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ABSTRACT

Some concepts of stability and buckling are first considered,
Previous work concerning the stability of thin shells of cylindrical,
spherical, and conical shapes is reviewed and discussed,

The case of the complete circular cylindrical shell acted upon
by an axial load is treated in detail, The theory is developed in
terms of a stress function and a displacement function, The resulting
non~linear equations are solved for the case of a displacement function
containing five arbitrary parameters,

The experimental study of the axially loaded cylindrical shell
is described, The cylindrical shells were formed from "Darvic"
polyvinylehloride plastic., The tests showed that the nature of the
material used to bond the shells on to the end caps was a significant
factor in influencing the development of the buckling process for the
cylinder, In the case of those cylinders where it was possible to
measure the minimum losd carried in the buckled state, the experimental
load-end shortening curve was similar to the theoreticai curve over the
same range of load and end-shortening, However, the experimental value
for the lowest post-buckling locad was approximately 0.20 of the
calculated classical buckling load, as against the value of 0,3012
predicted by the theory, Thus it would seem that further terms are
required in the displacement function in order to fit the theory to

the experimental results,
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NOTATION

The notation used in Chapters 3, & and 5 is not fully listed below,

but is generally defined where it is first used,

i3

K K oK

M M M
x"yV xy

Ncl

NN N,

Fourier coefficients for stress function

flexural rigidity = Et3
12(1-v2)

modulus of elasticity

length of cylinder
axial, circumferential and torsional curvatures
axial, circumferential and torsional bending moments

applied average axial compressive shell action
alasaical buckling shsll action

axial, circumferential and shear middle surface shell actions

radius of cylinder, or sphere, average radius for cone

(i.,e, = Rl + Rz)

2
larger end radius of cone
smaller end radius of cone

elastic strain energy for extensional forces
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13

Uy VW

Xy¥Ya2

14

elastic strain energy in bending
potential energy of axial load
potential energy of pressure loading

geometric parameter

deflection function parameters

Fourier coefficients for deflection function
2
pressure parameter = pRL
Dt

axial and circumferential halfwavelengths

number of axial and circumferential buckles
pressure (external or internal)

wall thickness
axial, circumferential and radial displacements
radial displacement of imperfect surface

axial, circumferential and radial coordinates on the
middle surface of the shell

suffixes cl, cr refer to the classical buckling and critical values of

the particular parameter,

B. xR
ly

X

E
’Ey'Ex

parameter of the total potential energy expression

middle surface axial and circumferential normal strains and
shear strain

end shortening
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= 1 t
2
3(1=y7) r
= 8/gcl
geometric parameter = p

ratio of half wavelengths, 1ly/lx
Poisson's ratio

constants, coordinate values

total potential energy

n we (1/h ®l)

geometric parameter = R sinZq -4 12(1-y°)
t

applied average axial compressive stress

)

middle surface axial and circumferential stresses

classical buckling stress =
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CHAPTER 1

INTRODUCTION

Thin shell structures have been used for a considerable time
now in building constructionl. as well as in applications in
astronautics and aeronautics., They have the general properties:
they are three-~dimensional, and their thickness is small compared to
their other dimensions; the major part of the load coming on them is
carried by forces acting in the middle-surface of the shelly and
the same members are used for load-carrying and for enclosing the
desired space,

In spite of the inereasing amount of attention that is being
given to the problem of stability of thin shellse much less is known
here than is the case for the separate problem of the stress analysis
of shells, This thesis considers some of the problems that relate

to the stability of thin shells,

1,1 The definition of "thin" shells

While there is frequent reference to the term "thin shellV,
throughout the literature, there does not seem to be any definition

to go with it that draws the line between '"thick" and "thin" shells,
(150) |

Novozhilov arbitarily limits thin shells to those whose &/R

(163)

ratio is less than 1/20, Vlasov restricts thin shells to those

for which the t/R ratio is less than 1/30,
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Another limitation introduced for the theoretical and
experimental work described in this thesis; is that the shells were
to be sufficiently thin that the buckling stress was below the elastic
limit for the particular moterial, By limiting the stresses and
strains to those within the elastic rangey the material properties could
be specified by two parameters only, viz, Young's modulus (E), and

Poisson's ratio (v).

i.z Concrete Shells

From time to time, it has been said that the stability of large
thin, concrete shells will becone a problgm as shells are built to
cover larger and larger areas,s So far, little has been done to check
the validity of these suggestions, The considerable amount of
experimental work that has been carried out on concrete shells, has
been almost exclusively to check stress theories and not stability
theories, In some of these tests, it has been stated that the final
failure of the shell was due to "buckling', though it hes seldom been
made clear just what this implied,

A series of six tests carried out by Lundgren in 1943, énd‘reported

in 1945 (158)

appear to be the only tests that have been carried out
to investigate the stability of concrete shells., The shells were
cylindrical ones, and were 1oadéd on four regions only as it was hoped

that this would provide the worst loading distribution for the shell,

Under these loading conditions, it is not surprising that a "wave!
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developed in the surface as the loads were increased, and the
explanation that this '"wave" was due to "buckling! - and seemingly
implying a change in the stability of the shell - does not seem
warranted,

In discussing the stability of thin, concrete shells generally,
it is recognised that there are other problems that occur in addition
to those for metal shells, One factor here is the physical
nonlinearity of the material (i.,e. in the stress-strain relationship),
which must be taken into account at all stages of loading.,

Other factors are cracking, and creep. Morice (1951) (159)

suggested that for the buckling failure of a shell roof, the solutions
will be much the same as those of a curved plate or the complete tube in
bending. This, he suggested, was because failure is localised within
the region of maximum stress where it is little affected by the shell
boundary conditions, This may be true for some types of shells, but

for many types of concrete shell roof it is well known now that

boundary conditions do affect the distribution of stress throughout

the entire shell, Also, it appears that even for complete shells -

such as the cylindrical shells ~ whose stability is reviewed in

Chapter Three = the influence of the end boundary ccnditions is
significant, Hence it scems reasonsble to consider the buckling
behaviour of concrete shells to be influenced by the boundary conditions,

The most recent attempt to discuss the stability of concrete

) (150)

shells appears to be that of Bradshaw (1963 « He took the

theoretical and experimental results for metal and plastic (material)
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shells, and sought to apply them to concrete shells. At the present
time; this is still an unsatisfactory thing to do on account of
several factors:-

1) Both the theoretical and experimental work that have been carried
out to date to investigate stability (for shells other than spherical),
have been with reference to complete shells, and not segments of
complete shells as used in building structures, As Bradshaw himself
recognised, boundary ccnditions will almost certainly complicate the
analysis for the shells used in buildings,

2) The actual properties of concrete cannot be described with just
the same parameters as metal, The inelastic behaviour of concrete is
not the same as ploasticity in metals, It is not satisfactory to allow
for the inelastic behaviour of concrete merely in terms of Poisson's
ratio and the modulus of elasticity. Both of these are difficult to
measure accurately, and in any case their values will be affected

by variations in the amounts of reinforcing steel used.

3) The use of interaction formulae to allow for the effects of
combined stresses is satisfactory, providing the formulae give
reasonable results. As far as is known, none of the proposed inter-
action formulae for isotropic shells have been checked experimentally

for concrete, and consequently they are of doubtful value,

The full investigation of the stability of concrete shell roofs
can be broken down into two parts, viz, the structural ospect and the

material aspect, DBoth these parts of the problem are involved in
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themselves; and further work needs to be done in connection with each
before reliable conclusions can be reached conccerning the combined
effect,

The work reported in this thesis is an attempt to summarise the
present state of knowledge concerning the stability of thin shells, and-
to contribute towards a better understanding of the stability of the
axially compressed cylindrical shell. Knowledge gained from these
would then be of value in determining how best to treat the stability

of the structural shapes used for concrete shells,

1.3 Scope of Research

a) To review the literature concerning the stability of

cylindrical, spherical and conical shells;

b) To investigate the stability of the axially compressed

cylindrical shell both experimentally and theoretically,
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CHAPTER TWO

GENERAL B/LCKGROUND TO THE CONCEPTS OF STABILITY AND BUCKLING

2.1 Introduction

Throughout the litersture, there is widespread use of the terms
"stability" and "buckling.

Stability is a term
that is reasonably well understood, for ccnsider a device of some
sort that operates under certain general conditions. These conditions
are changed slightly, Does the change have little or considerable
effect upon the device? In the first case it is considered to be
stable, and in the second as unstable, The term "buckling" on the
other hand, is used in many different ways and requires definitions
when used in a particular instance,

In this Chapter, a definition of buckling is given, and the
various ideas of stability and buckling are considered, In addition,
the varicus methods that are useful in evaluating stability are

considered,

2,2 Buckling

For the purposes of this thesis, the buckling load is defined as
the load at which large nonlinear deflections are initiated in the
structure, The usefulness of this definition in relation to the

different bucKling behaviour of the different members, is illustrated
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by the four cases that follow, This is illustrated diagramatically

in Figure 2,1, 1In what follows, the "critical" load referred to in
cach case is the eigenvalue of the boundary~value problem as described
in Section 2.3,1,

(a) slender column

For a slender perfect colﬁmn, the lateral deflection of the
cclumn is infinitesimal up until the critical load, when it becomes
indefinitely large., For the imperfect column there is 2z more gradual
transition with the deflection tending to infinity as the critical
load is approached,

(b) thin, rectangular plate

Here the deformation process takes place so gradually that the
"eollapse" load (which is taken to be the load at which the deformation
becomes greater than acceptable), is all that can be determined
experimentally or practically, This collapse load is usually found
to be several times greater than the critical oad,

(c) cylindrical shell

This buckles at a locad which is very much smaller than the critical
load with deformation being linear only up until buckling takes place,
The buckled form has a deflection normal to the surface that is of the
same order as, or greater than, the thickness, The shell behaviour is

governed by nonlinear differential equations,
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(@) hyperbolic paraboloid shell

The experimental work of Batchelor (7 shows that as the load
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on the hyperbolic paraboloid shell was increased, the load-disrlacement

relation became nonlinear and the maximum vertical displacement was
very much greater than its thickness, At this stage the shell was
"buckled" according to the definition given, though the particular
stage in loading at which this occurred was rnect as obvious as in
the case of the axially loaded cylindrical shell,

For the case of thin shells, some discrepancies have arisen
over the use of the term - "buckling load', This has occurred
particularly for the case of external pressure loadings on
cylindrical and conical shells where some researchers have taken
the buckling load as the load at which the first buckle appeared,
while others have given it as the load that was carried when the
buckling pattern became fully developed, It scems preferable to
define the "buckling load" as at the beginning of this Section, and
to use other expressions to describe any additional experimental

features,

2.3 Stability Theories

The variocus thecories used to predict or describe the phenomenon

of stability are based on assumptions that are made concerning the

magnitudes of strains and displacements, The complete theory making

nc assumptions at all, would appear impossible to solve,; and so

requires to be simplified in one way or another, in order to reduce its
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complexity., The various assumptions have given rise to a number
of descriptions for the various approaches, and these are outlined

in this Section,

2.,3.1 Classical Theory

This is besed on the assumption that a given state of equilibrium
becomes unstable when there are equilibrium positions infinitesimallf
near to that state of equilibrium end under the same external load.
The classical stability criterion is concerned with a continuous
load~deformotion process involving prescribed loads, unlike a dynamic
criterion which may consider rapidly varying loads,., The reasoning
underlying the classical criterion for stability is that at very
small displacements under a load slightly less than the critical
load, the shel. will return to its original position; at a load
that is slightly greater than the critical load, the shell on being
given a very small displacement may move away to a new position of
equilibrium, Hence at the critical load, the shell is assumed to
remain displaced and for this to be the case there must be an
adjacent equiiibrium position under this same load,

The classical stability theory assumes both the strains and
the displacements to be infinitesimal, and in this case the strains
can be expressed as linear functions of the displacements. The result
is that the governing equations for the shell stability become linear
differential equations in terms of either the stresses or the

displacements, Thus the classical buckling load is obtained as the
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critical, characteristic, or eigenvalue, solution of the differential
equation and for this reason it is generally referred to as the

critical load,

2,3.2 Finite Displacement Theory

Here, both the strains and the displacements are considered to
be finite, and it is necessary to take geometrical nonlinearity in the
strain-displacement relations into account, It is possible that
even when both strains and displacements are infinitesimal, they may be
connected by a nonlinear relation due to physical nonlinearity, but
this is not congiderrd as a feature of this Section or of this thesis.,
In order to simplify the strain energy and potential energy
expressions, it is usual in most problems to neglect terms involving
powers higher than the fourth in the displacements and their
derivatives,

This simplification
does place a limit on the usefulness of these expressions where they
are used, For those cases where the strains and displacements are
large, and the above simplification is not valid, then it is preferable

to refer to a "large ligplacement theory',
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2,4 Methods of determining Stability

The methods used to treat elastic stability problems are:=-

(a) equilibrium method
(b) energy method
(c) imperfection method

(d) dynamic (vibration) method,

2,4,1 Equilibrium Methcds

The basis of the general theory of the stability o mechanical

) (94) in his study of the

systems was developed by Poincaré (1885
stability of rotatinc masses of fluid, When the load on the
mechanical system increases, Poincard found that the ccordinates
representing equilibrium states, describe certain paths, Usually
there is only one »ath when the load is small, but "bifurcation
points could occur at higher loads, Poincaré assumed that the
unbuckled state represented by the stem of the path, becomes unstable
after a bifurcation point is reached,

The eigenvalue approach to the buckling problem, by considering
the equilibrium equations for the slightly deformed system, is called

method
the equilibrium wadmsd of determining stability,
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2,4,2 Energy Method

1
The energy theory of buckling was first formulated by Bryan (15)

in 1888, and is based on the principle of minimum potential energy,
Here, the total potential energy of the system is to be such that its

first variation is zero,

i.e. ® = const

8 = ©

Usually the Rayleigh-Ritz method of solation is used in conjunction
with the total potential energy expression to give a solution in

terms of the system of equations,

= 0

v
515
[N

where the a; are arbitrary parameters,

The method is described and discussed more fully in later chapters,

2,4,3 Imperfection Method

For any nechanical system, the behaviour of the geometrically
perfect system may be regarded as the limit that results if certain
imperfections, eccentricities, or auxiliary loads, approach zero.

When imperfections in the system are present the limit will not be
reached, and the discrepancy between the buckling loads for the perfect

and imperfect systems depends on the size of the initial imperfections,
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This approach to stability theory is known as the "imperfection method",

In effect, the stability problem is transformed into a nonlinear

equilibrium problem for which a maximum load can be obtained, In

some cases it has been found that the presence of even small imperfections

will reduce the buckling load greatly below that for the perfect system,
A slightly different imperfection problem is that of creep.

This is dependent both on the magnitude of the imposed stress, and time,

Up until recently, research into the effects of creep had been

mainly concerned with uniaxial stress systems, such as columns and the

knowledge of creep effects for biaxial and triaxial stress systems

was limited, At the present time, a great deal of research is being

carried out in connection with these latter stress systems, but the

picture is still far from complete, On account of this it seems

premature to go to any great lengths to include this "imperfection

from the material intoc an analysis of the behaviour of the structure,

For shells made from a material such as concrete, creep may have

considerable effect on the stability, and will require tc be taken

intoc account,

2,4,4 Dynamic Metnod

The dynamic or vibration method for treating stability problems
is based on the principle that a system undergoing infinitesimal
vibrations will have a fundamental frequency that becomes zero at the

critical load, For example, the fundamental frequency for
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infinitesimal vibrations of a statically loaded straight column
decreases as the axial load increases and becomes zero when the
Euler buckling load is reached,

The 'static! approaches; i.,e. the imperfection, energy and
equilibrium methods, are useful for those classes of problems where
the applied loads are conservative, but for the general case where
the loads are nonconservative then the dynamic method must be used,

For the particular problems of the axially loaded cylindrical shell
and éhe spherical shell, the equations of motion of the shell are
solved in terms of a deflection function, the arbitrary parameters of
which are assumed to be functions of time. Numerical integration of
the parameters is then pessible, and the behaviour of the shell at

buckling can be studied,
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CHAPTER 3

CYLINDRICAL SHELLS

3.1 INTRODUCTION

In the development of the stability theory of thin shells;
the majority of the work has been carried out in reference to
shells in the form of circular cylinders, or spheres, For
spheres or spherical segments, the loading conditions
imposed have been those of external pressure, In the case
of cylindérs, the types of loading that have been considered
include: torsion, éxternal pressure, and axial compfession,
as well as combinations of these, The effect of internal
pressure on the stability has also been considered,

‘The majority of the experimental work has been carried
out on tubes of aluminium, steel, or brass; though celluloid
has been ﬁsed to a limited extent, The end conditions
under which the cylinders have been tested have ranged from
simply supported to the clamped ;ase. For the case of
cylindrical shells under axial compression, Kamemitsu and
Nojima (A (1942); working at Cal, Tech,, California,
concluded that the end conditions of the shell have no
influence on the stability of cylindrical shells providing

L>»>1,5 R, This result appears to have been accepted by
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many subsequent researchers, and has been taken as a basis for
neglecting end conditicns in both theory and experiment, not
only for this same loading case but others as well, However

lr'
(57, 89,155) shows that a "frece" ecdged

the work of Hoff
cylindrical shell can buckle at less than the classical load

due to instability of the "free'" cdge, The importance of this
edge instability has not been widely accepted and it seems

that the effect of end conditions on the buckling load is an
open question at the present time,

Initially, all the theorectical investigations of the
stability of cylinders werc based on the classical (linear)
theory, However, it was found that there was a discrepancy
between the theoretical buckling load and the experimentally
observed buckling load, this discrepancy b;ing considerable
in the case of axial compressive loading, Recent post
buckling (finite deflection) analyses of the stability of
cylinders have helped to give an understanding of the nature of
this discrepancy, Figure 3,1 shows the postbuckling functions
for the axial compression, torsion, and external pressure
loading cases., This shows the considerable decrease in axial
locad that can be sustained by the axially compressed cylindrical
shell after buckling, In the case of torsion, the decrease is

not so great, while for external pressure the fall in the load

carried is quite small, and may not occur at all, In Figure 3,1
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the full line corresponds to the post buckling function of a

perfect cylindrical shell, while the dashed line represents

the trend of the post buckling function when the shell has

initial imperfections, Some idea of the displacement pattern

for the main loading cases can be gained from Plate 3.}-The

model shells were made of prper for the purposes of demonstration,
In what follows in this Chapter, the terms "cylindrical

shell" and "cylinder" both refer to a "circular cylindrical

shell",

342 EXTERNAL PRESSURE

3.2,1 Introduction

For the buckling of circular cylindrical shells under
external pressure, there are two cases to consider, Firstly,
there is the case of radial pressure acting on its own, and
secondly, there is the case of hydrostatic pressure, Hydrostatic
pressure ccnsists of the radial pressure acting on the walls
of the cylinder, togethér with the same pressure acting
axially on the ends of the cylinder,

Sturm's work has shown that the effect of an axial load
up to the value reached under hydrostatic pressure, does not
greatly :%:Lter the buckling mode of the cylinder from that which

would be found if the lateral pressure were acting alone,
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From Sturm's tests (1941)‘(121). it can be seen that
circular cylindrical shells when subject to radial or hydrostatic
pressures, buckle into a fluted form, The number of lobes or flutes
into which the cylinder buckles, depends tc a large extent on the
length of the cylinder, In general, the smaller the L/R ratic of
the cylinder, the more flutes will form when the cylinder buckles,
It would appear that for L/R > 10, the simply-supported cylinder buckles
intc a form with two flutes, while below this Yalue the number of
flutes formed increases as the L/R ratio decreases, reaching about
six for L/R = 2, For fixed-~end cylinders, the number of flutes
formed is one more than in the case of simply-supported ends, at
any value of L/R,

Windenberg and Trilling (1934) (143) carried out tests on

the buckling of thin cylinders acted on by hydrostatic pressure,

3.2.3 Classical Approach

The earliest work on the stability of cylinders acted upon by
external pressure is given by the work of Levy (1884), in connection
with the buckling of circular rings. Levy considered a unit
width circular ring which was deformed from the circular shape under
action of a uniform pressure, p. The calculation for the
moments of this deformed ring, which arise from both the

external pressure and the membrane load, showed that the
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monment went to infinity at a value of p given by:

p._. = 3El (3.1)

If the ring were considered tc be a unit section out of an
infinitely long cylinder, then I = t3 ¢ Therefore,
....-——-2
12(1-y%)

the critical external radial pressure for such an infinitely

long cylinder (with no axial load ®on the cylinder), is:

E )3 (3.2)
1 (1-v2) R

=
)

cr

This formula only applies to the case of an infinitely long
cylinder, where end conditicns have no effect and so need
not be ccnsidered,

Bryan (1888) (15) applied the buckling of rings to the
stability of long cylinders, Lorenz (1908) (79) and

) (119)

Southwell (1913 considered the case of short cylinders
where the constraint at the edges provides a stiffening
effect to the shell,

(84)

In 1914, von lises developed 2 more accurate formula
for the critical pressure of a short cylinder, He introduced
an assumed deflection patiern which reduced the deflection
and moments at the cylinder ends to zero (i.e. to simple

support). The analysis was a small-displacement one. Since

the length was taken into consideration, the pressure, p, is
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a function not only of the modulus of elasticity of the
material (E) and the R/t ratioy but also of the L/R ratio, The

resulting equation is:

(l—vz) pcr R = 1-\)2 + tz §p2-1 + 2n2-1—v )
Et (n2-1)(1+n2L2/x2R2) 12R 1+n2L2/q:2R2
(3.3)

Von Mises and others have also considered the case of
hydrostatic pressure where the axial load has to be taken into
account,

Sturm (1941) (121)

not only carried out experimental work
on the buckling of cylinders under external pressure, but also
carried out an analytical investigation of their behaviour up to
the "collapse" load, i,e, up to the buckling load., In this
analysis, he not only considered the effects of the end supports;
i.,e, fixed and simply supported ends, but also extended his
analysis to cover the plastic behaviour of the material, the
qknﬂwof-roundness" of the cylinder, and the stiffening effects
of ring~stiffeners, In taking into account the initial "out-
of-roundness" of the cylinder, it was assumed that this would
correspond to the actual configuration at collapse, Sturm's

tests show that this was not élways the casey for the tests

were in better agrecment with his analytical results for perfect
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cylinders rather than those that allowed for the '"'out-of-
roundness'",
(8) . .
In 1947, Batdorf applied the Donnell equations to the

cases of a cylinder under radial pressure and hydrostatic pressure,

The results were presented in terms of two parameters, viz,

a pressure parameter Cp = ERLZ
2
Dx
and
a geometric parameter z =CL2/R€}J l-v2

Figure 3,2 shows the graph of the pressure parameter against
geometric parameter and shows Sturm'!s experimental results for
comparison, for the cases of radial pressure zcting alone and
for hydrostatic pressure.

The theoretical curves show reasonable agreement between

theory and experiment, except for values of Z_ <« 100 in the

L
case of hydrostatic pressure, It secems probable that these
discrepancies at low values of ZL are due to the fact that for
these cases, the axial stress predominates, In Section 3.k.2
it is pointed out that for the axially loaded cylinder, the
experimental results are much lower than the theoretical

values, and it is more than likely that the ratio of radial

stress to axial stress is important in determining the
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behaviour of the hydrostatically loaded cylinder,
(44) .
Gerard and Becker (1957) suggest that the discrepancy
between experimental and theoretical loads for
Z; < 100 in Figure 3,2(b) is due to plasticity effects, as
against the suggestion made above, that it is due to the

effects of the axial load,

3.3.4 Non Linear Theories

As can be seen from Figure 3,2(b) cylindrical shells under
hydrostatic pressure show reasonable zgreecment between
theoretical and experimental results, unlike the case of
cyiindrical shells under axial compression, However, the
discrepancy was sufficient for Nash (1955) (90) to study the
post-buckling behaviour of such cylinders and to consider the
effect of the initial imperfections as well, In doing so, he
followed the method used by Donncll and Yan (1950) (27) for
the case of axizl compression (see Section 3,4.3.2). The
Rayleigh-Ritz method was used tochtaim the non-linear cduations,
with the assumed deflection function being taken as:

w = at gsin my sin nmx + d (l-cos 2nﬂx)“ (3L4t)
R L L 1
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where the first term here is the only one that had been used
by von Mises in his small-displacemeni analysis, The tot~l
potential energy was minimised with respect to two paramcters,
Following Donnell and Wan, and Loo, Nash uses an
"unevenness'' parameter, Uo’ where:
U = a i ,t(L+2nR)§2 =2V (Le2rR)?  (3.5)

trznr)]? = v [ |
2

27RL ‘J

2rRL | g 2022

As a result of a comparison of his analysis with
experimental results, Nash suggests a value of Uo =3 x 10-4
as giving reasonable agreement between the theory and
experiment. This is higher than Donnell and Wan, and Loo
suggested as a result of their investigations for the cases
of axial compression and torsion, Nash also found that the
number of circumferential waves around the cylinder is
predicted sufficiently closely by the small displacement
theory {(i,e, n = 8),

For a particular shell, Nash showed that the critical
pressure was dependent upon the value of Uo and that there
was a post-buckling drop in the pressure,

Nash suggested that deflection functions other than he had

used should also be tried, since Zquation (3.4) does not fit

the boundary conditions exsctly,
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Donnell (1956) (25)

carried out an analysis for thin
"hinged edge" cylinders under hydrostatic pressure, using the
method that he and Wan had previously used in the case of the
axially loaded cylinder, In this way he also showed how the
pressure-volume relationships were dependent upon the initial
imperfections present in the cylinders, As previously, it was
assumed that the initial imperfections of the cylinder formed
a regular geonetric displacement pattern that was identical
with the post-buckling mode of the cylinder, and that the most
important component of the initial imperfection was that which
was similar to the post-buckling mode,

Donnell obtained the partial differential equations for the
problem, in terms of a stress function, 4. This was obtained
from the compatibility equation once a particular form had been
assumed for the deflection function, w,

The displacement function chosen by Donnell was:

-

w o= at; cos ns cos mnx + b (cos mnx + 0,3 cos 2@2§M
L r r r r !
for - I/2 <« x <& L/2 (3.6)

Here n = nmumber of circumferential waves and

m

m'ﬁ;r/nL = ly/1x

This assumes that 1lx = ¥,
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Substituting for m in the function, and translating the
origin of the axes to one end of the cylinder, we obtain:

w = at | sin ns sin m'nx + b ;cos 2m'Ax + 0,3 cos 6m'ﬁxﬂ
: r L : L L

+

for 0 « x < L (3.7)

In either case (Equation (3,6) or (3.7)) the first term
represents the small (linear) deflection term, while the second
tern represents the inward deflection of the cylinder and
{according to Donnecll), has a shape approximately proportional to
the squares of the primary deflection, Donnell justified the
use of the factor 0.3 on one or two grounds, but it scems to have
been introduced primarily in order to permit the use of another
term in the deflection function without increasing the number
of unknown parameters,

Donnell's results arc expressed in terms of the following

parameters:
pressure parameter ¢ 5 = RS/ZL
2572
length : L = L (3.8)
-{RE”
initial displace=~ o
nent : UR = ® a Rt
=< o

where aot = amplitude of initial displacement,
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1x,1ly = halfwavelengths of primary buckling waves in&ial
and circumferential directions,

volume change parameter : V = vol, decrease (3.9)

