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Low-Order Non-Linear Spectroscopy of Chiral

Molecules

Joshua David Thompson Vogwell

Abstract

We present a computational and theoretical study of low-order non-linear spec-
troscopy in chiral molecules. In particular, we present a novel technique for ultrafast
sum-frequency generation spectroscopy in chiral molecules, and a discussion of the
implications of molecular conformers upon our technique. First, we present the
results of time-dependent density-functional-theory simulations of enantiosensitive
sum-frequency generation in the chiral molecule propylene oxide, using the software
package OCTOPUS combined with signal processing and propagation codes. Us-
ing these tools, we demonstrate how sum-frequency generation can be used in an
ensemble of randomly oriented chiral molecules to produce a far-field signal which
is enantiosensitive on the level of total intensity. This enantiosensitivity is much
more efficient than older optical-activity based methods, since it eschews magnetic
effects in favour of stronger electric-dipole interactions, whilst remaining fully con-
trollable using the phases of input components. This technique presents exciting
opportunities for ultrafast chiral measurement, using relatively low laser intensities
which may be applicable to general laboratory settings. Secondly, we use a bespoke
spectral Schrödinger-equation solver in a basis set of field-free states obtained using
Density Functional Theory (DFT) to simulate the polarisation response of randomly
oriented carvone to the driving field used in chiral sum-frequency generation. We
repeat this for multiple sets of input frequencies and for the three most common
conformers of carvone. In doing so, we demonstrate that our chiroptical technique
is robust against conformational effects. We further demonstrate the existence of
interconformer interferences, as well as enantiosensitive interference between con-
formers. This presents further opportunities to use solvents or companion molecules
to generate reference signals for ultrafast heterodyne measurements of chirality, and
to study conformational geometry itself in an ultrafast-optics setting.
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Ordoñez. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

2.9 (a) Shows the evolution in time (red and blue), loci throughout space
(yellow), and variation through space of the tip of the electric field
vector in synthetic chiral light. (b) Lissajous figures traced by the tip
of the electric field vector of synthetic chiral light at a single point
in space over time. (c) Energy level diagram for enantiosensitive
second-harmonic generation by synthetic chiral light. (d) Energy level
diagram of enantiosensitive pump-probe absorption using synthetic
chiral light. (e) Energy level diagram of HHG using synthetic chiral
light. Reproduced with permission from Nature Publishing [20]. . . . 63

19 of 161



2.10 (a) An energy level diagram of absorption CD. Note: the enantiosen-
sitivity of the technique relies on magnetic dipole interactions. (b)
Energy level diagram of PXCD, with the enantiosensitivity deriv-
ing from transition dipoles from three transitions, |0⟩ to |2⟩, decay
from |2⟩ to |1⟩, and |1⟩ to |0⟩. The right panel shows the tip of the
dipole vector of a molecule in PXCD. (c) PEXCD, with the decay
from state |2⟩ to |1⟩ replaced with a raman-type transition to and
from continuum. (d) Energy level diagram of PECD in the chiral
(left) and achiral (right) case. Reproduced with permission from AIP
Publishing [231]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

4.1 (A) The proposed optical setup combines a linearly polarised beam
with frequency ω and a second beam that carries cross-polarised ω
and 2ω frequencies. The ω frequency components are polarised in the
plane of propagation, and the 2ω component is polarised orthogonal
to this plane. (B) Multiphoton pathways describing chiral SFG (left)
and achiral THG (right). The induced polarisation associated with
SFG has the same amplitude and opposite phase in opposite molecu-
lar enantiomers, PL

SFG = −PR
SFG, whereas the polarisation associated

with THG is identical, PL
THG = PR

THG. (C) Multiphoton diagrams
describing momentum conservation in SFG (left) and THG (right).
Reproduced under open access licence from American Association for
the Advancement of Science [156]. . . . . . . . . . . . . . . . . . . . 106

4.2 A schematic showing the general procedure used in this work. In-
group codes were used in combination with open-source software. . . 107

4.3 Optical amplitude (top), optical phase (middle), and argument of
fifth order chiral correlation function (bottom) of the driving field in
the interaction region along the x̂ axis. Area under the argument of
the chiral correlation function is shaded in black. . . . . . . . . . . . 108

4.4 Time series of laser pulse of wavelength 361 nm and full-width-half-
maximum of 3.27 fs, together with associated polarisation response.
The electric field has been scaled so as to match the amplitude of the
polarisation response, where the z direction refers to the longitudinal
axis, while y is the transverse direction out-of-non-collinear-plane,
and x is the transverse axis within the non-collinear plane. . . . . . 110

4.5 Orientationally-averaged single-molecule polarisation response D(ω)
of propylene oxide to a cross-polarised ω and 2ω flat-top Gaussian
laser pulse of fundamental wavelength 361 nm and full-width-half-
maximum of 3.27 fs. Figure includes harmonic intensity calculated
from dipole response (solid) and acceleration (dotted). The achiral
component in non-collinear plane is in blue, while chiral longitudinal
component is in red. . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

4.6 Near-field polarisation response of propylene oxide in a chiral SFG
setup, showing chiral (SFG) and achiral (THG) components of polar-
isation, and the associated phases in π radians. . . . . . . . . . . . . 113

20 of 161



4.7 (A and B) Intensity at angular frequency 3ω in the far field associ-
ated with chiral SFG (A) and achiral THG (B). (C to F) Total in-
tensity emitted from left- (C) and (E) and right-handed (D) and (F)
propylene oxide, resulting from adding the chiral SFG (A) and achiral
THG (B) contributions, for ϕ2ω = 0.67π (C) and (D) and ϕ2ω = 1.67π

(E) and (F). Laser parameters I
(1)
ω = I

(2)
ω = 3 × 1012Wcm−2, I

(2)
2ω =

7×1011Wcm−2, pulse duration 7 fs and opening angle 2α = 50◦, arb.
u. is arbitrary units. Reproduced under open access licence from the
American Association for the Advancement of Science [156]. . . . . . 116

4.8 (A and B) Intensity at frequency 3ω emitted from left-handed (A)
and right handed (B) propyleneoxide as a function of the divergence
angle and the two-colour phase delay. (C) Dissymmetry factor γ =
2(IL − IR)/(IL + IR). Grey colour indicates absence of emission. See
caption of figure 4.7 for laser parameters. Reproduced under open
access licence from the American Association for the Advancement of
Science [156]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117

4.9 Beamline schematic of a chiral SFG experiment based on our scheme.
Figure kindly provided by Rose Picciuto, adapted from unpublished
experimental work. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118

5.1 Diagram showing the shapes of the six most common conformers of
carvone. Reproduced with permissions from AIP publishing [368]. . . 122

5.2 A schematic showing the general procedure used in this work. In-
house codes available in-group were applied and adapted, and transition-
dipole matrix elements were provided by our collaborator Patricia
Vindel. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123

5.3 Intensity of emission (top), and three-way interconformational inter-
ference (bottom), for x̂-polarised (left), and ẑ-polarised (right) emis-
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Introduction

Chirality is the property of geometric objects which are not the same as their mir-
ror image [1]. Chiral objects range from hands [2], to snail shells and corkscrews.
However, chirality is particularly important in chemistry, where opposite-handed
mirror-images are known as enantiomers [3]. Mirror-image pairs of chiral objects
(such as chiral odour molecules) react differently with other chiral objects (like olfac-
tory receptor proteins) of opposite handedness [4], and in enantiomers this manifests
in oppositely handed molecules reacting in distinct ways with other chiral objects [5,
6], particularly the highly chiral environment of biology [7].

Light has, for hundreds of years, been used as a means to study the physical
world [8], including chirality [9]. In the early 19th century, Bunsen and Kirchoff
harnessed light to study the chemical properties of matter, using emission and ab-
sorption spectra to discover new elements [10]. Since then, tools utilising light have
been vital tools in studying molecules and their physical behaviour. Chiral media
have been examined via their effects on light; how certain kinds of light are deflected
or dimmed as they pass through a chiral crystal or a solution of chiral molecules [11,
12]. However, as optical technology has improved apace across the last 68 years
since the invention of the optical laser, new frontiers have opened in the study of
matter using light [13]. Specifically, the ability of scientists and engineers to produce
bursts of light lasting femto- or even attoseconds allows the imaging of the internal
dynamics of molecules as their electrons are moving [14–16]. Within this new world,
the old chiral-optical toolkit has become increasingly constrained. Techniques such
as optical rotation and circular dichroism are inefficient probes of chirality on the
level of individual molecules, since they rely on weak magnetic interactions between
the light and the electronic cloud. Such techniques therefore require large numbers
of molecules to produce observable effects, and are not, without significant modifi-
cations, appropriate for ultra-fast measurements of chiral molecules [11, 17].

In this ultrafast era, the new task is to find methods of detecting molecular
chirality which are compatible with the near-attosecond timescales of cutting edge
optical and molecular physics. Such methods must move away from using magnetic
interactions, as do older techniques, and instead generate a chiral response within the
dominant electric-dipole interaction [18, 19]. One such technique is the generation of
synthetic chiral light, where the Lissajous figure of the electric field follows a chiral
trajectory in time [20]. This makes such light an effective chiral reagent even within
the electric dipole regime.
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Combining synthetic chiral light with extremely intense laser fields enables ultra-
fast chiral measurements using effects such as high-harmonic generation [21]. How-
ever, it is desirable to realise chiral methods that make use of synthetic chiral light
in the context of more gentle laser intensities that are more applicable to standard
laboratory settings. Chirality is of perhaps greatest import in biology and pharma-
cology, and this makes chiral measurements which are non-ionising, non-destructive,
portable and work in liquid phase a goal of great interest.

The development of such novel techniques can be split into theoretical and ex-
perimental domains; understanding the mechanisms and viability of a technique
and then realising it in a laboratory setting. The first of these, the theoretical
conceptualisation and understanding, is greatly aided by the use of computational
tools. Even fairly simple self-interacting quantum systems are fiendishly and noto-
riously difficult to simulate using a computer, and anything beyond helium atoms
or H+

2 ions presents an intractable technological challenge without making use of
substantial simplifying assumptions [22]. The techniques described and used in the
rest of this thesis, namely density functional theory [22–24], time-dependent density
functional theory [25, 26], and the spectral propagation of electron wavefunctions,
represent acceptable compromises between an accurate picture of physical processes
and necessary simplifications and simplifying assumptions to make these problems
tractable [24, 27, 28].
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Outline

The broad aim of this work is to theoretically investigate the possibility of using
low-order non-linear processes to realise chiral measurements using synthetic chiral
light. This opens up the potential for ultrafast chiral techniques with the enantiosen-
sitive efficiency of non-magnetic-dipole techniques without the need for extreme laser
intensities.

In chapter 1, I shall explain the origins of chirality as a physical and mathe-
matical property. I shall then go on to explain some of the ways in which chirality
manifests within physical phenomena. Finally, I will explain the importance of
chirality within chemistry and biology, as well as a broader introduction to the con-
cept of isomerism in chemistry and examples of the real-world implications of chiral
chemistry within medicine.

In chapter 2, I introduce the theory of light-matter interactions, from Maxwell’s
equations to non-linear optics. I shall then explore chiral techniques in optics, from
optical activity to more modern methods. I will draw a distinction between methods
which use light as a chiral reagent and those which construct a chiral measuring
apparatus, making use of the concepts of chiral pseudoscalars and pseudovectors to
characterise each technique.

In chapter 3, I will then go on to give a thorough explanation of some of the
computational techniques used in the study of chiral light-matter interactions, with
an introduction to Hartree-Fock theory as well as a particular emphasis on both
time-dependent and time-independent density functional theory.

In chapter 4, I will present a novel technique using synthetic chiral light to
achieve enantiosensitive measurement of chiral molecules within the perturbative
regime. I will further explain the motivations for developing such a technique, before
demonstrating its potential using time-dependent density functional theory. The
results of these simulations will be presented and explained, before the implications
are discussed.

Finally, in chapter 5, I shall present the results of investigations we have con-
ducted into the potential effects and implications of conformational isomerism upon
this technique. I will present the results of numerical simulations, as well as a dis-
cussion of the implications of this work on both the study of chirality and the study
of conformers using low-order non-linear spectroscopy.
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Chapter 1

Chirality and Chiral Molecules

Chirality is a property of geometric objects, wherein an object is said to be
chiral if it is not possible to superimpose it with a mirror image [2]. More precisely,
a chiral object cannot be mapped on to its mirror image by proper rotations and
translations. Therefore a chiral object and its mirror image form a similar yet
properly distinct pair, known most generally as enantiomorphs [1].

A classic example of a chiral pair are human hands (see Figure 1.1), where
the left and right hands are (ideally) mirror images of one another, yet there is no
way to physically overlap them. No matter which way you might turn either hand,
the thumbs will be on opposite sides, the palms face in opposite directions, or the
fingers point the wrong way. Indeed, coined by William Thompson 1st Baron Kelvin
in 1893 [2], the word ‘chirality’ is derived from the ancient Greek word for hand,
‘χειρoς’.

Figure 1.1: A diagram showing two opposite hands, and the impossibility of
superimposing them. The fact that opposite hands are mirror-images of one-
another, combined with the fact that they cannot be superimposed, makes hands
chiral objects. Reproduced under creative commons from M. Karras [29].

Objects which are not chiral, said to be achiral or more rarely amphichiral, lack
this property. The mirror reflection of an achiral object is perfectly identical to the
original, and can always be rotated and translated such as to overlap with it.
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Chiral Interactions

Oppositely-handed chiral objects are identical up to this non-superimposability with
their reflection, and this means they have identical interactions with non-chiral ob-
jects [30]. For example, an achiral glove with nothing distinguishing the back- from
the palm-side will be able to fit either hand just as well. Chirality reveals itself when
a chiral object interacts with another chiral object. A chiral glove with a distinct
back- and palm-side will only fit properly on one hand. If it is put on the wrong
hand it will be upside down, the little finger of the hand will be in the thumb of
the glove, and so on. Similarly, it is strange to shake a right hand with a left hand;
either the palms will face the same way, or one will be upside down. This concept
is very general: chiral objects are identical up to interactions with something that
is either chiral [4] or that provides some chiral measurement [18]. This idea will be
further developed in chapter 2.3.

Formal Definitions

Formal mathematical definitions of chirality arise from group theory. However, more
casual descriptions of chirality, as eluded, are all that is needed to understand this
work. Nevertheless, it may be interesting to dip in to this more ‘fundamental’
literature. Why exactly do reflections have this ‘special’ property of being able to
transform one object into a different one?

The formal definition of chirality hinges upon the concept of an isometry ; a
geometric transformation which preserves the scale of an object on which it oper-
ates. We can classify isometries as either being ‘direct’ isometries, such as proper
rotations and translations, or as ‘indirect’ isometries, which (in three dimensions)
include planar reflections, improper rotations (composed of a planar reflection and
a proper rotation) and both axial and point inversions [31]. Direct isometries are
distinguished by the property that they can always be expressed as the square of
another isometry. In other words, there exists some other isometric transformation
that, when performed twice, gives the same final result as the isometry in question.
For example, a matrix expressing a rotation about an axis of 180◦ can be expressed
as the square of a matrix which expresses a rotation about the same axis by 90◦, and
both of these operations leave the total volume of the object rotated unchanged.

By contrast, a reflection is an indirect isometry, since there is no operation
which, when performed twice in succession, can amount to a reflection. If we move
each point of a three-dimensional object through a mirror plane as if we were about
to reflect the object, but then stop half way, we flatten the object, and so the
operation is singular and not an isometry. Formally, a chiral object is one which
is not symmetric under any indirect isometries. For example, in three dimensions,
a chiral object will be asymmetric under planar reflections, point inversions, axial
inversions and improper rotations; all indirect isometries. Since a chiral object lacks
inversion symmetries it must, by definition, also be non-centrosymmetric [32].
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Figure 1.2: Examples of chirality in 2-dimensions, including (a) a Z shape, and
(b) a rotating circle, which exhibit so-called pseudo-chirality in 2-D since they are
non superimposable via direct isometries, but transform into one-another upon
time reversal. Contrast a Z shape in 3-dimensions (c), which enables one figure
to be transformed into the other by a rotation. (d) shows how tetrahedrons, when
each side is distinct, exist as two non-superimposable reflected forms. (e) shows
a helix, which is a chiral shape in 3-D.

Within Euclidean geometries, chirality exists in any number of dimensions greater
than one. In 2-D space, chiral objects must be bounded (i.e. non-infinite) and lack
an axis of symmetry. In 2-D, L and Z shapes are chiral (see figure 1.2), as are scalene
triangles (but not isosceles or equilateral triangles, since these possess axial sym-
metry). None of these objects are chiral in three-dimensional space: in any N -D
space, any object occupying fewer than N dimensions can not be chiral since it is
symmetric under reflection in the (N−1)-dimensional hyperplane containing it. For
a Z shape, for example, to be chiral in 3-D, the shape must have a defined orien-
tation perpendicular to its plane: the bottom must be distinguishable from the top
[5, 6]. More conventional 3-D chiral objects include helices, Möbius strips, hands,
and tetrahedra with 4 distinguishable faces (see Figure.1.2).

Another way of understanding this is that isometries which are indirect in N -
dimensions can always be expressed as a direct isometry in (N + 1)-dimensional
space. Line reflections in 2-D are equivalent to rotations about an axis in 3-D,
and reflections through a plane are equivalent to a rotation about a plane in 4-D.
Therefore, a chiral 2-D object which is not symmetric under any indirect isometry
in 2-D, gains a path of direct isometries between its two ‘enantiomorphs’ in 3-D,
becoming achiral. Perhaps more unsettlingly, 3-D enantiomorphs such as hands can
also be connected via rotations through a fourth dimension.

Chiral Phenomena in Physics

Chiral effects arise in a multitude of contexts within physics. Fundamental particles
have spins which, when combined with linear momentum, makes them chiral objects
[33]. Storm systems will have reversed chirality in different hemispheres [34] thanks
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to the distinguishability of their top and bottom side, and spiral galaxies can be
said to be chiral when combined with their velocity as they move towards or away
from us [35, 36].

Figure 1.3: A diagram showing the helical wavefront of an optical vortex, which
is a chiral object analogously to circularly polarised light. Vortex beams, unlike
circularly polarised light, can also have topological indices greater than one, cor-
responding to a wavefront consisting of double, triple or higher helices. The above
figure corresponds to the right- and left-handed wavefronts of vortex light with
topological index 1, -1, 3 and -3, and the axial intensity distribution of vortex
light (bottom right). Reproduced under creative commons from A. Ambrosio
[37].

The spins of particles such as electrons and photons is, in and of itself, a chiral
phenomenon only in 2-dimensions. When combined with a linear momentum to
form a ‘helicity’, however, particles of opposite spin become oppositely chiral [33].
This, and the chirality of galaxies, illustrate the distinctions between chirality in 2-
and 3-dimensions.

In the case of photons, photon momenta are forbidden from being zero, and so
photons are always chiral in any frame of reference. Equivalently, in the classical
electrodynamic picture, electromagnetic waves can be chiral [33]. In the simplest
case, that of circularly-polarised light, the tips of the electric field vector at points
along the direction of propagation draw a helix around the axis of propagation of
the wave (see Figure 1.2 (e)). If you look down the axis of propagation of the wave,
reflecting the wave in a plane containing the propagation axis will reverse the sense
of this helix, turning left-handed circularly polarised light into right handed and
vice-versa: circularly polarised light is chiral. This chirality manifests when circu-
larly polarised light (or elliptically polarised light, which is also chiral for the same
reasons) interacts with chiral media [38]. Absorption and phase-velocity of circularly
polarised light in a chiral medium differs between left- and right-circularly polarised
waves, leading to circular dichroism (CD) and circular birefringence respectively
[11]. Such effects are known generally as ‘optical activity’ (see chapter 2.2.2).

As well as the helicity of the loci traced by field vectors in circularly polarised
light, light can also be chiral by having a helical wavefront, as in the case of so-called
‘vortex beams’ [39] (see figure 1.3). Such beams can be thought of as possessing or-
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bital angular momentum, in contrast to the spin angular momentum possessed by
circularly polarised beams, and vortex beams can also be subject to chiral effects [40,
41]. An interesting thing to note is that, while elliptically polarised light can be only
left- or right- handed, corresponding to the two values of spin angular-momentum
accessible to a photon, vortex beams can have arbitrarily large topological indices,
corresponding to arbitrarily large values of orbital angular momentum and associ-
ated separate helical wavefronts (see Figure1.3). Furthermore, the helical wavefront
gives rise to a ‘doughnut’-shaped intensity profile, since the phase-fronts intersect
along the optical axis, and so the intensity of the beam must vanish lest the phase
be multivalued [39].

1.1 Chirality in Chemistry and Biology

Molecules are discrete collections of atomic nuclei in physical space, bound
together by clouds of electrons. As such, they are inherently geometric objects. The
geometry of molecules and the spatial distributions of electrons are largely what
determines how molecules interact. This means that not only can molecules be
chiral but that oppositely handed chiral molecules interact differently with other
chiral molecules [5, 6]. Twin enantiomorphs of a molecule are known in chemical
terminology as enantiomers [3].

Opposite enantiomers have exactly the same mass, energetic structure (down
to a vanishingly small correction due to parity violations [42–44]), and identical
intermolecular interactions (among similarly handed molecules). This means that
pure samples of opposite enantiomers have identical physical properties, such as
melting and boiling points [45], will behave identically in achiral solvents, and will
undergo the same reactions and have identical reactivities with achiral molecules.

This is of particular significance amongst organic molecules. The ability of car-
bon atoms to bond with (typically) four others allows for large, complex arrange-
ments which are more likely to be chiral, which contrasts with inorganic molecules.
Inorganic molecules are typically smaller, and their simple structures often preclude
(with a few exceptions, such as transition metal complexes [46]) chiral chemistry.

1.1.1 Introduction to Isomerism

Chirality in chemistry forms a subcategory of the broader phenomenon of isomerism
[47, 48].

Isomers refer to molecules which contain the same numbers of different types
of atoms, but arranged differently. The most basic form of isomerism is structural
isomerism, where structural isomers have the same atoms but different chemical con-
nectivity; different bonds [49] (see fig 1.4). The concept of isomerism was discovered
by Friedrich Wöhler when he found that the elemental composition of both silver
fulminate and silver cyanate were identical, AgCNo [50]. The two compounds have
different properties (silver fulminate is explosive, while silver cyanate is not), due
to the different arrangement of the carbon, nitrogen and oxygen atoms within the
fulminate and cyanate ions. Structural isomerism is very common among organic
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Figure 1.4: A key showing relationships between different forms of isomerism.
Adapted from teaching materials by David Ayuso.

molecules, which contain many carbon atoms each bound to up to four others. This
can be via alternative branching of carbon-carbon chains (skeletal isomers), differ-
ent positions of particular functional groups (positional isomers), or arrangements
of atoms giving rise to different functional groups (functional isomers) [49].

Another more subtle category of isomerism is stereoisomerism, where molecules
share the same types of atoms and the same chemical connectivity, but a different ar-
rangement of atoms in space [51]. Stereoisomerism comes in the form of enantiomers,
which exist as non-superimposable mirror-image pairs, and diastereomers, which in-
cludes all other forms of stereoisomerism [52]. Stereoisomerism usually exists due
to restricted rotation about bonds within the molecule, which prevents continuous
deformation of one stereoisomer into another. For example, E and Z isomers cor-
respond to arrangements of groups about planar double-bonds which cannot rotate
[3].

Chiral Centres

In organic molecules chirality most commonly arises from the presence of a carbon
atom attached to four distinct groups in a tetrahedral arrangement [53, 54]. Just
like a tetrahedron with four differently coloured faces, this will have two different
absolute configurations; two opposite enantiomorphs (see figures 1.2 and 1.5). Such
a chiral carbon atom (or indeed any atom in an analogous position) is known as a
stereocentre or stereogenic centre [3].

Figure 1.5: Carbon atoms can form covalent bonds with up to four other atoms,
typically in a tetrahedral arrangement. If all four of these substituents are unique,
then reflecting the carbon atom will result in mirror image that cannot be made
to coincide with the original: such centres exhibit chirality. Reproduced from
Wikipedia under creative commons [55].
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Figure 1.6: Since the two stereogenic centres of cis-1,2-dimethylcyclopropane
are mirror images of each other, reversing the absolute configurations of both
centres will transform one into the other, and so the molecule is not chiral but a
‘meso-isomer’.

A molecule with one such stereogenic centre will have two enantiomers, but
molecules can also have more than one stereocentre. In such cases, the absolute
configurations about N stereocentres will give rise to a family of 2N stereoisomers.
Members of such a family of molecules with absolute configurations reversed at each
stereogenic centre will be opposite enantiomers of one another, but other arrange-
ments will be diastereomers which can have distinct physical properties (including
melting/boiling points and densities) since they are not mirror images of one an-
other [52]. However, molecules with an even number of stereogenic centres can still
be achiral if two of the stereogenic centres can be transposed into one-another un-
der a mirror reflection (combined with any other set of transformations) [56]. For
instance cis-1,2-methylcyclopropane (figure 1.6) has two chiral carbon atoms which
are mirror reflections of each-other. If you plane-reflect the entire molecule, it can
always be rotated such that one chiral centre will take the place of the other, repro-
ducing the original structure. Such a molecule is known as a ‘meso-isomer’, however
the two other diastereomers within the 1,2-cyclopropane family (the trans isomers),
are enantiomers since both chiral centres have the same absolute configuration [3].

Although chiral centres are most commonly carbon atoms in organic molecules,
they do no have to be. Sulfoxides, which consist of a sulphur atom bonded to one
oxygen and two carbon atoms, can be chiral about the sulphur atom thanks to their
trigonal-pyramidal structure [57]. Beyond organic chemistry, transition metals can
act as stereogenic centres of complexes with a chiral arrangement of ligands [46].

Non-Central Chirality

Aside from so-called central chirality, chirality can also arise in molecular structures
due to chiral axes (eg. 1,1’-Bi-2-naphthol) [61], planes (eg. trans-cyclooctene), or
due to inherent chiral curvature of the molecule (eg. helicenes) [52, 62, 63] (see
figure 1.7):

For example, axial chirality arises from a non-planar arrangement of the molecule
about a chiral axis, rather than a chiral centre. In BINOL the two biaryl moieties
restrict rotation about the connecting carbon-carbon bond which, together with the
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Figure 1.7: Examples of non-central chirality in molecules. (a) and (b) show
opposite enantiomers of 1,1’-Bi-2-naphthol(BINOL), which exhibit axial chirality.
(c) shows helicene, which is chiral by dint of its overall helical shape, while (d)
shows trans-cyclooctene which has planar chirality. Reproduced from Wikipedia
under creative commons [58–60].

molecules asymmetry about the axis of this bond, makes it chiral [3, 52]. Alternately,
trans-cyclooctene is chiral by dint of its double bond restricting the twisting of either
side of the molecule smoothly between two enantiomorphic conformers.

Chiral Chemical Interactions

Just as oppositely handed enantiomorphs interact differently with other chiral ob-
jects, chiral molecules are observed to behave differently when interacting with chiral
reagents [65] (see figure 1.8), including other chiral molecules and chiral electric fields
[20, 66].

This includes other molecules of the same chiral compound: Although inter-
molecular interactions between left- and left-handed molecules will be identical to
those between right- and right-handed molecules, these will both differ from the
interactions between left- and right-handed molecules. This means that mixtures
of enantiomers will differ in density [67], melting points [68], boiling points and
solubilities from enantiomerically pure samples, and that these properties will de-
pend on the degree of abundance of enantiomers relative to one another (but not
on the sense of the overabundance; a 60:40 mixture will behave the same as a 40:60
mixture, for example) [45, 69]. An exact one-to-one mixture of two opposite enan-
tiomers is known as a racemic mixture, while if a mixture of enantiomers has more
of one and less of the other it is known as a scalemic mixture [3]. With respect
to one enantiomer, a solution which has an overabundance of a specific enantiomer
is enantioenriched, and if there is only one enantiomer present then the sample is
enantiopure [70].
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Figure 1.8: Chiral molecules may react differently with another chiral reagent,
in this case a receptor site with a chiral shape. (a) Shows compatibility of a
chiral ligand with a receptor while (b) shows incompatibility of the oppositely
handed ligand with the same receptor. Reproduced under open access license
from MDPI [64].

Conformational Isomerism

Most chiral molecules are large organic molecules, since large size and the chemical
connectivity of carbon allows for there to be more chiral centres. These features also
mean that many chiral molecules have several carbon-carbon single bonds formed
by the overlap of sp-3 orbitals. These ‘σ’-type bonding orbitals are azimuthally
symmetric, and lack off-axis electron density, and this makes them free to rotate
(unlike π-bonding orbitals which have off axis electron-density, which inhibits free
rotation) [70].

Since these bonds can rotate freely, this can allow multiple arrangements whereby
atoms in a molecule can be in different positions within space but retain the same
chemical connectivity (i.e. bonding) [71, 72]. These arrangements are differentiated
by the differences in potential energy caused by mutual repulsion of the electron
clouds surrounding substituent groups of the carbons of the rotating bond. The
potential energy surface of the molecule has local minima, which are stable or meta-
stable conformations, conformers, as well as local maxima, which are the transitional
states between these conformers [73, 74] (see figure 1.9).

Since the interactions driving these energy differences are relatively long-range
and weak, the energy barriers between adjacent local minima are small, and so
different conformers are able to readily interconvert, as the relevant single-bonds
rotate about their axes [75]. This contrasts other stereoisomers where such inter-
conversion requires bond-breaking. The intermediate case is that of ‘atropisomers’,
which have bonds which, while very stiff, can still rotate without breaking [76]. At
a sufficiently high temperature, the energy stored in the vibrations and rotations of
the molecule are sufficient to rotate the bonds through the different conformers, and
so a dynamic equilibrium is established whereby the different conformations coexist
in proportions determined by the energetics of the different conformers [73]. Con-
formers can be opposing enantiomorphs, as in hydrogen peroxide, or diastereomers

35 of 161



as is more typically the case.

Figure 1.9: Conformational isomers of butane, showing relative energy differ-
ences. Reproduced from Wikipedia under creative commons [77].

1.1.2 Chiral Biochemistry

Perhaps chirality in chemistry would be merely an obscure quirk of geometry if it
were not the case that most biological matter is chiral, being composed of large and
complex organic molecules with often viciously convoluted stereochemistry [53, 78].
Most amino acids and sugars are chiral, and these molecules make up the various
proteins and carbohydrates which form the greater body of biological matter [79].
Not only is the double-helix shape of DNA chiral, but the nucleobases and the
ribose which makes up DNA strands are chiral themselves, such is the ubiquity
of chirality within biochemistry. This is not coincidental, for achiral polymers to
form from chiral monomers would require alternating pairs of opposite enantiomers,
which would make things like DNA replication and protein synthesis much more
complex [79]. The consequence of all of this is that biological systems are very
much chiral environments, and so the behaviour of chiral molecules within biological
environments can differ greatly between opposite enantiomers [7].

