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ABSTRACT

A mixture experiment is one in which the level of each quanti-
tative factor in a particular treatment is a proportion of the total treatment,
Because of these properties the factor space is a regular simplex with
one less dimension than the number of factors.

The variance function of the expected mean response is examined
in the .3-component case and under linear, quadratic and cubic mixture
models. A function, utilising the generalised variance of the D-optimum
design, is given whereby upper and lower bounds can be calculated for
the maximum possible variance of the expected mean response for any
given design space, design and model.

D-optimum designs, that is, designs with minimum generalised
variances, were generated for the same design spaces and mathematical
models. A ger‘1era1is‘ation is given for designing D-optimum experiments
for a simplex design space of more than three components under a linear
model.

A method was devised for designing mixture experiments that
are as near D-optimum as possible for a given experiment size, design
space and model. The method was tested on the same design spaces and
models.

This last method was extended to enable incomplete block mixture
experiments to be designed such that the generalised variance of the
estimable parameters is minimised while at the same time minimising

the effect of blocking on these estimations. Incomplete block mixture



designs were generated for a number of block sizes and numbers of

blocks when the design space is the 3-component full simplex and the

above three mathematical models are used.
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1. INTRODUCTION

A mixture experiment is one in which the levels of each quanti-
tative factor in a particular treatment is a proportion of the total treat-
ment. Because of these properties the factor space is a regular simplex
with one less dimension than the number of factors.

Mixture experiments arise in a number of branches of science
and technology, for example, testing the tensile strength of an alloy or
testing the baking quality of a cake batter. In such situations the inves-
tigator cannot make use of the usual factorial experimental methods
because the sum of the levels of the factors, the components of the alloy
or batter, applied to an experimental unit must be unity.

Early examples of mixture experiments in the statistical litera-
ture are found in the pubiications of Plackett and Hewlett (1952),
Quenouille (1953), Claringbold (1955) and Hewlett and Plackett (1956).
Scheffe (1958) wrote an important paper which forms the basis of much
of the recent research. Subsequent;ly a number of papers have appeared
on both the design (Scheffé, 1963; McLean and Anderson, 1966; Becker,
1970; Nigam, 1970, and others) and the analysis (Scheffe, 1963; Becker,
1968; Cox, 1971, and others) of mixture experiments.

A review of the literature on the design of mixture experiments
is given in Chapter 2. In Chapter 3 the design of mixture experiments,
under several designs and mathematical models is examined in terms of
the nature of the variance function of the expected mean response.

The design of D-optimum mixture experiments using the results
"of Kiefer and Wolfowitz (1959) are investigated in Chapter 4. The D-

optimum designs are generated, by using the method of Wynn (1970),



for the same design space and model combinations as those used in
Chapter 3. Suggestions of methods of generating designs which are as
near D-optimum as possible for a fixed number of observations are
made in Section 5.1 and in Section 5. 3 these are tested on the same
design space and model combinations used in Chapters 3 and 4.

The design of relatively efficient incomplete block mixture
experiments is considered in Chapter 6. The method given in Section
6.1 is used to generate incomplete block designs for several block sizes
and numbers of blocks for the 3-<;omponent full simplex design space

under linear, quadratic and cubic models.
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2. PRELIMINARIES

2.1 Notation and definitions

The application of any mixture, §j = (xlj, cee3x )in B
the continuous design space defined by the constraints xij >0,
xlj + ... + xqj = 1 will result in a response y(;gj), a random variable,
such that 1(x) = E {y(;gj)} = Q'f(;gj) ) (2.1.1)
where f(zj) is the k x 1 column vector of functions fi(zg) evaluated at
x. and 9 is a k x 1 column vector of unknown real parameters. Assume
also that var {Y(}'Sj)} = ¢, cov {Y(}"gl)’ y(;gz)} = 0 for % # X,
;gj , }"('1' ;gz in & .

Define a discrete design Dn with n design points %, in &
(i=1,...,n) not necessarily distinct. For this discrete design Dn in

® there exists a corresponding n x k matrix Xn, whose jth row is

the vector f(;sj). Th.e matrix, Xn, .corresponding to a discrete design,
Dn, will always be given the same subscript. A design measure, denoted
by & and referred to in futl;re merely as a measure, is a member of

the set, & , of all formal probability measures defined on & .

For a measure £ on @ let

m (E) = ’gfi(;g)fj(;g)g(dx). 2.1.2)

Let M(E) = {mij (Z,)} bethe k x k information matrix. The covariance

1 -
matrix of the best linear estimates of 0 is given by o o2 M 1(F.). This
implies that the more diagonally dominant M(% ) is, the more independent

will the estimates of Oi (i=1,...,k) be; a diagonal M(§) means that
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the Oi can be interpreted separately. A simple measure of the magni-
tude of the information matrix M(}) is its determinant, IM(E)I .
The notation |A[ will throughout denote the determinant of A.
FoY any discrete design Dn a measure, F o’ ™2y be formed
by attaching a mass of l/n to each point of Dn; this is called the asso-

ciated measure of Dn. Therefore, from this definition,

n
1
m, . (En) == Z fi(xt ) fj(x& )
t:]_
and
M(gn) = _11; (x ! x'n) . : (2.1.3)

2.2. Mathematical models and parameterisation

Several mathematical models appear in the literature designed
to provide meaningful interpretations to responses in mixtgre experi-
mex:xts: One of the earliest, and most probably one of the simplest, is
the model suggested by Scheffd (1958) and extended by Gorman and
Hinman (1962) and Lambrakis (1969a). A response rz(§) can generally
be represented as a {q, m} polynomial, i.e. ;). polynomial function of

*

degree m in the q components, of the form

1= 8, +Z px, + Z By X5yt X B % ek,
l<1 1

1-1l <... slmﬁq

(2.2.1)

+q
with ( ) parameters. All these coefficients are, however, not

-1
unique since by substituting xq =1 - x, in (2.2.1), it reduces to a
3 i
i=1
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-1
mtq ) coefficients.
m

polynomial in (g-1) variables e E ,xq 1 with only (
Scheffe (1958) suggested an alternative parameterisation, i.e.

the canonical polynomial,

-

m_<_q

N6e) = Z Z pilmir xil-'fxir , (2.2.2)

r=1 1<, <... <1r§q

with (m-lr-g-l) parameters, all estimable. In particular, for m = 3, he
proposed using

71(x) = z ﬁx + z ﬁleli + Z ‘yijxixj(xi-xj)

1<i<j<q 1<i<j<q

+ | z ﬁlexxxk, ) (2.2.3)
1<i<j<k<q

R Y7 Py 7 By |

Gorman and Hinman (1962) extended (2.2.3) tom = 4 and
Lambrakis (1969a) gives the generalised form of the mth order canonical
polynomial as

1(.)-2 Bx; + z z s o)

r=2 1<i<j<q

(2.2. 4)

where E 8, = m. The main drawback of (2. 2.4) is that the constant

i=1
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term normally included in a mathematical model is confounded with the
estimates of the ﬁi i=1l,...,q). For example, the usual 3-component
linear model is

'l(;s) =Bt Byx B, + Box,
where ﬁl + [32 + 53 = 0, but because X + x, +x_, =1 this polynomial

2 3

can also be written as
= +
n(x) (ﬁl W)x; + (ﬁzﬂt)x2 + (63+u)x3 R

the canonical polynomial estimating pix = ﬁiﬂl. This could lead to
different estimates of the pi in two replicate experiments on the same
system and will rule out sequential experimentation. Other drawbacks
according to Cox (1971) are that (i) the absence of squared terms from
the second degree polynomial makes it meaningless to consider the
direction and magnitude of the curvature of the response to a particular
component, and (ii) the interpretation of the pi is in terms of expected
responses to 'pure' mixtures and the [3 in terms of a comparison of a
binary mixture with X, = xj = /2 (i # j) with the corresponding pure
mixtures. A pure mixture consists of only one component, x, say, i.e.
x, = 1, xj =0(ifj=1,...,q). These interpretations are impossible
if the experimenter is forced to use only mixtures with more than a
few components present.

To overcome some of the drawbacks of the parameterisation
of the canonical polynomial, Cox (1971) suggested fitting the model in
the form.

rl(x)-ﬁ +sz+ Z ﬁlle toen (2.2.5)

1<i<j<q
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where z, = xi/(l-si) , and g = (sl, . eey sq) represents some standard

. 1
reference mixture. In some cases one would wish to take s,=...=8 = /q

1 q

and in c')ther 8 will be some convenient reference mixture, usually near
the centre of the region of main interest.

Suppose that for any change, Ai say, in xi the other (q-l)'
components are changed proportionally to the standard mixture. Thus
if x. is'decreased by Ai,every xj i #jhj=1,.,q) is increased by

q
A. S.

—1 ) : - Z
-5 " For the first degree model namely 721(;g) ﬁo + ﬁixi s
’ i=1

the change is thus

B. A, A, k.
i. i i . .
A’l(?e) =-05) + is) Z ﬁjsj G # i)
1 1 J=1

It is therefore convenient to measure changes in x, in terms of (l-si).
i

By imposing the constraints

q
D By 00 L)

and similarly for higher degree interactions, Yl(sl, ceny sq) = Bo. The
constant term is thus the height of the response surface at s and is
independent of the design. This parameterisation is thus advantageous
in sequential 'search' experimentation where the design changes from

run to run.

Becker (1968) criticised the polynomial regression function
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since it cannot account satisfactorily for components which are inert
or have an additive effect. He arrived at the conclusion that models
homogenous of degree one are more appropriate for mixtures. .

If 'l(;\g) = 'l(xl, .ee ,xq) represents the response to a q-component
mixture and a further component, xq+1, has an additive effect with
respect to any mixture of the other q components, the response of the

(g+1)-component mixture could be represented by

N6 = ByyXgprt (%) f {x,/a SNV REE ,xq/(l %41 )}

q

q
=p?+lxq+1+ inf{xl/z jreee ¥ /2

=1 =1
’ o (2.2.6)
Becker (1968) proposes three alternative models which are all homo-

genous of degree one with additive properties viz.

q

nts) = Z P * z Pyg moinbep XyHe o 4By o L g ™IRO x )
i=1 1<i<j<q (2.2.7)

Il(x) = z ﬁ x + z ﬁ x x /(x +x. )+ Z ﬁijkxixjxk/(xi+xj-ljxk)2+

1<i<j<q 1<i<j<k<q
q g1
e By %% in ; 2.2.8)
i=1
- 1/3
’l(’.é) = Z B. X, + Z ﬁ (x x ) + Z ﬁijk (xixjxk)
1<i<j<q 1<i<j<k<q

et Byy (xlxz...xq)l/q. 2.2.9)
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The termx, x, ...x, /(x, +...4x, ) (r=2,...,q)in (2.2.8) is
i, i i i i
l 2 r 1 r
defined as zero when (Xi +...4x, ) = 0. This model (2.2.8), canbe

1 1r

considered as a form of Scheffé's polynomial (2.2.2) adjusted so as to
allow additive effects. Becker (1968) acknowledges that (2.2.7), although
being completely additive, has the restriction that it is unsatisfactory
for response surfaces with a maximum (or minimum) not at the centroid
of the design. A major dx"awback of these models, however, lies in
the difficulty in interpreéing the response function when it is used in
the analysis. This is especially the case when dealing with models
(2.2.7) and (2.2.9). Similar to the Scheffé model (2. 2. 2) these do not
make provision for a constant term.

A number of authors have suggested different transformations

\

'of the form zi = g(xl,xz, eve ,xq) (1 =1,..., (q-l)}to overcome the
q

x_= 1 constraint and thus regain the ability to use normal regression
z i

i=1 .
methods utilizing the z.. Draper and Lawrence (1965a, b) suggested

) . . -1 .
the seque.nt1a1 transformation Zop = {t-2(z'z) Z'}ggi G=1,...,q),
' (2.2.10)

where Z is a matrix of n x 1 column vectors already transformed,

X, is the next column vector to be transformed and ZiT is the transformed
vector orthogonal to vectors already in Z. This transformation destroys
the main reason fc.>r doing a mixture experiment because the independent
variables are no longer measured as proportions, or simple transforma-
tions of proportions, but as complex transformations of them. The
problem thus lies in the interpretation of the resultant regression co-

efficients. It could happen that a two-factor interaction has a large

and meaningful effect and would most probably be noticed in the original
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model. Under the transformation model, however, a large proportion
of its effect could have been absorbed by the main effects and other
interactions that might appear before it in the model.

Claringbold (1955) suggested shifting the origin to the centroid
of the design, scaling to eliminate fractions and then rotating the axes
such that the design is orthogonal to the qth axis. This method would
be useful if it is known that the qth component merely acts as a dilutant
for the others.

Box and Tildwell (1962) suggested non-linear transformations
of the form zij = xij - i=1,...q9; j=1,...,n) for general regression
pPraoblems if there is reason to believe that the transformed model is
valid. They, however, give a method for computing confidence intervals
for the a, which should give an indication whether a transformation would
be of any use.

~ Other transformations suggested by Kenworthy (1963); Thompson
and Myer..s (1968); Becker (1969, 1970); and Box and Hunter (1954) all
suffer from the disadvantage that they may be useful if the underyling
mechanism is known but could be extremely mi'slea.ding otherwise.

In the case where one of the components, x; say, merely acts
as a dilutant of the others, or is su.spected to act as such, Cox (1971)

suggested fitting the model
= - - ce 1- ; .2.11
N6 = abey-s )+ p fx, /1ox ), yx f1x))] (2.2.11)
where p {] may be polynomial in the new arguments and would amount
to a mixture with (q-1) components

X, =x/0x)) (=2,...,9).
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This could thus be treated as 4 series of mixture experiments performed
at different levels of another variable X, - A test for a = 0 would then
show if x1 is after all a dilutant or whether it has an additive effect.

A form of blocking on the xix, using a different value for x. for every

1

block would reduce the size of the experiment appreciably.

2.3. General Designs for mixture experiments

Many different designs for randomized complete block mixture
experiments have been suggested. Two of the earliest, and simplest
designs were the {q, m} simplex-lattice and the simplex-centroid

designs of Scheffé (1958,1963).

+q-1
The {q,m} simplex-lattice consists of (mrg ) points in
q
the simplex 0 _<_xi <1, i=1,...,q), Z x, = 1, representing all
' i=1

possible mixtures in which the probortion x, of the ith component has
the (m+1) equally spaced values xi =0, l/m, Z/m, ceagl.

"The simplex—centroi‘d design consists of a subset of the {q, q}
simplex-lattice. It contains the (Zq-l) mixtures with equal proportions,
namely
q pure-component mixtures, (xi=1, xj=0; ifjy i,j=1,2,..., q);

(g) binary mixtures of equal proportions,

(xi=1/2, xj=l/2, x, =0; ifjZk; i,5,k=1,2,...,9);

k
(g) ternary mixtures of equal proportions,

(xi=xj=xk=l/3, x =0;ifj7#¢ 3 i, i,k ¢ =1,2,...,q); ...} and

1 g-nary mixture (xi =1/q, i=1,2,...,9)
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Subsequently Murty and Das (1968) evolved the symmetric-
simplex design. This design consists of a subset of the simplex-lattice

.design subject to the following constraints

n n : n n
Z xz. = A, x, X, =B, Z Xz_ X, =C, X, X. X =D,
iu z iu ju iu ju z iu ju ku
=1 u=1 .=l u=1 .
n n n
xz_ xz, =E, x* x. x = F, X, X, X X =G,
iu  ju z iu ju ku Z iu ju ku {u
u:l u=1 u=l

(i#jtkil-,i,j,k,‘ =1,...,q9) where A,B,C,D,E,F and G are constants.

The reason for these constraints is to facilitate the numerical analysis
arising out of the symmetry of the design. With the present powerful
computer techniques and generally available package programs for.
solving the normal equations imposing these constraints seems unneces-
sary. It could be that these constraink lead to estimateswith desirable
statistical properties, although this aspect of the design has not been
discuss-ed by Murty and Das (1968).

Scheffé (1963) extended the simplex-centroid design to include
'process' variables which is equivalent to imposi'ng a full normal factorial
set of treatment combinations at each of the 2%-1 points of the simplex-

" centroid design. Thus an unreplicated design with q = 3 and two process
variables at two levels each will contain (23-1)(22) = 28 observations.
Such experiments could be carried out as split-plot experiments with
either the 'process' treatment combinations or the mixture treatments
as main plots depending on the circumstances. If no interaction between

the process and mixfure variables can be assumed, the size of the



- 19 -

experiment could be reduced by some form of blocking and using a
split-block design.
As a generalisation of the {q, m} simplex-lattice, Lambrakis

(1968a) introduced the {ql, ceey qp H ceay mp} multiple -lattice

m,,

design consisting of p simplex-lattice designs {qi’ mi} i=1,...,p)
. s .th .

In this generalisation the i component becomes a major component

with a fixed proportion < > 0 and is a mixture of q, sub components in
1

.th
which the proportion xij of the j  sub component takes values in the

q.
i
simplex x, ij 2 >0(G=1,..., qi) ; Z xij = 1. Thus the proportions
=1
Xij =c xij of the major components take values in the multiple simplex
> i=1l,...,p; jJ=1,...,9.); )
Xij__O(l , P; q,);

q.
> %-

1)
j=1

The {‘ql, qz, ey qp H ml, “eay mp} multiple -lattice then consists of

P /fm +q
.rl- points in the multiple-simplex.

i=1
Lambrakis (1969a) derived the estimating regression function

of the double-lattice design and derived the estimated regression function
of any multiple-lattice design (Lambrakis (1969b)). Since the c, are

" fixed this design will be of limited applicability. It will in any case

lead to very large experiments and interpretation of the fitted regression
function will be difficult because of the very large r.mmber of interdepen-

dent regression coefficients in the resulting equation.
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Nigam (1970) gives a method of designing mixture experiments
through mutually orthogonal Latin squares. The procedure is as follows.
Suppose there is a set of (q-1) mutually orthogonal Latin squares of
order q with symbols P, i=1,...,9) ~Let the symbols P take non-
negative integral values not necessarily all different. Then if each

element of each of the (q-1) mutually orthogonal Latin squares is divided

q
by z P the set forms a mixture design in q components with q(q-1)

obseirzvations. Because he restricts his designs to the symmetrical-
simplex of Murty and Das (1968) he restricts his choice of P to two
cases namely (i) all the p's are zero except two, say P; and pj; and
(ii) all the p's are zero except three, say P, pj and P

For example suppose we have q = 5 components in the mixture.
Then there exists a set of 4 mutually orthogonal Latin squares of size
5. Let P; = 1, pj =2, P, = 3, pi'= P.= 0 be the 5 symbols. of these
Latin squares. By dividing each element by 6, the total for every row,
a 5 component mixture design in fc;u,r blocks a.md 20 mixtures results.

