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" ABSTRACT

Many accurate calculation methods have been evolved for analysing
the flexibility of pipeline systeﬁs but the flexibility and stress
.factors of the curved pipes have not been theoretically derived taking
into account the effect of the piées and flanges to which they are-
normaily attached. * The calculation of these factors including the
effect of attached pipes and flanges has been_carried out using curved
shell finite elements.

A doubly curved quadrilateral shell finite element has been devel-
oped for the analysis of thin shells of arbitrary geometry. The solu-
tion of the resulting large number of unknowns has been discussed
briefly.

‘Three different shapes of this curved shell element, two orders of
isoparametric three dimensional elements and a ring element with
assumed displacement functions in the form of trigonometric functions
have been considered in the solution of the problem of a 20 deg-bend
‘under in-plane moment. These results have been compared with a known
numerical solution to determine their accuracy. The solution computer
times and core storage necessary while solving the pipe bend problem
have also been recorded.

A comparison of the quartic type of curved shell elements with
some other curved shell elements to be found in the literafure has
also been presented.

The effect of the end conditions on bends has been studied by
analysing 90 deg-bends under in-plane moments with the ends terminated
by tanggnts or with a tangent on one end and a rigid flange on the

other. The quartic shell element model has been found to be the most



suitable for these calculations. Various bend angles with straight
pipes as end restraints have also been studied.
Consideration is given to the application of the results of this

investigation to the design of piping systems.



ACKNOWLEDGEMENTS

I would like to acknowledge with gratitude the valuable guidance,
help and encouragement from my supervisor, Dr. J.A. Blomfield.

I would also like to thank the Computer Staff at Imperial College

for their co-operation.
. Grateful acknowledgement is made to the British Council and the
Indian Institute of Technology, New Delhi who made it possible for me

to work on this project under the Colombo Plan Fellowship.

R. Natarajan.

London

April 1971.



CONTENTS

ABSTRACT

ACKNOWLEDGEMENTS

CONTENTS

NOMENCLATURE

INTRODUCTION

CHAPTER 1 Review of Finite Element Method Applied to
General Shell Structures

CHAPTER 2 Theory of a Thin Doubly Curved Shell Element

2.1 'Introduction

2,2 Description of The Basic Theory of The Element

2.2.1 Geometry '

2,2,2 Displacement Field

2.2.3 Shell Assumptions

2.2.4 Convergence Criteria

2.2.5 Shape Functions of Middle Surface

2.3 Stiffness Formulation

2.3.1 Strain Displacement Relations

2.3.2 Stress Strain Relations

2.3.3 stiffness Matrix

2.3.4 Economical Use of Elasticity Matrix

2.4 Stress Matrix

2.5 Consistent Force Matrix

CHAPTER 3 Assembly and The Solution of The Equilibrium
Equations -

3.1 Practical Aspect of The Computer Algorithms

3.1.1 Block Diagram

3.2 Techniques to Economise the Computer Solution

Time

Page No.

11

15

19
19

20
20
23
26
26
27

27
27
32
33
34

34

35

37

38
40

41



CHAPTER 4

4.3
4.3.1

4.4
"4.4.1

4.4.2

4.6

4.7

CHAPTER 5

CHAPTER 6

Stress Analysis of Curved Tubes Under In-plane

Moment
Proposed Finite Element Analysis
Statement of The Analysed Problem

Analysis Using Three Dimensional Elements
Comparison of Different Orders of Gaussian

Quadrature Formulae

Analysis Using Doubly Curved Shell Elements
Comparison of Different Orders of Gaussian
Quadrature Formulae

Comparison of Quadratic, Cubic and Quartic

Shell Elements

- study of Quartic Shell Elements

Analysis Using a Ring Element

Flexibility and Stress Factors

Comparison of Results of the Curved Shell

Element with Few Other Existing Shell

Elements

Comparison with a Shallow Shell Element
Comparison with a Curved Triangular Element
Summary of Quartic Element Versus Other

Curved Elements

Stress Analysis of Pipe Bend Structures

With Shell Finite Elements

Introduction
Finite Element Idealisation of the Problem
90 Degree Bend With Ends Terminated by

Tangents

Page No.

42
43
44

45

47

48

49

52
53
53

55

58
58

60

61

63
63

64

65



Page No.

6.4 ) 180 Degree Bend With Ends Terminated by

Tangents 69
6.5 Variation In Flexibility and Stress Factors

With Arc Lengths of Bends 70
6.6 90 Degree Bend With A Straight Section on One

End and Flange on the Other . 72
6.6.1 Note On a 90 Degree Bend With Both Ends

Terminated By Flanges 73
6.7 Reversed 90 Degree Bends 74
6.8 Discussion of Results and Design Considerations 75
CHAPTER 7 Conclusions and Recommendations for Future Work 80
REFERENCES i 84
APPENDICES )
APPENDIX A  Theory of Isoparametric Three-Dimensional Element 90
APPENDIX B Shape Functions for Three-Dimensional

Isoparametric Elements . ’ 103
APPENDIX C :Shape Functions for Curved Shell Elements 106

!

APPENDIX D Computer Program Listing Used for the Solution

of Pipe Bend Problems 109
APPENDIX E Shape Functions for A Ring Element . 162
APPENDIX F Moment Calculation 164
APPENDIX G  Calculation of Flexibility 166
TABLES 3.1 and 3.2 167
TABLE 6.1 : ‘ 168

FIGURES ‘ . 169



[]
1}

[BR] "

»d

Py Py o
. X

Wy

o

Det{J]

av

{r.}
1

[J1
[X]

[TR]
u,u,u
x' 'y =z

u, u, u
n

Pipe bore radius

NOMENCLATURE

Rectanqular Matrix

Column Matrix

Trahspose of [BR]

Vector A

Unit vector A

Vector product of the two vectors A and B
Scalar product of the two vectors A and B
Radius of bend

Determinant of J matrix

Elemental volume of an element

Elemental area on the surface of the element
Modulus of Elasticity

Vector of element nodal forces

Second moment of Inertig of pipe cross-section
Jacobian Matrix

Stiffness Matrix

Flexibility factor

Length of tangent pipes attached to ends_of a bend
Applied in-plane moment on a bend
Interpolation coefficients, functions of&{énd n
Radius of point of bend mid wall relative to axis
of revolution

Thickness of the shell element

Transformation matrix between Gi and GRi
Displacements in X, y and z directions

Displacements in £, n and ¢ directions



X, ¥, 2 Global cartesian coordinate system, right handed
x', y', 2! Element local rectangular coordinate system'
., Bi Rotations of nodal normal vector about 621 and _Gli
Yx'y' )
Y )
x'z' ) Shearing strains in the local coordinates
)
Yylzl )
Y = b/a Ratio, bore radius to pipe radius.
'{61} Vector of element nodal deflections in global
directions
{6Ri} Vector of element nodal deflection in &, n and
r directions
€ ey, Strains in the local x' and y' directions
n* A ratio, flexibility factor/a
[ei] = [Vli'vzi'VBi] Three mutually perpendicular unit vectors at
any node i
0 Angle between radius r and normal to shell middle
surface,§ = O at intrados
A = at/p? Pipe factor
v Poisson's ratio
E, n, T Natural non-dimensional coordinates, right handed
og, on Normal stress along & and n direction
Orr oy, Normal stress in the local - x', y' directions
o = (I/Mb)o Maximum equivalent stress factor
o Equivalent stress
T )
En )
T ) Shear stresses
ng )
T )
(43
Txlyl )
)
Tzt ) Shearing stresses in the local coordinate system
< )
)



Function to be extrapolated, may be displacements or
coordinates

Angle around pipe bend

1o



Py

11

INTRODUCTION

Various calculation methods have been developed so that in design-
ing the layout of pipe lines, sufficient flexibility can be provided
to accommodate thérmal expansion without inducing excessive stresses.
The basis of all the different methods of flexibility analysis is to
consider the pipe line as a structure with displacements imposed at
the various anchor points, these being equal and opposite to the expan-
sion which would occur if the ends of the pipe line were not fixed.

The pipe 1ine.consists of straight or tangent lengths of pipe and sec-
tions of curved pipe usually known as pipe bends. While simple bend-

ing theory may be directly applied to the straight lengths, the

. behaviour of curved pipe subjected to bending is more complex, pro-

vi@ing a greater flexibility but involving higher stresses than indi-
cated by simple theory ([57]. This is taken into account in most
methods of piping flexibility analysis by the use of flexibility fac-
tprs relating the flexibility of the curved pipe to that obtained in

a straight pipe of the same arc 1length and cross;section and 4
subjécted to the same bending moment. In a similar way, stress inten-
sification factors are used to give the maximum stresses in terms of
that calculated by simple bending theory.

The literature relating to the elastic stress analysis of pipe
bends is extensive and references (41] and [42] contain avcomprehen—
sive survey for the so-called ‘long radius bend' (pipe mid-wall radius
b small compared with bend radius a). Due to the more varied require-
ments of modern technology more sharply curved pipes have been in-
creasingly used which have required a more accurate evaluation of pipe
line stresses. Turner and Ford [46] published a theory for in-plane

bending which eliminated many of the simplifying assumptions previously
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made, More recently Jones [43] extended Von Karmén's analysis to analyse
short radius bends under in-plane moment. The effect of pressure was
included in the analysis by Kafka and Dunn [58] and by Rodabaugh and George
[59]. smith [60] applied the Turner and Ford method of analysis to out-
of-plane bending of a curved tube.

All these theoretical results were limited because of the various
'approximations and assumptions made during the formulation and soclution
of the problem. Hence it would be desirable to employ a new approach -
that could combine all the significant effects needed for the analysis
of curved tubes, including the effects of end constraints. Moreover
the experimental results presented in reference [53] show clearly that
for a 90° bend with flanges the theory that does not account for the
end effects can overestimate the flexibility and stress intensification
factors by a factor of 2 or more. It was also concluded in reference
[53] that, when the end effects were important, then the flexibility of
the bend also depends on the totalvbend angle of the elbow, which is
not predicted by the usual theory.

On the basis of such experimental evidence, it would be important
to employ a general approach that would be valid for any tgbeboreand
bend radius and would accouAt for all end effects.

Now that the digital computers are more readily available, numeri-
cal methods of solution have become the preferred method for solution
for many structural problems. Furthermore riéorous pipiﬂé flexibility
analyses of the more complex configurations are now possible.

It is described in this thesis how the finite element displace-
ment method has been used to analyse curved tubes with end constrgints.

The finite element method is a completely general approach for the

solution of problems in continuum mechanics and was introduced in the

fifties [1] [2]. This method was first applied to the solution of
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plane stress problems [3] and subsequently was extended to the analysis
of axisymmetric solids and plate bending problems [4]. Since then

there has been a concurrent and rapid development of electronic com-
puters, matrix methods and finite element techniques. Several important
conferences have been devéted exclusively to these subjects [5] [6].

The first textbooks have appeared [7] [8] and a fairly general formula-
tion, of the finite element method in stress analysis can be obtained

from references [9] and [10].

"A formulation for a curved arbitrary shape of shell was developed
by Ahmad [28]. In the work to be described (Chapter 2) the procedure
for calculating the stiffness coefficients has been modified so that
the element is suitable for analysing thin shell structures. By pre-
scribing differenf degrees of polynomials for displacements in the
element, higher order elements can be generated. Three different orders
of this element have been considered.

A computer program based on a simplified version of the Front
Solution Method {32] has been developed so that it applies to general
shell structural problems.

The accuracy of these three orders of elements has been compared,
by applying each of them to a problem of a curved pipe subjected to an
in-plane moment, and hence an economical element chosen. The accuracy
of this chosen curved shell element has been further compared with
other types of curved shell elements. A compiéte ring eiément using
trigonometric functions to represent the displacements and geometry
" has also been developed and its accuiacy compared with the curved shell
element. This study of the curvea pipe has also been helpful in
obtaining information about the performance qf the adopted solution
technique. The same pipe bené problem was ‘also solved using isopara-

metric three dimensional elements so that an idea can be obtained of
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the accuracy that can be achieved if these elements are used in solving
shell structural problems.

A program has been developed, using the curved shell elements and
the adopted version of the Front Solution technique, to analyse curved
Pipes of different included angles and end restraints. This has been
used to study the effects of end constraints,<such as tangent pipes
and flanges, on the flexibility and stress factors of the curved pipes.
This has been done for a 90° bend subjected to in-plane bending for a
range of A (pipe factor = at/b?) values. Curved pipes of different
included angles have been analysed in order to study the effec£ of the
total angle of bend on the flexibility and stress factors. Further
a study was conducted to find whether the flexibility factor of a bend
depends on the type of loading and the ratio y' (b/a = bore radius/
pipe radius). The movement of the locatibn of the maximum stress con-
centration around the circumference of the pipe due to énd constraints
has also been studied.

A comparison of the theoretically predicted flexibility and stress
factors with some published experimental values has been made.

The results from these studies have been analysed and conclusions
have been reached so that piping-flexibility analysis procedures can

be improved.
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CHAPTER 1

REVIEW OF FINITE ELEMENT METHOD APPLIED TO GENERAL SHELL STRUCTURES

The widespread use of thin shell structures has created a need for
a systematic method of analysis which can adequately account for arbi-
trary geometric form and boundary conditicns as well as axbitmeeyr gen-
eral types of loading. Classical thin shell theory yields differential
equations of egquilibrium or continuity whose complexity depends greatly
on the shell geometry and whose solution is a function of the geometric
position of the boundary and the tfpe of force or displacement quantity
which must be satisfied therei Hence, the complications caused by
geometry and boundary conditions together with variable thickness,
variable material properties, discontinuities in the shell surface and
general loading disqualify the classical approach as a systematic method
of analysis for most real problems. With the aid of a digital com-
puter different numerical procedures such as finite difference and
numerical integration methods have been suggested for more general
shell shapes. These methods are, however, still limited to special
shell geometries.

The finite element method, which was introduced in the fifties, is
a completely general approach for the solution of problems in stress
analysis. During the last few years great efforté have been made to
solve shell problems by the finite element displacement method. This
analysis can be attempted by two methods. The first method applies to
shells of revolution and a variety of different shell elements have
- been published [11] [12] [13].* The second method consistfjgzhidealisa—

tion of the continuous surface as an assemblage of discrete cuxrved

elements.

* Numbers in brackets [ ] indicate references.
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A simple type of element under the latter method is a planar ele-
ment. The bending behaviour of such an element is accounted for by
plate flexure considerations, the membrane behaviour by including plane-
’stress stiffness. The membrane action and the bending action are un-
coupled within each element. The use of flat plate elements for
analysis of shells was first presented in [14] and [15]. Clough and
Johnson [16] used the constant strain triangqular element and a fully
compatible nine-degree of freedom piate bending triangular element to
show that excellent solutions can be obtained with reasonable mesh
refinements. However, for shells having complex straining it was
necessary to employ very fine subdivisions in order to achieve the
desired accuracy. Thus for a shell structure the geometric discreti-
zation errors introduced by using planar elements must be considered.
The use of refined planar elements may prove advantageous [17] [18]
for éhell structures with smooth geometries. However, for shells with
complex geometries the discretization errors may offset the benefit of
such a refined element. Curved elements would enable the shell geo-
metries to be more accurately matched. |

Very little has been published about curved shell elements. This
is mainly'due to the difficulties encountered in providing for the
rigid body displacements. Utku [19] has proposed an element stiffness
matrix for a shallow triangular element using linéar functions to re-
present the displécements and reducing geometrical idealisation errors
by taking into account average curvatures of the middle surface.

Connor and Brebbia [20] have developéd a stiffness matrix for a thin

shallow shell element of rectangular plan. The displacement patterns
do not contain all the rigid body displacements of a curved shell ele-
ment. On the same lines, that is, explicitly including the\coupling

between membrane and bending effects by using shallow shell theory to
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relate strains and displacemen;s [20], Ford [21] developed a higher
order shallow shell element. In reference [22] a shallow cylindrical
shell element has been developed accounting for the rigid body displace-
ment using trigonometric functions. Dupuis and Goé€l [23] have formu-
lated using tensor notations, a shallow shell element representing rigid
body displacements. The representation of the true rigid body dis-

used

evhen
placement is violated while numerical integration is beding perfexmed

i : . the representotion
for calculating the stiffness coefficients, but fo¥ E£iner mesh,

improves as the mesh Sive is made Grer.
effeet has been found reduced. Argyris [24] has published a doubly
curved triangular shell element representing rigid body motions exactly
and satisfying interelement compatibility.

quthe sixties, Irons and others have developed [25] the so-called
Iso—péramétric element families for two and three dimensional analysis
in conjunction with numerical integration [26]. A comprehensive deg-
cription of the elemeénts developed is available in references [9] and
[10]. This study has been extended to axisymmetric shells of revolu-
tion [27] and arbitrary thick shell elements [28]. The thick shell
element is fully compatible and rigid body displacements are also re-
presented truly. Further this numerically integrated element approxi-
mates the geometry better and includes the effect of shear deformations.
It is also possible, in this formulation, to develop higher order ele-
ments, by placing ;arger numbers of nodes on the surfaces of an element.

The finite element displacement method, so-far described, is today
well-known and proved to be superior tg,é%uilibrium method, particularly
Jin solving structural problems. However great difficulties are some-
times encountered in this method,-particularly in the field of shells.
To overcome some of the difficulties element characteristics have been

evaluated by the combination of variational principles and different

boundary continuity conditions. Pian [31] has indicated the alterna-
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tive schemes. The development of mixed models for plates and shells
have also been discussed in references [29] and [30].

A curved thin shell elemeht has been developed, in Chapter 2, on the
lines similar to that in reference [28] for the analysis of pipe bends.
The accuracy of this thin shell element has been compared, in Chapter

5, with the elements described in references [21] and [24].
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CHAPTER 2

THEORY OF A THIN DOUBLY CURVED SHELL ELEMENT

2.1 Introduction

The basic concept of the finite element method is the idealisation
of the continuum as an assemblage of discrete structural elements.

The idealisation governs the type of element which must be used in the
solution. The shell structural analysis can be attempted using the
curvilinear isoparametric th%ee—dimensional elements coupled with
numerical integration as shown in Appendix A. With a straightforward
use of the three-dimensional concept, howevér, certain difficultie; will
be encountered. In the first place the retention of three degrees of
freedom at- each node leads to large stiffness coefficients for relative
displacements along an edge corresponding to the shell thickness.
fhis presents numerical problems and inevitably leads to ill-conditioned
equations when shell thicknesses become small compared with the other
dimensions in the element. The second factor is the use of several

' QSSunpﬂbn
nodes across the shell thickness ignores the well-known &aet that the
normals to.the middle surface remain straight after deformation. Thus
‘an unnecessary high number of degrees of freedom has to be carried,
involving penalties of computer time.

Overcoming the difficulties of using a three-dimensional element,
an arbitrary thin doubly curved shell element ﬂas been formulated on
‘the lines of Ahmad's thick shell elemen? [28]. This numerically inte-
grated shell element is a fully compatible one with rigid body modes
included so that there is monotonic cénvergence and global equilibrium'
satisfaction. Further it includes the effect of shear deformation.

By a judicious definition of unique orthogonal axes at the nodal points,

the five degrees of freedom at each nodal point, three translations and
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two rotations, have certain physical meaning which allows the boundary
conditions to be defined exactly.

The specific advantages of the present element over that of Ahmad's,
when used in thin shell structural analysis hggg ﬁgéa pointed out, whilst

outlining the present theory.

2.2 .Description of the Basic Theory of the Element

2.2.1 Geometry

The actual shell surface has been merely subdivided into a specified
number of regions (elements) resulting in a doubly curved element. For
such a typical shell element, the external faces are curved, while the
sections across the thickness are generated by straight lines. The
geometry of the elements is defined by the nodal coordinates specified
and the shape functions used. For example if the coordinates of the
nodes on the mid-surface and the thickness of the element at these nodal
points are specified, then the element can represent any warped surface
depending on the number of nodes on any edge.

Let £,n be two curvilinear coordinates in the middle plane of a
shell element and { a linear coordinate in the thickness direction vary-
ing between -1 and +1 on the respective faces of the element as shown in
Figure 2.1(b).

The relationship between the cartesian coordinates and the curvi-

linear coordinates, which has to be established, will be written as

b4 ‘ : x:.L
- S
Yy =z Ni(E:n) Yi + Iz Ni(grn) 3 03iti (2.1)
i mid-
surface

where i = 1 to n, where n is the total number of nodes and Ni are functions
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of £ and n only, taking a value of unity at the node i and zero at all
other nodes, and discussed later. ti is the thickness of the element

at node i and given as

t = I N.t, (2.2)

For any value of §, n and 7, the x, y and z coordinates can be found
once the functions Ni are known. As the X, y and z coordinates have
been defined parametrically in terms of £, n and Z, the side faces of
an element can be parabolically, cubically or quartically curved as well
as warped according as the element is of the type shown in Figures 2.1,
2.2 or 2.3 respectively. These are the three types of elements that
will be used in the analysis later.

To satisfy the continuity at interfaces, it is necessary for x, y
and z to be uniquely defined over the sides of the element by the co-
ordinates of the nodes on that side only. Since Ni for nodes not on
that face is zero, the variation of coordinates on that side for both
elements will be identical.

V.. is a unit vector normal to the middle surface as defined by

3i

the approximating polynomial

X X,
b3
= 3 2.3
y Ni Y; ( )
z 1 mia-

at the node i and calculated with the help of the tangential vectors
along £ and n directions in the middle surface at node i, rather than
defining it by the top and bottom coordinates of the normal at the node

i as in reference [28].



In the former case the coordinates of the mid-surface node and
local thickness is required as input data, that is, only four quanti-
ties, whereas in the latter case six quantities are required. It is
clear that this is an advantage in the case of thin shells in which the

mid-surface is defined rather than the inner and outer surface.

Unique Orthogonal Axes Including Normal Vector At Any Node

~

Let Vi and véi be the unit vectors on the middle surface along
€ and n directions respectively at the node i on the face n= +1 or -1

(Figure 2.4). If the position vector of any point i on the middle

surface is given by
M = ix+3y+kz (2.4)

where i, 3 and k are the unit vectors along x, y and z directions res-

pectively, then

S - 3,3y L ;o
Vig T tagtigg trag \
3%, dy? 3z, 2
#( ) +( ) +(3€ (2.5)
and

~ 4 ox - Qz ~ 3z

[ - ki -2
Vo tont sy TRy

axZ 3y ? . 2z,2
G+ ghl+ gD (2.6)

The normal vector to the middle surface at this node can then be found

by the vector product of v.. and v!. and given by

1li 2i
VisX V3 -
v,, = ———— {(2.7)
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-~ -~

where X is the angle between v.. and v]). and is easily obtained from the

1i 2i
® LA
scalar product of vli and véi vectors and given as
= A A' 2.
cos X Vg - Yy (2.8)

If §2i is taken as a unit vector paraliel te-é%i and perpendicular to

v3i and vli-then

Vi = Vg X vli (2.9)
Thus [Oi] = [vli; v2i, v3i] . (2.10)

constitute three unique mutually perpendicular unit vectors at the node

i with v_, vector normal to the middle surface and Gii and v acting

3i 2i

respectively along and normal to the facen = +1 or -1.

~

Similarly on the face & = +1 or -1 at any node j, v2j is taken

along n direction and v.. normal to the middle plane.

33

2.2.2 Displacement Field

Since in shell theory all parameters are usually defined in terms
of middle surface variables only, it is now neceésary to define the
variation of the global disp}acement components u s uy and u;—in terms
of the nodal displacements (ux, uy, uz)iand two rotations (a,B)i of

the nodal normal vector v,, about V., and -v respectively (Figure

3i 2i 1i
2.4). The same functions Ni as in expression 2.1 can again be used

to obtain the variation of displacements within the element, thus

assuring compatibility of displacements at interfaces of the elements.
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We can now write

u u
X X ti " " a
= ):Ni uy + ZNiZ; 5 [vlivzi] . (2.11)
u i
2 i

Thus at each node i, there are five components of variables, given as

u

u

6, = y (2.12)

u
a
B
The above definition of Gli and v,; Weans that the rotations a and B can
be interpreted physically as the local rotations on any element edge
forming the boundary of the structure. This is not possible when these
vectors are defined with respect to the global coordinates as in reference
[28] unless additional transformations are made.

Comparing equation 2.11 with 2.1, it is seen that the definition of
the coordinates is more general than that of the displacements but in-

cludes it as a special case. Hence the elements are of Superparametric

type in distinction to Isoparametric elements as described in Appendix A.



Arranging expression 2.11 in the matrix

<)

<>

<)

| o

form, we have

et v -
2 le
G ko -
2 2yl
e 3
2 22l
5
1x, Nic 2
t
lyi N:i.C 2
&
1z, N3
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= N1 {8)° (2.13)

where [N] is the shape function matrix

v is the component of unit vector v along x direction

1x,
i
etc.

1i

2.2.3 Shell Assumptions

(1) Normals to the deformed surface remain straight and inexten-
sible when deformed but not necessary normai.

(2) Stresses normal to the mid-surface are assumed small enough to
be neglected.

Thus the shell element is allowed to experience shear deformations
and at the same time avoiding unﬁecessary number of degrees of freedom
across the thickness, if a three-dimensional element is used in its

place.

2.2.4 Convergence Criteria

For the convergence of finite element analysis, the two criteria té
be satisfied [7] are

1) the assumed displacements must be continuous over each element
~and across element boundaries.

2) any required state of constant strain can be adequately repro-
duced on the element.

It has already been pointea out that the displacement ébmpatibility
is achieved by the definition oﬁ the shape functions. The most vital
states of constant strain, that is, the states of zero strain - the rigid
body motions - remain available as for the Isoparametric case. The
only'degeneracy introduced constrains the points along the nodal normals
to remain in a straight line and inextensible, a condition automatically

present in a case of true rigid body motion.
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Invariance of the element stiffness is obtained since it has been

formulated using local natural non-dimensional coordinates.

2.2.5 Shape Functions of Middle Surface

From expressions 2.1 and 2.11, it was seen that with T = O on the
middle surface, a two-dimensional curved surface defined by coordinates
£,n could be easily mapped into a three-dimensional cartesian space.

The given middle surface of an element is taken to be represented by

.anyone of the three, two-dimensional curved spaces, illustrated in

Figure 2.5 depending on the order of elements required. It is well

known that for the first kind of elements the functions are parabolic,

for the second cubic, and for the third quartic, in £ and n and thus

the curved mid-surface of the shell element can take up a parabolic,
cubic or quartic form respectively. The shape function expressions for

these three types [38] are given in Appendix C.

2.3 Stiffness Formulation

Having defined the geometry and displacement field in a shell ele-
ment, we can now proceed to the various relations necessary for calcu-

lating its stiffness matrix.

2.3.1 Strain Displacement Relations

Since expression 2.11 relates the global displacements‘ux, uy, u,
to the curvilinear coordinates, the derivatives of these displacements

with respect to the global coordinates, required for the definition of

strains at any point in the element, are given by a matrix relation:
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ou ou Ju Ju u 2u
X h'd z X Yy z
9x 3x X 213 & 9
Bux Buy Buz ] [J]"l Bux Buy Buz (2.14)
ay oy ay EN) an oan '
2u Ju Ju ou Ju 2u
X v z ) X - vy Z
2z 9z 3z : 3g Y4 3T
| — j I —
where [J] is the Jacobian matrix, defined as
— -
8x 3y 3z
& & 3L
(3] = 3x 3y 3z (2.15)

on an an

Thé JaCObiaﬁ matrix can be obtained explicitly from the expression 2.1
which will differ numerically from the corresponding Jacobian in refer-
ence [28] because of the different definitions used for the_yector §3i'

To be consistent with the second shell assumption stated in Section
2.2.3, we have to neglect the strain in a direction normal to the surface
at all points. This necessitates the transformation of the global
derivatives of displacements tothe derivatives along local axes x', y',

z', the directions of which are shown in Figure 2.6. The local directions

~

are defined so as to be consistent with the definitions of Gli’ Vs and

~

Vi given by equation 2.10.
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This local set of orthogonal axes are created as follows at the
point under consideration:
' -> -

Let x' and y* be vectors tangent to a local membrane surface located
at a distance ¢ = constant from the mid-surface and along £ and n direc-
-3
tions respectively. Then a vector z' normal to the local membrane

. . > ->
surface is obtained by the vector product of x' and y* vectors and

given by

b d - g
Z' — X' x y* (2.16)

Further if §' is a unit vector pa;aliel-to-&* ané perpendicular to x'

and z' at the point of interest, then

¥' = z' x ! (2.17)

~

and thus they form the three mutually perpendicular axes with z' normal

to the membrane surface at the point. It is of interest to note that

~ ~

Vl' V., G defined by equation 2.10 are the values of §f, §' and 2‘ on

2 3

the mid-surface.
Hence a matrix of unit vectors in x', y', z' directions is constructed

as: (which is in fact the direction cosine matrix)

[O] [X'I §" 2.]

or

cos (xx') cos(xy') cos(xz"')
[0 = cos (yx') cos(yy') cos (yz') (2.13)
cos (zx'") cos(zy"') cos(zz"')

where cos(xx') is the cosine of the angle between global x axis and local

x' axis. The global derivatives of . uy and u, are now transformed
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to the derivatives along local orthogonal system by the following opera-

tion:
aux, Ju_, auz,
ox! o9x ox!
du_, du_, du_,

p 4 v z
dy! dy oy"
au 1 au ] au

prd vy z
oz oz oz*

p—

For the model

element is defined

.{E'.} =<

/

€

\

)

ey'

Yt

y

Yxlyl

Yyt gt

zl

= [6]

Bux Buy auz
9x 9x 9x
aux éuy du,
3y 3y 3y [8]
Ju du Ju
X v Z
oz oz oz

(2.19)

taken, the total strain at any point [34] within the

in the local orthogonal x', y', z' system as:

/

//'

auX,/ax

ou oy
y./ y

1
aux./ay
auz,/ax'

1
du, /3y

\—

"\

+ du /3% (2.20)

+ aux,/az‘

+ auy,/az'

~/

It is seen that the normal strain €1 at the point under considera-

tion has been neglected as required.

