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ABSTRACT

Scattering of coherent radiation by a random phase screen 

results in the formation of speckle. The statistics of such 

speckle can be predicted by using a simple scattering model to 

describe the^phase screen and its effect. The particular phase 

screen of interest here is a random rough surface.

The thesis begins with a general introduction outlining the 

historical development both of the characterisation of rough surfaces 

and associated theoretical models, in order to show how the current 

investigation has evolved from earlier work. This is followed by 

an overview of the contents of the thesis.

Statistical methods used to characterise a rough surface and 

an explanation of two models used to describe a surface are presented 

The multiscale (or fractal) model which has a power law spectrum, is 

shown to correspond to some natural surfaces. It is thus of 

particular interest. As natural surfaces may not satisfy all the 

requirements of a sample for laser light scattering experiments, 

such as in the range of spatial frequencies or the index of the 

power law, it is more satisfactory to fabricate a surface whose 

properties are suitable.

A method of exposing photoresist to laser speckle to produce 

rough surfaces is outlined. Speckle theory is used to show how 

speckle could be manipulated to produce the required relief. Two 

practical methods of producing surfaces are described. In the 

first technique the resulting relief has the required statistics in 

only one direction, but the second results in surfaces which obey 

the rules in two dimensions.

Measurements made on surfaces using a stylus instrument are 

presented, showing that the surfaces have the expected form. Finally 

results from the scattering of helium neon radiation from the 

surfaces are compared with the theoretical predictions of the 

multiscale model. Surfaces produced by the second technique are 

found to scatter in the manner predicted.



CONTENTS

Fabrication of multiscale random rough surfaces 

with prescribed surface statistics

Page

Abstract ......................................................  2

Contents ......................................................  3

List of tables and plates...................................  8

List of figures..............................................  9

I ntroduction.................................................. 10

1. Methods for the statistical description of a
continuous random (or stochastic) process..............  1*+

1.1 I ntroduct ion............................................  15

1.2 Stochastic processes ...................................  15

i) Definition of a stochastic process .............  15

ii) Probability distribution function..............  15

iii) Moments of a stochastic process................  17

iv) Stationary processes ............................. 21

v) Ergodic processes ................................  21

1.3 Autocorrelation function...............................  21

i) Def i ni t ion......................................... 21

ii) Properties of the autocorrelation
f unct ion..........................................  23

1.^ Autocovariance function................................ 26

i) Def i n i t i o n ......................................... 26

1.5 Correlation length...................................... 27

1.6 Structure function...................................... 27

i) Def i ni t ion......................................... 27

ii) Reasons for using the structure function....... 29

iii) Derivation of the structure function...........  29

iv) What the structure function represents..........  30



- 4 -

v) Structure function for a stationary process
with zero m e a n ........................................ 30

1.7 Power spectrum..............................................  31

i) Def i n i t i o n ............................................. 32

ii) Origin of the word power in the context............  34

2. An overview of scattering by random phase screens .........  35

2.1 The single scale phase screen .............................. 35

2.2 The multiscale phase screen ................................  36

2.3 Kolmogorov spectrum .........................................  37

2. A Forms of autocorre1 at ion function.........................  37

2.5 Fractal geometry ............................................  40

i) The importance of dimension (number of
dimensions) in fractal geometry .....................  41

ii) The coastline example of a fractal s e t .............  ^3

iii) Hyperbolic probability distribution ................. ^

iv) Some fractal parameters.............................. 45

2.6 Use of structure function instead of autocorrelation
function when working with power law spectra .............  46

2.7 Examples of phase screens with power law spectra ......... 48

2.8 Work described in this thesis.............................. 49

3. Comments on rough surface fabrication ......................  51

3.1 Reasons for surface fabrication ...........................  51

3.2 Previous techniques u s e d ...................................  52

3.3 The coating and exposure of photoresist................... 55

i) Preparation of plates ................................  55

ii) Application of photoresist to plates ...............  55

iii) Exposure of plates ...................................  61

iv) Development...........................................  62



4. Some statistical properties of laser speckle patterns....  63

4.1 Types of speckle pattern...................................  63

4.2 Some useful statistical properties of a single fully
developed speckle pattern..................................  64

i) First order statistics...............................  64

ii) Second order statistics...............................  69

4.3 Speckle pattern resulting from the incoherent addition
of a number of fully developed speckle patterns.......... 72

i) Probability density function........................ 72

ii) Contrast..............................................  73

4.4 Speckle pattern resulting from the addition of a fully
developed speckle pattern and a coherent background..... 75

i) Probability density function........................ 76

i i) Contrast...............................................  78

4.5 Power spectrum resulting from the incoherent addition
of a number of fully developed speckle patterns.......... 78

4.6 Power spectrum resulting from the addition of a fully
developed speckle pattern and a coherent background.....  78

5. Methods used to fabricate multiscale random rough
surfaces......................................................  82

5.1 1 ntroduct ion.................................................  82

5A One dimensional surface.....................................  82

5A. 1 Principles........................................... 82

5A.2 Pract ice.............................................  90

5B Two dimensional surfaces..................................... 100

5B.a Summation of Gaussians......................................  100

5Ba .1 Principles........................................... 100

5Ba. 2 Pract ice.............................................  110

5B.b Speckle and coherent background............................  113

5Bb .1 Principles........................................... 113

5Bb .2 Pract ice.............................................  115

- 5 -



- 6 -

6. The production of surfaces; mechanical measurements
of surfaces....................................................  121

6.1 Parameters used in surface production........................  121

i) Surface 141............................................. 121

i i) Surface 200 .............................................  121

i i i) Surface 201............................................. 124

i v) Surface 198............................................. 124

6.2 Talysurf measurements........................................ 124

i) Probability density function.........................  126

ii) Autocorrelation function.............................. 131

i i i) Var i ance................................................  134

iv) Structure function....................................  136

v) Power spectrum.........................................  138

vi) Overall comments....................................... 140

6.3 Notes on the experimental detecmination of correlation
funct i ons.....................................................  144

7. Estimation of surface roughness statistics by light
scattering ....................................................  147

7.1 Scattering theory.............................................  147

7.2 Estimating statistics from light scattering................. 148

7-3 Prediction of angular distribution of mean scatttered
i ntens i t y .....................................................  151

i) Thin phase screen model...............................  1 51

i i) Assumptions.............................................  152

iii) The Chandley equations................................  154

iv) Comparison with other approaches.....................  157

v) Applications in this work............................. 159

vi) Incorporation of the multiscale model into
Chandley's equations..................................  160

vii) Applications in this work............................. 164



- 7 -

1 .k Experimental far field, coherent light scattering
measurements................................................. 165

i) Experimental arrangements ............................ 165

ii) Equations to be applied.............................. 170

iii) Measurements from one dimensional multiscale
surface. Surface 1^1 .................................  171

iv) Measurements from two dimensional multi scale
surface. Surface 200 .................................  173

v) Measurements from single scale surfaces. Surfaces
201 , 198 ..............................................  175

7.5 Prediction of angular distribution of mean scattered
intensity from knowledge of autocorrelation function of 
surface heights .............................................  179

Conclusion........................................................  183

Appendix. Derivation of the structure function corresponding
to an unmodified power law spectrum...............  185

Acknowledgements.................................................. 188

References........................................................  189

Published papers .................................................. 197



- 8 -

LIST OF TABLES

Number Page

3.1 ' 56

5-1 107

6.1 122

6.2 123

LIST OF PLATES

3.1 Linnik interferogram of an example of
ridging on a flow coated plate. 60

5.1 Speckle from Lloyd's mirror arrangement 
of figure 5-9- a) without mirror, b) with
mi rror. 93

5.2 Speckle from cube beamsplitter arrangement 
of figure 5.12. a) slit separation 5mm, b) slit 
separation 28mm. 96



- 9 -

LIST OF FIGURES

Number Page Number Page

1 . 1 ....... ....  18 5.17...... .....  116
1 . 2 ___ ....  28 5.18...... .....  116
1 . 3 ....... ....  28 5 . 1 9...... .....  116
1 . 4 ...... ....  33 5.20...... .....  119
2.1 ....  48 5.21...... .....  119
3 . T ...... ....  53 6.1........
4.1 ....  68 6 . 2 ....... .....  129
4 . 2 ....... ....  68 6 . 3 ....... .....  130
4 . 3 ....... ....  70 6 . 4 ....... .....  133
4 . 4 ...... ....  70 6 . 5 ....... .....  133
4 . 5 ...... ....  74 6 . 6 ....... .....  133, 135
4 . 6 ...... ....  74 6 . 7 ....... .....  137
4 . 7 ....... ....  77 6 . 8 ....... .....  137
4 . 8 ....... ....  77 6 . 9 ....... .....  137
5 . 1 ....... ....  84 6 . 1 0 ...... .....  139
5 . 2 ...... ....  84 6 . 1 1...... .....  141
5 . 3 ....... ....  85 6 . 1 2 ...... .....  142
5 . 4 ....... ....  85 6 . 1 3 ..... ......  146
5 . 5 ...... ....  87 7 . 1 ....... .....  157
5 . 6 ...... ....  89 7 . 2 ....... .....  166
5 . 7 ...... ....  89 7 . 3 ....... .....  172
5 . 8 ...... ....  89 7 . 4 ....... .....  172
5 . 9 ...... ....  91 7 . 5 ....... .....  174
5 . 1 0 ..... ....  91 7 . 6 ....... .....  174
5.11 ..... ....  95 7 . 7 ....... .....  176
5 . 1 2 ..... ....  95 7 . 8 ....... .....  176
5 . 1 3 ..... ....  99 7 . 9 ....... .....  178
5 . 1 4 ..... ___  108 7 . 1 0 ...... .....  178
5 . 1 5 ..... ___  111 7.11 ..... .....  181
5 . 1 6 ..... ___  111 7 . 1 2 ..... .....  181



10

INTRODUCTION

Investigation of any rough surface, or more generally, 

inhomogeneous medium, can involve scattering of electromagnetic 

radiation of a wavelength appropriate to the scale of the sample.

In order to predict how the radiation is scattered some sort of 

theoretical model is generally invoked to describe the scatterer.

The medium may be adequately described by its probability density 

function and autocorrelation function. The probability density 

function is nearly always taken to be Gaussian both because it allows 

considerable simplification of the analysis, and as it is observed 

in practice. It is the choice of a suitable form for the autocorrelation 

function which provides more difficulty.

The earliest work (eg Beckmann & Spizzichino 1963) assumed an 

autocorrelation function which was Gaussian in form. This model is 

called a single scale model, the characteristic scale size of the 

screen being given by the width of the autocorrelation function. Such 

a model applies well to certain cases; for example scattering by a 

liquid crystal (Pusey and Jakeman 1975), a thermal plume (Parry et al 

1977), and a ruffled water surface (Walker and Jakeman 1982); but 

it is not universally applicable. An alternative form of 

autocorrelation function, where the surface cannot be characterised 

by a single length scale is required.

The roots of this multiscale approach lie in the theory of 

turbulence. Richardson (1922) suggested a description for the 

structure of turbulent flow. The flow can be considered to consist 

of a series of separate volumes of fluid, the sizes of which cover 

all possible scales between an inner and an outer scale size.

Kolmogorov (19^1) showed that such a flow would have a structure 

function of velocity components which followed a power law with index 

-2/3. The connection with wave propagation was made by Tatarski (1961) 

who showed that the structure functions of both refractive index and 

phase fluctuations obeyed the same power law. In addition, the power 

spectrum of the phase fluctuations also follows a power law.

Measurements confirming the validity of such a model for the scattering 

of large wavelength electromagnetic radiation are fairly common



(Intri1igator & Wolfe 1970; Clifford et al 1971). Data published 

by Sayles and Thomas (1978) showed that many rough surfaces too 

have power law spectra, albeit over a fairly short range of spatial 

frequency. Surfaces they featured include a motorway, a lunar sea, 

a grit blasted surface, and a ground metal surface.

Interest in phase screens containing a variety of scale sizes 

was heightened with the publication of Mandelbrot's work on fractals 

(1975, 1982). Mandelbrot expounded a new geometry which allowed 

objects to have a non-integral dimension, and described natural 

phenomena more closely than classical geometry was able. A feature 

of a typical fractal set is that it contains an infinite range of 

scale sizes, the fluctuations of the larger ones being greater than 

those of the smaller. This corresponds to a power law spectrum 

without bounds.

Describing a phase screen using a power law spectrum ‘then seems 

to beavery promising approach. Much has been written (Berry 1979; 

Jakeman & McWhirter 1977) predicting how electromagnetic radiation 

will be scattered from such a screen, but experimental confirmation 

is scarce, certainly on a laboratory scale. What is needed is a 

surface whose statistics are known, and preferably of a form which 

allows the use of simplifying assumptions in the scattering 

prediction. In addition, it should be possible to use the surface 

in both reflection and transmission using laser radiation. The 

purpose of this work has been to prepare such a surface.

In the first chapter of this thesis the statistical methods 

for describing a continuous random process are outlined, with 

particular emphasis on those statistics of relevance to the work 

which follows. These are the probability distribution function, 

the autocorrelation function, the structure function and the power 

spectrum.

Chapter two gives a general overview of scattering by random 

phase screens. The historical origins of the power law spectrum are 

described, and corresponding forms for the autocorrelation function 

suggested. The use of the structure function in place of the 

autocorrelation function is explained. In this chapter too, a simple 

introduction to the principles of fractal geometry is provided. The 

link between fractals and power law spectra is pointed out.
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The third chapter consists of a brief section outlining the 

reasons for producing a surface, followed by a description of methods 

used by other workers. The decision to use a method involving the 

exposure of photoresist to speckle patterns from an argon ion laser 

is justified. The chapter ends with a description of the techniques 

involved in using photoresist.

Chapter four expounds the theory of speckle which will be applied 

when making surfaces. Two alternative means of obtaining a Gaussian 

probability density function of intensities are suggested. The first 

involves the incoherent summation of ten or more independent fully 

developed speckle patterns. The second is by the coherent addition 

of a speckle pattern with a plane background wave, of intensity about 

ten times the mean speckle intensity. The corresponding power 

spectra are given.

Chapter five is subdivided into parts A and B. Part A shows how 

a surface which has a power law spectrum of a desired index in one 

direction of spatial frequency could be obtained in principle. Such 

a surface is described as one dimensional. The practical arrangement 

used to produce such a surface is then described. In part B two 

methods are described, in principle and practice, for producing an 

isotropic surface. Only the first of these methods, which utilises 

the summation of fully developed speckle patterns was successful in 

practice.

The surfaces were produced to be used for testing theories of 

the scattering of electromagnetic radiation, and this is reflected 

in chapter seven. An outline is given of how light scattering can be 

used to estimate surface statistics such as the standard deviation 

and probability density function. The relation of the angular 

distribution of mean scattered intensity to the typical scale size 

and standard deviation of the surface is derived for both the single 

and multiscale case. The experimental arrangement for verifying these 

equations using fabricated surfaces is described, and measurements 

presented. Finally, a method of predicting the angular distribution 

of mean scattered intensity from a knowledge of the autocorrelation 

function of surface heights is discussed.

Mechanical measurements made using a Talysurf stylus instrument are 

presented in chapter six, following a listing of the values chosen for 

the parameters of the methods adumbrated m  the previous chapter.
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Chapter seven is followed by concluding remarks on the efficacy 

of the methods tried for fabricating rough surfaces.

Included at the back of this thesis are two published papers 

concerning the work described herein. The first (Berry 1985a) was 

presented at Optics ‘84 at Keele University. The second, (Berry 

1985b), which contains Talysurf measurements from the one dimensional 

surface, was presented at Image Science '85 in Helsinki.
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CHAPTER ONE

METHODS FOR THE STATISTICAL DESCRIPTION OF A CONTINUOUS 

RANDOM (OR STOCHASTIC) PROCESS

1.1 Introduction

In this chapter the statistics used to describe any continuous 

random process are defined, and some of their properties are investigated. 

The particular random process encountered throughout this thesis is 

the variation of surface height with position on a surface.

The statistics considered in this chapter are

Probability distribution function P(h)................15

Probability density function p(h)................16

Mean y ...................1 8

Second moment P2 ..................19

2Variance a ..................19

Standard deviation a ...................20

Autocorrelation C(X).................21

Normalised autocorrelation function ^ N O R M ^ ........... 22

Autocovariance y(X)............... 26

Correlation length % ...................27

Structure function D(X)................27

Power spectrum G(u)................31



1.2 Stochastic processes

1.2 i Definition of a stochastic process

The word 'stochastic' is derived from the Greek, and means 

'pertaining to chance'. It is used interchangeably with the word 

random.

The random process with which we shall be particularly concerned 

in this thesis is the variation of surface height with position on 

the surface. For continuity the random process shall be H(x) 

throughout.

A stochastic process can be defined as a collection of random 

variables, (Papoulis 1985)

where XI denotes the set of values of position at which the process 

is defined. For a single outcome of the process, there is only one 

observation of each random variable. Each of these values changes 

for different outcomes according to probabilistic laws.

Statistical problems usually involve estimating the properties 

of a population from a sample. There is an infinite set of possible 

random functions which could be observed. This infinite set is called 

the ensemble. Each member of the ensemble is a possible realisation 

of the stochastic process. A measurement of height fluctuations can 

thus be thought of as one realisation. This series is denoted by h(x). 

In the case of such a measurement there is only a notional population. 

The analysis is then concerned with evaluating the properties of the 

probability model which generated the series observed.

1.2 i i Probability distribution function

The n'th order joint probability distribution function of

(1 .1)

h(x^),....,h(x) is defined as (Papoulis 1985 p208)
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P(h1,...,hn ;x1,...,xn) = prob h(x1)<h1 -----,h(xn) <hn

(1 .2 )

However, as the process h(x) is usually stationary (section 1.2 iv), 

the expression is written

P(h1,...,hn)

with the dependence on x implicit.

The n'th order joint probability density function is defined as 

the n'th derivative of P,

p(h,..... h ) = 3n P(h....... h_)
1 n 3"h~'.~8h'' 1 n1 n

(1.3)

Also,

P(h],...,hn) = p(h‘ , . ,h 1)dh11...dh n 1 n (1.*0

If P(h^,...,h;x^,....,xn) is known for every h. ,x. , and n then • 

the statistical properties of the stochastic process can be determined. 

In other words, equation (1.3) completely specifies a stochastic 

process. (Papoulis 1985 p215). However, it is often the case that 

only the first and second order distribution functions are required.

The mean, variance, and autocorrelation of h(x) can all be expressed 

in terms of the distribution function (sections 1.2 iii,

1.3 i).

First order probability density function

The first order probability density function (pdf), p(h), gives 

the probability of the value of h (x) being within a certain range. 

The total area under the curve described by p(h) is unity i.e.
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p(h) dh •= 1 (1.5)
—  00

The probability density function is often Gaussian in form 

p(h) = (1//2tTct) exp | - (h-y)2/2a2 1 (1.6)

where y is the mean, and a the standard deviation of h(x). Two 

realisations of this curve are shown in figure 1.1. The curves are 

symmetric about h=y, the mean of the function (zero in this case). 

The shape of thecurve depends on the value of the standard deviation 

a. The larger a, the more spread out the curve. Whatever values y 

and a take, the Gaussian distribution has the following property. 

About one observation in three lies more than one standard deviation 

from the mean. One in twenty lies more than 2a from the mean. Less 

than one in 300 lies more than 3° from the mean. Gaussian curves 

presented in this work will always be plotted normalised, with zero 

mean and unit standard deviation to allow easy comparison with 

measurements.

1.2 iii Moments of a stochastic process 

Moments

A useful way of describing a stochastic process is to give the 

moments of the process. The n'th moment of a probability distribution 

of the random variable H is defined to be the statistical average 

of the n'th power of H.

<Hn (x)> Hn (x) p(H ],....HN)dH1,...dHN (1.7)

p(H^,...,Hjyj) is the N'th order probability density function.
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Figure 1.1. Comparison of two Gaussian probability 
distributions, with different standard deviations. Solid 
curve o = 1; dashed curve a = 3.

The Mean

The mean is a measure of location, which means that it gives a 

quantity which is typical of the data.

The population mean is given by the first moment of the first 

order probability density function, i.e.

u

00

H(x)p(H)dH
— CO

therefore

(1.8)

y = H (x) (1.9)

The sample mean, h(x), is calculated using

N

h (x) h (x.) ( 1 . 10)

N
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Note that the set of data used is a sample taken from the 

population. The sample mean h (x) is an estimate of the population 

mean y .

A zero mean process is one where the values of h(x) are both 

positive and negative, and the mean has a value of zero. Any process 

may be converted to one with a zero mean, simply by subtracting the 

sample mean from each value.

The second moment of the first order probability density function, 

\±2 * is given by

y2

00

2
H (x)p(h)dH

—00

y2 = H2(x)

Higher order moments are sometimes used.

( 1 . 1 1 )

( 1 . 12 )

Central moments

The n'th central moment of the probability distribution of a 

random variable H is defined as

< (H(x) - H(x) )">

00 '

(H(x) - Hlx))np(H1..... Hn) dHr ..dHN
— CO

(1.13)

The variance

The variance is the second central moment of the first order 

probability function. The variance is a measure of spread. This 

means that it indicates the variability of the data, which is 

information not given by the mean.
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2a (H(x) - H(x))2p(h) dH
J
— 00

00

(1.14)

= (H(x) - HTx))2 (1.15)

For a set of data, with sample mean h

2s (h (x .) - h)

(N-1)

( 1.16)

i = 1

(N-1) is used rather than N in this expression because h is not
2

the true population mean y. Equation (1 .16) expresses s as an
2

unbiased estimator of a . In practice the difference between using N 

and (N-1) in the denominator is minimal.

Note that

a2 = (H(x) - H(x))2 

2
= P2 “ U

(1.17)

The standard deviation

The standard deviation a has the same units as h(x), and is the 

square root of the variance.

In this work the population mean is never known. The estimators
_  2

of the mean and variance, i.e. h and s wi11 be used, but will be given
2

using the population symbols, i.e. mean y and variance a .

It is convenient at this point to introduce the concepts of 

stationarity and ergodicity.
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1.2 iv Stationary processes

This means that the statistics are independent of the particular 

region on the surface chosen to make measurements, i.e. the joint 

density of H(x) and H(x+X) is independent of x.. Thus the mean and the 

variance are both constants independent of the value of x. (Papoulis 

1985 p220).

1.2 v Ergodic processes

If a process is ergodic, then statistical properties derived from 

an observed series of height fluctuations are identical to those 

derived from the ensemble. Ensemble averages are denoted by triangular 

brackets < >. Thus for an ergodic process

a2 = (h(x) - h(x))2 (1.18)

= < (H(x) - < H(x) > )2 > (1.13)

All ergodic processes are also stationary. Stationary processes 

are not necessarily ergodic.

From this point, processes will be assumed to be ergodic, and 

all averages will be denoted using <>, rather than overbars.

1.3 Autocorrelation function

1.3 i Definition

The autocorrelation function may be defined directly from the 

second order probabi1ity'density function. It is the expected value 

(mean) of the product h(x^)h(x^)



22

C(x1,x2) =

00 00

r

-00 —00
h 1h2P (h 1 ,h2 ;Xl»x 2^dhl dh2

i .e

C (X) = <h (x) .h (x+X) >

When the lag X=0

C (0) = <h(x) > -  \i.

For a zero mean process

C (0) = a4

For a complex process

C(x1,x2) - < h(x1).h (x^) >

i .e.

C(X) =< h (x) . h (x+X) >

Often a normalised autocorrelation is used, where

W x) ■c(x)/c(0)

(1.20)

( 1 .21 )

( 1.22)

(1.23)

(1-24)

(1.25)

(1.26)
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1.3 >i Properties of the autocorrelation function

Consider a stationary process h(x), with a mean p, variance a , 

and an autocorrelation function C(X).