One classic, and illustrative, example of this in action is the fact that many
odorous chiral compounds exhibit a different scent than their oppositely-handed
twin. The human sense of smell is thought to arise from molecules binding to re-
ceptors in the nasal cavity, and this interaction depends on the geometry of both
the molecule and receptor in question, like a key in a lock [80]. Both the molecule
and the receptors are chiral, and this means that opposite enantiomers bind dif-
ferently to scent receptors, and are thus perceived as having different odours [81].
For instance, opposite enantiomers of the chiral molecule carvone (see figure 1.10)
can smell either of caraway seeds or of spearmint, while opposite enantiomers of

36 of 161



fenchone are responsible for the odours of fennel and some varieties of wormwood
[82, 83].

(a)

(b)

Figure 1.10: Examples of chiral molecules relevant to biology. (a) shows the
two enantiomers of the molecule carvone, which is centrally chiral: the carbon
atom within the ring attached to the propenyl moiety is a stereogenic centre.
(R)-carvone has a minty odour while the (S)-enantiomer smells closer to caraway
or dill. (b) shows the structure of (R,R,R)-αtocopherol, also known as vitamin
E, which has three stereogenic centers; two along the chain, one where the chain
attaches to the ring. Reproduced from Wikipedia under creative commons [84,
85].

Another interesting example of chiral effects in biochemistry is that of α-tocopherol,
otherwise known as vitamin E [86]. This molecule has three chiral centres and thus
has a family of eight stereoisomers, in four pairs of enantiomers (see figure 1.10). The
most common form in nature, which is also the most effective, is the thrice-right-
handed configuration, while its enantiomer (the thrice-left-handed configuration) is
the least effective. Other intermediate configurations fall somewhere in between in
their efficacy [87, 88]. Synthetic vitamin E is a racemic mixture of all isomers, and
so is less effective than the naturally sourced (and thus enantiopure) version for the
same dosage [89].

Chiral Pharmacology

The at-times radically divergent behaviour of different enantiomers in the
strongly chiral environment of the human body has vital importance on the action
of different medicinal compounds [90–94]. Opposite enantiomers can behave very
differently to each other throughout the transportation and metabolism of the drug
(pharmacokinetics), and have different effects upon the cells and tissues of the body
(pharmacodynamics)[95–101]. Within the jargon of pharmacology, the enantiomer
which has the desired effect is known as the eutomer, and the less desired enantiomer
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is known as the dystomer, relative to the desired effect of the compound [102].

(a) (b)

Figure 1.11: Examples of chiral drugs. (a) shows the two enantiomers of ibupro-
fen. The right-enantiomer is converted into the left- within the body, so the drug’s
chirality is irrelevant to its usage. (b) shows the two enantiomers of thalidomide.
(R)-thalidomide (top) is an effective sedative, (S)-thalidomide (bottom) is ter-
atogenic. The molecule has a chiral centre on the glutamine ring (right) where
it connects to the phthalimide moiety (left). Reproduced from Taylor & Francis
Publishing and Wikipedia under creative commons [103, 104].

In many cases, the dystomer has largely benign effects. Right-handed salbuta-
mol is a bronchodilator used to treat acute asthma attacks, while the dystomeric
left-handed form of the drug is simply worse at doing the same thing [98]. The
right-handed dystomer of the non-steroidal anti-inflammatory agent ibuprofen (see
figure 1.11) is converted into the left-handed eutomer in vivo, and so the chiral
nature of ibuprofen is irrelevant to its use [105].

Unfortunately, dystomers do no always have such benign effects [106–109]. Eu-
tomeric ketamine is used as a dissociative anaesthetic, while eutomeric metham-
phetamine can be used as a nasal decongestant since it binds to neurotransmit-
ter receptors in the synapses of the nose, resulting in vaso-constriction (narrow-
ing of blood vessels) in soft tissue surrounding airways. Dystomeric ketamine can
instead induce hallucinations and euphoria, whilst dystomeric methamphetamine
binds much more strongly to receptors in the nervous system, making it a powerful
and highly addictive stimulant [110, 111].

Perhaps most notorious is the case of the sedative thalidomide (see figure1.11),
once prescribed to pregnant women to treat morning sickness. The dystomeric
form is a ‘teratogen’ that causes mutations and malformations in foetuses [90, 112]:
infants born from mothers who took thalidomide are much more likely to have birth
defects, most commonly malformed hands and limbs. Even if only the eutomer is
given to a pregnant woman, the compound is ‘racemized’ [113, 114], becoming an
even mixture of the two enantiomers, when dissolved in water. Even enantiopure
thalidomide is potentially extremely harmful to pregnant women and their unborn
infants [115].

Despite these tragic complications, thalidomide still finds use as a treatment for
leprosy in many developing countries [116, 117], particularly in Latin America, and

38 of 161



also has potential in treating some cancers [118, 119]. This highlights the fact that
which enantiomer is desirable and which is not depends entirely on the circumstances
of the drug’s use, and whether or not adverse effects of the dystomer are relevant or
acceptable depending on the circumstances of use.

Conclusion

In this chapter, I have given an overview of the origins and importance of chirality
throughout the natural sciences. Initially, I introduced chirality as a geometric
property of objects, and explained the mathematical foundations of chirality as a
general property in spaces of arbitrary dimensionality. Then, I gave an overview of
how chirality as a geoemtric property manifests throughout physics, with a particular
emphasis on chiral phenomena involving light and electromagnetism, which will
become vital later.

Section 1.1 explored the ways in which chirality arises in chemistry and biology.
This necessitated an explanation, in section 1.1.1, of the various kinds of isomerism
in chemistry, from structural isomers to stereoisomers, and from enantiomers to con-
formers. This section describes in detail the ways in which molecules may exhibit
chirality, from central chirality to axial and planar chirality, how chirality manifests
in chemical interactions, and an exploration of situations in which molecules have
multiple chiral centres. Finally, in section 1.1.2, we describe the manifestations of
chirality in the sphere of perhaps the greatest importance to humans; biology and
pharmacology. I illustrate how different enantiomers can behave distinctly within
the highly chiral environments of biological systems, with the illustrative examples
of opposite enantiomers with different odours and the differing efficacy of diastere-
omers of vitamin E. I then give a brief introduction into the fundamentals of chirality
in pharmacology. Through the lens of eutomers and dystomers, we see how opposite
enantiomers can behave differently throughout pharmacokinesis and pharmacody-
namics from benign situations (such as salbutamol) where a dystomer is relatively
harmless to the tragic example of thalidomide, where the dystomer is not only ex-
tremely harmful but the molecule is racemized in an aqueous solution. Nonetheless,
our understanding of chiral pharmacology must be informed by the desired effects
of any chiral drug and what side-effects are important in any given use-case. This
all gives a vital motivation as to why chirality is an important area of study. In the
next chapter, we turn towards methods by which we can study chirality in chem-
ical substances using electromagnetism as a probe. This will require an overview
into light-matter interactions, beginning with electrodynamics, before moving on to
linear and non-linear optics, and then an exploration of chiroptical methods.
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Chapter 2

Chiroptical spectroscopy

Chirality plays a crucial role in chemistry [65], medicine [90–94], and biology [7],
with both beneficial applications and potential risks for human health [106–109].
However, telling apart substances with the same melting points, boiling points,
solubilities and essentially the same energetic structure [45] can be challenging [7].
Indeed, chirality only reveals itself in interactions with other chiral objects [5, 6],
and so techniques aiming to distinguish different enantiomers need to present either
a chiral reagent [20, 66, 120] of some kind or a measuring setup which is itself overall
chiral [18].

While there are non-optical techniques, such as chiral chromatography [121],
for distinguishing enantiomers, methods that rely on electromagnetic radiation of-
fer distinct advantages [122–124]. Notably, light-based techniques for chiroptical
spectroscopy do not require chemical transformations or reactions of the sample
molecules. These methods can provide highly versatile and sensitive measurements,
with the added benefit of achieving temporal resolutions that would be unattain-
able through other means [18]. As a result, chiroptical spectroscopy stands out as
a powerful approach for studying chirality and differentiating enantiomers without
altering the samples themselves.

2.1 Light-Matter Interactions

To understand better how light might be used as a probe of molecular chirality, it
may be useful to review some of the fundamentals of how light interacts with matter.
Light can be thought of both as a collection of particles, photons [125, 126], and as
being comprised of a wave [127] propagating through the electric and magnetic fields
[128]. The dynamics of electric and magnetic fields are governed, in the classical
regime, by Maxwell’s equations of electrodynamics [128].

Relatively intense forms of light are typically best modelled as waves in the
classical picture, while the particle nature of light becomes relatively more important
when total intensity, and so the total number of photons, is low [129–133]. For our
purposes we do not need to consider the quantum nature of the electromagnetic
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field on the whole, since we will be considering forms of light sufficiently intense
to be examined in the classical regime [134]. However, absorption and emission of
individual photons is still relevant on the level of individual molecules [135]. We will
be modelling molecular systems quantum-mechanically, but electric and magnetic
fields classically [136]; a ‘semi-classical’ treatment.

2.1.1 Maxwell’s Equations

The behaviour of electric and magnetic fields can be modelled in the ‘classical’,
relativistic case using Maxwell’s equations:

∇ · #»

D = ρf (2.1)

∇ · #»

B = 0 (2.2)

∇× #»

E = − ∂

∂t

#»

B (2.3)

∇× #»

H =
#»

Jf +
∂

∂t

#»

D (2.4)

where ρf is the free charge density,
#»

Jf is the free current density,
#»

E is the electric

field,
#»

H the magnetic field,
#»

D = ϵ0
#»

E +
#»

P is the electric displacement field including
electric polarisation

#»

P , and
#»

B = µ0(
#»

H +
# »

M) is magnetic flux density including

magnetisation
# »

M [137, 138].

If we assume a medium that is neutral and non conducting (ρf ,
#»

Jf = 0), and
that the divergence of the electric field is zero, we can take the curl of the Faraday
equation (2.3) to find the wave equation [128];

∇2 #»

E − 1

c2
∂2

∂t2
#»

E =
1

c2

(︃
∂2

∂t2
#»

P +
1

ϵ0

∂

∂t
∇× # »

M +
1

µ0ϵ20
∇(∇ · #»

P )

)︃
(2.5)

and an equivalent wave equation can be derived using the curl of equation 2.4.
Therefore, the optical properties of a medium depend on how a medium responds
to an applied magnetic or electric field [134].

2.1.2 Linear Optics

In a classical picture, when circularly polarised light is incident upon a molecule
(or solid), the electric-field component of the light exerts a force upon the electrons
within the molecule, displacing them linearly from their equilibrium position and
inducing an electric dipole. Concurrently, the magnetic field of the light causes
the electrons to circulate, inducing a magnetic dipole. These induced electric and
magnetic polarisations serve to retard the advancing wave, as well as attenuate the
light by converting some of the wave-energy into electronic motion and then heat
via nuclear motion. One simplifying assumption we can make is that the applied
electric and magnetic fields

#»

E and
#»

H are mapped onto induced polarisation and
magnetisations

#»

P and
# »

M by constant tensorial susceptibilities:
#»

P = ε0χe
#»

E (2.6)

# »

M = χν
#»

H (2.7)
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where the electric susceptibility χe and magnetic susceptibility χν are constant ten-

sors of the second degree. This is the assumption of linearity; that is that there
is a linear relationship between the external electric and magnetic fields and the
polarisations and magnetisations induced in the optical medium [139].

We can substitute the instantaneous relations into the wave equation, assuming
homogeneity and isotropy, to find the linear electromagnetic wave equation

∇2 #»

E − n2
ℓ

c2
∂2

∂t2
#»

E = 0 (2.8)

Where n2
ℓ = (1 + χν)(1 + χe) is the linear refractive index of the material which

encodes the optical properties of the medium, and does not change in response to
radiation or applied fields. The solutions to this equation will be a linear sum of
sinusoidal waves propagating with uniform phase velocity v = c/nℓ, with refractive
index nℓ encoding the degree to which a transmitted wave is retarded as it passes
through the medium. The refractive index can also be used to determine changes in
angle (refraction) and reflection at interfaces between media with different optical
properties [134, 139].

Furthermore, we can consider complex susceptibilities which then give rise to a
complex refractive index. The imaginary component of the refractive index is known
as the extinction coefficient, and will lead to an attenuation of waves as they pass
through the medium [139], while the real component constitutes our refractive index
as introduced earlier.

The above derivations assume that the material reacts instantaneously to the
application of an external electric or magnetic field, however this is not exactly true
[140]. When a field is applied to a material, the distribution of charge and magnetic
dipoles will change in response, but this will take place over a short time interval
rather than instantaneously [140]. Therefore, we cannot just relate our medium’s
polarisation/magnetisation response to external fields by constant tensors. Instead,
we can account for this non-instantaneous response by modelling magnetisation and
polarisation via the convolution of a time-varying electric or magnetic field with a
time-dependent tensorial susceptibility serving as a transfer function;

#»

P (t) = ε0

(︃
χe ∗

#»

E

)︃
(t) (2.9)

# »

M(t) =

(︃
χν ∗

#»

H

)︃
(t) (2.10)

where ∗ denotes convolution, and χe(t
′), χν(t

′) = 0 for t′ > t so as to obey causality.

We can exploit the convolution theorem to find more convenient relations in the
frequency domain

#»

P (ω) = ε0χe(ω)
#»

E(ω) (2.11)

# »

M(ω) = χν(ω)
#»

H(ω) (2.12)
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Here we again make the assumption that the response of the medium is also linear, so
if the electric field is oscillating at frequency ω with wave-vector

#»

k , the polarisation
and magnetisation will also oscillate with the same frequency and wave-vector, albeit
with a different amplitude and phase. This means that the time and space derivatives
of

#»

E(ω),
#»

H(ω),
#»

P (ω),
# »

M(ω) will differ only by some complex tensorial factor. We can
insert our frequency dependent susceptibilities into our wave equation 2.5, and using
plane-wave trial solutions recover the dispersion relation for light in a dispersive
medium [140]:

k2 =
ω2n2(ω)

c2
(2.13)

where n2(ω) = (1 + χe(ω))(1 + χν(ω)) is a frequency dependent complex refractive
index, assuming isotropy and homogeneity.

We can now see that the non-instantaneous response of polarisation and magneti-
sation to electric and magnetic fields gives rise to waves with a frequency dependent
velocity, an effect known as dispersion [141]. The imaginary part of this refractive
index also gives rise to frequency dependent extinction, allowing our material to be
more opaque at certain frequencies while being transparent at others. When treated
in this non-instantaneous manner, we can begin to find that both real and imaginary
parts of the refractive index originate with the time-varying polarisation response
of the material, and these two phenomena (refraction and extinction) can be linked
mathematically by the Kramers-Kronig transform [142–144].

Finally, we can loosen our assumption of isotropy, which will lead to a tensorial
refractive index, which will act differently on waves travelling in different directions,
and with different polarisations (birefringence). These effects; refraction, reflection,
extinction, dispersion and birefringence; constitute the domain of linear optics. In
all of these cases, the optical properties of a medium do not change depending on
the strength of electric or magnetic fields to which it is subjected. This means that
waves passing through the medium cannot influence the transmission of other waves,
even when they intersect. This property is known as the ‘principle of superposition’,
and is characteristic of linear systems [145].

2.1.3 Non-linear Optics

The linear regime is not universal: for certain materials, and for sufficiently large
field strengths, linearity breaks down [146, 147]. Non-linear effects in optics include
optical solitons, where diffraction and non-linear self-focussing balance each other
out to produce a stable propagating waveform [148], self focussing, where sufficiently
intense lasers alter the refractive index of a medium such as to focus laser as it
is transmitted [149], and wave-mixing, where multiple waves interact to generate
signals of new frequencies [150, 151].

Wave-mixing phenomena are the effects we wish to focus on here. Once linearity
no longer holds, the principle of superposition is also no longer valid. This allows
optical processes involving more than two photons [150, 151], and so allows molecules
to interact with optical fields with multiple propagation directions and frequency
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components [152]. Therefore, in a non-linear wave-mixing process, the field can
drive molecules through more than two transitions: not just up to one exited state
and back (or not, as in the case of Raman scattering). This enables processes which
are chiral within the electric dipole approximation [20, 153]. We will discuss this
further in section 2.3.

Broadly, non-linear optical phenomena can be divided into perturbative or non-
perturbative phenomena [145]. In a perturbative regime, the intensity of progres-
sively higher-order processes decreases exponentially, and so higher order corrections
can be treated as a converging series which can be truncated but retain accuracy.
This can be rationalised as higher-order processes being ones requiring greater num-
bers of photons, and so being exponentially less probable [145]. Non-perturbative
processes lack this property, and so can not be modelled with a perturbative series
expansion.

2.1.4 Perturbative Phenomena

The crux of this work is to explore perturbative non-linear processes and how
we might use them to study chiral molecules. As stated previously, in perturbative
phenomena, non-linear effects are treated as higher-order corrections to a dominant
linear response, and these higher order corrections must necessarily get progressively
smaller so as the series will converge [145].

The usual treatment is to express the polarisation and magnetisation responses
to electric and magnetic fields in terms of higher-order susceptibilities χ

(n)
e and

χ
(n)
ν [145]. For brevity we will ignore magnetism, since magnetic fields in electromag-

netic radiation tend to be much weaker and so non-linear effects which require high
intensities tend to be dominated by electric-field-effects. Along with magnetism, we
will also ignore terms involving electric multipoles of order two and beyond: we shall
make the electric dipole approximation. Furthermore, we shall model the polarisa-
tion response as being instantaneous, since we will not be considering dispersion in
our analysis.

Using these higher-order susceptibilities, we can model the non-linear polarisa-
tion response as:

#»

P = ε0

(︃
χ(1)
e

#»

E(t) + χ(2)
e

#»

E(t)
#»

E(t) + · · ·+ χ(n)
e

#»

E(t)n + . . .

)︃
(2.14)

where
#»

E(t)n denotes the n-times tensor product of
#»

E(t), and nth order susceptibility

χ
(n)
e is a tensor of the (n+ 1)th degree.

Starting with Maxwell’s equations, and assuming that electric field and polari-
sation divergence ∇ · #»

E,∇ · #»

P ≈ 0, we can derive the non-linear wave equation:

∇2 #»

E − n2
ℓ

c2
∂2

∂t2
#»

E =
1

εoc2
∂2

∂t2
#»

P NL (2.15)

where nℓ is the zeroth order refractive index of the material, and
#»

P NL is the non-
linear correction to the polarisation

#»

P . If we compare to the linearised electro-
magnetic wave equation 2.8, we see that the left hand side of the non-linear wave
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equation is the same as that of the linear wave-equation, which allows electromag-
netic waves to propagate. However, the right hand side of the equation is unique
to the non-linear regime, and can be interpreted as a ‘source’ term which can drive
new oscillations [154, 155].

One illustrative example of effects which emerge from this perturbative analysis
is wave-mixing. If we consider only the second order susceptibility χ

(2)
e , and two

incident waves with electric fields amplitudes
#»E 1 and

#»E 2 and angular frequencies ω1

and ω2, we find

#»

P NL = ε0χ
(2)
e

#»

E(t)
#»

E(t) (2.16)

where (simplifying, for now, to the case of real fields and real-valued susceptibilities),

#»

E(t) =
#»E 1 cos (ω1t) +

#»E 2 cos (ω2t) (2.17)

and so, applying some basic trigonometry,

#»

P NL = ε0χ
(2)
e ((

#»E 2
1 +

#»E 2
2) +

1

2

#»E 2
1 cos (2ω1) +

1

2

#»E 2
2 cos (2ω2) +

#»E 1
#»E 2 cos (ω1 + ω2) +

#»E 1
#»E 2 cos (ω1 − ω2)) (2.18)

It can be seen above that the second order non-linearity allows two waves to mix,
generating waves of different frequencies: the second harmonics of both waves, the
sum-frequency signal (see fig 2.1), the difference-frequency signal, and a static field
response (known as ‘optical rectification’).[145]

Figure 2.1: A non-linear optics energy diagram showing resonant sum frequency
generation (left), a second order process, and third harmonic generation (right),
a third order process. Adapted under open access from American Association for
the Advancement of Science [156].

Higher-order perturbative wave-mixing, such as third-harmonic generation, can
also occur, being governed by higher order susceptibility tensors χ

(3)
e and so on.
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However within the perturbative regime progressively higher order processes reduce
in strength exponentially: in order to achieve efficient emission of high-order har-
monics a non-perturbative process is required.

Within both the perturbative and non-perturbative regimes, even-ordered pro-
cesses are subject to symmetry constraints, which forbid them in many materials.
For example, if we look again at our second-order non-linear process above,

#»

P NL = ε0χ
(2)
e

#»

E(t)
#»

E(t) (2.19)

and we subject it to a parity transformation, such that all spatial features are
inverted, we find

− #»

P NL = ε0P
(︁
χ(2)
e

)︁ (︂
− #»

E(t)
)︂(︂

− #»

E(t)
)︂
= P

(︁
χ(2)
e

)︁ #»

P NL. (2.20)

Thus we can see that, if the non-linear susceptibility tensor is symmetric under
parity, as would be the case for a centrosymmetric medium (i.e. one that is sym-
metric under inversion), then the second-order non-linear polarisation response must
vanish, necessarily along with the second-order susceptibility tensor itself. Therefore,
sum-frequency generation (SFG), second-harmonic generation, difference-frequency
generation and optical rectification are all parity-forbidden in centrosymmetric me-
dia [154]. This can be trivially generalised to all processes that rely on even-ordered
non-linear susceptibilities, though higher-order processes (4th-order, 6th-order etc.)
become progressively less efficient so long as the driving field remains within the per-
turbative regime [154]. These parity-forbidden modes are therefore observed only
in non-centrosymmetric media, such as a chiral medium, or an anisotropic region
of a non-chiral medium such as a boundary [157]. Note, however, that resonant
SHG, and resonant SFG at surfaces are sensitive to molecular orientation (a form
of anisotropy), and so molecules in a medium must be preferentially oriented along
some axis for the effect to be observed [158, 159].

We can also see that when these modes are permitted due to the chirality of

the medium, i.e. when P
(︂
χ
(2)
e

)︂
= −χ(2)

e , the non-linear emission will have opposite

phase in opposite enantiomers. This makes sense intuitively: if we bring together
two sets of oppositely handed molecules, the even-ordered processes of each will
have opposite phase and cancel each other out, as we would expect for a racemic
material.

It is also important to note that, even if an emission pathway is allowed micro-
scopically, whether it can then be observed in the far field relies on the matching of
the phase of emission from the points within a sample, or equivalently on momentum
conservation from the driving beams to the emitted non-linear response.
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2.1.5 Non-perturbative Phenomena

It is worth exploring some non-perturbative non-linear phenomena, as they are im-
portant to many of the recent developments in the study of chiroptical phenomena.
These effects arise in the regime where the electric field of the incident light is suf-
ficiently strong that they drive non-linear effects too large to be considered as a
small perturbative correction [154]. In particular, this typically happens when elec-
tric fields associated with incoming light are of comparable strength to the internal
electric fields of atoms and molecules, but not so high as to drive electrons to rel-
ativistic energies [154, 160]. These effects include above-threshold ionisation (ATI)
[161], optical filamentation [162], and high-harmonic generation (HHG) [163, 164],
which is perhaps the most relevant to the study of chiral molecules at this time [165,
166].

Consider a gas of atoms, struck by a high-intensity beam of light. If this should
trigger various non-linear pathways, we would expect to measure a spectrum of
emitted light that would correspond to the series of harmonics of the frequency of
the incident laser. In a perturbative regime, we would expect to see the intensities
of this emitted light to decay exponentially as the harmonic number increased, with
each subsequent harmonic being some constant factor less intense than the previous.
However, for a sufficiently intense laser, and for a judicious choice of target, this is
not what we observe (see figure 2.2)[167–172].

Instead, we observe that successive harmonics decrease in intensity before reach-
ing a ‘plateau’ (see fig 2.2), where each successive harmonic is roughly the same
strength as the last, and then a cutoff where the exponential decrease resumes. This
makes no sense when modelled using perturbations, and so a non-perturbative model
is needed [173].

Figure 2.2: A simulated hydrogen HHG spectrum, showing a characteristic
plateau of successively higher harmonic orders, up to a cutoff around the 31st

harmonic where the intensity of subsequent orders decreases exponentially. Re-
produced under open access from IntechOpen [174].

This is typically understood in terms of the semi-classical ‘three-stage model’
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(see fig 2.3) [163, 175]. In sufficiently intense laser fields, the electric field of the light
becomes of comparable strength to the intramolecular/intraatomic electric fields.
This lowers the potential barrier keeping electrons bound to their parent nuclei,
and decreases the potential of the adjacent continuum such that the electrons can
‘tunnel-ionise’, quantum-tunnelling into the continuum, which is step one.

Once the electron is in the continuum, it is accelerated by the driving field;
first away from the parent ion but then back towards it: This is the step two.
The subsequent re-collision, the third step, releases the gained kinetic energy of the
electron as a short pulse of high frequency radiation. These pulses are emitted every
half-cycle of the driving field, as the optical electric field changes direction.

Figure 2.3: A diagram showing the semi-classical three-step conceptualisation
of HHG: starting from rest (a), tunnel ionisation (b), a free electron trajectory
driven by the laser field(c), and finally recombination with the parent ion, releas-
ing a burst of radiation (d). Reproduced with permission from Nature Publish-
ing [176]

The importance of this process lies both within the short timescale on which
it occurs, and the synchronisation with the cycles of the driving field. The short
timescale is useful for metrology and the study of the electronic evolution of samples
with fine time resolution [177, 178]. Furthermore, since HHG causes each molecule to
emit at the same point in the optical cycle, the relationship between the driving-field
wavefront and the HHG emission is fixed, enabling coherent constructive addition of
the HHG signal through the sample along the direction of propagation of the driving
field. This process of constructive emission with a frequency comb up to very high
harmonics results in a train of extremely short pulses, which can then be applied to
other tasks [177, 178].

HHG is not the only important non-perturbative process, however, and it is
useful to compare it specifically to multiphoton ionisation (MPI) and ATI. MPI
refers to the process by which a bound electron will absorb multiple photons at
once, gain energy and thereby escape the atomic potential well [163]. By contrast,
ATI is when the electric field of the laser is so intense that it completely suppresses
the potential barrier separating the bound electron from the continuum, and so the
electron essentially ‘falls-out’ from its parent atom [161, 179, 180].

HHG relies on tunnel ionisation as the first step, and this restricts the laser
amplitudes which can successfully drive it. ATI results in electrons ionised with
more kinetic energy, spending more time in the continuum, and thus breaking the
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fixed relationship with the phases of the driving field. The resulting interference
with these ultra-long pathways drastically reduces the efficiency of emission [181,
182]. Meanwhile, even in strong fields, MPI behaves somewhat like a perturbative
process, with the likelihood of ionisation via greater numbers of photons decreasing
as a power-series [163]. This precludes the plateau seen in HHG spectra, and so
MPI cannot drive HHG.

We can analyse these different regimes by considering the relationship between
the amplitude of the driving field and the probability of tunnel ionisation within one
quarter of a laser cycle. If the amplitude of the driving field is insufficient, then the
height of the remaining potential barrier will make it unlikely that an electron will
tunnel out before the field changes direction: MPI will be preferred. If the amplitude
is too large, then the electric field of the laser will overwhelm that of the atom or
molecule, and the electron will essentially ‘fall’ out of the potential well: ATI will
dominate. It is only when the timescale of an electron tunnelling into the continuum
is much less than half an oscillation of the driving field that tunnel ionisation, and
thus HHG, is preferred; i.e. when the Keldysh parameter [183, 184]:

γ =
|τtunnel|

1
4π
τoscillation

< 1 (2.21)

where τoscillation is the period of the oscillations of the electric field. We can estimate
the tunnelling time τtunnel by assuming that a bound electron with energy −Ip
tunnels through the potential barrier before emerging into the continuum where the
potential of the driving field is level with the bottom of the atomic potential well,
x0 = Ip/eE0 where E0 is the amplitude of the electric field. This assumes that the
Coulomb potential of the atom is small at that distance, and that the driving field
is constant in space. As the electron tunnels under the barrier, it has kinetic energy
1
2
mev

2 = −Ip and so velocity v = i
√︂

2Ip
me

. Our velocity being imaginary indicates

that the electron is passing through a classically forbidden region of space. We then
get tunnel time:

τtunnel = −i
√︁

2meIp

2eE0

(2.22)

yielding (if we ignore that our timescale is complex), the Keldysh parameter:

γ = ω

√︁
2meIp

eE0

, (2.23)

where ω is the angular frequency of the driving field, or more commonly:

γ =
Ip
2Up

, (2.24)

where Up = e2E2
0/2meω

2 is the ‘ponderomotive’ energy, which is a time average of
the potential energy of an electron relative to the bottom of the potential field of
passing light [185].

The Keldysh parameter defines the boundary between the multi-photon regime
and the tunnel ionisation regime [186–188]; when γ < 1 tunnel ionisation is efficient
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within the timescale of laser oscillations, and when γ > 1 tunnel ionisation will tend
to occur too infrequently to dominate over multi-photon ionisation.

Meanwhile, when optical field amplitude E is greater than the barrier suppres-
sion threshold Ebs,

E > Ebs =
1

4

4πϵ0
e3

I2p , (2.25)

the top of the potential barrier is moved beneath the ground state of the electron:
this is known as ‘barrier suppression’. Such a strong field will favour ATI rather
than tunnel ionisation, and therefore will not produce high-harmonics as efficiently
[179, 180].

2.2 Optical Activity

We return now to the domain of linear optics. Arguably, chirality as a property of
chemicals was discovered via the effect chiral substances have on polarised light. In
the early 19th century, François Arago [189] and Sir John Herschel [190] observed
the rotation of the plane of polarised light in quartz crystals, while Jean-Baptiste
Biôt observed the same happening in organic liquids, specifically turpentine [191].
This property, coined as ‘optical rotation’, found its use particularly in the sugar in-
dustry. Sucrose, a dimer and the primary component of refined sugar, rotates plane
polarised light in the dextrorotatory (clockwise as seen looking towards the light
source) direction, but when broken down in to its constituent monomers the result-
ing solution (known as inverted syrup) rotates plane polarised light anticlockwise
(laevorotatory) [9].

The optical-rotatory technique exploits the interaction between light and chiral
molecules within the linear regime. Light is not the only way one can distinguish
oppositely-handed chiral molecules, but it has distinct advantages [122–124]. A com-
mon non-optical approach is to use chiral chromatography with a stationary phase
with known handedness [192]. However this requires a chromatography column, it
needs the molecules being studied to adsorb onto the stationary phase, it necessi-
tates the sample to be dissolved in a fluid, and needs time for the chromatographic
solution to progress through the column. Light-based methods can be faster, po-
tentially simpler, can usually avoid having to chemically alter the sample, are not
affected by the presence of achiral substances (like solvents) [124], and can be done
over the course of time (e.g. to study reactions or photochemistry) [193].

