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ABSTRACT 

Some concepts of stability and buckling are first considered. 

Previous work concerning the stability of thin shells of cylindrical, 

spherical, and conical shapes is reviewed and discussed. 

The case of the complete circular cylindrical shell acted upon 

by an axial load is treated in detail. The theory is developed in 

terms of a stress function and a displacement function. The resulting 

non-linear equations are solved for the case of a displacement function 

containing five arbitrary parameters. 

The experimental study of the axially loaded cylindrical shell 

is described. The cylindrical shells were formed from "Darvic" 

polyvinylabloride plastic. The tests showed that the nature of the 

material used to bond the shells on to the end caps was a significant 

factor in influencing the development of the buckling process for the 

cylinder. In the case of those cylinders where it was possible to 

measure the minimum load carried in the buckled state, the experimental 

load-end shortening curve was similar to the theoretical curve over the 

same range of load and end-shortening. However, the experimental value 

for the lowest post-buckling load was approximately 0.20 of the 

calculated classical buckling load, as against the value of 0.3012 

predicted by the theory. Thus it would seem that further terms are 

required in the displacement function in order to fit the theory to 

the experimental results. 
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NOTATION 

The notation used in Chapters 3, 4 and 5 is not fully listed below, 

but is generally defined where it is first used. 

A.. 	Fourier coefficients for stress function ii 

D flexural rigidity = 	Et3  
12(1-v2) 

E modulus of elasticity 

L length of cylinder 

K
x 
 1Ky ,K

xy 
 axial, circumferential and torsional curvatures 

M ,M 1M axial, circumferential and torsional bending moments 
x y xy 

N applied average axial compressive shell action 

Ncl 	classical buckling shell action 

N ,N ,N axial, circumferential and shear middle surface shell actions 
x y xy 

N 
Ncl 	U61 

R 	radius of cylinder, or sphere, average radius for cone 
(i.e. = 	R

1 
+ R

2
) 

2 

larger end radius of cone 

smaller end radius of cone 

elastic strain energy for extensional forces 



W
2 	

elastic strain energy in bending 

W3 	potential energy of axial load 

W potential energy of pressure loading 

geometric parameter 

ao, a, 

b, c, d, deflection function parameters 

e 

a.. 	Fourier coefficients for deflection function 
13 

c 	pressure parameter = 	pRL2  
p 	 DA 

1 ,1 	axial and circumferential halfwavelengths 
x y 

min 	number of axial and circumferential buckles 

p 	pressure (external or internal) 

t wall thickness 

u,v,w 	axial, circumferential and radial displacements 

w
o 	

radial displacement of imperfect surface 

x,y,z 	axial, circumferential and radial coordinates on the 
middle surface of the shell 

suffixes cl, cr refer to the classical buckling and critical values of 

the particular parameter. 

,n2R 	parameter of the total potential energy expression 
ly 

E ,E ,E middle surface axial and circumferential normal strains and 
x y xy 

shear strain 

1+ 

V9. 

8 	end shortening 



6cl 	= 	1  

3(1-v2) 

6 	. e/sci 

X 	geometric parameter = 	p 

t' 	
ratio of half wavelengths, ly/lx 

Poisson's ratio 

constants, coordinate values 

total potential energy 

(V4 ul) • 

p 	geometric parameter =R si. n2  a 	12(1-v2) 
t 

applied average axial compressive stress 

Cr 10- 	middle surface axial and circumferential stresses 
x y 

aCl 	classical buckling stress = 	1 	Et 

43(1-v2) 

shear stress 

stress function 

?;17- 	Y'" 

= 	
.61,32 

2 
= 	'V .®

2 
 

= V 
4- 	4- . V.  

;5 

D2 

774  

V 8  
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CHAPTER 1  

INTRODUCTION 

Thin shell structures have been used for a considerable time 

now in building constructions as well as in applications in 

astronautics and aeronautics. They have the general properties: 

they are three-dimensional, and their thickness is small compared to 

their other dimensions; the major part of the load coming on them is 

carried by forces acting in the middle-surface of the shell; and 

the same members are used for load-carrying and for enclosing the 

desired space. 

In spite of the increasing amount of attention that is being 

given to the problem of stability of thin shells' much less is known 

here than is the case for the separate problem of the stress analysis 

of shells. This thesis considers some of the problems that relate 

to the stability of thin shells. 

1,1 The definition of "thin" shells  

While there is frequent reference to the term "thin shell", 

throughout the literature, there does not seem to be any definition 

to go with it that draws the line between "thick" and "thin" shells. 

Novozhilov
(1) 

arbitarily limits thin shells to those whose...IR 

ratio is less than 1/20. Vlasov (163) restricts thin shells to those 

for which the t/R ratio is less than 1/30, 

20. 
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Another limitation introduced for the theoretical and 

experimental work described in this thesis, is that the shells were 

to be sufficiently thin that the buckling stress was below the elastic 

limit for the particular material. By limiting the stresses and 

strains to those within the elastic range, the material properties could 

be specified by two parameters only, viz. Young's modulus (E), and 

Poisson's ratio (v). 

1.2 Concrete Shells 

From time to time, it has been said that the stability of large 

thin, concrete shells will become a problem as shells are built to 

cover larger and larger areas. So far, little has been done to check 

the validity of these suggestions. The considerable amount of 

experimental work that has been carried out on concrete shells, has 

been almost exclusively to check stress theories and not stability 

theories. In some of these tests, it has been stated that the final 

failure of the shell was due to "buckling", though it hes seldom been 

made clear just what this implied. 

A series of six tests carried out by Lundgren in 1943, and reported 

in 1945 (158) appear to be the only tests that have been carried out 

to investigate the stability of concrete shells. The shells were 

cylindrical ones, and were loaded on four regions only as it was hoped 

that this would provide the worst loading distribution for the shell. 

Under these loading conditions, it is not surprising that a "wave" 
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developed in the surface as the loads were increased, and the 

explanation that this "wave" was due to "buckling" - and seemingly 

implying a change in the stability of the shell - does not seem 

warranted. 

In discussing the stability of thin, concrete shells generally, 

it is recognised that there are other problems that occur in addition 

to those for metal shells. One factor here is the physical 

nonlinearity of the material (i.e. in the stress-strain relationship), 

which must be taken into account at all stages of loading. 

Other factors are cracking, and creep. Morice (1951) (159)  

suggested that for the buckling failure of a shell roof, the solutions 

will be much the same as those of a curved plate or the complete tube in 

bending. This, he suggested, was because failure is localised within 

the region of maximum stress where it is little affected by the shell 

boundary conditions. This may be true for some types of shells, but 

for many types of concrete shell roof it is well known now that 

boundary conditions do affect the distribution of stress throughout 

the entire shell. Also, it appears that even for complete shells - 

such as the cylindrical shells - whose stability is reviewed in 

Chapter Three - the influence of the end boundary conditions is 

significant. Hence it seems reasonable to consider the buckling 

behaviour of concrete shells to be influenced by the boundary conditions. 

The most recent attempt to discuss the stability of concrete 

shells appears to be that of Bradshaw (1963) 
(150) 	

He took the 

theoretical and experimental results for metal and plastic (material) 
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shells, and sought to apply them to concrete shells. At the present 

time, this is still an unsatisfactory thing to do on account of 

several factors:- 

1) Both the theoretical and experimental work that have been carried 

out to date to investigate stability (for shells other than spherical), 

have been with reference to complete shells, and not segments of 

complete shells as used in building structures. As Bradshaw himself 

recognised, boundary conditions will almost certainly complicate the 

analysis for the shells used in buildings. 

2) The actual properties of concrete cannot be described with just 

the same parameters as metal. The inelastic behaviour of concrete is 

not the same as plasticity in metals. It is not satisfactory to allow 

for the inelastic behaviour of concrete merely in terms of Poisson's 

ratio and the modulus of elasticity. Both of these are difficult to 

measure accurately, and in any case their values will be affected 

by variations in the amounts of reinforcing steel used. 

3) The use of interaction formulae to allow for the effects of 

combined stresses is satisfactory, providing the formulae give 

reasonable results. As far as is known, none of the proposed inter-

action formulae for isotropic shells have been checked experimentally 

for concrete, and consequently they are of doubtful value. 

The full investigation of the stability of concrete shell roofs 

can be broken down into two parts, viz. the structural aspect and the 

material aspect. Both these parts of the problem are involved in 
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themselves, and further work needs to be done in connection with each 

before reliable conclusions can be reached concerning the combined 

effect. 

The work reported in this thesis is an attempt to summarise the 

present state of knowledge concerning the stability of thin shells, and-

to contribute towards a better understanding of the stability of the 

axially compressed cylindrical shell. Knowledge gained from these 

would then be of value in determining how best to treat the stability 

of the structural shapes used for concrete shells. 

1.3 Scope of Research 

a) To review the literature concerning the stability of 

cylindrical, spherical and conical shells; 

b) To investigate the stability of the axially compressed 

cylindrical shell both experimentally and theoretically. 



CHAPTER TWO 

GENERAL BACKGROUND TO THE CONCEPTS OF STABILITY AND BUCKLING 

2.1 Introduction 

Throughout the literature, there is widespread use of the terms 

"stability" and "buckling". 

Stability is a term 

that is reasonably well understood, for consider a device of some 

sort that operates under certain general conditions. These conditions 

are changed slightly. Does the change have little or considerable 

effect upon the device? In the first case it is considered to be 

stable, and in the second as unstable. The term "buckling" on the 

other hand, is used in many different ways and requires definitions 

when used in a particular insta:Ice. 

In this Chapter, a definition of buckling is given, and the 

various ideas of stability and buckling are considered. In addition, 

the various methods that are useful in evaluating stability are 

considered. 

2.2 Buckling 

For the purposes of this thesis, the buckling load is defined as 

the load at which large nonlinear deflections are initiated in the 

structure. The usefulness of this definition in relation to the 

different buckling behaviour of the different members, is illustrated 

25: 
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by the four cases that follow. This is illustrated diagramatically 

in Figure 2.1. In what follows, the "critical" load referred to in 

each case is the eigenvalue of the boundary-value problem as described 

in Section 2.3.1. 

(a) slender column  

For a slender perfect column, the lateral deflection of the 

column is infinitesimal up until the critical load, when it becomes 

indefinitely large. For the imperfect column there is a more gradual 

transition with the deflection tending to infinity as the critical 

load is approached. 

(b) thin, rectangular plate  

Here the deformation process takes place so gradually that the 

"collapse" load (which is taken to be the load at which the deformation 

becomes greater than acceptable), is all that can be determined 

experimentally or practically. This collapse load is usually found 

to be several times greater than the critical load. 

(c) cylindrical shell  

This buckles at a load which is very much smaller than the critical 

load with deformation being linear only up until buckling takes place. 

The buckltd form has a deflection normal to the surface that is of the 

same order as, or greater than, the thickness. The shell behaviour is 

governed by nonlinear differential equations. 



a 
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STRESS RATIO AS A FUNCTION OF BUCKLING 
STRESS RATIO. 

wave depth  
thick ness 

BUCKLING STRESS RAT 10 AS A FUNC TION OF 
BUCKLE WAV E LE NGT H . 

FIG. 2.1 : 	POST BUCKLING BEHAVIOUR OF 
STRUCTURAL ELEMENTS IN COMPRESSION. 



(d) hyperbolic paraboloid shell  

The experimental work of Batchelor 
(7)  shows that as the load 

on the hyperbolic paraboloid shell was increased, the load..di/Tim:Soma 

relation became nonlinear and the maximum vertical displacement was 

very much greater than its thickness. At this stage the shell was 

"buckled" according to the definition given, though the particular 

stage in loading at which this occurred was rct as obvious as in 

the case of the axially loaded cylindrical shell. 

For the case of thin shells, some discrepancies have arisen 

over the use of the term - "buckling load". This has occurred 

particularly for the case of external pressure loadings on 

cylindrical and conical shells where some researchers have taken 

the buckling load as the load at which the first buckle appeared, 

while others have given it as the load that was carried when the 

buckling pattern became fully developed. It seems preferable to 

define the "buckling load" as at the beginning of this Section, and 

to use other expressions to describe any additional experimental 

features. 

2.3 Stability Theories  

The various theories used to predict or describe the phenomenon 

of stability are based on assumptions that are made concerning the 

magnitudes of strains and displacements. The complete theory making 

no assumptions at all, would appear impossible to solve, and so 

requires to be simplified in one way or another, in order to reduce its 

28. 



complexity. The various assumptions have given rise to a number 

of descriptions for the various approaches, and these are outlined 

in this Section. 

2.3.1 Classical Theory 

This is based on the assumption that a given state of equilibrium 

becomes unstable when there are equilibrium positions infinitesimally 

near to that state of equilibrium and under the same external load. 

The classical stability criterion is concerned with a continuous 

load-deformation process involving prescribed loads, unlike a dynamic 

criterion .4hich may consider rapidly varying loads. The reasoning 

underlying the classical criterion for stability is that at very 

small displacements under a load slightly less than the critical 

load, the she:,,, will return to its original position; at a load 

that is slightly greater than the critical load, the shell on being 

given a very small displacement may move away to a new position of 

equilibrium. Hence at the critical load, the shell is assumed to 

remain displaced and for this to be the case there must be an 

adjacent equilibrium position under this same load. 

The classical stability theory assumes both the strains and 

the displacements to be infinitesimal, and in this case the strains 

can be expressed as linear functions of the displacements. The result 

is that the gov...zning equations for the shell stability become linear 

differential equations in terms of either the stresses or the 

displacements. Thus the classical buckling load is obtained as the 

29. 



critical, characteristic, or eigenvalue, solution of the differential 

equation and for this reason it is generally referred to as the 

critical load. 

2.3.2 Finite Displacement Theory 

Here, both the strains and the displacements are considered to 

be finite, and it is necessary to take geometrical nonlinearity in the 

strain-displacement relations into account. 	It is possible that 

even when both strains and displacements are infinitesimal, they may be 

connected by a nonlinear relation due to physical nonlinearity, but 

this is not considered as a feature of this Section or of this thesis. 

In order to simplify the strain energy and potential energy 

expressions, it is usual in most problems to neglect terms involving 

powers higher than the fourth in the displacements and their 

derivatives. 

This simplification 

does place a limit on the usefulness of these expressions where they 

are used. For those cases where the strains and displacements are 

large, and the above simplification is not valid, then it is preferable 

to refer to a "large iisplacement theory". 



2.4 Methods of determining Stability 

The methods used to treat elastic stability problems are:- 

(a) equilibrium method 

(b) energy method 

(c) imperfection method 

(d) dynamic (vibration) method. 

2.4.1 Equilibrium Methods  

The basis of the general theory of the stability of mechanical 

systems was developed by Poincare (1885) (94)  in his study of the 

stability of rotatinr masses of fluid. When the load on the 

mechanical system increases, Poincare found that the coordinates 

representing equilibrium states, describe certain paths. Usually 

there is only one lath when the load is small, but "bifurcation" 

points could occur at higher loads. Poincare assumed that the 

unbuckled state represented by the stem of the path, becomes unstable 

after a bifurcation point is reached. 

The eigenvalue approach to the buckling problem, by considering 

the equilibrium equations for the slightly deformed system, is called 
method 

the equilibrium ItimboltA of determining stability. 

31. 



2,4.2 Energy Method 

The energy theory of buckling was first formulated by Bryan (15)  

in 1888, and is based on the principle of minimum potential energy. 

Here, the total potential energy of the system is to be such that its 

first variation is zero. 

i.e. 	7C = const 

1570 = 0 

Usually the Rayleigh-Ritz method of solution is used in conjunction 

with the total potential energy expression to give a solution in 

terms of the system of equations. 

= 0 
6a. 1 

where the a. are arbitrary parameters. 

The method is described and discussed more fully in later chapters. 

2.4.3 Imperfection Method 

For any h.echanical system, the behaviour of the geometrically 

perfect system may be regarded as the limit that results if certain 

imperfections, eccentricities, or auxiliary loads, approach zero. 

When imperfections in the system are present the limit will not be 

reached, and the discrepancy between the buckling loads for the perfect 

and imperfect systems depends on the size of the initial imperfections. 

32. 
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This approach to stability theory is known as the "imperfection method". 

In effect, the stability problem is transformed into a nonlinear 

equilibrium problem for which a maximum load can be obtained. In 

some cases it has been found that the presence of even small imperfections 

will reduce the buckling load greatly below that for the perfect system. 

A slightly different imperfection problem is that of creep. 

This is dependent both on the magnitude of the imposed stress, and time. 

Up until recently, research into the effects of creep had been 

mainly concerned with uniaxial stress systems, such as columns and the 

knowledge of creep effects for biaxial and triaxial stress systems 

was limited. At the present time, a great deal of research is being 

carried out in connection with these latter stress systems, but the 

picture is still far from complete. On account of this it seems 

premature to go to any great lengths to include this "imperfection" 

from the material into an analysis of the behaviour of the structure. 

For shells made from a material such as concrete, creep may have 

considerable effect on the stability, and will require to be taken 

into account. 

2.4.4 Dynamic Metnod  

The dynamic or vibration method for treating stability problems 

is based on the principle that a svEtem undergoing infinitesimal 

vibrations will have a fundamental frequency that becomes zero at the 

critical load. For example, the fundamental frequency for 
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infinitesimal vibrations of a statically loaded straight column 

decreases as the axial load increases and becomes zero when the 

Euler buckling load is reached. 

The "static" approaches, i.e. the imperfection, energy and 

equilibrium methods, are useful for those classes of problems where 

the applied loads are conservative, but for the general case where 

the loads are nonconservative then the dynamic method must be used. 

For the particular problems of the axially loaded cylindrical shell 

and the spherical shell, the equations of motion of the shell are 

solved in terms of a deflection function, the arbitrary parameters of 

which are assumed to be functions of time. Numerical integration of 

the parameters is then 7Ncssible, and the behaviour of the shell at 

buckling can be studied. 
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CHAPTER 3 

CYLINDRICAL SHELLS 

3.1 INTRODUCTION 

In the development of the stability theory of thin shells, 

the majority of the work has been carried out in reference to 

shells in the form of circular cylinders, or spheres. For 

spheres or spherical segments, the loading conditions 

imposed have been those of external pressure. In the case 

of cylinders, the types of loading that have been considered 

include: torsion, ixternal pressure, and axial compression, 

as well as combinations of these. The effect of internal 

pressure on the stability has also been considered. 

The majority of the experimental work_has been carried 

out on tubes of aluminium, steel, or brass, though celluloid 

has been used to a limited extent. The end conditions 

under which the cylinders have been tested have ranged from 

simply supported to the clamped case. For the case of 

cylindrical shells under axial compression, Kamemitsu and 

• Wit Nojima 	(1942), working at Cal, Tech., California, 

concluded that the end conditions of the shell have no 

influence on the stability of cylindrical shells providing 

L > 1.5 R. This result appears to have been accepted by 
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many subsequent researchers, and has been taken as a basis for 

neglecting end conditions in both theory and experiment, not 

only for this same loading case but others as well. However 

155) 89, the work of Hoff (57, 	shows that a "free" edged 

cylindrical shell can buckle at less than the classical load 

due to instability of the "free" edge. The importance of this 

edge instability has not been widely accepted and it seems 

that the effect of end conditions on the buckling load is an 

open question at the present time. 

Initially, all the theoretical investigations of the 

stability of cylinders were based on the classical (linear) 

theory. However, it was found that there was a discrepancy 

between the theoretical buckling load and the experimentally 

observed buckling load, this discrepancy being considerable 

in the case of axial compressive loading. Recent post 

buckling (finite deflection) analyses of the stability of 

cylinders have helped to give an understanding of the nature of 

this discrepancy. Figure 3.1 shows the postbuckling functions 

for the axial compression, torsion, and external pressure 

loading cases. This shows the considerable decrease in axial 

load that can be sustained by the axially compressed cylindrical 

shell after buckling. In the case of torsion, the decrease is 

not so great, while for external pressure the fall in the load 

carried is quite small, and may not occur at all. In Figure 3.1 
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Plate 3.l. 	Typical buckling patterns for 

cylindrical shells. 
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the full line corresponds to the post buckling function of a 

perfect cylindrical shell, while the dashed line represents 

the trend of the post buckling function when the shell has 

initial imperfections. Some idea of the displacement pattern 

for the main loading cases can be gained from Plate 3.1.The 

model shells were made of 1),.-Ter for the purposes of demonstration. 

In what follows in this Chapter, the terms "cylindrical 

shell" and "cylinder" both refer to a "circular cylindrical 

shell". 

3.2 EXTERNAL PRESSURE 

3.2.1 Introduction 

For the buckling of circular cylindrical shells under 

external pressure, there are two cases to consider. Firstly, 

there is the case of radial pressure acting on its own, and 

secondly, there is the case of hydrostatic pressure. Hydrostatic 

pressure consists of the radial pressure acting on the walls 

of the cylinder, together with the same pressure acting 

axially on the ends of the cylinder. 

Sturm's work has shown that the effect of an axial load 

up to the value reached under hydrostatic pressure, does not 

greatly alter the buckling mode of the cylinder from that which 

would be found if the lateral pressure were acting alone. 
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3.2.2 Experimental Work 

. (121) From Sturm's tests (1941) 	, it can be seen that 

circular cylindrical shells when subject to radial or hydrostatic 

pressures, buckle into a fluted form. The number of lobes or flutes 

into which the cylinder buckles, depends to a large extent on the 

length of the cylinder. In general, the smaller the L/R ratio of 

the cylinder, the more flutes will form when the cylinder buckles. 

It would appear that for L/R > 10, the simply-supported cylinder buckles 

into a form with two flutes, while below this value the number of 

flutes formed increases as the L/R ratio decreases, reaching about 

six for L/R = 2. For fixed-end cylinders, the number of flutes 

formed is one more than in the case of simply-supported ends, at 

any value of L/R. 

W 	
(143)

indenberg and Trilling (1934) 	carried out tests on 

the buckling of thin cylinders acted on by hydrostatic pressure. 

3.2.3 Classical Approach  

The earliest work on the stability of cylinders acted upon by 

external pressure is given by the work of Levy (1884), in connection 

with the buckling of circular rings. 	Levy considered a unit 

width circular ring which was deformed from the circular shape under 

action of a uniform pressure, p. 	The calculation for the 

moments of this deformed ring, which arise from both the 

external pressure and the membrane load, showed that the 



moment went to infinity at a value of p given by: 

Per = 3E1  R 
(3.1) 

If the ring were considered to be a unit section out of an 

infinitely long cylinder, then I =  *3 2  . Therefore' 
12(1...y ) 

the critical external radial pressure for such an infinitely 

long cylinder (with no axial load On the cylinder), is: 

P = cr 
E  

4(1-V
2
) 

(3.2) 

This formula only applies to the case of an infinitely long 

cylinder, where end conditions have no effect and so need 

not be considered. 

Bryan (1888) (15)  applied the buckling of rings to the 

(79) stability of long cylinders. Lorenz (1908) 	and 

Southwell (1913) (119) considered the case of short cylinders 

where the constraint at the edges provides a stiffening 

effect to the shell. 

In 1914, von Mises 
(84) developed a more accurate formula 

for the critical pressure of a short cylinder. He introduced 

an assumed deflection pattern which reduced the deflection 

and moments at the cylinder ends to zero (i.e. to simple 

support). The analysis was a small-displacement one. Since 

the length was taken into consideration, the pressure, p, is 

41. 
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a function not only of the modulus of elasticity of the 

material (E) and the R/t ratio, but also of the L/R ratio. The 

resulting equation is: 

(1-V2) Pcr R  
Et 

1-v2 	+ t2 n2-1 + 2n2-1-v 

, 
(n2-1)(1+n

2 
 L 2/it2 R2  ) 	1282 l+n

22/It2R2 

(3.3) 

Von Mises and others have also considered the case of 

hydrostatic pressure where the axial load has to be taken into 

account. 

Sturm (1941) (121) not only carried out experimental work 

on the buckling of cylinders under external pressure, but also 

carried out an analytical investigation of their behaviour up to 

the "collapse" load, i.e. up to the buckling load. In this 

analysis, he not only considered the effects of the end supports, 

i.e. fixed and simply supported ends, but also extended his 

analysis to cover the plastic behaviour of the material, the 

flout-of-roundness" of the cylinders  and the stiffening effects 

of ring-stiffeners. In taking into account the initial "out-

of-roundness" of the cylinder, it was assumed that this would 

correspond to the actual configuration at collapse. Sturm's 

tests show that this was not always the case, for the tests 

were in better agreement with his analytical results for perfect 
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cylinders rather than those that allowed for the "out-of-

roundness". 

In 1947, Batdorf t8) 
 appliedthe Donnell equations to the 

cases of a cylinder under radial pressure and hydrostatic pressure. 

The results were presented in terms of two parameters, viz. 

a pressure parameter 

and 

Cp  = pRL2 
 

Dm2 

 

a geometric parameter 

	

2 \ ( 	2 Z
L 	

/Rtri 

Figure 3.2 shows the graph of the pressure parameter against 

geometric parameter and shows Sturm's experimental results for 

comparison, for the cases of radial pressure acting alone and 

for hydrostatic pressure. 

The theoretical curves show reasonable agreement between 

theory and experiment, except for values of ZL  4: 100 in the 

case of hydrostatic pressure. It seems probable that these 

discrepancies at low values of Z
L 
are due to the fact that for 

these cases, the axial stress predominates. In Section 3.4.2 

it is pointed out that for the axially loaded cylinder, the 

experimental results are much lower than the theoretical 

values, and it is more than likely that the ratio of radial 

stress to axial stress is important in determining the 
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behaviour of the hydrostatically loaded cylinder. 

Gerard and Becker (1957) (44) suggest that the discrepancy 

between experimental and theoretical loads for 

7.
1,4:100 in Figure 3.2(b) is due to plasticity effects, as 

against the suggestion made above, that it is due 'to the 

effects of the axial load. 

3.3.4 Non Linear Theories  

As can be seen from Figure 3.2(b) cylindrical shells under 

hydrostatic pressure show reasonable agreement between 

theoretical and experimental rtSults, unlike the case of 

cylindrical shells under axial compression. However, the 

discrepancy was sufficient for Nash (1955) 
(90)to  study the 

post-buckling behaviour of such cylinders and to consider the 

effect of the initial imperfections as well. In doing so, he 

followed the method used by Donnell and W 	(27) an (1950) 	for 

the case of axial compression (see Section 3.4.3.2). The 

Rayleigh-Ritz method was used tochtaitithe non-linear equations, 

with the assumed deflection function being taken as: 

w = at iSin ay sin nicx + d (1-cos 2nnx) 
	(3.4) 

R 	L 	L 
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where the first term here is the only one that had been used 

by von Mises in his small-displacement analysis. The tetra 

potential energy was minimised with respect to two parameters. 