From the matrix expression 2.19,

‘by selecting proper terms, the local strains can be explicitly determined.

This leads us to the definition of strain displacement matrix, given by:
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(0 r
{61} u
{62} uy
{e'} = [B'ﬁ . & ; {éi} = a (2.21)
. z
{6 } o
i
g * °
/ A 1
With the definition of the three unit veétors V.., V.. and V.. at

13 23 3i

any node i, - expression 2.10 - acting along and normal to a face and
perpendicular to the mia—surface respectively, it is possible to define
the known boundary conditions exactly for each element since usually

in shell problems they are given along and normal to a side. This is
made possible by transforming the global displacements at the nodes into

displacements along the vectors given by equation 2.10.

The transformation matrix of displacements at a node i is given by

u = [0,] u ©(2.22)

o}
[+

where [Oi] is gi&en by equation 2.10 ~
ug is the displacement along local £ direction
u is the displacement along localn direction
aﬂd u, is the normal displacement.
This transformation matrix has already been formed while defining
the displacement field and hence no extré computation is necessary at
differs

. this stage. Again it is seen that the present formulation waxies from

that given in reference [28].
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Since the displacements have now been taken along the local direc-
tions at each node, the [B'] matrix given by equation 2.21 is to be

modified. Hence

Y
‘ ()
{GRl} ) u,
{6R2} u
. n .
{e'} = [BR'] . { i (R = (2.23)
Yool A |
. u
{GR.}‘ N ¢ >
h 3
‘ a
L y B
. Ji
and [BR'] = ([B'] [TR] ‘ (2.24)

[TR] being the complete transformation matrix defined by expression
2,22, Thus [BR'] is the modified strain displacement matrix used in

the stiffness calculations.

2.3.2 Stress Strain Relations

The stresses {o'} along local orthogonal directions are related to
the corresponding strains {e'} by elasticity matrix [D'].

Thus

{o'} = ﬁ Tyt S = [p'] {e'} : (2.25)




.33

[D'] matrix for an isotropic material can be written as

1 v O O O
1 0 O O
1 : ‘
[D'] = = =2 0 0 (2.26)
1-v2

symmetric 152- LY

1-v

2

in which E and v are the Young's Modulus and Poisson's ratio respectively

of the material.

2.3.3 Stiffness Matrix

The stiffness matrix is defined as

x1° = f (r']1T [D'] [BR'] 4V (2.27)
v

in which matrices [BR'] and [D'] were defined in the earlier section.
Since [BR'] in the above integral is a functionof £, n and ¢, the ele-

mental volume is also rewritten using the standard expression
v = Det[J] . d& dy 4 - (2.28)

The integrations are carried out numerically using Gaussian Quadrature
formulae. Hence
n3

= Z K (BR']17[D'] [BR'] Det (3] (2.29)
a=1

e

x]



34

where g is the Gaussian sampling point at which values of the functions
are calculated, and Kq is the product of the three weight coefficients
at this point. The stiffness matrices for the three orders of ele-
ments considered are calculated using a program written in Fortran IV
and included in Appendix D. Again the decision of which order of rule
to be used for these shell elements will be discussed in.detail in
Chapter 4.

The assembly of element stiffneés coefficients and fhe solution for
the local nodal displacements follow the method of the Front Solution

as described in Chapter 3.

2.3.4 Economical Use of Elasticity Matrix

The elasticity matrix for an isotropic material was given in ex-
pression 2.26 and since it is a matrix of full rank, operations similar
to that adopted in three-dimensional elements [37] cannot be performed.
Instead if the non-zero terms in the elasticity matrix are alone used
in calculating the stiffness coefficients, certain amount of saving in
central processor time of the computer is possible. This is included
in the present formulation of the element stiffness matrix. The actual
saving in central processor time was about 10% while solving a pipe

bend problem with 32 gquadratic shell elements.

2.4 Stress Matrix

Once the nodal displacements have been calculated, the five local

stresses at a nodal point can be evaluated from

"{6'} = [D'] [BR'] {8R} (2.30)

calculating the [BR'] matrix at the nodal points in the usual way [7].

Because of the definition of local orthogonal axes, the above components
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of direct stresses are the ones usually presented in pipe bend problems.

So no further stress transformations are required for comparison with

the existing results.

2.5 Consistent Force Matrix

An element can either be subjected to constant or variable pressures.
If-{g} is the magnitude of pressure on an infinitesimal area dA then the
consistent nodal forces are given by the standard expression A.35 with

the nodal force components as:

ah

{Fi} = < Fz? (2.31)

M
B 1.
1
L
and [N] is given by expression 2.13. The calculations of consistent

nodal forces for two cases of applied loads are discussed below.

(a) sSurface Distributed Pressure
If P is the magnitude of constant pressure on an infinitesimal area

dA on the middle surface of the element, using the expression A.35 with

) o . )
i 9x

A, € n

- . )3y 3y >
dh % oA, > T > x < o _ (2.32)
oz oz

ag an
./ R

and matrix [N] from expression 2.13 after putting z = 0 in it, the

oA,
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.nodal equivalent loads can be evaluated.

(b) Distributed Pressure On One of The Faces of The Element
Let a pressure P be acting on an infinitesimal area dA on the face
£ = =1 of the shell element. Using again the expression A.35, the

consistent loads are calculated with the definition for [N] from expres-

sion 2.13 and dA as \ R
~ N
o] (=) (=
X on 3L
2 - - 3y 3y
da = <8Ay F = < ™ } x < 5T ? (2.33)
2z oz
.Y g« o=z
z oan oz
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CHAPTER 3

ASSEMBLY AND THE SOLUTION OF THE EQUILIBRIUM EQUATIONS

The stiffness matrix K of the complete assemblage relates the nodal
loads F acting on the structure to the corresponding nodal displacements

§ by
K§ = F I (3.1)
The stiffness matrix, may be characterized in gereral as '

1) symmetric
2) banded
3) positive definite

4) sparsely populated.

Algorithms which utilize either iterative method% or direct methods for
the solgtion of equations with these properties are well known. Earlier
applications of the finite element procedure were based predominately
on iterative methods in which property 4 was utilized so that the solu-
tion could be obtained while working entirely in the high speed core
memory. In the more recent years, however, direct solutions based on
Gaussian elimination have become the preferred solution [16] procedure
due to their overall economy and ease of applicability.

In the Band Solution under these methods, given the bandwidth, an
efficient equation éolving technique is to retain on core oﬁly a tri-
angle of coefficients whose side lengths equal the bandwidth. This
triangle effectively moves diagonally downwards as the elimination pro—
ceeds. Usually the band is sparsely filled and frequently the band-

width varies from one position to another.
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the
With the explosive development of, finite element technique, a develop-

/
ment comparable only with the growth of computing power itself, it becomes
necessary to develop elements with more degrees of freedom. Whereas
simple elements have corner nodes, these elements have nodes along their
edges or on the faces of three-dimensional elements. Thus the dimension
o£ [K] which is equal to the number of degrees of freedom of the structure
is very large and the matrix {K] cannot be fully assembled and stored in
core, The Front Solution [32] technique is suitable for equations
arising out of such elements. Since in th; present analysis, elements
are of the type mentioned above, this solution technique has been adopted.

A Front Solution is a means of solving a large banded, sparse matrix
using Gaussian elimination process. Due to sparseness of the coefficient
matrix, only a small amount ogfxztrix has to be calculated before forward
elimination of a variable corresponding to a row. After the elimination
process, data pertaining to the variable is stored on a file and the row
is freed. Consequently the total core required for this method is very &

.
small compared to the conventional methods.

A variable becomes active on its first appearance and is eliminated
immediately after its last. Thus before an element is introduced, the
active variables cut the structure into two independent parts or
'substructures’'. After assembly and reduction of the coefficients
arising from this element, the new set of active variables again cut

the structure into two parts. The 'front' composed of nodes separating

the substructures advances thus, an element at a time.

3.1 Practical Aspect of The Computer Algorithms

The program for the front solution method given in reference [32]
as
& not used but a program based on a description contained in reference

Inlas
[39] #5 programmed and developed independently. The present program
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g%fmade much simpler than reference [32] by excluding the book-keeping
procedures necessary for changing the loading pattern and mesh pattern,
which usually is not an essential part of research oriented programs.
Suitably partitioning the equation 3.1 as
M M 8 F

.I;N U _Kn S (3.2)

oo | Mo Son | Fr —

where 6KN and 6UN are known (prescribed) and unknown nodal variables.

The corresponding unknown and known generalised forces are F and F__ .

UN KN
Expansion of 3.2 gives
+ =
MKN 6KN MU 6UN FUN
and
+ M = F
M 6KN UN 6UN KN
Re-ordering i '
M__ 6 = F__ - M & (3.3)
UN UN KN U KN )
and
= ) + ) 3.4
FUN MU UN MKN KN ( )

From equation 3.3 the unknown nodal variables can be calculated by an

extension of Gaussian elimination process with the modified right-hand

. T .. .
side vector FKN - MU 6KN' In the backward elimination stage, as the

elements of 6UN are explicitly known, the unknown reactions FUN can also

be fqund.
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3.1.1 Block Diagram

A brief description of the flow diagram (Figure 3.1) is given here.
The complete computer program for analysing pipe bend problems using
curved shell elements described in Chapter 2 and the Front Solution
method described as above; has been written in Fortran IV and given as
Appendix D. —

In the routine INIAL, element numbers{ the nicknames (that is,
degrees of freedom) of all variablesvin each element, and the prescribed
nicknames, are fed iﬁ for the whole structure as input data. Using
this, in the same routine, two scalars NUNKVA (the largest number of
unknown variables or rows of MUN in expression 3.2 which 1is required at

any one time) and NKNVA (the corresponding value for M__ in expression

KN
3.2) are determined and several areas are defined, allocated and initial-
ised if necessary.

The main program NAMAIN calls one by one the elements in ascending
order along with the loading and geometrical data. This call is
effected through FEM (element stiffness routine), STFTR and FORWAD.

STFTR calls the element stiffness routine to calculate the lower
diagonal stiffness coefficients and the corresponding stress matrices at
the nodal péints. These are stored in a tape file and used again if

.geometrically similar elements are present in the structure. Then the
element stiffness coefficients are distributed in the proper areas of
MKN' Mg and MUN in fhe expression 3.2.

FORWAD writes on another tape file the row corresponding to a com-
pleted nodal variable (which will not appear any more) and modifies the
rest of the coefficients in expression 3.2. Thus the frontal process
alternates between accumulation of element coefficients (assembly) and

elimination. BACKWD reads back, in order, the data stored on file for

nodal variables and calculates the unknowns.
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3.2 Techniques to Economise The Computer Solution Time

-

Block Storage

As has already been mentioned, in this solutionlmethod, as soon as
an equation is complete,’ it is stored and a new equation from the next
element takes its place. Storage on magnetic tape or disc can occur
immediately after each equation has been completgd or after several equa-
tions have been completed, temporarily storiné them in a buffer area in
fast core. A study of it was conducted with a block of 10 equations
; - .
and the resulting solution times are given in Table 3.1.

It should be noted here thata very high percentage of peripheral
processor time has been saved mainly because the BACKSPACE-READ-BACKSPACE

motion of the tape has been done for a block of equations instead ef for anm

individual equation during-backward substitution.

Computation of Stiffness Matrix

In most structures many of the elements are identical in size and
shape and only their positions in the structure are different.. It is
often possible to take advantage of this fact and form the stiffness
matrix once only. An idea of computing time gained ig this process
is given in Table 3.2.

A problem of circular cylinder with internal pressure under end
constraints has been solved using quadratic shell elements. The cylin-
der was divided into a number of rings and the stiffnesses éf the ele-

- ments in the first ring alone were calculated and stored on a tape and
used for the rest of the rings. This was compared with the problem
solved after'calculating the stiffness for all elements.

It is seen that even though the stiffnesses of only 8 elements out
of total 64 elements have been calculated, the time saved is only of the
order of 100 seconds since most of the solution time has been taken by

forward amrd backwaré eliminatione and back 3ubstibukfon-
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CHAPTER 4

. STRESS ANALYSIS OF CURVED TUBES UNDER IN-PLANE MOMENT

General pipe-line layouts, may experience changes in their free
lengths due to an applied load or due to changes in temperature of the
fluids they are conveying. It is normal practice to absorb the expan-
sion of the straight pipe-line by an expansion bend or curved pipe.

The loads acting on the curved pipe could be in-plane bending, out-of-
plane bending, torsion and pressure. It is well known that the forces
and deflections in a curved pipe are not those piedicted by simple
Bernoulli-Euler bending theory and it is more flexible than a straight
pipe. Von Kérman in 1911 presented explanations for this phenomenon.

Since then various analytical methods of solution have been used
to solve the governing differential equations for the in-plane bending
of curved tubes. Von Kérmdn's analysis itself was subsequently ex~
tended in many papers. Refefences [41] and [42] contain a comprehen-
sive literature survey of the early work and more recently Jones [43]
considered tubes with a large tube-to-bend-radius ratio.

A different approach, based on the differential equations of shell
theory, was presented by Reissner [44] and was later used by Clark and
Reissner'[45]. Turner and Ford [46] used equations similar to those
of thin shell theory.

All these methods were based upon some form of series expansion
containing varying degrees of approximations. The governing equations
were also solved directly without analytical approximations using
numerical methods by Blomfield [40]. In this chapter the finite ele-
ment method, which has a completely general approach for the solution
of problems in stre;s analysis, has been utilized in the analyses of

these curved tubes.
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Since a different numerical solution of the governing differential
equations of this problem, using Predictor-corrector step-by-step method,
is available [40], the accuracy of the finite elements used in the pre-

sent analysis and their associated problems have also been studied.

4.1 Proposed Finite Element Analysis

A theoretical study of two types of elements, three-dimensional
curved elements anddoubly curved shell eléments was presented in Appendix
A and Chapter 2 respectively. In each type, it is possible to generate
é family of elements by choosing higher and higher degree of polynomials
to represent element displacements and gecmetry. Thus there are two
alternate approaches in the finite element procedure. In the first
approach, for both types of elements under study, a relatively simple
representation of the stiffness properties is 'utilized and by mesh re-
finement (i.e. inéreasing the number of subdivisions) the accuracy
achieved can be studied, while in the second approach an improved repre-
sentation of element properties is utilized which generally requires a
less refined mesh. Hence a decision has to be made regarding the
approach suitable for sélving curved pipe problems using the two types
of elemgnts. At the same time, since all these elements are numeric-
ally integrated ones, the order of Gaussian formula necessary for each
type of elements, while solving shell structural problems, has to be
decided.

The geometrical proportions of the pipe bends are usually expressed
in terms of a non-dimensional factor A = at/b2 called the fipe Factor.
In the present analysis a right-angle bend, having a value of A equal
to 0.1458, with the assumption of plane sections remaining plane, is
studied under in—plaﬁe moment. The computing times (RUN compiler on

the CDC 6600 at London University) for analysing the above problem using
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different types of elements are also given, which helps to make an ecéno—
mical decision with regard to the choice of an element. Further, these
computing times might help to compare the performance of the Front
Solution method as adopted here, with other solution methods. The cri-
terion chosen to determine the accuracy of solution is a direct comparison
of this with thé existing numerical.solution obtained using Predictor-
Corrector step-by-step method [40] with 74 step-lengths.

Having decided the oxrder of shell elements suitable, the number of
such elements required to represent adequately a right-angle bend is
studied. The flexibilities of this bend for a range of A values are
calculated, after computing the corresponding applied moment. These
.results are compared with :hose giveﬂ in references [40] and [46].

An element, in the form of a ring, with displacements varying in
étrigonometricfunction is attempted and the results are compared with

those of the curved shell element.

4.2 Statement of The Analysed Problem

A curved tube with constant radius of curvature can be considered
as a sector of a closed toroidal shell of revolution. The deformations

of such a sector due to a pure moment applied in the plane perpendicular

to the axis of revolution are analysed with the assumption
U, = kzxy - (4.1)

where (4.2)

=
|

U, is the displacement along meridional direction of the tube

b

and x = a- Db cos 0 (4.3)

Y, AY,and 6 are as shown in Fig. 4.1. The points along the ¥ direction
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at which 0 is zero are denoted as at intrados, whereas those at 0 = 1
are at extrados. Using the above assumption for Ulp and a consistent
shell theory it has been proved [40] that this is a problem of axi-
symmetrically loaded shell of revolution and the rotation of shell mid-

surface in the ¢ direction is given by

-

% = kcos O . ¢ (4.4)

Hence it is enough if a sector of the 90 degree bend is analyéed by
prescribing the boundary displacements and rotations, as given by the
expressions 4.1 and 4.4, to represent the problem.

The dimensions of the curved pipe and the build up, for example,
of guadratic shell elements to represent the structure, are shown in
Fiqure 4.2. This problem has been analysed using different orders of

curved shell elements and three-dimensional elements.

4.3 PAnalysis Using Three-Dimensional Elements

As mentioned before, two orders of Isoparametric three-dimensional

elements have been used in the analysis.

i) Element with quadratic variation of the displacements along an

edge and

ii)- Element with cubic variation of displacements along an edge.
The derivation of the corresponding element stiffness matrix is given in
Appendix A.

Since the boundary conditions in shell structural problems are
usually specified along and perpendicular to a face of an element, the
displacements at any nodal point have been transformed from cartesian
system into a local system of axes. This local system is as shown in

Figure 4.3.



46

Expression A.13 gives the elementstiffness with displacements
referenced to a rectanqular cartesian system. At a typical node i,
these rectangular cartesian displacements u uy and u, are related to

the displacements along local directions by: '

u - cos @ sin ¢ sin 0 sin ¥ cos u;
uy = - cos O cos Y sin 6 cos § - sin /] ué (4.5)
u sin © cos © 0 u!
z’ . . z ',
i i i

where
u' 1is the displacement normal to the surface
is the displacement along circumferential direction

and u' 1is the displacement along meridional direction as shown in Figure

Now the stiffness matrix can be transformed with displacements ref-

erenced to local system by:

x1€ trr1T [B1T [D] (Bl ITR] av (4.6)

i

s

where [TR] is the transformation matrix made up by the expressions 4.5
at all nodes of an element.

The stresses have been first computed based on the cartesian system
and then transformea also along the local directions for easier interpre-
taion of stress distribution.

The longitudinal stress factors on the inside and outside surfaces
of the bend, obtained using quadratic elements, are plotted in Figure
4.4. Figure 4.5 shows the corresponding meridional stress factors.
Similarly the results obtained using cubic elements are plotted in Figures

4.6 and 4.7. In all these Figures the corresponding curve due to the



other numerical solution is also given, for comparison.

As the number of guadratic elements is doubled, an improvement in
thé stress distributions is noticed from Fiéures 4.4 and 4.5. But from
Figures 4.6 and 4.7, it is clearly seen that a much better correlation
with the numerical solution exists, when cubic elements are used.

Table 4.1 gives the computer central processor times and necessary
computer core for solving the pipe bend problem using the above two

types of elements,

Table 4.1
Central Processor Time And Core Required. (RUN Compiler)
Type Total Total Cental
of Number of Number of Processor Approximate Remarks
Element Elements Nodes Time Core
Quadratic 16 192 350 secs 45,000 Results shown in
32 384 761 secs Figures 4.4 & 4.5
Cubic 8 160 441 secs 70,000 Results shown in
16 320 approx. Figures 4.6 & 4.7
1000 secs

4.3.1 Comparison of Different Orders of Guassian Quadrature Formulae

Since the element stiffness matrix, as indicated in Appendix A, is
calculated numerically using Gaussian quadrature formulae, a decision has
to be made as to which order of approximation formulae it is necessary to
use. An attempt therefore has been made to find the optimum number of
integration pointﬁ,while so}ving the pipe bend problem. The results for
a cubic element, better suited for shell structural analysis, are shown

in Table 4.2.
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Central Processor Time For Solution Using Cubic Three-Dimensional Elements

Total number of elements = 16

Total number of nodes = 320.
Integration Integration Central
Case rule rule Processor
Numbex over through Time
Surface Thickness (RUN Compiler)
(secs)
1l 4 by 4 4 Approx. 1000
2 4 by 4 3 795
3 3 by 3 3 619
4 4 by 4 2 690

Remarks

Stress distributions
plotted in Figs. 4.6

and 4.7

Results same as
case 1

Results same as
case 1

Large variation
case 1

From a comparison of stress distributions, obtained in different

a 3 x 3 x 3 rule will be sufficient for a cubic element.

It is to be

in

in

from

cases,

noted here that, from theoretical considerations of the Gauss quadrature

formula, for a polynomial of degree three two sampling points are more

than sufficient. But from practical considerations, a higher order rule

is necessary as proved above.

4.4 BAnalysis Using Doubly Curved Shell Elements

Three different degrees of shell elements have been used, namely

quadratic, cubic and quartic, in the analysis. - Their shape functions and
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the corresponding formulation of stiffness matrix were given in detail
in Chapter 2. Since it is obvious that shell elements will be better
suited for shell structural analysis than three-dimensional elements,

they have been considered in detail here.

4.4.1 Comparison of Different Orders Of Gaussian Quadrature Formulae
{

In these shell elements as well, Guassian quadrature formulae\are
used to calculate the stiffness coefficients. Various orders of approxi-
mation formulae have been tried on these shell elements while solving
the same pipe bend problem and the optimum is chosen.

The results of the computing times for quadratic, cubic and quartic
shell elements are given correspondingly in Tables 4.3, 4.4 and 4.5.

The resulting stress distributions are also plotted and compared with

the existing numerical solution.

Table 4.3

A}

Central Processor Time For Solution Using Quadratic Shell Elements

Total number of elements = 32

Total number of nodes = 160
Integration Integration Central -
Case rule rule Processor Remark
Numbey over through Time S
surface Thickness (RUN Compiler)
(secs)
1 4 by 4 2 235 Stress distribution
plotted in Figs. 4.8
~ and 4.9
2 3 by 3 2 193 Results same as in
case 1

3 2 by 2 2 157 Stresses vary by 10%
- compared to case 1



Table 4.4

Central Processor Time For Solution Using Cubic Shell Elements

Total number of elements = 24
Total number of nodes = 192
Integration Integration Cental
Case Rule Rule Processor
Number Over Through Time
Surface Thickness (RUN Compiler)
{secs)
1 4 by 4 2 372
2 3 by 3 2 295
Table 4.5

Remarks

Stress distribution
plotted in Figs. 4.10
and 4.11

Results same as in
case 1

Central Processor Time For Solution Using Quartic Shell Elements

Total number of elements = 12
Total number of nodes = 144
Integration Integration Central
Case Rule Rule Processor
Number Over Through Time
Surface Thickness (RUN Compiler)
{secs)
1 4 by 4 2 350
2 3 by 3 2 280

Remarks

Stress distributions
plotted in Figs. 4.12
and 4.13

Large variations com-—
pared to case 1
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So far it has been shown how the central processor time varies with
different orders of integration formulae applied over the surface of the
elements. To show how the central processor time varies with the order
of inteération rule through the thickness, tests have been conducted
using quadratic elements. The central processor computing times are

©

given in Table 4.6.

Table 4.6

Central Processor Time For Solution

Total number of elements = 32

Total number of nodes = 104
Integration Integration Central
Case Rule Rule Processor Remarks
Number Over Through Time
Surface Thickness = (RUN Compiler)
' (secs)
1 4 by 4 4 358 Stress distribu~
tions are
2 4 by 4 2 © 254 same

Thus with the knowledge of computing times for solving a typical pipe
bend problem and comparing the resulting stress distributions with that
obtained using another numerical me£hod, it is possible to conclude that
when quadratic or cubic shell elements are used for analysing shell
structures a 3 x 3 X 2 Gaussian guadrature rule would suffice. On the

other hand if quartic elements are used, a 4 x 4 x 2 rule is necessary.
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Comparison of Quadratic, Cubic and Quartic Shell Elements

For this type of analysis, a general program for calculating the
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stiffness matrix has been written, which only requires the specification

of the order of shell elements to be used in the problem.

elements the optimum Gaussian quadrature formula, as decided in the

earlier section, has been used.

For all these

-In Table 4.7, the computing times and core necessary, for the solu-

tion of pipe bend problem using different orders of shell elements, are

given.

Type
of
Element

Quadratic

Cubic

Quartic

Total
Number
of
Elements

16

32

16

24

12

Table 4.7
Total Central
Number Processor
of Time Approximate
Nodes (RUN Compiler) Core
(secs)
80 R
40,000
160 193
128 189 JZ
45,000
192 295 1%
72 o1 18
96 227 1P 53,000
144 350 7

Remarks

Stresses
in Figs.

and 4.9

Stresses
in Figs.

and 4.11

Stresses
in Figs.

and 4.13

shown

4.8

shown

4.10

shown

4.12

It can be seen that the cubic elements give results which are closer

to the existing numerical solution than the quadratic elements for approxi-

mately the same central processor time and half the number of elements.
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Further the eight quartic elements give a result in less central processor
time comparable to the 24 cubic elements. Quartic elements also show a
faster rate of convergence (i.e. improved accuracy with decreasing mesh
size). There would appear therefore to be a significant advantage in

using the highest order element available.

4.5 Study of Quartic Shell Elements

It has been shown that the quartic shell elements consume less time
for a given accuracy in stress distributions for the pipe bend problem.
Therefore it was decided to use quartic elements for further study of
pipe bend problems.

S0 far only a sector of the curved pipe has been analysed, to study
the stress distributions in a 90° bend, due to symmetry of the problem.
From the stress distributions shown in Figures 4.12 and 4.13 for differ-
ent number of elements around the circumference, it was found that eight
was the optimum number for a bend having a value of X as 0.1 and above.
For bends with lower pipe factors this optimum increased to twelve.

If a full 90 degree bend is to be analysed, it will be necessary to use
more than one sector. Figures 4.14 and 4.i5 show the stress distribu-
tions at any cross section of a 90 degree bend subjected to in-plane
moment, for different numbers of rings (i.e. sectors) used to idealise
the bend. From these results it could be concluded that sufficiently
accurate stress distributions in a 90 degree bend are obtained, if it is

idealised by four rings.

4.6 Analysis Using A Ring Element

The stress distributions on pipe bends, presented earlier in this
Chapter'suggest that it may be possible to represent this variation by
trigonometric series. So a ring element, with the variation of displace-

ments or geometry along the circumference described by trigonometric
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series and the longitudinal variation by polynomials, has been developed
to solve ‘the pipe bend problem.
For example in a 10 nodal ring element, as shown in Figure 4.16,

the extrapolation formula is taken as

¢ = a, +a, cosmn+ o, sin M + o

1 5 cos 2mn + as sinA2nn

3 4

+ i +
+ a6€ + a7§ cos M aBE sin mn a9€ cos 2mn

+ alo€ sin 21 (4.7)

These 10 constants can be evaluated in terms of nodal variables

or ¢ = Z N4 R (4.8)

where Ni are the shape functions given/in Appendix E.

These shape function expressions are substituted in expression 2.1
and 2.11 ana the stiffness matrix calculated as before. The same pipe
bend problem, has been analysed using a ring element which has any odd
number of nodes along the circumference and four such rings of nodes
along the longitudinal direction.

Since the problem of a curved pipe under in-plane moment is sym-
metrical about the plane in which the moment is applied, half of the
previous full ring element is enough for this analysis. Hehce a pro-—
gram to calculate the stiffness of such elements, with any odd number
of nodes along the circumference and four such rings of nodes along the
longitudinal direction has been written. The shape functions for such
an element, as shown in Figure 4.17, with 20 nodes are also given in

Appendix E.
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Using this element also, the same pipe bend problem has been solved.
The resulting stress distributions are compared with those obtained

(i) wusing a full ring element
and (ii) wusing four gquartically curved shell ele@ents in Figures 4.18
and 4.19. The stress distributions due to a half ring element are
better thén those of the quarti; elements. But the disadvantage of the
ring element is due to the size of the stiffness matrix, which is guite

large, compared to that of a quartic'element.

4.7 Flexibility And Stress Factors

The flexibility factor, K, for é curved smooth pipe, under an in-
plane bending moment M is defined as follows (Fig. 4.1).

If the bend and a straight piece of pipe of the same length and
cross-sectional dimensions as the bend are-both loaded over their entire
lengfhs by constant in-plane bending moments, M, of equal magnitude,

“khe flexibility factor K,

= relative rotation of the end sections of the bend/

relative rotation of the end sections of the straight

pipe (4.9)
a Ma
(ox) v = K- (4.10)

where I is the second moment of area of the wall cross-section.
The applied moment M is calculated as shown in Appendix F.

Stress factor is a dimensionless term defined as

M
Actual stress in bend = (Stress Factor) * Eé- (4.11)

Using the optimum number of elements, based on stress considerations,

a sector of the 90 degree bend subjected to an in-plane moment has been
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analysed for a range of X values. The applied moment corresponding to
the prescribed displacements has been computed in all these cases.

Using expression 4.10 the corresbonding flexibility factor has been
calculated. It was found that an increase in number of elements above
the optimum value, did not affect the value of flexibility factor.

The dimengions of the bends and the calculated flexibility factors are
given in Table 4.8. Further in Table 4.8 for one particular value of
A, for which the numerical solution exists [40}, the flexibility factors
are compared. The difference in the values may be due to the component

of shear deflection that has been included in the finite element solution.

Table 4.8

Flexibility Factors

Flexibility Factor K

Mean radius Pipe bore Wall Pipe Predictor
of bend axis radius Thickness factor Corrector
Finite Step~by-step
a b t A . Element ‘Method
10.0 - 5.0 0.5 0.2 8.0 -
10.5 5.662 0.444 0.1458 10.85 11.15
10.0 5.0 0.25 0.1 16.2 -
10.0 5.0 : 0.125 0.05 32.3 - -

Figure 4.20, for the flexibility factor plotted with respect to the
pipe factor, predicts the distribution similar to that given by Turner
and Ford's theoretical calculations [46] except the values are slightly

lower for higher values of A.
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)
.

The maximum transverse stress factors on the inside and outside sur-
faces are plotted in Figure 4.21 for the above two methods. The internal
transverse stress factors compare favourably whereas the external trans-
verse stress factors predicted by the finite element are lower than .
those by the other method.

