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Abstract

In the goal of capturing patterns of human reasoning, the artificial intelligence
(AI) community coined the idea of non-monotonic reasoning (NMR): reasoning
that may retract conclusions given new information. This was proposed as
more adequately modelling human-style reasoning, including legal reasoning.
In this thesis, we propose non-monotonic reasoning analyses of subfields of
AI not typically seen as such. The NMR view yields both new criteria of
agreement to human-style reasoning for evaluation of models, and new models
developed with such criteria in mind. In particular, we cover: i) classification
models, focusing on case-based reasoning (CBR) systems, and; ii) interactive
explanation models in explainable AI (XAI).

In CBR, we analyse abstract argumentation models for case-based reason-
ing (AA-CBR) as a reasoning system and prove that it does not satisfy cau-
tious monotonicity, a property proposed in the NMR literature. We present
a new alternative to AA-CBR that is provably cautiously monotonic, and
satisfies as well other NMR properties, such as cut and cumulativity. This
alternative also results in a principled treatment of noise in “incoherent” case-
bases. We present ways by which AA-CBR models can be mined from data,
and compare with this new cautious version of AA-CBR, using the COMPAS
dataset of criminal recidivism. In XAI, we analyse explanations as objects
subject to reasoning and present a formal model of an interactive scenario for
explanation between user and system. We analyse explanations as committing
to some model behaviour, suggesting a form of entailment, which, we argue,
can be non-monotonic. We illustrate the approach with arbitrated dispute
trees for AA-CBR. Thus, we argue that NMR brings considerations to a
wider scope of problems in AI, including AI and law, at a time in which recent
systems show impressive capacities but no guarantees on behaviour.
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“ ‘Whoso draweth blood in the streets shall be severely punished.’
This is a law that may serve at the same time as an example of
every fault in point of extent of which a law is susceptible: want
of original amplitude: want of proper discrimination: and want of
residuary amplitude through improper discrimination. (...) For why
must the act be confined to the streets in order to come within the
censure of the law? Is it less mischievous if committed in the market-
place, or in a church? (...)
This instance I chose not as an uncommon but as a simple one: for
the difficulty (I might have said the impossibility) is not to find laws
that are incomplete in this point, but to find such as are complete.”

Jeremy Bentham

“Sed juris incertitudini mederi difficilius est.”
[But to remedy the uncertainty of the law is harder.]

Gottfried Wilhelm Leibniz
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Chapter 1

Introduction

In the field of Artificial Intelligence (AI), one of the main goals is building ma-
chines that improve humans’ abilities to solve difficult problems and to com-
plete hard tasks. An important aspect is behaving according to human goals
and expectations; in some cases, even being involved in direct collaboration
with humans. So far, in particular with the advances in data-driven methods,
AI has produced groundbreaking results in many fields, such as recommender
systems, machine translation, image classification, and more recently even im-
age and text generation. However, deployment or the extent of impact is not
as wide as could be imagined for possible fields of application, and one of the
causes for this is the difficulty of creating systems that, in real world situations,
perform well and behave according to human goals and expectations (Russell
and Norvig, 2020).

A fruitful area for the application of AI is law. The legal domain presents
many challenges involving the use of not only information and knowledge, but
also cases, values, rules, and norms. On the one hand, law requires strong
forms of reliability: it should be fair and safe, it should be not subject to
manipulation, and it should be accurate, since errors can have high individual
and social costs. On the other hand, the legal system cannot be so slow in act-
ing that its decisions become untimely, useless, or such that delays effectively
deny provision of justice. That is, the search for perfection in each individual
decision should not be an obstacle for deciding. The usage of AI can push
boundaries of this trade-off, motivating the field of research of AI and law
since at least the 1980s (Bench-Capon et al., 2012; Bench-Capon, 2022, for
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surveys). Some examples of tasks in AI and law are: finding and applying rel-
evant legal arguments for a case presented to an attorney; drafting documents
such as pleadings, appeals, and court decisions; and providing preliminary legal
guidance to citizens or groups which have no means of (effectively) hiring an
attorney (e.g. Branting, 2017; Greenleaf et al., 2018; Bench-Capon, 2022).

In order to reach the goals of AI in general, researchers have found useful
to model forms of reasoning that are more similar to how humans do so. This
has led to the development of non-monotonic reasoning (NMR) models:
forms of reasoning which are defeasible, that may reject previous conclusions
by receiving new information (e.g. Gabbay et al., 1994; Heyninck et al., 2023).
One area in which reasoning is frequently seen as defeasible is law, motivating
applications of NMR to legal reasoning (e.g. Schauer, 2012; Sartor, 2018).
Many theoretical tools were developed for NMR, including formal semantics,
algorithms, and formal properties. It is in this tradition that computational
argumentation has been developed. Argumentation is a way of understanding
the treatment of missing and conflicting information, or, in other words, of
modelling defeasible reasoning (e.g. Dung, 1995; Baroni et al., 2018b).

In this thesis, we adopt the assumption from the NMR literature that some
NMR properties are important in human reasoning and thus use NMR as the
main methodology to discuss two subfields of AI, doing so with a focus on
the impacts of such fields to the legal domain. One of those subfields is case-
based reasoning (CBR). Case-based reasoning aims to capture the human
style of reasoning where experience from concrete past occasions is directly
used in a new situation. While it does not exclude wider world knowledge or
general theories, CBR aims to capture situations in which this direct appeal
to experience is a source of solutions (e.g. Richter and Weber, 2013). This
style of reasoning has stronger ties to law and legal reasoning, as much of legal
reasoning is done casuistically. This is especially the case in common law
systems, a legal tradition originated in England, associated of the idea that
the core of law is created via specific decisions in concrete cases, and via further
refinement of the rules in later cases (Garner, 2009). Still, arguing from cases is
not restricted to common law systems. The other major legal tradition, that of
civil law systems, originated in continental Europe, is stereotypically associated
with the interpretation of general rules in legislation, typically in the form of
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a legal code (Schauer, 2009, §6.1). However, it has been long recognised that
there is a gradually increasing importance of case law in civil law countries, in
order to provide a uniform interpretation of statutes or of written constitutions
(David and Brierley, 1988; Bell, 1997; Algero, 2004; Lewis, 2021).

The second subfield we discuss is explainable AI (XAI). This area is fo-
cused in producing explanations for AI systems, including black-box systems
(such as neural networks), but also other interpretable methods (such as logic-
based methods). As alignment with human goals and expectations or even
direct collaboration are requirements for real AI systems, proper communic-
ation between human and machine becomes essential, particularly given the
increasing complexity of tasks performed by machines. Better communication
of reasons why particular decisions were taken or predictions were produced is
crucial in increasing transparency, human trust, and better alignment between
what the system does and the goals of its developers, among other social and
legal values (e.g. Mueller et al., 2019). Those requirements are particularly
sensitive in the legal domain, since in law decisions must be justified, trans-
parent, and aligned with the legal normative system.

Thus, in this thesis we will propose models and formal analyses of CBR
and XAI as NMR. We believe NMR offers useful tools for analysis that allow
improvements on CBR and on XAI, and that this has particular importance
in the legal domain, where transparency, trust, and expected behaviours are
crucial for deployment. In order to give some concreteness to this discussion,
we will use an illustrative allegory:

Example 1.1. Inspired by the hypothetical monarch Rex discussed in juris-
prudence (Hart, 1994; Fuller, 1969), imagine a nation reigned by an absolute
monarch, that we will call Queen Regina. As an absolute monarch, she is the
ultimate authority and her decisions are unquestionable.

In particular, in this nation there is a Chancellor, who is in charge of some
areas of the government, including the application of laws. This is so since
Queen Regina is not to be bothered and only exceptional situations are decided
by her. One of the Chancellor’s duties is giving advice to other authorities in
government on how to apply the law. Still, the Chancellor is always clear
about how he has no power to create law: he is either following direct orders
from Queen Regina, or acting on what he presumes to be her will.
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It so happens that Queen Regina forbids the usage of hats in this nation,
and hat-users are subject to imprisonment. The Mayor of a city in this nation
is uncertain of the details of this rule, and, in advance of the local Spring
Festival, decides to consult with the Chancellor, in order to properly instruct
the city guards. In particular, two questions are raised:

1. Does this rule include the court jester?

2. Does this rule include the usage of special hats typically associated to
the Spring Festival in the nation?

The Chancellor readily replies that, from his understanding of the orders
and his personal knowledge of the Queen and her will, he believes that:

1. It does not include the court jester; [Reply 1]

2. It does include the Spring Festival. [Reply 2]

The festival comes and goes, and every situation is solved locally by the
Mayor. The Queen receives no complaints nor makes any public - or private
- declaration regarding hats. Months later, in winter, guards arrest a man
for wearing a hat (which, it can be said, is not the Spring Festival one), and
ultimately this man is taken to Queen Regina. It is then realised that the man
is none other than the court jester. Providing no justification, but as expected
by the Chancellor, Queen Regina decides to let the court jester go free, and
no charges are pressed.

Another year comes and in the advance of the new Spring Festival, the
Mayor once again discusses with the Chancellor the current legislation. Since
last festival, the only case brought to trial was the one of the court jester in
the winter. This time, the Chancellor asserts that, in his understanding:

3. It is allowed to wear the Spring Festival hat. [Reply 3]

The Chancellor justifies this opinion by saying that, given that Queen Re-
gina had released the court jester in the previous winter, he believes it is not
a problem to wear a hat during Spring Festival.

The Mayor is puzzled. As the Chancellor expected (Reply 1), Queen Regina
had indeed decided that the court jester may wear hats. However, by having
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this prediction confirmed, the Chancellor now states that the special Spring
Festival hats are allowed (Reply 3). In other words, by confirming a previous
tentative conclusion (Reply 1), a second tentative conclusion (Reply 2) is now
retracted. In the literature of NMR, we would say the Chancellor has violated a
property called cautious monotonicity, according to which adding previous
conclusions to the reasoner’s assumptions should not make the reasoner retract
other conclusions.

The Chancellor could have stated, for instance, in Reply 2 to believe that
wearing a Spring Festival hat was allowed. Alternatively, he could have sus-
pended judgement: having the mission of giving advice, he could have stated
this was a hard case and he did not know whether such hats were allowed. Yet,
the Chancellor has not only changed his opinion due to the expected judge-
ment by the Queen, but also, used such judgement as the reason for his new
opinion (Reply 3), surprising the Mayor.

According to some researchers in NMR (e.g. Gabbay, 1984; Kraus et al.,
1990; Makinson, 1994), the Mayor should indeed be puzzled, since the afore-
mentioned cautious monotonicity is an important property in reasoning. This
story may seem too disconnected to real situations, but it carries some im-
portant themes that will be discussed through this thesis. For instance, when
Queen Regina is thought to be the entirety of a legal system, and the Chan-
cellor a (perhaps automated) explainer of this legal system, we will be in the
scenario of AI and law, where the Chancellor is a CBR system, reasoning with
decided cases. Another way of seeing it is when Queen Regina is a black-box
AI system, and the Chancellor is an explainer. If we agree with the Mayor,
this behaviour from the Chancellor is undesirable, or even unacceptable. It is
this type of problem that we will discuss in the thesis.

In the remainder of this chapter, we present context and briefly present the
state of the art in NMR (Section 1.1.1), CBR (Section 1.1.2), and XAI (Section
1.1.3). We then discuss some current limitations and objectives of the thesis
(Section 1.2), our contributions (Section 1.3), then thesis structure (Section
1.4), and finally our publications on which this work was based (Section 1.5).
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1.1 State of the art

1.1.1 Non-monotonic reasoning

Reasoning is an activity of processing information, typically connecting premises
to conclusions. Premises are information received or previously held, and con-
clusions are what is derived, inferred, yielded, generated from, or consequences
of, the premises. Symbolically, this can be defined via a formal language, with
a consequence relation as a main concept. In classical logic, this approach was
originated with Tarski’s (semantical) definition of logical consequence and of
consequence operator (1930; 1936), as well as Gentzen’s notion of derivability
(1934). This Tarski-Gentzen consequence relation can be characterised by 3
properties: i) reflexivity – all premises are conclusions; ii) transitivity – conclu-
sions of conclusions of the original premises are, themselves, also conclusions
of the original premises; and iii) monotonicity – a superset of the premises
has as consequences at least every consequence of the original premises (see
e.g. Israel, 1993). This last property means that adding more information
to premises can only enlarge the set of conclusions (possibly explosively, as
inconsistencies in classical logic), but never reduce it.

AI researchers realised that much of human reasoning is performed non-
monotonically and aimed to capture those forms of reasoning. In much of
human communication and practical reasoning, conclusions are tentative and
defeasible; reasoning is subject to review and change, depending on what is
said or the context in which premises apply – in summary, on new informa-
tion. Indeed, there is empirical evidence from psychology that at least in some
environments humans do interpret information and reason non-monotonically
(Byrne, 1989; Neves et al., 2004; Ragni et al., 2016; Marcos Cramer, 2021;
on rule interpretation, Struchiner et al., 2020). While we do not perform
empirical human experiments, we use this literature as support for the im-
portance of NMR in human reasoning. The goal of modelling this type of
commonsense reasoning resulted in the field of NMR. Having in mind partic-
ularly the monotonicity of classical logic as a limitation, many non-monotonic
formalisms have been developed as alternatives to it in order to create expert
systems. Some examples are circumscription, in which defeasible axioms are
transformed into others that minimise their extensions; default logic, where
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default rules represent defeasible assumptions and their conditions of applic-
ability; and preference models, in which models are (partially) ordered and
defeasible inference is based on minimal models; among others (overviewed
by Brewka, 1991; Gabbay et al., 1994; Strasser and Antonelli, 2019). Logic
programming (overviewed by Gabbay et al., 1998; O’Donnell, 1998) is closely
tied to NMR, with negation as failure as a central example of a non-monotonic
mechanism, being a mechanism where propositions are considered false unless
they can be explicitly proved true (Clark, 1977, overviewed in, e.g., Shepherd-
son, 1998). NMR has also been studied in the formal linguistics literature,
such as for modelling pragmatics (Rooij and Schulz, 2011).

This multitude of systems created a demand for unifying views, allowing
comparison between them and an understanding of possible strengths and
weaknesses of each. With this in mind, an influential line of analysis in terms
of properties was developed (Makinson, 1994). Gabbay (1984) originally pro-
posed some of them as a discussion of what is reasoning, or a possible logical
system. Those properties will be presented in more detail in Section 2.1.1.

In another direction, attempts to capture many NMR systems (including
negation as failure in logic programming) under a single formalism led to the
developments of computational argumentation (Lin and Shoham, 1989; Kakas
et al., 1992; Dung, 1995; A. C. Kakas and Toni, 1998; Prakken, 2018). This
line of work is itself very diverse. Abstract argumentation (AA) (Dung, 1995)
is a very general model, able to be instantiated (at least in terms of repres-
entation) as many different systems and frameworks. This is done via a set of
arguments (of which internal structured is abstracted away, becoming atomic)
and a binary relation of attack between them. Structured argumentation is
an approach in which argumentation is defined in some sort of language, and
argumentation occurs as a non-monotonic mechanism (Besnard et al., 2014).
Examples of this are ASPIC+ (Prakken, 2010; Modgil and Prakken, 2013) and
assumption-based argumentation (ABA) (Bondarenko et al., 1993; Bondar-
enko et al., 1997; Toni, 2014). Both define arguments in terms of (chains of)
deductions, but a main difference is that the former contains both defeasible
and strict rules, while the latter represents all defeasibility at the level of as-
sumptions. The structured argumentation approach has shown itself fruitful,
in that argumentation provides not only a mechanism for non-monotonicity,
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but also for inconsistency handling (paraconsistency). This can clearly be seen
for instance in deductive argumentation (Besnard and Hunter, 2008; Arieli et
al., 2021), where a system based in e.g. classical logic is enriched by an ar-
gumentation mechanism, and a knowledge base does not become explosive by
having inconsistencies, but able to represent where the conflicts are and how to
compute them. Generalisations of AA have also been developed and used for
many other applications. Bipolar argumentation frameworks encode a notion
of support, not only of attack (Cayrol and Lagasquie-Schiex, 2005; Amgoud
et al., 2008), and abstract dialectical frameworks (ADF) generalise further by
considering a general notion of acceptance condition functions1 (Brewka and
Woltran, 2010; Brewka et al., 2011). Instead of an attack relation or just at-
tack and support, arguments are connected via generic links and acceptance
condition functions, the latter which are Boolean functions that specify how
to understand the links between arguments.

NMR properties have also been studied for argumentation, such as for ABA
by Čyras and Toni (2015) and Čyras and Toni (2016), and for ASPIC+-style
argumentation by Dung (2014) and Dung (2016).

In particular for AI and law, computational argumentation is a topic of
much interest (some overviews are Prakken and Sartor, 2015; Bench-Capon,
2020). Modelling argumentative processes as made by humans was already
of interest, since this human arguing is crucial in legal practice. With legal
reasoning being seen as non-monotonic and a typical example in common-sense
reasoning or defeasible reasoning, connections between law and computational
argumentation got deeper2. Legal reasoning has been a motivation for specific

1Strictly speaking, while ADFs subsume AAs by strictly containing them, in a sense AA
is still as expressive as ADF, since Dung and Thang (2018) show that AA frameworks can
be defined with support trees for ADFs as arguments, and doing so allows capturing ADF
semantics based only on a simpler notion of attack (although at the level of support trees).
Additionally, Brewka et al. (2011) showed that there is a polynomial-time conversion from
an ADF into an AA framework by adding new argument nodes that codify the semantics
of acceptance condition functions. Still, this is not necessarily a weakness of ADFs, since
ADFs may be easier to interpret, as Brewka et al. (2011) argue.

2Interestingly, this was not without some controversy in legal philosophy. In particular,
Alchourrón (1993, quoted by Maranhão (2006)) has argued against non-monotonic logics
on philosophical grounds as obfuscating how a normative system is changed or affected
by defeasible reasoning. His position was that changes would be made explicit with belief
revision (to which Alchourrón himself made central contributions, being one of the authors
of the AGM postulates (Alchourrón et al., 1985)). Later, Alchourrón (1996) seemed more
favourable to it, when discussing defeasible reasoning for legal interpretation, by trying to
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developments of argumentation, such as value-based argumentation (Bench-
Capon, 2002; Atkinson and Bench-Capon, 2021) and rule-based argumentation
(Prakken, 1997; Prakken and Sartor, 1996). Arguments have also been a
central aspect of CBR systems, which we will see in the next section.

1.1.2 Case-based reasoning

In AI, case-based reasoning (CBR) is a methodology that uses particular occur-
rences in the past in order to solve the current issue, by finding those previous
occurrences and adapting their solution to the current circumstances (Kolod-
ner, 1992; Watson and Marir, 1994; Richter and Weber, 2013; López, 2013).
While there is a multitude of possible methods for CBR, what they have in
common is that a task in a new problem is solved by finding previous relevant
situations and using their solutions in order to find a solution for the new prob-
lem. This is at times presented as the 4R cycle (Aamodt and Plaza, 1994):
i) retrieve similar cases; ii) reuse their solutions for the new case; iii) revise
the solution, evaluating it; iv) retain the case with their solution. In this it
is assumed there is a casebase, containing previous cases with their respective
solutions, and mechanisms for retrieving, reusing, revising, and retaining are
dependent on context and instantiation.

CBR has been presented as being compatible with different forms of rep-
resentation, such as tabular (feature-value) data, points in a Euclidean space,
or more symbolic, logic-based representations (Richter and Weber, 2013, ch. 5;
Mitchell, 1997, ch. 8). While this compatibility may be very flexible, the choice
of representation is closely tied to the decisions on how to implement the CBR
steps, since it affects how notions such as search, similarity, and adaptation are
defined. A paradigmatic example of CBR, although in a particularly simple
form, is the famous k-nearest neighbours (kNN) algorithm (Cover and Hart,
1967; for textbook presentations, Mitchell, 1997 and Bishop, 2007, p. 124),
which solves a task (usually classification or regression) by finding the k most
similar past cases and weighting their outputs in order to find the solution for

infer what were the intentions of (a real or hypothetical) legislator. This is discussed as well
by Bulygin (2003) and in more length by Maranhão (2006). An interesting philosophical
view is that legal rules are not necessarily defeasible, but that they are usually so is a
consequence of how rules are treated and of the power ascribed to judges (Schauer, 2012).
More in depth discussion in terms of legal philosophy is outside the scope of this work.
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a new case. In a sense, forms of CBR can be seen as generalisations of kNN.
As the comparison with kNN suggests, and since CBR works by solving

new problems from previous examples, CBR can be seen as a machine learning
model (Mitchell, 1997). In comparison to other machine learning models, CBR
was proposed with at least the following advantages in mind:

1. training can be easier, since typically processing of training examples can
be delayed until time of classification (Mitchell, 1997);

2. solving problems by re-using past situations is a common way of thinking
for humans, and indeed CBR was originally proposed with the goal of
modelling this way of human reasoning3;

3. retrieved past cases can be seen as the sources for explanations (Molnar,
2022, ch. 7). Indeed, CBR has been proposed for the goal of explanation
before (Kolodner, 1992, §1.1.4), as well as for justification (Kolodner,
1992, §1.2.1).

Argumentation has been mentioned as a motivation and connection to
case-based reasoning for a long time (Kolodner, 1992, esp. §1.2; Riesbeck and
Schank, 1989, p. 10, §1.4). Many of those connections have been developed
in AI and law, as we will see below. Still, and even if influential work in
CBR is closer in time to the seminal work of Dung (1995), in computational
argumentation only more recently has AA been proposed as a method for dir-
ectly modelling case-based reasoning (Čyras et al., 2016a; Čyras et al., 2016b;
Cocarascu et al., 2018; Cocarascu et al., 2020b). This approach, called
AA-CBR , contrasts with other approaches that do not use AA (e.g. Verheij,
2017), or only use AA to codify semantics of, e.g., structured argumentation
that in turn is used for CBR (e.g. Prakken et al., 2015a). In AA-CBR, past
cases become arguments, attacks between arguments capture notions of spe-
cificity or priority, and the solution of the problem is selected via evaluation of
the arguments. The AA-CBR approach is presented formally in Section 2.2.1
and it is the focus of much of our attention in this thesis especially in Chapter
3, but also in Section 5.5.

3Indeed, Riesbeck and Schank (1989, §1.3, p. 7) have gone so far as stating that: “Case-
based reasoning is the essence of how human reasoning works”.
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Recently, CBR has been used as a technique for few-shot natural language
question answering over knowledge bases, in a neuro-symbolic fashion (Das
et al., 2020b; Das et al., 2020a; Das et al., 2022). Another neuro-symbolic
style of CBR has been through the usage of a prototype layer in a neural
network, which during training time selects prototypes from the training data
and pushes encodings of inputs to be similar to at least one prototype (Li
et al., 2018). This has been applied to images, such as bird classification
(Chen et al., 2019) and mass lesions in mammography (Barnett et al., 2021),
in order to provide interpretability to image classifications. CBR has also been
implemented as a Bayesian probabilistic model, which clusters data by finding
a feature subspace that is relevant for that cluster and a prototype (a data
point) that represents that cluster (Kim et al., 2014).

Case-based reasoning in AI and law

AI and law is both a field in which much of CBR was developed (Bench-Capon,
2017) and one in which the connections between CBR and argumentation have
flourished (Bench-Capon, 2020). One of the most influential systems, HYPO,
was proposed as a way of creating argumentative dialogues with cases (Riss-
land and Ashley, 1987; Ashley, 1991; more formally presented by Ashley, 1989).
Indeed, HYPO is seen as an important initial work in the field of CBR itself
(Watson and Marir, 1994; Rissland et al., 2005) HYPO is considered seminal in
the field of AI and law, by thinking of cases and arguments as main objects in
legal reasoning, and representing argument moves, which motivated much fur-
ther work (Bench-Capon, 2017). Some examples are the system CATO (Aleven
and Ashley, 1997; Aleven, 2003a), which introduces the notion of factors4 to
the representation of cases, combinations between CBR and rule-based sys-
tems (Rissland and Skalak, 1989), and models of CBR as priority among rules,
also for integrating with rule-based reasoning (Prakken and Sartor, 1998), the
usage of argumentation schemes for CBR (Prakken et al., 2015b; Grabmair,
2016; Grabmair, 2017a), among many others. More recently, representation

4Factors and dimensions are elements for representing cases in legal CBR. In the words
of Bench-Capon (2017), factors are “stereotypical patterns of fact that favour one party or
the other”. They are binary, being either present or absent, and contrasted with dimensions,
each dimension being a continuous representation, (totally) ordered by how much it benefits
one party in the case.
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of case-based reasoning for law using ADFs was the theme of the work of Al-
Abdulkarim (2017) (see also Al-Abdulkarim et al., 2015a). Values have also
been incorporated into some CBR formalisms (Grabmair and Ashley, 2011;
Al-Abdulkarim et al., 2015b), including with quantitative effects (Grabmair,
2016; Grabmair, 2017a).

Work in HYPO and CBR in AI and law has also opened the way for
the formalisation of how precedents constrain future decisions (Horty, 2004;
Horty and Bench-Capon, 2012; Rigoni, 2015; Horty, 2019; Bench-Capon and
Atkinson, 2021; Prakken, 2021), which will be discussed later in Section 2.2.2.

1.1.3 Explainable artificial intelligence

Recent advances in AI have been very impressive, with successes in recom-
mender systems, search, image classification, and more recently image and
text generation (Russell and Norvig, 2020, §1.4). Of particular importance
to the legal domain are large language models (LLMs) (Devlin et al., 2019;
Brown et al., 2020), currently based on the Transformer architecture of neural
networks (Vaswani et al., 2017), whether instruction-tuned LLMs (Chung et
al., 2022) or not (Devlin et al., 2019). Examples of the former are OpenAI’s
ChatGPT (OpenAI, 2022; OpenAI, 2023) and Google’s Bard (Google, 2023),
both currently deployed to millions of users. Such systems are under scrutiny
of both the general public (Maslej et al., 2023, §8.2) and academics, including
legal scholars (Perlman, 2022) and AI and law researchers (Tan et al., 2023;
Nguyen et al., 2023). Despite their impressive capacities on generating text,
they bring many risks (Bender et al., 2021; Weidinger et al., 2022; Kumar
et al., 2022). Important risks to users include disseminating false informa-
tion or fabricating it altogether (“hallucinating”) (Weidinger et al., 2022, §2.3),
creating illusion of understanding (Bender and Koller, 2020), and generating
unreliable explanations about its own outputs (Ye and Durrett, 2022), among
many others. Indeed, as LLMs show emerging behaviour, there are currently
no reliable techniques for controlling their behaviour or making them express
values of their creators (Bowman, 2023). In law, current LLMs have been
shown to have serious trustworthiness risks, including fabricating legal provi-
sions and legal cases altogether, what can be highly misleading, since they are
presented fluently (Tan et al., 2023).
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We can trace many of those serious issues in numerous state-of-the-art AI
systems, including LLMs, to them being opaque models, that is, to the fact
that those models have internal representations that are hard to interpret and
understand (Gunning and Aha, 2019). This means that such systems are still
unable to have their decisions and behaviours reliably explained to humans.
This opaqueness is an obstacle to human-machine collaboration, including with
users, deployers, and regulators, and even with AI systems developers them-
selves (Gunning and Aha, 2019; Miller, 2019). This is particularly a challenge
for deep learning systems, which in many scenarios have high performance, but
are typically only used as black-boxes, without ways to provide their grounds
for decision or set expectations of how the system will behave in the future.
Still, explainability is a topic that has been of interest since early symbolic
expert systems, due to simple deduction traces being obscure for a lay user.
Thus, a focus of recent years is explainable artificial intelligence (XAI), which
has the goal of creating methods that allow systems to produce explanations.
Explanations are means to better communicate with users, in turn improving
not only joint performance, but also trust and other socially relevant goals,
such as fairness, transparency, and accountability (Doran et al., 2017; Adadi
and Berrada, 2018; Miller, 2019; Mittelstadt et al., 2019; Guidotti et al., 2019;
Mueller et al., 2019; Molnar, 2022). This resurgence of interest in the topic
is reflected in academic publications, funding opportunities (DARPA, 2016;
Gunning and Aha, 2019) and national and supranational strategies and guid-
ances for AI, including from the UK (UK Department for Business, Energy &
Industrial Strategy, 2022b; UK Department for Business, Energy & Industrial
Strategy, 2022a; ICO and Alan Turing Institute, 2022; UK Cabinet Office,
2021), OECD (2019), and the EU (European Commission, 2020).

In the words of the UK Department for Business, Energy & Industrial
Strategy (2022a) (emphasis added):

“Achieving explainability of AI systems at a technical level remains
an important research and development challenge. Presently, the
logic and decision making in AI systems cannot always be mean-
ingfully explained in an intelligible way, although in most settings
this poses no substantial risk. However, in some settings the pub-
lic, consumers and businesses may expect and benefit from trans-
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parency requirements that improve understanding of AI decision-
making. In some high risk circumstances, regulators may
deem that decisions which cannot be explained should be
prohibited entirely - for instance in a tribunal where you
have a right to challenge the logic of an accusation.”

and

“For regulatory purposes this means that the logic or intent be-
hind the output of systems can often be extremely hard to explain,
or errors and undesirable issues within the training data are rep-
licated. This has potentially serious implications, such as when
decisions are being made relating to an individual’s health, wealth
or longer term prospects, or when there is an expectation that
a decision should be justifiable in easily understood terms
- such as legal dispute.”

There are even discussions in legal literature regarding whether explainab-
ility exists as a legal right in the GDPR (e.g. see Wachter et al. (2017) contra;
Selbst and Powles (2017), Kaminski (2019) pro; Naudts et al. (2022, §3.4),
for a discussion).

This topic is of great relevance particularly for high-stake decisions, scen-
arios where collaboration with humans is important, or highly sensitive to
social, ethical, or legal values. Those criteria are valid not only for AI in
healthcare (Durán, 2021), but also for AI in law as well. Indeed, AI and law is
also a field that has been aware of recent XAI research, and where the notion
of explanation has been central (Atkinson et al., 2020). This is so since, in
law, practitioners are required at all times to justify their stances, requests,
and decisions, parties and judges alike. Thus, in modelling legal reasoning or
developing tool to help legal practitioners, the notion of explanation cannot be
an afterthought. Still, the field does not offer centralising theories or method-
ologies, but offers a range of techniques not necessarily exclusive to this field,
such as rule-base reasoning, CBR, and argumentation.

