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Abstract

A common location for defects to appear is at the surface of a component. While at the

near surface, many non-destructive evaluation (NDE) techniques are available to inspect

for these, at the far surface this is much more challenging. Ultrasonic array imaging is

proposed to enable far surface defect detection, location and characterisation. In this

thesis, array imaging is explored for the practical application of subsurface imaging and

characterisation of the near backwall defects, especially surface-breaking cracks. In this

application, the component has two parallel surfaces, the crack is initiated from the far

side and the phased array is attached on the near side.

One specific challenge here is the presence of a strong reflection from the backwall, which

can often mask the relatively small response from a defect. Ideally, a pure scattered field

from a defect is needed for the correct estimation of the scatterer through the imaging

algorithm, thus, the presence of the backwall will result in strong effects in the resulting

image. Several post-processing methods, which have to be used together with specific

imaging algorithms, are developed in this thesis to eliminate the strong effects introduced

by the presence of the backwall. The effectiveness of these proposed methods are validated

in both simulations and experiments.

In this thesis, the Factorization Method (FM) is explored for the application of subsurface

imaging and characterisation of the surface-breaking cracks. The performance of the

FM algorithm and relevant backwall effects eliminating methods were tested with the

simulated and experimental data. The experimental results showed a good consistency

with the simulated results. It is shown that the FM algorithm can generate high quality

images to provide a good detection of the crack and an accurate sizing of the crack length.

The quality of the array imaging highly depends on the imaging algorithm used. One way
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to make array imaging more applicable is to extend the library of the imaging algorithms.

Based on this aim we study the application of two innovative imaging algorithms, i.e. the

Direst Sampling Method and the Fast Topological Imaging, in ultrasonic array imaging.

Firstly, these imaging algorithms are tested with numerical simulations to image different

type of defect. After that, several experiments are performed to assess their performance

in practice.

The development of the backwall effect eliminating methods is based on the assumption

that the backwall is perfectly smooth. However, for real components experiencing harsh

environments, the surfaces are rarely perfectly smooth. Therefore, the developed backwall

eliminating methods are also validated on components with a rough backwall to check the

tolerance to the roughness.
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Chapter 1

Introduction

1.1 Motivations

Non-Destructive Evaluation (NDE) has been used for decades in industry. The purpose

of NDE is to evaluate the properties and characteristics of material without causing any

change or damage to the material. NDE can also be used to inspect a component with

any configuration to detect internal discontinuities, such as cracks. The properties could

include dimension, size, interior structure and grain size [1]. As a technique, NDE has

experienced significant innovations and received developments in the last 30 years, which

results in a wide range of types of methods and implementations of this technique.

NDE methods can vary depending on the type of emitter and penetrating medium, and

among all the NDE methods, the most frequently performed methods are electromagnetic

testing, ultrasonic testing, visual testing, guided wave testing, radiographic testing and

magnetic particle testing [1]. As one of the most commonly used NDE methods, ultra-

sonic testing utilizes high frequency sound waves to interrogate the component to enable

information such as measurements of dimensions or properties, or the detection of defects

to be performed [2].

In general, typical ultrasonic testing equipment should include an emitter or transducer,

a receiver and other relating functional parts, such as a display board. As shown in Fig.

1.1, the transducer is attached to the component being inspected in order to emit high

frequency sound energy into the component. Then, the sound energy propagates through
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1. Introduction

Figure 1.1: Schematic of the principle of ultrasonic testing.

Figure 1.2: Diagrams of the concepts showing (a) B-scan and (b) C-scan.

the component. Because of the presence of a discontinuity, waves are reflected back and

captured by the receiver [3]. Through this method, information about the features of the

discontinuity is encoded into a record of values, typically voltage corresponding to the

compression of a piezoelectric crystal and can be displayed as a time domain oscillogram

(A-scan).

As shown in Fig. 1.2(a), by combining the A-scans produced at successive locations using

a single transducer, it is possible to build an ultrasonic image, which is referred to as a

B-scan [4]. The advantage of B-scan presentation is that the B-scan provides a cross-

sectional view of the component under inspection, which allows the estimation of the

approximate size and depth of the reflector. As the B-scan is produced based on A-scans,

one limitation of this display technique is that some reflectors may be masked by larger

reflectors located above them. The approach of producing a B-scan can also be extended
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to C-scan [5] where the probe is swept in a line-by-line manner (Fig. 1.2(b)), known as

raster scanning [6]. This is typically presented as a 2D image by taking a single parameter,

e.g. travel time or peak amplitude, from each signal. As the ultrasonic wave is often able

to penetrate deeply into the material, ultrasonic testing (UT) has advantages of large

penetration depth and high sensitivity in the detection of flaws compared to most other

NDE methods [3]. By analysing the arrival time and the attenuation of the transmitted

and reflected signals, it is possible to determine the positions of the discontinuities in the

material. With the help of imaging techniques, the UT can reconstruct detailed images to

estimate the shape, size and even mechanical properties of the discontinuity. Ultrasonic

imaging is therefore very valuable to aid the evaluation of damage such as cracks and

corrosion. Due to its low cost and great testing coverage, UT is now frequently performed

in industry.

The ultrasonic phased array technique is an advanced ultrasonic testing technique which

has been developed rapidly in recent years. Unlike conventional ultrasonic testing equip-

ment, the transducer of a phased array consists of many individual elements which can

work separately and simultaneously. Because of this feature, the phased array has flex-

ibility to steer sound beams to focus energy at a point, improving sensitivity. This is

achieved by introducing a time delay when firing each element [7]; Fig. 1.3 illustrates the

delay laws of a plane beam and a focused beam using a phased array, respectively.

Currently, the most common geometry of ultrasonic array is 1-D linear array, and there are

also several popular geometries, such as 2-D array and annular array, which are shown in

Fig. 1.4. The different geometries determine the area of locations which would be focused

on, for example, the 1-D linear array allows the focusing and imaging in a plane [8]. The

1-D linear array is the most commonly used for non-destructive evaluation (NDE) and is

also very commonly used in the medical field, especially medical imaging [9, 10].

A phased array system is able to use electronic scanning along the length of the linear array

to conveniently create a B-scan from a single position [11]. This can be achieved by firstly

choosing an aperture that is smaller than the size of the phased array to generate a beam

and then selectively exciting elements corresponding to this aperture as it scans along

the array [12]. Similarly, a C-scan can also be created by a phased array by physically

moving the array along a single axis while the array is conducting the electronic scanning

22



1. Introduction

Figure 1.3: Diagrams show the delay laws of (a) a plane beam and (b) a focused beam.
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Figure 1.4: Common array definitions: (a) 1-D linear array, (b) 2-D array, (c) annular array.
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along the array [12]. Furthermore, a phased array can also be used to create a sectional

scan (S-scan) that represents a two dimensional cross-sectional view built from a series of

stacked A-scans which have been created successively with respect to a number of beam

angles with a fixed angle step [13], generated by adjusting the delay laws to excite in

different directions. Moreover, the beams used to create the S-scan cannot only be plane

beams but also be beams focused at a defined depth. The S-scan is nowadays the most

common display mode of the phased array in industrial images or medical sonograms.

The focusing feature of phased arrays has also led to the development of the Beamforming

(BF) [14, 15] imaging technique, a robust and efficient imaging technology which allows

the reconstruction of the subsurface of the specimen under inspection. The intensity

in a Beamforming image is obtained by steering a focused beam along a chosen planar

section of the specimen under inspection, measuring the total backscattered energy from

each focal point and plotting the amplitude as an image [15]. Beam steering can be

achieved by transmitting with all the elements of an array simultaneously, with phasing,

or by a post-processing technique once measurements from all the different send-receive

combinations in the array have been acquired, an approach called Full Matrix Capture

(FMC) [15–17]. Full Matrix Capture is a unique data acquisition technique developed for

phased array. To complete the FMC process, each element in the array will be successively

used as transmitter while all the other elements will be used as receivers and this process

will repeat until all the elements have been fired [18], as shown in Fig. 1.5.

If we consider a phased array with N transducers, a symmetric matrix with N × N

signals, which contains the maximum information for one scattering experiment, would be

obtained after FMC. Much of the work done on the post-processing of FMC data has led to

notable improvements in the BF imaging algorithms. Typical BF algorithms include the

Total Focusing Method (TFM) [15], the Synthetic Aperture Focusing technique (SAFT)

[19] and the wavenumber algorithm [20]. In particular, as TFM is able to provide a

higher detection sensitivity and resolution [17] when compared to common beam-forming

algorithms, TFM is now described as the ‘gold standard’ in some literature [21] and

has already been widely applied in the NDE field [17, 22]. The mathematical basis and

formulations of the TFM will be introduced in detail in Chapter 2. In recent years, the

TFM has attracted the attention of a number of researchers and many variants of the
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Figure 1.5: Transmitting and receiving procedure of the Full Matrix Capture.

TFM have been developed, such as the Almost Total Focusing Method (ATFM) [23], the

Vector Total Focusing Method (VTFM) [24] and the Diffraction Total Focusing Method

(DTFM) [25].

Recently, the demand for more cost-efficient modes of operation in some complex engin-

eering systems, such as power plants, has driven the need to extend the life of components

beyond their initial design life. This is achieved by replacing the components only when

the existing defects have grown to a critical size, minimising conservatism. Thus, NDE,

especially ultrasonic testing, is needed to inspect the components regularly. With the pur-

pose of minimising the safety risk, the requirements of defect inspection and assessment

are stringent for the crucial structural components during both manufacturing and service

for power plants, especially for nuclear ones [26], which means more accurate and sensitive

ultrasonic testing techniques are required. Furthermore, NDE is also essential to ensure

that there are no significant defects in new components, and to find defects during service

that could go on to grow to a critical size [27]. Thus, it is of great importance to extend

current ultrasonic testing techniques to meet the requirements of localising and character-

ing small defects in high performance materials of safety-critical power plant components.

Additionally, these structural components are designed to work in aggressive conditions,

such as high temperature and high pressure, thus, the harsh operating conditions can

result in fatigue cracks or stress corrosion cracks and these defects are commonly located

near the backwall [28]. As pressure-containing pipes or vessels often do not allow access

inside, the array should be placed on the front wall to conduct through-wall detection
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of near backwall defects. In this situation, the existence of the planar backwall will dra-

matically affect the imaging result of the near backwall defect, and this phenomenon will

be discussed in detail in Chapter 3. Another problem is that the material which suits

the extreme working conditions, particularly for high temperature, often has large grains.

Common examples of large grain materials are austenitic stainless steel welds and cast-

ings. In order to improve efficiency and reduce environmental impact, power plants are

tending to increase operating temperature, which results in a rapid increase in the use of

large grain material. The large grains of the material cause scattering of sound waves,

which adds coherent noise to the signals and so makes ultrasonic testing more difficult to

conduct.

However, the commonly used FMC and TFM technique is sometimes not effective enough

to meet the above requirements. Firstly, the resolution of Beamforming algorithms are

diffraction limited [29], where the diffraction limit refers to the theoretical 0.5 wavelength

resolution limit [30]. That means the point scatterers which are separated by a distance

smaller than 0.5 wavelength cannot be resolved through the TFM, as shown in Fig. 1.6(a).

Besides, the material of the substance (typically air) within the defect is always considered

impenetrable, that means the TFM can only reconstruct the top surfaces but not the whole

shape of the defect. Fig. 1.6(b) shows an example of this, in which only the top surfaces

of the side-drilled holes can be seen and the side-drilled holes also produce shadows that

obscure parts of the backwall. Besides, TFM also shows limited ability to characterise

surface-breaking notches. Several TFM imaging examples of surface-breaking notches are

shown in Fig. 1.6(c). From these results, it is clear that TFM cannot reconstruct the

whole shape of the surface-breaking notch and can only reconstruct a weak tip of the notch

and a strong backwall. As the TFM image cannot directly reflect the real shape of the

notch and the weak tip will be easily masked by noise, especially in large grain material,

thus, the characterization (size and tilt angle) of the notch based on the TFM image will

be difficult. Although Felice [31] has used the location difference between the indication

of the notch tip and the indication of the backwall to accurately measure the notch size,

this method is not able to size a notch whose size is smaller than two wavelengths and

has not shown a good robustness to scattering noise in large grain material. According to

the above limitations of the TFM, it demonstrates that the current Beamforming imaging
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technique is not sufficient for the application if the requirement is to identify small near

backwall defects in safety-critical components (large grain material), as for the detection

of small cracks, it is necessary to guarantee high resolution and minimise artefacts to

avoid false calls.

Another commonly used technique for through-wall defect sizing is the Time-Of-Flight

Diffraction (TOFD) [32]. The essential idea of TOFD is to measure the flight time of

the diffracted echoes from the two tips of the crack and calculate the crack depth with

the knowledge of the geometry of the component. In [33], Baby et al. has evaluated

the depths of the surface-breaking notches on the far surface using TOFD. The surface-

breaking notches have a width of 0.5mm and their depths varying from 0.91mm to 30mm.

They found the smallest notch that can be determined by TOFD when using a 4MHz

probe has a depth of 1.82mm. The main limitation of TOFD is that TOFD has two

dead zones, one is at top surface and another one is at bottom surface [34]. Although

surface-breaking cracks can be detected by TOFD, defects close to the surface are typically

not detectable because of the presence of dead zones [34]. The depth of these two dead

zones depends on the probe frequency, transducer damping and TOFD configuration [35].

Lower frequencies and less transducer damping will increase dead zones, while higher

frequencies and increased damping will result in smaller dead zones [35]. Typically, when

using a 7.5MHz probe for sizing, the backwall dead zone is around 1mm [34]. Also, since

TOFD relies on the tip diffracted signals, which are typically weak compared to a specular

reflection from the crack or the back wall, it is not well suited when there is significant

noise present. Based on the above facts, TOFD technique is not sensitive enough to size

small near backwall defects.

Overcoming the limitations of current Beamforming technique means that more advanced

techniques should be developed. Inverse methods [36–38] are one approach aimed at max-

imising the amount of information extracted from the measured data. In these approaches,

a solution is sought where the scatterer produces a scattered field which matches what has

been measured. Unlike Beamforming, inverse scattering tries to reconstruct the spatial

distribution of material properties, which can also be referred as the object function. Hav-

ing studied the interaction between the ultrasonic wave and the object, inverse scattering

extracts the information which is encoded into measurements and provides a detailed im-
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Figure 1.6: (a) A TFM image of two poorly resolved point scatterers, which are separated
by 0.4λ; (b) A TFM image of three side-drilled holes in a 304L steel block; (c) TFM images of
surface-breaking notches with different tilt angles. Note that the red dotted lines in the images
were used to indicate the location of backwalls.
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age of the features inside the specimen. The study of the concept of inverse scattering has

led to super resolution imaging technologies which make achieving the resolution beyond

the Rayleigh limit possible. For example, Dr. Francesco Simonetti has demonstrated that

super resolution imaging can be achieved by considering the effect of multiple scatter-

ing [39, 40]. Although the potential of the inverse scattering approach is apparent, the

practical implementation of this technique is much more challenging. The fundamental

reason of this is that the inverse scattering suffers from the so called ill-posedness [38].

In an ill-posed problem, the true solution can be very sensitive to small changes in the

data. As a result, the present super resolution imaging technologies are sensitive to noise

and other uncertainties. In practice, only limited measurements can be obtained due to

the limited number of array elements and limited locations for access of the ultrasonic

array, thus the inverse scattering problem in the NDE field is actually a limited aperture

problem. This will cause inverse scattering to be more ill-posed [41].

The aim of my project is to develop an integrated ultrasonic imaging technology for

inspection of near backwall defects. The imaging technology would integrate novel ap-

proaches to post-process the matrix of signals obtained from the FMC measurements,

imaging algorithms to reconstruct defect images and specific sizing methods to accurately

characterise the defects from the reconstructed images, with the purpose to introduce a

step change in the sensitivity of ultrasonic array imaging in the application of detecting

near backwall defects, beyond what is possible by the capabilities of Beamforming.

1.2 Outline of Thesis

In this thesis, the imaging and characterization of near backwall defects using ultrasonic

arrays is investigated.

In Chapter 2, the forward and inverse scattering theories are introduced. In order to help

the reader understand these two problems successfully, a brief derivation of the governing

equation of wave propagation is also included. The forward problem aims to find the

corresponding scattered field given the incident field and the properties of the scatterer,

while the inverse scattering problem aims to reconstruct the scatterer from a given incident

field and measured scattered field. Different from the forward problem which is well-posed,
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the inverse scattering problem is ill-posed. These problems are discussed under the Born

approximation and when the effects of the multiple scattering is considered, respectively.

In order to facilitate the discussion of subsequent chapters, the mathematical formulations

of several imaging algorithms, including the Beamforming methods and super resolution

methods, are also provided in this chapter.

A practical consideration of using ultrasonic arrays to detect and size near backwall de-

fects is that the backwall will introduce strong effects that will dramatically influence

imaging results. In Chapter 3, three methods, the FMC subtraction, the weighting func-

tion method and the truncation method, are developed as the response to the challenge

of eliminating backwall effects for array imaging of near backwall defects. These three

methods are based on different mathematical principles and have different application

ranges. To validate the performance of these methods on representative array imaging

data, an experiment is also included in this chapter.

In Chapter 4, the Factorization Method is applied to image and size surface-breaking

notches. Furthermore, the effects of the FMC subtraction and the truncation method

are also studied in detail. The work in this chapter includes both numerical simulations

and experimental validations. The results show that if the backwall effects have already

been eliminated by proper methods, the FM is able to accurately reconstruct and size a 1

wavelength notch which is hard to be characterized through the conventional Beamforming

algorithms (i.e. the Total Focusing Method or the Half-Skip Total Focusing Method).

The development in the scattering theory and computing technology has led to the devel-

opment of several novel imaging techniques, such as the Direct Sampling Method (DSM)

and Fast Topological Imaging (FTIM). In Chapter 5, the Direct Sampling Method and

Fast Topological Imaging are firstly applied to the inverse scattering problems of imaging

near backwall defects by the Full Matrix Capture data. Brief introductions of the for-

mulations and the mathematical basis of these methods are also included in this chapter

in order to provide a general overview of these two methods. The DSM and the FTIM

are used to image the side-drilled holes and different notches based on the FMC data in

this chapter, and through the imaging experiments, we can conclude that the DSM and

the FTIM can be effective alternatives to the Beamforming methods for ultrasonic array

imaging.
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All the backwall effects eliminating methods developed in Chapter 3 have considered a

perfect smooth backwall, where the ultrasound wave from the backwall will undergo the

specular reflection. In many cases, especially for the components working in harsh envir-

onments (e.g. high pressure and temperature), it is not possible for the component to have

perfect smooth surfaces. Thus, in order to test the applicability of the developed backwall

effects eliminating methods, these methods have been applied to image surface-breaking

notches originated from backwalls with various roughnesses in Chapter 6 to find out the

limit roughness of each method developed. This procedure has been completed through

the numerical simulation in Chapter 6. Additionally, the theory about the scattered pat-

tern from a rough surface and the numerical method used to construct a rough surface

are briefly introduced in this chapter.

The main conclusions and contributions of this thesis are summarized in Chapter 7, and

the potential areas of future work relating to the work in this thesis are also discussed in

this chapter.
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Chapter 2

Background theory

2.1 Introduction

This chapter introduces the underlying theory and formulation of the time harmonic

obstacle scattering problem, which is necessary for understanding the theoretical and

mathematical basis of the imaging algorithms studied in this thesis. The scattering theory

considers the physical interaction between the sound wave and scatterers and describes

how the information of properties of scatterers is encoded into the radiated wave field.

The forward scattering maps the properties of scatterers into the total wave field. It

is a well-posed problem and can be solved by several numerical methods [42]. Inverse

scattering predicts the properties of the scatterers based on the scattered wave field [38].

Inverse scattering is a non-linear problem, which means that, for inverse scattering, most

imaging algorithms can only achieve approximate solution by assuming linearity [39].

It is also an ill-posed problem and regularization methods may be needed to deal with

the ill-posedeness of it [38]. Regularization is the process by which unstable problems

can be stabilized [43] and one commonly used regularization method is called Tikhonov

regularization which tackles the non-linear problem by minimizing a Tikhonov function

with a suitably chosen regularization term [44].

The introduction of the theoretical and mathematical basis of several imaging methods is

also included in this chapter. The underlying approximation and theory of the Beamform-

ing algorithm is described in this chapter, and also the resolution limit of the Beamforming
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algorithm is introduced in detail. The concepts of a super resolution algorithm which can

break the resolution limit is also described in this chapter. The formulation and math-

ematical basis of the different algorithms are provided as a tool to analyse the operating

principles and resolution limits of these algorithms and also provided as the foundation

for the following chapters where the described imaging algorithms will be investigated

and applied to specific problems.

2.2 Governing Equation

Firstly, before discussing the scattering problem, it is necessary to start from the derivation

of the wave equation. Although the scattering problem in the fields of non-destructive

evaluation (NDE), medical imaging or geophysics is actually the scattering problem with

elastic waves, the scattering problem in NDE is usually analysed using acoustic waves for

simplicity as the inverse scattering with elastic waves is significantly more difficult than

with acoustic waves and the acoustic wave itself is actually a type of longitudinal wave.

Consider an acoustic wave propagating through a medium, such as fluid, in free space.

If there is no exterior force applying to the medium, the movement of the particles are

governed by the following equations [38]:

∂v

∂t
+ (v · ∇)v +

1

ρ
∇ρ = 0 (Euler’s equation), (2.1)

∂ρ

∂t
+ div(ρv) = 0 (Continuity equation), (2.2)

f(ρ, S) = p (Equation of state), (2.3)
∂S

∂t
+ v · ∇S = 0 (Adiabatic hypothesis), (2.4)

where v(x,t), p(x,t), ρ(x,t), S(x,t) denote the velocity, pressure, density and specific en-

tropy of a particle at x ∈ R
3, respectively; ∇ represents the gradient, f is a function

which depends on the fluid and div represents the divergence. Let assume that v, p, ρ

and S are small perturbations of the static state v0 = 0, p0 = constant, ρ0 = constant

and S0 = constant. Then, according to [37], after the linearisation of above equations,
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Eqs. (2.1-2.3) become

∂v

∂t
+

1

ρ0
∇p = 0, (2.5)

∂ρ

∂t
+ ρ0div(v) = 0, (2.6)

∂p

∂t
− ∂f

∂ρ
(ρ0, S0)

∂ρ

∂t
= 0. (2.7)

From these, the wave equation is obtained, which is given by

1

c2
∂2p

∂t2
= Δp, (2.8)

where Δ is the Laplace operator and c represents sound speed and is defined as:

c2 =
∂f

∂ρ
(ρ0, S0). (2.9)

From Eq. (2.5), it is observed in [36] that there exists a velocity potential U = U(x, t)

which satisfies

v =
1

ρ0
∇U,

and

p = −∂U

∂t
. (2.10)

It is clear that the velocity potential U also satisfies the wave equation

1

c2
∂2U

∂t2
= ΔU. (2.11)

For time-harmonic acoustic waves, U can be treated as the real part of a complex u:

U(x, t) = Re{u(x)e−iwt}, (2.12)

where the frequency w > 0. Using Eq. (2.11) and Eq. (2.12), the Helmholtz equation in
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free space can be obtained:

Δu+ k2u = 0, (2.13)

where the k is the wavenumber and is given by k = w/c. According to the scattering

theory [38], u is the sum of an incident field ui and a scattered field us. The incident

field is a solution to the Helmholtz equation in free space (Eq. 2.19), however, for the

scattered field, the inhomogeneous medium should be compensated for. This situation is

called scattering by an inhomogeneous medium. If an object D is impenetrable to the

wave field, the obstacle scattering occurs and a boundary condition such as Dirichlet or

Neumann is enforced on the boundary of the object [37]. In the Dirichlet case, u = 0

on the boundary ∂D of the object D while in the Neumann case, ∂u/∂ν = 0 on ∂D

where ν is the unit outward normal vector to ∂D. For penetrable objects, the impedance

boundary condition should be applied, which is formulated as ∂u/∂ν + Λu = 0 on ∂D

with some impedance Λ [37].

