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Abstract

The work described in this thesis focused on the use of the transported scalar probability
density function (pdf) formalism for predicting turbulent reacting flows. The configuration of
the turbulent jet diffusion flame was investigated, and the predictions were compared against
experimental measurements of the velocity and scalar fields in such flows.

The calculation procedure employed a phenomenological turbulence model (k-r and full
Reynolds stress) to approximate the evolution of the velocity field. The governing equations
for the velocity field were solved using a well-established finite-difference solver for boundary
layer flows. The scalar field was evaluated through a Monte Carlo simulation of the joint scalar
pdf equation. The pdf equation uses the coalescence-dispersion mixing model and the linear
mean square estimation (LMSE) closure to represent the effects of molecular mixing on the pdf.
Furthermore, global and systematically reduced reaction schemes were employed to describe
the behaviour of the reactive scalar field. In order to examine the behaviour of the mixing
models, studies in homogeneous, isotropic turbulence were carried out. The reduced schemes
were investigated in a confined laminar jet diffusion flame geometry.

The comparison of the predictions and measurements of the turbulent jet diffusion flame
using the global reduced scheme indicated overpredictions in the levels of carbon monoxide and
hydrogen; this finding was consistent with the predictions of the laminar flame when assuming
equal diffusivity of the scalars. However, many of the gross flame characteristics (e.g. temperature,
fuel, water and CO2 concentrations) were accurately predicted; in certain instances only the peak
levels were accurately reproduced. It was found that in general the two mixing models yielded
similar results, except in the prediction ofjet flames where appreciable finite-rate effects (e.g. local
extinction with subsequent downstream relighting) were experimentally observed. In these latter
flows, the coalescence-dispersion mixing model failed to capture the effects of the local extinction
whilst the LMSE closure predicted extinction with no re-lighting further downstream. It was also
observed that the results were sensitive to the model 'constants' appearing in the equation for the
viscous dissipation rate and the molecular mixing closures for the pdf equation. Difficulties were
encountered when using the systematically reduced scheme; global extinction was consistently
predicted by this mechanism for jet flows where such effects were not observed.
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Chapter 1

Introduction

1.1 Preamble

Turbulent combustion is a phenomenon which plays a central role in many engineering devices.
Essentially it involves the basic process of combustion in which the mixing rates of fuel and oxidant
are significantly influenced by the turbulence prevailing in the flow. The automotive, aircraft and
power generation industries (to name a few) rely on the control of turbulent combustion so that
their equipment (e.g. reciprocating engines, gas turbines and furnaces) can run as efficiently as
possible. The design of such equipment is also affected by limitations, set out through legislation,
on the levels of combustion-generated pollutant emissions; for example coal-fired furnaces may
exhaust oxides of sulphur into the atmosphere leading to the problem of acid rain, whilst aircraft
and automobile engines produce levels of CO, oxides of nitrogen and unburnt hydrocarbons (UHC)
which may be (in the long run) harmful to the environment.

The experimental testing of engineering equipment is ultimately the most reliable way of
assessing their suitability for practical/commercial applications. However, it is difficult to evaluate
the effects of changes to a particular design purely from the experimental point of view; for many
applications, extensive and repeated measurements during the design and development stage can
be too expensive. As an alternative to experiments, predictive methods based on the solution of
the conservation equations of mass, momentum and energy can be employed; these conservation
equations can be expressed as a set of coupled non-linear partial differential equations (pde's). The
complexity of the pde's rules out the possibility of obtaining analytical solutions, and numerical
methods would demand computational resources orders of magnitude above the most powerful
computers available today. The most popular predictive approach so far has been a statistical one
whereby the conservation equations are ensemble-averaged. Whilst the numerical solution of the
ensemble-averaged equations is feasible, the price that is paid is a loss of information concerning
the fine details of the turbulent flow. The loss of information manifests itself as terms in the
ensemble-averaged equations which cannot be evaluated (in any known way) as a function of the
basic variables (e.g. pressure, velocity, temperature, species concentration) - this is the 'closure'
problem. In order to represent the behaviour of these terms, mathematical modelling is required;
in other words subject to certain assumptions, a functional form is postulated for these terms so
that they can be evaluated. The resulting mathematical model is often referred to as a moment
closure.

The requirements imposed on mathematical models for predicting the performance of corn-
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bustion systems nowadays are quite demanding. To predict with good accuracy the velocity
and temperature fields is not always sufficient. It is also desirable to have calculation methods
which are capable of reproducing finite-rate effects (e.g. extinction, ignition and emissions of
pollutants) accurately; furthermore the methods need to be sufficiently general so as to reproduce
measurements in a wide range of flows of engineering interest. Closure approximations are in-
variably required for the turbulent transport (diffusion) of momentum; this is achieved through the
use of phenomenological turbulence models. Currently the most widely-used turbulence models
in engineering calculations are based on either a two-equation model of turbulence (k -e) or a
Reynolds stress closure. However, the central difficulty in turbulent combustion is in the repre-
sentation of the turbulence-chemistry interactions. More specifically, the averaged net formation
rates which appear in the transport equations for the mean mass fraction of each chemical species
present need to be evaluated. The instantaneous formation rates are strongly non-linear functions
of the temperature and the species concentrations. Consequently the averaged formation rates

cannot be evaluated purely in terms of the mean temperature and species concentrations; such a
practice would lead to substantial errors, since in turbulent combustion the fluctuations in scalar
properties are comparable (in magnitude) to the mean properties. A mathematically rigorous and
computationally tractable way of calculating the mean formation rates is through the use of a joint
probability density function (pdf) of the species mass fractions and the temperature.

In this thesis non-premixed combustion is considered. This implies that the fuel and air
nominally enter in separate streams prior to mixing and reaction. The classical approach in non-
premixed combustion has been to assume 'fast chemistry', in other words the time scales for the
chemical reactions are presumed to be far shorter than the turbulent mixing time scales. With this
assumption, and for the configuration of a two-stream mixing process (which is representative of
many combustion devices), the thermochemical state can often be determined uniquely in terms of
a single independent scalar variable (the mixture fraction). In these circumstances the specification
of the joint pdf of the species concentrations and the temperature reduces to that of the pdf of
the mixture fraction. By assuming that the latter pdf has a two-parameter form, it is possible to
presume a suitable shape for the pdf of the mixture fraction in terms of its mean and variance; the
moments of the pdf are in turn obtained from the solutions of their respective modelled transport
equations. This approach (known as the conserved scalar formalism) works relatively well for
situations where there are no appreciable finite-rate effects; this implies that the method is unable
to accurately predict flows where the time scales of the chemistry and the turbulent mixing are

comparable.
In order to reproduce finite-rate effects accurately more independent scalars need to be in-

corporated into the description of the pdf. With the specification of a multi-dimensional pdf the
presumed shape method becomes impractical and the only viable technique appears to be the
transported pdf approach. In this case, rather than presuming a shape for the scalar pdf, its exact
evolution equation is modelled and then solved. The major appeal of this technique is that the
source terms for chemical reaction can be treated without approximation, so that realistic chemistry
can be explicitly incorporated into this methodology. Terms associated with molecular mixing
and turbulent transport require modelling; in particular the turbulence-chemistry interactions still
require some form approximation. As in other combustion formalisms, the degree of physics
incorporated into the models describing the turbulence-chemistry interactions will determine the
accuracy of the approach in reproducing effects such as extinction, and the levels of CO and UHC
(for example in hydrocarbon flames>. In practice a large number of scalars can appear in the
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specification of the pdf, depending on the complexity of the reaction scheme that is being incor-
porated. These scalars act as independent variables, like position and time. As far as the solution
of the resulting pdf equation is concerned, this implies that finite-difference procedures will be
too expensive to employ; therefore a (computationally) more efficient stochastic (Monte Carlo)
simulation of the pdf equation is used to overcome the limitations imposed by the finite-difference
technique.

Recently work has appeared in the literature where direct numerical simulation (DNS) and
large eddy simulation (LES) techniques have been applied to the problem of turbulent combustion.
In the case of DNS, problems in idealized configurations and at low Reynolds numbers are
considered, usually in homogeneous decaying turbulence (e.g. Vervisch et al. [101]). The use
of such a method, with current computer capabilities, can only be directed at investigating the
fundamental interactions occurring in flames for the aforementioned idealized configurations. By
carefully scrutinizing the turbulence-chemistry interactions, it may be possible to infer improved
closure principles for the (model-dependent) techniques used to analyse the high Reynolds number
reacting flows of engineering interest. With regards to LES, although there are no Reynolds number
restrictions (as experienced by DNS), modelling is required. Because chemical reactions occur in
the fine scales of turbulent motion, the source terms for chemical production appear in an unclosed
form. Therefore at first sight it may appear that there is little to be gained from such a technique
in combusting flows. More research is required to substantiate whether LES in combustion is
beneficial, particularly in complex flows where it is claimed that the potential advantage of LES
over more conventional (phenomenological) approaches becomes apparent.

1.2 Objectives of the Research

The primary aim of this thesis is to apply the scalar transported (pdf) approach to predict the
evolution of turbulent combusting flows. The configurations of a jet issuing into stagnant and
coflowing surrounds are chosen as the basic geometries for the calculations using this formalism.
In this respect, a relatively simple flow has been chosen so that efforts can be directed towards the
evaluation of the combustion formalism, with the understanding that the turbulence models can
reproduce the behaviour of the velocity field accurately.

A finite-difference procedure was employed to solve the equations governing the evolution of
the velocity field. These included the momentum equation together with the modelled transport
equations required to evaluate the Reynolds stresses. A k-e and full Reynolds stress closure
were employed for this purpose. The scalar field was treated using a Monte Carlo simulation
of the transported pdf equation. The number of independent scalars associated with the pdf was
determined by the choice of the reaction scheme. Two different mechanisms were employed: a
reduced scheme resulting from a systematic reduction of a detailed methane/air mechanism, and
a global hydrocarbon scheme (which did not involve the appearance of radical species). The
molecular mixing term which appears in an unclosed form in the pdf equation was approximated
using a coalescence-dispersion model and a closure based on linear mean square estimation
(LMSE).

The main motivation for this study has been the accurate prediction of CO levels in jet diffusion
flames employing a hydrocarbon as the fuel (propane or methane). The ability of the single-point,
single-time scalar pdf formalism in reproducing finite-rate effects is also assessed. Detailed
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measurements from four turbulent jet diffusion flames were used in order to evaluate the proposed
level of closure. The studies of Godoy [31] and Hassan, Lockwood and Moneib [35] relating to
propane and methane flames (respectively) issuing into stagnant surrounds provided measurements
of the CO levels, as well as the Major species (CO 2. 02 , LTHC). The data of Hassan et al. was
particularly useful since it also included data relating to the mean and fluctuating temperature field,
as well as an investigation of the effect of nitrogen-dilution of the fuel stream on the evolution of
the flame. The measurements of the scalar field performed by Godoy was further augmented in
the study of Heitor, Moreira and Pires [37] where information relating to the fluctuating velocity
and temperature field was presented. The wealth of data relating to the mean, root-mean-square
(rms) and pdf of the scalars, described in the work of Masri, Bilger and Dibble [66, 68], was used
to study the ability of the pdf equation to represent effects of local extinction in flames.

The shortcomings and achievements of the scalar transported pdf approach coupled to a
moment closure are demonstrated; and subsequently suggestions are made for ways in which
the theory can be improved. To this end, calculations are also reported for a confined laminar
jet diffusion flame and a homogeneous, isotropic turbulence. In these simpler test cases, the
capabilities of the chemistry and the mixing models can be evaluated more easily; at the same
time the results appeared to be relevant when it came to describing some of the characteristics of
the predictions of the turbulent jet flames.
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Chapter 2

The Governing Equations of Turbulent
Combusting Flows

2.1 Introduction

This chapter presents the basic equations which describe the evolution of turbulent combusting
flows. The instantaneous equations are first outlined, followed by the discussion of the averaging
procedure required to solve the conservation equations for flows of practical interest. Turbulence
modelling is briefly reviewed and this is then followed by a discussion of the mean reaction rate
term which appears when the species conservation equations are ensemble-averaged. This then
motivates the discussion for combustion modelling which is described in the subsequent chapters.

2.2 The Instantaneous Equations

The governing equations describing the flow of a fluid can be derived from the principles of
conservation of mass, momentum and energy; derivations can be found in works such as Schlichting
[85]. Unless otherwise stated, cartesian tensor notation and S .I. units are used throughout.

2.2.1 Mass Continuity

80 80u; 
at 	 axi

where ui (x, t) is the instantaneous velocity vector, and g(x, t) is the density. ui (x, t) is repre-
sentative of the velocity of the reactive mixture at a point, and is defined as a local mass-average
instantaneous velocity:

(2.1)

E (x, t)
a=1

where t) is the instantaneous velocity vector of specie a. From now on the dependence of
the scalar and hydrodynamic variables on (x, t) is omitted for conciseness. In equation (2.1) the
terms associated with molecular diffusion do not appear; this arises out of the physical requirement
that there can be no net diffusion of mass in a multi-component system. The definition of ui in
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equation (2.2) and the diffusional flux vector of specie a, J i,a, ensure that this requirement is

satisfied:
Ji,a	 ea	 - ui )	 (2.3)

— /Li) is sometimes referred to as the diffusional velocity vector associated with specie a.
Substituting equation (2.2) into (2.3) and summing over a leads to the result E„N_ 1 Ji, ,„ = 0.
Another requirement for the mixture, as a whole, is that there can be no net generation/destruction,
although the individual species comprising the mixture can be produced/consumed through the
effect of chemical reaction.

2.2.2 Momentum Conservation Equation
au,	 au,	 ao-ii

+	 --=	 + ggi	 (2.4)
at	 OXj	 O'Xj

Equation (2.4) is essentially a generalisation of Newton's second law of motion for the flow of a
fluid, written in a form appropriate to an infinitesimal and stationary control volume. It can be
shown [1] that if the fluid is Newtonian (i.e. the stress components depend linearly on the rates of

deformation) then,

Dui 	 OP	 a [ (aui auj 2 auk
Q-T5F =	 5-;37 axi -	 Y;T, )] Qgi

where the operator	 isis the substantial derivative defined as 237 + u;79;7a

2.2.3 Energy Conservation Equation

The energy equation may expressed as,

a is , 1	 a	 x, , 1	 adi , „.	 a ,	 ,	 Op
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The internal energy per unit mass of mixture is related to the kinetic energy and enthalpy by,

e—h--- =	 h a —
0	 0ce=i

The effect of chemical reaction appears in the energy equation through the definition of tic,:

fc
p,adt Ah

T°

where T° is a reference temperature and AhLa represents the standard heat of formation of specie
a. The latter can be defined as the heat released when one kilomole of substance is formed from its

t The grouping A ± ly is often referred to as the coefficient of bulk viscosity

+ A auk ) + (aui aui
rjj = axk	 3	 axj 	axi	

(2.5)

p. is the mixture (molecular) viscosity and by invoking Stokes' hypothesis A =	 t . Substituting

for crii in equation (2.4) using (2.5) and Stokes' hypothesis, yields the Navier - Stokes equations:

(2.6)
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elements in their respective standard states (usually latm and 298K). By convention, each element
in its standard state is assigned an enthalpy of zero. The inclusion of Ah La (a = 1, ,N) in the
evaluation of h accounts for the heat release (and absorption) effects due to the chemical reactions
taking place.

The various effects which contribute to the diffusional heat flux (term III in equation (2.7)) need
to be elaborated. Conduction of heat arising from temperature gradients is an obvious contributor
and this is represented through Fourier's law. Since the instantaneous velocity of specie a (bli,„)
can differ from the mass-average instantaneous velocity of the mixture (ui), the total (diffusional)
flux of enthalpy associated with this effect is: gEaN_ 1 1)a(14i,a — ui )ha. Invoking Fick's law of
diffusion,

A aya
gyapi,a —

	

	 (2.10)
Sc axi

where Sc is the Schmidt number of the mixture. The presence of concentration gradients can
produce a heat flux l . It is conventional practice in the analysis of combusting flows to ignore
such a transport process, partly because experience suggests that it does not provide a significant
contribution in the energy balance. Consequently the heat flux vector becomes:

c.„,1 8T	 ay,
qj = —	 — — (La

Pr axi Sc a=1 axi
(2.11)

where Pr is the mixture Prandtl number. It is convenient to express qi in terms of enthalpy rather
than temperature. This can be achieved by firstly differentiating the relation h = h(T, Y, ) with
respect to xi ; this yields,

ah	 aT x-1\C ay°,

aXi = CP zaX . ± 2-d hcl a ct=i	 Xi
(2.12)

= (Oh
Cp —	 and fromIn arriving at equation (2.12) the following relations have been used:

equation (2.8), ft. = ha . Substituting equation (2.12) into (2.11) gives,

aXil Pr axi 	axi1.1	 — Pr )	 a
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a=1	 xi

Term IV in equation (2.7) represents the energy exchanges associated with the absorption and
emission of thermal radiation. Energy transfer due to radiation is not considered in this work. The
reasons for this are partly related to the fact that the flames being investigated are 'small-scale',
such that the heat loss by radiation is usually a negligible fraction of the total heat flow [78]. As
far as term V is concerned, in low speed combusting flows the work done against viscous forces
is negligible in comparison to the thermal energy changes brought about by chemical reaction;
the same is true for terms associated with the work done against body forces. Taking 'U' as a
representative velocity of the mixture, the Mach number is defined as, Ma II' v7URT where ey
Using -11:1= cp(ey — 1), the following can be written,

(2.13)

1U2
al U2 — I M a2 cp(ry — 1)T	 2 — I M 2 — 1)2 — 2	 cpT — 2

(2.14)

'This is known as the Dufour effect - the Soret effect is essentially the reciprocal of this, i.e. the presence of
temperature gradients giving rise to species diffusional flux.
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. 'U2The quantity can be interpreted as the fractional rise in temp erature ('--7,71 ) that would result

from all the kinetic energy (per unit mass), at the point in question, being converted into heat.
Therefore provided Ma < 1, the kinetic energy of the mixture at a point can be neglected in

comparison to its enthalpy.
Term VI (2) in equation (2.7) is assumed to be negligible in many practically occurring

situations, e.g. jets, gas turbines and furnaces, but cannot be neglected in the flows occurring, for
example, in internal combustion engines. If the flow is statistically stationary, the term will be
zero upon averaging. However, even if the flow is statistically non-stationary the term can still
be neglected provided the boundary conditions imply that the reference pressure does not change
significantly. Finally, the Lewis number, defined as the ratio of the Schmidt number to the Prandtl
number is close to unity in combusting flows, and it is a useful assumption to take it as exactly
unity, since the energy equation then simplifies to:

ah	 ah	 a (
g u • — =

at	 3 axj ax, Pr axi)
(2.15)

2.2.4 Species Conservation Equation

aya 	aya	9Jj a
guj—n =	 ' + :Sa	 for	 a = 1, , N	 (2.16)

at	 ovxj	 uxi

where ,4'a is the net formation rate of specie a per unit volume. The mass conservation law requires
that there can be no overall source/sink of mass, so that E„N_ i = 0. A, is the diffusional flux

vector of specie a, and using Fick's law of diffusion this can be approximated as: Ji,a —
S c aaYx • •

This approximation is strictly true for binary mixtures, and so the use of Fickian diffusion in the
context of multi-component mixtures is only justified if the Schmidt number is the same for all
species (in order to ensure that the mass fractions sum to unity). The assumption of uniform Sc

(which is tantamount to assuming equal diffusivity) is known to be poor when species with widely
differing molar masses are being considered. To obtain a general expression for Sa, consider the

system involving N chemical species and R reaction steps, expressed in the following compact

form [60]:
•N

E vacm, E vgrmc, r = 1, , R	 (2.17)
a= 1 	a= 1

where the rate constants for the forward and backward reactions are kfr and kb, respectively,

and Ma denotes the chemical symbol of specie a. If specie a does not participate in a particular
reaction then its stoichiometric coefficients appearing in reaction r, referred to as va' 7. and u, are

zero. The rate constants can be expressed as:

kfr = BrT" exp
(_I)

where Br is the pre-exponential factor (for the rth reaction step), ar is a constant exponent, Er is

the activation energy and R is the universal gas constant. The net rate of formation of specie a is
the sum of the net formation rates of specie a in all the individual reaction steps. In any particular
reaction step, the net rate of formation of specie a is determined by the magnitudes of the forward
and backward rates in reaction r. Mathematically this can be expressed as:

= Wa (vg, _ vccr) {kfre  TIN	— kbr gir	(--C—wY" )}
r= 1	 C= I "	 C=1	 (

Yc vicr
(2.19)
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where EcN_1 vc/ 7. and EcAti /4. are the orders of the forward and reverse reactions
respectively. The term in curly brackets in equation (2.19) is effectively the net forward rate of
the rth reaction step (in Kmol m-3s– I ). In order to close the system of equations, an expression
for the density is required. This is given by an equation of state,

where Y denotes the set of species mass fractions (i.e. Ya where a = 1, . , N). The assumption
of low Mach number can be used to remove the dependence of g on pressure variations, Ap,

caused by the flow. Essentially Ma < 1 ensures that the coupling of the momentum and scalar
conservation equations is through the density, and that the linkage through the pressure is removed.
To demonstrate this an estimate of the magnitude of Ap is required. At high Reynolds number,

Ap 0(gU2 )	 where gU2 = Ma2(gai) (2.21)

U is a characteristic velocity and a, is the speed of sound (as = V-yRT = () 1 ). Substituting
for a, into equation (2.21) yields,

Q(Ma)	 (2.22)

Whilst g depends on the absolute level of pressure, if Ma < 1 its dependence on pressure
fluctuations can be ignored. Under these circumstances p can be interpreted as a reference
pressure, and in certain flows, such as jet flows, furnaces and gas turbine combustors in the steady-
state, the reference pressure can be treated as a constant. The equation of state for an ideal gas
is,

p = gRT E
a=1 Wa

with the understanding that in the flows described above, p is treated as nominally constant (= Po,
the reference pressure) as far as the evaluation of g is concerned. Consequently the state relations
can be re-expressed as g = g(Y , h, Po). In internal combustion engines the reference pressure
does change significantly, and in this situation the aforementioned relation is no longer valid.

2.3 The Averaging Process

—

The discussion so far has developed a closed set of equations and in principle they could be solved
(numerically) with appropriate initial and boundary conditions. For the high Reynolds number
flows of engineering interest, direct numerical simulation (DNS) is computationally prohibitive
[83]; typically the cpu requirements for a DNS of inert mixing are of the order of the Reynolds
number (Re) raised to the power three. For statistically homogeneous 'low' Re flows, DNS is
feasible and as discussed in section 4 it can be very useful. The traditional approach for treating
high Re turbulent flows has been to average the conservation equations, with the consequence
that all the fine details of the flow do not require spatial and temporal resolution. Different types
of averaging can be applied, but they all share a common feature; the closed set of instantaneous
equations are transformed by averaging into an 'open' set of equations. Terms appear which
cannot be accounted for in any known way via the dependent variables of the flow field. Modelling
serves to approximate these terms, and the purpose of these introductory chapters is to address
the principles behind the representation of such terms. The two commonly-employed types of

(2.23)
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averaging are based on the Reynolds (unweighted) and Favre (density-weighted) approach, defined

as follows:

.Af1	 r
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Reynolds averaging	 (2.24)

Favre averaging	 (2.25)

where AO  (x, t) is the ith sample amongst N; realisations of an experiment. The standard practice
is to decompose the instantaneous equations into mean and fluctuating parts and then to average
them. With density-weighted averaging the velocity and scalars (but not the density and pressure)
are decomposed according to u i =	 It/ ,	 (75,,+ g. With the definition of Favre averaging

in equation (2.25) it can be shown that gcbi, =	 = 0. For Reynolds averaging, ui

Oa =	 + ç5 	 where u = qYa = 0. From the basic definitions, the following results can be

established between weighted and unweighted statistics:

The reason for employing Favre averaging is that the resulting conservation equations do not
include terms involving correlations of density fluctuations. Consequently these equations are
easier to interpret (and hence to model) than their Reynolds averaged counterparts. Furthermore,
Favre averaging leads to equations describing the mean of conserved quantities e.g., the resulting

momentum equation is in terms of Tu,7(a. Ni ) rather than -A which is obtained from Reynolds
averaging and is not conserved. Despite the advantages of adopting Favre averaging, instruments
may measure values close to density-weighted or unweighted averages 2 . Clearly the ability
to calculate both unweighted and density-weighted quantities is desirable. But Tfri	 pfti

gfti euii , and Q1U can be very difficult to calculate accurately; in terms of the pdf, unweighted
and weighted statistics can be used interchangeably without approximation [6]. Applying Favre
averaging to equations (2.1), (2.6), (2.15) and (2.16) yields:
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2 An infinitely small thermocouple will detect an unweighted record of an instantaneous temperature, but some degree
of density-weighting is associated with thermocouples of finite size. The extent of this weighting with 40/im diameter
thermocouples is unlikely to exceed around 50°C compared with differences between weighted and unweighted values
which can exceed 300°C [49]. Sampling probes and LDV measure values very close to density-weighted concentrations
and velocities, respectively.
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where equation (2.32) holds for a = 1, . . . , N. The above equations have been written for the
limit of high Reynolds number; under these circumstances, order of magnitude analysis shows that
the averaged molecular fluxes can be treated as negligible in comparison with the turbulent fluxes,
namely the Reynolds stress (guN3q ) and the scalar flux (ii ! O). Consequently the equations have
a form identical to their constant density counterparts. The unknowns appearing in the equations
are the Reynolds stress, scalar flux, mean density and the mean formation rate due to chemical
reaction. In the following sections the turbulence models used to calculate uiq are described
since they form an essential part of the calculation method; in addition, for the purpose of notation
Oa (a = 1,... , N + 1) is used to denote the entire scalar field, i.e. the species mass fractions
(a = 1, . . . , N) and the mixture enthalpy (a = N + 1).

2.4 The Energy Cascade Viewpoint

Before discussing turbulence modelling it is useful to provide a brief overview of the 'energy
cascade process'. This will demonstrate the complexity of the interactions taking place in a
turbulent flow and help to exemplify the degree of simplification associated with current modelling
approaches.

Turbulence can be thought of as a tangle of eddies of varying length scales interacting with one
another. Only at the Kolmogorov scales of motion do the effects of viscosity become significant in
comparison to the inertial effects. This means that for the larger scale motions the entangled eddies
can interact with one another in a way which is essentially unaffected by the viscous stresses; this
implies that for these eddies their angular momenta can be treated as constant.

Energy cascade arguments [8] suggest that energy is initially transferred from the mean flow
to the 'large' eddies (constituting the fluctuating field) which have a preferred orientation. The
fine scales of turbulent motion cannot interact directly with (and thereby extract energy from) the
mean motion due to the disparity of the scales of motion. Through a process of 'vortex stretching'
an eddy experiences a rate of strain along its axis of rotation and is extended with the consequence
that its cross-sectional area reduces. Since it is presumed that the angular momentum of the eddy
remains constant during this process, this implies that its kinetic energy of rotation increases.
The energy required for the stretching comes from a neighbouring eddy whose axis of rotation
has a component at right angles to the axis of the eddy being stretched. As an eddy reduces its
(diametral) length scale it can, in turn, bring about the stretching of other eddies whose axes of
rotation are at right angles to its own.

In this way energy can be transferred from the large scale (energy-containing) motions right
down to the Kolmogorov scales of motion where, by virtue of the substantially larger velocity
gradients, the kinetic energy of the eddies is dissipated into heat. It is argued that the small-scale
eddies no longer share the preferred orientation of the mean rate of strain. It is postulated that at
the fine scales, the turbulence has no preferred direction and is therefore locally isotropic - this
implies that the statistics of the fine scale motions are invariant under the action of rotation and/or
reflection of the coordinate system3.

The arguments presented in the above paragraphs suggest that the viscous and scalar dissipation
rates are determined by the rate of energy transfer from the large to the small scales. This implies

fLu D	 p_22.	 _	 au and Out au7 = 0.3 Some of the consequences of local isotropy are: 	 L  ui	 oxi 0.5 — a.i a.i ex; ex;
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. The terms appearing in equation (2.33) have theD =
Dt
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that when the Reynolds number of the flow changes, the fine scales re-adjust themselves in order
to maintain the balance of energy transfer.

2.5 Turbulence Models

In turbulent combustion large fluctuations in fluid density arise and proper account must be taken
of them. Most of the work to date concerning turbulence modelling is based on the consideration
of constant density flows. The most common approach is to recast the models for constant density
flows in terms of Favre averages with the assumption that the density fluctuations are accounted

for by the averaging. Experimental verification of this assumption is very difficult owing to the
level of detail required to quantify the contribution made by density fluctuations in real flames,
and subsequently to translate this into a modelling criterion. However, the results based on such
an approach have so far been encouraging [42].

An appropriate starting point for the discussion on turbulence modelling is the density-weighted
Reynolds stress equation (derived from equation (2.6)):
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In the above, the operator
following significance:

• I: Rate of change of l4pu.7 including convection by the mean flow

• Production of u'i'u3q by the interaction with the mean strain rate

• III: Diffusive transport of unq by velocity fluctuations

• IV: Viscous destruction of

• V: Fluctuating velocity-pressure gradient correlation

• VI: Production/destruction of uu3q by the mean pressure gradient

Terms I and II appear in exact form whilst the rest of the terms require closure approximations.
Term IV can be simplified for high Re turbulence; first the following manipulation can be applied:
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Order of magnitude analysis demonstrates that T,L	 iaxk ) + T.; k ( a u 18 a x k ) is the dominant
term on the rhs of equation (2.34) and the other terms become negligible as Re oo. Local
isotropy implies that the off-diagonal components are zero and the dissipative term can be written
as:
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Following Lumley [64] the fluctuating velocity-pressure gradient correlations are split up into a
redistributive and a nonredistributive part:
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The redistributive part has no role in the generation or destruction of turbulence as it is constructed
to vanish on contraction of the indices (i.e. it disappears in the turbulence kinetic energy equation
(2.39)). The non-redistributive term can be further manipulated to yield:
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transport	 noise

For Ma < 1 the noise production term can be neglected [4]. Using the results from equations
(2.35) and (2.37), the equation for the turbulence kinetic energy, defined as,
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can be obtained by contracting the indices of equation (2.33) and dividing by two:
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(2.39)

2.5.1 Eddy -Viscosity Models

The simplest turbulence closures are based on the eddy-viscosity approach. Essentially they
attempt to represent turbulent transport using relations similar in form to the molecular flux laws.
For a constant density thin shear layer situation the Reynolds stress lee is approximated by - vt

Though similar in form to Newton's constitutive relation for momentum diffusion, v t (7--_-- ) is
not a fluid property but depends on the local properties of the turbulence. If the turbulence can
be characterised in terms of a single representative length and time scale, L, ul (respectively),
then vt cc u'L becomes a dimensional necessity; this relation forms the basis for constructing a
modelled expression. u i can be identified with \/k, and L with the integral length scale. Therefore
the closure is complete provided k and L can be specified. In flows with appreciable density
fluctuations it is assumed that the reasoning previously suggested still applies. Thus, the Reynolds
stress can be expressed as:

(2.40)
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Term I ensures the symmetric property of the Reynolds stress tensor (IL = u 3qu'i) is preserved.

Term II is included to ensure that the left and right hand sides of the equation are identical on
contraction of the indices. The modelled scalar flux becomes:

(2.41)

where crt is a turbulent Prandtl/Schmidt number. To ao obtain the eddy-viscosity several levels of
closure are possible, ranging from simple zero equation mixing length models to the widely used
two equation models (Launder and Spalding [59]). Focusing attention on the latter (two-equation)
specification, a popular choice of closure employs k and E. Energy cascade arguments suggest
that the large scale turbulent motions dictate the rate of energy transfer down to the fine scales.

Consequently e 0( 1-C) so that the eddy viscosity becomes, lit a .—ke2 and so At a-- Ci,j-e . This

is referred to as the 'k-e' model [45], where CI, is a constant to be determined and where k and

e are obtained from the solution of modelled transport equations. In equation (2.39), the terms
requiring closure appear on the rhs. The transport term and the mean pressure gradient term are
approximated using a gradient transport hypothesis:
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The approximation expressed in equation (2.43) was introduced by Jones and McGuirk [47], but
in many flows it makes only a small contribution and is often neglected. Substituting the above
into equation (2.39) yields the modelled form of the k-equation:
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The derivation of a transport equation for c, as defined in equation (2.35), is complicated

and exceedingly laborious. For constant density flows, where rik = p,(8/4/ax k + /ax/),

the viscous dissipation rate can be expressed as v(8uW 8xk ) 2 since by invoking local isotropy the

contribution to e from (81418xk )(8118x 1 ) is equal to zero. A transport equation for this quantity
can be obtained by straightforward manipulation of equation (2.6); the equation for E in constant

density flows can be written as,

(2.44)
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where the operator + ii . and where Re El 4. The maximum order of magnitude
of each term is indicated in equation (2.45) and at high Reynolds numbers the dissipation rate
equation reduces to,

The terms appearing on the rhs require modelling. The order of magnitude estimates show that
terms II* and Br individually vary as Re 1/2 compared with the other terms, and so in the limit,
become infinite. But when taken together, they have to form a finite value in order for the equation
to balance. Terms II* and ur should be modelled together in order to avoid their respective
singular behaviour as Re co. However, the exact equation is of little help in the modelling
partly because of the singular behaviour of terms II* and III*• Instead the modelling is based on
the following form [42]:

dE_	 a	 , (au/i \ 2

dt — axk vuk 017 ) ±(P° i(P1

I*

(2.47)

The grouping (coo + f(pi) is the modelled representation of the source terms (i.e. the net creation
rate of e), where coo is not an explicit function of e. The appearance of appears to be a natural
choice for the time scale (which is representative of the energy-containing motions), though this
does not imply that it is sufficient to characterise the evolution of c.

The basic requirement imposed on the solutions of equation (2.47) are that e, k > 0 and that as
k -4 0, then e —4 0. In the limit, if k 0 then e = 0 too, otherwise it is possible for k to become
negative, as implied by equation (2.39). Based on these requirements, the following constraints
apply to coo and co i,

• coo > 0: In order to illustrate why coo > 0, the turbulent transport term (I*) in equation
(2.47) is neglected and (p i is set to zero. Although this is not a physically meaningful
test case it is a useful foundation upon which a robust modelled equation for E can be
constructed. If coo < 0 then from equation (2.47), 2 < 0; consequently when the condition
e = k = 0 is attained, the modelled equation would allow c < 0, which is unphysical. With
eddy-viscosity closures coo > 0,

where equation (2.48) stems from the production term. In conventional second moment
closures, coo = 0

• coi must remain bounded as e 0: This can be explained by considering the model equation
with the transport and co, terms set to zero, leaving = co l . If (p i is unbounded and
negative, as c, k -± 0, —dEcit can become so large in magnitude that e could undershoot and
become negative.
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• (Po tC0 1	 —oo as k —+ 0. This condition is required so that c	 0 as k —* 0. In the

limit, if k 0, and e is still finite, this condition ensures that E -4 0 instantly.

A well-tested and widely-used form of the modelled e equation for flows involving small density

fluctuations is:
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Recast in terms of a variable density formulation, equation (2.49) becomes,

(2.49)
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In discussing the k-e closure several constants were introduced. These constants are calibrated
in simple (constant density) flows, such as decaying grid turbulence 	 Q2 ) and near-wall flows

, Cu). The following values are commonly employed [43]: C,2 = 0.09; C„ = 1.44;

Ce2 -= 1.92; C„ 1.0; o-k = 1.0; a-, = 1.3. For free flows at = 0.7 and near-wall flows

o•t = 0.9. For a round jet issuing into stagnant surrounds improved spreading rates in the self-
similar region are obtained with C„ = 1.85 and C/i = 0.065.

The k-e model is robust and has been (and still is) widely used; it can lead to useful results in
many circumstances. However it is clearly a very simple representation of what is undoubtedly an
exceedingly complex phenomenon and consequently it does have its limitations. Specifically, it is
found to be incapable of accurately reproducing the effects of mean swirling motions on mixing
rates, the stabilizing/de-stabilizing influences of buoyancy forces and countergradient diffusion
effects (as observed in premixed flames). A more detailed and accurate description of turbulent

transport is needed.

2.5.2 Second Moment Closures

Higher order closures are employed to provide a more accurate description of turbulent transport,
and second-moment (single-point) closures represent about the simplest level at which this can be
achieved. The equations to be solved are the Reynolds stress equation (2.33) and the scalar flux
equation:
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All terms on the rhs of equations (2.33) and (2.51) require closure. In equation (2.51) term
IV is referred to as 'pressure scrambling' and term VI is a velocity-reaction source correlation
term. As in the discussion of equation (2.33), order of magnitude and local isotropy arguments
can be employed to neglect terms like ovariklaxo  and u'l(aJk ,alaxo. The use of equation

(2.51) has so far been restricted to situations where till,a = 0 (even in combusting flows) by
making a suitable choice of Oa, i.e. a strictly conserved scalar (section 3.2). For the time being
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a conserved scalar, e, can be viewed as a normalized element mass fraction which is, of course,
neither consumed nor produced. This is to be distinguished from the concept of a passive scalar
which is a quantity whose evolution does not affect the dynamics of the flow 4. In order to complete
the picture for combusting flows within the context of second-moment closures, the scalar variance
equation is also required:
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ifi
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Ii
w

(2.52)

The terms appearing in equation (2.52) are as follows: I - generation rate of scalar fluctuations; II

- turbulent 'diffusion'; ifi - dissipation rate of g2 ; IV - source rate of production/consumption of

clia' 2 due to chemical reaction. Note that the scalar dissipation k"„, in equation (2.52) is defined, for
the case of Ficician diffusion, as ( -6) -1 (it I S c)(V 0)2 . The closure problem is now set; all terms
appearing on the rhs of equations (2.33), (2.51) and (2.52) require modelling. The work described
in this thesis treats the scalar field using a transported pdf approach, therefore a detailed discussion
of the modelling of the scalar flux and variance equations is omitted. With regards to the velocity
field, only the Reynolds stress closure proposed by Jones and Musonge [48] is discussed since
this is used in the calculations. Consequently only a brief discussion of second moment closures
will be given here, whilst a more detailed review can be found in the works of Jones [41, 42] and
Launder [58].

2.5.2.1 Transport Terms

The simplest level of approximation is a gradient transport hypothesis, originally proposed by
Daly and Harlow [18] for the triple correlation guu3qu'i ; in density-weighted form the results can
be expressed as:

(guilu3quZ+ iSijui‘p') = —Csg—k u'lcum,"	 (u'i'v,31!)	 (2.53)
E	 axm,

where C, P..1 0.22. The appearance of ib ijuDY arises from the decomposition described in
equation (2.37); this contribution to the turbulent transport is sometimes referred to as pressure
diffusion. More elaborate (and complicated) models have been proposed than that expressed in
equation (2.53), for example where the pressure diffusion term is represented separately; however,
in constant density thin shear layer flows the transport terms do not provide a major contribution
to the second moment balance equations. This serves to justify the use of a gradient transport
hypothesis for the transport terms.

2.5.2.2 Viscous Destruction of u'izt31!

The treatment of term IV in equation (2.33) has already been discussed and its evaluation requires
knowledge of e, as exemplified by equation (2.35). In the context of the eddy-viscosity closure,
E can be obtained in terms of equation (2.50); the form of the modelled e-equation for second

4The study of passive scalars is of considerable importance, for example in the discharge of fluids into the environment
(water discharges into rivers and lakes involving a 'small' temperature difference, or gas releases into the atmosphere).
The mixture fraction is a strictly conserved scalar, however, in variable density situations (inert or non-reacting), it is
not a passive scalar.
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moment closures is slightly different in relation to the turbulent diffusion term. A gradient transport
hypothesis is still employed, and the form originally proposed by Hanjali6 and Launder [34] is

commonly used,

ail •De	 a	 k -Tr„ 86	 6	 1, 3
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Note that since uquq is the subject of the Reynolds stress equation, this information can be used3

to calculate the turbulence kinetic energy without making recourse to a modelled k-equation.

2.5.2.3 Fluctuating Pressure Terms

A principal difficulty in constant and variable density flows is the fluctuating pressure terms.
These include the fluctuating velocity-pressure gradient correlation (term V in equation (2.33))
responsible for the transfer amongst the components of and the pressure scrambling (term
IV in equation (2.51)). For constant density flows Chou [16] has shown that they can be related to
volume integrals involving two-point correlations:
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(a)	 (b)	 (c)
+Surface integral	 (2.55)

The terms on the rhs with subscript x' x + r) are evaluated at that position, with the integrations

carried over r space. The surface integral is important only when the typical size of the energy-
containing eddies is of the same order as the distance from a wall. In many combustion systems
this contribution is ignored, partly because the ability to reproduce very accurately the wall friction
and turbulence structure close to solid surfaces is often of secondary importance [42]. Equation
(2.55) contains three terms labelled as (a), (b) and (c). Term (a) involves turbulence quantities
only, term (b) is affected by mean strain rates and term (c) represents the buoyancy contribution. In
the decay of homogeneous, strain-free and initially isotropic turbulence which has been distorted

so that u' 2 v'2 w'2, the high Re ,(constant density) stress equations become:
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It is assumed that this type of turbulence 'returns to isotropy', an assumption which is supported
by experiment [93]. Consequently term (a) is referred to as the return component. The following

definition is introduced:
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The three contributions ((a), (b) and (c)) towards A ii are denoted as 4 ) , AT, A respectively.
One popular approach has been to provide closure approximations for each of these terms sepa-
rately. The modelling of the buoyancy term is not discussed since it is not of primary importance
to the work described in this thesis. The basis for modelling 439 is the concept of return to
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isotropy. Rotta [84] assumed that the rate of return to isotropy, 4 31.) , is proportional to the degree

of anisotropy,	 (uu3q k) — (2/3)5ii ). In density-weighted form, the model is:

= jebij (2.58)

where C 1 is the constant of proportionality obtained from measurements (e.g. [93]). It is found
that the degree of scatter in the measurements leads to the following popular choices for C I : 1.5,
1.8 and 3.0; the various values of C1 that can be specified demonstrate the inadequacy of the
linear theory, however its simplicity and the fact that it leads to reasonable results in practical
flows justifies its use. More recently it has been argued that there is a 'tendency to isotropy' such
that the return is non-linear as the anisotropy goes to zero. This leads to refinements (with added
complexity) in the modelled expression and are not discussed here.

Jones and Musonge [48] point out that an exact balance equation for the 'return-to-isotropy' part
of the velocity-pressure gradient correlation in homogeneous turbulence contains mean velocity
gradients. Consequently it is argued that because terms (a) and (b) in equation (2.55) are both
affected by the mean strain, they can be modelled collectively rather than separately. To formulate
a model for AZi (a_--.. + 42.) ), it is first assumed that it can be expressed as a linear function of
the Reynolds stress tensor. This is because models involving non-linear terms may not generate
unique steady-state solutions - at least for homogeneous flows. Consequently the following
approximation is employed (recast in density-weighted form):

u'iu3q 2
= — C1 -gc 	 3 5 
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In the absence of mean strain the model is identical to that initially proposed by Rotta. The
second term involves aijim, a linear fourth-rank tensor function of the Reynolds stress tensor. The
properties of this tensor (which follow from those of Ali , and hence u'i'up are: aiiim = aiiim, this
preserves the symmetry of the Reynolds stress tensor; aiiim = 0, this ensures that the fluctuating
pressure terms are redistributive as originally defined in the decomposition of equation (2.36).
The most general fourth-rank linear tensor function of the Reynolds stress, satisfying the above-
mentioned properties, is:

a . . 123 771 =	 ± C3E) (610.41L II SijU irintt )
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+ C6 g' (arni	 On-tj 44) ± C7k6ij 8im (2.60)

Contracting the indices (i = j) and equating the coefficients of the terms involving u'l'u'rni and Simk
yields two relations which allow the elimination of C6(= -3-c2 - c3 ) and C7(= C4 — C5 ) •
The equation for 4 then becomes:
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u"v" Cs = 0.22 C1 = 1.5 C2 = —0.53 C3 = 0.67 C4 = —0.12

u"v" a Cs = 0.22 C1 = 3.0 C2 = —0.44 C3 = 0.46 C4 = —0.23

E Ce = 0.18 Cl i = 1.40 b C2 = 1.90
1

Table 2.1: Model constants appearing in the Reynolds stress and viscous dissipation rate equations.

aThe constants appearing in this row have been re-calibrated using C 1 = 3.0, and are now the recommended set of

values.
b Ce, = 1.44 and Cie, = 1.92 are used in the context of the lc-E closure. The term involving C„ is quite often

ignored, as in the present calculations.

The terms involving L make no contribution in constant density flows. In variable density

boundary layer type flows, the components of I p-1,- are negligible in comparison to V12-, where '2'
denotes the direction normal to the mainstream flow. Consequently, under these circumstances,
knowledge of the magnitude of 05 is immaterial. The form of the modelled Reynolds stress

equation can be written as,
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The mean pressure gradient term has not been included in equation (2.62). In the calculations
reported in this thesis such an omission is justifiable, since for a turbulent jet issuing into unconfined
surrounds the mean pressure gradient is zero. Therefore, equation (2.62) can be considered as
the modelled transport equation for'the Reynolds stress in the work to be described in subsequent
chapters.

The Reynolds stress model of Jones and Musonge [48] involves four independent constants

(C1 ,1 = 1,... , 4) whose values remain to be determined. C 1 has already been discussed in relation
to Rotta's hypothesis, leading to equation (2.58). The remaining constants are associated with the
mean strain and experimental data from an homogeneous turbulent field subjected to a constant
mean shear strain is used to estimate their value. In addition to the flows considered by Jones and
Musonge [48], the model has been applied with good results to a range of flows including confined
swirling flows both with and without density variation and a single jet issuing into a cross-flow.
However, the values of the 'constants' have been re-calibrated according to C1 = 3.0 in order to
improve the robustness of the model predictions [42]. These constants, in addition to the others
encountered in the discussion of the dissipation rate equation for second moment closures, are

presented in table 2.1.
The modelling of the pressure scrambling term (IV in equation (2.51)) is not described here

since a scalar flux closure is not employed. Closure approximations for this term can be found in
the aforementioned review papers.

2.5.2.4 Scalar Variance Dissipation Rate

The scalar dissipation rate, appearing in equation (2.52), plays an important role in combustion
modelling. 5 can be interpreted as the rate at which fluctuations in 0, (x, t) are reduced by
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molecular diffusion. Following Spalding's [88] idea, the simplest method of approximating the
scalar dissipation term is to presume that the ratio of the scalar to mechanical turbulence time
scale is constant, so that:

D 6 —,4„2
5-62	 'P	 (2.63)

2 k a

where (-Sa ) -1 is the time scale ratio with CD 2.0. In fact studies in decaying grid turbulence
suggest that the time scale ratio can vary from 0.75 to 3.3. Newman et al. [70] point out that
there is good reason to expect that ( C- 2- ) -1 should vary in different types of flows. It is argued

that since and ( 2 • 1) are proportional to the local turnover times of the energy-containing
eddies, and that these motions are significantly influenced by the production mechanisms of the
respective velocity and scalar fields, the magnitude of (q- )- 1 may well depend on the production
mechanisms; this may even be true for a flow where there is a varying influence of the production
mechanism. Nevertheless, the approximation expressed in equation (2.63) has been widely used
and gives reasonable results in many thin shear layer flows. A more general way of obtaining 5."(a
is from a modelled transport equation [48].

The treatment of second moment closures is now complete. The model is considerably more
elaborate than their eddy-viscosity counterparts and the resulting improvement in the ability to
predict complex flow fields has been amply demonstrated, particularly in situations where k-e is
inadequate. Though the computational cost is larger than that required by the k-e model, it is not
prohibitive and the use of second moment closures is currently the most detailed approach feasible
for complex and practical problems.

2.6 Mean Reaction Rates

This chapter is concluded with a brief description of the other source of difficulty in the averaged
conservation equations. This is associated with the thermochemical field and manifests itself
through the appearance of the terms S a and -g. In principle,

1 JV;

S,	 lim —A r E :52) (T, 0,0i, • • • 'ON)
Arr--).co	 r	 1

for	 a = 1,	 , N	 (2.64)

The form of g) is given by equation (2.19). The non-linearity of the expression precludes the
evaluation of the mean reaction rate in terms of the averaged scalar properties. In fact such a
practice would lead to substantial errors, since in turbulent combustion the fluctuations in scalar
properties are comparable (in magnitude) to the mean properties. A mathematically rigorous and
computationally tractable way of calculating the mean formation rates is through the use of a joint
probability density function (pdf) of the species mass fractions and the temperature.

The approaches which use the concept of a joint scalar pdf are presented in the subsequent
chapters. Initially those methods where the shape of the pdf is presumed are described, followed
by a discussion of the transported pdf approach. In this latter technique, the exact evolution
equation for the joint pdf is modelled and then solved.



