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Abstract 

This contribution deals with a modelling of the tangential velocity slip problem in terms 

of variational inequalities. In particular, various technical situations for which the 

slippage problem appears to play an important role are first reviewed. Then, a 

mathematical formulation in terms of variational inequalities is developed where the 

critical shear stress criterion is considered. The theoretical conditions under which a 

unique solution exists are also discussed and an algebraic description based upon a 

complementarity approach is presented. Preliminary numerical results end the paper and 

a validation versus an analytical solution is proposed. 
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NOTATION 

a lubricated contact length 

h film thickness 

h* non-dimensional film thickness = h/hout 

hin film thickness at the bearing inlet 

hout film thickness at the bearing outlet 

K bearing slope = hin/hout – 1 

p fluid pressure 

p* non-dimensional fluid pressure = p(hout
2/U+/μ/a) 

p0 pressure at the bearing inlet 

pa pressure at the bearing outlet 

qx fluid flow in the x direction 

qy fluid flow in the y direction 

u fluid velocity 

U+ velocity of lower surface in the x direction 

U fluid velocity at the slipping surface in the x direction 



U* non-dimensional fluid velocity at the slipping surface in the x direction = U/U+ 

x coordinate in the sliding direction 

x* non-dimensional coordinate in the sliding direction = x/a 

y coordinate transverse to the sliding direction 

z coordinate through the film thickness 

μ lubricant dynamic viscosity 

τ shear stress at the slipping surface 

τc critical shear stress for slip in one-dimensional case 

τc
* non-dimensional critical shear stress for slip in one-dimensional case = τc (hout/U

+/μ) 

τcx critical shear stress for slip in the x direction 

τcy critical shear stress for slip in the y direction 

 

Introduction 

The “no-slip” assumption, i.e., the fact that the immediate layer of liquid next to a 

sliding surface moves with the same tangential velocity as the surface itself, is 

commonly employed when analysing fluid film lubrication problems and it provides 

boundary conditions which the derivation of the classical Reynolds equation is based 

on. However, the possibility of a slippage between a sliding wall and the layer of fluid 

in contact with it is being currently admitted for an increasing variety of technical 

situations. 



For example, it is known that the fluid layer in contact with the porous wall may not 

adhere to the wall itself in gas lubricated porous bearings [1]. A similar assumption is 

followed for oil lubricated, hard elastohydrodynamic contacts in [2] and it has been also 

admitted for soft elastohydrodynamic contacts, as are those concerning reciprocating 

elastomeric seals [3]. 

That the slippage may occur at the fluid-sealing profile interface is suggested by 

disagreements encountered between theoretical and experimental results. 

For example, when a pressurized gas is sealed by elastomeric seals, some leakage may 

occur through cracks grown in the elastomer or along the narrow gaps caused by an 

incomplete infilling of the seal elastomer into the counterface asperities. Such a leak is 

particularly dangerous when the sealed gas is contaminated. It has been shown that the 

experimental gas flow through a narrow gap correlates poorly with the theoretical 

predictions computed according to the classical adhesion assumptions [4].  In this case, 

the tangential velocity slip assumption may partially account for the disagreement 

between experimental results and theoretical predictions.  

Other experimental evidences exist based for examples on capillary flow measurements 

[5, 6]. These studies essentially show that the rate of flow of liquids through capillaries 

can exceed conventional hydrodynamic theory if the liquid and the capillary surfaces 

are chosen so that the fluid only marginally wets the solid, i.e. the solid surface is 

lyophobic.  



In [7, 8] the authors found evidences of slip of liquid under simple Couette shear. They 

showed that, when the solid surface was treated to render it lyophobic, a more rapid 

flow of liquid adjacent to the surface was detected. 

In [9, 10] results on the evaluation of the hydrodynamic squeeze force between a pair of 

crossed mica cylinders lubricated by both tetradecane and water are presented. Authors 

showed that, when the mica was rendered lyophobic, the squeeze force was reduced by 

more than one order of magnitude.  

It is well known that some particular liquid such as polymer melts show actual slip at 

solid surfaces, related to a reduction of  the viscosity of the layer of fluid close to the 

surface, e.g. [11, 12]. In these cases, the slip problem has been successfully modelled by 

the so called Navier slip length model [13]. This model essentially relates the velocity at 

which the liquid slips to the shear stress arising at the interface between the fluid and 

the solid surface, and it treats the liquid as flowing conventionally against a fictitious 

surface one “slip length” below the actual surface. 

