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Robust and efficient predictions of buckling‐driven delamination propagation, enabled by a novel analytical
modelling approach, are presented. The model considers full mechanical coupling (extension‐shear,
extension‐bend, extension‐twist/shear‐bend and bend‐twist), contact and mode‐mixity and thus significantly
enhances the capabilities of current analytical approaches. A problem description in cylindrical coordinates
enables the evaluation of the energy release rate along the delamination boundary. The model uses an energy
formalism to determine the post‐buckling deformation and a crack‐tip element analysis employing force and
moment resultants acting on the delamination boundary to determine the energy release rate. Composite pan-
els with circular thin‐film delaminations and various multi‐directional stacking sequences are investigated for
in‐plane compressive loading. Predictions of applied strains causing delamination growth, i.e. threshold strain,
show good agreement with published experimental data and 3D finite element analysis. A parametric study
varying the ratio of delamination size to depth is performed. Based on the findings obtained, governing defor-
mation characteristics of buckling‐driven delamination growth are identified and insight into damage tolerant
design of composite laminates is obtained, which is of particular interest for compression after impact (CAI)
strength of composite structures.
1. Introduction

In modern aircraft, structural composite components are designed
against tolerating what is commonly referred to as barely visible
impact damage (BVID) [2,34]. Such minor impact scenarios generally
cause, besides intra‐ply cracks, delaminations in the interfaces of outer
plies and thus severely reduce the compressive strength of such com-
ponents due to buckling‐driven delamination propagation [26]. This
also applies to compression after impact (CAI) strength, when impact
energy is limited to thresholds causing BVID, where delamination
buckling and thus buckle‐driven delamination growth is the initial
and dominant failure mechanism [3]. As a consequence, reliable pre-
dictions of the laminate strength associated with buckling‐driven
delamination propagation is crucial for exploiting the full potential
of composite laminates.

Owing to its complexity, the compressive behaviour of damaged
composite panels is predominantly studied within the research com-
munity by means of finite element analysis (FEA), where growing com-
putational resources enable detailed simulations of both damage
caused by impact [24,25,33,34] as well as CAI tests [1,35,36,39].
Another approach is to incorporate experimentally quantified damage
parameters within FE simulations [3]. Good agreement with experi-
ments has been documented [25,36], indicating that deformation pro-
cesses could be adequately modelled. On the other hand, owing to the
high computational cost required (e.g. see [24,25]), studies focus on
certain distinct layups, loading scenarios or damage measures;
although practically useful, this can impede some of the fundamental
insight into the relation of delamination buckling and buckling‐driven
delamination growth, as well as exploring optimal stacking sequences
that comply with design guidelines.

Owing to their efficiency, such insight can normally be obtained by
(semi‐)analytical modelling approaches enabling, for instance, para-
metric studies on the effect of delamination size and depth [19]. While
this may prove to be correct for simplified structures, such as delami-
nated struts, progressing insight from the early works of Kachanov
[16] and Chai et al. [7] to recent efforts in [9,19,21,44], significant
challenges are present when studying embedded delaminations (2D
problems). Typical shortcomings are:

• modelling delamination growth in a globalized manner, i.e.
increase of length or width of a delamination, instead of locally
along the delamination boundary,
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• neglecting mode‐mixity, and
• omitting to model actual delamination growth.

Recently, several works have attempted to resolve aforementioned
issues. In study [41], delamination growth in a somewhat semi‐
localized manner has been considered in the form of discrete exten-
sions of strips approximating the delamination area for a delamination
close to the midplane of the laminate. Actual delamination growth in
the form of an increase in major or minor axes of elliptical delamina-
tions has been studied in [22,40] for shallow and deep delaminations
respectively, where the former outlines that such growth predictions
may only be applicable for certain geometries of delaminations. The
aforementioned studies either assume that delamination growth is
governed by mode I [22,41] or employ simplification by relating mode
shapes [22] or geometry [40] to assumed mode II dominated scenar-
ios. It should also be noted regarding embedded delaminations that
analytical models have not been used in comprehensive parametric
studies analysing different layups, damage size and locations as well
as loading scenarios, which highlights the increased complexity of
the given problem in comparison with strut (1D) models (e.g. [19]).

Thus, the drawback of incorporating mode‐mixity into a (semi‐)
analytical approach appears to be hitherto not resolved. This short-
coming is associated with the requirement of a localized evaluation
of the energy release rate (ERR) along the delamination front that,
besides some early work in [15] for two points along the boundary,
appears to be missing. A first approach by the author towards imple-
menting localized delamination growth and mode‐mixity is docu-
mented in [18], without providing the generally applicable
description as presented herein. The requirement to consider localized
delamination growth is highlighted by experimentally observed
growth patterns in tests using artificial delaminations [5,20,28] and
CAI tests [35,36]. Based on experimental observations made in [29],
local buckling of one dominant delamination and thus buckling driven
delamination growth is the dominant failure mechanism when com-
posite panels with BVID are loaded under in‐plane compression. More-
over, delaminations caused by impact often resemble an elliptical or
circular shape [3,8,29].

In the current work, the initiation of buckling‐driven delamination
growth is investigated for local buckling responses, thus delaminations
commonly referred to as thin‐film (thickness being ⩽10% of the parent
laminate) are considered. Given the aforementioned drawbacks of cur-
rent analytical models, it is deemed essential to first attempt to fully
understand the thin‐film problem before extensions to consider global
buckling contributions will be pursued. Circular delaminations are
studied. Localized delamination growth is considered by employing
Fig. 1. Geometric model of

2

a problem description in cylindrical coordinates. This enables the eval-
uation of the energy release rate along the delamination boundary by
means of force and moment resultants, alongside an accurate descrip-
tion of buckling mode shapes for arbitrary layups. Following works by
Davidson and Schapery [10–12,32], with the aid of an analytical
crack‐tip element analysis, transformed to the current problem
description in cylindrical coordinates, mode‐mixity is incorporated
within the modelling approach. In‐plane uniaxial compression for var-
ious stacking sequences and changing depths is studied. Besides the
novel modelling approach, the outcome of the work is comprehensive
quantitative and qualitative information on the compressive strength
of delaminated panels, providing in‐depth understanding of
buckling‐driven delamination growth in composite laminates.

The present article is set out as follows, the novel modelling
approach comprising the energy formalism and the crack‐tip element
analysis is presented in Section 2. A three dimensional (3D) FE model
used to verify the modelling approach is presented in Section 3. In Sec-
tion 4, the model is validated against findings from experiments and a
parametric study of several stacking sequences and delamination char-
acteristics is performed. Detailed information on compressive strains
causing delamination growth alongside distributions of energy release
rates along the delamination boundary are provided, where compar-
isons with 3D FEA results are made. The results, their applicability
and possible design guidelines are discussed in Section 5 and conclu-
sions are drawn in Section 6.

2. Model description

2.1. Geometric model

The geometric model of a composite panel with an embedded
delamination (grey shaded area) is shown in Fig. 1. The radius of
the circular delamination is denoted by R. Local buckling responses
of the sublaminate (cf. part ① in Fig. 1) are considered, thus delami-
nations are deemed to be within the range associated with thin‐film
delaminations, i.e. a ⩽ 0:1 with a being the ratio of the thickness of
the delaminated region to the overall thickness (t). Moreover, the
panel illustrated in Fig. 1 may be regarded as a semi‐infinite plate,
where loading is applied in the form of far‐field compressive in‐
plane strain (ɛx0; ɛ

y
0), which is directed along respective Cartesian coor-

dinate axes (x; y) implying axial loading to a rectangular parent lami-
nate (cf. part ③ in Fig. 1). Even though the model is developed to
account for biaxial loading (ɛx0; ɛ

y
0), during the course of the current

paper, uniaxial loading will be investigated, with compressive strains
being applied in the x‐direction only. As specified in Section 2.2, the
the delaminated plate.
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model description for biaxial loading is used to model the transverse
deformation of the parent laminate (part ③) due to the applied com-
pressive loading.

