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ABSTRACT

The purpose of this thesis is to study link cobordisms. The main tool we
use to do so is given by Juhász’s cobordism maps, although we sometimes
make use of a recent construction by Zemke. Given a decorated link cobor-
dism X , that is, a link cobordism with additional structure, there is a map
FX induced at the level of link Floer homology (ĤFL, also denoted ĤFK

for knots).

When X is a decorated concordance from K0 to K1, we prove that FX pre-
serves the natural bigrading of ĤFK, and that there is a morphism of spec-
tral sequences from ĤFK(Ki) to ĤF(S3) which agrees with FX on the E1

page, and with idĤF(S3) on the E∞ page. We use this result to obstruct the
existence of invertible concordances between given knots, and to define a
non-vanishing element of ĤFK(K) associated to a slice disc for the knot
K.

We then give a full description of the maps induced by elementary deco-
rated link cobordisms, which generate all decorated link cobordisms. In
particular, we relate the map associated to a saddle cobordism to a skein
exact triangle which generalises Ozsváth and Szabó’s oriented skein exact
triangle in ĤFL to decorated links.

Lastly, we use this description to prove that the TQFT defined by ĤFL

on a category of unlinks and cobordisms between them agrees with Kho-
vanov’s reduced TQFT.
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Le Floer du Smale.

C. Baudelaire – F. Bianchi

1
INTRODUCTION

TOPOLOGY is usually divided into low-dimensional topology, which is
the study of manifolds of dimension less than or equal to 4, and high-

dimensional topology, which focuses on manifolds of dimension greater
than or equal to 5. The historical reason of this subdivision should be
sought in Smale’s h-cobordism theorem76. A key step in the proof of
Smale’s theorem is a technique to replace immersed discs with embed-
ded discs, known as the Whitney trick, which (in the smooth category)
holds true in every dimension greater than or equal to 5, where, loosely
speaking, there is enough room to make discs embedded. As a conse-
quence, the topology of smooth manifolds in higher dimensions (≥ 5) can
be controlled. In low dimension, manifolds of dimensions 1 and 2 are
easy to understand, and are fully classified. There has been a great ad-
vance in the comprehension of 3-manifolds in the last years, especially
due to Perelman’s proof of the Poincaré conjecture65. In the same years,
the development of Heegaard Floer homology60 has been another impor-
tant step towards the understanding of 3-manifolds. As for the last dimen-
sion, namely 4, the topology of 4-manifolds remains quite mysterious, and
presents a surprising dichotomy between the topological category and the
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smooth category. On one hand, by the work of Freedman14, we know
that the homeomorphism type of a simply-connected 4-manifold is com-
pletely determined by algebraic invariants; on the other hand, Donaldson
in a seminal work12 exhibited examples of non-diffeomorphic smooth 4-
manifolds which are homeomorphic. As a further remark about the lack
of our understanding of 4-manifold topology, note that the 4-dimensional
smooth Poincaré conjecture is the last unsettled case of the generalised
Poincaré conjecture (by contrast we know that the corresponding topologi-
cal version holds true, thanks to the work of Freedman). Moreover, if the
smooth 4-dimensional Poincaré conjecture is false, and an exotic 4-sphere
exists, than the latter must not be a twisted sphere, that is a closed manifold
admitting a Morse function with two critical points. Note that, for all other
dimensions, all exotic spheres are twisted spheres.

Knot theory is closely tied with the topology of 3- and 4-manifolds. A
theorem by Lickorish43 and Wallace81 states that every closed oriented 3-
manifold is obtained from S3 by a sequence of Dehn surgeries, and asso-
ciated to each integral Dehn surgery there is a 4-dimensional cobordism,
called the trace of the surgery. A very interesting connection between knot
theory and the topology of smooth 4-manifolds is given by the study of
smooth surfaces in a given 4-manifold X which are bounded by a given
knot in ∂X . If X is the standard 4-ball B4, then this is a well-studied and
absolutely non-trivial subject: remarkably, the knots in S3 that bound the
easiest possible surface, i.e. a disc, inB4, form a non-trivial subset of the set
of knots. As we shall see, this implies that smooth surfaces could in prin-
ciple be used to detect non-standard smooth structures on 4-manifolds.

The topic of link cobordisms lies in between dimensions 3 and 4. One can
exploit the most popular techniques for 3-manifold topology, such as Hee-
gaard Floer homology, and at the same time have an insight into the com-
plicated world of embedded surfaces in 4-manifolds. The preeminent tool
that we will utilise in the present thesis is the map that a link cobordism
induces in Heegaard Floer homology, as defined by Juhász31. In the next
paragraph I will give a very quick overview of Heegaard Floer homology
and cobordism maps, before stating the main results of this work.

26



1.1 AN OVERVIEW ON HEEGAARD FLOER HOMOLOGY

Heegaard Floer theory is a package of invariants for 3-manifolds, knots
and links in 3-manifolds, and, more generally, sutured manifolds. More-
over, there are maps associated to cobordisms between such objects, and
an invariant for closed 4-manifolds. Since its conception by Ozsváth and
Szabó60 in the early 2000s, it has proved very effective in establishing re-
sults in low-dimensional topology, due to its power and the fact that it is
often a computable invariant.

The seminal paper by Ozsváth and Szabó60 introduced four invariants of
any closed connected oriented 3-manifold Y , denoted by HF◦(Y ), where
◦ is a symbol among ∞, −, +, and ̂. These four symbols are called
the flavours of Heegaard Floer homology. Ozsváth and Szabó62 also defined
maps F ◦W associated to a cobordism W between two 3-manifolds. The
invariants are natural by the work of Juhász and Thurston34, and the nat-
urality of the cobordism maps was achieved by Juhász31 and Zemke84.
These invariants proved very powerful: for instance, Ozsváth and Szabó55

used them to give an alternate proof of Donaldson’s diagonalisability the-
orem12. Moreover, they are algorithmically computable73,50.

Concerning the structure of these invariants, HF∞(Y ) is a module over
F2[U,U−1], HF±(Y ) is a module over F2[U ], and ĤF(Y ) is a vector space
over F2. Actually, these invariants are also defined over Z, but, to the best
of the author’s knowledge, this construction with Z coefficients does not
extend to cobordism maps at the moment.

Ozsváth and Szabó58 and, independently, Rasmussen66, defined invari-
ants for nullhomologous knots in closed oriented 3-manifolds, called knot
Floer homology, and denoted by HFK◦. These were then generalised to in-
variants HFL◦ for links in 3-manifolds by Ozsváth and Szabó63, called link
Floer homology. These invariants contain a lot of information about the
knots or links: for instance, ĤFK of a knot K in S3 determines the Alexan-
der polynomial of K 58,66, its genus57, and whether K is fibred17,28,29,52,53.
Moreover, they are algorithmically computable invariants48,49. Juhász31

realised that, in order to make ĤFL natural and functorial, one needs
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to consider decorated links rather than links, whose definition we recall
below. Sarkar showed that decorations are necessary for functoriality72.
Zemke achieved naturality and functoriality of HFL◦ for all flavours. The
fact that these invariants are natural follows from the work of Juhász and
Thurston34.

Definition 2.16 (Juhász31). A decorated link is given by a triple (Y, L, P ),
where L is a (not necessarily oriented) non-empty link in the connected
oriented 3-manifold Y , and P ⊂ L is a finite set of points. We require
that for every component L0 of L, the number |L0 ∩ P | is positive and
even. Furthermore, we are given a decomposition of L into compact 1-
manifolds R+(P ) and R−(P ) such that R+(P ) ∩R−(P ) = P .

We say that a decorated link is a decorated knot if L is a knot and P consists
of 2 points. Moreover, we drop the manifold Y from the notation when-
ever Y = S3. Juhász31 and Zemke85 defined maps associated to decorated
link cobordisms, whose definition we now recall.