This model has been applied also for mimicking the tangential slip problem in 

Newtonian liquids. Some researchers succeeded in fitting experimental and numerical 

results with flow rate independent values of the slip length [7, 8, 14], while other 

scientists found that flow rate dependent values of the slip length have to be introduced 

[9, 15]. 



Other models have been then proposed such as the critical shear stress model favoured 

for example in [2] and [16] and recently employed by Spikes in [17]. This model 

implies that, so long as the shear stress does not reach a critical value c anywhere 

within the contact zone, slip does not occur, but whenever c is reached, slip takes place 

at that location to maintain the surface shear stress at c. In the pertinent literature, the 

critical shear stress condition is also referred to as Tresca condition, e.g. reference [18]. 

Recently a mixed formulation has been presented by Spikes and Granick [19], in which 

both the critical shear stress and the constant slip length criteria have been incorporated 

in a single model. 

This contribution deals with a modelling of the tangential velocity slip problem. It is an 

extension of reference [16] in which the slippage problem has been formulated in terms 

of complementarity. In particular, in this paper a variational formulation of the slippage 

problem is proposed and the possible slippage in the two opposite directions is included. 

In the last decade, several lubrication problems have been revised in terms of variational 

approaches, thus retrieving information on the existence of analytical solutions and 

deriving suggestions on the selection of suitable numerical techniques to be employed 

to solve the problems. For instance, variational inequalities have been used in the 

description of the cavitation problem. In particular, in [20] hydrodynamic conjunctions 

have been considered, while in [21] elastohydrodynamic situations have been analysed. 

In addition, an extended variational formulation with local minimum properties has 



been proposed in [22] for the classical elastohydrodynamic lubrication problem. In [23] 

existence and uniqueness of the solution of the cavitation problems follow by a rigorous 

mathematical analysis. Recently a mass-conserving complementarity formulation of the 

cavitation problem has been presented by Giacopini and co-workers [24]. 

The present paper is organized as follows. A derivation of the basic equations governing 

the tangential velocity slip problem is presented in Section 2. Section 3 formulates the 

problem in terms of variational inequalities. The physical behaviour of the fluid is 

mimicked with reference to the critical shear stress model. Conditions for the existence 

and uniqueness of the solution are investigated. Following this, an algebraic description 

of the functional problem is presented that results in a definition of a linear 

complementarity problem. Some preliminary numerical examples end the paper and a 

validation versus an analytical solution is proposed. 

 

Basic equations 

Consider the Reynolds equation for quasi-stationary, unidimensional, isothermal, 

isoviscous, and hydrodynamic problem: 
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In the case of adhesion assumption, U denotes both the velocity of the sliding profile 

and the velocity of the fluid layer in contact with it. In this paper, in which the 



possibility of a slippage is considered, U+ is introduced to symbolize the velocity of the 

sliding profile while U only denotes the velocity of the fluid layer in contact with it. In 

addition, p is the fluid pressure, h is the film thickness (supposed known), and μ is the 

fluid viscosity. 

Proper boundary conditions can be coupled with equation (1): 

0(0) ; ( ) ap p p a p                                                                                              (2) 

where a is the lubricated contact length. 

In the interest of greater simplicity, it is assumed that a slippage can occur only between 

one of the sealing surfaces, namely that defined by z=0, and the fluid. This assumption 

possibly holds for a reciprocating elastomeric seal, for which the slippage is conjectured 

to occur between layer and elastomer [3]. This assumption can be removed at the cost of 

increasing theoretical difficulties. 

The following manipulations aim at expressing the fluid shear stress, τ, at the fluid layer 

contacting the sliding profile, as a function of the velocity of the fluid layer in contact 

with the sliding surface, U. Figure 1 shows the schematic of a classical hydrodynamic 

bearing and helps at clarifying the geometry of the problem and the meaning of the 

main variables involved. 



 

Figure 1. The meaning of main symbols adopted for the tangential velocity slip problem. 

 

By integrating twice equation (1) and imposing the boundary conditions (2), the 

expression of the fluid pressure, p, as a function of U is derived: 
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Referring to Figure 1 for the convention on signs, the shear stress within the fluid in 

contact with the sliding profile τ, i.e. for z=0, is (see the derivation of equation (B5) in 

the Appendix B): 

0 2z

h dp
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                                                                                                         (4) 

Equation (4) agrees with the physical reasoning presented in [17] on the sign of the 

shear stress. In fact, from the physical point of view, when a slippage occurs between 

the fluid and a solid surface, the shear stress at the interface will always tend to resist 



slip against the surface and so it is natural to consider it as positive if the fluid velocity 

relative to the wall is negative and vice versa. 

