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Abstract

Sustainability is a key issue of the 21st century. A complexity and networks approach

is taken to investigate what makes socio-economic systems sustainable, or not, and what

lessons that can be learned from the sandpile model, an analogy of observed economic ac-

tivity.

The sandpile model has been studied extensively on regular lattices with fixed coordination

number K = 2. Here, the dynamics is generalised to evolve on less rigid networks. The reg-

ular lattice structure is relaxed by introducing an inter-layer distribution for the interactions

between nodes. This forces the scaling exponent of the avalanche-size probability density

function out of the two-dimensional directed sandpile universality class τ = 4/3, into the

mean field universality class τ = 3/2.

An apparent drift in the exponents of the avalanches found in the Monte Carlo simulations

on a lattice with K > 2 is attributed to the observed holes and side-branches of avalanche

clusters, which leads to large corrections to scaling. The K = 3 case is solved analytically,

proving that in fact the critical exponents for K > 2 are identical to the K = 2 case.

The most realistic topology that can be used to model economic activity is the production-
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consumption network between firms in a real economy. A novel avalanche-size exponent

τ ≈ 1.87, that falls outside the two known universality classes, emerges when the model

evolves on the Japanese inter-firm network. This network has the typical bow-tie structure

of a real-world directed network: in and out-layers, and a strongly connected component.

The strongly connected component is not layered and displays a large range of network

motifs [61].

Randomly adding a small proportion of links between non-adjacent layers in one of the lay-

ered networks in the mean-field universality class, abruptly takes the system out of the mean-

field regime with a non-trivial avalanche-size probability density function, which closely

reproduces the behaviour observed on the real-world Japanese network.
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Chapter 1

Introduction

1.1 Motivation

Complexity science deals with systems consisting of a large number of interacting compo-

nents, whose aggregate activity cannot be predicted by the summation of the activity of the

individual components alone [41]. One such complex system is the economy.

The economy of a country is made up of all the interactions within the country’s inter-firm

network. A long-standing problem in macroeconomic theory is explaining the unsustain-

able large fluctuations in aggregate economic activity that can result from many small, in-

dependent shocks to individual sectors [77]. It is of utmost importance as these can occur

suddenly, cannot be effectively planned against and their effects can persist for a long time.

This behaviour is analogous to a model stemming from condensed matter theory, the sand-
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pile model, a non-equilibrium system that self-organises into a critical scale-free state. Once

settled at the steady state, the system has two characteristic timescales: at the slow timescale

the system is driven by a grain of sand being added one at a time and at the fast timescale

the system relaxes by a sudden burst of activity with a frequency-size distribution that is

scale-free, with avalanches of all sizes and all durations [2]. Investigating how the dynam-

ics of the generalised sandpile evolves on more realistic networks of the economy can shed

some light on the causes of the large fluctuations.

The real-world inter-firm network of all active companies in the Japanese economy is a

prime candidate for this study; the topology of this network is non-layered and directed,

displaying the typical bow-tie structure found in real-world directed networks, with cycles

and triangles. The emerging large fluctuations, that are observed when the generalised sand-

pile dynamics evolves on this network, can be detrimental to the sustainability of the system.

It would be highly desirable if one could mitigate or even prevent them.

Understanding the mechanisms behind this example provide great insight as to what makes

socio-economic systems sustainable.

1.2 Thesis Outline

The remainder of this thesis is arranged as follows.

In Chapter 2, the notion of sustainability is introduced and its importance in the world

we currently live in is discussed in detail. Humans are seen as the dominant species and

the sustainability of a human society is based mainly on the way the society is organised
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rather than solely its relationship with the environment. Human societies have a lot to learn

from the fundamental principles of governance in the systems of the natural world. Great

insight can be drawn from modelling a human society as a complex system striving for its

sustainability where the behaviour of the inter-connected socio-economic systems in the

macroscale is really emerging from the interactions of the individuals in the microscale.

In Chapter 3, complex systems are explored. Complexity is an interdisciplinary field of

research that tries to understand how large numbers of simple components self-organise,

without the control of a central instructor, into a collective whole with macroscopic emerg-

ing coherent states that shares information and evolves. Colonies of social insects are in-

troduced as some of the most mysterious and knowledge wealthy examples of complex

systems in nature, whereas economies are a man made counterpart which are thought of

being adaptive complex systems both on the micro- and macroscale. Social communities

are networks made up of a large collection of nodes connected with edges; the nodes are the

entities making up the social structure such as people, firms or insects whose many different

types of relationships are characterised by the edges joining them. Thus, network science is

proposed as a method of representing the complex systems under investigation.

In Chapter 4, the sandpile model is introduced and redefined as a model for studying be-

haviour in socio-economic systems. A more general form of the traditional dynamics is left

to evolve on different regular network topologies with multiple neighbours per site. One can

move from a strictly layered and rigid regular lattice, where the directed sandpile model has

been studied until now, to a more flexible structure, by relaxing the regular lattice structure

and introducing an interlayer distribution for the interactions. This forces the scaling expo-

nent of the avalanche-size probability density function out of the two-dimensional directed

sandpile universality class τ = 4/3, into the mean field universality class τ = 3/2.
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In Chapter 5, it is shown both analytically and numerically that the generalisation of the

directed sandpile model (see Chapter 4) on a square lattice, with K downward neighbours

per site, where K > 2, is in the same universality class as K = 2 case which has previously

been solved analytically. For K > 2, the avalanche clusters have side-branches that create

holes into the otherwise compact avalanches obtained in the K = 2 case. Nevertheless, the

large scale structure of the avalanches for K > 2 tends to the K = 2 case and yields the same

critical exponents, which leads to the conclusion that the generalised sandpile model on a

regular lattice is in the same universality class for all K ≥ 2 [27].

In Chapter 6, avalanches in the economy are investigated when the generalised sandpile dy-

namics evolves on the real-world inter-firm network of all active companies in the Japanese

economy. A novel avalanche-size exponent (τ ≈ 1.87 [98]) is observed, which does not

fall into any of the two universality classes already discussed. Randomly adding a small

proportion of links connecting non-adjacent layers, in an otherwise layered network with an

interlayer distribution for the interactions, takes the system out of the mean field regime to

produce a non-trivial avalanche-size probability density function that closely reproduces the

behaviour observed on the Japanese inter-firm network.

Finally, the last chapter is a discussion which focuses on conclusions drawn from this re-

search and plans for future work.
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Chapter 2

Sustainability

2.1 The world we live in

Our Earth is very different to Mars and Venus. As far as we have explored, it is the only

planet with the unique property of sustaining itself and providing a nurturing environment

for its living organisms [48, 78]. The debate as to whether this property of our planet is a

result of its accidental position in our Solar System or is just a simple consequence of the

life on its surface persists until the present day [48, 49]. Nevertheless, what remains is that,

we, the dominant living things on this earth, should have a responsibility towards each other,

to the other organisms and to Gaia herself to leave her behind in at least the same condition

as we inherited her. The name Gaia stems from the Greek mythological goddess of the

Earth, Γαία; James Lovelock revived this name in his 1979 controversial book Gaia: A New

Look at Life on Earth [48], where he introduced his hypothesis: that all living organisms

and inorganic material found on Earth are part of a tightly-coupled dynamic system that
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self-regulates to maintain an environment fit for life.

The human species has always lived in an ever changing world over the past quarter of a

million years. It not only suffered catastrophic events such as earthquakes, volcano erup-

tions and ice ages, but has also evolved physically, culturally and politically to adhere with

its time. Our extraordinary progress in the last millennia has brought on an unrivalled level

of advancement in the technological, economical, environmental and social domain [37].

As a result, population growth alone has made us the dominant species on Earth, with the

power to alter the planet’s natural course and cause irreparable damage to the ecosystem

which houses us [95].

Over time, our basic instinct to protect ourselves against predators, pandemics and natural

disasters has cemented the idea that we, the human species, must persevere by any means

necessary. Added value was placed on the needs and desires of man, regardless of the

consequences to the planet. What we overlooked in this endeavour is that our species is

not isolated and in fact depends upon all the other organisms on Earth. Our survivability is

interlinked with the survivability of all the other living things in our ecosystem and more

importantly is coupled to the health of our planet [48].

Our advancement in technology, our rate of resource usage and our drive towards industri-

alisation has affected the planet in unprecedented measures. Luckily or not, depending on

your point of view, our activities are approaching the limits provided by the global cycles of

water, food and energy. Highly connected transportation and communication systems have

enabled the diffusion of economic activity and with it the exploitation of about every inch of

this Earth. Unfortunately, we single handedly bear the responsibility of being the “dominant

planetary engineers” [37].
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The past few decades have given us a glimpse into the detrimental effects of our new re-

lationship with our ecosystem. The observed global changes1 include, but are not limited

to, desertification, deforestation, species extinction, atmospheric chemistry, climate change,

water pollution, floods, drought, growing poverty and frequent epidemics [37, 95]. The

causes of these are solely dependent upon the activities of the ever increasing number of

people. The observed bursts of economic activity in the last two centuries, which were

mainly due to technological development, caused unsustainable demands of energy and re-

source use [38]. The situation is extremely serious; the factors that cause these changes

continue to advance at the same rate.

At the same time, we should not let our concerns over the irreparable changes we have

caused cast a complete shadow over the many successes of the last millennium. Let us

not forget that, before the advancements that brought us here, life was mostly short and

difficult by the current Western standards. The United Nations Millennium Goals [86] were

drafted in 2000 with the intention of providing a clear understanding of where we stand as a

society and the outstanding problems we must address in the next millennium: the key two

being sustainability and development. At first glance these may seem unrelated, but at close

inspection one realises that you cannot have a success in one without the other; any progress

made in development will not last unless it is made in a sustainable way. Ultimately, and

due to our current way of making decisions, sustainability is at the mercy of the actions

of individuals based on the information and the incentives they receive from governmental

policies and the state of the economy at a local level, but also from the markets and other

global interactions [37]. The behaviour of the inter-connected socio-economic systems in

the macroscale is really determined by the interactions of the individuals in the microscale.

1Global changes occur on a planetary-scale in the Earth system, which includes the atmosphere, the land

and the oceans, the natural cycles and all living organisms [81].
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2.2 The principles of Sustainability

Sustainability as an idea has been gaining momentum in recent years. The word (un-)

sustainable appears on governmental leaflets, the back of packaging and television adverts.

We understand that it is an important idea, we must live our lives in a sustainable way, but

most of us do not really understand what this exactly entails; sustainability is much more

than being environmentally friendly, although caring for the environment is a good start.

In its modern form, sustainability as a concept was used as far back as 1974 by the World

Council of Churches in their report to the ecumenical study conference [94]. It came as an

answer to the world’s developing countries, which had an objection to worrying about the

environment, when other crucial matters such as poverty and deprivation of fundamental

resources took precedence. The concept of a sustainable society, surprisingly, does not im-

pose environmental conditions but instead imposes social conditions; it follows the principle

of equatable distribution and democratic participation. Simply put, a sustainable society is

one which will not self-destruct. Sustainability should just emerge at the crossroads between

concerns for the global environment and global social justice. The difficulty then truly lies

in reconciling the natural limits to growth with the concerns to social justice. The notion of

sustainable development was introduced not long after [32].

In 1987, the United Nations World Commission on Environment and Development (WCED)

published Our Common Future [11], a fundamental report highlighting the importance of

sustainability and more so, of sustainable development. The Brundtland Report2 as it be-

came known, attempted to stress the importance of the intertwined relationship between

economic development and environmental protection:

2Named after the Norwegian prime minister Gro Harlem Brundtland who chaired the UN General Assem-

bly for World Commission on Environment and Development for the duration of its existence from 1983-1987.
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“Through our deliberations and the testimony of people at the public hearings we held on

five continents, all the commissioners came to focus on one central theme: many present

development trends leave increasing numbers of people poor and vulnerable, while at the

same time degrading the environment. How can such development serve next century’s

world of twice as many people relying on the same environment? This realization broadened

our view of development. We came to see it not in its restricted context of economic growth

in developing countries. We came to see that a new development path was required, one

that sustained human progress not just in a few pieces for a few years, but for the entire

planet into the distant future. Thus ’sustainable development’ becomes a goal not just for

the ’developing’ nations, but for industrial ones as well [11, 28].”

The report proceeds to define sustainable development as one which “meets the needs of

the present without compromising the ability of future generations to meet their own needs.”

They emphasised that the concept of sustainable development implies limits on environ-

mental resources, which are placed by the current state of technological advancement and

social organisation; the Earth cannot be stretched beyond her ability “to absorb the effects of

human activities”. However, both technology and social organisation are variables that can

be explored and managed so as to pave the way to a more sustainable economic growth. The

result of this should be a drastic reduction in poverty, where the basic needs of all are met.

It is the belief of the Commission that a world without poverty is one which is less prone to

environmental disasters and conversely, a world less prone to environmental disasters is one

without poverty [11].

Finally, the Brundtland report acknowledges the difficulties in reaching this goal. It empha-

sises that sustainable development implies equity, both within and also between generations

[28]. Moreover, sustainable development is not a fixed and stable state of peacefulness. In-
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stead, it should be a growth process where the direction of technological development, the

change in social organisation and the use of resources does not handicap the future genera-

tions whilst trying to meet our generation’s needs.

The report served the purpose of formulating the issue and making imminent that our current

destructive trends could not carry on with the everyday business as usual attitude. Difficult

and unpopular choices needed to be made and it prompted governments and international

agencies to seriously consider how to take action [85]. However, as with anything that rests

on the shoulders of political will, the effect and results of any discussions were, and still are,

very slow.

2.3 Thinking in systems

After the Brundtland report many international agreements have been prepared, signed, le-

galised and the resulting actions taken [85], the most notable being the Kyoto Protocol

[87] that became legally binding in 2005 and all agreed parties committed to reduce their

green house emissions according to internationally set targets. During the lengthy process

of drafting these agreements, the governments of the countries involved have allocated parts

of their budgets to programmes at the local and national levels with the aim of influenc-

ing people to make choices in the direction of a more sustainable future. However, many

of the social and environmental indicators used for measuring the effect of humans on the

biosphere continue to deteriorate: an additional 90 million people are pushed into poverty,

125 million are pushed into malnutrition to join the 1.02 billion people that already don’t

have enough to eat [29, 30, 88], many species are approaching their limits of extinction and

the accelerated global warming effects are becoming more evident [95]. Somehow, we are
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still getting it wrong; all the joint efforts of our governments and international agencies are

failing in reversing our current destructive trends.

Angela Espinosa and Jon Walker [29] argue that the sustainability of a human society is

based mainly on the way the society is organised rather than its relationship with the envi-

ronment. They strongly believe that governments as they are, cannot manage a transition

to a sustainable future. The hierarchical way with which governments operate is very inef-

fective in dealing with the high levels of complexity encountered at the lower levels of the

society. They suggest that the way we govern ourselves needs to change to allow us to cope

with the complexity of our society and that of the environment in which we live.

Stafford Beer, a teacher and colleague to both Espinosa and Walker, was a pioneer opera-

tional researcher and cybernetician who observed that the top-down approaches that govern-

ments use are not adept to handle the intricacy of societies’ problems. Beer suggests to take

a look at the natural world for successful examples of survival under complex conditions

[9, 79]. He took inspiration from systems theory.

A system is a set of parts or elements that is coherently interconnected and organised in such

a way that its structure leads to a characteristic set of behaviours. These are often the less

obvious outcomes of the actions and are considered the function of the system; the system

is more than the sum of its individual parts. Once the relationship between the structure

and function of the system is understood, we can make inferences about how the system

performs to tackle the tasks it undertakes and more importantly how it can improve this

mechanism to produce better results. Systems, whether small or large, can behave in similar

ways and in understanding these similarities or even differences we are taking the first step

in making any lasting changes to the systems in which we are embedded [53]. The Earth
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itself is a system made of many “living systems nested and embedded within smaller or

larger systems” [29, 53], which are all expert in coping with the high level of complexity

of their environment by self-regulating and adapting to any changes either externally or

internally induced [89]. Human societies can learn a lot from the fundamental principles of

governance in the systems of the natural world.