Argumentation is a field that contributes to XAI (for a survey, see Cocarascu
et al., 2020a). It was used to provide a framework for explanations in interact-
ive recommendations (Rago et al., 2021a; Rago et al., 2020a), as an explanation
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layer for neural networks (Dejl et al., 2021; Sukpanichnant et al., 2021), op-
timisation (scheduling) (Čyras et al., 2020; Čyras et al., 2019b), causal models
(Rago et al., 2022) and Bayesian networks (Albini et al., 2020; Timmer et al.,
2015); as a methodology for decision-making from which explanations can be
extracted (Zhong et al., 2019); among other work (Amgoud, 2021; Potyka et
al., 2022).

More transparent machine learning models such as inductive logic program-
ming (ILP), focused in learning logic programmes from examples (Muggleton
and Raedt, 1994; Law et al., 2019), have also been used to produce explana-
tions (Rabold et al., 2018), or studied with a focus on human interpretability
(Schmid et al., 2016).

CBR has been proposed as post-hoc explainability layer for more opaque
systems, including machine-learning-based ones (Nugent and Cunningham,
2005). Additionally, explanation in a general sense has always been presented
as an explicit goal of CBR (Kolodner, 1992).

AA-CBR itself has been proposed on XAI grounds: as an XAI method that
uses CBR implemented via argumentation (Cocarascu et al., 2018; Cocarascu
et al., 2020b), allowing access to argumentation methods, such as arbitrated
dispute trees, for creating explanations (Čyras et al., 2019a). Other CBR
systems based on argumentation have been proposed for the same purposes
(Prakken and Ratsma, 2022a).

1.2 Current limitations and objectives

We adopt the assumption from the NMR literature that at least some NMR
properties are crucial for human-style reasoning. This way, NMR analyses of
AI systems which aim to capture aspects of reasoning, including CBR and XAI,
are important. While we are guided to this assumption by i) the importance of
those properties in the NMR literature, and by ii) previous empirical studies
with humans showing non-monotonic inferential behaviour, we highlight that
the importance of the NMR properties discussed in the thesis for the considered
fields of AI is a working hypothesis, acting as a starting point for investigation,
but which could be falsified by future research (Popper, 2002). With this
working hypothesis in mind, we can discuss limitations we identified in the
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literature and how they correspond to the objectives of this thesis.

While much of CBR work has been in the context of knowledge-based sys-
tems (Aamodt, 1993; Watson and Marir, 1994; Richter and Weber, 2013), or
even on top of NMR languages (particularly in legal CBR, including argu-
mentation (Prakken and Sartor, 1998; Prakken et al., 2015b; Al-Abdulkarim
et al., 2015a; Al-Abdulkarim, 2017)), CBR has not been itself analysed as an
NMR system, as far as we know. This means that NMR languages have been
used to instantiate CBR systems, but considering the CBR system itself as
a reasoning system that could satisfy or not particular NMR properties is a
discussion absent from the literature. This is what we see as a main gap in the
literature, since, by thinking of CBR as a form of reasoning, some properties
of NMR can be discussed for it. Connecting those two fields opens the way
for new questions that are absent from previous work, such as: i) whether
specific models have some of those NMR properties; ii) if models can be built
satisfying certain properties; and iii) what is the impact of those properties
in applications, among possibly others. Impact in applications can happen in
many ways, such as in prediction performance (for classification systems), or
effectiveness with users (e.g., for explanations). Although modelling CBR in
an NMR language implies that properties of the language in general extend to
this instantiation, we believe that CBR raises particular concerns, deserving a
more focused discussion. This motivates our Objectives 1 and 3 below.

In the modelling of legal reasoning, many models in the literature are non-
monotonic and presented as such (Rotolo and Sartor, 2018; Sartor, 2018),
including the just mentioned CBR models. However properties of NMR and
their relevance in legal reasoning in general are not usually discussed in depth.
They can be mentioned (e.g. Rotolo and Sartor, 2018), but are not subject of
much consideration. An exception is by Prakken (1997), where those properties
are briefly mentioned and discussed, but are argued against, as non-essential or
non-intuitive in a context of rule application. A similar discussion is made by
Prakken and Modgil (2018), in the broader context of rule-based argumenta-
tion. A specific discussion on the effects of the (lack of) those NMR properties
on legal reasoning properly speaking or in CBR is absent. A second exception
is in deontic logic, where in some versions of it, equivalents of NMR properties
are discussed. For instance, cut, the idea that, if a set of premises with one
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of its conclusions added as a premise can derive a second conclusion, then the
initial set of premises can derive the second conclusion by itself (See Section
2.1.1), has been discussed via the name of deontic detachment (Greenspan,
1975; Nute and Yu, 1997), and Parent (2001) is the first to discuss cautious
monotonicity in (dyadic) deontic logic. Semantic characterisation of such lo-
gics satisfying some of those properties is also the subject of the work of Parent
(2014). Still, not only have discussions about those properties been generally
scarce in legal reasoning generally, but there is a clear limitation in that, to
the best of our knowledge, those properties have not been discussed for legal
CBR. This motivates our Objective 2.

In explanations, many recent approaches have been developed, but unify-
ing theories or formal guarantees are still lacking (Doran et al., 2017; Gunning
and Aha, 2019; Mueller et al., 2019; Miller, 2019; Mueller et al., 2019; Mittel-
stadt et al., 2019), despite efforts (Watson et al., 2021; Potyka et al., 2022).
Thus, contributions are made each via a different angle or for a specific class of
problems. In particular, one way of using AI artefacts is interactively: applica-
tions in which the user can enter in feedback loop interactions with the system
(Teso and Kersting, 2019; Sokol and Flach, 2020; Rago et al., 2020b; Rago
et al., 2021b; Mosqueira-Rey et al., 2022). As far as we know, literature on
explainability does not offer a theoretical analysis of this interactive scenario.
We here aim on contributing to an analysis via NMR, modelling interactions
between human and machine via queries (inputs) and answers (outputs and
explanations). This motivates our Objective 4. We now turn to our full list
of objectives.

In this thesis, we aim to contribute by proposing NMR analyses of classes
of models not typically seen as such. The NMR view yields both new criteria
of agreement to human-style commonsense reasoning for evaluation of models
and new models developed with such criteria in mind. Our objectives in this
thesis thus are:

1. To fill a gap between CBR and NMR. Can CBR be seen as NMR? If so,
what NMR properties does CBR have or should have? Can we build a
CBR model that satisfies some of those properties? In particular, how
do such connections hold in the context of argumentation-based CBR?
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2. To understand what is the role or are the effects of NMR properties in
legal reasoning, focusing on legal CBR.

3. To study the relevance of CBR in the context of data-centric AI, in
particular in machine-learning-based classification tasks, and evaluate
impacts of NMR properties in it.

4. To add a new theoretical understanding of interactive explanations as
NMR.

1.3 Thesis contributions

In this thesis, we aim to contribute to the topic of human-style reasoning in
AI in the following ways:

1. By proposing an NMR analysis of classification models, with a focus on
CBR systems – to the best of our knowledge, this is the first time CBR
is analysed in terms of NMR. (Objective 1; Chapter 3)

2. By analysing an existing argumentation-based model of CBR, called
AA-CBR, in this way, proving it does not satisfy some NMR properties
considered desirable in that literature, such as cautious monotonicity.
(Objective 1; Chapter 3)

3. By proposing a variant of AA-CBR that does satisfy many of those afore-
mentioned properties, and that also empowers a principled treatment of
noise in incoherent casebases. (Objective 1; Chapter 3)

4. By presenting the impact of NMR properties on a legal case study. (Ob-
jective 2; Chapter 3)

5. By presenting ways by which AA-CBR models can be mined from data,
and empirically evaluating the differences between the original AA-CBR

and our proposed variant on a legally relevant task (recidivism predic-
tion). (Objectives 2 and 3; Chapter 4)

6. By presenting a formal model of an interactive scenario in explanations as
(non-monotonic) reasoning, and showing how explanation methods can
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be modelled in this way, such as arbitrated dispute trees for AA-CBR.
(Objective 4; Chapter 5)

1.4 Thesis structure

In Chapter 2, we present required background. This includes the definition
of NMR and the properties that are used within the thesis, as well the ne-
cessary concepts from argumentation. The formal definition of AA-CBR is
then presented, as well as a model of precedential constraint discussed in the
AI and law literature. We also briefly present required notions of machine
learning and of XAI.

In Chapter 3, we present our analysis of classifiers as NMR and apply it
to AA-CBR. We show that, as usually defined, AA-CBR is not cautiously
monotonic, using a counterexample. We proceed to define a new variation of
AA-CBR, that we call cAA-CBR⪰, and prove it satisfies cautious monoton-
icity and cut. We both give an algorithm for the new variation and present a
characterisation of it in terms of a restriction of the casebase to a particular
subset of cases. We then present a case study on a legal casebase of the U.S.
trade secrets domain, frequently discussed in the AI and law literature (Riss-
land and Ashley, 1987; Brüninghaus and Ashley, 2003; Bench-Capon, 2017),
and discuss the impacts of satisfying or not NMR properties in the legal CBR
context.

In Chapter 4, we present an approaches for learning the notion of relev-
ance in AA-CBR using decision trees. We empirically evaluate this approach
on the COMPAS dataset about criminal recidivism, and discuss the differ-
ences between using the original definition of AA-CBR and our new variation
cAA-CBR⪰. We also present preliminary results on a novel approach for learn-
ing this notion of relevance using autoencoders, a type of neural network that
can be trained using only unlabelled data.

In Chapter 5, we present a formal modelling of an interactive explanation
process between user and AI system. We propose modelling explanations using
a notion of entailment that can be non-monotonic. This allows us to adapt
properties from NMR to the context of interactive explanations. Furthermore,
we analyse arbitrated dispute trees, an explanation method for argumentation,
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using the proposed methods.
Finally, in Chapter 6, we conclude the thesis, summarising our contribu-

tions and presenting directions for future work.

1.5 Publications

Below is the list of publications which contain work presented in this thesis:

• Chapter 3 builds on:

1. Guilherme Paulino-Passos and Francesca Toni (2020). ‘Cautious
Monotonicity in Case-Based Reasoning with Abstract Argument-
ation’. In: CoRR abs/2007.05284. 18th International Workshop
On Non-Monotonic Reasoning. Informal proceedings. arXiv: 2007.
05284. url: https://arxiv.org/abs/2007.05284

2. Guilherme Paulino-Passos and Francesca Toni (2021). ‘Monoton-
icity and Noise-Tolerance in Case-Based Reasoning with Abstract
Argumentation’. In: Proceedings of the 18th International Con-
ference on Principles of Knowledge Representation and Reasoning,
KR 2021, Online event, November 3-12, 2021. Ed. by Meghyn Bi-
envenu et al., pp. 508–518. isbn: 978-1-956792-99-7. DOI: 10.
24963/kr.2021/48. url: https://doi.org/10.24963/kr.2021/48

• Chapter 4 builds on:

3. Guilherme Paulino-Passos and Francesca Toni (2023). ‘Learning
Case Relevance in Case-Based Reasoning with Abstract Argument-
ation’. In: Legal Knowledge and Information Systems - JURIX
2023: The Thirty-sixth Annual Conference, Maastricht, the Neth-
erlands, 18-20 December 2023. (Accepted, forthcoming.)

• Chapter 5 builds on:

4. Guilherme Paulino-Passos and Francesca Toni (2022a). ‘On In-
teractive Explanations as Non-Monotonic Reasoning’. In: CoRR
abs/2208.00316. Workshop on Explainable Artificial Intelligence
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Chapter 2

Background

In this chapter, we present the technical background necessary for this thesis.
In Section 2.1, we first give background in non-monotonic reasoning (NMR),
including description of formal properties, in Section 2.1.1, followed by argu-
mentation, including abstract argumentation (AA) in Section 2.1.2 . This is
core background necessary for Chapters 3, 4, and 5). We then turn to previous
work on case-based reasoning (CBR) in Section 2.2, including a model of CBR
with AA, AA-CBR, in Section 2.2.1, and to precedential constraint in Section
2.2.2. While AA-CBR will be used in all of Chapters 3, 4, and 5 (Section
5.5), precedential constraint will be important in 3 (Section 3.6). Section 2.3
gives background on machine learning methods that are used later in Chapter
4, including decision trees (Section 2.3.1) and autoencoders (Section 2.3.2).
Finally, we present some explainable AI (XAI) methods in Section 2.4 that
will be important for Chapter 5.

2.1 Non-monotonic reasoning and argumenta-

tion

2.1.1 Non-monotonic reasoning

As discussed in Section 1.1.1, NMR has been proposed for modelling infer-
ences made by humans that were not captured by classical logic. Here we will
present this idea formally. We will start with an otherwise unspecified lan-
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guage containing negation1. Later, when we are interested in applying those
concepts, we will instantiate this language. For now, we will treat them as
entirely abstract.

Definition 2.1. Assume a set L which we call a language. We will refer to
elements a, b, c in L as formulas. Let a function ¬ : L → L be called a negation
function, where we will write ¬a as a shorthand for ¬(a).

Our interest in defining a language is in the notion of an inference relation
⊢. Intuitively, the focus is, starting from a body of previous information, what
can be concluded, derived, inferred from it. This relation is defined from sets
of formulas to formulas, so that the following are valid: Γ ⊢ a, where Γ ⊆ L.2

Definition 2.2. Assume a relation ⊢: 2L → L that will be called an inference
relation.

Non-monotonicity Properties

Now, our interest here is in what properties are possessed by ⊢. We will first
formally state the properties and then discuss their intuitive meaning (Gabbay,
1984; Makinson, 1994).

Definition 2.3. An inference relation ⊢ is said to satisfy:

1. monotonicity, iff Γ ⊢ a and Γ ⊆ Γ′ imply Γ′ ⊢ a;

2. reflexivity, iff Γ ⊢ a for every a ∈ Γ;

3. cautious monotonicity, iff Γ ⊢ a and Γ ⊢ b imply Γ ∪ {a} ⊢ b;
1Notice that this definition of negation is weaker than syntactical closure under negation.

This is compatible with, but does not require, an infinite number of formulas ¬a, ¬¬a, ¬¬¬a,
and so on. One could simply have for instance ¬(a) = b, such that ¬(¬(a)) (that is, ¬(b))
is simply a (syntactically). In this sense ¬ is a symbol in the metalanguage, not in the
object language (which could still contain its own negation). This difference is not major,
but simplifies languages used later, sparing this infinity by recursion in the language.

2Literature on NMR and on logic more generally has presented different forms of con-
sidering the notion of inference. The tradition derived from Gentzen (1969) uses the notion
of sequents, where both the left-hand side and the right-hand side contain sets of formulas,
meaning that at least one of the formulas in the right is a consequence of the set of formulas
in the left. Differently, Tarski (1956) uses a notion of a consequence operator, which is a
function from a set of formulas to another set, with the latter standing for the (possibly
infinite) set of all formulas which are a consequence of the former. As more typical in the
NMR literature, we will use the relation from a set to a single conclusion (Makinson, 1994).
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4. cut, iff Γ ⊢ a and Γ ∪ {a} ⊢ b imply Γ ⊢ b;3

5. cumulativity, iff ⊢ is both cautiously monotonic and satisfies cut;

6. rational monotonicity, iff Γ ⊢ a and Γ ̸⊢ ¬b imply Γ ∪ {b} ⊢ a;

7. completeness, iff either Γ ⊢ a or Γ ⊢ ¬a.

Monotonicity is the property held by classical logic, and its negation, non-
monotonicity, is what defines the field of NMR, as discussed in Chapter 1. Its
intuitive meaning is that, if some set of information is sufficient for a conclu-
sion, no extra information reverts this conclusion. Thus, conclusions are strict.
Contrarily, in non-monotonic inference relations, even if some set of inform-
ation is sufficient for inferring some conclusion, adding more information to
the premises may result in losing this conclusion. This is what makes such
conclusions defeasible.

Cautious monotonicity4 means that, if two conclusions can be derived from
some premises, then adding one of the conclusions as a premise does not result
in losing the other conclusion. This is still compatible with this addition of
information resulting in more conclusions that were previously not inferrable.
This is a limited form of monotonicity, since is restricted to conclusions of some
initial set of premises.

3The reader may wonder why this is different from the property in classical logic, par-
ticularly in proof theory, also called cut, which is: Γ ⊢ a and Γ′ ∪ {a} ⊢ b imply Γ ∪ Γ′ ⊢ b
(Smullyan, 1995, p. 111). This second version, which for simplicity we can here call stronger
cut, is not equivalent to our presentation of cut. Indeed, stronger cut is stronger than cut,
which can be seen by setting Γ′ to Γ in stronger cut, resulting in cut. Now, to see that it
is too strong for our purposes, we can show that stronger cut and reflexivity together imply
monotonicity. This can be seen in the following way: consider the non-empty sets Λ and
Λ′. Now assume Λ ⊢ b. We will show that Λ ∪ Λ′ ⊢ b as well, which is monotonicity (since
any superset of Λ can be written this way). Take a ∈ Λ, and instantiate stronger cut with
Γ = Λ ∪ Λ′ and Γ′ = Λ. Then we have i) Γ ⊢ a by reflexivity, since a ∈ Λ and Λ ⊆ Γ.
Additionally, Γ′ ⊢ b by assumption and, since Γ′ ∪ {a} = Γ′, we have ii) Γ′ ∪ {a} ⊢ b. Thus
by (i), (ii), and stronger cut, we have Γ ∪ Γ′ ⊢ b, but Γ ∪ Γ′ is simply (Λ ∪ Λ′) ∪ Λ, which is
Λ ∪ Λ′, completing the proof.

4A note on terminology: some authors call this property “cautious monotony”, and ana-
logously for other properties containing the word “monotonicity”. Our preference for this
writing is that, linguistically, “monotonicity” is a noun derived from the adjective “mono-
tonic”, while “monotony” is a noun derived from the adjective “monotone”. Since the literat-
ure has a strong preference for “monotonic” over “monotone” (the field itself is usually called
“non-monotonic reasoning”, as opposed to the much less common “non-monotone reason-
ing”), we opt for “monotonic” and maintain consistency throughout by using “monotonicity”,
instead of “monotony”.
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Cut is the converse of cautious monotonicity. It means that if from some
set of premises one can derive a conclusion, and if from that same set with
this conclusion added one can derive a second conclusion, then this second
conclusion was derivable in the first place only from the set of premises. This
corresponds to the idea in logic that derivations are made step by step. In
other words, if something is inferrable using an intermediate conclusion, then
it is inferrable from the original information. Thus lemmas are allowed as a
way of finding what is a conclusion from the original set of premises. Another
way of seeing it is that adding intermediate conclusions does not result in the
increase of conclusions from the initial premises.

Cumulativity is simply cautious monotonicity and cut together. This means
that addition of conclusions in the premises does not decrease or increase the
set of consequences, that is, does not affect it in any way. Thus any derived
conclusions can be freely accumulated with the premises and this will not
change the set of conclusions.

Rational monotonicity is an even stronger property. It states that if some
premises imply a conclusion and does not imply the negation of some other
information, then assuming as well this new information does not cause the
loss of the initial conclusion. That is, what is not denied is treated as irrelevant
regarding previous conclusions.

Finally, completeness simply means that any set of premises infer, for any
information, either it or its negation. That is, it has a stance, or decides,
all questions. This property will be important in our analysis of classifiers in
Chapter 3.

2.1.2 Argumentation

Computational argumentation provides a flexible and general way of working
with non-monotonic reasoning, as discussed in Section 1.1.1. It is also focused
in modelling dialectical behaviours among agents, such as human argumenta-
tion. We will present the technical content necessary for this work, which is
abstract argumentation (Dung, 1995).
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2.1.3 Abstract argumentation

Definition 2.4 (Dung, 1995). An abstract argumentation framework (AF) is
a pair (Args ,⇝), where Args is a set (of arguments) and ⇝⊆ Args × Args is
a binary relation on Args .

For α, β ∈Args , if α⇝ β, then we say that α attacks β and that α is an
attacker of β.

Definition 2.5 (Dung, 1995). Let E⊆Args , a set of arguments, and α∈Args ,
an argument. Then we say E defends α if for all β⇝α there exists γ∈E such
that γ⇝β.

Then we can turn to the only notion of semantics used in this thesis.

Definition 2.6 (Dung, 1995). The grounded extension of (Args ,⇝) is the set
G=

⋃
i⩾0Gi, where G0 is the set of all unattacked arguments, and ∀i⩾0, Gi+1

is the set of arguments that Gi defends.

This definition is constructive, offering an algorithm (even if naïve), for
building the extension. Nofal et al. (2021) present different algorithms for
computing the grounded extension.@@latex:5@@

Example 2.7. We can see in a small example how AA is non-monotonic,
requiring first just some preliminaries. Assume given a AF (Args ,⇝). With
Args ′ a subset of Args , we can define the restriction of (Args ,⇝) to Args ′ as
(Args ,⇝)↓Args′= (Args ′,⇝ ∩ (Args ′×Args ′)) (Baroni et al., 2018a). Now we
can define an inference relation with respect to (Args ,⇝) and the grounded
extension as: Args ′ ⊢ α iff α is in the grounded extension of (Args ,⇝)↓Args′ .

Now we can consider a simple example, where Args = {α, β, γ}, and ⇝=

{(γ, α), (β, α)}. This is illustrated in Figure 2.1. We can see that {α} ⊢ α,
while {α, β} ̸⊢ α, since β is in the grounded extension of (Args ,⇝)↓{α,β} and it
attacks α, thus α is not in the grounded extension. Thus, this a non-monotonic
inference relation.

5Semantics of abstract argumentation can also be given in terms of labellings, which
are partitions of arguments into the subsets in, out, and undecided, corresponding to
whether an argument is to be accepted, rejected, or will be considered undecided (Caminada,
2006; Caminada, 2007; Modgil and Caminada, 2009). We will not use this way of defining
semantics in the thesis, but we will make references to it in minor comments.
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β γ

α

Figure 2.1: AF (Args,⇝) from Example 2.7. Arguments represented as nodes, with
grounded extension shaded.

A particular case is of well-founded AFs: AFs in which there is no infinite
sequence (αi)i∈[n]N of arguments such that for each i, αi attacks αi+1 (Dung,
1995). In the case of finite AFs, being well-founded is equivalent to being acyc-
lic (Baroni et al., 2018a). Important facts about the grounded extension are
that, for any (Args ,⇝), the grounded extension G always exists and is unique
and, if (Args ,⇝) is well-founded, extensions under other important semantics
(e.g. preferred extensions, each of which does not attack itself, defends all of
its arguments and is maximal w.r.t. set inclusion; stable extensions, which at-
tack every argument not in the extension) are equal to G (Dung, 1995). Given
(Args ,⇝), we will sometimes use α∈(Args ,⇝) to stand for α∈Args .

2.2 Case-based reasoning

Case-based reasoning (CBR) is a methodology that uses previous cases for
solving a new problem, as discussed in Section 1.1.2. We will now present
three approaches to CBR: one is via abstract argumentation (Section 2.2.1),
the second is precedential constraint (Section 2.2.2), and the third is K-nearest
neighbours (Section 2.2.3).

In order to illustrate each CBR model, we will present an example based on
a famous hypothetical discussion in jurisprudence of vehicles in the park (Hart,
1958; Fuller, 1958; Schlag, 1999; Schauer, 2006; Schauer, 2008; Shecaira, 2015;
Struchiner et al., 2020). While initially proposed to discuss the nature of law
and of rule-following behaviour, our aim here is more mundane. We will simply
use it as a toy example for the models below.

Example 2.8. Imagine a public park containing a simple, general rule: “No
vehicles are allowed in the park”. This rule was disputed in two particular
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cases:

1. A person entered park cycling and was stopped and denied entry by a
new park ranger. The issue was raised in front of the competent authority
(say, the local judge), which ruled it in favour cyclist. It was highlighted
that a bicycle is an exception to the rule.

2. An ambulance entered the park, and the competent authority once again
allowed entry, for being an ambulance.

Assume there are two other situations for which someone would like to
know the legality of entering the park:

3. for an electric bicycle;

4. for a bicycle ambulance;6

For the sake of simplicity, we will consider three features: b (bicycle), m
(motorised), and a (ambulance), and two outcomes: − (entry forbidden) and
+ (entry permitted). Then the two past cases will be modelled as α = ({b},+),
and β = ({a,m},+), respectively. As for the two question cases, they can be
modelled as γ = ({b,m}, ?) (since electric bicycles are, indeed, motorised), and
ϵ = ({a, b}, ?), respectively. We will call D = {α, β} the casebase or dataset.

2.2.1 Case-based reasoning with abstract argumentation

The approach used here uses AA for CBR, and is thus called AA-CBR. It was
presented by Čyras et al. (2016a), and later generalised by Cocarascu et al.
(2020b). The presentation here is an adaptation of the latter one. Since there
are multiple presentations of AA-CBR, we will call this generalised present-
ation AA-CBR⪰. This is motivated by the fact that it is parametrised by a
relation ⪯, as we will see below.

All incarnations of AA-CBR, including AA-CBR⪰, map a dataset D of
examples labelled with an outcome and an unlabelled example (with unknown

6The reader will be forgiven for thinking this is an absurd example created by the at
times idiosyncratic literature of legal philosophy or of AI, but it can be assured that not
only bicycle ambulances exist, but they are also part of the London Ambulance Service,
under the name of “cycle responders” (London Ambulance Service NHS Trust, 2017).
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outcome) into an AF. The dataset may be understood as a casebase, the la-
belled examples as past cases and the unlabelled example as a new case: we will
use these terminologies interchangeably throughout. We treat examples/cases
as having characterisation, which describes them, and can also be understood
as their features (Čyras et al. (2016a) originally used binary features), and
outcomes are chosen from two available ones, one of which is selected up-front
as the default outcome. Finally, we assume that the set of characterisations of
(past and new) cases is equipped with a partial order ⪯ (whereby α≺β holds
if α⪯β and α ̸=β and is read “α is less specific than β”) and with a relation ̸∼
(whereby α ̸∼β is read as “β is irrelevant to α”). The converse order ⪰ and its
strict version ≻ are defined as usual (Davey and Priestley, 2002). Formally:

Definition 2.9 (Adapted from Cocarascu et al. (2020b)). Let X be a set of
characterisations, equipped with partial order ≺ and binary relation ̸∼. Let
Y ={δo, δ̄o} be the set of (all possible) outcomes, with δo the default outcome.
Then, a casebase D is a finite set such that D⊆X×Y (thus a past case α ∈ D

is of the form (αC , αo) for αC∈X, αo∈Y ) and a new case is of the form (NC , ?)

for NC ∈X. We also discriminate a particular element δC ∈X and define the
default argument (δC , δo)∈X×Y .

A casebase D is coherent iff there are no two cases (αC , αo), (βC , βo) ∈ D

such that αC = βC but αo ̸= βo, and it is incoherent otherwise.

For simplicity of notation, we sometimes extend the definition of ⪰ to
X × Y , by setting (αc, αo) ⪰ (βc, βo) iff αc ⪰ βc, and analogously for ̸∼.7

Definition 2.10 (Adapted from Cocarascu et al. (2020b)). The AF mined
from a dataset D and a new case (NC , ?) is (Args ,⇝), in which:

• Args = D ∪ {(δC , δo)} ∪ {(NC , ?)};

• for (αC , αo) ∈ D, (βC , βo) ∈ D ∪ {(δC , δo)}, it holds that (αC , αo) ⇝

(βC , βo) iff

1. αo ̸= βo,
7In previous work, ⪰ was directly given over X × Y (Cocarascu et al., 2020b). Note

that, when D is coherent, our “lifted” order ⪰ is guaranteed to be a partial order on X×Y
(and thus equivalent to the one from Cocarascu et al. (2020b)), but when D is incoherent
anti-symmetry may fail for two cases with different outcomes but same characterisation, and
thus ⪰ is merely a preorder on X × Y .
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2. αC ⪰ βC , and

3. ∄(γC , γo) ∈ D ∪ {(δC , δo)} with αC ≻ γC ≻ βC and γo = αo;

• for (βC ,βo)∈D ∪{(δC , δo)}, it holds that (NC , ?)⇝(βC ,βo) iff (NC , ?) ̸∼
(βC ,βo).

The AF mined from a dataset D alone is (Args ′,⇝′), with Args ′ = Args \
{(NC , ?)} and ⇝′=⇝ ∩(Args ′ × Args ′).

Note that if D is coherent, then the “equals” case in item 2 of the definition
of attack will never apply. As a result, the AF mined from a coherent D (and
any (NC , ?)) is guaranteed to be well-founded, in the sense of Dung (1995).
That is, acyclic, being finite.

Definition 2.11 (Adapted from Cocarascu et al. (2020b)). Let G be the
grounded extension of the AF mined from D and (NC , ?), with default ar-
gument (δC , δo). The outcome for NC is δo if (δC , δo) is in G, and δ̄o otherwise.

We will refer to the AF mined from D and (NC , ?), with default argument
(δC , δo), as AF⪰(D,NC), and to the AF mined from D alone as AF⪰(D). Also,
for short, given AF⪰(D,NC), with default argument (δC , δo), we will refer to
the outcome for NC as AA-CBR⪰(D,NC).8 Unless otherwise stated, we will
assume arbitrary X, Y , D, (NC , ?), and (δC , δo) (satisfying the previously
defined constraints). Finally, we will refer to AA-CBR⪰ instantiated with
⪰=⊇, ̸∼≠⊇, and (δC , δo) = (∅,−) as AA-CBR⊇.

This approach will be considered in detail in the next chapters, particularly
in Chapter 3.

Example 2.12 (continuing from Example 2.8). We will model this example
with AA-CBR⊇, that is, using the representation of sets of features from Ex-
ample 2.8 and the subset relation as the partial order. The default case is
(∅,−), representing that, by default, a vehicle is not permitted in the park.
The features represent aspects, characteristics, or reasons that could poten-
tially change the decision of a case.

The AFs mined from D and each of the cases to be decided are represented
in Figure 2.2. For both cases γ and ϵ, the result is the same: the new case

8In the notation we omit (δC , δo), and leave it implicit instead for readability.
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({b},+) ({a,m},+)

(∅,−)

({b,m}, ?)

(a) AF mined from D and
γ.

({b},+) ({a,m},+)

(∅,−)

({a, b}, ?)

(b) AF mined from D and
ϵ.

