workflows, the reservoir volume is subdivided early
in the workflow into a grid or mesh that contains a large number of discrete
volumes (grid blocks) and geostatistical methods are used to populate these
cells with petrophysical properties (Janssen et al., 2006; Feyen and Caers, 2006).
The equations governing fluid flow are then discretised and solved numerically
(e.g. Helmig and Huber, 1998; Jackson et al., 2015; Lie et al., 2012).

In many numerical simulation approaches, geological domain boundaries are
aligned with grid-block boundaries and the governing equations are solved using
FDFVM and the TPFA (Aziz and Settari, 1979). However, the TPFA yields
accurate solutions only when the grid is k-orthogonal, so non-parallel, non-
orthogonal domain boundaries must be represented in ‘stair-step’ fashion on the
grid. More sophisticated numerical methods, such as the MPFA, are required if
the grid is distorted to follow non-parallel, non-orthogonal domain boundaries
(Aavatsmark, 2002; Edwards, 2002; Aavatsmark et al., 2008). However, MPFA
is computationally expensive and rarely used in current commercial workflows.
It is more common to simplify the geometry of the grid, requiring grids which
are k-orthogonal (rectangular or Voronoi) or close to k-orthogonal (corner point)
to avoid introducing significant discretisation errors in the resulting solutions
(e.g. Helmig and Huber, 1998; Miller et al., 1998; Li et al., 2003; Gerritsen and
Durlofsky, 2005; Wu and Parashkevov, 2009; Jackson et al., 2015).

In most real applications engineers compromise between strictly k-orthogonal
grids and representing geological realism, where numerical errors are not catas-
trophic. However, this may not always be possible for complex subsurface
structures (Jacquemyn et al., 2018; Graham et al., 2015a). An alternative mod-
elling and simulation workflow proposed by Jackson et al. (2013) and Jackson
et al. (2015) can replace conventional grid-based methods. In the approach
presented here we have chosen to use NURBS surfaces as a flexible and com-
putationally efficient way of capturing these heterogeneities. There are several

potential advantages to surface-based modelling: surfaces can accurately and
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realistically capture complex geological features at low computational cost; the
model geometry can be created without reference to a grid or mesh defined
early in the workflow, so the grid resolution does not place restrictions on model
resolution, and the surfaces can be used to constrain the geometry of a grid or

mesh that is optimally designed for the numerical solution of interest.

When ready for flow simulation, the geomodel can be discretised using unstruc-
tured tetrahedral meshes. The governing equations are then solved using FE
methods, with space discretised using unstructured hexehedral or tetrahedral
meshes and mass conservation enforced using CV in a CVFEM (Dalen, 1979;
Fung et al., 1992; Geiger et al., 2004; Matthéi et al., 2007; Schmid et al.,
2013; Mostaghimi et al., 2015; Jackson et al., 2015). The proposed simulator
incorporates dynamic adaptive-mesh optimisation (DAMO), refining the mesh

resolution where/when necessary and coarsening elsewhere.
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Chapter 3

Numerical Method

In this chapter we present the computational framework, Imperial College Finite
Element Reservoir SimulaTor (IC-FERST) used in this work. The approach
applies a variant of the standard CVFEM on unstructured meshes termed the

DCVFEM.
Contents
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3.1 Introduction

Although control-volume-finite-element methods (CVFEMs) can provide accu-

rate solutions to the multi-phase flow equations on unstructured meshes that

preserve the complex geometries of geologic domains (e.g. Forsyth, 1991; Fung
et al., 1992; Durlofsky, 1994; Geiger et al., 2004; Jackson et al., 2015; Salinas
et al., 2017a), their use is still not widespread. As discussed in Chapter 2, a key

issue of the standard CVFEMs is that accurate solutions to the pressure equation

can be challenging to obtain on the high aspect ratio elements, typically required
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to discretise the heterogeneous domains in geological porous media (Salinas
et al., 2017b; Schneider et al., 2018). If element angles are large, discretisation
errors in the solution becomes unacceptably large (Batdorf et al., 1997) while if
element angles are small, the condition number of the pressure matrix becomes
unacceptably large (Fried, 1972). Thus, numerical solutions on high aspect ratio
elements are both less accurate and harder to compute. A large body of work
has been devoted to methods for creation of good quality meshes (Shewchuk,
1996; Erten and Ungér, 2009; Erten and Ungor, 2009; Shewchuck, 2002), but
poor quality meshes may be unavoidable when discretising geological domains

with complex, high aspect ratio geometries.

Few studies have reported methods to improve the robustness of the CVFEM
on high aspect ratio elements. Salinas et al. (2017b) proposed a variation of
the standard CVFEM, termed the double control-volume-finite-element method
(DCVFEM). In this approach, pressure is discretised control-volume (CV)-wise
rather then finite-element (FE)-wise; all other variables are discretised following
the classical CVFEM. Salinas et al. (2017b) demonstrated that the DCVFEM
produced good quality pressure matrices even with very poor quality meshes.
Moreover, the DCVFEM is able to produce a solution where the classical CVFEM

cannot.

The formulation presented in this thesis was implemented in the open-source
modelling framework, Fluidity for multi-phase flow called the Imperial College
Finite Element Reservoir SimulaTor (IC-FERST). The code is actively being
developed with recent advancements in multi-component/ interface-capturing
flows (Pavlidis et al., 2015; Xie et al., 2016, compressible flows (Xiao et al., 2017;
Yang et al., 2019), porous media flows (Jackson et al., 2015; Mostaghimi et al.,
2015; Salinas et al., 2015; Gomes et al., 2017) and parallelisation (Piggott et al.,
2008; Gorman et al., 2012). In this thesis, simulations are performed using the
DCVFEM with mesh adaptivity within I[C-FERST. The modelling framework is
outlined below, with particular focus on the spatial and temporal discretisations

used. The adaptive mesh algorithm termed dynamic adaptive-mesh optimisation
(DAMO) will be introduced later in Chapter 5.

3.2 Modified governing equations

In our formulation the governing equations derived in Chapter 2 are slightly

modified. We introduce a saturation-weighted Darcy velocity, u, = qo/Sa-
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Darcy’s law can then be written as (Gomes et al., 2017)

S, (k’uo‘ ) K'lu, =-Vp,+A,, (3.1a)
ou, = —Vp,+ A, (3.1b)
Vo =-—Vp,+ A, (3.1c)

where v, is the force density, o, represents the implicit linearisation of the
viscous frictional forces and A, is a source term, which may include gravity and

capillary pressure.

Defining Darcy’s law as in Equation 3.1c helps to reduce the non-linearity of
the equation: relative permeability is often a power-law function of saturation
(or similar), dividing through by saturation has the effect of reducing the non-
linearity (Gomes et al., 2017). In this form, Equation 3.1c exactly enforces the
force balance represented by multi-phase Darcy’s Law, and will hereinafter be

referred to as the force balance equation.

The material properties, relative permeability (k) and capillary pressure (p,)

are typically given as functions of saturation

kro = kra(Sa), (3.2a)
Pe = pc(SOé) (32b)

Fluid viscosities are, in general, functions of temperature and pressure and
described using viscosity models. Here, we assume immiscible fluids of constant
viscosity. Moreover, in certain circumstances, reservoir fluids filling the pore space
must be treated as compressible, where changes in density are related to changes
in pressure and temperature. For non-isothermal reservoirs an energy equation
is added to the system of governing equations. Compressibility is especially
important for gaseous fluids. For gases, changes in density are captured through
an equation of state, which relates density to pressure and temperature (e.g.
Peng-Robinson; Peng and Robinson, 1976). For liquids, density is typically
related to pressure through a compressibility parameter ((N/m?)~!). Moreover, if
the porous medium is also considered to be compressible, the porosity is no longer
constant. The compressibility can then be seen as a combined compressibility of

the medium and the fluid within.
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In this work we consider the flow of incompressible, immiscible, isothermal fluids

through a rigid porous medium. The continuity equation for each phase states

0S5,
ot

§b +V. Qo = \Ija (33)

which can be written as a scalar transport equation

¢0Sa + V- (1,5,) = ¥, (3.4)
ot
which is equivalent to
0S4 4
o TV (02 VaSa) = Wa (3.5)

A global continuity equation is then formed by summing Equation 3.5 for all

phases and using the saturation constraint > 7>, S, =1

V- (ij (a;ll/aSa)> = ij v, (3.6)

a=1
where n,, is the total number of phases.

The numerical method that will be used in this project is the DCVFEM for-
mulation developed by Salinas et al. (2017b). Here the continuity equations
are embedded into the pressure equation which enforces mass conservation and
the exact force balance. The velocity, permeability, porosity and viscosity are
represented FE-wise while the pressure, saturation and relative permeabilities
are defined CV-wise.

3.3 Weak formulation

The FE method is based upon the discretisation of a variational form of the partial
differential equations. The finite-element method (FEM) is well established;
further details can be found elsewhere (e.g. Zienkiewicz et al., 2013; Donea and
Huerta, 2003). The variational form requires the introduction of two classes of

functions: test (or weighting) functions and trial (or admissible) solutions.

Test functions (V) are defined such that
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V={weHn (@)} (3.7)

where H!(Q) is the first Hilbertian Sobolev, consisting of vectors of which all

components and their derivatives are square integrable (L2(12)).

Traditionally, Dirichlet boundary conditions are enforced at this stage. The test
functions vanish on the Dirichlet portion (I'p) of the boundary of the domain
(092) and the trial function for v must satisfy the Dirichlet boundary condition on
I'p. This is known as the strong satisfaction of the boundary condition. However,
in this formulation, we implement a weak satisfaction of the boundary conditions
(Bazilevs and Hughes, 2007). The discrete solutions are not required to satisfy
the Dirichlet conditions and are instead added to the variational formulation.

The trial solution of v(x,t) therefore coincides with the test function (V) above.

Finally we introduce a space of square integrable functions Q for p,,(x,?)

Q= {r*} (3.8)

We are now able to construct the weak form of Equations 3.1c¢ and 3.6. We
multiply Equation 3.1c by test function w € V and Equation 3.6 by ¢ € Q.

Integrating over the computational domain 2 we obtain

/ W (Ve — Ay)dV +/ WV pudV +/ W (o — Puse) -nds =0 (3.9)
Q Q T'p

/qu. (:2 (gal,,asa)> v — /qujlxyadv =0  (3.10)

The last term of Equation 3.9 is used to weakly enforce the pressure level to py.
on the Dirichlet portion of the computational domain boundary. Equations 3.9
and 3.10 are jointly used to determine the velocity and pressure distribution
in the porous media. The calculated velocities are then used to compute the
mass balance for the fluid phases using the weak form of the transport equation
(Equation 3.4)

95,
[ao5cav+ [ gV (wS) v - [ q¥adv =0 (3.11)
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3.4 Discrete formulation

To form the discrete system we first partition the computational domain €2 into
a family of triangular or tetrahedral finite elements. The finite element model
is obtained by restricting the weak form (Equations 3.9, 3.10 and 3.11) to the
finite dimensional spaces V" C V and Q" C Q.

We can then write any test function w” € V" and ¢" € Q" as

"(x) = iyij(x) (3.12)
) = 30 M (x) (3.13)

where n, and n, are the number of degrees of freedom of the force density and

pressure respectively.

Similarly the approximate solutions ¥ and p" can be represented as a linear
combination of piecewise-polynomial basis functions N, (discontinuous between
elements) and CV basis function M;, respectively spanning a finite-dimensional

space

Vo (x,1) = Z N;(x)vq,(
(3.14)
Pu(x,t) ~ pl(x,1) Z M; (%) pu 5 (t

Notice that with the above definition the temporal and spatial variations of the
approximate solutions are separated, associated with basis functions (e.g. M;(x))
and nodal values (e.g. p, j(t)) respectively. This allows for time derivatives
to be applied to the nodal values and gradient and divergence operators to be

applied to the basis functions separately.

3.4.1 Force-balance

The discretised version of Equation 3.9 becomes
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Z/ ]\/vZ (NjVOéJ - Aa) dV + Z/ Nipw,j : l’ldS—I—
E 7 cv Loy,

(3.15)
NiMj (pUhj - pw,bc) -nds =0

I'p

where the divergence theorem was used to convert the second volume integral in
Equation 3.9 to a surface integral. () and I'g are the volume and boundary of the
element E, respectively, and I'p is the Dirichlet boundary of the computational
domain. As M; = 1 on the CV around node j and zero elsewhere, it does not

appear in the second term above.

In matrix form Equation 3.15 can be written as

Mv=-Cp+R (3.16)

where v and p solution vectors are defined as

VvV = ((V:m Vya Vz)l,la Ty (V277Vy7 Vz)2,17 I (Vma Vya Vz)na,nv)T

(3.17)
P = (pw,lapw,% s va,np)T

where (v, 1, v,) are the components associated with the z,y and 2z dimensions,

respectively of the force density v.

The elemental matrix and vector contributions of phase «, of the mass matrix

M, gradient matrix C and right hand side vector R are defined respectively as

m;; = ,/QE Nzde‘/,

C; i = N;M; - nds + N;M; - nds
J C%E o j R j (3.18)
T, — / NZAldV — NiMjpw,bc . IldS,
Qp I'g3T'p

where i and j are the degrees of freedom of element E. Here, n = (ny,no,n3)’"

are the outward-pointing normal vectors of the domain 2.

Note that the ¢ matrix does not contain derivatives of shape functions. This is
one of the fundamental differences between the DCVFEM and the traditional



54 Chapter 3. Numerical Method

CVFEM and is key in improving the quality of the pressure matrix, as well as
the consistency and accuracy of flux calculations on highly distorted meshes

(Salinas et al., 2017b).

The matrix m is known as the element mass matrix. Since the velocity field in
our formulation is discontinuous between elements, the assembled system mass
matrix M is block-diagonal (with one block per element) and thus more easily

invertible and cheaper to store.

3.4.2 Rock and fluid properties

In this formulation rock properties (permeability and porosity) are assigned
homogeneously to the FE. This formulation is therefore well-suited to surface-
based models where geological heterogeneities are represented by their bounding
surfaces (Section 2.3) and can be accurately preserved once discretised using
FEs. Fluid properties such as saturation and relative permeability and capillary
pressure are assigned to the CV. Thus, the viscous-friction damping tensor, o, is
piecewise constant within the sub-control-volumes defined through intersections
between the elements and CVs (Figure 3.1)

However, a well known issue of CVFEM is that node-centred CVs (where sub-
control volumes sharing a node are combined) lead to jump discontinuities being
smeared out across material boundaries. Relative permeability and capillary
heterogeneity (assumed to be functions of saturation) are therefore not accurately
captured. Later in the thesis we show how DAMO can reduce this smearing while
optimising computational effort (Chapter 5). We also present a new numerical
discretisation (Chapter 6) that does not require CVs to span material bound-
aries, thereby capturing both discontinuities in rock and saturation dependent

properties (i.e. saturation, relative permeability and capillary pressure).

3.4.3 Global continuity

The global continuity equation (Equation 3.10) is now discretised in space using
the finite-volume method (FVM) by multiplying by CV test functions M; and

integrating over the domain (€2).

/QMJ-V. (:z_jl (o’aluaSa)> dV:/QMj\IfadV, (3.19)

Applying the divergence theorem and recalling that M; is 1 over CV j and zero

elsewhere we obtain the following integral over each CV
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sub-control intra-element

volume flux
(Sa;kray,uaapa) /
Element / \
(K, ) A
—

(B)
(a)

FIGURE 3.1: (A) Rock properties permeability and porosity are

piecewise constant in the finite element, (B) Fluid properties such

as viscosity and saturation are constant within the sub-control
volume.

/chj n- (i (a;luasa)> ds = /CV UodV, (3.20)

a=1
where I'cy; is the surface bounding CV j and n is the outward point normal.

In matrix form Equation 3.20 reads
C'v=G (3.21)

3.4.4 Time stepping approach

The non-linear algebraic system of equations (Equation 3.16 and 3.21 ) which re-
quires an iterative approach. Two strategies typically employed are the Newton’s
method and Fixed-point (Picard) iteration. Within these iterations a linearized
system of equations is developed. While it is well known that Newton’s methods
are typically quadratically convergent, this requires the initial iterate to be ‘close
enough’ to the solution otherwise convergence is not guaranteed (Elman et al.,
2006). Moreover, while the linearized system of equations arising from Newton’s
methods show faster convergence they are more difficult to solve (higher cost

per iteration), than a Fixed-point iteration.

Fixed-point approach is typically used because of its simplicity, where the
discretized equations are directly solved. Moreover, Fixed-point iterations have a
much larger ball of convergence, requiring fewer conditions to achieve convergence
(Elman et al., 2006). In this work a modified Fixed-point method of Anderson
(Salinas et al., 2017a) with acceleration is used. Within these iterations there

is also a pressure correction step to ensure a divergence free velocity field (see
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next section). The new method developed by Salinas et al. (2017a) is able to
admit much larger Courant numbers with an efficient backtracking parameter.
Computational effort is reduced with the use of acceleration techniques based
on Anderson’s method (Anderson, 1965) and artificial diffusion (Salinas et al.,
2017a and later improved in Salinas et al. (2019)).

3.4.5 Pressure projection

In general, the force density solution and subsequent Darcy velocity will not
satisfy the continuity equation, i.e. the Darcy velocity will not be divergence
free. To project to a divergence free space, a pressure correction is calculated
(Davies et al., 2011). The algorithm starts by solving for an intermediate force

density ©"*! from an initial guess for pressure EZ“ using Equation 3.16

MHZ_‘—I — _CE:—H +En+1 (322>

Subtracting Equation 3.22 from Equation 3.16 we obtain the force density

correction equation

M (Zn+1 . Z?:—&-l) - _C (En—i-l _ E?:-H) (323)
Multiplying this equation by CTM ™!, and using Equation 3.21, v"*! can be

eliminated leaving the pressure correction equation

C'MIC (prt! —p!) = ~CTur T - G (3.24)

where the matrix CTM~'C is the projection matrix.