Figuies 4.4 to 4.14 show’that the stress distributions predicted by
the finite element method are identical with the existing numerical re-
sults [40]. Further they also show, for all orders of elements con-
sidered, there is monotonic convergénce to a solution as the number of
elements is inc£eased.

Thus the present finite élement method is as good as the existing
analytical and numerical methods for solution of curved pipe problems.
The added advantage to the finite element method is that it is possi£le

- and easy to extend the analysis so that different end effects on the

bend can also be studied.
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CHAPTER 5

COMPARISON OF RESULTS OF THE CURVED SHELL ELEMENT WITH FEW OTHER

EXISTING SHELL ELEMENTS

Any numerical process is by its very nature approxiﬁate. The approxi-
mation may fange from the curtailment of significant digits (round off)
to various physical idealisations introduced into the process of solution.
In the last chapter it was shown, that using the curved shell elements
developed here, an accurate solution of shell structural problems can be
obtained gg%?compares well with the solution obtained by another numerical
method.

In this chapter, the accuracy of two types of elements, one being a
shallow shell element and the other an arpitrarily curved shell element,
is compared with the present guartic shell element using the few numeri-

cal results published.

5.1 Comparison With A Shallow Shell Element -

The analysis of shells by the finite element method has been attempted
in the past,by two methods. The first method applies to shells of revo-
lution. The second consists in splitting the shell into flat finite
elements [7, 16, 47]. The bending behaviour of such an element is
accounted for by plate fiexure considerations, the membrane.behaviour by
including plane-stress and the coupling between membrane and bending by
resolution of force and displacement at the nodal points of the structure.
More recently the coupling between membrane and bending effects has been
explicitly included, using shallow shell theory to relate strains and
displacements [20].

On these lines Ford [21] has developed a triangular shell element,

using a compatible plate element [48] and linear functions to represent
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the in-plane displacements. Koiter's shell theory [20] specialised for
shallow shells was used fo;f?%rgin displacement relations. This element
has 24 degrees of freedom and dosnot represent rigid body motions
exactly. Further using these elements the curved shell middle surface
is idealised by polyhedron surfaces.

The problem of a torus under internal pressﬁre was attempted using
these shallow shell elements and the results were presenéed in reference
[21]. Due to symmetry of the problem only a sector of the complete
torus was analysed with elements distributed over half of the symmetrical
shell as shown in Figure 5.1. The convergence of this finite element
can be studied from the results of this problem given for two different
meshes - one being a 20° segment with 44triapgular elements and the other
being a more refined mesh of 10 degree segment with 34 elements. These
results are compared with those using quartic curved shell elements in
Figure 5.2 (for the normal displacement), Figure 5.3 and Figure 5.4
(for the stress resultants).” The quartic element distribution is shown
in Figure 5.1.

There is no exact solution, for comparison with these finite element
solutions, to this seemingly straight forward problem. One solution,
however, available is that given by Kalnins [49], who used what he callea
a multisegment integration method in solving the relevant shell equations.
and these results are al;o shown in Figures 5.2, 5.3 and 5.4.

From the study of these results, it is evident that the rate of con-
vergence, when shallow shell elements are used, is slow, whereas rapid
convergence is obtained with the gquartic shell elements. Further accept-
able results can be obtained by using as few as four quartic elements.
The agreement of the curved shell elemenf solution with Kalnin's vélues

appears excellent, particularly'the peak values, when compared to the

quality of results associated with the finely meshed shallow shell elements.
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5.2 Comparison With A Curved Triangular Element

Argiris and Scharpf [24] have developed a curved triangular arbitrary
shell element (SHEBA type) satisfying compatibility between elements and
no straining under rigid body displacements. In SHEBA 6 element, with
the application of homogeneoqs triangular coordinates and taking a com-
plete polynomial of fifth order in it to connect the three global carte-
sian displacements to the kinematic freedoms at the nodes, interelement
compatibility is achieved. At the vertices the three displacements and
their first and second derivatives are prescribed. .In addition the
first tangential derivatives normal to the edges are introduced for all
displacements at the three intermediate points on the edges. Thus these
elements have 63 degrees of freedom whereas a gquartic element has 85
degrees of freedom. The displacements and rotations ét the nodes in quar-
tic elements have certain physical meaning which is not true in SHEBA
elements. Further in SHEBA elements the mapping of the surface in global
cartesian coordinates based on the corresponding nodal geometrical data
is done obeying the same rulé of transformat;on as the displacements
ensuring zero strains under rigid body motions. It is worth remembering
at this point that the present curved quartic shell element represents
rigid body motions exactly as well as satisfying interelement compatibil-
' ity. Just as SHEBA allows a close modelling of the jdealised structure
to the actual geometry [50], so can the quartic element represent curved
edges. ‘

To check the accuracy of this element one of the examples attempted
was the analysis of a thin circular cylinder under a radial line load as
shown in Figure 5.5. The results were presented in reference [50].

These results were checked using an analytical solution given by Fliigge

[51]. Symmetry permitted the analysis of one slice and the element

~
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distribution is also shown in Figure 5.5. The radial displacement thus
obtained is compared in Figure 5.6 with those from using quartic curved
shell elements. Corresponding value of the analytical solution by

Fliigge is also presented, for a basis of comparison between the two finite
element solutions. In Figure 5.7 the longitudinal bending stress is
plotted aiong a generator fér quartic shell elements and compared with
Fliigge's result.

The agreement of quartic shell element solution with Fliigge's values
appears excellent. Further use of quartic shell elements instead of
SHEBA elements in shell structural analysis, provides greater accuracy
with lesser degrees of freedom. This is evident from the results of
the above example in which one quartic shell element with 85 degrees of
freedom gave an acceptable accuracy of results.when compared to seven

SHEBA 6 elements with total of 207 degrees of freedom.

5.3 Summary of Quartic Element Versus Other Curved Elements
1

In both examples, thé quartic shell finite element solution was
found to compare favourably with the distribution and magnitude of the
corresponding analytical solution. Further quartic elements when com-
pared with the other two shell elements considered here, gave better
accuracy in shell structural problems with fewer elements. This point
is further supported by the results shown in reference [47] for the
problem of thin cir&ular cylinder under a radial line load analysed by
triangular plate elements whose membrane and bending deformations were
approximated by cubic polynomial functions. The solution for the
radial displacemept presented shows that for a favourable agreement with
analytical solution, very fine mesh was 5ecessary.

Thus it may be concluded from these examples and as well as from

the analysis of pipe bends in the previous chapter, the quartic shell
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element is, for the analysis of arbitrary shell structures, an excellent

element.
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CHAPTER 6

STRESS ANALYSIS OF PIPE BEND STRUCTURES WITH SHELL FINITE ELEMENTS

6.1 Introduction

All the previous theoretical analys@s of curved pipes, a review of
which is given in Chapter 4, were limited since all the significant
effects needed for the analysis, including the effects of end constraints
are not considered. Moreover, the expérimental results presented in
reference [53] show clearly that for a 90 degree bend the flexibility
and stress concentration factors depend on the type of loading, the
addition of constraints such as tangent pipes, flanges. It is also
shown in the same reference that, the flexibility of the bend also de-
pends on the total angle of the bend, which is not predicted by the
usual theory.

Hence it can be concluded that it would be important to devise a
method of analysis of curved tubes that would be valid for any tube and
bend radii and Would account fﬁr all end effects. Kalnins [54] extended
his multisegment method of directAnumerical integration and analysed a
90 degree bend with ends restrained by straight pipes. The theoretical
stress distributions compared favourably with the experimental results.

In this chapter finite element method, in conjunction with doubly
curved shell elements, has been used for calculations of stress intensi-
fication and flexibility factors of right-angle bends having values of
A between 0.05 and 0.5 under an in-plane moment.

In order to determine the effects of usual types of end constraints
on the values of flexibility facto;s, results have been computed |,
with the ends of the bends terminated by the following:

{a) Straight sections (or tangent pipes), .of the same diameter and

wall thickness as the material in the curved tube.
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(b) A straight section on one end and a rigid flange at the other.

To study how the flexibility will differ with different arc lengths,
bends of different included angles with the same end restraints have
been analysed. This finite element analysis has been further extended
to study the behaviour of two éo degree bends when they are connected
togethexr such that they are loaded in opposite directions. In the
following sections results, after the computation of different problems,
are presented. |

The calculation of the stresses and éeflections in pipe bends is
mainly as a means to the end of designing such members safely and
econoni.cally. Hence the conclusions, that could be used for design pur-

poses are given at the end.

6.2 Finite Element Idealisation of The Problem

It was concluded in Chapter 4 with the study of different orders of
curved shell elements, guartic type elements were best suited for analys-
ing pipe bend problems. Further if these elements were used to model
a closed ring and these rings were used to idealise the curved pipe,
the number'of elements required per ring and the number of such rings
required?were estimated for a reasonably accurate representation of
stresses.

Symmetry permits the analysis of one half of the pipe structure
and a representative finite element idealisation, with quartic shell ele-
ments, of a 90 degree bend with ends términated by tangents, is shown
in Figure 6.1.

Thé flange end condition is simulaﬁed by prescribing zero di$piace—
ments and rotations to the nodes a£ that section. By restricting only
the longitudinal displacement of the nodes at the end section of a tan-

gent pipe, the effect of a very long straight pipe is provided.
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The consistent nodal loads have been evaluated as described in
Section 2.5 with the longitudinal bending stress distribution, calculated
using the simple bending formula, as the pressure distribution over the
side of the corresponding elements. Using the transformation matri%
(expression 2.10), these loads;calculated along the global directions,
have been transformed into loads acting along the local directions.

The stiffness formulation of eleﬁents, assembly and the solution of
the equations, take up the usual form and the nodal displacements and
stresses have been evaluated.

As a good measure of the computational accuracy of the analysis,
the external applied moment corresponding to the computed stresses, has

been calculated and checked with the original applied moment.

6.3 90 begree Bend With Ends Terminated By Tangents

The finite element idealisation of this problem and éhe number of
elements required to represent the bend adequately were indicated in the
earlier section. The consistent nodal forces corresponding to an in-
plane moment are applied at the free end of one tangent pipe, whereas
the desired end restraints are prescribed to the free end of the other
tangent pipe. The lengths of the two tangent pipes are taken as the
same.

Short radius 90 degree bends (the midwall pipe radius is not negli-
gible compared to the bend radius) with pipe factof A ranging from 0.05
to 0.5 have been analysed. Most of the bends considered have the ratio
l—(radius of bend to midwall radius of pipe) of the order two. In one
case a long radius thick bend has also been considered. The dimgnsions
of these bends are given in Table 6.1. .

From a preliminary analysié of this type of problem the maximum

length of an element, used to represent the tangent pipes, was found to
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be of the order of two inches per element per ring. Further it waé
also noticed,with the dimensions of bends taken, that a length of 40
inches to 60 inches of the tangent pipe was required for the assumed
load distribution to represent a pure moment.

To study in advance thé effect on the bend due to a flange attached
to the free end of a tangent pipe, the conditions corresponding to
either a‘flange or a long tangent pipe‘ggg applied to the free end of the
tangent pipe. From a comparative study of the stresses and deflections
in the bend, in these two pgoblems, it was concluded that this flange
did not have any effect on the bend.

These conclusions, arrived at from an initial study of the problem,
have also been used as a datum for the rest of the pipe bend analysis.

To study the amount of restraining effecfs due to tangent pipes on
the bend, flexibility of the bend under these conditions has to be cal-
culated. The flexibility factor for a bend was defined in Chapter 4
and given by expression 4.10. This definition is acceptable if sec-
tions of the bend remain plane before and after deformation. From an
analysis of the computed deflections, end sections of the bend are found
to be warped and égg§ gie no gzggwin a plane after deformation. So
an alternative consistent definition of the flexibility of a bend is to
be adopted and given in Appendix G.

Figure 6.2 shows the original shape of the centre line_of a pipe
structure analysed and compares the computed shape with the assumed one.
The value of flexibility factor at different sections along the length
of the tangent pipe has been calculated and plotted in Figure 6.3 show-
ing that the sections near the bend are much more flexible and the
sections warped more than one would norﬁally expect. From Figure 6.2,
it is pointed out that the assumed deflections and the computed deflec-

tions are the same at the free end as well as at the junctions of bend

"and tangent pipes. Thus knowing the flexibility of individual components
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in a pipe system, the effects of one on the other can be studied.

The deflections of the pipe structure have been computed for a
range of A values. The length of tangents in all cases have been taken
equal to that required for load effects to die out. Since in the
present finite element analjsis, one end cross-section of the pipe
structure, at which the consistent loads were specified, is free to warp
whereas the other end section is constrained to move according to the
desired end conditions, flexibility of both tangent pipes have been cal-
culated. It was found for all A, the value of flexibility factor of
the tangent pipe, with one of its ends restrained, was very nearly
equal to one. With bends of A equal to 0.15 and over, the free end
cross—section of the other tangent pipe was very nearly in a plane and
remained circular. &t the Fbrgggecgggéaaee the calculated flexibility of
this tangent pipe was also equal to one. For lower pipe factors,as the

the
length of this tangent pipe was increased,, corresponding value of flexi-

bility factor approached one with S&gﬁﬁiéa}ay not changlng the magni-
tude of the bend flex1b111ty.4 Hence a critical length of the tangent
pipes is defined such that the flexibility of the tangent pipe, having
a free end; is unity and the free end section remains plane and circu-
lar so that the end conditions existing in practice are reproduced.
For very low pipe factors, as expected, the flexibility of the free-end
—tangent pipe approached one rather slowly and the critical length was
twice that required for the load effects to die out.

Figure 6.4 shows the distribution of flexibility factor of the bend
with respect to the pipe factor (1). Fo%gbonsistent comparison, the
corresponding distribution in the case of 90 degree bends, with no end

the .
restraints and witq,plane sections remaining plane assumption, is also

shown.
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The stresses have been computed, on the inside and outside surfaces,
along the longitudinal and circumferential directions on both surfaces,
at the nodal points. It was found in all bends analysed here that the
maximum stress was occurring on the inside surface at the central cross-
section at around 85 degrees,from the intrados along the hoop direction.
Following the usual practice, the non-dimensional stress factors
o/ (Mb/I) have been calculated and the plots of maximum transverse stress
factors on the inside and outside surfaces of the bends are shown in
Figure 6.5 for different values of A. The various experimental results
for the stress factors are glso shown in the same figure.

To shéw the versatility of the shell finite elements in solving
pipé structures under in-plane bending, results have been computed for
two pipe systems, one representing a short raaius thin pipe [41] and
the other a long radius thick pipe [55]. The results have been com-
pared with the experimental results available in those references. The
results of computations are shown in Figures 6.6 to 6.8 in which com-
parisons have been made with the corresponding experimental results.

Two types of applied loads, one a pure moment throughout the length
of the pipe structure and the other, a technigue of applying a bending
moment which increases linearly with distance from the line of loading,
the maximum bending moment therefore occurring at the central section,
have been used to analyse tﬂe pipe systems to show different flexibility
and stress concentration factors exist for different types of applied
loads. The applied load in the latter case, has a shear component and
the present finite element includes the effect of shear on the deflec-
tions of the pipe structure which normally the other theories neglgct.
The fléxibility of the bends, under a load of linearly varying moment,

have been calculated using the expression given in reference [41]; The

flexibility and the maximum transverse stress factors of the bends, for
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the above two types of loads, are plotted with respect to pipe factor in
Figures 6.10 and 6.11 respectively.

In reference [43], Jones analysed the in-plane bgnding of short
radius curved pipe bend by extending Von K&rmén's original theory and con-
cluded that the stresses in and fléxibility of curved pipe bends are
virtually independent of the ratio y (b/a) and depend almost entirely on
the pipe factor . To check this, computations have been done on 290
degree bends for two different ratios of y but having the same value of
A. The results of flexibility and maximum transverse stress factors

are shown again in Figures 6.10 and 6.11 respectively.

6.4 180 Degree Bends With Ends Terminated By Tangents

The experimental results published in reference [53) and the dis-
cussion on it by Markl in the same reference, indicated that 180 degree
bends were more flexible than 90 degree bends, which again the existing
theories cannot predict. To study this characteristic quantitatively
for a value of y, 180 degree bends with the ends terminated by tangent
pipes and having values of A between 0.1 and 0.2 have been analysed under
an in-plane moment. |

The same procedures as for right-angle bends, have been adopted in
finite element idealisation of the problem and'calculations of flexibil-
ity of tangent pipes and bends. Figure 6.12 compares, over a range of
A, the flexibility of 180 degree bends with 90 degree bends when both
these curved pipes have been subjected to the same end restraints, that
produced by tangent pipes.

The effect of increased flexibility in 180 degree bends over 90
degree bends was not felt while defining £he critical tangent length
for bends with pipe factor 0.15 and o&er. But when the value of A
was 0.1, the critical tangent pipe length was néarly twice the corres-

ponding value in the right-angle bénd.
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The maximum stress in the bend was occurring at the central.section
on the inside surface along the hoop direction at about 90 degrees from
intrados. Figure 6.13 shows the variation of maximum transverse stress
factor with A on the inside surface and compares it with
the corresponding results obtained for:90 degree bends.

Thus from Figures 6.12 and 6.13, a measure of the error, in assuming

that 90 degree and 180 degree bends behave identically, can be obtained.

6.5 Variation In Flexibility And Stress Factors With Arc Lengths

Of Bends

The flexibility of bends, other than and below 90° as their included
angle, are predicted assuming a linear relationship exists between the
flexibility of a straight pipe and the flexibility of the corresponding
90° bend. This prediction is based on the assumption that the maximﬁm
flexibility occurs in a curved pipe, when it includes an angle of 90°
and the minimum value occurs when the included angle is zero (straight
pipe). For pipes curved over more than 90 degrees, the flexibility is
assumed to be the same as that of the corresponding 90 degree bend,
which was proved to be incorrect in the earlier section. Moreover in
the communi;ations on referénce {46] , Vigness and Pardue-stated that as
the bend length is decreased, the point of maximum stress shifts thus
producing increasing discrepancies between theory and measurements.

The effects of bend‘angles on flexibility and stress factors as well as
its effect on the point of maximum stress in the bend, are studied in
this section.

Bends of different included angles ranging from 10 degrees.to,75
degrees but of same pipe factor and ¥y havé been analysed. To be con-
sistent, the ends of these bends are aiso constrained by straight tan-
gents as well as loaded by an in-plane moment. ?he finite element

‘analysis and the consequent calculdtions of flexibility factors, take
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the usual form. For all bends, the calculated value of flégibility
factor of tangent pipes was one, whereas the critical length of these
pipes varied from 72 inches for a 10 degree bend to 48 inches for a
75 degree bend. A curve between bend angle and the corresponding
bend flexibility is plotted in Figure 6.14 for a pipe factor of 0.1.
To extend this analysis over a range of pipe factors, as well as to
compare a small angle bend with that of a 20 deéree bend, computations,
as before, have been done on a 30 degree bend for different valuesg of
A.  The calculated flexibilities of this bend are compared with the
90 degree bend in Figure 6.12. With the results in Figure 6.12, a
curve between bend angle and the corresponding flexibility, can be
plotted for each different value of A considered as shown in Figure
6.14. A study of Fiqure 6.14 also shows, fér any particular length
of the bend, how the bend flexibility will vary with the pipe factor.

From a study of maxXimum stresses in bends of different arc lengths
but of same pipe factor, it was concluded that the maximum stress
occurred at the centre of the bend on the inside surface along the
hoop direction for a 90 degree bend but moved towards the intrados,
reaching a point whicﬁ is at an angle of 75 degrees from intrados,for
a 30 degree bend. If the bend angle was further reduced, the maximum
-stress moved to the intrados at the outside su}face along the Jongitu-
dinal direction, thus behaving more like a straight pipe.

Similar behaviour in the movement of maximum stress was observed
in a 30 degree bend as the value of XA was increased from 0.1 to 0.2.
This behaviour was not present in 20 degree bends.

Figure 6.15 shows the distribution of maximum transverse stress

factor with arc length of the bend for a pipe factor of 0.1.



-.72

6.6 90 Degree Bend With A Straight Section On One End And Flange

On The Other

The experimental results presented in reference [53] also show that
the flanges produce greater restraint on the bend than that due to
straight tangent pipes. Moreover little is known theoretically how the
flexibility of and stresses in the bend will be affected by varying the
end constraints. Hence in this section results are computed for an
in-plane moment on a 90 degree bend, with one end terminated by a straight
pipe as before whereas to the other end, a flange is attached. The
results are compared with the corresponding values obtained for a 90
degree bend with the ends of the bend terminated by tangents.

The finite element idealisation has been done as before, and the
displacements and rotations of the flanged end of the bend fixed. With
the computed results the flexibilit§ of the curved pipe and the tangent
have been calculated in the usual manner. These flexibility factors
also are plotted in Figure 6.12 to show how the rigid flanges produce

greater of these factors
a e+zable 1owering/than that produced by the tangent pipes themselves.
It was also noticed that due to an effect of the flange end condition,
flexibility of the tangent pipe approached one rather slowly even for
bends with values of A as 0.2. -

From the computed results of the stresses in the bend it was
noticed that the maximum value occurred at the flanged end section along
the longitudinal direction. But the experimental reéults and the con-
sequent conclusions arrived at in reference {53] were based on the
stress factors at the centre of the bend. The present analysis further
‘showed that at the central bend cross—section, the maximum longitudinal
and transverse sttresses were not oécurriﬁg at the same point. Hence
a necessity of determining ‘equivaleﬂt stresses' arises. |

Using the more accepted theory of yielding'— the Shear Strain Energy

Theory (von Mises) - the equivalent stress g is given by [56]
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g2 = %—[(g —cn)2 +02 +021 +3[t. 2+ 12+ 12]2 (6.1)

3 g n &n ng <13

where 0, and on are the normal stresses

3

and T etc. are the shear stresses.

En

Further the equivalent stress factor is defined by ¢ = (iE? o (6.2)
The maximum equivalent stress occurring at the flanged gnd section, for
different pipe factors has been calculatéd and it was noticed that this
maximum moved from extrados to a point which is at 90 degrees from intra-
dos, as the value of X decreased from 0.2 to 0.05.

At central cross—section of the bend, a local maximﬁm of equivalent
stress factors exists. The position of this maximum alsc changed from
intrados to a point about 90 degrées from intrados, with decreasing pipe

factors.

6.6.1 Note on A 90 Degree Bend With Both Ends Terminated By Flanges

This problem was attempted by fiéing one end of the bend and apply-
ing the consistent nodal forces on to »

(a) a short cylindrical element with its material having a large
value of mgdulus of elasticity compared to that of the bend and attached
to the other free end of the bend.

(b) a short cylindrical element made of the same material as the
bend but of wall thickness five times that of the bend wall and attached

to the bend as before.

(c) the end of the bend itself.

In all these cases, the flange conditions on the applied load end,
were not reproduced properly. The resulting stress distribution was
not regular. This may be due to assumed linear distribution of.stresses
- for moment - as applied force. Fr;m the solution of other pipe bend

problems, it was seen that this had an effect on the stresses. This
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could be solved, by applying equivalent displacement and force boundary
conditions at the free end of the bend, so that the net effect is a
moment. This of course requires modification in the solution routine

and was not attempted.

6.7 Reversed 90 Degree Bends

A more general pipe structural problem, wifh two right-angle bends
of same radii of curvature, is set up as shown in Figure 6.17 and solved
for the load of an in-plane bending moment using the present finite
element method. In addition to showing the general applicability of
this method in solving pipe structural problems, this helps to study
the amount of restraining effect of one bend on the other when both are
attached together as in Figqure 6.17. To form a general design conclu-
sion, this problem has been solved for a range of X values but all of
the same v.

The finite element idealisation and the solution of this problem
take the usual form. From the computed results i; was seen that the
cross—-section about which the whole problem is antisymmetric did not
remain plane after deformation. " Hence to calculate the flexibility of
the pipe system, the two bends are assumed to act as one part of the
structure. With this assumption and the computed deflections of the
centre of pipe structure, the flexibility factors of the bends and
tangent pipes have been calculated as in the case of % single right-
angle bend. Flexibility factors of the two tangent pipes were found
to be one and as assumed,the flexibility of the two bends were the same
even though they were loaded in opposite directions. The flexibility
values of the bendls are again plotted in Figure 6.12 so that the res-

traint produced in the present case on the bend,can be compared with

those due to the tangent pipe and flange.
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The maximum stress for all cases was found to be at the inside sur-
face of the central cross-section of the bend at around 85 degrees from
intrados along the hoop direction. Figure 6.13 shows the variation
of maximum transverse stress factor in the bend with pipe factor and
compares with the corresponding curve for'a 90 degree bend with ends

terminated by straight pipes.

6.8 Discussion of Results And Design Considerations

The numerical method adopted here, has been shown valid for short
and long radius bends having values of A between 0.05 and 0.5. In
addition this method has been found well suited for analysing curved
pipes with different end restraints and arc lengths. The computational
accuracy of this method has been found excellent, since in all cases
analysed, the computed moment agrees within 1% of the applied moment.

The computed flexibilities of curved pipes, with the assumption of
sections remaining plane before and after deformation, compared favour-
ably with those obtained by Turner and Ford [46]. The computed flexi-
bility factors of the bends with end effects were not compared with the
corresponding experimental results. This is because, the computed re-
sults showed that the sections of the bend were actually warped after
deformation, whereas in general, they are assumed to be plane while cal-
culating these factors from experimental measurements. Further these
results are scattered. The maximum stress factors, on the other hand,
have been compared with the experimental results. In the case of bends
with straight tangents as end restraints, the computed maximum trans-
verse stress factors fit well with the experimental scatter of results
shown in reference [46].

From design considerations the first yield of the material is

assumed as the critical condition and with the help of Von Mises yield
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criterion the individual stresses are related to some readily measured
yield value of the material. The yield value of the material is usually
. taken as that obtained in a simple tensile test and denoted as oo. Thus
the equivalent stress ¢ is calculated using expression 6.1 and yield

would have occurred if

Based on the above theory, the distribution of maximum equivalent stress
with pipe factor is shown in Figure 6.16 for

a) a 90 degree bend with tangents as end restraints

b) a 30 degree bend with tangents as end restraints
and c¢) a 90 degree beﬂd with ends terminated by tangeht oh one end

and a rigid flange at the other.

The following conclusions‘are arrived at, after an analysis of the
results of short radius tubes presented in the earlier sections. These
are applicable to bending problems and other operating stresses, such
as those from internal pressure, are additional.

(1) The assumption of sections in a curved pipe remain plane after
deformation is not valid and hence a different consistent way, other
than that so far generally used in experimental study, has been adopted
for the definition of the flexibility of components in the pipe structure.

(2) The end effects, on a 90 degree bend, due to straight pipes
reduce the bend flexibility by 20%. This is a égggigggg%&e amount
) from the design point and assumed negligible in the literature so far
available.

In this pipe configuration, a flange attachea to the end of a tan-
gent pipe does not produce any change in the flexibility of the bénd.

(3) Wwith the same end restraints to a curved pipe, different flexi-

bility and stress concentration factors exist for different types of
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applied loads. Further, for the same type of applied loads and end
conditions, the flexibility and stress concentration factors of a 90
degree bend are found to increase by 10% as the ratio vy (b/a) is de-
creased from 1/2 to 1/3. Thus the position is complicated, however,
. in that the deflections are not functions of just A, but also of the
pipe dimensions not grouped into the one parameter A. So large num-
ber of different flexibility factors exist and pertinent values of the
flexibility factors are taken, whenever comparison is attempted.

(4) To get a better understanding of the behaviour of these bends
at low pipe factors, a ratio n* was defined by Turner and Fo;d in
reference [46] and given as n* = K/G. This is plotted, with the results
of the present analysis, for 90 deéree and 30 degree bends with the
ends of both bends terminated by tangents, in Figure 6.18 and shows
that maximum flexibility per unit stress is obtained at low values of
Al Further it shows that for low values of pipe factor, maximum flexi-—
bility per unit stress is obtained using small arc bends.

(5) In a 180 degree bend, with its ends terminated by tangents,
the peak transverse stress and the flexibility are about 15% more than
the corresponding values in a 90 degree bend. This conforms with the
conclusion arrived from experimental results in reference [53)]. Markl
also points out in the discussion of the above paper that he has ob-
served a similar trend in his experiments as well.

(6) From Figure 6.14 it is seen that the assumption of linear
variation of the flexibility factor with bend angle will be in great
error for bends with low pipe factors. For example a 60 degree bend
with X equal to 0.1 is found 30% more flexible than usually assumgd.
For low values of A this discrepancy increases to 65%.

If the arc length is reduced by 66% from 20 degrees, the flexibil-

ity and the equivalent stress reduce by about 40%. Thus the expecta-
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tion that the flexibility would differ with different arc lengths is
true.

(7) When a flange replaces one of the tangent end restraints in
a 90 degree bend, for higher values of A, flexibility factor of the bend
is reduced by 40%. The effect is more pronounced at low pipe factors
as is evident from the fact that at X egual to 0.05, the flexibility is
reduced by 65%. Further under these end restraints, the ratio flexi-
bility per unit equivalent stress is half of that in the case of the
bend with tangents as end restraints as shown in Figure 6.18.

Thus for restraints by flanges, the end effect is much more pro-
nounced than that produced by tangents.

The maximum equivalent stress factor at the centre of bend is also
reduced by 30% to 60%. The conclusions based on the experiments in
reference [53] show that a flange reduces the stress factor by 25% to
40%. The difference between the present analysis and that given in
reference [53anay be due to the fact that in the latter case the con-
clusions were based on the longitudinal stress factors.

From Figure 6.12 for the flexibility factors and Figure 6.16 for
equivalent stresses, it is clear that it will be difficult to lay any
approximate rule for evalua;ing the effects of flanges on the bend.

(8) The arc length affects the position of maximum equivalent
stress as is evident from the fact that for a small angle bend, it is
near the_intrados and for a right-angle bend, it moves to ;-point
which is at an angle of 90 degrees from intrados. Similar effect is
present in smalliarc bends whe%igipe factor is decreased.

