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ABSTRACT

This thesis deals with the control by feedback of linear
time invariant dynamic systems of finite order in a deterministic
environment. The complete state is assumed not to be availalle
for measurement and two main solutions to the problem are examined.
A minor solution applies when the unmeasured states correspond to
actuator dynamics, which are ignored in the design of a Lyapunov
type controller. Conditions are found for which the closed loop
system containing the actuator dynamics is stable. The alternative
approach of constructing estimates of the unmeasured states is
reviewed and extended. An improved method of designing reduced
observers is presented and the existence of degenerate observers
having arbitrary feasible poles is investigated. The effect on
quadratic performance indices of using state estimates in otherwise

optimal control laws is examined and two useful theorems are found.

A design method is proposed that generates stable compensators
for stable plant. A third approach to the problem of incomplete
state measurement seeks optimal feedback gains for the measwred

plant outputs, and a new algorithm for finding the optimum is



discussede. A new form of reduced model, the parallel path model,

is considered.

Finally it is shown that a combination of model reduction,
observer theory and constrained gain optimization is a very

effective approach to the design of linear control systems.
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CHAPTER 1

INTRODUCTION TO OBSERVER THEORY AND CONTROL SYSTEM DESIGHN

1.1 Introduction

Over the past thirty years a classical theory of control
system design has developed founded on single input transier
functions. Its main cuantitative tools are root locus techniquss,
Nyquist diagrams, Bode plots [HB] and finally Wiener's spectral
factorization I:Wl] approach to the design posed as an optimization
problem. This body of theory very adequately deals with the design
of single inpul systems, but all techniques except the last are
graphical. Multi~input systens tend to be too complex for pencil
and paper graphical methods to be useful, and for any reasonably
sized élant a computer must be used to obtain quantitative results.
Unfortunately, digital computers are ill-suited to graphical
techniques andjmofe appropriate approach has been found in the state

space description of dynamic systems [Zl] -

For systems of finite order the relevant tools for control

design within the framework of state space have been found to be



modal control and optimal control with quadratic costs, and a fairly
complete theory has béen developed in both fields [Rl, W4, ws] .

An obstacle to the application of these theories is that they lead to
control laws vhich require measurements of the complete plant state
vector. A solution to this difficulty is to use estimates of the
unmeasured states. These may be optimal estimates provided by a
Kalman filter [KB] for a Gaussian wvhite noise environment or estimates
provided by a Luenberger'observer [Ll, LZ] for the deterministic

CaSe,

This thesis follows the spirit implied by the use of root locus,
Bode and Nyquist plots in that consideration of noise in the dynamic
system to be controlled is suppresse’l during the calculation of a
trial feedback law. Throughout the thesis we consider time invariant
linear plant of finite order and examine methods of finding trial
control laws that perform adequately in a deterministic environment,
though in practice a trial law may be rejected because of its
behaviour in a particular stochastic environment. The methods we
have investigated and improved upon have the common feature of
avoiding graphical techniques and of being readily implemented on a

digital computer.
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1.2 Outline of Thesis

Chapter 1 serves as a general introduction and explains the
motivation for this re=search. The unconstrained quadratic cost
optimal control problem is introduced in Chapter 2 and because time
invariant feedback laws are sought, we deal only with the infinite
time problem. Because of the indirect relation between the specified
costs on state and control and the characteristics of the
corresponding optimal closed loop system, we examine two approaches
connecting cost functions and closed loop poies. The first uses an
exponential time weighting on the costs, the second is the implicit
modelling method of specifying a cost function such that closed loop
poles approximate desired values. I: Chapter 2 we also discuss
control laws based on Lyapunov functions of stable plant and show
that this type of law provides a partial solution to the problem of

unmeasured states.

The theory of Luenberger observers is reviewed in Chapter 3
and an improved design technique for reduced observers is presented.
An extension of the theory to degenerate observers is developed in
Chapter 4. Chapter 5 gives 2 somewhat academic solution to the problem

of designing stable conpensators using observer theory.
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The use/state estimates from an observer in an otherwise
optimal control law is examined in Chapter 6 with respect to the

effect it has on the relevant quadratic cost function.

In Chapter 7 we discuss the common approach to designing
controllers with incomplete state feedback of hill-climbing on the
parameters of a fixed feedback structure for a suitably defined
cost function. We show that the optimal solution has a well-defined
structure, vhich suggests a method of obtaining the solution.
Conditions are found under which the method quickly converges to the
optimum. The idea of a parallel path simplified dynamic model is
discussed and it is shown how the methods of model reduction,
observer theory and hill-climbing on a fixed structure may be
combined in an effective technique for the design of linear time-~

invariant multi-input plant.
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1.3 Contributions of the Thesis

The main contributions of the thesis are the following.

The Riccati solution in Chapter 2 of the unconstrained
optimal control of linear systems with time exponentially weighted
quadratic costs on state and control, is original. Also the
technique whereby dynamic controllers produced by the implicit
modelling method are reduced to proportional feedback controllers
is new. The stability theorems concerning Lyapunov controls which
enter the plant through error or actuator dynamics are believed

to be original.

An improved method of designing reduced order observers 1is
présented in Chapter 3, and the theory of degenerate observers in
Chapter 4 is new, as is the theory of stable compensators derived
from ohservers in Chapter 5. The‘theorems of Chapter 6 describing
the deterioration of system performance when state estimates are

used in othervise optimal control laws are original.

In Chapter 7 the extension of Kleinman's algorithm [KB] for

solving the steady state Riccati equation to the problem of finding
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optimal gains for incomplete state feedback is new. To the author's
knowledge, reduced models, in the form of parallel path models,
have not appeared in the literature before despite their advantages

in some situations.



CHIAPTER 2

SELECTION OF CONIROL IAWUS ASSUMING ALL

PLANT STATES ARE MEASURED

2e1 Introduction

In this chapter we briefly discuss three methods of choosing
time invariant feedback control laws for the regulation of multi-input,
linear, time-igvariant plant when all the plant stales are measured.
The three methods aré pole-chifting designs, optimal control with
quadratic costs and a c&ntrol based on Lyapunov functions oif stable
plant. These objectives lead to important state space control design
technigues because the corresponding feedback laws have analytic or
easily yrogrammed computer solutions. Furthermore, mmlti~input plant
are handled as easily as single input, vwhich is an advantage over
classical design techniques based on Bode, Nyquist and ruvot locus
diggrams. However, frequency domain concepts remain a valuable tool
for the evaluation of designs obtained from state space methods,
particularly in the consideration of the effect of additional dynamics

in a plant transmission path.



The plant dynamics are assumed to be adequately described by an

n~state, r-input system

N'

= Ax + Bu , (2.1.1)
and the control laws are of the type

n = Kx . (2.1.2)

The following definitions are important in linear system theorye.

Definition 2.1l.1

The dynamics (2.1.1), or equivalently the pair (4, B), is

controllable {Ké] if the (n, n.r)-matrix defined to be

(B, AB .... AL B) (2.1.3)

has rank ne.

Definition 2.1.2

The pair (A, B) is defined to be stabilizeable [W3] if the
subspace of state space not spanned by the columns of the array (2.1.3)
is stable. This subspace Is—irewiempmder—iewe is called the

uncontrollsble subspace.
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Definition 2.1.3

A set of poles will' be called feasible if complex poles occur as

conjugate pairs.

The following concepts are fundamental in relating the state vector x

to the cutput nm-vector,

(2.1.2)

Definition 2.1.4

The dynamics (2.1.1), (2.1.4) or equivalently the pair (4, H), is

defined to be observable if the pair (A', H') is controllable.

Definition 2.1.5

The pair (A, H) is defined to be detectable [W3] if the pair

(AY, HY) is sTadbi/izeab/e,
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2.2 Pole Shifting Control Laws

The plant dynamics (2.1l.1) are regulated to the origin by the
control law (2.1.2). Rosenbrock [R4] in an early paper suggested
a method of altering r poles of the plant when r independent inputs
are available. The method m2y be applied when only r plant H»utputs
are measured, but then has the disadvantage that the remaining (n-r)
poles move in an uncontrolled manner as the r selected poles are roved

to desirable locationse.

Kalman [KG] has obtained a more general result from his theory
of canonical forms of single input systems, namely that if the pair
(A, B) is controllable, a feedback control (2.1.2) exists that gives
arbitrery specified feasible poles to the closed loop systen.
Anderson and Luenberger [Al] extend the result to multi-variable
systems with a proof by construction. Simon [53] discusses the
problem thoroughly and gives a useful and computationally efficient
technique for updating the control law as poles are moved singly
or as complex pairs. Wonham [w4] and Rosenbrock [Rl] give a
general and complete analysis of the problem. Mayne and Murdock [Mé]
give an alternative computational procedure for the progressive design

of feedback gains to achieve arbitrary feasible poles.



The location of the specified poles is best determined in an
application by trial and error based on an output transient response
criterion. An advantage of this approach to feedback design is that
the generated eigenvalue and eigenvector data allows an eigensystem
fi:st and sécond order perturbation analysis [VB, N4, DB] to be

made with very little extra computational effort.

Apart from Rosenbrock's approximate theory [34] and Simon's [Sj]
method of eliminating feedback from (r-1) states if r inputs are
available, the theory requires feedback from all states of the plant.
Usually not all plant states are available the control lavws are
implemented by feeding back estimates of plant states. This introduces
a dynamic element such as a Kalman filter [K}] or an observer in the

feedback pathy the theory of observers is developed in Chapter 3.
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2.3 The Unconstrained Quadratic Cost and Linear Dynami.cs

Optimisation Prcblem

Often feedback control is designed to optimise a performance
critericn of the closed loop plant. The optimisation problem may be
posed within a deterministic or stochastic framework, but we will
restrict consideration to deterministic problems. Popular performance
indices have been based on the plant output error in following a.step
input in desired output, and have included integral error squared,
integral of the absolute value of the error and weightings of the

cost integrand with powers of time,

The minimisation of integral error squared is mathematically the
most tractable and is the index most often considered in analytical
design techniques. It has a particularly convenient formmlation and

solution in the state space doraine.

Consider the case where the dynamic equations for the n-state,

r-input and m-output linear plant may be put in the fora

-

x = Ax + Bu, (2.3.1)

by a suitable choice of co-ordinate system for control and state

space., The usual problem formulation is to require that the plant



(2.3.1) be regulated to the origin, and a performance index J that is

useful is ,
t
Jd = x‘(tf)Qf x(ﬁf) + J/ﬁ (x'Qx + u'Ru)dt (2.3.2)
t.
o
In general the matrices A, B, Q and R are time-varying, but we will
be interested in the design of time-~invariant feedback controls for
time-invariant plant, so that these matrices will be assumed ito be

constant. In addition t! is assumed to be infinite and to zero. The

performance index for closed loop stable systems becomes

J = Jéqv(x'dx + u'Ru) dt . (2.3.3)

Kalman [Kl] has shown that the control that minimises J exdsts
and is generated by a constant stable feedback law
-1
u = - R B'PX 3 (2.3-4)

and
J

x'(o) Px(o) , (2.3.5)

vhere P is the steady state solution to the Riccati equation

P = Q+ A'P+ PA - PERB'P , (2.3.6)



v}
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if the pair (A, B) is controllable and the pair (A, H) is observable

where H is any solution to

H'H = Q, (2:3.7)
and
QR > 0,
R > 0 L ]

¥onham [WEJ has relaxed the existence conditions to the requirement

that the pair (4, B) be stabilizeable gpmé—the—pair—(A—Hi-dobootable.

Evaluation of Steady State Solution of the Time Invariant Riccati

Equation

Direct evaluation of the steady state solution of (2.3.5) by
integration is often inefficient in computing time. This has been
noted by Kalman [11]who suggested using the canonical pair of linear

equations associated with the Riccati equation (2.3.6)

A = Px 9 (20308>
a [x A -BR~1B' x
at (7‘) =(—Q -A' )(A) . (2.3.9)

Phe transition matrix ¢ of (2.3.9) is calculated for a convenient period
T and partitioned into blocks of dimension (n, n)
Pr1 P2
@ =
Py Y2 )



The steady state solution P of (2.3.6) is given by the limit as k

tends to infinity of the recursive relation

P0 = any P.S.D symmetric matrix,
-1

This algérithm replaces the integration of the (n, n)-dimensioned
patrix equation (2.3.6) over an ‘infinite' time by the integration of

a (2n, 2n)-dimensioned matrix equation derived from {2.3.9) over any
convenient period T. In most cases the inversion of (2.3.10) is less
time consuming than integrating (2.3.6) over a period T and the overall
algorithm should be more efficient thén direct integration. Potter [PB] s
MacFarlane [M4] and Vaughan [Vl] rave analysed the behaviour of the
canonical system (23.9) in terms of its eigenvalues and eigenvectors.
Assuming a well-defined problem,the poles of (2.3.9) are symmetric with
respect to the imaginary axis in the complex plane, the stable poles
being those of the closed loop system (2.3.1) with optimal feedback
(2.3.4).

Because the algorithm (2.3.10) or integration of (2.3.6) corresponds
to backward time trajectories of (2.3.9), the stable modes dominate

and the asymptotic relation (2.3.8) is merely a statement that (x, A)



belong to the stable invariant subspace of (2.3.9) parameterised by X.
This suggests a way of obtaining P with computational effort on
integration replaced by effort on eigenvector determination. Blackburn
and Bidwell [37] report that numerical results using this method

are very promising. Blackburn EBE] has analysed a Newton-Raphson
iterative solution for P, but the method suffers the disadvantage of

dealing with large Jacobian matrices.

An appealing method of successive approximations in policy space
[?S] has been proposed by Kleinman [k&] o The algorithm is guaranteed
to produce monotonic convergence and has quadratic convergence near the
optimume A minor disadvantage of the method is that a stable control
is required as an initial approximation for the first iteration. If
the plant's rightmost poles are on the imaginary axis the algorithm

can be started by replacing the plant equations (2.3.1) by

x = (A-ol)x+ Bu, (2.3.11)
with
0< aK1l.
Zero feedback will then be a stable control 1aw for this auxiliary
system. At or near the optimum of the auxiliary system, its closed
loop poles may be expected to be to the left of -« in the complex plane

so that the current control for the awxdliary system would be stable



for the plant. Also if o is small the optimal control for the
auxiliary system will equal the optimal control of the plant to first

order.

Finally we note that the first solution to the minimisation of
performance index (2.3.3) was proposed by Wiener [W]] for the single
input case and involved spectral factorisation of & scalar Fourier
transform. Youla [Yi] and Davis [Di] give methods for the spectral
factorisation of matrix Fourier transforms so that Wiener's apﬁroach
may be used for the multi-input case also. However, the forrmlation
of the problem és one of spectral factorisation is not conveniently
solved by computer and in fact the steady state solution of the steady
state Riccati equation has been proposed as a practical method of

matrix spectral factorisation [Al:l ’ [Hl] -
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2.4 Choice of Costs for the Ovtimisation Problem

2.4.1 Inbroduction

The choice of @ and R in the performance index
J = J[ka'Qx + u'Ru)dt , (2.4.1)

is itself a problem. Given a plant with m outputs y of interest,

Ax + Bu , (2.4.2)

o]
1

y = Hx, (2.4.3)

the desired closed loop control is rarely specified to minimise a given
J, but rather in terms of some less quantifiable characteristics of the
transient response, peak overshoots and constraints on the magnitude

of control input. The usual procedure in the initial stages of a
control design assuming all states are measured, is to choose a Q and

R more or less arbitrariiy and find the optimal control and corresponding
closed loop plant trajectories from a given initial condition or step
disturbance on desired output. The cost on control is adjusted in the
light of these trajectories to more heavily or lightly pemalise controls
that were above or well under the specified constrainfs. Similariy,
adjustuent of Q may give more desirable characteristics of the closed

loop transients, but it is conceptually more difficult to see what



3]
o2

adjustment should be made to achieve a certain effect. Some

progress in this problem of the choice of Q has been mzde by
examining the behaviour of the closed loop poles as elements in Q
are varied. This approach of using root locus techniques to design
cptimal systems was first proposed by Chang [C}] , who considered
single input systems with a single costed output, and later discussed

by Kalman [K1] .

Tyler and Tuteur [T]] present a useful analysis of what happens
to optimal cloged loop multi-input system poles as single elements of
Q are varied, but emphasis is placed on diagonal Q. The results of
Sections 2.4.2 and 2.4.3 are original contributions that give

additional guidance for allocating suitable values to Q.

2+.4.2 Exponential weighting of costs

A more indirect method for achieving a desired characteristic
of the closed loop optimal system poles has been independently found
by the author, though the result has been found elsewhere [Aé] .

The result will be presented in the form of a Theoren.



Theoren 2.4.1

The control vhich minimises the performance index

I = u{fzzkt(vax + u'Ru) at , (2.4.10)
A > 0, . (2.4.11)
Q = H'H, (2.4.12)
x = Ax+ Bu , (2.4.13)

exists and is generated by a time invariant feedback law

u = Kx y (204-14)

if the pair (4, B) is controllable and the pair (A, H) is observable.
The optimal J is finite and the closed loop poles of (2.4.13), (2.4.14)
are to the left of -A in the complex plane. The above conditions

may be relaxed to a requirement that the pairs (A ,B) and

(4 H) be respectively stabilizeable and detectable.

Proof

e,

Make the transformation

z = ety ' (2.4.15)

v o= M, (2.4.26)



o
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so that

Z = Aektx + ektﬁ

= heltx + eht(Ax + Pu)

(A + A1)z + Bv . (2.4.17)

The performance index J becomes

J = yé:” (2'Qz + v'Rv)dt . (2.4.18)

The minimisation of J in (2.4.18) with respect to v and subject

to the dynamics (2.4.17) is achieved with a constant feedback law

v = Kz, _ (2.4.19)

if ((A + AI),B) and ((A + AI),H) are stabilizeable aund detectable

pairs [W3] .

A sufficient condition for the above requirement is that (4, B)
and (4, H) be controllable and observable pairs, for consider the

arrays

(B, AB, A°B, ... A%"1p) , (2.4.20)

(B,(A + AL)B, (& + AI)ZB, ... (A + AT IB).  (2.4.21)



The pair ((A + AL),B) is stabilizeabie by definition if it is
controllable and therefore if the array (2.4.21) has full rank.
However, the array (2.4.20) may be constructed from the array (2.4.21)
by taking approprizte linear comblnations of columns, so that the
arrays have the same rank. The pair (A, B) is controllable by

assumption so that (2.4.20) and hence (2.4.21) has full rank.

The optimal feedback K in (2.4.19) is given by

P> o0,
K = -Ripp,
0 = Q+ (A+AI)'P+ P(A + AI) - PBRUB'® (2.4.22)

Then J is finite and

J = 2z'(o) Pz(o)
= x! (0) PX(O) . (204023)
(2.4.23) follows from the transformation (2.4.15).

At any time t, the optimal conirol is
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e x

= Kx , (2.4.24)

so that the optimal control for the performence index (2,4.10) is

generated by a constant feedback law.

Finally, the minimisation of J given by (2.4.18) subject to
(2.4.17) with the control law (2.4.19) means that (A + AL + BK)
is gtable [KJJ o Adding AI to a matrix corresppnds to moving the
origin an amount (-A) in the complex plane plot of matrix eigenvalues,

. so that the optimal closed loop dynamics (2.4.13), (2.4.24), that is ,
x = (A+ BK)x , (2.4.25)
has poles to the left of -A in the complex plane.

This result is expected because otherwise the integral (2.4.10)

would not exist.

Conment

The steady state Riccati equation (2.4.22) shoijs that the

solution of the minimisation of J (2.4.10) is identical to that of
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g 8 f(x'gx + u'Ru) dt , (2.4.26)
where

e & @+ap. (2.4.27)
The control law

2 = Kx

is therefore optimal for an ordinary quadratic cost function vhich,

hovever, is not knowm a priori.

One interpretation of the procedure is that the equivalent
quadratic cost § in (2.4.26), (2.4.27) is automatically selected to

achieve the desired effect of placing the closed loop poles.

2.4.2 Avproximate Modal Control via Optimisation - Implicit

Modellinz Hethod

Begause a great deal of experience is available of the effect of
pole-zero closed loop configurations on system output transient

behaviour an timplicit modelling' method has been suggested by Bass



and Gura [313 , wnere the theory oI optimal control and modal
control merge. A cost function is selected for the single-input-

single-output plant

;C Ax + Bu Py (2.4028}

Y = Hx 3 (2.4-29)

with performance index

J

JéquQx + uRu + [|Cx + Eul] 2yat , (2.4430)

so that the closed loop poles approximate desired prespecified

positionse

Schultz and Melsa [S2| discuss the method in detail, again
for single-input-single-output plant. We give an outline of the

argument.

First consider the case of a plant vhere the transfer function
from u to y contains no zeros and the set of stable desired closed
loop poles is specified by the roots of a characteristic equation

n-1 .
s+ > aisl = 0. : (2.4.31)

(o]



Because there are no zeros in the transfer function from u to ¥,
the nth derivative of y is the first that contains a term in u.

Consider the performance index which therefore has the form (2.4.30),

n-1 .
7 = j“’((y(n) v > ayiN2 L n®at (2.4.32)
(o) ° 1

Assuming that the plant is controllable a feedback control law Kﬁ
exists [W4] that realises the closed loop poles specified by (2.4.31).

The performance index (2.4.32) for this law becomes
2
Jd = _[ru” at
(=]

é JM(T) '

and as r tends to zero JM(r) tends to zero. For any value of r the

optimal performance index J°%(r) satisfies

Jy(x) > ) . (2.4.33)

Denoting the optimal law by K°(r) , it follows that along the two
different trajectories corresponding to the optimal and non-optimal

laws beginning from the same initial condition,

_C"r(l@(r)x)zdt <_/°wr(K}{x)2d’c . (2.4.34)



31.

So that from (2.4.33) and (2.4.34) as r tends to zero,Jo(r) tends

to zero and therefore y and its derivatives tend to satisfy (2.4.31).
It is also seen from (2.4.%34) that the control cost of the optimal law
is lower than the modal control cost at all times, but in the limit as
r tends to zero, K°(r) tends to Ky and the control costs must approach
the same value. The approach to modal control through optimization
represents finding a compromise between the cost of deviation from

achieving the desired closed loop poles and the cost on controil.

When the transfer function between u and y contains zeros a lower
derivative of y than the nth is the first to contain a term in u. In
this case derivatives of u appear in the performance index (2.4.32).
This type of performance index has been considered by Moore and
Anderson [Mé] who show that it may be treated in the usval way by
considering the highest derivative of u appearing in the integrand as
a new control variable, and augmenting the system state with u and its
lovwer derivatives. If the original system is controllable from u, the
augmented system is controllable from the highest derivative of u. This
introduces exira system poles and asymptotically as the cost on control
is reduced, the poles of the closed loop tend to coincide with the zeros
of the costed output [Bi] , [KJ] s [T]] , and the remaining poles tend

to a Butterworth configuration.
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The same considerations apply when the reference characteristic
equation (2.4.31) has degree less than n. We may avold introducing

derivatives of u by choosing a performance index

p-1
J = JCTO((Y(P) +2§_ aiy(l))2 + ruz)dt . (2.4.35)
o

appropriate to a reference characteristic equation

I
s(P)+§_ aisl = 0, (2.4.36)

0<p<n.

The number p of specified desired closed loop poles may be

restricted so that no derivatives of u appear in (2.4.35).

Alternatively, derivatives of u may be avoided by considering
a different plant output, but this is a somevhat artificial device if
the purpose of the theory is to use experience of transient responses
for simple pole-zero configurations to obtain desired responses for

particular plant outputs.

Till now, the discussion has been restricted to single-input-
single-costed-output systems. The same ideas are Spplicable for

rulti-input plant and the potential advantages of the method then



become apparent. Simple modal control of multi-input plant [SE}

operates the inputs in fixed ratios so that

where v is a scalar and the ratio vector u, is such that the pair

(4, Bu ) is controllable. This leads to a gain matrix

u = Kx,

K = uok' )

where k is such that (A + Buok') has specified péles. In this case

K has unit rank and would lead to 2 more constrained control action
then if £ had full rank. This follows because k measures the component
of the plant state along one direction, and therefore the feedback
control utilises information about one component in state space alone.
If K had full rank r, information about the state in an r-dimensioned
subspace would be used. It would appear that the full potential of a
multi-input control is not realised if K does not have full rank.
Full rank in K may be induced in the modal control design technique
by an r stage processe. At the ith stage a control ratio vector uo(i)
is assumed independent of {uo(j) 10< i< i} y and a set of poles

syecified.



The plant matrix is taken to be

i-1
ALY = A+ D Bu_(§)%'(3)
1

and a feedback row vector k'(i) found so that (A(L) + Buo(i)k'(i))
has thé specified poles. At the last stage the specified poles are
those desired for the final closed loop system matrix (A + BK), vhere
K is likely to have full rank and is giwen by
r
K = Zl uo(i) k(i) .

This is a very indirect method and if it ig desired that the
degrees of freedom of a multi-variable system for achieving specified
closed 1oép poles is to be used in obtaining some desired distribution
of control effort among the inputs, it is not clear how it should be

done this waye.

The approach of oétimal control is very well suited to solving this
type of problem. A performance index may include costing on the plant
inputs whether or not the plant inputs remain controls, or become

‘states in an augmented system.



Consider the reference characteristic equation and associated

performance index

sp-r;E; a.si = 0, (2.4.37)

.p-1
J =~L?°( Hy(P? +;Eé aiy(l)“ e + u'Ru) a4t . (2.4.38)

Suppose that p is such that no derivatives of u occur in (2.4.38), then
the distribution of control effort in forcing the (multi-variable)
output to approximately satisfy (2.4.37) may clearly be varied by
varying the relative control costs in R. As the cost on an input is
raised in (2.4.38), the corresponding gains in the optimal feedback
lav wil?. decrease and the outputs will tend to deviate more from
(2.4.37), but this tendency may be reduced and eventually reversed as

the cost on the remaining inputs is decreased.

Interpretation of the situation is more complex when p in (2.4.37)
is such that derivatives of u occur in (2.4.38). In that case the
highest derivatives of u appearing in (2.4.38) must be regarded as
system control variables, and the remaining derivatives regarded as
being added cormponents in an augmented state vector. Suppose that the
augmented system has state vector x of dimension (n+q) and control

vector u. All elements of x will appear in x, some or all of the

elements of the plant input u appear in x and the remainder in u.



The performance index (2.4.38) will have the form ,

AN e B R

Changes in costs on piant input are implemented by changes in the
appropriate elements of Ql and Rl' We might expect by analogy with
the single input case that as Rl tends to zero, some of the systenm
closed loop poles tend to those defined by (2.4.37). Tyler and Tuteur
{ﬂﬂJ have analysed the movement of closed loop poles of optimal
multi-variable systems as one element of the cost matrix varies,
however we are also interested in a more detailed knowledge of the
system behaviour with respect to the distribution of plant input effort.
We recall that the system state vectcr has been augmented to dimension
(n+q) and this scheme for approximately achieving specified values for
some of the closed loop poles is not comparable with modal control,
which does not alter the system dimension. We therefors move on to the
next Section where it is shown that in simple cases specified poles and
distribution of plant input effort may be approximately achieved and

the system dimension is not changed.
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2.4.3 An Extension to the Theory of Implicit Modelling

An original theory is presented for simple cases by vhich a
constant feedback gain matrix is obtained for the given plant, such
that specified closed loop pole locations and distribution of plant

input effort are approximately achieved.

Suppose that the costing procedure of the previous section leads
to a closed loop system of increased dimension (n+q) that has among

its poles a set approximating the desired poles.