Using these parameters, Donnell has presented the results
for cylinders with hinged ends, Comparing theoretical
results with experimental data, good agreement between them can
be brought about using values of U of the order of 00,0001 to
0,0003,

) (69)

At about the same time, Kempner (1956 sought to solve

the case of the cylinder acted upcn by hydrostatic pressure, also,
Like Nash, and Donnell, he used a2 finite~deflection theory and
considered initial imperfections, He used the deflection
function:

-

W = g't ((a - cos ny) cos nx + C (3.10)
5 Ac L

o
where lc = halfwavelength determined from small~displacement
theory for circumferential buckles,

Initial imperfections were taken as:

(a2 - cos El) cos nx.
L

o "/O L AC

SU—

o

On account of the numerical difficulties involved in the
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Rayleigh-Ritz solution, Kempner gave only one solution of the
problen,
. . (71)
Following on from thisz, Kempner et al, {1957)
sought to solve the same problem, In this investigation,

initial imperfections werce ignored, and a different form was

assumed for the deflection function., In this case:

w = %t {{a ~ cos EI) {cos fx + b cos zﬂx) * el
1y L L

3
-

==£t [ - cos Ry COsS X + & cos Ax + ab cos 3mx

1y L L L
-~ b cos {y cos 3mx + e | (3,12)
: ly L

Kempner et al. minimised the total energy with respect to

five paramcters, but in order to obtain solutions to these
non-linear cquations, they made sevaral approximations in turn,
using each approximation to guide them in solving the next
more difficult equation, In other words, they built up the

complete solution in the following manner:

1st approximation: a = b = O « this gives the classical

soluticon, They then used the simplificatibn, & =8 sy where

a = (}z)z
(L)

2nd auproximation: b = 0 ~ alzc considered was the case when

a=0a .
crit
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complete solution: with and without o = %orit

In this way, they were able to show, as Nash and Donnell
had done, that pressures less than critical existed in the region
where Batdorf had found a considerable diserepancy between
experimental and theoretical (smail~defiection) results, However,
in spite of their careful analysis, the calculated minimum value
of the post-buckling load was found to be only 3 per cent less
than the classical, while experimental values were some 70 - 80
per cent of the classical, While this discrepancy can in part
be due to the need for more accurate strain~displacement relations,
or more extensive assumed deflection parameters, the main error
could be due to neglecting initial imperfections, Nash, who
considered initial imperfections in his analysis, had earlier
found that his results agreed rcasonably well with experimental
ones,

Kempner et al, found that with the deflection function
they assumed, fihite~displacement equilibrium configurations
existed for pressufes greater than, as well as less than the
cluﬁaical critical pressure, However, these pressures less
than critical were found to exist only in a small range, and
outside this, pressures greater than critical were required,

even in the post-buckling range,
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In 1958, Donnell (15 presented a further report

dealing with the buckling of thin cylinders acted upon by
hydrdstatic pressure, This time the analysis was for the case
of fixed edges, The method he used was the same as that of the
previous report (25). From this new analysis it is found that
there is no drop-off in resistance after buckling takes place,
For the case of hinged edges, Donnell had found that there
could be a small drop-off in resistance for shells of a
particular range of geometry,

For the case of fixed edges, Donnell assumed the deflection

function in the form:

j w = at (cos ns + b) (1 + cos 2mnx) (3.13)
r r

Initial imperfections were also taken into account, and
values for U of between 0,000 and 00,0008 were required to cover
the range of the experimental results,

Langhsar and Boresi (1958) (75) have analysed the cylinder
under redial and hydrostatic pressures, though they considered
only geometrically perfect shellsy neglecting all imperfections.
In their analysis they considered an axial force ¥arisble
between zero and that for the case of hydrostatic pressure, Their
results are presented in a series of tables for the solution of
the buckling equations, for both fixed-ended and simply=supported

cylinders, They also give tables of coefficients that cnable the
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"Euler!" and "Tsien' critical pressures to be calculated, Here,
the "Euler critical pressure' is the value of the buckling
pressure obtained from the classgical theory, while the '"Tsien
critical pressure! is the pressure at which the shell can snap
from a stable unbuckled equilibrium position, to a stable buckled
equilibrium position. The latter is discussed in Section 3.4.3.1.,
and is the same as Tsien's "lower buckling load",

In the development of their theory, Langhaar and
Boresi derive equations in terms of the axial, circumferential,
and radial components of the middle surface displacement. AsS a
result of using a paramecter Wo, which is chosen so0 as to minimise
th> buckling pressure, they derive an expression for the
increment of total potential energy on buckling, as a

function of Wozz

i.e, AV = (B = Kal) Woz + (B2 + Kaz) wo4 + B, W 6 (3.14)

ERtL 3 0

If for a given shelly, AV is plotted against Wo, different
EREL
curves are obtzined for different values of pressure, p (see
Figure 3,3), The minima on the curves represent stable
equilibrium configurations, while thke maxima represent unstable
equilibrium configurations,
The maxima on the curve corresponding to pz, represents a

potential energy barrier that the shell must cross in order to

buckle, if the pressure is exactly equal to the Tsien critical
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pressure, It therefore srves as a rough indication of the
immenance of snapthrough, The value of this meximum can be

obtained from the equation (3.,14):
6

i.e. ( av) = 4 % ,B.W (3.15)
3 27 .2 3 ©
(ER”) R
max

where¢ Wo is the root that corresponds tc the point of tangency
with the x-axis (see Figure 3;3) (for pressure pz).

Equation (3,15) is plotted in Figure 3,4 for an R/t = 1000,
for the nmumber of circumferential wavelengths, n = 2 - 20, and
the case of hydrostatic pressure,

“ Using this graph, Langhaar and Boresi calculate that a shell,
for which L/R = 0.6, and R/t = 1000, will buckle with n = 17,
for which 10'2 AV/ER® = 11.5. Therefore, if R = 20", and
E =30 x 106 PeSadiey AV = 2,76 inlb = 0,23 ftlb, and it is
quite possible that accidental disturbances might supply this
amount of energy and so cause the cylinder to smapthrough into

a buckled configuration,

3.3 TCRSION

'%.3.,1 Introduction

It was in relation to the torsional buckling of thin-walled

(23)

cylinders that Donnell (1933) introduced his simplified
theory, deriving a single 8th order partial differential equation,

This approach has been used widely, and has bacome the basis of
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the present linear theories (cf, Batdorf (3»), not only for the
case of torsion, but also for external pressure and axial
compression., Donnell's theory hzs also become the basis for the
linear stress analysis of thin shells,

More recently, Yoshimura and Niisawa (1957) (146) ha

ve
shown that therc are two extremes of loading that must be
considered, For constant torsional moment, Buckling will take
place at a "lower buckling load", while for constant angle of

twist, buckling will only take place at the “upper buckling load",

i.e, the buckling load of the classical linear theory.

5 e3e2 Experimental Investigations

A summary of the experimental work that has been carried
. (k) .
out, has been given by Gerard and Becker « The first
. . . (82)
experiments were carried out by Lundquist (1932) y and
(23) . .
Donnell (1933) , using brass and steel as materials,
Experimental results have been shown to lie betwesen 70 -
80 per cent of the theoretical results predicted by the classical
theory, The fairly wide scatter of results (see Figure 3,6) is
perhaps due to the fact that cylinders tested under constant
torsional angle (i.e, in a rigid testing machine), buckle at the
classical buckling load, while under constant torsional moment

buckiing occurs at a somewhat lower load, Since testing machines

are not truly rigid, it is probable that in the experimental work the
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cylinders arc tested under conditions somewhere between the
two extremes,
The most recent investigation of the torsional buckling of
a cylinder has been that carried out by¥eingarten (1962) ©9)
though in the main he was using internally pressured cylinders,
Veingarten compared his experimental results with the
theoretical analyses of Loc and Nash, and found thet the results
were in qualitative agreement but not quantitative agreement,
Figure 3,7 illustrates the experimental behaviour of cylinders
under torsion with varying geometric parameter. This shows that
for at least one value of Lz/Rt there is close agreement between
the results for steel and Mylar (plastic) ecylinders. The small
discrepancy between the results for the two materials is
probably explained by the slightly different buckle patterns that
occurrad, as shown in the photographs presented in the report,
For small values of Lz/Rt; the load incfeases with anguler
rotation in the post buckled region, while for large values the
load decreases with increasing angular rotation, In the case of
a perfect spccimen of L2/Rt = 2000, Loo found only a2 12 per cent
decrease in strength in the buckled region, while Nash found it to
be 26 per cent., However, VWeingarten found from his experimental
results for Lz/Rt = 3200, that there is a 72 per cent decrease in
strength. An explanation for this difference can be found by

studying the buckling pattern of the unpressurised cylinder, It



FIG.3-b6:

1o¥
10°
[0
// {_
4 rqwn 0
Z/,%’ test results
10 //-. =
! 7 5
{ {0 0% 103 jo {0
42 )
Z;*;E~,l—97‘
{ooo
/
s
- I
Ke oo //' J
// J gl
: ~
-
o)
£ooo (0,000
Lo
COMPARISON OF TEST DATA WITH THEORY

FOR CIRCULAR CYLINDRICAL SHELLS [44 ]
UNDER TORSION (of LOCARITHMIC SCALE

(b} LINEAR

SCALE .

58.



S Y

gio

1.6

— — — Small deﬂeohér\,
My \OPH'ICOY‘:) /2
—=——5Yeel RE

0.8

o4

Q.0

UNDER TORSION WITH VARYING
GEOMETRIC PARAMETER. [I1397]

/ o ERp
RL g = 3200
I
0-4 08 -2 1-6 2-0 2-4 2-8 3.2 3-6
¥
5CY‘
FIG.3.7 : POSTBUCKLING BEHAVIOQUR OF CYLINDRICAL SHELLS

66



60,

can be seen that the angle crests and troughs of the buckles are
not parallel, whereas the deflection functions assumed by Loo

and Nash assume that these are parallel,

3343 Linear Approach

The earliest analytical investigation of the buckling of
thin-walled cylindrical shells under torsion was carried out by
Schwerin (1924)., A similar investigation has been carried out
by Fldggd (193L), These investigations were for very long
cylinders where the end support conditions did not affect the
stability. As a result, they obtained a critical torsional shear

stress equation for the infinitely long cylinder, in the form:

T . T . E _ itf/z (3.16)
Cr o cr = _
omR>t 3 -2 (1-y2) " R

In this case the number of woves into which the surface buckles,
is two,

For v @ 0,3, we have:

cr cr
R

T = T = 0,255 E §_t§3/2 (3.17)

omR>t

For tubes of very large L/R ratio, another mode of buckling

is the deformation of the tubc axis into a helix, According to

40)

Fung and Sechler ( s Schwerin's analysis is applicable to this
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case, and predicts a critical shearing stress given by:

T = 2xE 5 ;- l - _t_ + 1_. (3)2 + oo-o] (3.18)
RS Py R A 2R 12 (R)

For this case the tube must be very long (L/R very large) before
critical shearing stresses less than the material yield point are
found, so that buckling is elastic.

For short cylinders, the end conditions can no longer be
disregarded; and the probelm of determining the critical shear

) (23)

stress becomes very complex, Donnell (1933 introduced a
number of simplifications into the shell equations, and also

simplified the boundary conditions that require to be fulfilled.

In this way, Donnell derived the 8th order differential equation:

D?st + :E_f;')_lfz + 2 St(7flt )zw =0 (3.19)
R bx 5x5y

As a result of these simplifications, Donnell obtained the
following formulae for the critical shearing stress for short and

moderately long cylinders:

for clamped ends:

T = E (t)z ( 456 +‘I.;.8 + ;.:%7 ("i l-vz 3 ﬁ )3/2 1(3020)
2

Rt
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and for simply supported ends:

- ! [y
Top = ?2?2[2-8 + | 246 + 1.40 (1-v° , L2 )3/2] (3.21)
er 12 (D Rt

When the experimental results are plotted, they lie just below
Donnell's two theoretical formulae,

Timoshenko (129)

reports that Kromm (1940) carried out a
more detailed investigation in the case of simply-supported ends,

and arrived at the following formula:

2/ 2,3/ .2:3/2
T =1L4,39 E t)° 1+ 0,0297 (1=y") L (3.22)
r £ }.? 5 ?ﬁzg

c
1-y L)

which is claimed to agree slightly better with test results,

Batdorf et al, (8, 10)

using the simplified Donnell theory,
have presented the results in terms of two parameters as they have
done for the other loading cases on the cylinder,

Using these parameters, the resulting curve is shown in
Figure 3,6(a). From this it can be seen that the experimental
values average some 15 - 20 per cent below those given by the
theory. The discrepancy is even more clearly seen in Figure 3,6(b)
where, instead of using the log-log plot as in Figure 3,6(a), the
gsame results are plotted on a linear scale., Part of the
discrepancy may be explained by the fact that Donnell; and

Lundquist, reported failure loads and not just initial buckling

loads,
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3.3.4 Nonlincar Approach

The first application of nonlinear theory to the case of
torsional buckling of a cylinder, was carried out by Loo (78)
in 1954, In addition, he took intoaccount the initial
imperfections inherent in the cylinders, Donnell and Wan's (27)
assumptions regarding the shape of the deformed surface, and the
magnitude of the initial imperfections, were considered to be
not general enough to be aéplicable to the case of torsional
buckling. As a result, Loo chose to make more general assumptions
that could be applied to the case of torsion, as well as axial
compression, By comparing his results (for the case of axial
compression) with those of Donnell and Wan, Loo was able to
show that his differing assumptions did produce similar results,
Loo used a Rayleigh-Ritz approach, expressing the strain

energy in terms of the deflection function, w, and the membrane

stress function, . On assuming the deflection function to be of

the form:
w = at | sin n (y#fx) sin nx + d (cos 2xx ~ 1) 3.23)
R 1x 2 1x

and the initial imperfection to be:

w =atl!sinn (y#x) sinx + d (cos 2ax - 1) (3,24)
o o = = = ==
R 1x 2 1x
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where:

tan @ y n = ®"r/ly 4 m = 1y/1x

.
i

© = angle between buckling waves
at = amplitude of radial deflection
a t = amplitude of initial imperfection
24d = constants
then a particular solution can be found for g, A complementary

solution for 4 is also found, of the forms:

g =c %2 4 dxy + © (3.25)

2
1 3Y

Strictly, the strain energy should be minimised with
respect to the four unknown parameters a, dy n and ¥, However,
in order to reduce the mathematical work, Loo assumes that the
values for * and n are not very different from those found
from Donnell's small-deflection theory. Loo's grounds for
making this assumption are that the smz211 deflection values
agree reasonably with the experimental values. AS a result,
Loo only minimises the energy cxpression with respect to the two
parameters a and d,

Loo plots (L/t)2 Oxy versus (L/t)zz xy for various values
of an imperfection parazeter v (='0§§d, which show that for

1L/R » 20, there is a post-buckling fall in shearing strength.

The strength is shown to increase again provided 20 < Lz/RtﬁiaxlOE,
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while for Lz/Rt > 2x104, the strengths of the cylinders
decrease continuously., An approximate formula for the peak

shearing stress was found to be:

1-(0xy )  =0.75 v !O‘ﬁ =104 *# 06
(0¥ o) pea (L2/re)? | | (L2/re)°?
(3.26)
The imperfegtion magnitude is assumed to be of the form:
a =Y 1x1ly 1} 5
o o * = (3.27)
1x + 1y tl

Loo chooses a value of Uo = 0.5x10-4 and 8§ = 2, which he
shows are reasonable for the case of buckling of a column, and

the axial compression of a cylinder. Here 1lx =% L, and ly =tmlx=cmL,

This equation (3.,26) is shown to sgree with the general trend
of the experimentsl results, passing roughly through the middle

of the region in which the experimental results lie (Figure 3.8).,
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The next analysis of the torsion problem, was carried out
by Yoshimura and Niisawa (146) (1957), who stated that
torsional buckling was a Durchschlag problem, as was axial
compressive buckling. For this to be so, the existence of
the stable state after buckling cdepends on whether there exists
an intensely buckled surface which is approximately appliceble to
the undeformed s.rface, Like Loo, they used the finite=
deflection theory, solving it by means of'a Rayleigh-Ritz method.

For this cese, the assumed deflection function is:

w = af (1 + cos ®x) + afl )Lcos 1 ('Alx + ny) + cos 1 (kzx + ny)

L R R

(3.28)

where afo, af. are the amplitudes,

1
2R 4, 2%R are the wavelengths in the axial #kd4 eireumferen~

A A .
1 2 tial directions

2L = length of the cylinder,

n = number of circumferential waves,

Yoshimura and Niisawa are assuming here that the surface
deforms into a one-sheet hyperboioid (1st term) and that the
helical wave pattern (2nd term) is superimposed on this surface,
and not on the initial cylindrical surface, Equation (3.8)

does not satisfy the boundary conditions for either fixed ends
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(23)

or simply-supported ends, However, Domnell has stated
that the end conditions do not significantly affect the
buckling stress, but this has in no way been proved,

The total potential energy expression, after being put
into a non~dimensional form, is then minimised with respect to
four parameters, with a fifth parameter being assigned different
values, In this way it is shown that there are post=-buckling
equilibrium states with lower loads and larger deflections than
those obtained just at buckling, This drop in load is smaller
than is found with exially loaded cylinders, but larger than that
found for cylinders loaded by external pressure, This agrees
quantitatively with the cxperimental results in the three
different loading cases, Yoshimura and Niisawa point out
also that the amount of post-buckling fall-off is dependent on
the type of testing procedure used, There is found to be a
distinct lower buckling stress for the case of constant torsional
moment, but no lower buckling stress for the case of constant
angle of twist,

At almost the same time as Yoshimura and Niisawa, Nash
(1957) (91) also carried out an analysis of the post=buckling
deflection of cylinders loadad in torsion, Nash carried on
from the work of Loo, and sought as rigorous an analysis as

possible, Hence, in order to improve the accuracy of the .
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analysis, Nash minimised the total potential energy with respect
to all the arbitrary deflection ﬁarameters, with no results
being assumed from the small-deflection theory, By considering
the periodicity of the circumferential displacements, Nash
showed that there was a decrease in the number of waves as the
load is increased, i.e. m became larger instead of remaining
constant at the small-deflection theory value., By assuming
slightly different deflection functions, Nash separated the
cases of clamped and simply-supported ends,

The deflection functions that Nash assumed in connection
with the Rayleigh-Ritz sclution of the differential equations

were - for clamped ends:

| . .
w = at [sin n (y+¥x) {1 - cos onx{ + d (cos 2xx - 1) + ¢ ]
| '

, R L | L
L
(3429)
and for simply-supported ends:
w = at {sin EL (y+ 'x) sin 7x + d' sin ®x + e! J (3.30)
R L L

where e and e' are terms introduced to correspond to a uniform
radial displacement so that membrane stresses that are present

may be those due entirely to torsion, e and e!' are, however, shown
to have only a negligible effect on the results,

The deflection functions given above do not accurately fit
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the end conditions, particularly for small~deflections, However,
the second terms do, and as Nash shows, these become the most
important terms for lerge displscements, and the functions then
become more exact,

Instead of minimising the total potential enargy in the
usual manner, i,e, with respect to the four parameters a, n, 8.
and d in this case, to obtain the four partial differential
equations that must be solved in order to obtain solutions for
the four parameters, Nash used another approach, His method
was to assume 2 value of Lz/Rtg then for various values of
(L/t)zs.(xy EV, values for a, d, 3 s hy were chosen, and adjusted
to make the total potential energy a minimum, In this way,
curves of (Lz/Rt)‘ny versus (L/t)2 géx were plotted for
varying V, and for different (Lz/Rt) ratios,

The resulting curves show a greater drop in post-buckling
resistance, than that fcund by Loc, Nash also found that m and 5
varied with a (the amplitude), and were not constant as assumed by
Loo; in fact m increased considerably, Like Loo, Nash suggested
empirical formulae for the peak value of torsional resistance,
taking the initial imperfections into account,

These were:
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for clamped ends: 1 - (Oxy ) = 4,25 vV 10'6
(Ukycl)peak HO'3 J

(3.31)

for simply-supported

ends: 1 —(Uﬂ' __{ = 3.10 ~ v =1l
=L i
(nyc; peak o3 |

T

(3.32)

) \
where: a = U0 [ i1x 1y . %‘] = @/Z)V $ m= ly/lx
L J

/ \'\
1 = L/2 ; 1= {m/2)L

In these formulae, Nash suggests using average values for
m, The value for U0 was 0.17x10-6, which was based on the
tests of Lundquist, and Donnell,

To date, Nash's analysis is the most accurate that has
been carried out for this case of the torsional buckling
of thin walled cylinders, It can reasonably explain the
lower than classical buckling by assuming appropriate values

for the initial imperfections,
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3.4 AXIAL COMPRESSION

3.4,1 Introduction

The experiments made to verify the theoretical results of
the classical and small displacement (linear) theories have
shown that, unlike other structural elements such as bars and
plates, the elastic buckling of thin~walled circular cylinders
under axial compression differs grecatly from the predicted
results of the classical linear theory,

For axially loaded cylinders, test results give about
20 - 30 per cent of the classical buckling load, while for
cylinders under torsion and external pressure tests give about
70 - 80 per cent of the buckling loads predicted by classical
theory.

Also, the experimental results for cylinders loaded under
axial pressure show considerable scatter, which is much greater
than found in tests on cylinders loaded by torsion or external
pressure,

For these reasons, considerable attention was given to
the problem of the buckling of cylindrical shells loaded under
axial compression. Insights into the problem of buckling for
this case have enabledus to gain a be;ter understanding of
buckling in other particular cases, and of the whole process of

buckling of thin shells in general,
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3.4,2 Experimental Work

A summary of the experimental work has been given by

(Lk) (51, 122) The

Gerard and Becker and Harris et al.

most recent experimental work reported is that of Almpoth,
49) . .

Holmes, and Brush (196L) s and they include a detailed

(30) has

account of their testing procedure, Evensen (1964)
reported a photographic observation of the buckling of thin
cylindrical shells,

The remainder of this Section is a commentary on the
experimental behaviour of axially compressed cylindrical shells,

In an ordinary hydraulic, or decad-weight testing machine,
the elastic buckling of thin-walled cylinders takes place with
great rapidity. Such a process has been described as
"snapthrough", "oilcanning" or "durchschlag". Here, the full
buckling pattern develops almost at once. In a testing machine
on which the rate of end shortening can be controlled, it is
found that small ripples appear initially on the surface of the
cylinder, Later, these develop into isolated buckles at
random positions on the cylinder, As the end shortening is
increased, more and more buckles develop, finally joining to
form the generally observed diamond pattern,

The reasons that best explain the formation of the diamond

shaped buckling pattern are as follows, For the shell, the
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bending rigidity, I, is proportional to (thickness)s, whereas
the rigidity against membrane extension (or contraction) is
proportional to the thickness, Hence, when the thickness is
very small, the resistance to bending is much less than that
due to extension and in order to seek a lower strain energy
configuration, the cylinder will take up a form that entails
the least amount of stretching of the middle surface, Since
both a cylindrical surface and a diamond pattern formed by a
regular arrangement of flat triangular surfaces are developable,
it is possible for the cylindrical surface to deform into the
diamond pattern without membrame extension, This assumes that
the bending takes place along ideally sharp ridges.

In a real cylinder, the bending is concentrated around the
ridges and, as a consequence, a small amount of stretching is
introduced, The thinner the cylinder wall, the stronger the
tendency to form such a developable diamond patterpe However,
for cylinders with relatively thick walls it is possible for fhe
cylinder to buckle in a sine wave form, i.e, fo buckle in a
series of ripples, as suggested by the linear theory, This has
been shown experimentally, ¢.g. at Cal, Tech, (see also
Reference 129),

The random, isolated character of the initial buckles has

suggested to many investigators that "imperfections" of one kind
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or another may be responsible for their appearance, However,
they have found in their tests that initial buckles do not
necessarily appear at Qisible imperfections, Also, a buckled
cylinder when allowed to return to its unstrained position, and
then tested again, does not necessarily bucklelin the same
places as previously., In the case of one carefully controlled
experiment, it was found that there was a considerable
circumferential variation of compressive stress, It is possible
that this may explain the variation in the position of the
initial buckles,

With this idea in mind, that imperfections of the test
specimen, and disturbances in the loading system, might reduce
the buckling stress, several experiments have been cerried
out where deliberate disturbances were introduced, These
included various imperfections of the specimen, as well as
disturbances in the loading process, These have shown that
imperfections of a size comparable to the buckle wavelength,
significantly reduce the buckling stress, but smaller
imperfections have no effect, even though they may seem to be
severe, On the other hand, it has been shown that with
cylinders that have been manufactured as near perfect as
possible, the buckling stress of the cylinder is greatly

increased and buckling stresses up to 70 per cent of the
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0.49)

classicel value have been reported .

From the above, it can be seen that the low buckling
stresses that have been generally reported are most likely
due to imperfections in the manufactured cylinders, At the
same time it appears that cylinders when acted upon by axial
compressive load are nmuch more sensitive to initial imperfections
than is the case when cylinders are acted upon by torsion and
extornal pressure,

(134)

Tsien in his fheoretical work, considered ‘that the
characteristics of the testing machine could affect the stress
at which buckling took place., This is discussed in Section
3.4.3.1y where it is pointed out that the limiting loading
processes are provided by rigid and deadweight testing machines,
For the former, the distance between the end plates is the
paramcter that can be controlled, while for the latter, the
load is the parsmeter that can be controlled, and there is no
control over the end shorteniﬁg. Recent tests by Almroth,

(£49)

Holmes ¢ and Brush have shown that there is no difference in
buckling stress for cylinders tested under rigid or deadweigh£
conditions, There is, however, a difference in post-buckling
behaviour for the two extremes, os well as =1l the possibilities
inbetween,

(125)

Thielemann has shown that the shape of the experimentally
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determined load-deflection diagram, is similar in the post~
buckled region to that predicted by theory, but the minimum
of the curve was still much lower than that of Kempner's
theory. The minimum post-buckling loads determined by
Thielemann and by Almroth, Holmes and Brush were of the order

of 10 per cent of the classical load,

3.4.3 Linear Theories

The classical and small displacement theory approach has

been dealt with by Lorenz (1908), Timoshenko (1910), Southwell

) (119) (34) (129).

(1913 s Robertson (1928), Flugg# (1932) and others
They have solved the differentizl equations to obtain the

eigenvalues for the problem., Perfect elasticity and perfect

initial shape have been assumed, They all arrive at a buckling

stress of:

g = E . & = 0,609 Et (3.33)

for v = 0,3,

A comparison between experimental and classical theory
results is shown in Figure 3,2 . taken from Donnell and Wan's
paper., This shows the ratio of the experimental buckling
stress to the classical buckling stress, The former is

usually taken as the maximum stress sustained by the cylinder
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in a testing machine, while the latter is given by Equation (3.33).
The experimental results obtained by the various researchers
lie within the regions indicated, In general, it can be seen
that the experimental values of Gér are widely scattered and
are all less than the theory calls for,

In an attempt to explain this discrepancy, Fliggé (1932) (34)
considered the variation between the end conditions assumed
in the theoretical analysis and those realised in experimental
tests, He found that the influence of the end conditions
extended only to a distance of‘(ﬁz in from the ends, He was
unable to account for the discrepancy for cylinders whose
length was greast compared with ~rE:.

