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Abstract

This work presents a novel method to solve analysis and design problems for nonlinear
control systems, the classical solutions of which rely on the solvability, or on the solution
itself, of partial differential equations or inequalities. The first part of the thesis is ded-
icated to the analysis of nonlinear systems. The notion of Dynamic Lyapunov function
is introduced. These functions allow to study stability properties of equilibrium points,
similarly to standard Lyapunov functions. In the former, however, a positive definite
function is combined with a dynamical system that render Dynamic Lyapunov functions
easier to construct than Lyapunov functions. These ideas are then extended to character-
ize Dynamic Controllability and Observability functions, which are exploited in the model
reduction problem for nonlinear systems. Constructive solutions to the Lo-disturbance
attenuation and the optimal control problems are proposed in the second part of the the-
sis. The key aspect of these solutions is the definition of Dynamic Value functions that,
generalizing Dynamic Lyapunov functions, consist of a dynamical feedback and a positive
definite function. In the last part of the thesis a similar approach is utilized to simplify
the observer design problem via the Immersion and Invariance technique. Finally, the
effectiveness of the methodologies is illustrated by means of several applications, including
range estimation and the optimal robust control of mechanical systems, combustion engine

test benches and the air path of a diesel engine.
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Chapter 1

Introduction

1.1 Motivations

The theory of control, as the name entails, has been created with the aim of providing
a set of tools to identify, characterize and, possibly, adjust the behavior of a dynamical
system, be it the mathematical model of a physical plant or the abstraction of processes in
the fields for example of economics, sociology or biology. Since the origins of this theory,
mathematicians and engineers have been usually more interested in defining concepts that
would allow them to describe properties of a dynamical system rather than to construct,

e.g. by means of feedback control laws, systems possessing such properties.

It appears useful at this preliminary stage to clarify the meaning of constructive
solutions to problems of control systems analysis. Towards this end, note that in several
circumstances properties of dynamical systems may be related to the existence of specific
functions. This is the case for instance of (asymptotic) stability in the sense of Lyapunov.
Therefore, despite the fact that a Lyapunov function may be unknown for the mere purpose
of analysis, an explicit expression of the function itself may be of interest for different
reasons, e.g. control design methodologies based on the knowledge of a Lyapunov function.
Hence, we refer to constructive solutions to analysis problems meaning that the solution
not only allows to assess the desired property but provides simultaneously an explicit

expression of the required function.

In recent years, mainly due to the more and more demanding performances expected
from engineering applications, the need for constructive solutions has become of paramount
importance. Thus, the focus of research activities has moved from the mere theoretical
characterization of control systems properties to the actual design of implementable - both
in simulation and in practice - solutions to analysis and design control problems. The
impact of this shift in the point of view is attested by the definition of several concepts

or techniques that, strictly speaking, may not be classified solely as neither design nor



1.2 Contribution of the Thesis 12

analysis tools. Control Lyapunov functions and feedback passivation, for instance, entail
the attempt of extending a well-established analysis tool, namely Lyapunov functions, and

a dynamical systems property, namely passivity, to the control design framework.

In this light a significative distinction must be introduced between linear and nonlinear
control systems. In the case of linear models, in fact, constructive solutions are provided for
the vast majority of control problems in terms of the solutions of linear matrix equations or
inequalities. These solutions may then be computed (or approximated) employing widely
available and reliable numerical algorithms. The extension of these approaches to the
nonlinear setting is usually conceptually straightforward, leading to partial differential
equations or inequalities, but computationally impracticable. In fact, due to the intrinsic
nonlinear nature of the arising partial differential equations or inequalities, the closed-
form solutions can be determined solely in the most favorable cases, which usually do not
include practical applications. In addition, to complicate the picture boundary conditions
are often imposed in terms of positivity conditions (e.g. in stabilization problems), of rank
conditions (e.g. in the feedback linearization problem) or of algebraic constraints (e.g.
in the tracking and regulation problem). As a result, very few computational tools are

available, and these often rely on non-constructive arguments.

The objective of this thesis is to provide a first step towards the definition of con-
structive methods for the solutions of some important nonlinear control problems. These
include analysis problems, such as assessing the stability properties of equilibrium points
or characterizing the input/output behavior of dynamical systems, as well as design prob-

lems, ranging from disturbance attenuation and optimal control to observer design.

A complete discussion on the aforementioned research areas is beyond the scope of
this section, since the literature concerning these problems is incredibly vast. A brief
introduction to each topic is available at the beginning of the chapter in which the specific

problem is covered.

1.2 Contribution of the Thesis

Due to the variety of different topics dealt with in the present work, encompassing Lya-
punov stability analysis, input/output behavior characterization, disturbance attenuation,
optimal control and observer design, it appears that a detailed and comprehensive discus-
sion concerning the contributions of the thesis in each field is neither viable nor useful at
this stage. Therefore, in this section, we limit our attention to few prominent features
that are shared by the approaches in the different research areas, before concluding the

section with a brief outline of each chapter.
In the present work we are mainly concerned with nonlinear control systems analysis

and design problems, the solutions of which are given in terms of partial differential equa-

tions or inequalities. The key underlying idea may be stated as follows. To begin with, a
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different notion of solution of the partial differential equation or inequality — arising in the
problem under examination — is defined. In fact, having in mind the objective of avoid-
ing the integrability and, partly, the positivity (in the cases in which the latter condition
is imposed) constraints, we seek for a smooth mapping, the so-called algebraic solution,
that satisfies an algebraic equivalent of the corresponding partial differential equation or
inequality. In particular, in the expression of the former condition the unknowns of the
latter, ¢.e. the components of the gradient vector of the scalar function sought for, are
replaced by the elements of a row vector. Then we consider a dynamic extension driven
by the state of the original system. We anticipate that, throughout the entire thesis, the
state of the dynamic extension is denoted by & . Chapter 6, however, which deals with
the observer design problem, represents an exception. In fact, since therein the dynamic
extension possesses an obvious physical meaning, namely it describes a filtered version of
the measured output, we prefer to adopt a notation, i.e. g, that identifies the nature of

the dynamic extension.

Finally, the immersion of the underlying ordinary differential equation into the system
composed of the above equation and the £-dynamics allows to construct, in the extended
state-space, a class of functions such that each element of this family satisfies a “modi-
fied” version of the original partial differential equation or inequality, together with the
corresponding boundary conditions. The implications of the above approximation are
commented on in details in the following chapters. The contributions and the results of

each chapter are summarized below.

In Chapter 2 the notion of Dynamic Lyapunov function is introduced. These functions
allow to assess stability properties of equilibrium points, similarly to standard Lyapunov
functions. In the former, however, a positive definite function is combined with additional
dynamics that render Dynamic Lyapunov functions easier to construct than Lyapunov
functions. The result is achieved exploiting the time-varying part of the function the
behavior of which is autonomously adjusted and defined in terms of the solution of a

dynamical system driven by the state of the system.

The balancing and model reduction problems for nonlinear systems are investigated
in Chapter 3 introducing the notion of Dynamic Generalized Controllability and Observ-
ability functions. These functions are called dynamic and generalized since a dynamic
extension is introduced and partial differential inequalities are solved in place of partial
differential equations. It is shown that a class of Dynamic Generalized Controllability
and Observability functions can be explicitly constructed, which is a crucial advantage
with respect to Controllability and Observability functions. This aspect, in fact, allows
to define a specific change of coordinates such that, in the new coordinates, the functions

are in the so-called balanced form.

Chapter 4 introduces the notion of Dynamic Storage function and relates the exis-

tence of a Dynamic Storage function to the solution of the Ly-disturbance attenuation
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problem. In particular the knowledge of a Dynamic Storage function allows to derive a
dynamic control law that solves a disturbance attenuation problem. Interestingly the con-
trol law provided by the method reduces to the standard solution of the H., disturbance

attenuation problem in the case of linear time-invariant systems.

The finite-horizon and infinite-horizon optimal control problems are discussed in
Chapter 5. In particular, similarly to Chapter 4, we define the notion of Dynamic Value
function. These functions may be obtained from Dynamic Storage functions when the
system is not affected by disturbance. Mimicking the above construction, it is shown that
a value function is combined with a dynamical system, interpreted as a dynamic control
law that approximates the solution of the optimal control problem. The approximation
is twofold: a modified optimal control problem defined in an extended state-space is con-
sidered, on one hand, and partial differential inequalities are solved in place of equations,
on the other hand. The resulting approximation errors may be reduced initializing the

dynamic extension and shaping the additional running cost, respectively.

Chapter 6 extends the approach of the previous chapters to the reduced-order observer
design problem via the Immersion and Invariance technique. This methodology hinges
upon the solution of a system of partial differential equations which ensures attractivity of
a desired invariant subset of the extended state-space of the plant and the observer. The
main result of this chapter consists in showing that the issue of determining a closed-form
solution of the pde may be avoided making use of an output filter and a dynamic scaling
factor. The approach is then specialized to the challenging problem of estimating the

range and the orientation of an object observed through a single pin-hole camera.

The thesis is concluded by Chapter 7 in which the performances of the proposed
methodology are validated by means of several examples, including the optimal and robust
control of fully actuated mechanical systems, the optimal control of a combustion engine

speed and torque at a test bench and of the air path in a diesel engine.

1.3 Notation and Preliminaries

The purpose of this section is to provide the reader with the basic notation and mathemat-
ical background that are employed throughout the thesis. Some of the definitions or the
preliminary results may already be familiar to the reader. Nevertheless they are reported
in this section for completeness and to set a consistent framework for the remaining of the
thesis.

Let M € R™ ™ be a matrix. M denotes the transpose of M while || M || denotes the
induced 2-norm of M, namely |M|| = a(M), where 6(M) is the maximum singular value

of M. Similarly, ¢(M) is the minimum singular value of M.

Let M € R™™ be a symmetric matrix, namely such that M = MT. M is positive
definite (positive semi-definite, resp.), denoted M > 0 (M > 0, resp.), if 2" Mz > 0
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(x" Mz > 0, resp.) for all z € R™\ {0}. M is negative definite (negative semi-definite,
resp.) if —M is positive definite (positive semi-definite, resp.). Let v be a vector in R"
and M = MT > 0, then ||v||p; denotes the Euclidean norm of v weighted by the matrix
M, that is |||l = (vT Mv)Y/2,

Lemma 1.1. [3] Let M be an n x n symmetric matrix and C' an m X n matrix with

rank(C) = m, where m < n. Let Z denote a basis for the null space of C.

(i) If ZT M Z is positive semidefinite and singular, then there exists a finite & > 0 such
that M + kCTC is positive semidefinite for all k > k, if and only if Ker(ZTMZ) =
Ker(MZ). Moreover, M + kCTC is singular for all k.

(ii) ZT M Z is positive definite if and only if there exists a finite k > 0 such that M +k:C’TC<>
is positive definite for all k > k.

Definition 1.1. Let V : D C R” — R be a continuously differentiable function, with
D containing the origin. V is positive definite in D around the origin if V(0) = 0 and
V(z) > 0 for all x € D\ {0}. The function V is negative definite in D if —V is positive
definite in D.

The notation ov (V when there is no danger of confusion) represents the gradient
of the continuously dgiﬂ'erentiable function V' with respect to the vector x € R™. Similarly,
Ve denotes the Hessian matrix of the scalar function V' with respect to x. Let P(x) =
[Pi(z), ..., Pp(z)], with P, : R® — R for ¢ = 1,...,n, be a continuously differentiable
mapping. Then there exists V' : R™ — R such that V;(z) = P(x) if and only if (see for
instance Lemma 2.22 of [10])

0P; OP;
= 1.1
5 (0= 52 @), (11)
for all x and 4,5 = 1,2, ...,n.
Consider the autonomous nonlinear system described by equations of the form
= f(x), (1.2)

where z(t) € R” and f : D C R™ — R" is continuously differentiable, with D containing

the origin of R™. The time derivative of the function V' along the trajectories of the

system (1.2) is defined as V(z(t)) = Vif(z) " Moreover f, denotes the Jacobian
t

=T

matrix of the mapping f : D C R" — R"™.

Definition 1.2. A continuous function « : [0,00) — [0,00) is said to belong to class K if
it is strictly increasing and «(0) = 0. It is said to belong to class K if in addition it is

unbounded, i.e. a(s) — 0o, as s — o0.
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Definition 1.3. A continuous function 5[0, c0) x [0,00) — [0, 00) is said to belong to class
KL if, for each fixed s, the mapping /(r, s) belongs to class K with respect to r and, for
each fixed r, the mapping 3(r, s) is decreasing with respect to s and 3(r,s) — 0 as s — oo.

Consider the autonomous nonlinear system (1.2). Suppose that . = 0 is an equi-
librium point for the system (1.2), i.e. f(0) = 0. The stability properties of the zero
equilibrium of (1.2) can be characterized in the sense of Lyapunov as detailed in the

following definition.

Definition 1.4. [47,56] The equilibrium point z. = 0 of (1.2) is

(i) stable if, for each e > 0, there exists 0 = d(¢) > 0 such that ||z(0)|| < § = ||z(t)|| < e
for all t > 0;

(ii) unstable if it is not stable;

(iii) asymptotically stable if it is stable and ¢ can be chosen such that ||z(0)|| < § =

A e =0
(iv) exponentially stable if ||z(¢)|| < k||z(0)|le~"*, for all ¢ > 0 and for some k > 0, v > 0.

Theorem 1.1. [47] Let z. = 0 be an equilibrium point of (1.2) and D C R" be a domain
containing the origin. Let V : D — R be a C! positive definite function around the origin.
Then, z. = 0 is stable if V' < 0 in D. Moreover, if V < 0 in D\ {0} then z, = 0 is
asymptotically stable. o

A function V satisfying the conditions of Theorem 1.1 is called a Lyapunov function

if V is negative definite and a weak Lyapunov function if V is negative semi-definite.

Definition 1.5. A subset 7 C R" is said to be invariant with respect to the system (1.2) if
x(0) € F implies x(t) € F for all ¢t > 0, where z(t) denotes the solution of the system (1.2)
with initial condition z(0). Moreover, a subset F is said to be almost-invariant with
respect to the system (1.2) if, for any given ¢ > 0, dist(z(0), F) < € implies dist(z(t), F) <
¢ for all t > 0, where dist(z(t), F) denotes the distance of z(¢) from the subset F.

Definition 1.6. Let P : R® — R be a continuously differentiable mapping. Then

the function )
V(z, &) £ P(¢) +§|lw—€\|?z, (1.3)

with ¢ € R” and R = R > 0, is called the extension of P.
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Lemma 1.2. Let P : R® — RYX" be a continuously differentiable mapping and
suppose that P, (x) T Py(z)" o 0. Then there exist a non-empty neighborhood
Q) C R™ x R™, containing the origin, and a matrix R = R' > 0 such that the extension of
P is positive definite for all (x, £) € Q and for all R > R. o

Proof. Since the mapping P is such that P,(x) = P > 0, then the function P(x)x :
r=

R™ — R, is quadratic locally around the origin and moreover has a local minimum for

x = 0. To show this claim note that the first-order derivative of the function is zero at

x =0 and (P(x)ac)m‘ - 2P > 0. Hence, the existence of R can be proved noting that
the function P(&)x is (locally) quadratic and, restricted to the set

FL{(x, &) eR" xR": £ =z},

is positive definite for all x # 0 in a non-empty neighborhood 2. g

Finally, consider the definition of Lebesgue function spaces, i.e. L,-spaces, together

with the corresponding norms.

Definition 1.7. The set £, ¢ € {1,2, ...}, ¢ < o0, consists of all the measurable functions
f Ry — R that satisfy

/0 Tt < oo

Moreover L

([ 1)’

is the L4-norm of the function f € £,. If ¢ = oo, the set L consists of all measurable

functions f : Ry — R which are bounded, namely

sup || f(t)]| < oo,
teR4

with norm || fllec = supser, [If(#)|l-

1.4 Published Material

The results presented in Chapter 2 are included in the papers [84,89,91]. Chapter 3
is partly contained in [90]. The work of Chapter 4 and Section 5.4 is included in [83].
Preliminary versions are contained in the papers [85] and [86], respectively. The results
of Section 5.3 are discussed in [82] and [87]. The results of Section 6.2 are contained
in [44] while the papers [16,92,93] encompass the topic of Section 6.3. The application of
Section 7.2 is dealt with in [83,88]. The experimental results of Sections 7.3 and 7.4 are
included in the papers [72] and [94], respectively.
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Chapter 2

Dynamic Lyapunov Functions

2.1 Introduction

n practical applications a system initialized at an equilibrium rarely remain in the
I same configuration indefinitely. In fact, in the vast majority of the situations noise or
external disturbances acting on the system may perturb the state of the system driving
it away from the equilibrium point. Therefore it is not surprising that the problem of
studying the behavior of the trajectories of a system initialized in a neighborhood of
an equilibrium point dates back to the early years of the theory of ordinary differential
equations. Even before the introduction of the formal definition of stability of equilibrium
points several results showed that, without external disturbances, if an equilibrium point
of a conservative mechanical system is in addition a minimum of the potential energy then
it is a stable (in the sense of Definition 1.4) equilibrium point. Over the past century
this challenging topic encouraged a number of researchers to develop theories to tackle the
aforementioned problem. Clearly, such a theory should allow to characterize the behavior
of the trajectories of the system near the equilibrium point without actually determining
the trajectories of the system, namely without knowledge of the explicit solution of the
underlying ordinary differential equation. A first step towards this end is the definition of
the notion of stability of equilibrium points, usually characterized in the sense of Lyapunov,

see [56,79] for more detailed discussions.

Lyapunov’s theory provides a mathematical tool to assess stability, instability, asymp-
totic stability or exponential stability of equilibrium points of linear and nonlinear systems,
avoiding the explicit computation of the solution of the underlying ordinary differential
equation. In what follows the attention is focused on the time-invariant case. It is well-
known, see e.g. [6,47], that the existence of a scalar function, positive definite around an
equilibrium point, the time derivative of which along the trajectories of the system is neg-
ative definite, is sufficient to guarantee asymptotic stability of the equilibrium point. Such

a function is generally referred to as a Lyapunov function. Moreover if the scalar function
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is positive definite and its time derivative is only negative semi-definite then stability of

the equilibrium point can be proved and the function is called a weak Lyapunov function.

Conversely, several theorems, the so-called converse Lyapunov theorems, implying the
existence of a Lyapunov function defined in a neighborhood of an asymptotically stable
equilibrium point, have been established, see for instance [47,51,52,61]. However the
mere knowledge of the existence of a Lyapunov function is often not satisfactory since the
actual computation of the analytic expression of the function may be extremely difficult.
This construction usually relies upon the knowledge of the explicit solution of the ordinary
differential equation which is somewhat contradictory to the spirit of Lyapunov’s theory,
the aim of which is mainly to avoid the computation of all the trajectories of the system
to assess the stability properties of an equilibrium point. From a practical point of view

this is the main drawback of Lyapunov’s methods [7].

A different approach consists in determining, if it exists, a weak Lyapunov function,
i.e. a function the time derivative of which is only negative semi-definite along the tra-
jectories of the system, and then prove asymptotic properties by means of Invariance
Principles [47]. Finally, a somewhat more flexible approach is pursued in [59], where the
authors give sufficient conditions under which weak Lyapunov functions, which may be

more easily available, can be employed to construct Lyapunov functions.

In recent years the development of control techniques requiring the explicit knowledge
of a Lyapunov function, such as Control Lyapunov functions, backstepping and forwarding,
see e.g. [39,47,48,63,76,99], have conferred a crucial role to the construction of Lyapunov
functions as design tools. In addition Lyapunov functions are useful to characterize and
to estimate the region of attraction of locally asymptotically stable equilibrium points,
see for instance [19] and [102], where the notion of mazimal Lyapunov function has been

introduced.

The rest of the chapter is organized as follows. The notion of Dynamic Lyapunov
function is introduced in Section 2.2 together with basic results relating the stability
properties of an equilibrium point to the existence of a Dynamic Lyapunov function. The
topic of Section 2.3 is the construction of Dynamic Lyapunov functions for linear time-
invariant systems. The extension to nonlinear systems is dealt with in Section 2.4 providing
the proof of Theorem 2.2, which states a converse result for Dynamic Lyapunov functions,
presented in Section 2.2 for the general nonlinear case. Section 2.5 deals with the problem
of constructing Lyapunov functions from the knowledge of a Dynamic Lyapunov function
for linear and nonlinear systems. The chapter is concluded by several examples and further

results in Section 2.6.
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2.2 Dynamic Lyapunov Functions

Consider the nonlinear autonomous system described by equations of the form

i=f(z), (2.1)

where z(t) € R™ denotes the state of the system and f : D C R"™ — R” is continuously
differentiable, with D containing the origin of R™.

Definition 2.1. Consider the nonlinear autonomous system (2.1) and suppose that the
origin of the state-space is an equilibrium point of (2.1). A (weak) Dynamic Lyapunov

function V is a pair (D,, V) defined as follows

e D, is the ordinary differential equation & = a(z,€), with {(t) € R", o : R xR" — R"
locally Lipschitz and «(0,0) = 0.

e V:QCR"xR"™— R is positive definite around (z,£) = (0,0) and it is such that
V(.’IJ,{) = V:Ef(x) + V%Oé(.%',g) <0,

for all (z,£) € Q\ {0} (V(x,£) <0 for a weak Dynamic Lyapunov function).

Theorem 2.1. Consider the nonlinear autonomous system (2.1) and suppose that the
origin of the state-space is an equilibrium point of (2.1). Suppose that there exists a
Dynamic Lyapunov function for system (2.1). Then x = 0 is an asymptotically stable

equilibrium point of the system (2.1). o

Proof. Suppose that V is a Dynamic Lyapunov function for (2.1). Then the positive

definite function V is a Lyapunov function for the augmented system
(2.2)

implying, by Lyapunov’s Theorem 1.1, asymptotic stability of the equilibrium point
(z,&) = (0,0) of the system (2.2). By Lemma 4.5 of [47], the latter is equivalent to
the existence of a class KL function 8 such that ||(z(t), £(¢))| < B(|[(xz(0), £(0))]|,¢) for
all t > 0 and for any (2(0), £(0)) € Q. Therefore ||z(t)|| < B(||(z(0), 0)||,t) = B(||z(0)]],?)
proving asymptotic stability of the origin of the system (2.1). O

Theorem 2.1 states that Dynamic Lyapunov functions represent a mathematical tool
to investigate Lyapunov stability properties of equilibrium points, different from standard

Lyapunov functions.
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Remark 2.1. In the following sections it is explained how to select a to enforce negativ-
ity of the time derivative of the function V as in Definition 2.1. The key aspect consists
in introducing a class of positive definite functions and then designing « such that each
element of this class becomes a Lyapunov function for the augmented system (2.2). There-
fore, the importance of the following Theorem lies in the fact that its proof is not carried
out by augmenting system (2.1) with an asymptotically stable autonomous system and
then resorting to arguments similar to those in the proofs of standard converse Lyapunov
theorems. On the contrary, the proof provides a systematic methodology to construct Dy-
namic Lyapunov functions without assuming knowledge of the solution of the underlying
differential equation and without involving any partial differential equation. In practi-
cal situations this aspect represents an advantage of Dynamic Lyapunov functions over

Lyapunov functions. A

The following theorem establishes a converse result that guarantees the existence of
a Dynamic Lyapunov function in a neighborhood of a locally exponentially stable equilib-

rium point.

Theorem 2.2. Consider the nonlinear autonomous system (2.1) and suppose that the
origin of the state-space is a locally exponentially stable equilibrium point. Then there

exists a Dynamic Lyapunov function for system (2.1). o

The proof of Theorem 2.2 is constructive and it is given in Sections 2.3 and 2.4 for
linear and nonlinear systems, respectively. In particular, the statement of Theorem 2.2
guarantees the existence of a Dynamic Lyapunov function in a neighborhood of an expo-
nentially stable equilibrium point, while the proof provides explicitly a Dynamic Lyapunov
function V = (D,, V).

The result is achieved noting that a Dynamic Lyapunov function implicitly includes
a time-varying term the behavior of which is autonomously adjusted and defined in terms
of the solution of a differential equation. It is important to stress that Dynamic Lyapunov
functions can be determined from the knowledge of a local quadratic Lyapunov function
and, as demonstrated by the examples, provide a tool to study stability properties of non-
linear systems which compares favorably against the use of quadratic Lyapunov functions,

for instance yielding sharper estimates of domains of attraction.

We conclude this section showing that the knowledge of Dynamic Lyapunov functions

can be exploited to construct Lyapunov functions for the system (2.1).

Theorem 2.3. Consider the nonlinear autonomous system (2.1). Suppose that V =
(Dq,V) is a Dynamic Lyapunov function for (2.1) and that there exists a C! mapping
h:R"™ — R", h(0) =0, such that

he () f(2) = a(z, h(z)) . (2.3)
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Then Vp(z) = V (2, h(z)) is a Lyapunov function for the system (2.1). o

Proof. The condition (2.3) implies that the set M = {(z,£) € R" x R" : { = h(z)} is in-
variant for the dynamics of the augmented system (2.2). The restriction of the system (2.2)
to the invariant set is a copy of the dynamics of the system (2.1). Note that, by definition of
Dynamic Lyapunov function, V(z,£) > 0 and V (z,€) < 0 for all (z, &) € Q ¢ R"xR™\{0}.

Moreover

U =Valw V)| @+ @) he@)f(@)

A=h(x) A=h(x)

@)+ V@A) aleh(@) = Vi h() <0,

=Val@, ) ‘,\ =h(z)

=h(z)

where the second equality is obtained considering the equation (2.3). The function Vg
depends only on z, is positive definite around x = 0 and its time derivative is negative

definite, which proves the claim. U

Corollary 2.1. Suppose that h: R™ — R™, h(0) = 0, is a solution of (2.3) such that
Oh(x)

0 ront (2] )=

(ii) h(z)Ta(z,h(z)) < 0 for all  in a neighborhood 2 C R™ of the origin.

Then there exists a set 2 C Q such that V(z) = 3h(z)"h(z) is a Lyapunov function for
the system (2.1) in €. o

Proof. By condition (i) the function V(z) = 3h(z)"h(z) is positive definite around
the origin. Moreover the time derivative of the function V along the trajectories of the
system (2.1) is

V = h(z) " he(z) f(z) = h(z) "oz, h(z)) <0,

where the last equality and inequality are obtained by the conditions (2.3) and (i7), re-
spectively. O

Remark 2.2. If condition (¢) in Corollary 2.1 is replaced by the assumptions that
h : R® — R” is a global diffeomorphism and the function h'h is radially unbounded
and (i) holds with Q = R", then V(z) = 1h(x) h(z) is a global Lyapunov function for
the system (2.1) A

In the following sections it is shown how Lyapunov functions can be obtained from
Dynamic Lyapunov functions, namely guaranteeing the invariance, with respect to the

system (2.2), of a subset of the extended state-space parameterized in z, as detailed in
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Sections 2.3 and 2.4 for linear and nonlinear systems, respectively. It is interesting to
note that for nonlinear systems the condition to achieve the invariance of the desired
subset is given in terms of a system of first-order partial differential equations similar to
the Lyapunov pde, namely V, f(z) = —v(V) where v is a class K function. However, as
explained in Section 2.4, differently from the Lyapunov pde the solution of which must be
positive definite around the origin, no sign constraint is imposed on the solution h or on
the mapping «, which is an advantage of the latter approach with respect to the former.

Finally, the invariance condition (2.3) is given in terms of a system of first-order
nonlinear partial differential equations, which may be hard or impossible to solve. In such
cases, the closed-form solution & of (2.3) can be replaced by an approximation as clarified

in the following statement.

Theorem 2.4. Consider the nonlinear autonomous system (2.1). Suppose that V =
(Dy, V) is a Dynamic Lyapunov function for (2.1) and that there exists a C' mapping
h:R" — R" such that

; ; IV (@, b))l

[ha(2) f(x) — e, h(x))]| < - 7 (2.4)

[ (2, h(z))|
for all z € Q\ {0}, where r(z, h(z)) = Vi(z,\) NEV Then Va(x) £ V(x, h(z)) is a
Lyapunov function for the system (2.1). o

Proof. To begin with note that VM is positive definite around the origin. The time
derivative of Vy along the trajectories of the system (2.1) is

‘L/M = Vw(m’)\)‘k .

=h(zx)

Fl@) + Vi@ )| he(@)f ()

= Vil V)|,

NP RRACRY RIIERC)

A=h(x)

~

@] [he(@)f(@) - e, h@)]

A=h(z)
< V(& h(@)) + ||w(a, h@)| 1ha(2) f (2) = e, h(z))]| < 0,

for all z € Q\{0}, where the last strict inequality is derived considering the condition (2.4).
O

Remark 2.3. Every mapping h that solves the partial differential equation (2.3) is also a
solution of (2.4) since in this case the left-hand side of (2.4) is equal to zero for all x € R™.
A
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2.3 Construction of Dynamic Lyapunov Functions for

Linear Systems
Consider a linear, time-invariant, autonomous system described by equations of the form
T = Az, (2.5)

with z(t) € R™ and A € R™*". Consider the system (2.5) and suppose that there exists a
mapping ' P, with P = P > 0 such that

1 1
ixTPAac + imTATPx =—2'Qu, (2.6)
for some given Q = Q" > 0 and for all z € R™. Note that the mapping ' P is an exact
differential, however to present the main ideas of the proposed approach and to prove
Theorem 2.2 for linear systems suppose that, instead of integrating the mapping = ' P
obtaining the quadratic function
1 1
Vila) = 52" Pa= [ (¢() P)do (2.7)
0
for any state trajectory such that ((0) = 0 and ((1) = z, we exploit the mapping P(z) =

x| P to construct an auziliary function defined in an extended space, namely
T 1 2
V(e &) =€ Pot oo~ €l (28)

with ¢ € R" and R = R" > 0 to be determined. A Schur complement argument shows that
the function V is globally positive definite provided R > %P. Define now the augmented

linear system in triangular form described by the equations

i = Ax,
) (2.9)
§ =F(+Gu,

with ' and G to be determined, and consider the problem of studying the stability prop-
erties of the origin of the system (2.9) using the function V', defined in (2.8), as a candidate

Lyapunov function.

Lemma 2.1. Consider the linear, time-invariant, system (2.5) and suppose that the origin
is an asymptotically stable equilibrium point. Let P = P > 0 be the solution of (2.6) for

some positive definite matrix (). Let the matrices F' and G be defined as

F=—kR (2.10)
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and
G=k(R—P). (2.11)
Suppose that Pa)
1_ a(PA
o(R) > §U(P) [ 2(Q) } (2.12)

Then the function V, defined in (2.8), is positive definite and there exists & > 0 such that
for all k > k the time derivative of V along the trajectories of the system (2.9) is negative

definite. o

Proof. To prove that V is globally positive definite it is sufficient to show that the
condition (2.12) implies R > $P. The latter follows immediately noting that, by (2.6)
and the inequality (B + B2) < 6(B1) + d(B2), 6(PA) > a(Q).

Note that the partial derivatives of the function V' in (2.8) are given by

Vo =a'P+(a—-€T(R-P),
(2.13)
Ve =2'P—(z—-&'R.

Therefore, the time derivative of the function V along the trajectories of the augmented
system (2.9) is V = V, Az + Vg(FE + Gz). Setting the matrices F and G as in (2.10)
and (2.11), respectively, yields £ = —ng. Consequently,

V(z, &) =2 PAz+2"AT(R—P)(z — &) —k(z'P — (z — €)' R)(Pz — R(z — £))
= —2' Qe+ AT(R—P)(x—&) —k(z" P— (z - &) " R)(Pz — R(z —¢€))

=—2'Qu+a'AT(R-P)x—&) —klz" (¢ —&'ICTCla" (z-&)T]",
(2.14)

with C' = [P — R], where the second equality is obtained using the condition (2.6). Note

that the time derivative (2.14) can be rewritten as a quadratic form in z and (z — &), i.e.
V(z,6)=~[z" (=& "|[M+kC"Cllz" (- ']",
where the matrix M is defined as

M =
—3(R—P)A On

The kernel of C is spanned by the columns of the matrix Z = [ PR™!]". As a result, the

condition of positive definiteness of the matrix M restricted to Z, required by Lemma 1.1,
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reduces to the condition

1 1
QPR’I(R —P)A+ 5AT(R ~-P)R'P<Q. (2.15)

The left-hand side of the inequality (2.15) can be rewritten as

e Lo -1 1 T e L T pp-1

§PR (R—P)A+§A (R—P)RP= i(PA—FA P)—iPR PA— §A PR™'P

1 1
=-Q— 5PR—lpA — §ATPR_1P.
Therefore, the condition (2.15) is equivalent to
L op1 LT pp-t
—SPRTPA-SATPRT'P <2Q. (2.16)

Moreover, recalling that a(B~!) = 1/a(B) yields

1 _ 1 _ 1 _ 1 _
— SPRTIPA— SATPRTP < S|PYIRIPA] + 5P IR AT P

_1a(P)
~20(R)

= 5a(R™H)a(P)(|PA|l + [ AT P]) (I1PAJ + (AT PI).

| =

Hence, by condition (2.12), the inequality (2.16) holds. Therefore, by Lemma 1.1, there
exists a value k > 0 such that for all k > k the time derivative of V in (2.8) is negative
definite along the trajectories of the augmented system (2.9) for all (z,&) € R* x R™". O

Remark 2.4. The condition (2.12) can be satisfied selecting the matrix R sufficiently
large. A

As a consequence of Lemma 2.1 consider the following statement, which provides a

constructive proof of Theorem 2.2 for linear time-invariant systems.

Proposition 2.1. Consider the system (2.5) and suppose that the origin is an asymptot-
ically stable equilibrium point. Let P and @ be such that (2.6) holds. Let R=R" >0
be such that (2.12) holds. Then there exists k > 0 such that V = (D,, V), where D, is
the differential equation

£ =—kR¢+ k(R — P)x (2.17)

and V is defined in (2.8), is a Dynamic Lyapunov function for the system (2.5) for all
k> k. o

Proof. The claim follows immediately from Lemma 2.1, since V' in (2.8) is positive definite
around the origin, provided R satisfies condition (2.12), and moreover V, Az 4 Vea(x, )
is negative definite with the choice of a given in (2.17) and k sufficiently large. O
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2.4 Construction of Dynamic Lyapunov Functions for

Nonlinear Systems

Consider the nonlinear autonomous system (2.1) and suppose that the origin of the state-
space is an equilibrium point, i.e. f(0) = 0. Hence, there exists a continuous (possibly
non-unique) matrix-valued function F' : R® — R™ " such that f(z) = F(z)z for all
xz € R".

Assumption 2.1. The equilibrium point = 0 of the system (2.1) is locally exponentially
stable, i.e. there exists a matrix P = P > 0 such that

%PA+%ATP::_Q, (2.18)

0
whereQ:QT>0andA:—f = F(0).
ox lz=0
In this section - mimicking the results and the construction in Section 2.3 for linear
systems - we present a constructive methodology to obtain a Dynamic Lyapunov function
for the system (2.1) thus providing a constructive proof of Theorem 2.2. Clearly, by

equation (2.18), the quadratic function
Vi(z) = =" Pz, (2.19)

is a local (around the origin) Lyapunov function for the nonlinear system (2.1).

Consider the Lyapunov partial differential inequality
Vaf(z) <0, (2.20)
for all x € R™\ {0} and the following notion of solution.

Definition 2.2. Let I'(z) = I'(z)" > 0 for all z € R". A X-algebraic P solution of the
inequality (2.20) is a continuously differentiable mapping P : R — R*" with P(0) = 0,
such that

P(x)f(z) < —z ' I(x)z, (2.21)

for all x € X C R"™, with X’ containing the origin, and such that P is tangent at the origin
to P, namely

P,(x) T P.

If X = R" then P is called an algebraic P solution.

In what follows we assume the existence of an algebraic P solution, i.e. we assume
X = R". Note that all the statements can be modified accordingly if X C R". Note
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that (2.21) implies that I'(0) < @. The mapping P does not need to be the gradient
vector of any scalar function. Hence the condition (2.21) may be interpreted as the
algebraic equivalent of (2.20), since in the former the integrability and (partly) the positivity
constraints are relaxed. Similarly to (2.8), define the extension of the mapping P, namely
the function

V(e €) = P+ 3o — €l (2.22)

with € € R® and R = RT € R™ ™ positive definite.

Since the mapping P is tangent at the origin to P, then the hypotheses of Lemma
1.2 are satisfied, hence there exists R = R' > 0 such that the extension of P, namely V
as in (2.22), is positive definite on a neighborhood of the origin for all R > R.

The partial derivatives of the function V defined in (2.22) are given by

Vo =Pa)+(@-&§ (R-2(x,9)",

(2.23)
Ve =alPe(§)—(z-¢'R,

where @ : R" xR" — R™*" is a continuous matrix-valued function such that P(z)—P(§) =
(x—€)T®(x,£) 7. Asin the linear setting, define an augmented nonlinear system described

by equations of the form

_ (2.24)
§ = —k(P(&) — R)'w — kRE = g(§)z — kRE,

and let the function (2.22) be a candidate Lyapunov function to investigate the stability
properties of the equilibrium point (x,&) = (0,0) of the system (2.24). To streamline the
presentation of the following result - providing conditions on the choice of the parameter
k such that V in (2.22) is indeed a Lyapunov function for the augmented system (2.24) -

define the continuous matrix-valued function A : R™ x R™ — R"*" as
Az,€) = (R— ®(z,&))R™Pe(€) " . (2:25)

Lemma 2.2. Consider the system (2.1). Suppose Assumption 2.1 holds. There exist a
set  C R™ x R™ and a constant k > 0 such that V, defined in (2.22), is positive definite
in  and its time derivative along the trajectories of the system (2.24) is negative definite

for all k > k if and only if
1 1 -
o' (@) Az, €) + 5A(,€) F(z) <I'(z), (2.26)

for all (z,£) € 2\ {0}. o
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Proof. The time derivative of the function V defined in (2.22) is
V =V f(2) + Ve (9(&)x — kRE) = P(x)f(x) + 2" F(z) (R = ®(,8))(z — &)
— kT (@ =9TICOTCEET (-9,

with C(€) = [P:(¢)" — R]. Note that the matrix C : R® — R™*?" has constant rank n

for all £ € R", since R is non-singular. The columns of the matrix

Z(§) =

I
R'P(6)T |

which has constant rank, span the kernel of the matrix C(&) for all £ € R™. Consider now

the restriction of the matrix

M(x,€) = —3(R—(,6))TF(x) On

I'(z) —LF(2)T(R - ®(x,€)) ]

to the set P = {(2,£) € R" x R" : P¢(¢) T2 — R(z — €) = 0}, namely Z(£)" M(x,£)Z(€).
Condition (2.26) implies that the matrix Z(£)"M(x,€)Z(€) is positive definite for all
(x,&) € Q. Therefore, by Lemma 1.1, condition (2.26) guarantees the existence of a
constant k& > 0 and of a non-empty subset Q C R” such that, for all k > k, V(x,&) < 0
for all (z,£) € @ C R™ x R™ and (x,&) # (0,0). O

Remark 2.5. If the algebraic P solution of the inequality (2.20) is linear in z, i.e. P(z) =

x ! P, then ®(z,£) = P. Moreover the choice R = P is such that in equation (2.24) g =0
and the condition (2.26) is satisfied for all (z,£) € R™ x R™\ {0}. A
Remark 2.6. The gain k in (2.24) may be defined as a function of = and &. A

The following result provides the proof of Theorem 2.2 for nonlinear systems.