Suppose for simplicity that g=r and that the first derivative of

each plant input occurs in (2.4.39). The optimal control is

A x
e (K._L K2) (u) . (2.4.40)

We may select any set S of q elements of real and complex pair
modes and obtain the corresponding set of reciprocal row eigenvectors
for the closed loop augmented system. Suppose that these q row vectors

are the rows of a matrix V,and V is partitioned

V = (quva)’

vhere V, Vl and V, have dimensions (g, n+q), (g, n) and (g, gl
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An initial condition (i) of the augmented system has zero
component of the q modes S, and lies in the invariant subspace

corresponding to the complement of S if

i
o

X
(v1 v,) (u>

Then
a = - vz’lle , (2.4.41)

provided that the inverse exists.

However, if an initial condition of the augmented closed loop
system lies in an invariant subspace, the state trajectory will remain
in that subspace. Therefore (2.4.41) will hold along the complete

trajectory if it holds for an initial condition.

We may regard (2.4.41) as a relation by which the n-vector x
parameterises vectors (:) of dimension (n+q) lying in an invariant
subspace. Consider an initial condition x of the plant and consider

a feedback law ,
u = - V2 lle

=

Kx .
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The modes of the closed loop system matrix (A + BK) are then the
modes of the closed loop augmented (n+q)-state system omitting the

- selected g modes S.

+

The situation is very similar in the general case. Suppose that

the augmented system has partitioned state and control
( §1> )
x o=\ 5 )
_ &p ] )

Y

1
/—\
= 1=
rn
\.—/

where X=X, X% contains some elements of u, say Uy and derivatives
of Use The elements of u, are the remaining elements Uy of u, and,_x_,z_2
is the group of the highest derivatives greater than zero appearing

in (2.4.39). Let %15 X5y gy B, have dimensions n, q, r; and r,.

Again we may select g modes S with the objective of discarding
‘them from the augmented system dynamics by choice of an appropriate
initial condition subspace. Suppose that the reciprocal row eigenvector
matrix V is again partitioned V = (Vl, V2>’ so that initial conditions

having zero S mode components satisfy

)



Then by definition of X s
-1
% = —v‘fl = (2.4.42)
= —V2 le ’
if the inverse exists.
The optimal control
u = Kx,

May be rewritten for x in the invariant subspace (2.4.42) as

Ly Yy Ep\/*

f

\ B By X /\Z%)
s0 that .

Also, by definition, the group U, of plant inputs is contained
in x, so that for x lying in the subspace defined by (2.4.42)
uz = - HVZ lle 9 (204.44)

vhere H is a selection matrix-having each row zero except for 2 unit

clement. Then (2.4.43) and (2.4.44) may be rewritten as

u = Ei
u,



(%1 - Kpp V27V
- X
(-va”lvl)
that is )
v b ke (2.4.45)

For any initial conditions x on the plant we may choose & plant -
input u given by feedback law (2.4.45), and the corresponding (x, u)
trajectories generated by the n-state plant dynamics will te identical
to (x, u) trajectories of the (n+q) dimensioned augmented systenm.
Purthermore, the poles of (A + BK) will be the poles of the augmented

systenm apart from the rejected poles S.

It is clear that one of the difficulties of the approach to modal
control via an optimization problem, namely an increase in the dimension
of the dynamics, may be overcoms by selecting a set of modes and
rejecting them. The remaining difficulty concerns the distribution of
control effort in the feedback law (2.4.45). The difficulty arises in
the contraction of the dimension of the dynamics and the introduction of
feedback terms invoi;ing functions of eigenvectors of closed loop sy§tems,
(2e4.43%) and (2.4.44). In simple cases it is possible fo predict the

effect on these functions of making cost parameter changes in the

. elements of Rl and Ql of (2.4.39) concerning costing on plant inputs.



Consider the particular simple situation where no derivatives

of plant input higher than the first occur ,
— 1 1 : 1 Ny
J = _jgmxu SRyt ul Riug + u' Rau,

p-1
P a2 ey e (2.4.46)
o]

>

st 1 ot Ny
Jg.(u 2R2u2 + 1 l‘Rlul + u 2R3u2

+ quad.fn.(x, Uys Uy, ﬁz)) dt . (2.4.47)

Here the auvugmented system state variables are x and Uy, and

control variables uy and Use We assune that the plant output y is a

scalar, though this is not basic to the argument.

Suppose that R3 is small in (2.4.46) and that R, is large, so

that large values of u, cause a rapid accumulation of cost in J.

2
There will be a tendency for the optimal ﬁa to quickly reduce large
values of use If the cost on uy is small enovgh, u; may assume values
such that the last term in (2.4.46) is small, and consequently the

c¢losed loop optimal system will have modes closely approximating those

specified by



Fast modes will be associated with the fast reduction of Uy from
large values, the speed depending on the relative costs in the
integrand. Finally we might expect that in this case, the invariant
subspace complement to these fast modes will have small us values
because otherwise u, would decrease quickly, indicating the presence
of fast modes. Also the higher the cost onruz,

the magnitude of u, present in the slower modes.

the smaller should be

Briefly summarising, we may expect that if augmented systeﬁ controls
are lightly costed, a group of closed loop system poles will approxdimate
a set of desired poles and there will be g 'fast' poles. The dimension
of the system may be reduced tc n by suppressing the 'fast! modes so
that a control law (2.4.45) is obtain:cd for the plant inputs. The
mgnitude of the gains on individual plant anputs arc adjustable by

varying the cost weighting on them in the performance index (2.4.46).

This behaviour is clearly illustrated in Table 2.4.1 of the

following example.

Jt is emphasised that a more careful analysis is required if
higher derivatives of plant input occur in the performance index, and
also if the performance index is in terms of a vector plant output, but

the main ideas should carry over. Should a restriction to low order



derivatives of plant input emerge for the performance index, it is
considered that this is not of great importance. This is because the
number of derivativeé required depends on the number of specified
poles; but transient responses are usually thougiit of in terms of a
dominent complex pair, wvhich would lead to the specification of two
poles and to first order defivatives at most. We suggest that in nost
situations only two or three poles would be specified explicitly.
Finally the control (2.4.45) is not optimal for the performance index
(2.4.46). Optimization of J with respect to K for é given initial
condition x is a non-quadratic problem and the optimal K will depend
on the initial condition assumed. The design procedure should be

regarded merely as a systematic method of shaping transient responses

and apportioning control effort between plant inputs.

Example

Consider the plant shown in Figure 2.4.1,

X = Ax + Bu

(-1 1) % +<o AVEN
O - X2 1 O u2 -

The plant output to be controlled is X .
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Pigure 2.4.1 Plant dynamics of examnle.

Suppose that it is desired to achieve closed loop poles (-2%3i).

This may be done by modal control using u, alone to give a unigue

1

control

wn, = - 1Ox1 - 2x? '

which will be called the modal control. The characteristic equation

corresponding to the desired poles is
2
55 +45+13 = 0.

To apply the theory of Section 2.4 the performance index (2.4.46)

is specified as

o
i

-/0”((561 + 45-:1 + 13x1)2 + u'Ru) dt

) ‘ . \2
.Jéﬂw((i0x1 + 4x2 +ug + 3u2 + u2) + u'Ru) dt .



The corresponding augmented system is

—}E. = (Xl’ xz! uz)' L]
~1 1 1 0O O
x = O -1 0 } x+ 1 u,
0 O 0 1
v = (v, 1:12)' )

with performance index

J =_£w(<1051 + 4x2 + 3353 + g+ \_1_2)2 + rl_g_lz

2=

Scalars rq and r, control the costing on the plant inputs uq and
u,. Table 2.4.1 summarises the results of minimising J for a varietly
of costs on control. The achieved system poles are close enough to
the gpecified values to verify the theory. It is interesting to note
that the distribution of control effort, is strongly influenced by the

costs on plant input in the way indicated by the theory.



- Feedback Eigenvalues of
Cost on control u = EQ (A + BG)
- - .7 - -
ul2 + u22 < 1.10 1.30 - 2,12 F3.021
- 3.57  12.7

2 e
U+ 3.16112

- 2.83 <546
- 3,27 3.46

2.36 F 3,004

2 2
.lul +u,

- 612 - L7
- 2.46 .7

06
63

2.507F 3.174

modal control
u2=0

2.00 § 3.00i

Table 2.4.1

Avooroxirate modal control via an

optimal control vproblem.




2.5 ILyapunov Control for Stable Plant

2+.5.1 Introduction

Ve have already discussed modal and optimal controls for linear
time-invariant plant. Lyapunov contfol is a third type of control law
that is amenable to computer design technigues in the context of state
space, because an exact non-iterative calculation gives a feadback
lav which is guaranteed to be stable. Like the previous laws, Lyapunov

s Aefuicd Lol
control requires feedback from all the system states.

Consider a stable linear plant with n-vector state x and r-vector

input u ,

x = Ax+ Bu . (2.5.1)

.Because A is stable,a Lyapunov function V(x) [H2] w2y be defined

for any symmetric @ > 0 ,

A'P+ PA = -~-Q, (2.5.2)
V(x) = x'Px . (2.5.3)
and V(x) = - x'Qx (2.5.4)

< 0,¢vx#Z0.



[%]
)

If the control v is chosen as
u = - RB'Px , (2.5.5)
for R > 0, V(x) remains a Lyapunov function and
V(x) = - x'(Q + PBRB'P)x (2.5.6)

< o,V¥x#£0.

Definition 2.5.1

Feedback laws (2.5.5) for stable plant and obtained from Lyapunov

functions, will be called Lyapunov controls.

55%55Ll distinct elements of P

Equation (2.5.2) is linear in the
and may be solved directly° The number of independent unknowns has been
shown by Barnett and Storey [B4] to be E&%:ll and a reduced set of
equations can be found to determine them. Jameson [JB] proposes an
algebraic solution for P that is based on the anuihilation properties of
the matrix characteristic equationj the computational effort mainly
involves obtaining n powers of nth order matrices. Several approximate
algorithms have been proposed, Smith [Sl} uses a bilinear transformation

to convert (2.5.2) to a discrete time analoéy vhich is solved by

evaluation of a finite number of terms of an infinite matrix power
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series. Davison [D4] has suggested that the transition matri:: ¥ of

A corresponding to a small time interval At be used, so that
_ oo AL AL,
P = 44: e Qe dt
~ Sopidigd a
o
AN, B
= ZOF' Q7 Au ¥

where N is sufficiently large. The power series is very efficiently

evaluated by the recursive relations ,

F, = F,
P, = QAt,
Fk+l = sz 2
el = Pt B'BFo
P = lim Pk .
k>0

In practice no more than 10 or 13 iterations are required, vhich

corresponds to

¥ o= 27 2%,



The auvthor feels that for small systems no method shows distinct
advantages except that convergence failure of a power series gives an
automatic indication that the system is unstable. For n > 10 the

iterative methods are probably preferable with respect to computing

time and storage.

Unless otherwise stated R in (2.5.5) will be assumed diagonal.

The closed loop dynamics (2.5.1) and (2.5.5) may be written as

X = Ax + Bu (2+5.7)
y = B'"Px : (2.5.8)
u = - Ry ' (2.5.9)

The varlable y may be regarded as a system output independent of gain

variations in R.

The development of equations (2.5.2) to (2.5.6) shows that the
control law (2.5.9) is stable for all positive gains in the feedback

loops, that is for all R > O.

This type of contrel law has been proposed by Kalman and Bertram
[K5] and more recently by Barnett and Storey [B4] , and it is well

known that because the feedback law (2.5.8), (2.5.9) is stable for



all disgonal R > O, R may be a function of x and represent non-linear
positive gains in the feedback paths from the selected measured output

y of (2.5.8) to the plant input.

In theory the closed loop plant remains stable as the gains R tend
to infinity3 the characteristics of the closed loop plant under these
conditions are examined in the next Section. Section 2.5.3 presents an
investigation of the effect on system stability of the presence of
actuator dynamics that are absent when the Lyapunov control law is

obtained.

2.5.2 Characteristics of High Gain Lyavpunov Control

Lyapunov controls remain stable as the gains R tend to infinity,
and it is interesting to analyse the corresponding behaviour of the

closed locp poles.

It is convenient to transform the plant state space so that the

dynamics
; = Ax + Bu
have the form ,
X = Ax+RBu
‘A &y Ap\(ZH <I>
= Ay A\ x +\g/u - (2.5.10)
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The partitioning of (2.5.10) is defined by the required form of B.
Again for convenience we will drop the bar under the variables in
(2.5.10) and refer to x, 4, B as x, Ay B, so that the plant dynamics

bacune

-

. A A 1
M A +( > w . (2.5.11)
21 A ) \%2) \°

P and Q of (2.5.2) are partitioned consistently with (2.5.11) so
that a Lyapunov control for (2.5.11) becomes
u o= - RB'Px

- R(Pllxl - PJEXE) - (205012)

The corresponding closed loop dynamics becone

X3 AyqRPyy  App-RPy5 ( X
- (2.5.13)
%5 Aoy Aso X5 ) -

We use the following notation for conciseness.

Notation The set of eigenvalues of matrix X will be denoted by ﬁ\{X} .

1
We note that P > 0, so that P11 > 0, Pll? > 0 and therefore

1
-5 .
Pll exists. Also

_ .
/\{Rpll} = /\{ Pll?—Rpll?} ,



so that /\{-—R Pn} are real and tend to - ooas B > O tends toco.

Therefore by Gershgorin's theoren [Gl} f\iAllnRT} tends to -ooo.

A C s 2
For || > " A4 ]l , “ A21“ . " A22" the dynamics (2.5.13)
satisfy the conditions for a weakly coupled system [ME] , so that as
R tends to infinity the closed loop eigenvalues tend to A{XAll—R Pll%
-1 P
and A{ Ay - Ay (Apg-R Py)7 (4 R Plz)} , that is to -o0 and
NfA,, - AP -1p } The poles of (A,, - AP “1p ) are independent
1722 21711 "12) ¢ 22 21711 “i2 =
of R for large R, but must be stable because the Lyzpunov control is
stable for all R. The poles may or may not be slow, they are certainly

finite and we cannot expect high gain Lyapunov control to give

arbitrarily fast system dynamics.

2.5.3 Stability of ILyvavunov Controls for & Class of Errors in Plant

ngamics

We have seen that Lyapunov control of the plant dynamics ,

X = Ax+ Bu (2.5.14)
y = B'PX (2.5.15)
u = - Ry 9 (205016)

is stable for all linear and non-linear R > 0. We continue to consider
diagonal R and examine the effect of introducing dynamics in the

feedback path so that

u(s) = - RE(s) y(s), (2.5.17)
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vhere E(s) is a diagonal transfer function matrix having a finite

number of poles.

The transfer function matrix E(s) may occur as actuator dynamics
in applying the desired plant input wu = -Ry , or as a representation
of an assumed form of error dynamics relating a process model (2.5.1)

to the true process dynamics.

Definition 2.5.2

A stable transfer function having a finite number of poles and
lying in the fourth quadrant of the complex plane will be called a
fourth quadrant transfer function. A matrix of such transfer functions

as elements will also be called four:h quadrant.

The main result of this Section is the following theorem.

Theorem 2.5...

The dynamics (2.5.14), (2.5.15) and (2.5.17) are stable for all

diagonal R » 0, and all diagonal fourth quadrant E(e).

The proof of Thneorem 2.5.1 depends on several lemmas.

Definition 2.5.3

The return difference transfer function matrix T(s) of a system



(2.5.14) and

1 = -— I{X ’ (2.5»18)

is defined

T(s) T+ K(sI - A)™1B . (2.5.19)

Lenma 2.501

For any A, B and K the set of closed loop poles, A{.A - BK}
of the dynamics (2.5.14) and (2.5.18) is contained in the union of the

set of zeros of |T(s)| and NAY .

Proof

The set of ¢losed loop poles, A(A -~ BK) equals the set of zeros

of lsI - (A - BK)L Hovever, we may write,

leI - (4 - BO)] = | (eI -~ A)(T + (T - )78}

|s - a| o |3+ GeT - )7 mK|

|sT - a]. |z« k(sT - 2B

I

ez - 4. e ]« (2.5.20)

b

. . . . . th . .
This is an identity in s, the IHS is an n~ order polynonmial.

Consequently the RHS is a polynomial and the denominator of lT(s)I



arising from the term (sI - A)-l in T(s) must be cancelled by some or
all of the factors of |sI - Al . VWhether a particular open loop

pole is involved in the cancelling or not depends on vhether its
associated eigenvector is present in none of the 'columns of B, or is
mezoured by none of the rows of Ke This is cléarly seen in those cases
where A has disiinct poles and the eigenvectors system of A is chosen as
the system stale space co-ordinate basis. However, the details of the
cancellation are not relevant to the proof, and (2.5.20) shows that
zeros of | sI -~ (A - BK)l must be confained in the union of A{A}

and the set of zeros of T(s).

Lemma 2.2.2

If E(s) and A are stable and there exists R, > 0 such that the

1
system (2.5.14), (2.5.15), (2.5.17) is unstable with R = Ry , then
there exists R2 > 0 such that vhen R = R2 the same dynamics has at

least one pole on the positive imaginary axis.

Proof

Under the assumption of finite dimensioned state, it is always

possible to find a state space realisation of the dynamics (2.5.17),

X

i

Ayxq + Byy

RHlx_1 + RDly .

1

u
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The closed loop dynamics (2.5.14), (2.5.15), (2.5.17) therefore

may be written

x A-BRD.B'P  BRA\ [ x
) - (2.5.21)

The poles of the closed loop system are the eigenvalues of the
system matrix of (2.5.21) and these lie in the IHP for zero R by
assumption. By hypothesis there exists a real Rl such that at l=ast

one pole lies in %the RHP vhen R = Rl. Consider the behaviour of the

poles vhen R = aRl as o varies continuously between O and 1.

The eigenvalues of the system matrix of (2.5.21) vary continuously
with th> matrix elements, and therefore with the elements of R, and
therefore with a. The root locus of the system poles as « varies
starts in the LHP for « = 0, and at least one branch finishes in the
RHP when ¢ = 1 and R = Rl‘ At some intermediate value of o, a = Y
a branch of the root locus must cross the imaginary axis. As all the
matrix variables in the system matrix are real, its eigenvalues are
real or occur as conplex conjugate pairs, so that there is at least one

crossing of the positive imaginary axis for « = a5 s

0<€ a, £ 1,

2
and then
R2 = aZRl 2 0,

since Rl > O by hypothesis.

The lemma is therefore proved.



n
\J:t”..v

Corollary 2.5.1

ol

If there exists no B > O such that the roZirn difference T(s)
of the dynamics (2.5.14), (2.5.15) and (2.5.17) has at least one zero
on the positive imaginary axis, then there exists no R > O such that

the dynamics are unstable.

The next lenma concerns loop gain mairices for the Lyapunov
control of dynamics (2.5.14), (2.5.15) and (2.5.16) vhich are rewritten

for convenience in terms of the variable v,

X = Ax 4+ Bu
v = - RB'"Px
n o= vV .

Instead of considering the loop gain from u to v with the loop
broken at the input u, it is convenient to break the loop in such a
way as to preserve symmetry. The equivalent closed loop dynamics may

alvays be formed for R symmetric and R 2> O,

. 1

x = Ax + BRZ vy (2.5.22)
u

v = - ReB'Px y (2-5-23)

1

and the corresponding loop gain Ll(s) is,
A 13
L,(s) = R®B'P(sI - A)""ER® , (2.5.24)

.where negative feedback is assumed.



Definition 2.5.%

A matrix x is positive real [J.“] if for all complex vectors
W,

Re(vw'Xw) > 0O s, V w £ 0.

Lemmz 2503

For all symmetric R > O the loop gain Ll(s) of (2.5.24) is

positive real.

Proof

For any X ,

Re (v Xw)

2w + 2™ x w)®
= WX+ XDw . (2.5.25)

Then (2.5.24) and using (2.5.2) gives ,

a - - a
L.¥ ¢ L. = RZB'((sI - &) 1P + PG ~ A) " D)ERZ

1 ;{—-1 3 I
= R®B'(sI - A)" (P(sI - A) + (s8I - A)"P)(sI - A) "BR®

1 w1 9 2
= BZB(eI - A)¥ ( - PA - A'P)(sI - A) TER?

= EEBU(sT - A)7TQesI - &) IERT (2.5.26)



which is FD since Q is PD. The lemna is proved because of (2.5.25).

Corollary 2.5.2

The eigenvalues of Ll(s) lie in the RHP for all P and for all
PSD symmetric R. For consider a unit magnitude eigenvector Vs

corresponding to an eigenvalue Ag of Ll(s)5 then

®

W, W, = 1,
i i
Lis)w, = ALV,
(s) i i'i
and
x
W. L w. = A, .
i i i

By Lemma 2.5.3, Ll is positive real and therefore ,

Re(ki) > 0,

and Ai lies in the RHP.

Lenma 2.5.4

For all diagonal gain matrices R 2 O and for all diagonal transfer
function matricas E(s) with diagonal elements that are identical fourth
quadrant transfer functions, the dynamics (2.5.14), (2.5.15), (2.5.17)

are stable.



Proof

The dynanics are reuritten for convenience in terms of v,

x = Ax + Bu , (2:5.27)
v = - RB'PX , (2.5.28)

and
u(s) = E(s) vis) . (2.5.29)

Suppose that each diagonal element of E equals e(s), then

E(s) = e(s)I (2.5.20)

It is convenient to choose for a return difference stability
analysis that point in the multi-variable feedback loop at which the

return difference T2(S) involves Ll(s) of (2.5.24) ,

! ~1..
T + E(s) R2B'P(sI ~ A) "BR?

Tz(s)

I + B(s) Ll(s)

T + els) Ll(s) R

The determinant of TZ(S) is now considered. Tz(s) isanxmn

matrix.
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Tl
Tr 7\._, (TZ(S))
i=1 -

I Tz(s)l

m
Tﬁzl (1 + Ai(e(s) Ll(s)))

m

T (1 + e(s) xi(Ll(s)) R (2.5.31)
i=1 .

No factor in (2.5.31) may equal zero for any value of s on the
positive imaginary axis, because ReAi(Ll(s))>' 0 for all s and all i
from Corollery 2.5.2,and e(s) will represent a rotation in the complex
plane of at most 900. This is true for all diagonal R » O and therefore
there exists no diagonal gain matrix R > O for vhich ng(S)l is
zero. Since the open loop system is stable the lemma is proved by'

Lemma 2.501.

Lenma 2.5,2

The dynamics (2.5.27), (2.5.28) and (2.5.29) are stable for all
diagonal R 2 O and for all diagonal fourth quadrant transfer function
matrices E(s), such that the diagonal elements of E(s) not equal %o

unity are identical.

Proof

Suppose without loss of generality, that the first ry < 1r diagonal

elements of E(s) are unity. Denote the first ry elements of u by uy
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and the remaining (r - rl) elements by U5, and partition the matrices

I 0
0 Ea(s) s (2.5.52)

E(s), R and B according to

E(s) =
Rl 0
R = (2.5.33)
0 R2 )
and
B = (B By . (2.5.34)
Consider the system with the first ry loops closed. The dynamics
are then,

e
n

Ax + B,u +B2u

171 2

(A - BlRlBl'P)x + B2u2

& Tx:+BT s (2.5.35)

where &, B and u are defined by equation (2.5.35). The matrix 7 is

stable since unforced trajectories of (2.5.35) have Lyapunov function

V(x)

1t

x'Px ,

and

B.'P)x

\.I(x) = - x'(Q + PBlRl 1

< 0, Y=x£ o.



)

Consider the system (2.5.35) and close the remaining (r - r

loops which contain the dynamic elemeuts of E(s). The dynamics are

then ,
x = Ax+3u,
vV = - R3B,'Px
= - R B Px,
and - -
u(s) = Ey(s) v.

These dynamics satisfy the conditions of Lemma 2.5.4, and
therefore the closed loop system is stable. The lemma is therefore

proved.

Corollary 2.5.3

The dynamics of Jemma 2.5.5 are stable if in addition any or all

of the diagonal elements of E(s) are zero.

This follows because the zero diagonal elements of E(s) may be
put equal to unity and the corresponding elements of R put equal to
zero without changing the dynamics. The conditions for Lemma 2.5.5

hold and the system is stable.



(2]
&

We may now prove the theorem which is restated.

Theorem 2.5e1

The dynamic system (2.5.14), (2.5.15), (2.5.17) is stable for

all diagonal R > O and all diagonal fourth quadrant E(s).

Proof

Call the dynamic system of the theorem SE‘ The non~dynanic
diagonal elements of E(s) must be zero or real positive nuibers
which may be put equal to unity by scaling the appropriate diagonal
elements of R, and R will remain P3D. If all the dynamic elenments
of E(s) are equal, the theorem is immediately true by Lemma 2.5.5.
If not, a fourth quadrant single-input-single-output transfer function
g(s) is constructed which has phase angle @ more negative at any
frequency than the phase angle of every diagonal element.of E(s),

evaluated at the same frequency. It is always possible to do thise

Consider a diagonal transfer matrix G(s) of the same dimension
as E(s), and put those'diagonal elements of G(s) corresponding to

zero diagonal elements of E(s) equal to zero. The remaining diagonal.
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elements of G(s) are given the values unity or g(s), and the set of
these elements will be called the subset GDO of diagonal elements of

G‘(S)-

Consider the hypothetical system S; with dynamics (2.5.14),
(2.5.15) and (2.5.17) except that G(s) replaces E(s). By Lemma 2.5.5
SG is stable for all diagonal R 2> O and for any allocation of values

unity and g(s) to the subset G-

Congider a particular feedback loop of SF that contains one of
the dynamic elements of E(s), call it FB,, and re-index the systenm
E and S

and the corresponding element of G(s) as Gll(s).

inputs of S G SO that this element may be referred to as Ell(s)

The loop FBl in SG is now broken and the scalar return difference
Tl(s) examined as a funciion of frequency. This is eguivalent to
looking at the Nyquist plot of the single-input-single-cutput systenm

defined by the break in the feedback loop FBl.
Suppose that the Joop transfer function for this single-input-

single-output systen is ,

gl(s) when Gll(s) =1,
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and gi(s) vhen Gll(s) = gls) .

Bi(s) = gls) gyla) «

Because the system SG has been proved stable for all diagonal
gain matrices R » O , both when Gll(s) = 1 and vhen Gll(s) = gls),
SG will be stable for any fixed Rii;z 0, ¥i#1, for all values of

RlL 2> O.

Therefore the Nyquist diagrams for gl(s) and.Eaﬁs) do not cut

the negative feal axis, as is illustrated in Figure 2.5.1

Figure 2.5.). Transfer functions when a feedback loov is broken.
(gi = gqg1) Both o~ and g are stable for all vositive mains.

vty S




To.

This follovis from single~input-single-output stability theory.
Alternatively by Corollary 2.5.1, the relevant return differences

Tl(s) and'fi(s), are non-zero for all finite positive gains R, at all

frequencies

T,(s) = 1+ Rllgl(s),
and

i?l(s) = 1+ Rllgl(s) 3

Therefore neither g,(s) norlgi(s) cross the negative real axis.

Replace Gll(s) by Ell(s) and call the corresponding loop transfer

function glo(s) .

glé(s) = Ell(s) gl(s).

Then glo(s) does not cross the negative real axis on a Nyguist
diagram, because by the constructed propertics of g(s), at any
frequency glo(s) is obtained from gl(s) by a smaller clockwise
rotation than is Eaﬁs). Magnitude changes induced by Ell(s) are

irrelevant for this analysis.

Therefore S, with FBl closed, that is with all loops closed and

G
Gll(s) = Ell(sJ,is stable for all values of Rll ? 0 , and therefore



for all diagonal R > O .

Define a new subset Gp, of the diagonal elements of G(s) as
the subset GDO with the element Gll(S) omitted. Then the result holds

for any allocation of ths values unity and g(s) to the elements of GDlo

We complete the proof by induction.

Hypothesis

Suppose that (k-1) diagonal elements of G(s) belonging to the
subset GDO have been put equal to the elements in the corresponding
positions on the diagonal of E(s); the remaining elements of G,are

said to define the subset G Suppose further that it is true

D(k-1)*
that SG is stable for all diagonal R > O and for all allocations of
the values unity and g(s) to the diagonal elements of G(s) belonging

to Gpyenye

It is seen that the hypothesis has been proved for k = 1. It
remains to show that if the hypothesis is true for (k-1) it is also

true for k.