Definition 2.16 (Juhász31). The triple X = (X,F, σ) is a decorated link cobor-
dism from (Y0, L0, P0) to (Y1, L1, P1) if

1. (X,F ) is a link cobordism from (Y0, L0) to (Y1, L1);

2. (F, σ) is a compact orientable surface F , possibly with boundary, to-
gether with a properly embedded 1-manifold σ that divides F into
two compact subsurfaces that meet along σ, such that the map

π0(∂σ)→ π0((L0 \ P0) ∪ (L1 \ P1))

is a bijection;

3. we can orient each component R of F \ σ such that whenever ∂R
crosses a point of P0, it goes from R+(P0) to R−(P0), and whenever it
crosses a point of P1, it goes from R−(P1) to R+(P1); and

4. if F0 is a closed component of F , then σ ∩ F0 6= ∅.
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If X = S3 × I , we drop it from the notation.

To every decorated link cobordism X between decorated links L0 and L1

Juhász31 associated a map

FX : ĤFL(L0)→ ĤFL(L1).

More recently, Zemke85 constructed maps

F ◦X : HFL◦(L0)→ HFL◦(L1).

Note that at the moment it is unknown whether the maps FX and F̂X co-
incide. It is also worth mentioning that there are other closely related con-
structions. Alishahi and Eftekhary1 defined maps in a version of Heegaard
Floer homology for tangles, and Sarkar71 defined a map in the combina-
torial version of link Floer homology (although it is unclear if his map is
inviariant under isotopy of the surface F ).

Heegaard Floer homology and link Floer homology come with gradings.
First, HF◦(Y ) splits along the spinc structures on Y :

HF◦(Y ) =
⊕

s∈Spinc(Y )

HF◦(Y, s).

Recall that Spinc(Y ) is an affine space over H2(Y ;Z). For HFL◦ there is
a similar splitting along relative spinc structures. If L is nullhomologous
and oriented, and S is a Seifert surface for L, one can define a collapsed
Alexander grading AS , which attains values in 1

2
Z, associated to a relative

spinc structure. When Y is a rational homology sphere, then all Seifert
surfaces for L are rationally homologous, the Alexander grading does not
depend on S, and therefore we can simply denote it by A.

Each Heegaard Floer homology group HF◦(Y, s) also carries a homological
grading, called the Maslov grading. In the most general case, this is a rel-
ative Z/(d(s)) grading, where d(s) is the divisibility of the spinc structure
s. If s is a torsion spinc structure on Y (i.e., its first Chern class is torsion),
then the Maslov grading on HF◦(Y, s) can be lifted to a relative Z grading
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and absolute Q grading. HFL◦(Y, L, P ) also carries a relative Z grading
and absolute Q grading, when Y = S3 and L is oriented.

1.2 OVERVIEW OF THE MAIN RESULTS

The main goal of this thesis is to improve our understanding of the maps
induced by decorated link cobordisms and discuss some applications. We
will focus mainly on Juhász’s maps.

1.2.1 DECORATED CONCORDANCES

Decorated concordances are the simplest kind of decorated link cobor-
dism. Given decorated knots (K0, P0) and (K1, P1) in S3, we say that a
decorated link cobordism C = (X,F, σ) between them is a decorated con-
cordance if X is a 4-manifold with boundary S3 t −S3 and with the same
integral homology as S3×I , F is an annulus, and σ consists of two parallel
arcs on F joining the two different components of ∂F . If two knots K0 and
K1 are classically concordant (i.e., they co-bound an embedded annulus
in S3 × I), then the decorated knots (K0, P0) and (K1, P1) are decoratedly
concordant.

What of the structure of HFK◦ is preserved under concordances is a ques-
tion not completely understood. On one hand, there are several concor-
dance invariants arising from Heegaard Floer homology, such as the τ in-
variant56, the correction terms Vi 67, the ε invariant21, and the Υ invariant54.
On the other hand, a natural conjecture about the structure of ĤFK of slice
knots turns out to be false. Recall that if a knot K is slice, then its (sym-
metrised) Alexander polynomial factors as

∆K(t) = f(t)f(t−1)

for some f ∈ Z[t, t−1] (this is known as the Fox-Milnor condition). Ozsváth
and Szabó58 and, independently, Rasmussen66 proved that knot Floer ho-
mology is a categorification of the Alexander polynomial, in the sense that,
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if ĤFKi(K, j) denotes the summand of ĤFK(K) in Maslov grading i and
Alexander grading j, then

∆K(t) =
∑
i,j∈Z

(−1)itj dim(ĤFKi(K, j)).

In light of this, it is natural to ask whether ĤFK(K) also factors in a Fox-
Milnor fashion as the tensor product of a vector space V and its dual V ∗,
with gradings on V ∗ defined by (V ∗)i,j = (V−i,−j)

∗. However, as pointed
out to me by Lisca and Ozsváth, this is not the case, because the Kinoshita-
Terasaka knot KT is slice, and dim(ĤFK(KT )) = 33, which is not a perfect
square in Z. Note that KT is also ribbon, and a symmetric union, and
therefore it is unlikely that a Fox-Milnor condition for ĤFK holds for a
meaningful subset of slice knots. Therefore, what of the structure of HFK◦

is preserved under concordance is not completely understood yet. In this
thesis, we give some results in this direction.

Ozsváth and Szabó58 and, independently, Rasmussen66 proved that, given
a decorated knot (K,P ), there is a spectral sequence

ĤFK(K,P )⇒ F2,

where F2 should be thought of as ĤF of the ambient manifold S3. In joint
work with Juhász, we prove the following theorem.

Theorem 4.2 (Juhász-M.33, Theorem 1.2). Let C = (X,F, σ) be a decorated
concordance between decorated knots (K0, P0) and (K1, P1), such that H1(X) =

H2(X) = 0. Then

FC

(
ĤFKj(K0, P0, i)

)
≤ ĤFKj(K1, P1, i)

for every i, j ∈ Z.

Furthermore, given an admissible diagram (Σr,αr,βr, wr, zr) of (Kr, Pr) for r ∈
{0, 1}, there is a filtered chain map

fC : ĈF(Σ0,α0,β0, w0)→ ĈF(Σ1,α1,β1, w1)
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of homological degree zero such that the induced morphism of spectral sequences
agrees with FC on the E1 page and with idF2 on the total homology and on the E∞

page.

As a first application of Theorem 4.2, we give a new, conceptual proof that
the Ozsváth-Szabó τ invariant is a (decorated) concordance invariant (see
Corollary 4.20).

Another immediate application of Theorem 4.2 is that FC is always non-
vanishing (see Corollary 4.46). This follows from the fact that FC is the
E1 map in a morphism of spectral sequences where the E∞ map is also
non-vanishing (because it is idF2).

More generally, for j ∈ {0, 1} let Aj(K,P ) denote the subset of ĤFK(K,P )

of elements that represent a cycle in each page of the spectral sequence,
and which limit to j ∈ F2 in the E∞ page (see Definition 4.45). Then
Aj(K,P ) is a knot invariant, it is non-empty, and

FC (Aj(K0, P0)) ⊂ Aj(K1, P1).

Suppose that B is an integer homology 4-ball, and that S ⊂ B is a slice
disc for the decorated knot (K,P ) in S3. If we remove a ball from B about
a point of S, we obtain a concordance C(S) from the unknot U to K, on
which we put arbitrary decorations. We define the element

tS,P := FC(S)(1) ∈ ĤFK0(K,P, 0).

Then, as a corollary of Theorem 4.2, tS,P enjoys the following properties.

Corollary 4.49 (Juhász-M.33). The element tS,P does not depend on the decora-
tions chosen on C(S), it is always non-zero, and it is an invariant of the surface S
up to isotopy in B fixing K.

At the time of writing, it is still an open question whether tS,P can distin-
guish between different slice discs.

In Section 4.5.1 we use the element tS,P to propose a refinement of an ap-
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proach of Freedman, Gompf, Morrison and Walker for disproving the 4-
dimensional Poincaré conjecture15.

We also use Theorem 4.2, and specifically the fact that FC preserves the
bigrading of ĤFK, as an obstruction to invertible concordances. Moti-
vated by a question of Fox13 asking which knots are doubly slice, Sum-
ners78 introduced the notion of invertible concordances: we say that a
concordance (S3 × I, F ) from K0 to K1 is invertible if there is a concor-
dance (S3 × I, F ′) from K1 to K0 such that the composition of (S3 × I, F )

and (S3× I, F ′) from K0 to K0 is equivalent to the trivial cobordism. Sum-
ners uses the terminology ‘invertible cobordism’ instead of ‘invertible con-
cordance’. We write K0 ≤ K1 if there is an invertible concordance from K0

to K1. A knot K is doubly slice if and only if U ≤ K, and the relation ≤
induces a partial order on the set of knots. As a corollary of Theorem 4.2,
we get the following obstruction.