Proposition 2.2. Consider the nonlinear system (2.1) and suppose that the origin is a
locally exponentially stable equilibrium point of (2.1). Let P be an algebraic P solution
of the inequality (2.20). Let R = ®(0,0) = P. Then there exist a constant k > 0 and a
non-empty set 0 C R™ x R™ such that V = (D,, V), where D, is the differential equation
£ = g(&)xr — kR¢ and V is defined in (2.22), is a Dynamic Lyapunov function for the
system (2.1) in Q for all k > k. o

Proof. Since ®(0,0) = P and recalling Lemma 1.2, there exists a set 2; C R™ x R" con-
taining the origin in which the function V' defined in (2.22) is positive definite. Therefore,

to prove the claim it is sufficient to show that the condition (2.26) of Proposition 2.2 is, at
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least locally, satisfied. Note that the choice R = ®(0,0) implies that the left-hand side of
the inequality (2.26) is zero at the origin, whereas the right-hand side, i.e. I'(0), is positive
definite. Hence, by continuity, there exists a non-empty set 2o C R™ x R" containing the
origin in which the condition (2.26) holds, which proves the claim with @ = Q1 N Q. O

2.5 From Dynamic Lyapunov functions to Lyapunov

Functions

2.5.1 Linear Systems

The result in Lemma 2.1 can be exploited to construct a Lyapunov function for the linear
system (2.5), as detailed in the following statement, which is an application of Theorem 2.3

to linear time-invariant systems.

Corollary 2.2. Consider the linear time-invariant system (2.5). Suppose that the con-
ditions (2.6) and (2.12) are satisfied, fix k¥ > k and let Y € R™*" be the solution of the
Sylvester equation

E(R— P) — kRY =Y A. (2.27)

Then the subspace £ = {(z,€&) € R?" : ¢ = Yz} is invariant and the restriction of the
function V' in (2.8) to L, defined as

Ve(e) = Ve, Ya) = %:J YTP 4+ PY + (I - Y) R(I - Y)a, (2.28)

is positive for all x € R™\ {0} and its time derivative along the trajectories of the sys-

tem (2.5) is negative definite, hence V is a Lyapunov function for the system (2.5). ¢

Proof. The condition 0(A) N o(—kR) = 0, which holds for almost all k, guarantees
existence and unicity of the matrix Y and therefore the existence of the invariant subspace
L. The claim is proved showing that the assumptions of Theorem 2.3 are satisfied. To
begin with, by Proposition 2.1, V = (D,, V), where D, is the differential equation (2.17)
and V is defined in (2.8), is a Dynamic Lyapunov function for the system (2.5) for all
k > k. Moreover, by (2.27), the mapping h(x) = Yz is a solution of the partial differential

equation (2.3), which reduces in the linear case to the equation

A On
k(R—P) —kR

I
Y

I,
Y

A.

0

Remark 2.7. The condition (2.27) implies the existence of the linear subspace £ pa-

rameterized in x, which is invariant with respect to the dynamics of the augmented sys-
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tem (2.9) and such that the flow of the system (2.9) restricted to £ is a copy of the flow of
the system (2.5). Moreover, V; describes a family of Lyapunov functions for the system
parameterized by the matrix R > %P and k > k. A

Corollary 2.3. Suppose that Y is a common solution of the Sylvester equation (2.27)

and of the algebraic Riccati equation
Y'(P-R)+(P-RY +Y'RY —(P-R)=0, (2.29)

for some k > k. Then V, coincides with the original quadratic Lyapunov function (2.7),
ie. V(z,Yz) =127 Pz o

Remark 2.8. The Lyapunov function V; defined as in (2.7) does not necessarily belong
to the family parameterized by Vi, hence the need of condition (2.29). Recall in fact that
the matrix P is defined together with the matrix @, i.e. the pair (P, Q) is such that Vj
in (2.7) is a quadratic positive definite function and Vo= —2' Qx along the trajectories
of the linear system (2.5). Therefore the function V; in (2.7) belongs to the family of
Lyapunov functions V. if and only there exists £ > k and R such that (2.12) holds and
such that V; = —2' Qu. A

Remark 2.9. If (2.12) is satisfied and £ # Ker(C), larger values of the constant k
yield a more negative V(z,€) for all (z,€) € R™ x R". Thus, if we let k be such that
V(z,Yz) < —2' Qx for some x € R” then it is obvious that the quadratic function V;
defined in (2.7) cannot belong to the family Vz. On the contrary, if the parameter k
is selected such that the solution Y of the Sylvester equation is in the set of solutions
of the algebraic Riccati equation (2.29), then the function (2.7) belongs to the family of
Lyapunov functions V. A

Remark 2.10. In the case £L = Ker(C), V(z,Yx) is not affected by the choice of the
parameter k. To see this let Ker(C) = {(x,¢) : ¢ = —R™}(P—R)z}. Obviously, if Ker(C)
coincides with £, then the matrix K = —R~!(P — R) must satisfy the Sylvester equation
that defines Y. As a matter of fact Ker(C) = L if and only if R = P and in this case
not only the family of Lyapunov functions automatically contains the original Lyapunov
function but actually the family reduces to the function V; defined in (2.7). Since the
solution of the Sylvester equation is Y = 0, the invariant subspace is defined by £ = 0,
hence, with R = P, V(z,0) = 32" Pz and moreover the time derivative V(x,€) in (2.14)

is equal to —z | Qx for any value of the parameter k. A
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2.5.2 Nonlinear Systems

As in the linear case a Dynamic Lyapunov function can be employed to construct a fam-
ily of Lyapunov functions for the system (2.1). The following proposition represents a
particularization of Theorem 2.3 to the dynamics of the augmented system defined as
in (2.24).

Corollary 2.4. Consider the system (2.1). Suppose Assumption 2.1 holds. Let k > k.
Suppose that the condition (2.26) is satisfied and that there exists a smooth mapping
h : R™ — R™! such that the set M = {(x,&) € R?" : £ = h(z)} is invariant with respect
to the dynamics of the augmented system (2.24), i.e.

oh
g(h(z))z — kRh(z) = %f(x) . (2.30)
Then the restriction of the function V' in (2.22) to the set M, namely
1
Vi(z) = P(h@))x + 5 [lz = h(=)lI% (2.31)

yields a family of Lyapunov functions for the nonlinear system (2.1). o

Remark 2.11. The family of Lyapunov functions (2.31) is parameterized by R and k > k.
A

Note that, by (2.30), M is invariant under the flow of the system (2.24) and moreover
the restriction of the flow of the augmented system (2.24) to the set M is a copy of the
flow of the nonlinear system (2.1). The condition (2.30) is a system of partial differential
equations similar to (2.20), without any sign constraint on the solution, i.e. the mapping

h, or on the sign of the term on the left-hand side of the equation.

2.5.3 Approximate Solution of the Invariance Pde

An explicit solution of the partial differential equation (2.30) may still be difficult to
determine even without the sign constraints. Therefore, consider the following algebraic
condition which allows to approximate, with an arbitrary degree of accuracy, the closed-
form solution of the partial differential equation (2.30). Suppose that there exists a matrix
valued function Hj g : R"™ — R"*" such that

Hy r(z)f(z) + kRHy r(x)x — g(Hg r(z)x)z = 0. (2.32)

Note that the solution of the equation (2.32) is parameterized by k and R. Let now
h(z) = Hy r(z)z and consider the subset M, £ {(z,£) € R*" : € = h(x)}.
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Lemma 2.3. Let W C R™ x R" be a compact set containing the origin. Suppose that the
condition (2.32) is satisfied and that

(i) there exists a function! ¢r : Ry — R, such that

[ He,r(@)|| < ¢r(lzl), (2.33)
for all k > k, with k defined in Proposition 2.2;
(ii) there exists R = R' > R such that

_ 6@ 9

o(R) -

for some p € (0,1), for all (x,&) € W, where G : R" x R™ — R™*" is such that
Pe(Hy, p(z)z) @ — Pe(§)Tw = G(x,€) (€ — Hy,p(z)z) . (2.34)

Then there exists k& > k such that the subset M, "W is almost-invariant for the sys-
tem (2.24). o

Proof. Define the error variable n = £ — Hy, p(z)x. The dynamics of 1 are given by

0= —kRE+ g(§)x — Hyr(x) f(x) — 0() f(x), (2.35)
where O(Hy p(2)))
bla) = =0

Letting & = n + Hj, r(x)z, adding to the equation (2.35) the term
Hy r(z)f(z) + kRHy r(x)z — g(Hy,r(z)2)T,

which is equal to zero by the condition (2.32) and recalling the definition of the mapping
g in (2.24), the equation (2.35) yields

i =—kRn — 0(z) f(z) + k[Pe(Hy,r(z)x) — Pe(n + Hy p(z)7)] T2

(2.36)
= — kRy = 0(z) f(x) + kG (2,1 + Hyr(z))n.
Therefore the system (2.36) can be rewritten as
i = k(R — G(a.n + Hy (x))) — 6(z)f(z). (2.37)

Consider now the Lyapunov function V = 1" R™!7 the time derivative of which along the

!The analytic expression of the function ¢r may be unknown.
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trajectories of system (2.37) is
V = —2kn"n+2kn" R™'G(x,&)n — 20 R'0(z) f(z)

< =2k|ln|* + 2ko (R™HIG(, Ol + 20 (R 6() ) |
— oy [k< ||G<w£>||> iy - 0@ @I

o(R) a(R)

which is negative definite in the set {(z,&) € W : [|n|| > [|0(z) f(x)||/ (kua(R))}. Let
@)
= xEV% éﬂQ(R)

Then the Lyapunov function V is such that V' < 0 when ||| > & for all k¥ > k. For any
e >0let £ =+/0(R)/3(R)e, then the set {n € R™ : ||n|| < e} is attractive and positively

invariant hence the subset M, NW is almost-invariant O

Remark 2.12. If the algebraic P solution of the inequality (2.20) is linear in z, i.e.
P(z) = 2" P, then the condition (ii) of Lemma 2.3 is satisfied for any constant u € (0,1)
since G(z) = 0 for all z € R™. A

Note that the result of Lemma 2.3 implies the existence of a continuously differentiable
mapping 7 : R — R” such that £(t) = h(z(t)) + 7(z(t)) and ||7(z(t))| < e for all t > 0.

Corollary 2.5. Suppose that the conditions of Lemma 2.3 are satisfied. Suppose that

with p € (0,1) and &(z, h(z)) = V)\(JJ,)\)’/\ hoy Then there exist a matrix R > R and a
=h(z

87#
ox

pllV (@
In(a. hia

(2.38)

()]
NS (@)

constant k > k such that each element of the family of functions

~

Vi, () = V(z, h(z)) = P(Hg,r(x))x)z + %llfv — Hy,p(x))z| (2.39)

parameterized by R and k, is a Lyapunov function for the nonlinear system (2.1). o

Proof. Since the subset M, NW is almost-invariant, the time derivative of the function
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Vm, as in (2.39) yields

~

ho (@) f(2) + o (@) ()

n

Vad, = Valw, )| F(@) + Vi V)|

A=h(z)+7(z) A=h(z)+(z) (

= Vy(x, )\)‘)\:ﬁ(x)f(x) + <Vx($7 )\)‘)\:il(a:)-&-w(w) G /\)‘Aﬁ(x)> 1

PV e + (Vi) Ve )|

A=h(z) A=h(z)+7(z)

+V,\(m,)\)‘/\ s ma(2) f(2) + (VA(“"’A))A p

“ (N
=h(z) =h(z)+n(z) M@ )‘A

=h(z)
< V(a,h(x)) + |[x(2)] (Lx + Lyl | + LAH%H) 1 @)+ e (@)l |5, h(2) f ()]
< 1V (@, h(@)) + lma(@)l|5(2, h(z)) f(2)]] < 0

with u € (0,1), L, > 0 and Ly > 0, where the last three inequalities are obtained
considering that V, and V) are continuous functions and x € W, recalling that |7 (z)| < ¢,

with € > 0 arbitrarily small, and by the condition (2.38), respectively. O

It is interesting to note that almost-invariance of the subset M, N W is not enough
to ensure that the restriction of the function V(&) to the subset M, NW is a Lyapunov
function for the system (2.1), hence the need for the condition (2.38). The latter condition
entails the fact that the time derivative of the distance of the trajectory (z(t),&(t)) from

the subset must be sufficiently small.

2.6 Examples and Further Results

In this section several numerical examples and further results on control design using

Dynamic Lyapunov functions are presented.

2.6.1 An Academic Example

Consider the nonlinear system described by the equations

l.'l = —71,
(2.40)
i‘Q = x% — I,

with x(t) = (z1(t),22(t)) € R2. Note that the zero equilibrium of the system (2.40)
is globally asymptotically stable and locally exponentially stable. A choice of a Lya-
punov function for the linearization around the origin of the system (2.40) is provided

by Vi(z1,22) = 3(z3 + 23), i.e. P = I which is a solution of the equation (2.18) with

@ = I. The quadratic function V;, may be employed to estimate the region of attraction,
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Ro, of the zero equilibrium of the nonlinear system (2.40). The estimate is given by the
largest connected component, containing the origin of the state-space, of the level set of
the considered Lyapunov function entirely contained in the set A' = {z € R? : V < 0}.
Figure 2.1 displays the zero level line (solid line) of the time derivative of V; along the

Figure 2.1: The gray region describes the estimate of the region of attraction of the zero equi-
librium of system (2.40) obtained using the quadratic function V4. The solid line is the zero level
line of the time derivative of V; along the trajectories of system (2.40).

trajectories of system (2.40) together with the largest level set of V; entirely contained in
the set N (gray area). Note that N/ C R? and consequently Ro C R2. The use of any

quadratic function Vy(z) = 12" Pz, with

P=

b1 P2
b2 P3 ’

and py # 0, does not allow to obtain A/ = R2. In fact, the time derivative of Vy along
the trajectories of the system (2.40) yields Vq = —p123 — 2pox1To — P3T3 + Paxt + p3Tom?,

which, if evaluated along x9 = 0, is equal to

Vq = —56%(111 — p2x1).

xo=0

Therefore, V;, > 0 for x5 = 0 and sign(p2)z; > g—;l, hence Ry # R?. In what follows
we show that the notion of Dynamic Lyapunov function allows to construct a Lyapunov
function proving global asymptotic stability of the zero equilibrium of system (2.40). In-
terestingly a (global) Lyapunov function for system (2.40) can be constructed noting that

the system has a cascaded structure and exploiting forwarding arguments.

The mapping P : R? — R? defined as the gradient vector of the quadratic function Vj
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is a X-algebraic P solution of the inequality (2.20) for the nonlinear system (2.40). The
choice R = P guarantees that the mapping ¢ is identically equal to zero and that the
condition (2.26) is trivially satisfied for all (z,£) € R*\ {0}.

In the following three different approaches to construct a Lyapunov function for the
system (2.40) are proposed.

To construct the Lyapunov function V; defined in Corollary 2.4 it is required to

determine mappings h1 : R> — R and hy : R? — R such that the set

{(w1,9,&1,&) € RY 1 & = hy(21,72), &2 = ha(w1,22)}

is invariant for the dynamics of the augmented system (2.24). Since R = P = I, the
system of partial differential equations (2.30) reduces to two identical (decoupled) partial
differential equations given by
Oh; Oh;
—8—1:1(3:1,332)331 + a—x;(xl,:cg)(:v% — 1‘2) + khi(xl, xg) =0, (2.41)
for i = 1,2. The solutions h; and hy are defined on R? \ (R x 0), and by continuous

extension on all R?, according to the formula

(o) e = 1 (4 2)

r1

k > 1, where L is any differentiable function. Let, for example, L(a) = a and construct

the family of Lyapunov functions
1 1 2
Vi@) = h(@)a+ Sl = h@)|? = 5@f+a3) + @2 +aD)? (a471) . (242)

with h(z) = [hi(z), ho(x)]T, and k > 1. Letting k = 1 yields

Vi(on,a2) = (et +33) + (@2 + 237,
the time derivative of which along the trajectories of the system (2.40), namely
le (z1,79) = —a3 — 323 — 3w01? — 230‘11, is negative definite for all (z1,22) € R2, hence
N = R?, which proves global asymptotic stability of the zero equilibrium. Finally, note
that VF(zy1,x2) is negative definite for all (z1,22) € R? and for all k > 1. Interestingly,
the partial differential equation (2.41) has a structure similar to the equation (2.20), but
the solution h; is not positive definite, hence it does not qualify as a Lyapunov function.
Figure 2.2 shows the phase portraits of the trajectories of the system (2.40) together with

the level lines of the Lyapunov function V.

To illustrate a second approach for the construction of a Lyapunov function, let the

function L be identically equal to one in the solution h; while let L be the identity function
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Figure 2.2: Phase portraits (dashed) of the
system (2.40) together with the level lines
(solid) of the Lyapunov function V.

Figure 2.3: Phase portraits (dashed) of the
system (2.40) together with the level lines
(solid) of the Lyapunov function Vg, .

in the definition of hy, with k¥ = 1. The mapping h(z) = [h1(z), ha(z)] = |21, 72 + 23]
satisfies the assumptions of Corollary 2.1, since h is a global diffeomorphism, A" h is radially
unbounded and moreover a(x,h(x)) = —kh(z). Therefore by Corollary 2.1 the function
Vi(z) = 1h(z)"h(z) = 323 + L(22 4+ 22)? is a Lyapunov function for the system (2.40).
Interestingly the function V; is the Lyapunov function obtained also using forwarding

arguments [63] for the planar system (2.40).

Finally we show how Corollary 2.5 can be used to construct a Lyapunov function.

Hiz) = hi(z)  ha(z)
ha(x) ha(z) |

Let
(2.43)

and consider the condition (2.32), which reduces to two identical conditions on hj, ho and
?Lg, ;1147 namely
—xlﬁl + EQ 7 — xg) + kﬁ1x1 + kﬁgl’g =0,

2
ha + o : N i (2.44)
—x1hg + h4($1 — x9) + khsx1 + khqzo = 0.

A solution of (2.44) is given by hy(x) = h3(z) = —x2—22(k—1)"! and ha(z) = ha(z) = 21
and, since the condition (2.33) holds together with the condition (ii) of Corollary 2.5, by
Remark 2.12, the set {(z,&) € R* : & = & = —a3(k — 1)7!} is almost invariant for
k > 1. Moreover note that the mapping §(x) = [hi(x), hao(x)] is not the gradient of a

scalar function, since the Jacobian §,(x) is not a symmetric matrix for all z € R2.

Setting £ = 2 and using Corollary 2.5 yield the Lyapunov function
Lo o 6
Vi, (@1, 22) = 5(951 + x3) + a7,

the time derivative of which along the trajectories of the system (2.40) is V, (21, x2) =
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zox? — 23 — 23 — 629 which is negative for all (1, 72) € R% Figure 2.3 displays the

phase portraits of the trajectories of the system (2.40) together with the level lines of the

Lyapunov function V.

2.6.2 A Polynomial System without Polynomial Lyapunov Function

Consider the nonlinear system described by the equations

1 = —x1+ 2122,
(2.45)

Ty = —T2,

with z1(t) € R and z2(f) € R, and note that the zero equilibrium of the system (2.45) is
globally asymptotically stable. In [1] it has been shown that the system (2.45) does not
possess a polynomial Lyapunov function. In the same paper the authors have shown that
V(z1,72) = In(1 + 23) + 23 is a Lyapunov function for the system (2.45), i.e. it is such
that V' < 0 for all (z1, z2) € R?\ {0}. The quadratic function Vj(z1,zs) = $(a? + 23),
te. Vp= %mTpa: with P = I, is a Lyapunov function for the linearized system. Note that
the mapping [x1, z2]" P is a X—algebraic P solution, with X = {(x1,22) € R? : 22 + 22 >
23x9}. Let R = P, then V = (D,, V) with

& = —k&,

i=1,2, with £ > 0, and

1
V(w1 @9, &1, ) = 5(9:% +as+EE+8),

is a Dynamic Lyapunov function, the time derivative of which is negative definite in a
neighborhood of the origin of the extended state space.
The invariance partial differential equation reduces to two identical equations for hAq

and hg, namely

Oh;
axl

Oh;
(1’1,%2)(1‘1.%’2 — xl) — axQ:BQ + khi(xl,.l‘g) =0, (2.46)

for ¢ = 1,2. The function
hi(z1,22) = ho(21,72) £ 2125 '™,

with k£ > 1 is a solution of the partial differential equation (2.46). Note that the function
h is not positive definite, hence it is not a Lyapunov function. Letting, for instance,

k = 1 the restriction of the Dynamic Lyapunov function to the invariant subset M £
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{(z1,22,61,&2) € RY: & = hy(x1,22), & = ha(w1,72)} is
L o, o 2 22,
Vm(z1, z2) = 5(331 +x3) + 7™,

which is positive definite in R?. Finally note that the time derivative of the function V4
along the trajectories of the system (2.45) is

. 2_ 2., .2 2.2
Vm(xi, o) = —x] — x5 + 2wy — 2272,

which is negative definite in R2.

2.6.3 Synchronous Generator

The problem of estimating, as precisely as possible, the region of attraction of an equi-
librium point is crucial in power system analysis [31]. In fact, when a fault occurs in the
system, the operating condition is pushed to a different point in the state-space. The
possibility of assessing whether the equilibrium is recovered after the fault critically de-
pends on the estimate of the region of attraction of the equilibrium point itself, hence
enlargements of the estimate of the basin of attraction may be of paramount importance

in case of failure occurrence.

Consider the model of a synchronous generator described by the equation [31]

d%s dd
w + d% + Sin(5 + (50) — Sin(éo) , (2.47)
where d > 0 is the damping factor, dy is the power angle and 6(¢) € R is the power angle

variation. Setting x1 = ¢ and xy = 5, yields

il = T2,
(2.48)
o = —dxa —sin(x1 + do) + sin(dp) ,

with z(t) = (z1(t), z2(t)) € R%. The origin of the state-space is a locally exponentially
stable equilibrium point of the system (2.48) provided |dg| < 5. Consider the linearization

of the system (2.48) around the equilibrium point (z1, x2) = (0, 0), namely

T = [ 0 ! ]x (2.49)

Select as in [31] d = 0.5 and dp = 0.412 and define the quadratic Lyapunov function
Vi(z) = 22" Pz, where P = P" > 0 is the solution of the Lyapunov equation (2.18) with
Q = I, namely
4.3783 1.0913
Vi(z) = imT [ ] x

1.0913 4.1826
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To construct a Lyapunov function note that the mapping P(z) = x' P is an algebraic P
solution of the equation (2.21). Letting R = P and noting that the partial differential
equation (2.30) does not admit a closed-form solution, consider the algebraic equivalent of
the invariance partial differential equation, namely the equation (2.32). Partitioning the

mapping H as in (2.43) yields

0 = 711562 + 712(—0.5.732 — (sin(a:l + 50) — Sin(50))) + 4.3783k(7llﬂ71 + BQ.TQ)

+1.0913k(713x1 + 724.%2) y
B B B B (2.50)
0 = hzxo+ h4(*0.5.’1§2 — (Sin(il?l + (50) — SZTL((S()))) + 10913k(h13§1 + hgl‘g)

+4.1826k(h3xy + hyxo) .

The solution H of (2.50) is exploited to construct the function V,(z) = =" H(x)" Pz +
2llz — H(z)z|*>. The estimates of the basin of attraction obtained with the quadratic
function V; and with the function V,,, are displayed in Figure 2.4, together with the level
line corresponding to V;, = 0. Figure 2.5 shows the phase-portrait of the system (2.48),
with dg = 0.412 and d = 0.5 together with the estimate of the basin of attraction given by

the function V,,.

€2

Figure 2.4: estimates of the basin of attrac- Figure 2.5: Phase-portrait of the system
tion given by the quadratic Lyapunov function (2.48), with §y = 0.412, together with the esti-
Ve (dark-gray region) and by the dynamic Lya-  mate of the basin of attraction obtained using
punov function V,,, (light-gray region), together  the function V;,, gray region.

with the level line corresponding to Vo = 0,

dash-dotted line.
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2.6.4 Back-Stepping with Dynamic Lyapunov Functions

Consider a nonlinear system in feedback form described by equations of the form

Iy = f(xlva) ) (251)

ig =u,

with f(0,0) =0, z1(t) € R", x2(t) € R and u(t) € R. Suppose that there exists a smooth

function ¢ such that the zero equilibrium of the system

&1 = f(zx1, ¢(21)) (2.52)

is locally exponentially stable. It is well-known, see [47], that if there exists a Lyapunov
function for the system @1 = f(z1,¢(x1)), then the zero equilibrium of the system (2.51)
can be stabilized by a static state feedback via back-stepping. This result requires that an
explicit expression of the Lyapunov function be known. In this section we show that this
requirement can be relaxed assuming only local exponential stabilizability of the equilib-
rium point, provided other assumptions are satisfied. In fact, if the former assumption
holds a Dynamic Lyapunov function can be constructed for the system i1 = f(x1, ¢(x1))
and moreover it can be shown that the Dynamic Lyapunov function for the system (2.51)
in closed-loop with a specific stabilizing control u has the same structure of the Dynamic
Lyapunov function of the system &; = f(x1,¢(x1)). A straightforward consequence of the

previous comment is that the procedure can be iterated for higher-dimensional systems.

By Theorem 2.2, there exists a neighborhood 2 C R", containing the origin, and a
Dynamic Lyapunov function Vi = (Dg,, V1), with V] : R" x R™ — R of the form

Vil &) = P& + 5o — ) Rz — &), (253)

which is positive definite around the origin in €, where P : R® — R" is an algebraic P
solution of the inequality (2.20) for the system (2.52). The differential equation D,, is
defined as

1= —k(Pe (&) 21 — R(a1 — &) (2.54)

Moreover there exist a constant k£ > 0 and a positive definite function 7 : R® x R® — R
such that

— k(] Pey(€1) = (21— &) " R)(Pey (&) Ty — R(a1 — &)

+ (P(&1) + (21— &) R) f (21, ¢(21)) < —7 (21, 1)
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for all k > k. The following result shows that a Dynamic Lyapunov function of the form
1 r
Va = P(&)a1 +p(&) (22 — ¢(a)) + 5 (21 — &) Rz — &) + 5 ((z2 = (1)) = &2)?

£ P(e)z+ (=~ ) R - €),

(2.55)

where z = [2{, 12 — ¢(21)]7, € = [¢, &]T and r > 0, can be constructed for the
system (2.51) with a suitable choice of the control w and of the dynamics D,,, where
P(z) = [P(z1)", p(z2)] " and

R 0
0 r

To provide a concise statement of the following result let M (x1, z2) be such that f(x1,z2)—

f(x1, (1)) = M(21,22) (22 — D(21)).

Proposition 2.3. Consider the nonlinear system (2.51) and suppose that the zero equi-

librium of the system (2.52) is locally exponentially stable. Let p(&2) = 7€, and

u= 7%@2 — p(a1)) — % (P(gl) + (21 — 51)TR> M(z1,2) + gif(xl,xz) , (2:56)

with Y1 > 0. Then V5 = (DOQ, VQ), with

& = k(P (&) 21— R(z1 — &),

Dag : .
Y2
&2 2—752,

(2.57)

v2 > 0, and V5 defined in (2.55), is a (local) Dynamic Lyapunov function for the sys-
tem (2.51). o

Proof. Local exponential stability of the zero equilibrium of the system (2.52) implies
the existence of a Dynamic Lyapunov function V; = (D,,, V1) with V; defined as in (2.53)
and D,, described by (2.54). With the given choice of p(&2), there exists a non-empty
open set QcC R2"+2_ containing the origin, such that the function V3 is positive definite
around the origin in Q. Define the change of coordinates z; = z1 and zo = 29 — d(x1). In

the new coordinates the dynamics are described by equations of the form

Z1 = f(z1,0(21)) + M (21, 22 + ¢(21)) 22,
' 96 (2.58)
2y =u-— a—af(21,22+¢(21))-

The time derivative of the function V5 in (2.55) along the trajectories of the system (2.58)
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Vo = —k(z{ Pey (&1) = (21 = &) T R) (P (61) " 21 — R(z1 — &)
T (P(&2) + (21— €) TR (21,22 + 6(2)) + 72 [u — 22 fa 0l | + oy
< —7(21,6) + (P(€) + (21— &) T R) [f(21, 22 + 6(21)) — f (21, (21))]
+ 720 [u - ng(zl, 2+ ¢<Z1>>] + 162l
= —7(21,&) + (P(&1) + (21 = &) TR)M (21, 22 + §(21)) 22
+ 720 [u - gif(zl, 2+ ¢<Z1>>] + 716l

S —T(Zl,fl) - ’leg - 725% < 07

for all (z1, 22, &1, &2) different from zero, where the last inequality is obtained considering,
in the new coordinates, the definition of the control law w and of the dynamics of the

variable &3, which proves the claim. O

Note that, letting £3(0) = 0, only the dynamic extension &; is required for the control

design.

Remark 2.13. If the first equation of system (2.51) is affine in the state zg, i.e. &1 =
f(z1) + g(x1)x2, then M(z1,22) = g(z1) and the control law (2.56)-(2.57) is

& = k(P (&) 21— R(z1 — &),

& = —252 ;
r
— M 1 P T ad)
= —7(5'32 —¢(z1)) — - (P(&) + (z1 — &) "R) g(a1) + o1, [f(x1) + g(z1)72] -
A
Example 2.1. Consider the nonlinear system described by the equations

11 _ —x2
T12 T11T2 — T12 | (2.59)

Ta = 17%1 + 21272 + U,

and note that P(z1) = [z11+211212, T12] is an algebraic P solution of the inequality (2.20)

for the system
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0 2 4 6 8 10

Figure 2.6: Time histories of the state of the system (2.59) from the initial condition
(211(0), 212(0), 22(0)) = (3,2, —1) in closed-loop with the dynamic control law (2.60)-(2.62).

with P = I. Define the Dynamic Lyapunov Function V for the system i = fi(z1) +

g1(x1)x11, with the differential equation

& = —k(x€i2 +E11),

i (2.60)
§12 = —k(z1én +&2),
k > 0, and the locally positive definite function
1 + 1+
V(z1,61) = ST 21+ 56 &+ Eudpen (2.61)

The control law that asymptotically stabilizes the zero equilibrium of the system (2.59) is
given by (see (2.13))

u=—y(r2 —211) — (11212 — E11€12 — T11) — T2 — T3, — T12T2, (2.62)

with the dynamics of ¢ defined as in (2.60). Figure 2.6 shows the time histories of the
trajectories of system (2.59) from the initial condition (x11(0),z12(0),z2(0)) = (3,2,—1)
driven by the dynamic control law (2.60),(2.62), with (£11(0),&12(0)) = (1, 1).

Finally, since standard back-stepping techniques may be considered to stabilize the
zero equilibrium of system (2.59), a comparison between the two approaches is performed.

In particular, letting as above ¢(z1) = x1; and considering the Lyapunov function

1
(33%1 + w%1) + -y,

Vi(z1) = 5

N

classical back-stepping arguments yield the static control law

u=—y(x2 —x11) + (211 + 2x§’1 — T11712) — To — x%l — T192T9 . (2.63)
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Figure 2.7 shows the phase portrait of the state of system (2.59) in closed-loop with the
dynamic control law (2.60)-(2.62) and with the control law (2.63).

Figure 2.7: Phase portrait of the state of system (2.59) in closed-loop with the dynamic control
law (2.60)-(2.62) and with the control law (2.63), solid and dashed lines, respectively.

2.6.5 Forwarding with Dynamic Lyapunov Functions

Consider a nonlinear system in feedforward form described by equations of the form [76]

()

y =h(z),
f(@) +g(@)u,

(2.64)

x

with y(t) € R, z(t) € R™ and u(t) € RP. Suppose that the linearization of the system (2.64)
around the origin is controllable. Suppose that the zero equilibrium of the system @ = f(z)

is globally asymptotically stable and locally exponentially stable.

It is important to stress that the knowledge of a Lyapunov function for the system
& = f(z) is not assumed, differently from standard forwarding technique [63,76,99]. The
exponential stability assumption implies the existence of a smooth function M : R — R
such that

() = 200 pa),

together with the boundary condition M (0) = 0. Consider the change of coordinates
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(z,2) = (z,y — M(x)) yielding

OM ()
oz I (2.65)
i = f(z) +g(@)u.

Then, by the exponential stability assumption, there exists a Dynamic Lyapunov function
Vi = (Dq,, V1) for the z-subsystem, defined in a neighborhood of the origin, with V;
as in (2.53) and D,, described by (2.54). The following result shows that a Dynamic
Lyapunov function of the same form as V; can be constructed for the system (2.65),
mimicking the construction of the Dynamic Lyapunov function (2.55), for a suitable choice

of the input u.

Proposition 2.4. Consider the nonlinear system (2.65). Let

.
w=—g(z)T |PE)+(@—&)TR- rzaj\gf> , (2.66)
with 7 > 0. Then Vs = (Dg,, V2), with
& = k(P (&) "z — Rz — &),
D, : (2.67)

52 - _Eéé )
r

v2 > 0, and V4 defined in (2.55) with p(&2) = r&2, is a Dynamic Lyapunov function for the
system (2.65). ©

Proof. The time derivative of the function Vs, with p(§2) = r&s, along the trajectories of
the system (2.65)-(2.67) is, provided k > k,

2
<0

— )

Vi < —rle6) 6 - | | P& + (o - &) R =2 | g0

ox

where the last inequality is obtained from the definition of u in (2.66). Finally, controlla-

bilty of the linearization of the system (2.64) around the origin guarantees that

OM (x)
0)#0
5 |._9(0) #
and consequently, by LaSalle’s invariance principle, the equilibrium (x,z) = (0,0) is

asymptotically stable. O
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2.7 Conclusions

The notion of Dynamic Lyapunov function has been introduced. Similarly to the classical
notion of Lyapunov function, this notion allows to study stability properties of equilibrium
points of linear and nonlinear systems. Unlike Lyapunov functions, Dynamic Lyapunov
functions may be constructed without the knowledge of the explicit solution of the un-
derlying ordinary differential equation and involving the solution of any partial differen-
tial equation or inequality. In addition Dynamic Lyapunov functions allow to construct
families of Lyapunov functions. Implications of Dynamic Lyapunov functions have been
discussed and examples have been used to illustrate the advantages of Dynamic Lyapunov

functions.
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Chapter 3

Observability and Controllability

Functions

3.1 Introduction

inimal realization theory for linear systems provides the tool to determine a state-
M space description of minimal size, the impulse response of which matches the im-
pulse response of the original system. However, in situations in which this minimal real-
ization cannot be obtained for practical or theoretical reasons, one may still be interested
in finding a lower-order representation, i.e. a reduced order model, that approximates the
behavior of the original model, see [66,73,97,98].

The first step towards the solution of the model reduction problem is the characteri-
zation of a measure of importance of the state components according to some criterion. In
the literature the latter is typically defined in terms of the contribution of each state com-
ponent to the input/output behavior of the system. In the case of locally asymptotically
stable systems, this information is contained in the controllability and observability func-
tions, which provide the minimum energy necessary to steer the state from the origin to a
state Z in infinite time and the output energy generated from the system initialized at z,
respectively. Once these functions have been determined, there exists a (nonlinear) change
of coordinates such that, in the new coordinates, the functions are in the so-called balanced
form [98]. After the application of the coordinates transformation the components of the
state may be ordered according to the energy required to steer the state and the output
energy released by the corresponding initial condition. Therefore, if a state demands a
large amount of energy to be controlled, on one hand, and it is hardly observable (in terms
of output energy), on the other hand, then the contribution of the aforementioned state to

the input/output behavior of the system could be ignored in a lower-order approximation.

In the linear case, the controllability and observability functions are determined as the

solutions of Lyapunov matrix equations and are related to the controllability and observ-
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ability Gramians of the system. On the other hand, the controllability and observability
functions of nonlinear systems are given in terms of the solutions of nonlinear first-order
partial differential equations. This represents a serious drawback for the application of
model reduction by balancing (of the controllability and the observability functions) to

practical cases.

In the case of unstable nonlinear systems several techniques have been proposed, such
as LQG, HJB or Hy, balancing. The latter has been introduced for linear systems in [68]
and subsequently extended to the nonlinear case in [96]. Moreover, it is shown in [97] that
the HJ B singular value functions, obtained from the past and future energy functions, are
strongly interconnected with the graph Hankel singular value functions, derived balancing
the controllability and observability functions of the normalized coprime factorizations
of the nonlinear system. As a result, the reduced order models obtained with the two
different approaches coincide. Finally, the assumption of zero-state observabilty is relaxed

in [32] allowing for non-zero inputs in the definition of the Observability function.

The rest of the chapter is organized as follows. Section 3.2 introduces the notion of
Dynamic Generalized controllability and observability functions. They are said to be gen-
eralized and dynamic since partial differential inequalities are solved, in place of equations,
in an extended state-space. While the notion of generalized Gramians has been introduced
in the literature, see for instance [74,80,81], the idea of considering dynamic Gramians is
entirely new. A class of Dynamic Generalized controllability and observability functions
is constructed in Section 3.3. The application of the Dynamic Generalized controllability
and observability functions to the problem of balancing and model reduction for nonlinear
systems is discussed in Section 3.4. It is shown that, once the functions have been ob-
tained, a nonlinear system can be transformed into a dynamically balanced form by means

of a change of coordinates.

3.2 Dynamic Generalized Controllability and Observability

Functions

Consider a nonlinear system described by equations of the form

& = f(z)+g(z)u,
y = h(z),

(3.1)

where z(t) € R™ denotes the state of the system, u(t) € R™ denotes the input, and
y(t) € RP is the output. The mappings f : R* — R" g : R* — R"™™ and
h : R™ — RRP are assumed to be sufficiently smooth and, without loss of generality,
such that f(0) = 0 and h(0) = 0. In what follows it is assumed that the linearization of

system (3.1) around the origin is controllable and observable.
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Assumption 3.1. The system (3.1) is zero-state detectable, i.e. u(t) = 0 and y(t) = 0
for all ¢ > 0 imply lim z(¢) = 0.
t—00

Note that zero-state detectability holds locally by observability of the pair (A4, C).
Assumption 3.2. The zero equilibrium of the system (3.1) is locally asymptotically

stable.