2.3 Forward scattering

As mentioned before, the purpose of the forward scattering is to calculate the scattered

field given an incident field and the physical properties of the scatterers. The discussion

here is restricted to the 2D acoustic obstacle and medium scattering problem [45] of

acoustic waves in an unbounded homogeneous space R
2 that contains inhomogeneity or

obstacles in a domain D ⊂ R
2. In order to characterize the inhomogeneity or the obstacles

supported in the domain D, an object function O(r)is defined as

O(r) = (n(r)2 − 1)k2 x ∈ R
2 (2.14)

where n(r) is the refractive index at a point r and is related to density and compressibility

in acoustic cases. The expression of the refractive index is

n(r) =
c0
c(r)

, (2.15)
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D

ui us

D

Figure 2.1: Schematic of the 2D scattering problem. The bounded Dirichlet obstacle D is
illuminated from the incident field excited on surface Γi and the produced scattered field is
measured on the surface Γm. Ω is the sampling domain where the obstacle D lies.

where c0 is the sound speed of the background medium, and ρ and κ are the density and

compressibility, respectively. Also, the refractive index n can be expressed by complex

expansion

n(r) = n1(r) + in2(r), (2.16)

where n1(r) represents the real part and n2(r) represents the imaginary part. Consider

the scattering problem set in Fig. 2.1. We define D̄ ⊂ R
2 as the support of the object

function, and D̄ has a smooth boundary ∂D. We consider a planar incident wave with

an incident direction r̂0

ui(r, k; r̂0) = eikr̂0·r, (2.17)

where k > 0 is the wave number of the incident wave, r̂0 ∈ S
1 and S

1 denotes a unit

circle in O
2. This denotes a planar wave field at point r due to an illumination from the

direction r0. Also, let us be the scattered field, then the total field u can be expressed by

u = ui + us, (2.18)
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According to [45], the propagation of the total field u is governed by the Helmholtz

equation

Δu+ k2n2(r)u = 0 in R
2 \D, (2.19)

The above model is usually used to describe the inhomogeneous medium scattering prob-

lem, however, the acoustic Dirichlet obstacle can be treated as a limiting case of Eq.

(2.19) as n2 → ∞ in Eq. (2.16). Considering Eq. (2.14), Eq. (2.19) becomes

(Δ + k2)u = −O(r)u, (2.20)

For the scattered field, the Sommerfeld radiation condition should be satisfied to ensure

all energy is radiated outwards towards infinity

lim
r→∞

√
r(
∂us

∂r
− ikus) = 0 for r = |r|. (2.21)

Also, the Sommerfeld radiation condition must be understood to hold uniformly in all

directions. It has been proven in [46] that solving the Eqs. (2.19)-(2.20) is a well-posed

problem. As a result of the Sommerfeld radiation condition, for large |r|, the scattered

field us can be asymptotically formed in the expansion

us(r, k; r̂0) =
eikr√
r
u∞(r̂, k; r̂0) +O(r− 3

2 ), (2.22)

where r̂ := r/|r| and u∞ is actually the far-field pattern of the scattered field us. In

order to solve Eq. (2.20), the Green’s function is introduced. The Green’s function is the

solution to

(Δ + k0
2)G(r, k; r′) = δ(|r − r′|), (2.23)
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where δ is the Dirac delta function. According to [29], the analytical solution of Eq. (2.23)

is

G(r, k; r′) =

⎧⎪⎨
⎪⎩

− i

4
H0

(1)(kR) in 2D;

exp(ikR)

4πR
in 3D

(2.24)

where R = |r− r′| is the distance between the measurement point and the exciting point

and H0
(1) is a zero order Hankel function of the first kind. As |r − r′| → ∞, G(r, k; r′)

has the asymptotic form in 2D

G∞(r̂, k; r′) = −ei(
π
4
+kr)

√
8πkr

e−ikr̂·r′
for r = |r|. (2.25)

By using the Green’s function, the solution of Eq. (2.20) can be derived as

u(r, k; r̂0) = eikr̂0·r − k2

∫
D

O(r′)u(r′, k; r̂0)G(r, k; r′)dr′. (2.26)

This is the Lippmann Schwinger equation which indicates the dependence of the total

field on the incident field and its own value within D. The integration of the total field

in Eq. (2.26) makes the forward scattering problem to be non-linear. For the far field

(r → ∞), Eq. (2.26) can be written as

u(r, k; r̂0) = eikr̂0·r + k2 eiπ/4√
8πk

f(r̂, k; r̂0)
eikr√
r

for r = |r|. (2.27)

where

f(r̂, k; r̂0) =

∫
D

O(r′)u(r′, k; r̂0)e−ikr̂·r′
dr′. (2.28)

The term f(r̂, r̂0) refers to the scattering amplitude in some of the literature [39]. Eqs

(2.18), (2.24-2.26) leads to

us(r, k; r̂0) = −k2

∫
D

O(r′)u(r′, k; r̂0)G(r, k; r′)dr′, (2.29)

u∞(r̂, k; r̂0) = −k2

∫
D

O(r′)u(r′, k; r̂0)G∞(r̂, k; r′)dr′. (2.30)
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∂D

Figure 2.2: Schematic of the far-field scattering problem. (a) The object is illuminated from
the far-field; (b) The scattered field is measured in the far-field.

Eq. (2.29) implies that the ideal imaging of the scatterers needs the knowledge of the pure

scattered field from the scatterers, rather than the total field. However, in real inspections,

it is the total field, which contains the incident field, the scattered components from the

defect and from the structural features, that will be recorded by the phased array. In

response, we proposed a method to extract the scattered field from the total field in

Chapter 3 for the phased array subsurface imaging.

Solving Eqs. (2.18)-(2.21) is a well-posed problem [47] and several corresponding numer-

ical methods for solving the forward problem can be found in [42,48].

2.4 Spaces and operators

In real situations, it is impossible to excite and measure wave fields at every point; both

the excitation and measurement must be taken at a set of discrete positions in the far

field, as shown in Fig. 2.2. According to [49], the far-field scattering problem can be

decomposed into three aspects: 1) the propagation of the incident field from the far-

field to the object; 2) the interaction between the incident field and the object which

produces a local perturbation to the incident field; 3) the radiation of the perturbation

from the object to the far-field. Each of the three aspects can be described by a suitable

mathematical operator.
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To start the derivation, we shall first introduce an incident field vg, which is defined as

vg(r) =

∫
S2

eikr·r̂0g(r̂0)ds(r̂0), (2.31)

where g is called the Herglotz density, physically corresponding to the amplitude of plane

waves in each direction r0 which are superposed to form the incident field, r is a point in

space illuminated by the incident wave, and vg is also called the Herglotz wavefunction.

Here, S
2 denotes the unit sphere in R

3. Eq. (2.31) also leads to the definition of the

Herglotz operator H : L2(S2) → L2(∂D), given by

(Hg)(r) =

∫
S2

eikr·r̂0g(r̂0)ds(r̂0). (2.32)

The Herglotz operator actually maps the illumination functions g to the actual incident

wave vg on the boundary of the object. Then, in order to transform the incident field

inside the object into a source distribution ψ that characterizes the perturbation to the

incident field, the interaction operator S : L2(∂D) → L2(∂D) is introduced, which is

given by

ψ(r) = (Svg(r)) = O(r)vg(r). (2.33)

Similarly, it is also possible to define a radiation operator H∗ : L2(∂D) → L2(S2) that

maps a continuous distribution of point sources in ∂D with strength defined by the con-

tinuous function ψ into the far-field pattern of the scattered field, u∞
s , i.e.

u∞
s (r) = (H∗ψ)(r) =

∫
∂D

e−ikr̂0·rψ(r̂0)d(r̂0). (2.34)

where H∗ is also the adjoint operator of H. Finally, according to [37], the far-field operator

F : L2(S2) → L2(S2) can be built from the scattering amplitude f(r̂, k; r̂0), so that

(Fg)(r̂) =

∫
S2

f(r̂, k; r̂0)g(r̂0)ds(r̂0). (2.35)

This compact operator F is of great importance as it forms the basis of the Linear
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Figure 2.3: Schematic of the far-field scattering problem. (a) The object is illuminated from
the far-field; (b) The scattered field is measured in the far-field.

Sampling Method (LSM) and the Factorization Method (FM). The left hand term, Fg,

is actually equivalent to the far-field pattern of the scattered field, i.e. u∞
s , created by the

incident field vg defined in Eq. (2.31). Because of this, it is possible to decompose the

far-field operator into the three main aspects of the scattering process, as shown in Fig.

2.3. Based on this decomposition, it is easy to have

u∞
s = Fg = H∗SHg, (2.36)

which then leads to the factorization of the far-field operator

F = H∗SH, (2.37)

This factorization is the basis of the Factorization Method and is responsible for its name.

Eq. (2.35) indicates that the scattering amplitude uniquely defines the far field operator.

Although this factorization is derived in the frequency domain in this thesis, it is valid

in both time and frequency domain. By using the far-field operator F , it is possible

to calculate the scattered field with any input incident field. The scattering amplitude

can be measured experimentally by illuminating with planar waves from all the possible

directions, and recording the scattered field in each case. After obtaining the scattering
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Figure 2.4: The operator, M , maps the object function to scattering amplitude. Note that
O(R) :== F [O](r), where F means the Fourier transform and R is the spatial frequency.

amplitude, the far field operator F can be calculated.

For a single scattering experiment, the scattering amplitude only depends on the object

function O(r). Thus, we can define another operator M which maps the object function

to the scattering amplitude:

f(r̂, k; r̂0) = MO(r) (2.38)

where M is called the complete far field scattering operator, and its inverse M−1 is the

imaging operator. The mapping of M is shown in Fig. 2.4

2.5 Inverse scattering

The inverse scattering problem, which is also called the imaging problem, aims to recon-

struct the object function given the far field measurements of the scattered field. Referring

to Fig. 2.4, the imaging problem needs to discover an explicit form of the imaging oper-

ator M−1 which allows the calculation of the object function O(r) when the scattering

amplitude f(kr̂, kr̂0) is given. As it is impossible to measure the wave fields at every

point, the knowledge of the scattering amplitude f(kr̂, kr̂0) is not complete and only

contains a sub-set of the whole information. Additionally, the imaging operator M−1 is

non-linear, and the determining of M−1 is ill-posed [50]. As a result, in almost all cases

it is impossible for us to calculate a complete and exact form of M−1, and therefore, an

exact reconstruction of O(r) is impossible in general. A more serious problem is that a

small amount of noise due to the inaccuracies of sensors and measurements could lead to

artefacts on the reconstruction of O(r) because of the ill-posedness of determining M−1.
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Although the non-linearity and ill-posedeness of the imaging operator makes it impossible

to calculate an explicit form of M−1, an iterative optimisation method can be used to

calculate a simple implicit form of M−1. An estimation Ô(r) of the object function can

be found by minimizing:

Ô(r) = argminÔ(r)||M(Ô(r))− f(r̂, k; r̂0)|| (2.39)

By simplifying M and using suitable searching techniques, the estimation of O(r) can have

a high accuracy. However, the problems of this method are that the iteration process is

often time consuming and the space being searched could contain many local minima.

Because of these problems, in order to achieve a rapid estimation of O(r), many imaging

methods have been developed to construct a linearised estimation of M−1.

2.6 Beamforming imaging methods

With the development and application of inverse scattering theory and computing tech-

nology, the imaging algorithms developed for phased array imaging have advanced sig-

nificantly in recent years. Among all the existing imaging algorithms, the Beamforming

methods are most common and are able to provide a direct image of the shape of the

defect under detection. Typical examples include the Total Focusing Method (TFM) [15],

the Synthetic Aperture Focusing Technique (SAFT) [19] and the inverse wave-field extra-

polation [51]. These algorithms have been proved to provide reliable imaging of the defect

but their resolution is diffraction limited, i.e. the highest resolution is half a wavelength

which can only be achieved with full view.

2.6.1 Born approximation

The Born approximation is a linear scattering approximation which aims to simplify the

scattering problem and make non-iterative imaging possible. It can be used directly

for Diffraction Tomography (DT), and is also implied in other algorithms, such as the

Beamforming Methods. The Born approximation is valid when the medium is weakly

scattering, i.e. the contrast between the background, and the inhomogeneities is small
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and the size of the object is small relative to the wavelength. Generally, the condition to

ensure the validity of the Born approximation is:

sup
r<�

|O(r)| < C
λ

�
(2.40)

where � refers to the characteristic size of the object and C is a constant with several

proposed values [39]. If the Born approximation is valid, we can assume:

us 	 ui (2.41)

Then, after replacing the total field with the incident field, the far-field pattern of the

scattered field becomes:

u∞(r̂, k; r̂0) = −k2

∫
D

O(r′)ui(r
′, k; r̂0)G∞(r̂, k; r′)dr′ (2.42)

Eq. (2.42) provides a linear relationship between the scattered field and the object func-

tion. Under the Born approximation, MBorn, i.e. the approximation of M , is well-defined

and linear, and it also allows the non-iterative construction of a linear and well-defined

M−1
Born. As these two operators are explicit and simple, they allow a fast calculation of an

approximation of the object function, which results in several classical imaging algorithms,

such as Beamforming and Diffraction Tomography.

Using the Born approximation is fast and robust for imaging problems, but it also brings

a resolution limit. This can be seen by observing that the Born approximation allows

a direct mapping from the scattering amplitude to the spatial frequencies of the object

function. The spatial frequencies of the object function are also called the K space which

is defined as:

Ô(R) = F [O](r) (2.43)

where F means the Fourier transform and R is the spatial frequency. For a planar incident
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Figure 2.5: The Ewald limiting circle of radius 2k. The spatial frequencies of the scatterer
outside the Ewald limiting circle cannot be measured under Born approximation.

wave, the scattering amplitude will become:

f(r̂, k; r̂0) =

∫
D

O(r′)eik(r̂0−r̂)·r′
dr′ (2.44)

Eq. (2.44) provides a direct mapping from the scattering amplitude to the spatial Fourier

transform of the object function:

f(r̂, k; r̂0) ∝ Ô(k(r̂0 − r̂)) (2.45)

It can be seen that by varying r̂ and r̂0 around all the possible angles, the value of every

spatial frequency in the Ewald disk [39] can be measured. However, the spatial frequency

outside the circle (greater than 2k) cannot be measured, as shown in Fig. 2.5; thus,

the highest resolution that the imaging methods based on the Born approximation can

achieve is λ/2.

The Born approximation essentially neglects the effects of multiple scattering between

features of the object by assuming a simplified scattered field inside the object. Thus,

under Born approximation, if an object consists of several features, the scattering field

generated by the whole object is actually the superposition of the independent scatter-
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Focus points

Active Elements

Figure 2.6: Schematic of the working process of the Total Focusing Method.

ing field generated by each feature of the object separately. The effects of the multiple

scattering are discussed in Section 2.7.1.

2.6.2 Total Focusing Method

The Total Focusing Method (TFM), which is also known as a version of Beamforming

(BF), is one of the most widely used imaging methods to determine the locations of

point scatterers [15]. It is implemented by focusing a sound beam to each point in the

interested region and recording the reflections from these points. The schematic of the

working process of the Total Focusing Method is shown in Fig. 2.6. Recalling Eq. (2.42)

and simply replacing the incident field by the equivalent Green’s function, we can obtain

u∞(r̂, k; r̂0) = −k2

∫
D

O(r′)G(r′, k; r̂0)G(r̂, k; r′)dr′. (2.46)

This equation can further be simplified if we consider a situation of a single point scatter.

Then, the integration in Eq. (2.46) becomes

u∞(r̂, k; r̂0) = G(r′, k; r̂0)QG(r̂, k; r′), (2.47)

where Q refers to the scattering potential at r′. Eq. (2.47) can be rearranged to calculate

the potential for a single point scatterer if the location of the point scatterer and the
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measurements of the scattering are known as

Q =
u∞(r̂, k; r̂0)

G(r′, k; r̂0)G(r̂, k; r′)
. (2.48)

The factor 1/G corrects the scattered field by accounting for the phase shifts and the

changes in amplitude due to wave propagation. Conventionally, instead of the Green’s

function, the steering function is used in the TFM as only the phase shifts need to be

considered. However, this could be important in quantitative imaging. In real applica-

tions, there are always several pairs of transmitters and receivers. By taking all of the

transducers into the calculation, the intensity at a point z is

IBF (z) =

∫
Γ

∫
Γ

u∞(r̂, k; r̂0)

exp(−ikr̂ · z)exp(−ikr̂0 · z)dr̂0dr̂, (2.49)

where Φ∞(r̂, k; z) = exp(−ikr̂ · z) is known as the steering function and Γ represents the

aperture of the transducer array, which denotes some subset of S1, a unit circle in R
2.

As the transducers are actually discrete, the integrations in Eq. (2.49) are replaced by

a discrete sum in real calculations. If a scatterer is located at the imaging point, it will

have a large intensity due to the coherent sum; otherwise, the sum would be small as the

values cancel themselves out.

The TFM image is a filtered version of diffraction tomography (DT), as a result, the DT

image can be obtained by deconvolving the TFM results; and this is used by HARBUT

[52], a novel high resolution imaging method. These two methods all neglect multiple

scattering [39,53] and share the same fundamental resolution limit, i.e. O(R) = 0∀R > 2k.

In real NDE systems, the TFM can be implemented by introducing a combination of time

delays to the transducer array and recording the reflections from every point. Another

approach to implement TFM is to use it as a post processing method after all the in-

formation has been obtained though Full Matrix Capture (FMC) [54]. Once the FMC is

completed, the symmetrical signal matrix, which contains the maximum information for

one scattering experiment, can be post processed by TFM. According to [15], based on
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Figure 2.7: Schematic of the configuration of the Total Focusing Method.

the imaging setup shown in Fig. 2.7, the indicator function of TFM is given by

ITFM(z) =

∫
Γi

∫
Γi

US(xr,
|xt − z|+ |xr − z|

c0
;xt)ds(xr)ds(xt)

=
N∑

t,r=1

US(xr,
|xt − z|+ |xr − z|

c0
;xt),

(2.50)

where Γi is the surface where the array is located, xt ∈ Γi is the location of the transmitter,

xr ∈ Γi is the location of the receiver and US(xr, t;xt) denotes the time domain scattered

data from a transducer located at xt to a receiver located at xr.

2.6.3 Half-Skip Total Focusing Method

The Half-Skip Total Focusing Method (HSTFM) is a modified Total Focusing Method

(TFM) developed for imaging and sizing near backwall defects [31,55]. The results showed

that the HSTFM has the ability to size a 1.5 wavelength surface-breaking crack that is

impossible to be measured through the conventional TFM, however, the HSTFM still

had a poor accuracy for the cracks smaller than 1.5 wavelength [31]. Like the TFM,

the HSTFM is also based on the weak scattering approximation (e.g., the Born approx-

imation), so there is a fundamental resolution limit (0.5 wavelength) that will limit the

application of this method in high resolution imaging [39].

The ray path considered in TFM is the direct ray path, that is the wave directly travels
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Figure 2.8: (a) Example of the direct ray path considered in TFM, (b) Example of the ’half-
skip’ ray path considered in HSTFM, (c) Equivalent ray path of the ray path considered in
(b).

from the transmitter to the image point P and back to the receiver, as shown in Fig.

2.8(a). However, in the case of detecting the near backwall defect, there is additional

complexity from the wave reflecting from the backwall, which is not accounted for in

TFM. In response, Lorenz et al. [56] developed the Half-Skip Total Focusing Method

(HSTFM) to image and size the near backwall defects. Unlike TFM, HSTFM considers

the ‘half-skip’ ray paths which are reflected on the backwall once, either before or after

interacting with the defect, as shown in Fig. 2.8(b).

Imagine that there is a mirrored imaging point Pm located at zm, as shown in Fig. 2.8(c).

The length of the post-defect reflection half-skip path defined in Fig. 2.8(b) is that of a

path from the real array to the imaging point P and then from the point P back to the

mirrored array, as shown in Fig. 2.8(c). It is obvious that the ray path from the point P

to the mirrored array is equivalent to the ray path from the mirrored point Pm to the real

array. It is noted that the same is true for a pre-defect reflection by reciprocity. Based
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on this, the indicator function of HSTFM is given by

IHSTFM(z) =

∫
Γi

∫
Γi

US(xr,
|xt − z|+ |xr − zm|

c0
;xt)ds(xr)ds(xt)

=
N∑

t,r=1

US(xr,
|xt − z|+ |xr − zm|

c0
;xt),

(2.51)

where Γi is the surface where the array is located, xt ∈ Γi is the location of the transmitter,

xr ∈ Γi is the location of the receiver and US(xr, t;xt) denotes the time domain scattered

data from a transmitter located at xt to a receiver located at xr.

2.7 Super resolution methods

Super resolution is actually a collective name for a number of different methods which can

have super resolution, i.e. a resolution exceeding the traditional λ/2 limit. These differ-

ent methods always have different implementations and may have different assumptions.

One successful optical approach of super resolution is called near field scanning optical

microscopy (NSOM). NSOM is based on a direct measurement of the near field scattered

wave which contains evanescent waves. The evanescent wave has a spatial wavenumber

greater than w/c; and it is fundamental to achieve super resolution [39]. NSOM scans

closely to the surface of the scatterers using a sharp glass fibre; then, the evanescent wave

propagates along the fibre and is measured in the far field. NSOM is able to achieve

a resolution higher than λ/20 but is not suitable for sub-surface imaging as all of the

excitations and measurements typically must be conducted in the far field (at the surface

of a component).

Another successful super resolution method, the qualitative inverse scattering method,

which was developed recently, is also a post-processing technique which can be used

for ultrasonic phased array imaging [39]. The approach is a non-iterative method for

obstacle reconstruction with the knowledge of the measured data of the far/near scattered

field. The qualitative method does not resort to the weak scattering approximation (i.e.

Born approximation) and considers the effect of multiple scattering [39,53]. Besides, this

method is established to reconstruct the shape of the inhomogeneities inside the material
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Figure 2.9: Simple case of two scatterers to show the scattered fields with or without multiple
scattering. (a) Path of scattering field under Born approximation; there is no interactions between
the scattered fields and the targets, (b) Path of scattering field considering multiple scattering;
there are interactions between the scattered fields and the targets.

rather than the quantitative values of the object function.

The recent development in the qualitative method has led to the establishment of the

Linear Sampling Method (LSM) by Colton [57] and Factorization Method (FM) by

Kirsch [37]. The Factorization Method is a recent algorithm for the reconstruction of

a scatterer [58–60] and is developed as an alternative to the Linear Sampling Method.

Since being established, the FM has attracted much research consideration and has already

been successfully applied to different inverse scattering problems [61–63]. Recently, the

application of the FM in ultrasonic testing to achieve super resolution imaging (i.e. bey-

ond the Rayleigh limit) has become a focus. For example, Simonetti [40] has proved that

the Linear Sampling Method (LSM) and FM can achieve a super resolution imaging and

the feasibility of the super resolution was validated through a limited view experiment

performed on a metallic plate. A similar result was obtained by Hutt [64] that the FM is

able to achieve a resolution better than the Rayleigh limit in the application of ultrasonic

phased array imaging.

2.7.1 Multiple scattering

As discussed in Section 2.6.1, under the Born approximation, the effects of multiple scat-

tering between features of the object are neglected. A simple example of the scattered

field under the Born approximation is shown in Fig. 2.9, in which there are two scatter-
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ers illuminated by an incident field. Under the Born approximation, the scattered field

generated by one scatterer will not interact with the other one. However, if the effects

of multiple scattering are considered, the interactions of the fields scattered by different

features will exist and contribute to the far-field measured, which has been proved to exist

in experiments in [65]. The effects of multiple scattering are shown schematically in Fig.

2.9(b).