The traditional all-optical methods for studying chirality make use of a group
of phenomena, including optical rotation, known collectively as ‘optical activity’
[11, 12], whereby chiral media interact in subtly different ways with left- and right-
handed circularly polarised light. Circularly polarised light is chiral, since the electric
field vectors trace a helix through space (see fig 1.2). This means we can expect
chiral molecules to interact differently with left- or right-handed circularly polarised
light. However, on the scale of individual molecules, these differences are minute,
since (unless the circularly polarised light is in the X-ray or beyond regions of the
spectrum) the “pitch” of the helix of circularly polarised light is very much larger
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than the scale of individual molecules (see fig 2.4), and so coupling between the
chirality of individual molecules and the optical field are weak [17].

Figure 2.4: A diagram showing the helical figure drawn by the tip of the electric
field vector of a circularly polarised light wave in space. Helices are chiral figures,
but the length-scale of the helix of the light is much greater than that of the chiral
molecule, and so the molecule hardly ’feels’ the light as chiral, making CPL an
inefficient chiral reagent.

Equivalently, under the electric dipole approximation (EDA), the shape drawn
by the tip of a single electric field vector of circularly polarised light in space, or the
Lissajous figure, is a flat circle. As we know, thanks to the nature of chirality in
three-dimensions, no non-oriented two-dimensional object can be chiral since they
always have reflection symmetry, and so circularly polarised light is not chiral within
the EDA [17]. Instead, enantiosensitive interactions between the optical field and
the molecules rely on magnetic interactions, as well as higher order electric field
effects (quadrupole and so on). This means that the efficiency of traditional optical-
activity-based methods is limited at ∼ 0.01% for optical or near optical frequencies,
since the samples can only ‘feel’ the chirality through the magnetic field of the
radiation, which depends on the pitch of the helix of the light. For x-rays, more
efficient enantiosensitivity is possible due to the shorter ‘pitch’ of the light, near
the scale of the molecules themselves, such that the molecule can ‘feel’ the chirality
more keenly [17].

Therefore optical activity within the visible or IR parts of the spectrum is most
effective in samples which are either large, or highly concentrated [11], since on a
molecule-by-molecule basis it is very weak.

2.2.1 Circular Dichroism

Perhaps the most straightforward expression of optical activity is ‘Circular Dichro-
ism’, which is the differential absorption of left- and right-handed circularly polarised
light by chiral media. This is particularly strong at frequencies close to the spectral
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absorption bands of the medium. The phenomenon was first discovered and de-
scribed in the early 19th century by Jean Baptiste Biôt, Augustin Fresnel and Aimé
Cotton [191, 194].

As discussed in section 2.1.2, passing electromagnetic waves cause electrons in
a substance to oscillate and circulate, inducing an electric polarisation and a mag-
netisation. This motion will be impeded by the electric and magnetic fields of the
molecules or material involved, and this is why most substances slow and attenuate
light as it passes through them. However, the combination of linear displacement
and circulation caused by the combination of electric and magnetic forces acting on
electrons results in a helical motion, and this helix will have opposite handedness
if it is the result of left- versus right-handed circularly polarised light [195]. The
molecular potential of a chiral molecule will impede left- or right-handed helical
electron motion differently, and this will be reversed for the opposite enantiomer.
This results in left- or right-handed circularly polarised light being impeded differ-
ently by chiral media, an effect known as ‘circular birefringence’ [194], and absorbed
differently; ‘circular dichroism’ [191, 194].

Incorporating the quantum nature of the molecules, we might say the absorption
of the light is due to the excitation of some transition |g⟩ → |n⟩, with excitation
amplitude an given by:

an = −⟨n| #»

d |g⟩ · #»E − ⟨n| #»m|g⟩ · #»B , (2.26)

where
#»

d and #»m are the electric and magnetic dipole operators respectively, while
#»E and

#»B are the time-independent components of the electric and magnetic fields
respectively [11, 38].

We find the population of the excited state:

|an|2 = a∗nan = | ⟨n| #»

d |g⟩ · #»E |2 + 2ℜ{⟨g| #»

d ∗|n⟩ · ⟨n| #»m|g⟩} + | ⟨n| #»m|g⟩ · #»B |2. (2.27)

Taking the double magnetic field term | ⟨n| #»m|g⟩ · #»B |2 to be small, and writing

electric and magnetic transition dipoles as
#»

d ng and #»mng respectively, we average
the excitation amplitude |an|2 around unit sphere of element dΩ to find orientation-
averaged population, corresponding to an average over a large ensemble of randomly
oriented molecules:∫︂

|an|2 dΩ =
1

3
| #»

d ng|2|
#»E |2 +

2

3
ℜ{( #»

d ∗
ng · #»mng)(

# »

E∗ · #»B)}. (2.28)

Here we encounter a pseudoscalar quantity in
#»

d ∗
ng · #»mng. Pseudoscalars are mathe-

matical quantities which behave like scalars in most contexts, but are antisymmetric
under operations such as inversions and reflections. This quantity is rotationally in-
variant and specific to a given molecule, essentially encoding the handedness of
the molecule [196]. We also see a second pseudoscalar,

# »E∗ · #»B , which encodes the
handedness of the electromagnetic field instead of the molecule.
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Since unperturbed states are pure and stationary, |g⟩ , |n⟩ ∈ ℜ, #»

d ng ∈ ℜ and
#»mng ∈ ℑ, and rewriting

#»B = k̂ × #»E /c, we find:∫︂
|an|2 dΩ =

1

3
| #»

d ng|2|
#»E |2 +

2

3c
(

#»

d ∗
ng · ℑ{ #»mng})(k̂ · (i

#»E ×
# »

E∗)) (2.29)

where k̂ is the unit vector in the propagation direction and i
#»E × # »E∗ ∈ ℜ and

is parallel to the spin of the photon, and so the triple product (k̂ · (i #»E × # »E∗))
encodes the helicity of the light [11]. The dominant, electric dipole term in the above
equation does not depend on the handedness of either the field or the molecule. The
comparatively small enantio-sensitive contribution to the absorption comes from the
second term, which relies on magnetic dipole effects [197]. Within this term, we see

two pseudoscalar quantities:
#»

d ∗
ng · ℑ{ #»mng} which encodes the handedness of the

molecule and (k̂ · (i #»E × # »E∗)) which encodes the handedness of light.

It is important to note that this chiral molecular pseudoscalar quantity
#»

d ∗
ng ·

ℑ{ #»mng} will be different for each transition
#»

d ng, and so both the degree and the
absolute sense of the dichroism will differ between molecules and for different wave-
lengths of light. It is due to this variation that using circular dichroism (and optical
activity more generally) as an analytic tool relies on knowing, a priori, the sense
and degree of dichroism to expect for a certain molecule at a certain wavelength in
order to characterise a sample. It is not generally possible to determine the absolute
configuration of a chiral sample using optical activity alone without first knowing
the ‘circular dichroism spectrum’ to expect for a given molecule [198].

2.2.2 Optical Rotation

Perhaps the most widely known and widely used method to characterise chiral sam-
ples is optical rotation.

Figure 2.5: A schematic of an optical rotation setup, with unpolarised light (2)
from a source (1) linearly polarised (4) using a polariser (3), rotated (7) by a
sample in a container (5,6), before being measured (8) using a second polarised
plate (7). Reproduced from Wikipedia under creative commons [199].

Optical rotation was discovered by François Arago in 1811, and denotes the
rotation of the plane of polarisation of linearly polarised light as it passes through
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a chiral medium [189]. The plane of the polarisation of this light can be seen to
rotate either clockwise or anticlockwise when viewed towards the light source, and
the medium is thus characterised as either ‘dextro-’ (right) or ‘lævo-’ (left) rotatory
[70] (see fig 2.5).

Perhaps counterintuitively, this can be described as a consequence of ‘circular
birefringence’; the difference between phase velocities of left- or right-handed circu-
larly polarised light through a chiral medium [194]. This is because linearly polarised
light can be decomposed into two circularly polarised waves, one left- and one right-
handed, with the phase delay between the two determining the polarisation plane
of the linear wave:

#»E ϑi
=

1√
2
(e−iϑi

#»E L + eiϑi
#»E R) (2.30)

which, if
#»E L = (x̂+ iŷ)/

√
2 and

#»E R = (x̂− iŷ)/
√
2, can be rewritten as:

#»E ϑi
= x̂ cosϑi + ŷ sinϑi (2.31)

where x̂ and ŷ define a basis for the plane orthogonal to the propagation direction
of the linearly polarised wave, and ϑi is the angle of the plane of polarisation of
incoming light relative to the x̂ direction.

If we pass the wave through a medium wherein the right-circularly polarised
component travels at phase speed c(R) and the left-circularly polarised component
travels at phase speed c(L), after distance L the accumulated phase difference will
be:

∆ϕ = L
(︂ ω

c(R)
− ω

c(L)

)︂
(2.32)

=
2πL

λ
∆n (2.33)

where ∆n = ( c
c(R) − c

c(l)
) is the difference in the refractive index n of the material for

right- vs left- circularly polarised light.

Therefore, as linearly polarised light with a plane of polarisation tilted by angle
ϑi passes through the chiral medium, it will be tilted to angle ϑf where:

#»E ϑf
=

1√
2
(e−iϑie−i∆ϕ

2
#»E R + eiϑiei

∆ϕ
2

#»E L) (2.34)

= x̂ cos (ϑi +
∆ϕ

2
) + ŷ sin(ϑi +

∆ϕ

2
) (2.35)

=⇒ ϑf = ϑi +
∆ϕ

2
(2.36)

thereby rotating the plane of polarisation anticlockwise by ∆ϕ/2. The degree of
differential retardation ∆ϕ, and thus angle of rotation, is proportional to the path
length L and inversely proportional to wavelength λ, and so is stronger for light of
shorter wavelength passing through larger samples.
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On a microscopic scale, this can be thought of as acting via the magnetoelectric
cross-susceptibilities of the material, that is the propensity for electric fields to mag-
netise the material and magnetic fields to polarise. These magnetoelectric elements
will both give rise to different refractive indices for oppositely-handed CPL (bire-
fringence), and will also convert electric field along one axis, via magnetisation, into
polarisation along another, thereby tilting the plane of polarisation of the electric
field as it propagates through the material. These processes are inherently tied to
the microscopic processes underlying circular dichroism, linked by a Kramers-Kronig
transform [142–144]: optical rotation can be said to be controlled by the real part
of the refractive indices of the material, while circular dichroism is governed by the
imaginary part (the extinction). Indeed, both processes are molecule specific and
wavelength dependent, are strongest close to absorption peaks of the material, and
so are often seen simultaneously [38].

Consequently, when linearly polarised light is shone through a chiral medium, it
usually is not just rotated, but also becomes elliptically polarised as it passes through
the material [134]. If we conceptualise linearly polarised light as a superposition of
two oppositely-handed circularly polarised waves, and circular birefringence and
dichroism are occurring simultaneously, one of these components will be retarded at
the same time as one component will be attenuated. No longer an equal combination
of oppositely handed waves, the resulting sum will be an elliptically polarised wave,
with its major axis being rotated as it passes through the medium. Moreover, just as
with circular dichroism, the sense of the rotation does not depend in any simple way
upon the sense of the chirality of a sample. If a molecule is ‘right-handed’, which
is in-and-of-itself an arbitrary label, this does not mean it will be dextrorotatory
or vice-versa, and the same molecule can be dextro- or lævorotatory at different
wavelengths [12, 200, 201].

In our discussion of optical rotation, unlike with circular dichroism, we have not
discussed directly any chiral pseudoscalars. In the case of circular birefringence, we
should expect to see two pseudoscalars; one encoding the handedness of the molecule,
and the other encoding the handedness of the field [196]. Indeed, we would expect to
use the same quantities: the imaginary components for CD and the real components
for birefringence. However, although optical rotation can be understood in terms of
birefringence, we cannot make sense of it using a chiral field pseudoscalar, since our
electromagnetic field is linearly polarised: it is not chiral! So how can achiral light
measure the chirality of molecules?

In fact, optical rotation exploits not the chirality of light but instead the chiral-
ity of the experimental setup [18]. If we consider a typical optical-rotation setup,
consisting of a chiral sample held between two linear polarisers, the chirality of the
setup is formed by the sense of rotation of one polariser relative to the other ê1 × ê2
(a pseudovector), combined with the axis of propagation of light through the sample
#»

k (a vector). The combination of these two things realises a chiral pseudoscalar, but

one which encodes the chirality of the experimental setup on the whole:
#»

k · (ê1× ê2)
(where êi is the polarisation direction of polariser i). This ‘chiral setup’ pseudoscalar,
together with a pseudoscalar encoding the handedness of the molecule (the same one
as for circular dichroism), means we can expect our final measurement to be a scalar;
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the total intensity of light transmitted by the second polariser at a given angle of
rotation [202]. Twisting one polariser relative to the other so as to maximise the
observed intensity measures the sense and degree of optical rotation, and thereby
the chirality of the sample.

2.2.3 Non-linear and Enhanced Optical Activity

Non-linear analogues of optical activity also exist [203–206]. For example, second-
harmonic generation circular-dichroism (SHG-CD) refers to a difference in the ef-
ficiency of SHG in chiral and anisotropic media when illuminated by a right- vs a
left-handed circularly-polarised driving field [203, 204]. This arises due to an inter-
ference between a chiral SHG pathway, and an achiral SHG pathway that is enabled
by the anisotropy of the sample. These pathways arise within the electric dipole
approximation, and so can be several orders of magnitude stronger than traditional
circular dichroism, being measurable even for thin films of molecules [205, 206].

Similarly, oppositely handed media will impart different phase shifts on the
emitted second harmonics with left- or right- handed circular polarisation. When
SHG in chiral media is driven by a linearly polarised driving field, the resulting
second-harmonic signal will be rotated relative to the driver in opposite directions
by an oppositely-handed non-linear medium, in a manner analogous to traditional
optical rotation spectroscopy. This gives rise to so-called SHG optical rotation [203,
204].

Optical activity can also be enhanced in other ways, such as using nanophotonics
and plasmon resonances to create ‘superchiral’ light [207–210]; circularly polarised
light with tight ‘twists’ in the helix, which can dramatically boost the potential
efficiency of optical activity.

2.3 Chirality of Reagents vs Observers

As mentioned previously, opposite enantiomers of chiral molecules behave identically
unless they are interacting with some other chiral object. Therefore, all chiroptical
techniques must have a chiral molecule interact with something chiral in order to
realise a chiral measurement. There are two ways one might go about this; by using
a chiral reagent which reacts differently with opposite enantiomers, or by using an
experimental setup which realises a chiral observer [18, 19].

The first strategy is analogous to circular dichroism; the chiral reagent (cir-
cularly polarised light) interacts differently with opposite enantiomers of a chiral
molecule, leading to a greater degree of absorption of circularly polarised light by
one enantiomer versus the other. In this instance our observable is a scalar quantity,
namely the degree of absorption.

The second strategy, using a chiral observer, is analogous to optical rotation.
As explained in section 2.2.2, optical rotation features no chiral reagent, since the
light is linearly polarised and thus achiral. Instead the sense of the rotation of the
polarisation of the light, combined with the axis of propagation, forms a chiral setup
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which can distinguish one enantiomer from the other. This is a chiral combination
of achiral fields and achiral detectors [18, 196, 211, 212].

Another way of interpreting this distinction is as the identification of a molecule’s
chirality by scalar observables versus vectorial observables [18, 19]. When light is
used as a chiral reagent, as in CD, the degree of reactivity between the enantiomer
and the reagent constitutes a scalar enantiosensitive observable. By contrast, in the
case of OR, the plane of polarisation of achiral linearly polarised light is rotated by
the chiral medium, and the direction and magnitude of this rotation constitutes a
vector observable. However, this can extend further to tensor observables, so long
as we can measure them. For example, we can use an achiral two colour field which
defines a non-oriented plane. The Lissajous figure of this field is a figure of eight,
and our chiral observable consists of an in-plane polarisation component that breaks
the symmetry of the Lissajous figure combined with an out-of-plane polarisation
component and the phase between them; a quadrupole (tensor) observable [18].

These concepts can be understood in terms of the parity transformations of
quantities which describe the system. The chirality of a molecular ensemble can be
characterised by a pseudoscalar; this is a rotationally invariant quantity ψ that is
anti-symmetric under parity operations:

P̂ψ ↦→ −ψ (2.37)

In order to obtain a chiral observable, we can either have the chiral ensemble
interact with another chiral reagent which will also be characterisable by a pseu-
dovector, and the resulting observable will be a scalar: ςobservable = ψsample×ψreagent.
Alternatively, to obtain a vector observable, we require an incident field to be char-
acterisable by a ‘pseudovector’

#»

Λ, which transforms like a vector except under parity
transformations where: P̂ #»

Λ ↦→ #»

Λ. One example might be the normal to an oriented
plane: #»a × #»

b is normal to a plane defined by vectors #»a and
#»

b , but if we trans-
form #»a ,

#»

b ↦→ − #»a ,− #»

b , we find the cross product remains unchanged. In physics,
pseudovectors can include angular momentum, such as that of a photon. Therefore,
we can realise this element of our chiral setup with circularly polarised light, which
defines an oriented plane, normal to its helix, characterisable by a pseudoscalar,
or alternatively two co-propagating beams with non-parallel planes of polarisation,
which will do the same thing.

The multiplication of a pseudovector, characterising the ‘chiral setup’, and a
pseudoscalar (characterising the incoming light) will yield a vector, which will have
the opposite direction when either the chirality of the sample or the phase of the
incident light are reversed. For instance, consider an interaction between a chiral
ensemble and incident radiation, the polarisation of which can be defined by a pseu-
dovector normal to the xy plane, such that an interaction between a left-handed
ensemble and a field characterised by a psudovector pointing in the positive ẑ di-
rection yields a vectorial observable that also points in the positive ẑ direction. A
reflection in the xy plane will, while leaving the field pseudovector unchanged, trans-
form the left -handed chiral ensemble to a right-handed one and reverse the sign
of the vector observable (since vectors are antisymmetric under parity, see fig 2.6).
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Figure 2.6: A diagram showing the behaviour of the chirality of molecule (L or
R), the sense of the circular polarisation of incident light, and the resulting vector
observable under various transformations: reflection in xy-plane (σ̂z), reflection
in xz-plane (σ̂y), and rotation by π rad about the x-axis (R̂π

x). Reproduced with
permission of APS Publishing [196].

Meanwhile, a rotation of π rad about the x axis will reverse the sign of the field
pseudovector and the vector observable (since vectors and pseudovectors transform
the same way under proper rotations), whilst leaving the chirality of the ensemble
unchanged.

2.3.1 Photoelectron Circular Dichroism

Both CD and OR are limited in their efficiency by the fact that they rely on magnetic
interactions between the molecule and the light to generate a chiral observable,
and magnetic interactions are much weaker than electric interactions. In this and
the following section we shall review two techniques which utilise a chiral observer
and a chiral reagent respectively, but do so making use of interactions within the
electric dipole approximation. The electric dipole term is the dominant term in
the interaction between light and matter, and so chiroptical methods which interact
with the chirality of molecules within this regime are able to be much more efficient
[17].

Photoelectron circular dichroism (or PECD) is one chiral optical effect that
provides chiral differentiation with high efficiencies by utilising purely electric dipole
interactions [213, 214]. PECD is observed as a forward-backward asymmetry in the
emission of photoelectrons from a scalemic (i.e. not racemic) ensemble of randomly
oriented chiral molecules ionised by circularly polarised light, leading to a measurable
net photoelectron current in a direction perpendicular to the plane of polarisation
(see fig 2.7). In this instance, the ‘chiral observer’ is realised by the oriented plane
defined by the spin of the circularly polarised photon (the pseudovector), together
with a detector that can distinguish two opposite directions perpendicular to the
plane of polarisation.

Traditionally, the asymmetry is usually described in terms of a decomposition
of the angular dependence of the probability distribution of photoelectron momenta
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Figure 2.7: A diagram showing the photoelectron angular distribution from
a chiral molecule illuminated by circularly polarised light. The chirality of the
molecule creates a forward-backward asymmetry in the photoelectron angular
distribution, while reversing either the chirality of the molecule or the handed-
ness of the field will reverse the forward-backward asymmetry. Reproduced with
permission from the Faraday division of the Royal Society of Chemistry [215].

as Legendre polynomials Pℓ(cos θk) [216]. Photoelectron current
#»
j (k) is given by:

#»
j (k) =

∫︂
dΩk · (

#»

kW (
#»

k )) (2.38)

where
∫︁
dΩk denotes integration over a solid angle and W (

#»

k ) is angular photoioni-
sation probability distribution:

W (
#»

k ) =
2∑︂

ℓ=0

bℓ(k) Pℓ(cos θk) (2.39)

= b0(k) + b1(k) cos θk +
b2(k)

2
(3 cos2 θk − 1) (2.40)

The resulting angular distribution has two lobes, one oriented forwards and one
backwards along the axis of propagation.

If the incident radiation is linearly polarised, the sample molecules are achiral,
or both, b1(k) = 0 (by symmetry) so the angular dependence is given by a sum
of even-numbered Legendre polynomials. These are symmetrical about the plane
orthogonal to the axis of propagation, so there will be no net photoelectron current
along the axis of propagation. However, if the sample is chiral, and the incident light
is circularly polarised, the odd-ordered Legendre polynomials are permitted. These
orders are antisymmetric about the plane orthogonal to the axis of propagation, and
this allows a forward-backward asymmetry in the emission of photoelectrons, and
thereby a net photoelectron current along the axis of propagation [217].

In order to understand this process better at the molecular level, we can start by
looking for a molecule-specific pseudoscalar ψ, which can arise either as the product
of a vector

#»

V and pseudovector
#»

Λ, or via a scalar triple product of three polar
vectors in the molecular frame. Photoelectron current in the molecular frame can
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be expressed as:

#»
j M

#»
kM = |a #»

kM |2 #»

kM (2.41)

where superscripting by M or L denotes whether a value is for the molecular or lab
frame respectively.

We calculate transition amplitude a #»
kM :

a #»
kM = iẼ ⟨ #»

kM | #»

DL · êLσ |0⟩ =
iẼ√
2

(︂
#»

d L · x̂L + σi
#»

d L · ŷL
)︂

(2.42)

where Ẽ is the Fourier Transform of the time dependent amplitude of the electric
field at the transition frequency,

#»

DL is the dipole operator in the lab frame, êLσ is

the polarisation vector of the field with spin σ, and
#»

d L is the matrix element of the
transition dipole in the lab frame [196]. We can then multiply this by its complex
conjugate to find:

|a #»
kM |2 = |Ẽ |2

2

[︂
| #»

DL · x̂L|2 + | #»

DL · ŷL|2 + iσ
(︂

#»

d L∗ × #»

DL
)︂
· ẑL
]︂

(2.43)

and then transform vectors to the molecular frame, and integrate over solid angle
dΩM

k to evaluate find photoelectron current:

#»
j L(k) =

(︃
1

6

∫︂
dΩM

k

[︂
i(

#»

dM∗ × #»

dM) · #»

kM
]︂)︃(︂

σ|Ẽ |2ẑL
)︂

(2.44)

We then have a choice in construction of a chiral pseudovector, depending on
whether we want to consider the phenomenon purely from the lab frame or purely
from the molecular frame.

If we choose the lab frame, the chiral observer is realised by the triple product
(

#»

d L∗ × #»

d L) · σẑL between the real and imaginary components of the dipole and the
photon spin.

Alternatively, if we choose the molecule’s frame of reference, the chiral observer
is realised by the triple product (

#»

dM∗ × #»

dM) · #»

kM between the real and imaginary
parts of the dipole and the momentum of the photoelectron emission [218].

2.3.2 Synthetic Chiral Light

In the electric dipole approximation, if we take any point through which a circularly
polarised electromagnetic wave passes, the electric field vector at that point spins
through a circle. This figure can not be chiral since it possesses a plane of symmetry.
As explained in section 2.2, in order for the charged particles in a molecule or
substance to ‘feel’ the chirality of circularly- or elliptically-polarised light, we must
consider the magnetic fields of the passing light. These are proportional to the
rate of change of the electric field, and so rotate offset by 90◦ of phase from the
electric field vector [134]. The magnetic and electric fields of the circularly polarised
light, combined with the propagation direction of the light, form a chiral basis
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(a) (b)

Figure 2.8: Diagrams showing CPL (a) vs SCL (b) in the electric dipole approx-
imation. The figure for circularly polarised light is a planar circle, which is not
chiral. By adding a longitudinal component, this makes the figure non-planar,
which (when combined with the sense of the rotation of the field vector in time)
makes the figure chiral, even within the dipole approximation [20]. Figure kindly
provided by Andrés Ordoñez.

and make the oppositely-handed polarisations distinguishable. This dependence on
magnetic interactions makes circularly polarised light an inefficient chiral reagent,
since magnetic interactions are so much weaker than electric ones.

However, simple circularly polarised light is not the only option [20, 219]. We
can tailor the electric field of the light such that the light exhibits chirality even when
reduced to the electric dipole regime. For example, using a setup with an elliptical
beam of frequency ω and a linearly polarised 2ω beam, and with the polarisation
plane of the linearly polarised component perpendicular to the long axis of the
ellipse, the Lissajous figure drawn by the tip of the electric field vector in the dipole
approximation will draw out a bent-circle ‘pringle’ shape (see fig 2.8). This makes
the figure non-planar and, combined with the sense of the rotation of the electric field
vector (clockwise or anti-clockwise), will break the reflection-symmetry and make
the figure chiral (or perhaps more properly ‘pseudo’-chiral, since the handedness
reverses with time-reversal).

This gives rise to a chiral pathway, wherein a chiral molecule absorbs 3 photons
of frequency ω from the x component of the ω field, and then is stimulated to emit
one photon into the y component, thereby recording the ellipticity of the ω field.
In an isotropic ensemble of chiral molecules, this pathway gives rise to an induced
polarisation along the ẑ direction. There is also an achiral pathway, wherein the
system absorbs one 2ω photon from the z component of the field, which thus also
leads to an induced polarisation along the ẑ direction. The induced polarisation thus
gives rise to emission and absorption at the frequency ω, and since these polarisations
are along the same axis they interfere, with the interference controlled by the two-
colour phase delay (see fig 2.9).

By tuning this phase delay, along with the relative intensities and degrees of
ellipticity of the incident fields, the interference between the two pathways can be
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Figure 2.9: (a) Shows the evolution in time (red and blue), loci throughout
space (yellow), and variation through space of the tip of the electric field vector
in synthetic chiral light. (b) Lissajous figures traced by the tip of the electric field
vector of synthetic chiral light at a single point in space over time. (c) Energy
level diagram for enantiosensitive second-harmonic generation by synthetic chiral
light. (d) Energy level diagram of enantiosensitive pump-probe absorption using
synthetic chiral light. (e) Energy level diagram of HHG using synthetic chiral
light. Reproduced with permission from Nature Publishing [20].

made to be completely destructive or maximally constructive, thereby maximally
enhancing or fully suppressing the signal from either enantiomer. This explains
the chiral signal in the second harmonic; chiral sensitivity in higher harmonics is
explained by examining successively higher order chiral correlation functions. The
chiral nature of the light field in the electronic dipole approximation makes synthetic
chiral light an efficient chiral photonic reagent, both for interrogating the chirality of
samples, but also in exciting specific chiral states in molecules, including imprinting
chirality on otherwise non-chiral matter [220, 221].

Obtaining such enantiosensitive signals in the far field requires favourable phase-
matching, and this in turn requires that the electric field have some non-zero lon-
gitudinal component [21]. This can be realised in multiple ways [156, 207, 219,
222–225]. One is to use a non-collinear setup [20, 21, 156]. Tight focussing can
also be used [21, 219] close to the focus of a beam, due to Gauss’ law requiring
a longitudinal flux of electric field to balance the curvature of the wavefront [226,
227]. This enables one to achieve synthetic chiral light using a polychromatic but
collinear setup. Alternatively, nanophotonic structures such as waveguides [228],
nanotips [224, 225] or carefully engineered nanophotonic surfaces [207] can be used
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in conjunction with lasers to sculpt the electric field and realise locally chiral light.

Synthetic chiral light can also make the free electron trajectory in HHG chi-
ral. Since the enantio-sensitivity of the recombination between the electron and
the parent ion is controlled by the trajectory of the electron prior to recollision,
this should give rise to enantio-sensitive high harmonic emission using synthetic
chiral light, with the specific harmonic orders that are made to express enantiosen-
sitivity selected by appropriately tuning the parameters of the optical field [178].
Nonetheless, is it not entirely necessary to rely on intense laser fields and higher
order processes, and recent developments have explored the use of more gentle syn-
thetic chiral fields [156, 219]. For example, a synthetic chiral field can bring about
an enantiosensitive Stark-shift in excited states of a chiral molecule. This in turn
imparts an enantiosensitive phase shift on free-induction decay from that state, and
this can then be measured [219].

It is also desirable for the light field’s local chirality to be maintained across the
sample region. If the local chirality should flip regularly over the sample region, the
signals emitted will cancel out. The chiral field must be globally chiral, maintaining
the same chirality over the entire sample region, or at least most of it. In the case
of synthetic-chiral light from a co-planar non-collinear setup (with the fundamental
components polarised in plane, and the harmonic polarised perpendicularly), the
two overlapping fields form an interference pattern, in ellipticity for the ω field and
in intensity for the 2ω field, so that the ellipticity reverses and the ‘bend’ in the
trajectory reverses regularly. If these two interference patterns are aligned such
that their nodes coincide, each time the chirality of the fields would flip, the overall
phase of the field also flips, cancelling out and maintaining the same handedness. To
achieve this, the differences in the two colour phase delays between each field should
be exactly π. However, since the technique relies on perfectly interlaced sets of in-
terference patterns to maintain its global chirality, it can be vulnerable to dispersive
effects. In gaseous media, dispersion doesn’t change the two colour phase delay in
either beam enough across the interaction medium to ruin the chirality. However,
dispersion does become a problem in the case of liquid and solid media with less
favourable optical properties, thus limiting the maximum size of the interaction re-
gion to just a few microns in these cases [229, 230]. We can, in some circumstances,
relax this requirement of stable global chirality [219, 222, 223]. Even if the chirality
of the field reverses at some points in space, so long as there is some overall ‘chiral-
ity dipole’ (where chirality is asymmetrically distributed around the optical axis),
this can be used to realise enantiosensitive measurements, such as enantiosensitive
redirection of light [219, 222, 223].