Definition 3.1. Consider the nonlinear system (3.1). The functions, if they exist,

1 0
Lo(7) = min s / u(t) |2t (3.2)
u € La(—o0, 0) —00
z(—o0) =0, z(0) =z

and

L@) = 5 [ Is01Pds, 2(0) = 2. ut) =0, (3.3)

0

are the controllability and observability functions, respectively, of system (3.1).

The function L, may take on infinity as a value if the zero equilibrium of system (3.1)
is unstable whereas the function L. takes on infinity by convention if the state Z cannot be
reached from zero. For simplicity, we suppose throughout the paper that the controllability
and observability functions are defined, namely finite, for all Z in a neighborhood of the

origin. If the system (3.1) is linear, i.e.

& = Ax+ Bu,
(3.4)
y = Cuzx,

the controllability and observability functions are defined, with the assumptions of asymp-
totic stability of the zero equilibrium point and observability of the pair (A,C), as
L.(z) = 32" P7'z and L,(Z) = 12" Qz, respectively, where the matrices P = PT > 0

and Q = Q' > 0 are solutions of the Lyapunov equations
AP+ PA" + BB =0, (3.5)

ATQ+QA+CTC=0. (3.6)

The notion of Dynamic Generalized Controllability and Observability functions is intro-

duced in the two following definitions, respectively.

Definition 3.2. Consider the nonlinear system (3.1). A Dynamic Generalized controlla-

bility function V. is a pair (D, L.) defined as follows.
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e D, is the ordinary differential equation

éc = ¢c(ﬂf, 50)7 (37)
with &.(t) € R™, ¢, : R™ x R™ — R" locally Lipschitz and ¢.(0, 0) = 0.

o L.: Q. CR"XR" =R, L.(0,0) =0 and L.(z, &) > 0 for all (z, &) € Q. \ {0}, is
such that

oL,

L. 10L, oL "
5. @)+ 5 ——

S 0el €0+ 55 Sa()(@) 2 <0, (38)

for all (z,&.) € Q.. Moreover (0, 0) is an asymptotically stable equilibrium point of

the system
oL T
oxr (3.9)

& = —f(z)—g(@)g(x)
éc = —¢c(z, &)

Definition 3.3. Consider the nonlinear system (3.1). A Dynamic Generalized observabil-

ity function V, is a pair (D,, L,) defined as follows.

e D, is the ordinary differential equation

éo = ¢0($, fo) s (310)

with &(t) € R™, ¢ : R™ x R™ — R™ locally Lipschitz, ¢,(0, 0) = 0 and such that
& = 0 is an asymptotically stable equilibrium point of ¢, (0, &,).

e L,:Q, CR"XR" - R, L,(0,0) =0 and L,(z, &) > 0 for all (z,&,) € Q \ {0},

is such that
oL,

oL,
O f(a) +

9o

8z, &) + 5h(x) Th(z) <0, (3.11)

for all (z, &) € Q.

Note that the Dynamic Generalized controllability and observability functions are not

unique.

The relation between the Dynamic Generalized controllability and observability func-
tions and the controllability and observability functions as in Definition 3.1 is now inves-
tigated. In particular the following proposition shows that the function £. in a Dynamic
Generalized controllability function V. of the system (3.1) is a lower-bound for the mini-
mum energy necessary to steer the state of the system from the initial condition z = 0 at

time ¢ = —oo to the final condition x = Z at time ¢t = 0.
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Proposition 3.1. Suppose that V. = (D., L) is a Dynamic Generalized controllability
function for the system (3.1). Then

Le(Z, &) < Le(2), (3.12)
for any (z, £.) € Q. C R™ x R™, o
Proof. By the condition (3.8)
oL, oL L. 19L TOLT

fo=

s ) + gl +

Té?ﬁ ‘

¢c($, fc) < P g(m)u _ 5 axcg(x)g(x) 8$¢

)

o

where the last equality is obtained completing the squares. Therefore, by definition of

controllability function of the system (3.1)-(3.7) and letting

L'
u=g(zx)" o (3.13)

it follows that

0
/ Lola(t), &(8))dt < ;/_OO lu()[2dt = Lo(z),

with (z(0), £&.(0)) = (&, £.), where the first equality is obtained by asymptotic stability of
the system (3.9). O

A similar result can be established for the Dynamic Generalized observability function.

Proposition 3.2. Suppose that V, = (D,, L,) is a Dynamic Generalized observability
function for the system (3.1). Then

Lo(Z) < Lo(Z, &), (3.14)
for any (z, &,) € Q, C R™ x R™. o
Proof. Since V, is a Dynamic Generalized observability function, by the condition (3.11),
Sh(@) (@) < =Lo(w, &)
Then, by definition of observability function,
Lof@) =5 [ lw®IPdt =5 [ hi)Thia)dt < = [ Lude = ~Lofa(o0). £o00)

+ Lo(2(0), £(0)) = Lo(7, &),
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where the last equality is obtained recalling that, by assumption, x = 0 is an asymptotically
stable equilibrium point of f and noting that &,(¢) converges to zero as time tends to

infinity. To show the last claim consider the triangular system

. (3.15)
§o = dolm, &),

and note that, since L, is positive definite by assumption and L, <0 by (3.11), all
the trajectories of the system (3.15) are bounded. Moreover, since z = 0 and §, = 0
are asymptotically stable equilibrium points of f and of ¢,(0, &,), respectively, standard

arguments on cascaded systems prove the claim. O

Proposition 3.2 states that the amount of output energy generated by the initial condition
Z is upper-bounded by the estimate provided by the Dynamic Generalized observability

function.

Remark 3.1. The inequalities (3.12) and (3.14) guarantee that the analysis, in view of
the model reduction problem, of the input/output behavior of the nonlinear system (3.1)
is not modified by the dynamic extension (&,, ). In fact the output energy released by
the system (3.1) from the initial condition = Z is not greater than the output energy

released by the system

& = flx)+g()u,
éo = ¢o(x> go)a
. (3.16)
§e = ¢C<x7 gc)y
y = h(x),
with u(t) = 0, for all ¢ > 0, initialized at (z, &, &), for any (&, &.). Similarly, the
minimum energy necessary to steer the state of the system (3.1) from z(—o0) = 0

to (0) = Z is not smaller than the energy necessary to drive the system (3.16) from
(iL'(—OO), 50(_00)7 §c(—oo)) = (07 070) to ('fa gm gc)v for any (Em gc) A

Remark 3.2. The difference between the functions £.(Z, &) and L.(Z) and between the
functions L,(Z, &) and L,(Z) can be minimized, for a given initial condition z(0) = Z,

initializing the dynamic extension such that

gc(o) - 5: £ arg mﬁaxﬁc(f, €C)7 (3'17)

50(0) = éj £ arg Infin £o(j7 50)7 (3'18)

o

respectively. A
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An alternative minimization of the difference between L. and L. is now considered.
Note that, since £.(0,0) =0,

0
Lo(m, &) = /_ Lola(t), E(8))dt (3.19)

where x(t) is the solution of the system (3.1), with 2(0) = z, u as in (3.13), and &.(¢) any
continuously differentiable function of time such that £.(0) = & and tl}_moo(:l:(t), &(t)) =
(0,0). Therefore, one may be interested in determining a point-wise, namely with re-
spect to time, maximizer of (3.19), denoted &.(t), for fixed z(0), which is a continuously

differentiable scalar function that maximizes the cost functional

O oL, oL, :
He®) = [ (GO L0 ) + 5o 0. L0l

e (3.20)

+ 0 ), € 0)g () g (1)) o ), €)Y,
subject to
éc(o) =&,
Jim_(a(1), &(1) = (0.0), (.21)
;
Eolalt), &(0) < 5 2t g(a)g(e)T 20 i 0

Note that the last constraint is needed in order to guarantee that L.(x, &) < L.(z), for
all (z, &) € R" x R™.

Proposition 3.3. For any initial condition z(0) = zo, let (2*(¢), £(¢)) denote the solution
of

p— @)+ gl e
Ee(t) = oclz,&), (3.22)
z(0) = o,
£(0) = &,
where £ is defined in (3.17). The solution £*(¢) is a maximizer &.(¢) of (3.20) for all ¢t € R.
&

Proof. The claim follows immediately noting that, by definition of Dynamic Generalized
controllability function, £ (¢) is admissible for the problem (3.20)-(3.21). Moreover notice
that the integral of an exact differential is independent of the path. Then, by definition

of the maximizer &.(t),

~ 0 . ~ 0 -
Lo, &) = / Lola(t), Ex(t))dt > / Lolw(t), £)dt = Lofx, £).
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On the other hand, by (3.17), L.(z, &) > Lc(z, &), for any & € R™. Hence

/ﬁ St = Lo, €) > Lo, &) = /c ), Eu()dt

for any function &.(t) admissible for (3.21). Since the maximizer & (¢) must be admissible,
it follows that

/[, ), &(t) dt>/ Lo(a(t), £(0) dt>/ Lo(a(t), &(0))dt

proving the claim. O

The result can be extended to the Dynamic Generalized observability function. In
particular a point-wise minimizer, denoted fo(t), for fixed z(0) is a continuously differen-

tiable scalar function that minimizes the cost functional

Heot) = [ (G206 + GE0.&L0) . (32)

9o
subject to
50(0) = 50)
Tim £,(1) =0, (3.24)

Lo(x(t), &(1)) < —5h(z(t) Th(z(1), vt=0.
Note that the last constraint is needed in order to guarantee that L,(z, &) > Lo(z), for
all (z, £,) € R x R™.

Proposition 3.4. For any initial condition z(0) = zo, let (z*(¢), £ (¢)) denote the solution
of

& = f(a)
éo(t) = ¢o($7€0)7
(3.25)
z(0) = o,
50(0) = ;)ka
where £ is defined in (3.18). The solution () is a minimizer &,(t) of (3.23) for all ¢t > 0.
©

3.3 A Class of Dynamic Generalized Controllability and Ob-

servability Functions

The notion of Dynamic Generalized controllability and observability functions is moti-

vated by the fact that the differential equation D. (D,, respectively) and the function
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L. (Lo, respectively) can be explicitly constructed in a neighborhood of the origin. This
construction hinges upon the solution of algebraic equations and it does not involve the

solution of any partial differential equation or inequality.
3.3.1 Controllability
The following result provides a class of Dynamic Generalized controllability functions.

Proposition 3.5. Consider the nonlinear system (3.1) and let ¥ : R™ — R™ " with
$(0) >0, 2" X(x)x > 0 for all z € R™. Let P : R® — R" P(0) = 0, be such that

P(z)f(z) + %P(x)g(:v)g(x)TP(:v) + %wTE(w)w <0, (3.26)
with op
%(:c)T =P (3.27)

where P = PT > 0 is the solution of PA+ ATP + PBBT P + %(0) = 0. Consider the

function

Lo(w, &) = P+ 31z — &l (3.25)
and let or T op
s c i T,. _
be=—hge =k <a& () 2 — Re(a §C)> . (3.29)

Then there exist k; > 0 and a non-empty open set (2. C R™ x R™ such that L. satisfies the
partial differential inequality (3.8) for all k& > k; and for all (z, &) € Q.. If, additionally,
there exists k, > k; such that

oL,
ox

oL, TOLT
5, J(@)9(@) =~ —k

.
OLOLe ™ o (3.30)

f@)+ (-9 e e >

for some € € (0,1) and k; < k < ky,, then the pair V, = (D, L) with L. as in (3.28) and
D. as in (3.29) is a Dynamic Generalized controllability function for system (3.1) for all
k € (ki, ky) and all (z, &) € Q. o

Proof. To begin with note that the selection

oL,

.
ko &) (3.31)

(;50(1‘, fc) =

is such that the inequality (3.8) yields

L. 10L. 0L 10L.0V, "
= N < 0.
or 15 909 5 e ae, =°

By arguments similar to those in the proofs of Lemma 2.2 and Proposition 2.2, there exist
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k; > 0 and a set 2, C R™ x R™ such that L. satisfies the partial differential inequality (3.8)
for all k > k; and for all (z, &) € Q.. To prove the second claim it remains to show that the
point (x, &) = (0,0) is an asymptotically stable equilibrium point of the system (3.9), with
¢c as in (3.31). Towards this end consider £, as in (3.28) and note that, by Lemma 1.2,
there exist a compact set WW C R"™ x R™ containing the origin and a positive definite
matrix R such that for all R. > R the function L. is positive definite for all (x,&.) € W.
Then suppose that L. is a candidate Lyapunov function for the system (3.9). The time

derivative of L. along the trajectories of (3.9) is

: oL OL.T  OL. FOLT oL, TOLT
Le 5y | (&) Tk 9¢. 9%, 5, J(@)9@) —= < —epmg(a)g(z) - <0,

(3.32)

where the first inequality is obtained by equation (3.30). Consider now the set

A aL. "
U = {(.73, fc) € g(x)T Oz = 0}7

and the restriction of (3.9) to U;. Then finding the maximal invariant set of (3.9) in U;
is equivalent, by (3.32), to determining the maximal invariant set in which the function

L.(z(t), &(t)) is non-decreasing for all ¢ > 0 along the trajectories of the system

i = f(z),
_ oL, (3.33)
T Mg

Since the function L. is positive definite and the zero equilibrium of system (3.33) is
asymptotically stable — as can be shown using arguments similar to those in the proof of
Proposition 3.2 — the set coincides with the point (z, {.) = (0,0). Then, since the maximal
invariant set in U; reduces to the origin and U; contains the set Uy = {(z, &) € Q. : L. =
0}, asymptotic stability of the zero equilibrium of the system (3.9) can be concluded by

LaSalle’s invariance principle. a

The following remark provides an interpretation of the condition (3.30) required to

conclude asymptotic stability of the zero equilibrium of the system (3.9).

Remark 3.3. Suppose that L. is a solution of the partial differential inequality (3.8).

Then there exists some non-negative smooth function ¢ : R® x R” — R such that

L. 1L, FOL." L OLe oL "

5, @)+ 55 a@)g(@) 5= = 3. 7. +c(z, &) = 0. (3.34)

The condition (3.30) is equivalent to requiring that the additional negativity of the par-

tial differential inequality (3.8) with respect to the corresponding equation, namely the
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function ¢, is bounded as

19L. TOL T

ol &) < 5 5 o9(@)g@) 51

for all (z, &) € Q. \ {0}. A

Remark 3.4. The gain k in the ordinary differential equation (3.29) may be a function
of x and &.. A

As detailed in Proposition 3.3, all admissible trajectories of system (3.1) that satisfy
the end-point constraints — obtained for instance by varying the gain k of the dynamics
of & — yield the same value of the integral (3.20), hence of the minimum energy to steer
the state from = 0 to x = Z. Nevertheless we may select one of these trajectories
according to some desired criterion. In the following we show how to minimize the term

¢, the interpretation of which is given in (3.34).

To streamline the presentation of the result define, for € > 0, the open set

M2 {(z,6) ER" x R" : Hag (&) z — Re(z — &)| < &,
and consider the continuous function
<6
sats(z) =4 ol < (3.35)
sign(x)d, |x| > 06

with £ € R and § > 0.

Proposition 3.6. Consider the nonlinear system (3.1). Suppose that P is a solution
of (3.26) such that (3.27) holds and that (3.30) holds for all k; < k < k,. Consider
the function £, as in (3.28) with &, obtained as the solution of (3.29) for some constant
ki < k < ky. Let ¢ > 0 and k(z, &) in (3.29) be defined as

k(x, &) = saty, (me(w, &) , (3.36)

with

™ ¢ T
me(a, &) & (%ﬁ‘;ﬁ ) (aafff(mMECg(x)g(x)Ta‘C ) (3.37)
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Then the Dynamic Generalized controllability function! VS = (Dg, £Z) is such that

Q
n
—~
8
&)
8}
~—
Il

0 (x, &) € Q. \ Mq,
Ce(x’ gC) S C(l’, 56) (CC, 66) € Qc mMa-

(3.38)

<

Proof. The claim is proved in two steps. First it is shown that the function m. is not
saturated for all (x, &) € Q. \ M, then that (3.38) holds.

To begin with, rewrite the function (3.36) as

me(z, &), (z, &) € Qe \ M:
k(z, &) = (3.39)
sat; (m(xz, &)), (z, &) € Qe N M

and note that the function m, is smaller than or equal to k for all (x, &) € Qe \ M. In
fact in the latter set L. is such that

0L OL.T )
> e,
9 O&

6£cf( - 8£06£0T+18£c (2)g(2)
ar I\ T e, e, T2 o IIV) T

and -
TOLe _ 0, (3.40)

where the equality is obtained by substitution of the function m. as in (3.37). Moreover,

by Proposition 3.5,

oL, COL.OL. T 10L. TOL.T
— - — < :
5 | (@) o6 96, T2 0n 9(z)g(z)’ -~ =<0, (3.41)

for all (x, &) € Q.. Therefore, subtracting (3.41) and (3.40) yields in .\ M.

. L. L. " .
_(k - mc(l'a gc)) 8§ 85 < _(k - mc(a:, 5(:))52 <0,

hence m(z, &) < k and k(z, &) is not saturated outside the set Q. N M..

To show that (3.38) holds note that, by (3.40), the function L. satisfies the partial
differential inequality (3.8) with the equality sign for all (z, &) € Q. \ M, hence ¢¢ = 0.
Moreover, by the definition of k(z, &) as in (3.36), k(x, &) < k for all (z, &) € Q. N M..
Finally, the proof is concluded noting that since c¢*(z, &) < c(z, &) for all (z, &) € Q,
then the inequality (3.30) is satisfied also by £Z, hence VS = (Dg, Lf) is indeed a Dynamic

'The notation (D, £5) and ¢ (z, &) describes the vector field of the differential equation (3.31) and
the function L.(z, &) in (3.28) with &, obtained as the solution of (3.29)-(3.36) and the corresponding
additional negativity defined as in (3.34), respectively.
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Generalized controllability function. O

3.3.2 Observability

In this section the results presented above for Dynamic Generalized controllability func-

tions are developed also for Dynamic Generalized observability functions.

Proposition 3.7. Consider the nonlinear system (3.1) and let I' : R® — R™ " with
I'0) >0, 2" T(z)x >0, for all z € R™. Let Q : R* — R>" Q(0) = 0, be such that

Qz)f(x)+ %h(m)Th(m) + a2 D(z)x <0, (3.42)
with 90
Dw|_ =a. (3.3

where Q = QT is the solution of ATQ + QA +CTC +T(0) = 0. Consider the function

Lo(a, &) = Q) + gl — &k, (341

Then there exist k, > 0 and a set ©, C R™ x R" such that the pair V, = (D,, L,) with
L, as in (3.44) and D, defined by

Vol _ 1 (99 To_ p(ae
N (R (3.49

o=k 9%,

is a Dynamic Generalized Observability function of system (3.1) for all £ > k, and all
(z, &) € Qo. o

Proof. To begin with note that the partial derivatives of the function £, with respect to

x and &, are or
81‘0 = Q(.T) + ($ - go)T(Ro - (I)(.T, 60))—'— )
e = Q) — (=) R,

where the matrix-valued function ® : R™ x R® — R™*" is such that

Q(z) — Q&) = (v — §O)T(I)($7 €O)T-
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Therefore the partial differential inequality (3.11) reduces to

Q) (@) + (= €T (Bo = Bl €))7 F(a) + 5 nla &) + 3h(a) Thia)
< @ 2T FE) (o — (e, &) - &)~ Ko ‘Zng
— [T @-9"] [M+kCCT ][0T (2 -] <0
with 1o
M= —%(ROF— ®)TF o ((])%O Bt (3.47)
and
o gg R,

Arguments similar to those in the proofs of Lemma 2.2 and Proposition 2.2 imply that there
exist k, > 0 and a set 2, C R xR" such that the function £, as in (3.3) satisfies the partial
differential inequality (3.11) for all (z, &,) € 2, and for all k£ > k,. Finally to conclude the
proof note that ¢,(0, £,) = —kR,&, hence the asymptotic stability assumption is satisfied.
OJ

Similarly to the controllability case, the following statement provides conditions that
allow to minimize the additional output, denoted by d(z, §,) > 0, for all (z, &) € Q,,
implicitly introduced in (3.11), namely

oL,
ox

0L, 0L, 1
08, 06 2

d(z, &) & ——2f(z)+ k h(z) " h(z). (3.48)

To streamline the presentation of the result define, for € > 0, the open set

Q

]
7 (&) r = Fofa — &)

./\/;é{(a:,fo)ERnx]R":” <e}.

Proposition 3.8. Consider the nonlinear system (3.1). Suppose that @ is a solution
of (3.42) such that (3.43) holds and consider the function £, as in (3.44) with &, obtained
as the solution of (3.45) for some constant k > ko. Let ¢ > 0 and k(z, &) in (3.45) be
defined as

k(xa 50) = Sat]; (mo(:v, {o)) s (349)

with

ar, acﬁ) - (azo

mo(z, &) = (850 2%, 5 flx) + ;h(x)Th(x)> .
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Then the Dynamic Generalized observability function V5 = (D5, L£9) is such that

ds(x, 60) = 0 (:L’, 50) € Q, \N€7
dg(x’ 50) S d(:E, 50) (337 50) € QO m/\/;'

(3.50)

3.3.3 Example

Consider the scalar, single-input, single-output, nonlinear system described by the equa-
tions

. 1 2

T = —zx+(1+27)y,

2 (3.51)

y = sin(z),
with z(t) € R, y(¢t) € Rand u(t) € R. The controllability and observability functions of the
system (3.51) can be explicitly computed allowing for a direct comparison with the lower
and upper bounds provided by (3.28) and (3.44), respectively. Alternative bounds are also
given in [33]. To begin with, let #'X(2)z = p.z? and 2 T'(z)z = pox?, 0 < pe < 0.25,

Lo > 0 and note that
1

_ 1
P:§+§\/1_4Mc

and Q = 1 + jt,. Then, let

Px
P —
) 147z’ (3.52)
Q(z) = pox + arctan(x),

be algebraic solutions of the inequality (3.26) and (3.42), respectively, for all z € [—1,1].

Define then the functions

pf:c 1 9
Ec 9lc - Gc
T T arelr =& (3.53)
Lo = (oo + arctan(é,)) x + %ro(x — &)

To obtain a tighter bound on the observability function the initial condition &, is selected,
for each state x € R, according to (3.18), since the minimizer (3.18) can be computed
analytically for the function £,. In the case of the controllability function the initial
condition &, is selected, for each state x € R, as & = Az, A > 0, since the analytic
expression of the maximizer (3.17) is not available.

Let pe = po = 0.01, r. = 0.6, r, = 1 and v = 10. Figure 3.1 displays the comparison
between the controllability function of the system (3.51), the bound proposed in [33] and
the function L.(z, Ax), with A = 0.44. Note that the function L.(x, \z) provides a tighter

lower-bound than the function in [33] and the zero equilibrium of the system (3.9) is,
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Figure 3.1: Comparison between the controllability function of the system (3.51) (dotted line),
the bound proposed in [33] (dashed line) and the function L. (z, & (z)) (solid line).

similarly to the corresponding system in [33], locally asymptotically stable. Figure 3.2
shows the comparison between the observability function of the system (3.51), the bound
proposed in [33] and the function £,(z, &} (x)). The latter provides a tighter upper-bound

than the approximation in [33].

1.6
n
14K

1
' 1
1.2f '
1

0
T

Figure 3.2: Comparison between the observability function of the system (3.51) (dotted line),
the bound proposed in [33] (dashed line) and the function £,(z,&*(x)) (solid line).

3.4 Application to Model Reduction

Once the controllability and the observability functions have been obtained, standard
model reduction techniques for nonlinear systems rely upon the definition of a sequence of

changes of coordinates such that, in the new coordinates, the functions are in the so-called
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balanced form. Often these transformations are not constructive but exploit, for instance,
Morse’s Lemma.

The main advantage of the notion of Dynamic Generalized controllability and observ-
ability functions over controllability and observability functions in balancing for nonlinear
systems consists in the fact that these permit the construction of a class of Dynamic Gen-
eralized functions. In fact — differently from the balancing technique proposed in [98],
in which the existence of a change of coordinates is implied by Morse’s Lemma while no
constructive result is provided — using Dynamic Generalized functions a specific change of
coordinates is given which transforms the functions into the desired structure, as detailed

in the following?.

Proposition 3.9. Suppose that V. = (D, L.) and V, = (D,, L,) are the Dynamic
Generalized controllability and observability functions as in Propositions 3.5 and 3.7, re-

spectively, of the system (3.1). Let

Ho(€) = No(&) + No(&) T — No(&) Ry ' No(&0) T (3.54)

with N, : R® — R™" such that Q(&,)" = N,(&) &. Then there exist a matrix
R = R" > 0 and a neighborhood W of the origin of R” x R™ x R" in which the change of
coordinates ¢ = (, &b, éc) = Az, &, &) defined by

Bo= Ho(&)2w,
. 1
€ = R3(&—(I—R;'No(&o)) ), (3.55)
éc = 507
is such that . . .
Lo(ATHQ) = 5aTd + 56, 6 = 5¢TG, (3.56)
_ 1
Le(ATHQ) = 3¢ Me(€)S (3.57)
for all R, > R, with
I 00
J=10 10
0 00
and M, : R™™xXn _ R3X3n g positive semi-definite matrix-valued function. o

Proof. By definition of @, N(0) is equal to @, hence the constant terms of the matrix
H,(&,) are defined by
12Q+QT - QR'Q

2The results that follow can be similarly obtained exchanging the roles of the Dynamic Generalized
controllability and observability functions.
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Therefore, selecting R, sufficiently large, there exists a neighborhood of the origin in which
the matrix H(,) is positive definite, hence the matrix H (50)% is locally well-defined. To

show that A is a diffeomorphism note that x = Ho(ﬁo)féfv and consider the equation

N[

o — Ro (%, &) =0, (3.58)

which corresponds to the second equation of (3.55), with 7(%,&) = Ry +
(N(fo)T — RO) Ho(go)_%j. The partial derivative of ™ with respect to &, is given by

on 0 [(N(€)T = Ro) Hol&) %3]
8€O(x, &) =Ry + o, :

(3.59)

Thus, since by definition of the mapping N

0 [(N(&)T = Ro) Hol&) 23]
9%

(j) 50):(070)

)

there exists a neighborhood W of the origin in which the rank of the partial deriva-
tive (3.59) is equal to n. Then, by the Implicit Function theorem, there exists a unique

continuously differentiable mapping x : R™"™ — R” such that

for all (z, éo) € W. Therefore the inverse change of coordinates A~! is defined as

v = Hy(x(& &) 24,
& = x(@, &), (3.60)
fc - £c~

Finally note that, once we have shown that A is indeed a change of coordinates, L,(A~1(¢))

can be obtained by direct substitution of

r = H0(§o)_%j,
& = Ry2é+ R-V(Ry— No(&) Ho(E) 32, (3.61)
fc = éca

which is obtained from (3.55), into (3.44), yielding the function (3.56), while the expres-
sion of the function (3.57) is obtained noting that in the new coordinates the function
L:(A71(¢)) is positive semi-definite. O

Interestingly the equations (3.61) entail that the explicit expression of the function x
is not required to compute L,(A~1(¢)).
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Remark 3.5. By the definition of the inverse coordinate transformation A~!, the function
L(A71(¢)) depends explicitly also on &,, differently from L.(z, &.). A

In the following the notion of dynamically balanced nonlinear system is introduced.
Towards this end consider the following assumption together with some preliminary results.

(Note that the assumptions and the notation are partly borrowed from [98].)

Assumption 3.3. There exists a neighborhood of the origin where the number of distinct

eigenvalues of M.(¢) is constant.

Assumption 3.3 implies that the eigenvalues of M.({), denoted by X;(¢) for i = 1, ...,3n,
are smooth functions of (. Note that, since M.({) is only positive semi-definite, n eigen-
values are identically equal to zero. Moreover, since the matrix M.(0) > 0 is diago-
nalizable, provided R, > %]3, we can find an orthogonal matrix 7" : R® x R" x R" —
R37%3n 4 e. such that T(¢)TT(¢) = I, such that M.(¢) = T(¢)TA(C)T(¢) with A(¢) =
diag(A1(Q), ..., A2n(¢), 0, ...,0) and

A1(€) = .. > Agn(€) > 0.
Finally, define the new variables z = v(¢) £ T(¢)¢, z € R*", and
771'(2,') = 7'7;(0, ...,O,ZZ',O, ...,O)izi, 1= 1,...,2n,
ni(zi) = zi, i=2n+1,...3n,

where the smooth functions 7;(z) £ A(v~1(2)) > 0, i = 1,...,2n are called the dynamic

singular value functions.

Definition 3.4. The nonlinear system (3.1) is dynamically balanced if the functions £,
and L. in the Dynamic Generalized observability and controllability functions, respectively,

are such that

iag(oi(p;) !
Eo(p) A %p—l— [ d g( ZO(pZ) ) 8 ] P, (362)
and . )
cip e L [ dlang-(p(;) 7i(p)) 8 ] N (3.6

with p € R®" and o;(p) £ 7:(0, ..., p;, 0, ...,0)%, i =1,...,2n, namely such that

Loy = | ottt ifi<om,
o 0 if i>2n,
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and
s5p;0i(pi) if 1< 2n,
Le(pi) = 2 (e) cp o
0 if i>2n.

The following result summarizes the previous considerations stating that the nonlinear

system (3.1) can be dynamically balanced by means of a coordinate transformation.

Proposition 3.10. Consider the nonlinear system (3.1). Let V. = (D, £;) and
Vo = (D,, L,) be the Dynamic Generalized controllability and observability functions
defined in Propositions 3.5 and 3.7, respectively, and define the change of coordinates
z = n(w(A(zx, &, &))). Then, in the new coordinates, the system (3.1) is dynamically

balanced. S

3.5 Conclusions

The balancing and model reduction problems for nonlinear systems are considered intro-
ducing the notion of Dynamic Generalized Controllability and Observability functions.
The latter are called dynamic and generalized since a dynamic extension to the state of
the state is considered and a partial differential inequality is solved in place of a partial
differential equation. As a matter of fact a class of Dynamic Generalized Controllability
and Observability functions can be constructively defined, which is a crucial advantage
with respect to Controllability and Observability functions. In fact, exploiting the specific
structure of the class of functions, an explicit change of coordinates can be given that

transforms the functions into the dynamically balanced form.



69

Chapter 4

Lo-disturbance Attenuation

4.1 Introduction

n most control applications the internal state or the output of a dynamical system may

be affected by disturbances, which are in general unknown. An ideal achievement of the
control law would be to render (the output of) the system insensitive to the disturbance.
However, it has been shown that the conditions under which this goal can be achieved
are seldom satisfied, see [39]. To avoid this issue a different approach has been pursued,
namely the design of a control law that guarantees that the effect of the disturbance on (the
output of) the system is kept under a desired level and that an equilibrium of the closed-
loop system is (locally) asymptotically stable in the absence of disturbances. Obviously,
in order to tackle this problem, the first issue to clarify is how the effect of an unknown
disturbance on (the output of) a dynamical system can be measured. A possible choice is to
consider the Lo-induced norm of the nonlinear system, see for instance [22,101]. For linear
systems the Lo-disturbance attenuation problem reduces to the time-domain formulation
of the H, control problem. The classic solution of the Lo-disturbance attenuation problem
is defined in terms of the solution of an Hamilton-Jacobi (HJ) partial differential inequality,

which is a nonlinear first-order partial differential inequality.

In this chapter we introduce the notion of Dynamic Storage function and we inves-
tigate the relation between these functions and the solution of the Lo-disturbance atten-
uation problem. Moreover it is shown how to construct dynamically, i.e. by means of a
dynamic extension, an exact solution of a (modified) HJ inequality, for input-affine nonlin-
ear systems, without solving any partial differential equation or inequality. The conditions
are given in terms of algebraic equations or inequalities, that can be shown to be solvable
for specific classes of nonlinear systems including feedback linearizable, feedforward and

fully actuated mechanical systems.

The rest of the chapter is organized as follows. In Section 4.2 the Ls-disturbance

attenuation problem and the concept of Dynamic Storage function are formally introduced
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and their relation is discussed in details. Section 4.3 is dedicated to the definition of the
notion of algebraic P solution, which is instrumental for the construction of a class of
Dynamic Storage functions for input-affine nonlinear systems. The proposed dynamic
control law is defined in Section 4.4. In Section 4.4.1 the particularization of these results
to linear time-invariant systems is proposed and the relation with the standard solution of
the Ho, disturbance attenuation problem is investigated. A procedure to systematically
determine an algebraic P solution for classes of nonlinear systems in the presence of

matched disturbance is proposed in Section 4.5.

4.2 Definition of the Problem

Consider a nonlinear dynamical system affected by unknown disturbances described by

equations of the form
i = fo) + g(@)u+ p(e)d,
z =h(x)+(z)u,

(4.1)

where the first equation describes a plant with state z(t) € R™, control input u(t) € R™
and exogenous input d(t) € RP, while the second equation defines a regulated output
z(t) € R% In addition f:R"™ — R", g: R" — R™™ p:R" — R"P [ :R" — R>*™
and h : R™ — RY are smooth mappings.

Assumption 4.1. The mappings h and [ in the system (4.1) are such that h(z) i(z) =0
and I(z)"l(z) = I, for all z € R".

The second condition in the Assumption 4.1 is needed to avoid a so-called singular problem,

see for instance [4,57].

Assumption 4.2. The mappings f and h are such that f(0) = 0 and h(0) = 0. Moreover,
the nonlinear system (4.1), with d(t) = 0 for all ¢ > 0 and output y = h(z), is zero-state
detectable, i.e. u(t) = 0 and y(¢) = 0 for all ¢ > 0 imply tlim z(t) = 0.

—00

As a consequence of Assumption 4.2 there exists some, possibly not unique, continuous
matrix-valued function F': R™ — R™*" such that f(z) = F(x)z, for all x.

Problem 4.1. Consider the system (4.1) and let v > 0. The regional dynamic state feed-

back Lo-disturbance attenuation problem with stability consists in determining an integer

n > 0, a dynamic control law of the form

(4.2)
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with £(t) € R®, o : R x R® x R® — R™ 3 : R x R® x R® — R™ smooth mappings,
a(t,0,0) = 0, B(¢,0,0) = 0 for all t > 0, and a set Q C R™ x R™, containing the origin of
R"™ x R™, such that the closed-loop system

i = f(z)+g(x)B(t z, &) +plx)d,
(t,z,€), (4.3)

has the following properties.

(i) The zero equilibrium of the system (4.3) with d(t) = 0, for all ¢ > 0, is uniformly

asymptotically stable with region of attraction containing 2.

(ii) For every d € L3(0,T) such that the trajectories of the system remain in €2, the

Lo-gain of the system (4.3) from d to z is less than or equal to 7, i.e.

T T
/0 ()| 2dt < 2 /0 d(e) 2t (4.4)
for all T > 0.

Note that if 7 = 0 and the control law is time-invariant then the problem is the standard
static state feedback Ls-disturbance attenuation problem with stability.

It is well-known, see [101], that there exists a solution to the static state feedback
Lo-disturbance attenuation problem with stability, in some neighborhood of the origin,
if there exists a smooth positive definite solution V' : R® — R of the Hamilton-Jacobi
inequality

Vel @)+ 5Ve | S5pl@in(@) — gl@lg@)” | V. + 5h@) b <0, (@45)

with V' (0) = 0, for the given v > 0. Moreover the control law that solves the problem is
given by u = —g(x) V1.

In the linear case the solution of the disturbance attenuation problem is given by a
linear static state feedback of the form u = —BI Pz, where P is the symmetric positive

definite solution of the algebraic Riccati equation

_ _ _T1 _
PA+ATP+P[2BQB2T—BlBlT] P+H'H=0, (4.6)
y
where o/ oh
AL = F(0), H% == B1 £ g(0), Bs £ p(0). 4.7
O | 2—0 ( )7 O x:07 1 g( )7 2 p( ) ( )
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Remark 4.1. As noted in [101] if the pair (H, A) is detectable, the solvability of the
equation (4.6) guarantees the existence of a neighborhood W of the origin and of a smooth
positive definite function V' defined on W such that V is a solution of the Hamilton-Jacobi
inequality (4.5). However, in most practical cases there is no a priori knowledge about
the size of the neighborhood W in which the solution is defined. A

The following definition introduces the notion of Dynamic Storage function, which is
instrumental in designing a dynamic control law that solves the regional dynamic state

feedback Ly-disturbance attenuation problem with stability.

Definition 4.1. (Dynamic Storage Function). Consider the system (4.1) and let v > 0.

A time-varying Dynamic Storage function V is a pair (D, V') defined as follows.

e D, is the dynamical system

é - a(t7x7€)7

4.8
u = —g(x)"Vy(t,z, &7, (48)

with £(f) € R", a: R x R" x R™ — R" locally Lipschitz, a(t,0,0) =0 for all ¢ > 0.
Moreover « is such that the zero equilibrium of § = «(t,0,¢) is asymptotically stable,

uniformly in ¢.

o V:RxQCRxR"xR"™— R is positive definite around (z, &) = (0,0), for all ¢ > 0,
and it is such that

Vit Vil (@) + Vealt,6) + 5Ve | 55p(@)@) —a(@la(e)" | V' + 5h(a) () <0,

(4.9)
for all (z,£) € 2 and all ¢ > 0.

The first term of (4.9) disappears if the function V' does not depend explicitly on time. In
the time-invariant case, namely with V; = 0 and a = a(z, ), we refer to V as a Dynamic

Storage function.

Remark 4.2. Dynamic Storage functions generalize Dynamic Lyapunov functions intro-
duced in Chapter 2, since the former reduce to the latter for autonomous systems without

inputs and disturbances. A

The following result relates the notion of Dynamic Storage function to the solution
of the regional dynamic state feedback Lo-disturbance attenuation problem with stability,

namely Problem 4.1.
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Lemma 4.1. Consider the system (4.1) and let v > 0. Suppose that Assumptions 4.1
and 4.2 hold. Let V = (D, V') be a Dynamic Storage function for the system (4.1) for all
(x, &) € Q. Then the dynamical system (4.8), with @ and V' independent of time, solves
the regional dynamic state feedback Lo-disturbance attenuation problem with stability for
all (x,¢) € Q, where (2 is the largest level set of V contained in (2. o

Proof. The claim follows directly noting that, by (4.9), V is a continuously differentiable
storage function for the closed-loop system (4.1)-(4.8), with @ and V' independent of time,
with respect to the supply rate s(z,d) = v72||d||*> — ||z||*>. Therefore the Ls-gain from d
to z is smaller than +. Let now d = 0 and V be a candidate Lyapunov function for the
closed-loop system (4.1)-(4.8). By inequality (4.9) all the trajectories are bounded and, by
Assumption 4.2, x(t) converges to zero as time tends to infinity. Moreover, by definition,

the zero equilibrium of the system & = «(0,¢) is uniformly asymptotically stable. g

As it appears considering the arguments in the proof of Lemma 4.1, the requirement
of asymptotic stability for the system & = a(t, 0, &) introduced in the definition of Dynamic
Storage function may be replaced by zero-state detectability of the extended closed-loop

system

i = f(z)+g()B(t 8,
é: = Ck(t, x, 5) 9
with respect to the output y = h(x).