By substituting equation (3) into equation (4) one obtains: 
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This functional expression can be given a compact form: 

LU Q                                                                                                                      (6) 

where L and Q are identified by comparing equation (5) with equation (6). 

 

Formulation in terms of variational inequalities 

In this section the formulation of the tangential velocity slip problem in terms of 

variational inequalities is derived. In particular, the critical shear stress criterion is 

employed in order to mimic the slippage between the fluid and the solid surfaces. It is 

clarified that the variational formulation accounts for the possible slippage in the two 

opposite directions whereas the preliminary work [16] considered slippage only in one 

direction. An advantage of the variational formulation with respect to the 

complementarity approach of [16] is that it naturally incorporates the possibility of 

slippage in the two opposite directions since it is relatively easy to consider a finite 



interval for the values assumed by the shear stress at the slippage surface, . An 

example including slippage in both directions is presented in Figure 3. 

In detail, the physical significance of the problem under examination requires that, if the 

shear stress  is internal to the critical values c
-, c

+ (where usually c
- = –c

+), no 

slippage occurs, and therefore U=U+. If  reaches its critical upper bound c
+, the fluid 

velocity can be lower than that of the sliding profile, UU+. Finally, if  =c
-, UU+. In 

summary: 

T                                                                                                                                (7) 

 ; c cT                                                                                                             (8) 

where T is a closed convex set. Moreover it will be shown in the following that the 

variational inequality must hold true: 

 , 0 ,U U T T                                                                           (9) 

The meaning of the variational inequality (9) can be illustrated via a simple algebraic 

example. In fact, if  is internal to the segment c
-, c

+, U must coincide with U+ 

according to physical reasons. Since  can be chosen greater or smaller than , ( – ) 

can be positive, negative or null. Consequently, inequality (9) requires that (U – U+) 

vanishes, that is U=U+. 

Conversely, if  =c
+, ( – ) can be negative or null, but not positive, and consequently 

UU+. 



Finally, if  =c
-, ( – )  0 and UU+. 

These aspects are well explained in [25], to which the interested reader is referred. 

In [2] the slippage problem was modelled analysing various distinct zones. The 

variational inequality approach permits such zones to be unified under the same 

modelling. 

Once the variational inequality governing the problem is defined, the functional 

connection between the two variables of the inner product of inequality (9) can be easily 

identified manipulating equation (6): 

1 1LU Q U L L Q                                                                                 (10) 

1 1U U L L Q U U U M P                                                          (11) 

where operator M of equation (11) equals the inverse of L appearing in equation (6). 

In conclusion, the tangential velocity slip problem can be expressed in the following 

way: 

Find  , ; c cT T         , such that: 

 i U U M P                                                                                                 (12) 

   , 0 ,ii U U T T                                                               (13) 

In the following, considerations about existence and uniqueness of the solution of the 

problem expressed in equations (12) and (13) are presented. To this aim, some 

properties of the operators L and M of equations (6) and (11) have to be investigated. As 



a result of the mathematical passages described in detail in the Appendix A the solution 

exists and is unique, since T is a closed convex set and M, in the limits of condition 

(A15), is coercive (that is, (M,)||||2, see the Appendix A), e.g. [26]. In other words, 

once the profile, the sliding velocity and the fluid viscosity have been chosen, the 

adhesion and the slippage zones are unequivocally determined. Beyond its unifying 

features, the variational inequality approach supplies basic information about existence 

and uniqueness of the solution. This conclusion does not necessarily imply that such 

zones can be easily located, nor does it provide a constructive way for achieving closed-

form solutions. However, it naturally lead to the development of linear complementarity 

routines that locate the solution in a finite number of steps.  

The next section presents a reformulation of the tangential velocity slip problem, which 

is suitable for an algebraic description. This formulation is borrowed from the area of 

elastic-plastic and unilateral contact studies [27]. 

 

Algebraic description 

The properties demonstrated in the previous section provide a sound mathematical basis 

for an algebraic description of the problem expressed in equations (12) and (13). 

Equation (12) can be written as: 

 M U U P                                                                                                     (14) 



In order to describe the problem in terms of complementarity, two different 

complementarity conditions have to be considered that are related to the physical 

meaning of inequality (13). In fact, if τ reaches its upper bound c
+, the velocity of the 

fluid in contact with the sliding profile U, becomes lower than the profile velocity U+, 

making the problem governed by the two complementary variable (c
+ – τ) and (U+ – 

U). On the other hand, if τ reaches its lower bound c
-, the velocity of the fluid in 

contact with the sliding profile U, becomes greater than the profile velocity U+, and the 

two complementary variables to be considered are (τ – c
-) and (U – U+).  