Property one

The autocorrelation function is an even function of the lag X. 

See property three for complex processes.

2

C(X) = C(-X) (1.27)

This can be shown as follows

C(X) = < h W  .h (x+X) > (1 .28)

but h(x) is a stationary function, therefore

C (X) = < h(x-X).h(x)>

c ( - x ) (1.29)

Property two

CNORM (X) < (1.30)

This is proved by noting that

for any constants X,, X,
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< j Xjh(x) + X^h(x+X)

X^<h(x)^> + <h(x+X)^> + 2Xj A2<h (x) h (x+X) >

therefore

(A* + X^)C(O) + 2X X£ C(X) > 0

I f x1 = x2 = 1

2C(0) + 2C(X) > 0 

C (0) > - C(X)

C(X) > - C (0)

(1.32)

0  .33)

But

W x ) =  c ( x ) / c ( 0 )

therefore

CN 0 R M ^  - _1

, f  x1 = 1 ,  - 1

2C(0) - 2C(X) > 0 

C (0) > C (X)

( 1 .26)

(1-34)

(1.35)

But

W x ) =  c ( x ) / c ( 0 ) ( 1 .26)
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therefore

CN0RM (X) < 1 (1.36)

i .e.

CN 0 R M ^ < 1 (1.30)

Property three

The autocorrelation is Hermitian for complex processes, from 

(1.24)

C(x2 ,x1) = <h(x2).h (x^)> (1.37)

C(x2 ,x1) = C ' (xi,x2) (1.38)

i .e .

c ( - x )  = c"(x) (1.39)

Property four

A stationary joint Gaussian process is completely determined by 

its mean, variance and autocorrelation function. However, a process 

is not uniquely defined by its autocorrelation function, many non- 

Gauss ian processes can have the same autocorrelation function. 

(Jenkins & Watts, 1968 p170)•
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1.4 Autocovariance function

The autocovariance function gives a measure of the distribution 

of variations of h(x) in the x direction.

1.4 i Defini t ion

The autocovariance function Tf(x^,x^), is defined as

y (x 1,x 2) = < (h(x^) - <h(x1)>) (h(x2) - <h(x2)>) (1.40)

For a stationary process the statistics do not vary over the 

surface so only the difference x^-x2 matters, and

<h(x1)> = <h(x2)> (1.41)

If x ^-x2 = X, then

<h(x)> = <h(x+X)> (1.42)

and

T (X)

y (x )

: < (h(x) - <h(x)>) (h(x+X) - <h(x)>)

< h(x).h(x+X)> -< h(x) >'

Thus, from (1 .21)

Y (X) = C (X) - < h (x) >2

(1.43)

(1.44)

(1.45)

The variance, a , is the autocovariance when X = 0, i.e.
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Y (Q) = < (h(x) - <-h(x)>)
2

(1.46)>

= < (h(x))2> - < h(x) >2 = o2 (1.^7)

For a zero mean process, the autocovariance

y(X) = < h(x).h(x+X) > (1.48)

So, for a zero mean process the autocorrelation function and the 

autocovariance are the same.

1.5 Correlation length

A correlation length may be defined from the autocorrelation 

function as being a typical scale size in the x direction of variations 

in the original function h(x). If the autocorrelation function is 

Gaussian, then the correlation length, £, may be defined as the 1/e 

width of the function. I is the value of the lag when the 

autocorrelation function has fallen to 1/e of its value at lag zero.

This is illustrated in figure 1.2.

For other functions the correlation length may be defined 

differently, but qualitative conclusions can always be drawn from 

the shape of the autocorrelation function. Two types of profile 

are illustrated in figure 1.3 together with corresponding autocorrelation 

functions. The autocorrelation function is narrower when the scale 

lengths of the fluctuations in the profile are shorter.

1.6 The structure function

1.6 i Defi n i t i on

The structure function is closely related to the autocorrelation 

function. It has, however, a number of features which make it a 

useful supplement to the autocorrelation function, and it can sometimes
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Figure 1.2. Gaussian autocorrelation function, with 
correlation length 50 pm.

Figure 1.3. Two example surface profiles, shown with their 
corresponding autocorrelation functions, to illustrate the 
link between the width of the autocorrelation function and 
the correlation length.
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replace i t.

The structure function is defined as

1 2
D(X) = < h(x) - h(x+X) > (1.^9)

1.6 ii Reasons for using the structure function

The structure function was first introduced in turbulence theory,

correlation function was not particularly applicable because the 

processes to be described were not stationary random processes. Some 

meteorological variables of the atmosphere undergo smooth, slow 

changes. Such slow changes, e.g. of humidity or temperature could 

be considered to be either slow random fluctuations, or changes in 

the mean. The expression (1.43) for the autocovariance (and hence 

the autocorrelation) involves the means <h(x)>, <h(x+X)>, but for a 

stationary process they are assumed to be the same. For a non- 

stationary process it is helpful to consider

For not too large X, slow changes in h(x) do not affect the 

value of this difference. Even if h(x) is not stationary, then h'x (x) 

can be, though possibly only approximately. This means that h(x) 

can be described as a random function with stationary increments.

1.6 i i i Derivation of the structure function

The autocorrelation function of the increment function h'x (x)

h 1x(x) = h(x) - h(x+X) (1.50)

Ĉ i (X) = < h ' x (x) h'x (x+X)> (1.51)
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= < h(x) - h(x+X) h (x+X) - h(x+X+X)

Now using (a-b).(c-d) =

(a-d)^ + (b-c)^ - (a-c)^ - (b-d)^

(X) = i< (h(x)-h(x+2X) )2> 

(h (x+X) ~h (x+X))

-£< (h(x)-h(x+X))^>

-i< (h(x+X)-h(x+2X))2>

0 .52)

(1.53)

(1.54)

i.e. the autocorrelation function C^,(X) is expressed as a linear 

combination of functions

D = < h(x+nX)

L

h(x+(n+i)X)
2

> (1.55)

For C^,(X) to depend only on X, then D must also be a function 

of X. This function is the structure function

D(X) = < h(x) - h(x+X) (1.56)

It is a basic characteristic of a random function with increments 

whose distribution is a stationary random function.

1.6 iv What the structure function represents

The value of D (X) measures the intensity of the fluctuations 

of h(x) of length < X.

1.6 v Structure function for a stationary process with zero mean

D(X) < h(x) - h(x+X) >
2

(1.57)
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2
D(X) = < h (x) > - 2< h(x)h(x+X) > + < h(x+X) 0.58)

But

2 "
< h (x) > = < h(x+X)

_ .

> = C(0)

due to stationarity, therefore

D(X) = 2 

= 2C<0) 

= 2C (0)

c(0) -  c(x)

1 - C(X)/C(0)

1 "CN 0 R M ^

For large X, » therefore

D(X) = 2C(0)

From (1.47), for a zero mean process 

C(0) = y (0) = a2

therefore

D (X) = 2o2

(1.59)

(1.60) 

(1.62) 

(1.63)

(1.61))

(1.65)

The usefulness of the structure function, even for a stationary 

process will be considered in section 2.6.

1.7 Power Spectrum

This function is also known as the power spectral density 

function. It is complementary to the autocorrelation function, and 

is useful for considering the distribution of spatial frequencies 

in the process.
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It should be emphasised that the autocorrelation function and 

the power spectrum are equivalent ways of describing a stationary 

random function. The autocorrelation function applies in the spatial 

domain, the power spectrum in the frequency domain.

Figure 1.4 shows how the power spectra from two similar traces 

are quite distinct. There is a deterministic signal at 15 cycles 

per mm in trace b).

1.7 i Def1ni tion

The power spectrum of a process h(x) is the Fourier transform 

of its autocorrelation function (Papoulis 1985 p265)

G(u)

00

C (X) exp (— 2tt i uX) dX
-

—  00

(1.66)

Thus, we may wri te

c(x)
00

G(u) exp (2tti uX) du
— CO

(1.67)

Now,

C(-X) = C (X) (1.39)

So the power spectrum is always a real function of u. Also, when 

h(x) is real, then C(X.) is real and even, and so G(u) is also real 

and even. In this special case equations (1.66) and (1.67) may be 

wr i tten

oo
r

G (u) =
J
— CO

C(X) cos 2ttuX dX (1.68)
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Trace

Figure 1.4. Two example surface profiles with their 
corresponding power spectra, to illustrate how 
apparently similar profiles can have very different 
spectra.

C (X)

00

G(u) cos 2ttuX du
00

(1.69)

The functions C (X) and G(u) are Fourier transforms of each 

other. The Fourier transform of any autocorrelation function C(X) 

must be non-negative. If the Fourier transform is negative at any 

point, then C(X) cannot be the autocorrelation function of a 

stationary random process. It is also true that if there is a function 

C(X) whose Fourier transform is non-negative, then C(X) is the 

autocorrelation function of an existent stationary random process.

Thus any model proposed for a surface must have a non-negative 

power spectrum, or the corresponding autocorrelation function cannot 

represent a stationary random process.



-  3k -

1.7 ii Origin of the word "power" in the context

The word "power" arose from the use of this function for series 

which vary in time and not in space, for example the flow of current. 

The power spectrum is then a direct measure of the power,(given by 

the time average of the energy) of each component frequency in the 

signal. In Optics where the variations occur in space the function 

is often known as the Wiener spectrum.
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CHAPTER TWO

AN OVERVIEW OF SCATTERING BY RANDOM PHASE SCREENS

In this chapter the development of theory to explain the 

scattering of electromagnetic waves by scintillation of atmospheric, 

ionospheric, and interplanetary media is described. The Kolmogorov 

theory of turbulence leads to the prediction of a power law spectrum 

of refractive index fluctuations, and it is noted that such a phase 

screen is quite widely applicable. The basic concepts of fractal 

geometry are presented to demonstrate the equivalence of the approach 

of Berry (1979) with those previously described. The frequent use 

of the structure function, rather than the autocorrelation function 

with which it is often considered interchangeable using equation 

(1.63), i s explai ned.

A survey of phase screens with power law spectra precedes a 

description of the properties of the surfaces whose production is 

described in the remainder of this thesis.

2.1 The single scale phase screen

A model frequently used to describe a rough surface or phase 

screen from which light is scattered, is a single scale one (Jakeman 

1980). Such a model assumes that the screen has a Gaussian 

autocorrelation function. The width of this curve corresponds to the 

characteristic scale size of the screen. The size of irregu1arities 

in the emerging wave front '.S related to the size of those of the 

screen with a dependence on the standard deviation of the phase 

variations (Goodman 1984 S section 7-3 iv). The power spectrum of the 

phase screen is also Gaussian. If the 1/e width of the autocorrelation 

function is L/tt, then the width of the power spectrum is 1/L. The 

probability distribution of phase variations is Gaussian.

Early examples of the application of such a model were in the 

field of ionospheric scattering and interplanetary scintillation. 

Ratcliffe (1956) considered the Fresnel approximation for a thin 

phase screen and using scalar diffraction theory (section 7.3)*
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The Fresnel region is most appropriate for the investigation of 

ionospheric scattering where the parameters are such that Fraunhofer 

patterns are not observed on Earth. For phase fluctuations less than 

1 radian, it can be assumed that the autocorrelation function of the 

amplitudes at the ground is the same as that of the electron densities 

in the ionosphere. The model was extended by Mercier (1962) to 

include strong scattering.

Early work on light scattering from rough surfaces, where 

measurements are made in the far field, did not use the thin phase 

screen model but scalar diffraction theory is still applied. Davies 

(195*0 and Beckmann (and Spizzichino 1963; 1967) developed the first 

predictions about the distribution of ensemble-averaged far-field 

scattered coherent light. They considered rough surfaces rather than 

thin phase screens, but the surface was described in much the same 

way as in the larger scale approaches. It had a Gaussian probability 

distribution, autocorrelation function and power spectrum.

The thin phase screen model was later used by Chandley (1979), 

Goodman (1984), Jakeman and Pusey (1973) and Jakeman and McWhirter 

(1977) to predict far field statistics. The similarities between 

these approaches is described in chapter seven.

2.2 The multiscale phase screen

Up to this point the single scale model has been applied to 

situations ranging from the measurement of near field radio wave 

scintillation produced by the atmospheric, interplanetary (Ratcliffe 

1956) or interstellar (Rickett 1969) media, to far field fluctuations 

produced in laser radiation scattered by, for example, ground glass 

(Chandley 1979).

It was in the field of radio wave diffraction that the weaknesses 

of the single scale model first became apparent. The theory of 

turbulence developed in the early 1940's by Kolmogorov (1941a, b) 

showed that the spectrum of the phase variations would have a power 

law form, between certain inner and outer scale sizes, rather than 

the Gaussian one described earlier. Although ionospheric results
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at first appeared to be well described by a Gaussian spectrum (Hewish 

et al 1964), later measurements suggested that a power law spectrum 

would be more appropriate (Intri1igator and Wolfe 1970). The power 

law spectrum was already widely applied to atmospheric turbulence 

(Clifford et al 1971).

2.3 Kolmogorov spectrum

Richardson (1922) suggested a description of the structure of 

turbulent flow. The flow was considered to consist of a series of 

volumes of fluid, each separate from one another. The sizes of these 

vortices covers all possible scales between an inner and an outer 

scale size. The largest vortices absorb energy, which is then 

transferred sequentially through vortices of decreasing size to the 

smallest. When the energy reaches the smallest variations it is 

dissipated as heat due to viscosity.

Kolmogorov (1941) and Obukhov (1941) made an analytical 

interpretation of this model. Their reasoning resulted in a relation 

known as the law of two thirds, which gives the structure function 

of the velocity components as a power law of index -2/3. Tatarski 

(1961) extended the argument to consider the structure function of 

refractive index fluctuations in the flow. He showed that the 

structure functions of refractive index and phase fluctuations obey 

the law of two thirds. He also showed that if the spectrum is worked 

out from a one dimensional representation of the structure function 

then it follows a power law of index -5/3. If the three dimensional 

structure function is used, then the power spectrum has a power law 

i ndex of -11/3-

2.4 Forms of autocorrelation function

Clearly if the spectrum of refractive index fluctuations is not 

Gaussian, then a different form must also be assumed for the 

autocorrelation function.
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If no limiting inner or outer scale sizes are specified, then 

the resulting expressions for the power spectrum and structure function 

are analytically convenient, if not physically applicable. The power 

spectrum is written

G(u) « u V̂+1  ̂ (2.1)

It is shown in the appendix that the corresponding structure function 

i s

D(X) « | X | (2.2)

This case was considered by Rumsey (1975). For a two dimensional 

screen 1 < v < 5; for a one dimensional screen 0 < v < 2. This 

approach is an improvement on that of Buckley (1971) as it allows the 

power spectrum to fall off as a power law at high frequency.

Jakeman and McWhirter (1977) suggest forms for the phase 

autocorrelation function which are truncated, and give an outer 

scale to the power spectrum. These correlation functions are given 

by

1). Truncated parabolic

c (x) = J 1 -  x2/ r  2 | x | < r

/ 0 otherwise (2.3)

2). Truncated linear

C(X) 1 -  | x | /  r | x | < r

0 otherwise (2.4)

Were these expressions not truncated they would correspond to 

the general expression

c(x) = 1 - | x/r v

(2.5)
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From equations (1.63) and (2.5)

D(X) « |x ( 2 .6 )

i.e. the structure function (2.2) for an unbounded power spectrum.

Jakeman and McWhirter (1977) show that, for a deep phase screen,

i.e. when the mean square phase deviation >> 1 radian, then truncation 

of the linear phase autocorrelation function has no effect on the 

scattered mean intensity with angle.

Note that this model is still somewhat unphysical. There is no 

inner scale incorporated in the model and scale sizes continue down 

to values less than the wavelength of the scattered wave. Uscinski, 

Booker and Marians (1981) consider a phase spectrum given by

where r is the outer scale size.

The inner scale size is considered so small as to be negligible. 

For the case

where m = 2, the corresponding correlation function can be found by 

inverse Fourier transformation and is given by

1 < m < k (2.7)

G(u) = r (2 . 8 )

TT ( 1 + r2u2)

c (X) = exp (- |X |/r) (2.9)

'Where m = 4, and

G(u)= _____ 2r (2.10)

it (1 +r 2u2) 2 )
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c(x) = (1 + | x | / r ) exp ( - 1x | / r ) (2 .11)

Note that for T >>|X|, the exponential term may be expanded, 

and the correlation functions reduce to the linear and parabolic 

expressions (2.4) and (2.3) given by Jakeman and McWhirter (1977).

Berry (1979) tackled the problem of scattering by a random phase 

screen using a completely different terminology - that of fractal 

geometry.

2.5 Fractal Geometry

The word fractal was coined by B B Mandelbrot in his first essay 

on the topic (1975). The word is based on the Latin adjective fractus 

and its corresponding verb frangere meaning to break. Frangere has 

the additional meaning to create irregular fragments. The word 

fractal suggests both breaking up and irregularity.

A fractal set generally has the following properties:- 

(a qualitative description of such a set is given in section 2.5 ii)

1) Infinite structure, either regular or random, which results 

in the set being non-rectifiable and non-differentiab1e .

2) Scaling i.e. invariance under certain transformations of 

scale.

3) Self-similarity i.e. invariance under displacement.

4) Non-integral Hausdorff-Besicovitch dimension (section 2.5 i)

5) Hyperbolic probability distribution (section 2.5 iii).

Already it is clear that fractal sets are likely to be related 

with the phase screens previously described. For example the phase 

screens have infinite structure and self similarity. The importance 

of the Hausdorff-Besicovitch dimension must be explained.
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2.5 i) The importance of dimension (number of dimensions) 

in fractal geometry

A period known as the Crisis in Mathematics arose when a class 

of function was produced which was continuous and non-differentiable. 

The first of these was the Weierstrass function, others included the 

curves of Peano and Koch. The functions could not be explained and 

became known as pathological, or monsters. In 1925, a change in the 

interpretation of dimensionality ended the crisis. Four types of 

dimension will now be considered.

a) Topological dimension

Topology is the branch of mathematics which studies form. 

Topologically, any polygon outline has the same form, that of a 

circle. Thus the topological dimension for any function of this 

type, for example an island coastline, is 1. This is the topological 

dimension is always an integer.

b) Fractal, or Hausdorff-Besicovitch, dimension

In contrast the Hausdorff-Besicovitch dimension, D, need not 

be an integer. D results from work by Caratheodory in 1924 and 

Hausdorff in 1919.

Classically, in order to evaluate the area of a planar shape, the 

area is approximated to many small squares, and the area found by 

summing the squares of the side lengths. Carath^odory extended this 

approach, and used spheres instead of squares in order to avoid the 

use of a known dimension. In general, a d-dimensional shape requires 

the addition of expressions of the form (Mandelbrot 1982)

h(p) = y(d)p d (2 . 12)

where y(d)
r (1 + d/2)

(2.13)
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and is equal to the volume of a sphere of unit radius.

Hausdorff extended this by allowing d to be fractional. In this 

case, h(p) may be any test function which tends to zero with p. 

Equation (2.12) is then called the h-measure, and it is d-dimensional.

Besicovitch showed that, when d is not integral, for every set 

representing a d-dimensional shape there exists a real value D. If 

d<D then the h-measure is infinite, if d>D the h measure is zero.

D is therefore the critical dimension of the set.

The two dimensions and D must satisfy the Szpilrajn inequality 

(Hurewicz and WalIman 1941). Note that a fractal is by definition 

a set for which the Hausdorff-Besicovitch dimension strictly exceeds 

the topological dimension

D > D t (2.14)

c) Effective dimension

The effective dimension is not a quantitative measure, but is 

included because it helps give an intuitive feel for the concept of 

the fractal dimension. In addition, the effective dimension has 

links with other ideas of modern Physics, as it suggests that the 

numerical dimension depends on the relation of the object to the 

observer.

An example commonly used is that of a ball of string. Observed 

from very far away it appears as a point i.e. zero dimensional. As 

closer observation is made the object appears in turn as a three 

dimensional ball; a collection of one dimensional threads; and then 

reassumes three dimensionality as each thread becomes a column.

This sequence is repeated on further magnification, until zero 

dimensionality is attained by the point-like appearance of an atom. 

Many objects and sets may be considered in this way. The transitions 

between zones with well defined dimension can be considered fractal, 

with D > D-p
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d) Similarity dimension

The similarity dimension is not applicable to random fractal sets, 

with which we are most concerned. It is included for completeness, 

as Hausdorff showed that in many cases it is equal to the fractal 

di mens i on.

Consider some non-fractal self-similar sets such as a straight

line, or a unit square. A straight line of unit length may be divided

into N=b sub intervals, each of length r=l/b. Similarly, a unit square
2

can be divided into N=b squares, each of side r=l/b. The similarity 

dimension is defined as

DS1M = log N/ log 1/r (2.15)

For the examples given the value reduces to the topological 

dimension. The value is non-integral however for geometrically 

constructed self—similar fractal sets such as the Koch curve 

(Mandelbrot 1982).

2.5 ii) The coastline example of a fractal set

This example has been chosen to demonstrate the features of 

fractal geometry for two reasons. Firstly it is a statistical rather 

than a geometrically constructed example, and so ties in more 

realistically with the random functions under consideration. Secondly, 

there is a historical link with L F Richardson, who has already been 

mentioned in connection with turbulence theory.

A typical coastline exhibits the properties of self similarity 

and scaling. The statistical form of a coastline is the same whatever 

the scale of the map chosen to take measurements from. A stretch 

which appears smooth at low magnification will display irregularity 

on closer inspection. This property can also demonstrate the non­

differentiability of fractal sets. If the curve always displays 

structure if the magnification is large enough, then where can a tangent 

be drawn to the curve?
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A coastline is also non-rectifiable, this property is again 

linked to its infinite structure. Consider measuring a line or a 

circle with a set of dividers, open to a width c. The length of the 

line or curve is given by the number of steps taken multiplied by e.

If e is too large, then the value obtained for the circumference of 

the circle will be too small. The result will converge quickly, 

though, as e is reduced. This is not the case for a coastline as 

finer detail is always resolved with reduction of e.

Richardson (Mandelbrot 1982) found that the length of the common 

frontier between Spain and Portugal as measured by each country 

differed by 20%. Clearly the value chosen for e was different in 

each case. Richardson derived an empirical relationship

L(e) = F e 1“D (2.16)

where L is the total length, measured using an interval e.

Mandelbrot (1982) re-interpreted these results and attached a 

significance to D which Richardson did not consider. He showed, 

using a geometrically constructed model for a coastline for which 

the similarity dimension could be evaluated, that if D is the fractal 

dimension, then

L(e) = £ 1_D (2.17)

describes the length exactly.

2.5 iii) Hyperbolic probability distribution

According to the central limit theorem the probability distribution 

of the sum of a large number of independent random variables is 

Gaussian. The variance of the random variables is assumed to be 

finite. In the case of a fractal set, where there is infinite structure, 

the variance is infinite (this is shown in section 2.6), and the 

central limit theorem does not predict a Gaussian distribution. A 

possible solution is hyperbolic, i.e.
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P(h) * h”D (2.18)

Clearly this is not of great practical applicability, as, when h=0, 

assuming a finite variance, P(h) -► «. A Gaussian probability 

distribution is assumed when outer and inner scale sizes are present.

2.5 iv) Some fractal parameters

The link between the fractal dimension and the index of a power 

law spectrum is given by Berry (1979), in an argument following the 

original of Orey.

D = (5 -«)/2 (2.19)

where « = v+1 , and is the index of the power law spectrum.

The case D=1 .5 (oc=2) corresponds to the Brownian fractal , so named 

because the value arises for Brownian motion. D=1 is the marginal 

fractal; D=2 is the extreme fractal, the graph of the function almost 

fills a finite area.