2.4 Novel Chiroptical Approaches

Both PECD and synthetic chiral light exploit the strength of chiral effects which exist
within the electric dipole approximation to realise much greater enantiosensitive
efficiencies than methods that rely on the magnetic field of CPL [17, 19]. However,
recent developments in chiroptical spectroscopy are not limited to just these few,
and many exploit chiral effects within the electric dipole regime to realise efficient
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enantiosensitive measurements compatible with small samples or fine time resolution
[18].

2.4.1 Photo-excitation Circular Dichroism

Techniques which realise a chiral observer using circularly polarised light are not
limited to those requiring photoionisation of the sample molecule. They can also
be realised using bound-bound transitions, or a combination of bound-bound and
bound-free transitions. One such technique is ‘photo-excitation circular dichroism’
or PXCD, which replaces using photoelectron current as a chiral vector observable
with using the induced polarisation of the chiral molecules [231].

For a single excited state, the excitation dipole
#»

dM
0→1 is real and so the triple

product (
#»

dM∗ × #»

dM) · #»

kM , introduced previously, vanishes. A method involving
a single excitation and then emission cannot realise a chiral sensitivity. However,
coherently exciting two states |1⟩ and |2⟩ with non-parallel transition dipoles

#»

dM
0→1×

#»

dM
0→2 ̸= 0 allows us to achieve a non-zero chiral triple-product:

(
#»

dM
01 ×

#»

dM∗
20 ) · #»

dM
12 (2.45)

or any permutations of the above.

For example, we can use a driving field with one component in resonance with
one of the molecule’s electronic transitions, alongside another component with a
lower energy, resonant with a vibrational transition. The molecule is first excited
from the ground state to an electronic and vibrational excited state, before it then
decays to the vibrational ground of its electronic state, and then back to true ground.

In this case, the pseudoscalar is provided by a permutation of the triple product
(see eq 2.45) of the transition dipoles of the initial excitation and subsequent decays,
which will be of opposite sign in opposite enantiomers. If there are more than two
excited levels in the system, the above analysis must be altered to sum over all
potential states to which the molecule can excite.

The chiral response in PXCD is maximised in the case where the three transition
dipoles are orthogonal, since this maximises the triple product of the transition
dipoles, for example when using an ultrashort circularly polarised pulse both for
the first excitation |0⟩ → |2⟩ and the stimulated decay |1⟩ → |0⟩. In this case, all
of the initial excitation in the polarisation plane of incident light is converted into
enantiosensitive motion along the axis of propagation.

As well as ionisation and bound-bound transitions, such chiral setups can also
be achieved with Raman-type bound-continuum and continuum bound transitions;
photo-electron-photo-excitation circular dichroism (PEXCD)[231]. This is very simi-
lar to PXCD, but with the decay from |2⟩ → |1⟩ replaced by a Raman-type ionisation

from |2⟩ → | #»

k ⟩ followed by a decay | #»

k ⟩ → |1⟩, and then the electron decaying to
ground state, as before (see fig 2.10). These Raman-type transitions via continuum
can even be excited by a linearly polarised probe pulse.

65 of 161



Figure 2.10: (a) An energy level diagram of absorption CD. Note: the enan-
tiosensitivity of the technique relies on magnetic dipole interactions. (b) En-
ergy level diagram of PXCD, with the enantiosensitivity deriving from transition
dipoles from three transitions, |0⟩ to |2⟩, decay from |2⟩ to |1⟩, and |1⟩ to |0⟩. The
right panel shows the tip of the dipole vector of a molecule in PXCD. (c) PEXCD,
with the decay from state |2⟩ to |1⟩ replaced with a raman-type transition to and
from continuum. (d) Energy level diagram of PECD in the chiral (left) and achi-
ral (right) case. Reproduced with permission from AIP Publishing [231].

2.4.2 Microwave Three-wave Mixing

Another technique is ‘microwave three-wave mixing’ (M3WM), which uses
three beams (called the ‘drive’, the ‘twist’, and the ‘listener’) propagating in three
mutually orthogonal directions [232, 233], which drive the molecules of the sample
in a closed three-step loop of rotational transitions. This is analogous to, for exam-
ple, PXCD, but with electronic and vibrational transitions replaced with rotational
ones, which have much lower energy [233].

The first two transitions, the ‘drive’ and the ‘twist’ are resonant excitations
driven by linearly polarised pulses, which the third beam, the ‘listen’, is a reference
signal which records the phase of the free induction decay of the molecules into the
ground state, which differs by π between the enantiomers [234, 235].

Much like techniques such as PECD and PXCD, the mechanism for the resultant
phase difference does not use any intrinsic chirality of incident light fields, but instead
depends on a triple product of molecular dipole components. This technique is very
sensitive even at very small changes in enantiomeric excess, but in order to interpret
the phase of the FID one must compare the retrieved signal with that of a sample
of the enantiomer with known handedness [153].
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We can model the rotational dynamics of molecules by approximating them as
asymmetric rigid rotors [236]. Rotational wavefunctions |J,M⟩ are eigenstates of
total angular momentum operator Ĵ2 and axial angular momentum operator Ĵz,
with eigenvalues

Ĵ2 |J,M⟩ = J(J + 1) |J,M⟩

and

Ĵz |J,M⟩ =M |J,M⟩ ,

where M ∈ {−J, . . . ,+J}.

We calculate and sum over transition dipoles between the ground state, and two
excited states in a similar way as previously:

∑︂
M1,M2,M3

⟨ #»

d L⟩χ =
∑︂

M1,M2,M3

[︂
#»

d L
01 · ẼL∗(ω10)

]︂ [︂
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d L
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]︂
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d L
12e
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(2.46)

=
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12

]︂ [︂
ẼL∗(ω10)× ẼL(ω20)

]︂
e−iω21t + c.c.

(2.47)

where +c.c. indicates the addition of complex conjugates. We see that the chiral
molecular pseudoscalar in this case is given by the triple product of the transition
dipoles associated with the ‘drive’ from ground to first excited state, ‘twist’ from
first to second excited state, and the ‘listen’ from the second excited state back to
the ground [19]: (

#»

dM
01 ×

#»

dM
20) ·

#»

dM
12 .

The signal thus depends on the relative phase between the drive and the twist,
and is maximised when the three transition dipoles are orthogonal. Thus, a chiral
signal is only reproducible when the phase delay between the drive and the twist is
stable over time.

The techniques used in M3WM can further be extended to realise enantiosen-
sitive population enhancement of specific rotational states, and this can be used to
realise spectroscopic measurements targeting specific enantiomers even within mixed
samples [237, 238].

2.4.3 Static Field Dichroism

Such enantiosensitive measurements can also make use of static field effects.
Applying a static electric field to a collection of atoms will shift the energies of
the electronic eigenstates of the molecules (Stark effect) [239]. We can excite the
molecules into a static-field-shifted excited electronic state, before adiabatically
withdrawing the static field and then allowing the molecules to first follow the ex-
cited state adiabatically back to the un-shifted excited state, and then decay back
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to ground. This realises a three-transition setup analogous to PECD, PXCD and
M3WM [19, 235].

The electronic eigenstates of bound electrons in an applied static electric field
#»

ES are shifted from |0⟩ , . . . , |n⟩ to:

|n′⟩ = |n⟩+
∑︂
m̸=n

#»

ES · #»

d nm

∆Em,n

|m⟩ , (2.48)

where ∆Emn is the energy difference between states |m⟩ and |n⟩ [19]. After applying
the static field, an oscillating field resonant with the |0⟩ → |n⟩ transition is applied,
producing oscillations of induced polarisation aligned with the static field:

an′ = i
[︂

#»

d n′0 ·
#»

E(ωn′0)
]︂

(2.49)

= i
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(2.50)

so the expectation of the dipole has form:
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If we then average the oscillating term over possible orientations we find:∫︂
dϱ
(︂
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so the oscillations of the dipole are, on average, along the direction of the external
field.

We then withdraw the static field adiabatically, causing the molecules to decay,
first to the excited state |n⟩, then to ground. The |n′⟩ → |n⟩ transition has dipole:

⟨ #»

d ⟩ = #»

d 00 + |an′|2 #»
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Where φ encodes the details of the removal of the field. The oscillating part can
again be averaged to find:∫︂
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This features another enantiosensitive pseudoscalar
[︂
(

#»

dmn ×
#»

dm0) ·
#»

d 0,n

]︂
, and

so an enantiosensivive response which oscillates along an axis orthogonal to both
the direction of the static field and the polarisation direction of the oscillating field.
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Such an effect can be extended from the case of a static field, to the case of an
oscillating field which changes much more slowly than the timescale of the oscillating
pump pulse, for example a micro- or radio-wave field in the case of an infrared or
optical pump. In a semi-quantum picture, the transition between perturbed excited
state and excited state can be thought of as emission or absorption of a photon with
arbitrarily low energy [235].

2.4.4 Chiral High-Harmonic Generation

Moving briefly to techniques utilising non-perturbative processes, chiral HHG
creates an enantiosensitive vectorial signal using only electric-dipole-level interac-
tions [21, 165, 240, 241].

The recombination stage in HHG, of the ionised electron with its parent ion,
is the direct reverse of the photoionisation process in techniques such as PECD,
and since the chiral triple product found in PECD should remain chiral even after
reversing one of the steps, we should be able to construct a similar enantiosensitive
pseudoscalar involving the real and imaginary parts of the recombination dipole:[︂

ℜ{ #»

Drec} × ℑ{ #»

Drec}
]︂
· iσẑ (2.55)

This would lead the coherent dipole associated with recombination to have a chiral
component which oscillates along the axis of propagation and is shifted by π in phase
between opposite enantiomers.

This is analogous to the forward-backward asymmetry in PECD, but with the
chiral trajectory of the electron before recombination taking the place of the enan-
tiosensitive distribution of photoelectron emission [19, 215].

Since the chiral component of the oscillations is parallel to the axis of propaga-
tion of the incident laser, one would expect the chiral signal to be emitted perpen-
dicular to the incoming beam. However, high harmonic generation usually benefits
from coherent constructive addition of the light pulses emitted by each molecule
along the direction of propagation due to its strict timing relative to the cycles of
the driving field.

In this case, the direction of emission is perpendicular, not parallel, to the in-
cident beam. This means that the phases of the emissions of different molecules
along the axis of propagation of the incident beam cancel out, and so a coherent
macroscopic signal is not generated [21, 241].

Therefore, methods to image molecular chirality using HHG require there to
be some longitudinal component of the applied laser field, just as for synthetic
chiral light. This allows a recombination dipole response along the propagation
direction, and so a macroscopic signal can be generated that takes advantage of the
coherent addition characteristic of HHG. This situation can be engineered by using,
once again, very tightly focussed beams (which result in the laser field having a
longitudinal component near the focus), using a non-collinear setup wherein the off-
axis beams will have polarisation components along the overall axis of propagation
[242], or using nanophotonics [207, 224, 225].
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Since the timescales of HHG are so short, this technique has the advantage of
being able to capture the electronic response of samples to intense laser fields with a
sub-femtosecond temporal resolution [177, 243, 244], but still retains the drawbacks
of using HHG as a technique in general, such as the large input intensities required
[245]. Furthermore, in dispersive media, or optically thick media, the field may
change too quickly across the sample region for chiral HHG to be practical for all
but the smallest samples [229, 230].

2.4.5 Coulomb Explosion Imaging

The final technique we shall describe in this section is Coulomb explosion imaging.
Molecules are collections of nuclei and electrons held together by electrostatic attrac-
tion [56]. If a molecule is ionised, this will leave a concentration of positive charge,
as well as potentially emptying out the bonding orbitals which hold the positively
charged parent nuclei together. If enough electrons are stripped from the molecule,
the resulting concentration of positive charge and lack of bonding orbitals will result
in the molecule breaking apart into charged ionic fragments, which repel each other
and fly outwards [246]. This is known as a Coulomb explosion [247].

Coulomb explosion imaging, or CEI, utilises this to image the structure of
molecules. The fragments that are expelled by the exploding molecular ions can
be detected, and their masses, angles of emission and velocities can be used to char-
acterise the shape of the molecule from which they were expelled [247–249]. In the
case of chiral molecules, if the fragments are imaged coincidently, the chirality of the
parent molecule can be inferred from the velocity map of the ion fragments [250].

In chiral CEI schemes, chiral molecules are aligned spatially using a moderately
strong elliptically polarised laser field [250–252]. When this ellipse is rotated by a
non-right-angle with respect to the normal to the detector plane, the momentum
distributions of the ion fragments displays an asymmetry related to both the enan-
tiomeric excess and the absolute configuration of the sample. The simplest case is
that of a centrally chiral molecule, such as a chiral haloalkane, where the fragments
are those substituents of the chiral carbon atom, where the distribution of different
ions can be correlated directly to the absolute configuration of the chiral centre so
long as the parent molecules were aligned initially [253, 254]. In the case of other
forms of chirality, the technique is still applicable but subtly different. In the case
of axial chirality, for instance, the absolute configuration can be determined using
just two fragments connected through the axis of chirality, so long as the initial
molecules were aligned along this axis [255].

In terms of a chiral triple product, the triple product of the velocities associated
with three chiral ion fragments can be multiplied to extract a chiral pseudoscalar
characterising the handedness of the molecule, but this requires knowledge of the full
ion velocity map around the parent ion, and generally detectors measure these veloc-
ities within two-dimensional planes. Therefore, a simpler setup is to use an elliptical
pulse to align the chiral molecules before they are ionised, and so a pseudoscalar
can be constructed using two different ion momenta and the axis of alignment [253,
256, 257].
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Conclusion

Throughout this chapter, we have given a brief introduction to the theory underpin-
ning both light-matter interactions in general and chiral light-matter interactions
in particular, as well as examples of recent developments in the field.

In section 2.1 we reiterated the theory of classical electrodynamics, beginning
from Maxwell’s equations and linear optics before expanding our understanding to-
wards non-linear phenomena both of the perturbative and non-perturbative kinds.
In doing so, we see the potential advantages of perturbative approaches over non-
perturbative ones. Namely, a chiroptical method which utilises low-order perturba-
tive effects will be realisable with much lower laser intensities than one which relies
on higher-order or non-perturbative effects.

In section 2.2, we then explained the history and theory behind optical rotation,
the oldest and still most widely utilised chiroptical phenomenon. Despite their
simplicity and ubiquity, we explained how these techniques are hamstrung in certain
circumstances by their reliance on magnetic effects which are, by their nature, much
weaker than electric-dipole effects at sub-ionising frequencies. Thereby we identify
a desire for chirality-sensitive optical effects that arise within the electric dipole
approximation, and can therefore be much more efficient on a few-molecule basis.
Such effects make use of the non-linear optical regime, wherein a molecule can ‘see’
the chirality of the electric field without the need for multipole or magnetic terms.

We explain, in section 2.3, the ways in which a chiral measurement can be made.
A molecule can either ‘react’ with a chiral reagent, as in the case of synthetic chiral
light, or the chirality of a molecule can be identified using some inherently chiral
measurement setup, as in the illustrative example of PECD. These different schemes
can be understood within the framework of chiral pseudoscalars, or pseudovectors
which, when combined with a directionally-sensitive vectorial measurement, realise
a chiral setup. This is a powerful analytical tool; the chirality of any object (a
molecule, reagent, or measurement) can be characterised using a pseudoscalar, and
so we can go about understanding nearly any chiral technique by constructing a
chiral pseudoscalar triple-product.

We extended our understanding to various novel chiroptical approaches in sec-
tion 2.4, going through various cutting-edge chiroptical techniques and deconstruct-
ing them in terms of the chiral pseudoscalar which characterises their measurement,
from PXCD in section 2.4.1, to Coulomb explosion imaging in section 2.4.5. Now
that we have an abstract theoretical understanding, it is necessary to turn to the
computational tools we may need to model these effects.
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Chapter 3

Computational Methods

In order to model how atoms and molecules respond to and emit light, we must first
understand and be able to model the quantum mechanics of atoms and molecules.
More specifically, we must be able to describe how the electrons in an atom or
molecule evolve over time under the influence of electromagnetic fields; both those
internal to the atom or molecule and external fields in the form of electromagnetic
waves.

The time evolution of a quantum system, such as electrons within a molecule, is
described by the time-dependent Schrödinger equation (TDSE) and any description
of the interaction of molecules with light must begin by solving the TDSE, either
directly or by some approximation.

In this work, it is assumed that the laser light being studied is sufficiently intense
that its quantum nature can be safely ignored, and so the associated electric fields are
continuous vector fields which can be described according to Maxwell’s equations.
Furthermore, since the magnetic fields associated with light are much weaker [258],
at least in terms of forces exerted on electrons, than the electric fields (see section
2.2), we can neglect them in our investigations.

3.1 Solving the Time-Dependent Schrödinger equa-

tion

The time-dependent Schrödinger equation (TDSE) is an ordinary differential equa-
tion describing the time evolution of a quantum state Φ(t):

iℏ
d

dt
Φ(t) = Ĥ(t)Φ(t) (3.1)

where Ĥ(t) is a Hermitian operator known as the Hamiltonian, which encapsulates
the energetics of the system in question, and any dependence of either Φ(t) or Ĥ(t)
on spatial or spin coordinates has been left implicit [33].

For a general multi-body system, comprised of N interacting particles each of
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mass mi and charge qi the Hamiltonian will take the form:

Ĥ(t) =
N∑︂
i=1

[︄
#»p 2

i

2mi

+
N∑︂

j=1,j ̸=i

qiqj
2| #»r i − #»r j|2

]︄
+

N∑︂
i=1

qi
#»r i ·

#»

E(t) (3.2)

where #»p i is the momentum of the ith body, and
#»

E is an externally applied field. In
the above equation, the first term is a sum of the kinetic energies of each body and
the electrostatic potential energy, and is known as the ‘field-free’ Hamiltonian Ĥ0.
The second term is the potential energy of all elements due to external field

#»

E(t)
[134], equivalent to external potential energy V (t) [27].

The general solution to the TDSE takes the form:

Φ(t) = Û(t0, t)Φ(t0) (3.3)

where Û(t0, t) is the ‘time-evolution operator’ which propagated the wavefunction
Φ at time t′ = t0 to later time t, and is given formally by:

Û(t0, t) = e
− i

ℏ
∫︁ t
t0

Ĥ(t′)dt′
, (3.4)

so long as Ĥ commutes with itself at later times. For the special case of a constant
Hamiltonian, the TDSE can be solved exactly as:

Φ(t) = e−
i
ℏ (t−t0)ĤΦ(t0) (3.5)

which, setting the initial time t0 = 0 and factoring the exponential procession into
the wavefunction defines the wavefunction in the ‘interaction picture’ Φ̃ [33, 259].
The interaction picture is a formulation of quantum mechanics wherein the undis-
turbed time evolution of a system is applied to operators, but time dependence due
to external stimuli is carried by the wavefunction. This forms a sort of ‘halfway-
house’ between the Schrödinger picture, wherein wavefunctions are time-dependent
and operators constant, and the Heisenberg picture, where operators carry time de-
pendence and wavefunctions do no change. The interaction picture is often used
in the theory of light and light-matter interactions, since it is convenient to leave
phase-procession of electron- or photon-wavefunctions implicit and only count time-
variations due to interactions, hence the name.

Much as in Newtonian physics [260], the TDSE for a self-interacting system
cannot be solved analytically for any number of bodies more than two [22], and so
modelling any quantum system more complicated than a single hydrogen atom will
necessitate either approximations or numerical methods to be used.

3.1.1 Spatial vs Spectral Methods

When formulating an approach to solving the TDSE for a multi-body system, the
first decision to be made is whether to model the time evolution spatially or spec-
trally.

A spatial approach discretises physical space into grid-points, with the wave-
function expressed as an amplitude and phase at each grid-point [261, 262]. This
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is the approach in, for example, time-dependent density functional theory. The
drawback of this is the potentially large number of grid points needed to accurately
model the quantum system can make these approaches prohibitively costly in terms
of computer resources.

An alternative is to use a spectral approach, where the wavefunction is expressed
as a linear combination of basis functions. This can be simpler to compute, but
relies on a judicious choice of basis set which is well-defined and complete enough
to capture the dynamics of the system.

One common spectral approach, and the one used in this work when determining
the response of different conformers to laser fields (see section 5.2), is to use a basis
consisting of a truncated series of the eigenstates of the field free hamiltonian Ĥ0

(or good approximations thereof):

Ĥ0ϕm = Emϕm (3.6)

Em being the energy of eigenstate ϕm, building up total wavefunction:

Φ(t) =
∑︂
m

Cm(t)ϕm (3.7)

thereby encoding the time-dependence of the system in spectral coefficients Cm(t)
which, due to the orthogonality of our basis set, is equivalent to ⟨ϕi|Φ(t)⟩.

If we insert this spectral expansion into the TDSE, we find:

iℏ
d

dt

∑︂
m

Cm(t)ϕm =Ĥ(t)
∑︂
m

Cm(t)ϕm (3.8)

=
∑︂
m

Cm(t)
(︂
Em + V̂ (t)

)︂
ϕm. (3.9)

If we contract over ϕm, bearing in mind our basis is orthogonal such that ⟨ϕn|ϕm⟩ =
δnm, we find :

iℏ
d

dt
Cn(t) = Cn(t)En +

∑︂
m

Cm(t) ⟨ϕn| V̂ (t) |ϕm⟩ (3.10)

Here we see that, in the field free case V (t) = 0, we can solve to find the complex
spectral coefficients merely precess in phase at an angular velocity determined by
their energy, with constant amplitude:

Cn(t) = C0e
− iEnt

ℏ (3.11)
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If we bring back our external potential V (t), but his time work in the interaction

picture C̃n(t) = Cn(t)e
iEnt

ℏ , we find:

iℏ
d

dt
C̃n(t) =

∑︂
m

C̃m(t)e
i(En−Em)t

ℏ Vnm(t) (3.12)

where Vnm(t) = ⟨ϕn| V̂ (t) |ϕm⟩ is the matrix element of the potential energy operator
V̂ (t). We can see that the coupling between different eigenstates of the field-free
hamiltonian occurs via the external potential, which controls the relationships be-
tween different spectral coefficients. This is equivalent to the observation that, in
order to move from one energy level to another, a quantum system much exchange
the difference in energy with its surroundings.

The ordinary differential equation above, essentially a spectral decomposition of
the TDSE, can be solved in the Schrödinger or interaction picture by breaking the
time domain into small steps and solving by some iterative numerical scheme [259,
263]. Well known schemes such as the leapfrog method, Euler method, or various
Runge-Kutta methods could all work, subject to the usual considerations around
numerical stability and convergence [264]. Alternatively, if the external potential
should be sufficiently weak, it may be more efficient to treat it as a perturbation
[265], which we will discuss further in the following section.

3.1.2 Perturbation Theory

As seen in the previous section, if we choose to model our wavefunction within the
‘interaction picture’ , our TDSE in terms of spectral coefficients Cn(t) is given by
[33] equation 3.12. If our external potential V (t) is sufficiently small that we are
able to treat it as a small perturbation, we can express our TDSE in terms of a
perturbative series [265]:

C̃n(t) = C̃(0)
n (t) + λC̃(1)

n (t) + λ2C̃(2)
n (t) + . . . (3.13)

where λ denotes some small parameter encoding the strength of the perturbation,
and the tilde indicates we are working in the interaction picture so field free pro-
cession is implicit. Since our time-dependent perturbation is small, we can set the
zeroth order term to be equal to our starting condition C̃

(0)
n (t) ≈ C̃n(0), in other

words, since our V (t) is small, the system will not change very much over time. If
we then require that the perturbed state be an eigenvector of the perturbed inter-

action picture hamiltonian ĤI = Ĥ0 + e
iĤ0t
ℏ λV̂ (t)e

−iĤ0t
ℏ (where Ĥ0 represents the

time-independent component of the Hamiltonian), we find:

ĤI

(︂
C̃n(0) + λC̃(1)

n (t) + . . .
)︂
=
(︁
E(0)

n + λE(1)
n + . . .

)︁ (︂
C̃n(0) + λC̃(1)

n (t) + . . .
)︂

(3.14)
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We can then equate powers of λ on both sides of the equation above to arrive at
iterative series relation:

iℏ
d

dt
C̃(r)
n (t) =

∑︂
m

C̃(r−1)
m (t)e

i(En−Em)t
ℏ ⟨ϕn| V̂ (t) |ϕm⟩ (3.15)

which, taken to first order, made such that the molecule is wholly in the ground
state at t = 0, and assuming an adiabatic switch-on to remove the lower limit of our
integrals, we find:

C̃(1)
n (t) ≈ δ0n −

i

ℏ

∫︂ t

0

e
i(En−E0)t

′
ℏ ⟨ϕn| V̂ (t′) |ϕ0⟩ dt′ (3.16)

≈ δ0n −
i

ℏ
#»

d n0 ·
∫︂ t

0

e
i(En−E0)t

′
ℏ

#»

E(t′)dt′ (3.17)

since V (t) =
#»

d · #»

E(t) where
#»

d is the electric dipole operator,
#»

E(t) is the electric

field vector, and
#»

d 0n is the electric transition-dipole matrix-element between the
ground state and the nth excited state. Once the perturbed interaction-picture
spectral coefficients are found, the Schrödinger picture coefficients can be recovered
by factoring back out static state procession.

Although perturbation theory is a convenient analytic means to approximate the
time evolution of a system, it is limited in the sense that it is only valid for sufficiently
small external potential. Nonetheless, it can be useful to test and calibrate other
methods of solving the TDSE, such as the more complete spectral scheme outlined
in the previous section.

3.2 Computational Methods in Quantum Chem-

istry

The methods described previously for solving the time-dependent Schrödinger equa-
tion still require some extra input; for the case of both spectral methods and pertur-
bation theory, we need to have good values for the transition-dipole matrix elements
before we can propagate the TDSE. In order to get these we must turn either to
experimental data, or to so-called ab initio methods, which can simulate a quantum
mechanical system using only physical constants and some initial geometry [266].

There are a wide variety of such methods, but the ones we shall be focussing
on are Hartree-Fock theory, density functional theory, and time-dependent density
functional theory. However, the first step in formulating any scheme to efficiently
undertake quantum-chemical simulations is to form the Hamiltonian for the molec-
ular system, undisturbed by any external forces. We can then simulate the quantum
system, and, in the time-dependent case, introduce external driving fields.
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3.2.1 The Molecular Hamiltonian

For an entire molecule, consisting of NN nuclei and Ne electrons, the molecular
Hamiltonian will consist of the sum of the kinetic energy operators T̂e and T̂N of the
electrons and nuclei respectively, together with the potential energy from internu-
clear repulsion V̂NN , electron-electron repulsion V̂ee, and electron-nuclear attraction
V̂eN such that total molecular hamiltonian:

Ĥ = T̂e + T̂N + V̂NN + V̂ee + V̂eN (3.18)

Taking each term in turn, electron kinetic energy:

T̂e = − ℏ2

2me

Ne∑︂
i=1

∇2
i (3.19)

where∇2
i indicates the Laplacian operator∇2 acting on the ith electron [27]. Nuclear

kinetic energy:

T̂N = −ℏ2

2

NN∑︂
r=1

1

mj

∇2
j (3.20)

inter-electronic repulsion:

V̂ee =
Ne∑︂
i=1

Ne∑︂
j>i

1

4πϵ0

e2

| #»r i − #»r j|
(3.21)

where #»r i indicates spatial position (excluding spin coordinates) of the ith electron,
electro-nuclear attraction:

V̂eN = −
Ne∑︂
i=1

NN∑︂
r=1

1

4πϵ0

Zre
2

| #»r i −
#»

Rr|
(3.22)

where Zr is the charge (relative to an electron) of the rth nucleus, and Rr its position.
Finally, nuclear repulsion:

V̂NN =

NN∑︂
r=1

NN∑︂
s>r

1

4πϵ0

ZrZse
2

| #»

Rr −
#»

Rs|
(3.23)

Here we see the core problem in quantum chemistry; that the wavefunction of the
system depends on itself in a number of different ways, with nuclear wavefunctions
depending on electronic wavefunctions and vice-versa, making it impossible to solve
analytically, and dramatically increasing the complexity of solving numerically.

Most techniques take a ‘self-consistent’ approach, where an initial guess as to
the wavefunction of the system is refined iteratively until the solution converges such
that the charge distribution is consistent with the assumed electric field. However,
the presence of many moving parts; multiple nuclei and electrons, all of which are
interdependent quantum objects, increases the computational cost exponentially
with each new object. This makes solving these equations näıvely intractable apart
from for the smallest and simplest systems (eg. helium nuclei or H+

2 ions). Valid
approximations which reduce the number of degrees of freedom of the system must
be found in order to make progress.
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3.2.2 The Born-Oppenheimer Approximation

One such common approximation is the Born-Oppenheimer approximation (BOA)
[267]. Since electrons and nuclei generally have comparable charges (especially in
organic chemistry, where ZN ≲ 20), the extramolecular electromagnetic forces they
are subjected to are generally similar. However, nuclei are very much heavier than
electrons (Mp/Me ≃ 1836), and so their velocities must be much less than those of
electrons. Thus, nuclear motion will tend to occur on a much longer timescale than
electronic motion (τnuclear ≃ 10−14s vs τelectronic ≃ 10−18s).

We can therefore consider splitting the molecular wavefunction into an electronic
part and nuclear part [268]:

Φnν(
#»x ,

#»

R) = Ψn(
#»x ,

#»

R)Θnν(
#»

R) (3.24)

where n and ν label electronic and nuclear stationary states respectively,
#»

R denotes a
collection of all nuclear coordinates, and #»x denotes a bundle of all electronic spatial
and spin coordinates. Thus the total eigenvalue equation:

(T̂e + T̂N + V̂ee + V̂eN + V̂NN)Φnν(
#»x ,

#»

R) = EnνΦnν(
#»x ,

#»

R) (3.25)

can be split into separate nuclear and electronic eigenvalue equations:

(T̂e + V̂ee + V̂eN + V̂NN)Ψn(
#»x ,

#»

R) = En(
#»

R)Ψn(
#»x ,

#»

R) (3.26)

where
#»

R is in this case a parameter, and:

(T̂N + En(
#»

R))Θnν(
#»

R) = EnνΘnν(
#»

R) (3.27)

Thereby, the energy of an electronic state En depends on the nuclear coordinates,
but the energy of the nuclear state Enν depends on the electronic state but does
not depend on the exact coordinates of the electron. From the perspective of an
electron, nuclei move so slowly that their motion is irrelevant; electrons adjust so
quickly to new nuclear coordinates that the quantum nature of the nuclei doesn’t
matter. Conversely, from the perspective of a nucleus, electrons move so quickly that
their quantum state is felt as an effective potential energy field En(

#»

R) through which
nuclei move. In the electronic eigenvalue equation, above, internuclear repulsion is
a constant value which simply shifts total energy En(

#»

R), whilst this inter-nuclear
potential energy is included in nuclear eigenvalue equation via effective potential
En(

#»

R).