Following Donnell and Wan, and Loo, Nash uses an 

"unevenness" parameter, Uo, where: 

U = a rt(L+2nR)l2  . V it(L+2AR)12 	;•,.ta.V 	(L-1-27d1.)2  
o° 	 1 	------ 

OnRL j 2  aRL 	8ic2R2L2 
(3.5) 

As a result of a comparison of his analysis with 

experimental results, Nash suggests a value of Uo = 3 x 10
-4 

as giving reasonable agreement between the theory and 

experiment. This is higher than Donnell and Wan, and Loo 

suggested as a result of their investigations for the cases 

of axial compression and torsion. Nash also found that the 

number of circumferential waves around the cylinder is 

predicted sufficiently closely by the small displacement 

theory (i.e. n = 8). 

For a particular shell, Nash showed that the critical 

pressure was dependent upon the value of Uo  and that there 

was a post-buckling drop in the pressure. 

Nash suggested that deflection functions other than he had 

used should also be tried, since Equation (3.4) does not fit 

the boundary conditions exactly. 
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Donnell (1956) (25)  carried out an analysis for thin 

"hinged edge" cylinders under hydrostatic pressure, using the 

method that he and Wan had previously used in the case of the 

axially loaded cylinder. In this way he also showed how the 

pressure-volume relationships were dependent upon the initial 

imperfections present in the cylinders. As previously, it was 

assumed that the initial imperfections of the cylinder formed 

a regular geometric displacement pattern that was identical 

with the post-buckling mode of the cylinder, and that the most 

important component of the initial imperfection was that which 

was similar to the post-buckling mode. 

Donnell obtained the partial differential equations for the 

problem, in terms of a stress function, 13. This was obtained 

from the compatibility equation once a particular form had been 

assumed for the deflection function, w. 

The displacement function chosen by Donnell was: 

w = at ,r  cos ns cos mnx + b (cos mnx + 0.3 cos 3mnx))  
r 

for - I/2 < x 	L/2 	(3.6) 

Here n = number of circumferential waves and 

m = rnm,r/nL. ly/lx 
This assumes that ix = 
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Substituting for m in the function, and translating the 

origin of the axes to one end of the cylinder, we obtain: 

w = at ;sin ns sin mtitx + b ; . cos 2ml7m + 0.3 cos 6m17m01 -• r 	L 	L 	L 0 

for 0 	x < L 	 (3.7) 

In either case (Equrtion (3.6) or (3.7)) the first term 

represents the small (linear) deflection term, while the second 

term represents the inward deflection of the cylinder and 

(according to Donnell), has a shape approximately proportional to 

the squares of the primary deflection. Donnell justified the 

use of the factor 0.3 on one or two grounds, but it seems to have 

been introduced primarily in order to permit the use of another 

term in the deflection function without increasing the number 

of unknown parameters. 

Donnell's results are expressed in terms of the following 

parameters: 

pressure parameter : 	p = R
3/2Lp 

t
5/2

E 

length E = L (3.8) 

   

initial displace-
ment UR = 7c2  a. Rt 

4(14y) 

where a
o
t = amplitude of initial displacement, 



lx,ly = halfwavelengths of primary buckling waves infxial 

and circumferential directions, 

volume change parameter : 	V = vol. decrease 	(3.9) 

(R03/2  

Using these parameters, Donnell has presented the results 

for cylinders with 
	

hinged 
	ends. Comparing theoretical 

results with experimental data, good agreement between them can 

be brought about using values of U of the order of 0.0001 to 

0.0003. 

At about the same time, Kempner (1956) (69) sought to solve 

the case of the cylinder acted upon by hydrostatic pressure, also. 

Like Nash, and Donnell, he used a finite-deflection theory and 

considered initial imperfections. He used the deflection 

function: 

49. 

, 
w = 	[(a - cos Ex) cos nx + ci 

s 	We 	L 	1 

where Xc = halfwavelength determined from small-displacement 

theory for circumferential buckles. 

Initial imperfections were taken as: 

w = r t 1 (a - cos Ex) cos nx.I 
° ° 1 	We 	L 

(3.10) 

(3.11) 

On account of the numerical difficulties involved in the 
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Rayleigh-Ritz solution, Kempner gave only one solution of the 

problem. 

Following on from this, Kempner et al. (1957) (71)  

sought to solve the same problem. In this investigation, 

initial imperfections were ignored, and a different form was 

assumed for the deflection function. In this case: 

W = 1(a - cos 21x) (cos 	+ b cos 271.4s) + e) 
ly 

- cos a cos Icx + a cos Icx + ab cos 37tx 
ly 

- b cos ?a cos 31tx + ej 
ly 

(3.12) 

Kempner et al. minimised the total energy with respect to 

five parameters, but in order to obtain solutions to these 

non-linear equations, they made several approximations in turn, 

using each approximation to guide then in solving the next 

more difficult equation. 	In other words, they built up the 

complete solution in the following manner: 

1st approximation: a = b = 0 w  this gives the classical 

solution. They 
then 

 used the simplification, a = acrit where 

a = (1x)2  
(L ) 

2nd aA.:proximation:  b = 0 - also considered was the case when 

= orit 



complete solution: with and without G = crit 

In this way, they were able to show, as Nash and Donnell 

had done, that pressures less than critical existed in the region 

whore Batdorf had found a considerable discrepancy between 

experimental and theoretical (small-deflection) results. However, 

in spite of their careful analysis, the calculated minimum value 

of the post-buckling load was found to be only 3 per cent less 

than the classical, while experimental values were some 70 - 80 

per cent of the classical. While this discrepancy can in part 

be due to the need for more accurate strain-displacement relations, 

or more extensive assumed deflection parameters, the main error 

could be due to neglecting initial imperfections. Nash, who 

considered initial imperfections in his analysis, had earlier 

found that his results agreed reasonably well with experimental 

ones. 

Kempner et 0. found that with the deflection function 

they assumed, fihite-displacement equilibrium configurations 

existed for pressures greater than, as well as less than the 

classical critical pressure. However, these pressures less 

than critical were found to exist only in a small range, and 

outside this, pressures greater than critical were required, 

even in the post-buckling range. 

51. 
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In 1958, Donnell (150 presented a further report 

dealing with the buckling of thin cylinders acted upon by 

hydrostatic pressure. This time the analysis was for the case 

of fixed edges. The method he used was the same as that of the 

previous report (25).  From this new analysis it is found that 

there is no drop-off in resistance after buckling takes place. 

For the case of hinged edges, Donnell had found that there 

could be a small drop-off in resistance for shells of a 

particular range of geometry. 

For the case of fixed edges, Donnell assumed the deflection 

function in the form: 

I 
w = at (cos ns + b) (1 + cos 2mnx) 	(3.13) 

r 	 r 

Initial imperfections were also taken into account, and 

values for U of between 0.0001 and 0.0008 were required to cover 

the range of the experimental results. 

Langhsar and Boresi (1958) (75) have analysed the cylinder 

under radial and hydrostatic pressures, though they considered 

only geometrically perfect shells, neglecting all imperfections. 

In their analysis they considered an axial forceiiitrisEls 

between zero and that for the case of hydrostatic pressure. Their 

results are presented in a series of tables for the solution of 

the buckling equations, for both fixed-ended and simply-supported 

cylinders. They also give tables of coefficients that enable the 
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"Eisler" and "Tsien" critical pressures to be calculated. Here, 

the "Euler critical pressure" is the value of the buckling 

pressure obtained from the classical theory, while the "Tsien 

critical pressure" is the pressure at which the shell can snap 

from a stable unbuckled equilibrium position, to a stable buckled 

equilibrium position. The latter is discussed in Section 3.463.1., 

and is the same as Tsien's "lower buckling load". 

In the development of their theory, Langhaar and 

Boresi derive equations in terms of the axial, circumferential, 

and radial components of the middle surface displacement. As a 

result of using a parameter W
o
, which is chosen so as to minimise 

th.,  buckling pressure, they derive an expression for the 

increment of total potential energy on buckling, as a 

function of Wo
2
: 

i.e. 	AV 	= (B1.- Kal
) Wog 4,  (B, 	Ka

2
) W

o 
+ B

3 
W
o
6 

4 
ERtL 

(3.14) 

If for a given shell, AV is plotted against Wo, different 
ERtL 

curves are obtained for different values of pressure, p (see 

Figure 3.3). The minima on the curves represent stable 

equilibrium configurations, while the maxima represent unstable 

equilibrium configurations. 

The maxima on the curve corresponding to p2, represents a 

potential energy barrier that the shell must cross in order to 

buckle, if the pressure is exactly equal to the Tsien critical 
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pressure. It thereforeserves as a rough indication of the 

immenance of snapthrough. The value of this maximum can be 

obtained from the equation (3.14): 

i.e. 	( AV) 	= 4 . 	B, 	6  
(ER3) max 

	27 R2 	"' 
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(3.15) 

where o is the root that corresponds to the point of tangency 

with the x-axis (see Figure 3,3) (for pressure p2). 

Equation (3.15) is plotted in Figure 3.4 for an R/t = 1000, 

for the number of circumferential wavelengths, n = 2 - 20, and 

the case of hydrostatic pressure. 

Using this graph, Langhaar and Boresi calculate that a shell, 

for which L/R = 0.6, and R/t = 1000, will buckle with n = 17, 

for which 1012  AV/ER3  = 11.5. Therefore, if R = 20" and 

E = 30 x 106 p.s.i., AV = 2.76 inlb = 0.23 ftlb, and it is 

quite possible that accidental disturbances might supply this 

amount of energy and so cause the cylinder to snapthrough into 

a buckled configuration. 

3.3 TORSION 

3.3.1 Introduction 

It was in relation to the torsional buckling of thin-walled 

cylinders that Donnell (1933)  (23)  introduced his simplified 

theoryi  deriving a single 8th order partial differential equation. 

This approach has been used widely, and has become the basis of 
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the present linear theories (cf. Batdorf 0)), not only for the 

case of torsion, but also for external pressure and axial 

compression. Donnellls theory has also become the basis for the 

linear stress analysis of thin shells, 

(146) 
More recently, Yoshimura and Niisawa (1957) 	have 

shown that there are two extremes of loading that must be 

considered. For constant torsional moment., buckling will take 

place at a "lower buckling load", while for constant angle of 

twist, buckling will only take place at the "upper buckling load", 

i.e. the buckling load of the classical linear theory. 

3.3.2 Experimental Investigations  

A summary of the experimental work that has been carried 

out, has been given by Gerard and Becker (44) . The first 

experiments were carried out by Lundquist (1932) 
(82), 

 and  

Donnell (1933) 
(23)  , using brass and steel as materials. 

Experimental results have been shown to lie between 70 

80 per cent of the theoretical results predicted by the classical 

theory. The fairly wide scatter of results (see Figure 3.6) is 

perhaps due to the fact that cylinders tested under constant 

torsional angle (i.e. in a rigid testing machine), buckle at the 

classical buckling load, while under constant torsional moment 

buckling occurs at a somewhat lower load. Since testing machines 

are not truly rigid, it is probable that in the experimental work the 
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cylinders are tested under conditions somewhere between the 

two extremes. 

The most recent investigation of the torsional buckling of 

a cylinder has been that carried out byY 	:-. eing.rten (1962) (139) 

though in the main he was using internally pressured cylinders. 

Weingarten compared his experimental results with the 

theoretical analyses of Loo and Nash, and found that the results 

were in qualitative agreement but not quantitative agreement. 

Figure 3.7 illustrates the experimental behaviour of cylinders 

under torsion with varying geometric parameter. This shows that 

for at least one value of L
2
/Rt there is close agreement between 

the results for steel and Mylar (plastic) cylinders. The small 

discrepancy between the results for the two materials is 

probably explained by the slightly different buckle patterns that 

occurred, as shown in the photographs presented in the report. 

For small values of L
2/Rt, the 'load increases with angular 

rotation in the post buckled region, while for large values the 

load decreases with increasing angular rotation. In the case of 

a perfect specimen of 2
/Rt = 2000, Loo found only a 12 per cent 

decrease in strength in the buckled region, while Nash found it to 

be 26 per cent. However, Weingarten found from his experimental 

results for L
2
/Rt = 3200, that there is a 72 per cent decrease in 

strength. An explanation for this difference can be found by 

studying the buckling pattern of the unpressurised cylinder. It 
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can be seen that the angle crests and troughs of the buckles are 

not parallel, whereas the deflection functions assumed by Loo 

and Nash assume that these are parallel. 

3.3.3 Linear Approach  

The earliest analytical investigation of the buckling of 

thin-walled cylindrical shells under torsion was carried out by 

Schwerin (1924). A similar investigation has been carried out 

by Flagg8 (1934). These investigations were for very long 

cylinders where the end support conditions did not affect the 

stability. As a result, they obtained a critical torsional shear 

stress equation for the infinitely long cylinder, in the form: 

cr * 	cr 
E 	

kt..1 

3-,2(1-v2)3/4 	61 

3/2 (3.16) 

 

27.R
2
t 

  

In this case the number of wnves into which the surface buckles, 

is two. 

For V -. 0.3, we have: 

Tcr 
= 	Tcr  = 0.255 E 

(14 
27LR

2t 

3/2 (3.17) 

For tubes of very large L/R ratio, another mode of buckling 

is the deformation of the tube axis into a helix. According to 

Fung and Sechler (40) Schwerin's analysis is applicable to this 



case, and predicts a critical shearing stress given by: 

T 	= anE 	Rfl- t +1 (t)2  + cr 	(1-0 	L i 2R 12 (k) 
(3.18) 

For this case the tube must be very long (L/R very large) before 

critical shearing stresses less than the material yield point are 

found, so that buckling is elastic. 

For short cylinders, the end conditions can no longer be 

disregarded, and the probelm of determining the critical shear 

stress becomes very complex. Donnell (1933) (23)  introduced a 

number of simplifications into the shell equations, and also 

simplified the boundary conditions that require to be fulfilled. 

In this way, Donnell derived the 8th order differential equation: 

D98w+ Et \l 4r/ + 2 St774\2  w = 0 	(3.19) 

:(11 	4,2Eby 

As a result of these simplifications, Donnell obtained the 

following formulae for the critical shearing stress for short and 

moderately long cylinders: 

for clamped ends: 

   

1 
(3.20) T 	= E 	(t)2 I-  4.6 +_j7.8 + 1.67 ( 1-v2  . L2 )3/2 

cr --E (i.e) 	 Rt 1-y 

61. 



and for simply supported ends: 

I 	.]T cr 	
(L) 

= 	E 	(t)212.8 +  + 4  2.6 1.40 ( 11-v2 
	

2 )3/2 (3.21) 

1-v2 L 	 Rt 

When the experimental results are plotted, they lie just below 

Donnell's two theoretical formulae. 

Timoshenko 
(129)  reports that Kromm (1940) carried out a 

more detailed investigation in the case of simply-supported ends, 

and arrived at the following formula: 

T 	= 4.39 E 	(t)2  I + 0.0297 (1-V2)3/4 (L2)3/2 (3.22) 

1-v
2cr 	(L) 1 	(50  

which is claimed to agree slightly better with test results. 

Batdorf et al. 
(8, 10) using the simplified Donnell theory, 

have presented the results in terms of two parameters as they have 

done for the other loading cases on the cylinder. 

Using these parameters, the resulting curve is shown in 

Figure 3.6(a). From this it can be seen that the experimental 

values average some 15 - 20 per cent below those given by the 

theory. The discrepancy is even more clearly seen in Figure 3.6(b) 

where, instead of using the log-log plot as in Figure 3.6(a), the 

same results are plotted on a linear scale. Part of the 

discrepancy may be explained by the fact that Donnell, and 

Lundquist, reported failure loads and not just initial buckling 

loads. 
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3.3.4 Nonlinear Approach 

The first application of nonlinear theory to the case of 

torsional buckling of a cylinder, was carried out by Loo (78) 

in 1954. In addition, he took intoaccount the initial 

imperfections inherent in the cylinders. Donnell and Wan's (27) 

assumptions regarding the shape of the deformed surface, and the 

magnitude of the initial imperfections, were considered to be 

not general enough to be applicable to the case of torsional 

buckling. As a result, Loo chose to make more general assumptions 

that could be applied to the case of torsion, as well as axial 

compression. By comparing his results (for the case of axial 

compression) with those of Donnell and Wan, Loo was able to 

show that his differing assumptions did produce similar results. 

Loo used a Rayleigh-Ritz approach, expressing the strain 

energy in terms of the deflection function, w, and the membrane 

stress function, /S. On assuming the deflection function to be of 

the form: 

W = sin  n (rix) sin itx + d (cos 21xx - 1)1 
lx 	

13.23) 
R 	lx 2  

and the initial imperfection to be: 

wo = aot [sin n (y+tx) sin 9tx + d (cos 21cx - 1) 
lx 2 lx 

(3.24) 
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where: 

yE = tan Q n = lw/ly m = ly/lx 
= angle between buckling waves 

at = amplitude of radial deflection 

aot = amplitude of initial imperfection 

aid = constants 

then a particular solution can be found for 

solution for 0  is also found, of the form: 

fs 
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A complementary 

0= c1 x
2 
+ d

2
xy + c

3
y2 
	

(3.25) 

Strictly, the strain energy should be minimised with 

respect to the four unknown parameters a, d, n and y. However, 

in order to reduce the mathematical work, Loo assumes that the 

values for X, and n are not very different from those found 

from Donnell's small-deflection theory. Loo's grounds for 

making this assumption are that the small deflection values 

agree reasonably with the experimental values. As a result, 

Loo only minimises the energy expression with respect to the two 

parameters a and d. 

Loo plots (L/t)
2 az  versus (L/t)2 uv xy for various values 

G 
of an imperfection parameter V (=. NO, which show that for 

L/R 	20, there is a post-buckling fall in shearing strength. 

The strength is shown to increase again provided 20 	L2/11-E2x103, 



while for L
2/Rt > 2x10, the strengths of the cylinders 

decrease continuously. An approximate formula for the peak 

shearing stress was found to be: 

I 	 I 
1 - (Uxy  ) 	= 0.75 	v 	- 0 .6 1.14-  9 	

0.6 
 

(Qxyce)peak (L
2
/Rt)

0.3 
(I,
2
/Rt)

0.3 

(3.26) 

The imperfection magnitude is assumed to be of the form: 

[ 	

7 

ao  . Uo 	lxly , . 11 
6 

 
lx + ly tj 

(3.27) 

Loo chooses a value of Uo 
= 0.5x10-4 and 8 = 2, which he 

shows are reasonable for the case of buckling of a column, and 

the axial compression of a cylinder. Here lx 	LI  and ly flt.,m1x=c,mL. 

This equation (3.26) is shown to agree with the general trend 

of the experimental results, passing roughly through the middle 

of the region in which the experimental results lie (Figure 3.8). 
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The next analysis of the torsion problem, was carried out 

(146) by Yoshimura and Niisawa 	(1957), who stated that 

torsional buckling was a Durchschlag problem, as was axial 

compressive buckling. For this to be sot  the existence of 

the stable state after buckling depends on whether there exists 

an intensely buckled surface which is approximately applicable to 

the undeformed sJrface. Like Loos  they used the finite- 

deflection theory, solving it by means of a Rayleigh-Ritz method. 

For this case, the assumed deflection function is: 

w = afo 
(1 + cos .nx) + af icos 1 (X x + ny) + cos 1 (X x + ny) l ( 	1 	R 2 

(3.28) 

where af
o 

af
I 
are the amplitudes. 

21CR , 2nR are the wavelengths in the axial *M einimpferen-,  
X1 	X2 	tial directions 

2L = length of the cylinder, 

n = number of circumferential waves. 

Yoshimura and Niisawa are assuming here that the surface 

deforms into a one-sheet hyperboloid (1st term) and that the 

helical wave pattern 2nd term) is superimposed on this surface, 

and not on the initial cylindrical surface. Equation (3.23) 

does not satisfy the boundary conditions for either fixed ends 
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or simply-supported ends. However, Donnell (23) has stated 

that the end conditions do not significantly affect the 

buckling stress, but this has in no way been proved. 

The total potential energy expression, after being put 

into a non-dimensional form, is then minimised with respect to 

four parameters, with a fifth parameter being assigned different 

values. In this way it is shown that there are post-buckling 

equilibrium states with lower loads and larger deflections than 

those obtained just at buckling. This drop in load is smaller 

than is found with axially loaded cylinders, but larger than that 

found for cylinders loaded by external pressure. This agrees 

quantitatively with the experimental results in the three 

different loading cases. Yoshimura and Niisawa point out 

also that the amount of post-buckling fall-off is dependent on 

the type of testing procedure used. There is found to be a 

distinct lower buckling stress for the case of constant torsional 

moment, but no lower buckling stress for the case of constant 

angle of twist. 

At almost the same time as Yoshimura and Niisawa, Nash 

(1957) (91)also carried out an analysis of the post-buckling 

deflection of cylinders loaded in torsion. Nash carried on 

from the work of Loo, and sought as rigorous an analysis as 

possible. Hence, in order to improve the accuracy of the 
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analysis, Nash minimised the total potential energy with respect 

to all the arbitrary deflection parameters, with no results 

being assumed from the small-deflection theory. By considering 

the periodicity of the circumferential displacements, Nash 

showed that there was a decrease in the number of waves as the 

load is increased, i.e. m became larger instead of remaining 

constant at the small-deflection theory value. By assuming 

slightly different deflection functions, Nash separated the 

cases of clamped and simply-supported ends. 

The deflection functions that Nash assumed in connection 

with the Rayleigh-Ritz solution of the differential equations 

were - for clamped ends: 

c 	) 
w = at sin n (y+x) 11 - cos 27xt + d (cos 27m - 1) + c 

I R 	L 1 	L 
i  

(3.29) 

and for simply-supported ends: 

w = at [ sin ri  (y+ Vx) sin Itx + dl sin itx + el 
R 	L 	L 

. 

(3.30) 

 

where e and el are terms introduced to correspond to a uniform 

radial displacement so that membrane stresses that are present 

may be those due entirely to torsion. e and el are, however, shown 

to have only a negligible effect on the results. 

The deflection functions given above do not accurately fit 
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the end conditions, particularly for small-deflections. However, 

the second terms do, and as Nash shows, these become the most 

important terms for large displacements, and the functions then 

become more exact. 

Instead of minimising the total potential enargy in the 

usual manner, i.e. with respect to the four parameters a, n1 6 

and d in this case, to obtain the four partial differential 

equations that must be solved in order to obtain solutions for 

the four parameters, Nash used another approach. His method 

was to assume a value of L
2
/Rt; then for various values of 

(L/t)2 Sxy £ V, values for a, d,15, n, were chosen, and adjusted 

to make the total potential energy a minimum. In this way, 

curves of (I,
2
/Rt)4xy versus (L/t)2  Rix were plotted for 

varying V, and for different (L2/Rt) ratios. 

The resulting curves show a greater drop in post-buckling 

resistance, than that found by Loo. Nash also found that m and t,  

varied with a (the amplitude), and were not constant as assumed by 

Loo; in fact m increased considerably. Like Loo, Nash suggested 

empirical formulae for the peak value of torsional resistance, 

taking the initial imperfections into account. 

These were: 



for clamped ends: 1 - (Oky 	) 	= 4.25 

cl)peak H°  .3 

for simply-supported 
ends: 

1  -(9.1X--) 	= 3.10 
(axyCL peak 

V.3  

10.6 

(3.31) 

o.6 
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(3.32) 

where: 	a
o  Uo  lx ly 1 8 

t 
 = 11/2)V ; m = ly/lx 

lx+ly 

1 	- 	L/2 	1 Y 
	/ 
.(m/2)L 

In these formulae, Nash suggests using average values for 

m. The value for Uo was 0.17x10
-6

di which was based on the 

tests of Lundquist, and Donnell. 

To date, Nash's analysis is the most accurate that has 

been carried out for this case of the torsional buckling 

of thin walled cylinders. It can reasonably explain the 

lower than classical buckling by assuming appropriate values 

for the initial imperfections. 
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3.4 AXIAL COMPRESSION 

3.4.1 Introduction 

The experiments made to verify the theoretical results of 

the classical and small displacement (linear) theories have 

shown that, unlike other structural elements such as bars and 

plates, the elastic buckling of thin-walled circular cylinders 

under axial compression differs greatly from the predicted 

results of the classical linear theory. 

For axially loaded cylinders, test results give about 

20 - 30 per cent of the classical buckling load, while for 

cylinders under torsion and external pressure tests give about 

70 - 80 per cent of the buckling loads predicted by classical 

theory. 

Also, the experimental results for cylinders loaded under 

axial pressure show considerable scatter, which is much greater 

than found in tests on cylinders loaded by torsion or external 

pressure. 

For these reasons, considerable attention was given to 

the problem of the buckling of cylindrical shells loaded under 

axial compression. Insights into the problem of buckling for 

this case have enabledus to gain a better understanding of 

buckling in other particular cases, and of the whole process of 

buckling of thin shells in general. 



3.4.2 Experimental Work 

A summary of the experimental work has been given by 

Gerard and Becker (44) 	(51, 122) 
and Harris et al. 	. The 

most recent experimental work reported is that of Almroth, 

Holmes, and Brush (1964) 449), and they include a detailed 

, (30) account of their testing procedure. Evensen (1964) 	has 

reported a photographic observation of the buckling of thin 

cylindrical shells. 

The remainder of this Section is a commentary on the 

experimental behaviour of axially compressed cylindrical shells. 

In an ordinary hydraulic, or dead-weight testing machine, 

th- elastic buckling of thin-walled cylinders takes place with 

great rapidity. Such a process has been described as 

snapthrough", "oilcanning" or "durchschlag". Here, the full 

buckling pattern develops almost at once. In a testing machine 

on which the rate of end shortening can be controlled, it is 

found that small ripples appear initially on the surface of the 

cylinder. Later, these develop into isolated buckles at 

random positions on the cylinder. As the end shortening is 

increased, more and more buckles develop, finally joining to 

form the generally observed diamond pattern. 

The reasons that best explain the formation of the diamond 

shaped buckling pattern are as follows. For the shell, the 
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bending rigidity, 	is proportional to (thickness)3 whereas 

the rigidity against membrane extension (or contraction) is 

proportional to the thickness. Hence, when the thickness is 

very small, the resistance to bending is much less than that 

due to extension and in order to seek a lower strain energy 

configuration, the cylinder will take up a form that entails 

the least amount of stretching of the middle surface. Since 

both a cylindrical surface and a diamond pattern formed by a 

regular arrangement of flat triangular surfaces are developable, 

it is possible for the cylindrical surface to deform into the 

diamond pattern without membrane extension. This assumes that 

the bending takes place along ideally sharp ridges. 

In a real cylinder, the bending is concentrated around the 

ridges and, as a consequence, a small amount of stretching is 

introduced. The thinner the cylinder wall, the stronger the 

tendency to form such a developable diamond pattern. However, 

for cylinders with relatively thick walls it is possible for the 

cylinder to buckle in a sine wave form, i.e. to buckle in a 

series of ripples, as suggested by the linear theory. This has 

been shown experimentally, e.g. at Cal. Tech. (see also 

Reference 129). 