2.4 Seeking Sustainability in an age of complexity

Modelling communities as complex systems can help us understand how they evolved to the

live structures we have today and thus help us manage their complexity. Stafford Beer was

a pioneer operational research theorist and one of the first academics to apply complexity

theory to the notion of sustainability. He explained that one needs to manage the complexity

of a system in order for the system to become more sustainable and by using Ashby’s Law

of requisite Variety3 [1] he concludes that the right structures need to be in place to assist

in managing the variety of the system. From this cybernetic4 viewpoint the government has

the role of the facilitator of change that emerges from actions at the local level [29]. Policy

making in this respect is created with the view of enabling this change.

Beer developed the Viable Systems Model inspired by the brain and how it works perfectly

as an autonomous system whose recursive organisational structure enables it to function

in an ever changing environment. This model is in fact applicable to governments and

institutions within the society, where they are viewed as recursive self-organising systems

3Ashby’s Law of Requisite Variety states that for a system to reach stability it must have a greater number

of states in its control mechanism than the states that exist in the system that need to be controlled [1].
4Cybernetics stems from the Greek verb κυβερνάω(kybernáo) meaning to steer or govern; it was coined

by Norbert Wiener in 1948 to describe the transdisciplinarry approach exploring the structure and dynamics

of systems and "the scientific study of control and communication in the animal and the machine" [96].
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that evolve in direct communication with each other and the environment in which they live

in [9, 29].

The Viable Systems Model was applied successfully in at least two cases to map and manage

the complexity of the countries of Columbia in 1998, in order to provide an intervention in

the management of public performance, and Chile in 1972, to put in place a regulatory

system for the social economy and mitigate the economic crisis that Chile was facing at

the time. The latter example is of great importance as it enabled each nested system in

the social economy to be self-regulated and autonomous to make decisions, whilst being

updated in real time on information from different levels of the economy that it might affect

or be affected by. This real time information sharing on all nested systems in the economy

made Chile the most advanced government at the time and even makes current methods of

governance envious. Sadly, the military coup on the 11th of September 1973 brought this

to an end and the hi-tech operations room, where economic information was received and

used for making quick decisions, was destroyed.

Perhaps the most powerful lesson learned from this cybernetic approach to governance is

that nested systems should be allowed to be self-regulatory with information sharing at all

levels and one must build the capacity to act proactively in decision making and respond to

change effectively and in a timely manner. A myriad of examples of systems with change

and adaptation at their core comes from complexity theory. In complex systems, the in-

teractions and feedback between individuals, communities and the environment allow for

greater flexibility and adaptation [37, 60]. At this stage it is vital to take a step back to see

what we can learn from complex systems, which are either sustainable or unsustainable,

and investigate how they organise themselves and how they operate to survive in their ever

changing world.



44 Sustainability

2.5 Summary

The Earth is a unique planet that self-regulates and provides a nurturing environment for all

its living organisms. Humans are now the dominant species on Earth and have evolved to be

the main planetary engineers, whose actions can cause irreplaceable damages to the other

organisms and the Earth itself.

Sustainability, the ability to meet the needs of the present without compromising the ability

of future generations to meet their needs [11], goes beyond environmental protection and

sits at the crossroads between concerns for the global environment and global social justice.

A sustainable development path is needed to sustain human progress into the distant future;

it is not a fixed state and thus not a straight forward process as the sustainability in the

macroscale really depends on the decisions that individuals take in the microscale.

Governments and international agencies are struggling to find and implement a long-term

solution to all the problems that are arising due to our unsustainable ways of living. This is

because they are attacking each problem individually instead of viewing human sustainabil-

ity as a problem concerning the nature of society and the way it is organised. The top-down

approaches that governments and international agencies use are not adept at handling the

intricacy of the problem and thus (complex) systems’ theory is proposed as an alternative

approach.

The natural world is made up of systems and the Earth itself is a system made of many

smaller living systems. Therefore, human societies can learn a lot from the fundamental

principles of governance in the systems of the natural world. By modelling communities as

complex systems we can understand, and thus manage the complexity of the problems we
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are facing.

Με το βουνό θα γίνω φίλος και με τα πεύκα σύντροφος.

Κι όταν θα κλαίω και πονώ θ΄ αναστενάζει το βουνό.

Ευάγγελος Πρέκας5

5Translation: I will become friends with the mountain, and a companion of the pine trees. So that when I

cry and suffer, the mountain will sigh.





Chapter 3

Complexity and Networks

3.1 Reductionism Limitations

Reductionism is the philosophical belief that a system is nothing more than the sum of

its individual parts. In the philosophical text A Discourse on the Method, René Descartes

[23], a mathematician of the 17th century and also a prime practitioner of the reductionist

approach laid out his scientific method in four steps:

1. “never accept anything for true” unless you prove it yourself

2. “divide each of the difficulties under examination into as many parts as possible, and

as might be necessary for its adequate solution”

3. direct the “thoughts in such an order that, by commencing with objects the simplest

and easiest to know, I might ascend by little and little, and, as it were, step by step, to
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the knowledge of the more complex”

4. review the long chain of argument frequently to make sure nothing was omitted.

This four step process to the scientific method summarises the predominant approach to

science until the beginning of the twentieth century. Scientists believed that they can draw

firm conclusions about a system by simply understanding the mechanisms and purpose of

its individual constituents, and have thus looked for the reductionist reasoning of all natural

phenomena from the proven theories of fundamental physics. Sure enough, the application

of the underlying principles of fundamental physics was very fruitful in explaining much of

the phenomena scientists observed, with the only shortcomings appearing when scientists

tried to apply these to the “complex phenomena closest to our human-scale concerns” [54].

Examples in which the reductionism approach has failed can be found all around us: from

the way the actions of neurons give rise to the intricate behaviours in the brain, to the way

colonies of millions of ants self-organise without the need of a central conductor to perform

a particular task and the unpredictable behaviour of human societies in the political and

economic domain. What is common in all of these examples is that we observe a complex

behaviour that arises from the often simple interactions of a large number of components.

In response to the shortcomings of reductionism theory the scientific community started

leaning towards the idea that understanding the role of individual parts of a system does not

necessarily help you predict the behaviour of a system. Scientists started coming together to

look for interdisciplinary approaches to the problems they faced. As a result, new fields were

created and old fields were looked at with fresh eyes which enabled science to go beyond

the reductionist approach and start solving problems closer to our human scale concern in

biology, economics and sociology [54]; a small list of these fields includes systems science

and cybernetics which led the way to complex systems, or complexity science, and network
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theory.

There are clear limitations to our knowledge of the underlying systems and all the myriad

of feedback loops that cause the intrinsic behaviours observed, so a reductionist approach

is impossible. If one wants to know more about the system and obtain quantitative infor-

mation about it then a complexity approach is needed. To solve the most difficult problems

of our generation such as sustainability, disease spreading and climate change one needs

transdisciplinary methods to understand and explain the complexity.

3.2 Complexity Science

The word complexity takes its roots from the latin word complexus that means to embrace,

or comprise of different intertwined elements [19]. A complex system is one consisting

of many individual parts with often simple behaviour that are intricately interwoven in a

non-linear manner that causes surprising emergent behaviours and patterns.

Complexity science is an interdisciplinary area of research with the aim of building a uni-

versal understanding of the characteristics that cause the emergent behaviours arising from

the actions of large collections of simple entities, which self-organise into a collective whole

that is more than the sum its parts [16]. The plethora of complex systems that exist in nature

and the natural world, such as insect colonies, economies and the Earth, make this a fun yet

non-trivial task.
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3.2.1 Insect Colonies

Social insect colonies are nature’s oldest and most successful complex systems. A single

army ant has one of the simplest behaviours observed in nature, it will walk around looking

for food, fight enemies and respond to chemical signals. Even in large numbers, say in

the order of a hundred, ants exhibit behaviour that is aberrant and not worthy of special

note; they will simply walk around aimlessly until they exhaust themselves to, literally,

death [31]. Surprisingly, in extremely large numbers in the order of a hundred thousand the

Eciton army ants can manage unimaginable things like transport large prey back in time for

winter, traverse a tropical rainforest with perfect sense of direction and build long bridges

using their bodies to allow other members of their colony to cross difficult terrain. They

have biologically evolved to do this by utilising intelligence that has arisen as a property

of collective cooperation and communication [31, 35] and only because it increases their

probability of survivability as a species.

Ants are highly social, just like humans, and have evolved into “creatures with such an

enormous contrast between their individual simplicity and their collective sophistication”

[54]. They have been around for an estimated 140 million years [39] in comparison to

homo sapiens 0.25 million years. In relative terms, if ants have been around for 1 day,

humans have existed for a mere 2 minutes and 34 seconds. In addition, the biomass of ants

is estimated to be roughly equal to the biomass of humans [18, 39]. Scientists have made

substantial progress in understanding how social insects - be it ants, bees or even humans -

work as a team [58], divide labour [76] and communicate [18, 75, 76], but cannot to this day

fully explain exactly how their individual or collective behaviour came to be. Humans still

have a lot to learn about complex systems and sustainability from taking a peek into insect

colonies.
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3.2.2 Economies

Economies are human made complex systems that have evolved over time to the structures

we see today. They are made of simple economic entities - be it companies or individuals

- who are producing or consuming goods. At the microscale, these entities are simply

trying to increase their profits by gathering relevant information about the behaviour of other

entities within the economy. At large numbers this behaviour becomes very complex and

leads to the unpredictable behaviour of markets and fluctuations in prices and production of

goods. Ideally, according to macroeconomic theory, the self-organising property of markets

that emerges from the microscopic interactions of the companies and individuals should

pull the economy into an equilibrium [54] and changes in production/consumption should

be perfectly off-set by changes in the price of goods so that nobody is better off as a result

of these fluctuations.

Real-world economies are seldom in equilibrium, and thus economists are always interested

in what breaks this theory and makes economies inefficient. A complex systems approach

to economics seems appropriate based on the description of complex systems observed else-

where, namely that simple intricately connected components in the microscale lead to un-

expected patterns in the macroscale, which in this case are global shocks to the economy,

bubbles and subsequent crashes.

Another very relevant view is that the economy is in fact embedded in social networks

[10, 36]. The personal links between the entities in the economy is of equal or at times

higher importance than general economic transactions, mainly because these are not occur-

ring solely between independent and impartial individuals but in fact between social entities

that are connected over space and time. Analysing the structure and dynamics of the social
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networks between individuals and companies in the economy can give an insight into the

behaviour of their transactions.

3.2.3 The Earth

The Earth is a complicated complex system composed of many interacting components,

many of them which are interconnected subsystems themselves. These include natural sys-

tems, like the atmosphere and biosphere, and also socio-economic systems like the ones

discussed above. The Earth system is particularly difficult to predict for two key reasons.

Firstly, it is dominated by the non-linear interactions that exist both within and between its

components [95]. Secondly, the unpredictable human behaviour plays an integral part in

how the system changes.

Humans play a powerful role within the Earth system; their large numbers and span of

activities creates enormous complexity in the system as a whole making it difficult, or even

impossible, to predict exactly the outcomes of the ever increasing pressure on the system.

Their deep embeddedness and interconnectivity can have a great impact on the system and

cause changes which unfortunately are not uniformly distributed, meaning that some parts

of the Earth and some people are affected disproportionally too much.

Change in the Earth systems occurs in a non-linear manner, where feedback loops can either

reinforce chance or completely dampen it [80]. To prevent negative change, be it social, eco-

nomic or environmental, one must investigate and understand the Earth system as a whole,

including the intricate interweaved connections between its components [95]. Therefore, the

traditional top-down approaches to problem solving will fall short here as they are not flex-
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ible enough to address these non-linear changes. After two decades of tackling sustainable

development issues ineffectively, by targeting what we thought were isolated issues [29, 95],

it is now time to integrate complex systems thinking into any sustainability conversations

and decision-making processes.

3.3 Adaptability of Complex Systems

Simple systems can be broken down using a reductionist approach and their structure and

dynamics can both be pinned down exactly. Their behaviour is predictable and can be

calculated exactly by using simple cause and effect. Simple systems are mostly closed

systems, which do not interact with their surroundings and thus do not need change in

response to external factors.

Complex systems are made of many entities, some of which can be smaller nested systems.

Above we saw how the Earth can be broadly broken down into natural systems, such as

the atoms, oceans and ant colonies, or socio-economic systems like the economy, cities and

political systems. These are all inter-connected meaning that they share information and

influence the development of one another [95]. Adaptation is fundamental, as changing

their behaviour increases their survivability [54].

In socio-economic systems a key component is humans, as their activities impose bound-

aries, structure, laws and other rules. The individuals embedded within the systems have

the ability to think about their behaviours, reflect on their actions and change in response

[37, 95] to what they think the best course of action is: a crisis can turn into a learning

opportunity.
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3.4 Emergence

Emergent behaviour has appeared a few times throughout this thesis already, in the examples

of social insect colonies, economies and the Earth [2]. In all of these examples, simple rules

on the individual components on the microscale level lead to complex, unexpected patterns

seen in the system as a whole in the macroscale level [54]. The primary cause that gives rise

to the emergent behaviour is the intricate underlying connections between the individual

entities that cause long spacial and temporal correlations in the system. This means that the

emergent properties are not predictable from even complete information of the microscopic

entities [37], since the system cannot be broken down into non-interacting linear parts that

are not sensitive to their environment.

The non-linear interactions and sensitivity to the environment are in fact the essential condi-

tions for emergence [37, 95] and they exist both within and across all the complex systems

of interest with respect to sustainability, such as the environment, the economy, society and

even government and other institutions. A more formal method of analysing and under-

standing these interactions is key to understanding the emergent behaviour of the system as

a whole.

3.5 Network Science

Most things in the world can be represented as pair-wise interactions between elements in

the system. Mathematically the interactions are represented by links (also known as edges),

the elements are represented by nodes (also known as vertices) and the collection of these
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is called a network [59]. It should be of no surprise that examples of real world networks

are found all around us, including neural networks in the brain, airline flight routes, social

media friendships or even all the routers that together make up the backbone of the Internet

[92]. Social communities are networks whose nodes are people or sometimes groups of

people and can have many different types of relationships between them that are of interest

to our sustainability or even survival, such as identifying and analysing terrorist networks

as a matter of national security [73, 74, 97].

The structure of networks has been studied in isolation by many fields for hundreds of

years, in the context that was appropriate in their respective discipline. For example, in

mathematics networks takes the form of graph theory [84], in epidemiology it is disease

spreading due to direct person-person interactions [15] and in economics it is the spread

of technological advancement and expertise across businesses [12, 54]. Over the last two

decades, researchers have been coming together to investigate networks of all forms, to find

a set on unifying principles that apply to them and develop methods by which to analyse

them. This is what now has developed into the science of networks [59].

Common language was created to consolidate the existing work on networks stemming from

different fields and allow for better communication between researchers. Some of the most

important network terms, that will appear elsewhere in this thesis, will be introduced here;

to assist in this task I created the social network of the people (nodes) mentioned in my

acknowledgements, numbered in order of appearance in the text, see Fig. 3.1.

Clustering refers to the tendency nodes have to create separate communities within a net-

work. In my acknowledgement social network (Fig. 3.1) there is a clear divide between my

academic (grey) friends and all others.
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Figure 3.1 Network of acknowledgements. The social network of the individuals in the

acknowledgements section, where nodes are numbered in order of appearance in the text

and coloured according to whether they are family (red), academics (grey) and close friends

(blue). The average path length is 1.86 and the average degree is 9.3. Node 6 is a hub

node, as it is connected to 70% of the other nodes in the network and its degree (22), greatly

exceeds the average. It also has the highest betweenness centrality (166), which means that

it acts as the predominant bridge along the shortest path between most pairs of nodes.