The discussion of the effects of multiple scattering also starts from the expression of

scattering amplitude. If we replace the total field by the sum of incident field and scattered

field in Eq. (2.28), we can get

f(r̂, k; r̂0) =

∫
D

O(r′)(eikr̂0·r
′
+ us(r

′, k; r̂0))e−ikr̂·r′
dr′, (2.52)

Then, it can be further rearranged as

f(r̂, k; r̂0) = Ô(k(r̂ − r̂0)) +

∫
D

e−ikr̂·r′
O(r′)us(r

′, k; r̂0)dr′. (2.53)

The first term of the right hand side of Eq. (2.53) is the scattering amplitude under the

Born approximation, defined by Eq. (2.44). It can also be shown that the integration

term on the RHS also contains information about the scattering. However, in the current

form of Eq. (2.53), the significance of the integral term is not immediately apparent. In

order to develop the formalism, a transition amplitude is defined as:

K(αû, k; r̂0) =

∫
D

e−iαû·r′
O(r′)u(r′, k; r̂0)dr′, (2.54)

where α is an arbitrary constant and û is an arbitrary vector. It can be proved easily that

when αû = kr̂, K(αû, k; r̂0) = f(r̂, k; r̂0). For further derivation, it is also necessary to

introduce the eigenfunction expansion of the Green’s function [38]:

G(r, k; r′) = − 1

8π3

∞∫
−∞

eiαû(r − r′)
k2 − α2 + iξ

dα, (2.55)

where ξ is introduced to avoid singularity. Substituting Eq. (2.55) into Eq. (2.54), we
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can get

K(kr̂, k; r̂0) = Ô(k(r̂ − r̂0)) +
k2

8π3

∞∫
−∞

dα
Ô(kr̂ − αû)K(αû, k; r̂0)

k2 − α2 + iξ
, (2.56)

or equivalently,

f(r̂, k; r̂0) = Ô(k(r̂ − r̂0)) +
k2

8π3

∞∫
−∞

dα
Ô(kr̂ − αû)K(αû, k; r̂0)

k2 − α2 + iξ
. (2.57)

As has been mentioned before, the scattering amplitude consists of the scattering amp-

litude under the Born approximation and an integration term. The spatial frequency of

the first part of the right hand side of Eq. (2.57) is located inside the Ewald limit circle

while the the second part depends on the integration over the whole K space. Thus, the

spatial frequencies are higher than 2k, which means that the far field scattering amplitude

contains the information of geometric size less than λ/2. As a result, by considering the

effects of multiple scattering, it is possible to achieve super resolution [53].

2.7.2 Linear Sampling Method

The Linear Sampling Method (LSM) which is defined by Colton and Kirsch [57] is the

first non-iterative inverse scattering algorithm developed to reconstruct the support of the

scatterers. This method is able to reconstruct the support of the scatterer without using

any nonlinear optimisation method and prior knowledge of the geometry and physical

properties of the scatterer [57]. The LSM utilises the assumption that the scattered field

can only be generated at the boundary of the scatterer and cannot be produced for a

point outside the scatterer, as shown in Fig. 2.10.

To start the derivation of the LSM, we shall recall the definition of the far-field operator

F , which is defined as

(Fg)(r̂) =

∫
S2

f(r̂, k; r̂0)g(r̂0)ds(r̂0). (2.35 revisited)
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D
Figure 2.10: The LSM and the FM are based on the fact that the scattered field can only be
generated at the boundary of the scatterer but cannot have originated at any point outside the
scatterer.

Then, the LSM considers the far-field equation defined as

Fgz = Φ∞(r̂, k; z), (2.58)

where z ∈ Ω is a sampling point and Φ∞(r̂, k; z) = e−ikr̂·z is known as the steering

function. It has been proven (see [66]) that

z ∈ D ⇐⇒ Φ∞(·, k; z) ∈ R(F ), (2.59)

where R(F ) denotes the range of the operator F . With these premises, according to [46],

the theorem that is usually given to describe the approximate solution of the Eq. (2.58)

is as follows.

• if z ∈ D, then for every ε > 0, there exists a solution gεz that

||Fgεz(·)− Φ∞(·, k; z)||L2(Ω) < ε; (2.60)

and

lim
z→∂D

||gεz||L2(Ω) = ∞, (2.61)

lim
z→∂D

||vgεz ||H1(D) = ∞, (2.62)
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where vgεz is the Herglotz wavefunction with density gεz.

• if z ∈ R
2\D̄, then for every ε > 0 and δ > 0, there exists a solution gεz that

||Fgε,δz (·)− Φ∞(·, k; z)||L2(Ω) < ε+ δ; (2.63)

and

lim
δ→0

||gε,δz ||L2(Ω) = ∞, (2.64)

lim
δ→0

||vgε,δz
||H1(D) = ∞, (2.65)

where vgε,δz
is the Herglotz wavefunction with density gε,δz .

After obtaining the above results, it is clear that the behaviour of the ||gz||L2(Ω) can be

used to reconstruct the support of the object D. The common method is to solve the

far-field equation Fgz = Φ∞(r̂, k; z) by applying a regularization technique at first, e.g.

Tikhonov-Morozov regularization [67], and then, using I(z) = 1/||gz||L2(Ω) as an indicator

function to reconstruct the support of the object D.

2.7.3 Factorization Method

The Linear Sampling Method offers a non-iterative method for fast and accurate recon-

struction of the shape of an obstacle. One significant challenge with the LSM is that

the regularized results of the far-field equation do not converge when the noise in the

data approaches zero. The motivation of the introduction of the Factorization Method by

Kirsch is to modify the far-field equation to avoid the convergence problem. According

to Eq. (2.37), a factorization of the Operator F can be derived in the form

F = H∗SH, (2.66)

where H : L2(S2) → L2(∂D) is the the Herglotz operator, H∗ : L2(∂D) → L2(S2) is the

radiation operator of H and S : L2(∂D) → L2(∂D) is the interaction operator. This
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factorization is the basis of the Factorization Method and is responsible for its name.

Based on this factorization, it has been proven in [66] that instead of interrogating the

range of F , a higher quality image can be formed by interrogating the range of H. In

particular, Kirsch [68] has demonstrated that the range of H coincides with the range of

(F ∗F )
1
4 . Therefore, the FM replaces the far-field operator F in the Eq. (2.58) by the

operator (F ∗F )
1
4 , and then, the far-field equation becomes

(F ∗F )
1
4 g = Φ∞. (2.67)

It can be shown that the Eq. (2.67) has a solution if and only if z ∈ D, see Kirsch et

al [37] for a detailed derivation. Further, z ∈ R
2 belongs to D if and only if

∞∑
i=1

1

|σi| |〈Φ∞(r̂, z), ϕi〉L2 |2 < ∞, (2.68)

where {σi, ϕi, ϕ̂i}∞1 is the singular system of F . Eq. (2.68) is also called the Picard’s

criterion. By utilizing the behaviour of the Picard’s criterion, an indicator function can

be yielded as

FM(z) =
1

∞∑
i=1

1

|σi| |〈Φ∞(r̂, z), ϕi〉L2 |2
. (2.69)

As a result, if a point z belongs to D, the value of Eq. (2.69) will be non-zero but will

be zero otherwise [37]. After applying the indicator function through the whole grid of

the target region, a scalar image can be reconstructed and the object is represented by

non-zero points.

In this thesis, the FM is implemented in the frequency domain, especially at the central

frequency of the ultrasound, and the spectral data F (w) of the far-field operator, which

is also called the multistatic response matrix, is used for the calculation of the FM. The

multistatic response matrix F (w) is actually built from the recorded FMC data using fast

Fourier transforms (FFTs) at the central frequency, w [66]. By assuming a linear array

containing N elements, the calculation process of the multistatic response matrix in this

thesis is as follows: Firstly, after the acquisition of the FMC data, an N × N matrix is
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provided, whose (m,n)th element is actually the recorded time-domain signal from mth

transmitter to nth receiver, where 1 � m � N and 1 � n � N ; then, the FFT of each

element in this N×N matrix is calculated; after that, the complex value of the FFT result

at the central frequency w of (m,n)th element is used as the (m,n)th entry of the F (w).

For other time domain implementations of the related sampling methods the reader is

referred to [60,69–71] for details.
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Chapter 3

Eliminating backwall effects for near

backwall defect imaging

3.1 Introduction

Having covered the underlying theory of ultrasonic array imaging, we are now focusing on

the practical application of using the ultrasonic array to assess the size and type of fatigue

cracks or stress corrosion cracks in this chapter. As mentioned in Chapter 1, these cracks

are commonly found near inaccessible interior surfaces, referred to here as ‘backwalls’,

and are of concern in safety-critical components under severe working environment (high

pressure or high temperature) or cyclic loading, for example nozzles, piping components

and vessel welds [72].

Usually when inspecting for near backwall defects, the array has to be placed on the

frontwall to conduct through-wall detection of the defect near the backwall. In these

cases, the presence of the backwall brings a strongly reflecting planar interface which

will introduce strong specular reflection into the captured FMC data. As a result, for

typical FMC data, the signal from the defect and the backwall reflection always overlap

in both time and frequency domain, thus, they are hard to separate via the existing

signal processing techniques, for example deconvolution techniques [73]. The presence of

the strong backwall reflection will introduce strong artefacts that makes imaging of the

defect difficult; these will be referred to as backwall effects throughout this thesis. As a
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result, the removal or elimination of the backwall effects is of great importance to improve

the sensitivity and effectiveness of ultrasonic array in imaging and characterising the near

backwall defects.

Recently, the use of ultrasonic arrays to evaluate near backwall defects has attracted a lot

of attention [28,31,55,74]. In response to the backwall effects problem, J. Zhang et al. [28]

have developed a method which separates the reference backwall reflection from non-

overlapping signals (see Fig. 3.3) and then propagates the reference backwall reflection to

create a backwall reflection for overlapping signals. After that, the extraction of the defect

signal can be achieved by a simple subtraction. The implementation of this method needs

a prior TFM image to achieve the knowledge of the defect location and backwall location,

and in order to minimise the error, the array should be aligned with the defect as much as

possible. These prerequisites may limit the application of this method in real applications.

E. Iakovleva et al. [74] also have developed the Echo Transformation Method (ETM) to

allow the prediction and filtering of the backwall effects in the TFM images. However,

this technique needs to analyse the propagation models of the longitudinal wave in order

to recognise and predict the performance of the backwall reflection in the transverse mode

TFM image, or the other way around. In some cases [31, 55] the removal of the specular

component is achieved by angling the incoming beam such that the specular reflection

does not return to the array. The issue is that this generally requires the use of wedges,

restricts the illumination angle and makes longer path lengths, increasing attenuation,

and therefore this approach is not pursued in this thesis.

In this chapter, new techniques which allow convenient elimination of backwall effects

are presented. Two imaging algorithms are used, the HSTFM and the FM, to image the

near backwall defects. A detailed introduction to the developed methods which eliminate

the backwall effects caused by the backwall reflection is provided in this chapter. In

this chapter, we also examine the effectiveness of the developed methods using simulation

data. Furthermore, the performance of the imaging algorithms together with the backwall

elimination methods are analysed through experiments.

The work in this chapter has been submitted to The Journal of the Acoustical Society of

America [P2].

59



3. Eliminating backwall effects for near backwall defect imaging

Figure 3.1: (a) Schematic showing the inspection of a component containing a surface-breaking
crack. (b) Schematic showing the difference in angle of view between two different imaging setups.
(c) Schematic showing the ray paths of different signal components when the defect is located
directly beneath the array; note that the red ray path represents the backwall reflection, the blue
ray path represents the ’half-skip’ reflection and the green ray path represents the tip diffraction.

3.2 Imaging setup

In this chapter, we focus on the problem of subsurface imaging of the near surface defects,

especially the surface-breaking cracks. Consider a sample which has two flat parallel

surfaces, a thickness of h and a surface-breaking crack located at the lower surface, as

shown in 3.1(a). An ultrasonic array is attached to the remote side to perform the

subsurface imaging. The depth d of the crack is the vertical distance between the crack

tip and the backwall. The line joining the centre of the array to the point where the crack

connects to the backwall makes an angle of θtest with the vertical. Thus, the horizontal

distance between the point that the crack initiates at and the centre of the array can be

calculated by h× tan θtest.

In fact, the angle θtest not only determines the relative position between the crack and the

array, but also relates to the available viewing aperture or the angle of view. In Fig. 3.1(b),

we compare the angle of view difference between two different imaging configurations

based on the same array and the same component, one with the crack located directly

beneath the array (θtest = 0◦), another one with the crack located a distance from the array
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(usually, θtest = 30◦ or 45◦). It is obvious that the biggest angle of view can be achieved

when θtest = 0◦. In some papers, for example [31], the array was placed at a distance from

the crack (θtest = 45◦), so that the backwall reflection can be easily separated from the

defect signal. However, this method will not only result in a small viewing angle but also

the longer ray path and increasing attenuation. In the case of limited aperture, according

to the work done by T. D. Hutt, a small reduction in the angle of view will dramatically

degrade the images reconstructed by the FM and TFM [75]. As a result, in order to

achieve the biggest angle of view and improve the signal strength, the incident angle θtest

was set to be zero in this thesis.

Assuming a zero incident angle, since the planar backwall is a very strong reflector for

the ultrasound, a typical recorded signal during detection will contain three components:

the backwall reflection, the ‘half-skip’ reflection and the tip diffraction, as shown in Fig.

3.1(c). Among the three components, the ‘half-skip’ reflection and the tip diffraction will

be referred to as the defect signal in this thesis as they contain information about the

defect. The backwall reflection has a much stronger energy than the defect signal as the

backwall reflection is the direct specular reflection from the array to the backwall and

back to the array, yet provides no information about the defect.

3.3 Eliminating backwall effects

3.3.1 Signal overlap problem

In a typical FMC dataset acquired based on the imaging configuration shown in Fig.

3.1(c), the defect signal and the backwall reflection often overlap in both the time and

frequency domains. In order to visually study the overlap of the defect signal and the

backwall reflection, we perform a numerical simulation using a finite element model which

was created in Abaqus (Dassault Systemes Simulia Corp., Providence, RI) to approximate

simulated array data. For simplicity, a 2D FE model is used to analyse this problem under

the assumption that all the properties are uniform out of the plane. Here, as the shear

wave and the mode conversions between the longitudinal and shear wave always arrive

later than the longitudinal wave, and the derivation of the imaging algorithms are based
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Transceivers 

Backwall
Notch z

x

Incident P waveAbsorbing region

Figure 3.2: Snapshot of the FE model used for simulation in Abaqus (Dassault Systemes
Simulia Corp., Providence, RI). The length of the notch is 2λ, the thickness of the component is
20λ and the distance between two transceivers of the array is 0.5λ. Frequency is 2MHz, giving
a wavelength (λ) of 3mm.

on the acoustic waves which are a type of longitudinal wave, only a longitudinal wave

was excited and recorded for simplicity [76]. The material used for simulation is isotropic

steel with a density of 7700kg/m3, a Young’s modulus of 195GPa and a Poisson ratio of

0.28. The element used in this model is the linear 2D plane strain element. The phased

array has 64 elements and the wave generated by the array is a Hann windowed 5 cycle

tone burst with a central frequency 2MHz. Thus, the wavelength λ of the longitudinal

wave is about 3mm. To make this model more general, all of the geometric lengths are

defined relative to the wavelength. Here, the length of the notch is 2λ, the thickness

of the component is 20λ and the distance between two transceivers of the array is 0.5λ.

Absorbing layers [77] were attached to the model to absorb any wave entering them, acting

as ‘reflectionless boundaries’, to effectively model a small section of an infinite region. The

notch is simulated by disconnecting nodes along the interface of adjacent elements, thus

the width of the notch is zero. Fig. 3.2 shows a snapshot from the FE model used in

Abaqus.

From the simulated FMC data from this model, we observed that in the case of detecting

the near surface defect, it is easy for the backwall reflection and the defect signal to

overlap with each other, and the overlap phenomenon happens in both time and frequency

domains [28], as shown in Fig. 3.3. Additionally, from Fig. 3.3, we can also see that the
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Figure 3.3: The time traces of three different elements based on simulated FMC data; note
that the element 1 is used as the transmitter while all the elements used as receivers.

amplitude of the backwall reflection is always much stronger than the defect signal. These

problems make the extraction of the defect signal challenging.

The overlap phenomenon will also seriously affect the imaging result. Fig. 3.4 shows the

imaging results of HSTFM and FM based on the measured signal containing both the

backwall reflection and the defect signal. From Fig. 3.4, it is clear that in all of the three

images, the indication of the notch is masked by the strong indications of the backwall

and artefacts introduced by the backwall reflection.

Thus, in order to get strong and clear indication of the notch through these imaging

algorithms, the primary problem for imaging a near surface defect at θtest = 0◦ is how to

eliminate the effects introduced by the strong backwall reflection. In response, we have

developed several methods to eliminate the backwall effects and to ensure a clear and

strong indication of the notch, these methods will be described in detail below.

3.3.2 Backwall subtraction method

One possible way of the extracting the scattered field is by measuring the total field of

a defect-free copy of the component which contains the defect; this method is referred

63



3. Eliminating backwall effects for near backwall defect imaging

0-50 50

0

-70

-60

-50

-40

-30

-20

-10

Z(
m
m
)

X(mm)

HSTFM

4λ

(a)

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0-50 50

0

-70

-60

-50

-40

-30

-20

-10

Z(
m
m
)

X(mm)

HSTFM

4λ

(a)

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0-50 50

0

-70

-60

-50

-40

-30

-20

-10

Z(
m
m
)

X(mm)

FM

4λ

(b)

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0-50 50

0

-70

-60

-50

-40

-30

-20

-10

Z(
m
m
)

X(mm)

FM

4λ

(b)

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Figure 3.4: Results from setup shown in Fig. 3.2. (a) HSTFM and (b) FM images based on
the overall signal. The red ’X’ symbols at the top of the images represent the location of the
transceivers and the amplitude is normalized to the maximum value in each image. The results
here are from simulated data.

to as baseline subtraction in this thesis. The baseline subtraction is easy to be realized

with numerical simulations, however, this method is not practical in real inspection as

it is not possible to achieve a defect-free copy of the component. Another commonly

used method is gating, that is to calculate the arrival time of the backwall reflection and

set the corresponding sections of the measured signals to zero at these locations. Due

to the complexity of the elasticity and the geometry, the arrival time is actually hard

to accurately calculate in practical applications and an accurate calculation still needs

a defect-free component to calibrate. The main disadvantage of a simple gating is that

scattered signals which overlap with the backwall reflection will be lost. In the subsurface

imaging of the surface-breaking cracks, the amplitude of the backwall reflection is much

larger than the scattered signal and the signals commonly overlap with each other, as

shown in Fig. 3.3. As many imaging algorithms (e.g. FM) are sensitive to the entirety

of the scattered field, the loss of the information will strongly influence the image result

and will typically introduce artefacts or shadows. Thus, gating is not the best solution

for the removal of backwall reflection here.

We assume that the array used for detection has N element, thus, the acquired FMC data

shall contain N ×N time traces. The elements of this linear array are numbered from 1

to N . We denote the measured data with the ith element used as transmitter and the jth

element used as receiver by I(i, j), where i = 1 · · ·N and j = 1 · · ·N . We can arrange the

measured data into N different series based on |i− j|, i.e. the absolute difference between
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the sender and receiver element number. Each series{k} contains N − k time traces:

series{k} = {I(l, l + k), 1 ≤ l ≤ N − k}
∪ {I(l + k, l), 1 ≤ l ≤ N − k}, (3.1)

where k = 0 · · ·N − 1. By assuming that the upper and lower surfaces of the component

are flat and parallel and the material is homogeneous, for the transmitter and receiver

pairs with the same |i− j| (element i used as transmitter and element j used as receiver),

the ray paths of the backwall reflection will be the same while the ray paths of the scattered

signal will be different(Fig. 3.5a). In other words, for element pairs of the same lateral

separation, the length of ray paths of backwall reflections are identical for the case of two

planar surfaces. That means these signals will have the same arrival time and amplitude

of the backwall reflection but different arrival time and amplitude of the defect signal

(Fig. 3.5b).

As the backwall reflection behaves in a well-defined manner, but the defect signal is much

less correlated (Fig. 3.5b), the scattered signal can be regarded as the incoherent noise

to the backwall reflection for this series of data. As a result, the backwall reflection B(k)

for series{k} can be estimated:

B(k) =
1

2(N − k)

N−k∑
i=1

(I(i, i+ k) + I(i+ k, i)), (3.2)

where i = 1 · · ·N and k = 0 · · ·N − 1, i.e. by averaging the matched signals together

to minimise the scattered components present. In this thesis, if not otherwise specified,

the summation and averaging in Eq. (3.2) is implemented over the full time duration.

Having obtained the backwall reflection of each series of data, the scattered signal can be

extracted by subtracting this estimated backwall reflection from the total field.

S(i, j) = I(i, j)− B(|i− j|), (3.3)

where i = 1 · · ·N and j = 1 · · ·N . This method for removing the backwall reflection works

for the components with flat, parallel surfaces, and homogeneous material. In theory it
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Figure 3.5: (a) Schematic showing the components of a received signal; (b) The time traces
of different transmitter-receiver pairs with same |i − j| based on simulated array data for the
configuration in Fig. 3.1 when h=60mm, d=6mm and θtest = 0◦.

may be possible to achieve the same approach with more complex geometries, provided

enough averages of each distinct backwall component can be obtained. In practice it is

likely that the case considered here is the only one where this is possible. This method

is called the FMC subtraction in this thesis. One problem for this method is that with

the bigger k, the series{k} will have fewer time traces, which will influence the averaging

in Eq. (3.2). This will result in an inaccurate estimation of the backwall reflection, so

some residue of the backwall reflection will remain in S(i, j) after subtraction. Actually,

for real inspections, even using baseline subtraction to remove the backwall reflection will

introduce some residue as a small difference in phase and amplitude will always exist

between the measured data.
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Figure 3.6: Results from setup shown in Fig. 3.2. (a) HSTFM and (b) FM images, all based
on the original signal. (c) HSTFM and (d) FM images, all based on the signal after FMC
subtraction. The images are normalized to the maximum value in each image. Note that the red
dotted lines in the images are used to represent the location of backwall. The results here are
from simulated data.

Fig. 3.6 compares different imaging algorithms based on the signal before and after FMC

subtraction. Fig. 3.6 (a) and (b) are the HSTFM and FM results based on the original

FMC data. In all of these images, it is clear that the strong indication introduced by the

backwall totally masks the indication of the notch. Fig. 3.6 (c) and(d) are the HSTFM

and FM results based on the FMC data after the FMC subtraction. Obviously, by using

the FMC subtraction, there are significant improvements in the imaging results. For the

HSTFM, the FMC subtraction shows excellent performance as the imaging results after

FMC subtraction have very strong and clear indications of the notch and the residue

backwall reflections only introduce some uniform background noise which can be simply
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3. Eliminating backwall effects for near backwall defect imaging

eliminated through a filter. For the FM, the FMC subtraction also helps to achieve a

sharp and strong indication of the notch (see Fig. 3.6(d)), which means the majority

of the backwall reflection has been removed. However, as the FM imaging algorithm

is more sensitive to noise than the HSTFM [75], the residual backwall reflection brings

more obvious artefacts to the FM image compared to the HSTFM. These artefacts are

the ‘side bars’ near the strong indication of the notch in Fig. 3.6(d), which may raise

the risk of falsely judging the type of the defect. Note that since FMC subtraction is a

preprocessing method which operates on the data itself, rather than being incorporated

into the algorithm, this method is theoretically suitable for any imaging algorithm which

utilises the scattered signal to reconstruct the defect.

3.3.3 Weighting function method for HSTFM

Apart for the FMC subtraction, a specific method for the HSTFM has also been developed.

This method is called the weighting function in this thesis. The weighting function method

is inspired by the work done by P. Huthwaite in [78], where it is shown that the subtraction

of the incident wave is unnecessary when imaging using Diffraction Tomography (DT) as

the effects introduced by the incident wave will vanish automatically in the DT algorithm.

Also, in [79], F. Simonetti et al. have found that there is a linear mapping between

Beamforming (BF) and DT. As TFM or HSTFM is actually a BF algorithm, the results

in [78] can be directly applied to HSTFM.