The random, isolated character of the initial buckles has 

suggested to many investigators that "imperfections" of one kind 



75. 

or another may be responsible for their appearance. However, 

they have found in their tests that initial buckles do not 

necessarily appear at visible imperfections. Also, a buckled 

cylinder when allowed to return to its unstrained position, and 

then tested again, does not necessarily buckle in the same 

places as previously. In the case of one carefully controlled 

experiment, it was found that there was a considerable 

circumferential variation of compressive stress. It is possible 

that this may explain the variation in the position of the 

initial buckle. 

With this idea in mind, that imperfections of the test 

specimen, and disturbances in the loading system, might reduce 

the buckling stress, several experiments have been carried 

out where deliberate disturbances were introduced. These 

included various imperfections of the specimen, as well as 

disturbances in the loading process. These have shown that 

imperfections of a size comparable to the buckle wavelength, 

significantly reduce the buckling stress, but smaller 

imperfections have no effect, even though they may seem to be 

severe. On the other hand, it has been shown that with 

cylinders that have been manufactured as near perfect as 

possible, the buckling stress of the cylinder is greatly 

increased and buckling stresses up to 70 per cent of the 
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classical value have been reported 449)  

From the above, it can be seen that the low buckling 

stresses that have been generally reported are most likely 

due to imperfections in the manufactured cylinders. At the 

same time it appears that cylinders when acted upon by aXial 

compressive load are much more sensitive to initial imperfections 

than is the case when cylinders are acted upon by torsion and 

extgrnal pressure. 

(134)  Tsien 	in his theoretical work, considered' that the 

characteristics of the testing machine could affect the stress 

at which buckling took place. This is discussed in Section 

3.4.3.1, where it is pointed out that the limiting loading 

processes are provided by rigid and deadweight testing machines. 

For the former, the distance between the end plates is the 

parameter that can be controlled, while for the latter, the 

load is the parameter that can be controlled, and there is no 

control over the end shortening. Recent tests by Almroth, 

Holmee. and Brush(t49) have shown that there is no difference in 

buckling stress for cylinders tested under rigid or deadweight 

conditions. There is, however, a difference in post-buckling 

behaviour for the two extremes, as well as t:11 the possibilities 

inbetween. 

(125) 
Thielemann 	has shown that the shape of the experimentally 



cr = 
	E 	. 	= 0.609 Et (3.33) 43(1-112)  

determined load-deflection diagram, is similar in the post-

buckled region to that predicted by theory, but the minimum 

of the curve was still much lower than that of Kempner's 

theory. The minimum post-buckling loads determined by 

Thielemann and by Llmroth, Holmes and Brush were of the order 

of 10 per cent of the classical load. 

3.4.3 Linear Theories  

The classical and small displacement theory approach has 

been dealt with by Lorenz (1908), Timoshenko (1910), Southwell 

(119),  	(4) 	(129) 
(1913) Robertson (1928), Flugg8 (1932) 	and others 

They have solved the differential equations to obtain the 

eigenvalues for the problem. Perfect elasticity and perfect 

initial shape have been assumed. They all arrive at a buckling 

stress of: 
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for v = 0.3. 

A comparison between experimental and classical theory 

results is shown in Figure 3.1. taken from Donnell and Wants 

paper. This shows the ratio of the experimental buckling 

stress to the classical buckling stress. The former is 

usually taken as the maximum stress sustained by the cylinder 
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in a testing machine, while the latter is given by Equation (3.33). 

The experimental results obtained by the various researchers 

lie within the regions indicated. In general, it can be seen 

that the experimental values of T are widely scattered and cr 

are all less than the theory calls for. 

In an attempt to explain this discrepancy, FlUggU (1932) (34) 

considered the variation between the end conditions assumed 

in the theoretical analysis and those realised in experimental 

tests. He found that the influence of the end conditions 

extended only to a distance of -firi in from the ends. He was 

unable to account for the discrepancy for cylinders whose 

length was greet compared with ...7;. 

No progress was made in explaining why axially loaded 

cylindrical shells buckled at lower than the classical load 

until the nonlinear theories were used. 

In this Section it is convenient to mention also some of 

the other attempts that have been made to predict the buckling 

stress for the axially loaded cylindrical shell. 

Batdorf (8) as in the cases of torsion and external pressure, 

has presented his results in terms of two parameters, e.g.: 

critical stress parameter k
x 
= X

tL
2 

Dn2 

geometric parameter Z = L2 41-y2 

Rt 



For values of Z above about 5, the curve becomes a straight 

line of slope 1. This straight line is given by the formula: 

k = 	445 Z = 0.702 Z 
	

(3.34) 
% 2 

For any fixed value of R/t, some value of Z always exists 

above which L/R is so large that the cylinder fails as a 

column before the cylinder walls buc%le. 

Gerard and Becker (1957) 	present their results in the 

form used by Batdorf. In doing so, they have expanded it and 

shown how the influence of initial imperfections may be taken 

into account. 

In addition, there have been several attempts to define 

the buckling stress by means of empirical formula, but none of 

these is entirely satisfactory on account of the considerable 

scatter in experimental results. 

3.4.4 Nonlinear Theories  

3.4.4.1 Energy Theory 

The first real progress in explaining the discrepancy 

between experiment and theory, was made by Donnell (1934) (24) 

when he introduced a nonlinear, finite-displacement theory into 

the elastic stability analysis of cylinders, as well as 

considering the effect of initial imperfections. In this way, 
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Donnell sought not only to determine the bifurcation points of 

possible states of equilibrium, but also to examine post-

buckling effects. 

The full importance of the nonlinear Toed-displacement 

relationship in shell stability theory, was first shown by 

Karman and Tsien (1939, 1941) (651 66). They showed that in the 

case of a spherical shell under external pressure, and a 

cylindrical shell under axial compression, equilibrium states 

involving large displacements could be maintained by loads 

far less than the critical loads given by the linear theory. 

Karman and Tsien suggested that since some of these large 

displacement configurations closely approach the observed 

phenomena, the shell must "jump" suddenly from the unbuckled 

state to these particular equilibrium states, and the structures 

fail as a result of this sudden change. They were able to show 

that adjacent states of equilibrium occurred, even at loads below 

the critical. This meant that the post-buckling behavicur of the 

axially loaded cylinder was entirely different from that of other 

structural elements such as bars and plates. 

If the shell is considered to "jump" from one equilibrium 

position to another, then it would seem more reasonable to 

consider the dynamic stability of the shell rather than the 

static stability, in order to determine the load at which the 

(144) shell buckles. However, Yao (1962) 	appears to be the first 
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to attempt a dynamic analysis. 

It is also possible, that imperfections in the cylinder, 

or in the loading distribution as mentioned in Section 3.4.2 

might affect the conditions of a jump. In other words, the 

imperfection method (as described later), and the energy theory 

should possibly complement each other and give a deeper insight 

into the buckling problem. However, the energy theory as 

proposed by Karman and Tsien, and further developed by Leggett 

(76) 	(83)
, Kempner (1954) (68) and Jones (1942) 	Michielson (1948) 

and Yoshimura (1955) (145), remains a perfect cylinder theory. 

The imperfection theory as used by Donnell and others has 

explained with considerable success the discrepancies between 

the theoretical and experimental buckling loads, but remains a 

purely static theory, except for the recent work of Yao. 

Karman and Tsian (as did Donnell and Wan later) started with 

the nonlinear strain-displacement relations. Using these, they 

derived the equation of compatibility, expressing it in terms 

of Airy's function. The equation of equilibrium was obtained by 

using the equivalent variational form: 

8 (w1 w2 w3 )  = 

where w
1 

= elastic strain energy for extensional stresses 

w
2 

= elastic strain energy in bending 

w
3 	potential energy of the axial forces 



In order to solve this by an approximate method, Karman 

and Tsien assumed that the displacement of the middle surface 

was given by the expression: 

82. 

w1 
R 

= cos  cmx + ny)  cos  (mx - ny? 
( 2R ) 	( 2R 

(3.35) 

which assumes a diamond shaped pattern, and where the squares 

are introduced to account for the fact that the shell has a 

definite preference to buckle inwards. Equation (3.3, is 

alternatively: 

w1 	1/4 + 1/2 'cos mx cos Ex + 1/4 cos 2mx + 1/4 cos au 
R 

(3.36) 

The classical theory which is applicable for infinitesmal 

displrxement, required: 

w
2 
	= cos mx cos Liz 	(3.37) 

As a result, Karman and Tsien used the displacement function: 

w = (f o + f1
) + f (cos mx cos Ex  1/4 cos 2mx + 1/4 cos aix  ) 

4 	2
1 	 R ) 

cos 2mx + cos 22z) 
( 	R 	R 5 

(3.38) 

+ f2  
4 
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where f
o
, f

l
, f

2
, m and n are the constants to be determined by 

the principle of minimum potential energy. 

Using this assumed form of w, W
1 

W
2
, W

3 
are expressed in 

terms of fo, fl, f2, m and n, and these constants are determined 

by conditions of the form: 

0 	(W
1 

+ W
2 
+ w3) = 0 

fo  

Karman and Tsien (66)  minimised the function with respect 

to three parameters, f
o
, f

l 
f
2
, and assumed arbitrary values for 

m and n. 

Leggett and Jones (76) minimised the energy function with 

respect to the ratio m/n as well, and showed that this varied 

with the overall end-shortening of the cylinder in the post- 

buckling region. 

Michielson (83)  minimised the equation with respect to the 

same four parameters as Leggett and Jones. 

Kempner 
(68) made a still more rigorous calculation of the 

post-buckling behaviour of the perfect cylinder, by using a 

slightly different displacement function and minimising it with 

respect to five parameters. 

The results of these analyses is illustrated diagramatically 

in Figure 3.9, where the variation of axial stress is plotted against 

the end shortening of the cylinder. Point A corresponds to the 

buckling load of the classical theory. The line 	represents 
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OA - stable 
AB unstable 
CD - stable 

end-shortening . 

Fig. 3091 Diagramatie representation of the variation of 
azialstreset with unit end-shortening. 
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Figo 30101 Duckling ill'Art elastic testing machine. 
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the unbuckled state while the branch ABCD represents 

equilibrium configurations in the post-buckled state. 

Equilibrium configurations represented by AB are statically 

unstable, while those represented by CD are stable. The stability 

of the equilibrium configurations represented by BC depends 

on the nature of the loading process being considered. For 

deadweight loading it represents unstable states, while for 

controlled end-shortening it represents stable states. For 

loading cases intermediate between the two extremes, the change 

from unstable to stable states of equilibrium will occur 

somewhere between B and C. 

For the loading case where the distance between the end 

plates is controlled, a perfect cylinder should theoretically 

follow the line OA (Figure 3.9) up to the point A as the end-

shcrtening is increased. At A, something drastic must happen, 

for after buckling starts the end shortening must decrease 

(i.e. the end plates have to move apart) to maintain equilibrium. 

If this is not done, the next possible equilibrium state lies on 

the curve BD in the vicinity of C. 

In the case of a testing machine that will allow both the 

load to decrease and the end-shortening to increase when the 

cylinder buckles, the jump will follow the testing machine 

characteristic as indicated in Figure 3.10. Thus at A the 



equilibrium configuration of the shell will jump to that 

at b or c according to the rigidity of the testing machine. 

Point A, which is the classical buckling load of the linear 

theory, is referred to as the "upper buckling load" by Tsien. 

In accordance with Karman and Tsien's ideas, it is 

possible that if disturbances of sufficient magnitude act on 

the cylinder, a jump might occur at point a before the point A 

is reached, and end at b' or c' on the other stable branch, 

as shown in Figure 3.10. 

In order to determine the point called the "lower 

buckling load" at which a jump might take place, Tsien (1942) (134)  

introduced a principle which is now referred to as the "energy 

criterion" of buckling. In it, Tsien reiterated the statement 

made previously by Karman and himself, that "under average and 

actual service conditions themost probable equilibrium state is 

the one with the lowest possible energy level". This assumes 

that disturbances of sufficient magnitude exist so that the 

transitions from higher energy levels to lower energy levels, 

may be able to take place. There are two conditions that must 

be met for these possible energy levels: (a) corresponding 

external forces andinternal stresses must be in equilibrium 

(b) the geometric restraint and loading conditions must be 

satisfied. 
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This second condition depends on the manner in which the 

specimen is loaded. Limiting loading processes are provided 

by a rigid testing machine and by dead weight loading. For a 

rigid testing machine buckling is likely to occur at a certain 

value of end shortening, 8, which gives equal strain energy for the 

unbuckled equilibrium state represented by A (see Figure 3.11(a)) 

and for the buckled equilibrium state (represented by B). For 

deadweight loading buckling will occur at a certain value of the 

end load which gives equal total potential energy, $, before and 

after the jump (Id = S-PE, where S is the strain energy, P is the 

loading force, and t is the end shortening of the specimen). 

(See Figure 3.11(b)). 

Tsien applied this criterion to long, perfect, cylindrical 

shells under axial compression, and to perfect spherical shells 

under external pressure. In both cases buckling loads of the 

same order of magnitude as found in laboratory experiments were 

obtained. Some of Tsien's support for the "energy criterion" 

principle came from a comparison between the theoretical and 

experimental results for the case of a column with nonlinear 

134) 
elastic supports (133, 	. However, these results (Figure 3.12) 

appear to support the idea of "imperfections" contributing to the 

lowering of the buckling load, as well as any support they 

provide for the energy criterion of buckling. 
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Since Tsien first formulated his energy criterion of 

buckling, there has been much criticism of it. There has been 

some support for it, but the greeter part of the criticism is 

adverse. Several researchers have referred to the criterion as 

being a rather arbitrary approach and of little value. (e.g. 

see Thompson 
(126)

and Fung and Sechler 
(40)

) Even though the 

energy of the cylinder in the unbuckled and post-buckled stable 

states are equal at the "energy criterion" (or "equal energy") 

load, the probability of buckling depends on whether or not 

sufficient additional energy can be imparted to the cylinder to 

enable it to pass through the unstable post-buckles state that 

separates the two stable equilibrium states. The amount of 

energy required to pass throughthe unstable equilibrium state 

is given in Figure 3.11 as the difference between the lines OA 

and AF. While it was thought that external vibrations might be 

sufficient to supply the additional energy required to cause 

buckling at the "energy criterion" load, tests under many 

different conditions have instead led to the opposite view. 

The "energy criterion" of buckling loses much of its 

usefulness when it is being used to determine the theoretical 

buckling stress since the values of the potential energy (or the 

strain energy) are dependent upon the choice of the normal- 

(2) 
deflection function. This has been shown by Almroth 	where 
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the load-potential energy curve varies according to the number of 

parameters in the assumed normal-deflection function. 

Since Tsien used the particular case of a column with non-

linear elastic supports to support his energy criterion of buckling, 

other researchers have suggested that the case of a transversely 

loaded arch should be considered as well. Fung and Kaplan (38)  

found that experimental snapthrough loads for the shallow arch 

agreed reasonably well with the classical load whereas the energy 

criterion of buckling led to buckling loads much too low in 

comparison. ak another case, where buckling took place under 

transitional buckling modes, Gjelsvik and Bodner 
(45)found that 

the "energy criterion" load was a reasonable lower bound to other 

theoretical and experimental results. 

While much doubt has been cast upon the energy criterion 

of buckling as formulated by Tsien, there may be some cases where 

it is useful and can provide reasonably accurate results. On the 

whole though, it has not become established as a buckling criterion. 

3.4.4.2 Imperfection Theory 

A comprehensive analysis of initially imperfect cylinders 

was carried out by Donnell and Wan (27) They used the assumption 

that only the component of the initial deviation from the perfect 

shape which is of the same shape as the deflection swfWel  is of 

importance. The deflected surface expression they used contains 



one more abbitrary constant than that used by Karman and 

Tsien. 

Donnell and Wan took: 

mn, 
w = at cos !ix cos 	+ b cos 2mnx 	c cos Liz + d 
( 	

ay 	4-  
it: 	R 	R 	R 

(3.39) 

Initial deviation from perfect shape, wog  is given by: 

wo = aot( cos mnx cos nom*+ b cos 2mnx + c cos Ez + d. ? 

(3. 40 ) 

The equation for the membrane stress function becomes: 

4 = Ek 0202 	."62w 	E.  )2w  

(dxby) 	.)x2  -6y2 	
r x2 

(3.41) 

  

where; 

k = 1 + 2w0 
= constant. 

w 

Donnell and Wan derive an energy expression, solving it by 

the Rayleigh-Ritz method. They present their results 

(Figure 3.13) as a graph of stress ratio versus end shortening 

ratio, including the effect of an unevenness factor. U - the 

unevenness factor, is a constant proportional to the amplitude 
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of the initial imperfection, aot, which is considered as a 

function of the fabrication method alone, and is an assumed 

geometric equivalent of the various kinds of imperfection: 

geometric, material, service, condition, etc. 

a
o is assumed to be of the form: 

1.5 
14
0.5 

Ur a = (U ) 1 	2 	
(3.42) o  

2 
) 	t

2 
m
1.5

n
0.5

t
2 

Figure 3,13 shows the average stress versus end shortening 

for various values of the parameter Ur/t, For a cylinder with a 

certain value of Ur/t, say 0.05, the behaviour of the shell in a 

testing machine may follow the loading curve smoothly and 

gradually up to the peak p, and will then fail elastically in an 

explosive manner, ending at a point at a lower branch of the curve 

according to the rigidity of the testing machine as discussed 

previously (see Figure 3.10). It is possible that with large 

enough disturbances, a jump may take place before the peak p is 

reached, and this cannot be ruled out, but the usefulness of the 

idea of the energy criterion is now lessened. Donnell and Wan 

believe that buckling occurs at the peak p, and not before the 

peak is reached, unless plastic deformation sets in. With the 

imperfection theory, any possible jump before the peak p is 

reached would be explained by a larger value of the constant U. 
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In their prper„ Donnell and Wan give an example of a 

cylinder with U = 0.00015, and U. 	= 5, where 	is the 
y cr y 

yield stress of the material. They show that by a suitable 

choice of the value U, the theoretical curve can be lowered 

to the level found in experiments. 

Figure 3.14 shows Donnell and Wan's graph of 11/11c1  A) r/t. 

3.4.4.3 Dynamic Theory 

The only dynamic analysis that has been carried out to date 

. is that of Yao (1963) (144) 	In the analysis, the equations of 

motion for the cylinder were solved to give a continuous load-

displacement curve for the pre- and post-buckled states. The 

effects of initial imperfections were also included in this. 

The results showed that the cylinder, in contrast to the static 

theory, has a vibratory motion after the cylinder loses its 

initial stability. 	When small imperfections were considered 

under cases of slow loading, the dynamic theory predicted a 

buckling stress of about the same magnitude as the classical value. 

Larger imperfections when taken into account, caused a significant 

drop in the buckling strength of the cylinder. 

As they stand, Yao's numerical results are of limited use 

since he did not seek to give a complete picture 

of the buckling process. They do, however, show the possibilities 

of the dynamic method. Yao only considered the two cases of 
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initial imperfections (one large and one small) and only 

considered one value of the wavelength ratioir. In addition, 

the assumed expression for the initial imperfections was of the 

same form as the radial deflection function used by Karman and 

Tsien (Equation(3.36 ) while the expression used to represent 

the buckled shape was the same as that used by Kempner 

(i.e. equation(3.39 ). Further development of the theory 

can be expected to make it more general in a way similar to that 

in which Karman and Tsien's early work has been developed. 

3.4.5 Comment  

All the theoretical work carried out in connection with 

perfect cylindrical shells sought to represent the displacement 

function, w, by an expression that corresponded to the 

experimentally observed buckling pattern. Minimising the total 

potential energy with respect to the undetermined parameters 

should then enable the buckling process to be described 

completely. However, it found th?t the minimum post-buckling 

load that could be reached was still considerably above that 

found experimentally. 

The next stage was to consider more terms in the Rayleigh-

Ritz solution, i.e. to take further terms in the expansion that 

de3cribes the normal displacement. This has been done recently 

(2) by Almroth 	as well as in this thesis. Almroth used up to 
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eight undetermined parameters in the displacement function, 

and claimed that after this, there was negligible change in 

the minimum post-buckling load. At that stage also, the 

theoretical mine. post-buckling load was of the same magnitude 

as Thieleman had found experimentally, and it changed only 

very slightly over a range of end shortening. Hence it would 

seem that a total of ten parameters ere required to describe 

the post-buckling function of an axially compressed cylinder. 

Functions like that used by Almroth though, no longer represent a 

diamond shaped buckling pattern. 

The most recent work appears to be that of Soto,' (161) 

In this, he mini, ises the total potential energy with respect 

to twenty-five parameters. 

Kuranishi and Niisawa (1959) (72) have shown that the 

choice of a more complicated displacement pattern than that 

normally chosen, can reduce the upper buckling load of a perfect 

cylindrical shell below that of the classical value. 

Even though Almroth has shown that the energy theory can 

predict a minimum post-buckling load that is in agr .-ment with 

that of experiment, three other possibilities can also be 

investigated. 

1) A more complicated displacement function that meets the 

boundary conditions can be tried. 



2) More parameters can be taken in the displacement 

function and used in the imperfection theory. 

3) Instead of using one displacement function and a 

stress function, three displacement functions may be used, 

thus allowing more accurate strain-displacement relations to 

be used, e.g. 1/2 014)2  1/2 (4)2  can be retained in the 
(FX) 	(3x) 

expression for 8x. 

3.5 BENDING 

3,5.1 Introduction 

The buckling behaviour of cylinders under bending 

corresponds to that of axially compressed cylinders in two 

respects. Firstly, linear theory predicts buckling stresses of 

the same order of magnitude for both these cases. Secondly, the 

test data are below the predictions of linear theory by 

approximately the same amount. As a result, Gerard and Becker 

have correlated test data on cylinders in bending in a manner 

similar to that used for axially compressed cylinders. 

In addition to those fators that affect the stability of 

cylinders under axial compression, the stability of cylinders 

under bending is also affected by the linear variation of 

bending strain across the section. This results in a strain 
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gradient, and hence a stress gradient, at any location on 

the cylinder surface. Hence a "gradient factor" has been 

introduced which permits calculation of the bending-buckling 

stress from the axial-compressive buckling stress of a 

corresponding circular cylinder. 

3.5.2 Linear Theories 

According to Gerard and Becker (44) the first person to 

investigate the bending stability of cylinders, was Brazier (1927). 

He calculated the stress at which a circular cylinder would 

become unstable as a result of the flattening of the cross-

section. This type of instability is comparable with Euler 

buckling of a very long axially compressed cylinder. 

Often it has been assumed that the stress at which local 

buckling under bending has occurred in cylinders, is equal 

to the value for axially compressive buckling for the same 

cylinder. FluggO (1932) however, performed calculations based 

upon the linear theory thrt showed a 30 per cent increase in 

bending-buckling stress over the classical value for the axial 

case. An increase of about this magnitude is shown by the 

experimental results obtained by Lundquist (1935) on aluminium 

specimens, and Donnell (1934) on steel and brass specimens. 

Gerard and Becker (44)divide the local-buckling behaviour 

of cylinders in pure bending into three ranges, as they do for 
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other cases. "In the short cylinder range, the buckling 

coefficient kb  a?proaches that of a wide compressed plate as a 

lower limit." kb  is expressed in the form: 

k
b 

= 	12(1-v
2
) cor 	(L)

2 

n
2
E 	

cr (t) (3.43) 

In the long cylinder range, the relrtion between the buckling 

stress and the cylinder geometry is of the form: iiicr  CEt/R. 

"The two limits of the local buckling region pre connected 

by a transition curve, and throughout this entire region buckling 

occurs in the diamond pattern observed in axially compressed 

cylinders. When the cylinder is very long, the flattening of 

the cross-section caused by the radial components of the axial 

deformation in the bent cylinder leads to a large reduction of 

the effective section modulus of the cylinder, and instability 

occurs as a single transverse wave on the compression side of 

the shell. This is the type of instability investigated by 

Brazier." 

3.5.3 Nonlinear Theories  

To date, no finite-displacement analyses have been 

reported for the bending of cylinders. 
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3.6 THE EFFECT OF INTERNAL PRESSURE 

3.6.1 Introduction 

For the case of no internal pressure, the average stress in 

the cylinder in the circumferential direction is almost zero. 

However, when the cylinder is loaded under internal pressure, the 

circumferential stress is not zero, and changes in the buckle 

pattern result. Gerard and Becker 
(114)  have shown that stability 

is influenced by the nature of the superimposed membrane stresses 

at buckling and that tensile stresses have the effect of 

increasing the post-buckling loads. On this basis*  since the 

circumferential stresses induced by the internal pressure are 

tensile, it would-be expected that internal pressure would 

increase the buckling loads of the cylinder. This has been shown 

both experimentally and theoretically to be the case. 

3.6.2 43Cial Compression with internal Pressure 

According to the small-deflection analysis made by FlUgge 

(1932), the effect of internal pressure on the critical load of 

the axially compressed cylinder was negligible. This does not 

agree with experimental results, however. 

In order to improve the agreement between theory and 

experiment, Lo, Crate and Schwartz (1950) (77) carried out a large 

deflection analysis of the problem. The approach was to use the 
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nonlinear equations of Karman and Tsien, but extended to take 

account of the internal pressure. The internal pressure alters 

the expressions for total potential energy, strain energy, and 

the relation between the end-shortening and the average 

compressive stress. The same deflection function as used by 

Karman and Tsien, was tkken. The total potential energy was 

expressed in terms of the two nondimensional parameters: 

a = 
cr 	cr 

E 
• R 

t 
* p = 2 (R)2 	This was differentiated with 

E (t) 

respect to four arbitrary parameters, but instead of solving the 

resulting four partial differential equations, to obtain the 

complete stress (a ) versus end-shortening 051 curves  Lo et al. cr 

produced a method for determining solely the buckling stress. To 

do this, they used Tsien's energy criterion and assumed that the 

end-shortening remains constant during buckling, i.e. the testing 

machine is rigid. The method given for determining 
3cr  was 

reasonably straightforward. 

Their thce retical work showed that there was no possibility 

of increasingj
er  beyond the classical value of 0.605, and that 

this is the buckling pressure for all values of p 	0.169. 

From their experimental work for p4( 0.1, even though the 

results followed the trend of the theory, there was a 

considerable discrepancy between them. 



Fung and Sechier (1957) (39)  sought to extend the work of 

Lo et al. by carrying out a series of tests for presvures up 

to p 2.0. They found that the experimental values were much 

lower then theory, but did show the same trend. When the 

increments of 6-
r 	cr = 5'cr  - (acr'  )- p)  are plotted c 	 p= 

against p there is much better agreement with Lo's theory, but the 

results are fairly scattered even so. 