The geometric representation of the sublaminate using cylindrical
coordinates (r;φ; z) is beneficial with regards to the adequate mod-
elling of the displacement field as well as the analysis of the energy
release rate along the boundary. It should be noted that, owing to
the description using cylindrical coordinates, the stiffness tensor of
the material (macroscopically homogenised unidirectional (UD) lay-
ers) is dependent on the angle φ, i.e. C ¼ C φð Þ.
2.2. Energy formalism

Post‐buckling deformations of the sublaminate are modelled with
the aid of an energy approach employing the Rayleigh–Ritz method.
Therefore, the displacement field u ¼ u r;φð Þ is approximated using
trigonometric shape functions, in which both radially symmetric and
asymmetric functions are employed, thus:

u r;φð Þ ¼ ɛx0rcos
2 φð Þ þ ɛy0rsin

2 φð Þ� �
þ ∑

Mu

m¼1
∑
Nu

n¼0
sin

mπr
R

� �
aumn sin 2nφð Þ þ bumn cos 2nφð Þ� �

v r;φð Þ ¼ �ɛx0r cos φð Þ sin φð Þ þ ɛy0r cos φð Þ sin φð Þ� �
þ ∑

Mv

m¼1
∑
Nv

n¼1
sin

mπr
R

� �
avmn sin 2nφð Þ þ bvmn cos 2nφð Þ� �

w r;φð Þ ¼ ∑
Mw

1

m¼1
∑
Nw
1

n¼1
cwmn cos

2m� 1ð Þπr
2R

� �
cos

2n� 1ð Þπr
2R

� �

þ ∑
Mw

2

m¼1
∑
Nw
2

n¼1
∑
Ow

o¼1
sin

mπr
R

� �
sin

nπr
R

� �
awmno sin 2oφð Þ þ bwmno cos 2oφð Þ� �

ð1Þ

where u, v and w describe the radial, circumferential and out‐of‐plane
displacements respectively, while aumn; b

u
mn; a

v
mn; b

v
mn; c

w
mn; a

w
mno and bwmno

are sets of generalized coordinates which are subsequently summa-
rized in the set qi. The first terms in the expressions for the radial
and circumferential displacement in Eq. (1) refer to the displacements
associated with the applied far‐field strain. Under uniaxial loading
conditions (applied far‐field strain ɛx0 only), the transverse extension
of the parent laminate is considered, i.e. ɛy0 ¼ �νpar12 ɛ

x
0 with νpar12 being

the major Poisson’s ratio of the parent laminate. It should be noted
Fig. 2. Model characteristics (top view of delaminated area shown); (a) Coordi
cylindrical coordinate system er; eφ; ez

� �
; (b) configuration of control points pm enf

3

that the far‐field strain (ɛx0; ɛ
y
0) transforms into cylindrical coordinates

(ɛffI ) as follows

ɛff
� 	 ¼

ɛ0rr
ɛ0φφ
2ɛ0rφ

0
B@

1
CA ¼

c2 s2 cs
s2 c2 �cs

�2cs 2cs c2 � s2ð Þ

0
B@

1
CA

ɛx0
ɛy0
0

0
B@

1
CA ¼

c2ɛx0 þ s2ɛy0
s2ɛx0 þ c2ɛy0

�2csɛx0 þ 2csɛy0

0
B@

1
CA; ð2Þ

with c ¼ cos φð Þ and s ¼ sin φð Þ. Thus, Eq. (1) fulfils the geometric
boundary conditions:

u r ¼ R;φð Þ ¼ R c2ɛx0 þ s2ɛy0
� �

;

v r ¼ R;φð Þ ¼ R s2ɛx0 þ c2ɛy0
� �

;

w r ¼ R;φð Þ ¼ 0;
rjw r ¼ R;φð Þ ¼ 0; ð3Þ

with rj ¼ @

@r
;
1
r

@

@φ


 �
.

With the aid of the displacement field defined in Eq. (1), the in‐
plane strains can be derived in cylindrical coordinates:

ɛrr
ɛφφ
2ɛrφ

0
B@

1
CA ¼

ɛ1
ɛ2
ɛ6

0
B@

1
CA ¼ ɛ0

� 	þ z κf g ¼

@u
@r

þ 1
2

@w
@r

� �2

1
r
@v
@φ

þ u
r
þ 1
2

1
r
@w
@φ

� �2

1
r
@u
@φ

þ @v
@r

� v
r
þ 1

r
@w
@φ

@w
@r

0
BBBBBBBB@

1
CCCCCCCCA

þ z

� @2w
@r2

� 1
r2

@2w
@φ2 �

1
r
@w
@r

�2
r

@2w
@r@φ

þ 2
r2

@w
@φ

0
BBBBBBB@

1
CCCCCCCA
; ð4Þ

where ɛ0f g and κf g are the membrane strains and the curvatures
respectively. In Eq. (4), nonlinear von Kármán strains are considered,
so that post‐buckling paths can be determined.

As aforementioned, the description of the given problem in cylin-
drical coordinates introduces a dependence of the stiffness tensor on
the angle φ, i.e. C ¼ C φð Þ. As a consequence, the well‐known in‐
plane (AIJ), coupling (BIJ) and bending (DIJ) stiffness matrices com-
prised within the Classical Laminate Theory ( I; Jf g ¼ 1;2;6f g) are
rewritten employing the coordinate transformation illustrated in
Fig. 2a (from the local fibre coordinate system e1; e2; e3ð Þ to the cylin-
drical coordinate system er; eφ; ez

� �
).
nate transformation from the local fibre coordinate system e1; e2; e3ð Þ to the
orcing constraint condition w r;φð Þ ⩾ 0.
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Throughout the current work, the assumption of plane stress is
employed, thus the reduced transformed stiffness matrix �Q½ � φð Þ of each
layer of the laminate can be expressed in terms of the reduced stiffness
matrix Q½ � of the respective unidirectional (UD) layers (assumed to be
transversally isotropic) of the laminate, the fibre orientation angle (θ)
of the UD ply and the angle φ, using the transformation angle
ξ ¼ φ� θ, thus:

�Q½ � φð Þ ¼ T½ � Q½ � T½ ��T
; with ð5Þ

T½ � ¼
cos2ξ sin2ξ 2 sin ξ cos ξ
sin2ξ cos2ξ �2 sin ξ cos ξ

� sin ξ cos ξ sin ξ cos ξ cos2ξ� sin2ξ

0
B@

1
CA; and ð6Þ

Q½ � ¼
Q11 Q12 0

Q12 Q22 0

0 0 Q66

0
BB@

1
CCA: ð7Þ

With the reduced transformed stiffness matrix QIJ φð Þ provided in Eq.
(5), the calculation of the in‐plane (AIJ), coupling (BIJ) and bending
(DIJ) stiffness matrices follows the well‐known formulae from standard
textbooks (e.g. [31]), i.e.

AIJ ¼ ∑
N

n¼1

Z
Z nð Þ

�Q nð Þ
IJ dz;

BIJ ¼ ∑
N

n¼1

Z
Z nð Þ

�Q nð Þ
IJ zdz; and

DIJ ¼ ∑
N

n¼1

Z
Z nð Þ

�Q nð Þ
IJ z

2dz; ð8Þ

with n referring to the nth layer of the respective part of the panel and
Z nð Þ describing the integration range from the lower to the upper inter-
face of the nth layer.

Since the current work considers local buckling responses, deter-
mining the strain energy of the delaminated sublaminate is sufficient
for modelling the post‐buckling deformations under far field strains
ɛx0 and ɛy0. The strain energy can be calculated by integrating the strain
energy density,

ws ¼ 1
2
QIJɛIɛJ ; ð9Þ

over the volume, yielding

W s ¼ 1
2

Z
φ

Z
r

ɛ0I AIJɛ0J þ 2ɛ0I BIJκJ þ κIDIJκJ
� �

r dr dφ; ð10Þ

with the stiffness matrices provided in Eqs. (5) and (8) and the strains
given in Eq. (4). Note that in Eq. (10), the in‐plane (AIJ), coupling (BIJ)
and bending stiffness (DIJ) matrices depend on the angle φ. With the aid
of algebraic manipulation performed within the software package
Mathematica [42], the strain energy W s could be determined analyti-
cally, thus

W s ¼ W s qi; ɛ
x
0; ɛ

y
0;E11; E22;G12; ν12; tply;R; θn

� �
; ð11Þ

where E11; E22;G12; ν12 are the material parameters of the UD layer
(transversally isotropic), tply is the thickness of a UD layer, R is the
radius of the delamination and θn ¼ θ1; θ2; . . . ; θNf g describes the fibre
orientations of the N layers of the sublaminate.

Contact between sublaminate and base laminate (parts ① and ②,
cf. Fig. 1) is considered by defining control points (pm ¼ rpm;φ

p
m

� 	
, with

m ¼ 1;2; . . . ;10f g) inside the delamination area as visualized in Fig. 2
(b), where the unilateral constraint conditions w pmð Þ ⩾ 0 are employed
by augmenting the strain energy by terms qpm w pmð Þ � cpm

� �
, where qpm

are Lagrange multipliers representing contact forces and cpm are offset
parameters describing the out‐plane distance between the sublaminate
and the base laminate (strictly positive). This represents frictionless
4

hard contact conditions. The energy associated with the constraint
condition is denoted by Wp.

Owing to the displacement controlled problem description, the
strain energy is the governing functional and the post‐buckling
response can be determined by the well‐known variational principle
(e.g. [38])

δW qið Þ ¼ @W
@qi

δqi ¼ 0 yielding
@W
@qi

¼ 0; ð12Þ

where the set of nonlinear algebraic equations is solved using the New-
ton–Raphson method. In Eq. (12), W ¼ W s þWp and qi comprises the
generalized coordinates employed to describe the displacement field,
M Lagrange multipliers and offset parameters, i.e.: qi ¼ aumn; b

u
mn;

�
avmn; b

v
mn; c

w
mn; a

w
mno; b

w
mno; q

p
m; c

p
mg, cf. Eq. (1) and Fig. 2b. An initial imper-

fection in the form of a small out‐of‐plane displacement of the sublam-
inate (amplitude of tply=10) is considered, which is assumed to be
caused by the delamination. The energy contributions associated with
the imperfection are deducted from Eq. (10) (cf. [17]). As with the
strain energy (Eq. (10)), the equilibrium equations (Eq. (12)) are also
determined analytically.