Figure 2.2: Illustration of Example 2.12, argumentation frameworks mined from the
casebase and each new case. Past cases represented as ellipses, new cases as hexagons,
and arguments in the grounded extension are shaded.

attacks β, since it is irrelevant (for γ, because it is not about an ambulance; for
ϵ, because it is not motorised), but not α, about the bicycle. Then α attacks
the default argument, which results in the latter not being in the grounded
extension, and thus the prediction being +, that is, the vehicle is allowed to
enter. Notice how each feature is treated as a reason for a possible exception,
and the new case not having the feature implies the past cases that do have it
are all irrelevant.

2.2.2 Precedential constraint

A line of work in legal CBR has been on precedential constraint (Horty, 2004;
Horty and Bench-Capon, 2012; Rigoni, 2015; Bench-Capon and Atkinson,
2021; Horty, 2021; Prakken, 2021; Canavotto, 2022; Van Woerkom et al.,
2023). The goal is modelling formally what it means for a past decision to
bind, or constraint, future decisions. This is crucial for legal reasoning with
case law, due to the idea of stare decisis, the principle according to which
previous decisions must be followed in the future, as a matter of authority
(Schauer, 2014).

Here we will cover only the factor-based formulation of precedential con-
straint, where cases are described as binary features favouring either the plaintiff
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or the defendant (Horty and Bench-Capon, 2012). More general approaches
have been developed, such as for dimensions, where cases are described using
multi-valued features, each called a dimension, which is ordered by how much it
favours one of the parties or the other (Rigoni, 2015; Bench-Capon and Atkin-
son, 2021; Horty, 2021; Prakken, 2021). Bench-Capon and Atkinson (2021)
offer a model about reasoning with precedents in which cases are structured
into issues, and then cases not only state preferences between factors, but they
may also establish how cases are associated to issues, and how case facts are
mapped to factors. This is formalised with prioritised rules, in the style of
Prakken and Sartor (1998), which models a fortiori reasoning via defeasible
logic.

The basic notion of stare decisis is that previous decisions must be kept,
in that similar cases should be treated in the same way. However, there are
discussions in AI and law (literature discussed above) and also in legal philo-
sophy itself (Horty, 2004; Raz, 2009; Schauer, 2014; Horty, 2015; Lewis, 2021;
for comparative law analyses, Bell, 1997; Algero, 2004; MacCormick and Sum-
mers, 2016) on what this constraint actually entails.

In the factor-based analysis, there are two disjoint sets of features X∆

and XΠ, being the factors that favour, respectively, the defendant and the
plaintiff. We will describe the result model. Formally, each such case is of
the form (αΠ ∪ α∆, o) with αΠ ⊆ XΠ, α∆ ⊆ X∆, and o ∈ {Π,∆} the case
outcome. For compatibility of notation with AA-CBR, if α = (αΠ ∪ α∆, o) is
a case, we will define αC = αΠ ∪ α∆ as the characterisation of α, and αo = o

as the outcome of α. We will refer to the opposing outcome of o as ō (that is,
Π̄ = ∆ and ∆̄ = Π), to any subset of X∆ ∪XΠ as a characterisation9, and if
F is a characterisation, FΠ = F ∩XΠ and F∆ = F ∩X∆.

Definition 2.13 (Horty, 2004). Let F and G be two characterisations. Then
for an outcome o, F ≤o G iff F o ⊆ Go and Gō ⊆ F ō.

This captures the idea of factor preference: that a characterisation G has
more reasons for side o than F by containing all of the favourable reasons in
F but not any other unfavourable one. We will abuse notation and compare
directly cases via ≤o meaning their characterisations.

9Originally called a fact situation in the literature of precedential constraint.
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Definition 2.14 (Horty, 2004). Let α = (α∆ ∪ αΠ, o) be a case and F be a
characterisation. We say α forces F to outcome o by iff α ≤o F . If CB is a
set of cases (a casebase), and there is a case α which forces F to outcome o,
then we say CB forces F to outcome o. If there is no characterisation G such
that CB forces G to both outcomes o and ō, then CB is said to be consistent.

This is a notion of precedential constraint for the result model, in which
a casebase forces a characterisation into an outcome via a fortiori reasoning.
Consistency is defined by not forcing different results.

Example 2.15 (continuing from Example 2.8). We will now model our ex-
ample with precedential constraint. Compared to the representation of sets
of features from Example 2.8, more background information is required: the
mapping of each feature to one of the two outcomes (that is, treating each
feature as a factor). We will here model denying entrance as favouring the
defendant (thus ∆ = −), and allowing entrance as favouring the plaintiff (thus
Π = +). This way, the factors in favour of allowing the vehicle to enter are
XΠ = {a, b}, since being an ambulance and being a bicycle are all reasons
for permitting entrance, while X∆ = {m}, since being motorised is a reason
for denying entrance (say, because motors are potentially loud). Now we are
ready to consider the two new cases, γ and ϵ.

For ϵ, about the bicycle ambulance, the outcome is forced to be −. This
can be seen by noticing that α ≤Π ϵ, since αΠ

C = {b} ⊆ {a, b} = ϵΠC , while α∆
C =

∅ = ϵ∆C . It can also be verified that + is not a forced outcome (and indeed,
D is consistent). Therefore precedential constraint determines that bicycle
ambulances are allowed in the park, based on the precedent that bicycles in
general are allowed in the park and this is sufficient.

On the other hand, a similar analysis will show that the case γ, of the
electric bicycle, is not forced to have either outcome. The bicycle case α is not
sufficient, since the case γ has an additional factor in favour of the defendant,
the park, namely, m. Similarly β is not sufficient, since γ is not an ambulance,
and thus does not have the a factor in favour of the plaintiff. We can interpret
this case as being undecided in terms of factor-based precedential constraint.

This is not intrinsically a weakness of the model, and its suitability depends
on context. For instance, if γ with outcome − is added to the casebase,
precedential constraint would automatically constraint the case of motorised
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vehicles in general to be −, in the absence of other factors in favour of the
plaintiff. This is an intuitive result. For comparison, AA-CBR decides γ in
an intuitive way (see Example 2.12), but can also accommodate the addition
of a case ({m},+) to the casebase, since it has no concept of factors. This
might be considered undesirable, since it can be required that being motorised
can never be a reason for allowing entry. In Chapter 3 we discuss the topic of
modelling factors in AA-CBR.

While the formal model of precedential constraint has been developed fur-
ther by an active line of research (Rigoni, 2015; Bench-Capon and Atkinson,
2021; Horty, 2021; Prakken, 2021; Peters et al., 2022; Canavotto, 2022; Van
Woerkom et al., 2023; Canavotto and Horty, 2023), in this thesis we restrict
our scope to this basic model.

2.2.3 K-nearest neighbours

We now simultaneously turn to our last CBR model and start moving in the
direction of (what is more usually considered to be) machine learning. K-
nearest neighbours (kNN) is, at the same time, the prototypical example of
CBR and a typical example of machine learning (as mentioned in Section
1.1.2). It will not be a focus of our investigation, but it is worth presenting,
as it is a paradigmatic form of CBR (Mitchell, 1997; Bishop, 2007; Richter and
Weber, 2013).

In this method, a notion of distance between cases is defined depending
on application (a usual one being the Euclidean distance). Then, given a new
case, the k cases in the casebase which have minimum distance are retrieved.
Those cases are the nearest neighbours, a notion that is central in CBR in
general (Richter and Weber, 2013), and which has also been referred to by
other names, such as “most on-point cases” (Ashley, 1989).

After retrieval, the output of the new case is defined as a function of the
output of those k cases. Typical functions are the most frequent output (mode)
or the mean of this set outputs.
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2.3 Machine learning

Machine learning (ML) is now widely used in AI and is responsible for many
recent advances. Its core idea consists in developing a system that learns
from data, that is, from examples, instead of directly implementing desired
behaviour (Mitchell, 1997; Abu-Mostafa et al., 2012). In this work, we use
AA-CBR in combination with other ML methods for a hybrid approach. Since
AA-CBR requires a partial order ⪯ over the data, as well as a default case, a
natural question is from where those come. While they could be hand-crafted,
depending on application, an interesting use-case is when they are originated
from data. For instance, it could be from the casebase itself, or perhaps from
a wider dataset containing the casebase.

Of course, CBR itself (and AA-CBR in particular) can be seen as a type of
machine learning, since the casebase is essentially a training dataset, and the
end result can be usually seen as a function for classification (if the output is
discrete) or regression (if continuous) (Mitchell, 1997). However, assumptions
regarding the underlying data (such as assumption of an underlying probab-
ility distribution, and training set being sampled independently from it) may
be different. In that context, CBR methods are sometimes called lazy learn-
ing, since most of the computation would be left for inference time, while
other ML methods would be eager methods, calculating a decision function
upfront (Mitchell, 1997). Depending on how CBR or kNN is applied, however,
those classifications may become fuzzy. For instance, there might have a rep-
resentation learning step for kNN which is carried out at training time, or a
computationally costly indexing step.

2.3.1 Decision trees

One of the methods we will use later is decision trees (Breiman et al., 1984).
Decision trees are a classical decision method, and learning decision trees is
itself a classical and well-studied machine learning method (Bishop, 2007, Sec-
tion 14.4, for a textbook presentation).

A decision tree is a binary tree where each node contains a split, that is, a
test of the form f > τ , for f a feature and τ a threshold, except for the leaf
nodes, which contain a class. A new instance is classified by following the path
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according to its evaluation on each split, and is then classified by the class of
the (unique) leaf node it falls into.

One of the most used algorithms for learning decision trees is CART (Breiman
et al., 1984). In a brief presentation, it consists of recursively growing a binary
tree by a greedy algorithm. Starting from a single node where all the data is,
the node is expanded by choosing a feature and a threshold level for creating
a new split. This is chosen by exhaustively testing every feature choice for the
one that minimises a loss function, such as cross-entropy or Gini index, that
depend on which partition of the data is made by the split. Each new leaf
then corresponds to the majority class of the data in each. Usually the tree is
grown up to a maximum depth or until nodes cannot be split anymore (since
every data instance in the leaves is of the same class), and at a second step,
the tree is pruned, according to performance on a validation dataset.

2.3.2 Autoencoders

Autoencoders are a type of neural network which aim to reconstruct the in-
put. They are usually seen as having two parts: an encoder e, which maps
the original input to a hidden encoding, and a decoder d, which maps the
hidden encoding to the original input. Usually the idea is not having perfect
equality, but making d(e(x)) approximate x during training subject to some
kind of constraint, such that the network is pushed to learn interesting prop-
erties of the data. Autoencoders are used for learning representations of data
for downstream tasks by dimensionality reduction, for compression, indexing,
and anomaly detection (An and Cho, 2015). We will be interested in them
particularly in Chapter 4, where they will have a use for learning relevance in
CBR.

A probabilistic approach is the variational autoencoder (Kingma and Welling,
2014; Rezende et al., 2014). In this approach, a probabilistic model is assumed
in which the hidden encoding is sampled from a prior probability distribution
and the decoder maps from the hidden encoding to a posterior probability dis-
tribution, from which the reconstructed input is sampled. During training, the
encoder is used to map from the input to a probability distribution from which
the hidden encoding is sampled. There are two terms in the loss function: a
reconstruction term for pushing the reconstruction output to be similar to the
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original input and a Kullback-Leibler divergence between the inferred values
of the hidden encoding and the established prior (Goodfellow et al., 2016).
Interestingly, Ghosh et al. (2020) show that even for generation a variational
autoencoder can be replaced by a deterministic autoencoder if the latter is
properly regularised.

2.4 Explainable AI

As presented in Section 1.1.3, explainable AI (XAI) has the goal of provid-
ing AI systems with ways to explain their decisions, that is, to communicate
reasons for the decisions to humans (Ribeiro et al., 2018; Ribeiro et al., 2018;
Atkinson et al., 2020; Mueller et al., 2019; Miller, 2019; Ignatiev et al., 2019;
Molnar, 2022). In this section we will briefly discuss some concepts and meth-
ods which have been proposed in the literature that will be relevant for our
later discussion.

One important distinction in XAI is between global versus local explana-
tions. A global explanation is an explanation about the way the entire system
works, while a local explanation is restricted to a particular decision (or per-
haps a group of decisions), trying to explain it, without regard for the rest of
the input space (Mueller et al., 2019, p. 66; Molnar, 2022, Section 3.3).

A second distinction is between intrinsically interpretable models and post-
hoc methods (Molnar, 2022, Section 3.2). Intrinsically interpretable models,
as the name suggest, are considered to be straightforward to understand, and
thus can be easily understood by humans. Typical examples are decision trees
with few nodes and linear models with few features. Post-hoc methods, on the
other hand, are methods applied after the model is ready (for instance, after
it has been trained), and might require some kind of procedure to be run on
it (Ribeiro et al., 2016b).

Finally, a third distinction is between model-specific explainability methods
and model-agnostic (Molnar, 2022, Section 3.2). Model-specific use mechan-
isms of specific models in order to build explanations, while model-agnostic
use only their input-output behaviour, that is, build explanations treating the
model purely as a blackbox. Some examples of model-specific explanations are
gradient methods for neural networks, such as Grad-CAM (Selvaraju et al.,
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2017) and SmoothGrad (Smilkov et al., 2017), among others (Molnar, 2022,
Section 10.2 for a survey).

Examples of local post-hoc model-agnostic methods are LIME (Ribeiro
et al., 2016a), Anchors (Ribeiro et al., 2018), and Shapley value feature at-
tribution (Štrumbelj and Kononenko, 2010; Štrumbelj and Kononenko, 2014;
Lundberg and Lee, 2017; Sundararajan and Najmi, 2020). LIME and An-
chors are perturbation-based methods. This means that, in order to explain
the decision for an input x, a perturbation is applied to x, that is, we define
a probability distribution on inputs similar to x (and described via an inter-
pretable representation), and we draw a sample from this distribution. Then,
this sample is used in order to train an intrinsically interpretable model. In
the case of LIME, this model is a (sparse) linear model. In Anchors, it is a
decision rule, defined such that, if the input satisfies the body of the rule (a
set of predicates in the interpretable representation), then the decision is a
specific output. Anchors is trained such that those rules have high-precision
(in the perturbation probability distribution). Methods based on the Shapley
value, such as SHAP, on the other hand, use a method based on game theory,
where, in a rough description, (interpretable) features are seen as players in a
cooperative game, and the importance of each feature is evaluated by calcu-
lating a contribution value based on the outputs given each feature presence
or absence (Štrumbelj and Kononenko, 2010; Štrumbelj and Kononenko, 2014;
Lundberg and Lee, 2017; Sundararajan and Najmi, 2020).

2.4.1 Arbitrated dispute trees

Dispute trees (Dung et al., 2006; Dung et al., 2007) have been defined as
explanations to AA-CBR since Čyras et al. (2016b), and further developed
in the form of arbitrated dispute trees for an extended version of it in Čyras
et al. (2019a). This last form is the one which will interest us, due to its
symmetry regarding default and non-default outcomes. For compatibility with
our presentation, we will redefine the main concepts, but omit results proven
originally, since the adaptations are minimal. This adaptation generalises to
AA in general, instead of only to AA-CBR models.

Definition 2.16 (Adapted from Čyras et al. (2019a)). Given (Args ,⇝) and
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a specific topic argument δ, an arbitrated dispute tree (ADT) is a tree DT
such that:

1. every node of DT is of the form [N :α] for N ∈ {W,L} and α ∈ Args ,
any such node being called an N -node labelled by argument α;

2. the root of DT is labelled by the topic argument δ and is a W-node, if
δ is in the grounded extension; and a L-node otherwise;

3. for every W-node n labelled α ∈ Args and for every β attacker of α in
(Args ,⇝), there is a child m of n such that m is a L-node labelled by β;

4. for every L-node n labelled by α ∈ Args , there is exactly one child which
is a W-node labelled by some β attacker of α; and

5. there are no other nodes in DT .

W-nodes are winning nodes, while L-nodes are losing nodes.

An example of a dispute tree is in Figure 2.3. Dispute trees have been
originally defined as being possibly infinite, while Čyras et al. (2019a) assumes
casebases are coherent, and one can thus prove every arbitrated dispute tree
in that context is finite10. While we make no such assumption, we consider
infinite dispute trees to be inappropriate for explaining, so we retain the ori-
ginal definition but explicitly define ADT explanations to limit ourselves to
the finite case.

Definition 2.17 (Adapted from Čyras et al. (2019a)). An arbitrated dis-
pute tree explanation is a finite arbitrated dispute tree.

2.5 Summary

In this chapter we have presented the technical background for the thesis,
including non-monotonic reasoning, case-based reasoning, machine learning,
and explainable AI. We will now move to our novel contributions, starting
with the analysis of NMR properties of classification and CBR, in particular,
AA-CBR.

10This not being the case, some results from the original presentation are inapplicable,
such as (Čyras et al., 2019a, Prop. 3.4).
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[L :α]

[W :β]

Figure 2.3: ADT with topic argument α for the AF in Example 2.7. Argument β
is in the grounded extension, while α is not. Notice how γ does not label a node in
this ADT, since each L-node has a single child. Besides, there is no node that is a
child of the node labelled by β, since β has no attacker in (Args,⇝).
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Chapter 3

Cumulativity in Case-Based
Reasoning with Abstract
Argumentation

Abstract argumentation-based models of case-based reasoning (AA-CBR in
short) have been proposed (see Section 2.2.1), originally inspired by the legal
domain (Athakravi et al., 2015; Čyras et al., 2016b; Čyras et al., 2016a), but
also applicable as classifiers in different scenarios (Cocarascu et al., 2020b). {In
particular in legal reasoning, AA-CBR has been used for the task of revising
legal rule-bases based on logic programming (Fungwacharakorn et al., 2021;
Fungwacharakorn et al., 2022), and motivated other approaches in legal CBR
(Prakken and Ratsma, 2022b).} However, the formal properties of AA-CBR as
a reasoning system remained largely unexplored. In this chapter, we focus on
analysing the non-monotonicity properties (Section 2.1.1) of a regular version
of AA-CBR (that we call AA-CBR⪰), to be defined in this chapter.

Specifically, we start with some examples presenting issues with the original
formulation of AA-CBR (Section 3.1). We then formally define a notion of
trainable classifiers as non-monotonic reasoning (with a focus on CBR systems)
(Section 3.2), and use this notion to prove that AA-CBR⪰ is not cautiously
monotonic (Section 3.4). We then define a notion of a restricted casebase
consisting of all “surprising” and “sufficient” cases (in a sense to be defined)
in the original casebase, and use this notion to define a novel variation of
AA-CBR⪰ which is cautiously monotonic (Section 3.5). We show an algorithm
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for building this restricted casebase. We also prove that this variation of
AA-CBR⪰ satisfies the properties of cumulativity and rational monotonicity
as a by-product. In addition, this variant empowers a principled treatment of
noise in “incoherent” casebases, thus providing a form of incoherence-learning
reasoning. Next, we illustrate AA-CBR and non-monotonicity questions on a
case study on the U.S. Trade Secrets domain, a legal casebase (Section 3.6),
showing that the violation of the NMR properties can have legal impacts,
such as manipulability. In this case study we show not only that we can
encode the idea of precedential constraint in AA-CBR, but also that our novel
variant results in a legal CBR system that is provably cumulative, which is
unique in the literature, to the best of our knowledge. Finally, we discuss
some limitations of our work and contextualise it further in the landscape of
legal CBR (Section 3.7), before concluding the chapter.

Non-monotonicity properties have already been studied in structured ar-
gumentation, e.g. for ABA, ABA+ (Čyras and Toni, 2015; Čyras and Toni,
2016), ASPIC+ (Dung, 2014; Dung, 2016) and logic-based argumentation
(Hunter, 2010). In this chapter we study them for classification, in particular
for CBR and more specifically to the model AA-CBR⪰, which applies abstract
argumentation to CBR classification.

3.1 Motivating illustration

In this section we introduce a simple setting for the informal illustration of
the original AA-CBR, its non-monotonicity and the desirability of some re-
strictions thereof, as well as problems raised by the presence of incoherence
in the casebase when deploying AA-CBR. Thus, this section serves as a mo-
tivating illustration for our approach, which restricts non-monotonicity and is
incoherence-tolerant.

Example 3.1 (Non-monotonicity). Consider a very simplified legal system
built by cases and adhering, like most modern legal systems, to the principle
by which, unless proven otherwise, no person is to be considered guilty of a
crime. This can be represented by a “default argument” (∅,−), indicating
that, in the absence of any information about any person, the legal system
should infer a negative outcome − (that the person is not guilty). (∅,−) can
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({hm, sd}, ?)({hm},+)

(∅,−)

(a) Initial AA framework.
AA-CBR predicts outcome “+”
for the new case.

({hm},+)({hm, sd},−) ({hm, sd}, ?)

(∅,−)

(b) Revised framework. The added past case
changes the AA-CBR-predicted outcome to “−”.

({hm},+) ({hm},−)

(∅,−)

({hm, sd}, ?)

(c) Incoherent casebase. AA-CBR pre-
dicts outcome “+”, but the default argu-
ment is not attacked by arguments in G.

Figure 3.1: AA frameworks when using AA-CBR for Examples 3.1 and 3.2. Past
cases (with outcomes) and new case (with unknown outcome) are arguments.
(Grounded extensions G are shaded.)

be understood as an argument, in the AA sense, given that it is merely what
is called a relative presumption, since it is open to proof to the contrary, e.g.
by proving that the person did indeed commit a crime. Let us consider here
one possible crime: homicide (hm).1 In one case, it was established that the
defendant committed homicide, and he was considered guilty, represented as
({hm},+).

Consider now a new case ({hm, sd}, ?), with an unknown outcome, of a
defendant who committed homicide, but for which it was proven that it was
in self-defence (sd). In order to predict the new case’s outcome by CBR,
AA-CBR reduces the prediction problem to that of membership of the default
argument in the grounded extension (Dung, 1995) G of the AA framework
in Figure 3.1a: given that (∅,−) ̸∈ G, the predicted outcome is positive
(i.e. guilty), disregarding sd and, indeed, no matter what other feature this
case may have. Thus, up to this point, having the feature hm is a sufficient
condition for predicting guilty. If, however, the courts decide that for this

1Of course, this is a toy example, not unlike Examples 2.8 and 2.12 earlier. Here we
are neither trying to capture how a real legal decision about criminal law would effectively
be made, nor are we using terminology corresponding to any specific jurisdiction. In a real
legal case, many more considerations would apply, such as issues about evidence, establishing
facts, consulting sources of law, and interpreting the law (Schauer, 2009; Verheij, 2020).
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new case the defendant should be acquitted, the case ({hm, sd},−) enters in
our casebase. Now, having the feature hm is no longer a sufficient condition
for predicting guilty, and any case with both hm and sd will be predicted
a negative outcome (i.e. that the person is innocent). This is the case for
predicting the outcome of a new case with again both hm and sd, in AA-CBR

using the AA framework in Figure 3.1b. Thus, adding a new case to the
casebase removed some conclusions which were inferred from the previous,
smaller casebase, showing that AA-CBR is indeed non-monotonic. This does
not mean that some restrictions on non-monotonicity might not be desirable.
For instance, we might expect in a legal system that, if for the current case law,
two cases are to be judged in a certain way, then one of the cases happening
in court and indeed being decided in that way would not affect the body of
case law itself, thus the outcome for the second case would be expected to be
unchanged.

The following example illustrates the challenges posed by incoherent case-
bases, with noisy cases, in AA-CBR.

Example 3.2 (Noise-intolerance). Consider a different augmentation of the
initial casebase in Example 3.1, resulting in the casebase {({hm},+), ({hm},−)},
whereby a positive outcome and a negative outcome are both recorded for ex-
actly the same profile for defendants. This can be deemed to be “incoherent”2.
In AA-CBR, this case would have a positive outcome (guilty), since the default
argument is not in the grounded extension. However, this seems unsatisfactory,
since the default argument is not attacked by any argument in the grounded
extension of the corresponding AA framework (see Figure 3.1c).3 In some
sense, this means that no past case serves as ground for the decision, but the
outcome is guilty nonetheless. Thus, what is deciding the outcome is not a

2This casebase may result from a limited language for characterising cases, e.g. ignoring
the possibility of indicating core differences between defendants, such as that the defendant
characterised by ({hm},−) is a minor. We assume here that this incoherence cannot be
rectified by a language variation, or simply that it comes from the data, and we cannot
remove it based on the data alone. Of course, those limitations do not apply to real-life
legal reasoning. In legal practice, judges and other legal decision-makers would typically
distinguish cases, that is, find reasons for characterising two conflicting cases in different
ways, in order to justify the different outcomes (Schauer, 2009; Schauer, 2014, among others).

3In terms of semantics via labellings (Caminada, 2006; Caminada, 2007; Modgil and
Caminada, 2009), the default argument would have the undecided label, not the in label
nor the out label.
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relevant case per se, but the incoherence itself. This can be regarded as a form
of intolerance to noise. Note that incoherence does not always give this form
of noise intolerance in AA-CBR: if a past case ({hm, sd},+) were included,
the outcome would be the same, but the default argument would be attacked
by (some argument in) the grounded extension.

Our form of AA-CBR is guaranteed to be tolerant of noise always, inde-
pendently of the casebase.

3.2 Non-monotonicity analysis of trainable clas-

sifiers

In this section we provide a generic analysis of the non-monotonicity properties
of data-driven classifiers, using D, X and Y to name a generic dataset, the
input set and the output set of a classifier respectively, admitting casebases,
characterisations, and outcomes in CBR as special instances. Later in the
chapter, we will apply this analysis to both AA-CBR⪰ and our new variant
of it. Typically, a classifier can be understood as a function from an input
set X to an output set Y . In machine learning, classifiers are obtained by
training with an initial, finite D ⊆ X × Y , called the training set. Thus, a
learning algorithm can be seen as a function that maps from the set 2X×Y

(which contains all possible sets of pairs (x, y) ∈ X × Y ) to a function X →
Y (Abu-Mostafa et al., 2012, §1.1.1). Our interest here is to consider the
variation in input-output behaviour under the change of the training set D,
where the details of the separation between the learning step from the inference
step are abstracted away.4 Thus, at the risk of abusing terminology5, we will

4This is also in line with the view of CBR models as lazy learners, where the computation
of a model is delayed to inference time (Mitchell, 1997). In any case, this is not material to
this modelling, since at which time each function is computed is not particularly important
for the definitions to come.

5The abuse is calling all of (2X×Y ×X)→ Y the classifier, instead of limiting the classifier
to be a function X → Y . This allows us to avoid writing our analysis at the level of a higher
order function 2X×Y → (X → Y ). In other words, we are calling the operation of learning
a classifier on dataset D followed by the application of the learned classifier to input x as
simply the (learnable) classifier, treating it as a function (2X×Y ×X) → Y . This can also
be seen as the operation of uncurrying from the literature of lambda calculus and functional
programming (Michaelson, 1989, §7.14). Uncurrying is the operation of transforming a
function with domain A and codomain B → C into a function with domain A × B and
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characterise a trainable classifier as a two-argument function C that maps from
a dataset D ⊆ X × Y and from a new input x ∈ X to a prediction y ∈ Y .6

Notice that this function is total, in line with the common assumptions that
classifiers generalise beyond their training dataset to the entire input set.

Let us model directly the relationship between the dataset D and the pre-
dictions it makes via the classifier as an inference system in the following way:

Definition 3.3. Given a classifier C: 2X×Y ×X → Y , let L = L+ ∪ L− be a
language consisting of atoms L+ = X×Y and negative sentences L−={¬(x, y)|
(x, y) ∈ X × Y }. Then, ⊢C is an inference relation from 2L

+ to L such that

• D ⊢C (x, y) iff C(D, x) = y;

• D ⊢C ¬(x, y) iff there is a y′ such that C(D, x) = y′ and y′ ̸= y.7

Intuitively, L defines a language consisting of atoms (representing labelled
examples) and their negations, and ⊢C describes the input-output behaviour of
the resulting model learned using D. Notice the language defined in Definition
3.3 can be seen as a language in the sense of Definition 2.1, by considering
the negation of ¬(x, y) to be simply (x, y). Of course, ⊢C is also an inference
relation in the sense of Definition 2.2. Then, we can study non-monotonicity
properties of ⊢C, following definitions presented in Section 2.1.1.

Theorem 3.4 (Properties of ⊢C).

1. ⊢C is complete, i.e. for every (x, y) ∈ (X × Y ), either D ⊢C (x, y) or
D ⊢C ¬(x, y).

codomain C, for sets A, B and C. This is mostly a notational choice, since the definition
below would be similar by replacing, for instance, the term C(D,x) with C(D)(x).

6Notice that this understanding relies upon the assumption that (the training of) the
classifier is deterministic. Of course this is not the case for many machine learning models,
e.g. artificial neural networks trained using stochastic gradient descent and randomised
hyperparameter search; or even for deterministic training when random splitting between a
training and a development sets is used in order to select hyperparameters for a model. This
understanding is however in line with recent work using decision functions as approximations
of classifiers whose output needs explaining (e.g. see Shih et al., 2019). Moreover, it works
well for analysing deterministic CBR systems, including AA-CBR⪰.

7We could equivalently have defined D ⊢C ¬(x, y) iff C(D,x) ̸= y. We have not done
so as the used definition can be generalised for a scenario in which C is not necessarily a
total function. This scenario is left for future work. A downside of the definition used is
that it does not cover multi-label classification, where multiple outputs could be correct
simultaneously. This is also a scenario outside our current scope.
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2. ⊢C is consistent, i.e. for every (x, y) ∈ (X × Y ), it does not hold that
both D ⊢C (x, y) and D ⊢C ¬(x, y).

3. ⊢C is cautiously monotonic iff it satisfies cut.

4. ⊢C is cautiously monotonic iff it is cumulative.

5. ⊢C is cautiously monotonic iff it satisfies rational monotonicity.

Completeness and consistency here are immediate consequences from the
fact that C is a total function. This is in line with how classifiers are typically
considered: returning exactly one output for each input. The remaining prop-
erties, which are the non-monotonic ones, are essentially a collapse caused by
completeness and consistency.

Proof. 1. By definition of ⊢C, directly from the totality of C.