A useful part of their paper is the photographs showing the 

changes in buckle pattern with increasing internal pressure. At 

zero internal pressure the diamond shaped buckles are isolated 

and random. With slight internal pressure there is a helical 

axrangement of consecutive buckles. These change to elongated 

diamond shaped buckles, finally becoming bellows-shaped buckles 

as the pressure increases further. 

At about the same time, Harris, Suer, Skene and Benjamin (51)  

(1957), investigated experimentally the stability of thin walled 

cylinders under axial compression and taking internal pressure 

into account. They sought to extend Karman and Tsien's large 

deflection theory and Donnell and Wan's use of initial 

imperfections, to this case. At the same time, the usefulness of 

the idea of initial imperfections in the cylindrical shell is 

limited since the magnitude of the imperfections requires to be 

known. For cylinders used in construction, it is almost 
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impossible to determine these initial imperfections. As 

result, Harris et al. resorted to a semi-empirical development 

of curves that could be used for design purposes. 

Their approach had the disadvantage that there was a 

considerable scrtter in the test results they used. It also 

entailed the basic assumption that the initial imperfections in 

test specimens were similar to those in actual struc'tural 

cylinders. However, as they were mainly interested in the 

design curves for missile construction, they developed them from 

the test data as 90 per cent probability curves by correlating 

the experimental data statistically with theoretical parameters. 

One of the most thorough investigations of the effect of 

pressurization on the axial compressive buckling of thin walled 

cylinders has been c cried out by Thielemann (1958) 
(125)  . While 

this analysis applies to unpressurised cylinders as well, its 

main purpose wrs to consider the effects of internal pressure, 

not only for isotropic cylinders, but also for orthotropic ones. 

Figure 3.l5shows Thielemann's post-buckling functions for 

the axially compressed isotropic cylinder as a function of the 

internal pressure parameter, p. To obtain these, Thielemann 

solved the nonl'isear partial differential equations using a 

computer to give an iterative solution. The post-buckling 

function marked p = 0 is identical with the post-buckling 

function determined by Kempner. In this case (i.e. p prO) 



&amend — 
shaped 
bucklini 

0.8 

0.6 

o4 

0.2. 

1•0 	 2.0 

106 . 

Ec  

FIG. 3.15: 	POST BUCKLING 	FUNCTIONS 
FOR 	INTERNALLY 	PRESSURISED CYLINDERS . 

to 

8 
7 

4- 
3 
2 

        

RiK s liAreA IoLtck 	criY(*.t. 1) 

   

          

         

10 fri*.i.e. 

      

         

25 (i'?p 

ft  e)p  

   

            

                  

                  

         

sligeei4 	 

        

                 

O 2.0 	3'0 

FIG. 3 •I6 	EFFECT 	OF 	INTERNAL 	PRESSURE . 



107. 

the first branch of the solution which is connected with 

diamond shaped buckling, as well as the second branch which is 

connected with ring-shaped buckling, bifurcate from the same 

point ie= 1 on the straight lines fr = i. 

For the case p a  0, the branch of the first solution does 

_ 	_* 
not bifurcate from the straight line U'= E representing the 

prebuckling states of equilibrium, but from some part of the 

second solution coenected with ring-buckling. As can be seen 

from Figure 345#  the ring-buckling configuration becomes stable 

within a certain range of end-shortening before it changes into 

a diamond-shaped configuration. The higher the internal pressure, 

the larger will be the range of stable ring-buckling. The 

characteristic snapthrough effect that is found in unpressurised 

cylinders disappears for higher values of interior pressure. 

In agreement with these theoretical results, stable ring-buckling 

configurations have indeed been observed in tests. 

Figure 3.1 also shows quite clearly the strong influence 

of the internal pressure on the post-buckling functions connected 

with diamond shaped buckling. In the post-buckling region, 

increasing internal pressure considerably increases the minimum 

load carried by the cylinder. However, the post-buckling 

function connected with ring-buckling is not influenced at all 

by the illressurisationi thus the buckling stress of an axially 

compressed cylinder cannot be increased above the classical stress. 



= VT and R 
cr 	= P/Pcr.  This has since been quoted by where Rt 
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The effects of pressurisation are also shown in 

Figure 3.105. The minimum values T/0" 	of the post-buckling 
p clo 

loads are shown, with the classical buckling load as reference. 

This ratio increases from the 0.3 value of the unpressurised 

cylinder up to nearly unity with increased pressure. Also shown 

is the ratio of the half-wavelength connected with the buckling 

configuration at minimum of the post-buckling function, to the 

half-wavelength of ring-buckling. As well, there is shown the 

ratios/ V of the circumferential to axial wavelengths, as a 

function of the internal pressure. It can be seen that the 

form of the buckling pattern is influenced greatly by the 

presence of even very small values of internal pressure. 

3.6.3 Torsion with internal Pressure 

The first paper that discusses the effects of internal 

pressure on the torsional buckling of circular cylinders, was by 

Crate et al. (1944) (22).  They derive an empirical interaction 

equation to match a series of experimental tests. They suggest 

using the equation: 

Rt
2 
+ R = 1 
	 (3.44) 

p 

both Batdorf, and Gerard. The value ‘cr  is the experimental 

buckling stress, and per  is determined as the critical external 

pressure for hydrostatic loading as given by the approximate 
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equation: 

p = 0.92 E'R/L (t/R)"5  
cr 

which is applicable in the range 15 t/R < (L/2R)2. 

Hopkins and Brown (1951) 
(co) 

 used a solution of the 

(3.45) 

Donnell small-deflection equation adapted to include the effect 

of the internal pressure. They found good agreement between 

experimental and theoretical values of the critical shear 

stress, and were able to show that a small increase in internal 

pressure was able to give a quite large increase in the critical 

torsional moment (i.e. 50 - 250 per cent increase in moment for 

an 8 p.s.i. internal pressure, depending on the L/R ratio). It was 

also found that an increase in internal pressure increased the 

number of circumferential buckles, and also increased the angle 

between the axis of the cylinder and the direction of the waves. 

The slight variation between the results for clamped and simply-

supported ends was found to diminish rapidly with increase of 

internal pressure. This analysis did not consider post-buckling 

behaviour. Interaction formula were discussed on the basis of 

their theoretical and experimental work. 

The most comprehensive analysis to date, both experimentally 

and theoretically, has been c.rried out by Weingarten (1962) (139)  

While the theoretical work was a small displacement analysis based 

on a modified form of Donnell's equation, the experimental work 
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carried into the post-buckling region. Weingarten showed th7,t 

the results given by his proposed interaction formula were in 

reasonable agreement with the results from his smell displacement . 

analysis. 

The modified form of Donnell's equation was: 

D t(72+1)2  w 
2 + t(T 	w + Et 	w 

R 	)x4 	x- 7 
2w 	x 

+CV 1 )2w ) = 0 "S   )29 	R 4̀753c e 

(3.46) 

and this was solved by Galerkin's method assuming that the radial 

deflection was of the form: 

w = sin nO 5; 
m=1 

a 
m 
sin traCX + cos n P 2 

m=1 

b sin mnx 
m 

 (3.47) 

 

L 

  

Values of the critical torsion stress parameter (T/ 'rode 

were computed from the small deflection theory by varying the 

pressure parameter p/pc 
for the cases of (a) lateral internal 

pressure (tT = 0) (b) hydrostatic internal pressure (ff* = - EE ) 
2t 

(c) combined internal pressure and tension (0.- = - EE ). 
t 

Here T = buckling shearing stress under combined loads 

T cr= critical stress for unpressurised cylinders 

p = uniform internal or external pressure 

pc = critical external pressure 

47c  

9(1-v
2
)
3/4 

(L/R)(R/t)
5/2 



with '6'c = 	E 	. t 

3(1-v2) 

The pressure parameter p/pc  was determined from the approximate 

equation: 

P/Pc  = 3E - . p
*  

where p = internal pressure parameter = 12(1-y
2) E (R)2 

E (t) 

Z = geometrical parameter 	= L2/rt . 412(1-v
2
) 

This enabled the torsion stress parameter (T/T cr)c to be 

evaluated from the theory for small deflections. 

The interaction formula: 

(T/Tcr)2INT = (1  - R )(1 	P/P ) 

where R
c 

= compression stress ratio 

was also used to evaluate (T/T
cr)INT' 

The ratio of the computed values of the torsion stress 

parameter obtained from the small deflection awayeist to the 

values obtained from the interaction formula, showed a variation 

of less than 3 per cent. 

3.6 4 Axial Compression and Torsion with internal Pressure 

Harris, Suer and Skene (1958) (52) touched briefly on the 

effect of internal pressure on this combined lording. As far as 

they could judge from the very few tests carried out - and for 
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only two different values of the pressure parameter p at that - 

the same interaction formula as was suggested for the 

unpressurised cylinder would seem to hold. 

The interaction formula R
c 

+ R
t
2 . 1 was a lower bound to 

the experimental results. The critical stresses for the 

individual loading cases which appear in the denominator of the 

formula, were to be the values for the cylinder under the 

appropriate internal pressure. 

i.e. for any pressure pi  2 

P 
(3.48) 

They found that the order of application of the axial load and 

torsion, did not affect the magnitude of the critical stresses. 

Weingarten's paper (139)  also considered the effect 

of internal pressure on the combined torsion and axial compression 

(or tension) loading. It was shown that the interaction formula: 

R
t
2 	

= (1 - Rc)(1 - R ) 

where: 

T/T R
t 	cr 

R
c  = Ulic 

R
p  = P/Pc  

as in Section 3.6.3 

gave results that were not more than 2 per cent different from 



113. 

those calculated from the accurate small deflection analysis. 

The experimental results are lower than those predicted by the 

linear theory at low pressures, where imperfections are probably 

significant, but approach the linear theory results as the 

pressure increases (i.e. as the tensile forces set up by the 

internal pressure increase). 

3.6.5 Bending with internal Pressure  

The buckling of a cylinder under bending is similar to axial 

compressive buckling, though the buckling stresses are slightly 

greater on account of the variation in the mngnitude of the 

compressive stress around the circumference. However, unlike the 

case of axial compressive buckling, the critical stress of the 

pressurised cylinder under bending exceeds that of the small-

deflection of unpressurised cylinders, i.e. the classical value. 

The explanation for this behaviour is given by Stein and 

Hedgepath, and reported by Weingarten (1962) (138). They found 

that the collapse moment under bending is twice the moment at 

which wrinkling starts at the outer fibre of the cylinder. Hence 

we must differentiate between the buckling moment at which the 

outer portion of the compressive zone of the cylinder first 

shows significant deformation and the collapse moment for which 

the deformation becomes infinitely large. 

No large deflection analyses have been carried out to date. 
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This is to a large extent due to the considerable mathematical 

difficulties and the problem of selecting a suitable deflection 

function. 

The first work on th. stebility under bending of 

pressurised cylinders was carried out by Harris et al (1958) (122) 

Their tests showed the increase in strength given by pressurisation. 

They found that the internal pressure changed the buckle pattern 

by decreasing both wavelengths, with the longitudinal half-

wavelength decrersing more than the circumferential one. 

In 1962, Weingarten (138)  carried out a small-deflection 

analysis, the numerical results of which do show the increase in 

buckling strength with increasing internal pressure. He used the 

same modified Donnell equation as given in the previous section 

(Equation (3.47)). 

The stresses prior to buckling were taken to be: 

iJ
x 

=
c 
+ Cr cos 	

X 	
47 	t 

The differential equations were solved by the Galerkin method, 

assuming the radial deflection to be given by: 

w = sin mx 
L 

a
n 
cos n 	 (3.49) 

n=0 

In this way, Weingarten produced an interaction curve in 

the form of a groph,fCr the caseofbuckling of pressurised 

cylinders under bending. 
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He showed that for el particular cylinder, the buckling 

load determined experimentally was less than the small-deflection 

value for p 	
(1) <2.0 	and above it for p 	2.0. Also, when 

axial tensile forces are present (hydrostatic case), there is a 

reduction in the extent of the buckled area, due to the 

effect of the superimposed tensile stresses. 

3.7 COMBINED LOADINGS  

3.7.1 Introduction 

It would appear that the first investigations into the 

buckling of circular cylindrical shells under combined loads were 

experimental. Bridget, Jerome, and Vosseller (1934) (14) 

conducted tests on steel and brass cylinders in torsion combined 

with axial tension or compression, and derived empirical inter.. 

action curves from the results. Wagner and Ballerstedt (1936) 

constructed an interaction equation from the data obtained from 

tests on brass cylinders under torsion and tension. 

Theoretical analyses were made by Kromm (1939) andby 

Leggett (1943) on the combination of torsion and axial compression, 

using the basic linear shell equilibrium equations. Subsequently, 

(1) 	, .2 	, 	2. P = 2 01.) 	12t1-v 
E (t) 
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Bruhn (1945) conducted a large number of tests on 

celluloid cylinders under various combinations of axial 

compression, axial tension, bending and torsion. He compared 

his results with empirical interaction relations. 

More recently, Batdorf, Stein and Schildcrout (1947) 

investigated buckling under axial compression and torsion 

using Donnell's equation. They derived theoretical inter-

action relations which they modified for practical application 

by substituting empirical buckling stresses for the 

theoretical values in the denominators of the stress ratios. 

3.7.2 

The present state of knowledge regarding the effect of 

the interaction of various loading cases on the stability of 

thin-walled isotropic cylinders, is shown in Table 1. From this 

it can be seen that our knowledge regarding interaction effects 

is still limited. Even in those cases where an attempt has 

been made to describe the buckling by means of an interacticm 

formula, the results are not entirely satisfactory. In nearly 

all cases the interaction effect is given with reference to the 

classical buckling criterion; the only case where the lowest 

buckling load of the post-buckling region is used is Terebushkols 

formula for the case of combined axial compression, external 
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pressure and torsion. It has generally been found that to 

produce a suitable interaction formula, it is necessary to 

base it on the experimentally observed values of critical load 

and not on theoretical results. It has been found that 

agreement of the formula with experimental results is poor, 

especially in cases where the axial compression stress 

predominates. 

3.8 DISCUSSION  

From all this, a few observations can be made about the 

three main loading cases, i.e. external pressure, torsion, and 

axial compression. Some of these comments can be applied to the 

other cases as well. All throughout, the linear theory has not 

been sufficient to explain all features of the experimental 

behaviour. For the case of axial compression in particular (as 

well as other cases where the superimposed membrane stresses at 

buckling arc compressive) the finite displacement theory is 

necessary to describe the post-buckling behaviour. 

There is even then, a. wide discrepancy between experimental 

post-buckling loads and those predicted theoretically. This 

might well however be remedied by considering more terms in the 

arbitrary function (or functions) that is (are) used in the 

approximate method of solution of the stability problem. This is 

described in later Chapters, as well as in Reference 2. 
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For the case of axial compression, while an attempt 

has been made by Tsien and by Karman and Tsien to explain 

buckling, in terms of changes of energy and "energy levels", 

it is the consideration of initial imperfections after the 

manner of Donnell and Wan that seems to explain best the 

discrepancy between theoretical and experimental buckling loads. 

The main drawback to the widespread use of initial imperfections 

to give better theoretical sstimates of the buckling load lies 

in the difficulty of deciding on the magnitude of likely 

imperfections. For this reason it seems best to consider 

the minimum loads carried in the post-buckling region as the 

basis of comparison and this is followed in the subsequent 

comparison of theoretical and experimental work in this thesis. 

Since the minimum post-bftkling load is not as greatly 

influenced by initial imperfections as is the snapbuckling 

load, a theoretical approach that agrees reasonably well with 

test results for this seems to provide the most practical 

approach to the problem. In this way, the minimum post-

buckling load should provide the lowest minimum to the load-

carrying capacity of the cylindrical shell and as such is the 

base that must be used in a load factor or similar assessment 

of the shell strength. 



CHAPTER FOUR 

SPHERICAL SHELLS 

4.1 INTRODUCTION 

There have been two approaches to the treatment of the 

stability of spherical shell segments and complete spherical 

, shells. One approach (e.g. that of Fung and Sechler (39)/  is 

that the spherical shell segment is simpler to solve analytically 

than the complete sphere and can be used as a starting point 

(126), 
for the latter. The other approach (as given by Thompson 

is that the sphere is simpler to deal with as it has membrane 

stresses only, while the clamped spherical shell segment has 

bending stresses introduced. Recent work by Gjelsvik and 

Bodner 
(46) favours the former approach. They point out that 

the use of a boundary layer treatment in the case of a clamped 

spherical segment does lead to a reasonable asymptotic solution. 

The same approach (as introduced by Friedrichs (37))  has given  

totally different results in the case of the complete sphere, 

and here the correct asymptotic behaviour is still an unresolved 

problem. 

Several of the early theoretical papers dealing with the 

post buckling behaviour of the complete spherical shell, also 

included analyses of the clamped spherical shell segment. Here 

the shell segment was treated in the same manner as the complete 

120. 
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sphere, though not necessarily making the assumption that the 

segment undergoes uniform contraction before buckling as is 

necessary with the complete sphere. The only loading case 

that needs to be considered is that of uniform external 

pressure. 

The rest of this chapter is a brief review of the work 

that has been carried out to date concerning the stability of 

spherical shells. Its main purpose is to show the development 

of this work up to the present time. A more detailed review and 

discussion of the work carried out in this field up to 1960 

has been given by Thompson (1960) (126)  

4.2 EXPERIMENTAL WORK 

In experimental work, "critical" values of the external 

pressure are defined as the pressure at which snapthrough 

occurs. The only exception is in the case of very shallow 

spherical shells which do not buckle in this way, and here it 

is taken as the maximum value of the pressure sustained by the 

spherical shell. 

The experimental work carried out has shown that not only 

does the buckling pressure' P 
	

depend on a geometric parameter 
er' P9 

, 
where p = R/t sin2a -412(1 - v2) but that the mode of 

deformation also changes with p; this has been clearly shown 



in the work of Kaplan and Fung (64)on  clamped spherical shell 

segments, as well as in subsequent work. 

The main difficulty in all the experiments appears to be 

that of the manufacture of the test specimens; the manufacture 

of a nondevelopable surface suck as a spherical one, that is of 

accurate geometry, uniform thickness, and free from initial 

stresses, presents a considerable problem. Most specimens have 

been made by spinning from flat sheet, and have very large 

residual stresses which may affect the results significantly. 

Kaplan and Fung (64)  overcame these difficulties to some extent 

by hot spinning the specimens from magnesium alloy, but even so, 

the specimens were not of as high a quality as they would have 

desired. Some of their specimens showed a considerable, and 

irregular variation from spherical as revealed by measurements 

across different diameters. At Cambridge University, it has 

been found that the b3mispherical copper shells made commercially 

for large diameter ball-cocks, are as accurate as can be 

obtained by any other means. 

Perhaps the only way of obtaining perfect specimens, would 

be by electro-deposition on an exactly shaped mandril in the way 

that cylindrical shells have been formed as near perfect as 

possible. 

In view of the initial imperfections that have existed 
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in all the test specimens, it is probable that the existing 

test results are not suitable for theoretical comparisons since 

the theory to date only relates to perfect spherical shells. 

The experimental work that is reviewed in the following 

sections is considered separately for complete spheres and for 

spherical segments. 

4.2.1 Complete Spheres  

Altogether, very little experimental work has been 

published that relates to the stability of complete spheres 

under uniform external pressure. From what has been published, 

though, the experimental buckling pressure seems to be approximately 

one quarter of the classical critical pressure and the shells 

are reported to snap into a rotationally symmetric dimple. 

This local dimpling was in contrast to the more general waving 

over the surface that is predicted by the classical theory. 

4.2.2. Spherical Segments  

The considerable number of tests that have been carried 

out on shallowclampeddomes, loaded under external pressure, 

fall into two groups - those carried out with the shell loaded 

by oil pressure, and those where air pressure was used for 

loading. In the former, the shells buckled under approximately 

constant volume conditions, while in the latter, the buckling 
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took place under approximately constant pressure. When the 

results that have been published to date are plotted against 

the geometric parameter, a considerable scatter appears. The 

general trend appears to be that the bucKling pressure drops 

as the geometric parnmeter, p, increases. 

The first tests were reported by Tsien (134), having been 

carried out by Crockett and Dunn. The next tests were those 

carried out by Koppel and Jungbluth (157)  (1953), using air 

pressure for loading. Kaplan and Fung 
(64)  (1954) then reported 

a quite detailed study of shallow shell buckling under both 

air and oil loadings. Their investigation showed that the pre-

buckling mode of deformation changes with the geometric parameter, 

P• This is illustrated in Figure 4.1. Subsequent tests on 

clamped spherical domes have been reported by Homewood, Brine 

and Johnson (59) (1959). 

4.3 COMPLETE SPHERICAL SHELLS  

In their now classic work von Karman and Tsien not only 

dealt with cylindrical shells, but also considered spherical 

shells acted upon by external pressure. They carried out a 

nonlinear analysis for this problem as well, though some 

sweeping assumptions were made to simplify the analysis. It 

was here that they first introduced the idea of the; "lower 
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buckling load", which has been discussed already in 

. 
Section 3.4tANAV 

Friedrichs (37) next showed that the simplifying 

assumptions of von Karman and Tsien caused an error of a 

factor of approximately two. On account of this, he 

attempted an analysis of the post buckling states of the 

spherical shell using an asayptotio treatment of the problem, 

where both t/R and p, the central angle of the dimple, 

tended to zero. As his analysis gave no satisfactory solution, 

he concluded that the assumption that the dimple angle tended 

to zero was incorrect. He added to Karman and Tsien's 

idea of the lower buckling load, by pointing out that the buckled 

state of the shell at the lower buckling load has a higher total 

potential energy than in the unbuckled state, at the same pressure. 

His suggestion was that an "intermediate buckling load" should 

be used to measure the buckling load of the shell. This 

"intermediate buckling load" was defined as "the lower limit 

of all values of pressure p for which a buckled state of 

equilibrium exists with an energy level below that of the 

unbuckled state". He claimed that this pressure was very 

close to the lower buckling pressure, but was much easier to 

evaluate. 

The next contribution was by Tsien X134) whofurther 

developed Friedrichs' suggestion of the intermediate buckling 
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load, into his "energy criterion" of buckling. This has 

already been discussed in Section 3.4.344 . with reference 

to axially loaded cylindrical shells, The values he obtained 

for the intermediate buckling load were in general agreement 

with the few experimental results available. 

The further theoretical work that has been carried out 

for the buckling of complete spheres under external pressure 

that of Yoshimura and 7Vemura (147),  Mush(t8a6r)i and Surkin 
(88) 

Altshular (4) Feodosiev 
(31), 

 Mushtari 	and Surkin (123)  

has been discussed previously by Thompson (1960) 
(126) 

 

Recent work by Ho and Nash (54)  concerning a dynamic 

analysis of complete spherical shells and shallow spherical 

caps is discussed in Section 4.5. 

To date, no theoretical analysis has been published that 

deals with a spherical shell under uniform pressure and takes the 

effect of initial imperfections into account. It may well be 

that such an analysis would, as in the case of axially loaded 

cylindrical shells, explain the discrepancy between theory and 

experiment. 

4.4 SPHERICAL SEGMENTS  

As for complete spheres, the first work dealing with the 

buckling of spherical segments €lso referred to as spherical caps), 

• 



was that by Karman and Tilden (61) (1939).  They applied the 

Rayleigh-Ritz procedure to an approximate energy formulation 

of the problem. Friedrichs (37)  (1941) pointed out that the 

Karman and Tsien assumption that only the vertical component of 

the deflection need be considered, instead of taking the 

deflection to be radial, was too restrictive. As a result he 

gave an 'improved energy formulation of the problem. Tsien 

(134) 
(1942) 	then revised the equations, but even so, the results 

were not accurate. Murray and Wright (1961) (85) have pointed 

out that the Rayleigh-Ritz method involves a simplification of 

the equilibrium equation by assuming small angles and by omitting 

terms. They also state that on the basis of their week, 

tie Rayleigh*Ritz solutio* is riot et solution of the equilibrium 

equation in even an approximate sense. On the basis of subsequent 

experimental work, it can be seen that the form assumed by Karman 

and Tsien for the deflection parameter is too simple to give 

accurate results for any but very shallow shells. Yoshimura 

1:1U3mura (1942/3) (147) 	(31) and Feodosiev (1946) 	have 

carried out similar work to the above, though Feodosiev used 

Galerkin's method. 

Following on from this, the approach has been one of 

finding methods for solving the governing nonlinear differential 

equations to determine the "upper" buckling load (i.e. the 
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maximum pressure of the pressure-displacement diagram). 

Usually, the stresses and deflections of the unbuckled state 

have been determined as well. The methods used have been 

perturbation methods, power series calculations, linearizations, 

and finite difference methods. 

(61k) 
 Kaplan and Fung (1954) 	used a perturbation method 

taking the radial deflection at the centre of the shell as a 

parameter. The nonlinear equations were converted into a 

sequence of linear equations by exT,anding all dependent 

variables in powers of the centre deflection and then equating 

the coefficients of each power. However, solutions were only 

obtained for very shallow shells. Later, Archer (1958) (5), 

einilar aquatic:me to those derived by Reissner, extended 

and improved the perturbation technique and was able to obtain 

solutions for a greater range of shells. 

Instead of using the perturbation technique, Simons 

(112) 
(1956) 	sought to solve the nonlinear equations by means 

of a power series solution (expanding terms in powers of 

the polar angle Q), This was similar to proceedings 

introduced by Way, and by Friedrichs and Stoker in their 

treatment of the buckling of circular plates. Reiss, Greenberg 

and Keller (1957) (98) 
	 (140) and Weinitschke (1958/60) 	have 

also used similar power series technique, making use of 
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electronic computers to solve the nonlinear equations. Reiss, 

Greenberg and Keller sought to give a complete description of the 

stresses and deflections over a wide range of the loading 

parameter Q, and the geometric parameters  p. Weinitschke 

gave results for 	simply supported edges as well as fixed. 

With the power series technique, the method of evaluating 

the upper buckling load was to determine the load at which 

the series became divergent. This was then taken as the 

upper buckling load. However2  in spite of the fact that it 

has been able to provide results over a greater range of 

the geometi parameter than has the perturbation method, it 

is 	open to' doubt 	whether it does give correct results 

over the whole range. It is difficult to verify the exact 

relation between the upper buckling load of the cap and the 

load at which the power series begins to diverge instead 

of converge, for the physical and mathematical problems 

may not correspond at all. Winitschke modified the 

approach of Reiss, Greenberg and Keller slightly, by 

applying analytic expansions to extend the radius of convergence. 

In the range p <18, Reiss et al. and Weinitschke obtained 

similar results for the buckling load, but above this range 

Weinitschke found convergence difficulties, and doubted the 

results of Reiss et al. 



At about the same time as the previous work, Reiss 

(1958) (97) attempted a different approach to the problem, 

by solving two linear problems. The first was the eigenvalue 

problem for a "membrane" segment supported in such a way that 

only membrane stresses were introduced before buckling; the 

second was the linear bending problem for the clamped segment. 