With the post‐buckling deformation obtained in the form qi ɛx0; ɛ
y
0

� �
from Eq. (12), the in‐plane force and moment resultants can also be
determined, which are used to derive the energy release rate along
the delamination boundary, which is described next.

2.3. Energy release rate

The description in cylindrical coordinates enables the straightfor-
ward determination of force and moment resultants acting on the
delamination boundary, which are subsequently employed to deter-
mine the energy release rate. Therefore, the crack‐tip element analysis
following work by Davidson et al. [10,12,32] is adapted herein. Other
mixed‐mode fracture methods such as proposed in [13,43] may also be
employed in the analytical model; however, Davidson et al. [10,12]
explicitly account for out‐of‐plane shear contributions at the delamina-
tion front which appears beneficial regarding the intended analysis of
arbitrary stacking sequences. A crack‐tip element in the context of the
current problem description is shown in Fig. 3 highlighting a region of
the plate in the vicinity of the delamination front (cf. Fig. 1), where Δr1
and Δr2 are sufficiently small to neglect nonlinearity but not infinites-
imal [12]. Force and moment resultants (nrr ; nrφ;mrr) associated with
the sublaminate and the base laminate are indicated by ① and ②
respectively.

Fig. 3b shows the free‐body diagram of the upper and lower part,
exhibiting the crack‐tip forces nrct and nφct as well as the crack‐tip
moment mct. Quantities associated with parts ① and ② but acting in
the intact region are indicated by a tilde. With the aid of the free body
diagrams in Fig. 3b, the crack‐tip forces (nrct; n

φ
ct) and moments (mct) can

be determined, i.e.

nrct ¼ �n①rr þ ~n①rr ;

nφct ¼ �n①rφ þ ~n①rφ;

mct ¼ �m①
rr þ ~m①

rr þ nct
at
2
: ð13Þ

It should be noted that crack‐tip displacement continuity is enabled
by setting ɛφφ ¼ κφφ ¼ κrφ ¼ 0 [12], yielding the reduced constitutive
behaviour of the crack‐tip element:

nrr
nrφ
mrr

0
B@

1
CA ¼

A11 A16 B11

A66 B16

sym: D11

0
B@

1
CA

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
R

ɛrr
2ɛrφ
κrr

0
B@

1
CA; ð14Þ

with R being the reduced stiffness matrix. The strains (ɛrr ;2ɛrφ) and cur-
vature (κrr) in the intact region (part ③ in Fig. 3a) are obtained by



Fig. 3. Crack-tip element; (a) free-body diagram of the crack-tip element; (b) free-body diagrams of the upper and lower part of the crack-tip element using crack-
tip forces and moments.
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determining the force (nrr ; nrφ) and moment (mrr) resultants from global
equilibrium in Fig. 3a, yielding

ɛrr
2ɛrφ
κrr

0
B@

1
CA ¼

a11 a16 b11
a66 b16

sym: d11

0
B@

1
CA
③

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
r

n①rr þ n②rr
n①rφ þ n②rφ

m①
rr þm②

rr þ
1� að Þt

2
n①rr �

at
2
n②rr

0
BBB@

1
CCCA;

ð15Þ

with r being the reduced compliance matrix obtained by inverting R of

part③. In Eq. (13), the force and moment resultants ~n①rr ; ~n
①
rφ and ~m①

rr are
determined by employing the strains in the intact region (cf. Eq.(15))
considering the offset of the neutral axes of parts ③ and ①, i.e.:
1� að Þt=2, with the reduced stiffness matrix of part ① (sublaminate),
thus

~nrr
~nrφ
~mrr

0
B@

1
CA
①

¼
A11 A16 B11

A66 B16

sym: D11

0
B@

1
CA
①

ɛrr þ 1� að Þt
2

κrr

2ɛrφ
κrr

0
BB@

1
CCA: ð16Þ

The force and moment resultants of parts ① and ② (cf. Eq. (13)) are
obtained using the respective in‐plane, coupling and bending stiffness
matrices and employing strains and curvatures at the delamination
boundary determined with the aid of the equilibrium path qi ɛx0; ɛ

y
0

� �
,

where part ② is under far‐field strain only (thin‐film assumption).
5

The crack‐tip forces and moment (cf. Eq. (13)) act to close a virtu-
ally extended delamination front, similar to the virtual crack closure
technique (VCCT) employed in FEA [23]. Thus, the total energy
release rate can be obtained by

G ¼ 1
2Δr2

nrctΔuþ nφctΔvþmctΔβ
� �

; ð17Þ

where Δr2 is the length of the newly generated delamination (crack)
while Δu;Δv and Δβ are the relative displacements (normal and shear)
and angle to (virtually) close the crack.

The displacements Δu and Δv as well as the angle Δβ can be
obtained by considering a statically equivalent loading configuration,
where crack‐tip forces and moments act on the neutral plane of the
upper and lower part rather than at the crack‐tip (cf. [32]). Thus,
strains and curvatures required to evaluate the relative displacements
and rotations are given by

ɛrr
2ɛrφ
κrr

0
B@

1
CA
①

¼
a11 a16 b11

a66 b16
sym: d11

0
B@

1
CA
① nrct

nφct
mct � at

2 n
r
ct

0
B@

1
CA ð18Þ

and

ɛrr
2ɛrφ
κrr

0
B@

1
CA
②

¼
a11 a16 b11

a66 b16
sym: d11

0
B@

1
CA
② �nrct

�nφct
�mct � at

2 n
r
ct

0
B@

1
CA: ð19Þ
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With Eqs. (18) and (19), the relative displacements over the extended
crack length Δr2, i.e.:

Δu
Δr2

¼ ɛ①rr �
at
2
κ①rr � ɛ②rr �

1� að Þt
2

κ②rr

Δv
Δr2

¼ 2ɛ①rφ � 2ɛ②rφ

Δβ
Δr2

¼ κ①rr � κ②rr ; ð20Þ

can be determined and replaced in Eq. (17) yielding

G ¼ 1
2

c11 nrct
� �2 þ c22 mctð Þ2 þ c33 nφct

� �2 þ c12nrctmct þ c13nrctn
φ
ct þ c23mctnφct

� �
;

ð21Þ
where coefficients cij contain the compliances of both parts and thick-
ness measures only. The coefficients cij are provided in Appendix A.
Note that these are the same as in [12] with the exception of a sign
change in the coupling compliances, which relates to the opposed thick-
ness (z) direction considered herein.

As pointed out in [10], a non‐singular field approach regarding
mode‐mixity provides good agreement with experiments and 3D FEA
for carbon/graphite epoxy laminates, where all configurations falling
under thin‐film considerations (a≤0:1, cf. Fig. 1) are associated with
a mode‐mix parameter Ω ¼ 24� [10]. As described in [11,12], mode I
and mode II contributions of the energy release rate (ERR) are given by

GI ¼ 1
2 � ffiffiffiffiffiffi

c11
p

nrct sin Ωð Þ þ ffiffiffiffiffiffi
c22

p
mct cos Ωþ Γð Þ� �2

GII ¼ 1
2

ffiffiffiffiffiffi
c11

p
nrct cos Ωð Þ þ ffiffiffiffiffiffi

c22
p

mct sin Ωþ Γð Þ� �2
;

ð22Þ

with Γ ¼ arcsin c12 c11c22ð Þ�1=2
� �

. Applicability of Eq. (22) to multidirec-

tional laminates is shown in [10]. Mode III ERR is obtained by subtract-
ing Eq. (22) from Eq. (21), i.e. GIII ¼ G� GI � GII. Note that besides the
crack‐tip forces and moments, the material parameters in cij depend on
the angle φ introduced by the problem description in cylindrical
coordinates.

3. Finite element model

A three dimensional geometrically non‐linear finite element analy-
sis (3D FEA) is performed within Abaqus [37] to verify the analytical
modelling approach. The thin‐film problem is simulated by consider-
Fig. 4. FE
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ing delaminations complying with the condition a≤0:1 (cf. Fig. 1)
and suppressing any out‐of‐plane displacements of the bottom face
of the plate. The FE model consists of two parts containing the layers
above and below the interface exhibiting the delamination, respec-
tively. The lower thicker part is built up with two regions: the lower
region, deemed outside the fracture process zone, is modelled using
continuous shell elements with one element per thickness. The upper
region of the lower part is modelled using solid elements (CD8R) with
one element per layer thickness. The part above the delamination is
also modelled with solid elements (CD8R), however more elements
per layer thickness are required to model the bending deformation pre-
cisely during the processes of critical buckling and post‐buckling.
Three elements per layer thickness were found as being the optimal
choice by analysing critical buckling and post‐buckling responses in
pre‐tests. The through‐the‐thickness composition of the FE model is
visualized in Fig. 4 (bottom left) alongside the global (both parts
assembled) FE model (left), a top view of the mesh of the upper region
(top right) and a magnified view of the delamination front (bottom
right).