4.3 Algebraic P Solution of the HJ Partial Differential In-
equality

In the following we show how to construct a class of Dynamic Storage functions without
involving the solution of any partial differential equation or inequality, which is a significa-
tive advantage of Dynamic Storage functions over standard storage functions. Consider
the HJ inequality (4.5) and suppose that it can be solved algebraically, as detailed in the

following definition.

Definition 4.2. Consider the system (4.1), with Assumption 4.1, and let v > 0. Let
o(x) 2 2TS(x)r > 0, for all z € R?, with ¥ : R® — R™" %(0) = 0. A C' mapping
P:R" — R>" P(0) = 0, is said to be a X-algebraic P solution of inequality (4.5) if the
following holds.

(i) For allz € X CR"

P(@)f(@) + 5P(@) | 5p(@p(o) = gl@g(@)T | Pla)| + 3h() h@) +o(a) < 0.

(4.10)
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(ii) P is tangent at x = 0 to the symmetric positive definite solution of (4.6), i.e.
P/ (z) = P.

=0

If condition (i) holds for all z € R™, i.e. X = R™, then P is an algebraic P solution.

Note that any C? positive function o : R® — R can be written as 2 ' ¥(x)x for some
continuous non-unique matrix-valued function Y. Moreover note that P is not assumed
to be a gradient vector. A similar approach is proposed in [54] where the solutions of
the Hamilton-Jacobi partial differential inequality are characterized in terms of nonlinear
matrix inequalities (NLMI). Therein, however, it is assumed that the solution of the NLMI

is a gradient vector.

Remark 4.3. For any given o the condition (4.10) is an algebraic inequality in n un-
knowns, namely the components F;, i = 1, ..., n, of the mapping P. Moreover, any solution
V of the HJ inequality is such that Vj is a solution of the inequality (4.10). Finally, since
3(0) = 0, the solvability of the algebraic Riccati equation (4.6) implies the existence of a

X-algebraic P solution for some non-empty set X C R”. A

In what follows we assume the existence of an algebraic P solution, i.e. we assume
X = R"™. Note that all the statements can be modified accordingly if X C R".

Using the algebraic P solution P, define the extension V. : R® x R” — R as
1 2
V(z,§) = Pz + g llz —Elx (4.11)

with € € R® and R = R' € R™™ positive definite. Note that since P satisfies the
assumptions of Lemma 1.2 then there exists R = R > 0 such that V is locally positive
definite for all R > R.

To provide concise statements of the main results, define the continuous matrix-valued
function A : R"® x R™ — R™*" with

A(z,€) = (R— ®(z,£))A€) ", (4.12)

A(€) = Pe(§)R™!, and where @ : R™ x R — R™ " is a continuous matrix-valued function
such that
P(z) — P(§) = (z — &) @(,€) ", (4.13)

Ay(x) = F(z) + O(z)N(z) with N : R® — R™ " such that P(z) = 2" N(z)'. Note that
the functions ® and N always exist since P(z) — P(§) = 0 for z = £ and P(z) = 0 for

x = 0, respectively.
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4.4 [Lo-disturbance Attenuation Problem

The following statement provides a solution to the regional dynamic state feedback Lo - dis-
turbance attenuation problem with stability, namely Problem 4.1, in terms of the existence
of a Dynamic Storage function for system (4.1), the construction of which relies upon an

algebraic P solution of inequality (4.5).

Theorem 4.1. Consider system (4.1), with Assumptions 4.1 and 4.2, and let v > 0. Let
P be an algebraic P solution of (4.5). Let the matrix R = R' > 0 be such that the
function V' defined in (4.11) is positive definite in a set @ C R™ x R™ containing the origin
and such that

%Acl(x)TA + %ATAcl(x) + %ATH(x)A < %), (4.14)

for all (z,¢) € Q\ {0}, with II(z) = v 2p(z)p(z) " — g(z)g(z)". Then there exists k > 0
such that for all k£ > k the function V satisfies the Hamilton-Jacobi inequality

HT (@) £ Vaf () + Vi + 5h(@) Thi@) + 5Ve | S5p@ip(o) = gl@g(@)" | V] <0,

(4.15)
for all (z,£) € Q, with § = —kV," = —k(P:(¢) "2 — R(z — £)). Hence V = (Dq, V), with

D,, defined as '
£ = k(P& "z~ R(z —¢)),

u =—g(@)" [P@)T + (R —@(z,6)(z —£)] |

and V as in (4.11), is a Dynamic Storage function for the system (4.1) and, by Lemma 4.1,

(4.16)

(4.16) solves the regional dynamic state feedback Lo-disturbance attenuation problem with
stability for all (z,&) € €2, where  is the largest level set of V contained in €. o

Remark 4.4. Interestingly, the result entails that, differently from classical Storage func-
tions, Dynamic Storage functions can be constructed without involving the solution of any
partial differential equation or inequality, since they rely on the computation of an algebraic
P solution of (4.5). Moreover the control input u defined in (4.16) contains the algebraic
input, i.e. the term —g(z) " P(x), obtained from the solution of the equation (4.10), and a
dynamic compensation term, i.e. —g(z)" (R — ®(x,&))(x — &). A

Proof. To begin with note that the partial derivatives of the function V defined in (4.11)

are

Ve = P(x) + P(§) = P(2) + (& =) TR = P(z) + (x = &) (R — &(,€)) ",

417
Ve=aFe(¢) — (x— &) R. 0
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The Hamilton-Jacobi inequality (4.15), considering the partial derivatives of V as in (4.17),
the dynamics of the controller as in (4.16) and recalling that the mapping P is an algebraic

P solution of the inequality (4.10), reads
—z' B+ (2~ & (R— @) Fla)z + %(96 — &' (R— @) I(z)(R ~ ®)(z — &)

+a " N(z) T(z)(R—®)(x — &) — k(z Pe(§) — (= &) TR)(Pe(§) 'z — R(z — £)) < 0.
(4.18)

Rewriting the inequality (4.18) as a quadratic form in the variables x and (z — &) yields

x

—fa" (@ — &) [M(x,8) + kC(&)TC(&)] [ 0 ] <0, (4.19)

(z —

where C(§) = [P:(€§)" — R] is a n x 2n matrix with constant rank n for all £ € R", since

R is positive definite, and

N(x)  Ti(=,¢)
M(l‘,g) = )

Fl(xaé)—r F2($>£)
where I'y(z,£) = —3A4(2) T (R — ®(2,€)) and T'y(z,£) = —3(R — ®(z,€)) 'T(z)(R —

®(x,£)). Note that the null space of C(§) is spanned by the columns of the matrix

Z(€) = , (4.20)

I
R7Pe()" ] PG

for all £ € R™. Exploiting the results in [3], consider the restriction of the matrix M(z,¢)
to the subspace defined by the columns of the matrix Z(¢) € R?"*" and note that the
inertia of the matrix Z(£) " M (z,£)Z(€) does not depend on the choice of the basis for the
null space of C(¢). Finally, condition (4.14) implies that the matrix Z(&)T M (z,£)Z(€)
is positive definite. This proves that there exists k& > 0 such that the Hamilton-Jacobi
inequality (4.15) is satisfied for all (z,€) € Q\ {0} and for all & > k. Furthermore
HT(0,0) = 0, hence, by continuity of the mappings in system (4.1), HJ (x, £) is continuous
and smaller than or equal to zero for all (z,£) € €. Moreover, note that, by the
condition (4.15), V is a weak Lyapunov function for the closed-loop system (4.3) with
d(t) = 0 for all t > 0. In fact, V(z,&) > 0 for all (z,£) € 2\ {0} and V < 0. Moreover the
system (4.3), with d(¢) = 0 for all ¢t and a and 3 defined in (4.16), is zero-state detectable
with respect to the output y = h(z). To prove this claim consider system (4.3) and note
that d(t) = 0, B(x(¢),£(t)) = 0, h(x(t)) = 0, for all ¢ > 0, imply, by Assumption 4.2,
that x(¢) asymptotically converges to zero while £(¢) belongs, by (4.15), to the compact
set {(x,&) : V(x,&) < V(x(0),£(0))} for all £ > 0. Therefore, since £ = 0 is a globally
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asymptotically stable equilibrium point of the system 5 = «a(0,¢), standard arguments on
interconnected systems allow to conclude that also £(¢) tends to zero for ¢ that goes to
infinity.

Hence by LaSalle’s invariance principle and zero-state detectability, the feed-
back (4.16) asymptotically stabilizes the zero equilibrium of the closed-loop system. Thus
the dynamic control law £ = —ng(x,f)T, u = —g(x) " Vy(z,€) T solves the regional dy-
namic Lo-disturbance attenuation problem with stability for the system (4.1). Finally,
since the condition (4.4) is satisfied for all the trajectories of system (4.1) driven by the
dynamic control law (4.16) that remain in the set €2, then it is straightforward to conclude
that u(t),y(t) € L2(0,00) for all such disturbances d(t) € £2(0, 00). O

Remark 4.5. The vector field Ay(z)z = (F(x) + II(z)N(z))z describes the closed-loop
nonlinear system when the algebraic feedback control law u = —g(x)' P(x)" and the

algebraic worst case disturbance d = ﬂ/—lﬂv(:c)TP(gc)—r are implemented. A

Remark 4.6. The conditions (4.10) and (4.14) imply
P, )T F@) + gh(e) he) + 5P, ()P, ) <0, (4.21)

for all z € Q\ {0}, where P(z,¢) = P(z) + 2" A(z,£), which highlights that inequal-
ity (4.10) has to be satisfied robustly. Note that (4.21) guarantees that the conditions (4.10)
and (4.14) are independent of the choice of the matrices N(x) and F(z) for all x € R™.

A

The following statement provides an alternative solution to the regional L, - disturbance
attenuation problem with stability obtained by considering a time-varying Dynamic Stor-

age function.

Theorem 4.2. Consider system (4.1), with Assumptions 4.1 and 4.2, and let v > 0. Let
P be an algebraic P solution of (4.5) and suppose that ®(z,&) = ®(z,£)" > R, for all
(z,€) € Q, where R is such that the function V(z,£) = P(&)z + 3z — £[|% is positive
definite in 2. Assume additionally that

A(&)(z, E)AE)" < X(z), (4.22)

for all (z,£) € Q\ {0}. Then the control law u(x) = —g(z)" P(z) solves the regional

dynamic Lo-disturbance attenuation problem with stability. o

Remark 4.7. The closed-loop system i@ = f(x) — g(x)g(z)" P(x) is independent of the
dynamic extension &, i.e. Theorem 4.2 provides a static control law that solves the regional

dynamic Lo-disturbance attenuation problem with stability. A
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Proof. To begin with, define

Vit = PO+ 5(r ~ OTR() (= ~ ), (4.2

where R(t) = ®(x(t),£(t)), for all ¢ > 0. Note that, by the assumptions on the mapping
®, R(t) is such that the function V' is uniformly positive definite for all (¢,z,£) € R x €.

Consider now the Hamilton-Jacobi partial differential inequality
Vi+HT(z,€) <O0. (4.24)

Following the same steps of the proof of Theorem 4.1, it can be shown that the condi-
tion (4.22), similarly to the condition (4.14) of Theorem 4.1, implies that the function V'
satisfies the HJ inequality (4.24) for all (¢,z,£) € R x Q.

Hence the control law

£ = —k(P(&)Te — R(t)(z —€)),

(4.25)
w = —g(z)TP@)T

solves the regional dynamic state feedback Lo-disturbance attenuation problem with sta-
bility for all (z,€) € Q. Finally note that V = (D,, V), with a = —kVe(t,z, )T and V as
in (4.23), is a time-varying Dynamic Storage function for the system (4.1). O

The conditions of Theorem 4.2 can be further relaxed under additional assumptions.

To this end, consider the class of algebraic P solutions yielding a matrix ®(z, ¢) such that!
(=& (®(z,6) = R)(x - €) >0, (4.26)

for all (z,£) € R™ x R™. Condition (4.26) is sufficient to guarantee that the function V/
in (4.23) is uniformly positive definite in the set  and for all ¢ > 0.

Lemma 4.2. Suppose that ®(z,¢) = ®(z,£) ", then

0Q" 00"\ _ .
— — >R—-P 4.2
(%) (o) =27 20
for all z € R", where Q(x) = P(z) — 2 P, if and only if condition (4.26) holds for all
(x,€) € R" x R™ o

Proof. Since P > R = 1P, the condition (4.27) is equivalent to requiring that the

mapping P(z) — xR is monotone, i.e.

(P(z) —z"R—P()+E"R)(z —€&) >0, (4.28)

!Condition (4.26) is milder than requiring (®(z, &) — R) > 0, i.e. v (®(z, &) — R)v > 0 for all v € R™.
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for all (z,£) € R™ x R™. Recalling (4.13),
(Pz) =2 R=P(E)+ &' R) = (x =& (®(x,§) — R). (4.29)

Necessity follows immediately right multiplying both sides of equation (4.29) by (z — &).
To show sufficiency, suppose, by contradiction, that there exists (Z,£) such that (4.26)
does not hold. Then

0> (z-&"(2(x,6) ~R)(z— &) = (P@@) —2'R—PE) +E R)(z—€) 20,

where the last inequality is obtained by monotonicity of P(z)—z" R, hence the hypothesis

of existence of (Z,§) is contradicted. O

We summarize the above discussion in the following result.

Corollary 4.1. Consider system (4.1), with Assumptions 4.1 and 4.2, and let v > 0. Let
P be an algebraic P solution of (4.5) and suppose that condition (4.27) holds. Assume
that the condition (4.22) is satisfied for all (x,&) € R® x R\ {0}. If V is positive definite
and radially unbounded for all (z,£) € R” x R™, then the control law u(z) = —g(z) T P(x)
globally solves the state feedback Lo-disturbance attenuation problem with stability. ¢

Remark 4.8. Selecting R = ®(0,0) > R the matrix-valued function A is such that
A(0,0) = 0, hence, since it is continuous, it is sufficiently small in a neighborhood of the
origin. Moreover, assume additionally that ¥(0) = ¥ > 0 in the definition of algebraic
P solution. Then, by continuity of the left-hand side of inequality (4.14), there exists a
non-empty subset Qo C R™ x R™ containing the origin such that the condition (4.14) is
satisfied for all (z,&) € Q. Therefore, the algebraic P solution of (4.10), with 3(0) = X,
allows to construct a Dynamic Storage function that solves the regional dynamic state
feedback Lo-disturbance attenuation problem with stability for all (z,&) € Q1 N Qy, with
)1 defined in Lemma 1.2. A

Corollary 4.2. Consider system (4.1), with Assumptions 4.1 and 4.2, and let v > 0.
Let P be an algebraic P solution of (4.10) with X(0) > 0. Then, letting R = &(0,0),
there exist a neighborhood of the origin  C R™ x R™ and k > 0 such that for all k > k
the function V' defined in (4.11) is positive definite and satisfies the partial differential
inequality (4.15) for all (z,€) € Q. o



4.4 Lo-disturbance Attenuation Problem 80

4.4.1 Linear Systems

In this section we consider linear time-invariant systems affected by an unknown distur-

bance described by equations of the form

& = Az + Biu+ Bod,
(4.30)
z =Hzx+ Lu,

where A € R"™*" By € R"™™ By € R"*P H € R?*™ are defined in (4.7) and L = [(0) €
R?*™  The following statement represents a particularization of the results presented in
Theorem 4.1 to linear systems. It is interesting to note that the methodology proposed
therein yields the standard solution to the Lo-disturbance attenuation for linear time-

invariant systems.

Assumption 4.3. The coefficient matrices of system (4.30) are such that H' L = 0 and
L'L =1

Proposition 4.1. Consider system (4.30), with Assumption 4.3, and let v > 0. Suppose
that there exists a positive definite matrix P = PT € R™*" such that?

_ - _T1 _
PA+ATP+P|—ByB) — BB |P+H"H<0. (4.31)
v

Then there exists R such that the conditions in Theorem 4.1 hold for all (z,£) € R"xR™.

Moreover the control law (4.16) reduces to

§ =REC, (4.32)
u

= —BlTPw.

i.e. the standard solution of the Lo-disturbance attenuation problem for linear systems is

recovered. o

Proof. Select R = P and note that in the linear case the function V is quadratic and is

el ()]

To complete the proof it remains to show that the linear inequality equivalent to the

given by

V(x7§) =

N | —

condition (4.14) is satisfied. To this end, it is enough to note that, with the selection
R=P,A(z,¢) = [[- PR P = 0. In addition the left-hand side of the condition (4.14) is

- 2Since ©(0) = 0, the equation is the linear version of condition (4.10) in the definition of the algebraic
P solution.
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identically equal to zero, hence the matrix M is only positive semi-definite in the null space
of C =[P — R]. However, M = 0 and this guarantees that the condition Ker(Z'MZ) =
Ker(MZ) = R™ holds. Thus, by [3], there exists a positive constant k such that the
left-hand side of the inequality (4.19) is negative semi-definite and singular for all & > k.
Finally note that the dynamic control law (4.16) reduces to (4.32) yielding the standard
static state feedback solution of the disturbance attenuation problem for linear systems.

O

4.5 Algebraic P Solution for Classes of Nonlinear Systems

In this section a systematic procedure to compute algebraic P solutions for classes of

nonlinear systems with matched disturbance is presented.

4.5.1 Feedback Linearizable Systems with Matched Disturbance

Consider the class of nonlinear systems described by & = f(z) + g(x)(u + d), with

1 = %2,
T2 = z3+ falz2),
(4.33)
Tn-1 = ZTp+ foo1(z2,.cypn_1),
T = falz1, 22,y xn) + b(21, 22, o0y ) (u + d)

where z(t) = (x1(t),...,z,(t)) € R, d(t) € R and u(t) € R. The equations (4.33) describe
a class of nonlinear systems in feedback form in which the functions f, ..., fn_1 do not
depend on the variable z1. Suppose that the system (4.33) has an equilibrium at = = 0,
hence f2(0) = f3(0,0) = ... = f,(0,...,0) = 0, and moreover that b(xz) # 0, for all
x € R™ and let b(0) = b;. Hence b(z) = by + ba(z), for some continuous function ba(x)
with b2(0) = 0. Since the origin of the state space is an equilibrium point there exist
continuous functions ¢; ; and constants a; j, i = 2,...,n, j = 2,...,4 such that the functions

f2, ...y fn, of the system (4.33) can be expressed as

fo(z) = ag2x2+ Poa(x)x2,
f3(x) = azaxe + azzxrs + ¢32(x)r2 + P33(x)T3,
fn(m) = Gn,1T1 + ...+ nnTn + (bn,l(x)xl + ¢n72(1‘)x2 + ...+ ¢n,n(x)xn .

In particular, note that dfa2(x)/0z2(0) = agy2, ..., Ofn(x)/02(0) = [an2, ..., Annl-

Let €2 = —(1/4% — 1), where v € (1,00] is the desired disturbance attenuation level.
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Note that € € (0,1). Let

P11 P12 --- Pin
p_ P1‘,2 p.2,2 . pz‘,n
Pin P2n --- DPnn

be the symmetric solution of the algebraic Riccati equation for the linearized problem, i.e.
PA+ATP—&PBB'P+ H'H <0 where

0 1 0 0 0
a2 2 1 e 0 0
A= : 0 ) B = :
0 ap-12 ap-13 1 0
| On,1 an2 an.3 <o Gnn | L by ]

and H defines a penalty variable. To determine an algebraic P solution let P(x) =
v P+ Q(z), f(x) = f(x) — Az and consider the algebraic inequality in the unknown
Qx) = [Qu(2), ..., Qn(x)]

2z P+ Q(2))(Az + f(z))+ 2 H Hzx + 22" Y(z)x @30
4.34
—(a' P+ Q(x))g(x)g(z) (2" P+ Q(z))" <0,

where ¥(x) = diag{o;(x)}i=1,. n, with o;(z) > 0, for all z # 0.

Proposition 4.2. Consider a nonlinear system of the form (4.33) and the HJ inequality
(4.34) and suppose that

an,1 + an,l(lx) - 62pl,nb(ﬂf)2 7é 0, (435)

for all 2 € R”. Then the mapping P(z) = z' P + Q(x), with

1
() = an1 + ¢n1(z) — €2p1 nb(x)? [ — 2101(2) = Gn1 (T1P10 + o+ TnPnn) w36
- 62pl,nbl (xlpl,n + ...+ :Enpn,n)bQ (:L')] )

Qi(z) = EPit1,nb1 (T1P10 + oo + TnPpn)b2(T) + €Pig1,2b(2)? Qn(2) — Tit10541

n (4.37)
- > [(aj,m + $4,i+1(2)) Q;(@) + dj i1 (x)(1p1y + - + ﬁfnpj,n)] :
j=it+1

i=1,...,n—1,is an algebraic P solution of the equation (4.33). o

Remark 4.9. The condition (4.35) is trivially satisfied if the function f,, does not depend
on the variable 1, i.e. 0fy(x)/0x1 = 0 for all x € R™ and p;,, # 0. Note that, since



4.5 Algebraic P Solution for Classes of Nonlinear Systems 83

the i-th element of Q depends on the components Q; with j > 4, the solution can be

determined iteratively from Q,_1 to Q. A

Proof. The proof is by direct substitution. Considering the definition of the matrices A,
¥ and H and of the vectors f and g, straightforward computations show that the mapping
P(z) = 2" P + Q(x), where P is the solution of the algebraic Riccati equation and Q is
defined in (4.36)-(4.37), is a solution of the algebraic inequality (4.34). O

4.5.2 Strict Feedforward Form

Consider a nonlinear system in strict feedforward form described by equations of the form

T = fi(ze,....,x,),
o = faxs, . Tn),
(4.38)
En—1 = fo-1(Tn),
Tn, = u+d,

with z(t) € R", u(t) € R and d(t) € R and f = [f1, f2, ..., fn_1,0] . Suppose that the
origin is an equilibrium point for the system (4.38), i.e. f;(0) =0¢ =1,...,n — 1, hence

there exist continuous functions ¢; ; and constants a; j, @ = 2,...,n, j = 2,...,7 such that

a12%2 + ... + a10Tp + G12(x)T2 + ... + P10(T) 2y
a23%3 + ... + @2y + P23(x)3 + ... + P2n(T)2y
f(x) = :

Ap—1,nTy + (bn—l,nxn
0

Proposition 4.3. Consider a nonlinear system of the form (4.38) and suppose that

iit1 + Giit1(x) #0, (4.39)

for all z € R, for i = 1,...,n — 1. Then the mapping P(z) = 2" P + Q(x), with Q,,(z) =

2 and
1—1
1
Qi) =~ | = 10 Q@) + 3 (654(@) @1p1y + . + Tupsn)
1,041 7,241 =1 (440)

— Xi4+10i41 (Q?) + Qj(l')(aj,i—&-l + ¢j,i+1($)))} )
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i=1,..,n—1, solves the inequality (4.34) and is an algebraic P solution for the nonlinear
system (4.38). o

Proof. As in the proof of Proposition 4.2 the claim is proved by direct substitution. [

Remark 4.10. The condition (4.39) is trivially satisfied if f;(z) = zi 1 + fi(Tiyro, ..., Tn),
fori=1,...,n—1. A

4.6 Conclusions

In this chapter we have introduced the notion of (time-varying) Dynamic Storage function
and we have related the existence of a Dynamic Storage function to the solution of the
Lo-disturbance attenuation problem. In particular the knowledge of Dynamic Storage
function allows to construct a dynamic control law that solves the attenuation problem.
Moreover, it is shown that a specific choice of time-varying Dynamic Storage function yields
a static feedback. The key aspect of novelty lies in the fact that, differently from classical
storage functions, partial differential equations or inequalities are not involved in the
construction of Dynamic Storage functions and a constructive methodology is provided. In
particular this approach relies upon the notion of algebraic P solution, which is defined in
terms of the solution of an algebraic scalar inequality. In the last two sections of the chapter
it is shown that the control law provided by the method reduces to the standard solution of
the H attenuation problem in the case of linear time invariant systems and that algebraic
P solutions can be systematically computed for classes of input-affine nonlinear systems

in the presence of matched disturbance.



85

Chapter 5

Optimal Control

5.1 Introduction

he main objective in optimal control problems consists in determining control signals
T to steer the trajectories of an ordinary differential equation in such a way that
a desired criterion of optimality is minimized, or maximized. Two different — and, in
some respect, antagonistic — approaches to solve optimal control problems have been
introduced in the literature, namely Pontryagin’s Minimum Principle [103] and Dynamic
Programming [11]. The present chapter deals solely with the latter, which relies upon the
solution of the well-known Hamilton-Jacobi-Bellman (H.JB) partial differential equation.
In the last decades, the definition of several constraints and requirements has given rise to
a wide variety of problems that may be formalized within the framework of optimal control
theory. Among such problems, for instance, the Calculus of Variations — the origins of
which are independent from optimal control and date back long before the birth of the
latter theory — may nonetheless be considered as a special case of optimal control in which

the dynamical constraint is replaced by an integrator.

A significant distinction is also emphasized between finite-horizon and infinite-horizon
optimal control problems, which are the topics of Sections 5.3 and 5.4, respectively. In
the latter the purpose of the control law is to steer the state of the system in such a way
that a desired criterion of optimality is minimized while ensuring asymptotic stability of
an equilibrium point of the underlying differential equation. In the finite-horizon case
the time interval is finite and decided a priori, as it is obviously the initial condition.
Furthermore, a penalty term imposed on the value of the state at the terminal time may

additionally be considered.

In either case the value function, namely the cost-to-go function, is defined in terms
of the solution of a first-order nonlinear partial differential equation, the HJB partial

differential equation, which may be hard or impossible to determine in closed-form.

Therefore, in recent years, several approaches to approximate, with a desired degree
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of accuracy, the solution of the Hamilton-Jacobi-Bellman partial differential equation or
inequality in a neighborhood possibly large of an equilibrium point have been proposed,
see [8,9,21,37,49,55,64,78,104].

Many of these results rely either on the iterative computation of the coefficients of a
local expansion of the solution, provided that all the functions of the nonlinear system are
analytic (or at least smooth) or on the solution of the HJ inequality along the trajectories
of the system. In particular, in [55], under the assumption of stabilizability of the zero
equilibrium of the nonlinear system, which is supposed to be real analytic about the origin,
an optimal stabilizing control law defined as the sum of a linear control law, that solves the
linearized problem, and a convergent power series about the origin, starting with terms
of order two, is proposed. Sufficient conditions that guarantee the convergence of the
Galerkin approximation of the HJB equation over a compact set containing the origin are
given in [9]. The local solution proposed in [104] hinges upon the technique of apparent
linearization and the repeated computation of the steady-state solution of the Riccati
equation. The basic idea of the state dependent Riccati equation (SDRE) is to solve
the Riccati equation pointwise, using a state-dependent linear representations (SDLR),
see [36]. The SDLR is not unique and for particular choices the SDRE not only provides
a performance different from the optimal, but it may even fail to yield stability of the
equilibrium point of the system. In [49] conditions for the existence of a local solution of
the HJB equation, for a parameterized family of infinite horizon optimal control problems
are given. In [64] it is shown that the solution of the HJB equation is the eigenfunction,
relative to the zero eigenvalue, of the semigroup, which is max-plus linear, corresponding
to the HJB equation, and a discrete-time approximation of the semigroup guarantees the

convergence of the approximate solution to the actual one.

Finally, a large effort has been devoted to avoid the hypothesis of differentiability of
the storage function, interpreting the HJB equation in the viscosity sense, see [8,21,78]. In
particular the issue of existence, or uniqueness, of viscosity solutions has been extensively
addressed and explored, see for instance [27]. A method to approximate viscosity solutions
by means of a discretization in time and in the state variable has been proposed in [28§]

and using a domain decomposition without overlapping in [15].

The rest of the chapter is organized as follows. The notion of Dynamic Value function
is introduced and discussed in Section 5.2. In both finite and infinite-horizon optimal con-
trol problems these functions generalize standard value functions since the former consist
of a positive definite function combined with a dynamical system. As a matter of fact,
this additional system may be interpreted as a dynamic control law that approximates
the solution of the underlying optimal control problem. Sections 5.3 and 5.4 deal with
the finite-horizon and the infinite-horizon optimal control problems, respectively. Each

section is concluded by a numerical example.
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5.2 Dynamic Value Function

In this section we lay the foundations for a common framework that encompasses finite-
horizon as well as infinite-horizon optimal control problems. These problems are then
discussed separately in the two following sections. Consider a nonlinear system described

by equations of the form
&= f(x)+ g(x)u, (5.1)

where z(t) € R™ is the state of the system, while u(t) € R™ denotes the control input.
The mappings f : R — R and g : R®™ — R™™ are assumed to be sufficiently
smooth. The (finite-horizon) optimal control problem consists in determining a control
input u that minimizes the cost functional®
sl 4 T 1 T

T2 /0 (a(ar(t)) + ut) Tu(t))d + Ja(T)Ka(T), (5.2)
where T > 0 is the fixed terminal time, ¢ : R® — R, is the running cost imposed on
the state of the system, K = KT > 0 penalizes the value of the state of the system
at the terminal time, subject to the dynamic constraint (5.1) and the initial condition
x(0) = xo. In the infinite-horizon case, namely when 7' tends to infinity, the terminal cost
is replaced with the requirement that the zero equilibrium of the closed-loop system be

locally asymptotically stable. Consider the following standing assumptions.

Assumption 5.1. The vector field f is such that f(0) = 0, i.e. x = 0 is an equilibrium
point for the system (5.1) when u(¢) = 0 for all ¢ > 0.

Assumption 5.2. The nonlinear system (5.1) with output y = ¢(z) is zero-state de-
tectable.

Note that, by Assumption 5.1, there exists a non-unique continuous matrix-valued
function F': R™ — R™*™ such that f(z) = F(z)x, for all z € R™.

Given a time instant ¢ > 0 and a state x, the value function yields the minimum value
of J, i.e. the cost of the optimal solution, from (¢,z). As is well-known, a value function
is defined in terms of the solution of the HJB partial differential equation, together with
the corresponding boundary condition. This aspect may somewhat restrict the scope
of applicability of the Dynamic Programming approach, since the analytic solution of
the HJB equation may be seldom determined. Extending the definition of a Dynamic
Lyapunov function and mimicking the construction of a Dynamic Storage function, in this
section we introduce the notion of Dynamic Value function that generalizes the concept

of value function, as detailed in the following definition.

'For simplicity we consider only a quadratic terminal cost and quadratic penalty on the input u.
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Definition 5.1. (Dynamic Value Function). Consider the system (5.1) and suppose that
Assumptions 5.1 and 5.2 hold. A Dynamic Value function V is a pair (D, V') defined as

follows.

e D, is the dynamical system

C_.: :Oé(t,ZIS‘,C),
u :_g(x>TVI(t7$7C)T7

with ¢(t) € R™, a: R x R” x R" — R™ «(t,0,0) =0 for all ¢t > 0.

e V:RxQCR xR"xR" — R is non-negative, for all ¢ > 0, and it is such that

HTB(1,2,0) £ Vi + Vaf () + Vealt, 2,0) — S Vag(a)g(e) TV + 5a@) <0, (5.4)

for all (z,¢) € Q, ¢t >0, and V(T,2,¢(T)) = 2" Kgz, with Ky = K] > K.

Note that the function V', similarly to standard value functions, and the vector field «
do not depend explicitly on time in the infinite-horizon case, hence the first term of (5.4)
disappears. Moreover, the boundary condition reduces to V(0,0) = 0. In the following
sections, Dynamic Value functions are employed to characterize — and, in some respect,

to give a novel interpretation to — the solutions of optimal control problems.

5.3 Finite-Horizon Optimal Control Problem

The Dynamic Programming solution of the fixed terminal time, free-endpoint, optimal
control problem hinges upon the solution, V' : R” x R — R, of the Hamilton-Jacobi-

Bellman partial differential equation

Vilt, )+ Valt, 2)f () + () = 3Valt, 2)g(@)g(@) Valt, )T =0, (55)

together with the boundary condition
L 7
V(T,x) = 2% Kz, (5.6)

for all x € R™. The solution of the HJB equation (5.5), if it exists, is the value function of
the optimal control problem, i.e. it is a function that associates to every initial state zq

the optimal cost, namely

T
V0, 20) = muin% ( /0 (q(2(t)) + u(®) Tu(t))dt + m(T)TKx(T)> | (5.7)
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Problem 5.1. Consider system (5.1) and the cost (5.2). The regional dynamic finite-
horizon optimal control problem consists in determining an integer 7 > 0, a dynamic

control law described by the equations

¢ (5.8)

a(t7 x’ C) 9y
B(t7 x? C) )
with o : R x R? x R® = R™ and : R x R® x R® — R™ smooth mappings, a(t,0,0) = 0,

B(t,0,0) = 0 for all t > 0, and a set Q2 C R™ x R™ containing the origin of R" x R™ such
that the closed-loop system

& = f(z)+g(z)B(t,z, (),
| (5.9)
C = O‘(t7$7€)7

is such that the inequality J(8) < J(u) holds for any @ and any (xo,(p) such that the
trajectory of the system (5.9) remains in Q for all t € [0, T].

Herein an approximate solution of the regional dynamic finite-horizon optimal control

problem is determined, in the sense specified by the following definition.

Problem 5.2. Consider system (5.1) and the cost (5.2). The approxzimate regional dy-
namic finite-horizon optimal control problem consists in determining an integer n > 0, a
dynamic control law described by the equations (5.8), a set 2 C R” x R containing the
origin of R" x R” and non-negative functions p; : RxR"xR? — R and ps : R"xR" — R,
such that the regional dynamic finite-horizon optimal control problem is solved with re-

spect to the running cost
L(x,Cu) = g(x) + pr(t,2,0) +u'u, (5.10)
and the terminal cost

T(=(T),¢(T)) £ %x(T)TKﬂJ(T) + pa(x(T),¢(T)) - (5.11)

In the linear-quadratic case, i.e. in the case in which the underlying system is
& = Az + Bu, (5.12)

and the running cost on the state is ¢(z) = 2T Qx, the solution of the finite-horizon optimal

control problem is a linear time-varying state feedback of the form v = — BT P(t)x, where
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P(t) is the (symmetric, positive semidefinite) solution of the differential Riccati equation

P(t)+ P(t)A+ ATP(t) — P(t)BB"P(t) + Q =0, (5.13)

with the boundary condition P(T) = K.

We conclude this section discussing the relation between a Dynamic Value function
and the solution of the approximate regional dynamic finite-horizon optimal control prob-

lem, namely Problem 5.2.

Lemma 5.1. Consider system (5.1) and the cost (5.2). Let V = (D, V') be a Dynamic
Value function for the system (5.1). Then the system (5.3) is a dynamic time-varying
control law that solves the approximate regional dynamic finite-horizon optimal control
problem with p; = —2HJB(t,z,¢) and py = 32" (K4 — K)z. o

Proof. The claim follows immediately noting that, by the partial differential inequal-
ity (5.4), the control law u in (5.3) solves a finite-horizon optimal control problem associ-

ated with the extended nonlinear system

x

¢

f(@) + g(z)u,
a(t,z,().

In particular, an additional terminal cost ps is induced by the difference between the
boundary condition on the Dynamic Value function and the condition (5.6). Finally, the
motivation behind the additional running cost p; lies in the fact that a partial differential
inequality is solved in place of an equation, hence the gap between the former and the

latter contributes to the running cost imposed on the state of the extended system. [

Rephrasing the result of Lemma 5.1 it appears that the existence of a Dynamic Value
function implies solvability of Problem 5.2. Indeed, the previous statement entails some-
thing more than the mere solvability since an explicit dynamic control law that solves
Problem 5.2 is obtained, similarly to standard value functions, from the knowledge of a
Dynamic Value function. The advantage of the latter over the former will become evident
in the following section in which it is shown that a class of Dynamic Value functions can be
constructively defined without resorting to the solution of any partial differential equation

or inequality.

5.3.1 Algebraic P Solution and Dynamic Value Function

In this section a notion of solution of the Hamilton-Jacobi-Bellman equation (5.5) is pre-
sented. This notion is instrumental in providing a constructive methodology to define a

class of Dynamic Value functions, mimicking the ideas of the previous chapter. To this
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end, consider the augmented system
2= F(2)+6G(»)u, (5.14)

with z(t) = (x(t) T, 7(t))T € R™ F(2) = (f(2)7,1)"T and G(2) = (9(z)",0)". Note that

the partial differential equation (5.5) can be rewritten as
1 1 T T
Va(2)F(2) + 5alz) = 5Va(2)G(2)G(2) Va(z) =0, (5.15)

with the boundary condition (5.6). Consider the HJB equation (5.15) and suppose that

it can be solved algebraically, as detailed in the following definition.

Definition 5.2. Let ¥ : R x R® — R™" with 2" ¥(7,2)x > 0 for all (7,2) € R x R,
and 0 : R x R" — Ry. A continuously differentiable mapping P(7,x) = [p(7, ), r(7, z)],
p:RxR" = R>" r: R x R® = R, is a X-algebraic P solution of (5.5) if

1 1
p(7.2) f(z) +r(r,2) — 510(7, z)g(z)g(x) p(r,2)" + 5(1(?6) +a2"S(r, )z + o (r,2) =0,
(5.16)
for all (r,z) € X CR x R", p(r,0) =0, r(7,0) =0,
T
9| o, o o,
ot 1(,0) ot 1(7,0)
T 2 (5.17)
oy = PO 5| =P
oz l(ro) T B2 (r,0) T

where P(7) is the solution of the differential Riccati equation (5.13) together with the
boundary condition P(T) = K.

Obviously, since an arbitrary mapping that solves the equation (5.16) is selected, the
mapping P may not be a gradient vector. In the following we assume X = R x R"™ without

loss of generality, as explained in the previous chapter.

Using an algebraic P solution of the equation (5.16), define the extension of P, namely
1 2 1 2
V(T’xﬂgvf) :p(S,§)$+T(8,§)T+§Hx—§HR+§b”T—SH ) (5'18)

where ¢ € R?, s € R, R=R' >0 and b > 0. To streamline the presentation and provide

a concise statement of the main result let

Az, s,&) = (R — P(x, 5,5))/\(5,5)—r , (5.19)
6(z,5,6) = (R—®(x,5,6)\(s,6) ", (5.20)

with A(s,€) = pe(s, )R, A(s,€) = re(s,§)R™Y, where @ : R" x R x R" — R™ " is a
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continuous matrix-valued function such that p(s,z) — p(s, &) = (z — &) T ®(x,s,£) " for all
(z,8,) € R" x R x R™.