2. By definition of ⊢C, since C is a function.

3. Let ⊢C be cautiously monotonic, and assume that D ⊢C p and D∪{p} ⊢C
q, for p, q ∈ L. We want to prove that D ⊢C q. By completeness (item 1
above), at least D ⊢C q or D ⊢C ¬q holds.8 We will show the first
one holds by proving that, by assuming the second case, we arrive at a
contradiction. Combining the original assumption that D ⊢C p with the
new assumption that D ⊢C ¬q, by cautious monotonicity we can derive
D ∪ {p} ⊢C ¬q. But also by assumption D ∪ {p} ⊢C q, which is absurd
since ⊢C is consistent. Therefore the D ⊢C ¬q case is impossible and
thus the first case is true, that is, D ⊢C q, as we wanted. The converse
can be proven analogously.

4. Trivial from 3.

5. Since ⊢C is complete, D ̸⊢C ¬p implies D ⊢C p, and thus rational mono-
tonicity reduces to cautious monotonicity.

8Here we understand the negation ¬ in the sense of 2.1. That is, if q ∈ L+ then ¬q is
well defined, otherwise q ∈ L− and thus there is r ∈ L+ such that q = ¬r. Then simply
define ¬q = r.
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3.3 A regular AA-CBR

As seen in Section 2.2.1, Cocarascu et al. (2020b) presented a model of AA-CBR

using a partial order between cases. In there, the concept of irrelevance ̸∼
between cases is defined independently from the partial order. Here, we are
interested in the particular case of argumentation frameworks (AFs) where
those concepts are related in the following way:

Definition 3.5. The AF mined from D alone and the AF mined from D and
(NC , ?), with default argument (δC , δo), are regular when the following holds:

1. the irrelevance relation ̸∼ is defined as: x1 ̸∼ x2 iff x1 ̸⪰ x2, and

2. δC is the least (or minimum) element of X, that is, for any x ∈ X,
δC ⪯ x.9

This restriction connects the treatment of a characterisation αC as a new
case and as a past case. In particular, the original AA-CBR⊇, as presented in
Section 2.2.1, is regular. For the remainder of the thesis, when we refer to a
mined AF, we will assume it is regular, unless otherwise stated, so that, e.g.,
AF⪰(D,NC) will be the regular AF mined from D and (NC , ?).

Regularity is necessary to guarantee some desirable behaviours, such as
a relation between a new case and “most similar” (or nearest) cases to the
new case. When these nearest cases all agree on an outcome, the prediction is
necessarily this outcome. It generalises Proposition 2 of Čyras et al. (2016a) in
two ways: 1) by considering the entire set of nearest cases, instead of requiring
a unique nearest case; 2) doing so for regular AA-CBR⪰, instead of its instance
AA-CBR⊇.

We first define the notion of nearest case, and then state the desirable
behaviour in the form of a theorem.

Definition 3.6. A case (αC , αo) ∈ D is nearest to NC iff αC ⪯ NC and it is
maximally so, that is, there is no (βC , βo) ∈ D such that αC ≺ βC ⪯ NC .

9Indeed this is not a strong condition, since it can be proved that if αC ̸⪰ δC then all
cases (αC , αo) in the casebase could be removed, as they would never change an outcome.
On the other hand, assuming also the first condition in Definition 3.5, if (αC , ?) is the new
case and αC ̸⪰ δC , then the outcome is δ̄o necessarily.
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Theorem 3.7. If D is coherent and every nearest case to NC is of the form
(αC , o) for some outcome o ∈ Y (that is, all nearest cases to the new case agree
on the same outcome), then AA-CBR⪰(D,NC) = o (that is, the outcome for
NC is o).

Proof. Let G be the grounded extension of AF⪰(D,NC). An outline of the
proof is as follows:

1. We will first prove that each argument in G is either (NC , ?) or of the
form (βC , o) (that is, agreeing in outcome with all nearest cases).

2. Then we will prove that if o = δ̄o (that is, o is the non-default outcome),
then (δC , δo) ̸∈ G (and thus AA-CBR⪰(D,NC) = δ̄o, as envisaged by
the theorem).

3. Finally, by using the fact that AF⪰(D,NC) is well-founded (given that
D is coherent), and thus G is also stable, we will prove that if o =

δo (that is, o is the default outcome), then (δC , δo) ∈ G (and thus
AA-CBR⪰(D,NC) = δo, as envisaged by the theorem).

We will now prove 1-3.

1. By definition G =
⋃

i⩾0Gi. We prove by induction that, for every i, each
argument in Gi is either (NC , ?) or of the form (βC , o). Then, given that
each element of G belongs to some Gi, the property holds for G.

(a) For the base case, consider G0, the set of unattacked cases. Let
β = (βC , βo) be a case in G0. We want to show that, if βC ̸= NC ,
then βo = o. If β is a nearest case, then by assumption we already
have that βo = o. We have then to consider the case where β is non-
nearest. If NC ̸⪰ βC , then NC ̸∼ β (by regularity) and thus (NC , ?)

attacks β, contradicting that β in unattacked. So βC ⪯ NC . As β is
not a nearest case and D is finite, there is a nearest case α = (αC , αo)

such that βC ≺ αC ⪯ NC . By contradiction, assume βo ̸= o. Let
Γ = {γ ∈ Args | γ = (γC , γo), βC ≺ γC ⪯ αC and γo = o}. Notice
that Γ is non-empty, as α ∈ Γ, using again the assumption that
nearest cases have outcome o. Γ is a set of “potential attackers” of
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β, but only ⪯-minimal arguments in Γ do actually attack β. Let
ϵ be such a ⪯-minimal element of Γ.10 By construction, ϵ attacks
β. Thus β is attacked and not in G0 as assumed, a contradiction.
Hence, βo = o, as required.

(b) For the inductive step, let us assume that the property holds for a
generic Gi, and let us prove it for Gi+1. Let β = (βC , βo) ∈ Gi+1\Gi

(if β ∈ Gi, the property holds by the induction hypothesis). (NC , ?)

does not attack β, as otherwise β would not be defended by Gi, as
Gi is conflict-free. Once again, if β is a nearest case, we are done by
the assumption that nearest cases have the outcome o. Otherwise,
β is not a nearest case, and thus there is a nearest case α = (αC , αo)

such that βC ≺ αC ⪯ NC . Again, assume that βo ̸= o. Then let
Γ = {γ ∈ Args | γ = (γC , γo), βC ≺ γC ⪯ αC and γo = o}, with
ϵ a ⪯-minimal element of Γ. Then ϵ attacks β. However, as Gi

defends β, there is then η ∈ Gi such that η attacks ϵ. By inductive
hypothesis, η is either (NC , ?) or η = (ηC , o). The first option is
not possible, as ϵ ∈ Γ, and thus ϵC ⪯ αC , and of course αC ⪯ NC .
Thus, ϵC ⪯ NC and is thus not attacked by (NC , ?) (by regularity).
This means that (ηC , o) attacks ϵ = (ϵC , ϵo). But this is absurd as
well, as ϵ ∈ Γ and thus ϵo = o = ηo. Therefore, our assumption that
βo ̸= o was false, that is, βo = o, as required.

2. If o = δ̄o, the default argument (δC , δo) is not in G, since we have just
proven that all arguments in G other than (NC , ?) have outcome o.

3. If o = δo, then let β be an attacker of (δC , δo), and thus of the form β =

(βC , δ̄o) (again see how regularity is necessary, since otherwise (NC , ?)

could be the attacker). β is not in G and, since G is also a stable
extension, some argument in G attacks β. This is true for any attacker
β of the default argument, and thus the default argument is defended by
G. As G contains every argument it defends, the default argument is in
the grounded extension, confirming that the outcome for NC is δo.

10Note that ϵ is guaranteed to exist, as Γ is non-empty and finite, as otherwise we would be
able to build an arbitrarily long chain of (distinct) arguments, decreasing w.r.t. ≺. However
this would allow a chain with more elements than the cardinality of Γ, which is absurd.
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Example 3.8 (continuing from Examples 3.1 and 3.2). A simple example
of the theorem is considering the casebase of Example 3.1, illustrated in Fig-
ure 3.1a. There is a single nearest neighbour to ({hm, sd}, ?), which is ({hm},+),
and the classification is thus +. Again in the AF in Figure 3.1b the example
is simple: now with the extra past case ({hm, sd},−), it becomes the single
nearest neighbour to ({hm, sd}, ?), causing the outcome to be −. If The-
orem 3.7 tells us is that if this case was instead ({hm, sd},+), the result would
be guaranteed to be +. As for the AF in Figure 3.1c, ({hm},+) and ({hm},−)
are two nearest neighbours to ({hm, sd}, ?). In this situation, Theorem 3.7 does
not guarantee any behaviour, since the two nearest neighbours have conflict-
ing outcomes. A useful consideration is that in much more complicated AFs
it would be unnecessary to compute the entire grounded extension in order to
compute the output of new cases for which there is this agreement in outcome
of nearest neighbours.

The restriction to regularity also gives us another property that will show
itself useful later. This property, which we will present as a lemma, identifies
a “core” subset in the casebase for the purposes of outcome prediction of a new
case: this amounts to all past cases that are less (or equally) specific than the
new case for which the prediction is sought. In other words, irrelevant cases
in the casebase do not affect the prediction in regular AFs.

Lemma 3.9. Let D1 and D2 be two datasets. Let NC ∈ X be a characterisa-
tion, and DiNC

= {α ∈ Di | α ⪯ NC} for i = 1, 2. If D1NC
= D2NC

, then
AA-CBR⪰(D1, NC) = AA-CBR⪰(D2, NC) (that is, AA-CBR⪰ predicts the
same outcome for NC given the two datasets).

Proof. For i = 1, 2, let AFi = AF⪰(Di, NC) and the grounded extensions be
Gi =

⋃
j⩾0G

i
j. We will prove that ∀j : G1

j ⊆ G2
j+1 and G2

j ⊆ G1
j+1, and

this allows us to prove that G1 = G2, which in turn implies the outcomes
are the same. Here we consider only G1

j ⊆ G2
j+1, as the other case is entirely

symmetric. By induction on j:

• For the base case j = 0:

Let α ∈ G1
0. We want to prove that α ∈ G2

1. If α ∈ G2
0, we are done,

as we always have that Gi
j ⊆ Gi

j+1. Else, we will use α ̸∈ G2
0 to show
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that α ∈ G2
1. Since α ∈ G1

0, α is relevant to NC , and thus α ⪯ NC (by
regularity). This in turn implies that α ∈ D2, because D1NC

= D2NC
.

On the other hand, as α ̸∈ G2
0, there is a case β ∈ AF2 such that β ⇝ α.

However, β ̸∈ D1, otherwise α would be attacked in AF1 and thus would
not be in G1

0. But then, since D2NC
= D1NC

⊆ D1, this means that
β ̸∈ D2NC

, thus β ̸⪯ NC . Finally, this means that (NC , ?)⇝ β, and thus
G2

0 defends α. Therefore, α ∈ G2
1, what we wanted to prove.

• For the induction step, from j to j + 1:

Again, if G1
j+1⊆G2

j+1, we are done. If not, there is a α ∈ G1
j+1 \ G2

j+1.
Again we can check that this implies that α ∈ D2. Now, since α ∈ G1

j+1,
then G1

j defends it. But now, by inductive hypothesis, G1
j ⊆ G2

j+1.
Therefore, G2

j+1 also defends α, which implies that α ∈ G2
j+2, as we

wanted.11 This concludes the induction.

To conclude, if we consider α ∈ G1, by definition of G1 there is a j such
that α ∈ G1

j . But since G1
j ⊆ G2

j+1 ⊆ G2, we have α ∈ G2. This proves that
G1 ⊆ G2. The converse can be proven analogously, allowing us to see that
G1 = G2. Thus δ ∈ G1 if and only if δ ∈ G2, from which we conclude that
AA-CBR⪰(D1, NC) = AA-CBR⪰(D2, NC).

Having stated and shown the properties of regularity in AA-CBR⪰ above,
we are ready to discuss the NMR properties of AA-CBR⪰.

3.4 AA-CBR⪰ is not cumulative

Our first main result is about (the lack of) cautious monotonicity of the infer-
ence relation drawn from the classifier AA-CBR⪰(D,NC).

Theorem 3.10. ⊢AA-CBR⪰ is not cautiously monotonic.

Proof. We show a counterexample, choosing X = 2{a,b,c,z}, Y = {−,+}, and
⪯=⊇. Define D = {({a},+), ({c},+), ({a, b},−), ({c, z},−)} and (δC , δo)=
(∅,−) , and two new cases: N1 = {a, b, c} and N2 = {a, b, c, z}.

11It can be easily verified that, if E ⊆ Args defends an argument γ, and E ⊆ E′, then E′

also defends γ.
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Consider now AA-CBR⪰(D,N1) and AA-CBR⪰(D,N2). We can see in
Figure 3.2a that D ⊢AA-CBR⪰ (N1,+) and in Figure 3.2b that D ⊢AA-CBR⪰

(N2,−).
Finally, let us consider AF⪰(D ∪ {(N1,+)}, N2)) in Figure 3.2c. We can

then conclude that D ∪ {(N1,+)} ⊢AA-CBR⪰ (N2,+) even though D ⊢AA-CBR⪰

(N1,+) and D ⊢AA-CBR⪰ (N2,−), as required.

({a, b},−) ({c, z},−)

(∅,−)

({a},+) ({c},+)

({a, b, c}, ?)

(a) AF⪰(D,N1)

(∅,−)

({a},+)

({a, b},−)

({c},+)

({c, z},−)

({a, b, c, z}, ?)

(b) AF⪰(D,N2)

(∅,−)

({a},+)

({a, b},−)

({c},+)

({c, z},−)

({a, b, c},+) ({a, b, c, z}, ?)

(c) AF⪰(D ∪ {(N1,+)}, N2)

Figure 3.2: AFs for the proof of Theorem 3.10, with the grounded extension shaded.

Note that the proof of Theorem 3.10 shows that the inference relation drawn
from the original AA-CBR (i.e. AA-CBR⊇) is also non-cautiously monotonic,
given that the proof’s counterexample is obtained with AA-CBR⊇.

Corollary 3.11. AA-CBR⪰ is not cautiously monotonic.

The corollary is straightforward, since AA-CBR is a particular case of
AA-CBR⪰. Due to our Theorem 3.4, we can also conclude that:

Corollary 3.12. AA-CBR does not satisfy cut, cumulativity, nor rational
monotonicity.
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We can also see that the counterexample amounts to an expansion of Ex-
ample 3.1, as follows.

Example 3.13 (continuing from Example 3.1). Assume that a different type
of crime happened: public offending someone’s honour, which we will call de-
famation (df ). In one case, it was established that the defendant did publicly
damage someone’s honour, and was considered guilty ({df},+). In a sub-
sequent case, even if proven that the defendant did hurt someone’s honour, it
was established that this was done by a true allegation (td), and thus the case
was dismissed, represented as ({df, td},−). What happens, then, if a same
defendant is: 1. simultaneously proven guilty of homicide, of defamation, but
shown to have committed the homicide in self-defence (({hm, df, sd}, ?)); or
2. simultaneously proven guilty of homicide, of defamation, shown to have
committed the homicide in self-defence, and also shown to have committed
defamation by a true allegation (({hm, df, sd, td}, ?))?

We can map these situations to our counterexample in the proof of The-
orem 3.10 by setting a = hm, b = sd, c = df , and z = td. The first question
is answered by the AF represented in Figure 3.2a, with outcome +, that is,
the defendant is considered guilty. The proof of Theorem 3.10 shows that the
answer to the second question in AA-CBR⪰ would depend on whether the
case in the first question was already judged or not. If not, then the cases
({hm, sd},−) and ({df, td},−) would be the nearest cases, and the outcome
would be −, that is, not guilty. However, if the case in the first question was
already judged and incorporated into the case law, it would serve as a coun-
terargument for ({hm, sd},−), and guarantee that the outcome is + (guilty).
Intuitively, this seems strange. This dependence on the order of cases suggests
a problem with how AA-CBR deals with those questions. Of course, a caveat
is that our example is suggestive, since both crimes are typically unconnected,
so an understanding of one should not affect the other. Still, it is strange that
the case in the first question being judged first affects the answer for the case
in the second question.

This example aims only to illustrate an interpretation in which AA-CBR⪰

operates seemingly inappropriately. Whether this behaviour is desirable in
general depends on the intended application and other elements such as the
relation between the characterisations and the partial order (e.g. assumptions
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on interplay between features). We discuss further the issue of desirability of
those properties in legal CBR in the case study (Section 3.6) and also in the
discussion (Section 3.7) that follows it, regarding other legal CBR models.

3.5 A cumulative AA-CBR⪰

We will now present cAA-CBR⪰, a novel, cumulative incarnation of AA-CBR

satisfying cautious monotonicity.

Concise Dataset. Firstly, let us present some general notions, defined in
terms of the ⊢C inference relation from an arbitrary classifier C. Intuitively,
we are after a relation ⊢′C such that if D ⊢C c and D ⊢C d, then D ∪ {c} ⊢′C d

(in our concrete setting, ⊢C=⊢AA-CBR⪰ and ⊢′C=⊢cAA-CBR⪰). We also want the
property that, whenever D is “well-behaved” (in a sense to be made precise
later), D ⊢C s iff D ⊢′C s. In this way, given that D ⊢′C c and D ⊢′C d, then
we would conclude D ∪ {c} ⊢′C d, making ⊢′C a cautiously monotonic relation.
We will define ⊢′C by building a subset of the original dataset in such a way
that cautious monotonicity is preserved. We start with the following notion of
includable examples:

Definition 3.14. An example (x, y) ∈ X × Y is surprising w.r.t. D iff
D \ {(x, y)} ̸⊢C (x, y) and sufficient w.r.t. D iff D ∪ {(x, y)} ⊢C (x, y). Ad-
ditionally, an example (x, y) ∈ X × Y is includable w.r.t. D iff it is both
surprising and sufficient w.r.t. to D.

The definition of includable example has two parts: that the example is
surprising, in the sense that, without it, the predicted outcome would be dif-
ferent, and that it is sufficient, in the sense that adding it makes it inferrable.
While we propose the definitions above for technical reasons that will soon be
explained, we can attribute a legal intuition to those concepts. A case being
surprising w.r.t. a casebase means that, if it were not in the casebase, it would
not be predicted as such. Legally this case is in some sense innovative, perhaps
for being of first impression (that is, not bound by precedent), or for contra-
dicting previous case law (as in the case of overrulings). As for the notion of
sufficient, it means that the case being in the casebase guarantees its outcome.
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This can be seen as a form of stare decisis, but also that the case has not been
overruled by another case in the casebase. Also notice that if there is a pair of
incoherent cases in a casebase, both cannot be sufficient at the same time.

We then define the notion of concise subsets, amounting to includable
examples only:

Definition 3.15. Let D ⊆ X × Y be a dataset, D′ ⊆ D, and let φ(D′) =

{(x, y) ∈ D | (x, y) is includable w.r.t. D′}. Then D′ is concise w.r.t. D

whenever it is a fixed point of φ, that is, φ(D′) = D′.

To illustrate in the context of AA-CBR, consider D from which the AF
in Figure 3.2c is drawn. D is not concise w.r.t. itself, since ({a, b, c},+) is
not includable w.r.t. D (indeed, D \ {({a, b, c},+)} ⊢AA-CBR⪰ ({a, b, c},+),
see Figure 3.2a). Also, D′ = D \ {({a, b},−), ({a, b, c},+)} is not concise
either (w.r.t. D), as ({a, b},−) is includable w.r.t. D′ (the predicted outcome
being +), but not an element of D′. The only concise subset of D here is
D′′ = D \ {({a, b, c},+)}.

Again, one can think of our motivation for considering concise subsets of a
casebase as mainly technical, as we will now give a semi-formal account of how
to build a cautiously monotonic system via the use of concise subsets. This
account we will later formalise fully. However, one can also think in legal terms
of a concise subset of a casebase as a subset of past cases in which every case is
innovative, that is, brings new legal content (since the case is surprising), and
also if this case were to reoccur, it would be decided in the same way (that
is, the case still has value as a precedent, and has not been, e.g., overruled).
At a more intuitive level, this could be seen as filtering all past cases into a
subset of cases that capture current case law. However, we will not stretch
this analogy further since it is not our goal here to give a formal connection
between the proposed concepts and the legal value of stare decisis.

Let us now consider D′ ⊆ D, for a dataset D. If D′ is concise w.r.t. D,
(x, y) ∈ (X × Y ) \ D is an example not in D already and D′ ⊢C (x, y), then
(x, y) is not includable w.r.t. D′, and thus D′ is still concise w.r.t. D∪{(x, y)}.
Now, suppose that there is exactly one such concise D′ ⊆ D w.r.t. D (let
us refer to this subset simply as concise(D)). Then, it seems attractive to
define ⊢′C as: D ⊢′C (x, y) iff concise(D) ⊢C (x, y). Such ⊢′C inference relation
would then be cautiously monotonic if concise(D) = concise(D ∪ {(x, y)}).
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To see that, consider (x′, y′) ∈ X × Y such that D ⊢′C (x′, y′). Then, since
concise(D) = concise(D∪{(x, y)}), for our new ⊢′C, D and D∪{(x, y)} would
infer the exact same sentences, thus D ∪ {(x, y)} ⊢′C (x′, y′). This equality is
indeed guaranteed given that (x, y) ̸∈ D, thus it is not includable, and then
a concise subset of D is still a concise subset of D ∪ {(x, y)} (otherwise, if
(x, y) ∈ D, the equality would be trivial). Note that concision is too strong a
property here: all that is needed is that a subset D′ is selected such that every
case in it is surprising w.r.t. D′ itself. However, concision implies that as many
cases are added as possible, while restricting to the ones that guarantee their
outcomes.

In the remainder, we state uniqueness and give an algorithm that constructs
concise(D), in the case of AA-CBR⪰. If D is incoherent, there might be no
concise subset thereof, but our method will still be useful, as we discuss later.

Uniqueness and Algorithm. We first give an important property of con-
cise subsets in AA-CBR⪰:

Theorem 3.16. For AA-CBR⪰, if there is a concise D′ ⊆ D w.r.t. D then
it is unique.

Proof. To arrive at a contradiction, let D′ and D′′ be distinct concise subsets
of D. Let then (x, y) ∈ (D′\D′′)∪(D′′\D′) (the symmetric difference between
D′ and D′′) such that (x, y) is ⪯-minimal in this set. It exists since the sets
are different (there is at least one element in one of the sets and not in the
other) and this set is finite. Then we have that:

{(x′, y′) ∈ D′ | (x′, y′) ≺ (x, y)} =

{(x′, y′) ∈ D′′ | (x′, y′) ≺ (x, y)},

otherwise (x, y) would not be minimal in the symmetrical difference.

Without loss of generality, consider (x, y) ∈ D′ (and thus (x, y) ̸∈ D′′). Let
ȳ be the opposite outcome to y, that is, ȳ ∈ Y and ȳ ̸= y. It is straightforward
to check that (x, ȳ) ̸∈ D′, otherwise D′ would not be concise, since one of (x, y)
and (x, ȳ) would not be includable.
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Algorithm 1: simple_add for AA-CBR⪰.
Input: An AA-CBR⪰ framework (Args ,⇝) and a case n = (nC , no)
Output: A new AA-CBR⪰ (Args ′,⇝′) framework

1 DEF ← {(x, y) ∈ AF⪰(Args, nC) |
2 (x, y) ̸= (nC , ?) and
3 (nC , ?) defends (x, y) in AF⪰(Args, nC)};
4 Args ′ ← Args ∪ {n};
5 ⇝′← (⇝ ∪{(n, a) | a = (aC , ao), a ∈ DEF , and ao ̸= no});
6 return (Args ′,⇝′)

If we have that (x, ȳ) ̸∈ D′′, then with the equality above we conclude that

{β ∈ D′ \ {(x, y)} | βC ⪯ x} = {β ∈ D′′ \ {(x, y)} | βC ⪯ x}

and

{β ∈ D′ ∪ {(x, y)} | βC ⪯ x} = {β ∈ D′′ ∪ {(x, y)} | βC ⪯ x}.

Thus, by Lemma 3.9, D′\(x, y) ⊢AA-CBR⪰ (x, y) if and only if D′′\(x, y) ⊢AA-CBR⪰

(x, y). Thus (x, y) is surprising w.r.t. D if and only if it it is surprising w.r.t.
D′. At the same time, also by Lemma 3.9, D′ ∪ (x, y) ⊢AA-CBR⪰ (x, y) if and
only if D′′ ∪ (x, y) ⊢AA-CBR⪰ (x, y). This way, (x, y) is sufficient w.r.t. D if
and only if it it is sufficient w.r.t. D′. Therefore, (x, y) is includable to D′

if and only if it is includable to D′′, which contradicts D′′ being concise, since
D′′ would be lacking a includable case, as (x, y) ̸∈ D′′.

Now let us consider the situation in which (x, ȳ) ∈ D′′. Suppose that
y = δo, that is, it is the default outcome. We can see that D′ \ {(x, ȳ)} = D′

and D′ ̸⊢AA-CBR⪰ (x, ȳ). Still, D′ ∪ {(x, y)} ⊢AA-CBR⪰ (x, ȳ), since it would
create an incoherence, making the outcome be non-default. Therefore (x, ȳ) is
includable to D′, yet not a member of it, contradicting D′ being concise. The
case for ȳ = δo instead is analogous, checking that (x, y) is includable to D′′

yet not a member of it. Therefore, for any possibility, the assumption of more
than one concise subset of D leads to an absurdity, and thus we conclude there
is at most one concise subset.

The procedure for finding this unique concise(D) (if it exists) is integrated
within Algorithm 2, using in turn Algorithm 1. If concise(D) does not exist,
the algorithm will still return some D′ ⊆ D consisting only of surprising ex-
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Algorithm 2: Setup/learning for cAA-CBR⪰.
Input: A dataset D
Output: A subset D′ of D, an AF cAA-CBR⪰(D)

1 unprocessed← D;
2 Args← {(δC , δo)};
3 ⇝← ∅;
4 D′ ← ∅;
5 while unprocessed ̸= ∅ do
6 stratum← {α ∈ unprocessed | α is ⪯ -minimal in unprocessed};
7 unprocessed← unprocessed \ stratum;
8 to_add← ∅;
9 for α ∈ stratum do

10 (αC , αo)← α;
11 if AA-CBR⪰(D

′, αC) ̸= αo then
// the outcome for αC w.r.t. (Args ,⇝) is not αo

12 to_add← to_add ∪ {α};
13 for α ∈ to_add do
14 (Args,⇝)←simple_add((Args,⇝), α);
15 D′ ← Args \ {(δC , δo)};
16 return D′, (Args,⇝)

amples w.r.t. D′ (in fact, Algorithm 2 returns both this subset and the AF
mined from it, for ease of use). The main idea behind the algorithm is simple:
we start with the default argument, and progressively build the AF by adding
cases from D by following the partial order ⪯. Before adding a past case, we
test whether it is includable or not w.r.t. the dataset underpinning the current
AA framework: if it is, then it is added; otherwise, it is not. More precisely,
the algorithm works with strata over D, alongside ⪯. In the simplest setting
where each stratum is a singleton, the algorithm works as follows: starting with
D0 = ∅ and the entire dataset D = {di}i∈{1,...,|D|} unprocessed (lines 1-4), at
each step i (loop in line 5), we obtain either Di = Di−1 ∪ {di}, if di is includ-
able w.r.t. Di−1, or Di = Di−1, otherwise (lines 9-15). Then D̂ = D|D| ⊆ D

is the first output of the algorithm and the AF mined from D̂ is the second
output. Each example of the current stratum is tested for “includability” with
respect to the same (current) subset Di, and only the includable examples are
added to it. However, it turns out that testing for surprise is enough for this
verification, since every Di is coherent, and thus every example is surprising
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with respect to Di. We illustrate the application of the algorithm next.

Example 3.17. Once more consider the dataset D = {({a},+), ({c},+),

({a, b},+), ({c, z},+), ({a, b, c},+)} in Figure 3.2c, as well as the definitions
used in the proof of Theorem 3.10 for X, Y , (δC , δo) and ⪯. Let us ex-
amine the application of Algorithm 2 to it. We start with an AA frame-
work AF0 consisting only of (δC , δo), that is, D0 = ∅, AF0 = AF⪰(D0) =

AF⪰(∅) = ({(∅,−)},∅) (lines 1-4). The first stratum would be stratum1 =

{({a},+), ({c},+)} (line 6). Of course, then, we have AA-CBR⪰({(∅,−)},
{a}) = −, and similarly for ({c}, ?). Thus, every argument in stratum1 is in-
cludable, and is then included in the next AF , resulting in D1 = ({a},+), ({c},+)

and AF1 = AF⪰(D1) (lines 13-15). Now, the second stratum is stratum2 =

{({a, b},−), ({c, z},−)} (back in line 6). We can verify that AA-CBR⪰(D1, {a, b}) =
+ and AA-CBR⪰(D1, {c, z}) = +. As a result ({a, b},−) and ({c, z},−) are
both includable, and then included in the next step, that is, D2 = D1 ∪
{({a, b},−), ({c, z},−)}, and AF2 = AF⪰(D2) (line 13). Finally, stratum3 =

{({a, b, c},+)} (line 6). Now we verify that ({a, b, c},+) is not includable, be-
cause AA-CBR⪰(D2, {a, b, c}) = + (line 11). Therefore, it is not added to the
AA framework, that is, D3 = D2 and thus AF3=AF⪰(D3)=AF⪰(D2)=AF2.
Now unprocessed = ∅ (breaking the loop in line 5), and the selected subset
is D3, with corresponding AF⪰(D3) = AF3, and we are done. Note that using
cAA-CBR⪰ the counterexample in the proof of Theorem 3.10 would fail, since
({a, b, c},+) would not have been added to the AF.

Note that, if D is coherent, we could have defined the algorithm equivalently
by looking at cases one-by-one rather than grouping them in strata. However,
using strata still has the advantage of allowing for parallel testing of new
cases. If D is incoherent, then using strata is necessary, otherwise the wrong
case could be selected from an incoherent pair of cases.

A full complexity analysis of the algorithm is outside the scope of this
work. However, note here that the algorithm refrains from building the AA
framework from scratch each time a new case is considered. Still regarding Al-
gorithm 1, note that it is easy to compute the set DEF when checking whether
the next case is includable or not, thus we could optimise its implementation
with the use of caching. Besides, the subset of minimal cases (that is, the
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stratum) can be extracted efficiently by representing the partial order as a dir-
ected acyclic graph and traversing this graph breadth-first. Finally, the order
in which the cases in the same stratum are added does not affect the outcome.
Thus, each case in the same stratum can be safely tested for includability in
parallel.

Definition of cAA-CBR⪰.