The four squares and the corresponding mixtures are given in Table 2. 1.

By deleting the two restrictions above but imposing the restric-
q
tion E p,=m, a constant, and by varying the P, in successive runs
i=1
a {q,m} simplex-lattice design can be generated. The simplex-
centroid design results whenp, =p, =...= P. 5 P. =44 =p. =0
1 2 r 'rl q
(r=1,...,q). Anadditional advantage is that every q x q Latin square

produces a set of qQ mixtures, %j = (%.,...,x_ ) (j=1,...,q), such
1) J
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TABLE 2.1. The set of 4 mutually orthogonal Latin squares of size 5

and the mixture design with 20 observations obtained from it

Latin
square Observation no. Latin Square Mixture

No.

1 1 01 3 0 2 (0, 1/6, 1/2, 0, 1/3)
2 1 2 0 0 3 (1/6, 1/3, 0, 0, 1/2)
3 2 3 01 0 (1/3, 1/2, 0, 1/6, 0)
4 301 2 0 (1/2, 0, 1/6, 1/3, 0)
5 0 0 2 3 .1 (0, 0, 1/3, 1/2, 1/6)

2 6 0 3 0 2 1 (0, 1/2, 0, 1/3, 1/6)
7 1 0 0 3 2 (1/6, 0, 0, 1/2, 1/3)
8 2 01 0 3 (1/3, 0, 1/6, 0, 1/2)
"9 31 2 0 0 (1/2, 1/6, 1/3, 0, 0)
10 0 2 3 1 0 (0, 1/3, 1/2, 1/6, 0)

3 : 11 0 0 2 1 3 (0, 0, 1/3, 1/6, 1/2)
12 1 0 3 2 0 (1/6, 0, 1/2, 1/3, 0)
13 2 1 0 3 0 (1/3, 1/6, 0, 1/2, 0)
14 3 2 0 0 1 (1/2, 1/3, 0, 0, 1/6)
15 0 3 1 0 2 (0, 1/2, 1/6, 0, 1/3)

4 16 0 2 1 3 0 (0, 1/3, 1/6, 1/2, 0)
17 1 32 00 (1/6,1/2, 1/3, 0, 0)
18 2 0 3 0 1 (1/3, 0, 1/2, 0, 1/6)
19 3001 2 (1/2, o, 0, 1/6, 1/3)

20 01 0 2 2 (0, 1/6, 0, 1/3, 1/2)
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q
" that Z x_j =1, Inthe cases wherep, =p
i

- =oo.= ; - =--u=_=0
1 1 pi p1 pl

=1 1 2 r r+l q
the design will however be replicated ri(q-r) /(g-2)! times.

All these designs are, however, usually unrealistic in the sense
that in practice there often exist some constraints upon the components
so that the feasible region for experimentation is relatively restricted.
These restrictions may be of the form (i) 0 < a, < X, < bi <1, where

any or both the inequalities 0 < a, and bi < 1 may hold; or (ii) a mixture

must consist of at least p > 1 components at non-zero levels; or

r

r
(iii) Z x >k>0 or z x < {<1.
. 1, —
=1’

=r 7

An alternative to the {q, m} simplex-lattice was suggested
by Gammon (1963) which is similar to the normal {q, m} simplex-lattice
except that instead of the pure mixtures, x, = 1, say, the (q-1)-nary
mixtures gi,such that x, = o, xj =1/(q-1), G4 ¥ j; ij=1,2,...,q9) are
used. Lambrakis (1969a) gives the canonical polynomial for analysing
this design.

As a possible solution to the situation where one of the components,

x, say, cannot appear in a pure form, and specifically if x, < h <1,

1
whereas there are no constraints on the other xj, (G=2,...,9), Schefi&
(1958) suggested the use of a pseudocomponent. This pseudocomponent
is formed by replacing the first component throughout the simplex-

lattice design by a mixture consisting of the proportion h of the first

q
component and proportions P, of the other components (i > 1, Z p.=1-h),
i
i=2

the P, being selected by the experimenter. In other words the experiment
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is designed in the usual way following say a simplex-lattice design.
Suppose the constraint 0 < X, <h <1 is imposed. Let the ith component
in a pérticular mixture be present in the proportion s, and the other
(g-1) components in the proportions Sj i#j; i,j=1,...,q). This

ith component is then replaced by a pseudocomponent consisting of a
proportion h S, of the ith component plus proportions of pjsi

i#j; i,j=1,...,q) of the other j components, where pj = 1-h.

9
=1

i
The jt component is thus present in the proportion (sj + Pjsi) ‘
G#j; 1,j=1,...,9) in the mixture. This method could then be ex-
tended to more than one pseudocomponent if more than one of the compo-
nents is restricted to values smaller than 1.

About the only really viable design method for experiments
constrained to a subregion of the whole simplex is the extreme vertices
design suggested by McLean and Anderson (1966). Their m.fnethod consists
of (i) placing a design point on each of the extreme vertices bounding
the design space; and (ii) placing a design point on the centroids of
each boundary 2,3,...,r (r < q-2)dimensional face. The centroids
of 2-dimensional faces are found by isolating sets of vertices for which
'eac_h of (q-3) factor levels remains constant within a given set and by
averaging the factor levels for each of the three remaining factors.
 All remaining centroids are found in a similar fa:shion using all vertices
which have (q-r-1) factor levels constant within a set for an r-dimensional
face, where 3 <r < q-2. The dimensionality of the hyper-polyhedron
formed by the extreme vertices will of course always be (g-1). McLean

and Anderson (1966) suggest that the size of the design could be reduced
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by (i) deleting certain centroids; or (ii) computing the normalized
distance between design points and randomly omitting points that are
less than a certain minimum distance from other de sign points. One

method of normalization is to define the distance between two points x

1/2 t
q x. _x'r 2
and x.as d, = Z —r 7 , where 0 <a <x <b <1.
g ij br-ar ~ r— r— r—
r=1

This method assumes that sensitivity for each factor is inversely propor-
tional to the length of its constrained interval. Computing and inspection
of these normalized distances as a routine procedure should prevent
the unnoticed occurrence of clustering vertices as warned against by
Gorman (1966). These occur when a small change in one constraint
would cause a number of vertices to collapse into one vertex,

This method of McLean and Anderson (1966) could, however,
lead to designs with_relatively few design points. For example the
design for the full space (0 < xi <1, i=1,2,...,q)for q = 4 would
only co.n_tain 8 design points, one at each xi =1, xj =0 (1 7!j s i,j=1,...,4
and one eachatxi=xj=xk= 1/3, X{ =0ifji¥fkf L ;
i,j,k, £ =1,2,...,4). For q = 3 the only design points would be at
the vertices. In such cases design points could be placed in the middle
of bounding lines and at the centroid of the 2-dimensional design space.

In the case of relatively narrowly constrained designs,the
normal equations for estimating the regression function tend to become
very difficult to handle computationally. The experimenter should
investigate whether his mathematical model can in fact be easily fitted

to the design although he may have appreciably more design points than
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parameters to be estimated. A judicious choice of the parameterisation
of the model is important as rounding errors become critical.

Lambrakis (1968b) suggests a p-component mixture design
in which every mixture has exactly p components, for example X, = 1/2,
%, = 1/2 (p-l)'1 G735 i,j=1,2,...,p)or x; =%, = 1/3, x, = 1/3(1_:,-2)'l

Gfj#k i,j,k=1,...,p)

2.4, Optimality of designs

Kiefer and Wolfowitz (1959) defined a measure § * as D-

optimum if

IM(E™)| = max |M(E)] . (2.4.1)
Ein®
Defining
dbg, €)= £0x) M (E) £6x) 2. 4.2)

Kiefer and Wolfowitz (1960) showed that D-optimality of ;x as defined
by (2.4.1) is equivalent to

inf sup d(x,£)= sup dx, £) (2. 4. 3)
Eind x in® x in P

and also to

sup dix, %)=k, (2. 4. 4)
xin®@

where k is the dimension of f(%).

Kiefer.and Wolfowitz (1960) discuss the statistical meaning of
D-optimality. First, let l% (X'nXI;)l be proportional to the generalised
variance, n‘-1 ol |M( [’,n) | -1, of the parameters forming @ in (2.1.1).
Suppose the responses y(;gj) (G=1,...,n) are independently distributed

random normal variables. Maximising |M(§n)| is then equivalent to
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maximising the Gaussian curvature of the power surface of the usual

F test, or X% test if o2 is known, at the null hypothesis § = Qo,where

‘9’0 is some fixed value of @.
The combination of (2. 1. 3) and (2. 4. 2) gives

ds o E)=nflx ¥ (x'x )7 ) (2.4.5)

-1
and ¢? fix ) (X'an) f(x ) is the variance of the usual least squares

estimate of the expected response, r"z(%) at x « The equivalence of

(2.4.1) and (2. 4. 3) means that if Dn is such that E n is D-optimum,

the design minimises the maximum over 22 of the variance function

derived from using that design.

Wynn (1970) has shown that, given an initial design Dn with
[+

EREET such that X' X is non-singular, it is possible
n
o o "o
to obtain convergence to a D-optimum measure by the successive addi-

n oints x
o p ~

tion of points. The procedure for doing this is as follows: first find

in ® which maximises the variance function obtained

Int‘.
a pol )"{'no+l

by using Dno; that is, choose 5n0+1 such that

max d(x, ﬁn ) =dex +1,Y.I; ) -
x in@ o o o

"Form a new design D +1 with no+1 points to maximise the new variance
n

o
function obtained from using Dn +1 and continue this process to obtain
o
. @ sequence of designs D & D €< ... ¢D < ..., where D _is
n n°+1 n n

obtained from Dn 1 by adding a point in @ at which maximum variance

is attained.

Formally this can be stated as his Theorem 1, namely: as
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% *
n —> o, lim det iM(Zn)} = det [M(Z )} , where Lk~ is a D-optimum
measure.
There exist upper and lower bounds for the ratio
x . . . .
R = [M(E)|/|M( Z,n)l » where M({ ) is the information matrix of a
given design D , and M( ﬁx) the information matrix of the D-optimum
n

design for that design space and model. Wynn (1970) gives a lower

3 £ k k-1 k-1
R > — ,
d(€) -1
where E(Z )= sup d(x,% ) This canbe rearranged to give
x in®@

bound as

_ gy k-1 "l :
d(E)<kR k_{dm ) ] < k Rki(k-1} (2.4. 6)
d(8 )(k-1)

Kiefer (1961b) gives the upper bound as
E RSexp{g(Z)-k}.
Rearranging this gives
d(E)>k+ b R. (2.4.7)
Combining (2. 4. 6) and (2. 4. 7) and dividing by n gives

k/n +‘;l; bR < xsil:fx var {7(}5)} < -E R(k/(k-l)]hd.‘

The maximum var {fi(x)} for x in @ is therefore not determined by
" the shape of the design space but how near the design is to the D_-optimum,
as will be demmstrated in Section 3. 3.

Box and Dra-per (1959) divide the mean squared deviation

averaged over the region into two parts, one due to pure error (V),
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and the other due to bias introduced by fitting the incorrect model (B),

namely

2% JBped gl -2 [vielese 2t [Bed- gl
R R R

(2. 4. 8)
or MSD=V+B.
-1 R
Here- [f]l ~ = fd;g i V(%) = value of estimated response at the point
R

x,where this value is obtained by the least squares fitting of the poly-

nomial of degree d1 using a design containing n points; rl(§) is the

true response at this point given exactly by the polynomial of higher

2 . . . . .
degree dz; ¢° is the experimental error variance; and V is the vari-

ance function as given by Box and Hunter (1957). Depending on the

relative sizes of the V and B components,one would try to minimise

either one or the other,or their sum,in an effort to achieve the minimi-

sation of (2.4. 8).

Draper and Lawrence (1965a,b) considered the problem of

’

minimising the mean squared deviation averaged over the experimental

region (MSD) when fitting a linear model and the true model is taken

to be a second order polynomial for.3 and 4 component mixtures.

In 1970 Becker extended the work of Draper and Lawrence
(1965a,b) to the general p-component case. Becker (1970) as well as
Draper and Lawrence (1965a,b) transforms the q-componént mixture
polynomials to (q-1) variable polynomials and does the appropriate
analysis. They give designs for the case where the bias component is

relatively large, the designs being close to or the same as simplex-

lattice or simplex-centroid designs.
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2.5. Incomplete block designs

Since mixture designs tend to become very large a method of
forming incomplete block designs would be very advantageous. Nigam
(1970) gives a few methods for achieving some form of blocking. He
constrains his designs to the form given by Murty and Das (1968) tha:t

is, to the symmetric~-simplex type and they are all concerned with

experiments on the full simplex. Two of his methods require relatively

large block sizes. The one method which obtains designs through

suitable choice of mixture points on a simplex, requires 3(2) points

per block which are concentrated in small clusters on the 3-dimensional
faces of the simplex plus suitable points added at the interior and ex-
terior in common to each block to make a uniform exploration of the

simplex. Thus only two large blocks result . The other method which

generates designs through mutually orthogonal Latin squares, requires
q(g-1)/2 observations per block. This method requires that q be odd
and again only results in two blocks. The efficiency of these two designs

+

relative to randomised complete block designs with the same observations
are unknown.

Nigam's (1970) third method relies on using sq“1 confounded
factorial designs and then transforming the (q-1) variable regression
function to a q-component mixture response function.

There does not exist any published method of designing incom-
plete block mixture experiments when the design space is restricted

to a (q-1) dimensional subspace of the whole (q-1) dimensional simplex.
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3. GENERAL DESIGN, ACCURACY OF PREDICTIONS

3.1. General design considerations

When fitting a response surface one not only wishes to estimate

the expected mean response, rl(;g), at a point, %, in the design space,
& , but also to know something about the accuracy of the estimate.
The variance of the expected mean response at a point x in 2 using
the design Dn’ with corresponding matrix Xn, is given by
a -1

var {rl()"(')} = g2 f(§)' (X'an) f(x) .

Without loss of generality assume o = 1. Then

var { r‘l (;5)} = £(x)' (x'nxn)-l £(x) - (3.1.1)

The nature of var { r'i (;5)} can be investigated at the design
stage, since (3.1.1) does not rely on measured responses. It would be
of interest to see how var { ;l ()'g)} behaves under various mathematical
models and designs. This may be done by drawing contours of equal
variance over the région ®. for specific design and model combina-
tionsand comparing thése. |

In particular the position of the minimﬁm and maximum value
of var { fi (;5)} would be of interest.

Initially the var { ?l (y} should be plotted for some simple
general designs and models and then some more complicated situations
examined. The reference set might consist of a selection of simplex-
lattice designs with the models polynomials, for example, linear,
quadratic, etc. in the parameters. The simplest non-trivial case,

and virtually the only one manageable graphically is the 3-component



- 3] -

mixture which can be represented as an equilateral triangle in the plane.
For q > 3 one would concentrate mainly on examining the IM( E‘n)‘ and
comparing these for different designs.

Gorman and Hinman (1962) published figures showing the
contours of var { fl (;g)} for the full simplex when q = 3 for the qua‘dratic,

special cubic, cubic and quartic models. For the quadratic model they

used the {3, 2} simplex-lattice design with 6 observations, for the
cubic model the {3, 3} simplex-lattice design with 10 observations was
used and for the quartic model the {3,4} simplex-lattice design. The
design for the special cubic consisted of the .{3, 2] simplex-lattice
design plus a seventh observation at (1/3, 1/3, 1/3), the centroid of
the design space.

The results of Gorman and Hinman (1962) are extended to
consider what happens when the design space is not the full'simplex and

when the number of observations is greater than the number of estimable

parameters in the model.

Since X + X, +... 4 xq =1, var { ;i (;5)} is independent of
the parameterisation, although for computational reasons some choices
of parameterisation may be preferable to others. For example for q = 3

in the quadratic case for a given design Dn’ the three parameterisations

- f 4
(1) fx(?é) = (xlsxzs X3, xlo xz:xlo x3’x20x3) ’
with corresponding matrix Xxn;

() €6 = {16 %)) 6,m%,), () <%))% by %) )0,-R,), (x,-%,)% 1 s

. ] WX
with matrix Xn ; and
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(i) £ (x) =

(1, 6y =) beymx,)s () =x,)2, (k) -0, =%, ) b, -%5) )

. . » - s es
with matrix Xn xx, can all be derived from the general parameterisation

f(’,f,)' = (l,xl,xz,x3,xlz,x1.x2,...,x3z) , (3.1.2)

3 3
with matrix Xn. For (3.1.2) define [51+[32+ﬁ3 =0, z pikz Z pkj =0,
' k=1 k=1

where the ﬁi are the coefficients of the X, terms and the pij the coeffi-

cients of the xixj terms (i,j=1,2,3)in fl(;g) = B'f(x). The above four
P -1

f ti d yi h = f(x)' !

unctions would yield the same var { fl (;5)} (x) (Xn Xn) f(x) for

any x in g2. Thus, also

I.::(XI: xn)l o ‘%(XIIJHXIIX)‘ oL l-:_l(}_(nxx'xnx}‘)| < Ii(xnmiszX)

for different designs and n. The paramete?risation of Cox (1971) and
(3.1.2) are equivalent for comput_ing var { r'l (25)1 .

Suppose the quadratic canonical polynomial model (2. 2. 2) is
fitted to a 3-component design. This model has 6 estimable parameters
namely B' '= (ﬁl, ﬁz, [33, [512, [313, 623). Since the investigator is usually
not only interested in predicting the response fz'(;g) but also in esti-
mating the k estimable parameters in f, he would wish to get an indication
of the relative precision by which they are estimated. Now
var(B) = n o2 (Xn'Xn)-l. Assume ¢? = 1. Ideally (Xn'Xn) should be
diagonal and the diagonal terms equal, the parameters then being esti-
mated independently and with equal accuracy.

A measure of the independence of the §is given by
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k
w= jmce)|/ ] moce, (3.1.3)
i=1
. . .th
where m,,(E ) is the diagonal element of the i row of M(§ ). A value
ii'®n n
of W = 1 indicates complete independence among the B's. The value
of W, however, depends on the parameterisation of the model, and can

be made unity by a suitable transformation.