Moreover, Ay(r,z) = F(z) — g(x)g(z) " N(7,z), with N : R x R® — R™" such that
p(t,2) = 2" N(r,z)" for all (r,2) € R x R™. Finally let ¢, H, II, W1, W, Dy and Dy be
such that
r(r,z) =4L4(r,z,s)(s—71),

r(s,x) = (x—&TH(z, s8¢,

p(r,z)  =a'I(rz,s),

ps(s,§ pS(S,.%') :Wl(x,s,é)(x—é),
ps(z, s) = Wa(s,z)x
Ts(s’f)_rs(svx) :D1($,8,f)($—f),
(

rs(s,x) = Da(x,s)x .

S, X

5,€

S, x

r

(s, ) =
(s,€) —
p(s, @) —
(s,€) —

Remark 5.1. The vector field A (7, z)z describes the closed-loop nonlinear system when

only the algebraic input, namely u = —g(x) "p(r,z)", is applied. A

The following statement provides a solution to the approzimate regional dynamic
finite-horizon optimal control problem for the cost (5.2) subject to the dynamical con-
straint (5.1), in terms of the existence of a Dynamic Value function. Moreover, we show
that the function (5.18) is indeed a value function for the system (5.1) and the cost (5.2),
i.e. solves the Hamilton-Jacobi-Bellman partial differential inequality associated to the

extended system (5.9), namely

MIB 2 V.F(2) 4 Vel + Vi + () — 5V-0()6(:) TV <0, (5:21)

and satisfies a boundary condition of the form
V(T,z,s(T),6(T)) = =z Kqx, (5.22)
with Ky = K] > K.

Proposition 5.1. Consider the system (5.1) and the cost (5.2). Let P be an algebraic P
solution of (5.15).

Let R=R" > sup P(7) and b > 0 be such that

7€[0,T
Li Ly Y0 I VANL (-
E LJ ., +2[5T 49 [A 5}, (5.23)
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for all (1,z,s,£) € 2 C RxR" xR xR" where (2 is a non-empty set containing the origin,
with
Li=AL(T,2)IIT +yWo + AY + Y TAT + AHAT,

Ly = %D; +YTAT + AHNT + %ADIT ,

Lz = AHAT + %Dl)\T + %/\DlT :

1
Y = S(R—0) Au(s,2) + %Wl ,

T, x,s)
— b ' —
Then there exists k > 0 such that for all £ > k the function V defined in (5.18) satisfies

the Hamilton-Jacobi-Bellman inequality (5.21) for all (7, x,s,£) € Q, with £ = —ng and
$ = ~(r,z,s). Furthermore, selecting s(T') = T and &(T) = 0, yields V(T,z,T,0) =
32" Rx. Hence V = (D,, V), with D, defined as

and y(7,z,s) =1 —

s =~(rz,s),
£ = —k(pe(s,)Tw = R(z — &) +r¢(s,6) ), (5.24)
u = _g(x)T [p(’i‘, x)T + (R - (I)({B, 875))($ - g) + xTH(Twr? 3)]

and V as in (5.18), is a Dynamic Value function for the system (5.1), and, by Lemma 5.1,
(5.24) solves the approximate regional dynamic finite-horizon optimal control problem
with py = — 2HJIB > 0 and po = 32(T)" (R — K)z(T). Finally, suppose that
condition (5.23) is satisfied with R = K then the additional cost on the final state is zero.

o
Remark 5.2. Since the variable 7, which describes time, belongs to the set €2 it may not
be possible to solve the finite-horizon optimal control problem for the cost (5.2) subject

to the dynamical constraint (5.1) for all terminal time 7" > 0. A
Proof. Consider the partial derivatives of the function V' defined in (5.18), namely

Vo =p(ra)+(@—¢& (R-2)" +2'II,

Ve =r(r,2)+b(r—s)+ (¢ =& TH(x— &) +r(s,z) — r(r,2),
(5.25)
Ve = :L'Tpg +7re — (T — 'R,

Ve =a'ps(s, &)+ 7rs(s,€) —b(T —5),

and the HJB partial differential inequality (5.21) with the partial derivatives of V' defined
as in (5.25). In particular, letting £ = —ngT, the left-hand side of the inequality (5.21)

can be rewritten as the sum of two terms, i.e.

HIB = pi(r,2,5,8) + pa(r,2,5) <0, (5.26)
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where p is a quadratic form in the variables z, (z — &) and T, i.e.

m=—|aT @7 7 |M+rCTCl| @-9) |, (5.27)

-
with C(s,&) = [pg(s,ﬁ) - R rg(s,f)] for all (s,£) € R x R™ and

My -Y' -1DJ
M=| -Y My -1D] |,

with

1
My =% — AL (1, 2)IIT — W, + 5HggTHT

and My = —H + (R — ®)"gg" (R — ®). On the other hand, the term ps is defined as
pa(7,2,8) = r(s,x) — r(x,7) + b(r — s) — b(T — s)5. Note that the definition of uy stems
from the fact that, since z = 0 is not an equilibrium point for F defined in (5.14), there are
terms, e.g. in V;, that cannot be written in the form of (5.27). As a first step in showing
that the inequality (5.26) is satisfied, note that the choice of the dynamics of s as in (5.24)

guarantees that the term pq is identically equal to zero for all (7, s,&) € Q.

Moreover, the matrix C(s,£) € R®*(27+1) has constant rank n for all (s,£) € R x R”

and the columns of the matrix

1 0
Z=| R'pl R
0 1

span the kernel of the matrix C(s,&) for all (s,§) € R x R". Exploiting the results
in [3], consider the restriction of the matrix-valued function M to the subspace defined
by the columns of the matrix Z(£,s) € R FIXntl for all (s5,£) € R x R™. Finally,
tedious but straightforward computations show that condition (5.23) implies that the
matrix Z' MZ is positive definite, hence there exists k& > 0 such that g; < 0 for all
k > k. This proves that the Hamilton-Jacobi-Bellman inequality (5.21) is satisfied for
all (1,z,s,&) € Q\ {0}. Furthermore H75(0,0,0,0) = 0, hence, by continuity of the
mappings in system (5.1), HTB(1, x, s,§) is continuous and smaller than or equal to zero
for all (7,z,s,&) € €. To conclude the proof, note that the boundary conditions on
the dynamic extension yield V(T,z,T,0) = %xTRaz and the boundary condition on V is
satisfied considering the additional cost po = 1z(T)" (R — K)z(T). O

The following statement shows that there exists a neighborhood of the origin of R x
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R™ x R x R™ in which the condition (5.23) holds provided that ¥ and ¢ in the definition

of an algebraic P solution are strictly positive at the origin.

Corollary 5.1. Consider the system (5.1) and the cost (5.2). Let P be an algebraic P
solution of (5.15) with $(0,0) =¥ > 0and ¢(0,0) =5 > 0. Let R=R' > SUP-¢[0,7] P(1)
and b > 0. Then there exist kK > 0 and a set 2 C R x R™ x R x R™ such that for all £ > k
the function V' defined in (5.18) satisfies the Hamilton-Jacobi-Bellman inequality (5.21)
for all (7,z,s,£) € Q, with £ = —ng and $ = vy(z, 1, ). o

Proof. Assume that 3(0,0) = £ > 0 and ¢(0,0) = & > 0 in the definition of the algebraic
P solution. Then, since the left-hand side of the condition (5.23) is zero at the origin,
by continuity of the left-hand side of inequality (5.23), there exists a non-empty subset
2 C RxR"” xR x R", containing the origin, such that the condition (5.23) is satisfied for
all (1,z,s,£) € Q, proving the claim. O

Remark 5.3. The gain k in the dynamics of £, namely the second equation of (5.24),
may be defined as a function of (7,z,s,§) in order to reduce the instantaneous additional

cost p1 (see also the numerical example for more details). A

To streamline the presentation of the following result, providing conditions that al-
low to guarantee that the extended Hamilton-Jacobi-Bellman partial differential inequal-

ity (5.21) can be solved with the equality sign, define the set
N 2 {(1,2,5,6) ERX R x Rx R": ||z " pe(&,8) + 1re(5,8) — (. — &) ' R|| < e}, (5.28)
parameterized by the constant € > 0.

Corollary 5.2. Consider the system (5.1) and the cost (5.2). Let P be an algebraic P
solution of (5.15). Let R= R > SUP-¢[0,7] P(7), b> 0 and € > 0. Then there exists a set
Q2 C R x R” x R x R" such that the function V' defined in (5.18) satisfies the Hamilton-
Jacobi-Bellman inequality (5.21) with the equality sign for all (7,z,s,&) € Q \ N;, with
€= —k(z,7,6, 9V,

k(r, 2, 5,€) = (vgvg)_l 2 (z— &) Mz (z—&)T 7", (5.29)
and § = (1, x,s). ©

Proof. Note that by definition of the set N;, the gain k is well-defined for all (,z, s, &) €
Q\ N, since vagT > ¢2 for all (7,m,s,£) ¢ Ne. Then the choice of k as in (5.29) implies
that py = 0 for all (7,z,s,&) € Q. The proof is concluded recalling that the choice of §

guarantees also that ps = 0. U
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Remark 5.4. Under the assumptions of Corollary 5.2, the additional running cost pp is
identically equal to zero along all the trajectories of the closed-loop system (5.1)-(5.24),
with k as in (5.29), such that (7(¢),z(t), s(t),&(t)) ¢ N for all ¢ € [0, T], namely trajecto-
ries that stay sufficiently away from the set in which Ve = 0. If additionally the selection
R = K is such that V as in (5.18) is non-negative in € then ps = 0. Therefore, for
any T > 0 and for any initial condition (0,x(0), s(0),£(0)) € Q such that the closed-loop
system (5.1)-(5.24) satisfies £(T) = 0, s(T) = T and (7(t), z(t), s(t),£(t)) € Q\ N: for all
t € [0,T] the dynamic time-varying control law (5.24), with k as in (5.29), is the optimal

solution of the finite horizon optimal control problem with the (original) cost (5.2). A

Remark 5.5. Suppose that P(z)z > 0 for all z # 0 and consider the limit of (5.2) as T’
tends to infinity. Let A = {(7,2,8,§) € Q: 2 =& =0,s = 7}. Then V as in (5.18) is
zero in A, i.e. V|4 = 0, and there exist R = R' > 0, b > 0 and a set Q > Q such that
V|Q\A > 0. If R is such that (5.21) is satisfied then V < 0, along the trajectories of the
closed-loop system (5.14)-(5.24), and the set A is stable for the system (5.14)-(5.24). A

Remark 5.6. The closed-loop system (5.14)-(5.24) is defined by a system of 2(n + 1)
ordinary differential equations with two-point boundary conditions, similar to the problem
obtained exploiting the arguments of the Minimum Principle. However in the approach
proposed herein, if the solution of the two-point boundary value problem is not precisely
computed, i.e. s(T) = &1 # T and &(T) = e2 # 0, then, by Remark 5.5, the resulting
trajectories are not far away from the optimal evolutions and the additional cost resulting

from this mismatch is given by
p2(x(T),e1,e2) = pler, e2)x(T) + r(e1,e2)T

(2(T) — &) (R — K)(a(T) — £2) + 2b(T — £1)2.

* 2

N | =

As a result, if an approximate solution of the problem is sought, then the solution of the
two-point boundary value problem can be avoided selecting the initial condition of £ and

s such that the quantity py is minimized. A

Remark 5.7. The choice § = 7, with 4 constant, is sufficient to guarantee that the term
o is smaller than zero. In fact, let $ =4, s(0) = (1 — )T and note that s(t) > 7(¢) and
s(T) = T. Let £ > 0 be such that |r(s,z) — r(r,7)| < £(s — 7) for all (,z,5) € Q, then
y<1-— % guarantees that s < 0 for all (7,x, s) € Q. In this case, the state variable s can
be substituted in the dynamic control law (5.24) by the function of time s(t) = T+5(t—T).

A
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5.3.2 Linear Systems

Consider the system (5.12) and the cost (5.2) with g(x) = ' Qz. From the definition
of algebraic P solution of the equation (5.15), we expect p to approzimate (in the sense
defined in (5.16)) the partial derivative of the value function with respect to the state z,
whereas r represents the partial derivative of V' with respect to time. Therefore, in the

linear case an algebraic P solution is given by
P(z,7) = [¢" P(7), =2 P(r)a], (5.30)

which satisfies the equation (5.16) together with the conditions (5.17), since P(7) satisfies
the differential Riccati equation (5.13). Then, define the function (5.18), i.e.

Vira,5,6) =€ Plsha+ 56 Pls)er+ o —ell3 + gblr s, (531
with R(s) = R(s)T > 0.

Proposition 5.2. Consider the linear system (5.12) and the cost (5.2) with ¢(z) = 2T Q.
Let P(7) = P(7)" > 0 be the solution of the differential Riccati equation (5.13) with the
boundary condition P(T) = K. Let R(r) = P(7) for all 7 € [0,T]. Then there exist
T > 0 and k > 0 such that, for all T < T and all k > k, V as in (5.31) satisfies the partial
differential inequality (5.21) with 5 = 1 and £ = —ng. Furthermore, selecting s(0) = 0
and £(0) = 0, yields V(T z,T,0) = 27 Kz and the boundary condition (5.22) is satisfied.
Hence

§ =1,
§ = —kV =k (ﬁ(s)r + P(s)) £, (5.32)
w =-B'V, = -B"P(r)x+ B"(P(r) — P(s))z,

with $(0) = 0 and £(0) = 0, solves the regional dynamic finite-horizon optimal control

problem. o

Proof. The proof is performed in two steps. First we show that the function V in
(5.31) satisfies the partial differential inequality (5.21). Then we prove that the boundary
condition (5.22) is satisfied with the initialization of the state of the dynamic extension

given in the statement.
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Consider the partial derivatives of the function V' defined in (5.31), namely

Ve =3TP(s)+b(r—s),

Ve =a"P(s)+ £ P(s)r— (x— &) TR(s), (5.33)
op 1 9P 1 OR

Vs = ng(s)w + §§Tg(s)57 + i(x — E)Tg(s)(w — &) —b(T — 5).

Note that (the same consideration applies also to the partial derivative of P and R with

respect to s)
OP(s(t) _ z
T p(s(t
B0~ pisy,
since § = 1. Recalling that P(7) is positive definite by assumption and that R(7) = P(7)
for all 7 € [0, T], by direct substitution of (5.33) and (5.32) in (5.21), the latter reduces
to

€7 [—k (P(S)T + p(s)) (13(5)7 + P(s)) + P(s) +

1
§P(S)T £€<0, (5.34)
hence there exist 7' > 0 and k > 0, which in general depends on T, such that the partial
differential inequality (5.21) is satisfied for all £ > k and all 7 < T.

Finally note that, by the definition of the dynamics of £ and s and setting £(0) = 0
and s(0) =0, &(t) =0 for all t > 0 and s(T) = T, hence

1 1
V(T,z,T,0) = §:JR(T)m = 5:JP(T):n,
and the boundary condition (5.22) is satisfied. O

Corollary 5.3. Consider the linear system (5.12) and the cost (5.2) with ¢(z) = =" Qu.
Let P(7) be the solution of the differential Riccati equation (5.13) with the boundary
condition P(T) = K. Let R(r) = P(r) for all 7 € [0,T]. Suppose that

rank (P(s(t)) v T(t)ﬁ<s<t))) —n, (5.35)

for all ¢t > 0.
Then the time-varying control law (5.32), with s(0) = 0 and £(0) = 0, solves the
regional dynamic finite-horizon optimal control problem for all 7" > 0. o

Proof. The proof follows immediately from the proof of Proposition 5.2 noting that, by
the condition (5.35), for any T > 0 there exists k such that the inequality (5.34) is satisfied
for all k > k. O

Remark 5.8. The control law (5.32), in the linear case, is consistent with the control
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law (5.24) given in Proposition 5.1. In fact, (5.32) can be obtained from (5.24) letting
v =4 = 1 and noting that, by the assumptions in Proposition 5.2,

é=—k|P(s)r+ P(7)] €,
with an equilibrium point in £ = 0, hence £(0) = 0, s(0) = 0 provides a solution to the

two-point boundary value problem defined in Proposition 5.1. A

5.3.3 Example

To illustrate the results of Section 5.3.1 consider the nonlinear system

j;l = T2,

b e (5.36)
with z(t) = (z1(t),z2(t))" € R?, u(t) € R and the cost
T
J(u) = % /0 u(t)?dt + % [21(T)? + 22(T)?] . (5.37)

Note that no running cost is imposed on the state of the system, hence only the value of

the state at the terminal time is penalized, together with the control effort. Let
P(r) = | i) Pl
p12(7)  Paz(7)

be the solution of the differential Riccati equation (5.13) with the boundary condition
P(T) = I. Note that the solution P(7) is such that the condition (5.35) holds for all
t > 0. Letting X = 91, where [ is the identity matrix and 9 > 0, consider

r(r,x) =iaTP(r), (538)
with @ = [Q1, Q2] € RY*2 and
Qi(r,x) = —pra(7)af — paa(7)T172,
Qo(7,2) = —Pra(7) 1 — Paa(7) e + 2129 + /X (21, T2, T) , (5.39)

with
xX(21, 72, 7) £ Pr2(7)2 2] + 2p12(7)p22(7) 2122 + Pz (1) 23

— 2]512(7):13%9162 — 21322(7):161:13% + x%x% + 2191‘% + 2791'% )
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It can be shown that P(7,z) = [p(7,x), r(7,z)], with p and r defined in (5.38), is an
algebraic P solution for the system (5.36) as defined in (5.16).

ar T2 -1
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T2
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P12
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time(s)

Figure 5.1: Top graph: Time histories of the state of the system (5.36) in closed-loop with the
linear control law (dashed line) and with the dynamic control law (5.24) (solid line). Upper Middle
graph: Time histories of the state of the dynamic extension &, with £(0) such that ps is minimized.
Lower Middle graph: Time histories of the control action u; (dashed line) and of the dynamic
control law (5.24) (solid line). Bottom graph: Time histories of the entries of the matrix P(t),
solution of the differential Riccati equation (5.13).

The dynamic solution (5.24) proposed herein is compared with the optimal solution of
the linearized problem, namely u; = —B ' P(7)x. Note that the control law u; is designed
for the linear part of the system (5.36), which is described by a double integrator, and
may perform poorly on the nonlinear system (5.36).

The simulations show that the performances of the dynamic control (5.24), obtained
determining a solution of the algebraic equation (5.16) and constructing the augmented
value function V as in (5.18), compares favorably to the performances of the control law
ug.

To show the latter claim we consider the ratio

for the same initial condition, where J is defined in (5.37) and ug denotes the dynamic

control law (5.24). A ratio smaller than one implies that the cost yielded by the dynamic
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Figure 5.2: Top graph: Time histories of the state of the system (5.36) in closed-loop with the
control law provided by the Minimum Principle (dashed line) and with the dynamic control law
(5.24) (solid line). Bottom graph: Time histories of the control action up (dashed line) and of the
dynamic control law (5.24) (solid line).

control law is smaller than the cost yielded by the linear control law ;.

In the first simulation we select (21(0), z2(0)) = (3, 3), R = klp, with K > 1, ¥ =1
and the terminal time 7" = 1. The gain k(7,z, s, &) is selected as in Corollary 5.2 and it
is such that the partial differential equation (5.21) and consequently the additional cost
p1 are identically zero. The top graph of Figure 5.1 displays the time histories of the
state of the system (5.36) in closed-loop with the linear control law u; (solution of the
linearized problem) and with the dynamic control law (5.24). The time histories of the
control signals u; and (5.24) are depicted in the lower middle graph of Figure 5.1. Note
that, considering p; as defined in Proposition 5.1 and ps obtained as in Remark 5.6, the
ratio 7 is equal to 0.3083. The upper middle graph of Figure 5.1 shows the time histories of
the dynamic extension £ with £(0) selected such that ps, namely the additional cost on the
terminal augmented state, is minimized. Finally, the time histories of the elements of the
matrix P(7), solution of the differential Riccati equation (5.13) are displayed in the bottom
graph of Figure 5.1. The top graph of Figure 5.2 displays the time histories of the state of
the system (5.36) driven by the open-loop control resulting from the Minimum Principle
applied to the linearized system, namely up = —Xy with A = —AT X and A(0) = P(0)z(0),
and by the dynamic control law (5.24). The bottom graph shows the time histories of
the control action up and of the dynamic control law (5.24). Note that the open-loop
control up does not compensate for the nonlinear dynamics neglected in the design, see

Figure 5.2. Figure 5.3 displays the phase portraits of the system (5.36) in closed-loop with
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€2

—2F

Figure 5.3: Phase portraits of the system (5.36) in closed-loop with the linear control law wu;
(dashed line) and with the dynamic control law (5.24) (solid line). The values denote the ratio 7.

the linear control law w; and with the dynamic control law (5.24).

2 T T

Il oF ~ : 1
N~
2 25
25
-2 I
0 0.5 1 15 2 25
2 T T T
2 n =0.9331
L
&~ \______r_/ -----
_2 I I L
[¢] 0.5 1 15 2 25

Figure 5.4: Time histories of the states of the system (5.36) in closed-loop with the linear control
law wu; (dashed line) and with the dynamic control law (5.24) (solid line) for different terminal
times.



5.4 Infinite-Horizon Optimal Control Problem 103

Finally, Figure 5.4 shows the time histories of the system (5.36) in closed-loop with
the linear control law u; and with the dynamic control law (5.24) for different terminal
times, namely 7" = 1,1.5,2,2.5, and the initial condition (z1(0), z2(0)) = (2, —2).

5.4 Infinite-Horizon Optimal Control Problem

As discussed in Section 5.2, the infinite-horizon optimal control problem with stability

consists in finding a control input u that minimizes the cost functional

Hule) =5 [ (atet) + ut u(t)at, (5.0

where ¢ : R™ — R is positive semi-definite, subject to the dynamical constraint (5.1), the
initial condition z(0) = x¢ and the requirement that the zero equilibrium of the closed-loop

system be locally asymptotically stable.

The classical optimal control design methodology relies upon the solution of the HJB
equation [11,13,103]

muin {Vm(f(:c) + g(z)u) + %q(:n) + ;u—ru} =0. (5.41)

The solution of the HIB equation (5.41), if it exists, is the value function of the optimal
control problem, i.e. it is a function which associates to every point in the state space, g,

the optimal cost of the trajectory of system (5.1) with z(0) = zo, i.e.

1

V(o) = min 5 /0 (g 0) + u(®) Tu(t))dt (5.42)

The knowledge of the value function on the entire state space allows to determine the
minimizing input for all initial conditions. It is easy to check that the minimum of equa-

tion (5.41) with respect to u is attained for
Uy = —g(x) V. (5.43)

Thus, if we are able to solve analytically the partial differential equation

Vaf () — 3Veg(2)o(e) VI + Sa(x) =0, (5.4

we can design the optimal control law given by (5.43). We formalize the above discussion

in the following definition.

Problem 5.3. Consider the system (5.1), with Assumptions 5.1 and 5.2, and the cost
functional (5.40). The infinite-horizon regional dynamic optimal control problem with

stability consists in determining an integer n > 0, a dynamic control law described by
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equations (4.2) and a set Q C R™ x R™ containing the origin of R” x R” such that the

closed-loop system

i = f(z) + g(z)B(,€),

. (5.45)
§ = a(a:, 5) )

has the following properties.

(i) The zero equilibrium of the system (5.45) is asymptotically stable with region of

attraction containing ).

(ii) For any u and any (xg,&o) such that the trajectory of the system (5.45) remains in
Q the inequality J(8) < J(@) holds.

In this context we consider also an approximate problem in the sense specified by the

following statement.

Problem 5.4. Consider the system (5.1), with Assumptions 5.1 and 5.2, and the cost
functional (5.40). The approzimate regional dynamic optimal control problem with sta-
bility consists in determining an integer n > 0, a dynamic control law described by equa-
tions (4.2), a set Q C R™ x R™ containing the origin of R” x R and a non-negative function
c:R™ x R" — R, such that the regional dynamic optimal control problem is solved with

respect to the running cost g(z) + c(x, &) +u ' w.

It is worth recalling that in the linearized case the solution of the optimal control
problem is a linear static state feedback of the form u = —BlT Pz, where P is the symmetric

positive definite solution of the algebraic Riccati equation
PA+A"P—-PBB[P+Q=0, (5.46)
the matrices A and B; are defined in (4.7) and

s 10%
- 281‘2 :)3:0'

Q

Finally, mimicking the discussion in the previous chapter, we investigate the relation
between a Dynamic Value function and the solution of the approximate regional dynamic

optimal control problem.

Lemma 5.2. Consider the system (5.1), with Assumptions 5.1 and 5.2, and the cost
functional (5.40). Let V = (D, V') be a Dynamic Value function for the system (5.1) for

all (z, £) € Q such that V is positive definite around the origin and the zero-equilibrium
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of £ = a(0, &) is asymptotically stable?.
Then the dynamical system (5.3), which reduces to

é :a(x,é),

(5.47)
u = _g(x)TVm(xag)T ’

in the infinite-horizon case, solves the approximate regional dynamic optimal control prob-
lem with stability for all (z, £) € €, where ) is the largest level set of V contained in €.

o
Proof. The claim follows directly noting that, by (5.4) which reduces to
1 1
HIBi(x,€) £ Vi f(x) + Vealx, §) + ga(@) = 5Vag(@)g(2) 'V, <0, (5.48)

in the infinite-horizon case, V' is a continuously differentiable value function for the closed-
loop system (5.1)-(5.47), with respect to a cost functional of the form (5.40) and a running
cost q(z) + c(x, &) + u'u, where the additional cost ¢ : R® x R® — R, is defined as
c(z, &) = —2HTIB;(z, £). Moreover, asymptotic stability of the origin is proved, letting
V' be a candidate Lyapunov function, combining (5.48) with the Assumption 5.2 and
asymptotic stability of the zero-equilibrium of £ = a(0,¢). O

5.4.1 Algebraic P Solution and Dynamic Value Function

In the previous section we have shown that a Dynamic Value functions is strongly related
to the solution of the approximate optimal control Problem 5.2. In the following we present
a constructive methodology to systematically define a class of Dynamic Value function for
input-affine nonlinear systems without requiring the solution of any partial differential
equation. Towards this end, similarly to Definition 5.2, consider the HJB equation (5.44)

and suppose that it can be solved algebraically, as detailed in the following definition.

Definition 5.3. Consider the system (5.1) and the cost functional (5.40). Let o(x) £
' 2(z)z > 0, for all z € R, with ¥ : R® — R™", %(0) = 0. A C! mapping P : R —
R P(0) = 0, is said to be a X-algebraic P solution of equation (5.44) if the following
holds.

2 As pointed out in the previous chapter, this requirement may be replaced by zero-state detectability
of the closed-loop extended system

i = f(z)+9(@)B(=,8),
é = a(x,f),

with respect to the output y = g(x).
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(i) For all z € X CR"

L (@) + ol2) = 0. (5.49)

P(@)f(x) ~ L P)g()g() ) +

(ii) P is tangent at x = 0 to the symmetric positive definite solution of (5.46), i.e.
P/ (z) = P.

=0

If condition (i) holds for all z € R™, i.e. X = R", then P is an algebraic P solution.

Finally, similarly to Chapter 4, define the extension of P, namely the function V in (4.11).

In what follows a systematic construction of a class of Dynamic Value function is
proposed and the approximate regional dynamic nonlinear optimal control problem is

solved.

Theorem 5.1. Consider the system (5.1), with Assumptions 5.1 and 5.2 and the cost
defined in (5.40). Let P be an algebraic P solution of (5.44). Let the matrix R = R >0
be such that V defined in (4.11) is positive definite in a set {2 C R?" containing the origin
and such that

SAa(@) A+ ZAT Ay(w) < S(@) + ZATg(a)g(@)A, (5.50)

for all (z,£) € Q\ {0}, with A defined in (4.12). Then there exists k > 0 such that for
all k > k the function V satisfies the Hamilton-Jacobi-Bellman inequality (5.48) for all
(2,6) € Q, with § = —kV;| = —k(P:(¢) 2 — R(x — &)). Hence V = (D,,V), with D,
defined as

£ =—k(Pe(&) Tz~ Rz~ 9)),

u =—g(@)" [P(x)" + (R —&(z,))(z—¢)]

and V as in (4.11), is a Dynamic Value function for the system (5.1) and, by Lemma 5.2,

(5.51)

(5.51) solves the approximate regional dynamic optimal control problem with ¢(x,£) > 0

1 _ ~
such that HJTB;(x,&) + ic(x,ﬁ) =0 for all (z, ) € Q, where Q is the largest level set of

V contained in €. o

Proof. The proof follows the same lines of the proof of Theorem 4.1. The Hamilton-
Jacobi-Bellman inequality for the extended system (5.45), i.e. the inequality (5.48), con-

sidering the partial derivatives of V' as in (4.17), the controller as in (5.51) and recalling
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that the function P is an algebraic P solution of the equation (5.49), can be written as
HIBi(x,6) = — ' X(x)x+ (x — &) (R— @) F(z)x

B %(x — &' (R— @) g(z)g(x) (R —®)(x &)
(5.52)

— 2 N(z) g(x)g(x) (R - @)(z — §)
— k(Pe(§) T — R(x — &) "(Pe(§) Te — R(x — €)) < 0.

Rewriting (5.52) as a quadratic form in z and (z — &) yields (4.19) where C(&) and M (z,§)
are defined in the proof of Theorem 4.1, with II(x) = —g(x)g(x)". Let the space spanned
by the columns of the matrix Z(£) be the null space of C(£). Consider now the re-
striction of the matrix M (z,§) to the subspace defined by the columns of the matrix
Z(€) € R The condition (5.50) guarantees that the matrix Z(&)T M (z,&)Z(€) is
positive definite. This proves, by [3], that there exists & > 0 such that the Hamilton-
Jacobi-Bellman inequality (5.48) is satisfied for all (x,£) € Q\ {0} and for all k¥ > k.
Furthermore H.J7B;(0,0) = 0, hence, by continuity of the mappings in system (5.1) and in
the control (5.51), the function HJ B;(z, &) is continuous and smaller than or equal to zero
for all (z,£) € Q. Hence the dynamic control law & = —kVe(2,6) 7, u=—g(z) "Vy(z,&)"
is a dynamic optimal control for the system (5.1) and the running cost ¢(z)+c(z, &) +u ' u.
Finally, V > 0, by assumption, and V < 0, by the condition (5.48), for all (z,&) € Q.
Hence, by LaSalle’s invariance principle and zero-state detectability, the feedback (5.51)

asymptotically stabilizes the zero equilibrium of the closed-loop system. O

Remark 5.9. The problem solved is intrinsically different from the so-called inverse
optimal control problem [29], where it is shown that optimality with respect some cost
functional guarantees several robustness properties of the closed-loop system. In fact,
herein optimality of the control law is ensured with respect to a cost functional which
upperbounds the original one, i.e. the approximate optimal control is determined with

respect to the original cost and an additional cost. A

In what follows two different methodologies to reduce the approximation error of
the solution of Problem 5.2 are proposed. The running cost imposed on the state of the
extended system, namely ¢g(x) + ¢(x,§), can be shaped to approximate the original cost,
on one hand, and the initial condition of the dynamic extension £(0) can be selected to
obtain the minimum value of the cost paid by the solution on the other hand, as detailed

in the following results.

Theorem 5.2. Consider the system (5.1), with Assumptions 5.1 and 5.2 and the cost
defined in (5.40). Let P be an algebraic P solution of (5.44). Let Mg £ {(z,€) €
R" x R" : P¢(&)x — R(z — £) = 0} and the matrix R = RT > 0 be such that V defined
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in (4.11) is positive definite in a set 2 C R™ x R™ containing the origin and such that the

condition
LT T 1 T LT
0<X(z)+ iA g(x)g(x) A — iAcl(ﬂf) A — §A Ag(x) <el (5.53)

is satisfied for all (z,£) € 2\{0} and for some ¢ € R;. Let K : R” xR™ — R™*" be defined
as K(z,6) = (CCT)"1G(2,£)(CCT), where G = CMZ (2T MZ) ™' ZTMCT —CMCT

and suppose that K is continuous. Then the control law

£ = —K(2,8)(Pe(&) "z~ R(z —€)),

(5.54)
u =—g(2)" [P(2)" + (R~ ®(z,8))(z - )] ,
solves the approximate regional dynamic optimal control problem with ¢(z,&) = 0 for all
(z,6) € Q\ M¢ and 0 < ¢(x,€) < ey y1, for all (x,€) € M¢, with
z" - x
g = | I, (ZTMZ)*ZTMCT} .
C r—&
o

Proof. Let T = [Z C"] and note that the matrix 7' is full rank. Multiply, to the
left and to the right, the matrix M(z) + C(¢)TK(x,£)C(€) by T and T, respectively,
yielding
Z"MZz zTMc’

, 5.55
CMZ CMCT+cCcCcTKeCT (5.55)

where we have used the fact that C(£)Z(¢) = 0 and that C(£)C(£)T € R™™ is non-
singular, for all £ € R"™. Note that the quadratic forms associated to the matrices (5.55)
and M + CTKC are congruent. By Sylvester’s law of inertia, the inertia of the matrix
(5.55) is equal to the inertia of the matrix M + CT KC. The matrix valued function K is
selected to maximize the number of zero eigenvalues of the quadratic form c. In particular
the matrix (5.55) loses rank if and only if the Schur complement of the element Z'MZ,
i.e. CMCT + CCTKCCT — CMZ(Z"MZ)'ZTMCT, is zero. Note that Z'MZ is
positive definite by condition (5.53), as shown in the proof of Theorem 5.1, hence the
Schur complement is well-defined. Thus the matrix K(z,§) is selected to zero the Schur
complement of the term Z ' M Z and it is such that the additional cost c(z, &) is identically
zero for all (z,£) € Q\ M whereas the condition (5.53) implies that c(z,€) is upper-
bounded by ey, y1 for all (z,&) € Mc, proving the claim. a

Remark 5.10. If the closed-loop system (5.45), with  and 8 as in (5.54), is such that
(z(t),£(t)) € Q\ M for all t > 0, then the control law (5.54) is the optimal solution with
respect to the original cost (5.40). A
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We conclude the section noting that, by definition of value function, V (z(0),£(0)) is
the cost yielded by the dynamic control law defined in (5.54) for the system (5.1) initialized
in (2(0),£(0)). Therefore to minimize the cost, for a given initial condition z(0) of the
system (5.1), it is possible to select the initial condition of the dynamic extension £(0)
such that

£(0) = arg mgin V(z(0),¢). (5.56)

5.4.2 Linear systems

In this section we consider linear systems described by equations of the form
& = Az + Bu, (5.57)

where A € R"™" By € R™™ are defined in (4.7). The following statement represents a
particularization of the results presented in Theorem 5.1 to linear time invariant systems.
It is interesting to note that the methodology proposed yields the standard solution of the

infinite horizon quadratic optimal control problems.

Proposition 5.3. Consider system (5.57) and let ¢(x) = 2" Qz in (5.40) for all x € R™.
Suppose that there exists a positive definite matrix P = PT € R™*" such that?

PA+A"P—-PBB[P+Q=0. (5.58)

Then there exists R = R’ > 0 such that the conditions in Theorem 5.1 hold for all
(z,€) € R™ x R™. Moreover the control law (5.51) reduces to (4.32), hence the standard
solution to the infinite horizon optimal control problem for linear systems with quadratic

cost is recovered. o

Proof. The proof of Proposition 5.3 follows the same steps of the proof of Proposition 4.1.
O

Remark 5.11. The choice of the initial condition of the dynamic extension £ is determined
as the solution of the minimization problem (5.56). Note that in the linear case the
minimizer can be determined explicitly as a function of the initial condition of the system,
namely

£0)=R YR - P)z(0) =0, (5.59)

which yields £(¢) = 0 for all ¢ > 0. A

3Since ¥(0) = 0, the equation is the linear version of the condition (5.49) in the definition of the
algebraic P solution.
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5.4.3 Example: Controlled Van Der Pol Oscillator

Consider the single-input, single-output, nonlinear system

T = T2,
(5.60)
iy = —x1 — pu(l — 2329 + 110,

known as the controlled Van der Pol oscillator, with x(t) = (x1(t),z2(t))" € R? and
u(t) € R. The parameter p describes the strength of the damping effect and in the
following is selected as p = 0.5, hence the oscillator has a stable but linearly uncontrollable
equilibrium at the origin surrounded by an unstable limit cycle. Define the positive definite
cost integrand ¢(z) = x%, i.e. the control action minimizes the speed of the oscillator

together with the control effort.

Note that the solution of the HJB equation for system (5.60) with the given cost
can be explicitly determined, namely V,(z1,x2) = %(1}% + 22), and the resulting optimal
control is u, = —x1xs. The interesting aspect of the existence of the optimal solution is
in allowing the explicit comparison between the optimal control feedback, the dynamic

solution and the optimal solution of the linearized problem, as detailed in the following.

14
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Figure 5.5: Time histories of the integral of the running cost applying the control law u, from the
initial condition z(0) = (1, —1) (dashed line) and the control law u = 0, i.e. the optimal solution
of the linearized problem, (dash-dotted line) and the dynamic control from the initial condition
(2(0),£(0)) = (1, —1, 0, 0) (solid lines), for different values of .

The linearization of the nonlinear system around the origin is given by & = Ax, i.e. it is
not affected by u, with A Hurwitz, and the solution of the algebraic Riccati equation (5.46)
corresponding to the linearized problem is P = I. The selection (z) = § diag{x3, 3}
with A > 0, is such that P(x) = [21(1 — Az122), 2] is an algebraic P solution of the

Hamilton-Jacobi-Bellman equation. Note that for this solution the condition (1.1) is not
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Figure 5.6: Top graph: time histories of the state of the system (5.60) driven by the control law
u(zx, ), with k = 1.01, and by the optimal solution of the linearized problem, i.e. u = 0, solid and
dashed lines, respectively. Bottom graph: time histories of the control input u(x(t),£(t)) (solid
line) and the input u = 0 (dashed line).

satisfied, hence P is not an exact differential. Let R = diag(k, k) with k > 1, then the

function

V(z,§) = 2161 (1 — &1&2) + 2282 + g(ﬁ — &)+ g(m — &)? (5.61)

is locally positive definite in the set Q1 = { (z,6) € R* : && < 1, &8 > 12k}
and moreover the condition (5.50) is strictly satisfied for all (x,&) € Q\ {0}, where Q =
DN & {(z,€) € RY: (u(w, &) > 0}, ¢, being a known continuous function parameterized
by k. Note that the set {5 is non-empty for any x > 1 and it is empty for k = 1. Thus
it is possible to determine a value k£ > 0 such that the extended Hamilton-Jacobi-Bellman
inequality (5.48) holds for all k& > k. Since R — ®(z,&) is not zero in Im(g(z)) then the

dynamic control law

& = —k (21— 2Mn&ié — Ay — k(21 — &)
f2 = —k(za—r(r2 —&)),
u = —krize + (k—1)z1&

solves the dynamic optimal control problem with running cost z3 + u? + ¢(z,£), where
c(x,€) > 0 1is defined as in Theorem 5.1.