Mesh refinement to an element size (lFE) of 0.15mm around the
delamination front in both parts is performed, which is in the range
of 0:1tply < lFE < tply providing reliable mode decomposition in the
VCCT [23], with tply being the thickness of a unidirectional (UD) layer.
The delaminated region (cf. Fig. 1 sublaminate part ①) is modelled
with an element size of 0.8mm (cf. right side in Fig. 4). A larger ele-
ment size (3mm) is sufficient for the outer region of the plate under-
going far‐field in‐plane loading only. Bonding of both parts is set up
by assigning nodes outside the delaminated region to the VCCT
employing a B‐K law fracture criterion [4] using respective critical
energy release rates for mode I, II and III, which are provided in Table 3
alongside the material parameters used. Frictionless hard contact as
considered in the analytical model is configured. Loading in the form
of end‐shortening is applied to the plate by configuring kinematic cou-
pling between the right edges/surfaces of both parts (cf. Fig. 4) and a
reference point, where the latter follows a monotonically increasing
displacement up to the initiation of delamination growth, i.e.
Gnorm ¼ 1. The opposite side of the loading edge/surface is modelled
suppressing in‐plane displacements in the loading direction (x‐
direction) but allowing transverse displacements. For all other edges,
in‐plane displacements are enabled allowing the plate to undergo
transverse expansion. Rotations and out‐of‐plane displacements are
model.



Table 1
Comparison of applied strains causing delamination growth (threshold strains
ɛth); (*) – result from [27] using shell elements.

Threshold strain ɛth (μɛ)

Layup Ref. Expt. Model 3D FEA Expt. Δ (%)

[45/-45] [20] 7780 6890 7040–7130 9
[0/90/90] [20] 3960 3400 3680 7
[0/45] [20] 3580 2830 2770–3080 16
[90/0/90] [27] 3510 3200� 3300 6
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suppressed on all edges modelling clamped boundary conditions. A
minor out‐of‐plane imperfection load is applied to the midpoint of
the upper part of the model to enable tracing the post‐buckling path;
the load is set to zero once buckling occurs.

Depending on the size of the delamination studied (cf. Section 4),
the FE model consists of approximately 150,000 (smaller delamina-
tions) to 200,000 (larger delaminations) elements requiring 7–14 GB
of memory and roughly an 1‐h run time on an 8 core Intel(R) i7
processor.

4. Results

First, the model is validated in Section 4.1 by comparing post‐
buckling deformation and strains causing delamination growth to
experimental findings provided in the literature. Subsequently, results
of a parametric study focussing on three distinct types of laminates are
presented in Section 4.2.

4.1. Validation

Regarding the model description in Section 2.2, based on pre‐tests
evaluating the post‐buckling behaviour and, in particular, the beha-
viour of the energy release rate against 3D FEA and experiments, a
total of 240 generalized coordinates are employed in the analytical
model that relate to Eq. (1) as follows: Mu ¼ Mv ¼ 10; Nu ¼ Nv ¼ 5;
Mw

1 ¼ Nw
1 ¼ Mw

2 ¼ Nw
2 ¼ 3; Ow ¼ 2: In addition to the validation pro-

vided in this section, the capability of the trigonometric shape func-
tions to adequately approximate the displacement field of the
sublaminate is highlighted in Section 4.2.1 in Fig. 7 showing buckling
shapes deep in the post‐buckling response. The choice of generalized
coordinates is discussed in Section 5.1.

In Figs. 5a and 5b, post‐buckling deformation in terms of compres-
sive applied load against midpoint deflection of the sublaminate (wmid)
is compared to cases studied in Refs. [20,27], where in [20] compres-
sive strain (ɛ0) and in [27] compressive force (P) is provided. Deforma-
tion paths up to the load causing delamination growth in the
respective experiments are shown.

In Fig. 5a, a quasi‐isotropic laminate is investigated with the
layup of the sublaminate being 0=45½ �, exhibiting full mechanical
coupling; Fig. 5b considers a cross‐ply laminate with the delaminated
region having a symmetric layup ( 90=0=90½ �). In both studies, anti‐
buckling guides are used to impede global bending contributions.
Fig. 5. Comparisons of post
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An artificial circular delamination is inserted in the layups at depths
a ¼ 1=12 [20] and a ¼ 1=16 [27]. Both comparisons show that the
analytical model presented is capable of tracing the post‐buckling
path of fully coupled sublaminates (BIJ ≠ 0;AI6 ≠ 0;DI6 ≠ 0, Fig. 5a)
and and configurations exhibiting strong contact between sublami-
nate and base laminate (Fig. 5b). Buckling strains/loads basically
coincide for both cases when compared to FEA. The delayed buckling
response shown for the experiment in Fig. 5a is discussed in detail in
[20], where it is argued that this relates to minor negative out‐of‐
plane displacements and small misalignments of the specimen, caus-
ing moments on the delamination boundary acting to close the
buckle. Following the delayed buckling, the post‐buckling path of
the experiment follows precisely the prediction of the analytical
model. However, as described in [20] by analysing digital image cor-
relation (DIC) images, due to the test configuration, minor negative
out‐of‐plane displacements of the base laminate are present
(≈� 0:05 mm), which upon complete suppression would bring the
experimental curve closer to the 3D FEA. Compared to the analytical
model, the 3D FEA shows 10% larger midpoint deflection at the ini-
tiation of delamination growth. In Fig. 5b, post‐buckling paths of the
model, FEA and experiment agree well throughout the deformation
process.

Next, applied strains causing delamination growth, commonly
referred to as threshold strains ɛth, are compared to results documented
in Refs. [20,27]. These comparisons alongside predictions from the 3D
FEA described in Section 3 are provided in Table 1.

In Table 1, deviations between the analytical model and
experiments are provided in the last column (Δ), where deviations
are calculated to the respective lower or upper value, if a range is
shown. Predictions of the model show very good agreement for cases
-buckling deformation.
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[45/‐45], [0/90/90] and [90/0/90] with deviations within 9%. These
cases cover configurations which exhibit extension‐twist (shear‐bend)
coupling and require large applied strains ([45/‐45]), extension‐bend
coupling ([0/90/90]) and contact between sublaminate and base lam-
inate (all cases). Case [0/45] exhibits full mechanical coupling
(extension‐shear, extension‐bend, extension‐twist and bend‐twist)
and shows the lowest threshold strain of all cases. A deviation of
16% between the analytical model and experiments is shown for this
case in Table 1, which is analysed in detail in Section 4.2. In‐depth
analysis of the experiments and comparison to the model is provided
in the accompanying study presented in [20], where buckle‐driven
delamination propagation in quasi‐isotropic laminates is investigated
using DIC images and ultrasonic C‐scans, evaluating the deformation
of the buckle, threshold strain predictions and the direction of the
onset of delamination growth.

4.2. Parametric study

Since quasi‐isotropic laminates are most commonly used in applica-
tions in the aircraft/aerospace industry (e.g. see [20,26,35]), these lay-
ups are studied herein considering a laminate with 32 layers. Various
stacking sequences are considered which are deemed to be most suit-
able regarding their compressive strength and most commonly used
studying the CAI strength and BVID (e.g. see [35]). These layups also
exhibit different types of mechanical coupling. Delamiantions between
the second and third, as well as the third and fourth layer (from the top
surface) are studied, i.e. a ¼ 1=16;3=32f g (cf. Fig. 1). The stacking
sequences with their respective layup of the sublaminate (delaminated
region) are provided in Table 2.

As shown in Table 2, three types of sublaminates are studied: type
A – extension‐twist/shear‐bend coupling (BI6 ≠ 0) but no extension‐
shear and bend‐twist coupling (AI6 ¼ 0 and DI6 ¼ 0); type B – full
mechanical coupling (AI6 ≠ 0;BIJ ≠ 0;DI6 ≠ 0); type C – extension‐
shear and bend‐twist coupling (AI6 ≠ 0;DI6 ≠ 0) but zero coupling stiff-
ness (BIJ ¼ 0). The material parameters are taken from [20] and are
provided in Table 3 alongside the dimensions investigated. Note that
parameters E33;G23; ν23 are only used for the 3D FEA. Regarding the
delamination radii considered, case 1 refers to a ¼ 1=16 and case 2
to a ¼ 3=32. Given the range of delamination radii and the ply thick-
ness (tply), cases investigated are within the range of a diameter‐to‐
thickness ratios (χ) of 41 – 102. In total, 41 configurations are investi-
gated with the analytical model.
Table 2
Laminate and sublaminate stacking sequences.

Laminate Sublaminate Type

45=� 45==0=90= 45=� 45=0=90ð Þ3
� �

s
45=� 45½ � Type A

45=0==� 45=90= 45=0=� 45=90ð Þ3
� �

s
45=0½ � Type B

452==� 452=902=452=� 452=02=902½ �s 452½ � Type C
45=0=� 45==90= 45=0=� 45=90ð Þ3
� �

s
45=0=� 45½ � Type A

45=� 45=0==90= 45=� 45=0=90ð Þ3
� �

s
45=� 45=0½ � Type B

Table 3
Material (AS4/8552 lamina) parameters (taken from [20]) and dimensions.