Chapter 3

Combustion Models for Non-Premixed
Configurations

3.1 Introduction

This chapter is concerned with combustion modelling in non-premixed configurations. The dis-
cussion will centre around the conserved scalar formalism, hence the emphasis on 'non-premixed'
combustion. In the next chapter, the transported pdf approach will be discussed and whilst the
method will be applied to non-premixed systems, it is important to bear in mind that this particular
formalism can be used to describe premixed combustion too.

The application of the averaging process to the specie transport equation leads to the mean
reaction rate term. Direct attempts at closure are unfeasible for the general case of highly
exothermic combustion. In fact, to date, no suitable deterministic approximation for evaluating
this term has been obtained, and consequently it seems natural to resort to probabilistic approaches
to achieve closure.

Based on the assumptions invoked in section 2, it is clear that the mean reaction rate term,
Sa, is in general a function of the scalar field 0 = q5 (a = 1, , N + 1) where 0, includes the.
species mass fractions as well as the enthalpy. By introducing the pdf of the scalar field Po,(0),
where denotes the sample space of 0, closure for the mean reaction rate (and for the entire scalar
field) can be obtained from the following basic property of a pdf:

:g;.(0) = f .,e(o)pcb(o) do ; 	 a(x, = f oap,(o) do	 (3.1)

Note that P(0) is formally referred to as the single point, single time, Eulerian joint pdf of the
scalar field. In writing the above, several features remain outstanding. Firstly, a thermochemical
model is required so that Sa is known, on an instantaneous basis, as a function of the scalar
domain, Secondly, the pdf P(P) (where the subscript on 0 is dropped for conciseness)
needs to be specified. Assuming these quantities are known, the next stumbling block is the
integration over the scalar space. The integrals written in equation (3.1) are multi-dimensional
and the cpu requirements for their computation are considerable. It is therefore desirable to reduce
the dimensionality of the problem, ideally to a single scalar which uniquely characterizes the
thermochemistry of the reacting mixture.

49
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3.2 The Conserved Scalar Formalism

The basic framework upon which mbst of the traditional theory of non-premixed combustion has
been developed is the conserved scalar formalism. Under this formalism, a strictly conserved

scalar is a quantity whose instantaneous evolution equation is given by:

a,	 ,	 a ,	 ,
-ogz.)+—axk WUkZa) 	 (g.D —az") a = 1, , N 1	 (3.2)

axk 	axk '

No source terms appear in equation (3.2). This requirement is naturally satisfied by quantities
such as element mass fractions, which are not created nor destroyed by chemical reaction, but are
simply convected and diffused. Note, however, that chemical reaction influences the evolution of
z„ through the density, g. The next important feature of equation (3.2) is the presence of a single
diffusion coefficient. Since za can represent elemental concentrations as well as enthalpy, the use
of a single diffusion coefficient implies uniform Prandtl and Schmidt numbers as well as unity
Lewis number. The effects of differential diffusion are clearly ignored in this situation.

With the assumption of equal diffusivity, the element mass fraction transport equations all
satisfy the same form of differential equation, differing only in the initial and boundary conditions.
The assumptions of low Mach number, constant thermodynamic pressure and negligible radiative
heat losses to the surroundings (guaranteed by a no heat flux condition on all bounding surfaces)
implies that the enthalpy also satisfies a conserved scalar transport equation. Following Bilger [3],

for a two-stream mixing process, with each stream containing a uniform, constant and different
composition, the following normalization can be applied:

za (x, t) — za,2 (x, t) 
(x, t) = 	 	 (3.3)

z„,i (x, t) — za ,2 (x, t)

where za can denote element mass fraction or enthalpy and ea is referred to as the mixture fraction

for specie a. Through this normalization the transport equations for the various 6, are of the same
form and their boundary conditions are identical too. It can then be demonstrated that after an

initial transient (t > to) all ea at any place and time are equal, even on an instantaneous basis.

Thus,
ea, (x, t) = ,2(x, t) =	 (x, t)	 (3.4)

In summary, subject to certain assumptions, all conserved scalars are linearly related. Consequently
the problem of calculating several conserved scalars, za , can be circumvented by solving for a
single normalized conserved scalar, 6, constructed from any one of the individual conserved z„.

Multiple feed problems can be considered in the same manner as the above provided the streams
have the same composition and temperature as in streams '1' and '2'. Any relaxation of the
assumptions presented above requires the specification of extra scalars. For example, if adiabatic
flow is no longer assumed, enthalpy would have to be included as an extra independent scalar
since it would no longer be 'conserved' due to the heat losses to the surroundings.

In combustion the characterization of the conserved scalar field in a flow domain is only of
secondary importance and obtaining the concentration field of the reactive species is the main
objective. Consequently thermochemical models are required which are compatible with the
conserved scalar formalism, i.e. where knowledge of e instantaneously and uniquely specifies the
value of the other scalars. The thermochemical models that satisfy this requirement all share the
common assumption of 'fast chemistry'. In the case of the flame-sheet model (to be described in
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section 3.3.1), the flame approximates to a geometric surface 'flapping' through the mixture as a
result of the influence of turbulent fluctuations. However, on average the reaction zone is of finite
thickness, and often described as a turbulent flame brush. For the more realistic proposal based
on chemical equilibrium and laminar flamelets, 'thin' flame burning is inherently presumed; with
this assumption the transport (aerodynamic) time scales are much longer than the chemical time
scales (i.e the DamkOhler number, Da, is considerably greater than unity).

3.3 Thermochemical Models

3.3.1 The Flame Sheet Approximation

This model stems from the initial work of Burke and Schumann [9]. One step irreversible global
kinetics is employed in the following form:

1 Kg Fuel + s Kg oxidant ---+ (1 + s) Kg Product

It is assumed that the reaction proceeds at an infinite rate, implying that as soon as the reactants
mix at the molecular scale, they burn instantly to form fully-burned products. As a result, fuel and
oxidant cannot co-exist instantaneously except within an infinitesimally thin flame sheet. However,
on a time-averaged basis, fuel and air can be present in finite concentrations at a particular point;
this is commonly referred to as 'unmixedness' [36].

The representation of a flame zone as a geometric surface is clearly unrealistic, as substantiated
by experimental studies in laminar and turbulent flames. Furthermore, in hydrocarbon flames this
model precludes the determination of any intermediate species (e.g. CO and H 2) since the global
kinetics only allows for the presence of fuel, oxidant and products (CO 2 and 1120). However, the
model is capable of reproducing gross flame characteristics (e.g. mean temperature ) reasonably
well provided the combustion is unhindered by significant finite-rate effects. The flame sheet
methodology has now been superseded by more realistic thermochemical models.

3.3.2 The Chemical Equilibrium Approach

Studies in chemical kinetics demonstrate that one-step irreversible chemistry is a gross simplifica-
tion. Nearly all reactions are reversible to some degree. The concept of chemical equilibrium can
be put to use in the conserved scalar formalism in the following manner. At equilibrium, if the
elemental composition and two state variables for the mixture (e.g. the thermodynamic pressure
and the enthalpy) are known, then the species concentrations can be determined [32]. Based on
the discussion above relating to the conserved scalar concept, it is clear that the elemental compo-
sition and the enthalpy are known if the mixture fraction is specified. Because the thermodynamic
pressure is presumed constant, knowledge of 6 is sufficient to (instantaneously) characterize the
mixture composition at equilibrium. In principle, if the reactions are reversible, fuel and oxidant
can co-exist; in this case it can no longer be assumed that the reactions are confined to an infinitely
thin flame sheet, but occur where necessary to keep the mixture in equilibrium. It must be stressed
that in the chemical equilibrium approach, no input is required from a chemical mechanism.
Identifying the participating elemental species and specifying 6 is sufficient.

The chemical equilibrium approach has been widely used, and like the flame sheet model,
reasonable temperature and velocity field characteristics can be obtained. The major shortcom-
ing of the approach is related to the prediction of CO levels in hydrocarbon-air flames. For
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hydrocarbon-air mixtures it is found [41] that in the case of lean mixtures, negligible quantities
of CO are predicted. The proportion of CO increases progressively with mixture strength and
for equivalence ratios greater than about 1.2 the CO mole fraction is greater than that of CO2;
at equivalence ratios of around three, CO mole fractions of about 20% can be achieved. These
levels are wholly unrealistic in laminar and turbulent hydrocarbon flames. Therefore, although the
presence of minor species may not affect the gross flame features significantly, their levels are very
poorly reproduced if it is assumed that the fluid at a particular mixture strength is at its equilibrium
composition. In reality, mixtures which are too lean or too rich will simply not burn and the same
applies if the temperature is too low. Based on these facts, certain ad-hoc modifications have been
applied to the chemical equilibrium approach in order to yield more realistic CO levels [31, 24].

3.3.3 The Laminar Flamelet Approach

In this section the basic ideas behind the laminar flamelet technique are outlined. For a more
detailed review of the theory, the papers by Williams [102] and Peters [75] should be consulted.
At the end of section 3.2, it was pointed out that the laminar flamelet formulation was entirely
consistent with (and restricted to) 'thin' flame burning. In fact the thickness of the burning zone
must be less than or equal to the Kolmogorov length scale - this fundamental requirement for the
existence of flamelets (i.e. laminar-like burning zones in a turbulent medium) is referred to as the
Klimov-Williams criterion.

The flame stretch rate, sr , is a quantity of central importance to laminar flamelet theory and
can be defined as the fractional time rate of increase of the flame-zone area,

1 dA
Sr = KTIt

where A represents an area of flame surface. Effects of curvature on the flame front are usually
ignored, i.e locally the flame front is presumed planar.

A turbulent flame is viewed as an ensemble of strained laminar flamelets. The experimental
observation that sections of a flame can break away from the bulk structure upstream and possess
a highly contorted structure, demonstrates that the flame zone can be a multiply-connected region.
However, it is argued that even under these circumstances, provided Da >> 1 and Ka < 1, the

reaction zone is sufficiently thin so that it can instantaneously consume reactants in a 'laminar
fashion'. If the degree of flame stretch is too large the flamelet will be quenched, leading to local
extinction. Extinction studies of laminar diffusion flames show that the characteristic controlling

parameter is Da. However, since a unique quantitative definition of Da cannot be given, it
is generally unsuitable for quantifying the flame stretch. The fact that the spatial gradients
of scalars increase/decrease in magnitude depending on whether flame stretch/compression is
operative [102], suggests that the instantaneous scalar dissipation rate, x, may be used as a
quantitative parameter. If it is assumed that only the flame zone is critically affected by stretch,
then the external stretch imposed, on the flamelet by the hydrodynamic field has the form of an

instantaneous scalar dissipation rate evaluated at stoichiometric conditions x st = ( fe-) (Q_)2
st asi St

If the local flame stretch increases, xst follows suit. As the local scalar gradients steepen,
more fresh reactants can enter the flame zone (and enhance the heat release), however at the same
time the heat conduction from the reaction zone will increase. If xs t goes above a critical value,

xq, heat conduction away from the flame zone can no longer be balanced by heat production
due to chemical reaction and the flamelet is extinguished. xq is affected by thermodynamic and

(3.5)
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Figure 3.1: a.) Schematic of a laminar counterflow diffusion flame geometry. The width of the flame is
exaggerated for clarity. b.) Locally the flame is treated as planar.

chemical-kinetic parameters, and as such it can be evaluated without consideration of turbulence.
The basic geometry that is frequently used to investigate flame extinction is a laminar counterflow
diffusion flame (figure 3.1) which is established in the forward stagnation region of a porous
cylinder. In figure 3.1, the flame thickness is sufficiently thin so that it can be treated as locally
planar. Measurements suggest that where the fuel and air merge to form the reaction zone, the
flow can be viewed as an opposed jet.

In the above paragraphs the basic ideas behind the laminar flamelet formulation have been
expounded. In order to make use of such a formulation in turbulent flame calculations, a thermo-
chemical model is required. The following observation clarifies how this can be achieved. Bilger
[5] examined data on laminar counterflow diffusion flames; it was observed that when the results
were re-plotted as a function of 6 t they roughly fell onto a single curve, indicating that the
flame configuration satisfied a self-similarity solution. The relations, O a = 0,, (6), can therefore
be used as a suitable thermochemical input for the modelling of turbulent diffusion flames. Its
significant advantage over the previous models, described in sections 3.3.1 and 3.3.2, is that more
realistic chemistry can be introduced into a turbulent flame calculation; differential diffusion ef-
fects and their interaction with the flame zone can be accounted for in an indirect manner through
0,, (6). The thermochemical relations (O a (6)) can be obtained by solving the exact conservation
equations for a laminar flame employing detailed kinetics and transport. The most favoured con-
figurations are the steady two-dimensional counterflow diffusion flame geometry and the transient
one-dimensional laminar flame. In this manner flamelet 'libraries' may be constructed on an once
and for all basis and expressed in the instantaneous form, Oa (6, xst ). It should be pointed out that
one of the disadvantages of the flamelet technique is that for many fuels of engineering interest
(e.g. kerosene and petrol) the details of the reaction mechanisms are not adequately known.
Furthermore, certain devices operate under fuel lean conditions (e.g. gas turbine combustors) and
in such situations the difference in the results between an equilibrium calculation and one based
on flamelet thermochemistry is not significantly different.

3.4 The Presumed-Shape Pdf Method

In this section the calculation of the averaged species concentrations, -q-Sa (x, t), is considered. In
the present case, P(0) is interpreted as P(). For calculating density-weighted averages, the

tFor the data of Tsuji and Yamaoka [92], Bilger [5] reported that curves for ec, eu, Co and eN generally fell onto a
single curve.
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following relation can be employed:

-a(x,t) = f()() cl6s
	

(3.6)

where the density-weighted pdf is defined as:
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The non-linearity of the instantaneous relations, Oa (6), implies that &,(x, t) 0 Oa (6). In calcu-
lation methods the most popular approach is the presumed-shape pdf method. In this approach a
two parameter form of the pdf of is chosen and subsequently constructed in terms of its mean and
variance; the statistical moments are obtained from the solution of their respective modelled trans-
port equations. Since for combusting flows these equations are usually solved in density-weighted
form, the resulting pdf that is constructed from these moments will be the density-weighted pdf.
The transport equations for the mean and variance of 6 are very similar in form to equations (2.32)
and (2.52) with	 = 0. The modelled forms are written below for completeness.

494".	 a	 a"

Quial; _

	

(it 5-X7)

86„2	
a At av2	(aF2)

2
--ry=	 62.-t

G —	 -Q 	  juj
axi 	 ax	

(3.9)
at	 i	 axi iax

The turbulent fluxes appearing in the exact equations (u(E' and u'"2) have been modelled using
a gradient transport hypothesis, and the scalar dissipation rate is approximated using equation
(2.63). In order to evaluate A t the k-e model is usually employed; alternatively a full second
moment closure can be used in place of equations (3.8) and (3.9), as discussed in section 2.5.2.

Several different forms of the two-parameter pdf have been proposed. For example a form
constituting two delta functions located at points 6 + and	 has been applied by Khalil et al. [51]:

(3.8)

where a, 6+ and are determined from and 6"2 . On comparison with the measurements of Kent

and Bilger [50] in H2-air diffusion flames, Jones [41] concluded that such a pdf was unsatisfactory
since it led to radial profiles of temperature in which two maxima appeared. Lockwood and Naguib
[63] proposed a more realistic clipped Gaussian pdf. The clipping was required since the mixture
fraction is a bounded random variable. An unweighted pdf was employed in their formulation,

defined by:
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and r(a + 1) = ar(a) 	 (3.15)
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where and cr were not obtained explicitly; an iterative procedure employing and e2 had to be
used. A pdf which does not require arbitrary clipping in order to satisfy the bounds of the mixture
fraction is the beta pdf:

4'a-1(1-)b-1 
15() == 1

f xa- 1 (1 - x)b-1dx
0

(3.12)

where a = k (1	 1] and b (1	 k  (1 -	 11	 (3.13)
en2	 en2

The integral in the denominator of equation (3.12) is referred to as the )3 function. This form of pdf
has been widely used for engineering calculations of reacting turbulent flow. The implementation
of equation (3.6) is particularly straightforward in the context of the P-pdf. The instantaneous
relations, 0,, (e), can usually be curve-fitted using a least-squares polynomial (of order 20) and
the relations can then be expressed in the form,

where N f denotes the order of the polynomial fit. By substituting (3.14) into (3.6) and employing
the relations pertaining to the )3- and r-functions:

r (a)r (b) 
0(a, b) =

I' (a + b)

the following analytical expression for the mean of a dependent scalar variable is obtained:

j-1
Arf 	 ri (a + i)

cba = E X3 ,ce j—r°
j.0	 (a + b + i)

i=0

(3.16)

The numerator and denominator are defined for j > 1. According to comparisons made by Jones
[41] of the clipped Gaussian and the beta pdf, it was observed that the results were quite insensitive
to the precise shape of the pdf once the mean and variance were determined.

3.5 Applications of the Flamelet Technique with Flame Stretch

In section 3.3.3 the laminar flamelet technique was briefly discussed and its implementation in
turbulent flame calculations using the presumed-shape pdf method (section 3.4) focused attention
on flamelet thermochemistry at a fixed strain rate.

Liew [61] employed unstrained (xst = 0) as well as strained flamelets, though in his work,
Xmas was used in place of xst ; Xmas was evaluated in a region where the temperature was at a
maximum. This modification was introduced in order to account for the translation of the reaction
zone to higher values of e(> est) as the degree of flame stretch increased. For 0, (e, Xmas) a
bivariate pdf (P(, ',„„)) is required to evaluate the mean scalar properties. The conventional
approach for obtaining mean properties is to assume statistical independence of the random
variables, e and )(max . Without recourse to measurements it is difficult to estimate the accuracy
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of this assumption and how strongly it influences the results. It was pointed out in section 3.4 that
the statistics of the flow are often not strongly affected by the choice of the pdf, f'(6"). However,
it is not clear that this follows for .P(6,,z,z„), since 6 is a variable influenced primarily by the

mixing patterns, whereas xst (or Xmas) is influenced by the finite-rate effects that may be present.
Consequently, in flows with appreciable finite-rate effects, the choice of the shape for /-5(6‘,
may well be an important consideration. Statistical independence implies that:

co 1

:9'5« = f f Cbc,5'Cmax)-1-±V)15(rnas) ds 01 7Thax	 (3.17)

00

where Xmas) can be obtained from a library of stretched laminar flamelets. In order to avoid
computing the double integral in equation (3.17), Liew [61] modelled the burning process by
introducing two phases represented by undisturbed flamelet burning, oa,f (6) and a post-extinction

phase q5a,i (6). Consequently,

Xq

rk a f f ( m a dkmax f Oa, f (P() d6	 (3.18)

0	 0

The upper limit of Xmas in equation (3.17) has been replaced by (the physically correct value
of) xq in (3.18). The quantity V 1:Vmax) C1)Zmas( E--- pc) was regarded as the probability of
undisturbed flamelet burning. Although the integral in (3.18) involves the undisturbed flamelet

parameter, oa J (6), the effect of stretch appears through the term pc; as stretch increases, Pc
decreases. The probability of finding the alternative phase of non-burning is (1 — p c). Thus for

the post-extinction phase:

The relation 0,,,i (6) was modelled as a pure mixing process. The quantity of interest, '(.6a , was

obtained from:

i5(6) was assumed to be a 0-pdf. In order to evaluate Pc, 15U max) had to be specified; by
invoking Kolmogorov's third hypothesis (originally proposed for the viscous dissipation rate),

15(56 was assumed to be log-normal with the additional assumption that x Xmas . X." was
modelled using equation (2.63) and the variance of the pdf was given by the third hypothesis
directly and its evaluation relied considerably on empiricism with the appearance of geometry
dependent constants.



Chapter 4

The Transported Pdf Approach

4.1 Introduction

The closure problem associated with the evaluation of the mean reaction rate can be avoided by
assuming that the instantaneous thermochemical state of the flow is a function of one (or more)
scalar(s) and averages are obtained when the instantaneous relations are weighted by a presumed-
shape pdf. In this section an approach is reviewed which involves the solution of a transport
equation for the pdf. Attention will focus on the scalar pdf, P(P; x, t) , referred to in section 3.1.

Transport pdf modelling has been investigated for well over two decades. The emergence
of this methodology from its rather deep-rooted theoretical background to a potential tool for
engineering calculations is mainly due to the development of Monte Carlo algorithms for solving
the pdf equation. From the statistical point of view, the specification of P (0;x, t) makes available
all single point, single time moments of the scalar field. In contrast, moment closures yield
only those moments for which modelled transport equations are solved. Where pdf methods
appear to be particularly advantageous is in the description of turbulent reacting flows where the
thermochemistry is a non-linear function of several independent scalars. In the conserved scalar
approach (section 3.2) the pdf of a single, strictly conserved scalar is employed; however, in order
to reproduce finite-rate effects (e.g. emissions and extinction) accurately, more independent scalars
need to be incorporated in the characterization of the pdf. The extension of the presumed-shape
pdf method to multi-scalar problems is difficult because:

• the number of modelled transport equations required to construct the pdf rapidly rises with
the number of independent scalars and,

• presuming a shape for a multi-dimensional pdf which satisfies the appropriate bounds
becomes increasingly difficult and uncertain as the number of independent scalars rises.

Such difficulties are averted through the use of pdf transport methods.

4.2 Derivation of the Scalar Pdf Equation

The transport equation for P() (the dependence on x and t is omitted for conciseness) is an exact,
unclosed equation and its derivation relies on the use of the conservation equations. Consequently
the equation has a physical foundation. The most widely-used method of derivation is based on

57



815(0)	
711

aP(0) 
+ , —

D at	 0xk

I	 II

58	 The Transported Pd! Approach

the concept of a fine-grained density function 13(0 , 0; x, t), Lundgren [65], and is defined such

that 23(0 , 0)4 is the probability that at position x and time t,	 < 0(x, t) < ba + doc,

for all a = 1,	 , N + 1. Note that zPa denotes an independent variable (like x and t) and

represents the sample space of the dependent random variable 0a (x, t); ?/) denotes the set of '1' -

for a = 1,	 , N + 1. Clearly pop, 0) is a multi-dimensional quantity and it represents the pdf
for a single realization of a turbulent flow, so that if 0„ < 0„(x, t) < + 4„ is not satisfied

for all a, then AO, 0) = 0, otherwise 73(0 , 0) = 1. Consequently the fine-grained density can be
expressed in the following manner:

N+1

13 (1P	 H 6 {0.(x , t) 1Pa}
	

(4.1)
a=1

In contrast, the conventional pdf P(0) is representative of an ensemble of realizations, such that
its integral over a finite region of its sample space represents the likelihood of occurrence for an

event. It can be shown [81] that:

P(0) = (P(0, 0))
	

(4.2)

A detailed derivation of the transport equation for P(0) is presented in appendix A; the works
of O'Brien [72] and Kollmann [54] also discuss the derivation. Pope [81] describes a method
for obtaining the scalar pdf equation without invoking the concept of the fine-grained density.
Kollmann [52, 53] derives the pdf equation in terms of the characteristic function, which is the
Fourier transform of the pdf. Whatever the method of derivation the transport equation for the
density-weighted scalar pdf is given by:
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(4.3)

where &, (0) g(0),t (0). The terms in equation (4.3) have the following significance:

• Term I: Rate of change in physical space

• Term II: Mean convection in physical space

• Term HI: Chemical source production in compositional space

• Term IV: Turbulent transport in physical space

• Term V: 'Molecular mixing' in compositional space

When Jj , is expressed in terms of Fick's and Fourier's laws, the 'molecular mixing' term can be

written as:
N +1 N+1 82	  /	 (90. a.�.0

- E E
a=1 p=1 

a'cb 80,3 t\ Scaxk axk = o)PoDI (4.4)
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Due to the unity Lewis number assumption (S c = Pr), the form of equation (4.4) is applicable
to both the species concentrations and the enthalpy. With the assumption of constant ii and g the
molecular mixing term can be expressed in terms of a two-point pdf [54]:

N+1 a	 a2
A

— — E - iim 	 1.-
x,--,x 	,k

 { f 111,3 P (71) , IP' ; x, x', t) 4'}	 (4.5)
sc	 th,bp	 axkox

/3=1

where the primes denote terms based on conditions at x'.

4.3 Terms Appearing in the Pdf Equation

Inspection of equation (4.3) reveals that the chemical source production term appears in exact and
closed form. In other words it is known in terms of 0 and P. ('4). This feature of equation (4.3) is
one of the main reasons for adopting the transported pdf approach in turbulent combustion mod-
elling. The implication is that realistic chemistry involving finite-rate kinetics can be incorporated
explicitly in turbulent flow calculations without an assumed flame structure to characterize the
thermochemistry. In comparison to other forms of thermochemical closure this is clearly a novel,
advantageous and unique feature. However, the molecular mixing term appears in an unclosed
form due to the conditional expectation. To evaluate this term the joint pdf of the scalars and their
gradient at the single point level is required; alternatively the two point pdf of the scalars would
have to be specified. Needless to say that transport equations for such higher-order pdf's contain
further unknown terms and increase the dimensionality and/or computational cost of the problem
dramatically.

The molecular mixing term involves diffusion coefficients and composition gradients which
stem directly from the molecular diffusion term in equation (2.16) and an order of magnitude
analysis demonstrates that it cannot be neglected, even at high Re. Since molecular diffusion
is important at the small scales of turbulent motion, an accurate representation of these scales
is clearly essential for the determination of the pdf and hence of the averaged scalar field. In
hydrocarbon combustion, this is particularly true for species such H2 and H which are formed
and consumed by reaction (in the fine scales of turbulent motion) and which possess much larger
diffusivities than other scalars. As a consequence, it can be argued that the closure problem which
manifests itself as a mean reaction rate in moment closures is simply re-expressed in terms of
the molecular mixing term in pdf closures. In fact the appearance of the chemical source term
in closed form in the pdf formalism is merely a consequence of the mathematical manipulations
employed to derive such an equation. As pointed out by Kollmann [54], in pdf methods nonlinear
terms are transformed into linear terms with variable coefficients. This is achieved by converting
the associated dependent variables (which make the nonlinear terms unclosed upon averaging)
into independent variables of the pdf; one outcome of this is that the number of independent
variables is substantially increased. The results of such a manipulation do not overcome the basic
physical problems inherent in any statistical approach to turbulence, whether it be Reynolds/F'avre
averaging, spatial averaging or transported pdf modelling.

The pdf P (p) is only a function of the scalar field and includes no velocity information;
consequently the turbulent diffusion of the pdf (term IV) appears in unclosed form. In the joint
velocity-composition pdf equation [81] transport appears in closed form, but at the expense of
introducing further unknowns and extra independent variables to the level of closure. In the scalar
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pdf formalism ilk is unknown. This quantity is conventionally evaluated through the use of a

turbulence model (section 2.5).

4.4 General Solution Features of Pdf Transport Equations

At this stage it may appear somewhat premature to discuss the solution features of pdf trans-
port equations, particularly since the modelling of the unclosed terms has not yet been considered.
However, based on this formalism the method of numerical solution and the modelling are strongly
interconnected. For problems involving a single scalar dimension and in simple geometries, solu-
tions of pdf equations using conventional finite-difference techniques have been obtained (Janicka
et al. [39, 40]). However, in order to exploit the full potential of pdf equations it is necessary
to solve for a multi-dimensional pdf involving several scalars. Pope [79] estimated that with a
finite-difference procedure the number of computer operations at each node (in compositional
space) and at each time step was of the order of exp(6N*), where N* is the number of scalar
variables. In the same paper he described a solution algorithm for performing a Monte Carlo
(particle-method) simulation of the scalar pdf equationl . In this approach the computational cost

rises only linearly with N* and the pdf is simulated via an ensemble of stochastic particles. The
idea that a continuous pdf, P(0), can be represented in a discrete manner is commonly employed;
for example equations (2.24) and (2.25) demonstrate how an average can be constructed from an
ensemble of samples. If a histogram was constructed from A () (x, t), this would constitute an

approximate discrete representation of the pdf. In the limit of an infinite number of realizations
the histogram tends to the pdf - this result is formalized by equation (4.2).

With regards to the modelling of the mixing term in equation (4.3), the above paragraph
implies that given a suitable approximation (written in a continuous pdf form), an equivalent
stochastic (particle) representation needs to be constructed. Thus in the section dealing with the
mixing models, both interpretations will be given for the case of a single scalar. For certain
mixing models the extension to multi-scalar problems is simple; in other models it is still not clear
how this can be achieved in a rigorous and/or tractable manner. The existence of a link between
the particle method and the continuous pdf approach is essential if the advantages of the former
method are to be exploited. Such a link and the necessary criteria for its use have been investigated
by Pope [77, 79, 81]; the fundamental basis for 'equivalence' of these two methodologies is that
the statistical moments (mean, variance, etc...) arising from the particle-method approach should
evolve in an identical manner to its deterministic counterpart in the limit of an infinite number of

particles.

I Handscomb and Hammersley [33] define Monte Carlo methods as that branch of experimental mathematics which

is concerned with experiments on random numbers". Given the generality of the definition, it is clear that Monte Carlo
method is a generic name for an approach tO solving problems. These methods can range from the simulation of
neutron diffusion in fissile material, to the estimation of 7r based on an experiment where a needle is thrown in a random
manner onto a board ruled with parallel lines. For simple problems Monte Carlo methods are inefficient compared with
standard numerical techniques, but for multi-dimensional problems they are practicable relative to the other methods
which become computationally prohibitive.
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4.5 Basic Modelling Requirements of the Molecular Mixing Term

Proposals for closing the molecular mixing term are invariably tested in simple flows e.g. inert,
homogeneous and isotropic turbulence. Under these circumstances the scalar pdf is no longer a
function of position and simply evolves in time, with the result that the scalar variance decays
to zero. It is argued that if pdf methods cannot reproduce the statistics of the decay process
accurately in this simple flow, then the claim that such a formalism provides a more complete
statistical representation of fluid flows would be unjustified. In the situation described above, the
most basic requirements of a mixing model are that it leaves the mean of the scalar unchanged
(i.e. (q5(x, t)) (0(x, t + St) — 0(x, t)) = 0) and predicts a variance decay rate in accordance
with experimental observations:

d 2
-ct	 ) = CD 5k- ( 012 )

where CD 2.0. All models are designed to satisfy the above (minimum) requirements. In
discussing the statistical behaviour of the various models, reference will be made to the following
parameters: skewness, flatness and superskewness. These are the normalized moments of the pdf,
defined as follows:

(4.6)

flp — (0))nP(Cd0 
C2n, =

flo — (0))2P(0)4}

	n = 3	 skewness

	

n = 4	 flatness
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(4.7)

The most revealing test of a mixing model lies in its ability to predict correctly the evolution of
the scalar pdf. The test case utilised by most workers is based on initial conditions corresponding
to segregated fluid parcels (in composition space), idealized as a double 6-function distribution.
Here it is to be expected that the process of mixing/homogenization will result in the initial pdf
to relax to a smooth, bell-shaped distribution and in the limit of t oo, converging to a 8
function at the mean composition. It is conventional to assume that the bell-shaped distribution
is Gaussian, although there is no formal proof for this. Tavoularis and Corrsin [91] investigated
(experimentally) the evolution of a scalar (temperature) in a turbulent flow with uniform mean
velocity and temperature gradients, and nearly homogeneous fluctuating velocity and temperature
fields. The overheat of the fluid by heating rods was considered small enough to have negligible
effect on the turbulence, and hence the temperature can be viewed as a passive scalar. It was
found that the typical values of the skewness and flatness factors of the temperature measured on
the centre-line of the tunnel, far downstream, were indistinguishable from those for a normally
distributed random variable (which are zero and three, respectively); it was found that a Gaussian
pdf with the same mean and variance fitted the measured pdf's nearly perfectly. The velocity-scalar
joint pdf also closely resembled a jointly-normal distribution.

Eswaran and Pope [25] performed a DNS of decaying passive scalar fields in inert, homoge-
neous and isotropic turbulence. A statistically stationary velocity field was maintained by 'forcing'
the simulations i.e. energy was added to the velocity field at low wave numbers, allowing the
simulations to reach a quasi-equilibrium state where the rate at which energy was dissipated at
the small scales was equal to the rate at which energy was added at the large scales. The results
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demonstrated that as time progressed, P(0; t) evolved from a double S function distribution to an
inverted parabola and subsequently to a bell-shaped distribution. The evolution of the pdf shapes
appeared to be independent of the initial conditions, such as the ratio of the mechanical and scalar
turbulence length scales (which had a significant effect on the scalar variance decay rate). It was
argued that this observation should considerably simplify the task of constructing a realistic mixing
model and it was found that after about eight eddy turnover times (a relatively long period of time),
the skewness, flatness and superskewness of 0 tended very closely to the Gaussian values of zero,
three and fifteen respectively. The tendency to Gaussianity was accompanied by an ever increasing
lack of correlation between x and 0(x, t). This is an important result since the molecular mixing
term in equation (4.4) is effectively x conditioned on 0(x, t). As a modelling recommendation it
was claimed that the assumption of x being independent of q5(x, t), although valid at long times,
is not valid in the short-term range of mixing and this raises questions concerning the validity of
the statistical independence assumption invoked in section 3.5.

Despite the above comments concerning the evolution of a decaying scalar field to Gaussianity,
it must be borne in mind that the scalars considered here are bounded quantities and so their pdf's
are bounded too; therefore such a scalar pdf cannot be exactly Gaussian. The implication is that the
pdf approaches a Gaussian distribution in the limit of zero variance where most of the interacting
fluid 'parcels' are very close to the mean composition. However the distribution near the bounds
of the scalar are unlikely to resemble Gaussian behaviour, but this is immaterial given the degree
of homogenization at that stage of the mixing process. A number of proposals have been made
for closing the molecular mixing term and these are discussed below.

4.6 The Linear Mean Square Estimation (LMSE) Closure

Equation (4.5) and the concept of conditional probability, P(P, 01 ) = Peel 0(x, t) = '0)P (0),

can be used to write the pdf equation in homogeneous, isotropic turbulence as:

ap(qp;t)	 N+1 ,-.
V ,c--n 0 1 ; 	 a2

at	
_

se L., aop xlit.mx axlkaxlk U 'bi.3P(''b:31-95-= 1P-.)41,3 P(2)}
P=1
N+ 1 a	 82

V
= - - E --,-- iim 	  LEovp 10 = 0)P(0)]	 (4.8)
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Dopazo [19, 21] and Dopazo and O'Brien [22] consider the case of the single scalar, where
E(0'1 0 = •;1)) is the expectation of the random variable 0(x', t) at a point x', conditioned on the

event that 0(x, t) = '0 at a point x. If it is assumed that P(0'10 = V)) is conditionally Gaussian,
the theory of stochastic processes implies that:

40'10 =	 = (15) + r (x, xi , t)	 — (0))
	

(4.9)

where (0) is the expectation (mean) of the random variable 0(x, t) and r (x, x", t) is the correlation

coefficient of 0(x, t) and 0(3e, t),

r(x,x',t) =  [95 (x, t )	 (0(x, t))] [0(x', t)	 (0(xi , t))] 
cro (x, t)o-0 (x1 , t)

where o-4, denotes the square root of the variance of 0. Dopazo and O'Brien [23] point out that the
above assumption does not imply that 0(x, t) and q5(x', t) are normally distributed; it is claimed

(4.10)
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that it constrains the expected value of q5(x 1 , t), given 0(x, t), to a certain prescribed behaviour.
More recently O'Brien [72] reformulated the problem in terms of linear mean square estimation,
which involves less restrictive assumptions but gives rise to the same result. The requirement of
homogeneity and isotropy together with equations (4.9) and (4.10) leads to the following result:

aP(0; t)	 a
=A— [(IP — (0)) P(0; 0]	 (4.11)

at	 thp

6vwhere A =	 A2	 _2 (827./ae2)-1
0 and = Ix' — xl . Multiplying equation (4.11) by3770 ' —	 e=

— (0)
2 and •

)	 integrating over 71' space leads to:

d(C6'2) = —2A(0'2)
dt

(4.12)

Comparing the result in equation (4.12) with that of equation (2.52) (in the case of constant density,
homogeneous, isotropic and inert turbulence) implies the following identity:

_	

Sc

v
= A(012 )	 (4.13)
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Referring to equation (4.11) as the LMSE model, the particle method simulation corresponding to
this closure becomes:

dqS(P) _CD 6 (AO (0))
(4.14)

dt	 2
where A has been replaced with CD t, and by selecting CD 2 a variance decay rate in
conformity with measurements can be predicted as suggested by equation (4.6). LMSE constitutes
a linear, deterministic simulation of the mixing phenomenon and the model is continuous in time.
Analytical solutions for equation (4.11) are discussed in [23, 72, 81]; the results of such analysis
show that if the initial condition is a normal distribution, the model preserves the Gaussianity which
is considered as a satisfactory result. However, the drawback is that the initial functional form of
the pdf is never relaxed and consequently, in the case of an initial double 6 function specification
for the pdf, the subsequent time evolution remains as two 6 functions which approach each other
in composition space. Pope [81] points out that such behaviour is to be expected since the model
contains no information about the shape of the distribution - only the mean appears in equation
(4.14). Despite this drawback, Dopazo [21] argues that the modelling is applicable provided
the turbulence is "given a chance" to smear out the initial discontinuous state. In other words
it is applicable if the pdf is continuous. Predictions based on LMSE were compared against
measurements in [21] for grid-generated homogeneous turbulence with an imposed asymmetric
mean temperature profile. In the far downstream region good agreement was found for the
conditional expected value of temperature at a point, when the temperature at a neighbouring point
was prescribed.

4.7 Coalescence-Dispersion Mixing Models

4.7.1 Curl's Mixing Model

The work of Curl [17] was concerned with the analysis of the mixing of clouds of droplets in a
two-phase chemical reactor. It was assumed that all the droplets in the system were of the same
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size and that coalescence took place between two droplets having a solute concentration of c i and

C2 . Redispersion occurred immediately to produce two equal droplets of concentration 1(c i +c2).

The total concentration range was divided into L intervals of concentration width Sc and P(1)Sc

was defined as the fraction of the droplets with concentrations within the lth (1 < 1 < L) interval.

The basic balance equation constructed for P(c) stated that the rate of change of the number of

droplets in a particular interval was influenced by:

• the rate of creation of new droplets in the interval c,c + Sc due to collisions of droplets

between symmetrically and asymmetrically located concentration intervals

• the rate of loss of droplets by collision of droplets from c,c + Sc with those from all other

concentration intervals

8P(c) = 4Q	 (c+ a)(c — a) a — P(c)} (4.15)
at

1 

P	 P	 d

 o

Curl defined Q as twice the collision rate divided by the total number of droplets in the system
and solved equation (4.15) for the case of inert and reacting flows using conventional finite-
difference techniques. Subsequently Spielman and Levenspiel [89] proposed a particle (Monte
Carlo) method for the solution of such an equation and used the methodology to investigate the
flow characteristics of an ideal stirred tank reactor involving a dispersed phase system. Curl's
mixing closure has also been used in the context of continuous (single-phase) systems, to describe
the turbulent mixing of gases. The work of Flagan and Appleton [28] and the references cited
therein may be consulted as examples of such applications.

Dopazo [21] pointed out that since Curl's model was originally intended for interactions of
droplets, the direct extrapolation of this model to the mixing of single-phase gaseous eddies was
questionable. The implication of such an extrapolation would be that two fluid 'parcels' at different
temperatures, say, would mix instantaneously to form fluid parcels with a temperature equal to the
average of the two original temperatures. This feature of the model is clearly unrealistic and has
also been highlighted by Pope [80] on performing the stochastic simulations. An initial condition
corresponding to a double 6-function was specified in the following manner: of the .A1 particles in

the system, A/72 were assigned cb(P) = 1 and the remainder as 0(P) = —1 (where 1 < p < AT). In

any particular time step, pairs of particles were selected, and the number of pairs chosen was the

nearest integer to:
(4.16)

This expression was chosen to ensure a variance decay rate consistent with equation (4.6) and for

Curl's model BR.: 2. The particles were then allowed to interact along the straight line connecting
them in composition space, such that their new concentrations 'jump' from their initial values
to their joint mean value. The values of particles not selected remain unaltered. The results
demonstrated that after the first time step took the values —1, 0 and 1; after the second step they
were —1, 0, and 1; after the th step they were all integer multiples of 2 1—j . Therefore a

continuous distribution was never achieved since certain values of the scalar sample space (those
not corresponding to multiples of 2 1—j ) could not be reached. In spite of this, after a sufficient
period of time, a bell-shaped (but non-Gaussian) distribution was obtained. Therefore, in contrast
to the LMSE closure, the pdf does relax from its initial shape.

and this led to:

= &Rim
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4.7.2 Modified Curl

Dopazo [21] and Janicka et al. [40] independently proposed modifications to Curl's model in order
to avoid some of its shortcomings. Although the starting point for motivating their modelling was
different, the end results were very similar indeed largely because their approach followed the
ideas behind the derivation of Curl's formulation. Essentially the difference between Curl's model
and the modified forms lies in the treatment of the dispersion of the material point properties. In
discussing these differences it is useful to introduce the concept of the transition pdf. The transition
pdf is defined such that Tr (cp , W) diP is the probability that the interaction of a material point
0 = cp with a point 0 = W produces lp < o < 0+ do and (co + T — 0) < 0 < (cp + If — 0)+4.

The transition pdf has to satisfy the following properties:

• In coalescence-dispersion models the mixing process is effectively represented by the pair-
wise interaction of material points. These material points are only allowed to mix along
the line joining them in composition space and this is consistent with the notion of physical
mixing. Therefore, if 0 is outside the interval (co, W), it follows that Tr (C 0, T IO) d0=0.
This implies that the interval (c,o, W) denotes a local convex domain for 'O.

• Tr (p, 11, 10) = Tr (ci o, W ko + 11, — V)). This effectively states that after pairwise interaction,
the new scalar properties 0 and co + W — //) are formed with the same likelihood. This
condition, together with the previous requirement ensure that the mean of the dependent
scalar, 0, remains unchanged by the molecular mixing process.

• Tr (co, W 17p) is necessarily a pdf with respect to IP. Therefore the normalization condition
follows; the integration over the domain of 0 yields: f Tr (co, W10) d'0 = 1

0

In terms of the transition pdf, coalescence-dispersion models can be expressed in the following
general form (using a density-weighted pdf) [44]:

::̂ '-'1 Q — d —
k	

(Pg 813(1k)	 --ri 6 {f d PIP P( 	 (W)Tr (c 0 , WIIP) — 15(0)}	 (4.17)
at

where Cd is a constant which can be evaluated by multiplying equation (4.17) by (0 — (o))2,
integrating over ,v) space, and then comparing the result with equation (4.6). In relation to equation
(4.16), Cd = 25.

In terms of Curl's original specification, where material points/particles coalesce and disperse
with properties involving their mean value, the transition pdf takes the following form:

Tr (40 , T IO) = 6 [TP + 1((P + W)]	 (4.18)

In modified forms of Curl's model the material points that interact are not constrained to mix to
their common mean values. In fact the degree of mixing can vary between no mixing and complete
mixing (up to the mean composition) and it can be assumed that all composition states can be
attained with equal likelihood between these limits. Thus, the transition pdf will then be a uniform
distribution [40] over the range of the local convex domain (cp, W):

71,((e, ilf 10) = {

1 1,1, 1 'IP E [(P,W]

0	 'IP 0 [co , W]

(4.19)
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In this case discontinuous pdf's cannot arise (in the sense that Curl's original model produces)
since all possible composition states can be reached. However, the mixing is still represented
as a jump process and such closures are essentially discontinuous representations of the mixing

phenomenon.
The proposal of Dopazo [21] and Janicka et al. [40] has been examined further by Pope

[80]. In the particle method analogy of the generalised coalescence-dispersion model, a random
selection of a pair of particles *(p) (t) and 0*(0 (t) is followed by 'mixing' such that the new

concentrations are given by:

0*(P) (t + St) = 0* (P) (t) + x (*()(t) 0*(P)(t))

0*(q) (t + St) = 0*() (t) +	 (0*(P) (t) — 0*(0 (t))
	

(4.20)

x controls the extent of mixing (x E [0, 1]), and the result is unaffected by the time step; with

x = 0 no mixing occurs, whilst Curl's model is recovered with x = 1. x has to be a random

variable with a continuous distribution, A(x), otherwise the problems associated with Curl's
original formulation (given by A(x) = S(x — 1)) arise. The simplest choice is to make A(x) a
uniform distribution, i.e. A(x) = 1. With regards to equation (4.16), B changes according to the

choice of A(x). Pope [80] shows that:

B (a l — la2) —1 where an, = I xmA(x)dx (4.21)

According to equation (4.21), if A(x) = 1 then B 3. Calculations of scalar mixing in inert,
homogeneous, isotropic turbulence fields demonstrate that starting from a double 5 function dis-
tribution, continuous pdf's can be obtained with the generalised coalescence-dispersion model.
However, the flatness (equation (4.7)) and higher even moments of the resulting pdf rise exponen-

tially with time, whilst for a Gaussian pdf, these values are constant. Curl [17] demonstrated this
analytically for his particular specification and Kosaly [55] has generalized the result regardless

of the form of A(x).
Kosaly [55] argued that the 'proper' choice of A(x) was a potential method of incorporating

more physics into coalescence-dispersion mixing models. In the initial stages of mixing in
homogeneous, isotropic turbulence the pdf resembles an inverted parabola, and so a rational

choice for A(x) should peak at x = 0 and monotonically decrease for increasing values of x.
This ensures that the degree of mixing is controlled so that concentrations at the mean value do
not appear in the early stages. Most proposals for A(x) do not satisfy this requirement in the

early stages of mixing (e.g. A(x) = 1) and furthermore, the question of how fast A(x) falls

with x is important; Kosaly demonstrates analytically that with the condition < 1, n > 1,

coalescence-dispersion modelling yields an identical result to LMSE plus terms 0 (Ba2). It should

not be inferred from this that LMSE is simply the limiting behaviour of coalescence-dispersion
models. Both of these of models are fundamentally different; LMSE is a linear, deterministic
and continuous representation of mixing, whilst coalescence-dispersion models are nonlinear,
jump processes whose derivations are somewhat phenomenological. The idea of improving the
modelling of the coalescence-dispersion closure through more elaborate specifications of A(x)
has not received widespread attention since it is not regarded as the primary factor affecting the

performance of the model. Kosaly and divi [56] investigated the sensitivity of their predictions
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to the choice of A(x) and considered LMSE and Curl's model to represent opposite extremes
in mixing behaviour. The former was, in fact, represented through the following specification:
,A(x) 5(x — e), e —4 +0 though in practice, e 0.1 was employed. Calculations of an
axisymmetric, non-swirling, turbulent jet discharging into stagnant surrounds demonstrated that
the pdf's arising out of the use of A(x) = 6.(x — e), A(x) = 1 and A(x) = 6(x — 1) were quite
similar at about 10 diameters downstream of the nozzle.

Due to the shortcomings of the coalescence-dispersion models with regard to the predictions
of the normalized moments, much effort has been devoted towards their 'improvement' so that
finite values of flatness and superskewness can be obtained.

4.7.3 Age-Biased Coalescence-Dispersion Model

Pope [80] formulated an age-biased model such that continuous pdf's with finite flatness and
superskewness could be obtained. In this model the selection of elements for mixing was biased
towards the age of the element, whereas in the conventional coalescence-dispersion modelling,
the likelihood of sampling (without replacement) a particular element is equal for all particles.
The age of an element was defined as the normalized time since it mixed with another element.
Denoting ten) as the last time that the element n was selected for mixing, the age of the nth element
was defined as: 7(n) = Et — t(n) ) where t is the current time. An age distribution T (s) was
assigned as the pdf of r, where s is the sample space of r. The age distribution can be changed by
biasing the sampling according to the age of the elements. This was achieved through the sample
bias, 2(s), normalized so that f T (s).2(s)ds = 1. T (s) was obtained from the following
evolution equation:

T (s + St; t + St) T (s; t) + 2B iSt (s) — T (s)2 (s)] 	 (4.22)

The argument s + f-St in equation (4.22) reflects the fact that an element (not selected for mixing)
ages an amount St in a time interval St. The fraction of elements selected is 25t St and the
effect is to remove an amount T (s)2 (s) from T (s) and to add it to T(0); in other words the age
of the mixed elements is reset to zero. 2(s) is interpreted as the relative probability of sampling
the element n, of age T = s; for modified Curl 2(s) = 1, so that T (s) = 25 exp(-25s). The
proposed mixing model was defined by two pdf's, A(x) and 2(s). A stochastic model algorithm,
simulating the behaviour of the resulting pdf equation was proposed and solved for the binary
mixing problem. Six different .4(x) specifications were employed with six different T (s). The
results demonstrated that the 'best' combination of A(x) and T (s), in terms of yielding normalized
moments closest to the Gaussian value, involved (paradoxically) ,A(x) = S(x — 1) (i.e. Curl's
original form) with an age distribution T (s) = 223. It was found that a quartic function yielded the
best compromise between good overall behaviour (in terms of pdf evolution) and acceptable values
of the normalized moments. It is clear why this approach should yield finite higher-order moments;
in homogeneous turbulence test cases using conventional coalescence-dispersion models, the main
factor which contributes to the monotonically rising higher order moments is the presence of scalar
'parcels' or particles near the bounds of the composition space which have not yet been selected
for mixing; with age-biased modelling and LMSE, particles near the bounds are constrained to
move towards the mean.