Theorem 4.56 (Juhász-M.33, Theorem 1.6). If there is an invertible concor-
dance from K0 to K1, then

dim ĤFKj(K0, i) ≤ dim ĤFKj(K1, i) (1.1)

for every i, j ∈ Z.

By using the fact that ĤFK determines both the genus of a knot and if
it is fibred, we deduce as a corollary the following unpublished result of
Ruberman.

Corollary 4.57 (Juhász-M.33, Corollary 1.7). Suppose that K0 ≤ K1. Then

1. g(K0) ≤ g(K1); and

2. if g(K0) = g(K1) and K1 is fibred, then so is K0.

Given an invertible concordance from K0 to K1, one can build a degree
one map E(K1) → E(K0), where E(Ki) denotes the exterior of Ki. We
let K0 �1 K1 if there is a degree one map as above. The relation �1 also
defines a partial order on the set of knots. In view of Theorem 4.56, we

33



can ask whether Equation (1.1) holds under the more general hypothe-
sis K0 �1 K1. This turns out to be false, as shown by a counterexample
constructed by Hom (see Example 4.62). In view of that, we ask the fol-
lowing, weaker question (see Question 4.63): if K0 �1 K1, is it true that
dim ĤFK(K1) ≥ dim ĤFK(K0)? Compare this question with the following
conjecture.

Conjecture 4.64 (Karakurt-Lidman35). If f : Y1 → Y0 is a non-zero degree
map between integer homology spheres, then dim ĤF(Y1) ≥ dim ĤF(Y0).

Following a very helpful conversation with Levine, I considered Zemke’s
cobordism maps F ◦ too. Although for generic decorated link cobordisms
it is not clear whether Zemke’s map F̂X agrees with Juhász’s map FX , they
do agree on decorated concordances. Theorem 4.2 readily generalises to
all flavours of knot Floer homology without modifications in the state-
ment (see Theorem 4.75). We remark that the first part of the statement,
about the fact that F ◦C preserves the bigrading of HFK◦, was independently
proven by Zemke87 with different methods. Theorem 4.75 can be applied
to generalise the sets Aj(K,P ) and the element tS,P associated to a slice
disc to all flavours of HFK. Levine also pointed out that the fact that f ◦ ac-
tually preserves the double filtration on HFK∞ gives an alternate proof of
the invariance under concordance of many Heegaard Floer theoretical in-
variant, including Ozsváth-Szabó’s ν invariant64, Rasmussen’s correction
terms, usually denoted Vi, and Ozsváth-Stipsicz-Szabó’s Υ function54. An
interesting feature of this viewpoint is that it may be possible to generalise
these concordance invariants to more general settings, possibly including
3-manifolds that are not L-spaces (i.e., 3-manifolds Y whose Heegaard
Floer homology is not determined by |H1(Y ;Z)|). This viewpoint is ex-
plored in a forthcoming paper of Hom, Levine, and Lidman22. The same
approach was also used by Grigsby, Licata, and Wehrli19 to prove that
their Υ-type invariants dt, defined in the setting of annular Khovanov-Lee
homology, are braid concordance invariants. Lastly, as an application of
Theorem 4.75, we get the following result.

Corollary 4.78. The E∞ page of the spectral sequence induced by the Alexander
filtration on CFK◦(K,P ) is a decorated concordance invariant.
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Examples of E∞(CFK±) for the trefoil knots can be found in Figure 4.4, at
the end of Chapter 4.

1.2.2 A MORSE THEORETICAL DESCRIPTION

By Morse theory, a decorated link cobordism (F, σ) in S3 × I can be bro-
ken into a composition of elementary cobordisms. Therefore, in order to
understand the map associated to a generic decorated link cobordism, it
is enough to compute it on its elementary pieces, which we define be-
low. Note that this gives an alternative definition of the cobordism maps:
one can define them on elementary cobordisms and then extend by com-
position. This is actually the approach taken by Zemke85 to define his
cobordism maps in HFL◦. The cobordism maps defined by Alishahi and
Eftekhary1 in tangle Floer homology, and by Sarkar71 in grid homology,
also use this strategy.

We will suppose that the surface F is oriented (as opposed to being just
orientable). If (F, σ) is a decorated link cobordism from (L0, P0) to (L1, P1),
then we orient the links so that ∂F = L1t−L0. As we mentioned in Section
1.2, a choice of orientation of the decorated link L induces two gradings on
ĤFL(L), the Alexander grading and the Maslov grading. An orientation
of F induces a natural splitting F \ σ = R−(σ) t R+(σ), as explained in
Definition 3.15.

In an elementary cobordism (F, σ), the height function h : S3 × I → I

has at most one generic critical point when restricted to F and to σ, and
Crit(h|F ) ⊆ Crit(h|σ). In a birth cobordism, h|F has a local minimum. In
a saddle, h|F has index one and h|σ has a local maximum. We distinguish
merge and split saddles depending on whether the number of link compo-
nents decreases or increases by one, respectively. In a death cobordism, h|F
has a local maximum. A stabilisation is an elementary cobordism where h|F
has no critical points, and h|σ has a local minimum, and a destabilisation is
when h|σ has a local maximum. A (de)stabilisation is positive (resp. neg-
ative) if the bigon component of F \ σ lies in R+(σ) (resp. in R−(σ)). Fi-
nally, an isotopy is a cobordism where h|F and h|σ have no critical points.
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It follows from Proposition 5.6 that elementary cobordisms generate all
decorated link cobordisms.

By the work of Juhász30, the maps induced by isotopies agree with dif-
feomorphism maps (see Section 5.2). We focus on the other elementary
cobordisms. Let V denote the bigraded F2 vector space F2〈B, T 〉, gener-
ated by homogeneous elements B in Maslov grading−1/2 and Alexander
grading 0, and T in Maslov grading 1/2 and Alexander grading 0. We also
define W as the bigraded vector space F2〈b, t〉, where b is in Maslov and
Alexander gradings −1/2, and t is in Maslov and Alexander gradings 1/2.
Then, for stabilisations and destabilisations, we have the following results.

Proposition 5.12 (Juhász-M.32). Let S = (F, σ) be a stabilisation from (L, P0)

to (L, P1). Then, there is a canonical isomorphism

IS : ĤFL(L, P0)⊗W ∼−→ ĤFL(L, P1)

such that the link cobordism map

FS : ĤFL(L, P0)→ ĤFL(L, P1)

factorises as IS ◦ sS , where

sS : ĤFL(L, P0)→ ĤFL(L, P0)⊗W

is given by sS(x) = x⊗ t in case of a positive stabilisation, and sS(x) = x⊗ b in
case of a negative stabilisation.

Proposition 5.14 (Juhász-M.32). Suppose that D = (F, σ) is a destabilisation
from (L, P0) to (L, P1). Then, there is a canonical isomorphism

ID : ĤFL(L, P0)
∼−→ ĤFL(L, P1)⊗W

such that the link cobordism map

FD : ĤFL(L, P0)→ ĤFL(L, P1)
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factorises as dD ◦ ID, where

dD : ĤFL(L, P1)⊗W → ĤFL(L, P1)

is given by dD(x⊗ b) = x and dD(x⊗ t) = 0 in case of a positive destabilisation,
and by dD(x⊗ t) = x and dD(x⊗ b) = 0 in case of a negative destabilisation.

For births and deaths, the result is quite similar, but we ought to use the
vector space V instead of W .

Theorem 5.21 (Juhász-M.32). Suppose that B is a birth cobordism from (L0, P0)

to (L1, P1). Then there is an isomorphism

ĤFL(L1, P1) ∼= ĤFL(L0, P0)⊗ V

such that FB(x) = x⊗ T for every x ∈ ĤFL(L0, P0).