For a spectrum given by

G(u) == u -  (2.20)

the structure function is given by (Berry 1979)

Q — cc , , c c — 1 . x

D(X) = r IX L  (2.21)

This expression is derived from the power spectrum in a similar 

manner to that shown in the appendix for the non-fractal representation.

T is the topothesy, and is defined as the distance over which 

the chord drawn between two points on a fractal curve has an rms 

slope of one radian,” i.e.

>/T2 =< h(x+T) - h(x) 1 (2 .22)
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It should be noted that in cases where an unmodified power law 

spectrum is proposed, the autocorrelation function is not defined 

and the structure function is used instead. This point is considered 

in the next section.

2.6 Use of the structure function instead of the autocorrelation 

function when working with power law spectra

The use of the unmodified power law spectrum, one which implies 

the absence of both inner and outer scales, has been mentioned in 

sections 2.4 and 2.5 iv). Uscinski et al (1981) show that the unmodified 

power law spectrum can only be used if the observer is very close to 

the screen, and irregularities the size of the outer scale and larger 

produce negligible fluctuations in the scattered amplitude. Such a 

restriction is unrealistic for far-field laser light scattering 

measurements, and even for ionospheric applications.

The unmodified power law spectrum leads to a very simple form 

of structure function (equation 2.2). It will now be shown that this 

function must be used rather than the autocorrelation function, since 

the latter does not exist for this unmodified form of spectrum.

Consider the unmodified power law spectrum

Consider also a screen with an outer scale, whose spectrum is 

described by

G (u) = A / I u (2.23)

The corresponding structure function is given by (Tatarski 1961; 

append i x)

D (X) = 2Att | X | (2.24)

7T ( 1 + r2u2)

r (2.25)



with the corresponding correlation function (Uscinski, Booker s 

Marians 1981)

C0 (X) = exp( - |x|/r) (2 .26)

Now, from equation (1.63)

D (X) = 2a o 1-Co(X)

so the corresponding structure function is

(2 .27)

D (X) = 2o2 o 1- exp( - |X|/r) (2 .28)

The structure functions (2.24) and (2.28) for the unmodified and 

modified spectra respectively are compared in figure 2.1.

Now, for X << T

exp( - |X|/T) = 1 - |X|/r

and

D (X) = 2a2 |X|/r (2.29)

If, A tt = a2 /r (2.30)

then Dq (X) = D(X) for small lags.

Now, as T -*■ °°, from (2.28)

D (X) + 2a2 o

2
But, in (2.24) A tt is finite, thus in (2.30) as T  °° a must also 

be infinite. So, if an unmodified power spectrum is used, the variance 

of phase is infinite, and the second order statistic used must be the 

structure function.

In practical cases where there is always an outer scale the

autocorrelation function can be used. It is calculated from the

structure function using equation (1.63).



bS -

Figure 2.1. Comparison of structure functions for a 
modified (solid) and an unmodified (dashed) power law 
spectrum.

2.7 Example of phase screens with power law spectra

Examples are quite common in the large scale field of radio 

wave scattering (Tatarski 1961; Kerr 1972; Intri11igator & Wolfe 

1970; Clifford et al 1971) .

For the case of rough surfaces, Sayles & Thomas (1978) collated 

a vast amount of data about the surface profiles of natural and 

artificial surfaces, including a lunar sea, a ship hull plate, and 

a ring-lapped steel ball. In each case the power spectrum obeyed 

a power law over a short range of spatial frequency.

Lightscattering measurements generally assumed a Gaussian 

autocorrelation function (and consequently a Gaussian spectrum) 

(Bennett & Porteus 1961; Beckmann & Spizzichini 1963; Beckmann 1967; 

Houchens & Hering 1967). The single scale, Gaussian autocorrelation 

function, model was found to give good agreement in certain cases. 

These include scattering by a liquid crystal (Pusey & Jakeman 1975), 

a thermal plume (Parry et al 1977), and a ruffled water surface
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(Walker S Jakeman 1982). Chandley (1978) showed that the assumption of 

a Gaussian autocorrelation function was not valid in the case of 

ground glass. He found that the shape of the autocorrelation function 

of surface height measured with a stylus instrument was radically 

different from

a Gaussian autocorrelation function. Chandley (1979) tried some 

alternative forms for the autocorrelation function, including negative 

exponential, and Lorentzian, but neither provided a good fit.

Thus it is clear that large scale phenomena seem to be well 

described by power law spectra, and theory is available to predict 

the scattering by this sort of phase screen (Jakeman & McWhirter 

1977; Berry 1979). However, the theory has not been tested in the 

laboratory using a sample with known statistics. The first surface 

produced to test the theory was described by Jordan et al (1983).

It was produced by randomly engraving a piece of germanium. 

Measurements were made using both 10.6ym radiation and stylus methods. 

The surface was shown to have an inverse square law power spectrum 

over several decades. An advantage of using radiation of wavelength 

10.6ym as the incident radiation is that, as mechanical profiling 

has a resolution of about 1ym, scale sizes less than the wavelength 

of the illumination will be noted, and their effect on the scattering 

investigated. With visible radiation, no measurement can be made of 

scale sizes smaller than the wavelength using the Talysurf.

2.8 Work described in this thesis

It is proposed to produce a laboratory scale multiscale scatterer, 

which will be used to test the scattering theories of Jakeman 

(& McWhirter 1977) and Berry (1979), using helium neon illumination.

The scatterer should have the following statistical properties

1) Gaussian probability density of surface heights.

Note that although this assumption is necessary in the development 

of scattering predictions (see chapter 7), including those of 

Berry (1979), Mandelbrot defines a fractal as having a hyperbolic 

distribution (see section 2.5 iii). Jakeman (1981) also 

discusses how a Gaussian process is in general non-scaling.
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2) Inverse power law spectrum of surface heights, of index -2, 

over a range of spatial frequencies covering at least two decades. 

Such a spectrum will be associated with a truncated linear 

autocorrelation function.

The index -2 has been chosen because it simplifies the prediction 

of the scattered mean intensity with angle (see chapter seven), 

and corresponds to the Brownian fractal (section 2.5 iv).

In addition, in order to be of practical use the scale sizes, and 

the standard deviation of surface height should be appropriate to 

scattering of helium neon light.

The methods chosen to produce the surfaces are described in 

chapters 3 and 5. Mechanical measurements made on the surfaces are 

presented in chapter 6. The scattering theories mentioned briefly 

in this chapter are considered in more detail in chapter 7, followed 

by scattering measurements.
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CHAPTER THREE

COMMENTS ON ROUGH SURFACE FABRICATION

In this chapter reasons for producing a multiscale random rough 

surface are presented. This is followed by a review of techniques 

which have been used previously to produce surfaces (mainly diffusers) 

with specified characteristics. The use of photoresist emerges as 

being the most promising method; its advantages over two existing 

techniques of multiscale surface production are suggested. The 

chapter is completed by a review of the problems encountered using 

photoresist in practice, and the ways that these difficulties might 

be overcome.

3.1 Reasons for surface fabrication

It has been shown in section 2.7 that many naturally occurring 

surfaces have an inverse power law spectrum. The question arises: 

Why make a special surface, when there may be one with the correct 

properties already in existence? The answer to this question is 

five fold. By making a surface one can ensure that

Point 1

The index of the inverse power law is exactly that required. For 

example «==2 considerably simplifies the arithmetic expounded in 

section 7*3.

Point 2

The range of spatial frequencies over which the inverse power 

law is obeyed is known, without the need to make measurements.

Point 3

The Gaussian probability density required can be ensured.
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Point b

The scale sizes (i.e. spatial frequencies) and the depth of 

roughness can be chosen so that they are appropriate to the 

wavelength of the scattering light. There are two aspects to 

th i s

i) Although a landscape may have an inverse power law spectrum, 

the actual scale sizes mean that scattering experiments would 

require radar. The investigations would be impractically large. 

Reducing the scale in both horizontal and vertical directions 

allows scattering experiments using helium-neon laser light to

be done conveniently in the laboratory.

ii) If radiation of a slightly longer wavelength, for example

10.6 microns is used on such surfaces the effects of features of 

scale lengths less than the wavelength of the scattered radiation 

can be investigated.

Point 5

A fabricated surface can be produced such that it is of use in 

both reflection and transmission. Clearly many natural surfaces 

are not.

3.2 Previous techniques used

The idea of fabricating rough surfaces is not new. Much work has 

been done in the area of design and synthesis of random phase diffusers. 

The requirement in such cases is a diffuser whose light scattering 

profile is controlled. For example, consider a diffuser used as a 

viewing screen. A 'hot spot' caused by the decrease in scattered light 

in directions away from the specular direction usually occurs. It 

could be eliminated by using a diffuser with a uniform power spectrum 

across the aperture (Chandler and DePalma 1968). Alternatively, such 

a diffuser would be useful in Fourier transform holography. Such 

holograms, recorded using a diffuser to illuminate the object (figure

3.1), have high redundancy. This property means that the hologram 

may be scratched, dirty or even broken into pieces, and there is no
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O b je c t F T  H o lo g ra m
p la n e  le n s  p lan e

Figure 3.1- The use of a diffuser in Fourier 
transform holography.

great loss of information. This occurs because the diffuser is 

considered to spread the information over the whole hologram. Using 

a band limited diffuser, with a uniform power spectrum within this 

limit could maximise both redundancy and the signal to noise ratio 

(Iwamoto 1980; Kurtz, Hoadley and DePalma 1973)-

Other applications include coherent imaging with reduced speckle 

(Lahart and Marathay 1975) and reflecting filters for infra red 

(Porteus 1963; Bennett 1963).

In all these cases conventional diffusers had been rejected. Such 

random phase diffusers are produced by etching or grinding. In the 

former case the time, temperature or chemical used may be altered, 

but these changes cannot be used to produce a diffuser with a desired 

property. The type of abrasive used in grinding has little effect on 

the resulting scattering profile (Kurtz 1972; Chandley 1979). So, 

alternative methods were developed, in particular photographic 

techniques (Waag and Knox 1972). Gelatin plates were 

exposed to speckle and then bleached to produce a relief. The 

speckle pattern used may have been spatially filtered in order to 

affect the scattering characteristics of the diffuser (von Bestenreiner
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and Weiershausen 1971). However, the grain of photographic emulsions 

introduced unwanted noise into light scattered by a diffuser. 

Thermoplastic films (Lee 197*0 tend to exhibit 'frosting' which is a 

quasi-random structure containing a preferred spatial frequency.

Gray (1978) overcame these problems by using photoresist, which 

is a high resolution material free from noise. Gray produced random 

rough surfaces with both a Gaussian autocorrelation function of surface 

height, and a Gaussian probability density of surface height. The 

technique has since been used successfully by Levine and Dainty (1983) 

who were able to produce diffusers with known correlation lengths.

The correlation lengths of the diffusers were all in the region of 

80 microns, with the standard deviation of surface height about 1 

micron. Such diffusers would be described by the single scale model 

of section 2.1.

Clearly, some refinement of the technique is required to produce 

multiscale surfaces, and this will be discussed in chapter four. Before 

returning to the use of photoresist let us look briefly at other 

methods of producing multiscale random rough surfaces. The first 

(Jordan, Hollins and Jakeman 1983) was a relatively uncontrolled 

technique. Their phase screen was produced by randomly scratching the 

surface of a piece of germanium using an engraving tool. The surface 

so produced could, however, be described as fractal and was the first 

laboratory scale phase screen made. The second method (Hollins and 

Jordan 1983) was more controlled. This surface was made to correspond 

with theoretical scattering predictions made by Jakeman and Hoenders

(1982). The surface consisted of an arrangement of randomly spaced 

rectangular grooves, and thus had only two possible height levels. 

Ion-beam milling was used, the grooves produced were mostly in the 

range 20 to 30 microns wide to maximise the scattering of 10 micron 

CO2 laser radiation. The first method thus does not satisfy points 

1) and 2) of section 3-1. The second method is not sufficiently 

general. It was therefore decided that a technique using photoresist 

to record specially manipulated speckle patterns would be the best 

way of satisfying points 1 to 5. The use of speckle is discussed in 

chapter four. The remainder of this chapter is devoted to the use 

of photoresist in practice.
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3.3 The coating and exposure of photoresist

Preparing photoresist plates for exposure should have been one 

of the more minor features of this work. However, it transpired 

that applying thick layers of photoresist to glass plates is an 

art, which must be learned by each user, and practiced until he finds 

a method which works for him. This should be borne in mind by any 

reader hoping that information in this section will provide instant 

perfect results.

The technique used is basically that of MacAndrew (1980) with 

a few modifications. All thicknesses quoted were measured using the 

Linnik interference microscope.

3.3 i . Preparation of plates

Two techniques were used successfully, they are summarised in 

Table 3.1.

3 - 3 i i Application of photoresist to plates

MacAndrew (1980) lists five methods of applying photoresist to 

surfaces. These are:

spinning 

flowing 

dipping 

pour ing

doctor blade or roller.

Flow coating and spinning seemed to be the most likely to 

result in smooth surfaces up to about ten microns thick, and these 

techniques were tried. The resist used for the bulk of the work is 

Shipley Microposit 1375, which is the most viscous resist produced 

by Shipley.
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TABLE 3.1

Method 1 Method 2

1. Wash in tap water and washing up liquid at 50°C. Rinse thoroughly 
in running water at same temperature.

2. Wet thoroughly with acetone {(CH-)^CO}. Rub with lintless lens 
cleaning tissue to remove greasy marks and finger prints.

3. Working in dust free 
atmosphere of laminar flow 
cabinet apply first of following 
solvents to plate, lay lens 
tissue across surface to absorb 
solvent, then remove it by 
pulling it across in plane of 
surface. Repeat using next 
solvent.
a) Acetone
b) Methanol { CH^OH}

c) Ethanol {CoHr0H}

d) Isopropanol {(CH^^CHOH}

3. Clean in isopropanol 
{(CH-^CHOH} in ultrasonic 
tank. Remove, and stand almost 
vertically against upright 
support to dry in laminar 
flow cabinet.

A. Spray dry canned air across surface immediately before coating.
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Shipley 1375 Microposit arrives from the manufacturers doubly 

sealed from clean room conditions. It should contain no impurities 

greater than .2 microns in size. However, to ensure that it is still 

pure when it is deposited on the surface it is fed from a glass 

syringe through a .5 micron filter. The filter is paper, and is held 

in place by a metal attachment fixed to the syringe by a luer lock.

Absolute cleanliness of all the tools used with photoresist is 

essential. The metal filter assembly and the syringes are cleaned 

before use with acetone followed by the Shipley photoresist thinner 

(Microposit thinner; ethyl glycol acetate and xylene). After use the 

syringe and filter are dismantled and soaked in a bath of thinner for 

several minutes before a final wash with acetone. This cleaning 

procedure revealed a problem with the first type of syringe used.

These were made of plas-tic, and the snug fit of the plunger in the barrel 

was ensured by the provision of a rubber ring around the tip of the 

plunger. The repeated use of solvents caused the rubber ring to 

stretch, and the plunger would become stuck in the barrel. It was 

also likely that the rubber contaminated the resist. Such syringes 

were replaced by some made entirely of glass. Several of these are 

required for a single coating session, as the plungers tend to become 

firmly stuck in the barrel and require the application of solvents and 

brute force to free them. Coating is done in the dust free environment 

of a laminar flow cabinet.

3.3 ii a) Flow coati ng

Cleaned glass plates are stood in a large funnel at an angle 

of about 30° to the vertical. The photoresist is applied in a 

continuous broad sweep from one lower corner, around the top, to 

the other lower corner. The plates are left in the funnel for ten 

minutes, then allowed to dry at the same inclination for three hours.

Once the difficulty of achieving an even continuous flow from 

the syringe had been overcome, a further drawback arose. Smooth 

coatings could be obtained using a dilution of 2 parts resist to 1 

part thinner. Such layers were about three microns thick. If the 

photoresist was used undiluted, or at any proportion more viscous
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than 2:1, then the coating would be covered in ridges, running 

parallel to the direction of flow. These ridges were apparent before 

exposure and development, and could not be removed by baking. An 

example is shown in plate 3.1. Similar features occurred if the 

inclination of the plate to the vertical was increased in an attempt 

to produce thicker coatings.

3.3 ii b) Spin coating

Spin coating is the method used for applications in the electronics 

industry. In such cases the requirement is for a very thin layer, 

typically around one micron thick. Spin speeds of up to 5000 r.p.m. 

are recommended (Shipley). Shipley also suggest that the resist is 

applied before the plate is spun, and that the spin times should be 

longer than twenty seconds. Experimentation showed that the most 

suitable plates for my application were obtained by ignoring these 

recommendat ions.

The spinner used in the earlier work is the one built by 

MacAndrew (1980) and consists of a d.c. motor with its spindle held 

vertically. A mount for the plate to be coated is attached to the 

spindle. The motor is enclosed separately from the coating area.

The coating area itself is shielded to prevent the escape of resist, 

but is open at the top to allow access and evaporation. A cleaned 

plate, attached to the mount using double sided tape, is spun at 

the required speed. Resist is applied to the spinning plate using a 

2ml syringe and the filter arrangement described in section 3-3 ii 

Plates are allowed to dry for about one hour lying flat in the 

laminar flow cabinet. After a further 2k hours drying flat in sealed 

light tight boxes, the plates may be baked for 30 minutes at 90°C.

The rear surfaces of the plates are then painted with matt black paint 

to prevent unwanted fringes appearing in the resist, on exposure, 

from multiple reflections.

Initially the spinner wa'sgiving speeds of about 2A00 to 3800

r.p.m. (determined using stroboscope). Plates coated at these speeds 

always displayed striations. These have been investigated at some 

length by MacAndrew (1980; Gale and Knop 1980), so a very brief
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Plate 3*1. Linnik interferogram of an example of 

ridging on a flow coated plate.



PLATE 3.1
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description will be given here. Striations are radial furrows 

(typically .2 microns deep and Q.lmm wide) which are only apparent 

after development. They occur even when no exposure has taken place. 

Shipley recognises the problem and manufactures a striation-free 

photoresist. However, a major contribution to this property of the 

product would appear to be its low viscosity. Since this results in 

thinner coatings the new style resist was not used. The occurrence 

of striations was reduced when slower spin speeds were used, so the 

spinner was adjusted to spin in a range of speeds between 900 and 

1830 r.p.m. It was found that at speeds in the approximate range 

1000 to 1800 r.p.m. striations were absent when using Microposit 

1375. Such coatings are about five microns thick. The spin time 

is typically ten seconds after all the resist has been applied.

Latterly, a new spinner built by P H Channon has been used success­

fully at similar speeds.

Attempts have been made to obtain much thicker overall coatings 

by layering. The previous layer is baked to ensure complete evaporation, 

and to attempt to reduce 'melting1 by the solvent in the newly applied 

resist. Dust is a particular problem, as plates coated with one or 

more layers have been transferred from box to oven and back outside 

the laminar flow cabinet. A blast from a can of air is usually 

sufficient to reduce the effects. Although other authors (Levine and 

Dainty 1983) have had success in coating multiple layers, I have not.

The resultant coatings have tended to be uniform over small, about 1cm 

diameter, regions of the plate. Overall the appearance is uneven; 

run marks with thickened edges and thin centres are a typical 

i mperfect i on.

3-3 iii Exposure of plates

Shipley Microposit 1375 increases in sensitivity with decrease 

in wavelength below about 460nm, peaking in the UV (363.8 nm).

Argon-ion lasers have an output line at *+57-9 nm. The output power 

is less at this wavelength than in the strong 488 nm line, but the 

photoresist is significantly more sensitive to it. The 457.9 nm 

line has been used throughout. The minimum exposure time for an 

approximate power density of .03 mw per square centimetre was five minutes.
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3*3 iv Development

Plates were developed in a solution of one part Microposit 303 

developer to six parts distilled water, at 20°C for 20 seconds.

This dilution was suggested by Norman and Singh (1975) as suitable 

for obtaining a linear response, and has subsequently been used by 

MacAndrew (1980).

The developed plates were then rinsed in distilled water for about 

ten seconds to stop the developer action. They were then rinsed in 

a strong spray of tap water for about two minutes, to remove all the 

loosened resist. It was also found that the spray of water was a 

good way of removing the black paint on the rear surfaces of the 

plates. After a final rinse in distilled water, the plates were 

left standing vertically to dry naturally.
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CHAPTER FOUR

SOME STATISTICAL PROPERTIES OF LASER SPECKLE PATTERNS

In this chapter a brief description of the various types of 

speckle is given. Interest is then focused on fully developed 

speckle patterns; some of their basic first and second order 

statistical properties are listed. Two alternative methods of 

obtaining a Gaussian probability density function in a composite 

speckle pattern are described, and the corresponding power spectrum 

is investigated in each case.

A .1 Types of speckle pattern

Laser speckle is the random, grainy pattern which results from 

the scattering of coherent illumination. The properties of fully 

developed coherent speckle are well known, and are set out in several 

reviews (Dainty 1976; Goodman 1984).

A fully developed speckle pattern is one which arises from the 

interference between coherent light scattered from a large number of 

scatterers which introduce path differences greater than one wave­

length, such that phases are distributed uniformly from -tt to it.

In such a case the distribution of complex amplitude in the pattern 

is Gaussian. This property arises from the application of the central 

limit theorem (Papoulis 1985 p194). The properties of the surface 

itself will have no effect on the fluctuations of the pattern about 

the mean intensity.

Non-Gaussian speckle arises when the above conditions are not 

satisfied. That is, when only a small number of scatterers are 

illuminated; the scatterer is weak (path differences are less than 

one wavelength); or the illumination is not coherent.
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4.2 Some useful statistical properties of a single fully developed 

speckle pattern

Results are presented here, in the main, without derivation. 

Fuller treatments may be found in Goodman (1984) and Dainty (1976). 

The speckle under consideration is formed by perfectly monochromatic 

and polarized waves.

4.2 i) First order statistics

4.2 i) a) Complex Ampli tude

If the real and imaginary parts of the complex amplitude of a

< A > = < > = 0
R i

(4.1)

.2 .2 2<A_> = <A > = a 
K  1

(4.2)

2
where a is the variance of each part of the field.

< V i > = 0 ( b . l )

The joint probability density function for the real (Ad) and
K

imaginary (A^) parts of the complex amplitude of a speckle field is 

given by

p(AR,Ai) = exp (Ar2 + A/) (4.4)
2
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2
where o is the variance of both real and imaginary parts of the

This density function is known as a circular Gaussian density 

function. It applies when

between -it and it

ii) there is a large number of scatterers

iii) the elementary scattering areas are unrelated to one another

iv) the strength of a scattered component is not related to its 

phase.

Note also,

field.

i) the phases of the scattered field are uniformly distributed

A = A r + iAj

so

(4.6)

but, from equation (4.2)

thus

(4.7)

but,<A^> = <A^> = 0 (equation 4.1)

so

(4.8)

s imilarly

<A A > = 0 (4.9)
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4.2 i) b) Phase

The probability density function of phase is uniform

p(<J>) = ) 1/2tt -I T <  <j> <  IT

otherwi se
(4.10)

4.2 i) c) Intens i ty

The probability density function of intensity is of negative 

exponential form

p(l) \ J _  exp (- i/2a ) I > 0 

2 a2

0 otherwi se

(4.11)

The n'th moment <1 > of intensity is

T n i / * 2 \ n<1 > = n!(2a ) (4.12)

Vlhen n = 1

<I> = 2 (4.13)

therefore

<ln> = nl <I>n (4.14)

From equation (4.14)

2 2<1 > = 2 <I> (4.15)
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Now,

(1.17)

so

2
<I>2 (4.16)a

Using (4.13), equation (4.10) may be written

p(l)
<±>

0

1 exp (-!/<!>)

otherwi se

I > 0

(4.17)

The above expressions apply to far field speckle (see figure

4.1). They may also be applied to patterns formed in the image plane 

of a rough diffuser (figure 4.2) providing that the area of the point 

spread function of the system contains a large number of scatterers. 