Since HSTFM only considers the ‘half-skip’ ray paths which are reflected on the backwall

once, either before or after interacting with the defect, an equivalent ray path of the ‘half-

skip’ ray path can be derived as in Fig. 2.8(c). Specifically, the equivalent ray paths of the

backwall reflection and the ‘half-skip’ reflection considered in the HSTFM are shown in

Fig. 3.7(a) and (b). We neglect the tip diffraction here as the energy of the tip diffraction

is too weak compared to the ‘half-skip’ reflection and backwall reflection. If we define Δθ

as the angle between the incident direction and the receiving direction in the equivalent

model, then all the equivalent ray paths of the backwall reflections will have the same

angle Δθ = 0◦, see Fig. 3.7(a). At the same time, from the Fig. 3.7(b), the Δθ will vary

from point to point when considering the ‘half-skip’ reflection and in this case, Δθ can
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never be 0◦ or 180◦.

Based on this phenomenon, a weighting function, which can be used as a filter to eliminate

the backwall effects, has been introduced as:

f(xr, z;xt) = |sin(Δθ)| (3.4)

where xt is the location of the transmitter, xr is the location of the receiver and Δθ is

the angle between the forward direction from the real array and the backward direction

to the mirrored array, as shown in Fig. 3.7(a) and (b). It is obvious that the value of

this weighting function will tend to 0 if Δθ is close to 0◦ or 180◦. Then, this weighting

function is integrated in Eq. (2.51) as:

IHSTFM(z) =

∫
Γi

∫
Γi

f(xr, z;xt)U
S(xr,

|xt − z|+ |xr − zm|
c0

;xt)ds(xr)ds(xt)

=
N∑

t,r=1

f(xr, z;xt)U
S(xr,

|xt − z|+ |xr − zm|
c0

;xt),

(3.5)

where Γi is the surface where the array located, xt ∈ Γi is the location of the transmitter,

xr ∈ Γi is the location of the receiver and US(xr, t;xt) denotes the time domain scattered

data from a transmitter located at xt to a receiver located at xr. Fig. 3.8(a) and Fig.

3.8(b) are the HSTFM images based on the original FMC data without and with the

weighting function, respectively.

From Fig. 3.8, it is obvious that by using the conventional HSTFM together with the

weighting function, the effects introduced by the backwall reflection vanish automatically,

which means the weighting function shows an excellent ability to eliminate the backwall

effects. As a result, a good indication of the notch can be imaged without the backwall

subtraction when using the HSTFM with the weighting function. Using the weighting

function to eliminate the backwall effects will be called the ‘weighting function method’

through out this thesis.

69



3. Eliminating backwall effects for near backwall defect imaging

Array

Array

Mirrored Array

Array

Array

Mirrored Array

=0°

(a)

(b)

h

h

h

h

h

h

Z
X

Z
X

>0° >0°

=0°

Figure 3.7: (a) Equivalent ray path of the backwall reflection considered in the HSTFM, (b)
Equivalent ray path of the ’half-skip’ reflection considered in the HSTFM.
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Figure 3.8: Results from setup shown in Fig. 3.2. (a) Conventional HSTFM image based on
the overall signal, (b) Conventional HSTFM with the weighting function image based on the
overall signal. The images were normalized to the maximum value in each image. The results
here were from simulated data.

3.3.4 Truncation method for FM

If we observe the indicator function of the FM algorithm (Eq. (2.69)), it can be found that

the calculation of the FM image heavily depends on the singular values and the corres-

ponding eigenvectors of the far-field operator. It has been proved that the singular values

and the relevant eigenvectors of the far-field operator are linked to the scatterers [80], that

means by using different singular values, the FM is able to reconstruct different scatterers.

Based on this theory, an imaging experiment has been conducted using different numbers

of singular values for the calculation. In these cases, a threshold criterion can be used to

determine how many singular values will be used for imaging.

As shown in Fig. 3.9, 10% of the maximum means that the calculation of the FM algorithm

will only use the singular values whose amplitudes are bigger than 10% of the maximum

value at each frequency. Three threshold values have been set, 80%, 10% and 1%, and

the imaging results of the FM algorithm based on these 3 criteria are shown in Fig 3.10.
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Figure 3.9: Singular values spectrum for the simulated FMC data at 2MHz.
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Figure 3.10: Results from setup shown in Fig. 3.2. (a) FM image using the 80% criterion,
(b) FM image using the 10% criterion, (c) FM image using the 1% criterion. The images were
normalized to the maximum value in each image. The results here are from simulated data.
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From Fig. 3.10(a), it is clear that the image only contains a strong indication of the notch,

and there are no artefacts introduced by the backwall reflection near the indication of the

notch. By using more singular values (10% of maximum), the backwall effects start to

dominate the behaviour of the image, see Fig. 3.10(b). If most of the singular values

are used (1% of maximum), the indication of the notch is totally masked by the backwall

effects, see Fig. 3.10(c). From these images, it indicates that the most significant singular

values (80% of the maximum) are linked to the notch and the information brought by

the backwall reflections are encoded in the smaller singular values. Here, based on the

imaging results, a criterion of 80% of the maximum value at each frequency was found

to be a good threshold for the FM algorithm to eliminate the backwall effects, indicating

that the backwall reflection is not included in the FM image when the small singular

values are truncated. As this method contains a truncation of the small singular values,

this method is called the ‘truncation method’ throughout this thesis. Note that the

threshold criterion depends on the type of defect and the structure of the component, so

the threshold criterion should be tuned for different inspection scenarios.

One problem of this method is that it ignores the small singular values, thus, it leads to the

loss of information. In the case of limited-view imaging, a common way to compensate for

the loss of information is to increase the available aperture [81]. In [75], with the purpose

of achieving a more detailed image in the case of limited-view, T. D. Hutt has developed a

method which utilises the backwall to provide additional views. This method essentially

increases the available aperture for a specific array, however, this method is not able to

provide good results if the defect is located close to the backwall. Inspired by this, a new

method has been developed to increase the available aperture in the case of imaging the

near backwall defects, especially the surface-breaking cracks. Based on the derivations of

the HSTFM and the weighting function for the HSTFM, it is obvious that the two models

in Fig. 3.11 are related.

Here, for the model shown in Fig. 3.11(a), we define the tip diffraction as u∞
t , the ‘half-

skip’ reflection as u∞
h and the overall defect signal as u∞, while for the model shown in

Fig. 3.11(b), we define the forward scattering from array1 to array2 as u∞
12, the forward

scattering from array2 to array1 as u∞
21, the backward scattering from array1 back to

array1 as u∞
11 and the backward scattering from array2 back to array2 as u∞

22 . The ray
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Figure 3.11: Two related models: (a) The configuration of imaging the near surface notch using
an array placed on the remote surface, (b) The related two array configuration with the notch
located in the middle of the material. The depth of the notch in (b) is twice the depth of the
notch in (a).

path of the tip diffraction based on the model shown in Fig. 3.11(a) is actually equivalent

to the ray path of the backward scattering from array1 back to array1 based on the

model shown in Fig. 3.11(b), similarly, the ray path of the ‘half-skip’ reflection based

on the model shown in Fig. 3.11(a) is actually equivalent to the ray path of the forward

scattering from array1 to array2 based on the model shown in Fig. 3.11(b). Because of

the symmetry of the model shown in Fig. 3.11(b) and the principle of reciprocity, it is

clear that u∞
11 = u∞

22 and u∞
12 = u∞

21. Based on all these facts, we have

u∞ = u∞
t + u∞

h , (3.6)

u∞
t = u∞

11 = u∞
22, (3.7)

u∞
h = u∞

12 = u∞
21. (3.8)

As the energy of the ‘half-skip’ reflection and the energy of the specular reflection are
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much larger than the energy of the tip diffraction, it is clear that

u∞
h � u∞

t , u∞
t ≈ 0, (3.9)

u∞
12 � u∞

11, u∞
11 ≈ 0. (3.10)

Then, Eq. (3.6) becomes

u∞ ≈ u∞
12, u∞

12 = u∞
21 = u∞

h . (3.11)

Thus, the full data-set u∞
full which can be recorded based on the model shown in Fig.

3.11(b) becomes

u∞
full =

⎛
⎝u∞

11 u∞
12

u∞
21 u∞

22

⎞
⎠

≈
⎛
⎝ 0 u∞

u∞ 0

⎞
⎠ (3.12)

Through Eq. (3.12), we can reconstruct the full data-set u∞
full based on the model shown

in Fig. 3.11(b) through the defect signal recorded in the model shown in Fig. 3.11(a). As

a result, the available imaging aperture is essentially increased by using the reconstruc-

ted u∞
full and the relevant imaging configuration (Fig. 3.11(b)) for the FM algorithm.

This method is called the mirror enhancement throughout this thesis and is used to com-

pensate for some of the lost information when the truncation method is used with the FM

algorithm to eliminate the backwall effects for near backwall defects. T. Hutt et al. [75,81]

have developed a method that uses a modified Green’s function in the calculation of the

FM image to utilise the effect of mirror, however, their method has shown a poor per-

formance for near backwall defects. The effect of the mirror enhancement is shown in Fig.

3.12.

From Fig. 3.12, it is clear that by using the FM algorithm together with the truncation

method and the mirror enhancement, the majority of the backwall effects can be removed

without causing an obvious image degradation. By comparing Fig. 3.12(a) and (b),

it is obvious that the implementation of mirror enhancement can help to reduce the
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Figure 3.12: Results from setup shown in Fig. 3.2. (a) FM image using the the truncation
method to eliminate the backwall effects, (b) FM image using the the truncation method to
eliminate the backwall effects and the mirror enhancement to improve the image quality. The
images were normalized to the maximum value in each image. The results here were from
simulated data.

background noise to improve the image quality.

3.4 Experimental validation

For experimental validation, an array with the parameters shown in Table 3.1 was used

for the experimental measurements. This array probe was manufactured by IMASONIC

(Haute − Saône, France). The sample used for the experimental measurements was a

Table 3.1: Specification of the array transducer used in experimental measurements.

Element number Central frequency
(MHz)

Bandwidth
(-6dB; MHz)

Element width
(mm)

Element pitch
(mm)

Aperture size
(mm)

48 2.5 1.66 to 3.22 1.0 1.2 57.4

block of 180 × 450 × 40mm, 304 stainless steel. This sample contains a surface-breaking

crack with a size (depth × length) of 5× 20.4 mm and an average opening of 73.0μm, see

Fig. 3.13. The crack was produced by using controlled thermal fatigue loading [82]. The

depth of the crack is estimated empirically, by destructively analysing previous samples

made under the same loading conditions, while the length and opening are measured
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Figure 3.13: (a) The picture of the sample and the crack opening. (b) Schematic showing the
experimental setup.

from the micrograph [83]. The surfaces of this sample are flat and smooth. The flawed

sample was produced and measured by Trueflaw Ltd. The longitudinal wave speed in

304 stainless steel is 5920m/s, thus, the depth of the crack is about 2λ for the centre

frequency of the 2.5MHz probe. The FMC data were collected from this sample using the

2.5MHz probe, with the same array configuration of θtest = 0 (Fig. 3.1(a)).

After the acquisition of the FMC data, the two imaging algorithms, i.e. the HSTFM and

the FM, together with the relevant methods developed to eliminate the backwall effects,

were applied to the same FMC data, and all the imaging results are shown in Fig. 3.14.

These image results based on the experimental data show a good consistency with those

obtained from simulated data.

All the images in Fig. 3.14 show a very good indication of the surface-breaking crack,
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Figure 3.14: (a) HSTFM and (b) FM images based on the FMC data after FMC subtraction,
(c) HSTFM with the weighting function image based on the original FMC data, (d) FM with
the truncation method and the mirror enhancement image based on the original FMC data.
The images are normalized to the maximum value in each image. The results here are from
experimental data.
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indicating that the methods developed in this chapter, i.e. the FMC subtraction, the

weighting function for the HSTFM, and the truncation method for the FM, can success-

fully eliminate the backwall effects while imaging the near backwall defects, although it

is recognised that this is an idealised lab-based setup. The difference between the FMC

subtraction and the weighting function method (or the truncation method) is that the

FMC subtraction attempts to remove the backwall reflection in the FMC data while the

weighting function method (or the truncation method) attempts to directly remove the

backwall effects in the imaging process. From the imaging results, it is clear that the

images processed by the direct methods (the weighting function method and the trunca-

tion method) show a better image quality and contain fewer artefacts than the images

processed by the FMC subtraction, see Fig. 3.14(a) vs Fig. 3.14(c) (or Fig. 3.14(b) vs

Fig. 3.14(d)). This is because the FMC subtraction will leave a residual backwall reflec-

tion in the FMC data after subtraction. The advantage of the FMC subtraction is that

this method is very easy to implement as no prior knowledge is needed and it is there-

fore suitable for any imaging algorithm which utilises the scattered signal to reconstruct

the defect. Unlike the FMC subtraction, the weighting function method is developed

specifically for HSTFM while the truncation method for the FM requires tuning of the

threshold criterion for different imaging configurations. The best result in these images

is Fig. 3.14(c), as it contains fewer artefacts compared to the other images and has an

accurate reconstruction of the crack. The imaging results also indicate that the two ima-

ging algorithms, i.e. the HSTFM and the FM, have the potential to reconstruct small

near backwall defects if the backwall effects can be removed. In [31], Felice et al. has

achieved a clear image of a 1.5λ surface-breaking EDM notch by using HSTFM with an

offset array (θtest = 45◦), however, this method will introduce strong artefacts under the

location of the array, which may mask the presence of other defects.

3.5 Conclusions

In this chapter, new techniques to image near-surface defects and to eliminate the back-

wall effects were presented. This involves both the imaging algorithms themselves and

pre-processing methods to eliminate the backwall effects. Two imaging algorithms, the
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HSTFM and the FM, were chosen in this chapter to solve the problem of imaging the near

backwall defects. However, the two imaging algorithms failed to image the near backwall

defects when applied to the original FMC data which contains the backwall reflection,

because the strong backwall reflection will introduce strong artefacts to the images. In

response to this problem, three methods were developed in this chapter to eliminate the

backwall effects and to ensure a good image quality of the defect. FMC subtraction

attempts to reconstruct the pure backwall reflection based on the original FMC data

and the defect signal can be simply extracted by subtraction. The implementation of

this method needs no prior knowledge of the component geometry and this method is

theoretically suitable for any imaging algorithms, although it does require the backwall

to be parallel to the array. This method will leave some residual backwall reflection in

the data, but this is not entirely problematic as the majority of the backwall reflection

will be removed. The second method, the weighting function method, is based on the

angle difference between the backwall reflection and the defect signal considered in the

HSTFM. The weighting function method is developed specifically for HSTFM and can

directly filter the artefacts introduced by the backwall reflection in the HSTFM image.

The third method, the truncation method, attempts to control the behaviour of the image

by selecting the singular values used for the FM algorithm. The implementation of this

method needs to tune the threshold criterion at first. The threshold criterion is used to

determine which singular values should be used for calculation and this criterion depends

on the geometry of the component and the type of defect expected. The truncation of

the singular values will cause a loss of information which may degrade the image quality.

To compensate for the loss of information caused by the truncation method, a method

called the mirror enhancement has been developed to increase the available aperture when

imaging the near backwall defects.

These imaging algorithms together with the relevant methods to eliminate the backwall

effects are tested with simulated and experimental data, and their performance is assessed

through the imaging results. Based on the imaging results, it can be concluded that all

the methods developed in this chapter have shown effectiveness to eliminate the backwall

effects and are simple in their implementation at the same time. All the imaging results

have shown a significant reduction in artefacts when the described methods were applied.
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3. Eliminating backwall effects for near backwall defect imaging

The results also indicate that the imaging algorithms, i.e. the HSTFM and the FM, are

able to image the near backwall defects if the backwall effects are eliminated.
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Chapter 4

Accurate depth measurement of

surface-breaking notches using the

Factorization Method

4.1 Introduction

Having developed several backwall eliminating methods in Chapter 3, this chapter studies

the practical application of characterising surface-breaking notches.

Among established NDE techniques, there are only two practical modalities for this chal-

lenge in subsurface NDE inspections, ultrasound and radiography [84]. Radiography is a

NDE technique based on measuring x-ray radiation having been transmitted through a

component, effectively recording the cumulative attenuation experienced along each ray

path. This can provide an indication of any subsurface defects. Because of the principle

of this technique, any defect must be well aligned with the ray paths for maximum de-

tectability, thus a thin crack with unfavourable orientation will be hard to detect through

radiography [85]. Another big issue of radiography is the use of ionising radiation, which is

harmful to humans in even small doses. For the purposes of safety, a large exclusion zone

must be cordoned off around the inspection location to prevent any significant human

exposure [1], which makes the approach highly impractical in many practical scenarios.

Compared to radiography, ultrasonic testing is more suitable for routine detection of
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near backwall surface-breaking notches as it is safer and much easier to implement [86].

One direct idea of sizing the surface-breaking notch directly from ultrasonic signals is

to measure the flight time of the diffracted echoes and calculate the notch depth with

the knowledge of the geometry of the component, which has led to the development of

the Impulse-Echo-Technique (IET) [87] and the Time of Flight Diffraction Technique

(TOFD) [32,88]. Shiuh-Chuan Her et al. [89,90] applied the IET to conduct the through-

wall detection of the surface-breaking notches, while Baby et al. [33] evaluated the depth

of the surface-breaking notch on the far surface using the TOFD. The results of their

work showed that these methods can achieve a good accuracy for a notch larger than

one wavelength but have a poor performance for the notches smaller than one wavelength

[33,89].

Driven by the need of more sensitive and reliable inspections, the use of ultrasonic arrays

as an alternative for the reliable sizing of the near backwall surface-breaking notches has

attracted a lot of attention [28,31,55]. As has been mentioned in Chapter 1, the commonly

used imaging algorithm (TFM) is not effective enough for near backwall defects where

there is additional complexity from the wave reflecting from the backwall. In [31,55], Felice

et al. used the Half-Skip Total Focusing Method (HSTFM) to measure the depth of the

surface-breaking notch which is near the backwall. The results showed that the HSTFM

has the ability to size a 1.5 wavelength surface-breaking notch that is impossible to be

measured through the conventional TFM, however, the HSTFM still had a poor accuracy

for the notches smaller than 1.5 wavelength [31]. Also, as mentioned in Chapter 2, the

HSTFM is based on the weak scattering approximation (i.e. the Born approximation) and

has a resolution limit of 0.5 wavelength, which will limit the application of these methods

in high resolution imaging [39].

As an alternative approach, J. Zhang et al. [28] used a scattering matrix based ap-

proach, which compares an experimentally acquired scattering matrix to a database of

pre-calculated scattering matrices to characterize the defect. This method has achieved

a good accuracy based on the experiment array data, however, for this method, even

for a limited type of defect, a large number of scattering matrices have to be calculated.

To ensure the accuracy of sizing, the implementation of this method needs a prior TFM

image to achieve the knowledge of the defect location and backwall location, and in order
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to minimise the error, the array should be aligned with the defect as much as possible.

These prerequisites may limit the application of this method in real applications.

In this chapter, the ability of the FM to image and size the surface-breaking notches is

explored. As has been shown in Chapter 3, when a zero incident angle is chosen (Fig.

3.1(c)) and FM is used to image the near backwall defects, it will be impossible to have

a clear reconstruction if the backwall effects are present. In response to this problem,

some backwall eliminating methods for FM have been developed in Chapter 3. Thus, the

remainder of this chapter is organised as, follows with the motivation to practically apply

the FM to the detection of near backwall defects. Firstly, a detailed introduction about

the FE models that will be used to provide array data is provided. Then, the imaging

results of the TFM and the FM based on the pure defect signal are shown and compared.

Based on this, the effectiveness of the FM is discussed and the sizing method of the FM

is described. More importantly, the effectivenesses of the FM with the relevant backwall

eliminating methods on the FMC data which contains both backwall reflection and defect

signal are examined. The experimental validations of the FM with the relevant backwall

eliminating methods and the sizing methods are also provided in this chapter. Although

relevant methods have also been developed for the HSTFM to eliminate the backwall

effects, the use of the HSTFM to image and size surface-braking notches has already been

studied in [31,55], thus, interested readers can refer to [31,55] for details.

The work in this chapter is published in IEEE Trans. Ultras. Ferr. Freq. Control 2018

[P1].

4.2 FE model description

In this chapter, Finite Element (FE) modelling has been used to compare the performances

of TFM and FM on imaging surface-breaking notches and to study the effects of the FMC

subtraction mentioned in the previous section.

Fig. 4.1 shows a schematic diagram of the FE model used to simulate the phased array

imaging of the surface-breaking notch. This model has been run using the commercial

FE package ABAQUS/Explict [91]. The input source was introduced by exciting a con-

centrated force with a time-varying amplitude on the source point. The input force signal
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was a 5-cycle tone burst with a centre frequency of 2MHz. We have defined 64 source

points distributed uniformly on the upper surface to represent a 64 element phased array.

Every source point was also set as a monitoring point as every element of a phased array

can be used as a transmitter and a receiver.

The material used for simulation was steel with a density of 7700kg/m3, a Young’s mod-

ulus of 195GPa and a Poisson ratio of 0.28. Thus, the wavelength λ of the longitudinal

wave was about 3mm. To simplify the problem, the material was isotropic throughout.

The sample had a thickness of h=60mm and a surface-breaking notch of θtilt = 0◦, while

the phased array was placed at θtest = 0◦ to ensure the largest angle of view. The 4

node bilinear plane strain quadrilateral elements with a length of 0.1mm were utilised in

this model. For simplification, only the longitudinal wave was excited and recorded at

monitoring points [76]. The shear waves and mode conversions between the longitudinal

and shear waves are not considered in this chapter, which is because these waves always

arrive later than the longitudinal waves used for imaging and the derivation of the FM is

based on the acoustic waves which are a type of longitudinal wave. Absorbing layers [77]

were attached to the model to absorb any wave entering them, acting as ‘reflectionless

boundaries’, to effectively model a small section of an infinite region.

In order to simulate the working process of phased array imaging, the 64 source elements

were fired successively while all the monitoring points were working simultaneously, which

was described as the FMC in the previous section. As the purpose of the simulation is

to compare the performance of the imaging algorithms and the backwall subtraction

methods, simulation results from different notch depths are necessary. As a result, 6

models with the same material and array parameters but different notch depths were

created and the notch depths were 0.5λ, 1λ, 2λ, 3λ, 4λ and 5λ, respectively.

4.3 FM vs TFM

In this section, the performances of TFM and FM were compared directly by using them to

image the same surface-breaking notches. For the comparison between the TFM and the

FM, the backwall reflections were subtracted by using the baseline subtraction technique

as this is easy to implement with numerical data, and will enable the backwall reflections
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Figure 4.1: Schematic of the FE model (not to scale).

to be removed clearly. In the following numerical examples, if not otherwise specified,

the TFM is performed in the time domain, i.e. using the full frequency spectrum of

the recorded signals, and the FM is performed using the central frequency component

of the recorded signal. In addition, for the standard FM, all of the singular values at

the central frequency are used to generate the FM images. Thus, TFM uses all the

available information in the signals while for FM, some part of the information contained

in the measured signals is discarded. It is still an open question exactly how much more

information there is in the full spectrum vs just at a single frequency.

The TFM algorithm and the FM algorithm were applied to the simulated FMC data and

the resulting images based on the data from the model with a notch depth of 4λ are

shown in Fig. 4.2(a) and Fig. 4.2(b), respectively. From Fig. 4.2(a), it is clear that the

conventional TFM successfully reconstructed the notch tip and the notch root to indicate

the presence of the notch. However, the intensity of the indication of the notch tip was

much smaller than the indication of the notch root as the energy of the tip diffraction is

weak. At the same time, the tip is not as obvious as the root and the intensity of the

artefacts in the image are comparable to the notch tip. As a result, if TFM is used in

the practical application of imaging surface-braking cracks, the tip indication may not be

distinguishable from the artefacts so the crack will be hard to size. From Fig. 4.2(b),

we can see that both the location and the shape of the notch has been reconstructed

correctly by FM. Because of the advantage in resolution, the image reconstructed by

FM is sharper and clearer than the image reconstructed by TFM; additionally, as FM

attempts to directly reconstruct the shape of the object, the defect in the resulting FM
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the amplitude is on dB scale, normalized to the maximum value in each image. The results here
were from simulated data.

image is easier to identify as a notch than the TFM image.