The degree of a node is the number of links the node is attached to. Accumulating all of

these together allows for a degree distribution to be defined. Hubs are high-degree nodes that

have an important role in propagating information across the entire network. For example,

in Fig. 3.1 node 6 is connected to 70% of the nodes and its degree (22) greatly exceeds the

average degree (9.3) of the network.
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The path length is the shortest distance between two nodes, which is calculated by the

number of links that you need to traverse to get from one to the other. And thus, the average

path length is simply the average over all pairs of nodes. In the network shown in Fig. 3.1,

the average path length is 1.86 implying that on average you can get from one node to

another using less than two edges. The betweenness centrality of a given node is the times

a node acts as a bridge along the shortest path between two other nodes and is normalised

over the total number of shortest paths between all pairs of nodes. Effectively, nodes with

high betweenness centrality typically act as bridges between clusters. Unsurprisingly, given

its degree, node 6 in the acknowledgement network is the most central with a betweenness

centrality of 166 and is the main link between the clusters. Centrality measures, like degree

and betweenness, aim to identify key nodes based on their relationship with other nodes in

the network.

Most real world networks studied thus far, whether they are social, natural or technolog-

ical, seem to have similar characteristics: high-clustering, scale-free degree distributions

and hubs [54]. Scale-free networks have power-law degree distributions, i.e. they can be

expressed according to

P(k) ∼ k−γ , (3.1)

where γ is the scale-free exponent. The distribution is self-similar, meaning that it has the

same shape whether you have a thousand nodes or a million nodes, and hence they do not

have a characteristic scale.

Popular scale-free networks are the World Wide Web, social networks and networks of

businesses. It is thought that they have developed into this interesting structure because

they grew into this shape with preferential attachment, meaning that new nodes entering the

network prefer to attach themselves to higher-degree nodes already in the network. This
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increases the survivability of the node in a new environment. Some of these concepts will

be re-iterated in Chapter 6, where the real-world network between firms of an economy will

be introduced.

3.6 Summary

Reductionism was the main approach to all scientific problems and proved very success-

ful until it was applied to human-scale phenomena. Scientists believed that nothing was

more than the sum of its parts, and thus it could be broken down to its individual compo-

nents, studied separately and then put back together to draw conclusions about the whole.

The common denominator in all the cases where reductionism has failed is that a complex

behaviour arises as a result of the often simple interactions of a large number of compo-

nents, such as the unpredictable behaviour of human societies in the political and economic

domain.

Such systems are called complex systems and complexity science is the transdisciplinary

discipline that has been given as an appropriate method for their scientific investigation.

Its sole purpose is to build a universal understanding of how large collections of simple

entities self-organise into a collective whole that is more than the sum its parts [16]. Many

examples of complex systems exist in nature, such as ant colonies that self-organise to take

care of their brood, economies that have unpredictable market behaviours and the Earth that

is affected disproportionately by the actions of man.

The entities in complex systems are all inter-connected and therefore, they can use infor-

mation, and, in some cases, evolve and learn. In socio-economic systems, for example, the



3.6 Summary 59

individuals embedded within the system are able to think about their behaviour and adapt in

order to increase their survivability [37, 95]. The pair-wise connections between the entities

can be represented using networks, where the entities themselves are the nodes and their

interactions are the links joining them. Network descriptions of systems exist everywhere

[59, 92], including for socio-economic communities whose nodes are people or businesses

and can have many different types of relationships between them, such as the exchange

of money and goods in the economy and even criminal or terrorist affiliations in a social

network.

Network science is an area of research that investigates networks of all forms and aims to

find a set of unifying principles that connects them and scientific methods to analyse them.

Most real world networks have a common set of characteristics: high-clustering, scale-free

degree distributions and hubs. It is thought that scale-free networks developed into this

structure because they grow with preferential attachment, i.e., because the grew into this

shape with preferential attachment, meaning that new nodes entering the network prefer

to attach themselves to higher-degree nodes already in the network. One such scale-free

network is the trade network of the economy.





Chapter 4

The generalised sandpile model as a

paradigm for economic activity

Part of the material presented in this chapter was published in a peer-reviewed journal,

where all contributing parties have been properly acknowledged [98]:

Zachariou, N., Expert, P., Takayasu, M., and Christensen, K. (2015). Generalised Sandpile

Dynamics on Artificial and Real-World Directed Networks. PLoS ONE, 10(11):e0142685.

4.1 Introduction

The observed large fluctuations in aggregate economic activity proves to be one of the oldest

problems of macroeconomic theory, especially since these can arise as a result from many

small, predictable and independent shocks to individual sectors [77]. The instability in the
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economic aggregate is not the result of drastic change in behaviour, but is instead induced

from a fairly constant demand of goods. For this reason, understanding it is of great interest

to economists, as the shocks cannot be predicted and planned against and this leads to a very

expensive inventory management and non-ideal ad-hoc scheduling at the production level

[14, 77].

Uncovering the mechanisms that lead to these large scale fluctuations is by no means an

easy task since these are deeply hidden in the behaviour of the whole economy. It is rea-

sonable for one to expect that different parts of the economy must be independent and thus

any independent shocks in different sectors will just die out in the noise leading to Gaus-

sian distributed fluctuations in the aggregate. Interestingly, this is not true, which leads

to the hypothesis that the seemingly independent parts of the economy may not be so in-

dependent after-all and that non-linear and localised interactions may exist between them.

Self-organised criticality (SOC) has been proposed by Scheinkman and Woodford [77] and

Bak et al. [7] as a paradigm to explain the large fluctuations observed on all scales that were

caused by small independent shocks to individual sectors.

What does self-organised criticality actually mean? Self-organised criticality, a term coined

by Bak, Tang, and Wiesenfeld (BTW) refers to systems with many degrees of freedom that

spontaneously reach a dynamically critical state when slowly driven [5]. The system has

two characteristic timescales, the slow one where the system is driven from and the fast one

where the activity in response to the driving takes place.

To understand this metaphorically, let’s consider a pile of sand. If one grain of sand at a

time is dropped consecutively at the top of a table, eventually, a sandpile will emerge that

organises itself to reach a critical point where one sand grain can cause an avalanche of
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any size to topple down the slope. The avalanche size is simply the number of grains that

were involved in the toppling. That is, after the system goes through a transient period, the

system reaches stationarity. Once in the steady state, the frequency of avalanches yield a

scale invariant avalanche size probability density function (pdf) [5]. This behaviour is not

only observed in sandpiles, but also in aggregate economic activity [77] and is abundant in

nature [2, 41], ranging from the coevolution of species [3], to earthquakes [4, 8], to lung

inflation [82] and even rainfall [68].

An entertaining sandpile style scenario emerges when thinking about a large office of bu-

reaucrats. Imagine that the desks of the bureaucrats are arranged in perfect rows, see Fig.4.1,

where all bureaucrats apart from the ones sitting at the edges have four nearest neighbours.

When a piece of paper enters through the door it will land at the desk of random bureau-

crat and will require some action. The bureaucrat will not deal with it until at least four

pieces of paper have piled on his desk, at which point she will pass one piece to each of

his nearest neighbours. All bureaucrats behave according to this rule, with the exception of

the ones sitting near the windows, who simply throw the piece of paper out of the window

and onto the street. Once there are enough papers in the system, it will reach a point where

one additional piece of paper coming through the door will lead into a chaotic process of

paper transfer sequences. In the modern working environment, emails have replaced pieces

of paper and bureaucrats do not have just four nearest neighbours but instead are frequently

carbon copied into the scale-free (see Sec. 3.5) email networks of their colleagues; this must

surely create avalanches of extreme measures1.

A self-organised critical system that has reached the critical state, like the ones described

above, can only relax by a burst of activity. In the (original) sandpile example this is when

1After working for Her Majesty’s Government for nearly two years, I can neither confirm nor deny this

conjecture. If true, however, it would explain most of the problems that I have experienced with human

resources thus far.
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Figure 4.1 Illustration of a sandpile in bureaucracy. Bureaucrats remain inactive until

four or more pieces of paper requiring action are found on their desk, at which point they

will send one piece of paper to each of their nearest neighbours. After some time, the

system will reach a point where a single piece of paper entering the office will cause an

avalanche of papers being shuffled around. This light-hearted application of the sandpile

to a bureaucratic setting is courtesy of the physicist Peter Grassberger who, ironically, is

famous for his research in chaos theory.

an avalanche of sand grains topple down the slope. At the critical state, there are long-range

temporal and spatial correlations even though only direct short-range interactions among

the constituents are permitted. The system is scale invariant, which means that all scales are

of equal importance and that the landscape of the sandpile in its current form depends on all

of its history, but also constraints the whole future evolution. Mathematically, the avalanche

sizes y display finite-size scaling (FSS), meaning that a power-law can be fitted, where the

pdf follows the expression

P(y;L) = y−τ
G (y/LD), (4.1)

for y ≫ 1 and L ≫ 1, G is a universal scaling function and the critical exponents D and



4.1 Introduction 65

τ are the avalanche dimension and the avalanche-size exponent, respectively [5, 72]. The

conditions y ≫ 1 and L ≫ 1 effectively mean that the system is in the thermodynamic limit,

where corrections to scaling (for finite system sizes) can be ignored.

A special case of the BTW model is the directed sandpile model, where the flow of motion

has a strict directional rule and can not be reversed [72]. The dynamics exhibit the same

characteristics: criticality, scale invariance and finite-size scaling. It was proven analytically

by Dhar and Ramaswamy that the avalanche-size pdfs of a directed sandpile model on a

two-dimensional lattice fit the FSS Eq. (4.1) with scaling exponents τ = 4/3 and D = 3/2

[26].

It bears similarities to other models of non-equilibrium statistical physics like the Takayasu’s

model of aggregating and diffusing particles with injection, the Scheideggar river network

model, the voter model [25] and the growth of falling rain droplets [68, 69].

Bak, Chen, Scheinkman and Woodford [7] redefined the dynamics of the classical two-

dimensional directed sandpile to model intersectoral trade. They recovered τ = 4/3 and D=

3/2 whilst investigating the fluctuations in the production. Whilst this work was pioneering

for its time, it nevertheless only considers a very rigid topology and homogeneous producers

each joined to only two consumers and hence, essentially, is simply putting the directed

sandpile model into another (very relevant) context. However, allowing for a more realistic

setting where a more general pattern of connectivity among producers and consumers is

possible, and then increasing the number of producers that each consumer is connected to,

should cause longer chain reactions [77].

In the current chapter, the dynamics of the directed sandpile model [7, 26] is adapted to
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cover for different number of producers and consumers, with the potential of running the

dynamics on any directed topology [98]. Then, the generalised dynamics is investigated

numerically and theoretically on regular, strictly layered lattices (Chapter 4 and Chapter 5).

However, the most realistic topology one can use for studying intersectoral trade is in fact

the production-consumption network between firms in a real economy, which is done in

Chapter 6.

4.2 Model definition of the generalised sandpile

Bak et al. [7] showed that the classical two-dimensional directed sandpile model is ap-

plicable to the study of the fluctuations in the production of intersectoral trade. In their

adaptation, the economy takes the form of a cylindrical lattice with L layers and each pro-

ductive unit has only two suppliers directly connected in the layer below and two consumers

directly connected in the layer above, see Fig. 4.2. If a productive unit is activated and needs

to produce, it will create and transfer two units of output, one to each of its two customers by

utilising two units of input, taking one from each of its two supplier units. The productive

unit is also allowed to keep units in its inventory, although to optimise the costs of keeping

the inventory it can hold a maximum of one unit of product. Production starts only when

an order from a customer node in the layer above cannot be fulfilled exclusively from the

products stored in the inventory.

Just like dropping a grain of sand at the top of the pile, this system is driven by indepen-

dently shocking a node in the first layer of the cylindrical economy, see Fig. 4.2. The distri-

bution of aggregate production behaves exactly like the avalanches in the directed sandpile

as discussed above, and moreover the critical exponents τ = 4/3 and D = 3/2 are recovered
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[7, 77]. Thus, this simple model is useful in reproducing certain traits and behaviours of the

macroeconomy, but the issue still remains that the underlying network is very unrealistic

and rigid.

L

top layer

bottom layer

(a) (b)

Figure 4.2 Illustration of regular lattice topologies. Networks shown are subsets of: (a)

a two-dimensional directed lattice with coordination number K = 2; (b) a two-dimensional

directed lattice with coordination number K = 4. Periodic boundary conditions are applied

to the left- and right-most nodes to form a cylindrical structure. The nodes in the top layer

are the final goods producers, the nodes in the bottom layer are providers of raw materials

and all other nodes between are the producers of intermediate goods. It is left to the readers

imagination to extend this setup to higher co-ordination numbers K > 4.

The first improvement that one may want to do is allow for an increased number of suppli-

ers and customers that a productive unit may be directly related to. To allow for this, the

dynamics that were introduced by Bak, Chen, Scheinkman and Woodford [7] for a directed

two dimensional lattice with co-ordination number K = 2 will need to be adapted to allow

for a more general lattice structures and higher coordination numbers.
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Let us define an economy consisting of N productive units that are arranged in L number

of layers on a lattice, with periodic boundary conditions connecting the two vertical edges

and tracing the shape of a cylinder, see Fig. 4.2. By definition, the circumference M of the

lattice, where M = N/L, is also the width of the economy.

Each productive unit is identified by its coordinates in the lattice, denoted by (i, j), and has

a set of suppliers in the layer below to buy supplies from and a set of customers in the layer

above to sell products to. Viewing these relationships as a network, then at (i, j) there exists

a node with unweighted directed links (n,n′) connecting each supplier node n(i, j) to each

of its customer nodes n′(i′, j′). Therefore, the set of customers of node n(i, j) is simply

Ni, j = {n′(i′, j′) | n′(i′, j′) is a customer of n(i, j)}. (4.2)

The out- and in-degrees of each node n(i, j) are kout
i, j and kin

i, j, respectively, and are simply the

number of suppliers and customers of each productive unit. In the special cases shown in

Fig. 4.2, we have kout
i, j = kin

i, j = 2 and kout
i, j = kin

i, j = 4, respectively. The network of the entire

economy can be traced by accumulating together all the nodes with their respective links.

In this layered network economy, the nodes in the top layer are the final goods producers,

the nodes in the bottom layer are providers of primary raw materials and all other nodes

between these two layers are the producers of intermediate goods. Fig. 4.2 shows a snippet

of such a network.

The system is driven from the top layer and at each time step a node in the network may be

activated if the avalanche reaches it and also may be required to sell product to its customers.

Production is required when a customer’s order cannot be met solely using products from

the inventory of its supplier. For n(i, j), define xi, j(t) to be the state of the inventory at time
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t, yi, j(t) to be the quantity of goods produced at time t and finally, si, j(t) to be the number

of goods sold at time t. When node n(i, j) receives an order from a customer in the layer

above, it will check its inventory to see whether it can fulfil the order from the product in

its inventory, without having to produce. If it does, then it just sells a unit of product to

its customer and does not produce anything, i.e. yi, j(t) = 0, see Fig. (4.3)(a). If it does

not, then it must start production to cover for potential orders from all its customers and

yi, j(t) = kin
i, j, see Fig. (4.3)(b). Note that regardless of the amount of units a node produces,

it will only give its customer one unit and conversely, regardless of how many units of

material a customer requires, it can only ask for one unit from each supplier.

initial inventory

final inventory

no production

(a)

with production

key

activated

empty (0 units)

full (1 unit)

(b)

Figure 4.3 Illustration of a local process with and without production. Networks shown

are subsets of a two-dimensional directed lattice with coordination number K = 2 with dif-

ferent initial inventory configurations: (a) the producer node (black) receives an order from

its customer, the activated (red) node in the layer above, and since it can fulfil the order from

the product in its inventory it will simply hand it over and not go into production, yi, j(t) = 0,

resulting in an empty inventory in the final configuration; (b) the producer node (black) re-

ceives two orders from both its customer, the activated (red) nodes in the layer above, and

since this time it cannot fulfil both orders from the product in its inventory it must produce

to its full capacity, yi, j(t) = kin
i, j which is 2 units in this case, and give the product to its

customers leaving all inventories full in the final configuration.
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The variables of interest are no longer homogeneous and in fact their values are dependent

on the in- and out-degrees of each individual node: the inventory is xi, j(t) ∈ {0, . . . ,kin
i, j −

1}, the production is yi, j(t) ∈ {0,kin
i, j} and the sales are si, j(t) ∈ {0, . . . ,kin

i, j}. To avoid

dissipation each node must have at least two customers and two suppliers, i.e. kin
i, j,k

out
i, j ≥ 2.