Material parameters Dimensions

E11 128GPa tply 0.196mm
E22 ¼ E33 10.3GPa a 1=16; 3=32f g
G12 ¼ G13 6GPa R (case 1) 8;10; 12;14; 16; 18;20f gmm
G23 3.43GPa R (case 2) 12;14; 16;18; 20; 22;24; 26;28f gmm
ν12 0.3 χ ¼ 2R= atð Þ ≈41–102
ν23 0.5
GI
c 0.268N/mm

GII
c ¼ GIII

c 0.738N/mm

8

Uniaxial applied compressive strain, i.e. ɛx0 ¼ ɛ0, is considered
throughout the parametric study, where the parent laminate can
undergo transverse deformation. This is enabled by setting
ɛy0 ¼ �νpar12 ɛ0 (cf. Fig. 1 and Eq. (1)), with νpar12 being the major Poisson’s
ratio of the intact (parent) laminate (νpar12≈0:299). In the analytical
modelling approach and the 3D FEA, the critical energy release rate
(ERR) is determined employing the B‐K law [4],

Gmix
c ¼ GI

c þ GII
c � GI

c

� � GII þ GIII

GI þ GII þ GIII

� �η

with η ¼ 1:75 and the material parameters (GI
c;G

II
c ) provided in Table 3.

Despite its empirical nature, the B‐K law was chosen in the current
study due to its explicit consideration of mode III contributions and
its readily implementation. However, other criteria as proposed in
[14,28] may also be applied.

Subsequently, findings of the parametric study are presented.
Therefore, first characteristic buckling responses are illustrated (Sec-
tion 4.2.1), which will aid evaluating subsequently results for thresh-
old strains and the behaviour of the ERR shown in Section 4.2.2.

4.2.1. Delamination buckling
Post‐buckling deformation of the sublaminates is investigated by

analysing applied strain against midpoint deflection as well as buck-
ling shapes at the initiation of delamination growth. To evaluate
whether the stacking sequence of the sublaminate affects the predic-
tions of the analytical model, type A and type B layups are considered
for configurations of different diameter‐to‐thickness ratios χ, which
will also be analysed in Section 4.2.2. Fig. 6 shows the post‐buckling
paths in terms of applied strain against midpoint deflection for delam-
inated regions having the stacking sequence [45/‐45] (type A, blue
lines and symbols) and [45/‐45/0] (type B, red lines and symbols).

The values of χ shown in Fig. 6 correspond to R ¼ 12; 20f gmm for
[45/‐45] and R ¼ 20;28f gmm for [45/‐45/0]. Results of correspond-
ing 3D FEA simulations are provided by symbols “�”. Post‐buckling
paths are shown up to the deformation state predicted to cause delam-
ination growth. Fig. 6 shows good agreement between the analytical
model and FEA, where buckling strains almost coincide and post‐
buckling deformation predicted by the 3D FEA are slightly softer,
which is expected given that the analytical model considers 2D defor-
mations without out‐of‐plane shear. It appears that the post‐buckling
deformation in terms of midpoint deflection is not affected by the type
of stacking sequence underlining that full mechanical coupling is ade-
quately considered in the model.

It should be noted that during post‐buckling contact between sub-
laminate and base laminate occurs for all cases shown, altering the ini-
tial buckling shape (even if the initial buckling response does not cause
contact) with more pronounced effects at larger χ. This behaviour has
Fig. 6. Comparisons of post-buckling deformation.
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also been observed in experiments [20] causing a more localized buck-
ling shape. For instance, the occurrence of contact can be seen by tak-
ing a closer look at case [45/‐45] with χ≈102 at approximately
4500μɛ exhibiting a knee in the post‐buckling path with subsequent
minor flattening of the curve.

Such localized buckling shapes are visualized in Fig. 7 for sublam-
inate [45/‐45] (Figs. 7a and 7b) comparing out‐of‐plane displacements
of the buckle between the model and FEA at respective applied strains
causing delamination growth (ɛth). In Figs. 7a and 7b, it is clearly vis-
ible that the buckle does not spread over the entire delaminated region
but localizes with approximately half the length in longitudinal direc-
tion but fully spread in transverse direction. As described in [20] eval-
uating experimental DIC images, the buckle rotates from an initial off‐
axis position (regarding the transverse direction) to a more trans-
versely aligned shape as shown in Figs. 7a and 7b, where such rota-
tions are still slightly visible in Fig. 7a.

Smaller diameter‐to‐thickness ratios (χ), as exemplarily visualized
by sublaminate [45/‐45/0] with χ ¼ 68, do not exhibit such a pro-
nounced localized buckling deformation. Moreover, delamination
growth occurs before the buckle encounters the aforementioned trans-
versely aligned position. The slightly rotated buckling shape with a
transverse alignment of the buckle of < 90� is caused by the 0� layer
added to the balanced angle ply sublaminate [45/‐45]. Note that
cross‐ply and 0�‐unidirectional laminates do not exhibit such beha-
viour (owing to AI6 ¼ BI6 ¼ DI6 ¼ 0; I ¼ 1;2f g), where the buckle
Fig. 7. Buckling shapes (out-of-plane displacement w of the bu
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would move from an initial radially symmetric shape to a more local-
ized transversely aligned shape.

Besides the midpoint deflection and the orientation of the buckle,
deformations in the vicinity of the delamination boundary are of
importance when analysing the delamination growth behaviour, in
particular if a force/stress based approach is employed. Comparing
buckling shapes provided in Fig. 7, slightly larger out‐of‐plane dis-
placements are visualized for the FEA, underlining the aforementioned
softer behaviour compared to the analytical model, where larger χ are
deemed to increase the discrepancy.

Next, threshold strain predictions and the behaviour of the ERR are
described for each type of sublaminate using the configurations con-
sidered in this section.

4.2.2. Threshold strain and energy release rate
For each type of sublaminate (type A, type B, type C), threshold

strain predictions for the diameter‐to‐thickness ratios (χ) considered
are presented alongside a breakdown of the behaviour of the ERR
and its components along the delamination boundary. The results
are compared to 3D FEA, where simulations have been performed
for R ¼ 8;12; 16;20f g mm for a ¼ 1=16 (sublaminates with two lay-
ers) and R ¼ 12;16;20;24;28f g mm for a ¼ 3=32 (sublaminates with
three layers).

Fig. 8 summarizes the delamination growth behaviour for type A
sublaminates (AI6 ¼ DI6 ¼ 0;BI6 ≠ 0, with I ¼ 1;2f g). Threshold strain
ckle/sublaminate) at initiation of delamination growth ɛth.



Fig. 8. Delamination growth behaviour of type A sublaminates, χ ¼ 2R
at .

A. Köllner Composite Structures 266 (2021) 113776

10



A. Köllner Composite Structures 266 (2021) 113776
(ɛth) predictions for the range of χ studied are shown in Fig. 8a. Repre-
sentative for the capability to describe the behaviour of type A sublam-
inates, the behaviour of the ERR and its components (mode I, mode II,
mode III) at initiation of delamination growth is provided in Figs. 8b–e
for the stacking sequence [45/‐45] with χ≈ 61;102f g.

In Fig. 8a, three lines (linear interpolated) visualize threshold strain
predictions for the range of χ for each sublaminate. Symbols □ and �
represent threshold strain predictions for the analytical model and the
3D FEA respectively, considering mode‐mixity employing the B‐K law
(cf. Eq. (23)), thus G ¼ Gmix

c at ɛth. Furthermore, symbols � indicate
when G ¼ GI

c in the analytical model, mimicking a conservative mode
I fracture criterion.

Fig. 8a shows good agreement between analytical model and 3D
FEA, where threshold strain predictions of FEA lie between GI

c and
Gmix

c of the analytical model for all configurations, with deviations of
5 % to 12 % for [45/‐45] and 6 % to 13 % for [45/0/‐45] (considering
Gmix

c ). Moreover, the qualitative behaviour agrees well between the
model and FEA. In order to verify the increase in threshold strain pre-
dictions seen for [45/‐45] at larger χ, the range of configurations stud-
ied has been extended for this stacking sequence only (χmax ¼ 122). A
detailed overview of threshold strain predictions and respective devi-
ations are provided in Table 4 for all stacking sequences and
configurations.

The behaviour of the total ERR along the delamination boundary,
i.e. G φð Þ at R (cf. Fig. 1), at the respective threshold strain ɛth is visual-
ized in Figs. 8b and 8 for smaller (χ≈61) and larger (χ≈102) diameter‐
to‐thickness ratios, respectively. Very good agreement between the
analytical model and 3D FEA is shown, where both exhibit a wide
spread distribution of significant magnitudes of ERR from approxi-
mately angles π=4 to 3π=4, with larger χ causing a slight narrowing
of this span. The maximum ERR, which is also the critical ERR
(Gmix

c ) for this case, almost coincides with the FEA prediction for
χ≈61 (model: Gmix

c ≈0:40; 3D FEA: Gmix
c ≈0:41) and deviate slightly for

χ≈102 (model: Gmix
c ≈0:46; 3D FEA: Gmix

c ≈0:43). The double‐peak beha-
viour of the ERR predicted by the 3D FEA is also visible in the model,
but the first peak is less pronounced and the second peak is slightly
shifted closer to the transverse loading direction (π=2). For χ≈61,
the predicted angle of initiation of delamination growth of the model
and FEA is approximately 101� and 112� respectively, where larger χ
cause this angle to slightly shift towards π=2.