Theorem 5.23 (Juhász-M.32). Let D be a death cobordism from (L0, P0) to
(L1, P1). Then there is an isomorphism

ĤFL(L0, P0) ∼= ĤFL(L1, P1)⊗ V

such that FD(x⊗ T ) = 0 and FD(x⊗B) = x for every x ∈ ĤFL(L0, P0).

For decorated saddles, we relate the map to a decorated exact triangle in
knot Floer homology, which we now describe. Let (Y, L, P ) be a decorated
link, and let D be a disc embedded in Y such that D ∩ L = {r−, r+}, with
r± ∈ R±(P ). Define the decorated link (Y, L0, P0) as the link obtained from
L \ N (D) by reconnecting the endpoints with arcs parallel to D, and by
adding a decoration on each new arc. Furthermore, let (Y, L+, P ) be the
decorated link obtained from (Y, L, P ) by adding a full left-handed twist
along D. See Figure 1.1 for a local picture of the three decorated links.

The following result is a decorated generalisation of Ozsváth and Szabó’s
oriented exact triangle. For a more precise and natural statement see Sec-
tion 5.5.
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(Y, L0, P0)(Y, L, P ) (Y, L+, P )

−
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+ +

− −
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− −

Figure 1.1: A local picture of the decorated links (Y,L0, P0), (Y,L, P ), and (Y,L+, P ). The
discD is contained in a plane perpendicular to the sheet, and it intersects bothR+(P ) and
R−(P ) in one point.

Theorem 5.15 (Juhász-M.32). Given decorated links (Y, L, P ), (Y, L0, P0), and
(Y, L+, P ) as described above, there is an exact triangle

· · · −→ ĤFL(Y, L, P )
e−→ ĤFL(Y, L0, P0)

f−→ ĤFL(Y, L+, P ) −→ . . . (1.2)

Note that we do not require that (Y, L, P ) and (Y, L0, P0) can be oriented
coherently (this happens if and only if |L0| = |L| ± 1). If Y = S3 and
the links are coherently oriented, then we recover Ozsváth and Szabó’s
oriented skein exact triangle in ĤFK58. Specifically, if (L, P ) has two dec-
orations on each component and |L0| = |L| + 1, then (L0, P0) also has two
decorations on each component, and Equation (1.2) specialises to Ozsváth
and Szabó’s58 exact sequence (7):

· · · −→ ĤFK(L)−→ĤFK(L0)−→ĤFK(L+) −→ . . .

Here we used the fact that, by definition, if a decorate link (L, P ) has two
decorations on each component, then ĤFL(L, P ) ∼= ĤFK(L). Suppose now
that (L, P ) has two decorations on each component and |L0| = |L| − 1.
Then (L0, P0) has six decorations on one component, and two on all other
components, and in this case ĤFL(L0, P0) ∼= ĤFK(L0) ⊗W⊗2. It follows
that Equation (1.2) specialises to Ozsváth and Szabó’s58 exact sequence (8):

· · · −→ ĤFK(L)−→ĤFK(L0)⊗W⊗2−→ĤFK(L+) −→ . . .
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Furthermore, when L, L0 and L+ are coherently oriented, the Alexander
and the Maslov grading shift are as in the paper by Ozsváth and Szabó58,
so all maps in Equation (1.2) preserve the Alexander grading, and e and f

decrease the Maslov grading by 1/2.

If S = (F, σ) is a decorated saddle cobordism from (L0, P0) to (L1, P1),
we give an interpretation of the saddle map FS in terms of the decorated
exact triangle described above. Therefore, with the following theorem, the
Morse theoretical description of cobordism maps is completed.

Theorem 5.17 (Juhász-M.32). Let the triple (L, P ), (L0, P0), (L+, P ) be as in
Figure 5.5, and suppose that they can be oriented coherently. Then the map

f : ĤFL(L0, P0) −→ ĤFL(L+, P )

appearing in the decorated skein exact triangle of Theorem 5.15 coincides with the
cobordism map induced by the saddle cobordism from (L0, P0) to (L+, P ).

As an application of the description of the maps induced by elementary
cobordisms, we compute the Alexander and Maslov grading shift of any
decorated link cobordism map, and relate it to the topological invariants
of the cobordism.

Theorem 5.27 (Juhász-M.32). If X = (F, σ) is a decorated link cobordism, then
the map induced on ĤFL is homogeneous with respect to both the Alexander and
the Maslov gradings. FX shifts the Maslov grading by

χ(F ) + χ(R+(σ))− χ(R−(σ))

2

and the Alexander grading by

χ(R+(σ))− χ(R−(σ))

2
.

Given a decorated link cobordism X = (X,F, σ) from L0 = (Y0, L0, P0)

to L1 = (Y1, L1, P1), one can consider the upside down cobordism X =

(X,F, σ) from L1 = (−Y1, L1, P1) to L0 = (−Y0, L0, P0). There is a canon-
ical duality ĤFL(Li) ∼= ĤFL(Li)∗, and Juhász31 asked whether FX is dual
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to FX . Actually, Juhász’s original question was formulated in terms of su-
tured manifold cobordisms, and is therefore more generic. From the Morse
theoretical description above, it is straightforward to show that births,
deaths, and (de)stabilisations enjoy the duality property. An answer to
the duality question for saddles would prove duality for all decorated link
cobordisms, but is at the moment out of reach.

Another open question is how the Morse theoretical description given
above relates to Zemke’s definition of link cobordism maps. Once again,
it is quite straightforward to verify that Juhász’s maps and Zemke’s maps
agree for births, deaths, and (de)stabilisations, while the relation between
the two saddle maps is still not understood. Another interesting question
is how these two descriptions relate to Alishahi and Eftekhary’s tangle
Floer maps1 and to Sarkar’s grid homology maps71.

1.2.3 RELATIONS TO KHOVANOV HOMOLOGY

Like link Floer homology, Khovanov homology is a homology theory for
links which has been introduced, and subsequently extensively studied,
in the last two decades. Khovanov37 defined a link invariant which is a
bigraded Abelian group Kh(L) =

⊕
i,j∈Z Khi,j(L), and he proved that it

contains at least as much information as the Jones polynomial. Indeed,
Khovanov homology is a so-called categorification of the Jones polynomial,
in the sense that the Jones polynomial (up to a factor) is recovered as the
graded Euler characteristic of Kh(L). We refer to Khovanov’s paper37 and
Bar-Natan’s paper7 for more information.

For the purposes of this thesis, we will only consider the reduced homol-
ogy38 K̃h(L), associated to a link with a marked component L ⊂ S3, and we
will always work with F2 coefficients. We now quickly recall Khovanov’s
constructions. Given a marked diagram D for a marked link L, we say
that a resolution of D is a function

u : {crossings of D} → {0, 1} .
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Figure 1.2: The figure shows the 0-smoothing and the 1-smoothing for a crossing of an
unoriented link.

Given a resolution u, by smoothing D at each crossing according to Fig-
ure 1.2, we define a new marked diagram Lu, which represents a marked
unlink. Given two resolutions u and v, we say that u l v if v is obtained
from u by changing a single 0-smoothing to a 1-smoothing. If u l v, then
there is a saddle cobordism Gu,v from Lu to Lv, given by attaching a band in
correspondence of the crossing which is smoothed in different ways. This
construction is usually referred to as a cube of resolutions for the marked
diagram D. Khovanov defined a complex(⊕

u

K̃h(Lu),
∑
ulv

K̃h(Gu,v)

)
,

where K̃h here denotes a (1 + 1)-dimensional TQFT that associates an F2

vector space to any closed 1-manifold with a marked component, and a
map to each (marked) cobordism between two such objects. Such a TQFT
is defined in Definition 6.20. The homology of the above complex is an
invariant of the link L with a marked component, and is called its reduced
Khovanov homology K̃h(L). Note that, in view of the above construction,
K̃h(L) is fully determined by the choice of the (1+1)-dimensional TQFT.

Rasmussen68 pointed out some parallels between the reduced Khovanov
homology and the knot Floer homology of a knot K ⊂ S3. He raised
the question of whether there exists a spectral sequence from K̃h(K) to
ĤFK(K), where K denotes the mirror image of K. This is usually referred
to as the Rasmussen conjecture. In Chapter 6, in joint work with Juhász32

we prove the following theorem, which, as we explain in Section 6.4, can
be seen as a first step in a programme towards the proof of the Rasmussen
conjecture.
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Theorem 6.2 (Juhász-M.32). The (1 + 1)-dimensional TQFT induced by ĤFL

on a category of decorated unlinks and decorated cobordisms between them is the
same as Khovanov’s reduced TQFT.