The inventory xi, j(t) is updated at each time step by adding the number of units it produced

and subtracting the number of units it sold, i.e.

xi, j(t +1) = xi, j(t)+ yi, j(t)− si, j(t), (4.3)

where si, j(t) are driven by the accumulated orders coming from all active customer nodes

n′(i′, j′) of each node n(i, j) at that time-step, i.e.

si, j(t) = ∑
n′(i′, j′)∈Ni j

yi′, j′(t)

kin
i′, j′

. (4.4)

An avalanche is the total size of production y(t) and is calculated by summing together all

the individual productions of all the nodes n = 1, ..,N in the economy:

y(t) =
N

∑
n=1

yi, j(t). (4.5)

Note, that not all nodes contribute to this sum at every time step as they may not have needed

to produce.
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4.3 Theoretical framework

The size of an avalanche can only be predicted if one has complete knowledge of the struc-

ture of the network and the entire inventory of all nodes in the system. However, this is a

cumbersome task and not necessary as the statistics of avalanche-size pdfs behave according

to well-defined laws [72].

Assume that the avalanche-size pdfs obey FSS, meaning that a power-law can be fitted, that

is, it can be expressed in the form

P(y;L) = ay−τ
G
(

y/LD
)

for y ≫ 1,L ≫ 1, (4.6)

where τ and D are universal scaling exponents, G a universal scaling function and a a non-

universal dimensionful parameter that is independent of the lattice size L.

Simple manipulation of Eq. (4.6) yields

yτP(y;L) = aG
(

y/LD
)

. (4.7)

Plotting the transformed pdf yτP(y;L) against the rescaled observable y/LD, would mean

that all the data collapses onto the curve of the scaling function G . This of course is only

possible if the data for the different system sizes L are consistent with the FSS ansatz.

The avalanche-size scaling exponents τ and D can be estimated using moment analysis.

Assuming that the FSS ansatz holds for pdfs y, then the kth moment can be estimated using

Eq. (4.7) as follows:
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⟨yk⟩=
∞

∑
y=1

ykP(y;L)

=
∞

∑
y=1

ayk−τ
G
(

y/LD
)

∝

∫ ∞

1
yk−τ

G
(

y/LD
)

dy

∝

∫ ∞

1/LD

(

uLD
)k−τ

G (u)LDdu

∝ L(k−τ+1)D
∫ ∞

1/LD
uk−τ

G (u)du (4.8)

where the sum was approximated using an integral and the substitution u = y/LD was used.

As L tends to infinity, the integral in Eq. (4.8) will converge to a finite number; the integral

is finite at the lower limit which is now 0, where the scaling function G converges to a

constant, as long as the avalanche-size exponent satisfies 1+ k > τ; the integral is finite at

the upper limit infinity because the scaling function G decays fast to ensure convergence

[16]. Thus, the kth moments of the avalanche-size probability scale with the system size L

according to the following relation

⟨yk⟩ ∝ LD(1+k−τ), (4.9)

for L ≫ 1 and k ≥ τ −1.
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Plotting the measured moments ⟨yk⟩ against system size L in a double logarithmic plot gives

a straight line, where the slope is D(1+ k− τ) for L ≫ 1.

Then, plotting the estimated slopes D(1+ k− τ) against k gives a straight line where the

gradient is D, and the line intersects the k-axis at k⋆ = τ −1, i.e. τ = 1+ k⋆.

Moment analysis is used to estimate D and τ; these values are then validated by producing

a data collapse according to Eq. (4.7). Also, due to conservation of the grains of sand and

Eq. (4.9), the first moment (where k = 1) is expected to follow

⟨y⟩ ∝ LD(2−τ) ∝ L, (4.10)

which means that the following scaling relation must hold true

D(2− τ) = 1. (4.11)

4.4 Results on a regular lattice with K ≥ 2

Numerical simulations were used to confirm that the generalised sandpile dynamics give

the known results [7, 26] for K = 2, and then this setup was extend for higher coordination

numbers K > 2.

The directed sandpile is relatively easy to implement numerically due to the fixed direction

of avalanches, as by construction, there is no backward flow [42] or multiple topplings [63].

In the simulations that follow, three system sizes were tested L= 200,400,600 with constant
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width M = 2000, unless otherwise stated. To bring the system into a steady state, a transient

period of 5× 105 avalanches was used, where simulations were allowed to run in order to

eliminate initialisation bias from random initial configurations. Nodes in the first layer kept

an empty inventory to ensure that each particle addition at the top resulted in a non-zero

avalanche.

Moment analysis was conducted directly on the results of the simulations as described

above. Logarithmic data binning was used to visualise the avalanche size pdfs by divid-

ing the horizontal axis into bins labelled j = 0,1, . . ., where the jth bin holds all avalanches

in the interval [a j,a j+1[ = {r ∈ R | a j ≤ r < a j+1}. The bins are increasing exponentially

in length for a > 1; here a = 1.1 was used. For bin j, let y
j
min and y

j
max denote the mini-

mum and maximum integer avalanche sizes that it can hold and then calculate the number of

avalanches that fall in within this interval [y
j
min,y

j
max]. Then, instead of plotting the avalanche

size pdfs directly, P(y j;L) as defined below

P(y j;L) =
No. o f avalanches in bin j

N∆y j
(4.12)

is plotted against the geometric mean, y j =
√

y
j
maxy

j
min of the avalanche sizes in bin j, where

N the number of avalanches in the interval [y
j
min,y

j
max] and ∆y j = y

j
max − y

j
min + 1 is the

corresponding number of integers. Without the logarithmic binning, it would be impossible

to extract any information from the extremely noisy tail of the pdfs [16].

In this generalised version of the sandpile model on a regular lattice with higher coordi-

nation numbers, we have that kin
i, j = kout

i, j = K, where K ∈ N
+ and K ≥ 2. The dynamical

rules are as defined as in Section 4.2 but the constraints on the range of variables of in-

terest are simplified as all nodes in the system have the same coordination number. The

constraints are: xi, j(t) ∈ {0, . . . ,K −1} for the inventory, yi, j(t) ∈ {0,K} for the production
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and si, j(t) ∈ {0, . . . ,K} for the sales. The case where K = 2 reduces to the original model

as defined in Bak et al. [7].
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Figure 4.4 Results on regular lattice with higher coordination number. The main fig-

ure shows the data collapse for different coordination numbers K of the avalanche-size

pdfs P(y;L) obtained by plotting the transformed avalanche-size pdf yτP(y;L) against the

rescaled avalanche size y/LD using the estimates of the avalanche-size scaling exponents τ

and D obtained from moment scaling analysis, see Table 4.1. The line style indicates the

system size, dotted line: L = 200; dashed line: L = 400; solid line: L = 600. The width of

the system is kept constant at M = 2000 nodes. The colours show the coordination number

for the regular lattice underlying networks; K = 2 (grey), K = 4 (red), K = 6 (blue), K = 8

(black). The inset displays the avalanche-size pdf P(y;L) plotted against the avalanche size

y after logarithmic binning was used.

The numerical results show that avalanche-size exponents are consistent with the two-

dimensional directed sandpile model universality class, τ = 4/3 and D = 3/2 for all K.

The avalanche size pdfs are displayed in Fig. 4.4 and in both figures it is evident that there
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is a characteristic “bump” in their fat tails. This is to be expected, as it is due to finite-size

effects that arise, because the bins that contribute to the bump have: (a) the avalanches of

the appropriate size that have finished propagating and (b) in addition avalanches that would

have carried on had the avalanche not hit the bottom (boundary) layer and would have been

in another bin had the system not been finite.

K M τ D D(2− τ)
2 2000 1.33(5) 1.47(10) 0.98

4 2000 1.35(5) 1.55(10) 1.00

6 2000 1.37(5) 1.60(10) 1.00

8 2000 1.39(5) 1.63(10) 1.00

8 4000 1.37(5) 1.61(10) 1.00

Table 4.1 Scaling exponents on regular lattices. The avalanche-size exponent, τ , and

the avalanche-dimension, D, for regular lattice structures with coordination numbers, K =
2,4,6,8 and circumference M, see Fig. 4.4 for the data collapse. The numbers in the brack-

ets indicate the estimated errors of the exponents. The scaling relation D(2− τ) = 1, see

Eq. (4.11), is fulfilled (see last column) and, within error bars, both scaling exponents

(apart from K = 8 and M = 2000) are consistent with the universality class of the two-

dimensional directed sandpile model τ = 4/3 and D = 3/2. The numerical result for K = 8,

M = 2000 and 4000 suggests that the apparent drift is due to finite size effects.

The associated scaling exponents, which were estimated using moment analysis, are listed in

Table 4.1. Both τ and D are within error bars of the expected values of the two-dimensional

universality class for all coordination numbers tested.

The avalanche-size scaling exponents τ and D seem to drift slightly as the coordination

number K increases (see Table 4.1). Doubling the width of the lattice from M = 2000 to

M = 4000 for K = 8 and brings the exponents closer to the ones with smaller coordination

numbers. This suggests that the apparent drift is probably due to finite-size effects and

thus one can deduce that the generalised sandpile model on a regular lattice falls within

the classical universality class of τ = 4/3 and D = 3/2 for all K. However, this argument
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is hypothetical but can be made firm with a theoretical calculation, as will be shown in

Chapter 5.

4.5 Summary

Understanding the observed large fluctuations in aggregate economic activity is an important

issue in economics, as the shocks are very destructive and cannot be predicted or planned

against [77]. Instead, they emerge as a result of many small, predictable and independent

shocks to the individual sectors [14].

The mechanisms behind the large scale fluctuations are deeply hidden in the actions of

the economic entities. The sandpile model, a self-organised critical [5] system with many

degrees of freedom that spontaneously reach a dynamically critical state when slowly driven,

has been proposed as a paradigm [7, 77] to model intersectoral trade. The avalanches of sand

are analogous to the large fluctuations in production and just like dropping a grain on the

top of a sandpile, this system is driven by small, predictable, independent shocks.

At the critical state the system is scale invariant, which means that all scales are of equal

importance. The avalanche sizes y display finite-size scaling (FSS), that is, they follow a

scaling form (see Eq. (4.1)) that has been analytically proven to have scaling exponents τ =

4/3 and D = 3/2 [7, 26]. This model is useful in reproducing certain traits and behaviours

of the macroeconomy, with the one draw back being its rigid underlying network.

Generalising the deterministic directed sandpile model and considering its dynamics on

strictly layered lattices, where the out- and in-degrees of each node is increased to the co-
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ordination numbers K ≥ 2 (see Fig. 4.2), the classical two-dimensional directed sandpile

model universality class, with τ = 4/3 and D = 3/2 [7, 26] is recovered again. However,

there seems to be an apparent drift in the avalanche-size exponents τ and D, which seem to

increase slightly as the coordination number K increases (see Table 4.1). The apparent drift

is probably due to finite-size effects, but a theoretical investigation is needed to confirm this

(see Chapter 5).



Chapter 5

Analytical solution of the directed

sandpile model for K ≥ 2

Part of the material presented in this chapter was published in a peer-reviewed journal,

where all contributing parties have been properly acknowledged [27]:

Dhar, D., Pruessner, G., Expert, P., Christensen, K., and Zachariou, N. (2016). Directed

Abelian sandpile with multiple downward neighbors. Phys. Rev. E, 93:042107.

5.1 Introduction

The sandpile model was introduced by Bak, Tang and Wiesenfeld [5, 6] and was the first

model to display self-organised criticality. The directed sandpile model is a variation of the

original model, where a preferred direction of toppling was imposed and it was solved ana-
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lytically by Dhar and Ramaswamy [26] for the special case of K = 2. The critical exponents

and the two-point correlation function were determined in all dimensions, d. For d = 2,

τ = 4/3 and D = 3/2 while for d ≥ 3, the exponents take the mean-field values τ = 3/2 and

D = 2 [50].

Dhar and Ramaswamy’s analytical solution [26] of the directed sandpile model on a regular

lattice with coordination number K = 2 in dimension d = 2 is just a two particle annihilating

random walk because the avalanches are compact and have no side branches and no holes.

It was observed in Chapter 4 that increasing the coordination number in Monte Carlo sim-

ulations led to a slight drift [98] from classical exponents of the known two-dimensional

directed sandpile universality class, see Table 4.1 on page 76. The structural changes in

avalanches for K > 2 mean that the argument for compact avalanches and two annihilating

random walkers may no longer be valid as the obvious side branches create holes in the

developing avalanches (Fig. 5.1). The typical avalanche clusters shown in the visualisations

are qualitatively different in the cases where K = 3.

The question posed here is whether the observed drift from the classical exponents is at-

tributed to structural differences between the avalanches from the K = 2 to the K > 2 setup

that cause strong finite size effects, and if so, whether significant corrections to scaling are

enough to prove that the system is in the same universality class for all K ≥ 2.
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Figure 5.1 Illustrations of avalanches. Three randomly selected examples of avalanches

for systems with co-ordination numbers K = 2 (top row) and K = 3 (bottom row), with

avalanche sizes s = 201;406;802 and s = 201;404;805 respectively. The avalanches start

at the top row (t = 0) and for display purposes have been centred around their seed node.

The lattices used to generate these results have height L = 64 and width M = 160; only

the middle 64 columns are displayed here as these are enough to show the trajectory of the

avalanche. The toppled sites have an off-white colour and the remaining sites have different

shades of brown based on their height at the end, when the avalanche has stopped. For K = 2

the allowed heights are h(x, t) = 0,1 and for K = 3 a site does not topple for h(x, t) = 0,1,2.

The avalanches for K = 2 are compact as opposed to the avalanches for K = 3. Also, notice

the K = 3 avalanches can have side branches.

5.2 Model definition

As in Chapter 4, a directed sandpile model on a cylindrical lattice of length L layers and

width (circumference) M is considered. Each site is given a label X⃗ ≡ (x, t), where x ∈

{0, . . . ,M−1} denotes the position of the site in the horizontal axis and t ∈ {0,1, . . . ,L−1}

denotes the position in the vertical axis. The t-coordinate is also known as the time coordi-

nate since it starts at t = 0 from the top row and increases as an avalanche develops down
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the lattice through time (Fig. 5.2). By definition the cylindrical lattice assumes periodic

boundary conditions and thus the x-coordinate can be written in modulo M.

x

t

Figure 5.2 Illustration of the directed sandpile model on a cylindrical lattice. Each site

has K = 3 downward neighbours and is allowed to have a height of h(x, t) = 0,1,2, where

t = 0,1, ...,L−1 and x = 0,1, ...,M−1. When the height exceeds 2, then the site is said to

topple and one particle is transferred to each of its K = 3 downward neighbours as denoted

by the arrows. The light cone of the top site, the seed node, is indicated with sites having

black circles; sites in grey will be unaffected by any avalanche initiated at that specific seed.

The variable of interest for each site is the height of the pile, h(x, t) ∈ N
1 defined as the

number of particles each site X⃗ ≡ (x, t) is allowed to hold before it topples. For h(x, t)< K

the site is stable and can hold onto the particles it has. But for h(x, t)≥ K, the site is said to

be unstable and thus it topples by giving one particle to each of its downward neighbours.

For example, in the K = 3 system shown in Fig. 5.2, any toppling site (x, t) will relax by

giving one particle to each of its three downward neighbours: (x− 1, t + 1),(x, t + 1) and

1The natural numbers here are all non-negative integers including zero, i.e. N= {|a| : a ∈ Z}.
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(x+1, t +1).