The problem is similar to the one connected with the analysis of frictional contact 

problems solved via complementarity methods [28] in which methods have been 

presented to simultaneously handle several pairs of complementary variables. Similarly, 

suitable auxiliary variables U- and U+ can be introduced for the slip problem such 

that: 

U U U U                                                                                                     (15) 

with: 
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It will be shown at the end of the paragraph that the orthogonality condition between 

U- and U+ will be automatically satisfied once the complementarity problem has been 

derived. 

By introducing N: 

 1 1
T

N                                                                                                              (17) 

and UT: 

T
U U U                                                                                                      (18) 

equation (14) is rewritten as: 

T
M N U P                                                                                                        (19) 

Also, by introducing vector *: 

*T

c c                                                                                                             (20) 

the inequality expressed in (8) can be rewritten as: 

*N                                                                                                                         (21) 

Finally, condition (19) and (21) can be given an operatorial description according to the 

following tableau: 
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The symmetrical system (22) can be condensed at an analytical level, to produce a 

unique functional equation. To this aim,  is expressed in terms of U by employing 

equation (19): 

 1 T
M N U P                                                                                                  (23) 

or, by using inequality (21): 

 1 * 0
T

NM N U P                                                                                   (24) 

where  is the slack variable connected with inequality (21): 
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The whole problem can finally be stated via a typical complementarity approach as 

follows: 

1 1 *
T

NM N U NM P                                                                                      (26) 

0                                                                                                                           (27) 

0U                                                                                                                          (28) 

0
T
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In fact, if  equals c
+, the first entry of  vanishes, while the second entry of  equals 

(c
+–c

-), and therefore it is positive. The sign restriction (28) imposes U  0. Because 



of the orthogonality condition (29), the first entry of U, U+, can be positive or null, 

while the second entry, U-, must vanish. Thus, if  reaches its upper critical value c
+, 

then U+ ≥0 and so UU+. 

Similarly, if  equals c
-, the second entry of  vanishes, while the first entry equals 

(c
+–c

-). Condition (29) requires that the first entry of U, U+, vanishes, while the 

second entry, U-, can be positive or null. Thus, if  reaches its lower bound c
-, then 

U- ≥0 and so U≥U+. 

Finally, if both entries of  are positive, equation (29) implies that U vanishes, and so 

both U+ and U- are null. According to this situation, if the shear stress does not reach 

its critical bounds, no slippage occurs, and U=U+. 

In conclusion, it has been shown that, as it was anticipated at the beginning of this 

section, at most one of the two variables U–, U+ does not vanish, which implies that 

U– and U+ are orthogonal variables. 

The linear operator acting on U in equation (26) is coercive with respect to NTU. In 

fact, since M=L–1: 

 
2
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N U LN U N U                                                                (30) 

or after reordering: 
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So, the term  ,
T

U NLN U   is positive or null, but the operator 
T

NLN acting on U 

is no more coercive, since for U+=U-0, NTU=0, and therefore:  

 , 0
T

U NLN U                                                                                                    (32) 

while: 

2
0U                                                                                                                     (33) 

Because of the structure of N, operator 
T

NLN  loses its coerciveness property only in 

the presence of the vectors U of the above-mentioned type (U+=U-0). According 

to the previously outlined observations, the matrix deriving from the discretization of 

operator 
T

NLN is positive-semidefinite. The problem expressed in equations (26) to 

(29) can be processed numerically via suitable pivoting complementarity routines [24, 

27], which converge to the solution in a finite number of iterations if the matrix which 

defines the complementarity problem is positive-definite. However, in our case 

positive-semidefiniteness is activated only by a vector U formed by U+=U-0, a 

condition which cannot actually occur, as explained before. As a consequence, 

convergence of the complementarity routines is recovered, and, therefore, the adhesion 

and slippage zones are located in a finite number of iterations. 

Alternatively, a solution method based on heuristics could be devised. An initial 

solution according to the adhesion assumption could be computed. Then, a slippage 



would be admitted for the node where the shear stress at the fluid-wall interface most 

exceeds the limit shear strength of the fluid. The no-slippage condition at the 

corresponding node could be released by imposing that in that node the shear stress 

equals the critical value, and consequently the velocity of the fluid contacting the wall 

could be determined for that node. The new shear stress distribution could be computed 

and the previously outlined procedure could be repeated until all the nodal shear stresses 

do not exceed the shear stress critical value. Similar methods where applied for example 

to solve cavitation problems in [29]. Contrary to the method favoured in this paper, a 

strategy based on heuristics does not guarantee the numerical convergence, or it might 

even be trapped in an endless loop. Moreover, this method would not supply any 

information about the existence or uniqueness of the solution. 