Theorem 3.18. Let D′ be the dataset returned by Algorithm 2. Then for every
α ∈ D′, α is surprising w.r.t. D′. Additionally, if D has a concise subset, D′

is its unique concise subset. In particular, there is always a concise subset if
D is coherent.

As the proof is more involved, it is presented in Appendix A (Section A.1).
We cannot generalise the existence result for any D: consider the (incoherent)
counterexample when D = {({a},+), ({a, b},−), ({a, b},+)}, for AA-CBR⊇.
None of its subsets is concise. Still, our algorithm returns the subset {({a},+),

({a, b},−)}, which is coherent and consists only of surprising examples.
To conclude, we can then define inference in cAA-CBR⪰, the classifier

yielded by the strategy described until now:

Definition 3.19. Let D be a dataset and D′ be the subset of D identified by
Algorithm 2. Let cAF⪰(D,NC) be the AF mined from D′ and (NC , ?), with
default argument (δC , δo). Then, cAA-CBR⪰(D,NC) stands for the outcome
for NC , given cAF⪰(D,NC).

Thus, we directly obtain the inference relation ⊢cAA-CBR⪰ . Then, cAA-CBR⪰

amounts to the form of AA-CBR using this inference relation. It is easy to see,
using Theorem 3.16 and in line with the discussion before it, that cAA-CBR⪰

is cautiously monotonic:

Theorem 3.20. ⊢cAA-CBR⪰ is cautiously monotonic.

Corollary 3.21. ⊢cAA-CBR⪰ is satisfies cut, cumulativity, and rational mono-
tonicity.

The corollary is straightforward from Theorem 3.4.
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Incoherence. An important additional property of cAA-CBR⪰ is that it
naturally accommodates a way to handle incoherences in the dataset. Dur-
ing the execution of Algorithm 2, an incoherent pair of cases would be con-
sidered at the same stratum. As every characterisation receives an outcome in
a cAA-CBR⪰ framework, and exactly one, then if there is an incoherent pair
in the dataset, one of its examples would be includable while the other would
not. Therefore, only the includable example becomes an argument in the AA
framework. Although an incoherent dataset may not have a concise subset,
this approach finds a coherent subset which always chooses among one of the
conflicting examples, using includability as the criterion for choice.12 As an
example, consider again Figure 3.1c. Following Algorithm 2, we see that in
the first while loop both ({hm},+) and ({hm},−) are in the stratum. Since
the default outcome is −, ({hm},+) is a surprising case w.r.t. ∅ and thus
is added, while ({hm},−) is not and thus is not added, and the algorithm
terminates.

Theorem 3.22. The dataset returned by Algorithm 2 is coherent.

Proof. Assume D is incoherent, and thus there are at least two cases with the
same characterisation and different outcomes, namely, (αC , δo) and (αC , δ̄o).
Then during the execution of Algorithm 2, (αC , δo) and (αC , δ̄o) occur in the
same stratum, that is, they are in stratum in the same while loop. This is
clear since they share the same characterisation, and (αC , δo) is ⪯-minimal if
and only if (αC , δ̄o) is. At this point, there is a current AF, and the predicted
outcome for αC is either δo or δ̄o. If the former, (αC , δ̄o) is added to to_add,
while (αC , δo) is not, and if the latter, the opposite happens. Thus only one of
them is indeed added to the AF, and thus the dataset underpinning the AF
when Algorithm 2 terminates is coherent.

Note that since now a coherent subset is used as basis for the inference,
whenever the default case is not in the grounded extension, it will be attacked
by a case which is in it.13 Thus we have a “principled” way of dealing with
incoherences, in which the includable example is always kept.

12Indeed, from this reasoning one can also see that every concise subset is also coherent.
13In more detail, this is so since the AF would be well-founded, and thus every argument

outside the grounded extension would be attacked by it (see Dung, 1995).
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Spikes. An inconvenience in AA-CBR⪰ is the presence of cases in the AF
which do not reach the default case. While part of the AF, they do not affect
whether the default case (δC , δo) is or not in the grounded extension, and thus
the outcome. Formally, these cases can be defined as follows, for AA-CBR⪰

as well as cAA-CBR⪰:

Definition 3.23. Let (Args ,⇝) = AF⪰(D,NC) or (Args ,⇝) = cAF⪰(D,NC),
and α ∈ D ∩Args . Then, α is a spike iff there is no path in (Args ,⇝) from α

to (δC , δo).

As a simple example, consider the casebase in Figure 3.2c, and add ({b},−)
to it. It would be attacked by ({a, b, c},+), but it would attack no other
argument. Thus, ({b},−) would not reach any other argument and would,
then, be a spike.

Spikes are unhelpful, since their presence is entirely superfluous, that is,
they can be removed with no change in outcome, for any new case.

Theorem 3.24. Let (Args ,⇝) = AF⪰(D,NC) and α ∈ D ∩ Args be a spike.
Then AA-CBR⪰(D \ {α}, NC) = AA-CBR⪰(D,NC).

Thus, a useful step in practice is removing spikes from the AF when visu-
alising or storing (e.g. for caching), since the AF may become significantly
leaner (indeed, we do this in the case study in Section 3.6).

Instead, cAA-CBR⪰ shows no spikes, by construction, given that spikes
are not includable, and thus are not added to cAF⪰(D,NC).

Theorem 3.25. Let (Args ,⇝) = cAF⪰(D,NC). Then, there are no spikes in
Args.

We prove both theorems above in Appendix A (Section A.2).

3.6 Case study

We now explore, as a case study for our cAA-CBR⪰ approach, the U.S. Trade
Secrets domain, frequently discussed in the AI and law literature (Rissland
and Ashley, 1987; Brüninghaus and Ashley, 2003; Bench-Capon, 2017). This
area of law deals with misappropriation of commercially relevant information
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Figure 3.3: Resulting AA framework for the U.S. Trade Secrets casebase, with two
new cases added. Each case in the original dataset yields possibly many arguments,
each argument represented by its factors and outcomes. Some of the factors are:
F 1
∆: the plaintiff disclosed its product information in negotiations with defendant;

F 21
Π : defendant obtained plaintiff’s information although he knew that plaintiff’s

information was confidential F 18
Π : defendant’s product was identical to plaintiff’s.

For a full list of factors with their respective descriptions, see B.1, in Appendix B.

that, allegedly, should not have been available or used by another party. The
stereotypical scenario is of a company, the plaintiff, suing another, the defend-
ant, claiming that such misappropriation happened, resulting in economic loss
for the plaintiff.

In this setting, each case is represented by the factor-based analysis presen-
ted in Section 2.2.2. We will quickly recapitulate it. Cases are represented by
factors each supporting either plaintiff or defendant, and an outcome, which
may be a win for plaintiff (Π) or defendant (∆). Formally, each such case is of
the form (FΠ ∪ F∆, o) where FΠ are the factors supporting the plaintiff, F∆,
the defendant, and o ∈ {Π,∆} is the case outcome. Example of pro-plaintiff
factors are that the information was about a product which was unique, in
the sense that only the plaintiff manufactured this product (F 15

Π ), and that
the defendant knew that the information was confidential (F 21

Π ), while some
pro-defendant factors are that the plaintiff disclosed the information in negoti-
ations with the defendant (F 1

∆), and that the plaintiff disclosed the information
in a public forum (F 27

∆ ). For this case study, we use the publicly available 32
cases considered in previous literature (Chorley and Bench-Capon, 2005; Al-
Abdulkarim et al., 2015a; Al-Abdulkarim, 2017; Grabmair, 2016). The full list
with their descriptions can be found in Appendix B, Table B.1.

Since factors are polarised representations, that is, they indicate a side, we
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would lose information in treating them simply as features of AA-CBR⊇. It
is necessary to incorporate the idea that, if a case is in favour, for instance,
of the plaintiff, then removing one of its pro-defendant factors should still
decide the same outcome. This is the idea of a case being constrained, as
typical in the literature of precedential constraint in AI and law (Horty and
Bench-Capon, 2012; Horty, 2019; Prakken, 2021; Prakken and Ratsma, 2022b)
and presented in Section 2.2.2. We accommodate this idea by changing the
representation of cases. Formally, if a case is (FΠ, F∆, o), then it yields the
following set of AA-CBR cases: {(FΠ ∪ Y,Π) | Y ⊆ F∆}, if o = Π; and
{(F∆ ∪ Y,∆) | Y ⊆ FΠ}, if o = ∆. That is, a single case becomes multiple
cases w.r.t. AA-CBR. Even though this is not a compact representation
(indeed, in the worst-case it is exponential in the number of factors), we only
aim to show how AA-CBR and cautious monotonicity applies in this domain,
not to provide a scalable representation. This limitation might not be severe in
practice since the more expensive step is learning, that is, building the AF. If
most of the cases created by this multiplicity are spikes and those are removed
when building the AF, a one-off task, then this may not translate into a serious
problem in inference time. Alternatively, it may be possible to search for
potential conflicts or interactions between cases in a way that the correctness
is guaranteed without constructing the entire power set of features.14 Still,
whether those measures are sufficient to deal with the problem or whether this
scalability problem is a real limitation are matters to be explored empirically
and beyond our current scope.

In order to give an appropriate comparison of the resulting AF of both
AA-CBR⪰ and cAA-CBR⪰, we remove spikes in the AA-CBR⪰ AF. This
makes a more appropriate comparison to cAA-CBR⪰. It turns out that, for
this casebase, the resulting AF is the same for both AA-CBR⪰ and cAA-CBR⪰,
and shown in Figure 3.3. That is, the resulting casebase (with spikes removed)

14For a concrete idea of what we mean by this, assume a scenario where there is a case with
many pro-plaintiff factors, a single pro-defendant factor, and the outcome is pro-defendant.
In our approach, every subset of the pro-plaintiff factors would yield an extra case repres-
entation in AA-CBR⪰. This is the exponential complexity we are discussing. However, if
none of those factors occur in other cases, then simply adding a single case containing no
pro-plaintiff factor and the single pro-defendant factor would correctly capture the desired
precedential constraint behaviour, assuming a fixed casebase. Whether this insight can be
properly generalised is an open issue.

91



is already concise with respect to itself. Arguably this could be seen as suggest-
ing that an “adequate” legal casebase is such that cautious monotonicity (and
indeed, cumulativity) is not violated on it; or that an adequate representation
of case law is such that the casebase is concise. However, this is too small a
case study to allow for any strong conclusions. It could be, for instance, only
an artefact of the manually crafted representation.

This coinciding result does not mean that using cAA-CBR⪰ and AA-CBR⪰

would be equivalent in every sense. We will now show that AA-CBR⪰ could
be manipulated in a dynamic way due to its violation of cautious monoton-
icity, while cAA-CBR⪰ cannot. Consider the following new cases N1C =

({F 1
∆, F

18
Π , F 19

∆ , F 21
Π , F 23

∆ }, ?) and N2C = ({F 1
∆, F

10
∆ , F 18

Π , F 19
∆ , F 21

Π , F 23
∆ }, ?). We

can think in terms of two cases an attorney needs to argue, and would like
to have a specific outcome, for instance, pro-plaintiff (Π). We will also as-
sume that the system acts as (or models) a judge or court and respects a form
of stare decisis, in that cases it has decided are added back to its casebase,
since they must now be considered settled as well. For N1C , the predicted
AA-CBR⪰ outcome is Π. For N2C , it is ∆. However, when adding (N1C ,Π)

to the casebase, the AA-CBR⪰ outcome of N2C then changes to Π (this can
be quickly seen in Figure 3.3 by noticing that (N1C ,Π) would then attack
({F 18

Π , F 19
∆ , F 27

∆ },∆)). In terms of the domain, a new case, N1C , which brings
no different reason for change of the case law (be it distinguishing, change
of social values, among others), indeed changes the system, as proved by the
change in N2C . This implies our attorney in consideration, with no innova-
tion in reasons, could achieve a desired outcome in N2C by simply presenting
it after N1C is judged. Thus, presenting the cases in different orders would
necessarily change the results, even if no new element is introduced, such as
considerations of value, policy, or change of legislation. This is not the case for
cAA-CBR⪰. It is straightforward to check that (N1C ,Π) is non-includable,
and thus adding it to the casebase would not change the AF mined from this
dataset using cAA-CBR⪰.

Notice this issue is not an attack only on AA-CBR⪰, but on any CBR
system that violates cautious monotonicity. The essence of the attack is, given
a CBR classifier with corresponding inference relation ⊢ that violates cautious
monotonicity, then, by definition, there is a dataset (i.e. a casebase) D and two
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cases with respective outcomes (x, y), (x′, y′) such that D ⊢ (x, y), D ⊢ (x′, y′)

but (without loss of generality) D ∪ {(x, y)} ̸⊢ (x′, y′). The implication of this
is that if an attorney is in a situation in which the current casebase is such that
there is this pair of cases, attorney may manipulate, in the way seen above.
If the outcome y′ is desired, simply present x′ first. Otherwise, present case x

first, and the outcome is guaranteed to not be x′ anymore. That is, the attack
is valid.

We can also discuss an impact of the violation of cut that is particularly
relevant to legal CBR. One of the original motivations of the influential system
HYPO, giving its name, is reasoning with hypotheticals (Ashley, 1991; Bench-
Capon, 2017). For example, HYPO employs heuristics in order to suggest
possible hypotheticals that could strengthen or weaken the argument of a side.

The relation between cut and hypotheticals is that a hypothetical can be
seen as a form of multi-step reasoning. In the more general scenario: if a CBR
system with inference relation ⊢ violates cut, then there is a casebase D and two
cases with respective outcomes (x, y), (xhyp, yhyp) such that D ⊢ (xhyp, yhyp),
D ∪ {(xhyp, yhyp)} ⊢ (x, y) but (without loss of generality) D ̸⊢ (x, y). As our
naming suggests, the issue here is that from the initial knowledge we can assert
for some initial hypothetical xhyp a (hypothetical) outcome yhyp. Accepting
the hypothetical with its outcome (xhyp, yhyp), then, would amount to adding
it to the initial casebase, having thus D ∪ (xhyp, yhyp). If from this addition
the solution of a case is achieved (D ∪ {(xhyp, yhyp)} ⊢ (x, y)), violating cut
means that, without the hypothetical being confirmed, this new case x would
not be given this solution y. This suggests an arbitrariness on the usage of
hypotheticals: they would only imply into a solution for a new problem in
case they are verified. That is, this hypothetical would only make an effect on
(x, y) when it stops being a hypothetical and become an actual case that has
happened and has already been judged15.

Even worse is that, if this inference relation is complete, e.g. by following
our Definition 3.3, then this actually means that x would be given a differ-
ent solution, due to completeness. That is, without the hypothetical being
confirmed, x would have a solution, but by its confirmation x would have

15The connection between hypotheticals and cut is not new, and it has raised similar
considerations in the context of deontic logic, under the name of detachment, instead of cut
(Greenspan, 1975).
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a different solution. Indeed, this is what happens with AA-CBR⪰, using a
simple modification of the cautious monotonicity problem above: the outcome
for N1C is Π, and using N1CΠ as a hypothetical leads AA-CBR to give out-
come Π to N2C . However, without adding this hypothetical, outcome for N2C

is ∆.

3.7 Discussion

An important element for the occurrence of incoherence in a dataset is the
representation of the cases themselves. That is, an insufficiently expressive
knowledge representation risks conflating otherwise distinct cases, giving rise
to incoherence if they have different outcomes. We should not think this
is a matter left entirely to a human user, which would model a dataset by
hand. If cases are thought as being originated from previous processes, such
as automatic extraction of features by a natural language processing system,
as previously done with AA-CBR (Cocarascu et al., 2020b), it is expected
that representations could fail in this way, and thus treatment of incoherence
is indeed necessary.

Our treatment of factors (features for and against) in the case study is
non-scalable in general, dictated by the restrictions imposed by the structure
of AA-CBR. Factors are subject to much research since their appearance in
the work of Aleven (2003b), and making AA-CBR more suitable for dealing
with them is a topic left for future work, with argumentation-based treatment
of them for CBR already occurring in recent research, such as in the work of
Prakken and Ratsma (2022b). Another knowledge engineering element also
beyond the scope of this work is background knowledge not included in the
cases themselves, frequent in the legal CBR literature in the form of a (typically
hand-built) domain model, enriching the factor representation (Aleven, 2003b;
Ashley and Brüninghaus, 2009; Al-Abdulkarim et al., 2016; Grabmair, 2017b).
On the one hand, a model that depends on formally represented background
knowledge is subject to the challenge of the knowledge acquisition bottleneck,
which is the challenge and high cost of extracting and representing knowledge
in a format amenable to symbolic reasoning (Hitzler et al., 2020). On the other
hand, being able to use background knowledge allows the reuse of high-quality
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knowledge derived from, or curated by, human experts, which may be hard
to extract (reliably) from data only. In the case of (regular) AA-CBR, it is
assumed that every relevant knowledge engineering aspect is captured by the
partial order, case representations, and default argument. In some scenarios,
this may be sufficient for performance in an application, as is the case in the
learning of the partial order that will be presented in the following Chapter 4.
However, this is not the case in general, and it is a limitation of this work
that we do not currently have a systematic way of incorporating background
knowledge of different forms in AA-CBR, since knowledge engineering in gen-
eral can be a challenging task. A step towards overcoming this limitation is
existing work that uses AA-CBR for revising undesirable effects of rule-bases
represented as logic programs (legal debugging), thus effectively using together
CBR and rule-bases (Fungwacharakorn et al., 2021; Fungwacharakorn et al.,
2022).

Notwithstanding this literature, the implications of cumulativity (and its
constituent properties, cautious monotonicity and cut), or of the lack of it to
legal reasoning have remained largely unexplored, particularly on CBR scen-
arios. We discuss in Section 3.6 an unexpected consequence of violating it,
namely, manipulability of outcomes by leveraging on the order of presenta-
tion of new cases, and of violating cut, the requirement of confirmation of
hypotheticals so that they can directly influence reasoning. We illustrate both
violations with the case study. Of course, further exploration of the relations
between CBR in law and properties of non-monotonic reasoning systems is still
required and left to future work.

This does not mean those properties have not been discussed at all. Prakken
(1997) and Prakken and Modgil (2018) critically discuss cautious monotonicity
as well as cumulativity, but in non-monotonic reasoning more generally, not for
CBR nor in a legally motivated context specifically. The discussion is based on
a example in structured argumentation with default logic (respectively, with
ASPIC+) which violates cumulativity. This happens since, when a defeasible
conclusion in the example is raised to fact, a new argument previously unavail-
able then makes a previous defeasible conclusion unjustified. An interesting
investigation would be verifying if CBR languages modelled on top of a lan-
guage such as ASPIC+ (for instance Prakken et al., 2015a) would have a CBR
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version of the violation of cumulativity.

In discussing casebase dynamics in the reason model of precedential con-
straint, Horty and Bench-Capon (2012) found out that “simply following a
precedent rule can lead to a change in the law”. One may be led to believe
this is an affirmation that an adequate modelling of case law is not cautious
monotonic. However, this is not necessarily so. They show that following
a rule originated from previous cases may make a decision maker unable to
distinguish a new case. That is, merely following a past rule in a case may
strengthen the precedential constraint of it, but - and this is the crucial point
- we can verify that it would not make a new case previously constrained to an
outcome to be constrained to a different outcome. Besides, this effect is only
possible if the decision maker is not constrained to an outcome in the changing
case, that is, it would have been still possible to distinguish consistently, but
the decision maker made the choice of following the rule.

We have not investigated the satisfaction of NMR properties on other types
of classifiers (including CBR). Amgoud and Beuselinck (2022) show the in-
compatibility between cautious monotonicity and a principle they call strong
coherence, amounting to a fuzzy rule constraining the similarity in outputs to
be bounded below by the similarity in inputs. This depends on two similarity
functions, at input and output level respectively, and on the idea that they
in a sense correspond. This is not (at least immediately) applicable to CBR
models in general, especially ones that do not use a symmetrical notion of
similarity. In AA-CBR and in legal CBR in general, an asymmetric notion
of relevance or strength is used instead. This is what captures notions of,
respectively, specificity and a fortiori arguments. Still, it is another step to
bridging the connection between CBR and NMR. As a small comment, we can
show that 1-NN (that is, kNN with k = 1, see Section 2.2.3) is not cumulative,
since it is not cautiously monotonic. For instance, in a simple example of two
input points in Rn with different outputs, consider a third point which is a
convex combination of the original two. Adding such point with its 1-NN pre-
diction to the dataset, it can be see that the decision boundary would change,
thus it is not cautiously monotonic. Exploring whether this argument can be
generalised to kNN is, as far as we know, an open question.
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3.8 Summary

We have proposed and studied regular AA-CBR⪰ frameworks, and proposed
a new form of AA-CBR, denoted cAA-CBR⪰, which is cautiously monotonic
and, as a by-product, cumulative and rationally monotonic. We also show
that it results in a principled way of dealing with incoherence in casebases,
something which AA-CBR⪰ lacks. Given that AA-CBR⪰ admits the ori-
ginal AA-CBR⊇ (Čyras et al., 2016a) as an instance, we have (implicitly) also
defined a cautiously monotonic version thereof.

(Some incarnations of) AA-CBR have been shown successful empirically in
a number of settings (Cocarascu et al., 2020b). The formal properties we have
considered in this chapter do not necessarily imply better empirical results at
the tasks in which AA-CBR has been applied. In the next chapter, we will
carry out an empirical comparison between AA-CBR⪰ and cAA-CBR⪰. Other
issues open for future work but unexplored in this thesis are comparisons w.r.t.
learnability (such as what can be said in general regarding model performance
in the presence of noise; or about stability (Leen et al., 2001)), as well as a full
complexity analysis of the new model. Also, we conjecture that the reduced
size of the AF our method generates could possibly have advantages in terms
of time and space complexity: we leave investigation of this issue to future
work.
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Chapter 4

Learning Relevance in Case-Based
Reasoning

Important aspects for any concrete implementation of AA-CBR are the repres-
entation of the data (to which we refer as characterisation, following Cocarascu
et al. (2020b); see Section 2.2.1) and, crucially, the partial order ⪯ on the set
of characterisations, which until now we have assumed given. This partial or-
der captures the idea of relevance of past cases for a new case, as well as of
specificity among past cases, in the case of regularAA-CBR (Definition 3.5).

In this chapter, we will discuss ways of defining this partial order. In par-
ticular, we are interested in learning the partial order from data. This would
allow one to deploy AA-CBR to a wider scope of problems, instead of re-
quiring a hand-constructed order. This carries three desiderata: 1) that the
learned partial order results in a good performance; 2) that it is human inter-
pretable, at least to a point; 3) that the methodology is as broadly applicable
as possible. We here present a method for learning a partial order from tabu-
lar data using features extracted from decision trees trained on this same data
(Section 4.2). We also present preliminary results on a novel approach using
neural networks, in particular, autoencoders, in order to extract the partial
order (Section 4.3). We show empirical results, what also allows for a com-
parison between AA-CBR⪰ and cAA-CBR⪰, our new variant (Section 4.4).
The experiments are carried out on the the COMPAS dataset (Larson et al.,
2016), a dataset on prediction of recidivism, that is, on prediction of whether
a criminal will re-offend (Dieterich et al., 2016).
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4.1 Motivation

Using AA-CBR as an approach requires defining a characterisation of the data
and a partial order ⪯ on the set of characterisations. The intuition of this
partial order is that when α ⪯ β, then β is in a sense exceptional to, or more
informative than, α. The other side of this coin is that α matters to deciding
about β. When two cases are not comparable in this order (that is, neither α ⪯
β nor β ⪯ α), this means that one cannot be used for deciding the other, since
they are about different issues, broadly speaking. A special characterisation
is the default characterisation. Intuitively, if the default argument is rejected
in deciding a case, it should not because it is irrelevant (after all, it is the
default, what happens in the lack of any information), but because an exception
applies that in a sense “overrules” the default. Following those intuitions is
the motivation for our definition of regular AA-CBR⪰ (Definition 3.5), which
connects the notion of relevance to a new case with the partial order, and
ensures the default is the minimum case. The default case characterisation
being the minimum in the set of characterisations imply it is relevant for every
possible case.

Now the matter is which characterisation and, more importantly, which
partial order should be used.1 The original definition of AA-CBR is AA-CBR⊇,
in which characterisations are sets of binary features and the partial order is
the subset relation (i.e. ⪯ is ⊆, as presented in Section 2.2.1). This means
that the typical situation is having no features, and each feature is a new ex-
ception. Other previous approaches have been selecting the most relevant of
binary features to use in AA-CBR (Cocarascu et al., 2018), and, for the task
of sentiment analysis in text, a characterisation based on weighted words in a
sentence and a partial order defined as a greater total weight and having more
features (Cocarascu et al., 2020b). We will present two novel approaches here
to obtain partial orders systematically from data.

1We say the partial order is more important since the only aspects of the characterisation
used in AA-CBR are equality and the partial order relation, thus there is no relevant
difference between two sets of characterisations which are isomorphic with respect to the
partial order.
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4.2 Partial order via decision trees

Decision trees are a classic machine learning method, widely used and con-
sidered interpretable (Breiman et al., 1984; Molnar, 2022). We have reviewed
them in Section 2.3.1. We will here present how we used decision trees to
extract characterisations for AA-CBR.

Decision trees work in tabular data, regardless of whether on discrete or
continuous features. In the algorithm for learning decision trees, CART, de-
cision nodes are greedily created by choosing the feature and the split threshold
which minimises some loss function (details in Section 2.3.1). Those splits res-
ult in a binary divide between examples which are below the split threshold
and the ones above. Each split can then be seen as a binary feature. The
approach followed is to characterise an example simply as the set of those fea-
tures, that is, the set of split rules for which the example is below the threshold.
With those binary features, the application of AA-CBR to sets, the original
definition of AA-CBR⊇ (presented in Section 2.2.1) can be applied.

We here train decision trees with pre-pruning, that is, by limiting maximum
depth and maximum number of leaf nodes for the decision tree. We used the
following set of values: for maximum depth, varying from 3 to 13, in a step of
2; for maximum number of leaf nodes, from 4 to 512, in geometric progression
of ratio 2. Nodes are greedily created in a best-first search fashion.

Example 4.1. We now consider a simplified dataset on the task of prediction
recidivism. Individuals here are described by their age and number of priors,
and the goal is predicting whether or not they will re-offend within a period
of time.2. Consider a dataset containing the following examples:

α = ((age = 20, prior_count = 2), recid),

β = ((age = 30, prior_count = 1), no_recid),

γ = ((age = 35, prior_count = 7), recid),

ϵ = ((age = 19, prior_count = 1), no_recid),

η = ((age = 19, prior_count = 10), recid)

2This is a very simplified example of the prediction of recidivism to be properly described
on Section 4.4.1
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Assume as well the decision tree on the left of Figure 4.1 was trained on this
dataset. On the right is AF⪰(D), the AF mined from the dataset, by using the
partial order derived from the decision tree nodes. Each example in the train-
ing set is represented by the split tests for which it is evaluated true. Then
they are used as a casebase for AA-CBR. Notice how there is no bijection
between leaves in the decision tree and cases in the AF. The correspondence is
one to many, since examples falling into the same leaf may correspond to dif-
ferent cases in the AF. For example, see how the rightmost leaf corresponds to
({age_<=_21},+) (via case η), to ({age_<=_21, prior_count_<=_3},+) (via
case α), and finally to ({age_<=_21, prior_count_<=_3},−) (via case ϵ). The
default outcome is +, reflecting that the majority of the training set has the
output recid.

Still in Figure 4.1, we can see that ({age_<=_21},+) is a spike (Defini-
tion 3.23). We can also see that the pair ({age_<=_21, prior_count_<=_3},−)
and ({age_<=_21, prior_count_<=_3},+) is incoherent. In our experiments,
spikes are removed in AA-CBR⪰ in order to make it more comparable with
cAA-CBR⪰, which eliminates spikes by construction. This is done by remov-
ing every argument (i.e. case) to which there is no path (in graph-theoretical
sense) to the default argument.

4.3 Partial order via autoencoders

In this section, we present an approach on how to learn a partial order from
autoencoders, in order to overcome the following restriction of the previous
method: The decision tree approach essentially works by a form of binning,
that is, continuous features are discretised by the split nodes, and then at the
case level all the work is done at those learned splits. Even if the binning is
learned according to the data, the partial order is defined as subsets according
to binary features.

As discussed in Section 2.3.2, autoencoders are a type of neural network
that aims on reconstructing an input. One of their main goals is learning a
more convenient data representation for downstream tasks, that in some sense
captures the underlying data distribution better. We here train an autoencoder
and use the hidden encoding to define a partial order. Ghosh et al. (2020)
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Figure 4.1: On the left, decision tree used as basis for learning of a partial order
for AF⪰(D). On the right, AF mined from a dataset. Dotted line indicates that a
case falling in a leaf node in the decision tree corresponds to a case in the AF on
the right. This correspondence is not direct, that is, this is not a transformation
from the decision tree into an AF. It is intermediated by the cases in the dataset
of Example 4.1. Notice that the default is +, reflecting the majority of cases in the
training set having this outcome, but also there is no case ({},−) since the only cases
with no features has the recid outcome. When multiple cases would have the same
characterisation but different outcomes, either an incoherence is generated, or it is
avoided via preprocessing. Here we illustrate an incoherence occurring.

show that properly regularised deterministic autoencoders (which from now
on we will refer to simply as regularised autoencoders) can enforce a prior
distribution of latent variables and generate data effectively, being thus a viable
alternative to the more complex variational autoencoders. Due to this and to
their simplicity, we use regularised autoencoders for producing our hidden
encodings.

We will now propose a method to derive a partial order for regular AA-CBR⪰

from hidden encodings, in three main steps:

1. We define a partial order on a single dimension, using the intuition that
a dimension corresponds to a probability distribution with a single peak
(also called a unimodal distribution, with the peak itself being called the
mode) (Cramer, 1946, p 179, Casella and Berger, 2002, p. 79).

2. We lift a set of partial orders to the product set, that is, from a single
dimension to multiple dimensions.

3. We show how the two previous steps can be applied on the hidden en-
coding generated from an autoencoder.
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Figure 4.2: Illustration of the partial order idea for a single dimension in an example
unimodal probability distribution. Here, δ is the reference point, and thus minimum
point in the order, x3 is incomparable with x1 and x2, while we have x1 ≺ x2.