The directed sandpile model is said to be Abelian, since the order by which a couple of

particles are added to different sites is irrelevant to the final state of the configuration, when

all avalanches have terminated. In other words, driving the system from site (x1, t) and then

(x2, t) makes no difference to the final heights of all sites had the system been driven in the

reverse order [24].

If the system is allowed to be driven from any sites, then clearly in the steady state there

exist KLM different configurations that can occur with equal probability [25]. If the addition

of particles is restricted to the top row only, then we get KL−1 disjoint sectors, tracing the

light cone of the driving site. However, the avalanche statistics of the steady state in the

thermodynamic limit where L,M ≫ 1, are completely independent of the sector.

Without loss of generality, assume that the system is driven from the top layer t = 0 and

so particles are randomly added to seed sites, one at a time. As the configuration relaxes,

sites topple and an avalanche propagates through the lattice. In the case where the avalanche

reaches the bottom layer t = L−1 and causes a toppling there, the three associated particles

of the site are removed from the system. The avalanche cluster is the collection of sites that

toppled after adding a single particle to the seed node and avalanche size s is defined as the

total number of topplings that occurred in the cluster.
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5.3 Calculation of the 2-point correlation function

Assume that our sandpile has reached an equilibrium state and now drive the system at

O⃗ ≡ (0,0), the origin.

Then, the 2-point correlation function G2(x, t) is defined as the expected number of topplings

at X⃗ , that were caused by O⃗ toppling after driving the system at O⃗, i.e.,

G2(x, t) = ⟨η(X⃗)⟩, (5.1)

where η(X⃗) denotes the variable that indicates whether driving the system at O⃗ caused a

toppling at the site X⃗ ≡ (x, t).

By definition, G2(0,0) = 1, since this is estimating the expected number of topplings at the

origin under the condition that the origin topples.

In the case where K = 3, once the system is out of the transient and has reached a steady

state, all sites X⃗ = (x, t) have an equal probability of being height h(x, t) = 0,1,2. There-

fore, the expected probability that (x, t) topples in a single avalanche is nothing more than

the normalised sum of probabilities of the (x, t) upward neighbours have toppled. It is nor-

malised by 1/3 since (x, t) only takes one out of the three particles that its upward neighbour

transfers upon toppling.
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In other words, G2(x, t) satisfies the following equation:

G2(x, t) =
1

3
(G2(x−1, t −1)+G2(x, t −1)+G2(x+1, t −1)) ,

=
1

3

1

∑
δ=−1

G2(x+δ , t −1). (5.2)

Using the boundary condition G2(x, t = 0) = δx,0, where δx,0 = 1 if x is the driving site and

zero otherwise, Eq. (5.2) can be used to determine the 2-point correlation function ∀x, t.

The function G2(x, t = 0) can be determined by first determining the associated character-

istic function and then taking the inverse. The characteristic function G̃2(k, t) is defined as:

G̃2(k, t) = ∑
x

G2(x, t)e
ikx. (5.3)

Opening the sum using Eq. (5.2) and gathering terms, yields:

G̃2(k, t) = ∑
x

G2(x, t)e
ikx

=
1

3
∑
x

(G2(x−1, t −1)+G2(x, t −1)+G2(x+1, t −1))eikx

=
1

3

(

∑
x

G2(x−1, t −1)eik(x−1)eik +∑
x

G2(x, t −1)eikx +∑
x

G2(x+1, t −1)eik(x+1)e−ik
)

=
1

3
(eik +1+ e−ik)G̃2(k, t −1)

=
1

3
(1+2cosk)G̃2(k, t −1). (5.4)
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Note that Eq. (5.4) is a recursive relationship that can be expanded from t − 1 until 0 as

follows:

G̃2(k, t) =
1

3
(1+2cosk)G̃2(k, t −1)

=
1

3
(1+2cosk)(1+2cosk)G̃2(k, t −2)

...

=
1

3
(1+2cosk)(1+2cosk)(t−1)G̃2(k,0)

=
1

3
(1+2cosk)t , (5.5)

where G̃2(k,0) = 0 on use of the boundary condition G2(x, t = 0) = δx,0 and Eq. (5.3).

Taking the inverse transform of Eq. (5.3) gives

G2(x, t) =
∫ 2π

0

dk

2π
G̃2(k, t)e

−ikx (5.6)

and substituting the above form for G̃2(k, t) from Eq. (5.4) yields:

G2(x, t) =
∫ 2π

0

dk

2π

[

1+2cosk

3

]t

e−ikx. (5.7)

From here, it is easy to see that G2(x, t) vanishes strictly for all |x| > t and that the region

traced by |x| ≤ t is what is called the future light cone (see Fig. 5.2) of the driving site, the

origin in this case. Also, for t ≫ 1, G2(x, t) can be approximated by a Gaussian with mean
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zero and variance 2t/3.

The number of topplings in each layer that were a direct cause of the driving at O⃗ are defined

as Φ(t), where

Φ(t) = ∑
x

η(x, t). (5.8)

One can deduce that in the steady state

⟨Φ(t)⟩= ∑
x

G2(x, t) = 1, for all t, (5.9)

since the mean flux out of a layer equals the rate at which particles are added at the origin.

Then, the mean square flux ⟨Φ2(t)⟩ is by definition:

⟨Φ2(t)⟩= ∑
x1,x2

⟨η(x1, t)η(x2, t)⟩. (5.10)

However, denoting G3(x1,x2|t)as

G3(x1,x2|t) = ⟨η(x1, t)η(x2, t)⟩ (5.11)

yields

⟨Φ2(t)⟩= ∑
x1,x2

G3(x1,x2|t). (5.12)

Note, that since each site X⃗ topples at most once, G3(x1,x2|t) is just the probability that
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both, site X⃗1 and site X⃗2 have toppled in a given avalanche.

5.4 Calculation of the 3-point correlation function

Let us take two sites in layer t, namely (x1, t) and (x2, t), and define (x1 + δ1, t − 1) and

(x2 +δ2, t −1) where δ1,δ2 ∈ {−1,0,1} to be their respective upward neighbours. For the

case where x1 ̸= x2, since (x1, t) and (x2, t) have three upward neighbours each, then the

probability that they topple equals to a third of the number of topplings of their neighbours,

i.e.,

G̃3(x1,x2|t) =
+1

∑
δ1,δ2=−1

〈

1

3
η(x1+δ1, t−1)

1

3
η(x2+δ2, t−1)

〉

=
1

9

+1

∑
δ1,δ2=−1

⟨η(x1+δ1, t−1)η(x2+δ2, t−1)⟩. (5.13)

Using the definition of G3(x1,x2|t) from Eq. (5.11) we have that for all x1 ̸= x2:

G3(x1,x2|t) =
1

9

+1

∑
δ1,δ2=−1

G3(x1 +δ1,x2 +δ2|t −1). (5.14)

From this, we can clearly see that G3(x1,x2|t) is the expected product of the number of times

(x1, t) and (x2, t) topple.
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In the special case where x1 = x2, the relation of the toppling indicator η(x1+δ1, t−1)η(x2+

δ2, t−1) reduces to η2(x1, t) = η(x1, t). Thus, from Eq. (5.13) we have that

G3(x1,x1|t) = G2(x1, t) ∀x1. (5.15)

Now, let G2[X⃗ |⃗Y ] denote the expected number of topplings at site X⃗ = (x, t), from an

avalanche generated by a particle addition at site Y⃗ = (y, t ′). For a particle added at the

origin, it is easy to verify that Eq. (5.13) is satisfied for

G3(x1,x2|t) = G2[X⃗1|O⃗] G2[X⃗2|O⃗]. (5.16)

Clearly,

G2[X⃗ |⃗Y ] = G2(X⃗ − Y⃗ ) = G2(x− y, t − t ′), (5.17)

and the function G2[X⃗ |⃗Y ] inherits the light-cone structure of G2(x, t), where it is nonzero if

and only if X⃗ is in the future-light cone of Y⃗ .

To seek a solution that is consistent with the boundary conditions Eq. (5.15) for when x1 =

x2, consider the following superposition of such solutions [26]:

G3(x1,x2|t) = ∑
Y⃗

f (⃗Y )G2[X⃗1 |⃗Y ]G2[X⃗2 |⃗Y ]. (5.18)

The summation over Y⃗ looks like it extends over all sites, but technically due to the light-

cone structure of the propagator G2, only sites that sit in the intersection of the future light-

cone of O⃗ with the past light-cones of both X⃗1 and X⃗2 can actually make a contribution to

the sum.
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For this solution, the boundary conditions outlined in Eq. (5.15) that can be used to deter-

mine the unknown coefficients f (⃗Y ) take the form

G2(X⃗) = ∑
Y⃗

f (⃗Y )G2
2[X⃗ |⃗Y ], ∀X⃗ , (5.19)

where we assumed that X⃗1 = X⃗2 = X⃗ and that the summation over Y⃗ is in fact over all sites

that sit in the future light-cone of the origin and the backward light-cone of X⃗ .

If one wishes to determine the unknown function f (⃗Y ), then this can be done by starting

from the driving site and recursively using the above set of coupled linear equations for

sites Y⃗ in the past-light cone of X⃗ . However, one does not need to know all the values of

f (⃗Y )s for all Y⃗ as we are only using their sum a each time layer t. So let us denote this sum,

for all times t ≥ 0, as

F(t) = ∑
x

f ((x, t)). (5.20)

Now, substituting our general solution (Eq. (5.18)) into our expression for ⟨Φ2(t)⟩ as shown

in Eq. (5.12) yields:

⟨Φ2(t)⟩= ∑
x1,x2

∑
Y⃗

f (⃗Y )G2[X⃗1 |⃗Y ]G2[X⃗2 |⃗Y ]. (5.21)

Doing summations over x1, x2 and t ′, using Eq. (5.9), and Eq. (5.20), we get

⟨Φ2(t)⟩=
t

∑
t ′=0

F(t ′). (5.22)
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Let us define the function K(t) which vanishes with G2(x, t) for t < 0:

K(t) = ∑
x

G2
2(x, t). (5.23)

Summing over all sites X⃗ in layer t on both sides of Eq. (5.19) and using Eq. (5.20)gives:

∑
x

G2(x, t) = ∑
y,t

f (y, t ′)∑
x

G2
2(x− y, t − t ′)

= ∑
y,t

f (y, t ′)K(t − t ′)

= ∑
t

∑
y

f (y, t ′)K(t − t ′)

= ∑
t

F(t ′)K(t − t ′). (5.24)

On use of Eq. (5.9) this reduces to:

1 =
t

∑
t ′=0

F(t ′)K(t − t ′). (5.25)

Here, it is worth noting that Eq. (5.25) has an extra factor in comparison to its analogous

one in Dhar et al. [26], which is due a different normalisation of G2(X⃗). Also, without loss

of generality and since K(t − t ′) vanishes with t < t ′, the summation over t ′ is extended to

+∞:

1 =
∞

∑
t ′=0

F(t ′)K(t − t ′). (5.26)
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Hence, we can define the generating functions of F(z) and K(z) as follows:

F̃(z) =
∞

∑
t=0

F(t)zt (5.27a)

K̃(z) =
∞

∑
t=0

K(t)zt (5.27b)

and use these to express Eq. (5.26) in a different form:

∞

∑
t=0

1 · zt =
∞

∑
t=0

∞

∑
t ′=0

F(t ′)K(t − t ′)zt

=
∞

∑
t ′=0

F(t ′)zt ′
∞

∑
t=0

K(t − t ′)zt−t ′

=
∞

∑
t ′=0

F(t ′)zt ′
∞

∑
t ′′=0

K(t ′′)zt ′′

= F̃(z)K̃(z) (5.28)

where we defined t ′′ = t − t ′ and K(t ′′) = 0 for all t ′′ < 0. Note, that the left hand side of the

above equation is just a geometric sum, so Eq. (5.28) reduces to:

1

1− z
= F̃(z)K̃(z). (5.29)

During a given avalanche, any site X⃗ ′ = (x′, t ′) can topple a maximum of one time, thus its
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expected number of topplings is equal to the probability for it to topple. We have already

defined G2(x, t) to be the expected number of topplings at site X⃗ given that when the system

was driven at the origin O⃗ it launched an avalanche. We also know that due to the Abelian

property of the system the total number of topplings at another site X⃗ ′ = (x′, t ′), which is

in the light cone of X⃗ = (x, t), is the sum of all the topplings triggered by the event of X⃗

toppling. This allows us to define the expected number of topplings at site X⃗ ′ given that

when the system was driven by the toppling of another site X⃗ = (x, t), which is in the past

light cone of X⃗ ′ as:

G2[X⃗ ′] = ∑
x

G2[X⃗ ]G0[X⃗ ′|X⃗ ] (5.30)

which is equivalent to

G2(x
′, t ′) = ∑

x

G2(x, t)G2(x
′− x, t ′− t) (5.31)

where the notation was just changed and 0 ≤ t ≤ t ′.

From this, we can express the expected number of topplings at site (0,2t) in the following

form:

G2(0,2t) = ∑
x

G2(x, t)G2(0− x,2t − t)

= ∑
x

G2(x, t)G2(−x, t)

= ∑
x

G2
2(x, t). (5.32)
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On use of Eq. (5.23) this reduces to:

G2(0,2t) = K(t). (5.33)

Substituting this in the generating function in Eq. (5.27b) yields:

K̃(z) =
∞

∑
m=0

G2(x = 0, t = 2m)zm, (5.34)

with t only taking even values.

Now, let us define H(z), such that:

H(z) =
∞

∑
m=0

G2(0,m)zm. (5.35)

Then, by definition

H(z)+H(−z) =
∞

∑
m=0

G2(0,m)zm +
∞

∑
m=0

G2(0,m)(−z)m

= 2
∞

∑
m=0

G2(0,2m)z2m (5.36)

since all the odd terms cancel. This implies that,

H(
√

z)+H(−√
z) = 2

∞

∑
m=0

G2(0,2m)zm. (5.37)

We can substitute this expression into Eq. (5.34), our equation for K̃(z) as the sum only
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includes even values of t in G2(0, t):

K̃(z) =
1

2
[H(

√
z)+H(−√

z)]. (5.38)

We can evaluate this further by going back to our definition of H(z). Substituting Eq. (5.7)

with x = 0 and t = m into Eq. (5.35) yields

H(z) =
∞

∑
m=0

∫ 2π

0

dk

2π

[

1+2cosk

3

]m

zm

=
∫ 2π

0

dk

2π

∞

∑
m=0

[

z(1+2cosk)

3

]m

=
∫ 2π

0

dk

2π

3

3− z(1+2cosk)
(5.39)

where the known result of the geometric sum
∞

∑
k=0

rk = 1
1−r

was utilised. The above ex-

pression can be rearranged to allow for integration using well known general integrals as
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follows:

H(z) =
3

4πz

∫ 2π

0
dk

1
(

3−z
2z

)

− cosk

=
3

2πz

∫ π

0
dy

1
(

3−z
2z

)

− cos2y

=
3

2πz

∫ π

0
dy

1
(

3−z
2z

)

−
(

1−tan2y

sec2y

)

=
3

2πz

∫ π

0
dy

sec2y
(

3−z
2z

)

sec2y−1+ tan2y

=
3

2πz

∫ π

0
dy

sec2y
(

3−z
2z

)

(tan2y+1)−1+ tan2y

=
3

2πz

∫ π

0
dy

sec2y
((

3−z
2z

)

−1
)

+
((

3−z
2z

)

+1
)

tan2y

=
3

2πz

∫ ∞

−∞

dt

sec2y

sec2y
((

3−z
2z

)

−1
)

+
((

3−z
2z

)

+1
)

t2

=
3

2πz

∫ ∞

−∞
dt

1
((

3−z
2z

)

−1
)

+
((

3−z
2z

)

+1
)

t2

=
3

2πz
((

3−z
2z

)

+1
)

∫ ∞

−∞
dt

1
(

( 3−z
2z )−1

( 3−z
2z )+1

)

+ t2

. (5.40)
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Finally, evaluating the integral over the limits yields:

H(z) =
3

2πz
((

3−z
2z

)

+1
)

(

(

3−z
2z

)

+1
(

3−z
2z

)

−1

)
1
2













tan−1 t
(

( 3−z
2z )−1

( 3−z
2z )+1

)
1
2













∞

−∞

=
3

2πz
((

3−z
2z

)

+1
)

(

(

3−z
2z

)

+1
(

3−z
2z

)

−1

)
1
2

π

=
3

2z

√

((

3−z
2z

)

+1
)((

3−z
2z

)

−1
)

=
3

2z

√

(

3−z
2z

)2 −1

=
3

√

(3− z)2 −4z2

=
3√

9−6z−3z2

=
3

√

3(3−2z− z2)

=

√
3

√

(1− z)(3+ z)
. (5.41)
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Substituting this into Eq. (5.38) yields:

K̃(z) =
1

2

( √
3

√

(1−√
z)(3+

√
z)

+

√
3

√

(1+
√

z)(3−√
z)

)

=

√
3

2

√

(1+
√

z)(3−√
z)+

√

(1−√
z)(3+

√
z)

√

(1− z)(9− z)
. (5.42)

This expression for K̃(z) can be substituted into Eq. (5.29) to get an explicit function F̃(z)

in terms of z:

F̃(z) =
1

(1− z)K̃(z)
(5.43)

=
2√
3

1

(1− z)

√

(1− z)
√

(9− z)
√

(1+
√

z)(3−√
z)+

√

(1−√
z)(3+

√
z)

=
2√
3

1
√

(1− z)

√

(9− z)
√

(1+
√

z)(3−√
z)+

√

(1−√
z)(3+

√
z)
. (5.44)

It is clear from Eq. (5.42) that K̃(z) has a dominant singularity for z in the vicinity 1 of the

form (1−z)−1/2, where z is tending to 1 from below. The same leading behaviour is evident

from Eq. (5.43) for F̃(z).