Let

M(E )= M, (E ), M, (§ ) , (3. 1. 4)
MlZ (En)’ MZZ((;n)
where Mll(t‘n) is the sxs information matrix, s <k, of a subset of the_ )
k estimable parameters, MZZ(E'n) is the (k-s) x (k-s) information nﬁa.trix
of the remaining (k-s) parameters and anz(gn) = nMZl'( t"n) is the
s X (k-s) matrix of sums of products between the set of s and the set

of (k-s) parameters. The corresponding partition of the inverse is

) M'l(t,n)= Mll(t,n),M_ZI(gn) (3.1.5)

Mlz(&n), M22( ()

11 11
Ifs=1, theanl(gn)—mll(gn)andM (t'n)—m (gn). Then a
measure of the correlation between any parameter, [31 say in the quadratic

canonjcal polynomial model, and the other (k-1) parameters is given by

Pr2. . =t V- M/ {my (8 )M, (8 f} - (3.1.6)

But since
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MeE ] = My, 08 0] My (8 =M 06 ) MG, (£ My, (8 )]
= M, ] M )]
e - ot ]/ Pt

Rewrite (3.1.6) as

11
Pl.2,...,k -1 ‘/' m " (f )/m) (g ).

It can easily be shown that under a linear model the minimum
-1
f(x) (Xn'Xn) f(x) = 1/n and lies at the centroid of the design. The

same generalisation however cannot be made for higher order models.

3.2. Design spaces, designs and mathematical models

Since the design space for the simplest non-trivial mixture
experiment, that with three components, can be represented in two
dimensions as an eqﬁilateral triangle it was decided to concentrate on
mixtureés with three components. The computations for mixtures with
a larger number of components would be tedious and difficult to represent
visually. Results for q = 3 for the full simplex should however be an
indication of what will happen in the case of higher dimensions. The
results for the bounding faces of the tetrahedron of the 4 component
mixture are the same or proportional to those of the three component
“triangle as each bounding face is a 3-component mixture with the fourth
component absent.

In order to extend t‘he results of Gorman and Hinman (1962)
the following three design spaces were considered:

(i) Full simplex; 0< x, <1 foralli=1,2,3;
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(ii) constrained space, triangular region;

<0.8 0<x,<0.7; and

0.2<x, <0.9; 0.1<x

1 2 3

(iii) constrained space, quadrilateral region; 0.2 <x

l_50.9;

< 0.2. These three spaces are shown in Figure

0.1<x,<0.8; 0<x

2 3

3.1.

The designs used were
(a) for space (i) : the Scheffe’ (1958) {3, l] , {3,2} and [3, 3} simplex-
lattice designs with respectively 3, b.-and 10 distinct design points.
The {3, 1} design is used in Figure 3. 2, the {3, 2} design in Figures
3.3 and 3.4 and the {3, 3} design in Figures 3.5, 3.6 and 3. 7, the dots
in all the figures representing the design i)oints;
(b) for space (ii): three suitably scaled designs derived from those
for space (i), again with 3, 6 and 10 design points, the 3 point design
being used in Figure 3. 8, the 6 point design in Figures 3.9 and 3.10
and the 10 point design in Figures 3.. 11, 3.12 and 3.13;

(c) for space (iii): adapted McLean and Anderson (1966) designs with

3,4,an irregular design with 6 points and 14 points. The 3 point design

is used in Figure 3. 14, the 4 point in Figure 3.15, the 6 point in Figures
3.16 and 3. 17 and the 14 point design in Figure 3.18. Because of the
shape of the design space no 10 point de;ign was found with a non-singular
M(E 10) matrix. The design in fact used was arrived at by means of the
method described in Section 5. 1.

At each design point only one observation was taken, in other

words a design with n observations, will have these observations taken

at n distinct points in the design space.
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Design spaces for 3-component mixtures and a por-

Figure 3,1
tion of the grid on which the values of var {ﬁ(g)}
were calculated. Boundary of space (i): H
space (ii):=-=-=; space (iii):eeeeces

Figure 3.2 Contours of equal var {f (;5)] for fitting model (I) -

to a 3-point design in design space (i).
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L 4

Figure 3.3 Contours of equal var{ﬁ(gﬂ for fitting model (I)

to a 6-point design in design space (i).

Figure 3.4 Contours of equal var{ﬁ(gﬂ for fitting model (II)

to a 6-point design in design space (i).



Figure 3.5 Contours of equal var{ﬁ(g)} for fitting model (I)

to a 10-point design in design space (i).

Figure 3.6 Contours of equal var{#(x)} for fitting model (II)

to a 10-point design in design space (i).



Figure 3.7 Contours of equal var{fi(x)} for fitting model (III)

to a 10-point design in design space (i).

Figure 3.8 Contours of equal var {ﬁ(;s)} for fitting model (I)

to a 3-point design in design space (ii).
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Figure 3.9 Contours of equal var {ﬁ(;_t,)} for fitting model (I)

to a 6-point design in design space (ii).

Figure 3.10 Contours of equal var {ﬁ(;s,)} for fitting model

(II) to a 6-point design in design space (ii).
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Figure 3.11 Contours of egual var{ﬁ(gﬂ for fitting model

(I) to a 10-point design in design space (ii).

Figure 3.12 Contours of equal var{ﬁ(ﬁ% for fitting model

(II) to a 10-point design in design space (ii).
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Figure 3,13 Contours of equal var[ﬁ(;s)} for fitting model
(III) to a 10-point design in design space (ii).

' A 3 -
Figure 3.14 Contours of equal var {n(;s)} for fitting model

(I) to a 3-point design in design space (iii).
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Figure 3.15 Contours of equal var{fi(x)] for fitting model

(I) to a 4-point design in design space (iii).

Figure 3.16 Contours of egual var {ﬁ(;s)} for fitting model

(I) to a 6-point design in design space (iii).



T

Figure 3,17 Contours of equal var {ﬁ(;g)} for fitting model

(II) to a 6-point design in design space (iii).

Figure 3.18 Contours of equal var {ﬁ(;\cj} for fitting model

(III) to a l4-point design in design space (iii).
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The mathematical models used were:
(I) linear:
16) = Byxp * Bx, + Byxg
(II) quadratic:
_ 2 2,
Y= Byxy o+ Byxy + Byxg ¥ By X THBy X X, Bypx, T and

(1I11) (:ubic:3

) 2 2 2 2 2
16 = Zﬁixi+-Z }:ﬁijxi"j’r}_ Z D Pl

3. 3. Results

) The method used to arrive at contours of var { "'2 (35)} for
the above models consisted of

(i) computing var {rz (35)} for each of 1326 points on a triangular grid.
This allowed for spacings of 0. 02 in each of the three components. 'A
portion of this grid is shown in Figure 3.1, the nodes of the grid-lines
formin‘-g the grid points;

(ii) printing these values as suitably scaled integers on a' grid forming
an equilateral triangle with 51 points on each side. The scaling is
usually with respect to either the maximum or minimum var { ?L(g)}
within the design space for that design and model combination; and
(iii) manually connecting points of equal value to give the contours of
equal var [fi (;g)} .

Table 3.1 contains values of the maximum var {r'i (ﬁ)} and the

points in the design space where this is achieved and minimum
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var {;l (;5)} and its locations. ‘Table 3.2 contains the var {r'l (55)} at

the centroid of the design space and the |M(E n)l value. These values
are given for each design and model combination defined in Section 3.2
The last column in each table gives the number of the figure in which
the variance contours for that design and model combination are shown.

As is expected, the linear model (I) has the minimum
var f;l ()5)} = l/n at the centroid of the design. The values of the maxi-
mum and minimum var {'2 ()5)} and their relative locations in the design
spaces are the same for spaces (i) and (ii). The lM( l’;n)l , however,
differ, that for space (i) being the larger. The ratios of the IM(&n)I
for similar designs and the same models in the two spaces is discussed
in Section 4. 4.

InFigures 3.2 to 3. 7 the contours of equal var {r‘i(;s)] for
design space (i) ar%: shown for all viable combinations of the three models
and the three designs specified. Design points are shown as dots in
the figures. Similarly the variance contours for design space (ii) are
shown in Figures 3. 8 to 3.13 and those for design space (iii) in Figures
3.14 to 3.18. The design with 14 points in the design space (iii) were,
however, only used in conjunction with model III.

It is noticeable that corresponding designs in design spaces
(i) and (ii) are similar in appearance and generally one would expect
this to hold for all triangular design spaces. This makes the problem
of design for any simplex space much simpler, designs for simplex
subspaces being scaled down versions of designs for the whole simplex.

The variance contours, however, change considerably when



TABLE 3.1. Maximum and minimum values of var ﬁ\w AM@ and the points at which they occur, the

number, n of design points and the figure number of each design and model combination considered.

Design space n wao_ Maximum var{} ()} Minimum var {7 (x)} Fig. no.
' Points var {4 (x)} Points var {§ ()}
(i) Full simplex 3 (1) (0, 0, 1) 1.0000  (0.33,0.33,0.33) 0.3333 3.2
OsxSl 621,2,3) © 1, 0)
) 1, o, 0)
6 (1) (0, 0, 1) 0.7000 (0. 33,0.33,0.33) 0.1667 3.3
(0, 1, 0) . ,
1, 0, 0) . -
6 (1) (0, 0, 1) 1.0000  (0.12,0.12,0.76) 0.4423 3.4 '
©, 1, 0) .
@, 0, 0)
(0, 0.5, 0.5)
(0.5, 0, 0.5)
(0.5, 0.5, 0)
10 @ (0, 0, 1) 0.5000 (0. 33,0.33,0.33) 0.1000 3.5 .
©, 1, 0) )
@, 0, 0)
J10 () (0, 0, 1) 0.8857  (0.16,0.16,0.68) 0.2552 3.6
(0, 1, 0) (0. 16, 0. 68, 0. 16)
(1, 0, 0) (0. 68,0.16,0.16)
10 (u) (0, 0.24,0.76)  1.1770 (0. 06,0.47,0.47) 0.4972 3.7
(0.24,0, 0.76) (0. 47, 0. 06, 0. 47)
(0, 0.76,0.24) (0.47, 0. 47, 0. 06)
(0.76,0, 0.24)
(0.24,0. 76, 0)
(0. 76, 0.24, 0)
(ii) Constrained, 3 (I) (0.2, 0.1, 0.7)  1.0000  (0.43,0.33,0.23) 0.3333 3.8
triangular; (0.2, 0.8, 0)
0. 2¢x 0.9, (0.9, 0.1, 0)
0.1< x,<0. 8, 6 (1) (0.2, 0.1, 0.7)  0.7000  (0.43,0.33,0.23) 0.1667 3.9
0x,20. 7. (0.2, 0.8, 0)
(0.9, 0.1, 0)
6 () (0.2, 0.1, 0.7)  1.0000  (0.28,0.18,0.54) 0.4424 3.10
(0.2, 0.8, 0) (0. 28, 0. 64, 0. 08)
(0.9, 0.1, 0) (0.74, 0. 18, 0. 08)
(.2, 0.45,0. 35)
(0. 55, 0. 10, 0. 35)
(0.55,0.45, 0)
10 @ (0.2, 0.1, 0.7)  0.5000  (0.43,0.33,0.23) 0.1000 3.11
. (0.2, 0.8, 0)
(0.9, 0.1, 0)
10 (m) (0.2, 0.1, 0.7)  0.8857 (0.3, 0.2, 0.5)  0.2567 3.12
(0.2, 0.8, 0) (0.3, 0.6, 0.1)
(0.9, 0.1, 0) (0.7, 0.2, 0.1)
.10 (m (0.2, 0.26,0.54) 1.1773  (0.24,0.43,0.33) 0.4974 3.13
(0.36,0.1, 0.54) (0.53, 0. 43, 0. 04)
(0.2, 0.64,0.16) (0.53, 0. 14, 0. 33)
(0.74,0.1, 0.16)  °
(0. 36, 0. 64, 0)
(0. 74, 0. 26, 0)
(iii) Constrained, 3 (1) (0.2, 0.6, 0.2)  1.2551  (0.52,0.42,0.06) 0.3333 3.14
quadrilateral; (0.7, 0.1, 0.2)
0.2<x,<0. 9, 4 @ (0.2, 0.8, 0) 0.8311  (0.5,0.4, 0.1)  0.2500 3.15
0. HMmeo. 8, (0.9, 0.1, 0) .
6 [¢9) (0.2, 0.8, 0) 0.6414 (0.51,0.41,0.08) 0.i667 3.16
0sx5<0. 2. (0.9, 0.1, 0)
6 (1) (0.2, 0.7, 0.1)  2.0815  (0.34,0.64,0.02) 0.4601 3.17
(0.8, 0.1, 0.1) )
14 (m) (0.2, 0.8, 0) 0.9077  (0.24,0.74,0.02) 0.3947 3.18

(0.9, 0.1, 0) ° (0. 84, 0. 14, 0, 02)
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we are constrained to a non-triangular subspace like space (iii) above.
At this stage the investigator should consider the particular space he is
interested in. He should pay particular attention to the parameterisation
as some forms are difficult to handle computationally because elements
of the inverse matrix sometimes are of the order 105 and rounding
errors become important. Some of the effect of this can be seen in
Figure 3.18 where the contours of equal values of var {fl (x)} are asym-
metrical although the design is symmetrical with respect to the design
space. The National Physical Laboratory (1961, p.5) considers that
the largest coefficient in every row or column of (Xn'Xn) should lie
between 0.1 and 1. 0. The parameterisation of Cox (1971) as given in
Section 2.2 will in some cases lead to covariance matrices of this nature.
If one comp'onent is constrained to a much narrower range
than any of the other'it might be necessary to consider this one as a
process variable as defined by Scheffé (1963). The experiment would

then be a (g-1)-component mixture experiment with one process variable.
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4. D-OPTIMUM MIXTURE DESIGNS

4.1. Introduction

To ascertain to what extent the existing methods of designing
mixture experiments, as used in Section 3.2, can be expecéed to yield
approximate D-optimum désigns it is desirable to .genera.te a series of
Dl-optimum or approximate D-optimum designs for the design spaces
and models of Section 3. 2.

The method given by Wynn (1970), and discussed in Section
2.4, is used here. Each iteration of the computel: routine to maximise
IM(Cn)I consisted of the following steps: -

(i) for a given design Dn, variances of the expected mean response

were computed on the same grid as in Section 3. 3 to ascertain the maxi-

-

mum value of var i;l(?‘(o)} and its location, X, 5"

(ii) the point 50 was added to the design Dn to yield a design Dn+.1' and

the matrix M(£n+1) = M(§ n) + f()fo) f(?‘{'o)' computed;
-1
(iii) the augmented matrix M (£n+l) was computed by means of the

formula given by Plackett (1950), namely

- -l -l ' _l -1 , -l
Mg 0= MTHE ) - M ) (e ) MU (e ) e )t

()
and the IM(: +1)| computed by using the formula given by Scheffe”
n
(1959b p.417), namely
Imce_, 0 = M ). {1+ Mg ) e b
n+l n ~0 n° ™o
Usually the experimental design points at which the observations

should be taken become apparent after only a few iterations,but it is

not so easy to determine the proportions in which the observations
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should be taken at those points. For each design space and model
combination, 100 iterations were made, starting with an evenly spread
design, which ascertained the points at which the observations should
be made. Then, each of these new points formed a new design and up
to 500 iterations were made. This was done to obtain a closer appro-
ximation to the optimum design measure E,x. By continually checking
whether a new maximum |M(E‘n)l had been reached, the best design,
in terms of D-optimality, having up to 500 observations, was arrived
at, i.e. a design with at most 500 observations was found such that
the observations would be distributed over the experimental points in
proportions as near as possible to ﬁx. The reason for using two
series of iterations was that, é.lthough the design points could be ascer-
tained with only a few i‘terations the evenly spaced background design
tended to obsclure the true proportions in which observations should
be takep at those points. Instead of the second series of iterations
some quadratic minimisation routine could perhaps be used to ascertain
what the proportions of observations at the different design points should
be.

For a D-optimum design, lM(&n)l , under a linear model and
for the q-component full simplex, is given by

IM(g )| =1/q%,

"and the design points are at the q vertices of the (q-1)-dimensional
simplex and have equal measure of 1/q. This follows directly from the
fact that, when using the first order canonical polynomial model (2. 2. 2)

with f(x)' = (xl, oo ,xq) and the above vertex design Dq with x, = 1,
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%, = 0(G#5 HLj=L...,qh (X'X)=I Thus |xn'xn| = 1, the
" maximum possible value.

If the design space is a (q-1)-dimensional subspace of the full
(9-1)-dimensional simplex, and is itself a simplex, the D-optimum
design for fitting a linear model is similar to that for the full space,

i. e. design points with equal measure 1/q are taken at each of the q
vertices of the subspace. For this subspace IM(E_n)l will be smaller
than that for the full simplex. If the design space is not a simplex, no
generalisation about the nature of the D-optimum design can be made,
the designs being space specific.

Kiefer (1961a) shows that the D-optimum design for fitting a
quadratic model to a q-component full simplex design space consisfs
to each of the -;—q(qﬂ) points of the

2 __
q(qtl)
{q, 2} simplex;lattice design.

of assigning a measure

4.2. Three component mixtures

The same design spaces and mathematical models are considered
in order to compare the methods of constructing designs used in Section
3. 3 with those for constructing D-optimum designs.

Table 4.1 contains, for every design space and model combina-

tion of Section 3. 2, the number of distinct design points n_, the number

q’
.Of obsel:vations n < 500 giving the maximum value of JM(g n )I . For
comparative purposes excevpls from Table 3.2, namely the number of
observations used there; n_s and the value of IM({n. )I , are also

given in Table 4. 1.