For our step 1, the question is, assuming data is described by a single di-
mension (that is, in the real numbers R), what is a reasonable partial order?
Different ones are possible. For instance, a straightforward partial order is
simply using the usual order ≤ in R. Due to our conditions for regularity,
this would require the characterisation of the default argument, δC , to be −∞
(thus extending R with this element). Instead of following this direction, we
opt for a more probabilistic interpretation. We will use the assumption that
every dimension has an underlying unimodal probability distribution. Many
important probability distribution are unimodal, such as Gaussian, exponen-
tial, log-normal, Cauchy, Bernoulli, binomial, among many others (Cramer,
1946; Keilson and Gerber, 1971). Here, the mode will be thought of as a
reference point, that is, as the default in that dimension.

Concretely, let Xi = R be this single dimension i, and δi ∈ Xi be a reference
point. We can define the following partial order in Xi: for xi

1, x
i
2 ∈ Xi,

xi
1 ⪯i x

i
2 iff

δi ≤ xi
1 ≤ xi

2 or

xi
2 ≤ xi

1 ≤ δi
(4.1)

The intuition for this definition is that, in the first case, xi
1 and xi

2 are both
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greater than the reference δi, but xi
1 is still closer to δi. Thus, in a sense xi

2

is “more specific”: xi
1 is an exception to the reference by being greater than

it, but xi
2 is even more exceptional for being even greater. The second case is

analogous, but in terms of being less than the reference. In case one of the
values is greater than the reference δi and the other one smaller than it, they
are incomparable, that is, neither xi

1 ⪯ xi
2 nor xi

2 ⪯ xi
1. This can be verified to

be a partial order, because from each direction of the reference it is a (total)
order, with disjoint domain, and so this is the disjoint union of two orders
(Davey and Priestley, 2002, p. 17). We illustrate this order in Figure 4.2.

Now we can go to step 2. Formally, assume we have a collection of sets
{Xi}i≤n,i∈N, for some n ∈ N. Assume as well each Xi is equipped with a partial
order ⪯i. Let ⪯ be defined on the Cartesian product X0 × · · · ×Xn as:

(x0
1, . . . , x

n
1 ) ⪯ (x0

2, . . . , x
n
2 ) iff ∀i : xi

1 ⪯i x
i
2 (4.2)

It can be shown that ⪯ is also a partial order on X0 × · · · × Xn: this
is called the product of the partial orders (Davey and Priestley, 2002, p. 18).
Returning to the probabilistic interpretation that motivated step 1, this partial
order might not be entirely justified, depending on what the joint probability
distribution of the variables looks like. Intuitively, using this partial order
corresponds to a form of independence assumption between variables. Since
our goal is simply to have an order, and independence will indeed be enforced
in the next step, this is not a problem for us.

So we can now go to our final step 3. As mentioned above and discussed in
Section 2.3.2, variational autoencoders can capture a data distribution enfor-
cing a prior distribution in the hidden encodings (i.e. over the latent space).
In order to do this with regularised autoencoders, it is necessary to use ex-post
density estimation (Ghosh et al., 2020). This means that a new probability
distribution is estimated on the set of encoded inputs. Using ex-post dens-
ity estimation is necessary since training of regularised autoencoders does not
guarantee that the latent space has a specific distribution, even if regular-
isation creates a bias for the autoencoder to have this prior on the hidden
encoding. This technique was proposed by Ghosh et al. (2020) for generating
new samples from regularised autoencoders, in a way similar to what is usu-
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ally done with variational autoencoders. Our goal with the ex-post density
estimation is different, since we do not aim on generating examples. We apply
ex-post density estimation in order to transform the hidden encoding into a
new representation that allows the application of our steps 1 and 2 above.

More specifically, we will use ex-post density estimation to estimate a mul-
tivariate Gaussian with independent variables (coordinates), each with the
same variance (called an isotropic Gaussian) (Gut, 1995). We do so for the
following reasons:

1. In an isotropic Gaussian, every coordinate is itself a univariate Gaussian
with mean 0 (Gut, 1995). This allows the usage of our step 1 above, and
in this way for each coordinate the reference value will be 0.

2. When using the definition of the lifted order in assertion 4.2 above, we
will have a partial order on Rn such that the zero vector (also called the
origin) is the minimum point.

3. This is a distribution that assumes that the (latent) variables are inde-
pendent.

Reason 3 does not imply that latent variables are actually independent in
the data (that is, in the underlying process in the world that generated the
data), but the estimated model is such that the new variables are assumed
independent. Intuitively, it is a “best guess” for independent variables.

In practice, we simply fit a multivariate Gaussian of the same dimension as
the hidden encodings, and then we standardise the encoding values, subtracting
the mean and multiplying by the inverse of the square root of the covariance
matrix3. Formally, if X is a multivariate Gaussian distribution with mean µ

and covariance matrix Σ, then there is a positive semi-definite matrix A such
that A = Σ1/2 and

Z = A−1(X − µ) (4.3)

3Notice this fails if the correlation matrix somehow degenerates, i.e. does not result in a
positive definite matrix. In case it is positive semi-definite, this means the dimension will be
reduced, effectively removing dimensions which correspond to an eigenvalue 0. This is not
a problem for us unless the entire correlation matrix collapses to zero, since our goal is to
learn a distribution, even of fewer dimensions. In the worst case, that of collapse, training
can be reinitialised from scratch, since initialisation and optimisation are in part random.
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where Z is a multivariate Gaussian with mean 0 and the identity matrix
as the covariance (Gut, 1995, p. 125). The formula above allows us to easily
convert the encodings to a multivariate Gaussian, justifying our choice of the
0 vector as the default. We illustrate the workflow in Figure 4.3.
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(a) Illustration of the autoencoder architecture. Each encoder and decoder is a feedforward
neural network. We illustrate the number of dimensions in the hidden encoding as having
two layers, but in experiments it is a hyperparameter.

e′1

e′2

(x1,+)

(x2,−)

(x3,+)

(x4,−)

(δC ,−)

(b) Hidden encodings in R2. Here we highlight
an arbitrary point x1 (in red) and colour the
region corresponding to the set of all points
more specific than it, that is, of all x such
that x1 ⪯ x. Notice x2 is one such point.
Analogously, we also show x3 (in blue) and
colour the set of all points more specific than
it. Again, x4 is one of those points. Notice
the characterisation of the default case is in
the origin. Axes are labelled as e′ since we
exemplify here the plane after transformation
by ex-post density estimation.

(δC ,−)

(x1,+) (x3,+) ...

(x2,−) (x4,−)

(c) AF mined from the dataset, using the
hidden encodings as characterisations and the
corresponding partial order.

Figure 4.3: Illustration of the workflow for learning the partial order using autoen-
coders. First, an autoencoder is trained in the dataset (Figure 4.3a). Then, the
hidden encoding is extracted an the partial order is defined over it (Figure 4.3b).
Finally, with this partial order and the outcomes, we can build the AF mined from
the dataset (Figure 4.3c).
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4.4 Experimental results

4.4.1 Dataset

COMPAS (standing for Correctional Offender Management Profiling for Al-
ternative Sanctions) is a proprietary prediction model for recidivism, that is
developed by Northpointe Inc and widely used in the U.S. (Northpointe Inc.,
2019). Its goal is evaluating the risk of recidivism, that is, of a criminal re-
offending. COMPAS has been the focus of much work on algorithmic biases
and (un)fairness, and on the impact of technology in the justice system since
the analysis carried out by ProPublica (Larson et al., 2016). Along with this
analysis, ProPublica released a dataset containing predicted scores and data of
actual recidivism, and this dataset is usually referred to as the COMPAS data-
set (e.g. Bao et al., 2021). We use this dataset in this chapter. Our goal is not
evaluating the COMPAS algorithm or discuss its fairness(Larson et al., 2016;
Barenstein, 2019; Rudin et al., 2020; Bao et al., 2021), but simply using this
dataset as a way of evaluating our methodologies on learning a partial order
in a legally relevant scenario. Possible errors in methodology by ProPublica
may be at play (Barenstein, 2019; Bao et al., 2021) and some researchers have
re-done the data processing of raw data from scratch with different conclusions
(Rudin et al., 2020), but we follow much of the literature and use the dataset
as is (Angelino et al., 2017; Woerkom et al., 2022). Our goal is evaluating our
algorithms in a task originated from a real-world dataset related to the legal
domain, but this should not be seen as results of a ready-to-deploy system or
allowing clear conclusions from a criminal justice point of view (Bao et al.,
2021, see discussions on bias in datasets, particularly Section 8). Indeed,
the dataset itself has been criticised for being biased. For instance, a major
issue is that the COMPAS dataset measures re-offence by re-arrest. This can
be a very biased metric, since if policing itself is biased, then some re-offences
may not result in re-arrest and some re-arrest may not actually correspond to
re-offences (Bao et al., 2021). Therefore, while the dataset can be useful for
evaluating model learning capacity, performance on the COMPAS dataset is
not to be understood as benchmarks or fairness, as allowing broad conclusions
on criminal justice, nor should results be presented as grounds for deployment
without more extensive and interdisciplinary evaluations (Bao et al., 2021).
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We use the two-year recidivism dataset made available by ProPublica (Lar-
son et al., 2016). This is a tabular dataset containing 7214 entries, each cor-
responding to a defendant who was screened by COMPAS before trial, and
given a COMPAS score on risk of recidivism. For each person, the dataset
contains personal information (such as age, gender, and race), information
about the current charge (such as degree of seriousness of the charge and days
in which the defendant was imprisoned); criminal history and finally, whether
the defendant has reoffended, and details of this new offence. In the COMPAS
dataset, recidivism is defined as having been charged with a new crime after
the COMPAS screening. Fabris et al. (2022) present more detailed document-
ation for COMPAS, among other datasets, in an effort to unify documentation
efforts on algorithmic fairness datasets.

We apply the same filtering strategy for missing data as ProPublica4 (Lar-
son et al., 2016), resulting in 6172 entries. We show distributions of features of
interest in Table 4.1. The original dataset also contains a feature categorising
age called age_cat, which we omit from the table, since we already summarise
the feature for age. In our trainings we use 4 different feature sets:

(A) Containing all features.

(B) Removing age_cat, since age is already a feature there.

(C) Removing age_cat and race.

(D) Removing age_cat, race and gender.

The reasons for those choices are as follows. We experiment removing
age_cat for redundancy with the age feature. We also experiment removing
race and gender since they are protected features in the UK (Equality Act
2010). Thus removing them is enforcing a kind of fairness through unawareness
(Grgic-Hlaca et al., 2016; Kusner et al., 2017). This is not the only way of
enforcing fairness and there are competing definitions of it (Kusner et al.,
2017), but fairness through unawareness is at least a baseline understanding
of fairness, and satisfies the idea in equality legislation of not discriminating
individuals based on protected characteristics. Discussing what are better

4Larson et al. (2016) have made their code for analysis available at https://github.com/
propublica/compas-analysis/blob/master/Compas%20Analysis.ipynb.
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definitions of fairness for this application is the subject of other literature
(Grgic-Hlaca et al., 2016; Kusner et al., 2017) and beyond our scope. In the
remainder, when we refer to the dataset not specifying a feature set, we mean
feature set A.
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Table 4.1: Category distributions in the COMPAS dataset.

Feature Value Frequency (%)
Gender Women 19.04

Men 80.96
Race African-american 51.4

Caucasian 34.0
Hispanic 8.2
Asian 0.5
Native American 0.1
Other 5.5

Charge degree Felony 64.4
Misdemeanour 35.6

Age 18-19 0.4
20-29 43.0
30-39 27.9
40-49 14.5
50-59 10.8
60-69 2.8
≥70 0.5

Juvenile misdemeanour count 0 94
1 4
≥2 2

Juvenile felony count 0 97
1 2
≥2 1

Juvenile other convictions count 0 93
1 5
≥2 2

Prior crimes count 0 34
1 18
2 11
3 8
≥4 29

Length of stay in jail for charge 0 36
1 26
2 7
3 3
≥4 29

Recidivism in two years No 54.49
Yes 45.51
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4.4.2 Results for partial order via decision trees

We now evaluate the decision tree approach (Section 4.2). We measure per-
formance in prediction of recidivism by accuracy, and evaluate the following
aspects:

(i) The impact of incoherence, and of strategies to avoid it.

(ii) The impact of hyperparameters.

(iii) How cAA-CBR⪰ compares to AA-CBR⪰, in both performance and in
the resulting AFs.

(iv) How AA-CBR with this partial order compares to decision trees by them-
selves, with respect to predictive performance.

A first issue in this approach is incoherence. Since in a decision tree multiple
training examples can correspond to a leaf, it is expected that many examples,
possibly with different outputs, will correspond to the same characterisation.
The correspondence is not one to one from leaves to cases, since a training
example will be mapped to a characterisation depending on all split tests, not
only those on the path from the root to its leaf. Still, in properly regularised
decision trees it is expected that trees will be small enough for this to be an
issue.

We apply three approaches for this problem:

1. keep: to keep the incoherence and letting each model deal with this in
their own ways

2. removal: to remove every incoherent pair of cases

3. majority: for each characterisation in the resulting transformation, count
the number of training examples corresponding to each output, and select
the majority output as the outcome for the (now unique) case.

We show the result of each approach in Tables 4.2 and 4.3. For this exper-
iment we also allow the value of maximum number of leaf nodes of 2048, but
later exclude it due to running time. We report results on the test set. Keep is
a weaker strategy than the other two even for cAA-CBR⪰, which deals with
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incoherence directly. Using majority seems to be the stronger choice. Since
keep also results in slower performance, due to the many incoherent pairs, for
the following experiments we will restrict ourselves to removal and majority.
We highlight that although here reported in the test set, initial inspection on a
validation set quickly shows how keep is a worse strategy. Additionally, Table
4.3 shows how even over almost all hyperparameter choices keep is dominated
by the other strategies.

Table 4.2: Percentage accuracy of each AA-CBR model and each strategy for in-
coherence in the casebase, aggregated over hyperparameter choice (maximum depth
and maximum number of leaves in the decision tree). Results on test set, feature set
A.

min max mean std dev
model strategy

AA-CBR⪰ keep 45.57 55.35 49.13 4.26
removal 54.43 63.93 57.27 2.23
majority 58.21 68.09 64.12 3.95

cAA-CBR⪰ keep 46.98 57.83 52.32 3.04
removal 54.43 61.88 57.42 2.40
majority 57.45 68.09 63.94 4.20

Table 4.3: Difference in percentage accuracy between the removal or keep strategies
and the keep strategy for incoherence, by AA-CBR model, aggregated over hyper-
parameter choice (maximum depth and maximum number of leaves in the decision
tree). Aggregation is performed over the difference. Results on test set, feature set
A.

min max mean std dev
model strategy

AA-CBR⪰ removal - keep 2.05 13.01 8.14 4.06
majority - keep 2.92 22.52 14.99 8.15

cAA-CBR⪰ removal - keep -0.11 10.42 5.10 3.53
majority - keep 1.84 21.00 11.62 7.10

We now directly compare performance for each of the three models: AA-CBR⪰,
cAA-CBR⪰, and decision trees. We do 5-fold cross validation. In each fold,
hyperparameters are selected in a inner validation step (using a single split for
validation set), retrained on the entire training set of that fold, and evaluated
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on the test set of the fold. This is done for each model, and we report results
in Table 4.4, aggregated by fold. Comparing the different feature sets, we can
also see that, while the loss of mean accuracy for decision trees is small, for
both AA-CBR⪰ and AA-CBR⪰ there is no difference, except by removing the
gender, on feature set D, on which there is a very small increase in the mean
accuracy but also in standard deviation. The variations are too small to war-
rant particular conclusions, but the changes imply that the protected features
are indeed used by the models unless they are removed. As discussed before,
the discrimination of individuals based on those features is forbidden in many
countries (including the UK, via the Equality Act (2010)), and removing those
features is at least a baseline method of enforcing non-discrimination. For a
deployed system, it is crucial to evaluate in more depth the risk of discrimin-
ation not only by removing features, but evaluating feature correlation with
protected features, and considering the appropriate notion of fairness for the
application (Grgic-Hlaca et al., 2016; Kusner et al., 2017).

An interesting result in this experiment is that in most cases the optimal
hyperparameter choice for each of AA-CBR⪰ and cAA-CBR⪰ resulted in both
having the same classification in the test set. This suggests they may have the
same decision function (that is, correspond to the same function from inputs
to outputs), even if they have different inner structure. We show an example of
this in Figures 4.4 and 4.5. This is an example extracted from a model trained
on the dataset (feature set A). Notice how the case missing in cAF⪰(D) reduces
the maximum depth of the AF. One can also notice that both AFs correspond
to the same decision function.

Compared to decision trees, the AA-CBR approaches have a slightly lower
performance, but are still comparable, being within one standard deviation
from its mean.

Comparing in terms of the resulting AFs over different hyperparameter
choices, cAA-CBR⪰ produces fewer arguments, around 60% of the number of
arguments of AA-CBR⪰. This is very dependent on the specific configuration.
The number of attacks is likewise reduced, from 40% to 60% even using the
majority strategy. Regarding depth, an interesting effect happens regarding
size: when hyperparameters that result in many cases are used (larger max-
imum depth and larger maximum number of leaves), cAA-CBR⪰ tends to
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Table 4.4: Performance measured in percentage accuracy, for each approach, using
5-fold cross validation and hyperparameter search by internal validation split. Re-
ported by feature set.

Feature set A Feature set B Feature set C Feature set D
mean std dev mean std dev mean std dev mean std dev

Decision tree 67.60 1.31 67.60 1.31 67.48 1.56 67.00 1.15
AA-CBR⪰ 66.32 1.20 66.32 1.20 66.32 1.20 66.41 1.31
cAA-CBR⪰ 66.32 1.20 66.32 1.20 66.32 1.20 66.41 1.31

produce AFs that are not as deep. However, for hyperparameters that res-
ult in fewer cases, and indeed in the optimal hyperparameter choices chosen
over validation (resulting in Table 4.4), cAA-CBR⪰ tends to show deeper AFs,
since the decision function between both approaches results in the same, and
the removed nodes act merely as “shortcuts”. Evaluating how this affects in-
terpretability of those models is beyond our current scope and left for future
work.

In the appendix we provide more complete tables showing comparing the
values for accuracy (Table C.1), number of nodes (Table C.2), number of at-
tacks (Table C.3), maximum depth of the AF (Table C.4), and average depth
of the AF (Table C.5). An interesting result that can be seen is how, even
using the removal or majority strategies, for AFs with more than two nodes
cAA-CBR⪰ has 50 to 60% of the number of nodes in AA-CBR⪰ (Table C.2).
As for attacks, cAA-CBR⪰ has only 43 to 61% of the number for AA-CBR⪰,
and even less (as low as 28 or 33%) for the keep strategy. In summary,
cAA-CBR⪰ results in considerably smaller AFs, and the effect is more no-
ticeable in larger AFs. This is an advantage for cAA-CBR⪰ since at smaller
cost of memory space, it can achieve the same performance as AA-CBR⪰. A
formal analysis of space complexity is outside our scope here.

116



Figure 4.4: AF⪰(D), the AF mined using AA-CBR⪰ from the training set (single
split) using feature set D and the partial order from decision trees, using max-
imum depth 3 and maximum number of leaf nodes 8, removing spikes, and using the
majority strategy for incoherence. Each non-default case is indicated as:

N -cases-like-example
charac

outcome: O

where N is how many examples in the training set correspond to that case (that
is, have the same characterisation in terms of the learned features), example is the
(original) feature values of one such example in order to represent the case,charac
is the characterisation of the case, in terms of sets of features, each corresponding to
a split, and O is the outcome of that case.
Features are as follows: feature0 = age, feature1 = juvenile felony count, feature2
= juvenile misdemeanour count, feature3 = juvenile other count, feature4 = priors
crimes count, feature5 = charge degree, feature6 = length of stay in jail.
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Figure 4.5: cAF⪰(D), the AF mined using cAA-CBR⪰ from the training set (single
split) using feature set D and the partial order from decision trees, using max-
imum depth 3 and maximum number of leaf nodes 8, removing spikes, and using the
majority strategy for incoherence. See caption of Figure 4.4 for details.
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4.4.3 Results for partial order via autoencoders

We now present our results for the autoencoder approach for learning the
partial order (Section 4.3). We evaluated performance using hyperparameter
search on a validation set, for each of AA-CBR⪰ and cAA-CBR⪰. Hyper-
parameters used are in Table 4.5. We use rectified linear units (ReLU) (Nair
and Hinton, 2010; Glorot et al., 2011) as the hidden activation function, and
Adam as the optimiser (Kingma and Ba, 2015).

We report results in Tables 4.6 and 4.7. Accuracy results show that AA-CBR⪰

is below the baseline of always predicting the majority class, while cAA-CBR⪰

is above, although barely. As expected, cAA-CBR⪰ produces a smaller AF,
with fewer nodes and attacks. Again, this is an advantage in terms of space,
that is, memory complexity. Interestingly, in this case cAA-CBR⪰ depth val-
ues are smaller than for AA-CBR⪰, differently from what happened in the
decision tree approach. Since the learned representation is very noisy, the
difference in performance might be caused by a higher overfit of AA-CBR⪰

by including every case in the AF. This is suggested by the higher depth of
AA-CBR⪰, since it implies the extra cases are not merely acting as "short-
cuts" to the default case, as in the decision-tree-based AFs (e.g. see Figure
4.4). Those are preliminary results on the methodology, and further analyses
are required to diagnose this difference in performance.

We leave as future work to verify if current limitations in performance can
be overcome with improvement of the autoencoder performance (that is, by
other architecture and training choices that reduce reconstruction error). A
second possibility is to also use output labels in the neural network training,
so that the autoencoder architecture is informed by the final task that we aim
to produce. Initial trials with this approach show that naïve ways of multi-
task training result in autoencoder collapse (that is, all training examples are
mapped to the same hidden encoding). Further exploring this direction is still
an open avenue for future work.

4.5 Discussion

An interesting consideration is that, for (regular) AA-CBR⪰, the definition of
the partial order defines much of the 4R CBR cycle (Section 1.1.2): retrieval
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Table 4.5: Hyperparameter options for the autoencoder approach experiment. Only
number of dimensions of hidden encoding and of hidden layers are tuned. Best
combination chosen by grid search on validation set.

number of encoder layers 3
number of decoder layers 3
number of dimensions of hidden encoding {2, 3, 5, 10}
number of dimensions of hidden layers {5, 7, 10, 12, 15}
learning rate 0.001
epochs 40

Table 4.6: Results for the experiment in learning the partial order via autoencoders.
For comparison with the models below, the baseline approach of always predicting
the majority class (no recid) results in an accuracy of 54.43%.

depth

accuracy (%) # nodes # attacks max mean std dev

AA-CBR⪰ 53.19 2505 6391 6 2.03 0.92
cAA-CBR⪰ 54.86 1840 3635 5 1.63 0.64

is determined by relevance, which in turn is determined by the partial order.
Reuse of solutions depend on the structure of the AF mined from the data,
which again depends on the partial order. Assuming no (human) revision of the
solution, then retaining is also dependent on the partial order, since retaining
is nothing more than adding into the mined AF, thus a function of the partial
order, as just mentioned.

There are different approaches in the literature for connecting CBR with
machine learning methods with the goal of applying CBR. We will briefly
mention some recent approaches to this issue in AI and law. Mumford et al.
(2022) proposes a neural-network-based method for ascribing factors from nat-
ural language facts. Those factors come from a hierarchy of factors specified

Table 4.7: Hyperparameter values found in hyperparameter optimisation for each
model.

encoding_dim hidden_size

AA-CBR⪰ 5 10
cAA-CBR⪰ 5 10
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with ADFs (Al-Abdulkarim et al., 2015b). Grabmair (2016; 2017b) proposes
a method using argument schemes with issues and quantitative value effects.
Factors have effects on values with weights learned via an iterative training
procedure, in which argumentation-based CBR is employed. Although the de-
tails are involved, the notion of relevance in this work is based on the argument
schemes (since they define argument moves that cite precedents), which in turn
depend on factors, issues, and values. Woerkom et al. (2022) also work with
the COMPAS dataset having CBR in mind. They apply the result model of
precedential constraint (See Section 2.2.2), although for dimensions, instead of
for factors. Dimensions are inferred from the data by determining a direction
depending on the coefficients of a logistic regression. In terms of learning a
notion of relevance in CBR, their methods essentially considers that the notion
of relevance is the precedential constraint rule, and their learning is giving a
total order on each feature, transforming them into dimensions. In the result-
ing model, they show that only 8% of the dataset is consistent, and that this is
caused by outliers for which opposite outcomes would be expected. This is an
interesting direction, and as mentioned in Chapter 3, better understanding the
interplay between AA-CBR and precedential constraint is a path for future
work.

Outside AI and law, other combinations of CBR and machine learning have
been proposed for adding interpretability to models, in particular to neural
networks. For instance, some ideas have been clustering data and finding
prototypes (Kim et al., 2014), as well as neuro-symbolic methods which add a
prototype layer in a neural network, so inference is done by calculating notions
of relevance to past cases and prediction based on their outputs (Li et al., 2018;
Chen et al., 2019; Barnett et al., 2021). Those can be seen as methods using
neural networks for defining relevance in CBR. Additionally, recent work by by
Monath et al. (2021) proposes learning a DAG structure of data using nearest
neighbours. This could have connections to the DAG structure of a (coherent)
AA-CBR mined AF, to be explored in future work.

Finally, an interesting potential advantage of the autoencoder approach is
allowing AA-CBR to be deployed even on unstructured data, such as images
and text. We have focused on COMPAS and thus have not explored this
direction, which we leave to future work. Future work could also explore
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the relationship between the effectiveness of the autoencoder and the final
performance, as well as ways of informing the autoencoder about the outputs
of the final task, in order to make this approach feasible. Another open problem
is how to make partial orders learned from an autoencoder more interpretable,
perhaps by the comparison of examples along the learned partial order or
generating interpolations between them.

4.6 Summary

In this chapter we presented approaches to learn the partial order for AA-CBR

from data on the case of COMPAS, a tabular dataset, on the task of predicting
recidivism. We show that binary splits of decision trees learned using CART
can be used as features for AA-CBR and allow its instantiation as AA-CBR⊇.
This methodology is empirically successful, having performance comparable to
decision trees. This satisfies our first desideratum from the beginning of the
chapter. As the learned characterisation is of binary features consisting of split
tests, they are also interpretable. However, our third desideratum is limited
since decision trees are not well-suited to unstructured data. At the cost of
interpretability, we propose a novel approach for learning the partial order
based on hidden encodings derived from an autoencoder, a neural network
architecture based on reconstructing the input. We show preliminary results
on this methodology.

Here we also empirically compared AA-CBR⪰, the original presentation,
with cAA-CBR⪰, our novel cautiously monotonic version. We concluded that
in the presence of incoherence (either by noise in the data or due to the learn-
ing of the partial order), cAA-CBR⪰ presents a strong advantage. This can
be offset by the use of strategies to remove incoherence. When simply remov-
ing incoherent pairs, in our experiments AA-CBR⪰ and cAA-CBR⪰ present
comparable performance, controlling by hyperparameter choice. When the ap-
plication domain allows a more intuitive way of dealing with incoherence, the
difference might disappear entirely or even AA-CBR⪰ may present a (in our
experiments, slight) advantage. This is seen in our experiments in the strategy
of selecting the majority outcome. Still, cAA-CBR⪰ results in considerably
smaller AFs, compared to AA-CBR⪰, and cumulativity is enforced in this way.
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As opposed to controlling by hyperparameter choice, we also evaluate the
difference between AA-CBR⪰ and AA-CBR in a proper methodology of model
selection on a validation set. Both alternatives present not only identical
performance, but identical decision functions, albeit with differences in in-
ner structure. Using cAA-CBR⪰ results in AFs with fewer nodes, but at least
in the optimal models cAA-CBR⪰ can present greater maximum depth, inter-
estingly. This could have impacts in terms of explainability. On the one hand,
fewer nodes mean the AF on inspection is easier to comprehend. On the other
hand, increasing maximum depth could lead to more complicated arbitrated
dispute trees (Section 2.4.1), for instance. Still, what differences will actually
occur can be application-dependent, and thus our conclusions might not im-
mediately generalise, requiring more experiments on other datasets. This is an
avenue for future research. Impacts on memory and speed of using cAA-CBR⪰

and AA-CBR⪰ were not directly measured, but we expected that cAA-CBR⪰

would present advantages due to its smaller AFs.
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Chapter 5

Interactive Explanations as
Non-Monotonic Reasoning

Until now, we have discussed properties of non-monotonic reasoning (NMR)
for classification. Another topic in this thesis is whether we can also use NMR
to understand explainability. This is the topic to which we now turn. In
particular, we consider a scenario of interactive exchange between a system,
which tries to explain itself, and a user, who tries to understand the system.

Recent work shows issues of consistency with explanations, with methods
generating local explanations that seem reasonable instance-wise, but that are
inconsistent across instances (Camburu et al., 2020; Merrer and Trédan, 2020).
This suggests not only that instance-wise explanations can be unreliable, but
mainly that, when interacting with a system via multiple inputs, a user may
actually lose confidence in the system. To better analyse this issue, in this
chapter we treat explanations as objects that can be subject to reasoning
and present a formal model of the interactive scenario between user and sys-
tem, via sequences of inputs and outputs. We argue that explanations can be
thought of as committing to some model behaviour (even if only prima facie).
This in turn can be modelled in terms of entailment, which, we argue, should
be thought of as non-monotonic. This allows: 1) to solve some considered
inconsistencies in explanations; and 2) to consider properties from the non-
monotonic reasoning (NMR) literature presented in Section 2.1.1 and discuss
their desirability, gaining more insight on the interactive explanation scenario.
We also consider the case of arbitrated dispute trees (ADTs) as explanations
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for AA-CBR using this methodology, providing a method for readapting ADT
explanations to other cases, and showing an interpretation of this method as
entailment.

We begin this chapter motivating further the problem (Section 5.1). This
is followed by a description of the scenario we are modelling (Section 5.2)
and, in turn, for the formal modelling of this scenario (Section 5.3). Next, we
present the NMR properties adapted to this modelling (Section 5.4). We then
apply this modelling to arbitrated disputed trees as explanations for AA-CBR

(Section 5.5).