This condition is usually satisfied for numerical apertures less

4.2 i) d) Speckle size

The speckle size can be visualised as the average distance between 

adjacent regions of maximum and minimum brightness. This is inversely 

related to the effective diameter of the scatterer, being given by 

the approximate diameter of the first dark ring of the Airy pattern 

for the scattering area. For a circular diffuser the expression 

(4.23) for the autocorrelation function (section 4.2 ii) is the Airy 

disc formula. So the width of the autocorrelation function is also 

a useful approximation for the speckle size. For objective speckle 

(figure 4.1)

than 0.1.
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Figure 4.1. Formation of objective speckle.

Figure 4.2. Formation of subjective speckle.
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£~1.2Az/D (4.18)

where D is the diameter of an illuminated circular region, A is the 

illuminating wavelength, and z the distance to the speckle plane.

For subjective speckle (figure 4.2) i.e. that formed by an imaging 

system

Z-O.oA/N.A. (4.19)

where N.A. is the effective numerical aperture of the lens, and A 

the illuminating wavelength. This may be written

£ - 1,2xf/no. (4.20)

4.2 i) e) Contrast

C = aI/<I> = 1 (4.21)

4.2 ii) Second order statistics

The autocorrelation function of intensity for circular, complex 

Gaussian fields may be written (Goodman 1984 p36)

<I1I2> = <I>2 + h A ^ I  2 (4.22)

Now, assuming that the microstructure of the scattering surface 

is too fine to be resolved by a lens in the observation plane the 

size of the observation region, the autocorrelation function of 

intensity in the Fraunhofer plane, for the geometry shown in figure

4.3 is given by (Goodman 1984 p38)
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Figure 4.3. Co-ordinate system used for free space 
geometry.

Figure 4.4. Co-ordinate system used for imaging 
geometry.
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C(Ax,Ay) =

<I>
2 +

00

1 P (£,n)|2exp i 2tt (SAx+nAy)
J J
— 00 > z

d£dn

I p ( 5 , n ) | 2d^dn

2

(^.23)

2
where |p(£,n)| is the intensity distribution incident on the scattering 

area, and A, is the wavelength.

The power spectrum of the intensity distribution in the 

Fraunhofer plane is given by the Fourier transform of the 

autocorrelation function (section 1.7 i)

G(u,v) =

|p(£,n)|2 |p(£-Azu,n-Azv)|2d£dn

<I> )  6 (u,v) +
J j
— CO

|p (C»n)jf 'd£dn

(4.2*0

The expression (4.24) can be interpreted as follows. The power 

spectrum consists of a 6 function at zero frequency, together with 

a second component which is extended over frequency. This second

component has the shape of the autocorrelation function of |p(?,n)| 

i.e. of the intensity distribution incident on the scattering

2

area.



72 -

When an imaging system is present the results (4.23) and (4.24) 

may still be applied, but |P(£,n)| should be interpreted as the 

intensity transmittance of the lens pupil. In other words, the pupil 

plane is treated as a uniformly bright rough surface, followed by 

free space propagation to the image plane. The new coordinate system 

is shown in figure 4.4. Aberrations in the imaging system affect 

only the phase of p(£,n)> so they will have no effect on the
2

autocorrelation function, which is dependent only on |p(£,n)| •

We can now see that the intensity distribution in the speckle 

pattern has potential for use as a random function whose statistical 

properties correspond to those of a required model. Let us consider 

first the probability density function. For a single pattern, as 

shown in equation (4.11) above, the density has a negative exponential 

form. In the following sections two ways will be shown of combining 

speckle fields to obtain a close approximation to a Gaussian probability 

density function. In each case the contrast of the resulting pattern 

will also be derived, as a very low contrast result would be of little 

practical use.

4.3 Speckle pattern resulting from the incoherent addition of a

number of fully developed speckle patterns

4.3 i) Probability density function

The probability density function of total intensi 

from the addition of N uncorrelated speckle patterns,

intensity X̂  is given by (Goodman 1934 p23)
N

exp

ty resulting 

each of mean

(4-25)

for I>0, zero for negative I.
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Clearly this expression depends on the yalues of N and A^. In

for I>0, zero for negative I.

Figure 4.5 shows curves for various N, for the special case when 

A^ are all equal. Figure 4.6 shows the curve for N=10 compared with 

a Gaussian curve with the same mean and standard deviation. In 

chapter five, figures 5.6 and 5.7 correspond to these but the A^ are 

not a 11 equa1.

4.3 i i) Contrast

The contrast of any fully developed speckle pattern, whether it 

results from a summation or not, is given by

To apply this expression to a sum of N incoherently added 

speckle patterns, it is necessary to find an expression for the 

standard deviation of the result. If the standard deviation of each 

pattern is a^, then (Papoulis 1985 p153)

the special case when A^ are all equal, the equivalent expression is

pT (l) = IN’]NN exp (-NI)
1 W T T T

(4.26)

C = a/<I> (4.21)

(4.27)

k=1

but, in a fully developed speckle pattern (section 4.2 i)

2 2 (4.16)a <I>

therefore

(4.28)
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Figure 4.5. Probability density function for the incoherent 
sum of a number of fully developed speckle patterns, each 
of the same mean intensfty.

Figure 4.6. Probability density function (solid) for the 
incoherent sum of 10 fully developed speckle patterns each 
of the same mean intensity, compared with a Gaussian curve 
(dashed) of the same mean and standard deviation.
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and

N

° 2 = E xk {k-23)

k=1

Thus, the standard deviation of the incoherent sum of N speckle 

patterns, each of mean intensity is

a (**.30)

Curves showing the change in contrast with different numbers of 

summed patterns are shown in chapter five, figure 5-8, when the 

importance of the values taken by is emphasised.

k . k Speckle pattern resulting from the addition of a fully

UW I 1 ̂• pawrN. i «<A 4“ +“ r*» A  A  A  A  A  U  A  » • A  A  ^
p a  i i c i  i i  a i  i u  a  u u i  i c i  a i  i i

k  A  ^  I, ̂  ^ . A M A ^ luav^t\.Cjt u u n u

The assumptions in this section are

i) The speckle pattern is perfectly polarized, the complex 

amplitude obeys circular Gaussian statistics and is 

independent of the coherent background.

ii) The background is of constant intensity and has the same 

polarization as the speckle pattern.
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4.4 i) Probability density function

The probability density function of intensity is given by 

(Goodman 1984)

PjU) 1 exp ' -I+V I 2/i i b
<1 > s <1 > s

0 <1 >L s J

(4.30

for I>0, zero for negative I.

where <Is> = mean intensity of speckle pattern

Ig = background intensity

I ( ) = modified Bessel function of first kind, zero order (Watson 

1962 chap 3)

This density function depends on the beam ratio 

r = IB/<IS> (A.32)

and

<Is> + JB = 1 (A.33)

So, (4.31) may be rewritten (Dainty 1972a)

Pj(I) = (r+1) exp -r -I(r+1)

Io l 2
Ir(r+1)

1/2

(4.34)

Figure 4.7 shows this expression for various values of the beam ratio. 

For r=10 the curve is close to Gaussian (figure 4.8).
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Figure 4.7. Probability density function for the coherent 
sum of a fully developed speckle pattern and a plane 
background wave, for several values of the beam ratio r 
(equat ion 4.32).

Figure 4.8. Probability density function (solid) for the 
coherent sum of a fully developed speckle pattern and a 
plane background wave of beam ratio r=10, compared with a 
Gaussian curve (dashed) of the same mean and standard 
devi ati on.
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4.4 i i) Contrast

The contrast of the resulting pattern is given by

C = (2r+l)1/2/r+l (4.35)

We have now seen that it is possible to obtain a Gaussian probability 

density function in two ways. Let us now consider the power spectra 

resulting from such combinations.

4.5 Power spectrum from the incoherent addition of a number of 

fully developed speckle patterns

The total resulting power spectrum is given simply by the 

summation of the spectra of the individual patterns.

4.6 Power spectrum from the addition of a fully developed speckle 

pattern and a coherent background

The situation is less straightforward here. It will be shown 

that the value of the beam ratio r determines whether the overall 

spectrum is dominated by that of the speckle pattern alone, or of 

the combination. It is instructive here to consider the coherent 

addition from the addition of complex amplitudes onwards. Let the 

complex amplitude of. the speckle at the plane of interest be S, and 

the complex amplitude of the background field be B. Then the total 

complex amplitude is given by

A = S + B (4.36)

The autocorrelation function of the complex amplitudes is 

given by
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<A,A*> = < (S1+B1) (S*+B") >

= <S]S"> + <S1>B" + <S*>B, + BjB” (A.37)

but <S> = <S > = 0, therefore

<A1A*> = <S1S*> + B]B* (4.38)

Now, if B has a plane wavefront

B,B2 f IB (A.39)

and when points 1 and 2 coincide

(4.38) may be written

<I> = <Is> + IB (4.40)

Now, consider the autocorrelation function of intensities

<I1I2> = <A1A ifA2A2> (4.41)

Now, all odd moments of the speckle complex amplitude are zero, 

equation (4.1). Also if both amplitudes multiplied together in a 

pair are (or^are not) complex conjugates then the result is zero, 

see section 4.2 i) a). Thus, on expansion (4.Ml; becomes

<I1I2> <IS1IS2 + IS1IB + S1S2IB + IBIS2 + S1S2IB + ID>B

(4.42)

<IS1IS2> + IB ( < i s l > + < s ; s 2> + < i S2> + <S l s 2> ) + i B

(4.43)
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i .e.

* ?
<1 I > = <1 I > + I (2<I > + 2Re<S S >) + I 

1 2  S1 S2 B k S 1 2  ' B (4.44)

But, from equation (4.22)

(4.22)

Thus, the autocorrelation function of intensities in the combination 

i s

For clarity, instead of using the autocorrelation function to predict 

the power spectrum, the autocovariance will be used instead. This 

is the autocorrelation function with the mean square of the intensity 

subtracted (equation 1.44). The power spectrum is strictly defined 

as the Fourier transform of the autocorrelation function. The 

Fourier transform of a constant is a delta function, so if the 

autocovariance is transformed instead of the autocorrelation the 

result will omit this feature. The component of the power spectrum 

which is extended over frequency will, however, be unaffected.

(4.45)

cov(I1I2) = <I1I2> - <I>
2

(4.46)

and

<x> = <is> + iB (it.40)
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so

007(1 ^ 2) = ! <S,S^> I 2 + 2Re<S1S2>Xg ( k . k 7 )

The power spectrum is given by the Fourier transform of this 

expression, it will have two components

Component 1

Component 2

2t s , V

where F denotes Fourier transformation. <^i^2> 's t*"ie rea  ̂ Part

<S^S2> • The Fourier transform of a real and even function is also 

real and even. Now, <S,Sn> is the autocorrelation function of the1 2.
complex amplitudes of the speckle field. Goodman (1984 p38) has shown 

that this function, which is also known as the mutual intensity of 

the field, is proportional to the intensity distribution incident on 

the scattering area (assuming that the microstructure of the scattering 

surface is too fine to be resolved by a lens in the observation plane 

the size of the observation region) |P(£,h)| .

Component 1 can then be interpreted as having the shape of the
2

autocorrelation function of |P(£,n)| , just as in equation (4.24) for 

a single speckle pattern.
2

Component 2 has the shape of |P(5,n) | itself.

It was shown in section 4.4 i) that the probability density function 

would be close to Gaussian for a beam ratio of 10, i.e.

I = 1 0  <1 > (4.48)
B 5

In this case component 2 predominates. The spectrum has the shape of 

the scattering area.
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CHAPTER FIVE

METHODS USED TO FABRICATE MULTI SCALE 

RANDOM ROUGH SURFACES

5.1 Introduction

This chapter is divided into two parts. In part A it is shown 

how the theory of speckle expounded in chapter four can be applied 

to produce a one dimensional multiscale, random rough surface. The 

power spectrum, probability distribution, and contrast of such a 

surface are considered in turn. The various practical set-ups 

considered are described, before a full description of the method 

finally chosen is given. In part B two alternative methods for 

producing two dimensional surfaces are proposed. The first uses the 

same principles as the one dimensional method. The second is based 

on the alternative way of obtaining a Gaussian probability density 

outlined in chapter four. Again the power spectrum, probability 

density and contrast are considered in turn. Practical considerations

5A A one dimensional surface 

5A.1 Principles 

5A .1 i) Power spectrum

In chapter four it was shown that the power spectrum of a speckle 

pattern, for the non-imaging geometry of figure 4.3, has, in addition 

to a delta function component at zero frequency, a component which 

depends on the intensity distribution incident on the scattering 

area. The power spectrum of intensity in the observation plane is 

wr i tten
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G(u,v) <I>
2

<5(u,v) + -°°

2 2 
| P(^"Xzu,n~Xzv | d£dn

|P(£,n)| d^dn

(4.24)

The second component has the shape of the autocorrelation of 
2 2

|PU»n) | , where |P(£,n)| is the intensity distribution incident on 

the scattering area.

Consider then, the effect of choosing the scattering area shown 

i,n figure 5.1. The power spectrum for the u component of spatial 

frequency will have the shape of the autocorrelation function of the 

chosen area. This may be thought of as the result of shearing the 

pair of slits. The shape so produced is shown in figure 5-2.

In order to build up a power spectrum of power law dependence 

on spatial frequency, patterns of this kind are superimposed for 

several different slit separations. The individual triangular spectra 

sum to give the required resultant curve. This is shown in figure 5-3- 

The triangles are arranged so that the peak of one is at the same 

abscissa as the feet of the two on either side. Figure 5-3 shows 

both the required curve and that actually obtained from the summation 

of spectra. The difference between them is minimal when likely 

experimental variations are considered.

It may be easily shown that the width of each triangle is 2w/xz, 

and they must be spaced at intervals in frequency of w/xz. w is the 

slit width; X is the wavelength; z is the distance from slit to 

observation plane. Consider Young's double slits, in figure 5-4.

Bright fringes appear at

y = nXz/d (5.1)

i.e. at frequency d/Xz.
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Figure 5 • 1 •

Figure 5.2.

Figure 5-1• Proposed shape of scattering area.

Figure 5-2. Power spectrum corresponding to scattering 
area in figure 5.1.

Thus, the peak in the power spectrum for slit separation d, 

occurs at frequency u = d / \ z .

Due to the shearing effect of autocorrelation the frequency width 

of the triangular spectrum must be twice the width of each slit, 

i.e. 2 w / x z .  Thus for a spectrum built up as suggested with each 

peak corresponding with the abscissa of those on either side,

d/xz = 2w/2Az (5-2)

i.e.

d = w (5.3)

So, the successive slit separations must differ by the value 

of the slit width.
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Figure 5-3- Spectrum built up from the summation of 
individual triangular spectra (solid), compared with an 
inverse power law curve (dashed).

1 i ts.Fi gure 5.^ . Geometry of Young's s
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From equation (4.24) it is clear that the height of each triangle

is proportional to the square of the intensity of the corresponding
2

speckle pattern, due to the factor <I> . When recording in photoresist 

assuming that reciprocity failure is absent and the response is linear, 

the mean intensity term is equivalent to the mean exposure given.

A less intense speckle pattern exposed for a longer time would be 

indistinguishable from a more intense one with a shorter exposure 

time. Thus, when recording, we say instead that the height of each 

triangle is proportional to the square of the exposure, E(u), for 

the corresponding speckle pattern.

E(u) = <I>.t(u) (5.4)

therefore
<

G(u) = k<I>2t2 (u) (5.5)

The form required is

G(u) = k' u (5-6)

t2 (u) = K'u"“ (5.7)

t(u) = K u ^2 (5.8)

i .e. the exposure times must follow an inverse power law of index

cc/2.

Consider now the effect of this choice of scattering area on the 

v component of spatial frequency. Consider shearing the pair of 

slits in the direction as shown in figure 5-5.

The resulting spectrum for the v component of frequency must 

be a broad triangle of frequency width 2£/Az.
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Figure 5-5. To illustrate the shearing of two slits 
i n the n di rect i on.

The same result will occur whatever the slit separation d. So, 

many frequencies will be present in the y direction, but they have 

a power law spectrum of a truncated linear form. This is why method 

A is said to produce a one dimensional multiscale surface.

5A.1 ii) Probability density

If N totally uncorrelated speckle patterns are summed 

incoherently, the probability density of total intensity is (Goodman 

1984; sect ion 4.3 i)

p(D
2

X
N-2

k exp I

k
(4.25)

p=l
p^k

<xk - y
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for I > Q, and zero for negative I. Ak are the mean intensities of 

the individual speckle patterns (assumed all different) each with 

the usual negative exponential distribution. The shape of this 

distribution for several values of N is shown in figure 5-6. The 

Ak have been chosen to give = 2. For larger N the shape is reasonably 

close to Gaussian. The curve for N = 10 is shown compared with a 

Gaussian curve in figure 5-7.

5A.1 iii) Contrast

The contrast of any fully coherent speckle pattern, whether it 

results from a summation or not, is given by (Goodman 1984; section 

4.2 i) e))

C = a/<I> (4.21)

The standard deviation of the incoherent sum of N speckle patterns, 

each of mean intensity A^, is

a (4.29)

Contrasts for incoherently summed patterns are shown in figure 

5-8 for a selection of numbers of patterns. The crosses show how 

if the mean intensity of each pattern is the same then the resultant 

pattern has a very low contrast once more than about five patterns 

are summed. The loss of contrast is far less severe for the other 

set of points. Here the mean intensities are such that the power 

spectrum of the resultant pattern will follow a power law, with index 

-2 .

Note added after oral examination.

The crosses shown in figure 5.8 are incorrectly plotted. The 

contrast does not become as low as is shown when patterns of 

the same mean intensity are summed incoherently.
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Figure 5.6. Probability density function for the incoherent 
sum of a number of fully developed speckle patterns, each of 
mean intensity chosen to give = = 2.

Figure 5.7- Probability density function (solid) for the 
incoherent sum of 10 fully developed speckle patterns, each 
of mean intensity chosen to give = 2, compared with a 
Gaussian curve (dashed) of the same mean and standard 
dev iat i on.

Figure 5-8. Fall off in contrast as the number, N, of 
incoherently summed speckle patterns is increased. Comparison 
between case where the individual mean intensities are all 
equal (+) , and where they are chosen to give = 2 (□) .
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5A.2 Pract i ce

5A.2 i) Poss i b i1i t i es

It can be seen that a system is required which allows the 

separation between the slits to be adjusted. An early method 

considered was to use several sets of slits, each of an appropriate 

separation. The slits were to be drawn on microfilm using the 

Imperial College Computer. This method was abandoned primarily 

because there was appreciable leakage of light through the dark 

background areas of the film.

An optical method seemed more appropriate. The first possibility 

was to exploit the principles of the Lloyd's mirror arrangement.

Figure 5-9 shows how the Lloyd arrangement can mimic a Young's 

double slit set-up. Light reflected from the mirror interferes with 

light which has travelled straight from the slit to the screen.

For the purposes of my work the effective slit separation could be 

changed by altering the distance <A shown in figure 5.9. A diffuser 

is placed next to the slit.

Plate 5-1 a) shows a speckle pattern obtained from a single 

slit diffuser, b) shows the speckle when a Lloyd's mirror is included.

It can be seen from figure 5.10 that the extent and position 

of the region in which the fringes occur depend on a number of 

parameters. From figure 5-10

e, = d/21, = b/(m+12) (5.9)

e2 = d/2 0 ^ 111) = a/12 (5.10)

therefore

a = 12d/2(l +m) (5.11)

b = (m+12)d/21j (5.12)

The extent of the region of overlap = b-a
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region of 
fringes

Figure 5-3. Lloyd's mirror arrangement.

/
/

/
/

/

/
/

9. 7) '  -
- 7

m

Figure 5.10. Lloyd's mirror to illustrate parameters in 
equations (5-3) to (5-13).
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Plate 5-1. 

of figure 5

Speckle from Lloyd's mirror arrangement

.9. a) wi thout mi rror, b) with mi rror.



PLATE 5.1
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= md (1, + 12 + m)/2 3] (1, + m) (5.13)

Typical parameters tried were

m = 5 cm 

d = 2 mm 

1] = 30 cm 

12 = 1.65 m

these lead to a region around one millimetre in extent, which was 

considered too limited for practical use. In addition the method 

was inelegant and difficult to set up and use.

The last method tried proved successful for producing a one 

dimensional surface, this involved using a cube beam splitter to 

produce the virtual slit.

5A.2 ii) Method chosen

5A.2 ii) a) Use of the cube beam splitter

This was used as indicated in figure 5-11. The cube beam 

splitter is set so that the incident beam is split into two 

emerging parallel beams. The effective separation of the pair of 

virtual slits is changed by translating the cube as shown in figure 

5.12. The cube has rotation and translation movements; the rotation 

sets the parallelism of the beams, and the translation adjusts the 

separat ion.

The separation of the slits, for about ten positions of the 

translation stage, was measured using a travelling microscope. A 

calibration line was plotted using these data, so that the slit 

separations required could be easily set.

Speckle patterns obtained from this arrangement are shown in 

plate 5.2. The slit to plate distance for these exposures was 2.17m, 

the slit width 2mm, and the slit separations 5 mm in a) and 28 mm 

in b). The expected dominant frequencies would be 5000 per metre, 

and 28000 per metre respectively. These values suggest that the



Figure 5-11- Use of cube beamsplitter to give virtual 
slit.

laser

slit

photoresist
film

Figure 5.12. Experimental arrangement for a one-bimensiona1 
surface.
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Plate 5-2. 

of figure 

separation

Speckle from cube beamsplitter arrangement 

5.12. a) slit separation 5mm, b) slit 

28mm.



PLATE 5.2
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separations of the 'stripes' on the speckle patterns a) and b) should 

be in the ratio approximately 6:1 given the same degree of 

enlargement.

5A.2 ii) b) Selection of parameters

The available range of slit separations is limited by two 

factors. First there is a limit to the number of exposures which 

can be made on the photoresist. Too many exposures produce a decrease 

in contrast in the summed speckle pattern. There is also a practical 

limit to the thickness of resist which can be used (see section 3.3). 

With excess exposure a thin layer will be simply burned through. 

Secondly the cube dimensions (40mm by 45mm by 45mm) define the range 

of slit separations. In figure 5.13 the limiting ray is drawn. If 

travelling in direction a) it represents the closest separation 

possible. A ray entering the cube at a distance from the axis greater 

than S will not encounter the boundary, and so not be divided.

If travelling in direction b), the ray represents the maximum 

separation possible.

From figure 5*13, where £ is side length of cube

In triangle DEF, tan = DF/EF = DF/£

In triangle EGB, cos e, = GB/EB = S /EB3 1 max

But, EB = £ - DF 

therefore from (5.14)

EB = £(1 - tan e ) (5.16)

and, e 1 = 45°

So, into (5.15)

(5.14)

(5.15)
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Figure 5-13. Path of limiting ray through cube 
beamsp1i tter.

1 = s /Z (1 - tan 6 ) (5.17)—  max 2
n

S = z( 1 - tan 0 ) / /2 (5.18)max l

where

02 = sin'1(1/n/D (5.19)

and n is the refractive index of the cube material.

For a cube of Z -  40mm, n = 1.5, S = 1.48 cm. This leadsmax
to a maximum slit separation of 2.97 cm, cor responding to a frequency 

130000 cycles per metre at z = 0.5 m. Note that the above analysis 

ignores the slit width, which will reduce the maximum separation to

Smax - w/2 (5 .2 0 )

where w is the slit width.
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Exposures are made at separations differing successively by the 

width of the slit, as indicated in figure 5.3 and in section 5A.1 i). 