Table 4. 2 shows the design points and numbers of observations
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TABLE 4.1. The number of distinct design points, nge the number

of observations n_ < 500 giving the maximum value of IM(&n )I, the

(o]

number of observations n_ and the value of lM(én )I of the smallest

8

viable design used in Section 3. 3 for every design space and model

combination of Section 3.2

Design space Model nd n0 IM(E'n )l ns IM( tn )l
no. o s
(i) Full simplex (I) 3 3 0.037037 3 0.037037
(11) 6 6 0.5233x10°° 6 0.5233x10°°
L )
(III) 10 10 0.4486x 10 310 0.2729 x 102>
. . -2 -2
(ii) Constrained, (I) 3 3 0.8893x10 3 0.8893x10
triangular. (11) 6 6 0.1739x 10710 6 0.1739x 10710
(1) 10 10 0.2841 x 10”27 10 0.1738x 1029
(iii) Constrained, (I) 4146 0.9482x 107> 3  0.7259x 107>
quadrilateral. (11) 8 486 0.9474x 10 % 6 0.1641 x 107 %
(II) 14 496 0.6406x 10">' 14 0.1111x 10"
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TABLE 4.2. Relative numbers of observations to be taken at each

distinct design point to give D-optimum designs for fitting

the three mathematical models to design space (i)

. ) Relative number of observations
Design point

Model (I) Model (II) Model (III)

(0, 0, 1) 1 1 1
©, 1, 0) 1 1 1
1, 0, 0) 1 1 1
(0, 0.5, 0.5) 0 1 0
(0.5, 0, 0.5) 0 1 0
(0.5, 0.5, 0) 0 1 0
(0, 0.28,0.72) 0 0 1
(0.28, 0, 0.72) 0 0 1
(0, 0.72,0.28) | 0 0 1
(0.72, 0, 0.28) 0 0 1
(0. 28, 0. 72, 0) 0 0 1
(0. 72, 0. 28, 0) . 0 o . 1
(0. 33, 0. 33, 0. 33) 0 0 1

Total 3 6 10
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TABLE 4. 3. Relative numbers of observations to be taken at each

distinct design point to give D-optimum designs for fitting

the three mathematical models to design space (ii)

Design point

Relative number of observations

Model (I) (Model (II) Model (III)
(0.2, 0.1, 0.7) 1 1 1
(0.2, 0.8, 0) 1 1 1
(0.9, 0.1, 0) 1 1 1
(0.2, 0.45,0. 35) 0 1 0
(0.55, 0. 10, 0. 35) 0 1' 0
(0. 55, 0. 45, 0) 0 1 0
(0.2, 0.29,0.51) 0 0 1
(0.4, 0.1, 0.5) 0 0 1
(0.2, 0.6, 0.2) 0 0 1
(0. 71;0.1, 0.19) 0 0 1
(0.4, 0.6, 0) 0 0 1
(0. 71, 0.29, 0) 0 0 1
(0. 43, 0. 33, 0. 23) | 0 0 1
Total 3 6

10
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TABLE 4.4. Relative numbers of observations to be taken at each

distinct design point to give D-optimum designs for fitting

the three mathematical models to design space (iii)

Relative number of observations

Design point

Model (I) Model (II) Model (III)
(0.2, 0.6, 0.2) 31 75' 45
(0.7, 0.1, 0.2) 31 75 45
(0.2, 0.8, 0) 42 .75 47
(0.9, 0.1, 0) 42 .75 46
(0.2, 0.7, 0.1) 0 39 0
(0.5, 0.4, 0.1) (1} 40 0
(0.8, 0.1, 0.1) 0 39 0
(0. 55, 0. 45, 0) 0 | 68 0
(0. 45, 0. 35, 0. 2) 0 0 : 31
(0. 47, 0. 37, 0. 16) 0 0 26
(0.2, 0.66,0.14) 0 0 32
(0. 76,0.1, 0.14) 0 0 32
(0. 36, 0. 58, 0. 08) 0 ' 0 21
(0. 66, 0. 26, 0. 08) 0 0 20
(0.2, 0.74, 0. 06) 0 0 30
(0.84,0.1, 0.06)‘ 0 0 30
(0.4, 0.6, 0) 0 0 42
(0.7, 0.3, 0) 0 0 42

Total 146 486 496
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to be taken at each distinct point to obtain the maximum value of
|M(F,n)| for design space (i) of Section 3.2, the full simplex. The
designs are given for each of the three mathematical models of Section
3.2. Similarly Tables 4.3 and 4.4 show the respective designs for
design spaces (ii}) and (iii) of Section 3. 2.

Table 4.1 shows that designs with a high | M( r,n)l usually
require observations to be ta:ken at only a few distinct points. Moreover,
in the case of the simplex design spaces (i) and (ii), the D-optimum de-
signs require equal proportions of observations to be taken at each
distinct design point; thus n_=mn, However, in irregular design
spaces, for example space (iii) the proportions may be highly irregular.
The efficiency, in terms of the IM(&n)I of the designs of Section 3.2
" for space (iii) does not compare very well with the efficiency of D-optimum
designs. The iargest proportions of the observations should, however,
still £>e ‘taken at the vertices of the bounding surface and smaller propor-
tions at other point; in the space. These other design points are deter-
mined from the specific model and space combination. The irregular
proportions of observations to be taken at the design points is the main
reason for the large numbers of observations required to reach a near
-optimum design. If simpler approximations to these proportions are
taken, designs result which require only a relatively few observations
and nevertheless have a relatively high value of IM(Zn)I . For example
{n model (I) a design with one obs'ervation at each of the four vertices

has IM(t4)l = 0.9250 x 10-3; taking 3 observations instead of 31 at

(0.2, 0.6, 0.2)and (0.7, 0.1, 0.2) and 4 instead of 42 at (0.2, 0.8, 0)
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' -3
and (0.9, 0.1, 0) yields a IM( E,14)| = 0.948105 x 10 ~ whereas the

-3
design with 146 observations has a |M( 5146)| = 0.948176 x 10 ~. The

same holds for model (II) for with n = 8, one observation at each design

point, the |M(£,)| = 0.8001 x 1071%, with n = 13, an additional obser-

= 0.9443 x 10'”‘;

and the design with n = 486 has a |M(} 4o )] = 0.9447 x 10'1f1.

vation at each vertex and at (0. 55, 0.45, 0), the IM( &13]
Some of the intuitively most acceptable experimental designs
for experiments covering the full simplex is the simplex-lattice designs
suggested by Scheffé (1958); see Section 2.3. For models (I) and (II)
of Section 3.2 simplex-lattice designs also lead to D-optimum designs.
However, for the cubic model (III), the simplex-latfice design aoes not
lead to a D-optimum design. The D-optimum design has some of its
design points at P(0, 0.28, 0.72), whereas the corresponding points
for the simplex-lattice .design lie at P(0, 1/3, 2/3), where
P(a,b,c) = ((a,b, c), (@,¢c,b), (b,a,c), (b,c,a), (c,a,b), c,b, a)} the
set of all distinct permutations of (a,b,c), for example if ¢ = a then
P(a,b,a) = {(a,b, a), (a,a,b), (b,a, a)} . Figure 3'. 7 and Table 3.1
imply that something of this nature would be the case as the maximum
var {rz (;5)} = l 1770 s P(0, 0.24, 0.72) when using the simplex-lattice
design. Kiefer and Wolfowitz (1960) show that D-optimurn designs have
the maximum var {'2 (;5)] = k/n lying at the design points, where k .is
the number of estimable parameters in the model and n the number of
observations in the design.
Section 3.3 showed that when using similar designs for spaces

(i) and (ii), the contours of equal var{r’i' (g)} for space (ii) are scaled
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down versions of those for space (i). This similarity also holds for D-
optimum designs. The design points are in the same relative position.s
and the lM( ﬁx)l also vary proportionately. Thus, for purposes of
design, one need only consider the full simplex and scale down suitably
to cope with other triangular design spaces.

. A reasonable approach to the problem of an initial design for
generating a D-optimum design would be to start with an evenly spread
design and to ascertain where local maxima of var {1 (;5)} lie for this
design; then either (i) use these points as an initial design for generating
a D-optimum design; or (ii) repeat the first step using the design arrived
at instead of the evenly spread design. This will be to ascertain whether
a slight shift in the design points might not be desirab.Ie to use in step (i).
" By performing step (ii) the investigator should early in the process of
generating a D-optimum design get a fairly good indica.tioﬁ of the nature
of the-‘D70ptimum design. This, in fact, might be his only p;'Jssibility if
q>3. F.‘c?r example, if g = 4, even just computing var {r‘l (;5)} on the
same grid as in Section 3. 3, that is, in steps of 0. 02 in every component,
would result in a three~-dimensional grid containiné 45,526 points. A
more efficient method than this of ascertaining where the maximum

var {?i (5)} lies in the design space would be very useful for these more

complex cases.

4. 3, Four component mixtures

For the D-optimum designs for fitting linear, quadratic and
cubic models in the 4-component full simplex case, the mathematical

models used were
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4
Ia) 1i : = .
(Ia) linear rl(;g) z ﬂi X, 3
i=1
4 3 3
(ITa) quadratic : 2(x Z [3 X, +Z Z B..x. x,; and
ij i7j

i= i=1 J=1
3 3 3 3 3
(Ila) cuble: q6s) = 2 Pt 2 Z P55 +Z Z 2 P 5%y
i=1 j=1 i=1l j=1 ¢=1

From Section 4. 2 the D-optimum designs for first and second

order models, (Ia) and (IIa), for the 4-component full simplex space

are known. The D-optimum design for the linear model (Ia) is the

(4, 1} simplex-lattice design consisting of 4 design points, one at each
vertex of the tetrahedron. The D-optimum design for the quadratic
model (IIa) is the {4,'2} simplex-latticé consisting of 10 design points,
one at each vertex and one each at pP(0, 0, 1/2, 1/2),

Some doubt may exist about the nature of the 4-component

D-optimum design for the cubic model, (IIIa), because the 3-component

simplex-lattice and D-optimum designs do not coincide. Owing to the

computational difficulty involved in generating D-optimum designs for
4-component mixtures, it was decided to compute lM(an)l for a few

different designs. These designs were chosen to lie on and around the

expected D-optimum design. It was expected that the D-optimum design

would in a.ny case include points at the vertices and at the centroids

of the 4 faces of the tetrahedron. These 8 points were thus taken to be

common to all the designs investigated. The designs differed in the
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values ofa >0, b >0, a %b in P(a,b, 0,0). The designs, i.n terms of
" the P(a,b, 0, 0) points, were
(a) P(0.6667, 0.3333, 0, 0),;
(b) P(0,7, 0.3, 0, 0);
(c) P(0.72, 0.28, 0, 0),;
(d) P(0.75, 0.25, 0, 0); and
(e) P(0.8, 0.2, 0, 0),
where design (a) is the {4, 3} simplex-lattice design and (c) the design
expected to have the largest IM( EZO)I in accordance with the results
of the previous Section 4. 3.

For the above five designs and the designs for the first and
second order models the values of IM({,n)l are given in Table 4.5,

As expected, the design with the largest value of lM(ﬁzo)[
is that which is a direct extension of the corresponding 3-component
design, namely design (c). It is thus expected that this design can be
extended to mixture experiments involving the full simplex of any number
of components for third order models. Suitable scaling would make
these D-optimum designs, for first, second and third order models
over the full simplex, applicable to any subspace of triangular, tetra-
hedral or some higher dimensional simplex form.

No generalisations of the nature of D-optimum designs can be
‘made if the region is not a simplex. It is in fact not ever certain that
at least some of the design points in a D-optimum design would neces-
sarily lie at each of the vertices of the boundipg surface of the design

space. Such cases would have to be dealt with individually. If a (q-1)
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TABLE 4.5. The numbers of observations, n and values of IM(&n)l
for the different four component mixture designs under the

three models (Ia), (ITa) and (IIIa)

. Model
Design n o, IM(E,n)I
' . . -2
{4, 1} simplex-lattice 4 (Ia) 0.3906 x 10
(4,2} simplex-lattice 10 (Ia) 0.9438 x 1073
‘ -1
10 (I1a) 0.5960 x 101"
-3
(a) P(0, 0, 0. 33, 0. 67), 20 (1a) 0.3970x 10
{4, 3} simplex-lattice 20 (11a) 0. 6824 x 10718
20 (IlTa)  0.1398 x 10748
(b) P(0, 0, 0. 3, 0. 7) 20 (1a) 0. 4490 x 1073
20 (ITa) 0.5181 x 10718
20 (IlIa) 0.2772 x 10728
(c) P(0, 0, 0. 28, 0. 72) 20 (1a) 0.4873 x 10°°
- 20 (I1a) 0. 4211 x 10718
20 (11Ia) 0.3203 x 10”48
(d) P(0, 0, 0. 25, 0. 75) 20 (1a) 0.5563 x 107>
20 (I1a) 0.2880 x 1018
20 (Illa)  0.2756 x 10748
-3
(e) P(0, 0, 0.2, 0. 8) 20 (1a) 0.7091 x 10
20 (I1a) 0.1226 x 10”18
-49

20 (Illa)  0.7630 x 10
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dimensional non-simplex subspace of the full simplex can be transformed
to a (g-1) cube by a linear transformation, the method given by Kiefer

(1961) can be used to obtain D-optimum designs.

4.4. Comparability of the values of IM(gn)l .

To enable comparison of IM( E,n)l for different models with
different numbers, k, of estimable parameters, to be made, several
authors have calculated IM(&n)l l/p, taking p = k. For the parameteri-
sation of models (I), (II) and (III) of Section 3.2, however, taking p = 2,

5 and 9 respectively do not yield comparable.answers. Neither does the
use of p = 3, 9 and 19 for models (Ia), (IIa) and (IIla) of Section 4. 3.

By setting p = 2, 8 and 20 respectively for models (I), (II) and (III) and

p = 3, 15 and 45 respectively for models (Ia), (IIa) and (IIIa), comparable
values of IM(ﬁn)l 1(p are obtained.

It seems that for a q-component mixture experiment with a

th
m  order polynomial model of the form of (2. 2. 2)

m

P= Z r(q]'rl) ,

r=1

where (q;l) is the number of estimable rth order terms in the model.
Table 4. 6 shows the values of k, p, IM(:n)l l/k, and IM(Cn)ll/P
for the D-optimum designs for all the 3- and 4-comp9nent design space
and model combinations of Sections 3.2 and 4. 3.
For similar designs in similar design spaces and under the
same mathematical model the value of IM(gn)I should be proportional

to the squared volume of the design. Comparison of the lM((n)I for
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the linear model for similar designs for design spaces (i) and (ii) yields
a ratio of
{]M(gn)l for space (i)/ lM(En)| for space (ii)} = 4,165
= {area of space (i)/area of space (ii)}4.
For the quadratic model the ratio is
{IM(&H)I for space (i)/|M(tn)| for space ({i)} = 300.9
= (ratio of area.s)16 ,

and for the cubic model
{ratio of the IM(En)I values]: .1579 x 107

= (ratio of the areas) .
Therefore, the ratio of the lM({n)I l/p is equal to the squared ratio
of the areas. The ratio of {IM( 5n)| 1/p for space (i)/lM( &n)l 1/p for
space (iii)} is equal to 1. 99 for model (I), 5.2 for model (II) and 4. 9
for model (III) whereas the squared ratio of the areas is 13.03. These

differences occur because of the differences in the shape of the design

space and consequently the nature of the D-optimum design.
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1
TABLE 4.6. Values of k,p, [M(§ )|, [M(E )| 43 |M( tn)II/P for

the D-optimum designs of all the 3- and 4-component design

space and model combinations of Sections 3.2 and 4. 3.

Design Space M(:ifl k IM( fn)l lM(&n)I 1/k lM(&n)I 1/p
(i) Full Simplex I 2 2 0.037037 0. 19245 0.19245
3-component m 5 8 0.5233x10°°  0.02207 0. 092155
I 9 20 0. 4486x1072> 0. 002546 0. 06802
(ii) 3-component, I 2 2 0.8893x10°%  0.09430 0. 09430
simplex I 5 8 0.1739x10°°0 0.007048 0. 04519
oI 9 20 0.2841x10727 0.0005213 0. 03332
(iii)3-component, I 2 2 0.9482x10°%  0.09737 0.09737.
quadrilateral ™ II 5 8 0. 9474x1o'14 0. 001568 o; 01766
) m 9 20 o 6406x10"> " 0.7373x10"% 0. 01393
4-comp9nent, Ia 3 3 0. 3906x10-2 0. 1575 0.1575
full simplex IIa 9 15 0.5960x10° ' 0.01218 0. 07107
Ma 19 45  0.3203x10°+% 0. 002803 0. 08363
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5. DESIGNS FOR FIXED NUMBERS OF OBSERVATIONS

5.1. Statement of the problem

In practice the investigator often wishes to design an experi-
ment with a maximum value of lM(&n)l for a fixed number of obser-
vations, n say. The D-optimum design would most probably require
nx # n observations. Here some methods of designing near D-optimum

experiments for fixed numbers of observations are suggested.

Addition to a D-optimum design

p i
If the desired experiment is of size n, where n > fn , where {
b
is an integer and n the size of the D-optimum design, a design with
a maximum lM(t )| can easily be obtained. Start with the D-optimum
n

design, D X’ repeated ¢ times to yield a design D x and then add

n* {n
observations, one at a time such that
(Y . X ) i ),
{n +i (n'+i  fn +i ﬁnx-l-i

where x x is in % {i =1,..., (n- énx)} , i8 a maximum. This
{n +i '
is essentially the method of Wynn (1970).

Sometimes the D-optimum design requires a large number
of observations distributed in irregular proportions over the design
points. If a design Dp, with p < n observations and a non-singular
' X'P Xp matrix, can be found with proportions close to that of the D-
optimum design, it would be advantageous to use the design Dp as a

starting design and adding observations to it following the procedure

of Wynn (1970) until a Dn design is reached. As will be shown in Section
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5. 3, if n should be less than the number of distinct design points in
the D-optimum design, this method could lead to designs with less than

the maximum value of |M({ ).
n

Replacement of observations

If n< nx, i.e. the D-optimum design requires more observa-
tions than available for experimentation, the following procedure could
be followed to maximise lM(ﬁn)I .

Let Xn be the k x n matrix of f(;gi), i=1,...,n), with rank
k < n corresponding to any arbitrary design Dn which consists of the
observations X; in % i=1,...,n). Then IM(f,n)l is .maximised
by successively replacing observations in Dn with others in 22 . An

observation, ?Si say, in Dn is replaced by another, §j say, in &€ if
-1 p -1
= fl4f6x ) (x! { i} ' }
A { (asj) (x' X ) f(zsj)} 1-f(x )(X' X ) "ix)

- 1 2

. 1 1 X > . . .
+ {te) o X Teee )" > 1 (5.1.1)
This process is continued until no further Aij >1 can be

found. The following Lemma 1 shows why the Aij should be taken
larger than 1.
Lemma 1. If Wis a symmetric positive definite k x k matrix and A is
a k x 2 matrix then

det(W+AA') = det(I+A'W-lA) det(W) (5.1.2)
Proof: Wynn (1970) has proved that if 3 is a k x 1 column vector then

det(W+ga') = (1 + g'W-lg) det(W).



LetA=(gl,§2); thus AA'=a a '+taa'.

Now

det(W +a a ') = (l+a 'W -la )det(Wo)

~1
=det(W1),
-1
det ') = '
e (W 2,2, ) (1+§}2 W, gz) det(Wl)
= 142’ {w W g (l+g 'W -1, )’la w1 (1+a 'W -1 )det(W )
) 21 % =% Y, |22 21 "o 21 o
-1 -1
a_'w a. a'W a
_1 o~ ~ ~ ~ -
= 9(l4a,'W a ) - 2 o 171 o 2 (l1+a 'w la ) det(W )
~2 o *~2 . -1 "l "o ~1 o
(1+2,'W _ 3))

-1 -1 -1
t 1 t 2
{(1+§2 W0 gz)(l+gl Wo Q”l) (22 Wo 2"1) } det(Wo)

-1
= det(I + A'Wo A) det(Wo) .

-1
= ! ' 1 =
Therefore Aij det {I + A (Xn Xn) A] , if 2, f(§j) and.

a, = f(}’si) , giving ‘a’l?‘l' = f(§j) f(agj)' and a2

23, = ~flx)) £x,)'.

Therefc;re, Aij > 1 implies that |W + AA'l > |W| which means an
increase in the value of lM(&n)l and hence in the relative D-optimality
of the design.