No progress was made in explaining why axially loaded
cylindrical shells buckled at lower than the classical load
until thernonlinear theories were used,

In this Section it is convenient to mention also some of
the other attempts that have been made to predict the buckling
stress for the axially loaded cylindrical shell,

(8)

Batdorf as in the cases of torsion and external pressure,

has presented his results in terms of two parameters, e.g.t

critical stress parameter kx = Ugth
Dﬂz
. 2 2
geometric parameter Z =1L 1=y
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For values of Z above about 5, the curve becomes a straight

line of slope 1, This stroight line is given by the formula:

k= 43 z-=o0.7022 (3.34)

For any fixed value of R/t, some value of Z always exists
above which L/R is so large that the cylinder fails as a
column before the cylinder walls buc’tle,

Gerard and Becker (1957) (k)

present their results in the
form used by Batdorf, In doing so, they have expanded it and
shown how the influence of initial imperfections may be taken
into account,

In addition, there have been several a£tempts to define
the buckling stress by means of empirical formula, but none of

these is entirely satisfactory on account of the considerable

scatter in experimental results,

3.4,4 Nonlinear Theories

3.4.4.1 Energy Theory

The first real progress in explaining the discrepancy
between experiment and theory, was made by Donnell (1934) (24),
when he introduced a nonlinear, finite-displacement theory into
the elastic stability analysis of cylinders, as well as

considering the effect of initial imperfections, In this way,
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Donnell sought not only toc determine the bifurcation points of
possible states of equilibrium, but also to examine poste
buckling effects,

The full importance of the nonlinear lozd-displacement
relationship in shell stability theory, was first shown by
Karman and Tsien (1939, 1941) (654 66). They showed that in the
case of a spherical shell under external pressure, and a
cylindrical shell under axial compression, equilibrium states
invelving large displacements could be maintained by loads
far less than the critical loads given by the linearktheory.
Karman and Tsien suggested that since some of these large
displacement configurations closely approach the observed
phenomena, the shell must "jump® suddenly from the unbuckled
state to these particular equilibrium states, and the structures
fail as a result of this sudden change. They were able to show
that adjacent states of equilibrium occurred, even at loads below
the critical, This meant that the post-buckling behavicuar of the
axially loaded cylinder was entirely different from that of other
structural elements such as bars and plates,

If the shell is considered to "jump" from one equilibrium
position to another, then it would seem more reasonable to
consider the dynamic stability cf the shell rather than the
static stability, in order to determine the load at which the

962) (14k)

shell buckles, However, Yao (1 appears to be the first
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to attempt a dynamic analysis,

It is also possible, that imperfections in the cylinder,
or in the loading distribution as mentioned in Section 3.,4.2
might affect the conditions of a jump, In other words, the
imperfection method (as described later), and the energy theory
should possibly complement each other and give a deeper insight
into the buckling problem, However, the energy theory as
proposed by Karman and Tsien, and further develcped by Leggett

) (76) ) (83) ) (68)

and Jones (1942 y Michielson (1948 y Kempner (1954

and Yoshimura (1955) (145)

¢+ remains a perfect cylinder theory,
The imperfection theory as usedAby Donnell and others has
explained with considerable success the discrepancies between
the theoretical and experimental buckling loads, but remains a
purely static theory, except for the recent work of Yao,

Karman and Tsien (as did Donnell and Wan later) started with
the nonlinear strain-displacement rzlations, Using these, they
derived the equation of compatibility, expressing it in terms
of Airy's function, The equation of equilibrium was obtained by

- using the equivalent variational form:?

S (wl +W_+wW,) =0

2 3
where w, = elastic strain energy for extensional stresses
W, = elastic strain energy in bending
w, = potential energy of the axial forces
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In order to solve this by an approximate method, Karman
and Tsien assumed that the displacement of the middle surface

was given by the expression?
2 2
w, = cos :mx + ny) cos” (mx - n { (3.38)
e 2R ) 2R

which assumes a diamond shaped pattern, and where the squares
are iatroduced to account for the fact that the shell has a

definite preference to buckle inwards, Equation (3,3% is

alternatively:
w,o= 1/h + 1/2 [ cos mx cos ny + 1/k cos 2mx + 1/4 cos 2ny
— ‘ R R R R
R
(3.36)
The classical theory which is applicable for infinitesmal
displacement, required:
w = COS mX COS ny (3.37)
2 —
o R R

As a result, Karman and Tsien used the displacement function:

w=(f + £} +7¢ Ecos mx cos ny + 1/k cos 2mx + 1/4 cos 2ny ;
R E- — R R R R

+ f2 §cos 2mx + cos 2nx)
Z— R R

(3.38)
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where fo, fl’ f_oy m and n are the constants to be determined by

2

the principle of minimum potential energy.

Using this assumed form of w, Wl, Wz, W, are expressed in

3

terms of fo, 3 f2, m and n, and these constants are determined

1’

by conditions of the form:

o

(w1 + W_ + W) =0

3 2 3

L]

(o}

(66)

Karman and Tsien minimised the function with respect
to three parameters, fo, fl' fz, and assumed arbitrary values for
m and n,

Leggett and Jones (76) minimised the energy function with
respect to the ratio m/n as well, and showed that this varied
with the overall end-shortening of the éylinder in the post-
buckling region,

(83)

Michielson minimised the equation with respect to the

same four parameters as Leggett and Jones,

Kempner (68) made a still more rigorous calculation of the
post-buckling behaviour of the perfect cylinder, by using a
slightly different displacement function and minimising it with
respect to five parameters,

The results of these analyses is illustrated diagramatically
in Figure 3,9, where the variation of axial stress is plotted against

the end shortening of the cylinder, Point A corresponds to the

buckling load of the classical theory, The line 0. represents
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the unbuckled state while the branch ABCD r'epresents
equilibrium configurations in the post-buckled state,
Equilibrium configurations represented by AB are statically
unstable, while those represcented by CD are stable., The stability
of the equilibrium configurations represented by BC depends

on the nature of the loading process being considered, For
deadweight loading it represents unstable states, while for
contreolled end~shortening it represents stable states, For
loading cases intermediate between the two extremes, the change
from unstable to stable states of equilibrium will occur
somewhere between B and C,

For the loading case where the distance between the end
plates is controlled, a perfect cylinder should theoretically
follow the line OA (Figure 3.,9) up tc the peoint A as the end-
shertening is increased, At A, something drastic must happen,
for after buckling starts the end shortening must decrease
(i.e. the end plates have to move apart} to maintain equilibrium,
If this is not done, the next possible equilibrium state lies on
the curve BD in the vicinity of C,

In the case of a testing machine that will allow both the
load to deerease and the end-shortening to increase when the
cylinder buckles, the jumb will follow the testing machine

characteristic as indicated in Figure 3,10, Thus at A the
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equilibrium configuration of the shell will jump to that

at b or ¢ according to the rigidity of the testing meochine,
Point A, which is the classical buckling load of the linear
theory, is referred to as the "upper buckling load" by Tsien,

In accordance with Karman and Tsien's idens, it is
possible that if disturbances of sufficient magnitude act on
the cylinder, a jump might occcur at point a before the point A
is reached, and end at b' or c¢' on the other stable branch,
as shown in Figure 3,10,

In order to determine the point called the "lower
buckling load" at which a jump might take place, Tsien (1942) (134)
introduced a principle which is now referred to as the "energy
criterion" of buckling, In it, Tsien reiterated the statement
made previously by Karman and himself, that "under average and
actual service conditions themost probable equilibrium state is
the one with the lowest pcssible energy level”, This assumes
that disturbances of sufficient magnitude exist so that the
transitions from higher energy levels to lower energy levels,
may be able to toke place, There are two conditions that must
be met for these possible energy levels: (a) corresponding
external forces andinternal stresses must be in equilibrium

(b) the geometric restraint and loading conditions must be

satisfied,
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This second condition depends on the manner in which the
specimen is loaded, Limiting lording processes are provided
by a rigid testing machine and by dead weight loading., For a
rigid testing machine buckling is likely to occur at a certain
value of end shortening, 8, which gives equal strain energy for the
unbuckled equilibrium state represented by A (see Figure 3,11(a))
and for the buckled equilibrium state (represented by B), For
deadweight loading buckling will occur at a certain value of the
end load which gives equal tctal potential energy, £, before and
after the jump (4 = S~PE, where S is the strain energy, P is the
loading force, and & is the end shortening of the specimen),

(See Figure 3,11(b)),

Tsien applied this criterion to long, perfect, cylindrical
shells under axialicompression, and to perfect spherical shells
under external pressure, In both cases buckling lcads of the
same order of magnitude z2s found in laboratory cxperiments were
obtained. Some of Tsien's support for the '"energy ériterion"
principle came from a coﬁparison between the theoretical and
experimental results for the case of a column with nonlinear

(133, 134). However, these results (Figure 3.12)

elastic supports
appear to support the idea of "imperfections'" contributing to the

lowering of the buckling load, as well as any support they

provide for the energy criterion of buckling,
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Since Tsien first formulated his energy criterion of
buckling, there has been much criticism of it., There has been
some support for it, but the grecter part of the criticism is
adverse, Several researchers have referred to the criterion as
being a rather arbitrary approach and of little value, (e.g,

(126) (40))

see Thompson and Fung and Sechler Even though the
energy of the cylinder in the unbuckled and post-buckled stable
states are equal at the "enefgy ceriterion" (or 'egual energy")
load, the probability of buckling depends on whether or not
sufficient additional energy can be imparted to the cylinder to
enable it to pass through the unstable post-buckles state that
separates the two stable equilibrium states, The amount of
energy required to pass throughthe unstable equilibrium state
is given in Figure 3,11 as the difference between the lines OA
and AF, while it was thought that external vibrations might be
sufficient to supply the additional energy required to cause
buckling at the "energy criterion'" load, tests under many
different conditions have instead leé to the opposite view,

The '"energy criterion" of buckling loses much of its
usefulness when it is being used to determine the theoretical
buckling stress since the values of the potential energy {or the
strain energy) are dependent upon the choice of the normal-

(2

deflection function, This has been shown by Almroth ) where
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the load=potential energy curve varies according to the number of
parameters in the assumed normal-deflection function,

Since Tsien used the particular case of a column with non-
linear elastic supports to support his energy criterion of buckling,
other researchers have suggested that the case of a transversely
. (38)
loaded arch should be considered as well, Fung and Kaplan
found thot experimental snapthrough loads for the shallow arch

agreed reasonably well with the classical lozd whereas the energy

criterion of buckling led to buckling loads much too low in

In
comparison, 3. another case, where buckling took place under
transitional buckling modes, Gjelsvik and Bodner (45) found that

the "energy criterion'" load was a reasonable lower bound to other
theoretical and experimental results,

While much doubt has been cast upon the energy criterion
of buckling as formulated by Tsien, there may be some cases where
it is useful and can provide reasonably accurate results, On the

whole though, it has not become established as a buckling criterion,

3ol ko2 Imperfection Theory

A comprechensive snalysis of initially imperfect cylinders
was carried out by Donnell and ¥Wan (27). They used the assumption
that only the component of the initial deviation from the perfect

shape which is of the same shape as the deflection surficey is of

importance, The deflected surface expression they uscéd contains



93.

one more abbitrary constant than that used by Karman and
Tsien,

Donnell and Van tock:

mn,
w=at(cosgp_:_c_ cos_u+bcosZmnx + ¢ cos ny +d>

R R R R
(3.39)
Initial deviation from perfect shape, W is given by:
wo = aot( cos mnx cos ny + b cos 2mnx + c cos ny + d; )
R R R R
(3.40)
The cquation for the membrane stress function becomes:
2
(axdy) Vxc? ayz rooy2
where:
k= 1+ 2wo = constant,
w

Donnell and Wan derive an energy expression, solving it by
the Rayleigh-Ritz method, They present their resultis
(Figure 3.13) 25 a graph of stress ratio versus end shortening
ratio, including the effect of an unevenness factor, U - the

unevenness factor, is a constant proportional 1o the amplitude
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of the initial imperfection, aot, which is considered as a
function of the fabrication method alone, and is an assumed
geometric equivalent of the various kinds of imperfection:
geometiric, material, service, condition, etc,

ao is assumed to be of the form:

a = (U) 117 14°° . ur? | (3.42)
(o] "'E X
(=x%) tz m1.5no.5t.2

Figure 3,13 shows the average stress versus end shortening
for various values of the parameter Ur/t, For a cylinder with a
certain value of Ur/t, say 0,05, the behaviour of the shell in a
testing machine may follow the loading curve smoothly and
gradually up to the peak p, and will then fail elastically in an
explosive manner, ending at a point at a lower branch of the curve
according to the rigidity of the testing machine as discussed
previously (see Figure 3,10), It is possible that with large
enough disturbances, a jump may take place before the peak p is
reached, and this cannot be ruled out, but the usefulness of the
idea of the energy criterion is now lessened, Donnell and Wan
believe that buckling occurs at the pezk p, and not before the
peak is reached, unless plastic deformation sets in, With the
imperfection theory, any possible jump before the pe%k p is

reached would be explained by a larger value of the constant U,



FIG.

3.14.

IO "m N w>»

{000 2000

DONNELLS PLOT OF PEAK

VALUE OF

STRESS  RATIO :[Uo= O-000I15] AGAINST

R/, WITH RESULTS  OF
COMPRESSION TESTS.

LUNDQuUIST [ DURAL ]
GALCIT CSTEEL O

" C « I
DONNELL CSTEEL . BRASS J
FLUGGE [CELLULOID ]

ROBERTSON ~ [STEEL 1

BRIDGET L BRASS , STEEL]
WILSON ¢ NEWMARK [ STEEL]

AXTAL

L8311
[ 49 1
C 50 1
C 24 7
L34 ]
101,021

Ct14 7
C142 7

95.



96.

In their pzpery Donnell and Wan give an example of a
cylinder with U = 0,00015, and U}/Ucr = 5, where ’Uy is the
yield stress of the material, They show that by a suitable
choice of the value U, the theoretical curve can be lowered
to the level found in experiments,

Figure 3,14 shows Donnell and Wan's graph of U/Ucl A v/t

3otk e3 Dynamic Theory

The only dynamic analysis that has been czrried out to date
is that of Yao (1963) (144). In the analysis, the equations of
motion for the cylinder were solved to give a continmuous load-
displacement curve for the pre-~ and post-buckled states, The
effects of initial imperfections were also included in this,

The results showed that the cylinder, in contrast to the static
theory, has a vibratory motion after the cylinder loses its

initial stability, When small imperfections were considered
under cases of slow loading, the dynamic theory predicted a
buckling stress of about the same magnitude as the classical value,
Larger imperfections when taken into account, caused a significant
drop in the buckling strength of the cylinder,

As they stand, Yao's numerical results are of limited use

since he did not seek to give a complete picture

of the buckling process, They do, however, show the possibilities

of the dynamic method, Yao only considered the two cases of
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initial imperfections {(one large and one small) and only
censidered one value of the wavelength ratio,/u. In addition,
the assumed expression for the initial imperfections was of the
same form as the radial deflection function used by Karman and
Tsien (Equation (3.36 ) while the expression used to represent
the buckled shape was the same as that used by Kempner

(i.e. Bquation (3,39 ). Further develepment of the theory

can be expected to make it more general in a way similar to that

in which Karman and Tsien's carly work has been developed,

3.t,5 Comment

All the theoretical work carried out in connection with
perfect cylindrical shells sought to represent the displacement
function, w, by an expression that corresponded to the
experimentally observed buckling pattern., Minimising the total
potential energy with respect to the undetermined parameters
should then enable the buckling process to be described
completely, However, it found thst the minimum post-buckling
load that could be reached was still considerably above that
found experimentally,

The next stage was to consider more terms in the Rayleigh=-
Ritz solution, i.e., to take further terms in the expansion that
dezeribes the normal displacement, This has been done recently

by Almroth (2) as well as in this thesis., Almroth used up to
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eight undetermined parameters in the displacement function,

and claimed that after this, there was negligible change in

the minimum post-buckling load, At thot stage 2l1so, the
theoretical mirme post-buckling load was of the same magnitude

as Thieleman had found experimentally, and it changed only

very slightly over a range of end shortening., Hence it would
seem that a total of ten parameters ere required to describe

the post~buckling function of an axially compressed cylinder,
Functions like that used by #lmroth though, no longer represent a
diamond shaped buckling pattern,

The most recent work appears to be that of Sokey (161).
In this, he mini.ises the total potential energy with respect
to twenty~five parameters,

Kuranishi and Niisawa (1959) (72) have shown that the
choice of a more compliczted displacement pattern than that
normally chosen, can reduce the upper buckling load of a perfect
cylindrical shell below that of the classical value.

Even thouéh Almroth has shown that the energy theory can
predict a minimum post-buckling load that is in agr -ment with
that of experiment, three other possibilities can alsgo be
investigated,

1) A more complicated displacement function that meets the

boundary conditions can be tried,



2) More parameters can be taken in the displacement

function and used in the imperfection theory,

3) Instead of using one displacement function and a

stress function, three displacement functions may be used,

thus allowing more accurate strain-displacement relations to
B 2 h \ 2 . .

be used, e.g. 1/2 (8Q®)° , 1/2 (ém)° can be retained in the

(x) @x)

expression for 8x,

3.5 BENDING

3.5.,1 Introduction

The buckling behaviour of cylinders under bending

corresponds to that of axially compressed cylinders in two

99.

respects, Firstly, linear theory predicts buckling stresses of

the same order of magnitude for both these cases, Secondly, the

test data are below the predictions of linear theory by

approximately the same amount, As a result, Gerard and Becker

have correlated test data on cylinders in bending in a manner

similar to that used for axially compressed cylinders,

In addition to those factors that affect the stability of

cylinders under axial compression, the stability of cylinders

under bending is also affected by the linear variation of

bending strain across the section, This results in a strain
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gradient, and hence a stresé gradient, 2t any location on
the cylinder surface. Hence a "grzdient factor!" has been
introduced which permits calculation of the bending-buckling
stress from the oxial-compressive buckling stress of a

corresponding circular cylinder,

3+5.2 Linear Theories

According to Gerard and Becker (k) the first person to

investigate the bending stability of cylinders, was Brazier (1927),.
He calculated the stress at which a circular cylinder would
become unstable as 2 result of the flattening of the cross=-
section, This type of instability is comperable with Euler
buckling of a very long axially compressed cylinder,

Often it has becen assumed that the stress at which local
buckling under bending has occurred in cylinders, is equal
to the value for axially compressive buckling for the same
cylinde;. Flugg¥ (1932) however, performed calculations based
upon the linear theory th-t showed a2 30 per cent increase in
bending~buckling stress over the classical velue for the axial
case, An increzse of about this magnitude is shown by the
experimentnl results obtained by Lundquist (1935) on aluminium
specimens, and Donnell (193L) on steel and brass specimens,

(4h4)

Gerard and Becker divide the local-buckling behaviour

of cylinders in pure bending into three ranges, as they do for
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other cases, '"In the short cylinder ronge, the buckling
coefficient kb auproaches thzat of a wide compressed plate as a

lower limit," kb is expressed in the form:

2, 2
k= 1202 g (L) (3.43)
: 2 (t)
=“E

In the long cylinder range, the relrtion between the buckling
stress and the cylinder geometry is of the form: Uér = CEt/R,

"The two limits of the local buckling region are connected
by a transition curve, and throughout this entire region buckling
occurs in the diomond pattern observed in axially compressed
cylinders, Vhen the cylinder is very long, the flattening of
the cross-scction caused by the rcdial components of the axial
deformation in the bent cylinder leads to a large reduction of
the effective section modulus of the cylinder, and instability
occurs as a single transverse wave on the compression side of
the shell, This is the type of instability investigated by

Brazier,"

3.5.3 Nonlinerr Thcories

To date, no finite-displacement analyses have been

reported for the bending of cylinders,
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3.6 THE EFFECT OF INTZIRNAL FRESSURE

3.6,1 Introduction

For the case of no internal pressure, the average stress in
the cylinder in the circumferential directipn is almost zero,
However, when the cylinder is loaded under internal pressure, the
circumferential stress is not zero, and changes in the buckle
pattern result, Gerard and Becker (k) have shown that stability
is influenced by the nature of the superimposed membrane stresses
at buckling and that tensile stresscs have the effect of
incressing the post-buckling loads, On this basis, since the
circumferential stresses induced by the internal pressure are
tensile, it would-be expected that internal pressure would

increase the buckling loads of the cylinder, This has been shown

both ekperimentally and theoretically to be the cose,

3.6,2 4&ial Compression with internal Pressure

According to the small-deflection analysis made by Flugga
(1932), the effect of internal pressure on the criticel load of
the axially compressed cylinder was negligible., This does not
agree with experimental results, however,

In order to improve the agreement between theory and

) (77)

experiment, Lo, Crate and Schwartz (195C carried out a large

deflection analysis of the problem, The approach was to use the
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nonlinear equations of Xarman and Tsien, but extended to take
account of the internal pressure, The internal pressure alters
the expressions for total potential energy, strain energy, and
the relation between the end-shortening and the average
compressive stress, The snme deflection function ¢s used by
Karman and Tsien, wos tkken, The totzl potential energy was
expressed in terms of the two nondimensional parameters:

3 & P = ol (B_)2 . This wos differentiated with
E (t)

T

=U
cr cr
E

i

respect to four arbitrary parameters, but instead of solving the
resulting four partinl differential equations, to obtain the
complete stress (ﬁ;r) versus end-shortening (Y curve, Lo et al,
produced a method for determining solely the buckling stress, To
do this, they used Tsien's energy criterion and ossumed that the
end-shortening remains constant during buckling, i.e. the testing
machine is rigid, The mefhod given for determining jcr was
reasonably straightforward,

Their thece retical work showed that there wns no possibility
of increasing ;cr beyond the classical value of 0.605, and that
this is the buckling pressure for all values of p 3> 0.169,

From their cxperimental work for p < 0,1, even though the

results followed the trend of the theory, there was a

considerable discrepancy between them,
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Fung and Sechier (1957) 3%) sought to extend the work of
Lo et al, by carrying out a series of tests for prescures up
to 5 22 2,0, They found that the cxperimental values were much
lower theon theory, but did show the seme trend, When the
increments of 5£r (i.euﬁgﬁér = 6£r - (Uér)5=0) are plotted
sgainst 5 there is much better cgreement with Lo's theory, but the
results are fairly scattered even so,

A useful part of their paper is the photographs showing the
changes in buckle pattern with increasing internal pressure, At
zero internal pressure the dicmond shaped buckles are isolated
and random, With slight internal pressure there is a helical
ar rangement of consecutive buckles. These change to elongated
diamond shaped buckles, finally becoming bellows-shaped buckles
o8 the pressure increases further,

At about the same time, Harris, Suer, Skene and Benjamin (51)
(1957), investigeted experimentally the stebility of thin walled
cylinders under =Xial compression and taking internal pressure
into account, They sought to extcend Karman and Tsien's large
deflection theory and Donnell and Wan's use of initial
imperfections, to this ccse, At the same time, the usefulness of
the idea of initicl imperfections in the cylindriczl shell is
limited since the magnitude of the imperfections rcquires to be

known, For cylinders used in construction, it is almost
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imposgible to determine these initial imperfections, 4s a
result, Harris et al, reso;ted to a semi-empirical development
of curves that could be used for design purposes.

Their approach hod the disadvantoge that there was a
considerable sc-tter in the test results they used., It also
entsiled the basic assumptionh that the initial imperfections in
test specimens were similar to those in actual stru§1:ural
cylinders, However, as they were mainly interested in the
desigh curves for missile construction, they developed them from
the test data as 90 per cent probability curves by correlating
the experimental data statistically with theoretical parameters.

One of the most thorough investigations of the effect of
pressurization on the 2xial compressive buckling of thin walled

) (125). While

cylinders has becn ¢ rried out by Thielemann (1958
this analysis applics to unpressurised cylindors as well, its
main purposc wrs to consider the effects of internal pressure,
not only‘for isotropic cylinders, but also for orthotropic ones.
Figure 3,3}5shows Thielemann's post~buckling functions for
the rxially compressed isotropic cylinder as a function of the
internal pressure parameter, De To obtain these, Thielemann
sclved the nonl’mear partial diffcorential equations using a
computer to give an iterative solution. The post-buckling

function marked p = O is identical with the post-buckling

function determined by Kempner, In this case (i.e, p w 0)
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the first branch of the solution which is connected with
diamond shaped buckling, as well as the second branch which is
connected with ring-shaped buckling, bifurcate from the same
point T = 1 on the straight line: T = ;*.

For the case p > 0, the branch of the first solution does
not bifurcate from the straight line U = E* rcpresenting the
prebuckling states of eguilibrium, but from some part of the
sccond solution connected with ring~buckling, As can be seen
from Figure 3% the ring-buckling configuration becomes stable
within 2 certain range of end-shortening before it changes into
a diamond-shaped configurction, The higher the internal pressure,
th= larger will be the range of stable ring~buckling., The
characteristic snapthrough effect thot is found in unpressurised
cylinders disappears for higher values of interior pressure,

In agreement with these theoretical results, stable ring-buckling
configurations have indeed been observed in tests,

Figure 3.,15alsec shows quite clearly the strong influence
of the internal pressure on the post-buckling functions connected
with diamond shaped buckling., In the post-buckling region,
increasing internal pressure considerably increases the minimum
load carried by the cylinder, However, the post-buckling
function connected with ring-buckling is not influenced at all

by the nressurisation; thus the buckling stress of an axially

compressed cylinder cannot be increased above the classical stress,
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The effects of pressurisation are also shown in

Figure 3,16, The minimum values Ub/ﬂc of the post=-buckling

lo
loads are shown, with the classical buckling load as reference,
This ratio increases from the 0,3 value of the unpressurised
cylinder up to nearly unity with increased pressure., Also shown
is the ratio of the half-wnavelength connected with the buckling
configuration 2t minimum of the post-buckling function, to the
half-wavelength of ring-buckling., As well, there is shown the
ratio/&i of the circumfercential to axial wavelengthsy as a
function of the internal pressure, It can be seen that the

form of thc buckling pattern is influenced greatly by the

presence cof even very smeall values of internal pressure,

3.,6.3 Torsion with internal Pressure

The first paper that discusses the effects of internal
pressure on the torsional buckling of circular cylinders, was by

(22). They derive an empirical interaction

Crate et al, (194kL)
equation to match a series of experimental tests, They suggest
using the equation:
2
Rt“ + R_ =1 (3.44)
P
= = i d b

where R, T/Tcr and Rp p/pcr' This has since been quoted by
both Batdorf, and Gerard, The value ‘Er is the experimental

buckling stress, and 1 is determined as the critical external

pressure for hydrostatic loading as given by the approximate
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equations

P, = - 0.92 E'R/L}(t/R)a's (3.45)

which is applicable in the range 15 t/R < (L/zR)z.
(60)

Hopkins and Brown (1951) used a solution of the
Donnell small-deflection equation adapted to inciude the effect
of the internal pressure, They found good agreement between
experimental and theoreticnl values of the critical shear
stress, and were able to show that a small increase in internal
pfessure was able to give a quite large increase in the critical
torsional moment (i.e, 50 - 250 por cent increase in moment for
an 8 p.s.i. internal pressure, depending on the L/R ratio), It was
also found that an increase in internal pressure increased the
number of circumferential buckles, and also increased the angle
between the axis of the cylinder and the dircction of the waves,
The slight variation between the results for cloemped and simsly-
supported ends was found to diminish rapidly with increase of
internal pressurce., This analysis did not consider post-bucklimg
behaviour, Interactiocn formula were discussed on the basis of
their theoretical and experimental work,

The most comprghensive analysis to date, both experimentally
and théoretically, has been c-rriced out by Weingarten (1962) (139).