The total number of exposures which fit within the possible range 

of separations will depend on the slit width. Since ten exposures 

would result in a probability distribution approaching Gaussian 

(figure 5.7), but not result in excessive exposure, a slit width of 

2mm was selected.

It was indicated in section 3-3 iii that an argon ion laser was 

used to make exposures. The output of the laser was such that z was 

chosen to be between 30 and 50 cm to keep the exposure times 
reasonably short.

5A.2 ii) c) Comments on the practical set-up

The slit mount was designed to be positioned as closely as 

possible to the cube.

It was found to be necessary to coat the backs of the recording 

plates with black paint to prevent internal reflections producing 

fringing in the resist. Reflections from the table and surrounding 

equipment were prevented by a covering of black cloth, or by 

painting.

5B Two dimensional surfaces

5B a Summation of Gaussians

5B a.1 Principles 

5B a.1 i) Power spectrum

Once again the expression (*4.2*0 is invoked. The power spectrum 

of intensity in the observation plane is written



101

G(u,v) = <I>

CO

2 6(u,v) +

— CO
JJ

(4.24)

The second component has the shape of the autocorrelation function of 

the intensity distribution incident on the scattering area. The 

method proposed to produce a surface with a power law spectrum in both 

u and v directions of spatial frequency is identical to that described 

in section 5A. Bearing in mind that the autocorrelation function 

of a Gaussian function is also Gaussian, speckle patterns produced by 

Gaussian scattering areas will be superimposed. Clearly the relative 

widths and heights of the Gaussians must be chosen to result in a 

power law curve. The Gaussian curves to be summed are all of zero 

mean, and are described by

where a represents the height of the curve, and g its variance, x 

is chosen as the variable for ease of representation. It has no 

connection with the co-ordinate system. The result of summing N 

such curves is given by

Physically, aj must be related to the exposure, and a. to the 

width of the illuminated area. In the following derivation it is 

assumed that the g.i

( 5 . 21 )

2

N

( 5 . 22)

are known.
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The curve that the summation should approximate is yx .Theapproxi 

mat ion is made by a method of least squares. The sums of the

squares of the residuals are minimised with respect to a , over a 

range of x values to X^, i.e.

X2 N

_8
8 3m X̂  L i =1

2, 2-x /a. yx~c a.e i - ' dx = 0 (5.23)

L i =1

2 . 2-x /a. -aa.e i - yx
-  2/ 2

e X °m dx = 0 (5.24)

_ N

a . ei

2. 2
-x /a.

u i =1

-  2 / 2
e X °m dx - y

2 2-x /a dx = 0 x e m

Term 1 Term 2

(5.25)

Term 1

This term may be expressed as

J
0

(5.26)
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N
a /rT

erf k 1 + i
__i 1 + 1 \ i 2___ 2
1 2 2 a .i

2am
l _ i m

erf

(5.27)

Term 2

This term can be expressed in terms of error functions i f i s 

set to 2.

2 2-2 -x /a , x e m dx (5 .28)

= Y
2 2

-2 - x V a  ,x e m dx -2 -x2/a2 ( (5.29)x e m dx 1

from Gradshteyn and Ryzhik (1980 , p337)

2 2
i P X dx = p/rr"

u x

1 - erf(pu) + e
2 2-p u

(5.30)
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Substituting gives

Term 2 = y ] /if erf
X \

- erf
\ “

—a I
"7

^ Im/ J

+ exp X

2

/ .V
1 exp 2
X0 22 V a / v m '

(5.31)

Thus, overall there are N equations, for m=l 2, 3 . . . • N , of the

form

Let,

z .m i /if

- erf L  +
2a .i

2
am

_L
2 (5.33)
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Term 2 = Dm (5.3*0

then

t = t

Dm

i .e.

z11 12

z
N1

— - -
Z1N

• 
CD D,

ZNN_ _ aN _ . V

(5.35)

(5.36)

Two methods were used to solve this equation for a . The firstm
is a black box routine, provided by the NAG library, for matrix 

solution. The second is a Gauss-Seidel iterative method. In 

either case there is a strong possibility that one or more of the 

values returned for a^ will be negative. This is mathematically 

valid, but is of little practical use - all exposures are positive. 

The Gauss-Seidel method of solution gives less precise answers, 

although they are quite accurate enough to be used experimentally. 

For the values of c. tried the method resulted in fewer negative 

a^ than the first technique, and was consequently favoured.

Note that for values of <= other than 2, D , q i ven bym '

X2i*
x

/a
2
m dxY

—cc
(5.37)
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can be evaluated numerically, and equation (5-35) solved by the 

same techniques.

It is now necessary to consider how the values of a are relatedm
to the exposure times. The situation is slightly different from the 

summation of triangles described in section 5A.1 i). Once again the 

heights in the power spectrum

2a. a (exposure)

2 .
t , for constant <I>

2
Thus to get the power spectrum to fall off as 1/freq , Gaussians 

2
with heights t should be summed. The exposure times tj are in the 

same ratios as the square roots of the a calculated from equation 

(5.35). It will be seen in section 5Ba.2 ii) that possible values for 

a. are dictated by the focal lengths of the lenses in the experimental 

arrangement. A set of a. which was found to result in positive a . 

to give a yx ^ curve, is shown in table 5.1, with the corresponding aj .

Note that cr̂ /cr̂  = 25. This corresponds to the ratio of maximum 

to minimum frequency, and is much better than for the one dimensional 

case where the value was 5- In addition, as the beam profile is 

Gaussian in any radial direction, the power spectrum will have the 

required form in any direction.

5Ba.1 ii) Probability density

As for method A, the surface is made by summing N totally 

uncorrelated speckle patterns, each of mean intensity X^. The 

probability density of total intensity is given by equation (A.25) 

(Goodman 1984; section 4.3 i).
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TABLE 5.1

Solutions to equation (5.35)

a a
relative 

exposure time

1 1 .659 1

2 .2866 .^157

k .09905 .2kkk

8 .02289 .1175

25 .005230 .05615
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Figure 5.1^. Probability density function (dashed and 
dotted) for incoherent sum of five fully developed 
speckle patterns whose relative exposure times are 
tabulated in table 5-1. The solid curve shows the effect 
of splitting the longer times so that twelve exposures 
are made. Also shown is a Gaussian curve (dashed) of 
the same mean and standard deviation.

p(I) =
N-2

exp - I (^.25)

p=1
p^k

w

for I>0, zero for negative I.

The shape of this distribution for five patterns whose exposure 

times have been calculated to result in a power spectrum with «=2, 

and are tabulated in table 5.1, is shown dotted and dashed in figure 

5.1^, compared with a dashed Gaussian curve with the same mean and 

standard deviation.



109 -

It is clear that in this case the predicted probability density 

is not as close to Gaussian as was the corresponding curve for method 

A (see figure 5.7). To overcome this problem, the longer exposure 

times are split, so that a larger number of uncorrelated patterns 

are summed. This is shown by the solid curve in figure 5.1^.

5Ba.1 i i i) Contrast

The contrast

C = a/<I>

where

f iM

k=1

and

<I>

N

I Xk

(*♦.21)

(*♦.29)

(5.38)

If the same exposure times are used as tabulated in table 5.1, 

then C= 0.56. This is slightly greater than the value of 0.36 for 

method A, and again corresponds to the smaller relative exposure 

t i mes.
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5Ba.2 Pract i ce

5Ba.2 i) Experimental arrangement

The experimental set-up is shown in figure 5-15-

The size of the illuminated area on the ground glass diffuser 

can be changed by changing the focal length of the collimating lens. 

Collimation of the beam was checked by inserting a limiting aperture, 

of diameter 1cm, in the beam and then reflecting it from a mirror 

over a path of about 5m. If the spot size remained the same, the 

beam was assumed to be collimated.

5Ba.2 ii) Selection of parameters

The approximate size of the illuminated area may be deduced 

geometrically. Consider first the objective, in figure 5.16a

tane = db/2 fobj (5.39)

secondly, for the collimating lens, from figure 5.16b

tan0 = d/2f (5.^0)c

Thus,

d = f d./f c b obj (5.^1)

Note that d and d, are taken to be the distances between the 1/e b
points of the beam profile.

Also, the focal length of an objective lens is simply related 

to its magnification M

f , . (mm) = 160/M obj (5.^2)



- 111 -

surface.

Q)

fob)

a) d^, f ^ . and 0 for an objective lens.

b) d, f and 0 for a collimating lens.

Fi gure 5.16.
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Now, from equation (5.41), the diameter of the illuminated area 

d is proportional to f . The values a. in the equations of section 

5Ba.l i) are directly proportional to d, since the Gaussian curves in 

the power spectrum at the recording plane have a shape resulting from 

shearing Gaussians of width d. Thus a. « f
I C|

Possible choices for a. are limited to the focal lengths of easily 

available lenses. In addition, as was pointed out in section 5Ba.1 i), 

the numerical method predicts a best fit without regard to the sign of 

the curves used. Thus, very often, negative exposure times would be 

recommended. So a second limitation on o. is that the values returnedi
for a j should be positive. A set of values which satisfy both strictures 

'S> tabulated in table 5.1. They correspond to lenses of focal lengths, 

in millimetres, of 20, 40, 80, 160, and 500.

The diameter of the illuminated area is given by

d = f d./f
C  D obj

now, the speckle size

(5.^1)

S = 1 . 2Az/d (4.18)

i .e.

E = 1 ,2Xf /d (5.43)

Thus, a typical frequency in the pattern at the recording

plane

= 1/speckle size (5 .W

= f d./1.2Xf , .f, c b obj f (5. W
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If, d, - 2 mm b

 ̂ = 457•9 nm

fQk . = 16 mm (x10 objective)

= 300 mm

then the typical frequency = f x 758 300 cycles per metre.

For f = 2 0  mm, frequency = 15 170 per metre, and for f = 500 mm, 0 c
frequency = 379 200 per metre. As for method A the choice of 

was determined by the typical exposure times required.

5Bb Speckle plus coherent background

5Bb.1 Princ? pies

5Bb.1 i) Power spectrum

It was shown in section k . 6 that the power spectrum for the sum 

of a speckle pattern plus a coherent background has two components. 

The first is the Fourier transform of the square of the real part 

of the autocorrelation function of the complex amplitudes of the 

speckle field,

i .e.

Component 1 - F b ^ H 2

where F denotes Fourier transformation 

The second is given by

Component 2 = F 2 I ^ S  S > B 1 2

where Ig is the intensity of the coherent background beam.
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2
If the scattering area is described by |p(£,n)| , then

component 1 has the shape of the autocorrelation function of |p(£,ri)| . 

Component 2 is shaped as |P(£,n)| .

In order to attain a probability density function close to 

Gaussian, the ratio of the background be$m intensity to the speckle 

field intensity should be around 10 (see figure 4.8). In this case, 

component 2 will be dominant and the power spectrum has the shape of 

the intensity distribution of the scattering area. The required 

spectrum has a power law dependence on spatial frequency, thus the 

intensity distribution across the scattering area should also obey 

a power law.

2

5Bb.1 ii) Probability density

From section 4.4 i) the probability density function is given

by

pj(l) = (r+1)exp -r-i(r+1) i 0 j  2 ir(r+1) , / 2 (

where

r = IB/<IS> (4.32)

and ig{} is a modified Bessel function of the first kind, zero order 

(Watson 1962 chap 3). Curves from equation (4.34) are shown in figure

4.7.

5Bb.1 iii) Contrast

The contrast C of the resulting pattern is given by 

C = (2r+l),/2/r+1 (4.35)
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For r = 10, C = 0.42. This is of the same order as the contrasts 

resulting from the incoherent summation of 10 speckle patterns described 

in section 5A, and shown in fig 5.8.

5Bb.2 Pract ice

It is clear that the first requirement of this method is an 

apodizing filter which ensures that the distribution of intensity on
— oc

the diffuser has a radial distribution, r . The technique used to 

produce such filters is outlined below.

The method proposed involves exposing a rotating photographic 

plate through a sectored mask of transmitting and opaque regions.

The mask will have four sectors, each of the same shape, as indicated 

i*n figure 5*17, where the shaded regions are transparent. The 

transparent regions are defined by the circumference of the circle, 

a radius, and a calculated curve which will hereo^Ver be called the 

mask curve. The use of four sectors instead of a single one ensures 

that the effect of random irregularities in the mask curve are minimised, 

and reduces exposure times.

The light incident on the rotating plate at a particular radius 

r. must depend on the time the plate takes to transverse the transparent 

section of the mask at that radius.

x(r.) « length of arc/velocity

= kr. 0. /r. oj 
i i i

= k9 . /cu i

(5.46)

(5.47)

(5.48)

For constant co

t (r.) = kQi (5.49)



y

mask curve

Figure 5.17- General form of a sectored mask

r

Figure 5-18. The four quadrants used to pred 
the form of mask required.

Fi gu re 5-19- Mapping between the quadrants.
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when r. = r= r , 0. = 0max i max

9Q° for example shown)

max

( emax

max (5.50)

so,

9. = x(r.) 0max (5.51)

Thus the form of the mask curve can be predicted, using cartesian 

co-ordinates as follows

x. = r. cos 9 •I I v

together with expression (5-51) for q.. Only the form of T(r.), the 

mask transmission, remains to be found. Knowledge of the photographic

response of the plate must be incorporated, showing the relation

between mask transmission and the resulting transmission of the 
plate. A calibration curve is obtained by exposing a plate through

a step tablet, which has 21 steps, each of different density, ranging 

from 0.05 to 3-05- The density variation across both step tablet 

and exposed plate is measured with a densitometer. A plot of tablet 

transmission vs plate transmission can be made, using the relation

where 1 is the transmission and D the density.

A graphical prediction of the required mask transmission with 

radius can be obtained. The method is based on the objective tone 

reproduction curve described by James and Higgins (1960). A set 

of axes is drawn to define four quadrants as shown in figure 5-18. 

In the first quadrant is a plot of the tablet transmission vs plate 

transmission. The third quadrant contains a line of unit slope, 

representing the radial co-ordinate r. A curve can be drawn in the

y . = r. s i n 6 •'i i (5.52)

i = 10-D (5.53)
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second quadrant showing the required relation between the plate 

transmission and radius. A prediction can then be made of the required 

mask transmission with radius. The mask transmission relation is 

obtained by mapping a point on the line in the third quadrant directly 

into the fourth quadrant, and indirectly via the curves in the second 

and first quadrants to the fourth quadrant. The point of intersection 

of these in the fourth quadrant gives a point on the mask transmission 

curve. An example is shown in figure 5-19. A smooth curve is fitted 

by computer to the points obtained from the graph. This curve is 

the t (r.) curve of equation (5-51).

So, the mask curve is described by

x. - r.cose,i " i v

y. = r.sine (5.52)

where

q . = T (r.) 0 /x (r ) D i i max max (5.51)

and

0 = 90max

i(r.) has been obtained graphically, and also yields x(r ) i 3 r 7 1 max

Masks produced by this technique are shown in figure 5-20. Note

that in a) the mask curve does not begin until a radius of 0 . 2 k r

This is due to the form chosen for the required plate transmission

with radius curve in the second quadrant. In case a) x was very
P

large for small r, and exceeded the maximum measured x^ of quadrant 

one. Alternative masks were produced for which the mask curve could 

be calculated for the whole range of r, and 5.20 b) is an example.
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a b

Figure 5.20. Masks used, a) Non-transmitting centre.
b) Transmitting centre.

diffuser

microscope red 
lamp filte r

Figure 5.21. Arrangement 
plates through mask.

plate

spindle of 
dc motor

mask

for exposure of photographic
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The arrangement for exposing the plates is shown in figure 

5.21. The plates used were Agfa-Gevaert 8E75 holographic plates, 

which are designed to respond best to he\iurn-neon laser radiation.

Laser light, however, was not used for the exposures because of 

problems of unwanted fringe production. A white light source, wi.th 

red filter was used instead. The plate was mounted on a small plate 

on the spindle of a 6V dc motor. Exposure times depended on the 

brightness setting of the lamp, and its distance from the plate,

but were generally in the region of 10 to 30 seconds.

The plates were developed in Kodak D19 developer for 2 minutes

at 20° C, with continuous gentle agitation; rinsed in water; fixed

for 2 minutes; and again rinsed in water for about 10 minutes. A

final rinse in isopropanol is necessary to remove the blue dye present

in the plates, which otherwise has a tendency to cause run marks.
<

Plates produced however, did not have the required transmission 

profile. Reasons for the discrepancies are not clear.

1. Whether mask type a or b was used the resulting plate was

unexposed to a radius of about 0.2 rr max

2. The maximum density should occur at r . A  narrow reqion
1 max 3

of smaller densities might be expected at radii greater than

r . Plates produced always had their maximum density at about max r ' '
0.8 r . The power law relation was not obeyed at radii max r
> 0.5 rmax

3. Other common faults included the occurrence of dense

concentric rings and a mottled appearance.
— o c

In the best cases then, the filters produced obeyed the r 

relation over a tiny range of radii, for example a ratio of only 

2.5 to 1. A fault of the one dimensional method described in section 

5A was that it resulted in a value of only 5 for the ratio maximum to 

minimum frequency. It was felt that this method was not worth 

pursuing further, in spite of its apparent simplicity, as the 

frequency ratio would be inadequate.
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CHAPTER SIX

THE PRODUCTION OF SURFACES; MECHANICAL 

MEASUREMENT OF SURFACES

In this chapter, the parameters used in producing both one and 

two dimensional multiscale surfaces, and single scale surface^ are 

described.

Measurements made on the surfaces with the Talysurf instrument are 

presented. Comments are included on the accuracy and significance 

of the results quoted. In particular the experimental determination 

of the autocorrelation function is considered.

6.1 Parameters used in surface production

6.1 i Parameters for the production of surface 141

The best one dimensional surface produced by the method suggested 

in chapter 5A is numbered 141. The exposure times, with their 

corresponding slit separations are shown tabulated in table 6.1. The 

experimental layout is shown in figure 5-12. The laser beam was 

expanded and cleaned using a x3 objective with a 50ym pinhole. 

Collimation was by a lens of focal length 10cm. The cylindrical lens 

used to direct the light onto the slit, was a piece of glass rod of 

diameter 5mm. The field lens was of 2.75 dioptres, that is of 

approximately 36cm focal length.

6.1 ii Parameters for the production of surface 200

The best two dimensional surface produced by the method described 

in chapter 5B, where different sized illuminated areas are used, each 

with a Gaussian intensity profile, is numbered 200. The exposure 

times are shown tabulated in table 6.2.

The experimental layout is shown in figure 5.15. The beam was 

expanded using a x10 objective, with a 25ym pinhole. The focal
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The Recording of Plate 141

TABLE 6.1

Slit separation Exposure time
cm min sec

.5 26 56

.7 19 14

.9 14 58
1.1 12 14
1.3 10 22
1.5 8 59
1.7 7 55
1.9 7 06
2.1 6 25
2.3 5 52
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TABLE 6.2

The recording of plate 200

Focal length Exposure time
collimating lens min sec

mm

20 A 55
A AO
5 09
A 25
5 2 A

AO 3 11
2 56
A 0A

80 2 27
3 32

160 2 53

500 1 23
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lengths of the collimating lenses are listed in table 6.2. The field 

lens was of focal length 300 mm.

6.1 iii Parameters for the production of surface 201

This surface was produced by the method of Gray (1978), to 

provide a single scale surface to compare with the multiscale ones. 

The arrangement was the same as that for plate 200 (section 6.1 ii) 

and shown in figure 5.15. The focal length of the collimating lens 

was 20mm. The field lens was of focal length 300mm. Ten exposures 

were made, each of 4.5 minutes, a different area of the diffuser 

being used each time.

6.1 iv Parameters for the production of surface 198

This surface was also produced by the method of Gray (1978), 

to provide a single scale surface to compare with the multiscale 

ones. The arrangement and method was the same as that for plate 201 

(section 6.1 iii) and shown in figure 5-15, but the focal length of 

the collimating lens was 500mm.

6.2 Talysurf measurements

Talysurf measurements were made using the instrument in the 

Department of Mechanical Engineering, with the help of Martin West 

and Martin Webster.

The Talysurf is a stylus instrument, and is the standard 

used in engineering work to assess surface texture. A height profile 

is obtained by tracing a diamond stylus across the rough surface.

The vertical movement of the stylus is converted to an electrical 

signal which is amplified and sent to a computer for storage. The 

signal can also be sent to a chart recorder.
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The stylus used in the measurements presented here has a tip 

diameter of 1ym, which puts a limit on the resolution of the 

measurements, as the stylus will be unable to reproduce faithfully, 

deep, narrow valleys.

1024 readings were taken at separations of 2ym. This leads to 

a total trace length of 2.048mm. The Nyquist frequency is the 

highest frequency about which meaningful information can be obtained 

from a set of data,

f ̂ = 1/2Ax (6.1)

where Ax is the sampling separation. For Ax = 2ym, f^ = 250000 

cycles per metre.

The lowest frequency about which meaningful information can be 

obtained is

fL = 1/L (6.2)

where L is the total sample length. For the trace length above, 

f^ = 488 cycles per metre.

Values for the surface height at each sampling point were recorded 

on floppy discs. These floppy discs can be read by an LSI RT11 

computer. Programs were written for the LSI to compute the 

probability density function, autocorrelation function, structure 

function and variance from these data. The power spectrum was 

calculated from the autocorrelation data, on the ICCC CDC computer 

using a NAG library routine to accomplish Fourier transformation.

For surface 141 ten traces of 1024 points were made across the 

surface in the x direction, as defined in figure 4.3. For the 

other surfaces, ten traces were made in each of the x and y directions.

The recordings on 141 had frequencies between approximately 

30000 and 138000 m \  which fall comfortably within the range offered 

by the sampling separation and number of points selected. For plate 

200 frequencies between 15170 and 379200 m  ̂ were expected.



126 -

The Nyquist frequency is, in this case, too low if the sampling 

separation is kept at 2pm. To try and overcome this problem, an 

additional ten traces each of 2048 points separated by 1pm were made. 

These would increase the Nyquist limit to 500000m However, when 

the power spectrum was calculated, it was apparent that no extra 

information was obtained by this procedure. The spread of points at 

high frequency was very large, as the finite size of the stylus took 

effect.

Because of this limit of resolution of the Talysurf, measurements 

from surface 198 are not presented in this chapter, as a spatial 

frequency larger than 250 000m  ̂ is expected. Scattering measurements 

from this surface do appear in chapter seven.

Talysurf measurements are presented for each function in turn:

i) Probability density function

ii) Autocorrelation function

i i i) Variance

iv) Structure function

v) Power spectrum

6.2 i) Probability density function

Surface depths are featured, rather than heights to allow direct 

comparison with the curve predicted by equation (4.25). The expression 

(4.25) is concerned with the intensity of the light in a speckle 

pattern. As areas of high intensity in the exposing speckle pattern 

correspond to deep regions in the developed resist, the intensity 

curve can be compared directly with the depth measurements. This 

distinction between depths and heights is important, as the predicted 

curve is asymmetrical.

The points shown on the plots indicate the statistical uncertainty

in the height of each block of the graph. Assuming a Poisson
1 /2distribution of each bin height, this is taken to be +_ (N) , where

N is the number of observations in a particular bin.
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The block graphs are shown compared with two curves. All three 

are normalised to have unit area and standard deviation. The solid 

curve is that predicted by equation (4.25) for relative intensities 

equivalent to the exposure times used in producing the plate in 

question. The dashed curve is a Gaussian shown for comparison.