Addition of a rigid flange on one end aloﬁe, causes shifting of
the maximum equivalent stress around the circumference of the pip;,
only for the bends with high values of A. .This is evident from the
fact that for a pipe factor of 0.2, the addition of a flange moves the

maximum eqﬁivalent stress to intrados from a point which is at an angle
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of 90 degrees from intrados.

(9) From Figures 6.12 and 6.13, it is concluded that when two
bends of equal ;adii are connected together at one end in opposite
directions, the flexibility and stress concentration factors are reduced
by 10% to 15% from the corresponding values in a single right-angle
bend, whereas if they are.connected in the same sense (180 degree bend),
the factors are increased by 15%. -

Thus the end effects on the beﬁd can be clessified in an ascending
order as that due to restraint by tangent.pipe, reversed bend and flange.

From these conclusions it is evident that a general design criterion
is difficult to be formed. But if the design of a bend is first based
on the values given in Figures 6.12 and 6.16, obtained with tangents as
its end restraints, then by taking proper safety factor on the basis of
the conclusions reached above, bend with other end restraints can be
designed. Further from the above conclusions, it is possible to pre-
dict the point of maximum stress in curved tubes with different arc

lengths and end restraints.
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CHAPTER 7

CONCLUSIONS AND RECOMMENDATIONS FOR FUTURE WORK

A method of analysis well-suited for pipe bends as a special class
of general three-dimensional shell problem has been presented. This
method which combines the curved shell finite-element formulation of
the eguilibrium problem with the simplified version of the Front Solution
procedure, provides a means of solving pipe bend problems accounting for
all end effects. The use of a consistent definition of the nodal degrees
of freedom in the doubly curved thin shell element developed allows exact
representation of the general shell structural boundary conditions.
Further, a smaller amount of input data is required in this development
of the element compared to that given in reference [27].

The solutions of the problem of a curved pipe under in-plane moment
using three different 3§i§§;-of this curved shell-element and two
different orders of isoparametric three-dimensional elements showed that
the highest order of element available in each type was more economical
for a given degree of accuracy. As anticipated the three-dimensional
elemeéts took more computer time and core than shell elements, some-
times as high as 100%, for the solution of shell structﬁra; problems with
a given accuracy. The ring element was found to be quite promising
iﬁ solving the pipe bend problem and more effort is required to reduce
the size of the stiffness matrix of this element. The optimum number
of integration points required, while calculating stiffness coefficients
for the different elements used, has been given as a guide line for
future users of these elements. A mass of information sﬁch as computer

solution times, core necessary etc. has been given so that if similar

data are available for other types of elements and for other solution
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methods, a comparative study of different elements as well as of differ-
ent solution techniques will be possible.

The stress distributions in a curved pipe under in-plane moment
obtained using shell elements agreed well with the existing numerical
solution and demonstrated the accuracy to which the stresses can be
predicted using the adopted finite element displacement model. The com-
puted flexibility and stress intensification factors in a 90 degree-bend
subjected to in-plane moment over a range of pipe factors (1) were also
found to agree favourably with the known numerical solutions.

The examples presented in Chapter 5 showed that the guartic element
solutions gave excellent approximations to various other analytical
solutions. Further it was found that acceptable results could be ob-
tained with a few quartic elements, for the example considered, whereas
a very fine mesh was regquired when flat shell or shallow shell elements
were used. When compared with SHEBA 6 elements, the same order of
accuracy has been obtained using quartic elements but with fewer degrees
of freedom representing the structure. Thus an adequate representation
of a complex situatioﬁ by very few elements holds a promise of cheap
and simple design modification and is an essential step in this computer
aided design age.

Since the quartic shell elements can allow for shear deformations,
this will certainly improve thé_accuracy in analysing st?uctures where
shear strains may not be negligible. Even though the quaarilateral
element developed can adequately represent curved edges, a curved tri-
angular element on these lines is necessary to deal with some special
problems.

The results of a study performed to determine the effects of con-
straints at the ends of the bends showed that the sections in the bend
were warped. With a consistent definition for' the flexibility, it was

seen that even if the bends in a piping system are separated far apart
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by straight pipes, the tangents produce a considerable reduction in the
flexibility and stress factors of the bend. It was also evident that
the addition of constraints such as flanges at the ends of the bend
greatly increases the bending rigidity. From a study of bends with
various included angies, it was seen that the relation between the Fflexi-
bility factor and arc length of the bend is not linear. Further it was
found that the flexibility factors are not functions of just A but also
of the pipe dimensions not gronped into one paramete:hl. The amount
of these effects on the flexibility and stress factors of the bend has
been given in Chapter 6 so that it can be absorbed into general design
practice.

From a study of the two 90 deg-bends connected together in reversed
directions, their fle#ibility factors were found reduced still. further
than those with straight tangents welded at their ends. Hence if bends
in a piping system are connected closely, then under these conditions
their flexibility factors have to be computed.

Thus the present design of pipeline systems have to be modified by
taking into account the factors discussed above.

Even though the bénds were analysed for in-plane moment loading,
with a few'modifications, the developed program can effectively deal with
other cases of loading such as out-of-plane bending, torsion and pressure.

The effect of short tangent pipes attached to the benés can be
studied if the applied moment is represented by équivalentAdisplacements
of the nodes at the load-end-cross-section. This will also help to
study directly the bend with rigid flanges at both ends.

Larger and more practical problems can be solved in a matter of
minutes with the help of improved, faster compilers in the computer
(such as FIN on the CDC 6600 at London University). The output may be

in reams and reams of paper. Hence effective visual interpretation will
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be of great help in avoiding the errors in input as well as to sort out
the output. Further, if the stress contours are plotted on developed
shell surfaces, it opens a way for engineering optimisation by struc-
tural modifications.

Since a completely general approach for the solution of curved pipe
problems is now available, some carefully controlled experiments are
needed in order to verify the theoretical results.

In situations where the normal stresses do not vary linearly across
the shell thickness, a need to develop a suitable system combining the
five-degree freedom shell with the three-degree freadom solid exists.
This is not entirely straight-forward but it is promising to note that
the Front Solution technique éan effectively solve problems of this

nature.
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APPENDIX A

Theory of Isoparametric Three-Dimensional Element

Isoparametric Elements

All practical problems in faét are three-dimensional though in many
cases two-dimensional representations give adequate approximations with
a considerably reduced effort. At the same time there is no mathematical
complication in the addition of the third dimension. The Three-
Dimensional elements which have been programmed and used in this thesis
are the Isoparametric elements. The 'Isoparametric' concept [33] that
is to use the same interpolation functions for both the coordinates and
the unknowns, facilitates the formulation of curved elements.

The important step, as ih the case of all finite eleﬁents, is to
choose a shape function prescribing the variation of displacements tor
coordinates) in terms of appropriate nodal values. Shape functions
should also be (1) continuous within the element and across interelement
boundaries and (2) they can reproduce conditions of constant str;ain
exactiy. In most cases these are derived from a suitable polynomial.
The polynomial is chosen so that the di5p1§cements along the edges are
linear, parabolic, cubic and so on, giving a unique variation of displace-
ments in terms of the nodal values on that edge. The number of terms
in the polynomial usually equals the number of nodes in the element.

Let ¢ be the quantity to be interpolated, this may be a coordinate,
X, Y, 2, a displacement ux, uy, uz, the temperature or any other quantity
prescribed over the element, in terms of its nodal values.

For instance in a typical three-dimensional element with n nodes,

the coordinates are given by

¢ = a ta X +oay +a,z k.. 4 anqu3zs . (A.1)

2 4
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or ¢(x,v,z) = [Mx,y,2)]1lal (a.2)

where jM] = [1,%,¥,2;, «o4, x”y3z5] (A.3)
a 17 = [o,a @1 (.4)

an - 1772 T Tt :

By substituting the coordinates of each node,
¢i = [C][a] : . : (2.5)

where C is a square matrix of constant terms. If Det[C] # O

0] = [c17 ¢, (3.6)
Therefore‘
- _1
¢(XIYIZ) = M(XIYIZ) C ¢l (A.7)
= ENi ¢i (A.8)

Where N is the Interpolation shape fuﬁction taking a value of unity at
the node i and zero at all other nodes. |

Using precisely the same polynomial terms but now with the local
natural nonjdimensional £, n and ¢ coordinates, with a range of +1 and -1
within such elements, instead of the x,y and z, the general shapé ele-
ments as in FPigure A.2 can be formulated.-

The basic shape of the sides of these elements are straight and
since the more general shaped elements are derived from this, these are
called 'Parent' elements. The Parent element is a cube of base 2,
with the cartesian system oxyz as its referénce and shown in Figure A.1l.
Two types of elements have been used in the investigation. In the first
type the displacements vary parabolically along an edge and the corres-

ponding position«ofthé nodes is shown in Figure A.2(a). In the other
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they vary cubically as shown in Figure A.2(b). The corresponding shape

functions are given in Appendix B.

Convergence Criteria

To ensure convergence to the correct solution by finer mesh sub-
division, there are three requirements which the assu&ed displacement
functions must satisfy [7]:

(1) The assumed displacements must be continuous over each element
gnd across element boundaries.

(2) Rigid body movements should be possible without straining.

(3) Any required state of constant strain can be adequately repro-
duced on the element. .

To satisfy the continuity of displacements along the interfaces, it
is neessary for u_ . uy and u, to be uniquely defined over the face of the
elemgnt by the displacements of the nodes in that face only. The Ny for
nodes not on that face are zero, therefore the variation of displacements
on that face, for both elements is identical.

With regard to the second and third conditions which are closely
related, a constant strain and rigid body motion are associated with

u, = at bx + cy + dz (A.9)

where a, b, ¢ and d are arbitrary constants (with similar requirements

for u_ and u ). Thus
Y pA

u = a+ bx + cy + dz

I}

Nl(a + bxl + cy, + dzl) f Nz(a + bx2 + cy,, + dzz)

s s e
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= a(Nl + N2 + ... ) + b(le1 + N2x2 + ... ) +

+ le + ... ) (n.10)

+ + ...
c(le N,y ) + d(lel 2%y

1 272

which is an identity by virtue of the definition of the coordinates X, y

and z and

N, + N, + ... = 1 (n.11)

This last statement must be true as the coordinates have to be defined
uniquely for any nodal values. Thus, for example, the element size
decreases to zero and X) > Xy > Xy etc. > A. Thus also for any inter-

nal point x -+ A and substituting we have
A = N,A+NA+ ... v (A.12)

which verifies the previous assertion.
Elements formulated in natural coordinates £, n, ¢ have invariant
properties, that is, their force displacement relations are independent

of the external reference system.

Stiffness Formulation

The formulation of displacement model element characteristics such
as stiffness etc. are available in the finite element text ([7]. The

stiffness matrix of an element is defined, for instance, as

x1° = f 81T (D) (B] av (a.13)
v

in which the [B] matrix relates the strains {e} to the element nodal

displacements
{e} = [B] {&)° - (A.14)

and [D] is the elasticity matrix giving stress-strain relationship
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{o} = 1 {e} (a.15)

The strains {e} can be obtained once the displacements at any point within
the element are defined.

In the case of three-dimensional elements, the element nodal displace-

ments vector is

e ~
. )
{61} u
161 = {52} > where {6i} =< uy? (n.16)
{6i} u, .
x: J - J )

and the interpolation formula is of the form given in expression A.8.
To calculate the strains, derivatives of the displacements with

respect to X, y and z are needed, but the displacements are given as

functions of £, n and ¢z. The logical step is to convert the £, n and

L derivatives of ¢

( -B_Q l-_BN—J: N T e W

an - an 7 an ’ "« s @ < ¢2 } ’. )
aNl dN

3
L J . .

or in shorthand form

70
a9
R

< 32 > = el {°} . (a.18)

3%
oz

L
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into x, y and z derivatives using the chain rule.

In matrix form

_ Y
(30 ) 7% 3y 2z | (a4 ) 2
13 e o & ox X

3 | _ 3 3y 2z mz&z 3¢
{an ? = |3 3n {ay (3] < 8y> (3.19)

2 by 2z 2 2
:14 :14 aT 9T oz 9z
O, — — L/ -

where [J] is the Jacobian matrix.
This transformation can be inverted and substituted in expression A.18

to give

< 20 > = @17 e {$)°

3
9z
o /

Substituting u s uy and u, in turn for ¢ in A.20 yields

1

[pEXYZ] {$}€ - . . (n.20) -

B P '
Bux ou Ju uX uy uz
9x X 9x 1 1 1
Bux ou ou uX uy uz
¥y 552' vy = [DEXYZ] 2 2 2 (a.21)
Bux Buy Buz uX uy uz
9z 9z 0z 3 3 3
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The strain displacement relations [34] are given as’

j
(.e;j (;;x/ax
ey ; Buy/ay

€, Buz/az
J (A.22)
Y

>=< Bux/'c)y + Buy/Bx

Xy

sz = Buy/az + Buz/ay
- d 9x + 3 d

Yz uz/ * ux/,Z

K‘, / \_ 5//

Thus knowing the nodal displacements, the strains at any point in an ele-

ment, are given in the matrix form as

2 - —
Ex A(1l,1) 0 0 A(1,2) 0 0 - -
Ey 0 A(2,1) 0 0 A(212) 0 - -
e, 0 o a(3,1) o o A(3,2)- -
Viy A(2,1) A(1,1) O A(2,2) A(1,2) o - -
Yoz 0 A(3,1) A(2,1) O A(3,2) A(2,2)- -
Y, A(3,1) o A(1,1) A3,2) o a@,2)- -
L) L o
¥ .

u

*

u

'

ulZ

1

,*% > (A.23)

u

)

u

)

uZ

2
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where matrix [A] = [DEXYZ], used for simplicity sake.
Thus expression A.23 defines the [B] matrix in the basic expression
A.14. Remembering that [B] is a function of £, n and r, the element of

volume in the integration for the stiffness must also be transformed as
dx dy dz = Det [J] ¢ dn di (A.24)

The limits of integration also change and the stiffness is given by

+1 +1 o+l ’
X1 =f f (817 [Dp] [B] Det [J] QE dn dz (A.25)
-1 Y-1 Y :

[D], the elasticity matrix for an isotropic material is given as

(1-v) v v 0 o) 0
(1-v) v 0 0 0
(1-v) (0] 0 o)
E
D] = Ty (12w © 1-2v (a.26)
( > ) O 0 ,
Symmetric (1-2v .
2
1-2v
> )

where E is the Young's Modulus and v, the Poisson's ratio for the material.
The assembly of the stiffness equations and their subsequent solu-
tion is performed by a version of the 'Front Solution' as described in

Chapter 3.

Numerical Integration

Numerical integration facilitates the speedy formulation and pro-
gramming of a complicated element like the curved three-dimensional ele--
ments, for which closed form integration is complicated, in a relatively

short time.



The expressions to be integrated over the volume of an element, as
given in equation A.25, are functions of £, n and r which take values
between +1 and -1. Since the limits of integration are +1 to -1 for
such expressions, they are ideally suited for the Gaussian Quadrature

formulae [35].

Gauss Quadrature

The approximation with n sampling points is exact for a polynomial
f(x) of degree less than or equal to (2n + 1). In numerical integra-
tion the definite integral ;l f(x) dx is replaced by the summation
b ij(aj) (j = 1 to n) where ;; is the weight coefficient, f(aj) the
value of the function at the specified point a, and n the number 6f Gauss

points used. The 'C' and 'a' values for n = 2 to n = 512 can be found

in reference [36].

Three-Dimensional Elements

To integrate over the volume of the element, the standard operation

+1

n
£ d = EE f(a. .
() & Cj (aj) ) (a.27) .
-1 j=1

is used three times. So in this case

n3
K1 = E Kq 817 [p]1 [B] Det[J]q - (n.28)
=1

{
where g is the Gaﬁssian sampling point at which the values of the functions
are calculated, and Kq is the product of the three weight coefficients at
this point.
The deécision as to which order of approximationEformulae is necessary

in these types of elements is made, by comparing the solution using these
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elements with that obtained by other methods. This has been explained

in detail in Chapter 4.

Economical Use of Elasticity Matrix

For a cubic three-dimensional element, the stiffness is a 96 x 96
matrix and created by numerical integration. Matrix multiplications
are seldom an efficient process and a little sophistication in the inte-
gration process is desirable, particularly in the three-dimensional
elements. This was suggested by Irons [37] and is included in the pre-~
sent formulation of the element stiffness matrix.

The stiffness matrix is given by

K = > (8" [D] [B) (A.29)
~ . .

where [B] can be written as

[B] = *

— —

{9y} o] o) {Qz} o) 0
0 {o;} o o {g} o etc.
¢ o {Ql}_ o o {g,} L

(or) (B] = [H] [Q] ' (7. 30)
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where DEXYZ(1,i)
0.} = DEXYZ (2,1i) (a.31)

DEXYZ (3,1)

The stiffness matrix now takes the form

kK = [0 217 (D] [H] [O) (A.32)
(or)
T
K = [01° [p] [0] (A.33)
T : g R
where [P] = [H] [D] [H] (a.34)

which can be taken out of the integration.

Taking advantage of the zeros in [Q] matrix, the stiffness can be
calculated using equation A.33.

The number of multiplications while calculating the full stiffness
matrix for_a quadratic element at a Gaussian point, using the old system
is 23760, which reduces to 13230 while using the method suggested above.

Further the computer time is also halved.

Equivalent Nodal Forces

In general a continuum is loaded by surface or body forces acting
on a finite area or volume. For the finite element method these loads
must be converted into consistent nodal forces and given by the standard

expression

r1® = [N]T'{g} d(vol) (A.35)
v

where {g(x,y,z)} is a vector expression representing the applied load and

[N] is the shape function matrix.
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Surface Distributed Pressure

Let the pressure P be the load applied on an infinitesimal element
of area dA on the face § = -1 of 'a three-dimensional element. The pres-
sure P can be uniform or of any other function. The ¢lement 0f volume
is replaced by the element of area dA as the integration is to be per-
formed only over a face.

Hence the expression for the eguivalent nodal forces takes the form

(rF}® = w1t p aa (A.36)

where

‘ e _ T
{r}= = [Fl, For ] (A.37)

and the equivalent nodal forces and

U
X
{r.} ={vu (A.38)
1 y
U
z',
i
the nodal components of force in the x, y and z directions.
dA, the element of area is the vector product
- - :
- da = 9 x 9n (A.39)

(or) ' f- \ e w

[ ox ox

¥ on

_ /3y 3y
dA—<a€>X<an?dgdn

3z 3z

& an

./ L
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3A
x
= 9A (a.40)
Y
9A
z
Hence the equivalent nodal forces are given by
+1 +1 1 o © BAX
{r.} = f[ N, o 1 ol » 3A ag an (r.41)
i 1 Yy
- -1 o o© 1 SAZ

The integration is again evaluated numerically.

Stress Calculation

Once the nodal displacements have been determined by the solution of
the overall ‘structural’ type equations, the stresses at any point within

an element can be found knowing the [B] matrix at that point and given by

[D] [B(E,n,2)] {6)° (A.42)

Il

{U(EIH:C)}

The matrix product [D] [B] sometimes is referred to as the stress matrix.
The stresses along the global directions are calculated at the nodal

points and if at a point, many elements meet, the stresses are averaged.
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APPENDIX B

Shape Functions For Three-Dimensional Isoparametric Elements

. OQuadratic Element

The following polynomial for ¢, representing a coordinate or displace-

ment, ensures a parabolic variation along the edges.

= + : 2
a, + aZE a.n + a,r + a5€n *amng +oa,rf + aSEnc + a9€

+ o, n? n2g

2 2 2 2
T L DU PO LU R

15

2 2 2 2 2
+ alenc + a17EC + alBE ng+ algan T+ azoanc (B.1)

There are 20 nodal values from which the 20 constants can be evaluated

(Figure A.3) and the explicit expressions for shape functions are

BN, = (1) (1) (4g) (-gm+-2)

N, = (1~ 3 (1m?) (1+g)

8N, = (1~g) (1) (L4g) (g4m+g-2)

4N, = (1-g2) (1) (L47)

8N, ; (1+g) (14) (147) (g4m+g=2)

4N, = (1+4g) (1-12) (147) (5.2)
8N, = (14g) (1=) (142) (E-n+L=-2)

g = (1-£2) (1-n) (147)

aNg = (1-E) (1-n) (1-£?)

4N, = (1-€) (14n) (1-2?)

4N, = (14E) (4n) (1-22)

4N, = (1+8) (1-n) (1-2%)

eN,, = (1-£) (1-n) (1-) (~E-n--2)

4N = (1-£) (1-12) (1-7) ’

14
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8N, = (1-8) (14n) (1-7) (~E+n-C-2)

= -g2 -
an, (1-£4) (1+4n) (1-7)
8N ., = (1+E) (L+n) (1-7) (E+n-g-2)

: (B.2)

AN o = (14E) (1-n?) (1-7) ;
8N.g = (1+E) (1-n) (1-7) (E-n-C-2) ;

= —-£2y (1- -z
aN, = (1-8%) (1-n) (1 -7)

Cubic Element

The chosen polynomial for ¢ is, ¢ = 20 terms of the Quadratic

Element +

3 3 3 3 3 -3 3
a215 + @, 5N + a23c + a24E ng + aZSEn c + a26£nc + 0275 n +

3 3 3 3 3
a28£ g + a29£n + a on't a31€C + as, N (B.3)

3

Using the 32 nodal values, the expressions for the shape functions are

(Figure A.3)

64N, = (1-8) (1-n) (1+1) {9 (E2+n2+52)-19)
64N, = 9(1-n?) (1-£) (1-3n) (1+7)

64N, = 9(1-n?) (1-E) (143n) (1+7)

64N, = (1-£) (1+n) (1+2) {9 (2+n?+22)-19}
64N, = 9(1-£2) (1-3£) (1+n) (1+7)

64N, = 9(1-£2) (143E) (1+n) (1+7) (B.4)
64N, = (14E) (1+n) (1+2) {9 (E2+n2+22) -19}
64N, = 9(1-n?) (1+£) (1+3n) (1+Z)

64N, = 9(1-n2) (1+£) (1-3n) (1+7)

64N, | = (1+£) (1-n) (1+) {9 (E2+n2+12) -19}
64N, = 9(1-£2) (143£) (1-n) (1+7)

64N, = 9(1-£2) (1-3g) (1-n) (1+z)

12



64Ni3

64N14

64N15

64N16

64N17

64N18

64N19

4
6 NZO

64N21

64N22

64N23

64N24

64N25

64N26

64N27

64N28

64N29

64N30

64N31

64N32

9(1-22) (1+3) (1~£) (1-n)
9(1-2) (1+3%) (1-£) (14n)

9 (1-22) (1437) (1+&) (14n)
9(1-z2) (1-37) (1+&) (1-n)

9(1-22) (1~35)(1-&) (1-n)
9(1-22) (1-37) (1-€) (1+n)
9(1-72) (1-3%) (1+&) (14n)
9(1-22) (1-3z) (1+&) (1-n)

(1-€) (1-n) (1-5) {9(E2+n?+22) -19}
9(1~-n?) (1-§) (1-3n) (1-7)
9(1-n?) (1-€) (1+3n) (1-7)

(1-8) (14n) (1-5) {9(E24n?+2)-19}
9(1-£2) (1-3§) (1+n) (1-7)
9(1-£2) (1+38) (1+n) (1-7)

(1+8) (1+4n) (1-2) {9(§2+n2+52) -19}
9(1-n?) (1+&) (1+3n) (1-7)
9(1-n?) (1+£) (1-3n) (1-7)

(1+£) (1-n) (1-5) {9(E2+n2+52)-19}
9(1-£2) (1+3£) (1-n) (1-1)

9(1-£2) (1-3¢€) (1-n) (1-1)

105
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APPENDIX C

Shape Functions For Curved Shell Elements

Quadratic Element (Figure 2.5a)

The polynomial for ¢, which can be a coordinate or displacement

of the midsurface of @he shell element, is chosen as

2 2
= a, + + + + + +
? 1 P ayE tagn toal agin + a.n
2 2 .
a + a c.1
281 gtn (c.1)
such that the function varies parabolically along an edge. The eight

constants are derived from the eight nodal values of the element.

The shape functions are given as

L .
N, = T (C1+En+E2en?-gZn-gn?)
N, = = (1-£-n2+gn?)
2 2
1
N, = 7 (-l-En+gZ4n?+E2n-gn?)
N, = %-(1+n—g2-g2n)
— (Coz)
1
Ny =7 (CL+En+E24n2+E2n+En?)
N, = > (HE-n2-gn?)
6 2
1
N, = g (-1 -EntEZ4n-EZn+En?)
N, = > (1-n-£2+£2n)
8 2
Cubic Element (Figure 2.5b)
= 3 3 3 .
) a complete cubic + “115 n + alzgn . (C.3)

The shape functions are given by
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N = 3 (150 (- {-10+9(£2+n2)}
N, = 3 1-5) a-n?) (-3n)

N, = 5 (1-8) (1-n?) (1+3n)

N, = -31-—2- (1-8) (1+n) {-10+9(52+n2) }

N, = > (1-£2) (1-35) +m)

N = I3 (1-£2) (1+35) (4m)

(Cc.4)

No o= 35 (146) (L) {-10+9(524n2) }

Ng = S5 (146) (1-n2) (1+3n)

Ny = 5 (14) (1-n) (1-3n)

Ny = 3 (48) (-m){-10+9(£24n2)}

Ny = oy (1-82) (1435) (A-m)

N, = o3 (1-E2)(1-38) (1-n)

Quartic Element (Figure 2.5c)

This element has 17 nodes with one internal node at § = 0, n = O.

The chosen polynomial for ¢ is
) = complete quartic + alsﬁhn + a17€nh (C.5)

The shape functions are given by

N, = %5- (1-£) (1-n) {4[£(1-£2) +n(1-n2)] + 3£n}
4 1
N, = - S'n(l—nz)(i'-n)(l-g)
N = 2(1—- 2) (1-12) (1-&) - 111— 2) (1~n2) (C.6)
3—4nn€2£n .
4 1
N4 = 3‘“‘1'n2)(§'+ﬂ)(1'€)
N, = 3= (1-g) +n) {4[£(1-£2)-n(1-n2)] - 3£n}

5 12
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4 2y Lo
- 3 EQ-£2) (5 =) (14m)

) 2 1 2 2
2(2 ~£°) (1-g<) (14n)~ 5(1-6 ) (1-n%)
S E01-£2) G +0) (1)

%5 (1+) (1+n) {~4[E£(1-£2)+n(1-n2)] +3&n}

2 e & 4 s

26% -n2) (1-n2) (1+E) —-% (1-£2) (1-12)

4 102y (L _
.-31r1(11r1)(2 n) (1+&)

%5 (148) (1-n) {-4[£ (1-£2)-n (1-n2)] - 3&n}
4 2y d _ )
S £1-£2) 5 +8) (1-n)

1 _ .2 2 1 . .0 2
2(2'—5 ) (1-8<) (1-n) - E‘(l—E ) (1-n<)

4 2y L _ _
-.35(1-5 )(2 £)(1-n)

(1-£2) (1-n2)

lo8
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APPENDIX D

Listing of the Computer Program

.
e I N K N S R R S L RN R H LR R XA KR FE RN I EF IR IR F AR RN RS

C
C PROGRAMMED AND DEVELOPED BY ~— ReNATARAJAN. IMPERIAL COLLEGE
C PRCGRAMME TO CALCULATE DEFLECTIONS AND STRESS IN CURVED PIFZ
C SUBJECTED TO IN-PLANE MOMENT.
ol DOUBLY CURVED THIN SHELL ELEMENTS USED IN THE SOLUTIONs
c THE ANALYSIS INCLUDE THE END EFFECTS DUE TO TANGENTS AND FL=
C-‘.’c%‘c**"*:‘%-)S*-X—**-X—-)(—%-X—**%*%’--}'«-)’v-)’:-i’:-,\'—*%%(-%-X-:‘(—"é%%**—x-%—.‘%-‘,(-—x-%*%*%%*%%%%**%%%%%*-;?-X--X—*-)%a’--;’-
PROGRAM NAMAIN(INPUTsOUTPUT s TAPES=INPUT s TAPEG=0UTPUT+TAPE 1 »
1TAPE2+ TAPER3 s TAPE4 s TAPE7)
INTEGER ELPOSNELNODE + PRENICsUNKNIC+ELVEC
REAL KNOMAT ¢KNORHS
INTEGER AA
DIMENSION HED (8)
COMMON/TRANS/ZD(17)9QU17) o XMU1 7)o YMOTT7)aZMOIT7)sTO17)sVIXU17)0
IVIYCI7)aVI1Z017)y VX1 7)sVRY(17)eVRZ(17)eV3X(17)eV3Y(17)9V3Z(17)
2TRINC1I743s3)eP(17)
COMMON/S8/ XG4 )+CG(4) + XGZ(2)+CGZ(2)Y+D1(545)
COMMON/S6/ ELLNODE(110+487) +RHSREDI(11+85)
COMMON/S1/ PREDEF(14+500)
COMMON/S2/ PRENIC(11500) sUNKNIC(19181) +KNONIC(2+35) s UNRHS(1+235)
2KNORHS(14181)+ELVEC(1+83) +yELPOSN(23185) 1KNOMAT(1+800) »
3UNKMAT (14 18000) «UNCLE(181 +35)
COMMONZ/C1 /7 NUNKVA s NKNVA 3 NOSTR s NCELINO«NCELN1 sNTOTAL s NPRDEF s NT »
INELEM s NFREE s NNELM s NODTOT s NUNKV 1 « NKNVA 1
COMMON/C2/ Nis IEL +NLG +NREC +sNTREC
COMMON/NO/NRING1 « NRING2 s NRING3+NELEM1 « NELEM2 +NELEM3 « NEPR s NRING
COMMON/NSTR/ NODSTR s 1GAUST
COMMON/ZDM/ E+PR«COMM1
COMMON/GV/ RMyGR.P1
COMMON/COM/ ANGLE ¢ THIK
COMMON/COC/ CLEN
REWIND 1
REWIND 2
REWIND 3
REWIND 4
Cc :
C READ DATA
C