Select a fecedback loop FBk

. . . . N
G belonging to the set GD(k-l)’ and re-index the inputs of SG and SE

corresponding to a diagonal element of
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so that this element may be referred to as Gkk(s)° Define GDK e
be the subset GD(k—l) of dizgonal elements of G(s) vith the element

Gkk(s) omitteds

Then by hypothesis SG is stable when Gkk(s) = 1 and vhen
Gkk(s) = g(s), for all diagonal R » O and for all allocations of the

values unity and g(s) to the elements of Gy

The loop FBk may novw be broken and a single-input-single-output
transfer function analysis underitaken in precisely Cthe same way as was

done for G In this way the system S, is seen to be stable for all

11° G

diagonal R > O when,

Gels) = By (s),

and for all allocations of the values unity and g(s) to the elements

of GDk'

Therefore if the hypothesis is true for (k-1) it is true for k.
However, the hypothesis has been proved for k = 1 and therefore the
hypothesis holds for k = 1, 2, 3 esees until the set GDk is emptye.

At this point the diagonal elements of G(s) belonging to the set Gpo
have 2ll been put equal to the elements in the corresponding positions

of E(s).



75,

Then
G(s) = E(s)

and the dynamics of SG are identical to those of S, by construction.
Because SG is stable for all diagonal R 2 O then so is SE’ and

therefore the theorem is proved.

A Result with Non-ILinecar Gains

Consider a system with dynamics

x = Ax + Bu , (2.5.36)

u = Nw), (2.5.37)

y = RB'Px, (2.5.38)
and .

v = -Dva+ Dy, (2.5.39)
where

(1) N(v) is a nonlinearity lying in the third and fourth quadrants and

has bownded derivatives.
(2) D = Diag (dl, eoe 4 ) and is FPD .
(3) R is a diagonal PD matrix.
(4) A is stable.

(5) P satisTies (2.5.2).



Theorem 2.5.2

The above system is stable.

The proof follows by application of the multi-variable Popov

criterion quoted below.

Popov Criterion [Jl]

Given a strictly stable square transfer function matrix G(s)
and a diagonal, non-interacting matrix non-linearity N, whose diagonal

elements ni(ai) have bounded derivatives and satisfy
0 < ni(ai) < kgag o, (2.5.40)

define K, Q, F(jw) and P(w) ,

K = Ding (kl, eoe kn) 3 (295041)
Qc = Diag (ql, cas qn) . , (2.5.42)
F(j) = (I + 30Q)6(5w) + K%, (205.43)
and
Pc(w) = F(jw) + Fx(jw). (2.5.44)

If there exists a Q such that
Pc(w) > 0 Vv, (2.5.45)

the closed loop system with the nonlinearity ¥ in the feedback paths,

and with negative feedback, is stable.
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Proof of Theoren

Define a new diagonal non-linear matrix NR

with N. Then NR also satisfies (2.5.40) because R is constant and

that incorporates R

I)D.

The transier function matrix G(s) of the Popov eriterion from

(2.5.36), (2.5.38) and (2.5.39) ,

- .
a(s) (sI + D) DB'P(sT - A)~'B

(0L D) 1Bip(er - A)7 1B . (2.5.46)

Consider as a trial Qc in (2.5.42)

Then (2.5.43) and (2.5.46) give F(jw) ,

P(30) = (I + 5D D)5t + )7L,
B'P(jul - A)“lB + KT
= B'P(jwI - PO W (2.5.47)

Then (2.5.44) and (2.5.47) give Pc(w) ,

Pc(w) = F(iw) + F(§w)

i -
BY(5uI - &) (= PA - A'P)(GWI - A)"L B

+ 2K



. w1l -1 el
=  B'(jwI - A)" Q(jwIl -~ A) "B+ 2K "

Because A has all its eigeavalues in the IHP, Q is P and the

columns of B are independent by assumption,
Pa)> 0, Vw,
-1 .
even as K 7 tends to zero.

The FPopov criterion is satisfied and Theorem 2.5.2 is proved.

Comment

The set of linear gaing is included in the set of nonlinear
gains so that Theorem 2.5.2 proves a special case of Theorem 2.5.1,
because the dynamics (2.5.29) inserted in the feedback paths are
fourth quadrant. However, the dynamics (2.5.39) form only o small
subset of the set of dynamics lying in the fourth quadrant and
Theorem 2.5.1 provides a more general result than Theorem 2.5.2

applied to linear systems.

The results of Theoremg 1 and 2 are interesting because they are
directly applicable to the situation of control being anplied to a

plant through actuators which have their own dynamics.
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If desired plant inputs sre determined from a Lyapunov contrel
feedback law, even though actuator dynamics have not been included
in the plant dynamics but are known to satis{y the conditions of

theorem 2.5.1 or 2.5.2, the closed loop system is stable.

2.5.4 Stability of a Claess of Riccati Controls for a Class of Errors

in Plant Dvnamics

The results of Section 2.5.3 are interesting aud are prcbadly
most useful in assessing the effecis of actustor dynamics on stability.
It is interesting to sece the implications of Theorems 2.5.1 and 2.5.2

on optimal controls that minimise performance indices of the type ,

oy
n

JCM(X'QX - n'Ru) dt

for

¥
i

Ax + Bu , (2.5.48)

R > 0 diagonal.

Suppose that the optimal control [Kl] is
v = =R IBRx
b ; (2.5.49)

where P satisfies the associated steady state Riccati eguation,
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(A+ BK)'P 4+ P(A + BK) = - (Q + K'BK).

J = x'Px is a Lyapunov function for the matrix (A + BK), and

also [AB] for the dynamics with non-linear gain N(x) ,

5 .
n

AX + Bv ,

v - N(x) Kx ,

vhere N(x) is diagonal and each diagonal element Ni:(x) is continuous

and satisfies

N> 3, Voxo

We may consider other actuator irregularities besides memoryless
non-linearities by first recognising the rclationship betveen the

optimal control (2.5.49) and Lyapunov control.

Consider the systenm

X = (A - %BK)X + Bu - (205.50)

Ve have seen that it is stable with Lyapunov function x'Px and

therefore it is a candidate for Lyapunov control of the form

u = - RB'Px (2.5.51)

=
W
o



We shall consider diagonal R. We note that the optimal control
(2.5.49) with dynamics (2.5.48) may be interpreted as a Lyapunov
control (2.5.51) with R = %R_l for the dynamics (2.5.50), and may

then immediatcly prove the following theorem.

Theorem 20.5.3

The closed loop dynanic system,

x = Ax + Bu , (2'5'52)
y = Kx, (2.5.53)
u(s) = E(s) y(s) , (2.5.54)

where K is the optimal feedback law (2.5.49) is stable if E(s) is a
diagonal stable transfer function matrix whose diagonal elements lie
in the fourth quadrant of the complex plane to the right of

Re(s) = % , and have a finite number of poles.

Proof

The dynamics (2.5.52), (2.5.53), (2.5.54) are equivalent to

x = (A= 3BKx + 3u (245.55)
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y = Kz (2.5.56)

El(s) yi(s) (2.5.57)

1]

u(s)

vhere El(s) is a diagonal fourth quadrant transfer function matrix,
and the control (2.5.56) is a Lyapunov control. The conditions for

Theorem 2.5.) hold and the system is therefore stable,
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2.6 Conclusion

Taree types of control law have Leen discussed with the common
property that feedback is required from all plant states. These
laws are convenicnt to work with in stale space computer design
techniques because they are solutions to well~defined problems.
There is a difficulity in translating general specifications on systeunr
performance into mathematical objectives. Modal control reqguires
some trial and error in fixing desired closed loop poles to attain
indirectly related performance criteria. Similarly when a law is
based on optimal control, the design process tends to involve
selection of the performance index jparameters on a trial and error
basis, but it is usuwally clear what change to make in the costing
to obtain a desirable change in transient response. This is not
necessarily so in the design of modal control laws. We have discussed
the implicit modelling metlhod of assigning costs to a Riccati problem
so that the optimal closed loop systewm has poles approximating
gpecified values. Tnls nethod can lead to a controller with dynamic
elements, and a philosophy has been given by vwhich a dynamic element
in the controller can be avoidedy an example has been given that

supports the ideazs. A less specific method of obtaining a desirad
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characteristic of a closed loop optimal system weights the cost
on state and control exponentially. The resulting problem leads to
the standard Riccati equation, and the optimal closed loop poles

are faster or more stable than the exponential weighting.

We have ascertained the properties of Lyapunov control in some
detail because of its tolerance with respect to stability of the
presence of actuator dynamics not considered in the design processe.
The actuators form part of the plant dynamics, so that in the case
of Lyapunov control and if the conditions of Theorems 2.5.1 and
265+3% hold, the need to measure the complete plant state may bve
siightly relaxed. We have discovered in Section 2,5 that Lyapunov
control imposes constraints on closed loop system poles, vhich may
make Riccati or modal control more appropriate in a given application.
Ve must then measure the full plant state or use estimates of
unmeasured states. The following chapters. develop a theory of the

observers that may be used to provide the required state estimates.



CHAPIER 3

OBSERVERS FOR DETERMINISTIC SYSTEMS

3.1 Introduction

As discussed in the previous chaptery an cbstacle occurs in
implementing controls obtained by modern control theory because not

all plant states are measured.

In the stochastic case of a linear plant with Gaussian noise on
the input and output, the Kelman filter [K3| provides optimal state
estimates for the plant. A control can be synthesized from these
estimates without affecting system closed loop poles. However, as the
noise tends to zero the Kalman filter tends to differentiate the plant
output to obtain state estimates. ILuenberger [Ll] s [léﬂ has
proposed a filter theory which does not rely on optimization theory
and filter dynamics are more directly specified by the designer. 4n
advantage of the Luenberger observer theory is that observers of
reduced dynamics may be constructed, sometimes of greatly reduced

dynamicse

Sections 3.1 and 3.2 contain introductory material, Section 3.3
presents a convenient theory and design technique for (n-m)-state
observers that has not appeared in the literature before. The

remaining sections briefly consider some of the freguency domain
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characteristics of Luenberger filters or observers.

The Observer FEguationrs

Congider the linear plant

Ax + Bu , (3.1.1)

x

y Hx ] . (3.102)

with n states, ¥ inputs and m outputs.

Consider also p-vectors %, z and Az such that

z = Lx, (3.1.3)

bz = 2~z ’ (Ze1o1)

£ = D&+ THx + Cu. (3.1.5)
Thus . . .
: bz = 7= Ix

= DZ + THx + Cu - L(Ax + Bu)
= Daz + (DL +‘TH - LA)x + (C = IB)u o (3.2.6)
The dynamics (3.1.6) become
Az = DAz (3.1.7)

if and only if

DL -LA+TH = O, (3.1.8)

C-18 = 0. 3.1.2
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Consider a trajectory of (3.1.1) with initial condition x  and a
trajectory of (3.1.5) with initial condition ﬁo. These trajectories
define a trajectory in Az defined by (3.1.4) which has dynamics
(3.1.6).  Tf (3.1.8) and (3.1.9) are satisfied the trajectory of Az
evolves according to (3.1.7) and Az will decay exponentially with
time if D is stable. In this case, by definitions (3.1.3) and (3.1.4),
the trajectory in £ is such that £ tends to Ix independently of the
plant input u. Ve may then regard 2 as an estimate of Lx and Az an

estimation error.

~Definition 3.1.1 The p-state systen (3.1.5) with state veriable %

is called an observer or luenberger observer [IL1] , [L2] .

Definition 3,1.2 The equations (3.1.3) to (3.1.9) are basic to

k1]
observer theory and will be called “the set of observer equations; and
a matrix set L, Dy T, C satisfying them will be called a "solution to

the observer equations'.

Families of solutions

A solution to the observer eguations gencrates a family of
. \ . A . .
solutions. Consider a nev variable w obtained from a non-singular

. n
transformation of =

¥ o= Vw2, (3.1.10)
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z = WAL (341.11)

A
Then W is the state of an observer because (3.1.3) to (3.1.9) with

(3.1.10) give,

w & Mix |
(3.1.12)
A e
= LX s
v & b -w, (3.1.13)
and
A
¥ o= WOV + \THc + Weu
S T+ Tix + Cu (3.1.14)
vhere (3.1.14) defines D, T and C.
Then it is easily shown that
Aw = Dhw , © (3.1.15)
D-I:. - fA + -ITH = 0 [ ] (301.16)
and - —
C -1B = 0 . (301017)

Equation (3.1.14) shows that D has the seme poles as D. The
observers may be regarded as equivalent because (3.1.10), (3.1.11)
show that no information is lost by running one of the systems

(3.1.5) or (3.1.14) instead of the other.



An unsuitable solution to the observer equations

It is noted that D and T may be specified and if the eigenvalues
of D are different from those of A, (3.1.8) may be umiquely solved
for L [J3] . Solution of (3.1.9) for C is then trivial, and the
observer dynamics (3.1.5) are then completely specified. This approach

is not useful because L is noti?%écified and the variable =z

Z = Lx

vwhich is estimated by Q may be of no interest.

The alternative approach is to specify L rather than D in the
design procedure. This leads naturally to two classes of observer,
n-state and (n-m)-state, and the corresponding solutions of the

observer equations are given later in Sections 3.2 and 3.3.

Chapter 4 gives a more detailed analysis of the difficult
problem of finding observers of dimension less than (n—m) that

provide estimates of desired functions of plant states.

A useful stability property of observers with respect to feedback

- pystens

Consider the n-state, r-input m-output plant (3.1l.1) and (3.1.2) ,

X Ax + Bu (3.1.18)

y = Hx (3.1.19)
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and the p-state observer for which (3.1.3) to (3.1.9) hold so that ,

z = Lx 9 (301.20)

Az = ’Z‘ - Z [} . (3.1-21)
3 = D2+ THx +Cu, (3.1.22)

and .
AZ = DAZ - (3‘1.23)

Consider a desired feedback law

u = Kx (3.1.24)
such that it may alternatively be expressed
_ A
u = K1 y+K, z. (3.1.25)
An estimate i of the desired feedback control may be defined.
3= + K (3.1.26)
u = Kj.y 2ZQ '3"’

and (3.1.26), (3.1.18) and (3.1.22) with w = U form the dynamic
equations of the interacting system of observer and piant. Equations
(3.1.21) and (3.1.23) allow the dynemics to be written in terms of

plant state x and estimation error Az ,

d [x _ | A+BK BK2 pd
-&;{ } = [ ] [ ] (3e1027)
Az AO D Az o



It is seen that the poles of the dynamics (3.1.27) are those of the

ideal closed loop system, specified\by the desired law (3.1.24) as

x = (A+BK)x, " (3.1.28)

together with the observer poles determined by D.

This well known [Li], [LZ] property of observers provides most
of the motivation for the study of observer theory. The form (3.1.27)
of the closed loop plant and observer composite system shows explicitly
that if the estimation error is zero, it remains zero and plant
trajectories are identical to those of the ideal system (3.1.28).
It is emphasized that this result applies for the general p~state
observer, as long as the ideal control law (3.1.24) may be expressed
as (3.1.25) in terms of the plant output and estimated variable.
Sections 3.2 and 3.3 prove that if the plant is observable, n-state
and (n-m)-state stable observers exist for which any ideal control
law may be expressed as (3.1.25). Consequently any observable and
controllable plant may be stabilized. A more detailed exemination
of the properties of observers in feedback paths is given in

Chapters 5 and 6.

Observers used in feedback paths may be regarded as compensators;
the stability of compensators is considered in Chapter 5. Chapter 6
examines the "degradation in system performance' when the approximated

ideal control is optimal with respect to a quadratic performance index.



3.2 The n-State Qbserver

\
Consider the problem of constructing an n-state observer for

the plant with dynamics {3.1.1) and (3.1.2). Ve are interested in
finding the conditions for which stable observers exist, that is,

for which the matrix D is stable.

The following existence theorem was first presented in [Li}[}é].

For convenience we introduce the definition.

Definition %.2.1 A set of poles is feasible if complex poles

occur in conjugate pairs.

Theorem 3.2..J

A necessary and sufficient condition for an n-state observer to
exist for the plant (3.1.1l) and (3.1.2) and to provide an estimate
A
x of the plant state and to have prespecified feasible poles is that

the pair (A, H) be observable.

Proof
Consider L in (3.1.3) to be defined

L = I, (3.2.1)



then necessary conditions (3.1.9) and (3.1.8) determine C and D ,

cC = B, (3.2.2)

[~}
i

A=-TH, (32.3)

The dynamics of an observer are defined in terms of the plant data
by (3.1.5), (3.2.1), (3.2.2) and (3.2.3) vhere T remains to be

chosen.
The form of the observer dynamics follovws as

a A
- X

£ = (A-TH) % + Bu + Ty . (3.2.4)

The poles of the observer dynamics (3.2.4) are the eigenvalues of D
wvhich are also the eigenvalues of D'. A necessary and sufficient
condition for a T' to exist to give an arbitrary prespecified set
of feasible eigenvalues to D' is that the pair (A', H') be
controllable [AI] . By the definition of controllable and
observable pairs [K&4], (A', H') is controllable if and only if

(A, H) is observable.

Corollary 3.2.1

A necessary and sufficient condition for a stable n-state

observer to exist for the plant (3.1.1), (3.1.2) is that the pair



(A, H) be detectable. This follows by applying the above theorem to
the observable invariant subspace [K4] of the pair (A4, H) 3 the
unobservable invariant subspace is stable by the definition of

detectable pairs.

Comment

The theorem and corollary concern specizl case observers with
L in (3.1.3) being the unit matrix, but as noted in Section 3.1 a
whole family of observers having similar dynamics may be generated.
From (3.1.12) it is seen that observers may be generated having'f
in (3.1.3) equal to any non-singular matrix. Often the observer is

A
used to provide an estimate v of v

In this case the observer may be regarded as a filter with
inputs the plant input u and plant output y, and output the desired
estimate %. Consider two observers in the same family one generated

from the other by a non—-singular transformation between their states

'Q = . V=,



A A
The above equation indicates that w and z are merely the state

variables of different state realizations of the matrix transfer

funciion of the filter.

Before discussing further properties of n-state observers we
move on to the examination of the conditions for the existence of

(n-m)~state observers.
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3¢3% The Reduced Observer

Notation For the purposes of this section the plant dynamics

(3.1.1) and (3.1.2) will be written ,

X = A% +Bu, (3.3.1)
y = Hx. (3.3.2)

We recall that the plant has n states, r inputs and m outputs. In

the interests of simplicity it is desirable to have observers ol order
lower than n, but in addition Chapter 6 shows that the (n-m)-state
observer may have an intrinsic advantage over n-state observers with
respect to trajectory performance indices of integrated quadratic cost.
Luenberger [LIL[;%] has shown that in the case of an observable
system, »t is always possible to design an (n-n)-state observer having

arbitrary feasible poles.

We present an alternative derivation of this result which leads
to a new and simpler (n-m)-state observer design method [CZ] than

that suggested by Luenberger.

The matrix B of (3.3%.2) is assumed to be of maximum rank, that
is the outputs are independent. It is then always possible [K@ to

make a state transformation with (3.3.4) defining a non-~singular ?],

x = WX

(3:3.3)

f

(:%)
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y = Hx
= Fulk
4 i
e x - (3.3.4)
Then
¥ = WAV +VWTu
A
= Ax + Bu (30305)

ne-

A A b4 B

(All Al2) (1) . <B1> 2. (3.3.6)
21 o2/ \*2 2

where A and B are defined by (3.3.5). The matrix partitioning

is defined by (3-3.4), (30303)-

We note that x, is an m-vector and x, is an (n-m)-vector.

The above transformation is very convenient for the following theory.

Lemma 3%.%.1

The pair (A22, A12) in the plant equations (3.3.6) is observable

if the pair (R, H) of (3.3.1) and (3.3.2) is observable.

Proof

Observability is preserved under non-singular state translormations

so that (&4, H) of (3.3.5) , and (3.3.4) is an observable pair.
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Assume that (A AlZ) is not an observable pair, then Kalman [KQI

22!

has shown that there exists a transformation matrix S such that,

sta,s = 4 (3.3.7)
A O
Q All A 9 (303&8)
-21 =22
and
A, S = E (3.3.9)
= (E ¢ 0) . (303010)
1.
The dimensions of the matrices are @
Ass (n-m, n-m) , Ao (g n-m) , S (n-m, n-m) |,
A(omy nem) Ay (g n)) A (0 my)
522(n2’ n2) + H (m, n-m) and gh_(m, nl) ’
where
n, +n, = n-m. (3.3.11)

1 2

The transformzation (g g) is applied to the plant equations (3.3.4),

(%3.3.5) so that using (3.3.7) to (3.3.10) ,
-1
I © I 0 A H .
= 11 -
(o s) A(o s> <s-1A21 .Q (3:3.12)

<.x : *)
= (3.3.13)
x A22 .



The x's in (3.3.13) denote matrices whose precise values are
irrelevant to the argument, and the block partitioning of (3.3.13) is

different from that of (3.3.12).

Define a state variable w ,

»I O
W =<o 1) x (3.3.11)

Then with partitioning as in (3.3.13) the plant dynamics for zero

input from (3.3.5), (3.3.13) and (3.3.14) become ,

. (x 0 ) ( )
w = —_ w 543415
X A22 '
and
y = (x O0O)w. (3.2.,16)

Equations (3.%.15), (3.3.16) show that the plant is uncbservable
which is contrary to hypothesis; and therefore (A22, A12) must be

an observable pair.

Theorem 3.3%.1

If and only if the pair (A, H) is observable, an (n-m)~state

A

observer exists for the plant (3.3.4), (3.3.5), provides an estimate x5
of the unmeasured plant state component, and may be given prespecified

feasible poles.
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Proof

The theorem is proved by construction. By hypothesis the
instantaneous values of the variables y and u are avallable.
Information is provided about X,
dynamics of x; which is measured directly from (3.3.4)

through its interaction in the

Define the m-vector z related to x, through equation (3.3.6) ,

z 4 X, = Ay X =~ B, u (3.3.17)
(3.3.18)

Ve proceed as if z were avallable as a measurement and consider the
dynamics of % s

X, = Ay, x, v Ay %) P Byu

where the inputs Xy and u are known. The form of an (n-m)-state

Luenberger observer for this (n-m)-state system with assumed output z ,

z = Ay %,

is given by Section 3.f ,

fata

A A
> = A22 x2 + A21 xl + B2 u+ T(z - A12 xa)

ceree (3:3.19)



and from (3.3.17)

bk
n

2 (Ayy = TAY IR, + (A = TAy )y
+ (32 - TBl)u + Txl . (3e3.20)

Consideration of the unmeasured variable ;1 is avoided by defining

s = . - -~
a nev variable w and its estimate w ,

v = xz - Txl 3 (3.3021)

£
1t
ol
s
&
*

(3.3.22)

The dynamics of W are obtained from (3.3.20) and (3.3.22) as ,

A A
v = X5 - Txl
= (A22 - TAlZ)XZ + (AZl - 'I‘All)xl + \Ba - TBl)u

- (A TA )A + (AT + A DA TA. T
= 2 T TV 22 - s -ala |

2 21 11

+ (32 - TBl)g . (3.3.23)

Once a matrix T and an initial condition on Q have been selected,
equation (3.3.23) may be integrated in cenjunction with plant

trajectories because the variables xy and u are then avallable. An

A
estimate %é is obtained from w through (3.3.22) , and (3.3.21) shows
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%, = W+Tx, , (3.3.24)

Bquations {3.3.23) and (3.3.24) together define an (n~m)-state

. N
dynemic system that provides an estimate x, of x,. We call this
system an observer of reduced dynamics, an (n-m)-state observer or a

reduced observer.
. AL . .
The behaviour of v is examined by defining an error vector Aw ,
dw = W-w. (3.3.25)

Equations (3.3.25), (3.3.23), (3.3.21) and (3.3.6) give

A& = é - ;
] = (Aa2 - TAlZ)(Aw + W) + (AZZT + Aal - TAll -
- TAlaT)xl + (Bz - TBl)u -x, + Txy

= (A22 - TAla)Aw + (A22 - TAlZ - A, t TAla)xa

+ (~(A22 - TAlZ)T + AT + A, =~ TA, . - TA T

e2 21 11 12

- A21 + TAll)xl + (32 - TBl - B2 + TBl)u

= (A, = Thy)Av & (3.3.26)

22
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If an estimation error AXZ is defined

AX2 = 2 - XZ ’ . (3-3027)

Then (3.3.2L4), (3.3.21) and (3.3.25) give

N
2 W Tx-x,

A
W o=V

294

il

M ' (3.3.28)
so that Aw may be associated with the plant state estimation error sz’

The error dynamics (3.3.26) and the observer dynamics (3.3.23)
have the same system matrix (A22 - TAl?)' The proof of the theorem
requires that T exists that gives this matrix arbitrary feasible

eigenvalues.

By Lemma 3.3.1 (A, A12) is an observable pair, in which case

T may always be so chosen [Ai] .

Remarks

A value for T to stabilize the matrix (A22 - TAlZ) may alternatively

be determined by the formulation and solution of an auxiliary optimal
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control problem. T will then be the iranspose of a steady state Riccatl

gain matrix.

Luenberger [Li}E?é] restricts the observer matrix (4, - TAlZ)
to have no eigenvalues in common with those of the plant dynamics
matrix A in (3.3.1). ‘This restriction is unnecessary in the above

reduced observer design method. A simple example illustrates this.

Example

The dynamics of the system are given in the form (3.3.6) , and

consideration of input effects will be omitted j
. Ayq A12)=<0 1)
Y -2 3
with eigenvalues =1, -2 .

Then

(A22 - TAlZ) = =3 -7,

The (scalar) matrix T may be chosen T = -2 or T = =1, which give the
eigenvalue of (A22 - TAlZ) a value of =1 or -2 respectively. The

dynamics of an observer obtained by substituting for A and T = =2 in



105,

(3.3.23) become

e
1

(Ayp = TAY N + (AT + Ay = TAy, = TA) Ty
+ (B2 - TBl)u

N
= =W +0.x + (B2 - TBl)u .

1

In this case (3.3.24) is

It is seen that the plant oubput x, does not enter the dynamics of the

1
observer but does affect the estimate %2. Equation (3.3.26) still

holds, and for the example the errors Aw and &%, decrease exponentially

2

as designed irrespective of plant input,

-t
sz(t) = e sz(O) .
The example emphasizes the following point for observer and plant

with common eigenvalues @

with respect to information about plant modes corresponding to the

conmon eigenvalues, the observer is liable to degenerate to an open loop
model excited by the plant input alone. Then estimation errors assoclated
with these modes will decay naturally at a rate determined by the mode

pole. It is not thought worthwhile to pursue this point in detail.
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3«4 The Frequency Domain Characteristics of Observers

Introduction

As indicated in Section 3.1, the usual reason for desiring the
estimate of some unmeacured function of the plant state is that the
function ;s required for feedback purposes. A link between state
space control synthesis techniques and the frequency domain was
derived by Kalman [Ki] as the "Kalman equation for optimal systems"
for the case of single input optimal control laws. Similarly insight
into the effects of observers is obtained by analysis from the
frequency domain point of view. The results of this section are
perhaps not surprising, but the explicit analytic derivations are

thought to be new.

Definitions

The given plant has input r-vector u, output m-vector y and an
n-vector state. In the analysis of the (n~m)-state observer effects,
it is convenient to choose a co~ordinate basis for the plant state such
that (3.4.4) holds and the partitioning (3.4.2), (3.4.3) is introduced.