The algebraic description of the tangential velocity slip problem favoured in this section 

can then be implemented with few efforts in the Finite Element framework in a similar 

manner as that presented in [30] where the cavitation problem has been considered and 

to which the interest reader is referred for details. 

 

Numerical examples 

In this section, preliminary numerical examples are presented, based on the algorithm 

developed in this paper. These examples aim at clarifying the salient capabilities of the 

numerical method rather than at examining technically realistic situations. 



In the interest of greater simplicity, a simple linear slider (Figure1) is studied. 

To evidence the potentials of the proposed approach, two different sets of examples are 

presented; the first set considers situations in which slippage occurs only in one 

direction, while the second set accounts for a two direction slippage. 

Table 1 collects the main geometrical and physical parameters for the first set of 

examples. In particular, three different situations are investigated in which all the 

geometrical and physical parameters governing the problem are kept constant apart 

from the critical shear stress of the fluid. Three different values of the critical shear 

stress τc, namely 30, 40 and 50 Pa, are considered. 

Figure 2(a) shows results in terms of fluid pressure, p, as a function of the critical shear 

stress of the fluid, τc. As the value of the critical shear stress decreases, the maximum 

pressure decreases as well. Asymptotically, for the limit condition τc = 0, no lubricant 

entrains the bearing profile and thus no load support exists (see equation B10 in the 

Appendix B). Total or partial slip against the moving lower surface seems therefore to 

be undesirable for the bearing performance. Practically more relevant results are 

presented in [31-33] where slip is considered to occur with respect to the upper fixed 

surface. Authors are planning to extent the application of the proposed methodology to 

the analysis of similar cases, including also the cavitation effect by combining the 

present algorithm with the mass conserving complemetarity algorithm for cavitation 

presented in [24]. 



Figure 2(b) depicts the shear stress for z=0, τ, and the speed U of the layer of fluid in 

contact with the sliding profile for the three different values of the critical shear stress, 

τc. Three different macroscopic fluid behaviours can be identified. In particular, when 

the lowest value of the critical shear stress is considered (namely τc = 30 Pa) a full slip 

condition is encountered and, everywhere inside the bearing domain, τ = τc = 30 Pa and 

U < U+. When the value of the critical shear stress is increased to 40 Pa, a partial slip 

condition is detected and slippage occurs only in a limited portion of the bearing 

domain. Finally, when the greatest value of τc = 50 Pa is considered, a no-slip behaviour 

is detected and everywhere inside the bearing domain |τ| < τc and U = U+. 

 

 

Table 1. Geometrical and physical parameters for the first set of examples. 

Film thickness at the inlet hin 2·10-3 m 

Film thickness at the outlet hout 1e-3 m 

Bearing slope K = hin/hout – 1 1  

Slider length a 1  m 

Fluid pressure at the inlet p0 0 Pa 

Fluid pressure at the outlet pa 0 Pa 

Sliding velocity U + 0.4 m/s 

Lubricant viscosity μ 125·10-3 Pa s 

Critical shear stress τc 30/40/50 Pa 

 

 

 



 (a)   

 (b) 

Figure 2. Fluid pressure (a), shear stress and fluid layer speed (b), for the selected cases of Table 1. 



The results presented in Figure 2 do not completely evidence the proposed algorithm 

capabilities. In fact, in all the three situations investigated, slip occurs only in the 

opposite direction of the moving profile velocity U+, i.e. with a negative relative 

velocity between fluid and moving profile. In order to evidence the potentials of the 

proposed approach, additional selected examples have been introduced in which slip 

occurs also in the same direction as U+. Such examples complete the results obtained in 

a previous contribution [16]. Table 2 collects the geometrical and physical parameters 

of this second set of cases.   

Figure 3(a) shows the results in terms of fluid pressure, p, as a function of the critical 

shear stress of the fluid, τc, for this second set of selected cases. Again, as the value of 

the critical shear stress decreases, the maximum pressure decreases as well. 