Chen and Kollmann [14] investigated the application of Pope's age-biased model and chose a
power law variation for the biasing function. They calculated joint pdf's of mixture fraction and
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Figure 4.1: Schematic of the mixing process based on coalescence-dispersion closures showing how a
particle mixes and thereby crosses the reaction zone without reacting. Turn is the temperature below which
the reaction rates are negligibly low.

temperature for reacting and non-reading turbulent jets. Very simplified kinetics was employed
so that the temperature was the only indicator of the progress of the reaction. The results of their
investigation suggested that age-biasing had little influence on the statistics of the mixture fraction
up to fourth moment for the non-reacting jet flows. Examination of the joint pdf's of temperature
and mixture fraction (in the form of scatter diagrams) also demonstrated little sensitivity to the
choice of the mixing model. An implication of this result is that convection and turbulent transport
may moderate any improvements which may otherwise arise from an improved mixing model in
simple (e.g. homogeneous, isotropic) flows.

4.7.4 Reaction Zone Conditioning

Coalescence-dispersion closures represent jump processes i.e. they are discontinuous in time.
This feature of the model is problematic partly because mixing is a continuous process and
'interacting' eddies do not suddenly jump to new concentrations. Furthermore in the flamelet
regime of combustion, where chemical reaction is confined to a thin region of both physical and
compositional space, a jump process allows for the possibility of two material points (or particles)
to be mixed through the reaction zone without any reaction (figure 4.1). In this sense, the process

of combustion is never 'felt' by the interacting particles.
The problem highlighted by figure 4.1 is of concern if the particles have a sufficiently high

temperature for the reaction rates to be effective. With finite-rate kinetics 'cold' particles (T <

Turn) can, in principle, mix across the stoichiometric 6-plane without appreciable reaction; this is
inconsistent with the flame sheet regirrie where the 'mixed equals burned' criterion applies. Chen
and Kollmann [14] have proposed a form of reaction zone conditioning which can account for the
combined effects of chemical reaction and mixing, and requires no substantial modifications to
current coalescence-dispersion proposals. With reference to figure 4.1, the conditioning involves
performing mixing and reaction sequentially, in sub-steps, such that a particle is forced to pass
through the flame zone, react and then resume mixing.

As discussed in section 4.7.3 with reference to [14], joint pdf's of temperature (T) and mixture
fraction (6) were examined for turbulent jet diffusion flames. The mixing models used were the
modified form of Curl's model with and without reaction zone conditioning. Two very simplified
forms of reaction kinetics were specified; a flame sheet type reaction zone where	 013
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IC/s inside the 'thin' reaction zone (until T reached its maximum value at a fixed 6), and slow
chemistry where s 106 K/s. Outside the reaction zone the rate was set to zero. For the slow
chemistry case, conditioning the mixing process on the reaction zone did not alter the joint pdf
(T, e) noticeably relative to the pdf predicted by the unconditioned model. In the fast chemistry
test case, reaction zone conditioning showed a very large effect, such that all the particle properties
were situated on the equilibrium T = T() line. In contrast, without conditioning, a significant
number of points fell below the T = T(e) line, demonstrating the deficient behaviour of the
original model.

Norris and Pope [71] also addressed the problem of reaction zone conditioning but followed a
different approach. They identified the criteria under which the effect is important: when particles
are selected with values of 6 that lie on either side of est , and whose difference in 6-property (6,6)
is large compared to the width of the reaction zone. It was therefore proposed to re-order the
initial sub-ensemble of particles, that were randomly selected (without replacement), in ascending
values of 6 and to pair off adjacent particles - in this manner, 6.6 would be minimized between any
particle pair prior to mixing. It was claimed that this approach has a physical justification since
the instantaneous conservation equation for 6,= 17726, indicates that 6(x) is affected by theDpt

6 field within an infinitesimal neighbourhood of x, where the surrounding 6 differs infinitesimally
from e(x). The application of adjacent pairing of particles in ascending order of 6 in homogeneous
turbulence with flame-sheet thermochemistry led to far fewer 'jumps' across 6 st . However, in the
non-reacting homogeneous test case it was found that such re-ordering led to pdf's with bi-modal
shapes, and consequently bore no qualitative resemblance to a Gaussian distribution. Consequently
a compromise pairing scheme, which effectively involved trying out different combinations of
ordered-pairing sequences, was performed. At the expense of introducing extra 'jumps' across
the flame zone, improved pdf shapes were obtained. It does not appear possible to extend the
ordered-pairing approach to multi-scalar pdf equations without ambiguity - against which scalar
property does one choose to re-order the randomly selected set of particles ? The choice of a
particular scalar will lead to different sequences of particles.

How much improvement can be gained in practice through the use of reaction zone conditioning
has yet to be demonstrated, and since its inception little development appears to have been
undertaken. Such modifications to coalescence-dispersion closures are important, however, if
only because they highlight that mixing models developed in non-reacting flows may not be
applicable when chemical reaction is present.

4.8 Langevin Models

Non-linear integral models (such as coalescence-dispersion closures) can be interpreted (stochasti-
cally) as Poisson processes; these form the basis of particle interaction models, Pope [81]. Random
diffusion processes can also be used to simulate the behaviour of molecular mixing, and these
form the basis of Langevin models. Pope [81] proposed a model for the mixing term using a
Langevin equation:

6.0(t) q5(t + St) — 0(t) = G [0(t) - (on] -
(57.t (B (Cl:tr2)) 2 owt

(4.23)

The rhs contains a linear deterministic term followed by a random diffusive term. G and B are
constants to be determined, and B is a non-negative diffusion coefficient for this process. T is a
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characteristic turbulent time scale and SWt is the increment of a Weiner process which is defined

by the properties: (SWt) = 0 and (SW?) = St where SWt Wt+Ot — W. A function which

satisfies these properties is: Wt (6.0 1/2 VL-3 1 vt , where vt (i = 1, ,.N) represents a set
of independent standardized (i.e. zero mean, unity variance) normal random variables. W t is a
continuous and non-differentiable function of time. The mean is preserved in this formulation,
and the requirement for the correct variance decay rate leads to a relation between G and B leaving

one constant to be specified. Pope points out that from any initial condition and in the absence
of any disturbing influences, the pdf relaxes to Gaussian with this model. The rate at which the
pdf relaxes depends on the value of B; for B = 0, LMSE is recovered for which there is no
relaxation. A drawback of the model is that the term involving B can lead to the violation of
scalar bounds and for this reason, the expression shown in equation (4.23) is not considered as
useful for representing scalar mixing. However, for the velocity field which is not bounded, such
a Langevin model can be employed.

4.9 Binomial Models

Valiflo and Dopazo [94] proposed a sequential model involving LMSE and a random jump process
capable of producing a Gaussian relaxation for bounded scalars. During a time step St, two

additive subprocesses take place: first, all Ar particles modify their values according to a LMSE
specification and then N.BiStir of tlie particles are randomly selected out of the ./1/ stochastic

particles (where T is a characteristic time scale) 2 . The N.(1 — B'St/r) remaining particles do not

alter their values, whilst those randomly sampled modify their values according to:

0(P) (t + St) — (0(t)) = C (23) ((95 (0))2)1

	
(4.24)

where C(P) is either a standardized Gaussian random variable if 0 is an unbounded scalar, or a
standardized binomially distributed random variable if 0 is bounded. Since the latter case is
relevant to reactive scalars, attention will focus on its representation:

VM'P(1 —2)

where n is a binomially distributed integer random variable with mean MP and variance MP( I. —
2). 2 is a real number in [0, 1] and n can take integer values between zero and M. To ensure

boundedness, the minimum and maximum values of 0 correspond to n equal to zero and M,
respectively. With this requirement it Can be shown:

(P) = 	 (4.25)

((0) Omin) (Omax — (0)) 
(//2)

p	 ((§6) Omin) 

(Om= Ornin)

281 is a positive dimensionless constant whose value strongly affects the relaxation rate of the pdf and its value
requires calibration against measurements. Note that B' is not the same as the 13 appearing in equations (4.16) and

(4.21), since the second operation that is applied in the binomial model affects neither the mean nor the variance (which
are only affected by the application of LMSE in the first step). In equations (4.16) and (4.21), B is chosen so as to yield

the correct variance decay rate.
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In an homogeneous turbulence (Oa) decreases with time and thus, for fixed bounds, equation
(4.26) implies that M increases. Furthermore as M --0 oo, the de Moivre-Laplace theorem shows
that c(P) tends to a normal continuous random variable; thus a distribution close to Gaussian at
long times is implied. Monte Carlo simulations of homogeneous turbulence demonstrated that the
moments of the pdf evolved correctly; i.e. to within statistical error (based on finite sample size)
the mean and skewness were invariant, the variance decayed exponentially and the flatness tended
asymptotically to 3 - the Gaussian value. However, the rate at which the moments evolved were
strongly affected by ; for g = 0.5, the pdf's evolved towards a bell-shaped distribution, but
with the appearance of two persistent spikes corresponding to the initial 5 functions. With = 2
qualitatively better pdf evolution was obtained.

Subsequently Valhi° and Dopazo [95] combined a LMSE and a binomial diffusion process to
obtain a modified Langevin model:

so(t) =	 [1. — (4-t? ) 21 il:(012) } r 	- [1 +	 — Z-2-11)] .81 (ow — (0))

T

Random diffusion term	 Linear deterministic term
(4.28)

where 0 2 is equal to of.,2zaz whenever (/)(12) (t) > 0 and equal to 0"2 in for 0(1') (t) <0. oin2.. and
oamin are the maximum (positive) and minimum (negative) fluctuations allowed, respectively. IC
is a constant to be adjusted to yield the correct evolution of the pdf shape and to be consistent
with the scalar variance decay rate, equation (4.6). It is worth noting that the binomial model
described earlier on is sequential but is neither continuous nor differentiable; the present (non-
sequential) model is continuous but non-differentiable, and is therefore a more physically realistic
representation of mixing. Equation (4.28) is similar to the proposal of Pope [81], equation (4.23),
except that the Weiner process (which may generate unbounded scalar values) is now replaced by a
standardized binomially distributed random variable, c (P) , and defined so as to ensure boundedness
as in the previous binomial model. As time increases (02) decreases, so that (q5'2)/ 2	0,
colof, 0 and for large values of t, equation (428) asymptotically yields relaxation to a
Gaussian pdf. Comparison of the pdf forms (using 1C = 2.1) with the DNS data of Eswaran and
Pope [25] demonstrated very good agreement. However, the sensitivity of the results to the value
of IC was not discussed.

Binomial models have been demonstrated to work well for pdf's of single scalars with fixed
bounds. However, the ability of the model to handle multi-scalar pdf's is not clear. The bounds
of a reactive scalar are not fixed; each scalar property (e.g. the specific mole number of 1129

CO, etc. . .) has its own bounds fixed by conservation principles and the allowable scalar domain
is a complicated hypervolume in multi-dimensional composition space. Now, in Monte Carlo
simulations, equations (4.26) and (4.27) would be used to select n from a random number generator.
For a given stochastic particle, a binomial distribution characteristic of each scalar property (in
terms of M and P) is required from which n is to be selected. Furthermore the bounds for each
property can differ from one particle to another, and these bonnds evolve as a result of mixing and
reaction. Thus, in principle it is possible for different values of M and P to be specified for each
property and for each particle over any particular time step. This has the implication that only one
sample would be selected from any given binomial distribution characterised by M and P. The
consequences of this are at present unclear, but it appears inconsistent with the idea of sampling
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random numbers with a fixed distribution.

4.10 Mapping Closures

In the literature dealing with mixing models, the quest for predicting Gaussian pdf's in homoge-
neous turbulence appears to have culminated in the proposal for mapping closures. This closure
has received a considerable amount of attention over a relatively short period of time, partly
because of its ability to predict (in analytical form in certain cases) the correct evolution and
asymptotic behaviour of passive scalar mixing in homogeneous fields. Chen et al. [11] addressed
the problem of closure for the mixing term by constructing 0(x, t) as a time dependent mapping
of a Gaussian reference field; the evolution of the mapping characterizes the evolution of the
scalar field for which the pdf is sought. The mapping technique is capable of handling strongly
non-Gaussian 0(x, t). The pdf equation for homogeneous turbulent scalar fields is considered in
the following form:

8.13(0;0	 a E r	 2
— r iDV 011q -P('ç; t)] =0

at	 ao
(4.29)

where D is the diffusivity and E {D77017/} is the expectation of DC7 2 0 conditioned on 0(x, t) =
. The cumulative distribution function (cdf) of P(; t) is defined as:

F(tP;t)a-_- P(7p;t)	 (4.30)
—00

Equation (4.30) taken together with (4.29) leads to the transport equation for the cdf:

7P;  =aF(7P; t) 
E {DV2010} 

8F(t) 0
at

The closure establishes the following mapping relation [82, 54]:

Os (x, t)	 X[0(z),t]

(4.31)

(4.32)

cb(x, t) is the dependent scalar field and 0(z) is a standardized Gaussian reference field residing
at a spatial location z. q (x, t) is referred to as the surrogate field [82] and is effectively defined
through equation (4.32). The mapping X does not determine the relation between the locations of
0(x, t) and cb(z). These are related by a time-dependent stretching transformation given by [54]:

a z
=

aP
m(t)	 (4.33)

axa 

The mapping, X, is constructed as follows: the value of the cdf of a turbulent field at X(n,x,t)

(77 is the sample space of the Gaussian reference field) is equal to the value of the standardized
Gaussian cdf at 0 (z) = 77:

F(X(n,x,t))= FG(n)

implying the relation = x(n,x,t). A direct consequence of the monotonicity of the cdf's is
that the mapping increases monotonically too, i.e. X(77 1 ) < X(n2) for 77 1 < 772 . Differentiating
equation (4.34) with respect to 77:

(4.34)

0F 8X aFG
alp an	 an,

ax)-1
P(0; .t) = PG (-

an
(4.35)
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Performing chain differentiation of equation (4.34) with respect to time yields:

aF 8F 9X
+	 = 0

at	 alp at
(4.36)

Substitution of equation (4.31) into (4.36) coupled with the fundamental assumption [82, 30] that
the unknown statistics of the turbulent field are the same as the known statistics of the surrogate
field, leads to:

a
x(77,x,t). E {D`72.1),10s = X(77, x, t)} (4.37)

Further manipulations are described in Kollman [54], and lead to the following form for the
evolution equation of the mapping function:

ax	 2	 ae ae	 „
m D --- 

(x — 02 ) xat
(4.38)

where (02) = 1. D is treated as spatially uniform. Since equation (4.29) makes use of the mixing
term employing Ficician diffusion, this strictly implies that D cannot vary from one specie to
another (refer to equation (2.16))- thus it appears that this level of closure is constrained to an
equal diffusivity assumption. The mapping closure described above relates to single point statistics.
As in all other one-point, one-time closures, length scale information is not available; ) in
equation (4.38) requires external information and is similar in form to a scalar dissipation. Valifio
and Gao [97] suggest the use of a characteristic time k/E, which is what is used in other mixing
models. Another possibility is the modelling of the joint scalar and its gradient [96]. In this case

(0'2)/(DVO'Vq5') can be obtained directly from the joint pdf. How easily the latter option
can be implemented is still not clear.

Gao [29] presented a closed form solution to equation (4.38). Two important features of the
solution were that it preserved the boundedness of the scalar field and also predicted relaxation to
a Gaussian distribution. Pope [82] and Valifio and Dopazo [95] obtained analytical solutions to
equation (4.38) for the case of P(V); 0) = [5(0 + 1) + — 1)]. Excellent agreement was found
with the relaxation of pdf's arising from DNS. Monte Carlo simulations of the mapping closure
for this test case [98, 97] led to equally good agreement.

How useful mapping closures will be for prediction methods in practical flows is still an open
question and the problems associated with incorporating extra scalars (inert and reactive) in a
mathematically and computationally tractable manner need to be resolved. Furthermore, although
such a technique yields excellent results in homogeneous turbulence, it is not clear whether it will
necessarily yield better results in inhomogeneous flows where the turbulent time scales can vary
and are not known. The use of k / e as the only characteristic time scale may limit its usefulness
relative to simpler and cruder models previously discussed.

4.11 Closing Remarks Concerning Mixing Models

Several techniques for closing the molecular mixing term have been discussed, each with varying
degrees of success in simple configurations. For practical applications to inhomogeneous reactive
flows involving several scalars and incorporating realistic chemistry, LMSE and coalescence-
dispersion models appear to be the most widely used. This is essentially because they can be
extended without any significant additional effort to more complicated situations. In this regard,
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many of the models previously discussed are still in the early development stages and their
capabilities have yet to be demonstrated.

4.12 Models for the Turbulent Transport of the Pdf

Traditional modelling practice suggests that in many flows turbulent transport can be adequately
represented through a gradient transport hypothesis. For many of the applications of the pdf
method to thin shear flows it appears to yield acceptable results for quantities relating to the
mixing patterns (e.g. mixture fraction). So term IV in equation (4.3) can be approximated as:

-	 a (At 0(01
-	 guk10="P)P(±) 1 P-' axk [at axk

a f n 
8Xk

(4.39)

where at = 0.7 and At is given by the k-e model (section 2.5.1). With a second moment closure
being used for the velocity field, Chen and Kollmann [12] used the following approximation:

a r k 17-"015(201
— —

a 
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(4.40)

with cs = 0.3.
In the past other proposals for closing the turbulent diffusion term have been suggested.

Dopazo [20] tentatively proposed a LMSE type approximation and such an expression can be
expected to work well in nearly Gaussian cases. Janicka et al. [39] used a modelled transport
equation for (1410 = ?,b) (i.e Reynolds averaging and for a single conserved scalar) - the modelling
involved a formidable task. Certain terms involving the pressure were either neglected through
ad-hoc assumptions or through order of magnitude analysis and conditional Reynolds stresses were
modelled using gradient transport hypothesis. However, these methods have now been largely
replaced by the techniques referred to in the previous paragraph.

The modelling of the turbulent diffusion and molecular mixing (representative of the mixing
process at the energy-containing and fine scales of turbulent motion, respectively) make use of
k as the only characteristic turbulent time scale. This is true regardless of the dependent scalar
variable, and consequently the fundamental implication is that equal diffusivity of the scalars is
being assumed since there is no information available on the distribution of scalar time scales.

4.13 The Monte Carlo Method for Solving the Scalar Pdf Equation

Having discussed in some detail the modelling of the scalar pdf equation, the problem of solving
the equation has to be addressed. In doing so, no assumptions are made concerning the form of the
mixing model to be employed, although it is assumed that a particle method can be constructed
to represent it. However, the turbulent diffusion of pdf is approximated by gradient modelling as
discussed in section 4.12. The specific derails of how the Monte Carlo procedure is implemented,
for the purpose of the predictions reported in chapter 6, is fully described in appendix E. Presently,
only a brief overview of the general underlying principles are discussed.
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The solution formalism for the scalar pdf transport equation is based on the method of fractional
steps. First equation (4.3) is expressed in the following fonn:

ai	 oi5	 aa { At ai5

	

+ uk — + — (.1--aa) = — --} + E(); x, t)	 (4.41)
at	 axk alpa	 -g ak crtaxk

where summation is implied over repeated indices (including greek subscripts). Equation (4.41)
is then discretised using an explicit forward time finite-difference approximation which may be
written in the following form:

2(1' ; x,t + At) + At (T + E + 11)1 2(0; x, (4.42)

where 2 is the solution vector, I is the identity matrix and T, E and n are difference coefficient
matrices associated with transport (convection and diffusion), molecular mixing and chemical
reaction. For numerical stability the convective contribution to T must either correspond to
upwind differencing or alternatively hybrid (upwind-central) differencing can be used for the
complete term. Performing an approximate factorization on equation (4.42) yields:

x, t + At) (I + /At) (I +	 t) (I + TAt) P(; x, t)	 (4.43)—
Source Mixing Transport

Equation (4.43) can now be solved via a sequence of fractional steps. First the effect of transport
is calculated from: P('P; x, t + AtT) = (I + T At) 15 (P; x, t) where A tT is a notional time step
indicating that transport has been applied. The mixing operation is applied to P(p; x, t + AtT)
and the result of this is then acted upon by the chemical reaction operator. On completion
of these steps an approximation to P(P; x, t + At) is obtained. In the work of Pope [79] a
slightly different factorisation was applied whereby the convection and diffusion operators were
represented separately. There appears to be no advantage in adopting such a practice since
convection would then have to be represented using (first-order accurate) upwind differencing. In
the approach outlined in appendix E, second-order accurate central differencing is used for cell
Peclet numbers (Pe) less than two, with upwinding being applied for larger Pe, giving a somewhat
more accurate representation of transport.

In order to minimise the computational effort, a particle method (or Monte Carlo simulation) is
employed. For mixing this has already been discussed and the simulation of transport will now be
described. In the present context the Monte Carlo method is not a statistical simulation of the pdf
transport equation, but of the finite-difference representation of the pdf equation. The simulation is
performed on a finite-difference grid and rather than considering P(; x, t) explicitly, an ensemble
of Ar 'representative' particles are located at each grid node. Each particle can carry with it N 1
properties corresponding to the random variables of the pdf. The ensemble .1, (x, t) at a point can
be compactly represented in terms of its individual particles 4) as follows:

	

41) ,	 45(1n41
(x, t) =I	 =I	 (4.44)
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From such a representation, average values of any function of Q1(x, 0] are given by:

1 Isr
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Figure 4.2: Schematic of representative particles. Random sampling without replacement from xj_1,
and Xi+1 leads to the new ensemble at Xi. The shading of the particles only identifies where the particles
originate from. In this notation, x refers to the coordinate direction, and the subscript i identifies the mesh
position in that direction (i = 1, . . . , N + ).

An important consideration is whether the simulation constitutes a correct representation of the pdf
equation. Pope [79] defined "equivalence" as follows: If for all functions Q, the ensemble average

(Q) converges in probability to the expected value ed, then 13 (x, t) and P(x, t) are equivalent.

Convergence in probability means [73] that for a number € > 0, the probability of the event

{1(Q)	
> el tends to zero as Ar	 co.

The Monte Carlo method simulates the process of transport (convection plus diffusion) in
physical space by shifting element properties (chosen at random) from node to node; this means
that node x would interact with its nearest neighbours and figure 4.2 shows schematically the
nature of such interactions along one particular direction (in a Cartesian frame of reference).

The groups of particles on the lhs of the arrow are representative of the situation at time t,
whilst the application of the transport operation leads to the new ensemble at node x i at time

t + AtT . The number of representative elements chosen from x i_. 1 and Xi+1, referred to as Arxi_,

and Afsi+ , (respectively), is very important if equivalence is to be achieved between the Monte
Carlo simulation and the finite-difference solution. The analysis of Pope [79] demonstrated that

= Aix finite-difference coefficient for the transport term (contributing to the effect on Xi

from xj± 1 ). Clearly the two methods (fde and Monte Carlo) are complementary i.e. even though
fde's are not solved, the coefficients of the fde's have to be computed prior to the application
of the diffusion and convection simulation using the Monte Carlo technique. Thus the new
ensemble at node xi will comprise Arx,_, particles from node xi_ i , IV-xi+ , from node Xi+1 and

— Al — from xi . In order to form the new ensemble at Xi+i, the neighbouring

nodes xi and Xi+2 (not shown in figure 4.2) are employed. In the case of xi , the newly formed

ensemble is not used for the purpose of randomly selecting particles, but the original ensemble
prior to modification (as illustrated in 'figure 4.2 on the lhs of the arrow) is employed. This avoids
the possibility of returning the same particles that were copied over from xi in the previous

step. Note that in accordance with hybrid differencing, if the cell Peclet number is greater than
two, central differencing switches to upwind differencing; under these circumstances, x i would

interact with xi or Xi—I only (depending on the direction of the local velocity field) in order to

form the new ensemble at xi.
The source term for chemical reaction is simulated deterministically. In principle, each particle

reacts independently for an interval of time At according to a system of ordinary differential
equations (ODE's),

—
d (

Y (i)
) 
=a

(
—
OW ) 

where a = 1, . . . , N and 1 <i < Ai	 (4.46)
dt	 g(cb(i))
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For combusting flows these ODE's correspond to a stiff and coupled set of equations and their
solution is non-trivial [38]. For the oxidation of hydrocarbons up to propane it is claimed [76]
that typically one hundred reactions and thirty species are necessary. The implementation of
a detailed reaction scheme in a transported pdf calculation would be prohibitively expensive
due to the large number of independent scalars that need to be specified. Fortunately, many
(laminar) flame characteristics do not require such a detailed level of description; reduced reaction
mechanisms involving a 'handful' of species can simulate the salient features of their 'parent'
detailed mechanism and reproduce measurements in laminar flames with acceptable accuracy.

Despite the limitations of computer speed and memory, which preclude the use of detailed
kinetics, Chen et al. [15] have estimated that 1000 cpu hours on a Cray XMP-48 computer would
be required for the simulation of jet flames with a reduced scheme involving five scalars and
Ar ,c--- 50000. One strategy for significantly reducing the very large computational demand is the
calculation of the integrals of the reaction rates for all possible chemical states and then storing
the results in an once and for all 'look-up' table. During Monte Carlo simulations the changes of
the scalar properties, as a result of reaction, are obtained from multi-linear interpolations based
on the previously generated look-up table; this replaces the repeated time integration of the stiff
ODEs. This strategy is computationally very efficient, but, the overriding constraint becomes the
size of the 'look-up' table. As the complexity of the reduced mechanism increases, the number
of independent3 scalars required to specify the thermochemistry increases. For interpolation
tables including more than six scalars the demands on memory can become quite unmanageable
if a sufficiently fine resolution of the chemistry is required; coarse grids may lead to solutions
casting doubts on the accuracy of the results [86]. The scalar bounds for the interpolation tables are
constructed using mass conservation principles and the assumption of constant carbon-to-hydrogen
(C/H) and oxygen-to-nitrogen (0/N) atom ratios [15, 86]; this latter assumption is consistent with
the idea of equal diffusivity 4 which is implied both by the turbulence models and the mixing
models. Based on these requirements it is possible to construct a table where a substantial part of
the scalar domain would be redundant i.e. reaction would never occur in those regions, because the
temperature is too low. For this reason, Sion and Chen [86] clipped some of the scalar bounds (e.g.
for H-radicals) based on an arbitrary factor (typically three to four) of the maximum concentration
of the scalar which would be found in a typical laminar flame. In very recent work [2] the concept
of the interpolation table has been replaced by direct solution of the ODE's during Monte Carlo
simulations and the computational effort is made manageable through the use of parallelization
techniques.

3The meaning of 'independent scalar' needs to be clarified since it is frequently referred to in subsequent chapters.
The scalar field is comprised of the species concentrations and the enthalpy. Independent scalars characterise the
thermochemical field, such that once their value is known, the remainder of the scalars can be calculated.

4Equal diffusivity implies that the (C/H) and (0/N) ratios are constant if there is a two-stream mixing process where
the fuel and air are in separate streams.





Chapter 5

Details of the Calculation Procedure

5.1 Introduction

In this chapter the main features of the calculation method for predicting the flows considered
in chapter 6 will be discussed. These flows include jet flames (laminar and turbulent) and
homogeneous, isotropic turbulence. The discussion of the solution procedure for jet flames will
encompass the treatment of the hydrodynamic field (in terms of the momentum conservation
equation) and the scalar pdf transport equation.

5.2 The Patankar-Spalding Method

5.2.1 The Basic Geometry of the Jet Configuration

The Patankar-Spalding method [74] is now a well-established method of solving the equations
describing boundary layer flows and was originally embodied in a computer code referred to as
GENMIX 1 . A schematic of the typical jet flow geometry is shown in figure 5.1.

The fundamental requirement imposed by the boundary layer approximation is: < 1, i.e a
thin shear layer. Using figure 5.1, the following order of magnitude estimates can be expressed:

— 001	 •
-) and ' 11-	 0( 71-1 ) The boundary layer approximation implies that 	 < 1 25- Iex	 ar	 5	 ex	 ar •

The use of the mass continuity equation leads to, V 0 (g) , so that IVI < ra i . Since a non-
swirling, statistically stationary and two-dimensional axisymmetric flow is considered, t = 0.
Consequently the velocity field can be calculated in terms of mass continuity and the x-component
momentum equation.

5.2.2 The General form of the Equations

The equations used to describe the evolution of the axisymmetric, high Reynolds number jet flow
are given in appendix B. The momentum equation is closed using either an eddy viscosity (k-e)
or full Reynolds stress model. The mean density is required as an input from the scalar field
calculation; the mean density and the species concentration field are obtained from the solution
of the modelled pdf transport equation. In order to solve the pdf equation, it, k and E are needed;
this illustrates how the velocity and scalar fields are coupled at this level of closure. Appendix B

I GENMIX is an abbreviation for 'GENeral MIXing'

79
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I surface

(5.1)

axis of symmetry

Figure 5.1: Schematic of a jet flow. denotes the stream function and since only the half-jet is calculated
(due to the axisymmetry of the flow), the I and E surfaces represent the required solution domain.

shows that the boundary layer equations (excluding mass continuity) all share a common form,

and can be expressed as:

Qu(7;+,°v-ai = -- r I cs-5Y-

a

In cylindrical polar coordinates the variable y can be interpreted as r, and so ü, f) are the axial and

radial velocities, respectively. Equation (5.1) and the subsequent finite-difference discretisation
are equally applicable to two-dimensional plane flows where Cartesian coordinates would be

employed. In this case, r = 1 and ii, i are then interpreted as velocities in a Cartesian frame

of reference.	 can represent ü, k, a, u"2 , wo, v"v" or P(p); and So is representativevo, 

of the source of 0. For example if	 ii and a second moment closure is used then, Su =
— 171, (rpu"v") —	 -ggi and r,,, =

5.2.3 The Choice of Coordinate System

The motivation in the development of the original GENMIX code [74] was to solve the boundary
layer equations in an efficient and economical manner. An important consideration in this respect
is the choice of the coordinate system, since this affects the efficiency with which the grid nodes
(used in the finite-difference simulation of the pde's) would be distributed. For example, a common

choice of coordinate system is the Cartesian (x, y) frame of reference. This is inefficient since the
developing boundary layer grows in thickness in the y-direction as it is convected in the mainstream

(x) direction; now if the grid spacing is such that a certain maximum number of grid points lie
within the thickness of the layer at the upstream end, then the distribution will be excessively fine
(and hence wasteful) at the downstream end. Similarly, a spacing designed for the downstream
layer will be too coarse for the upstream region, and so the accuracy there will be poor, as shown

in figure 5.2.
A coordinate system where y is replaced by IF, the stream function, is no less wasteful since

these two quantities are related by ST = gur Sy. The ideal solution would be to have a grid
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Figure 5.2: Schematic of the two possible coordinate systems which can be used to track the evolution of
the boundary layer.

which always fits the boundary layer. The requirement for this is that the cross-stream variable is
allowed to vary betweenfixed limits, and not one which increases with the x-direction; in addition
it should vary monotonically across the mixing layer. Patankar and Spalding proposed the use of
a dimensionless stream function, w, as the appropriate cross-stream variable.

The mass continuity equation can be expressed as,

0 _	 a
--0-x- (OE r) ± -83(0 r) = 0	 (5.2)

where y = r for cylindrical polar coordinates and r = 1 in Cartesian coordinates. The stream
function, 11 , can be defined so as to satisfy equation (5.2),

(g)x --..- e-fir (aW) y 7-= -Q"ur
_ _

The dimensionless stream function, c v , is defined by,

(4..) = 
WE—WI

where W/ and WE are the values of the stream function at the / and E boundaries (as portrayed
in figure 5.1); thus, co equals zero and unity at the / and E boundaries, respectively. W 1 and
WE are chosen so that they are only functions of x, i.e. W i- = WI- (x) and WE = WE(X). Such
a specification is suitable provided all the important variations in the variables of interest take
place between 0 < co < 1. The transformation from (x, W) to (x, co) coordinates is performed
because the use of (x, w) combines the advantages of the stream function coordinates (i.e. the
mass continuity equation is automatically satisfied), and restricts the boundary layer to a finite
range in co.

From equation (5.3) and the fact that W 1,E = WI,E(X),

(

alp)
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A similar equation can be written for the E-boundary. The main result is,

dirf I dWE _7,-7 —r 'rill	— r EME
dx	 dx

The quantities 7 -phi and r En-1,E represent the mass entrainment rates (i.e. the rate of addition
of fluid) into the solution domain encompassed by 0 < w < 1. Their values are chosen, using
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expressions which are to a certain degree ad-hoc, so that the solution domain just covers the region
of interest; this is the region where the variable in equation (5.1) shows its most significant

variation. The I boundary in the present configuration is an axis of symmetry, consequently there
is a zero gradient condition there and there can no mass flux across it. This means that cll.'. _—_— 0.

In contrast, the E boundary is a free boundary, and physically the jet spreads by entraining fluid
from the surroundings. Consequently the solution domain needs to expand in order to resolve
the behaviour of the spreading jet. Patankar and Spalding [74] 'demonstrate that just inside the

boundary layer, rErn,E can be approximated by:

rErhE r=3 limw
X 	 g, [ (1 )

8u
] {

(Pw )
(5.7)

The specification used for r ErhE in this thesis follows equation (5.7) quite closely. The value of

rErhE affects the location of the edge grid node. If the grid does not spread fast enough, the effect
will show up as discontinuities in the radial profiles of q since the free-stream properties will
appear abruptly; furthermore, if the ;rid expands too quickly per integration step, this will lead to
a wasteful distribution of nodes in regions where there is very little variation (if any) of the variable
of interest, and the regions of significant change would be confined to a small part of the solution

domain. The physical spreading of the jet and the grid expansion are two separate quantities;

the former is an outcome of the physics of the problem and is reproduced through a correct
representation of the governing differential equations, whilst the latter is a parameter chosen by
the analyst in order to capture the significant features of the flow. Consequently, increasing r ErhE

increases the entrainment of fluid into the solution domain by expanding the finite-difference grid
more rapidly. However, this does not mean that the jet spreads any faster.

Going from (x, y) to (x, W) coordinates is referred to as the Von Mises transformation. The

details of the transformation from (x, y) to (x, W) and subsequently to (x, w) coordinates can be

found in appendix C. The important result is equation (C.13) which expresses the general form of

the governing pde's:
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where a = rithr, b = r ErhE and (WE — W.T ) is a function of x only.

5.2.4 The Finite-Difference Approximations and Numerical Solution Method

Equation (C.13) needs to be solved numerically, and the finite-difference procedure employed for
this purpose is discussed in considerable detail in appendix D. The method of discretisation that
is employed is not entirely the same as that used in the original version of GENMlX.

In summary, the control-volume approach is used to discretise the pde; the axial convection
term is approximated using a backward-space Euler difference and the cross-stream transport is

represented by hybrid differencing. The 'source' terms (i.e. those terms which do not fit the form
of the axial and radial transport in equation (C.13)) are decomposed using a quasi-linearisation.
The fde is formulated in a manner which allows solution via Gaussian elimination (also referred
to as the tri-diagonal matrix algorithm [87]):

gig = pig+ , + Qij1 +
	

(5.8)
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where the definitions of coefficients £,P , Q and J are given in appendix D. One particular
detail not described in the appendix is that in the discretisation of the Reynolds stress equation,
(u"v") is staggered in the w-direction relative to the nodes at which the it velocity and the other
variables (including the normal stresses) are located 2. The pressure gradient term is not treated as
an unknown, particularly for jets issuing into unconfined surrounds where : ... 0; however, even
for confined (thin shear layer) flows the Patankar-Spalding method [74] calculates the pressure
gradient in a direct (and somewhat ad-hoc) manner so that iterative calculations are avoided.

5.3 The Treatment of the Scalar Field

In order to calculate turbulent jet diffusion flames, the scalar field is evaluated using P(; x, w).
The thin shear layer form of the governing equation is given in appendix B. Equation (4.43)
demonstrates that a solution for advancing P can be achieved in terms of an operator splitting
technique followed by an approximate factorisation. In the present context, the relevant form of
this equation would be:

11(1P ; x + ix,  co)::.-.2. (I+ It At) (I ±r'-..',. At) (I ± TAO (; x, co)	 (5.9)....„—,..—..,„.,...„,..—, —
Source Mixing Transport

The approximate factorisation is performed so that the physical operations (i.e. transport, molec-
ular mixing and chemical reaction) can be applied separately rather than simultaneously. In
appendix E the application of each of these processes (except chemical reaction which is de-
scribed in section 5.3.1) and their associated Monte Carlo representation is discussed in detail;
whilst important aspects of the analysis have already been described in section 4.13, the details of
the implementation remain to be clarified.

The Monte Carlo method is employed simply because the finite-difference approach would
be prohibitively demanding for the computation of a multi-dimensional pdf. At each of the finite-
difference mesh points particles are located and the evolution of their ensemble approximates
the evolution of the pdf according to the fde. The particles are notional; in other words a
physical interpretation cannot be conferred upon them. Therefore these particles, at the level of
the single point scalar pdf, should not be confused with fluid elements being transported through
the fluid medium. Furthermore, as described in section 4.13, the Monte Carlo simulation for
transport is performed by moving (or shifting) particle properties between neighbouring nodes.
This movement is not indicative of the turbulent fluctuations in the flow, or even of the apparent
'randomness' of turbulence; it is purely a technique designed to approximate part of the finite-
difference representation of the pdf equation which involves only the convective and diffusive
terms.

5.3.1 The Details of the Thermochemistry

A significant part of the work undertaken during this project was related to the implementation of
two reduced reaction mechanisms. They differ in their degree of complexity and in the manner of
their derivation. The schemes are the five-step systematically reduced mechanism of Chelliah et
al. [10] for CEilair combustion, and the four-step global hydrocarbon mechanism of Jones and
Lindstedt [46].

2The normal stresses are not staggered because they do not appear explicitly in the ii momentum equation.
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5.3.1.1 The Systematically Reduced Scheme of Chelliah, Seshadri and Law

The reduced mechanism of Chelliah et al. [10] has been constructed from a systematic reduction

of a detailed CH4/air reaction scheme ( known as the C 1 -mechanism, [76]). The systematic

reduction process centres around steady-state approximations for some of the species. This
approximation implies that over the range of the mixture fraction relevant to the flame zone

(typically, 0 < < 0.3) the production and consumption terms in the evolution equation for
the species in question are of the same magnitude, and the transport terms are negligible3 . By

introducing steady-state approximations for the species CH 2 , CH, CH20, HCO, OH, 0, H02 and

H202 , the following five-step mechanism was deduced from the starting mechanism:

	

CH4 ' + H	 CH3 + H2	 Ia

	

CH3 + 1120 + H	 CO + 3H2 	lb
e,

	

111.2V	 .� CO2 + H2	 11	 (5.10)

	

H + H M	 H2 + M

	

02 + 3H2	 7-=4" 2H + 2H20	 IV

'M' denotes a third body and its molar concentration is defined as [76]:

[M] 6.5 [CH4] + 6.5 [H2O] + 1.5 [CO2] + 0.75 [CO] + 0.4 [02]

+ 0.4 [N2] + 1.0 [other]	 (5.11)

where the square brackets surrounding the chemical symbol represents a molar concentration

(Kmol/m3 ). The net forward reaction rates for steps Ia-IV in equation (5.10) can be expressed in

terms of elementary reaction rates:

WIa = —6)34 + (1)38 ± CO39 "1- C040

WIb = CO33 ± (1)35 ± 6)37

= 4 48 CD20 C.028	 (5.12)

COM = CO5 + 6) 12 + 6,15 ± 6) 16 4" 6) 17 ± CO21 ± C.022 ± 6)23 — CO32 ± 6)34

CDIV =	 6.76 6-19 — C0 12 + CD 13 — C0 17 — 6)20 + 6)25 + CO27 + (1)28 + 6)37

where 6), is the reaction rate of the r th chemical step (Kmol M-3 S-1 , r = 1, . . . , R). The numbers
appearing as subscripts on the rhs of equation (5.12) refer to the elementary steps of the detailed
scheme presented in [76]; the data pertaining to the rate constants can also be found in this

reference 4 . The net forward rate Of the elementary reaction steps is given by the term in curly
brackets appearing in equation (2.19), namely,

11

	

C	 Cr	
N	 yc tic,.

W.= kfr Amr	 ()-	 - 
L.	

-,	 (5.13)

	

VT(	
(=I vrC

Once these reaction rates are known, the stoichiometry of the mechanism, expressed in reaction
steps Ia to IV, can be used to find the net formation rate of species a per unit volume 	 in Kg

3The steady-state approximation requires that the net formation rate of a species, as expressed in equation (2.19), to

be zero. The partial equilibrium assumption requires the forward and reverse rates of a particular reaction step to be
equal in magnitude (i.e. a dynamic equilibrium)

4A large proportion of this data enables the calculation of the forward rate constant, k f ,.. For those reaction
steps where there is no information provided to evaluate kb,, appendix H shows how this may obtained provided the
equilibrium constant, Kc(T), is known.
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(5.14)

Note that although the expressions written down in equation (5.14) have units of Kg 111 -3 s — 1 , the
quantities which are actually solved are in terms of the specific mole number, na(= -114-112:). This is

a choice which is made out of convenience and the corresponding rates, 7.-„,(= A:), have units
of Kmol Kg— 1 s-1 . Equation (5.12) indicates that the overall rates depend on the elementary rates
which in turn require knowledge of the steady-state concentrations. These concentrations are
obtained using explicit algebraic expressions. Their forms are not presented here but can be found
in Chelliah et al. [10]. The investigators carried out predictions of an axisymmetric counterflow
diffusion flame using the (parent) detailed scheme and the five-step reduced mechanism for a wide
range of strain rates. Their results indicated that the discrepancies between the two were very
small for the non-radical species (< 3%), but larger for the radicals (< 20%). It is not clear what
effect the less accurate representation of the radical species field may have on the turbulent flame
calculations.

5.3.1.2 The Global Alkane Hydrocarbon Mechanism of Jones and Lindstedt

While the systematic reduction of detailed hydrocarbon schemes lead to reduced mechanisms that
reproduce many (laminar) flame characteristics accurately, the number of species to be considered
is quite large. This makes their application to turbulent flames more difficult because of the short
radical time scales incorporated into the description. These problems are particularly relevant to
the transported pdf approach where the need to maintain the number of independent scalars to a
minimum is essential. Furthermore, for many fuels global schemes currently provide a relatively
simple and computationally efficient way of describing the laminar flame structures.

The task of constructing a global reaction scheme for hydrocarbon combustion may be sim-
plified if the flame structure is viewed as comprising two reaction zones: a primary zone where
the fuel is converted to CO and H2 and a secondary zone where oxidation to H 20 and CO2 occurs.
The scheme proposed by Jones and Lindstedt [46] takes the following form,

The scheme is designed to work for alkanes up to butane in premixed and non-premixed laminar
flames. The most significant feature is that radical species do not appear.
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Reaction steps (iii) and (iv) appearing in equation (5.15) were derived from a linear combination
of certain bimolecular chain reactions which were considered to be important to the flame structures
[46]; however, the choice of which reactions to presume in partial equilibrium is not unique
and leads to different proposals for Comiii) and thf, (iv). For example, it was observed that if
H + 02 == OH + 0 was assumed to be in partial equilibrium, then the resulting rate expressions
failed to accurately reproduce the I-12 concentrations in rich premixed flames and the fuel-rich
region of diffusion flames. Relaxing the partial equilibrium assumption for this reaction led to
acceptable results for the H2 and CO concentrations in the fuel-rich regions, but their validity in
the lean regions became doubtful. The actual forms proposed by Jones and Lindstedt are:

f	 = k f (ii) [}12] [O2] [H2O] -1	 (5.16)

dimiv) = k f (iv) [CO] [H20]	 (5.17)

Generally speaking, the construction of a rate expression should allow for acceptable numerical
convergence properties. Consequently it is desirable to use only positive numbers as concentration
exponents, and it is advantageous to use exponents greater than unity so that second-order methods
(such as a Newton-Raphson technique) can be used to integrate the rate expressions. The rate
expression presented in equation (5.16) does not satisfy these requirements in the concentration
exponents of H2 and H20; as [H2O] --+ 0, dwiii) co and as [H2] --+ 0, 84-4- oo. To be
able to use equation (5.16), artificial clipping of the rate is required for the concentrations of H2

and/or H20 below an arbitrarily chosen 'small' value. The manner in which this is done, together
with the details of how the reverse Irates are calculated are described in appendix H. Because of
the above-mentioned (undesirable) features associated with equation (5.16), Jones and Lindstedt
[46] proposed an alternative expression,

although it is claimed that its use would result in reduced accuracy in fuel-lean regions. Equation
(5.18) still does not overcome the problem of thifre oo as [H2] 0.

The initial estimates for activation energies were obtained from the partial equilibrium analysis
used to construct the rate expressions, however, further optimisation was required so that the
scheme performed as robustly as possible, i.e. that it was capable of reproducing acceptable
H2 and CO concentrations as well as burning velocities in various laminar flames. Specifically,
detailed measurements of the scalar field in a freely propagating plane premixed flame and a
confined laminar jet diffusion flame were employed to evaluate the reduced scheme. The values
of the constants required to construct k f (i)	 k f (lv) are presented in table 5.1.

The two competing fuel breakdown reactions (steps (i) and (ii)) broadly determine the shape of
the primary reaction zone. It was observed [46] that recourse to detailed hydrocarbon mechanisms
and the use of systematic reduction were not useful, primarily because of the requirement to
exclude radical species from the reduced scheme; studies in chemical kinetics suggest that the
initial attack on the fuel is made predominantly by OH and H radicals. Jones and Lindstedt [46]
point out that whilst earlier investigations specified reaction step (i), in equation (5.15), step (ii)
should also be used in order to reproduce measurements in both premixed and diffusion flames.
The rate constants (table 5.1) and rate expressions were specified so that the measurements in the

5The importance of a particular reaction step is determined by examining the effects on the flame structure of
including and excluding it from the detailed hydrocarbon scheme.
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Reaction
step

Rate
constant

x
B a E

1 2.5 x 10 16 -1 40,000
k
fOW 3 3.0 x 10 16 -1 40,000

(iii)
k f*

1 0.68 x 10 16 -1 40,000
3 0.85 x 10 16 -. 1 40,000'	 )

(iv) k f (iv) 1 ---). 4 2.75 x 109 0 20,000

(ii) k .f oo 1	 4 0.3 x 109 0 30,000

1 0.44 x 10 12 0 30,000
(i) kf (0

3 0.40 x 10 12 0 30,000

Table 5.1: Data required to construct the forward rate constants for the global reaction scheme of Jones and
Lindstedt [46]. x is the stoichiometric coefficient of the alkane hydrocarbon, C z H2.+2 . B, a and E are
defined through equation (2.18). Units employed: Kg, m, s, Kmol, Kcal, K.

previously described experimental configurations were accurately reproduced. The form of the
rate expressions are:

i(I'M° 	 k f [Cx}12s+2] [02]

C f,(ii) = k f 00 [CmH2x+2] [H20]

The rate equations describing the evolution of the individual species can then be obtained in the
same manner as for equation (5.14).

5.3.1.3 Tabulation of the Thermochemistry

The reduced chemistry schemes described in the previous section involve the solution of a stiff
and coupled set of equations. By employing an approximate factorisation technique, the chemical
reaction can be treated separately through a set of stiff ODE's. The ODE's were solved using
LSODE6, a suite of programs designed to solve initial value problems involving stiff and non-stiff
systems of first-order ODE's [38]. This widely-used (public domain) package was employed to
solve the ODE's arising out of the chemical kinetics. Two basic multi-step methods are available
in this solver; an implicit Adams method and one based on backward differentiation formulae.
Any further description of the solver would be beyond the scope of this work and the interested
reader should consult the reference cited above.

In principle all particles are subjected to chemical reaction; however, in practice only those
particles having a mixture fraction lying between (typically) 0 < 6 < 0.3 are likely to show any
significant change in their properties due to reaction. It is important to reduce the dimensionality
of the problem as much as possible. For this purpose two conditions can be employed:

• Equal diffusivity of the scalars7 . The element mass fractions, and hence their element

6An abbreviation for: Livermore solver for ordinary differential equations
71t is important to bear in mind that equal diffusivity is not an assumption that is invoked simply to reduce the

dimensionality of the scalar pdf. This assumption has a far more fundamental justification, relating entirely to the
modelling of the unclosed terms discussed in the earlier chapters.
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specific mole numbers remain constant during chemical reaction, so that the carbon-to-

hydrogen ( Ec-nH ) and the oxygen-to-nitrogen ( -rianN ) ratios do not change; this constitutes a
physical requirement. The assumption is that these ratios (also) do not change under the
influence of transport. More specifically, for a two-stream mixing process with fuel (CH)
and air initially separate, 	 Iv (where y = 2x + 2 for allcanes). On a volumetric basis,

air typically consists of 21% 0 2 and 79% N2, so that Z3 0.265 t . The implication

of these relations is that any two scalars participating in the reaction can be eliminated (i.e.
they can be expressed in terms of the remaining scalars).