The plant dynamics are ,

Ax + Bu (3.4.1)

Ay A\ A B
<A21 VA ! BZ . (3.4.2)

"
1
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y = }IJ{ (301"‘-3)

= xl Y » (Bal‘l‘ol‘")

and Xy
B = < X, 3- (3.4e5)

Suppose that some function v of plant is desired

»
!

v = Kx 9 . (30406)

which in the case of the reduced observer analysis will be regarded

as

v = lel + K2x2 . (30“"-?)

Surpose also that the rows of K are not spanned by the rows of
H, that is v is independent of plant output y, and that an observer

is used to construct an estimate Q of v ,
A A '
v = Kx . : (3.4.8)

The frequency domain viewpoint is introduced bj defining the tramsfer

functions L{s), L(8) such that
v(s)= L(s) u(s) , (3.4.9)

d
= Mey= Do) uls) . (3.4.20)

Theorem 3.4.1 When the estimate X in (3.4.8) is provided by a n=-state

Iuenberger obhserver,

A
L(s)= L(s) .



A .
Theorem 3.4.2 When the estimate x in (3.4.8) is provided by a (u-m)-

state reduced observer,

L(s) = L(s).

These theorems are not surprising and a heuristic proof for both is
given together with algebraic proofs. The algebraic proofs of this
Section ﬁay be useful with their explicit presentation of cancellation
prccesses, because at these points an indication is given of the

nagnitude effects of parameter variations from nominal values.

Heuristic Support for Theorems 3.L.1l and 3.4.2

For the purpose of this section the open loop plant is assumed
to be stable. For both n~ and (n-m)-state stable observers the
estimate § of x tends to x as time increases irrespectivély of the plant
input by (3.1.7). After all transients have decayed when a sinusoidal

input u is applied to the open loop plant ,
A
X =X,
and from (3.4.8) and (3.4.9)
A
v = V.

This is true for all sinusoidal inputs and it follows that Fourier

A .
transforms of v and v are then equal. This with equation (3.4.10)



indicates that the relation ,

A
L(s)

= L(S) Iy

holds for both types of observer.

Proof of Theorem 3.4.1

The Laplace transforms of (3.4.3) and (3.4.6) are required ,

y(s)

and

v(s)

The dynamics of an n-state

Section 3.2 to be ,

Ho>e

D

vhere T is a suitable gain

The Laplace transform

Q(s)

H(sI - A)"F B u(s) (3.4.11)

K(sI - )™ B (s) . (3.4.12)

Luenberger observer have been shown in

= DQ + Bu + Ty Y (3-4013)
= A-TH, (3.h.14)
natrix.

of (3.4.13) is

= (sI - D) H(Bu(s) + Ty(s)) . (3.4.15)
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Use of (3.4.8), (3.4.15) and (3.4.14) leads to the following

manipulations ,

4‘5)

= Ki(s)
= K(sI - D)"X(B + TH(sI - 4) " B)u(s)
= K(sI - D)"X(I + TH(sI - A)"1)Bu(s)
= K(sI = D)™ NI - (D = A)(sI =~ A) H)Bu(s)
= K(sI = D) H(I = (eI = oI + D = A)(sI = &) H)Buls)
= K(sI = D) H(I - T + (s - D)(sI ~ A)™F)Buls)
0 that :
$e) = X(sI - M7 Buls) . (3.4.16)

Equations (3.4.16), (3.4.12), (3.4.9) and (3.4.10) show that

A
L(s)

1

L(S) 3

which completes the proof of Theorem 3.4.1. Note that the transfer
function (3.4.15) is essentially a steady state representation and
the analysis is meaningful for stable D, corresponding to stable

ohserverse



Proof of Theorem 3,k4.
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2

Section 3.3 has

(n-m)-state observer

shown that the form of the dynamics of an

for the plant equations (3.4.2) and (3.L.4)

is ,
A A
z = Dz+Ex +Cu, _ (3.4.17)
A A
XZ = A llxl 9 (3.4018)
- - !
D hyy = Tyhys s (3.%4419)
E = A,y +DI ~Tih, (3e4.20)
and
C = B,-TB , (3.4.21)
where Tl is any matrix such that D has stable eigenvalues.
Define and partition 7 ,
Z Z
z = q 2123 (3.4.22)
21 22
~1
sI. - A -A
1 11 12
= 5 . (3el.23}
Ao sy = A

where Il and I. are unit matrices of appropriate order.

2
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sIy = Ay “A0 249 25 i, o
= (3.h.24)
“Ayy sy - Ay by Zop 0 i

The Laplace transforms of Xy and x, for zero initial conditions are ,

Then

xl(s) = (2B, + Zy 5B, uls) 4 (3.4.25)

and

Lt 222B2)u(s) . (3.4.26)

xz(s) (Z21B

The transform of (3.4.18) together with (3.4.17), (3.4.20) and (3.4.21)

gives ,

A A
xz(s) z(s) + Tlxl(s)

i

(sI, - D) L(cu(s) + Ex (s) ) + T x (s)

i

(s1, = D) (B, - T.B Ju(s) +

(-—TlAll * Ay + DT, ¥ (sI2 -~ D)Tl)xl(s))

coees (3.4.27)

Substitute for xl(s) from (3.4.25) ,
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1

A -1
XZ(S) (sI2 - D) (32 -~ TlBl +

Tt
(-T. A + A + SIZTl)(leB + 9

1f1 Ay 1t ZppBp))uls)

-1 .
= - - - 7 - R
(sI2 D) (B2 T.By Ll(sll An)(z11~1 + 21232)

+ A21(Z11B1 + ZlZBZ))u(S) . (3.4.28)

Terns (sI1 - A )le . (sIl - A2 %y, and A7

11 117%12 1+ A% 1
are replaced by using the relation (3.4.24), so that

5 in (3.h.28)

A _ R PR
xa(s) = (sI2 D) (B2 T,B) +

Tl((I1 + A )(B1 + A .7..B.) +

IZZZl 1272272

- A22)Z B, + ((sI2 - Aaa)z22 - IZ)Ba)u(s)

(sI 2151

2

= (sI, = DY (eI, = Ay + TyA (BB + BosB,)uls)

2181 * 2208,

scoew (301‘{'029)
Then (3.4.19), (3.4.29) and (3.4.26) give

A
X

2(s) = (ZalB + 7 2B2)u(s) (3e4.30)

1 2



= xz(s) N (3-1'1-31)

so that from (3.4.7) and (5.4.8)

S(s) Kx (s) + xa';éacs)

1

lel(s) + K2x2(s)

v(s) . (3.4.32)

This concludes the proof of Theorem 3.4.2.

Fréquenqz_effects of observers used in feedback vaths

The return difference of a closed loop system has proved to be
a useful guide in the classical design of single-input feedback
control systems, because of its central position in the sensitivity
analysis of these systems. A sensitivity theory of mulii-input
-syste£ZEdfoth for optimal and non-optimal controls, and again the
return difference plays a central role. It is therefore interesting

to analyse the characteristics of return differences when feedback

control is synthesised via an observer,
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Figure 3.4.) Open loop configuration of

feedback system with all states measured.
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Figure 3.4.2 Open loop operation of

plant and observer,
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Figure 3.4.1 illustrates a plant with all states measured and the
feedback path corresponding to the closed loop control (the negative
feedback (3.4.33) is introduced to retain the classisal. form of

return difference) ,

u ==V, (3.4.33)

and

il

Kx . (3.4.34)

v

A natural break in the closed loop path is at the plant input,
and the corresponding return difference T(s) is then defined by

(3.4.35) ,

w(s) - ( - v(s)) = T(s) uls) . (3.4.35)
Substitution from (3.4.34) and (3.4.9) gives
(s) = I +L(s) . (3.4.36)

Now consider the plant where not all state variables are measured,
but the plant is observable so that either an n or (n-m)-state

observer may be constructed to implement the control law ,

)
n = =v

.. (3.4.37)



A
If the return difference T(s) is defined by the break in the

A
feedback path shown in Figure 3.4.2 then T(s) satisfies

A A . ’
uls) - (- v(s)) = T(s) uls) , (3.4.38)
and by Theorems 3.4,1 and 3.4.2 ,
Ns) = T(s) . (3.4.39)

- This return difference or the associated loop gain indicates
sensitivities of closed loop plant performance with respect to
changes in dynamics in the connection joining (~v) to u. This is a
useful result and shows that on any frequency test such as a mulhi=-
variable Nyquist criterion (R2] for linear dynamics in the link
AB, or the multi-variable Papov criterion [Ji] for a non-linear
‘gain in the link AB, the control law (3.4.37) obtained from a state
estimate is equivalent to the ideal law (3.4.33), (3.4.34) with
full state measurement. This conclusion requires that there are no
errors in the plant equations (3.4.1), (3.4.3) and that the plant
input u vhich is output by the link AB of Figure 3.4.2 closing the
loop, is measured precisely to drive the observer dynamics (3.4.13)

or (3.4.17).
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In many situations the measurement of the plant input variablise
u is not used to drive the observer, but rather u is assumed to be
the desired value (4%). The observer may then be called a compensator
and has the configuraticn shown in Tigure 3.k4.3. The n state

compensator has dynamics given by (3.4.13) and (3.4.34) as,

Q (» - BK)Q + Ty (3.4.40)
A
v = 1{2 . (3l l1)

The (n-m) state compensator has dynamics given by (3.4.17) and

(30!‘}.31{') as g
A
Z

(D = CK)Z + (B - K - KT)x o (3.4.52)

l k)

and

<>

(Kl + KZTl)xl + KZQ . (3.k.43)

The subscript ¢ in Ve denotes the compensator configuration.

Closed loop operation of the plant is initiated by closing the

link AB of Figure 3.4.3.
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Figure 3.4.3 Opern loop operation of vplant

and compensator derived from observer.

In any real application the plant dynamics will differ from
those assumed and this can to scme extent be allowed for by
considering error dynamics in the link AB of Figures 3.4%.1 and 3.4.3.
The loop gain from u to Qc is Lc(s) defined in terms of the transfer

functions of the compensators ,

CK(sI - (D - BENY T y(s)

QC(S)

>

F(s) y(s) , (b 1)
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and using the subscript r for the reduced state observer-compensator,

Qc(s)

[xl + KB+ Ky(sT - (o - CKZ))"l(E -K - KZTli]y(s)

e

Fr(s) y(s) (3.k.b5)
since by definition the plant output is denoted by X3 and y.

If P(s) is the plant transfer function

y(s) H(sT = &)™ Buls)

n

P(s) uls) , (3ha16)

then (5.4.41) and (5.4.43) become

Qc(s) = F(s) P(s) uls)
£ 1.(8) us) (3.447)
and
Qc(s) = Fr(S) P(s) u(s)
é L (S) U.(S) . (30’4‘.1{'8)
cr

"The ideal loop gain L(s) is given as

w(s) = K(sT - AL B i(s)

11

I(s) u(s) . CRREY!



It is clear that the loop gains Lc(s) and Lcr(s) do not equal the
ideal loop gein L(s). An explicit relation between Lc(s) or Lcr(s)

" and I(s) is obtainable.

Define the transfer functions Ml(s), Ha(S) Zrom ths observer

equations for n or (n-m)-state observers as the case may be, such that

%)

Hi(s) y(s) + 1(s) u(s) (3.4.50)

(Hi(s) P(s) + Me(s) ) ule)

L(s) u(s) . | (34.51)

This observer is used in the feedback configuration of Figure 3.4.3

with the ideal control ,

u = =V,

Again using subscript ¢ for compensator configuration, (3.4.50)

gives
v.(s) = M (s) y(e) - My(s) ¥ (o),



So that with (3.4.46)

Q (s)
c

(T + Mz(s))—l Ml(S) y(s)

[t}

(1 + Mz(s))"1 Hl(s) P(s) u(s)

Lc(s) u(s) . (3.4.52)

Then substituting Ml(s) P(s) from (3.4.51) into (3.k.52) ,

L (s) = (I +H ()7 (Lls) = Hy(s)) . (3.4.53)

An expression connecting return differences of the compensator

observer configuration is derived ,

Tc(s) I+ Lc(s)

(T + 1,())7 (T + My() + L(s) = Hy(s))

(1 + u,(sN7(s) (3o .55)
wvhere T(s) is the ideal return difference.

Equations (3.4.53) and (3.4.54) emphasize the difference in the
sitvations when all plant states are measured and when an observer is

used in its most useful role as a compensating element in a feedback
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path. The inecquality of Lc or Lcr and L arises from the minor loop
feedback from the plant input w to the observer dynamics (Figure 3.4.3),
which is required so that the stringent equalityli(s) = L(s) of
Theorems 3.4.1 and 3.4.2 is satisfied. Because of this,nonlinearities
or linear dynamics in the link AB of Figure 3.4.3 have different closed
loop effects from the same nonlinearities or dynamics in the link AB

of Figure 3.4.1.

Sections 3.2 and 3.3 gave a straightforward method of obtaining an
arbitrary set of feasible poles for the observer dynamics, and in
Section 3.1 it was proven that observers in feedback paths had the
desirable property that the observer-plant composite system had the
poles of the observer and the ideal plant. From consideration of that
property alone it may seem that not much is lost by not having
measuremnents of all plant states. This section shows the fundamental
disadvantages associated witn the use of observers with respect to
plant parameter changes of a particular type in comparison with the

situation when all states are measured.
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3.5 Sengidivivy of ihzervors to Mrrors

In any application of an obsérver in estimating uwnmeasured
states of a plant, what in fact is attempted is the estimation of the
states of a plant model which may be expected tc be an approximate
description of plant dynamic behaviour. We will consider n and (n-m)-
state observers used in an open loop configuration for small
perturbations of plant model parameters, but will not uwndertake a
very full analysis. TFirst order perturbation effects are calculated
in a straightforward manner for particular examples and will not be
dealt with here. A qualitative idea of pexrturbation effects is

desired.

n~-state observer -

The observer equation of the plant model equations (3.1.1),
(3.1.2) is

A
X

(A - THYY + Ty + Bu . (3.5.1)

It is now assumed that the plant equations have the same order as

the model but are

x = Ax 4+ Bu, (3.5.2)

Y = _I_’_b(. (3'503)



The estimate error Ax

Ax = Q:— X
has dynamicg
- A
Ax = X - X

= (A-THax+ (A-A-T(H-H)x+(B-3Bu

ceees (3.5.4)

"o

(A - TH)Ax + (AA = TAH)x + ABu . (3.5.5)

Equation (3.5.5) defines AA, AH and AB. Figure 3.5.1 gives the
block diagram of (3.5.5), the most important qualitative feature is

that the pertiurbation of the plant output matrix acts through the

gain T.
AA. e N A:: -1 A -
Anw o 7] (sI-4)

Figure 3.5.1 n-state Observer Estimation Error
Dynamics for Perturbed Plant.
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Firure 3.5.2 (n-m)-state Observer Estimation

Error Dynamics for Perturbed Plant.

(n-nm)-state observers

The observer corresponding to the nominal plant dynamics is

>0

A
= (A22 - TA12)w + (A22T + Ay = TA, - TAlzT)xl
+ (B, - B, )u . (3.5.6)

Suppose that the plant dynamics have a perturbed value

x A A x B.'
d 1) _ (—11 -12) ( 1} . (— ) " (3.5.7)
dt("z Ay A X5 B> :
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Then

2 1
Aw = W-w
[ 3 d /\ . L]
Aw = EE'W - X, + Txl

= (A, = TA )0w + (Ay, = Ay, = T(A 5 = A 5))x,

+ (A

a1 = By = Tlhyy = A%y + (B, = By - 2By - By)u

">

(A22 - TAla)Aw + (AA22 - TAAlZ)XZ

+ (AA . - TAﬁll)xl + (AB2 - TABl)u . (3.5.8)

21
The block diagram of (3.5.8) is shown in Figure 3.5.2. The essential
difference between the n and (n-m)-state observers is that the

latter is affected by a perturbation containing a control term vhich
acts through the observer gain T. It may be expected.that if control
magnitudes are large, avising from an attempt to obtain fast plant

responses, this term will adversely affect the estimate produced by



the (n-m)-state observer,. The quadratic term in T in (3.5.6) is
seen to be internal to the cobserver, so that it is not subject to
plant variations and should create no fundamental problem. We
conclude that undes normal conditions and in the deterministic case,
there is no priori reason why one type of observer has better
sensitivity properties than the other for time invariant plant

parameter variations.
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CHAPTER L4

DEGENERATE OBSERVERS

4,1 Introduction

We have seen in Chapter 3 that n-and (n-m)-state observers may
always be found fqr observable plant and that the observers may be
given arbitrary feasible poles. In this chapter we examine the
possibility of obtaining observers of dimension less than (n-m) to
provide estimates of a desired vector function of state. In this case
the observer will depend on the desired estimate,unlike the n-or

(n—m)-state observers.

Definition 4.1.1 Observers having dimension less than (n-m)

and providing desired estimates of functions of plant states will be

called degenerate observers.

Previous interesting work by Luenberger [LE] considers the case
of a multi-output plant and scalar state function for which an estimate
is required; it is shown there that a suitable degenerate observer
always exists having arbitrary feasible poles and dimension (p0 -1)

where P, is the observability index of the plant.
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We extend these results by developing a theory of degenerate
observers and consider some of the problems involved in the design of
multi-variable degenerate observers of least order with arbitrary
located poles. The investigation is partially successful since
sufficiency con&itions for the existence of a degenerate observer
with arbitrarily locatable poles are found. A design method based on
the sufficiency csnditions is proposed, but it will not necessarily

lead to observers of least order.

The major part of the design of a degenerate observer providing
an estimate of a 2-vector function of the states of a S5~-state plant,

is presented to illustrate the use and advantages of the theory.
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L,2 Dypamic Equations of Plant and Degenerate Observer

Consider an n-state plant with r measured inputs u and

m measured outputs y, and such that its state space realisation has

the form ,
x = MAx+Bu (4.2.1)
y = Hx (4o2.2)
= X . (4e2.3)

A
Suppose that an estimate v is required for the state nvuvector

function v, where

v = Kx
4 + K x : (ho2.1)
Ky + K% ece
and :
« = |1
x [
2

It may be assumed that the variables y and v are independent,
because othervise there exists a variable Vo of smaller dimension
than v such that v is a function of y and Ve An estimate Q could
then be found from an estimate Q; of Ve It is always possiblé to

A
find an (n-m)-state observer that provides an estimate v § the problem



is to examine conditions for the existence of suitable observers of

Jower dimension.

Form of Degenerate Observer

A general form of degenerate observer of dimension n , n L n

€ (n-m) that has all measured plant variables as inputs is

%’E' W = Du+ Ex) + Cu , (4.2.5)
A A
vo= Hu+Gx o, (4.2.6)

A
where w is an estimate of the variable

W = Wx

Wlxl + WX, (4.2.7)

and there is a constraint on W such that

v = __T,’ + Exl [ (4.2.8)
that is ‘
K = HW+GH. (4.2.9)

Ve define the estimate errors

Av = Q - v (4.2.10)

A
bw = wo-w (4.2,11)



so that

Av = HAW (4.2.12)

The error dynamics in Aw are

PRSP d N .

Aw = E? W -V

N .
= DW+ Exl + Cu -~ W(Ax + Bu)

A
= DAW + (le + B - "’1A11 \.2A21);x

(DU, = A, - VA%,

+ (C - W,B, - szz)u . (4.2.13)

This reduces to
dw = Dbw (4.2.1L)

if and only if

= M
c WiB, + VB, , (4.2.15)
E = WAy WA, - DU, (4.2.16)
and

Dw2 = W1A12 + w2A22 . (4.2.17)

Equations (4.2.15), (4.2.16) are satisfied by using them to define C

and E. Then the existence of H, ¥, G and D such that (4.2.9) and



(4.2.17) are satisfied determines the existence of a suitable observer,
provided that the error dynamics (4.2.1%) are satisfactory. In order
that there be a choice in the dynamics of D, there must be degrees of

freedom in the D that satisfy (4.2.17). Degrees of freedom may be

introduced by allowing W. to vary, say to wlx 50 that (4.2.7) defines

1

R »
a new variable v ,

»n

W W WX, (4.2.18)
AL Az .

~and v is recovered from w according to

Y = w4 (et H, - HL)x (4.2.19)
= =" T =1 i
é E.Hx + Eﬁxl *
_Equation (4.2.17) may be manipulated to
Moo w =

(m2 Wy A12) WA (4.2.20)

so that D and W, may be regarded as free variables. (4.2.20) has an

interesting interpretation described in Section 4.3.

We sumarise the results obtained so far.
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First Form for Sufficiency Conditions for the FExistence of Degenerate

Observer

A degenerate observer exists for the dynamics

x = Ax + Bu ,
y = mx
b4 Xl’

A
and provides an estimate v of v
v = Kx

= KX v K%,

if there exists D, H, W, G satisfying
9 PR =
Dy, ~ ¥y ay5) Wohoo s
K = HJ + GH.

The observer dynamics are

a A _ A .
T Y = Dw + (wlA11 + w2A21 le)xl

+ (wls1 + waBe)u ,

(4.2.21)

(4.2.22)

(4.2.23)

(4.2.28)

(4.2.25)



A A
voo= HE+ Gx) o, (h.2.26)

and the estimation errors evolve according to

Aw = Daw, ' (4.2.27)

b

¢

(4.2.28)

Furthermore the observer poles may be prespecified if the degrees of
freedom in choosing D to satisfy (4.2.23) allow arbitrary feasible

poles of D to be achieved.

¥We note that no solution may exist for a trial dimension n, of w
and in this case the dimension must be increased. We are guaranteed
that a suitable observer exists for n, = (n-n) by the theory of

Chapter 3.



4.3

time rate of change

for

DY
T,

Reformulation of Existence Conditions

Condition (4.2.23) may be interpreted as a requirement that the

.
w

of the nw-vector w depends only on wy u and Xy

Wlxl + W2x2 N

W(Al +A x)+(i’B +'.!B)u

+ ¥ (Alel + A x2) + Dw ~ Dw

(wlAll + waAal - le)xl + Dw

o) - \f
+ _(wlAl2 4 VZAZZ Dda)xa,

+ (WlBl + WaBa)u .

Degrees of freedom in D in solutions (D, wl) of (4.2.23) may be

dntroduced in different ways.

A special situation holds when the desired estimate is a scalars

this is discussed in Section k.5 where it is apparent that there are

difficulties in extending the approach to the multivariable case.

from the Lemma 4.3.1.

An approach that may be used in the multivariable case follows
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Lemma 4.3.1

The existence of linear combinations of the output of the unforced

plant such that their time rate of change depends only on x, and w, is

1
a sufficient condition that a solution of the observer equations has

degrees of freedom in D.

Proof

Consider the (nc, m) matrix L, vhose rows form a basis of maximum
rank for all such linear combinations. That is, any such linear
combination of plant output may be expressed as a'lel where a! is a

row vector. Then by hypothesis there exist LZ’ L3 such that

a -
EE.(lel) = L3xl + L2w ' (4.3.1)
= (L4 D0 )xy + LoiLx, . (4.3.2)

But the plant dynamics (4.2.1) give for zero input ,

Iy ® Iy A% (4.3.3)
50 that equating coefficients of x, in (4.3.2) and (4.3.3) ,

(L1A12 - L2w2) = 0, (he3.4)
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If T is any (nw, nz)—matrix, (4.3.4) may be premultiplied by T

and added to (4.2.16) to give ,

o - . = A
(D + TL?_)u2 (wl + TLl)A12 w2“22

so that if (D, G, wl, WZ) is any solution of (4.2.16) then so is

(p*, ¢, w.* wz) given by

1
D' = D+TL,, (4.3.5)
wlR = W o+ T, | (4.3.6)
¢* = G+ HM - HWT. (4.3.7)

Thi.s concludes the proof of the lemma.

Alternative Apnroach to Degenerate Observer Equations

Lemma 4.3.1 leads to a straightforward approach to the theory of
degenerate observers that closely parallels the theory of (n-m)-state

observer design. This approach is presented as a theorem.
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Theorem 4.3.1

If there exists a plant nw~variable w such that the plant
nv-variable v to be estimated is expressable in terms of w and the
plant output y, and the dynamics of w depend onl& on y, w and the
plant inﬁut u, a degenerate observer exists. The existence of linear
combinations of y with dynamics depending only on y, w and u is a
sufiicient condition for the existence of degrees of freedom in the
dynamics of the observer. If the pair (D, L,) to be later defined
is observable, the observer dynamics may be given arbitrary feasible

poles.

Proof

Consider the plant

Ax + Bu (4.3-8)

»
I

y = Hx (4.3.9)

and suppose that it is desired to estimate v, and that

v = Kx, (4.3.10)

w

Wx , (4.3.11)



K = GH+H , (4e3.12)

Dw + Ex; + Cu . (L.3.13)

=
I

By hypothesis there exist linear combinations of plant output y

such that

. L

Lly = Lle

1

Ly + Ipw + Iy Byu (4a3.1h)

The device used in designing reduced observers of treating Ly
as if it is directly measured suggests a form of nwnstate observer

for the nw—vector W o

d .G = Dy +Ex +C
at ¢ T v 1 TV

Rearranging ,

A
L + TLy) (D - L) + (E - Th,)y + (C = TL,B,)u
= (D = TL)(W + TLy)

+ (E - TL

5 = DTL, + TL, L, )y

+ (¢ - TLlBl)u . (4e3.16)
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. . . . A
Define a new estimation variable w ,

Nns
v

Q + TLly . (4.3017)

then the equations of the observer become,

a Nx Ase
Frd = (D~ TLa)w + (B - TL3 - DTL1 + TLZTLl)y
+ (C - TLlBl)u . (4.3.18)
N
v = Q" - TL,3 » (4.3.19)

and therefore from (4.3,10) and (4.3.12)

<>
]

(g - HIL)y + " (4.3.20)

It follows from (%.3.13) and (4.3.15) that an estimation error Av

satisfies

A
Aw = WV =W
A %
= W =
A\'f = (D - TLz)A\‘( . (4'3.21)

The observer dynamics (4.3.18) may be given arbitrary feasible poles

when the pair (D, LZ) defined in (4.3.13) and (4.3.14) is observable.
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Comment

Note that when Ll is the unit matrix of order m, the situation

is identical with that of the design of an ordinary reduced observer

of state dimension (n-m).
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LI Application of the Theory of Degenerate Observers

Consider the problem of designing an observer of least order

to provide an estimate of the nv-vector v
v = Kx. (L4o4.1)

We assume that the matrix (g) has full rank so that the observer
has order of at least n_. A systematic procedure follows for
obtaining a w which lezds to an observer of low order but not

necessarily stable or having locatable poles.

Define the sets of vectors {k:} and {pi}and the sets of

scalars {v.} and {X.}
i i

v = (vl, Vo eee YV » (4.4.2)
v
x = (xl, Xy oo xn)' R (heho3)
K' = (ks ky eee k. )4 (hobio k)
v
and
H* = (hl, h, «ee B ) . (4ok.5)



A suitable w with dynamics that satisfy (4.3.13) and related to v by

the form (L.3.12) is obtained by constructing the (m+nv, n) array

(4.4.6) with vector elements ,

—

The generation

h

Ath

A'h

Ath
m
Ak

Atk

.. A'n"lhl
=l
. . A h2
- L] o
1
L] * - [ ] ] o o (4. *.6)
=1

- * A‘ 2 k2 o - > L ] o
- [ - [ ] - o L ]

i

of vector elements A’Dki in the row containing ki

p-
ceases at the first power p; of A' at which the vector A! 1ki is

linearly dependent on the vector elements of the columns to the left

of column (pi+1), together with the vector elements of the column



(pi+1) above the row containing ki' The remainder of the row is

completed with null n-vectors.