The strategy we use to prove the above theorem is the following. We de-
scribe the ĤFL TQFT on a category of unlinks and cobordisms between
them, by using the Morse theoretical description and a connected sum
formula. Although we only need a minimal version of the connected sum
formula, we prove a general version for sutured Floer homology, which
can be of independent interest (see Theorem 6.14). In order to compare
ĤFL with K̃h, we need a preferred basis of ĤFL(Un, PUn), where (Un, PUn)

is the n-component unlink with standard decorations. This is achieved
by marking a component of Un. By using the preferred basis, we have
an isomorphism ĤFL(Un, PUn) ∼= K̃h(Un), with respect to which the maps
induced on the cobordisms of the category coincide.

Since the reduced Khovanov homology of a knot is completely determined
by the (1+1)-TQFT K̃h, we have the following immediate corollary of The-
orem 6.2.

Corollary 6.25 (Juhász-M.32). The reduced Khovanov homology of a marked
link L (with F2 coefficients) can be computed by applying the TQFT ĤFL to a
cube of resolutions of L.

1.3 ORGANISATION

This thesis is organised as follows.

In Chapter 2 we review Heegaard Floer homology, from the sutured view-
point, and recall the splitting along spinc structures and the homological
grading. We then introduce the Heegaard Floer homology of a 3-manifold
and the link Floer homology of a link as particular cases of sutured Floer
homology. Lastly, in order to work in a natural setting, we define deco-
rated links and their link Floer homology.

In Chapter 3 we recall how Heegaard Floer homology is made functorial.
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We focus on the case of decorated link cobordisms, and on the maps that
they induce in link Floer homology defined by Juhász31.

Chapter 4 is devoted to the study of Juhász’s maps in the case of decorated
concordances. The main result here, obtained in joint work with Juhász33,
is that concordance maps preserve the bigrading of ĤFK and fit into a
morphism of spectral sequences (Theorem 4.2). The proof of this result
will take most of the chapter. We then focus on the applications that we
described in Section 1.2.1. Lastly, we conclude with some remarks about
the concordance maps defined by Zemke85.

In Chapter 5 we give a full description of the maps induced by elementary
decorated link cobordisms, based on joint work with Juhász32. In the same
chapter we prove the decorated exact triangle introduced in Section 1.2.2
(Theorem 5.15).

Lastly, in Chapter 6, which is based on joint work with Juhász32, we ex-
plore the relation between the link Floer TQFT and the reduced Khovanov
TQFT, and prove Theorem 6.2.
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2
HEEGAARD FLOER HOMOLOGY

AND LINK COMPLEMENTS

THE purpose of this chapter is to give an introduction to the Heegaard
Floer theory for knots and links in 3-manifolds. We will define link

Floer homology in terms of sutured Floer homology (SFH), since Juhász’s
link cobordism maps31, which we will recall in the next chapter, are de-
fined in terms of SFH. It is worth noting that we do not aim at a com-
prehensive explanation of sutured Floer homology (or any other version
of Heegaard Floer homology), but we only aim at recalling the definitions
and results which are necessary for the purposes of this thesis.

2.1 SUTURED FLOER HOMOLOGY

2.1.1 SUTURED MANIFOLDS

Sutured manifolds were fist introduced by Gabai in 1983. His original
definition is the following.

Definition 2.1 (Gabai16, Definition 2.6). A sutured manifold is a compact
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oriented 3-manifold M with boundary together with a set γ ⊆ ∂M of pair-
wise disjoint annuli A(γ) and tori T (γ). Furthermore, the interior of each
component of A(γ) contains a homologically non-trivial oriented simple
closed curve, called a suture. We denote the set of sutures by s(γ).

Finally, every component ofR(γ) = ∂M \Int(γ) is oriented such that ∂R(γ)

is coherent with the sutures. Let R+(γ) (or R−(γ)) denote the components
of R(γ) whose normal vectors point out of (into) M .

In order to define a version of Heegaard Floer homology for sutured man-
ifolds, the natural setting used in Juhász’s original paper is given by bal-
anced sutured manifolds.

Definition 2.2 (Juhász27, Definition 2.2). We say that a sutured manifold
(M,γ) is balanced if M has no closed components, χ(R+(γ)) = χ(R−(γ)),
and the map π0(A(γ))→ π0(∂M) is surjective.

From now on, we only consider balanced sutured manifolds (unless oth-
erwise specified), and we view γ as a “thickened” oriented 1-manifold. So
we often do not distinguish between γ and s(γ); it shall be clear from the
context which one we mean.

2.1.2 RELATIVE SPINc STRUCTURES

Definition 2.3 (Juhász31, Definition 3.1). Given a sutured manifold (M,γ),
we say that a vector field v defined on a subset of M containing ∂M is
admissible if it is nowhere vanishing, it points into M along R−(γ), it points
out of M along R+(γ), and v|γ is tangent to ∂M and either points into
R+(γ) or is positively tangent to γ (we think of ∂M as a smooth surface,
and of γ as a 1-manifold).

Let v and w be admissible vector fields on M . We say that v and w are
homologous, and we write v ∼ w, if there is a collection of balls B ⊆ M ,
one in each component of M , such that v and w are homotopic on M \ B
through admissible vector fields. Then, the set of relative spinc structures,
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denoted by Spinc(M,γ), is the set of homology classes of admissible vector
fields on M .

If (M,γ) is balanced, Spinc(M,γ) is an affine space over H2(M,∂M). We
will denote relative spinc structures by s◦, to distinguish them from ordi-
nary spinc structures on oriented 3-manifolds, usually denoted by s.

Remark 2.4. Let v0 be a fixed vector field on ∂M arising as v|∂M for some ad-
missible vector field v on M . We define Spincv0(M,γ) as the set of nowhere
vanishing vector fields on M that restrict to v0 on ∂M , up to isotopy in
the complement of a collection of balls through such vector fields. Since
the space of all possible v0 is contractible, Spincv0(M,γ) can be canonically
identified with Spinc(M,γ). This was the approach taken by Juhász in his
first paper on sutured Floer homology27.

2.1.3 SUTURED FLOER HOMOLOGY

The sutured Floer homology27 of a balanced sutured manifold (M,γ) is
a finite dimensional F2 vector space SFH(M,γ), which admits a splitting
along relative spinc structures:

SFH(M,γ) =
⊕

s◦∈Spinc(M,γ)

SFH(M,γ, s◦).

Each vector space SFH(M,γ, s◦) is an invariant of the sutured manifold
(M,γ) equipped with the relative spinc structure s◦.

We now briefly recall the definition of sutured Floer homology. For a full
exposition on the subject, we refer to Juhász’s original paper27 and to Alt-
man’s paper2.

Definition 2.5 (Juhász27, Definition 2.7). A (balanced) sutured Heegaard di-
agram is a triple H = (Σ,α,β), such that Σ is a compact oriented sur-
face with boundary with no closed components and α = {α1, . . . , αd} and
β = {β1, . . . , βd} are two sets of d pairwise disjoint simple closed curves
linearly independent in H1(Σ;Z), which intersect transversely.
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One can associate a balanced sutured manifold (M,γ) to each sutured Hee-
gaard diagram H = (Σ,α,β): To build M , consider the manifold Σ × I ,
and attach d negative 2-handles along α × {0} and d positive 2-handles
along β× {1}. The sutures γ are given by ∂Σ× I . Every balanced sutured
manifold can be expressed by a sutured Heegaard diagram.

Given a Heegaard diagramH = (Σ,α,β), Juhász constructs the manifold

Symd Σ := Σ×d/Sd.

The sets of curvesα and β define d-dimensional tori Tα and Tβ in Symd Σ,
from which Juhász defines the set of generators

G := Tα ∩ Tβ.