Figure 3(b) depicts the shear stress for z=0, τ, and the speed U of the layer of fluid in 

contact with the sliding profile for the three different values of the critical shear stress, 

τc. Three different macroscopic fluid behaviours can be identified. In particular, when 

the highest value of the critical shear stress is considered (namely τc = 15 Pa) a no-slip 

condition is encountered, since everywhere inside the bearing domain, |τ| < τc = 15 Pa 

and U = U+. When the value of the critical shear stress is decreased to 10 Pa, a partial 

slip condition is detected in which slippage occurs forwards in the vicinity of the outlet,  

where the velocity U of the fluid in contact with the sliding profile is higher than the 

profile velocity U+. Finally, when the lowest value of τc = 8 Pa is considered, a partial, 



more complex slip behaviour is detected. In particular, in the central part of the bearing, 

slippage occurs backwards with the velocity U of the fluid in contact with the sliding 

profile lower than the profile velocity U+; in the vicinity of the outlet, slippage occurs 

forwards,  with the velocity U of the fluid in contact with the sliding profile higher than 

the profile velocity U+. 

 

 

 

Table 2. Geometrical and physical parameters for the second set of examples. 

Film thickness at the inlet hin 6·10-3 m 

Film thickness at the outlet hout 1e-3 m 

Bearing slope K = hin/hout – 1 5  

Slider length a 1  m 

Fluid pressure at the inlet p0 0 Pa 

Fluid pressure at the outlet pa 0 Pa 

Sliding velocity U + 0.1 m/s 

Lubricant viscosity μ 125·10-3 Pa s 

Critical shear stress τc 8/10/15 Pa 

 

 



 (a) 

 (b) 

Figure 3. Fluid pressure (a), shear stress and fluid layer speed (b), for the selected cases of Table 2. 

 



Once the capabilities of the algorithm developed have been tested via these simple 

discrete examples, a numerical campaign has then been carried out in order to identify 

the fluid behaviour for wide intervals of the critical shear stress of the fluid, τc, and of 

the bearing slope K. Figure 4 shows a map where results are presented in a non-

dimensional form considering the non-dimensional critical shear stress, τc
* = τc 

(hout/U
+/μ). The three different sliding zones, namely no-slip zone, partial slip zone and 

full slip zone, are identified. In particular, the upper bound of the partial slip zone is 

described by a seagull wing profile; the left (right) wing addresses a backwards 

(forwards) slip.  For  1 5 1 / 2 1 0.618K       it is no longer possible to 

demonstrate that the operator M of equation (11) is coercive, see condition (A15) of the 

Appendix A. Despite this limit, the numerical routines successfully detect the slip and 

no-slip zones. 

Figure 4 of the present paper represents a sort of  counterpart of  Figure 3 of [17] where 

slip has been supposed to occur only against the upper fixed surface of the same simple 

converging bearing. 

The results of Figure 4 have been validated versus two analytical solutions capable to 

describe the upper and lower bounds of the partial slip zone. The derivation of the 

equations employed is presented in detail in the Appendix B. Numerical and analytical 

results basically coincide (see Figure 5) thus providing a benchmark for the algorithm 

developed. A mesh size sensitivity analysis has been carried out for all the 



configurations of Figure 4; this analysis has shown that a number of equispaced 

elements higher than two hundred always provides accurate results. 

 

Figure 4. Map of the contact slip conditions in a convergent slider. 

 

Conclusions 

In the present paper, the tangential velocity slip problem has been formulated in terms 

of variational inequalities. The theoretical conditions under which a unique solution 

exists have been discussed. A formulation suitable for an algebraic description resulting 

in a linear complementarity problem has been developed. Based upon the previous 

point, a Finite Element algorithm has been implemented and suitable pivoting routines 



have been employed in order to find a solution of the problem in a finite number of 

iterations. Some preliminary numerical examples have been finally presented, aimed at 

illustrating the salient capabilities of the method. The numerical results have been 

assessed versus purposely developed analytical solutions. 
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Appendix A: basic properties of the operators L and M 

The work reported in [18] demonstrates existence and uniqueness of the problem under 

examination. In the present paper a formulation based on variational inequalities is 

developed and coercivity properties are demonstrated for the operator connecting the 

two complementary variables involved. Such properties allow a numerical routine in 

terms of linear complementarity to be derived that numerically determines the solution 

in a finite number of steps. 

In this appendix, some basic properties of the operators L and M of equations (6) and 

(11) are investigated that are fundamental for defining the existence and uniqueness of 

the solution for the problem under examination.  

Symbols hmin and hmax are introduced: 

min max0 h h h                                                                                                         (A1) 

The problem is studied in the functional space H0(0 , a) (i.e. L2(0, a)) equipped with the 

norm: 

 
1

22

0

a

U U dx                                                                                                         (A2) 

and with the inner product: 

 
0

,
a

U V UVdx                                                                                                         (A3) 

Operator L is self-adjoint, since: 



   , ,LU V U LV                                                                                                     (A4) 

Remarkably, it can be shown that under mild conditions operator L is coercive in the 

following sense: 
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Now, according to the Schwarz inequality [34], the following inequality holds: 
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and therefore: 
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If: 
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the last parenthetical term of equation (A8) is positive, and therefore operator L is 

coercive. 