In the next section we describe how the saturation, S, and viscous-friction
damping tensor, o, used in CT are determined. The linear system of equations
above (Equation 3.24) are then solved for p"™' using the generalised minimal
residual (GMRES) Krylov subspace solver (Saad and Schultz, 1986) with a
multi-grid preconditioner of the PETSc framework (Balay et al., 1997). The

corrected pressure is then used to calculate v+,
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3.4.6 Mass balance for the fluid phases

Once v is determined, the saturation is then transported between CVs using
interface fluxes, which we refer to here as intra-element flures to differentiate

them from inter-element fluxes which we will encounter in Chapter 6.

The transport equation (Equation 3.11) is discretised in space by testing with
CV basis functions M; and invoking Gauss’ theorem on the divergence term.
For temporal discretisation we apply the adaptive implicit 6 —method, which is

locally selected based on a total variational diminishing (TVD) criterion.

¢ (Sptt —Sn)
/CV At v+

/ (0730wt Se 4 (1 - ™3 ) n- ulSy] ds— (3.25)
Fev
vrtlqy =0
cv

TVD schemes aim to ensure an advected scalar field, e.g. saturation, remains
uniformly bounded. The bounding procedures use an ’indicator’ function that
follows the local shape of the solution to determine where and when to intervene,
to ensure non-oscillatory solutions. These indicator functions require the calcu-
lation of a ‘far upwind’ value; while simple to determine on structured meshes,
extension to unstructured meshes is more challenging. In this work we apply a
normalised variable diagram (NVD) approach (Darwish and Moukalled, 1994;
Jasak et al., 1999; Pavlidis et al., 2015) to smoothly transition from first-order
to higher-order schemes. The ‘far upwind’ value is found by projecting a line
through the CV nodes from the downwind node to the upwind node and extend-
ing the line upstream by the same distance. The solution at this point is then

found by linear interpolation of the FEM solution in the upwind element (see
Pavlidis et al. (2015) for a detailed explanation).

To solve equation 3.25, the fluxes, n - u,, and saturation, S,, at the CV faces
need to be determined. The (saturation-weighted) Darcy velocity, u,, depends
on the absolute permeability, which in this formulation is stored FE-wise, and
the relative permeability which is stored CV-wise (Figure 3.1). As a result, u,
is discontinuous across the sub-control volume. However, the force density, v, is
continuous within an element and can therefore be stored FE-wise. Figure 3.2
shows an example of a PO element. Within an element u, and v, have the same

direction but differ only in magnitude, so an upwind direction is not ambiguous.
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For a first-order accurate scheme in space, Equation 3.25 can be solved using
upwind approximations for u, and S,. However, this can lead to highly diffusive
solutions, which can make the distinction between numerical and physical
dispersion difficult. This can be particularly detrimental where mixing due
to dispersion and spatial heterogeneity, such as compositional modelling, are
important (Matthéi et al., 2005a; Schmid et al., 2013; Lie et al., 2018; Moortgat
and Firoozabadi, 2010). High-order accurate schemes are therefore needed.
Moreover, high-order schemes not only provide better precision but in our case
reductions in numerical diffusion allow for much larger computational elements.
This can be especially useful during mesh adaptivity where smooth regions can

be discretised with a small number of larger elements.

We obtain a second-order accurate solution of saturation, S, via a FE recon-

struction, by solving the following equation

/Q N, (87— sEVYav =0 (3.26)

where SEE and SCV are the FE-wise and CV-wise representations of the satura-

tion given by

SEF =3NS (3.27)
J

SSV =" M;SSY (3.28)
J

where N; and M; are the FE test function associated with node j and the CV

test function associated with node j, respectively.

A higher-order representation for the viscous-friction damping tensor, &,, can

then be calculated using the second-order Taylor series expansion

().~ U]

(S = Sas)

5 — Gan -+ (50— Sun) (g‘;) # 1 (8 5u)
*/ k

(3.29)

where
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FIGURE 3.2: Finite element representation of the force density
(vo) and Darcy velocity (u,) on a two dimensions (2D) element.
(A) discontinuous PO finite element representation of the force
density; (B) as o4 is made up of FE- and CV-wise terms, the
Darcy velocity is discontinuous across sub-control volumes.

k=diandl=j ifn-u, >0
(3.30)

k=jandl=17¢ ifn-u, <0

Therefore the high-order interface flux across the CV interface between CV i

and j is given by

U, =6, Ve, k={ij} (3.31)
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FIGURE 3.3: Flow chart of the non-linear solver algorithm. The
algorithm consists of three main loops, thick solid line denotes
the outer time loop, dotted line denotes the fixed point iteration
method used to solve the non-linear system of equations. The
dashed lines denote the saturation fixed point iteration (SFPI)
used to accelerate the Anderson-fixed point method (Salinas

et al., 2017a).



61

Chapter 4

Investigating the effect of
cell-to-cell variability in

reservoir models

Reservoir models typically contain hundreds-of-thousands to millions of grid
cells in which petrophysical properties such as porosity and permeability vary
on a cell-to-cell basis. However, although the petrophysical properties of rocks
do vary on a point-to-point basis, this variability is not equivalent to the cell-
to-cell variations in models. We investigate the impact of removing cell-to-cell
variability on predictions of fluid flow in reservoir models. We remowve cell-to-cell
variability from models containing hundreds of thousands of unique porosity and
permeability values to yield models containing just a few tens of unique porosity
and permeability values grouped into a few internally homogeneous domains. The
flow behaviour of the original model is used as a reference. We find that the
impact of cell-to-cell variability on predicted flow is small. Cell-to-cell variability
is not necessary to capture flow in reservoir models; rather, it is the spatially
correlated variability in petrophysical properties that is important. Reservoir
modelling effort should focus on capturing correlated geological domains in the

most realistic and computationally efficient manner.
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4.1 Introduction

In most modelling workflows, the model volume is subdivided early in the
workflow into a grid or mesh that contains a large number (typically hundreds-of-
thousands to millions) of discrete volumes (grid blocks/cells/elements or similar,
heretoforward termed cells) and geostatistical methods are used to populate these
cells with petrophysical properties (Janssen et al., 2006; Feyen and Caers, 2006).
In some studies, the same grid is used to model the petrophysical properties and
solve the flow equations; more typically, the flow equations are solved using a
coarser grid and petrophysical properties upscaled from the finer grid. In either

case, the grid used to simulate flow contains petrophysical properties that vary

on a cell-to-cell basis (e.g. Figure 4.1a).

-,
-

(B)

FIGURE 4.1: (A) Reservoir models typically contain cell-to-cell
variations in petrophysical properties; (B) The geological concept
captures the architecture of key heterogeneities.

While petrophysical properties of rocks do vary on a point-by-point basis (where
a point here corresponds to a representative elementary volume (REV) (e.g.
Nordahl and Ringrose, 2008), this variability is at a different (and usually much

finer) scale than the cell-to-cell variability captured in reservoir models. That
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petrophysical properties and flow equations are discretised on the same grid
appears to be an accidental outcome of the gradual evolution of modelling
workflows. Discretisation of the petrophysical properties should be designed
to preserve those features that are most important to flow; discretisation of
the flow equations should be designed to yield the most accurate solutions for
the lowest computational cost. It is highly improbable that a single grid will
meet both of these requirements. There are many publications devoted to the
problem of upscaling. Many techniques have been developed to better identify
the heterogeneity in the upscaling process, such as the ones proposed in Dagan
et al., 2013; Chen et al., 2003; Christie and Blunt, 2001; Durlofsky et al., 1997

amongst others.

The alternative to grid-based workflows advocated in this thesis is the surface-
based modelling (SBM) (Xie et al., 2001; Pyrcz et al., 2005; Jackson et al., 2005;
Sech et al., 2009; Zhang et al., 2009; Jackson et al., 2009; Caumon et al., 2009;
Jackson et al., 2015; Graham et al., 2015a; Graham et al., 2015b; Massart et al.,
2016; Jacquemyn et al., 2018). All geological heterogeneity that impacts flow is
modelled as discrete volumes, or ‘geological domains’, bounded by surfaces. A

nested hierarchy of surfaces can represent multi-scale heterogeneity

In SBM the surfaces are modelled without reference to an underlying grid; a
grid or mesh is created only when required for numerical calculations. The grid
cells inherit the petrophysical properties of the parent geological domain. The
cell-to-cell variability in petrophysical properties observed in grid-based models is
omitted (e.g. Figure 4.1b). It is not yet clear whether this cell-by-cell variability
is required to properly capture flow. If short length-scale, cell-to-cell variability
can be omitted from reservoir models while still correctly predicting fluid flow,
then the route is open to focus modelling effort on capturing geologically defined,
surface-bounded domains in models that are ‘fit for purpose’ (Ringrose and
Bentley, 2015; Bentley and Ringrose, 2017).

No previous studies have specifically investigated the importance of cell-to-
cell scale variability on predicted fluid flow, although some have tested the
relative importance of modelling petrophysical property variations within, and
between, geologically defined domains that correspond to lithofacies or lithofacies
assemblages. Bianchi and Zheng (2016) found that a key control on contaminant
flow was the connectivity of different lithofacies types, which were associated
with significant contrasts in petrophysical properties. Similarly, Feyen and
Caers (2006) found that lithofacies geometry (and the related permeability

variation) was more important to solute migration than the distribution of



64 Chapter 4. Cell-to-cell variability in reservoir models

permeability within lithofacies. However, in both studies, cell-to-cell variability
in petrophysical properties within lithofacies was retained, so the hypothesis
that cell-to-cell variability is not important to flow was not tested. White and
co-workers (White and Barton, 1999; Willis and White, 2000; White et al., 2004)
examined a number of petrophysical modelling approaches including homogenised
lithofacies, assigning lithofacies-specific geometric mean values of permeability.
Other approaches tested used geostatistical methods following Deutsch and
Journel (1998) to populate petrophysical properties within lithofacies, yielding
cell-to-cell variability. Comparison of the models using flow-based measures
showed that if the length scale of petrophysical variability was small with respect

to the length scale of the problem of interest, the impact on flow was small.

In this chapter, we test the hypothesis that cell-to-cell variability can be omitted
in reservoir models. We test whether it is necessary to model cell-to-cell scale
variability in petrophysical properties in the first place. Cell-to-cell variability is
removed from grid-based models, each of which initially contain several hundred
thousand unique values of porosity and permeability. This results in models
containing just a few tens of unique porosity and permeability values grouped
into a few hundred to a few thousand domains. The same initial grid is used to
solve the flow equations and the flow behaviour of the original model is used as

a reference.

The resulting domains which represent spatially correlated variability in petro-
physical properties can be defined using surface-based modelling workflows as
mentioned earlier. Alternatively, aggregation-based coarsening can be used to up-
scale cells within these captured domains. The application of aggregation-based
coarsening has seen increasing use in upscaling (e.g. Thomas et al., 2019; Guion
et al., 2019) and multi-scale methods (e.g. Lie et al., 2017b; Klemetsdal et al.,
2019). With this method one often tries to identify and recreate underlying
geological objects in order to homogenise (upscale methods) or compute basis
functions (multi-scale methods) on the coarse grid cells. With surface-based mod-
elling geological objects that represent important geological heterogeneities are
preserved throughout the modelling workflow to simulation. There is therefore

more room to develop reduced order models to reduce computational effort.

4.2 Test cases

Three reservoir-scale models were used as test cases. The first two models are

synthetic and represent unfaulted reservoirs deposited in fluvial and shallow
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marine environments. The third is a real reservoir comprising fluvial, deltaic
and shallow marine deposits divided into several different fault blocks. The
synthetic models were taken from the SPE 10 Model 2, a classic benchmark
model (Christie and Blunt, 2001), the ‘SPE 10 Model’. This model has been
widely used to represent a challenging problem for reservoir simulation with a
highly heterogeneous distribution of petrophysical properties. All three models
simulated multi-phase flow where oil is displaced by water, although we suggest
that the key findings of the study generalise to other types of flow relevant to
aquifers and CO, storage. The impact of heterogeneity on flow in the synthetic
models was tested using two different injector/producer well configurations and
three sets of oil/water fluid properties. The real reservoir case used the properties

of the fluids in place and the well configuration applied in the field development.

4.2.1 Lower SPE 10: Fluvial Model

The first synthetic model comprised the lower 50 layers of the SPE 10 Model,
which was originally constructed to represent reservoirs in the Upper Ness
formation, part of the Middle Jurassic Upper Brent Group in the Northern
North Sea (Mitchener et al., 1992). The Upper Ness formation was largely
deposited in a non-marine, fluvial environment and reservoirs are typically
characterised by high permeability channelised sandbodies surrounded by low
permeability mudstone (Mitchener et al., 1992). The synthetic model with
dimensions of 365 x 670 x 30 m is described on a regular 60 x 220 x 50 Cartesian
grid (Figures 4.2a - 4.2c). The model contains high permeability channelised
sandbodies surrounded by low permeability mudstone and the modelling of these
different lithofacies types yields bimodal porosity and permeability distributions
(Figure 4.2d-4.2f). The model has a variable permeability anisotropy (Ky/Kg)

ratio of 0.3 in the sandstone and 102 in the mudstone.

4.2.2 Upper SPE 10: Shallow Marine Model

The second synthetic model comprised the upper 35 layers of the SPE 10 Model
with dimensions of 365 x 670 x 21 m, described on a regular 60 x 220 x 35
Cartesian grid. This model was originally constructed to represent reservoirs
in the Tarbert formation, which directly overlies the Upper Ness formation.
The Tarbert formation was largely deposited in a shallow marine environment
and reservoirs are typically characterised by an overall upwards coarsening
and general distal to proximal coarsening succession (Mitchener et al., 1992).

However, there is no strongly correlated heterogeneity present in the model and
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no clear evidence of upwards coarsening or distal to proximal coarsening trends
(Figure 4.3a - 4.3c). The porosity and horizontal permeability show uni-modal
distributions; however, the vertical permeability exhibits a bi-modal distribution.
Although not clear from Christie and Blunt, 2001, it appears that two different
Ky /Ky ratios of 0.3 and 1073 were applied in the upper SPE 10 model (Figure
4.3d - 4.3f).

4.2.3 H-Field: North Sea Reservoir

The real field example is located in the East Shetland Basin. The field comprises
a number of N-S trending, westerly dipping, Mesozoic fault blocks. The reservoir
is provided by fluvial, deltaic and shallow marine sandstones of the Brent Group,
Lower Jurassic Statfjord Formation and Upper Triassic Upper Lunde Formation
(Ritchie, 2003). Bitumen horizons observed at specific levels suggest a staged
filling of the reservoir, protecting up-dip regions from continued diagenesis
(Baillie et al., 1996). The reservoir therefore exhibits significant permeability
contrasts between layers due to this complex diagenetic phenomenon (Figure
4.4a - 4.4c), with marked improvement in reservoir quality above the paleo-
oil-water contact (Baillie et al., 1996). However, the petrophysical properties
exhibit a uni-modal frequency distribution (Figure 4.4d- 4.4f). The structure of
the reservoir model is complex, comprising a number of fault-bounded blocks,
described on a 58 x 145 x 40 corner point grid with stair-stepped faults (Figure
4.4a - 4.4c).

4.2.4 Rock and fluid properties

The rock properties used in the SPE 10 models were the same as Christie and
Blunt (2001). The relative permeability model is based on the Brooks-Corey

correlation, defined by

Sw - S’wirr e
= 4.1
krw(5w> (1 - Swir'r - Sor) ( a)

So - Snwr >no

where k., (S,) and k,,(S,) are, respectively, the water and oil relative perme-

abilities, Sy and S, are the irreducible water and oil phase saturations, and
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FIGURE 4.2: Petrophysical properties within the Lower SPE 10
Model. Plots (A-C) show the spatial distribution of horizontal
permeability in (A) three dimensions (3D); (B) vertical cross
section (X-X’) and (C) horizontal cross section (Y-Y’). Dimen-
sions in metres. Plots (D-F) show the frequency distribution of
(D) horizontal permeability; (E) vertical permeability and (F)
porosity. Plots (D-F) also show the frequency distribution after
division into three segments; see Method section for more details.
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FIGURE 4.3: Petrophysical properties within the Upper SPE 10

Model. Plots (A-C) show the spatial distribution of horizontal

permeability in (A) 3D; (B) vertical cross section (X-X’) and (C)

horizontal cross section (Y-Y’). Dimensions in metres. Plots (D-

F) show the frequency distribution of (D) horizontal permeability;
(E) vertical permeability and (F) porosity.
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distribution of horizontal permeability; plot (B) shows the fault

blocks, where red indicates the fault plane; plot (C) shows the
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blue. Dimensions in metres. Plots (D-F) show the frequency dis-

tribution of (D) horizontal permeability; (E) vertical permeability
and (F) porosity.
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n, and n, are the exponents for the water and oil phases. The irreducible

saturations used are S = S, = 0.2 and the exponents are n,, = n, = 2.

Gravity and capillary pressure were neglected for the SPE 10 models, following
Christie and Blunt (2001). The modelled water viscosity was 1 x 107 Pa.s and
displacements were simulated using three different modelled oil viscosities of
1x 1073, 3 x 1072 and 10 x 1073 Pa.s respectively. This allowed the effect of
mobility ratio to be tested.

The oil composition in the H-Field varies with depth, with volatile oil at the
base of the hydrocarbon column evolving to gas condensate at the top of the
column with no sharp change in composition. Consequently, three phase relative
permeability and capillary pressure curves were required in the model. The
model consists of two regions in which the oil-water capillary pressure curves
are markedly different. The water-oil and gas-oil relative permeability curves

are uniform in the model across both regions

The Leverett J-Function was used to scale the water-oil and gas-oil capillary
functions to the rock porosity and permeability. The modelled water viscos-
ity is 0.35 x 10~% Pa.s while the hydrocarbon viscosity is modelled using the
compositional viscosity correlation of Lorenz, Bray, and Clark (Lohrenz et al.,
1964) ranging from 0.07 — 1.91 x 1072 Pa.s. The remaining model parameters
are summarised in Table 4.1. The water/oil displacement process in all models

was simulated using commercial software.