The control law u(z,§) is such that for any € > 0 there exists x > 1 such that the
ratio p = V(2(0),0)/V,(x(0)) is smaller than e. Figure 5.5 shows the time histories of
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the integral of the running cost applying the control law wu, from the initial condition
xz(0) = (1, —1) (dashed line), the control law u = 0, i.e. the optimal solution of the
linearized problem, (dash-dotted line) and the dynamic control from the initial condition
(2(0),£(0)) = (1, —1, 0, 0) (solid line), for different values of k. The top graph of Figure 5.6
displays the trajectories of the system (5.60) driven by the control law u(x, &) and by the
optimal solution of the linearized problem, i.e. u = 0, solid and dashed lines, respectively.
The bottom graph shows the time histories of the control input u(z(t),£(t)), with x = 1.01,
(solid line) and the input u = 0 (dashed line). It is important to stress that the value
function V, is determined in principle as the solution of a partial differential equation while

simple algebraic conditions are involved in the computation of V' in (5.61).

5.5 Conclusions

In this chapter we have discussed the finite-horizon and infinite-horizon optimal control
problems. The key novelty lies in the definition of the notion of Dynamic Value function.
These functions are derived from Dynamic Storage functions when the system is not
affected by disturbance. Mimicking the construction of Chapter 4, it is shown that a value
function is combined with a dynamical system, interpreted as a dynamic control law that
approximates the solution of the optimal control problem. The approximation is twofold:
a modified optimal control problem defined in an extended state-space is considered, on
one hand, and partial differential inequalities are solved in place of equations, on the other
hand. The resulting approximation errors may be reduced initializing appropriately the

dynamic extension and/or shaping the additional running cost.
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Chapter 6

Nonlinear Observer Design

6.1 Introduction

he problem of constructing observers for nonlinear systems has received increasing
T attention due to its importance in practical applications in which some of the states
may not be measurable. Classic approaches to nonlinear observer design consist in finding
a transformation that linearizes the plant up to an output injection term and then applying
standard linear observer design techniques [30]. On the other hand, high-gain techniques
have been developed that make it possible to robustly estimate the derivatives of the
output [24]. A somewhat alternative methodology is to define linear observer dynamics
with a nonlinear output mapping [2,46]. The latter approach represents the natural
extension of Luenberger’s original ideas to the nonlinear case. Finally, large effort has
been devoted to the definition of optimization-based observers, see for instance [65,67]
which explore the possibility of reconstructing the state of the system by minimizing a cost
function over the preceding interval (moving horizon). Herein the observer design problem
is formulated as a problem of rendering attractive an appropriately selected invariant set
in the extended state-space of the plant and the observer, see also [45,70] for more detailed

discussions.

We consider nonlinear time-varying systems described by equations of the form

y = fl(yaxat)a

6.1
x :fZ(yvxat)v ( )

where y(t) € R™ is the measured part of the state and x(¢) € R™ is the unmeasured part
of the state. As proposed in [45] an asymptotically convergent observer for z(t) can be
obtained by rendering attractive an appropriately selected subset of the extended state-
space of the plant and the observer. A parameterized description of the latter is given and
the observer dynamics are selected to render the set invariant. The crucial issue is there-

fore the attractivity of the set, which has to be achieved by solving a partial differential



6.2 Nonlinear Observers for Systems Affine in the Unmeasured State 114

equation. If the vector fields f; and f; of system (6.1) are linear in the unmeasured states

then such pde takes the form
By = B(y), (6.2)

where 5 : R™ — R is a mapping of dimension equal to the number of unmeasured states,
and B : R™ — R™ "™ is a given matrix that depends on the system. When the dimension
of y is larger than one, the pde (6.2) is solvable only if B is a Jacobian matrix, which
occurs only under certain (restrictive) conditions. The difficulty in finding a solution for
these equations has proven to be a major drawback for the original methodology proposed
in [45].

In this chapter it is shown how to circumvent the issue of determining an explicit
solution of the partial differential equation (6.2) still ensuring attractivity of the selected
invariant set. The rest of the chapter is organized as follows. The construction of an
Immersion and Invariance observer without pde’s is described in Section 6.2 for nonlinear
systems that are affine in the unmeasured state. Moreover, a nonlinear observer to estimate
the rotor fluxes and the unknown (constant) load torque is designed for a voltage-fed
induction motor. In Section 6.2.2 the techniques developed in Section 6.2 are specialized
to the case in which the vector of unmeasured states consists solely of unknown constant
parameters, which is the case for instance in adaptive control. These results allow to
solve the aircraft longitudinal control problem in the presence of uncertain parameters.
In the following section the observer design method is tested on the practical problem of
3-dimensional structure estimation. It is shown that a globally asymptotically convergent
observer for the depth of a moving object observed through a single pin-hole camera
can be constructed. Similarly, a locally convergent observer can be defined to estimate

simultaneously the depth and the orientation of the observed object.

6.2 Nonlinear Observers for Systems Affine in the Unmea-

sured State
Consider a class of nonlinear systems described by equations of the form

v = fly,u)+2(y)z,

. (6.3)
T = h(y,u)+ Ay)z,

where y(t) € R™ is the measured part of the state and z(¢) € R" is the unmeasured part
of the state. Necessary and sufficient conditions for existence of a change of coordinates
transforming a nonlinear system into the form of (6.3) are provided in [12]. Note that
a similar observer design problem is approached in [75], where a full-order observer is

proposed.
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Define the observation error
z=z—z=(+ By — =, (6.4)

where ((t) € R" is the observer state and 5 : R™ — R" is a mapping to be determined.

Defining the observer dynamics as

¢ = hly,u) + Ay)d — By (f(y,u) + (y)2) (6.5)

yields the error dynamics
s = [Ay) - B,9(y)] = (6.6)

To complete the design it is necessary to select the function /5 so that the system (6.6) has
a uniformly in y (asymptotically, if convergence of the estimation error is required) stable

equilibrium at zero.

Note that, if the system (6.3) is detectable, we expect to be able to find an output
injection matrix B(y) such that the system Z = [A(y) — B(y)®(y)] z has a uniformly
(asymptotically) stable equilibrium at zero. However, if the dimension of y is larger than
one, it may not be possible to find a mapping 8 such that (6.2) holds, i.e. B may not
be a Jacobian matrix. Obviously, if y has dimension one, we can simply select 8 to be
the first integral of B. To overcome this obstacle we propose a dynamic extension to
the reduced-order observer which consists of an output filter, of order m, and a dynamic
scaling factor, i.e. the proposed observer is of order n +m + 1. The idea is to employ the

output filter to ensure that

where g is the filtered output and ¥ : R™ x R™ — R™*"™ is such that ¥(y,y) = B(y), and
then use dynamic scaling to compensate for the mismatch between y and ¢.The obvious
gain from this modification is that ¥ can be chosen such that (6.7), in contrast with (6.2),

admits a closed-form solution.

Remark 6.1. Since in the observer design problem the dynamic extension has a physical
meaning, we adopt the more suggestive notation ¢ in place of &, differently from the

previous chapters. A

To begin with consider the following detectability-like assumption.

Assumption 6.1. There exist a continuously differentiable n x m matrix-valued function

B, a non-negative function p : R™ — R, and a constant v > 0 such that

1

5 ([AW) = Bw)eW)]" + [A@y) - Bw)eW)]) < —pu)] —12(y) ().



6.2 Nonlinear Observers for Systems Affine in the Unmeasured State 116

Remark 6.2. Assumption 6.1 implies that the system Z = [A(y) — B(y)®(y)] z has a
uniformly globally stable equilibrium at zero and ®(y(t))z(t) is square-integrable. If, in
addition, p is strictly positive, then the observer error z converges to zero, provided y(t)
exists for all ¢ > 0. A

In fact, while the stability property of the system (6.6) is uniform with respect to
the trajectories of (6.3), the rate of convergence to the origin depends in general on the
measured state y. Thus, for particular trajectories of (6.3), namely such that the functions
p and ® evaluated along these trajectories decay to zero faster than z, z(t) converges to
a constant value different from zero. If p is strictly positive, then a minimum rate of
convergence of the estimation error to zero can be guaranteed. Similarly, convergence

results can be proved assuming persistency of excitation conditions [60,95].

Note that, when A(y)+A(y) " < 0, Assumption 6.1 is trivially satisfied (with p(y) = 0)
by letting B(y) = v®(y)". This is the case, for instance, in adaptive control, where 7 is
a vector of unknown parameters and A(y) = 0. Thus, in general, the injection matrix
B(y) can be selected in the form B(y) + y®(y)", where B(y) is not identically zero
and appropriately defined if A(y) + A(y)" > 0. To conclude, even if B(y) = 0, there
may be other possible selections of p(y), strictly positive, to guarantee a desired rate of

convergence.

Consider now the scaled observer error

r r

with r(t) € R, where B(y,9) = [B1(y,9),---,Bn(y,7)] " are functions to be specified and

the auxiliary state ¢ is obtained from the filter

g =fyu) + )i — Ky, rg—y)H—y), (6.9)

where K : R™ x R x R™ — R™*™ ig a positive definite matrix-valued function.

Defining the observer dynamics as

(= h(y,u) + A(y)E — By (f(y, u) + D(y)E) — B0 (6.10)

yields the error dynamics ‘

) T

¢=[Ay) - By2(y) =z — = (6.11)
The observer design problem is now reduced to the problem of finding a function 3(y, 3)
and the dynamics 7 such that the system (6.11) has a uniformly globally (asymptotically)

stable equilibrium at the origin.
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Let the desired output injection matrix, satisfying Assumption 6.1, be given by

bur(y) - bim(y)
By)=| Bilw) -~ Bul) |=| '

bnl(y) bnm(y)

and consider the function

A yl A A ym A A
B(yay) = Bl(U,yQ,.--7ym)dU+"'+/ Bm(:yl?"'?ym—laa)dU? (612)
0 0
which is such that
By = Biwn o im) o Bl et )

Let 7 = § — y and note that, since B is continuously differentiable, we can write

m
Bl(ylaQQw--an) = Bl(y)_znjélj(yan)v
j=1
m
B, Om-1,9m) = Bm(y) = > _ 0i0m;(y.n),
j=1

for some functions d;; : R™ xR™ — R"™ with d5(y,n) = 0. Substituting the above equations
into (6.11) yields

m

2=[Aly) = BW)@W))z+ Y _ 0y, n)®(y)z — ;z (6.13)
j=1

where Aj(y,n) = [01;(y,n), - -.,0m;(y,n)], while the dynamics of 7 are given by

n=—-K(y,r,nn+rd(y)z. (6.14)

Remark 6.3. A different definition of the mapping 8 can be obtained letting, similarly to
the previous chapters, 3(y, y) = B()y, namely substituting in B the entire measured state
y with the corresponding components of the dynamic extension . Clearly the mapping 3
is such that

m

By(y,§) = B(y) + [B(#) — B(y)] £ B(y) + Ay, m) = B(y) + >_n;A;(y,m),
j=1

with A; : R™ x R™ — R™™ =1 .. m. Differently from A; in the mapping 3 defined
in (6.12), j\jj : R™ x R™ — R", which denotes the j-th column of the matrix Aj, is not

identically equal to zero. A
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The system (6.13)-(6.14) has an equilibrium at zero and this can be rendered uni-
formly globally stable by selecting the dynamics of the scaling factor » and the matrix K

appropriately, as described in the following theorem.

Theorem 6.1. Consider the system (6.3). Suppose that the solutions of system (6.3)
exist for all ¢ > 0 and that Assumption 6.1 holds. Let

: Py o
r=— (2)(T—1)+CTZ7]]2.HAJ.(%TI)”27 7‘(0) > 1’ (615)
j=1
with ¢ > m/(27v) and
K(y,r,n) = krI + ecr®diag(||A;(y,n)]|?), (6.16)

with £ > 0 and € > 0 constants. Then the system (6.13)-(6.14)-(6.15) has a globally stable,
uniformly in y, set of equilibria defined by

Q={(zrn)|z=n=0}

Moreover, z,7,1n € Lo, 1, P(y)z € Lo and r(t) > 1 for all t > 0. If, in addition, p > 0,

then z(t) converges to zero. o

Proof. To begin with note that for » = 1, # > 0, hence r(t) > 1 for all ¢t. Consider
the positive-definite and proper function V(z) = 1[/z||?, whose time-derivative along the

trajectories of (6.13) satisfies

v

IN

_[)(2y)||2||2 —le)=l* + % >omiz" | A m@(y) + ) Ay 2
j=1

m

—e > n3 1Ay, m)Pll=)1”
j=1

p(y) v m <
< -5 12]|” — §||‘P(y)2|!2 + > ZT}?HAJ‘(?J,TI)TZHQ - 02377]2‘||Aj(yﬂ7)H2||ZH2
=1 =1

Py 2 _ Y 2
P - e .
< LY1p - e
As a result, the system (6.13) has a uniformly globally stable equilibrium at the origin,
z € LoaN Ly and ®(y)z € Lo (the latter is obtained by integrating the last inequality).
Moreover, the above holds true independently of the behavior of y(t) and 7(t).

Consider now the function W (n,z) = 1||n||* + k%V(z), whose time-derivative along
the trajectories of (6.13)-(6.14) satisfies
1

' k
W < =kl + T @)z = o2 @(): < —5r2nl,
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from which we conclude that the system (6.13)-(6.14) has a uniformly globally stable
equilibrium at (z,n) = (0,0), hence the set € is uniformly globally stable, and rn € Lo. It
remains to show that r is bounded. To this end, consider the combined Lyapunov function
U(n,z,7) = W(n,z) + 5%, whose time-derivative along the trajectories of (6.13)-(6.14)-
(6.15) satisfies

: k ‘ “ k
U < —r|nll® = ecr®n diag([| A (y, m) )0 + ecr® Y |l (y m)|* = =57 ||l
j=1

Note that the last two terms cancel out, hence r € L,,. Thusn € L2NL, and tlim n(t) =0,
—00
which concludes the proof. O

Note that the square-integrability of the function ®(y(t))z(t), implied by Assump-
tion 6.1 for (6.6), is guaranteed also for trajectories of (6.13). The assumption of existence
of the trajectories of (6.3) for all ¢ > 0 can be relaxed. In fact, we can show that the
estimation errors z and 1 are bounded for all time for which the solution of (6.3) is defined

and converge to zero if the solution exists for all t > 0, see a similar consideration in [100].

Remark 6.4. The term —#(r — 1) appearing in (6.15) is not needed to prove stability

of the system (6.13)-(6.14)-(6.15) (note that p(y) may be zero), but it has been introduced

to ensure that, when p(y) > 0, r stays bounded in the presence of noise. A

In summary the observer is described by the equations (6.9)-(6.10)-(6.12)-(6.15) and
(6.16) with & = ¢+ B(y, 9).
6.2.1 Example: Induction Motor

The two-phase equivalent model of a voltage-fed induction motor in the stator reference

frame is described by the equations [40]

—apy1 + aguy aipp ays 0
y = —apy2 +aguy | + | —a1ys  aip 0 | @,
! 0 azy2 —azyr —l1 (6.17)
asy1 - —yz 0
T = |ay |+ | y3 —n 0]z
0 0 0 o0

where y = [z’a,ib,npw]T, T = [/\a,)\b,inL/Jm]T, ia, %, are the stator currents, \q, A\p de-
scribe the rotor fluxes, w describes the rotor speed, w1, u2 describe the stator voltages, n,, is
the number of pole pairs, J,, is the rotor moment of inertia, and 77, is the (unknown) load

torque. The parameters ag, a1, az,as,as and p are positive constants. The system (6.17)
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is of the form (6.3) with

aip arys 0 K —Y3
Q(y) = | —arys aip 0|, Aly=1| y3 —n O
agyz —azyr —1 0 0 0

Since A(y) + A(y)" < 0, Assumption 6.1 is satisfied by selecting the output injection

20
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Figure 6.1: Top graph: time histories of the stator currents ¢,(¢) (solid line) and 4,(¢) (dashed
line) of the voltage-fed induction motor (6.17) with w;(t) = 100 cos(30t) and usz(t) = 100sin(30t).
Bottom graph: time history of the rotor speed w(t) of the voltage-fed induction motor (6.17).

matrix
a1p —a1ys azy2
B(y) = ’Y‘I’(y)T =7\ a1ys aip —agyi
0 0 -1
Note that, as a result of the specific structure of the matrices A(y) and ®(y), the Assump-
tion 6.1 holds for some strictly positive function p, upper-bounded by a positive constant
that depends on the parameter v and on the constant p. In the following we let v =5 for

which the Assumption 6.1 is satisfied with some constant p(y) = p € (0, %] Consider now
the function
aipyr — a19sy2 + asyays
By, 9) =7 | a1¥sy1 +a1py2 — aznys |,
—Y3
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which is such that

alp —a1ys  asye 0 aimz  —asmne
By=| a1ys aip —aziy | =By)— | —aimpz 0 asmny
0 0 -1 0 0 0

From the last matrix we have

0 0 0 0 —as 0 a1 O
A1=10 0 a3 [,A2=]0 0 0 |[,A3=| —-a; 0 O
0 0 00 O 0 0 0

Interestingly, in the case of the voltage-fed induction motor (6.17), the definitions of

o
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Figure 6.2: graph: time history of the estimation error of the rotor flux A,(¢) in the voltage-fed
induction motor (6.17). Middle graph: time history of the estimation error of the rotor flux A(¢)
in the voltage-fed induction motor (6.17). Bottom graph: time history of the estimation error of
the unknown load torque 77, acting on the voltage-fed induction motor (6.17).

0B;

the mapping 5 as in (6.12) and as discussed in Remark 6.3 coincide since ! =0 for
Yi

i =1,2,3. Thus, from (6.15) and (6.16) the dynamic scaling and the gain matrix K are
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selected, respectively, as

. 3 ]

7= (adn] + aqns + ain) — Por—1)
Y 2

and

3
K(r) = kr’I + i?ﬂdmg(a%,a%,cﬂ).

2.6

0.6 ! ! !
0 0.5 1 15 2 25 3

time(s)

Figure 6.3: Time history of the dynamic scaling r(t).

In the simulation we have selected y(0) = [0, 0, 0] and supposed that the rotor fluxes
at time ¢ = 0 and the constant load torque 77 are equal to zero and 3Nm, respec-
tively. The stator voltages are enforced by the control actions uq(t) = 100 cos(30¢) and
uz(t) = 100sin(30¢). Finally, since y describes the measured part of the state, the dynamic
extension ¢ is initialized such that (0) = y(0) — 9(0) = 0. Moreover, let r(0) = 1 and
Z(0) = 0. Figure 6.1 shows the time histories of the stator currents i,(¢) (solid line) and
ip(t) (dashed line) of the voltage-fed induction motor (6.17) when the inputs wus(t) and
ug(t) are applied (top graph). The bottom graph displays the time histories of the rotor
speed w(t) of the voltage-fed induction motor (6.17) when the inputs u; and wus(t) are
applied. Letting £ = 2 and € = 1, the time histories of the estimation errors of the rotor
fluxes Ao (t) and Ay(t), namely z; = (Mg — Ag)/r and 25 = (A, — Ap)/r, are displayed in
the top and middle graphs, respectively, of Figure 6.2. The bottom graph of Figure 6.2

shows the time history of the estimation error of the unknown load torque 77 (), namely
n
J,:r

history of the dynamic scaling r(t) is displayed in Figure 6.3.

23 = (7. — 71.), acting on the voltage-fed induction motor (6.17), Finally the time

6.2.2 Adaptive Control Design

In this section we consider a special case of the class of systems (6.3), where the unmea-
sured state consists solely of unknown constant parameters, and we provide conditions for

constructing an adaptive control law using the observer of Section 6.2. The algorithm is
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then applied to the longitudinal control problem for an aircraft with unknown aerodynamic

coefficients. Consider linearly parameterized systems of the form
&= f(z,u) + ®(x)0, (6.18)

with state z(¢) € R™ and input u(t) € R™, where § € RP is an unknown constant vector
and each element of the vector ®(z)0 has the form ¢;(x)"6;, with 6; € RPi. The control
problem is to find an adaptive state feedback control law such that all trajectories of the
closed-loop system are bounded and

li t) =a* 6.19

Jim a(t) = a7, (6.19)
where 2* is a desired set point. The same class of systems is considered in [105]. Therein
the function f(x,u) is linear in z, i.e. f(z,u) = A(u,y)x and may include a nonlinear
term depending on the measured part of the state and on the input u, hence the two

formulations coincide when the entire state is directly measurable.

Remark 6.5. A special subclass of the class of systems described by equations (6.18) is

the so-called parametric strict feedback form which is given by
i‘i = Ti+1 + spi(xlv s 7wi)T0i7 (620)

with states x;(t) € R, i = 1,...,n and control input u £ 2,41. This class of systems can
be stabilized using adaptive back-stepping, see [50] and related works. The drawback of
the latter approach is that the resulting closed-loop system dynamics depend strongly on
the estimation error which is only guaranteed to be bounded. This can have a detrimental

effect on performance.

To counteract this problem, an alternative method has been developed in [42], see
also [43], which is based on the reduced-order observer design of Section 6.2 and which
effectively recovers the performance of the known-parameters controller by imposing a
closed-loop cascaded structure. However, the application of this method relies on a rather
restrictive structural assumption (see Assumption 1 in [42]). The result in this section

allows to remove this assumption. A

The result in Theorem 6.1 is directly applicable to the system (6.18). However, in
this section we design a separate observer for each vector 6; to facilitate the control design
(for example, to enable a step-by-step construction of the control law, which is necessary

when dealing with systems in feedback form).
Consider the system (6.18) and let
0; —0; G+ Bi(x,2) —0;

Z; = )
T T
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for i = 1,...,n, where (;(t) € RPi are the estimator states, r;(t) € R are scaling factors,

B; are functions to be specified, and the auxiliary states ; are obtained from the filters

-%2' = fl(xau) + QO,L(JZ‘)TQAZ - kl(xa 7",.@ - x)(xl - xi)v (621)

for i = 1,...,n, where k; : R" x R” x R® — R are positive functions. Using the above

definitions and the update laws

9Bi

. . A -
G = o, (fl(:c,u) + pi(x) Hi) ~ 1 %ijj’ (6.22)
]:
yields the error dynamics _
Zi = —aBZ goi(x)TzZ- — EZZ (6.23)
aa:i r;
Note that the system (6.23), for @ = 1,...,n, can be regarded as a linear time-varying

system with a block diagonal dynamic matrix. In order to render the diagonal blocks

negative-semidefinite, we select the functions 5; as

x;
ﬁl(ﬂjz,[ﬁ) :’Yi/ gOi(SACl,...,i‘i_l,()',ii_i_l,...,:fn)do‘, (624)
0

where ~; are positive constants.

Let n; = &; — x; and note that, since ¢; is continuously differentiable, we can write

A~

n
Qi(d1, . Ei1, i, Big, - dn) = 0i(@) = Y bz, m),
=1

for some mappings d;;, with d;;(x,7) = 0. Using the above equation and substituting (6.24)
into (6.23) yields the error dynamics

: . T
4= —yipi(@)pi(@) Tz + i Y i (@, m)ps(x) "z — 2 (6.25)
=1 ’
while, from (6.18) and (6.21), the dynamics of 7; are given by
n = —ki(z,m,n)n; + rigoi(:c)Tzi. (6.26)

The system (6.25)-(6.26) has an equilibrium at zero and this can be rendered uniformly
globally stable by selecting the dynamics of the scaling factors r; and the functions k; as

described in the following lemma.

Lemma 6.1. Consider the system (6.18). Suppose that the solutions of (6.18) exist for
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all t > 0 and let
fi=cri ) gl I, r(0) =1, (6.27)
j=1
fori=1,...,n, with ¢; > v;n/2 and

n

ki, rn) = Nirf + ey eorfllda(z, )|, (6.28)
(=1
where \; > 0 and € > 0 are constants.
Then the system (6.25)-(6.26)-(6.27) has a globally stable, uniformly in x, set of
equilibria defined by

Q:{(Zﬂ"a’?)’fz:n:o}

Moreover, z; € Loo, i € Loo, 7 € L2N Loo, and @;(x) "2, € Lo, for all i = 1,...,n. If,
in addition, o;(z(t)) and its time-derivative are bounded, then the signals ¢;(x(t))T 2 (t)

converge to zero. o

Proof. Consider the positive-definite and proper function Vj(z;) = %%HziH?, whose time-

derivative along the trajectories of (6.25)-(6.27) satisfies

2 < —Z (s AL
Ty || < 9 (sz(x) ZZ)

Vi < T2 +Z[ zz) + 277] (55%)2} —
As a result, the system (6.25) has a globally stable, uniformly in z, equilibrium at the
origin, z; € L and gpi(x)Tzi € Lo, for all ¢ = 1,...,n. Consider now the function
Wini, z:) = $n? + /\%Vz(z,,), whose time-derivative along the trajectories of (6.25)-(6.26)
satisfies

Ai 9 o

. by
Wi < —ki(w,rm)n + Soring < =i,

for any A\; > 0, from which we conclude that the system (6.25)-(6.26) has a globally stable,
uniformly in z, equilibrium at (z;,7;) = (0,0), hence the set €2 is uniformly globally stable,
and 7;m; € Lo. To show that the r;’s are bounded consider the combined Lyapunov
function U(n, z,7) = 31y [Wi(mi, zi) + §r7], whose time-derivative along the trajectories
of (6.25)-(6.26)-(6.27) satisfies

n

)\ n
U<- Z (itw,rm) = Sod ) + €3 er? > n2lldi (e n)lP
i=1 j=1
Note now that the last term is equal to

n n
> > crtldale,ml*n?,

i=1 =1
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hence selecting k; from (6.28) ensures that

which proves that r; € L , hence we conclude that n; € L2 N L, and that tlim ni(t) = 0.
—00
Finally, when ¢;(z(t)) and its time-derivative are bounded, it follows from Barbalat’s

Lemma that o;(2(t)) " z(t) converge to zero. O
Remark 6.6. Mimicking the arguments in Remark 6.3 a different definition of the map-
pings B;(x;, &) can be given. In particular let §;(z;, &) = v;p:(Z)x; and note that

gfﬁ = iei(@) — i lpi(x) — @i(2)] -

Define 7; = ¢;1il|pi(z) — i(2)]|? and ki(z,7,n) = Nir? + € >y cor?||mei(x, n)||?, where ¢;,
Aiand €, ¢ =1,...,n, are defined in Lemma 6.1 and mp; : R® x R® — RP¢ are such that
vi(z) — wi(2) = Wi(z,m)n = 3°7_; miyn;. Then the results of Lemma 6.1 can be proved

following exactly the same arguments as those in the above proof. A

Remark 6.7. In the special case in which ¢; is a function of z; only, the auxiliary
states (6.21) are not used in the adaptive law and d;;(x,n) = 0 which implies that 7; = 0,
hence we can simply fix the scaling factors r; to be equal to one. The same simplification

occurs when only one of the functions ¢; is nonzero. A

A possible way of exploiting the estimator properties given in Lemma 6.1 to design
an adaptive control law based on the certainty equivalence principle is presented in the

following theorem.

Theorem 6.2. Consider the system (6.18) and suppose that there exists a control law

u = v(z,0 + z) such that, for all trajectories of the closed-loop system,

(a) wi(z(t)"2i(t) € L2 => 2(t) € Loo

(b) tlggo oi(z(t) T zi(t) =0 = tlim x(t) = z*.

— 00

Then there exists an adaptive state feedback control law such that all closed-loop signals
are bounded and (6.19) holds. o

The proof of the statement follows directly from Lemma 6.1 and conditions (a) and
(b), hence it is omitted.
Finally, it is possible to derive a counterpart of the result in [42] with the dynamic

scaling-based estimator replacing the estimator in [42], as the following corollary shows.
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Corollary 6.1. Consider the system (6.20) with input v £ x,,,1, where ¢; : R* — RPi
are C"~* mappings. Then there exists an adaptive state feedback control law such that all
trajectories of the closed-loop system are bounded and lim; o [x1(¢) — 27(¢)] = 0, where

x7(t) is a bounded C" reference signal. o

6.2.3 Example: Aircraft Longitudinal Control

The longitudinal motion of an aircraft can be described by the equations [14, 26]

. T, D
= _gsin(¥ — -z - = 2
Vv 981111( a) + . cos;a) — . (6.29)
& = q+ v (g cos(aw — 9) — i sin(a) — E) (6.30)
v o= q, (6.31)
M

g = = .32

q I (6.32)

where V' describes the total airspeed, « describes the incidence angle, ¥ describes the
pitch angle, ¢ describes the pitch rate, T, describes the thrust (along the x body axis),
m describes the aircraft mass, g describes the gravitational acceleration, I, describes
the moment of inertia, M describes the pitching moment, and D and L describe the
aerodynamic forces corresponding to drag and lift, respectively, see [26] for more details.
For the purposes of this example we consider a simple model for the drag and lift given

by the parameterized functions
1 2 2 1 2
D= ipV S (CDO + Cpac ) , L= ipV SCrao,

where p is the air density, S is the wing area and Cpg, Cpa, CLo are constant coefficients.
To simplify the control design we also assume that the pitch rate can be directly controlled
and focus on the first two equations. Define the states 1 = V, zo = «, the control inputs

u; = Ty /m, ug = ¢, and the unknown parameters

_PS
2m

Cpo

H p—
' CDa

) 02 = _7CLOC7

and note that the system can be rewritten in the form (6.18), namely

i1 = —gsin(¥ — x2) + uy cos(za) + ¢1(x) 01,

6.33
o = ug+ xi cos(xy — V) — % sin(w2) + pao(x) 2, (6.33)
1 1

-
where @1 (x) = { 2, 222l } and @o(x) = z129.

Note that in the set {(z1,72) € R? : x1 > 0, |xa] < 7/2 } the system (6.33) is
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well-defined and controllable. The control objective is to drive the airspeed z; and the
incidence angle x5 to their respective set-points x] and x3, despite the lack of information

on the drag and lift coefficients. The output filter is defined as

B = —gsin(¥ — x2) 4+ ug cos(z2) + gol(a:)Tél — kieq,

X up . A

To = ug+ xi cos(zg — V) — x—l sin(z2) + QOQ(IB)TQQ — koea,
1 1

where

ky = Mrd + e%r%x%, ko = Aor3 + e%r%w%@xz + 12)?,

and the estimator dynamics are given by the equations

- 851 A 661 A
G = —aiml(l‘l + k71771) - 87532532,
; 362 A 662 A
G = _Tm(xz + k?2772) - 87;%11“1,

where A\; > 0, A2 > 0 and € > 0 are constants and the functions ; are obtained from (6.24),

namely
3 2
. x 1 ) . T
Bi(z1,22) = 7131 [ 5 ] o Bo(we, 1) = 72901?2,
)
with 71 > 0 and «5 > 0. Note now that
B () 0
5 = Mp1r)—nN 72,
Oz —z{(22 + )
92
87$2 = Yepa(x) — 2 (—x2) M,

where the terms in brackets correspond to the functions 412 and do1, repsectively. Hence,

from (6.27) and (6.28), the dynamic scaling parameters r; and the gains k; are given by
i1 = a2y + 1) 03y, Py = adnire.

Finally, a certainty equivalence control law for the system (6.33) is given by

1 . . .
Uy = COS($2) (g Sln(ﬂ - 1'2) —¥1 (;L')Tel - ,Ull(xl — (L’l))’ (634)
9 ur . A .
Uz = —;1 COS(JUQ - 19) + ;1 Sln(aﬂg) - (,02(96) 0y — N2(372 — x2)7 (6.35)

where 1 > 0 and ps > 0 are constants. The closed-loop system has been simulated
using the parameters #; = [—0.00063, —0.0358]—r and 6y = —0.092, which correspond to
an Eclipse-type unmanned aerial vehicle [26]. We consider two set-point step changes: at

time ¢t = 1 s the airspeed reference x7 changes from 30 m/s to 35 m/s, and at time ¢ = 3 s,
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the incidence angle reference z3 changes from 0.1 rad to 0.2 rad. The definition of j; as
in (6.24) and as in Remark 6.6 are compared, with respect to the same set of parameters,
namely 71 = 1073, 79 = 0.5 and \; = Ay = € = 1. In the latter case, 7; and k;, i = 1,2,
are defined according to Remark 6.6 with

- —(2z1 4+ m1) - 0
11 = , T12 =
—2x1:13% — 7713:% —Adxiz09M0 — 23:117% —23:%:1:2 — 3:%172 — 2:U277% — 77%172

and me; = —x2, 2 = —n1 — 1. The top graph of Figure 6.4 shows the time histories of
the total airspeed for the system (6.29) in closed-loop with the known parameters control
(dash-dotted line) and with the adaptive control (6.34), where 3; is defined as in (6.24)
and as in Remark 6.6, solid and dashed line, respectively. The bottom graph displays the
time histories of the incidence angle for the system (6.29) in closed-loop with the known
parameters control (dash-dotted line) and with the adaptive control (6.34), where §; is
defined as in (6.24) and as in Remark 6.6, solid and dashed line, respectively.

0 I I I I I I I I I
0 1 2 3 4 5 6 7 8 9 10

time(s)

Figure 6.4: Top graph: time histories of the total airspeed for the system (6.29) in closed-loop
with the known parameters control (dash-dotted line) and with the adaptive control (6.34), where
B; is defined as in (6.24) and as in Remark 6.6, solid and dashed line, respectively. Bottom graph:
time histories of the incidence angle for the system (6.29) in closed-loop with the known parameters
control (dash-dotted line) and with the adaptive control (6.34), where ; is defined as in (6.24)
and as in Remark 6.6, solid and dashed line, respectively.
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6.3 Observer Design for Range and Orientation

Vision guided robotics has been one of the major research issues in recent years, since
the applications of visually guided systems are numerous, e.g. intelligent agents, robotic
surgery, exploration rovers, home automation and the SLAM (Simultaneous Localization
And Mapping) problem see e.g. [20,25,69]. The use of direct visual information, which is
acquired from measurable characteristics of the environment, to provide feedback about
the state of the environment and to control a robot is commonly termed visual servoing.
The observed characteristics are usually referred to as features. Features are extracted
from the image and their motion is mapped to the velocity twist of the camera via an
interaction matriz [25]. The image of the target is a function of the relative pose between
the camera and the target and the distance between them is frequently referred to as depth

or range.

Two different approaches for visual servoing have been defined [18, 20, 38]. Image-
based visual servoing uses features extracted from the image to directly provide a com-
mand to the robot. Position-based visual servoing is a model based technique, since the
3-dimensional pose, with respect to the camera frame, of the object of interest is esti-
mated from the extracted features, and then the robot is controlled by zeroing, in the
3-dimensional space, the error between the current configuration of the object and the

final one.

The challenge in developing these types of controllers is that a camera provides a
2-dimensional image information of the 3-dimensional Euclidean space through a perspec-
tive, i.e. range dependant, projection, whereas in general the interaction matrix depends
on 3-dimensional information. In the case of point features this information consists ex-
clusively of the depth of the object with respect to the camera, while to exploit image
moments as observed features more general information is needed, e.g. the object depth

and the orientation of the plane containing the object, [77].

The projection on the image plane causes loss of information of the depth and orienta-
tion of the plane containing the object. In some applications the depth can be considered
constant and approximated by the distance of the object in the desired pose, but, with this
assumption, it is possible to achieve only local results, since the stability region for Image-
based visual servoing in the presence of errors on the depth distribution is not large [58].
Thus, the distance of the object from the camera has to be estimated to exploit the visual
information to control the robot. For this purpose, the dynamics of the features, e.g.
geometric moments, and of the 3-dimensional information of the object must be expressed

in terms of the known translational and rotational velocities of the camera.

The problem of designing an observer to estimate the depth of an object has received
significant attention, see [5,23,41,62,77]. In [77] a local observer that exploits the basic

formulation of the persistency of excitation lemma [60] is presented. Therein the estimation
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error system consists of an exponentially stable slowly varying perturbed linear system.
Thus, stability of the zero equilibrium of the error system can be guaranteed if the initial
estimation error is sufficiently small. In [62] a Kalman filter allows to consider at the
same time new measurements and old estimates of the depth to determine the current
uncertainty. The method integrates new measurements with existing depth estimates
to reduce the uncertainty over time. In [23] the range identification problem is studied
considering object features evolving with affine motion dynamics, with known motion
parameters. In [41] a solution to the range identification problem is proposed based on a
nonlinear observer design which is inspired by the immersion and invariance methodology

[70] and the reduced order observer in [5].

The first step towards the solution of the estimation problem consists in determining
R
ij
moment of order ¢ 4+ j relative to the region R which defines the observed object, as

the equation describing the time derivative mZ? of the moment m;%, i.e. the geometric
a function of the twist v = (v,w) between the camera and the object, where v and w
represent the relative translational and rotational velocity components, respectively. Note
that the geometric moments may be computed exploiting the technique described in [16].
Without loss of generality it is possible to suppose that the observed object is fixed and so
v represents exactly the imposed camera velocities. Following [17] the equation are given
by

S = Lyzv, (6.36)

where L, is the interaction matrix associated to the geometric moment m%, depending
ij
in general on the 3-dimensional parameters. Consider the following standing assumption,

which is standard in this context [77].

Assumption 6.2. The observed object O is planar or has a planar surface with plane
equation
n-p+d=0, (6.37)

where n = [ n; ny n, ]! is the plane unit normal, d is the distance to the origin of the
moving frame relative to the camera and p is the vector from the origin to a generic point,
P, lying on the plane (6.37).

Note that if Assumption 6.2 is satisfied then the depth Z of any point lying on the

plane containing the object can be expressed in terms of the image coordinates as

1
7= Ago + Arom1 + Ao172, (6.38)
where
Ao
A01 = —n/d
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With these assumptions the time variation of a moment of order i + j can be expressed
from the moments of order up to ¢ 4+ j + 1, and from the parameters Agg, A1g and Ag;. If
additionally the unit plane normal n is known the only 3-dimensional information to be

estimated reduces to the distance d.