The mode decomposition of the ERR in mode I (blue), mode II (red)
and mode III (magenta) contributions is provided in Figs. 8c and 8e for
χ≈61 and χ≈102 respectively. Analysing Fig. 8c in detail, it can be
seen that the first peak in ERR is almost purely mode II, whereas sig-
nificant mode I contributions are present in the second peak, reaching
almost similar magnitudes as mode II. Thus, growth will be initiated in
the direction of the second peak in Figs. 8b and 8d. Mode‐mixity
agrees well between the analytical model and FEA, showing similar
mode I and mode II contributions at the angle at which growth is ini-
tiated. Taking a closer look at Fig. 8b, it can be seen that mode II (in‐
plane shear) follows, besides minor quantitative deviations, the predic-
tions of the 3D FEA. Very small out‐of‐plane shear contributions (mode
III, GIII < 0:05 N/mm) are predicted by the analytical model and FEA.
The minor shift in the second peak is associated with the peak of the
opening mode I contributions occurring at a slightly smaller angle than
in the FEA, which is also visible in Fig. 8e.

It should be noted that compared to 3D FEA very similar behaviour
of the ERR and its components at the respective threshold strains are
obtained, which underlines that deviations in threshold strain predic-
tion relate to approximating the deformation behaviour of the buckle
and thus requiring larger applied strains to access the deformation
state (force and moment resultants at the delamination boundary)
causing delamination propagation. Such approximations including
the treatment of contact by a finite set of control points are deemed
11
to cause the minor deviations in the angle of delamination propaga-
tion, which is discussed in detail in Section 5.

The behaviour of type B sublaminates ( B½ � ≠ 0;AI6 ≠ 0;DI6 ≠ 0;
I ¼ 1;2f g) is described in an analogous manner to type A (Fig. 8) in
Fig. 9. Threshold strain predictions of the stacking sequences consid-
ered ([45/0] – blue lines; [45/‐45/0] – red lines) are provided in
Fig. 9a. As for type A, mode‐mix and mode I predictions of the analyt-
ical model bound the results of the 3D FEA. However, besides showing
a similar qualitative behaviour, larger deviations in mixed‐mode
threshold strain predictions between model and FEA are present,
which increase with larger diameter‐to‐thickness ratios (χ). All thresh-
old strains and respective deviations are provided in Section 4.2.3 in
Table 4.

Fig. 9a also shows a larger span in strain between a conservative
mode I criterion (symbol �) and mode‐mix predictions (symbol □ ),
since critical ERRs for the layups studied are significantly larger than
for the configuration analysed for type A (Fig. 9a). This is visualized
in Figs. 9b and 9d describing the behaviour of the ERR for [45/‐45/0]
at the onset of delamination growth. The maximum ERRs are 0.63 N/
mm (model) and 0.60 N/mm (FEA) for χ≈68 and 0.64 N/mm (model)
and 0.59 N/mm (FEA) for χ≈95. Predictions of the model are qualita-
tively similar to FEA, except of a step‐like increase in ERR for χ≈68.

The reason for the larger deviations in threshold strain prediction
than for type A is provided in Figs. 9c and 9e describing the break-
down of the ERR in mode I (blue), mode II (red) and mode III (ma-
genta). In FEA, peaks of mode I and mode II appear at almost the
same location for χ≈68 and coincide for χ≈95, whereas predictions
of the model show a larger offset in between these peaks causing larger
critical ERRs and thus require more applied strain to initiate delamina-
tion growth. This discrepancy and its relation to both parts of the ana-
lytical model (energy approach to approximate post‐buckling
deformation and crack‐tip element analysis) are discussed in Section 5.

Type C layups (off‐axis unidirectional sublaminates) are analysed
as type A and B considering the stacking sequence 452½ �. Good agree-
ment between the analytical model and 3D FEA is obtained for thresh-
old strains and the ERR. The respective findings in the form of Figs. 8
and 9 are provided in Appendix B.

Next, for all configurations studied, threshold strains and critical
ERRs are summarized in Section 4.2.3.
4.2.3. Summary of results
Table 4 lists threshold strains (ɛth) and critical ERRs (Gmix

c ) deter-
mined with the aid of the analytical model for all types, layups and
configurations for which 3D FEA simulations were also performed;
data for the remaining configurations can be extracted from Figs. 8,
9 and B.1. Deviations between threshold strain predictions from the
model and FEA are also provided in Table 4 as Δ.

With the aid of Table 4, the results obtained can be readily analysed
and evaluated. Type A sublaminates (BI6 ≠ 0;AI6 ¼ DI6 ¼ 0; I ¼ 1;2f g)
exhibit good agreement of threshold strains with FEA (within 13%),
where the lowest and highest values of χ can be regarded as lower
and upper bound of suitable configurations. Critical ERRs determined
by the analytical model are in excellent agreement with FEA underlin-
ing that the model is capable of correctly describing the damage
growth behaviour for these layups, which has been highlighted in
Fig. 8. Thus, for type A, the small deviations in threshold strains are
associated with the approximation of the displacement field employed
in the energy formalism.

Type B sublaminates, i.e. a fully populated ABD matrix (full
mechanical coupling), show significantly larger deviations in thresh-
old strains than type A, where sublaminate [45/‐45/0] exhibits better
predictions than [45/0]. However, on analysing results of the critical
ERRs Gmix

c , it becomes apparent that these deviations mainly relate to
significantly larger critical ERRs determined in the analytical model,



Fig. 9. Delamination growth behaviour of type B sublaminates, χ ¼ 2R
at .
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Table 4
Overview of threshold strains (ɛth) and critical ERRs (Gmix

c ).

Threshold strain
ɛth (μɛ)

Crit.ERR Gmix
c

(N/mm)

type Layup χ ¼ 2R
at Model 3D FEA Δ (%) Model 3D FEA

A [45/-45] 41 10120 9000 12 0.44 0.43
61 8490 7850 8 0.40 0.41
82 7670 7280 5 0.43 0.43
102 7710 6890 12 0.46 0.43

[45/0/-45] 41 4590 4050 13 0.40 0.38
54 3920 3590 9 0.41 0.39
68 3520 3290 7 0.41 0.39
81 3250 3070 6 0.42 0.40
95 3250 2950 10 0.39 0.40

B [45/0] 41 5850 4820 21 0.59 0.52
61 4940 3990 24 0.64 0.51
82 4730 3520 34 0.67 0.51
102 4750 3360 41 0.69 0.49

[45/-45/0] 41 6680 6140 9 0.58 0.56
54 6000 5210 15 0.62 0.59
68 5470 4640 18 0.62 0.58
81 5210 4290 21 0.63 0.57
95 5080 3960 28 0.64 0.57

C [452] 41 9440 8820 7 0.34 0.38
61 8500 7910 7 0.41 0.41
82 8380 7520 11 0.45 0.41
102 8350 7020 19 0.48 0.41
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where deviations of Gmix
c between the analytical model and FEA are

similar to deviations in threshold strains (for the majority of cases in
type B). This indicates that for type B sublaminates the current form
of the crack‐tip element formalism misses contributions to the ERR,
since the approximation of the post‐buckling deformation was found
to be basically unaffected by the type of sublaminate (cf. Section 4.2.1)
and the qualitative behaviour of the ERR at the respective threshold
strains agrees with FEA predictions (cf. Fig. 9).

For type C sublaminates ( B½ � ¼ 0;AI6 ≠ 0;DI6 ≠ 0; I ¼ 1;2f g),
threshold strains agree well with FEA (within 11% except of χ≈102)
where the largest χ should also be regarded as an upper bound for suit-
able configurations. The increasing deviations are associated with
increasing deviations in critical ERR, where smaller diameter‐to‐
thickness ratios (χ) exhibit good agreement. Thus, even though signif-
icantly less pronounced than for type B and of minor relevance regard-
ing threshold strain predictions in the range 40 < χ < 100 (assuming
an inherent, almost constant deviation due to the approximation of
the displacement field of the buckle), it appears that some contribu-
tions of the ERR are also missed for type C layups, which is discussed
in detail in the subsequent section.

5. Discussion

Since the work presents a novel modelling approach and a compre-
hensive parametric study of buckling‐driven delamination propaga-
tion, the current section discusses both in Sections 5.1 and 5.2,
respectively.

5.1. Analytical model

The main objective of the current work has been the development
of an analytical model that enables a localized analysis of the energy
release rate (ERR) along the delamination boundary, thus accounting
for localized delamination growth patterns observed in experiments
[5,20,35], and considers mode‐mixity. This is deemed essential regard-
ing robust predictions of buckling‐driven delamination propagation
but could not be hitherto implemented in analytical approaches. Such
a model has been achieved by employing a problem description in
13
cylindrical coordinates and combining an energy approach, which
employs a Rayleigh–Ritz formalism to approximate the post‐buckling
deformation, with a crack‐tip element (CTE) analysis, which determi-
nes the ERR and its mode decomposition (mode I, mode II, mode III).