4.2.5 Well placements and controls

Two different injector/producer well configurations were used in the synthetic
models to investigate whether the hypothesis tested here holds regardless of the
dominant flow direction relative to the modelled heterogeneity. The first induced
predominantly radial flow, using an inverted five spot pattern, with a central
injector and four producers at the corners of the model. The second induced
predominantly linear flow, using a line drive pattern, with a row of injectors on
one face and a row of producers on the other face of the model. The production
wells flowed at a fixed bottom hole pressure and the injection well(s) flowed at
a fixed injection rate. For the H-Field case, the flow directions were dictated
by the well placements chosen for the field development. The production and

injection wells were set to flow at the historic (measured) rates.
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TABLE 4.1: Model data

Data

Lower SPE 10  Upper SPE 10

H-Field

Grid
Grid dimensions (m)
Initial Pressure
(Pa)
Surface densities
(kg/m®)
Rock compressibility
(Pa™")

Water formation
volume factor
Water viscosity
(Pa.s)

Water compressibility

(Pa™)

Oil viscosity

(Pa.s)

60 x 220 x 50 60 x 220 x 35
365 x 670 x 30 365 x 670 x 21

414 x 10° 414 x 10°
pn = 850 = 850
1.00 x 10~ 1.00 x 10~
1.01 1.01
1.00 x 1073 1.00 x 1073
4.35 x 10710 4.35 x 10710
1.0 x 1073 1.0 x 1073
3.0x 1073 3.0x 1073
10.0 x 1073 10.0 x 1073

98 x 145 x 40
3500 x 7000 x 500

568 x 103

Pn = 600
pw = 1100

5.20 x 10710

1.02

0.35 x 1073

Lorentz-Bray-Clark
viscosity correlation

Range: 0.07 —1.91 x 1073
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4.3 Methodology

The methodology used in this chapter removed the cell-to-cell variability in
petrophysical properties while keeping the grid resolution fixed. The flow
behaviour was then measured using a ‘Goodness of Fit’ between the well responses
of the refined models and the corresponding base model. The following well
responses were chosen for the synthetic models: (i) oil rate, (ii) water cut (the
fraction of the produced fluid that is water) and (iii) the bottom hole pressure
of the injection well(s). For the H-Field model, the well responses used for
the Goodness of Fit were (i) gas rate; (ii) water cut and (iii) the bottom hole
pressure of the injection wells. In addition to these ‘global’ parameters, the first
arrival time of water (i.e. the time of water breakthrough) at the production
wells was also tested in all models. Water breakthrough time is sensitive to the

‘local’ flow around the production wells.

4.3.1 Goodness of fit

The normalised root-mean square deviation was used to determine the Goodness

of Fit of an individual well response for each well

M=

(y:,w,t - yr,w,t)Q
! (4.2)

T
Z (y:,w,t)Q
t=1

E.,=1-

where E,.,, is the Goodness of Fit for a given response (r) in a given well (w),
Yy, 18 the well response on the base model and y;. ., is the well response on the
refined model. The Goodness of Fit ranges between -inf (bad fit) and 1 (perfect
fit). The averaged Goodness of Fit, for a given response over all the wells, is

then given by E.

w
> Erw
w=1

E, =
W

(4.3)

Finally, E is the Goodness of Fit for the whole reservoir, averaged over all of

the wells and all of the well responses
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M=

E,

jlv (4.4)

E="

4.3.2 Removal of cell-by-cell variability

The workflow removed cell-by-cell variability in petrophysical properties in a
two-step process. First, the base model was segmented into a number of discrete
domains with internally homogeneous petrophysical properties. Uniform petro-
physical values were assigned to each segment, calculated using the arithmetic
average of the cell-based values within that segment. A series of simulations
were then run on each segmented model. Flow behaviour was compared using
the Goodness of Fit described in the previous section (Equation 4.4). The
optimal number of segments was defined as the number of segments above which
the Goodness of Fit between segmented and base models did not significantly
increase. Second, the number of discrete domains in the optimum segmented
model was reduced by using a clustering algorithm based on neighbourhood
filtering. The Goodness of Fit of the subsequent clustered model is then de-
termined. The optimal window size (in terms of Goodness of Fit) depends on
the connectivity of the domains and was determined by trial and error. The
neighbourhood algorithm is most suited to a Cartesian grid as it assumes simple
neighbourhood connections. Consequently, the clustering of the H-Field model
(built on a corner point grid) was not optimal, but, as will be shown later, proved

sufficient.
The workflow implemented the following steps:

Step 1.1: The log-space distribution of the horizontal permeability was used to
divide the data into Z discrete segments. This was done by dividing the range
[min(log1o(Kx)), max(logio(Kg))], where Ky is the horizontal permeability

field, into Z non-overlapping, equal (in range) segments.

Step 1.2: An indicator function I(x) was introduced, such that I(z) =1 if the
horizontal permeability at grid-block x is a member of Segment 1, I(z) = 2 if

the horizontal permeability is a member of Segment 2, and so on, i.e

[:X —{1,2,..7}



74 Chapter 4. Cell-to-cell variability in reservoir models

1, if Ky(x) € Segment 1
2, if Ky(z) € Segment 2

)= B ) €S (45
Z, if Kj(z) € Segment Z

where x is the grid cell number and Z is the total number of segments. The same

indicator function was used to segment the vertical permeability and porosity.

Step 1.3: The property values within each segment were homogenised to
yield a single value for each. Porosity was averaged using the volume-weighted
arithmetic mean. Horizontal permeability was averaged using an arithmetic

average and vertical permeability using a geometric average.

Step 1.4: The indicator function was used to distribute the averaged properties
on the original grid. The resulting model is now called a ‘segmented’ model.
Figure 4.5a shows an example segmentation of the horizontal permeability in
the Lower SPE 10 Model using Z = 3, i.e. three segments.

Step 1.5: The Goodness of Fit (F) of the flow performance between the
segmented and base models was then calculated based on the results of numerical
simulations of flow in each model. Steps 1-4 were repeated, increasing the number
of segments (Z) after each iteration, until no significant improvement in E was
seen. At this stage, this ‘optimal’ segmented model will contain fewer and larger
domains than were present in the base model. However, various isolated domains

comprising just one or a few cells remained in the model.

Step 2.1: A sliding neighbourhood algorithm (Thompson and Shure, 1995) was
applied on the segmented model (Figure 4.5). The algorithm scans the model,
cell-by-cell, creating a ‘window’ containing a chosen number of cells around each
input cell (in this example, the window size is 3 x 3 x 3 ). The input cell is then
replaced by the modal value of all cell values in the cube. This was repeated
for each cell of the model. Figure 4.5¢ shows an example of a clustered model.
The homogeneous regions are now referred to as domains. This step reduces the
total number of domains by removing isolated groups of grid cells that can be a

few cells wide.

Step 2.2: The flow performance of the clustered model was compared to that
of the parent segmented model. The optimal window size was defined as the one
which gave the closest fit (based on Goodness of Fit) to the optimal segmented

model.
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Step 2.3: The final Goodness of Fit (F) of the flow performance between the
optimal clustered and base models was then calculated based on the results of

numerical simulations of flow in each model.

4.4 Results

Results from the Lower SPE 10 Model at each step of the workflow are first
reported to illustrate application of the workflow and show how the final Goodness
of Fit results were obtained. For the other test cases, only the final Goodness of
Fit results are reported, as they show similar behaviour to the Lower SPE 10

Model and the individual workflow steps were the same.

4.4.1 Lower SPE 10 model: Segmentation and Cluster-
ing
We first consider the Goodness of Fit for the segmented (but not clustered)
Lower SPE 10 Model for the various fluid properties tested and the inverted five
spot well pattern (inducing primarily radial flow) (Figure 4.6A). The solid lines
denote the Goodness of Fit including only ‘global” measures of well response i.e.
production rates and pressures. The dashed lines denote the Goodness of Fit with
both ‘global” and ‘local’ well responses (water breakthrough time) included. Even
with only two segments, the Goodness of Fit for the segmented model calculated
without water breakthrough is greater than 88%, except for the case with the
highest oil viscosity. A two segment model captures the contrast between high
permeability, channelised sandstones and low permeability mudstones. However,
increasing the number of segments beyond two further improves the fit and, at 10
segments or more, the Goodness of Fit for the segmented model is greater than
93% and insensitive to the oil and water viscosity contrast. Further increasing
the number of segments beyond 10 yields a very slow rate of increase in the
fit, tending towards one as the number of segments approaches the number of
cells in the model. Note that 10 segments corresponds to a very small number
of unique values of porosity and permeability compared to the 660,000 cells
in the base model. The inclusion of water breakthrough in the Goodness of
Fit measure causes a large increase in the mismatch with a small number of
segments. The increase in mismatch with few segments is due to the loss of
connectivity of facies in the near-well regions. However, these connected flow
paths are recovered by increasing the number of segments, mismatch decreases

plateauing at only 10 segments..
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FIGURE 4.5: Segmentation and clustering of the Lower SPE 10
Model. (A) Segmented model with three segments. (B) 3x3x3
cube around an input cell during clustering. The central cell’s
value is then replaced with the modal value of the neighbouring
cells; here a green permeability value is replaced by a blue one.
(C) Clustered model. The cell-to-cell variability is removed,
creating more geologically meaningful domains.
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FIGURE 4.6: Goodness of Fit (GOF) as a function of segment
number. (A) Lower SPE 10 Model with the inverted five spot
well configuration; (B) Lower SPE 10 model with the line drive
well configuration; (C) Upper SPE 10 Model with the inverted
five spot well configuration; (D) Upper SPE 10 Model with the
line drive well configuration; (E) H-Field model. Points with lines
denote the segmented models without clustering. The different
line markers denote the different fluid viscosity ratios. Dashed
and solid lines denote the GOF including and excluding water
breakthrough, respectively. Unfilled and filled triangles denote
the GOF with and without water breakthrough for the clustered
models.
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FIGURE 4.7: Well and reservoir responses of the base, segmented and clustered models of the Lower SPE 10 Model and

the inverted five spot well configuration with uniform oil and water viscosities.

Plots (A-D) show oil production rate as a

function of time for each producer well. Plots (E-H) show water production rate as a function of time for each producer well.

Plot (I) shows the bottom hole pressure for the water injection well. Plots (J-L)
production rate, water production rate and cumulative oil production as a function of time.

show, respectively, the total reservoir oil
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FI1GURE 4.8: Horizontal cross sections through the Lower SPE
10 Model showing horizontal permeability and water saturation
at a given time step during production via the inverted five spot
well configuration with uniform oil and water viscosities. Plots
(A) and (B) show, respectively, the permeability at a horizontal
section through the base and 10-segment and clustered models.
Plots (C) and (D) show the water saturation at a given timestep
on the same horizontal section.
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FIGURE 4.9: Vertical cross sections through the Lower SPE 10
Model showing horizontal permeability and water saturation at
a given time step during production via the inverted five spot
well configuration with uniform oil and water viscosities. Plots
(A) and (B) show the vertical section through the base and 10-
segment and clustered models, respectively. Plots (C) and (D)
show the water saturation at the same vertical section.
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The Goodness of Fit for the same test case with the line drive well pattern
(inducing primarily linear flow) shows similar behaviour, except that the fit for
the two segment model is lower, especially with the higher oil viscosity (Figure
4.6b). Including water breakthrough has a more limited effect on the Goodness
of Fit in this case with linear flow than it did with primarily radial low. However,
at 10 segments or more, the Goodness of Fit for the segmented model is again
high and identical irrespective of the oil and water viscosity contrast. Further
increasing the number of segments beyond 10 yields a very slow rate of increase
in the fit. The 10-segment model was therefore considered optimal for the Lower
SPE 10 Model and was taken into the clustering step.

The clustering algorithm was applied using a window size of 3 x 3 x 1 twice
sequentially, yielding approximately 2,000 individual domains. The Goodness of
Fit of the clustered models is shown by the triangles in Figure 4.6. Clustering
causes the Goodness of Fit to decrease by a few percent (up to 4%), as confirmed
by examination of the individual well and reservoir responses (Figure 4.7). The
model with just 10 segments (and, in Figure 4.7, equal oil and water viscosities
and the inverted five spot well pattern) provides a close match to the oil and water
rates in each production well (Figures 4.7A-H). Not only were the production
rates closely matched, but the water breakthrough time was also captured in
each well. The bottom hole pressure in the injection well (Figure 4.71) shows
very good agreement with the base model. Most of the discrepancy in a given
response occurs at relatively early time (first 400 days, or 20% of simulated
production). The 10-segment model also provides a good match to the reservoir

responses of oil and water production rate, and cumulative oil produced (Figure
4.7J-L).

The key geological heterogeneity that the Lower SPE 10 Model needed to
capture was the connectivity of the high permeability channelised sandbodies
(Figures 4.8 and 4.9; see also Figure 4.1). The two segment model did reasonably
well in this respect, capturing the high permeability channelised sandstones
and low permeability mudstones. However, the geostatistical method used
in the original model to populate permeability within lithofacies created some
connections between channelised sandstones via one or a few cells in the mudstone
with intermediate permeability values. Increasing the number of segments
to 10 preserved these intermediate permeability connections, yielding very
similar connectivity and, therefore, sweep patterns in the base and 10-segment
models (Figure 4.8-4.9). The clustering step did not significantly modify the

permeability distribution. Thus a model with just 10 unique values of porosity
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and permeability, grouped into a few thousand domains, was able to replicate the
two-phase flow behaviour of a model with 660, 000 cells, each of which contains
a different value of porosity and permeability to its neighbour, irrespective of

the well configuration or fluid properties tested.

4.4.2 Upper SPE 10 model: Summary of Goodness of

Fit results

The Goodness of Fit results for the same study on the Upper SPE 10 Model
show similar behaviour to those of the Lower SPE 10 Model (Figure 4.6¢ - 4.6d).
The Goodness of Fit for two segments is lower than for the Lower SPE 10 Model,
but increases as the number of segments increases. At 10 segments or more, the
Goodness of Fit for the segmented model is high (90%) irrespective of the oil and
water viscosity contrast or well configuration. Further increasing the number
of segments beyond 10 yields a very slow rate of increase in the fit. Including
water breakthrough in the Goodness of Fit in this case had a larger effect for
the highest viscosity ratio and the inverted 5 spot well pattern. The Goodness
of Fit at 20 or more segments was lower. This was found to be due to a few
cells very close to the wells. The effect for the line drive well configuration was
negligible. Overall, for both well patterns, the 10-segment model was considered

optimal for the Upper SPE 10 Model and was taken into the clustering step.

The clustering algorithm was run with a window size of 6 x 6 x 1 yielding
approximately 850 individual domains. The base and final clustered models are
shown in Figure 4.10. The Goodness of Fit of the clustered models is shown
by the triangles in Figure 4.6. Clustering reduced the Goodness of Fit by a few

percent but, similar to the Lower SPE 10 Model, the decrease was small.

Unlike the Lower SPE Model, the Upper SPE 10 shows no strongly correlated
permeability distribution and there are no clear geological heterogeneities that
should be captured in the model. Thus the two segment model yields a signifi-
cantly lower Goodness of Fit for the Upper SPE 10 Model as compared to the
Lower SPE 10 Model. However, at 10 segments, the segmented and clustered
models again yield a close match to the base model. A model with just 10 unique
values of porosity and permeability, grouped into hundreds of domains, was able
to replicate the two-phase flow behaviour of a model with 462, 000 cells, each of
which contains a different value of porosity and permeability to its neighbour,

irrespective of the well configuration or fluid properties tested.
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(B)

FIGURE 4.10: Horizontal sections through the Upper SPE 10

Model showing horizontal permeability. Plot (A) shows the base

Upper SPE 10 model; plot (B) shows the Upper SPE 10 model
with 10 segments after clustering.

1000

(B)

FIGURE 4.11: Horizontal sections through the H-Field Model

showing horizontal permeability. Plot (A) shows the base H-Field

model; plot (B) shows the H-Field model with 20 segments after
clustering.
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4.4.3 H-Field Model: Summary of Goodness of Fit re-

sults

We finish by reporting the Goodness of Fit results for the same study on the
H-Field Model (Figure 4.6e). Despite the significantly higher complexity of the
H-Field, in terms of geological heterogeneity, number of wells, and multi-phase
flow, the results are similar to the synthetic SPE 10 test cases. The Goodness of
Fit for two segments is low, but increases as the number of segments increases.
At 20 segments or more, the Goodness of Fit for the segmented model is high.
Further increasing the number of segments beyond 20 yields a very slow rate
of increase in the fit. The 20-segment model was therefore considered optimal
for the H-Field Model and was taken into the clustering step. The model was
clustered using three iterations of the algorithm, with a window size of 5 x 5 x 5,
then two with 5 x 5 x 1, yielding approximately 850 individual domains. The
H-Field model was more sensitive to clustering than the synthetic SPE 10 test

cases; however, the mismatch was still small.

The H-Field model shown in Figure 4.4 is only one geological realisation. Ap-
plying the same statistical description of the petrophysical properties, many
more realisations are possible. Figure 4.12 shows the Goodness of Fit for 10
realisations of the H-Field model. While there is significant sensitivity with < 20
segments, the increase in Goodness of Fit is very slow with 20 or more segments.

Thus the observed behaviour is not specific to a single model realisation.

The H-Field model captures many geological heterogeneities, including complex
structure with several fault blocks, and diagenetically modified permeability
values controlled by a multi-stage filling history during initial charging with
oil. Perhaps because of this, more segments and domains were required to
reproduce the base model behaviour. Nevertheless, a model with just 20 unique
values of porosity and permeability, grouped into a few hundred domains, was
able to replicate the multi-phase, multi-component flow behaviour of a model
with 146,000 cells, each of which contains a different value of porosity and

permeability, to its neighbour.

4.5 Discussion

The results presented here indicate that grid-based reservoir models containing
many unique values of petrophysical properties (of order hundreds-of-thousands
in the examples tested) varying on a cell-to-cell basis can be collapsed into a

much smaller number of larger but more geometrically complex domains which
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FIGURE 4.12: Goodness of Fit of segmented models without

clustering, as a function of segment number for 10 realisations of

the H-Field. (A) Goodness of Fit excluding water breakthrough;
(B) Goodness of Fit including water breakthrough.
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are internally homogeneous, irrespective of the reservoir geology, fluid properties
or well configuration. Thus, while it is always possible that testing of further
cases may contradict this, the evidence presented here suggests that cell-to-
cell scale variability is not necessary in reservoir models. Modelling workflows
should instead focus on capturing the domains that represent spatially correlated
variability in petrophysical properties (particularly permeability) in the most
realistic and computationally efficient manner. The correlated variability reflects

the underlying geological heterogeneity that is important to flow.