This approximation further relies on the assumption that the variation of elec-
tronic wavefunction Φnν(

#»x ,
#»

R) is very smooth with respect to
#»

R, i.e. the electrons
rearrange themselves instantaneously as nuclei move, and small changes in nuclear
geometry produce small changes in electronic structure. This assumption holds so
long as spacing between electronic states is sufficiently large i.e. small nuclear per-
turbations don’t lead to large changes in the quantum state of the electrons. This
is especially powerful for small-to-medium-sized molecules, where electronic energy
levels will tend to be more sparse, and therefore timescales for electronic transitions
will remain reasonably short.
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In this way, the electronic eigenstates will define a smooth ‘potential energy sur-
face’ along which the nuclear configuration can traverse. Here we can begin to see
a potential self-consistent approach to molecular geometry: The electronic eigen-
states can be calculated from an informed initial guess of the nuclear equilibrium
geometry, and this eigenstate can serve as a potential energy surface for the nuclear
geometry. The nuclei can be moved so as to minimise this potential energy, the
electronic eigenstates can be recalculated according to this new geometry, and this
can be repeated until the calculation converges and a self-consistent approximation
to the nuclear geometry of the molecule is achieved.

A related concept is the fixed-nuclei approximation, where nuclei are assumed
to be spatially fixed at R = Req, and so the electronic eigenvalue problem reduces
further to:

(T̂e + V̂ee + V̂eN + V̂NN)Ψn(
#»x ,

#   »

Req) = En(
#   »

Req)Ψn(
#»x ,

#   »

Req) (3.28)

with the nuclear state neglected entirely. This problem has even lower dimension-
ality and so the computational cost is commensurately lower still. This assumption
is valid for rapid electronic processes operating on or close to the few-femtosecond
regime, prior to the onset of nuclear motion [269–272]. Therefore, the fixed-nuclei
approximation is valid for coherent processes, occurring before the onset of deco-
herence due to vibrational excitation. In this work, we assume the fixed nuclei
approximation to be valid so as to make computational progress in spite of being at
the edge of that regime.

3.2.3 Hartree-Fock Theory

Hartree-Fock theory (HFT) is one such computational scheme that can be used to
provide a first-approximation to the ‘exact’ ground state solution of the Schrödinger
equation for a molecule [27]. HFT was an early example of a so-called ‘self-consistent
field’ (SCF) technique, where the electronic wavefunction and molecular potential
are calculated from each-other iteratively until a desired degree of agreement between
the two is achieved [273–276].

The HF method assumes that the exact wavefunction of a molecule can be
approximated by a linear combination of basis elements known as a Slater determi-
nant [277], and relies on the minimisation of an energy-functional to approximate
the ground state solution [275]. In this way, HFT is implicitly a ‘mean-field’ approx-
imation, reducing the interactions between electrons to an effective electric potential
caused by the sum of the nuclear electric field and the averaged behaviour of the
other electrons [27]. In so doing, mean-field approaches reduce the dimensionality
of the system. This makes them easier to compute at the cost of poorly accounting
for electron-correlation effects [24, 27, 28].

Slater Determinants and Slater-Condon Rules

Many computational schemes for quantum chemistry rely on using Slater determi-
nants. These are expressions which build up, by linear combination of basis elements,
the wavefunction of a system of multiple fermions so as to satisfy the requirement
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that fermionic wavefunctions be anti-symmetric under parity operations [277, 278].
Each basis element includes both spatial and spin components, and so the general
wavefunction for an N-body fermionic system (eg. electrons in a molecule) can be
written as determinant:

ΨSD(
#»x 1,

#»x 2, . . . ,
#»xN) =

1√
N !

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓
ϕ1(

#»x 1) ϕ2(
#»x 1) . . . ϕN(

#»x 1)
ϕ1(

#»x 2) ϕ2(
#»x 2) . . . ϕN(

#»x 2)
...

...
. . .

...
ϕ1(

#»xN) ϕ2(
#»xN) . . . ϕN(

#»xN)

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓ (3.29)

which is conveniently anti-symmetric under electron exchange and vanishes if the
basis is non-orthogonal, automatically satisfying the Pauli principle [277].

The Slater-Condon rules are rules which express how operators acting on differ-
ent numbers of bodies within an N-body system expressed as a Slater determinant
can be expressed in terms of sums of operators acting on basis vectors [27, 279, 280].
This is useful since, in the case of our molecular Hamiltonian, we have terms which
act of one body at a time (such as electronic kinetic energy T̂e), as well as terms
which act on pairs of bodies, such as electron-electron Coulomb repulsion V̂ee. For
a one-body operator such as electron kinetic energy, where total energy can be ex-
pressed as a sum over individual energies T̂ =

∑︁N
i=1 t̂, we find that the expectation

value:

⟨ΨSD| T̂ |ΨSD⟩ =
N∑︂
i=1

⟨ϕi| t̂ |ϕi⟩ . (3.30)

Meanwhile matrix elements for such an operator where one wavefunction |Ψp
m⟩ differs

by substitution of element ϕm(
#»xm) for ϕp(

#»xm) will be:

⟨ΨSD| T̂ |Ψp
SD,m⟩ = ⟨ϕm| t̂ |ϕp⟩ (3.31)

and the matrix element for two wavefunctions differing by more than one element
will vanish.

For two-body operators, such as Coulomb repulsion V̂ee, which take the form

V̂ =
1

2

N∑︂
i=1

N∑︂
j=1,j ̸=i

v̂(i, j),

the expectation value will be of the form:

⟨ΨSD| V̂ |ΨSD⟩ =
1

2

N∑︂
i=1

N∑︂
j=1,j ̸=i

⟨ϕiϕj| v̂ |ϕiϕj⟩ (3.32)

while one-step-off-diagonal matrix elements:

⟨ΨSD| V̂ |Ψp
SD,m⟩ =

N∑︂
i=1

(⟨ϕmϕi| v̂ |ϕpϕi⟩ − ⟨ϕmϕi| v̂ |ϕiϕp⟩) (3.33)
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and two-steps-off-diagonal elements (where elements ϕm(
#»xm) and ϕn(

#»x n) are re-
placed by ϕp(

#»xm) and ϕq(
#»x n)) become:

⟨ΨSD| V̂ |Ψpq
SD,mn⟩ = ⟨ϕmϕn| v̂ |ϕpϕq⟩ − ⟨ϕmϕn| v̂ |ϕqϕp⟩ (3.34)

Matrix elements of a two body operator for wavefunctions differing by three com-
ponents or more will vanish.

The Fock Operator

The mathematical basis of HFT begins with the following assumptions; static nuclei,
non-relativistic electron velocities, and energy eigenfunctions that can be described
by a single Slater determinant composed of a linear combination of orthogonal basis
functions which are finite and complete. Since nuclei are static, without loss of
generality we can write our molecular electronic Hamiltonian as Ĥe = T̂e+ V̂eN+ V̂ee.
So, making use of the Slater-Condon rules [279, 280], we can find expectation value
for energy (switching now to atomic units):

⟨Ψ| Ĥe |Ψ⟩ =
N∑︂
i=1

⟨ϕi(
#»x i)| T̂ + V̂eN |ϕi(

#»x i)⟩

+
1

2

N∑︂
i=1

N∑︂
j=1
j ̸=i

⟨ϕi(
#»x i)ϕj(

#»x j)|
1

| #»x i − #»x j|
|ϕi(

#»x i)ϕj(
#»x j)⟩

− 1

2

N∑︂
i=1

N∑︂
j=1
j ̸=i

⟨ϕi(
#»x i)ϕj(

#»x j)|
1

| #»x i − #»x j|
|ϕi(

#»x j)ϕj(
#»x i)⟩ . (3.35)

This construction forms our energy-functional, which we seek to minimise subject
to the constraint that the basis must be orthogonal [27].

We can perform this variation by first taking the functional derivative of our
energy functional δ ⟨Ψ| Ĥe |Ψ⟩ with respect to some component ϕ∗

k. Doing this for
the first term yields:

δ
N∑︂
i=1

⟨ϕi(
#»x i)| T̂ + V̂eN |ϕi(

#»x i)⟩ =
∫︂
d #»xk

(︂
T̂k + V̂eN

)︂
ϕk(

#»xk)δϕ
∗
k(

#»xk) (3.36)
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making use of the fact that the basis functions are orthogonal. For the second term:

δ

⎛⎜⎜⎝1

2

N∑︂
i=1

N∑︂
j=1
j ̸=i

⟨ϕi(
#»x i)ϕj(

#»x j)|
1

| #»x i − #»x j|
|ϕi(

#»x i)ϕj(
#»x j)⟩

⎞⎟⎟⎠ (3.37)

=
1

2

∫︂
d #»xk

∫︂
d #»xj

N∑︂
j=1

ϕ∗
j(

#»x j)
1

| #»x k − #»x j|
ϕj(

#»x j)ϕk(
#»xk)δϕ

∗
k(

#»xk)

+
1

2

∫︂
d #»xi

∫︂
d #»xk

N∑︂
i=1

ϕ∗
i (

#»x i)
1

| #»x i − #»x k|
ϕi(

#»x i)ϕk(
#»xk)δϕ

∗
k(

#»xk) (3.38)

=

∫︂
d #»xk

∫︂
d #»xj

[︄
N∑︂
j=1

ϕ∗
j(

#»xj)ϕj(
#»xj)

| #»x k − #»x j|

]︄
ϕk(

#»xk)δϕ
∗
k(

#»xk) (3.39)

where we have used the fact that the potential is symmetric upon swapping the
particle positions. We can write the total local particle density ρl(

#»xj) as:

ρl(
#»xj) =

N∑︂
j=1

ϕ∗
j(

#»xj)ϕj(
#»xj) (3.40)

and define the ‘Hartree potential’ V̂h as:

V̂h(
#»xi) =

∫︂
d #»xj

ρl(
#»xj)

| #»xi − #»xj|
(3.41)

such that the second term in the functional derivative of our energy-functional be-
comes:

δ

⎛⎜⎜⎝1

2

N∑︂
i=1

N∑︂
j=1
j ̸=i

⟨ϕi(
#»x i)ϕj(

#»x j)|
1

| #»x i − #»x j|
|ϕi(

#»x i)ϕj(
#»x j)⟩

⎞⎟⎟⎠ (3.42)

=

∫︂
V̂h(

#»xk)ϕk(
#»xk)δϕ

∗
k(

#»xk)d
#»xk (3.43)

This ‘Hartree term’ essentially contains the electrostatic repulsion felt by an electron
as a result of the electric field of the entire electron cloud including, strangely, itself
[273].

We can repeat the same process for the third term of our energy-functional,
finding first that:

δ

⎛⎜⎜⎝−1

2

N∑︂
i=1

N∑︂
j=1
j ̸=i

⟨ϕi(
#»x i)ϕj(

#»x j)|
1

| #»x i − #»x j|
|ϕi(

#»x i)ϕj(
#»x j)⟩

⎞⎟⎟⎠ (3.44)

= −
∫︂
d #»xk

∫︂
d #»xj

[︄
N∑︂
j=1

ϕ∗
j(

#»xj)ϕj(
#»xk)

| #»x k − #»x j|

]︄
ϕk(

#»xk)δϕ
∗
k(

#»xk) (3.45)
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We can then, analogously, define non-local particle density:

ρnl(
#»xi,

#»xj) =
N∑︂
j=1

ϕ∗
j(

#»xj)ϕj(
#»xi) (3.46)

and then define ‘Fock potential’ V̂f as:

V̂f = −ρnl(
#»xi,

#»xj)

| #»x i − #»x j|
(3.47)

so this final term becomes:

δ

⎛⎜⎜⎝−1

2

N∑︂
i=1

N∑︂
j=1
j ̸=i

⟨ϕi(
#»x i)ϕj(

#»x j)|
1

| #»x i − #»x j|
|ϕi(

#»x i)ϕj(
#»x j)⟩

⎞⎟⎟⎠ (3.48)

=

∫︂
d #»xk

∫︂
d #»xj V̂fϕk(

#»xk)δϕ
∗
k(

#»xk) (3.49)

The Fock potential is sometimes called the exchange potential [27]. Due to the
anti-symmetry of electrons under exchange of their positions (and spins), the expec-
tation value of the distance between them will be increased, partially reducing the
potential energy caused by coulomb repulsion [281]. The Fock potential encapsulates
this effect, which has no real classical analogue [275].

Returning to our variation, minimising subject to the condition of an orthonor-
mal basis, we have:

δ ⟨Ψ| Ĥe |Ψ⟩ − δ

(︄
N∑︂
i=1

N∑︂
j=1,i̸=j

λij(⟨ϕi| |ϕj⟩ − δij)

)︄
= 0 (3.50)

We can choose our basis set such that Lagrange-matrix λij is diagonal λjk =
δjkϵk. Thus, this variation becomes:

∫︂
d #»xk

(︄
−1

2
∇2

k + V̂eN + V̂h +

∫︁
d #»xjV̂fϕk(

#»xj)

ϕk(
#»xk)

ϕk(
#»xk)δϕ

∗
k(

#»xk)− ϵkϕk(
#»xk)δϕ

∗
k(

#»xk)

)︄
= 0

(3.51)

Since this variation should also be stationary with respect to small differences
in δϕ∗

k(
#»xk), the integrand vanishes, leaving us with Hartree-Fock equation [27, 282,

283]:

(︄
−1

2
∇2

k + V̂eN + V̂h +

∫︁
d #»x jV̂fϕk(

#»x j)

ϕk(
#»x k)

)︄
ϕk(

#»x k) = ϵkϕk(
#»x k). (3.52)
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The operators on the left hand side can be bundled into the Fock operator

F̂ ( #»x k) = −1

2
∇2

k + V̂eN + V̂h +

∫︁
d #»x jV̂fϕk(

#»x j)

ϕk(
#»x k)

(3.53)

so:

F̂ ( #»x k)ϕk(
#»x k) = ϵkϕk(

#»x k). (3.54)

Although this appears like a simple eigenvalue equation, it is not. The equation
contains both differentials of ϕk (in the kinetic energy), and integrals (in the Fock
potential), and this makes it generally not soluble analytically [28].

Furthermore, despite a passing resemblance to the time-independent Schrödinger
equation, the eigenvalues of the Fock operator are not the same as the energy-
eigenvalues and the sum over them is not equal to the total (Hartree-Fock) energy
of the system. If we attack the Hartree-Fock equation, above, from the left with ϕk,
then sum over k, we can find that:

N∑︂
k=1

ϵk =
N∑︂
k=1

⟨ϕk| F̂ ( #»xk) |ϕk⟩ (3.55)

=
N∑︂
k=1

⟨ϕk(
#»x k)| −

1

2
∇2

k + V̂eN |ϕk(
#»x k)⟩

+
N∑︂
k=1

N∑︂
j=1
j ̸=k

⟨ϕk(
#»x k)ϕj(

#»x j)|
1

| #»x k − #»x j|
|ϕk(

#»x k)ϕj(
#»x j)⟩

−
N∑︂
k=1

N∑︂
j=1,j ̸=k

⟨ϕk(
#»x k)ϕj(

#»x j)|
1

| #»x k − #»x j|
|ϕk(

#»x j)ϕj(
#»x k)⟩ (3.56)

= ⟨Ψ| Ĥni |Ψ⟩+ 2 ⟨Ψ| V̂ee |Ψ⟩ (3.57)

where Ĥni = −∇2
k/2 + V̂eN is the Hamiltonian for an electron excluding inter-

electronic repulsion. Therefore the sum of the eigenvalues of the Fock operator does
not equal the expectation value of the minimised energy functional [23], but rather
the expectation of the energy plus the expectation value of the total potential energy
from electron-electron repulsion:

N∑︂
k=1

ϵk = ⟨Ψ| Ĥe |Ψ⟩+ ⟨Ψ| V̂ee |Ψ⟩ (3.58)

where Ĥe = Ĥni + V̂ee.

Self-consistent Field Method

As stated previously, the Hartree-Fock equation is not analytically soluble outside of
a few special cases, since the Fock operator simultaneously involves a derivative and
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an integral of the basis vectors ϕk. Instead, the HF equations are typically solved
iteratively using a computer, until the system is self-consistent [24, 27, 28]. This
type of strategy is known as a self-consistent field method, as mentioned previously,
and includes these steps:

1. Make an initial guess for the basis functions {ϕi}i∈{1,N}.

2. Use the basis functions to build local and non-local density ρl and ρnl.

3. Use these densities, together with the basis functions, to compute the Hartree
and Fock potentials V̂h and V̂f , and so obtain the matrix-elements of the Fock
operator.

4. Holding these matrix elements fixed, solve the eigenvalue equation F̂ ϕk = ϵkϕk,
yielding new basis functions {ϕk}k∈{1,N}.

5. Use these new basis functions to recalculate the densities ρl and ρnl, and
repeat the entire procedure, until successive iterations yield sufficiently similar
functions ϕk at the end.

This is essentially equivalent to guessing the electronic orbitals of a molecule,
before adjusting the orbitals in a way that reduces the energy, and repeating until
the system settles to a minimum. There is, however, no guarantee that the iterations
will converge, and so the first guess to the orbitals must be judicious. Even then,
some numerical tricks (for example, mixing the electron densities with a portion of
that from the previous iteration) may be needed to prevent the computation from
diverging [24, 284].

The initial guess for the basis set is, in the canonical case, done using a linear
combination of atomic orbitals (LCAO) [285]. Slater-type atomic orbitals centred on
each atom in the molecule are added together to form molecular orbitals, which are
then iterated upon using the self-consistent-field procedure to refine them. Although
Slater type orbitals are the ‘ideal’ case, due to their good satisfaction of requirements
such as the Kato cusp condition and good long-distance behaviour, more simple
Gaussian orbitals are more typically used [286].

This is because the product of any two Gaussian orbitals can be formed of a finite
sum of other Gaussian orbitals, reducing integrals over orbitals around four centres
to integrals around two, and then one centre. Despite this having the drawback of
requiring a larger basis set than for Slater-type orbitals, it is usually worth it so as
to compute fewer integrals, and can speed up computations by a factor of four or
more [286, 287].

Unfortunately, Hartree-Fock theory, as a mean-field scheme, has a poor account-
ing of electron-electron correlation (within the V̂ee term of the molecular Hamilto-
nian), and the mean-field the electron is simulated as being subject to includes itself
[27, 28]! The central task of other computational schemes for simulating electronic
properties of matter is to account better for this electron correlation and exchange
[288]. For medium to large molecular systems, density functional theory (DFT) is
a common compromise, achieving better accuracy than HF mean-field techniques
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while attempting to control the extra, often prohibitive, computational cost of more
comprehensive schemes [22–24].

3.2.4 Density Functional Theory

Density functional theory (DFT), makes the central innovation of working in terms
of an electron density functional ρ( #»r ) instead of multi-electron wavefunctions Ψ[22–
24], where the single-electron densities are related to the wavefunctions by:

ρn(
#»r1) = Ne

∫︂
d #»r2 . . .

∫︂
d # »rN ⟨ψn|ψn⟩ (3.59)

This reduces our multi-electron system to a single-electron system, which is much
easier to solve, but this jump to using the density-functional in the place of a wave-
function relies on the Hohenberg-Kohn theorems [289]. In our investigations, we
have used DFT and time-dependent (TD) DFT to model the electronic response
of molecules to intense laser fields, since the balance of accuracy vs computational
intensity was satisfactory to our requirements.

The Hohenberg-Kohn Theorems

Existence Theorem 1 “Any observable of a stationary non-degenerate ground state
can, exactly in theory, be calculated from the electron density of the ground state.”

Variation Theorem 1 “The electron density of a non-degenerate ground state can,
exactly in theory, be calculated by determining the density which minimises the en-
ergy of the ground state.”

What the existence theorem means, essentially, is that the ground state energy
E0 = ⟨ψ0| Ĥ |ψ0⟩ can be expressed as a unique functional of ground state electron
density E0 = E[ρ0(

#»r )], and that this relation is unique: there are no two ground
states which have the same electron density [289]. We can prove the first theorem
by a simple proof by contradiction.

The molecular electric potential Vn (the sum potential energy due to Coulomb
forces from both the nucleii and the electrons) is both (to within a constant) a unique
functional of ρ, and ρ and Vn together then fix Hamiltonian Ĥ. If we consider two
molecular potentials Vn and V ′

n which differ by more than the addition of some
constant, and assume that these both give rise to the same electron density, these
molecular potentials will give rise to two distinct Hamiltonians Ĥ = T̂ + V̂n and

Ĥ ′ = T̂ + V̂n
′
, wavefunctions Ψ and Ψ′, and ground state energies E0 ̸= E ′

0.

If we use wavefunction Ψ′ as a trial wavefunction for the opposite Hamiltonian
Ĥ, we find that:

⟨Ψ′| Ĥ |Ψ′⟩ = ⟨Ψ′| Ĥ ′ |Ψ′⟩+ ⟨Ψ′| Ĥ − Ĥ ′ |Ψ′⟩ > E0 (3.60)
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or equivalently (since Hamiltonians differ only by their different potentials):

E ′
0 +

∫︂
ρ( #»r ) (Vn − V ′

n) d
#»r > E0 (3.61)

If we repeat the above procedure, but using Ψ as a trial wavefunction for Hamil-
tonian Ĥ ′, we find:

E0 −
∫︂
ρ( #»r ) (Vn − V ′

n) d
#»r > E ′

0 (3.62)

Adding these two equations together, we find contradiction E0 +E ′
0 > E0 +E ′

0,
thus proving that there are no two distinct sets of molecular potential, many-body
Hamiltonian and wavefunction which correspond to the same density [289].

The second of the Hohenberg-Kohn theorems is what we can now utilise to find
our ground-state electron density, similar to the case of Hartree-Fock theory, this
time by choosing some candidate electron density ρ̃ which corresponds to wavefunc-
tion Ψ̃.

Using this as a trial wavefunction for Hamiltonian Ĥ:

⟨Ψ̃| Ĥ |Ψ̃⟩ = T [ρ̃] + Eee[ρ̃] +

∫︂
ρ( #»r )Vnd

#»r = E[ρ̃( #»r )] ≥ E0[ρ0] = ⟨Ψ0| Ĥ |Ψ0⟩

(3.63)

Meaning that the energy functionalE[ρ( #»r )] =
∫︁
ρ( #»r )Vnd

#»r+T [ρ( #»r )]+Eee[ρ(
#»r )],

where T is kinetic energy and Eee is potential from electron-electron repulsion,
is minimised for the density of the true ground state energy functional (the vari-
ance theorem). The first part of this energy functional is system specific, while
the second part is a universal functional which does not depend on the molecu-
lar potential, and is often bundled as the Hohenberg-Kohn functional FHK [ρ(

#»r )] =
T [ρ( #»r )]+Eee[ρ(

#»r )]. Eee can be further decomposed into ‘classical’ Hartree-repulsion
energy [273]

Eh[ρ(
#»r )] =

∫︂
ρ( #»r )ρ(

#»

r′)

| #»r −
#»

r′ |
d

#»

r′ (3.64)

and some non-classical component Enc[ρ(
#»r )] [289].

In principle, we could find the exact ground-state density and wavefunction
by minimising the energy functional subject to the condition of orthonormality.
However, in practise, the energy functional we wish to minimise is not known, and
the non-classical component of the electron-electron potential energy can only be
approximated [22, 24].

88 of 161



The Kohn-Sham equations

In order to minimise this energy functional and find the ground-state electron density
of the system, we now follow the Kohn-Sham approach, as discovered by Walter
Kohn and Lu Jeu Sham in 1965 [290]. Our main issue is that, of the terms in
the Hohenberg-Kohn functional, the only one that we know is the Hartree-electron-
repulsion Eh: The non-classical electron-electron interaction term is unknown, and
the true kinetic energy term T is altered by the existence of multiple self-interacting
electrons [24].

Our approach will be, instead, to construct some fictitious system of N non-
interacting electrons moving in some effective potential [291]. The Hamiltonian of
such a system will therefore be:

Ĥs = T̂s +
N∑︂
i=1

V̂s(
#»ri) (3.65)

where subscript s indicates operators belonging to our non-interacting system, V̂s
being the effective potential of this fictional system, and Ts = −1

2

∑︁N
i ∇2

i is the
kinetic energy as defined in the usual way.

We say that the exact ground state wavefunction of this non-interacting system
is given by Slater determinant Ψ, and that component spin orbitals of this Slater
determinant ϕi obey eigenvalue equation:

f̂KSϕi = ϵiϕi (3.66)

where

f̂KS = −1

2
∇2 + Vs(

#»r ), (3.67)

and ϕi are the Kohn-Sham orbitals. These orbitals have no real physical meaning,
they just happen to add up to produce the same electron density as found in our
real system. To this end, we want to choose effective potential Vs such that ρs(

#»r ) =∑︁N
i=1 |ϕi(

#»r )|2 of the functional system is equal to pure real ground-state electron
density ρ0(

#»r ).

We now define Kohn-Sham operator F̂ [ρ] = Ts[ρ] + Eh[ρ] + EXC [ρ]. Despite
being, as defined, dependent on wavefunctions Ts = −1

2
⟨ϕi| ∇2 |ϕi⟩, the fictitious

kinetic energy is still a valid functional of ρ since all other terms in this equation
are functionals, and so Ts must be as well.

The exchange-correlation functional EXC is a collection of all unknown func-
tionals:

EXC [ρ] = (T [ρ]− Ts[ρ]) + (Eee[ρ]− Eh[ρ]) = Tnc[ρ] + Enc[ρ], (3.68)

combining the residual part of the kinetic energy due to electron-electron interactions
with the part of electron-electron repulsion that is not described by the Hartree term.
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Using now the total energy functional of our real system E[ρ] = Ts[ρ] +Eh[ρ] +
EXC [ρ] +En[ρ], and minimising this energy with variations of density δρ under the
condition of orthonormality, we arrive at the Kohn-Sham equation:(︄
−1

2
∇2 +

(︄∫︂
ρ(

#»

r′)

| #»r −
#»

r′ |
d

#»

r′ + VXC(
#»r ) + Vn(

#»r )

)︄)︄
ϕi =

(︃
−1

2
∇2 + Vs(

#»r )

)︃
ϕi = ϵiϕi

(3.69)

where:

Vs =

∫︂
ρ(

#»

r′)

| #»r −
#»

r′ |
d

#»

r′ + VXC(
#»r ) + Vn(

#»r ) = Vh + VXC (3.70)

and:

VXC =
δEXC

δρ
(3.71)

where ϵi are the Kohn-Sham energies of our fictitious non-interacting system of
electrons, and EXC is the exchange-correlation energy.

We cannow feel confident in defining the Kohn-Sham Hamiltonian:

ĤKS =

(︃
−1

2
∇̂2 + V̂s(

#»r )

)︃
(3.72)

such that the Kohn-Sham equations become:

ĤKSϕi = ϵiϕi (3.73)

This equation once again can not, in general, be solved analytically, since the
Kohn-Sham Hamiltonian depends on the Kohn-Sham orbitals themselves, via the
electron density ρ [22, 24]. We must again turn to some self-consistent field scheme.

The computation of Kohn-Sham orbitals is done by expressing them as a lin-
ear sum of a number of atomic ‘pseudo-wavefunctions’ ϕi =

∑︁N
j=1 aijχj, where χj

are typically either formed from hydrogen-type atomic orbitals, or Gaussian-type
orbitals [286].

We can then determine coefficients aij which result in correct Kohn-Sham ener-
gies ϵi using secular equation:

N∑︂
j=1

aij
(︁
HKS

kj − ϵjSkj

)︁
= 0 (3.74)

where HKS
kj = ⟨χk|HKS |χj⟩ are the matrix elements of the Kohn-Sham Hamiltonian

while Skj = ⟨χk|χj⟩ are overlap integrals. All of this can only be solved by some
iterative method, until the resulting Kohn-Sham energy and electron density are self
consistent.
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This is done, similarly to Hartree-Fock theory, by guessing an initial set of or-
bitals and establishing an initial density ρinitial, before using that initial density to
find the effective potential Vs[ρinitial]. The matrix elements of Kohn-Sham Hamil-
tonian HKS

kj can be found and, along with overlap integrals Skj, used to establish a

new set of Kohn-Sham orbitals ϕ
(1)
i , and thus a new density ρ(1). The process is then

repeated until successive values of the density are consistent down to some chosen
tolerance [24].

Approximating Exchange-correlation Functionals

As said previously, this technique could in principle converge on an exact solu-
tion but for the unknown exchange-correlation functional EXC which must be ap-
proximated [24, 292, 293]. One common and relatively simple approach is the so-
called local density approximation (LDA), which approximates the electron cloud
as a non-interacting homogeneous electron gas of density ρ [290, 294]. The LDA
approximates the exchange energy to be a function of the local electron density,
equal to the exchange energy of a homogeneous non-interacting electron gas with
a uniform density ρ( #»r ), with corresponding exchange energy density of the form

εX [ρ(
#»r )] = A

∫︁
ρ( #»r )

4
3d #»r , where A is some constant. Therefore, the exchange-

correlation functional becomes:

EXC [ρ] =

∫︂
ρ( #»r )εXC(ρ(

#»r ))d #»r (3.75)

where exchange-correlation energy density εXC can be broken down into exchange
and correlation components:

εXC(ρ) = εX(ρ) + εC(ρ) (3.76)

Exchange energy density for a uniform electron gas can be written as:

εX(ρ) = −Cρ
1
3 , (3.77)

where C is a constant, to as to be consistent with total exchange energy above,
but correlation energy density εC has no simple expression. Instead, it is typically
calculated numerically using quantum-mechanical Monte-Carlo simulations [295].

The exchange and correlation energy densities in the LDA are not particularly
accurate [296], but nonetheless the LDA is quite often very accurate in practice.
There are several reasons for this. The first is that the LDA tends to underestimate
exchange energy, while overestimating the energy density for electron correlation,
and so these errors tend to cancel each other out [297, 298]. Another reason can be
explained by considering the exchange-correlation ‘hole’ in the electron density that
is dug by an electron at any given point in space. In reality these holes in the electron
density tend to be asymmetrical, but it can be shown that the electron-electron re-
pulsion energy only depends on the spherically-averaged depletion of density within
the hole and so the LDA, which implicitly approximates the hole as being spherically
symmetric, does not suffer any reduction in accuracy due to this [296, 297, 299].

Perhaps the ‘next level’ up of approximations are generalised gradient approxi-
mations, or GGAs. These are similar to the LDA, in that they use the local electron
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density to estimate the exchange-correlation energy, but seek to include some of the
inhomogeneity of the electron density within a real molecule by expanding exchange-
correlation energy density εXC in terms of the spatial derivatives of ρ as a Taylor
series. In so doing, they can achieve incremental improvements on the accuracy of
the LDA at the cost of more computational resources [300–303].