The energy approach considers full mechanical coupling, i.e.
extension‐shear, extension‐bend, extension‐twist/shear‐bend, bend‐
twist, and contact of sublaminate and base laminate, which has been
observed in experiments [20,27]. The problem description in cylindri-
cal coordinates introduces a φ‐dependence in the stiffness coefficients
of the ABD matrix that significantly increases the complexity of the
energy derivation. However, since a fully symbolic integration was
achieved by performing algebraic manipulations in the software pack-
age Mathematica, this inherent complexity vanishes yielding the total
potential energy as a function of generalized coordinates, loading
parameters, material parameters and dimensions, cf. Eq. (11). With
the total potential energy and respective equilibrium equations deter-
mined analytically, parametric studies can be efficiently performed
and computational cost scales with the number of generalized coordi-
nates used, where with the current configuration (see below) solution
points require between 3 and 7s (depending on the amount of zero
entries in the ABD matrix) on a single core of an Intel(R) i7 processor.

The generalized coordinates used comprise the amplitudes of the
trigonometric series employed to approximate the displacement field
of the buckle. As described in Section 4.1, 240 generalized coordinates
are considered. It should be stressed that significantly fewer general-
ized coordinates are required to describe the post‐buckling behaviour
only. Determining the ERR along the delamination boundary with the
CTE analysis requires precise predictions of the force and moment
resultants at the delamination front and thus require a more detailed
approximation of the displacement field.

Contact in the form of hard contact is incorporated by defining con-
trol points in the area of the delamination enforcing the condition of
out‐of‐plane displacements w r;φð Þ ⩾ 0. A set of 10 points, including
locations close to the boundary and approximately around the area
of maximum buckling displacements of mode shapes without contact
conditions in place, are considered and found to enforce reliably
w r;φð Þ ⩾ 0 to an error of j0:01j mm for all laminates and configura-
tions studied. However, it should be noted that more control points
might slightly alter the buckling shape and thus deformations at the
delamination boundary, but this effect is minor (test runs with up to
24 control points were performed) and also not expedient given the
increasing computational cost with each added control point. With
the contact condition, a set of 260 nonlinear equations govern the
deformation behaviour of the buckle. Further extensions in the context
of Kirchhoff–Love Plate Theory (2D deformations without out‐of‐plane
shear contributions) are not expedient, where only marginal improve-
ments come along significantly increasing (initial) computational cost.
Even though results obtained for the configurations studied indicate a
robust small deviation in threshold strain predictions associated with
post‐buckling deformation, if deemed necessary, extensions should
rather focus on considering out‐of‐plane shear by approximating the
rotations of the cross‐section in light of Mindlin–Reissner plate theory.

Note that modelling local buckling responses (thin‐film assump-
tion), on the one hand, embodies a simplification by avoiding the
description of the displacement field of the global/parent laminate,
but on the other hand, poses more complex deformation characteris-
tics such as localized buckling shapes (cf. Fig. 7a) due to contact than
when global bending contributions are considered (cf. [22]). Larger
applied strains are also required to cause delamination growth, when
global bending is not present. These characteristics considerably
increase the number of generalized coordinates required and thus
encourage future extensions of the model to consider global bending
deformations. The model may also be extended to study elliptical
delamination shapes, as considered in [3,22,41], by expressing the
delamination boundary in terms of the semi‐major and semi‐minor
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axis and the angle φ, where it remains to be determined whether a
symbolic integration can be achieved.

The second part of the analytical model, the CTE analysis (cf.
[10,12]) is adapted to the current problem description. The descrip-
tion in cylindrical coordinates enables a straightforward implementa-
tion of force and moment resultants acting on the delamination
boundary, where the different orientation of the coordinate system
(compared to [12]) causes a sign change in the coupling stiffness BIJ

(and compliance bIJ), with all other parts of the coefficients cij used
to determine the ERR (cf. Appendix A) being the same as in [12].
The non‐singular field (NSF) approach as described in [12] has been
employed, where the mode‐mix parameter Ω is directly determined
from the delamination depth (formula provided in [10]) and remains
constant for all thin‐film delaminations at 24�. Besides the validation
of the NSF approach by comparisons against multiple experiments in
[10], the results for laminates considered as being most suitable for
the CTE analysis (type A) verify the choice of Ω. For these layups
(and also mostly type C), very good agreement with 3D FEA employing
VCCT has been obtained for mode‐mix and thus the critical ERR.

The CTE analysis enforces the requirement of crack‐tip displace-
ment continuity by assuming strains ɛφφ and curvatures κyy ; κxy being
zero. Considering κxy ¼ 0 disables twisting deformation caused by
the crack‐tip moment mct (if D16 ≠ 0) and by the crack‐tip out‐of‐
plane shear force nφct (if B66 ≠ 0). Bend‐twist (D16 ≠ 0) and shear‐
twist coupling (B66 ≠ 0) are present for type B laminates but not type
A, which might indicate that contributions of the ERR are missed when
studying type B laminates with the CTE analysis in its current form.
However, it remains to be clarified whether the formalism can be
extended to consider explicit contributions associated with D16 and
B66 without contradicting the displacement continuity condition. The
CTE analysis as employed in the current model description yields good
predictions of critical ERRs for type A. Predictions for type C show
good agreement for smaller diameter‐to‐thickness ratios χ, but the
behaviour of the critical ERR with increasing χ indicates a similar
trend as for type B. It should be noted that between the analytical
model and 3D FEA deviations in threshold strain predictions beyond
the range associated with post‐buckling deformation (cf. type A in
Table 4) are mostly associated with deviations in the critical ERR.

The analytical model significantly advances capabilities of current
analytical approaches to describe buckling‐driven delamination prop-
agation. Studying the behaviour of the ERR and its components along
the delamination boundary provides insight into the delamination
growth characteristics (mode‐mix, critical ERRs, alignment of mode
contributions) and enables a better understanding about what causes
larger compressive strength for certain layups (e.g. [45/‐45]), which
is discussed next.

5.2. Threshold strains and energy release rate

The analytical modelling approach provides the post‐buckling
deformation of the sublaminate and the behaviour of the ERR and
its components (mode I, mode II, mode III) along the delamination
boundary for uniaxial and biaxial in‐plane far‐field compressive load-
ing in the form of applied strain. Biaxial loading is not addressed pre-
sently but its model implementation is used to account for transverse
deformations of the parent laminate when subjected to uniaxial load-
ing. With the behaviour of the ERR and its components determined,
critical ERRs and corresponding threshold strains, i.e. applied strains
causing the initiation of delamination growth, can be readily obtained.

Employing the Rayleigh–Ritz formalism in the modelling approach,
it is expected that larger applied loads are associated with respective
post‐buckling deformations (cf. post‐buckling paths in Fig. 6) when
compared to 3D FEA, where inherent deviations decrease with more
precise approximations (to a certain extent beyond which the constitu-
tive behaviour should rather be refined). As described in Section 5.1,
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negligible improvements are expected by employing more than the
currently used 240 generalized coordinates. As a consequence, regard-
ing threshold strain predictions of the analytical model, deviations
obtained for type A laminates, showing very similar critical ERRs com-
pared to 3D FEA, are associated with deviations in the post‐buckling
deformation only. Thus, loads need to be increased by the respective
deviations to attain the deformation state associated with delamina-
tion growth. Such a range of deviations is also present for other types
of laminates, since it has been determined in Section 4.2.1 that the
stacking sequence does not affect the quality of the approximation of
the post‐buckling deformation.

The range of diameter‐to‐thickness ratios investigated in the para-
metric study (40 < χ < 103) relates to radii of delaminations
(R ¼ 8-28f gmm) which may be categorized as barely visible impact
damage (BVID). It should be stressed that the current work does not
attempt to reproduce CAI scenarios, where damage morphology is
much more complex, but rather provide fundamental understanding
of buckling‐driven delamination growth in composite laminates.
Hence, insight into features governing the laminate strength of delam-
inated laminates is obtained.

Threshold strain predictions presented should be treated as upper
bound results, since global bending contributions will significantly
increase the energy state of the plate and thus the ERR besides also
causing larger mode I contributions. However, the thin‐film treatment
was deemed necessary in order to isolate the effect of stacking
sequences and delamination size on the ERR and thus clearly identify
the contribution of local buckling towards buckle‐driven delamination
propagation.

For type A stacking sequences, in comparison with 3D FEA,
maximum deviations of up to 13% are present at lower and upper
bounds of configurations studied, with deviations entirely below
10% for configurations inside these bounds. Based on the observations
made, the analytical model in its current form can be directly used for
design studies of stacking sequences characterized by type A, i.e. sub-
laminates which exhibit extension‐twist/shear‐bend coupling (BI6 ≠ 0)
but do not undergo extension‐shear and bend‐twist coupling
(AI6 ¼ DI6 ¼ 0).

For type B laminates (with a fully populated ABD matrix), larger
deviations in comparison with 3D FEA can be related to deviations
in critical ERRs as described in Section 4.2.3. Considering such devia-
tions as offsets, would allow for more precise threshold strain predic-
tions which follow the qualitative behaviour of FEA predictions.