Lemma 2. Given any design Dn’ with ;:oreSponding matrix Xn of rank
r <k < n, the average variance of the expected mean response at any

design point x. say in Dn is equal to r/n. In other words

n

Z f(z,) (X 'X ) fx)=r, (5.1.3)
i=1

where (X 'X ) is a generalised inverse of X 'X .
n n n n
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Proof. The matrix X (X 'X )- X ' is idempotent and
—_— n n n n

rank (x (x X)X} =er{x x'x)x} .

Also
rank X (€ 'X,)" x] =
Tﬁerefore, n
‘ tr {Xn(xn'xn)' xn'} = Z f(;si)' (Xn'Xn)- f(;si)
i=1
=r

]
for x, in D .
. i n
For convenience of notation let f(}"{'i) = b, the column being

deleted from X ; £f(x.) = a2, the column being added to Xn and Xn'Xn = W.
n ~]

. Now

- - -1
A .= (1+a'W 1’a‘.')(l--‘p_'W 1‘9,) + (a'w 9)2 >1
ij .

if (i) generally the squared correlation between a and b, namely
-1, 1] S WSS BSS S |
@'W b)3/@@'W a)h'W "b)>1+@'W "3) -('W b) ; (5.1.4)

and more specifically,

- - _1 .
(i) 3'W g > B'W B)/(1-b'W B, (5.1.5)
ipwlh<1; or
- (iii) (g'w'lg)"‘ >1, (5.1.6)
1

if B'W b= 1.

From Lemma 2 it can be deduced that for some bi = f(x.) in
- i

X, bi'W-lbi < 1, the inequality holding if k < n and all the b'iw'lb,
n ~1 = ~ ~i

equal. The situation can arise when k =n that all the biw-lbi = 1 but

the design is not D-optimum. In such a case some f(§j)'W-lf(§j) >1

can be found such that ?sj is in 2 but not in Dn'
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The situation could arise whereby there does not exist a
Ai' > 1 although there does exist at least some ;_c,j in 2 , and not in
-1 -1
D d in D h that f(x.)' W °f >f 'wW . Thi
,2rdx, inD suc a (;_gJ) (;sj) (;si) f(;gi) is means
that a local maximum for 'M( &n)l has been reached. This will most
-1
probably happen when f(')"{i)' w f(§i) = k/n for all % in Dn. It might

-1
be possible to make progress by finding max f(?"(j)'(Xn'Xn) f(§j) s

x. in®
J

x.notin D ; and then max f(x. )}'(X 'X )-lf(x,) and replacing x,
~ n . ~1 n n ~J ~1
?"{i in Dn

by x. provided that A j >0, i.e. Xn'X does not become singular on
~ 1 n
replacing x, by x.. It might even be necessary to do a few of these
~1 Lad
replacements involving different X, and '}‘('j combinations to get far enough

away from this local optimum to be able to make progress in maximising

Mg ) -

5. 2. - Method of generating designs

The method followed consisted of generating an evenly spaced

design Dn with n >>n. The design was then reduced by successively

e .
deleting points from it until either

(a) a design with the required number of observations remained, or
. (b) until a stage is reached whereby the deletion of any observation from
the design Dn » D, >n, would result in a singular Xn'Xn matrix. The

1
observation deleted at each stage is that non-essential observation in

the design with the smallest var { rz (35)} . A non-essential observation
in a design Dn' say, can be deleted from that design without the

1 : . .
X n'-1 Xn'-l matrix becoming singular.
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If stage (a) had been reached, the procedure of replacing
observations could be directly followed.

If stage (b), however, had been reached one observation is
replaced and the deleting process repeated. This two-step process
is continued until either no further progress is possible in deleting ,
points or increasing the IM(ﬁn)l or stage (a) above had been reached,
after which the normal replacement is followed.

The method of replacing observations consisted of a series
of iterat.ions. At each iteration one observation, }“('i in Dn say, was
replaced with another ’}‘{‘j in @ , if X is that observation with the
smallest var {r‘l (;_si)} and with a Aij > 1. Normally this would be
continued until no further Aij >1, foranyi=1,...,n, could be found.
To find whether a Aij > 1 existed for any specific % in Dn a series
of A ij was co;'nputed on the same grid as that described in .Section

3.3, namely a grid with steps of 0. 02 in each component.

5.3. Results and conclusions

The same design spaces and mathematical models as described
in Section 3.2 were used. Where feasible, designs were computed for
n=%k,...,2k+l observations, k being the number of estimable para-
meters in the model. If an n could be found such that k < n < 2k+1 designs
were generated for n,..., 2k+]l observations. The only instance in
which no n = k could be found was for the design space (iii) when the
cubic model was fitted. The smallest design with a non-singular infor-
mation matrix had 14 observations.

The computer routine used made provision for generating one
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design with the smallest number of observations that it could find if
n >2k+l. This situation, and the one above where n >k, could arise
throuéh inadequacies, both of the parameterisation and the numerical
methods used. Single precision arithmetic with 14 significant digits
was used throughout. With very near singular matrices the rounding
errors become important.

In design spaces where the D-optimum design for a model with
k param’eters requires a Dk design, one would expect that the methods
of Section 5.1 would yield identical ]M( tn)l . This is then also what
happened when applying the second method to design spaces (i) and (ii)
of Section 3.2. These results are given in Table 5.1 to 5. 3 for space
(i) and Tables 5.4 to 5. 6 for space (ii). Each table contains the D-
optimum design with n observations and its IM( E,n)]inﬂ\eﬁnal column
and opposite t};e nth observation and then the observations té be added
to get a design with nt+l,..., 2n+l o.bservations in the successive rows
and the value of |M(én+j)l next to the (n+j)th observation (j = 0,...,n+l).

In the cas;e of the 2~-dimensional quadrildteral design space (iii)
Section 4. 2 shows that the D-optimum designs have more distinct design
points than there are parameters in the models. The D-optimum design
for fitting the linear model (I) has 4 design points whereas the model
has only 3 estimable parameters, Similarly the D-optimum designs
for fitting models (II) and (III) have 8 and 14 design places and 6 and 10
estimable parameters respectively. It is thus theoretically ;;ossible to
get designs with fewer observations than there are design points in the
D-optimum designs. No design with less than 14 observations and a non-

singular M( én) matrix could however be found for model(IT]}
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TABLE 5. 1. Designs for design space (i) under model (I) with a

maximum value of |[M( En)l forn=3,...,7 observations
n Design points |M( En)l

1 (0, 0, 1)

2 (0, 1, 0)

3 (1, 0, 0) 0. 037037

4 ©, 0, 1) 0. 03125

5 (0, 1, 0) 0. 03200

6 (1, 0, 0) 0.037037

7 (0, 0, 1) 0. 03499

TABLE 5. 2. Designs for design space (i) under model (II) with a

maximum value of |M( 5n)| forn=6,...,13 observations

n Design points |Mm( En)l

. 1 (o; 0, 1)

" 2 (0, 1, 0)
3 (1, 0, 0)
4 (0, 0.5, 0.5)
5 (0.5, 0, 0.5) .
6 (0.5, 0.5, 0) 0.5233 x 10°°
7 (0.5, 0.5, 0) 0.4150 x 10°°
8 (0, 0, 1) 0.3725x 10°°
9 (0, 0.5, 0.5) 0. 3675 x 1078
10 (0, 1, 0) 0.3906 x 10”2
11 (0.5, 0, 0.5) 0.4410 x 10”8
12 (1, 0, 0) 0.5233x 10°°

8

13 (0, 0, 1) 0.4856 x 10~
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TABLE 5.3. Designs for design space (i) under model (III) with a

maximum value of IM( E’n)l for n=10,...,21 observations

n Design points | m( E'n)l

1 (0, 0, 1)

2 (0, 0.28, 0.72)

3 (0.28, 0, 0.72)

4 (0.33, 0,33, 0.33)

5 (0, 0.72, 0.28)

6 (0. 72, 0, 0.28)

7 (0, 1, 0)

8 (0.28, 0.72, 0)

9 (0. 72, 0.28, 0)

10 (1, 0, 0) 0.4486 x 102>
11 (0.72, 0, 0.28) 0.3459 x 107
12 (0.72, 0.28, 0) 0.2898 x 10722
13 (0, 0.72, 0.28) 0.2603 x 10723

C 14 (1, 0, 0) 0.2482 x 102>

15 (0.28, 0, 0.72) 0.2490 x 10723
16 (0, 0.28, 0.72) 0.2611 x 10”23
17 (0, 0, 1) 0.2848 x 10722
18 (0.28, 0.72, 0) 0.3217 x 10”23
19 (0, 1, 0) 0.3746 x 10”23
20 (0.33, 0.33, 0.33) 0.4486 x 10~ 2>
21 (0, 0, 1) 0.4131 x 10°2>
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TABLE 5.4. Designs for design space (ii) under model (I) with a

maximum value of IM( Cn)[ for n=3,...,7 observations
n Design points | M( Cn)l

1 (0.2, 0.1, 0.7)

2 (0.2, 0.8, 0)

3 (0.9, 0.1, 0) 0.8893 x 1072

4 (0.2, 0.8, 0) 0.7503 x 1072

5 (0.9, 0.1, 0) 0.7683 x 1072

6 (0.2, 0.1, 0.7) 0. 8893 x 1072

7 (0.2, 0.1, 0.7) 0. 8400 x 10”2

TABLE 5.5. Designs for design space (ii) under model (I) with a

maximum value of IM( E_,n)l forn=6,...,13 observations

n Design points | M( Cn)l
1 (0.2, 0.1, 0.7)

.2 (0.2, 0.45, 0.35)
3 (0.55, 0.1, 0.35)
4 (0.2, 0.8, 0)
5 (0.55, 0.45, 0)
6 (0.9, 0.1, 0) 0.1739 x 1070
7 (0.2, 0.1, 0.7) 0.1379 x 1070
8 (0.55, 0.1, 0.35) 0.1238 x 10”0
9 (0.55, 0.45, 0) 0.1221 x 1010
10 (0.2, 0.45, 0.35) 0.1298 x 10710
11 (0.9, 0.1, 0) 0.1466 x 10”-°
12 (0.2, 0.8, 0) 0.1739 x 107 1°

-10

13 (0.2, 0.45, 0.35) 0.1614 x 10
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TABLE 5.6. Designs for design space (ii) under Model (III) with a

maximum value of IM( gn)l for n=10,...,21 observations
n Design points IM( En)l

1 (0.2, 0.1, 0.7)

2 (0.2, 0.29, 0.51)

3 (0.4, 0.1, 0.5)

4 (0.43, 0.33, 0.23)

5 (0.2, 0.6, 0.2)

6 (0.71, 0.1, 0.19)

7 (0.2, 0.8, 0)

8 (0.4, 0.6, 0)

9 (0.71, 0.29, 0)

10 (0.9, 0.1, 0) 0.2841 x 10°27
11 (0.43, 0.33, 0.23) 0.2190 x 10727
12 (0.71, 0.1, 0.19) 0.1836 x 10727
13 (0.71, 0.29, 0) 0.1656 x 10”27

' 14 (0.2, 0.6, 0.2) 0.1574 x 10727

15 (0.9, 0.1, 0) 0.1576 x 10727
‘16 (0.4, 0.1, 0.5) 0.1653 x 10727
17 (0.2, 0.29, 0.51) 0.1803 x 10”27
18 (0.2, 0.1, 0.7) 0.2036 x 10~2?
19 (0.4, 0.6, 0) 0.2372 x 10°27
20 (0.2, 0.8, 0) 0.2841 x 10727
21 (0.2, 0.29, 0.51) 0.2615 x 10727
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Tables 5.7 to 5.9 are similar to the above and show the
results for design space (iii) for all three models. In the case of the
cubic model (III) however designs and IM(&n)I are given only for
n=14,..., 2] observations. Contrary to expectation the design
generated for n = 7, when fitting the quadratic model (II) to design
space (iii) is not the design for n = 6 plus another appropriate observa-
tion. The reason for this is that the design with a maximum value for
IM( E_,7)| has one design point at none of the 8 distinct design points
of the D-optimum design.

There exist three designs with n = 6 with the maximum |M( ﬁé)l
and two designs for n = 7 with the maximum value for lM( t’,?)' . The
designs for n = 6 are subsets of the design with n = 8 observations. A
comparison of the var {fz‘ (5)} for all the X, in the 8-point design shows
that the 5 design points common to all three of the 6-point designs
have a _1_-e1ative1y high var {fi (;5)} » namely var{'z (}A‘g)} = 0.8834 at
(0.2, 0.6, 0.2)and (0.7, 0.1, 0.2); var{ i ('x‘_)z = 0. 8820 at (0.2, 0.8, 0)
and (0.9, 0.1, 0); and var {r’l‘(zs)} = 0.7663 at (0.55, 0.45, 0). The
three points (0.2, 0.7, 0.1), (0.5, 0.4, 0.1)and (0.8, 0.1, 0.1) have
equal var {i (;5)}=0.5679. Inclusion of any one of these latter three
points in the 6 point design yields the same IM(E6)I .

The two designs for n = 7 have the same 5 point subset as the
"6 point designs plus one of the two points (0.2, 0.7, 0.1) or (0.8,0.1,0.1),
plus an additional point near the centroid of the design space depending
on which of the latter two points are included. For example, the point

to be used in conjunction with (0.8, 0.1, 0.1)is (0.43, 0.47, 0.1).



- 78 -

TABLE 5.7. Designs for design space (iii) under model (I)

with a maximum value of |M( E“n)l forn=3,...,7

observations

n Design points I M( E‘n)l

1 (0.2, 0.6, 0.2)

2 (0.2, 0.8, 0)

3 (0.9, 0.1, 0) 0. 7259 x 1073
4 (0.7, 0.1, 0.2) 0. 9250 x 1073
5 (0.2, 0.8, 0) 0. 8672 x 10'3
6 (0.9, 0.1, 0) 0.9111 x 1073

7 (0.2, 0.6, 0.2) 0.9190 x 10'3
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TABLE 5.8. Designs for design space (iii) under model (II) with a

maximum value of IM(&n)I for n=6,...,13 observations

n Design points IM( ﬁn)l

(0.2, 0.6, 0.2)
(0.7, 0.1, 0.2)
(0.2, 0.7, 0.1)
(0.2, 0.8, 0)

(0.55, 0.45, 0)

(0.9, 0.1, 0) 0. 6304 x 10”14

o W N

—

(0.2, 0.6, 0.2)
(0.7, 0.1, 0.2)
(0. 44, 0.46, 0.1)
(0.8, 0.1, 0.1)
(0.2, 0.8, 0)
(0.56, 0.44, 0)

(0.9, 0.1, 0) 0.7861 x 10~ 1%

~N o0 U AW

»
[

(0.2, 0.6, 0.2)

(0.7, 0.1, 0.2)

(0.2, 0.7, 0.1) -

(0.5, 0.4, 0.1)

(0.8, 0.1, 0.1)

(0.2, 0.8, 0)

(0.55, 0.45, 0)

(0.9, 0.1, 0) 0.8001 x 10”4

9 (0.2, 0.6, 0,2) 0. 7443 x 10'14

10 (0.2, 0.8, 0) 0.7476 x 10714

11 (0.7, 0.1, 0.2) 0.7927 x 1o'14
12 (0.90, 0.10, 0) 0.8767 x 10-14
14

13 (0.55, 0.45, 0) 0.9443 x 10

0 = O U!obh WY
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TABLE 5.9. Designs for design space (iii) under model (III) with

a maximum value of lM(&n)l forn=14,...,21

observations
n Design points [ M( tn)l
1 (0.2, 0.6, 0.2)
2 (0.45, 0.35, 0.2)
3 (0.7, 0.1, 0.2)
4 (0. 43, 0.37, 0.16)
5 (0.2, 0.66, 0.14)
6 (0.76, 0.1, 0.14)
7 0.2, 0.74, 0.06)
8 (0. 36, 0.58, 0.06)
9 (0. 68, 0.26, 0.06)
10 (0.84, 0.1, 0.06)
11 . (0.2, 0.8, 0)
Co12 (0.4, 0.6, 0)
© 13 (0.7, 0.3, 0)
14 (0.9, 0.1, 0) 0.5145 x 107"
15 (0.9, 0.1, 0) 0.4924 x 107"
16 (0.2, 0.8, 0) 0. 4926 x 10737
17 (0.7, 0.1, 0.2) 0.5063 % 10"
18 (0.2, 0.6, 0.2) 0.5385 x 10727
19 (0.4, 0.6, 0) 0.5541 x 10727
20 (0.7, 0.3, 0) 0,5829 x 10737
37

21 (0.76, 0.1, 0.14) 0.5808x 10~
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Generally it seems that unique designs only exist in certain
cases, namely experiments with (a) numbers of observations equal to
or multiples of that in the D-optimum design; (b) numbers of obser-
vations equal to the number of distinct design points in the D-optimum
design, as was seen for design space (iii); or (c) the design being a
close approximation to the D-optimum in terms of proportions of obser-
vations to be taken at the distinct des.ign points. An instance of case
(c) is to be found in Section 4.2 where the D-optimum design for fitting
a linear model (I) to space (iii) requires 146 observations in a ratio
of 31:42. However, the design, consisting of 14 observations with a

ratio of 3:4 has the maximum value of IM( E which is also relatively

14|
high when compared to that of the above D-optimum design. There is
no other 14 point design for fitting model (I) to space (iii) with such a
large |M( L‘,14)l| .

. When the designs are not unique, in the sense of being the only
possible design of that size having the maximum value for lM(&n)l s
the investigator will have to decide which design suits his purposes
best. He should choose that design which will give the greatest accuracy
in that region in the design space in which he is the most interested.
For example the design with 11 observations for fitting model (III) to
the full simplex, design space (i), will have the 10-point D-optimum
design of Table 4.2 plus an additional observation at any of these 10

points. For example, if the prime interest lies in the centre of the

design space the 11th observation should be taken there.



"82-

~

6. INCOMPLETE BLOCK MIXTURE DESIGNS

6.1, Introduction

Some method of designing incomplete block mixture experi-
ments is very desirable because the number of observations in a mixture
experiment rapidly increases with the number of components and the
degree of the model. Nigam (1970) suggested a few methods of design-
ing incomplete block mixture experiments under certain conditions.
These methods are discussed in Section 2. 5. His methods lead to
experiments with only a few large blocks, which is often unsatisfactory
when dealing with block sizes fixed within narrow limits by conditions
outside the control of the investigator.

Let the true response rl(;s) in an incomplete block mixture

experiment be represented by
'l(;s) =B fx,)+ 1‘3(}52) )

where ;_:'= ()51, 5"2), with x. a q x 1 column vector in &1, the mixture

1
design space, and X0 2 b x 1 column vector in %2, the block design
space; fis the k x 1 column vector of estimablé mixture parameters
andx the (b-1) x 1 column vector of block effects. The basic problem
lies in designing the experiment such that the block effects have a mini-
mal influence on the mixture parameters.