By construction there exist sets of scalars {aij(j )} and

{bij(j)} such that ,

, n, pi(q)
Fi v oAt
M e 3 2 e WAtk
q= J=
m P;
. '3 =
> > by (3 Aty o, (4ake7)
=] j:
fOI‘ i = lg 2..- nv [ "!here
pi(q) = P if q > i, (4elte8a)
= p;-l if ¢ 1. (4.4.8b)
Define the notation .
(3 aJ »
X, = e——(x.) . (L4.4.9)
- i gtd i

The set of equations (4.4.7) when transposed and multiplied on the

left by the state x may be interpreted for zero plant input as ,



(p.
v, pl) +
i

+

Because vi(pi)
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n_ pi(q)
Z Z a, (1) v (3
= S @ e
m Py
> b, (1) y3 = o. (Le1.30)
q=1 3=0 Jq q

depends on no derivatives of order higher than Pys

this set of differential equations has a state space realisation

derived in the appendix

The vector v is related

by (4.8.22), (4.8.23)

When the plant has an

Section 4.8 of this chapter ,

= Duw + Ey , (L.4.11)
= Hu +Gy. (B 4.12)

to the original state vector as indicated

of the appendix ,

(4o4.13)

W(Ax + Bu)

4]

(hoba1ly)

i

Dw + Ey + WBu .
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Equations (4.4.13), (4,4.14) have the form required by Theorem
Lh.3.1 to guarantee the existence of an observer but its dynamics may
not be suitable._ This leads to the main difficulty in the design of
degenerate observers and it has not been completely solved. It is
cleax that in this case the dimension of w must be increased, which
should give more.degrees of freedom in the observer dynamics. When
n  reaches (n-m) the theory of (n-m)~state observers applies and

there is always a satisfactory solution.

It is not obvious what is the rost appropriate method for choosing
a new w of increased dimension. The algorithms proposed contain a
degree of arbitrariness, and it is clear that there is a need for
further investigation directed towards obtaining observers of least

order.

Algorithm A

(1) Increase the dimension of v by adjoining an arbitrary row to

K in such a way that v and y remain independent,
(2) Calculate a vector w by the method using array (4.4.6).

(3) Check the observability of (D, L2) and return to step (1) if

necessarye.



Alpgorithm B

In step (1) of algorithm A choose the row adjoined to K as a
linear combination of the rows of HA, Vi +1) = £ 'HA say where £
is an arbitrary vector. This ensures tha: L'y will be a function
of v and y, and there is a possibility that this will lead to

observable (D, L2).

Algorithm C

The vector v remains unchanged. The dimension of w is increased
by suppressing linear combinations of A'jH from the expanding basis
used for the test of linear independence in the construction of the
array (4.4.6). Again these linear comoinations may be arbitrary and

it is not clear which to choose.

Alporithm D

This proposal is similar to algorithin C except that linear
combinations of A'JK are suppressed rather than those of AtH y in

the test for finding {:pi} in the array (4.4.6).



Comments on the Alporithms

None of the algorithms is completely satisfactory because of the
arbitrary decisions that must be made. As the dimension of v increases
and v is maintained independent of y, the dimension of w at which

(D, LE) is observable must be less than or equal to (n-m).

When n_ equals (n-m) the matrix (3) is invertible and the plant
state could be taken as (Z) and a (n-m)-state observer may always be
found which has arbitrary pole locations. In general any combination
of the four algorithms may be used during a design attempt and the
arbitrariness in the method is compounded.‘ The special cases scalar
vand v = Xy, n = (n-m) do not offer guidance. It is shown in
Section 4.5 that essentially algorithm D is appropriéte to the scalar
case. The algorithms are not needed when n, = (n-m) because immediately

(p, LE) is observable.
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L.5 A Comparison with Other Reduced Observers

The connection between (n-m)-state reduced observers and this
type of degenerate observer is apparent from the similarity between
the developmant of Theorem 4.3.1 in deriving degererate observer
dynamics and the derivation of the (n-m)-state observer of Section 3.3.
When the dimension of v or w becomes (n-m), the two observer design

methods are equivalent.

Luenberger [LZ] provides a systematic technique for designing
a degenerate observer that provides an estimate of a scalar function
of the plant states. The plant equations are transformed to a
canonical structure represented by blocks of dynamics, each block
outputs one plant output, and the bloc.:s are interconnected by paths
from their outputs only. At an intermediate stage of the design
algorithm, ordinary reduced observers are found for each block§ this
is possible because of the derived structure. The block states
represent a transformation of the plant states in the original basis,
and the desired scalar function of plant states is expressed as aﬁ
function of {the block states. The reduced observer for each block
provides a scalar estimate for that block's contribution to the
desired scalar function, and these sub—-observers may be regarded as

multi-input single-~output transfer function operators. If it is



arranged that these transfer functions all have the same poles,
because their outputs are to be sunmed to provide the desired scalar
estimate, the same effect may be achieved by summing the nuvmerators
and creating a single multi-input single-output transfer function

of the same order.

Luenberger's scheme is valuable because it gives insight into
the design process. Bass and Gura achieve the same final design but
vithout gaining much insight. It is interesting to achieve the same

results again using the theory of Sections 4.3 and 4.h.

The observability index p_ of the plant (h.2.1), (h.2.2) is

defined as the least integer such that the matrix Ho ’

g Jl §
- H = (5, A'H' ..o ° ), (4.5.1)
has n independent columns, and because the plant is assumed to be

observable

Po = n . (4-502)

Define the square matrix'ﬁ; whose columns are the first n independent

columns taken from Hé, then ﬁ; is invertible.



The argument closely follows that of Section L.l.

Suppose that a scalar estimate

v = k'x (4.5.3)

is required, and define

2

P~
K! (ky A'k ..o AT k) . : (4.5.4)

Because ﬁ; is invertible we may write for arbitrary vector £, (4.5.5)

which parallels (4.4.7) ,

p -1
(x4 © +,Z'Ko)

P
t o ] T “1"-
(kA + .0 KO)HO Ho

>

' = =1y
ce3 +£'K°H° )Ho . (h.5.5)

Post-multiply both sides of (4.5.5) by x and apply (4.5.3), (4.2.2) to

obtain (il)
(p._-1) Pom1 . yjl
v © 4 21 L, v e +L'K°'ﬁ'l) yj(:im) (4.5.6)
m

This is a (p°~1)th order differential equation with inputs linear

combinations of the elements of y and their first (po—l) derivatives.



The vector £ is arbitrary and may be chosen to give arbitrary poles

to (4.5.6) consistent with real £ .

When £ is specified (4.5.6) may be realised by a (po-l) state

system (4.5.7), (4.5.8) as discussed in Appendix (4.8) of this

chapter ,
‘:’ = Dw + 'C_ly ’ (4.5.7)
v = THw + Gy (4.5.8)

where the poles of D are those of (4.5.6).

The system (4.5.7), (4.5.8) has the form (4.3.16) vhere degrees
of freedom in D have been introduced through L directly in such a
way that pole allocation is simply done before the relation
w = Ux

is found.



L.,6 Example

This example demonstrates & straightforward application of the
ideas in designing degenerate observers with arbitrarily specified
poles. The conditions of Theorem 4,3.1. are satisfied immediately

without aug;nenting the estimation vector w.

A 5-state, 2-input, 2~output plgnt is considered and numerical
values in the dynamics have been taken to be =nall integers for
convenient calculation., The example is not worked through canpletely,‘
it is considered sufficient to find solutions D and L2 and show that

(D, LZ) is an observable pair.

The plant dynamics are given arbitrary values denoted by (.) for
those variables that do not affect the dynamics of the observer in

this example.

The example is interesting because a normal (n-m)-state observer
has dimension 3, the Luenberger observer estimating a scalar function
would require 2 states, the multivariable degenerate observer giving a
2-vector estimate has 2 states. It is apparent that there is an
advantage in using the 2-state multivariable observer in this examﬁle.

A1l the above observers have arbitrary feasible poles.



Consider the plant ,

. . o0 1] [ L]
x = * * 2 l l x + ° u ’ (4.6.1)
. . 1 0 2 .
* * O 1 1 *
. . 1 2 .
| n L ¢
with required estimate
. . i1 ©0 1
= 1
v = L. o 1 2| %> (4.6.2)
and plant outputs
1 O 0O 0 v
% Jo 1 o o of *- (4.6.3)

The design requires the construction of the array (3.4.6) which is a

rearrangement of the elements of Table (4.6.4), symbollically in

column 1, and numerically in columns 3 to 7 . .
H ¥y 1 © 0 0 O
Yo o 1 0O 0 ©
K Wl o+ o1t 012 Table (h.6.4)
v, . . o 1 2
FA ¥y . . O 0 1
Y5 . . 2 1 1
KA vy . . 2 2 3
v, .« e 2 5 3
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Column 2 of Table (4.6.4) indicates the variables obtained when column 1

is post-multiplied by x.

By inspection of Table (4.6.4) it is seen that v, and v, are

1
expressable as functions of y, v and &, so that by Theorem b.3.l.a
degenerate observer exists. The design may begin by putting the

estimation vector w equal to v. It remains to investigate the observer

dynanics.

A linear combination lel is sought such that lel when the plant
is unforced is a linear combination of v and x;. Table (4.6.5) with
notation similar to that of Table (4.6.4) is constructed as an aid in

obtaining the required linear dependencies.

¥y 1 0 o O ©°
Yo o 1 0O o O
Vl - yl . . l 0 0 ﬂ
vy - 2yl . . 0O 1 ©
¥y . . o o0 1

Table (4.6.5) : Convenient linear row

combinations of Table (L.6.4)
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Denote a function of y by £(y) ;3 £(y) need not represent the same

function at each appearance.

From Table (4.6.5) and Table (L4.6.4) y, may be obtained ,

P )

]

2wy = y)) * (vy = 25) +3, + £3) 5 (4.6.6)

and re-arranging ,

Gy, +3) = v ru,t 2. (4.6.7)
The L, and L, of (4.3.14) are from (L.6.7) .
L = (1, _ _ (4.6.8)
and
L, = (2 1. (4.6.9)

Table (4.6.4) and (4.6.5) are used again to obtain ,

v, = 2(v1 - yl) + 2(v2 - 2y1) + 3y, + £(y)
= 2vy v, -3y ¥ (y) (4.6.10)
vy, = 2(v; - 3) +5(v, = 2y)) + 3y, + £(3)

= 2v) + by, - oy + £(7) (4.6.11)



so that

3 -
- ¥yt (y) . (4.6.12)

t

The state space representation of (4.6.12) is ,

. 2 2 ) A

W = 2 5 Wt ((y) (4.6.13)
and ‘ 3

v = W -( 9>yl . . (4.6.14)

The D of (4.3.13) is from (4.6.13) ,

2 2 )
D = 2 5 ) ¢ | (4.6.15)

The pair (D, L2) may now be tested for observability. The observability

array is constructed ,

(=) ()

and found to have non-zerc determinant. Therefore (D, L2) is an
observable pair. The form of the degenerate observer is (4.3.18), (4.3.20);
numerical values have been found for D, Ll and L, and because (D, L2) is

observable the observer dynamics (4.3.18) can be given arbitrary pole
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locations. E and C are found by comparing equation (4.6.13) with
(4.3.13) once numerical values are given to the undefined parameters of
the plant dynamics (4.6.1), (4.6.2). The observer equations (4.3.18),

~ (4.3.20) are then found by direct substitution.



L.7 Conclusion

The design theory of degenerate observers that are required to
provide a scalar estimate is complete. The theory for the multivariable
case is less satisfactory, and although a systematic design method has
been suggested, it by no means always achieves the observer of least
order. This investigation has revealed scme of the properties of multi-
variable degenerate observers, but further research is required to discover
better methods of intrecducing and using degrees of freedom in the observer

dynamics matrix D.



L.8  Appendix

This sppendix discusses the state space realisation of transfer
functions that occur in the design of degenerate observers, and

specificaily the differential equation (L.h.7).

Scalar Transfer Functions

Consider the differential equation (4.8.1) where u and v are

scalars and u is taken as the independent variable ,

p-1 P
S > a; SO Z b, M (4.8.1)
o i=0

A convenient state space realisation of (4.8.1) is shown in Figure 4.8.1,

and with a p-state w, input u, and output v, has dynamics

w = Dy + Bu, (4.8.2)
Vo= + bpu , ' (4.8.3)
p =/° o s companion form , (4.8.4)
l . . .
c 1 "an-1
and
B = (bo, LIRR bp_l) . (4.8.5)
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It is easily verifiable from Fig., 4.8.1 that this state space

realisation leads to differential equation (4.8.1).

Denote the transfer functién from x - to x_ with the system open

th

circuited at the input of the r = integrator from the left as Lr .

Then,
L = 1, ’
=%
Lp-l’ =

(l + P L ap_r_l)

_ 1

- 9
s
(Lr * ap-r-l)

and therefore by induction

_ 1
° (sp + ziaisl)

. ' (4.8.6)
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Figure 4.8.1 State space realization

of y(s)

p -
ZZ i
0 bis

s? + 35

o=l

- a.s
i

o

u(s) .

Referring to Fig. L4.8.1, L, is the transfer function from the

input of the leftmost integrator to the output y, and block diagram

manipulation rules indicate that an input u(s) along the pth

input path

from the left is equivalent to an input su(s) along the (r-1)'R input

P .
path. Therefore an input (2 bisl)u(s) feeding into the leftmost

(o}

integrator is equivalent to the input u(s) entering the system through the

gains (bo, ooy bn)' A deeper analysis of this type of manipulation is

given by Zadeh and Desoer [Zl] .



Multiple Input Transfer Funciions

Consider an independent input vector u with components (ul, oo ur)

so that ,

-], . ) .
v(P) + :?; aiv(l) = EET 2{? hjiui(a) . (4.8.7)

then the state space realisation is (4.8.2), (4.8.4) with (4.8.8), (4.8.9),

r
v = wp + 2{ bpiui ’ (4.8.8)
i=1
and " 7
bll blr
B = |°* . (4.8.9)

This follows from the linearity of state trajectories with respect to

systom inputs.

Realisation of the Set (4.4.10) of Differential Equations

Consider the set of differential equations (4.4,10) rewritten as

(4.8.10) ,
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o, o Y 5
P4 . j
vy i’ 4 Z Z ajq(l) vqa
g=l j=0
m P ) @)
+ b, = 0 .8.10)
%:1 o Jq(q yq ’ (4 10

fOI' i= 11 2.’ sse nv_ L]
and pi(q) defined by (4.4.5).

Consider nov the differential equation correSpondiﬁg to a particular
value of i. This may be regarded as a (pi)th order system with inputs

(yq3q=1’21 ..m)’

(vq t =1, 2y eeer 3 qg#i)

and derivatives of these variables of order not greater than ;e It
follows that there exists a (pi)—dimensioned state space realisaticn

of this differential equation of the form (4.8.2), (4.8.4), (4.8.8)

and (4.8.9) with inputs (yq :q=1 2y .. m) and (vq: q =1y 2y coTy

g # i), and output Ve Similar blocks of dynamics exist for each i :
i=1, 2y o T 4 and because the interaction between the blocks contains

no dynamics the interconnected set of blocks may be regarded as a
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(E:i pi)-state realisation of (4.8.10) with independent inputs

(yq :q=1, 2y e m) and outputs (vi ti=1y2) oo ) e

This is the desired state representation of (4.8.10) and may be

written,
2 D + Ey N . (1*08011)
and
v = -}.1:\" + _(_}_y ‘» (408012)

Transformation relating state W to original state basis

The vectors v and y of (4.8.10) are defined in terms of the

plant state x ,
y = Hx, (4.8.13)
v = Kx, (4.8.14)
with unforced plant dynamics
x = Ax. (4.8.15)

It is required to find W such that w of (4.8.12) is given by

w = lWx. (4.8.16)
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The dynamics (4.8.11), (4.8.12) are observable because each of the
component dynamic blocks is observable. This follows because each block -
has the form (4.8.2), (4.8.4) and (4.8.8) where measured variables

v and'y replace u in (4.3.8).

Define
HDi_l w o= Fix . (4.8.17)

Then

i-1 w = F.x o
i

so that from (4.8.11) and (4.8.13)

v = (FA - EDx,
and therefore
Fin = (FiA - EH) . (4.8.18)
Starting with
F, = (K -GH) , (4.8.19)

the set of equations (14.8.20) may be constructed using (4.8.18) ,

5] R
m r,
v o= x . (4.8.20)
gpfL F
- P
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Since the system (4.8.11), (4.8.12) is observable p independent
rows of the left hand side matrix may be selected and the resulting

equations written as

Ho w = Fo X , (4.8.21)

may be solved for w ,

o) o
. and therefore
= -1
w = H TF. (4.8.23)

Equation (4.8.23) is the required relation.



CHAPTER 5

STABLE COMPENSATORS OBTAINED FROM OBSERVERS

5.1 Introduction

We have seen in Chapter 3 that it is possible to design observers
that provide an estimate of unmeasured plant states if the plant is
observable. Furtherﬁore, if an unrealizeable desired contrcl contains
feedback from unmeasured plant states and is implemented by a realizeable
control which substitutes plant state estimates for the unmeasured plant
states in the control law, the closed loop realizeable system has the
same poles as the closed loop unrealizeable system together with the
observer poles. This property holds if estimates are substituted for
some or all of the measured plant states. The realizeable control is a
good approximation to the unrealizeable control with respect to stability
and transient response of the plant, for when the initial condition state
estimation errors are zero the realizeable and unrealizeable controls
generate identical plant trajectories. Observers used in this way may
be regarded as compensators and have the configuration of Figure 3.3.

As shown below the compensator and its component observer have different
dynamics. The ouserver and the closed loop system of compensator and

plant are designed to be stable, but the stability of the corresponding
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compensator may only be determined by stability analysis of particular
cases, Classical single-input-single-output design techniques [Hi]

avoid the problem by working with stable compensation blocks at all

times. Uuafortunately the classical techniques arz not easily extended

to the multivariable case, though Rosembrock |R2| has made some progress
in multivariable compensator design using the inverse Nyquist array and
graphical techniques. The general ﬁroblem of the design of stable
compensators is by no means solved. The particular solution of this
Chapter is straightforward but restricted in application to plants
stabilizeable from their measured outputs and by the form of control

law that is required.

This work is original, though the idea that the stable dynamic

system and Lyapunov function

X = Ax .
V(X) = x! Px 4
P > 0,

generate a family of stable systems

X = (A - P-IC)X y

C 2 0,
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has been proposed by Barnett and étorey [Bh] » but not in the context
of the design of stéble compensators., ﬁhether or not it is acceptable
to have an unstable compensator must depend on the particular application.
It is certainly desirable to have state space techniéues for generating

compcnsators that are guaranteed to be stable,

Plant, Observer and Compensator Equations

The plant has a state n-vector x, output m-vector y, and input

r-vector u with dynamics

He
]

Ax + Bu , (5.1.1)

Hx . N (5.1.2)

:4
1

We suppose that an unrealizeable, stable control law

u = IC‘X 9 (5.103)
y . . . N
is desired but is implemented by substituting a state estimate x for x
w = K. (5.1.4)

The dynamics of an n-state observer for the n-state plant have bheen

derived as (3.2.5) rewritten

a N
- X

N
d_t = (A - T}I)X + Bu + T‘y L] (5-105)



i
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and the estimation error has dynamics given by (3.1.7) and (3.2.3) as

A X = (A. - TH)AX * (50106)

~

4_
at

The dynamics of the zlosed loop composite system of plant and observer

have been obtained (3.1.27) as

a , x A+BK BK x )
T o = Co amd G , (5.2.7)

and the corresponding compensator dynamics are obtained from (5.1.%4) and

(5.1.5) as
CI = (A - TH +BOX + Ty (5.1.8)
and
u o= KX (5.1.9)

A
The compensator has state variable x, input y and output u .

By the choice of K and T the matrices (A -~ TH) and (A + BK) are
stable, the stability of (A - TH + BK) has not entéred the design of the
observer gain T or the control gain K, and the compensator dynamics could
possibly be unstable. A similar difficulty occurs when (n-m)-state

compensators are derived from (n-m)-state observers.

The following Sections present a method for the design of a class of

stable compensators.



5.2 A Stable n-State Compensator

The compensator is based on observer theory bui does not approximate
a given control law (5.1.3). The stable cbserver, compensator and

closed loop plant dynamics are obtained simultaneously.

We examine the form of control law

u = La'?c + Loy (5.2.1)

so that
u o= LAx + (L, + LEx , (5.2.2)

where L1 and L2 are free parameters. The observer dynamics (5.1.5)
becone,

.
at =~

(A + BL, - TH)Q + (T + BLi)y ’ (5.2.3)

and the associated compensator equations are

a AN A !
xTX = (A + BL, - TH)x + (T + BLl)y ' (5.2.1)
and A > )
u = LZX -+ Illy . (5. . 5



The closed loop system is given by (5.1.1), (5.1.6) and (5.2.2) as

4% | (A+B(L2+L1H) BLZB

(5 (5.2.6)
dt Ax o A-TH

DX .

For our purposes, a suitable choice of Ll' L2 and T give stable closed
Joop plant dynamics and a stable compensator. That is, the matrices

(4 + B(L2 + L1H)). (4 - TH) and (A + BL, - TH) are required to be stable.

It is shown by construction that a sufficient condition that

satisfactory Ll’ L2 and T can be found is that a stable control law ,

u = Jy (5- 207)

JHx , (5.2.8)

is known, so that (A + BJH) is stable. A Lyapunov function, V(x) for

the planf with control law (5.2.8) may always be found as ,

V{x) = x'Px , - (5.2.9)

where P satisfies

(A +BJH)'P + P(A + BJH) = = Q, (5.2.10)

and Q is an arbitrary symmetric positive definite matrix.
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The following values are assigned to Ll, L2 and T for arbitrary

symmetric positive semidefinite Rl and R2 .

Ll = J [} ) (5.2011)

L, = ~-R B'P, (5.2012)
and -1

T = P H' R2 "'BJ ) (5.2.13)

Because Q > O in (5.2.10) then P > 0 and the inverse of P exists.
The control laws (5.2.11), (5.2.12), and (5.2.13) are shown to be

stable by analysing the error, plant and the corresponding compensator

dynamics
4. % - (aA+BJH-BRB'P - P YHRX
at = 1 2
+ PTIHR (5.2.1L)
zy L] 5. o L5
A
w = Jy-RB'Px. (5.2.15)

Stability of the error dynamics

The rate of change of a trial Lyapunov function V(Ax) ,

V(Ax) = AX'PAX [



is considered and using (5.1.6), (5.2.13) and (5.2.10) we have ,

V(Ax) = AX'PAx + Ax'P Ak

= Ax'((A - THY'P + P(A - TH)) Ax

= Axt'((A + BJH)'P + P(A + BJH) - ZH'RZH) Ax

= Mx'(-¢q - ZH'RZH) Ax

N

- Ax'Q Ax (5.2.16)

< o . ' (5_.2.1?)

The positive definite function V(A x) decreases for all Ax and is
therefore a Lyapunov function. The matrix (A - TH) is stable and
(5.2.16) shows that in a sense EB&] s the error is likely to have a

faster response than (A + JH).

Stability of Closed Loop Plant

Equation (5.,2.6) shows that the closed loop dynamics are stable

if (A + B(LZ + LlH) is stable, since (A - TH) is stable.
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Stability is analysed by considering an autonomous system ,

.
X

(A + B(L, + Llﬁ))x ' (5.2.18)

and testing a trial Iyapunov function V(x) ,

v(x)

x'Px . (5.2.19)

Then (5.2.19), (5.2.18), (5.2.11), (5.2.12) and (5.2.10) give ,

V(x)

<

x'Px + x'Px

x'(A + B(~ RlB'P + JH))'Px

+ x'P(A + B(- RlB'P + JH)x

x'((A + BJH)'P + P(A + BJH))x

- 2x'PBR1B'Px

x'(-Q - ZPBRlB'P)x (5.2.20)
- x'Qx (5.2.21)
0. (5:2.22)
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Equation (5.2.22) shows that V(x) is a Lyapunov function for the
dynamics (5.2.18), which again are likely to be faster than those

corresponding to the control law (5.2.7).

Stability of the Compensator

The positive definite matrix P also defines a suitable trial
Lyapunov function to test the stability of the compensator dynamics

(5.2.4)y the autonomous form of which is ,

A A
x = (A + BL, - TH)x » (5.2.23)
Then ' )
V(g) - Q'P}/(\ [] (5. 2.21‘1')

and use of (5.2.23), (5.2.12), (5.2.13) and (5.2.10) gives ,

K>

A A ALA
v(x) 'Px + x'Px

A A
= x'((A + BL, - TH)'P + P(A + BL, - TH) )x

= 20((A + BIE)'P + P(A + BIH))R
A
- 2%V (PBR.B'P + H'RH)X

1

) A - %
= %(-g- 2PER B'P - 2H'R,H)x (502,253



13¢.

< -x'ex (5.2.26)
< O. ' (5.2.27)
The trial function V(R) is therefore a Lyapunov function for the

dynamics (5.2.23) and the compensator is stable.

Example

A stable compensator is designed for the simple stable plant
0 1> (o)

= X + U
-1 =1 1

(1 0)x.

We
1

and

i

y

These equations correspond to (5.1.1) and (5.1.2). Because the plant

is stable we may take
J - 09

in (5.2.7). The matrix Q in (5.2.10) is arbitrarily chosen ,



and (5.2.10) may be solved for P ,

p o[ 15 0.55>

k 0.5 1

Then
_ P-l = Oo 8 -Oa l"
"'Oo l‘!‘ 10 2 [ )
Substitution into (5.2.12) and (5.2.13) for P and P L gives

L, = =-RBP
= - Rl(0.5 1),

T = P lH'R2

0.8
= R .
<-o.z+> 2

The designed control law (5.2.1) involving L, and L, defines K

in (5.1.4) so that in the example ,

u = LZX

fle>



st
[Ma]
[Av]

The matrices (A + BK), (A - TH) and (A + BK - TH) governing the

closed loop system and compensator dynamics (5.1.6) and (5.1.8)

become -
(A + BK) = ( 0 1 )
-1—0.5R1 —1—Rl ’
O.L}R.\-l "‘l ]
z
ana
A+ BK - o) =/ ~9-8R; 1
"l"'Oo 5Rl+c l!'Ra -l-Rl e

The above matrices have characteristic eguations respectively

62 + (L+R)s + (1L +0.5R) = 0,
1 1
sa+(l+0.8R2)s +(1+0JR,) = 0,
and 5
s+ (1 + R, + 0.8R2)s + (1 + O.5Rl + O.I;-R2 + 0.8R1R2) =

which have roots in the left half plane for all positive R1 and Ra.'

0

]
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5.3 An (n-m)-State Stable Compensator

It is possible to design an (n-m)-state stable compensator for an
initially stable plant, however no degrees of freedom exist for the
design parameters that are analogues to T in (5.1.5). Consider the
dynamic system (5.101) and (5.1.2), where the state co-ordinate basis

is chosen so that (5.1.2) becomes

¥y = Hx
(5¢3.1)
= xl 3
where the m-vector xq and (n-m)-vector x, are defined by
X = (:?.) . (5-302)
2

It has been previously shown in Chapter 3 that an (n-m)-state

observer that provides an estimate é of the unmeasured state component

2
X5 s has the form
A = ( TA, )% + (
2 = (A = TA )z + (AT + Ay ~ Ty = TA)TIx)
+ (BZ - TBl)u ’ (54343)
and
FAY N
X, = (z + Txl) . (5.3.4)
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Subscripted matrices are submatrices defined by the partitioning (5.3.2)

A1 Ay

A = ( ) (5.3.5)
Ayy Ay - ,
B

B = (Bl) , (5.3.6)
2

and ‘
K = (Kl K2) . (5e3.7)

The feedback law (5.2.3) may be implemented as ,

uw o= lel + KZQZ (5.3.8)
= (Kl + Kaf.n)xl -+ Kalz\ . (5.3.9)

Equations (5.3.3) and (5.3.9) combine to give the dynamic¢ compensator

used for feedback ,

A A
7 = (A22 - TAlZ + (B2 - TBl)KZ)Z + (A22L + A21 -

TA;q = TALT + (B, - TB, MK, + Kzn;’;)xl . (5.3.10)



Define the vector z and the error Az ,

z = %, =Tx , (5.3.11)

and
DAz = Z -2 (5.3.12)

The complete closed loop dynamics of the system and compensator

may then be expressed as

* A+BK BK x
AL )= Az , ' (53.13)

0 AZZ-TAIZ

It is clear that the closed loop system dynamics (5.3.13) and
associated compensator dynamics (5.3.10) are stable if the following

matrices are stable ,

(A + BX) , (5.3.14)

and
(A22 - TA12 + (B2 - TBl)Kz)' (5.3.16)
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A Stable Desigm of (5.3.14), (5.%2.15) and (5.3%.16)

Consider the set of values for K, T and the associated auxiliary

matrices P, Q, R, P22 and P21 defined ag @

K = - RB'P, (5.3.17)
T - .p_"Yp (5.3.18)
22 o1 °e
AP+ PA = -Q, (5.3.19)
p = P1n P
. (5.3.20)
Py P
Q Q
Q = 1l 12 symmetric PD , (5.3.21)
W1 W
and
R 2 0. (5.3.22)

Then the matrices (5.3.14), (5.3.15) and (5.3.16) are stable .