The principal objective of subsurface imaging is to have an accurate sizing of the surface-

breaking notch. As the indications of the notch are different between the TFM image

and the FM image, the sizing methods used for the FM image are quite different from

the TFM image. For FM, the sizing method is shown in Fig. 4.2(d). In this, the centre

of the notch in the horizontal direction, xc, is determined as the position where the pixel

has the maximum amplitude in the image, then the image value at x = xc is plotted

against vertical distance, z. After that, the z values of the two points on the plot whose

amplitude are equal to the sizing threshold are measured, where the sizing criterion is a
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Figure 4.3: Schematic of the wave undergoing the half-skip reflection, which causes mirror
effect in the FM images.

manually set number used for sizing, e.g. -6dB or -12dB from the peak, and finally, the

notch depth is equal to half of the difference of the two measured z values, due to the

mirroring effect. For the TFM image of the same notch, the image value at the same xc is

plotted, but the notch depth is determined by measuring the distance between the peak

of the root indication and the peak of the tip indication (Fig. 4.2(c)).

In the FM image, it can be noticed that half of the indication of the notch is just above the

location of the backwall and half of the indication is beneath the backwall, i.e. the imaging

algorithm reconstructed a mirrored notch in the image. That is because for a point P

along the notch above the backwall, there are different ray paths of the ultrasound from

the transmitter to the point P and back to the receiver. One travels directly from the

transmitter to P and back to the receiver, while another one is reflected in the backwall

at each interaction. There are also other ‘half skip’ paths which are reflected on the

backwall once, either before or after interacting with the defect. The length of the pre-

defect reflection half-skip path is that of a path from the mirrored array to the mirrored

point Pm beneath the backwall and then directly back to the real array, as shown in Fig.

4.3. It is noted that the same is true for a post-defect reflection by reciprocity. For the FM

imaging algorithm, when the position of the real array is used for imaging, the ultrasound

waves that underwent the direct ray path gave the intensity to the point P above the

backwall and the waves that underwent the half-skip reflection gave the intensity of the

point Pm beneath the backwall.

88



4. Accurate depth measurement of surface-breaking notches using the
Factorization Method

The noise was not considered in the previous comparison. From Eq. (2.69), we can notice

that FM uses all the singular values including those with very small amplitudes. Those

small singular values contain the information of the object and are crucial for achieving

super resolution, however, those singular values are easily lost or corrupted with the

presence of the noise. The TFM method is essentially a Beamforming algorithm which

mainly depends on the large singular values [75], which is why TFM is more noise robust

than FM.

Typically, the imaging algorithms will experience various levels of noise, and be used

with a variety of notch sizes. In order to compare the TFM algorithm and the FM

algorithm in a more direct way and explore the limitations of each imaging algorithm,

the two algorithms were applied to simulated data with different notch depths and noise

levels, as shown in Fig. 4.4. Various levels of additive white Gaussian noise were added

to the simulated signals. The noise was scaled relative to the root-mean-square (RMS)

magnitude of the simulated signal, for example, 20dB SNR corresponds to noise with a

RMS magnitude of 10% of the RMS magnitude of the simulated signal.

As TFM is noise robust, only two extreme noise levels (50dB and 5dB) are considered

here. For the TFM images, with the smaller notch depth, the indication of the notch tip

is closer to the indication of the notch root. As the energy of the tip diffraction is much

weaker than the energy reflected by the root corner, the indication of the notch tip is

much weaker than the root, which causes the tip to be masked by the root in the TFM

image of the 1λ deep notch. The smallest notch that TFM can successfully reconstruct

is about 2λ, which shows good consistency with other research focused on imaging small

notches [31]. The TFM algorithm shows excellent robustness to noise as the addition of

the noise does not affect the TFM images.

When the backwall reflection is removed clearly, the FM algorithm shows good robustness

to the reduction of the notch depth and the addition of the noise, but one trend is also very

clear: with an increase in noise, more artefacts are introduced around the reconstructed

notches in the images. As the indication of the notch shape is much more robust than the

artefacts introduced by the noise in the FM image, the judgement and sizing of the notch

would not be influenced by the addition of the noise when a pure scattered field is used

for imaging. FM has an advantage in imaging resolution [92] and it directly estimates
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the notch shape rather than estimating the indication of notch tip and root, thus, it can

reconstruct a small notch that cannot be successfully reconstructed by TFM, for example

a 1λ deep notch.

Fig. 4.5 shows the sizing results of the TFM and the FM methods with different notch

depths and noise levels. TFM shows a very accurate estimation of the notch depth with

an error smaller than 5%. TFM also shows excellent noise robustness as the sizing results

stay the same when the noise level varies. However, for TFM, notches which are smaller

than 2λ are neither detectable nor measurable. Fig. 4.5 shows the sizing results of the FM

under two different sizing criteria, -6dB and -12dB thresholds below the peak amplitude.

Using the different sizing criteria, the sizing results of the FM are also different. By using

the -6dB as the criterion – a common threshold used in industry, the notch depths were

undersized; while using the -12dB criterion, the FM is able to accurately size the notch

from 1λ and the sizing results show a good consistency to the sizing results of TFM.

For notches larger than 1λ, FM can provide accurate sizing even for a large noise level

(SNR = 5dB) with an error smaller than 7.5%. The noise level will affect the sizing

results of the FM algorithm, especially for the small notches, as the sizing error for the

1λ notch is 5% when SNR = 50dB but 20% when SNR = 5dB, however, for the notches

larger than 1λ, the influence of the noise level is negligible. Based on these results, it

is clear that using -12dB threshold is able to have an accurate sizing from standard FM

images. As further decreasing the sizing threshold will increase the risk of measuring

noise (e.g. -15dB), if not otherwise specified, -12dB is used as the sizing criterion for

the standard FM images. Also, these sizing results demonstrate that FM outperforms

HSTFM in imaging small surface-breaking notch, as HSTFM can only accurately image

and characterise notches that are bigger than 1.5λ [31]. It should be noted that the sizing

results here are based on the data from one noise realisation, different noise realisations

need to be investigated in the future to validate the sizing accuracy of the FM images.

4.3.1 The effect of the FMC subtraction

Here, the effects of two different methods to remove the backwall reflections to enhance

the reconstruction of near-backwall defects are compared. Among the two methods, one
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is baseline subtraction and the other one is the FMC subtraction, and the definition for

each of these can be found in previous sections. The removal of the backwall reflection

from measured data is based on the subtraction of a pure backwall reflection when the

notch is absent. For baseline subtraction, this backwall reflection is obtained through

measuring the data from a defect-free copy of the component under inspection, while

for FMC subtraction, the pure backwall reflection is estimated based on the FMC data

obtained through the component under inspection. The backwall reflection components

for the two cases, taken from a simulated example with a notch of depth 2λ, are plotted

in Fig. 4.6.

By observing the plots carefully, we can find that for the FMC subtraction method, the

reconstructed pure backwall reflections are quite close to the pure backwall reflection

obtained through the defect-free model, especially when the number difference between

the transmitter and receiver, i.e. |i − j|, is small. When |i − j| becomes larger, the

FMC subtraction starts to underestimate the amplitude of the pure backwall reflection

although the phases are correctly estimated. This is because the reconstruction of the

backwall reflection from the FMC data is based on the averaging of different time traces

with the same |i − j|, and for large |i − j| there are fewer time traces in the FMC data

compared to the small |i− j|. As an example, for |i− j| = 1, there are 126 time traces in
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Figure 4.6: Plots of the pure backwall reflections used in the baseline subtraction (blue) and
the FMC subtraction (red). Note that array element 1 is used as the transmitter while all the
elements used as receivers.

FMC data, i.e. I(1, 2), I(2, 1), · · · , I(63, 64), I(64, 63). However, for |i− j| = 63, there are

only two time traces contained in the FMC data: I(1, 64) and I(64, 1). As a result, with

large |i−j| , there are only a few time traces that can be used for averaging, meaning that

the backwall reflection estimate is likely to be of limited accuracy. For all of the estimated

backwall reflections obtained by the Eq. 3.2, the biggest error is 45% and the smallest

error is 1.8% when compared to the backwall reflection used in the baseline subtraction,

where the error refers to the difference in peak amplitude here.

Because of the presence of the errors, there are some residual components of backwall

reflection after FMC subtraction, which will influence the quality of the images generated.

As the error varies for different time traces and there are huge numbers of time traces

contained in the FMC data, it is hard to study the effects of the FMC subtraction directly.

A possible way is to compare the imaging results using different subtraction methods.

Fig. 4.7(a) is the TFM image of a 2λ notch without removing the backwall reflection.

This image contains a very strong indication of the backwall which masks the indication

of the notch root. As a result, it is hard to judge the type of defect, thus the sizing of

the notch will be impossible. Fig. 4.7(b) is the TFM image after the backwall reflection
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was removed by the baseline subtraction. This image shows a clear indication of the

notch root and the notch tip, and according to the previous section, will provide an

accurate estimation of the notch depth. Fig. 4.7(c) is the TFM image after the backwall

reflection was removed by the FMC subtraction. This image provides a good indication

of the notch root and notch tip and is quite close to Fig. 4.7(b). It indicates that the

FMC subtraction can remove the majority of the backwall reflection and the effect of this

method is roughly equal to the baseline subtraction for the TFM algorithm. Additionally,

FMC subtraction also showed good noise robustness for the TFM algorithm as the TFM

images were generated at a high noise level, i.e. SNR = 5dB. It should be noted that

FMC subtraction approach suppresses the backwall more effectively away from the defect

location, since the defect itself can introduce some coherent components which are not

removed by averaging.
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Figure 4.7: The TFM images of a 2λ notch when SNR = 5dB: (a) Without removing the
backwall reflection; (b) The backwall reflection was removed by baseline subtraction; (c) The
backwall reflection was removed by FMC subtraction. Note that the images were normalized to
the maximum value in each image. The results here were from simulated data.
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Fig. 4.8(a) and Fig. 4.8(b) are the FM images of a 2λ notch without removing the backwall

reflection at SNR = 50dB and SNR = 5dB, respectively. From these two images, we

can see that the strong indication introduced by the backwall reflection totally masked

the indication of the notch. Fig. 4.8(c) and Fig. 4.8(d) are the FM images of a 2λ notch

with baseline subtraction at SNR = 50dB and SNR = 5dB, respectively. It is clear that

the removal of the backwall reflection can significantly improve the quality of the FM

images, both in the defect judgement and notch sizing. Additionally, after the baseline

subtraction, the FM gave good noise robustness as when the noise level became larger,

the indication of the notch remained sharp and stable. Fig. 4.8(e) and Fig. 4.8(f) are

the FM images of a 2λ notch with FMC subtraction at SNR = 50dB and SNR = 5dB,

respectively.

These two images have a sharp indication of the notch which indicates that the FMC

subtraction has removed the majority of the backwall reflection. However, as the FM

algorithm is much more sensitive to noise than the TFM algorithm, the effect of the

residual backwall reflection after FMC subtraction becomes much more obvious. This

component introduced strong artefacts into the FM images, which are the strong side

bars near the indication of the notch. These artefacts raise the risk of falsely judging the

type of the defect. However, these two images also showed good robustness to the noise

as the indications of the notch remained stable and sharp even at a high noise level.

Except for the image quality, the effects of the FMC subtraction on the sizing accuracy

should also be studied, as one of the main objectives of imaging is to provide an accurate

sizing. Fig. 4.9 shows the sizing results of the TFM images and the FM images using

different methods to remove the backwall reflection. From these sizing results, we can see

that by using the FMC subtraction to remove the backwall reflection, the FM algorithm

is able to provide an accurate sizing for a notch whose depth is between 1λ to 3λ, which

means that the FMC subtraction only works for small notches. This is because the primary

assumption of the FMC subtraction is that the amplitude of the scattered signal is much

smaller than the backwall reflection, when the notch becomes larger, the assumption

become invalid. However, given that the goal is to improve imaging and sizing of the

smallest defects, this trend is not entirely problematic. For the sizing results of the TFM

images, it is clear that the effect of the FMC subtraction is roughly equal to the baseline
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Figure 4.8: The FM images of a 2λ notch: (a) Without removing the backwall reflection at
SNR = 50dB; (b) Without removing the backwall reflection at SNR = 5dB; (c) The backwall
reflection was removed by baseline subtraction at SNR = 50dB; (d) The backwall reflection was
removed by baseline subtraction at SNR = 5dB; (e) The backwall reflection was removed by
FMC subtraction at SNR = 50dB; (f) The backwall reflection was removed by FMC subtraction
at SNR = 5dB. Note that the images were normalized to the maximum value in each image.
The results here were from simulated data.
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Figure 4.9: The sizing results of the FM images and the TFM images using different methods
to remove the backwall reflection: (a) The sizing results when SNR=50dB; (b) The sizing results
when SNR=5dB.

subtraction as the sizing results based on these two methods are quite close to each other.

4.3.2 The effect of the truncation method

The truncation method, which has been introduced in Chapter 3, is also a method that

can eliminate the backwall effects for the FM. This is different from the FMC subtrac-

tion method which is implemented as a signal processing method to the acquired FMC

data, this method aims to eliminate the backwall effects during the imaging process by

controlling the singular values used for the calculation of the FM images. In order to

compensate for the loss of information when fewer singular values are used, the mirror

enhancement has been developed (see Chapter 3) to improve the image quality if the

truncation method is used. In this chapter, the truncation method is used together with

the mirror enhancement to eliminate the backwall effects without a dramatic degrada-

tion of the image quality. As the standard FM uses all the singular values for imaging,

if the truncation method and the mirror enhancement are used, FM would show differ-

ent characteristics compared to the standard FM combined with the previously discussed

subtraction methods (baseline subtraction or FMC subtraction). Fig. 4.10 shows the

imaging results when FM together with the truncation method and mirror enhancement

were applied to original simulated data with different notch depths and noise levels.
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Figure 4.10: The imaging results of the FM with various noise levels and notch depths based
on the original FMC data. The truncation method (80% threshold) together with the mirror
enhancement were used to eliminate the backwall effects. Note the images were normalized to
the maximum value in each image. The results here are from simulated data.

If we compare Fig. 4.4 and Fig. 4.10, it is clear that the employment of the truncation

method increases noise robustness of the FM. This is because the truncation method

forces the FM to use the information encoded into the larger singular values and the larger

singular values would not be significantly affected by the addition of noise when compared

to the smaller singular values [75]. Further, from these images, it is also clear that the FM

with the truncation method can provide good reconstructions (in both shape and depth)

for the notches larger than 1λ. The shape reconstruction of the 1λ notch in Fig. 4.10 is

less accurate than the shape reconstruction of the 1λ notch in Fig. 4.4. This is because

the truncation method abandons the small singular values which contain information

about the finer details of the scatterer and are crucial to achieve super resolution [75].

As has been mentioned before, the principal objective of notch imaging is to ensure an

accurate measurement of the notch depth. The application of the truncation method

will unavoidably influence the imaging result, making it different from the imaging result

generated by the standard FM. Thus, the sizing criterion for FM when the truncation

method is applied has to be tuned. The sizing results based on the truncated FM images

based on different sizing criterion are shown in Fig. 4.11.

In order to select a proper sizing criterion for the truncated FM images, three different
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Figure 4.11: The sizing results of the FM images when the truncation method is used to
eliminate the backwall effects: (a) The sizing results when SNR=50dB; (b) The sizing results
when SNR=5dB.

sizing criteria, i.e. -6dB, -12dB and -15dB, are used in Fig. 4.11. It is clear that by

using -6dB or -12dB, the notch depths are underestimated. By using -15dB as the sizing

criterion, sizing results are accurate for notches whose depths are not smaller than 1λ

with an error smaller than 8.75% under different noise levels. One can immediately see

from the sizing results that for the notches smaller than 1λ, all the sizing criteria failed

to provide acceptable depth estimations, this is because the FM is not able to accurately

reconstruct the shape of the notch when the small singular values are truncated. It is

obvious that the noise level can affect the sizing results, especially for the larger notches,

as the sizing error for the 4λ is 8.5% when SNR = 50dB but 3.75% when SNR = 5dB. In

this chapter, if not otherwise specified, -15dB is chosen as the sizing criterion for the FM

when the truncation method together with the mirror enhancement are used to eliminate

the backwall effects.

4.4 Experiment results

For the experimental validation, two arrays with centre frequencies of 1MHz and 5MHz

were used. These two array probes were manufactured by IMASONIC (Haute− Saône,

France), the details of the parameters are shown in Table 4.1. A mild steel sample with

a thickness of 38mm was used (ultrasonic longitudinal wave velocity=5960 m/s). This
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Table 4.1: Array parameters

Array parameter Probe 1 Probe 2
Element number 64 64
Element width (mm) 1.6 0.5
Element pitch (mm) 2.1 0.6
Centre frequency (MHz) 1 5
Bandwidth (-6dB; MHz) 0.756 to 1.33 3.37 to 6.64

sample contains an EDM notch whose depth is 11mm and width is 0.5mm. As a result,

for the 1MHz probe, the notch is 1.85λ and for the 5MHz probe, the notch is 9.23λ. The

FMC data were collected from this sample using two different probes listed in Table 1,

with the same array configuration of θtest = 0 (Fig. 3.1(a)).

Firstly, the performance of FM using FMC subtraction to remove the backwall effects

was experimentally validated. Thus, after the acquisition of the FMC data, the backwall

reflections were removed by FMC subtraction. For generating the experimental images,

TFM was performed in the time domain while FM was performed at the central frequency

of the array probe and used all the singular values at the central frequency to generate

images, which is in accordance with our numerical simulations. The central frequencies

and bandwidths of the two array probes used for experimental validation are listed in

Table 4.1. The TFM and FM imaging results at different frequencies are shown in Fig.

4.12. These image results based on the experimental data show a good consistency with

the imaging results based on the simulations.

Fig. 4.12(a) and Fig. 4.12(b) are the FM images of the 11mm EDM at different centre

frequencies. These two images give a very good indication of the EDM notch, however,

there are also some strong artefacts, i.e. the ‘side bars’ near the main indication, which

were consistent with our numerical examples (see Fig. 4.8(e) and Fig. 4.8(f)) and were

considered to have been introduced by using the FMC subtraction to remove the backwall

reflection. Fig. 4.12(c) and Fig. 4.12(d) are the TFM images based on the experiment

data acquired by two different array probes. It can be seen from Fig. 4.12(c) that the

amplitude of the artefacts introduced by the noise is comparable to the tip indication,

which makes the sizing of the notch difficult if the real location and shape of the defect

is unknown in advance.
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Figure 4.12: The imaging results of the TFM and the FM based on the experiment data ac-
quired by two different array probes: (a) FM image with a 1MHz centre frequency; (b) FM image
with a 5MHz centre frequency; (c) TFM image with a 1MHz centre frequency; (d) TFM image
with a 5MHz centre frequency. Note that the EDM notch is labelled in the images. The FMC
subtraction was used to remove backwall reflections The results here were from experimental
data.

Table 4.2: FM and TFM sizing results based on the FMC subtraction - the true notch size is
11mm

1MHz probe 5MHz probe
FM algorithm 13.7mm 36.4mm
TFM algorithm 10.0mm 9.7mm
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Figure 4.13: The imaging results of the FM based on the experimental data acquired by two
different array probes: (a) FM image with a 1MHz centre frequency; (b) FM image with a 5MHz
centre frequency. Note that the EDM notch is labelled in the images. The truncation method
together with the mirror enhancement were used to eliminate the backwall effects.

The sizing results from these images are shown in Table 4.2. We can see that the FM

algorithm gives us a good estimation of the notch depth at 1MHz but fails to provide

an accurate estimation at 5MHz, which is because for the 5MHz probe, the small notch

assumption of the FMC subtraction is not valid. These sizing results, based on the FM

images, shows a very good consistency with the simulation results. TFM provides us an

accurate estimation of the notch depth at both 1MHz and 5MHz. However, for the TFM

image with a centre frequency of 1MHz, to size the defects prior knowledge is needed

about the type of the defect, as the tip indication can easily be masked by the artefacts.

Additionally, FM overestimated the notch depth while TFM underestimated the notch

depth.

After that, the performance of FM with the backwall effects eliminated by the truncation

method together with the mirror enhancement was also experimentally validated. In this

case, the original FMC data was directly used for the calculations of the FM images.

These imaging results are shown in Fig. 4.13.

These two images also provide an acceptable reconstruction of the EDM notch and are

in consistent with the simulation results (Fig. 4.8). It can be seen that the background

noise in these experimental images is much stronger than the simulation results, which

is because the experimental data contains not only the longitudinal wave but also the
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Table 4.3: FM sizing results based on the truncation method - the true notch size is 11mm

1MHz probe 5MHz probe
11.1mm 12.1mm

shear wave and the mode conversions between the longitudinal wave and shear wave.

The sizing results based on these images with the -15dB criterion are given in Table 4.3.

These indicate that using the FM together with the truncation method and the mirror

enhancement is able to provide an accurate sizing for a notch whose depth is not smaller

than 1λ, although the sizing error will become larger with an increase in the notch depth.

Although the aperture difference between the 1MHz array and the 5MHz array is not

considered here, both the 1MHz array and the 5MHz array have successfully detected

and imaged the surface-breaking notch, which implies that the aperture sizes of these

two arrays are enough for imaging small defects with relative simple shape (crack-like).

In [93], Humeida et al. has successfully imaged and sized small embedded notches (3mm

depth) using TFM based on the data from a 7MHz array with a small aperture size of

20.2mm. Also, Hutt et al. [75] have studied the effect of aperture size on using TFM and

FM to image kite-shape voids and have found that FM is able to image a near surface

kite-shape void with an aperture size of 80◦. Hence it will be helpful to investigate the

influence of the aperture size on the effectiveness of using FM to image surface-breaking

notch and to find the minimum aperture size that can ensure a clear FM image when

imaging a surface-breaking notch in the future.

4.5 Conclusions

Previous work on the Factorization Method for NDE was mainly concerned with the

super resolution effect [39, 40, 64, 92], but rarely addressed specific applications. This

chapter investigated the application of the FM algorithm to the subsurface imaging of the

surface-breaking notches. To evaluate the performance of the FM algorithm directly, the

widely used imaging algorithm, the TFM algorithm, was used as a reference. The main

challenge of this application of the FM algorithm is that the backwall will introduce a

strong reflection which will mask the presence of the notch while imaging. In this chapter,
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the performance of the FM algorithm with different methods to eliminate backwall effects

was tested in the case of surface-breaking notches.

Firstly, the TFM algorithm and the FM algorithm were applied to the simulated data and

their performance were compared under different values of notch depth and noise level.

Through the comparison, we found that the FM algorithm is able to correctly detect and

accurately size a notch whose depth is not smaller than 1λ, while the smallest notch that

the TFM can reliably be applied to is 2λ. Additionally, the FM algorithm also gives good

noise robustness as the FM algorithm is able to provide a sharp indication of the notch

and an accurate sizing result under a high noise level (SNR = 5dB).

The effects of the FMC subtraction approach were also studied through simulation.

Through all the imaging and sizing results, the best performance of FMC subtraction

can be achieved when the notch depth is between 1λ and 3λ. Furthermore, the effects of

the employment of the truncation method and the mirror enhancement were also studied

through numerical experiments. By employing this method, FM is able to directly recon-

struct a clear indication of the surface-breaking notch without any artefacts. The best

performance of this method was also achieved when the notch depth is not shorter than

1λ.

After performing these simulations, FM with FMC subtraction and FM with the trun-

cation method were applied to experimental data. The results showed good consistency

with the simulations. From this, we found that the FM algorithm is able to image and

size small surface-breaking notches.