Hence F(t) varies as t−1/2 for large t and then ⟨Φ2(t)⟩ varies as t1/2.
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This is consistent with the behaviour found by Dhar and Ramaswamy [26] for the case with

coordination number K = 2. The probability that Φ(t) ̸= 0 decreases like t−1/2 for large t,

but once it is non-zero, its typical value is of order t+1/2 consistent with the mean value of

1 (see Eq. (5.9)). Then, for large t, the mean value ⟨Φ2(t)⟩ will to grow as t1/2.

5.5 Corrections to scaling

Avalanches on regular lattices with co-ordination number K = 2 are compact, whereas for

K > 2 they branch out, as observed in Fig. 5.1. The structural changes in avalanches mean

that the argument for compact avalanches and two annihilating random walkers may no

longer be valid as the obvious side branches have created holes in the developing avalanches.

There seems to be a deviation to scaling for K = 3, but this is slowly converging which sug-

gests that perhaps the structural differences in the underlying topology for K = 3 compared

to K = 2, i.e. the appearance of side-branches and holes, may be irrelevant if one corrects

for the fact that the system is now running into strong finite size effects.

One can Taylor expand F̃(z) as a series of z by using Eqs. (5.29) and (5.42) and thus de-

termine the exact values of ⟨Φ2(t)⟩. The main plot in Fig. 5.3 shows the exact values of

⟨Φ2(t)⟩ for 1 ≤ t ≤ 1000, where a simple fit of the power-law yields:

⟨Φ2(t)⟩ ≈ atα (5.45)

with a ≈ 1.61 and α ≈ 0.52.
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Figure 5.3 Corrections to scaling. The main figure shows the behavior of the mean squared

flux ⟨Φ2(t)⟩ as a function of the depth t, 1 ≤ t ≤ 1000, determined from the exact series

expansion of F̃(z) (black dotted line) in a double-logarithmic plot. The best visual fit to

the function f (t) = atα given by the estimated parameters a ≈ 1.61,α ≈ 0.52 (grey dashed

line). In the inset, we plot effective exponent αt , defined in Eq. (5.47) (black dotted line)

which slowly converges to the exact value 0.5 (grey dashed line), as ⟨Φ2(t)⟩ ∝ t1/2. Both

plots in this figure show that corrections to scaling are still large for avalanches of duration

of order 103, that is, avalanches that reach t = 1000.

Using Eq. (5.45) for t and t +1 to eliminate a allows us to get an expression in terms of αt

and t, only:

⟨Φ2(t)⟩
tα

≈ ⟨Φ2(t +1)⟩
(t +1)α

. (5.46)
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After some trivial rearranging and taking logarithms of both sides this yields:

αt ≈
log
(

⟨Φ2(t +1)⟩/⟨Φ2(t)⟩
)

log((t +1)/t)
, (5.47)

which can be used to plot the effective exponent αt as illustrated in the subplot of Fig. (5.3)

for the values 1≤ t ≤ 1000. From this, it is clear that the effective exponent αt is converging,

albeit very slowly, to the value 0.5. These two plots taken together illustrate how large the

corrections to scaling actually are and the importance of taking these into account when

estimating exponents from numerical data.

On the other hand, knowing that ⟨Φ2(t)⟩ is proportional to t1/2 means that the probability

that an avalanche duration is greater than t tends to t−1/2. This implies that the avalanche

duration exponent is 3/2 is equivalent to the avalanche dimension D in a directed model,

i.e. D = 3/2 (see Sec. 8.4.3 in Pruessner (2012) [72]). The other exponents follow from

this and are exactly the same as the case with coordination number K = 2 [26].

Pinho and Andrade [69] conducted similar analysis for a directed sandpile model of rainfall

where the critical height is h = 4 and a toppling at (x, t) caused one particle to be transferred

to (x−1, t +1) and (x+1, t +1) each and two particles to (x, t +1). The two-point correla-

tion function G2(x, t) was calculated exactly but the functions K(t) and F(t) were estimated

recursively numerically for small t and again large corrections to scaling were found. Unlike

here, no explicit analytical expressions for F(t) or K(t) were determined.
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5.6 Numerical simulations

Large scale numerical simulations were implemented in order to provide reliable numerical

estimates of the critical exponents. In the following section the issues arising from these, the

fitting models used and finally the critical exponent estimates found are discussed in more

detail.

5.6.1 Initialisation

The directed sandpile is a deterministic model, with the only stochasticity arising at the

driving, when a new sand grain is added onto a randomly chosen node in the first layer.

Moreover, this stochasticity is apparent since the order by which the nodes in the first layer

are chosen is irrelevant since the model is Abelian [24]. Every state is recurrent and thus

one may start from an empty lattice with h(x, t) = 0 as this configuration can indeed be

present at the stationary state. Once a toppling occurs it sends K particles downstream and

every particle that is added at the top performs L moves to move through all the layers in the

system before exiting in the final row. Therefore, K particle additions will cause L number

of topplings in KL moves and thus the average number of topplings that occur in the system

after dropping a particle in the top row is

⟨s⟩= L/K, (5.48)

where s is known as the avalanche size. Note that this definition includes avalanches of size

zero.
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When initialising the system from an an empty lattice configuration, the first moment of the

avalanche cluster size s in a system where K = 4, L = 512 and the circumference M = 3072

shows very good convergence within 2 · 107 driving events in the top row layer. However,

the second moment still doesn’t converge after 5 ·1010 avalanche events and higher moments

need even longer transients as they are even more noisy. This confirms that once the system

has reached a steady state, where there are no spacial correlations, the temporal correlations

are still present albeit decaying very slowly.

Initialising the lattice randomly with independent uniformly distributed heights h(x, t)< K

reduces the transient times drastically but still generates the same moment estimates as

starting from an empty configuration and taking estimates after the very long transients.

The empty state, although recurrent, is not a typical one and thus initialising the system from

this requires a very long time before the correlations, caused by this unique state, vanish.

However, in a random recurrent state the transient avalanche size moments estimates no

longer drifted within a minimal transient time.

5.6.2 Parameters and Results

In the results that follow, different system sizes and coordination numbers were tested: K =

2,3,4, L = 2r, with r taking integer values from 4 to 14 and with chosen width M ≥ L(K −

1) so that even the largest avalanche possible would not topple all sites in a single layer.

As in all the simulations presented thus far, the Mersenne Twister pseudo-random number

generator [52] was used to (a) randomly initialise the lattice, and (b) choose which site in

the top row to add a particle on in order to drive the system.
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Figure 5.4 Moments analysis. The scaled moments ⟨sn⟩L−µn plotted against the height of

the lattice L for n = 2,3,4,5. The data shown is for different K = 2 (red circles), K = 3

(green squares) and K = 4 (blue diamonds). For the same K, a higher curve corresponds to

higher n. Note that for increasing K, the corrections to scaling become more important.

The avalanche sizes were recorded and used to calculate the moments ⟨sn⟩ for n = 2 to 5.

The moments ⟨sn⟩ are expected to scale with Lµn , µn = D(1− τ +n) see Eq. (4.9). Hence,

in Fig. 5.4, the scaled moments ⟨sn⟩L−µn are plotted against height of the lattice L in oder

to expose any corrections to scaling.

Statistical errors were estimated by measuring the variance of 106 avalanches at a time,
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where at least several thousand of these chunks were used for each system configuration.

Merging independent chunks of avalanches together should not cause a change in the vari-

ance, and thus this was used as a control to merge these together until no change was ob-

served alluding to the fact that chunk had become independent. Once at this stage, one can

use the now independent measurements to estimate the statistical errors of the mean of a

moment by finding the estimated standard deviation of the moments across all chunks and

divide this by the square root of the number of independent chunks.

Extremely large events are rare, but still exist, and when they occur they contribute a great

weight to the moments whose relative error is proportional to their order. For example,

in the simulations for K = 3 and L = 16384 that included 3.8 · 108 avalanche events, the

error for the second moment was approximately 0.00016 whereas for the eighth moment it

increased to 0.014. In Fig. 5.4 one can see the results for moments up to order 5.

Performing finite-size scaling of the probability density function (pdf) of the avalanche

sizes s shows that the moments scale with the system size L according to the following

relation [72]:

⟨sn⟩= anLµn for L ≫ 1, (5.49)

where an are metric factors that do not depend on L and µn = D(1− τ +n).

The avalanche size exponent is τ ≥ 1 and D is known as the fractal dimension of avalanche

clusters [17]. Both critical exponents τ and D are expected to be universal, i.e., they are

independent of L, but they are not independent of each other since ⟨s⟩ = L/K and thus

by Eq. (5.48) the following relation holds true D(2− τ) = 1, as observed across all the

numerical simulations.



106 Analytical solution of the directed sandpile model for K ≥ 2

For τ strictly greater than 1, as is the case here, the variance of the nth moment can be

derived from Eq. (5.49) like so:

√

⟨s2n⟩
⟨sn⟩ =

√

a2nLD(1−τ+2n)

anLD(1−τ+n)

=

√
a2n

an

LD(1−τ)/2

∝ LD(1−τ)/2 (5.50)

for independent samples. Clearly, this expression is dominated by the scaling of the 2nth

moment, which implies that it grows independently of the order of n and scales with the

system size. Therefore, to get accurate moments one must keep increasing the system sizes

proportionally.

Unfortunately, the simulation time of each avalanche is directly proportional to the average

avalanche size that scales linearly with system size L. However, larger system sizes have

correlations that persist for a longer time, which means that getting independent samples in

larger systems comes with increased costs in time.

Initialising the lattices randomly as discussed earlier, meant that the transient was very small

and thus it was fairly easy to produce sufficient samples for the large systems sizes as well.

In comparison, the samples for the smaller system sizes were very large, minimum 1010

per system tested. Very small system sizes, smaller than L = 512, need a large number

of corrections to scaling terms which makes the analysis quite complicated. These were

omitted from further calculations.
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K D τ D (ctos) τ (ctos)

2 1.4999(11) 1.3333(05)

3 1.5141(38) 1.3342(17) 1.5020(20) 1.3395(09)

4 1.5244(78) 1.3440(34) 1.4994(35) 1.3331(23)

Table 5.1 Scaling exponents on regular lattices with corrections to scaling. Numerical

estimates of the avalanche dimension D, and the avalanche-size exponent τ that was derived

from it via the scaling relation τ = 2− 1/D. The numerics for K = 2 were performed as

a reference, as D = 3/2 and hence τ = 4/3 was already known analytically [26]. The first

two columns are fits without including corrections to scaling. The last two columns list the

exponents extracted when the fit includes corrections to scaling (ctos) Eq. (5.52) for systems

with K = 3 and 4. The errorbars listed in the brackets correspond to three standard deviations

of the last two significant digits. When corrections to scaling are taken into account, the data

is consistent with D = 3/2 and τ = 4/3 for all K considered.

The critical exponent D, for each coordination number K, is extracted from moments’ anal-

ysis. From Eq. (5.49), we have that for L ≫ 1 the nth moment is proportional to Lµn , so

plotting the moments ⟨sn⟩ against system size L gives estimates for µn. However, from

Eq. (5.49) we have that µn = D(1− τ +n) and we also have an expression for τ in terms of

D from the scaling relation, which we can use to eliminate τ:

µn = D(1− τ +n)

= D(1− (2−1/D)+n)

= 1+D(n−1). (5.51)

Therefore, by plotting µn against n one can easily extract the critical exponent D by simply

looking at the gradient of the straight line. Following this, avalanche size exponent can be

derived by simply substituting the values for D back into the scaling relation τ = 2−1/D.

The values for the critical exponents are reported in the first two column of Table 5.1. Note
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here, that just like the exponents reported in the previous chapter, the critical exponents for

K = 2 are consistent with the theoretical values for the two-dimensional directed sandpile

universality class τ = 4/3 and D = 3/2, but show significant deviation from the theoretical

values for K = 3, which increases even more for K = 4. Clearly, performing large scale sim-

ulations reduced the observed drift in the exponents seen in Tab. 4.1, but did not eliminate

it completely.

Corrections are needed for finite-size systems. Adding two corrections to scaling terms in

the original fitting model yields a more accurate fitting model for finite-size

⟨sn⟩= anLµn(1+bnL−1/2 + cnL−1), (5.52)

which can be used to fit each moment against system size L by using the Levenberg-

Marquardt method [71]. Both corrections to scaling terms vanish as the system size tends

to infinity.

In the instances where convergence was proving to be a problem, using fewer parameters

provided an initial guess, which was used as an initial input. This was not ideal as normally

this does not give the optimal fit, but needed in this case. If the resulting estimates for n = 2

up to 5 were within a 0.25 goodness of fit then they were accepted [71]. Also, from the first

moment equation (see Eq. (5.48)) one can deduce that µ1 must be unity. Thus, µn needs to

be fitted linearly against 1+D(n−1) only for n = 2 to 5.

The moments µn for n = 2 to 5 are obviously correlated amongst each other since they are

all calculated from the same avalanche time series, but this is rather difficult to quantify. To

go around this issue, the time series was cut into separate chunks and the estimates of µn

were derived from distinct samples. The error of these was doubled to be on the safe side.
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The estimates D and τ using the corrections to scaling (ctos) are reported in the last two

columns of Tab. 5.1. Even though these seem to be extremely close the theoretical values

of D = 3/2 and τ = 4/3, it should be note that this was achieved using very large sample

sizes, very large system sizes and quite long CPU time.

5.7 Summary

The directed sandpile model on a rigid regular lattice with coordination number K = 2, i.e.

2 downward neighbours per site, was solved analytically by Dhar and Ramaswamy [26],

where it was shown that since the observed avalanches were compact, without any holes or

side branches, the system is just an analogy for two annihilating random walkers.

However, for K > 2, this property no longer holds as obvious side branches create holes

in the developing avalanches. This structural difference in avalanches led to the drift away

from the avalanche size exponent τ = 4/3 of the classical two-dimensional directed sand-

pile model universality class that was observed in the numerical simulations for the regular

lattice with higher coordination number in Chapter 4 and [98].