Lastly, many of the most commonly utilised exchange-correlation functionals
in use today come from the family of ‘Hybrid-exchange’ functionals [304–306]. The
exchange energy of a non-interacting electronic system can be calculated, in principle
exactly, using the Fock energy Ef . The correlation and exchange energies associated
with electron-electron interactions can be calculated then, exactly in theory, by
calculating the work done on the system when taking it from a non-interacting
state and gradually turning on electron-electron interactions. If we parameterise
the degree to which electron-electron interactions are ‘on’ by some value λ, we can
integrate the work done in bringing in the interactions to find:

EXC [ρ] =
1

2

∫︂ ∫︂ ∫︂ 1

λ=0

λ

| #»r −
#»

r′ |

[︂
⟨ρ( #»r )ρ(

#»

r′)⟩ − ρ( #»r )δ( #»r −
#»

r′)
]︂
dλd #»r d

#»

r′ (3.78)

where λ = 0 corresponds to a non-interacting system while λ = 1 corresponds to a
fully interacting one. This technique is known as the adiabatic connection [307].

Unfortunately, this integral is not known as the exact functional reliance of
the density on electron-interaction parameter λ is itself not known, so instead the
integral is usually approximated by some weighted sum of its end points [306].

For example, the Becke exchange-correlation functional [304]:

EB
XC = ELDA

XC + 0.2(EFock
X − ELDA

X ) + 0.72∆EX + 0.81∆EPW91
C (3.79)

uses as a base the local density approximation, replacing some of this contribu-
tion with non-interacting Fock exchange energy, together with GGA corrections to
both exchange and correlation energies (marked by ∆). This is desirable since the
exchange-correlation hole in the LDA in very localised, whereas in reality it tends
to be delocalised, and so the non-local contributions from the Fock-exchange to-
gether with quasi-local GGA terms corrects this [297]. One very common exchange
correlation functional is the Becke-3 Lee-Yang-Parr functional [305]:

EB3LY P
XC = (1− a)ELDA

XC + aEFock
X + bEB88

X + cELY P
C + (1− c)ELDA

C (3.80)

where the Lee-Yang-Parr functional correction is another GGA functional, and co-
efficients a, b, c are obtained semi-empirically. It is important to note that the exact
mathematical expressions for energy functionals change on the inclusion of electron
spin, but the underlying physics remains the same.

In section 5, we present results obtained using DFT. In that instance, we have
used a general exchange-correlation provided by the Lee-Yang-Parr expression on a
base of the Becke-3-parameter hybrid functional (B3LYP), with long-range electron
correlation accounted for using the Coulomb-attenuating method (CAM) [308].
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3.2.5 Time-Dependent Density Functional Theory

Standard DFT can be very effective in describing a static system, but to model the
dynamic response of a quantum system to a time-varying external field, this scheme
must be extended to the time-dependent case. To be confident in the validity of
using a Kohn-Sham-type scheme for a time-dependent system, we need a theorem
analogous to the Hohenberg-Kohn theorems. Unfortunately, unlike standard DFT,
where the ground state can be determined by minimising an energy functional, in a
time-dependent situation total energy is not conserved because the molecular system
can absorb and lose energy from an external field. Instead, we can use a quantum
mechanical action functional [25]:

A[Ψ] =

∫︂ t1

t0

⟨Ψ| i ∂
∂t

− Ĥ(t) |Ψ⟩ (3.81)

which can be used, along with a functional derivative with respect to ⟨Ψ|, to derive
the time-dependent Schrödinger equation. Finding a stationary point of the action
gives us a variational principle we can use to obtain a solution to our time-dependent
problem.

We now must prove the unique mapping of time-dependent density ρ( #»r , t) to
all other system variables; the Runge-Gross theorem [309].

The Runge-Gross Theorems

This uniqueness is equivalent to showing that if two time-dependent potentials
V ( #»r , t) and V ′( #»r , t) differ by more than some purely-time dependent function C(t),
then they cannot reproduce the same total density. As in the proof of the Hohenberg-
Kohn theorem, all other system variables depend on this; the system-specific poten-
tial defines the Hamiltonian, thus the wavefunction, and thus the density.

This proof only works if we restrict ourselves to potentials which are Taylor
expandable about t = t0 such that

V ( #»r , t) =
∞∑︂
k=0

1

k!

⃓⃓⃓⃓(︃
dk

dtk
V ( #»r , t)

)︃⃓⃓⃓⃓
t=t0

(t− t0)
k. (3.82)

It will further be helpful to define some quantity Uk(
#»r ) such that

Uk(
#»r ) =

∂k

∂tk
|(V ( #»r , t)− V ′( #»r , t))|t=t0

(3.83)

which will be constant if the two functions only differ by a simple function of time,
but will vary if they differ by a function of both space and time.

For our proof, we must use probability-current density defined as:

#»
j = − 1

2i
(∇Ψ∗Ψ−Ψ∗∇Ψ) . (3.84)
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Using Ehrenfest’s theorem [310], we find that the time evolution of this current
density follows:

i
d

dt

#»
j = ⟨Ψ|

[︂
#»
j , Ĥ(t)

]︂
|Ψ⟩ (3.85)

whilst for the alternate potential V ′, we get:

i
d

dt

#»

j′ = ⟨Ψ′|
[︂

#»
j , Ĥ ′(t)

]︂
|Ψ′⟩ (3.86)

Our two systems must start in the same state, such that |Ψ(t0)⟩ = |Ψ′(t0)⟩ = |Ψ0⟩,
#»
j ( #»r , t0) =

#»

j′( #»r , t0) =
#»
j0(

#»r ) and ρ( #»r , t0) = ρ′( #»r , t0) = ρ0(
#»r ).

By taking the difference between these two equations of motion at t = t0, we
find:

i
d

dt

⃓⃓⃓(︂
#»
j −

#»

j′
)︂⃓⃓⃓

t=t0
= ⟨Ψ0|

[︂
ĵ,
(︂
Ĥ(t0)− Ĥ ′(t0)

)︂]︂
|Ψ0⟩ (3.87)

= ⟨Ψ0|
[︂
ĵ,
(︂
V̂ (t0)− V̂ ′(t0)

)︂]︂
|Ψ0⟩ (3.88)

= iρ0(
#»r )∇ (V ( #»r , t0)− V ′( #»r , t0)) (3.89)

If we then force V and V ′ to differ at time t = t0, then we find there will be a
difference between the rates of change of the current densities

d

dt

#»
j ̸= d

dt

#»

j′ . (3.90)

If we now time-differentiate the equations of motion recursively k + 1 times, we
find: ⃓⃓⃓⃓

dk+1

dtk+1

(︂
#»
j −

#»

j′
)︂⃓⃓⃓⃓

t=t0

= ρ0(
#»r )∇Uk(

#»r ) ̸= 0 (3.91)

so further time derivatives of currents
#»
j and

#»

j′ will also diverge, and so we conclude
that the current densities must change differently over time if the potentials V and
V ′ differ by a function of space.

We need now only to demonstrate that if the current densities are different, this
will result in a different electron density. We can make use of continuity:

∂

∂t
ρ( #»r , t) = −∇ · #»

j ( #»r , t) (3.92)

For each case, taking the k+1th time derivative and finding the difference at t = t0:

∂k+2

∂tk+2
[ρ( #»r , t)− ρ′( #»r , t)]t=t0

= −∇ · ∂
k+1

∂tk+1

[︂
#»
j ( #»r , t)−

#»

j′( #»r , t)
]︂
t=t0

(3.93)

= −∇ · [ρ0( #»r )∇Uk(
#»r )] (3.94)
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If this quantity is not equal to zero, then the two densities must diverge over time.
If we assume that ∇Uk ̸= 0 and use Green’s theorem:∫︂

V

ρ0(
#»r )(∇Uk(

#»r ))2d3 #»r =

∫︂
Σ

ρ0(
#»r )Uk(

#»r )∇Uk(
#»r ) · d #»

Σ−∫︂
V

Uk(
#»r )∇ · [ρ0( #»r )∇Uk(

#»r )] d3 #»r (3.95)

where V and Σ are arbitrary bounding surfaces. The left-hand side cannot be zero,
since the integrand is always positive. However, the integrand in the second term
on the right-hand side is zero, while the first term will vanish if either ρ or Uk are
compact in space (which they are for molecules). This is a contradiction, proving
the uniqueness of the mapping between electronic density and all other variables for
time dependent systems holds, just as for time-independent systems.

The Time-dependent Kohn-Sham Equations

Thanks to the uniqueness property we have just proven, we can again use a Kohn-
Sham-type procedure to model our (now time-dependent) molecular system [25,
26].

As before, we replace our real interacting system, which we cannot simulate
directly, with a fictitious system of non-interacting electrons which replicates the
same electron density. Since the electron density uniquely corresponds to all other
physical variables, our fictitious system has the same properties as the real one.

By taking the functional derivative of the quantum-mechanical action with re-
spect to wavefunction ϕi we find the time-dependent Kohn-Sham equations:

i
∂

∂t
ϕi(

#»r , t) =

[︃
−1

2
∇2 + V̂KS(

#»r , t)

]︃
ϕi(

#»r , t) (3.96)

where electron density can be found by a sum over occupied orbitals:

ρ( #»r , t) =

Noccupied∑︂
i=1

⟨ϕi(
#»r , t)|ϕi(

#»r , t)⟩ (3.97)

and V̂KS is the time-dependent effective potential which replicates in our fictitious
system the same density as found in our real system:

V̂KS(
#»r , t) = V̂n(

#»r ) + V̂applied(
#»r , t) + V̂h(

#»r ) + V̂XC(
#»r ) (3.98)

where V̂h is the Hartree coulomb-repulsion:

V̂h =

∫︂
ρ

| #»r −
#»

r′ |
(3.99)

as before, V̂applied is the externally applied time-varying electric field (eg. a laser

beam), and V̂XC is the exchange-correlation potential.
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Although the exchange-correlation potential arises from the same physics as in
the time-independent case, its particular mathematics differ. Whereas before it
came about from a variation with respect to density ρ of the exchange-correlation
energy functional, this is no longer possible since energy now varies with time [311].
The derivation via functional derivative of an action is, in the näıve sense, forbidden
due to an issue with the flow of causality. This problem was solved by Robert van
Leeuwen using the Keldysh formulation of complex time-path-integration to define
via a new action [312]:

V̂XC =

⃓⃓⃓⃓
⃓ δÃXC

δρ( #»r , τ)

⃓⃓⃓⃓
⃓
ρ( #»r ,t)

(3.100)

where τ is the Keldysh ‘pesudo-time’ and action ÃXC is, like the exchange-correlation
energy, a functional which needs to be approximated [312].

These approximations are often analogues of those used in time-independent
DFT. One of the most common types are the ‘adiabatic’ approximations. Just as
the local density approximation uses a function of the density at a specific point in
space to estimate the exchange-correlation energy at that point, adiabatic exchange-
correlation potentials are ‘local’ in time, using the density at a point in time to
estimate the exchange and correlation at that specific point in time [313, 314]. This
is as opposed to an exchange-correlation potential which exhibits some hysteresis
with respect to the changes of the density [315–317]; an adiabatic approximation
V̂ A
XC [ρ(

#»r , t)] has no dependence on the time-derivatives of density ∂ρ/∂t, or densities
at any time other than time t, nor does the functional dependence of exchange-
correlation potential on density ρ change with time.

The most common example of such an exchange-correlation potential is the
adiabatic local-density approximation (ALDA) [318], which assumes that the ex-
change and correlation energies at any point within a molecule at any point in
time are roughly equal to those in a static and homogeneous electron gas of equiv-
alent density. This approximation behaves similarly to the time-independent LDA,
being likewise accurate in practice despite theoretical shortcomings: errors in the
exchange and correlation parts tend to cancel out, as do errors from not including
non-local contributions, and errors from the imperfect representation of the shape
of the exchange-correlation hole [296, 318]. Just as in the time-independent case,
the ALDA is often supplemented with other exchange-correlation functions, such as
the Fock energy and GGA-like approaches, to further refine its accuracy [25, 318,
319].

Propagation

As before, the time-dependent Kohn-Sham equations must be solved self-consistently.
Now, however, they must also be propagated forward in time. There are various
schemes for doing this, and many different codes. We have used the open-source
TDDFT code OCTOPUS.

After having generated an initial state for time t = t0, the state at time tf
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(expressed in terms of Kohn-Sham orbitals ϕi) can be expressed as:

ϕi(
#»r , tf ) = Û(tf , t0)ϕi(

#»r , t0) (3.101)

where time-propagation operator Û can be expressed as:

Û(tf , t0) = T e−i
∫︁ tf
t0

ĤKS(t
′)dt′ (3.102)

where T is the time-ordering operator and ĤKS is the Kohn-Sham hamiltonian:

ĤKS(t) = −1

2
∇2 + V̂KS(

#»r , t). (3.103)

The spatial and temporal domains are, in reality, continuous, but in order to solve the
Kohn-Sham equations numerically both must be discretised. For the spatial domain,
this means representing system variables such as the electron density, wavefunction,
and effective potential by their values at points in a three-dimensional uniform grid
within some simulation region. The time-domain must be discretised by dividing
the time domain into a series of time-steps ∆t such that time tn+1 = tn +∆t, with:

ϕi(
#»r , tn+1) = Û(tn+1, tn)ϕi(

#»r , tn) (3.104)

Furthermore, since the state of the molecule at any time depends on the state
at previous points in time, the propagation should begin from a point in time when
applied fields are static so that calculations from then on are accurate [320]. The
difficulty comes in evaluating the propagator Û , specifically in finding an appropriate
approximation of the time integral of the Hamiltonian. The Kohn-Sham Hamilto-
nian varies continuously with time, and so the correct value at the beginning of any
given time-step may not necessarily be valid for all times within the time-step. Thus,
for any technique, the time-step used must be sufficiently small lest the simulation
diverge from the correct behaviour over time.

The näıve approach would be to use the value of the Hamiltonian at the begin-
ning of a time-step to propagate over the rest of the time-step:

Û(t+∆t, t) = T e−iĤKS(t)∆t (3.105)

However, we should expect our propagation to have time-reversal symmetry, which
this lacks, since the time-reversed propagation would use the Hamiltonian as evalu-
ated at the opposite end of the time-step.

The solution is to somehow force the propagation to have time-reversal symme-
try. This can be done by splitting the time-step in half, and imposing that the states
ϕi(t+∆t/2) halfway-through the step can be obtained both by propagating the ini-
tial state ϕi(t) forwards by a half-step ∆t/2 or the final state ϕi(t+∆t) backwards
by ∆t/2. This can be done by propagating the initial state forwards one half-step
using the Hamiltonian from the beginning of the step, and the rest of the way using
the Hamiltonian from the end [261, 321, 322].
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This is equivalent to approximating the time-integral of the Hamiltonian in the
propagator by an average of its end points:

ϕi(
#»r , t+∆t) = Û−1(t+∆t, t+∆t/2)Û(t+∆t/2, t)ϕi(

#»r , t) (3.106)

= e−
i
2
(ĤKS(t)+ĤKS(t+∆t))∆tϕi(

#»r , t) (3.107)

where reverse propagator Û−1(t+∆t, t) = Û(t−∆t, t).

Specifics of OCTOPUS

The issue with doing this split propagation is obviously that you can not know the
Hamiltonian from time tn+1 before you have evaluated the state of the system at
that time!

One could propagate the state approximately first by a whole time step using
the Hamiltonian from the beginning of the interval, before using the approximate
Hamiltonian from the end of the interval for the split propagation scheme outlined
above. This, however, entails a degree of redundant computation. Therefore, in
order to save resources, we can truncate the Taylor series of the exponential within
the approximate propagator. In OCTOPUS, this truncation is done at the fourth
order in ∆t, and this enables a very stable split propagation, given a judicious choice
of time interval ∆t [261, 322].

Another specific feature of how OCTOPUS tackles solving TDDFT is the inclu-
sion of an absorption potential at the edge of a spatial domain [261]. A full solution
to the time-dependent Kohn-Sham equations would require calculating for the entire
spatial domain, but this is obviously not feasible. Computational resources are not
unlimited, so the spatial domain of the problem must be truncated somewhere. If
our solutions are well behaved, they should decrease exponentially towards R → ∞,
so our solutions should still converge given we have a large enough domain.

However, truncating the domain in this way may add unwanted artefacts to
the simulation, such as electron density being reflected by the edge of the space.
In order to prevent this, and reduce the size of the domain needed for the simula-
tions to behave correctly, OCTOPUS adds an absorption potential −iVabs( #»r ) to the
Kohn-Sham potential VKS, which is zero throughout most of the domain but rises
continuously towards the edge of the spatial domain. For a judicious choice of both
the height and width of this potential, it can be configured such that most of the
electron density that is absorbed is that of electrons with momenta that would allow
them to escape the molecule’s potential well (photo-electrons), whilst minimising the
amount of reflection and similar unwanted artefacts from the boundary.

The radius from the centre of the molecule where from which this potential starts
to ‘kick in’ must also be set such that the potential does not disturb the electrons
within the molecule as it lies in either the ground or relatively lowly excited states,
and so the boundary must be at least several Ångstroms from the molecule itself
[261].

Overall, TDDFT in general, and OCTOPUS in particular, have provided us with
a satisfactory technique to model the electronic response of matter with sufficient
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accuracy with an acceptable investment of computational resources. As such, the
simulations conducted in section 4 were done using TDDFT in the software package
OCTOPUS.

3.3 Orientational-averaging Schemes

After having simulated the electronic response of a single molecule to a passing laser
pulse, the next task is how to convert that into a model of the emission of light. For
this task, the pertinent variable is the time-series of the polarisation of the molecule:

#»

P (t) =

∫︂
ρd(

#»r , t)d3 #»r ∝
N∑︂
i=1

⟨ϕi(t)| d̂(t) |ϕi(t)⟩ (3.108)

where d̂ denotes the dipole operator and ρd is the electric dipole density at a given
point in space. For TD-DFT conducted using a discrete spatial grid, this integral
is evaluated at the grid-points #»r i [323]. However, for spectral methods, the above
integral can be evaluated as:

#»

P (t) =
N∑︂
i=1

|Ci|2
#»

d ii (3.109)

where
#»

d ij is the matrix element of dipole operator ⟨ϕi|
#»

d |ϕj⟩.

After simulating the polarisation response of a single molecule to an incoming
laser field, our next task is to estimate the total polarisation response across an
ensemble of many molecules. These molecules can be oriented in any way, but for
the purposes of this work they shall be oriented randomly, and so we must average
simulated polarisation responses from the same molecule in multiple orientations
relative to the incident laser.

This is equivalent to an integral over a spherical surface:

I[
#»

P ] =

∮︂
S2

#»

P (φ, ϑ)dΩ (3.110)

which must be approximately discretised as:∮︂
S2

#»

P (φ, ϑ)dΩ =
N∑︂
i=1

wi
#»

P ( #»ri) = Q[
#»

P ] (3.111)

where Ω denotes solid angle and weights wi which all must sum to unity
∑︁N

i=1wi = 1.
This kind of discretised integration scheme is known as a quadrature [324].

The quadrature we have chosen to use in this work is called the Lebedev quadra-
ture [325]. Whereas some schemes, such as a Gaussian product, sum over grid points
and weights indexed by two labels {i, j}, the Lebedev scheme involves a single sum
over grid points indexed once, which makes it more efficient, requiring potentially
fewer grid points [326].
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3.3.1 Lebedev Quadrature

The Lebedev quadrature (as used on page 4.1.2) uses grid points distributed across
the surface of a sphere so as to have octahedral rotational symmetry, and be sym-
metric under inversion, meaning that for any point on the sphere, there are either
5 (as with vertices of an octahedron), 7 (faces), 11 (midpoints of edges), 23 or 47
points which are equivalent under the symmetry. All these equivalent points must
share the same weights, and we can build up our quadrature by adding combinations
of these different equivalent points [325, 326].

For example, the smallest possible Lebedev quadrature is composed of the six
vertices of a regular octahedron:

Q6[P ] =
1

6

6∑︂
i=1

P ( #»a
(1)
i ) (3.112)

where grid points #»a
(1)
i are the six permutations of some basis element {±1, 0, 0} #»a (1).

The next quadratures involve the faces 1√
3
(±1,±1,±1) #»a (2) and centres of edges with

permutations of 1√
2
{±1,±1, 0} #»a (3) of an octahedron, which we can add in to find

quadratures for 14 or 26 points:

Q26[P ] = A1

6∑︂
i=1

P ( #»a
(1)
i ) + A2

8∑︂
i=1

P ( #»a
(2)
i ) + A3

12∑︂
i=1

P ( #»a
(3)
i ) (3.113)

where 6A1 + 8A2 + 12A3 = 1.

There are three more sets of grid points
#»

b (k), #»c (k),
#»

d (k) leading to generalised
Lebedev quadrature:

QN [P ] =A1

6∑︂
i=1

P ( #»a
(1)
i ) + A2

8∑︂
i=1

P ( #»a
(2)
i ) + A3

12∑︂
i=1

P ( #»a
(3)
i )

+

N1∑︂
k=1

Bk

24∑︂
i=1

P (
#»

b
(k)
i ) +

N2∑︂
k=1

Ck

24∑︂
i=1

P ( #»c
(k)
i )

+

N3∑︂
k=1

Dk

48∑︂
i=1

P (
#»

d
(k)
i ) (3.114)

where Bk, Ck, and Dk are weighting coefficients for sets of points
#»

b (k), #»c (k), and
#»

d (k).

Determining which of these later points and weights to use is more complicated,
and is generally done by forcing the Quadrature to integrate exactly the spherical
harmonics up to a given order [325, 326]. In our investigations, we opted to use
a Lebedev quadrature with 26 points, as this offered the most appealing tradeoff
between cost and accuracy for our purposes.
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Conclusion

After motivating our interest in chirality in chapter 1, and giving an overview of
chiral light-matter interactions in chapter 2, in this chapter we have explained some
of the methods we might need to put these physical principles into action in order to
understand chiral-molecular processes. These techniques are generally approaches
to solving the time dependent Schrödinger equation. In section 3.1.1, I explained
how such approaches can generally be split into two categories; those which solve
the TDSE at different points in space, and those which use some kind of spectral
decomposition. However, for multi-body systems, it becomes necessary to make
simplifying assumptions in order to make progress. One such assumption, as outlined
in section 3.1.2, is that time-dependent behaviour of a system can be approximated
by assuming any external stimulus is sufficiently small that it can be modelled as a
perturbation.

These methods of solving the TDSE still require extra input in the form of
accurate transition dipoles. To fully model the dynamics of quantum systems, we
turn to ab initio methods in section 3.2. These methods simulate the dynamics
of quantum systems using just physical constants and some initial geometry. As
explained in sections 3.2.1 and 3.2.2, these methods rely on a good understanding
of the energetics of a molecule. Nonetheless simplifying assumptions, such as the
Born-Oppenheimer and fixed-nuclei approximations, are necessary to make progress.
Section 3.2.3 explains one such fundamental ab initio method in the form of Hartree-
Fock theory. HFT provides a first-approximation to the ‘exact’ solution to the
Schrödinger equation in a way which epitomises a family of ‘mean-field’ and ‘self-
consistent-field’ techniques. A mean-field scheme reduces the dimensionality of a
multi-electron system by modelling the interaction of any given electron with an
effective potential, while a self-consistent scheme iteratively corrects the wavefunc-
tion and the electric field until the two converge upon a consistent answer. HFT
in particular optimises the wavefunction of the electrons by minimising some en-
ergy functional, before recalculating the associated electric field and repeating until
convergence is reached. In section 3.2.4, we move on to DFT. DFT switches from
modelling the electrons in terms of wavefunctions to modelling electrons in terms of
an electron-density-functional, before minimising the energy. This innovation relies
on the Hohenberg-Kohn theorems, and enables the use of a Kohn-Sham technique
where the interacting multi-electron system is replaced with a non-interacting sys-
tem that reproduces the same density. This technique is then further expanded in
section 3.2.5 by adding time-dependence, now making use of a quantum-mechanical
action functional in place of energy. In the following chapters, we make use of DFT,
TDDFT, and the orientational averaging method outlined in section 3.3.1 to model
the behaviour of ensembles of chiral molecules in a tailored electric field.
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Chapter 4

Chiral sum-frequency generation

The work done in this chapter has been published in reference J. D. T. Vogwell et al.
“Ultrafast Control over Chiral Sum-frequency Generation”. In: Science Advances
9.33 (2023), eadj1429.

As discussed previously, perturbative processes of even-numbered order are al-
lowed only in non-centrosymmetric media. For the case of chiral media, these
even-ordered processes will result in signals with opposite phases for opposite enan-
tiomers. One such process is sum-frequency generation (SFG) [157, 327–332]. SFG
is a second-order non-linear process which involves three photons; two absorbed and
one emitted. This is appealing since, at least in a perturbative regime, the more
photons are required for any given non-linear process the more unfavourable it is at
any given driving field intensity [154], and so a relatively low-order process should
be drivable using relatively lower-intensity fields than a higher-order process. The
thrust of this work is to demonstrate that ultrafast enantiosensitive measurements
are possible exploiting perturbative processes, and do not necessitate high-order
nonlinearities [20, 21, 223, 242, 333–335].

In particular, SFG entails the (virtual) absorption of two photons of two different

angular frequencies ω1 and ω2, with polarisations ê1 and ê2 and wave vectors
#»

k 1 and
#»

k 2, followed by the emission of a single photon with the sum-frequency ω3 = ω1+ω2,
polarisation ê3 = ê1× ê2 and wave vector

#»

k 3 =
#»

k 1+
#»

k 2. SFG is most efficient when
the sum-frequency is close to a resonance within the molecule [157], and has been
successfully applied to biologically relevant systems at interfaces [336], from achiral
organic molecules [337] and chiral amino acids [338] to larger biological structures
[336] including peptides, proteins [339–346] and DNA [347–349]. This, as explained
previously, is an effect that is allowed by symmetry in the bulk of an isotropic
medium only if that medium is chiral, and will be emitted with opposite phase from
oppositely-handed media. This inherent link to chirality is important, but so long
as the sense of the handedness of the medium remains encoded within the phase of
the signal, SFG allows us only to ascertain whether a sample is chiral or not. SFG
will only be observed given we have some degree of enantio-enrichment within our
sample, but standard SFG can not tell us which handedness predominates.
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Due to the orientation of the polarisation of the sum-frequency response (ê3 =
ê1 × ê2), our sum-frequency conversion is most efficient when our input beams are
cross-polarised. However, if our input beams are cross-polarised and co-linear, the
resultant SFG response will be longitudinally polarised. This fact, combined with
the conservation of momentum

#»

k 3 =
#»

k 1 +
#»

k 2, means that no SFG can be observed
in the far field since longitudinal electromagnetic excitations cannot propagate, and
off-axis propagation will be forbidden by momentum conservation (or equivalently,
phase-matching). Thus we turn to the techniques described in section 2.3.2. We
could utilise the longitudinal component acquired by light as it passes through a
very tight focus, or use some nanophotonic structure. Instead, we opt to use two
different-coloured non-collinear beams with orthogonal polarisation. This creates a
SFG response in the molecules which is transverse relative to the wave vector of
SFG emission, allowing the resulting signal to propagate.

However, the handedness of the sample remains concealed within the phase of
the far-field signal. Instead, to be able to observe the handedness of a sample as an
intensity, we have to use some kind of heterodyne detection method: we must have
a reference signal, the phase of which is not chirality-sensitive, that will interfere
with the enantio-sensitive sum-frequency signal and allow us to determine its phase.
There are several potential ways one might go about achieving this. One could,
for instance, use a three-colour setup, with a component frequencies of ω1 and ω2

to drive the SFG together with a reference beam ω3 = ω1 + ω2, leading to an
enantio-sensitive interference between emitted SFG and the reference signal. One
advantage of this setup would be the relative achievability of controlling the phase
of the reference with respect to the other input frequencies, allowing full control
over the interference (see figure 4.1).

An alternative method would be to generate the reference signal from the sam-
ple itself [350]. For example, applying an external electric field [351] would break
the isotropy of the medium, allowing an achiral sum-frequency generation signal
which could be used as a reference. One could also use low frequency radiation (eg.
radio waves or microwaves), a reflected SFG signal generated at a boundary [157],
or a sample adsorbed onto the surface of some nanophotonic material which can
allow achiral SFG to occur [207, 224, 225]. All of these methods have the drawback
that they limit the opportunities to control the phase of the reference signal. In
the example of using the medium boundary to enable achiral SFG, one would have
reflected SFG signals, internally reflected SFG signals and transmitted signals gen-
erated at the boundary which might all have different and potentially unpredictable
phase relationships to each other and to the chiral sum-frequency signal, none of
which is easily controlled.

Our solution is to use third-harmonic generation (THG), which is a third-order
non-linear frequency up-conversion process wherein a molecule virtually absorbs
three photons of frequency ω and emits one photon with frequency 3ω. As a process
controlled by third-order susceptibility χ

(3)
e , it is not forbidden in centrosymmetric

media, it is emitted with the same phase in opposite enantiomers, and is emitted
with the same polarisation as the total field at the fundamental frequency. If we
set the frequency of our input beams such that ω2 = 2ω1, then our sum-frequency
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signal will be generated with frequency 3ω1. From now on, for convenience, I will
omit any subscripts and refer to these frequencies as simply ω and multiples thereof.
We will, with this set up, also have third harmonics generated at 3ω and 6ω. This
means we have SFG and THG active at the same frequency of 3ω.

Notwithstanding dispersion, if our ω component of the input field travels along
#»

k 1 = k sinαx̂ + k cosαẑ polarised in the non-collinear plane along ê1 = x̂ cosα −
ẑ sinα, and the 2ω component travels along

#»

k 2 = −2k sinαx̂ + 2k cosαẑ and is
polarised orthogonally along ê2 = ŷ, then this would lead to a chiral polarisation
response along the mutually orthogonal direction ê3 = x̂ sinα + ẑ cosα, and an
achiral response along x̂ cosα + ẑ sinα. These polarisations both have transverse
components relative to the emission directions

#»

k SFG =
#»

k1+
#»

k2 = −k sinαx̂+3k cosα
for SFG and

#»

k THG = 3
#»

k1, and so SFG and THG signals will be observable in the
far-field, but will not interfere, since they are emitted along different directions (see
figure 4.1).

Again, there are several possible solutions. If we were to use very tightly focussed
beams, then they would diverge more in the far field, and so if there might be
some area of overlap between the THG and SFG peaks where interference might be
observed. Another, perhaps naive, approach might be to use a mirror or a lens to
reflect or refract one or other signal such as to coincide with the other. This would
also give rise to an interference, however introducing a (potentially chromatic) mirror
or lens introduces another source of error in the phase shift imparted on the signal.