Givel‘rx an incomplete block mixture design Dn, with a corres-
ponding matrix Xn, with b blocks, s observations per block, k estimable
treatment parameters and n observations the p x p information matrix
M( &n) = % (anx.n) can be computed, where p= k+ (b-1) , n>p.
Suppose M( gn) is of full rank p. As in (3. 1.4). the matrix M( f,n) can

be partitioned into
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MO )= Ty (8 ) - MpLee )]
My (B, My,(E)
where Mll( ﬁn) is the k.x k information matrix of the mixture parameters;
MZZ(E“n) is the (b-1) x (b-1) information matrix of the block effects;
and anZ(En) = nMZl'(En) is the; k x (b-1) matrix of sums of products
between MiXture parameters and block effects. As in (3.1.5) the in-

verse of M(C n) can be correspondingly partitioned into

-1
Mg )= e, Ml )] -

M2 ), MP(E)

If the blockir;g has no influence on the estimation of the para-
meters, MIZ( Cn) will be zero. This can only happen when the block
size s > k, the number of parameters to be estimated. For IMII(E"n)I
to be a maximum and Mlz(f,n) = 0,.however, 8 = {nd, where

{-= 1,2,..., and n_ is the size of the D-optimum design. This situation

d
very seldom arises for usually s < k. In this latter case, when s <Kk,
one would prefer to maximise

My (6 ) - My, (8 ) My, 8 My (8] = e )]

(6.1.2)

This determinant is given by Karlin and Studden (1966) as the analogue
of lM(gn)I when considering the estime;tion of k (k < p) of the. parameters
Ol, ooy Op. Maximising (6. 1.2) would thus mean that the effect of blocks
on treatments is minimised. One would, of course, wish to retain the
block structure of the experiment and would thus keep MZ-2 ({n) constant,

only varying the mixtures applied within the blocks.

It is also known that
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|M.( &= Myp (83| My (B ) - My, (8 My, (8 M, (8 )]
and thus
IMl.l(tn)I ! =| Mg ) |M22(§n)|'1 . (6.1.3)

Since the number of observations, n, and the number of blocks, b, in
the experiment is fixed beforehand the matrix MZZ(C n) will. remain
constant. It is thus only necessary to maximise lM(E’n)‘ for fixed n,
while ;'etaining the block structure. The second method described in
Section 5.1 can thus be used to maximise (6. 1.2).

The advantage here is that one is not limited to a-specific set
of mixtures which has to be subdivided into the blocks as in the usual
incomplete block experiments but can vary the mixtures at will. Any
possible mixture within the design space is a candidate for inclusion in
the experiment. As will be shown in Section 6. 3, it is possible to get
higher values of IM“(&;)-MIZ( &n)MZZ-l (:n)MZI(t’n)I than with the
usual methods.

In the incomplete block mixture experiments there will not
necessarily be replications in t}.1e usual sense and the error will not
be measured as a replication effect but rather as deviations from
regression.

Because the maximising of (6.1.2) is lengthy it would be ad-
vantageous if some simple methods for designing incomplete block
mixture experiments could be devised. One method is to generate
incomplete block mixture experiments with a maximum value for
IM( E n)l for a selection of different mathematical models; numbers

of observations, n; and numbers of blocks, b, for the 3-component
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full simplex design space to ascertain whether any general results

emerge.

In cases where the D-optimum design has a small fixed number

of design points, n, say, only block designs with blocks of size s < ng

observations per block were considered. If the block sizes= ny +4,

0< €< n g the method of Section 5.2 will yield a design with n, +1b

observations. The first ny points being the D-optimum design and will

be common to all bdftheblocks. The first block will have in addition
the first { of the additional {b observations; the second block, the
second £ ; and so forth. Although this will not necessarily yield a
design with a maximum value for ‘M(E,n)‘ , it will not differ much
from the design with the maximum value of |M( t’n)1 . An alternative
method is to generate incomplete block designs with blocks of size ¢
and to 1‘1se these to augment the D-optimum design of size n_ to yield

d

blocks of size s = nd + ¢ . This latter method will, however, most

probably result in designs with smaller values of lM(E,n)l than the

preceding method.

6. 2. Method of generating designs

The method used was similar to that described in Section 5. 2.

The changes are that

(i) a design with a fixed block structure was used as a starting design

and no observations were deleted, n, b and k being fixed beforehand,

and
.o [ t o3 : 1 = :
(ii) when f(;gi) f(;gil, "SiZ) in Xn is replaced by f(;sj) f(')'{jl' §j2)’1n

@ » ¥;, must be equal to }'SjZ' In other words, if the Xn matrix is
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partitioned as X = (X _.,X ), where X ., is the n x k matrix of treat-
n nl” ""n2 nl

ment variables f(;gli) i=1,...,n)and an is the n x (b-1) matrix of

block variables f(:,gZi) i=1,...,n), the Xn matrix is specified before-

2

hand and does not change whereas the rows of Xn are changed by the

1
replacement of mixtures. An observation, x, say in Dn is replaced
with another, ?‘{'j say in L if X, is that observation with the smallest
var {i (x‘)} » Xy in Dn which hasa A ij > 1, where A i is as
defined in (5. 1.1).

The situation of reaching a local maximum ‘f01j IM( &n)l never
actually arose in the examples examined in Section 5.3. Under the
present conditions, however, when maximising lM(ﬁn)' keeping
|M22(£n)l constant, local maxima were reached. This factor becomes.
very important in the more complex cases where quadratic and cubic
models are assumed. It was considered that a design with a maximum
|M( t.n)l had been reached if the increase in IM( f’n)l in two successive
steps was less than 0. 001| M( ﬁn)l . A replacement as described in
Section 5.2 is, however, virtually impossible. In Section 5.2 only the
var {rz (a_:i)} , var { ri (>5j)} and f(§j)’ (Xn'.xn)-l f()ac'i) functions, where %,
is in D_ and x; is in @ but notin D , had to be considered. In this
case, however, all the possible interactions between blocks and treat-
ments will have to be brought into consideration, possibly resulting in
some extremely complex computations. In an effort to overcome this,
different grid sizes in steps of 0.025, 0.02, 0.0125 and 0. 0l in the com-
ponents were used. This device had limited success, Different starting

designs were also used, a second design usually being the end design,

obtained from the first, with some subjective changes. This method
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proved to be more effective but time consuming. As will be; seen, in
spite of all this, there are some cases in which no reasonably balanced
design has as yet been reached. There also exist some cases where
a slightly less efficient design, in terms of lMll(ﬁn)I -1, contains
more l;omogenous and intuitively more acceptable mixture proportions
than the design with maximum IMl 1( E’n)l -1.

The efficiency of an incomplete block mixture design may be
expressed relative to the determinant that would have been achieved

using the same mixtures but in a complete block experiment, i.e.
11 -1
E= M)/ M08 )] (6.2.1)
. - . 11 -1 )

An alternative measure of efficiency is to measure lM (E'n)l relative
to the maximum lM“( ﬁn)l possible for that n. This would give the
mdinimum efficiency of that incomplete block mixture design and can be
formulated as

11 ~1 |
Emin= ‘M (ln)| {:?Iajlell(t'n)l'.
~1

6. 3. Results

For the purposes of this investigation only the 3-component
full simplex space was considered. The mathematical models were the
same as those of Section 3.2, namely the linear model(l), the quadratic
model (IT) and the cubic model (T]}

The sizes of the designs were constrained to n < 24 and the
block sizes to s = 2 for model(l)and 2 < s <5 for models('II)and(II]).
Designs were generated for all integer values of b = n/s such that

n>p, p=k+ (b-1)
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The linear model (I)

Because the D-optimum design for the full simplex with model
(I) has only n; = 3 distinct design points only incomplete block mixture
designs with s = 2 observations per block were considered. The method

described in Section 6.1 will yield designs with s = n

gt € (£=0,1,...)
The basic design for s = 2 contains three blocks with two mix-
tures in each, namely
(i') (0,0,1) and (0,1,0);
(i) (0,0,1) and (1,0,0); and
(iii) (0,1,0) and (1,0,0).
An experiment with any number of blocks can be built up by repetitions
of these basic three blocks plus any subset of it to make up the required
number of blocks.
Table 6. 1 shows the incomplete block designs for fitting model
(I) to the full simplex design space for b = 2,..., 12 blocks with s = 2.
In this case, the (b+1) block design consists of a b block design plus an
additional block. If b = 2 for example, use the upper 2 blocks; for
b = 3, the upper 3; and so forth for any experimert with up to 12 blocks.
The values of |M11(Qn)| -1 and E = {IMII(;n)I IM“( tn)l} -1 for the b block
design (b = n/s) are given next to the bth block in Table 6. 1.
As is to be expected, all designs with a multiple of 3 blocks
have the maximum values of lMll(ﬁn)l -1 = 0.02083 and E = 0. 5624
for s = 2, being balanced incomplete block designs utilising the D-optimum

design,

This basic design can be extended to higher dimensions. Thus,
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TABLE 6.1. The values of ]M“(gn)l ! 2nd E for the incomplete

block mixture designs for fitting the linear model (I) to the

full simplex for b = 2,...,12 blocks with 2 observations per

block.
b n  Design Points |Mll(Z,n)| ! E
1 1 (0,0, 1)
2 (0,1, 0)
2 3 (0,0,1) 0.01563 0. 5000
4 1,0, 0)
3 5 (0,1, 0) 0. 02083 0. 5624
6 (1,0, 0)
4 7 (0,0, 1) 0.01953 0. 5555
8 (0,1, 0)
5 9 (0,0,1) 0. 02000 0.5556
10 (1,0, 0) ‘
6 11 ©,1,0) . 0. 02083 0. 5624
12 (1,0, 0)
7 13 (0,0, 1) 0. 02041 0. 5600
14 ©0,1,0)
8 15 (0,0, 1) 0. 02051 0. 5600
16 (1,0, 0)
9 17 (0,1, 0) 0. 02083 0.5624
18 (1,0, 0)
10 19 (0,0,1) 0,02063 0.5612
20 (0,1, 0)
11 21 (0,0,1) 0, 02066 0.5612
22 (1,0, 0) .
12 23 (0,1, 0) 0, 02083 0. 5624

24 (1,0,0)
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for q > 3 and 8 < q, the basic design will consists of (:) blocks. The
method for constructing a design with the number of blocks not equal

to a multiple of (:) would be to use repetitions of the basic set plus a
subset of it to make up the required number of blocks. This subset must
be chosen such that the number of times the q different mixtures appear
in the subset are as equal as possible. For example for q =4, s = 2

and b = 8, one would use the basic 6 blocks plus possibly {(0, 0,0,1),

(0,0,1, 0)} and {(0, 1,0,0), (1,0,0, 0)} as the two remaining blocks.

The quadratic model (II)

In this case only incomplete block mixture designs with fewer
than 6 observations per block were considered because the D-optimum
design has only 6 distinct design points. If s > 6 the method described
in Section 6.1 can be used.

If a large number of blocks are available one method of de-
signing an incomplete block mixture experiment is to use the 6 design
points of the D-optimum design as 6 treatments and use the usual in-
complete block designs. With a few possible exceptions, these designs
will, unfortunately, not have a maximum value of ,M“(&n), -1. For
example the design generated by the method described in Section 6. 2,
withn=12, b=4and s = 3has a IM“(gn)l -1 0. 1618x 10'8, whereas
the partially balanced incomplete biock design of the same dimensions
has | M“(gn)l -1 0. 1550 % 10'8, an efficien cy of about 96° /o with
respect to the generated design. Similarly a partially ba‘lanced incom-
plete block design, utilising the D-optimum design, with n=18, b = 6

and s = 3, has IMll(En)I 1o, 2943 x 10‘8, which is about 95°/0 of
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that of the generated design. With the development of cyclic incomplete

block designs with unequal replication the use of D-optimum designs

should become even more useful. This is especially in the more complex

cases where the generation of an optimum design by the method of Sec-
tion 6.2 would be very lengthy. In Table 6.2, the values of IM( tni s
lMll ( fn)l -1 and E are given for a number of balanced, partially
balanced and cyclic incomplete block designs using the 6 design points,
given in Table 4. 2 for th(_e D-optimum design for the second order model,
as 'treatments'. The plans for the balanced incomplete blocks are from
Cochran and Cox (1957), their plan numbers being used. The plans

for the partially balanced incomplete block designs are from Bose,
Clatworthy and Shril;hande (1954), the plan numbers used by Bose et al
(1954) being used. The cyclic incomplete block designs are a selection
of those given by John (1966). Here, in lieu of plan numbers, the
generating sets are given.

In Table 6. 3, the values of |M( En)l , lMll( &n)l -1 and E and
the table in which that design appears are gi\-/en for all the combinations
of sizes, n, of experiments, block numbers b and block sizes s, used
to generate incomplete in(;omplete block mixture designs for the quadratic
mociel (II). It will be noted that for .some combinations more than one
set of values are given. These are the cases where the designs with
the largest values of ‘Mll(tn)‘ -1 contain mixturels which are less
homogenous than those of designs with slightly smaller IMll(ﬁn)I -1,

the latter containing some permutations of only a few basic mixtures.

For example the design in Table 6. 14(a) with non-vertex observations
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1 -1
TABLE 6.2. Values of |M(§ )|, |M '(£_)| ™ and E for the balanced
(BIB), partially balanced (PBIB) and cyclic (CIB) incomplete

block designs utilising the D-optimum design for the quadratic

~ model (II), for different numbers, n of observations and b of

blocks and the corresponding block sizes s. Hexje IMll(an)i =

0.5233 x 10'8

throughout.

Plan Type and Number n b 8 IM(E,n)l |M11( &n)l -1 E
BIB 11.3 30 15 2 0.2091x1072% 0.4069x1077 0.0778
11.4 30 10 3 0.1715x10°°% 0.1715x10°% 0. 3277
11.5 60 20 3 0.6541x10 2 0.1715x10°° 0.3277
11.6 60 15 4 0.1588x10°>° 0.3090x10"° 0.5905
* 30 6 5 0.3292x10711 0.4267x10"% 0.8154
PBIB Sl 12 3 4 0.9811x10"°  0.2943x10"° 0.5625
R1 18 6 3 0.1260x107°1 0.1633x10"% 0. 3121
R2 24 6 4 0.2339x10"'1 0.3032x10"% 0.5794
R3 36 12 3 0.2717x107°7 0.1682x10°° 0. 3215
R4 48 12 4 0.4976x10"7 0.3081x10°% o0.5888
SR1 12 4 3 0.9690x10"° 0.1550x107%" 0.2963
SR4 30 9 4 0.6413x10°1°  0.3067x10"% 0. 5862
CIB(0,1,2) 18 6 3 0.1108x107°1 0.1436x10"% 0.2743
(0,1, 3) 18 6 3 0.1260x10"'1 0.1633x10"% 0. 3121
(0,1,2)(0,2,4) 24 8 3 0.5915x10"'% 0.1550x107% 0.2963
(0,1, 3)(0,2,4) 24 8 3 o.629ox10'14 0.1649x10"° 0. 3151
(0,1, 3)(0,2,4)(0,2,4) 30 10 3. 0.1556x10" 2% 0.1556x10"% 0.2973
(0,1,2)(0,1, 3) 36 12 3 0.2721x10"'7 0.1685x107% 0. 3220
¢0,1,2, 3) 24 6 4 0.2343x10"'' 0.3036x10"% o0.5802
ko,1,2,4) 24 6 4 0.2339x10"'0 0.3031x10"% 0.5794
(0,1,2,4xo,1,3,4). 36 9 4 0.6411x107°° 0.3066x10"° 0.5860
(0,1,2,3)(0,1, 3,4) 36 9 4 0.6413x10°°° 0.3067x10°° 0.5862
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TABLE 6.3. Values of ]M(gn)l , IM“ (gn)l‘l and E and the number
of the table in which the design is given for the incomplete
block mixture designs generated for the different block sizes
s, numbers, b of blocks and n of observations for fitting the

quadratic model (II) to the full simplex.

& b n If"”&n)' |M“(gn)| 1 E Table No.
2 5 10 0.1948x101 0.2435x10"7 0.1281 6. 4
6 12 0.2353x 10 %  0.3049x10°7  0.0783 6.5
7 14 0.2017x10° 2 0.3391x10"7 0. 0921 6.6
8 16 0.1462x10°°% 0.3833x1077 0.1146 6.7
9 18 0.8469 x 1071%  0.4051x1077 0. 0874 6.8
10 20 0.4115x10"27 0.4115x10"7 o 0941 6.9
11 22 0.1784x10°'% 0.4207x10"? 0. 1011 6.10
12 24 0.6741x10°2° 0.4174x1077  0.1054 6.11
3 3 9 0.3743x10°7 0.1123x10°°  0.3516 6.12
« 4 12 0.1040x 1077  0.1665x 10"  0.3329 6.13a
4 12 0.1046 x 1077 0.1674 x 1078 0.3405 6.13b
5 15 0.1235x 1070 0.1543x 10"% 0. 3483 6. 14a
5 15 0.1276x 1070 0.1595x 10"% 0. 3779 6. 14b
6 18 0.1333x107'%. 0.1728x10°%  0.3403 6. 15
7 21 0.1055x10"°% 0.1759x 10"  0.4031 6.16
8 24 0.6573x 1071 0.1723x 1078 0. 3409 6.17
4 2 8 0.2330x10°% 0.2330x10°%  0.6951 6.18
3 12 0.1028x10°%  0.3084x10°%  0.6168 6.19
4 16 0.1873x10"7 0.2868x10°°  0.6452 6.20
5 20 0.2388x 1070 0.2985x 1070 0. 6484 6. 21
6 24 0.2380x10"°1 0.3084x10"% 0.6169 6.22
5 2 10 0.3322x10°°  0.3322x10"%  0.8877 6.23
15 0.1299x10"°  0.3898 x 108 0.8633 6. 24
9 8

4 20 0.2558x10 0.4093 x 10~ 0.8474 6. 25




- 94 .

at all the permutations of kO,’O. 45, 0.55) has a lMll‘t:n)l -1

. 0.1543 x 10-8 whereas the design in.Table 6.14(b) with non-vertex points
at (0.54, 0, 0,46), (0.46, 0, 0,54), (0,0.56, 0.44), (0, 9.56, 0.44),
(0.56, 0.44, 0), (0.58, 0,42, 0),(0, 0.4, 0.6) and (0.36, 0.64, 0)

has a larger value of lM“(Cn)l -l 0.1595 x 10-8. Comparison of

the tables containing the alternative designs should make the differences,
.usually small, clear. Tables 6.4 to 6.25 contain the designs generated
for all the viable combinations of n < 24 and 2 <s < 5.