In the approach adopted here, ‘domain-based’ models were created by segmenting
and clustering existing grid-based models. However, we adopted this approach
only to test the effect of removing cell-to-cell scale variability from grid-based
models, and we do not recommend this workflow for model construction. The
important finding here is that capturing domains that represent spatially cor-
related variability in petrophysical properties is key. This finding offers the
prospect of alternative modelling workflows to the grid-based methods used

ubiquitously to date.

One approach to capture these domains is to model the surfaces that bound them.
Surface-based modelling (or boundary representation) has been suggested as an
alternative to grid-based modelling to capture a wide variety of different geological
heterogeneity types, including faults (Julio et al., 2015), stratigraphy (Sylvester
et al., 2015), facies and lithological boundaries (Hassanpour et al., 2013; Ruiu
et al., 2016), and fractures (Belayneh et al., 2006; Geiger et al., 2012; Paluszny
et al., 2007). Indeed, all geological heterogeneity that impacts the spatial
distribution of petrophysical properties can be modelled using surfaces (Jackson
et al., 2013). Moreover, the surfaces can be modelled using a parametrised
description without reference to a predefined grid or mesh (Graham et al., 2015b;
Jacquemyn et al., 2018), significantly increasing computational efficiency. A
mesh is created only when required for numerical calculations and preserves the
surface-based representation of geological heterogeneity (Jackson et al., 2015).
Petrophysical properties in each element of the mesh are inherited from the
parent domain i.e. no further property modelling is required. If significant
heterogeneity is expected within a domain, additional surfaces can be introduced.
Therefore such models omit cell-to-cell scale variability. The models are not less
complex or less realistic than grid-based models; as we show here, they simply
omit variability that is not important to flow. Indeed, surface-based models can
much better capture correlated heterogeneities with complex geometries that

are important to flow (Jackson et al., 2009; Deveugle et al., 2014; Graham et al.,
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2015h).

In the approach adopted here, we assumed that each base model yields the
‘correct’ flow behaviour for the corresponding reservoir, and the removal of
cell-to-cell scale variability was tested by comparison against the flow behaviour
of the base model. Yet the base models may not have captured important
geological heterogeneities present in the reservoir. For example, the Upper SPE
10 Model was originally constructed to represent reservoirs deposited in a shallow-
marine environment. Numerous studies have shown that facies architecture
is a key control on flow in such reservoirs, with facies types corresponding to
order-of-magnitude contrasts in horizontal and vertical permeability (Ringrose
et al., 2008; Deveugle et al., 2014). The thickness and relative proportion of
each facies type strongly controls flow, along with interfingering of facies along
inclined surfaces termed clinoforms. Calcite cements are also a common feature
of such reservoirs and are often associated with clinoform surfaces (Sech et al.,
2009; Jackson et al., 2009). Yet, despite the importance of clinoform surfaces in
controlling the spatial arrangement of key geological heterogeneities, they are
typically neglected in reservoir models because their inclined geometry relative to
reservoir bounding surfaces means they are difficult to represent using grid-based

approaches.

There is no evidence that the key heterogeneities described above are captured
in the Upper SPE 10 Model (Figure 4.3) and, despite its ubiquitous use in
later studies, it likely provides a poor representation of flow in shallow-marine
reservoirs (White and Barton, 1999; Sech et al., 2009; Jackson et al., 2009;
Enge and Howell, 2010; Deveugle et al., 2014; Graham et al., 2015b amongst
many others). Figure 4.13a shows a surface-based model of the SPE 10 geology
(Jacquemyn et al., 2018). The upper part of the model represents a reservoir
deposited in a shallow-marine environment and corresponds to the Upper SPE 10
Model; the lower part of the model represents a fluvial reservoir and corresponds
to the Lower SPE 10 Model. The surface-based model was constructed entirely
using parametrised surfaces (in this case, Non Uniform Rational Basis Splines
or NURBS) without reference to a predefined grid or mesh. The surfaces
have been assembled to create volumes that correspond to geological domains.
Domains of different facies/lithologies are shown by the different colours. In the
upper part of the model, the domains correspond to different shallow-marine
sandstone facies types; in the lower part of the model, domains corresponding
to channelised sandstones. Domains representing non-reservoir mudstones have

not been visualised, but are present in the model.
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A further test case, left for future work, could be to discretise this surface-based
of the lower SPE 10 model using conventional grids and run it through the
same algorithm (Section 4.3). With a better representation of the geological
heterogeneities we would expect a better performance than the original lower
SPE 10 model.

The surface-based representation of the Upper SPE 10 geology includes clinoforms
and the shallow marine facies interfinger along these surfaces; the model also
includes patches of calcite cement along clinoform surfaces. Thus, although
the model does not include cell-to-cell variability in petrophysical properties,
it includes the key correlated heterogeneities observed to impact flow (Jackson
et al., 2009; Graham et al., 2015b). Similarly, the surface-based representation of
the Lower SPE 10 geology includes channelised sandbodies of varying width and
sinuosity and, although the model does not include cell-to-cell scale variability,
it captures the spatial distribution and connectivity of the sandbodies, which is
the key heterogeneity observed to impact flow. Such a model can be used as the
initial input to new generation simulators where the model domain is discretised
using adaptive watertight unstructured meshes. to optimise computational effort
when solving the governing flow equations (Mostaghimi et al., 2015; Jackson
et al., 2015; Gomes et al., 2017; Salinas et al., 2018a).

There are a few outstanding issues for surface-based modelling methods. While it
is possible to accurately represent the complex geometries of geology, conditioning
these models to control data, such as well or seismic data, remains a challenge
(Bertoncello et al., 2013 ). Another challenge is to update surface-based models
to better match observed behaviour (history match). These challenges are by no
means insurmountable (e.g. Trani and Graham, 2016); however, further work
is needed to develop workflows to condition and history match surface-based

models.

4.6 Conclusions

We show that grid-based reservoir models containing a large number of petro-
physical property values that vary on a cell-to-cell basis can be collapsed into a
much smaller number of larger and internally homogeneous but more geomet-
rically complex geological domains, irrespective of the reservoir geology, fluid
properties or well configurations tested. We argue that cell-to-cell scale variabil-
ity is not necessary in reservoir models to capture multi-phase flow. Although

the geometrically complex domains can be represented in standard grid-based
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dLSF (distal lower shoreface)
OS (offshore)
Cem (cementation)

USF (upper shoreface)
PLSF (proximal lower shoreface)
CH (channels)

(B)

FIGURE 4.13: Surface-based model inspired by SPE 10 model 2.
(A) Full model; (B) Lower, fluvial section; from below (Jacquemyn
et al., 2018).
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models, surface-based reservoir modelling methods are more flexible and better
able to capture the complex geometries of geological domains in a realistic and
computationally efficient manner. Numerical solutions to the governing flow

equations can be obtained in such models using adaptive unstructured meshes.
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Chapter 5

Dynamic adaptive-mesh
optimisation for multi-phase flow

in geological formations

The existence of localised phenomena such as steep saturation, concentration
and pressure gradients in multi-phase flow motivates the need for temporally
and spatially adaptive meshes. Dynamic adaptive meshes have the potential
to increase the accuracy of numerical simulations of flow through geological
formations, in a computationally efficient manner. In this chapter, we describe
the dynamic adaptive-mesh optimisation (DAMO) algorithm utilised in the
Imperial College Finite Element Reservoir SimulaTor (IC-FERST).
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5.1 Introduction

As discussed in earlier chapters, conventional simulations are run on fixed meshes
where a single resolution is used throughout a given reservoir zone. However, in
multi-phase flow in porous media, steep local gradients that are spatially and
temporally variable often need to be captured at scales much lower than typical
grid block sizes. With fixed meshes, this requires a fine resolution throughout the
domain. High performance computing and massively parallel codes, have made
it possible to simulate very large models (Dogru et al., 2009; Dogru et al., 2002).
However, this can be computationally inefficient and in some cases prohibitive.
One solution is to place high resolution only in regions where solution variables
(e.g. pressure, saturation, concentration) are varying rapidly and low resolution
elsewhere. This allows for an improved representation of transient, local flow

features in a computationally efficient manner.

There are two classes of local grid refinement: Adaptive mesh refinement (AMR)
and Dynamic msh optimisation (DMO). AMR is commonly used for problems
with fixed wells, faults and pinchouts. DMO allows the mesh to follow fluid
interfaces as it moves across the reservoir domain. However, the use of lo-
cal grid refinement can limit the time steps of the non-linear solver by the
Courant—Friedrichs-Lewy (CFL) condition. Local time stepping (LTS) is a
promising approach which uses small time steps in nearwell regions (and other
high Courant number regions) and large time steps elsewhere. Several authors
have studied different approaches combining AMR and LTS (e.g. Quandalle
and Besset, 1985; Mlacnik and Heinemann, 2001). However, unlike adaptive
mesh refinements, local time stepping techniques are far less mature (Gander
and Halpern, 2013).

Although common in free-flow problems, dynamic adaptive meshes are seldom
used for multi-phase flow simulations in geological reservoirs. The biggest obsta-

cle is the need to represent the spatially varying material properties (especially
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permeability) of the reservoir. Up-, cross- or down-scaling permeability is non-
trivial and would make existing dynamic adaptive-mesh optimisation (DAMO)
algorithms prohibitively expensive. In this chapter, we outline a method to
adapt the mesh of surface-based models during flow simulations that admits the
significant advantages of DAMO observed in other computational fluid dynamics
(CFD) applications (Alauzet and Loseille, 2016).

5.2 Dynamic adaptive-mesh optimisation

Mesh optimisation is used to generate the mesh to represent the geological and
(evolving) fluid structures and reduce discretisation errors. Our approach retains

the original complex geological structures of the surface-based models.

Figure 5.1 illustrates the methodology. As described earlier, surface-based
models are built without reference to an underlying grid. Using unstructured
triangular elements, an initial 2D mesh is built that accurately captures the
complex geometries of the surface bounded domains with the minimum number
of elements, within a specified error. Next, a 3D tetrahedral mesh is built within
each geological domain to form an initial coarse volume mesh. This initial
volume mesh is only created to ensure that the 2D mesh is capable of producing
a suitable volume mesh. Nodes of the 2D mesh form a series of master nodes.
During the adaptivity routine, master nodes are not removed or modified. This
ensures that once the surface-based model is discretised the geometric integrity of
that model is preserved throughout the mesh adaptivity routine and throughout

the flow simulation.

Each domain is associated with certain material properties (such as permeability
and porosity), which are assigned to each element in that domain. During flow
simulation, the mesh is adapted to better represent the evolving structures using

the series of topological operations outlined in Figure 5.2.

5.2.1 Metric formation

For most problems of interest, predicting the location of areas of interest that
require high resolution is not possible a-priori and therefore an a-posteriori
method needs to be found. The approach adopted here employs a metric based

formulation which is used to guide the mesh optimisation step.

The metric is built upon the Hessian matrix, a solution dependent error measure

which varies both in space and time (Pain et al., 2001). The Hessian gives
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Surface-based representation of two different
geologic domains of contrasting petrophysical
properties (denoted by shading).

(a)

Meshing of surfaces using a 2D Delaunay
triangulation that captures surface intersections
and is iteratively optimized to preserve complex
surface topology within a user-defined error
margin. The surface nodes defined here (large
points) are preserved throughout dynamic AMO.

(B)

Generation of initial 3D tetrahedral mesh within
each geologic domain through repeat application
of the mesh adaptivity library, constrained to
generate the desired number of degrees of freedom.
The tetrahedral elements within each domain are
assigned the values of petrophysical properties
associated with that domain. The volume nodes
(small points) can be moved, removed or added to
during dynamic AMO.

(©)

During simulation the adaptivity routine allows
dynamic AMO to flow-based fields; here the mesh
has locally refined. The surface nodes remain fixed
so the 2D mesh representing the surface-based
geologic model is preserved. New elements created
by AMO are assigned the petrophysical properties
for the domain so there is no need to scale up,
cross-scale or downscale f elements change size or
shape, or new elements are created.

(D)

Dynamic AMO drives a previously refined mesh to
coarsen again if allowed by flow-based error metrics.
The surface nodes remain fixed, so the surface-based
geologic model is preserved when the volume mesh
coarsens. There is no need to scale up if elements
change size or shape.

(®)

FiGure 5.1: Work flow to generate and adapt unstructured
meshes on surface-based models. (A) Original surface-based
model depicting two domains; (B) a 2D surface mesh is built to
capture the bounding surfaces; (C) an initial coarse 3D tetrahe-
dral mesh is built within the domains; during flow simulation the
volume meshes can be refined, (D), or coarsened, (E) using hr
adaptivity but the geology remains intact. From Jackson et al.
(2015).
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information about the concavity of the solution fields at each point in every
direction. This allows the adaptivity algorithm to identify anisotropies in the
solution structures resulting in anisotropic and inhomogeneous mesh resolutions
(Pain et al., 2001; Piggott et al., 2008; Davies et al., 2011).

The metric (M) is calculated using the following expression (Pain et al., 2001)

H(x)|

€(x)

M(x) = det (JH(x)|) 7 (5.1)

where p is the degree of the polynomial of the norm, n is the number of dimensions
of the problem, € is a user-defined desired error and |H| is a modified Hessian

matrix given by

5.2
0, 1# ] (5:2)

G0 = QG AG0IQ0). 4G - {
where {)\;} are the eigenvalues of the Hessian and Q are the ortho-normal matrix

of eigenvectors.

The user can specify a minimum and maximum edge length via restrictions
on the eigenvalues of the modified Hessian matrix (Equation 5.2). Additional
bounds such as the desired number of degrees of freedom and the local metric
change between neighbouring elements allows the user to specify the preferred

anisotropic mesh resolution.

It is often necessary to adapt to multiple solution fields. In this formulation
a metric is formed for each solution field. A final metric is then obtained via
superimposition of the metrics for individual fields. This ensures that only one

metric is needed at the mesh optimisation step.

5.2.2 Mesh optimisation

Given the target metric (M), a new computational mesh with edges, e, is

generated such that

lellpm = Vel Me =1 (5.3)

i.e. all the edges in the mesh have unit length with respect to the metric M.

A functional defining the quality of the mesh is then used to guide the mesh

optimisation towards Equation 5.3
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FIGURE 5.2: Topological operations performed on elements in
order to optimise a mesh (Pain et al., 2001; Piggott et al., 2009).
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where dgp and gea gauge the size and shape of an element measured with
respect to the metric M. These are defined such that deja = gepq = 0 for an
ideal element (i.e. with edge lengths and aspect ratios of unity with respect to
M). The minimisation of the functional F, . therefore ensures a mesh with the

optimal size and shape is created.

The new mesh is generated from the existing mesh via the sequential application
of remeshing operations on local clusters of elements where needed, while
preserving the old mesh in other regions. The mesh structure is modified using
node or vertex repositioning, element refinement/splitting, coarsening by edge

collapse, and face-edge/edge-face swapping (Figure 5.2).
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5.2.3 Mesh to mesh interpolation

When the mesh adaptivity algorithm has terminated, two meshes exist: the
donor mesh (old mesh) and a target mesh (new mesh). These two meshes will
in general be different and yet it is necessary to transfer the solution fields such
as saturation, pressure and velocity from the donor to the target mesh. The
transfer between the two meshes is known as interpolation. Several options exist.
The simplest approach is called consistent interpolation whereby the value of
the field at the target mesh is set to the value at those physical positions on
the donor mesh (Lohner et al., 1985). This method is sometimes referred to as
collocation interpolation. However, consistent interpolation is not conservative in
that the integral of a field over the whole domain on the donor mesh will not be
preserved on the target mesh. The method is also unsuitable for discontinuous
meshes as co-located nodes will share the same value therefore discontinuous

fields will be smoothed as they are transferred to the target mesh.

The other option, which we use, is the Galerkin projection (Farrell and Mad-
dison, 2011). The method proceeds by constructing a supermesh which is the
intersection between donor and target meshes. The integral of the field over
the domains of the donor and target mesh are then equated. As the supermesh
contains the nodes and edges of both the donor and target meshes, Galerkin

projection allows an accurate solution to this integral (Figure 5.3).

The computational overhead of Galerkin projection interpolation is low as there
is no need to recalculate values of material properties such as porosity and
permeability. Permeability is particularly difficult as simple volume-weighted
averages cannot be used. Up-scaled permeability values are strongly dependent
on the underlying fine scale spatial correlation, evaluating a representative value
at a coarser scale is therefore non-trivial. A large number of methods exist
for permeability up-scaling. Flow based upscaling involves performing flow
simulations, sampling a fine mesh distribution of permeability, and evaluating
the average properties that reproduce the behaviour on a coarser mesh (Renard
and De Marsily, 1997). Up-, cross- or down-scaling permeability would therefore
make DAMO prohibitively expensive. However, in our approach, the permeability
(and other material properties) are constant within each geological domain. They
are therefore simply assigned to mesh elements within a domain after each mesh
adapt, regardless of their size (Jackson et al., 2015). No up-, cross- or down-
scaling of material properties is required and saturation-dependent material
properties such as relative permeability and capillary pressure can simply be

recalculated using the local saturation.
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(a) (B)

(c) (D)
FIGURE 5.3: (A) and (B) Two triangular meshes with some
finite element solution depicted by different colours. (C) and (D)
show the same triangular supermesh with the finite-element (FE)

solutions mapped from mesh (A) and (B), respectively. Adapted
from Farrell and Maddison (2011).

5.2.4 Accounting for high Courant numbers

The complex, high aspect ratio geometries encountered in porous media flows
can lead to large variations in element size (Graham et al., 2015a). Moreover,
the order of magnitude variations in petrophysical properties and large pressure
drops in nearwell regions can lead to large variations in Darcy velocities. Courant

numbers can therefore vary significantly throughout space and time.