READ(5+5003) NELFMsNELTO
5003 FORMAT(315) -
DO 6 =144
6 READ(S+7) XG(I)«CG(I)
DO 5 I=1.2
5 READ(S47) XGZ(I)1CGZ(1)
7 FORMAT(2F10,0)
READ(5+5000) HED
READ (5+5002) NNELMsNEPR«NRING1+NRING2+«NRING3
5002 FORMAT(51S)
5000 FORMAT(8A10)
5001 FORMAT(1HI8A107//)
NELEM] =NEPR*NRING1
NELEM2=NEPR¥NRING2
NELEM3=NEPR*NRING3
READ(5+11) ANGLE+GR*RMsTHIK«+CLEN
11 FORMAT(5F10.0)
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-AUTOMATIC MESH GENERATION AND BOUNDARY CONDITIONS TO REPRESEN

THE GIVEN PIPE BEND PROBLEM
CALCULATION OF THE TWO SCALERS NUNKVA AND NKNVA

CALL VALUE

CALL INTIAL

DO 40 I=1+NOSTR
DO 40 K=1+NPRDEF
PREDEF(14K)=0.0
CALL PRDF

WRITE DATA

WRITE(6+5001) HED

WRITE(6¢103)

FORMAT( 1Xs%GAUSS ABSC AND COEFF#)

WRITE(6:104) ((XG(I)aCGlI))sI=144)

WRITE(6+4104) ({(XGZ(I)«CGZ(I))sl=142)
FORMAT(2E16.8)

WRITE(64+2000)

FORMAT(14H ELNQDE TABLED/Z//)

DO 2001 1=1s+NELEM

WRITE(642002) 1+ (ELNODE(I3J)+J=24NCELNO+S5)
CONTINUE

FORMAT(IS/+12(3Xa17))

WRITE(6141)

FORMAT ( 1 X + ¥PRESCRIBED DEFLECT IONS# )

WRITE(64+44) ((PREDEF(I14J)sJ=1sNPR DEF)+]l=1+NOSTR)
FORMAT(12F10e6)

FORMAT(12110)

CWRITE(6+43)

FORMAT (1 X+ ¥CORROSPONDING NICK NAMES3#)

WRITE(6+42) ((PRENIC(IsJ)sJ=1+NPR DEF)s1=1+NOSTR)

CALCULATIONS OF QUANTITIES TO DEFINE AREAS REQUIRED

NCELNO=NFREE¥*NNEL M+ 1

NCELN 1=NCELNO-1
NT=NFREEX*NODTOT
NTOTAL=NKNVA+NUNK VA

NUNKV 1 = (INUNKVA®* (NUNKVA+1)/2)
NKNVAL = (INKNVA*(NKNVA+1)Y/2)
NTREC=NTOTAL+1

NREC=0

NLG=0

WRITING THE ABQOVE QUANTITIES

WRITE(6+3000) NELEMINFREEsNNELMsNPR DEF +NOSTR+NUNKVAINKNVAS
INODTOT +PGAUS s NCEL NOYNCEL NI «NT «NTOTAL s NUNKV 1 s NIKKNVA ]
FORMAT ( 1 X+ ¥*NUMBER OF ELEMENTS(NELEM)=%15/

11X %¥NUMBER OF DEGREE OF FREEDOM(NFREE)=%15/
21X+ *NUMBER OF NOpDES PER ELEMENT (NNELM)=%15/

41X+ ¥NUMBER OF PRESCRIBED DEFLECTION(NPRDEF)=¥15/
S1X+x*NUMBER OF STRESSING CASE{(NOSTR)Y=#15/

61X ¢« *NUMBER OF UNKNOWN VARIABLE AT ONE TIME (NUNKVA)=#]15/
71X 4 #¥NUMBER OF KNOWN VARIABLE AT ONE TIME (NKNVA)=%15/
B81X+x*TOTAL NUM3ER OF NODES IN THE STRUCTURE(NODTOT)=%15/

91X+ *NUMBER OF GAUSS POINTS IN EPS] AND ETA DIRECTION(PGAUS)=#15/
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21X+ ¥*NUMBER OF COLUMS 1IN ELNODE MATRIX(NCELNO)=%*15/

31X+ ¥NUMBER OF COLUMS IN ELNODE MATRIX MINUS ONE(NCELN1)=%15/
41X« %TOTAL NUMBER OF DEGREES OF FREEDOM OF THE STRUCTURE (NT)=¥18
51X+%¥TOTAL SI1ZE OF MATRIX REQUIRED FOR SOLUTIONINTOTAL) =*15/
61X+ *¥SIZE OF UNKNOWN MATRIX(NUNKV])=¥15/

T1Xe%SIZE OF KNOWN MATRIXINKNVAL)=*15//)

ERROR DETECTION
IF(NUNKVA.GT.181) GO TO 3001

IF(NKNVA.GT«35) GO TO 3001
GO TO 3002

3001 WRITE(643003) ‘ ’ .
3003 FORMAT (1Xs+% PROGRAM HALTED DUE TC LESS SPECIFIED DIMENSION3¥)

STOP

3002 CONTINUE

NaRe ke

o000

O00

INITIALISATION

DO 300 1=1+NCELN 1
300 ELLVEC(1s+1)=C

DO 310 1=1s2

DO 310 J=1+«NCELN 1
310 ELLPOSNI(I+J)=0

DO 320 J=1+NUNKV]
320 UNKMAT(14J)=0,0

DO 330 J=1+NUNKVA
330 UNKNIC(14J)=0

DO 340 1I=1+NUNKVA

DO 340 J=1+NKNVA
340 UNCLLE(Is+J)=0e0

DO 350 J=1+NKNVA]
350 KNOMAT(1+J)=060

DO 360 I=1s2

DO 360 J=1+NKNVA
360 KNONIC(14+J)=0

DO 370 1=14NOSTR

DO 370 J=1+NUNKVA
370 KNORHS(14UJ)=0,0

DO 38 K=1 +NKNVA
38 UNRHS(14K)=0e0

FORWARD ELEMINATION
LOOP ———e— 1001 ~=- IS FOR EACH ELEMENT

P1=3414159
DO 1001 N=NELFMsNELTO
WRITE(6+3010) N

3010 FORMAT (1 X+*ELEMENT NUMBER=%15)

ROUTINE TO GENERATE COORDINATES OF EACH ELEMENT
IF(ELNODE(N187)+EQel) GO TO 401
IF(ELLNODE(N«87)«eEQe2) GO TO 402
GO TO 410 :

401 CALL COCyL1
GO TO 410

402 CALL COBEND
410 CONTINUE
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"CALL TRAN

MODULUS OF ELASTICITY AND POISSONS RATIO

E=1«0
PQ=.O|3

CALCULATE CONSISTENT LOADS IN LOCAL DIRECTIONS

DO 496 1=1sNCELN]

RHSRED(141)=040

IF (NeLE«NEPR) CALL LOAD

WRITE(6+3020)

FORMAT(1X+3#LOAD VECTOR FOR THIS ELEMENT*)
WRITE(6+3021)

FORMAT (8X+%¥FORCE ALONG NORM¥ s 8Xs*FORCE ALONG ETA ¥

18X+ %FORCE ALONG EPS1#%+8Xe¥MOMENT ALONG ETA¥
28X +« ¥*MOMENT ALONG EPSI1¥*)

WRITE(6+3030) (RHSRED(1+1)91=1+NCELNL)
FORMAT(S(8XsE1648))

START OF ROUTINE TO FILL UP UNKNICs+KNONIC+KNORHS+ELPOSN
DO 500 J=2+NCELNO

JMi=d-1
ELVEC(1 «UM1)=ELNODE (N+J)

‘DO 510 JU=2«NCELNO

JMl=J=1
AA=1ABS(ELNODE (N4+J))

TO CHECK IN UNKNOWN NICK NAME

DO 520 K=1sMNUNKVA
IF(UNKNIC(14K)eEQeAA) GO TO 530
CONTINUE

TO CHECK IN KNOWN NICK NAME

DO 540 L =1sNKNVA
1IF (KNONIC (1L )eEQsAA) GO TO 550
CONTINUE

TO CHECK IN PRESCRIBED DEFLECTION

DO 560 M=1.NPRDEF
IF(PRENIC(1+M)eEQeAA)Y GO TO 570
CONTINUE

1F NOT INSERT IN UNKNOWN NICK NAME

DO 580 NN=1+NUNKVA
IF{UNKNIC(1+NN) «EQe0) GO TO 590
CONTINUE

UNMKNIC ({1 «NN)=ELNODE (N+J)

KNORHS (1 ¢ NN)=RHSRED (1 «JM1)
ELPOSN(1sJM1) =NN
ELPOSN(24JM1)=0

GO TO 510
UNKNIC(1+K)=ELNODE (NsJY
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KNORHS (1 +4K) =KNORHS( 1 +K)+RHSRED(1+UM1)
ELPOSN(14+JM1) =K

ELPOSN(24JM1)=0

GO TO 510
KNONIC(14+L)=ELNODE(N+J)
ELPOSN(1sJM1 Y=L
ELPOSN(Z2+UM1)=1

GO TO 510

DO 610 MM=1+NKNVA

IF(KNONIC(1+sMM)sEQeC) GO TO 620

CONTINUE

KNONIC (1 «MM)=ELNODE (N J)

KNONIC(2+MM) =M 5
ELPOSN(1+JM1)=MM

ELPOSN(2sJM1) =1

GO TO 510

CONTINUE

CALL A ROUTINE TO DISTRIBUTE THE ELEMENT STIFFNESS MATRIX
IN PROPER AREAS OF THE MAIN MATRIX

CALL STFTR
CALL A ROUTINE TO ELEMINATE THE COMPLETED NICKNAMES

CALL FORWAD
CONTINUE

CALL A ROUTINE FOR BACK SUBSTITUTION AND CALCULATE
THE UNKNOWNS

CALL BACKWD
CALL A ROUTINE TO CALCULATE NODAL STRESS
CALL STRESS

STOP
END
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SUBROUTINE STFTR

INTEGER ELPOSNSELNODE s PRENICsUNKNIC+ELVEC

REAL KNOMAT s KNORHS

INTEGER AJ

COMMON/S2/ PRENIC(1+500) sUNKNIC(14181)+KNONIC(2435)sUNRHS(1+33)
2KNORHS (1 ¢181)sELVEC(1+85) +ELPOSN(2485) s KNOMAT(1+4800) 4
3UNKMAT (14+18000) +UNCLE (181 +35)

COMMON/C1/ NUNKVA «NKNVASsNOSTR+NCELNOSNCELN]1 «+NTOTAL sNPRDEF «NT
INELEMsNFREE +NMNELMaNODTCT s NUNKV 1 ¢ NKNVAT1

COMMON/S4/ SK(3655) ) -
COMMON/C2/ NasIELsNLG+NREC +NTREC
COMMON/NO/NRING]1 sNRING2+ NRING3sNELEM]1 s NELEM2 +NELEM3+sNEPRsNRING
COMMON/RN/ NAME

COMMON/S6/ ELNODE(110487)RHSRED(14+85)

THIS ROUTINE CALLS THE ELEMENT STIFFNESS MATRIX GENERATICN R
THE STIFFNESS COFFICIENTS OF THE ELEMENT ARE STORED IN A
TAPE UNIT AND USEp WHEN A GEOMETRICALLY SIMILAR ELEMENT 1S5
PRESENT IN THE STRUCTURE

NCSK=NCELN1¥* (NCELNI+1)/2
NAME=ELNODE (N+87)
GO TO (30+431+32) NAME

30 1F(N.LENEPR) GO TO sO
GO TO 51

50 CALL FEM
WRITE(3)
1(SK(I)selI=14NCSK)
GO TO 3-

51 DO 52 1=2«NRING] )
IF(NeLE« (L IXNEPR)Y) GO TO 53
GO TO 52

53 NI=(1-1)*NEPR
GO TO 54

52 CONTINUE

54 NJ=N~-NI1
IF(NJeEQel) REWIND 3

READ(3)
1(SK(1)sI=14NCSK)
GO TO 3

31 NB=N-NELEMI1
IF(NBeLE«NEPR) GO TO 1
GO 70 2

1 CALL FEM
WRITE(4) .
1{SK(1)s1=1+NCSK)
GO TO 3

2 DO 4 1=2+NRING2
IF(NB+LESL (1*¥NEPR)) GO TO 5
GO TO 4

5 NI=(1-1)*NEPR
GO TO 6

4 CONTINUE

6 NJ=NB-NI
IF(NJsEQe1) REWIND 4
READ(4)
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1(SK(T1)sI=1sNCSK)
GO TO 3

32 NC=N=NELEM]-NELEM2
DO 62 I=1sNRING3
IF(NCJLE, (I1¥NEPR)) GO TO 63
GO TO 62

B3 NI=(1-1)%NEPR

GO TO 64
62 CONTINUE
64 NJI=NC-NI
IF(NJ«EQs1) REWIND 3
READ(3)
1(SK(I)sI=1sNCSK)
3 CONTINUE

ROUTINE TO DISTRIBUTE ELEMENT STIFFNESS MATRIX IN
UNKMAT « KNOWN AND UNCLE MATRICES ( MAIN MATRIX)

DO 900 1=1.NCELN1

11 =EL.POSN(1+1)
12=ELLPOSN(2.1)

DO 900 J=1+NCELN]
IF(JsGEeI) GO TO 901
1S=J+(I%(1-1)/2)

GO TO 902

901 IS=1+4+(J#*%(J=-11)/2)

SU2 CONTINUE
JI1=ELPOSN(1+J)
J2=ELPOSN(2+J)
IF(12.,EQ.0) GO TO 810

TO FibLlL KNOWN MATRIX IF NICK NAME IS IN KNONIC

IFE(J24EQs0) GO TO 900
IF(J1.GT.11) GO TO 900
IJ=(11%¥(11-1)/2)+U1

KNOMAT (14 1J)=KNOMAT (1 1J)+SKI(IS)
GO TO 900

TO FILL UNCLE AND UNKMAT WHEN NICKNAME 1S5 AN UNKNOWN ONE

810 IF(J2.EQ.1) GO TO 830
GO TO 840
83C UNCLE(I1+4J1)=UNCLE(I14J1)4SK(1S)
GO TO 900
8B40 IF(J1.GT.I11) GO TO 900
1J=(11%(11-1)/2)+J1
UNKMAT (12 IJ)=UNKMAT (1 TJ)+SKIS)
900 CONTINUE
RETURN
END
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SUBROUTINE FORWAD

INTEGER El.POSNJELNODE «sPRENIC«UNKNIC+ELVEC

REAL KNOMAT «KNORHS

INTEGER COPRDE

COMMON/S1/ PREDEF (1+500)

COMMON/S3/ COMP(305)

COMMON/C1 /7 NUNKVA'NKNVAINOSTR «NCELNOSNCELN]I sNTOTAL s NPRDEF «NT »
INELEMsNFREE s NNELM«NODTOT o NUNKV 1 « NKNVAL

COMMON/S2/ PRENIC(1+500) sUNKNIC{14181) ¢+ XKNONIC(2¢35) sUNRHS(1135)
ZKNORHS(14181)+ELVEC(1483) +ELPOSN(2+85) «KNOMAT(1+4800) ¢
SUNKMAT(1+18000) UNCLE(181 +33)

COMMON/C2/ N+ TEL +NLGNREC «NTREC

COMMON/BR/ BUF {10+271)21IBUF(104+4)

COMMON/BUFR/ RHS«NIC«LP1+L.P2+NPOSN

ROUT INE FOR MODIFYING ELEMENTS IN MAIN MATRIX FOR A COMPLETED
UNKNOWN NICKNAME

DO 100 IM=1NCELN1
IF(ELLVEC(14IM)el.T«0) GO TO 101
GO TO 100

I=ELPOSN(14s1IM)

IF(ELPOSNI(2+IM) «EQel) GO TO 210

STORING COMPLETED ROW IN AN AUXILIARY ROW MATRIX —= COMP~—-

11=14NKNVA
I11=1%(1-1)/2

DO 120 J=1+NKNVA

COMP (J)=UNCLE(14J)

DO 130 Ji=1+1

IJi=1114J1

MJ 1 =NKNVA+J1

COMP (MJ1)=UNKMAT (1 1J1)
1IP1=1+1

IF({IP1.GTNUNKVA) GO TO 141
DO 140 12=1P1+NUNKVA
1da=t(12%(12-1)/2)+1
MIZ2=NKNVA+I2
COMP(MIZ2)=UNKMAT({1+«1J2)
CONTINUE

MODIFY KNOMAT MATRIX

DO 150 14=1NKNVA

112=1a%(14~1)/2 .

CMP=COMP(14)/COMP(11)

DO 150 Ja=1+14

1Ja=112+J4

KNOMAT (14 1J4) =KNOMAT (1 1J4)—CMP*¥COMP(J4)

MODIFY UNCLE MATRIX
DO 160 15=14NUNKVA

MI1S5=1S+NKNVA
CMP=COMP(M]5)/COMP(11)
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DO 160 JS5=1+NKNVA .
UNCLE(154J5)=UNCLE( 15+ J5)~=CMP*COMP (JS)

MODIFY UNKMAT MATRIX

DO 170 16=1+NUNKVA

113=16%(16-1)/2

MI6=16+NKNVA

CMP=COMP (MI6) /COMP(11)

DO 170 J6=1+16

MJ6= J6+NKNVA

1J6=113+J6 : ,
UNKMAT (13 1J6) =UNKMAT (14 1J6)—~CMP*COMP (MJ6)

RELEASE THE STORED EQUATION SPACE

DO 420 J=14+NKNVA
UNCLE(I+J)=040

DO 430 Ji1=1.1

IJ1=111401
UNKMAT(141J1)=040
IF(IP1«GT«NUNKVAY GO TO 44]
DO 440 12=1P1+NUNKVA
1J2=(012%(12=-1)72)+1
UNKMAT(141J2)=0.0

CONT INUE

STORING REQUIRED DATA IN A BUFFER AREA

NIC=TABS(UNKNIC(141))
RHS=KNORHS(1+1)
LP1=ELPOSN(1+1IM)
LP2=ELPOSN(24+IM)
NPOSN=0

CALL BUFFER

MODIFY RIGHT HAND SIDE

RHSK=KNORHS (14 1)

RHK=RHSK/COMP(11)

DO 180 17=1NKNVA

UNRHS (14 17)=UNRHS(1+¢17)-COMP(17)%RHK

DO 190 18=1+NUNKVA

MIB8=18+NKNVA

KNORHS (14 I8)=KNORHS(1418)~COMP (M]8)*RHK
KNORHS (1411=0.,0

UNKNIC 1S MADE ZERO

UNKNIC(1«1)=0
GO TO 100

ROUTINE FOR COMPLETED KNOWN NICKNAMES

STORING COMPLETED ROW TERMS OF KNOMAT IN AUXILARY MATRIX CCY

I1T1=01I%(1-1)/2)

DO 220 Ji=1.1
IJ1=111+4J1
COMP(J1)=KNOMAT (1 +41J1)
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KNOMAT(141J13=0,0
IF(I+EQeNKNVA)Y GO TO 240

STORING COMPLETED COLUM TERMS OF KNOMAT

1IP1=1+1

DO 230 12=1P1.NKNVA
IJz2=012%(12-1)/21+1
COMPR(I12)=KNOMAT(1+1J2)
KNOMAT(1+41J2)=0.0

STORING COMPLETED COLUM TERMS OF UNCLE

DO 250 I3=1+NUNKVA
MI3=NKNVA+1I3
COMP(MI3)=UNCLE (13+1)
UNCLE(I341)=0.0

FINDING THE VALUE OF PRESCRIBED DEFLECTIONIPREKNW)
CORROSPONDING TO THE COMPLETED NICKNAMES

COPRDE=KNONIC(2+1)
PREKNW=PREDEF (1 +COPRDE)

MODIFY THE UNKNOWN RHS EXCEPT THE COMPLETED RHS

DO 260 14=1NKNVA

IF{I4¢EQel)Y GO TO 260

UNRHS(1+ 14)=UNRHS (19 14)=COMP (14)*PREKNW
CONTINUE

MODIFY THE KNOWN RHS

DO 270 15=1NUNKVA
MIS=NKNVA+I5
KNORHS (1 ¢ 15)=KNORHS (1 ¢ 15)~-COMP{MIS ) *PREKNW

STORING REQUIRED DATA IN A BUFFER ARZA

NIC=IABS{(KNONIC(1+1))
RHS=UNRHS (1+1)
LPI=FLPOSN(1+41IM)
LP2=EL POSN(2y111)
NPOSN=KNONIC(2.1)
CALL BUFFER

RESET FOR NEXT ELEMENT

KNONIC(1+1)=0
KNONIC(241)=0
UNRHS(1+41)=060

CONTINUE

IF(NEQNELEMY GO TO 1C02
GO TO 1003

IF(NLG«EGQs0O) GO TO 1003
WRITE(1)

1NLG.((BUF(19J)-1:1,NLG).J:1.NTREC)si(}BUF(xqJ)v1=1vNLG)qJ=1c4)

NREC=NREC+1
CONT INUE

118
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RETURN
END
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SUBROUT INE BACKWD

INTEGER ELPOSN+ELNODE sPRENICsUNKNICELVEC

REAL KNOMAT + KNORHS

INTEGER U1

COMMON/S1/ PREDEF (1+5C0)

COMMON/S2/ PRENIC{11500) sUNKNIC{1+181) +KNONIC{2435) +UNRHS(1+35)
2KNORHS (19 181)+ELVEC(1+85) +ELPOSN(2+85) sKNOMAT(1+800) »
3UNKMAT (1418C00) sUNCLE(181135)

COMMON/C1/ NUNKVAINKNVA+NOSTR+NCELNOYNCELNL *NTCTAL +NPRDEF sNT »
INELEM s NFREE + NNELMsNODTOT s NUNIKV 1 s NKNVATL

COMMON/S3/ COMP (305)

COMMON/S5/ U1(5000)+u2(5000)

COMMON/BR/ BUF (10+271) +IBUF(1014)

COMMON/C2/ Ns TEL+NLGsNRECWNTREC

INITIALISATION

WRITE(6+2)
2 FORMAT (30X s %#CALCULATED REACTIONS#*)
DO 202 1I=1«NKNVA
DO 202 J=1.2
202 KNONIC(Js1)=0
DO 203 1=1+NUNKVA
203 UNKNIC(1s1)=0
DO 1 M=1+NUNKVA
1 KNORHS(14M)=0,40
DO 20 M1=14NT
Ui (mM1)=0
U2(M1)=060
20 CONTINUE
DO 400 1=1+NODTOT
DO 500 J=1+NFREE
J1 =NFREE-J
11 =NFREE*1~01
Ul (I1)=1%100+U%10
500 CONTINUE
400 CONTINUE

READ BACK THE STORED DATA IN BLOCKS IN A REVERSED ORDER

DO 10 L=1+NREC
BACK SPACE 1
READ(1)
INLG+ ({BUF(1+J)YeI=1sNLG)YvJI=1sNTREC) s ({IBUF (1 +¢J)sI=13NLG)vJI=114)
LG=NLG
300 DO 4 1=1«NTOTAL

4 COMP(1)Y=BUF(LG+1)
I=NTOTAL+1
RHS=BUF (LG 1)
LP1=IBUF(LGs1)
LP2=1BUF (LG:+2)
NIC=IBUF (LG3)
NPOSN=IBUF (LG+4)
LG=LG-1

CHECK WHETHER FNIC IS IN KNONIC
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IF(LP2+EQel) GO TO 110
GO TO 140

IF FNIC IS IN KNONIC MULTIPLY KNOMAT WITH PREDEF

ANS]=0.0

KNONIC(1+LP1)=NIC
KNONIC(2+L.P1)=NPOSN

DO 120 12=1NKNVA
NPOSN=KNONIC(2s 12}

IF{NPOSN.EQ+0) GO TO 120
ANS1=ANS14+COMP({ 12)*PREDEF (1 +NPOSN)
CONTINUE

THEN MULTIPLY UNCLE WITH UNKDEF NOW STCRED IN KNOWN RHS

ANS2=0.0

DO 130 I3=1sNUNKVA

MI3=13+NKNVA
ANS2=ANS2+COMP (M1 3) *KNORHS (1 13)

FINDING THE CORROSPONDING UNKNOWN REACTION

ANS=ANS1+ANS2~RHS
VRITE(6+1000) NICsANS
FORMAT(19H REACTION AT NODE 110¢2Xe5H IS E168)
TO FIND THE UNKNOWN DEFL IF FNIC IS NOT IN KNONIC
TO ALSO FIND THE ROW IT OCCUPIES. . DURING FORWARD ELIMINATIOCN
GO TO 200
UNKNIC(1sLLP1)=NIC

I5=LP1
IME=15-1
IPS5=15+41

INS=T5+NKNVA
UNCLE 1S MULTIPLIED WITH KNOWN DISPLACEMENTS

ANS1=060

DO 170 16=1+NKNVA
NPOSN=KNONIC(2+16)

1F (INPOSNLEG.0C)Y GO TO 170
ANS1=ANS1+COMP ( [16) ¥PREDEF (1 «NPOSN)

‘CONT INUE

UNKMAT 1S MULTIPLIED WITH UNKNOWN DISPL NOW KNOWN AND STORED
IN KNORHS ~~- EXCEPT THE DIAGONAL TERM

ANS2=0.0

IF(IMS«EQ+0) GO TO 181

DO 180 17=1+1M5

MI7=NKNVA+17 .
ANS2=ANS2+COMP (M]7) ¥*KNORHS(1+17)
ANS3=0.0

IF (IPS«GTNUNKVAY GO TO 191

DO 190 18=1PS5S+NUNKVA
MIB8=NKNVA4+1I8
ANS3=ANS3+COMP (M]I8) ¥KNORHS(1+18)
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CONT INUE
KNORHS( 1+ 15)=(RHS~ANS1~ANS2-ANS3) /COMP( INS)

WRITING THE UNKNOWN DISPLACEMENTS

UNDEFL =KNORHS(14+415)

DO 410 J=1«NT
IF(NIC«EGsU1(JY)Y GO TO 420
CONT INUE

Uz (J)=UNDEFL

IF(LGeEQs0) GO TO 101}

GO TO 3G0

BACK SPACE 1

CONT INUE

DO 430 J=1+NPRDEF
DEFL=PREDEF (1+J)
NIC=PRENIC(14+J)

DO 440 JJ=1sNT
IF(NICsEQ.sU1(JJ)) GO TO 441
CONTINUE

Uz (JJ)=DEFL.