6.2 i) Plate 141

A block graph of the probability density function of the surface 

depths of plate 141 is shown in figure 6.1.

It can be seen from the figure that the measured histogram is 

not exactly of the form predicted by equation (4.25). It is lacking 

in depths around the peak of the predicted curve, that is those which 

are slightly shallower than the mean. There is however, as predicted, 

a slight skewness in the measured distribution. The requirement of 

the model (section 2.8) was a Gaussian probability density. The 

measured histogram is closer in form to Gaussian than to the predicted 

curve. This is seen as an advantage rather than as a failing.

6.2 i) Plate 200

Block graphs showing the probability density function of the 

surface depths for the x and y directions are shown in figures

6.2 i and ii. These plots were made using the traces of 2048 points.

The x direction results agree well with the theoretical curve.

The y direction block graph is, like that for plate 141 , lacking in 

depths around the peak of the predicted curve, that is those which are 

slightly shallower than the mean. The curve is, however acceptably 

close to Gaussian.
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Figure 6.1. Probability density function for plate 
141 in x d i rect i on.

6.2 i) Plate 201

Block graphs showing the probability density function of the 

surface depths for the x and y directions are shown in figures

6.3 i and ii. These plots were made using traces of 1024 points.

The y direction results agree quite closely with the Gaussian 

curve shown for comparison. In the x direction the block graph is 

somewhat flattened around the mean depth. Similar features were 

apparent on graphs drawn from traces of 1024 points on plate 200. 

Graphs drawn from the traces of 2048 points were smoother. It 

seems likely, therefore, that would result in closer

agreement between measured and theoretical curves.
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Figure 6.2 i). Probability density function for plate 
200 i n x di rect i on.

Figure 6.2 ii). Probability density function for plate 
200 i n y di rect i on.
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6.2 ii) Autocorrelation function

The measured, normalised autocorrelation functions are shown.

The curves shown are the mean of ten curves, each calculated from a 

single Talysurf trace of 1Q24 values. Before each curve was calculated 

(using equation 1 .2 1) the mean level of the trace was found by a least 

squares analysis, and each height reading adjusted so that the set 

of values was a zero mean process.

The error bars in figures 6.4 to 6.6 were found using

r°° r r -i

aC'(x)(x) 1
N J

C' (s)
■CO ■

+ C' (S+X) C' (S-X) ds (6.3)

where C'(X).is the measured autocorrelation function, and N the total 

number of lags used in the estimation. This expression has been 

derived from one given by Jenkins and Watts (1968, p178). The values 

obtained were then adjusted to allow for the normalisation.

Measured autocorrelations are subject to a degree of biasing 

which arises because the sample mean (taken to be zero), is not a 

true population mean, having been found from a limited number of data 

points. This problem will be discussed further in section 6.3.

6.2 ii) Plate 141

The autocorrelation function in the x direction of plate 141 

is shown in figure 6.4.

The curve is unusual in that there is a definite kink which 

effectively divides the curve into two parts. The autocorrelation 

function does not therefore obviously fit the expression (2.4)
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C(X) = x i / r Ixl  < r

otherwi se

(2. k)

6.2 ii) Plate 200

The measured, normalised autocorrelation functions for the-x 

and y directions are shown in figure 6.5. That for the x direction 

is solid, the dashed curve is for the y direction.

These curves are of more satisfactory form than that for plate 

l4l. The curves can be taken as being of truncated linear form, as 

given by equation (2.4)

C(X) = 1 - |X|/r x| < r
otherwi se

(2.4)

The width of the autocorrelation function is given by the outer 

scale size r* Clearly the outer scale size is larger in the y 

direction, which corresponds to a smaller illuminated region of 

diffuser. That the scale sizes differ in the x and y directions 

suggests that the illuminated area on the diffuser was not circular. 

This point is discussed further in section 6.2 vi).

6.2 i i) Plate 201

The measured, normalised autocorrelation functions for the x 

and y directions are shown in figure 6.6. That for the x direction 

is so 1 id the dashed curve is for the y d i rect i on.
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Figure 6.4. Autocorrelation function for plate 141 
i n x di rect ion.

Figure 6.5. Autocorrelation functions for plate 200, 
x direction solid, y direction dashed.

Figure 6.6 i). Autocorrelation functions for plate 201, 
x direction solid, y direction dashed.
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Once again the width of the autocorrelation function is greater 

in the y than the x direction, corresponding to an illuminated area 

larger in the £ than the n direction (figure 4.3). As expected 

the curves are close to Gaussian in form, and of quite different 

appearance from those for plate 200. Figure 6.6 ii) shows the x 

direction curve (solid) compared with a Gaussian curve of correlation 

length 66 y m .  In figure 6.6 iii) the y direction curve is shown 

solid, compared with a dashed Gaussian curve of correlation length 

95 y m .

6.2 iii) Variance

As the autocorrelation function is shown normalised it is not 

possible to read a value for the variance from the graphs presented. 

The accuracy for the variances shown here has been obtained using 

equation (6.3).

6.2 iii) Plate 141

The mean value from ten results calculated using equation (1.23)
2

for each trace is 0.17 + 0.01ym .

6.2 iii) Plate 200

In the x direction, variance 

In the y direction, variance

6.2 iii) Plate 201

In the x direction, variance = 0.34 + 0.03 ym^
2

In the y direction, variance = 0.35 + 0.04 ym

=  0 . 2 9  +  0 . 0 2  y m 2  

= 0 . 2 8 + 0 . 0 2  y m 2
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Figure 6.6 ii). Autocorrelation function for plate 201, 
x direction (solid), compared with a Gaussian curve of 
correlation length 66 pm.

Figure 6.6 iii). Autocorrelation function for plate 201, 
y direction (solid), compared with a Gaussian curve of 
correlation length 95 pm.
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6.2 iv) Structure function

6.2 iv) Plate 141

The structure function for the x direction is shown in figure 

6.7. The slope of the graph in the region of zero lag, before the 

kink, is 0.015 ym. Using equation (2.21), and taking <x=2,

D(X) = T |X | (6.4)

so, T = 0.015ym.
2

From equation (7-23) T = 2a /r,

so the corresponding outer scale size is 22ym.

A more detailed discussion of the possible reasons for the kink 

at the limit of this linear region is given in section 6.2 vi).

6.2 iv) Plate 200

The structure functions for the x and y directions are shown 

in figure 6.8. The solid curve is for the x direction, the dashed 

one is for the y direction.

For the linear regions near zero lag, the slopes and, from 

equation (2.21), the topothesys are

Tx = 0.0152 + 0.0002 ym

T = 0.00886 + 0.00006 ym
y

Note that the slopes and the errors in the slopes have been 

calculated using a least squares analysis. The error evaluation 

took into account only the deviation of each point from the fitted 

line; it did not allow for the uncertainties in the position of each 

point.

The corresponding outer scale sizes, given by equation (7-23)

T = 2a^/T are
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6.2 iv) Plate 201

The structure functions for the x and y directions are shown in 

figure 6.9. The solid curve is for the x direction, the dashed curve 

is for the y direction.

These curves differ from those for the multiscale surfaces, as they 

do not exhibit a linear portion near to zero lag.

6.2 v) Power spectrum

6.2 v) Plate 141

The power spectrum for surface 141 is shown plotted in log log 

form in figure 6.10.

The slope of the graph in figure 6.10, over the range of 

frequencies for which the power law should be obeyed, is -2.0 + 0.1, 

where the slope and error were both calculated using a least squares 

analysi s .

Two observations can be made about the spectrum

1) The linear region is very well defined between the expected

limits of spatial frequency.

2) There are, however, components in the spectrum with both

lower and higher frequencies than those predicted simply by the

summation of the triangular spectra of each exposure.

a) The maximum frequency expected due to the central peak shown 

in figure 5-2, is about 12000 cycles per metre. This 

component then, accounts for the spectrum at values of log 

frequency < k.
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Figure 6.10. Log log plot of power spectrum for 
plate 141, in x direction.

b) The lowest frequency triangle, occurring at a frequency 

d/xz where d = 5mm will extend in low frequency to (d-w)/\z, 

i.e. 18000 per metre. This half triangle can thus account 

for the spectrum between approximate values of log frequency

4.2 and 4.5*

c) The high frequency tail appears to extend over a similar 

frequency range as region b), but this is a distortion of 

the logarithmic scale. It in fact extends to the Nyquist 

frequency of 250000 cycles per metre. The values of the 

spectrum are very low however, and can be thought of as 

arising from the numerical calculation.

A Talysurf trace was made of a smooth unexposed surface. The 

spectrum of such a surface could reasonably be expected to contain only 

low frequencies, any high frequencies occurring would indicate an 

instrumental response or analysis effect. In fact an apparent spectrum 

occurred at all frequencies. As only one trace was made it is probable 

that the effects would be modified were several traces made and a mean 

spectrum found. Even so, it was found that the background spectrum 

was small enough to have no effect on the measured slope of the spectrum.
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6.2 v) Plate 200

The power spectra for plate 200 in the x and y directions are shown

plotted in log log form in figure 6.11 i) and ii). Slopes of these

plots were worked out over the frequency range from 15170 to 200000 
- 1

m rather than the expected range of multiscale behaviour from 15170 

to 379200 m \  because of the limitations set by the size of the 

.Talysurf stylus as discussed at the start of section 6.2.

Slope in x direction = -2.30 + 0.04

Slope in y direction = -2.50 + 0.06

6.2 v) Plate 201

The power spectra for plate 201 in the x and y directions are 

shown in figure 6.12 i) and ii), again plotted in log log form. A 

linear region is not expected in these plots as the power spectra 

should be Gaussian. From figure 6.12 it is clear that linear behaviour 

is seen at frequencies greater than 16000 m \  However, the strength 

of the variations contributing to the spectrum at these frequencies 

is small, the predominant spectrum is Gaussian.

6.2 vi) Overall Comments

6.2 vi) Plate Hi

The surface produced has an almost Gaussian probability density
2

function of surface height, and a variance of 0.17 _+ 0.01 ym . The 

power spectrum has a power law region between spatial frequencies 30000 

and 138000 m \  with an index of -2.0 +0.1. In these respects the 

surface fits the requirements of the model.
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gure 6.11 i). Log log plot of power spectrum for 
ate 200 in x direction.

Figure 6.11 ii). Log 1og plot of power spectrum for 
plate 200 in y direction.
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Figure 6.12 i). Log log plot of power spectrum for 
plate 201 in x direction.

Figure 6.12 ii). Log log plot of power spectrum for 
plate 201 in y direction.
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The forms of both structure and autocorrelation function are 

unusual. The kink in the curves at small lag means that the parts of 

the curve described by the condition |x| << F are discontinuous with 

the main portion of the function. it is concluded that the range of 

frequencies over which,the power law is valid is too small to allow 

the use of the small lag approximations required by equations (2.4) 

and (2.6). It seems likely that light scattering from the surface may 

be dominated by effects other than multiscale, as were the structure 

and autocorrelation functions. The power spectrum falls by only a 

factor of 10 between the inner and outer scale size limits. Thus the 

small scale variations are comparable with the large scale ones and 

possibly with the wavelength. Jakeman (1982) points out that strong 

fluctuation at the inner scale size can cause smooth, single scale 

surface models to be more appropriate in the scattering context. 

Scattering measurements are presented in section 7.4 iii).

6.2 vi) Plate 200

This surface has a probability density function close to Gaussian
2

in form. Its overall variance is 0.29 + 0.01 \im . The power spectrum 

has a power law region over a range of spatial frequencies between about 

15000 and 250000 m at least. The resolution of the Talysurf with 

a 1ym stylus is such that information on higher frequencies cannot 

be obtained (section 6.2). The index of the power law in the x 

direction differs by 15% from that planned (i.e. -2), in the y 

direction the difference is 25%. The deviation due to the spread of 

points from the least squares fitted line is, at most, 2.4%.

The structure function and autocorrelation function are of a 

much more satisfactory form than those for plate 141. Both have linear 

regions for small lag. Again the slopes differ in the x and y 

directions. As suggested in section 6.2 ii), for plate 200, this is 

likely to be due to a non— circular illuminated area of diffuser. 

Measurements of the laser beam profiles in orthogonal directions show 

that the ratio of horizontal to vertical width (measured at the 1/e 

points) is 1.25 + 0.04. The corresponding ratio from the autocorrelation 

function and structure function is 1.72.



The power spectra fall by a factor of about 1000 between the inner 

and outer scale sizes. This suggests that scattering may be dominated 

by multiscale effects.

6.2 vi) Plate 201

This surface also has a probability density function close to
2

Gaussian. The overall variance of the surface is 0.3^ _+ 0.02 ym .

The power spectra for the x and y directions are expected to be 

Gaussian also, but have a power law region for frequencies greater 

than 16000 m \  However, as the value of the spectrum is low relative 

to the value at zero frequency, this feature is less important than 

the low frequency part of the curve.

The structure and autocorrelation functions display the same 

anisotropy as was discussed in the previous section. The autocorrelati 

functions are good approximations to Gaussian functions.

6.3 Notes on the experimental determination of correlation functions

This topic has been covered in some detail by O'Neill and 

Walther (1977; Freniere et al 1977)- They show that if the auto­

correlation function is calculated by using sample heights each with 

the sample mean subtracted, then

(6.5)

where C 1 (X) is the calculated autocorrelation function, and Xmax
is the maximum lag it is possible to use for the data set.

From equation (6.5), the function C 1(X) must change sign at

least once between 0 and X , in order that the total area beneathmax’
the curve is zero. As X is made larger, the condition must stillmax 3
be met, but as the negative part of the curve must stretch over a

max

C' (X)dX = 0
.
0
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larger number of lags smaller negative values will be reached.

The difference between the calculated autocorrelaion C'(X) and

the true function depends on the relation of X to the correlation
max

width of the function. Armstrong and Gough (1978) quote an expression 

simpler than that in O'Neill and Walther (1977) relating the true 

and biased functions

Xmax

K ' (a ,X) <{> (a) da (6 .6 )

0

<■ max max' max

and C(X) is the true function.

Figure (6.13) shows an example calculated using equation (6.6).

The correlation width is 8 lag units. The true curve is shown compared 

with a curve calculated using a maximum lag 40 times the correlation 

width, and one where the maximum lag is only 10 times the correlation 

width. Clearly the bias for the longer sample is much reduced.

The experimental autocorrelation functions presented in section

6.2 ii were calculated from ten Talysurf traces each of 1024 values.

In figure 6.4 it can be seen that the correlation width of the 

function is around 50 microns, which corresponds to 25 lag units.

So, the maximum lag in this case is approximately 40 times the 

correlation width, and the bias introduced by the limited sample 

length is small. The curve in figure 6.4 is the mean of ten correlation 

functions worked out for each individual trace, so the bias is 

further reduced.

C'(X) = (1-X/X )C(X) +max

where

K' (a,X) = -2(1-a/X ) (1-X/X
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Figure 6.13- Comparison of autocgrrelation functions for 
different maximum lags. True function (solid); biased with 
maximum lag 40 x correlation length (dashed); biased with 
maximum lag 10 x correlation length (dashed and dotted).



CHAPTER SEVEN

ESTIMATION OF SURFACE ROUGHNESS STATISTICS BY 

LIGHT SCATTERING

This chapter begins with a review of methods which can be used 

to estimate surface roughness statistics by light scattering. The 

standard deviation of surface height can usually be deduced, sometimes 

the probability density of surface heights, and the resemblance of 

the autocorrelation function to particular forms confirmed or otherwise.

Next, four similar approaches which can predict the angular 

distribution of mean intensity in the far field are discussed.

The simplifying assumptions are listed, and equations derived for 

the mean intensity distribution from two forms of surface height 

autocorrelation function.

The experimental technique used is described, results presented, 

and their comparison with theoretical predictions discussed.

7.1 Scattering theory

Light scattering is a subject which, if treated rigorously is 

extremely complicated. In many practical cases the problem can be 

considerably simplified by the application of assumptions and 

approximati ons.

Many treatments of elastic light scattering in optics begin with 

diffraction theory. The complex amplitude of an electromagnetic wave 

is made up of vector electric and magnetic fields. The coupling 

between these fields is described by Maxwell's equations. A vector 

scattering theory must take account of the behaviour of these fields 

when they are near to charges or current. Clearly this would include 

occasions when the wave is close to the diffracting screen.
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Considerable simplification can be obtained by considering the 

wave only at times when the complex amplitude can be considered as 

the Cartesian component of either field vector- that is, as a 

scalar. The theory is then known as scalar diffraction theory.

Scalar theory is accurate for an opaque screen containing a clear 

aperture when

a) The diffracting aperture is large compared with the wavelength.

b) The diffracted fields are observed far from the aperture.

In practice, these conditions are obeyed approximately in most 

situations with visible light.

7.2 Estimating statistics from light scattering

A number of methods have been proposed for estimating the surface 

statistics from scattered radiation. Reviews have been published by 

Welford (1977) and Chandley (1979)* The methods can be broadly 

subdivided into those which use coherent illumination, and those 

using partially coherent illumination. In the former case further 

subdivision is possible between cases where the measurements are made 

in the far field and those in the image plane.

As Chandley (1979) points out, the method which involves measuring 

the ensemble averaged far-field scattered coherent light is relatively 

simple. The theory of this technique was developed first by Davies 

(1954). The work of Beckmann (and Spizzichino 1963; 1967) was 

found to be more accurate for strong scattering (Houchen and Hering 

1967). Beckmann's theory was later reformulated, and extended to 

apply to transmissive scattering by Chandley and Welford (1975)•

The Beckmann and Chandley approaches are outlined in greater detail 

in sections7-3 and 7-4.
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The first experimental estimate of surface roughness was made 

by Bennett and Porteus (1961) who used the theory of Davies (195*0. 

Since then Beckmann's theory has been used by numerous authors to 

estimate the standard deviation of surface height, and correlation 

length (by assuming a Gaussian autocorrelation function of surface 

heights). See, for example, Hensler (1972). Chandley's work (1979) 

has shown that although the theory applies strictly only to those 

situations where the Kirchhoff theory is valid, measurements outside 

this region still agree with the theory.

It was pointed out in chapter four that a fully developed far 

field speckle pattern carries no information about the scattering 

surface height statistics. Hence the Beckmann theory is used in 

cases of weak scatter. However, if the size of the illuminated area 

is reduced until only a small number of scatterers is illuminated, 

then the speckle becomes non-Gaussian and carries information about 

the surface even if the scattering is strong (Jakeman and Pusey 1975). 

In order to obtain values for the mean square phase deviation and 

correlation length measurements must be made of the ratio of the second 

moment to the square of the mean far field intensity. Jakeman and 

McWhirter (1977) have predicted the distribution of mean intensity 

with angle for different surface height autocorrelation functions.

This approach will be discussed in section 7-5. Non-Gaussian speckle 

is today the subject of much interest (Jakeman 1980) , but it is not 

yet well enough understood to be used as a measuring tool.

If image plane speckle is used, an estimate of the standard 

deviation of surface heights can be obtained, for weak scatterers, 

by measuring the speckle contrast. The speckle contrast is defined 

by equation (4.21), and is the ratio of the standard deviation of 

the intensity to the mean intensity. Chandley (1979) emphasises that 

although good results have been obtained by such methods (Ohtsubo and 

Asakura 1975), the experimental technique is slightly more complicated 

than that based on Beckmann theory, and the speckle statistics need 

to be measured to find the standard deviation of surface heights.

The mean intensity at only

three positions in the far field pattern need be measured to give 

an estimate of this parameter using Chandley's approach.
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Spatially partially coherent illumination is derived from an 

extended monochromatic source. Temporally partially coherent, or 

polychromatic, illumination arises when two or more slightly different 

wavelengths are used together.

Spatially partially coherent light can be used to produce image 

plane speckle, and the standard deviation of surface height found 

from the speckle contrast as already suggested for coherent light. 

However, as the speckle contrast is reduced, there seems little 

advantage in not using coherent light when in the laboratory.

Polychromatic light can also be used. The intensity at any 

point in a far field speckle pattern depends on the vertical scale 

of the scatterer, and on the wavelength of the light. Thus, if the 

two wavelengths illuminating a surface are very far apart, completely 

different far field patterns result. If they are very close then 

the two patterns may well be identical. For a pair of wavelengths 

between these categories the far field patterns will be correlated 

to a certain degree (Parry 1984). The contrast of the overall 

pattern, for a particular probability density, must depend on the 

standard deviation of surface height.

A number of techniques based on this principle have been 

described (Parry 1974, George and Jain 1974). Because a far field 

polychromatic speckle pattern is spatially non-stationary except 

at the centre of the far field, measurements must be restricted to 

this region. These methods yield the standard deviation of surface 

height and can give the probability density. Parry (1975) reported 

measurements agreeing fairly well with the theory. More recent 

experiments utilizing polychromatic speckle have been reported 

(Stansberg 1979, Giglio et al 1979, Nakagawa and Asakura 1978). An 

advantage of these methods is that standard deviations of more than 

one wavelength can be measured.

There are clearly several ways of estimating the standard deviation 

of surface height using scattered light. The methods may now be 

grouped according to the range of surface roughness for which they 

are most appropriate. For weak scatter the method of Chandley (1979), 

or coherent image plane speckle (Ohtsubo and Asakura 1975). For 

strong scatter, either non-Gaussian speckle (Jakeman and Pusey 1975), 

or polychromatic speckle (Parry 1975). However, successful experimental
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techniques for the latter two have yet to be fully developed.

The purpose of the measurements made in this work is primarily 

to check that the surfaces have the required shape of autocorrelation 

function of surface height, although an estimate of the standard 

deviation is also of interest to compare with mechanical measurements. 

A method based on the Beckmann and Chandley theory seems most 

applicable, as measurements of the mean intensity of the far field 

speckle envelope intensity can be made fairly simply. Different 

forms for the autocorrelation function can be incorporated to predict 

the form of the envelope.

7.3 Prediction of angular distribution of mean intensity

Four approaches to the prediction of the angular distribution 

of mean intensity in the far field are considered. It transpires 

that although the methods initially appear to differ, in fact they 

are equivalent within the limits of scalar diffraction, and lead to 

the same result at near normal incidence. The four approaches have 

been described by Beckmann (and Spizzichino 1963; 1967), Chandley (1979; 

Chandley S Welford 1975), Goodman (1984) and Jakeman (Jakeman &

Pusey 1973; Jakeman & McWirter 1977) *

7.3 i) The thin phase screen model

A thin phase screen is one which occupies a very narrow region, 

and introduces a random distribution of phase changes in the 

incident wave. To predict the far field scattering then, the 

Kirchhoff diffraction integral is applied across a plane containing 

the wave scattered from the screen. This is the approach used by 

Chandley (1979), Goodman (1984), and Jakeman (Jakeman & Pusey 1973; 

Jakeman & McWhirter 1977). The last two do so implicitly. Use of 

the thin phase screen means that the Kirchhoff diffraction integral is 

evaluated over a plane which includes the random phase changes 

introduced by the thin phase screen. If the wavefront has gentle 

slopes, then the angles of incidence and scattering will not vary 

appreciably over the plane, and so no inclination factor need be
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included in the integral.

Beckmann does not use the thin phase screen model. Instead he 

applies the Kirchhoff diffraction integral directly to the random 

rough surface. In this case the direction of the normal to the 

surface of integration changes, depending on position. Thus the 

angle of incidence of light with the surface also changes. In order 

to be able to take the inclination factor outside the integral,

Beckmann assumes perfect conductivity of the rough surface, so that 

the reflectivity is unity whatever the angle of incidence. In 

practice, perfect conductivity is unlikely, but constant reflectivity 

over the surface can be obtained by dividing results by measurements 

from an identical, but plane, surface - so long as the surface slopes 

are small. In effect then, it doesn't matter whether the thin phase 

screen is used or not; providing the surface slopes are gentle the 

inclination factor may be ignored.