• Mass conservation can also he invoked ( Ea	 = Ea naW = 1) so that an additional

scalar can be eliminated from the pool of independent scalars characterising the pdf.

Based on the reduced mechanisms that are employed, the participating species are C,Hy, 02,

CO2 , H20, CO, H2 and N2, and for the systematically reduced mechanism of Chelliah et al. [10]

(for CH4 only) the radicals H and CH3 are also present. For the global hydrocarbon scheme
this implies that four out of the seven species present will have to specified independently. For
the systematically reduced CH4 mechanism, six out of nine species will have to specified. The
choice of the independent scalars is not unique, nor is it arbitrary. The mixture fraction is clearly
a sensible choice since it is a fundamental quantity related to the degree of mixing that has taken

place. Knowing e fixes nN2 (as shown in appendix F) and so the latter can no longer be treated
as an independent scalar. The analysis of appendix F also demonstrates that if nc. H, and nco
are chosen as independent scalars, then within the constraints of the problem, nco 2 is no longer

an independent scalar since it is known in terms of e, nc.Hu and Tic° . The following choice of

independent scalars is made:

• Global hydrocarbon scheme: e, nc.H, , nco and nib.

• Systematically reduced mechanism: e, no44 , nab, nco, flH, nH2

The concentrations of CO2, H20 and 02 can be evaluated once the values of the independent
scalars have been specified. In equation (5.14), the rate equations have been written for all the

reactive species (i.e. including the rates of CO 2 , H20 and 02, which could be calculated from the

independent reactive species rates): This measure is not necessary in so far as the mathematical
treatment of the problem is concerned. However, numerically, LSODE calculates the Jacobian
of the reaction rate matrix in order to integrate the stiff ODE's, and it is felt that by calculating
for all the species, the rate expressions would have a less complex analytical form. Consider for

example the global hydrocarbon scheme,

=	 (cslif,(i)	 6).f,(ii))	 (5.21)

Equations (5.19) and (5.20) indicate that to evaluate Cum and cDf,(ii), [02](= gno2 ) and [H20]
are required. These concentrations could be replaced by the appropriate expressions which are

functions of e, ncrHy , nco and nH2 • However, it is clear that in doing this the form of equation
(5.21) is analytically more complicated, and so the calculation of the Jacobian could be more
sensitive to small perturbations arising out of the numerical treatment. If the Jacobian was

fA volume fraction can be interpreted as a mole fraction (X.), and the latter is related to the specific mole number
by, X. = n./ E no. Thus the ratio of the volume fractions of 02 and N2 is equal to =anN •
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calculated exactly there would be no difference in solving for six rate equations or three. In
practice it was found that the two different approaches brought about no observable effect in the
homogeneous turbulence calculations and the laminar flames that were investigated.

The description of the thermochemistry is now complete and can be summarised as follows:

• After the application of the transport and mixing operations in the Monte Carlo simulation,
the operation of chemical reaction is applied to the particle properties.

• Under adiabatic and constant pressure conditions, the enthalpy per unit mass of mixture is
unchanged during chemical reaction. Knowledge of permits the calculation of the unbumt
composition at 298K; hence h can be calculated from equation (2.8).

• Given p, h and rt,„ the temperature of the reacting mixture can be calculated, the details of
which can be found in appendix H. The equation of state for an ideal gas can subsequently
be employed to obtain the density.

• The temperature of the mixture is then used to find the equilibrium constant K(T), and
together with g and n,, the forward and reverse rates are constructed. The reaction rates
of the reactive species can then be evaluated and subsequently integrated over a fixed time
interval.

• The change in the value of no, as a result of the integration advances the particle properties
to x + 6x . The ensemble of particle properties then approximate 13 (P; x + 6x, w) .

• The mean density is obtained from the ensemble average of the particle densities at a given
points . This is then used in the velocity field finite-difference procedure to advance ii, k and
e, and then the whole operation is repeated.

The process of chemical reaction is by far the most time-consuming part of the calculation
procedure; it can take orders of magnitude longer than the transport and mixing operations.
Therefore the thermochemistry needs to be tabulated in order to avoid integrating the large number
of stiff ODE's. The steps previously described for updating the scalar properties, due to the sole
effect of chemical reaction, are performed on an 'once and for all' basis, and the results are stored
in a 'look-up' table. In order to use such a table the chemical rate equations have to be solved
for all the possible composition states. To characterise these composition states, the bounds for
the independent scalars need to be determined. The details of how the bounds are determined for
the four and six scalar reduced chemistry are discussed in appendix F. The manner in which the
look-up table is generated through the hierarchy of the bounds (i.e. how 6 fixes the bounds on
CzHy, and how 6 and Cztly fix the bounds on CO, etc...) serves to locate the initial composition
state of any notional particle in the multi-dimensional composition space. This means that at
any scalar location in the look-up table, only the change in the scalar properties over pre-defined
time steps (typically 10 -5s and 10-4s) relative to the initial state need to be stored. The only
exception to this is the density; for a given composition state, the density of the mixture prior
to the effect of chemical reaction is stored. The way in which the bounds are linearly affected
by one another indicates that the scalar hypervolume, which constitutes the look-up table, has
a complicated shape. For any particular composition state associated with a given particle, its

8The method by which the scalar statistics of the flowfield are obtained from the particle properties is described in
appendix E.
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nearest neighbours in the look-up table act as nodes with which a multi-linear interpolation s can

be performed to advance the particle state over a time step 84 = 	 §.
In order to construct the look-up table the scalar bounds are discretised into an array of dimen-

sion (25, 20, 9, 9) for the global scheme, and (15, 11 5 ) for the systematically reduced mechanism.
The grid point distributions in the array are uniform except in the 6-direction which has more
grids placed locally around the stoichiometric point. In order to ensure a good resolution of the
chemical changes, the tabulation is performed for 0 < e < 0.3; the density must be tabulated over
the entire mixture fraction range so that the density can be evaluated at all points in the flowfield,
not just those near the stoichiometric condition. Consequently two tables are constructed; one

which tabulates the chemistry and the other for the density. These are referred to as the reaction
(interpolation) table and the density table. The reaction table contains the changes of the indepen-
dent reactive scalars. For the global scheme the changes in the values of three independent reactive

scalars are stored over time intervals of 10 -5s and 10-4s. During the Monte Carlo simulations,

if 84 > 10-4s, the scalar changes associated with the latter time scale are employed for the
multi-linear interpolations, until the time elapsed exceeds (54 — 10-4)s, in which case the data
stored for the shorter time scale is used to advance the particle properties. The entries in the table
are stored as unformatted (binary) data and a 1.3Mb table was formed for a domain of dimension
(25, 20, 9, 9). The systematically reduced mechanism involves more independent reactive scalars;
for the reaction table memory limitations constrain the changes in the independent reactive scalar
properties to be stored for only one time level, namely 10 -5s. Even then, the size of this table
is nearly 68Mb, and because of this, the density table is dimensioned to a somewhat smaller size

(15, 85 ) resulting in a 6Mb table. Thus, in total, 74Mb is reserved for the interpolation tables

which is quite a significant memory requirement.
Finally, the following point related to the construction of the reaction tables requires consid-

eration. Whilst discussing equation (5.21) it was pointed out that all the reaction rates of the

participating species are calculated instead of just those for the independent reactive scalars. This
implies that after performing the integration of the ODE's, updated values for all the scalars are
available; this raises the following questions:

• Does the change brought about by chemical reaction ensure boundedness I of the particle

properties ?

• How do the values of nc02 , no2 and nH20 (after the integration) compare with their coun-

terparts calculated in terms of the independent scalars?

The chemical schemes ensure that mass is conserved (i.e. Ea	 = 0). Furthermore, the

chemistry cannot affect the ratios of elemental ( 71"Cnii ) and ( 20-nN ). Since the initial amounts of ( 7-1-c-n„, )

and ( 73-cl ) are set by the fuel and air, this means that the evolution of the scalars according tonN
the chemical mechanism satisfy the same conditions used for the construction of the bounds.

The algorithm for this interpolation procedure is described in detail in the work of Chen et al. [15]; the method is
essentially an efficient way of performing linear interpolation for a point located in multi-dimensional space. Becauge
an interpolation technique is used, the look-up table is also referred to as an interpolation table.

hle time step Sti is the physical time scale set by the thermofluid dynamics; however in the look-up table, the
changes in the scalar properties have only been stored for pre-defined, arbitrary time steps 10 -5s and 10-4s. Therefore,

in order to perform the chemical reaction operation over a time step 6t i may well require several interpolations. For
each new interpolation, the nearest neighbours to the evolving composition state need to be re-assigned.

By 'boundedness' it is meant that the scalar concentrations lie within the bounds specified in appendix F.
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This demonstrates that the reaction scheme ensures boundedness, and the results for nc02 , no2

and nH20 are the same regardless of whether LSODE or the concentrations of the independent
scalars are employed. However, the ODE's arising from the chemical kinetics cannot be integrated
exactly, simply because a numerical scheme is employed for this purpose. Consequently, if the
boundedness of the results after integration is not verified, the effect of cumulative round-off
could perturb the solution; this perturbation can be important in systems of stiff ODE's. To avoid
such an occurrence, the magnitudes of the independent scalars should be verified to ensure that
boundedness is satisfied before storing the relevant information in the look-up table. Extensive tests
have shown that whilst such corrections to the scalar concentrations are necessary, the magnitude
of these changes is typically about 0.01% mole fraction in the major species and intermediates
(CO and 112).





Chapter 6

Results and Discussion

6.1 Introduction

The main objective of this thesis is the application of the transported pdf approach to combusting,
inhomogeneous turbulent flows. However, results from the calculations of homogeneous, isotropic
turbulence and laminar jet diffusion flames are also presented because they highlight important
features of the transported pdf closure. The reduced chemical schemes discussed in section 5.3.1
have been previously tested by their originators in laminar flame calculations; in developing
these mechanisms the molecular transport of the scalar field was treated without making recourse
to assumptions of equal diffusivity. The present contribution does not try to re-perform those
calculations; instead a laminar diffusion flame, which was also considered for the evaluation of
the scheme of Jones and Lindstedt [46] (the global hydrocarbon scheme), was investigated subject
to the assumption of equal diffusivities. The effect of this assumption on the predictions of the
laminar flame is compared with the results of Jones and Lindstedt.

It was mentioned in the section 5.3.1.3 that the chemistry needs to tabulated in order to ensure
manageable computer run-times; the excessive cpu requirements are related to the time required
for the integration of the stiff ODE's associated with the properties of the whole ensemble of
particles at many node points. Laminar flame calculations constitute a very practical way of
testing the accuracy of the interpolation technique since both the 'look-up' table and the direct
integration (using LSODE) can be used. Another situation where the tabulation of the chemistry
is not necessarily required is in the calculation of homogeneous, isotropic and reacting turbulence.
Unlike the laminar flame calculations, a transported pdf equation is solved, but because of the
assumed statistical homogeneityt only one node (in physical space) is considered, whereas in
the inhomogeneous flow calculations particles have to be placed at all nodes covering the region
of interest. Whilst the results are only of qualitative value, the investigation of homogeneous,
isotropic turbulence is important because the behaviour of the mixing models can be evaluated.
The evolution of the scalar statistics demonstrates interesting properties when subjected to different
initial conditions and with chemical reaction present, the coupling of mixing and reaction can be
examined.

The transported pdf approach was tested in a turbulent jet diffusion flame configuration, and
evaluated using detailed measurements of the velocity and scalar field from four experimental
flames. More complicated flows have not been investigated. The transported pdf technique was

In this thesis, statistical homogeneity implies that the scalar pdf does not change with position.
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Figure 6.1: Schematic of the confined, axisymmetric, laminar CH4-air jet diffusion flame investigated by
Mitchell et al. [69]. D = 1.27cm and D = 5.08cm. Air and fuel are admitted at 187.7 cc/s and 5.7 cc/s
respectively.

applied using two different mixing models, namely LMSE and a coalescence-dispersion closure;
with the latter model, the calculations were performed with A(x) = 1 and referred to as modified

Curl.

6.2 Predictions of a Confined Laminar Jet Diffusion Flame

The configuration under investigation is illustrated in figure 6.1 and was experimentally investi-
gated by Mitchell et al. [69]

A vertical, cylindrical burner was used to produce a confined, steady and atmospheric diffusion
flame. The burner consisted of two concentric tubes of radii 0.635cm and 2.54cm, connected to
a perforated solid brass disc which served as the burner plate. Fuel issued through the inner tube
and air through the outer. A Pyrex glass cylinder shielded the flame. Sampling probes leading
to gas analysers were employed for CO, CO 2 , CH4, H2, N2 and 02 . Water analyses were made
by determining the dew point 5 of the sample gas. Mitchell et al. did not discuss the accuracy
of this particular measuring technique. Temperature measurements were made using fine-wire
thermocouples and velocities using LDV. The laminar diffusion flame was supplied with methane

at 5.7 cm3 s-1 and air at 187.7 cm3 s-1 . The luminous edge of the steady flame closed at the
burner axis 5.8 cm above the burner plate. At each sample location, three samples were taken;
generally, the agreement between the three sets of measurements of the concentration field was
reported to be within 5%.

The flame was simulated by solving the species transport equations (2.16) for the independent
scalar variables pertaining to the reduced mechanisms. For the global hydrocarbon scheme these

The significance of .4(x) is described in section 4.7.2.
"Ile dew point of a gas-vapour mixture is the temperature at which the vapour condenses (or solidifies) when it is

cooled at constant pressure.
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are ncH4 , nco and rtH2 ; for the systematically reduced scheme, ncH, and rtH are also included.
The finite-difference procedure described in appendix D was employed for solving the species
transport equation, with the source terms for reaction excluded. The effect of reaction was then
'added' to the scalar properties through the use of the look-up tables or by direct integration. This
approach is consistent with the operator splitting technique which is also used in the Monte Carlo
simulation of the pdf transport equation. The laminar flame formulation used here is different from
that employed by Jones and Lindstedt [46]. In their work a fully implicit method was employed
and the species transport equation (including the source term for chemical reaction) was solved
using an iterative Newton-Raphson technique. In the present study iterative methods are not used,
and to ensure accuracy of solution, fine meshes (up to 500 grid nodes across the jet) were used so
that the reaction zone would be well resolved. The forward step size was controlled through the
definition of a diffusion number, similar in principle to the Courant number (which is a measure
of how much convection occurs in a given direction over a time step). The diffusion number,
is defined as:

	

( Li 1	 Sx) 1
(6.1)
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where i identifies a grid node (i = 1, . ,N + 1), Sc 0.7 and vi	 . The mixture viscosity
was estimated using Willce's semi-empirical formula (taken from Bird et al. [7]):
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where itc, = p) was obtained from Svehla's compilation [90]. Linear interpolation was
employed to find Ay at the temperatures that were not specifically tabulated. Xa is the mole
fraction of species a; Xa = na/(E7N_ / n7) and,
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.F is proportional to the ratio of the distance a fluid particle will diffuse in one 'time' step to
the cross-stream mesh spacing. Typical maximum values of .F employed were 1, 0.1 and 0.01.
The largest differences in the species concentrations brought about by these various specifications
amounted to less than about 2% - i.e. the results were largely unaffected by this parameter provided

< 1.

The treatment of the initial conditions in the calculation procedure deserves further mention.
Jones and Lindstedt [46] have pointed out that there is uncertainty in the precise boundary
conditions to be applied at the burner inlet, such that if conditions similar to those found in the
computations of Mitchell et al. [69] are used, erroneous velocity and mixture fraction profiles
appear at the first measuring station (x = 12nun). It was also observed that this result was
independent of the type of chemistry, mesh refinement or numerical technique (i.e. parabolic
or elliptic formulation) that was employed. Consequently, the procedure adopted by Jones and
Lindstedt was employed; the computation was started at the first measuring station using the
measurements as the initial condition. Figures 6.4 and 6.5 demonstrate how the initial condition

(6.3)
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was specified. The mixture fraction was calculated using the measurements of the carbon-
containing species such that,

nc
6 — = (nco2 + nco + no-14)

nc,1

The advantage of using this specification is that it avoids the use of the water concentration, since
the accuracy of its measurement is questionable. The solid and dashed lines shown in figures
6.4 and 6.5 are mere curve fits. With the thermochemistry employed in this thesis, the initial
specification of CO2 , H20, N2 and 02 depends entirely on 6, ncH4 , nco and 7412 (in addition

to ncH3 and nri for the mechanism of Chelliah et al. [10]). Consequently it is not possible
to simply curve fit all the data that is available; such a specification would not be consistent
with the assumption of constant C/11 and 0/N ratios. Initially the main objective was to fit the
measurements of the independent scalars as closely as possible (hence the dashed lines in figures
6.4 and 6.5). However, this led to a poor representation of the CO 2, 02 and temperature fields
near the centre-line.

The 'overall optimized curve-fit' 1 (solid line) indicates a much improved initial specification
of the CO2 and 02 field and at the (slight) detriment of the CH 4, CO and H2 profiles. The improved
specifications were obtained by reducing the CH 4 concentration near the centre-line. In doing
this, a pool of carbon and hydrogen atoms are made available. The carbon atoms are (mainly)
taken up by the oxygen atoms to form CO and CO 2 ; in the case of the global hydrocarbon scheme
the carbon atoms cannot combine with anything else. This procedure goes some way towards
removing the high 02 concentration near the centre-line. By limiting the initial amount of CO,
more CO2 can be formed so as to Counteract the drop in CO 2 which is registered by the dashed
line in figure 6.4. The pool of hydrogen atoms is taken up by H2 and H20; this is confirmed in
figure 6.5. Since it is the peak levels of H2 and CO that are of interest, their concentrations are
not allowed to change substantially. This is why the increase in the levels of H2 and CO is less

manifest than that of H20 and CO2 . As a consequence of the increase in H2 O and CO2 near the
centre-line, the temperature of the mixture locally increases. Whilst the use of these two different
specifications led to small differences in the subsequent evolution of the jet flame, the peak levels
of the species concentrations were hardly affected, and it is this feature of the predictions that is of
interest to this discussion. To reproduce laminar flame measurements as well as possible was not

the aim of the current calculations; this was performed when the the reduced schemes were being
developed. In this study the aim was to investigate the sensitivity of the predicted peak scalar
concentrations to the assumption ofi equal diffusivity of the scalars.

In principle the extra carbon and hydrogen atoms made available by the reduction in the
CH4 concentration could be used to specify initial values of hydrogen and methyl radicals (H
and CH3 respectively) to be used in conjunction with the systematically reduced mechanism.
This constitutes another source of uncertainty in the representation of the initial conditions.
Measurements of H and CH3 were not made in the work of Mitchell et al. [69], and in fact
such data is rare in most of the combustion literature. The following (arbitrary) specification was
therefore adopted: the initial concentrations of H and CH 3 were taken either as zero, or the largest
possible values were employed (subject to the constraints imposed by the bounds that are derived
in appendix F). Figure 6.6 shows the resulting initial conditions and this clearly demonstrates that

(6.4)

'The optimization was performed by inspection, i.e. selecting the profiles which appeared to fit the initial conditions
as well as possible.
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in specifying non-zero initial values of H and CH3 , fewer carbon and hydrogen atoms are available
for combining with the oxygen atoms; the consequences of this are that the initial 0 2 concentration
near the centre-line increases and that of H 20 correspondingly drops. Figure 6.7 shows profiles
of N2, CH3 and H at the two measuring stations downstream of x 12mm. Clearly the effect
of the two different initial specifications for the radical species appears to be small; the effect on
the remainder of the species concentrations (figures not presented) is hardly distinguishable. This
is a potentially fortunate result in that the precise details of the initial radical levels (which are
not known) do not affect the solution further downstream. However, this does not mean that the
levels of H and CH3 are unimportant in the evolution of the flow. The results could well imply
that the levels of the other species play an important role in determining the concentration of the
radicals so that after a few steps of the calculation the chemistry ensures that the radical species
concentrations are much the same regardless of the initial conditions.

Figures 6.8-6.11 show the results obtained with the two reduced mechanisms, and without the
use of the interpolation tables. The most prominent feature of the results is the very substantial
overprediction of the intermediate species, CO and H2. This is necessarily coupled to an under-
prediction of H20 and CO2 . However, in contrast to the H 2O and CO2 predictions, the peak levels
of CO and H2 are very poorly reproduced. The most significant difference between the results
of the calculations reported here and those of Jones and Lindstedt [46] relates to the treatment
of the diffusivity. Clearly the effect of the assumption is quite considerable; such effects have
also been observed in relation to the H2 concentration when using detailed kinetic mechanisms,
Lindstedt [62]. In this situation the effect on the CO field is less pronounced, presumably due
to the additional paths available for CO consumption. These results could therefore suggest that
reduced schemes may show a greater sensitivity to the assumption of equal diffusivity than the
detailed mechanisms. The fact that the peak levels of CO and H2 are lower for the systematically
reduced CH4-air mechanism than for the global hydrocarbon mechanism appears to be related
to the less accurate representation of the fuel burn-up using the former mechanism. The reason
why the consumption of CH4 is predicted differently by the two mechanisms is not entirely clear.
With the global scheme, the hydrocarbon is consumed by 0 2 and H2O to form CO and H2 - the
path involving 02 is a particularly direct and robust way in which the break-down of CH 4 can be
ensured. However, realistically CH4 is initially attacked by radical species, such as H; it seems
plausible to suggest that given the very high diffusivity of H, the consumption of CH 4 is more
sensitive with the use of the systematically reduced mechanism than with the global scheme (when
invoking the equal diffusivity assumption).

The temperature profiles (figure 6.11) show that the peak values are quite well reproduced but
at x = 24mm the predicted reaction zone appears to be to the left of the measurements; this is
consistent with the CH4, 02, H20 and CO2 profiles. Mitchell et al. [69] point out that in relation
to their predictions (which included only major species, no radicals and no CO or H2), the flame
temperature was overpredicted partly due to the uncertainty in the radiation corrections applied
to the thermocouple whenever carbon particles settled on the bead, but also due to the neglect of
energy-absorbing pyrolysis reactions. These reactions manifested themselves as a luminous core
situated on the rich side of the primary reaction zone. The luminosity of the flame was associated
with the light emitted from the incandescent carbon particles formed by pyrolysis of the CH 4 in
the fuel-rich regions of the flame. The reaction zone, which according to experimental observation
was typically 2mm thick, had a blue hue, the intensity of which decreased with increasing height
above the burner plate. The blue hue of the reaction zone was associated with the burnout of CO.
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In figure 6.8 the measurements indicate that the CO level drops from x = 24mm to x = 50mm
(hence the observed decrease in the intensity of the blue hue). However, the predictions follow
the opposite trend, because the CH4 has not been completely consumed. Despite the differences
near the centre-line between the temperature profiles (and hence in the density field) using the two
reduced mechanisms, the effect on the mixture fraction evolution can hardly be detected.

Another interesting feature of the results (figure 6.10) is the relative peak levels of CH 3 and H
radicals. The work of Chelliah et a!. [10] indicates that the peak levels of CH 3 are typically an order
of magnitude greater than those of H, whilst the predictions show the converse effect. Despite the
substantial quantitative difference, the shapes of the predicted profiles compare favourably with
the results of Chelliah et al.

Figure 6.9 indicates that finite levels of 02 are measured near the centre-line. Mitchell at al.

[69] claimed that this can be attributed to the 02 which penetrates the flame surface near the base,
since in this region it is argued that the temperature and reaction intensity are too low to consume
all the oxygen in the primary reaction zone before it can diffuse towards the centre-line. The
predictions also indicate finite 02 levels near the centre-line partly because some 02 is already

specified to exist in that region through the initial condition (figure 6.5).
Comparison of the velocity field predictions (figure 6.11) with those of Mitchell et al. [69]

(where an elliptic formulation was employed) and Jones and Lindstedt [46] shows that the dif-
ferences are quite small, indicating that the current predictions are not in error due to a poor
representation of the velocity field. The measurements of velocity at x = 50mm imply that at

r = 1.5cm the velocity is zero; the wall boundary appears at r = 2.54cm (refer to schematic,
figure 6.1). None of the predictions from the various sources cited suggest that the velocity should
be zero in this region. Mitchell et al. point out that the gases along the axis of the flow are acceler-
ated by the prevailing buoyancy forces which give rise to a large recirculation cell. However, the
results of their work suggest that this recirculation cell occurs in regions outside the areas where

the measurements are made.
Figures 6.12-6.15 show the same calculations discussed above, only this time the interpola-

tion is employed. The agreement between the interpolated and integrated result for the global
hydrocarbon scheme, figure 6.14, is very encouraging. The predictions for the velocity and tem-
perature profiles are only shown since they indicate the largest differences. Generally speaking,
the similarity of the results using the interpolation table and LSODE for the mechanism of Chelliah
et al. is also encouraging, except in the representation of the CH 3 and H profiles (figure 6.13)
- this may explain to a certain extent the shortcomings of the interpolated results for the other
properties using this mechanism. It is difficult to determine whether the discrepancy between the
'exact' result (represented by the use of LSODE) and the interpolated one is due to the coarseness
of the table. This is because in order to obtain a substantially improved result would require a
considerable refinement in the size of the current table; currently the look-up table for chemical
reaction is about 68Mb which is already a substantial amount of memory. Another, potentially
more plausible, reason for the discrepancy may be the manner in which the table is constructed.
In the way the six-dimensional table is currently constructed the bounds for CH 3 and H require

arbitrary clipping. This is done so that radical species with unrealistically large concentrations
are not tabulated, since they will only serve to use up space in the composition space which could
be replaced by physically more plausible (and tangible) entries. Furthermore, the evolution of the
composition states with very high radical concentrations subject to equation (5.14) is another area
of uncertainty. The steady-state approximations which are frequently invoked to construct reduced
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schemes are valid in the high temperature reaction zone - the applicability of the reduced scheme
to composition states where the temperature and/or mixture strength are substantially different
from those found in the reaction zone of a laminar flame is therefore questionable.

6.3 The Calculations of Statistically Homogeneous, Isotropic Turbu-
lence

6.3.1 Non-Reacting Test Cases

Figures 6.16 and 6.17 show the result of tests using modified Curl and LMSE for a single non-
reactive, bounded scalar the mixture fraction). Results are shown using two different turbulent
time scales; one where T-12.e ) is held fixed at an arbitrarily selected value, To, and another where
the modelled 6-equation together with the k-equation are employed to characterise the evolution of
T (this latter procedure is described in appendix E). The choice of ro is arbitrary since the results
are only of qualitative significance. In this respect the evolution of the moments with constant T

are qualitatively the same as those with a variable T with the time axis appropriately shifted.
The mean of the scalar is unaffected, and through the appropriate choice of the constants

appearing in the mixing models, the variance decay rate consistent with equation (4.6) is obtained.
For T constant, equation (4.6) can be integrated (using straightforward separation of variables)

(012)	 \subject to the condition that at t = 0,	 L412
/ The solution is,\(/)	 o•

(0/2)(0/2)0 exp	 C D t)

TO

When 7- =T0 + (Ce2 — 1) t, integration of equation (4.6) yields:

(0/2)	 (0, 2)0 [1 _,_ (ce, _ 1)1 (ce2_1)

To

Equations (6.5) and (6.6) are represented by the crosses, labelled as 'Analytical expression' in
figures 6.16 and 6.17. Equation (4.7) defines the higher order moments also presented in the
same figures. The skewness remains constant - this result can be demonstrated analytically for
coalescence-dispersion and LMSE closures regardless of the initial form of the pdf [23, 13]. The
reason why the skewness is zero in figures 6.16 and 6.17 is because the initial pdf's are symmetric
about the mean, so that ( 0/3 ) = 0, hence from equation (4.7),	 = 0. If the initial distribution is

3

not symmetric, (0 /3 ) will be finite and at large times (t	 cc), (Oa ) 2 and (013 ) will tend to zero

at the same rate, so that S23 remains constant (though not necessarily zero).
Figure 6.16 exemplifies the behaviour referred to in section 4.7.2; as the mixing progresses

and the variance decays, the flatness and superskewness rise monotonically, so that as t oo
then S23, S24 --+ CO. In contrast, LMSE predicts uniform values for these quantities as a function
of time. The reason for this difference in behaviour, and for the presence of 'wiggles' which
appear most prominently in the test case where T = To, is elucidated in figures 6.18-6.21. Here
the terms in the denominator and numerator of equation (4.7) for 1/3, C24 and C26 are presented.

It is clear that the uniformity of C24 using LMSE (figure 6.19) is due to the fact that /14 and cr4

(the fourth central moment and the fourth power of the mixture fraction rms, respectively) decay
at the same rate, whereas with modified Curl, /14 decays less rapidly than cr 4 . The reason for the

CD
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appearance of the 'wiggles' is attributed to the effect of finite particle sample size (resulting in
statistical 'noise') coupled with machine roundoff; such effects are inevitable in these numerical
calculations. The reason why the appearance of the 'noise' is so prominent towards the final stages
of mixing is because quantities such as 11,6 and cr6 are then sufficiently small in magnitude to be
comparable with machine roundoff. In the case of modified Curl (figure 6.20) since 0-6 decays

considerably more rapidly than A6 , small fluctuations in ti6 will result in large fluctuations in S26.

The reason why the wiggles appear in the situation where T = To and not for -r = + (C,2 — 1) t

is simply because in the former case the rms of has dropped to a sufficiently small value so that
these effects are visible. If the latter time scale is calculated long enough, the same behaviour
will be observed. The effect of 'noise' is more prominent in quantities involving large exponents;

therefore the presence of 'noise' is less apparent for a- (and hence a-6) than it is for A6. This

explains why in figure 6.21, cr6 decays more smoothly than A6.

The reason why the behaviour bf 1-24 and S-26 are so different using the two mixing models has
been highlighted in section 4.7.3. Basically the evolution of the higher order moments in the latter
stages of mixing is strongly affected by the presence of particle properties near the bounds of the

scalar sample space (0 < < 1)t . The pdf profiles shown in figures 6.22 and 6.23 encompass
the statistics presented in figures 6.16 and 6.17. On the pdf plots, a Gaussian distribution has
been superimposed having the same mean and variance as the pdf arising from the mixing model.
It is clear from these figures that with modified Curl the presence of the persistent peaks at the
bounds of the scalar domain and more generally the long tails of the pdf, are the reasons why the
higher order moments remain larger than for LMSE. With LMSE the pdf evolution is completely
unphysical, but because all the particles have to mix, all the particle properties will migrate towards

the mean.
The simulations with modified Curl employed 105 particles to represent the pdf, although the

same qualitative features of the turbulence could be captured using as few as 10 3 particles. For

LMSE the combined effect of the initial conditions and the subsequent evolution of the pdf as two
6-functions approaching each other means that the simulation can be performed using only two
particles - one for each 6-function. This has the advantage of reducing the run times drastically
and removing a substantial amount of round-off when it comes to evaluating the moments of the
pdf, particularly the higher order moments. It is important to note that such a sample size can
only be used because the initial pdf is symmetric, discontinuous and it evolves (pathologically) as

a double 6-function.

6.3.2 Reacting Test Cases

The calculations described in this section make use of the reduced chemistry presented in section
5. Consequently a multi-scalar pdf is evaluated at each time step and only the mean of and nN2

(the strictly conserved scalars) remain constant. The use of the 'look-up' (interpolation) table is
not essential provided the number of particles representing the pdf is not too large (— 103); this

means that the test case of homogeneous, isotropic turbulence can also be used to determine the
accuracy of the interpolation technique, although the time required for these calculations can be
typically an order of magnitude longer than for the laminar flame calculations. CH 4 is used as fuel

so that comparisons can be made between the predictions of the two reduced mechanisms. The
manner in which the particles are initially distributed characterises the initial pdf. Out of a total

denotes the sample space of the random variable
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of Al; particles, .Aic. particles are placed at = 0 (corresponding to air) and hence (Al; — Arco)

particles are placed at e = 1 (corresponding to CH 4). The requirement is,

[Af, • 0 ± (Afp Al 0 ) • 1] = 6st	 (6.7)

Equation (6.7) yields Are„ = Al; (1 — 6, t). It can be shown (appendix G) that,

WC. H,
est =

For 7.5 0.265, x = 1 and y = 4, equation (6.8) yields Cst,CH4 0.055 1 . So if Al; = 1000
then, NG = 945 and so .Arc i = 55. In the case of LMSE significant cpu gains can be made by
mixing and reacting only one of the particles in the e = 0 group and another one from 4" = 1;
the remainder of the particles evolve in exactly the same way as their respective 8-function group
members. This approach for LMSE can only be adopted for discontinuous initial conditions; for
continuous initial conditions, all the particles have to mix and react.

6.3.2.1 Results using the Global Hydrocarbon Mechanism

Figure 6.24 shows the comparison between the predictions of modified Curl and LMSE. In these
calculations an air temperature of 800K was employed so as to ensure that the reaction rates
would be sufficiently large to allow for combustion to proceed effectively. However, based
on the mechanism of Jones and Lindstedt [46] (and provided the conditions are adiabatic), a
stoichiometric mixture of hydrocarbon fuel and air will ignite even if the air temperature is as low
as 298K. It would obviously take a (pathologically) long period of time before the temperature
is high enough for ignition to take place, but nevertheless, due to the irreversible fuel breakdown
step using oxygen, the rate of consumption of fuel will be finite.

Figure 6.24 demonstrates that the behaviour of the two models with reaction appears to be
significantly different for the CO and H2, however for the remainder of the species the same trends
are predicted. It is clear that the behaviour of LMSE is somewhat erratic in comparison to modified
Curl, and in order to understand the solution of LMSE in more detail figure 6.25 is considered.
This figure describes the evolution of the individual 8-functions which when averaged produce the
result in figure 6.24. Since the number of particles initially placed at = 0 is far greater than at

= 1 (in order to ensure 47 = ,8t,cH4 ) the average result is weighted considerably more towards
the evolution of the 8-function on the lean side. On the lean side figure 6.25 demonstrates that
as soon as CH4 is produced through the effect of the mixing mode1 5 , it is consumed by the fuel
breakup such that there appears to be no net change in the CH4 profile. Furthermore, any H2 that
is produced is immediately combined with 0 2 to yield H20; some of this is used in the water-shift
reaction to form CO2 and H2 from which the H2 is then fed back into the H2-02 step. This explains
the sharp rise in the CO2 and H20 concentrations and hence the rise in the temperature. In contrast,

on the fuel rich side ( > 6st,cH4) the stoichiometry limits the reaction rate so that the temperature

In this section on homogeneous, isotropic turbulence e.t and Cst,CH4 will be used interchangeably
li The significance of this statement needs to be elaborated. It is clear that molecular mixing cannot create or consume

a specie; this is a physical requirement. However, the initial condition is such that the 6-function on the lean side
contains no CH4, yet on the rich side it does. Therefore there is an initial mean composition of fuel, and using LMSE
the 6-function on the lean side will migrate towards this mean (which is itself evolving), thereby 'producing' CH 4 . This
observation really indicates the extent to which LMSE lacks realism when applied to multi-scalar reactive problems.

(6.8)
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rises nearly linearly over a relatively long period of time. During this mixing-dominated period
the CI-I4 concentration drops as the CH4 5-function approaches the stoichiometric (mean) value;

this is matched by a rise in 02 . When the temperature reaches about 1000K at 7t,-- 2.5, the

02 virtually disappears in a very short period of time leading to the steep changes in the other
profiles - most notably the rise in CO and H2. In this fuel-rich regime the formation of CO and

H2 is considerable whilst on the lean side any CO and H2 that is formed is immediately converted

to CO2 and H2 O. The behaviour of the modified Curl closure appears to be more plausible in
the sense that in the initial stages of reaction CO and H2 are formed, but subsequently the final

products (CO2 and H20) are formed at the expense of the former intermediate species.
Figure 6.26 shows the solution for the test problem in figure 6.24 described above, only this

time the interpolation tables are employed. It is clear that the interpolation technique works well;
any noticeable discrepancies may well be associated with the lack of resolution of the table. Pdf
shapes using modified Curl are presented in figures 6.27 and 6.28. The process of homogenisation
brought about by the molecular mixing model is evident from figure 6.27. There is a persistent
peak at e 0 due to the large number of particles originally placed there to ensure that the mixture
is overall stoichiometric. The temperature pdf shows the large contribution at 800K corresponding
to the 8-function associated with the air. As the reaction proceeds this spike diminishes in size
and the temperature pdf broadens with a bias towards the higher temperatures.

The differences between LMSE and modified Curl have been noted in the context of the pre-
vious calculations. However, in all of these calculations the initial conditions were discontinuous.
In order to perform a calculation with a 'continuous' initial distribution, the pdf from figure 6.27
at = 5 was employed as a starting condition. An unbumt fuel/air mixture was specified in
terms of this pdf and the mixture allowed to react. The result is shown in figure 6.29 - there is
hardly any detectable difference between the use of these two mixing models. The implication of
this is that the lack of realism in LMSE is only significant when discontinuous initial conditions
are employed. If the discontinuities are somehow smoothened out, the behaviour of modified Curl

and LMSE are quite similar.

6.3.2.2 Results using the Systematically Reduced Mechanism

The reactions reported using the global hydrocarbon scheme cannot be compared directly to
those employing the systematically reduced scheme because with the latter mechanism a mixture
consisting of CH4-02-N2 will not react - there is no path for the reaction to proceed. The test case
amounts to a non-isothermal mixing problem. The procedure that is adopted to ensure combustion
does take place is to employ an initial triple 5-function specification; one at each of the following

locations: e' = 0, eSt and 1. The 6-function at e = 6st provides high temperature reactive species

such as CO2 and H2O which help the overall reaction to proceed. The number of particles placed

in each of these locations has to satisfy:

-Alio+	 +	 Arp
	 (6.9)

and,

= 4,-, (J'f. • 0+ Afes, • est + Ar4. , .1)
	

(6.10)

with the requirement that = est . These equations are still not closed unless, for example, the

ratio Ative" (= R) is known. This is arbitrarily specified; typical values employed as part of the
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sensitivity analysis were R = 0.5, 1, 1.5. Although these values do affect the evolution of the
species concentrations, it was found that qualitatively the trends were much the same and for this
reason the results that are presented employ R = 1. With the definition of R, the values of NG,

Alia , and A/ 	 be expressed as:

Afes t(  est 	 ; 	 (  6st 
ArAfe; = 1 — Cst ( 1 +	 '1 + RCst) A p	 1 ± Rest ) Arp	 1 + Rest

For R = 0 the results stemming from equation (6.7) are obtained. When a continuous initial
distribution is specified, the pdf presented in figure 6.27 (: = 5) is once again employed. In

this situation the region of hot products is arbitrarily confined to a narrow band about e ' = est
defined through: CI < est < Cr where 1 and r denote 'lean' and 'rich' respectively. e t = 0.052
and er = 0.058, bearing in mind that e st = 0.055. The manner in which the hot products were
specified (as a function of e only) for the triple 6-function specification was also the subject of
sensitivity analysis. The following were employed:

• A fully burnt mixture where ncH4 = no2 = rico = nH = ncH3 = nH, = 0 and only
H20, CO2 and N2 were present. The reaction steps (Ia-IV) shown in equation (5.10) would
suggest that even such a specification would not allow a direct path for the consumption
of CH4 due to the absence of H and CH3 . In fact it does and the reason is that the rate
expressions for this reduced scheme are not directly coupled to the stoichiometry shown in
equation (5.10), but rather to the elementary rates, expressed in equation (5.12).

• An equilibrium calculation using the method of Gordon and McBride [32] was employed
to relate the levels of the reactive species to e st . In this approach finite levels of CO, H2 and
H appear.

• The values of the species concentration at e = es t arising from the laminar flame calculations
of Chelliah et al. [10] were employed. These provide slightly more H, CO and H2 (in addition
to some CH3) than the equilibrium specification.

Qualitatively these various specifications had little effect on the results, and for this reason pre-
dictions are only shown for the specification involving a fully-burnt mixture.

Figures 6.30 and 6.31 show the results of the calculation using modified Curl and LMSE
respectively. As with the global hydrocarbon scheme, the behaviour of LMSE appears to be
very unrealistic. Modified Curl demonstrates a more plausible evolution of the scalar properties.
In analogy with figure 6.29 where LMSE and modified Curl gave exactly the same result when
subjected to a continuous initial distribution, it is surprising to note in figure 6.32 that in the context
of the systematically reduced scheme this is far from being the case. The behaviour of LMSE
approaches that of modified Curl to a small extent, however, significant discrepancies still exist.
The reasons for this are not entirely clear, although the robustness of the systematically reduced
mechanism does appear to be a factor in characterising the results. Errors in the implementation of
this scheme are ruled out on the grounds that the results of the laminar flame calculations appear
to agree (qualitatively) with those using the global hydrocarbon scheme.

Another area of concern is the ability of the interpolation table to reproduce the results obtained
when the stiff ODE's are integrated directly. This comparison is made in figures 6.33 and 6.34.
CH4, 02, CO2 and temperature are rather well reproduced; however, the H2, H and CO fields

(6.11)
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Mass Flow Rate Exit Velocity Burner Exit

C3H8 H2 U0 Reynolds number

[Kg s-1 ] [ICg s-1 ] [m s-1 ] Re
9.14 x 10-4 0.055 x 10-4 17.9 24000

11.99 x 10-4 0.073 x 10-4 23.6 31500

16.25 x 10-4 0.20 x 10-4 31.9 42700

Table 6.1: Experimental conditions for the propane-air jet diffusion flame of Godoy [31]. Burner diameter
6mm.

are quite poorly reproduced. In the context of the laminar flames the discrepancies between the
'exact' and the interpolated results were found to be marginal, yet in this situation they are quite
significant. No further reasons for the differences, in addition to those proposed for the case of
the laminar flame, are known at this stage.

6.4 Predictions of Propane-Fuelled Turbulent Jet Diffusion Flames

6.4.1 The Flame of Godoy

Godoy [31] investigated a vertical, axisymmetric, turbulent jet diffusion flame, where the fuel
jet (propane) issues into stagnant air surroundings. A detailed discussion of the experimental
procedure that was employed to obtain the measurements can be found in the work of Godoy, and
in this section only a brief summary is provided. Propane is often taken as being representative
of many practical fuels and a round jet is a simple geometry that allows easy access to every zone
in the flow. For the Reynolds numbers used in the experimental study (Re > 2 x 104) it was

necessary to stabilise the flame; to do so an annular pilot hydrogen flame was employed. The
mass flow rate of the pilot flame was very low compared with the mass flow rate of the main
fuel. It was argued that the pilot affected only the flame root and that in the downstream region
(x/D > 20, where D is the initial diameter of the fuel jet) where most of the measurements were
made, the species composition was not affected. The burner itself was a stainless steel tube of
6mm inside diameter. The thickness of the annulus conveying the pilot gases (— 0.2mm) could
be varied through a tapered arrangement in order to stabilise the flame more effectively. Typically
the turbulent flame was about 200 , burner diameters long.

To minimize buoyancy effects (and to ensure fully developed turbulent conditions), the pre-
dominance of inertial forces was achieved by using as high Re as possible. Three turbulent flames

with Re = 24000, 31500 and 42700 (defined at the nozzle) were studied (see table 6.1). The flow
conditions near the burner exit were dominated by the exit momentum flux; further downstream
the inertial effects were reduced by the lower velocities such that in these regions (x/D > 100)
the effect of buoyancy became more important. In the turbulence models employed in the current
computational study, no account of buoyancy is included with the exception of the treatment of the
gravitational term in the momentum equation. This, however, is far from sufficient in addressing
the effect of buoyancy on the evolution of the jet. With the Reynolds stress closure, the modelling
of the fluctuating pressure terms (section 2.5.2.3) could be extended to include buoyancy effects,
but the aim of the work described in this thesis is on the evaluation of the scalar pdf formalism
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rather than turbulence modelling.
The measurements of CO and CO 2 were made using non-dispersive infrared analysers, N2

and 02 using gas chromatography and the unburnt hydrocarbon (UHC) with a flame ionization
detector. For analysis using the infrared analysers and the gas chromatogram, the samples need to
free of water. The UHC was expressed as equivalent propane. Velocity measurements were made
by Wilhelmi (cited in [31]) for Re = 24000 using an LDV system. The propane flow was seeded
with TiO2 particles, but at the edge regions of the flame and for x I D > 80, sufficient particles
were not detected in the measuring volume in order to yield a reliable measurement of velocity.
Consequently these measurements do not extend as far downstream as the scalar properties.

The mixture fraction (calculated from the measurements) employed the carbon element mass
fraction.

nc	 , (Wc3H8)
--s---	 = (3nc3H8 + nco + nco2)	 (6.12)

nc, I	 3

where nc,1 is the specific mole number of carbon atoms in the fuel stream (denoted by '1'). The
quantities appearing in equation (6.12) need to be concentrations on a wet basis and whilst the
measurements provide the wet concentration of UHC, the remainder of the scalars are obtained on a
dry basis; all the measured concentrations are expressed as mole fractions. The wet concentrations
(X) are related to the dry (X„d) through the following relation:

where Xa denotes the mole fraction of species a (a = 1, ... , N). The mole fraction is related to
the specific mole number through,

Xa = W7Tynci 7

N	 N \
_1

_

where Wm -a E WpX0 — (E n,8
8= 1 	P= 1

(6.14)

Wm is referred to as the mixture molar mass. In order to evaluate 6 the values of XH2 and XH2o
need to be calculated. The latter can be obtained by assuming a constant oxygen-to-nitrogen ratio,

no nH2o + nco + 2nco2 + 2no2 XH2o + Xco + 2Xco2 + 2Xo2 -- = zs =	 ==	 (6.15)
nN	 2nN2	 2XN2

Since X60, x602 , x-62 and 412 are known from the measurements, using equation (6.13) they
can be substituted into equation (6.15) to obtain XH20 (with Z3:-.----1 0.265). Once XH20 is known,
all the known wet concentrations (including the measured Xc 3 H8 ) can be substituted into the
mass conservation equation, Ea X, = 1, to yield XH2 . When all the mole fractions are known,
equation (6.14) can be used to obtain the mixture molar mass (Wm) and then the species specific
mole numbers (n,). The appropriate na can then be used in equation (6.12) to calculate the
mixture fraction.

Before any calculations of Godoy's flame are presented, it is essential to establish that the
Monte Carlo simulation that is being employed provides a very good approximation to the finite-
difference solution of the governing equations. Obviously this comparison cannot be performed
for the case of the reacting flow since the finite-difference solution of the multi-scalar pdf equation
is prohibitively time consuming. Instead, the conditions in Godoy's burner are employed (e.g. the
same initial fuel jet diameter, mean inlet velocity and stagnant surrounds) but with the C3 H8 issuing
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from the burner replaced by air so that a constant density, inert flow calculation can be performed.
In this case the only scalar independent variable is the mixture fraction which acts as passive
scalar. The transport equation for the mean and variance of the mixture fraction (equations (3.8)
and (3.9)) are solved and compared with the solution of a Monte Carlo simulation for P(; x, to);

the results are shown in figures 6.35 and 6.36. With gradient modelling used for approximating
the turbulent transport, and a mixing model which predicts a variance decay rate in accordance
with equation (4.6), equation (4.3) can be multiplied by z,b or (lp - 

()) 2 (for the case of a single
scalar pdf) and subsequently integrated over the scalar space to yield equations (3.8) or (3.9),
respectively. Figures 6.35 and 6.36 demonstrate that based on a sample size of 50,000 particles the
Monte Carlo simulation represents the evolution of the statistics very well. The largest differences
can be found in the profiles of the variance. The higher order statistics, such as the variance, are
certainly more sensitive to errors arising from the use of a finite sample size than the mean and
this explains why the variance predicted from the Monte Carlo simulation exhibits more statistical
'noise'. The variance profiles compare favourably with the result of the finite-difference equation
in the sense that over the region where the gradients are significant the solutions are very similar.
The discrepancies towards the edge of the solution domain are not affected by increases in the
number of particles used to represent the pdf. As the edge of the solution domain is reached

—4 0, and from equation (D.30), this implies that Sy co. Consequently there are resolution
limitations in this region, such that a small difference in the predicted entrainment rate can show
up as a large difference in the radial profile.