CONT INUE

MPRINT=0

DO 1701 J=1sNTs5

J1=Jd+1

Ja=J+2

J3=J+3

Ja=J+4a

IF(MPRINT«GT«0) GO TO 401
WRITE(6+41601)

FORMAT(1H1+ 10X s #NODE*¢4Xe¥DISPL. ALONG NORM¥*

122

+5X+ %¥DISPL ALONG ETA¥

14X s %¥DISPL ALONG EPS1#+2Xs¥ROTATION ABOUT ETA¥s2Xs

22X+ %#ROTATION ABOUT EPRPSI¥*)
MPRINT=50
MPRINT=MPRINT=-1

WRITE(6+1170C) UL g)ysU2(J)U2(J1)ysU2002)2U20U3)20U2(J4)

FORMAT (11635 (4XsE1668))
CONTINUE

RE TURN

END
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SUBROUTINE FEM
I e E e I S S S I S S B A A A S S N M S A A RN U K R A AN F
PROGRAMME TO CALCULATE STIFFNESS OF AN ARBITRARY THIN
SHELL ELEMENT
E R R Al R R RO R U S < L S B TP R S S B R D U R i e (R S b i b R R R R R R R i o

COMMON/NO/NRING] s NRING2 + NRING3 s NELEM] s NELEMZ s NELEM3 s NEPR s NRING

COMMON/STRS/ V1(17)+v2(17)sV3(2)+1S(445) s NENNS+NCMsNEZ

COMMON/C17/ NUNKVAsNKNVA+MNOSTReNCELNONCELN1 sNTOTAL s NPRDEF sNT

INELEM+«NFREE + NNELM+NODTOT s NUNKV ] s NKKNVA L

COMMON/FE1/JAC(3¢3)+ 1JAC(343)+DE(3s153)+JDE(39153)DUD(3485) 9

1IDVD(3+85)+DWD(3+485) 1L (323)9F1(85)+F2(85)sF3(85)151(85)+52(85) ¢

253(85):T1(85)+T2(85)+T3(85)+B(5+85)+DB(5:85)

COMMON/FE2/ BR(5.85)

COMMON/C2/ NsIEL+NLG«NRECNTREC

COMMON/S4/ SK(3655)

COMMON/ S8/ XG(4)+2CG(4 )1 XGZ(2)sCGZ(2)DI(5+5)

COMMON/NS TR/ NODSTR s I1GAUST

COMMON/TRANS/D(17)eQC17) o XMU17)sYMU17)eZMUL7)eT(17)eVIX(17)

IVIYO1 7)Y VIZO1T7)sVRX U1 7Y VRY (1 7)aVRZ U1 T7) VX1 7)) VARY(17)sVIZ(17)s

2TRIN(17+3¢3)4P(17)

COMMON/SHP/GIHIQXMsQYMIQZMaPXMsPYMaRPZMsQXTR QY TBIQZTBsPXTBsPY TS

IPZTB+DXTBsDYTB+DZTB +DT

COMMON/DM/E « PR s COMM 1

REAL JACY 1JAC s UDEsL +LDUDX s LDVDX s LDWDX+LDUDY s LDVDY s LDWDY s

1LDUDZ s LDVDZ sLDWDZ s VJAC sMVUIAC '

NCSK=NCELN1* (NCELN1+1)/2

WRITE(6+303)

FORMAT (4X e ¥ X~COORDINATE¥* ¢4X ¢ ¥Y—~COORD IMNATE¥ 14X+ ¥Z=COORDINATE3)

WRITE(6+9701) (XMCI)sYM(I)eZM(I)sI=1sNNELM)

FORMAT(3E16.8)

COMMI=E/ (1, ~PR%PR)

COMM=SQRT (COMM1)

D1 =COMM

D12=COMM*PR

D2 =COMM%SQART (1 « ~PR¥*PR)

D3=COMM¥*SQRT( (1 s—~PR)/24)

D4=COMM%*SQRT ( (1 e~PR)Y/2e4)

DO 200 1=1+NCSK

SK(1)=0e0

Cr#EXREXXNUMERICAL INTEGRATION LOOP

DO 1000 1G=1+4

G==XG(1G)
DO 10C0 JG=1s4
H=XG(JUG)

IF(NNELMsEQe8) GO TO 1
IF(NNELMsEQe12) GO TO 2
CALL SHAP17
GO TO 3
CALL SHAPS
GO TO 3
CALL SHAPIZ2
CONT INUE
DO 1000 KG=1+2
F=XGZ(KG)
CALCULATION OF JACOBIAN MATRIX AND 1TS INVERSE
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DO 9 1=1.3
DO 9 J=1.3
JAC(f+U)=0,0
9 1JAC(14+4J)=0.0
JAC( 141 )=QXM+F¥0,5%QXTR
JAC(1+2)=QYM+F*0,5%QYTB
JAC(143)=QZM+F#0.,5%¥QZT8B
JAC(241) =PXM+F%0,5%PXT8
JAC(2+42)=PYM+F#0.,5%¥PYTB
JAC(243)=PZM+F*0,5%PZTB
JACI341)=0.5%DXT8B
JAC(342)=0.5%DYTB
JAC(3+3)=0,5%DZT8B . .
C VJAC 15 DETERMINANT OF JACOBIAN MATRIX
C IJAC IS INVERSE JACOBIAN MATRIX
VUAC=JAC( 14 1) ¥ (JACI242)%JAC(343)=JAC(2+¢3)1%¥JAC(342) )~
TJAC(142) % (JAC(241 )% JAC(3+3)-JAC(2+43)%JAC(301)) +
P2JACL 1431 % (JAC(241 ) ¥ JAC(3s2)—JAC(2+2)¥UAC(3+1))
TJAC(1+1 )= UACI2+2) #JACI3+3)=JAC(242)%JAC(243))/VIAC
IJAC(142)==(JAC(142)%JAC(343)-JAC(3+2)¥JAC(13))/VIAC
TUAC(1231=(JACI112)*JAC(2+s3)~JACI(242)%JAC(143))/VIAC
IJUAC(241)==(JAC(241)%JACLR43)-JAC(3+1)*JAC(2+3))/VIAC
TJACI292)=(JAC (13 1) ¥JAC(3e3)—JAC(3+1I%JACC(143))/VIAC
JTJAC(243)1==(JAC( 1+ 1) X¥JACI242)=~JAC(2+1)%JAC(1+3))/VIAC
ITJAC(3+1)=C( JAC (24 1) HJIAC(392)—JAC(2+2)*JAC(23+1))/VIAC
IJAC(342)=—=(JAC (1 s 1) ¥JAC(3+2)=JAC(192)%JAC(341))/VIAC
IJAC(343)=(JAC (141 )% JAC(2a2)~JAC(2s 1) *JAC(122))/VIAC
Cr¥xxs¥Exx DERIVATIVES OF GLOBAL DIS. WeR.Te LOCAL COORDINATES
DO 10 I=1+3
DO 1G J=1NCM
10 DE(14J)=0.,0
DO 11 I=1+NNELM
11=I1+NNELM
12=1+2%NNELM
I3=1+3%NNELM
T4=1+4%NNELM
IS=1+5%NNELM
16=1+6%NNELM
17=1+4+7%NNELM
18=1+8%NNELM
QF T=Q(I1)#F*%045%T(1)
PFT=P{I)%F%0s5#T(1)
DFT=D(1)*%05%T (1)
DE(1+1)=Q(1)
DE(1+11)=QF T%V1X(1)
DE(14+12)=QF T%¥V2X(1)
DE(1+13)=Q(1)
DEC(1+14)=0F T*V1IY(1)
DE(14+15)=QF T*V2Y(1)
DE(1+16)=G(1)
DE(1+17)=0QF T¥*V1Z(
DE(1+418)=QF T¥V2Z(
DE(2+1)=P (1)
DE(2+11)Y=PFT%VIX(1)
DE(2+121=PFT*V2X(1)
DE(2,13)=P(1)
DE(2+14)=PFT*#V1Y(1)
DE(2: 15)1=PFT*V2Y(1)
DE(2+16)=P(1)

—
P



DE(2+17)=PFT%V1Z(1

)

12 DE(2+18)=PFT*V2Z(1)

DE(3+11)=DFT®V1IX(1
DE(3+I12)=DFT*V2X(]
DE(3s14)=DFT%V1Y(]
DE(3+1I5)=DFT*V2Y(]
DE(2+17)=DFT#*#V12Z(1

)
)
)
)
)

13 DE(3+18)=DFT*V2Z(1)

11

Ci#¥¥¥%¥%¥% DERIVATIVES OF GLOBAL DISe.

CONTINUE

DO 21 I=143
DO 21 J=1«NCM
JDE(I4+4J)=0.0
DO 21 K=143

125

WeReTe GLOBAL COORDINATES

21 JDE(T«U)=JDE(I+ )Y+ JAC{I+K)I*¥DEI(KWU)

CH¥HRIFFE%

30

31

32
33

34
35

41

42
43

44
45

DO 30 J=1.3
DO 3C I=1+NCELNI]
DUD(Js1)1=0.0
DVD(JU+1)=04,0
DWD(JUs1)=0,0
DO 60 U=1.3
I=1
11=1
DUD(Js11)Y=UDE(Js 1)
I11=11+45
I=1+1
IF(IeEQeNNELM+1)Y
GO TO 31
11=4
DUD(J«11)=JDE(Je1)
I1=1145
=141
IF(1eEQe2%NNELM+1 )
GO TO 33
11=5
DUD( U1 1)=UDE(U1)
I1=1145
=1+1
IF (1 eEQe3XNNELM+1)
GO TO 35
CONT INUE
11=2
DVD(Je 1 1)=UDE (Js1)
11=1145
I=1+1
IF(]eEQe 4%¥NNZLM+1)
GO TO 41
I1=4
DVD(Ja11)=UDE(J])
It=1145
I=1+1
IF (] eEQeS¥NNELM+1)
GO TO 43
11=5
DVD(Js11)=UDE{(JI)
I1=1145
I=1+1
IF(] «EQe O6FNNELM+1] ).

ARRANGING ABOVE DERIVATIVES

GO TO 32

GO

GO

GO

GO

GO

TO

TO

TO

TO

TO

34

36

42

44

46

IN PROPER ORDER
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GO TO 45
46 CONTINUE

11=3
51 DWD(JeI1)=UDE(Js1)
I11=1145
I=1+1
IF(1«EQe 7¥NNELM+1) GO TO 52
GO TO 51
52 t1=4
53 DWD(Js11)=UDE(Js 1)
I11=11+45
I=1+1
IF(]1eEQeB¥NNELM+1) GO TO S4
GO TO 53
54 11=5
55 DWD(Js I 1)=UDE(Js1T)
I=1+1
I11=11+5
IF(1eEQe9#NNELM+1) GO TO 56
GO TO 55
56 CONTINUE
60 CONTINUE
DO 61 I=1:3
DO 61 J=143
61 L(1+4J)=0,0
AGEN=SQRT(JAC( 121 )% JAC( 121 )+JAC(142) ¥ JAC(142)+JACL1s3)#*JAC(T193))
BGEN=SQRT (JAC (241 )% JAC (241 ) +JAC(2e¢2) % JAC(2¢2)+IAC(2+3) % JAC(243))
ACOS=(JAC (191 )#JAC(2¢1)1+JAC(1e2)%JAC(212)+JACI113I%JAC(243))7
{ AGEN%*BGEN)
ASIN=SQRT (1 «—ACOS*ACOS)
VNI=(JAC( 142) ¥ JAC(2193)=JAC(143)¥JAC(2¢2) )/ (AGEN*BGEN¥ASIN)
VNJU=(JACC193)%¥JAC(291)~JAC(191)¥JAC(243) )/ (AGEN*¥BGEN*¥ASIN)
VNK=(JAC( 1 1) ¥JAC(292)=JAC(142)%JAC(2¢1) )/ (AGEN*¥BGEN*ASIN)
VETAI=(VUNU#JAC(1+3)~VNK¥JIAC(142))/AGEN
VETAJ= (VNK#JAC( 14 1) —VNIX¥XJAC(143))/AGEN
VETAK=(VNI%JAC(1+42)~VNJI*JAC(1+1))/7AGEN
L{1+1)Y=JAC(14+1)/AGEN
L(2¢1)=JAC(1¢2)7AGEN
L(3s1)=JAC(1+3)/AGEN
L(1+42)=VETAI
L(2+2)=VETAY
L(3+,2)=VETAK
L(143)=VNI
L(2+3)=VNJ
- L{3e3)=VNK
CH#*%%¥% %% CALCULATION OF LOCAL DERIVATIVES
DO 71 I=1+NCELNI1
F1(I1)=DUD(1eI)%¥L(1¢1)+DVDII 1%L (241)+DWD(1+1)%L(341)
F2(I)=DUD(1 1) ¥L(192)4DVD(1 1%L (2:2)4+DWD(121)%#L (3e2)
F3(I)=DUD(1+1)%L(143)+DVD(1+11%L(2+43)+DWD(1+1)%L(343)
S1(1)=DUD(2¢I1)*L. (1 1)4DVD( (211 %L (24 1) +DWD (2 1) %L (341
S2(1)1=DUD(2+ 1) %L (142)1+DVD(2+ 1) %L (2+42)+DWD (2 1) %L (3+2)
S3(1)=DUD (211 %L (1+3)4+DVD (2 1) %L (2+43)4+DWD (29 1) %L (343)
T1(I1)=DUD(3¢ 1)%L (19 1)+DVDI(3e1)3#L (24 1)+DWD I3+ 1) *L (341
T2(1)=DUD(3s131%L(1+2)+DVD(3s 1) *L (221 4+DWC (22 1) %L (32)
T3(1)=DUD(3s1)%¥L(1+3)+DVDI(3+ 1) ¥L(243)+DWD(3+ 1 *L(343)
71 CONTINUE
CH¥AR¥EXAX B MATRIX
DO 80 I=1NCELNI

foy
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B(1+1) =FLCI)#*L {1+ 1)4S1CIIH¥L(291)+T1(T)HL(301)
B(2+1) SF20I)%L {1 2045201 %L (2423 +T2( 1)1 %L {3+2)
B{(3+1) SF10I)#L(142)4S1(INIH¥L(2+2)+T1{I) %L (3+2)

1 +F2(1)¥L (101145201 #¥L (24 1) +T2011XL {301
B(4s41) =F20I)%L(1+3)+52(1H#L(243)+T2(1)¥L(3+3)
1 +F3CII#L 12 2)4S3 XL {2:2)+T3(T) XL 13+2)
B(5+1) =F30I)X%L 011145301 %L (2+1)4+T3(1)®LI(3+1)
1 FFICIIRL 013451 (1%L (293)+T1 () HL(3+3)

80 CONTINUE
Ce#¥%%%%% B MATRIX MODIFIED TO BR MATRIX SO THAT THE NODAL DISPLACEZ
Cx¥%x#%%% ARE IN THE CHOSEN LOCAL DIRECTIONS
DO 89 I=1.5
DO 89 J=1+NCELN1
BR({I1+J)=0.0
89 CONTINUE
DO 91 1I=14+5
N1 =0
J=0
92 J=J+1
NI =N1+1
IF({N1+EQ.NNELM+1)y GO TO 93
Jl=J+1
Ja=J+2
J3=J+3
JbG=J+4
BROI«J)I=BIT 1 J)H#VIXINII+BIT ¢« J1IXVIY(NII+B(1+J2)%¥V3ZI(NTD)
BRIO1I+J1I=Bl1s N #VeXI{NII+B(T+U1)EV2YINII4B(12U2)#V2ZINT)
BRIIY»JU21=B(TeU)%xVIXINII+B{TeU1)%VIY(NDY+B({1+02)%V1Z(NT1)
BR(II+J3)=B(1+J3)
BR(I+J4)=B(1+J4)
J=J4
GO TO 92
93 CONTINUE
91 CONTINUE
MVUAC=VUIACXCGIIGC)*CG(JIG)¥CGZ(KG)
CH¥EREXEX CALCULATION OF STIFFNESS MATRIX
DO 110 K=1+NCELN}
DB(1+K)=DI¥BR(1+K)+D12%BR(2+K)
CB(2:K)=D2%¥BR(2+K)
DB (3+K)=D3%¥BR(3+K)
DB (4+K)=D4%¥BR{44K)
DB(S+K)=D4*¥BR(54K)
110 CONTINUE
DO 120 1=1+NCELN1
DO 120 JU=1s1
Ii=u+(I%(1~-1)/2)
DO 120 K=145
120 SK{11)=SK(11)+DB(K«1)¥DB(IK»J)¥MVIAC
1000 CONTINUE
CH¥t%¥#x CALL ROUTINE TO CALCULATE STRESS MATRIX AT NODAL POINTS
CALL FEM2
RETURN
END
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SUBROUTINE SHAPS
COMMON/TRANS/D(17)s0(17)qu(17)qYM(17)-ZM(17)-T(1719V1X(17)o
1V1Y(17)9VIZ(17)ngX(]7)vV2Y(17)9V22(17)9V3X(17)9V3Y(17)9V3Z(17)o
2TRIN(17+343)eP(17)
COMMON/SHP/G:HQOXMQOYMsOZMOPXM-PYM-PZM;QXTBvQYTB;QZTquXTB.pYTB.
1PZTBDXTB«DYTB«DZTB DT

SHAPE FUNCTIONS AND THEIR DERIVATIVES FOR A QUADRATIC ELEMENT

H2=H¥H
G2=CG*G

SHAPE FUNCTION MATRIX —--D -

DERIVATIVE OF SHAPE FUNe WeReTe EPSI

DERIVATIVE OF SHARPE FUNCTION W.ReTese ETA

GH=G¥*H

G2H=G2¥%H

H2G=H2%G

HG==~1e+G2+HZ

G2G=2+%G

H2H=2 e %H

G22=G2G*H

D(1)=0¢25% (HG+GH-G2H~-H2G?
D(2)1=0e5%(1e-G-H2+H2G)
D(3)=0425% (HG=GH+G2H~=H2G)
D(4)=0e5% (1 +H-G2~-G2H)
D(5)=0.25% (HG+GH+G2H+H2G)
D(61=0e5%(14+G~-H2-H2G)
D{(71=0e425% (HG~=GH-G2H+H2G}
D(8)=0e5% ({1 +e—H-G2+G2H)
Q(1)=0e28% (H+G2G-G22~-H2)
Q(2)=0e5% (=1 e+H2)
Q(3)1=0e25%(=-H+G2G6+G22~-H2)
Q(4)=08%(-G2G—~-G22)
Q(E)=0.25%(H+G2G+G22+H2)
Q(61=-Q(2)
Q(7)Y=0e25% ( —H+G2G-G22+H2)
Q(B8)=0+5%(-G2G+6G27)
P(1)=0e25%{GH+H2H-G2-G22)
P(2)=0e5% (=HZ2H+G22)
P(3)=0.28%({-G+H2H+G2-G22)
P(4)=0e5# (1e-G2)
P(5)=0e 25X (G+H2H+G2+G22)
P(6H)=0e D% (~H2H-G22)
P(7)=0e25%(=G+H2ZH-G2+G22)
P(8)==P(4)

CALL SHAPE

RETURN

END
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SUBROUT INE SHAPI12
COMMON/TRANS/D(173sQU17) s XME17)sYMU17)9ZMU17)2TC17)sVIX(17) e
TVIYO17)sVIZO17yeVRXC17)sVRY (1 7)YaV2Z17)2V3X17)sV3Y{(17)sV3Z{17)
2TRIN(1743s3)2P(17)
COMMON/SHP/GiHIQXMsQYMIQZMPXMIPYMsPZM+QXTBQYTBQZTBsPXTEIPYTE "
1PZTB+DXTRB+DYTByDZTB DT

SHAPE FUNCTIONS AND THEIR DERIVATIVES FOR A CUBIC ELEMENT

Bl=1e+H

C=—=10e4+9 s % (GXG+HXH)
A2=]1 e +3e%#G

A3=1e—=3e %G

B2=1e+3e¥%H

B3z1e—3e%H

A4=1e=-G*¥GC

B4=1e—-H¥*H

Vi=1e/32

V2=9«/32

AS5=18e %G

B5=18%H

D(1)=V1#A¥B*C
D(2)=V2¥A*B4%B3
D(3)=V2¥AXB4#B2
Da)=V1xA*B1*C
D(SYy=V2#*A4%*A3¥B1
D(e)=V2*A4*A2HXB]
D(7)=VI1#A1%B1¥*C
D(B)Y=Va*A1¥*B4%*B2
D(9)=V2#A1#B4*B3
D(10)Y=V1IXxA1#8%*C
D{11)Y=V2%A4%A2%8
D(12)y=V2%A4#¥A3*B
QU1)Y=VI¥(—B#C+AXBXAS)
Q{2)==V2*B4#*E3
Q(3)==V2#B4%B2
Q(4)=V1%#B1*¥(—~C+A¥AS)
Q(B)=V2HB I # (-2 + X GHAB~3 e ¥A4)
Q(HEY=VRHBI¥ (2 ¥G¥A24+3e%A4)
QU7y=V1I*¥({BI*C+AL1¥B1*A5)
Q(8)=V2¥B34*%B2
Q(9)=V2*B4%B3
Q(10)=V1I*(BX*¥C+A1¥B*A5)
Q(11)=V2ABXK (=2 ¥G*A2+3e%A4)
Q(12)=V2#*BX(—2 . ¥GHA3~-3+%A4)
Pl1y=V1#A¥{(~C+BH*BS3)
P(2)=V2%XAX( =24 ¥HXR3~B4%3 )
P(3)=V2RAR (-2 ¥H¥B2+B4*3 )
Pl4)y=V]I*AX(C+B1%85)
P(5)=V2%¥A4*%A3
P(e)y=Vvaxa4axA2
P(7)=VI*#A1#(C+B1*¥RBS)
PlB)=V2HATH* (—2 ¢ ¥HH*¥B2+3 e ¥B4)



PlO)=V2XA1¥ (=24 *¥H¥B3-B4%3,)
P(10)=V1¥Al1*¥(~C+B¥*B5)

P11 )==~V2#A4%A2
P(12)=—V2#A4%A3

CALL SHAPE

RETURN

END

130



o000

131

SUBROUTINE SHAP17

COMMON/TRANS/D(17)+Q(17) «XMOTIT7YYMI17)eZMOIT7)9T(1I7)VIX(17)
IVIYO37)aVIZO17)eVeXU17ye VY1 7)aV2Z017)3V3XE1T7)4V3Y(17)eV3Z(]17) 0
2TRIN(173:¢3)sP(17)

COMMON/SHP/GIHIAXMsQYMe QZM e PXMIPYMsPZMeQXTBRQYTR«QZTEB«PXTB«RPYTB ¢
1PZTB«DXTBsDYTB«DZTB«DT

SHAPE FUNCTIONS AND THEIR DERIVATIVES FOR A QUARTIC ELEMENT

Al=]e+G

A2=1+~-G

A3=A1%AZ

A4=0+5+G

AS5=0e5-G

Bl=1e+H

B2=1e~-H

B3=B1¢82

B4=0¢5-H

BS5=0 «5+H

Cl=1e/12e

C2=4e/3e

ASE=G¥A3

B6=H*¥B3 ’

A3B=0.5%A3%E3

AlB=34%G¥H

AT7=1e=3%G*G

AB=G¥ (1 e—-H*H)

A9=2e *¥G*G

B7=1e=3e¥HXH

B8=H%(1e=G¥*¥G)

BO=2e¢ ¥H*H
D(1)=Cl1¥A2¥%B2¥% (4% (A5+BSI+AIB)
D(2)=—C2*B6*XB4K¥A2 :
D(3)Y=2+%¥B4*BS*B3*¥A2-A3B
D(4)=C2%¥B6*BS¥A2
D(S)=C1%¥A2¥B1# (4. % (A6—-B6)=A18)
D6y =~C2H*A6FASHB]
D(7)Y=2FA4FAS¥AB¥B1~-A3B
D(8)=C2%A6*A4 381

D(9)=ClI1*¥XA1¥B1¥ (—~4.%¥(A6+B6)Y+A1B)
D(10)=CZ2%xB6¥B5%Al
D(11)=2.%84%BS*B3%A1-A3B
D(12)=—C2%B6%B4%A1
D(13)=Cl1*A1¥B2%(—4.,% (A6~-B6)-A1B)
D(14)=C2%A6XA4%B2
D(15)=2«¥A4XASXAZXB2-A3B
D(16)=—C2*¥A6XAS*B2

D(17)=2+%A3B '
QU1}=C1¥B2%( (-4 4% (AG+BE)—AIB)I+A2X (4 ¥ AT7+3e¥H) )
Q(2)=C2¥B36¥%B34
Q(3)=~2«%¥Bu*BS*B3+A8
Q(4)=—C2¥B6%B5
Q(S)=C1¥Bl1¥( (4 s % (AE—BE)+AIBIFA2E (4 ¥ AT-3e%H))
Q) =—C2%¥B1#¥(A3X¥AS~-AOXAS-A6)
QU7)=2e%¥Bl1H(—2eFA6~—2 ¢ ¥GHA4¥AS5)+A8
Q(B)=C2*BI1* (A3XA4-A9XA4+AL)
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Q(O)=C1¥B1#((—4e* (ABFBO)+AIBI+A LK (—4s ¥AT+3e¥H))
Q(10)=C2%B6%B5

Q(11)=2.%Ba%B5*B3+A8

Q(12)=~C2*B6%B4
Ql13)=C1¥B2%( (—4 X (AG~B6)—AIB)+A1% (=4 e ¥AT—=3e¥H))
Q(14)=Co*B2%(A3%A4—AG¥AL+ABL)

QUIB) =2 %¥B2*# (=24 X A6—2 ¥GHALKAS ) +A8
Q(16)=—~C2%B2% (A3%AS~AQ*AS—AE)

QU17)=—2.%A8

Pl1)=Cl¥A2% ((~4 e % (AB+BE) —AIB)+B2¥ (4o ¥BT+3+%G) )
P(2)=~Co%A2% (B3¥R4~BOXB4~B6)
PU3)=2¢%A2% (—2 ¢ ¥B6—2 o *H¥ B4 *B5 ) +BB

P(4)=C2%A2% (33%B5-BO*RS+B6)

P(B)=C1%A2% ({4 4% (AG—BBI—-ALIBI+B1I¥ (=44 %¥B7=-3%G))
P(6)=—C2¥ABXAS :
P(7)=2e %A4%AS*A3+B8

P(8)=C2%A6%AL

PIO)=CI%AI* (=4 4% (AG+BO) +A1B) +B 1% (~4¢ ¥B7+3e%G) )
P(10)=C2%A1*(B3%B5~BO*B5+B6)
Pl11)=2.%A1%(~2.%B6—2+ ¥H¥B4%BS) +B8
P(12)==C2#A1% (B3%B4—BO*B4—R6) ,
PU13)=CI¥A1X( (4% (AG—-B6)I+AIB)+B2# (4 ¥BT~34%G))
P(14)=—C2%A6¥A4 : '
P(15)=—2.%A4*AS5XA3+B8

P(16)=C2%A6%A5

P(17)=—2.%B8

CALL SHAPE

RETURN

END
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SUBROUTINE SHAPE
COMMON/TRANS/D(17)24Q (1 7)Yy XMU1 7)Y eYMU1T7)Y e ZMU1 7)) T(17)eVIX(17)s
IVIYU17YsVIZO17) eVaX(17)aVRY(17)eVRZ(17)aVIX(17)eVIY(17)sV3Z(1T)
2TRIN(17+3+3)P(17) '
COMMON/SHP/GrH 1 QXM QYMIQZM e PXMePYMPZMsOXTBQY TR QZTRIPXTRIPY TS .
1PZTB+DXTBDYTB+DZTBDT
COMMON/C1/7 NUNKVA sNKNVAsSNOSTR «NCELNO +NCELN1 sNTOTAL sNPRDEF sNT s
INELENM « NFREE sNNELMsNCDTOT s NUNKV 1 ¢ NKNVA 1
FEXHXXE CALCULATION OF AMID AND AGEN FOR THE ELEMENT AT ANY POINT
DT=0.0 :
QX14=0,0
QYi4=040
QZM=0,0
QXTB=0.0
QYTB=0.0
QZTB=0.0
PXM=0,4,0
PYM=040
PZM=0e0
PXTB=0.0
PYTB=0,0
PZTB=0e.0
DXTB=0.0
DYTS8=0.0
DZTB=0.0
DO &4 I=1sNNELM
QAXM=QXM+Q (T )%*XM (1)
QYM=QYM+Q(I)I%YM(])
QZM=QZM+Q (1) ¥ZM( 1)
DT=DT+D(1)%T (1)
PXM=PXM+P (1) %¥XM(1)
PYM=PYM+P (] )¥YM(1)
PZM=PZM+P ([ )¥ZM (1)
OXTS=QAXTB4+Q (1) ¥VIX(I1I%T (1)
QZTB=QZTB+Q(II#VIZ(IY¥T(1)
QYTE=QYTB+Q( 1) ¥VIY(1)¥T(1)
PXTBR=PXTEB+P (1) *VIX(1)%T (1)
PYTS=PYTE+P( 1 I#VI3Y(I1}%T(1)
PZTB=PZTB+P (1 )*V3Z(11%T (1)
DXTE=DXTB+D(1)#V3X(I)¥T(1)
DYTH=DYT34D(1)%VIY(I)#T (1)
DZTB=DZTB+D(1)%V3Z(1)*T(1)
4 CONTINUE
RETURN
END
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SUBROUTINE TRAN :
COMMON/TRANS/D(171sQC17) 9 XMU1 7)o YMO1 7)o ZMU1T7)9TO1T7)9VIX(1T)
1V1Y(17)9V1Z(17)9V2X(17)9V2Y(17)9V22(17)1V3X(17)9V3Y(17)~V32(17)9
PTRIN(1743¢3)YsP (17

DIMENSION JAC(3+3)+s1JAC(34+3)

COMMON/STRS/ V1(17)eV2017)2V3(2)215(445) +NENNSINCMsNEZ
COMMON/C1/ NUNKVA s NKNVAs NOSTRINCELNOsNCELN1sNTOTAL sNPRDEF +NT »
INELEMeNFREE « NNELM«NODTOT s NUNMKV 1 s NKNVA L

COMMON/SHP/GaH * QXM QYM s QZM s PXMsPYMsPZM1QXTR QY TB+QZTB+PXT34PYTB s
1PZTBsDXTBIDYTIDZT3+DT

REAL JACs1JAC

ROUTINE TO CALCULATE THE DISPLACEMENT TRANSFORMATION MATRIX
AT EACH NODE

DO 100 11=1sNNELM

G=V1i(ll)

H=v2(Il1)

IF (NNELM.EQe8) GO TO 1

IF(NNELMsEQs12) GO TO 2

CALL SHAP17

GO 70O 3

CALL SHAPSB

GO 70 3

CALL SHAPI1Z2

CONTINUE

AMID=SQRT (QXMFEQRAMLQYMF¥QYM+QZM* QLM )

BMID=SART (PXM*#PXM4+PYM*¥PYM+PZMAPZM)

COSMID= {OXMEPXM+QYMEPYIM+QZM¥PZM) / (AMID*BMID)
SINMID=SORT (1 «~=COSMID*COSMID)
VIX(11)=QXM/AMID

VIiY(I1)=QYM/AMID

V1Z(11)1=QZM/AMID
V3X(11)=(QYMHPZM—QZM¥PYM )}/ (AMID*BMID*SINMID)
V3Y(11)=(QZM¥PXM-—QXM#PZM)I/ (AMIDXBMID¥*SINMID)
V3Z11)=(QXM*PYM—QYMEPXM)/ (AMID¥BMID¥SINMID)
V2X(I1)=VIY(I1)%VIZ(11)-V3Z(1131#V1IY(I1l)
V2Y(11)=V3Z0T1y#vIXaI1y=Vv3X(11)y»Vv1Z2011)
V22(11)=V3XQ11)*VJY(Il)—VBY(Il)%V1X(11)

L

INVERSE OF THE ABOVE MATRIX

JACU141)=V3X(11)

JAC(1+2)=V2X{11)

JAC(13)=VIX(I1)

JAC(2+1)=V3Y(I1)

JAC(2+231=V2Y(11)

JAC(Z2.3)=V1IY (I D)

JAC(3+131=V3Z(L11)

JAC(3.2)=V2Z2(11)

JAC(3+3)=V1Z(1I1)

VJAC=JAC(1¢ 1) # (JUAC(2+y2)%JAC(3+3)1=JAC(2+3)FJAC(342) )~
TJAC( 14 2)F (JACI2 01 )¥JACIB13)—JAC(2+43)¥JAC(3+ 1)1+
2IACE 193V ¥ (JAC(241 ) HJIAC(342)-JACI2+2)%¥JACI3+1))

JTUAC(1 e 1)=(JAC(2+,2)%JAC(343)1~JACI312)¥JAC(23))/VIAC

IJAC(142)==(JAC(1+2)%#JAC(3+3)1—=JAC(3+2)%JAC(1+3))/VJIAC
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IJAC(143)=(JAC(I142)RJACI2+3)~JACI2+2)%JAC(1+3))/VIAC
IJAC(291)=—(JAC(241)¥JAC{3+3)~JAC(341)¥JAC(2+:3))/VIAC

IJAC(292)=(JUAC{1s 1) #IAC(393)-UAC(3+1)%UAC(1+3))Y/VIAC

IJAC(293)==(JAC(1+1)3%JAC(2+3)~JAC(221)%JAC(143))/VJIAC
IJAC(3v1)=(JAC(24 1) ¥ JAC(392)—JAC(292)%JAC(311))/VIAC

TJAC(342)=—(JAC(191 )% JAC(2+2)~JAC(142)%JAC(3+1))7VIAC
IJAC(393)=(JAC(141)%JAC(292)~JAC(241)%JAC(192))/VIAC

DO 11 1=1+3

DO 11 J=143

TRIN{I1eIsJ)=1JAC(IsJ)