Our solution was instead to add another component to our beam setup; another
input beam with frequency ω collinear with the 2ω beam, but polarised in the
same plane as our ω component (see figure 4.1). The addition of this beam realises
synthetic chiral light [20] (see section 2.3.2), opening up three new pathways through
which THG can occur: A molecule can undergo THG by absorbing three photons
from the right-most beam, three from the left-most beam, or a mixture of two from
one beam and another from the other. The resulting THG signal will then be
emitted along either

#»

k LLL = 3k sinαx̂ + 3k cosαẑ,
#»

k RRR = −3k sinαx̂ + 3k cosαẑ,
#»

k LLR = k sinαx̂+3k cosαẑ, and
#»

k RRL = −k sinαx̂+3k cosαẑ =
#»

k SFG. From this
setup we should observe, therefore, intensity peaks in the far field emitted at angles
±α and ± tan−1(sin (α)/3) ≈ ±α/3. Thus we have one THG pathway which emits
along the same wave-vector as our chiral SFG signal, and so will overlap in the far
field, creating our entantiosensitive interference. The interference between SFG and
THG is tunable by adjusting the relative intensities and relative phase delay of the ω
and 2ω input components. Due to the combinatorics of a molecule taking photons
from one or other input beam, the two ‘mixed’-middle pathways should result in
emission at four-times the intensity of the two ‘pure’-outer pathways, since these
pathways will emit with twice the amplitude.

So, for a judicious choice of intensities and phase, the SFG and THG should
interfere such that they are fully destructive in one enantiomer whilst being fully
constructive in the other, a situation which can be reversed by shifting either input
frequency component through π radians of phase delay. Additionally, the existence
of other peaks, particularly at an emission angle of ≈ α/3, is convenient for use as
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Figure 4.1: (A) The proposed optical setup combines a linearly polarised beam
with frequency ω and a second beam that carries cross-polarised ω and 2ω fre-
quencies. The ω frequency components are polarised in the plane of propagation,
and the 2ω component is polarised orthogonal to this plane. (B) Multiphoton
pathways describing chiral SFG (left) and achiral THG (right). The induced
polarisation associated with SFG has the same amplitude and opposite phase
in opposite molecular enantiomers, PL

SFG = −PR
SFG, whereas the polarisation

associated with THG is identical, PL
THG = PR

THG. (C) Multiphoton diagrams
describing momentum conservation in SFG (left) and THG (right). Reproduced
under open access licence from American Association for the Advancement of
Science [156].

a calibration tool. For perfect constructive interference, our enantiosensitive peak
should have four-times the intensity of this reference peak, and the reference peak
should not change in intensity as the two-colour phase-delay is varied.

4.1 Numerical Demonstration of our Approach

With the motivations and concept of the work established, the next tasks to be
undertaken were numerical simulations to verify the potential efficacy of using this
enantiosensitive SFG scheme to differentiate between enantiomers. This task can
be broken down into four main parts (see fig 4.2);

1. Calculate the electric field of the laser in our interaction region.

2. Calculate the overall polarisation response of an ensemble of randomly oriented
chiral molecules to our tailored driving field.

3. Use this orientationally-averaged polarisation response to estimate the re-
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sponse of a gas of chiral molecules to the electric field throughout space in
the near field.

4. Use this near field polarisation to work out the observable emission from the
sample molecules in the far field, to assess if an observable enantiosensitive
signal can be generated by a gas of chiral molecules using our method.

Figure 4.2: A schematic showing the general procedure used in this work. In-
group codes were used in combination with open-source software.

4.1.1 Modelling the Laser Field

The first task was to model the driving field to which the molecules would respond.
We first make the electric-dipole approximation, since the effects we wish to observe
exist within the electric-dipole regime, while magnetic and multipole terms should
be small at the frequencies we are studying.

Our setup comprised two non-collinear laser beams separated by angle 2α which
crossed slightly down-beam of their foci, with one beam containing a component
with frequency ω polarised within the plane of the two crossed beams, and the other
containing both an in-plane ω component, and a perpendicular component with a
frequency of 2ω (see figure 4.1). We chose a position down-beam of the focus of
both lasers. All of our sample region had to be on one side of the focal point or
the other. Being down-beam of the focus also had the advantage that light emitted
by SFG and THG did not pass through a focus after being generated. We further
assume that our sample medium is optically thin and non-dispersive, such that the
properties of our applied field, such as beam waist and amplitude, remain constant
along the propagation direction ẑ, and we neglect the curvature of the wavefront.
We set z = 0 to be the position of our sample, such that the grating of the field in
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the sample region is given by:

Ex(x, t) = 2Eω,0a(t)e
−x2

w(α)2 cos (α) cos (k sin (α)x+ ϕ(x)) (4.1)

Ey(x, t) = E2ω,0a(t)e
−x2

w(α)2 (4.2)

Ez(x, t) = 2Eω,0a(t)e
−x2

w(α)2 sin (α) sin (k sin (α)x) + ϕ(x) (4.3)

ϕ(x) = ϕ2ω + 2k sin (α)x (4.4)

where a(t) is the Gaussian temporal envelope of the field, E(ω, 0) and E(2ω, 0) are
amplitudes of the electric fields, ω is the central angular frequency of the two ω
beams, ϕω,ℓ, ϕω,r and ϕ2ω are the phases of the left and right ω components and the
2ω components respectively, while w(α) is the beam waist accounting for the angle
of the beams relative to the x̂-axis.

Figure 4.3: Optical amplitude (top), optical phase (middle), and argument of
fifth order chiral correlation function (bottom) of the driving field in the interac-
tion region along the x̂ axis. Area under the argument of the chiral correlation
function is shaded in black.

Figure 4.3 shows the characteristics of the driving field in the interaction re-
gion. The beam has a Gaussian profile, with an interference pattern in the x̂ and
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ŷ components between the two non-collinear beams. The ω component of the field
is elliptical, with the ellipticity flipping regularly through the interaction region.
We can quantify the chirality of the driving filed using fifth-order chiral correlation
function [20]:

h(5)(−2ω,−ω, ω, ω, ω) =
{︂

#»

E∗(2ω) ·
[︂

#»

E∗(ω)× #»

E(ω)
]︂}︂ [︂

#»

E(ω) · #»

E(ω)
]︂

(4.5)

where E(ω) is the Fourier-transform of the total electric field defined above, and
h(5) flips sign as the ellipticity of the field flips. Although the local chirality of the
field is not constant, its integral across the interaction region is non-zero, and we
can therefore say that the field is globally chiral.

The polarisation response (in the electric-dipole approximation) of an isotropic
chiral medium to this driving field is a vector

#»

P (x, t) = Px(x, t)x̂+ Py(x, t)ŷ + Pz(x, t)ẑ (4.6)

The non-linear response of gaseous propylene oxide is evaluated as a function of
transverse coordinate x, since the phase structure of the field is uniform in y, and z
is fixed to be zero.

4.1.2 Modelling the Response of Randomly Oriented Molecules

The electronic response of the chiral molecule propylene oxide to the proposed driv-
ing field has been evaluated using time-dependent density functional theory (TD-
DFT), using the software Octopus [262, 293, 319, 322, 352]. Several approximations
and shortcuts needed to be used to prevent excessive computational intensity. The
choice of molecule, in this case, was decided by the small size and relative simplicity
of propyleneoxide, making calculations take less time and resources. Furthermore, an
ensemble of molecules has been approximated by the average of one single molecule
over multiple orientations, which neglects any potential effects of intermolecular
interactions.

The simulations were conducted using TD-DFT with the local density approxi-
mation to account for electronic exchange and correlation effects [281, 293, 353]. We
have used the averaged density self-interaction correction [354] to ensure an adequate
description of the part of the electronic wavefuntction driven to a large distance from
the molecule by the laser field. The 1s orbitals of carbon and oxygen atoms are de-
scribed using pseudopotentials, since they play no part in the physical processes of
interest. Despite the approximations we have made, the enantio-sensitive signal re-
lies on the interference between two completely general multiphoton pathways which
arise in isotropic chiral media.

Octopus extends the Kohn-Sham orbitals and electron densities into a uniform
real-space grid, allowing the control of the quality of the discretisation by manipulat-
ing the spacing between adjacent points ∆x (see sections 3.2.5-3.2.5). We have used
a spherical basis set of radius R = 41.9 au and ∆x = 0.4 au to reach convergence,
with absorbing boundary conditions to avoid unphysical reflection of the electronic
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Figure 4.4: Time series of laser pulse of wavelength 361 nm and full-width-half-
maximum of 3.27 fs, together with associated polarisation response. The electric
field has been scaled so as to match the amplitude of the polarisation response,
where the z direction refers to the longitudinal axis, while y is the transverse
direction out-of-non-collinear-plane, and x is the transverse axis within the non-
collinear plane.

wavefunction. The complex absorbing potential we used has width 20 au and height
0.2 au. We performed calculations for 208 different molecular orientations in an
attempt to describe accurately the physics of randomly oriented molecules. The
total polarisation is the result of the coherent addition of the contribution from all
possible orientations:

#»

P (x, t) =

∫︂
dΩ

∫︂
dχ

#»

P Ω,χ(x, t) (4.7)

where χ denotes angle of rotation of the molecule about the axis of propagation,
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while Ω is a solid angle encoding rotation about its other Euler axes.

Figure 4.5: Orientationally-averaged single-molecule polarisation response
D(ω) of propylene oxide to a cross-polarised ω and 2ω flat-top Gaussian laser
pulse of fundamental wavelength 361 nm and full-width-half-maximum of 3.27 fs.
Figure includes harmonic intensity calculated from dipole response (solid) and
acceleration (dotted). The achiral component in non-collinear plane is in blue,
while chiral longitudinal component is in red.

We approximate the integral over solid angle Ω using a Lebedev quadrature
[325], wherein the integral is discretised into a weighted sum over Lebedev points:

#»

P average =
1

Npoints

Npoints∑︂
i=1

wi
#»

P i (4.8)

where Npoints is the number of Lebedev points covering polar and azimuthal angular
space, and wi is a weighting for each point. In our case, we have used a Lebedev
quadrature of degree 26 (Npoints = 26), and eight different values of our axial rotation
angle α (see section 3.3.1).

The procedure described above was applied to evaluate the electronic polari-
sation response (see figures 4.4 and 4.5) of randomly oriented propylene oxide to
intersecting linearly polarised laser fields, with intensity of the fundamental field
I = 6×1012Wcm−2, and a carrier envelope phase of zero. The simulated laser pulse
was trapezoidal, with amplitude increasing linearly for two cycles, remaining con-
stant for four, before decreasing linearly for another two cycles. Although the field
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we are simulating in Octopus is not exactly the chiral field described elsewhere, since
it lacks a longitudinal component, we can still measure the chiral response since our
simulation gives us direct access to the polarisation-response of the molecule along
all axes [18]. This can be used to calculate the chiral response in the full scheme so
long as we assume the longitudinal component of the field is small relative to the
transverse component, which is valid in our setup. Therefore, the chirality of our
setup is provided by the Lissajous figure drawn by the electric field in the interaction
region combined with the wavevectors of the ω and 2ω field components. Simula-
tions were run for the right handed enantiomer of propylene oxide, while results for
the left handed enantiomer were obtained by using symmetry arguments.

Near-field Response

Once we have obtained a polarisation response of our randomly-oriented ensemble
to our driving field, we can estimate the polarisation response from a gas (or thin liq-
uid) of molecules in the interaction region (see figure 4.6). With this computational
scheme, we used perturbative scaling rules to calculate the response of a molecule
would be at any point given field intensities and a generalised single-molecule re-
sponse. Since SFG and THG are both perturbative phenomena, their intensities
follow a power-law relationship with intensities of the driving fields. We therefore
made the assumption that the resulting polarisation

#»

P (x) would be proportional to
the product of the field amplitudes of the incident beams raised to the power of the
number of photons in the interaction taken from each beam:

PSFG ∝ I
1
2
2ωI

1
2
ω (4.9)

PTHG ∝ I
3
2
ω (4.10)

up to some phase factor.

This interaction is modelled in a thin, non-dispersive medium, and this situation
is realisable using, for example, a thin liquid microjet [355–357], or a thick but
optically non-dispersive gas.

4.1.3 Intensities in the Far Field

Having generated a map of near field polarisation response through space, we could
then work out how the resulting emission would propagate and generate a pattern
of intensity in the far field. In our analysis, we have separated the chiral (SFG)
and achiral (THG) components of the emitted signal within the near field, and then
we use the pattern of phase and intensity of the near-field response to calculate
the response in the far field. For our purposes, using the Fraunhoffer method was
sufficient. The far-field achiral (Fa) and chiral (Fc) components of the emitted third-
harmonic and sum-frequency signals were evaluated using the Fraunhoffer equation:

Fa(ϑ, t,N) ∝
∫︂ ∞

−∞

d2

dt2
Pa⊥(x, t,N)e−iKxdx, (4.11)

Fc(ϑ, t,N) ∝
∫︂ ∞

−∞

d2

dt2
Pc⊥(x, t,N)e−iKxdx, (4.12)
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Figure 4.6: Near-field polarisation response of propylene oxide in a chiral SFG
setup, showing chiral (SFG) and achiral (THG) components of polarisation, and
the associated phases in π radians.

where Pa⊥ and Pc⊥ are the achiral (THG, x̂) and chiral (SFG, ẑ) molecular polar-
isation components in the frequency domain which are perpendicular to the axis
between the near-field sample region and the point being evaluated in the far-
field, while N is the harmonic number (used here as a proxy for generalised output
angular frequency ωout), ϑ is the far-field divergence angle, and spatial frequency
K = (Nω/c)ϑ. The results can be seen in figure 4.7. In this case we are interested
only in the response at angular frequency 3ω corresponding to SFG and THG, and
so N is fixed N = 3.

4.2 Results and Discussion

Our proposed setup for driving chiral SFG combines a linearly polarised beam with
angular frequency ω and a second beam which carries cross polarised ω and 2ω angu-
lar frequencies, with the ω components polarised within the plane of propagation of
the two non-collinear beams, whereas the 2ω component is polarised perpendicular
to this plane.

This gives rise to a laser field in the sample region

#»

E = R{ #»

E (1) +
#»

E (2)} (4.13)
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where

#»

E (1) = E(1)
ω e−iωt+i

#»
k1· #»r ê1 (4.14)

and

#»

E (2) = E(2)
ω e−iωt+i

#»
k2· #»r ê2 + E

(2)
2ω e

−2iωt−iϕ2ω+2i
#»
k2· #»r ŷ (4.15)

with E
(1)
ω , E

(2)
ω , and E

(2)
2ω are electric field amplitudes which include temporal and

spatial envelopes, and ϕ2ω is the two-colour phase delay within the second beam.
We hold the phase between the two ω beams constant.

To emphasise the differences between this setup and more traditional configu-
rations for SFG;

• We have set the ratio between the input frequencies to ω2/ω1 = 2, such that
we achieve spectral overlap between emission from sum-frequency and third-
harmonic pathways,

• We add a component with the fundamental frequency ω to the second beam,
such that we can achieve spatial overlap between one of the third-harmonic
pathways and the chiral sum-frequency emission,

and these two features constitute a fundamental difference in the properties of the
field generated. The SFG pathway works just as it would in any other implemen-
tation. However, the addition of a component with frequency ω to the second
beam, we open three new pathways for THG, allowing the medium to absorb three
photons from the same beam, or to absorb two from one and one from the other,
giving rise to an achiral THG signal along four different directions. The one of
these pathways which involves the absorption of one photon from the first beam
and two from the second, leads to an achiral third-harmonic emission along exactly
the same direction as the chiral sum-frequency signal, allowing these two contri-
butions to interfere, thusly making the intensity of emission (along this axis) very
strongly enantiosensitive. In traditional SFG setups, the polarisation of the electric
field vector is confined to a plane, and is therefore achiral within the electric dipole
approximation. Therefore, any measurement of a molecule’s chirality must be via
some chiral observer. In our setup, the combination of these two beams creates a
field that is locally chiral within the electric dipole approximation, with the tip of
the electric field vector following a chiral-trajectory through time, allowing us to
use the driving field as a chiral reagent. This locally chiral field can then enable
us to drive a strongly enantiosensitive response in a medium consisting of randomly
oriented chiral molecules, via this interference between SFG and THG.

To demonstrate this proposal, we performed (as outlined above) state-of-the-art
numerical simulations of randomly-oriented molecules of propyleneOxide, using the
following laser parameters:

• The intensity of the ω component in both beams I
(1)
ω = I

(2)
ω = 3×1012Wcm−2

• The intensity of the 2ω component in the second beam I
(2)
2ω = 7× 1011Wcm−2

114 of 161



• A flat-top Gaussian pulse of FWHM duration 3.27fs,

• A total opening angle between the beams of 2α = 50◦.

The flat top pulse is chosen over a Gaussian pulse as the extra time spent at full
intensity allows for stronger non-linear effects with less total simulation time.

Figure 4.7 shows the intensity of these two contributions to emission at angular
frequency 3ω in the far field and, as anticipated, the chiral sum-frequency contri-
bution is emitted at a divergence angle of − tan−1 (sin(α)/3) = −8.1◦, whereas the
achiral third-harmonic emission profile shows four peaks at angles; −25.0◦, −8.1◦,
8.1◦, and 25.0◦, corresponding to the four possible combinations of momenta from
the incident beams (see figure 4.1). The intensity profiles of sum-frequency and
third-harmonic contributions are, individually, not enantiosensitive, but since the
SFG contribution is of opposite phase in opposite enantiomers, the total intensity
of emission is strongly enantiosensitive due to either constructive or destructive in-
terference between the two contributions. We have tuned the amplitude of the 2ω
component of the driving field such that the sum-frequency and third-harmonic con-
tributions at an emission angle of −8.1◦ have equal amplitude. We can then adjust
the two-colour phase delay in the driving field and thereby control the phase of
sum-frequency generation, achieving full control over the enantiosensitive interfer-
ence and, therefore, over the intensity of emission at frequency 3ω.

For ϕ2ω = 0.67π, the SFG and THG contributions interfere constructively in
the left handed molecules, and destructively in the right handed ones. Shifting
this phase by π, i.e. setting ϕ2ω = 1.67π, shifts the phase of SFG emission by
π leading to a reversal of the interference. Figure 4.8 shows how we can, in this
way, control the intensity of emission in a highly enantiosensitive manner. Since
the polarisation associated with the SFG is out of phase in opposite enantiomers,
the values of the two-colour phase delay ϕ2ω that maximise or quench emission at a
divergence angle of −8.1◦ from the left- or right- handed enantiomers are shifted by
π. It is important to note that the specific values of this two-colour phase delay that
optimise the enantiosensitive interference depend on the relative phase between the
contributions to optically-induced polarisation via SFG and THG. These quantities
record the anisotropy of the molecular potential and are specific to each molecule.
Therefore, in principle, by adjusting the laser parameters (such as input frequencies,
intensities, and phase delay) we can bring about an equally strong enantiosensitive
response in any chiral molecule.

In order to quantify the extent of the enantiosensitivity of the non-linear optical
response, we use a standard dissymetry factor

γ =
IL − IR

1
2
(IL + IR)

(4.16)

where IL,R are intensities of emission from the left- and right-handed enantiomers
respectively.
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Figure 4.7: (A and B) Intensity at angular frequency 3ω in the far field as-
sociated with chiral SFG (A) and achiral THG (B). (C to F) Total intensity
emitted from left- (C) and (E) and right-handed (D) and (F) propylene oxide,
resulting from adding the chiral SFG (A) and achiral THG (B) contributions,
for ϕ2ω = 0.67π (C) and (D) and ϕ2ω = 1.67π (E) and (F). Laser parameters

I
(1)
ω = I

(2)
ω = 3 × 1012Wcm−2, I

(2)
2ω = 7 × 1011Wcm−2, pulse duration 7 fs and

opening angle 2α = 50◦, arb. u. is arbitrary units. Reproduced under open ac-
cess licence from the American Association for the Advancement of Science [156].

As shown in figure 4.8, γ reaches the limits of ±200%; i.e. we can maximise emis-
sion via total constructive interference in the left-handed molecules and fully quench-
ing the emission via total destructive interference in the right-handed molecules
(γ = 200%), or vice-versa (γ = −200%), by adjusting the two colour phase delay
ϕ2ω in the second beam.

This can be thought of either as controlling constructive vs destructive interfer-
ence via the phase of SFG, or as using the two-colour phase delay to define the local
handedness of the chiral electric field, and thereby controlling the enantiosensitive
response of the chiral molecules.
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Figure 4.8: (A and B) Intensity at frequency 3ω emitted from left-handed (A)
and right handed (B) propyleneoxide as a function of the divergence angle and the
two-colour phase delay. (C) Dissymmetry factor γ = 2(IL− IR)/(IL+ IR). Grey
colour indicates absence of emission. See caption of figure 4.7 for laser parameters.
Reproduced under open access licence from the American Association for the
Advancement of Science [156].

One important and useful feature of this setup is that, while the intensity of
emission at an angle of −8.1◦ is strongly enantiosensitive and fully controllable, the
peak at 8.1◦ is completely independent both of the molecular handedness and the
two-colour-phase delay. Due to the different phase matching conditions for SFG
and THG, equivalent to considerations involving the conservation of momentum,
the peak at 8.1◦ is purely due to THG, and can therefore be used as a reference for
calibration and noise-reduction purposes in an experimental context.

4.2.1 Conclusions and Prospectives

Our proposal constitutes a simple, yet highly efficient, all-optical approach for chiral
discrimination that relies on the interference between low-order nonlinear phenom-
ena (SFG and THG) that are ubiquitous in nonlinear optics. They have both been
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widely recorded in chiral and achiral media, in isotropic and anisotropic samples,
and in the liquid, and solid phases of matter. However, despite the general impor-
tance of chiral molecules, to the best of our knowledge, these two phenomena had
not been combined to achieve efficient chiral discrimination.

This takes advantage of the tremendous capabilities of modern optical technol-
ogy for sculpting the polarisation of light with sub-optical-cycle temporal resolution.
By controlling the two-colour phase delay in the proposed optical setup, we can tailor
the chirality of the driving field, via its phase, to maximize the nonlinear response of
a selected molecular enantiomer while suppressing it in its mirror twin. The possibil-
ity of driving strongly enantiosensitive interactions via low-order nonlinear processes
creates tremendous opportunities for imaging and controlling molecular chirality on
ultrafast time scales using laser fields with relatively gentle intensities, as well as for
developing enantiosensitive optical traps and tweezers. Indeed, experimental work
seeking to realise this proposal is ongoing at time of writing: an example schematic
of a potential experimental setup is included in figure 4.9.

Figure 4.9: Beamline schematic of a chiral SFG experiment based on our
scheme. Figure kindly provided by Rose Picciuto, adapted from unpublished
experimental work.
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Chapter 5

Conformational effects in SFG

The sensitivity of SFG to molecular geometry may open up opportunities for study-
ing ultrafast chiral nonlinear effects with conformer specificity. As described in
section 1.1.1, conformers are ‘versions’ of a molecule which share the same chemical
bonding but different placement of atoms throughout space, and can interconvert
without bond breaking [71, 72]. Conformers are of particular importance to the
study of chiral molecules since many chiral molecules are large organic molecules.
Due to the abundance of sp-3 derived σ-bonds which lack off-axis electron-density,
moieties within large organic molecules typically have a large degree of rotational
freedom. Conformers that differ by rotations around formally single bonds can in-
terconvert without the need for bond-breaking, existing at local minima within the
potential-energy surface within the conformational space defined by the angles of
rotation about the molecule’s bonds [70, 73, 74]. This means that energetic barriers
between conformers tend to be relatively small [75], and so conformers can inter-
convert due to thermal excitations under standard conditions. Therefore different
conformers of complex molecules usually coexist in laboratory settings with relative
abundances that follow a Boltzmannian distribution due to the relative energies of
the different conformers [73].

Conformational geometry can be important when considering chemical reac-
tions, since the differently shaped molecular potentials of different conformers can
change long-range intermolecular forces. Furthermore, differing orientations of groups
within a molecule can often lead to different steric shielding of reactive groups within
the molecule. Both of these effects combined mean that different conformers can
vary substantially in their chemical reactivity, the types of reactions they are prone
to undergo, and the ensuing products formed by such reactions [358, 359].

Although the electronic energy levels of different conformers are often similar,
the coupling of the molecule to the field can vary much more profoundly. Differ-
ent conformers have the same atoms and the same bonding, and so largely share
molecular orbitals that can be thought of as emerging from the overlap of the same
atomic orbitals. These molecular orbitals will therefore usually share similar ener-
gies, with differences caused by proximity to other groups within the molecule [360].
However, since the moieties which comprise the different conformers may be rotated
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relative to one another, the shape of the molecular potential and distribution of
electron density will be quite different. This will reveal itself in the transition-dipole
matrix-elements of the different conformers. Thus, the energetics of the system will
be quite similar between conformers, but the distribution of electron density and
thus magnitude and direction of dipole moments will vary more. Transitions that
are strong in one conformer may be weak in another, or the transition dipoles may
be oriented differently relative to one-another, giving rise to differently favoured
non-linear pathways from one conformer to the next [361].

Both SFG and THG emerge from the virtual excitation and subsequent decay
of chiral molecules, and are thus quite sensitive to the shape of the molecular po-
tential and the values of transition-dipole matrix-elements. This will affect both
the efficiency of these processes at specific frequencies and the relative phase of the
emitted radiation. It was therefore desirable to simulate the aforementioned chiral-
SFG scheme (see chapter 4) for multiple conformers of a conformationally complex
chiral molecule. Since the relationship between dipole matrix-elements of different
conformers is unpredictable and varies depending on the transition in question, it
was also desirable to scan through a number of different input frequencies, so as
to excite chiral SFG via multiple different energetic pathways involving different
dipole-elements.

5.1 Conformational Effects in Chiral Sum-frequency

Generation

The feature of different conformers of most interest to us here is the effect that
the different geometries of the molecular potential have on the phase imparted to
emitted radiation via SFG and THG, as well as different conformers coupling to
the electromagnetic field in distinct ways. This raises a few areas of interest that
warrant further investigation.

Contrasting with conformational effects arising in different schemes, this scheme
exhibits interference due to coherent addition of signals from multiple conforma-
tions. PECD, for example, is also highly sensitive to conformational geometry due
to a differently shaped molecular potential passed through by the photoelectron as
it escapes [362]. The photoelectron emission from different conformers may con-
sequently have a distinctive photoelectron angular distribution. Conformational
effects can play a larger role in specific instances where conformational geometry al-
ters the ionisation energy [363]. However, these photoelectron currents will add on
the level of total electron count, rather than the coherent addition and interference
of individual wavefunctions. If we observe, in chiral SFG, inter-conformational inter-
ference, what is the character of this interference and how does it change throughout
frequency space?

Finally, we must think about the implication of coherent inter-conformational
interference more broadly. Conformationally sensitive spectroscopic techniques, such
as hole-burning spectroscopy [364, 365] and supersonic non-collisional cold gas jets
[366, 367], are sensitive to the small differences between electronic, vibrational, and
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rotational transition energies of different conformers. By either using a sufficiently
cold sample, or by ‘burning’ a hole in the molecular velocity distribution using
a pump-laser, these techniques limit or sidestep the limitations on spectroscopic
resolution due to thermal broadening. This allows tiny differences in transition
energy to be resolved. Our technique would be sensitive to molecular conformational
geometry not just by the electronic transition energies of different conformers, but at
the level of the magnitude and relative orientations of the multiple transition-dipole
matrix-elements involved in the non-linear pathways under investigation. Is there
scope to exploit this sensitivity to use chiral SFG not just as a tool for studying
chirality, but also as a tool for studying conformation?

Another implication of inter-conformer interference could be inter-molecular in-
terference. Can we, by analogy, extend the concept of inter-conformational inter-
ference to inter-molecular interference? This could be used in chiral spectroscopy,
by obtaining the reference signal either from the solvent or some achiral companion
molecule, if they were to have a resonant transition at a similar energy to one in the
chiral molecule being studied. This may make it much easier to match the intensity
of emitted SFG with a reference signal, by varying the concentration of the sample
rather than the intensity of the lasers used, since the relative laser intensities may
be difficult to change depending on how the components are generated.

5.2 Modelling Conformational Effects in Chiral

SFG

To simulate the effects of molecular conformations on chiral SFG, we had to change
our approach compared to that used in chapter 4. In the previous simulations, the
chiral molecule propylene oxide was used to demonstrate our setup, since it is very
small (for a chiral molecule) and thus relatively inexpensive to simulate using TD-
DFT. Propylene oxide is too small to exhibit any complex conformational geometry,
since it lacks any freely rotating single bonds. Therefore, it was necessary to use a
larger chiral molecule, one which does exhibit varied conformational geometry, to
investigate these effects.

The molecule chosen was carvone, a cyclic chiral organic compound which has
multiple stable conformers. Carvone consists of a cyclohexene ring with a substituted
ketone group and an allyl group attached via a single bond. The conformers of
carvone vary by the orientation of the allyl group relative to the plane of the central
ring [368], and the rotation of the allyl group about the bond connecting it to the rest
of the molecule. These rotations give rise to six distinct meta-stable conformations
( see figure 5.1). Of these, three have the bond connecting the cyclohexene and allyl
moieties roughly in plane with the ring, while the other three have the bond roughly
perpendicular. These are referred to as equatorial and axial conformers respectively.
The equatorial conformers are overwhelmingly more common, and so we omitted the
three axial conformers from our analysis.

Whereas previously we desired to demonstrate the viability of chiral SFG in
itself, we now investigate the effect of different conformers on the polarisation re-

121 of 161



Figure 5.1: Diagram showing the shapes of the six most common conformers of
carvone. Reproduced with permissions from AIP publishing [368].

sponse of a mixed ensemble of randomly oriented molecules. As such, we focus
on the single-molecule response of the conformers. The relationship between the
emission from different conformers is subtle and frequency-dependent; at different
frequencies, achiral and chiral pathways within and between conformers can inter-
fere constructively or destructively. Therefore, we needed to run simulations for a
range of different input frequencies to ‘map out’ these relationships across frequency
space; we turned to multi-dimensional spectroscopy.

This required us to simulate the single-molecule polarisation response for a much
larger molecule and for many more different situations than before. We needed to
simulate three different conformers of carvone, each for 208 different orientations
and at 27 different input frequencies. Due to the increased computational demands
it was therefore necessary to find a more efficient way of simulating the polarisa-
tion response. Carvone is bigger and therefore more computationally intensive to
simulate than propylene oxide.

Instead of using TD-DFT to simulate the full polarisation response, as was done
for propylene oxide, we decided to create a bespoke solver of the time-dependent
Schrödinger equation for the applied field using spectral methods (see section 3.1.1).
Our program would express the quantum-mechanical state of a molecule of carvone
as a linear combination of the pure electronic states of the molecule, and solve the
TDSE for a given applied electric field in terms of the complex occupancies of these
states. This process requires three general steps:

1. Start by calculating the energies of the electronic states of the molecule and
the dipole-matrix elements of the transitions between these states in a field
free situation.

2. Using the above information to calculate, in terms of amplitudes of states,
the time-dependent response of the molecule to our applied external field by
solving the TDSE for a basis consisting of eigenstates of the field-free system.
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3. Using the complex occupations of the states, calculate the variation in time of
the polarisation of the molecule, and from that infer the frequencies at which
the molecule would emit radiation.