While the theoretical work wes a small displacement analysis based

on a modified form of Donnell's equation, the experimental work
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carried into the post-buckling region, Weingarten showed th-t

the results given by his proposed intercction formula were in
reosonable agrecment with the results from his small displacement
analysis,

The modified form of Donncll's equation was:

D€v2+1)2w +ﬂ'\7-49_lfx + t(\TxB w o+ Uy & + VU1 ézw ) =0
R P 32 - R238 R Dyd0

(3.46)

and this was solved by Galerkin's method sssuming tha:i the radial

deflection was of the form:

=0 >

w=sinnB & a sin mrx + cos n@ S b sin mrx (3.47)
cA m — . o .._I:_.
m=1 m=1

Values of the critical torsion stress parameter (T/Tbr)c
were computed from the smz2ll deflection theory by varying the
pressure perameter p/pc for the cases of (a) lateral internal
pressure (U; = 0) (b) hydrostatic internal pressure (U; = - g% )
(c) combined internal pressure cnd tension (U; = - EE ).

Here % = buckling shearing stress under combined loads

Ter™ critical stress for unpressurised cylinders

p = uniform internal or external pressure
P, = criticnl external pressure
N E

9(1-v2)3"%  (1/R) (r/1)/2
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The pressure parameter p/_pc was determined from the approxinmate

equation:

P/pc = 3\'@. vZ . 1]

%
where p = internal pressure parameter

Z = geometrical parameter

This enabled the torsion stress parameter ('t/'rcr)c

evaluated from the theory for small doflections,

The interaction formula:

2 )
(T/Tcr) INT (- Rc)(l - p/pc
where Rc = compression stress ratio = 0§ﬁ§c
with_ = E .t
¢ p) R
3(1-v7)

was also used to evaluate (T/Tcr)INT'

-le(l-vz) B (5)2

E (t)

Lz/rt . ‘YlZ(I-vz)

to be

The ratio of the computed values of the torsion stress

parameter obtained from the small deflection amalysis to the

values obtained from the interaction formula, showed a variation

of less than 3 per cent,

3,6 4 Axial Compression and Torsion with internal Pressure

Harris, Suer and Skene (1958) (52)

effect of internal pressure on this combined lording,

touched briefly on the

As far as

they could judge from the very few tests carried out - and for
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only two different values of the pressure parameter 5 at that -
the same interzction formulz as was suggested for the
unpressurised cylinder would seem to hold,

The interaction formula Rc + Rt = 1 was a lower bound to
the experimental results,., The critical stresses for the
individual londing cases which appear in the demominator of the
formula, were to be the values for the cylinder under the

appropriate internal pressure,

- . hY
i.e., for any pressure p, v L + \ 2 1

(3,48)

They found thct the order of application of the axial load and
torsion, did not affect the m-gnitude of the critical stresses,

(139)

Weingarten's paper also considered the effect
of internal pressure on the combincd torsion and axial compression

(or tension) loading, It was shown that the interaction formula:

2
R, = (1 - RC)(l - Rp)
where:
Rt = T/Tcr
Rc = U/&c as in Section 3,6.,3
R =
o p/P_

gave results that were not more than 2 per cent different from
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those calculated from the nccurate small deflection analysis,
The experimental results sre lower than those predicted by the
linear theory at low pressures, where imperfections are probably
gignificant, but aprrosch the lineer theory results as the
pressure incresses (i,e. as the tensile forces set up by the

internal pressure increase),

3.6.5 Bending with in@ernal Pressure

The buckling of a cylinder under bhending is similar to axial
compressive buckling, though the buckling stresses are slightly
greater on account of the wvariation in the mognitude of the
compressive stress around the circumference, However, unlike the
case of axial compressive buckling, the critical stress of the
pressurised cylinder under bending exceeds that of the small-
deflection of unpressurised cylinders, i,e. the classical value,

The explanation for this behaviour is given by Stein and
Hedgepath, and rcported by Weingarten (1962) (138). They found
that the collapse moment under bending is twice the moment at
which wrinkling starts at the outer fibre of the cylinder, Hence
we must differenticte between the buckling moment at which the
outer portion of the compressive zone of the cylinder first
shows significant deformation and the collapse moment for which
the deformetion becomes infinitely large,

No large deflection analyses have been carried out to date,
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This is to a large extent due to the considerable methematical
difficulties and the problem of selecting a suitable deflection
function,

The first work on th. stsbility under bending of
pressurised cylinders was earried out by Harris et al (1958) (122).
Their tests showed the increrse in strength given by oressurisation,
They found that the internal pressure changed the buckle pattern
by decreasing both wavelengths, with the longitudinal halfe-
wavelength decrersing more than the circumferential one,

In 1962, Weingarten (158)

carried out a small-deflection
analysis, the numerical results of which do show the increase in
buckling strength with increasing internal pressure, He used the
same modified Jonnell equztion a2s given in the previous section
(Equation (3,47)),

The stresses prior to buckling were tcken to be:

Ux = U; + 0% cos s O

The differential equctions were solved by the Galerkin method,

assuming the radial deflecticn to be given by:

(Vi
w = sin mmx :; a cosn (3,49)
= g
n=0

In this way, Weingarten produced an interaction curve in
the form of a graph,fe¢x the cageof buckling of pressurised

cylinders under bending,
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He showed that for a particular cylinder, the buckling
load determined experimentally was less than the small-deflection

(1) *

*
value for p < 2,0 and above it for p >» 2,0, Alsoc, when
axial tensile forces are present (hydrostatic case), there is a

reduction in the extent of the buckled crea, due to the

effect of the superimposed tensile stresses,

3+7 COMBINED LOADINGS

3.7.1 Introduction

It would appear that the first investigations into the
buckling of circular cylindricel shells under combined loads were
experimental, Bridget, Jercme, and Vosseller (1934) (14)
conducted tests on steel and brass cylinders in torsion combined
with axial tension or compression, and derived empirical intere
action curves from the results., Wegner and Ballerstedt (1936)
constructed an interaction equation from the dota obtained from
tests on brass cylinders under torsicn and tension,

Theorctical analyses were made by Kromm (1939) andby

Leggett (1943) on the combination of torsion and axial compression,

using the basic linear shell equilibrium equations, Subsequently,

————
W o w2 5 12(1-y%)
E (t)
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Bruhn (1945) conducted a large number of tests on

celluloid cylinders under various combinations of axial
compression, axial tension, bending and torsion, He compared
his results with empirical interaction relntions.

More recently, Batdorf, Stein and Schildcrcut (i947)
investigated buckling under axial ccmpression and torsion
using Donnell's equation, They derived theoretical inter-
action relations which they modified for practical application
by substituting empirical buckling stresses for the

theoretical values in the denominoators of the stress ratios,

3.?.2

The present state of knowledge regarding the effect of
the interaction of various loading cases on the stability of
thin-walled isotropic cylinders, is shown in Table 1, From this
it can be seen that cur knowledge regarding interaction effects
is étill limited, Even in those coses where an attempt has
been made to describe the buckling by means of an interacticn
formula, the results are not entirely satisfactory. In nearly
all cases the interacticn effect is given with reference to the
classical buckling criterionj the only case where the lowest
buckling load of the post-buckling region is used is Terebushko's

formula for the case of combined axial compression, external
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pressure and torsicn, It has generally been found that to
produce a suitable interaction formula, it is necessary to
base it on the experimentally observed values of critical load
and not on theoretical results, It has been found that
agreement of the formula with experimental resuvlts is poor,
especially in cases where the axial compression stress

predoninates,

3,8 DISCUSSION

From all this, a few observations can be made about the
three main loading cases, i.e., external pressure, torsion, and
axial compression, Some of these comments can be applied to the
other cases as well, All throughout, the linear theory has not
been sufficient to explain all features of the experimental
behaviour, For the case of axial compression in particulsr (as
well as other cases where the superimposed membrane stresses at
buckling are compressive) the finite displacement theory is
necessary to describe the post-buckling behaviour,

There is even then, a wide discrepancy between experimental
post-buckling loads and those predicted theoretically. This
might well however be remedied by considering more terms in the
arbitrary function (or functions) that is (are) used in the
approximate method of solution of the stability problem, This is

described in lrter Chapters, as well as in Reference 2,
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For the case of sxial compression, while an attempt
has been made by Tsien and by Karman and Tsien to explain
buckling, in terms of changes of energy and "energy levelg',
it is the consideration of initial imperfections after the
manner of Donnell and Wan that seems to explain best the
discrepancy between theoretical and experimental buckling loads,
The main drawback to the widespread use of initial imperfections
to give better theoretical estimates of the buckling load lies
in the difficulty of deciding on the mnrgnitude of likely
imperfections, For this reason it scems best to consider
the minimum loads carried in the post-buckling region as the
basis of comparison and this is followed in the subsequent
comparison of theoretical and experimental work in this thesis,

Since the minimum post-b#ckling load is not as greatly
influenced by initial imperfections as is the snapbuckling
load, a theorctical approach that agrees reasonably well with
test results for this seems to provide the most practical
approach to the problem, In this way, the minimum posf—
buckling load should provide the lowest minimum to the load-
carrying capacity of the cylindrical shell and as such is the
base thet must be used in a load factor or similar assessment

of the shell strength,
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CHAPTER FOUR

SPHERICAL SHELLS

4,1 INTRODUCTION

There have been two approaches to the treatment of the
stability of spherical shell segments and complete spherical
shells, One approach (e.g. that of Fung and Sechler (39)) is
that the spherical shell segmenf is simpler to solve analytically
than the complete sphere‘and can be used as a starting point
for the latter, The other approach (as given by Thompson (126))
is that the sphere is simpler to deal with as it has membrane
stresses only, while the clamped spherical shell segment has
bending stresses introduced, Recent work by Gjelsvik and
Bodner (46) favours the former approach, They point out that
the use of a boundary layer treatment in the case of a clamped
spherical segment does lead to a reasonable asymptotic solution.,
The same approach (as introduced by Friedrichs (37)) has given
totally different results in the case of the complete sphere,
and here the correct asymptotic behaviour is still an unresolved
problem,

Several of the early theerctical papers dealing with the
post buckling behaviour of the complete spherical shell, also

included analyses of the clamped spherical shell segment, Here

the shell segment was treated in the same manner as the complete
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sphere, though not necessarily meking the assumption that the
segment undergoes uniform contraction before buckling as is
necessary with the complete sphere, The only loading case
that needs to be considered is that of uniform external
pressure,

The rest of this chapter is a brief review of the work
that has been carried out to date concerning the stability of
spherical shells, Its main purpose is to show the development
of this work up to the present time, A more detailed review and
discussion of the work cerried out in this field up to 1960

has been given by Thompson (1960) (126).

L,2 EXPERIMENTAL WORK

Iﬁ experimental work, "critical" values of the externai
pressure are defined as the pressure at which snapthrough
occurs, The only exception is in the case of very shallow
spherical shells which do not buckle in this way, and here it
is taken as the maximum value of the pressure sustained by the
spherical shell,

The experimental work carried out has shown that not only

does the buckling pressure, pcr’ depend on a geometric parameter p,

where p = R/t sin’q ﬂjlz(l - vz) but that the mode of

deformation also changes with pj this has been clearly shown
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in the work of Kaplan and Fung (64)

on clamped spherical shell
segments, as well as in subseguent work,

The main difficulty in all the experiments appears to be
that of the manufacture of the test speccimensy the manufacture
of a nondevelopable surface suckh as a spherical one, that is of
accurate geometry, uniform thickness, and free from initial
stresses, presents a considerable problem., Most specimens have
been made by spinning from flat sheet, znd have very large
residual stresses which may affect the results significantly,
Kaplan and Fung (64) overcame these difficulties to some extent
by hot spinning the specimens from magnesium alloy, but even so,
the specimens were not of as high a quality as they would have
desired, Some of their specimens showed a considerable, and
irregular variation from spherical as revealed by measurements
across different diameters, At Cambridge University, it has
been found that the hamispherical copper shells made commercially
for large diameter ball-cocks, are as accurate as can be
obtained by any other means,

Perhaps the only way of obtaining perfect specimens, would
be by electro~deposition on an exactly shaped mandril in the way
that cylindrical shells have been formed as necar perfect as

possible,

In view of the initial imperfections that have existed
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in all the test specimens, it is probable that the existing
test results are not suitable for theoretical comparisons since
the theory to date only relates to perfect spherical shells,
The experimental work that is revicwed in the following
sections is congidered separately for complete spheres and for

spherical segments,

L,2,1 Complete Spheres

Altogether, very little experimental work has been
published that relates to the stability of complete sﬁheres
under uniform external pressure, From what has been published,
though, the experimental buckling pressure seems to be approximately
one quarter of the classical criticai pressure and the shells
are reported to snap into a rotationally symmetric dimple,
This local dimpling was in contrast to the more general waving

over the surface that is predicted by the classical theory,

4,2.2, Spherical Segments

The considerable number of tests that have been carried
out on shallowclimpeddomes, loaded under external pressure,
fall into two groups - those carried out with the shell loaded
by o0il pressure, and those where air pressure was used for
loading, In the former, the shells buckled under approximately

constant volume conditions, while in the latter, the buckling



124,

took place under approximately constant pressure, When the
results that have been published to date are plotted against
the geometric parameter, a considerable scatter appears, The
general trend appears to be that the buckling pressure 4drops
as the geometric parsmeter, p, increases,

The first tests were reported by Tsien (134), having been
carried out by Crockett and Durn, The next tests were those
carried out by Kbppel and Jungbluth a57) (1953}, using air
pressure for ;oading. Kaplan and Fung (64) (1954) then reported
& quite detailed study of shallow shell buckling under both
air and oil loadings. Their investigation showed that the pre-
buckling mode of deformation changes with the geometric parameter,
p. This is illustrated in Figure 4,1, Subsequent tests on

clamped spherical domes have been reported by Homewood, Brine

and Johnson (59) (1959).

L,3 COMPLETE SPHERICAL SHELLS

In their now classic work von Karman and Tsien not only
dealt with cylindrical shells, but also considered spherical
shells acted upon by external pressure, They carried out a
nonlinear analysis for this problem as well, though sone
sweeping assumptions were made to simplify the analysis, It

was here that they first introducecd the idea of the "lower
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buckling load", which has been discussed already in

o 4.
Section 3.4 Jyl’

(37) next showed that the simplifying

Friedrichs
assumptions of von Karman and Tsien caused an error of a
factor of approximestely two, On account of this, he
attempted an analysis of the post buckling states of the
spherical shell using an asayptetio treatment of the problem,
where both t/R and B, the central angle of the dimple,
tended to zero. As his analysis gave no satisfactory solution,
he concluded that the assumption that the dimple angle tended
to zero was incorrect, He added to Karman and Tsien's
idea of the lower buckling load, b¥ pointing out that the buckled
state of the shell at the lower buckling load has a higher total
potential energy than in the unbuckled state, at the same pressure,
His suggestion was that an "intermediate buckling load" should
be used to measure the buckling load of the shell., This
"intermediate buckling load" was defined as "the lower limit
of all values of pressure p for which a buckled state of
equilibrium exists with an energy level below thet of the
unbuckled state", He claimed that this pressure was very
close to the lower buckling pressure, but was much easier to
evaluate,

(134)

The next contribution was by Tsien who further

developed Friedrichs' suggestion of the intermediate buckling
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load, into his "energy criterion" of buckling. This has
already been éiscussed in Section 3.4.3.L;. with reference
to axially loaded cylindrical shells, The valucs he obtained
for the intermediate buckling load were in general agreement
with the few experimental results available,

The further theoretical work that has been corried out
for the buckling of complete spheres under external pressure -

that of Yoshimura and “Yemura (147) (88),

(L&) (31) (86)

Altshular y Feodosiev y Mushtari s and Surkin

) (126).

s Mushtari and Surkin

(123) _

has been discussed proviously by Thompson (1960

Recent work by Ho and NasSh (54) concerning a dynamic
analysis of complete spherical shells and shallow spherical
caps is discussed in Section 4,5,

To date, no theoretical analysis hes been published that
deals with a spherical shell under uniform pressure and takes the
effect of initial imperfections into account, It may well be
that such an analysis would, as in the case of axially loaded

cylindrical shells, explain the discrepancy between theory and

experiment,

L, SPHERICAL SEGMENTS

As for complete spheres, the first work dealing with the

buckling of spherical segments @lsc referred to as spherical caps),
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was that by Karman and Tsien (63) (1939). They applied the
Rayleigh~Ritz procedure to an approximate energy formulation

of the problem, Friedrichs (37 (1941 ) pointed out that the
Karman and Tsien assumption that only the vertical component of
the deflection need be considered, instead of taking the
deflecticon to be radialy was toc restrictive, As a result he
gave an 'improve¢ energy formulztion of the problem, Tsien
(1942) (134) then revised the equations, but even so, the results

(85)

were not accurate, Murray and Wright (1961) have pointed

out that the Rayleigh~Ritz method involves a simplification of
the equilibrium equation by assuming small angles and by omitting
terms, They also state that on the basis of their wotk;

the RaylejghaRitz solutiom is mot a solution of the equilibrium
equation in even an approximate sense, On the basis of subsequent
experimental work, it can be seen that the form assumed by Karman
and Tsien for the deflection parameter is too simple to give
accurate results for any but very shallow shells, Yoshimura

an? ‘“Uzmura (1942/3) (147) ) (31)

and Feodosiev (1946 have
carried out similar work to the above, though Feodosiev used
Galerkin's method,

Following on from this, the approach has been one of

finding methods for solving the governing nonlinear differential

equations to determine the "upper" buckling load (i.e, the
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maximum pressure of the pressure-displacement diagram),

Usually, the stresses and deflections of the unbuckled state
have been determined as well, Thc methods used have been
perturbation methods, power series calculations, linearizations,
and finite difference methods,

Kaplan and Fung (1954) (64)

used a parturbation sisthod
taking the radial deflection at the centre of the shell as a
parameter, The nonlinear cquations were converted into a
sequence of linear equations by expanding all dependent
variables in powers of the centre deflcection and then equating
the coefficients of each power. However, solutions were only
obteined for very shallow shells, Later, Archer (1958) (5),
ulivg siziler aquaticens to those derived by Reissner, extended
and improved the perturbation technique and was able to obtain
solutions for a greater range of shells,

Instead of using the perturbation technique, Simons

) (112) sought to solve the nonlinear equations by means

(1956
of a power scries solutiorn (expanding terms in powers of

the polar angle ©), This was similar to proceedings

introduced by Way, and by Friedrichs and Stoker in their
treatment of the buckling of circular plates, Reiss, Greenberg

and Keller (1957) (98) and Weinitschke (1958/60) (140) have

also used similar power series technique, making use of
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electronic computers to solve the nonlinear equations. Reiss;

Greenberg and Keller sought to give a complete description of the

stresses and deflections over a wide range of the loading

parameter Q, and the geometric parameter, p., Weinitschke

gave results for simply supported edges as well as fixed,
With the power series technique, the method of evaluating

the upper buckling load was to determine the load at which

the series became divergent, This was then taken as the

upper buckling lcad. However, in spite of the fact that it

has been able to provide results over a greater range of

the geometrig parameter than has the perturbation method, it

is bptn to:doubt whether it does give correct results

over the whole range, It is difficult to verify the exact

relation between the upper buckling load of the cap and the

load at which the power series begins to diverge instead

of converge, for the physical and mathematical problems

may not correspond at all, Weinitschke modified the

approach of Reiss, Greenberg andé Keller slightly, by

applying analytic expansions to extend the radius of convergence,

In the range p <7 18, Reiss et al, and Weinitschke obtained

similar results for the buckling load, but above this range

Weinitschke found convergence difficulties, and doubted the

results of Reiss et al.
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At about the same time as the previous work, Reiss
{1958) (97) attempted a different approach to the problem,
by solving two linear problems, The first wos the eigenvalue
problem for a "membrane" segment supported in such a way that
only membrane stresses were introduced befcre buckling; the
second was the linear bending problem for the clamped segment,
In this way he was able to determine the values of the
geometric perameter,y p, at which the mode of initial
deformation changes, As a result, he was able to present a
qualitative picture of the pressure parameter versus p curve
which passes through the experimental points,

Von Willich (1959) (141) used an energy method, based on
potential energy considerations. His energy expression was
finally written in terms of two parameters only, By assuming
that one of these parameters could be treated as constant during
the loading process, he evaluated the maximum pressure,

) (21)

Chen (1959 used the same method as Von Willich but
without the above assumption, Chen analysed initially
imperfect as well as perfect domes, He was able to show that
initial imperfections in the shepe of the middle surface can
produce large reductions in the buckling pressure,

(67)

Keller and Reiss (1959) used a new method for
solving the nonlinear equilibrium problem for a clamped

spherical cap., This was an "dteragtive solution of a
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finite~difference approximation of the boundary value problem,
They confimel their attention to caps that buckled in the
first mode, and for these they evaluated the upper and lower
buckling loads and confirmed that the pressure-displacement
diagram has nonunique solutions when pl,<:p < pu as had

) (17)

always been assumed. Budiansky(1959 also tried a new
approach, this being to construct the integral equations
corresponding to the differential equations, These were

then solved approximately, using a computer, While he considered
both initially imperfect as well as initially perfect domes,

he found that very large imperfections would be neceded to give
agreement between his maximum pressures and the experimental values
for large values of p. For this reason, he suggested that non-
symnmetrical deformations must be considered for these values of

P

Thurston (1961) (128) ha- presented results which confirm
the work of Weinitschke and Budiansky,

Murray and Wright (1961) (85) sought to use a different
approach to solve the nonlinear equilibrium and energy equations
that had been given by Karman and Tsien, Since there is a
singularity at the origin, Murray and Wright use a power series
expansion to move away from it and then use a step-by-step
integration procedure to carry out computation throughout the

desired. opening angle of the shell, They were also able to
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avoid making the assumption that the shell was of small angle,
and so their results should be applicable to a wider range of
shells, Their results are presented as a two parameter family
of solutions for the equilibrium cquation for a shell of given
radius and wall thickness., In this way they show the behaviour
of the shell in both the pre-buckling and post-buckling states,
By considering the boundary conditions, they then obtain a
one-parameter family of sclutions which describe the possible
configurations of the shell for various pressures, From these
the upper and lower buckling loads are obtained., In the course
of their solution, Murray and Wright show that their results
depend critically on several terms which are neglected by

the process of linearization in the classical theory,

In 1962, Humphreys and Bodner (62) presented a new
approach to the buckling of spherical caps when they set out to
determine the minimum impulse conditions for dynamic snapbuckling,
Their analysis assumed a very simple deflection function, but
even so, it showed new possibilities for determining the
possibility of snapthrough, Their work»is reviewed in more
detail in Section 4.5,

Later the same year, Gjelsvik and Bodner brought out two
(4%)

papers dealing with the snapbuckling of arches and the

(46)

nonsymmetrical snapbuckling of spherical caps « In the
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latter, an energy procedure is used to compute the
nonsymmetrical snapbuckling pressure, By this proccedure,
Gjelsvik and Bodner are able to show that nonsymmetrical
buckling takes place when the geometrical parameter exceeds
a certain value, Since they use only single term approximations
to represent the initial and buckled shapes, the solutions are
not fully reliable numerical values, though they should bring
out the general behaviour of the shell, They also carry out a
more accurate analysis that includes the development of a
boundary layer in thg capy by means of which they evaluate the
"equal=-energy" load or "intermcdiate' buckling load of
Friedrichs, They go on to show that the "energy' buckling load
is a reasonable lower bound to the experimental values of
buckling pressure, This can be seen in Figure 4.2. Gjelsvik
and Bodner claim that the "energy" buckling losd is a reasonable
lower bound solution for buckling that is nonsymmetrical and could
be applied particularly to "transitional' buckling where the
mode of the intermediate equilibrium state is different from
either the initial or buckled modes, Stable nonsymmetrical
buckling shapes and transitional unstable nonsymmetrical buckling
shapes have indeed been observed in tests, »

The most recent work has been that of Feodosiev (1963)(32)
who solved the problem of the axisymmetric bending of a shallow

spherical dome and obtained the same results as Thurston,
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He wrote his previously derived equations in terms of finite
differences and solved them by means of a computer. On
introducing time as a parameter into the differential equations,
he shows that a simplification can result as regards computation,
Again, more general displacement functicns are requifed to
describe the complete buckling of Sphericql shells including

nonsymmetric buckling,

L,5 DYN/MIC ANALYSIS

It has been mentioned previously that a dynamic analysis is
the more correct approach to the snapbuckling of spherical shells
(as well as to other shells that buckle suddenly), instead of
equilibrium and energy methods that have been in general use up to
date. The straightforward approach would be to solve the
governing nonlinear dynamic equoations for the vibration response
of the shell under rapidly applied dynamic loads, This, however,
is difficult to do since more than one deformation mode has to
be considered and all possible @asymetric modes must also be
included, Approximate solutions of the dynamic equations using
a single symmetrical deflectioﬁ mode have been obtainedj these
have been carried out by V olmir (1958) (157) and by Grigolysk
(48)

(1955) . Grigolypmk's paper deals with both free and forced

vibrotions of shallow shells, Mcgre recently, Ho and Nash (1963) (54)

have considerad both complete spherical shells and shallow
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spherical caps subjected to a dynamically applied uniform normal
pressure, They satisfy the equation of motion approximately
for the particular buckling configuration assumed,

Ho and Nash consider the lo2d tec be a dynamically applied
uniform normal pressure that increases linearly with respect to
time, Using finite displacement theory they establish the
compatibility equation together with the equation of motion in the
direction of the geometric axis of the buckled region, For an
assumed buckled shape the compatibility equation can be solved,
exactly, while the equation of mection can be satisfied approximately
by means of the Galerkin procedure, By investigating the stability
of the resulting equation, the extent of the buckled region can be
established for the case of the complete spherical shell, For the
case of the shallow srherical cap, buckling is assumed to be
axisymmetric, As mentioned in Section 4.4k, asymetrical buckling
configurations also need to be considered in order to cover all
cases of the buckling of shallow spherical caps, but this has not
been reported to date,

While it is not a true dynamic analysis, it is convenient to

) (62)

congider the work of Humphrey and Bodner (1962 under this
heading, They treated the problem of the snapbuckling of shallow,
thin spherical caps and cylindrical panels not by solving the dynamic

eguationsy but by using the energy approach to determine the

conditions under which snapbuckling could occur, Their analysis
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while restricted to considering only a single symmetrical deformation,
mode so that the shells could be represented as nonlinear single-
degree~of-freedom systems, was able to handle different types of
edge conditions, Throughout the analysis, it was assumed that the
loading condition effectively imparted a uniform initial velocity,
and hence kinetic energy, to the shell,

In the analysis, Friedrichs' equations, together with
Tsien's assumed deflection function, were used., By assuming that
under impulsive loading there is no external load acting during the
motion of the shell, no external work is done on the shell, The
maximum kinetic and potential energies are then equal., This
assumption may or may not be justified depending on the buckling motion
of the shell and whether the load can follow it or not, For

(57) that for a cylindrical shell

instance, it has been shown
under deacdweight axial loading, the snapbuckling may be so sudden
that the load cannot follow the shell during the buckling process,
theugb tkis may, not be so with external pressure,

By obtaining an energy curve for the shell in terms of f,
the ratio of the maximum deflection to the radius R, Humphrey
and Bodner show that there may be a peak, which represents unstable
equilibrium, at which snapthrough may occur if the initial kinetic
energy is greater than the value corresponding to this peak,

Arising from this, they show that for any given cap size, there

is a limiting thickness ratio above which no snapbuckling can occur, -
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CHAPTER FIVE

CONICAL SHELLS

5.1 INTRODUCTION

Up to the present time, the stability of conical shells
has not been studied to the same extent as has the stability
of cylindrical and spherical shells, This is maiﬁly due to
the mathematical difficulties involved in solving the governing
differential equations for the problem, It has resulted in
the theoretical approach being confined to small deflection
analyses, except for three published attempts at finite
displacement analyses, There are also several loading
conditions for which not even small deflection analyses have
been attempted as yet, one case being that of pure bending,

As is the case with cylindrical shells, it is known that large
deformations and plestic stability are important factors for
several loading conditions -~ such as axial compression,

external pressure, and the case of both loadings acting together,

Experiment, as well as theory, has shown.that more
parameters influence the stability of conical shells than is
the case for cylindrical shells, Variations in end restraint

have been shown to have little effect on the stability of



140,

cylindrical shells under axial compression (see Section 3,1)
but for conical shells the end restraint does affect the
stability, The length and angle of the conical shell have also
been shown to influence the stability of the cone, These two
parameters R be shown. . to increase greatly the
algebraic and computational work required to obtain a numerical
solution to the theory,

As a rough guide to the behaviour of conical shells, we can
say that cones of small semi-vertex angle behave like cylindrical
shells, At the other extreme, those of large angle behave more
like circular flat plates, or perhaps even like spherical caps.