While the non-linear solvers used in Imperial College Finite Element Reservoir
SimulaTor (IC-FERST) and other multi-phase porous media flow simulators can
handle large Courant numbers (Anderson, 1965; Jenny et al., 2009; Salinas et al.,
2017a), this can be a challenge for mesh adaptivity algorithms. A-posteriori mesh
adaptivity for time-dependent problems will, by definition, trail the solution.
This is not a problem for low Courant number flows (< 1) as the solution will not
have moved past the refined region (Salinas et al., 2018b). However, solutions
of high Courant number flows may be compromised when the solution enters
coarse regions. Numerical diffusion is therefore increased and high resolution

features can be irrevocably lost.

Several methods have been proposed to address this issue. One, is the use of

mesh gradation control to limit the size variation of neighbouring mesh elements,
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FIGURE 5.4: Standard mesh adaptivity algorithm. The mesh is
adapated to user-specified field(s) after a user-defined number of
time-steps.
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thereby expanding the refined region. Two, is metric advection where the mesh
is pushed ahead of the flow using flow velocities at the current time level (Hiester
et al., 2011). This reduces the likelihood of the dynamics of interest moving out
of the higher resolution regions. Three, involves adapting the mesh as part of
the non-linear solver, first presented by Alauzet et al. (2007) for Navier-Stokes
flows and later modified by Salinas et al. (2018b) for porous media flows (Figure
5.5). Rather than adapting the mesh after a specified number of time steps, the
adaptivity is triggered after a defined accumulated Courant number is reached
(dashed loop; Figure 5.5).

In the numerical examples that follow, we use both the standard adaptivity
algorithm, (Figure 5.4), if Courant numbers are expected to be low (< 1) and
use the non-linear adaptivity algorithm, (Figure 5.5), when Courant numbers

are high.

5.3 Test cases

We demonstrate the methodology outlined above using 2D and 3D models that
capture typical subsurface reservoir processes and architectures. We test the
implementation of this method in IC-FERST using the double control-volume-
finite-element method (DCVFEM) in which the pressure is discretised CV-wise
rather then FE-wise and all other variables are discretised following the classical
CVFEM. Previous studies have shown benchmarking of IC-FERST using the
DCVFEM against viscous dominated flow (Salinas et al., 2017b), and using
conventional codes, ECLIPSE (Jackson et al., 2015), which we will not repeat

here.

Instead we present two test cases of capillary dominated flows compared against
analytical and experimental results. The capillary pressure curve for the first
test case, simulating spontaneous imbibition is generated using a power-law

model

e = pc(l _ s) (5.5)

where p. is maximum capillary pressure at the irreducible water saturation (.S,,),

and a is the capillary pressure exponent.

The capillary pressure function for the second test case, simulating the infiltration

of dense non-aqueous liquids is given by the following Brooks-Corey model
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FIGURE 5.5: Non-linear mesh adaptivity. The mesh is adapted
as part of the non-linear solver with an addition loop (dashed
line).
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Sw - Swr ¢
. = . 5.6
p pd(l—Sw—Sm) (5.6)
where pg is the entry pressure, i.e. the capillary pressure which must be exceeded

before the non-wetting phase (e.g. oil) is able to displace the wetting phase (e.g.

water) from a porous medium, and a is the pore size distribution index.

We then use three surface-based models to illustrate several advantages and
highlight some issues with DAMO. For these surface-based models we simulate

the displacement of oil by water with negligible gravitational and capillary forces.

For all the simulations the relative permeabilities are given by the Brooks-Corey

model

max Sw — S“”" .
krw(Sw) o krw (1_51117“_5717">
S . (5.7)
krn(S”) - krn <1_Swr—Snr>

where k,,(S,) and k,,(S,) are, respectively, the water and oil relative per-
meabilities, k797 (S,,) and k7**(S,,), are the water and oil end-point relative
permeabilities, S, and S, are the irreducible water and oil phase saturations,

and n, and n, are the exponents for the water and oil phases.

All the following models are simulated using both fixed and dynamically adaptive
meshes. The model dimensions, number of elements and adaptivity criteria are

summarised in Table 5.1.

5.3.1 Counter-current Spontaneous Imbibition

We begin with a validation test case of a capillary dominated flow by simulating
counter-current spontaneous imbibition (SI). We compared our results against
the analytical solution, derived in Appendix A (McWhorter and Sunada, 1990;
Schmid and Geiger, 2012; Nooruddin and Blunt, 2016; Nourdeen, 2018). SI
occurs when a wetting (e.g. water) phase enters a porous medium, displacing a
non-wetting (e.g. oil) phase by capillary forces alone. We set this model up as
a closed rectangular domain, with two regions (Figure 5.6a). Counter-current
flow is imposed by setting the water saturation of the left region to a maximum
value of (1 — S,,), where S, is the residual oil phase saturation and setting

a large porosity. The large porosity ensures that changes to the saturation in
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TABLE 5.1: Fixed and DAMO simulations

Fixed mesh Adaptive mesh

Model  Dimensions (m) Mesh Min. edge len. (m)® No. elements Mesh Field® Algorithm® No. elements?

Al 0.02 500 AAl 124
SI 1x0.1 A2 0.01 2000 AA2 Sw Standard 132

A3 0.005 8000 AA3 170

B1 0.05 666 BA1 345

B2 0.025 2604 BA2 S Standard 800
DNAPL 0.90 x 0.65

B3 0.01 17082 BA3 1380

B4 0.005 65769 BA4 — — —

C1 0.03 33606 CA Sw Non-linear 41653
SBM 1 1.5 x 1.5 x0.1

C2 0.015 477759 — - - —

D1 27 7795 DA Sw Non-linear 10200

D2 22 12854 — — — —
SBM 2 900 x 1000 x 20

D3 18 102832 - — - —

D4 6.7 879040 — — - —

E1l 10 11300 EA S, & p Non-linear 60518

E2 6 45425 — — - —
SBM 3 220 x 100 x 82

E3 3.5 227051 — — — —

E4 2.5 621998 - — - —

@ Minimum edge of triangle/tetrahedron of fixed mesh
b The field that the DAMO algorithm adapts to
¢ Standard algorithm: Figure 5.4; Non-linear algorithm: Figure 5.5

4 Denotes the average value
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- 0.65
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. 0.20
(B)

FIGURE 5.6: (A) Domain split into two regions. A large porosity
is set for the left-hand domain to ensure insignificant change
in saturation. The right-hand domain’s porosity is kept at 0.20
and homogeneous permeability of 1 x 107%m?, (B) the right-
hand side domain is initially saturated with the oil phase and
no external forces are applied i.e. all boundaries are no flow
boundaries. The wetting phase invades the domain purely by
capillary forces.

the left-hand region remains insignificant. The right-hand region is initially
saturated with the oil phase. Material and fluid properties are summarised in
Table 5.2.

For the adaptive mesh simulations, the mesh is adapted to minimise the error
of the saturation field only, with a tolerance of 1%. The standard algorithm is

used as the Courant number is low.

5.3.2 DNAPL infiltration

The second test case concerns the migration of dense non-aqueous liquids
(DNAPL) through porous media, which involves the computation of two-phase
flow in heterogeneous porous media with gravity and capillary effects. DNAPLs
are widespread throughout industrialised areas; common examples are chlori-
nated solvents which can be 50-60% denser than groundwater. This allows them
to migrate deep below the water table and risk long term contamination due
to their limited solubility (Hofstee et al., 2003). No analytical solution exists
for the infiltration of DNAPL in heterogeneous porous media; here, we test the
numerical formulation against laboratory experiments conducted by Barczewski
and Koschitzky (1996). Contrasts in capillary pressure (in particular entry
pressures) result in saturation discontinuities at the interface between the two
mediums. Figure 5.7 shows the configuration of the test case. Trichloroethylene
(TCE) is infiltrated (at a rate of 5.12 x 107° m/s) and under gravity, into a
small container measuring 90 cm by 65 cm filled with two different, relatively

homogeneous quartz sands. The properties of the sands are given in Table 5.3.



Chapter 5. Dynamic adaptive-mesh optimisation 105

TABLE 5.2: Material and fluid properties for SI test case

Parameter Unit  Left-hand domain Right-hand domain
Permeability (K) [m?] 1x10713 1x10713
Porosity 8 1000 0.20
Initial water saturation (S,) [—] 0.80 0.20
Initial oil saturation (.S,,) [—] 0.20 0.80
Capillary pressure exponent (a) ] 2 2
Max. capillary pressure (p.) [Pal) 1 x10° 1 x10°
Residual water saturation (S,,) -] 0.20 0.20
Residual oil saturation (S,,;) [—] 0.20 0.20
Parameter Unit Water phase Oil phase
Density (p) [kg/m?] 1000 1000
Viscosity (u) [Pa.s] 0.001 0.001
Endpoint rel. permeability (k%) -] 1 1
Corey exponent [—] 2 2

The capillary pressure resistance at the first horizontal interface between the

coarse and fine sands stops the DNAPL penetrating the fine sand lens.

As traditional control-volume-finite-element methods (CVFEMs) consist of
control-volumes (CVs) that span element boundaries, saturation will be smeared
across the capillary barrier leading to a premature penetration of the DNAPL
into the find sand lens. While it will not eliminate it completely, mesh adaptation
will reduce this saturation smearing by reducing the size of elements (and the

CVs) at the interface between the coarse and fine sands.

Similar to the SI simulation, the mesh is adapted to minimise the error of the
saturation field only, with a tolerance of 1%. The standard algorithm is used as

the Courant number is low.
A normalised measure of non-physical leakage into the fine sand lens is used to
compare the fixed and DAMO simulations.

kg

Ney

=" Sinud V¥ (5.8)

where S; .y is the DNAPL saturation, nel . ®*rand V*s are the number of con-

trol volumes within the fine sand lens, the porosity and volume of fine sand,
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F1GURE 5.7: Geometry and boundary conditions of DNAPL
infiltration test case (Helmig, 1997)

respectively. The mass leakage is normalised against the error calculated for the

coarsest mesh.

5.3.3 Surface-based models

We then consider three surface-based models describing typical geological het-

erogeneities (Table 5.4).

Fracture model (SBM 1)

SBM 1 is a 2.5D (pseudo 3D) model of a fractured carbonate (Figure 5.8). The
model is a 1.5 x 1.5 m sample of the 6 x 6 m mapped Kilve section, on the
southern margin of the Bristol Channel coast (Figure 5.9; Belayneh et al., 2006;
Belayneh et al., 2009). The Kilve section is an anticline with a prominent joint
set parallel to its axis and a second set terminating against the long joints.
Fracture apertures (Domain 1) are set to a uniform width of 3 mm with a
permeability of 10,000 mD within a matrix (Domain 2) of 1 mD. The model is
initially saturated with oil and residual water. Water is injected at the left-hand
boundary and oil and water is produced from the right-hand boundary, with all
other boundaries closed. SBM 1 is used to highlight some issues with adaptive

mesh simulations of fractures which are explicitly resolved.

For adaptive mesh simulations, the mesh is adapted for saturation only at a

tolerance of 1%. Due to the large variations in Darcy velocity at the fracture
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TABLE 5.3: Material and fluid properties for DNAPL test case
(Helmig, 1997)

Parameter Unit Coarse sand Fine sand
Permeability (m?  6.64x 107" 7.15 x 10712
Porosity -] 0.4 0.39
Capillary pressure exponent (a) ] —0.37 —0.50
Entry pressure (pg) [Pa] 755 2060
Residual water saturation (S,;) [—] 0.09 0.12
Residual DNAPL saturation (Sy;) -] 0 0
Parameter Unit  Water phase DNAPL phase
Density (p) [kg/m3] 1000 1460
Viscosity () [Pa.s| 0.001 0.0009

tips and fracture intersections (and the large variations in element size), the
standard adaptivity algorithm will not be sufficient (Salinas et al., 2018b). For

this simulation we use the non-linear adaptivity algorithm.

Channel model (SBM 2)

SBM 2 is of a typical subsurface sandstone reservoir (Salinas et al., 2017b;
Figure 5.10). A surface-based model is used to capture channelised sandbodies
in a non-reservoir mudstone background. Channelised sandstone reservoirs are
among the most common geological architectures and yet representing them
using conventional k-orthogonal grids remains a challenge as discussed earlier.
Typically, non-reservoir facies are set to be inactive. In this example, SBM 2 is
made up of three groups of channels (Domains 1, 2 and 3; Table 5.4) with large

contrasts in permeability.

In conventional modelling approaches a large number of grids blocks are required
to capture complex, features that are not aligned with grid-block boundaries, in
a stair-stepping fashion. Figure 5.11 shows a cross-section of SBM 2 discretised
using conventional Cartesian grids at decreasing resolution. Over 100,000 active
grid blocks (400,000 in total) are needed to capture the channel geometry (Figure
5.11a). As the resolution is decreased there is a loss in connectivity between
the small channels, and with a further decrease in resolution we start to see
connectivity where there should not be. This can result in significantly different

flow behaviours in conventional grid-based simulations. At higher resolutions



108 Chapter 5. Dynamic adaptive-mesh optimisation

TABLE 5.4: Rock and fluid properties for surface-based models

Property Unit SBM1 SBM2 SBM 3
Domain 1 permeability [mD] 10000 1000 1000
Domain 2 permeability [mD] 1 200 1
Domain 3 permeability [mD] N/A 100 N/A
Domain 1 porosity [—] 1 0.2 0.2
Domain 2 porosity [—] 0.2 0.2 0.1
Domain 3 porosity [—] N/A 0.2 N/A
Water/oil phase density [kg/m?® 1000 1000 1000
Water /oil phase viscosity [Pa.s]  0.001  0.001  0.001
Irreducible water phase saturation [—] 0.2 0.2 0.2
Residual oil phase saturation [—] 0.2 0.2 0.2
Water phase endpoint relative permeability -] 0.3 0.3 0.3
Oil phase endpoint relative permeability -] 0.8 0.8 0.8
Water/oil phase Corey exponent -] 2 2 2
0.lm 1.5m
1.5m

FIGURE 5.8: 1.5 x 1.5m sample of the Kilve model (Figure 5.9c¢)
extruded 0.1 m . Fracture width are uniform at 3 mm.
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FIGURE 5.9: (A) Structural map of Lilstock on the southern
margin of the Bristol Channel coast, showing the Lilstock anti-
cline and regional map showing the location of the Kilve model;
(B) The gently folded alternating limestone and shale beds of the
Kilve anticline. Early joints were formed parallel to the fold axis
around the hinge zone of the anticline; (C) Kilve sketch, Area =
6 x 6m. From Belayneh et al. (2006).
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FIGURE 5.10: SBM 2. Channelised sandstone reservoir with

three channel groups; 1,000 mD (Domain 1), 200 md (Domain 2)

and 100 mD (Domain 3). Non-reservoir mudstone is not modelled.
Vertical exaggeration 4x.

the high permeability small channels are resolved and can act as thief zones,
whereas at lower resolutions these channels are bypassed as they are no longer

connected.

The surface-based modelling (SBM) approach is able to preserve the original
geometry without the need for stair-stepping. Figure 5.12 shows the mesh D1
with approximately 8,000 elements and a finer mesh (mesh D2) with around
13,000 elements. Note that around an order of magnitude fewer elements were
needed to capture the geometry of the channels compared with the models in
Figure 5.11.

For flow simulations we discretised this model using unstructured tetrahedral
elements; non-reservoir volumes are not meshed as they do not contribute to
flow (Figure 5.10). We use this model to highlight the importance of preserving

complex geometric architectures during mesh adaptivity.

Adaptive mesh simulations adapt to reduce the error of the saturation only with

a tolerance of 1% only and applying the non-linear adaptivity routine.

Fault model (SBM 3)

Finally SBM 3 (Table 5.4), is of a layered reservoir offset by conjugate normal
faults. Structurally complex reservoirs can be difficult to represent using con-
ventional approaches. Faults that are not aligned with the principle axis or that
are vertically intersecting can require modifications, simplifications or removal
from the model (see Chapter 2).
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FIGURE 5.11: Cross section of SBM 2, discretised using Cartesian

grids at decreasing resolution (vertical exaggeration 5x). (A)

model made up of 400, 000 cells (109,585 active cells); (B) model

made up of 100,000 cells (26, 735 active cells); (C) model made

up of 25,000 cells (6,477 active cells). The connectivity of the

smallest channels is lost as the mesh is coarsened. We also
encounter some artificial connectivity.
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FIGURE 5.12: Surface-based channel model (SBM 2) made up
(A) approximately 8,000 elements (mesh D1); (B) mesh D2,
13,000 elements
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FicURE 5.13: SBM 3. Conjugate normal faults offsetting strati-

graphic layers of contrasting permeability; 1,000 mD (Domain 1)

and 1 mD (Domain 2); (A) side view; (B) top view; (C) example
of unstructured tetrahedral mesh.

Figure 5.13 shows the model dimensions and initial unstructured mesh (mesh E1).
Initially saturated with oil and irreducible water, the injection of water through
the right-hand boundary is simulated, displacing oil towards the right-hand
boundary ignoring gravitational and capillary forces. All other boundaries are
closed to flow. With this model we show how DAMO can be used to significantly

improve simulation accuracy and speed.

For the adaptive mesh simulation, the mesh is adapted using the non-linear
algorithm to minimise both the saturation (1% tolerance) and pressure (10%
tolerance). In addition to saturation, adapting to pressure ensures that before
the shock front reaches the outlet, higher resolution is maintained at the outlet
face. This was seen to improve the flux calculations across the outlet face,

especially where the outlet face is made up of heterogeneous layers.