Except for the design in Table 6.4 withn =10, s =2 and b =5,
all the designs have design points only on the boundary of the design
space. In other words, at least one of the components is absent from
any mixture.

When s = 2 Yirtually all the non-vertex mixtures are either
of the form (0, 0.5, 0.5) or lie between (0, 0.32, 0. 68) and (0, 0.4, 0.6).
Many of the blocks consist of a point at a' vertex, (0, 0, 1) for example,
and a point on one of the two bounding lines subtending that vertex of
the design si;ace, namely (0, O. 625, 0. 375) for block 1 and (0. 625, 0,

0. 375) for block 2 of the design of Table 6.5 with s =2, b= 6 and n = 12,
This design with n= 12, b = 6is thus'bala.nced for these design points
as can be seen in Table 6. 5.

When s > 2 the non-vertex mixtures tend to lie between permu-
tations of (0, 0.4, 0.6) and (0, 0.5, 0.5) with (0, 0.45, 0.55) predomi-
nating.

The increase in efficiency, measured in terms of the values



- 95 -

TABLE 6.4. Incomplete block TABLE 6.5. Incomplete block

design for model (II) with design for model (iI) with s = 2,

s=2,b=5and n=10. T b=6andn=12
Block Block
Desi . . . .
no. esign points no. Design points

1 (1, 0, 0) 1 (0, 0, 1)

(0. 32, 0, 0.68)
(0, 1, 0)

(0, 0.32, 0.68)
0, 0, 1)

(0. 38, 0.38, 0.24)
(0. 66, 0, 0.34)

(0. 34, 0.66, 0)

(0. 66, 0.34, 0)

(0, 0.66, 0.34)

(0, 0.625, 0.375)
(0, 0, 1)
(0. 625, 0, 0.375)
(0, 1, 0)
(0, 0.375, 0.625)
(0, 1, 0)
(0. 625, 0.375, 0)
(1, 0, 0)
(0. 375, 0, 0.625)
(1, 0, 0)

(0. 375, 0.625, 0)
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TABLE 6.7. Incomplete block

TABLE 6. 6. Incomplete block

design for model (II) with design for model (II) with s = 2,

s8=2,b=7andn=14. b=8andn=16.

B:‘:::fk Design points Bizf:k Design points
1 (0, 0, 1) 1 (0, 0, 1)
(0, 0.66, 0.34) (0, 0.65, 0.35)
2 ©, 0, 1) 2 0, 0, 1)
(0.6, 0, 0.4) (0.65, 0, 0.35)
3 (0, 1, 0) 3 (0, 1, 0)
(0, 0.36, 0.64) (0, 0.35, 0.65)
4 (0, 1, 0) 4 (©, 1, 0)
(0. 64, 0. 36, 0) (0. 65, 0.35, 0)
5 (1, 0, 0) 5 (1, 0, 0)
(0. 38, 0, 0.62), (0. 35, 0, 0.65)
6 (1, 0, 0) 6 (1, 0, 0)
(0. 34, 0.66, 0) (0. 35, 0.65, 0)
7 (0, 0.46, 0.54) 7 (0, 0.5, 0.5)
(0. 54, 0.46, 0) | (0.6, 0, 0.4)
8 (0.5, 0.5, 0)

" (0.4, 0, 0.6)
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‘TABLE 6.8 . Incomplete block TABLE 6.9. Incomplete block

design for model (II) with design for model (II) with s = 2,
s=2,b=9and n = 18. b=10and n =20,
Block . ] Block . .
0. Design points o Design points
1 (©, 0, 1) 1 (0, 0, 1)
(0, 0.6, 0.4) (0, 0.6, 0.4)
2 ©, 0, 1) 2 ©, 0, 1)
(0.6, 0, 0.4) . (0. 625, 0, 0. 375)
3 (0, 1, 0) 3 (0, 1, 0)
(0, 0.4, 0.6) (0, 0.4, 0.6)
4 (0, 1, 0) 4 (0, 1, 0)
(0.6, 0.4, 0) ‘ (0. 625, 0.375, 0)
5 (1, 0, 0) 5 1, 0, 0)
(0.4, 0, 0.6) (0. 375, 0, 0.625)
6 (1, 0, 0) 6 (1, 0, 0)
(0.4, 0.6, 0) (0. 375, 0. 625, 0)
7 ©, 0, 1) 7 0, 0, 1)
(0.5, 0.5, 0) (0.5, 0.5, 0)
8 (0, 1, 0) _ 8 (0, 1, 0)
(0.5, 0, 0.5) (0.5, 0, 0.5)
9 (1, 0, 0) _ 9 (1, 0, 0)
(0.5, 0.5, 0) (0, 0.5, 0.5)
10 (0.5, 0, 0.5)

(0.5, 0.5, 0)
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TABLE 6.10. Incomplete block TABLE 6.11. Incomplete block

design for model (II) with design for model (II) with s = 2,

g8=2, b=11 and n = 22. b =12 and n = 24,

Bl::k Design points B::::k Design points
1 (0, 0, 1) 1 (0, 0, 1)
(0, 0.625, 0.375) (0, 0.625, 0.375)
2 (0, 0, 1) 2 (0, 0, 1)
(0. 625, 0, 0.375) (0. 625, 0, 0.375)
31 (0, 1, 0) 3 (0, 1, 0)
(0, 0.375, 0.625) (0, 0.375, 0.625)
4 ©, 1, 0) 4 (0, 1, 0)
(0. 625, 0. 375, 0) (0. 625, 0. 375, 0)
5 (1, 0, 0). 5 1, 0, 0)
(0. 375, 0, 0.625) (0.375, 0, 0.625)
6 (1, 0, 0) 6 (1, 0, 0)
(0. 375, 0. 625, 0) (0. 375, 0.625, 0)
7 (0, 0, 1) 7 (©, 0, 1)
(0.5, 0.5, 0) (0.5, 0.5, 0)
8 (©, 1, 0) 8 ©, 1, 0)
(0.5, 0, 0.5) (0.5, 0, 0.5)
9 1, 0, 0) 9 (1, 0, 0)
(0, 0.5, 0.5) (0, 0.5, 0.5)
10 (0, 0.5, 0.5) 10 (0, 0.5, 0.5)
(0.5, 0.5, 0) (0.5, 0, 0.5)
11 (0.5, 0, 0.5) 11 (0, 0.5, 0.5)
(0.5, 0,5,.0) (0.5, 0.5, 0)
12 (0.5, 0, 0.5)

(0.5, 0.5, 0)
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TABLE 6.12. Incomplete block design for model (II) with 8 = 3, b =3
and n = 9.
Block . .
no. Design points
1 (0, 0, 1)

(0, 0.575, 0.425)
(0. 375, 0. 625, 0)
2 (0, 1, 0)
(0.575, 0.425, 0)
(0. 625, 0, 0.375)
3 (1, 0, 0)
(0. 425, 0, 0.575)
(0, 0.375, 0.625)

TABLE 6.13a. Incomplete block TABLE 6.13b. Incomplete block

design for model (II) with
s =3, b=4andn=12.

design for model (II) with s = 3,
b=4andn=12.

B:::k Design points Bl:::.k Design points
1 (0, 0, 1) 1 (0, 0, 1)
(0, 1, 0) (0, 1, 0)
(0. 55, 0, 0.45) (0.56, 0, 0.44)
2 (0, 1, 0) 2 (0, 1, 0)
(1, o, 0) (1, 0, 0)
(0, 0.45, 0.55) (0, 0.44, 0.56)
3 (0, 0, 1) 3 (0, 0, 1)
(0.55, 0.45, 0) (0.54, 0.46, 0)
(0, 0.55, 0.45) (0, 0.58, 0.42)
4 (1, 0, 0) 4 (1, o, 0)

(0.45, 0.55, 0)
(0.45, 0, 0.55)

(0.46, 0.54, 0)
(0.44, 0, 0.56)
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TABLE 6. 14a. Incomplete block TABLE 6.14b. Incomplete block

design for model (II) with design for model (II) with s = 3,

s=3, b=5and n=15, b=5and n=15.

Blzz{c Design points Bl::k Delsign points -
1 (0, 0, 1) 1 (0, 0, 1)
(0, 0.55, 0.45) (0.54, 0, 0.46)
(0.55, 0, 0.45) (0, 0.56, 0.44)
2 (0, 1, 0) 2 (0, 1, 0)
(0, 0.‘45, 0.55) (0, 0.4, 0.6)
‘(0.55, 0.45, 0) (0. 56, 0.44, 0)
3 (1, O, 0). 3 (1, o, 0)
(0.45, 0, 0.55) (0.46, 0, 0.54)
(0. 45, 0.55, 0) (0. 36, 0.64, 0)
4 (0, 0, 1) 4 (0, 0, 1)
(0, 1, 0) (0, 1, 0)
(0.55, 0.45, 0) (0.58, 0,42, 0)
5 (0, 0, 1) 5 (0, 0, 1)
(1, 0, 0) (1, o0, 0)

(0, 0.55, 0.45)

(0, 0.56, 0.44)
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TABLE 6.15. Incomplete block TABLE 6.16. Incomplete block

design for model (II) with design for model (II) with s = 3,
8=3,b=6andn=18. b=7andn=21.
Block . . Block . .
no. Design points no. Design points
1 (0, 0, 1) 1 (0, 0, 1)
(0, 0.55, 0.45) (0, _0.575, 0.425)
(0.55, 0, 0.45) (0. 6, 0, 0.4)
2 (0, 1, 0) 2 (0, 1, 0)
(0, 0.45, 0.55) (0, 0.425, 0.575)
(0.55, 0.45, 0) . (0.6, 0.4, 0)
3 (1, 0, 0) 3 (1, 0, 0)
_(0.45, 0, 0.55) _ ' (0.425, 0, 0.575)
(0. 45, 0.55, 0) (0.4, 0.6, 0)
4 (0: 0, 1) -4 (0: ls 0)
(0, 1, 0) (0.55, 0, 0.45)
(0.5, 0, 0.5) (0, 0.4, 0.6)
5 (0, 0, 1) . 5 (1,0, 0)
(1, 0, 0) (0. 45, 0, 0.55)
(0.5, 0.5, 0) ) (0.4, 0.6, 0)
6 (0, 1, 0) 6 (0, 0, 1)
(1, 0, 0) - (0, 1, 0)
(0, 0.5, 0.5) (0.578, 0.425, 0)
7 (0, 0, 1)
(1, 0, 0)

(0, 0.6, 0.4)
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TABLE 6.17. Incomplete block TABLE 6.18. Incomplete block

design for model (II) with design for model (I1) with s = 4,
8 =3, b=8andn = 24, b=2andn = 8.
Bl::.k Design points B:Z:k Design points
1 (0, 0, 1) 1 (0, 0, 1)
(0, 0.55, 0.45) (1, 0, 0)
(0.55, 0, 0.45) (0, 0.6, 0.4)
2 (0, 1, 0) (0.4, 0.6, 0)
(0, 0.45, 0.55) 2 (0, 1, 0)
(0.55, 0.45, 0) (0.5, 0, 0.5)
3 (1, 0, 0) (0. 62, 0.38, 0)
(0.45, 0, 0.55) (0, 0.38, 0.62)
(0. 45, 0.55, 0)
4 (0, 0, 1)
(0, 1, 0)
(0. 55, 0, 0.45)
5 (0, 0, 1)
(1, 0, 0)
(0. 45, 0.55, 0)
6 (0, 1, 0)
(1, 0, 0)
(0, 0.45, 0.55)
7 (0, 0, 1)
(0, 1, 0)
(1, 0, 0)
8 (0, 0.5, 0.5)
(0.5, 0, 0.5)

(0.5, 0.5, 0)
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TABLE 6.19. Incomplete block TABLE 6.20. Incomplete block

design for model (II) with design for model (II) with s = 4,
s=4, b=3andn=12. b =4andn=16.
Blz(:( Design points B;Z?k Design points
1 (0, 0, 1) 1 (0, 0, 1)
(0, 1, 0) (0, 1, 0)
(0.55, 0, 0.45) (0.575, 0, 0.425)
(0. 55, 0.45, 6) (0. 55, 0.45, 0)
2 (0, 0, 1) 2 (0, 0, 1)
(1, 0, 0) (1, 0, 0)
(0, 0.55,. 0.45) ' (0, 0.575, 0.425)
(0.45, 0.55, 0) (0.425, 0.575, 0)
3 (0, 1, 0) .3 (0, 1, 0)
(1, 0, 0) . ’ (1, 0, 0)
(0, 0.45, 0.55) (0, 0.45, 0.55)
(0.45, 0, 0.55) ) (0.425, 0, 0.575)‘
4 (0, 1, 0)

(0.5, 0, 0.5)
(0, 0.45, 0.55)

(0.55, 0.45, 0)
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TABLE 6.21. Incomplete block TABLE 6.22. Incomplete block

design for model (II) with design for model (II) with s = 4,

s =4, b=5andn= 20. b = 6 and n = 24.

Block . - Block
Design points

Design points
no. no. gn P

(0, 0, 1)

(0, 1, 0)

(0.55, 0, 0.45)
(0.575, 0.425, 0)

(0, 0, 1)
(0, 1, 0)
(0.55, 0, 0.45)
(0.55, 0.45, 0)

(0, 0, 1) 2 (0, 0,1)
(1, 0, 0) (0, 1, 0)
(0, 0.575, 0.425) (0.55, 0, 0.45)
(0. 425, 0.575, 0) (0.55, 0.45, 0)
(0, 0, 1) 3 (6, 0, 1)
(1, 0, 0) (1, 0, 0)
(0, 0.575, 0.425) (0, 0.55, 0.45)
(0. 425, 0.575, 0) - (0. 45, 0.55, 0)
(0, 1, 0) 4 (0, 0, 1)
(1, 0, 0) (1, 0, 0)
(0, 0.425, 0.575) (0, 0.55, 0.45)
(0.45, 0, 0.55) (0.45, 0.55, 0)
(¢, 1, 0) 5 (0, 1, 0)
(0.5, 0,0.5) (1, 0, 0)
(0, 0.425, 0.575) (0, 0.45, 0.55)
(0.575, 0.425, 0) (0.45, 0, 0.55)
6 (0, 1, 0)
(1, 0, 0)

(0, 0.45, 0.55)
(0.45, 0, 0.55)
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TABLE 6.23. Incomplete block TABLE 6.24. Incomplete block

design for model (II) with design for model (II) with s = 5,

8=5 b=2andn=10. b =3andn = 15.

Brllzf:k Design points Biz.ck Design points
1 (0, 0, 1) 1 (0, 0, 1)
(0, 1, 0)' (0, 1, 0)
(0, 0.46, 0.54) (0, 0.5, 0.5)
(6. 54, 0, 0.46) (0.55, 0, 0.45)
(0.58, 0,42, 0) (0. 55, 0,45, 0)
2 (0, 0, 1) 2 (0, 0, 1)
(1, 0, 0) (1, 0, 0)
(0, 0.54, 0.46) (0.5, 0, 0.5)
(0.46, 0, 0.54) (0, 0.55, 0.45)
(0.42, 0.58, 0) (0. 45, 0.55, 0)
| 3 (0, 1, 0)
(1, 0, 0)

(0.5, 0.5, 0)
(0, 0.45, 0.55)

(0.45, 0, 0.55)
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TABLE 6.25. Incomplete block design for model (II)

with s = 5, b =4 and n = 20.

Bioo(ik Design points
1 (0, 0, 1)
(0, 1, 0)
(0, 0.5, 0.5)
(0.55, 0, 0.45)
(0.55, 0.45, 0)
2 (0, 0, 1)
(1, 0, 0)
(0.5, 0, 0.5)
(0, 0.55, 0.45)
(0.45, 0.55, 0)
3 (0, 1, 0)
(1, 0, 0)
(0.5, 0.5, 0)
(0, 0.45, 0.55)
(0.45, 0, 0.55)
4 (0, 0, 1)
(0, 1, 0)
(1, 0, 0)
(0, 0.5, 0.5)

(0.5, 0, 0.5)
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1 -
of lM 1(Zn)l 1 for the step from s = 2 to 8 = 3 is much larger than
for any other unit increase in block size. The experiments with s = 2

are relatively inefficient and are, if possible, avoided.

The design for s =2, b =12 and n = 24 in Table 6.11 is a re-

"latively general one for s = 2 and the investigator could use the first ¢

blocks for a € -block design. For b = 6 and n = 12;
. . 11 -1
and b = 11 and n = 22, the designs with a largest lM (&n)l are
subsets of the design for b = 12 and n = 24, Table 6. 26 shows the
1 - 1
lM l(fn)l ! when using the first on blocks of Table 6.11, and the
11 -
ratio of this determinant to the maximum IM ( ﬁn), 1 arrived at by

generating a design, for n = 10, 14, 16 and 18. Only for n = 10 would

the use of the first 5 blocks of Table 6. 11 not yield a design with a

relatively large lMll(én)I -1.

.TABLE 6.26. Values of lMll(gn)l -1 obtained by using subsets of

the blocks of the design for s = 2, b = 12 and n = 24, and the
, 11 -1 11 -1 :
ratio IM (cn)l /max IM ( {n)l , for different numbers,

n of observations and b of blocks for s = 2.

11 -1 )
n b IM (gn)l ratio
10 5 0.1265 x 10'9 .52
14 7 0.3116 x 10'9 .92
16 8 0.3457 x 10° 7 .90

9

18 9 0.4029 x 10~ .99
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Similarly for s = 3 the design in Table 6.15 for n = 18 and
b

6 seem the most useful when compared with the other designs for

s = 3. For s = 4 the basic design seems to be that for b =4 and n =16

in Table 6.21. The basic design for s = 5 occurs in Table 6. 24 where

b=3andn=15.

Care should, however, i)e taken when extrapolating these
designs to values of n > 24 because larger experiments are not neces-
sarily mere replications of the basic blocks. For example the design
in Table 6.11 with 8 = 2, b = 12 and n = 24 is not the design in Table

6.6 for b = 6 and n = 12 replicated twice.

The cubic model (III)

For the quadratic model only designs with blocks up to size
8 = 5 were considered. The reason for this limitation is the assumption
that the smaller block sizes will be more important in practice.

Table 6.27 conta.i'ns the values of |M(En)‘ R IMII( En)l -1
and E for a number of balanced, pz.lrtially balanced and cyclic incomplete
block designs using the 10 design points of the D-optimum design for
the third order model as 'treat.ments'. This design is given in Table
4.2. The balanced incomplete block designs were those given by
Cochran and Cox (1957), their plan numbers being given; the partially
balanced incomplete block designs are from Bose et al (1954), their
plan numbers being used; and the cyclic incomplete block designs are
a selection of those given by John (1966) and are identified by their
generating sets. Unfortunately virtually all the designs require very

large numbers of observations. In this case partially balanced and
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cyclic incomplete block designs’ with unequal replication would prove
to be very useful. Such methods, unfortunately, do not exist as yet.