7.3 ii) Assumpt i ons

In each case the basic assumptions used are very similar.

Assumption one

Scalar diffraction theory is used.

Assumption two

The Kirchhoff diffraction integral is applied, so the predictions 

are strictly valid only for small angles of scatter. If the surface 

has low slopes then there will be no obliquity factor within the 

integral, and the angles of scatter will also be small. A quantitative 

expression defining low slopes is given by Nieto-Vesperinas & Garcia 

(1981) as

o/L < 0.05 (7.1)

where o is the standard deviation of the surface heights, and L the

correlation length.



153 -

Assumption three

No multiple scattering or shadowing effects.

Assumption four

No depolarization of scattered light.

Assumption five

No variations of reflectivity or transmissivity with angle. 

Similarly, the phase change on reflection changes negligibly with 

change in incident angle.

Assumption six

Random rough surface is isotropic, and has stationary statistics.

Further assumptions are introduced to facilitate the solution 

of the i ntegra1 .

Assumption seven

Chandley, Beckmann, and Goodman assume that the incident wave 

is plane and coherent. Jakeman takes it to have a Gaussian amplitude 

profile.

Assumption eight

In all cases the first and second order probability densities 

of surface height, and of the phase of the scattered wave, are 

Gauss i an.

Assumption nine

The illuminated area is generally taken to be greater than the 

correlation area of the surface. Jakeman does not make this assumption 

when considering non-Gaussian scattering.
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Assumption ten

A particular form is chosen for the normalised autocorrelation 

function of the surface heights, or phase f1ucutations.

The equations derived by Chandley (1979) will now be considered.

7.3 iii) The Chandley equations

The general expression given by Chandley (1979), for the normalised 

ensemble averaged far field intensity, where €,n are the far field 

co-ordinates, is

<1 (c,n)> = F2 k (£,n) +

2tr
2 - 

SA 0

< v ( x1) v “ ( x1- x ) >  - | < v ( x 1 )> (7.2)

Jo
2 2 2 1 

kx U  cos e 1 + n ) 2
f

XdX

where F is the Kirchhoff inclination factor. Chandley (1979) gives 

two alternative expressions for F, depending on the position of the 

limiting aperture. For small angles of incidence and scatter, these 

reduce to F=1, corresponding to the Beckmann (and Spizzichino 1963; 

1967) result for normal incidence.

k=2-n-/X

V is the near field complex amplitude 

S is the area of illumination

0̂  is the angle of incidence with the mean plane of the surface 

©2 is the scattering angle

K($,n) is the normalised intensity point spread function of the 

limiting aperture and field lens 

f is the focal length of the field lens
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If assumption eight is applied, i.e. that the rough surface has 

Gaussian first and second order probability density functions, then

F exp {-gc> K(£,n) +

_2tt
S

CO

0
exp {gcCN0RM(X)} ■’

Jo kX
f

,-2 2n iU  cos 9 1 + n ) Xd X

where

k=27r/X

gc = (kuoh)2

and

(7.3)

( l .k )

U = 2COS0J

u = (n cos0, ' 
P 1

for reflective scattering (7.5)

n cos0,) for transmissive scatteringm l  3

(7.6)

n , n are the refractive indices of photoresist and the surrounding p m r 3
medium respectively.

9i1 is the angle of refraction of light within photoresist.

Let the incident light be normal to the surface

e ! = e 1' = o ,

the angle of scatter 0^ = 0 

and, F = 1.
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If the normalised autocorrelation function of surface height is 

chosen to be Gaussian, given by

CN0RM(X) = e x p ( - x V ) (7.7)

For strong scatter, gc >> 1 and the first term in equation (7.3) 

may be neglected. In addition, only the behaviour of C^q ^IX) near 

the origin is important, so equation (7-7) may be written

CN0RM (X) 1 - (X/L)2 (7.8)

and, as X<<L,
2

exp (-g ) << exp -g(X/L)

So equation (7.3) reduces to

<l(£,n) >= 2tt 
S

00

r r
exp J-g Y

l  } L
0 L

Jo kX ( ^ c o s ^ + r ^ )  2 | XdX

(7.9)

From Gradshteyn and Ryzhik (p717, 1980)

00

0

2— ocX
e J (3x)xdx = 1 exp o — (7 .10)

thus

<lU,n)> =

ir2L2 exp ) - k 2L2 (S2 + n2) A g  f2

S9c )

(7.11)
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surface far field

y n

X

Figure 7.1. Co-ordinate system for scattering 
measurements.

If measurements are made in the £z plane, then n = 0, and 

sin0 = £/f (the co-ordinate system is shown in figure 7-1).

and similarly for measurements in the nz plane.

7.3 iv) Comparison with other approaches

It is emphasised that this expression (7.12) is identical to 

that given by Beckmann (and Spizzichino 1963; 1967), for the small 

angles where both are valid.

In addition, note that Goodman (1984), implicitly using a thin 

phase screen model, derives a relation between the autocorrelation 

of the complex fields scattered by a surface, and the normalised 

autocorrelation function of surface heights.

(7 . 12)
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c f n o r m(Ax ’Ay) = exp) - 

2
where a, is the variance of the phase

4> r

CpNORM^Ax’Ay) 's t îe norma^'se<̂  autocorrelation function of the 
complex fields.

CHN0RM^Ax,Ay  ̂ 's t îe norma^'sec* autocorrelation function of 
surface heights.

Now, in the far field, the amplitude of the field is given by 

the Fourier transform of the reflected fields,

1 " CHN0RM^Ax,Ay* (7.13)

(x,y) (7.14)

where F denotes Fourier transformation

Thus, the far field mean intensity is given by

<I(£,n)> = <|F (x,y) (7.15)

But expression (7-15) is the power spectrum of the field “ (xjy), 

which can also be expressed as

CFN0RM(Ax’Ay)

therefore

<i(c,n)> = F CFN0RM(Ax’Ay) (7 .16)

where Cp^Q^M (Ax,Ay) is given by equation (7-13)

If it is again assumed that only the behaviour of CM. n e a r  3 1 HNORM
the the origin is important, then, for a Gaussian function only 

the first terms of the expansion are required, and equation (7.13) 

becomes
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CFNORM^Ax,Ay  ̂ = 6Xp 2 X̂/L^2  ̂ (7-17)

Fourier transformation of this expression, assuming normal incidence, 

and measurement in the £z plane, (see figure 7-1) yields once again 

the same angular dependence of mean intensity as Beckmann and Chandley. 

Goodman's approach, however avoids the inclusion of factors relating 

to the absolute value of scattered intensity.

Jakeman's approach is more general, although the screen is again 

assumed to be deep, so that scatter is strong, as he retains terms 

relating to the size of the scattering area in order to allow predictions 

about non-Gaussian scattering - speckle which does not belong to the 

fully developed class described in chapter four. Instead, because 

only a few scattering centres are illuminated, or if the detector is 

so close to the screen that contributions to the backscattered field 

come from only a few scatterers, the central limit theorem cannot be 

applied. Non-Gaussian scattering is, however, beyond the scope of 

this thesis. When the same simplifying assumptions are applied as 

before, the results reduce to give, once again, the same predictions.

7.3 v) Applications in this work

The equation (7.12) should apply to the single scale Gaussian 

scatterers made by the method of Gray, and to the one dimensional 

multiscale surface in the y direction.

Clearly, in order to predict the scattering from the multiscale 

surfaces produced a different form of normalised autocorrelation 

function of surface height (or phase) must be assumed. A suitable 

form has been suggested by Jakeman (198O; Jordan, Hollins and 

Jakeman 1983) -
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7-3 vi) Incorporation of the multiscale model into Chandley^s 

equations

Jakeman has pointed out (1980; Jordan, Hollins and Jakeman 1983) 

that the use of a truncated linear phase autocorrelation function, i.e.

C j (X)

X
r

x < r (7 .18)

otherwi se

is equivalent to the use of a power law structure function model.

It was shown in the appendix that for a power law spectrum, where

P(u) = A / IuI “ (2.1)

the structure function D(X), is given by

0 (X) = 1 , IXI (2.2)

i.e. for «= 2

D (X) = T|X| (7.19)

for a power law spectrum where T is the topothesy (Berry 1979), and 

K is related to the Hausdorff-Besicovitch dimension, D, (section 2.5) 

by

« = 5 - 2D (2.19)

If the normalised autocorrelation function is given by
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CN O R M ^

1 - |X|

r

o

IX | < r

otherwi se

(7.20)

then, for X < r, the structure function can be written, from equation 

(1.63)

D(x) = 2 a h (i- w x)) (1.63)

where D(X), CjgORM^ are t*1e structure function and normalised 
autocorrelation function respectively of surface heights, rather 

than phase.

5o,

D (X) = (1 - (1 - 1X I / r ) ) (7.21)

D(X) = 2o^ |x|/r (7.22)

2
=2a^/r, then (7.23)

D (X) = T 1X l (7.19)

and the structure function has the form of that for a power law 

spectrum, of index oc=2.

Let us substitute expression (7.20) into equation (7*3)

<l(£,n)> = F exp(-gc) K U>n) + 2tt 
S e x P{- 9 c CN0RM(X)}

JQ | kX (c^cos^Oj + q2)  ̂ ( XdX

(7.3)
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= F K U,n) exp(-gc) + 2tt

0 L

exp

■exp(-gc) Jo \ kX (^2cos201 + n2) ^Xdx

(7.24)

As in section 7.3 iI») for the Gaussian autocorrelation functii on

for strong scatter, g >> 1, so may neglect the first term.c *

<iU,n)> = F2 2tt exp (-g JXJ,)
c r

- exp (-g )

.2 2_ 2x i
J ) kX cos 0. + n ) 2 I XdX o < —  i

Also, T >> X, so

exp (-g ) << exp (-g [X|)c c p

thus

(7.25)

<I(£,ti)> = F 2tt 
S

exp(-g |X|)

.2 2^ 2, i
1J J kX (E^cos^E), + n ‘ ) 2 I XdX

( 7 . 26)
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Now, from Erdelyi et al (195^, p182)

e J (oct)tdt = o (7.27)

( p 2  +  = 2 ) 3 / 2

Thus,

:l(£,n)>= F 27Tg<
sr

-3/2
g , 2 /p2 2 2xac + k (£ cos 0 1 + n )
2 2r f

( 7 .28)

For normal incidence 0. = 0, and let F = 1

<l(£,n)>= 27Tgc 
“ 2 r“

g . 2ac + k 2 2
(£ + n )

-3/2

Now, in practice measurements are made in the £z plane, see figure 

7•1, i.e. n = 0, s i n0 = £/f

<I(0)>= 27Tgc
sr

2 2 k s i n 0

-3/2

(7.29)

and similarly for measurements in the nz plane, 

where

9c 2ka
2

for reflection (7.5)

gc k(n -n )a p m

2
for transmission (7.6)
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This result may be compared with the prediction of Jordan, 

Hollins and Jakeman (equation 8, 1983), by substituting for g^, 

noting that the topothesy is given by

T = 2cr2/ r  h (7-23)

Thus, in transmission

g = k2 (n -n )2 T T/2 3c p m (7.30)

<I(0)> = ttT (n -n )
Sk p m

T2k2 (n -n ) ** . 2______ p m + s i n 0

-3/2

(7*31)

i .e.

<i(e)> a k2T2 (n -n )** . 2p nr + s i n 9

-3/2

(7-32)

which corresponds exactly to equation 8 in Jordan et al (Jordan, 

Hollins and Jakeman 1983).

7.3 vii) Applications in this work

This expression will be- compared with measurements made from 

both the one and the two dimensional multiscale surfaces produced.

It should be noted that the equation has been derived assuming small 

angle diffraction theory, though in the expression (7-29) multiscale 

behaviour is not expected to be obvious until larger angles of

scatter.
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In addition, assumption two (section 7-3 ii) cannot be applied 

to a multiscale surface. A fractal set was defined in section 2.5 

as being non differentiable. This prevents the use of the assumption 

of low slopes, since the slope is not defined. Instead, it has been 

suggested (Jordan, Hollins S Jakeman 1583) that the criterion will 

be based on the topothesy, and that Kirchhoff theory may be applied 

if

The topothesy is a measure of the length over which the rms 

slope of a chord between two points on the surface is unity.

It thus shows how quickly changes in surface height are taking 

place. T will be smaller for more rapid changes in surface height, 

and smaller still if these are of low magnitude. Thus, if T << A 

the surface height fluctuations of those elements smaller than size 

T will be of low magnitude, and the criterion is equivalent to assuming 

low slopes.

7 . b Experimental far field, coherent light scattering measurements

1 .b i) Experimental arrangements

Two alternative experimental arrangements were used. These 

are shown schematically in figures 7.2 a and b.

In each case, the aperture was used to define the area of 

illumination on the diffuser. This was generally about two millimetres 

in diameter, ensuring that the illuminated area was larger than the 

correlation area of the sample, but small enough to allow ten different 

areas of the diffuser to be used for measurements.

T << X (7.33)

(7.34)
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op amp 
circuit

Figure 7.2 a). Schematic of initial experimental 
arrangement.

x60
field
lens

0 < Q  Q:

ft I sample 
aperture

detection
plane

• \
______ I__

/

as in a)

Fi gure 7-2 b) Schematic of experimental arrangement.
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It is not vital in these measurements that the light incident 

on the diffuser in arrangement a) should be a plane wave, so long 

as both the radius of curvature and Gaussian beam width are large 

compared with the correlation length of the surface (Jakeman and 

Pusey 1975)•

The choice of the expansion and collimation lenses, and the 

diameter of the limiting aperture in arrangement a) was such that 

the beam was plane to within + 1%. From chapter 5B, the Gaussian 

beam diameter emerging from the collimating lens is given by

d = f d./f c b obj (5.14)

where d^ is the Gaussian beam diameter before expansion, f the focal 

length of the collimating lens, and fQ^ . that of the objective lens.

Now the beam profile may be described by

exp ( r / r Q) (7.35)

where r is the radial co-ordinate, and r^ the Gaussian beam half-width.

Across the limiting aperture, the beam should be uniform to 

within + 1 %, i.e.

exp (r/ro)2 ] 0.99 (7.36)

exp L " (2rfobj/fcdb)4 J 0.99 (7 .37)

if f , . = 8 mm obj

f = 10 cm c

d, = 1 mm b
then

r = 0.6 mm
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Thus the limiting aperture should have a diameter of approximately 

1.2 mm.

The rough surface was mounted on the table of a spectrometer, 

and could be moved using the table controls. In arrangement 7-2 a) 

the field lens was that of the telescope of the spectrometer, detection 

taking place in its focal plane. This arrangement was found to be 

suitable only for small scattering angles. At angles greater than 

about 5° reflections from the walls of the telescope rendered this 

method unsuitable. In arrangement 1 . 2  b) the field lens and aperture 

are placed before the diffuser. Changes in the angle of measurement 

were made simply by moving the telescope, and reading the angu!ar 

position from the Vernier scale.

Averaqinq can be done in two v»ays. Firstly measurements at each 

angle can be made for several (typically ten) different positions 

of the scatterer. If readings are made at angular separations of 4>, 

and if the distance from the plate is R, then the distance between 

reading points in the detection region is given by R$. Typically 

R = 25 cm, $ = 0.25°, leading to a separation of 1.09 mm. Thus for 

maximum coverage the detector aperture should be about 1 mm in diameter. 

Ideally the detector aperture should cover several speckles in the 

pattern. The size of each speckle depends on the area illuminated

S = 1.2XR/d (7-38)

where d is the diameter of the illuminated area.

Thus, for R = 25 cm, X= 633 nm, and d = 2 mm, £= 95 ym. So, 

a detector aperture of 1mm gives adequate coveraqe.

Fibre Optic cable supplied by RS Components has a diameter of 

1 mm. It was thus used both to define the area of detection, and to 

lead the light to the photomultiplier tube, which was permanently 

positioned and did not move with the spectrometer telescope.
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Alternatively, a larger area may be illuminated so that a large 

number of speckles form over the detection area. The relative 

statistical uncertainty in one estimate of the mean intensity measured 

this way is given by (Dainty 1972b).

a I/<I> = .61XR/dr (7.39)

where d is diameter of illuminated area 

R is the detector-diffuser distance 

r is the radius of the circular detector

To obtain then an accuracy of 3%, and using the same 1mm detector 

area as before, d = 6mm.

The second method of averaging was chosen as it was very much 

'quicker and easier.

The current generated in the photomultiplier tube was converted 

to voltage by a simple op-amp circuit, which has a linear response 

of .5 V per yA. Values of the voltage were displayed on a Keighley 

digital multimeter, and fed via an IEEE interface to the HP85 computer. 
A program was written for the HP85 which issues prompts requesting 

that the scatterer be changed, moved, or removed, or the scattering 

angle altered. The angles selected were input from the keyboard, 

and recorded on tape. A background count was made before each set 

of data was taken.

A second program was written to process the data once it had
3 1 1 hppn rnl 1 prfprl If rmfmifc f h <=> c I no r\ f f ho cratl-or! nn annlo -- —  ----- - ----- ,----  - — ------— • ■■■a —••a*'',

the mean voltage reading for this angle, and the standard deviation 

of this mean value. If the standard deviation of the mean voltage 

reading gives an error of less than that expected from equation

(7.39), then equation (7-39) is applied.
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1 .h ii) Equations to be applied

For both strong and weak scatter, equation (7-3) for the normalised 

speckle envelope intensity may be applied.

We have seen (section 7-3 Mi) that if C..nn.,(X) is Gaussian, thenNORM
for strong scatter

2 2 2 
<I(0)> exp k L sin (

1n ,

(7 .12)

If CKinn., (X) is truncated linear (section 7-3 vi) , then NORM

<i(e) 2 2 + k sin (

-3/2

(7.29)

or, in terms of the topothesy

< i ( e ) > «
i2t 2/ ^  ok T (n -n ) .2,_____  p m + sin f

4

-3/2

(7.32)

From equation (7.12), a linear relation exists between log <I> 
2

and sin 0, with slope given by 

L^loq„„e/4(n -n a?_ i u p m  n

Similarly, from equation (7-32), if

. 2 n , 2X2, sin 0 > > k T ( n - n ) / 4  p m

then

<I(0) s i n0
-3

(7.^0)

and a plot of log<I> versus log (sin6) has a slope of -3.
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1 .k iii) Measurements from one-dimensional multiscale surfaces

Measurements of the mean intensity scattered with angle from 

plate 141 are presented in figures 7-3 and 7-^- Significant 

measurements above background could be obtained up to scattering 

angles of about 15°.

E,z plane

The curve shown in figure (7-3) is calculated from equation 

(7-32) , using the value T = 0.015ym which was obtained from the 

structure function in figure 6.7, and quoted in section 6.2 iv. It 

is clear from figure 7.3 that the scattering data does not agree with 

the multiscale prediction, with T = 0.015ym. Even if a different 

value for the topothesy were chosen (perhaps corresponding to the 

slope of the structure function at higher lags beyond the kink in 

figure 6.7) the curve would still have the same slope of -3 at high 

angles.

It was pointed out in section 6.2 vi) that since the small scale 

size fluctuations were only one tenth smaller than those at the outer 

scale, the scattering might not be multiscale in character. These 

results appear to bear this out.

nz plane

No Talysurf measurements were made on the surface in the y 

direction, so no results corresponding to these scattering measurements 

appear in chapter 6.

As was mentioned in section 5A.1 i, the power spectrum of the 

surface heights in this direction should be a triangle of frequency 

width 2 l / \ z ,  where i  is the length of the slit. The autocorrelation 

function is not Gaussian.
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Figure 7-3. Measurements from plate 141 in the £z ‘ 
plane compared with the multiscale prediction of equation 
(7.32) for T = 0.015ym.

o
o
_j  _

-2.5 •2.0 - 1 . 5
LOG ( SINO )

1 .0 ■0.5 0.0

Figure 7 -b. Measurements from plate 141 in the nz
plane compared with the single scale prediction of
equation (7.12) for L = 11pm.
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In figure 7 .k the measured values are compared with a curve 

predicted by equation (7.12) for a single scale surface with L = 11ym 

which corresponds to a slit length of 1.5 cm. There is little agreement, 

which is not surprising as the autocorrelation function is not Gaussian. 

The plot is shown as a log log plot of the mean intensity versus 

s i n0, where a linear region is expected if the behaviour is multiscale.

7.^ iv) Measurements from two-dimensional multiscale surfaces

Measurements of the mean intensity scattered with angle from 

plate 200 are presented in figures 7*5 and 7*6. Significant readings 

above background could be obtained up to scattering angles of about 

18° .

gz plane

Three different sets of data are presented in figure 7.5, the 

curve is calculated from equation (7.32) with T = 0.015 ym which 

was obtained from the structure function in figure 6.8 and quoted 

i n sect ion 6.2 i v .

The agreement between the measured points and the curve is good, 

especially for scattering angles up to 12°. At larger angles less 

light is scattered than predicted by the theory.

nz plane

Only two sets of data are presented in figure 7-6, as there was 

very much less variation between data sets in this case. The curve 

is calculated from equation (7*32), with T = 0009 ym, which was

obtained from the structure function in figure 6.8 and quoted in 

sect ion 6.2 i v .
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Figure 7-5. Measurements from plate 200 in the £z 
plane compared with the multiscale prediction of equation 
(7-32) for T = 0.015 ym.

Figure 7.6. Measurements from plate 200 in the nz
plane compared with the multiscale prediction of
equation (7-32) for T = 0.0009 ym.



175 -

The agreement between the measured points and the curve is good, 

even at the larger scattering angles where the agreement broke down 

for measurements in the £z plane.

It seems likely that the broadening of the beam in the x direction 

which is responsible for the anisotropy of the surfaces could also 

account for the departures of the measurements in the £z plane from 

the predicted form. Non-Gaussian intensity profiles cause the results 

derived by the method described in section 5Ba 1 i) to be 

i nappropriate.

7 .k v) Measurements from single scale surfaces

Measurements of the mean intensity scattered with angle are 

presented in figures 7*7 to .7.10* Significant measurements above 

background could be obtained up to scattering angles of 2.2° for 

plate 201, and 36° for plate 198, reflecting the different correlation 

lengths of the surfaces.

Surface 201 

gz plane

Four sets of data are presented in figures 7-1 i) and ii), as

once again there was more variation between sets in this plane.

The curve has been calculated from equation (7.12) with L = 66 yin.

The results are shown in two graphs, 7.7 i) has values for log(sine)
2

as abscissa; in ii) the abscissa are sin 0 .  The latter plot

emphasises the single scale nature of the surface. In addition, from

7.7 i) it would appear that at scattering angles greater than 2°

there is a region displaying multiscale behaviour; there is a

distinctly linear part which diverges from the predicted form. When
2

the data are plotted as a function of sin q however, where linear ity 

would imply single scale behaviour, there is again a linear part.

The surface could be considered to have two predominant scales.
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Figure 7-7 i). Measurements from plate 201 in the £z 
plane compared with the single scale prediction of equation 
(7.12) for L = 66 ym.
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Figure 7-7 ii). As for figure 7-7 i) but plotted to emphasise 
the single scale nature of the surface.
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Figure 7.8. Measurements from plate 201 in the nz plane
compared with the single scale prediction of equation (7.12)
for L = 110 ym.
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nz plane

As for plate 2Q0, there was less spread when measurements were 

made in this plane. The curve shown in figure 7 . 8  was calculated from 

equation (7-12) with L = 110 ym. There is again a linear tail, this 

time for angles greater than 1.3°.

It should be noted that this region of enhanced scattering is 

not due to a defect in the scattering measurements. It is also 

predicted by the Talysurf data. The power spectrum for plate 201 shown 

in figure (6.12) displays two different regions of behaviour. In 

addition, when the mean scattered intensity with angle is predicted 

from knowledge of the autocorrelation function (as described in section 

7.5) a similar discontinuity is apparent.