Large scale Monte Carlo simulations with system sizes L = 512,1024, . . . ,16384, for K =

2,3,4 and subsequent moment analysis of these give numerical estimates for the critical

exponents: the avalanche dimension D and τ on use of τ = 2−1/D. As expected for K = 2,

the numerical estimates are consistent with the exact result in [26], but for K = 3 and K = 4,

the result again deviates from the avalanche dimension D = 3/2 and the avalanche size

exponent τ = 4/3. This is due to large scaling effects and, in fact, when these are corrected

(see Eq. (5.52)) the numerical estimates for K = 3 and K = 4 become consistent with the
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critical exponents for the directed sandpile model K = 2.

Moreover, the exponents for the K = 3 case are calculated analytically using a similar ap-

proach to the one in [26] and are identical to the K = 2 case. This confirms that the devia-

tions from the K = 2 values observed in earlier simulations (see Table 4.1 on page 76) where

K > 2 are due to corrections to scaling effects and that the critical exponents are consistent

with the two-dimensional directed sandpile universality class for all coordination numbers

K ≥ 2.



Chapter 6

Avalanches in the real-world inter-firm

network of the Japanese economy

Part of the material presented in this chapter was published in a peer-reviewed journal,

where all contributing parties have been properly acknowledged [98]:

Zachariou, N., Expert, P., Takayasu, M., and Christensen, K. (2015). Generalised Sandpile

Dynamics on Artificial and Real-World Directed Networks. PLoS ONE, 10(11):e0142685.

6.1 Introduction

For the convenience of the reader, a few points that were made in previous chapters are reca-

pitulated here. Economists are keen to understand the observed instability to the economic

aggregate that emerges from a constant demand because this is a highly costly problem, both
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to the scheduling of production and to the management of inventory [77]. To investigate

this problem in intersectoral trade, Bak et al. [7] redefined the classical two-dimensional

directed sandpile model and applied it to the fluctuations of production. They recovered the

scaling exponents of the classical universality class: τ = 4/3 and D = 3/2, see Eq. (4.6).

In Chapter 4, the dynamics in a strictly layered K = 2 lattice [7, 26] were generalised to

allow for a different number of producers and consumers, instead of only two, and the dy-

namics was run on a regular lattice network with increased coordination number K ≥ 2. It

was proven theoretically for K = 3 and shown numerically for K = 3 and 4 that strictly lay-

ered lattices with constant coordination number K remain in the classical universality class

with τ = 4/3 and D = 3/2 (see Chapter 5). However, the dynamics as defined in Section 4.2

can in fact be applied to even less rigid topologies and more realistic networks. By far the

best real-world network for this task is the actual production-consumption network between

all the firms in a real and active economy.

The inter-firm network of the Japanese economy is a dataset that maps out of the entire

production-consumpion network of all active firms. It is a snapshot taken in the year 2005,

where the nodes are the active firms and the edges joining them show that there is a flow of

orders between them. The edges are unweighted but directed from the customer node to the

supplier node indicating clearly the direction of money.

Comparing this real world network with the regular lattices investigated in Chapters 4 and

5 highlights how non-rigid actual production-consumpion networks are. Key characteristics

are scale-free distributions both for the in- and out-degrees, shallowness in “layers” indica-

tive from the short average path length and ample triangles and cycles [61]. It will shortly

be shown that using the generalised directed sandpile model dynamics on the network of the
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Japanese economy yields a surprising avalanche-size exponent of approximately τ = 1.87

(Fig 6.1). This is a novel avalanche-size exponent that has not been reported anywhere

else. The system qualitatively reproduces the fluctuations in production as observed in the

aggregate when the system is critical.

The work presented here is not unique in extending the sandpile model [5] to non-lattice

topologies. In fact, this is becoming more feasible with the recent advances of complex

systems and networks theory. The BTW model [5] has been investigated on numerous

occasions by Goh et al. [33, 34, 45, 46] on scale-free undirected networks. A branching

process was used to find the avalanche-size exponent τ , which was expressed in terms of the

degree exponent γ of scale-free networks. Two distinct regimes were found: for γ > 3 the

avalanche-size exponent was τ = 3/2, which is the same as the classical mean field; and τ =

γ/(γ −1) for the range 2 < γ < 3. Uncovering two regimes is particularly interesting as one

would expect a mean-field exponent only since the branching process enforces heterogeneity

and kills correlations.

On small worlds networks, generated from rewiring regular lattices with bidirectional links,

the BTW model has also been investigated both with imposed direction [64] and without

[21]. Under the directed small world networks, the system is in the mean-field regime

regardless of the value of the rewiring probability p. Interestingly though, in the undirected

case, there is a sharp cross-over from the classical BTW universality class to the mean-field

universality class as the rewiring probability shifts from p = 0 to p > 0.

Power grids and river streams are just some examples of directed infrastructural networks

that are vulnerable to external shocks [57]. The sandpile model is an attractive model for

study on complex networks, but the case with imposed direction is still in its infancy. The
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avalanche-size exponent of τ = 1.87 has never been observed before and to understand

where it comes from one must take a step back to the directed sandpile from the rigid

layered lattice, whose behaviour is very well understood and transition step by step to the

real world inter-firm network.

6.2 Methods

The generalised directed sandpile dynamics were defined in Section 4.2. Here, these will

be used exactly as defined with the only changes being made to the underlying network

topologies. In the numerical simulations on lattices, the same lattice sizes as in Chapter 4

were used, where L = 200,400,600 with constant width M = 2000, which meant that N =

4 ·105,8 ·105,1.2 ·106, respectively. The Japanese inter-firm network was used as given and

here N ≈ 106.

As before, in order to eliminate initialisation bias from random initial configurations and let

the system reach a steady state a transient period was used: 5× 105 events for the lattices

and 106 events for the inter-firm network. More statistics were needed as the networks

needed more events to get to a steady state due to the randomness of the structure. For this

reason, on the lattices, the whole experiment was repeated on five different realisations of

the networks and then averaged to even out any quirks in structure that are not representative

of the motifs needed to obtain SOC. Once the systems reached stationarity, the avalanches

started being recorded: 106 events for the lattices and 107 events for the inter-firm network.

The avalanche statistics from the Monte Carlo simulations were analysed using the methods

described in Section 4.3 (from page 71), namely by kth moment analysis for extracting the
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scaling exponents and logarithmic data binning visualising the avalanche size pdfs.

6.3 Results on less rigid networks

The numerical results are organised as follows: the behaviour of the generalised directed

sandpile dynamics on the Japanese inter-firm network are discussed in Section 6.3.1. This

naturally leads to an investigation in the dynamics when the underlying structure becomes

less rigid.

The first step is to relax the rigidity of the in- and out-degrees by introducing an interlayer

distribution, whilst maintaining the strict layer structure. As soon as any heterogeneity is

introduced within the layer, be it a Gaussian or scale-free distribution, the system transitions

into the mean-field universality class. This modification alone is not enough to reproduce

the behaviour observed in the inter-firm network. The results on the lattices with inter-layer

distributions but strict layer structure are in Section 6.3.2.

The second step, is to make the network more shallow as is the real-world trade network and

create cycles and triangles by relaxing the strict layer constraint. Despite the shallowness of

the network, the cycles and triangles should still cause large avalanches to occur since they

effectively increase the depth of the system by making an avalanche go back up the lattice

and travel downwards again. Adding a small number of long range connections across

layers in the direction of travel and against it yields an avalanche-size exponent close to the

one found in Japanese inter-firm network. Unfortunately, it is now impossible to perform

FSS of the avalanche-size pdfs as the number of layers L is not a characteristic scale of

the system. This perturbation is similar to the rewiring done by Watts and Strogatz [93] to
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modify a regular lattice into a small-world network. The results on the lattices with long

range connections are in Section 6.3.3.

The interlayer distribution and the long range connections are two perturbations to the

strictly layered directed sandpile model, that taken together take the system from the clas-

sical universality class to the mean field universality class and finally out of the mean-field

to produce non-trivial avalanche-size pdf consistent with the behaviour observed on a real-

world inter-firm network.

6.3.1 Japanese inter-firm network

The generalised directed sandpile model defined in Section 4.2, can be used to understand

fluctuations in the production-consumption network of the economy of a country. A real

world network connecting firms in the economy is not strictly layered as the systems in-

vestigated thus far, but instead resembles a web of production where links have a direction

which may or may not follow the general direction of flow.

The dataset was provided as part of a collaboration with the Research Institute of Economy,

Trade and Industry (RIETI) of Japan and has been traditionally collected by Tokyo Shoko

Research Ltd. (TSR). The snapshot used here is from the year 2005 and covers the entire

production-consumption network of all active firms within Japan. The firms are the nodes of

the network and the directed links joining them represent money flow from customer nodes

to the supplier nodes. The direction of money flow is exactly the same as the direction of

orders and hence a direct analogy can be made between the generalised directed sandpile

model and inter-firm trade.
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The inter-firm trading network consists of approximately one million nodes (N ≈ 106) and

four million links. Previous studies of the network structure have shown that this is a typical

complex network with a power law degree distribution for both the in- and out- degrees with

scale-free exponents γ = 2.35 and γ = 2.26, respectively [61, 90, 91], see Eq. (3.1). Other

characteristics include a negative degree-degree correlation [90], clear community structures

that trace the shape of the economy [40], power laws of money (order) flows [83, 90] and

asymmetric behaviour of hubs and authorities [55, 56]. Interestingly, the average path length

is only 5.62 and the maximum spanning tree has length 21, which makes this a very shallow

network [61].

The nodes in inter-firm network are arranged in a bow-tie structure, meaning that there is a

strict in-component (31%) made of the nodes where kin
i, j = 0, a strict out-component (16%)

where nodes have kout
i, j = 0 and finally a strongly connected component (53%) in between the

two that comprises of all the remaining nodes [61]. To implement the generalised directed

sandpile dynamics, the in-component will be treated as the top layer where the system will

be driven from and will be interpreted as the final retailers in the economy. Similarly, the

out-component will be the bottom layer where the final orders of raw materials are made to

primary producers. In the strongly connected component is where the avalanches of pro-

duction will fluctuate and most of the statistics will come from. Finally, all the constraints

on inventory, production and sales hold as they were defined in Section 4.2 and are based

only on the in-degree kin
i, j of each node.

The results of the numerical simulations are displayed in Fig. 6.1. The avalanche-size pdf,

in solid black line, has a broad distribution which is consistent with a power-law decay

spanning three orders of magnitude. The estimated avalanche-size exponent is τ = 1.87,

that is unlike any exponent declared in the two known universality classes: classical two-
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dimensional universality class τ = 4/3 (see Section 4.4) and the mean-field universality

class τ = 3/2 (see Section 6.3.2), shown in grey dashed lines as guides.
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Figure 6.1 Results on the Japanese inter-firm network. The avalanche-size pdf P(y)
versus the avalanche size y obtained when the directed generalised dynamics evolves on the

inter-firm network (solid black line). For more than three orders of magnitude, this pdf is

well approximated with a power-law decay P(y) ∝ y−1.87, for 20 . y . 30000. The grey

dashed lines with τ = 4/3 and τ = 3/2 are guides to the eyes for the known universality

classes’ avalanche-size exponents of directed (d = 2) and mean-field, respectively.

6.3.2 Layered lattice with inter-layer distribution of interactions

To get closer to something that resembles the real world inter-firm network avalanche-size

exponent observed above one needs to start from the well-understood rigid regular networks

described in Chapter 4 and introduce heterogeneity in the in- and out-degrees of the nodes

within the layers, whilst keeping the strictly layered structure of the lattice untouched. Dif-

ferent types of inter-layer degree distributions were investigated under the same constraints

on inventory, production and sales as introduced in Section 4.2 which are dependent on the

in-degree kin
i, j of each productive unit.
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Gaussian out- and in- degree distribution

The first distribution tested is Gaussian. The out-degree kout
i, j of each production node will

be Gaussian distributed with kout
i, j ∼ N (µ,σ2) and its suppliers will be chosen randomly

(using the Mersenne Twister pseudo-random number generator [52]) from the layer below.

Additional constraints on the re-wiring process ensure that the out-degrees kout
i, j are greater

than two and that each duple of nodes can only have one link connecting them. A distri-

bution was not imposed on the in-degrees kin
i, j of the nodes, but due to the CLT, these were

Gaussian distributed. In the numerical results displayed in Figure 6.2, the mean coordina-

tion number was chosen to be µ = 4 and three different values for the standard deviation

σ = 0,1,2 were tested.

The respective scaling exponents were estimated using the moment analysis methods de-

scribed in Section 4.3 and are reported in Table 6.1. Both scaling exponents τ and D are

within error bars of the mean-field universality class for all settings investigated. Note, for

the case where σ = 0 the underlying topology is simply a rewired version of the regular

lattice with coordination number K = 4 [93].

σ τ D D(2− τ)
0 1.45(5) 1.8(2) 1.00

1 1.47(5) 1.9(2) 1.00

2 1.48(5) 1.9(2) 1.00

Table 6.1 Scaling exponens on layered lattices with Gaussian out- and in-degree inter-

layer distributions. The avalanche-size exponent, τ , and the avalanche-dimension, D, for

networks with nodes’ out-degrees drawn from a Gausssian distribution with a fixed mean

coordination number µ = 4, and standard deviations σ = 0,1,2. Note that the case of σ = 0

is just a randomly rewired version of the regular lattice with coordination number K = 4, see

Fig. 6.2 for the data collapse. The numbers in the brackets indicate the estimated errors of

the exponents. Within error bars, both scaling exponents are consistent with the mean-field

model τ = 3/2 and D = 2. The last column shows that the exponents fulfill the scaling

relation D(2− τ) = 1, see Eq. (4.11).
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Figure 6.2 Results on lattices with Gaussian out- and in-degree inter-layer distribu-

tions. The main figure shows the data collapse of the avalanche-size pdfs P(y;L) from

networks with underlying Gaussian out-degree distribution, obtained by plotting the trans-

formed avalanche-size pdf yτP(y;L) against the rescaled avalanche size y/LD using the

estimates of the avalanche-size scaling exponents τ and D obtained from moment scaling

analysis, see Table 6.1, L=200 (dashed-dotted); L=400 (dashed line); L=600 (solid line).

The line colour indicates the standard deviation: σ = 0 (red), σ = 1 (blue), σ = 2 (black).

By CLT the in-degree is also Gaussian distributed. The width of the system is M = 2000

nodes. The inset displays the avalanche-size pdf P(y;L) versus the avalanche size y.

Scale-free out- and Gaussian in- degree distribution

Secondly, the out-degree kout
i, j of each node is drawn from a scale-free distribution with

exponent γ: kout
i, j ∝ K−γ for γ = 2.5,3.0,3.5 where 2 ≤ kout ≤ 20. In this scenario stubs

have been created for all nodes and these are connected to make links. The links are placed

randomly between nodes in consecutive layers, ensuring that only one link can ever exist

between a pair of nodes. Again, by CLT, the in-degrees kin
i, j are Gaussian distributed. The

numerical simulation results are displayed in Figure 6.3. As before, the associated scaling

exponents were estimated using the moment analysis and are reported in Table 6.2. Both

scaling exponents τ and D are within error bars of the mean-field universality class.
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γ τ D D(2− τ)
2.5 1.48(5) 1.9(2) 1.00

3.0 1.47(5) 1.9(2) 1.00

3.5 1.46(5) 1.9(2) 1.00

Table 6.2 Scaling exponents with scale-free out- and Gaussian in-degree inter-layer

distributions. The avalanche-size exponent τ and dimension D for networks with nodes’

out-degrees drawn from a truncated scale free distribution with exponent γ = 2.5,3.0,3.5,

see Fig. 6.3 for the data collapse. The CLT ensures the distribution of in-degrees is Gaussian.