For a generic profile, positiveness of (A9) can be checked by introducing in it the 

selected h profile and by computing the corresponding integrals. For instance, in the 

case of a linear fluid film profile, condition (A9) is satisfied if hmax does not exceed the 

golden section,  5 1 / 2 1.618    , of hmin. If, on the other side, no information is 

available on the shape of h apart from its maximum (hmax) and minimum (hmin) values, 

condition (A9) is still verified if the most pessimistic condition hmax/hmin < 4 4 / 3  is 



satisfied. However, the higher the slope of the slider, the more questionable is the 

validity of the Reynolds equation. The numerical examples collected in Figure 4 include 

configurations for which the above inequality is not fulfilled. Encouragingly, the 

numerical routines are capable of finding the solution even for such cases. It should be 

noted that in [18] existence and uniqueness of the tangential velocity slip problem are 

proved without the need to introduce the particular condition on the slider profile h 

expressed by inequality (A9). 

Coerciveness of operator L implies that L is bounded below, that is: 

0LU U                                                                                             (A10) 

In fact: 

 
2

,LU U LU U U                                                                                  (A11) 

which implies inequality (A10). Consequently L-1 exists and is continuous [34]. 

Interestingly, it can be shown that L is also bounded, that is: 

0LU U                                                                                             (A12) 

In fact: 
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By employing the Minkowski inequality [34], one obtains: 
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By employing the Schwarz inequality expressed in (A7), one obtains: 
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By employing equation (A7), one obtains: 
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where the term multiplying ||U|| is always positive. 

Finally, it can be shown that L-1 is coercive according to equation (11). In fact, by 

putting V=LU, one has: 
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It is observed that coerciveness of L-1 is demonstrated in equation (A17) by exploiting 

both coerciveness and boundedness of L. Coerciveness of L-1 is fundamental for stating 

the uniqueness of the solution. 

 



Appendix B: analytical model 

In this appendix, the derivation is presented of the equations for determining the 

analytical upper and lower bounds of the partial slip zone of Figure 4. The methodology 

employed is the same as that presented by Spikes in [17] except for the fact that in this 

case the lubricant is considered slipping against the lower, moving surface, while in [17] 

slip is assumed to occur against the upper stationary surface of the bearing. 

Consider the equilibrium of an orthogonal element of fluid located between two 

moving, solid surfaces (in this case the upper surface is stationary and the lower one 

moves with velocity U+): 

xz p

z x
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                                                                                                              (B1a) 
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                                                                                                              (B1b) 

where τ is the shear stress and p is the pressure. For the convention on the sign of the 

shear stress, τ, reference has to be made to Figure 1. In the current paper, the particular 

case of a lower moving interface where slip can occur is considered and, at this 

interface,  it is assumed that the fluid experiences a prescribed critical shear stress τcx in 

the x direction, and τcy in the y direction. 

If a perfect slip condition is considered, τcx = τcy = 0. 

Equation (B1a) can then be integrated directly assuming τxz = τcx at z = 0 to yield: 
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                                                                                                         (B2) 

The expression for the shear stress, τxz=–µ∂u/∂z, where µ is the fluid dynamic shear 

viscosity and u is the fluid velocity, can then be substituted into equation (B2): 
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                                                                                                   (B3) 

Assuming that µ is independent of z and taking the boundary condition at the wetted, 

no-slip, fixed, upper surface to be u = 0 at z = h, gives on integration: 
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A similar expression can be derived for the y direction. 

The fluid velocity at the slipping surface in the x direction, U, is obtained from equation 

(B4) by substituting z = 0: 
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Equation (B4) is integrated across the film thickness to yield the flow though a column 

of fluid, e.g. for flow in the x direction: 
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From this, the flow differential in the x direction is: 
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with a similar expression in the y direction. 

On the basis of continuity of flow and assuming no supply of lubricant in the z 

direction: 
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Substituting equation (B7) and its analogue in the y direction into equation (B8) and 

rearranging one obtains: 
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                                          (B9) 

For an infinitely long bearing, ∂p/∂y = 0 and ∂h/∂y = 0 and assuming that viscosity does 

not vary over the bearing area, i.e. µ is independent of x, the equation governing the slip 

problem can be finally derived: 
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Consider now the classical one-dimensional Reynolds equation (1): 

3 6
d dp dh

h U
dx x dx


 

 
 

                                                                                             (B11) 



The right hand sides of equations (B10) and (B11) look quite different. In particular, in 

equation (B10) the sliding velocity U does not appear. Thus, for the limit condition τc = 

0, no lubricant entrains the bearing profile and thus no load support exists. 