A survey of the work carried out on the stability of conical
shells has recently been presented by Seide (110).

In the Sections 5,2 to 5,5 that follow, the behaviour of

conical shells is more closely reviewed for specific loading

conditions,

5.2 EXTERNAL PRESSURE

The first paper tc deal with the stability of conical shells

was that by Pflugger (1937) (93)

s wherein the differential
equations governing the stability of conical shells with variable
wall thickness were derived by a rigorous analysis., Only complete

cones were considered, and the wall thickness was proportional

to the distance from the apex. Unfortunately, the solution
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itself was not of much use since the boundary conditions were not
realistic,

The next approach was at the other extreme f?om Pflligger's
solution, Here, Tokogawa (1940) (130) and also SQQ:;: (1953) (11)

sought to replace the conical shell by an equiwalent cylindrical

shell,
. , (92) . .
It was not until 1947, that Niordson published a Rayleigh~
Ritz type . . solution for conical shells subjected to a uniform

external lateral pressure, The analysis is confined to a small
deflection one, and even then several simplifications are made

in order to obtain a solution, These simplifications restrict the
solution to the case of shells of smallrsemi-vertex angle, large g/;,
and with a large number of 5uckling waves,

The energy solution, using the Rayleigh~Ritz method, was also
used by Grigolyuk (1954) (47). The results were based on the linear
theory and were prescented in the form of tables, They are applicable
only for the case of a complete cone, At about the same time;

y (87

Mushtari and Sackenkov (1954 carried out a single term
Galerkin solution to determine the upper limit of the critical
loading, This is reviewed in Section 5,5,.1.

(124)

Taylor (1957) is reported to have derived a more
accurate expression for the totzl potential energy than had been

used up to that time, and to have given an approximate two term

solution for the complete cone, This work does not appear to be
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Radkowski (1958) (96) carried out an analysis for hoth
single= and multi-layered conical or cylindrical shells acted
upon by rotationally symmetrical stresses, i.e. by external
pressure or axial compression, His method was similar to
Niordson's but without some of the latter's simplifying
assumptions, While he uses nonlinear strain-displacement
relations, the energy expressions that are used are simplified
ones, By neglecting all the powers of the displacements,and
their derivatives, that are higher than quadratic, Radkowski

effectively reduces his analysis to a linear one,

Radkowski, like Mushtari,
Sackenkov and Seide, measured the displacement of the surface

of the cone from the point of "incipient buckling",

. 6
By making use of their earlier work - Hoff (1955) (5 ),

(113)

and Singer (1959) - Hoff and Singer (1959) (58) found

a solution to the differential equations governing the stability

fo truncated cones, This solution is in the form of a series
for each of the three displacements, u, v, and w, and applies
to the case of nearly simple support for the cone, This
restriction is caused by the boundary conditions that were
assumed in order to obtain a solution, Both the solution

and the differential eguations are limited to short, thin

142.
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shells, having a small cone angle which will - buckle with a
large number of circumfereritial waves,
. . . (107)
At about the same time as Hoff and Singer, Seide (1959)
carried out an analysis for external pressure loading, based on
. . R . (105) . R
his work for axial compression loading .« By using nonlinear
strain-displacement equations, Seide obtains the equilibrium and
compatability equations from the first variation of the potential
energy expression,
In addition, Seide compares his
solution with those of other investigators and with the
avzilable experimental data., From this he presents a
parametric solution for the stability of conical shells, after
8 R
the manner of Batdorf (8) for cylindrical éells,
Of the experimental work that has been carried out, the most
Lo . . (115)
comprehensive is that of Singer and Eckstein (1962) .
Their work covered tests on seventy-one different aluminium
alloy conical shells of different thicknesses, ancd covering
three different cone angles, These test results were then
compared with other experimental results and with several
theoretical results, From this it was found that the theories

(56) (107)

of Singer and Seide were reasonably accurate in
predicting loss of stability. Initial imperfections in the
shells were also studied, Here it was found that their effect

was mainly confined to influencing the pre-buckling behaviour,
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and had only a small influence on the buckling pressure, More
significent than the '"maximum out-of-roundress'" was the shape
of the "initial circularity plet", If the shape of this was
similar to the buckled shape, then buckling was likely to take
place at a lower pressure than when it wes less favourable,

In addition to the above, Kempaer (70) and Seide (106)
have derived eighth order differential equations to describe
the stability of conical shells, No use seems to have been
made”of them in determining the loads at which conical shells
lose stability,

Concerning experimental results, Seide (1962) (110) has
pointed out that while they are said to agree favourably with
the theory for external pressure loadings, the experimental
results show considerable scattcr, He suggests that this could
be partly due to variations in end conditions from test to test,
It has been found that for cylindrical shells under external
pressure, clamping can incroease the critical pressure by some
forty per cent. The same may hold for conical shells, in which
case variations in end conditions between the clamped and
simply supported cases could account for the scatter. In one
set of tests, Seide (111) note& that the low melting temperature

alloy used to clamp the specimens appeared to yield, thus

altering the boundary conditions,
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5.3 AXIAL COMPRESSION

Very little theoretical or experimental work appears to have
been done for this loading condition, unlike the case for
cylindrical shells,

Experimental work has been carried out by lackman and

(73) (59).

Penzien and by Homewood, Brine and Johnson

The first theoretical analysis was a linear one by Seide (104)
(1956). 1In order to obtain a solution, he assumed that the state
of stress before buckling was the membrane one, Further, he
considered only rotationally symmetric deformations, This meant
that the shear stress Ng; , and the circumferential displacement,
v 4 could be taken as zero before and after buckling. The critical
load was obtained as the solution of a stapility determinant that
is written in terms of Bessel functions,

Seide (1957) (IQS), next carried out a nonlinear analysis.
He included the shearing terms, but neglected the influence of the
circumferential displacement terms, v, in the bending-displacement
expressions, 2

Compatability and

equilibrium equations were then obtained by minimising the total
horizontal energy expression,
(73)

Following on from these, Lackman and Penzien (1960)

showed how Seide's work could be generalised to give the lowest
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critical load for a conicel shell, This was:-

2 2
P_ = 2% Et”° cos” a (5,1)

=
A3 - vD)
They compared this result with experimental results and found

that the buckling loads calculated from the formula:

P_ = 2RCEt2 cos® a (5.2)

(27) work for U = 0,0003)

(where C comes from Donnell and Wan's
gave good agreement,

The most recent work on the stability of conicel shells
under axial compression is again by Seide (1962) (111), this
time taking the effects of internal pressure into account, The
analysis is a linear one only. Buckling is assumed to be axisym-
metric since this is the predominant buckling mode for internally
pressurised cylindrical shells, It is further assumed that tefore
buckling the meridional stress Ns is adequately represented by
the membrane stress, By assuming that the slope 2aw/dz, is
represented by a Fouricr series, Seide obtains the stability
criterion in the form of an infinite determinant, which can then
be solved asymptotically, He obtains results for both simply

supported and clamped edges, The available experimental results

agree qualitatively, but not quantitatively, with the theoretical
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results., It is probable that the discrepancy was caused by
factors in the experiments that could not be taken into

account in the theery,

54 TORSION

Only one analysis appears to have been carried out to date,

)-(108)

and is similar to

(107)

This has been done by Seide (1962
his analysis for the case of external pressure
Experimental work has been carried out by Singer and Eckstein

(1963) (116)

5.5 COMBINED LOADINGS

5.5.1 Axial Compression and External Pressure

The first theoretical analysis for this loading case was
that of Mushtari and Sackenkov (1954) (87). Their analysis
is a linear one, and makes use of Galerkin's method for solving
the governing differential equations approximately, Mushtari and
Sackenkov state that their initial differential equations are
applicable only for the case of short and thin shells, the
buckling of which produces a great number of circumferential

(107)

waves, Seide uses the same equations but places no
explicit qualification upon their use, These governing

differential equations are written in terms of the linear



membrane stresses that occur before buckling, together with
the complementary stresses that occur at buckling. The
complementary circumferential elongation is also considered,
Subsequent theoretical work hes been carried out by Seide
(1962) (109). The results are presented in the form of
interaction curves, and these show only a small variation in
buckling pressure with variation in the taper ratio
(=1~ Rl/Rz) of the cone,
Experimental work has been carried out by Homewood, Brine

(59).

and Johnson The results agrce reasonably well with

Seide's interaction curves,

5.5.2 Torsion and External Pressure

Experimental work has been carried out by Singer and

Eckstein (1963) (116) .

5.5.3 External Pressure, Torsion and Axial Compression

Some experimental work is reported as having been corried

(117)

out by Singer, Eckstein, and Baruch (1962) but the

reference does not seem to be generally available,

148,
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CHAPTER 6

GENERAL APPROACH TO THE DERIVATION OF THE ELUATIONS
GOVERNING STABILITY, AND METHODS OF SOLUTICN

6.1 GENERAL

The fundamental problems of mechanics (of which sfability is
one example), have been governed both by differential equations and by
what have become known as '"minimal principles'", In other words,
the ﬁroblem of solving the boundary value problem for the differential
equation governing a given mechanical system generally turns out to
be equivalent to fhe problem of finding the function which minimises
the integral by which the potential energy of the system is expressed,
This latter approach, based upon the principle of minimum potential
energy,s has been found to be very useful in determining the stability
of cylindrical and conical shells,

Mathematically, the expression for the total potential energy is
found to provide the most convenient means of deriving the equilibrium
equations for the shell, These are obtained by writing the Euler
equations of the calculus of variations for the total potential energy
integral, In this case, the function that is the solution of the Euler
equation, must satisfy the boundary conditions, If instead, no
restriction is placed on the function initially, then the Euler equations

cannot be used directly and the first variation of the total potential

energy must be written inm full, Here, natural boundary conditions must
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be met in order that the variation of the integral be zero, i.e. thay
the integral be a minimum,

It is well known that many mechanical problems do not have a
rigorous solution that can be easily obtained, This is particularly
so for boundary-value problems where a solution to a differential
equation, or a system of differential equaticns, is sought with
prescribed boundary conditions. The same difficulty arises when
"minimum principles" are used, Vith all these, the difficulty is not
80 much in finding a possible solution, than in adapting these
solutions to prescribed boundary conditions. Therefore, it is often
necessary to accept an approximate solution to the problem thet is
either not an exact sclution to the differential equations, or clse
does not fully satisfy the boundary conditions, The former alternative

(118)

provides an upper bound to the exact solution while the latter
one can provide a lower bound (18, 19).

While in stability theory, the derivation of the partial differential
equations that describe the stability presents scme difficulty, the
major problem remains that of the solving the equations to obtain a
numerical solution of the problem, It is for this reason that before
dealing with the actual theoretical work itself, this Chapter underlines

some of the principles and methods that are useful in developing the

theory, and then outlines some of the ways of obtaining scluticns,
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.@ CALCULUS OF VARIATICNS

This deals with the problem of finding functional forms for
which given integrals assume maximum or minimum values, Expressed
in other words, the calculus of variations deals with the problem of
finding paths of integration for which integrals have maximum or
minicum values,

Corresponding to the first and smsecond derivatives of the
differential calculus, there are the first and second variations in
the calculus of variaticns, For any integral I, we denote the first

variation Il, and the second variation, I Then for the integral

2.

I to be a maximum we must have I, = O and I2 < 0, while for a minimum

1

“value of I we have Il = 0, Iz:> O

b .

F(x.s, SL%)d; (6.1)
T

For the integral I =

s ety

Ja
whose end points are fixed, to be stationary for '"weak variations!
(i.e, variations that are independent of the path of the variation)

then vy = s(x) must be a solution of the differential equation:

(6.2)

An equation of this nature that provides the minimising function,
is known as the "Euler characteristic equation'" or merely "Euler

equation", Written in full, Equation (6,2) becomes:
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. %t - 1 - ‘
OF _QF OF Ay Ne  dy L 63
aj ())L'J‘j‘ tu)} d L,_),",‘j;"l dy+ - -

ol

Solutions of Euler's equation must pass through the end points
of the range of integration, A requirement of the integral I which
is to be minimised is that it must have continuocus first and second
partial derivatives with respect to its arguments, i.e. in Equation
(6.,1), I must possess continuous derivatives with respect to x, S,

5
and Jy .

In dealing with the second variation Iz, it is necessary to solve

the Jacobi accessory equation, For the integral I of Equation (6.2)

this is:
| - d \)‘: - Ei y F E&i =
} Fos ™ dx (F>' /( YT gw ) To 3% 2
% i (6.4‘)
nF WeF aE

where oo 7 r)tj") Fo. = 5‘31}‘3‘ N i = ,‘j((j‘)l and Y = S(K)
is the solution that passes through 4 and B, the end points of the range

of integration., The dctails of this are described fully by Fox (175),

and by Elsgol® (216),
& summary of the Euler eguations and the tests for maximum and

minimum for the integrals encountered in stability theory is given

in the following paragraphs,
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{(a) For an integral of the form:

r
1= ;} F(z,X,y;pyq) dxdy (6.5)
a2/ a2
where p = AN and q = /53 and z is a function of x

I

and y, then the integral I is stationary when z is a sclution of the

partial differential equation:

LI P = () [ (\?: N
T OB = (.,:.l.__\ = O
N V) { 7 o/
sz e\ 0op] JNTL S (6.6)
. aF
If at all points of the domain of integration, ET:; has a
MF NF JolF N r
constant sign, and 3};} A d%} > \-5;:5% ) , then the integral
;\a' ;7 I ‘.‘
I is a maximum if 3= is negative, and a minimum if it is positive,

5@2

(b) For a double integral with derivatives of the second order, i.e.

for:
I= JT F(XyY424DsQsrySyt) aAxdy (6.7)
j . \ \
'a_z o= )‘i" ?)‘l'{:h a...f—
wher<t p = i y Q4 = f)j v I = Dy? ' 8 = Z/‘”:""} » b= ‘}‘Jz

rorsyth-(js)and Ellgolc(QBAave shown that there will be a staticnary

value when z is a sclution of the characteristic equation:

/3?\ F 7Py 2T ARy ot soR
AR Lo K 71 G5 Ry ST

3

The conditions that nust be satisfied in order to determine a maximum
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or minimum value for I, 2re that:

YEFOSTR (9_’:_’_ \*
BFA'F ol Y
vl 2 RSl

0 34 < LL a';()t ¥
}VRF F's (B._-i: . (2::: )‘
):1, Qi t - M

nust be seotisfied everywhere throughout the field of integration, and

ME e s

ET I 332<) -btz' have a common sign which is positive

for a minimum value for I, and ncgative for a maxinmum value,

(¢c) 1In connection with the stability of thin shells, the integral

to be minimised, i,e, the total potential energy, usually contains
three dependent variables - the Qisplacements u,v,w - and in this case
the Euler equations must hold for each variable,

e.g., for a nminimum of the integral

2 2z
I= /{ F(\X)S)L)‘S';%' ) 'a"i) dxw (6.9)

then the Euler equations must hold for each varigble

3 F /éjj,) -0 }

i.e. S?! oo ((}j‘ / >
oF _ of /aF (
37 dx<}j{’) =0 ) (6.10)

(d) In the case of an integral which is time dependent, such as:
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b, ‘

the q's must satisfy the n equations:

a?!q Ctt K 5?}, /

(6.11)

(m = 1s2939 oo n)
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6.3 THE PRINCIPLE OF MINIMUM POTERTI/L ENERGY

This principle states that a motionless conservative system
is in a stable state of eguilibrium, if the potential energy assumes
a statiomary valuesy and the equilibrium is stable only if the potential
energy is a minimum. From the principle of virtual work it has been
shown that the first veriation of the potential energy vanishes
{(i.e. 8% = 0) for any equilibrium configuration of the system,

In the case of small strains and displacements {(which give rise
to linear differential equctions), the uniqueness theorem shows that
there is only cne equilibrium condition and any variation from it
shows a positive incrcase in potential energy. Then in this case, the
equilibrium condition is a2 minimum and is stable,

The Euler equations connected with the problem, ® = minimum, are
actually the equilibrium equations, It has been found that the methoed
of the calculus of variations when coupled with the principle of
minimum potential energy, provides the easiest way of arriving at the
equilibrium equations when considering the stability problem of

circular cylindrical shells and alsoc copical shells,
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6,4 RAYLEIGH-RITZ METHOD OF SOLUTICON

For this, approximate stationery values of an integral of the

form:

1= J} F(x,y,z;pyq) dxdy (6.5)

are sought assuming:

n
o

z = <.._;?; a, £, (x,y) (6.13)
i=]1

where fi(x;y) (i = 1424 ... n) are suitably chosen functions, and the
ai are a set of so far undetermined parametérs. On substituting for
z in Equation {(6,5) and evaluating the integral, we obtain an
expression for I in terms of the parameters, as. Then, for I .to be
stationary, the parameters must bechosen so that:
o T .
T =0 (6.14)
KN (i = 1,24 «.o n)
In this way, n simultaneous eguations anre obtained from which the a;
can be determined, and hence z can be determined,

Most applications of this method lead to approximate sclutions,
with the degree of approximation and the amount of computation
involved both depending on the choice of the approximating functions,
It is usual to choose the arbitrary functions fi(x,y) such that they
reflect any symmetry of the solution, z, and that they satisfy the

same boundary conditions as z, if possible,
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When it is used as above, the Rayleigh-Ritz method gives no
estimate of the error in the solution to I, nor anything else
regarding convergence to the exact soclution, It is possible to fit
bounds to the exact solution, and it has been shown (Ref, 1189 .
that when the sclution does not minimise the integral exactly,
then the solution is an upper bound, Also, Trefftz (131) has
suggested that a lower bound sclution can be obtained by relaxing some
of the boundary conditions, Usually, the function tazken to minimise
the total potential energy for a cylindrical shell, does not fit

the boundary conditions, and consequently little can be said about

the nature of the solution,
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6,5 GALERKIN'S METHOD

~

While it iz of general applicatiqn'. the method when applied to

the equivalent of the minimisation probleg can be

shown to lead to the equation:

I= JJ L{u) g (xyy) dxdy =0 (6,16)
R
whera? B
o 3F BEATN
L= 5§54 7 ax (,c)u:\ o \&Tj}= 0 (6.17)

is the Euler equation for the minimal problem, and r7(x.y) is an
arbitrary function that must vanish on the boundary of the region R,
The soclution u e is chosen in the same form a2s for the Rayleigh-Ritz

method, i,e,:

ai fi (x,y) (6.15)

N
1]
=
it

e

n N

Now the integral on the right hand side of Equation (6,16)

must vanish for any arbitrary function, f?(x,y) and Galerkin chooses:
, (xyy) = £, (x4y) (6,18)

Then it is required that:!
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( oF JF ) 3y (f_f_ )) (

f bur, a (r}m) a{j\,\(u,,).j j?‘ 7 (x,j>c3}; dy =0 (6,19)
and these n equations are sufficient to determine the n parameters ase
Since z = u is not an exact sclution of the Euler equation,
Equation (6,17), the integral in Equation (6,16) does not, in general,
vanish for any arbitrary variationin u(‘x-gJ)..It vanishes only when
u(x,y) = the exact solution of the problem. The magnitude of the
runotionL(un) can therefore be used as a measure of the degree of
approximation attained. Let en(x;y) be called the error function,

where:

L er 4 (YN \_ 32 /IF
€, = L(Mr:) = 20, QL(A(“")A./ at} (5?1%) (6,20)

Then from Equation (6,19) we have that the error function is required
to be orthogonal to each of the n functions fi(x,y).

In the Galerkin method, we go directly from the Euler equations to
Equation (6,19}, and it is not necessary to form the energy integral I,
the approximate integral In' and the n derivatives aIn /Qam as in
the Rayleigh~Ritz method, However, if the energy integral is used
in conjunction with the principle of stationary potential energy to
provide the equilibrium equations, then it is simpler to use the

energy expression directly as in the Rayleigh-Ritz method,
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6,6 SOLUTION OF SYSTEMS OF NONLINEAR EQUATIONS

When the Rayleigh-Ritz approach is applied to the case of the
minimisation of the total potential energy of a thin shell, the
resulting equations form a system of nonlinear equations. Usually with
these equations, it is not possible to follow a Gaussian procedure as
used in dealing with systems of linear equations, whereby variables are
eliminated one by one until only a single equation in a2 single unknown
remains, Very few methods appear to be available for the solution of
systems of nonlinear equations, and different approaches may be required
fo? different procblems,

In order to illustrate the general methods, the set of nonlinear

simultanecus equations are taken as:

fi (xl,xz,xj oos xn) =0 (6.21)

Let the true solution be the vector (g;»g,‘ .. _én), and let

(xol,xoz, sse xon) be an approximation to the solution, such that:

) . A s
5(‘: = XL + .”)x.i— - (6'22)

(i = 19 sre n)

Then, since xoi is not the true solution:

(o]
fi(x i) = Afi (6.23)
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where Afi is the residual of the equation,

6.,6,1 Partial Elimination

This method is limited to those cases where the number of
equations and parameters is small, and where some of the parameters
can be eliminated easily, It is best illustrated with respect to
the particular case of the circular cylinder under axial compression,

and is discussed in Section 8,3 .

6.6.2 Relaxation

In this method, the residuals Afi of the set of equations fi;
are examined, and the residual of largest moduli is selected, If
this is the j-th, then.we seck to reduce the component of x; in this
direction, thereby reducing the residual, Put in other words, the j-th
equation is solved for the j-th variable as a function of the current
estimates of the other unknowns, The process is continued until the
residuals are of smaller modulus than a predetermined value, or some
other suitable test for thelaccuracy of the solution is met,

This particular method is not satisfactory for use with automatic
digital computers, for as shown by Booth (Ref, 12, page 103), it is
not always possible to select the coordinate of largest residual at

each step, for if the coordinate X has just been altered, then if
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} Aikl is still the largest residual, further relaxation with

respect to xk will not produce any further improvement in the sclution.

6.6.3 Generalised Newton-Raphson Method

From Equations (6.21) and (6.22) we have:

f (x. + 0x,) =0
1 1 1

By Taylor's expansion this can be written as:

N LA 31& NSORL
o8 = fg)« 2 855+ oy
- gt (L,J\: f!Zl_,, h}

Neglecting second-order terms and above,s we have:

s
R TR DY PR
AT T ) =0
=
i.eu gx )(Zz-jf-}-: +- X‘ (X)) "':O
—2 0%y _—
G
Therefore gll* -“l“ = - 4y {){j
—_— 3’3 —_—

34 L A&»(x‘i)
iéilt' , Ak (lﬁ,} and L\%((I})

are written in matrix notation,

P

where %1_-_)_ 5

Letting fx represent

(6,24)

(6425)

(6.26)

ira s

v s then we have for the correctiont
t}R.
— 3
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0x, = = f AT,
] i

|
|
|

\¥B

If the initial solution, xoi, is sufficiently close to

we might expect to find that by solving the equations:

4 . — o U s .
HOG) + = (XJ"“)(*) —— =< (6.27)

for the x'j, we could obtain a better approximation to the solution %L’

than xo..
i

Therefore we can write:

o N
xiJ Y oE ’iﬁ(n)l\i("j)

e -

- IL* ﬂ(}‘)) %(XJ\ (6,28)

Ify, as in the case of the Rayleigh-Ritz method, the fi are the

elements of a vector g4, then we can introduce the matrix:

Agn(xﬂ |
dx,;

"

P ()

This is the Jacobian matrix of the functions fi’ evaluated at

the point x;..

Then Equation (6,27) becomes:
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000« L) () <o

Therefore )J = }—L _ f&f(y:>i{,l} )
(6.29)

Normally though, it is usual to solve for the correction

(x':j ~ x°.) which is then added to the previous solution to obtain

an improved solution.,
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6.7 NUMERICAL METHODS FOR MINIMISING 4 FUNCTION

The Rayleigh~Ritz method, or the Galerkin method, as
mentioned previously, lead to a system of equations that mast be
solved in order to evaluate the unknown parameters in the function
that minimises the total potential energy., 4n alternative method
is to minimise the total potential cnergy expression numerically,
Here, the total potential energy is expressed in terms of the
unknown parameters of the assumed minimising function, These
parameters are then suitably varied numerically until the potential
energy takes on a minimum value, The methods normally used are

all variations of what are known as "descent" methods,

6.7.1 Successive variation of parameters

Here, the unknown parameters (the components x, of the vector x),
are given.assumed values, Each parameter is then varied in value
in turn, such that the value of the function # is reduced at each
step, The parameters may be varied by a selected amount in turn,
or else each parameter may be altered such that the minimum is

found for each parameter in turn,

6.,7.2 Method of Steepest Descent

For the function ﬁ(xi), we have:
i

; - v ﬁ
¢% = YRl 3:00 A
- .
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The direction of the gradient ﬁx is normal to the surface at any
point x on the surface § = const which passes through the point x.
If an approximation, xoi, is taken that is sufficiently close
to the point that minimises g, then & new pnint gan ba chosen along
the line of the gradient through x, s..n that the function g is

reduced in value, Hence we seek to determine a point:

X', = x ii- Adx
The minimum of the function:
Alx", = M) = 4.() (6.30)
is given by:
g(x°, = M) =0 (6.31)'
i.e. g 8. = M) =0 (6.32)

Since ySTx gsx A O at the point x°i, then Equation (6,32) is
not satisfied by A = O, unless x‘i is the minimum point represented
b=

[~

by S
Once A has been obtained, the point x'i can be evaluated, and a

new point xzi is sought along the gradient ﬁ}cthrough the point x‘i.
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6.7e3 Other Descent Methods

A number of variations of the method of steepest descent have

been suggested, mainly to facilitate the use of automatic computers,

Two of these methods - those of Rosenbrock (103)

(33)

and of Fletcher

and Powell - are described in Chapter 8, ,
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CHAPTER SEVEN,

DERIVATION OF THE NONLINEFAR STABILI}Y BQUATIONS
FOR THE CYLINDRICAL SHELL.