Table 6. 28 c<.>ntains the values of lM({n)I . IMll( gn)l -1
and E and the table in which that design appears for all
the viable combinations of n < 24 and 2 < s <5 used to generate incom-
plete block mixture designs for the cubic model. Tables 6.29 to 6.42
contain the generated designs. Alternative designs are given in some
cases where a design with a slightly sm'aller lMll(an)l -1 has more
homogenous mix’tures.

The problem of a local maximum for ‘Mll (&n)l -1 becomes
very important when using this model. Table 6.43 gives a few examples
of local maxima for I Ml 1 ( En)l -1 that had been reached and the final
maxima achieved by ma..king some subjective changes to the design and
then using the maximisation routine again. It is also difficult to decide
whether the design with the maximum possible l M11 ( &n)‘ -1 had been
reached because the design with a local maximum sometimes has a
more homogenous mixture pattern than another with a larger lMll ( E,n)l -1.
Compare for example the designs of Tables 6.40(a) and 6.40(b) for
n =24, b= 6and s. = 4 and quoted in Table 6. 43.

The designs differ appreciably for different block sizes. There
are, however, always some design point's nea:l the centre of the design
space varying from permutations of (0.2, 0. 35, 0.55) to (0.3, 0.3, 0.4).
The non-vertex mixtures on the bounding lines of the design space,
the triangle, vary from permutations of (0, 0.2, 0.8)to (0, 0.5, 0.5).

The mixture proportions tend to be closer to the former and thus to
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11 -
TABLE 6.28. Values of lM(En)l ’ lM (En)l 1 and E and the

number of the table in which the design is given for the
incomi)lete block mixture designs generated for the different
block sizes s, numbers b of blocks and n of observations for

fitting the cubic model (III) to the full simplex.

s b n  |m) 't | E  Table No.
2 9 18 0.1592x 1032 0.7613x 10728 0.0115  6.29
10 20 0.1140x10°>°> 0.1140x 102>  0.0070  6.30
11 22 0.5511x10°>°  0.1299x 1072  0.0089  6.31
12 24  0.2559x 107°° 10.1585 x 102°  0.0120 6.32
3 5 15 0.1256x10°°% 0.1570x107%*  0.0937 6.33
6 18 0.1701x10°27 o0.2205x10°%% o 0997 6. 34
7 21 0.1698x10°2%  0.2854 x 10°%* 0.1015  6.35
8 24 0.1017x10°27 0.2667x107%* 0.0095 6. 36
4 3 12 0.1472x10°%%  0.4417x10%*  0.2025  6.37a
3 12 0.1507x10°2%  0.4520x107%%  0.1944 637
4 16 0.1011x1072° 0.6418x10°%* 0.3155 6.38
5 20 0.6283x10°2% o0.7854x107%% o0.2170 6. 39
6 24 0.5968x 10727 0.7734x10"2%  0.2467 6. 40a
6 24 0.6297x10°27 0.8161x10°2%  0.2747 6. 40b
5 3 15 0.3259x10°2% 0.9778x107%* o0.5452  6.41
4 20 0.9310x10"%° 0.1490x 10723 0.3698  6.42
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TABLE 6.29. Incomplete block TABLE 6.30. Incomplete block

design for model (III) with design for model (III) with

s=2,b=9and n=18. s=2,b=10and n = 20.

Brllz..:k Design points B:::::k Design points
1 (0, 0.2, 0.8) 1 (0, 0.2, 0.8)
(0, 0.8, 0.2) (0, 0.8, 0.2)
2 (0.2; 0, 0.8) 2 (0.2, 0, 0.8)
(0.8, 0, 0.2) (0.8, 0, 0.2)
3 (0.2, 0.8, 0) 3 (0.2, 0.8, 0)
(0.8, 0.2, 0) (0.8, 0.2, 0)
4 (0, 0, 1) | 4 (0, 0, 1)
(0.225, 0.225, 0.55) (0.225, 0.275, 0.5)
5 (0, 1, 0) 5 (0, 1, 0)
(0.225, 0.55, 0.225) (0.225, 0.5, 0.275)
6 (1, 0, 0) 6 (0, 0.5, 0.5)
(0.55, 0.225, 0.225) (0.5, 0.25, 0.25)
(0, 0.5, 0.5) 7 (0, 0, 1)
(0.5, 0.25, 0.25) (0.4, 0.6, 0)
(0.5, 0, 0.5) 8 (0, 1, 0)
(0.25, 0.5, 0.25) (0.4, 0, 0.6)
(0.5, 0.5, 0) 9 (1, 0, 0)
(0.25, 0.25, 0.5) (0.575, 0.425, 0)
10 (1, 0, 0)

(0.575, 0, 0.425)
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TABLE 6.31. Incomplete block TABLE 6.32 . Incomplete block

design for model (III) with design for model (III) with
s§=2,b=11andn = 22. s =2, b=12 and n = 24.
B;Zf:k Design points B;z'ck besign points
1 (0, 0.2, 0.8) 1 (0, 0.2, 0.8)
(0, 0.8, 0.2) (0, 0.8, 0.2)
2 (0.2, 0, 0.8) . 2 (0.2, 0, 0.8)
(0.8, 0, 0.2) ' (0.8, 0, 0.2)
3 (0.2, 0.8, 0) ' 3 (0.2, 0.8, 0)
(0.8, 0.2, 0) . (0.8, 0.2, 0)
4 (0, 0, 1) 4 (0, 0, 1)
(0.24, 0.26, 0.5) ©(0.24, 0.24, 0.52)
5 (0, 1, 0) 5 (0, 1, 0)
(0.26, 0.48, 0.26) - (0.24, 0.52, 0.24)
6 (1, 0, 0) 6 (1, 0, 0)
(0.5, 0.26, 0.24) (0.52, 0.24, 0.24)
7 (0, 0, 1) ' 7 (0.24, 0.26, 0.5)
(0.46, 0.54, 0) (0.58, 0.42, 0)
8 (0, 1, 0) 8 (0.26, 0.5, 0.24)
(0.52, 0, 0.48) (0.42, 0, 0.53)
9 (1, 0, 0) 9 (0.5, 0.24, 0.26)
(0, 0.56, 0.44) (0, 0.58, 0.42)
10 (0, 0.44, 0.56) 10 (0, 0, 1)
(0.36, 0, 0.64) (0. 38, 0.62, 0)
11 (0.54, 0.46, 0) 11 (0, 1, 0)
(0.62, 0, 0.38) (0.62, 0, 0.38)
12 (1, 0, 0)

(0, 0.38, 0.62)




TABLE 6. 33,

design-for model (III) with

s =3, b=5and n=15.
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Incomplete block TABLE 6.34. Incomplete block

design for model (III) with

s=3,b=6andn=18.

BiZ.Ck Design points B::::fk Design points
1 (0, 0, 1) 1 (0, O, 1).
(0.225, 0.775, 0) (0.225, 0.775, 0)
(0.8, 0.2, d) (0. 775, 0.225, 0)
2 (0, 1, 0) 2 (0, 1, 0)
(0.225, 0, 0.775) (0.225, 0, 0.775)
(0.8, 0, 0.2) (0. 775, 0, 0.225)
3 (1, 0, 0) 3 (1, 0, 0)
(0, 0.225, 0.775) (0, 0.225, 0.775)
(0, 0.775, 0. 2?.5) (0, 0.775, 0.225)
4 (0, 0, 1) 4 (0, 0, 1)
(0, 0.475, 0.525) (0.;14, 0.24, 0.32)
(0.45, 0.25, 0.3) (0, 0.48, 0.52)
5 (0.5, 0, 0.5) 5 (0.5, 0, 0.5)
(0.525, 0.475, 0) (0. 24, 0.42, 0.34)
(0.2, 0.425, 0.375) (0.7, 0.3, 0)
6 (0, 1, 0)
(1, 0, 0)

(0.4, 0.6, 0)
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TABLE 6.35. Incomplete block TABLE 6.36. Incomplete block

design for model (III) with design for model (III) with
8=3,b=7andn=21. 8§ =3, b=8and n= 24,
Bi:):k Design points B;E_Ck Design points
1 (0, 0.22, 0.78) 1 (0, 0.22, 0.78)
(0, 0.78, 0.22) (0, 0.78, 0.22)
(0. 32, 0, 0.68) (0.28, 0, 0.72)
2 (0.22, 0, 0.78) 2 (0.22, 0, 0.78)
(0. 78, 0, 0.22) . (0. 78, 0, 0.22)
(0. 68, 0.32, 0) (0.72, 0.28, 0)
3 (0.22, 0.78, 0) 3 (0.22, 0.78, 0)
(0. 78, 0.22, 0) (0.78, 0. 22,' 0)
(0, 0.68, 0.32) | (0, 0.72; 0.28)
4 (0, 0, 1) 4 (0, 0, 1)
(0. 28, 0.24; 0.48) (0.275, 0.275, .0.45)
(0. 38, 0.62, 0) (0.46, 0.54, 0)
5 (0, 1, 0) 5 (0, 1, 0)
(0.26, 0.46, 0.28) (0.275, 0.45, 0.275)
(0. 62, 0, 0.38) " (0.54, 0, 0.46)
6 (1, 0, 0) 6 (1, 0, 0,)
(0.48, 0.28, 0.24) (0.45, 0.275, 0.275)
(0, 0.38, 0. 62) (0, 0.46, 0.54)
7 (0,0, 1) 7 0,0 1)
(0, 1, 0) (0, 1, 0)
(1, 0, 0) (t, 0, 0)
8 (0, 0.28, 0.72)

(0.72, 0, 0.28)
(0.28, 0.72, 0)
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TABLE 6.37a. Incomplete block TABLE 6. 37h. Incomplete block

design for model (III) with design for model (III)"\.:vith

s=4, b=3and n=12, s=4, b=3andn=12,

Block . . Block . .
t t
no. Design points no. Design points

(0, 0, 1)

(0.25, 0.25, 0.5)
(0.25, 0.75, 0)
(0. 75, 0.25, 0)

(0, 1, 0)

(0.25, 0.5, 0.25)

(0.25, 0, 0.75)
(0. 75, 0, 0.25)

3 (1, 0, 0)
(0.5, 0.25, 0.25)
(0, 0.25, 0,75)

(0, 0.75, 0.25)

(0, 0, 1)

(0.24, 0.24, 0.52)
(0.26, 0.74, 0) .
(0. 74, 0.26, 0)

(0, 1, 0)

(0.24, 0.52, 0.24)
(0.26, 0, 0.74)
(0.74, 0, 0.26)

(1, 0, 0)

(0.52, 0.24, 0.24)

(0, 0.26, 0.74)

(0, 0.74, 0.26)




TABLE 6. 38 .

design for model (III) with

s=4, b=4and n = 16.
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Incomplete block TABLE 6. 39. Incomplete block

design for model (III) with

s=4, b=5and n=20.

Big?k Design points Bl::.k Design points
1 (0, 0, 1) 1 (0, 0, 1)
(0, 1, 0) (1, 0, 0)
(0, 0.58, 0.42) (0, 0.325, 0.675)
(0. 34, 0.66, 0) (0. 625, 0, 0.375)
2 (0, 0, 1) 2 (0, 0, 1)
(1, 0, 0,) (1, 0, 0)
(0.4, 0, 0.6)" (0. 65, 0.35, 0)
‘(0. 66, 0.34, 0) (0.3, 0.325, 0.375)
3 (0, 0.25, 0.75) 3 (0, 1, 0)
(0, 0.78, 0.22) (0. 375, 0.325, 0.3)
(0.46, 0.28, 0.26) (0, 0.225, 0.775)
(0.24, 0, 0.76) (0, 0.775, 0.225)
4 (0.22, 0.78, 0) 4 (0, 1, 0)
(0.8, 0.2, 0) (0. 325, 0.675, 0)
(0. 24, 0.32, 0.44) (0.225, 0, 0.775) -
(0.74, 0, 0.26) (0. 775, 0, 0.225)
5 (0.3, 0, 0.7)

(0, 0.7, 0, 3).
(0.225, 0.775, 0)

(0,775, 0.225, 0)
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TABLE 6.40a. Incomplete block TABLE 6.40b. Incomplete block

design for model (IIT) with design for model (III)“with

s =4, b =06and n=24. s =4, b = 6,and n = 24.

Block . . Block
Design points

Design points
no. no. gn p

(0, o, 1)

(0.3, 0.26, 0.44)
(0. 76, 0.24, 0)
(0.24, 0.76, 0)

(0, 0, 1)

(0.28, 0.26, 0.46)
(0. 78, 0.22, 0)
(0.25, 0.75, 0)

2 (0, 1, 0) (0, 1, 0)
(0.28, 0.44, 0.28) (0.26, 0.46, 0.28)
(0.2, 0, 0.8) ° (0.22, 0, 0.78)
(0. 76, 0, 0.24) (0.75, 0, 0.25)

3 (0, 0, 1) (1, 0, 0)
(0. 44, 0.28, 0.28) (0.46, 0.28, 0.26)
(0, 0.44, 0.56) (0, 0.78, 0.22)
(0.32, 0, 0.68) (0, 0.25, 0.75)

4 (1, 0, 0) (0, 0, 1)
(0, 0.22, 0.78) (0.7, 0, 0.3)
(0, 0.74, 0.26) (0.72, 0.28, 0)
(0.32, 0, 0.68) (0, 0. 66, 0.34)

5 (0, 1, 0) (0, 1, 0)
(1, 0, 0) (0, 0.3, 0.7)
(0.7, 0, 0.3) (0. 28, 0, 0.72)
(0.52, 0.48, 0) (0. 66, 0.34, 0)

6 (0, 0.74, 0.26) 1, 0, 0)
(0, 0.26, 0.74) (0.3, 0.7, 0)

(0. 24, 0.76, 0)
(0.76, 0.24, 0)

(0, 0.72, 0.28)
(0. 34, 0, 0.66)
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TABLE 6.41. Incomplete block TABLE 6.42. Incomplete block

design for model (III) with design for model (III) with
s =5,b=3 and n = 15. s8=5,b=4and n=20.
Bizf:k Design points B:_':::ik Design points
1 (0, 0, 1) 1 (0, 0, 1)
(0.2, 0.25, 0.55) .(0.25, 0.75, 0)
(0, 0.75, 0.25) ' (0.775, 0.225, 0)
(0. 725, 0, 0.275) (0, 0. 675, 0. 325)
(0. 675, 0,325, 0) - (0.7, 0, 0.3)
2 (0, 1, 0) 2 (0, 1, 0)
(0. 25, 0. 55, 0.2) (0.25, 0, 0.75)
(0. 75, 0.25, 0) (0.75, 0, 0.25)
(0, 0.275, 0.725) (0, 0.3, 0.7)
(0. 325, 0, 0.675) (0. 35, 0.375, 0.275)
3 (1, 0, 0) 3 (1, 0, 0)
(0. 55, 0.2, 0.25) (0, 0.25, 0.75)
(0. 25, 0, 0.75) | (0, 0.75, 0.25)
(0.275, 0.725, 0) (0.3, 0, 0.7)
(0, 0.675, 0,325) (0.3, 0.7, 0)
4 (0, 0, 1)
0,1, 0)
(1, 0, 0)

(0.3, 0.3, 0.4)

(0. 675, 0.325, 0)




that of the D-optimum design namely permutations of (0, 0.28, 0.72).

The designs differ so much that no general recommendations can be

made.
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1 -
TABLE 6.43. Local maxima and maxima obtained for 'M l(én)l 1

when generating incomplete block designs for fitting the cubic model

(ITI) for some block sizes s, numbers, b of blocks and sizes, n of

experiments. _
IM11‘§n)| 1

s b n Local max. Maximum
2 9 18 0.7212 x 1072° 0.7613 x 10°2°
3 6 18 0.1938x10°2%  0.2205 x 107%*
4 4 16 0. 6408 x 10”24 0. 6418 x 10724
4 6 24  0.7134x10%*  o0.8161 x 10’24_
5 4 20 0.1399x10°°%*  0.1490x10°%*
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7. CONCILUSION

The results of Sections 3. 3, 4.3 and 5. 3 show that when
designing mixture experiments for any simplex design space only the
full simplex need be considered since the design for a simplex subspace
is a suitably scaled version of the design for the full simplex.

Section 4. 3 shows that the simplex-lattice designs for the
full simplex design space are D-optimum only for linear and quadratic
models. The D-optimum designs for fitting linear, quadratic and cubic
models for any simplex design space can be obtained by extending the
corresponding D-optimum designs for the two-dimensional, 3-component
simplex given in Table 4. 2.

In Section 3.3 it was shown that the only method so far published
for obtaining designs for design spaces constrained to a sul':space of
the full simplex, namely that of McLean and Anderson (1966), yields
D-optimum designs very rarely. If a (q-1) dimensional non-simplex
subspace of the full simplex car; be transformed to a {§-1)-cube by a
linear transformatio_n, the method given by Kiefer (1961a) can be used
to obtain D-optimum designs. No generalisations can, however, be
made about the nature of the var {?1(35)} functions and the nature 9f the
D-optimum designs for other non-regular design spaces. The D-optimum
design will most probably require observations to be taken in unéqual
proportions at the relatively small number of distinct design points.

The method developed in Section 6.1 and used in Section 6. 3
to generate incomplete block mixture designs did not yield any simple

method for blocking mixture experiments. The incomplete block designs
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generated for the 3-component mixtures could be extended to higher
dimensions by extension and permutation of the mi;cture prol;ortions
but the efficiencies of the resulting designs are unknown.

A comparison of Table 4.2 with Tables 6.4 to 6.25 and 6..29
to 6. 42 shows that the incomplete block mixture designs generated in |
Section 6. 3 never consisted solely of points from the D-optimum or
simplex-lattice designs. The larger the block size becomes, however,
the closer the mixture proportions get to that of the D-optimum design.
The usual incomplete block designs proved only slightly less eff.icient
than the corresponding generated designs and could therefore possibly
be used in more complex cases where generating a design would be too
lengthy. As Tables 6.2 and 6. 27' show, the usual incomplete block
designs that are available from the literature tend to require a large
number of blocks and consequently a large number of observations.

The method of Section 6.1 could perhaps be used to generate
split-plot mixture designs by keeping the proportions of one or more
of thé components fixed in a block. | The implications of this application
is, however, still to be investigated.

There are several problems connected with the design of mix-
ture experiments that have not yet been solved. A major one is the
problem of mixture designs for sequential experimentation. The para-
meterisation of Cox (1971) could prove useful in this case if the reference
mixture is takep common to two successive experiments. The problem

of the mixture equivalent of rotatable designs is also still unresolved.
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