CONT INUE

RETURN

END
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SUBROUTINE INTAL

REAL KNOMATKNORHS

INTEGER AA+A+S

INTEGER ELPOSNJIELNODEsPRENICsUNKNICsELVEC

COMMON/SGE/ ELNODE(110+87) +RHSRED(1:85)

COMMON/S2/ PRENIC(1+80C) sUNKNIC(14181)sKNONIC(2435)1UNRHS(1+35) »
PKNORHS (14181 )+ELVEC(1+85)sELPOSNI2485)+ KNOMAT(14800) 9
BUNKMAT(1+18000) +UNCLE(181+35)

COMMON/C17 NUNKVA s NKNVA® NOSTRsNCELNO + NCELNT sNTOTAL +NPRDEF s NT »
INELEMsNFREE SNNELM«NODTOT s NUNKV I s NIKNV AL

DINMENSION A(S00)+B(500)

COMMON/NO/NRING] s NRING2 + NRING3+ NELEM] + NELEM2 + NELEM3 ¢ NEPRANRING

CALCULATING NUMBER OF KNOWN VARIBLES AND UNKNOWN VARIBLES
APPEARING AT ONE TIME

NFREE=5
NOSTR=1 -
NFREE1=NFREE=-1
NCELNO=NFREE*NNELM+1
CALL NODE
DO 70 1=1.500
A(I)=0

70 B(1)=0
NUNKVA=0
NKNVA=0
DO 80 I=1«NZLEM
DO 200 J=2.NCELNO
AA=TABS(ELNODE(I4+J))

TO CHECK WHETHER NICKNAME IS IN A OR B ALREDY

DO 90 K=1 500
IF(LA(K)«EGeAA)Y GO TO 100
IF(8(K)«EQeAA)Y GO TO 110
90 CONTINUE
GO TO 120
160 A(K)I=ELNODE(I +J)
GO TO 210
110 B(K)=ELNODE(I+J)
GO 70 210

TO CHECK WHETHER NICKNAME IS IN PRENIC IF SO STORE IN B

120 pO 120 K=1+MOSTR
DO 130 L=1.NPRDEF
IF(AAEQ.PRENIC(KsL)Y) GO TO 140
130 CONTINUE
GO 70 170
140 DO 150 M=1.+500
IF(B{M)«EQ.0) GO TO 160
18C CONTINUE
160 BIM)=ELNODE(1s+J)
GO 70 210

IF IT 1S NOT IN A OR B8 OR PRENIC STORE 1T IN A



170

180
190
210
200
220

230
240

250

260
270

280
80

30
20
60
1000

DO 180 N=13500
IF(A(NY«EQeO)Y GO TO 190
CONTINUE '

A(NY=ELNODE(I+J)

IF(JeEQe NCELNO) GO 70O 220
CONTINUE

DO 230 11=1+4500

111=501~11

IF(A(II1)«NELO) GO TO 240
CONTINUE

IFCIT1eGT«NUNKVA) NUNKVA=TT1
DO 250 JJ=1+500
IF(A(JI) o lLTe0) A(JJI=0
CONTINUE

DO 260 KK=1+500

KK1=501~KK

IF(B(KK1)eNEsO) GO TO 270
CONT INUE

IF(KK]L e GTeNKNVA)Y NKNVA=KK]
DO 280 LL=1+500

IF(B(LL) «.Te0O) B(LL)=O
CONTINUE

CONTINUE

WRITE(6+1000) NUNKVAINKNVA
FORMATI(615)

FORMAT (F10.0)

FORMAT(F10,0) .
FORMAT(27H NO OF UNKNOWN AT ONE TIME=IS.
126H NO OF KNOWN AT ONE TIME =15)
RETURN

END

137



o000

30

301

31
302
1001

300

138

SUBROUT INE NODE

INTEGER CsA

INTEGER ELPOSN+ELNODE +PRENICIUNKNIC+ELVEC

REAL KNOMAT + KNORHS

COMMON/STRS/ VI(17)YeV2(17)eV3{2)91S(445) s NEINNSINCMeNER
DIMENSION C(2000)

COMMON/S6/ ELNODE(110¢87) +RHSRED(1485)
COMMON/ZNO/NRING] yNRING2 s NRING3sNELEM] s NELEM2 9y NELEM3sNEPR s NRING
COMMON/S2/ PRENIC(19500) +UNKNIC(1s181) KNONIC(2+35)sUNRHS(1135)
2KNORHS (14181 ) 1ELVEC{1+85) sELPOSN(2+85) s KNOMAT(14£00) »
BUNKMAT{1¢18000) sUNCLE(181+25)

COMMON/C1 7 NUNKVA s NKNVAYNOSTR «NCELNOsNCELN] sNTOTAL sNPRDEF sNT 9
INELEMsNFREE s NNELM«NODTOT s NUNKKV 1 s NKNVA L

ROUTINE FOR AUTOMATIC MESH GENERATION FOR PIPE BEND PROBLEMS

NRING=NRING1+NRING2+NRING3
NELEM=NRING*NEPR
1 J=NELEM¥NNELM
DO 8 I=141J
cC(1)=0
CONTINUE
DO 1 I=1+NNELM
Cily=1
A=NNELM
DO 200 N1=1+NRING
DO 100 N2=1+NEPR
N=MNEPR* (N]-1)+N2
M=NNELM* (N-=1)
LaNNELMX (N=-2)
K=NNzZLM* (N=NEPR-1)
IF(NsEQel) GO TO 100
IFINsEQs ( (N1—1)%#NEPR+1)) GO TO 300
DO 30 1=1+NNS
I1=1S(441)
J1=15(2s1)
C{M+11)=C(L+J1)
IFI{N«GT«NEPR) GO TO 300
IF(NJEQNI*NEPR) GO TO 1001
GO TO 302
ML =NNE LM% (N=-NEPR)
DO 31 I=14sNNS
11=15(2+1)
J1=150441)
C(M+11)=C{ML+J1)
CONT INUE
CONT INUE
DO 3 I=1+NNELM,
IF(CIM+1)eEQeQ)Y GO TO 4
GO TO 3
A=A+ 1
Ci(M+T)Y=A
CONTINUE
IF{NJLE«NEPR)Y GO TO 100
CONTINUE
DO 32 1=1¢NNS
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11=1S(1+1)
J1=1S(3.1)
32 C{M+T1)=CIK+J1)
IF(NeEQ.N1I¥NEPR) GO TO 1002
GO TC 402
401 MLL=NNELMX (N-NEPR)
DO 33 I=1«NNS
11=1S(2+1)
J1=1S(441)
33 C{M+I1)=CIML+UL)
402 CONTINUE
1002 CONTINUE
DO 10 I=1+NNELM
IF(C(M+1)+EQe0) GO TO 11

GO TO 106
11 A=A+1
CiM+11=A

10 CONTINUE
100 CONTINUE
200 CONTINUE
NODTOT=A
700 DO 500 I=141J
N=TJ+1-1
IF(CI(N)«EQsA) GO TO 600
500 CONTINUE
600 A=A-1
C(N)==C(N)}
IF(AEQ.0) GO TO 800
GO 7O 700
800 DO 610 1=1s1J
IF(C(I)eGTL0) GO TO 820

GO TO 830

820 C(1)=100*C(1)+10
GO TO 810

830 C(1)=100%C(11~-10

810 CONTINUE
DO 636 I=1+NELEM
DO 636 J=1+NCELNO
636 ELNODE(1sJ)=0
DO 60 I=1«NZLEM
ELNODE(I41)=1
Ki1=2
DO 60 L=1+NNELM
ELNODE(T+K1)=CINNELM®(I-1)14L)
IF(ELNODE(TI +K1)eGTeC) GO TO 5C4
GO T0O 502
504 DO 501 J=1+4
KZ=K1+J :
501 ELNODE(]+K2)=ELNODE(1+K1)+J%*10
GO TO 60
502 DO 503 J=144
K2=K1+J
503 ELNODE (1 +K2)=ELNODE(1+K1)=J¥*10
60 Kl1=K1+5
DO 310 I=1«+NELEMI
310 ELNODE(1487)=1
NI =NELEM1I+1
NZ=NELEM1I+NELEMZ
N3=N2+1
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311

312
313

35
101

37
105

104

140
DO 311 I=N1+N2
ELNODE(1.87)=2
IF(N3«GT.NELEM) GO TO 313
DO 312 I=N3«NELEM
ELNODE(1+87)=3
CONTINUE

ROUTINE TO GENERATE THE NICK NAMES OF THE NODES WITH PRESCRI
DISPLACEMENTS AND ROTATIONS

NJ={NRING=-1)*NEZPR+1

J=0

NN=NNS-1

DO 101 =1+ NJsNEPR
DO 35 TJ=1+NN

J=J+1

11=1S(441J)

12=5%11-2

13=5%11+1
PRENIC(1¢J)=ELNODE(I 12}
J=J+1
PRENIC(1+J)=ELNODE(I+13)
CONTINUE
CONTINUE
DO 105 1=NEPRJNELEMINEPR
DO 37 1J=1¢+NN

J=J+1 '
I11=1S(2+s1)

I2=5%11-2

I3=5%11+1
PRENIC(14+J)=ELNODE(I+12)
J=Jd+1
PRENIC({1+J)=ELNODE(I+13)
CONTINUE
CONTINUE

JJ=62
DO 104 1=1+¢5

J=d+1
PRENIC(1+J)=ELNODE(NJsJJ)
Jd=JJ+1
CONTINUE

DO 102 I=NJ«NELEM
K=0
DO 36 18=2+NNS

J=J+1

I U=NNS-K

11=1S(3+10)

I12=5%11~-1

I3=5%*]1

la=5%11-2

15=5%11-3

16=5%11+1
PRENIC(1+«J)=ELNODE(I+12)
J=J+1
PRENIC(1+J)=ELNODE(T+13)
J=J+1
PRENIC{1+J)=ELNODE(I]14)
J=J+1
PRENIC(1+J)=ELNODE(I+15)
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J=J+1
PRENIC(1+ )=ELNODE(I+16)
K=K+1
36 CONTINUE -
102 CONTINUE
NPRDEF=J
DO 103 1=1«NPRDEF
103 PRENIC(1+.1)=TABS(PRENIC(1+1))
RETURN
END
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SUBSROUTINE FEMZ2
COMMON/NOZ/NRING]I s NRING2*NRING3+NELEMIT s NELEM2 «NELEM3sNEPRsNRING
COMIMON/STRSY/ V101 7)+V2017)19V3(2)s150495) s NE«NNS«NCMeNE2
COMMON/C1/ NUNKVA s NKNVAYNOSTR s NCELNOSNCELNTIsNTOTAL s NPRDEFSNT »
INELEMsNFREE « NNELMsNODTOT s NUNKV 1 o NKNVA ]
COMMON/FELZ/JAC(343)2 1JAC(343)+DE( 3415312 JDE(39153) «DUD(3+85) »
1DVD(3'85)’DWD(3~85)'L(3'3)vFl(85)9F2(85)'F3(85)v51(85)v52(85)v
253(85)+T1(85):T2(R85)+T3(8BS)sB(S5:185)+D5(5+85)

COMMON/FEZ/ BR(54+85)

COMMONZSEBY” XG4 +CGla)ys XGZ(2)sCGZ(2)Y2DI(5+5)

REAL JACHY IUAC Y UDE+L s LDUDX L DVDX s LDWDX s LDUDY «LDVDY « LDWDY »
1LDUDZsLDVDZLDWDZ s VUAC +MVUAC

COMMON/SHP/GIHIQXMIQYMIQZMIPAMIPY M+ RPZM«AXTB«QYTB1QZTB+PXTB«PYTB
1PZTB«DXTBDYTBDZTBDT
COMMON/TQANS/D(17)OO(17)'XM(17)1YM(17)-ZM(17)vT(l7)'VlX(17)‘
IVIYO17)eVIZU17)aVvaX 1 7Y eVRY (1 7)) VRZE1 7)Y VIXLTIT7)aV3YL17)V3Z(17)
2TRINC(17+3+3)¢P(17)

CONMMON/DM/E « PR« COMM

ROUTINE TO GENERATE THE STRESS MATRIX AT NODAL POINTS ON THE 1
AND OUT SIDE SURFACES

DS1=CcOMM1
.DS2=COMM] %¥PR
DS3=COMMI % (1 e=PR) /2
DS4=CcOMMLI¥* (1] .-—PFQ)/E el

. B0 700 JG=1..NE

G=V1(JG)
H=V2({(JG)
IF(NNELM EQs8)Y GO TO 1
IF{NNELM.EQe12) GO TO 2
CALL SHAP17
GO TO 3
CALL SHAPS
GO TO 3
CALL SHAP1Z2
CONTINUE
DO 700 1G=1.2
F=v3(1G)
CALCULATION OF JACOBIAN MATRIX AND 1TSS INVERSE
DO 9 1=1+3
DO © U=14+3
JAC(14¢J)=0.0
TJAC(1+J)=04L0
JAC( 1+ 1) =QXM+FX0.5%QXTB
JAC(142)=QYM+F*C5¥QYTB
JAC( 143)=QZM+F X0 ,5%¥QZTH
JAC( 241 )=PXN4F %0 ,,5%PXTB
JAC(242)=PYMH+F X0, 5#PYTHB
JAC( 243 )=PZN+F#0,5%PZTR
JAC(341)=0e85%DXTB
JAC(342)=0.5%¥DYTH
JAC(3431=0,5%DZTH
VJUAC 1S5S DETERMINANT OF JUACOBIAN MATRIX
TUAC 1S INVERSE JACOBIAN MATRIX
VUAC=JUAC (1« 1 )% CUAC( 242 ) ¥JAC(3e3)~JACIZ243)HJAC(342))~



) 43
1JAC(142)3{JAC(241)YHIACI393)-JAC(2¢3)Y*JAC(3s1))+ .
2IACI1a3)% (JACI2a1 )R JIAC(342)—JAC(2+2)%¥JAC(391))
IJAC(1+11=(UAC(2+2) ¥ JAC(313)-JACI3s2)%¥JAC(2:3))/VIAC
IJAC(132)=—C(JAC(]1s2)¥JAC(343)~JAC(312)%JAC(1+3))/VIAC
IJAC(13)=(JAC(1+2) ¥ JAC(243)~JACI2+2)%JAC(1+3))/VIAC
IJAC(231)=—(JAC(241)%¥JAC(343)=~JACI3+1)%JAC(2+3))/VIAC
TJAC(232)=(JAC(1+1)%¥JAC(3+23)~JAC(3s 1) ¥JAC(1+3))/VIAC
TJAC(243)==(JAC(1+1)%¥JAC(243)~JAC(2s1 )% JAC(1+3))/VIAC
TUAC(3+1)=(JAC(2+1)¥JAC(342)~JAC(2+2)%JAC(3+1))/VIAC
TJAC(342)==(JAC(1+1 )% JAC(342)~JAC(142)%JAC(321))/VIAC
TUAC(3+3)=(JAC(1+1)#JAC(2+12)—~JACI2+1)%JAC(]1¢2))/VUAC
Cx¥#%%#%% DERIVATIVES OF GLOBAL DISe. WeRsTe LOCAL COORDINATES
DO 10 1=1.+3
DO 10 J=1+NCM
10 DE(I3J)=00
DO 11 I=1sNNELM
11=1+NNELM
[2=1+2%NNELM
I3= 1+3%NNELM
14=14+4%NNELM
[15=1+5%NNELM
16=+6%¥NNELM
[7=1+7%NNELM
18= I +8%NNELM
DET=D(1)%0e5%T (1)
PET=P(1)%F#0e5#T (1)
QFT=Q(1)*F%0e5%T (1)
DE(1+41)=Q(1)
DE(1«11)=QF T¥V1IX(1)
DE(1+412)=GF T*V2X(1)
DE(1+¢13)=Q(1)
DE(1414)=QF T*¥V1Y(I1)
DE(1+415)=QF T¥V2Y(1)
DE(1+16)=Q(1)
DE(1+17)=QF T%¥V1Z(1) )
DE(1418)=QF T¥V2Z(1) :
DE(2+1)=P(1)
DE(2+11)=PFT#VIX(1)
DE(2+12)=PFT#V2X(1)
DE(2+13)=P (1)
DE(24+14)=PFT%V1iY(])
DE(2+15)=PFT*V2Y(1)
DE(2+16)=P(1])
DE(2+17)=PFT*V1Z(1)
12 DE(2418)=PFT*¥V22(1)
DE(3+11)=DFT%#VIX(1)
DE(3412)=DF T#V2X(1)
DE(3+14)=DFT#VIY(1)
DE(3+15)=DF T¥V2Y( 1)
DE(3+17)=DFT#V1Z(1)
13 DE(3+18)=DFT%¥V2Z(1)
11 CONTINUE :
Cx¥%%%%%% DERIVATIVES OF GLOBAL DISe. WeReTe GLOBAL COORDINATES
DO 21 1=1.2
DO 21 J=1.NCM
JDE(14U)=0,0
DO 21 K=143
21 JDE(I+J)=JDE(1sJ)+1JAC (] +K)I¥DE(K s J)
CH*%¥%#%% ARRANGING ASOVE DERIVATIVES IN PROPER ORDER



30

31

32
33

34
35

36

41

42
43

4y
45

46

51

52
53

54
55

DO 30 J=1+3

DO 30 1=1«NCELNI1
DUD(Je1)=0,0
DVD(Js1)=0,0
DWD(J«1)=040

DO 60 Jz=1+3

I=1

I1=1
DUD(JsT1)=UDE(Js1)
I1=11+5

I=1+1

IF(1.EQ«NNELM+1) GO TO 32

GO TO 31

I1=4
DUD(JsT1)1=JDE(Ja1)
I11=11+45

=1+1

IF (1 eEQe 2%¥NNELM+1
GO TO 33

11=5
DUD(Js11)=UDE(Js1
I11=11+45

I=1+1

IF (] eEQe3¥NNELM+1
GO TO 35
CONTINUE

11=2
DVD(JeI1)=JDE(J1)
11=11+45

I=1+1

IF (] eEQe4*NNELMA1
GO TO 41

I11=4
DVD(Jea11)=UDE(Js1
I1=11+5

I=1+1

IF (] EQeS*NNELM+1
GO TO 43

I1=5
DVD(J«s11)=UDE(J ]
I1=11+5

I=1+1 )
IF(IeEQe 6FNNELM+1)
GO TO 45
CONTINUE

11=3
DWD(Je 11 )=JUDE(Ja1
Ii=11+5

I=1+1

IF (] «EQe 7#NNELM+1
GO TO 51

I1=4
DWD(JeI1)=JDE(Js]
I1=11+45

I=1+1

IF (1 eEQeB#FNNELM+1)
GO TO 53

I1=5
DWD(Js11)=UDE(Js1)

-

~

-

~

-

~—

~

~

~

~

GO

GO

GO

GO

GO

GO

GC

TO

TO

T0

TO

TO

TO

TO

34

36

42

44

46

52

54

144



145

I=1+1
I1=1145
IF(] «FEQe O*NNELM+1) GO TO 56
GO TO 55
56 CONTINUE
60 CONTINUE
C STRAIN TRANSFORMATION MATRIX
DO 61 1=14+3
DO &1 J=13
61 L{1+J1=0.0
AGEN=SQRT(JAC{1¢1)¥JACII s 1)+ JACIT142)%JAC(1e2)+JACITI 43I *¥JACITIs3))
BGEN=SQRT(JAC(2+1 1% JAC (29 1)1+ JAC(2421#JACI292)+JAC(293) % JAC(29 32} )
ACOS=(JAC(1+1)%JACI2¢1I+JACI 1 12V JACI232)+JACT193)%JAC(2+3))/
1 (AGEN*BGEN) ‘
ASIN=SCQRT(1.-ACOS*ACOS)
VNI=(JAC(192) % JACI2+3)~JAC{1 ¢ 3)%¥JAC(2¢2) )}/ (AGEN*BGEN*ASIN)
VNJ= (JAC{1+3)#JAC(29 1)1=JAC( 11 1) %JACI2+3) ) /L AGENXBGEN*ASIN)
UNK=({JAC{1s1)¥JAC(242)~=JAC{1+2)%JAC(2+1))/(AGENX*BGEN®ASINI
VETAI= (VNU¥JAC(1+43)=VNKH*JAT(1+2)) /ACEN
VETAJ= { VNKXJAC (141 )=VUNI®JAC(1«3)) /AGEN
VETAK=(VNI*JAC( 1 +2)—VNIFJIAC(1+1))/AGEN
L(1+1)=JAC(1e1)/AGEN
L{24+41)=JAC(1+2)/AGEN
L{3413=JAC(1+3)/AGEN
L{1+2)=VETAI '
L{2+2)=VETAJ
L{3+2)=VETAK
L(1e3)=VNI
L(2+s3)=VNJ
L{3+43)=VNK
CH¥Exx¥x¥%¥ CALCULATION OF LOCAL DERIVATIVES
DO 71 I=1+NCELNI
F1COI)=DUD(1 1) %L (19 1)+DVD{1+1)}*¥L (21 3+DWD(1+II*L{301)
F2{I)=DUD(1+13%L(1s2)+DVD{1+1)%L(2:2)4+DWD{1s1)XL{3+2)
F33(I)=DUD(1« 1) %L{1¢3)+DVDI1s 1%L (2+3)+DWD(1+1)*L(343)
S1(I)=DUD(2s 131%L(191)4+DVD(2+131%L(21)4DYD(2+11%*L(3+1)
S2(1)=DUDI(2s 1 )% (112)4DVDI{ps 1) %L {2s2)+DWD(2s 1) ¥L{342)
SAI)=DUD(2s 1) %L (193)+DVD{ 211 3L (2+33+DWDI2+ 1) %L (3¢3)
TI(1)=DUD(2 1%L {131 )4DVDI(R4 1) ¥L (24 1)+DWD(Za 1%L (301
T201)=DUD(3+ 1) ¥L{( 1+2)1+DVD(3+ 1)L 2+2)+DWD (39 1) ¥L(342)
T3(1)=DUD(3s 1 )%¥L(1¢314+DVD(3+ 1 1%L (24 3)4DWD(3+1)%L13+3)
71 CONTINUE :
CHEXREXXE B MATRIX
DO 80 1=1sNCELNI .
B(1el) =F10I0XL(1s1)4SII)*L (2«1 )+T1(IIXLI201)
B(2¢I) =F2(11¥L(1+2)4S2011*L(242)+T2(1)1%L(32)
B(3+v1) =F1(I1#L{1s2)+S 11 y#L(2+:2)+T1CIIXL(322)

bt ped bt g

1 +F20I %L (1 1)+S2( 1%L (21)4+T2012%L (341
Bl(4a+1) =F2{1 1%L 193)14+S2{1 1%L (243)4+T72(1)%L{(3+3)
1 FF3(IIHL (1 e2)4SBU1)*L(2+42)4T3(1I)XL{392)
B{(Ss1) SF330II%L (1911 +S3UI)¥L (241 )4+T3(1)*L (31
1 +FICII XL (1 3))+S 11X {2+2)+T1 (1) %L (3:3)

80 CONTINUE -
Cr¥xx¥%%% 3 MATRIX MODIFIED TO BR MATRIX SO THAT THE NODAL DISPLACENE
Cx%%%¥%% ARE IN THE CHOSEN LOCAL DIRECTIONS :

DO 89 1=14+5
DO 89 J=1+NCELNI
BR(1+J)=040

89 CONTINUE



92

93
91

DO 91 I=1+5

N1 =0

J=0

J=J+1

N1=N1+1

IFIN1eEQ«eNNELM+1Y GO TO 93
Ji=J+1

Je=J+2

J3=J+3

Jad=J+4

BRII+JI=B1sJI¥VIXINII+B(T19J1I*VIYINII+B(I+J2)%¥V3ZIND)
BRITAJII=BIT s JIXVEXINLII+B (T J13%VRYINLY+B(TsJ2)#V2ZIN1)
BRII1J2)=8{1 1) ¥VIXI{NI)I+B (1 eJ113VIYINII+B(T+J2) %V IZINI)

BR(I+U3)=B(1+J3)
BR(II+J4)Y=B(1+J4)
J=J4

GO TO 92
CONTINUE
CONTINUE

CHAXARXHRX CALCULLATION OF STRESS MATRIX

101

700
900

DO 101 1=1.+5

DO 101 J=1.NCELN]1

DB(1+J)=0.0

DO 110 J=1+NCELN]
DB(1+J)=BR{1+J)%DS14BRI2+J)*¥DS2
DB(2+J)=BR{1+J)*¥DS2+BR(2+J)*DST
DB(3+J)=BR(3+J)¥D5S3
DB(4eJ)=BR{4+J)%DS4
DB(S+J)=BR(S5+J)*DS4

CONT INUE .
WRITE(Z2) ((DB(JeJ)slI=1+5)e0=1+NCELNL)
CONT INUE

RETURN

END

146
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SUBROUTINE STRESS

INTEGER U1

INTEGER ELPOSNELNODE s PRENIC s UNKNICsELVEC

REAL KNOMAT + KNORHS

DIMENSION EQO(S00)+EQI (500)

COMMON/S6/ ELNODE(110+87) +sRHSRED(1185)

COMMON/MOM/ SEO(32+15)+SE1(32:5)

COMMON/STRS/ V101732V (17)Y+sV2{21215{(4+5) yNEsNNSNCMeNED2

C OMMON/NO/NRING1 s NRING2 s NRING3 s NELEM] t NELEM2 s NELEM3 s NEPR +NRING
COMMON/SS/ U1 (5000)+U2(5000) .

COMMON/C1/ NUNKVA s NKNVA s NOSTR s NCELNC s NCELN1 sNTOTAL « NPRDEF sNT »
INELEM s NFREE s NNELM « NODTOT s NUNKV 1 « NKNVA 1
COMMON/FE1/JAC(3413)+ 1 JAC(333)1DE(3+1153)+JUDE(3+153)DUD{(3485) s
10VD{3+85)+DWD{3185) 21 {393)1sF 1 (851 F2(8511F3(B51:1351(85)+52(85)
253(851+T1(85)1T2(85)+T3(85)+1B(5+185)+DB(5+85)

COMMON/NSTR/ NODSTR+ IGAUST

DIMENSION C(85)+STRL{511)1S0(5)1S1(5)¢STSLI32¢5)4STSS(110432+5)
COMMON/S2/ PREMIC(1¢500) sUNKNIC(14181) sKNONIC(2335) +UNRHS(1935)
2KNORHS (14181 )1ELVEC(1185) +ELPOSN(2:85) s KNOMAT(1+800) s
SUNKMAT (14 18000) +UNCLE (181 9235}

EQUIVALENCE (STSS(121+1) tUNKMAT(1s1))

REAL L '

ROUTINE TO CALCULATE THE AVERAGE NODAL STRESS

e e NS

REWIND 2

REWIND 3

REWIND 4

DO 1000 K=1+NEPR

DO 1000 M=1.NE2

READ(2)

1 ((DB(1sJ)s1=1¢5)+J=1+NCELNI)

WRITE(3)

1 ((DB(IsJ)sI=1435)+J=1aNCELNL)
1000 CONTINUE

IF (ELNODE(NELEMs87)EQel) GO TO 1002

DO 1001 K=1s4NEPR

DO 1001 M=1.NE2

READ(2)

1 ((DB(IsJ)el=1e5)4J=14NCELNT)

WRITE (4)

1 ((DB(IsJ)elI=1e3)+J=1+NCELNL}
*1001 CONTINUE
1002 CONTINUE

REWIND 3

REWIND 4

DO 21 I=1NELEM

DO 21 J=1«NE2

DO 21 K=115

21 STSS(1+J2K)=0.0

DO 70 1=1+NELEM

DO 70 J=2+NCELNO

ELNODE(I + ) =TABSIELNODE(I+J))

70 CONTINUE

C ROUTINE TO CALCULLATE STRESSES AT THE NODAL POINTS—~ ELEMENT



an

eNe NS

40
50

30

851

852

853

830
832
850

854

855

20

81

42

32

33

34

BY ELEMENT

DO 20 LiL=1+NELEM

DO 30 K=2sNCELNO

DO 40 M=1«NT )

IF(ELNODE(LL+K ) +EQsU1(M)Y) GO TO 50°

CONT INUE

KM =K=-1

CIKM1)Y=U2(M)

CONTINUE

NAME=CLNODE (LL +87)

DO 850 MS=1+NE2

GO TO (851+4852:851) NAME

READ(3)
((DB(TeJ)s1=1e5)eJ=]1+NCELNI1)

GO TO 853

READ(4)
((DB(ll1sJ)sl=145)4J=1+NCELN1)

CONT I NUE

DO 830 I=1.+5

STRL{I1+1)=040

DO 830 K=1«NCELN1

STRL(I+1)=STRL{141)4DB(1+K)*C(K)

DO 832 1=1+5

STSS(LLsMS+1)=STRL(I+1)

CONTINUE

DO 854 1=1+NRING

IF(LL<EQ. I#*NEPR) GO TO 855

CONTINUE

GO TO 20

REWIND 3

REWIND 4

CONTINUE

NODAL STRESSES ARE AVERAGED OUT AND PRINTED

MPRINT=0

DO 41 NODE=1+NODTOT

DO 81 I=1e«NELEM
IF((ELNODE(1482)-10)+EQsNODE*100) GO TO 41 -
CONTINUE

DO 42 1=1+5

50(11=0.0

SI{1)=040

CONT INUE

NJ=0

DO 31 NEL=1NELEM

N=0O

DO 32 1=2+«NCELNO+S

N=N+1

IF((ELNODE(NEL +1}Y-10)+EQ«NODE*100) GO TO 33
CONTINUE

GO TO 31

NJ=NJ+1

N1=2%¥N-1

N2=2%N

DO 34 1=145
SO(1)y=S0(]1+4STSS(NEFL«N1s1
SI(II=S1(])+5TSSINEL «N2+1)

148



31

35

62
63
64

61

60

400
36

37

41

303
302

304
301

149

CONTINUE

DO 35 1=1+5

SO(1)=S0(1)/FLOAT(NJ)