Proof
A is assumed to be sta'ble,and then (5.3.19) and (5.3.21) give

P 2> O symmetric . (5.3.23)



Consider the matrix (A + BK) .
Then

(A+ BK)'P + P(A + BK) = - Q - 2PB'RBP (5.3.24)

£ -9
< 0, (5¢3.25)
so that (A + BX) is a stability matrix.

Consider the expansion of the rightmost diagonal block of the

matrix equation (5.3.19) , and apply (5.3.18), then ,

= Qp = (Pyyhys + Ppohoo)t + (Pyidys + Poohss)
= (2, 1P21A12 + Ay )P, + Po (P, 1P21A12 Ay)
= Ay, = TAlZ)'Péa + P22(A22 - TAlZ) . (5.3.26)

quations (5e3026), (5.3.21) and (5.3.23) show that (A22 - TAlZ) is

stable.
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Finally, consider the expansion of the rightmost diagonal bicck

of the matrix inequality (5.3.25) and use (5.3.18) ,
0 > (Py(A, + ByK;) + Pyo(Ay,; + BKS))Y +

(Pyy(Ay + BiK,) + Por(A,, + ByKS))

= (P (A, - TAy, + (B, - TBy KDY +
(P22(A22'- TA), + (B, - TBy)K,) » (5.3.27)

Equations (543.27) and (5.3.23) show that (A22 - TA12 + (32 - TBl)KZ)

is stable, vwhich concludes the proof.

Comment

For this section the matrix A has been assumed to be stable.
This assumption may be relaxed by using the following device if a

stabilizing control

u = Jxl

is known; replace A by

All + BlJ Al2
A21 + BaJ A‘22

throughout the section.



Example

The simple example of Section 4 is used. Substitution for P and

P~ from the previous example (5.3.17) and (5.3.18) give ,

e
i

- R(.5 1,

and then

o 1
(A+BK) = -10.58 -1R ).

This matrix has been showm to be stable for all positive R in

the previous example .

Also,

(4,,-TA ) = =~ .5,

so that this is stable.

Finally ,

(A22 + BaKa - T(Al2 + lel)) ~e5 « R

and the compensator is therefore stable.
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Conclusion

The method presented enables a stable compensator to be designed
for an initially stable plant, or a plant that can be stabilized by

feeding back the available outputs.

The feedback control obtained is constrained to have the form of
Lyapunov control so that the stability properties and limitations on
transient response discussed in Sections 2.5.2 and 2.5.3 will apply.

It would be desirable to have similar results for Riccati. gains, but the
algebraic convenience of Lyapunov control laws in achieving stability of
(4 + B(L, + L,H)), (4 - T) and (A + BL, - TH) by choice of I,, I, and

T via a comon Iyapunov function does not apply.

The (n-m)--state stable compensator solubion of Section 5.3 allows
little variation in design parameters, and in n-state compensators the
effect of verying Ry, R, in (5.2.14), (5.2.15) is reduced by the minor
loop feedback. These considerations indicate that the compensators may

be of theoretical interest only.
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CHAPTER 6

OBSTRVERS AND AWANZATIC COSTS FER DETIEAMINISTIC SYSTILIS

6.1 Introduction

We have seen that if the plant is observable we may design an
observer such that the error in the estimate will decay irrespective

of input according to the dynamics ,

Ax = DAx, (6.1.1)
in the case of an n-state observer and

sz = I)2 AXZ Py (60102)
in the case of an {n-n)-state observer.

Quadratic performance criteria play an important role in modern
control theory, as they offer a quantitative measure of controller
perfbrmance which is amenable to mathematical analysis and calcuiation.n
Meir and Anderson [ME] have studied the effects of optimal (Kalman)

estimators and non-optimal n-state estimators in the feedback path of
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an n-state dimension, linear plant for a Gaussian white noise
environment. The performance of filters of arbitrary order in the
feedback path, again in the same idealised noisy environment, may be
evaluated numerically using sets of computer programs as described

in [37] « Iittle progress has been made in the theory of the
performaﬁce of fiiters of arbitrary dimension in either the stochastic

or deterministic environment.

evman [NZ] and Bongiorno and Youla [Bé] have made recent
contributions to the theory of the degradation of system performance
vhen an obgerver is used in the feedback path to approximate an
optimal control law. Both references prove the decoupling vroperty of
(6.2.2) and (6.2.3)% however, both place more emphasis on the state of
the observer than on the desired plant estimate. The author believes
that the analysis presented here gives a better understanding of the
vnderlying mechanism, and in addition it treats a slightly more general

performance index where Q, in (6.1.4) is non-zero.

The main contributions of this Section are Theorems 6.2.1 and 6.2.3
vhich give conditions for the degrée to vhich system performance
degradation arising from synthesizing a control from an observer
estimate of plant state, may be reduced by increasing the observer speed

of response. It is shown that often, in a sense to be defined, the



193,

performance degradation cannot be decreased beyond an easily
calculated lower bound estimate greater than zero. The estimate,

however, is not the greatest lower bound.

Mathematical Formilation

The plant dynamics are again expressed in a co-ordinate basis
such that the m plant outputs y form the first m components of the

n-vector state ,

L]

X = Ax + Bu
A A ] B
= 11 12 X1 q + 1 u 3 - (6-1.3)
A A %2 B,
y = X .
A performance index J is defined
J = L (x'Qx +'2x'Q1u + u'Ru)dt , (6.1.4)
and an ideal control law ,
n = KX (6.105)

it

Ko + K%, (6.1.6)
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minimises J which is then defined by

J° & s1(0)P x(0) . (6.1.7)

Matrices Q, Ql, R are assumed to be such that the optimum exists and
is stable so that P is finite. It will be assumed that P is positive

definite (P.D.).

Control law (6.1.5) is unrealizeable because the state %5 is
unmeasured and the realizeable laws (6.1.8), (6.1.9) are used as

approximations ,

n = K2 (6.1.8)

and for reduced observers

w o= Kpx o+ x2§é . . (641.9)

We wish to see the effect on the system performance index J of

using control laws (6.1.8), (6.1.9) which may be written

Kx + KAx , (6.1.10)

o]
1

&+gA§. " (6.1.11)

[
1



Effect of n-state Obkserver

The dynamics of the n-state observer and plant may be represented

by (6.1.1) and (6.1.3) which are coupled through (6.1.10) to give ,

‘ gt x \_ <A+BK BK x\ (6.1.12)
Ax o] D Ax ).

A =x
= A .
(!)

Under the control law (6.1.10) the cost integrand of (6.1.4)

becones ,
Q+K'RK+Q. K+K!Q. ! Q.K+K'RK
cost = (x! Ax')/ 1 1 X\ (6.1.13)
(integrand) \ K'Q, '"+K'RK K'RK Dx
1
B oo M TE . | (6.1.14)

Then

J = /:("x' Ax') QR ) at (6.1.15)

(xt Axt) (6.1.16)

e
ol |
ot R
[
Jo F_;vl
N
/E;“;\
——”



= (x* Ax")B(R) . (6.1.17)

The integral (6.1.15) exists because A is stable if both (A + BK)
and D are, which is assumed. The optimal J° has been assumed to be
greater than zero for all non-zero initial conditions on x, and
therefore so is J of (6.1.15). Because the cost integrand is positive

and the system stable we must have [ﬁ;] .

= o, . , (6.1.18)

T> o, ' (6.1.19)
. and

I'? + -§ I = - -Q- . (6-1e20)

The solution P of (6.1.20) is considerably simplified by the

following observations.

P or initial conditions such that

Ax = 0

thé dynamics (6.1.12) show that Ax remains zero. The control law
(6.1.10) then equals the ideal control law (6.1.5), the presence of the
obgserver has no effect and the performance index J for the trajectories

corresponding to this c¢lass of initial condition must equal the optimal
J°.



Substitution of zero Ax in (6.1.16) gives for all x,

J = x'Px
= x"f"llx , (6.1.21)
and therefore
P = P. (6+1.22)

11

The submatrix -1521 is nov evaluated. The expansion of (6.1.16) is ,

J = x'P,.x + 2x'D.

11 12 Ax + Ax'Paa Ax . (6+1.23)

Because of (6.1.19) -1522 mist satisfy

P, 2 0, (6.1.24)
and then
P,+I> 0. (6.1.25)

Selection of Ax such that

+ I).‘l_P- ' X (601-26)

A}C = - (_ﬁ 12

22

and substitution into (6.1.22) and use of (6.1.21) gives ,

o = s -1 =
J = J + x'PlZ(P22+ I) (=21 + P22)

+ P22)(P22 + I)"lPlz' x



1

o = (5 -1 < 3 ~l=
3% + B ,(F,y + DT - B,p)(Fyp + I) ]?12' X o

eoae (6.1027)

1

3+ A .

From (6.1.25) for all x

As £ o, (6.1.28)

and for non-zero ‘-P‘l2 there exist non-zero x such that

This is impossible because 3° is optimal for such an x and

therefore

-P- = 0 - (6‘1'29)

With 511 and '1312 given by (6.1.22) and (6.1.29), P,, is the

only unknown since P is symmetric. Equation (6.1.30) is the bottom

diagonal block of the matrix equation (6.1.20) and has solution ']'522 s

D'P22 + P22 D = e K2'R.I<2 . (601030)
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Expression (6.1.23) with (6.1.29) and (6.1.21) gives

J = x'Px+ Ax"ﬁzan (6.1.31)

L o, A5 (6.1.32)

Equations (6.1.31) and (6.1.30) are an important simplification
in determining the effect of the observer on the performance index
(6e1.4). This simplification depends on the ideal control law being

optimal.

Effect of (n-m)-State Observer

Equetions (6.1.12) to (6.1.17) become ,

a (x > (A + BK BK2> (x >
) (6.1.33)
at \ Ax, 0 D, | \&x, |

A x |
= Al bAx ), (6.1.%4)
Cost ot Bt URIRRQy KK 1Q, | %%, x) 61359
: = (x' Axt +K'RK .1.35
integrand x 2 2 |\ Ox
Kp'Qy T+, 1RK K'RE, /N

1§ -3

(x! Axy?) g(gxz), (6.1.36)
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and

3 = fow(x' Axy) g(’&)?) at (6.1.37)

A 211 212 x
= (X' sz') Ax (601038)
En Eo 2
A x
= (X‘ Axa') -I-)'(Ax ) . (6-1-39)
2

Using equations (6.1.33) to (6.1.39) and the fact that the control
law (6.1.11) is optimal for zero sz, the procedure used in the case of

an n-state observer may be followed to prove that

P, = P, (6.1.40)
212 = 0 3 . (6.1041)

and _222 is given by

DZ‘-,-I?-ZZ + _?_22]32 = - Kz'(;),K2 . : (6.1.42)

However, a completely algebraic derivation which could also have been

used for the n-state case is presented for completeness.
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'From (6.1.39), (6.1.37) and (6.1.34) P is given by the solution

of ,

AP+PA = -Q, (6.1.43)

or in expanded form

(A+BK)* 0 By, B )
k'8! Dyt \ By  Ep
t 1 1 ¢
By By (A+BK)  BK, Q+K'RK+Q, K+K'Qy QK
_ +K'RK,
P P 0 T
- b2 Kp'Q KGR K 'RKS S,

cecee (6.1.44)

The upper diégonal block of (6.1.44) is ,
(A + BK)'R, + Ppo(A+ BK) = - (Q+ K'RK + QK+ K'Qy') , (6.1.45)

and (6.1.45) with the definition of J in (6.1.4) give

P

Py = P (6.1.46)
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' The upper off-diagonal block of (6.1.44) is

1 =~ « K - , i
(A + BK)'Ey, + Py .BK, + P,.D, = =~ K'RK, - QK , which
becones.
(A + BK)'By, +: By, = O, (6.1.47)

from (6.1.46) and because the optimal K satisfies

K = - R'l(Ql' + B'P) . (6.1.48)

The matrices (4 + BK) and D, are stable by assumption and therefore
no eigenvalue of D2 can be the negative of an eigenvalue of (4 + BK).
Equation (6.1.47) then has a unique solution [JBJ ,A[Gi, Chapter 8]
and because the left hand side is zero, the solution f&z is zero, which
proves (6.1.41). As in the tase of an n-state observer, this
simplifying result depends on the ideal control being optimale. The

lower diagonal block of (6.1.44) gives (6.1.42).
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A

6.2 Inhorent Perforannce Jerradntion Induced when

State Estvimotes Are Uszed in Optinmal Comntrol Lovs

The performance cost increment above the optimum has been defined

to be AJ for non-zero initial estimate error, so that

J = . N, (6.2.1)
= Ax"ﬁaz &c (6.2.2)
AJ = &2'.?‘22 A(Z N (692.3)

where (6.2.2) and (6.2.3) correspond to n and {(n-m)-state observers

respectively.

Ve are naturally interested in having small AJ for a given initial
estimation error, and therefore it would be desirable to makelﬁéz,.gez
small.

The right hand sides of (6.1.30) and (6.1.42) are fixed with respect
to the observer design problem so that'iéz and_?i22 are determined by the

observer error dynamic matrices D and D2 alone.

An important question is t can AJ be made arbitrarily small for
all estimation errors of unit norm? The following theorem gives the

answvere
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6.2.1 Theorem

Consider an n-state plant with an m-vector output x, such that

1

;C = Ax + Bu

by A2\ [® B\
= . + T
A1 A ) \% B
and performance index J
. 2 t t 1
J = J/-(x Qx + 2x Qu + u Ru)dt .

C

"Consider the (ideal) optimal control law ,

u = KkKx,

for which J is J° and the (non-ideal) approximating control law

generated by an (n-m)-state observer,
-— K A
wo= Kt B%
for which
J = 3°+D0g,

where

Ag

Dz, 2oy By s

and Axa is the initial estimation error.
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Use of the non-ideal control law introduces an irreducible
performance degradation in the sense that tr(gez) has a finite lower

bound independent of the observer if the rows of Al2 do not span the

rows of KZ‘

Proof

Temporarily denote K,'RK, by S, then (5.3.42) gives

tr(2,,) tr( f“exp(na't)s exp(D,t) dt

fl

tr(S% ﬁxp(bat) exp(D,'t) dt s%) (6.2.4)

The integrand of (6.2.4) is now examined by considering an

auxiliary (n-m)-state dynamic svstem and performance index J

11
w = Dy'w
= (A" ~4,,' D) v, (6.2.5)
I = /o""wv w at (6.2.6)
A

w'(o) L w(o) ,
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.

so that

L = J;mexp(DZt) exp(D,'t) dt . (6.2.7)

(6.2.5) comes from (3e3.23)«

We examine the effect of different matrices Tl on the cost L by

introducing a control v in the dynamics (6.2.5),

Tl'w,

o]
]

— 1
w = A22'W”A12 V .

Sﬁppose that the columns of K4' are a minimal ortho-normal basis
for the columns of Ala' « Then no dynamic information is lost by

introducing an equivalent input v and writing

Vo= Ayt - Kyly

where K4' has maximam rank.
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It is always possible to make 2 nonsingular transformation such

that
W o= Ww, (6.2.8)
v = 1,
M ) WAL W w s (D) x
s ¢ W o+ (g) v
A

c., G© W 1

( il 12)( l) + ( ) A (6.2.9)
®1 G2l \ X °/

3 = /o""ﬁ' W'Y v dt

= /“y_l wdt . . (6.2.10)
o

Note that all matrices are finite.

We now prove that there exists a lcwer bound on Jl for all non.-
zero initial Y. Because the input v is not costed, impulse functions

are allowable and this will be interpreted that ) may be instautanzously



adjusted to any value, and may be therefore considered to be a

control variable. The dynamics (6.2.9) may then be written

¥, = Contly + Coq¥y (6.2.11)

and the performance index Jl could‘ be minimised witk respect to e

Because the matrices in (6.2.11) are finite the minimum Jlo exists,

is finite, and greater than zero for any non-zero initial condition e

o

Explicit Lower Bound on Jl

An explic:ft lower bound on Jlo may be obtained in terms of n geﬂ
by condensing the dynamics (6.2.11) to a scalar equation associated

with tl:ne norms of Yy and i

Trajectories of (6.2.11) that minimise J, are generated by an

optimal control of the form

y-l = .I_{.ﬂa hd (6.2912)

Consider an optimal trajectory TR1 for which Jl = Jlo, and

-associate j:he scalar variables wlgs WZX with " _‘5[1” and ” My " along



TRl so that ,
wzx = lrgaﬂ . : (6.2.13)
' X d
W, = I “_»1_2“ . (6.2.14)
v o= BN  (642415)
£ ) v, (6.2.16)
and .
wzx = - é;zwzx_- d;lwlx + v, (6.2.17)
where
d’;z A I Cool ‘ (6.2.18)
&, @ [ea] (6.2.19)

and K(t) is defined by (6.2.15), (6.2.16) and therefore
() > 0.

Introduce a performance index J* for the dynamics (6.2.17) ,

= é ,4?”(WZK2 + wlx2) dt . . (6.2.20)



Along the trajectory TRL

o '
J = jmw U'W w dt
1 - o

> [ ® at
Q

A Y N A

1 . | (6.2.21)

The optimal trajectory TR1l is stable and by construction

FS E S 4
W 10500 Gy > 0

and

w,  , K(t), v = 0.

2
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Because V. is positive, it has a destabilizing effect for

®

_positive W, on the dynamics (6.2.17) rewritten as ,

*x * K
v =“°§2"‘2“6621’ﬁ“’

- (G5, + (e, + v, - (6.2.22)

and therefore JZK A J* evaluated along a trajectory of (6.2.22) with

zero v but having the same initial condition wzx satisfies

However, we may find an explicit solution to the problem of
minimising J¥ with respect to wlx for zero v and dynamics (6.2.17).
The optimum for initial condition wax is ,

2
J*° N2 x2

2
+ Loy
= W (6.2.23)
cE, 2

é px WZ;{Z 3

Any optimal trajectory of (6.2.11) with initial condition Y, must

satisfy ,



Jl? _ Jlé
> 3
> J2“°
| 2
= P Wa
- .p*H'EZ.HE . (6.2.24)

We recall that

tr(p,,) = tr(s? 1. 57) )
S = KZ'RK2 ’
¥ = W'w,
A = I,
and J = w'lw

> P oMt M,

The r non-zero eigenvalues of S rmust have eigenvectors made up

of linear combinations of the rows of KZ'



Suppose that these eigenvalues are denoted by the set {Si 1i=1.. r}
with associated eigenvectors {é(i) :i=1.. r} and that {e(i)} have
components {;ea(i) t izl .. r}. normal to the subspace spanned by the

rows of A12 .
Then

r
tr(P,,) = gl 5, (1) L e(1) (6.2.25)

= sz s; ez'(i) ez(i) .

The derivation of this inequality is independent of the observer

gain T, so that there exists no T, , even as “Tl“ - 00 4 for vhich

1 1

the inequality does not hold.

The matrices A, K,, R completely determine (6.2.25) and are
assumed to be fixed, so that if the rows of KZ are not spauned by the

rows of A12 ’

x
tr(P,5) > b 2. s

e
O?R



6.2.2 Corollary.

Congider an n-state plant, with an m-output y such that

*

»
1

Ax + Bu
¥y = Hx
and performance index

J = J£w°(x'Qx + Zx'le + u'Ru) dt

with optimal J° under the (ideal) optimal control law
u = KX -

An n-state observer provides an estimate Q of x and the ideal

control law is approximated by

w o= Kk,

which for initial estimate error Ax results in

i

J 3% + Ag

Jo + Ax'P Ak .

Then an irreducible performance degradation is introduced in the

sense that there exists a c* such that for all n-state observers



tr(® > ¢

> 0.

Proof

The matrix P is defined by

D'P+ P = - K'RK,
where

D = A-TH
and the matrix T is the only design variable.

It may be shown that by replaciug the matrices Dl’ Tl, AZZ’ AL,
Py, by the ‘matrices D, T, A, H, P in the proof of Thcorem 6.2.1 that
if tlﬁe rows of K are not spanned by the rows of H then there exists

a C* such that

tr(P > ¥

> 0.

We note that if the rows of K are spanned by the rows of H, an

observer is unnecessarye.
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6.2.3 Theoren

Consider the plant, performance index and optimal ideal control

law of Theorem 6.2.1.

Suppose that the rows of Al? span the rows of KZ' Define a

matrix K3 with rows orthogonal to those of K‘2 and such that the rows of

.. s
K2 and K3 form a minimal basis for the rows of AJ.Z'

Consider the system

w = A22'W-A12'V,

then by construction the same dynamics may be effected by a new

forcing term v,

w = A22‘w_-(K2' K3')'Y"

" Transform the above system so that

w o= Ww,
WK = (),
and
Bo= WA - WK,E D ¥
A (%1 G2 Em\ [T ° A
\Gy G A% 0 KA\ /e
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If the pair (622, K4) is controllable or stabilizable, the performance

degradation introduced by using the control law
— K A
u = Ky K%
may be arbitrarily reduced by stable observers in the sense thai

- t
Ag = Ax2_222 Ax2 '

and for any c* > 0 there exist observers for which
=
0 < tr(p,,) < C .

Proof

As in Theorem 6.2.1 denote K, 'RK, temporarily by S.

We recall (6.2.4) and (6.2.7) ,

tngez)

tr(S%'é exp(D,t) exp(D,'t)dt S%)

te(s? L 8% (6.2.26)

and associate a dynanmic system

-

w = D2'w
= (A22' - Alz'Tl')w (6.2.27)



o
[
4]

I

1 t - -
A22 W+ A12 v (6.2.28)

v - T 'w - ’ (6.2.29)
By hypcthesis we may write

w o= Aotw + (K5t 1%'):.’.,

and introduce the state transformation

¥ = Wu,
so that ’ '
. C C i I 0 v
wo=[ BN . 1 (6.2.30)
Ca1 Cop J\ X2 0 KB AL/
Define
— 1 3
Jl = /o wlw at {6e231)

= [Cur whwly at .
o

The implication of allowing the observer gain matrix T, in (6.2.27)
~to tend to infinity is that the magnitude of v in (6.2.29) or X in

(6.2.30) may tend to infinity. In this case feedback laws exist
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that generate impulse like inputs that may force ¥y to zero value in

an arbitrarily short time, and wmaintain it there.

The contribution to Jl of a finite non-zero initial condition

on w, can therefore be made arbitrarily small by suitable gains on

V.

.._1'
In this case the dynamics of w, tend to
Yy, = Coqws + Kpvy (6.2.32)

which can be made stable with some feedback

T = Kt

because (022, K4) has been assumed to be a controllable or stabilizable

vaire

The feedback laws
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may be rewritten

But for any such I, the same dynamic effect may be achieved by
a Tl' in (§.2.29), so that there exist observer gains T, for which

the observer dyramics

D, = (A, ~Th)

are stable, and the contribution to Jl of a noa-zerc initia1.E1 can

be made arbitrarily small,

Now consider an initial condition w of (6.2.29) such that w

lies entirely within the subspace spanned by the columns of K2' s

w = K2'b ’
w o= Ww
- WKz'b ’

" and because by hypothegis

W= (),
then
My = b,
and
= 0 .

'!)t
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Therefore for this type of initial condition, Jl can be made

arbitrarily small.

Using the same notation as Theorem 6.2.1 the eigenvectors

corresponding to non-zero eigenvalues of S% = (K2'RK2):2L must be
of the form

e(i) = K?_'bﬂL

and therefore from (6.2.25)
r

tr(R,,) = > s; (i)' L e(d) . (6.2.33)
i=1

A1l terms in (6.2.33) can be m=de arbitrarily small by a suitable

choice of gains on v in (6.2.29) and hence by a suitable choice of

Tl in (6.2.28).

That is, for any c* > O there exists observers for which

0 < tr(Ry,) < c* .



6.3 Comparison with Other Work and Comments on Results

Reference [BG] claims a result which conflicts with Corollary
6.2.2,and the error in the analytic support for the claim is

demonstrated in this Section.

" Support for Claim

For an n-state observer we have non-singular L with dimension

(n, n) connecting observer state z and plant state estimate /2}

TN -
5 = 1rz = x4+ A,
z = z+ Az,
[-4
z, = Lx ,
- A; = DAZ,

Ax = viopn Ax

2 7 A«

. (60301)
(Ao - ™) Ax ,

i

and

ot

_[O“Ax'K'RK Ax at

A _£°°Ax' s Mx at . (6.3.2)



Suppose that s is the maximum eigenvalue of S. Then the

argunent of [36] runs,
0 ¢ T< & [Tlem®) Mt Zat .
o

Using the properties

lexe@0 Axct )] < Jexo@e)  Jdxe )]
and
‘“exp(ft)u < C exp(dt) , (643.3)

vhere C is an appropriate constant and q<0 is greater than the real
part of the eigenvalue of D with largest real part (D is similar to

D), one gets from (5.3.83) ,

2, &
) 0 £ J < s [M&)]° == . (6.3.4)

The only term in the right hand side of (6.3.4) which depends on D

is d. Clearly AJ~—> 0asd — -oo.

Error in the Analysis

But this is a false conclusion because in (6.3.4) C depends on

D from (6.3.3) 3 D varies through the gain T in (6.3.1) in order that
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it may be similar te D, so that D is & function of D, ““Therefore both
C and d in (6.3.4) are functions of D. This invalidates the proof

given.

Comuents on Theorems 6.2.1 and 6.2.3

It is interesting to note that if the desired control cannot be
synthesized from the plant output and its first derivative, the
conditions for Theorem 6.2.1 hold and there is an inherent performance

degradation in the deterministic optimal control problem.

The Theorems consider the situation where observer gains may
approach infinity. There are several reasons vhy the performance
limits indicated by the Theorems caniot be attained in practice.
Firstly, perfect arithmetic will not be achieved internally in the
observer and numerical errors arising there will cause deviaiions

from the theoretical trajectories.

Differences between the plant dynamics and the equations
aséumed for the plant are unavoidable with respect to the order of
the equations as well as individual parameter values, and these
discrepancies sooner or later would be a limiting factor that has not

entered our analysis. Finally the deterministic environment is
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itself an idealization. The plant output Qill be noisy and in so far
as the observer tends to differentiate as its dynamics are made faster,
the effect of the output disturbances will become more significant.

it the output noise is Gaussian, white and with zero mean the Kalman

filter will give optimal expected costs [J4] .

Though very high cbserver gains can never be implemented in
practice, the author feels that the results of this chapter are of
theoretical interest and may give an overall idea of what can and
cannot be achieved with closed loop control when not all plant states
are measured. It is emphasized that the concept of performance
degradation used throughout the analysis reflects the system perfcrmence

from all initial conditions of estimacion errors of the plant state.