7.1 BASIC EQUATIOKS.

The eylinder end ec-ordinnte system are as

sbhown im figuwre T.1l. The eylirder hag ¢ uniform wall thickmess,
without stiffencrs, and ie suvbject to o compressive load fixzed in
the azxial directior amd uniformly disiributed around the
eircunmforence, togcthar with en bxteorne]l pressure that is uniform

over the whole suri:zce.

Tolols Expressiocrs for eurvatures.
Thace are -

s
Ky = XL

oy = R
14+ 305

Providing the shell is shallow, the terms involvimg powers of
the Rirst derivetivias of the redial disyplecement, can be neglected
in cempariceorn te urlty. The expressicons for tho curvaturecs them
becomo :-

Tu S, S
Ke @ 3%% 5 Ky = CA N Koy = ax3y
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7:1.2. Strain - displacement reletions for the middle surface.

For the perfect cylinder, these are :-

dy , .L/awy?
¢=w+%#) Ye.
J 33‘,
26ny= 33
) .
where productes of the termas 3 )%"é ) 3‘;’ %%c have been neglected.

The displecements are messured from the position of the middle
gsurfece of the initially imperfect cylinder. The radial difference
botween the perrect cylinder and the initielly imperfect middle
surface ia denoted by wg. Therefore, the radiel displacement
from the perfect circular eylinder is given by :-

w‘ = W Wo
" Fer the initially imperfect cylimder, where only radisl
displacement ia conaider@d =0

'»" (aw%
¢f = K™y - TR
26y = (d%/ax)(_ m‘?f"ﬁ)
Therefore, for strains meas ared from the perfect cylinder ;-

n_é ‘U c 3
G= 43 (057

* a2 (b(w;_‘_'_fg)_

é =
4 t!
A 3 w3 o Aaaed), W? 0)

Therefore, the increatm of .:traina under locad iz giver by 1~

p) PIY) -.’)Wo‘éu)_d
ét‘é’f’*z ak) + X T.1.
o dw )t é‘:.’° ébe.-.u.z
¢ =35 t1(3 L 1.2,
oy .bw__a_w_- we Q_x_qaw.
Zékus aﬂ +r T3 3"-%}?%"'615‘5 1.3,



7.1.3) Shell action - strain relctions.
Nx, = ' Q— (éx +9 ¢ ﬁ)
Nu = ! 9:. ( éa <+ J -n".}

'Nxs = Qx'j

142

1.4) Moment - eurvature relaticng.

1 a ,
/*\,,, 3(31'” aé—)
b'lw
(33>

B‘w

Ml{.ﬁ:& = J;(P““;) m‘;‘

7.1.5) Exprescions for the Energj.
The extensiopal giroin energy, Wi, is given by :~

Ledee
= &
The bending strain emergy, W., io given by :=

1 ftf=
/[ [F‘iﬂix«% MyKy + ?Mx5 ny]dxdj
The potential ¢f the ezternal loads is given by :-
Wy - ,i:w(”z),.t_ dy j 7% 3%
W, fjw{buucﬁtqy
The totel potentiel energy,iT, is given by :-

i72.

7.4
7.5

7.6

7.7
1.8

7.9

1.J0

1.4

7.12
7.13%

7.14
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7.2 EQUILIBRIUM EQUATIONS.

4 In the expressions for W,, W, LEY: and
Wys the terms €i Gy, Cxyy Koy Ry, Kxy 8TE a1l functions of (x,¥;u,v,w)..

The total pctenti&l energy expression 18 =
.z e 'T ’7
T 4 [T {62066+ 2696, | -

+ D Iku- 29KxKy+ ka + 7—(""’)“3 Z'P“’.]d"dﬂ "/ (Nx)“t.dﬂj oxdx

&g outlined in chepter @ix, the equilibrium equations are
provided by writing the Euler equaiioms for the total potential
energy, with respect to the three cisplacements. The resulting
equations are :-

'}o} u: - E\;,(zéx l'?z'b)ég l)"" &j(a "“7 éx,j ’) =0 '7_[6
for m: - 2 (2&-0(&;,.1) -5‘3(263.: +206,.1) =0 747

for i =2p + T (236 (-7) + 2 6y(-1) - [oe 45
» 23, (ax u)«» () by (32 + 52
%gz"éx 63 )*téa( *f")+4(a-w)é(ax 5% )}
+ Z,D{a%z(g,'i"m)w@o) > ) (33) q;&z 31;)

> d’w
+ 3y? } =0 7.18
These .cmp/:{j fo
bf/x. + 9../.\{’.‘.3 = 0
i dy T.19
INxy g Ny

Er g Iy = O 7.20
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...F + --é-‘?-—[—-é:( -:-'h.x) azf(‘fx* 3¢y az ax %2(:-%)6,,5 Y é;:,)}

-y
g(é +\)éx_)(a3+a;! '!‘2(1 J)éx: 3“’ aa‘;:a f]

D [3¥” W 332)+2(' xc)j (ax93)+aj g;‘:'“" ‘35'[& ] o) 71.2i

TL@ a?u;/l;é&’;um e”qtm;'l;m for M& V‘a.ﬁh'o/{ QII.SF/GC@MGGI'}(U)

is jivw) éj eﬁmh’im 72! us;njf e7un/'§6ns 719 and 7.20.
. G éWo
re. DV = f?+ My ’r)xi ax") + ng( a‘mog)
- Wa
-f-Nj( 51‘ ;a ) 7.22

E?wa’:‘fms Z/‘}’, 7.20 ark Saﬁsﬁaq/ !’j 9 s/’mss

a}umoi”?c‘m , }é(:’t'; 'j), -54404 }Aﬁf’

0% &
Ny = aja— ; ij ?fv- ; ﬂ/xj'e-"” é?c%, 7.23

Bj usmj e7aq/’ons 7! 1 6 !l‘l 7T 20 efuq/’/on:a 723 JI&/J

Ebdw " a%a«u w ghy 220, d%w
V‘%bw* R oxr = Et[ ) 6x3j w'b},'k aﬂ?"‘*" 07313]

TZus 1‘5 usuq/(y rcfw?ed fc GSMQ COn;pa/’/é:'/{f"j eguq/’/on-
. +—



176,

7.3 Cholice of diesplacement functions.
Lot the displacement functie:. be reprssented by the

eneral expression '
: ) W o § .§ Qpn CO% MT.":CCQ"B "'}Tf + constnt berm.

Kempner (68) hes shown how :.n 'improved' approximation for
the dioplecement funciien canr be letermined from the single term
vezed for the clessical theory. Th.o enteils suvhetitution into the
conpetibility equntion to determiiie the stress Sunction, #, then
gubstitution for § end w in the ‘ight hond eide of the equilibrium
eguation, The perticwlar solution of this equailion giver an
Ymproved' approximation for the d .splacemert furction.

Thus, by jnst using the term ropresented by the ceefficient,
2311, Kompner found that the "impr vod' form of the displacement
function includod the terms allea,mﬁaozgalég end &g;. However, he
used oniy the first three terms f£)r bhig soluiion. These three terms,
together with the halfwavelengths 1y, erd 1y, make up the five
pazemeter displecement function wied in this thesis.

By inecluwding ell thko torme 2 1,280n.208:21322d 2315 wa have

the aseven peraxcter digplecoment (.2 used in sectio 7.8. Simce the
torm ropresented by a3y eppoers t. be the dominant term in the
dipplacement furnetior, 1% wep als decided to imvestigate the
influence of the term &gp. This t rm, together with those of the
five parameter functiem, gave the six parameter displacement
funeticn of sceclidon 7.5,

Az can Bbe scen from the abov: (amd in whet follows), the
five parameter function contains «nly those termn for which
nen = 2. The six parsmeter funetion conteins one, and the seven

peremster function twe terms fer thick msm = &, By including all
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those terms for which msn = 4, the ten parameter dispiucement

function of section T.7 is obmained:

As the number of ﬁermu toksen in the displecementfunction
ineresses, so do the number of terme thet occuir in the etremes
Lunction. The terms that occur in tie stress function corresponding

o & particular displacement functicn, are as follows :-

a) Five parameters :

W s 8p2ph]]082p-° (m-&-n = 2)
# 3 AgasA1l.A20s (msn = 2)
A13,A31. (m4n = 4)

b} Six parameters

W 1 8020811:8205 (men = 2)
&g . (nem = 4)

B & AgasArlsAgps (men = 2)
hg4sA13:A22:A3154405 (men = 4)
Agashag. (men = 6)

€) Seven parameters :

Vo1 802,811,820 . (men = 2)
213,831 (men = 4)
gt AggsA11sAons (men = 2)
204sA13,422:A315840 3 (nen = 4)
ApgsA159A24:433+A45 sA51 jAG0 H (men = 6)

Agge (men = 8)



d) Tea paremeters :
Vo8 BpasBiy1ofapt
804s213:222:2810840°
£ ¢ hyoshirshops
£949A13,A22,A31 0240
bogedisehoarhgasbys Ayl ehegs

A LA

LA LA A A A
117 28" 85" 44" 02" 82" 71

{men
(m4n
(men
(m+n
(men

(m+n

@

"
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7.4 Fwe Parameber Displacement  Funchion.

Assume  the mcln'z/ c.’a flechion ,w, Vo be j}ven !s:.i -
' w=q(Cos zf b cos f—f-c.coszﬁ +d) 7-24

= QLC"CS -{-b L1L+ CCL& +‘d) . i‘“l’ 'bf¢\;'i:7.

Subshbbion in the compabbilily equabon (7:24) gives :-
V4¢ =~ Et 9‘227‘; [Z(MC)G:C& +3 1Cax '4'%(:13 'fZCCrC;y + ZBC‘Sz Cg +16 be Cu-cz'ﬂ

»Ulg = ‘Q‘ (Cx +4-Lsz) ]

7.26
{ ! I ). .
[t ¢ = k(o +B'cu+cc,d+o>cxc,y+ E'CwCy +Flmlay ) - /;;N37 .

L7 - Kj [A (1+ ‘)‘C,lc.j +!€= 480, + 16C' Cay +(‘I+/u )b CxCag
+ (149 2)E' Gy ""(’ ('*/“z) Fcuclu ] 1.28

w‘mro /u L/lx

1A 4



B){ e.?uahnj /ﬁe c:ocffzclwl’s of e.7ua/’rans ZZQ and 7-28) Ma Caeﬁf}c'lufs
in e7l)al'ron 7 Z] Can /5& de«/’e,rmfn&d n o"u’ms of %e ,Oq/am@/'efs
a, b) 73 d, E") owd Z.? ) °f 37"‘“"”"” 725

N { I 2 .,r . . A A X " ~ A ”~ . A 2
- ? = - EC Q/u’ LA»ULC:' + Hao Cu + ﬂozi-.,J +I\;3 (.511.33 + Az, (.3;(,(-3 '!’Au szC;yj";éW:y

7.29
where Ay = 2(btc)ap-1 . A, = ap - & . A= 1 .
. a%( ) d 32/4"0? > 32
Aib = ,___2_‘_'—_____ ) A3| = ZL v A-n_ = 6C '
(9+p)* ( If}uﬂ‘ g (¥ 2
) ' ) | |
/L - .’_5_3; ) e = | ﬂzdz

3% |
Ny = Tf’- = Lt q}“g [A" Clq‘i +4Aozc“3 “’7403 thay *”31 ('u@ *4‘411 szczg] -N
N"ﬁ = ?ﬁi’ = Etghg ‘g.. [An SLS‘;) + 3A|3gx533 +3A3, Sy_ .S:, "'4421 gugld J '
Ng = 5}% = Rﬁl 4 R/[Al CLC:' 4 MmCz’,-}- AIB CxC;s + 7‘;,631, q 4'4'14;1 c:.'sz,,] 5

o
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£ X I’ﬁ?Sthq / Shaimn Encrgj .

L v’

{
W, = ZEE f [ w+ M= 23Ny + 2(129) May” ] dxdy
v

! L rine
- WI = 26€ ]ofo (E[-‘Q}'LE)ZI; {AHSX.C‘J + 4’*407. C"ﬂ + QAB Cx C33 + 43,C3;C§, + 44;1C21C13 .
| - &dé'q‘?‘{r-l' /Aq' ‘AanCS + MwCu +A:;C,(C33+q 43, CuCy + Mus}’t(:z&f
-2

—————————

A'qu.Cg +4‘A01.C7.5 +9 A|3C1C35 +A3,C5,LC3 4’4"11_021613 - E& Q’/'uz% }x

X !A" CxC.J +4Aro Cox + An C1C33 +943 C}xcy+ 44y Cox c?{j{
2 T

+2(H-\))/A?' { Au‘stb + 3A13 GxSyJ + 333, S;; gy +4dg;SuS13 ? J d‘tdj

- . 4, f Y AR AN
4h cqrrjm ouf’ fhe Quoove (and suascyucnr/ mrcjmnon.s, h s

assumed Maf h% /GI?]/IA L /LS S'uff/crm/'(? /Otzj Mq//’ me»zx)
and that 2mr = n 13 » where mand n are mfejers. 'ﬂpen’; on{y
orms thaV do net confain  cosine txprzssions wif| remain
af”cr Ihhgmhér\ . . |

W, = (%TRL)EE aja"'tg'*[llu (o) 32441‘:;% + 32 Aoy + (D%

2,2 N2 _
+ 160 oo + Ez{;ﬁ;’? 7.31.
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B&ndl;oq Skrain En ergy.

T Y S W
= J‘Dlﬁz [(Dx} +24 gx?— % 2 (abt\}%) +2(1- 0)(&):?)3) ]dxdﬂ
= ;,_Dﬁfwf_o; (CA(‘ %4{96‘1\,} 2 mg (C,Cﬁ%%ﬁuxﬁcb 4e 13>
(C1C3+4-CCL3) a2 (1-9)° ”Trz S¢Sy ] dxdy

Fotentia] of the exlernal _foad.

e L3y
Ns = - A (Nx.)’.al_ Clﬂ i *x dx
du !
T;, = €x ~ %(6)()2 .
e 2
= Ee Ux""”&]""’ )
= [El:q {AM C"CU 4%03(@3 +QA|3 CxC;y +43; Cij +4’Az7_C2xC13 ;" N
‘e(;eay"%chb b drhanCon 5 ArsCuCyy 4 UhyCany +4A,zcucljﬂ 12 (s 12bS,y) .



e = 0 R[4ty - B -tk AL ARL G5 260]
Uf*on ml'zjml’mj around the c:rcumfam;ca fs obtaws the avemge

va’ue, we <L e
/% '-'-"“G/A% [3(:‘1*8[)3)-#5 G]
Cis
[' (Nl)xgl‘ dﬂ = j [E&/& Qll C-..Ca +4‘A01C1,3+7ABCL633 TAB‘ C;»LC:, +4‘AZZCZLCL3 ‘

eea/u’Q ]dtj

i

- 2R N

R
W, = — (- 7#2/4\ ; q ! ‘g' L[""(H'SL") +'1':"bx5_7r7]

| _-@TraL)Nq [(n-8b)+' eiﬁm% ]/
< = (§meL) N["/” F(rar?) + 2 ] h33

For M(z case of"c:on/’ro//qu énc/- Shbrf’an;nj 5 W3 =0,

W4.=O) A;w no ;n}’wmj or e.x}’erna/ 'pressum‘.



8! -

L u . :
L wdx s r‘aeeweé Vo as the uml end- S/mr!’@m}y.
Ry

L
L
N
5 “}7“2% (1+8b%) + £ 1.344

1]

A”’@rna/‘/v&/y) /;[ gl s slae,ciﬂed

N = z:f-rg',,,., ém}'az%( !n,;,gﬁﬂ}J 7.34-4

-

Tokal FRtential Energy.
; Ry

(}%’.T"R L) Eé’ q4 %z !.A: (’+ﬁ1>z+32/4¢f32§ + 32A°z7. +(q-§u1)7-A':’ + (H’/?y})’A_;
A2l &4 R° 2 §2 i"‘!” [ 22
AGCT YN W} +at g [Fmee I (i) 32,404 32
T (£mei)n[a? Eral) + & ]
S b* 2

= Ekq;u"%z [ Gy a3 *thyﬁ-} +3974‘*(A,’;+ o) + 32 (hox + 3%‘2—;7,7:)
-l‘-(‘iju‘)a:%: + (t+ju‘)zi\:‘ w6 (Y Ars ]"‘ q}f% (1186 )N - éﬂ'g

where T = hwet, ¥ 1. 35 5

=
e
{

2



¥ =

/

Bg upam/’:? ow}’ the ferms m ’i’i’qé we have
/

Eta? 2(6:{)@@ l} 12(@7,:"')(\3 + 2(51(3 8&) + 32D,¢4%
R (h*/n) Et é‘fé" "n“‘
4 20t | 3228 %“,a%a . %%j/ﬂc\s:

/64’ EL {Q.# ”Z\) ' (!-}-}QL«Z>
+ 1 2Bt ] - WL (N - “#°
(1 p* ) Bt

E(’az{{ {(51»(:)4'4!: ; /'1 " ’;’-c?;u" o~ 4—‘:7',44 » (wy,q"')
S O N G

,.{.4'(5-#6'4_}}9_ @%q. Z@pé_ﬂ___{
| (w}azéz ¢ ue;;)

(BN - R el | - A
+._g.%. (1 )4'32.(5/6-#- )}Q ” {ﬂ(ﬂ@b))\l}%} p

1.36



. Eta* RN N2
fe. TT¥= Rg [A""?“A&q%*“*’\*'é%%"ge‘fﬁﬂ]-’f}%

7-37.

Al = 4{(64’0)2‘}“}66{,#4’ + 4C7A4 + 4.%2/‘44 + ({-’»554”

(1m2)* (‘iéu‘)z (;-,»}u?—)” 32
A = 4(/7#4;/)/«4"’ . b
(H"j”z)z 2
Ay = 262+_£__
(I'a‘yf‘)?'
Ap= Qepd) +32 (l;u"v«c’)
Ag = _/42(/7‘852)

As outlned m Chapler Six,  the Rajlafglw-ga'{‘z_' methed
enables e f:uz unknown paramebers, a,bc, 1,8, bo be determmned 53
sd’/";\j Hhe d f¢r¢nh&l DT[ % w b respect bo each o)( f’frcm, c7u¢/ fo zevo.
-'T!‘!'ls leCS ve  honlmear  simultancous u]uqhbns from which r/'

1



may be possible o cvaliate  the paramcfers. Usefu/ me fhods

Duamu‘-ﬁ Q numcrféq] Soluhc‘)h o diSCMSS(Ld n Szc:"}on éé,
and the actual numerical solubion Is grven in  Chapfer E:bhf'.

B,j d:f/crml‘mh;:j T* with respect fo a and 8, the fsaowl‘nj c7uaﬁons .
cany be oblained '—

24 et 124 £ C £N -0
108~ Aap + 2A¢ 68 - s E ¢
= Aap + 20y~ 2A B2 ¢ =0

‘ﬂocmfon, Hw {wt nonhnear smulfaneous '7«&//003 can be wrillen ag ;-

éé_g_" 2A A, 0 24t As Ql%z
R* o A, 2A |
B 8 B B B | I =0

G ¢ € C¢ G5 [\E Rz

D P D3 D K v g’g ‘5

o
}
=
+
&)
i
D
—

738

s00



where A = ¢ (b, /u)

A.
Bl. = a l/()/.d
% a;;éb
I = 7S

16 1agepd 16 b
B = i (bee)' %18( (ge)* + @) * oyt
M
Bz » 16 (:'f':) (“71_)3
Bs= T 4%
8 = -1-/: (w/u’) + 128 L;“;
By~ 2 (1+84%)

N pt but
C‘ = 4_(2(46‘*6) *ibc"f('tu?.)'l + ?'?;Zﬁi)"
Ca ™ (H/'a“' + 2

46

C} =
Ce = 64-6/44'
cs = l‘b/lz

| ”

* it



D$= (1tnt)*
D;= O

D= b4c
Dy = 0

* 38t



7.5 Six PaeameTeR  DISPLACE MENT FUNCTION,

Assuwm M@ l’adla/ (ﬁsplacammf w, /’o be 3/\/@:; bg .

= a(fxcg + 56235 + CC?,% vd Cax C 2y t v)
e 2my

e W= q(Ces&ngj+6CosT+cC‘as ,4,3 T 4+ d Cos £x Gos Ly +e) 7.39

The stress fcmcl//on , 79, is Hhen jzvan 63
¢ == Eéq/" [All Cny "'Azo an ‘l‘Ao:,Gg Azz sz Cu’ +Al3 CxC‘;s + A;, C!LC‘J

¥ 440 (4-1 + Aos ('4.y 'f‘ﬂu Cz;,% +44.1C41 C’"’f} j h Ny 7. 40
where A, = Z((o-rc,)q@\-( 5 Ay = L. AW - ..i.z . AOA-’ f{z
a (1 £y 32’ 32’ m
Aw = (qg‘)- 8‘)) : AB = §c+2dz . A24 . «od
32appt | (3ep?)" 2(4+u*)
qu = {i(bd"'Cd*%C Q@ dj Ag‘ = 2(6*242 A42 - d
4&% (”/‘ (1+9 z)" 2(ledu’)®
/ §



Exfensional  Shain  En £rg 4.
R

AR

€ T2,
%A‘;i ) (’é‘ﬂf ) 34 Q * R ['ﬁ'i (i‘?}f} fg%“!}f%zzo > ZAQ-;. 'HL (iﬂ ) An 3(67@!" )2
) 5!2/14 r.,g) +512 A:g, + 519(/1" ),d;zé, }-!(a(l-}*}m )442 + Tatnat Q/La’”e

f}:znd/};q Strain Enerqy.
N ‘ FJ

W, = ('@-;-gz_) D az%. [(lf}ua)a+ 3?,/(;‘%1 ¥ 32" +1b ("f’/“z)zdz ]

Pof’emé{'l;z( Of /’éa fﬁi”amal Loaa‘.

: Nau a2
W, = —(’Q,ng_) [{l%4(2éz+d2)f a’gé * 2(:

Total Potenhial En@rg y.

4~‘

T B b kB E-n He] - B g

*061



wheare

A= 4utbed” | () | glbdiedvabdut | dutlesdd)® , gut (br2d)

(1402 32 (1) "(9eu?)
-+ /A‘?de + @u@d { c + !D
(/,24,4_)7- (H_iu'z)z
Azz 4 4(5'7”0) + _Lb + 4'd (bd+ cd‘f‘ ZEC) ¢
/(MH_/U'L)Z 2 (H./ul)?— /u
As= 4% opr o _dut
14 2)? GOrp2 )

Ay = (h;u")z + 32 éju4 + 32 + lé(HyAz)zdz

A, = /ﬁ!f;—;- 4{'262#/1;2)

i ([-f-i/ul)z

By c/:ffzmn l'm/’z}zj with respect to the six paramefers, a, by c, d,
M, am{é ,  Six  non linear simalfaneous ¢7uq/f5ns are obtamed,
which mast  then be solved _/6 - delermme the va lues of e  six

param chrs.

*161



Function.

7.6 SeveN  Papamerer  DispiaceMeNT
The radsaf displacement , w- s Fchw fo be :-
L i L e Ik
w = alcs T"’Cs-sig +b Cos o ¢ Gos »Qy + @ (os Zy Cos ,ej +TGS:@IC05L7+ )
e o= QCQ% +b Coy + C‘vaﬂ + &1»33 T.,chzcj +d 7. 42.

) ﬁp :fg’-~;- —-{-'--;’-IJ" v ) 7’) -l’lné’..". A”’SFHQ«S N
+ A .
j ..n I‘__,,« .!— bz c;:] 7 fi2e Cuf.‘-j - f%é-qu?(CLj

¢_ - Ef@/u [AH Cxcj 'H}u Cu-f- /5‘°ZC‘LS 'f'Azz C.,v g
+ 4&0 Céx + A—oé cﬁg + 413 Cxcag 4’43; C-_;;;Cy 1"405 Cx Cg:, +/35, Cg;:(‘ﬂ -,’-A 3gc'sstC;3
7.43,

T A’%C&{sz.g l - }%‘.sz

where '
Ay = ;7(b+c+bf+ca)Q{3 lg S )’ (9% M)qe 853 c Ay - £ . Aog,s____@_«‘
) 2
ag (rap) ZYT R T
A(n: (1+ 2¢ +671L;,') ) ﬁ § (@;«Q ¢4+41:c} ) 7(2. ; ¢ Pot = 2F ¢
32 4 () | 288/43' 288
As= Zece A = 21:£

* 261

@ 1+25f) Asy = £04+254) A .
(p425)* (25 )

Arg =
AV 16(1+4u2)*




Ajs = 52(c+‘1b4)qc5-6}- | Ay = §2(6-¢c{)q%— ‘iﬂ ;

- ( /{"-a-Q)L\qQ ’ ( ‘?/uzw)?'aQ
Ayym 2(bercf) Ay = _ef .
Ak 16 (11u*)*

Exfensional  Stram  Enerqy
W, = (rer) ebapt (A (o e 32utho £3245 + 16 Ra (i + 512 % Ano
+ad AL + 1 (Vb + (et + 2592 40, + 2992 A%

2 2 2 2,2 NZR™
+o9) s + (497 491 (144°) Af;ﬂsé(lf/u’) Aeg * e’i‘ay'? I

 Bending __Strain_Enerqy.

o,

W, = J(’/4.1TRL) D q"%?;. [] ( l-r/'uz)"f 3‘)7u4b"+ 322 + 9[‘+ )%+ (If‘i/f‘)zf z]

Potential 0;[» ”n& External Load . |
W, = — (B7RL) [an»abzu?.,.z{z}a}& ‘E‘ + EE ]

*g6T



Tobal FRoknbal Energy.