Predictions of Godoy's measurements are presented for the flames where the initial pipe
Reynolds numbers are 24000 and 42700; these are the test cases where the flow experiences
the largest and smallest residence times, respectively. Except for the treatment of the piloted
methane-air jet diffusion flames (discussed in section 6.5.2) the remaining experimental jet flames
that are calculated in this thesis are all artificially 'ignited'. This is achieved by allowing the

jet to evolve as a non-reacting flow up to an arbitrarily located downstream position (typically
one to four burner diameters); at this 'ignition' plane, those particles along the radial axis with a
mixture fraction lying between the flammability limits of the fuel are assigned the composition
of fully-burned products consistent with the local mixture fraction. This mixture comprises CO2,
H20, N2 and surplus fuel or oxygen depending on the local stoichiometry. If the mixture is
'ignited' too close to the burner exit, the rich mixture hinders further reaction to take place, so
that the mean temperature rapidly drops; the ignited jet soon reverts to a non-isothermal mixing
problem [15]. Specifying a wider range for the mixture fraction (than that corresponding to the
flammability limits) has little effect on the subsequent downstream scalar evolution since those
particles which are either too fuel-rich or lean do not have a sufficiently high temperature to allow
for appreciable chemical reaction over the time scales of the flow.

Figures 6.37 to 6.48 are the results for the test case Re = 24000 using a k-E. formulation,
modified Curl and LMSE, fifty cross-stream nodes (1000 particles per node) and a forward step
size of 1% of the half jet width. The simulations using modified Curl required about three hours on
a Silicon Graphics (Iris Indigo) workstation using global optimisation for compilation purposes.
For LMSE, the run time was about five hours. There are two reasons why LMSE should require
more time to perform the calculation. Firstly with LMSE all the particles are subjected to the
mixing process, whereas with modified Curl only those particles which are randomly selected
undergo mixing. Secondly, with LMSE the run times are strongly affected by the choice of A,
equation (E.26), and for the calculations reported in this thesis 4, = 0.2 was employed to ensure
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that the mixing time step is not too large; however, it is felt that a larger A' could have been
used without a significant effect on the results. The initial conditions were characterised by top
hat velocity and turbulence kinetic energy profiles. The level of k was initially set to allow for
turbulence intensities of about 5% of the mean velocity of the fuel issuing from the burner. The
initial turbulence length scale at the burner exit was taken as a ramp function which was uniform
in value over most of the cross-section and dropped linearly to zero at r = D. The dissipation
rate of k was then estimated using e = . It is clear that only the global hydrocarbon scheme
[46] can be employed for the propane flames since the systematically reduced mechanism [10] is
designed to work for methane-air combustion only.

Figure 6.37 demonstrates that the mean mixture fraction is predicted very well in the region
xID < 80. The similarity of the predictions of LMSE and modified Curl is an interesting result;
this ties in well with the results of homogeneous reacting turbulence (section 6.3.2.1) where the
statistics of the scalar field with the two mixing models is virtually the same provided the initial
condition is a continuous pdf. In this situation the initial conditions associated with the properties
in the burner and the free stream imply a discontinuous pdf; however, the process of transport
in physical space smoothens the initial discontinuities. Interest is mainly confined to the results
for xID < 80, since it is in these regions where the influence of buoyancy is not appreciable.
The predictions of the nitrogen evolution (figure 6.38) follows much the same trends (in terms
of accuracy) as the mixture fraction field. Since there is no source of nitrogen, it is transported
towards the centre-line along the mean concentration gradient, and at xIDP--1 200, the radial
profile is nearly uniform. Figure 6.39 presents the comparison of the velocity predictions using
the k-e model and the measurements. The turbulence model reproduces the measurements very
well; such a good level of agreement is to be expected since the k-e model has been subjected to a
considerable amount of testing in flows where the thin shear layer approximation is valid. This is
why the jet configuration was chosen for the current application of the transported pdf formalism
so that the shortcomings of the turbulence model in reproducing the flow behaviour are reduced;
without an accurate representation of and i, it is not worthwhile trying to proceed with the
evaluation of the reactive scalar field.

Figure 6.40 shows the predictions of C 3H8 and the measurements of UHC (taken to be propane).
The consumption and transport of fuel appear to be well reproduced; in particular at xID = 200
the pdf formalism is in agreement with the measurements in that virtually complete fuel burn-up
has taken place - this indicates that the global chemical mechanism reproduces the gross flame
features quite well. The corresponding profiles for the oxygen concentration is shown in figure
6.41. Godoy's measurements indicate that for xID < 40 there is no 02 detected on the axis of
the jet. This is an interesting observation because it is at variance with measurements in methane-
air turbulent jet diffusion flames reported by Hassan et al. [35] (described in section 6.5.1).
The reasons for this are far from certain and may well depend on how the flame was initiated.
Effects which could explain finite (centre-line) levels of 0 2 include: local partial extinction due to
very rapid mixing near the burner, finite intermittency near the centre-line or oxygen penetration
between ring vortices shed from the burner. However, Hassan et al. [35] argued that these
explanations were unlikely; local extinction effects were ruled out due to the presence of the
hydrogen pilot flame in the near burner region, vortex shedding was simply not observed and the
centre-line pdf's of temperature did not indicate the presence of any intermittency. The only other
plausible explanation put forward by Hassan et al. involved the basic intermittency phenomenon
at the 'edge' of the jet, whereby fresh fuel and air may be brought into contact without the



108	 Results and Discussion

presence of hot products, leading to a partial premixing. The predictions in figure 6.41 indicate

finite centre-line concentrations of 0 2 in regions where the measurements suggest there should
be none. Furthermore, as more fuel is consumed the measurements correctly indicate that the

centre-line 02 concentrations should rise; at least in the region 80 < x D < 100 the predictions

do not reproduce this effect. The reason why the predictions indicate 02 near the centre-line at

x I D = 20 is probably related to the method by which the mixture is 'ignited' for the purpose of
the calculation procedure.

The predictions of the products of chemical reaction (CO2, CO, H2 and H20) are shown in fig-
ures 6.42 to 6.45. The most striking observation is the persistent overprediction of CO throughout
the entire region over which the flame was experimentally investigated. Measurements of the H2

concentration are not available, however figure 6.44 also indicates that the peak levels of H2 are
much greater than the typical values found in laminar or turbulent flames. The overpredictions in
CO need to be matched by underpredictions of the other carbon-containing species in the reactive
mixture. More will be said about the conservation of elemental species further on; for the time
being it is argued that given the largely disparate scales between the concentrations of C 3H8 and

those of CO, CO2 , a small underprediction in C 3H8 is sufficient to make available a large pool

of carbon atoms which would have to be taken up by CO and CO 2 . Generally speaking the CO2
predictions can be considered to be satisfactory to the extent that the peak values are reasonably
accurate. Qualitatively, the results are consistent in that as the fuel is (nearly) entirely consumed

by x I D = 200, the CO and H2 levels start to drop, leading to the formation of H2O and CO2.

The lack of discrepancy in the results using modified Curl and LMSE is an important outcome,
suggesting that both are equally as 'good' at representing the 'molecular mixing' behaviour.

The results discussed above are reminiscent of the predictions of the confined laminar flame,
section 6.2. In fact, the calculation of Godoy's flame was originally attempted prior to the
simulation of the laminar flame of Mitchell et al. [69]. Upon examination of the results for
the turbulent propane jet flame it was felt that the overprediction in the CO field was difficult to
understand given that the global scheme yielded very good CO and H2 levels in laminar flames

(with a realistic treatment of diffusion). This was the motivation behind the calculation of laminar
flames with equal diffusivity being assumed, and it is felt that the results in the laminar flame may
have some bearing on the behaviour in the turbulent flame.

The mixing models that were employed for the turbulent flame calculations employ as the
characteristic turbulent time scale. Therefore it is of interest to compare the profiles of from
the results in this flame. Figure 6.46 shows that over a large section of the jet if is predicted in

much the same way by both models. The discrepancies which do arise near the edge of the jet can
be explained as follows: is a quotient whose value is obviously sensitive to the magnitude of
the numerator and the denominator, particularly near the edge of the jet where k and c both tend

to zero. Figures 6.47 and 6.48 indicate that the behaviour of k and e (respectively) is much the
same regardless of the mixing model and that the differences appearing in figure 6.46 are of little
physical consequence.

The predictions shown in figures 6.37 to 6.48 employed 50,000 particles; typically the pdf at
each point along the cross-section of the jet was represented by 1000 particles. The effect of the
sample size on the accuracy of the results needs to be established if conclusions can be confidently
made concerning the strengths and the weaknesses of the scalar pdf technique. Figure 6.49 is a
graph which helps to indicate how well the current Monte Carlo/pdf approach conserves mass.
With the calculation procedure that is being used, mass continuity is in principle automatically
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satisfied because of the transformation of the governing equations to dimensionless stream function
coordinates. Despite the fact that the reactive species concentrations are changing as the jet evolves
downstream of the burner, at any particular cross-section the flow rate of element mass fraction
should be constant. Due to the equal diffusivity assumption, the measure of this is given by,

R(x)

1(x) La-- f g.iir4"-dr
o

Substituting from equations (5.3) and (5.4), (6.16) becomes:

1

1(x) = RE — W1) f --cicv
o

(6.16)

(6.17)

For mass conservation to be observed 1(x) should remain invariant as x increases. Figure 6.49
shows how the sample size affects this result; with 10 6 particles (i.e. 2 x 104 particles per node)
1(x) varies by very small amounts (< 5%) whilst with 50,000 particles there is about 12% variation
by about xID = 200, relative to the starting value at xID = 0. Figure 6.49 demonstrates that
in the limit of the sample size tending to infinity, 1(x) will become a horizontal line. The large
deviations in 1(x) with 50,000 particles may suggest that the mean profiles shown in figures 6.37
to 6.48 may be inaccurate. For this reason a calculation was performed using 10 6 particles (all
other conditions were kept the same). The results (figures 6.50 and 6.51) using modified Curl are
only shown for 47 and jC.- co; the level of agreement was found to be as good for the other scalars
(which are not shown). It is clear that the substantial increase in sample size has very little effect
on the profiles, implying that the results previously discussed (based on a sample size of 50,000
particles) are quite satisfactory.

Calculations were also carried out to investigate the performance of the Reynolds stress
closure. The reason why the application of this turbulence model was attempted is because it
provides another (potentially more accurate) method of calculating the k and c fields and since
these feed into the molecular mixing models, it would be of interest to find out what effect this
would have on the predicted scalar properties. In terms of the velocity field, figure 6.52 indicates
that there is little difference between the two models; this is to be expected. The results (using
modified Curl) for the mixture fraction and the CO field are shown in figures 6.53 and 6.54. The
Reynolds stress closure does not appear to affect the results significantly; in fact the differences
in the predicted quantities using the two turbulence models appears to be of the same order as the
difference when using the two mixing models. The peak levels of CO (and H2, not shown) for
x I D < 80 are hardly affected. As far as the predictions of the k and E fields are concerned, the
differences arising from the use of the two turbulence models is typically less than about 8%.

The final set of results relating to the Godoy flame are the predictions of the measurements at
Re= 42700. So far very little has been said about buoyancy. Nevertheless, in reality, the increase
in Reynolds number does influence the role of buoyancy. It is to be expected that decreasing the
Reynolds number increases the role of buoyancy. The effect of buoyancy is to increase the mixing
rates such that more air from the surroundings is entrained; Godoy [31] points out that this occurs
at a roughly constant spreading rate. This is plausible provided the overall velocity at a section
also increases under the influence of buoyancy in conjunction with the increased entrainment.
Because more air is entrained, the fuel burns up more quickly and so the flame shortens. These
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observations are borne out by the measurements of Godoy. The important feature emerging from
the predictions and measurements r (figure 6.55 to 6.57) is the apparent insensitivity of the peak
levels of the reactive scalar field to the Reynolds number; doubling the Reynolds number halves
the mean residence time of the flow. This implies that in this particular flame the residence times
of the flow are such that there are no significant kinetic effects (e.g. local extinction) operative.
More will be said about such effects when discussing the piloted diffusion flame of Masri et al.
[66] in section 6.5.2.

Jones and Kollmann [44] had also investigated the flame of Godoy [31] but using a different, and
less realistic, chemical scheme. A reduced scheme for the oxidation of propane was employed;
the thermochemical state (including composition, density and temperature) was obtained via a
partial equilibrium assumption in which the free energy was minimized subject to the constraints
that the mixture fraction, total mole number and mass fraction of C 3H8 (three-scalar chemistry)
take predetermined values. Such a constrained equilibrium approach led to underpredictions of
CO and the agreement of the CO 2 predictions was poorer than displayed in figure 6.42. More
recently Chen and Kollmann [12] extended the work by incorporating a four scalar description
of the chemistry. The major difference between the three and four scalar description lied in the
assumption of partial equilibrium for the CO oxidation process. In [44] the CO/CO 2 ratio was
determined entirely by the H/OH ratio and the equilibrium constant, whilst in [12] CO was treated
as an independent scalar. The effect was a significant improvement in CO and CO2 predictions
(although they were still under and overpredicted, respectively) with little effect on the mixture
fraction profiles. Clearly, the treatment of the chemistry has little effect on the conserved scalars,
but a greater effect on the reactive scalars.

6.4.2 The Flame of Heitor, Moreira and Pires

The propane-air turbulent jet diffusion flame investigated by Heitor et al. [37] 2 has a very similar
configuration to that of Godoy [31]. The differences are that the fuel pipe diameter is 5mm (instead
of 6mm) and the mean fuel inlet velocity is 33ms-1 (in place of the values shown in table 6.1);
the Reynolds number is about 37000. This flame is investigated primarily because of its similarity
to the configuration of Godoy, but in addition measurements of temperature and velocity are
reported. The measurement techniques employed for sampling the CO, CO2 and velocity fields
were the same as those described in section 6.4.1; measurements of temperature were made with
thermocouples (40Am diameter).

The results are presented in figures 6.58 to 6.61. Figure 6.58 shows that the predictions
of CO and CO2 are consistent with the levels calculated for the Godoy flame. In contrast the
measurements of Heitor et al. indicate that the peak CO level is at most 4% (mole fraction)
whereas in the flame discussed in the previous section, the level of CO is typically 6%. Figure
6.59 demonstrates that since CO, and CO 2 are overpredicted, the levels of 02 are underpredicted
and consequently higher temperatures are calculated. Another interesting observation concerning
the measurements is the absence' of 0 2 near the centre-line, in agreement with the measurements
of Godoy. The mean velocity (figure 6.60) is very well reproduced at the first two measuring

21n this experimental study two different burners were employed. One with an internal contraction prior to exit into
the stagnant surrounds and the other with a pipe of constant cross-section. The latter burner is discussed in this work,
since the former cannot be treated by the current calculation procedure which is specifically set up to solve boundary
layer flows.



6.5 Predictions of Methane-Fuelled Turbulent Jet Diffusion Flames 	 111

stations. However, by x I D = 30 the predictions suggest a faster spreading rate of the jet. The

superiority of the Reynolds stress model in predicting (/7 5" )21 is evident, although the differences

are not significant, particularly in relation to u"v". Figure 6.61 presents the predictions of (u"2)1
1and (Ti2 ) 2 ; for x I D > 10 the Reynolds stress model appears to reproduce the measurements of

, fx 1	 •Vi a ) 2 quite well. However, despite the simplicity of the k-e model (in comparison to the Reynolds
stress model) it is clear that it also performs satisfactorily and the effect of these differences on
the reactive scalar field appears to be quite small.

The calculation procedure appears to reproduce the fluctuating velocity field quite well. This
implies that the predictions of k (and therefore those of e) are at least of the right order of
magnitude and qualitatively correct. This, is turn, means that the apparent overpredictions in CO
(for example) is not related to the inaccuracy of -/ which serves as an input to the mixing model;
it appears that it has more to do with the lack of physics underlying the derivation of the mixing
models.

6.5 Predictions of Methane-Fuelled Turbulent Jet Diffusion Flames

6.5.1 The Flame of Hassan, Lockwood and Moneib

In the experimental study of Hassan et al. [35] three types of flames were investigated: burner
stabilised flames with and without N2 dilution of the fuel stream and lifted flames. Given the
manner in which the flow is artificially ignited in the current calculation procedure, it is clear that
the predictions need to be restricted to the burner stabilised flames. The fuel employed was North
Sea gas (94 % methane), chosen on the grounds that it avoids the significant formation of soot.
The burner pipe was thin-walled, vertically aligned and 7.74mm in diameter. It was long enough
to ensure fully-developed conditions at its exit. Flame stabilisation was achieved by admitting H2

from a 0.25mm wide annulus between the burner and a surrounding pipe. The flow rate of H2 was
1% by mass of that of the fuel. In contrast to the previous experimental investigations, Hassan
et al. chose to employ a quartz microprobe relying on sonic expansion for sample quenching, in
preference to the bulkier alternative of a water-cooled stainless steel probe. The justification for its
use was that quartz probes provide minimal thermal disturbance and possess diminished catalytic
activity.

Each of the flames studied were operated at a pipe exit Reynolds number in the range 10 4 <
Re < 3 x 104 (transition Re.--:-.1 500 for free jets). The initial conditions corresponding to the
flames investigated by Hassan et al. are summarised in tables 6.2 and 6.3. Since it assumed

• that the fuel is methane, the systematically reduced scheme of Chelliah et al. [10] can also be
employed for the calculations. Measurements of UHC, H 20 and N2 were not made and so it is
not possible to calculate a mixture fraction from the measurements. Detailed measurements of
the radial profiles were only reported for run SA2. Figure 6.62 shows the results for the CO and
temperature fields using the global hydrocarbon mechanism. As with the Godoy flame, the effects
of buoyancy become important in the downstream solution (x I D > 80). The mean temperature
profiles at x I D = 36.2 and 75 appear to be very well predicted with little difference between
the mixing models. By x I D = 204, the temperature profile is overpredicted by a significant
margin, particularly near the centre-line; this may suggest that the measured flow is cooling down
(through the entrainment of 'cold' air from the surroundings) more rapidly. Since the buoyancy
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R un
Mass Flow Rate Burner Velocity

Uo [m s-1 ]
Burner Exit

Reynolds numberFuel [Kg/hr] H2 [Kg/hr]

SA1 3.283 0.0227 29.5 13362

SA2 4.924 0.1545 44.3 20065

SA3 8.207 0.3070 73.9 33454

SA4 9.848 0.3347 88.6 40130

Table 6.2: Stabilised natural gas diffusion flames, Hassan eta!. [35]. D = 7.74mm. Burner velocity chosen
to conform with the fuel mass flow rate, gm, = 0.656 Kg na-3 and pcm, = 1.121 x 10-5 Kg m- s- / at
298K.

R un
Mass Flow Rate Density

j [Kg In-3 ]

Burner Velocity
Uo [m s-1]Fuel [Kg/hr] N2 ;[Kg/hr] H2 [Kg/hr]

NA1 3.06 1.865 0.169 0.78 37.3

NA2 2.185 2.74 0.1545 0.86 33.8

NA3 1.311 3.613 0.1545 0.95 30.6

NA4 0.874 4.05 0.144 1.01 28.8

Table 6.3: Stabilised natural gas/N2-diluted diffusion flames, Hassan eta!. [35]. D = 7.74mm. Re 16500

forces influence the entrainment, it is clear that to reproduce the measurements in the region of

xID = 204 requires modelling of the buoyancy effects. The overprediction of the CO has been a
major characteristic of the solution formalism that has been adopted, even though the qualitative
trends appear to be correctly represented. The maximum levels of CO predicted are slightly less
than for the Godoy flame. One possible reason for this is that a different hydrocarbon is being
used, with fewer carbon atoms per molecule. Figure 6.63 presents the predictions of 0 2 and

CO2 in relation to the measurements. As with the Godoy flame, the peak levels of CO 2 are well

reproduced for xID < 80. In accordance with the overprediction of temperature at xID = 204,

the mean 02 and CO2 concentrations are under- and overpredicted respectively. Figure 6.64
indicates that the overpredictions of CO are matched by very high 112 concentrations, particularly

at xID = 75. However, by xID = 204 all the fuel has been consumed and most of the CO and

112 have been oxidised to CO2 and H2O. Figure 6.65 shows the axial (centre-line) evolution for
the scalar properties. The most accurately predicted quantity appears to be the mean temperature
for xID < 100. Qualitatively the rms of temperature is acceptable for xID < 100, whilst the
subsequent (measured) peak may well be due to more 'cold' air particles amongst the hot burnt
pockets so that the overall mean temperature decreases whilst the fluctuations increase. Whilst
the measurements indicate a finite level of 02 along the centre-line, the calculation predicts that

by about 50 diameters this has virtually disappeared. The behaviour of CO 2 is quite satisfactory;

however the reasons for the subsequent (predicted) plateau in the CO 2 level are not clear. The

strong rise in the CO concentration coupled with virtually no centre-line 02 is clearly a factor,

since the CO2 profile starts to rise again as the centre-line CO levels drops and that of 02 rises.
Hassan et al. [35] point out that the most noteworthy feature of the scalar field measurements

is the finite 02 concentration for xID < 80. In this respect, the effect of N2 dilution is to
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reduce, relative to the undiluted flame, the centre-line oxygen concentration for x D < 80. It is
argued that the effect of N2 dilution is to increase the stoichiometric mixture fraction, and as a
consequence it "suppresses the retardation of reaction and so the oxygen concentration". With N2

dilution, est is given by:

W.Cx Hy
st = WN	 rarst,,i 	 , Tir

(W02 + —r25 -) (X i) ( 1 	 •rnCs , I +thN2 ,	
" CxHy

(6.18)

where friN2,1 and nicoiy,1 are given in table 6.3. The derivation of this expression is given in
appendix G. Equation (6.18) shows that for ri-2, N2,1 > 0 the magnitude of 6st is greater than if
rizN2 , 1 = 0. Hassan et al. noted that as a consequence of the increase in e st the flame is shortened in
inverse proportion. The addition of N2 affects the bounds for the construction of the interpolation
table. These details are discussed in appendix F.

Figure 6.66 shows the results for the oxygen field comparing the measurements and predictions
of the burner stabilised flames, with and without N2 dilution. The predictions of the NA1 and NA2
flames do not demonstrate a reduction in the peak levels of 0 2 , for x / D < 50, relative to SA1
and SA2. For NA3 and NA4 there is a significant reduction in the centre-line 0 2 concentration
relative to SA3 and SA4. Furthermore, the general level of agreement between the predictions
for the nitrogen diluted flames is better than for the non-diluted flames. As 7h, N2,1 is increased the
centre-line temperature profiles (not shown) indicate that the peak temperatures, albeit of the same
magnitude, fall away more quickly than if frtN2 , 1 = 0. Thus, as more N2 is added to the fuel stream,
at the expense of the fuel itself, the amount of reaction taking place is less pronounced; this may
explain why the level of agreement between measurement and prediction improves for these test
cases. The improvement in the prediction of CO 2 and CO profiles (figures 6.67 and 6.68) is also
evident. In the case of CO2, it can be noticed that the peak levels move closer towards x I D = 0
as the degree of N2 dilution increases; this is consistent with the observation that the mean flame
length shortens. The effect of N2 dilution on the CO concentration results in overpredictions for
NA1 and NA2 (consistent with the undiluted behaviour), but for NA3 the centre-line evolution is
very well reproduced. For NA4 the levels CO are underpredicted; these results are in stark contrast
SA1-SA4 where CO is consistently overpredicted, and the peak levels are hardly unaffected by
the flow residence times (as shown by the measurements and the predictions).

The discussion now centres around the predictions of the non-diluted flame (SA2) using the
systematically reduced mechanism of Chelliah et al. [10]. The results initially presented for this
test case were performed with the mixture being artificially ignited at 15 diameters downstream of
the burner. This is an unrealistically large distance and the reason for igniting the mixture at such
a location is because with ignition at x I D = 10, the mean flame temperature drops monotonically
thereafter; the flow reverts to a mixing problem. This clearly indicates that the reactive mixture
at the ignition plane cannot sustain itself downstream. This result raises questions with regards to
the suitability of the systematically reduced mechanism with the transported pdf formalism. For
the time being the results obtained with ignition of the mixture at x I D = 15 will be discussed.

Figure 6.69 shows the results for the mixture fraction, temperature and mean density. The
first significant observation is the difference in the predictions of LMSE and modified Curl at
xID = 75, whilst at xID = 36.2 the results are quite similar. LMSE is manifesting a tendency
towards extinction and the reasons for this are not entirely clear. The calculations of homogeneous,
isotropic and reacting turbulence indicated that with the global hydrocarbon scheme employing a
continuous initial distribution, the scalar field evolved in the same manner with the two mixing
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models. However, this was not the case with the systematically reduced mechanism, and the
current result could be interpreted as a manifestation of this in an inhomogeneous test case. With
modified Curl, the temperature in figure 6.69 is predicted just as well as in figure 6.62. Whilst the

difference in I" using modified Curl and LMSE is significant at xID = 75, the effect on the mixture

fraction profiles appears to be very small. Figure 6.70 shows some more features of the reactive
scalars. The peak CO levels are not overpredicted. However it would be unwise to assume that this
result has been achieved because the chemistry is more realistic; this is because to achieve these
results the mixture had to be ignited at xID = 15, which is considered too far downstream. From
the oxygen profiles it is clear that the centre-line concentrations are overpredicted at xID =- 36.2

and xID = 75; this partly explains why the CO levels appear to be more sensible. The differences

in the CO and H2 levels arising from the use of the two reaction schemes are significant; upon
close examination of the CH4 profiles (figures 6.64 and 6.71), the mechanism of Chelliah et al.
[10] suggests that there is more fuel present, particularly at the larger radii (which occupy a greater
volume). With modified Curl the profiles of CO 2 and H2O do not differ substantially for the two
schemes. This is to be expected since the temperature profiles do not differ significantly as pointed
out earlier on. It is difficult to comment on the accuracy of the radical species (figure 6.71) since
there are no measurements available. The peak values of CH 3 appear to be of the same order of

magnitude relative to the peak values in the laminar flame calculated by Chelliah et al.; this is in
contrast to the H-radical, where the concentrations are an order of magnitude higher. The fact that
LMSE is tending towards extinction appears to be coupled to the rapid depletion of the radical
pool at xID = 75 relative to the solution employing modified Curl.

Given the significant effect that the use of a more elaborate scheme appears to have on the
evolution of the reacting jet, figures 6.72-6.74 are presented in order to compare the two solutions
associated with the ignition of the mixture at 10 and 15 diameters downstream of the burner.
Figure 6.72 demonstrates that the peak mean temperature of the flow is steadily dropping for the
calculation with ignition at xID = 10. The large difference in temperature affects the density
which in turn influences the mixture fraction; the jet with a lower overall density spreads faster.

Figure 6.73 indicates that 02 is higher for the flame that that 'goes out', which is to be expected;

the area under the curves for CH4 appear to be much the same, however bearing in mind that
the density is much higher further downstream for the flame initially ignited at xID = 10, this
indicates that less fuel is being consumed for that test case. The reason why the flame temperature
drops monotonically when ignited at xID = 10 can be explained using figure 6.74. This plot

shows that whilst the peak values of CH3 and H are the same at xID = 10 or 15 (depending on
the location of ignition), the subsequent evolution of the flame which cannot sustain itself is due
to the depletion of the radical pool; by xID = 30 there are hardly any radical species available.
The only difference between the ignition of the mixture at either of the two specified locations is
in the degree of interdiffusion between the fuel stream and the surrounding air stream.

The results in homogeneous, isotropic and reacting turbulence indicated that with the use of the
systematically reduced mechanism the agreement between the predictions using the interpolation
table and LSODE were not entirely satisfactory for all the scalar properties. For those calculations,
as well as the laminar flame simulations, the direct integration of the stiff ODE's (using LSODE)
did not lead to prohibitively long cpu times. For an inhomogeneous flow, the number of particles
present and the number of steps required to perform the full calculation make the use of LSODE
quite impractical. However, with this mechanism, ignition of the mixture at xID = 10 leads to
a progressive drop in the mean temperature. Since those 'notional' particles with a temperature
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Figure 6.2: Schematic of the piloted methane-air turbulent jet diffusion flame of Masri et al. [66]. The
streams labelled 1, 2 and 3 contain the following: 1. CH 4 at 298K, Re 20000, u in = 41ms —I (flame L)
and uin, = 48ms-1 (flame B); 2. 'Hot' (fully) burnt products from a stoichiometric mixture of C2H2, H2
and air, 2600K, Re Pz: 604, /Lin, = 24ms—I ; 3. Coflowing air at 298K, Re 106, u in = 15ms — I .

greater than 700K are only subjected to chemical reaction, this means that a comparison between
the performance of a calculation using the interpolation table and the direct integration can be
made. Such a test is clearly necessary given the implications of the above results which raise
questions on the suitability of the reduced scheme in the calculation procedure. A calculation
using LSODE for flame SA2 was performed up to xID = 30 and even with full optimisation
this required over three days of cpu time. With ignition at x/D 15, the run time required for
this calculation could easily be an order of magnitude higher. Figures 6.75 and 6.76 compare the
solutions of the interpolation table and LSODE. The agreement is quite satisfactory in the sense
that the correct qualitative trends are being predicted. Therefore the results presented earlier on
are definitely not misleading, and for the gross flame characteristics (such as CH 4 , CO2 and 02
levels, not shown) the agreement is very good.

Further calculations using the scheme of Chelliah et al. [10] are not described in the context
of the flame of Hassan et al. since it is felt that the uncertainties which have arisen through its use
imply that it is not very well suited to the current formalism.

6.5.2 The Flame of Masri, Bilger and Dibble

The work of Masri et al. [66, 67, 68] provides extensive experimental data on the compositional
structure and temperature for turbulent methane-air jet diffusion flames in which the chemical
kinetic effects (e.g. local extinction) can be significant. A schematic of the basic experimental
configuration is illustrated in figure 6.2.

The burner which produces the flame consists of a central jet of fuel surrounded by a large
annulus (the pilot stream) of coflowing premixed combustion products (originating from a unbumt
mixture of C2H2, H2 and air) with the carbon-to-hydrogen ratio adjusted to be the same as that of
methane. This specification is not unique, for example the following one step irreversible reaction,

C2H2 3H2 + 402 + (4) N2 2CO2 4H20 (6) N2 	 (6.19)

implies a carbon-to-hydrogen ratio of 1:4, whilst

C2H2 4H2 + 102 + (1) N2 2CO2 5H20 (1) N2 	 (6.20)
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ensures a carbon-to-hydrogen ratio 1:5. Therefore the amount of H2 determines the carbon-to-
hydrogen ratio. For the fully burnt mixture of acetylene and hydrogen the stoichiometric mixture
fraction is given by:

Wc2H2 + 3WH2 
est

	

	 0.049	 (6.21)
2 (WCO2 4WH20 WN2)

An equilibrium calculation using the method of Gordon and McBride [32] for the annulus mixture
yielded a temperature of about 2491K. When radical species are excluded from the equilibrium
composition the 'fully-burnt' temperature rises to 2637K. Given that a real mixture contains
radicals, it is not clear why Masri et al. estimate that the pilot stream is at 2600K.

The burner and pilot annulus are centred in a much larger coflowing stream of air. Masri et al.
designed this arrangement in order to study turbulence-chemistry interactions under conditions
approaching extinction, in a flow which is fluid dynamically 'simple'. By increasing the fuel jet
velocity, the flame approached extinction in a region 15 < xID < 35, where D refers to the

fuel jet diameter. At blow-off the heat release from the pilot annulus maintained combustion of
the fuel and outside air over the first 15 diameters. It is pointed out [67] that in the vicinity of
xID 20, where the stabilising effect of the pilot stream has virtually disappeared, the mixing
is intense. If the fuel jet velocity is sufficiently high (prior to blow-off), the peak temperatures
can drop to about 820K, implying local extinction; however further downstream(xID ,'ze, 30) the
'intensity' of mixing is reduced, the flame re-lights and the temperature increases again. It is quite
clear that such a test case manifests appreciable finite-rate effects; it was experimentally observed
that regardless of the mean jet velocity (and therefore how close the flame was to extinction),

(612
/

) 2 remained constant at a given axial location. These conditions pose a severe test on any
turbulence and thermochemical model employed to predict a turbulent combusting flows. Four
different flame conditions were experimentally investigated by Masri et al. at various mean fuel
inlet velocities. Flames 'L' and 'B', characterised by mean fuel inlet velocities of 41ms -1 and

48ms-1 respectively, are considered in this work. These flames are chosen partly because they
encompass the range of behaviour previously discussed. In addition these flames have also been
investigated by Chen et al. [15] and Vervisch [99, 100], and so a comparison of the predictions

can be made.

Masri et al. [66] made simultaneous space and time resolved measurements of CH 4, 02,

N2, H20, H2, CO and CO2 using pulsed spontaneous Raman scattering in the blue (visibly soot
free) regions of the flames and temperature was measured from the Rayleigh scattered signal.
A "fluoresence" interference which contaminated, in varying degrees, the Rayleigh and Raman
lines was observed and its effect accounted for using correction coefficients generated from
measurements in laminar flames of known composition. This problem seems to occur only in
hydrocarbon fuels, particularly in the rich (0.06 < < 0.25) regions of the flame for samples
where the temperature is greater than 1273K. At each laser shot the Rayleigh scattering as well as

the Raman signals from CH4, 02, N2, H20, H2, CO and CO2 were collected simultaneously. The
manner in which the statistical moments of these scalars were obtained, together with the influence
of fluoresence is described in [66]. The species concentrations were expressed as density-weighted
averages and the temperature and density as conventional, unweighted averages. The accuracy
of the measurements was largely dependent on the severity of the fluoresence interference. The
investigators claimed that that the concentration and temperature measurements were affected
by shot noise and calibration errors by less than 5% of the maximum values. In the pdf plots
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typically 1250 sampled data points at a particular location were used to construct the histogram,
including the ones with 'intense' fluoresence 3 . This leads to values of the pdf's of all the scalars
being slightly biased towards higher values in the regions of intense fluoresence. The mixture
fraction reported in [66] was calculated from an hydrogen-atom balance; the definition accounted
for hydrogen atoms present in the air stream due to the presence of water vapour (quantified in
terms of the specific humidity, Kg of H 20/Kg dry air).

The pilot stream is significant in the role it plays in this flame configuration; the very low
Reynolds number and high temperature of the flow issuing from the annulus indicates that it acts as
a source of flame stabilisation. In addition, the shear size of the pilot stream sets it apart from the
jet flames considered up to now, where the effect of the pilot stream was ignored in the calculation
procedure. In the present context, the mixture is no longer artificially ignited at some arbitrarily
located plane downstream of the burner. Instead the initial conditions associated with the pilot
stream are introduced into the calculation procedure and it is expected that this procedure will
be sufficient in ensuring subsequent chemical reaction further downstream.4 This procedure is
undoubtedly more realistic than the artificial ignition. It should be borne in mind that if the pilot
stream is not sufficiently large in comparison to the fuel stream (as in the previous jet flames) then
such a practice may not be sufficient to ensure combustion downstream; effectively, the localised
high temperature pilot gas would be quenched by the colder surroundings before sufficient mixing
of fuel and air has taken place. This effect is a feature of the solution formalism and has nothing
to do with what actually happens in reality. Regardless of the method of ignition that is employed,
if the hot burnt products are represented in terms of a fully burnt mixture of CH 4/02/N2 then the
resulting peak temperature will be about 2400K, as opposed to 2600K arising from the complete
burnout of a mixture of C2H21H2/02/N2 . For the initial set of predictions to be reported, the former
specification is employed.

All the predictions presented for the flames of Masri et al. [66] employ the scheme of Jones
and Lindstedt [46] (the global hydrocarbon scheme). Attempts at using the scheme of Chelliah et
al. resulted in the same effects observed for the predictions of the flame of Hassan et al. [35] when
ignited at xID = 10. Igniting the mixture at a potentially large downstream position in order to
ensure that the scheme of Chelliah et al. does work is not a potentially good idea in view of the
fact that the measurements made by Masri et al. start quite close to the burner (xID = 10).

The comparison of measurements and predictions for flame L will be considered first, since
this particular flame does not exhibit the observed effects of local extinction and subsequent
downstream relighting. Figure 6.77 compares the density-weighted CH 4 mass fraction and mixture
fraction radial profiles. The behaviour of the predictions are consistent with what has been observed
in the previous flames; namely that the mixing field and fuel breakdown are well represented, and
that the differences arising out of the use of modified Curl and LMSE are quite small. The
spreading rate of the predicted jet could be increased somewhat in order to conform more closely
with the experimental measurements. Increased spreading rates could be achieved by increasing
the characteristic turbulent length scales at inlet to the flow domain; this would in turn reduce e
which results in a larger eddy-viscosity (since At a -ke ). A larger eddy-viscosity implies increased
turbulent mixing and hence spreading rate of the jet.

3 An 'intense' signal is arbitrarily defined [67] as one where the maximum and minimum fluoresence corrections
deviate by more than 25% from the mean fluoresence corrected value.

4The former method of specifying burnt particles at some arbitrary downstream location was adopted by Chen et al.
[15], whilst Vervisch [99, 100] used the procedure which is also employed in this work.
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The accuracy of the prediction of fTN2 (figure 6.78) is related to that of 4 ... to the extent that both

are conserved scalars and are affected by the reaction through the mean density. The mean density
is very well predicted over a significant section of the jet. Towards the edges the overpredictions
are presumably related to the fact that the jet is not spreading as fast as the measurements suggest.
Figure 6.79 presents an interesting feature which has been discussed in the context of the flames of
Godoy [31], Heitor eta!. [37] and Hassan eta!. [35] (sections 6.4.1, 6.4.2 and 6.5.1, respectively)

- the appearance of 02 at the centre-line. As with the previous flames, in the initial stages of jet

evolution, the predictions do not indicate the existence of any 0 2 near the centre-line. The profiles

for CO2 appear to be in good agreement at xID = 10, but this deteriorates further downstream,
although the peak levels are not too far off from those of the measurements. The fact that the
accuracy of the predictions appear to be better at xID = 10 than at the other measuring stations is
a feature which is also observed in flame B; this aspect of the predictions will be discussed further
after consideration of flame B.

Whilst the CO levels (figure 6.80) are underpredicted at xID = 10, this is definitely not the

case by xID = 30. Furthermore the H2 concentration (figure 6.81) is substantially overpredicted

for xID > 20. This final point is important since the measurements (and predictions) indicate that

the peak levels of H2 are an order of magnitude below those of CO (and both appear in relatively
small amounts). This highlights the difficulty in reproducing the behaviour of these intermediate
species which are strongly affected by how accurately the reaction zone is represented. The

measurements of H2O appear to be reproduced quite well. If the present calculation is extended

to xID = 70 it is noticed that by xID = 50, kmP..-1 0.11 and i/%142 P.-.; 0.015; by xID = 70

kco 0.13 and YH2 0.017, with Tmax 1600K. This demonstrates that up to xID = 30 only
a brief 'history' of the flame is being observed and that as the flame evolves further downstream,
the intermediate species' concentrations increase even further.

Figure 6.82 presents the prediction of the root-mean-square (rms) of CH 4 and 6, denoted as

(G2 4 ) 1 and (6" 2)i respectively. The correct trends are reproduced and the qualitative agreement
is quite good, although there is scope for improvement. With reference to figure 6.77 it is noticed
that the overpredictions in the rms values observed in the region 0.5 > rIR < 2 (R = DI2)
occur at the same location as the largest mean scalar gradients. Whether this is an indication that
there is too much production of scalar fluctuations, or the mixing model does not dissipate the
scalar fluctuations enough or even because it is a consequence of the spreading rate not being
correctly predicted is an open question.i Figure 6.83 indicates that at xID = 10 the maximum

and minimum (turning points) for (g' 2) have been very well picked up by the predictions. This
is quite an achievement given that the initial density field is quite complicated due to the presence

of the hot pilot gas (gpi/ot r-z--1 0.145Kg/m3) located between the fuel (gcH, 0.656Kg/m3) and air

(gair 1.18Kg/m3) streams. Figure 6.84 demonstrates that both (Y) and (Ya) are quite

well predicted; in the case of CO2 this is interesting since the corresponding mean profiles (figure
6.79) are not too well predicted. Furthermore, despite the fact that ko, indicates that there is no
predicted centre-line oxygen, small (yet finite) fluctuation levels are detected at xID = 20. Unlike

the behaviour of the mean and rms of CO 2 , figures 6.85 and 6.86 show that the overpredictions

in kco and kH2 lead to overpredictions in the corresponding rms values; this effect is particularly
1/2 1. , 2 !

acute in the case of (17/12 ) 2 • The predictions of (T )2 at xID = 10, figure 6.85, indicate a peak at

rIR 1 whereas the measurements suggest a monotonic rise. The reason for this is not entirely

clear; the prediction of (Yili1220 ) 1 (figure 6.86) at xID = 10 also indicates a peak in this region, and
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it is possible that the calculation procedure registers this feature as a residual effect of the pilot
stream since this peak appears to disappear by aboutxID = 20.

Since the current method of solution allows the pdf to be treated as an evolving quantity, it
seems natural to present some pdf's and compare them against the measurements compiled by
Masri et al. [67]. Figure 6.87 presents the marginal pdf.i5 (;x,co) at xID = 20 for three different
radial positions. Before discussing the level of agreement which exists between the plots, the
reason why the measurements and predictions are compared at rIR = 1.97 and rIR= 1.98 (as
an example) needs to elaborated. With the calculation procedure being used the grid position is
outside the control of the analyst, and is evaluated in terms of the transformation to dimensionless
stream function coordinates. These details are discussed in section 5 and appendix D. However,
provided the mesh is sufficiently fine in the co-direction, upon transformation to x-r coordinates,
a grid node in physical space close to the location of the measurements can usually be found, but
a one-to-one correspondence cannot be guaranteed.

Despite the differences in the fine details of the pdf profiles in figure 6.87, the predicted and
measured pdf's are located in the same regions of the 5 space; near the centre-line the mixture is
rich and the pdf's are closer to 5 = 1, whilst at rIR= 3.11 the pdf's are biased towards 5 = 0.
Given that 5' has been qualitatively well-predicted, the observations concerning the location of
the pdf's is to be expected. It was mentioned earlier on that the predicted spreading rate of the
jet is less than the actual spreading rate experimentally measured. Consequently at rIR= 0 the
predicted pdf is closer to 5 1 than the measured pdf. Similarly at rIR= 3.11 the predicted pdf
shows a much stronger spike at 5 = 0 than the measured pdf. At xID = 20 and rIR = 0, figure

6.82 indicates that the predicted and measured values of (C 2 )1 are virtually the same, although
figure 6.77 demonstrates that at the same location the values of 5 are different. However, the
corresponding pdf profiles in figure 6.87 have different shapes - if only 5 was different they would
look identical but situated at different locations along the 5 axis. This suggests that the higher-order
moments may also be different in order to account for the differences in the shapes of the pdf.
This particular feature is further exemplified in figure 6.88 which presents .15(";x,co) due to the
LMSE model; atrIR= 0 the differences between the predicted pdf's in figures 6.87 and 6.88 are
noticeable, yet the mean and rms show little difference between the two mixing models. Figure
6.89 compares the unweighted pdf P (i' ; x, w). Qualitatively the agreement appears to be quite
good and this is reflected to a certain extent by the mean and rms profiles (figures 6.80 and 6.85

at xID = 20). At xID = 20 and rIR 2, P.,- 1150K and (T' 2 )1 200-400K (measurement
and prediction, respectively); it is interesting to note that both the measured and predicted pdf's
register signals up to 2000K, albeit with much lower intensity. The importance of this result has
been highlighted by Masri et al. [67], who point out that whilst the frequency of encountering 'hot'
burnt pockets of gas decreases sharply as the flame approaches extinction, their very existence may
be responsible for keeping the flame alight - this argument is particularly relevant to flame B where
local extinction is followed by relighting of the flame further downstream. Figure 6.90 shows
i5 ( x, w); the results are consistent with the profiles of kco (figure 6.80) since at xID = 20
and rIR= 0 the mean CO levels are underpredicted and atrIR^,-, 2 they are overpredicted.

The predictions for flame B are now discussed. The only difference between flame L and flame
B is the initial mean fuel jet velocity; a difference of 7ms -1 . Figure 6.91 shows the radial profiles
for 5 and km,. It is clear that up to about xID = 30 both mixing models provide a very good
representation of 5, particularly at xID = 20 where the mixing is claimed [66] to be intense and
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the conditions for combustion are critical. By xID = 50 differences emerge between LMSE and
modified Curl, but they do not appear to be significant. Figure 6.92 demonstrates that despite the
small effect on the conserved scalar field and kN2 ), there are substantial differences in the mean
density based on the two mixing models. Using LMSE the density is consistently rising, implying
that the temperature is dropping. This is the first instance in the calculation of jet flames using the
scheme of Jones and Lindstedt [46] that the solutions employing modified Curl and LMSE differ
so drastically. Figures 6.93-6.95 show how the remainder of the reactive scalars behave. The most
informative plot is figure 6.94, which demonstrates the temperature evolution. The measurements
indicate that the peak temperature at xID = 20 is about 900K; this is clearly the region in which
the flame is locally experiencing extinction, yet the calculation procedure has not picked up this
feature at all. In this region both LMSE and modified Curl yield very similar results and it is
only for xID > 20 that differences emerge. LMSE is clearly indicating a continual drop in the
peak temperature, consistent with the density profiles discussed earlier. In conjunction with this
drop in temperature, kco, YH2 , fib° and kco2 all drop substantially (relative to the solution using
modified Curl); this is matched by a rise in the level of 1/02 across the jet. The behaviour of

kcH4 (figure 6.91) at x I D = 50 indicates that there is slightly less fuel present using LMSE than
with modified Curl. As with the flame of Hassan et al. [35] discussed earlier, this paradoxical
observation is explained by the difference in the density fields which demonstrates that the actual
mass of fuel present at xID = 50 is greater with LMSE.

It is interesting to note that the large differences observed between the results of the application
of the two mixing models is also apparent in the calculations of Chen et al. [15] with the use of
modified Curl and two different reaction schemes. In their work, a systematically reduced five-
scalar, four-step mechanism was employed (involving a single H-radical) as well as a four-scalar
constrained equilibrium scheme (developed on heuristic arguments). Their mean temperature
profiles indicate that with both chemical schemes (and for flames L and B) the peak temperatures

drop as xID increases; for the constrained equilibrium scheme this occurs more rapidly, such that
with flame B at xID = 50, Tniax = 850K. The effect of local extinction (observed with flame B)
is not registered at all, with peak temperatures of about 1600K being predicted at xID = 20 (with

both schemes) whilst in figure 6.94, Tmax = 1400K (which is slightly closer to the measured

11, ax 900K). In going from xID = 30 to xID = 50 the predictions of Chen et al. indicate

a drop in peak temperature from about 1300K (for the five-scalar reduced scheme) to 1200K,
whereas in figure 6.94 a slight rise in temperature is predicted with modified Curl, consistent with
the experimental trend. Unfortunately Chen et al. [15] do not present their predictions of CO and

H2; however Vervisch [99] does report large overpredictions of CO and H2 (comparable with those
reported in this thesis) in flame B using the scheme of Jones and Lindstedt [46]. The calculations
employed LMSE and the results did not indicate the drop in temperature observed in figure 6.94.
The reasons for this discrepancy are not clear.

Another interesting area for comparison is related to the predictions of H20. Chen et al. [15]
argue that as the jet velocity is increased, YH2O should be lower due to reduced flow residence
times. This effect was not observed in the jet flames discussed in the previous sections. However,
in the flame of Masri et al. [66], where an increase in the central fuel jet velocity can lead to local
extinction, it is clear that the Reynolds number will influence the flow properties quite significantly.
The measurements of Masri et al. confirm the reduction in the levels of H 2O as the fuel jet velocity
increases. The predictions of Chen et al. indicate the opposite trend, i.e. an increase in 1.7-H20

in going from flame L to B. It is suggested [15] that this tendency for approaching equilibrium
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with increasing strain rate highlights the deficient behaviour of modified Curl in modelling the
molecular mixing effects. More specifically, the shortcomings of modified Curl are attributed to
its discontinuous representation of the mixing process - hence the motivation for reaction zone
conditioning (described in section 4.7.4). However the results in figures 6.81 and 6.95 indicate that
with modified Curl the levels of H20 predicted in flame B are either the same or less than those in
flame L. This result is at variance with the conclusions of Chen eta!. [15], and since the difference
between these two sets of results lies in the chemical mechanism employed, this suggests that
both the mixing model and the chemistry may limit the scalar pdf approach. Due to the strong
coupling which naturally exists between mixing and reaction, it is expected that sub-models used
to represent either of these processes will, in general, influence the overall results.

For completeness, some of the predictions of the fluctuating field of flame B are also presented.
The predictions of the pdf's are not included since it is difficult to extract information from them
which could elucidate the reasons behind the current trends in the predictions. Figure 6.96 shows

tt	 1	 ta \ i
	the predictions and measurements of ( 26 )	 (2	and sYCH4 ) 2 •

(experimentally observed) insensitivity of (6 n2 )1 to the initial mean jet velocity (referred to earlier
on) has also been reproduced by the predictions, as shown by figures 6.82 and 6.96. In the radial

profile of (6" 2 )1 Chen at al. [15] predict a second peak at xID = 10 (typically 10% of the
maximum value) when rIR = 4 and attribute this to the residual effects of the simulated pilot
flame. However, figure 6.96 and the results of Vervisch [99] do not indicate such a peak. This may
be due to the fact that in the latter examples the pilot flame is simulated idirectly in terms of the
initial conditions. Figure 6.97 demonstrates that with modified Curl (& 2 ) is predicted very well.
The level of agreement between prediction and measurements is better than in [15], where broader
profiles are obtained; for example at x I D = 10, the peak value of (e2)1 is predicted to occur at
rIR P. .,- . 5 in [15]. With LMSE the peak value of (e2 ) 1 drops as the mean density rises. The peak
also moves towards the centre-line as more 0 2 diffuses into the jet and the flame progressively
goes out. The remainder of the scalar fluctuation predictions are not shown; however, for modified
Curl the same qualitative features as predicted in flame L are observed. In particular the significant

1,2 I	 tt2 1.
overprediction of (1700 ) 2 and (11/12 ) 2 . In contrast LMSE predicts a decaying fluctuating field as a
function ofxID.