The work in this chapter also verifies the possibility of the Factorization Method as an

alternative to the Total Focusing Method for phased array imaging. The present work is

to our mind a significant step toward the application of the Factorization Method to an

experimental phased array imaging system.
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Chapter 5

Novel imaging algorithms for imaging

near backwall defects using FMC data

5.1 Introduction

This thesis has so far applied TFM, HSTFM and FM to the imaging of the near backwall

defects and also developed a specific sizing method to measure the depth of surface-

breaking notches based on the FM image. It should be possible to further extend the

applicability and effectiveness of ultrasonic arrays in imaging near backwall defects by

extending the current library of imaging algorithms.

With the development and application of inverse scattering theory and computing tech-

nology, the imaging algorithms developed for phased array imaging have advanced sig-

nificantly in recent years. For example, a different type of sampling method, which is

called the Direct Sampling Method (DSM) was proposed in [94] in order to provide ef-

fective retrieval of the location and geometrical features of scatterers. The DSM shares

the same basic idea with other non-iterative sampling methods (e.g. LSM [46], FM [37]

and Time-Reversal Multiple Signal Classification (TR-MUSIC) [95]), that is to design an

indicator function which has high values for sampling points inside the scatterer and low

values outside. In addition, an innovative imaging algorithm called the Fast Topological

Imaging has also been developed [30]. Different from the BF algorithms and ‘sampling’

type algorithms, this method is actually developed from a mathematical optimization
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method based on the topological sensitivity analysis [96].

This chapter aims to extend the current library of imaging algorithms in order to extend

the applicability of ultrasonic array imaging. Thus, the DSM and FTIM algorithms are

applied to the ultrasonic array imaging of defects in this chapter. The effectiveness of

these two imaging algorithms is tested with both simulated and experimental array data,

and their performance is examined in terms of the ability to reconstruct different types

of defects and the robustness to noise. The remainder of this chapter is organised as

follows. Firstly, an overview of the background theory and some brief derivations of the

proposed imaging algorithms are provided. Then, the effectiveness of the proposed ima-

ging algorithms for ultrasonic array imaging is tested through several numerical examples.

Here, the influence of defect type and added noise is also examined. After that, some ex-

perimental results based on the near backwall defects are shown and the performance of

the proposed imaging algorithms is discussed.

A paper reporting the work of this chapter is in preparation [P3].

5.2 Background theory of the imaging algorithms

5.2.1 Direct Sampling Method

Similar to the Factorization Method, the idea of the Direct Sampling Method (DSM) is

also to construct an indicator function whose value will change dramatically from inside

the scatterer to the outside. Recall the scattering theory which has been introduced in

Chapter 2. According to [97] and [98], for any two points rj and rp inside the sampling

domain Ω, it is true that

∫
S1

G∞(r̂, k; rj)G∞(r̂, k; rp)ds(r̂) = C�(G(rp, k; rj)) (5.1)

where S
1 denotes the unit circle in R

2, C is a constant, depending only on the wave

number k and � refers to the imaginary function which returns the imaginary coefficient

of a complex number. According to [94], the right-hand side term C�(G(rp, k; rj)) has
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the following behaviour

C�(G(rp, k; rj)) = J0(k|rp − rj |), (5.2)

where J0 is Bessel function of the first kind. Then, the sampling domain which encloses

the scatterer D is divided into a set of small squares {τj}. By using the rectangular

quadrature rule, Eq. (2.30) can be approximated as

u∞(r̂, k; r̂0) = −k2

∫
D

O(r′)u(r′, k; r̂0)G∞(r̂, k; r′)dr′ ≈ k2

N∑
j=1

wjG∞(r̂, k; r′
j) (5.3)

where r′
j is the location of the centre of small square τj, N denotes the total number of

small squares and the weight wj depends on O(r)u(r, k; r̂0) and the area of small square

τj. By using Eq. (5.1) and Eq. (5.3), it is easy to obtain

∫
S1

u∞(r̂, k; r̂0)G∞(r̂, k; rp)ds(r̂) ≈ k2C
∑
j=1

wj�(G(rp, k; rj)). (5.4)

Considering Eq. (5.2), the right-hand side term of Eq. (5.4) will remain constant when

rp is close to some point scatterer rj but will decay dramatically when rp moves away

from rj [94], as shown in Fig. 5.1.

Motivated by this behaviour, an indicator function was developed for the Direct Sampling

Method for any point z inside the sampling domain [99]. Based on the limited aperture

data, the indicator function of DSM is given by

IDSM(z, k) =

∫
Γ

∫
Γ

G∞(r̂, k; z)u∞(r̂, k; r̂0)

||G∞(r̂, k; z)|| · ||u∞(r̂, k; r̂0)||ds(r̂)ds(r̂0), (5.5)

where Γ denotes some subset of S1 in the case of limited aperture. The Multiple-frequency

Direct Sampling Method (MDSM) was developed in [100] in order to compensate a lack

of incident directions of the incident waves, i.e. limited aperture data. The indicator

function of MDSM is written as:

IMDSM(z) =

∫ kM

k1

∫
Γ

∫
Γ

G∞(r̂, k; z)u∞(r̂, k; r̂0)

||G∞(r̂, k; z)|| · ||u∞(r̂, k; r̂0)||ds(r̂)ds(r̂0)ds(k). (5.6)
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Figure 5.1: Decay patterns of C�(G(rp, k; rj)) as r = |rp − rj | when k = 2π.

The computational implementation of DSM is convenient as only simple operations such

as the inner product are involved in this method, which contrasts with the Factorization

Method or the Linear Sampling Method which uses Singular Value Decomposition first to

calculate the singular system of the far-field operator. It has been proved in [94, 99–101]

as a fast and effective tool for providing reliable estimations of positions and shapes of

unknown scatterers.

5.2.2 Time Domain Sampling Method

To facilitate the following formulation, we have defined the time-reversed scattered data

by

U tr(xr, t;xt) =

⎧⎨
⎩ U s(xr, T − t;xt), 0 ≤ t ≤ T,

0, t < 0,
(5.7)

if the time domain scattered data U s(xr, t;xt) is given, where xt ∈ Γi is the location of

the transmitter, xr ∈ Γi is the location of the receiver and Γi is the surface where the
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array located. It should be noted that U s is the time domain equivalent of u∞. Inspired

by the frequency domain sampling methods [99,101], Guo et al [102] developed the Time

Domain Sampling Method as a strengthened TFM. Assuming the time-reversed scattered

data U tr is given, the indicator function of TDSM is given by

ITDSM =

∫ T

0

∫
Γi

(∫
Γi

U tr(xr, τ − |z − xr|
c0

;xt)ds(xr)

)2

ds(xt)dτ. (5.8)

By comparing Eq. (5.8) and Eq. (5.6), one can see that the TDSM is actually the DSM

in time domain. The TDSM also shares the same essential requirement of the imaging

scheme of the FM, which is to find a spatial varying indicator function which has a

significant difference in values for points inside and outside the scatterer. In fact, the

indicator function of the TDSM (Eq. (5.8)) is also similar to the indicator function of the

TFM (Eq. (2.50)), but the indicator (Eq. (5.8)) has an integration over the recording time

T and a square of the integrand, thus, Guo et al. [102] believe that these differences in

indicator function will help the TDSM to achieve a better performance over the standard

TFM. Although the theory behind the TDSM is only partially resolved, the TDSM has

already been implemented on imaging point-like scatterers and regular-size notches, and

achieved satisfactory results on these applications [102]. Here, this method will be applied

to the limited view far-field measurements, although this method was initially developed

for the transient acoustic near-field measurements.

5.2.3 Fast topological imaging

The Fast Topological Imaging (FTIM) method is based on the topological sensitivity

methods [103–109], thus, a brief introduction of the topological sensitivity methods is

helpful to understand the FTIM. The topological sensitivity methods are developed from

shape optimization mathematics and they create images in an equivalent virtual domain

to allow a reconstruction of the reflective objects in the medium through mathematical

tools. These images are created from an optimization process based on the experimental

data and the virtual domain is defined by the experimental conditions (elastic properties,

density and possibly the geometry). Generally, a cost function is used for the optimization
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process and the reflective objects are located where this cost function is minimized. To

represent the image of the objects, the mathematical variable can either be the analytically

obtained topological derivative [110] or the topological energy [104], and in the latter case,

the expression is more simplified and more general.

The topological sensitivity analysis method defines two problems to be solved [30]: the

direct problem and the adjoint problem. In the case of array imaging, these two problems

correspond to the virtual propagation of two different sets of waves emitted at the location

of the array in the virtual domain based on the incident field and the experimental data.

It should be noted that the virtual domain used here is semi-infinite and defect-free, and

the virtual domain used in the direct problem should be the same as the virtual domain

used in the adjoint problem.

From an applicative point of view, solving the direct and adjoint problems consist of (i)

emitting waves into the medium under inspection and measuring the related scattered

field using an ultrasonic array; (ii) solving two virtual propagation problems (direct and

adjoint) in the virtual domain through numerical computation; (iii) computing the image

based on the two wave fields obtained in step (ii). It should be noted that the direct and

adjoint problems in step (ii) consist of the same propagation problem with two different

emitted sources. In the direct problem, the emitted source is the incident source used in

the experimental measurement, while in the adjoint problem, the emitted source is the

time reversed experimentally measured scattered fields [30]. In the case of the FTIM, only

the first iteration of the optimization process is performed, this is because the imaging

results obtained from the first iteration is already satisfactory. The imaging schema of

the FTIM is shown in Fig. 5.2.

In the FTIM method, the direct problem and the adjoint problem are solved in the fre-

quency domain in order to perform a fast and flexible calculation. Before the calculations

of the direct problem and the adjoint problem, the 2D radiation pattern Hj of the trans-

ducer j in the virtual domain should be calculated first, where 1 ≤ j ≤ N and N is the

number of array elements. The radiation pattern can be calculated either numerically or

analytically if the propagation model of the given medium is available, and for a given

medium, the radiation pattern need only be calculated once. For example, in a 2D ho-

mogeneous fluid medium, the propagation of the wave can be described by the Helmholtz
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Figure 5.2: The imaging schema of the Fast Topological Imaging. Note that the signals are
plotted in the time domain for clarity.

equation and the radiation pattern of the wave can be described by the analytical Green

function [45] such as

G(r) = − i

4
H

(1)
0 (kr) (5.9)

where H
(1)
0 represents the zero order Hankel function of the first kind, r is the distance

from the source to the observation point and k is known as the wave number. After

that, the solutions U and V of the direct problem and the adjoint problem respectively

can be calculated by multiplying the 2D radiation pattern of each transducer with the

Fourier transformed signals emitted in the virtual domain and summing up all the fields
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corresponding to each transducer:

U(z, k) =
N∑
j=1

Hj(z, k)Sj(k), (5.10)

V (z, k) =
N∑
j=1

Hj(z, k)M
∗
j (k), (5.11)

where k is the wave number, Sj is the Fourier transformed signals of the experimental

signals excited by the transducer j in the direct problem, Mj is the Fourier transformed

signals of the signal measured by the transducer j in the experimental inspection and the

∗ symbol represents the complex conjugation and Hj refers to the 2D radiation pattern of

transducer j. For a given medium, assuming the 2D radiation pattern has already been

calculated, the calculation of the image based on a new measurement only requires the

mathematical operations in Eq. (5.10) and Eq. (5.11). No further physical modelling is

needed for the calculation of the FTIM image.

The solutions of the direct problem and the adjoint problem allow the calculation of the

topological gradient [96], which will depend on the type of inhomogeneity considered.

Performing an integration of the topological gradient over the frequency domain will lead

to an image of the medium with the difference between the experimental medium and the

virtual (i.e. undamaged in an NDE contact) medium emphasized. In order to define a

more general method that can be adapted to different inhomogeneities, a more simplified

and generic definition of the topological gradient is used in the FTIM method, which is

given by:

G(z) =
∫
R

U(z, k)V (z, k)dk

= 2R(

∫
R+

U(z, k)V (z, k)dk).

(5.12)

where R refers to the real function that which returns the real coefficient of a complex

number. Also, the topological gradient can be defined on a discrete frequency domain
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[k1, . . . , kM ] as R(G(z)), where the definition of G(z) is given by:

G(z) =
M∑
i=1

U(z, ki)V (z, ki). (5.13)

In the FTIM method, the image of the experimental medium can be represented by

plotting the topological gradient with respect to space such as

Ge(z) = |G(z)|. (5.14)

According to [96], in order to increase the resolution of the FTIM, another formulation of

the image is suggested, which is given by:

G(z) =
M∑
i=1

U(z, ki)V (z, ki)

|U(z, ki)|2 . (5.15)

In the case of the FMC data, assuming that the array has N elements, the FMC data

actually contains N × N measurements, i.e. N experimental inspections. Thus, based

on the N measurements, N images can be obtained through the FTIM. Then, the final

image is the mean value of the N images obtained. It might be helpful to study variance

of the N images rather than only the mean in the future.

5.3 Numerical simulation

In this section, several 2D numerical examples are given to demonstrate the effectiveness

of the proposed imaging methods when used as post-processing algorithms for ultrasonic

array imaging. The scattered data were generated through numerical simulations using the

finite element models created in Abaqus (Dassault Systemes Simulia Corp., Providence,

RI). The properties of these 2D models are assumed to be uniform out of the plane and

the material used is isotropic steel with a density of 7700kg/m3, a Young’s modulus of

195GPa and a Poisson ratio of 0.28. The element used is the 4-node bilinear plane strain

quadrilateral. For simplicity, absorbing layers were attached to the model to approximate

an unbounded exterior domain [77], however, the backwall was kept in the model to
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approximate the practical inspection conditions. As the derivations in this paper are

based on the acoustic waves which are a type of longitudinal wave and the shear wave

and mode conversions always arrive later than the longitudinal wave, only longitudinal

waves were excited and recorded [76]. The ultrasound was excited by a 64 element array

with an element pitch of 0.5λ and the wave generated by this array set to be a 5 cycle

Hann windowed tone burst with a 2MHz central frequency. Therefore, the wavelength

λ of the longitudinal wave was approximately 3mm. In the following sections, in order

to ensure convenient comparison, the amplitude of the imaging result is normalized to

the maximum value in each image and the images are scaled to the range of [0,1] if not

otherwise specified.

5.3.1 Reconstruction of point scatterers

Firstly, the proposed imaging algorithms were used to reconstruct point scatterers based

on the simulated array data. Fig. 5.3(a) shows the schematic of an FE model which

contains two well-resolved targets. The linear array was placed at a distance of 20λ from

the backwall and the array and the backwall are parallel. The two point scatterers were

separated by 0.5λ and located at a distance of 10λ from the array. These two point

scatterers should be well-resolved as the distance between these two point scatterers is

equal the Rayleigh limit (0.5λ). The Rayleigh limit is actually the resolution limit of

conventional Beamforming algorithms [39]. To ensure they behave as point scatterers,

the diameter of each scatterer was set to be 0.2λ.

Based on this model, the Full Matrix Capture (FMC) data was captured. The FMC

data is obtained by using each element to excite ultrasound waves in turn, which is then

measured by all of the elements in the array, thus, a complete data set can be captured.

The simulated array data based on this model contained the scattered signal from the

defects and the reflection from the planar backwall. Here, in order to focus on the study

about the performance of different imaging algorithms, baseline subtraction was used to

extract the pure defect signal. The baseline subtraction algorithm extracts the scattered

field by measuring the total field of a defect-free copy of the component, then, the pure

defect signal can be extracted through a simple subtraction. Additive white Gaussian

114



5. Novel imaging algorithms for imaging near backwall defects using FMC
data

noise with a SNR of 20dB was then added to the pure defect signal. The SNR is defined

by (cf. [16])

SNR = 20log10
Qsignal peak

δnoise RMS
(5.16)

where Qsignal peak is the peak amplitude of defect signal and δnoise RMS is the RMS value

root-mean-square (RMS) magnitude of the noise. Thus, 20dB SNR corresponds to noise

with a RMS magnitude of 10% of the RMS magnitude of the defect signal.

Fig. 5.3(b) and (c) give the reconstructions of the well-resolved point scatterers based on

Direct Sampling Method (DSM) and Multi-frequency Direct Sampling Method (MDSM),

respectively. As can be seen from Fig. 5.3(b) and (c), strong indications which represent

two point scatterers can be clearly visualized in both of the images. Furthermore, it is

clear that both DSM and MDSM accurately estimate the location of the point scatterers,

which is in accordance with our theoretical analysis. From Fig. 5.3(b), it can be seen

that there are ripples near the main indications of the point scatterers, which increases

the variation of the image and raises the risk of falsely judging the type of the defect. By

comparing the Fig. 5.3(b) and (c), it is clear that Fig. 5.3(c) contains fewer ripples than

Fig. 5.3(b), which suggests that the multiple-frequency version algorithm is able to provide

a more stable reconstruction (fewer artefacts) of the point scatterers. This is because the

multiple-frequency information is able to compensate for some of the information missing

in the limited aperture data.

Fig. 5.3(d) shows the imaging result based on the Time Domain Sampling Method

(TDSM). Since the TDSM uses the time domain data that also contains multiple-frequency

information, it also provides a more clear image than the DSM (see Fig. 5.3(b) and (d)).

However, the MDSM or the TDSM didn’t show an obvious improvement in reconstruc-

tion as the main indications in Fig. 5.3(c) (or Fig. 5.3(d)) are quite close to Fig. 5.3(b).

This is because the multiple-frequency information can only partly compensate for the

information loss in limited aperture data, thus the multiple-frequency version algorithm

is not required to produce a better reconstruction than the single-frequency version. A

similar phenomenon was observed by Y. Guo et al. in [111], in which the performance

of single-frequency LSM, multiple-frequency LSM and time domain LSM were compared
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Figure 5.3: (a) Schematic of the FE model containing two well-resolved point scatterers (not
to scale). (b) DSM image of two well-resolved point scatterers at the central frequency 2MHz,
(c) MDSM image of two well-resolved point scatterers using 10 uniformly distributed frequencies
between 1.5MHz and 2.5MHz, (d) TDSM image of two well-resolved point scatterers using time
domain data, (e) FTIM image of two well-resolved point scatterers using a 35kHz frequency step
between 1.5MHz and 2.5MHz. Note that the red circles in the images are used to represent the
true location and shape of point scatterers. The imaging results here are from simulated data.
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based on the same small aperture data, however, the best reconstruction achieved was

provided by the single-frequency LSM.

Besides, the FTIM also provided a good reconstructed image of these two scatterers as

the two main indications are quite strong and clearly separated (Fig. 5.3(e)). It is also

notable that in this image, the two scatterers show less of the vertical elongation present

in the other images, which occurs because of the limited aperture. The algorithm may

therefore be better suited to limited data situations. Overall, since the indications in

the FTIM image are smaller than the indications in DSM images, it suggests that FTIM

outperforms DSM for imaging point scatterers.

Following on from the model containing well-resolved point scatterers, a more challenging

case was simulated, as shown in Fig. 5.4(a). The point scatterers in this model are poorly-

resolved because the distance between them is only 0.4λ, smaller than the Rayleigh limit.

The other parameters and properties of this model were kept the same as the model shown

in Fig. 5.3(a). Again, the backwall reflection was removed using baseline subtraction and

noise was added to achieve a SNR of 20dB.

Fig. 5.4(b) illustrates the performance of DSM in reconstructing two poorly-resolved point

scatterers. It can be seen clearly that the DSM also reconstructed two indications with

accurate location estimation, however, the two main indications are not well separated

and have blurred edges. From Fig. 5.4(b), it is clear that the resolution limit of DSM is

0.5λ, this result is consistent with the study about the resolution limit of DSM in [94].

This is because that the DSM assumes that multiple scattering is weak and thus ignored

for multi-component small-scaled scatterers [94].

Similar to the well-resolved point scatterers case, the MDSM or the TDSM also showed a

better performance in the reconstruction of the poorly-resolved scatterers than the DSM.

The reconstruction of two poorly-resolved point scatterers in Fig. 5.4(c) is slightly better

than Fig. 5.4(b) as the edges of the main indications in Fig. 5.4(c) became clearer

than the indications in Fig. 5.4(b), although the edges are still blurred in Fig. 5.4(c).

This is because for the frequencies higher than 2MHz contained in the multiple-frequency

data, the relevant wave would have a shorter wave length than 3mm, e.g. for 2.5MHz,

the relevant wavelength is approximately 2.4mm, thus these two point scatterers are not

actually poorly resolved at this frequency.
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Figure 5.4: (a) Schematic of the FE model containing two poorly-resolved point scatterers
(not to scale). (b) DSM image of two poorly-resolved point scatterers at the central frequency
2MHz, (c) MDSM image of two poorly-resolved point scatterers using 10 uniformly distributed
frequencies between 1.5MHz and 2.5MHz, (d) TDSM image of two poorly-resolved point scat-
terers using time domain data, (e) FTIM image of two poorly-resolved point scatterers using a
35kHz frequency step between 1.5MHz and 2.5MHz. Note that the red circles in the images are
used to represent the true location and shape of point scatterers. The imaging results here are
from simulated data.
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The TDSM showed an even better performance than the MDSM, as the two main indica-

tions in the Fig. 5.4(d) are more well separated and have clear edges, which is because the

time domain data used in the TDSM actually contains all the possible multi-frequency

information in the measurements while the multiple-frequency data used in the MDSM

contains only part of the multi-frequency information in the measurements.

Although the FTIM also uses the multiple frequency data, it cannot resolve two points

scatterers with a distance shorter than 0.5λ (see Fig. 5.4(e)), as the resolution of the

FTIM is diffraction limited [30].

5.3.2 Reconstruction of crack-like scatterers

In this section, the proposed imaging algorithms are used to reconstruct crack-like defects,

since this is the primary industry interest. Fig. 5.5(a) shows the schematic of an FE model

which contains an embedded notch with zero tilt angle, i.e. perpendicular to the array.

The direction of the notch is parametrised as tilt angle relative to the vertical. The

vertical distance from the linear array to the centre of the notch is set to be 10λ. The

other parameters and properties of this model are kept the same as the model shown in

Fig. 5.3(a). Again, the backwall reflection was removed using baseline subtraction and

noise was added to achieve a SNR of 20dB.

From Fig. 5.5(b), it is clear that DSM accurately reconstructed the location and the

shape of the notch. However, the length of the notch was underestimated as the main

indication is shorter than the real length of the notch.

The image reconstructed by MDSM, as shown in Fig. 5.5(c), is quite close to the image

reconstructed by DSM, and the main indication of it was strengthened when compared

to Fig. 5.5(b), this is because the indication function of DSM (Eq. 5.6) contains a sum

of single frequency images which acts as an averaging process to reduce artefacts and

enhance the main indication. With the help of the multiple-frequency information, the

notch length was more precisely estimated in the image generated by the MDSM.

As can be seen from Fig. 5.5(d), the image generated by the TDSM is also quite similar

to the image generated by the DSM, but there are fewer artefacts in the image generated

by the TDSM.
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Figure 5.5: (a) Schematic of the FE model containing an embedded notch with zero tilt angle
(not to scale). (b) DSM image of a notch with zero tilt angle, (c) MDSM image of a notch
with zero tilt angle using 10 uniformly distributed frequencies between 1.5MHz and 2.5MHz, (d)
TDSM image of a notch with zero tilt angle using time domain data, (e) FTIM image of a notch
with zero tilt angle using a 35kHz frequency step between 1.5MHz and 2.5MHz. Note that the
red line in the images is used to represent the true location and shape of the notch. The imaging
results here are from simulated data.
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Distinct from the DSM methods that reconstructed the shape of the notch, the image

reconstructed by the FTIM (Fig. 5.5(e)) only contains two strong indications of the

notch tips, which is similar to the image generated by the Total Focusing Method (TFM)

when imaging a notch. These two tip indications can help us to achieve an accurate sizing

of the notch but may cause difficulty in judging the type of defect.

In Fig. 5.6 we compare the reconstructions of a notch with a tilt angle of 15◦ using the

proposed imaging algorithms. Fig. 5.6(a) shows the schematic of an FE model which

contains an embedded notch with a tilt angle of 15◦. Except for the tilt angle, all the

properties and parameters of the model in Fig. 5.6(a) are the same as the model shown

in Fig. 5.5(a). Again, the backwall reflection was removed using baseline subtraction and

noise was added to achieve a SNR of 20dB.