Surface 198 

gz plane

In figure 7-9 the curve shown compared with the scattering data 

was calculated from equation (7-12) with L = *4.5 ym. The standard 

deviation was assumed to be the same as for plate 201, as they received 

the same exposure times at the same laser output. This surface was 

not measured on the Talysurf because it was expected to have a major 

frequency of 379200 m  ̂ which is beyond the resolution limit of the 

Talysurf (section 6.2).

In figure 7-9 it is clear that there is no discernable high 

angle tail such as appeared for plate’ 201. There are two possible 

reasons. Firstly, it may exist but at light levels too low to be 

detected using the current arrangement. Secondly, if the feature 

on plate 201 is due to an interference effect during exposure, then 

it is of a particular frequency. That frequency is lower than the 

predominant one for plate 198, and the scattering effects are con­

sequently swamped by the stronger fluctuations.
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Figure 7-9- Measurements from plate 198 in the £z 
plane compared with the single scale prediction of 
equation (7-12) for L = 4.5 ym.
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Figure 7-10. Measurements from plate 198 in the nz 
plane compared with the single scale prediction of equation 
(7-12) for L = 5 ym.
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gz plane

The comparison curve in figure 7-10 was calculated from equation 

(7-12) with L = 5 pm. The same assumption about the standard deviation 

was made as for the £z plane. Again the behaviour is characteristically 

single scale.

7.5 Prediction of mean scattered intensity from knowledge of the 

autocorrelation function of surface heights

it was shown in section 7-3 iv) that

<l(£,n)>= F cfnorm*Ax> (7.16)

where F denote Fourier transformation.

Cr-unr.^AXjAy) js the normalised autocorrelation function of the 
rNORM

complex fields immediately next to the scatterer, and is given by

r ?
FNORM(Ax,Ay) = exp {-a. 1_CHN0RM(Ax'Ay) (7.13)

Cu..nou(Ax,Ay) is the normalised autocorrelation function of surface 
HNUKn

hei ghts.

In this work the autocorrelation function is known as a function 

of only one variable. Similarly scattering measurements are made 

in either the Kz or nz plane (see figure 7.1), thus

<1(sin6)> = F 
X

exp {-a
2 (7.M)

Note that the positions of points in frequency space resulting 

from Fourier transformation will be given by £/fX (figure 7.1 for 

coordinate system)

= s i n0
X
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The frequency separations depend on the lag spacings in the 

autocorrelation function. If the total number of points defining 

the function to be transformed is N, then the frequency separation 

is given by

1/NAx (6.2)

where Ax is the lag separation.

Similarly the maximum (Nyquist) frequency is given by

f N = 1/2ax (6.1)

Thus, if the values for the autocorrelation function calculated

from the Talysurf traces are used, where Ax = 2 pm, f^ = 250000m \

For a wavelength of 633 nm, and usinq (7.^1) 6 ’ = 9°.a ’ a °max

We have seen that appreciable scatter occurs from plate 200

at angles up to 15°, so this value of lag separation is too large

for satisfactory predictions to be made. Lag separations of 0.5ym

would result in 0 = 39°.max

Attempts were made to draw a smooth curve by hand between the 

points at 2 separations and so obtain values for the autocorrelation 

function at 0.5 pm separations. Sets of data obtained in this way 

were found to be unsatisfactory after Fourier transformation. Small 

rounding errors in the estimated autocorrelation function resulted 

in large oscillations in the predicted scattering at large angles.

Instead a polynomi al curve fitting routine from the NAG library 

was used to fit a curve to the measured points; again separations 

of 0.5y m  were used. Three curves fit to the Talysurfed autocorrelation 

function for plate 200 in the x direction are shown in figure 7-11.

The degree of polynomial chosen in each case is 6, 9, and 11 

respectively. The three curves are virtually indistinguishable except 

near zero lag. The box shows this section of the curves magnified.
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Figure 7-11- Polynominal fits of degree 6, 9 and 11, to 
the autocorrelation function for plate 200 in the x 
direction, every fifth point of the curve in figure 6.5 
is shown. A magnified portion is shown in the box.

Figure 7.12. The predicted angular scattered mean intensity 
using equation (7-^1) and the fits shown in figure 7-11, 
compared with scattering data for plate 200.
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On the plot only every fifth point of the measured autocorrelation 

function is shown, to avoid clutter. The result of this small 

difference between the curve fit to the autocorrelation function is 

dramatic when the mean scattered intensity is calculated using 

equation (7-^1). The predicted curves are shown ih figure 7.12, 

compared with a set of scattering data from plate 200. The curve 

predicted from a degree 9 fit to the autocorrelation function agrees 

quite well with the measured points. However, its validity is doubtful 

as the curve from a fit of degree 11 is quite different.

Curves calculated in the same way for plate 201 were also very 

dependent on the degree of fit to the autocorrelation function chosen. 

In each case though, the predicted scattering curves displayed a 

linear region for 9 greater than 2°, just as in the scattering 

measurements (section 7.^ v). This feature is not an instrumental 

fault of the scattering set up.

Overall it is concluded that this method of predicting the 

mean angular scattered intensity is not satisfactory. There is too 

much dependence on the degree of fit chosen when interpolating values 

in the autocorrelation function. The method does allow the existence 

of features in the scattered envelope to be confirmed, but their 

actual form and position is not predicted.
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CONCLUSION

Two methods, which have been implemented in practice, have been 

described for producing multiscale surfaces. The first of these is 

the one-dimensional method which was used to produce plate 141. When 

Talysurfed, this surface has the required inverse power law spectrum, 

with index -2.0 to within 5% over the expected range of spatial 

frequencies. This region is however small, and the power spectrum 

falls off only by a factor of ten across it. It has been suggested 

by Jakeman (1982), that if the fluctuations at the inner scale 

introduce path differences comparable with the wavelength then single 

scale models are more appropriate to the scattering. When scattering 

measurements were made from surface 1^1 the results did not agree 

with the multiscale predictions, and it seems likely that the behaviour 

described by Jakeman (1982) has occurred. In fact, the scattering 

from the orthogonal direction was more multiscale in character. The 

equations derived in chapter seven cannot be applied in this case, 

as the index v is not equal to 1. The one-dimensional method can be 

considered successful as it resulted in the expected surface.

However, the surface would not be of use for testing scattering 

theories as the multiscale range is small, and the small scale 

fluctuations too large for the behaviour to be uniquely multiscale.

The experimental arrangement is such that a sufficient increase in 

frequency range cannot be obtained.

The method used to produce the surface multi scale in two directions 

resulted in a surface with a power law spectrum covering more than a 

decade of spatial frequencies. More importantly, the power spectrum 

is smaller at the small scale end by a factor of about 1000 compared 

with the large scale end. This means that, for the measured standard 

deviation of 0.5 urn, the fluctuations at the inner scale are less 

likely to be comparable with the wavelength. The light scattering 

measurements from this surface were particularly satisfactory; 

unambiguous multiscale type scattering was observed.

Talysurf and scattering measurements both emphasised that the 

method used in producing plate 200 requires modification before truly 

isotropic multiscale surfaces are produced. The asymmetry of the 

laser beam can be corrected by using a pair of cylindrical lenses to
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alter the width of the beam in one direction, leaving the perpendicular 

width unchanged. The focal lengths of the collimating lenses should 

be ascertained to a greater degree of precision (they were found 

generally to differ from the quoted value by the manufacturers stated 

tolerance of 5%), and these measured values used in the equations 

of section 5Ba.1. There is scope for extending the frequency range 

by the selection of suitable values for the focal length of the 

objective, collimating and field lenses. Small scale sizes of 1um are 

eas ily attainable.

Future work on scattering from rough surfaces is likely to use 

incident radiation of wavelength 10.6pm. This means that some 

features which can be resolved by a Talysurf, even using a lym stylus, 

will be of a scale smaller than the wavelength. The effect of such 

features is of particular interest.
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APPENDIX

Derivation of the structure function corresponding to an unmodified 

power law spectrum

Consider the unmodified power law spectrum

G(u) = A | u | + ^  (2.1)

Now, the autocorrelation function is given by the inverse Fourier 

transform of the spectrum

c(x)
CO

G(u) exp (iuX) du
J

(1.67)

and the structure function by equation (1 .60)

D (X) = 2 ( C (0) - C (X) ) ( 1 . 60 )

We have seen however, (section 2.6), that C(0) for an unmodified 

power spectrum is infinite, so the expression for C(X) will be left 

in integral form, thus

D(X) = 2
r r

G(u) du - I G(u) exp(iuX) du
— CO — CO

(A. 1)

= 2

00

(1 - exp(iuX) G(u) du
— 00

(A.2)

= 2A (1 - exp(i uX)) du 
I .. I (v + D

The function G(u) is even, so (A.3) may be written

D(X) = 4A

00

J
0

1 - cos(Xu)
(v + 1) u

du (A.A)
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= 8a

oo

sin^ (Xu/2) du
(v + 1) n

From Gradshteyn and Ryzhik (1980, expression 3.823)

OO
y-1 . 2/ sx sin (ax)

0

dx = -r  (y) cos (yTr/2)
2 (y + 1) a y

a>0, -2 < Rey < 0

So, (A.5) may be written

D(X) = 8A -T(-v) cos (-vtt/2) X 
2l-v 2-v

2 < v < 0

= - 4Ar(-v)cos (-vtt/2)XV

2 < v < 0

From Abramowitz and Stegun (1965, expression 6.1.17)

r (z)r (1-z) =

-zr (-z) r (z) = it
s i n (ttz)

thus

F = " ^zr (z) s i n (ttz)

(A.5)

(A.6)

(A.7)

(A.8)

(A.9)

(A.10)
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Substituting in (A.8)

D(X) = 4A 7T COS (-V7T/2) XV

vf(v) sin(-rrv)
(A.11)

Expanding sin (ttv) = 2si n (ttv/2) c os (ttv/2)

= 2s i n (ttv/2) cos (—rrv/2)

D (X) = 2AttX
vf(v) s i n (ttv/2)

2 < v < 0 (A.12)

D (X) = 2AttX
T (v+1) s i n (ttv/2)

2 < v < 0 (A.13)
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Making a multiscale random rough surface
E L IZ A B E T H  BERRY
Blackett Laboratory, Imperial C ollege, London SW 7 2BZ, England

{Received 14 September 1984)

Abstract. A technique is described for making m ultiscale random rough sur­
faces (e g fractals) of prescribed surface height power spectrum and approx­
imately gaussian probability distribution of height

1. Introduction
Investigation o f any rough surface or inhom ogeneous m edium  m ight involve 

scattering an incident wave o f a w avelength appropriate to the scale o f the sample. 
Several theoretical predictions have been m ade about this behaviour [1, 2], 
invoking a so-called fractal m odel to describe the scatterer Fractal is a term  used  
to describe the geom etry o f m any natural phenom ena and it has com e into fre­
quent use since it was coined by M andelbrot in 1977 [3 ]. In the present applica­
tion it im plies the existence of many length scales, self-sim ilarity over a wide  
range o f these scales and a gaussian distribution o f surface heights.

Experim ental tests o f these predictions are few . W ork has been reported [4] 
on a diffuser produced by random ly roughening the surface o f a piece o f germ a­
nium  w ith an engraving tool. It exhibited the characteristics required by the 
fractal m odel, having a pow er law spectrum  and a gaussian distribution of 
surface heights as deduced from experim ents at w avelength 10-6 pirn H ow ever  
this m ethod is necessarily random since there can be little control over the par­
ameters.

T h e m ethod described here allows the index for the inverse power o f the 
spectrum  to be chosen. T h ere is also som e m easure o f control over the spatial 
frequencies in the finished product.

2. Choice of technique
T h e m ethod chosen to produce the surfaces is based on the technique o f Gray 

[5 ] using photoresist and recently used successfu lly  by L evine and D ainty [ 6] 
W hen photoresist is exposed to light a photochem ical reaction occurs w hich  
changes its physical properties. An exam ple is Shipley M icroposit 1375, w hich is 
a positive type, i.e. it becom es soluble in a developer on exposure. W ith appropri­
ate developm ent the response may be linear, i.e. the etch depth is proportional to 
the integrated intensity o f the incident light. An incident laser speckle pattern 
containing a full range o f tones would be reproduced as a relief pattern on the 
resist
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3. Theoretical background

T h e m odel com m only chosen to describe a m ultiscale rough surface [2 ] is a 
gaussian random function h(x) for the surface height with the power law power 
spectrum ,

G{u) = A
( 1 )

where a lies betw een 1 and 3. Since speckle patterns are to be used to produce the 
surface we review som e appropriate features. T h e first-order statistical properties 
o f a far-held speckle pattern are independent o f the diffuser w hich produces it as 
long as there is a large num ber of scatterers, no depolarization and the path d if­
ferences introduced are sufficiently greater than the wavelength to ensure that the 
phase has circular statistics H owever, the shape of the scattering area controls 
the second order statistics; th is property is used here

For the non-im aging geom etry shown in figure 1, where the intensity  o f the 
held incident on the scattering area is represented by | P(£, 17) |2, the pow er spec­
trum of intensity in the observation plane is given by [7 ],

G(u, v) =  < / > 2 d(u, v) +
JJ |P(£, t])\2 \P(Z -  Xzu, r\ -  Azv) |2 d£ dt]
—  00______________________________________________________________________________

" 0 0  "12

fj \P(Z, »/)|2 d{ dij

(2)
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T1

d

Xz Xz Xz

Frequency u

Figure 2 (a) Shape chosen as scattering area, (b) Power spectrum o f speckle from the
shape in (a).

where z  is the sh t-to-p late distance. T h u s in addition to the delta function com ­
ponent d(u, v ) w hich appears in the pow er spectrum  at zero spatial frequency, 
there is a com ponent w hich is dependent on the intensity distribution incident on 
the scattering area, \P(£, t i) \2, and has the shape o f the autocorrelation of 
1 P (£, rj)\2. C onsider then a scattering area in the shape o f a pair o f slits as shown  
in figure 2 (a). T h e  power spectrum  for the u com ponent o f spatial frequency
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m ust be as in figure 2(b). In order to build up a pow er spectrum  w ith a power 
law dependence on spatial frequency we superim pose patterns o f this kind for 
several different slit separations, such that the individual triangular spectra sum  
to give the required resultant curve T h is is show n in figure 3, where the triangles 
are arranged so that the peak o f one is at the sam e abscissa as the feet o f the two 
on either side. T h e w idth o f each triangle is 2 w j l z  W hen arranged as in figure 3 
the triangles are spaced at intervals in frequency o f w /2 z ,  corresponding to 
changes in slit separations o f w. T h e height o f each triangle is proportional to the 
square o f the intensity o f the corresponding speckle pattern, from the < / ) 2 o f  
equation (2) In practice, when recording on photoresist, the height o f each tri­
angle is controlled by the length o f exposure. T h e  exposures m ust be chosen so 
that the peaks o f the triangles w hich make up the power spectrum  decrease w ith  
increasing spatial frequency according to the required inverse power law w ith  the 
index a o f equation (1) having a value betw een 1 and 3 T h u s the actual exposure  
tim es follow  an inverse power law w ith index a /2

Ideally, the fractal surface should have a gaussian probability distribution o f 
surface height. I do not expect to obtain this exactly by the m ethod but the 
approxim ation w ill be good. If N  totally uncorrelated speckle patterns are 
sum m ed incoherently the probability density of total intensity is [7 ]

N ;N -2 /  j \

P ( I ) =  z  H —  ---------- exp - 7  (3)
*= i r i ( 4 - ^ )  v k)

p=1
pfk

for 7 ^ 0 ,  and zero for negative 7. T h e /lk are the m ean intensities o f the ind iv id ­
ual speckle patterns (assum ed all different), each w ith the usual negative exp o­
nential distribution o f intensity T h e shape o f this distribution for several values 
of N  is shown in figure 4 , the Ak are chosen to give a =  2 For larger N  the shape 
is reasonably close to gaussian T h e variance o f the total speckle pattern can be 
given by . 2

* } = Z — <

n - K)p= 1Pfk

N ]Nv-1 ____At____

fc=i n i k - K )
p=1
P i= k

(4)

From  this expression we can com pute a gaussian distribution of the sam e variance 
and mean, and compare the contrasts C  [7 ]  as g iven  by

C =  * /< />  (5)
Figure 5 shows the drop in contrast from  adding patterns. T h e loss is not too 
severe w hen the com ponents are chosen to give the power index a =  2

4. Practical considerations
T h e arrangement for the variable slit separation is as in figure 6. T h e  cube 

beam  splitter is set so that the incident beam is split into two em erging parallel 
beam s, so that only a single slit diffuser is needed. T h e effective separation o f the 
pair o f virtual slits is changed by translating the cube as shown in figure 6. T h e
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Figure 3 A com posite specimen designed to have a square law power spectrum , the 
com ponents shown correspond to speckle patterns formed at a distance of 0 5 m  
from 2 m m  wide slits T he dotted line is the inverse square curve, and the solid line 
the com posite curve from the triangles

Figure 4 T he probability distribution from equation (3) for several values of N ,  the
number of superimposed patterns
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Figure 5 Contrast of N  incoherently added speckle patterns

cube m ount has rotation and translation m ovem ents; the rotation sets the paral­
lelism  o f  the beams and the translation adjusts the separation, w hich calibrated by  
m eans o f a travelling m icroscope.

T h e available range o f slit separation is lim ited by two factors First, there is a 
lim it to the num ber of exposures we can make on the photoresist and thus on the 
num ber o f ‘ triangles ’ available to build up the power spectrum . T oo  m any exp o­
sures produce a decrease in contrast in the sum m ed speckle pattern. A lso there is 
a practical lim it to the thickness o f resist w hich can be used Secondly, the cube 
dim ensions (40 m m  by 45 m m  by 45 m m  in this case) define the range o f slit 
separations. Exposures are m ade at separations differing successively by the 
w idth o f the slit, and thus the total num ber depends on the slit width H ere a slit 
w idth o f 2 m m  was chosen, giv ing a m axim um  o f tw elve exposures.

s l i t ^ -----------------------------------------  o 5m

photoresist
film

Figure 6 T he experimental arrangement
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T h e distance betw een the slit and the recording plane was determ ined by the 

output o f the laser used; 0-5 m  w ith w avelength 457-9 nm  was used as a reason­
able com prom ise on exposure tim e T h e spatial frequencies obtained range from  
2 2  x 104 m -1 to 1 2 x 105 m - 1 , corresponding to slit separations between 5 and 
28 m m .

If the resist w ould tolerate m ore exposures greater spatial frequencies could  
be obtained by reducing the slit to plate distance 2  w hile retaining the m axim um  
slit separation. T h e exposure tim es w ould have to be calculated allowing for this 
change in distance.

5. D iscussion
W ork is in progress to produce surfaces by this technique T h e photoresist 

plates are 50 m m  square glass slides coated by spinning at 1800r.p  m ., and baked 
for 30 m m  at 90°C to ensure com plete evaporation o f the solvent. T h is gives a 
sm ooth coating about 5 /im  thick, w hich , as m entioned above, is a factor lim iting  
the num ber o f exposures before bottom ing on the glass support. Refinem ents to 
allow an increase in the range o f spatial frequencies are being considered, as is a 
m ethod involving extra background illum ination to produce a gaussian distribu­
tion o f surface heights from a single exposure
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A TECHNIQUE FOR PRODUCING CHARACTERISED MULTISCALE Fj\NDOM ROUGH 
SURFACES FOR USE IN SCATTERING EXPERIMENTS.
Elizabeth Berry, Optics Section, The Blackett Laboratory, Imperial 
College, London, SW7 2BZ, England.
Abstract

A technique is proposed which would allow the production of multiscale 
random rough surfaces with a prescribed power law spectrum of surface 
heights, and approximately Gaussian probability distribution of height. 
Mechanical measurements from a surface so produced are presented, 
showing that the height distribution is approximately Gaussian; and 
the spectrum has a power law index within 5 % of the value sought.

1 Introduction

Scattering of coherent radiation by a random phase changing screen 
results in the formation of speckle. The statistics of such speckle 
can be predicted by using a simple scattering model. Such models have 
been applied to various problems from the ionospheric scattering of 
radio waves, to dynamic scattering liquid crystals. These models, 
however, -generally assume that the scatterer contains fluctuations of 
similar characteristic size, corresponding to a Gaussian spectrum (1). 
The use of a model having a power law spectrum, and a range of scale 
sizes, was introduced in the study of propagation through turbulent 
media (2). Such models predict low contrast scattering, as opposed to 
smoothly varying screens whose scattered wave field is often dominated 
by geometrical caustics and singularities.

Experimental tests of these predictions are few (3), as no well 
characterised phase screen has been available. A method of producing 
a multiscale random rough surface, with a prescribed power spectrum of 
surface heights, and an approximately Gaussian probability distribution 
of height, is described here.
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2 Technique

The method chosen to produce surfaces is based on that of Gray (4). 
Relief patterns are produced in photoresist by exposing it to laser 
speckle patterns.

To describe a multiscale random rough surface, the model chosen (5,6) 
is a Gaussian random function h(x) for the surface height, with a power 
law spectrum given by

G(u) - A (i)

l« f
Thus any speckle pattern or patterns used in exposing the photoresist 

should result in this form of power spectrum. Goodman (7) gives an 
expression for the power spectrum of intensity for a speckle pattern 
which has propagated in free space. The spectrum has a component which 
has the shape of the autocorrelation of the intensity distribution 
incident on the scattering area. So, if the scattering area is made in 
the shape of a pair of slits, the resulting spectrum, in one dimension, 
will have a triangular feature at frequency d/Az, of frequency width 
2w/Az; where A is the recording wavelength, d the slit separation, z 
the slit to plate distance, and w the slit width.

Patterns of this kind for several different slit separations, and 
different exposure times are superimposed such that the triangular 
spectra sum to give the required power law spectrum (8). In these 
experiments a value of « ■ 2 was required.

When N totally uncorrelated speckle patterns are summed incoherently, 
the expected probability distribution of total intensity P(I) is given 
by (7)

P(I) £ N
N-2

k’lTr < v s >p-i
p^k

exp | _I 
A.

(ii)

for I >, 0, zero for negative I. A^ are the mean intensities of the 
individual speckle patterns. For the parameters used in this case, this 
approaches a Gaussian distribution.

3 Measurements

Ten Talysurf traces were made across a surface produced by this method



247

Each trace consisted of 1024 readings taken at separations of two pm.
Intensities in the recording speckle patterns correspond to depths in 

the resulting plate. The curve given by equation (ii) is shown in 
figure 1, together with a Gaussian curve and the probability distribution 
of surface depths from 10240 readings. Each plot has been normalised to 
have zero mean, unit area, and unit variance.

Figure 2 shows the power spectrum from a single Talysurf trace plotted 
in log-log form. The mean slope of ten such plots yields a value for 
« in equation (i) of 2.0 ± 0.1, for spatial frequencies between 30000 and 
138000 cycles per metre.

4 Discussion

The technique has resulted in the production of a surface which has 
the required inverse power law spectrum, and an approximately Gaussian 
distribution of surface height. The range of spatial frequencies covered 
is, however, very limited. Improved techniques are under consideration.

Figure 1. Histogram of surface depths from 10240 Talysurf readings. 
The solid curve is calculated from equation (ii); the dashed curve is a 
Gaussian curve; the points show the range of statistical uncertainty 
for each block.
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Figure 2. Spatial power spectrum of the surface profile from a single 
Talysurf trace if 1024 readings. The dashed lines indicate the range 
of spatial frequency used in recording; the solid line is a least squares 
fit to the points within this range. ?
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