In this way he was able to determine the values of the 

geometric parameter, ()I  at which the mode of initial 

deformation changes. As a result, he was able to present a 

qualitative picture of the pressure parameter versus p curve 

which passes through the experimental points. 

Von Willich (1959) 
(141)  used an energy method, based on 

potential energy considerations. His energy expression was 

finally written in terms of two parameters only. By assuming 

that one of these parameters could be treated as constant during 

the loading process, he evaluated the maximum pressure. 

Chen (1959) (21) used the same method as Von Willich but 

without the above assumption. Chen analysed initially 

imperfect as well as perfect domes. He was able to show that 

initial imperfections in the shape of the middle surface can 

produce large reductions in the buckling pressure. 

Keller and Reiss (1959) (67)  used a new method for 

solving the nonlinear equilibrium problem for a clamped 

spherical cap. This was an Aterattive solution of a 
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finite-difference approximation of the boundary value problem. 

They confinet their attention to caps that buckled in the 

first mode, and for these they evaluated the upper and lower 

buckling loads and confirmed that the pressure-displacement 

diagram has nonunique solutions when pL < p < pu as had 

(17) always been assumed. BudianAky(1959) 	also tried a new 

approach, this being to construct the integral equations 

corresponding to the differential equations. These were 

then solved approximately, using a computer. While he considered 

both initially imperfect as well as initially perfect domes, 

he found that very large imperfections would be needed to give 

agreement between his maximum pressures and the experimental values 

for large values of p. For this reason, he suggested that non-

symmetrical deformations must be considered for these values of 

P• 

Thurston (1961) (128) har presented results which confirm 

the work of Weinitschke and Budiansky. 

Murray and Wright (1961) 
(85) 

 sought to use a different 

approach to solve the nonlinear equilibrium and energy equations 

that had been given by Karman and Tsien. Since there is a 

singularity at the origin, Murray and Wright use a power series 

expansion to move away from it and then use a step-by-step 

integration procedure to carry out computation throughout the 

desired, opening angle of the shell. They were also able to 
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avoid making the assumption that the shell was of small angle, 

and so their results should be applicable to a wider range of 

shells. Their results are presented as a two parameter family 

of solutions for the equilibrium equation for a shell of given 

radius and wall thickness. In this way they show the behaviour 

of the shell in both the pre-buckling and post-buckling states. 

By considering the boundary conditions, they then obtain a 

one-parameter family of solutions which describe the possible 

configurations of the shell for various pressures. From these 

the upper and lower buckling loads are obtained. In the course 

of their solution, Murray and Wright show that their results 

depend critically on several terms which are neglected by 

the process of linearization in the classical theory. 

In 1962, Humphreys and Bodner X62)  presenteda new 

approach to the buckling of spherical caps when they set out to 

determine the minimum impulse conditions for dynamic snapbuckling. 

Their analysis assumed a very simple deflection function, but 

even so, it showed new podsibilities for determining the 

possibility of snapthrough. Their work is reviewed in more 

detail in Section 4.5. 

Later the same year, Gjelsvik and Bodner brought out two 

papers dealing with the snapbuckling of arches (4,) and the 

nonsymmetrical snapbuckling of spherical caps (46) 	In the 
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latter, an energy procedure is used to compute the 

nonsymmetrical snapbuckling pressure. By this procedure, 

Gjelsvik and Bodner are able to show that nonsymmetrical 

buckling takes place when the geometrical parameter exceeds 

a certain value. Since they use only single term approximations 

to represent the initial and buckled shapes, the solutions are 

not fully reliable numerical values, though they should bring 

out the general behaviour of the shell. They also carry out a 

more accurate analysis that includes the development of a 

boundary layer in the cap, by means of which they evaluate the 

"equal-energy" load or "intermediate" buckling load of 

Friedrichs. They go on to show that the "energy" buckling load 

is a reasonable lower bound to the experimental values of 

buckling pressure. This can be seen in Figure 4.2. Gjelsvik 

and Bodner claim that the "energy" buckling load is a reasonable 

lower bound solution for buckling that is nonsymmetrical and could 

be applied particularly to "transitional" buckling where the 

mode of the intermediate equilibrium state is different from 

either the initial or buckled modes. Stable nonsymmetrical 

buckling shapes and transitional unstable nonsymmetrical buckling 

shapes have indeed been observed in tests. 

The most recent work has been that of Feodosiev (1963)(32)  

who solved the problem of the axisymmetric bending of a shallow 

spherical dome and obtained the same results as Thurston. 
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He wrote his previously derived equations in terms of finite 

differences and solved them by means of a computer. On 

introducing time as a parameter into the differential equations, 

he shows that a simplification can result as regards computation. 

Again, more general displacement functions are required to 

describe the complete buckling of spherical shells including 

nonsymmetric buckling. 

4.5 DYNAMIC ANALYSIS  

It has been mentioned previously that a dynamic analysis is 

the more correct approach to the snapbuckling of spherical shells 

(as well as to other shells that buckle suddenly), instead of 

equilibrium and energy methods that have been in general use up to 

date. The straightforward approach would be to solve the 

governing nonlinear dynamic equations for the vibration response 

of the shell under rapidly applied dynamic loads. This, however, 

is difficult to do since more than one deformation mode has to 

be considered and all possible Osymetric modes must also be 

included. Approximate solutions of the dynamic equations using 

a single symmetrical deflection mode have been obtained; these 

have been carried out byV olmir (1958) (137) and by Grigolyak 

(1955) 
(48). Grigolyakts paper deals with both free and forced 

vibrations of shallow shells. More recently, Ho and Nash (1963) (54)  

have considered both complete spherical shells and shallow 
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spherical caps subjected to a dynamically applied uniform normal 

pressure. They satisfy the equation of motion approximately 

for the particular buckling configuration assumed. 

Ho and Nash consider the load to be a dynamically applied 

uniform normal pressure that increases linearly with respect to 

time. Using finite displacement theory they establish the 

compatibility equation together with the equation of motion in the 

direction of the geometric axis of the buckled region. For an 

assumed buckled shape the compatibility equation can be solved, 

exactly, while the equation of motion can be satisfied approximately 

by means of the Galerkin procedure. By investigating the stability 

of the resulting equation, the extent of the buckled region can be 

established for the case of the complete spherical shell. For the 

case of the shallow spherical cap, buckling is assumed to be 

axisymmetric. As mentioned in Section 4.4, agymetrical buckling 

configurations also need to be considered in order to cover all 

cases of the buckling of shallow spherical caps, but this has not 

been reported to date. 

While it is not a true dynamic analysis, it is convenient to 

consider the work of Humphrey and Bodner (1962) (62)  under this 

heading. They treated the problem of the snapbuckling of shallow, 

thin spherical caps and cylindrical panels not by solving the dynamic 

equations, but by using the energy approach to determine the 

conditions under which snapbuckling could occur. Their analysis 
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while restricted to considering only a single symmetrical deformation, 

mode so that the shells could be represented as nonlinear single- 

degree-of-freedom systems, was able to handle different types of 

edge conditions. Throughout the analysis, it was assumed that the 

loading condition effectively imparted a uniform initial velocity, 

and hence kinetic energy, to the shell. 

In the analysis, Friedrichs' equations, together with 

Tsien's assumed deflection function, were used. By assuming that 

under impulsive loading there is no external load acting during the 

motion of the shell, no external work is done on the shell. The 

maximum kinetic and potential energies are then equal. This 

assumption may or may not be justified depending on the buckling motion 

of the shell and whether the load can follow it or not. For 

instance, it has been shown (57)  that for a cylindrical shell 

under deaeweight axial loading, the snapbuckling may be so sudden 

that the load cannot follow the shell during the buckling process, 

thepe 	may., not be so with external pressure. 

By obtaining an energy curve for the shell in terms of f, 

the ratio of the maximum deflection to the radius R, Humphrey 

and Bodner show that there may be a peak, which represents unstable 

equilibrium, at which snapthrough may occur if the initial kinetic 

energy is greater than the value corresponding to this peak. 

Arising from this, they show that for any given cap size, there 

is a limiting thickness ratio above which no snapbuckling can occur.- 



CHAPTER FIVE 

CONICAL SHELLS 

5.1 INTRODUCTION 

Up to the present time, the stability of conical shells 

has not been studied to the same extent as has the stability 

of cylindrical and spherical shells. This is mainly due to 

the mathematical difficulties involved in solving the governing 

differential equations for the problem. It has resulted in 

the theoretical approach being confined to small deflection 

analyses, except for three published attempts at finite 

displacement analyses. There are also several loading 

conditions for which not even small deflection analyses have 

been attempted as yet, one case being that of pure bending. 

As is the case with cylindrical shells, it is known that large 

deformations and plEstic stability are important factors for 

several loading conditions - such as axial compression, 

external pressure, and the case of both loadings acting together. 

Experiment, as well as theory, has shown that more 

parameters influence the stability of conical shells than is 

the case for cylindrical shells. Variations in end restraint 

have been shown to have little effect on the stability of 

l39. 



140. 

cylindrical shells under axial compression (see Section 3.1) 

but for conical shells the end restraint does affect the 

stability. The length and angle of the conical shell have also 

been shown to influence the stability of the cone. These two 

parameters 	giam be shown._ 	to increase greatly the 

algebraic and computational work required to obtain a numerical 

solution to the theory. 

As a rough guide to the behaviour of conical shells, we can 

say that cones of small semi-vertex angle behave like cylindrical 

shells. At the other extreme, those of large angle behave more 

like circular flat plates%  or perhaps even like spherical caps. 

A survey of the work carried out on the stability of conical 

shells has recently been presented by Seide (110)
.  

In the Sections 5.2 to 5.5 that follow, the behaviour of 
conical shells is more closely reviewed for specific loading 

conditions. 

5.2 EXTERNAL PRESSURE 

The first paper to deal with the stability of conical shells 

was that by Pflugger (1937) (93) wherein the differential 

equations governing the stability of conical shells with variable 

wall thickness were derived by a rigorous analysis. Only complete 

cones were considered, and the wall thickness was proportional 

to the distance from the apex. Unfortunately, the solution 



itself was not of much use since the boundary conditions were not 

realistic. 

The next approach was at the other extreme from PflUggeris 
6;,00.4u-ad 

solution. Here, Tokogawa (1940) (130) and also Atiberd (1953) (11) 

sought to replace the conical shell by an equ$,ealent cylindrical 

shell. 

It was not until 1947, that Niordson 
(92) 

 published a Rayleigh-

Ritz type . solution for conical shells subjected to a uniform 

external lateral pressure. The analysis is confined to a small 

deflection one, and even then several simplifications are made 

in order to obtain a solution. These simplifications restrict the 

solution to the case of shells of small semi-vertex angle, large VR, 

and with a large number of buckling waves. 

The energy solution, using the Rayleigh-Ritz method, was also 

used by Grigolyuk (1954) (47). The results were based on the linear 

theory and were presented in the form of tables. They are applicable 

only for the case of a complete cone. At about the same time, 

Mushtari and Sackenkov (1954) 
(87) 

 carried out a single term 

Galerkin solution to determine the upper limit of the critical 

loading. This is reviewed in Section 5.5.1. 

Taylor (1957) (124)  is reported to have derived a more 

accurate expression for the total potential energy than had been 

used up to that time, and to have given an approximate two term 

solution for the complete cone. This work does not appear to be 
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generally available though. 

Radkowski (1958) (96)  carried out an analysis for both 

single- and multi-layered conical or cylindrical shells acted 

upon by rotationally symmetrical stresses, i.e. by external 

pressure or axial compression. His method was similar to 

Niordson's but without some of the letter's simplifying 

assumptions. While he uses nonlinear strain-displacement 

relations, the energy expressions that are used are simplified 

ones. By neglecting all the powers of the displacementstand 

their derivatives, that are higher than quadratic, Radkowski 

effectively reduces his analysis to a linear one. 

Radkowski, like Mushtari, 

Sackenkov and Seide, measured the displacement of the surface 

of the cone from the point of "incipient tuckling". 

By making use of their earlier work - Hoff (1955) (56),  

and Singer (1959) (113) 	
(58) - Hoff and Singer (1959) 	found 

a solution to the differential equations governing the stability 

fo truncated cones. This solution is in the form of a series 

for each of the three displacements, us  v, and w, and applies 

to the case of nearly simple support for the cone. This 

restriction is caused by the boundary conditions that were 

assumed in order to obtain a solution. Both the solution 

and the differential equations are limited to short, thin 
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shells, having a small cone angle which will buckle with a 

large number of circumferential waves. 

(107) 
At about the same time as Hoff and Singer, Seide (1959) 

carried out an analysis for external pressure loading, based on, 

his work for axial compression loading 
(105). By using nonlinear 

strain-displacement equations, Seide obtains the equilibrium and 

compatability equations from the first variation of the potential 

energy expression. 

In addition, Seide compares his 

solution with those of other investigators and with the 

available experimental data. From this he presents a 

parametric solution for the stability of conical shells, after 

the manner of Batdorf 
(8) 

for cylindrical thells. 

Of the experimental work that has been carried out, the most 

comprehensive is that of Singer and Eckstein (1962) (115)  

Their work covered tests on seventy-one different aluminium 

alloy conical shells of different thicknesses, and covering 

three different cone angles. These test results were then 

compared with other experimental results and with several 

theoretical results. From this it was found that the theories 

(56) 	(107) 
of Singer 	and Seide 	were reasonably accurate in 

predicting loss of stability. Initial imperfections in the 

shells were also studied. Here it was found that their effect 

was mainly confined to influencing the pre-buckling behaviour, 
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and had only a small influence on the buckling pressure. More 

significant than the "maximum out-of-roundress" was the shape 

of the "initial circularity plot". If the shape of this was 

similar to the buckled shape, then buckling was likely to take 

place at a lower pressure than when it was less favourable. 

In addition to the above, Kempner 
(70)  and Seide (106)  

have derived eighth order differential equations to describe 

the stability of conical shells. No use seems to have been 

made of them in determining the loads at which conical shells 

lose stability. 

Concerning experimental results, Seide (1962) 
(110) has 

pointed out that while they are said to agree favourably with 

the theory for external pressure loadings, the experimental 

results show considerable scatter. He suggests that this could 

be partly due to variations in end conditions from test to test. 

It has been found that for cylindrical shells under external 

pressure, clamping can increase the critical pressure by some 

forty per cent. The same may hold for conical shells, in which 

case variations in end conditions between the clamped and 

simply supported cases could account for the scatter. In one 

set of tests, Seide 
(111) noted that the low melting temperature 

alloy used to clamp the specimens appeared to yield, thus 

altering the boundary conditions. 
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5.3 AXIAL COMPRESSION  

Very little theoretical or experimental work appears to have 

been done for this loading condition, unlike the case for 

cylindrical shells. 

Experimental work has been carried out by Lackman and 

(73) 	 (59) Penzien 	and by Homewood, Brine and Johnson 

The first theoretical analysis was a linear one by Seide (104) 

(1956). In order to obtain a solution, he assumed that the state 

of stress before buckling was the membrane one. Further, he 

considered only rotationally symmetric deformations. This meant 

that the shear stress N.53 	and the circumferential displacement, 

could be taken as zero before and after buckling. The critical 

load was obtained as the solution of a stability determinant that 

is written in terms of Bessel functions. 

Seide (1957) 
(105), next carried out a nonlinear analysis. 

He included the shearing terms, but neglected the influence of the 

circumferential displacement terms, v, in the bending-displacement 

expressions, 

Compatability and 

equilibrium equations were then obtained by minimising the total 

horizontal energy expression. 

Following on from these, Lackman and Penzien (1960) (73)  

showed how Seide's work could be generalised to give the lowest 



critical load for a conical shell. This was:- 

Per 
= 	am Et

2 
 cost a (5.1) 

      

-13(1 - v2) 

   

They compared this result with experimental results and found 

that the buckling loads calculated from the formula: 

P a27cCEt
2 
 cost a cr (5.2) 

(where C comes from Donnell and Wan's (27) work for U = 0.0003) 

gave good agreement. 

The most recent work on the stability of conicrl shells 

under axial compression is again by Seide (1962) (111) this 

time taking the effects of internal pressure into account. The 

analysis is a linear one only. Buckling is assumed to be axisym-

metric since this is the predominant buckling mode for internally 

pressurised cylindrical shells. It is further assumed that lefere 

buckling the meridional stress Ns  is adequately represented by 

the membrane stress. By assuming that the slope 1.014z, is 

represented by a Fourier series, Seide obtains the stability 

criterion in the form of an infinite determinant, which can then 

be solved asymptotically. He obtains results for both simply 

supported and clamped edges. The available experimental results 

agree qualitatively, but not quantitatively, with the theoretical 
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results. It is probable that the discrepancy was caused by 

factors in the experiments that could not be taken into 

account in the theory. 

5.4 TORSION 

Only one analysis appears to have been carried out to date. 

This has been done by Seide (1962) 
(108) and is similar to 

his analysis for the case of external pressure (107) 

Experimental work has been carried out by Singer and Eckstein 

(1963) (116)  

5.5  COMBINED LOADINGS 

5.5.1 Axial Compression and External Pressure 

The first theoretical analysis for this loading case was 

that of Mushtari and Sackenkov (1954) (87?. Theiranalysis 

is a linear one, and makes use of Galerkin's method for solving 

the governing differential equations approximately. Mushtari and 

Sackenkov state that their initial differential equations are 

applicable only for the case of short and thin shells, the 

buckling of which produces a great number of circumferential 

waves. Seide 
(107)  uses the same equations but places no 

explicit qualification upon their use. These governing 

differential equations are written in terms of the linear 
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membrane stresses that occur before buckling, together with 

the complementary stresses that occur at buckling. The 

complementary circumferential elongation is also considered. 

Subsequent theoretical work has been carried out by Seide 

(1962) (109)`  The results are presented in the form of 

interaction curves, and these show only a small variation in 

buckling pressure with variation in the taper ratio 

( = 1 - R
1
/R
2
) of the cone. 

Experimental work has been carried out by Homewood, Brine 

and Johnson (59) 4,  The results agree reasonably well with 

Seide's interaction curves. 

5.5.2 Torsion and External Pressure 

Experimental work has been carried out by Singer and 

Eckstein (1963) (116)  

5.5.3 External Pressure, Torsion and Axial Compression 

Some experimental work is reported as having been carried 

out by Singer, Eckstein, and Baruch (1962) 
(117) but the 

reference does not seem to be generally available. 
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CHAPTER 6 

GENERAL APPROACH TO THE DERIVATION OF THE EWATIONS 

GOVERNING STABILITY, AND METHODS OF SOLUTION 

6.1 GENERAL 

The fundamental problems of mechanics (of which stability is 

one example), have been governed both by differential equations and by 

what home become known as "minimal principles". In other words, 

the problem of solving the boundary value problem for the differential 

equation governing a given mechanical system generally turns out to 

be equivalent to the problem of finding the function which minimises 

the integral by which the potential energy of the system is expressed. 

This latter approach, based upon the principle of minimum potential 

energy, has been found to be very useful in determining the stability 

of cylindrical and conical shells. 

Mathematically, the expression for the total potential energy is 

found to provide the most convenient means of deriving the equilibrium 

equations for the shell. These are obtained by writing the Euler 

equations of the calculus of variations for the total potential energy 

integral. In this case, the function that is the solution of the Euler 

equation, must satisfy the boundary conditions. If instead, no 

restriction is placed on the function initially, then the Euler equations 

cannot be used directly and the first variation of the total potential 

energy must be written in full.. Here, natural boundary conditions must 



150. 

be met in order that the variation of the integral be zero, i.e. that 

the integral be a minimum. 

It is well known that many mechanical problems do not have a 

rigorous solution that can be easily obtained. This is particularly 

so for boundary-value problems where a solution to a differential 

equation, or a system of differential equations, is sought with 

prescribed boundary conditions. The same difficulty arises when 

"minimum principles" are used. With all these, the difficulty is not 

so much in finding a possible solution, than in adapting these 

solutions to prescribed boundary conditions. Therefore, it is often 

necessary to accept an approximate solution to the problem that is 

either not an exact solution to the differential equations, or else 

does not fully satisfy the boundary conditions. The former alternative 

provides an upper bound to the exact solution (118) while the latter 

one can provide a lower bound (18, 19)  

While in stability theory, the derivation of the partial differential 

equations that describe the stability presents some difficulty, the 

major problem remains that of the solving the equations to obtain a 

numerical solution of the problem. It is for this reason that before 

dealing with the actual theoretical work itself, this Chapter underlines 

some of the principles and methods that are useful in developing the 

theory, and then outlines some of the ways of obtaining solutions. 



;.:4  CALCULUS OF VARIATICNS 

This deals with the problem of finding functional forms for 

which given integrals assume maximum or minimum values. Expressed 

in other words, the calculus of variations deals with the problem of 

finding paths of integration for which integrals have maximum or 

minimum values. 

Corresponding to the first and second derivatives of the 

differential calculus, there are the first and second variations in 

the calculus of variations. For any integral I, we denote the first 

variation I
1
, and the second variation, I

2
. Then for the integral 

I to be a maximum we must have I
1 
 = 0 and I

2 
< 0, while for a minimum 

value of I we have I
1

= 0, 12> O. 

cb 
For the integral I =  F(xiss 	 (6.1) 

7 
)a

-"x  

whose end points are fixed, to be stationary for "weak variations" 

(i.e. variations that are independent of the path of the variation) 

then y = s(x) must be a solution of the differential equation: 

Or , 

cl j  ' Sy  
) 

(6.2) 

An equation of this nature that provides the minimising functions 

is known as the "Euler characteristic equation" or merely "Euler 

equation". Written in fulls  Equation (6.2) becomes: 
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). F 
	 ./AL4 	 (6.3) 

j..t  • 	>1. 	c.) 	1-4 	dxL 

Solutions of Euler's equation must pass through the end points 

of the range of integration. A requirement of the integral I which 

is to be minimised is that it must have continuous first and second 

partial derivatives with respect to its arguments, i.e. in Equation 

(6.1), I must possess continuous derivatives with respect to x, s, 

and 4.4  . 

In dealing with the second variation Ile it  is necessary to solve 

the Jacobi accessory equation. For the integral I of Equation (6.2) 

this is: 

(F .))( 	 cl   A 	 rn coo  
tl (6.4) 

F 
where 	Fr) 	r)ci 	\'1 	

7'77 t 	CA 11 	dig .) 	and (̀x) 

is the solution that passes through A and B, the end points of the range 

of integration. The details of this are described fully by Fox (175), 

and by Elsgol* (216)  

A summary of the Euler equations and the tests for maximum and 

minimum for the integrals encountered in stability theory is given 

in the following paragraphs. 



-32 
	az 

when: P = ?i)‹. 	q =  
(36) —A 	(28) 

PoraTsue 	auu Azigola nave 

r 	)X.2 	s s J 

shown that there will be a 

(6.7) 

61F 
t 

stationary 

.- fr F(xly,z,p,q,r,s,t) dxdy 

rs..F 

(a) For an integral of the form: 

I = if i F(z,x,y;p,q) dxdy 
.ii 

\ , 
. where p = 	.OX 	and q = 	ioij 	and z is a function of x 

and y, then the integral I is stationary when z is a solution of the 

partial differential equation: 
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(6.5) 

0 
(6.6) 

If at all points of the domain of integration, 

	

F 	F 	 17  F 	2 
constant sign, and 	f.)-4)-7; 	•ri, 	 t 

I is a maximum if 7, 3?7 
	is negative, and a minimum if it is positive. 

(b) For a double integral with derivatives of the second order, i.e. 

for: 

:1 •-•,, 
	 has a 

• 

, then the integral 

value when z is a solution of the characteristic equation: 

aq 1- o (6.8) - 

The conditions that must be satisfied in order to determine a maximum 



or minimum value for I, ore that: 
4 F 	F 	7311' 

F 
Gs()L 

must be satisfied everywhere throughout the field of integration, and 

have a common sign which is positive 

for a minimum value for I, and negative for a maximum value. 

(c) In connection with the stability of thin shells, the integral 

to be minimised, i.e. the total potential energy, usually contains 

three dependent variables - the displacements utviw - and in this case 

the Euler equations must hold for each variable. 

e.g. for a minimum of the integral 
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I = 
I 

c)z- 
F(x) 	 y .)t ) (6.9) 

then the Euler equations must hold for each variable 

i .e. 	5k31 dy' 

kj? 
	

(6.1o) 

(d) In the case of an integral which is time dependent, such as: 



9, 
V' 	r2) (3 , • 

the 

O 

must satisfy the n equations: 

   

 

e t: 	A 	 0  
cit 

  

(6.11) 

 

(m = 1,2,3, • • • n) 

 

U. ) 
cA) t1  
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6.3 THE PRINCIPLE OF MINIMUM POTENTIIL ENERGY 

This principle states that a motionless conservative system 

is in a stable state of equilibrium, if the potential energy assumes 

a stationary value, and the equilibrium is stable only if the potential 

energy is a minimum. From the principle of virtual work it has been 

shown that the first variation of the potential energy vanishes 

(i.e. 6n = 0) for any equilibrium. configuration of the system. 

In the case of small strains and displacements (which give rise 

to linear differential equations), the uniqueness theorem shows that 

there is only one equilibrium condition and any variation from it 

shows a positive increase in potential energy. Then in this case, the 

equilibrium condition is a minimum and is stable. 

The Euler equations connected with the problem, n = minimum, are 

actually the equilibrium equations. It has been found that the method 

of the calculus of variations when coupled with the principle of 

minimum potential energy, provides the easiest way of arriving at the 

equilibrium equations when considering the stability problem of 

circular cylindrical shells and also conical shells. 
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6.4 RAYLEIGH-RITZ METHOD OF SOLUTION 

For this, approximate stationery values of an integral of the 

form: 

I = 	j F(x,y,z;p0) dxdy 
	 (6.5) 

are sought assuming: 

n 

z = 	a. f. (x,y) 
	 (6.13) 

1=1 

where f.(x,y) (i = 1,2, 	n) are suitably chosen functions, and the 

a_ are a set of so far undetermined parameters. On substituting for 
1 

z in Equation (6.5) and evaluating the integral, we obtain an 

expression for I in terms of the parameters, ai. Then, for I.to be 
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stationary, the parameters 

N 
<14  is 

must bechosen so that: 

 

 

= 0 
(i = 1,2, 	n) 

(6.14) 

In this way, n simultaneous equations are obtained from which the a. 

can be determined, and hence z can be determined. 

Most applications of this method lead to approximate salutions, 

with the degree of approximation and the amount of computation 

involved both depending on the choice of the approximating functions. 

It is usual to choose the arbitrary functions fi(x,y) such that they 

reflect any symmetry of the solution, z, and that they satisfy the 

same boundary conditions as z, if possible. 