In this case, from Fig. 5.6(b), it is clear that DSM provide a very accurate reconstruction

which precisely estimated the location, shape, tilt angle and length of the notch. Also,

the MDSM and the TDSM also provide good reconstructions of the tilted notch, see Fig.

5.6 (c) and (d). When we further increase the tilt angle of the notch (bigger than 15◦),

DSM, MDSM and TDSM cannot accurately reconstruct the tilt angle of the notch any

longer (See Fig. 5.7). Besides, from Fig. 5.6(e) and Fig. 5.7(e), it is clear that the FTIM

is able to reconstruct the tips of the tilted notches.

From the above notch examples, the DSM, the MDSM and the TDSM all showed good

performance on the notch with a small tilt angle in location estimation and shape recon-

struction. Furthermore, the DSM methods are able to tolerate a tilt angle up to 15◦, and

the ability to image tilted notches indicate it is suitable for a wide scope of applications

in notch detection. Although the FTIM is not able to reconstruct the shape of the em-

bedded notch, the notch tips can still be identified from FTIM images, which allows the

estimation of the length and tilt angle of the notch.

5.3.3 Noise robustness

In this section, the noise robustness of the proposed imaging algorithms are examined.

The defect signal used here is based on the model containing a notch with zero tilt

angle (as shown in Fig. 5.5(a)), then noise was added to achieve two different noise levels:
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Figure 5.6: All plots as in Fig. 5.5, except for a tilt angle of 15◦.
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Figure 5.7: All plots as in Fig. 5.5, except for a tilt angle of 20◦.
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SNR = 20dB, and SNR = 5dB. The imaging results of the proposed imaging algorithms

under different noise levels are shown in Fig. 5.8. These DSM algorithms (DSM, MDSM

and TDSM) are able to stably image defects under a high noise level (SNR = 5dB) as

the generated images were not affected by the addition of the noise, as shown in Fig. 5.8.

It is clear that FTIM shows good robustness to the addition of the noise, but one trend

is also very clear: with an increase in noise, more artefacts are introduced around the

reconstructed notches in the images.

From Fig. 5.8, it is clear that all of the proposed algorithms are able to work stably and

effectively under high noise levels.

5.4 Application in NDE for imaging near backwall de-

fects

This chapter aims to verify the potential of the proposed imaging algorithms in the ap-

plication of ultrasonic array imaging for non-destructive evaluation, especially for imaging

the near backwall defects. Therefore, in this section, the proposed imaging algorithms

were applied to different types of near backwall defect to test their applicability in the

field of NDE.

5.4.1 Near backwall side-drilled holes

The proposed imaging algorithms were firstly applied to detect and image near backwall

side-drilled holes embedded in a 50 × 260 × 30mm 304L steel block, as shown in in Fig.

5.9.

The diameters of the holes are 3mm and the distance between any two holes is 10mm.

These holes are only 5mm from the backwall. An array probe with the parameters shown

in Table 5.1 was used for experimental measurements. This array probe was manufactured

by IMASONIC (Haute − Saône, France). The longitudinal wave speed in 304L steel is

about 5800m/s, therefore, the diameter of the holes is about 1.25λ while the holes are

only 2λ from the backwall, which means that the signals from the defect will easily be

masked by the reflections from the backwall. Then, the array was placed directly above
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Figure 5.8: DSM images of an embedded notch under different noise levels: (a) SNR = 20dB;
(b) SNR = 5dB. MDSM images of an embedded notch under different noise levels: (c) SNR =
20dB; (d) SNR = 5dB. TDSM images of an embedded notch under different noise levels: (e)
SNR = 20dB; (f) SNR = 5dB. FTIM images of an embedded notch under different noise levels:
(g) SNR = 20dB; (h) SNR = 5dB. Note that the red line in the images is used to represent
the true location and shape of the notch. The imaging results here are from simulated data.
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Figure 5.9: Picture of the experiment sample that contains three side-drilled holes.

Table 5.1: Specifications of the ultrasonic array used in experiments.

Element number Central frequency
(MHz)

Bandwidth
(-6dB; MHz)

Element width
(mm)

Element pitch
(mm)

Aperture size
(mm)

48 2.5 1.66 to 3.22 1.0 1.2 57.4

the holes and the FMC data was captured. In order to achieve the pure defect signal,

the FMC subtraction was used to remove structural reflections. After that, all of the

proposed imaging algorithms were applied to the same processed data to reconstruct the

side-drilled holes, and the imaging results are shown in Fig. 5.10.

From Fig. 5.10, one can immediately see that all of the proposed imaging algorithms have

successfully detected the existence of the side-drilled holes and accurately reconstructed

the locations of these holes. The images generated by the DSM, the MDSM and the TDSM

are quite close to each other, however, the indications reconstructed by these algorithms

are larger than the real shape of the holes (see Fig. 5.10 (a), (b) and (c)), which is because

ultrasonic array imaging is essentially a limited aperture problem; the loss of information

leads to degradation of the reconstructions, particularly the vertical elongation. From

Fig. 5.10(d), it is clear that the FTIM accurately reconstructed the upper surfaces of the

three holes, as the upper surfaces are the surfaces interacted with the incident field in this

limited aperture case. The FTIM, which also has the best performance in reconstructing
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Figure 5.10: The (a) DSM, (b) MDSM, (c) TDSM and (d) FTIM imaging results based on
the experimental data. The DSM was calculated at 2.5MHz, the MDSM was calculated using
10 uniformly distributed frequencies between 2.0MHz and 3.0MHz, the TDSM was calculated
using the time domain data and the FTIM was calculated using a 70kHz frequency step between
2.0MHz and 3.0MHz. Note that the side-drilled holes are labelled in the images and the images
were normalized to the maximum value in each image.

point scatterers in our simulation work, has generated the best imaging result among all

of the imaging results of the near backwall side-drilled holes. It should be noted that

there are significant indications of backwall in Fig. 5.10(d), this is because that the FMC

subtraction, which is used to eliminate backwall reflections here, will leave some residual

backwall reflections after subtraction.

5.4.2 Surface-breaking notch

After applying the imaging algorithms to the near backwall side-drilled holes, the proposed

imaging algorithms were then assessed experimentally on a 140×255×38mm 304L stainless

steel block which contains a 2D surface-breaking notch, as shown in Fig. 5.11.

This 2D notch is an EDM (Electrical Discharge Machining) notch whose depth is 5mm and

width is 0.4mm. The array probe used here is also the 2.5MHz probe whose parameters

are shown in Table 5.1. The longitudinal wave speed in this steel block is about 5920m/s,

therefore, the depth of the notch is about 2λ for this 2.5MHz probe, which is consistent

with the previous simulation work. Then, the array was placed directly above the 2D

notch and the FMC data was captured. Again, FMC subtraction, outlined in Chapter
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5mm

Figure 5.11: Picture of the experiment sample that contains a surface-breaking notch.

3, was used to remove the backwall reflection, in order to extract the defect signal. All

of the proposed imaging algorithms were applied to the data after FMC subtraction to

reconstruct the surface-breaking notch, and the imaging results are shown in Fig. 5.12.

From these imaging results, it is clear that all of the DSM algorithms (the DSM, the

MDSM and the TDSM) have successfully detected the existence of the EDM notch and

also generated strong indication to represent the location and shape of this EDM notch,

which is in accordance with our simulation work. From Fig. 5.12(a), it is clear that the

DSM provides a good reconstruction with a strong indication to represent the EDM notch

and just a few artefacts, however, the depth is underestimated.

The images generated by the MDSM or the TDSM show an improvement in image qual-

ity when compared to the image generated by DSM as the notch is more accurately

reconstructed and artefacts are reduced, as shown in Fig. 5.12(b) and (c). One possible

explanation as to why the single frequency version DSM underestimates the notch depth

is that the energy of tip diffraction in the experimental data is weak and also the exper-

imental data contains complex series of signals, e.g. noise and mode conversions, thus

the tip diffraction is easily masked by the other signals. By using the multiple-frequency

information, the tip of the notch can be successfully reconstructed and the artefacts can

be reduced, as shown in Fig. 5.12(b) and (c). The best result achieved here is the im-
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Figure 5.12: The (a) DSM, (b) MDSM, (c) TDSM and (d) FTIM imaging results based on
the experimental data. The DSM was calculated at 2.5MHz, the MDSM was calculated using
10 uniformly distributed frequencies between 2.0MHz and 3.0MHz, the TDSM was calculated
using the time domain data and the FTIM was calculated using a 70kHz frequency step between
2.0MHz and 3.0MHz. Note that the EDM notch is labelled in the images the images were
normalized to the maximum value in each image.

age generated by multiple-frequency version DSM (MDSM or TDSM) because that these

images contain very good reconstructions of the EDM notch and also have the fewest

artefacts compared the other images, as shown in Fig. 5.12.

The FTIM reconstructed a strong indication to represent the backwall and a weak indic-

ation to represent the notch tip (see Fig. 5.12(d)). One can immediately see that the

intensity of the background noise is comparable to the intensity of the notch tip, thus it is

difficult to characterize this notch from image generated by the FTIM. TFM has also been

applied to the experimental data based on the component that contains surface-breaking

notch and the imaging result has been found to be quite similar to Fig. 5.12(d).

Here, the discussions of the imaging results are mainly focused on the image qualities.

Thus, it will be helpful to quantitatively study the imaging results in the future, for

example the sizing accuracy of the surface-breaking notch.
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5.5 Conclusions

In this chapter, recent imaging algorithms, including the DSM, the MDSM, the TDSM and

the FTIM, are investigated as potential imaging algorithms for ultrasonic array imaging

using Full Matrix Capture data.

Firstly, some preliminary mathematical analysis of these imaging algorithms are carried

out and the formulations of the proposed methods are provided. Then, the effectiveness

of these imaging methods is illustrated via various simulations, including point scatterers

and notches. The simulation work suggests that the proposed imaging algorithms work

reasonably well and can tolerate strong noise for ultrasonic array imaging using Full

Matrix Capture data. Also, through the numerical examples, it has been found that the

FTIM has advantages in imaging point scatterers while the DSM, the MDSM and the

TDSM are able to handle tilted notch cases (up to 15◦).

For experimental validation, we firstly used the proposed imaging algorithms to recon-

struct three near backwall side-drilled holes. The results show the locations of the side-

drilled holes were correctly reconstructed by the proposed algorithms, however, in the case

of limited aperture problem, the whole shapes of the side-drilled holes were not accurately

reconstructed by the algorithms.

After that, we examine the performance of the proposed imaging algorithms for recon-

structing an EDM notch with a depth of 2λ in a steel block through an experimental

array system. The experimental results show that all the proposed imaging algorithms

have successfully detected the existence of the notch and crack-like indications were re-

constructed by the DSM algorithms (the DSM, the MDSM and the TDSM). Moreover,

the multiple-frequency version algorithms (the MDSM and the TDSM) provide satisfying

reconstructions of the EDM notch as the location, shape and depth of the EDM notch

were all well estimated. However, FTIM failed to provide a image that contains clear

indications of notch tip.

The discussions in this chapter are more focused on the the image qualities. Thus, a

careful study about the notch depth sizing criteria of DSM and FTIM will need to be

investigated to quantitatively study upon their abilities in imaging the crack-type defect.

130



Chapter 6

Array imaging of defects near a rough

backwall

6.1 Introduction

This thesis has so far considered the inspection problem of components with smooth

flat backwall, and the backwall eliminating methods developed in Chapter 3 also rely on

the backwall reflection being from a smooth flat surface. However, real safety-critical

components, especially in service pressure-containing components, commonly have rough

surfaces [112]. However, the roughness of the surface will dramatically affect the scattering

pattern (scattering amplitude and angular distribution) from this surface. Fig. 6.1 [113]

demonstrates the effect of the roughness on the scattering pattern. From Fig. 6.1(a), it is

clear that the scattering from the smooth surface is coherently in the specular direction

and very little energy scatters to angles away from this specular direction [113]. An

increase in roughness will lead to the attenuation of the main lobe while the energy out of

the specular direction will be distributed in a more widely diffused field (Fig. 6.1(b)). For

a very rough surface, there is no specular main lobe and all of the energy are redistributed

into the diffuse field, as shown in Fig. 6.1(c). According to [114], an increase in roughness

will also lead to a more complicated waveform.

As a perfectly smooth surface is rare in reality and the surface roughness has a significant

effect on the scattering pattern [115], in order for the backwall eliminating methods to
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Figure 6.1: RMS intensities of scattering amplitude distribution averaged over 20 realizations
for an incident angle of 30◦ from surfaces with different roughness: (a) a smooth surface, (b) a
slightly rough surface and (c) a very rough surface.

be applied in real industrial situations, these methods need to show robustness to a

certain degree of backwall roughness. Thus, it is of great importance to validate the

performance of the backwall eliminating methods on different backwall roughness. To

achieve an acceptable limit of roughness for a specific backwall eliminating method, the

imaging experiment would require several iterations where the roughness of the backwall

is adjusted. This would be time-consuming in physical trials. Therefore, in this chapter,

the performance of the backwall eliminating methods on rough backwalls is tested by

numerical simulations.

6.2 Numerical generation of rough surfaces

In order to assign any surface roughness to a statistical class, it is necessary to use several

surface statistical parameters to characterize the surface roughness. The surface profiles

of a rough surface have been found to obey a certain statistical distribution [116]. For

example, in [117, 118], the variation of experimentally measured surface height data is

close to Gaussian. Therefore, the Gaussian surface is used in this thesis to numerically

generate rough surfaces. To start using the Gaussian random surface profile, the scattering

problem of a plane wave from an infinite rough surface is defined in Fig. 6.2.

As shown in Fig. 6.2, the surface geometry considered in this chapter is two-dimensional

for simplification. While the specific scattered field may not be exactly the same as the
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Figure 6.2: Sketch of the scattering on an infinitely long rough surface with stress free boundary
condition

full 3D case, the general principles and behaviours will be captured by this approach.

The variation in height (h) is defined to be in the z-axis while the rough surface profile is

defined along the x-axis. Then, the rough surface is defined by the function

z = h(x), (6.1)

where h represents the height variation from z = 0. The mean value of the height data h

is defined as < h > and is always set to zero for a Gaussian surface. Assuming a Gaussian

surface, the probability density function p(h), which is used to describe the statistical

distribution of h(x), is a Gaussian function, given by

p(h) =
1

δ
√
2π

exp[−h2(x)

2δ2
], (6.2)

where δ is the RMS (root-mean-square) of the height data. The rough surface can be

represented by a set of numbers zi which are the height variations from the plane z = 0

at the position xi along the x-axis [113]:

zi = h(xi) = h(iΔx), (6.3)

where the adjacent xi are separated by the incremental change Δx, which is the element

size of FE simulation [119]. Based on this, the discretized version of the estimation of δ
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is as follows:

δ =
√
< h2 > =

√√√√ 1

N

N∑
i=1

zi
2, (6.4)

In order to generate a Gaussian surface in the FE model which will be spatially discretized,

a discretized version of the probability density function is given by

p(h) =
1

δ
√
2π

exp(− z2i
2δ2

), (6.5)

Generally, the height scale of the rough surface is determined by the RMS. In order to

describe the lateral variation of the surface height of the rough surface, another parameter

is required, which is the correlation length. Ref. [115] explains that for a Gaussian surface,

the correlation function which is used to characterize the correlation length is

C(R) =
< h(r)h(R+ r) >

δ2
= exp(−x2

λx

), (6.6)

where λx is the correlation length along the x-axis, as distance over which the correlation

function C(R) falls by 1/e [120]. In this thesis, the surface is generated by selecting

the RMS value δ and the correlation length λx. It should be noted that an increase in

the RMS value δ or a decrease in the correlation length λx will lead to an increase in

the roughness. The rough surface is created through the commonly used moving average

method [113]. In this method, a series of uncorrelated random numbers are generated,

which are then convolved with a particular weighting function to generate the height data

h(x) of the required rough surface. Generally, the RMS value δ and the correlation length

λx are defined relative to the longitudinal wavelength λ0. The generated height data h(x)

of the rough surface can be imported into the commercial FE package (Abaqus), then, a

model of a metal block with a rough backwall can be created. Three realizations of the

Gaussian rough surface are shown in Fig. 6.3. If we compare Fig. 6.3(b) or (c) with Fig.

6.3(a), the effects of changing the parameters δ and λx on roughness can be clearly seen.

Here, in order to be consistent with Chapter 3, the thickness of the component was also

set to be 20λ while the depth of the notch was 2λ. A 64-element 2MHz phased array with
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Figure 6.3: Realizations of 2D isotropic Gaussian rough surface profiles: (a) δ = 1mm and
λx = 9mm; (b) δ = 1mm and λx = 18mm; (c) δ = 0.5mm and λx = 9mm.

an element spacing of 0.5λ was used to excite and record ultrasound fields. The array

was placed on the flat frontwall while the notch was grown from the rough backwall. The

material used for the model was isotropic steel with a density of 7700kg/m3, a Young’s

modulus of 195GPa and a Poisson ratio of 0.28. The excited ultrasound wave was a

Hann windowed 5 cycle tone burst with a central frequency 2MHz, thus, the longitudinal

wavelength λ0 is about 3mm.

For simplicity, all the properties of the model were defined to be uniform out of the

plane and only longitudinal waves were excited and recorded for simplicity [76]. Again,

absorbing layers were attached to the boundary of the model. Based on the FE model,

the FMC data, which contains the defect signal and reflections from rough backwall, can

be captured and then used for imaging. The sketch of the FM model used in this chapter

is shown in Fig. 6.4.

In this chapter, 9 different rough profiles were tested with the various combinations of

RMS value δ = λ0/12, λ0/6 and λ0/3, and correlation length λx = 12λ0, 6λ0 and 3λ0. In

order to make the quantitative analysis in this chapter more convenient, the three rough
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6. Array imaging of defects near a rough backwall
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Figure 6.4: Sketch of FE model which contains a Gaussian rough backwall (not to scale).

profiles with δ = λ0/12 & λx = 12λ0, δ = λ0/12 & λx = 6λ0 and δ = λ0/6 & λx = 12λ0

are classified as ‘slight roughness’, the three rough profiles with δ = λ0/12 & λx = 3λ0,

δ = λ0/6 & λx = 6λ0 and δ = λ0/3 & λx = 12λ0 are classified as ‘moderate roughness’

and the three rough profiles with δ = λ0/6 & λx = 3λ0, δ = λ0/3 & λx = 6λ0 and

δ = λ0/3 & λx = 3λ0 are classified as ‘high roughness’.

6.3 Numerical results and discussions

6.3.1 Imaging results

Firstly, the proposed backwall eliminating methods, including FMC subtraction, the

weighting function method and the truncation method, were applied to the same FMC

data captured from a very slightly rough case (δ = λ0/12 and λx = 12λ0), as shown in

Fig. 6.5 (a). In order to ensure convenient comparisons, the amplitude of the following

imaging results in this chapter are normalized to the maximum value in each image and

the images are scaled to the range of [0,1] if not otherwise specified. The imaging results

of the proposed methods, which have been introduced in detail in Chapter 3, are shown

in Fig. 6.5 (b)-(e). To enable a direct comparison with the perfectly smooth case, the

imaging results based on the perfectly smooth backwall case are shown in Fig. 6.6.

By comparing Fig. 6.5(b) and Fig. 6.6(b), it is clear that even a slight roughness of the

backwall will have an obvious influence on the effectiveness of the FMC subtraction, as

there is more background noise in Fig. 6.5(b), which indicates that more residual backwall

reflections were left after FMC subtraction when the backwall is rough. As FM is more
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Figure 6.5: (a) The plot of the height data of the Gaussian rough backwall (δ = λ0/12 and
λx = 12λ0) used in the FE model that provided FMC data. (b) HSTFM and (c) FM images
based on the FMC data after FMC subtraction; (d) HSTFM with the weighting function image
based on the original FMC data; (e) FM with the truncation method and the mirror enhancement
image based on the original FMC data; (f) HSTFM with the weighting function image based on
the FMC data after FMC subtraction.
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Figure 6.6: As Fig. 6.5, except with a perfectly smooth backwall.

137



6. Array imaging of defects near a rough backwall

sensitive to noise and other types of signals, the indication of the notch in Fig. 6.5(c) has

been partially distorted, however, for the perfectly smooth backwall case, the shape of the

notch has been accurately reconstructed though there are still some artefacts (see Fig.

6.6(c)). This is because for a slightly rough surface, the scattering pattern has obviously

changed when compared to a perfectly smooth surface (see Fig. 6.1(a) and (b)). Although

most of the scattering from a slightly rough surface is coherently in the specular direction,

some of the scattering energy is distributed into the diffuse field. As FMC subtraction

assumes that all the ultrasound waves from the backwall undergo specular reflection, the

diffused ultrasound waves introduced by the backwall roughness will lead to a larger error

in the FMC subtraction.

Also, the effectiveness of the weighting function method, which has been specifically de-

veloped for the HSTFM to eliminate the backwall effects, was influenced by the surface

roughness, as this method left strong side bars near the main indication of the notch for

the slightly rough case (see Fig. 6.5). This is because this method is based on the assump-

tion that the ray paths of the backwall reflections considered in the HSTFM will always

have the same angle between the incident direction and the reflected direction, which

also implies that the ultrasound waves from the backwall should undergo the specular

reflection.

Unlike the FMC subtraction and the weighting function method, the performance of the

FM with the truncation method and the mirror enhancement on the slightly rough case

is almost the same as the perfect smooth case (see Fig. 6.5(e) and Fig. 6.6(e)), which

is because the truncation method tries to directly image the surface-breaking notch by

controlling the singular values for calculation and the singular values related to the notch

are always the largest ones (see Fig. 3.10). Therefore, this method would not be influenced

by a slight roughness as the introduced weak diffuse field from backwall will not affect

the largest singular values and all the small singular values will be truncated out.

In this chapter, a combined method (FMC subtraction + weighting function method)

was also tested, as for the rough backwall cases, a single FMC subtraction or weighting

function is not sufficient to clearly eliminate the backwall effects. From Fig. 6.5(f), it

is obvious that by using the conventional HSTFM together with this combined method,

the effects introduced by the backwall reflection vanished clearly for the slightly rough
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Figure 6.7: As Fig. 6.5, except with roughness parameters of δ = λ0/12 and λx = 6λ0.

backwall case. Then, in order to find the limiting roughness for each of the proposed

methods, various backwall roughnesses have been tested and results are shown in Fig. 6.7

to Fig. 6.14.

The various imaging results clearly demonstrate the limiting roughness of the proposed

methods. Firstly, it is clear that FMC subtraction can only stand a slight roughness

of the backwall. For example, for a moderate roughness (δ = λ0/6 and λx = 6λ0),

the HSTFM image based on the data after FMC subtraction failed to provide a clear

and strong indication of the notch and contained very strong backwall effects (see Fig.

6.10(b)). This is because FMC subtraction is based on the fact that for element pairs of

the same lateral separation, the length of ray paths of backwall reflections are identical for

the case of two planar surfaces, which becomes invalid when the roughness of the backwall

increases.

The HSTFM with the weighting function showed some robustness to the backwall with

moderate roughness (e.g. Fig. 6.10(d)) but failed to provide a clear indication of the

notch for the high roughness case (e.g. Fig. 6.14(d)), which is because the majority of

the energy will still scatter into the specular direction from a moderately rough surface
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Figure 6.8: As Fig. 6.5, except with roughness parameters of δ = λ0/12 and λx = 3λ0.
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Figure 6.9: As Fig. 6.5, except with roughness parameters of δ = λ0/6 and λx = 12λ0.