CHAPTER 7T

SIMPLE CONTROLLERS FOR HIGH ORDER PLANT

T«1 Introduction

One of the main problems of designing control systems is that
the available dynamic models of the plant merely approximate realitye.
For plant of any complexity it is necessary to use a computer at some
stoge in the design process, and this has motivated the development of
design tools like modal control,Riccati control, Kalman filters and
Luenberger observers that incorporate easily programmable, non~-iterative
algorithms. However, these state space design methods when applied to
large plaﬁt models lead to controllers that are known by experience
to be unnecessarily complex. There are twec approaches to overcoming
the difficulty, (a) to retain the same plant model and simplify the
Eontroller by constraining its structure, or (b) to simplify the
model of the plant dynamics and use the aigorithmic state space
design methods. A computer search for a satisfactory control based
on (a) is usually organised as the search for the minimum of an
optimisation problem. In this case, a practically complete description
of the plant dynamics is retained and there is every prospect that
the plant and controller will have the same performance as the plant
model and controller. Tor complex plant the iterative procedure of

hili-climbing to cptimal feedback parameters is likely to require



large amounts of computing time compared with procedure (b), unless
some structure can be found for the provlem. The disadvantage

of (b) is that information about plant dynsmics is discarded so that
it is possible for closed loop full and simplified model dynanics
to differ unless precautions are taken. These precautions are
difficult to deiine a priori and are catered for in the design
process by manipuléting upper limits on feedback gains or cost on
cotrol to maintain agreement between the closed loop full and
reduced model dynamics. This problem of agreement is very similar
to that of the plant and plant model dynamics agreement, and
understanding one problem is helpful for the other. Since methods
(a) and (5) lead to more or less automatic limitations on input
magnitudes, it is probable that the closed loop plant performance

will agree with the closed loop full model performance.

In Section T.2 we present a design method of type (a) snd find a
structure for the hill-climbing problem, by which conditions are
obtained that convergence to the optimal feedback parameters will be

fast.

Section 7.3 discusses a method for obtaining the invariant

subspace of the dominant modes cf sampled data plant models.



Section T.4 introduces the concept of a parallel path model aﬁd uses

the method of Section 7.3 to obtain parallel path models of reduced

dimensione.

The th=aories of hill-climbing on a fixed feadback structure,
model reduction and observer theory are combined in Section T.5 to
give an overall philosophy for the design of simple controllers for

complex plant, where not all state variables are measured.



T.2 Gain Optimization from Available Plant Outputs

Te2.1 A Convenient Performance Index

Consider a closed loop plant with dynamics

5: = Ax + Bu (702.1)
y = Hx (7.2.2)
u = Ky, ’ (7e2¢3)

and suppose that K is to be found to minimise the cost of an infinite

time trajectory with initial condition X
o i
J(XO,K) = f(x'Qx + w'Ru)dt , (7.2.4)
0
forQ> 0, R> 0.

Rékasius [R’(’] has considered a min-max problem over all
initial X e Unless H is invertible the optimal K is a function of
x e A nore general performance index on K is specified in terms of
a set of initial conditions {x(i) $i=1, eoe N} and a cost J

definea,

oy
>

2. J(x(3i),K)

1

tr(Xo'PXO) , (T+2.5)



where
X, B (x(1), x(2) ... x(D)), (7.2.6)
(A+B3)'P+ P(A+ BG) = -Q-G'RG , (7+2.7)
and
¢ & . (7.2.8)

Necessary conditions at the optimum

Ye shall find the necessary conditions at the optimum for K to
minimise J (7.2.5), and establish a hill-climbing algorithm from them.
The problem has an interesting structure vhich mey give insight into

the requirements of simplified dynamic models used for feedback design.

The first order perturbation of (7.2.7) is with the definition

Ay 4 A + BKH , (7.2.9)
A AP +AP A, = " AG'(RG + B'P) + (RG + B'P)'AG (7.2.10)

P

AQ .

We obtain %% by evaluating the first order change AJ in

J (7.2.5) with respect to a change AG in G. From (2.7.10)

(o0}
AP = f exp (A 't) AQ exp (Agt) at,

(=]



so that to first order

AJd tr (X'A FX)

(o 0] .
2 tr (f X_texp (A;'t)(RG + B'P)'AG
(o]

exp (AG't) Xo dt)

1

1 t
2 tr (| exp (A.t) X X ' exp (A 't) dat

(RG + B'P)' AG)

2 tr (T(RG + B'P)' AG). (7.2.11)

>

N w
~ ] ] e
Where 7 ‘[exp (AG’c) X X ' exp (AG t) dt. (7.2.12)

However , AG AXH so that

AJg

2 tr (T(RG + B'P)' AKH)

2 tr ( AK'(RG + B'YP)TH'). (7.2.13)
For AdJ =0 for all AK Z 0 it is necessary that

aJ = (RG + B'P)TH' = O . (7.2.14)

0

The matrix T defined by (7.2.12) is invertible if the dynamic

system

x = Ax+Xv, (7.2.15)
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is controllable [KlO] from input v, where Xo is the set of

initial conditions (7.2.6) over which J is minimised.

When H and Xo are invertible T must be invertihle and (7.2.14)

gives the usual condition for the Riccati controliler

1l

G = - R “B'P.

For the case when H has maximum rank m < n (7.2.14) becomes
RKHTH' + B'PIH* = O

or - R~ IBrprmE (a7, (7.2.16)

=~
1

at the optimum where we assume that inverses exist.

Interpretation of necessary conditions

The expression (7.2.16) is usefully interpreted in the following
way. Consider an estimate % of x to be obtained as a function of the
measured output y so that

X = Zy. (7.2.17)

Consider the problem of finding Z to minimise J*¢ defined in terms of

the closed loop trajectories with initial conditions Xo’
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5 .
£,
- ZEXO L B x”M'M at (7.2.18)

- tr l£°§o' exp (A,"E)(E'Z' ~ DM

exp (AGt) X, dt ,

so that from (7.2.12)

JX

i

tr (H'Z' - I)M'M(ZH - I)T

tr M(ZH - I)T(ZH - I)'M'.

Then if we define 7% = MZ and minimise J% wrt. 2% s We have

2™ 3
- tr ((ZFH - 1T - M)
Y Y .
=  HT(Z¥H - M)!

which is zero vhen

7T~ )" lmme
or 75 - MTH'(EH')"T.
»®

Therefore gsince Z2° = MZ, the Z that minimises I is given by

7 = mEYEmEYHL . (7.2.19)
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When M is invertible (7.2.19) is a unique solution, otherwise

(7.2.19) is one of an infinite number of solutionse.

Comparing (7.2.17), (7.2.19) and (7.2.16) it is seen that at

the optimum, the incomplete state feedback control has the form

w =. - &R Ipremmr(aTH') Yy
= - R—lB'P xx Y (7.2.é0)
X" is an 'optimal' estimate and in particular, putting M = - R 1ptp

in (7.2.18) we see that along the constrained feedback trajectories

- ]
> o= 3 L |Iu+R—1'.B'lel at
[

is minimised. Since the Riccati control with full state measurement
isu = - R‘lB'Px, it is clear that there is a close comnection between

the full and incomplete state measurement optimization problems.

This is an encouraging result and suggests the approach
followed in the succeeding Section for obtaining the solution of the

constrained optimization problem, however we firzt examine the term

(ETH")"L,
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Notation

Paralleling the definition of the matrix of plant initial

conditions
A
Xo = (x(1), x(2), eee X(N))t=o ’

we introduce the matrices X(%), Y(%) corresponding to plant closed

loop trajectories corresponding to Xo,

e

X(t) exp (AGt) X, (7.2.21)

>

T, (%) HX(t) | (7.2.22)

We now show that singularity of (HTH') is merely a consequence

of linear dependence among the plant output trajectories Yx(t).

From (7.2.12)

HTH!®

@
. '
H'/; exp (AGt)XOXO exp (AG"b) at H!

f"’a X(£) X1(t) H'at
o]

tl

LmYX(t) Y '(t) at . (7.2.23)

Therefore (HTH') is singular if there exists a constant § such
that Y'(t) B is zero for 211 t+ > O . That is for each closed loop
trajectory starting from the initial conditions Xo’ y'(£)B = O and
the plant outputs are dependent. There is then indeterminacy in

choosing 2 of (7.2.17) and in the context of noise-free systems one
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or more plant outputs could be neglected with no loss of information.

We will assume that plant outputs are independent so that

(HTH')-l always exists.

T«2.2 Algorithm for Constrained Optimization

The similarity between conditions at the optimum of the constrained
and unconstrained problems has been noted. One successful method of
solving the steady state Riccati equation is due to Kleinman [KS] .

It is presented in the literature for the continuous time case but we
rederive it for discrete time, because the author feels that its
convergence properties when small periturbations in the control are
present are more easily obtained. Tuis will be helpful in discusging

the convergence of a gimilar algorithm for constrained gains.

The discrete time Kleinman algorithm

Consider a sampled data system

X1 Ax, + By, | (T.2.24)

yk ka 9 (7.2.25)

with performance index

ZZD (x'9x + u'R\-J.)k . (7.2.26)

&
i
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The minimisation of J with respect to u leads to the discrete

time Riccati equation, which at steady state is ,

‘P = Q+ G'Re + (A + BG)'P(A + BG) (T.2.27)
= Q@+ A'PA - A'DB(R + B'PB) " 1BIDA . (7.2.28)

Qhen .
G = - (R + B'PB)-]B'PA - (7.2.29)

The Kleinman algorithm is based on (7.2.27) and (7.2.29) rather
than (7.2.28). Suppose that a stable control law G(k) is available,

then we may define

3 = x 'PU)x ’ (7+2.20)
P(k) = Q + G'(k) RG(k) + AG(k)‘P(k) Ae(k) R (7.2.31)
AG(k) = A+ BG(k). (T.2.22)

-Now consider a new control law

G(k+l) = - (R + B'P(k)B)1B'P(K)A . (7e2¢33)
We show that the corresponding P(k+1l) satisfies P(k+1l)< P(k) and
that P(k+1) £ P(k) if G(k+1l) # G(k). The approach taken is convenient

for later developments.
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FPigure 7.2.1 Trajectories for different applications of
control laws G(k) and G(k+1)

Consider a trajectory with initial condition X, and law G(k+1)

for 0 < J < £, and suppose that the state Xp = a,e

At time (index){ we consider two alternatives; to apply (k) to
make X 4 = 8y (see Figure T.2.1l) or to apply G(k+l) to make Xj,1 = 8¢
Law G(k) is tc apply for £< j < . The first choice gives a cost to
co from xp of J = ao'P(k) a, = xe'P(k) X, The second choice gives a

cost tow from X0

J

i

(x'Qx + u'Ru + (Ax + Bu)'P(k){(Ax + B‘u))e

uy G(k+1) Xy o

But G(k+1) has been chosen to minimise the zbove expression for
21l x so that the second choice gives a lower cost to co from %p
than the first. We conclude that at any time index £, and any value

for x4, extending the application of G{k+1) by a sampling interval
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reduces the cost to infinity. By induction, when G(k+1l) is applied
for 0 j< o , the total cost is less than for G(k). This is true
for all initial conditions and therefore P(k+l) < P(k)oFinally there

is always a cost improvement for some initial conditions when

G(k+1) £ G(k).

It also follows from the quadratic nature of the cost that the
gain update G(k+1l) may be modified in the Kleinman algorithm by using
a gain (aG(k+1) + (1 - adG(k)), 0 < a g 1 and a cost decrease will

alvways occur.

The Kleinman algorithm uses (T7.2.32) to (7.2.34) recursively to
obtain the non-increasing sequence {P(O), P(1), ose } and companion
gains sequence {G(O),G(l), ces }. At ﬁhe optimum %% = 0 so that
if G(k) = Grg, y+ BAG : 0 < Bax 1, then P(K) = (B, y+ (terms in 82))

and G(k+1) = (G(m y* (terms in Ba)). The sequences therefore converge

quadratically near the optimum.

We note that if at any stage of the Kleinman algorithm the law
G(k+1) = (‘-(R + B’P(k)B)-lB’P(k}A + BAG) is used containing a small
error B AG, the cost decrease in choosing the law G(k+1) rather than
G(k) at time £ is unaltered to first order in §. Consequently the
cost decrease when G(k+l) replaces G(k) over the whole trajecitory has

zero first order variation with respect to control perturbations.
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The continuous time algorithm follows by allowing the sampling
time to tend to zero and obtaining expressions for the discrete time
dynamics in terms of continuous‘time dynamics parameters. The Kleinman
algorithm is readily derived for the dynamics (7.2.1) and cost (7.2.4)
as ,

P(k)

I

[L”Exp (Ag't)(Q + G'R&)exp (Ayb) dt] .

G(k+1) - RiB'P(K) .

It follows also that in the continuous case, the cost decrease
will be unaffected to first order by perturbations to the updated

control law G(k+1).

Algorithm T7.2.1l - Constrained minimization

The continuous time Kleinman algorithm suggests a parallel

algorithm for solution of the necéssary conditions (7.2.16). A stable

th

gain KO is required to start the recursive process. The k= stage of

the algorithm is

Step 1 ¢ For a stable gain Kk calculate

@
P(k) = [ foexp (4;'£)(Q + G'RG) exp (Ayt) dt]k
k) = [.[ exp (AGt)XOXO' exp (AG't) dt] .

o
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Step 2 ¢ Calculate
A -1 -
K(k+tl) = |- R "B'PPH'(HTH')
k
Step 3 ¢ Calculate for 0 < a< 1
Reel) =  Kk) + a(Rks1) - K))

and choose a such that

- tr (P(k+1) XOXO') < tr (P(E) XOXO') 1

and return to Step 1.

It is very easy to derive the discrete time analogue of the above
algoritlm for the dynamics (7.2.24), (7.2.25) with performance index
(7.2.26). If P and T become the discrete time counterparts to the

integral expressions of Step 1, then Step 2 is given by
f{(k+1) = [- (R + B'PB)"]'B'PATH'(HE['H')']']I,
{4

and slep 3 is unchanged., However, the analysis will be done for the
continuous time case, and characteristics of the algorithm will be

very similar for the continuous and discrete time forms.
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Generation of Descent Directions

The algorithm may converge to a true minimum, a local minimum
or a saddle point since the problem is non-quadratic. However, descent
directions are generated, which may be shoun by the following first

order analysis.

From (7.2.13) and Steps 2 and 3 of the algorithm,

IAT tr (A K'(RG + B'P)TH')

atr (HT(H'K'R + PB)(~R™B'PIH! (HTH) 1= K))

- otr (HT(RKH + B'P)'R™T(B'PTH' + RK(HTE!))

@rEn)™h

1l

- atr ({B'PIH' + RKHTH!)'R"

(B'PIH! + RKHTH')(HTH')_I (7.2.34)

Since R-1:> 0, (HTH')_I is mmltiplied by a positive semi-definite
symmetric matrix, also (HTH})_I > 0O if the inverse exists as assumed.

The éigenvalues of the matrix product (7.2.23) are therefore real and

> 0.



Not all eigenvalues are zero and therefore the trace in (7.2.25)
is non zero, unless (B'PTH' + RKHTH') is zero. Therefore it is
guaranteed that AJ < O for changes in gain K indicated by the

algorithm, if the step size parameter a is small =nough for the first

order analysis to be valid.

Conditions for fast convergence of algorithm 7.2.1

We will say that the convergence rate of the algorithm is fast if

it is comparable to that of the Kleinman algorithm. The m < n plant

output y is available for feedback, and - - U %Ja%——%ae-freven

we shall assume that at all times the dominant dynamics of the plant
have dimension me. This is equivalent to an assumption that a good

reduced order model of the closed loop plant exists.

Congider a closed loop matrix AG(k) at the kth stage of algorithm
and suppose that it has two distinct groups of fast and slow modes.
Suppose that the initial condition set Xo contains substantial
components of all slow modes and not excessive components of the fast

modes. We suppose further that the fast modes have small associated

costse
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By our assumption the trajectories lie mainly in the slow mode
subspace. The effect of the term [m'(m')'l]k of the algorithm, as
explained in the interpretation of the necessary conditions, is to form
an optimal esiimate x = Zy,so that x will very nearly lie in the slow

mode subspace.

Suppose that the slow and fast modes have components Y, 2ad Y, and

that we choose a modal co~ordinate basis in state space. So that

y = El Yl + ’EZ Ya ? (7-2-35)
Y A 0 Y B

%‘E 1 = 11 1 + 1 Au Py (702036)
Yo O Ll (T2 B

B0 B vy

o
It
~
<
'—I
<
)
o

ceees (Te2.37)
where we write A uw because Yqs Yz are modes of the closed loop system.

x = (A + BK(k)H)x + BAu . (7.2.38}
An accepted approximation [DB] in (7.2.36) is that

1
Bs Au

A

Yo = Spp

& spw, | (72.39)



where possibly § is small, either because |B,]<c 1, or I 5_22H>> 1.

Under our assumptions _gla(k) and 222(1{) are small, H, and S are

possible sma2ll,

We will compare a Kleinman and constrained gain update on gains

and subscript variables with K and C respectively.

The current constrained control at the kth iteration of algorithm
Ts2.1 is
w k) = |- R‘lsiggg'cggg')'ll Hy
_ L k-1
[ P P.
= -gpip | 12 Y, + g -1y Y .
P ST N B R |

] 21 21

We define
ap 4 P - Pk-1) ,

ne

uK(k-:-l) - uc(k)

"1«\'
Py 5 (k+1)=Py 5 (K)H, “H,

AP
= -Rip 1 Y, + -1, Y5

1
A le

A MKy, + AKY, o (7.2.40)



A o
A uc = Lc(k-l) - uc(k)
1 Apll Apll lﬂ
s -R "B Y, + E"_ Y
APy, "1 7 AP, 1 =2 I2
4 . -
= BKglyg + 31]1*.2 Y5) s (7.2.41)

where it is seen that

ARy = DKy -

The above equations are essentially open loop relations. We use

the fast mode steady-state approximation (7.2.39) to obtain closed loop

relations,
Aug = AKu( + EE, 1)
~  AKy(y; + HH, SAu) ,
so that -1 1
Auc =~ (T -AKCl B 1 _1_1_2 S) TA KCl‘Yl o (7.2.42)
Aléo
Avg = ARy, + AEY,
= AK1¥1+ AKaSAuK s
so that -1



The approximation signs approach equality as the optimal estimate
of plant state tends to measure the slow modes only, and also as
(7.2.39) tends to be a better description of the fast modes. (7.2.42)
and (7+2.43) show that if AK,, S, H, are small,Au, tends to Ay along
the closed loop trajectories when fast modes have taken up their steady
state appro:d.mations (7<2.39). The initial fast mode transient has
been omitted from the analysis, but if fast modes are not heavily costed
and do not have excessively large initial conaitions, changes in the
total cost from the initial conditions Xo will not be significantly

affected by changes in fast mode transients.

Therefore the cost decrease arising from the constrained gain
algoritlm update tends to equal that of the Kleinman update. We note
that AKl, L\K2 depend on the cost on control, so that as R decreases
there will be greater discrepancy between AuK and AuC. The cost
decrease has been shown to be independent of perturbations in Au
to first order and this tends to diminish the effect of differences

between A _uK and AuC.

We conclude that when there are m plant measurements y which are
independent with respect to initial conditions Xo defining a performance
index J (T7«2.5), the cost decreases resulting from the gain updates of

algorithm T.2.1 tend to be the same as for the Kleinman algorithm.
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Our analysis has used a modal co-ordinate basis for the closed
loop system at the kth stage. At different stages, these will be
different modal decompositions. The role of the T matrix in (7.2.12)
may be interpreted as an updated impliecit specification of a reduced
order model of the closed loop system as the feedback gains are
. changed. Mitra [M7, MB] has stressed the importance of a "W-matrix"
in model reduction theory, and this is very similar to our T matrix.
As the conditions for fast convergence are invalidated, possibly by
specifying a low cost on control resulting in high gains, the algorithm
still provides descent directions. The rate of convergence may be
associated with the existence of dominant dynamics at the optimum or
with how well the plant output measurss dominant dynamics at the
optimum. Consequently convergence rate indicates the closeness between
the constrained and unconstrained optima from the given initial
conditions. If the open loop system has ml-< n say, slow modes
forming a distinct group that causes most of the open loop performance
cos£, we would expect that the value of the cost function would at
first quiékly decrease with the iteration number and then level out
£o a glow descent. In other words, we would expect that the cost
function would quickly converge to a near optimal value, even if the
gains do not. The reason for this is that the plant outputs are

capable of providing a good measure of the dominant slow modes, and
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therefore the updated control at each iteration will closely appro:imate
the Kleinmen update, as far as the slow modes are concerned. As the
dominant modes are assumerd to contribute most of the cost, the cost
decrease per iteration will tend to keep in line with the cost decrease
of the Kleinman iteration, until the feedback from the my slow modes

is near optimal. Then the effect of fast mode dymamics will become
significant in seeking cost decreases and the question of fast convergence
to the optimal gain arises. If there is slow convergence, we have
argued that there is either no dominant group of modes at the optimum
or that there is a dominant group of greater than or less than m modes.
In either case it may be profitable to use more or fewer than m plant

outputs for the control schenme.

There is little practical justification of seeking the optimal
constrained gains to great accuracy for two reasons. The first is that
the description of the plant dynamics (7;2.1), (7.2.2) is on
approximation, the second is that in practice gain values can only be
set approximetely to desired values. Near the optimum the cost is
fairly inéensitive to gain changes and this is a desirable feature of
fhe controller. Convergence of the algorithm is a convenient
unambiguous theoretical stopping condition for the computation in

those cases vwhere it is easily achieved.



Te. o3 Implementation of the algorithm

Weighting function description of plant dynamics

The algorithm may be used directly when the plant dynamics
information is given in weighting function form. Given a feedback

th

law at the k™ iteration

u = K(k) vy,

the state space approach specifies the (k+1)th law as

K(k+l) = K() + a(K(e+l) - K(k)) , (7.2.44)
where . 1 1]
R(k+1) = |- R™B'PRHY(HTH') L (7+2.45)

The matrices P(k) and T(k) are calculated, substituted into
(7.2.45) and K(k+1) is obtained from (7.2.44). This approach is
helpful iﬁ the interpretation of the conditions at the optimum and is
easily programmed. As an alternative, the matrices (B'PTH') and (HTH') in
(7.2.38) may be found by calculations based on the trajectories starting
ffom the initial conditions Xo’ if the state cost x'Qx arises from a

costing\y'Ly on the measured plant output. Then Q = H'IH, say.
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We define YB(t) to be the weighting function matrix of the

closed loop plant so that

np>

T, (%) exp ((A + BKH)t)B

exp (A,&t)B . (Te2+46)

Using (7e2¢39), (7.2.40) and the definitions (7.2.7), (7.2.12)

for P and T, and introducing YX(t) defined by (7.2.22) we have ,

0]
BIPTH' = B'(/o exp(Ag't)(Q + G'RG)oxp(A,t)dt)
Q0
( jr exp(AGs)XOXO' exp(AG's)ds)H'
o]
o0
= f/o Yo' (8)L,Y, (6+8)T, ' (8)dt ds ,  (T.2.47)
where
H'LH 4 q+ama
= H'(L + K'RK)H. (7.2.48)

A suitable expression (7.2.23) has been found previously for the
term HTH' vhich is rewritten as
0,
HTH' = f Ty (8) T, ' (%) at - (7.2.49)
0

Equations (7.2.47), (7.2.49) show that the expression (7.2.46)

may be evaluated by output trajectory information alone, so that the
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algorithm could be applied to infinite dimensional systems. It also
follows that information for the gain updating algorithm (7.2.44),
(7.2.45) can be obtained using an analogue computer simulation of the

system.

Description of simple digital computer program of Algorithm 7.2.1

A program based on this algorithm has been written in which the
matrizx P is calculated by the purely algebraic method of [J}] y and
n§ check is made on the positive definiteness of P to engure a stable
feedback gaine. The Kleinmen algorithm ensures that stable feedback
laws are generated for step size parameter o = 1, but Algorithm 7T.2.1
is an approximation and precautions s'would be taken that the gain
remains in a stable region. We use the simplest precaution in the
programmed implementation of the algorithm of adjusting o so that the
norm of indicated gain changes is less than a prespecified constant.
Othervise o is initially taken as o = 1 and halved until a decrease
in performance index is achieved. A new search direction is then

obtained.

Convergence is assumed when the norm of the indicated change in

gain is less than a prespecified value.



This crude approach is Jjustified by the desire to prove the
potential of the method, rather than to produce a finished and

efficient computer hill-climbing program.

Several numerical examples have been worked using the program

and ve briefly present the results.

Simnle example

Consider the 3-state, single-input, 2-ouiput plant to be called

Il

tplant AY,
-1 1 0 0
X = c -1 1 x+f O u,
0 0 10 10
Yy = Hx
1 0 ©
= X o
0 1 0

with two performance indices of the form ,

(s3]
2 2
Jl __fo(x1 +u”) dat ,
and ©
2 2
J2 = L (xl + Jdu) dt ,
from initial condition
X = (O, l’o)’.

(o]



Using the established notation, it is desired to

Min, (tr (XO'PXO)) )
u = Ky .

For comparicon of closed loop performance and convergence rate

we consider another problem concerning a plant B, with dynamics

x = u
¥y = Hx
1 0 '
= lo 1] *»

and the same performance index. We ncte that Algorithm 7.2.1 here

becomes the Kleinman algorithm [KB].

The results of applying Algorithm T.2.1 to both problems are

shown in Table 7.2.10

It is seen that the number of iterations required for convergence
to the optimal gain for plant A is excellent in comparison with the
nunber required for plant B. The optimal gains are similar which is
vhat is expected on an intuitive basis. The performance index was
defined in terms of oneAinitial condition but the resultant closed loop
control gives costs that are close to the optimal of the "ideal system"

plant B for all initial conditions.



Table 7.2.1 Performance of simple program of Algorithm To2el
for example T.2.1

Quantity Flant A Plant B Plant A : Plant B
Cost 3, = (x12+u2)dt 3, = (x22+.1u2)dt :

X, (o, 1, o) (0, 1) (o, 1, o) (0, 1)t
Initial G (0, 0) (0, 0) {0, O) (0, 0)
Initial J 25 25 25 «25
Optimal G 1918} ¢ « 2163 1.107}° 1,378
Optimal J «2013 L1974 .1029 .0938
No. of

search 4 4 6 5
directions

No., of P

evaluations

for 4 4 6 5
solution to

10-2




The closed loop costs from all states for plants A and B are

480 o221 020
J = X ! . 221 0201 0020 X Y
«020 020 002

476 #217
J 1
1B g {.217 .197J B
(421 150 .013
J2A = XA.' 0150 .103 0010 XA 9
013 .010 .001
and (
405 138
J = ' -

It is seen that the difference between dJ,, JB increases as the
cost on control decreases, and the state present in plant A but
neglected in plant B then has an increasing influence on plant

trajectories. The agreement between Ju

enough to indicate that the algorithm would converge well for a smaller

and JB is still reasonable

cost on control. The closed loop eigenvalues of plant A for the

smaller cost on control are (- 9.03, - 1.49 ¥ 1.07i).

A more complex example

A more complex example is taken to illustrate fast convergence of

Algorithm 7.2.1l. The system is a linear 8-state, single input,



4-output boiler model that has been used by Ellis and White [El]
to demonstrate modal control, by incomplete state feedback. The
dynamics are

x = Ax+ Bu ,

y = Hx.

The reader is referred to reference [El] for a physical "
description of the state variables. Briefly the state variables in
order are perturbations from a working point of the following :-
drum pressure, range pressure, air pressure, air flow, integral action
on air flow, fuel flow, integral action on fuel flow and fan actuator

output.

The outputs to be controlled are range pressure (x2) and steam
flow ft’
£, = 5261 (%) - %) .

Ellis and White show that y is a good representaéion of the four
slow modes that are roughly separated from the rest to forﬁ a distinct
group, the set of eigenvalues of A being approximately (-.0019, -.09,
—el, =166, =38 F3i, -.499, -1.17). We therefore expect Algorithm
Te2el to show an acceptable con&ergence rate for suitable performance

indices.