Every generator x defines a relative spinc structure s◦(x) ∈ Spinc(M,γ). If
s◦ ∈ Spinc(M,γ), Juhász defines

SFH(H) = H∗

(⊕
x∈G

F2〈x〉, ∂

)
,

SFH(H, s◦) = H∗

 ⊕
s◦(x)=s◦

F2〈x〉, ∂

 ,

where the differential ∂ is defined on the set of generators as

∂(x) =
∑
y∈G

∑
D∈D(x,y)
µ(D)=1

#M̂(D) · y,

and then extended by linearity. Here D(x,y) denotes the set of domains
from x to y (see Definition 2.6 below), and M̂(D) denotes the reduced
moduli space of pseudoholomorphic discs u : D2 → Symd Σ with domain
D, with respect to a proper choice of almost complex structure on Symd Σ.

Definition 2.6 (Juhász27, Definition 3.6). Let H = (Σ,α,β) be a sutured
Heegaard diagram. Let D1, . . . , Dl denote the closures of the components
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of Σ \ (α ∪ β). Then the set of domains inH is

D(H) = Z〈D1, . . . , Dl 〉.

Let x, y ∈ Tα∩Tβ. A domainD is said to connect x to y if for every 1 ≤ i ≤
d the equalities ∂(αi∩∂D) = y∩αi−x∩αi and ∂(βi∩∂D) = x∩βi−y∩βi
hold. We will denote by D(x,y) the set of domains connecting x to y.

By Juhász27 (Corollary 4.8), D(x,y) is empty if s◦(x) 6= s◦(y). Thus, the
differential splits along the relative spinc structure, and we have that

SFH(H) =
⊕

s◦∈Spinc(M,γ)

SFH(H, s◦).

We should mention here that, in order to define sutured Floer homology,
one should only work with a particular kind of sutured Heegaard dia-
grams, known as admissible diagrams, which are defined below.

Definition 2.7 (Juhász27, Definition 3.6). Given a sutured Heegaard dia-
gram H = (Σ,α,β), a domain P ∈ D(H) is called periodic if ∂P is a linear
combination of α and β curves.

Definition 2.8 (Juhász27, Definition 3.11). A sutured Heegaard diagramH
is called admissible if every periodic domain P 6= 0 has both positive and
negative coefficients.

Every sutured Heegaard diagram can be perturbed to an admissible di-
agram as shown by Juhász27. From now on, when dealing with sutured
Heegaard diagrams, we will suppose that they are admissible. It is beyond
the scope of this thesis to explain why admissible diagrams are required,
and to give the details of the construction of sutured Floer homology. We
refer the reader to Juhász27 for further details.

Given sutured Heegaard diagrams H and H′ for a balanced sutured man-
ifold (M,γ), Juhász and Thurston34 defined maps

FH,H′ : SFH(H)→ SFH(H′),
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FH,H′,s◦ : SFH(H, s◦)→ SFH(H′, s◦),

that satisfy a functoriality condition, that is, given Heegaard diagrams H,
H′ andH′′, we have that

FH′,H′′ ◦ FH,H′ = FH,H′′ and FH′,H′′,s◦ ◦ FH,H′,s◦ = FH,H′′,s◦ .

Therefore, we can define SFH(M,γ) and SFH(M,γ, s◦) functorially. The
naturality maps are defined on a chain level for each elementary Heegaard
move, and to get the aforementioned maps one should take the induced
maps in homology. See also Section 5.2 of Juhász’s paper31.

In Section 8 of Juhász’s paper on sutured Floer homology27, a homologi-
cal grading is also described: every group SFH(M,γ, s◦) carries a relative
Z/(d(s◦)) grading, where d(s◦) denotes the divisibility of the spinc struc-
ture:

d(s◦) = gcd
ξ∈H2(M ;Z)

〈c1(s◦), ξ〉.

In fact, the grading is already defined on a chain level, and the differential
lowers the relative Z/(d(s◦)) grading by 1.

2.2 HEEGAARD FLOER HOMOLOGY FOR CLOSED 3-MANIFOLDS, KNOTS

AND LINKS

Sutured Floer homology generalises at once the hat flavour of the Hee-
gaard Floer homologies of 3-manifolds, knots and links. In this section I
will recall how to recover these invariants, and I will explain why it is nat-
ural to consider decorated knots and links (introduced in Section 2.3) when
studying their Heegaard Floer homologies.

2.2.1 HEEGAARD FLOER HOMOLOGY FOR CLOSED 3-MANIFOLDS

Definition 2.9 (Juhász27, Example 2.3). Let Y denote a closed oriented con-
nected 3-manifold. Then Y (1) is the sutured manifold with underlying
3-manifold Y \B3, and with a single suture on ∂Y = S2.
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In the following proposition, Juhász relates SFH to the Heegaard Floer
homology defined by Ozsváth and Szabó60.

Proposition 2.10 (Juhász27, Proposition 9.1). Let Y be a closed connected ori-
ented 3-manifold. Then

ĤF(Y ) ∼= SFH(Y (1)). (2.1)

We will actually use (2.1) as a definition of ĤF. We remark that, in order
to make ĤF functorial, one should actually have a based 3-manifold (Y, p).
The sutured manifold associated to it would be obtained by removing a
ball in correspondence of the basepoint, and the functoriality of ĤF would
then follow from the work of Juhász and Thurston34.

The splitting of SFH along relative spinc structures is reflected in a splitting
of ĤF along Spinc(Y ):

ĤF(Y ) =
⊕

s∈Spinc(Y )

ĤF(Y, s).

If s is a torsion spinc structure (that is, its first Chern class c1(s) ∈ H2(Y ;Z)

is torsion), then d(s|Y \B3) = 0, and therefore ĤF(Y, s) admits a relative Z
grading. Ozsváth and Szabó62 proved that this can actually be lifted to an
absolute Q grading, which is usually referred to as the Maslov grading or
homological grading.

2.2.2 KNOT FLOER HOMOLOGY

Suppose that K ⊂ Y is a knot, that is a closed connected oriented 1-
manifold in a closed connected oriented 3-manifold. Then Ozsváth and
Szabó58 and, independently, Rasmussen66, associate to it a knot Floer ho-
mology ĤFK(Y,K). The definition we give here is in terms of SFH.

Definition 2.11 (Juhász27, Example 2.4). Let K ⊂ Y be a knot. Then Y (K)

denotes the sutured manifold Y \N (K) complementary to a regular neigh-
bourhoodN (K) ofK, with two oppositely oriented meridians on ∂(Y (K))

as sutures.
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Proposition 2.12 (Juhász27, Proposition 9.2). Let K ⊂ Y be a knot. Then

ĤFK(Y,K) ∼= SFH(Y (K)).

As a consequence of the spinc decomposition of SFH, we have that

ĤFK(Y,K) =
⊕

s◦∈Spinc(Y (K))

ĤFK(Y,K, s◦).

In Section 3.3 of their paper58, Ozsváth and Szabó explain that, if s◦ ∈
Spinc(Y (K)) extends to a torsion spinc structure on Y , then ĤFK(Y,K, s◦)

carries a Maslov grading, which is a relative Z grading and an absolute Q
grading. As a particular case, if Y is a rational homology sphere (which
we will denote by QHS3), then the Maslov grading is well-defined on the
whole group.

If K is nullhomologous and oriented, and S is a Seifert surface for K, then
there is an Alexander grading, defined on the set of generators by the for-
mula

AS(x) =
1

2
〈c1(s◦(x), t), [S]〉. (2.2)

Here c1(s◦(x), t) is the relative Chern class associated to the trivialisation
of v⊥0 given by the meridional direction (see Juhász’s paper28, Definition
3.7 and proof of Theorem 1.5 at page 333), and v0 is a vector field as in Re-
mark 2.4. When Y is a QHS3, then all Seifert surfaces for K are rationally
homologous, and therefore we can denote the Alexander grading simply
by A.

In the special case of Y = S3, both Maslov and Alexander gradings are
indexed by Z, and by convention ĤFKi(K, j) denotes the knot Floer ho-
mology in Maslov grading i and Alexander grading j.