4~‘
T¥* = Egzq [AmQ—- A,,q% + Az + Ag EL—Q As Ct‘ %] 744
k)‘)@r@
A = 4u (brc+ bf+ce,)?— + (11965 z}()" (1+ 2¢ -:-‘?f‘)/,,, + ;crf+4af+4éc£
T Rk 32 32 (1 p3)?
+ 1 T\ c(wuf)yut P(:rz%)ﬂ* ey  4nferibd’
/4 1 16 ( /41+4)/" 16 Ci+gpu o f2 (/0114)7‘
+ 4—/4 (b+c{) +4-c !o":(1 4 4—(5¢+C—£)M 4&2;/:2
( H"Lu‘)z 2+2§)" ( H—z';/' )” ( ;+/u2)" ( 1+u?)*
by, = 4u*Grcsbf+ ez) L b (14922 +2—D 4¢(c+%e.2ﬂ 3éf(£+c-f)ﬁ"
~ 7 ) z ()" (I+/,.1)
A, =

7M__" + 2b 4 w" 81“

p-bu‘)” /A M)L (1+9 pm )7'

Ay = () 4+ 3770.% + 32> () +—f‘(ﬂ-°7/iﬁ)l
wmr(1+8b% +*+ 3-,[") |

F
"

*¥61



7.7 Ten FParamETER  DISPLACEMENT  FUNCTION.

For a radial disphcement, w, taken to be:-
W= a ( CJ(C% + aow‘f‘ @@267'5 +Q25 C;‘x c% + 07,3 Cx_Cg:, 'f’@g, Cu CH + Qao Cl}x 'f'QDﬂ—cQ’j'r k)
7.45
7%& §/’ress fund’/on, 75) becomes :—
¢ = = Efa}’uz[A ] C!Cg + A’mc-),x_f 401,67,3 -{'Au C)_;C?ﬁ +A|3C)LC33 + Ag. C3ny +A 3;C;x C‘s_t’ +A4-° C‘}l
Hhoelay+ haluley+ Ao CaxCoy+ Aaa Gx Coy thisCulsy +As CoxCy + hye Cax Csy
+ ASSCSIC}J +AwCex + Aoccag +Ay Cuaq ‘f‘AéleCy’ + Alrcxcm 'f’GlCu Q, ] - ,/7'”32
where 740

An= [Z.[Q“ (""qn)*’ Goa ( 14a5) +26;. (2 +93 "‘) +49:0 031 + 4004013 fﬂ@» -} ] ;
(l-buz)lq %

Aw = [(H’qqg'+ ZQL""(:QQ_,Q;;)QG- 8Q3a]; Ao-)'_—_ (’ "'2003+qa§', *’64u0‘u))’
32/A"‘ae ) ‘ ¢ 32
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CHAPTER EIGHT

RESULTS OF THEORETICAL “ORK

8.1 Introduction

Altogether, four methods were considered and used in order to

obtain numerical solutions to the theory. These were:

(i) an iterative method based on that used by

Thielemann
(ii)  the generalised Newton-Raphson method
(iii) the method of Rosenbrock

(iv) the method of Powell,

These methods are by no means equally successful. The previous
methods of Kempner and of Thielemann are outlined for comparison,

The main part of the numerical work was performed on a digital
computer - initially on '"Mercury'" and later on "Atlas'" - at the
London University Institute of Computer Science. All the

programmes were written in CHLF3,

8.2 Previous Methods

Kempner and Thielemann had previously obtained solutions for the
five parameter case, as reviewed in Section 3.4, 4,1, Both of
these were iterative methods and were similar, though not exactly
the same. Neither appeared to be suitable for the general case, Since
/}A appears in the nonlinear equations arising from the minimisation

of the total potential energy expression in a complicated manner,



both methods ccnsidered fixed values for[L2 and sought to solve
/
for the axial stress resultant (or the stress) instead of vice

versa, The two methods are outlined in the following paragraphs.

(a) The method used by Kempner (68)

By elimination between the equations, it wos possible to express
each unknown in terms of at least two of the unknown parameters and

the fixed parameter, [i . To begin with, approximations were

/
assumed for the two least significant parameters in the deflection

function., Corresponding values for the other three parameters could
then be calculated, Substitution of these values in the expressions
for the two least significant parameters provided new estimates

of their values, and the iteraticn could be repeated until successive
valueslfor the two least significant parameters were the same, These
values then determined the values cf the other three parameters for
that particular value of/fL.

(b) The method used by Thielemann (129)

Here also, the values were assumed initially for the two least
significant parameters, By elimination, and substitution for some
of the parameters in terms of these two least significant parameters,
two equations in these two unknowns were obtained., Bince the
assumed values did not render these equations identically zero,
Thielemann used the residuals to celculate new values for the
parameters, and continued the iteration until two successive values

for the stress resultant, N, differed by less than a pre-assigned



amount,

Kempner's,

Thielemann claimed that his results were the same as

8.3 Partial Elimination Method (based on that of Thielemann)

The five equations of Chepter Seven that result for the five

parameter case, can be written as:

/ 24,

! o
!Bl
| e,
an
i
where

1]

f(b,c,

)

A
284

)

2A4

\
A5 azﬁz
0 =-af
=0
B5 1
2
C5 %E B
0 N B
\\ Et
(8.1)

Eliminating ap between equations two and five, gives B(b,c).

N3

N
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2

i.e, - Aap + 24, - 241,87 =0
Therefore
2
a = 24, - 20, = K, (8.2)
AZ
2.2 2 :
- ' =
D a"p 2D, ap + 2D', B° =0
Therefore
2 2
- ' =
D,K") - 2D_K + 2D', B 0 (8.3)

To eliminate N, we have from equations one and three:

24, K>

2
- ! - =
1%, ZAZ K, + 24, + 2A L B 2A5 p=0

3 3
2 2
/’LBlK 1" /ABzKl + /M.B3 +/~‘B45 -/L( B55=0
Now it happens that 2A5 = /ﬁLBs
Therefore:
2 2
(2a, - uB,) K°| - (24, j/LBz) K, + (2A3 :/&BS) + (24, TfABA) ™ =0

(8.4)
Eliminating N between equations three and four, we have:

1

- 2
%/kb (Bl K 1 P

2
- B, K, + B, +B p - BSB) =0

2 2 2
(1 + 8b )(cl K" - C, K +Cy+ ¢, 8 - 05 Bf)= 0
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Therefore:

2

2 2\
{8/AbBl - (1 + 8p7) cli K 1 - igfpsz - (1 + 8b7) Cz} , Kl

2
+ 8/,u,bB3 - (1 + 8b ).C3

+ {B/Lb84 - (1 + 8b2) Cﬁt ﬁz =0 (8.5)

For fixed values of/k s equations 9,4 and 9,5 become functions of
!
the two parameters, b, c.

Thus we can write:

ﬁl (b’c) (Bolka)

[}
(@]

(8.52)

I
(@]

ﬁz (bye) =

Unless b and ¢ heve the correct value corresponding to the particular
value Of/A., these equations will yield residuals, R1 and Rz,
reSpectiveiy. The key to the usefulness of the method lies in how

the residuals R, and R2 can be used to provide better estimates for b and

1

C. Variocus plots of b and ¢ against changes in R1 and R2 seemed to

be of little value in indiceting in what direction or by how much
b and c¢ should be varied,

The next method for utilising R, and R2 tc guide the choice of

1
b and c, used the generalised Newton-Raphson method. Here only

variations in b and ¢ were considered, and these lead to the

following equations for evaluating the required correctiongt!=



Mo, bgfl + Ac . B,dl + gfl =0

e de (8.6)
Ab, ?);62 + Ac . b,dz + ;62 =0 J
3o dc

Unfortunately the method failed in a large number of cases, for
when the new values of b and c were used in the next iteration, they
produced imaginary values for B,

Due to the slow speed of hand computation, and the difficulties
of determining corrections to b and ¢, as well as the difficulties
of carrying sufficient significant figures in the computations, the
method was finally abandoned in favour of digital computer methods

for which & different approach was recommended,

8.k Generalised Newton-Raphson Method

This has already been ocutlined in Section 6.6.3. It was
available as o library programme (Programme 557) from the University
of London Institute of Computer Science, It is illustrated by nmeans
of the flow diagram, Figure 8,1, The main disadvantage of this method
is that unless the initial values that are assumed for the parameters
are sufficicntly close to the final solutiony then the method either
fails to converge, or it will diverge toc a solution that is not a
real scolution to the problem, This latter case occurs when the

solution is such thet either ¢ or B are found to be negative,



read in initial values for x;

print x;

!

‘net D' = 100
sel E' m ¢
set by =0

. -

xj = x4 + E*Axj
E w4 compute Dy = A f;[x;]
compute D = 2 nf
set R = 0 lr
RS 25
compute ngjk N
- solve Jacobian to
h=hk+1 obtain Axy
set T' =}
pL DY
Yi = 25 _
set D' = D
D>Z
Z = acouracy reqd,
P< §8 25 [x4]
> print out x; -
compute and print out
other required results.
test for jump to begimni
Fig. 8.1: Flow diagraum for generalised
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When reasonable estimates are available for the set of

parameters, then this method appears to be quite useful,

8.5 Rosenbrock Minimisation Method

The method is illustrated by means of the flow diagram
(Figure 8,2) and was available as library routine (Routine 970) from
the University of London Institute of Computer Science., This method,
unlike the previous method, is a direct minimisation method, The
gradient vector is not defined analytically, and is determined by a
finite difference method,

Briefly, the method is initiated using an arbitrary step
length that is then multiplied by a (a 3 1) each time a step
successfully reduces the value of the function (or finds an equal
value). If a step fails to reduce the value of the function, then
the step length is multiplied by ~ B (0 ¢ B € 1), Searches are
made in each of n coordinate directions initially, after which the
gradient vector is then cvaluated and the search continued in n
orthogonal directions that are coordinates of the gradient vector.
This search strategy down the line of steepest descent is

uneconomical in computing time, and the method becomes inefficient
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read in initiel step length parameter
read in initial parameter wvalues
print initial parameter values

!

set up unit matrix
determine initial step lengths
compute value of function, F

read coordinate vector
F* = ¥

evﬁluate parameters at pt along coord.
compute new value of function, F

‘F>‘F‘ £ >F | acale step length

parameter (ot>1)
f no Flever » F

scale step length take step in opp. disection
parsmeter (0<Q<1) scale step length parameter

(< <)
- -—F\*}v ~—

evaluate function at minm.
compute gradient vector and
orthogonal coordinates

teat for completion
+ ' yes

print ocut results

k

Fig. 8.23 Flow diaygram for Rosenbrock's
stecpest descent method.
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when the gradient becomes ill—défined near the minimum point,

On this account, the-method produced slightly different results
to those obtained from the generalised Newton-Raphson method,
even though both methods started with th;.same data, On other
occasions, if one of the parameters in the set of parameters were

slightly perturbed, then entirely different results would usually

ensue,

8,5 Fletcher-Powell Minimisation Method

This is also a direct mininisation method, but unlike the
Rosenbrock method, it relies on the gradient vector being defined
znalytically, Starting from a unit matrix, the method builds up
successive approximations to the inverse of the matrix of the
second derivatives of the function, This is used to define the
directions of search for the method, and is modified after each step
so that at the minimum point, the matrix is the inverse of the matrix
of the second derivatives of the function, The process of computation
is illustrated by the flow diagram, Figure 8.3,

Two different computer programmes were used for this method,

The first was written by the Computer Unit staff, and closely
followed the outline given by Fletcher and Powell (33). Difficulties
that were experienced with this programme appeared to be due to the

method of interpolating along the gradient vector to locate the

minimum, Before these difficulties could be resolved, a programme
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print x;

read in initial values for xy

i
set up unit diagonal
“search"” matrix - H

Y

compute F = fi?i]
compute ay= At [x
set F? ¥ j[. d

Y

determine direction of
search, &,

—3

Y

reduce range
of
interpolation

>—{choose pt yj along
direction of search

Y

compute
compute

F"'["ﬂt

Gy= ATy

Y

modify H

matrix ,

interpoiate to

locate position of minimum

compute F = £[x4°]
compute Gy=Afy Exi'J

F>pe i F<F'
— N —

FiGQ 8.3¢

< ) >

’tesb that minisum

reached
to reqd. accuracy.

test that at leaat N
iterations have been
performed.

print out results

<Jes 'CD > no

Flow diagram for Fletcher - Powell

Des¢ent method.



written by Powell became aveilable and after slight modification,

this was subsequently used in the form of a rcutine, .

8.7 Numerical Results -~ Five Parameter Case

The three methods that were used in connection with the Atlas
computer, did not prove to be equally successful, A comparison of

these methods is as follows:=-

1) Newton-Raphson Method

If the initial parameter values were sufficiently close to the
actual solution,‘then convergence was fast and only 2 - ¥ iterations
were required to reduce the residual of cach equation below a value of
1 x 10-10. For those cases where the initial parameter values were not
sufficiently close to the solution, then the method diverged wildly
in one iteration,y or over a long series of iterations,

For the five parameter case, it was possible tc process some
fifty sets of data in approximately 12,000 computing instructions

(50 seconds computing time on Atlas),

2) Rosenbrock Method

This was almost as fast as the previous method - providing the
initial data was reasonably accurate, However, to the accuracy
specifiedl(i.e. to within 1 x 10"6 value of parameter, for each
parameter), the final values were different from thise obtained from
the previous method for the same initial data. VWYhen the data was
not particularly accurzte, convergence was much slower, and slight

variations in the value of a parameter could lead to widely different
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solutions,

3} Fletcher-Powell Method

This did not show the rapid convergence that was claimed for it,
Even when data obtained by the Newton-Raphson method was tried, it
failed to produce a final solution in 45,000 computing instructions
(approximately 180 seconds), However, it could build up reasonable
values of the parameters when starting from a very poor estimate.

One of the main attractions of the method was its ability to compute
soluticns for a series of values of the load or of the end=~
shortening, Once the inverse Hessian matrix had been built up for
one case, then the method offered the poésibility of using the
computed matrix and the parameter values for that case, as the
starting data for the next case where the load (or end-shortening)
had been altered slightly. However, starting difficulties for the
first case meant that the full scope of the computer programme could
not be tested, Sobey (161) found the method to be satisfactory, but he
makes no reference tc the length of computing time required to obtain
any of his results,

The results for the five parameter case (three arbitrary constants
in the assumed deflection function, together with the two half~
wavelengths) are given in Table 8,1 and in Figures 8,4 and 8,5,
These results were obtained using the Newton-Raphson method,

Considerable difficulty was experienced in obtaining compatible
sets of values for the parameters, corresponding to a particular

point on the load-end shortening diagram, After attempting to use the



0,99988
0,9990
0.9934k
0.9250
0.9237
0.91013
0.8036
0.6200
0.600
0,5896
00,5845
0.57929
0.55771
Q.54
0,52260
0.49555
0.490
0.47601
04572
0,43918
0,220
0,41
0.,4005
0,38812
0.3852
0.38071
0,37
0,3627h
0,35
0.34672
0,34
0.33
0.32115
0.32
0.31625
0,313
0,31
0,3065
0.30L4
0.30122
0.3016

TABLE 8,1

NUMERICAL RESULTS FOR FIVE PARAMETER CALSE

8.2705
7.4332
5,6661
5,6479
5,4666
L3452
2,8668
2,.7218
2,6472
2,6102
2,570
2.,4225
2,3000
2,1812
1,9995
1,9626
1,8704L
1.7478
1,6319
1.5226
14470
1.,3874
1,3100
1.2949
1,2638
1,1969
1.1514
1.0709
1.0498
1,0063
0.93951
0.87691
0.86836
0.83962
0.81320
0,78688
0,75213
0,72712
0.67330
0,642k

AL a b
1.4140 0,095912 0,47342
1,3535 0,057691  0,4L965
1.2395 0,061802 0,40831
1,0000 0.,073121  0,33495
0.99786 0,073223 0.33437
0,9770 0,074195  0,3287
0,86256 0,078234 0,29898
0.72791 0,07819 0.26477
0,71424  0,077869 0,.26125
0.7071 0.077683  0.25940
0, 70352 0,077585 0,25848
0,7000 0.077485 0,25756
0.6850 0.077032 0,25367
0,67250 0.,076622 0,25042
0,6600 0,076187 0,24717
0,6400 0.,075451 0,2L199
0.63579 0.075292  0,24091
0.6250 0,074877 0.23814
0,6100 0.074292 0,23L32
0,5950 0,073705 0.23056
0,.5800 0,073122 0,22686
0,56903 0,072703 0.22421
00,5600 0.,072364L 0,22205
0.5477 0,071913 0.21918
0.54522 0,071824 0,21860
0.5400 0.071639 0,21740
0.52834 0,071239 0,21477
0.5200 0,070964  0,21292
0,50432 0,070478  0,20952
0.5000 0.,070353 0,20860
0.L9074 0,070096 0,20665
0,47555 0.,069719  0,20350
0.,4600 0.069399  0,20033
0.L5776 0.069359 0,19987
00,4500 0.069235 0,19831
0.44252 0.,069137 0,19680
0,43468 0.,06906 0.19521
0,12364 0 ,06900 0.,19297
0.,41512 0.069001 0,19123
0.3950 0,069150 0,18707
0.38102 0,069498 0,18402

213,

-0 ,047023
~0,047655
~0,0L7694
~0.0 .3872
~-0,038555
~0,036834L
-0,023382

0.0037965
0,0073479

0,009257
0,010227
0,011191
0.015388
0,018986
0,022663
0,028660
0,029934
0,033206
0,03774k
0.,042226
0,046597
0,049696
0,052159
0.055377
0.,056004
0,057297
0 ,060049
0,061891
0,065045
0,065838
0,067423
0,069671
0,071585
0,071729
0.072432
0.,072996
0,073471
0,073942
0,074152
0,074192
0.,073771

23,674
24,266
25,045
24,889
24,879
24,771
24,151
23,667
23,630
23,611
23 .601
23.591
23.548
23.467
23,392
23,374
23,327
23,255
23,175
23,086
23,015
22,953
22,864
22,845
22,804
22,709
22,637
22,492
22,450
22,183
21,986
21,955
21,84k
21.730
21,600
21,400
21.229
20,752
20,371



0.3029
0,3031
0.30391
0,30420
0.30449
0.30482
0.30861
0,31
0.32
0.33
0,3428
0.35
0.3560
0.3615
0.36822
0.37314
0,37816
0.40602
0.43199
0.46131
0,49404

of lesser accuracy

0.5978
0.838

€ /u, a b
0.61806 0.36884 0.,069921 0.18131
0.61578 0.36762 0,069972 0,18103
0.60797 0.3633 0,070166 0.18005
0.60552 0.3619 ¢.,070234 0.17973
0.60328 0.3606 0.070299 0,17943
0.60091 0.35920 0.,070372 0,17910
0,5810 0.3464 0.071154 0.17609
0.57530 0,34272 0.071321 0,17516
0.55125 0.32151 0.073383 0.1699%4
0.53%828 0.30547 0.075499 0.16582
0.52916 0.28840 0,078L31 0.16130
0.52629 0.27980 0,080236 0.15899
0,52L79 0.27302 0.081838 0.15716
0,52399 0,26700 0,083405 0,15553
0.52365 0.26000 0,085415 0,15364
0.52377 0.,2550 0,08698%8 0,15229
0.52419 0,25000 0,088677 0.15095
0.53055 0,.2236 0.10009 0.14397
0.54084 0.2000 0.11493 0.13802
0,55576 0.1732 0.14048 0.13179
0.57529 0,141k 0.19258 0.12518
0.66364 0.14090 0.17999 0.11069
0.86008 0.,099630 0,21109 0,070213

- 21k,

c g
0.073219 19,983
0,073153 19,941
0.072906 19,790
0.,072822 19,739
0,078741 19,692
0.072652 19,640
0.071746  19.134
0.,071437 18,988
0.069577 17.973
0.067984L 17.095
0,066176 16,057
0.,06524 15,496
0.,064495 15,036
0,063831 14,618
0.,063058 14,118
0.,062507 13,754
0.061957 13,385
0,059108 11,367
0.056687 9,5208
0.,054141  7,4608
0.051463 5,1858
0.042589 4,900k
0,031164  2,6546
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Fletcher-Powell method, it was found that the sets of values generated
by that method were useful for initial daté for the Newton-Raphson
method, Kempner's data was also used, To begin with, all sets of
data were used twice: in one case with the load as the constant
parameter, and with/}L, the ratio of the two half wavelengths kept
constant in the other. 1In approximately half the trials, no
convergence was achieved for the solution, When the method had
obhviously diverged to an unreal soclution, the results were discarded,
Otherwise the "solution" was taken as initial data, this time

treating the other of the two parameters mentioned previously, being
kept constant., In this way, the number of solutions that converged

to the required accuracy were multiplied to enable the load=-end
shortening curve to be plotted as given by the solid line in Figuress 8.4
to 8.9.

It is to be noted that the curve in the post-buckling region that
rises from the point of minimum post-buckling stress reacklimg the value
of the classical buckling stress, is the mathematical solution to the
problem, Experimental results do not show this same rise of
stress with increasing end-shortening,

The variation of total potential energy with load, is shown in
Figure 8.6, while the variation of strain energy with the end-shortening
is shown in Figure 8.7, Figure 8,8 shows the variation in the value of
the five parameters as a function of the locad, The variation in

the deflection with variation in load, and in end-shortening, is shown



in Figures 8,9 and 8,10,

The load-end shortening curve cbtained in the theoretical work
agrees with that obtained by Kempner except in the region between
say the point (N* = 0494, 8* = 0,875} on the unstable branch and
the point of minimum post-buckling stress, A large number of points
on the curve were obtained for this part of the curve and these
produced the smooth curve of Figure 8,4 as against Kempner's curve,

which is also shown in Figure 8.4 .

2%
o

A comparison of Kempner's results and the results of this theory,

for the points of minimum post-buckling end-shortening and minimum

post~buckling stress is:-

Minimum post buckling end-shortening Stress
* * * *®
N € N ]
Kenpner 0.3560 0,577 0.,3002 0.6020
this thesis 0,36822 0,5236% 0.30122 0.67330

In order to determine the minimum post~buckling stress more
accurately, the computer programme should have been recast so that
the stress resultant (N, but also referred tc here as the 'load")
was replaced by the end-shortening, Attempts to find a solution for
N* = 0,3002, the minimum obtained by Kempher, always resulted in a
failuré of the method to converge, suggesting that this might be
lower than the true minimum,

Difficultfes were experienced in obtaining solutions for the

*
unstable branch of the curve (Figure 8,4) for ¥ > 0,50, and for the

unbuckled branch, the latter being of interest for an idea of the
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(2) (161) had

atrain and total potential energies, Almroth and Sobey

also reported difficulties in obtaining solutions for the

unbuckled part of the curve, In an attempt to obtain convergence of
the solutions in this part of the curvey the chapter in the computer
programme where the elements of the Jacobian were evaluated by
finite differences, was replaced by the corresponding analytic
expressions, While this did not yield the expected convergence, it
did prevent the wild divergence that cculd occur in one iteration
using the Jacobian evaluated from finite differences, The values
obtained for N*Q$ 0.60, and N* = 0,838 do give some indication of
the trend of the curves for the unstable branch, even though the
accuracy is low,

When a reasonable number of sets of parameter values had been
obtained an attempt was made to provide more solutions by
interpolation between those already obtained, It was found that
interpolation from 2 graph was not of sufficient accuracy for the
method diverged in nearly every case, For values obtained by
interpolation from the numerical results, convergence was achieved

in almost every case,

8.8
w Numerical Results - Other Cases

The other cases for which solutions were socught were the six,
seven, and tem parameter cases as outlined in the theory of Chapter
Seven,

For these, both the Fletcher-Powell and the Newton-Raphson method
were used, For these cases as well, the Fletcher-Powell method failed

to obtain a solution for even one case, after 45,000 computing
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instructions (3 ﬁinutes' computing time on "Atlas"), VWhen sets of
parameter values that had been obtazined as improvced approximations
by the Fletcher-Powell method were used as initial data in the
Newton-Raphson method, no cases of convergence were cbtained, As a
result, no numerical values for these additional cases are reported

here,

8.8 Discussion

Arising out of the numerical work for the five parameter case,
there are several suggestions relating to the method of obtaining
sufficient numerical results for this and similar problems, The
suggestions relate to the generalised Newton-Raphson method as it
appears to be the most useful of the three computer methods considered,
(2) 1Initially, a few points must be located on the stress-end
shortening curve by trial and error, The Fletcher-Powell method could
be of use here, to provide compatible sets of parameter values, which
it can do quite rapidly, even when starting from a poor initial
approximation, In order to economise on computing time, it would seem
sufficient to programme the Fletcher-Powell method so that it stops
after evaluating the function a certain number of times, instead of
stopping only when a certain accuracy is reeached,

(b) From these few points many others can be determined by altering
one of the parameters slightly in each set of parameters. Then by
using this perturbed set of parameters as an initial set of data,

with the perturbed parsmeter being taken as the constant parameter,
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further solutions can be generated, The lord appeers to be the best
parameter for perturbing, since perturbations with respect to it

cause the least disturbance to the other parameters,

(c) 1Interpolation between the numerical values for a few points can
also be used to extend the number of solutions, Graphical interpolation
is not accurate enough,

(d) The particular computer programme used for the Newton-Raphson
method of solution was not able to obtain solutions corresponding

to part of the unstable branch of the curve, The use of analytic
expressions for the Jacobian matrix may be sufficient to obtain
convergent sclutions for the five parameter case, but this will be

an unsatisfactory method when the number of parameters is much greater
than five, Then, either double-length arithmetic as used by

(2) (161)

Almroth or the method used by Sobey s appear to be the only

means of obtaining solutions for this part of the curve,
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CHAPTER NINE

EXPERIMENTAL WORK

9,1 Introduction

The main details of the testing frame were decided upon after
studying the few published descriptions of previous experimental work,
and after taking into account the following considerations:-

1) the use of a screw-jack for applying the load would enable the
end-shortening of the specimen to be controlled;

2) the size of the test specimens was chosen to be 12" diameter and
18" in length, giving L/R = 3;

3) as it was intended to experiment with cylinders made from steel
Plate or shim with a2 welded seam, the range of likely wall thicknesses

determined the load capacity of the frame and the screw~jack,

9.2 Testing Frame

The details of the frame are shown in Figure 9,1 and Plate 9.1,
The fabrication was carried out in the Departmental workshops.

The three horizontal plates were cut from 2" thick steel plate,
The four 2" diameter steel columns were threaded for their whole length
in order to permit the three plates to be adjusted to the required
heights, and to permit tkeir alignment into parallel planes, The
thickness of the three plates and the diameter of the columns were
selected in order to minimise as much as possible the energy stored in
the frame. This was recessary if full use was to be made of the screw-

jack to carry out controlled-end-shortening tests on the cylindrical sh»1"
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Additional features that were incorporated into the frame
include a block and piston arrangement, and a thrust linkage, The
purpose of the former was to ensure that the thrust on the cylinder
was axial, and to prevent tilting of the moving plate, The thrust
linkage transferred the thrust from the screwjack to the piston, and
could accommodate any deviation between the thrust lines of the jack
and the piston.