Laminates exhibiting extension‐shear and bend‐twist coupling
(AI6 ≠ 0;DI6 ≠ 0) with BIJ ¼ 0, referred to as type C, are studied by
the off‐axis unidirectional layup 452½ �. Even though good agreement
in threshold strains with FEA are obtained (except of the upper bound
of configurations), further analysis into the deviating trend in critical
ERRs is required before the modelling approach can be directly imple-
mented in design.

Regarding quantitative measures of threshold strain, stacking
sequences [45/‐45] and 452½ � clearly exhibit the highest values, which
would underline their suitability for designing damage tolerant lami-
nates. However, it was found in [9] that unidirectional sublaminates
(on and off‐axis) are prone to intra‐ply cracking through the entire
thickness of the sublaminate causing splitting failure before the initia-
tion of delamination growth. Thus, a stacking sequence [45/‐45]
showing similar magnitudes compared to 452½ � is therefore deemed
more suitable. Besides intra‐ply cracking, the susceptibility of the
stacking sequences to delamination migration [5,6,30], should be con-
sidered in evaluating the damage tolerance of the laminates. In [20],
delamination migration has been observed for [0/45] and [0/90/90]
sublaminate but not for [45/‐45].

The stacking sequence [45/0], considered when studying BVID and
CAI strength of composites (e.g. [24,35]), shows significantly smaller
threshold strains compared to [45/‐45] and 452½ �, which stems from
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undergoing larger post‐buckling deformation due to softer material
behaviour (smaller DIJ) even though the critical ERRs are larger than
for the other layups. It should be stressed that the large threshold
strains of [45/‐45] and 452½ � relate, besides the sublaminate undergo-
ing less post‐buckling deformation, to a larger spread of ERR along the
delamination boundary with peaks in mode I and mode II being not
aligned. In contrast, the ERR for the case [45/0] is more localized with
peaks of mode I and mode II being close to each other, where larger
diameter‐to‐thickness ratios χ cause eventually alignment of mode I
and mode II contributions (similar to the case [45/‐45/0] shown in
Fig. 9). It should be noted that [45/0] exhibits significantly better
threshold strains compared to [0/45] (cf. case provided in Section 4.1,
see [20], and corresponding configuration in Table 4), since the sign
change in BIJ causes a different contact scenario and affects crack‐tip
moments and forces.

It is also worth noting that considering a dominant delamination
being present between the third and fourth layer, layups with the
sequence [45/‐45] on the outside still show better threshold strains
than for [45/0], cf. [45/‐45/0] with [45/0/‐45] in Section 4.2.2. Such
behavioural analysis of the ERR is enabled by the analytical model,
which by running efficient parametric studies leads to in‐depth under-
standing on how layups and deformation characteristics affect
buckling‐driven delamination growth.

6. Conclusions

Buckling‐driven delamination propagation of multi‐directional
composite laminates has been analysed in detail with the aid of an ana-
lytical modelling approach that provides robust and efficient predic-
tions of applied strains causing delamination growth, i.e. threshold
strains, and the behaviour of the energy release rate (ERR) and its
mode decomposition along the delamination boundary. The analytical
model considers localized delamination growth, i.e. determining the
ERR along the delamination boundary, and mode‐mixity, which signif-
icantly advances current capabilities of analytical approaches. Beyond
that, a precise approximation of the displacement field and incorporat-
ing contact conditions enables tracing of actual post‐buckling paths,
which has been validated by comparison with experiments.

After validating the analytical model against experimental results
from [20,27], a parametric study of delaminations relating to dimen-
sions observed in BVID and analysed in CAI tests has been performed
for various multi‐directional sublaminates considering a quasi‐
isotropic parent laminate. Based on extensive comparisons with three
dimensional finite element analysis (3D FEA), the following conclu-
sions can be drawn:

• The analytical model can be directly applied to design studies con-
sidering laminates categorized as type A, i.e. those with extension‐
twist coupling but no extension‐shear and bend‐twist coupling (e.g.
[45/‐45]), since excellent agreement in the behaviour of the ERR is
obtained.

• Adequate and reliable estimates of threshold strain can be obtained
for laminates categorized as type B, i.e. those with full mechanical
coupling (e.g. [45/0]), if respective deviations in critical ERRs are
offset. Employing the crack‐tip element analysis, contributions in
the ERR are arguably missing for this type of laminate which pos-
sibly relates to suppressing twisting deformation at the crack‐tip.

• The analytical model provides good threshold strain predictions for
laminates categorized as type C (e.g. off‐axis unidirectional sublam-
inates such as 452½ �), i.e. those with extension‐shear and bend‐twist
coupling, and the coupling stiffness matrix having zero coefficients
only.

Furthermore, the effect of approximating the post‐buckling defor-
mation on the threshold strain predictions could be precisely deter-
mined by comparing post‐buckling responses of laminates
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exhibiting various types of mechanical coupling and the behaviour
of the ERR of laminates and configurations generating the same crit-
ical ERR. These deviations, deemed to be present for all laminates,
are around 11–13% at lower and upper bounds of the diameter‐to‐
thickness range considered and within 9% for configurations inside
the bounds.

The parametric study, involving the analysis of the behaviour of the
ERR along the delamination boundary, highlights why certain layups
require significantly larger applied strains to cause delamination
growth. Layups causing a wider spread of ERR along the boundary
and exhibiting different locations in peaks for mode I and mode II,
e.g. [45/‐45] and 452½ �, also show the largest threshold strains. Consid-
ering sublaminates with three layers, larger threshold strains are also
obtained, if the outer layers have a [45/‐45] layup (compared to other
possible layups using the quasi‐isotropic parent laminates studied).
With regards to designing damage tolerant laminates, besides
buckling‐driven delamination propagation, other damage mecha-
nisms, such as intra‐ply cracking (matrix cracks) and delamination
migration, should be considered, which may diminish the benefits of
the aforementioned stacking sequences. Aside from the addition of glo-
bal bending deformations to the model, extensions to consider the
aforementioned damage mechanisms should be targeted in the pursuit
of further advancements in analytical models for predicting laminate
strength under compressive loading and thus improving damage toler-
ant design of composite laminates.
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Appendix A. Coefficients cij in the crack‐tip element analysis

The coefficients cij used in Eq. (21) to determine the energy release
rate (ERR) are obtained by inserting strains (ɛrr ;2ɛrφ) and curvature
(κrr) of part ① and ② of the crack‐tip element (cf. Eqs. (18) and
(19)) into Eq. (20), where subsequent rearranging and collecting terms
for the crack‐tip forces (nrct; n

φ
ct) and moment mct yields

c11 ¼ a①11 þ a②11 � b①11at þ b②11 1� að Þt þ d①11
at
2

� �2
þ d②11

1� að Þt
2

� �2

;

c22 ¼ d①11 þ d②11;

c33 ¼ a①66 þ a②66;

c12 ¼ b①11 þ b②11 � d①11
at
2

� �
þ d②11

1� að Þt
2

� �
;

c13 ¼ a①16 þ a②16 � b①16
at
2

� �
þ b②16

1� að Þt
2

� �
;

c23 ¼ b①16 þ b②16; ðA:1Þ

which are the same as provided in [12] except of the coupling compli-
ances b11; b16 having the opposite sign. This relates to the opposed z‐
direction (thickness direction, cf. Figs. 1 and 3) compared to [12]
resulting in a sign change of the coupling stiffness entries (BIJ).



Fig. B.1. Delamination growth behaviour of type C sublaminates, χ ¼ 2R
at .
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Appendix B. Type C – Threshold strains and ERR

Results of threshold strains and the behaviour of the energy release
rate (ERR) along the delamination boundary are provided in Fig. B.1
for the sublaminate 452½ � characterizing type C layups (unidirectional
off‐axis sublaminates, B½ � ¼ 0 but AI6 ≠ 0;DI6 ≠ 0; I ¼ 1;2f g).

The behaviour of threshold strain (ɛth) against diameter‐
to‐thickness ratio (χ) is shown in Fig. B.1a exhibiting good agreement
between the analytical model and 3D FEA for smaller χ, where
increasing deviations occur with larger χ; cf. Table 4 for numerical
data and respective deviations. Despite showing significantly better
predictions than type B (similar deviations as type A), in particular
for χ < 100, a similar trend as observed in type B sublaminates is also
present for type C, where predictions of the 3D FEA show a stronger
decrease in threshold strains with increasing χ compared to the analyt-
ical model.

The breakdown of the ERR is provided in Figs. B.1a and B.1b for
χ≈61. The excellent agreement in threshold strain for this configura-
tion is demonstrated by both analytical model and 3D FEA determin-
ing roughly the same critical ERR (Gmix

c ¼ 0:41 N/mm), which is
16
equal to the maximum ERR in Fig. B.1a. The behaviour of the mode
I, mode II and mode III contributions provided in Fig. B.1b shows good
agreement for mode I and mode II with similar magnitudes of the
respective peaks, where only minor differences in span of the peaks
and respective locations of the maxima is present. As pointed out in
Section 4.2.2 for sublaminate [45/‐45] (type A), the large threshold
strains obtained for 452½ � relate to the peaks of mode I and mode II
being not aligned, so that despite significant mode I contributions,
large applied strains are required to cause delamination growth.
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