0o
o
B

A=

o132

0.

0.
0.

O.
G.

(- .0121516
662

O.
1.

O.

021516
0.

-1469

OC.

0.
0.

O.
o.

0.

0.

0.
.1207

0.
0.

0.
0.

O.

0.
0.
0.

0.

-1.

0.
o.

1.

0.
O.

0.
0.

-.4241
5561

-«516
o,

2.7073
0.
<5166
0.

«516
O.

-.2346
~-.4546

O.
O.

O.

0.

o.

0.
0.

0.

O.

0.

0.

o.

«0909

o.

O.
0.
O.

1.

0. )

~.001138

C.

0.

0.

-.4995

O.

"04’546) ' 1

0.
C.

0.




i

We have tried several performance indices costing range pressure,

steam flow and control.Typically,

[0 0]
2 2 2 -
g = 3(x, -~ x,) JAu“)dt
) ]£ (x2 + o3 X = %5)7 + o1u
xy -[1 © o o o o o o],
° o 1 o o o ©o o0 ©
and
3(2) =/m(x22+(x1-x2)2+.1u2)dt,
(o)
x (2 = a1,
and finally
[0 0]
J(3) = 'L (x22 + (% - x2)2 + OWd)at
XO(B) = H'.

The corresponding optimal gains are given in Table 7.2.2 with
Ellis and White's modal control. Table 7.2.3 shows the typical
convergence rate of the algorithm. There was no problem starting with
zero (stable) control. During the course of the calculations it was
apparent that the performance index was insensiti&e to gain changes.
We note that J(1) is defined in terms of two initial conditions and
J(2), J(3) in terms of four. In all cases the P matrix at the optimum
showed that the control was good for all initial conditions. For the
purposes of a rough comparison Figure 7.2.1 shows the response of the

boiler to a step demand on steam flow with constant feedforward adjusted
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Table 7.2.2 Constrained optimal and modal gains

p.I. Cost Gain .
J(1) 6.674 —(2.338, 7792, «5600, .2289)
J(2) 13.130 -(3.097, 4341, .6384, .5340)
3(3) 11.684 -(12.11, 1.572, 1.873, 1.720)
modal - -g(.8083, .1200, .4041, .4108)

Table T.2.% Typical convergence to constrained optimum

for example

Quantity N 5 Iteratiog No. s 5
modal control to start
J(2) 13.378 13.140 13.1305 13,1201 -
"Gk+l-ekﬂ - .91 166 003 (exit)
G(2) optimal to start
J(3) 12,366 11.733 11.686 11.6837 11.6832
" Gy - k" - 14.0 3.9 .82 027
(exit)
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to give zero offset of range pressure, for modal and an optimal
constrained feedbacke. The modal trajectories are insensitive to gain
increases, and the optimal trajectories corresponding to J(1), 5(2),

J(3) are very similar despite the increasing control effort expended.

Te2.5 Conclusion

We have proposed an optimization problem and algorithm fox
designing feedback controllers using incomplete state feedback,
and suggested when the algorithm may be expected to show near
quadratic convergence. Fast convergence is achieved in the trial
examples. The optimization problem is valid whether or not conditions
are suived to fast convergence, and descent directions are always

generated.

With further research on improving the algorithm, possibly by
finding the minirum along search directions, it should prove to be
a valuable tool for designing feedback controllers for plant that have
dominant dynamics, but for which it is difficult to produce reduced
order models. An attraction of the algorithm is that the computational
effort per iteration does not depend on the number of plant inputs or
outputs, nor on the number of trajectory initial conditions included

in the overall performance index.
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We have indicated that should the algorithm not converge quickly
near the optinum, the plant output is not a good measure of the
dominant dynamic characteristics of the plant. Methods of dealing

with the problem of inadequate plant outputs are discussed in

Section T5e



7.3 feneration of Invariant Suhsonce of Dondinnnt odes

T+3.1 Introduction

One method of model reduction which has wide acceptance is
Davison's modal reduction‘techniqué [ DZ] vwnich restricts the dynamics
of the plant to its dominant invariant subspace. We extend the idea
of using dominant‘invariant subspaces to the parallel path form of
reduced mcdel introduced in the next section, but in anticipation

discuss methods of generating the required invariant subspaces.

The problem is formulated for a sampled data n-state system

X1 Axk + Buy : (7.3.1)

and the invariant subspace, Sy say, corresponding to n, dominant

modes of A is sought. It is zlso required to find the component of B
lying in SD. One solution to this problem is to find individual
elgenvectors corresponding to the dominant modes of A. It is always
useful to do an eigenvalue analysis of a system unless the éiproximate'
distribution of eigenvalues is known beforehand. A thorough account

of the computational schemes for finding eigensystems is given by
Wilkinson [WS] . The most common methods involve complex arithmetic
but these may not be satisfactory when multipie eigenvalues occur in

such a way that the Jordon form of A is non-diagonal.



An iterative method has been developed that avoids complex
arithmetic and identifies SD directly without finding individual
eigenvectors. It has subsequently been found to be a general
application of a method described by Wilkinson [W5 (p. 599 onwards)]
for finding the subspace spammed by a group of close modes. Ve give
a brief description of the idea and note an interesting comnection
with one of the methods for finding the steady state solution to the
Riccati equation. The component of B lying in S, may be found in

D
several ways.

7.3.2 Power method of identifying the dominant invariant subspace

The principle in finding the dominant invariant subspace of

dimension q of A (7.3.1l) is to construct an (n x q) matrix v, and

consider the matrix VN ’

v, = &V, §» 1. (7.3.2)

Assuming that the components of the columns of V in SD are

independent, the columns of V,, tend to be composed entirely of the

N
dominant modes of A, and therefore tend to span SD. An obstacle to a
simple application of this principle is that cthe columns of VN tend to

be composed entirely of the most dominant mode of A, so that VN tends

to have rank less than q.
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It is very convenient to introduce the concept of a subspace

trajectory under given dynamics.

Definition 7.35.1

Consider as a set of P initial conditions the independent columns
of a (n, p) matrix, X say. Then X and the dynamics (7.3.1l) define p
independent trajectorigs which at any sampling time, tk say, define
a subspace, Sk saye Then the sequence {Sl, SZ’ ...} will be called
a subspace trajectory. Also denote this set of p trajectories by the
sequence {.Xl, XZ’ ...} where the i-th columm of X4 represents the

state of the i-th trajectory at time tj.

This concept provides the means whereby the obstacle of loss of
rank of VN as N increases is overcome. The subspace SD spanned by VN
is desired, and the principle of the power method states tuat SD is
the steady state subspace of a subspace trajectory with the subspace
spanned by VO as initial condition. However, a subspace may be defined
by an igfinite number of different bases gnd it may be advantagecus
to describe a subspace trajectory by different vector trajectory basis
sets over different time intervals. The choice of different vector
bases is akin to scaling and may be done for the purpose of preserving

ranke.
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A structure of defining subspaces suitable for the ultimate
purpose of model reduction is also convenient for the scaling necessary

for a well-conditioned representation of subspace trajectories.

Suppose that a p dimensional subspace S in ET is spanned by the

p independent, real vectors (wl, cesn wp) . Put
W = (wl, WZ, L3 Wp) [y ) (7.3-3)
and any n-vector x in S may be written for gome p-vector a

x =  Wa . | (7.3.4)

x and W may be partitioned such that x) is a p-vector, W, is a (p, P)

matrix and

B
X = 9
X2
W= !
= |- )
t 2

If W, is non-singular (T.3.4) gives

-1
@« = Wy X
and ’I
X = -1 (7.3.5)
4~w2 Wy | 1
[ I
é M xl . . (7'3-6)




-~

Vectors in S are then parameterised by their components Xy and S
itself is defined by M. We will write S as S(™M) to emphasize this.

Clearly the representation (7.3.6) of S is of full rank.

Congider the subspace trajectory {Sl’ 52 ...} under the unforced

dynamics (7.3.1), and suppose that S, is parameterised by Mk in the

k
form (7«3.6). Then if M, ,q corresponds to S, , , there is a non-linear
recursive relation between Mk+1 and Mk' This is found by partitioﬁing

A of (7.3.1) to correspond to (7.3.6). By definition S is spanned

) k+l
by the columms of A i y but
k
N I i A11+ A12Mk B
M Aoyt Ay 7
go that from (7.3.5)
Mg = (A + M0, + A12Mk>-1 . (7.3.8)

(7.3.8) is the desired non-linear recursive relation and is well-defined
if the invérse existse This is merely a requirement that xq can

parameterise the subspace S If the matrix (A11 + A12Mk) tends to

k+1°®
become singular, a more suitable choice of state components may be
made to parametzrise the subspace Sk+1. This is done by choosing any

p independent rows of the matrix on the RHS of (7.3.7). The subspace
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trajectory evolution may be then continued in terms of the relation
(7.3.8) where the partition blocks Aij are redefined to correspond to

the appropriate re~indexing (or re-ordering) on the state components.

The above procedure provides a well-conditioned description of the
subspace trajectory at all times as it evolves, and therefore removes

the main obstacle to the power method of cbtaining dominant subspaces.

Convergence of the method

The rate of convergence of the sequence gf (n-p, p) matrices
{M, 1, ceom ...} to a limit depends on the ratio of the magnitude
of the least dominating mode to that of the greatest dominated mode,
and the transient decays as a geometrl. series of this ratio. Clearly
if there is no p dimensioned dominant subspace, the subspace trajectory
and hence the sequence { Mk } cannot converge. The most common
condition for this to occur is expected to be when a (p+l) dominant
subspace exists, with a complex pair being the least dominant modes.
In this situation the dimension of the desired invariant subspace must
either be increased or reduced. If it is assumed that all dominaled
modes apart from the marginal complex pair have decayed, the invariant
subspace of increased dimension is spanned by the columns of {ik} and

lﬁ « The form (7.3.6) is easily regained for the augmented subspace.
k+l




Te3+3 A connection with a Riccati eguation solution

The above method of obtaining an invariant subspace has an
interesting special case, the steady state soluticn of the Riccati
equation. As has been discussed in Chapter 2, the Riccati equation
may be represented by a pair of n-vectors (x, A) with stable and
unstable poles symmetrically placed about the imaginary axis. The
Ricecati solution P(t) merely represents a continuous time description
of a subspace trajectory in (x, A)-space parameterised by x in the
relation (2.3.8). The canonical pair dynamics are transformed to a
sampled data version and the recursion (2.3.10) is identical with
(7.3.8) with P, and Qij replacing M and Aij.

73«4 Reduced dynamics corresponding to dominant invariant subspace

If we denote the dominant subspace of A (7.3.1) by S with a

cbrresponding MD, then for any x in SD,

el - Ma ik the %x

(Ayy + At g

AP. xl,k . (703-9)

e
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Ap in (7.3.9) is the system matrix of states in the dominant subspace

parameterised by X -

The most straightforward way of getting the dominant mode
component of B in (7.3.1) is to find the reciprocal dominant invariant
subspace spanned by the columns of (ﬁ,) say. Suppose that the
dominant eigenvectors and reciprocal—eigenvectors are the colums of

W and W' , scaled so that

WW = I (7.3.10)

Suppose that

[inl 4 yop,
(T, x) 2 Du,
B 8 wE« (components in non-dominant modes)
4 B, + (components in non-dominent modes)
Then
I s
(T, M) (Mgl = DHWD

= DD,

¢ B, = WWB

- [;fl | o2z, M) B

_ y I|y=1
. {MD “L!—H:M’ (T, ) Be  (7.3.11)
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This is considered to be the most satisfactory derivation of BD,
an alternative procedure seems from experience to be more liable to
computational error. The theory of this is simple for the special
case we consider. SD is the dominant subspace and svppose Sc is its
complement invarisnt subspace. Consider a column b of the matrix B

(7.3.1) and suppose that (A, b) is controllable. Define

b & b+, (7.3.12)

where bl is in SD and b2 in SC. Because (A, b) is assumed controllable

any x may be expressed as
x =Zo a; A'D , (7+313)

where o, are the components of an n-vector «. Suppose that Xp in SD

is defined so that
XD = (l]iD) B ] (7.3.14)

and (7.3.13) is solved for « for x = x;.
Then

© e

1 . .
X = z; oy Albl + 2: ay A.lb2 '

but X and bl belong to the same invariant subspace and b2 is in its

invariant complement. Therefore

n-1 .
X = ) oy Albl . _ (7.3.15)

0



(7-3.15) may be used as the basis of a numerical procedure for

finding bl’ but (7.3.13) must be solved for an n-~vector a.

Computational experience

The algorithm has worked successfully on a variety of small
systems using a subspace initial condition arbitrarily chosen to
correspond to Ml = O. The largest numerical example that has been

tried was a sampled data version of the 8-state boiler model used in

the example of the previous section.

Conclusion

A simple method of identifying the dominant invariant state
subspace of specified dimension of a sampled data system has been
developed. The corresponding reduced system dynamics and control
matrices are also found. The method is iterative, a matrix of the
order of the sought subspace must be inverted at each iteration any
Jordon form configuration may be handled. Very little computer
storage is required so that the method is considered to be simple

enough and general enough to be useful in practice.
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7.4 Parallel Path Models

We propose a method of model reduction that is especially
suited to discrete time systems. It allows for fast mode effects by
incorporating é weighting function truncated to a small number of
terms. The proposed reduced model form is shown in Figure T.4.1l where

one path transmits slow mode input-output effects, the other path

S l O'x’a’ }?}’)
- 0les
u J
[P “SS—— | -
. Fast
noles
Ly

Figure T.4.1 Form of parallel path model

corresponds to the fast mode transmission through the plant. It is
proposed that the slow mode dynamics be modelled by a low order state
space system, and faszt mode effects be modelled by a weighting function.
If the fast modes decay quickiy enough, their effect can be well
represented by a discrete time weighting function truncated to very

few terms. This model reduction scheme provides an alternative to the

Davison method [Da] because the dynamic effect of fast modes is
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represented to some extent. Also the effects of many fast modes
can be accumulated into a small number of terms in the weighting
function. There is a model complexity tradeoff dztermined by the
number of fast modes, their raté of decay and the number of plant
inputs, in the comparison of a Davison reduced model and one of the

proposed formes Mathematically the model form is

W = Apgw + Bou o, (7.4.1)

Vg - = 'lek . (7.4.2)
r

Yoo =0 G Weg o (7.4.3)
1=0.

yk = Ylk + yzk ] (7.4-4)

where W, represents the slow mode state of the reduced order model
and subscript R denotes reduced order quantities. The above form may

be put into the more conventional nntation,

i

Yy = Ayt Bpues ' (7.4.5)

n

Ve Ew +Duw , (7.4.6)
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by augmenting the dimension of the reduced model to include the
controls (uk-l’ cee uk-r) in the model state. Values for the barred
matrices in (7.4.5), (7+.4.6) are then simply found. Preliminary
computational results are encoufaging, a detailed investigation of
this form has not been undertaken. Possibly the true value of the
idea is that it offers an alternative rationale for the forms of

compensation proposed in the next section.
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7.5 FPhilosovhy of Controller Desiegn

T+5.1 Introduction

Throughout the thesis we have dealt with time invariant, finite
dimension, state space descriptions of plant, and have examined several
separate blocks of control theory, which are now showvn to combine into
a method for the design of time invariant feedback controllers. The
important question of controller specifications and practical constraints
on the controller cannot be discussed outside the framework of specific
design examples., We shall assume that the design problem has been
condensed to the problem of optimizing a suitable quadratic performance
index, possibly to be updated or redefined when the solution has been
found, in order to produce desirable.changes in properties of the
solution. Methods of choosing the performance index have been
discussed in Chapter 2. Our restriction to finite order plant is not
rigid because the theory of gain optimization of Section T.2, though
developzd within the context of finite order systems, is applicable

to multi-variable systems of infinite order.

It would seem that idealised linear plant models occur as one of

three types.

Type I is derived as precisely as possible from the laws of physics,
and is usually far too complex to simulate and unnecessarily complex for

a control study. Type IT is a description of plant dynamics that is
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considered to be adequate for the purposes of a control study, and
the difference in behaviour between it and the type I model is
assumed to be insignificant. Type III is crude and there are
significant Aifferences in behaviour between it and the type II model,
but feedback structures are often obtained by such models. Sometimes
the feedback gains are obtained as well, and then the performance of
the designed controller must be checked using the type I1 dynamics.
This classification of a model may depend on the duty required of it,
which is usually related to-the speed of response desired of the

closed loop plant, which again is related to the cost on control.

T+5.2 Complete state measure on models of tyves IT and II1

If the complete state is measured on a type II model the required
feedback is obtained from the solution to a Riccati equation. If
there is incomplete state measure, but such that the unmeasured states
ﬁorrespond to dynamic actuators on the inputs,.a Lyapunov control is
easily calculated and may be suitable if the corresponding constraints

on closed loop transients are acceptable.

It remains to consider what can be done when an accurate type II

model with incomplete state measure, and crude type III model with



complete state measure are available. Firstly a control law can be
obtained by the methods of Chapter 2 for the crude model and checked

against the more accurate one a posteriori.

A more precise but compact model for discrete time plant may be
to add a parallel path to the crude model to account for some fast
mode effects, and then to design a control law, again by the methods
of Chapter 2. This leads to a dynamic compénsator, and if the parallel
path model is an adequate representation of plant dynamics the

compensator will be satisfactory.

An alternativé which the author prefers is the use of Algorithm
Te2.1 to obtain optimal incomplete state feedback gains for the
type II model. The existence of the crude model having complete
state measure indicates that convergence to the optimum will be fast.
As the performance index is varied tﬁe optimal feedback 1aw~will be
updated with very little computational effort. This algorithm on
current experience is highly effective, and is also more versatile
than appears at first sight. We demonstrate this by the following

theory.
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Desien of .mmltivariable pronortional plus integral controllers

This design procedure is a modification of Johnson's [Jz]

for complete state measure. Given a system with constant equivalent

disturbance w, and cost J,

.
X

J

=4

then at the optimum®

[~

= AX + B(u + W), (705.1)
= Hx ’ ' (70502)
©

= / (x'Qx + 1'Ru)dt , (7+543)
o

= u+ w o,

A

= le + KéE (7.5.4)

= Kx+ K, (B'B)™B! (% - Ax)

a

Kx + 52(5: - AX) (7e5.5)

Since a crude model of full state measure is assumed to exist,

the plant output y and & must contain most of the information in

(7¢5¢5)e Then there exist Ly Lo Ay analogues to K , K,, A such

that

u

= ;1y + L,(3 - Agy) (7+5.6)



so that

) |
FO-Ly = G -Lay

e

. L3 y -
Therefore along optimal trajectories there exist L, L3 such

that 4
t == L t) dt . e e
u{t) _—Zy( +[°L3y (Te5T)

The Kleinman algorithm [KS] has fast convergence to the optimal
K K, of (7+5+4), and there exist X,, K‘j analogues to L,, L3 in
(7+5.7) algebraically related to K‘.L' K2' Therefore the algorithm

Te2.1 will have fast convergence (near quadratic near the optimum)

to the optimal values of }_2, L, for the problen,

3
b4 Ax + Bu
a_ = '
dt [ z] { Hx l
y = Hx,
t
u(t) = L y(t) + L3[° y dt (7<5.8)
= L, y(t) + L3 z(t) ,
©
i =) f (x'Qx + @'RA) dt,
Pie o
)
X = a set of specified initial conditions,
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then

Mﬁté’ya[J].

The constrained optimal control law (7.5.8) is of proportional

plus integral form.

Incomplete state feedback of different outputs to different inputs

In the presentation of the theory of gain optimization of
incomplete state feedback using Algorithm T7.2.1 and a suitable cost

function we have dealt with the form
u = Ky .
The update algorithm for K is based on the new estimate K of the
optimal K which always indicates a descent direction,
~ -1 =1
K = - RB'PTH'(HTH'!) ~.

We may impose different constraints on the control form by defining

selections of outputs Yy0 Yo and selections of inputs Uy Uy g

ne>

1 Hlx 1

>

ya Hax '

=

1 Kjyq s

and

>

2. K ¥ s



where there may be some overlap between ¥y and Yoo It is easy to

show that in exact correspondence with the relation for K, we have

-~

!

~

%

1. -1
- Ry 1B1~P1‘Hl'(HlTHl') .

- . -1
- R,71B,'PIH, " (E,TH,")
using obvious notation for Rl’ RZ’ Bl’ B2.

It is clear that the results can be generalised to sets
iul, u2 ces uq} and {yl, yz ese yq} .

It is anticipated that this type of control constraint may occur
when systems are coupled and some uncomplicated control interaction
between them is desirable. This idea has not yet been tested

computationallye.

Incomplete state feedback of unstable plant

The proposed method of obtaining incomplete state feedback
controllers requires a feasible, stable initial control law to start
Aigorithm 7+2ele If a stable feasible gain u = Ky is not known, the
following device may overcome the obstacle provided that a stable,

feasible law existse.



For the plant dynamics

i = A.X+BU. 9
y = Hx,
u = Ky,

introduce an extra plant input v so that

X

Ax + Bu + va ’
v = Kvx '

and a cost is defined
©

J, é fo(x'Qx + WRu + V'R v) dt .

vis chésen such that (4, Bv) is a controllable pair so that a stable

law Kv exists. The algorithm may then be started and organised according
to the theory of the previous sub-section to optimise K and Kv' As

Rv tends to infinity, at the optimum Kv should be small and X a stable
law, if one exists. In addition K should be nearly optimal for the

cost
)
J = Z [ (x'Qx + u'Ru) dt ,
A o
[}

and the optimum found with little computational effort.
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T-5.3 Incomplete state mweasure on Type III models

When the crude model has incomplete state measure, the control
problem is more difficult and £here nay be essential degradation of
performance as discussed in Chapter 6 even if cowplex observers are
used. Apart from determining optimal constrained gains which remains
a valid approach, there seem to be two solutions to the controller

design problem. Both lead to dynamic compensators.

Introduction of invut derivatives

The first approach follows the spirit of Pearson [Pl] and
Ferguson arnd Rekasius [Fl] where input derivatives are introduced,
the number depending upon the observability index of the plant.
Both papers wbrk with the type II accurate model and propose a precise
method that may lead to unnecessarily complex controllers. Our
contribution is to apply their ideas to the design of simple controllers.
We work with the accurate model but assume that the crude model exists.

Consider the plant

}'{ = AX 4 Bll 9
y = Hx ,
m . .
3 = L (x'Qx + u'Ru + 0'S8) dt  (7.5.9)
XB )
X = a set of initial conditions.
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Consider a particular case vhere the vectors y, z = (¥ - HBu)
would give adequate inforhation about the state of the crude model.
Then by the theory we have developed, Algorithm 7.2.1 will have fast

Lk
convergence to constrained gains Kl’ Ka:fhat optimise J where,

8 = Ky+ Kz K,u (7+5.10)
so that

f%;(“ Kyy) = Ky + (K - KHBu
) ' = (K - KAB) (u - Ky)+(K+(K; - KEBK)
y
2 Ke(u - Ky) + L ‘ (7.5.11)

The control law (7.5.10) may be implemented by (7.5.11) as shown

in Figure T.5.1.

u
b | J.
- RPlant e

{
=

X

\v}

A

Figure 7.5.1 Comvensator realization of feedback from v and ve.
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We note that y and u are vectors, and that in some cases first
derivatives of some y components may be omitted, in other cases
higher derivatives of y are required to describe the dominant
dynamics. Then, higher derivatives of u are introduced as the confrol
variable in J (7.5.9), the principle of eliminating derivatives of y .
from feedback by block diagram manipulations is unchanged. We note
that Figure T«5.1 has the same form as a degenerate observer,
discussed in Chapter 4, and that the optimal Kl’ K2 may possibly

tend to a low order multi-variable degenerate observer.

Introduction of observer based on crude model

We hawe available crude and accurate state space models of the
plant dynamics and the crude model has incomplete state measure. It is
reasonatle that a low dimensionsd observer obtained from the crude
model and used with the accurate one should together with the output y
provide a good characterization of the dominant dynamics of the plant.
A control can be formulated as a feedback law from the plant and
observer outputs, and the constrained gain optimization approach used
to get values for the gains. An example illustrates the usefulness

and pitfalls of the method.



Example

The simple example of Section T.2 is considered with the change

that only one output is measured.

The plant dynamics are

-1 1 0 0
x = 0 -1 1 ‘x+]{ O u,
0 o <10 10

where X alone is measured as shown in Figure T.5.2, and a crude model

is taken to be

"4 xl -1 1]
@ x \ = 1lo -11

2

1
X5 !

and the corresponding reduced observer with state x,, from (3.3.23)

L

with T = 9 is

iﬁ = - 10x4 - 81x1 +u ,

o= X 9% -

%
2

observer .into the full dynamics we have

is an estimate of the crude model state Xye Incorporating the crude

r ) ,
-1 0 o o] 0
s _ o = 1 o 4,19 .,
0O 0 =10 O 10
-81 © 0 -10 |1
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with output

) Xi _ 1 O (o] 8] y
y = 21 5 9 0o o 1 .
2
u 10 =3 1 ) 1 %1
o s+10 s+l s+1
.t L ~31 -
o - -y
A2 JTlG
9 -

Fieure T.5.2 Plant and simple observer

A performance index is defined

o
J =f (x.2 + .1u%) at .
o *1

J was optimized with respect to feedback from x and x., for two initial

2
conditions Xo. The two solutions are compared below with respect to

optimal gains K and P matrices (J = x'Px) ,
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x1) = @ o o o,

K1) = (6507 147 ,
424 .15 013 .0001

Py - |35 .15 015 -.0015
013  .015 0015  -.0002
0001 -.0015 -.0002  .0001 |

and

xo'(z) = (0 1 o o),

K(2) = (.907 1.267) ,
1.01 .106 .005 07

p2) o | 106 107 .01 ~.005
.005 .01 .00 -.001
.07 -.005 ~.001 .008

Comments on example

The optimal costs for the constrained optimization problems,
Pll(l) = o424 and P22(2) = ,107 compare favourably with the unconstrained

optimal costs of the crude model, P.. = .405 and P

11 22
which the optimal control is (-1.378xl - .938x2). We note that P11(2)

= 094, and for

and P22(1) are not close to the optimal values, in fact Pll(Z) is
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about twice its open loop value. This effect is the result of the
mismateh of the plant initial state %5 and the initial observer
estimate 522. The initial condition x' = (1 0 O 0) implies that
X, = 9 when %, = 0 , and costs due to estimation error accumlate as

the wrong estimate for X5 is fedback stronglye.

This may or may not be important depending on the disturbances
that are likely to act on the system, but it does emphasize the
importance of looking at all initial condition costs, which is easily
done by referehce to the P matrix. There is a tradeoff between speed
of observer dynamics and the error effects and the next level of
complexity in controller design using observers, is the solution of
the most svitable observer. We kave this as a topic for further

researche.
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7.6 Suggestions for Further Research

Somé potential research topics have been touched upon in the
previoﬁs section, TFurther computational experience in designing
incémplete state feedback using Algorithm T.2.l is required to confirm
its early promise as a powerful design tool. The relevance of
allocating feedback from different outputs to different plant inputs

"should be explored with respect to the control of interacting
subsystems. The last example clearly illustrates that research is
reqpi;ed into the specification satisfactory design objectives when
observers are intended to be used in constructing a dynamic compensator.

These objectives should define what is a suitable, or the most suitable,

observer.

v

The thesis has been solely concerned with deterministic control

' problems and it is felt that the proposed method of solution of the
adequéte incomplete state feedback laws is a contribution to design
techniques. A parallel theory clearly exists for the state estimation
problem, and a fruitful topic of investigation should be to find out
how far the ideas we have developed are applicable to controller
design in a stochastic environment. In the same way that full Stat?f/
feedback gives an often unnecessarily complex controller in the
deterministic case, it is felt that the use of a Kalman filter and
Riccati controller is often an unnecessarily complex design procedure

in the stochastic environment.
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