140



6. Array imaging of defects near a rough backwall

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1
HSTFM + FMC subtraction

x/λ
-3 3023

20

17

z/
λ

(b)

1λ 0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1
HSTFM + FMC subtraction

x/λ
-3 3023

20

17

z/
λ

(b)

1λ

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1
HSTFM + weighting function

x/λ
-3 3023

20

17

z/
λ

(d)

1λ 0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1
HSTFM + weighting function

x/λ
-3 3023

20

17

z/
λ

(d)

1λ 0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

FM + truncation method + 
mirror enhancement

x/λ
-3 3023

20

17
z/

λ
(e)

1λ 0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

FM + truncation method + 
mirror enhancement

x/λ
-3 3023

20

17
z/

λ
(e)

1λ 0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

HSTFM + FMC subtraction + 
weighting function

x/λ
-3 3023

20

17

z/
λ

(f)

1λ 0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

HSTFM + FMC subtraction + 
weighting function

x/λ
-3 3023

20

17

z/
λ

(f)

1λ

0 5 10 15 20 25 30 35 40-1
-0.5

0
0.5

1

He
ig

ht
 (z

/λ
)

x/λ

(a)

0 5 10 15 20 25 30 35 40-1
-0.5

0
0.5

1

He
ig

ht
 (z

/λ
)

x/λ

(a)

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1
FM + FMC subtraction

x/λ
-3 3023

20

17

z/
λ

(c)

1λ 0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1
FM + FMC subtraction

x/λ
-3 3023

20

17

z/
λ

(c)

1λδ = λ0/6 and λx = 6λ0
Moderate roughness

Figure 6.10: As Fig. 6.5, except with roughness parameters of δ = λ0/6 and λx = 6λ0.
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Figure 6.11: As Fig. 6.5, except with roughness parameters of δ = λ0/6 and λx = 3λ0.
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Figure 6.12: As Fig. 6.5, except with roughness parameters of δ = λ0/3 and λx = 12λ0.
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Figure 6.13: As Fig. 6.5, except with roughness parameters of δ = λ0/3 and λx = 6λ0.
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Figure 6.14: As Fig. 6.5, except with roughness parameters of δ = λ0/3 and λx = 3λ0.

but ultrasound waves from a very rough surface can be scattered to any direction.

For HSTFM with FMC subtraction and the weighting function, excellent performance

is shown for the slight roughness and moderate roughness cases as these imaging results

contain a very strong notch indication without artefacts or with only a few weak artefacts

(e.g. Fig. 6.7(f) and Fig. 6.10(f)). However, the notch indications are totally masked

by the backwall effects in the images generated by HSTFM with FMC subtraction and

the weighting function for the high roughness cases. It should be noted that for the high

roughness cases, the image reconstructed by the HSTFM with the combined method is

almost the same as the image reconstructed by the HSTFM with the weighting function

(e.g. Fig. 6.13(b) and Fig. 6.13(f)), which implies that the FMC subtraction is not

working for the high roughness cases.

FM with the truncation method and the mirror enhancement also showed a good ro-

bustness to the moderate roughness cases (e.g. Fig. 6.10(e)) but provided inaccurate

estimation of the defect shape for the high roughness cases (e.g. Fig. 6.14(e)). This

is because for a very rough surface, the energy of the ultrasound field from this surface

will be scattered into a diffuse field, and the scattered field from the notch will become
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6. Array imaging of defects near a rough backwall

easily lost in this diffuse field from the very rough backwall, thus, even by controlling the

singular values used for calculation, it is difficult to locate the scatterers of interest (i.e.

the notch).

Based on the above facts, for the rough backwall cases, two methods, the HSTFM with

the FMC subtraction and the weighting function and the FM with the truncation method

and the mirror enhancement, have shown the best roughness robustness and generated

best imaging results among all of the proposed methods. As the main object of imaging

is to ensure an accurate characterization of the defect, the sizing results of these two

methods are compared in the next section.

6.3.2 Sizing results

According to Chapter 4, the sizing method based on the image generated by the FM with

the truncation method and the mirror enhancement can be summarized as: firstly, the

center of the notch, xc, is determined at the position where the pixel in the generated

image has the maximum amplitude; then, the image value at x = xc is plotted against

vertical distance, z; after that, the z values of the two points on the plot whose amplitude

are equal to -15dB are measured; finally, the notch depth is equal to half of the difference

of the two measured z values. The sizing method for the HSTFM image is almost the

same with the sizing method for the FM image and the only difference is that the sizing

criterion used for the HSTFM image is -6dB [31]. Thus, the sizing results based on these

methods were calculated and shown in Table 6.1. The sizing results of the high roughness

cases are not listed, since, as for the high roughness cases, none of the proposed methods

can generate satisfactory images from which sizing can be performed.

From the sizing results listed in Table 6.1, one can immediately find that for slight rough-

ness cases, both methods can provide accurate sizing with errors smaller than 3.3% and

6.7%, respectively. Obviously, the roughness of the backwall will affect the sizing results of

both methods, as the largest error will always occur in the moderate roughness cases. Ad-

ditionally, the for the slight roughness cases, the HSTFM with the FMC subtraction and

the weighting function can provide more accurate sizing while for the moderate roughness

cases, the FM with the truncation method and the mirror enhancement can provide more
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6. Array imaging of defects near a rough backwall

Table 6.1: Sizing results of a 6mm surface-breaking notch originated from a rough backwall

slight roughness moderate roughness
δ = 1/12λ0,
λx = 12λ0

δ = 1/12λ0,
λx = 6λ0

δ = 1/6λ0,
λx = 12λ0

δ = 1/12λ0,
λx = 3λ0

δ = 1/6λ0,
λx = 6λ0

δ = 1/3λ0,
λx = 12λ0

HSTFM with FMC subtraction
and weighting function

5.9mm,
error 1.7%

5.8mm,
error 3.3%

5.8mm,
error 3.3%

5.2mm,
error 13.3%

5.2mm,
error 13.3%

5.4mm,
error 10.0%

FM with truncation method
and mirror enhancement

6.4mm,
error 6.7%

5.9mm,
error 1.7%

6.3mm,
error 5.0%

5.4mm,
error 10.0%

5.6mm,
error 6.7%

5.8mm,
error 3.3%

accurate sizing. Thus, based on the sizing results listed in this section and the imaging

results shown in the previous section, it can be concluded that the HSTFM with the FMC

subtraction and the weighting function has the best performance among all the proposed

methods for the slight roughness cases while the FM with the truncation method and the

mirror enhancement has the best performance for the moderate roughness cases.

6.4 Conclusions

In this chapter, in order to test the applicability of the proposed backwall eliminat-

ing methods in practical situations, these methods were used to image surface-breaking

notches originated from rough backwall through numerical simulations. Based on the

imaging results, the conclusions can be summarized as:

* The FM with the FMC subtraction can only work for the component with perfectly

smooth backwall

* The HSTFM with the FMC subtraction can tolerate slight roughness (e.g. δ =

1/12λ0, λx = 12λ0) of the backwall

* The HSTFM with the weighting function can tolerate moderate roughness (e.g.

δ = 1/6λ0, λx = 6λ0) of the backwall, however, obvious artefacts start to occur in

the generated images for the moderate roughness cases.

* The HSTFM with the FMC subtraction and the weighting function and the FM with

the truncation method and the mirror enhancement are able to generate satisfactory

images for the backwall with slight (e.g. δ = 1/12λ0, λx = 12λ0) or moderate

roughness (e.g. δ = 1/6λ0, λx = 6λ0).

145



6. Array imaging of defects near a rough backwall

To ensure further analysis, the sizing results of HSTFM with the FMC subtraction and the

weighting function and the FM with the truncation method and the mirror enhancement

were listed and compared. By comparing the sizing results, it is clear that among these

two methods, the HSTFM with the FMC subtraction and the weighting function has a

better performance for slight roughness cases while the FM with the truncation method

and the mirror enhancement has a better performance for moderate roughness cases. In

addition, none of the proposed methods are valid for the backwall with a high roughness,

which is because the ultrasound wave from a very rough backwall will undergo diffuse

reflection rather than specular reflection, upon which all the proposed methods are based.
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Chapter 7

Conclusions

7.1 Thesis review

In this thesis, a challenging problem in the field of non-destructive evaluation, to im-

age near backwall defects in safety-critical components using ultrasonic arrays, has been

explored. New post-processing methods, which need to be used together with specific

imaging algorithms, have been developed to eliminate the strong indications or arte-

facts introduced by the presence of the backwall in order to ensure a clear image of the

surface-breaking crack itself. The recently developed super resolution algorithm, the Fac-

torization Method, has been explored for the application of subsurface imaging of the

surface-breaking cracks. The performance of other recent imaging algorithms on ima-

ging near backwall defects has also been tested. In order to examine the range of the

applicability of the proposed post-processing methods which are developed to eliminate

backwall effects in practice, these methods have also been applied to a component with

a rough backwall to test their performance. All the studies conducted in this thesis are

with the ultimate motivation to improve the detectability of the near backwall defects in

safety-critical components.

Chapter 2 outlined the theories and formulations behind ultrasonic array imaging. It

began by a brief derivation of the wave equation. Then, the forward scattering problem,

which aims to calculate the scattered field with the knowledge of the incident field and

the properties of the object, was outlined in this chapter. The imaging problem is an
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inverse scattering problem, which aims to reconstruct the object function given the far

field measurements of the scattered field and the knowledge of the incident field, thus,

the inverse scattering problem was also introduced in Chapter 2. The Beamforming

algorithms (e.g. Total Focusing Method and Half-Skip Total Focusing Method) which are

based on the Born Approximation were introduced. It was demonstrated that although

the Born Approximation can offer a linear solution to the inverse scattering problem,

higher spatial information cannot be measured, which leads to the resolution limit (λ/2)

of the Beamforming algorithms. The approach of the super resolution algorithms (Linear

Sampling Method and Factorization Method), which are theoretically capable of achieving

unlimited resolution, was discussed. This kind of algorithm is based on the factorization

of the far-field operator and takes multiple scattering into account in the reconstruction

of the object. The mathematical implementations of the Linear Sampling Method and

the Factorization Method were also outlined in this chapter.

In Chapter 3, the challenge in imaging the near backwall defects was outlined in detail.

Usually when inspecting near backwall defects, the array has to be placed on the frontwall

to detect the near backwall defects. It was shown that the presence of the backwall brings

a strongly reflecting planar interface which will introduce strong effects (indications or

even artefacts) into the imaging results generated by the imaging algorithms. The strong

effects can easily mask the indication of the defect itself, thus, it is necessary to eliminate

the backwall effects to ensure a clear imaging of the near backwall defect. In this chapter,

several post-processing methods were developed to eliminate the backwall effects and

the mathematical basis and the implementation of each method was introduced in detail.

These methods can be applied easily with few tuning parameters or little prior knowledge.

The performance of the proposed imaging techniques was validated in both simulation

and experiments.

With the application of the backwall eliminating methods, the Factorization Method,

which is a recently developed super resolution imaging algorithm, successfully reconstruc-

ted the surface-breaking notch with high accuracy. The principal objective of imaging is

to have an accurate sizing of the surface-breaking notch, thus, the accuracy of measuring

of surface-breaking notches based on images generated by FM was assessed in Chapter

4. The FM with FMC subtraction and FM with the truncation method, which were the
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methods developed in Chapter 3 to image near backwall defects, were tested with various

levels of noise and various sizes of surface-breaking notch. The numerical simulations also

led to the development of the specific sizing methods for the proposed methods. After all

the simulation study, the proposed methods and the sizing methods were applied to the

experimental data in order to validate their effectiveness.

Recently, with the developments in scattering theory, some innovative imaging algorithms

have been developed, such as the Direct Sampling Method (DSM) and the Fast Topological

Imaging (FTIM). To extend the current library of imaging algorithms, the DSM and

the FTIM were applied to the ultrasonic array imaging of defects in solids in Chapter

5. Through the numerical simulations, the effectiveness of these imaging algorithms were

examined in terms of the ability to reconstruct different types of defects and the robustness

to noise. This chapter also verified the potential of these imaging algorithms for imaging

near backwall defects through the experimental ultrasonic array system.

In Chapter 6, an important practical aspect of imaging the near backwall defects was dis-

cussed. The backwall eliminating methods developed in Chapter 3 implicitly assumed the

backwall to be perfectly smooth; in reality, however, it is not the case. The effectiveness

of these methods were tested when the backwall is not perfectly smooth as a significant

step before these methods could be used in real industrial situations. A series of FE

models that contained a surface-breaking notch originating from a rough backwall were

created. For these models, the depth of the notch was kept the same but the roughness

of the backwall varied. Then, the backwall eliminating methods were applied to the FMC

data captured from the model with a rough backwall. Based on the imaging results, the

limiting roughness for each method was obtained.

7.2 Main achievements

In this thesis, several advancements were made, innovative methods were developed and

many experiments were performed relating to the practical implementation of ultrasonic

arrays to image and characterize near backwall defects.

The subsurface imaging of the near backwall defects using ultrasonic arrays suffers from

strong backwall reflections, especially when a zero incident angle is chosen for inspection
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(i.e. the array placed directly above the defect), which is the inspection configuration

chosen in this thesis. The reason why the zero incident angle is chosen in this thesis is

because the ultrasonic array imaging is essentially a limited aperture problem and the

zero incident angle can ensure the biggest angle of view for a chosen array. The strong

backwall reflections will introduce strong artefacts into the image generated by the imaging

algorithm (e.g. the Factorization Method or the Half-Skip Total Focusing Method), thus,

in order to clearly image and accurately characterize the defect, it is necessary to eliminate

the strong effects introduced by the backwall reflections in the imaging result.

Several post-processing methods have been developed in this thesis as a response to this

challenge. FMC subtraction attempts to remove the backwall reflections contained in the

captured FMC data by reconstructing the pure backwall reflections based on the FMC

data and subtracting these. As the FMC subtraction directly removes the backwall re-

flections in the captured data, it theoretically works for any imaging algorithm. The

weighting function method is a backwall eliminating method that is developed specific-

ally for the HSTFM to image the near backwall crack or the surface-breaking crack. This

method is based on the angle difference between the backwall reflection and the defect

signal considered in the HSTFM and works as a weighting function in the imaging al-

gorithm (i.e. the HSTFM). The truncation method is a method that attempts to remove

the backwall effects in the FM image by controlling the singular values used in the calcu-

lation of the FM image. In addition, the mirror enhancement is developed to compensate

the unavoidable loss of information when the truncation method is used, and is based

on utilizing the existence of the backwall to increase the available aperture of the array.

The above methods have been successfully applied in the imaging process to eliminate

the backwall effects and helped the imaging algorithms to achieve satisfactory images of

the near backwall defects in both simulations and experiments.

Although the development of the proposed backwall eliminating methods implicitly as-

sumes that the backwall is perfectly smooth, all of the proposed methods have shown

some robustness to the roughness of the backwall. According to the various imaging

results and sizing results in Chapter 6, the HSTFM with the FMC subtraction and the

weighting function is recommended for imaging near backwall defects when the backwall

has a slight roughness while the FM with the truncation method and the mirror enhance-
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ment is recommended when the backwall has a moderate roughness. However, none of the

methods developed in this thesis can handle the case when the backwall has a very large

roughness, as the dominant scattering pattern from a very rough backwall is no longer a

specular reflection but a diffused reflection.

The ability of the Factorization Method to achieve unlimited resolution has attracted

many researchers’ attentions and is considered to have huge potential in the field of non-

destructive evaluation [39, 40, 60]. In this thesis, the practical implementation of the FM

for imaging and characterizing near backwall defects is explored. As FM is a sensitive

imaging algorithm, signals other than those from the defect itself contained in the captured

data will easily influence the imaging result generated by FM. Based on the simulations

and experiments in Chapter 4, by applying the FM together with the related backwall

eliminating method (i.e. the FMC subtraction or the truncation method), FM is able to

clearly image the near backwall defects with a high resolution.

Also, in order to characterize the notch immediately from the generated FM image, a spe-

cific sizing method, including sizing procedure and sizing criterion, has been developed.

It should be noted that the value of the sizing criterion depends on which backwall elim-

inating method is chosen, for example, when FMC subtraction is used to eliminate the

backwall effects, -12dB should be chosen and when the truncation method with the mirror

enhancement is used, -15dB should be used. Furthermore, by comprehensively considering

the image quality and sizing accuracy, the best performance of FM with FMC subtrac-

tion can be achieved when the notch depth is between 1λ and 3λ and the smallest notch

that can be imaged and sized by the FM with the truncation method and the mirror

enhancement is 1λ. Based on the above findings, it is clear that the FM algorithm is able

to correctly detect and accurately size a notch whose depth is not smaller than 1λ, which

outperforms the commonly used TFM (smallest depth of 2λ) and the HSTFM (smallest

depth of 1.5λ). Based on the various simulation and experimental results in Chapter 4,

the best results of FM for setup in this thesis is achieved by using FM with the FMC

subtraction and -12dB sizing criterion. The attenuation of the material and the num-

ber of elements might also affect the imaging results of FM and their effects need to be

investigated in the future.

Although FM has achieved a resolution better than the Rayleigh limit (0.5λ) in the
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experiment of imaging point scatterers in [64], the minimum surface-breaking notch that

can be imaged and sized in this thesis has a depth of 1λ. This is because FM is sensitive to

noise and other uncertainties and the presence of backwall has introduced extra complexity

to the measured data.

The expansion in the library of imaging algorithms can make the applicability of ultrasonic

array imaging in defect detection more possible. In order to extend the current library

of imaging algorithms in imaging the near backwall defects, the Direct Sampling Method

and the Fast topological Imaging were studied in this thesis.

The Direct Sampling Method is an effective alternative sampling-type algorithm to the

Linear Sampling Methods or the Factorization Method. Similar to the FM, the DSM uses

an indicator function whose value will change dramatically from inside the scatterer to

the outside to directly reconstruct the shape of the scatterer. The resolution limit of the

Direct Sampling Method is 0.5λ, which is the same as for the Beamforming algorithms.

The DSM outperforms the LSM or the FM in the robustness to noise and the DSM is

able to accurately reconstruct the shape of a notch with a small tilt angle (up to 15◦) in

the case of limited aperture.

Also, the convenient utilization of the multiple-frequency information in the DSM has led

to the establishments of the Multiple-frequency Direct Sampling Method and the Time

Domain Sampling Method. As the multiple-frequency information is able to compensate

for some of the information missing in the limited aperture data, the MDSM or the

TDSM will generally provide a better reconstruction of the defect than the DSM, which

was demonstrated for both simulated and experimental data in Chapter 5. The resolution

limit of the MDSM is also 0.5λ, however, the TDSM is able to resolve two point scatterers

which are separated by 0.4λ, as shown in Chapter 5. This is because the time domain

data used in the TDSM actually contains all the possible multi-frequency information in

the measurements while the multiple-frequency data used in the MDSM contains only

part of the multi-frequency information in the measurements. According to the above

findings, the DSM has a wide range of applicability and huge potential to improve crack

detection in solids using ultrasonic arrays.

Applying the Fast Topological Imaging to the inspection of solids with an ultrasonic array

also allows fast and accurate inspection of defects. This is different from the Beamforming
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algorithms which are based on focusing the waves through the potential position of the

object, or the sampling-type algorithms which are based on the prior knowledge of the

wave propagation behaviour in the medium. The FTIM is based on the mathematical

shape optimization tools, i.e. topological sensitivity methods [108, 109]. The highest

lateral resolution that the FTIM achieved in this thesis is 0.5λ and the FTIM has a good

robustness to noise. Compared to the sampling-type algorithms, the FTIM has advantages

in imaging point-scatterers or side-drilled holes, however, because of the impenetrable

nature of the defects in solid, the FTIM can only reconstruct the top surfaces of the

side-drilled holes in the case of limited aperture. The image generated by the FTIM

only contains tip indications when inspecting a crack-like defect in the case of limited

aperture, which is quite similar to the image generated by the Total Focusing Method

when inspecting a crack-like defect.

7.3 Potential future work

Although many advances have been made in this thesis, there are still many potential

future research ideas which can be pursued in the field of ultrasonic array imaging.

Firstly, as has been mentioned in Chapter 2, ultrasonic array imaging is a limited aperture

problem and an ill-posed problem. Thus, an increase or a decrease in the aperture will

obviously affect the quality of the imaging result [75]. As the physical aperture of a

chosen array is difficult to extend in practice, one possible way to increase the available

aperture is to take account of the indirect propagation modes of the wave. One example

of utilizing the indirect propagation is the HSTFM, which takes the half-skip propagation

into account [31]. In addition to the direct and half-skip propagation modes, the full-skip

propagation is an alternative propagation mode which could be used. The schemes of the

direct, half-skip and full-skip propagation modes are shown in Fig. 7.1.

Also, throughout this thesis, only the longitudinal wave is used for imaging. The recorded

signal by the ultrasonic array will contain the longitudinal waves, the shear waves and the

mode conversions between the longitudinal waves and the shear waves. According to [74],

TFM can be performed using several propagation modes (direct or indirect) and several

types of waves (longitudinal or shear). Based on this characterization, the multi-mode
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Figure 7.1: Schemes of the different wave propagation modes: a) direct, b) half-skip, c) full-skip

TFM developed by J. Zhang et.al in [121] allows a more accurate reconstruction of the

defect. Although the utilization of the half-skip propagation in the FM to allow more

accurate reconstruction has been investigated in [75] and in Chapter 3 of this thesis, the

utilization of the information contained in the FMC data is not maximized in FM.

Thus, the approach that combines the multi-frequency, the multi-mode (longitudinal,

shear and mode conversions) and the multi-propagation (direct, half-skip and full-skip)

in a sampling-type algorithm (e.g. the FM or the DSM) should be investigated in the

future.

An innovative sampling-type algorithm, the DSM, has been investigated in Chapter 5.

The multi-frequency version of the DSM, i.e. the MDSM and the TDSM, has shown an

excellent ability to image the crack-type defect in the solid. Thus, a careful study about

the crack depth sizing criterion of the DSM will need to be done to capitalize upon its

ability in imaging the crack-type defect.

In Chapter 6, we tested the performance of the backwall eliminating methods on the

rough backwall. To complete this study, the performance of these methods needs to be

evaluated on a series of different rough backwalls, which would be really time consum-

ing through physical trials, thus, a number of numerical simulations were used to create

components with rough backwalls and provide array data. Further experimental valida-

tions on several specific rough backwall cases will be of great importance to the practical

application of these backwall eliminating methods. Through the simulation work done

in Chapter 6, we also found that when the backwall is just slightly rough, HSTFM with

FMC subtraction and the weighting function can provide the best imaging, and when the

backwall is moderately rough, FM with the truncation method and the mirror enhance-

ment will have the best performance. However, in practice, it is almost impossible to

have the prior knowledge about the backwall roughness. Recently, a methodology which
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uses the ultrasonic array to recover the correlation function of internal rough surfaces has

been developed in [122]. This methodology can therefore be embedded into the backwall

eliminating process to provide some prior knowledge about the roughness of the backwall

to help us select a proper method to image the near backwall defect. In addition, the

statistical evaluation of the backwall roughness need to be carried out in the future.

Throughout this thesis, several different imaging algorithms were investigated, e.g. the

TFM, the FM, the DSM and the FTIM. In the case of the limited aperture problem which

is common in ultrasonic array imaging, the imaging algorithm is not able to reconstruct

the whole shape of the defect and each imaging algorithm tends to reconstruct the partial

feature of the defect shape. For example, FM will provide a rough reconstruction of the

crack shape when imaging an embedded crack while TFM will provide strong indications of

the crack tip. As a result, it may be possible to combine the different features of the defect

reconstructed by different imaging algorithms to provide a more detailed reconstruction.

It still needs much research effort to investigate whether this approach could work.

For the imaging experiments in Chapter 4, two different array probes (1MHz and 5MHz)

with different aperture sizes have been used to measure FMC data from the experimental

sample. However, the effect of the aperture size has not been considered. Thus, the effect

of aperture size on the effectiveness of using FM to image and size near backwall defects

is worth studying in the future with the motivation to achieve an optimal aperture size

for each inspection task.

All of the simulations and experiments in this thesis are based on the assumption of

homogeneous material. The variation in grain orientation and material stiffness between

individual grains in an inhomogeneous material will introduce noise into the measured

array data, which will introduce extra complexities to the imaging problem. Also, the

variation in grain orientation and material property will also cause the refractions of the

ultrasound wave that may result in beam bending [123]. Thus, the effectiveness of the

developed backwall eliminating methods, the imaging algorithms and the developed sizing

methods in heterogeneous material need to be investigated in the future.
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