When it is used as above, the Rayleigh-Ritz method gives no 

estimate of the error in the solution to I, nor anything else 

regarding convergence to the exact solution. It is possible to fit 

bounds to the exact solution, and it has been shown (Ref. 118) - 

that when the solution does not minimise the integral exactly, 

then the solution is an upper bound. Also, Trefftz 
(131)

has 

suggested that a lower bound solution can be obtained by relaxing some 

of the boundary conditions. Usually, the function taken to minimise 

the total potential energy for a cylindrical shell, does not fit 

the boundary conditions, and consequently little can be said about 

the nature of the solution. 
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6.5 GALERKIN'S METHOD 

it is of general application, the method when applied to 

the equivalent of the minimisation praise can be 

shown to lead to the equation: 

I = 	L(u) rr (x,y) dxdy = 0 
/ R 

where: 

(6.16) 
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L(u)  
r 	F7f.) 

, 	o (6.17) 

is the Euler equation for the minimal problem, and 9(xly) is an 

arbitrary function that must vanish on the boundary of the region R. 

The solution un, is chosen in the same 
form as for the Rayleigh-Ritz 

method, i.e.: 

n 

Z = 
i=1 
	ai  fi  (xy) 
	(6.15) 

Now the integral on the right hand side of Equation (6.16) 

must vanish for any arbitrary function, 9  (x,y) and Galerkin chooses: 

? (x,y) 	= fi  (x,y) 	(6.18) 

Then it is required that: 



1.6o. 

( )1:1 , 	()(r--,4„),) j  (x) (j)cix 	-O 	(649) 

and these n equations are sufficient to determine the n parameters ai. 

Since z = u
n is not an exact solution of the Euler equation, 

Equation (6.17), the integral in Equation., (6.16) does not, in general, 

vanish for any arbitrary variation in Al(x17),,It vanishes only when 

u(xa) = the exact solution of the problem. The magnitude of the 

funatisnL(u
n) can therefore be used as a measure of the degree of 

approximation attained. Let en(x,y) be called the error function, 

where: 

(6.20) 

Then from Equation (6.19) we have that the error function is required 

to be orthogonal to each of the n functions fi(xly). 

In the Galerkin method, we go directly from the Euler equations to 

Equation (6.19), and it is not necessary to form the energy integral 

the approximate integral In, and the n derivatives aIn  4am  as in 

the Rayleigh-Ritz method, However, if the energy integral is used 

in conjunction with the principle of stationary potential energy to 

provide the equilibrium equations, then it is simpler to use the 

energy expression directly as in the Rayleigh-Ritz method. 



6.6 SOLUTION OF SYSTEMS OF NONLINEAR EQUATIONS 

When the Rayleigh-Ritz approach is applied to the case of the 

minimisation of the total potential energy of a thin shell, the 

resulting equntions form a system of nonlinear equations. Usually with 

these equations, it is not possible to follow a Gaussian procedure as 

used in dealing with systems of linear equations, whereby variables are 

eliminated one by one until only a single equation in a single unknown 

remains. Very few methods appear to be available for the solution of 

systems of nonlinear equations, and different approaches may be required 

for different problems. 

In order to illustrate the general methods, the set of nonlinear 

simultaneous equations are taken as: 

f. (x x x 1: 2: 3 	xn) = 0 (6.21) 

Let the true solution be the vector 0;;I F502, 	.),1), and let 

, o 	o 
lac 1,x 21 	x

o
n) be an approximation to the solution, such that: 

,)X'  

(i = 1, 	n) 

Then, since x
o
i 
is not the true solution: 

f.(x°.) 	Af. 1 1 1 

(6.22) 

(6.23) 
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where Af, is the residual of the equation. 

6.6.1 Partial Elimination 

This method is limited to those cases where the number of 

equations and parameters is small, and where some of the parameters 

can be eliminated easily. It is best illustrated with respect to 

the particular case of the circular cylinder under axial compression, 

and is discussed in Section 8.3 . 

6.6.2 Relaxation 

In this method, the residuals Afi  of the set of equations fi, 

are examined, and the residual of largest moduli is selected. If 

this is the j-th, then we seek to reduce the component of xi  in this 

direction, thereby reducing the residual. Put in other words, the j-th 

equation is solved for the j-th variable as a function of the current 

estimates of the other unknowns. The process is continued until the 

residuals are of smaller modulus than a predetermined value, or some 

other suitable test for the accuracy of the solution is met. 

This particular method is not satisfactory for use with automatic 

digital computers, for as shown by Booth (Ref. 12, page 103), it is 

not always possible to select the coordinate of largest residual at 

each step, for if the coordinate xk  has just been altered, then if 



Therefore 

where 
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j Afk is still the largest residual, further relaxation with 

respect to xk  will not produce any further improvement in the solution. 

6.6.3 Generalised Newton-Raphson Method 

From Equations (6.21) and (6.22) we have: 

f.(x. ox.) 0 
	 (6.24) 

1 3. 	1 

By Taylor's expansion this can be written as: 

  

) (6.25) 

 

Neglecting second-order terms and above, we have: 

. 0 

i.e. Cix  X V - 
oi

▪ 	cL  

(6.26) 

are written in matrix notation. 

Letting fx  represent 
• I  then we have for the correction: 

   



8x. = - f -1 Lf. x 1 

If the initial solution, xo
i
, is sufficiently close to 

we might expect to find that by solving the eauations: 
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g • 
a s 

(6.27) 

for the xi., we could obtain a better approximation to the solution - 

than x
o 

Therefore we can write: 

X - A • 
J 	 ( )1 ) 

 

0 
(6.28) 

  

     

If, as in the case of the Rayleigh-Ritz method, the fi  are the 

elements of a vector /1  then we can introduce the matrix: 

ThisistheJacobianmatrixofthefunctionsf.l evaluated at 

the point xi.. 

Then Equation (6.27) becomes: 
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Therefore 

 

(6.29) 

Normally though, it is usual to solve for the correction 

(x.-x°.)1./hich is then added to the previous solution to obtain 

an improved solution. 



6.7 NUMERICAL METHODS FOR MINIMISING A FUNCTION 

The Rayleigh-Ritz method, or the Galerkin method, as 

mentioned previously, lead to a system of equations that msst be 

solved in order to evaluate the unknown parameters in the function 

that minimises the total potential energy. An alternative method 

is to minimise the total potential energy expression numerically. 

Here, the total potential energy is expressed in terms of the 

unknown parameters of the assumed minimising function. These 

parameters are then suitably varied numerically until the potential 

energy takes on a minimum value. The methods normally used are 

all variations of what are known as "descent" methods. 

6.7.1 Successive variation of parameters  

Here, the unknown parameters (the components xi of the vector x), 

are given assumed values. Each parameter is then varied in value 

in turn, such that the value of the function IS is reduced at each 

step. The parameters may be varied by a selected amount in turn, 

or else each parameter may be altered such that the minimum is 

found for each parameter in turn. 

6.7.2 Method of Steepest Descent  

Forthefunctiong5(x.), we have: 

f7 Sj~ 
	

:-, CO Ci 
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The direction of the gradient 4x is normal to the surface at any 

point x on the surface 4 = const which passes through the point x. 

If an approximation, xoi, is taken that is sufficiently close 

to the point that minimises 4, then*. ne, print can ba Charon along 

the line of the gradient through x, 	that the function 4 is 

reduced in value. Hence we seek to determine a point: 

30. ,= :x
o 

- 'N.4x 

The minimum of the function: 

0(x0i  - ,v6x ) = 41( ) 	 (6.30) 

is given by: 

4x  (x. 	W4) =0 
	(6.31) 

i.e. 
sT $ 

	

(xo. 	%.4 
np( 
 ) = 0  

	

x x 1 	
x (6.32) 

SinceSTx  Sx  AIDatthepointx0
.1then Equation (6.32) is 

notsatisfiedbyW=Ol unlessxl.is the minimum point represented 

. 
by 34  . 

OnceXhasbeenobtainedl thepointxl.can be evaluated, and a 

new point x
2
i is sought along the gradient 41c through the point xli. 



6.7.3 Other Descent Methods  

A number of variations of the method of steepest descent have 

been suggested, mainly to facilitate the use of automatic computers. 

Two of these methods - those of Rosenbrock (103) and of Fletcher 

(33) and Powell 	- are described in Chapter 8. , 

168, 



CHAPTER SEVEN. 

DERIVATION OF TIE NONLINEAR STABILI5Z EQUATIONS 

FOR THE farLINDRICLL SHELL. 

7.1 BASIC EQUATIOFS. 

The cylinder and cc-ordinate system are as 

shown in figure 7./. The cylinder has c uniform wall thiekneee 

without stiffenernr  and in oubdect to a comprcoatve load fixed in 

the a=ial directior and uniformly distributed around tho 

circumforencep togcbhor with an fraternal proncure that is uniform 

over the whole surf Ice. 

7.1.1. 	1=preasior3 for curvaturco. 
nose are : 

Providing the hell ie ohallow2, the tome involving powers of 

the first derivativu3 of the radial disrlacement r  can be neglected 

in comparison to urIty- The 02pm:scions ?or mho curvatures then 

become :- 

leg. 

= 



axes are shown in black 

displaceweatt are ellown in red 

Fig. 1.1. Cylinder and es-ordinate system. 

ITO 



T.1.2. Strain - displacement relations for the middle surface° 

For the perfect cylinders  these are - 

gr" 4*±(102.  

j ja  2- 14 ej  
aCtu ay +It 4-  it: 

there products of the terms 
	have been neglected. 

The displacements are measured from the position of the middle 

surface of the initially imperfect cylinder. The radial difference 

between the perfect cylinder and the initially imperfect middle 

surface is denoted by wo. Therefores  the radial displacement 

from the perfect circular cylinder is given. by :- 
i to = 14+-we 

For the initially imperfect cylinders  where only radial 

displace eat is considered l- 

	

ex 	(atotysx.Nt 

t i = Ye kovA - wo/A 
243  - (c`Yax.X.'AD 

Therefore's, for atraine meatylired from the perfect cylinder - 

+ 

	

ft 	cia 	e( 	\ Z. 

	

1 el 	 / 

	

z  ctl,; 	ftir/ .4_ 	wow' 

Therefore the increase of 3trains under load is given by 

a), 	a ( au 4-- ax. ,t)t 

att 	c)tv = 
cl 	clX 

at,t2 Jule 

7. I 

7.2. 

• 3. 
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7.3.03) Shell action - strain relf.tions. 

= "r4z. ( z 	(;v) 

E6 = 	+ 4 

m 
7;5—  " 

701.4) Moment - curvature relatitno. 

aw aka 0 
3 uro.-1- 

YIV 	A Puti 

) 

7.4 

7.5 

7. 6 

7.7 

7.8 

7. 7 

7.1,5) Ltsressions for the Energ3. 

The emtensional strain energ3p fir, , is given by :-
/L/2ve 

km, cu„E,, Nct, 	2Mxii  6-w dx dy  

The bending strain energyr, W. is given by :®  
, 

0  
/tort 

Ptlx.gx 4- l'A3143 4- ? p  lic Itx3 3 crxd.y 0 

The potential of the external loads is given by :- 
we 	(Lk 

\43'4 	
' 	

cfJ A  a 
Lipz, fo  

The total potential energy,np is given by :- 

7.10 

7,Ii 

7./2 
7.13 

Tr = w, -10,42. -0/43 + v44. 	 7. 14 
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7.2 ITEJLIBarum EgvATIoNs. 

in thu expressions for W/o  if2.0 W30  and 
W4e  the terms i.x)&1, E,v)  /4,0631  t.x 	are all functions of (x0y;u1v0), 

The total potential 
r
= ± jr[-TS,-,. 
+ 	..1) jkl,"4- 

energy expresslon is :- 

i il' 424 it 	+q. 	2. 6-041  i 
0 

246K1+ 	+1_0-014;1- atatAdcbtof 

7.1r/ 
ure 	ILA. 

--j.  00,,),.Lci jo ax  dx 

As outlined in chapter six, tLe equilibrium equations are 
provided by uriting the Euler equal ions for the total potential 
energy, with respect to the three eisplacements. The resulting 
equations are :- 

lor 	u 
	(2   G +24 6v. 1) -  ay( 2 1 1-41 ‘j , /) 

	
1./6 

(21-._4/ex,, 1) 	-4(z€,. + 24 (K J) zr 0 

- 27 ÷, 	[2JE,;(- 1 7.) 	 —15( fur eili4,c) 1- 1- -for 

7.17 

do am,. 	 dwo 
4- 2 ,) 6/  (i;c ÷S7")+ 4'6 -4) 4zy (y * Ty") 

2 	( 	+- 	)+ 1,E j  (ria4)  + i4-1")0+ 4-6-0 Ct (at+ B21.2.z..)i 
3  

e. At /671a \ 	1$2-
V  / 
	el tally 

ZPicireliV i+0-4001.1  Mj/4-.  'W/ + riture.) 

)± few\ 
f k,1-171 

-7-465c simplylj fro 
ayx, aNzi 

d ‘j 
cMix,3 

= 0 

=O 

7.11 

7.20 

   

=0 7./8 

  



Z 193  7. 20 czAre soi fieciLy  q sfrress 

3:,a I- 61 
as 

Aix J 

Er4qhonS 

fueic•fric't-k, 7  (x> 1)) 
F-cp 

tY)t. 	des = 7.23 

174. 

{- 	(E 3  4.)G) - foz+ 144 I- ti) _t) 6., 60-+ eig-) 
-4RE ,-4.44P-; 4- tit'  1 ,  zo-‘))cz, 

D 	+ a")z0-4)47ij  (cti) 4- (411-'3.1 4—) Ni ==. 0 

 

 

7.2/ 

1.4 	”usbLrrtafti  edriCi bet 11 	r 1 	 y•etafica 	 fr2ef.sii")(4) 

vit.tfe•N 674(4 how 	7.2t 	os; ny 	tai 1/00))  s 7.19 africi 7.20 . 
, 	Y.wo 	a214,„ 

÷ Afx 	 ) ivxj  k 179 ',RES / 

'co , etv. 
7.22. 

B 	?Jon s 7. — 7 ,6 7.19)7.20 er.44 bons 7.13 

4. 	E6" 	FA 	111.-w 	()Ity LIA) 	aZ), 	
1 v 	+ 	)FF:7- - 	L 03/ ax aj 2  Ere- 

_ 
ax, 

i'7 	/.3 	5fact Il 	re feitleed cc 	ge Conipcthi slit 	taabore.
2 

' 
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703 	Choice of displacement function. 

Lot the displacement functio:L be repreaented by the 

general. exprecoion mrx,, 
we 2E2 otp„ Co Lo, cas n 

Kempmer (68) has shown how tee 'improved' approximation for 

the dinplacement function can be f?etermined from the single term 

need for the olatusical theory. Theo entails cubotitution into the 
compatihility equations todetermite the otrezo f.unction, is  then 

substitution for fl and Tie in the 'ight hand aide of the equilibrium 
equation. The particular solution of thin equation gives an 

'imps veer approximation for the d_aplacement function. 

Thule?  by Snnt tleiag the term represented by the coefficients  

aro, Kompner found that the 'impreved' form of the displacement 

function included the terms ausa wainta130  and an. Hewers, he 

need only the Meet three termn 	hie nolution. Theo© three termer  

together with the halfwavelengthe. imp  and lye  rake up the five 

parameter dimplceme t function used in this thesis. 

By including all the terms A..194120:a02sal3nad a319 we have 

the coven parameter dicplccement 	used in ceetio 7.6. Since the 

term roprecentod by all v.ppearn t, ho the dominant tern in the 

dinplaccment fuction?  it wan ale decided to investigate the 

inflacrAce of tku term a22. Thin t aim s  together with those of the 

five parameter function?  gave the six parameter displacement 

function of section 7.50 

Ao can he coon from the about (and ins what followo)s  the 

five parameter function contains fnly those terns for which 

men = 2. The nix parameter funeteon contains ono?, and the coven 

paramter function two tome for 1hich m4n 4. By including all 

+ COP) S.4.44 
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thppe terms for which m+n m 4, the ten parameter displacement 

function of section 7.7 is obtained, 

As the number of terms taken la the dieplacementfunction 

increases, so do the number of term: that occur 4u the ctrens 

function. The terms that occur in tie stress function corresponding 
to a particular displacement functicn, are as follows :- 

a) Five parameters : 

tr 2  a020a119a20° 

Af  s A02A110-20; 
AnsAal. 

b) Six parameters : 

2  10201111120; 

$22° 

g 42011:A201 
t  &131A 22 9A31 :A40: 

A24 ,A42. 

(m+n = 2) 

(m+n = 2) 

(m+n = 4) 

(mon = 2) 

(m+a = 4) 

(m+n = 2) 

(Ewa = 4) 

(m+n = 6) 

c) Seven parameters : 

w 	4290111120: 	(m+n = 2) 

0130131. 	(m+n = 4) 

A027A11,A204 	(m+n = 2) 

A04$.43,A220t319A41; 	(m+n = 4) 

A06 pAi5vA249 A33 f,A4t0Aol 1A60  ; 	(m+n = 6) 

A44. 	 (m+n. = 8) 
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0 Tea parameters s 

W s 2'929a119a20: (m+n = 2) 

4104D9-13/a222833.0840' (m+n = 4) 

A029111A20; (114,11 	= 2) 

44gA13sA22akKaA-40; (m+n = 4) 

69A.15  91124.9 A33 R.A.4f ,A.51 0160 ; (mla = 8) 

A 	9A. 	9 A 	,A., 	9A 	,A 	0 A (m.441 = 8) 
17 	26 	85 	44 	as 	52 	71 



7. 4- Five- PcirAme,iii.r 	Disp lace  men I' 	Funcbon, 

Assam e 	Ae. react/ill clefiecKw yA.) 	 i;veon 	:— 

	

w = 	cos 	co-s 7r  4- b cos t c Cos t ÷c1 	7.25 

	

xr. 	A 	Cij  4.b Cot_ 	c. cal  4-d ) 	to e bee.i: t 

S 1.11Shhillon in Ae compaW5 e9uah 	(7-24) 3;iles 

'°2 	CE  aL4  2(b+c)CtCy +-gut 	24.CyCs  t 2 6 Cii.t Cy  + IC Lc ClxCal 

Cr; +- 4•1) clx) 
411 	 7. 7.4 

Le 	91 	k 'cx 	/I 'Cix+c iCz 	DIC,,,tC3j  E Cu. Cs 	FPC2: C1.1 	N 
7-Z7 

ir+ r  
+ 	K 	a  L A ., 4fi (1CILCI  1(74' Pax + 14 Czy  +(,+ 2)2D CzCs3 

+ (1+7...2) 6 4  c,, cy 	(1+,442)'• F sc2„ C.2.3  3 	7.28 

whore  
1dE 

• 



Nx 

Nx = 

emel 
•••11 

By 	ergo hnjr 14e, coe, /cum Ps of grahoh 5 7 z6 and 7.28 	Crieffkkill 1:5 
In 	Siva lion 7. 2.7 cam Ae deArtn;•1 ex/ 113 iftr4iS o i4e pc ram okers 
a, 6) 	arid 	f era/101 7.2 5 .  

=. 	)44' [An cx.c.j t flzo Ll.7r + P102, ti-4.j + 	ex 
	f~31 C3X 	t ZZ Czx "Ct.y 7- NJ 2 

7.Z? 
wiler6 	A 	2 (b+  

44 t( 

st 	2c 

(e19491 

ftx ; 

A02. "'` 
32 

Az: 
	Le 

(hy.492- 

Efr et"? [16 Cxq +4A02.Czy 4-941)exC3y 44131 eucy + 4 An. ezxevjj —N 
Eta 	R. [An Sx.S1 + 34,3 Sx. S3y f 3 A31 SaL Sy 4.4 22. C2.IC Sal 

Ea/4 t 4„ ca3 4-4.e,t. + 4,3 exe3 7A?,Cu. 

130 



E x tcn sion i 511-cnn Energy - 

[.foe zir'E NxL Iv; zl M x_ Ny -1- 2 (i- Ntyz J chdy 

54F inEtia)421)2.  [ 	C,,Cy + No% C-2.3  4 qAilCx CB3  43, 	44a2,C21, et, 
No 	 r 

""'YIP, 4  140C.tC.3 + 447.6Ctx  + A aCx.C1,34. ‘1431 C3ice 442.1.CivIC/31 
Z4/421AilCxe3 +0014 +' 4411CzCi +A 3feu,Ct +4ArtAxelij  705721 Ix 

X f An ex-C 4416 Gut 4nex.C3  +9A3, Cay+ +An dvc  C25  

4-2( ,44), { Ai St.Ski  4. 3413 GY.S31 3431 5"3X. sc +44VIStx.513 12 -I Ck 
• 

I. 	 I 	../ 	I 	I. \ 	• I. 	l.• 	't 	' 
me 	ci no ve land s uosopen r i irvvrcriiO4.5.1  d i I.. 

length Z. /S.  Su ff Kle-iiii& /o# 	1-44,1' L 'Ash'? tit, 

and 	A al' 27rr 	rtAj , w4tro nit aftel n Are inkjers . Then, on !I 

Perms Kietk do not' Con ft/in eosin& expressions wit/ rema in 

Q ft% r infidrahOrk 
W 	-4 (114.7 et..) et- a 1.,4--+ 1-3 /4  LAI (itiA2Y.  t 3 z/i4A.4g.il  

g(H 	
+ 32. Ao: (90zAo3 

y42,7Au 7.31. 

in Ca rriani 

ct,5541Plod Pha M 



Cco  

	

.275  ys) 	V2 x111Vii+ 	41xRiti -a) "V+ CO VI 	<k943c 

	

N 	÷ 4)10 vilb 	11/-tb 13]  

1.(4) - Phi IN] 41  
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	Auz 
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yakte, we goy' :— 
/6441. = 	L Ek(hu8h9 * faitr, 
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TEr357.1Jc 1  

taZ 
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8e 1Z 	1 
Irg. L.) N ccit 

2/r 
k It& /4-  Ee0,2 	

c
t 

aN 1 of.Tra) N ( 0-74( 11-869 

for 	Me case o confrrolled end- Shorfren;n5_, w3 = ° • 

7.33 

w4. ho 	41 Perna or exile,' nal p re SSu re. 



(L )Li 81 dx 	 referre4 ko 

£!= 	8 "L" r 	(11-8h2 ) 4- 1E- 

as At, and' end- sAorke,nity. 
1. 3 4- q 

Alkerivhve/, 	E" ls spaci i pd  

To fa / Po tell h I Enari.  

▪ = 	WI + IN2 ÷ 

▪ (14- 	L) E f.  1514 	L (i+)42)2÷32/14'-420 32A0?; +04,47-)24,: 	(14,)-4,, 
4./604)42)242i; 	 ÷ DC/ 1 	[4:1f/21.1fritiR271- 3.2,44.01- 3 2 

2 r, 	\ (-4:ret.) N c12)4 	s-r-81)') ÷ 
2. r 	 3)132. 	/, 2- 	.1'  

	

,\L ft 	 21 /A  CZ  

&he/ 	L 14-}47 nu 	J27  .024+ Eea),44, ) 32 (402. + Et-0 2/44- z  

-14q-12,6 As3 	+,402  A:, -tA 1424-A11 	cl)A1  (Ii-86,1  )N " 

	

Tr - k+-Tret. TT* 	 1.35 
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L 

-X) Z£ tri--ern 

< -E`',41-4- 	-419 
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.1?  0,4 .6 +strio 	1,cca 

1
(Z

1(4 ) 

/ 	4 

Z 4 	.4Vb + 

--t. 

ji zt .*:_oT 
ci) 

j,rtib) 	,V4.1) 	1.1 
17  <7+ 	.7+./?7,C1i7-4..P+ 	J z°-13  

••••••.. 
•••••• 
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{ Ai ay— A,c11 	+ A 4. 6. 	TERN A, 	4-er 7.37 

where 	A, = 41(61,c)21-44  cjiA4 *  4 
 cy- 	44.2_44 4- (1-1).A 4) /  

/4-}492. 	(q1:11-Y (11-pAl  

A, 	40,4-c-64 	4 

(14/) 	2 

A 3  2b2 /U 

04)4'92' 

A+  = 047102  1- 32. (944.1-e) 

A5 = 	2  (ht-8b.2  

/15 Malin.  ex( in Chaphr 5/x)  Pite Ray 6;311 — 121-1-z. me lihoci 

er146/4s Hie f,ve, unknown fanaincitrs, 61,12,c)/A,c3, fr be deleertn 'fled 63  

641' Ae 	few/16d 	7r* al it% resptcP fro (tack of Mein)  eruct/ to ztro. 

jives 	;ye lion 1;natx• strnt4iVarico us erthons from 	(44 ICA de. 



may 	£e posSillt 	evaitiq tC 	gic pa IV CitrS 	OSe Ili I Me 1'4 ociS 

f
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and 	11).t ocilt4,1 numcnW solo 11On is j,ver, In elle3ffretr Eit jhi". 
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0 

47(4.4;0ns 
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" IX PAR RiverEP... .DIS PLACE  1EN7 PC-Wen ON, 

A SS con d 	Ae radial displacement)  up 	ko bz yveri 

Q (cyC 	cax ÷ d C 	d 	+ 

	

27a, 	 2s4, 	 21.4 	, 
w 	q 	Ces ft 4-11 Cos "Tx -frc Ctrs 	+ Cos -ex Gs 	e) 

rke. sfrress flinch° ) cjb, 1$ Ath jivar) 1,4j  : - 
- Roy C Ai, ex; 4- 424 	1102A 422 eu Cul t A13 CxA3i Cm; 

4.- 404. C4..y t fl C2,Let 7014.2 C4X Cry.1 	IVY 

i.e. 7.3' 

7.40 

Ado, di  
32 

Aoz  I . 440  
32 

2 (c+ 24  

(1 VAT 
A 31 
	2 (i710-24)  

r 

dz , 

3T? ' 

= 
24-  

cd  

2(4 2}Z  

- A - ; 42  bd 
20#4,12  

(.41) ere 

Al2. 

-1-)Aly- 

32 4 VA4.  

2.(b4d:cci (4212.t):); t- 	3  
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1 tr A. 694.- fnz L.) f: 0/11.,  • 	L 	 ii71420 	32. A:2. * I€. cr,A2rA7.2 	(cp-)42-)2 ,1 
÷ A31  opyri- 	+-5I2 11.:„, tio(/).1.0A,4.1  4- 119 (1÷y/4422. 	:31N1,11,tz7-44z.'  

re: rci.  y. 

V.11  = (14.7gL) 10  4 E(loa, a2,/,4-f; 1,  32. c!" i  16 (/*/) 2  

Poee.,,b4 Of t4e EA 110 rrozi to d.  

ale 
(14-7nel. 	f - 4-(2g.t-cr)1 NcV 	Et.  