5.1 Motivation

A growing body of research is dedicated to providing (post-hoc) explanations to
AI models, in particular machine learning systems (Nugent and Cunningham,
2005; Štrumbelj and Kononenko, 2014; Ribeiro et al., 2016a; Čyras et al.,
2016b; Li et al., 2018; Wachter et al., 2018; Mueller et al., 2019; Teso and
Kersting, 2019; Ignatiev et al., 2019; Gunning, 2019; Kenny and Keane, 2019;
Miller, 2019; Atkinson et al., 2020; Kenny and Keane, 2021; Zhou et al., 2022;
Raczyński et al., 2023; Gyevnar et al., 2023; Gniewkowski et al., 2023). This
literature includes many discussions on what explanations are and should be,
including important aspects according to social sciences (Miller, 2019) and
to law (Gyevnar et al., 2023), and lists of desiderata (Langer et al., 2021).
However, there is no standardised formal definition of explanation, and of
what formal properties explanations should satisfy, with different explanation
methods having different goals, often only implicitly stated.

Issues of consistency have been raised in recent work. Camburu et al. (2020)
show how inconsistent textual explanations can be generated for a natural lan-
guage inference task. Merrer and Trédan (2020) argue that local explanations
for a single prediction are always subject to manipulability by hiding how a
protected feature was used, but present, as a method of detecting this manip-
ulation, that an auditor queries the system multiple times and detects whether
there is an inconsistency in the returned explanations. Thus, lack of consist-
ency may not only cause a user to wrongly expect some system behaviour, but
may also cause loss of user’s confidence in the system overall, or imply that the
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explanations are not faithful, or even malicious. Therefore it is increasingly
important to discuss the meaning of consistency in the case of local explan-
ations, an issue that can occur when querying a system multiple times, with
different inputs. While the idea of consistency may first evoke classical logic,
a well-established tradition in logic-based AI argues that in many applications
the form of reasoning more natural for humans is not classical logic, but differ-
ent models of reasoning: NMR. Indeed, a line of work in psychology, cognitive
science and AI empirically evaluates inferences humans make in a task with
conditional arguments, challenging a classical logical interpretation of them
(Byrne, 1989; Neves et al., 2004; Stenning and Lambalgen, 2005; Klauer et al.,
2007; Fugard et al., 2011; Ragni et al., 2016; Ragni et al., 2017; Spiegel et al.,
2019; Struchiner et al., 2020; Marcos Cramer, 2021). Understanding explan-
ations as presenting conditional arguments for expected outputs given some
inputs would, then, lead one to model explanations as NMR.

Inspired by this line of work, we propose an analysis of reasoning with
explanations for an interactive scenario. We think of explanations as objects
upon which one can reason. Thus we model explanations abstractly and define
which inferences we can make from them, while also considering reasoning
properties they may satisfy.

5.2 The interactive explanation process

Consider the scenario of a user or auditor evaluating the behaviour of a model.
They may ask for the output for a specific input, and ask as well for an ex-
planation. While much of this literature treats this as a one-off task, a single
explanation may be insufficient. The user could keep exploring model beha-
viour by querying for more outputs (with the same or different inputs) and
explanations of the model. We thus consider an interactive process (as over-
viewed in Fig. 5.1), where the user gives an input, querying for an output and
explanation thereof. The system returns them, and then the user may then
query again. We see the AI system as including a classifier 1 and an explainer,
with both considered black-boxes by our conceptual model.

1This choice is dictated by the focus, in the XAI literature, on explaining outputs of
classifiers, as well as for simplicity. However, our conceptual understanding of the interactive
explanation process could in principle be applied to different types of model.
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System

Classifier Explainer

((x0, y0), . . . , (xn, yn))

User

2. (x, y)

1. x
3. (x, y), E

Figure 5.1: Overview of the interactive explanation process. 1. The user queries
the system with an input x, which goes to the classifier. 2. The classifier produces
output y, and sends the pair (x, y) to the explainer. 3. The explainer produces
an explanation E for (x, y), using information from the history of inputs/outputs
((x0, y0), . . . , (xn, yn)), and sends (x, y) and E back to the user, who may then stop
or further query the system.

We assume that the explanation method (although not the classifier) can
keep track of the history of inputs it received and their outputs. This allows
supporting two scenarios: i) of an explainer that tries to improve its explana-
tions by knowing what it explained before; and ii) of a malicious explainer that,
trying to manipulate or mislead the user and to avoid being detected, keeps
track of what was explained before. Histories give a snapshot of the process
by finite sequences of inputs and their outputs. Note that we assume the ex-
plainer to be a function, thus ignoring randomness of the explanation method
itself. This assumption implies that no information about the computed ex-
planations needs to be stored in the history, as awareness of earlier inputs and
outputs already gives all information need to know what explanations were
also previously returned.2

Example 5.1. For concreteness, let us consider a scenario where inputs are
drawn from X = R2, outputs from Y = {0, 1}, and explanations (E) are
decision sets (Lakkaraju et al., 2016), that is, sets of rules, each of the form
s → y = c, where s is an itemset (a conjunction of predicates of the form

2Our assumption here that the explainer is a deterministic function simplifies our mod-
elling, especially Fig. 5.2 (discussed later). In case it is not deterministic, such as a method
that includes sampling, past explanations should be included directly in the history. We
leave this extension of our model to future study. In any case, this assumption is a typical
assumption in machine learning (e.g. Abu-Mostafa et al., 2012). Notice that here being de-
terministic is a matter only of inference, not of training, since here we consider the classifier
fixed. This is a more restricted issue than the one in Section 3.2.
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(feature, operator, value), such as f > 1), and c ∈ Y .3

A possible scenario of interaction is as follows. The user queries for x0 =

(5, 0), corresponding to feature assignments f = 5, g = 0; the classifier returns
y0 = 1, and the explanation given is E0 = {f > 0→ y = 1}. The user decides
to investigate further and tries x1 = (20, 5). Even though this is covered by the
previous rule, which would commit to the output y1 = 1, suppose the output
is y1 = 0 and the explanation is E1 = {f > 10 ∧ g > 3→ y = 0}. How should
the user interpret this? Is this an inconsistency in the explanatory process?

5.3 Formal modelling

We assume an input set X and an output set Y as well as a set of possible
explanations E , that we keep abstract. Regarding notation, for a set S, we
denote the set of finite sequences of element of S as Seq(S), i.e., Seq(S) =⋃

i∈N S
i for Si a sequence of i elements of S. Given n ∈ N, we use the notation

[n] = {m ∈ N | m ≤ n}. Thus a sequence (s0, s1, . . . , sn) ∈ Seq(S) can be
written as (si)i∈[n].

Definition 5.2. A classifier is a function C : X → Y . An explanation method
is a function E : Seq(X × Y ) → Seq(E), that is, mapping from a sequence
of input-output pairs (xi, yi)i∈[n] to a sequence of explanations (Ei)i∈[n] of the
same length.

We consider the system to be composed of a classifier and an explanation
method. Notice that the explainer uses information on the entire sequence of
inputs-outputs, as we discussed in Section 5.2. We can think of this sequence
of input-output pairs as a history, so that, when explaining the most recent
input, the entire past of input-outputs is taken into account. We consider
that at each time step t ∈ N, the user queries for an input xt ∈ X, which
receives a classification C(xt) = yt and an explanation Et. In this way, the
explainer provides an explanation motivated by a specific input-output, while
considering the history ((xi, yi))i∈[t−1].

3However, as opposed to the original definition in (Lakkaraju et al., 2016), we assume no
default class (so that if no rule applies, nothing is expected) and no tie-breaking function,
that is, multiple classes may be predicted.
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An important particular case is when the explanation method is defined in
terms of explanations that originating from a single input-output pair:

Definition 5.3. An individual explanation method is a function E• : X×Y →
E , mapping from a single example (x, y) to an explanation E. The explanation
method lifted from E• is E(((xi, yi))i∈[n]) = (E•(xi, yi))i∈[n].

In this case, the explainer function E is defined as applying E• to each ele-
ment of the sequence. This way, the history is disregarded when explanations
are computed.

The reader may notice that this view of the interactive explanation process
does not enforce that previously exhibited explanations are kept, that is, that
Ei is unchanged for all i ∈ [t] when xt+1 is queried. If instead we want past ex-
planations to be unretractable, in the sense that the system cannot replace the
explanation of any previous query, then we can require the following property:

Definition 5.4 (Interaction-stability). An explainer E is said to be interaction-
stable whenever, for every sequence of input-output pairs (xi, yi)i∈[n] and for
every m < n, if (Ei)i∈[n] = E((xi, yi)i∈[n]) and (E ′

i)i∈[m] = E((xi, yi)i∈[m]) then
Ei = E ′

i for any i ∈ [m].

That is, an interaction-stable explainer will always keep the explanation
Ei associated to the pair (xi, yi), even as the interaction moves on. Explainers
which are not interaction-stable may not be unreasonable. Assume that, at a
new instance, a new explanation would be inconsistent with the previous ones.
The explainer might be such that previous explanations are “corrected” in order
to avoid the inconsistency. In a sense, this would make this explainer more
analogous to a belief revision system, instead of solving the issue as NMR
with the inference relation later. Still, this may or may not be appropriate
depending on what kind of user interface is available, since the user would
need to be aware that previous explanations were adjusted. Thus, interaction-
stable explainers are arguably simpler in a way, since the system would not
retract a previous explanation.

We now turn to the modelling of inference. We assume that a sequence of
explanations (Ei)i∈[n] “commits” to some model behaviour. We model this in
the following way:
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Definition 5.5. An entailment relation |= is a relation between Seq(E) and
X × Y , that is, |=⊆ Seq(E) × (X × Y ). We say a sequence of explanations
entails a pair (x, y) iff (Ei)i∈[n] |= (x, y).

Intuitively, (Ei)i∈[n] |= (x, y) means that (Ei)i∈[n] “commits” to the outcome
y, given the input x. We will abuse notation and define E |= (x, y) to mean
(E) |= (x, y) (for (E) the sequence with just one explanation, E).

This entailment relation we keep abstract and application-dependent. What
is important is that it captures how a user would interpret the explanation
or plausible inferences from it, including as regards the input-output being
explained. One example is explanations as sufficient reasons: any sufficient
reason is exactly a rule that guarantees the output for a part of the input
space, including the given input.

Example 5.1 (continuing from p. 128). Assume the entailment relation |=
from sequences of explanations (Ei)i∈[n] is to be interpreted as classification
from the union

⋃
i∈[n] Ei of all explanations, corresponding to a naive inter-

pretation of decision sets without tie-breaks. Then, x1 is covered by both E0

and E1, for different classifications, which the user may take to be an incon-
sistency, since no input can have two different outputs. A different intended
interpretation of the sequence of rules is possible. Define a rule to be more spe-
cific than another whenever every input x that satisfies the itemset of the first
rule also satisfies the itemset of the second rule. Now assume that only most
specific rules are applicable. For this example, E1 is more specific than E0,
solving the inconsistency issue. This interpretation is non-monotonic since,
while (E0) |= (x1, 0), we have (E0, E1) |= (x1, 1).

From this core notion of |=, relating explanations to input-output, we can
derive two “homogeneous” notions of “entailment”, that is, from sequences of
elements of a set to elements of the same set. One is at input-output level,
and the other at explanation level. For the former, we say (xi, yi)i∈[n] ⊢ (x, y)

iff E((xi, yi)i∈[n]) |= (x, y). For the latter, (Ei)i∈[n] ⊢e E iff ∀(x, y) ∈ X × Y , if
E |= (x, y) then (Ei)i∈[n] |= (x, y). This we summarise in Fig. 5.2.
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Seq(X × Y )

Seq(E) E

X × Y

E |=

⊢

⊢e

|=

Figure 5.2: Diagram illustrating the relations between sequences of input-output
pairs, sequences of explanations, single pairs and single explanations. This dia-
gram does not always commute (indicated by dashed lines) since for a sequence of
explanations ⊢-entailing an input-output pair, there may not exist an (individual)
explanation ⊢e-entailed by this sequence which |=-entails this pair.

5.4 Consistency and non-monotonicity

We now turn to properties of explainers, expressed by properties of consistency
and non-monotonicity for the relations associated with explainers. Notice
that, since the notion of entailment here is on sequences, the definitions from
Section 2.1.1 are not readily available, and require adaptation. We provide our
adaptations here.

Definition 5.6 (Consistency). A sequence of explanations (Ei)i∈[n] is said to
be consistent iff there does not exist x ∈ X, y, y′ ∈ Y , with y ̸= y′, such that
(Ei)i∈[n] |= (x, y) and (Ei)i∈[n] |= (x, y′).

An entailment relation |= is said to be consistent iff every sequence of
explanations is consistent.

A relation ⊢ is said to be consistent iff there does not exist x ∈ X, y, y′ ∈ Y ,
with y ̸= y′, and ((xi, yi))i∈[n] such that ((xi, yi))i∈[n] ⊢ (x, y) and ((xi, yi))i∈[n] ⊢
(x, y′).

Since the relations ⊢ and ⊢e, derived from the base notion of |=, are “ho-
mogeneous”, we can define properties borrowed from the literature on NMR
(Makinson, 1994; Kraus et al., 1990), in a manner that would not be possible
for the relation |=. The difference from the definitions here from the ones
presented in Section 2.1.1 is that we generalise them to sequences, instead of
using sets.

Our hypothesis is that if those properties are important in (non-monotonic,
defeasible) reasoning, and if the (interactive) explanation process can be seen

132



as form of (non-monotonic) reasoning, then satisfying (or not) these properties
may play a role on how users interact with explanations and what expectations
they may (legitimately) have from them. Indeed, conditional reasoning has
been explicitly evaluated in humans via questions motivated by such properties
and, preliminary, support has been found for some properties, such as cautious
monotonicity (Neves et al., 2004), although the general picture is less clear in
evaluations comparing human inferences with different non-monotonic logic
formalisms (Ragni et al., 2016; Ragni et al., 2017). Investigations with formal
argumentation in mind have been surveyed by Cerutti et al. (2021), although
results from this literature are not yet conclusive. In any case, what seems
to be clear is that monotonic logics are not psychologically plausible models
of conditional reasoning in humans in general (Byrne, 1989; Stenning and
Lambalgen, 2005; Fugard et al., 2011; Spiegel et al., 2019; Espino and Byrne,
2020; Ragni et al., 2020; Cerutti et al., 2021; Marcos Cramer, 2021).

Definition 5.7 (Non-monotonicity and reflexivity). The relation |= is said to
be non-monotonic iff there are (Ei)i∈[n], En+1 and (x, y) such that (Ei)i∈[n] |=
(x, y) and (Ei)i∈[n+1] ̸|= (x, y).

Given a set S, a relation ⊢′ from Seq(S) to S, and s, si ∈ S, for i ∈ N, the
relation ⊢′ is said to satisfy:

• non-monotonicity iff there are (si)i∈[n], sn+1, s such that (si)i∈[n]⊢′ s and
(si)i∈[n+1] ̸⊢′ s;

• reflexivity iff for every (si)i∈[n] and i, (si)i∈[n] ⊢′ si;

• cautious monotonicity iff for every (si)i∈[n], sn+1, and s, if (si)i∈[n] ⊢′ sn+1

and (si)i∈[n] ⊢′ s, then (si)i∈[n+1] ⊢′ s;

• cut iff for every (si)i∈[n], sn+1, s, if (si)i∈[n+1] ⊢′ s and (si)i∈[n] ⊢′ sn+1,
then (si)i∈[n] ⊢′ s.

In the definition above, notice that S and ⊢′ are defined generally in order
to include (xi, yi)i∈[n] and ⊢, as well as (Ei)i∈[n] and ⊢e.

We can now make some general considerations regarding those properties.
Reflexivity asserts that whatever is a premise should also be entailed. We
would expect this to hold for the relation ⊢ for many explainers, since violating
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this means that, after some interactions, an input-output pair could become
unexplained by the current understanding of the sequence of explanations.
That is, the interactive process fails for some asked input and returned output,
which seems a failure of explanation. On the other hand, for ⊢e, a failure of
reflexivity would not be surprising. Indeed, Example 5.1 shows such a failure,
where (E0, E1) ̸⊢e E0.

Regarding cautious monotonicity, intuitively it captures the idea that if
an expected behaviour is confirmed and made explicit, then other previously
expected behaviours are still expected, i.e., a break of expectation is only
caused by explicitly observing an unexpected behaviour. For ⊢ this means
that, when querying for an input which is classified as the (then) expected
output, the resulting sequence of explanations, regardless of what it is, does
not entail any less than what was entailed before. Cut, on the other hand, is in
a way the converse: the resulting sequence of explanations does not entail any
more than what was already entailed. As for ⊢e, what cautious monotonicity
means is that, if a sequence of explanations entails a single explanation, and
this is appended to the sequence, then no entailment is lost. Again, cut means
that no conclusion is gained.

Cut fails in some probabilistic logics (Makinson, 1994), and indeed one can
think of further explanations as detailing the previous ones, even if already
entailed, so that more cases are covered as more is explained. Cautious mono-
tonicity also has a pragmatical motivation of reducing updates in beliefs (Kraus
et al., 1990, p. 12), which arguably could be relevant for the plausibility to,
or comfort of, a user in an interactive explanation process. Which concrete
methods satisfy which of those properties and what is the impact on user exper-
ience are open questions. We here do not empirically investigate the severity
of violating or satisfying those properties. This is a direction left for future
work.

Example 5.8. As a variation of Example 5.1, assume the specificity interpret-
ation and that for the input x1 = (20, 5), the output was now instead y1 = 1,
with second explanation now E ′

1 = {f > 10 ∧ g ≤ 0 → y = 0, f > 10 ∧ g >

0→ y = 1}. It is the case that (E0) |= (x1, 1), and so ((x0, y0)) ⊢ (x1, 1). Now
consider a third input x2 = (20,−10). While (E0) |= (x2, 0) (thus ((x0, y0)) ⊢
(x2, 0)), we now have that (E0, E

′
1) |= (x2, 1), since both rules in E ′

1 are more

134



specific than the one in E0. Therefore we have that ((x0, y0), (x1, 1)) ⊢ (x2, 0),
even if ((x0, y0)) ⊢ (x1, 1) and ((x0, y0)) ⊢ (x2, 0), violating cautious monoton-
icity.

5.4.1 Specificity for non-monotonic explanations

We will generalise here how the idea of specificity used in Examples 5.1 and
5.8 can be defined for general entailment relations |=, or even to characterise
one, in an abstract way.

Definition 5.9. A sequence of explanations (Ei)i∈[n] is said to cover an input
x ∈ X iff there is y ∈ Y such that (Ei)i∈[n] |= (x, y).

A sequence of explanations (Ei)i∈[n] is said to be more specific than
another (E ′

i)i∈[m] iff for every input x ∈ X that (Ei)i∈[n] covers is also covered
by (E ′

i)i∈[m].

In the definitions above, we can use single explanations as a sequence of
explanations, following our mentioned abuse of notation. We can now define
what respecting specificity means for an entailment relation |=.

Definition 5.10. An entailment relation |= respects specificity iff it is con-
sistent and if En+1 is more specific than (Ei)i∈[n] and En+1 |= (x, y), then
(Ei)i∈[n+1] |= (x, y).

A sceptical definition of |= can be defined by extending the entailment
relation from single explanations to sequences recursively via specificity. This
exemplifies how one could define entailment in sequences from entailment in
single explanations, based only on the abstract concept of entailment presented
in this formalism, independent of instantiation. The definition below captures
such entailment relations, presenting the inductive step:

Definition 5.11. An entailment relation |= is most sceptically specific iff it
is consistent, it respects specificity, and, if En+1 is not more specific than
(Ei)i∈[n], for every x ∈ X, y, y′ ∈ Y : a) if En+1 |= (x, y) and (Ei)i∈[n] |= (x, y′),
with y ̸= y′, then there is no y′′ ∈ Y such that (Ei)i∈[n+1] |= (x, y′′); else b) if
En+1 |= (x, y) or (Ei)i∈[n] |= (x, y), then (Ei)i∈[n+1] |= (x, y).
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This does not imply our framework is restricted to such entailment rela-
tions, as it can capture other types of explanation. This is just an example
of how the entailment notion of explanation from single explanations to a se-
quence of explanations, using specificity, a common notion in NMR (Poole,
1985; Horty, 1994; Dung and Son, 2001; Stolzenburg et al., 2003; Wirth and
Stolzenburg, 2016, among many), and sceptical inference (when disagreeing,
entail neither) is used for consistency (on relative consistency preservation for
sceptical reasoning, see Section 2.2 of Makinson, 1994). As mentioned, an ex-
ample of a most sceptically specific entailment relation is the one used used in
Example 5.1.

5.5 Arbitrated dispute trees as explanations to

AA-CBR

Now we instantiate our previous model of interactive explanations for explan-
ations with AA-CBR. Dispute trees have been proposed as explanations for
argumentation methods, in particular for classification with AA-CBR, a model
based on abstract argumentation (AA) for case-based reasoning (CBR) (Čyras
et al., 2016b). In the more recent version, arbitrated dispute trees (ADTs, here
presented in Section 2.4.1) are shown as trees reflecting whether an argument
is winning or losing, depending on the new case being classified (Čyras et al.,
2019a).

Here we show how an ADT for classifying a new case can possibly be reused
for other new cases. This shows that an ADT can be seen as “committing” to
outcomes for other possible cases, instead of simply the case to be explained
(and previous cases occurring in the ADT itself). Indeed, this reuse yields
another admissible dispute tree, and is therefore a faithful explanation by
construction.

In this section we first show an example of counterfactual explanation in
AA-CBR, illustrating concepts defined previously in this chapter. Then we
instantiate the model with a novel method of readapting an arbitrated dispute
tree that explains a prediction. This method is not always applicable but,
when it is, it results in a provably faithful explanation. When modelling this
as reasoning, we show this will result in a form of monotonic inference.
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5.5.1 An example of counterfactual explanation in AA-CBR

We will work with a simple example of credit application.

Example 5.12. Applicants are described by two features: age and income.
System developers decided from background knowledge and previous data that
the default case of an applicant is of {age:30; income:25} (age in years, income
in £1000 per year) and by the default it is denied (y = 0), for instance, because
those values are the medians in the dataset. The casebase is formed of the
following cases:

D = {({age:20; income:100}, 1), ({age:40; income:30}, 1),
({age:32; income:40}, 1), ({age:60; income:42}, 0), ({age:86; income:150}, 1)}

More formally, we could say inputs are elements of X = R2, and out-
puts of Y = {0, 1}. We will interpret the partial order in the following way:
{age:a; income:b} ⪯ {age:a2; income:b2} iff i) 30 ≤ a ≤ a2 or a2 ≤ a ≤ 30;
and ii) 25000 ≤ b ≤ b2 or b2 ≤ b ≤ 25000. Essentially, a case α is smaller
than β when, for both coordinates (features), the value of the coordinate for
α is between β and the default value. Notice this means that the notion of
atypicality, represented by the partial order ⪯, is being, at each coordinate,
either larger at values larger than the mean or smaller at values smaller than
it, in such way that values at different sides of this threshold are incomparable.
This captures atypicality as being either “too large” or “too small” with respect
to the mean. The corresponding framework is presented in Figure 5.3.

Having this setup in terms of case-based reasoning, we will continue the
example as a classification problem in which AA-CBR is used as the classi-
fier. We will first illustrate a counterfactual-based explanation, proposing an
interpretation to it. Our goal is later to compare this example with another
type of explanation that we are proposing here, namely, ADT readaptation
(Example 5.15).

Example 5.13 (continuing from Example 5.12). Let us illustrate the frame-
work with a model of counterfactual explanations. We will continue Ex-
ample 5.12 and assume the classifier is a regular AA-CBR⪰ model mined
from D. For illustrative reasons, we will assume this classifier is treated as
a black-box model. As for the counterfactual explanations, we will not as-
sume a particular algorithm, but we will assume it finds a counterfactual by
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((40, 30), 1) ((32, 40), 1)

((30, 25), 0)

((20, 100), 1)

((60, 42), 0)

((86, 150), 1)

Figure 5.3: Casebase D from Example 5.12 structured as an AA framework (i.e.
without a focus case).

heuristic search (Wachter et al., 2018; Hildebrandt et al., 2020). Besides, we
will interpret it with a minimality assumption: a counterfactual is taken to be
minimally different from the input, corresponding to the idea that it is as close
as possible (Wachter et al., 2018).

This way, for a single input-output pair (x, y), the method returns a new
input-output pair (xcf , ycf ). The intended interpretation is: let (∆a,∆b) =

x−xcf , and (∆′
a,∆

′
b) such that, for 0 ≤ κa, κb ≤ 1, ∆′

a = κa∆a, and ∆′
b = κb∆b.

For any such (∆′
a,∆

′
b), x′ = x + (∆′

a,∆
′
b) is intuitively a smaller change to x

than xcf , and thus is expected to be classified as y, and not as ycf .
For example, for a case x0 = {age:50; income:50} the output is y0 = 1,

if the counterfactual is e0 = ({age:75; income:43}, 0), then for input x1 =

{age:65; income:45} the expected output would still be 1.
Now suppose a user interacts with the system querying for x0, receives y0 as

output and e0 as an explanation. What would be expected if the user queries
for x1, but instead receives y1 = 0 and e1 = ({age:59; income:43}, 1)? Is this
an inconsistency of the method? Could it be solved?

Let us try to solve those questions instantiating our framework with the
problem in this example and the explanation method used.
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Example 5.13 (continuing from p. 137). An instantiation for counterfactuals
as presented in this example is that an explanation is a tuple of original input,
output, and counterfactual and counterfactual output (x, y, xcf , ycf ), meaning
that (xcf , ycf ) is a counterfactual for (x, y)4. Since the explanation is derived
only in terms of a specific example, we may extend for a sequence of examples
by assuming that the explainer E is interaction-stable. That is, we have our
counterfactual explanation as a single-instance explainer E• (as in Section 5.3).
The entailment relation is then defined as:

For a single explanation E = (x, y, xcf , ycf ), E |= (x′, y′) iff:

1. x′ = xcf and y′ = ycf ; or

2. x′ = x and y′ = y; or

3. y′ = ycf and x′ = x + (∆′
a,∆

′
b), for (∆a,∆b) = x − xcf , (∆′

a,∆
′
b) =

(κa∆a, κb∆b), for 0 ≤ κa, κb ≤ 1.

For a sequence of explanations, a naïve aggregation can be used: (Ei)i∈[n] |=
(x′, y′) iff there is i such that Ei |= (x′, y′). Using this definition, the behaviour
in Example 5.13 is inconsistent.

An alternative method could aggregate restricting by a specificity criterion,
using the most sceptically specific relation (defined in Section 5.4.1): say E

covers x′ iff there is y′ such that E |= (x′, y′). We say that E1 is more specific
than E2 if the set of inputs covered by E1 is a subset of the set of inputs covered
by E2. Then redefine for sequences in the following way: (Ei)i∈[n] |= (x′, y′) iff
there is i such that Ei |= (x′, y′) and there is no Ej such that Ej |= (x′, y′′),
where y′ ̸= y′′. By this definition, even if e0 |= (x1, 1), (e0, e1) |= (x1, 0)

and (e0, e1) ̸|= (x1, 1). This would make such relation consistent and non-
monotonic.

5.5.2 ADT readaptation as interactive explanations

While arbitrated dispute trees have been used as explanations in previous lit-
erature (Čyras et al., 2019a), here we instantiate our framework for interactive

4Repeating the input inside the explanation is necessary for the proper interpretation of
the explanation, as the reader will now see.
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explanations as ADTs. Our main question is: given an ADT, to what model
behaviour does it “commit”? What should the |= relation be for ADTs?

ADTs are way of presenting and explaining the behaviour of AA-CBR

as a more succinct structure than the entire argumentation framework. Our
idea here is simply that such presentation can be generalised to other cases:
intuitively, an ADT for a new case x may show a set of sufficient reasons for
justifying a decision for another new case x2. In a sense, x2 does not need more
information than was already presented in that ADT in order to be decided,
therefore the rest of the AF is unnecessary. This can be verified simply by the
structure of the decision tree and by checking for relevance. Let us first define
this formally.

Let D be a dataset, and (Args ,⇝) = AF⪰(D) be its corresponding argu-
mentation framework. Let x be a new case, and DT be an ADT explanation
for its prediction. Now let x2 be a second new case. Depending on the partial
order relation, on the ADT and on the new cases, it might be possible to reuse
the ADT DT , without looking at (Args ,⇝) directly, to decide the outcome
for x2. Indeed, in that case another ADT would be generated as well.

The two core ideas are: 1) if a past case is relevant to the new case, then
every case smaller than it is also relevant; 2) every attacker of a W-node is in
an ADT (as a L-node).

Theorem 5.14. Let DT ′ be DT with all nodes labelled by x1 removed. For
every leaf l of DT ′, let maxl be the node in the path from the root to l which
is maximally relevant to x2 (that is, there is no node in the path greater than
it such that it is also relevant to l).

If all maxl are W-nodes, then the predicted outcome for x2 is the same as
the predicted outcome for x. Besides, let DT x2 be the tree constructed by the
following process: start with the subtree of DT ′ containing only maxl and their
ancestors, add all L-nodes which are children of maxl in DT ′, and, finally, for
each L-node added in this way, add as a child a new W-node labelled by x2.
Then DT x2 is an ADT for the prediction on x2.

When this is the case for new cases x and x2, we will say DT can be read-
apted to x2. We will now prove the theorem, before proceeding to illustrate
the process:
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[L : ((30, 25), 0)]

[W : ((40, 30), 1)]

[L : ((60, 42), 0)]

[W : ((86, 150), 1)]

(a)

[L : ((30, 25), 0)]

[W : ((40, 30), 1)]

[L : ((60, 42), 0)]

[W : ((86, 150), 1)]

(b)

[L : ((30, 25), 0)]

[W : ((40, 30), 1)]

[L : ((60, 42), 0)]

[W : ((50, 50), ?)]

(c)

Figure 5.4: Example of ADT explanation in Example 5.15. Figure 5.4a shows the
ADT explanation for input x2 = {age:90; income:200}. Notice that x2 itself does
not appear in this ADT, since it does not participate in this chain of attacks. Indeed,
this is not required by Definition 2.16, and the influence of x2 in this explanation
is in that every argument labelling a node on this ADT is not attacked by x2.
Figures 5.4b and 5.4c show the process of adapting the previous ADT to the new
input x0 = {age:50; income:50}. In Figure 5.4b, in red are the nodes labelled by
arguments which are irrelevant to x0. There is a single leaf, which is a W node.
Therefore this ADT can be adapted. This is done in Figure 5.4c, with the (single)
attacker of the leaf added back, but now attacked by the new case.