The first step was completed modelling the conformers of carvone using density-
functional theory (DFT) in the software package Gaussian [369]. For this work,
we used the Coulomb attenuating method (CAM) to account for long-range elec-
tron correlation [308], with general non-local correlation provided by the Lee-Yang-
Parr expression (LYP), with the base being the Becke-3-parameter hybrid functional
(CAM-B3LYP) (see section 3.2.4, and figure 5.2). This was done in collaboration
with Patricia Vindel (NYU).

Figure 5.2: A schematic showing the general procedure used in this work. In-
house codes available in-group were applied and adapted, and transition-dipole
matrix elements were provided by our collaborator Patricia Vindel.

The last step is to retrieve the polarisation based on changes in complex ampli-
tudes of states. The wave-function of our molecule can be represented by a sum of
pure electronic states:

|Ψt⟩ =
Ns∑︂
i=0

Ci(t) |i⟩ (5.1)

where Ns is the number of simulated states, then the polarisation can be found by
contracting over the dipole operator

#»

d to get

⟨Ψt|
#»

d |Ψt⟩ =
Ns∑︂
i=0

Ns∑︂
j=0

⟨j|C∗
j(t)

#»

dCi(t) |i⟩ (5.2)

=
Ns∑︂
i=0

Ns∑︂
j=0

C∗
j(t)Ci(t)

#»

d ij (5.3)

In other words, given we know the dipole matrix elements
#»

d ij, and we have a time
series of complex occupancies Ci(t), we can extract a time series of polarisation using
equation 5.3.
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5.2.1 Solving the Time-dependent Schrödinger Equation

Once we have the transition matrix elements for the dipole operator for each con-
former of carvone, we can solve the time-dependent Schrödinger equation using a
spectral method. As outlined in section 3.1, starting from time-dependent Schrödinger
equation (equation 3.1) we can express our wavefunction as a linear sum of time-
invariant states ψi corresponding to energy levels i of our molecule:

Ψ(t) =
Ns∑︂
j=0

Cj(t)ψj. (5.4)

We find

d

dt
Ψ(t) = − i

ℏ
Ĥ(t)Ψ(t) (5.5)

=⇒ d

dt

Ns∑︂
j=0

Cj(t)ψj = − i

ℏ
Ĥ(t)

(︄
Ns∑︂
j=0

Ci(t)ψj

)︄
(5.6)

which, multiplying by complex conjugate ψ∗
i and expressing Hamiltonian matrix

elements as Hij while exploiting the orthogonality of our basis, reduces to

dCi

dt
= − i

ℏ

Ns∑︂
j=0

Hij(t)Cj(t) (5.7)

This is an ordinary differential equation, which we can solve numerically using stan-
dard methods. In this case, we opted to use the fourth-order Runge-Kutta method.

In order to solve our differential equation, we need to evaluate Hij at each time-
step. In our spectral representation, we can split our hamiltonian matrix into two
elements. Since the transition dipoles from one state to itself can be neglected due to
the oscillation of the field, the diagonal elements Hii will simply be the energy levels
of each of our basis states. The off-diagonal elements Hij, i ̸= j will encapsulate

the coupling of our molecule to an applied external field
#»

E(t), giving rise to an

interaction component Vij(t) = ⟨i|V (t) |j⟩ = ⟨i| − #»

d · #»

E(t) |j⟩ = − #»

d ij ·
#»

E(t), so our
full Hamiltonian matrix element becomes:

Hij(t) = δijH(0)
ij − #»

d ij ·
#»

E(t) (5.8)

where H(0)
ij are matrix elements of our field-free Hamiltonian. This procedure allows

us to find a time-series for the complex probability amplitudes Ci of our basis states,
given we have dipole matrix elements, field-free energy levels of our hamiltonian
and a time series of our electric field. This was done in collaboration with Rico
Heilemann (MBI).

Along with the ability to run a frequency scan, and ability to run simulations
for multiple conformers, the gained efficiency of this TDSE solver compared to the
TD-DFT used previously allows us to stimulate both a Gaussian pulse, but also a
period after the pulse has finished, when the molecule would undergo free-induction
decay. Since we are considering weak laser intensities, and dynamics which don’t
involve the electronic continuum, this approach is valid.
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After running the simulations for 208 different orientations, chosen using the
Lebedev-quadrature scheme outlined in section 3.3.1, the polarisation time-series for
each is extracted. These are then orientationally averaged to estimate the polarisa-
tion response for an ensemble of non-interacting randomly oriented chiral molecules
(see section 3.3.1) to an electric field of the same form as in the previous chapter
(see chapter 4.1.1). The orientationally-averaged polarisation time-series was then
processed by multiplying by a window function. In a physical context, the free-
induction decay period would be limited by the process of nuclear decoherence, as
the electronic excitation energy of the molecule is converted into nuclear motion
causing a loss of the coherence of the emission. Furthermore, because our model
is semi-classical, with the electric field being treated classically instead of being
second-quantised, there is no mechanism within the simulation itself to describe the
de-excitation of the molecule via emission of a photon (since that would require a
quantum-mechanical description of the electromagnetic field), however this occurs
on longer timescales than those we are considering. Our window function is used to
roughly emulate these processes, with a smooth cutoff at around 40fs after the end
of the pulse serving the dual purposes of removing the noise inherent to the abrupt
end of the simulation (in the Fourier domain), and approximating the diminution
of the polarisation response due to nuclear decoherence. Finally, the processed time
series is then Fourier-transformed into a frequency-spectrum, providing us with a
map of the non-linear emission of the molecule in frequency space.

5.3 Results and Discussion

To explore the questions posed, we reuse our setup from section 4.1.1. We combine a
linearly polarised beam with angular frequency ω and a non-collinear second beam
containing cross-polarised ω and 2ω angular frequencies, with the 2ω component
polarised perpendicular to the non-collinear plane.

As explained in chapter 4, this setup generates an electric field within the in-
teraction region that is locally chiral within the electric-dipole approximation, and
the non-collinear setup enables an interference between the resultant chiral sum-
frequency and achiral third-harmonic signals which are overlapped in both frequency
and angular space. This setup thereby generates an enantiosensitive lower-order re-
sponse from a field which is chiral within the electric-dipole approximation.

5.3.1 Conformational Averaging

Our first question is whether the fully-controllable enantiosensitive interference sur-
vives the coherent addition of emissions from multiple different molecular conformers
coexisting within a sample. To answer this, we run simulations using a setup like
the one outlined in chapter 4, with a Gaussian pulse, for the three most common
conformers (i.e. the equatorial conformers) of carvone in 208 different orientations
each, before averaging over all orientations and performing a weighted average of the
polarisation response of the three conformers. We scan over multiple fundamental
input frequencies ω, from ℏω = 0.77 eV to ℏω = 2.51 eV in steps of 0.064 eV, so as to
build up a picture of different pathways and resonances, and thereby the variation
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of the inter-conformational interference across the frequency space.

We wished to investigate both the total emission from all three conformers,
but also the interference between the conformers, and so we define an interference
parameter as follows; The total emission of an ensemble of chiral molecules belonging
to three different conformers is going to be proportional to the squared magnitude
of the sum of polarisations:

I ∝ | # »

P1 +
# »

P2 +
# »

P3|2 (5.9)

= (
# »

P1 +
# »

P2 +
# »
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# »
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# »

P2 +
# »

P3)
∗ (5.10)
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# »
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# »
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# »

P3)
∗ +

# »

P3 · (
# »

P2 +
# »

P1)
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where the last three terms correspond to the interference between the three polari-
sations. If all three polarisations interfere constructively, the last terms will add up
to a positive value, while for destructive interference this will be negative. We can
repeat the above analysis for different numbers of polarisations, and for different
planes of polarisation, to find interference between THG or SFG from each of two or
all three conformers at once, so generally we can quantify the interference between
N signals polarised along ê as:

Y =

∑︁N
i,j=0,i̸=j P

(i)
ê P

(j)∗
ê∑︁N

i=0 P
(i)
ê P

(i)∗
ê

(5.12)

The results can be seen in figure 5.3., with the polarisation response along the x̂
direction used as a proxy for achiral emission, and the response along the ẑ direction
used as a proxy for chiral emission. This is the same scheme used in chapter 4.

We can see that the driving field generates mostly achiral non-resonant emission
along the odd-numbered harmonics, with peaks of resonant emission when odd har-
monics intersect with energies of ground-to-excited-state transitions. One particular
point of interest is the lack of resonant emission from the first-excited state tran-
sition, and the relatively large degree of emission resonant with the second excited
state transition. As we demonstrate in section 5.3.3, this is due to the relatively
small magnitude of the transition-dipole from ground to first excited state; this
transition simply couples poorly to the electric field.

Another point of interest is the variation of the interconformational interfer-
ence, particularly for chiral emission where linear and non-resonant processes are
weaker. We see a band of destructive interconformational interference just above
the ground-to-third-excited-state transition for chiral emission but no such band for
achiral emission, while there are bands of constructive interconformational interfer-
ence in the chiral emission near higher-energy transitions. It is also important to
note that most of the energy-level transitions are very close together in different
conformers, so differences in amplitude and phase of emission are due to the dif-
ferences in relative orientation of transition-dipoles of different conformers, not the
energy levels themselves.
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Figure 5.3: Intensity of emission (top), and three-way interconformational in-
terference (bottom), for x̂-polarised (left), and ẑ-polarised (right) emissions from
a representative mixture of chiral molecule carvone, against fundamental input
and output frequencies in electron-Volts. Horizontal green lines indicate elec-
tronic energy levels, whilst diagonal lines indicate even (yellow) and odd (blue)
harmonics relative to the fundamental input. Energy-level transitions are marked
as horizontal green lines in (dashed = eq-1, dotted and dashed = eq-2, dotted =
eq-3).

Therefore, while the emissions from different conformers do destructively inter-
fere at some points, it interferes constructively at others, and so it is possible, by
choice of input frequency, to generate simultaneously light from both chiral and
achiral pathways which survives conformational averaging, and this will give rise to
a fully controllable enantiosensitive signal for the following reason:
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If we combine three sinusoidal waves with identical frequencies but different
phases, the resulting combined wave can always be written as another sine wave of
the same frequency, but with amplitude and phase which depend on the interference
due to relative phase between the emissions:

A sin(3ωt+ ϕa) +B sin(3ωt+ ϕb) + C sin(3ωt+ ϕc) = T sin(3ωt+ ϕt) (5.13)

where

T =
√︁
A2 +B2 + C2 + 2AB cos(ϕa − ϕb) + 2AC cos(ϕa − ϕc) + 2BC cos(ϕb − ϕc)

(5.14)

and

ϕt = tan−1

(︃
A cos(ϕa) +B cos(ϕb) + C cos(ϕc)

A sin(ϕa) +B sin(ϕb) + C sin(ϕc)

)︃
(5.15)

Therefore, we can say that, even as emissions from different conformers add
coherently, the resulting combined emission will share the same frequency and will
have one well-defined phase, with an entirely consistent relationship to the phases of
the incident beams. We can say with confidence, then, that so long as there is not
total destructive interference between emissions from different conformers, there will
be a combined SFG signal which is entirely controllable via the two-colour phase
delay. The same is also true of the achiral THG emissions, and so if emission
from these two pathways survives conformational averaging, then there is a fully
controllable enantiosensitive interference as outlined previously.

5.3.2 Inter-conformer Interference

Further questions we may ask are to quantify the character of interconformational
interference, how this changes with frequency, and can we use this to identify a
‘signature’ of different conformers and use this method as an analytical technique
to that end?
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(a)

(b)

Figure 5.4: Intensity of ẑ-polarised (5.4a) and x̂-polarised (5.4b) emission from
individual conformers divided by total emission from all conformers for conformer
1,2,3 (left, middle, right), against the fundamental input frequency (x-axis) and
emission frequency (y). Horizontal green lines indicate energy levels and diagonal
blue and yellow lines indicate odd and even harmonics respectively.
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To investigate, we break down our results by emissions from individual con-
formers. Figures 5.4a and 5.4b map the contribution of different conformers to the
average emission across different points in frequency space:

ℵi ∝
| #»

P i|2

|
∑︁N

j=1

#»

P j|2
(5.16)

with an end to identify regions where specific conformers may dominate over oth-
ers on the level of total emission. Higher values (in red) indicate that the sum of
the magnitudes of the individual conformational emissions is larger than the total
emission from all three together, and so there must be some degree of destructive
interference. Low values (blue) indicate that the specific conformer contributes little
to total emission at the specific frequency, while low-to-intermediate values (green)
indicate significant contribution to emission in concert with other conformers (im-
plying constructive interference), and a ratio close to one (yellow) imply that the
emission of a particular conformer is likely dominant at a given frequency. In figure
5.4a, showing emission from polarisation response along the ẑ direction, the first
and most abundant conformer largely dominates emission (likely due to its relative
abundance) but is subject to destructive interference with the second most abundant
conformer at the point where the third-harmonic intersects the third-excited-state
transition, and subject to constructive interference, mostly with the second con-
former, at other points. Meanwhile, figure 5.4b shows emission from polarisation
response along the x̂ direction. This picture is more complicated, with regions just
below the second excited state transition having emission dominated uniquely by
the second conformer, and between the second and third excited state dominated
by the third conformer. Within non-resonant regions, conformers all constructively
interfere and contribute evenly, which is expected as the linear response far from
resonance will be in phase relative to the driving field generating it.

Interestingly, there are regions at around an input frequency of 2.1 eV and an
output frequency of 6.3 eV where the achiral emission is dominated by conformer
1 whilst the chiral emission is dominated by conformer 2, giving an example of an
enantiosensitive interconformational interference, with a final enantiosensitive signal
having the chiral signal provided by one conformer and the reference provided by
a different conformer. There is no reason why this concept of inter-conformational
enantiosensitive interference cannot be extended, by analogy, to an enantiosensi-
tive intermolecular interference. If THG from a different conformer of the same
compound can serve as a reference for chiral SFG, so could a signal from a different
molecule entirely, such as a solvent or companion molecule. Figures 5.5 and 5.6 show
emission and pairwise interferences between specific conformers. These allow us to
confirm our inferences about regions of constructive and destructive interferences
from figures 5.4a and 5.4b.
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Figure 5.5: Intensity (top) and pairwise interconformational interference (bot-
tom), for chiral emissions from individual conformers of chiral molecule carvone
against fundamental input frequency (x-axis), and frequency of emission (y-axis).
Horizontal lines (green) indicate electronic energy levels, whilst diagonal lines in-
dicate even (yellow) and odd (blue) harmonics of input fundamental.
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Figure 5.6: Intensity (top) and pairwise interconformational interference (bot-
tom), for achiral emissions from individual conformers of chiral molecule carvone
against fundamental input frequency (x-axis), and frequency of emission (y-axis).
Horizontal lines (green) indicate electronic energy levels, whilst diagonal lines in-
dicate even (yellow) and odd (blue) harmonics of input fundamental.
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5.3.3 Investigating Alternative Emission Pathways

We can further investigate the different emission pathways for these emission peaks
by examining the polarisation response of an individual conformer when we have
‘turned off’ certain transitions or excluded specific energy levels from our simula-
tions. Figures 5.7a-5.7e use a fundamental frequency of 1.88 eV, targeting a reso-
nance with the second excited state. This is appealing because the intermediate first
excited state is located at almost exactly 2ω above ground, and so should provide a
‘ladder resonance’ for the sum-frequency generation pathway whereby the molecule
first absorbs a photon of 2ω and then ω to access the second excited state.

Figure 5.7a shows the emission from conformer 1 of carvone, illuminated by
our chiral SFG setup with fundamental angular frequency ℏω = 1.9 eV so as to be
resonant with the transition from ground to second excited state. This simulation
was done with 45 states included in the calculations, which is the number of states
needed for the simulations to converge, and shows a strong peak at the third har-
monic in both x̂ and ẑ directions, as well as resonant peaks corresponding to the
transition energies within the molecule. We want to investigate the different path-
ways that may be generating these emissions, most especially the peaks at the third
harmonic, and to do this we can ‘turn off’ and exclude various transitions and states
from the simulations.

In figure 5.7b we exclude all states but the ground state and second excited state
and block them by setting all transition dipoles (except between ground and second-
excited-state) to zero. This shows peaks along all three axes at the third harmonic,
resonant with the one still-available transition. The chiral pathway, shown in red, is
reduced the most, as this relies on there being three different transitions available in
order to generate a polarisation response; most obviously, the pathway from ground
to first excited state and then second excited state, absorbing one 2ω photon and
one ω photon. Without this intermediate state available, the chiral pathway is
greatly diminished, with any residual emission being enabled by Stark shift. We can
turn this off by removing the permanent dipoles from the simulations, as in figure
5.7d, where the polarisation response along the ẑ direction can be seen reduced to
numerical zero.

Reintroducing the intermediate state yields the results seen in figure 5.7c, with
both linear excitation along the ŷ direction and SHG along the ẑ direction increased
greatly relative to a situation in which the intermediate state is excluded.

Finally, figure 5.7e shows the results when the transition dipole from ground to
first excited state is made both very large and orthogonal to both the transition
dipoles from ground and first excited state to second excited state. This enhances
the SFG pathway, as well as other pathways which result in emission at the second
harmonic (

#  »

d01), fundamental (
#  »

d21), and optical rectification. These investigations
thus allow us to state that the SFG signal at input frequency 1.88 eV relies on the
existence of the intermediate state. The lack of a strong enantiosensitive signal
resonant with the first-excited state transition is thus most likely due to the lack of
any intermediate state, combined with the weakness of the coupling of that transition
to the electric field.
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(a) (b)

(c) (d)

(e)

Figure 5.7: Intensity of emission from a randomly oriented ensemble of carvone,
on a logarithmic scale, for a driving field with fundamental frequency ω = 1.9eV ,
showing polarisation response along the x̂ (blue), ŷ (green) and ẑ directions with
emission calculated from polarisation (solid) and second time derivative of po-
larisation (dashed) using the Lamor formula. Simulation with: forty-five states
included (a); the ground and second excited state (b); the ground, first excited,
and second excited state (c); the ground and second excited state, with the per-
manent dipoles of these states removed (d); the ground, first, and second excited
states, with enhanced transition dipoles (e).
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5.3.4 Alternate Processing

Figures 5.3-5.6 are all generated using a filter which includes the polarisation re-
sponse both during the pulse of the driving field and a period just after, smoothly
decreasing so as to approximate the effect of nuclear decoherence. However, we can
also use a filter which completely excludes the response of the molecules while the
laser pulse is passing, and includes only the free-induction decay of the molecule
after the pulse has receded. This will largely exclude any non-resonant emission
driven by the laser pulse, showing only resonant pathways.

Figure 5.8: Intensity (top) and pairwise interconformational interference (bot-
tom), for ẑ-polarised (chiral) emissions from individual conformers of chiral
molecule carvone against fundamental input frequency (x-axis), and frequency
of emission (y-axis), as processed with a filter that excludes the initial pulse.
Horizontal lines (green) indicate electronic energy levels, whilst diagonal lines
indicate even (yellow) and odd (blue) harmonics of input fundamental.

Figures 5.8 and 5.9 have been processed in this way, and make the resonant peaks
more distinct by removing off-resonant signals. We can more easily see now that,
for example, the peak corresponding to the transition between the ground state and
first-excited state is relatively much weaker than many of those corresponding to the
higher excited state transitions. The linear response to the pulse, as well as non-
resonant emission along the harmonics, is much weaker within the free-electron decay
than in the initial response of the molecules to the pulse, and the bulk of emission
is found at or near points where odd-numbered harmonics intersect with ground-to-
excited state transitions. Note the presence of emission along the fundamental for an
input frequency of 1.9 eV. This is due to the transition between the second and first
excited state, from a pathway whereby the molecule is excited to the second excited
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Figure 5.9: Intensity (top) and pairwise interconformational interference (bot-
tom), for x̂-polarised (achiral) emissions from individual conformers of chiral
molecule carvone against fundamental input frequency (x-axis), and frequency of
emission (y-axis), as processed with a filter that excludes the initial pulse. Hori-
zontal lines (green) indicate electronic energy levels, whilst diagonal lines indicate
even (yellow) and odd (blue) harmonics of input fundamental.

state, before falling back to the first exited state and emitting a photon with the
fundamental frequency of the input ω. It is also interesting to see, by comparison
with figures 5.5 and 5.6, that the linear response and non-resonant emission from
during the initial pulse is largely in-phase from different conformers. Meanwhile,
emission near-resonance, which is present both during the initial pulse and the
subsequent free-induction decay, sees a much more complicated phase relationship
between different conformers. For example, emission near the second-excited state
energy is in-phase between conformers 1 and 2, but both of these conformers are
out of phase with emission from conformer 3.

5.3.5 Conclusion

In summation of all of these results, we can conclude that a fully controllable enan-
tiosensitive response can be generated from a chiral sample using our setup which
could be used to differentiate between opposing enantiomers on the level of total
intensity, and that this response both survives and remains fully controllable even
with multiple conformers present within a sample. As a chiroptical tool, chiral SFG
is most potentially useful in situations where sample molecules may also have varied
conformational geometry. By judicious choice of input frequency, the existence of
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multiple stable conformers within a sample need not scupper the potential for using
SFG as a chiroptical tool.

Furthermore, these simulations identify the instance of fully coherent intercon-
formational interferences, and this could be used as an analytical tool. Such ex-
periments would require both robust computational and theoretical support, but
analysis of varying conformational ratios could be calibrated by using environmen-
tal factors, specifically temperature, to vary conformational abundances and the
consequent variation of inter-conformational interferences. This could then be used,
for example, to study the change of conformational abundances during a chemical
reaction.

Finally, we also demonstrate the existence of an inter-conformational enantiosen-
sitive interference, with chiral signal and achiral reference generated in different
conformers at certain frequencies. By analogy, this could also be extended to dif-
ferent isomers or even different compounds entirely; for example the generation of
an enantiosensitive response in a solution with a chiral signal generated in a sam-
ple molecule while the reference could be generated in the solvent or a companion
molecule. This could be very useful. By choosing a solvent or companion molecule
resonant at a similar frequency to the chiral subject molecule, an enantiosensitive
SFG signal could be generated using this inter-molecular interference. While the
interference between SFG and THG in the same molecule can be tuned by varying
input frequency and intensities of the laser setup, due to how beams of multiple
frequencies are generated, there may be limited freedom in how the intensities of
the fundamental and 2ω components differ relative to one-another. Using a solvent
of companion molecule to generate the reference signal gives an extra controllable
variable within the experimental setup, in the form of the relative concentrations of
the chiral subject molecule and the reference. This allows the output intensities of
chiral and achiral signals to be better matched even if it is not possible to use input
beams of the correct relative intensities.
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Chapter 6

Conclusions and prospectives

Throughout this work, we have given an overview of chirality as it arises mathemati-
cally and manifests throughout the domains of physics, chemistry and biochemistry.
With the help of the physics of light-matter interactions and optics, we have ex-
plored some of the cutting edge methods of chiral sensing using light. We have also
examined some of the theoretical tools necessary for us to simulate the physical
processes of which we are interested.

In chapter 4, we introduced a novel technique which utilised synthetic chiral light
to realise an efficient chiral measurement with low-order nonlinear processes, namely
sum-frequency and third-harmonic generation. Using an interference between these
processes, we showed with cutting-edge TDDFT simulations in propylene oxide that
it should be possible to generate an enantiosensitive intensity in the far field. By
tweaking the laser parameters, it should be possible in principle to generate a signal
which is maximised for one enantiomer whilst being entirely suppressed for the
opposite enantiomer. The exact setup we have presented is just one way of realising
such a proposal. Although we chose to use THG to generate the reference signal, it
should also be possible to produce the signal externally to the sample, such as with
an optical-parametric amplifier, or internally to the sample, using (for instance) an
electric or magnetic field to enable achiral SFG. The first proposal may or may not
be practical depending on the specifics of any given laboratory, while the second
will only be practical if the phase of the resulting reference is controllable, and this
will require a very stable applied field. Similarly, different approaches to making the
reference overlap with the chiral signal could also be tried, including mirrors and
tightly focussed optics, so long as the phase imparted on the signals are stable and
well characterised. Indeed, the non collinear setup presented could be replaced with
an analogous setup using a tightly focussed beam.

In chapter 5, we presented our investigations into conformational effects in chiral
SFG. In doing so we wanted to answer several questions; does the enantiosensitive
interference survive conformational averaging? Can we observe a coherent intercon-
formational interference? If so, how does this interference vary with frequency? Can
we find a further application for this interconformational interference?
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Using a combination of DFT and a spectral expansion of the TDSE, we sim-
ulated our chiral SFG setup for the three most common conformers of the chiral
molecule carvone. We did this by scanning through a range of input frequencies,
before averaging the response from the different conformers and characterising the
interference between them. In doing so, we identified that the character of the
interference is heavily frequency dependent, so even if conformational averaging
quashes the enantiosensitivity at one frequency it is very unlikely to do so for all
frequencies. Furthermore, the different conformers each have specific regions of a
multi-dimensional spectrum where they dominate the response. This holds for both
achiral and chiral pathways. Therefore, we can identify regions where we might
expect interconformational interference, and even an enantiosensitive interconfor-
mational interference where an achiral and chiral response emerge from different
conformers.

By analogy, this means that it should be possible to realise an enantiosensitve
intermolecular interference at the right frequency and with the right molecule. For
example, one could realise the chiral SFG setup but with the reference signal gener-
ated either by the sample or some achiral dye molecule. Furthermore, the existence
of an interconformational interference could be used to realise ultrafast measure-
ments with conformational specificity, providing that the response is sufficiently
well-calibrated using either high-fidelity theoretical simulation or by varying confor-
mational ratios via temperature.

Finally, by investigating the response with certain transitions blocked, we demon-
strated that the lack of non-linear response resonant with the first-excited-state
transition is due to the lack of an orthogonal transition to provide an intermediate
resonance, combined with the weakness of the transition dipole itself, since the res-
onant SFG signal can be entirely suppressed by eliminating all intermediate states.

We should now turn briefly to the potential future avenues of research that
emerge from the work described here. The investigations conducted in section 5
could be expanded theoretically by performing more simulations. Specifically, the
concept of inter-molecular enantiosensitive interference, introduced here by analogy,
could be tested explicitly in simulations by repeating the same steps for two different
molecules which have similar transition energies. Such intermolecular interferences
could then be tested in a laboratory setting, using the setup described in 4 with
an achiral companion molecule or solvent combined with a chiral subject molecule.
Furthermore, the concept of interconformer interference in itself warrants further
study. This could be done theoretically, by modelling the expected output of a
chiral SFG setup as conformational abundances are varied. Experimentally, con-
formational abundances could be varied by changing the temperature, since more
energetic conformers will be more common at higher temperatures. Enantiosensitive
SFG with conformer specificity could also prove useful if experiments can be realised
which have the sample undergo a chemical reaction while being studied. Different
conformers are subject to different degrees of steric shielding during chemical reac-
tions, and so one may be able to observe different conformers undergoing reactions
at different rates.
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[258] L. D. Landau and E. M. Ĺıfsh́ıts. Electrodynamics of Continuous Media.
Vol. 2. Pergamon Press Oxford, 1884.

[259] A. D Bandrauk and H. Lu. “Exponential Propagators (Integrators) for the
Time-dependent Schrödinger Equation”. In: Journal of Theoretical and Com-
putational Chemistry 12.06 (2013), p. 1340001.

[260] M. J. Valtonen and H. Karttunen. The Three-body Problem. Cambridge Uni-
versity Press, 2006.

[261] M. A. L. Marques et al. “Octopus: a First-principles Tool for Excited Electron–
ion Dynamics”. In: Computer Physics Communications 151.1 (2003), pp. 60–
78.

[262] N. Tancogne-Dejean et al. “Octopus, a Computational Framework for Explor-
ing Light-Driven Phenomena and Quantum Dynamics in Extended and Finite
Systems”. In: The Journal of chemical physics 152.12 (2020), p. 124119.

[263] C. J. Joachain, N. J Kylstra, and R. M. Potvliege. Atoms in Intense Laser
Fields. Cambridge University Press, 2012.

[264] C. Leforestier et al. “A Comparison of Different Propagation Schemes for
the Time Dependent Schrödinger Equation”. In: Journal of Computational
Physics 94.1 (1991), pp. 59–80.

[265] P. W. Langhoff, S. T. Epstein, and M. Karplus. “Aspects of Time-dependent
Perturbation Theory”. In: Reviews of Modern Physics 44.3 (1972), p. 602.

[266] A. R. Leach. Molecular Modelling: Principles and Applications. Pearson ed-
ucation, 2001.

[267] M. Born. “Born-Oppenheimer Approximation”. In: Ann. Phys 84 (1927),
pp. 457–484.

[268] M. Born and R. Oppenheimer. “On the Quantum Theory of Molecules”. In:
Quantum Chemistry: Classic Scientific Papers. World Scientific, 2000, pp. 1–
24.

154 of 161



[269] A. I. Kuleff, J. Breidbach, and L. S. Cederbaum. “Multielectron Wave-packet
Propagation: General Theory and Application”. In: The Journal of chemical
physics 123.4 (2005).

[270] A. I. Kuleff and L. S. Cederbaum. “Charge Migration in Different Conformers
of Glycine: The Role of Nuclear Geometry”. In: Chemical Physics 338.2-3
(2007), pp. 320–328.

[271] F. Remacle and R. D. Levine. “An Electronic Time Scale in Chemistry”. In:
Proceedings of the National Academy of Sciences 103.18 (2006), pp. 6793–
6798.

[272] B. Mignolet, R. D. Levine, and F. Remacle. “Charge Migration in the Bi-
functional PENNA Cation Induced and Probed by Ultrafast Ionization: a
Dynamical Study”. In: Journal of Physics B: Atomic, Molecular and Optical
Physics 47.12 (2014), p. 124011.

[273] D. R. Hartree. “The Wave Mechanics of an Atom with a Non-Coulomb Cen-
tral Field. Part I. Theory and Methods”. In: Mathematical Proceedings of
the Cambridge Philosophical Society. Vol. 24. 1. Cambridge university press.
1928, pp. 89–110.

[274] J. C. Slater. “The Self Consistent Field and the Structure of Atoms”. In:
Physical Review 32.3 (1928), p. 339.

[275] V. A. Fock. “An Approximate Method for Solving the Quantum Many-body
Problem”. In: Zeitschrift fur Physik 61.1-2 (1930), pp. 126–148.

[276] J. A. Gaunt. “A Theory of Hartree’s Atomic Fields”. In: Mathematical Pro-
ceedings of the Cambridge Philosophical Society. Vol. 24. 2. Cambridge Uni-
versity Press. 1928, pp. 328–342.

[277] J. C. Slater. “Note on Hartree’s Method”. In: Physical Review 35.2 (1930),
p. 210.
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