In order to ensure that the block and piston would reduce any
tilting of the moving plate to a minimum, the unit was made as in
the following description, The piston itself was ground so that each
face was smooth, The two halves of the block were then iappe# and scraped
until the piston just fitted., In the final assembly, the unit was
packed with an anti~scuffing paste to prevent binding between the
block and the piston., This paste also acted as a lubricant for the
piston, From the dynamometer readings, it sppeared that the friction
in the block and piston was uniform - ot least over the range of
movement of the piston that was used in the tests reported later in
this Chapter,

Screwjack

The jack that was used in conjunction with the test frame was a
"Duff Norton" model 1810, rated at IOT maximum load, and manufactured
by Messrs, Consolidated Pnesnatic Tool Co, Ltd, It had a maximum rise
of 6", and was geared so that 48 turns of the drive shaft would raise
the load one inch, A gearbox giving a 10 to 1 reduction gearing was

connected to the main drive shaft of the jack, Thus one revolution



231.

of the control handle corresponded to a 0,0025 in, rise of the load,

and hence with this system it was possible to control the end-shortening
of the speéimen to 0,0001 in without difficulty, os measured on any one
dial gauge., It was not possible to control the average end-shortening
as given by the average reading of the three dial gauges, to this same
accuracy, since variations of up to 0,0020" would occur between the

three readings.,

9.3 Dynamometers

Three dynamometers werec made, to measure loads up to 5, 7.5 and 10
tons, The details of the dynamometers are shown in Figure 9.2 and Plate
9.2. Beryllium copper was used for the cores instead of the more usual
duralumin, on account of its ﬁigh elrstic limit and its greater strain at
the proportional limit, This latter property offered greater sensitivity
for load determination, The cores could be easily machined prior to the
heat treatment. |

For the heat treatment of the cores, the recommendations of the
manufacturef (Messrs, Johnson, Matthey and Co., Ltd,) were followed,

This involved coating them in a refractory material, then heating for
2-1/2 hours at a temperature of 3250 - 345°C, after which they were
quenched in cold water, A pickle of hot sulphuric acid (one part of
concen:rated acid to four parts of water) was used to clean the surfaces
of oxide scale produced during the heat treatment process, The cores
were subsequently dipped into a chromic acid solution to give them a

clean dry surface ready for taking the strain gauges,
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The dynamometer cores had been designed to fake eight strain
gaugesy i.e; four in each of the longitudinal and circumferential
directions, This meant that opposite pairs of gauges could be
copnected together to form one arm of a Wheatstone bridge circuit,
However, on the 5T dynamometer this did not prove entirely satisfactory
since 1% was difficult to make the connections in the restricted space,-
and the wiring arrangement of Figure 9,3 was adopted for the other two
dynamometers,

The strain gauges used were of the resistance type and made by
Messrs, Tokyo Sokki Kenkyijo. Co, Ltd. They had a gauge length of 5 mm,
a resistance of 120 +,3 ohm, and a gauge factor of 2.03. Small
perspex clamps were used to hold the strain gauges in place while the
adhesive (P-2: made by the manufacturers of the strain gauges) set. The
setting time of the adhesive was about twenty minutes, but the gauges
were left clamped for 1-1/2 hours,

After checking the stability of the dynamometers using a 10T
Buckton testing machine, they were then calibrated in the testing frame
against a prooving ring, It was necessary to calibrate the dynamometer
again when in the testing frame itself in order that the friction in
the piston could be taken into a&count, Several calibration runs were
carried out at different times and the resulting calibration curves were the
same in each case, From this it appeared that the friction in the piston

remained constant throughout the duration of the tests,
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9.4 Cylinders

Originally it had been intended to experiment first with steel
cylinders, and then with cylinders of other materials, Since it
proved difficult to manufacture reliable cylinders from metal, however,
the tests were carried out on cylinders made from plastic, A description
of the types of cylinders made, together with some comment on the success
of manufacture, is given in subsequent paragraphs,
1) steel

Only one cylinder was made, with dimensions 12" diameter, 18" long and
0,035" wall thickness, This cylinder was arc welded along the seam
(the wall thickness being the minimum that could be welded), However, the
wall thickness was not thin enough and the cylinder buckled plastically.
2)  Aluminium

These were turned in a lathe from extruded tubing that was of
9~3/4" internal diameter, and 1/8" wall thickness, In this way it was
possible to produce cylinders of different wall thicknesses, ranging
from 0,030" down to 0,010", Unfortunately the resulting cylinders were
not eliable on account of variations of up to 0,005" in the wall thickness,
This variation was due ta the fact that initially the extruded tubing
was some 0,005" out-of-round and the wooden mandril used during the
turning-down process was unable to pull the tubing back into an-exactly

circular shape.
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3) Plastics

Those used were "Flovic" and "Darvic", both manufactured by
Messrs, Imperial Chemical Industries Ltd.; and used in sheet form,
They are manufactured from polyvinyl chloride (PVC) ﬁlasticsg
(a) Flovic

Two layers ofVO.Olo" nominal thickness were bonded together using
a rubber based cement, to form a cylinder of 12" diameter, 18" long and
of 0,020" nominal t-iikusns,

The cement would not spread evenly and the resulting cylinders
were of very poor shape, The thicker patohes of cement tended to
soften the Flovic locally and bulges in the cylinder resulted, For this
reason ~ as well as for the effect of the end conditions, as described
later ~ the experimental results for these cylinders were discarded.
(b) Darvic

'This was used in two thicknesses = 0,020" and 1/32" -~ from which it
was possible to make cylinders of three thicknesseés, i,e. 0,020" and
1/32" from single thicknesses, and 0,040" from two layers of 0,020"
material cemented together. Again, difficulties were encounte;ed in
cementing two layers together, and no satisfactory cylinders of
0,040" thickness were produced,

were formed

The 0,020" and 1/32" thick cylinders/with a 1" lap joint in the case
of the first set of cylinders (white :arvic) and with a 1/2" lap joint
for the second set (grey Darvic),

The cement used for joining the Darvic sheet was "Tensol 50", also

made by Messrs, Imperial Chemical Industires Ltd,, being a special cement
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for bonding Darwvic to itself, On account of the guick drying time

of the cement compared with the time needed to spread the cement and
then clamp the sheet on to the steel former, it was necessary to thin
the cement with up to an equal amount of hexachloronone to increase the

drying time,

9.5 Method of Testing

Aluminium end caps were used to hold the cylinders to the correct
shape and to transfer the load from the testing machine to the cylinder,
They consisted of 14" diameter circular discs cut from 3/4" plate and
had two circular grooves cut in them, both 1/4" wide and 1/4" deep.
These were machined in, and had inside diameters of 12" and of 9-3/4",
It was thus ppssible to slip the ends of the cylinder into the grooves
in each end plate and fill the groove with a sealing compound to hold
the cylinder in place,

For the first series of tests, a low-temperature melting point alloy
sold under the trade name "Cerrobend", was used., This material, on
account of its low melting point, was easy to melt, set quickly when
poured into the groove, and did not soften the plastic, It did not bond
on to the Darvie, and its slight shrinkage on cooling caused it to draw
away slightly from the cylinder,

For the second series of tests, two different adhesives were used,
One was "Certite'", and the other was "Araldite", manufactured by
Messrs, Stuart B, Dickens Ltd,, and by Messrs, CIBA (A.RTL.) Ltd,,.
respectively, Certite did not bond to the Darvic, n did,it flow as

readily as the Araldite., Its hardening time was about 20 minutes from
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the time of mixing the two components, Araldite had the property of
bonding on to the Darvic, and the advantage of this is described in
the next section., Its hardening time was about six hours,

?estigg_grocedure

Since there was the possibility of the anti-scuffing paste used in
the block and piston setting slightly when left undisturbed for a period
of time, the piston was worked up and down severai times before testing.
the same being done when calibrating the dynamometer, The piéton was
then raised to bring the cylinder just into contact with the top plate
of the machine, This could be judged easily by mecans of the strain
reading measured on the 5v "Peekel! strain recorder. The cylinder was
then rotated until the top plate and the end cap of the cylinder were as
near parallel as possible, (Unfortunately, it proved impossible to
ever make these parallel in the first place), When this was achieved,
the dial gauges were zeroed; and the cylinder was ready for testing.

Loading was carried out in stages that corresponded to increments
of 200 divisions in the strain reading for the dynamometers in the
case of the 0,03" cylinders, and 100 division increments for the 0,02"
thick cylinders, This loading stage took about 10 seconds, and the
vhole cycle ~ loading, reading and recording of dynamometer strain
reading and deflection - was kept to 30 seconds, The maximum load
sustained by the cylinder could be ezsily noted since the Peekel strain
recorder used could be adjusted to read accurately over the whole range
of the scale, After the first buckle appeared, loading could not be

carried out in fixed increments due to the irregular occurance of
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further buckles ~ and also the fact that the cylinder would not sustain
any large increase in the load carried, On unloading, the stages were
at 10 - 20 division increments to begin with, since the end-shortening
decreased without a corresponding large decrease in load., After the
disappearance of all buckles, the cylinder was unloaded completely

in the same increments as used for Ioading. The zero readings could
never be checked since there was always a slight inelastic straining

in the material,

9,6 Results

The experimental results for the "Darvic" cylinders are summarised
in Tables 9,1 and 9,2, Some typical load-end shortening curves
are presented in Figures 9,4 to 9.7. Figure 9.4 showing the results for
test three on cylinder 3 (test 3/3) is plotted non-dimensionally and
the theoretical curve (shown dotted) is indicated for comparison, In the
post-buckling region the experimental results are lower than the
theoretical result;, but show a similar increase in load with increasing
end-shortening, This is also shown in the results for test 3/8 (Figﬁre
9.5).

The main feature that has been shown by this series of tests coneerns
the influence of the end ccnditions on the buckling of the cylinder. This
is shown clearly in the tests on cylinder five, where first "Cerrobend"
and later "Araldite" were used as end fixing materials, A comparison
of the results for cylinders 4, 5 and G3 with those for cylinders 3, 5

and Gk shows that, as as mentioned in Section 9,5, the value of the
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TABLE 9.1

EXPERIMENTAL DATA

Cylinder| Length Radius Thickness End Shortening End Fixing
No, inches inches inches Scl Material
inches
3 17.92 5.965 0.034 619 x 107% Araldite
L 18,00 5,964 0,034 619 x 107k Cerrobend
5 17.93 5,958 0,034 619 x 10'4 Cerrobend
Araldite
G1 17.92 5.946 0,022 402 x 107% Araldite
‘ -l
G2 17.915 5.950 0.022 40O x 10 ° Araldite
G3 17.9% 5.955 0.032 584 x 10"LL Certite
Gl 17.86 5.952 0,03k 617 x 107k Araldite

For cylinder 5,
Tests 1.to 5 used "Cerrobend"

Tests 6 to 12 used "AralditeV



Test E P Buckling Maximum Minimum (> No, of
No. 1b/in2 1;1 Load Load ' GEE.‘1 P.B.load vy Buckles
p 1b 10 "1in- P ib 10=%ins
max MPL

3/1 546,000 sLoo maximpum 1700 0,71 475 | 635 0,28 415 7 = der.

3/2 514,000 2260 1660 0,73 k75 1655 0,29 465 7 - n.c.d.r,
©3/3 523,000 2300 1555 0,68 | 450 |540 0,23 400 7 - duor.

3/k 516,000 2270 1555 0.68 | 44O | 550 0.2 395 7 - d.r.

3/51 | 517,000 2275 1530 0.67 | 44O | 540 0,23 405 7 = dur.

3/6 522,000 2295 1440 0,63 | 420 | 730 0.32 325 7 n.c.d.r,

3/7 512,000 2250 1550 0.69 | t45 | 490 0,22 430 7 - dor.

3/8 498,000 2190 1489 0,68 Lss5 1 495 0,22 420 7 = deors

3/9 502,000 2210 1440 0,65 410 } 495 0.22 405 7 = dore

4/1 403,000 1775 885 0,50 370

L/2 417,000 1830 920 0.50 340

L/3 117,000 1830 760 885 0.49 357

b/l 432,000 1900 885 0.47 | 328

L/s5 «( - ) (=) 250 975 () 450

L/6 417,000 1830 1000 0.55 387

L/7 421,000 1850 1050 0.57 405

L/8 437,000 1920 1160 0,61 427

5/1 326,000 1435 190 840 0,59 408

5/2 387,000 1705 250 820 0,48 338

5/3 122,000 1860 120 915 0,49 | 356

5/L 422,000 1860 910 0,49 361

5/5 422,000 1860 900 0.48 353

5/6 475,000 2085 maximum 1615. 0,77 489 | 760 0,36 518 6 « S.r,

5/7 455,000 2000 440 1300 0,65 480 | 610 0,30 Ly 6 - 5.r,

5/8 475,000 2085 maximum 1350 0.65 426 | 590 0,28 311 S.r,

5/9 Lol ,000 2170 maximum 1360 0,63 L1 | 570 0,26 339 S.r,

5/10 470,000 2060 maximum 1200 0.58 383 | 615 0,30 334 S.r.

5/11 485,000 2130 1170 0,55 379 | 545 0,26 296 S.re

5/12 ' 1125 362 {(405) (685) S.r.

TABLE 9.2 EXPERIMENTAL RESULTS

T




Test E P Buckling Maximum 4 Minimum No, of
No, lb/in2 131 Load Load 10™ TL' P.B.load fﬁ?L Buckles
: P b in. 1b/in2 107%n,
: max
G1/1t 430,000 790 125 350  O.hh | 235 180  0.23 L14
G1/2 397,000 730 125 400 0.55 | 256 10 0,19 | a5
Gl1/3 485,000 890 moximum 530 0.59 270 210 0.22
G1/b 464,000 855 530 0,62 270 170 0.20 koo
G1/5 483,000 890 - 495  0.56 | 250 (90)2 (0,10) ! 680
G1/6 388,000 715 LoO 0,56 245 165 0,23 320
G2/1 372,000 685 (300) 455 0.67 280 145 0.21 | 475
Gz/2 380,000 700 (310) 435 0.67 270 115 0.16 | 425
G2/3 364,000 670 315 475 0,71 290 145 0,22 485
G2/4 45,000 815 (400) 530 0.65 290 145 0.18 285
G2/s 425,000 780 (340) 470 0.60 265 140 0,18 305
G2/6 460,000 845 (370) 530 0.63 280 140 0,17 295
G2/71 383,000 705 480 0,68 270 130 0,18 395
G2/8 383,000 705 340 L70 0.57 265 140 0,20 345
G2/9 383 y000 705 340 505 0,72 | 285 145 0,21 315
G2/10 383,000 705 340 470 0,67 | 270 155  0.22 390
G2/11 435,000 800 370 500 0,63 300 135 0,17 430
G2/12 395,000 725 340 480 0.66 270 125 0,17 400
a3/1t 336,000 1395 930  0.67 | 423 435  0.31 520 6
G3/2 327,000 1360 350 880 0.54 L73 325 0,24 475 6 d.r.
G3/3 302,000 1260 560 895 0.71 463 340 0.27 520 5
G3/k 3274000 1360 470 835 0,61 465 320 0.23 640 n.c.d.r.
G3/5 286,000 1190 455 800 0.57 Lh7 430 0.36 . n.c.d.r.
G3/6 284,000 1180 500 760 0,64 460 285 0.2k 805 n.c,d.r,
G3/7 265 ,000 1100 430 - 720. 0,65 550 295 0.27 7590 5 n.c.d.r,
G3/8 281,000 1170 560 685 0,59 455 245 0.21 5 n.c.d.r,

TABLE 9,2 continued

a4



Test E P Buckling HMaximum g, Minimum [ No. of
2 cl M.L. n 1 MPL ;
No.. 1b/in N Load . Load W | 107n. P ;i};ﬁgd 10-%in, Buckles
max

G4/1 1:45 ,000 1960 maximum 1230 0,63 415 385 0420 | 370 d.r,
Gly/2 450,000 | 1980 11457 0,58 375 285 0,14 | 480

GL/3 445,000 1960 1090° 0,56 365 290 0,15} 540 6 d,r,
Gh/b 450,000 1980 1160 0,59 430 0,22} 600 6 d.r,
Gh/51 415,000 1960 1200 0,61 7 d.rs
GL/6 445,000 1960 1140 0,58 400 370 0,19 | 560 7 d.r.
Glh/7 1:50,000 1980 1120 0.57 365 0,18 | 720 d.r,

TABLE 9,2 continued

*

Nn.c.d.r,
d.r.
8,.r,

1

2

splice opening up
= not complete double ring of buckles
= double ring of buckles

= single ring of buckles

= air holes in cylinder

= minimum load obtained after forming
the buckling pattern by prodding the

cylinder

17
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maximum load carried by the cylinder is influenced by the rigidity of
the material used for holding it in the end plates, This is
discussed further in the next section.

The mexipum loads sustained by the cylinders were in the range
0.5 = 0.7 of the calculated classical buckling loads, The maximum
loads sustained by each cylinder over the series of tests carried out
on it, showed some variation,

Defining the buckling load as the load at which nonlinear displace=-
ments are initiated in the structure, it was found that some cylinders
buckled at very low loads but continued to ccrry increasing load as the
end-shortening was increased, until the maximum load was reached,

(This neglects the initial nonlinearity that occurred in the initial
stages of loading, caused by the end cap and the top plate of the machine
not being parallel), After the maximum load has been reached, the

load dropped suddenly and, while there might be further small increases in
the load as the end-shortening was incfeased. the general trend wés a
reduction in the load-carrying capacity until a minimum was reached,
usutally at an end-shortening greater than th-t corresponding to the end-
shortening for the classical buckling load of the cylinder, Not all

the tests were carried out with the end-shortening becoming as great as
(or greater than) the classical end-shortening value, but from those
tests where it was, the minimum load carried by a cylinder at these

large values of the end-shortening was approximately the same in all

the tests on the same cylinder,

As the end-shortening of the cylinder was reduced, it was possible
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in some tests to measure the mifimum load carried by the cylinder while
still fully huckled (see Figufes 9.4 and 9,5). In these cases, the
load would usually increase slightly again before the end-shortening
had been reduced sufficiently to cause the buckles to snap out with
a sudden increase in load, These minimum loads carried in the buckled
state showed some scatter and were in the range 0,15 ~ 0,3 of the
classical buckling load, though most of the results were close to 0,2
of the classical load, To some extent, the minimum post-buckling loads
were dependent upon the development of the buckling process., When the
buckles formed two complete rings, the minimum load was lower (in terms
of the classical load) than when one complete and one partially
complete ring were formed., For the case of only a single ring of
buckles the minimum load would seem to be higher still,

The mimimum load carried in the buckled state, at approximately
0,2 of thedassical load, is lower than the theoretical value of
0,301 obtained fof the theory presented in this thesis, The shape
of the experimental load-end shortening curve for the post-buckiing
region does resemble the shape of the theoretical curve,

(125) had suggested that even very small

The work of Thielemann
internal pressures might have a significant effect on the buckling of
the cylinder, For this reason, small air holes were drilled in the
cylinders for some tests, However, the tests did not show any

significant effects that could be due to internal pressurisation, or

lack of it,
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However, the experimental curves did not go to sufficiently
large values of end-shortening to check that the increase in load
was as predicted by the theoretical curve, The minimum loads from

(125) a

these tests are higher than those reported by Thielemann nd

by Almroth et al.(lég), whq obtained loads that were about 0,10 of the
classical buckling load,

In the tests carried out, generally lower minimum post-buckling
loads were obtained in the tests on the thinner cylinders (i.e.
cylinders Gl and G2) than was the case for the thicker cylinders
(i.e. cylinders 3, G3 and G4), This suggests that the thickness of
the cylinder influences the buckling process, In these tests, the
thinner cylinders were much more flexible than the thicker ones,
and the end caps were not as effective in holding them to a circular
shape, It is possible, that as has been observed in experiments on
cylinders in torsion (see Figure 3,7) different materials do not buckle
in an identical manner, This might explain the difference between
the minimum post-buckling loads reported by Thielemann and by
Aluroth, and those of these thesis, Further tests on cylinders of

different thicknesses and different materials would be desirable to

check these suggestions,
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9.7 Discussion

Previous experimental results appear to fall into two classes,
for the case of controlled end-shortening of the cylinder. As
mentioned in Section 3,4,2, the buckles that formed, appeared one by
one around the surface of the cylinder, and their distribution.was
generally random to begin with, However, Almroth et al. (149)
reported that for both controlled end-shortening and for deadweight
loading, a ring of buckles formed around the cylinder at one value of
the end-shortening.

In the tests reported in this thesis, both types of buckling were
found to take place, Thecase of random, isolated buckling is illustrated
by Plate 9.3, Here the individual buckles formed one after the other, with
those near the bottom plate forming first, Plate 9.4 shows the way
in which a 0,040" thick cylinder (not otherwise reported) buckied.

(It should be noted that defects in manufacture have had an influence

as well), The numbers on the buckles indicate the order in which they
formed, The full lines indicate the size of the buckles when they first
appeared, while the dotted lines show the extent of buckling at some

later stage of loading, Buckling of this nature resulted when the
cylinders were held to the end plates by means of "Cerrobend" or "Certite'.
For this type of end fixing, the maximum load was reached only after
several buckles had formed around the cylinder, When "Araldite'" was

used as the end fixing material, then the buckling occurred suddenly

with a very significant decresse in load, and took the form of a single

or double ring of buckles within the central portion of the cylinder,
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Only for this type of end fixing was it possible to measure the minimum
post~buckling load as the end-shortening was reduced,

One difficulty in the tests occurred when setting the dial gauges to
zero, at the beginning of each test, It proved impossible to fit the end
plates on the cylinders so that both the end plates would be parallel
to the plates of the machine (which had becen set as nearly parallel
to each other as possible), This meant that the cylinder was never
loaded uniformly, and from the load-end shortening curves itappears
that the results for the first few load stages were affected by this,

In Figure 9,4 it can be seen that although the experimental results
for the unbuckled cylinder do not follow the theoretical line as
plotted, the slope of the line after the second load stage is very
nearly the same as that of the theoretical results,

For each test, the value of the modulus of elasticity of the material
was determined from the slope of the load-end shortening diagram,

This method, however, only produced satisfactory results for those cases
where Araldite was used as the end fixing material. The manufacturer's
figure for the modulus of eiasticity is 500,000 lb/in2 approximately;
From this, the average value for cylinder 3 of 517,000 lb/in2

" is somewhat high, while the average of 447,000 lb/in2 for cylinder Gk

is somewhat low, The justification for measuring the modulus of
elasticity of the cylinder material in this way is thet, as pointed

out by the manufacturers (16%) "Darvic" is a thermoplastic material whose
mechanical properties are dependent on temperature, time, and strain,

Consequently, since the cylinders: (i) were formed by bending from flat
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sheet and may have undergone slight stretching while on the former;

(ii) might undergo some inelastic straining during the bucliling process;
(iii) could not all be tested at the same controlled temperature; then
it seemed preferable to measure the modulus of elasticity for each

test from the load-end shortening diagram, rather than use the results
from a standard test which may or may not relate to that of the actual
cylinders, The values used for the comparison of the theorgtical
results are therefore more properly referred to as the "apparent"
modulus of elasticity of the Darvic, Had a figure of 500,000 1b/in2
been used throughout, then the maximum loads measured would have been
lower and shown a much greater scattering when compared to the classical

buckling load,
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CHAPTER TEN

DISCUSSION AND CONCLUSIONS

10,1 Discussion

10,1,1 Experimental Work

From the tests carried out, it was found that the end conditions
of the cylinder have a considerable influence on the development of
the buckling process for the cylinder, When the cylinder ends were
held rigidly (i.e. by "Araldite'"), the buckles usually snapped in at
least a single ring, though sometimes a double ring, For those cases
where the end fixing was less rigid (i,e, "Cerrobend" or "Certite"),
then the buckles formed singly and at random over the surface. The
only reference in the literature to the influence of end conditions
on the buckling process, is that of Kanemitsu and Nojima (156) who
appear to have found that the end effects have no influence providing
that L > 1.5 R. For the tests reported in this thesis, L = 3 Ry and
end conditions appeared to be quite important,

In the tests, there was difficulty in applying the loads uniformly
around the circumference of the cylinder, since it was not possible to
make the top plate of the frame and the end cap of the cylinder,
actually parallel,

In order to provide more uniform end conditions than was possible
in the tests reported here, and also to help in providing a more
uniform loading distribution, it would be preferable to use end caps

(149)

similar to those used by 4lmroth et al, . With the centre
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(detachable) portion being made a push fit on to each cylindery all
cylinders tested can be held as rigidly as is possible, If the groove
between the centre portion of the cap and the remainder is filled with
TAraldite', then the cylinder ends should be completely fixed, With a
Hhick
1-1/2" - zw\end capy it should then be reasonable to load the cylinder
through a ball seating. Since a new centre portion for the end cap
will be required for each cylinder, it would seem preferable teo reduce

the size of the cylinders to a diameter of between 6'" and 9", with the

length reduced accordingly,

10.,1.2 Theoretical Work

The theoretical solution of this thesis is not completely identical
with that of Kempner (see Figures 8,4, 8,5), The cause of this discrepancy
is not obvious, though it may be due to the two different methods used
for evaluating the solutions (see Chapter 8). The numerical solutions
of this thesis were such that the fesiduals of the five nonlinear
simultaneous equations were reduced to less than 1 x 10-10 but Keripner
gives no indication as to the possible accuracy of his solutions, Many
more solutions were obtained for this region than are given in Table 8,1,
and they all confirm the indicated curve,

The curve showing the changes of total potential energy (Figure 8,6)
has the same general trend as that given by Almroth (2) for the same
displacement function,

The work of Almroth and of Sobey in obtaining solutions using

displacement functions with more than five parameters in them, is no
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mean achievement, However, while these solutions yield minimum post-

(125) a

buckling load than is in closer agreement with Thielemann's nd

Almroth et al's(lkg)

experimental minimum (0,10 Pcl) it is then much
lower than the experimental minimum (0,20 Pcl) indicated by the tests
reported in this thesis, Also, Sobey indicates the contours of the
deflected cylindrical surface, for a load corresponding to the point
of minimum post-buckling strain, These contours resemble a chequerboard
patternad not the observed diamond pattern of the buckled cylinder,
and suggest that the mathematical solution using large numbers of
parameters does not correspond to the physics of the problem, It has
also been pointed out that Almroth's eleven parameter solution does not
correspend to a diamond-pattern of buckling, either, Hence the
complete solution to the buckling of cylindrical shells is not to be
achieved solely by considering more and more parameters in the deflection
function, Instead, work needs to be carried out using a more general
function than used to date, which will satisfy boundary conditions for a
cylinder of finite length, and which can treat mathematically a single
or a double ring of buckling around the surface,

Sobey has expressed the opinion that the Fletcher-Powell method
for obtaining a numerical solution has advantages over the other methods,
and particularly the advantage that once a sclution has been obtained
for one case it can make use of information stored for this case as the
starting point for the solution at a nearby point, This would enable

2ll the information required to plot the load-end shortening curve to

'
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be comuted at ohe time; This may be an advantage when sufficient
computer time is available to enable the soiution to be obtained for
the first case, but when only limited computer time is available
in each run, then the method is limited in use, In these latter
conditions, the Newton-Raphson method is to be preferred even though

many solutions may fail to converge,

10,2 Conclusions

1) The experimental results showed that for "Darvic!" cylinders made as
described, and testc¢d with the ends held rigidly, the buckiing loads

were generally in the range 0,5 - 0,7 of the classicél buckling load, while
the minimum load carried in the buckled state was approximately 0,20 of
the classical buckling load in each case,

2) The theoretical solution using the five parameter displacement
function of this thesis, predicts the trend of the experimental results
over a range of load and end-shortening near the point of minimum load for
the buckled cylinder, There is, however, a discrepancy between the
theoretically determined minimum load of 0,301 of the classical buckling
load and the experimental value of approximately 0,20,

3) From the numerical solution for the five parameter displacement

function, the generalised Newton-Raphson method proved to be the most

useful method of solution,
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