Proof of Theorem 5.14. For every l, maxl exists: by regularity, the default case
(thus the root) is relevant to x2. Let us see that DT x2 is an ADT. Clearly the
condition 1 is satisfied. Let us check conditions 3 and 4 for each node. For
every branch, every node until maxl satisfies the conditions in Definition 2.16,
since DT is an ADT. Now consider maxl. By assumption, every maxl is a
W-node. Again, since DT is an ADT for x, for every maxl, each child of it is
included in DT as a L-node child. Since those are also in DT x2, the condition
is satisfied for each maxl. Next, each of those attackers require exactly one W-
node as a child, attacking it. This is satisfied by every added W-node labelled
by x2, which is an attacker since the arguments which label such L-nodes are
irrelevant (otherwise maxl would not be maximally relevant). Finally, since x2
has no attackers in AF⪰(D, x2,), it satisfies the conditions of a leaf. Condition
5 is clearly satisfied.
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The last requirement to check is whether condition 2 is satisfied. Indeed it
is, since, given that the other conditions are satisfied, then the set of arguments
labelling W-nodes is in the grounded extension of AF⪰(D, x2), which can be
verified by induction (Čyras et al., 2019a, Prop. 3.3). Therefore if the root
is a W-node, it is in the grounded extension and thus the prediction is δo.
Otherwise, it is a L-node and then it has as a child which is a W-node, that
is, the default argument is attacked by the grounded extension (and thus not
in it, since it is conflict-free) and so the prediction of x2 is the δ̄o.

Example 5.15 (continuing from Example 5.12). Now we will use ADT ex-
planations for Example 5.12, instead of counterfactual explanations as in Ex-
ample 5.13. Given our casebase D, suppose we would like to have the prediction
for x2 = {age:90; income:200} and an ADT explanation. One would notice
that the outcome is y2 = 1 with the ADT in Figure 5.4a. The idea is, if one
would like to predict for x0 = {age:50; income:50}, this ADT could be read-
apted in a straightforward way. The process is illustrated in the remainder of
Figure 5.4.

5.5.3 The |= relation for dispute trees

Now we can instantiate our framework with dispute trees. We will define E• as
a function that receives a new case x and its predicted outcome AA-CBR⪰(D, x) =

y, and returns an ADT explanation DT for it. While the choice of the decision
tree could matter for practical applications, for our purposes our concern is
only that some decision tree is returned. Regarding existence, it requires the
argumentation frameworks to be acyclic. This can be achieved by restricting
ourselves to coherent casebases, or instead applying cAA-CBR⪰, a variation of
the original method which guarantees acyclic AFs (Paulino-Passos and Toni,
2021). For the rest of the section we will assume those conditions.

We can then easily instantiate the remainder of the framework, extending
for sequences as previously suggested E(((xi, yi))i∈[n]) = (E•(xi, yi))i∈[n], and
defining |= as: (DT i)i∈[n] |= (x, y) iff there is i such that DT i can be readapted
to x. Indeed, this readapted tree DT x is precisely an explanation such that
DT i ⊢e DT x.

The intuition for this relation is a possible answer to the question: what
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does an ADT explanation say about other inputs, beyond the original one
being explained? Surely it also reveals how the cases which label the appearing
nodes are decided, but would that be all? What we show from Theorem 5.14
is precisely that, for a new input case, if, when filtering the tree for only nodes
labelled by relevant arguments, all leaves are W-nodes, then not only we can
guarantee what the output is, but also acquire an explanation for it via a
transformation. Also notice that this all is done without running the prediction
algorithm entirely from scratch. How could this be used to accelerate inference
time in practice and what is the impact is outside the scope of this chapter.

Another interesting aspect to notice is that, if there is a single L-node as
a maximally relevant node, then nothing can be said. This can be seen from
Figure 5.4. For a new case {age:19; income:110}, the only relevant case is
the root (the default case), which is a L-case. However the prediction for it is
still 1 since the case ({age:20; income:100}, 1) is relevant, and would attack
the default case in the grounded extension. The slightly different new case
{age:21; income:110} would have no such attacker.

We can then state the following consequences:

Theorem 5.16. Let E(((xi, yi))i∈[n]) = (Ei)i∈[n], and (x, y) ∈ X × Y Then:

1. E is interaction-stable;

2. (Ei)i∈[n] |= (x, y) iff there is an explanation E such that (Ei)i∈[n] ⊢e E

and E |= (x, y);

3. (faithfulness) if (Ei)i∈[n] |= (x, y), then AA-CBR⪰(D, x) = y.

4. |= is consistent;

5. |= is monotonic.

Those are straightforward from |= being defined from existence of an ex-
planation in the sequence and from the fact that all arguments labelling W-
nodes are contained in the grounded extension (Prop. 3.3 Čyras et al., 2019a).

ADT explanations are simple, but provably faithful explanations for AA-CBR.
This should not be surprising, since this inference relation is conservative: a
single L-node as a maximally relevant node in the tree makes the entire ADT
unusable.
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5.6 Discussion

Consistency properties have already been advocated in the literature, as dis-
cussed in the introduction. A related but different direction is using interac-
tions and explanations for changing the model itself or predictions for a par-
ticular instance (Sreedharan et al., 2021; Rago et al., 2021a). In opposition,
we consider here the model fixed. Amgoud (2021) also presents explanations
as functions that can be non-monotonic, showing examples on how an explan-
ation can be non-monotonic and proposing an argumentation-based approach
to create non-monotonic explanations without losing consistency. Our main
differences from this work are: i) we base our definitions on sequences, which
are more general and can capture the interactive scenario; ii) we make explicit
the entailment relations, linking explicitly to NMR (at both input-output and
explanation levels).

A line of work with connections to this chapter as well is on building
model interpretation (global explanations) from local explanations (Setzu et
al., 2021; Zhou et al., 2022). These works generate local explanations for a
set of instances and then by essentially merging those local explanations into
a single, global, set of explanations. While here we model explanations at a
higher level of abstraction and thus do not attack the same problem, the idea
of aggregating local explanations can be captured in our abstract formalism.
Indeed, one possible instantiation of |= is by generating local explanations
(Ei)i∈[n] for (xi, yi)i∈[n], and then aggregating the resulting explanations into
a single, global, explanation Eagg, and saying (Ei)i∈[n] |= (x, y) exactly when
Eagg |= (x, y).

Regarding ADT readaptation as an explanation, a possible discussion is
whether the entire set of ADTs for an input could not be returned instead.
While this is a possibility, in the case of a practical application, even if all this
information is to be used, it would still need to be adapted and filtered in a
way not to overwhelm the final user. This is especially the case since many
different dispute trees could have overlaps, being partly redundant. Depending
on context, this could be less informative than having the entire argumentation
framework, since there is no repetition of cases in it. Thus having a single ADT
seems a more effective strategy, or at least a simpler one. The condition is, as
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previously mentioned, that either the casebase is coherent, or that cAA-CBR⪰

is used (see Chapter 3), since there is also a correspondence in that given an
outcome, there is always a dispute for explaining that decision (Čyras et al.,
2019a, Prop. 3.4).

5.7 Summary

In this chapter, we presented a first approach to modelling an interactive ex-
planation scenario, and discussed possible properties of it, specially ones based
on non-monotonic reasoning (NMR). We also show how the general concept of
specificity in NMR may be used to extend entailment from single explanations
to sequences of explanations. Finally, we applied those definitions to ADTs as
explanations for AA-CBR. We showed that under certain hypotheses ADTs
can be readapted to new cases, and that this allows an interpretation of ADTs
as reasoning that turns out to be monotonic.

We believe considerations inspired by non-monotonic reasoning can inspire
questions and angles of study of explainability methods. We leave to future
work analyses of specific systems and algorithms, as well as empirical evalu-
ations of the impact of the presence or absence of particular NMR properties
with human users. Another interesting avenue for future work is defining en-
tailment for sequence of explanations by aggregating, such as in Section 5.4.1,
but using other approaches. A possible one is seeing each explanation as an
argument and using argumentation-based approaches for defining the entail-
ment for sequence of explanations (Čyras et al., 2021; Amgoud, 2021; Baroni
et al., 2018b).

We leave for future work an exploration of how would ADTs be for real ap-
plications of AA-CBR, including how often ADTs can be reused, and whether
this can create gains in inference time. Another aspect left for future work
is user studies for evaluating the effectiveness of ADT as explanations. An
interesting question is whether ADTs with maximally relevant L-nodes could
be readapted in some way, even if fallible. An idea would be considering those
prima facie explanations, resulting in a non-monotonic entailment relation
from sequences of explanations.
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Chapter 6

Conclusion

In this thesis, we explored connections between non-monotonic reasoning (NMR)
and both case-based reasoning (CBR) and explanations, particularly towards
applications on legal reasoning.

We will summarise our contributions to each objective (Section 6.1) and
discuss future work (Section 6.2).

6.1 Summary of contributions

In this thesis we contributed to an understanding across the fields of NMR,
CBR, and AI and law in the following ways.

On the connections between CBR and NMR (Objective 1), and the possib-
ility of analysing CBR using NMR criteria, we proposed a formal NMR analysis
of classification models, with a focus on CBR systems (Chapter 3). We ana-
lysed an existing argumentation-based form of CBR called AA-CBR this way,
proving it does not satisfy the NMR properties of cautious monotonicity and
cut, and we proposed a variant to the model, cAA-CBR⪰, that does satisfy
them. We showed that cAA-CBR⪰ empowers a principled treatment of noise
in data, that is, of incoherent casebases. We empirically compared cAA-CBR⪰

with the original formulation AA-CBR⪰ on the COMPAS recidivism dataset
(Chapter 4). This is a dataset on recidivism prediction, an application of AI
used in the real world in the judiciary with a strong impact on human life
(Larson et al., 2016; Northpointe Inc., 2019; Rudin et al., 2020). Our use of
this dataset is limited to evaluate our algorithms in a real-world legal dataset,
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but it should be noted that this dataset contains many biases and many social
risks are created by the naïve use of it for deployed systems (Bao et al., 2021).
We showed that in this application, with a particular way of defining past case
relevance, the new variant cAA-CBR⪰ and the original one have comparable
or even identical performances, which implies NMR properties can be enforced
with no loss in task performance. In some situations, using the new model can
result in superior performance, particularly in the presence of noise. We also
showed they result in argumentation frameworks with fewer arguments, which
might be advantageous in their interpretability and explainability.

On Objective 2, of studying the effects of NMR properties in legal reas-
oning, we performed a case study on a legal casebase from the literature by
adapting the result model of precedential constraint to AA-CBR and verified
that there was no difference in using the cautiously monotonic version (Chapter
3). We also showed that a legal reasoning system that obeys its own previous
decisions can be manipulated if it does not satisfy cautious monotonicity.

On Objective 3, of the pertinence of CBR in the context of data-centric
AI, we presented methods for learning the notion of relevance in CBR and em-
pirically evaluated them (Chapter 4). We showed a method based on decision
trees that performs comparably to decision trees themselves. Furthermore, we
presented initial results on an approach using autoencoders, a type of neural
networks, in order to allow the usage of CBR methods on unstructured data.

Finally, on Objective 4, of improving theoretical analysis of interactive ex-
planations, we contributed by modelling an interactive explanation scenario
with NMR, thus providing a formalisation, and proposing how NMR proper-
ties can be adapted to it (Chapter 5). We also applied this modelling to a type
of explanations called arbitrated dispute trees for AA-CBR, showing how a
notion of entailment can be defined on them. This objective has also con-
nections to data-centric AI insofar interactive explanations are used in their
deployment.

6.2 Open questions and future work

We have mentioned avenues for future work and open questions in previous
chapters, which we now summarise and expand.
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6.2.1 Classification and CBR models as NMR

Other classification and CBR models. We have proposed a general
framework of analysis of classification models as NMR, and applied this ap-
proach to AA-CBR. This leaves open other forms of classification, including
many other CBR models. Our theory in Chapter 3 in principle could be
applied to other CBR systems used to perform classification. Neuro-symbolic
applications would be of particular interest (Kenny and Keane, 2019; Li et al.,
2018; Barnett et al., 2021), as well as applications to more specific contexts,
such as knowledge graphs (Das et al., 2020a; Das et al., 2020b; Das et al.,
2022).

Non-deterministic classifiers. A restriction in our approach is that it re-
quires the classifier to be deterministic. One generalisation is straightforward:
if a particular property holds for any execution of the entire process (equi-
valently, for any random seed), one can say it holds generally. But another
interesting way of considering the question is probabilistic: what is the prob-
ability that a non-deterministic classifier satisfies, for instance, cautious mono-
tonicity? This can be measured empirically: over many random trials, how
many resulting classifiers satisfy it?

Generalisation of properties. This discussion also suggests the idea of
generalising those properties themselves. We treat those properties strictly: if
there is a single counterexample, the model is said not to have the property
in general. However, a more gradual measure could be useful in practice, for
instance, considering the question: given a classifier (even if deterministic),
over a dataset, how often is cautious monotonicity violated? A proper form-
alisation of those concepts and empirical evaluation of particular systems or
methods would be an interesting direction of future work.

User studies. Finally, we have worked with the assumption that the NMR
properties at some level reflect human practical reasoning and thus are im-
portant for CBR. Despite having shown the negative impacts of the violation
of some properties, e.g., in legal reasoning, by allowing manipulability (Section
3.6), a more general investigation of in which scenarios those properties are
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important is still needed. Indeed, another important issue we have left open
for future work is the empirical evaluation with humans (i.e. user studies) of
the desirability of NMR properties in CBR. We expect this to require experi-
ments in different scenarios in order to rigorously evaluate the question of how
important are those properties in practice.

6.2.2 Comparisons between AA-CBR⪰ and cAA-CBR⪰

On AA-CBR, we have compared AA-CBR⪰ and cAA-CBR⪰ as per their
NMR properties and its empirical performance on prediction of recidivism
on COMPAS using the decision tree methodology. This does not close the
question of how those models compare. We leave to future work more com-
parisons between AA-CBR⪰ and cAA-CBR⪰, including possible theoretical
comparisons in learnability and time or space complexity, as well as empirical
comparison on other settings, including other datasets and partial orders. Fu-
ture work could also better compare AA-CBR⪰ and cAA-CBR⪰ in terms of
differences in interpretability or explainability. Evaluating the impact of NMR
properties in other CBR models with respect to those criteria would also be
fruitful.

6.2.3 On legal CBR models

Other legal CBR models as NMR. We have analysed AA-CBR as
NMR and modelled precedential constraint on it, but doing so invites the
natural question of how other legal CBR would behave in terms of NMR,
which we have not explored. This includes the original formal dialogue game
model of Prakken and Sartor (1998), the ASPIC+-based argumentation scheme
approach of Prakken et al. (2015b), and the ADF-based modelling of Al-
Abdulkarim et al. (2016) and Al-Abdulkarim (2017). We have briefly discussed
cautious monotonicity for precedential constraint in the rule model in the end
of Section 3.7, but a more formal analysis, including more alternative models
of precedential constraint and incorporating, for instance, issues and dimen-
sions, would still be important (Rigoni, 2015; Bench-Capon and Atkinson,
2021; Horty, 2021; Prakken, 2021).
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AA-CBR for legal CBR. Another open question about the connection
between the precedential constraint and this work is how to enforce preceden-
tial constraint in AA-CBR without a (potential) exponential expansion as the
one of Section 3.6. This adaptation is a limitation in terms of scalability for
a large number of factors and cases. It is also an open question how to adapt
AA-CBR for issues and dimensions. Finally, many legal CBR approaches
require (manual) knowledge engineering, which is labour-intensive. This also
applies for AA-CBR with enforced precedential constraints. Developing mod-
els that overcome this challenge is still open work, for which the learning of
partial orders for AA-CBR could be a promising approach.

6.2.4 Learning of partial orders

For the learning of partial orders in AA-CBR⪰, we have seen in Chapter 4
that feature splits from decision trees can be used to define a partial order,
and we have shown initial results on using autoencoders. Those results are still
preliminary and raise the question on how to achieve higher performance com-
bining neural networks with AA-CBR⪰. That line of exploration is still open
regarding different neural network techniques, including multi-task learning
(Caruana, 1997; Ruder, 2017; Crawshaw, 2020), for using output information
as a bias for creating potentially more useful hidden encodings for inducing the
partial order. A clear direction for future work is exploring this methodology in
unstructured data, such as images and text (including legal text, such as legal
decisions), where such an approach could be more advantageous. Furthermore,
developing a neural-network-based methodology such that a learned partial or-
der (or more generally, a learned notion of relevance in CBR) is interpretable
is still an open issue. This has connections to work that aims on ascribing
previously built factors, an already interpretable form, to textual description
of facts (Mumford et al., 2022), or uses data in combination with other types
of knowledge in order to execute CBR (Grabmair, 2017b; Grabmair, 2016;
Grabmair, 2017b).
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6.2.5 Interactive explanations as NMR

On interactive explanations as NMR, we have presented a general framework
and applied this modelling to arbitrated dispute trees for AA-CBR. However,
this only scratches the surface of possibilities, since we do not apply or adapt
the methodology to different explanation methods, including explanatory local
rules (Ribeiro et al., 2018), prime implicants (Ignatiev et al., 2021), and feature
attribution methods (Štrumbelj and Kononenko, 2014; Ribeiro et al., 2016a;
Lundberg and Lee, 2017). We discuss examples with counterfactuals (Wachter
et al., 2018), but we do not provide general ways of interpreting counterfactuals
in our framework, an issue which is open for future work.

Thus we have here proposed a vocabulary for discussion, but we envisage
future work analysing 1) how other explainable AI (XAI) methods can be seen
as interactive, or adapted to an interactive scenario; and 2) what notions of
(non-monotonic) entailment could be defined on those methods, and which
properties would this reasoning have. Finally, empirical evaluations with users
is still an essential requirement to ascertain the importance of NMR properties
in the context of explainability.

6.3 Concluding remarks

Non-monotonic reasoning has been proposed as a way of capturing common-
sense, human practical reasoning, including legal reasoning. Despite the con-
tributions of this field in formalising intuitions about human reasoning, many
of its insights have not been more broadly considered in AI. In this thesis,
we start from the working hypothesis of a wider importance of non-monotonic
reasoning insights in order to bring these lenses of analysis to other fields in
AI. The application of these lenses allows both i) original methods of analyses
of models to human-like reasoning; ii) the development of new models that
satisfy properties considered essential for commonsense reasoning. We do so
for two different subareas of AI: classification, with a focus on case-based reas-
oning; and interactive explanation models in explainable AI. We highlight law
as an application domain for both case-based reasoning and explainable AI,
as it is a domain a) with close ties to case-based reasoning; b) with stronger
requirements of transparency, explainability and alignment to human values;

152



c) in which guarantees on systems are more strongly necessary. Indeed, des-
pite their limitations in, e.g., scalability, models presented in this work (and
much of the literature on which it draws) can be proved to behave in partic-
ular ways, and we have done so, for instance, by showing how precedential
constraint can be enforced, or how reasoning properties can be certified. This
is in striking opposition to recent developments, such as large language mod-
els, which are very flexible models, with surprisingly fluent outputs, but for
which no guarantee whatsoever on their behaviours can be offered. We urge
researchers and practitioners in AI in general, and in particular AI and law
and legal technology, to consider the importance of assurances of conformance
to human practical reasoning in their proposed systems.
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Appendix A

Proofs of Theorems

A.1 Correctness of algorithms - Proof of The-

orem 3.18

We will need a lemma about the addition of new cases. We will first present
and prove this lemma, and then move to the proof of the main theorem.

A.1.1 Addition of new cases

The next result characterises the set of past cases/arguments attacked when
the dataset is extended with a new labelled case/argument. In particular,
this result compares the effect of predicting the outcome of some N2 from D

alone and from D extended with (N1, o1), when there is no case in D with
characterisation N1 already and moreover D is coherent.

This result is interesting in its own right as it shows that, any argument
attacked by the “newly added” case (N1, o1) is easily identified in the sets G0

and G1 in the grounded extension G, being sufficient to check those rather
than the entire casebase D. Notice that we require D to be coherent.

Lemma A.1. Let D be coherent, N1, N2 ∈ X, o1 ∈ Y , and suppose that
there is no case in D with characterisation N1. Consider AF1 = AF⪰(D,N1)

and AF2 = AF⪰(D ∪ {(N1, o1)}, N2). Finally, let G(AF1)and G(AF2) be the
respective grounded extensions. Let β ∈ D be such that (N1, o1) ⇝ β in AF2.
Then,
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1. for every γ that attacks β in AF1, N1 ̸∼ γ (that is, γ is irrelevant to N1

and, by regularity, N1 ̸⪰ γ);

2. in AF1, (N1, ?) defends β;

3. β ∈ G(AF1) and, for G(AF1) =
⋃

i⩾0Gi, β is either in G0 (that it, it is
unattacked), or in G1.

4. For every η = (ηC , ηo) ∈ D such that (N1, ?) defends η in AF1, if ηo ̸= o1,
then, in AF2, (N1, o1)⇝ η.

Proof. 1. Let β = (βC , βo). From the definition of attack: (i) N1 ≻ βC (this
is strict due to coherence and since no case in D has characterisation N1),
(ii) o1 ̸= βo, and (iii) there is no (αC , xo) such that xo = o1 and N1 ≻
αC ≻ βC . Consider ϵ = (ϵC , ϵo) such that ϵ attacks β in AF1 (if there
is no such ϵ then the result trivially holds). Assume by contradiction
that ϵ is relevant to N1. Then by regularity N1 ⪰ ϵC . But since D is
coherent and (N1, o1) ̸∈ D, ϵ and N1 are distinct, and thus N1 ≻ ϵC . As
ϵ attacks β, ϵo ̸= βo, but this in turn implies that ϵo = o1, since (N1, o1)

also attacks β, in AF2. But then N1 ≻ ϵC ≻ βC , with ϵo = o1. This
contradicts requirement 3 in the second bullet of Definition 2.10 of the
attack between (N1, o1) and β. Therefore, ϵ is not relevant to N1, as we
wanted to prove.

2. Trivially true, by 1 (as, if ϵ is an attacker β, then N1 ̸∼ ϵ; but then
(N1, ?)⇝ ϵ).

3. Trivially true, by 2.

4. Since, in AF1, (N1, ?) defends η, then any attacker ϵ of η is irrelevant
to N1, and by regularity, N1 ̸⪰ ϵ. Thus requirement 3 in the second
bullet of Definition 2.10 is satisfied. Requirement 1 is the hypothesis and
requirement 2 is satisfied since (N1, ?) defends η in AF1.

A.1.2 Correctness

Now we can show the theorem. We will first prove that Algorithm 1 is correct.
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Theorem A.2 (Correctness of Algorithm 1). Every execution of Algorithm
1 (simple_add((Args, ⇝), next_case)) inside Algorithm 2 correctly returns
AF⪰(Args ∪ {next_case}).

Proof. This is essentially a consequence of Lemma A.1. We know that there
will never be an argument in Args with the same characterisation as next_case,
since they will occur in the same stratum, thus the lemma applies. The lemma
guarantees that Algorithm 1 adds all attacks that need to be added and only
those. Finally, we need to check that it will never be necessary to remove an
attack. This is true due to requirement 3 in the second bullet of Definition 2.10,
and since arguments are added following the partial order. Therefore the only
modifications on the set of attacks are the ones in simple_add.

We can finally go to the proof of Theorem 3.18, on the correctness of
Algorithm 2.

Proof of Theorem 3.18. 1. Every case in D′ is surprising w.r.t. D′.

Algorithm 2 explicitly only adds a case if it is surprising. Since coherence
is maintained at every step of the algorithm and it proceeds by following
the partial order, one can see that after a case (αC , αo) is added, the
outcome predicted for a new case (αC , ?) is always αo, by Lemma 3.9.
Thus every case in D′ is surprising w.r.t. D′.

2. If D has a concise subset, it is found.

Now, suppose that D has a concise subset D′′. We already know by
Theorem 3.16 that it is the unique concise subset. Now we need to show
that D′ = D′′. We will show it by contradiction, in a similar fashion to
the proof of Theorem 3.16:

Let then (x, y) ∈ (D′ \D′′)∪ (D′′ \D′) (the symmetric difference between
D′ and D′′) such that (x, y) is ⪯-minimal in this set. It exists since the
sets are different (there is at least one element in one of the sets and not
in the other) and this set is finite. Then we have that:

{(x′, y′) ∈ D′ | (x′, y′) ≺ (x, y)} =

{(x′, y′) ∈ D′′ | (x′, y′) ≺ (x, y)}
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otherwise (x, y) would not be minimal in the symmetrical difference.

However, every concise set is coherent. Besides, at every step, the cur-
rently selected subset of D is also coherent. Therefore in the equality
above we can replace ≺ with ⪯, and by applying Lemma 3.9 we will
conclude that either (x, y) is includable w.r.t. both D′ and D′′ or to
neither. Since D′′ is concise, it must be includable w.r.t. both, and thus
(x, y) ∈ D′′.

Now consider the moment when (x, y) was considered in Algorithm 2. At
that point, every case in {(x′, y′) ∈ D′ | (x′, y′) ≺ (x, y)} was already in
Args , since Algorithm 2 follows the partial order. Thus it was considered
to be includable if and only if it is includable w.r.t. D′. However, we
already know that it is includable w.r.t. D′. Thus it was considered to
be includable at that point. Thus, it was added, and then (x, y) ∈ D′.
This is absurd, since we defined (x, y) as an element of (x, y) ∈ (D′ \
D′′) ∪ (D′′ \D′).

3. A coherent dataset has a concise subset.

We will show this by showing that, if the input dataset is coherent, then
the dataset underpinning the AF resulting from Algorithm 2 is concise.

In order to prove that, for the returned Args , Args \{(δC , δo)} is concise,
we just need to prove that at the end of each loop Args \ {(δC , δo)} is
concise w.r.t. the set of all seen examples.

As the base case, before the loop is entered, this is clearly the case, as
the only seen argument is the default.

As the induction step, we know that every case previously added is still
includable, since the new cases added are not less specific than them
according to the partial order, and thus by Lemma 3.9 their prediction
is not changed, that is, they keep being includable. The same is true for
every case previously not added: adding more cases afterwards does not
change their prediction. For the cases added at this new iteration, by
definition the includable ones are added and the not includable ones are
not. Regarding the order in which cases of the same stratum are added,
each of the includable cases will be included and the not includable ones
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will not be. It can be seen that the order is irrelevant as, since they
are all ⪯-minimal and the dataset is coherent, they are incomparable,
so each case in the list is irrelevant with respect to the other. Thus, for
every case seen until this point, it is in the AF iff it is includable. As
this is true for every iteration, it is true for the final, returned AF.

A.2 Spikes - Proof of Theorems 3.24 and 3.25

Using previous results, we are now ready to present a proof sketch of Theorem
3.24 and a full proof of Theorem 3.25, the more interesting result.

Proof sketch of Theorem 3.24. One may remember that the definition of the
grounded extension is of the form G =

⋃
i⩾0Gi and verify by induction on i

that whether an argument is on the grounded extension or not is a function of
whether the arguments that can reach it are or not in the grounded extension.
This may be more clear using the method of labellings (Modgil and Caminada,
2009). Thus whether (δC , δo) ∈ G or not does not depend on a spike.

Proof of Theorem 3.25. We will prove it by contradiction. Let α be a spike
and assume α ∈ Args . Then, during the execution of Algorithm 2, at some
moment α was added to to_add. Indeed, assume additionally that α is the
first such spike to be added. In order to this to happen, the predicted outcome
at the moment for α was not αo. By (the contrapositive of) Theorem 3.7, this
implies that there is a case β which is a nearest case to α with the different
outcome, that is, βo ̸= αo. It is straightforward to check that every nearest
case of a new case is defended by it. Thus, by Lemma A.1, item 4, when α is
added to Args , α attacks β.

Now notice that, since Algorithm 2 goes by strata, and β is in the AF at
this point of the algorithm, then it also is at the final AF, that is, β ∈ Args ,
as is the attack from α to β. However, since α is a spike, it has no path to the
default case, and thus β also has no path to the default case, that is, it is also
a spike. This is absurd, since it contradicts our assumption that α is the first
spike to be added to Args . Therefore, no spike is added to Args .
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Appendix B

Case Study - Description of
Factors

Table B.1: List of factors for the U.S. Trade Secrets domain, with their descriptions,
as presented by Grabmair (2016).

Feature Description

F 1
∆ plaintiff disclosed its product information in negotiations with de-

fendant

F 2
Π defendant paid plaintiff’s former employee to switch employ-

ment, apparently in an attempt to induce the employee to bring
plaintiff’s information

F 3
∆ defendant’s employee was the sole developer of plaintiff’s product

F 4
Π defendant entered into a nondisclosure agreement with plaintiff

F 5
∆ the nondisclosure agreement did not specify which information was

to be treated as confidential

F 6
Π plaintiff took active measures to limit access to and distribution

of its information

F 7
Π plaintiff’s former employee brought product development inform-

ation to defendant

F 8
Π defendant’s access to plaintiff’s product information saved it time

or expense

F 10
∆ plaintiff disclosed its product information to outsiders

209



Table B.1: List of factors for the U.S. Trade Secrets domain (continued).

Feature Description

F 11
∆ plaintiff’s information was about customers and suppliers (i.e. it

may have been available independently from customers or even in
directories)

F 12
Π plaintiff’s disclosures to outsiders were subject to confidentiality

restrictions

F 13
Π plaintiff and defendant entered into a noncompetition agreement

F 14
Π defendant used materials that were subject to confidentiality re-

strictions

F 15
Π plaintiff’s information was unique in that plaintiff was the only

manufacturer making the product

F 16
∆ plaintiff’s product information could be learned by reverse-

engineering

F 17
∆ defendant developed its product by independent research

F 18
Π defendant’s product was identical to plaintiff’s

F 19
∆ plaintiff did not adopt any security measures

F 20
∆ plaintiff’s information was known to competitors

F 21
Π defendant obtained plaintiff’s information although he knew that

plaintiff’s information was confidential

F 22
Π defendant used invasive techniques to gain access to plaintiff’s in-

formation

F 23
∆ plaintiff entered into an agreement waiving confidentiality

F 24
∆ the information could be obtained from publicly available sources

F 25
∆ defendant discovered plaintiff’s information through reverse engin-

eering

F 26
Π defendant obtained plaintiff’s information through deception

F 27
∆ plaintiff disclosed its information in a public forum
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Appendix C

Learning Relevance in Case-Based
Reasoning: Supplementary Result
Tables
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