In the remainder of this section the test case of flame B will be analysed subject to various
conditions. The results will demonstrate several interesting aspects of the predictions. The first
test is a calculation which cannot be realised in a laboratory and involves the simulation of flame
B with chemical reaction switched off. The same initial conditions are employed, but no CO
and H2 can be produced and the only H20 and CO2 originate from the pilot stream. Figures
6.98-6.99 show the results using modified Curl. The solid lines have already been discussed in
the paragraphs above. The most striking observation is that switching off the reaction has little
effect on the evolution of CH4, and for the temperature the discrepancy is very small at xID = 10.
Therefore up to xID = 10 the effect of the pilot stream is very significant and almost dominates
the evolution of the flow. This goes some way towards explaining why the predictions appear to
be so accurate at xID = 10 in the results of flames L and B.

It was mentioned earlier on when discussing the representation of the pilot stream in terms
of a fully-burnt stoichiometric mixture of CH4/air that the equilibrium temperature is typically
2400K, which is about 200K less than the actual temperature of the pilot stream which contains
a fully-burnt stoichiometric mixture of C 2H2/H2/air. Consequently the pilot flame should be

It is encouraging to note that the
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Figure 6.3: This figure illustrates the effect of introducing the enthalpy as an extra scalar in the manner
proposed by Sion and Chen [86]. The 'original' temperature allows for a peak (stoichiometric) value of
2400K, whilst the addition of the 'elevated' enthalpy raises this to 2600K. Extra compositional states are
also introduced which need to be accounted for when constructing the bounds for the interpolation table.

considered as a third stream, the other two being the central fuel jet and the coflowing air. In order
to avoid the description of a three-stream mixing process, the enthalpy (h) can be incorporated as

an extra independent scalar (in addition to 6, no lo nco and nH2 ) in the manner described by Sion
and Chen [86]. Briefly, the piloi stream is still considered as combustion products arising from

a CH4/air mixture, only now the initial air and fuel temperatures leading to the formation of the
fully-burnt products are changed from 298K to 678K - this ensures that the equilibrium temperature
of the combustion products increases from 2400K to 2600K. Henceforth, the 'elevated' enthalpy

is referred to as hp (where 6 = 6,t), and the enthalpy of the air and fuel streams are designated as

ha (6 = 0) and h f (6 = 1) respectively. For a two-stream mixing process h is linearly related to

6. Up to now the enthalpy (symbolised by ha) has been specified through 6 by,

ha h f + (1 — 6) ha
	 (6.22)

If 0 < < est, the linearity requirements imply that,

= Lhp + (1 — ) ha	 (6.23)

and if 6st < 6 < 1,

hr — (11 — 6esi ) hP 4- ( el — e6sstt) hf	
(6.24)

Equations (6.23) and (6.24) are obtained by straightforward linear interpolation between the states

[(ha, 0), (4,6st)] and [(hp , 6st), (h f , 1)] respectively. Consequently the bounds for the enthalpy

become, h E {h1, ha} for lean mixtures and h E {hr, ha} for rich mixtures. Evaluation of hp,

hf and ha using JANAF polynomials indicate that ha, hf < 0 and hp > 0 so that h, < h 1 and

ha < hr. The effect of introducing enthalpy as an extra scalar is illustrated schematically in figure

6.3.
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The effect of this thermochemical representation on the predictions of flame L are shown
in figure 6.100. The effect of the higher initial temperature can be clearly detected in figure
6.100 and this leads to slightly higher values of CO (as well as H2O and H2, not shown). The
modification leading to the introduction of enthalpy as an extra scalar does not appear to yield
better predictions, at least at this level of closure. Flame B, figure 6.101, shows little change in
comparison to figure 6.94 as a result of these modifications - it was originally thought that with
the pilot stream at 2600K, the results using LMSE would no longer predict extinction over the
region 30 < x I D < 50.

Another interesting test is to calculate flame B using a Reynolds stress model. Based on
the results of the Godoy flame, there should be little effect on the results. Figure 6.102 shows
the results for kcii4 and 5. Comparing this with figure 6.91 (where the k -e model is employed)
indicates that with the Reynolds stress model the jet is spreading more slowly. Figure 6.103
indicates that the effect on the predictions of LMSE are quite significant. Basically by spreading
less rapidly, less oxygen is entrained and so it appears that this avoids the quenching of the flame
zone. With flame L, the application of the Reynolds stress model yields much the same result as
the k-E model. It is argued that because of the appreciable finite-rate effects which are observed in
flame B, the predictions appear to be quite sensitive to features such as the spreading rate, which
would not affect the other flames discussed thus far. Fairweather et al. [27] have indicated that
they obtained improved predictions for the spreading rate by adjusting the value of CE2 from 1.9
(the value given in table 2.1) to 1.8. In the case of the k-E model it was pointed out in section 2.5.1
that for a round jet issuing into stagnant surrounds improved spreading rates can be obtained with
CE2 = 1.85, although the 'standard' value is usually quoted to be 1.92. With the current Reynolds
stress model a similar situation seems to exist. Furthermore, the predictions of the Godoy flame
(figures 6.52-6.54) and the results presented in figures 6.102 and 6.103 employed C E, = 1.8.
However if CE2 were to be increased to 1.9, this would lead to more 'destruction' of e based on the
modelled form of the e-equation (2.54). This means that locally e would be smaller in magnitude,
and so the turbulent mixing rates would be enhanced, thereby increasing the spreading rate. Figure
6.104 demonstrates the improvement in the spreading rate of the jet as C, 2 is increased from 1.8
to 1.9. However, figure 6.105 shows that the improvement in the 5 and kc H4 fields lead to the
same trends for kco and Tr observed with the use of k-E. Changing C„ by about 5% leads to
significantly different results for LMSE, and this raises questions with regards to the suitability of
the current level of closure in reproducing finite-rate effects such as extinction and re-ignition.

The final test to be considered is the influence of the constant CD appearing in the LMSE
model. Calculations were performed with CD = 2 and CD = 0.5, i.e. doubled and halved relative
to the original value of CD = 1. The effect of this change is quite profound as shown in figures
6.106 for the case of flame B; increasing CD appears to result in a faster approach to equilibrium.
In essence, increasing CD implies that the mixture has homogenised more effectively so that
combustion can proceed more efficiently. The improved profiles of kco with CD = 0.5 is offset

by the very poor prediction of T. These results are consistent with those of Chen et al. [15] who
increased the relevant 'constant' in modified Curl by 10% and also observed a faster approach to
equilibrium. This effect is not just confined to flame B; figure 6.107 shows the effect of doubling
and halving CD for flame L. The differences are clearly noticeable and by x I D = 30 the mean

temperature for the calculation employing CD = 0.5 indicates that the flame is going out.





Chapter 7

Closure

7.1 Summary

In this thesis the modelling approaches for predicting single phase, gaseous, low Mach number and
high Reynolds number turbulent combustion have been discussed for non-premixed configurations.

Scalar pdf modelling at the single-point and single-time level constitutes the simplest form of
closure for the statistics of the scalar field. The primary appeal of such an approach is that realistic
chemistry can be explicitly incorporated without introducing assumptions about the instantaneous
flame structure (as in the conserved scalar formalism). More elaborate proposals have been
suggested to augment the pdf closure, however, they (necessarily) introduce further unknowns and
their evaluation would require substantially greater cpu capabilities. It appears, at least for the
time being, that a combination of a phenomenological turbulence model coupled to a modelled
scalar pdf evolution equation is the most practical level of closure since the merits of the respective
approaches in calculating the velocity and the scalar field can be exploited.

In scalar pdf modelling, closure for the molecular mixing term is required. The molecular
mixing term is central to the turbulence-chemistry interactions primarily because it involves
molecular diffusivities and compositional gradients, which scale with the dissipative motions in
a turbulent flow, and this is precisely where combustion occurs. The most widely used class
of mixing models are those based on binary interaction of fluid parcels (coalescence-dispersion
closures), and linear mean square estimation (LMSE). In addition to their poor representation
of pdf evolution in homogeneous, isotropic and inert turbulence, these mixing models have a
serious drawback, ultimately related to the fact that they employ k/E as the (only) characteristic
turbulent time scale; a time scale representative of the large scale energy-containing motions.
Furthermore the diffusivities of the reacting scalars are taken to be effectively uniform, whilst it
is well-known that species such as H2 and H diffuse considerably faster than others by virtue of
their significantly lower molar masses. Consequently these models do not address the problem of
mixing in the presence of a flame front where information concerning local scalar gradients and
molecular diffusivities can be important.

The main objective of the work described in this thesis was to apply the transported pdf
approach to calculate the evolution of hydrocarbon-air turbulent jet diffusion flames. In particular,
the study focused on the prediction of the levels of CO and in assessing how well the current
formalism can reproduce finite-rate effects, such as local extinction. Calculations of turbulent
jet diffusion flames were performed. The velocity field was approximated using either the k-
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or a full Reynolds stress closure and solved using a finite-difference procedure. The scalar field
was represented through the modelled evolution equation for the scalar pdf and solved using a
Monte Carlo simulation. The pdf equation employed gradient transport modelling to represent
the turbulent diffusion, and the molecular mixing term was modelled in terms of the LMSE and
coalescence-dispersion closures. The source terms for chemical reaction were represented via a
global and systematically reduced scheme. The thermochemistry was tabulated on an once and for
all basis and the results stored in a look-up table; multi-linear interpolation was employed in order
to extract the necessary information from the tables. In order to assess the transported pdf technique
for the inhomogeneous flow calculations, investigations of homogeneous, isotropic turbulence and
a laminar jet diffusion flame were also undertaken. In the next section the conclusions relating to
the results of these calculations are discussed.

7.2 Conclusions

7.2.1 Laminar Flame Calculations

The simulation of a confined, laminar, CH 4/air jet diffusion flame proved to be a very useful way of
testing the interpolation technique used in conjunction with the tabulation of the thermochemistry.
The interpolation (look-up) tables for the global mechanism and the systematically reduced scheme
demonstrated that they were capable of representing the chemistry accurately and efficiently. More
specifically for the global scheme the largest observable discrepancy between the interpolated
result and the solution using LSODE was about 2 to 3%. With the systematically reduced scheme

the same was true for the major species (CH4, 02 , CO2 and H20), but the margin of difference

was slightly greater for CO and 11 2 (5%) and for the radicals it was (at worst) about 20%. The
reason why the look-up table for the systematically reduced scheme yielded a poorer result can
be attributed partly to the fact that with this chemical scheme more scalars are involved and so the
table is substantially larger; the coarseness of the scalar grids may well be a factor, particularly
with regard to the radical species.

The laminar flame calculation is of theoretical importance since it demonstrates how sensitive
the results are to the treatment of the molecular diffusion. This was demonstrated by the substantial
overprediction of CO and H2 when equal diffusivity of the scalars was assumed; an effect which
is not observed when differential diffusion effects are incorporated in the theoretical description.
Whilst the global scheme predicted levels of CO and H2 to be around 10 and 13% mole fraction
(respectively), the systematically reduced scheme predicted 7 and 10%. The reason why the latter

scheme predicts smaller levels of f CO and H2 is related to the poorer representation of the fuel
consumption. Moreover, the fuel consumption step in this reduced scheme occurs through the
attack of the H-radical and since this specie has a diffusivity substantially higher than the rest, it is
not surprising that the results are affected so dramatically when the diffusivities all take the same

value.

7.2.2 Homogeneous, Isotropic Turbulence

The most notable feature of the homogeneous, isotropic turbulence calculations was associated
with the reacting test cases. In such flows the coupling of mixing and reaction can be investigated
in some detail, and certain important aspects of this coupling were identified. Calculations were
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performed using two sets of initial conditions. These were an initial pdf corresponding to a double
6-function in mixture fraction space (suitably weighted so that the mean was at stoichiometric),
and a continuous initial distribution; the latter pdf distribution was obtained from the evaluation
of the former after a period of five eddy turn-over times.

In the case of the global scheme the results using LMSE and a discontinuous initial condition
clearly demonstrated a pathological evolution, whilst modified Curl yielded physically more
plausible results. When subject to a continuous initial condition both models yielded results where
the differences were hardly noticeable. This suggests that the pathological behaviour associated
with the pdf evolution using LMSE is only significant when discontinuous distributions prevail.
Comparisons of calculations with LSODE and the interpolation table were very encouraging,
indicating that a high degree of confidence could be placed in tests which use the interpolation
technique.

With the systematically reduced scheme, ignition could not be achieved unless hot stoichiomet-
ric products were also present. A comparison of LSODE and the interpolation technique indicated
acceptable agreement for the major species and temperature, but for CO, H2 and the radicals
there were large discrepancies, and sometimes different qualitative trends were observed. This
may suggest that, in this situation, regions of the interpolation table are being accessed which are
different to those encountered in the laminar flame calculations (which yielded acceptable results
with regards to the interpolation) - the effect of the mixing obviously has a strong effect on where
the composition state will be located. To construct the bounds for the allowable scalar domain,
artificial clipping of the maximum levels of CH 3 and H were imposed in order to avoid tabulating
pathological states which would involve unrealistically high levels of radical concentrations. The
conditions in a real flame would never reach such composition states, and so their tabulation
would be a wasteful use of the table. It is highly unlikely that such a crude form of clipping avoids
all the possible pathological states. More importantly, the general applicability of this reduced
scheme hinges on steady-state approximations used as part of the systematic reduction from a
detailed mechanism. Therefore the relevance of this scheme comes under question when applied
to situations where this approximation may not be valid.

7.2.3 Turbulent Jet Diffusion Flames

Initially the discussion will focus on the results using the global scheme, and for those flames
in which extinction effects were not experimentally observed. The similarity of the predictions
using LMSE and modified Curl was consistent with the observations in homogeneous, isotropic and
reacting turbulence. Generally speaking overpredictions of CO and H2 were obtained (particularly
in the peak values). Their levels were of the same order as those predicted in the laminar flames
with the assumption of equal diffusivity. This partly implies that to answer why the CO levels
(for example) are overpredicted in the turbulent flame, it is necessary to know why they are
overpredicted in the laminar flame. The overprediction of CO is not a universally observed
characteristic of the application of the pdf technique to hydrocarbon-air jet diffusion flames.
Results from other investigators [44, 12] show that the use of constrained equilibrium chemistry
with modified Curl leads to underpredictions of CO; however, constrained equilibrium schemes
do not appear to work well for laminar flames and so it is questionable how useful they can be in
turbulent flames.

Despite the shortcomings of the current level of closure in reproducing the behaviour of quanti-
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ties which are sensitive to the details of the reaction zone (i.e. CO and H 2), the formalism is capable

of reproducing many of the gross flame characteristics and achieving this by treating the chemistry
explicitly. A considerable amount of statistical information relating to the scalar field has been
obtained through the solution of one equation where the variable is P( s, fiCH , fico ,12112 ; x, co).

This is a remarkable achievement given that with the moment closure approach each of the sta-
tistical variables would have to be obtained through the solution of its own modelled transport

equation.

The predictions indicated that the velocity field was also well reproduced (based on the
measurements in [31, 37]). This is an important result since it goes some way towards eliminating
some of the uncertainties concerning the accuracy of the calculation procedure. For example,
since the fluctuating velocity field was well represented it is possible to conclude that k and e are

also relatively well represented in so far as the input to the mixing model via Lec- is concerned.

The shortcomings of the systematically reduced scheme in the transported pdf formalism come
to the fore in the jet flame calculations. The plane of 'ignition' needed to be placed at about fifteen
burner diameters from the burner exit in order to ensure subsequent downstream combustion -
this is an unacceptably large distance. Even with ignition at ten diameters the flame temperature
monotonically decreased, implying global extinction. This clearly raises questions concerning the
suitability of this reaction scheme for turbulent flame calculations where the chemistry is treated

explicitly.

Calculations of flames subjected to local extinction and subsequent downstream relighting,
[66] (flame B), were analysed using only the global scheme. This was the first instance where
significant differences between the results of LMSE and modified Curl were observed in the jet
flame configuration. Such differences were also apparent in the work of Chen et al. [15] when
using modified Curl and two different reaction schemes. This implies that both the chemistry and
the mixing seem to limit the transported scalar pdf approach when appreciable finite-rate effects
are present. Since the mixing and reaction are intricately coupled, a substantial improvement in the
representation of only one of these processes may not be sufficient in bringing about a significant
improvement in the accuracy of the predictions. The sensitivity of the results to the value of CE2

(appearing in equation (2.54)) was particularly pronounced in flame B when using LMSE; an

increase of 5% in CE2 led to increases in the spreading rate such that the colder surrounding air
helped to quench the flame zone. The suitability of the current level of closure in addressing the
problem of turbulent flame extinction does come under question; but this has to be balanced against
the fact that flames near extinction are very sensitive to small changes in certain parameters, such
as the spreading rate, and this result may simply be a manifestation of such an effect.

The effect of CD using the LMSE model for flames L and B also had an important effect
- a two-fold increase in its value increased the degree of homogenization and thereby allowed
combustion to proceed more effectively. This result is interesting since variations in CD can be

loosely interpreted as an indirect way of incorporating differential diffusion effects into the mixing
model. It is not being suggested that the current mixing models (LMSE and modified Curl) should
be 'improved' by allowing their 'constants to be variable'. However, it underpins the need to
improve mixing models so that some degree of preferential mixing can be incorporated.
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7.3 Recommendations for Future Work

The results presented in this thesis suggest that the accurate representation of the details of the fine
scales of turbulent motion may well be necessary in order to predict effects such CO emissions,
flame extinction and ignition. This may seem to be an obvious conclusion, however, the number
of theories (or models) which have been (and are being) proposed do not appear to address this
issue, or at least make it their modelling priority.

The results presented in this thesis essentially relate to one type of flow - turbulent jet diffusion
flames. Consequently the investigation of transported pdf techniques in other geometries would
be useful to ascertain the generality of the observations made in the present contribution. This is a
relatively short term recommendation; the ultimate objective would have to be the improvement of
the description of the turbulence-chemistry interactions. Recently several studies on 'improved'
mixing models (e.g binomial sampling, mapping closures) have appeared which ensure that an
arbitrary initial passive scalar pdf relaxes to a Gaussian pdf in a homogeneous turbulence field.
However, the results presented here suggest that relaxation to a Gaussian pdf, although desirable,
may not be the primary factor in accurately predicting turbulent flame properties where the reactive
scalar pdf's can be far from Gaussian. If this is the case then these newer mixing models may
not yield improved CO and H2 predictions unless a more detailed description of the fine scales is
incorporated.

Suggestions are increasingly made that the use of the joint pdf of the scalar and its gradient
represents a promising approach and alleviates the problem of evaluating turbulent scalar time
scales. However, it must borne in mind that even when the hurdle of approximating the non-closed
terms in this equation is crossed, the dimensionality becomes another consideration. For the four-
scalar chemistry and two-dimensional axisymmetric flows considered in this thesis, (4+2 x 4 .) 12
independent scalars would be required. Tabulation of the chemistry would be out of the question,
and parallelization would be essential. However, if substantially improved predictions can be
obtained then the intensive computational requirements could be justified.
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Appendix A

Derivation of the Single-Point,
Single-Time Scalar Pdf Equation

The method of derivation presented in this appendix uses the concept of the fine-grained pdf,
0; x, t) . Equation (4.1) defines this quantity as:

N+1

15( )0)	 H 6 IC b ct(x , t) — Oa}
a=1

Applying the chain rule,

813	 N+1 acbi, 515

at —E 8t &,b13
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The scalar transport equation can be written as:

aop	 aop	 aJi,13
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where ,.§a(0) 0(0),t(0) and k; (0) 0 if Op h (for fi = N + 1). Substituting for -841- in
equation (A.1) using (A.3) and then taking the ensemble average:

N+1g	 a	 "`(0)25)
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—
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Equation (A.4) expresses the fact that terms such as p(0), ui (x, t) and 0 (x, t) are unaffected by
differentiation with respect to Op. The term arising from the convective contribution makes use
of the result shown in equation (A.2). Using mass continuity, equation (A.4) becomes:
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From probability theory [73], the expectation of the random variable V(0 , (2 ,	 , (m) is given

by:

(V) =	 • • • kr T;(6,	 ,	 d6... Atm

... fem v(6,	 , 67,),(612,	 ,	 ,	 . • . ck.m

	

f
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(A.6)

Now equation (A.5) is considered on a term by term basis; the expectations are evaluated using
the result expressed in equation (A.6).
Term (a)

(o(c5)23(Lk,)) =4 ( ,(25_)p(0,00= -).,() (1.93	 (A.7)

should not be confused with q,b; they both constitute the sample space variables for o, however

for the purposes of the above integration 0 acts as a dummy variable. The expected value of g(0)

conditioned on the event 0 = is simply g(0). Using this idea,
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The delta function is a generalised function; in other words it is defined in terms of its integral

properties:
00	 CO

f6(y) dy = 1;	 f b8(y — c)g(y) dy = b g(c)	 (A.9)
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Substituting the results of equations (A.8) and (A.9) into (A.7) leads to:

(e(0)13(0, 0)) = o(*)P(0)	 (A.10)

Term (b)

Using the same procedure as for term (a),
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Terms (e) and (d)
Based on the results above terms (c) and (d) become, by inspection,
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Substituting equations (A.10) to (A.13) into equation (A.5) yields:
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Introducing the definition of the density-weighted pdf, j(0)P(0) kb)P(0), and performing
a density-weighted decomposition of u i (x, t) leads to,
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Applying the density-weighted mass continuity equation to the terms on the lhs of (A.15) leads
to terms 1,11 and IV in equation (4.3). Since g is a function of 0(x, t) , it is unaffected by
differentiation with respect to Op so that the source term for reaction in equation (A.15) leads to
term ifi in equation (4.3). The mixing terms are identical in both equations.

Having discussed the derivation of equation (4.3), the result in equation (4.4) will now be
considered. Assuming that Ji,fi in equation (A.4) can be expressed in terms of Pick's Law (for

= 1,	 , N) and Fourier's Law (for fi = N 1), this implies:
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At the energy containing scales of turbulent motion, 0' can be defined as the characteristic scalar
fluctuation. However at the fine scales, the controlling parameter is the scalar dissipation rate; in
this case, the scalar fluctuations are of the order (xo 11 ) -i . In analogy with the order of magnitude
estimate for e, energy cascade arguments would suggest that xo 0( U'-¢,2 ) . Comparing the
order of magnitude of terms (e) and (0 in equation (A.16), and ignoring the contributions which
are common to both of them,

Term (e) (9 { [(1-:0127:4) L-11 [ON }
Term (0

1
( j: ) 2

—	 where Re F...-. v
0	

(A.17)
u L '	 til L

So as Re -4 oo, term (e) is negligible in comparison to term (0 and its contribution can be
neglected in equation (A.16).
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Substituting for	 in equation: (A.16) using (A.2) yields:
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Equation (A.18) is identical to (4.4).
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Appendix B

The Basic Equations that are Solved

In this appendix the basic equations describing the evolution of the turbulent jet flows, investigated
in this thesis, are written down. The equations effectively summarise the level of closure that
is being adopted. It is assumed that the turbulence is statistically two-dimensional, stationary,
axisymmetric and non-swirling. The thin shear layer approximation is invoked and the equations
are written down in cylindrical polar coordinates. The velocity field is represented in terms of the
continuity and &momentum equations.

B.1 Mass Continuity

This equation is written down for completeness, although it is not solved in the calculation
procedure because of the transformation to a dimensionless stream function coordinate system.
The stream function is defined so that it automatically satisfies the mass continuity equation in a
steady 'two-dimensional' flow.

a _	 1 0
—(ü)+

.j;:. (Nr) =
Since r, x are independent, this can be written as:

a	 a
— (Nr) + — (NO = 0
Ox	 Or

B.2 Momentum Equation

Due to the thin shear layer approximation, only the7-L-component of the momentum equation needs
to be solved.

The Reynolds stress term in equation (B.3) requires closure'. In this work, both an eddy viscosity
and a Reynolds stress closure are employed to model this term. The constants appearing in the
modelled equations are presented in sections 2.5.1 and 2.5.2 for eddy-viscosity and Reynolds
stress closures, respectively. For the latter model, table 2.1 can also be consulted.

1 The Reynolds stress term in equation (B.3) only appears as a 'source' if a Reynolds stress closure is employed. In
the k-e model the Reynolds stress appears, in form, as a diffusion term.
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144	 The Basic Equations that are Solved

B.2.1 The k-e Model

The correlation of fluctuating velocities is given by:

In order to use this closure, the values of k and e are required; these are obtained from their

respective modelled equations,

	

__ak	 ak	 1 a ( ilt_ ak) + (a ft, 2
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B.2.2 The Reynolds Stress Closure

With this closure the solution of a modelled turbulence kinetic energy equation is obviated. Instead
andthe solution of the modelled equations for the following quantities is sought: u"2, via, 

w"2

u"v". The transformation from Cartesian to cylindrical polar coordinates leads to the appearance of
many terms, however, for thin shear layer flows only a single component of the mean strain is taken
to be significant, namely 1,1 ; terms involving the other components are neglected. Furthermore,
the assumption of circumferential symmetry coupled with ib = 0 imply that u"w" = v"w" = 0.

The form of the Reynolds stress closure proposed by Jones and Musonge [48] is employed.
For u"v" equation (2.62), subject to the assumptions above, takes the following form in cylindrical
polar coordinates:
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k
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ar

u"v"	 aft
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ar

and, subject to the simplifications brought about under the thin shear layer approximation, the
component AT2 of the tensor 4, in equation (2.61) can be written as,

ev"
At2 = –CI	 [C4k – + C3 ) u"2 + C3 v112]	 (B.8)

ar

Equation (B.7) indicates that the gradient modelling of the transport term requires, inter alia, the

value of k and e; k is obtained from the definition, equation (2.38). This in turn implies that the
modelled equations for the normal stresses have to solved,
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The modelled dissipation rate equation takes the form:

ae aE	 1 aaE	 6	 au	 62
QU —

ax

„
Qv — =	 71_4P-7r — – CE	 CE2

ar	 r ar	 e	 ar) k 	 ar

(
(B.15)

B.3 Scalar Pdf Transport Equation

The scalar field is calculated using a multi-scalar, single-point, single-time, Eulerian pdf transport
equation. For the inhomogeneous turbulent flows under consideration, equation (4.3) becomes:
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convection diffusion	 source I
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source II

where gradient transport is employed to model the turbulent diffusion term, section 4.12, and ,ut is
given by equation (B.4), regardless of the turbulence model being employed. Note that although
the source term for reaction is grouped together with the molecular mixing term, the former does
not require modelling. This type of grouping is done out of convenience since the transport
equations for the various quantities to be solved will then have a similar form; this feature can
then be exploited when the finite-difference approximations to these equations are discussed.
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Appendix C

The Transformation of the Equations to
the (x, co) Coordinate System

The general form of the equations can be expressed as:

ao-_as-b	 - (9. _ 1 a (rro—) sogu-a-x- + P-v - – r 79i	 +ayDy

where y = r for cylindrical polar coordinates and r = 1 for Cartesian coordinates. For reasons
of clarity and generality, 0, u and v are used in the remainder of this appendix to denote the
dependent variables; i.e. the 'tilde' is omitted. The application of the Von Mises transformation
maps the relation 0 = f (x, y) to 0 = g(x, T ), where f and g denote functional relations. The
transformation does not affect the velocities. The chain rule is used to obtain the following
expressions for the differential of 0 in the two coordinate systems:
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60 = 

( al ox - I - () SW	
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Dividing equation (C.3) by Ox and taking the limit as Ox -.-4 0 with y held constant (Sy = 0), the
following expression for (2)y can be obtained,

(al" ) ( al	 J( 8'95 ) (")- y = .- 51- w 4- -.-- x -. 5 , y

A similar procedure in terms of Sy (with x held constant) yields:

(2-) x = (M x (V x

The transformation is achieved by substituting equations (C.4) and (C.5), together with the defi-
nition of the stream function (equation (5.3)) into (C.1),
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Equation (C.6) can be simplified to:

(2)T = 
881f kur2r (-2) s —Seucb

	
(C.7)

The transformation from (x, 11) to (x, co) coordinates follows much the same path as the transfor-
mation described above. In fact it is possible to go from (x, y) to (x, co) in one operation; however
the derivation is algebraically more involved, and therefore less straightforward to follow.

co is a dimensionless stream function and defined as i :

— .rgf w = ,	 , , where	 0< w < 1	 (C.8)

In analogy with the derivation of equations (C.4) and (C.5), the relations relating the (x, W) system

to that of (x, w) can be expressed as,
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	 (C.9)

(a) x (2) x (9)x
	 (C.10)

From equation (C.8) it follows:

(Ow) 1

‘F)x
(Ow) ( dT I \

wid(WE — WI) 7E-)[1w/) 6-&. (WEafc)xif (WE - Tr)2

[

dxli•	d

w-ci; (TE	 RE — W I)
r	 w (rE7hE — rithI)

(WE — WI)

(C.11)

(C.12)

Equation (C.12) uses the definitions expressed in equation (5.6). Substituting equations (C.9) to
(C.12) into (C.7) leads to the general form of the boundary layer equation that is being solved
using the Patankar-Spalding method:

a	 80	 a [  our2ro	 _L (TE — TI) 
(WE — Tr)	 + (a + bw) K-0 =	 (WE — W .r) aWi -1-Ox	 0u	

(C.13)

where a = rii, b = rEthE — rithi and (WE — W/) is a function of x only. In equation (C.13)
the partial derivatives are defined either with respect to w or x held constant, and for conciseness

the dependency has been omitted.

'The expression written below also appears in section 5.2.3 as equation (5.4)
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Appendix D

The Finite-Difference Procedure

D.1 Preliminary Remarks

The general form of the boundary layer equations is derived in appendix C, equation (C.13) and
can be expressed as,

a g5	 ao a [our2ro	 (TE 
RE — Tr) — + (a + bcd) —as	 aco au, (WE— Tr) aw

where a = rreni, b = rErhE — r fhi and (WE —	 is a function of x only. In order to construct
difference approximations, the control volume shown in figure D.1 is employed.

The typical 'computational molecule' indicates that the solution procedure is of the 'marching-
type' i.e. the properties at any particular node are affected by the node directly upstream and by two
neighbouring cross-stream nodes; information downstream is not required. The solution procedure
is not iterative, which implies that it is computationally economical and the resulting algebraic
equations can be solved exactly. It is pointed out in section 5.2.3 that w is the monotonically
increasing, independent cross-stream variable and is defined as a normalised stream function,
so that 0 < < 1 is always satisfied. Once the w distribution is generated this remains fixed
regardless of the downstream position, i.e. col co? co? = c4+1. . This condition obviously
does not hold for y and T. The following grid/mesh definitions are used in the discretisation of

ON+1

ON	 ON 1!11!114

4+1
wikin

cat-I	

coi-1/2  
	

41
volume
control

cot-t	 Cli

xa-i
Ar

Figure D.1: Schematic of the typical computational molecule and control volume used to derive the
difference approximations. The effect of the I and E boundaries are not considered at this stage. The
notation 07: denotes the value of the variable g5 at node i (1 <i <N+ 1) and x = xn .	 EE (cei +w-F1);

this implies that the control volume surface lies midway between grid nodes irrespective of whether or not
the mesh spacing is uniform.
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equation (C.13):

Scoi wj — wi, Acoi(w +i — wi-1)	 ON Yi+1 Ax xn —	 (D.1)

Note that whilst coi± +c44±1) is a definition, the corresponding equation in physical space,

namely yi± 1 = (yi + yi± i ), is an approximation due to the non-linear relationship between w

and y.

D.2 Finite-Difference Approximations for the Internal Nodes

The algebraic approximations to the exact derivatives in equation (C.13) are obtained in the

following manner:

• Equation (C.13) is integrated over the control volume, shown in figure D.1, and the result
divided by the volume. This latter operation has no effect on the solution and is only carried
out so that the fde approximates the pde l rather than its integrated form.

• As much of the integration as possible is carried analytically and then assumptions are made
about the variation of the relevant properties between the grid nodes, e.g. the algebraic

eur2r,/, 
approximations are constructed to be linear in 0 so that a, b and (TE _qi) are based on

the upstream value (x = x7 _ 1). Once these assumptions are made, the integration can be
performed and the discretisâtion process is complete.

Other methods of obtaining difference approximations do exist (e.g. Taylor series expansion) but
the current technique, referred to as a finite-volume or control-volume approach, is commonly em-
ployed partly because of its physical appeal. The control volume method automatically generates

conservative schemes - that is, it satisfies the same conservation law which was used to derive the

corresponding pde for all mesh spacings. The conservation requirement is achieved by ensuring
that the fluxes of any property leaving a control surface is the same as the flux entering the surface
of the adjacent control volume. Integrating equation (C.13),

I. 

wi+1

pxAuji f f (WE — W.r)	 dco dx

Axial convection: I
Xn Uji+1

1	 ao
AxAcoi f f (a + bw)	 clw dx

Cross-stream convection: II
xTh

1 
a(  Qur2r  a(k ) dw dx

AxAwi J J	 \R E — W1) aC I
.
1-2

Cross-stream diffusion: III

l 'fde' and 'pde' denote finite-difference equation and partial differential equation, respectively.
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Term I
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Xn— I

Source: IV
The finite-difference analogues of each term in equation (D.2) will now be considered separately.

D.2.1 Axial Convection: I

It is assumed, for the purpose of integrating term I, that (WE — ilf .r)t is invariant with respect to
w over the control volume region. This leads to,

x„,

(WE- WI)- 1 fX n— I

(WE _ (D.3)
Ax

The approximation amounts to backward Euler differencing and is first-order accurate.

D.2.2 Cross-Stream Convection: II

A fully implicit specification is employed to discretise the cross-stream convection term. This im-
plies that variations of _gt in the x-direction are ignored. This is inconsistent with the development
of the difference approximation for term I where variations in the w-direction were assumed to be
negligible; such seemingly contradictory assumptions are deemed to be of secondary importance
if Ax and Au; are sufficiently 'small', i.e. if the mesh sizes are such that the solution is effectively
grid-independent. Thus,

Wi+1

1	 (
an- 1 +bn- lw) —

a
; dcuTerm 11 ---

JACJi 
W.

WI
1 a

Awi f	
{ (an- , + bn- , w) On } dw

ila

- Awi 	 aw
1 coi+1 fl,n--

8 (an—I + bn— 1 w du)
	 (D.4)

W.

llb
Consider terms IIa and llb separately,

1
Term ria =	 w. [(an- 1 ± bn—l w) onl wi+

• Ra

n-1 bn— wi+ ) oin+

i+ \	 2
.	 ( °17i1+0741

• L
) G

1

(an-1 bn— 1	
o7_

+2,o7iti] (D.5)
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where G	 an-1 + bn- k	 2	 J•

Term ilb	 1 ay:, kin-1 + bn—ludwi+1
07 (G

4-i
. - G

2

._ 1 )	 (D.6)
2 	 2

In arriving at equation (D.5) it is assumed that cb is a piecewise linear function of w between

(coi_ i ,coi ) and (wi, wi+i ) which implies central differencing. This type of differencing is second-
order accurate (in co space). By combining the two contributions, to the cross-stream convection,
the approximation becomes:

(01/ -011-1)1

2	
(D.7)

1 CY./ 1 - 457'Term II pe, — [G. (  z+ 

pLai
+i

D.2.3 Cross-Stream Diffusion: III

A fully implicit formulation is adopted once again, so that:

i+1

aw (TE — Wi)	 aw
1	 a (  gur2ro 71-1 aon 

1	 pUr2ro n-1 aP wi+1

 I (WE - Tr)	 aw
w.

is approximated with an assumed
differencing is used), hence,

Term III Pt: —„
1

L.10.4 

[

(WE	

k Off (15

I )

From the definition of the stream function, equation (5.3), ST a- gurOy (ignoring the overbar and
tildes for the time being) and from equation (5.4), 6th = , 4, . These expressions can be used
in conjunction with the definitions appearing in equation (D.1) to develop the following relations:

Term III dw

(D.8)

linear variation of 0 between the node points (i.e. central

i+1	 i+1	 ,	 i+1

	

dT	 ,..T.,	 du)	 (W E W 1) ,
	5yi -=- f dy = f --i	 --= tw E - gi .r) f	

-
— c-'-' 	 Ltii-E1 - w)

Qur 	 gur	 (gur),.+1
2

,

A similar analysis can be performed to show that,

(WE - r) 
=- Wi-1)

(gur)i
- 2

(D.10)

(D.11)

Substituting for (gur) 1 in equation (D.9) using the previously derived relations yields the final

form of the approximation for term III:

I 1	 r
Term BI .---.: 76,-Tii 1:Fi+1 (04 / - 07) -F_ 1 (07 - 07_ 1 )]	 (D.12)

(rro)n-'	 (rro)7-1.
where Fill = 8 n_ 1 and Fi 1 -

Yi	 2	 i-1
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D.2.4 Source Term: IV

The expression that needs to be evaluated is,

x„ wi.+1
Term IV 

=

f AxAcoisn_i	 (W E	 I) 22-S C1CO dx
gu

1 

By invoking the relations used to derive equations (D.10) and (D.11), term IV can be written as,

(D.13)

un— 1	 1

Xn i+1 
Term IV n-1 nr dy dx r-za- —A

l 
f r	 dy

	Azaa.ai f f	 LAC4.4

	

Zn_i n— I	 1

(D.14)

The source term is effectively assumed to act at node (xn,cai)- as far as the representation of the
pde at the point in question is concerned, there is no approximation introduced with this particular
representation. So can then be placed outside the integral in equation (D.14). The integration of
rn— I dy can be approximated by:

Term IV 'Aa' —7;7.1-1 Sn • (lin-1 — '"n-1)puji 	 i+	 Yi—

The source term is decomposed using a quasi-linearisation2,

n7 1 —	 cbri'

The approximation involved in equation (D.16) relates to the representation of So ,i at time level
n by So and at n — 1. The quasi-linear decomposition is performed out of convenience.
To elaborate slightly more on this form of decomposition, consider equation (C.13) when the
evolution of 0 is assumed to be affected only by the source terms,

dcb
— =	 (D.17)
dx

Discretising this expression using upwind differencing yields,

In this situation if Sn < 0 On could become negative - especially if the forward step size is too0 —
large. Now consider,

— = —	 (D.19)
dx

Discretising equation (D.19) so that 0, appearing on the rhs, is now based on a time level n,

on- 1 + Axsn--'
1 + AxSin-10

If S,, and Si ck are chosen to be greater than zero, then according to equation (D.20) CP > 0; this is
an advantageous property, particularly for quantities like k and E which are (by definition) positive

2The decomposition is 'quasi-linear' since if Sc i and S'c i were independent of 0i , it would be exactly linear.

On (D.20)



154	 The Finite-Difference Procedure
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Table D.1: The terms grouped into the diffusion coefficient and source terms in the finite-difference
formulation are detailed. The equations are written down in appendix B. The value of the model constants
are assigned in table 2.1 (page 46).

aThe contents of this row correspond to the use of the viscous dissipation rate equation with a second moment
closure.

definite. For the equations written down in appendix B, the S' 4, are constructed to be positive

definite. For eddy viscosity closures So can also be constructed to be greater than zero thereby

ensuring that On will not become negative as a result of the source term discretisation. With this
particular turbulence model, S, the generation rate of 0 and s'o its destruction rate.
With the Reynolds stress closures So cannot be guaranteed to be positive definite, although very
often it is. However, provided Ax is not too large, it is found that this decomposition works well
for this particular turbulence model too.

Table D.1 shows the groupings for the various equations that are solved as part of the velocity

field calculation. 	 The equations for v" 2 and w"2 (written down in appendix B) include the
_•term 2C.41w"` " r2 	 which is associated with transport. Near the centre-line w//2 v112 by

( 0 2_wii2N
symmetry. Therefore, from the numerical point of view, the treatment of \ r2 	 where both the

numerator and denominator tend to zero could be problematic. This can be alleviated by solving

for (w"2 + v"2 ) which eliminates the troublesome quotient term from its modelled evolution

equation. In the case of (w" 2 — v"2 ), the term still appears, however, in this case (w" 2 — v"2) is the

subject of the equation to be solved. So if the term (w112;t2) is very large near the centre-line,
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it will be the prominent term in the balance equation for (217"2 — V"2) and thereby ensure that
(wo _ "2%

V )	 0 as r	 0. All terms in table D.1 which involve the constant C, arise from
the transport; nevertheless some of these terms are included as So and S'o because they do not
conform to the general form for the transport term in equation (C.13), i.e. 	 (rro'4).

Substituting equation (D.16) into (D.15), together with Ayi 	) (Yi+i — vi—

Term IV .. 	 — SIn7107)
Awi

(D.21)

D.2.5 The Finite-Difference Equation

Grouping the approximations from equations (D.3,D.7,D.12,D.21) into equation
(D.2), and multiplying throughout by ACJi yields,

(TE — W1)_'	 n	 n-11
Aws	 + G Ci)7412—	 + G

2-1 	 2
CR' -41-9

Az 

cross-stream convection: II
= Fi+1 (041 — Oviz) — Fi_i (07 — 011-1)2	 2

cross-stream diffusion: III
con--.-1,4,n\ n-1 A n-1

knb ,i 	0,2	 ri	 (D.22)

source: IV

In equation (D.22) the terms involving F, So and S'o are dependent on cb, whereas the rest of
the terms are the same regardless of the dependent variable. This can be put to use in order to
minimise the effort of constructing an algorithm for solving for all 0. Combining the respective
terms together, the final form of the fde becomes,

L*Ls'). ( PE — 11,r)n-1 +	 —	 + (Fj_i +	 +87,;17T-1Ae-11 cbtil

(Fi+1	 0741	 1Gi--1) 011-1

[4:t1). (TE — W/Y1-1 07:-1 Sll irr i Lle-11	 (D.23)

Equation (D.23) can be written more compactly as,

ei.4)': =Pi4)74-1+
	

(D.24)

where the definitions of the coefficients are clear by comparing equations (D.24) and (D.23).
Assuming that there are N +1 grid nodes distributed in the w direction, equation (1)24) can be
applied to all internal nodes ranging from 3 < i < N —1. The treatment of the remaining nodes
will be discussed next.

D.3 The Treatment of the Boundaries

Three different types of 'boundaries' appear in the configurations under investigation; these are
walls, free stream and axes of symmetry. The flows investigated all involve the jet configuration.
Therefore in all cases the / boundary (figure 5.1) is an axis of symmetry. The turbulent jets that
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Figure D.2: Schematic of the control volumes used to derive the difference approximations at the I and E
boundaries. Note, cv3 — cv2 = 2(cv2 — wi ); similarly coN — cvN_ I = 2(cvN+ 1 — wN). The boundary can be a
wall, an axis of symmetry or a free stream.

are calculated all issue into unconfined surrounds, so that the effect of solid boundaries on the
evolution of the jet can be ignored; in this case the E boundary corresponds to the free stream.

However, a confined laminar jet diffusion flame is investigated; in this case the wall shear stress

can be calculated in terms of the velocity gradient at the wall.
The construction of the finite-difference approximations follows exactly the same procedure

as for the internal nodes. The only difference lies in the form of the control volumes over which
the same governing pde's are integrated and then discretised. The control volumes used for the
treatment of the I and E boundaries are shown in figure D.2

Integration of equation (D.2) over the region co i to co2+ 1 leads to,

(TE _ --r	 — G2+ ) + (F1 + G 1 ) SIZ-2 1 r2n—l Ay2n1 dy 2n
2	 2

= (F2+ 1. — 1G2+0 0731 ± (F1 ±	 07

[IL2/ ,	 _	 cbr, —1 ± sz-21r71-16,y7-1]
	

(D.25)

where Ay2 = (y2 + y3 ) — yi . At an axis of symmetry or a free stream there is a zero gradient
condition, implying that diffusive fluxes are zero too; this condition can be implemented by setting

= FN+1 = 0. Also G1 = a + bwi = 0, since there is no entrainment at the axis of symmetry

and GN-1-1 = b. By analogy, 014 is obtained by integrating over the control volume shown in figure

D.2, and the result is,

	

(WE — W1P-1 (FN+1 —	 (FN_1 1GN_	 SZNirlsif 1 AA-1 ] OR
2

(FN+1 GN+1)	 + (FN_ 1 + IGNA ) 4)14_1

	

[A6,1, (wE _	 szN1qriAyr1

where AyN = yN-Fi — 1(yN + yN-1). With regards to the boundary conditions, the properties at

node corsi+ i (= 1) are given by the free stream values. At the centre-line a zero gradient condition
is present, and this can be implemented by imposing a parabolic variation of cb over this region,

i.e. y2. This ensures that -g -„ 0, 194 —*constant, as y 0. Integration of the relation

(Pur) 6Y = (WE — 1)8co (defined in section 5.2.3) with an assumed quadratic variation in gu
near the centre-line indicates that for small values of y, w y 2 . Since 0 ‘-s, y2 is postulated over

this region, this implies that 0 	 0. So to obtain oy, a linear extrapolation can be performed

using the known properties at co = cv2 and co = co3 . The conditions at w = cv3 are known from

(D.26)
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the solution of the finite-difference equations for the internal nodes, whilst for co 2 , equation (D.25)
can be used since the coefficients of (by are zero.

D.4 The High Lateral Flux Modification

The description of the finite-difference procedure is not complete as yet. The cross-stream transport
terms have been approximated using central differencing. The difficulties arising from the use of
such a representation for the convective term can be highlighted using the one-dimensional steady
convection/diffusion problem [42],

ag5	 820
u— = r— u > o, r > 0	 (D.27)

ax	 ax2
where u and r are constant. With boundary conditions x = 0, 0 = 0 and x = 1, 0 = 1, the
analytical solution demonstrates that 0 is bounded in [0, 1]; this is a physically plausible result. If
the equation is solved numerically and the derivatives are approximated using central differencing,
then for cell Peclet numbers greater than two, cb can become negative 3 . Furthermore, the unbound-
edness increases as Pe rises; this manifests itself as spatial oscillations ('wiggles') which could
result in negative values for otherwise positive definite quantities. If upwind differencing were
employed for the convection this problem would be averted.

The procedure that is adopted for the cross-stream transport (i.e. convection and diffusion) is
to employ central differencing when applicable and to switch to upwind where necessary - this
type of differencing is referred to as hybrid (also known as the high lateralflux modification [74]).
With reference to equation (D.24), the factor which motivates the high lateral flux modification
is that if Pi or Qi become negative, then the weightings of 04 / and Ori' 1 , respectively, serve to
reduce 07. To avoid these coefficients from becoming negative the magnitude of the terms F and
G, stemming from the diffusive and convective contributions (respectively), need to be examined
more closely. The groupings which need to be taken into consideration are,

i = 2	 (Fi + G I ) ,

i = 3 (F
3— 

1 + —1 G 1
2 3— i) '••••,,„..m................/

Q3

(F2+1 — G2+1)	 First control volume

(F3+ 1 — —
1G3+1

1)	 Second control volume
2 

s•—nn•n—•„,,..nnnnn•/
7'3

i = N

•••

(FN! + la.,_ I ) ,
2	 PI 2 (FNA-1 — GIs1+ 1)	 Nth control volume

These groupings are best understood in terms of the schematic shown in figure D.3.
The manner in which the high lateral flux modification is applied is as follows:

• If 11Gi+1 I 5_ Fi+1 , then no modification is applied. Thus, for example, P2 =- F244 —

-1- G2+1 > 0 and Q3 = F3_1 ± 1G3_i > 0. Note that F2+1 = F3_ 1 and G2+1 = G3_1
2

due to the conservative finite-differencmg.

• If 11Gi+ ; I > Fi+1 , then Fi+1	 liGi+1 1. In this situation, 22 = 1 I G2+ 1 1 — 1G2+ 1 =

G2+ 1 and Q3 = -12- I G2+1 I + 1G2+ 1 = ffi.

3The cell Peclet number, Pe., is defined as
5 Note that the definitions of F and G, stemming from equations (D.12) and (0.5) respectively, imply that the former

is always positive and the latter negative. This explains why P2 = G2+1 and Q3 = 0
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E Boundary

I Boundary

Figure D.3: Schematic of the control volumes along a given radial plane, indicating their relative placement
and the associated notation. Because the flnite-differencing is conservative, the fluxes leaving the top face
of the first control volume is identically equal to the fluxes entering the bottom face of the second; i.e.
F2+1 =	 and G2+1 G3_1

Since F > 0 and G < 0, this implies that the condition 'Pi > 0 is always satisfied and that only Qi

can become negative. However, because the finite-differencing is conservative, even the groupings
for P need to be checked according to the test above, since its fluxes are carried over to the Q

term in the adjacent cell.
The high lateral flux modification can be viewed as a change in the diffusion coefficient, F.