5.4 Results

5.4.1 Spontaneous imbibition

We first validated the DCVFEM and DAMO algorithm by comparing the SI
simulation against the analytical solution. Figure 5.14 shows the saturation snap
shot on a fixed and adapted mesh after 10,000 seconds. The mesh resolution is

concentrated on regions with large saturation changes. Here the mesh resolution
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(B)

FIGURE 5.14: Saturation snap shots after 10,000 seconds. (A)
with a fixed mesh (mesh A3, 8,000 elements); (B) adapted mesh
AA3 with < 100 elements.

is highest at the imbibition front and also at the interface of the two regions,
but low elsewhere. We observe similar profiles for adaptive and fixed mesh
simulations (Figure 5.15b). In the DAMO simulation the mesh adaptively refines
at the imbibition front. Smaller elements at the front reduce numerical dispersion
and larger elements ahead of and behind the front. This leads to more accurate
solutions with significantly fewer elements than a fixed mesh simulation, with
nearly two orders of magnitude fewer elements (Figure ??7). The fixed mesh
simulations display roughly linear convergence, while adaptive mesh simulations
show improved convergence. This is likely due to the dynamically optimised
mesh to reduce the interpolation error. This results in a much greater reduction
in L1 error with far fewer elements than are needed with a fixed mesh simulation.
Dynamic optimisation of the mesh comes at an increased computational cost.

However, as we show later in Section 5.5, this cost is minimal.

5.4.2 DNAPL infiltration

We now compare the simulation of DNAPL infiltration using fixed and adaptive
meshes. Figure 5.16 shows DNAPL-saturation levels after 2,360 seconds, for a set
of fixed meshes and an adaptive meshes. As the DNAPL-saturation front reaches
the fine sand the DNAPL should not penetrate due to the difference in capillary
entry pressure (Figure 5.16f). However, similar to all traditional CVFEMSs, the
CV of the DCVFEM spans element boundaries which leads to smearing across
the upper horizontal interface between coarse and fine sands. This non-physical
penetration into the fine sand is reduced as the mesh is refined. The adaptive
mesh allows for a more accurate description of the saturation discontinuity with
far fewer elements. This can be quantified by the normalised error (Equation
5.8). Figure 5.17 shows the normalised error as a function of the number of
elements for the fixed and DAMO simulations. With the DAMO simulation
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FIGURE 5.15: (A) Comparison of numerical results for counter-
current spontaneous imbibition against the analytical solution for
fixed mesh simulations. The dashed line denotes the analytical
solution; (B) The L1 error norm of the fixed and adaptive mesh
solutions after 10,000 seconds; the dashed line denotes linear
convergence. The adaptive mesh simulations yields similar solu-
tion quality to the fixed mesh results using approximately two
orders of magnitude fewer elements when comparing the highest
resolution adaptive and fixed models.
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an error of the same size is achieved with more than an order of magnitude
fewer elements than the fixed mesh, which still show significant non-physical
infiltration of DNAPL.

5.4.3 Fracture model (SBM 1)

We now examine the first surface-based model, SBM 1, with explicitly resolved
fractures. Figure 5.18 shows the saturation snap shot after 0.1 pore volumes
injected. With the fixed mesh, C1 (Figure 5.18b), there is no sharp saturation
interface between the high permeability fracture and low permeability matrix.
Instead, saturation is smeared around the fractures into the matrix. With
increasing resolution, this smearing is reduced and the saturation interface
sharpens (Figure 5.18d). On a fixed mesh, C2, this requires close to 500,000
elements. This leads to an earlier water breakthrough (time to first production
of water; Figure 5.19b).

On the other hand, the DAMO simulation, with fewer than 60,000 elements,
is able to produce quantitatively similar results (Figure 5.18f). The water
breakthrough is even earlier as the mesh better captures the fracture/matrix

interface.

Although the DAMO simulation was able to improve the representation of the
fracture/matrix interface, saturation smearing is still not eliminated due to CVs
spanning element boundaries. This issue is addressed later in Chapter 6 with a

new discretisation model termed the discontinuous DCVFEM.

5.4.4 Channel model (SBM 2)

A vital part of the DAMO algorithm employed here is that the original geometry
is preserved by adapting only within domains. Figure 5.20 shows an example of
a DAMO simulation adapting to the saturation solution. The mesh resolution is
refined around the water front and coarsened elsewhere, while ensuring channel
connectivity is maintained. Figure 5.21 shows the production of oil and water
breakthrough as a function of pore volumes injected. For clarity we show only
the coarsest and finest fixed meshes (D1 and D2) as well as the adaptive DA1

simulation.

Here we see that the production of fluids is very similar at all levels of refine-
ment tested, within 1%. However, a closer look at the production and water
breakthrough plots shows that the DAMO simulations are closest to the finest
mesh solutions (Figures 5.21b and 5.21d). While this example does not seem to
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FIGURE 5.16: Infiltration results after 2,360 seconds. (A) Fixed

mesh Bl (202 elements) simulation; (B) fixed mesh B2 (666

elements) simulation; (C) fixed mesh B3 (2,604 elements); (D)

fixed mesh B4 (17,082) (B) DAMO simulation with an average

of 1380 elements (mesh BA3); (C) experimental results (Helmig
and Huber, 1998).
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F1GURE 5.17: Normalised mass leakage into the capillary barrier
corresponding to the time step in Figure 5.16

show a big advantage to adaptivity, it does show that the DAMO algorithm is
able to preserve the important architectures during adaptivity. Further, it shows
that the SBM approach allows us to capture these architectural elements, in
this case channel bodes, with a small number of elements and achieve accurate
flow predictions. Therefore in this example, surprisingly, the mesh resolution
required to capture the channel architecture was also sufficient to capture flow.
This is most likely due to the fact that the non-reservoir mudstone was removed
from the model where control volume smearing would have necessitated further

mesh refinement.

5.4.5 Fault model (SBM 3)

Finally, we compare fixed and DAMO simulations of the fault model. Figure
5.22 shows the oil recovery and water breakthrough as a function of pore volumes
injected with different mesh resolutions. It is clear that the results depend on the
mesh resolution: water breakthrough occurs earlier as the mesh is refined. This is
due to a reduction in saturation smearing across the material boundary between
the high and low permeability layers and a reduction in numerical dispersion. As
the mesh is refined this material interface is better resolved leading to reduced
saturation smearing, to the surrounding low permeability mudstone. Fixed mesh
E1 shows severe smearing (Figure 5.23a) which is significantly reduced with
fixed mesh E4 (Figure 5.23b). However, the use of a fixed mesh with (almost)

isotropic elements leads to a large number of elements in areas where there is
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FIGURE 5.18: Water saturation after approximately 0.1 pore

volumes injected. (A) fixed mesh C1, with 33,606 elements; (B)

fixed mesh C2, with 477,759 elements; (C) DAMO simulation an
average of 41,653 elements (mesh CA1).
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no significant change in saturation, which is an inefficient use of computational

resources.

The DAMO simulation shows improved representation of the inclined fault
boundaries and the interface between high/low permeability layers. Moreover,
at the top of the model elements are long and thin, capturing the water front
with the fewest number of elements (Figure 5.23c). This ensures that we achieve
similar oil recovery and water breakthrough results to that of the finest fixed
mesh (E4) with fewer than 10% of the elements required with a fixed mesh
(Figure 5.22).

5.5 Cost of adaptivity

In the examples shown above we have taken the number of elements as a gauge
of the computational demand of each simulation. This is normally sufficient for
simulations using fixed meshes. However, for DAMO simulations it is important
to account for the computational overhead associated with adapting the mesh
and interpolating the solution fields. In order to assess the cost of adaptivity
we use the SI and SBM 3 simulations as described above. Similar results were

obtained for the other cases.

The first set of simulations were run for one time step on each mesh. Another
set included one time step followed by one run of the adaptivity routine. This
ensures that the incremental cost of adaptivity can be calculated accurately.
Each simulation was run three times and the CPU time averaged. The averaged

CPU time was then normalised to the time taken by the coarsest mesh.

Figure 5.24a shows the results for the 2D SI model. The difference arrows
indicate that the time spent during the adaptivity routine is on average 11.4%
of one time step. Similar results were seen with the 3D SBM 3 model (Figure
5.24b) where the adaptivity routine averaged at 12.6% of one time step. These
results are in line with those previously reported (Piggott et al., 2009; Hiester
et al., 2011).

Figure 5.25 shows the CPU time of the full SBM 3 simulation runs normalised
to the CPU time of the coarsest mesh (E1). The adaptive mesh simulation (EA)
yields a similar solution to the finest resolution mesh, E4 (Figure 5.22) at a

fraction of the total cost.



Chapter 5. Dynamic adaptive-mesh optimisation

123

0.6

>

2 0.4

>

@]

2

S 02
0
0.6

k=

° 04

L

<

=
0.2

FIGURE 5.22: Production plots as a function of time for simula-
tions of the fault model. (A) oil recovery; (B) water cut.
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FIGURE 5.23: Water saturation after 0.2 pore volumes injected.
(A) Mesh A; (B) Mesh D; (C) DAMO simulation.
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step (red bar). (A) SI model; (B) Fault model (SBM 3).
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FIGURE 5.25: Total CPU time for the Fault model (SBM 3)
normalised to CPU time for mesh E1. Blue bars denote fixed
meshes, red bar denotes the DAMO simulation.

5.6 Discussion

There are significant benefits from DAMO in surface-based reservoir modelling
and simulation. First, numerical dispersion can be reduced significantly, as the
mesh is refined near more rapidly changing solution variables. We demonstrated
this with the SI simulation. Due to capillary pressure, the saturation front is
not sharp but more smooth. However, we have shown that the DAMO is able
to track the front leading to more accurate solutions with orders of magnitude

fewer elements compared to the fixed mesh solution.

Second, we demonstrated that DAMO simulations can reduce the effect of
saturation smearing with the DNAPL infiltration test case. This is a well known
issue with the CVFEM where CVs span element boundaries. This causes CV-wise
solution variables such as saturation to be smeared across element boundaries
which can represent material boundaries. The non-physical penetration is
significantly reduced as the resolution is concentrated at the coarse/fine sand

interface.

Third, multi-scale features can be better resolved in a computational efficient
manner. The DAMO combined with the SBM approach adopted here allows
adaptive meshing to be used without the need for re-scaling every time a mesh is
changed. Petrophysical properties are modelled as constant within geologically

defined domains and the meshes are coarsened or refined only within these
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domains.

Re-scaling properties has been one of the main obstacles to mesh adaptivity in
reservoir simulations. The re-scaling of spatially varying material properties such
as permeability to develop effective properties is non-trivial. Effective properties
are generally process dependent and depend heavily on the flow conditions
or underlying grid used to derive them. The computational costs associated
with developing new effective properties after each mesh change is therefore

prohibitive.

The DAMO algorithm used here ensures that the complex reservoir geometries
are preserved during the simulation. This was demonstrated with Models 2 and
3. In SBM 2, we showed how channelised reservoir geometries can be easily
modelled using SBMs and meshed with 10x fewer elements than conventional
Cartesian grid blocks. Moreover, we showed how maintaining architectural
integrity of these channelised models is difficult using conventional modelling
techniques. Unless a high resolution is used, channel connectivity may be lost
and or artificially created. However, even when the geometries are preserved,
with a large number of grid blocks, simulation results will be highly dependent

on the grid orientation (due to non-k-orthogonality).

We demonstrated DAMO on a faulted reservoir in SBM 3. During the simulation
the DAMO algorithm was shown to resolve both geological interfaces, between
high and low permeable facies, as well as the sharp fluid interfaces. This lead to
an order of magnitude fewer elements in the DAMO simulation to reproduce
the highest resolution fixed mesh results. The DAMO algorithm was also shown

to be very efficient, requiring approximately 10% of the cost of one time step.

While explicitly resolving fractures should be considered when modelling tran-
sient flow through fractures and geo-mechanical activation and propagation of
fractures, it is less useful for viscous dominated flows (Hefe et al., 2013) like the
one simulated in SBM 1. The DAMO algorithm maintains the master nodes of
the initial coarse mesh, which is vital for preserving the geological architectures.
However, in SBM 1, a large proportion of the nodes are master nodes. This
reduces the flexibility of the algorithm, as few nodes are free to move or be
deleted. A commonly used simplification is to represent the fractures (and other
high aspect ratio structures) as lower-dimensional features (Ahmed et al., 2015;
Monteagudo and Firoozabadi, 2004) and was shown to be justified for many
typical conditions (Hefe et al., 2013). This is not yet available in IC-FERST.
The addition of lower-dimensional structures could significantly increase the

efficiency of the DAMO simulations of fracture models.



128 Chapter 5. Dynamic adaptive-mesh optimisation

5.7 Conclusions

In conventional finite-difference-finite-volume method (FDFVM), two-point-flux
approximation (TPFA) simulators, one of the main factors affecting accurate
simulation of multi-phase flow in reservoir models is the grid size and orientation.
Typically, this results in the need for very fine-scale models and simplified
geological interpretations to reduce the number of non-k-orthogonal grids. High
performance computing has made it possible to routinely run models with
millions grid cells. However, the storage, manipulations and simulation of

high-resolution geological models remains a great challenge.

One way of reducing the size of the over all system while still being able to
resolve small-scale features is to use mesh adaptivity. This tool has revolutionised
many areas of engineering science, especially aeronautical engineering (Alauzet
and Loseille, 2016). Mesh adaptive techniques are generally divided into three
main stages: metric formation, where a suitable metric is formed to guide the
mesh adapt; mesh optimisation, where the mesh is locally modified; and mesh
interpolation where solution fields are interpolated from the donor to the target

mesh.

In this chapter we presented a DAMO algorithm tailored to the unique challenges
of reservoir models. To take advantage of mesh adaptivity in a computationally
efficient way, while preserving geological architecture, meshes are adapted only
within surface bounded geological domains. This removes the need for up-,
cross- or down-scaling petrophysical properties every time a mesh is coarsened
or refined. The re-scaling of these properties, in particular permeability, is

non-trivial and computationally expensive.

We have demonstrated the capabilities of our CVFEM method combined with
a DAMO approach by use of a series of models of complex geology, from a
channelised fluvial system to a normal faulted layered reservoir; geological
heterogeneity that are difficult or impossible to capture on conventional k-
orthogonal grids, without a very large number of grid cells. By adapting the
mesh within geological domains our approach captures important multi-scale

flow features while simultaneously preserving the original geological architecture.

The use of SBM and DAMO have shown great potential, a powerful alternative
to the current grid-based modelling and simulations workflows ubiquitous in
the petroleum industry. The computational cost of the DAMO routine (metric
construction, mesh optimisation and interpolation) was found to be less than

one time-step iteration for the problems assessed (< 13%). Considering the
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reduction in the number of elements required and the insignificant cost of DAMO,
the results presented here demonstrate the advantages of mesh adaptivity for

geological models.

Further developments of the CVFEM numerical method are needed to enable
lower-dimensional structures such fractures to be modelled and simulated effi-
ciently. Complementing this development, the DAMO algorithm needs to ensure
these lower-dimensional structures are preserved during simulation, which is

currently not possible.
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Chapter 6

Modelling material and property

discontinuities

In the previous chapters we highlighted the need for flexible numerical methods
to accurately model heterogeneous material and fluid interfaces. In Chapter 3 we
introduced the continuous DCVFEM. In this chapter we present a new discreti-
sation that overcomes the major limitation of the continuous DCVFEM, namely
its inability to accurately capture the sharp discontinuities in saturation between
domains with large material property contrasts i.e. permeability or capillary pres-
sure. The new method, called the discontinuous DCVEFEM drastically decreases
the non-physical smearing of saturation across material boundaries observed
with the continuous DCVFEM. The method uses discontinuous piecewise linear
functions enriched with bubble functions for velocity and discontinuous piecewise
linear functions for pressure evaluated on CV. LBB stability is maintained with
a very efficient velocity:pressure degrees of freedom ratio of 1.25 on tetrahedral
meshes. Classical CVFEM on the other hand may reach a ratio of 5. The
method does not require C'Vs to span element boundaries and as a result is able
to accurately preserve saturation discontinuities across material boundaries. The
method is able to maintain the significant stability improvement on high aspect

ratio meshes we have seen with the continuous DCVFEM.
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6.1 Introduction

Geological porous media typically comprise numerous domains with contrasting
material properties, high aspect ratio geometries (often of order 1000:1 in
length:height), and non-parallel, non-orthogonal boundaries across which changes
in material properties are effectively discontinuous, occurring over a few tens or
hundreds of pores (Nick and Matthéi, 2011; Graham et al., 2015a). Differences
in material properties can also induce discontinuities in dependent variables
such as fluid saturation and composition (Debbabi et al., 2017a; Debbabi et al.,
2017b).

Although control-volume-finite-element method (CVFEM) schemes can handle
complex geometries, they fail to accurately capture discontinuities in saturation
and other dependent variables across geological domain boundaries, because
control-volumes (CVs) span these boundaries (Edwards, 2006; Nick and Matthéi,
2011; Abushaikha et al., 2015; Salinas et al., 2018a). The CV-based solutions
artificially ‘leak’ across the domain boundaries (Abushaikha et al., 2015; Nick
and Matthai, 2011; Edwards, 2006; Salinas et al., 2018a).

Methods to reduce or remove the effect of CVs spanning geological domain
boundaries have been proposed by Nick and Matthai (2011), Bazratkan and
Matthai (2011), Abushaikha et al. (2015), and Salinas et al. (2018a). Nick
and Matthéi (2011) separated the CVs at element boundaries that correspond
to material boundaries; however, this approach is inconsistent across element
boundaries, so does not guarantee local mass conservation, and was tested only
for single-phase flow in 2D. Bazrafkan and Matthai (2011) used finite-elements
(FEs) as CVs and enforced local mass conservation in a post-processing step to
calculate fluxes between CVs. However, this approach is inconsistent and was
tested only on 2D problems where the local mass conservation equations are

radially constructed, which is not the case with 3D elements. Abushaikha et al.
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(2015) suggested a new scheme termed the interface control-volume-finite-element
method (ICVFEM). In this scheme, pressure is calculated at element interfaces,
rather than at element vertices (Figure 6.1b). CVs are constructed around
element interfaces, so CVs are shared by, at most, two elements. However,
CVs still span material boundaries. Salinas et al. (2018a) presented a new
mass conservative CVFEM in 3D that did not require CVs to span material
boundaries (Figure 6.1¢). The authors demonstrated that their method was able
to accurately preserve sharp saturation changes associated with large material
property contrasts across geological domain boundaries. However, the method
cannot handle elements with large internal angles, which are typically required

to discretise high aspect ratio domains such as geological reservoirs.