6.3.1 Local Range and Orientation Identification

Let y(t) = [mﬁj1 (t), ..., mﬁjn (t)]" € R™ be a collection of n geometric moments extracted
from the object, represented by the region R, and let x(t) = [z1(t) xa(t) 23(t)]" € R3
describe the 3-dimensional information of the object, namely z1 = Ajg = —n,/d, zo =
Aoi = —ny/d and x3 = Agy = —n./d, where d is the depth of the object with respect
to the camera frame. The dynamics of the evaluated geometric moments and of the

3-dimensional parameters of the object are described by equations of the form [17,77]

y(t) = F(y(t),v(t)z(t) + Gy(t),w(t)),
(6.39)
w(t) =a2)z@t)Tv(t) +2(t) x w(t),

where x denotes the vector product and the matrix functions F : R® x R3 — R™*3 and
G :R™ x R? — R" are obtained from equation (6.36). Moreover, due to the linearity in v
and w of the relation (6.36), F' and G are identically zero when the translational velocity,

v(t), and the angular velocity, w(t), are zero, respectively.

Assumption 6.3. F' and G are known continuous mappings.

In what follows we consider the problem of designing a reduced-order observer for the
unmeasured part of the state of the system (6.39), i.e. z(¢), under Assumptions 6.2 and
6.3. To begin with, only translational velocities are allowed, i.e. w(t) = 0 for all ¢ > 0,
hence G(y(t),w(t)) = 0.

Proposition 6.1. Consider system (6.39). Suppose that the solutions of system (6.39)
exist for all ¢ > 0 and that z;(¢) > 0 for all ¢t > 0, ¢ = 1,2,3. Moreover suppose that
Assumptions 6.2 and 6.3 hold. Suppose that there exist scalar functions f3; : R x R — R,
1 = 1,2,3, and non-negative scalar functions v; : R — R, ¢ = 1,2,3, not in L4, i.e.
Jo~ i(r)dr = o0, such that

0B
dy

(yat)F(ya U) - (Ux Uy Uz) = 'Yi(t)ei, (640)
where e; is the i-th vector of the canonical basis in R™. Let

&= —(t) (eCz' + @'(?Jﬁ) — %6;, (6.41)
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where (;(t) € R. Then all trajectories of the interconnected system (6.39)-(6.41) are such
that
lim [z(t) — 2(¢)] =0,

t—o00

where
& = eSitBi(y:t) ’ (6.42)

i = 1,2,3. That is (6.41)-(6.42) is a locally convergent observer for the system (6.39).
Moreover

lim — (&1(t)% 4+ 22(t)* + 23(1)*)| = 0.

t—00 d(t)2

Proof. Let the estimation errors be z; = (; + Bi(y,t) — In(x;), ¢ = 1,2, 3, and note that
they are defined for all t > 0, and that

ai; a2 a13
i=Az=| a1 ax a3 |z, (6.43)

az1 as2 as3

where
_ . |96 7
aij = & @(y’t) (1) —wi(t)| p(2)
with F; € R™*! the i-th column of the matrix function F. For the sake of notational
simplicity v;(t) denotes v, (t),v,(t) and v,(t) for j = 1,2, 3, respectively. Moreover, the

z

function p, which is such that zp(z) = e™% — 1, is continuous and negative for all values

of its argument, by monotonicity of e7% — 1 .

Considering the condition (6.40) it is straightforward to see that the matrix A in the

estimation error dynamics 6.43 is equal to
A = diag{d1p(21)n(t), Z2p(22)72(t), L3p(23)73(t)} -

Since the signals v;(t), t > 0, i = 1,2,3, are sufficiently exciting by assumption, all
trajectories of the system (6.43) asymptotically converge to z = 0. Hence the trajecto-
ries of system (6.39)-(6.41)-(6.42) are such that z;(t) = e%M+F:u) is an asymptotically
convergent estimate of the unmeasured state x;. The second claim in the statement fol-
lows immediately recalling that the vector n(t) is the unit plane normal thus the relation
nz(t)? + ny(t)? +n.(t)* = 1 holds for all ¢t > 0. O

Remark 6.8. The assumption that x; is always positive, ¢ = 1,2, 3, is mild since, if the
angular velocities of the camera are zero, the set {z € R : z > 0} is invariant for the

dynamics of the system (6.39). A
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Remark 6.9. Suppose that the matrix function F' satisfies the following instantaneous

observability and boundedness condition!
el < F(y,t) F(y,t) < el , (6.44)

where €1 and ey are two positive constants, for all £ > 0 and all y € R", then all the
conditions of Proposition 6.1 are satisfied selecting v;(t) = 4; > 0, for i = 1,2,3 and

selecting [ as the solution, if it exists, of the partial differential equations

9Bi

3 (y,t) = [(vz vy V) +Fies) (FTF)'FT (6.45)

for ¢ = 1,2, 3, which is such that

0B,
Oy

(F1 Fy Fg) = (’UZ» Uy ’UZ) + vie; . (6.46)

Note that (6.45) is equivalent to (6.46), since the instantaneous observability condi-
tion (6.44) implies that the matrix F'(y,t) is full-rank for all £ > 0 and all possible values
of the measured moments. Exploiting the condition (6.44) uniform asymptotic stabil-
ity of the zero equilibrium of system (6.43) can be proven using the Lyapunov function
V(z) =1/2z"z. A

6.3.2 Global Range Identification

Let y(t) € R™ be as in (6.39) and let x(t) € Ry be equal to 1/d(t), i.e. the inverse of
the depth of the center of mass of the observed object, with respect to the camera. The
nonlinear system, describing the dynamics of the evaluated geometric moments and of the

inverse of the distance, is described by equations of the form [17,77]

g(t) = F(y(t), v(t)x(t) + Gs(y(t), w(t)),
(6.47)

where the mapping F; is obtained as a linear combination of the columns of the matrix

function F' in (6.39), with coefficients given by [—ng, —ny, —n.].
Assumption 6.4. F, : R" x R? — R™! G, : R" x R? — R™ ! and ¢(t) = n-v are known
continuous mappings. Moreover, there exists ¢y > 0 such that, for all ¢ > 0, ||c(¢)|| < co.

In what follows we consider the problem of design a reduced-order observer for the
unmeasured part of the state of the systems (6.47), i.e. x(¢), under Assumptions 6.2 and
6.4.

'With a minor abuse of notation F(y,t) is used to denote the function F(y(t),v(t)) in (6.39).
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Proposition 6.2. Consider system (6.47). Suppose that the solutions of system (6.47)
exist for all ¢ > 0, that x(¢t) > 0 for all ¢ > 0 and that Assumptions 6.2 and 6.4 hold.
Moreover suppose that there exist a scalar function 8 : R® x R — R and a non-negative
scalar function v : R — R, not in £, such that

op

By DF (1) +e(t) 2 5(0). (6.48)

for all ¢ > 0 and all y € R™. Let

: op op C+ By, )\ _ 98
— Py, t) — | L, ) Fu(y, yt)) _ 27 4
{= =600 - | S OR0 + <o) (e ) -2 (6a9)
with ((¢) € R. Then all trajectories of the interconnected system (6.47), (6.49) are such

that
lim [x(t) — %()] = 0,

t—o00

where
)AC — eC"ﬁB(y’t) . (650)

<

Remark 6.10. The assumption on the positivity of x(¢) for all ¢ > 0 reduces to requiring
that x(t) never reaches zero, i.e. that the distance of the object never diverges to infinity.
In fact from the physics of the problem, i.e. the distance of the object from the image
plane is always non-negative, and from the second equation of system (6.47), it is possible
to deduce that x(¢) > 0, for all ¢ > 0, provided x(0) > 0. A

Proof. Let the estimation error be z = ¢ + 3(y,t) — In(x), and note that the estimation
error is defined for all ¢ > 0. Note now that

2= BN |90 1) 4 elt)| (2 1) = e | 9 (g, ) By, 1) + c<t>} (72 -1),

g’ ’ (6.51)
which has an equilibrium in z = 0, and that the term e™* — 1 can be written as zp(z)
where p(0) = —1 and p(z) = Y .2, % is, by monotonicity of e™* — 1, sign definite,
namely negative.

System (6.51) can be considered as a time-varying system with state z. Moreover,
since the signal () is sufficiently exciting, by (6.48) all the trajectories of system (6.51)
uniformly asymptotically converge to z = 0, which implies that the trajectories of system
(6.47)-(6.49) are such that x = e¢tP®:) is an asymptotically converging estimate of the

unmeasured state y. O
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Remark 6.11. If there exists a constant € such that the instantaneous observability con-
dition
IFs(y,t)]1* > € >0 (6.52)

holds for all ¢ > 0 and all y € R™, then the assumptions of Proposition 6.2 are satisfied
selecting v (t) = cp?, with 4 > 1 a positive constant, provided S is such that

op B 27¢q

By = Fy(y,t)". (6.53)

In this case global uniform asymptotic stability of the zero equilibrium of system (6.51)
can be proved using the Lyapunov function V(z) = %zQ. In fact, the time derivative of

the Lyapunov function along the trajectories of the system (6.51) satisfies
V<8 TAWDp)ye0| By, )22 < 0,

for all z # 0. A

Remark 6.12. The solution of the partial differential equations (6.53) when y € R™ with
n > 1 can be hard to find, and the equation may not even have a solution. (Obviously,
if y has dimension one the solution of (6.53) is the integral of the right-hand side of the
equation). At the end of this section it is shown that even if n > 1 an approximate solution

is sufficient to solve the considered estimation problem. A

Remark 6.13. The choice of the estimation error z is natural, since the logarithm of x
allows to compensate, in the error dynamics, the quadratic terms of the dynamics of the

unmeasured part of the state. A

Remark 6.14. In [45] the problem of estimating the range of an object moving in the
3-dimensional space by observing the motion of its point feature is studied. The system
considered is similar to the system (6.47), i.e. quadratic in the unmeasured state. The
result therein heavily relies on the particular structure of the functions of the perspective

system considered, which are such that
F(y,t) = b(t)Iny + bo(t)

for some known scalar function b(t) and some known vector by(¢). Note that this is not
the case for the system (6.47). A
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6.3.3 Approximate Solution with Dynamic Scaling

The solution of the problem of estimating simultaneously the depth and the orientation
of the object hinges upon the solvability of the partial differential equations (6.45)2. Ob-
viously, the pde (6.45) do not always admit a solution, and even if there exists a solution
this can be not easy to determine. This issue can be resolved by introducing a dynamic
scaling factor, r(t) € R, and an output filter, with state §(¢) € R", and proving that an
approximate solution of (6.45) allows to guarantee asymptotic stability of the zero equi-
librium of the estimation error dynamics under condition (6.44). Define a scaled observer

€error
Gt B~ Ina)
Z (r(t) —p)

i=1,2,3, where u € (0,1) and let the mapping 3; : R” x R™ x R — R be defined as

(6.54)

Bilw.9.1) = |07+ Fies] (F(@0) P (3,0) " F@.0) Ty, (6.55)
i.e. such that
%@Z (y,9,t) = [UT + %ez} (F(y, U)TF(y, U))_lF(y, U)T + Ai(y,m), (6.56)

where n = g —y and A; : R x R" — R", i = 1,2, 3, is a mapping such that A;(y,0) = 0.
Define then the matrix A(y,n) = [A1(y,n)" Aa(y,n)" As(y,n) "] T € R3*" and note that
there exist matrices Aj € R3*" for j = 1,...,n, such that A(y,n) = 22:1 Ajnj. Moreover,

the auxiliary state g is obtained from the filter

Zj = F(ya ’U)i7 - K(Tv Y, 77)(.7; - y) ) (657)

where K is a positive definite matrix-valued function.

To streamline the presentation of the following results, let ¥ : R3 x R3 x R — R3*3 be
defined as ¥ (&, z,r) = diag{Z;p(z; In(r—p)) }, namely such that z—2 = In(r—p)¥(z, z,7)z.
Considering (6.57), the dynamics of the error 7 are

n(t) = —In(r — p)F(y,v)V(z,2,7)z — K(r,y,m)n . (6.58)

Recalling the equations of the time derivative of the estimation error z in (6.54) and the

definition of the mapping f as in (6.55) and letting

-

0B 9B : [aﬁz‘

_ F N
o a0l By (y,v) v}w

2Similar considerations apply to depth estimation problem.
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yields the estimation error dynamics
7',

E= Az )z Ay, mFy )R (@, 2z = F e

2, (6.59)
with A(z, z,r) = diag{Z;p(z; In(r — p))%}.

Assumption 6.5. There exist positive constants 7;, ¢ = 1,2, 3, and a non-negative con-
stant p € R such that

A(Ii,Z,T’) < _ﬁ[ - )\\I/(.f,Z,T’)F(y,U)TF(y,'l))‘I’(:i,Z,T'), (660)

for some positive constant A € R.

By (6.44) and the definitions of p and z, it follows that the Assumption 6.5 holds in
any compact set (z,2,7) € Q C R? x R3 x R for arbitrary A > 0 and p > 0, selecting

Fi > Aegad + ﬁa
o

(]

where a; = max {0 Mg p(zIn(r — p))||}, i = 1,2,3.

(z,2,r)EQ
Proposition 6.3. Consider the system (6.59). Suppose that its solutions exist for all
t >0, that z;(t) € (0,00), i = 1,2, 3, for all t > 0, and that Assumptions 6.2 and 6.5 and
the condition (6.44) hold with A > 0. Let

r(t) = e(r(t) — p) In(r(t) — WAy, )|, (6.61)

with r(0) > e+ p, ¢ > 35 and

In(r — p)? ) < 9
K(yn.r) = (IS R) Ty ere— )G — pding{13:0,mIP, (6.62)
where k is a positive constant. Then the system (6.58)-(6.59)-(6.61) has a globally stable
set of equilibria defined by {(z,n,7): 2z = 0,7 = 0}. Moreover z, 2, r € Lo, 1 € Log N La.
If additionally Assumption 6.5 holds with p > 0, then z € Ly and z(t) converges to zero.

o

Proof. To begin with note that 7(t) > 0, for all ¢ > 0, hence r(¢) > r(0) > p+e. This, in
turn, guarantees that In(r—pu) > 1. Consider now the positive-definite and proper function

V(z) = 32"z, whose time derivatives along the trajectories of system (6.59) satisfies, by
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Assumption 6.5 and replacing the dynamics of the scaling as in (6.61),

V < —pllzl* = M E(y, 0)¥(&, 2,r)z|* + |27 Ay, )| F (y, 0) ¥ (2, 2, 7)2]|

S
(= )G — 1)

_ A . 1
_pHZH2 - §”F(y,1))\11($,2’,7“)22”2 + ﬁHA(yﬂ?)”QHZHZ -

,,Z.

(r —p)In(r — )

&5

_ A .
< =pllall* = SIF(y, v) @ (2, 2,m)2]*.
(6.63)

Hence the system (6.59) has a uniformly globally stable equilibrium at the origin and
2z € Loo N Lo, provided p > 0.

Consider now the candidate Lyapunov function W (z,n) = V(z) + 3n'n the time

derivative of which satisfies
: T T S A 5 2
W s —n Kn—n (r—u)F(y,v)¥(z zr)z = S|[F(y,0)¥ (3, 2,r)z]
T 5 A A 2
S - KT] + 111(7‘ - H)HUHHF(?J’U)\D(xaZ7T)Z|| - §||F(y,U)\IJ(IE,Z,’I“)Z||

(6.64)
1
< —nTKnJrﬁln( 11)*[Im|>

IN

—klln]?,

where the last inequality is obtained from the definition of the matrix K (r,y,n) in (6.62).
The equation (6.64) implies that n € Lo N La. To conclude the proof it remains to
show that the scaling r(t) is bounded. To show this consider the Lyapunov function
Un,z,r)=W(z,n)+ %7“2, which is such that

U < cr(r—p) In(r — w)[| Ay, )| — c(r — p) In(r — p)n" diag{||Ai(y, n)|I*}n

<er(r—p)In(r — Z P — e(r — ) In(r — w)n" diag{| Ay, m)|*}n <0,

(6.65)

which proves the claim. Note that, by continuity of F' and by equation (6.44), y € Lo
and moreover &; = z;eM 1) e £ since x,z,r € Lo by assumption, by (6.63) and
by (6.65), respectively. Hence, by continuity of the mappings on the right-hand side of
equation (6.59), 2 € L. Finally, by Barbalat’s lemma, provided p > 0, z(¢) converges to

Zero. O
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6.3.4 Examples

The first case study considers the situation in which the orientation of the plane containing
the observed object is known for all ¢ > 0. Suppose that the object is a disk, e.g. a coin.
The motion profiles of the camera are selected to show the importance of the use of several

image geometric moments to recover the depth of the object.

0 2 4 6 8 10
10
T, T |
0— - T I I I I
o 2 4 6 8 10

time(s)

Figure 6.5: Top graph: time histories of the area a(t) of the object (dashed line) and of the
internal state of the observer £(¢) (solid line). Middle graph: time history of the logarithm of the
modulo of the estimation error. Bottom graph: time histories of the estimate of the distance (solid
line) and of the actual distance (dashed line).

In the first simulation let y(t) = a(t) € R. Suppose that the plane containing the
object observed is parallel to the image plane of the camera, hence n, = n, = 0 and
n, = —1. The camera is commanded with a periodic predefined motion according to
the velocity profiles v, (t) = vy(t) = 0 and v,(t) = 0.5cos(nt), hence Assumption 6.4 is
satisfied with ¢ = 0.5. In this situation an observer designed for point feature, such as
the one in [41], cannot recover the depth of the object, i.e. the distance of the object
from the camera. In the simulation we set z(0) = 1, £(0) = 7.5 and v = 2. Figure 6.5
shows (bottom graph) that the estimate Z(¢) approaches x(t) after about 3 seconds of
motion of the camera. The top graph shows the evolution of the area of the observed

object due to the motion imposed to the camera and the time history of the internal state
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Figure 6.6: Top graph: time histories of x, (dashed line) and of y, (solid line). Middle graph: time
history of the logarithm of the estimation error. Bottom graph: time histories of the estimation of
the distance (solid line) and of the actual distance (dashed line).

of the observer, i.e. {(t). The middle graph shows the time history of the logarithm of
the modulo of the estimation error, highlighting the exponential convergence rate. Note
that with the considered choice of camera velocities there are isolated time instants in
which the instantaneous observability condition (6.52) is violated, namely the instants of
inversion of the motion direction of the camera. Nevertheless, exponential convergence of

the estimation error is guaranteed.

In the second case study suppose that the motion of the camera describes a circle on
the (x1, x2)-plane, i.e. v.(t) = Rcos(lt), vy(t) = Rsin(lt) and v.(t) = 0, where [ and R are
constants. In this situation the area of the observed coin does not change over time and so
the geometric moment of order zero cannot be used to recover the depth, which is constant.
However, the two geometric moments of order one, i.e. the coordinates of the center of
mass of the object, can be exploited to guarantee convergence of the observer. In this case
the solution f(z4,yg,t) of the partial differential equation defined in Remark 6.11 is given
by B(xg,yg,t) = —YRI(vz(t)z4(t) + vy(t)yy(t)), yielding the estimation error dynamics
z = e“ﬁ(y’t)'yR?’l(e*Z — 1) which have a globally asymptotically stable equilibrium at
z = 0. Figure 6.6 (top graph) shows the periodic behavior of the coordinates of the center
of mass of the object, due to the imposed camera velocities, resulting in a circular motion

of the center of mass in the (x1,x2)-plane. The bottom graph shows the convergence of
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the estimate of the depth of the coin to the real value, which is constant. Note that,
differently from the first case study, the condition (6.52) is satisfied for every ¢t > 0 and
hence stability of the equilibrium z = 0 is guaranteed for the error dynamics. Finally, the
middle graph displays the history of the modulo of the logarithm of the estimation error.

Note, again, the exponential convergence rate.

Finally, the problem of estimating the depth of the object is studied in the case in
which the orientation of the plane containing the object is unknown, using the results in
Section 6.3.1. Suppose that the information about the initial orthant of the unit normal
is available and that the camera is moving away from the observed object with a normal
velocity decreasing as v, (t) = 1/(t + 1)2. For this motion profile of the camera condition
(6.44) is satisfied for all possible values of the moments and for all £ > 0. Assume that the
initial configuration, which is unknown, of the unit normal over the distance, that has to
be estimated, is z(0) = [1, —0.5, —1]T.

3
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Figure 6.7: Time histories of the actual orientation, (x1(t), x2(t), x3(t)), of the plane containing a
planar face of the observed object (solid lines) together with the estimated orientation %(t) (dashed
lines).

Note that the particular motion profile imposed to the camera yields not only a
variation of the area of the object but also of the observed position of the center of mass.

With simple computations it is possible to determine the structure of the matrix function
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Figure 6.8: Top graph: time histories of the actual distance of the object (solid line) and the
estimated distance (dashed line). Bottom graph: time history of the dynamic scaling r(t), with

F(y,v), i.e
3ax4v, 3ayqv; 2av,
F(y,v) = | 22v. + 4nyv. TgYqUs LRI I
TglYqgUz ygvz + 4npav, YqUz

where nog and ngs denote the central moments, i.e. geometric moments of order two
computed around the center of mass and normalized with respect to the zero order mo-
ment, namely the area of the object. Solving the partial differential equation (6.45), with
the matrix F(y,v) defined as above, is an hard task. However, as shown in Section 6.3.1
it is possible to design an observer introducing an output filter and a dynamic scaling
factor, r(t). In Figure 6.7 the time histories of the actual orientation, z(t), of the plane
containing a planar face of the observed object (solid lines) together with the estimated
orientation Z(t) (dashed lines) are displayed. The time histories of the actual distance of
the object d(t) (solid line) and the estimated distance d(t) (dashed line) are in the top
graph of Figure 6.8. The bottom graph of Figure 6.8 shows the time history of the single

dynamic scaling factor r(t) with (0) = 3. Note the different time scale.

6.4 Conclusions

In this chapter we have extended the approach based on the dynamic extension to en-
compass the reduced-order observer design problem via the Immersion and Invariance

technique. The latter methodology, in fact, hinges upon the solution of a system of par-
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tial differential equations which ensures attractivity of a desired invariant subset of the
augmented state-space of the plant and the observer. The main result of this chapter
consists in showing that the computation of a closed-form solution of the pde arising may
be avoided making use of an output filter and a dynamic scaling factor. The design is
then specialized to tackle the problem of estimating the range and the orientation of an

object observed through a single pin-hole camera.
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Chapter 7

Applications

7.1 Introduction

n this chapter several examples are illustrated to demonstrate the applicability of the
I approach, highlighting advantages and drawbacks of the proposed methodology. The
applications range from optimal and robust control of fully actuated mechanical systems
in Section 7.2 to optimal control problems in internal combustion engines discussed in
Sections 7.3 and 7.4.

7.2 Fully Actuated Mechanical Systems

Consider fully actuated mechanical systems described by the Euler-Lagrange equations
[71], namely
M(q)i+C(a:4)q+ Glg) =7, (7.1)

where G(q) contains the potential forces and the matrix C(q, ), which is linear in the
second argument, describes the Coriolis and centripetal forces and is computed using the
Christoffel symbols of the first kind.

Defining the variables 1 = ¢ and x9 = ¢, with z1(¢) € R", 25(t) € R" yields

T =2,

(7.2)
To = M(l‘l)*l [7~' — C(.%'l,xg)l‘g — G(.%’l)] .

Assume that the preliminary feedback 7 = 74 G(0), 7 € R", is applied to compensate for
the effect of gravity at the origin. Under this assumption, the gravitational term becomes
G(x1) = G(x1) — G(0). Therefore there exists a continuous matrix valued function
G : R" — R™ " such that G(z1) = G(x1)z, for all z; € R",

Suppose that the variables of interest — to minimize in the optimal control problem or

for which a desired attenuation level needs to be guaranteed in the disturbance attenuation
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problem — are the positions x; and the velocities xo of the joints. Finally let 7 =u+d in
the disturbance attenuation problem, whereas let 7 = w in the optimal control problem.
Note that, as in to Chapter 4, €2 = —(1/42—1), where v € (1, oc] is the desired disturbance

attenuation level.

The definition of an algebraic P solution for the system (7.2) requires the computation
of the positive definite matrix P. To this end consider the first-order approximation of

the nonlinear system (7.2), namely

0 I,
-M(@O)™'D 0

T =

where D = D' € R™™ is a constant matrix defined as D = 9G/dz1(0). Note that
D is the Hessian matrix of the potential energy, denoted by U(x1), evaluated in z; = 0,
therefore if the potential energy has a strict local minimum at the origin then D is positive

definite. The algebraic Riccati equation arising is given by
PA+A"P-EPBB'P+H'H=0, (7.3)

where H = diag{p11,, p2l,}. The positive constants p; and po are weighting factors for

the positions and the velocities of the joints, respectively. Partition the matrix P as

P P
P Pj

9

and let the matrices P, P, and P3 € R™*" be defined as the solutions of the system of

quadratic matrix equations

pil, = P,M(0)™'D+DM()"'P) + P,M(0)72P, ,
P = DTM(0)"'Ps+ PM(0)2P3, (7.4)

_ 1 _ _
Py = ;M(O)[P2+P;+M§In]1/2.

Note that the positive definite solution P of the matrix equations (7.4) exists and is unique,
by observability and controllability of the linearized system.
The following result provides the solutions to Problems 4.1 and 5.4 in Sections 4.2

and 5.4 jrespectively, for fully actuated mechanical systems described by the equations
(7.2).

Proposition 7.1. Consider the mechanical system (7.2). Suppose that 3;(0) > 0,7 =1, 2,
let v € (1,00]. Let 2] Y] (2)Y(2)z; = 2] (121, + Si(z))z; > 0,4 = 1,2, let Wy (w1, 22)
be such that Y| (z)Y1(z) = WiM(21) " G (21) + G(x1) " M (21) "Wy + W1 M (21)~2W)
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and let

Vl(m) = WlM(xl)_lC(x) + G(xl)TM(xl)_1W2 + €2W1M(331)_2W2 ,

Va(a) = WaM (1)~ C() + 622W21\4(:p1)—2w2 _ éTQ(;v)TTQ(x) ,

with Wy (21, z2) such that W5(0,0) = P;. Then there exist a matrix R = R > 0, a
neighborhood of the origin 2 C R27 x R?" and k > 0 such that the function V > 0 as in

(4.11), with
P(z) = [v{ Vi + 23 Vo, o] Wi + 24 Wa] (7.5)

satisfies the Hamilton-Jacobi partial differential inequality (4.15) for all k > k and (x, &) €
€2, hence the dynamic control law (4.16) solves Problem 4.1 if € € (0,1) and Problem 5.4

ife=1. o

Proof. Let ¥,(0) >0,i=1,2,

A 2
f(x) = [ —M(xl)_l (C(Z‘l,%g)l’g + é($1)> ] ’ (76)
and
n@ye-e|° 0 (.7)
0 M(Il)_2 ’ .

€ € (0,1), and note that P as in (7.5) is an algebraic P solution of the equation (4.10), i.e.
2$IV1.%’2 + 21';‘/2302 - 2x1TW1M_1Cx2 - 2x;W2M_1Cx2 + :UITlTTlxl + szTQTTng

2 WiM™IG — 2e] WoM~1G — & (:JclTW1 n xQTWQ) M™2 (Wiz1 + Wazs) = 0.
(7.8)
Then, by Theorem 4.1 and Corollary 4.2 there exist k, R and a set Q C R*" such that
the dynamic control law (4.16) solves the regional dynamic state feedback Lo-disturbance

attenuation problem with stability. If e = 1 in (7.7) then the dynamic control law (4.16)

solves the approximate regional dynamic optimal control problem. (|

7.2.1 Planar Mechanical Systems

In the case of planar mechanical systems, i.e. systems with G(x;) = 0 for all z; € R", the

solution of the equation (7.8) can be given in closed-form. Towards this end note that the
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solution of the algebraic Riccati equation (7.3) is

1/2

_ 2 _ _ 1
Pr=pu | MO + 3L P=EM(0), =I5 +5T), (7.9)

with § = et M(0) [2M1€71M(0) + N%In] vz

Corollary 7.1. Consider the mechanical system (7.2) with G(z1) = 0 for all z; € R™.
Suppose that £;(0) >0, i = 1,2, let € (1,00]. Let Wy (21, 22) = 1Y (2)" M (21) and

Vi1, ) = T(2) [10(:51,952) + eM(zl)_IWQ} ,

2

Vg(l‘l, xg) = WQM(wl)_l |:C(x1,.7}2) + ;M(l‘l)_IWQ] — %TQ(.’L’)TTQ(.T) R

with Wy (21, 22) such that W5(0,0) = P;. Then there exist a matrix R = R > 0, a
neighborhood  C R?" x R?" containing the origin and k& > 0 such that for all &k > k
the dynamic control law 4.16), with P as in (7.5), solves Problem 4.1 if ¢ € (0,1) and
Problem 5.4 if € = 1. o
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Figure 7.1: Left graphs: time histories of the angular positions of the joints for different values
of the parameter £ (Top graph: « = 0.8. Middle graph: x = 1. Bottom graph: £ = 5) when
the linearized control law u, and the dynamic control law are applied, dashed and solid lines,
respectively. Right graphs: zoom of the time histories in the left graphs in the interval ¢ € [12, 18].
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7.2.2 2-dof Planar Robot

Consider a planar fully actuated robot with two rotational joints and let z; =
[x1,X2] € R? be the relative positions of the joints and z2 = [x3,x4] € R? be the
corresponding velocities. The dynamics of the mechanical system can be described by

equations of the form (7.2) with

0 —azgsin(x2)(xa + 2x3)

aj + 2as cos(x2) agcos(xz2) + as O
7 ag sin(x2)x3 0

M =

as cos(x2) + as as

where a1 = I1 + mld% + Iy + mgd% + mgl%, as = molids and ag = Iy + mgd%, with I;,
m;, l; and d; the moment of inertia, the mass, the length and the distance between the
center of mass and the tip of the i-th joint, ¢ = 1,2, respectively. In the simulations we
let mi = mo = 0.5Kg, l1 =1lp = 0.3m, di = dy = 0.15m and I} = Iy = 0.0037Kg - m>.
To begin with, suppose that the action of the actuators is corrupted by white noise and
consider a desired attenuation level on the position of the joints close to v = 1, e.g. define
e = 0.1. Let X1(x1, x2) = diag{1073(1 + x?),1073(1 + x3)} and determine the algebraic
P solution as described in Corollary 7.1. Since the Hamilton-Jacobi partial differential
equation or inequality that yields the solution of the disturbance attenuation problem for
the considered planar robot does not admit a closed-form solution, the performance of the
dynamic control law defined in (4.16) is compared with the performance of the linearized
problem, i.e. the static state feedback given by u, = —BlT Pz. In the dynamic control law,
the matrix R is selected as R = k®(0,0), with x € R.

Let the initial condition of the planar robot be [x1(0),x2(0),x3(0),x4(0)] =
[7/2,7/2,0,0]. Figure 7.1 displays the time histories of the angular positions of the joints
for different values of the parameter x when the linearized control law u, and the dynamic
control law (4.16) are applied, dashed and solid lines, respectively. In all the plots the
same disturbance affects the actuators. The behavior of the joints with £ = 0.8 is dis-
played in the top graph and it can be noted that the dynamic control law guarantees a
worse rejection of the matched disturbances than the control law u,. Increasing the value
of the parameter x improves the performance of the dynamic control law. In particular,
the choice R = ®(0,0) (middle graph) yields a performance almost identical to that of
U0, whereas selecting k = 5 the disturbance attenuation is significantly improved (bottom
graph).

Consider the ideal case of absence of disturbances and let € = 1, i.e. v = oco. Fig-
ure 7.2 displays, for different initial conditions, the ratio between the costs yielded by the
dynamic control law - considering the optimal value of [£1(0), £2(0)] for each x(0), letting
[€3(0), £4(0)] = [0,0] - and by the optimal static state feedback for the linearized system,
i.e.n = Vy(x(0),£(0))/V,(x(0)), where Vg is the value function defined in (4.11), with P

as in (7.5), and V}, is the quadratic value function for the linearized problem. Obviously,
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Figure 7.2: The ratio n between the costs yielded by the dynamic control law - considering the
optimal value of [£1(0), &2(0)] for each x(0) and letting [£3(0), £4(0)] = [0, 0] - and by the optimal
static state feedback for the linearized system.

n < 1 implies that the cost paid by the dynamic control law is smaller than the cost of
the optimal static state feedback for the linearized system. In Figure 7.2, the ratio 7 is

greater than 1 in a neighborhood of the origin since ¥;(0) > 0.
Let k = 1.2 and x(0) = [7/4,7/4,0,0]. As above, the dynamic control law is compared

with the solution of the linearized problem obtained with € = 1, the optimal cost of which

is V(x(0)) = 3x(0)"Px(0) = 0.2606. Set [¢5(0),£4(0)] = [0,0]. The optimization
of the value function V(x(0),£(0)), which gives the optimal cost paid by the solution,
with respect to £1(0) and &(0), yields the values £7(0) = 0.3, £5(0) = — 0.9 and the

corresponding value attained by the function is V(x(0),£9(0),£5(0),0,0) = 0.2081. The
top graph of Figure 7.3 shows the time histories of the angular positions of the two joints
when the dynamic control law, with x = 1.2, and the optimal state feedback u, are
applied, left and right graph, respectively. The time histories of the dynamic control law
and the optimal local state feedback are displayed in the bottom graph of Figure 7.3, left
and right graph, respectively.

7.3 Combustion Engine Test Bench

Combustion engines are operated at test benches in the same way as in a passenger car
or a heavy-duty truck, since the former allow to generate the same load a combustion
engine would undergo in normal operations. The crucial advantage in the use of a test

bench resides in the possibility of reproducing desired conditions in terms of temperature
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Figure 7.3: Top graphs: time histories of the positions of the two joints when the dynamic control
law and the optimal state feedback for the linearized problem are applied, left and right graph,
respectively. Bottom graphs: time histories of the dynamic control law and of the optimal state
feedback for the linearized problem, left and right graph, respectively.

and pressure, and, consequently, of drastically reducing the cost and time required for

development and configuration.

In a vehicle the velocity and, by means of the transmission, the rotational speed wg
result from the engine and the load torques. For this reason the engine torque Tg as well
as the engine speed wg need to be controlled to operate a combustion engine on a test
bench. In industrial practice a test bench is usually controlled by means of two separate
control loops: the torque is often influenced by the accelerator pedal position « of the
engine under test, while the speed is controlled by the loading machine. This section deals
with the design of a multi-input/multi-output dynamic control law for the torque and the

speed of the combustion engine on a test bench.

7.3.1 Simplified Model of the Test Bench

In the standard setting of a test bench, the combustion engine is connected via a single
shaft to a different main power unit. The latter may either be a purely passive brake or
an electric machine, which offers the possibility of an active operation. In this situation,
the accelerator pedal position a of the combustion engine and the set value Tp, s of the
dynamometer torque provide the inputs to the test bench. In the following let T, denote
the measured torque, while w, represents the measured rotational speed, where z may

be equal to F or D, denoting the combustion engine and the dynamometer, respectively
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(see [34] and the references therein for more details). To streamline the presentation of
the main results only the equations necessary for the control design are summarized. To

this end the entire mechanical system — a two-mass oscillator — can be described by the

equations
Ap = wg — wp, (7.10)
Opwp =Tp — cAp —d (wg —wp), (7.11)
Opwp = cAp +d(wg —wp) — Tp, (7.12)

where Ay is the torsion of the connection shaft while g and 6p denotes the inertias of
the combustion engine and the dynamometer, respectively. The contributions due to the
inertias of the adapter flanges, the damping element, the shaft torque measurement device
and the flywheel are already included in these values. The parameter ¢ characterizes the

stiffness of the connection shaft, whereas d describes its damping.

The behavior of a combustion engine is complex. However, a simplified model of the

torque generated by a diesel engine can be described by the equation [34]
TE = — (Co+Cle+02wE2) TE+m(wE,TE,a), (7.13)

where ¢; > 0,¢=1,...,3 are constant parameters and m : R x R x R — R is a nonlinear

static function.

The employed electric dynamometer is modeled as a second order low-pass filter, with
dynamics significantly faster than those of the other components of the test bench, hence
they can be neglected in the design. Within the range of maximum torque and maximum
rate of change, the torque of the dynamometer can be described by Tp = Tp, s¢¢. Letting
v=m(wg,Tg,a), the system (7.10)-(7.13) can be rewritten as

&= Az + f(x) + Bu (7.14)
with

—cp 0 0 0 1 0
0 0 1 -1 0 0
A= c d i« | B= 0 0

b 0 0 Op
d d 1
0 % 9 "o 0 35

T
f(:v):(—(clx3+02x32)x1 0 0 O) ,

T T
where z(t) € RY, z = <x1 To T3 934) = (TE Ay wg wD) , denotes the state of

‘-
the system and u(t) € R u = (v Tp, Set) , the input. The actual control input to

apply in order to generate the desired signal v, namely «, is then obtained in practice by
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an approximate inversion of the nonlinear function m.

7.3.2 MIMO Control Design

To begin with, let e; denote the regulation error of the component x; with respect to the
corresponding reference value, namely e; = z; — z}, i = 1,...,4. Let g(e) = e' Qe in the
cost functional (5.40), where the positive definite matrix Q € R*** weights the relative
regulation errors for the different components of the state. Without loss of generality,
let the algebraic P solution be of the form P(e) = e P + Q(e), where Q : R* — RI*4
contains higher-order polynomials of the error variable e. The matrix P is the symmetric
and positive definite solution of the algebraic Riccati equation (5.46) corresponding to
the linearized error system and the quadratic cost g(e). Note that, depending on the
specific operating point, some of the terms in f may contribute to the linearized system.
The proposed structure of the algebraic P solution P intuitively suggests that the linear
solution e P is modified, by the addition of the term Q, in order to compensate for the

nonlinear terms of the algebraic equation (5.49) associated with the system (7.14).

In the following, exploiting the specific structure of the vector field f in system (7.14),
we let Q be defined as Q = (Qy, 0, 0, 0). It is worth noting that this specific choice
is arbitrary and alternative choices can be made. Then, the algebraic Hamilton-Jacobi-
Bellman inequality (5.49) is solved with respect to the unknown Q;(e) obtaining a solution
of the form Qi(e) = N(e)D(e)~!, with the function D strictly positive for all the values
of interest, namely the desired operating range, of the state variable x. Once an algebraic

P solution has been obtained we define the dynamic control law

é: = _k‘/g—r(evg) )

(7.15)
v = _BTV:(:T(67§) )

where the function V' is defined as in (4.11) with P as given above. The control law (7.15)
approximates the solution of the regional dynamic optimal control problem for the sys-
tem (7.14) with respect to the running cost g(e) = e ' Qe.

The dynamic control law (7.15) is designed considering a simplified model of the com-
bustion engine test bench. Therefore the control action needs to be modified, as explained
in the following, in order to cope with some of the nonlinearities of the combustion engine
not included in the model.