F is effectively changed, but since r and Sy are unaffected at a given point, the implication is

that ro has been increased. In a region of the flow where -1 I G i+ 1 > Fi+ i, the effect of the

modification on equation (D.23) is to represent the transport in terms of -a-1--G1+ Oy.+ —

this is upwind differencing. If upwind differencing were to be employed for the convective terms
right from the start, none of the above-mentioned manipulations would be required. However, the
advantage of using 'hybrid' differencing is that it allows, at least under certain circumstances, for
a more accurate approximation of the governing pde.

D.5 The Calculation a the Cross Stream Distance

The finite-difference procedure described thus far operates in the transformed (x, w) space. Nev-
ertheless, when the profiles of the variables are to be examined, they should be expressed in terms
of physical space coordinates so that a comparison with experimental measurements can be made.
Equations (D.12) and (D.21) also show that r is required to compute the coefficients of some of
the terms in the finite-difference approximations. Out of convenience, the initial y-distribution is
chosen to be uniform, i.e. by constant. Equations (5.3) and (5.4) demonstrate that Sco a r Sy,

therefore a uniform initial y distribution implies that the co grid is non-uniform and increases in

width in proportion to the distance from the I boundary. Once this co distribution is constructed, it
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is maintained until the end of the simulation; in other words Sw does not change. However, Sy is
affected by the local density and velocity fields and so there is no reason why this should remain
fixed. This is a potential disadvantage of the Patankar-Spalding method in that there is little (if
no) control, by the analyst, over the mesh spacing as the flow evolves (particularly when coupled
to a Monte Carlo simulation).

The first step is to evaluate (WE — Ti ) Th - this quantity is only a function of the axial distance,
so starting with equation (5.6), the following first-order accurate approximation can be written,

(WE — WIr = (WE — gi1)-- 1 + (rinii — rEntE)(xn — xn-1)	 (D.28)

From the definition of co, equation (5.4), the following differential relation can be expressed,

aw
Sw = —8T + -L-9co 

ST1 + —
aco 

SW E
alp	 aTI	 aTE

(D.29)

The objective of this section is to determine the value y for a given axial location. Since T1 and
WE are only functions of x, ST1 = OWE = 0 under the present circumstances. Furthermore, from
the definition of the stream function, equation (5.3), ST:----1 gur Sy; substituting these relations into
equation (D.29),

,_,., , Sce
r Sy = (WE — T .ri —gu

where r = ri + y. Integration of equation (D.30) together with the definition,

C')

(D.30)

leads to a quadratic equation in y 2 , which when solved for y has the following (positive) root,

1
y = —r I + (ri + 21) 2	 (D.32)

For an axisymmetric flow with the I boundary lying along the centre-line, r I = 0, so that,

y = ViT	 (D.33)

Consequently, once g, u and (WE — Tr) are known along any cross-stream section, the corre-
sponding y values can be obtained after evaluating the I integral. The details of how this integral
is calculated can be found in the book by Patankar and Spalding [74].

D.6 The Treatment of Confined Flows: Calculating 2
In this section the manner in which 2 is calculated is briefly described. The details of the
implementation are described in [74].

For confined flows the boundary layer and the pressure distribution interact appreciably; in
practice .12. is unknown and needs to be obtained as part of the calculation procedure. Conventional
pressure-correction techniques would pose limitations on the speed and economy of the solution
procedure which has so far been achieved (in part) by the use of linear fde's, their grouping into
a tri-diagonal matrix and upon the avoidance of iteration. A somewhat heuristic approach was
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proposed by Patankar and Spalding [74] so that 2 could be approximated without bringing any
serious detrimental effect to the efficiency of the calculation procedure.

The idea behind obtaining 2 is that it should take whatever value that will allow the boundaries

of the flow to coincide with the walls of the duct. Consequently 2 is initially estimated, a forward
step is performed and then, when the resulting cross-section of the flow is found to differ from
that which the duct provides, the knowledge of the discrepancy guides the choice of 2 for the
next step. This practice is 'accurate' provided the step sizes are sufficiently 'small'.

The area of the duct (AD ) is obviously fixed by the geometrical constraints. However, the
area of the flow is given by,

YN+I

Af = 2ir I r dr = f

	

	 (D.34)
pu

The contributions to the pressure gradient are evaluated through a force-momentum equation
balance. The terms contributing to 2 are the wall shear stress and a term involving an area
gradient, . So, 2 a — ) and the contribution from the wall shear stress is generally
larger (i.e. more negative) than the area gradient. The latter quantity is defined as:

dA _ Arb A7-1

dx	 xn xn-1

From equation (D.35), if A7-' AnD, then g_ > 0, so that the overall value of willwill be less
negative. This means that the mean flow velocity decreases and by continuity, the area of the flow

has to increase, thereby counteracting the original discrepancy.

(D.35)



Appendix E

Implementation of the Scalar Pdf
Equation

The starting point for the discussion on the implementation of the scalar pdf equation is equation

(5.9),

/all; x + Ax, w) (I + Mt) (I + EAt) (I + TAO 121' (71; x, w)

Source Mixing Transport

The operator splitting technique allows for the effect of each physical process on the pdf to be
considered separately. The simulation of the processes of transport and mixing are discussed in
detail in this appendix. The simulation of chemical reaction is discussed in section (5.3.1.3).

E.1 Transport

The effect of transport on the pdf, i5 (0; x, w) can be expressed in the following manner,

/2 OP; xt , (.4)) = (I + T At).1".(0; x, co)
	

(E.1)

where xt is a notional position such that x < xt < x + Ax. By this, it is not implied that xt
lies somewhere in physical space at some fraction of the distance between nodes xr, and xn .... 1 (as
depicted in figure D.1); it merely constitutes a symbolic notation for the intermediate solution,

t
P t . Equation (El) represents a convection/diffusion equation with no source terms. It was
pointed out in section 4.13 that the Monte Carlo simulation represents an approximation to the
finite-difference representation of the pde for the evolution of the pdf. In order to obtain such a fde,
the same principles that were employed in appendix D can be used here too. The only significant
difference lies in the fact that the Monte Carlo algorithm is an explicit scheme - it is difficult
to envisage how the particle method could be made implicit. Because the particle simulation is
explicit, the same is true for the finite-difference technique. Therefore, the pdf, Pt(; xt ,wi), is
calculated using the properties at position namely, i'in±1 1 (0; x,wi± i ) and Pin— (*; x,wi).
In this respect, the computational molecule for this situation is the mirror image of that illustrated

tit is important to bear in mind that no real interpretation can be given to the result Pt . In fact the solution cannot
be assessed until the operations of mixing and chemical reaction have also been applied.

161



162	 Implementation of the Scalar Pdf Equation

in figure D.1, with x„ being replaced by Xt. For an explicit scheme the fde can be written as:

fjzt 	 Ax

	

F. — 1 G )	 +	 1)	 1Ace,: (We	 \n-1	 z-1-.5:	 2 i+-2
1)	 — 2 	 -

	

L*2- (WE W/P-1 — (F. — 1G.	 —+ 1G. 1)].1"?'-1}
2	 2 2.-- i	 /	

(E.2)

where i = 3, ... , N — 1. The similarities between equation (E.2) and the implicit form, given
by equation (D.23), are clear. For the remaining i nodes, the form of the fde constructed for the
boundary control volumes should be employed. The following definitions are introduced in order
to simplify the form of equation (E.2).

Auji	 _	 2 2-1-I
	Ax	

— 1G . 1)
	

(E.3)

Q._ i = 	 +	 )	 (E.4)

2 AWi (W E — 

Probability theory demonstrates that,

'01 =	 Q(0)-13t	 (E.5)

where Q can denote any prescribed function of the scalar variables. 'Q1 is the density-weighted

average of Q at (xt , wi ), based on the solution of the fde. Applying equation (E.5) to (E.2) leads

to,

= Pz± l c274711 +	 + (1 - Pz+ 1 - Qi_i) Or i

	

2	
(E.6)

Let 0,1 denote the ensemble average of Q at the same position due to the application of the

transport process via the Monte Carlo simulation, where the ensemble is based on a finite sample
size used to represent the pdf. The simulation of transport is achieved by selecting at random a

'certain number' of particles from nodes CVO and (xn, wi±1) t ; these particles form the new

ensemble at (x t , cai ) as depicted in figure 4.2. It is important to note that the nodes do not exchange
particles, and that the number of particles at a node remains fixed. By definition of the ensemble
average (equation (2.25)), 	

.1 NJ

(E.7)

j=1

where Art is the number of particles at (A and	 is the value of the function Q associated with

the properties of the jth particle at (xt ,wi ) 11 . The expected value of e21 is Q.
Based on the 'dynamics' of the simulation of the transport term, it is possible to write,

E=	 + E	 E Qz j-ij

2 3=1	 j=nt+1	 j=nt-Eni+1

tMore precisely, the particles are sampled at random without replacement. This means that, at a given point, when
a particle is randomly selected it is no longer allowed to be re-selected until node cvi has been advanced from x„, to xt

The co grid distribution does not change once it is generated and the number of particles per node remain fixed (but
not necessarily equal). This implies that the number of particles per node depends only on the radial location; hence

the notation	 which indicates no dependency on x.

The definition of the ensemble average in equation (2.25) includes the density. However, equation (E.7) does
not require these multipliers since the ensemble, Q, is defined to be representative of the density-weighted pdf.
Consequently, the result shown in equation (E.7) automatically leads to a density-weighted statistic.

(E.8)
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Ari
(E.9)
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where nt and n7 are the number of particles selected at random from the ensembles at (x,wi+i)
and (x,cat_ i ), respectively. Equation (E.8) indicates that (Aii — rit n) particles are randomly
selected from node i at x = xn_ i and retained in the new ensemble at x = xt. The remaining
particle properties are overwritten by those randomly selected from Wi±1. The ordering of the
particles at a node is immaterial, so that the first term on the rhs of equation (E.8) could have been,

—
and consequently the second term, En.i ni Q7+I The following straightforward,

yet revealing, manipulation can be applied to equation (E.8),

n+.
n±

1 E n7+ z 1
r
i j	 1	 2+= n

-

E
j=np+1

ifi

If the mathematical expectation of equation (E.9) is taken, in the limit of .Ar i (and hence n i+ and
nt) tending to infinity, terms I, II and III approach Cg++11 , c27--ii and Q7+1 , respectively. At the
same time, 01 -± al, so that in the limit equation (E.9) can be expressed as:

n+	 n7	 n".1" n7 )

	

= z nr.z-1 _j_ z Art-1 j_ 	 z	 z	 ro, -1
-6z	 Ari -62+1	 '6z-1 '	 Ari	 i (E.10)

If the Monte Carlo simulation for the transport operation is to approximate the finite-difference
solution, then clearly the results of equations (E.6) and (E.10) should be the same; this is the
basic requirement which ensures equivalence between the two approaches. By comparing these
two equations (and using the definitions expressed in equations (E.3) and (E.4)), the following
fundamental relations hold,

n +.	 Ax
	  F-

Ari Awi (WE wiy	 (E.11)x-1

n7	 Ax 

AWi (WE W1)1r-1	
(E.12)

The discussion presented in the previous paragraphs and culminating in equations (E.11) and
(E.12) describe how the solution at (xn_ i , wt ) can be advanced to (xt , wi ) for the internal nodes.
The treatment of i = 1 and i = N + 1 will now be described. In the present context the pdf
equation is applied to turbulent jet diffusion flames issuing into unconfined surrounds, so that

= 1 corresponds to a symmetry axis and i = N + 1 is the free stream. The free stream condition
is the most straightforward to specify, since the flow in that region is unaffected by the evolution of
the jet. Since -2 0, this means that the properties in this region are invariant with downstream
position, and the pdf there is a 8 function. This latter condition implies that all .ArN+ i particles have
the same value, or alternatively, only one particle is sufficient to represent the properties there. At
the centre-line the zero gradient condition is used to characterise the scalar boundary condition.
This condition is achieved by requiring that the ensemble at (xt , w2 ) is exactly the same as that at
(Xt, WO.
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For the treatment of the scalar field the finite-difference scheme (and hence the Monte Carlo
simulation) is fully explicit. It is well-known that to ensure the stability of such schemes,
restrictions have to be placed on the forward step size. The stability requirements for the application
of the Monte Carlo simulation stem from the need to avoid nt < 0, ni— <0 and Ari — (tit +ni— ) <0.

However, from equations (E.11) and (E.12) it is clear that 11 a Ax. The manner in which the
forward step size is chosen is simple and ad-hoc, partly because the main motivation in choosing
Ax is that the solution is grid-independent, but also because the semi-implicit finite-difference
procedure for the velocity field does not suffer from the step size restrictions of the Monte Carlo
simulation. As the jet spreads downstream of the issuing nozzle its width increases, and based
on this Ax tyN+ i , where yN+ 1 is the outermost radial position of the jet and .e is an arbitrary

constant (i 0.01). Ax is prevented from increasing too rapidly by specifying,

Ax„,,,, = min (iyN+ 1 , 1.05Axotd)

In principle, if the forward step size is too large, the constraint,

— (nt + ) > 0	 (E.14)

could be violated. Let clet" be the step size suitable for the Monte Carlo simulation of transport
such that the inequality expressed in equation (E.14) is satisfied for all i. Dividing equation (E.14)

by Ari and substituting equations (E.11) and (E.12) yields,

Ax; 
1	 F. — 1G. + F. + 1 G. i) > 0	 (E.15)Auji (TE WIr-1	 z-1-1-	 2 z-l- i 	2

i± 2

Whilst equation (E.14) constitutes the minimum requirement which can be placed on the selection
of the particles, it can be argued that to obtain a 'meaningful' ensemble for -al (based on equation

(E.9)), it is necessary to have finite numbers of particles selected from all the participating nodes.
This implies that equation (E.15), which relates to the fractional number of particles sampled from

node i, can be written as,
Axik

1 Ac, ( W1
 Tip-1	 = At	

(E.16)

where 0 < At < 1, but a more plausible choice is At =	 In other words, Aet̀  must be such

that in the event Ax; < Axil. at least one third of the particles should come from (xn_i,wi),

and the remainder from nodes (xn_ ). When Ax; > Ax, the implication of A t is of no

consequence. In fact tests indicated that the results appear to be quite insensitive to the precise

value of At - for example starting with At = 1, it was found that doubling and halving this value
had virtually no observable effect on the results. This may be an indication that the sample size
was suitably large and/or the forward step size was sufficiently small. To implement Ax; into the

solution procedure the following integer parameter is defined,

K t nint ( (E.17)

where mint denotes the nearest integer and the addition of '1' is there to yield the most conservative

estimate for K. Lleti` depends on the radial position, i, but in this procedure a single value of 1C t is

"Note that Ax is given by equation (E.13) and Ax; from equation (E.16).

(E.13)
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needed which satisfies equation (E.16) for all i. To achieve this, the most conservative (and hence
largest) value of /Ct is used. Substituting the smallest value of Ax; (referred to as Ax min ) from
equation (E.16) into (E.17) gives,

= max [mint( Ax + 1 ) 1]
AxZmin 2	

(E.18)

So the transport operation is applied 1Ctfinas times (with a forward step size of 64,7min ). During
any one of these substeps, the mixing and reaction operations are also applied I.

Finally it is worth pointing out the following significant difference between the finite-difference
approach and the corresponding Monte Carlo simulation. With the former technique the accuracy
of the result increases as the grid size is refined, i.e. as Ax, Sw –+ 0. For the Monte Carlo
procedure with a finite sample size, as tlx 0 the number of particles being randomly selected
will tend to zero (as implied by equations (E.11) and (E.12)), with the result that there is very little
observable transport. Clearly the missing link in this case is that as Ax, Su) --* 0, this needs to be
matched with Vj —4 oo, Vi.

1Ct,max

E.2 Molecular Mixing

In this section the following operation is considered,

Pim (0; x,,, w) = (I + Eat) .132 (0; xt,w) (E.19)

This follows from equation (E.1). The mixing models are discussed in sections 4.6 and 4.7. Only
the implementation features of modified Curl (with A(x) = 1) and LMSE are considered in this
appendix. Unlike the transport operation, molecular mixing is applied at a point in physical space
to the notional particles residing there. Therefore intemodal particle interactions do not occur.
This exemplifies how molecular mixing brings about the evolution of the pdf in composition space
and not physical space.

E.2.1 Modified Curl

This model can be summarised through the schematic in figure E.1, where the particle properties
after the mixing operation are given by equation (4.20).

At a given point in physical space, comprising nodes w 2 , . . . , coN , the number of particles
selected randomly without replacement is given by (cf. equation (4.16)) 2:

Ax) ei

	

Ars,i = 25 (— —Ar	 i = 2, ... , N
ft	 k 2

(E.20)

where 23 = 3 for modified Curl. For any given pair of randomly selected particles, a pseudo-
random number generator is again used to select a value for x, the quantity which controls the
extent of mixing, as specified in equation (4.20). This same value of x is employed to calculate
all the new scalar properties (a = 1, . . . , N 1).

1 1n fact the mixing operation also imposes forward step size restrictions, as described in section E.2. Therefore the
whole operation involving transport, mixing and reaction can be applied more than 1Ct,ina, times depending on the
value of 1Crnonax defined in the section dealing with the mixing terms

2Note that a distinction is made at this stage between the number of particles and pairs of particles randomly selected.
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01(t+ St)

02( t+ St)

Figure E.1: Schematic of the mixing operation using modified Curl. The randomly selected particles are
represented in terms of the properties ch i (t) and 02 (0. They mix along a line joining them in composition
space and jump to the new properties cb i (t + St) and 02 (t + St). The extent of mixing is constrained by
either no change in their original values, to full mixing at their common mean value.

	

S'T = 25 ( A._x;') 67 i	 A,,	 i = 2, ... , N	 (E.21)
Ari	 rci

where Axn ,* is the step size which satisfies =Am (0 < A, < 1). Sensitivity analysis shows
that the choice of Am does not affect the final result significantly, and in fact by choosing Ax to
be sufficiently small, the value of A m becomes immaterial since the basic condition Ars,j > .N;

would not be violated. Am = was chosen for the results presented in chapter 6 using modified
Curl. In analogy with equations (E.17) and (E.18), 1C,,,,,max is defined as,

It was pointed out in relation to equations (E.11) and (E.12) that the condition expressed in
equation (E.14) can be violated since nt and n i— are proportional to Ax. A similar situation arises

with regards to equation (E.20); N's,i can be greater than Ari if Ax is too large or it' i too small. To

avoid such unphysical situations, the following requirement is imposed (in analogy with equation

(E.16)),

Ax

Km,max r-=, max {nint[max ( AT.) + ,Kt,mas

Ps*where ---- ri3,- and Kt,max are obtained from equations (E.21) and (E.18) respectively.ui

(E.22)

E.2.2 Linear Mean Square Estimation (LMSE) Closure

The starting point for discussing the implementation of this model is equation (4.14), re-written

as:

_6w = _	 a5kP _ 1th .))d	 C	 ) (P) = 1 , • • • ,•Afi

= 2, . . . , N
a = 1,	 , N + 1	 (E.23)

dt T "	 2 ki	"'i	 I

This model is deterministic in the sense that a certain number of particles do not have to be
randomly selected for mixing; all the particles are subjected to equation (E.23) at a given node i
and for all scalar properties. Equation (E.23) can be discretised in the following manner,

o(ap)i,n _C2D Zoti (0(cp)i,n (00)n) ± (8t2)
	

(E.24)



C5(13).'n	 2122-	 (Oce,i)n(p),n+1 
Oa,"

1 ±
(E.25)
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where Sti	and Ax° = k- Ax	  as given by equations (E.13) and (E.18). One potentialUy

source of problems with the above form of discretisation is that if St,: is too large 0 (P)i can become
unbounded. However, such a problem has not been encountered with the use of the above
equation, presumably because the forward step size has been sufficiently small to avoid such
problems. Nevertheless, to eliminate such undesirable features associated with the discretisation,
the term on the rhs of equation (E.24) involving q5 (ctil'n can be replaced with Ckc,(P) 'n± . Solving for
th(P) 'n+i yields:r a,i

With the use of equation (E.25), 0 (a13) 'n+1 > 0 regardless of the value of 6ti . In addition as

oo, 195,t(P! 'n+1	 (00 )fl , which implies that the result remains bounded.
It has already been pointed out that 8t i .11—i!- where Ax° = ex It is possible to impose

a further constraint by comparing the relative sizes of St,: and the mixing time scale. The latter
time scale is defined as ( t-) -1 . To develop an expression for such a constraint, the following
definition is introduced:

CD 6i) —I 0 < A', < 1	 (E.26)
2 ki

where be; is the required time step at node i defined as some fraction of the mixing time scale. In
this case a parameter, Km,rnax as defined for the coalescence-dispersion model (equation (E.22)),
can be used:

{	
As°

Krn,rnas -=- max nint max i--li-- + 1 ,Kt,max	 (E.27)
6t1

The introduction of 4, < 1 can only add to the run times and the effect on the results is hardly
detectable for the inhomogeneous flows considered.

E.3 Simulation of Homogeneous, Isotropic Turbulence

In the present context, by homogeneous, isotropic turbulence it is meant a flow where the scalar
pdf is invariant with position. Consequently there is no mean strain imposed on the flow, and
the pdf evolves only in composition space; the dependence of quantities such as e, k and Ai on
position disappears. The simulation of transport, described in section E.1, becomes redundant
as does the value of the local velocity, ilj. So for equations (E.20) and (E.25) the time step is
now provided in terms of some fraction of the characteristic turbulent time scale (D. A suitably

small fraction is chosen (typically —1 100 th ) in order to ensure accurate solutions, and because of this
1Cm,max is always unity.

In the calculations reported in this thesis the value of can be allowed to evolve with time ;
based on the conditions prevailing in the homogeneous and isotropic turbulence, equations (2.39)
and (2.50) reduce to:

dk
dt —

dt
de

—E

E2

(E.28)

(E.29)
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In equation (E.29) e2 can be eliminated by substituting from (E.28); furthermore, 	 can be
substituted using equation (E.28) differentiated, with respect to time. The final result is:

(2)2
d2 k

= Cs
' k	

(E.30)
dt2

By introducing the substitution C = 2-, equation (E.30) can be integrated using a separation of
variables technique. Introducing the initial conditions specified above (with t o = 0) leads to,

k = ko {1 + (C„ — 1) (E.) t] ce2-1
k o

Hence from equation (E.28),

(E.31)

2252_

e = eo [1 + (Ce2 —1) (5-) ticc2-1
k 0	

(E.32)

Equations (E.31) and (E.32) were also used by Lakshmisha et al. [57] in their work relating to
homogeneous, isotropic turbulence. Dividing equation (E.31) by (E.32) leads to the expression
for the evolution of the characteristic turbulent time scale,

The implication of equation (E.33) is that the characteristic time scale of the energy containing
motions increases with time - this is indicative of a decaying turbulence. The choice of the value
of ()o is arbitrary since the aim of the homogeneous, isotropic turbulence calculations is to
investigate the qualitative behaviour of the mixing models. In this respect the use of equation
(E.33) could be altogether avoided and be replaced by a constant turbulence field (i.e. 11 is constant)
- the qualitative behaviour of the results would be the same.

E.4 Evaluation of the Statistical Properties from the Discrete Ensemble

In this thesis predictions have been compared against a wide range of measurements in turbulent
jet diffusion flames. The experimental data comes in the form of density-weighted or unweighted
statistics. In certain cases the form of the data is dictated by the measurement technique; for
example sampling probe measurements of species concentrations are conventionally viewed as
being close to a density-weighted average, whilst fine-wire thermocouple measurements provide
unweighted statistics. The transported pdf approach is advantageous in that both forms of statistics
can be evaluated.

It is convenient to solve a density-weighted pdf equation when calculating variable density
flows 3 . Formally, for any variable which is a function of the scalar field, G = G(0),

Ar

g (0) = g (7-0(0)	 = jimoo kr	 g ( (P) )	 (E.34)
p=1

3The is because the models for the turbulent transport and molecular mixing can then be carried over from the
constant density situation, with the assumption that the effects associated with the fluctuating density field are accounted
for through the density-weighting.
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where g(00 ) is the value of the variable g for the pt particle which has the property set OP).
To obtain the unweighted average, 0, the following can be applied:

=
 (

2)	 (2-)	 g.L_Di-5(71,)	 g [ lim 1 .11. g (OP) 

9	 e	 o Q(*)	 p.i Q(d)(P))

In order to make use of equation (E.35), g would have to be evaluated; the use of g = g in equation
(E.35) leads to the trivial result g = 4. Instead, consider the following equation,

--
1 1 g

J
1	(*)	 — lim	 (E.36)

Q(0) P	 — Ar-900 if= goo)

The density-weighted pdf is defined
follows that,

as:	 Op) a 9(0)P(2), and since fv, P(0) chP = 1, it

--1

-6=

The fluctuating field statistics is given

f

1 g	 1_ E

Af

(E.37)p.,

by,

n	 1g	 =	 (2p) — g-) POP) d71) = linl —" E (g (±(P)) — 0)n
JV.--oco

(E.38)
P=1

The measurements and predictions are mainly confined to the mean and root-mean-square (rms)
quantities, and so attention will focus on the case when n =2. Equation (E.38) cannot be directly
modified along the lines of equation (E.35) to yield an expression for g12, primarily because OP)
refers to properties which are density-weighted and so g' (g() ) ). A more straightforward
approach is now described; the starting point is the following basic relations:

0" = — 1
= g — J

Squaring and averaging equation (E.39) leads to:

(E.35)

git2 (g — 0)
2
 + 2 — 0) 7 +g12

=0
gi2 = git2 (6 0)2

where g"2 can also be expressed in terms of the ensemble properties as follows:

1 g (g(0
)) ..... 0)2

g —[

— _ .
"2 — # 110 EAr--' (=° Ar	 0(0)_

(EAO)

(E.41)

The higher order statistics could be obtained in a similar manner.
Given the ensemble of particle properties, it is a straightforward matter to obtain the pdf. In

order calculate the pdf of a property Oa (referred to as 15()), the scalar bounds of Oa are first
split up into intervals; the width of these intervals, A/Pa , affects the 'smoothness' of the resulting
pdf. Defining No. as the number of particles which satisfy the condition Oa < ± (P) < ?pa + zsapc„
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the probability (or frequency of occurrence) of any particle falling into this interval is 	 . This,

by definition, is approximately P(pa)zpa, so, that,

13(0a)	 lirn	 ArlPa(E.42)
AO.	 Aoce
Ar—000

In deriving equation (E.37), the relation between the density-weighted and unweighted pdf was
established. Integrating this over the entire composition space 0,3 (0 = 1, . . . , N + 1), except for

= a yields:

f 15(0) chPi • • • c10.-14).+1 . • • dON-1-1 = f A(0)-13 (0) d'Ol • • • clOa—idil)a-1-1 • • • ciON +1

AO«) 
(°a) (Q(0)10a = Oa)

Popa ) can still be obtained from equation (E.42). (e(0)IgSa = Ipc,) is the mean density conditioned

on the event 2pa < 4<	 + chpa . In practice this implies that those particles falling into the

region 1,1)„ <	 <	 + Alp, are collected, and based on this sub-ensemble the mean density

is calculated using equation (E.37) (with ,Ar replaced by

(E.43)



Appendix F

The Determination of the Scalar
Bounds for Tabulating the Chemistry

F.1 Introduction

The bounds for the allowable composition states are required in order to tabulate the chemistry
on an 'once and for all' basis. The saving on cpu time for the Monte Carlo simulation of the pdf
equation is substantial. There number of species present depends on the reduced scheme that is
being employed; the requirement of mass conservation and the modelling assumption of equal
diffusivity imply that the dimensionality of the problem can be reduced by three scalars. The
remaining scalars that have to be specified are referred to as the independent scalars.

Initially the discussion focuses on the global hydrocarbon scheme of Jones and Lindstedt [46].
The modifications required to account for the presence of N2 in the fuel stream is also presented.
The derivation of the bounds is described in detail, since it also forms the foundation for the
construction of the bounds relating to the systematically reduced scheme of Chelliah et al. [10].

F.2 Composition Bounds for the Global Hydrocarbon Scheme

The global hydrocarbon scheme [46] incorporates the following species: Cxliv, 02 , CO, CO2. H2/
H20 and N2. A sensible choice for the first independent scalar is the mixture fraction since this
quantity plays a central role in characterising the composition at a point in relation to the initial
condition in the fuel and air streams. Furthermore, for a two-stream mixing process, the mixture
fraction is related to other strictly conserved scalars by:

na = (1 —	 + ena,1	 (F.1)

where '1' refers to the fuel stream, '2' to the oxidant stream and nc, can denote element specific
mole number or enthalpy (J Kg-1 of mixture). The mixture fraction remains constant during the
chemical reaction. For each of the element species (C, H, 0 and N) the mass conservation equation
is now constructed. These are subsequently used to construct the bounds for the reactive species.
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+2 (nH2o + nH2)
Ye

WC. Hy
(F.9)
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F.2.1 Element Conservation

Carbon
Denoting .Afc, as the number of atoms (or molecules) of specie a present in the reactive mixture

at any position and time, the carbon element satisfies the following conservation equation (given
the species that are present in the mixture):

JVC = xMc.H, + Mco + Afc02
	

(F.2)

Dividing equation (F.2) by Avogadro's constant (NA 6.022 x 1026 Kmol-1 ) and subsequently

by the total mass of the mixture present at that instant leads to an equation for the specific mole
number (ICmol Kg-1),

nc = xncx Fly nco nc02
	 (F.3)

In terms of the carbon element, equation (F.1) becomes nc = nc, 1 6, where the specific mole
sYc H Inumber of carbon atoms in the fuel stream is given by, nc,i 	 14-7-1U-1; (and Yc.Hy, i = 1)t

Substituting the relations for nc and nc,i into equation (F.3) the conservation of atomic species

for carbon can be written as:

x6
xnc.Hy COn 	 nCO2 = 

WC. Hy

Nitrogen
Nitrogen is a conserved scalar and is therefore linearly related to the local value of the mixture

fraction. For this specie, equation (F.1) reduces to:

nN = (1	 ) nN,2	 (F.5)

The only source of nitrogen atoms is from nitrogen molecules since this element is neither
generated nor consumed by the chemical reaction; consequently n N = 2nN2 . In the air stream,

nN2,2 147N2 n02,2W02 = 1

	
(F.6)

Due to the equal diffusivity assumption, the oxygen-to-nitrogen ratio is constant and is given by:

no2 ,2	 no,2	 no
Pz.-1 0.265	 (F.7)

nN2,2 nN,2 nN

Using equations (F.5) to (F.7) it can be shown that:

(1 — 6)
(F.8)7iN2 — (w-N2 uw02)

For the remainder of the elements only the final result will be given since the basic procedure has
been outlined in the paragraphs above.
Hydrogen

= ync.Hy	+ 27442 n}Lie =2rilho	
Ye

WC. Hy

t Yc.14„,1 = 1 when the fuel stream is not diluted with other species.



no = 2no2 + nco + 2nco2 + H2On  =- no,2 ( 1 — 6)
213 (1 — 6)

2n02 + nco 2_nco2 	 H2On — (
WN2 + Z-5W02)

2Z5 (1 — 6)	 x6 

(WN2 + Z-5W02) Wcx Hy

(F.13)
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Oxygen

(F.10)

F.2.2 Bounds for the Independent Scalars

As pointed out in section 5.3.1.3, the choice of the independent scalars is not unique. Since one
of the aims of this research work is the prediction of CO and H2, it seems sensible to try to
include these as independent scalars. The aim in constructing the scalar bounds is to produce a
hierarchy of coupled equations which can scan the entire composition space of the mixture; i.e.
any composition state which satisfies mass conservation and LI C = -y and7-t = Z5 can be located
somewhere within the allowable scalar domain that is constructed below. In order to quantify the
bounds it is necessary to invoke conditions which may never be reached in a flame. This practice
is necessary so that the most conservative concentration limits can be specified. However, at the
same time, this highlights a potential weakness of the approach in that the distribution of the scalar
domain can be wasteful, since some regions are never accessed.

E2.2.1 Bounds for the Mixture Fraction

The bounds for 6 are straightforward to assign since they are constrained, by definition, to be zero
in the air stream and unity in the fuel stream.

max = 1 , -min 0

F.2.2.2 Bounds for	 given 6

From equation (F.4), recna occurs when rico = nco2 = 0:

x	 6 
nrcn:Hy —

V Cx Hy

(F.11)

(F.12)

The minimum amount of CHy is subject to oxygen availability. According to equation (F.4), for
a given 6, there are CHy 

Kmol of carbon atoms present per unit mass, and from equation (F.10),
x 

there are 21-5(1—e)02 Kmol of oxygen atoms per unit mass of mixture. Now, ifWN2 +73 W

then nmin =0. However, if inequality (F.13) is not satisfied, then there will still be 	
Cx Hy	 Cx Hy

2T.5(1-0 
(wx2d-t5w02) 

carbon atoms left over. Within the constraints of the global hydrocarbon scheme, this
implies that these left over carbon atoms have to be attached to hydrogen in the form of Cx1iy. In

this case,
223(1 — 6) 

=  6 
wc. Hy X ( WN2 UW02 )

(F.14)



2Z3(1— 

WC.fiv X (WN2 13W02) ol
n' ye:n = maxH

nC0 nCO2 = xL (F.17)
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But if oxygen satisfies the availability condition (F.13), then the rhs of equation (F.14) would be
zero or negative. Since negative concentrations are unphysical, the minimum amount of CH

cancan be generally expressed as follows:

(F.15)

The oxygen availability criterion assumes a one-to-one combination of carbon and oxygen atoms
in order to determine the minimum CH concentration.concentration. Clearly this leads to a more conservative

estimate for the minimum amount of CH thanthan a C:0 combination of 1:2 (i.e. to form CO2)
which would require fewer carbon atoms to be combined with the available oxygen atoms.

F.2.2.3 Bounds for rico given e and nC.Ily

Equation (F.4) indicates that in the balance for the C-atom the species CxHy, CO and CO 2 appear.

If CO is chosen as the independent scalar then CO 2 can no longer be independent too, since

knowledge off, ric.Hy and nal) is sufficient to determine 'rico,. Note, however, that as long as the

level of CO is not fixed, the bounds for both CO and CO 2 can be determined. Let,

G= 	 nCxHy	 (F.16)
wC.Fly

where C is constant when and nc. ify are specified. Substituting equation (F.16) into (F.4),

From equation (F.17), nrcn6x = x.0 when 77, re8 n2 = 0. This implies that the oxygen atoms are

attached to all the remaining carbon atoms (in the form CO). This may appear to be a pathological
situation, but it serves the purpose of quantifying the maximum allowable CO concentration given

the constraints. Thus,

na32,x — x
	

(F.18)

Equation (F.18) is not subject to oxygen availability; in principle there has to be enough oxygen

to form xr Kmol of CO t , otherwise, given that the level of CHy has been fixed, this would have
to imply the presence of C-radicals in the mixture, which is not permitted by the reduced scheme.

The maximum amount of CO 2 is subject to oxygen availability. If,

U(1	 > x.0	 (F.19)
(WN, + UW02) —

then n, rcnd,f = x.0 and 77,ZtiOn = 0. However, if the above inequality is not satisfied, then clearly

nrcnca:,2s x.C; in this case some CO would also have to be present in order to avoid having C-atoms

left over. In trying to find the bounds for 7178n (and hence nre62s ) subject to oxygen availability, it

is necessary to assume that no, = nH2o = 0 so that all the oxygen is placed at the disposal of CO

and CO2 . So from equation (F.10) with nO2 = nH20 = 0,

2Z5(1—)

The minimum bound on the fuel ensures that this condition is satisfied

7-1778n + 2nzT = 	
(wN2 + uw02)

(F.20)
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Eliminating nco from equation (F.20) with (F.17) gives,

s 	 225(1 — 6)

	

niji62 = (wN2 t5w02) xL	 (F.21)

The oxygen availability requirement, inequality (F.19), can be re-expressed as:

2Z3(1 — 6) 

	

x.0 > xL	 (F.22)
(WN2 + UW02)

Although equation (P.21) expresses the maximum amount of CO 2 when there is insufficient 02,

inequality (F.22) indicates that if there is enough oxygen present, expression (F.21) becomes
invalid since na32x then becomes larger than the maximum allowable amount of CO2 (= xr). In
order to express the level of Wax in a general manner, the following can be used,

2Z3(1 — 6) 

	

xL	 , x.G1	 (F.23)?GT = min { 
(WN2 + Z-5W02)

Combining equations (F.23) and (F.20) yields the bounds for the minimum amount of CO,

n reciT max {2xL	
223(1 — e)

(WN2 + UW02) ol
(F.24)

F.2.2.4 Bounds for nfl2 given 6, ncoly and nco

In this section nH2 is treated as the independent scalar. Knowledge of 6, ncoiy , nco and nH2

permits the evaluation of H20, CO2 and 02 . Having specified 6, and nco, the amount of
hydrogen atoms left to appear as H 20 and H2 is given by equation (F.9),

n;1 = (26	 ync.H,	 2 011420 nH2 )
vv C. Hy

(F.25)

The amount of oxygen atoms left over is given by equation (F.10),

2Z5 (1 — 6) 
n'16 = 	  nco — ro2n__ 2 2no2 + nH2o	 (F.26)

(WN2 + Z5W02)

Eliminating nco2 in equation (F.26) using (F.17) leads to,

2Z5 (1 — 6) 

(WN2 + 75W02) nco — 2x.0 = 2n02 + nH20	 (F.27)

The concentration of 02 is minimised as more oxygen atoms attach themselves to hydrogen atoms
in the form of H20. If oxygen is is abundant supply then in principle it can attach itself to all the
H-atoms so that nri2in = 0, nr > 0 and nH20 is at a maximum. This is achieved if n''6 >
since Al hydrogen atoms require at least oxygenoxygen atoms to form 4: H2 0 molecules with no
hydrogen left over. Substituting nilin = 0 into equation (F.25),

ni7{12W =	 (F.28)



176	 The Determination of the Scalar Bounds for Tabulating the Chemistry

Using the above result in equation (F.27) yields,

nr6,2in 	 25 (1 — e) 	 1
(wN2 uw02) + 2 nco — (x + r (F.29)

If n'6 < lniKi this means there is not enough oxygen atoms to combine with all the H2 molecules
available, so that niy2in > 0, nron:n = 0 and H2On is at another maximum, but of a smaller magnitude
to that prescribed by equation (F.28). Substituting nr = 0 into equation (F.27),

225 (1 — e)
nilaj = wN2

+ U1W02) n
+ co — 2x.0	 (F.30)

This can then be used with equation (F.25) to give,

25(1 — e) 
ni11112in =+ 2x)	 nco	 (F.31)

2	 (WN2 + 23W02)

Depending on the abundance of 02, different expressions have been determined for the bounds
of n, nron2in and n}772̀ g. Mathematically, the overriding constraints are clearly the conditions
n'6 < 14/ and n'6 > Inri . Consider the latter condition with equations (F.25) and (E26) replacing
n'A and nt) , respectively:

225 (1 — e) 
(WN2 (5w02) nco — 2x.0 >

The lhs of the above inequality represents n/72W (from equation (F.30)) based on limited oxygen
availability, whereas the rhs is the expression for nitacf when the oxygen is plentiful (equation
(F.28)). The implication of this implausible result is that expression (F.30) is valid provided that
its value does not exceed since at that cross-over point, a new regime of oxygen availability
is operative. These remarks are embodied in the following expression:

nH20 = nun (wN2 uw02) + no) — 2xL , —2G

	

max	 .	 223 (1 — e) ,	 Y	 (F.33)

Re-arranging inequality (F.32) as follows:

223 (1 — e)
+ 2x)2 (wN2 uw02) nco 0 (F.34)

The rhs of equation (F.34) is the same as the rhs of equation (F.31), and the implication of this
comparison is that the latter expression should not be used when the local oxygen concentration
is plentiful; under those circumstances, ng2in = 0. In summary,

(F.32)

= max { (Y. + 2x)	
213 (1 —

2	 + 23W02) n
co , 0} (F.35)

It is clear that inequality (E32) is consistent with the use of equation (F.29) to the extent that both
require nr > 0. However, consider when oxygen is not present in sufficient quantities, i.e.
nt) < Inti . The use of equation (F.29) then leads to ngin < 0. This is remedied by writing:

-3 (1 —	 + nco (=	 x	 °}	
(F36)nr max { z.

2
(WN2 Z5W02	 4



nini2ax yir (F.37)
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The magnitude of ni.r has yet to be determined. But this is a straightforward problem to resolve
since no2 can be maximised by keeping all the oxygen atoms as 0 2 . This implies that,nil% = 0.
Substituting this result into equation (F.25) yields:

F.2.3 Determination of the Dependent Scalar Concentrations

Having established the bounds for all of the independent scalars, it remains to specify the concen-
tration of the dependent scalars. At this stage the value of the following quantities are known: 6,
ncjiy , nco and nH2 . From equation (F.17),

(F.38)

(F.39)

(F.40)

nco2 = xG — nco

From equation (F.25),

H2On  =	 — nH2

Finally, from equations (F.27) and (F.39),

t
U(1 — 6) 	 1	

(no2 = (wN2 uw02)	 X2	 +	 + H2

E2.4 Modifications for Flames with Nitrogen-Diluted Fuel Streams

In this section the modifications that are required to account for the N2-dilution of the fuel stream
are described. The effect manifest itself in the equations expressing the conservation of elemental
species. The subsequent analysis to obtain the bounds for the independent scalars is the same as
in section F.2.2 and will not be presented.

Due to the presence of N2 in the fuel stream, the oxygen-to-nitrogen ratio is no longer equal to
U. However, this does not mean that the concept of equal diffusivity has to be relaxed. Equation
(F.1) for the oxygen and nitrogen elements can be expressed as:

(F.41)

(F.42)
no = (1 — 6) n0,2

nN = (1 —) nN,2

where subscript '2' refers to the air stream so that 1221 = U and,nN,2

YN 1	 2	 7lN2,1 
nNo.	 = ,

"N2	 VV	 N2 M f uel, 1 + niN2,1
(F.43)

where the mass flow rates are given in table 6.3. Dividing equation (F.41) by (F.42) leads to:

no (1 —  	 (1 —= 	 6) 

nN (1 — 6) nN,2 + nN,1 (1- ) _4_ 7.1.V.A.
U	 '

The above expression clearly demonstrates that Lt an N is no longer fixed to the value of U. This means
that the implication of nanN being constant is only true when the fuel and air travel in separate initial
streams.

(F.44)



nN, = (1 — e) nN2,2 + 6nN2,1 (F.48)
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The effect of these changes on the conservation of elemental species will now be presented.

Carbon
Equation (F.3) is still valid under these circumstances.

Tic = xnc.Hv nco	 CO2n  = nc,te	 (F.45)

where the specific mole number of the carbon atoms in the fuel stream is now given by

xl7c.Hy ,1	 X	 rh fue1,1 
nC 1 =.Tx7

C. H	
Tx7

y 	V V C, Hy rhfuel,1 ThN2, 1

Therefore equation (F.46) indicates that 17c.	 0 1 unless frtN2 ,1 = 0. Substituting the relation

for nc, i into equation (F.45) yields:

	

X6	 ni fuel , 1 	 )
xncji y	 COn 	 CO2n 	 wCFl.y	 Tit f uel,1	 rhN2,1

(F.47)

Nitrogen
Dividing equation (F.42) by two yields the following relation involving nitrogen molecules,

nN2,1 can be obtained using (F.43) and n N2,2 is essentially the result of equation (F.8) evaluated at

6 = 0. Thus,

nN2	 /	 z 
vv	

.	
) 6

	

vv N2	 (-1 o2 )	 (
Tx7 

-r-	 Mfuel,1 9fiN2, 1 WN2

	

(1	 6)	 fl/N2, (F.49)

Hydrogen
Using the results described above, leading to equations (F.9) and (E47), the conservation

equation for the specific mole number of hydrogen atoms can be written down by inspection:

ye  I 	 thfuel,1 
YnCji, 4- 2 (, _ ji,H20 + nH2 )	 ,	 (F.50)

Cx Hy	 Th fuel,1	 ThIs12,1

Oxygen
The oxygen balance equation is unaffected by the fact that the fuel stream is now diluted with

nitrogen. Therefore equation (F.10) is still valid.
It is quite clear that the effect of the nitrogen dilution on the conservation equations for the

elemental species is quite simple. The manner in which the bounds are subsequently constructed

follows exactly the same pattern as the one described in section F.2.2; the analytical form for the
bounds are very similar too, affected slightly by the quotient involving the mass flow rates of fuel

and N2.

F.3 Composition Bounds for the Systematically Reduced Methane/Air
Scheme

F.3.1 Conservation of Atomic Species

The species involved in this mechanism are: C,Hy, 0 2 , CO, CO2, H2, H20, CH3, H and N2. The
results for the conservation of atomic species only affect carbon and hydrogen; the relations for



(F.51)

(F.52)
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oxygen atoms and nitrogen molecules (equations (F.10) and (F.8) are still valid:

ncH4 + nco + nco2 + nab = - cH4

4 
47icH4 2 H20 27412 371cH3 	— TA/- cH4

F.3.2 Bounds for the Independent Scalars

The bounds for the mixture fraction are the same as those specified in equation (F.11). There is
also no change for the upper bound of methane, as given by equation (F.12) for the case where
x = 1 and y = 4. The lower bound deserves further mention since it highlights an important
difference between the way the bounds are generated for the global scheme and for the current one.
If the oxygen level is abundant, then as before, the lower bound for the hydrocarbon fuel will be

215(1-0 	zero. However, if the oxygen supply is limited, then in principle ( /4-47-	 ,„w ) Kmol Kg-1

	

'n4	 k N2 ' -
of carbon atoms are left over. Whilst with the global scheme this would have to remain as CH4
molecules, the current scheme allows for the presence of CH3 and H. Therefore in theory, the most
conservative value for nat is zero since the surplus fuel can appear in the form of CH 3 and H.
The problem with such a specification is that for rich mixtures unrealistically high levels of radical
species would be present. For lean mixtures, the proportion of radical to non-radical species could
also be unrealistic. The validity of tabulating such pathological composition states comes under
question. The solution of the rate equations is also rendered more difficult as suggested by the
method of obtaining the mixture temperature (described in appendix H); LSODE also indicates
that the set of ODE's may be more 'stiff' too, since in certain cases converged solutions could not
be obtained. It was found that the simplest approach would be to use the same bounds as specified
in equation (F.15), implying that no decomposition of CH 4 into CH3 and H is permitted when the
oxygen is not in an abundant supply.

The bounds for CH3 are now discussed. The fact that the upper bound for CH 4 is 4—
CH4

implies that nail; = 0. At this stage it is assumed that and nal, have been specified, so that
concentration of carbon atoms available is:

La = 
	

ncH4
" CH4

The following arbitrary and ad-hoc constraint is imposed for the upper bound of CH3,

	

if La _> nicihn3 , then nCH3	 CH

	

max	 lim otherwise nmr-1..Tax = La— n 3

(F.53)

(F.54)

The quantity 41.74 is a constant - the concentration of CH3 is effectively clipped so that it is never
allowed to go above the value of n irn . A similar quantity is defined for the H-radical discussed
further on. For the time being it is pointed that these clipped values are chosen by performing
laminar flame simulations. The results and discussion (section 6) indicate that the predicted levels
of H and CH3 in the laminar flame calculations are, in the best cases, an order of magnitude above
those obtained with differential diffusion effects included. It therefore seems plausible to include
these values as the very maximum that can be allowed for the construction of the table.

Introducing the following definition,

Gb = 	  nCH4 nCH3
vv CH4

(F.55)



(F.59)

(F.60)

and no2 in terms of the
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it can be shown using the same ideas as those invoked in section E2.2.3 that the bounds for CO
are the same as those specified in equations (F.18) and (F.24), with replaced by ii'.