In this chapter, we introduce a new numerical scheme that both removes non-
physical leakage across geological boundaries and improves the robustness of
classical CVFEM. The new scheme is based on the double control-volume-
finite-element method (DCVFEM) (Salinas et al., 2017b) but we introduce
discontinuous CVs by allowing the pressure to be discontinuous between FEs. The
new finite element pair comprises equal-order finite element pairs (discontinuous
linear elements for both the pressure and velocity fields i.e. Plpg — Plpg).
LBB stability issues are overcome by the use of bubble functions, as explained

below.

We demonstrate the capabilities of the new method and compare them to alter-
native formulations that deal separately with non-physical leakage and stability
of high aspect ratio meshes. Currently dynamic adaptive-mesh optimisation
(DAMO) is not compatible with discontinuous control volumes, an area for

future work. Numerical experiments will therefore be run on static meshes.

6.2 Stability

Stability is an essential property of any numerical discretisation scheme and
refers to the relationship between the exact solutions to the discrete problem, and
the computed solutions that include round-off/iteration errors (Kuzmin, 2010).
Unstable discretisations can lead to the contamination of the numerical solution
with numerical artefacts or worse, a solution not being found at all. The stability
issue is particularly important for incompressible and near-incompressible flows

(Zienkiewicz et al., 2013), leading to highly oscillatory results.

The choice of shape functions in the FE discretisation can have a profound effect
on the stability of the projection matrix (CTM~'C; Equation 3.24, Chapter 3).
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(A) Continuous DCVFEM (B) Interface CVFEM
(Salinas et al., 2017b) (Abushaikha et al., 2015)

(¢) Discontinuous CVFEM (D) Discontinuous DCVFEM
(Salinas et al., 2018a) (new)
@ Pressure node --- Control volume interface
(O \Velocity node — Finite element interface
2\ Velocity bubble node Control volume

FIGURE 6.1: Four CVFEM schemes in their lowest order variants
(A) Continuous DCVFEM, where CVs span multiple elements.
Sharp saturation/component interfaces can not be preserved with-
out significant grid refinement. (B) ICVFEM from Abushaikha
et al. (2015), where pressure nodes are placed on the element-
element interfaces. CVs are therefore shared by, at most, two
elements. CV smearing is reduced but not eliminated. (C) Dis-
continuous CVFEM from Salinas et al. (2018a), where pressure
nodes are allowed to be discontinuous between elements. CVs
are therefore discontinuous and sharp saturation/component in-
terfaces can be honoured. However this discretisation is based on
a P2pg — Plpg element pair making it an expensive method in
terms of the DOFs needed and is not robust on distorted meshes.
(D) The new discontinuous DCVFEM uses a linear element pair
Plpg — Plpg with a bubble function augmented velocity space
i.e. Plgrpc — Plpa.
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FIGURE 6.2: 1D illustration of an unstable equal order discretisa-

tion. The pressure field is piecewise linear; the pressure gradient

is therefore piecewise constant. The discrete gradient operator

M~1Cp evaluates the gradient onto the velocity nodes, in this

case at the same locations as it is equal order. This results in

the gradient being evaluated as zero everywhere. Adapted from
Wilson (2009).

The analysis of the stability properties of the projection matrix was performed
by Ladyzhenskaya (1969), Babuska (1971), and Brezzi (1974) resulting in the
concept of the LBB stability condition. For a discretisation to be LBB stable
the discretised representation of the pressure gradient, evaluated in the velocity
space must be bounded and not zero for any non-constant pressure function
i.e. the element pair must be free from eigenvalues which tend to zero as the
discretisation is refined. This condition is not satisfied if equal order element
pairs are used, i.e. if equal order interpolation functions are used for both velocity
and pressure. This is illustrated in Figure 6.2. In essence the projection matrix
is a discrete Laplace operator (i.e. taking the gradient then the divergence) on
the pressure field. If a P1P1 element is used, the pressure is a piecewise linear
continuous function, so the gradient will therefore exist on each element as a
piecewise constant. However, the discrete gradient operator M~1Cp maps the
pressure gradient onto the velocity space; on equal order elements these are the
same as the pressure nodes. This results in a zero gradient everywhere. This

expansion of the null space means that P1P1 elements are always LBB unstable.

One way to overcome this issue is to have more velocity degrees of freedom
than pressure (Elman et al., 2006; Cotter et al., 2009). We achieve this here
by the use of interior velocity bubble functions. This allows us to admit linear
discontinuous pressure functions (thereby achieving discontinuous CVs) while

keeping linear discontinuous velocity functions.
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6.3 Discretisation with bubble functions

In the formulation presented here velocity, permeability and porosity are rep-
resented FE-wise; while pressure, saturation, relative permeability and fluid
properties such as viscosity and density are represented CV-wise. This is based
on the DCVFEM formulation presented in Chapter 3.

The computational domain (£2) is discretised into a family of non-overlapping
triangular or tetrahedral elements (Q2z) with a constrained conforming Delaunay
triangulation (Shewchuck, 2002).

6.3.1 Force-balance equation

We consider an enriched finite element space V; a linear combination of linear
Lagrangian polynomial functions (/N;) and volume bubble functions restricted
to each finite element (Arnold et al., 1984).

The bubble functions, N% C V vanish at the element boundaries and have a

maximum value at the barycentre of the element

Ni(x) >0 Vx€Qp
Ni(x)=0 VxeTg (6.1)

N%(x) = maximum at barycentre of element E

and are evaluated as a product of the linear Lagrangian basis functions (Zienkiewicz

et al., 2013)

d+1

Ni(x) =7 1:[ Ni(x) x€Qp (6.2)

where d is the number of physical dimensions. [ is the scaling parameter: setting
£ = 27 for 2D elements and § = 256 for 3D elements returns a value of 1 at the
barycentre, which is well known in the literature. However, as we show later,
scaling the bubble functions with smaller values of § provides more accurate

results.

Any function w € V can be written as

w(x) = ZW(Xj)Nj + Zw(xb)Ng (6.3)
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where x5, xp, are the coordinate vectors of the element vertex nodes and element

barycentres, respectively.

In its weak form, the force balance equation (ignoring source terms) is given by

/Q N; (Ve + Vpo)dV = 0 (6.4)

for all basis functions N;. Applying integration by parts to the pressure gradient

term we obtain

/Ni-uadV—k/ VNi-padV—/ Do~ N -nds = 0 (6.5)
Q Q T'q

where I'g is the domain boundary and n the outward pointing normal on I'.

Applying integration by parts to the second term, we obtain

/Ni-uadVJr/Vpa-NidV— pe-Ni-nds+ [ pt-Ni-nds=0 (6.6)
Q Q

| N9} | 9}

where for a continuous pressure formulation p = p* and therefore would return to
Equation 6.4. However, to account for possible jumps in pressure, two pressure
solution functions p, p,. are collocated at the same spatial coordinates, and we

set p* as the arithmetic mean of the collocated pressures i.e. p* = 0.5(p + ppe)

/QNi - VadV+/QVpa NidV =05 [ (pa— Pame) - Ni-nds =0  (6.7)

Cq

We now approximate the solution fields v, and p by trial functions expressed in
terms of the FE (NN;) and CV basis functions (M)

Vo(x,0) Y va(x5,t) "N+ Y va(xp, t) N (6.8)
7 B

Pa(X,t) ~ Zpa(xjvt)Mj (6.9)

Substituting these trial functions into Equation 6.7 generates the following linear

algebraic system
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S [ NiNwagdV + Y [ NiNgvasdV + Y [ Nipe - nds—
E 79E E /OF cv /Tey;

(6.10)
0.5 Z/ NIM] (pmj — pa,j’ne) -nds + / NlM] (pa,j — pmbc) -nds =0
E I'g | o)

where Qg, ' are the volume and boundary of the FE, I'¢y is the boundary of
the CV. The last term in Equation 6.10 is used to weakly enforce any pressure

boundary condition, p, 4. on the domain boundary (I'g).

6.3.2 Global and local continuity equation

The mass continuity equation is discretised in the standard way by testing with
CV basis functions M; and with the #-method in time for each phase a (Gomes
et al., 2017), as in Chapter 3.

6.3.3 Inter-element fluxes

The implementation of discontinuous pressures requires additional flux calcula-
tions for CVs that are between neighbouring elements (Figure 6.3). However,
due to the elliptic nature of the pressure equation, information must propagate
in all directions across the domain. Hence, a first order upwinding scheme, which
can be performed for fluxes within the element, cannot be used here. Instead we
use a volume-weighted harmonic mean to calculate the interface flux between

two neighbouring CVs ¢ and j, with volumes V; and Vj, respectively

ﬁa = (V}o’a,jua,i + V;o'oz,iua,j) (‘/io'a,i + V}o'a,j)il (611)

In matrix notation Equation 6.10 can be written as

Mv =-Cp+R (6.12)

where v and p are respectively, the force density and pressure solution vectors.
The mass matrix M, gradient matrix C and right hand side vector R are

assembled by the usual method from element submatrices
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pressure
node

sub-control
volume

FIGURE 6.3: Intra-element fluxes (sold lines) between sub-control
volumes inside the element are calculated for both the continuous
and discontinuous formulations. With the discontinuous formula-
tion, sub-control volumes are discontinuous between elements as
well, where inter-element flux (dashed lines) are calculated.

mi’j = NzdeVv,
Qp
Cis = N,-M--nds+/ NZ-M--nE’jds/ N, M; - nds
J C%E ey j . j R J (6.13)

r=— / N, M;pa e - nds,
I'es'p

where i and j are the degrees of freedom of element E, n = (ny,na, n3)’ are the
outward-pointing normal vector of the domain € and n®7 is the normal to the
boundary of element £ and is outward-pointing if p; takes support on £, and

inward-pointing otherwise.

6.3.4 Special considerations for the mass matrix

The consistent form of the mass matrix above, creates a symmetric, non-diagonal
matrix on each finite element. Diagonalisation of the mass matrix, referred to
as ‘mass lumping’ is a common practice and has been shown to be essential to
guarantee smooth, non-oscillatory solutions for simulations of unsaturated flow
(Celia et al., 1990). While for linear elements (use of linear Lagrangian polynomial
functions) lumping procedures are physically obvious, no such procedures exist
for hierarchical shape functions such as bubble functions (Zienkiewicz et al.,
2013). We tested several approaches and found that the row-sum approach, with

scaled bubble functions, gave the best results where

Ml%i =Y M, (6.14)
J
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We examined the scaling parameter 3 (Equation 6.2 ) on the solution of multi-
phase flow using the Buckley-Leverett test case in 2D and 3D with pressure
boundary conditions. The displacement front was compared with the analytical
solution. Figure 6.4a plots the evolution of the error using the row-sum method
as a function of the scaling parameter 3. It is observed that solution errors are
reduced as 3 decreases, independently of the mesh resolution. Similar results
were seen in 3D (Figure 6.4b). However, as ( tends to zero the stabilisation
effect of the bubble element diminishes, tending (in the end member) to the
equal order P1pg — P1pg formulation, which is unstable. As a result we have
decided to use g = 1 for 2D elements and g = 100 for 3D elements, balancing

stability and accuracy.

6.3.5 Solution mechanism

The system of equations are solved using the same method as described in Chapter
3. However, the introduction of discontinuous pressure in this formulation can
significantly deteriorate the convergence behaviour in the case of non-smooth
solutions (Gross and Reusken, 2007; Ausas et al., 2010). In order to stabilise the
system we make use of a vanishing artificial diffusion (VAD) method presented
by Salinas et al. (2018¢c). VAD helps to smooth out the pressure solution and
improves the convergence rate of the non-linear solver by controlling the non-
linearity of the equations in a mass conservative manner (see Salinas et al., 2018¢
for details).

The pressure equation is solved by use of the generalised minimal residual
(GMRES) method Krylov subspace solver (Saad and Schultz, 1986) with a
multi-grid preconditioner of the PETSc framework (Balay et al., 1997). For
the test cases that follow, a GMRES solver with 30 restart iterations and the
geometric agglomerated algebraic multi-grid (GAMG) preconditioner were used
with default PETSc configurations.

6.4 Numerical Experiments

To test the performance of our formulation, we present two and three-dimensional
models (2D and 3D) with a broad range of material properties and boundary
conditions, (Table 6.1). First, we benchmark the convergence of the discon-
tinuous DCVFEM against the 2D Buckley-Leverett analytical solution (Model
1). The Buckley-Leverett solution describes the one-dimensional flow of two

incompressible, immiscible fluids in a porous media. Water is injected into an
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FIGURE 6.4: Numerical experiments to obtain the optimal £
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Buckley Leverett a) and 3D b) solution as a function of 3.
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initially oil saturated rectangular domain. The 2D domain is discretised with

uniform and isotropic triangular FEs (e.g. Figure 6.5a).

Second, we investigate the formulation’s reduction of non-physical fluid smearing
using the 3D model of a high permeability fracture embedded in a low perme-
ability domain presented by Abushaikha et al. (2015) (Model 2). This represents
a ubiquitous example of geological heterogeneity. Intermediate permeability
domains are added to the left and right edges of the model to remove boundary
effects (Figure 6.8a). Initially saturated with oil, water is injected at a constant
rate at the left boundary. All other boundaries are closed except the right

boundary where oil and water are produced at constant pressure.

Finally, we show the stability of the method against a 3D model with highly

distorted meshes, representing a common subsurface reservoir type (Model 3).

All the models tested simulate two-phase flow with relative permeabilities given

by the Brooks-Corey model

max S’LU — SU”" "
kot = 2 (2525 )
g s - (6.15)
krn(Sn) = k) (1_5'W_SW>

where k.., (S,) and k,,,(S,,) are, respectively, the wetting and non-wetting relative

max

permeabilities, ks

(Sw) and k™" (S,,), are the wetting and non-wetting end-
point relative permeabilities, S, and S, are the irreducible wetting and non-
wetting phase saturations, and n, and n, are the exponents for the wetting
and non-wetting phases. The influence of capillary and gravitational forces are

assumed to be negligible.

The reduction in non-physical fluid smearing in the embedded fracture test
case is quantified using a normalised measure of the mass leakage into the low
permeability domain (Abushaikha et al., 2015; Salinas et al., 2018a). Similar to
Salinas et al. (2018a), the mass leakage at time t is defined as the pore-volume-

weighted average change in water saturation (.S,,) in the low permeability domain

klow
3V (St — Sify) Vid
n(t) = ( ) (6.16)

klow

SV Vi
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TABLE 6.1: Model set up.

Property Model 1  Model 2~ Model 3
Domain 1 permeability 1[-] 0.01 [[] 1000 [mD]
Domain 2 permeability N/A 1 [-] 200 [mD]
Domain 3 permeability N/A 100 [-] 100 [mD]
Water viscosity 1 [-] 1 [-] 0.001 [Pa.s]
Porosity 0.2 [-] 0.2 [-] 0.2 [-]
Oil viscosity 1 [-] 1 [-] 0.004 [Pa.s]
Water/oil phase endpoint relative permeability 1 [-] 1 [-] 1 [-]
Water /oil phase Corey exponent 2 [] 2 [] 2 [

where nlgi’}ﬂ is the number of control volumes within the low permeability domain.

The mass leakage is normalised against the largest value at a particular time

step.

6.5 Results

6.5.1 Model 1

Figure 6.5b shows the saturation maps at two time steps as water displaces oil.
As the mesh is refined the numerical solution of the new method converges to
the analytical solution (Figure 6.6). The L; error norms of the new discretisa-
tion, discontinuous DCVFEM shows close to linear convergence (Figure 6.7a).
However, for such a simple case, with homogeneous permeability the continuous
DCVFEM is much more computationally efficient as far fewer degrees of freedom

are required to obtain the same quality solution (Figure 6.7b).

6.5.2 Model 2

With the continuous DCVFEM in which CVs span the boundaries between high
and low permeability domains, significant non-physical smearing is introduced
across this boundary. While the geometry of the embedded fracture is accurately
captured (Figure 6.8b), the CV mesh, where saturation and saturation related
fields are calculated, does not conform to the boundaries of the fracture. Figure
6.9a shows the CV mesh that is constructed for the continuous CVFEM on
the same tetrahedral mesh shown in Figure 6.8b. The CVs (highlighted in

green) span the fracture boundary depicted by the red rectangle, while using
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FIGURE 6.5: (A) The coarsest 2D mesh used in the Buckley-

Leverett model, (B) saturation maps of the water phase after 0.6

pore volumes injected (PVI) with the continuous DCVFEM and

the new discontinuous DCVFEM, respectively. Water is injected

at the left-hand boundary displacing oil of equal viscosity in a
homogeneous domain.

0.8

Water phase saturation
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—— 60 elements
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—4— 240 elements

FIGURE 6.6: Comparison of the analytical Bucklet-Leverett

solution at distance 0.5 dimensionless units from the inlet bound-

ary to the numerical solution of the new method (discontinuous

DCVFEM) using three meshes. Number of elements are in the
flow direction, meshes are refined by edge splitting.
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FIGURE 6.7: a) Convergence of the Ly error of the water satura-

tion as a function of the mesh element length for the numerical

solution of the Buckley-Leverett problem using the continuous

DCVFEM, the discontinuous DCVFEM and the new element

pair reported discontinuous DCVFEM; b) Convergence of the L;
error as a function of number of degrees of freedom.
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FIGURE 6.8: (A) Permeability map and dimensions (dimension-
less units) of the embedded fracture model (Salinas et al., 2018a).
Permeability contrast of 1 x 10* between the high permeabil-
ity fracture and surrounding low permeability domain, (B) an
example of the unstructured tetrahedral mesh used.

the new formulation (discontinuous DCVFEM) CVs do not span the fracture
boundary (Figure 6.9b). The CV mesh in Figure 6.9b is constructed from a
coarser tetrahedral mesh but contains approximately the same number of degrees
of freedom as the continuous DCVFEM discretisation in order to perform a fair

comparison.

The discontinuous DCVFEM results in a significant reduction in non-physical
smearing (Figures 6.9c - 6.9d), quantified by mass leakage into the low per-
meability domain (Figure 6.10a, solid lines). With less artificial smearing, the
water is able to penetrate further into the domain, leading to an earlier water
breakthrough. As time progresses the front is slowed down by the intermediate
permeability domain at the outlet end. This leads to cross flow into the low

permeability domain which is a physically realistic solution (Figure 6.9f).