SI(I)Y=ST(1)Y/FLOAT (NJ)

MN1=NNS¥*5

DO 61 NEL=1+NEPR

11=0

DO 62 I=2+NN1s5

11=11+1

IF((ELNODE(NEL 113)~10)EQ«NODE¥*100) GO TO 63

CONT INUE

GO TO 64

SEO(NEL«11)=580(1)

SEI(NELsI11)Y=S1(1)

CONTINUE

CONT INUE

IF(MPRINTGT«0) GO TO 400

WRITE(6+60)

FORMAT(1H1 ¢ 1 Xe *NODE# ¢+ 3%+ *SURFACE* 14X+ *DIRECT STRS ERS]I %
14X +#DIRECT STRS ETA #+¢4X1#SHEAR STS EPS1! ETA¥«2Xs ¥SHEAR STS ETA
2TA%¥+2X s X¥SHEAR STS EPSI ZETA¥*)

MPRINT=25

MPRINT=MPRINT=-1

WRITE(H6+36) NODEL(SO(I)si=1e5)

FORMAT(IS5+3X s %OUTSIDE# 1S {4XsE1648))

WRITE(6437) (SI{(1)sl=145)

FORMATI{OX s INSIDE*15(4XsE1648))

FQOINODE)=SQRT(0,5% ((SO(1)=-50(2)1)##2+(S0(2))%#2+(S0(1) ) #%2)+
136 %(50(3)1%50(3)+50(4)1%50(4)+50(5)%50(5)))

FQI{NCDE)=SORT(O 5% ((S1(11=SI(2)12#24+(S1(2))#¥2+(ST{1))yx¥2)+
13a%(SI(3IHSTI3)+ST(4I%ST(414+S1(5)%S1(5)))

CONT INUE
MRPT=0

DO 3C1 MP=1.NODTOT

IF(MPT«GT«0) GC TO 302

WRITE(64303)

FORMAT(1H1 1 X« %#NODE#+ 10X EQU STS OUT SIDE®*+10Xs¥EQU STS INSIDE-
MPT=50
MPT=MPT~1

WRITE(6+304) MPWEQO(MP)«EQI (MP)
FORMAT(IS+10XeE1648910X4E1648)
CONT INUE

CALL MOMENT

RETURN

END



aoco

104

105

106

107

108

150

SUBROUT INE COBEND

COMMON/D1/ X(17) )

COMMON/STRS/ Vi(17)eVv2(17)eV3(2)e1S(4¢5) s NEINNSNCMINE2
COMMONZCOD/ COC17)YsCD{17)2STE(17)sCTE(17) +PHIE) sPHN(17)
COMMON/TRANS/ZD (1 7)ysQC1 7)Y s XMO1 7Y e YMO1I 7Y ZMUIT7)eTIIT7YeVIXI17)0
IVIYU17)eVIZO1 7)o VRX U1 7)) VRY (1 7)sVRZ(17)VIXO17)VIY(17)9V3Z(017) 0
2TRIN(17+3¢3)eP (17
COMMON/NO/NRING! s NRING2 s NRING3sNELEM] s NELEM2 +NELEM3 s NEPR «NRING
COMMON/C1 /7 NUNKVAINKNVAINOSTR + NCELNO«NCELN] sNTOTAL s NPRDEF «NT o
INELEM« NFREE « NNELM s NODTOT « NUNIKV 1 o NKNVA L

COMMON/C2/ N+ IELsNLG«NRECWNTREC

COMMON/GV/ RMisGRsPI

COMMON/COM/ ANGLE«THIK

ROUTINE TO CALCULATE COORDINATES OF AN ELEMENT LYING IN
THE BEND

NB=N-~NELEM1

DO 2 1=1+NRING2
IF(NBeLE 4 (I%¥NEPRY) GO TO 3

GC TO 2

NI=(1+~1)3%#NEPR

NR=1

GO TO 4

CONT INUE

CONTINUE

DO 1 1=1eNE
CO(I)Y=X(I)+FLOAT(NB-NI~1)%X(NNS)
CO(17)=X(17)+FLOATINB-NI~1)*X(NNS)
DO 651 I=1«NNELM
STE(I)=SIN{(CO(])Y¥pPI/180.,0)

CTE(1)=COS(CO(I1)%¥PI-/180.0)
ZMITY=RMXSTE(]D)
CD(I)Y=RM*CTE(I)

CONTINUE

DO 654 I=1+NNELM
CD(I)=GR-CD(I)

PINC=ANGLE/FLOAT (NRINGZ#* (NNS-1))

DO 104 1I=1.NNS

PH(I)=FLOAT(I-1)*PINC

PH(6)=PH(3)

DO 105 I=1.NNS

11=15(44+1)
PHN{I1)=(PH(I)+{(NR~1)%¥PH(NNS) ) *¥P1/180.0
PHN(17)=(PHI6)Y+(NR-1)*PH(NNS) ) *P1/180.0
DO 106 1I=1+NNS

11=1501+1)

PHNUT1)Y=PHN(1)
DO 107 I=2+NNS
I1=15(2+1)
12=1504+1)

PHN(I1)=PHN(IZ)
12=15(44+NNS)

DO 1C8 I=14NNS
I11=1S(3.1)
PHN(I1)=PHN(I2)



151
DO 120 I=1+NNELM
SPH=SIN(PHN{I))
CPH=COS(PHN{ 1)}
KM(I1)=CD(1)%*SPH
YM{I)=CD(1)%CPH
120 CONTINUE
RETURN
END
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SUBROUTINE COCYL1

COMMON/GV/ RMsGR,PI

COMMON/C2/7 Ne IEL+NLG«NREC +NTREC

COMMON/C1/ NUNKVAsNKNVAINOSTR +NCELMNOYNCELN] «NTOTAL +NPRDEF ¢NT »
INELEM+NFREE 'NNELM e NODTOT + NUNKV 1 « NKNVA 1
COMMON/NO/NRING] + NRING2« NRING3«NELEM] « NELEM2 s NELEM3 « NEPR ¢« NRING
COMMON/COD/ CO{17)sCD(17)¢STEC1T7)sCTEL17) 1PHIB) sPHNI1T)
COMMON/STRS/ V1i(1711V2(17312V3(2)¢1S{4¢5) s NEINNSsNCMINE2
COMMON/D1/ X{(17)
COMMON/TRANS/D(17)sQC1 7)Y s XMO17roYM{1T7)eZMULT7)eTOLT7)sVIXI17)
IVIVI17)sVIZ017) s VXU 37y e VY1 7)o V2ZU1 7)o VIXT17)VEY(17)0V3Z(17) 0
2TRINC(17:3¢3)4P(17)

COMMON/COC/ CLEN

ROUTINE TO CALCULATE COORDINATES OF AN ELEMENT LYING IN
THE TANGENT RIPE

DO 2 =1+ NRING1
IF(N,LE. I*¥NEPR)Y GO TO 3
GO TO 2
3 NI=(1-1)*%NEPR
NR=1
GO TO 4
2 CONTINUE
4 CONTINUE
DO 1 I=1+NE
1 COUII=X{I)Y4+FLOAT(N-NI—1)%#X{NNS)
CO(17)=X{17)+FLOATI{N=NI—-1)3#X{NNS)
DO 21 I=1+NNELM :
ZMUT)Y=RM*¥SIN(CO(13%P1/180,0)
YMOTI)=(—-RM)IXCOS(CO(I)#P1/180.0)+GR
21 CONTINUE
PINC=CLEN/FLOATINRINGI®*(NNS—-1))
DO 104 1=14NNS
104 PH(I)=FLOAT(I-1)*PINC
PH{6))=PH(3)
DO 105 1=14NNS
11=150441)
105 XM{U11)=PHI )+ (NR~-1)*PHINNS)
XM(17y=PHI6)+ (NR=1)¥PHINNS)
DO 1G6 1=14NNS o
I1=18S(1+1) '
106 XMEI1)y=XM(1)
DO 107 1=2+NNS
I11=1S(2.1)
I2=15(441)
107 XM(11)y=XM(12)
12=15(4 +NNS)
DO 108 1=1+NNS
I1=1S(3+1)
108 XM(T1)y=XM(I2)
DO 101 I=1«NNELM
101 XM(OI)y=~CLEN+XM( )
RETURN
END
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SUBROUT INE PRDF -
COMMON/TRANS/D(17)+Q017) ¢ XMET17)aYMOL1T7YaZMOIT7)oTO1I7)aVIX{1T7)
IVIYO17)eVIZU1T7)yeVaX U1 7yeV2Y (1 7)eVRZU1 7y eV3XI17) VY (17)eVRZU17)
2TRIN(1743:3)P(17)
COMMON/D1/ X(17)
COMMON/S1/ PREDEF(19+500)
COMMON/COD/ CO(17)sCD17)+sSTECI7IZCTEC(17)sPHI{E) +PHN({17)
COMMON/STRS/ Vi(17)sV2(17)2V3(23+41S(415) +NEINNS«NCMINER
COMMON/C1 7 NUNKVAINKNVAINOSTR « NCELNOsNCELNT sNTOTAL +NPRCEFsNT
INELEMIsNFREE «NNELM«NODTOT s NUNKV 1 s NKKNVAL
COMMON/NO/NRING] « NRING2 s NRING3+NELEM] « NELEM2sNELEM3 + NEPR «NRING
COMMON/GV/ RMsGR.P]
COMMON/COM/ ANGLE«THIK
NEPRPR=2*NEPR
PI=314159
DO 401 I=14+NNELM
TCI)=THIK
401 CONTINUE
AINC=36040/FLOAT (NEPR* (NNS=1)) .
DO 100 1=1sNNS
100 X(I1)=FLOAT(I~-1)1%AINC
I12=15(1+NNS)
DO 101 1=24+NNS
I1=1S(2+1)
101 X(11)y=X(I2)
DO 102 1=14+NNS
I11=1S(3:1)
12=1S(1+1)
102 X({11)y=X(12)
12=15(1+1)
DO 103 1=14+NNS
11=1S(441)
103 X(I11)=X(1I2)
X{17)=X(3)
NEPR=NEPR/2
RETURN
END
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SUBROUT INE MOMENT

COMMON/STRS/ VI(17)1V2(17)sV3(21415(4¢5) s NEsNNSINCMINEZ
COMMON/DY/ X(17)

DIMENSICN CO(S5)«AM(36)1A(5)sB(5)sF(5)+AN(4)
COMMON/NO/NRING] ¢ NRING2 + NRING3 s NELEMI s NELEM2 +NELEMB+NEPR « NRING
COMMON/GV/ RM:GR.P]1

COMMON/MOMNM/ SEO(32:5)+SEI(3245) .
COMMON/TRANS/ZD(173¢QC17) «XMO17)eYMITIT7)eZMUITYIT(1I7)sVIX (170
IVIYO 7Y e VIZO1 7Y VeX 1 7)Y e VRY (1 7)sVRZU17)ysVIX(17)19VY(17) VL0170
2TRIN(174343)sP(17)

ROUTINE TO CALCULATE BACK THE APPLIED MOMENT FROM THE COMPUTELD
STRESS DISTRIBUTIONS :

H=T(1)
DO 100 N=1NEPR
DO 1 I=1«NNS
1 CO{II1=COSII(X(II+FLOATIN=-1)%*X(NNSYI#(P1/180.0))
DO 3 I=1.NN3
A(1)120.5% (SEOIN«I)+SET (NI
B{I)=(SEO(N+I)=~SEI(Ns1))/H
3 CONTINUE
DO 4 1=14 +NNS
FlI)=(lAlT)1+(2e#¥B (1) ¥RM) J X (HEH¥H/ 12 ) +A{ 1 ) ¥RMEIRM¥*H)IXCO( 1)
4 CONTINUE '
VAL=(X(2)/2.)#(P1/18040)
NNS1=NMNS-—-1
DO 10 I=1+NNSI
10 ANCI)=(F(I)+F(I1+1))%VvAL
AM(N)=0,4,0
DO 11 I=1sNN3)
11 AM(N)I=AMIN)+AN(T)
100 CONTINUE
TOT=Ge0
DO 101 I=1+NEPR
101 TOT=TOT+AM(I)
WRITE(6+102)
102 FORMAT(E6X1#APPLIER MOMENT*)
WRITE(6+110) (AMIN) 1N=19+NEPR)
110 FORMAT(S8E16+.8)
WRITE(6s111) TOT
111 FORMAT(6Xs% TOTAL MOMENT IS *E16.8)
RETURN
END
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SUBROUT INE VALUE

-COMMON/C1/ NUNKVAoNKNVAoNOSTQ;NCELNO*NCELNI~NTOTAL~NPQDEF0NTc
INELEM+ NFREE «NNELMs NODTOT s NUNKV 1 1 NKKNVA 1

COMMON/STRS/ V1(17)0V2(17)~V3(2)~15(4-5)9NE'NN89NCM9NEE
v3(1)=10

Vv3(2)==140

IF (NNELM«EQe8) GO TO 1

IF(NNELM,EQ+12) GO TO 2

GO TO 3
V1(1)=V1(2)=V1(3)=V2(1)=V2(8)=V2(7)=V3(2)=-1.0
V1(5)=V1(6)=V1(7)=V2(3)=V2(4)=V2(5)=V3(1)=1.0
V1(a)=v1(8)=v2(2)=v2({6)=0.0

IS(1s1)=1

IS(1+2)=2

1IS(1+43)=3

1S(2+1)=3

IS(2.2)=4

1St(2+3)=5

1S(341)=7

1S(3+2)=6

1S(3+3)=5

IS(4e1)=1

IS(442)=8

15(4+43)=7

GO TO 4

CONT INUE
V1(1>=V1(2)=V1(3)=V1(4>:V2(1>:V2(1a>=V2(11)=V2<10)=—1.o
V1(51=V1(12)=V2(2)=V2(9)=~1e/30
VI(6)=V1(11)=V2(3)=V2(8)=1e/3e
VI(7)=V1(8)=V1(9)=V1(10)=V2(4)=V2(5)=V2(6)=V2(7)=1.0
IS(1s1)=1

I1S(1+2)=2

1S(1+43)=3

IS(1e4)=4

ISt2+1)=4

IS(2+s2)1=25

ISt2+3)=6

IS(2.4)=7

1S(3+1)=10

1S(3+2)=9

[S(3:¢3)=8 ..
I1S(3+4)=7 :

18S(441)=1

IS(4+2)=12

IS(443)=11

18S(444)=10

GO TO 4

CONTINUE
V1(1>=V1(2>=V1(3>=V1(4>:V1(5>=V2(1)=Va(16):V2(15)=Va(14)=V2(13>=—1
10
V1(9)=V1(10)=V1(11)=V1(12)=Vl(13)=V2(5)=V2(6)=V2(7)=V2(8)=V2C9)=1
1.0

V1(6)=V1(16)Y=V2(2)=Vp(12)1==0.5
VI(8)=V1014)=V2{4)=v2010)=0.5
VI(73=V1(15)=Va(3)=V2(11)=v1(17)=V2(17)=0.0
IS(ia1)=1
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21
22

I1S5(142)=2
I1S(1+3)=3

IS(1e4)=4
1S(1+45)=5
IS(2+1)=5
I1S(2+42)=6
I1S(2+43)=7
15(2+4)=8
1S(2+5)=9
IS(3+1)=13
I1S(3:«2)=12
IS(3+3)=11
IS(3+4)=10
I1S(3+5)=9
I1S(4+1)=1
1S(442)=16
15(4+43)=15
ISt444)=14
1S(445)=13
CONT INUE
IF(NNELM+EQel17) GO TO 20
GO TO 21

NE =NNELM-~1
GO TO 22
NE=NNELM
NNS= (NE/4)+1
NCM=9*NNEL.M
NE2=2%NE
RETURN

END
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SUBROUTINE BUFFER

COMMON/BR/” BUF (1C«271)+IBUF (1044}

COMMON/BUFR/ RHSWNICLP1 P2« NPOSN

CCOMMONZC1 7 NUNKVACNKNVA«NOSTReNCELNOINCELNT +NTOTAL «NPRDEF «NT »
INZLEM s NFRES +NNELMaNODTOT s NUNKV 1 o NKNVATL

COMMON/S3/ COMP (305) )

COMMON/C27 NeIEL+NLGNRECNTREC

ROUTINE IN WHICH THE ROYW CORROSPONDING TO THE COMPLETED
VARIABLE IS S5TORED IN A BUFFER AREA

NLG=NLG+1
DO 1 I=1+NTOTAL
1 BUF(NLGs1)=COMP (1)
1=NTOTAL+1
BUF (NLG+ 1) =RHS
IBUF(NLGs1)=LP1
IBUF(NLGs2) =LP2
IBUF (NLG+33=NIC
I1BUF (NLG»4) =NPOSN
IFI(NLGeEQ.10) GO TO 10
GO TO 20
10 WRITE (1)
INLG« ((BUF (T e U)el=1sNLGI I J=1NTREC)H s ((IBUF (T2 J)eI=1eNLG)sJI=194)
NREC=NREC+1
NL.G=0
20 CONTINUE
RETURN
END
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SUBROUTINE LOAD

COMMON/RAD2/ CRHS(1185)

COMMON/LOD/EX(17) «EY(17)+sFZ(17) s ALMOM(17) s BEMOM(17)
COMMON/SHP/GeH s QXiMs QY M+ QZM I PXMy PYM s PZM OXTBQYTB s QZTByPXTBPYTH
1PZTB+DXTBDYTB«DZTB DT

COMMON/GV/ RMe«GRP1

COMMON/S8/ XGl4)CGlg) s XGZ(2)CCZ(2)1DI(545)

COMMON/C1/ NUNKVA s NKNVAsNOSTR s NCELNOINCELN] +NTOTAL yNPRDEF «NT 9
INELEMs NFREE + NNELM s NODTOT s NUNKV 1 s NKNVA 1

COMMON/S6/ ELNODE(110+87) +RHSRED(1485)
COMMON/TRANS/D(173eQ(17) s XMC1T7) s YMU17)4ZMI1T7) e TE17)sVIX (1700
IVIYO17) s VIZO1 73 VX 17y VAY 1 T7)eVRZ U1 7)) VIXE17) VY (17)sV3Z017) s
2TRIN(174393)4P(17)

DIMENSION AREA(6) +DAREA{3+1)1SHAP(3485)sF0(85)

ROUTINE TO GENERATE CONSISTENT NODAL LOADS CORROSPONDING TO
AN IN-—PLANE MOMENT ’

AM=0+003430866%#2,
ST=T(])*P I (RM*%3)

DO 3 1=1+17

FX(1)=040

FY(1)=0.0

FZ(1)=0.0

ALLMOM{13)=0,0

BEMOM(I1) =040

CONTINUE

DO 30 =14+85

FO(I1)=0.0

Gz=~]e0

DO 500 1G=14+4

DO 500 KG=14+2

H==XG{1G)

F=XGZ(KG)

CALL SHAP17

AREA (1) =2PXM+F %0 454PXTB
AREA(2)1=PYM+F*0.5%¥PYT8

AREA(3) =PZM+F#0,,5%PZTR
AREA(4)=0.5%DXTB
AREA(3)=0.5%DYTB
AREA(6)=0.5%DZTB
DAREA(1+1)=AREA(2)¥AREA(S6)-AREA(3) ¥AREA (5)
DAREA(23 1 )=AREA(3)¥AREA( 4)-AREA{ 1) *AREA(6)
DAREA{341)=AREA( ] )*AREA(S)~AREA(2) ¥*AREA(4)
DO 10 I=1417

J=sx(I—-1)+1

J1=J+1

J2=J+2

J3=J+3

Ja=J+4

SHARP(1+JY=D(1])

SHAP({1+4J1)=0.0

SHAP(14J23=0.0
SHAR(14J3)=D(I1)#F#0.8%T(11%V1X(1)
SHAP( 1+ J4)y=D{ 11 #F#0«5%T(1)y*Va2X(1)}
DO 11 I=1417
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J=5x(1—-1)+2
Ji=J~1
J2=J+1
J3=J42
Ja=J+3
SHAP(2+4J1)=Cs0
SHAP(Z2+U)=DC(I)
SHARP(24J2)=040
SHAP(24J3)1=D( 1) *F%#05¥T(I)#V1IY{(1)
11 SHAP(2¢J4)=D( 1) #F*x0«5%#T (1) ¥V2Y (1)
DO 12 I=1+17
J=5%(I-1)+43
Jl=J-2
J2=J—-1
J3=J+1
Ja=J+2
SHAP(3+J1)=0,0
CSHAP(34J2)=0,0
SHARP (3¢ J)=D(1)
SHAP(31J3)=D( 1)1 #F %0 «5%T(1)%V1Z(1)
12 SHAR(3:¢J4)=D( 1) #F3#0.3%#T(1)Y¥V2Z(1)
DYM=0,4,0
DO 100 [=1417 .
100 DYM=DYM4D(1)3¥YM(])
SIGM=(AM/STI)* (GR=DYM—-0+S*¥F*DYTB)
DO 15 1=1485
DO 15 K=143
15 FOU1)=FO(1)+SHAP(K [)*¥DAREA (K1) ¥CCGIIG)Y*CGZIKGI®SIGM
500 CONTINUE
DO 16 1=1+854+5
J=((1-1)/5)+1
16 FX(J)Y=FO(1)
DO 17 1=2+85+5
J=((I-2)/5)+1
17 FY(J)=FO(1)
DO 18 I1=3:485+5
J=((I-3)/5)+1
18 FZ(J)Yy=FO(])
DO 19 [=4+85+5
J=((1-4)y/5)+1
A9 ALMOM(J)Y=FO(1)
DO 20 1=5485¢5
J=((I-5)/5)+1
20 BEMOM(J)=FO(1)

GLOBAL COMPONENTS OF THE CALCULATED LOADS ARE TRANSFORMED INTG
LOCAL DIRECTIONS
1=0
Ni=z1
491 =141
CRHS(1s1)=FX(N1)
I=1+1

CRHS (11 )=FY(N1)
I=1+1
CRHS(141)=FZ{(N1)
I=1+1
CRHS(1+1)=ALMOM(N1)
I=1+41
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CRHS(1»1)1=BEMOM(N1)

NI=N1+1

IF(Nl«EQe18) GO TO 492

GO TO 491

492 CONTINUE

DO 496 1=1417

11=5%1-4

12=5%1~3

I13=5%#1~2

la=5¥%1-1

15=5%1
RHSRED(1¢11)=TRIN(I*1s1)XCRHS{1 s [13+TRIN(Is112)#CRHS(TIs12)+
1TRIN(I«143)%#CRHS(1+13)
RHSRED(1+12)=TRIN(Is2+1)#CRHS (1 s I1)+TRIN(I+s2+2)%CRHS(1912)+
ITRIN(I «243)#CRHS (1 13)

RHSRED (14 I3)=TRIN(I 1331 )¥CRHS(1+ 11 )4+TRIN(T+3¢2)3#CRHS(1+12)+
ITRIN(I a3«¢2)#CRHS(1+13)

RHSRED(1 ¢ 14)=CRHS(1114)

RHSRED( 14 I5)=CRHS(1+15)

496 CONTINUE
RETURN
END
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CHH 3% 353030 330 30 30 30 20 30 3035 3030 30 30 3690 330 03030 3030 S B AR W
c SPECIMEN DATA F
C TANGENTS
CAe 3K 36 30330 % 36 % 36 3303036 3030 34 36 3 3 0 B S F N I I A BN S H N SN E N T R FE S
1 48
« 8611363 3478549
« 3399810 +6521452
~¢3399810 6521452
" ~e8611363 3478549
«5773503 1.0
—e 5773503 1.0
50 DEG BEND WITH ENDS TERMINATED BY TANGENTS
17 4 4 4 4
9040 445 14745 0.125 12.0

AW R R R R TN RN

BEND WITH ENDS TERMINATED BY

>

@]
by
p]
O %
@]
o
2
o
i
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APPENDIX E

Shape Functions For A Ring Element

Referring to Figure 4.16, the element has 1O nodes. The shape

functions are given as

1-¢
N, .. = NS. .. =
i (i=1,5) 5 G=15
(E.1)
- 1+E
N, (i = 6,10) B st (3 = 1,6) =z
where
NS = (c 2T c ) (co s cos 1n) / (cos 2n _ 1) (c T4 1)
1 = os 5 0S T s g n 3 os ¢
NS = {(l-cos mn) (cos E-+ cos wn) / 2(1l-cos gﬂd(cos A cos Zﬂé}
2 5 5 5 5
’ . ﬂ .27 L 2w
{sin ™(cos — + cos ) / 2sin = (cos — + cos = )}
5 5 5 5
27 T 27 T
NS = {(l-cos mn) (cos = -cos mn) / 2(1+cos =) (cos =— + cos )}
3 5 5 5 5
. 2n .. 2m |
{sinnn(cos =— -cos wn) / 2 sin — (cos —— +cos )}
5 5 5 5
(E.2)
Ns, = {(l-cosmn) (cos EE-—cos ) / 2(i+cos Ty (cos LN cos 5}
4 : 5 5 5 5
" {sinmn (cos EE-—cos‘nn) / 2sin T (cos 2, cos 5y}
“°% 5 5 5 5
NS5 = {(l-cosmn) (cos %—+cosnn) / 2(l-cos %ﬂd(cos %—+ cos %EJ}

{sinmn(cos %—+ coswn) / 2sin Eﬂ-(cos %—+ cos Eﬂq }

+
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Shape Functions For Half Ring Element

Referring to Figure 4.17

- 1 2
Mioge1,s) T /10 WERYOERL NS ) )
N = 9716 (1-£2) (1-3¢) NS
i (i=6,10) j (3=1,5)
(E.3)
=9 2
Ni (im11,15)7 /18 (SR (43R) NS4, g
N = /16 (1+£) (9£2-1) Ws
i (i=16,20) j (3=1,5)
where
NSl = {(cosr + cosmn) (cos %—+ costn) / 2(cosnm + cosn) (cos %—+ cost )}
—{ sin %—n(cos %—+ costn) / 2sin %—(cos %-+ cosn )}
st = {{cosy +cosyn) (l+cosyn) / 2(cosnr +cos %ﬁ(l+cos %J}
-{sin %—n(l+cosnn) / 2sin %—(l+cos %ﬁ}
NS3 = (cos %—+ cosyn) (1+cos ) / (cos %—+ 1) (2) (E.4)
NS4 = { (cost +cosmn) (1+ cosmn) / 2(cosn +cos gﬁ(l + cos %ﬁ}
+ {sin % n (l+cosmn) / 2sin Ll (1+ cos %)}
N85 = {(cosy +cosyn) (cos §-+ costn)/ 2(cost +cost) (cos %—+ cos )}
+ {sin g—njcos §~+ costn) / 2 sin %—(cos §-+ cosm)}



164

APPENDIX F

Moment Calculation

If at any cross-section of the pipe, the nodal longitudinal stresses

on the outside and inside surfaces are known, the applied moment can be

calculated.

Let Me be the moment contribution by an element on the cross—section,

to the total moment M. Referring to Figure 4.22

t
®, 2
Me = [(b+Z) cos 8] ow[b+;] de dg (F.1)
a t
o3

where 0lp is the longitudinal stress at r = b+i. Since this stress varies

linearly with thickness

N M
t I

v (F.2)

where
Nlp is the force per unit wall length
Mw is the moment per unit wall length

I is the second moment of area of the wall cross-section (per

unit length)

8

2 3
. [M_Mu_] 2, am? e | cosd ao
e 3 4

e -
1

92 )

= F(p) de (F.3)
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where s = %— 0¢ + GW 1
L outside inside

wa - Lo . |

Tt Y]outside Ylinside

The integration over the angle 6 is done using Simpson's rule, to obtain
Me. These calculations are repeated for all the elements lying on the
cross-section, and added to get the total applied moment M. The sub-

routine MOMENT in Appendix D computes this applied moment.
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APPENDIX G

Calculation of Flexibility

From the computed deflections of centre line of the pipe system and
with the assumption that this deflected shape obeys the simple theory of
bendiné, the average flexibility of tangent pipes and bend are calculated.

In Fiqgure 6.2, the original and the computed final shapes of centre
line of the pipe system are shown. Knowing the slope and deflections
of the centre line at the restrained end (Point 1) and the computed deflec-
tions at junction 2 (junction of curved pipe with the tangent pipe), the
assumed deflected shape of the tangent is obtained by passing a circle
through these two points. Knowing the radius of curvature of the circle

Rc’ the flexibility of the tangent pipe is calculated using
X =.2E1/M.2.Rc (F.1)

where £ is the length of the tangent pipe and the other symbols have their
usual meaning. The assumed deflected shape of the centre line of the
curved pipe, which is again a segment of a circle, is obtained with the
condition of slope and displacement continuity at aunction 2 and the com-
puted deflections at junction 3. If R.B is the radius of curvature ?f

the deflected shape of the bend its flexibility is calculated using

%&_ = K.Ma/EI
{ox) KB = (EI/Ma)(ﬁ—RB)/RB (F.2)

Thus knowing the calculated slope of the centre line at point 3, and
computed deflections at 4, another circle can be passed through these

points and the flexibility of this tangent pipe calculated as before.
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Table 3.1

Central And Peripheral Processor Time

Central Processor Peripheral Processor
Number . Time Time
of
Elements Stored Block Stored Block
Immediately Storage Immediately Storage
8 227 secs 200 secs 269 secs 80 secs
Table 3.2

Central Processor Time

Number of elements Number of Stiffness matrix Stiffness for elements
per ring rings calculated for in I ring only

all elements calculated

8 676 secs 569 secs
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Table 6.1
Bend radius Pipe bore Pipe wall Pipe factor

. . 1
a radius thickness — = a/b

b t A = at/b2 Y
10.0 5.0 0.125 0.05 2.0
18.0 6.0999 0.1875 0.0924 2.95
10.0 5.0 0.25 0.1 2.0
10.5 5.662 0.444 0.1458 1.86
10.0 5.0 0.5 0.2 2.0
10.0 5.0 0.75 0.3 2.0

19.0 3.1875 0.25 0.468 5.961
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F\G-Z-S.Two DIMENSIONAL CURVED SPACES
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Fl16. 43- DIRECTIONS OF LocAL AND GLOBAL
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