To (Jai Po Yen 

e 	

Energy.   

a2   r ,z 	LA, 	Ai_a( 	+ A+ 11 A 	RN a  4N' 
it 	• 741 
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A, = 474 4.altcY ÷  (:.2u4) 	4.04 i-cch-2b021.4 4. ~ 
04).49z 	32 	( )ti642)4 

4..2. 
-'r IA (4 	1. 4-)44 4V 1c 	+ 

9424-4-r 

Az - 47 (hfc) ÷ 1 b + 4-d(bcit cd+ 
( 14-192 	2 	( 147,42)2- 

A3 - 	PIS. 	+ 26' ÷  41.4"  
( 11-1.61 	 (14)42)1 

47,14(c-t2d)2 + 4,4- at 242 
(94-A492- 	0-frp,492- 

6  
64-4/4? 

21444. 

(1+,2)2. 	32. L,,2-4 -t- 32 c2 166.12.2)2.42 

/ 21 14- 4-12122-1) 

By 	floret) bon" 
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CHAPTER EIGHT 

RESULTS OF THEORETICAL WORK 

8.1 Introduction 

Altogether, four methods were considered and used in order to 

obtain numerical solutions to the theory. These were: 

(0 an iterative method based on that used by 

Thielemann 

(ii) the generalised Newton-Raphson method 

(iii) the method of Rosenbrock 

(iv) the method of Powell. 

These methods are by no means equally successful. The previous 

methods of Kempner and of Thielemann are outlined for comparison. 

The main part of the numerical work was performed on a digital 

computer - initially on "Mercury" and later on "Atlas" - at the 

London University Institute of Computer Science. All the 

programmes were written in CHLF3. 

8.2 Previous Methods  

Kempner and Thielemann had previously obtained solutions for the 

five parameter case, as reviewed in Section 3.4.4.1. Both of 

these were iterative methods and were similar, though not exactly 

the same. Neither appeared to be suitable for the general case. Since 

"AA appears in the nonlinear equations arising from the minimisation 

of the total potential energy expression in a complicated manner, 
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both methods considered fixed values forik
2 
and sought to solve 

for the axial stress resultant (or the stress) instead of vice 

versa. The two methods are outlined in the following paragraphs. 

(a) The method used by Kempner 
(68) 

By elimination between the equations, it was possible to express 

each unknown in terms of at least two of the unknown parameters and 

the fixed parameter,p, . 	To begin with, approximations were 

assumed for the two least significant parameters in the deflection 

function. Corresponding values for the other three parameters could 

then be calculated. Substitution of these values in the expressions 

for the two least significant parameters provided new estimates 

of their values, and the iteration could be repeated until successive 

values for the two least significant parameters were the same. These 

values then determined the values of the other three parameters for 

that particular value of i. 

(b) The method used by Thielemann (129)  

Here also, tbe values were assumed initially for the two least 

significant parameters. By elimination, and substitution for some 

of the parameters in terms of these two least significant parameters, 

two equations in these two unknowns were obtained. Since the 

assumed values did not render theSe equations identically zero, 

Thielemann used the residuals to calculate new values for the 

parameters, and continued the iteration until two successive values 

for the stress resultant, NI  differed by less than a pre-assigned 
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amount. Thielemann claimed that his results were the same as 

Kempner's. 

8.3 Partial Elimination Method (based on that of Thielemann) 

The five equations of Chapter Seven that result for the five 

parameter case, can be written as: 

A
2 	

0 	2A
4 	

a
2p2 

A2 	2A3 -2A
4 	

0 	-ap 

B2 	B3 	
B
5 

	

B
4 	

1 
= 0 

C1 
	

C
2 	

C
3 	

C
4jt 	

D p2 

a 

D
1 	

D
2 	

0 	D4 	-rN p 

(8.1) 

where 
	

A. = f (b,c,p)  

B. = 	A. 

2A
1  

0 

B
1  

Eliminating ap between equations two and five, gives p(b,c). 



i.e. 	- A
2
ap + 2A

3 
- 21114p

2 = 0 

Therefore 

ap 	2A
3 
 - 2AIp2 =K1 

A2 

D1 
 a
2(32 - 2D2 aa(3+ 21314 

p2 = 0 

Therefore 

D1K
2
1 - 2D2K1 

+ 2D'4 p
2 
= 0 

(8.2) 

(8.3) 

To eliminate N, we have from equations one and three: 

2A1'IE
2
1 - 2A2 K1 + 2A3 

+ 2111
4 

p2 - 2A
5 

p = o 

ituBIK2 - /AB2K1  + JA.B3  +/OB032  f B5P = 

Now it happens that 2A
5 

= /A,GB
5 

Therefore: 

(2A1  -/A.B1) K21  - (2A2  -AB2  ) K1  + (2A3 7/4.B3) + (2A4 	13 2  = o 
/  

(8.4) 

Eliminating N between equations three and four, we have: 

8/ab (B, K21  - B2  Ki  + B3  + B4 p
2 - B5(3) = o 

(1 + 8b2) (C1 
K2
1 
- C

2 
K
1 
+ C

3 
+ C
4 

p2 - C
5 

p 	o 
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Therefore: 

1.8/  bB1 	 /- (1 	8b2) C11 K2
1 
- 18AlibB - (1 + 8b2) C2

i 
	

1 

+ 8/4,bB3  - (1 + 8b2) C 3 

+ ¶8µb)34  - (1 	8b2) C4 	p2 = o 	(8.5) 

For fixed values of A equations 9.4 and 9.5 become functions of 

the two parameters, b, c. 

Thus we can write: 

f61  (b,c) = 0 
	

(8.4a) 

S2 (b,c) = 
	 (8.5a) 

Unless b and c have the correct value corresponding to the particular 

value of/k , these equations will yield residuals, Ri  and R2, 

respectively. The key to the usefulness of the method lies in how 

the residuals R
1 
and R

2 
can be used to provide better estimates for b and 

c. 	Various plots of b and c against changes in R1  and R2  seemed to 

be of little value in indicating in what direction or by how much 

b and c should be varied. 

The next method for utilising R1  and R2  to guide the choice of 

b and c, used the generalised Newton-Raphson method. Here only 

variations in b and c were considered, and these lead to the 

following equations for evaluating the required corrections:- 



Ab. b 'Si  + 	Ac . 

)b 	c 
= 0 

(8.6) 

Ab. (Z1'-S2  + 
6 b 

• f'2 
Fe- 

= 0 

Unfortunately the method failed in a large number of cases, for 

when the new values of b and c were used in the next iteration, they 

produced imaginary values for p. 

Due to the slow speed of hand computation, and the difficulties 

of determining corrections to b and c, as well as the difficulties 

of carrying sufficient significant figures in the computations, the 

method was finally abandoned in favour of digital computer methods 

for which a different approach was recommended. 

8.4 Generalised Newton-Raphson Method 

This has already been outlined in Section 6.6.3. 	It was 

available as a library programme (Programme 557) from the University 

of London Institute of Computer Science. It is illustrated by means 

of the flow diagram, Figure 8.1. The main disadvantage of this method 

is that unless the initial values that are assumed for the parameters 

are sufficiently close to the final solution, then the method either 

fails to converge, or it will diverge to a solution that is not a 

real solution to the problem. This latter case occurs when the 

solution is such that either o4 or p are found to be negative. 
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Fig, 8,11 Flow diagram for generalised 
. 	Newton — Rapheon method. 
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ly
2  

Therefore, for positive R, and ly real, 

1,3 it2R 	0 

ly
2  

When reasonable estimates are available for the set of 

parameters, then this method appears to be quite useful. 

8.5 Rosenbrock Minimisation Method 

The method is illustrated by means of the flow diagram 

(Figure 8.2) and was available as library routine (Routine 970) from 

the University of London Institute of Computer Science. This method, 

unlike the previous method, is a direct minimisation method. The 

gradient vector is not defined analytically, and is determined by a 

finite difference method. 

Briefly, the method is initiated using an arbitrary step 

length that is then multiplied by a (a > 1) each time a step 

successfully reduces the value of the function (or finds an equal 

value). If a step fails to reduce the value of the function, then 

the step length is multiplied by - p (o < p ( 1). Searches ore 

made in each of n coordinate directions initially, after which the 

gradient vector is then evaluated and the search continued in n 

orthogonal directions that are coordinates of the gradient vector. 

This search strategy down the line of steepest descent is 

uneconomical in computing time, and the method becomes inefficient 
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Fig. 8021 Flow diagram for Rosenbrock's 
steepest descent method. 
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when the gradient becomes ill-defined near the minimum point. 

On this account, the method produced slightly different results 

to those obtained from the generalised Newton-Raphson method, 

even though both methods started with the same data. On other 

occasions, if one of the parameters in the set of parameters were 

slightly perturbed, then entirely different results would usually 

ensue. 

8.6 Fletcher-Powell Minimisation Method  

This is also a direct minimisation method, but unlike the 

Rosenbrock method, it relies on the gradient vector being defined 

analytically. Starting from a unit matrix, the method builds up 

successive approximations to the inverse of the matrix of the 

second derivatives of the function. This is used to define the 

directions of search for the method, and is modified after each step 

so that at the minimum point, the matrix is the inverse of the matrix 

of the second derivatives of the function. The process of computation 

is illustrated by the flow diagram, Figure 8.3. 

Two different computer programmes were used for this method. 

The first was written by the Computer Unit staff, and closely 

followed the outline given by Fletcher and Powell (33).  Difficulties 

that were experienced with this programme appeared to be due to the 

method of interpolating along the gradient vector to locate the 

minimum. Before these difficulties could be resolved, a programme 
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written by Powell became available and after slight modification, 

this was subsequently used in the form of a routine. 

8.7 Numerical Results - Five Parameter Case  

The three methods that were used in connection with the Atlas 

computer, did not prove to be equally successful. A comparison at 

these methods is as follows:- 

1) Newton-Raphson Method  

If the initial parameter values were sufficiently close to the 

actual solution, then convergence was fast and only 2 - 3 iterations 

were required to reduce the residual of each equation below a value of 

1 x 10 1O. For those cases where the initial parameter values were not 

sufficiently close to the solution, then the method diverged wildly 

in one iteration, or over a long series of iterations. 

For the five parameter case, it was possible to process some 

fifty sets of data in approximately 12,000 computing instructions 

(50 seconds computing time on Atlas). 

2) Rosenbrock Method  

This was almost as fast as the previous method - providing the 

initial data was reasonably accurate. However, to the accuracy 

specified (i.e. to within 1 x 10
-6 

value of parameter, for each 

parameter), the final values were different from thise obtained from 

the previous method for the same initial data. When the data was 

not particularly accurate, convergence was much slower, and slight 

variations in the value of a parameter could lead to widely different 
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solutions. 

3) Fletcher-Powell Method  

This did not show the rapid convergence that was claimed for it. 

Even when data obtained by the Newton-Raphson method was tried, it 

failed to produce a final solution in 45,000 computing instructions 

(approximately 180 seconds). However, it could build up reasonable 

values of the parameters when starting from a very poor estimate. 

One of the main attractions of the method was its ability to compute 

solutions for a series of values of the load or of the end- 

shortening. Once the inverse Hessian matrix had been built up for 

one case, then the method offered the possibility of using the 

computed matrix and the parameter values for that case, as the 

starting data for the next case where the load (or end-shortening) 

bad been altered slightly. However, starting difficulties for the 

first case meant that the full scope of the computer programme could 

not be tested, Sobey (161) found the method to be satisfactory, but he 

makes no reference to the length of computing time required to obtain 

any of his results. 

The results for the five parameter case (three arbitrary constants 

in the assumed deflection function, together with the two half- 

wavelengths) are given in Table 8.1 	and in Figures 8.4 and 8.5. 

These results were obtained using the Newton-Raphson method. 

Considerable difficulty was experienced in obtaining compatible 

sets of values for the parameters, corresponding to a particular 

point on the load-end shortening diagram. After attempting to use the 
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TABLE 8.1 

NUMERICAL RESULTS FOR FIVE PARAMETER CASE 

* 
N t, IA" a 

0.999888.7396 1.4140 0.095912 0.47342 -0.047023 23.674 
0.9990 8.2705 1.3535 0.057691 0.44965 -0.047655 24.266 
0.9934 7,4332 1.2395 0.0618020.40831 -0,047694 25.045 
0.9250 5.6661 1.0000 0.073121 0.33495 -0.0.3872 24.889 
0.9237 5.6479 0.99786 0.073223 0.33437 -0,038555 24.879 
0.91013 5.4666 0,9770 0.074195 0.3287 -0.036834 24.771 
0.8036 4.3452 0.86256 0.078234 0.29898 -0.023382 24.151 
0.6200 2.8668 0.72791 0.07819 0.26477 0.0037965 23.667 
o.600 2.7218 0.71424 0.077869 0.26125 0.0073479 23.63o 
0.5896 2.6472 0.7071 0.077683 0.25940 0.009257 23.611 
0.5844 2.6102 0.70352 0.077585 0.25848 0.010227 23.6401 
0.57929 2.5740 0.7000 0.077485 0.25756 0.011191 23.591 
0.55771 2.4225 0.6850 0.077032 0.25367 0.015388 23.548 
0.54 2.300o 0.67250 0.076622 0.25042 0.018986 23.509 
0,52260 2.1812 0.6600 0.076187 0.24717 0.022663 23.467 
0.49555 1.9995 0.6400 0.075451 0.24199 0.028660 23.392 
0.490 1.9626 0.63579 0.075292 0.24091 0.029934 23.374 
0.47601 1.8704 0.6250 0.074877 0.23814 0.033206 23.327 
0.4572 1.7478 0,6100 0.074292 0.23432 0.037744 23.255 
0.43918 1.6319 0.5950 0.073705 0.23056 0.042226 23.175 
0.4220 1.5226 0.5800 0.073122 0,22686 0.046597 23.086 
0.41 1.4470 0.56903 0.072703 0.22421 0.049696 23.015 
0.4005 1.3874 0.5600 0.072364 0.22205 0.052159 22.953 
0.38812 1.3100 0.5477 0.071913 0.21918 0.055377 22.864 
0.3852 1.2949 0.54522 0.071824 0.21860 0.056004 22.845 
0.38071 1.2638 0.5400 0.071639 0.21740 0.057297 22.804 
0.37 1.1969 0.52834 0.071239 0.21477 0.060049 22.709 
0.36274 1.1514 0.5200 0.070964 0.21292 0.061891 22.637 
0.35 1.0709 0.50432 0,070478 0.20952 0.065045 22.492 
0.34672 1.0498 0.500o 0.070353 0.20860 0.065838 22.450 
0.34 1.0063 0.49074 0.070096 0.20665 0.067423 22.354 
0.33 0.93951 0.47555 0.069719 0.20350 0.069671 22.183 
0.32115 0.87691 0.4600 0.069399 0.20033 0.071585 21.986 
0.32 0.86836 0.45776 0.069359 0.19987 0.071729 21.955  
0.31625 0.83962 0.4500 0.069235 0.19831 0.072432 21.844 
0.313 0.81320 0.44252 0.069137 0,19680 0.072996 21.730 
0.31 0.78688 0.43468 0.06906 0.19521 0.073471 21.600 
0.30650.75213 0.42364 0.06900 0.19297 0.073942 21.400 
0.3044 0,72712 0.41512 0.069001 0.19123 0.074152 21.229 
0.30122 0.67330 0.3950 0.069150 0.18707 0.074192 20.752 
0.3016 0.64244 0.38102 0.069498 0.18402 0.073771 20.371 
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N 
* 

a 
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0.3029 0.61806 0.56884 0.069921 0.18131 0.073219 19.983 
0.301 0.61578 0.36762 0.069972 0.18103 0.073153 19.941 
0,30391 0.60797 0.3633 0,070166 0.18005 0.072906 19.790 
0.30420 0.60552 0.3619 0.070234 0,17973 0.072822 19.759 
0.30449 0.60328 0.3606 0.070299 0.17943 0.072741 19.692 
0.30482 0.60091 0.35920 0.070572 0,17910 0.072652 19.640 
0.30861 0.5810 0.5464 0.071154 0.17609 0.071746 19.134 
0,31 0,57530 0.34272 0.071321 0.17516 0.071457 18.988 
0.32 0.55125 0.32151 0.073383 0.16994 0.069577 17.973 
0.33 0.53828 0.30547 0.075499 0,16582 0.067984 17.095 
0.3428 0.52916 0.28840 0.078431 0.16150 0.066176 16,057 
0.55 0.52629 0,27980 0.080236 0.15899 0.06524 15.496 
0.3560 0.27302 0,52479 0.081858 0.15716 0.064495 15,06 
0.5615 0.52399 0,26700 0.085405 0.15553 0,063831 14,618 
0.36822 0.52365 0.26000 0.085415 0.15564 0,063058 14.118 
0.37314 0.52377 0.2550 0.08698, 0,15229 0.062507 15.754 
0.37816 0.52419 0.25000 0.088677 0.15095 0.061957 13.385 
0,40602 0.53055 0.2256 0.10009 0.14397 0.059108 11.367 
0.43199 0.54084 0.2000 0.11493 0.13802 0.056687 9.5208 
0.46131 0..55576 0.1732 0.14048 0.13179 0.054141 7.4608 
0.49404 0.57529 0.1414 0.19258 0.12518 0.051465 5.1858 

of lesser accuracy 

0.5978 0.66364 0,14090 0.17999 0.11069 0.042589 4.9004 
0.838 0.86098 0.099630 0,21109 0.070215 0.031164 2.6546 
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Fletcher-Powell method, it was found that the sets of values generated 

by that method were useful for initial data for the Newton-Raphson 

method. 	Kempner's data was also used. To begin with, all sets of 

data were used twice: in one case with the load as the constant 

parameter, and with, the ratio of the two half wavelengths kept 

constant in the other. In approximately half the trials, no 

convergence was achieved for the solution. When the method had 

obviously diverged to an unreal solution, the results were discarded. 

Otherwise the "solution" was taken as initial data, this time 

treating the other of the two parameters mentioned previously, being 

kept constant. In this way, the number of solutions that converged 

to the required accuracy were multiplied to enable the load-end 

shortening curve to be plotted as given by the solid line in Figure58.4 

to 8.5. 

It is to be noted that the curve in the post-buckling region that 

rises from the point of minimum post-buckling stress reachtimgthe value 

of the classical buckling stress, is the mathematical solution to the 

problem. Experimental results do not show this same rise of 

stress with increasing end-shortening. 

The variation of total potential energy with load, is shown in 

Figure 8.6, while the variation of strain energy with the end-shortening 
is shown in Figure 8.7. Figure 8.8 shows the variation in the value of 

the five parameters as a function of the load. The variation in 

the deflection with variation in load, and in end-shortening, is shown 
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in Figures 8.9 and 8.10. 

The load-end shortening curve obtained in the theoretical work 

-agrees with that obtained by Kempner except in the region between 

* 
say the point (N = 0.494, e = 0.575) on the unstable branch and 

the point of minimum post-buckling stress. A large number of points 

on the curve were obtained for this part of the curve and these 

produced the smooth curve of Figure 8.4 as against Kempner's curve, 

which is also shown in Figure 8,4 . 

A comparison of Kempner's results and the results of this theory, 

for the points of minimum post-buckling end-shortening and minimum 

post-buckling stress is:- 

Minimum post buckling end-shortening 	Stress 

* 
N 

* 
6 

* 
N 

* 
8 

Kempner 	0.3560 0.5077 0.3002 0.6020 

this thesis 0.36822 0.52365 0.30122 0.67330 

In order to determine the minimum post-buckling stress more 

accurately, the computer programme should have been recast so that 

the stress resultant (N, but also referred to here as the "load") 

was replaced by the end-shortening. Attempts to find a solution for 

* 
N = 0.3002, the minimum obtained by Kempper, always resulted in a 

failure of the method to converge, suggesting that this might be 

lower than the true minimum. 

Difficult$es were experienced in obtaining solutions for the 

unstable branch of the curve (Figure 8.4) for X 	0.50, and for the 

unbuckled branch, the latter being of interest for an idea of the 
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strain and total potential energies. Almroth

(2) and Sobey 
(161) had 

also reported difficulties in obtaining solutions for the 

unbuckled part of the curve. In an attempt to obtain convergence of 

the solutions in this part of the curve, the chapter in the computer 

programme where the elements of the Jacobian were evaluated by 

finite differences, was replaced by the corresponding analytic 

expressions. While this did not yield the expected convergence, it 

did prevent the wild divergence that could occur in one iteration 

using the Jacobian evaluated from finite differences. The values 

obtained for N 	0.60, and N = 0.838 do give some indication of 

the trend of the curves for the unstable branch, even though the 

accuracy is low. 

When a reasonable number of sets of parameter values had been 

obtained an attempt was made to provide more solutions by 

interpolation between those already obtained. It was found that 

interpolation from a graph was not of sufficient accuracy for the 

method diverged in nearly every case. For values obtained by 

interpolation from the numerical results, convergence was achieved 

in almost every case. 

6.8 
Numerical Results - Other Cases  

The other cases for which solutions were sought were the six, 

seven, and tab parameter cases as outlined in the theory of Chapter 

Seven. 

For these, both the Fletcher-Powell and the Newton-Raphson method 

were used. For these cases as well, the Fletcher-Powell method failed 

to obtain a solution for even one case, after 45,000 computing 
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instructions (3 minutes' computing time on "Atlas"). When sets of 

parameter values that had been obtained as improved approximations 

by the Fletcher-Powell method were used as initial data in the 

Newton-Raphson method, no cases of convergence were obtained. As a 

result, no numerical values for these additional cases are reported 

here. 

8.9 Discussion 

Arising out of the numerical work for the five parameter case, 

there are several suggestions relating to the method of obtaining 

sufficient numerical results for this and similar problems. The 

suggestions relate to the generalised Newton-Raphson method as it 

appears to be the most useful of the three computer methods considered. 

(a) Initially, a few points must be located on the stress-end 

shortening curve by trial and error. The Fletcher-Powell method could 

be of use here, to provide compatible sets of parameter values, which 

it can do quite rapidly, even when starting from a poor initial 

approximation. In order to economise on computing time, it would seem 

sufficient to programme the Fletcher-Powell method so that it stops 

after evaluating the function a certain number of times, instead of 

stopping only when a certain accuracy is reached. 

(b) From these few points many others can be determined by altering 

one of the parameters slightly in each set of parameters. Then by 

using this perturbed set of parameters as an initial set of data, 

with the perturbed parameter being taken as the constant parameter, 
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further solutions can be generated. The lord appears to be the best 

parameter for perturbing, since perturbations with respect to it 

cause the least disturbance to the other parameters. 

(c) Interpolation between the numerical values for a few points can 

also be used to extend the number of solutions. Graphical interpolation 

is not accurate enough. 

(d) The particular computer programme used for the Newton-Raphson 

method of solution was not able to obtain solutions corresponding 

to part of the unstable branch of the curve. The use of analytic 

expressions for the Jacobian matrix may be sufficient to obtain 

convergent solutions for the five parameter case, but this will be 

an unsatisfactory method when the number of parameters is much greater 

than five. Then, either double-length arithmetic as used by 

Almroth 
(2) 

 or the method used by Sobey (161)I  appear to be the only 

means of obtaining solutions for this part of the curve. 



CHAPTER NINE 

EXPERIMENTAL WORK 

9.1 Introduction 

The main details of the testing frame were decided upon after 

studying the few published descriptions of previous experimental work, 

and after taking into account the following considerations:- 

1) the use of a screw--jack for applying the load would enable the 

end-shortening of the specimen to be controlled; 

2) the size of the test specimens was chosen to be 12" diameter and 

18" in length, giving L/R = 3; 

3) as it was intended to experiment with cylinders made from steel 

plate or shim with a welded seam, the range of likely wall thicknesses 

determined the load capacity of the frame and the screw-jack. 

9.2 Testing Frame 

The details of the frame are shown in Figure 9.1 and Plate 9.1. 

The fabrication was carried out in the Departmental workshops. 

The three horizontal plates were cut from 2" thick steel plate. 

The four 2" diameter steel columns were threaded for their whole length 

in order to permit the three plates to be adjusted to the required 

heights, and to permit their alignment into parallel planes. The 

thickness of the three plates and the diameter of the columns were 

selected in order to minimise as much as possible the energy stored in 

the frame, This was necessary if full use was to be made of the screw-

jack to carry out controlled-end-shortening tests on the cylindrical 

227. 





Plate 9.1 	Testing Frame 
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Additional features that were incorporated into the frame 

include a block and piston arrangement, and a thrust linkage. The 

purpose of the former was to ensure that the thrust on the cylinder 

was axial, and to prevent tilting of the moving plate. The thrust 

linkage transferred the thrust from the screwjack to the piston, and 

could accommodate any deviation between the thrust lines of the jack 

and the piston. 

In order to ensure that the block and piston would reduce any 

tilting of the moving plate to a minimum, the unit was made as in 

the following description. The piston itself was ground so that each 

face was smooth. The two halves of the block were then lapped and scraped 

until the piston just fitted. In the final assembly, the unit was 

packed with an anti-scuffing paste to prevent binding between the 

block and the piston. This paste also acted as a lubricant for the 

piston. From the dynamometer readings, it mpeared that the friction 

in the block and piston was uniform - at least over the range of 

movement of the piston that was used in the tests reported later in 

this Chapter. 

Screwjack 

The jack that was used in conjunction with the test frame was a 

"Duff Norton" model 1810, rated at 10
T 

maximum load, and manufactured 

by Messrs. Consolidated Pneumatic Tool Co. Ltd. It had a maximum rise 

of 6", and was geared so that 48 turns of the drive shaft would raise 

the load one inch. A gearbox giving a 10 to 1 reduction gearing was 

connected to the main drive shaft of the jack. Thus one revolution 
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of the control handle corresponded to a 0.0025 in. rise of the load, 

and hence with this system it was possible to control the end-shortening 

of the specimen to 0,0001 in without difficulty, as measured on any one 

dial gauge. It was not possible to control the average end-shortening 

as given by the average reading of the three dial gauges, to this same 

accuracy, since variations of up to 0.0020" would occur between the 

three readings, 

9.3 Dynamometers 

Three dynamometers were made, to measure loads up to 5, 7.5 and 10 

tons. The details of the dynamometers are shown in Figure 9.2 and Plate 

9.2. Beryllium copper was used for the cores instead of the more usual 

duralumin, on account of its high elr,stic limit and its greater strain at 

the proportional limit. This latter property offered greater sensitivity 

for load determination. The cores could be easily machined prior to the 

heat treatment. 

For the heat treatment of the cores, the recommendations of the 

manufacturer (Messrs. Johnson, Matthey and Co. Ltd.) were followed. 

This involved coating them in a refractory material, then heating for 

2-1/2 hours at a temperature of 3250 345
o
CI  after which they were 

quenched in cold water. A pickle of hot sulphuric acid (one part of 

concentrated acid to four parts of water) was used to clean the surfaces 

of oxide scale produced during the heat treatment process. The cores 

were subsequently dipped into a chromic acid solution to give them a 

clean dry surface ready for taking the strain gauges. 
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The dynamometer cores had been designed to take eight strain 

gauges, i.e. four in each of the longitudinal and circumferential 

directions. This meant that opposite pairs of gauges could be 

connected together to form one arm of a Wheatstone bridge circuit. 