The reduction in artificial smearing can be as much as an order of magnitude. As
the mesh is refined the amount of mass leakage decreases, however, even with an
order of magnitude more degrees of freedom the continuous CVFEM is unable
to achieve the same reduction in non-physical mass leakage as the discontinuous
methods. Moreover, the efficiency of discontinuous DCVFEM can also be seen
with the ratio of velocity to pressure nodes (Figure 6.10a, dashed lines). While
the solution is equally accurate for the two discontinuous formulations, the
discontinuous DCVFEM is able to achieve this with half as many velocity nodes
to pressure nodes compared to the discontinuous CVFEM (Figure 6.10a).
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FIGURE 6.9: 2D slice of the embedded fracture model using
the classical CVFEM (left) and the new formulation (right).
(A),(B) The control volume dual mesh for each method. The
embedded fracture is depicted by the red rectangle. The CVs
around the fracture are highlighted in green. In the classical
CVFEM discretisation they span the fracture boundary while in
the new formulation the sharp interface is retained. Both meshes
have the same number of degrees of freedom. (C),(B) saturation
maps of the water phase after 0.08 PVI and (E),(F) saturation
maps of the water phase after 0.15 PVI.

6.5.3 Model 3

In this final numerical example we use the channelised sandstone reservoir
model (SBM 2), from Chapter 5. The complex architecture of the channelised
sandbodies are honoured with an efficient number of elements. However, the
resulting mesh is highly distorted. Not only is the aspect ratio of the model very
large, the intersection between individual channels creates features with even
higher aspect ratios (see highlighted elements in Figure 6.11). The majority of
elements on this mesh have angles greater than 120° and a significant number
of elements have angles greater than 170°. Although these high aspect ratio
features could be meshed with high quality elements, it would require a very

large number of (small) elements, which would be computationally expensive.

We investigate the efficiency of the proposed method using three different meshes
of the channel model with increasing resolution. Mesh A consists of 12,854
elements. The refined meshes B and C are created via a ‘refine-by-splitting’
approach to retain the same mesh quality in all three meshes, with respectively,
102,832 and 824, 464 elements. Initially saturated with oil and residual water,
we simulate the displacement of oil with water injected from the right hand

boundary with production from the left hand boundary, with all other boundaries
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(B) after 0.15 PVI. The ratio of velocity:pressure nodes is shown
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closed. Figure 6.13 shows water saturation maps of the model at various time
steps for both the continuous DCVFEM and discontinuous DCVFEM. The
reduction in smearing means that the water front propagates faster across
the model with an earlier breakthrough through the small high permeability
channels. Through the larger, low permeability channels the sharp front is
preserved with the discontinuous DCVFEM while the continuous DCVFEM is
more dispersive. This effect would be even more pronounced if non-reservoir

volumes were included in the model (Figure 6.9).

Figure 6.12 shows the reduction in residual error as a function of the number of
iterations using GMRES and 30 restart iterations together with the GAMG. For
the multi-grid solver we consider as stopping criterion a 10 order reduction of
the maximum residual (typically used in literature; Salinas et al. (2006)) The
continuous DCVFEM shows extremely stable performance independent of the
mesh resolution, requiring less than 30 iterations to reduce the residual error 10
orders of magnitude. The discontinuous CVFEM also shows mesh independent
behaviour but requires an order of magnitude more iterations to achieve the same
reduction in residual error. However, we note that although the discontinuous
CVFEM was able to solve for pressure (albeit slowly) on this distorted mesh,
the subsequent velocity calculations were incorrect. As previously discussed, the
discontinuous CVFEM requires the computation of shape function derivatives
which can be very inaccurate on highly distorted meshes. The new discontinuous
DCVFEM makes use of the CV pressure discretisation which in turn removes
the need for these derivatives. This was seen to greatly improve the quality of
the pressure matrix which leads to fewer iterations of the linear solver (Figure
6.12) and accurate flux calculations. The discontinuous DCVFEM shows similar
behaviour on Mesh A and B needing around twice the number of iterations
as the continuous DCVFEM. The highest resolution mesh needed around 90
iterations. However, considering the poor quality of the mesh the discontinuous
DCVFEM method shows very good results.

6.6 Conclusions

We presented a new CVFEM which improves the modelling of multi-phase flow
in high aspect ratio, heterogeneous models. The method uses discontinuous
linear elements for both pressure and velocity fields and addresses the loss of
LBB stability through the use of a scaled bubble function for the velocity field.
Moreover, the pressure field is discretised using CV shape functions, the element

pair is therefore Plg.pa — Plpg.
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FIGURE 6.11: Channel model meshed using unstructured tetra-

hedral elements. Three groups of channels are shown with large

contrast in permeability (top). High aspect ratio elements are

needed to capture the geometry. Examples of distorted elements
are highlighted in red (bottom).



Chapter 6. Modelling material and property discontinuities 151

10V
102
10~
10¢

1078

Normalised residual error

10—10

N |
10° 101 102
Number of iterations

Continuous DCVFEM
Discontinuous CVFEM
Discontinuous DCVFEM

FIGURE 6.12: Reduction in residual error as a function of the
number of iterations for the initial time-step. Solid lines, dashed
lines and dotted lines are, respectively, the results on Mesh A, B

and C.
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FIGURE 6.13: Water saturation distribution at various time

steps of the channel model using the continuous DCVFEM (left)

and the discontinuous DCVFEM (right); vertical exaggeration

x4. Water injection is at the right boundary, production at the
left boundary.

We demonstrate that the new method produces accurate solutions with first-order
convergence when tested against the analytical solution of the Buckley-Leverett

benchmark problem.

The discontinuous pressure allows the implementation of CVs that do not span
domain boundaries. We demonstrate that this approach is able to accurately
preserve sharp saturation changes across material property boundaries. The
reduction in non-physical smearing of the saturation can be as large as an
order of magnitude when compared to the continuous DCVFEM. The results
are almost identical to the discontinuous CVFEM method, however, the new
method has half the number of velocity nodes (on 3D meshes). This makes the

new method computationally far more efficient.

This formulation also provides significantly better pressure matrices in highly
heterogeneous and distorted models. We verify this on a high aspect ratio model
of a channelised reservoir. The complex geometries of this model and their high
aspect features produce mesh elements with very large angles which can only be
avoided if very high resolution meshes are used which would be computationally
prohibitive on large models. Results have shown that the new method performs

significantly better than the discontinuous CVFEM method which struggles to
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converge on the highly distorted meshes.

The applications of the method above seem promising. We demonstrate that
at reasonable computational costs the discontinuous DCVFEM is able to ac-
curately model multi-phase flow through three-dimensional models of highly

heterogeneous, high aspect ratio porous media.

In the future we also plan to develop a hybrid scheme that makes use of this
new formulation at material boundaries with the lower order scheme (continuous
DCVFEM) in homogeneous regions. Another area of development needed is the

DAMO algorithm which is as of yet not compatible with this new formulation.
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Chapter 7

Conclusions and Future Work

7.1 Conclusions

The modelling and simulation of multi-phase flow and transport in subsurface
reservoirs will continue to be of major interest. This is largely driven by the
need to securely store CO5 and nuclear waste underground as well as improving
recovery from geothermal and hydrocarbon reservoirs. Significant progress
has been made in the development of more advanced geological modelling and
numerical discretisation methods. In this thesis we explored a new workflow
that replaces the conventional grid-based approach to modelling and simulation.
The approach combines surface-based modelling (SBM), a new CVFEM (called
DCVFEM) and DAMO to preserve key flow features associated with multi-scale

geological heterogeneity.

Conventional grid-based reservoir models typically contain a large number of
petrophysical property values that vary on a cell-to-cell basis. In Chapter
4 we show that these property values can be collapsed into a much smaller
number of larger and internally homogeneous but more geometrically complex
geological domains. This was found to be irrespective of the reservoir geology,
fluid properties or well configurations. In fact, we argue that cell-to-cell scale

variability is not necessary in reservoir models to capture multi-phase flow.

In our SBM approach, geologically defined rock volumes are modelled with
homogeneous petrophysical properties. This allows adaptive meshing to be
used in reservoir simulation without the need for up-, cross or down-scaling
petrophysical properties after each mesh adapt. For free flow problems, DAMO is
well known to generate significant computational savings and/or higher resolution
models. However, the computational cost of re-scaling petrophysical properties,
especially permeability, has held back DAMO for porous media flows. In Chapter

5 we demonstrate the use of DAMO to capture complex flow features in SBMs of
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realistic geological heterogeneity. Crucially, the surfaces that define the geological
domains are preserved during mesh adapts, so geological model heterogeneity is

not lost.

The cost of DAMO was found to be insignificant, less than 13% of one time-step
iteration. In conjunction with the reduction of the number of elements, the
computational cost of a DAMO simulations was found to be far lower than that
of running a high resolution model, to obtain the same solution accuracy. Indeed
the resolution required to obtain such high quality results with conventional

grid-based models would be unrealistic in practical applications.

Although CVFEM with DAMO can provide accurate solutions to multi-phase
flow problems in subsurface models, their use is not widespread. In Chapter 5 we
tackle the two main challenges of standard CVFEMs with a new discretisation,
i.e. the failure to represent saturation discontinuities and robustness on high
aspect ratio elements. The new method uses discontinuous linear elements for
both pressure and velocity fields and addresses the loss of LBB stability through
the use of a scaled bubble function for the velocity field. Moreover, the pressure
field is discretised using CV shape functions. CVs do not span domain boundaries
and can therefore accurately represent sharp saturation changes near material
discontinuities. The new formulation was also found to provide significantly

better pressure matrices in highly heterogeneous and distorted meshes.

7.2 Future Work

The workflow described in this thesis is being actively developed. Applications
shown in this work have been promising. However, in order to make Imperial
College Finite Element Reservoir SimulaTor (IC-FERST) a day-to-day reservoir
management tool significant developments are needed in both practical and

research relevant areas.

Practical improvements such as computational efficiency and incorporating more
complex phase flow physics, well modelling, coupling with surface facility and
improved nonlinear solvers are important to make IC-FERST more attractive
for industrial applications. An industrial partner has been found and progress is

being made to commercialise IC-FERST.

As well as these practical improvements, further research work is being pursued
to advance the capabilities of IC-FERST.
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FIGURE 7.1: Semi-structured meshing. Starting from a coarse
mesh represented by a single element in (A), a hierarchy of meshes
can be obtained by refine-by-splitting (B) and (C).

The following are a few examples of proposed projects to improve the capabilities

and robustness of the methodology.

The drawbacks of grid-based methods that rely on k-orthogonal grids and
two-point-flux approximation (TPFA) simulators are well known (Chapter 2).
However, conventional modelling and simulation workflows using structured
meshes, have had one major advantage over the next generation alternatives,
that is of speed. Unstructured meshes, used in IC-FERST, are flexible enough to
represent the complex geological geometries found in subsurface reservoirs but if
non-neighbouring connections are needed this can add a large computational over-
head to store elements, nodes and connectivity tables. While DAMO was shown
to increase computational efficiency over fixed meshes, greater improvements
are needed. One way is to use semi-structured meshes. With semi-structured
meshes, an initial unstructured coarse mesh is created to honour the geological
architecture. Then a logically nested set of meshes can be created via refine-
by-splitting within each of the coarse mesh elements (Figure 7.1). This creates
a set of structured meshes with logical node connectivity, which can lead to a

significant speed up of the method.

Although it has been demonstrated here and elsewhere that surface-based models
can accurately represent very complex geological heterogeneities, they are more
difficult to constrain to different types of data (Bertoncello et al., 2013; Zhang
and Pyrcz, 2006). This also makes sensitivities and history matching simulations
more complex to perform, although not impossible (Trani and Graham, 2016).
Further work is therefore needed to develop robust workflows to condition and

history match surface-based models.
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High aspect ratio features such as fractures are often conceptualised as lower-
dimensional structures embedded into the surrounding matrix. This simplifi-
cation is typically made with numerical simulations as well as demonstrated
by various authors (Monteagudo and Firoozabadi, 2004; Ahmed et al., 2015;
Reichenberger et al., 2006). This simplification is valid for viscous dominated
flow and can lead to significant reductions in computational costs (HeBe et al.,
2013)

In Chapter 6 we introduced a new discretisation, the discontinuous DCVFEM,
that tackles the issue of saturation smearing across sharp material property
boundaries, due to CVs spanning material boundaries. In future, the new
formulation will be tested using the wide range of test cases presented in
Chapter 5 which form a more challenging set of test cases. However, the
increased computational cost of this method is not justified in homogeneous
areas or where material boundaries are smooth. A hybrid implementation which
utilises the discontinuous DCVFEM only where necessary and the continuous
DCVFEM elsewhere is therefore needed.

Further developments in the DAMO algorithm are also needed. Currently
DAMO does not ‘recognise’ lower-dimensional volumes as structures to honour.
Therefore 1D fractures in 2D models or 2D fractures in 3D models are not
preserved through the DAMO routine. Another area for future work is to
ensure that the adaptivity algorithm is compatible with the new finite element
formulation presented in Chapter 6. As yet the adaptivity algorithm is not

compatible with discontinuous control volumes.

Accurate modelling of near-well flows are important in reservoir simulation but
are typically poorly represented. Conventional simulation techniques connect
perforated grid cells to the solution by indices that often do not represent
complex well trajectories (Fung et al., 2014). Local grid refinement is also often
needed to resolve the flow dynamics, which can contribute to numerical errors
due to strong grid orientation effects. The use of unstructured, non-k-orthogonal
meshes can better represent near-well effects. Although a simple well-model
currently exists in IC-FERST further development is needed to make it more

robust and efficient.
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Appendix A

Analytical solution for

Spontaneous Imbibition

A.1 Analytical solution for Spontaneous Imbi-
bition

Spontaneous imbibition displacement is controlled entirely by capillary forces.
Here we derive the analytical solution of counter-current imbibition using the
fractional flow concept first proposed by McWhorter and Sunada (1990) which
is seen as the analogue to the viscous-dominated Buckley-Leverett solution
(Buckley and Leverett, 1942).

We start with the continuity equation (Equation 2.3) written for one-dimensional

flow in terms of the wetting phase with no sources

25, , Oy
ot ox

where ¢, is the wetting phase Darcy velocity, 9, is the wetting phase saturation

=0 (A1)

and ¢ is the porosity of the porous medium.
The wetting phase Darcy velocity can be written as (Bear, 1972)
0Sw

ot

where ¢, = q, + ¢, is the total volume flux of the wetting and non-wetting

GQuw = Qtfw - D (AZ)

phases.

For counter-current flow, ¢; = 0 therefore Equation A.2 reduces to
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0Sw
Quw = —DW (A.3)

The fractional flow function, f,, and capillary diffusion function, D are saturation-

dependent functions given by

1
fw(sw) - wk?rn (A4)
Lt e
Kkr,n dpc

where i, i, are the wetting and non-wetting phase viscosities, respectively,
Eyw, kro are the wetting and non-wetting phase relatively permeabilities, p, is

the capillary pressure and K is the absolute permeability.

the governing equations are subject to the following initial and boundary condi-

tions

where Sy, Sy;are the initial and inlet wetting phase saturations

The recovery as a function of time during spontaneous imbibition has a char-
acteristic behaviour that has been studied by many authors (e.g. Yortsos and
Fokas, 1983; Kashchiev and Firoozabadi, 2002; Chen, 1988; Fokas and Yort-
sos, 1982). McWhorter and Sunada (1990) presented a solution based on the
assumption that the imbibition rate (for both co- and counter-current flow) is
inversely proportional to the square-root of time. However, it was not until
the work by Schmid et al., 2011 that this boundary condition was shown to
be an inherent physical characteristic and therefore generally applicable for

spontaneous imbibition.

The key idea behind the solution by McWhorter and Sunada, 1990 is to define
an another fractional flow function F;, for the case of capillary dominated flow,
where the wetting phase flux is normalised to the inlet wetting phase flux rather
than the total flux,
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K= (A-8)

Substituting Equation A.7 into Equation A.1 and using the variable transforma-

tion in Equation A.8 we can write

dSy, dk dF dS,, dk
O g ar T (0 ”ﬁﬁ@ =
(A.9)
slBur g dFdSe L g
drk 2t S, dr \/_

The wetting phase flux at the inlet face, ¢,(0,t), is assumed to be inversely

proportional to square-root of time

A
w(0,t) = — A.10
quw(0,1) i (A.10)
where A is the imbibition rate parameter.
We can now write Equation A.9 as
dSy, K dF,, dS.
rw v A1l
¢ drk 2 dS, dk ( )
then
2AdF,
= A.12
TN (A.12)
the saturation profile can therefore be written as
_ 2AdF,
—=Vt A.13
" % dS, ( )

which is subject to
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Fy(Sw = So,t) =1 (A.14)
Fu(Sy = Suist) =0 (A.15)

To solve for x requires the determination of both F! and A. Taking the derivative
of Equation A.12 with respect to S, and substituting into Equation A.3 we

obtain

d*F o D

I A.16

as? 2A% F, ( )
The solution can be found simply by direct integration of Equation A.16 to find
F, (McWhorter and Sunada, 1990; Schmid et al., 2011; Nooruddin and Blunt,

2016)

EU:1—</T(W}§£€“Lh>(Li(71€ﬁfwﬂm>1 (A.17)

hence

fﬁ,::<jgj)éziZ%dT> </gj'0r—%i?3§KT>d7)_l (A.18)

o (1 — Sy D(T 1/2
A= <¢”£ii( éizﬁfx )d7> (A.19)

This completes the analytical solution. The saturation profile, (S, t) is obtained

by the following procedure
1. Solve for F,, using Equation A.17
2. Compute F! and A using Equations A.18 and A.19
3. Solve for x using Equation A.13

Due to the implicit integral solution, an iterative scheme is required. First, we
assume F,(S,) = 1,VS,. The updated F,, from Equation A.17 is then used in

the next iteration until a prescribed error tolerance is reached.
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