Consider then the non-dimensional form of equation (B10): 
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where the non-dimensional film shape is h*=1+K–Kx*. 

Integrating twice equation (B12) and imposing proper boundary conditions at the 

bearing extremities, 
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the non-dimensional expression of the pressure distribution p* can be derived: 
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Consider now the non-dimensional form of equation (B5): 
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On one side, when a full slip condition exists, everywhere inside the bearing U*≤1 (i.e. 

U≤U+) or U*≥1 (i.e. U≥U+). Therefore, in order to determine the lower analytical bound 

of the partial slip zone of Figure 4, the following expressions must be considered: 
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or 
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For both equations (B16a) and (B16b) the transition between a full slip and a partial slip 

state can be obtained considering the limit condition: 
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Substituting equation (B14) into equation (B17) and solving with respect to 
*

c  one 

obtains: 
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For K≥0, i.e. converging bearings, the right hand side of equation (B18) is positive and 

so, at least with the boundary conditions (B13), the transition between full slip and 

partial slip only occurs for positive values of 
*

c . (The negative values of the shear 

stress τ visible in Figure 3 refer to partial slip cases, whereas full slip condition is 

possible only for positive value of τ, see Figure 2). 

In particular, the transition value of 
*

c  as a function of K can be detected by finding: 
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From equation (B19) one obtains: 
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where 16K   is the solution of the following equation: 
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Substituting equation (B18) into equation (B20) the analytical definition of the frontier 

between full slip and partial slip conditions can be finally detected: 
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                                          (B22) 

On the other side, when a no-slip condition exists, the problem is described by the 

classical Reynolds equation with the non-dimensional form of the pressure profile: 
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If no slippage occurs, everywhere inside the bearing domain: 

0 2
c cz

h dp
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and in a non-dimensional form: 
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In particular, the boundary between the no-slip and the partial slip areas can be detected 

solving the equation: 
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Deriving the first term of equation (B24) one obtains: 
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where 

 
 

2

*
1

2

K
x

K K





                                                                                                        (B28) 

and 
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Substituting equation (B27) into equation (B26) and considering equation (B23), the 

analytical definition of the frontier between no-slip and partial-slip conditions can be 

finally detected: 
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                                                                                   (B30) 

Figure 5 plots the analytical upper and lower bounds of the partial-slip zone of Figure 4 

expressed by equations (B22) and (B30). The results of Figure 5 essentially coincide 

with the numerical results of Figure 4. The dotted line in Figure 5 shows the upper 

bound of the partial slip zone if only backwards slippage, i.e. with U≤U+, is taken into 

account. 

 

Figure 5. Analytical upper and lower bounds of the partial-slip zone. 



TABLES 

 

Table 1. Geometrical and physical parameters for the first set of examples. 

Film thickness at the inlet hin 2·10-3 m 

Film thickness at the outlet hout 1e-3 m 

Bearing slope K = hin/hout – 1 1  

Slider length a 1  m 

Fluid pressure at the inlet p0 0 Pa 

Fluid pressure at the outlet pa 0 Pa 

Sliding velocity U + 0.4 m/s 

Lubricant viscosity μ 125·10-3 Pa s 

Critical shear stress τc 30/40/50 Pa 

 

 

 

Table 2. Geometrical and physical parameters for the second set of examples. 

Film thickness at the inlet hin 6·10-3 m 

Film thickness at the outlet hout 1e-3 m 

Bearing slope K = hin/hout – 1 1  

Slider length a 1  m 

Fluid pressure at the inlet p0 0 Pa 

Fluid pressure at the outlet pa 0 Pa 

Sliding velocity U + 0.1 m/s 

Lubricant viscosity μ 125·10-3 Pa s 

Critical shear stress τc 8/10/15 Pa 

 

 

 



FIGURES 

 

 

 

Figure 1. The meaning of main symbols adopted for the tangential velocity slip problem. 

 

 

 

 

 

 

 

 



 (a)   

 (b) 

Figure 2. Fluid pressure (a), shear stress and fluid layer speed (b), for the selected cases of Table 1. 



 (a) 

 (b) 

Figure 3. Fluid pressure (a), shear stress and fluid layer speed (b), for the selected cases of Table 2. 

 



 

Figure 4. Map of the contact slip conditions in a convergent slider. 



 

Figure 5. Analytical upper and lower bounds of the partial slip zone. 

 