Finally note that the sutured manifold Y (K) complementary to K is not
well defined, because there is a choice on where to put the sutures on
∂Y (K). This will be fixed in Section 2.3.
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2.2.3 LINK FLOER HOMOLOGY

Suppose now that L ⊂ Y is a link, that is a closed oriented 1-manifold in a
closed connected oriented 3-manifold. Then Ozsváth and Szabó63 defined
its link Floer homology ĤFL(Y, L), which we define, once again, in terms of
SFH.

Definition 2.13 (Juhász27, Example 2.4). Let L ⊂ Y be a link. Then Y (L)

denotes the sutured manifold Y \ N (L), with two oppositely oriented
meridians on each component of ∂(Y (L)) as sutures.

Proposition 2.14 (Juhász27, Proposition 9.2). Let L ⊂ Y be a link. Then

ĤFL(Y, L) ∼= SFH(Y (L)).

We will mainly focus on links in Y = S3, in which case ĤFL is endowed
with a (collapsed) Alexander grading and a Maslov grading. We will give
precise definitions in Section 2.3, and refer to Ozsváth and Szabó63, and
Zemke87 for a full discussion on gradings in ĤFL.

2.3 DECORATED LINKS AND THE HFL FUNCTOR

We already mentioned that the definitions of ĤFK and ĤFL in Section 2.2
present some functoriality issues. First, the neighbourhood N (L) of a link
L in Y is not chosen canonically, and therefore the manifold Y (K) is not
well defined. This problem was fixed by Juhász by replacing the removal
of N (L) by a real blow-up construction, as detailed below. A second and
more fundamental issue is given by the fact that the sutures on ∂Y (L) are
not chosen canonically. Different choices γ1 and γ2 of the two meridional
sutures yield isomorphic groups SFH(Y (L), γ1) ∼= SFH(Y (L), γ2), but—as
pointed out by Sarkar72 and Zemke86—in general there is no canonical
isomorphism between them. Therefore, the natural setting for a definition
of link Floer homology is given by decorated links.

We start by reviewing the real blow-up construction.
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Definition 2.15 (Arone and Kankaanrinta3, Juhász31). Suppose that M is
a smooth manifold, and let L ⊂ M be a properly embedded submanifold.
For every p ∈ L, let NpL = TpM/TpL be the fiber of the normal bundle of
L over p, and let UNpL = (NpL \ {0})/R+ be the fiber of the unit normal
bundle of L over p. Then the (spherical) blowup of M along L, denoted by
BlL(M), is a manifold with boundary obtained from M by replacing each
point p ∈ L by UNpL. There is a natural projection BlL(M)→M .

We now review decorated links.

Definition 2.16 (Juhász31, Definition 4.4). A decorated link is given by a
triple (Y, L, P ), where L is a (not necessarily oriented) non-empty link in
the connected oriented 3-manifold Y , and P ⊂ L is a finite set of points.
We require that for every component L0 of L, the number |L0 ∩ P | is posi-
tive and even. Furthermore, we are given a decomposition of L into com-
pact 1-manifolds R+(P ) and R−(P ) such that R+(P ) ∩R−(P ) = P .

We can canonically assign a balanced sutured manifold Y (L, P ) = (M,γ)

to every decorated link (Y, L, P ), as follows. Let M = BlL(Y ) and γ =⋃
p∈P UNpL. Furthermore,

R±(γ) :=
⋃

x∈R±(P )

UNxL,

oriented as ±∂M , and we orient γ as ∂R+(γ).

Definition 2.17 (Juhász-M.33). We say that a decorated link (Y, L, P ) is a
decorated knot if |K| = 1 and |P | = 2.

We will often consider decorated knots and links in Y = S3, in which case
we drop the 3-manifold Y from the notation.

Definition 2.18. For a decorated link (Y, L, P ), we define its link Floer ho-
mology as

HFL(Y, L, P ) := SFH(Y (L, P )).

Definition 2.19 (Ozsváth-Szabó58, Section 2.3). Let (Y, L, P ) be a decorated
link, L be nullhomologous and oriented, and let S be a Seifert surface for
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L. For a sutured Heegaard diagram H for Y (L, P ), we define the collapsed
Alexander grading of a generator x of SFC(H) as

AS(x) :=
1

2
〈c1(s◦(x), t), [S]〉,

where t is the trivialisation of v⊥0 given by the meridional direction. AS(x)

is preserved under the differential and naturality maps, and descends to a
grading on HFL(Y, L, P ).

Remark 2.20. The collapsed Alexander grading is a generalisation of the
Alexander grading defined in Equation 2.2, it changes sign if the orienta-
tion of each component of L is reversed, it satisfies AS(x) ∈ 1

2
Z, and, if Y

is a QHS3, it does not depend on S.

Remark 2.21. If Y = S3, and L is oriented, then HFL(L, P ) carries a Maslov
grading, which is a relative Z grading and absolute 1

2
Z grading. The ori-

entation of L allows us to split P = w ∪ z, in such a way that R−(L) is
oriented from w to z. Then HFL(L, P ) inherits the Maslov grading from
ĤF(S3,w).

Note that for the definition of HFL(Y, L, P ) we do not require that L is
oriented. The only place where the orientation of L comes into play is
in the definitions of the (collapsed) Alexander grading and of the Maslov
grading. It is possible to specify an orientation of L already at the level of
Heegaard diagrams. For this reason we introduce multi-pointed Heegaard
diagrams.

Definition 2.22 (Ozsváth-Szabó63, Definition 3.1). A multi-pointed Heegaard
diagram is a tuple

H = (Σ,α,β,w, z),

where Σ is a closed connected oriented genus g surface, α = {α1, . . . , αd}
(resp. β = {β1, . . . , βd}) is a set of d ≥ g pairwise disjoint simple closed
curves, and w = {w1, . . . , wd−g+1} (resp. z = {z1, . . . , zd−g+1}) is a set of
points contained in Σ \ (α∪β), such that α (resp. β) are linearly indepen-
dent in H1(Σ \w;Z) and in H1(Σ \ z;Z). We denote by ` := d− g + 1.
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The original definition by Ozsváth and Szabó is slightly different, but
equivalent to ours. We outline why this is true, by showing that our
definition implies that the α curves generate a g-dimensional subspace
of H1(Σ;Z), and that each component of Σ \ α (resp. Σ \ β) contains ex-
actly onew basepoint and one z basepoint. Note that H1(Σ\w;Z) ∼= Zd+g,
H1(Σ;Z) ∼= Z2g and the map

H1(Σ \w;Z)→ H1(Σ;Z)

is surjective. Since the dα curves are linearly independent in H1(Σ\w;Z),
they must span a g-dimensional subspace of H1(Σ;Z). Therefore, cutting
Σ alongα gives a planar surface. The fact that each component of Σ\α has
exactly one wi follows again from the fact that α are linearly independent
in H1(Σ \w;Z): if there is a component with two basepoints wi and wj , we
could add a small circle about wi to the α curve, and we would get a set
of d+ 1 disjoint simple closed curves on Σ which are linearly independent
on in H1(Σ \w;Z), which is a contradiction.

A multi-pointed Heegaard diagram defines a decorated link as follows.
Let Uα (resp. Uβ) be the handlebody obtained by attaching handles alongα
(resp. β) on the negative (resp. positive) side of Σ× [−1, 0] (resp. Σ× [0, 1])
and by capping off the newly obtained S2 components of the boundary
with 3-handles. We identify Σ × {0} with Σ, and we let Y = Uα ∪Σ Uβ .
In each component of Σ \ α (resp. Σ \ β) there is exactly one wi and one
zj . Choose arcs connecting thew basepoints and the z basepoints in Σ \α
(resp. Σ \ β), and push them into Uα (resp. Uβ) so that they are properly
embedded: the union of all such arcs yields a link L. We also set P = w∪z,
R−(P ) = L ∩ Uα, and R+(P ) = L ∩ Uβ . The distinction between w and z
basepoints also allows us to define an orientation of L, by declaring that
R−(P ) is oriented from the w basepoints to the z basepoints.