The bounds for the H-radical are generated along much the same lines as for CH3 . The

minimum amount is necessarily zero, i.e. NV' = 0. The available 'pool' of hydrogen atoms, nh,
is given by: n 	 — 3ncH3 . Consequently nhnin is forced to satisfy,

ax = /imif n _>fill nhim	
nH, then nrn}/	 otherwise 727711/ ax = (F.56)

At this stage 6, nCH4 , nab, nco and nH have been specified, leaving nH2 . The amounts of

oxygen and hydrogen left over are given by,

c

,,*
I LH = 2H20 + 2nH2 = 4La — 3n0{3 — 741	 (F.57)

* n02 + nH20	
2T3 (1 — 6)

n o = 2	 =	 nco —	 (F.58)
(M42 + UW02)	

2no2

The manner in which the lower bound for H2 is determined centres around the degree of oxygen

availability. If 4.1 < 2n8 then all the hydrogen atoms can attach themselves to oxygen atoms

so that nH2 = 0. However, if nti > 2n8 then no2 = 0. Using these relations, the following

expression for nir can be obtained:

To maximise 112) nH20 = 0 so that (from equation (F.57)),

max 1* 2.0 3 H0H2 —	 —	 C2'71 _3 	0H

Having established the bounds, it remains to specify co 2 , H2On
independent scalars. Substituting equation (F.55) into (F.51) gives,

nco2 = Lb — nco	 (F.61)

From equation (F.52) the concentration of H20 can be obtained,

H2On 	
1 (  46 

47oH4 — 3ncH3 — 27412 — 741	 (F.62)
2 WcH4

and finally, since the oxygen atom balance relation is unaffected in form by the presence of the

radical species, equation (F.10) can be used to write,

1 	 2Z5 (1 — 6) [
nco 2_nco2 — nH20]7102 = 2 (wN2 + uw02)	 — (F.63)



(G.3)

(G.4)

Appendix G

The Stoichiometric Mixture Fraction of
a Hydrocarbon

In this appendix the derivation of equation (6.18) is presented. This result also reduces to equation
(6.8) for the case when there is no dilution of the fuel stream by nitrogen. So for the purposes of
the current derivation it is assumed that the fuel stream contains an amount nN2,1 of nitrogen t
and from mass conservation it follows that: ncxxi = (1 — YN2 ,1)WE2H, •

The stoichiometric balance equation for the burnt-out of the hydrocarbon is,

	

CxHy (x Yi. ) 02 + ON2 XCO2	 ON2

where .6 =	 („,„	 11212,1.

2.5 k"' 1- 4) ' WN2

Analytical relations can now be constructed based on the following requirements:

• For a given initial value of 2c.nti and nanN , chemical reaction does not alter these ratios. This is
a physical requirement, not an assumption.

• Overall mass conservation, i.e. the mass fractions sum to unity.

Since the carbon-to-hydrogen ratio remains fixed, it is possible to write,

ncx nco2 —	 (G.2)
71H	 y	 2n1i2o

For the oxygen-to-nitrogen ratio it is important to specify amounts which imply that fuel and
oxygen are present in stoichiometric proportions. Therefore if there are ncli y , 1 Kmol of fuel per
Kg of mixture, there also has to be (x + Kmol of 02 (per Kg of mixture) present for
complete burnt-out.

no 2 (X ± i) ncjiy,i 	 H2On + 2nco2

	

-,	 1 =,.
nN 2 [ 7713- (x + D nc.}6,1 + kj	

2nN2

Substituting equation (0.2) into (0.3) to eliminate nH20 yields,

	

nc02	 1	 , Y	 A_
m 

YN2
Tir 

I —1= xnc.Hy, i { z3 (X -r 4 ) nC.Fiy,1

	

nN2 	vv N2

In the current notation, stream 'l' is assumed to contain fuel and nitrogen so that nN 2 ,1 can be quantified using
equation (F.43). Subscript '2' denotes the air stream where the oxygen-to-nitrogen ratio, 2221	 0.265.nN2.2

(G.1)
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xncx xv ,1Wco2 + (x -Wc +xWoz + YWH + Wo2)

(0.8)

(G.9)
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Defining the mixture fraction in terms of the carbon element,

nc	
(0.5)

nc,i

Assuming complete combustion, mc = nco 2 (i.e. ncoiv = 0 since it is all consumed for the case
when e = s t). So equation (G.5) becomes,

est = nCO2 	 (G.6)
XTIC.Hy , 1

The requirement for overall mass conservation can be expressed as:

nCO2 WCO2 nH20WH20 nN2 WN2 = 1
	

(0.7)

Note that 02 and CJIy do not appear in equation (0.7) since they have been completely
consumed. Substituting equations (G.2,G.4,G.6) into (0.7) leads to,

1

xnc. Hy , 1 WCO2	 nCx Hy , 1 WH20 [ is (X + i) nc.Hy , 1 +-2--
YNr4,1] wN2

The first two terms in the denominator of equation (0.8) can be manipulated as follows:

est =

nCz Hy ,1 WCsHy 4- (X + nCx Hy ,1W02

Introducing equation (0.9) into (0.8) leads to the following expression for the stoichiometric
mixture fraction,

1
144I

(Wo2 —) ,
	 + YN2,1 + YcxxV> I73

=1

(G.10)

When there is no dilution of the fuel stream, YN2 ,1 = 0, YCx H,,1 = 1 and ncoi,„1 = WE2Hy ; this
gives rise to equation (6.8). In addition, using equation (E43)

= (1 —w YN2'1)	 1	 (1	
(0.11)

Cx Hy	

ri-/N2,1 

WC.H	 Th f ue1,1 ffiN2,1

Substitution of equation (0.11) into (G.10) leads to (6.18).



Appendix H

Details of the Thermochemistry

11.1 Introduction

In this appendix the following areas of the calculation procedure are dealt with:

• The determination of the mixture temperature. The temperature is central to the prediction
of flames, particularly since the reaction rates are such a strongly non-linear function of this
quantity.

• For a generalised reversible reaction, the derivation of the expression for the equilibrium
constant, K(T), is presented.

• By way of example, the method of obtaining the reverse rate in reaction step (iii), equation
(5.15), is discussed. In addition, due to analytical form of the reaction rate expressions, it is
shown how these are 'clipped' in order to avoid singular behaviour as the concentration of
the some of the species tend to zero.

11.2 Determination of the Mixture Temperature

The enthalpy per unit mass of mixture, h (in J/Kg), is the primary variable required to calculate
the mixture temperature. It is related to the composition via,

h E Yalta	 (H.1)
a=1

This expression is also used in equation (2.8). N denotes the number of species present in the
reactive mixture. For the global hydrocarbon scheme N = 7 whilst for the systematically reduced
mechanism N = 9. ha is the enthalpy of specie a per unit mass of specie a. The polynomial
functions presented in the work of Gordon and McBride [32] are used for evaluating H„ defined
as the enthalpy of specie a per unit Kmol of specie a t,

Ha° _	 IT + ca,2 T2 + Ca,3 T3 + Ccx,4 T4

+

_	 5 T5 + c,„6 R2	 4	 5

tThe superscript 'o' indicates the standard state. Different definitions exist for this; for example the state of the gas
at one atmosphere (unit pressure) or the state of an ideal gas at unit fugacity as used in [32]. However, for an ideal gas
the enthalpy is only a function of the temperature, so that the magnitude of the pressure is of no consequence.
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(t 
LTI + ca,6) R	 (H.2)

f=1

The basis for the calculation of the temperature relies on the fact that the value of h is unaffected

by chemical reaction. This relationship does not generally hold for the enthalpy per unit Kmol
of the mixture. Therefore the conversion from lig (J/Kmol) to ha (J/Kg) is necessary, and is

achieved through the relation Hg = haWa; substituting this into equation (H.1),

h	 E nc,Hcc°
a=1

N 5E E n Cai Tf + E naca,6 R	 (H.3)
a=1 1=1	 a=1

Equation (H.3) needs to be solved for T; the equation is clearly non-linear in T and a Newton-

Raphson technique is used to solve this equation. This procedure worked very well for the
global hydrocarbon scheme, i.e. convergence to a sufficiently accurate solution was obtained in
up to three iterations. For the systematically reduced scheme it was found that in composition

states having uncharacteristically high levels of CH3 and/or H in relation to the other species

(such as CO and H2), the procedure could converge to temperatures below 300K (or even above

2500K). One possible reason for this is that the initial specification of h through an unbumt

fuel/air mixture is not suitable for specifying the enthalpy of a mixture which evolves to such a
pathological composition state. This partly motivated the need for clipping the bounds for the
radical concentrations (described in section F.3), in order to reduce the number of occurrences of

such pathological states.

11.3 Determination of the Equilibrium Constant

In this section, most of the results that are quoted (without derivation) relate to the basic principles
of chemical thermodynamics. The works of Gordon and McBride [32] and Everdell [26] were

used as references.
Many different equilibrium constants can be defined, however, K(T) appears to be the most

useful since it is evaluated in terms of species concentrations and can therefore be used more
easily in the context of reaction rate kinetics. Unless stated otherwise, the following S.I. units
are employed: Kg, m, s, Kelvins, J and ICmol. The gas constant consistent with these units

is R = 8314.3 J Kmo1-1 K-1 . In order to calculate K(T) a few basic concepts need to be

introduced. The Gibbs free energy, g (in 3/Kg), is defined as:

g h — Ts (H.4)

where s is the entropy per unit mass of mixture (J Kg-i K-1 ). The chemical potential of specie

a, 79a t (in J/Kmol), can be defined in terms of the Gibbs free energy,

(

ag—(H.5)
ana P,T,n t ,•• •,na-1 ,n,x+1 ,• • •,nN

IR is conventional to use the symbol j to denote the chemical potential, but in this thesis is already being used for

the dynamic viscosity.
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For an ideal gas it can be shown [26] that,

(T , p) = i9 (T) RT ln pa	(H.6)

where ea (T) is the standard chemical potential of the component as a pure gas at one atmospherett

(unit pressure) and at temperature T - the definition constrains ea to be independent of pressure

and only a function of temperature. pa is the partial pressure exerted by specie a. For an ideal
gas, Dalton's law of partial pressures implies that E„N_ I pot = p and p, = Xap, where X,

(= rt(E0 n) 1 ) is the mole fraction of specie a. Substituting this into equation (H.6) gives,

i9 (T, p) = t9 (T) RT lnp + RT in X „	 (H.7)

(T,p)

Consider the following reaction,

aA + bB + • • • -� cC dD + • • •	 (H.8)

At equilibrium the sums of the chemical potentials of the reacting species on both sides of the

chemical equation are equal [26],

a7 9 ,eq	 b1913,eq	 " • -•=1 CI9C,eq	 Ch9D,eq + • •
	

(H.9)

where the subscript ' eq' indicates the condition at chemical equilibrium. Such a qualification is

not required for the standard chemical potential since it is only a function of the temperature.

Substituting equation (H.6) into (H.9) yields:

a19°A + aRT lnpA ,eq + lyin3 + bRT ln Meg + ' • • = CO + cRT lnpc,eq + - • -
,c ,d

arA + Inni + • • • - cz,` - 	 = RT In ( CP ,eqF Db ,eq . • • 

PA.,eqPB,eq • • •

,c ,d	 N	 Ao '	 N	 990
l' C,eqFD ,eq ' • • = exp E v, u a - E ,," ---g--) ...,--. Kp (T)	 (H.10),a ,b	 a RT	 a RTI' it,eql-'13,eq • • •	 a=1	 a=1

In equation (H.10), v„ and v a" are the stoichiometric coefficients of specie a on the left and right
sides (respectively) of the chemical equation (H.8). K(T) is an equilibrium constant in terms of

partial pressures. Since the various 79 a° are independent of pressure, the same is true for Kp(T).

Equation (H.10) is one form of the Law of Mass Action. Expressing this law in terms of mole

fractions, i.e. in terms of equation (H.7),

N	 it

jj	 q

	

Kx (71 , P) -7.- 
a=1	 (H.11)

	

N	 ,
n Xily7eq

a= 1

= p(EaN=1 v =1 v)IC (T)	 (H.12)

The second relation follows from p, = Xap where the unit of pressure is atmospheres; equation
(H.11) indicates that Kx = Kp if the system is at unit pressure, and according to (H.12) the

ttNote that in equation (H.6), the units of the pressure are in atmospheres, not in Pascals.



Kx (T,p) = ( E np,eq
P=1

(EN =1 14, EaN=i vg)

a=1 
na,eq

a=1
Hma/ ,eq

(H.14)

N	 N

H
Kx (T,P) = (o	 np,eq),

a=1

f1=1

(H.15)
11 C',,,eq

a=1

=-7.-K.(T)

N	 190'	 N	 von (N

K, (T) = exp [E zi a — E v"—g— + E vi — E v")
 

in (—RT)]
RT	 RT	 a Po

ce= 1	 a=1	 a=1	 a=1
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equality still holds if there is no change in the overall mole number (i.e Eaiv_ i ye,/ 	 va).

From the definition of the mole fraction the following can be written,

v„„*

llX*, q	

nct,eq,

a=1	 a=1 (z_ip=1 77132eq)

TT v*
naa,eq

a=1
(EN— v:e)

(ELI np,eq)

(H.13)

Substituting equation (H.13) (for va* = va and v'',; = v) into (H.11) leads to:

The specific mole number at equilibrium, na ,eq (Kmol/Kg), is related to the molar concentration,
(Kmol/m3 ), through the mixture density, viz: Co,,o = gna,eq . Substituting this into equation

(H.14):

The equation of state for component a in an ideal gas mixture is, pc, = enaRiT, where R' =
_  8314.3  atm m3 1(mo1-1 1(-1-. This modification is required since the unit of atmospheres

po	 1.013x105
is being used for the pressure. Introducing the equation of state in order to eliminate np ,eq from
(H.15) and summing over the partial pressures yields:

(EL 4,—E1:=1
Kx (T, p) = Kc (T) ( 131*,79 ) (H.16)

Eliminating Kx(T,p) from equation (H.16) using (H.12),

(7N 	EN 	 N

Kc(T) = Kp (T) (—RT) s 4- 1a-1	 p(E.=,	 vg)

PoP

Kp (T) is given by equation (H.10) so that,

, = H
RT)L vg)	 N	 79 0 ti

exp E v i 	 v" 	K

	

	 —(T)
Po	 RT	 RTa=1	 a=1

(H.17)

= exp
N

a=1	 a=1	 '. 1JPo

190	 N

(	

von
\--",	 )

— E m — exp E V — — V
a RT	 RTP0	 a=1	 a=1

(H.18)

Po is a reference pressure and therefore a constant. This means that ife is a function of the
temperature alone. Its final form is expressed as:

(H.19)



RT RT R

(H.25)

(H.26)
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Polynomial expressions (obtained from the JANAF and NASA Lewis databases) are employed
to evaluate the enthalpy and entropy of the species as a function of temperature. The procedure
follows the work of Gordon and McBride [32], and in section H.2 the polynomial expression for
the enthalpy is written down (equation (H.2)). The form of the expressions for the entropy is,

so Ca,3 2	 Ca,4 ,-,,3	 Ccx75 T4- = Ca , 11.1T + Ca,2T + -TT + 3 T	 + ca,7
4

(H.20)

The entropy of the mixture, s (J Kg- I IC-1 ), is given by: s = E,,N_ I nas a . From the definition of
the Gibbs free energy and the chemical potential it can be shown [26] that,

(H.21)g h-Ts=	 19cenct
a=1

and in addition the following identity can be derived:

(
as

—ana) 	 = aaTva p,n	 _ ,nc,	 1,...,nN

Applying equation (H.22) to (H.7) yields,

(H.22)

= - Rln - Rlnp	 (H.23)

In obtaining equation (H.3) it is shown that h = nal . Substituting this, together with
equations (H.7) and (H.23) into (H.21) yields an expression for the standard chemical potential of
species a,

(H.24)

H.4 Example: Determination of a Reverse Rate Using the Global
Scheme

Consider reaction step (iii) of equation (5.15),

1 n 421"" ) 	 nH2

From equation (H.19) it is clear that,

(T) = exp	 (19i312 -12-19O2 —4420) +

Equation (5.16) indicates that,

= kf ( ii ) [112] 1 [02] 94 [H20]'

and using the data in table 5.1, the forward rate constant (for C 3H8 , as an example) is given by:

kf (iii) = 3 x 10 y exp
16 1	 ( 40, 000

R*T
(H.27)



(H.30)

(H.31)

(H.32)
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The use of Kilocalories for the activation energy (as indicated in table 5.1) implies that in the
reaction rate expression the gas constant (R*) has to have units of Kcal Kmo1 -1 K-1 . Since 1 J

is approximately 4.187 calories, this means that R* = 4117
Knowing f,(iii) and eio (T) is enough to evaluate Co mill) . The reasoning is as follows: the

reverse rate should be specified in such a way so that when (or if) chemical equilibrium is attained,

the following condition is satisfied:

[11201eq 
Kgii) (T) =

	

	 (H.28)
[1-12]eq [02]34

By inspection, the following form of the reverse rate will ensure that when ....(;)f,(iii) eq =	 eq
then equation (H.28) is satisfied:

7kf (jii) [021 41 4,00 	 (T) [112]
(H.29)

The analysis is not yet complete. Unlike the reaction rate expressions appearing in the system-
atically reduced scheme (which are formed from elementary rates), in the present global scheme

acof,(iii) 
equation (5.16) indicates that as [H20] 0, Ci,f,(iii) --+00 and as [H2] —f 0, a[H21 ---+ 00. In

order to avoid this the reaction rate is arbitrarily 'clipped' when the mole fraction of H2 or H20

falls below 10-3 %. Quantifying this parameter in terms of a specific mole number (Kmol/Kg),

E na
T— 	

— 1 x 105

When [H20] < QT,

[H2] 	 [H20] 

	

f ,(iii) = k
f ()	 [H20]	 x OT

I	 9
=	 [Hdi [02]f

The form of the reverse rate, consistent with equations (H.28) and (H.31) is given by,

[H20] [02 ] .14
thb, (iii) =	 (iii)	 I

.K 	 [I12] 2

In order to avoid the problems created by [H 2] < pT, the exponent of the hydrogen concentration
in equation (5.16) needs to be at least unity, so that when the expression is differentiated with

respect to [H2], this concentration does not appear in the denominator. The modification that is

applied when [H2] < QT takes the form,

II	 [H2] [02] 94 x [}12] 

	

f ,(iii) = k ()	 [H20]	 (01.)1

9

be shown that	 =	 [0

2]

	

]	 (H.33)However, equations (H.32) and

[02

then	

1 4
=	

f(iii)

would
can 

still lead to problems if [H2] or [H20] tended to zero, respectively. So the following

6-12 0	
(H.33)

It	 Con	 ku (Id)-1 b,(iii)	 f



1I-1211 [021 1	[11211	 [1-120] 
=kf() [H20]	 x	

x. ,,,

''' f ,(iii)
(eTyli	 ger

H.4 Example: Determination of a Reverse Rate Using the Global Scheme 	 189

situation needs to be catered for too: when [H 2] and [H20] are less than eT ,

= ki "	 [H2] [02]1f (iii)

with the result that cbb":(iii) = kfm (iii) (Id)- 1 [H20] [02]:74.

(H.34)
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Figure 6.4: Initial conditions for 6, ca t , CO, axial velocity, CO2 and temperature specified at the first
measuring station (x = 12mm) of the flame of Mitchell et al. [69].
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Figure 6.5: Initial conditions for 142 , H20, 02 and N2 specified at the first measuring station (x = 12mm)
of the flame of Mitchell et al. [69].
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Figure 6.6: Initial conditions for H2, H20, 02, N2, CH3 and H specified at the first measuring station
(x = 12mm) of the flame of Mitchell et al. [69]. The effect of specifying radical species in the initial
condition is investigated.
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Figure 6.7: Radial profiles of N2, CH3 and H from the calculation of the laminar flame of Mitchell et al.
[69] using the reduced scheme of Chelliah et al. [10]; the interpolation table is not used. The effect of the
two initial conditions specified in figure 6.6 is investigated.
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Figure 6.8: Radial profiles of CH4 and CO from the calculation of the laminar flame of Mitchell et al.
[69] using the reduced schemes of Jones and Lindstedt [46] and Chelliah et al. [10]; the interpolation table
is not used.
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Figure 6.9: Radial profiles of Hz, H20 and 02 from the calculation of the laminar flame of Mitchell et al.
[69] using the reduced schemes of Jones and Lindstedt [46] and Chelliah et al. [10]; the interpolation table
is not used.
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Figure 6.10: Radial profiles of N2, CH3 and H from the calculation of the laminar flame of Mitchell et al.
[69] using the reduced schemes of Jones and Lindstedt [46] and Chelliah et al. [10]; the interpolation table
is not used.
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Figure 6.11: Radial profiles of axial velocity, CO 2 and temperature from the calculation of the laminar flame
of Mitchell et al. [69] using the reduced schemes of Jones and Lindstedt [46] and Chelliah et al. [10]; the
interpolation table is not used.



20.0

-a

5.0

0.0

X Measurements. Mitchel et d.
- Chetah et aL LSODE

Cheliah et aL TABLE

5.0

0.0
00 0.3 0.6 0.9	 1.2	 1.5	 1.8

Radial position /cm

4.-- 10.0

20.0

25.0

-g 15.0

20.0

5

110.010 0

5.0

0.0

25.0

20.0

csi
5.0

0.0

00 0.3 0.6	 0.9	 1.2	 1.5
Radial position /cm

30.0

25.0

20.0

15.0

10.0
0

5.0

0.0
1.8	 00	 0.3	 0.6	 0.9	 1.2	 1.5

Radid position /cm
1.8

30.0

25.0

5 20.0

15.0

10.0
CN/
0

5.0

0.0

200	 Figures Relating to Calculations

Radial Profiles x=24mm

00	 0.3	 0.6	 0.9	 1.2	 1.5	 1.8
Radial position /cm

00 0.3 0.6	 0.9	 1.2	 1.5	 1.8
Radial position /cm

Radial Profiles x=50mm

00	 0.3	 0.6	 0.9	 1.2	 1.5	 1.8
Radid position /cm

Figure 6.12: Radial profiles of H2, H20 and 02 from the calculation of the laminar flame of Mitchell et
al. [69] using the reduced scheme of Chelliah et al. [10]; the results from LSODE and the 'look-up'
(interpolation) table are compared.
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Figure 6.13: Radial profiles of N2, CH3 and H from the calculation of the laminar flame of Mitchell et
al. [69] using the reduced scheme of Chelliah et al. [10]; the results from LSODE and the 'look-up'
(interpolation) table are compared.
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Figure 6.14: Radial profiles of axial velocity, CO2 and temperature from the calculation of the laminar flame
of Mitchell et al. [69] using the reduced scheme of Jones and Lindstedt [46]; the results from LSODE and
the 'look-up' (interpolation) table are compared.
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Figure 6.15: Radial profiles of axial velocity, CO 2 and temperature from the calculation of the laminar flame
of Mitchell et al. [69] using the reduced scheme of Chelliah et al. [10]; the results from LSODE and the
'look-up' (interpolation) table are compared.
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Figure 6.24: Predictions of the density-weighted mean reactive scalar properties in homogeneous, isotropic
turbulence. Modified Curl and LMSE are compared starting with a double 6-function condition and

) To -F (Ce, — 1) t, where To 0.04s. The reduced scheme of Jones and Lindstedt [46] is used
without the interpolation table. = 6st = 0.05 (for CH4).
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turbulence. Modified Curl and LMSE are compared starting with a double 5-function condition and
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with the interpolation table. 6 = es t = 0.05 (for CH4).
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Figure 6.29: Predictions of the density-weighted mean reactive scalar properties in homogeneous, isotropic
turbulence. Modified Curl and LMSE are compared starting with a continuous distribution taken from figure
6.27 at tiro = 5, where To = 0.04s. The reduced scheme of Jones and Lindstedt [46] is used without the

interpolation table. =	 = 0.05 (for CH4).
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Figure 6.30: Predictions of the density-weighted mean reactive scalar properties in homogeneous, isotropic
turbulence. Modified Curl is employed with a triple 5-function initial condition and T (	 ) = T

(Ce, — 1) t, where To = 0.04s. The reduced scheme of Chelliah et al. [10] is used without the interpolation
table. e =	 = 0.05 (for CH4).
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Figure 6.31: Predictions of the density-weighted mean reactive scalar properties in homogeneous, isotropic
turbulence. LMSE is employed with a triple 6-function initial condition and ) = ro + (C„ — 1) t,

where ro = 0.04s. The reduced scheme of Chelliah et al. [10] is used without the interpolation table.

= est = 0.05 (for CH4).
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Figure 6.32: Predictions of the density-weighted mean reactive scalar properties in homogeneous, isotropic
turbulence. Modified Curl and LMSE are compared starting with a continuous distribution taken from
figure 6.27 at tiro = 5, where To = 0.04s. The reduced scheme of Chelliah et al. [10] is used without the
interpolation table. 6 = 6st = 0.05 (for CH).
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Figure 6.33: Predictions of the density-weighted mean reactive scalar properties in homogeneous, isotropic
turbulence. Same conditions are used as in figure 6.30 except for the air temperature which is now 298K

instead of 800K. LSODE is employed.
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Figure 6.34: Predictions of the density-weighted mean reactive scalar properties in homogeneous, isotropic
turbulence. Same conditions are used as in figure 6.30 except for the air temperature which is now 298K
instead of 800K. The interpolation table is employed.
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Figure 6.35: Predictions of in a non-reacting, constant density air-jet. The jet pipe diameter and mean
velocity are 6mm and 19.9m s-1 respectively. A comparison of the finite-difference and Monte Carlo
simulation is shown, using the k-e turbulence model. The plots on the left employ modified Curl (for the
Monte Carlo simulation) and LMSE on the right..
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Figure 6.36: Predictions of e 2 in a non-reacting, constant density air-jet. The jet pipe diameter and mean
velocity are 6mm. and 19.9m respectively. A comparison of the finite-difference and Monte Carlo
simulation is shown, using the k-e turbulence model. The plots on the left employ modified Curl (for the
Monte Carlo simulation) and LMSE on the right.
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Figure 6.37: Radial profiles of 4- for the flame of Godoy [31] at Re = 24000. The k-e turbulence model
and the reduced scheme of Jones and Lindstedt [46] are employed.



r/D
	

r/D

1.0
	

X/D = 60

5	 g
.x... 0.8-

...q 	?,.

.2	 .2
g0.6 
N	 N
Z	 Z
C	 c

r/D	 r/D

X/D = 200

X

XX

5	 10	 15	 20
r/D

X/D = 100

x

.	 1

5	 10	 15	 20

r/D

1.0-	 X/D = 120

x

x
x

0.2
5	 10	 15	 20

r/D

0.2
0 10	 15 s	 10 15	 20

r/D

'X

Figures Relating to Calculations 	 225

Figure 6.38: Radial profiles of .1-(N2 for the flame of Godoy [31] at Re = 24000. The k-e turbulence model
and the reduced scheme of Jones and Lindstedt [46] are employed.
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Figure 6.39: Radial profiles of ü for the flame of Godoy [31] at Re = 24000. The k-e turbulence model
and the reduced scheme of Jones and Lindstedt [46] are employed.
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Figure 6.40: Radial profiles of .fCc3 H8 for the flame of Godoy [31] at Re = 24000. The k-e turbulence
model and the reduced scheme of Jones and Lindstedt [46] are employed.
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Figure 6.41: Radial profiles of ICO2 for the flame of Godoy [31] at Re = 24000. The k-e turbulence model

and the reduced scheme of Jones and Lindstedt [46] are employed.
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Figure 6.42: Radial profiles of iCco, for the flame of Godoy [31] at Re = 24000. The k-E turbulence model
and the reduced scheme of Jones and Lindstedt [46] are employed.
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Figure 6.43: Radial profiles of .kco for the flame of Godoy [31] at Re = 24000. The k-E turbulence model

and the reduced scheme of Jones and Lindstedt [46] are employed.



s 0.12

0.09

0.06

s 0.12

4- 0.09

y 0.06

/ 0.03

0.0
0

-„

r/D

5
A 0.03

0.0
10	 15	 0	 5	 10	 15	 20

r/D

r/D

0.15	 X/D = 80

0.15

5 0.12

4- 0.09

C4 0.06

0.03

0.0
0	 5	 10

r/D

0.15	 X/D = 200

0.15 0.15

50.12

"- 0.09

s 0.12

4.- 0.09

c.4 0.06 0.06
5

0.03
5

0.03

0.0 0.0

0.15 0.15

5 0.12

0.09

s 0.12

"- 0.09

Csl 0.06 Csi 0.06

5
0.03

5
0.03

0.0 0.0

15 20

r/D
15 2010

r/D

r/D
15 2010

r/D

0.15

s 0.12

4- 0.09

Cs4 0.06

0.03

0.0

Figures Relating to Calculations 	 231

Figure 6.44: Radial profiles of .k il2 for the flame of Godoy [31] at Re = 24000. The k-e turbulence model
and the reduced scheme of Jones and Lindstedt [46] are employed.
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Figure 6.45: Radial profiles of j-C- H20 for the flame of Godoy [31] at Re = 24000.. The k-e turbulence model

and the reduced scheme of Jones and Lindstedt [46] are employed.
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Figure 6.46: Radial profiles of !. for the flame of Godoy [31] at Re = 24000. The k-c turbulence model
and the reduced scheme of Jones and Lindstedt [46] are employed.
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Figure 6.47: Radial profiles of the turbulence kinetic energy (k) for the flame of Godoy [31] at Re = 24000.
The k-e turbulence model and the reduced scheme of Jones and Lindstedt [46] are employed.



10	 15	 20
	

10
	

20
	

30
	

40
r/D	 r/D

*10'
2.0

— Modified Ctal

LMSE do are

sea 0.5

0.0
15 20 10	 20	 30	 40

r/D

400

"E
300

8, 200
CC.

loo

50
X/D = 100

"E 40

e 30

2,20

10

5	 10
r/D

= 40 50	 X/D = 120

40

E

▪

 30

8.

▪

 20

8i

▪

 10
8

0

400

,300

200
C.

loo

50

n.1
40

e

▪

 30

8.20

gm 1

O 5	 10
r/D

X/D = 80

10	 15	 20	 0	 10	 20	 30	 40
r/D	 r/D

8

400

, 300

200

100

15
	

20
	

10	 20	 30	 40
r/D

50	 X/D = 200

•E 40

f. 30

a 20

so
N 10
8

0

Figures Relating to Calculations 	 235

g

Figure 6.48: Radial profiles of the viscous dissipation rate of the turbulence kinetic energy (6) for the flame
of Godoy [31] at Re = 24000. The k-c turbulence model and the reduced scheme of Jones and Lindstedt
[46] are employed.
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Figure 6.49: This figure shows the axial evolution of the integral of the mixture fraction convection as
defined in equation (6.17), for the flame of Godoy [31] at Re = 24000. The comparison of the integral with
5 x 104 and 1 x 106 particles is shown. The k-e turbulence model and the reduced scheme of Jones and
Lindstedt [46] are employed. The result is only shown for modified Curl.



• r/D

0.2

0.0

0.8

0	 5	 10	 15	 20
r/D

0.3	 = 150

0.25
5
i 0.2

0.15

0.1

0.05

0.0
10	 15	 10	 15	 20

r/D	 r/D

10	 15	 10	 15	 20
r/D	 r/0

0.8

$ 0.6

; 0.4

0.2

0.0

0.3

0.25

8 0.2

0.05

0.0

Figures Relating to Calculations 	 237

Figure 6.50: Radial profiles of for the flame of Godoy [31] at Re 24000. The k-e turbulence model
and the reduced scheme of Jones and Lindstedt [46] are employed. Calculations are reported for modified
Curl using 5 x 104 (solid line) and 1 x 10 6 particles (dashed line).
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Figure 6.51: Radial profiles of .g-co for the flame of Godoy [31] at Re = 24000. The k-e turbulence model
and the reduced scheme of Jones and Lindstedt [46] are employed. Calculations are reported for modified
Curl using 5 x 104 (solid line) and 1 x 106 particles (dashed line).
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Figure 6.52: Radial profiles of ii for the flame of Godoy [31] at Re = 24000. The reduced scheme of Jones
and Lindstedt [46] is employed, with modified Curl as the mixing model. A comparison is made of the k-e
and Reynolds stress turbulence models on the left and right hand sides, respectively.
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Figure 6.53: Radial profiles of for the flame of Godoy [31] at Re = 24000. The reduced scheme of Jones
and Lindstedt [46] is employed, with modified Curl as the mixing model. A comparison is made of the k-s

and Reynolds stress turbulence models.
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Figure 6.54: Radial profiles of .7-Cco for the flame of Godoy [31] at Re = 24000. The reduced scheme of
Jones and Lindstedt [46] is employed, with modified Curl as the mixing model. A comparison is made of
the k-E and Reynolds stress turbulence models.
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Figure 6.55: Radial profiles of .4 for the flame of Godoy [31] at Re = 42700. The k-e turbulence model

and the reduced scheme of Jones and Lindstedt [46] are employed.
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Figure 6.56: Radial profiles of .kco 2 for the flame of Godoy [31] at Re = 42700. The k-e turbulence model
and the reduced scheme of Jones and Lindstedt [46] are employed.
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Figure 6.57: Radial profiles of Xco for the flame of Godoy [31] at Re = 42700. The k-e turbulence model

and the reduced scheme of Jones and Lindstedt [46] are employed.
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Figure 6.58: Predictions of .kco and fCco, for the flame of Heitor et al. [37], burner 2 at Re = 37000. The
reduced scheme of Jones and Lindstedt [46] is employed, with modified Curl as the mixing model. The k-
(solid line) and Reynolds stress (dotted line) turbulence models are used. Crosses and circles refer to the
measurements at diametrically opposing locations.
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Figure 6.59: Predictions of .ko, and D for the flame of Heitor et al. [37], burner 2 at Re = 37000. The
reduced scheme of Jones and Lindstedt [46] is employed, with modified Curl as the mixing model. The k-e
(solid line) and Reynolds stress (dotted line) turbulence models are used. Crosses and circles refer to the
measurements at diametrically opposing locations.
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Figure 6.60: Predictions of (v"2)1 , u"v" and ii for the flame of Heitor et al. [37], burner 2 at Re = 37000.
The reduced scheme of Jones and Lindstedt [46] is employed, with modified Curl as the mixing model. The
k-e (solid line) and Reynolds stress (dotted line) turbulence models are used. Crosses and circles refer to
the measurements at diametrically opposing locations.
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Figure 6.61: Predictions of (0 2)1 and (T' 2 ) for the flame of Heitor et al. [371, burner 2 at Re = 37000.
The reduced scheme of Jones and Lindstedt [46] is employed, with modified Curl as the mixing model. The
k-e (solid line) and Reynolds stress (dotted line) turbulence models are used. Crosses and circles refer to
the measurements at diametrically opposing locations.
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Figure 6.62: Predictions of iCco and I" for the flame of Hassan et al. [35] (SA2). The reduced scheme of
Jones and Lindstedt [46] is employed, with modified Curl and LMSE as the mixing models. k-E is used for
the velocity field.
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Figure 6.63: Predictions of .ko, and fCco 2 for the flame of Hassan et al. [35] (SA2). The reduced scheme
of Jones and Lindstedt [46] is employed, with modified Curl and LMSE as the mixing models. k-e is used

for the velocity field.
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Figure 6.64: Predictions of .fCcH4 and .kH2 for the flame of Hassan et al. [35] (SA2). The reduced scheme
of Jones and Lindstedt [46] is employed, with modified Curl and LMSE as the mixing models. k-e is used
for the velocity field.
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Figure 6.66: Axial evolution of iCO2 for the flame of Hassan et al. [35] in the burner stabilised configuration
with and without N2-dilution (SA and NA flames). The reduced scheme of Jones and Lindstedt [46] is
employed, with modified Curl and LMSE as the mixing models. k-e is used for the velocity field.
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Figure 6.67: Axial evolution of .kco2 for the flame of Hassan et al. [35] in the burner stabilised configuration
with and without N2-dilution (SA and NA flames). The reduced scheme of Jones and Lindstedt [46] is
employed, with modified Curl and LMSE as the mixing models. k-E is used for the velocity field.
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Figure 6.68: Axial evolution of .kco for the flame of Hassan et al. [35] in the burner stabilised configuration
with and without N2-dilution (SA and NA flames). The reduced scheme of Jones and Lindstedt [46] is
employed, with modified Curl and LMSE as the mixing models. k-e is used for the velocity field.



X/D = 36.2 X/D = 75.0

2500

2000

1500

E 1000
-a

.6 500

X Measurements. Hassan et aL
— Modified Curl

LMSE eboure

2500

2000

1500

E 1000
-o

256	 Figures Relating to Calculations

0	 20 40 60 80 100 120

Radial position, mm

0	 20 40 60 80 100 120

Radial position, mm

1.2—

,	 1.0—

20	 40	 60	 80	 100	 120	 0

Radial position, mm

1.2 —

„	 1.0 —

IE	 -

20	 40	 60	 80

Radial position, mm

100	 120

an 0.8 —
Y

0.6 -

-8
0.4—

_
-8c 0.4 —

-

0.2— 0.2—

0.00.0 I I I I

20 40 60 80 100 120

Radial position, mm

0
	

20 40 60 80 100 120

Radial position, mm

Figure 6.69: Radial profiles of 4, T and for the flame of Hassan et al. [35] (SA2). The reduced scheme of
Chelliah et al. [10] is employed, with modified Curl and LMSE as the mixing models. k-E is used for the

velocity field. In this calculation the mixture is 'ignited' at x / D = 15
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Figure 6.70: Radial profiles of .7-0O2 , fCco2 , fCco and ±H20 for the flame of Hassan et al. [35] (SA2). The
reduced scheme of Chelliah et al. [10] is employed, with modified Curl and LMSE as the mixing models.
k-e is used for the velocity field. In this calculation the mixture is 'ignited' at x/D = 15
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Figure 6.71: Radial profiles of 'ffca, ICH2 , fCCH, and ICH for the flame of Hassan et al. [35] (SA2). The

reduced scheme of Chelliah et al. [10] is employed, with modified Curl and LMSE as the mixing models.

k-e is used for the velocity field. In this calculation the mixture is 'ignited' at x/D = 15
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Figure 6.72: Radial profiles of 4." and T for the flame of Hassan et al. [35] (SA2). The reduced scheme of
Chelliah et al. [10] is employed, with modified Curl as the mixing model. k-s is used for the velocity field.
In this figure, the effect of igniting the mixture at x/D = 10 and x/D = 15 is compared.
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Figure 6.73: Radial profiles of fCc it, and .ko, for the flame of Hassan et al. [35] (SA2). The reduced scheme
of Chelliah et al. [10] is employed, with modified Curl as the mixing model. k-e is used for the velocity

field. In this figure, the effect of igniting the mixture at x/D = 10 and x/D= 15 is compared.
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Figure 6.74: Radial profiles of XCH3 and ..kH for the flame of Hassan et al. [35] (SA2). The reduced scheme
of Chelliah et al. [10] is employed, with modified Curl as the mixing model. k-e is used for the velocity
field. In this figure, the effect of igniting the mixture at xID = 10 and xID = 15 is compared.
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Figure 6.75: Radial profiles of and T for the flame of Hassan et al. [35] (SA2). The reduced scheme of
Chelliah et al. [10] is employed, with modified Curl as the mixing model. k-e is used for the velocity field.
In this figure, the results of the interpolation table are Compared with using LSODE for the test case where
ignition is performed at x / D = 10.
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Figure 6.76: Radial profiles of XCH3 and XH for the flame of Hassan et al. [35] (SA2). The reduced scheme
of Chelliah et al. [10] is employed, with modified Curl as the mixing model. k-r is used for the velocity
field. In this figure, the results of the interpolation table are compared with using LSODE for the test case
where ignition is performed at xID = 10.
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Figure 6.77: Radial profiles of km, and 4" for the (L) flame of Masri et al. [66]. The reduced scheme of
Jones and Lindstedt [46] is employed, with modified Curl and LMSE as the mixing models. k-c is used for
the velocity field. r = = 3.6mm.
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Figure 6.78: Radial profiles of j and kN, for the (L) flame of Masri et al. [66]. The reduced scheme of
Jones and Lindstedt [46] is employed, with modified Curl and LMSE as the mixing models. k-e is used for
the velocity field. r =--	 =-- 3.6mm.
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Figure 6.79: Radial profiles of 1-702 and kco2 for the (L) flame of Masri et al. [66]. The reduced scheme of
Jones and Lindstedt [46] is employed, with modified Curl and LMSE as the mixing models. k-e is used for

the velocity field. r =-- q- = 3.6mm.
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Figure 6.80: Radial profiles of kco and T for the (L) flame of Masri et al. [66]. The reduced scheme of
Jones and Lindstedt [46] is employed, with modified Curl and LMSE as the mixing models. k-e is used for
the velocity field. r =	 3.6mm.
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Figure 6.81: Radial profiles of iiho and YH2 for the (L) flame of Masri et al. [66]. The reduced scheme of
Jones and Lindstedt [46] is employed, with modified Curl and LMSE as the mixing models. k-e is used for

the velocity field. r = = 3.6mm.
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Figure 6.82: Radial profiles of (Ya )1 and (" 2)1 for the (L) flame of Masri et al. [66]. The reduced
scheme of Jones and Lindstedt [46] is employed, with modified Curl and LMSE as the mixing models. k-e
is used for the velocity field. r = 122- = 3.6mm.
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Figure 6.83: Radial profiles of (p12) and (YN"22 )1 for the (L) flame of Masri et al. [66]. The reduced scheme
of Jones and Lindstedt [46] is employed, with modified Curl and LMSE as the mixing models. k-e is used
for the velocity field. r = = 3.6mm.
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Figure 6.84: Radial profiles of (1 781,2 )1 and (ya ) 1 for the (L) flame of Masri et al. [66]. The reduced
scheme of Jones and Lindstedt [46] is employed, with modified Curl and LMSE as the mixing models. k-e
is used for the velocity field. r 	 = 3.6mm.
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Figure 6.85: Radial profiles of (Ycnc2) )1 and (D 2)1 for the (L) flame of Masri et al. [66]. The reduced
scheme of Jones and Lindstedt [46] is employed, with modified Curl and LMSE as the mixing models. k-e

is used for the velocity field. r = = 3.6mm.
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Figure 6.86: Radial profiles of (*220 )1 and (YH''22 ) 1 for the (L) flame of Masri et al. [66]. The reduced
scheme of Jones and Lindstedt [46] is employed, with modified Curl and LMSE as the mixing models. k-e
is used for the velocity field. r = -3- 3.6mm.
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Figure 6.87: Pdf profiles at x/D = 20 of P( ‘; x, w) for the (L) flame of Masri et al. [67]. The reduced
scheme of Jones and Lindstedt [46] is employed, with modified Curl as the mixing model. k-E is used for
the velocity field.
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Figure 6.88: Pdf profiles at x/D = 20 of P( ..; x, w) for the (L) flame of Masri et al. [67]. The reduced
scheme of Jones and Lindstedt [46] is employed, with LMSE as the mixing model. k-e is used for the
velocity field.
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Figure 6.89: Pdf profiles at x/D = 20 of P(i'; x, w) for the (L) flame of Masri et al. [67]. The reduced
scheme of Jones and Lindstedt [46] is employed, with modified Curl as the mixing model. k-E is used for
the velocity field.
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Figure 6.90: Pdf profiles at x/D = 20 of P(kco; x, w) for the (L) flame of Masri et al. [67]. The reduced
scheme of Jones and Lindstedt [46] is employed, with modified Curl as the mixing model. k-e is used for
the velocity field.
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the velocity field. r = = 3.6mm.
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Figure 6.92: Radial profiles of and ii-N2 for the (B) flame of Masri et al. [66]. The reduced scheme of
Jones and Lindstedt [46] is employed, with modified Curl and LMSE as the mixing models. k-e is used for
the velocity field. r = g- 3.6mm.
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Figure 6.93: Radial profiles of 262 and /leo, for the (B) flame of Masri et al. [66]. The reduced scheme of
Jones and Lindstedt [46] is employed, with modified Curl and LMSE as the mixing models. k-e is used for
the velocity field. r = = 3.6mm.
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Figure 6.94: Radial profiles of -12'co and T for the (B) flame of Masri et al. [66]. The reduced scheme of
Jones and Lindstedt [46] is employed, with modified Curl and LMSE as the mixing models. k-E is used for
the velocity field. r = = 3.6mm.
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Figure 6.95: Radial profiles of ii ho and 2-H2 for the (B) flame of Masri et al. [66]. The reduced scheme of
Jones and Lindstedt [46] is employed, with modified Curl and LMSE as the mixing models. k-e is used for

the velocity field. r = =
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Figure 6.96: Radial profiles of (IG42 )1 and (e" 2 )1 for the (B) flame of Masri et al. [66]. The reduced
scheme of Jones and Lindstedt [46] is employed, with modified Curl and LMSE as the mixing models. k-e
is used for the velocity field. r =	 3.6mm.
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Figure 6.97: Radial profiles of (2) and (YN"22 ) for the (B) flame of Masri et al. [66]. The reduced scheme
of Jones and Lindstedt [46] is employed, with modified Curl and LMSE as the mixing models. k-r is used
for the velocity field. T = = 3.6mm.
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Figure 6.98: Radial profiles of km, and (Y) for the (B) flame of Masri et al. [66]. The reduced
scheme of Jones and Lindstedt [46] is employed, with modified Curl as the mixing model (solid line) and
this is compared with a test case where chemical reaction is not performed (dashed line). k-e is used for the
velocity field. r =	 3.6mm.
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Figure 6.99: Radial profiles of T and (2"' 2 ) 1 for the (B) flame of Masri et al. [66]. The reduced scheme
of Jones and Lindstedt [46] is employed, with modified Curl as the mixing model (solid line) and this is
compared with a test case where chemical reaction is not performed (dashed line). k-e is used for the
velocity field. r = 1-1 3.6mm.
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Figure 6.100: Radial profiles of kco and T for the (L) flame of Masri et al. [66]. The reduced scheme of
Jones and Lindstedt [46] is employed, with modified Curl as the mixing model; the dashed line incorporates
enthalpy as an extra scalar, and this is compared with the solution (corresponding to the solid line) presented
in figure 6.80.
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Figure 6.101: Radial profiles of kco and T for the (B) flame of Masri et al. [66]. The reduced scheme
of Jones and Lindstedt [46] is employed, with modified Curl and LMSE as the mixing models. In these
calculations, enthalpy is included as an extra scalar, and the result should be compared with figure 6.94.
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Figure 6.102: Radial profiles of km, and for the (B) flame of Masri et al. [66]. The reduced scheme of
Jones and Lindstedt [46] is employed, with modified Curl and LMSE as the mixing models. A Reynolds
stress model is used for the velocity field, with Ce, = 1.8. r = 3- 3.6mm.
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Figure 6.103: Radial profiles of kco and I" for the (B) flame of Masri et al. [66]. The reduced scheme of
Jones and Lindstedt [46] is employed, with modified Curl and LMSE as the mixing models. A Reynolds
stress model is used for the velocity field, with C„ = 1.8. r = 4)- = 3.6mm.
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Figure 6.104: Radial profiles of kc H4 and for the (B) flame of Masri et al. [66]. The reduced scheme of
Jones and Lindstedt [46] is employed, with LMSE as the mixing model. A Reynolds stress model is used
for the velocity field, with the solutions for C„ = 1.8 (also shown in figure 6.102) and C„ = 1.9 being
compared. r = /4 = 3.6mm.



7 89

O 1 2 3 4 5 67 8 9
r/R

6 978

r/R r/R

292	 Figures Relating to Calculations

0.12

c 0.1
0
E 0.08

§ 0.06

8 0.04
8

0.02

0.0
O 1

0.12

c 0.1
.2

E 0.08

g 0' 06E 
0

8 
0.04

0.02

0.0
O 12

0.12

c 0.1
.2
§.0.05

g 0.06E

0 0.04

0.02

0.0
O 1

0.12

c 0.1

:.6'. atm

§ o.o
0
(". 0.04

0.02

0.0
0

2200
X/D = 10

1800

X Nerserements. kiwi et al.
- Cs, = 1.90
--- Cr, = 1.80

4., 1000

600

3 1400

'	 200 .1.1,1.1".1,,,,,I
2 3 4 5 6 7 8 9	 0 1 2 3 4 5 6 7 8 9

0	 1	 2	 3	 4	 5	 6	 7
r/R

8 9

2200-

le 1800-

; 1400=

X/D = 50

xxxx
E	 _

0.16--...	 x

E Imo xx-x-- -x" x
g	 :
N600- ----------\1:\

h

X
X

X

200
4 5 6 7 8 9
r/R

X/D = 20
	 2200

1800

; 140015

El000

600

200
O 1 2 3 4 5 6

r/R
	 r/R

2200

1 m 1800

3 1400

p, 1000

600

200
2345

r/R

X/D = 50

Figure 6.105: Radial profiles of I'm and T for the (B) flame of Masri et al. [66]. The reduced scheme of
Jones and Lindstedt [46] is employed, with LMSE as the mixing model. A Reynolds stress model is used
for the velocity field, with the solutions for Ce2 = 1.8 (also shown in figure 6.102) and C„ = 1.9 being
compared. r =	 3.6nun.
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Figure 6.106: Radial profiles of kco and T for the (B) flame of Masri et al. [66]. The reduced scheme of
Jones and Lindstedt [46] is employed, with LMSE as the mixing model. The effect of CD is investigated.
k-E is used for the velocity field. r = = 3.6mm.
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Jones, and Lindstedt [46] is employed, with L1A.SE as the . mixing model. The effect of CD is investigated:

k-e is used for the velocity flehi. r	 = 3.6nun.
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