The estimated errors of the exponents are in the brackets. Within error bars, both scaling

exponents are consistent with the mean-field model τ = 3/2 and D = 2. The last column

shows that the exponents fulfill the scaling relation D(2− τ) = 1, see Eq. (4.11).
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Figure 6.3 Results on lattices with scale-free out- and Gaussian in-degree inter-layer

distributions. The main figure shows the data collapse of the avalanche-size pdfs P(y;L)
from networks with underlying truncated scale-free out-degree distribution and, by Central

Limit Theorem (CLT), Gaussian in-degree distribution. These were obtained by plotting the

transformed avalanche-size pdf yτP(y;L) against the rescaled avalanche size y/LD using the

estimates of the avalanche-size scaling exponents τ and D obtained from moment scaling

analysis, see Table 6.2. The line style indicates the system size, dashed-dotted: L=200;

dashed line: L=400; solid line: L=600. The line colour indicates the scale-free exponent γ:

γ = 2.5 (red), γ = 3.0 (blue), γ = 3.5 (black). The width of the system is kept constant at

2000 nodes. The inset displays the avalanche-size pdf P(y;L) plotted against the avalanche

size y generated from networks with underlying truncated scale-free out-degree distribution.
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Scale-free out- and in- degree distribution

The third distribution used is again scale-free, but in this setting an out-degree distribution is

also imposed on the nodes instead of letting things evolve naturally under the CLT. The out-

degrees kout
i, j of the nodes are scale-free distributed as above with kout

i, j ∝ K−γ for γ = 2.5,3.5

and 2 ≤ kout ≤ 20. The out-degrees kout
i, j of layer t were then re-shuffled and assigned as

the in-degrees kin
i, j of nodes in the layer below t + 1. The stubs were then connected to

create links between adjacent layers, whilst avoiding multiple links between nodes. The

numerical results are displayed in Figure 6.4. As above, the associated scaling exponents

were estimated using the moment analysis and are reported in Table 6.3. Both scaling

exponents τ = 3/2 and D = 2 are within error bars of the mean-field universality class in

all settings tested. Note, that in the setting where the degree distribution exponent γ = 2.5,

the avalanche-size exponent found is very different to the one predicted by the branching

process of Goh et al. τ = 5/3 [33].

γ τ D D(2− τ)
2.5 1.50(5) 2.0(2) 1.01

3.5 1.48(5) 1.9(2) 1.00

Table 6.3 Scaling exponents on layered lattices with scale-free in- and out-degree inter-

layer distributions.The avalanche-size exponent, τ , and the avalanche-dimension, D, for

networks with nodes’ in- and out-degrees were both drawn from a truncated scale free dis-

tribution with exponents γ = 2.5,3.5, see Fig. 6.4 for the data collapse. The numbers in

the brackets indicate the estimated errors of the exponents. Within error bars, both scaling

exponents are consistent with the mean field-model τ = 3/2 and D = 2. The last column

shows that the exponents fulfill the scaling relation D(2− τ) = 1, see Eq. (4.11).
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Figure 6.4 Results on lattices with scale-free in- and out-degree inter-layer distribu-

tions. The main figure shows the data collapse of the avalanche-size pdfs P(y;L) from

networks with underlying truncated scale-free in- and out-degree distribution. These were

obtained by plotting the transformed avalanche-size pdf yτP(y;L) against the rescaled

avalanche size y/LD using the estimates of the avalanche-size scaling exponents τ and D

obtained from moment scaling analysis, see Table 6.3. The line style indicates the system

size, dashed-dotted: L=100; dotted line: L=200; dashed line: L=400; solid line: L=600.

The line colour indicates the scale-free exponent γ: γ = 2.5 (red) with L = 100,200,400

and γ = 3.5 (black) with L = 200,400,600. The width of the system is M = 2000 nodes.

The inset displays the avalanche-size pdf P(y;L) versus the avalanche size y.

6.3.3 Long range connections across layers

It is clear from the results in Section 6.3.2 that any perturbation to the underlying rigid lattice

that maintains that strict layer component, puts the system into the mean field universality

class with critical exponents τ = 3/2 and D = 2. This is nowhere near the avalanche-

size exponent τ = 1.87 observed when the directed sandpile model is let to evolve on the

Japanese inter-firm network, see Fig. 6.1. One might ask what other characteristics of inter-

firm network can one bring onto the underlaying topologies studied thus far?
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The Japanese inter-firm network has an evident direction of flow in the in- and out- com-

ponents but it does not have a unique direction in the strongly connected component, as the

economy naturally evolved in a non strictly layered manner. In fact, one of the most sur-

prising characteristics of this network, the small average path length of 5.62 [61], is due to

non-strict layer structure, the lack of unique direction and also the giant hubs created from

the scale-free degree distributions. These characteristics motivate a change from the strictly

layered lattices to lattice structures that are shallower and with cycles that might make large

avalanches possible.

(a) (b) (c)

Figure 6.5 Illustration of the types of layered topologies tested. Networks shown are

subsets of (a) two-dimensional rigid regular directed lattice with coordination number K = 2

(black dashed lines); (b) layered network with a randomised inter-layer degree distribution

(e.g. Gaussian or Scale-free) with randomly chosen neighbours in the adjacent layer below

(black solid lines); (c) networks created by adding links connecting non adjacent layers (red

solid lines) in both directions to the layered network with randomised degree distribution

(black solid lines). In all cases, periodic boundary conditions are applied to the left- and

right-most nodes to form a cylindrical structure.
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The layered network from the ones tested above that most resembles the scale-free distribu-

tions on the inter-firm network is the one with both in- and out-degrees scale-free distributed.

This is chosen as the base network and an attempt is made to disrupt some of the strict layer

structure. A small proportion of long range connections in an otherwise layered network

is added, some in the direction of the flow and some against it, as shown in the illustra-

tion Fig. 6.5. This simple modification reduced the average path length of the lattice and

created triangles and cycles in the network, much like the key characteristics observed on

the Japanese inter-firm network. The top layer is now the in-component since all its nodes

have zero in-degree kin
i, j = 0 and the bottom layer is the out-component where the nodes

have zero out-degree kout
i, j = 0. The layers in between play the part of the strongly connected

component, although this was not a condition that was imposed here.

The long range connections were implemented with a random probability plr, where for

each node a random number was generated and if this was within 0 and plr then one of its

links would be randomly rewired to another node in the network which was not in the ad-

jacent layer. Different plr values were tested (plr ∈ [0.05,0.10,0.25,0.50,0.75]) and for all

values the system steps out of the mean field and produces non-trivial avalanche behaviour.

The case where plr = 0.25 is displayed in Fig. 6.6 as it is the closest one that qualitatively

reproduces the avalanche-size pdf of the Japanese inter-firm network. In this network, the

average path length was reduced from 114 to 12 with the introduction of the long range

links, which at first glance may not seem like a drastic change, but upon closer inspection

the perturbation brought the average path length to the same order of magnitude as the inter-

firm network (5.62). Large avalanches are impossible in a shallow network with strict layer

structure, but with the addition of long range links these become possible as seen in the

non-trivial avalanche-size pdf.
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Figure 6.6 Results on lattices with long-range connections. The avalanche-size pdf P(y)
versus the avalanche-size y obtained using the inter-firm Japanese network (solid black line).

The dashed red line is the pdf P(y) obtained with 25% of long range connections across lay-

ers in an otherwise layered network with nodes in- and out- degree drawn from a truncated

scale-free distribution with exponent γ = 2.5 and system size L = 400. The grey dashed

lines are guides to the eyes for the different avalanche-size exponents (τ = 4/3 and 3/2) of

the known universality classes for the directed sandpile model and the approximate τ = 1.87

that seems to fit the pdfs of inter-firm Japanese network.

6.4 Summary

The generalised directed sandpile model is a deterministic model whose dynamics can

be used to investigate fluctuations in the behaviour of socio-economic systems. Moving

away from the strict layer structure and allowing the in- and out- degrees of the node to be

drawn from Gaussian and/or scale-free distributions showed that, regardless of the underly-

ing topology, any slight perturbation takes the system out of the classical two-dimensional

directed sandpile model universality class with τ = 4/3 and D = 3/2 and into the mean field

universality class with τ = 3/2 and D = 2 [26].
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Letting the dynamics evolve on a directed, complex but non-layered network, the inter-firm

trade network of all active firms in Japan yields a novel avalanche-size exponent τ = 1.87,

which is beyond the two well known ones. The new exponent is steeper than both the

two-dimensional directed sandpile model and the mean-field: 1.87 > 3/2 > 4/3. When

τ = 4/3 there are clear spacial correlations in the underlying topology but any randomness

in the inter-layer structure breaks these correlations and yields τ = 3/2. Having an exponent

steeper than the mean-field suggests that there is something beyond the correlations that

may be the cause. It is rare to find an avalanche-size exponent beyond the mean-field one in

sandpile models [72].

Adding a small proportion of randomly placed long-range connections to an otherwise lay-

ered network with scale-free inter-layer distributions produces a non-trivial avalanche-size

pdf. This modification tries to mimic some characteristics found in the inter-firm network

by destroying the strict layer structure, shortening the average path length, introducing cy-

cles and triangles in the system but not imposing a strongly connected component. The

avalanche-size pdfs are qualitatively close to the ones observed when the generalised sand-

pile model dynamics evolves on the Japanese inter-firm network. However, no scaling is

present, which implies that something is missing and that perhaps other structural modifi-

cations are needed. Finite-size scaling (see Section 4.3) cannot be performed here as the

system size that is needed for this is no longer the lattice size; the long-range connections

caused heterogeneity in the underlying network and therefore the effective system size is no

longer well defined.

There is a strong case here that a new universality class may exist for the directed sand-

pile model on lattices beyond the two well known ones. If so, then a strongly connected

component is an essential ingredient for this. Key components of the strongly connected
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component were mimicked on lattice structures using a combination of an inter-layer distri-

butions and a small proportion of long-range links across layers, as these two taken together

created behaviour that qualitatively resembled the one found on a real human engineered

socio-economic network.

It is of great scientific interest to determine whether such a new universality class actu-

ally exists and moreover to identify the exact structural properties that cause self organised

criticality to emerge as this is detrimental to the socio-economic system.



Chapter 7

Discussion

7.1 Conclusions

Several conclusions can be drawn from this research as well as leads for further investiga-

tion.

There exist many different universality classes for sandpile models with slight variations

in dynamics, many of which are well documented [72]. For example, the universality

classes of the stochastic Manna model [51] have been thoroughly explored on directed lat-

tices [43, 62, 66, 67]. Despite this, when generalising the deterministic BTW [5] dynamics

and investigating its behaviour on strictly layered and directed networks only two universal-

ity classes are observed: the classical two-dimensional directed sandpile model universality

class with τ = 4/3 and D = 3/2 (see Chapter 4) on regular lattices with coordination num-

ber K ≥ 2, and the mean-field universality class, with τ = 3/2 and D = 2 (see Chapter 6)
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as soon as an inter-layer distribution of the in- and out-degrees is introduced by simply

rewiring some links within layers.

On regular lattices, as the coordination number increases from K = 2 to K > 2, the scaling

exponents τ and D seem to drift slightly from the two-dimensional directed sandpile model

universality class with τ = 4/3 and D = 3/2 (see Table 4.1). A hypothesis was made that

the apparent drift is due to finite-size effects and this was investigated both analytically and

numerically (see Chapter 5). It was proven analytically for K = 3 on a strictly layered regular

lattice that the system is still in the two-dimensional directed sandpile model universality

class. Furthermore, taking corrections to scaling into account, see Eq. (5.52), data from

large scale numerical simulations for K = 3 and 4 are consistent with these systems being

in the same universality class, see Table 5.1.

The existence of only two universality classes is fairly intuitive if one considers the structure

of the underlying networks. The strictly layered, regular lattices have extremely constrained

structures that create correlations in the activity of the dynamics. However, these correla-

tions in activity are destroyed the moment any randomisation is introduced within the layers

that interrupts the rigid, regular lattice structure. This becomes abundantly clear when one

compares the result obtained from the setup of the regular lattice with coordination number

K = 4 with the one obtained from the network with the out-degrees of nodes drawn from

a Gaussian distribution kout
i, j ∼ N (4,0). Even though the latter lattice structure is simply a

rewired version of the former regular lattice and all nodes have exactly four neighbours in

each adjacent layer, but now randomly connected, the two systems belong to distinct uni-

versality classes: the classical two-dimensional directed sandpile model universality class

on the regular lattice where K = 4 (see Table 4.1); and and the mean-field universality class

with τ = 3/2 and D= 2 for the Gaussian inter-layer distributed lattice (see Table 6.1). There
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seems to be an abrupt transition between the two universality classes, which is induced by

the breaking of the correlation in activity. This behaviour was evident in all tested inter-layer

distributions (see Tables 6.2 and 6.3).

When the generalised sandpile model dynamics is let to evolve on a complex direct yet

non-layered real-world network (the Japanese inter-firm network), a surprising behaviour

is observed: a novel non-trivial avalanche-size exponent of τ = 1.87 emerges, see Fig. 6.6.

This exponent falls outside both of the two known universality classes (1.87 > 3/2 > 4/3)

and is even steeper than the mean-field, a very rare occurrence in sandpile models [72],

implying that there is something beyond breaking the correlations that comes into play here.

A clue is given when looking at the underlying structure of this real-world network.

The Japanese inter-firm network, on which novel non-trivial avalanche-size exponent was

observed, is a shallow network with the typical bow-tie structure of a real-world directed

network, with a strongly connected component that is not layered but instead has cycles,

triangles and other network motifs [61]. Imposing these characteristics on the rewired lat-

tices by simply adding a small proportion of random long-range connections between non-

adjacent layers and in doing so destroying the strict layer structure of the system, yields a

non-trivial avalanche-size pdf; this is qualitatively similar to the one observed on the inter-

firm network, but not a perfect match suggesting that additional structural constraints need

to be imposed. Unfortunately, FSS cannot be performed since the long-range connections

induce structural heterogeneity in the system and what was before a well-defined system

size that could be used in the FSS calculations is now a very ambiguous and ill-defined

quantity.

However, these facts considered together lead us boldly to hypothesise that a new universal-
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ity class exists for the generalised directed sandpile model and moreover, that the structure

of the underlying network is crucial, particularly the long-range connections that were ini-

tially only introduced as a means for the system to sustain large avalanches.

7.2 Outlook

This thesis only scratches the surface of what is needed to quantitatively prove that in fact

a new universality class exists. Investigating this further is of great scientific interest as,

from what was observed thus far, the underlying structure that gives rise to this behaviour is

found in abundance in human engineered networks.

Characterisation of complex networks is a rapidly developing field of research [20] that

is increasingly becoming more applicable to many areas of research, from neuroscience

[47, 65] to computational chemistry [13, 22, 44] and finance [61], to mention but a few.

All the detailed structural properties that enable SOC to exist in these complex networks

need to be identified and understood; a system in a self-organised critical state produces

unpredictable large events that can be detrimental to its survivability and sustainability.

Economies, for example, are by nature complex socio-economic systems whose aggregate

activity is not always well understood. Large shocks in economic activity, though rare, are

very destructive. This research shows that these large events are directly enabled by the

underlying production-consumption network between firms in the economy. In the sand-

pile model, the fluctuations are predictable but in real life, since you do not have complete

information about the system, they cannot be predicted at all or you have to rely on other

analytical tools to monitor the evolution of key observables in the system [70]. The unpre-
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dictability of the fluctuations is very costly and detrimental to society and thus it is highly

desirable to prevent, or at least mitigate the emerging shocks. Therefore, it would be very

interesting to investigate whether these large scale fluctuations can be prevented or if the

system simply adapts to any intervention such that they would persist.

A complexity and networks approach can be taken to uncover the mechanisms in place

that make socio-economic systems in nature sustainable and the lessons learned can be

incorporated in human engineered systems. Sustainability is a key issue of the 21st century

and as planetary engineers the weight falls on our shoulders.
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