However, on the 5T dynamometer this did not prove entirely satisfactory 

since it was difficult to make the connections in the restricted space, 

and the wiring arrangement of Figure 9.3 was adopted for the other two 

dynamometers. 

The strain gauges used were of the resistance type and made by 

Messrs. Tokyo Sokki Kenkyijo Co. Ltd. They had a gauge length of 5 mm, 

a resistance of 120 +.3 ohm, and a gauge factor of 2.03. Small 

perspex clamps were used to hold the strain gauges in place while the 

adhesive (P-2: made by the manufacturers of the strain gauges) set. The 

setting time of the adhesive was about twenty minutes, but the gauges 

were left clamped for 1-1/2 hours. 

After checking the stability of the dynamometers using a 10
T 

Buckton testing machine, they were then calibrated in the testing frame 

against a prooving ring. It was necessary to calibrate the dynamometer 

again when in the testing frame itself in order that the friction in 

the piston could be taken into account. Several calibration runs were 

carried out at different times and the resulting calibration curves were the 

same in each case. From this it appeared that the friction in the piston 

remained constant throughout the duration of the tests. 

2 35 . 
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9.4 Cylinders  

Originally it had been intended to experiment first with steel 

cylinders, and then with cylinders of other materials. Since it 

proved difficult to manufacture reliable cylinders from metal, however, 

the tests were carried out on cylinders made from plastic. A description 

of the types of cylinders made, together with some comment on the success 

of manufacture, is given in subsequent paragraphs. 

1) Steel 

Only one cylinder was made, with dimensions 12" diameter, 18" long and 

0.035" wall thickness. This cylinder was arc welded along the seam 

(the wall thickness being the minimum that could be welded). However, the 

wall thickness was not thin enough and the cylinder buckled plastically. 

2) Aluminium 

These were turned in a lathe from extruded tubing that was of 

9-3/4" internal diameter, and 1/8" wall thickness. In this way it was 

possible to produce cylinders of different wall thicknesses, ranging 

from 0.030" down to 0.010". Unfortunately the resulting cylinders were 

not enable on account of variations of up to 0.005" in the wall thickness, 

This variation was due to the fact that initially the extruded tubing 

was some 0.005" out-of-round and the wooden mandril used during the 

turning-down process was unable to pull the tubing back into an exactly 

circular shape. 
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3) Plastics  

Those used were "Flovic" and "Darvic", both manufactured by 

Messrs. Imperial Chemical Industries Ltd., and used in sheet form. 

They are manufactured from polyvinyl chloride (PVC) plastics. 

(a) Flovic 

Two layers of 0.010" nominal thickness were bonded together using 

a rubber based cement, to form a cylinder of 12" diameter, 18" long and 

of 0.020" nominal t'.:14kmGms. 

The cement would not spread evenly and the resulting cylinders 

were of very poor shape. The thicker patches of cement tended to 

soften the Flovic locally and bulges in the cylinder resulted. For this 

reason - as well as for the effect of the end conditions, as described 

later - the experimental results for these cylinders were discarded. 

(b) Darvic 

This was used in two thicknesses - 0.020" and 1/32" - from which it 

was possible to make cylinders of three thicknesses, i.e. 0.020" and 

1/32" from single thicknesses, and 0.040" from two layers of 0.020" 

material cemented together. Again, difficulties were encountered in 

cementing two layers together, and no satisfactory cylinders of 

0.040" thickness were produced. 
were formed 

The 0.020" and 1/32" thick cylinders/with a 1" lap joint in the case 

of the first set of cylinders (white arvic) and with a 1/2" lap joint 

for the second set (grey Darvic). 

The cement used for joining the Darvic sheet was "Tensol 50", also 

made by Messrs. Imperial Chemical Industires Ltd., being a special cement 



238. 

for bonding Darvic to itself. On account of the quick drying time 

of the cement compared with the time needed to spread the cement and 

then clamp the sheet on to the steel former, it was necessary to thin 

the cement with up to an equal amount of hexachioronone to increase the 

drying time. 

9.5 Method of Testing  

Aluminium end caps were used to hold the cylinders to the correct 

shape and to transfer the load from the testing machine to the cylinder. 

They consisted of 14" diameter circular discs cut from 3/4" plate and 

had two circular grooves cut in them, both 1/4" wide and 1/4" deep. 

These were machined in, and had inside diameters of 12" and of 9-3/4". 

It was thus possible to slip the ends of the cylinder into the grooves 

in each end plate and fill the groove with a sealing compound to hold 

the cylinder in place. 

For the first series of tests, a low-temperature melting point alloy 

sold under the trade name "Cerrobend", was used. This material, on 

account of its low melting point, was easy to melt, set quickly when 

poured into the groove, and did not soften the plastic. It did not bond 

on to the Darvic, and its slight shrinkage on cooling caused it to draw 

away slightly from the cylinder. 

For the second series of tests, two different adhesives were used. 

One was "Certite", and the other was "Araldite", manufactured by 

Messrs. Stuart B. Dickens Ltd., and by Messrs. CIBA (A.R.L.) Ltd., 

respectively. Certite did not bond to the Darvic, now did-it flow as 

readily as the Araldite. Its hardening time was about 20 minutes from 
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the time of mixing the two components. Araldite had the property of 

bonding on to the Darvic, and the advantage of this is described in 

the next section. Its hardening time was about six hours. 

Testing Procedure  

Since there was the possibility of the anti-scuffing paste used in 

the block and piston setting slightly when left undisturbed for a period 

of time, the piston was worked up and down several times before testing.: 

the same being done when calibrating the dynamometer. The piston was 

then raised to bring the cylinder just into contact with the top plate 

of the machine. This could be judged easily by means of the strain 

reading measured on the 5v "Peekel" strain recorder. The cylinder was 

then rotated until the top plate and the end cap of the cylinder were as 

near parallel as possible. (Unfortunately, it proved impossible to 

ever make these parallel in the first place). When this was achieved, 

the dial gauges were zeroed;  and the cylinder was ready for testing, 

Loading was carried out in stages that corresponded to increments 

of 200 divisions in the strain reading for the dynamometers in the 

case of the 0.03" cylinders, and 100 division increments for the 0.02" 

thick cylinders. This loading stage took about 10 seconds, and the 

whole cycle - loading, reading and recording of dynamometer strain 

reading and deflection - was kept to 30 seconds. The maximum load 

sustained by the cylinder could be easily noted since the Peekel strain 

recorder used could be adjusted to read accurately over the whole range 

of the scale. After the first buckle appeared, loading could not be 

carried out in fixed increments due to the irregular occurance of 
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further buckles - and also the fact that the cylinder would not sustain 

any large increase in the load carried. On unloading, the stages were 

at 10 - 20 division increments to begin with, since the end-shortening 

decreased without a corresponding large decrease in load. After the 

disappearance of all buckles, the cylinder was unloaded completely 

in the same increments as used for loading. The zero readings could 

never be checked since there was always a slight inelastic straining 

in the material. 

9.6 Results  

The experimental results for the "Darvic" cylinders are summarised 

in Tables 9.1 and 9.2, Some typical load-end shortening curves 

are presented in Figures 9.4 to 9.7. Figure 9.4 showing the results for 

test three on cylinder 3 (test 3/3) is plotted non-dimensionally and 

the theoretical curve (shown dotted) is indicated for comparison. In the 

post-buckling region the experimental results are lower than the 

theoretical results, but show a similar increase in load with increasing 

end-shortening. This is also shown in the results for test 3/8 (Figure 

9.5). 

The main feature that has been shown by this series of tests coneerns 

the influence of the end conditions on the buckling of the cylinder. This 

is shown clearly in the tests on cylinder five, where first "Cerrobend" 

and later "Araldite" were used as end fixing materials. A comparison 

of the results for cylinders 4, 5 and G3 with those for cylinders 3, 

and G4 shows that, as as mentioned in Section 9.5, the value of the 



TABLE 9.1 

EXPERIMENTAL DATA 

Cylinder 
No. 

Length 
inches 

Radius 
inches 

Thickness 
inches 

End Shortening 
Ecl 

inches 

End Fixing 
Material 

3 

4 

5 

GI 

G2 

G3 

G4 

17.92 

18.00 

17.93 

17.92 

17.915 

17.94 

17.86 

5.965 

5.964 

5.958 

5.946 

5.950 

5.955 

5.952 

0.034 

0.034 

0.054 

0.022 

0.022 

0.052 

0.054 

619 x 10-4 

619 x 10-4 

619 x 10-4 

402 x 10-4 

400 x 10'-  

584 x 10-4 

617 x 10-4 

Araldite 

Cerrobend 

Cerrobend 
Araldite 

Araldite 

Araldite 

Certite 

Araldite 

For cylinder 5, 

Tests 1 to 5 used "Cerrobend" 

Tests 6 to 12 used "Araldite" 
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Test 
No. 

E 	2 lb/in 
Pcl 
lb 

Buckling 
Load 

Maximum 
Load 
P max 

- 81K L. 
10 4in,r 

Minimum  , 	P
P.  IP l 

B load
b MPS 

eMPL 
10 -4ins 

No. of 
Buckles 

3/1 546,000 2OO maximum 1700 	0.71 475 635 	0.28 415 7 - d.r. 
3/2 514,000 2260 1660 	0,73 475 655 	0.29 465 7 - n.c.d.r. 	, 
3/3 523,000 2300 1555 	0.68 450 540 	0.23 400 7 - d.r. 
3/4 516,000 2270 1555 	0.68 440 550 	0.24 395 7 - d.r. 
3/51  517,000 2275 1530 	0.67 440 544 	0.23 405 7 - d.r. 
3/6 522,000 2295 1440 	0.63 420 730 	0.32 325 7 n.c.d.r. 	. 
3/7 512,000 2250 1550 	0.69 445 490 	0.22 430 7 - d.r. 
3/8 498,000 2190 1489 	0.68 445 495 	0.22 420 7 - d.r•  
3/9 502,000 2210 1440 	0,65 410 495 	0.22 405 7 - 41..r. 
4/1 403,000 1775 885 	0.50 370 
4/2 417,000 1830 920 	0.50 340 

4/3  417000 1830 760 885 	0.49 357 

4/4 432,000 1900 885 	0.47 328 

4/5 ( 	- 	) ( - ) 250 975 	( 	) 450 

4/6 417,000 1830 1000 	0.55 387 

4/7 421,000 1850 1050 	0.57 405 
4/8 437,000 1920 1160 	0.61 427 
5/1 326,000 1435 190 840 	0.59 408 
5/2 387,000 1705 250 820 	0.48 338 
5/3 422,000 1860 120 915 	0.49 356 
5/4 422,000 1860 910 	0.49 361 
5/5 422,000 1860 900 	0.48 353 

5/6 475,000 2085 maximum 1615 	0.77 489 760 	0.36 518 6 - &rib  
5/7 455,000 2000 440 1300 	0.65 480 610 	0.30 444 6 - Sr.. 
5/8 475,000 2085 maximum 1350 	0.65 426 590 	0.28 311 Sr,a  
5/9 494,000 2170 maximum 1360 	0.63 414 570 	0.26 339 S.r, 
5/10 470,000 2060 maximum 1200 	0.58 383 615 	0.30 334 S.r. 
5/11 485,000 2130 1170 	0.55 379 545 	0.26 296 S.r. 
5/12 1125 362 (405) (685) S.r. 

TABLE 9.2 
	

EXPERIMENTAL RESULTS 



Test 
No. 
EP E, 

lb/in' lb 

BucklingBuckling 
Load 

Maximum 
Load 

P 	lb 
max 

• • 
0- 1 . B P..load 

lb/in2 

Minimum No, &MPL 
10-4in. 

of 
Buckles 

61/11  430,000 790 125 350 0.44 235 180 0.23 414 
G1/2 397,000 73o 125 400 0.55 256 140 0.19 	425 
61/3 485,000 890 maximum 530 0.59 270 210 0.22 
G1/4 464,000 855 530 0.62 270 170 0.20 400 
61/5 483,000 890 495 0.56 250 (90)2  (0.10) 68o 
G1/6 388,000 715 400 0.56 245 165 0.23 	320 
G2/1 372,000 685 (300) 455 0.67 280 145 0.21 	475 
G2/2 380,000 700 (310) 435 0.67 270 115 0.16 	425 
G2/3 364,000 670 315 475 0.71 290 145 0.22 	485 
G2/4 4451000 815 (400) 53o 0.65 290 145 0.18 	285 
G2/5 425,000 78o (340) 470 0.60 265 140 0.18 305 
G2/6 460,000 845 (37o) 53o 0.63 280 140 0.17 295 
G2/71  383,000 705 480 0,68 270 130 0.18 395 
G2/8 383,000  705 340 470 0.67 265 140 0.20 345 
G2/9 383.000 705 340 505 0.72 285 145 0.21 315 
G2/10 383,000 705 340 470 0.67 270 155 0.22 390 
G2/11 435,000 800 370 500 0.63 300 135 0.17 430 
G2/12 395,000 725 340 480 0.66 27o 125 0.17 400 
G3/11  336,000 1395 930 0.67 423 435 0.31 520 6 
G3/2 327,000 1360 350 880 0.64 473 325 0.24 475 6 d.r. 
G3/3 302,000 1260 560 895 0.71 463 340 0.27 520 5 
63/4 327,000 1360 470 835 0.61 465 320 0.23 640 n.c.d.r. 
G3/5 286,000 1190 455 800 0.67 447 430 0.36 n.c.d.r. 
G3/6 284,000 1180 500 760 0.64 460 285 0.24 805 n.c.d.r. 
G3/7 265,000 1100 430 720 0,65 550 295 0.27 790 5 n.c.d.r. 
G3/8 281,000 1170 560 685 0.59 455 245 0.21 5 n.c.d.r. 

TABLE 9.2 	continued 



...."."...01 

Test E Pcl 
Buckling Maximum e M.L, Minimum SMPL No. of 

No. lb/in
2 

lb 
Load Load 

P 	lb ,  
10-4in. 

P.B,load 
lb/in2  10 	in. Buckles 

max 

G4/1 445,000 - 	1960 maximum 1230 	0.63 415 385 	0,20 370 d.r. 
G4/2 450,000 1980 1145*  0.58 375 285 	0.14 480 

04/3 445,000 1960 1090*  0.56 365 290 	0.15 540 6 	d.r. 
G4/4 450,000 1980 1160 	0.59 430 	0.22 600 6 	d.r, 

G4/51  445,000 1960 1200 	0.61 7 	d,r. 
04/6 445,000 1960 1140. 	0.58 400 370 	0.19 560 7 	d.r. 
G4/7 	. 450,000 1980 1120 	0.57 . 365 	0.18 720 (1.r. 

TABLE 9.2 continued 

splice opening up 
n.c.d.r, = not complete double ring of buckles 

d.r. n double ring of buckles 
s.r. = single ring of buckles 

1 	a 	air holes in cylinder 

2 	minimum load obtained after forming 
the buckling pattern by prodding the 
cylinder 
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Plate 9.4. Buckle pattern - cylinder 9. 



Plate 9.5. Buckle pattern — cylinder 04. 
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maximum load carried by the cylinder is influenced by the rigidity of 

the material used for holding it in the end plates. This is 

discussed further in the next section. 

The maximum loads sustained by the cylinders were in the range 

0.5 - 0.7 of the calculated classical buckling loads. The maximum 

loads sustained by each cylinder over the series of tests carried out 

on it, showed some variation. 

Defining the buckling load as the load at which nonlinear displace- 

ments are initiated in the structure, it was found that some cylinders 

buckled at very low loads but continued to ccrry increasing load as the 

end-shortening was increased, until the maximum load was reached. 

(This neglects the initial nonlinearity that occurred in the initial 

stages of loading, caused by the end cap and the top plate of the machine 

not being parallel). After the maximum load has been reached, the 

load dropped suddenly and, while there might be further small increases in 

the load as the end-shortening was increased, the general trend was a 

reduction in the load-carrying capacity until a minimum was reached, 

usually at an end-shortening greater than that corresponding to the end- 

shortening for the classical buckling load of the cylinder. Not all 

the tests were carried out with the end-shortening becoming as great as 

(or greater than) the classical end-shortening value, but from those 

tests where it was, the minimum load carried by a cylinder at these 

large values of the end-shortening was approximately the same in all 

the tests on the same cylinder. 

As the end-shortening of the cylinder was reduced, it was possible 
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in some tests to measure the minimum load carried by the cylinder while 

still fully buckled (see Figures 9.4 and 9.5). In these cases, the 

load would usually increase slightly again before the end-shortening 

had been reduced sufficiently to cause the buckles to snap out with 

a sudden increase in load. These minimum loads carried in the buckled 

state showed some scatter and were in the range 0.15 - 0.3 of the 

classical buckling load, though most of the results were close to 0.2 

of the classical load. To some extent the minimum post-buckling loads 

were dependent upon the development of the buckling process. When the 

buckles formed two complete rings, the minimum load was lower (in terms 

of the classical load) than when one complete and one partially 

complete ring were formed. For the case of only a single ring of 

buckles the minimum load would seem to be higher still. 

The mimimum load carried in the buckled state, at approximately 

0.2 of the classical load, is lower than the theoretical value of 

0.301 obtained for the theory presented in this thesis. The shape 

of the experimental load-end shortening curve for the post-buckling 

region does resemble the shape of the theoretical curve. 

The work of Thielemann (125) had suggested that even very small 

internal pressures might have a significant effect on the buckling of 

the cylinder. For this reason, small air holes were drilled in the 

cylinders for some tests. However, the tests did not show any 

significant effects that could be due to internal pressurisation, or 

lack of it. 



However, the experimental curves did not go to sufficiently 

large values of end-shortening to check that the increase in load 

was as predicted by the theoretical curve. The minimum loads from 

these tests are higher than those reported by Thielemann (125)  and 

by Almroth et al.(149) who obtained loads that were about 0.10 of the 

classical buckling load. 

In the tests carried out, generally lower minimum post-buckling 

loads were obtained in the tests on the thinner cylinders (i.e. 

cylinders G1 and G2) than was the case for the thicker cylinders 

(i.e. cylinders 3, G3 and G4). This suggests that the thickness of 

the cylinder influences the buckling process. In these tests, the 

thinner cylinders were much more flexible than the thicker ones, 

and the end caps were not as effective in holding them to a circular 

shape. It is possible, that as has been observed in experiments on 

cylinders in torsion (see Figure 3.7) different materials do not buckle 

in an identical manner. This might explain the difference between 

the minimum post-buckling loads reported by Thielemann and by 

Almroth, and those of these thesis. Further tests on cylinders of 

different thicknesses and different materials would be desirable to 

check these suggestions. 

254. 
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9.7 Discussion  

Previous experimental results appear to fall into two classes, 

for the case of controlled end-shortening of the cylinder. As 

mentioned in Section 3.4.2$  the buckles that formed, appeared one by 

one around the surface of the cylinder, and their distribution was 

generally random to begin with. However, Almroth et al. (149) 

reported that for both controlled end-shortening and for deadweight 

loading, a ring of buckles formed around the cylinder at one value of 

the end-shortening. 

In the tests reported in this thesis, both types of buckling were 

found to take place. Thecase of random, isolated buckling is illustrated 

by Plate 9.3. Here the individual buckles formed one after the other, with 

those near the bottom plate forming first, Plate 9.4 shows the way 

in which a 0.040" thick cylinder (not otherwise reported) buckled. 

(It should be noted that defects in manufacture have had an influence 

as well). The numbers on the buckles indicate the order in which they 

formed. The full lines indicate the size of the buckles when they first 

appeared, while the dotted lines show the extent of buckling at some 

later stage of loading. Buckling of this nature resulted when the 

cylinders were held to the end plates by means of "Cerrobend" or "Certite". 

For this type of end fixing, the maximum load was reached only after 

several buckles had formed around the cylinder. When "Araldite" was 

used as the end fixing material, then the buckling occurred suddenly 

with a very significant decrease in load, and took the form of a single 

or double ring of buckles within the central portion of the cylinder. 
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Only for this type of end fixing was it possible to measure the minimum 

post-buckling load as the end-shortening was reduced. 

One difficulty in the tests occurred when setting the dial gauges to 

zero, at the beginning of each test. It proved impossible to fit the end 

plates on the cylinders so that both the end plates would be parallel 

to the plates of the machine (which had been set as nearly parallel 

to each other as possible). This meant that the cylinder was never 

loaded uniformly, and from the load-end shortening curves it appears 

that the results for the first few load stages were affected by this. 

In Figure 9.4 it can be seen that although the experimental results 

for the unbuckled cylinder do not follow the theoretical line as 

plotted, the slope of the line after the second load stage is very 

nearly the same as that of the theoretical results. 

For each test, the value of the modulus of elasticity of the material 

was determined from the slope of the load-end shortening diagram. 

This method, however, only produced satisfactory results for those cases 

where Araldite was used as the end fixing material. The manufacturer's 

figure for the modulus of elasticity is 500,000 lb/in2  approximately, 

From this, the average value for cylinder 3 of 517,000 lb/in2  

is somewhat high, while the average of 447,000 lb/in
2  for cylinder G4 

is somewhat low. The justification for measuring the modulus of 

elasticity of the cylinder material in this way is that, as pointed 

out by the manufacturers 
(164) "Darvic" is a thermoplastic material whose 

mechanical properties are dependent on temperature, time, and strain. 

Consequently, since the cylinders: (i) were formed by bending from flat 
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sheet and may have undergone slight stretching while on the former; 

(ii) might undergo some inelrstic straining during the buckling process; 

(iii) could not all be tested at the same controlled temperature; then 

it seemed preferable to measure the modulus of elasticity for each 

test from the load-end shortening diagram, rather than use the results 

from a standard test which may or may not relate to that of the actual 

cylinders. The values used for the comparison of the theoretical 

results are therefore more properly referred to as the "apparent" 

modulus of elasticity of the Darvic. Had a figure of 500,000 lb/in2  

been used throughout, then the maximum loads measured would have been 

lower and shown a much greater scattering when compared to the classical 

buckling load. 
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CHAPTER TEN 

DISCUSSION AND CONCLUSIONS 

10.1 Discussion  

10.1.1 Experimental Work 

From the tests carried out, it was found that the end conditions 

of the cylinder have a considerable influence on the development of 

the buckling process for the cylinder. When the cylinder ends were 

held rigidly (i.e. by "Araldite"), the buckles usually snapped in at 

least a single ring, though sometimes a double ring. For those cases 

where the end fixing was less rigid (i.e. "Cerrobend" or "Certite"), 

then the buckles formed singly and at random over the surface. The 

only reference in the literature to the influence of end conditions 

on the buckling process, is that of Kanemitsu and Nojima 
(156) 

 who 

appear to have found that the end effects have no influence providing 

that L a 1.5 R. 	For the tests reported in this thesis, L = 3 R, and 

end conditions appeared to be quite important. 

In the tests, there was difficulty in applying the loads uniformly 

around the circumference of the cylinder, since it was not possible to 

make the top plate of the frame and the end cap of the cylinder, 

actually parallel. 

In order to provide more uniform end conditions than was possible 

in the tests reported here, and also to help in providing a more 

uniform loading distribution, it would be preferable to use end caps 

similar to those used by Almroth et al. (149).  With the centre 
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(detachable) portion being made a push fit on to each cylinder, all 

cylinders tested can be held as rigidly as is possible. If the groove 

between the centre portion of the cap and the remainder is filled with 

"Araldite", then the cylinder ends should be completely fixed. With a 

AKA 
1-1/2" - 2"i\end cap, it should then be reasonable to load the cylinder 

through a ball seating. Since a new centre portion for the end cap 

will be required for each cylinder, it would seem preferable to reduce 

the size of the cylinders to a diameter of between 6" and 9". with the 

length reduced accordingly. 

10.1.2 Theoretical Work 

The theoretical solution of this thesis is not completely identical 

with that of Kempner (see Figures 8.4, 8.5). The cause of this discrepancy 

is not obvious, though it may be due to the two different methods used 

for evaluating the solutions (see Chapter 8). The numerical solutions 

of this thesis were such that the residuals of the five nonlinear 

simultaneous equations were reduced to less than 1 x 10
-10  but Kempner 

gives no indication as to the possible accuracy of his solutions. Many 

more solutions were obtained for this region than are given in Table 8.1, 

and they all confirm the indicated curve. 

The curve showing the changes of total potential energy (Figure 8.6) 

has the same general trend as that given by Almroth 
(2)

for the same 

displacement function. 

The work of Almroth and of Sobey in obtaining solutions using 

displacement functions with more than five parameters in them, is no 



mean achievement. However, while these solutions yield minimum 

(125) 

post- 

buckling load than is in closer agreement with Thielemann's 	and 

Almroth et al's(149) experimental minimum (0.10 Pc1) it is then much 

lower than the experimental minimum (0.20 Pci) indicated by the tests 

reported in this thesis. Also, Sobey indicates the contours of the 

deflected cylindrical surface, for a load corresponding to the point 

of minimum post-buckling strain. These contours resemble a chequerboard 

pattern aid not the observed diamond pattern of the buckled cylinder, 

and suggest that the mathematical solution using large numbers of 

parameters does not correspond to the physics of the problem. It has 

also been pointed out that Almroth's eleven parameter solution does not 

correspond to a diamond-pattern of buckling, either. Hence the 

complete solution to the buckling of cylindrical shells is not to be 

achieved solely by considering more and more parameters in the deflection 

function. Instead, work needs to be carried out using a more general 

function than used to date, which will satisfy boundary conditions for a 

cylinder of finite length, and which can treat mathematically a single 

or a double ring of buckling around the surface. 

Sobey has expressed the opinion that the Fletcher-Powell method 

for obtaining a numerical solution has advantages over the other methods, 

and particularly the advantage that once a solution has been obtained 

for one case it can make use of information stored for this case as the 

starting point for the solution at a nearby point. This would enable 

all the information required to plot the load-end shortening curve to 

260. 
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be comuted at one time. This may be an advantage when sufficient 

computer time is available to enable the solution to be obtained for 

the first case, but when only limited computer time is available 

in each run, then the method is limited in use. In these latter 

conditions, the Newton-Raphson method is to be preferred even though 

many solutions may fail to converge. 

10.2 Conclusions 

1) The experimental results showed that for "Darvic" cylinders made as 

described, and tested with the ends held rigidly, the buckling loads 

were generally in the range 0.5 - 0.7 of the classical buckling load, while 

the minimum load carried in the buckled state was approximately 0.20 of 

the classical buckling load in each case. 

2) The theoretical solution using the five parameter displacement 

function of this thesis, predicts the trend of the experimental results 

over a range of load and end-shortening near the point of minimum load for 

the buckled cylinder. There is, however, a discrepancy between the 

theoretically determined minimum load of 0.301 of the classical buckling 

load and the experimental value of approximately 0.20. 

3) From the numerical solution for the five parameter displacement 

function, the generalised Newton-Raphson method proved to be the most 

useful method of solution. 
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