In particular, an integral action is added to the dynamic control law (7.15). More
specifically, letting v;, i = 1,2, denote the i-th component of the dynamic control law (7.15)

we define the actual control inputs implemented on the combustion engine test bench as

u; = vi(e, &) + k:i/o vi(e(r),&(T))dT, (7.16)
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for i = 1,2. Additionally we let the gain ko be a function of the derivative — which is
implemented as 5%, with 6 > 0 — of the regulation error for the speed of the engine,
namely ko(é3). In particular, the gain is defined such that, when the regulation error of
the engine speed changes too fast, the integral action is negligible compared to the other
components of the control signal. This choice is reasonable, as shown in the simulations,
and needed in order to avoid an excessively aggressive reference profile for the torque of
the dynamometer. Large errors between the desired and the measured engine speed and
torque, due to changes in the references, are mainly, and relatively rapidly, compensated

by the action provided by the dynamic control law (7.15).
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Figure 7.4: Top graph: time histories of the engine torque Tr determined by an accurate model
of a combustion engine test bench in closed-loop with the control law (7.15)-(7.16) (solid line) and
with the control law in [34] (dashed line), together with the desired reference value (dash-dotted
line). Bottom graph: time histories of the engine speed wg determined by an accurate model of
a combustion engine test bench in closed-loop with the control law (7.15)-(7.16) (dark line) and
with the control law in [34] (grey line).

Note that, locally around the origin, the linear part of the dynamic control law is dom-
inant with respect to higher-order terms, hence the integrals provide a standard integral

action.

Finally the proposed control law (7.15)-(7.16) is tested and validated on a high quality

test bench simulator developed by the Institute for Design and Control of Mechatronical
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Figure 7.5: Top graph: time histories of the accelerator pedal position a determined by the
control law (7.15)-(7.16) (solid line) and by the control law in [34] (dashed line). Bottom graph:
time histories of the torque of the dynamometer T determined by the control law (7.15)-(7.16)
(dark line) and by the control law in [34] (grey line).

Systems, Kepler University, Linz. In addition to the dynamics of the entire mechanical
description the simulator also includes a more accurate, genuinely nonlinear, data-based
model of the combustion engine, limitations of the dynamometer as well as disturbance
effects. The combustion engine model takes for instance the dynamics of the accelerator
pedal and combustion oscillations into account. Measurement noise similar to the one

observed on an actual combustion engine test bench is superimposed to all relevant values.

In the simulation results the control law (7.15)-(7.16) is compared with the control
law developed in [34], which already has a significantly improved performance with respect
to existing standard implementations based on two separate control loops. Let the cost
q(e) be defined as e"e. The top graph of Figure 7.4 shows the time histories of the engine
torque Ty determined by an accurate model of a combustion engine test bench in closed-
loop with the control law (7.15)-(7.16) (solid line) and with the control law in [34] (dashed
line). The bottom graph of Figure 7.4 displays the time histories of the engine speed wg
determined by an accurate model of a combustion engine test bench in closed-loop with
the control law (7.15)-(7.16) (solid line) and with the control law in [34] (dashed line).
The ratio between the cost yielded by the dynamic control law u and the control law

in [34] is equal to 0.984. The use of the controller developed herein leads to a significant
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reduced overshooting of the engine torque Tr when a change of the operation point is
required. Although the engine torque T shows a slightly increased rise time, the final
value is reached approximately four times faster. The coupling effect is also improved
by the dynamic control law proposed, as it can be appreciated at ¢ = 12s, when an
increase in the engine torque from 100Nm to 200Nm occurs at constant speed, namely
220 radians per second. Note that the speed is corrupted by additive disturbance caused

by the resolution of the shaft encoders and by combustion oscillations.

Significative differences are also visible in the input signals determined by the control
laws, see Figure 7.5. In fact at time ¢ = 12s, the control law (7.15)-(7.16) avoids an
overshoot in the accelerator pedal position «, which is an advantage from the polluting
emissions point of view, while requiring, on the other side, a more demanding behavior to

the electric dynamometer.

7.4 Diesel Engine Air Path

The principal control objective for an internal combustion engine consists in designing
a control action such that the engine itself generates the torque requested by the driver
via the acceleration pedal position and minimizes on the other hand the fuel consump-
tion while keeping specific quantities, such as the cumulated emissions or the exhaust
temperatures, below a given threshold. Since the aforementioned problem has gained in-
creasing attention in recent years, Diesel engines have evolved to complex systems to cope
with these requirements in terms of economy, pollution emissions and driveability. Sev-
eral degrees of freedom, such as a variable geometry turbocharger (VGT) or an exhaust
gas recirculation (EGR) valve, are available to achieve a satisfactory trade-off between

conflicting goals.

In internal combustion engines, pollution emissions are mainly generated as a result
of imperfect combustion. However, the production is strongly affected by the operating
conditions, in particular the rate of injection, the gas composition and the gas distribu-
tion. Several traditional approaches are based on a limitation of the injected fuel amount.
Smoke maps in the Engine Control Unit (ECU) of a Diesel engine or control based on
the air-fuel ratio are possible alternatives. On the other hand, one can try to improve the
dynamics of the air path using, for instance, a variable geometry turbocharger or assisted

turbochargers.

The topic of this section is the design of a multi-input multi-output controller for the
air path of a turbocharged Diesel engine such that the the fresh mass airflow M AF and
the absolute pressure in the intake manifold M AP are regulated, by means of a variable

geometry turbocharger and an exhaust gas recirculation, to desired reference values.
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7.4.1 Model of the Air Path

The air path is equipped with a variable geometry turbocharger and a high pressure
exhaust gas recirculation. Fresh air from the ambient enters the engine via the air filter,
compressor, intercooler and intake manifold. The pressure of the fresh air is increased by
the compressor, while the density is raised at (almost) constant pressure by the intercooler.
When the EGR valve is open the fresh air in the intake manifold is mixed with a portion
of the exhaust gases. These are then recirculated from the exhaust manifold by the EGR
cooler and the FGR valve. The gas mixture enters the combustion chambers by the
intake ports whereas, after closing the intake ports, the fuel is injected around the Top
Dead Center (TDC) of the piston movement. After the combustion the major fraction of
the hot exhaust gases leave the internal combustion engine through the turbine and the
tailpipe to the ambient. A part of the exhaust energy content is recovered by an expansion
process in the turbine.

The vane position Xy gt of the turbocharger and the EG R valve opening level Xgpar
provide the control inputs of the air path. The regulated variables are the fresh mass
airflow M AF and the absolute pressure in the intake manifold M AP. Typically, this
control loop is decoupled from the control of the fuel injection which affects the injected
fuel amount Wy and the engine speed n.,4. However, the latter two determine the reference

values for M AF and M AP, which are additionally strongly coupled to each other.

The air path system of a turbocharged Diesel engine is approximated by two coupled
equations each with five inputs and one output. Each of these equations is a polynomial
Nonlinear AutoRegressive model with eXogenous input (NARX) described by equations

of the form

Oiy ... i ﬁ zi, (k) +¢e(k), (7.17)
p=1

where the output y (k) consists of the fresh mass airflow M AF and the absolute pressure
in the intake M AP. The vector 6 describes the parameters of the polynomial estimated
during an identification procedure of the model. The error term ¢ (k) is assumed to be
white noise. The variable z (k) is composed by delayed outputs (up to maximal lag of n,)

and the five inputs (up to maximal lag of n,,, i = 1,...,5), namely
x(k) =[y(k=1),...,y(k —ny),ui(k = 1), .., ur(k —nu,),...,us(k = 1), ..., us(k — nyy)]

The values of the parameters can be estimated from input/output data. Measurements
are taken on an internal combustion engine test bench varying the input variables Xy g,
XEear, Wy and nepg according to an optimal input design procedure [35]. Since the

model is linear in the parameters, the latter can be computed using standard least squares



7.4 Diesel Engine Air Path 158

algorithms, namely minimizing the sum of the squared prediction error over N measured

samples (see, e.g., [53] for more details)

0= argmin 3" (y (k) — 7 (2 (k) ). (7.18)

Letting 41 and yo correspond to the M AP and the M AF respectively, the discrete-time
model of the air path of a turbocharged Diesel engine is then described by difference

equations of the form

y1(k) =f1 £ 00 + O1y1 (k — 1) + Oy (k — 2) + 03 u(k — 1) + 0 u(k — 2) + O5y2(k — 1)
+06y2(k — 2) + ry1 (k — 1)* + 63 u(k — Dya(k — 1) +u(k — 1) " O1u(k — 1)
+ Ogy1 (k — Dya(k — 1) + 6{gu(k — Dya(k — 1) + 6111 (k — 2)°
+ u(k —2)TOgu(k — 2) 4 0yu(k — 2)y1(k — 2) + O13y1(k — 2)y2(k — 2)
+ 0 u(k — 2)y2(k — 2) 4 01512 (k — 1)% 4 O16y2(k — 2)?,
(7.19)
ya(k) =f2 £ mya(k — 1) + naya(k — 2) + ng u(k — 1) + nd u(k — 2) + nsya (k — 1)
10 + 1ey1(k — 2) + nrya(k — 1)% + ngd u(k — V)ya(k — 1) + u(k — 1) T Aqu(k — 1)
+n9y1(k — ya(k — 1) +njgulk — Dy (k — 1) + muya(k — 2)?
+u(k — 2) T Agu(k — 2) + nlyu(k — 2)ya(k — 2) + msy1(k — 2)y2(k — 2)

+ 771T4U(k —2)y1(k — 2) + msyr(k — 1)* + meyr (k — 2)°,
(7.20)

with n, = n,, = 2 for all 7 in the model (7.17), where f; and f; are polynomials of degree
two and u = [Wy, neng, XEgr, Xver|. The numerical values of the parameters 6;, 7;, for
i =1,...,14 and the matrices ©;, A;, with j = 1,2, are determined as described above.

A continuous-time description of the model (7.19)-(7.20) is then obtained. Towards
this end, the first step consists in determining an equivalent state-space discrete-time de-
scription of the difference equations (7.19)-(7.20). In particular this is obtained introducing
the change of coordinates

z1(k) 2 yi(k —2),
za(k) 2 yi(k—1) — d1(k),
z3(k) £ ya(k —2),

z4(k) 2 yo(k — 2) — da(k),

where the functions ¢;(k) and ¢2(k) contain all the terms depending on the variable
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u(k — 1) of f1 and fo, respectively, evaluated at the step k — 2, namely
P1(k) 205 u(k — 2) 4 0g u(k — 2)y1(k — 2) + 0] gu(k — 2)ya(k — 2) + u(k — 2) "Ou(k — 2),

do(k) 2na u(k —2) + 14 u(k — 2)ya(k — 2) + nfgu(k — 2)y1 (k — 2) +u(k — 2) T Ayu(k — 2).

Introducing the notation z(k) £ [z1(k), z2(k), x3(k), 24(k)]" and letting v = u(k — 2),

the discrete-time state-space model of the air path is described by equations of the form
x(k+1)=F(x(k),v), (7.21)

where F : R* xR? — R* is directly obtained from the functions f; and f» and the proposed

change of coordinates.

A continuous-time description can be now derived using an inverse Fuler transfor-

mation, namely
1
z(t) = T (—z(t) + F(z(t),v)) (7.22)
where T is the sampling time and the vector-field F' is defined as in (7.21). Finally note
that in the continuous-time model (7.22) the variables M AP and M AF are described by

the components x1 and x3 of the state, respectively.

7.4.2 Regulation Problem

The continuous-time model (7.22) is modified to fit the class of nonlinear systems con-
sidered in Chapter 5, namely input-affine systems. Specifically, we add continuous-time
asymptotically stable (sufficiently fast) filters, the state of which is denoted by z(t) € R2,
for the two inputs v1 = Xggr and vo = Xygr. Note then that the injected fuel amount
Wy and the engine speed nepg can not be directly controlled but are determined by the
driver’s demand and the vehicle resistance. Consequently Wy and n.nq are assumed to be
constant known parameters of the model (7.22), namely p; = Wy and py = nepng. Letting

v = [v1, v2] T, the resulting system is then defined as

1
T=—=(—x+ F(z,p1,p2,2
T( (7,p1,p2,2)) (7.23)

z2=Az+ Hv

where A € R?*? is a Hurwitz matrix and H € R?*? is a diagonal non-singular matrix.
Note that the system (7.23) has the same structure as the systems dealt with in Section

5. Consider now the regulation problem.

Problem 7.1. Let 27 € R and 23 € R. The air path regulation problem consists in
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determining a control law
5:: a(x7§)$fa$§))
u=p(z,§ 27, 23),

such that all the trajectories of the closed-loop system (7.23)-(7.24) are such that z(t) €
Loo, 2(t) € Lo,

(7.24)

tlg& |1 (t) — 21l =0, tli%lo l23(t) — z3]| = 0,

and moreover the cost functional

J(u) = 5 /Ooo(q(x(t) —2*) + (v —2") (v — 2"))dt, (7.25)

is minimized along the trajectories of the closed-loop system.

The following result provides a control law that approximates, in the sense specified in
Chapter 5, the solution of Problem 7.1. To streamline the presentation of the result, define
the error variables e, = le1, e, €3, 64]T with e; = 21 — 27, e2 = 9 — 23, e3 = z3 — 23,
eq4 = x4 — 1} and e, = [e5, eg]? with es = 21 — 2} and eg = 22 — 3.
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Figure 7.6: Top graph: time histories of the absolute pressure in the intake manifold M AP
determined by the dynamic control law (7.26) (solid line) and the linear control law u; (dashed
line), together with the desired reference value (dash-dotted line). Bottom graph: time histories
of the fresh mass airflow M AF determined by the dynamic control law (7.26) (solid line) and the
linear control law u; (dashed line), together with the desired reference value (dash-dotted line).
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Proposition 7.2. Consider the nonlinear system (7.23) and the cost functional (7.25).

Let o5, o}, 2F and 2} be such that!
* * *
T :F(x17$27$3>$47p1ap2721a22)-

Let P : RS — R0 be an algebraic P solution of the inequality (5.49) with ¥(0) > 0 and
with the mappings f and g defined as f(e, +z*, e, +2*) and B £ [0ax4, H] ", respectively.
Then there exist a non-empty set  C RS x RS, containing the origin, £ > 0 and

R =RT > 0 such that '
E=—k(T()Te-R(e-9),

(7.26)

v=v—BTP(€) - BTR(e—§).
with e = [e), e]]" and v* = —H ' Az*, approximates the solution of Problem 7.1, for all
k > k and for all (e, &) € Q. o

ul® %&W&«&?‘W‘Mﬂ%ﬁ? NI NN TSP

0.4

0.2

0 2 4 6 8 10 12 14 16 18 20
time(s)

Figure 7.7: Time histories of the EGR valve position (black line) and the VGT actuator signal
(gray line) determined by the dynamic control law (7.26) and the linear control law v;, top and
bottom graph, respectively.

Remark 7.1. Since no constraint, e.g. integrability or positivity, is imposed on the al-

gebraic solution, a closed-form expression is determined for the latter, as a function of

IThis is a system of four quadratic equations in four unknowns.
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the data of the problem, namely P(z, z, f, B, q, k). Therefore, to implement the dynamic
control law (7.26), at each step of integration of the ordinary differential equations (7.23)-
(7.26), given the current value of the state (Z, Z), it is enough to compute the vector
P = P(&,%, f,9,q, k), which is such that

1 1. ,
Pf(#,2) + 5q(#,2) - 5PBBTPT +0(2,2)=0.

40

30

&1, &)

10+

-10 L 1 |
3

Figure 7.8: Time histories of the dynamic extension & (¢) (solid line) and &3(t) (dashed line)
determined as the solution of the first equation in (7.26).

The performances of the dynamic control law (7.26) are tested in simulation and
compared with the optimal solution of the linearized problem w; = —BT Pe where P
is the solution of the corresponding algebraic Riccati equation. The running cost ¢ is
selected as g(e) = 20(z1 — %)% + (w2 — 25)% + 20(x3 — 25)% + (24 — 23)?. In the considered
setting the injected fuel amount Wy and the the engine speed ng,y are kept constantly
equal to 20mg/inj and 2000rpm, respectively, whereas the EGR valve position and the
VGT actuator signal are determined in closed-loop according to the dynamic control
law (7.26). In the present setting perfect knowledge of the state is assumed. Moreover the
actuators are corrupted by additive white noise with an amplitude of 10% with respect
to the admissible range of values. The two graphs of Figure 7.6 show the time histories
of the absolute pressure in the intake manifold M AP and the fresh mass airflow MAF,
top and bottom graph respectively, in closed-loop with the control (7.26) (solid lines)
and in closed-loop with the linear feedback wu; (dashed lines) together with the reference
signals (dash-dotted lines). At time ¢ = 5s the desired reference value for the M AP is
decreased from 1430hPa to 1300h Pa while the reference value for the M AF is decreased
from 490mg/cycle to 400mg/cycle and an increase in the FGR valve position can be
observed. The ratio between the cost yielded by the dynamic control law ug and by the
linear control law u;, namely J(ug)/J(u;) is equal to 0.854. Figure 7.7 displays the time
histories of the EGR valve position (black line) and the VGT' actuator signal (gray line),
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i.e. the components of the control input v, determined by the dynamic control law (7.26)
and the linear control law u;, top and bottom graph, respectively. Finally, the evolutions
of the components of the dynamic extension £(t) € RS, £(0) = 0, corresponding to the
MAP and the M AF are depicted in Figure 7.8.

7.5 Conclusions

In this chapter we have presented several examples to validate the performances of the
proposed dynamic control law in practical applications. These examples allow us to point
out advantages and drawbacks of the approach and to demonstrate the applicability of
the latter under realistic and practice-motivated assumptions, including the optimal and
robust control of fully actuated mechanical systems in Section 7.2 to optimal control

problems in internal combustion engines discussed in Sections 7.3 and 7.4.



164

Chapter 8

Conclusions

8.1 Main Contribution

everal analysis and design control problems for linear and nonlinear systems have been
S addressed introducing the notion of dynamic function. These functions are defined as
pairs consisting of a dynamical system combined with a positive definite function taking
values in a subset of the extended state-space of the original plant and the dynamic
extension. Such a dynamic function implicitly contains a time-varying part the behavior
of which is defined in terms of the solution of an ordinary differential equation driven
by the state of the system. In particular, the evolution of the dynamic extension is
autonomously adjusted, along the trajectories of the plant, to ensure that a (modified)
version of the partial differential equation arising in the nonlinear control problem under
examination is satisfied. The main idea is then specialized to various problems in nonlinear
control theory such as stability and input/output analysis, robust and optimal control and

observer design.

The key aspect of novelty lies in the definition of an algebraic solution of the under-
lying partial differential equation. More precisely, algebraic solutions allow to avoid two
structural and restrictive assumptions of the classical approaches proposed in the literature
to tackle the aforementioned control problems, namely integrability and (partly) positivity
of the solutions. Moreover, these solutions are instrumental in defining classes of dynamic
functions. The latter then yield alternative solutions to challenging nonlinear control prob-
lems, including the construction of Lyapunov, Controllability and Observability functions,
the design of dynamic control laws to approximate the solution of robust and optimal
control problems and the observer design problem formalized within the framework of the
Immersion and Invariance technique.

It must be noted that, exploiting the knowledge of algebraic solutions, dynamic func-
tions may be constructed without requiring the knowledge of the solution of the underlying

ordinary differential equation or of the solution of any partial differential equation or in-
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equality, thus providing constructive solutions to the control problems mentioned above.

The potential of the proposed methodology in solving various nonlinear control prob-
lems has been highlighted by means of several applications and examples, encompassing
Lyapunov functions construction for power systems, observer design to estimate the range
of objects observed through a single camera as well as the optimal and robust control of

mechanical systems and combustion engine test benches.

8.2 Future Research Directions

This section aims at suggesting possible developments of the methodology proposed in the
thesis. Two main directions may be identified, which may be pursued in parallel: advances
of the theory and advances of the design techniques. The objective of the former is to
extend the approach to different control problems the solution of which is defined in terms
of partial differential equations, such as output regulation and feedback linearization. On
the other hand, as far as the latter is concerned, the focus lies in the development of a set of
computational tools which allow to construct solutions to practical problems, similarly to
the applications of the previous chapter, without requiring restrictive assumptions. This
set must necessarily contain techniques to systematically obtain algebraic solutions for

classes of nonlinear systems, thus extending the results of Section 4.5.

Once these guidelines have been defined, extensions of the results in each chapter
may be discussed. In particular, it may prove interesting to define Dynamic Lyapunov
functions for time-varying nonlinear systems as well as systems described by stochastic
differential equations. Moreover, the limitation of the notions introduced in Chapters 2
and 3, namely Dynamic Lyapunov functions and Dynamic Generalized Controllability and
Observability functions, of being merely analysis tools may be removed. This would lead,
on one hand, to the definition of Dynamic Control Lyapunov functions and to the design of
observers and control law with specific properties with respect to the input/output energy
point of view, on the other hand.

Finally, it appears challenging to approach additional problems that can be framed
within the Dynamic Programming methodology, hence exploiting Dynamic Value functions

to solve minimum time problems or optimal control in the presence of bounded inputs.



166

Bibliography

1]

[10]

[11]

A. Ahmadi, M. Krsti¢, and P. Parrilo. A globally asymptotically stable polynomial
vector field with no polynomial Lyapunov function. In Proc. of the 50th IEEE Conf.
Decision and Control, Orlando, Florida, pages 7579-7580, 2011.

V. Andrieu and L. Praly. On the existence of a Kazantzis—Kravaris/Luenberger
observer. SIAM Journal on Control and Optimization, 45:432-456, 2006.

K.M. Anstreicher and M.H. Wright. A note on the augmented Hessian when the
reduced Hessian is semidefinite. SIAM Journal on Optimization, 11(1):243-253,
2000.

A. Astolfi. Singular H., control for nonlinear systems. International Journal of
Robust and Nonlinear Control, 7:727-740, 1997.

A. Astolfi, L. Hsu, M.S. Netto, and R. Ortega. Two solutions to the adaptive visual
servoing problem. I[FEEE Transactions on Robotics and Automation, 18:387-392,
2002.

A. Bacciotti. Local Stabilizability of Nonlinear Control Systems. World Scientific,
1992.

A. Bacciotti and L. Rosier. Lyapunov Functions and Stability in Control Theory.
Springer-Verlag, 2005.

M. Bardi and I. Capuzzo-Dolcetta. Optimal Control and Viscosity Solutions to
Hamilton-Jacobi-Bellman Equations. Birkhauser, Boston, 1997.

R.W. Beard, G.N. Saridis, and J.T. Wen. Galerkin approximations of the generalized
Hamilton-Jacobi-Bellman equation. Automatica, 33(12):2159-2177, 1997.

M. Bergen and M. Bergen. Perspective in Nonlinearity: An introduction to nonlinear
analysis. W.A. Benjamin, New York, 1963.

D.P. Bertsekas. Dynamic Programming and Optimal Control - Volume I, 3" edition.
Athena Scientific, 2005.



Bibliography 167

[12]

[13]

[26]

G. Besancon. On output transformations for state linearization up to output injec-
tion. IEEE Transactions on Automatic Control, 44(10):1975-1981, 1999.

A.E. Bryson and Y.C. Ho. Applied Optimal Control: Optimization, Estimation and
Control. Taylor and Francis, 1975.

J. Buffington and D. Enns. Flight control for mixed-amplitude commands. Interna-
tional Journal of Control, 68:1209-1229, 1997.

F. Camilli, M. Falcone, P. Lanucara, and A. Seghini. A domain decomposition
method for Bellman equation. Contemporary Math., 180:477-483, 1994.

D. Casagrande, M. Sassano, and A. Astolfi. Hamiltonian based clustering: Algo-
rithms for static and dynamic clustering in data mining and image processing. To

appear on Control Systems Magazine.

F. Chaumette. Image moments: A general and useful set of features for visual
servoing. IEEFE Transaction on Robotics, 20:713—-723, 2004.

F. Chaumette and S. Hutchinson. Visual servo control, Part I: Basic approaches.
IEEE Robotics and Automation Magazine, 13:82-90, 2006.

H.D. Chiang, M. Hirsch, and F. Wu. Stability regions of nonlinear autonomous
dynamical systems. IEEFE Transactions on Automatic Control, 33(1):16-27, 1988.

P.I. Corke. Visual control of robot manipulators - A review. In Visual Servoing,
pages 1-31. World Scientific, 1993.

M.G. Crandall and P.L. Lions. Viscosity solutions of Hamilton-Jacobi equations.
Trans. Amer. Math. Soc., 227:1-42, 1983.

C. A. Desoer and M. Vidyasagar. Feedback Systems: Input-output properties. New
York:Academic, 1975.

W.E. Dixon, D.M. Dawson, Y. Fang, and T.J. Flynn. Range identification for
perspective vision systems. IEEE Transactions on Automatic Control, 48:2232-2238,
2003.

F. Esfandiari and H.K. Khalil. Output feedback stabilization of fully linearizable
systems. International Journal of Control, 56:1007-1037, 1992.

B. Espiau, F. Chaumette, and P. Rives. A new approach to visual servoing in
robotics. In Selected Papers from the Workshop on Geometric Reasoning for Per-

ception and Action, pages 106—136. Springer-Verlag, 1993.

B. Etkin and L. Reid. Dynamics of Flight: Stability and Control. John Wiley and
Sons, New York, 1996.



Bibliography 168

[27]

[28]

[29]

[30]

32]

33]

[34]

[37]

L.D. Evans. Partial Differential Equations. American Mathematical Society, 1998.

M. Falcone. A numerical approach to the infinite horizon problem of deterministic
control theory. Applied Mathematics and Optimization, 15:1-13, 1987.

R. A. Freeman and P. V. Kokotovic. Inverse optimality in robust stabilization. STAM
Journal on Control and Optimization, 34(4):1365-1391, 1996.

J.-P. Gauthier and I. Kupka. Deterministic Observation Theory and Applications.
Cambridge University Press, 2001.

R. Genesio, M. Tartaglia, and A. Vicino. On the estimation of asymptotic stability
regions: state of the art and new proposals. IEEE Transactions on Automatic
Control, 30(8):747-755, 1985.

W. S. Gray and J. P. Mesko. Observability functions for linear and nonlinear systems.
Systems and Control Letters, 38:99-113, 1999.

W. S. Gray and J. P. Mesko. Algebraically defined Gramians for nonlinear systems.
In Proc. of the 45th IEEE Conf. Decision and Control, San Diego, CA, pages 3730—
3735, 2006.

E. Gruenbacher. Robust Inverse Control of a Class of Nonlinear Systems. PhD
thesis, Institute for Design and Control of mechatronical Systems, Johannes Kepler
University Linz, Austria, 2005.

M. Hirsch and L. del Re. Iterative identification of polynomial NARX models for
complex Multi-Input systems. In Proc. of the IFAC Symp. Nonlinear Control Sys-
tems, Bologna, Italy, 2010.

Y. Huang and W. M. Lu. Nonlinear optimal control: alternatives to Hamilton-Jacobi
equation. In Proc. of the 35th Conference on Decision and Control , Kobe, Japan,
volume 4, pages 3942-3947 vol.4, Dec 1996.

T. Hunt and A. J. Krener. Improved patchy solution to the Hamilton-Jacobi-Bellman
equations. In Proc. of the 49th IEEE Conf. Decision and Control, Atlanta, Georgia,
pages 5835-5839, 2010.

S. Hutchinson, G. Hager, and P. Corke. A tutorial on visual servo control. IEEE
Transactions on Robotics and Automation, 12(5):651-670, 1996.

A. Isidori. Nonlinear Control Systems. Springer-Verlag, Berlin, 3rd edition, 1995.

Karagiannis, A. Astolfi, R. Ortega, and M. Hilairet. A nonlinear tracking controller
for voltage-fed induction motors with uncertain load torque. IEEE Transactions on
Control Systems Technology, 17(3):608-619, 2009.



Bibliography 169

[41]

[42]

[46]

[47]

[48]

[53]

[54]

[55]

[56]

D. Karagiannis and A. Astolfi. A new solution to the problem of range identifi-
cation in perspective vision systems. IFEFE Transactions on Automatic Control,
50(12):2074-2077, 2005.

D. Karagiannis and A. Astolfi. Nonlinear adaptive control of systems in feedback
form: an alternative to adaptive back-stepping. Systems & Control Letters, 57:733—
739, 2008.

D. Karagiannis, A. Astolfi, and R. Ortega. Nonlinear and Adaptive Control with
Applications. Springer-Verlag, London, 2008.

D. Karagiannis, M. Sassano, and A. Astolfi. Dynamic scaling and observer design
with application to adaptive control. Automatica, 45(12):2883-2889, 2009.

D. Karagiannis, D. Carnevale and A. Astolfi. Invariant manifold based reduced-order
observer design for nonlinear systems. IEEE Transactions on Automatic Control,
53(11):2602-2614, 2008.

N. Kazantzis and C. Kravaris. Nonlinear observer design using Lyapunovs auxiliary
theorem. Systems € Control Letters, 34:241-247, 1998.

H.K. Khalil. Nonlinear Systems (3rd Edition). Prentice Hall, 2001.

P.V. Kokotovi¢ and M. Arcak. Constructive nonlinear control: a historical perspec-
tive. Automatica, 37:637-662, 2001.

A.J. Krener. The existence of optimal regulators. In Proc. of the 37th IEEE Conf.
Decision and Control, Tampa, Florida, pages 3081-3086, 1998.

M. Krsti¢, I. Kanellakopoulos, and P. Kokotovié¢. Nonlinear and Adaptive Control
Design. John Wiley and Sons, New York, 1995.

J.P. La Salle. The Stability of Dynamical Systems. SIAM, 1976.

Y. Lin, E.D. Sontag, and Y. Wang. A smooth Converse Lyapunov theorem for robust
stability. STAM Journal on Control and Optimization, 34:124-160, 1996.

L. Ljung. System Identification - Theory for the User. Prentice Hall PTR, 1999.

W.M. Lu and J.C. Doyle. Hy, control of nonlinear systems: a convex characteriza-
tion. IEEE Transactions on Automatic Control, 40(9):1668 —1675, sep 1995.

D.L. Lukes. Optimal regulation of nonlinear dynamical systems. SIAM Journal of
Control, 7(1):75-100, 1969.

A.M. Lyapunov. The General Problem of the Stability of Motion. Taylor & Francis,
London, 1992.



Bibliography 170

[57]

W.C.A. Maas and A.J. van der Schaft. Singular nonlinear H,, optimal control by
state feedback. In Proc. of the 33rd Conference on Decision and Control , Orlando,
Florida, pages 1415-1420, 1994.

E. Malis and P. Rives. Robustness of image-based visual servoing with respect
to depth distribution errors. In Proc. IEEE Int. Conf. Robotics and Automation,
Taiper, Tatwan, pages 10561061, 2003.

M. Malisoff and F. Mazenc. Constructions of Strict Lyapunov Functions. Springer-
Verlag, 2009.

R. Marino and P. Tomei. Nonlinear Control Design: Geometric, Adaptive and Ro-
bust. Prentice-Hall, London, 1995.

J. L. Massera. On Liapunoff’s conditions of stability. Annals of Mathematics,
50(3):705 — 721, 1949.

L. Matthies, R. Szeliski, and T. Kanade. Kalman filter-based algorithms for es-
timating depth from image sequences. International Journal of Computer Vision,
3:209-236, 1989.

F. Mazenc and L. Praly. Adding integrators, saturated controls and stabilization
for feedforward systems. IEEE Transactions on Automatic Control, 41:1559-1578,
1996.

W.M. McEneaney. A curse-of-dimensionality-free numerical method for solution of
certain HJIB PDEs. SIAM Journal on Control and Optimization, 46(4):1239-1276,
2007.

H. Michalska and D.Q. Mayne. Moving horizon observers and observer-based control.
IEEE Transactions on Automatic Control, 40(6):995-1006, 1995.

B.C. Moore. Principal Component Analysis in linear systems: controllability, observ-
ability, and model reduction. IEEE Transactions on Automatic Control, 26(1):17-32,
1981.

P.E. Moraal and J.W. Grizzle. Observer design for nonlinear systems with discrete-
time measurements. IEEE Transactions on Automatic Control, 40(3):395-404, 1995.

D. Mustafa and K. Glover. Controller reduction by H., balanced truncation. IFEE
Transactions on Automatic Control, 36(6):668 —682, 1991.

R.A. Newcombe and A.J. Davison. Live dense reconstruction with a single moving
camera. In Proc. of the 23rd IEEE Conference on Computer Vision and Pattern
Recognition, 2010.



Bibliography 171

[70]

[75]

[76]

[77]

[78]

R. Ortega and A. Astolfi. Immersion and Invariance: A new tool for stabilization and
adaptive control of nonlinear systems. IEFEE Transactions on Automatic Control,
48:590-606, 2003.

R. Ortega, A. Loria, P. J. Nicklasson, and H. Sira-Ramirez. Passivity-based Control
of Fuler-Lagrange Systems. Springer-Verlag, London, 1998.

T.E. Passenbrunner, M. Sassano, and L. Del Re. Approximate optimal control of
combustion engine test bench. In Proc. of the 50th IEEE Conf. Decision and Control,
Orlando, Florida, pages 8050-8055, 2011.

L. Pernebo and L.M. Silverman. Model reduction via balanced state space repre-
sentations. IEEE Transactions on Automatic Control, 27(2):382-387, 1982.

S. Prajna and H. Sandberg. On model reduction of polynomial dynamical systems.
In Proc. of the 44th IEEE Conf. Decision and Control and FEuropean Control Con-
ference, Seville, Spain, pages 1666 — 1671, 205.

L. Praly. Lyapunov design of a dynamic output feedback for systems linear in
their unmeasured state components. In Proc. of the IFAC Symp. Nonlinear Control

Systems, Bordeauz, France, 1992.

L. Praly, D. Carnevale, and A. Astolfi. Integrator forwarding via dynamic scaling.
In Proc. of the 49th IEEE Conf. Decision and Control, Atlanta, Georgia, pages 5955
- 5960, 2010.

P. Robuffo Giordano, A. De Luca, and G. Oriolo. 3D structure identification from
image moments. In Proc. IEEE Int. Conf. Robotics and Automation, Pasadena,
California, pages 93—100, 2008.

L. Rosier and E.D. Sontag. Remarks regarding the gap between continuous, Lipschitz
and differentiable storage functions for dissipation inequalities appearing in H,
control. Systems € Control Letters, 41:237-249, 2000.

N. Rouche, P. Habets, and M. Laloy. Stability Theory by Liapunov’s Direct Method.
Springer-Verlag, New York, 1997.

H. Sandberg. An extension to balanced truncation with application to structured
model reduction. IEEE Transactions on Automatic Control, 55(4):1038-1043, 2010.

H. Sandberg and A. Rantzer. Balanced truncation of linear time-varying systems.
IEEE Transactions on Automatic Control, 49(2):217-229, 2004.

M. Sassano and A. Astolfi. Approximate finite-horizon optimal control without

PDE’s. To appear on Systems and Control Letters.



Bibliography 172

[83]

[88]

M. Sassano and A. Astolfi. Dynamic approximate solutions of the HJB equation
and of the HJ inequality for input-affine nonlinear systems. To appear on IEEFE

Transactions on Automatic Control.
M. Sassano and A. Astolfi. Dynamic Lyapunov Functions. Submitted to Automatica.

M. Sassano and A. Astolfi. Dynamic solution of the Hamilton-Jacobi inequality in
the Lo-disturbance attenuation problem. In Proc. of the IFAC Symp. Nonlinear
Control Systems, Bologna, Italy, pages 3081-3086, 2010.

M. Sassano and A. Astolfi. Dynamic solution of the HJB equation and the optimal
control of nonlinear systems. In Proc. of the 49th IEEE Conf. Decision and Control,
Atlanta, Georgia, pages 3271-3276, 2010.

M. Sassano and A. Astolfi. Approximate finite-horizon optimal control without
PDE’s. In Proc. of the 50th IEEE Conf. Decision and Control, Orlando, Florida,
pages 1716-1721, 2011.

M. Sassano and A. Astolfi. Dynamic disturbance attenuation and approximate opti-
mal control for fully actuated mechanical systems. In Proc. of the American Control

Conference, San Francisco, California, pages 894-899, 2011.

M. Sassano and A. Astolfi. Dynamic Lyapunov Functions. In Proc. of the 18th IFAC
World Congress, Milan, Italy, 2011.

M. Sassano and A. Astolfi. Dynamic generalized controllability and observability
functions with applications to model reduction. In 51th IEEE Conference on Deci-
sion and Control, Maui (submitted), 2012.

M. Sassano and A. Astolfi. Dynamic Lyapunov Functions: Properties and Applica-

tions. In Proc. of the American Control Conference, Montreal, Canada, 2012.

M. Sassano, D. Carnevale, and A. Astolfi. A geometric moment-based observer for
global range and local orientation identification. In Proc. of the American Control
Conference, Baltimore, Maryland, pages 178-183, 2010.

M. Sassano, D. Carnevale, and A. Astolfi. Observer design for range and orientation
identification. Automatica, 46(8):1369-1375, 2010.

M. Sassano, T.E. Passenbrunner, M. Hirsch, L. Del Re, and A. Astolfi. Approximate
optimal control of the air path of a diesel engine. In Proc. of the American Control
Conference, Montreal, Canada, 2012.

S. Sastry and M. Bodson. Adaptive Control: Stability, Convergence and Robustness.
Prentice-Hall, London, 1989.



Bibliography 173

[96]

[97]

[102]

[103]

[104]

[105]

J. M. A. Scherpen. H,, balancing for nonlinear systems. International Journal of
Robust and Nonlinear Control, 6:645-668, 1996.

J. M. A. Scherpen and A. J. van Der Schaft. Normalized coprime factorizations
and balancing for unstable nonlinear systems. International Journal of Control,
60:1193-1222, 1994.

J.M.A. Scherpen. Balancing for nonlinear systems. Systems € Control Letters,
21:143-153, 1993.

R. Sepulchre, M. Jankovic, and P.V. Kokotovi¢. Integrator forwarding: A new
recursive nonlinear robust design. Automatica, 33(5):979-984, 1997.

H. Shim, J.H. Seo, and A. Teel. Nonlinear observer design via passivation of error
dynamics. Automatica, 39:885-892, 2003.

A.J. van der Schaft. Lo-gain analysis of nonlinear systems and nonlinear state-
feedback Ho, control. IEEFE Transactions on Automatic Control, 37(6):770-784,
1992.

A. Vannelli and M. Vidyasagar. Maximal Lyapunov functions and domain of attrac-

tion for autonomous nonlinear systems. Automatica, 21(1):69-80, 1985.
R.B. Vinter. Optimal Control. Birkhauser Boston, 2000.

A. Wernli and G. Cook. Successive control for the nonlinear quadratic regulator
problem. Automatica, 11:75-84, 1975.

Q. Zhang. Adaptive observer for Multiple-Input-Multiple-Output (MIMO) linear
time-varying systems. IEEE Transactions on Automatic Control, 47:525-529, 2002.