Remark 2.23. Given a multi-pointed Heegaard diagram (Σ,α,β,w, z) for
a decorated link (Y, L, P ), then the sutured diagram (Σ \ N (w ∪ z),α,β)

defines the balanced sutured manifold Y (L, P ). Here N (w ∪ z) denotes a
collection of small discs about the w and z basepoints. Conversely, given
a sutured Heegaard diagram (Σ◦,α,β) for Y (L, P ), one can fill the bound-
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Figure 2.1: The picture on the left shows a projection of the Hopf link with two decora-
tions on each component. From this projection, one can construct the Heegaard diagram
on the right-hand side.

aries of Σ◦ with discs, put a basepoint in the middle of each disc, and label
them wi and zi in an alternating fashion, to obtain a multi-pointed Hee-
gaard diagram for (Y, L, P ).

Note that the two descriptions are equivalent except that the multi-pointed
diagram also defines an orientation of the link. When we will talk about
unoriented links, we will use the two descriptions indifferently and make
no distinction between them.

2.4 THE HEEGAARD DIAGRAM ARISING FROM A DECORATED LINK PRO-
JECTION

Ozsváth and Szabó58 described how to construct a Heegaard diagram
from a knot projection. We extend their construction to decorated links
in S3; see Figure 2.1 for an illustration.

Let (L, P ) be an oriented decorated n-component link with |P | = 2`, and
letD be a connected projection ofL onto R2 ⊆ R3. Let Σ be the boundary of
a regular neighbourhood of D in R3. Then Σ is a surface of some genus g,
oriented as the boundary of its exterior. Place a basepoint on Σ right above
each point of the decoration P . The basepoints are alternatingly labelled
by wi and zi such that each component of R−(P ) is oriented from wi to zi.
We let w = {w1, . . . , w` } and z = { z1, . . . , z` }.

For each crossing of D, add a β-curve on Σ according to the orientation
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of the crossing. We call these curves β1, . . . , βg−1. Furthermore, for each
component of R−(P ), add a meridional β-curve that we call βg, . . . , βg+`−1.
What we finally get is a set

β = { β1, . . . , βg+`−1 }

of attaching circles.

As for the α-curves, draw a curve around each bounded region of R2 \
D, and call these curves α1, . . . , αg. Furthermore, for each component of
R−(P ) except one, add an inessential α-curve that contains zi and wi as in
Figure 2.1. We call these ladybugs, and are labelled αg+1, . . . , αg+`−1. We set

α = {α1, . . . , αg+`−1 }.

Then, the diagram (Σ,α,β,w, z) is a multi-pointed Heegaard diagram
representing the decorated link (L, P ).
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3
HEEGAARD FLOER HOMOLOGY

AND DECORATED LINK

COBORDISMS

IN this chapter we review the construction of maps in HFL associated
to decorated link cobordisms as defined by Juhász31. We already men-

tioned that, by the work of Sarkar72 and Zemke86, for HFL to be a well de-
fined vector space one needs to consider decorated links, otherwise what
one gets is a vector space up to isomorphisms. More details of this fact
will be given in Section 3.3.

In a similar way, if one considers link cobordisms without decorations,
the best thing that one could hope is to get a map defined up to compo-
sition by automorphisms of the domain and of the target. Therefore, the
natural setting for the definition of cobordism maps is given by decorated
link cobordisms, which we recall in Section 3.2. The way they are defined
by Juhász31 is as a particular case of sutured cobordism maps, which we
review in Section 3.1.
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Before reviewing these constructions, it is worth mentioning that two dif-
ferent constructions of maps in Heegaard Floer homology associated to
link cobordisms were recently posted online, by Alishahi and Eftekhary1,
and by Zemke85. We will say a little more in Section 3.4.

3.1 SUTURED COBORDISMS AND SUTURED MAPS

3.1.1 SUTURED COBORDISMS

We first recall the notion of cobordism of sutured manifolds.

Definition 3.1 (Juhász31, Definition 2.3). Let (M,γ) be a sutured manifold,
and suppose that ξ0 and ξ1 are contact structures on M such that ∂M is a
convex surface with dividing set γ with respect to both ξ0 and ξ1. Then we
say that ξ0 and ξ1 are equivalent if there is a 1-parameter family {ξt : t ∈ I}
of contact structures such that ∂M is convex with dividing set γ with re-
spect to ξt for every t ∈ I . In this case, we write ξ0 ∼ ξ1, and we denote by
[ξ] the equivalence class of the contact structure ξ.

Definition 3.2 (Juhász31, Definitions 2.4 and 2.14). Given sutured mani-
folds (M0, γ0) and (M1, γ1), a cobordism from (M0, γ0) to (M1, γ1) is a triple
W = (W,Z, [ξ]), where

• W is a compact oriented 4-manifold with boundary;

• Z ⊆ ∂W is a compact, codimension-0 submanifold with boundary
(viewed within ∂W ), such that ∂W \ Int(Z) = −M0 t M1, and we
view Z as a sutured manifold with sutures γ0 ∪ γ1; and

• ξ is a positive contact structure on Z such that ∂Z is a convex surface
with dividing set γi on ∂Mi for i ∈ {0, 1}.

Finally, a cobordism is called balanced if both (M0, γ0) and (M1, γ1) are bal-
anced.

Note that in this thesis we only consider balanced sutured manifolds and
balanced cobordisms.
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Definition 3.3 (Juhász31, Definition 2.7). Two cobordismsW = (W,Z, [ξ])

andW ′ = (W ′, Z ′, [ξ′]) from (M0, γ0) to (M1, γ1) are called equivalent if there
is an orientation preserving diffeomorphism ϕ : W → W ′ such that d(Z) =

Z ′, d∗(ξ) = ξ′, and d|M0∪M1 = id.

Definition 3.4 (Juhász31, Definition 10.4). A cobordism W = (W,Z, [ξ])

from (M0, γ0) to (N, γ1) is called a boundary cobordism if W is balanced,
N is parallel to M0 ∪ (−Z), and we are also given a deformation retraction
r : W × [0, 1] −→M0∪(−Z) such that r0|W = idW and r1|N is an orientation
preserving diffeomorphism from N to M0 ∪ (−Z).

Definition 3.5 (Juhász31, Definition 5.1). We say that a cobordism W =

(W,Z, [ξ]) from (M0, γ0) to (M1, γ1) is special if

1. W is balanced;

2. ∂M0 = ∂M1, and Z = ∂M0×I is the trivial cobordism between them;
and

3. ξ is an I-invariant contact structure on Z such that each ∂M0 × {t}
is a convex surface with dividing set γ0 × {t} for every t ∈ I with
respect to the contact vector field ∂/∂t.

In particular, it follows from 3. that γ0 = γ1.

Remark 3.6. Every sutured cobordism can be seen as the composition of a
boundary cobordism and a special cobordism as explained by Juhász31 in
Definition 10.1. LetW = (W,Z, [ξ]) be a balanced cobordism from (M0, γ0)

to (M1, γ1). Let (N, γ1) be the sutured manifold (M0 ∪ (−Z), γ1). Then we
can think of the cobordism W as a composition Ws ◦ Wb, where Wb is a
boundary cobordism from (M0, γ0) to (N, γ1) and Ws is a special cobor-
dism from (N, γ1) to (M1, γ1).

3.1.2 RELATIVE SPINc STRUCTURES

Before introducing the notion of spinc cobordism of sutured manifolds, we
need to recall the following definition.
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Definition 3.7 (Juhász31, Definition 3.2). Let (M,γ) be a sutured mani-
fold. We say that an oriented 2-plane field ξ defined on a subset of M
containing ∂M is admissible if there exists a Riemannian metric g on M

such that ξ⊥g is an admissible vector field. If ξ is defined on the whole
manifold M , we write

s◦ξ = [ξ⊥g ] ∈ Spinc(M,γ).

This is independent of the choice of g since the space of metrics g for which
ξ⊥g is an admissible vector field is convex.

We now recall the notion of relative spinc structures on sutured cobor-
disms. If J is an almost complex structure on a 4-manifold W and H is
a 3-dimensional submanifold, then there is a 2-plane field induced on H

called the field of complex tangencies along H , as explained in Lemma 3.4 of
Juhász’s paper31.

Definition 3.8 (Juhász31, Definition 3.5). Suppose that W = (W,Z, [ξ]) is
a cobordism from the sutured manifold (M0, γ0) to (M1, γ1). We say that
an almost complex structure J defined on a subset of W containing ∂Z is
admissible if the field of complex tangencies on Mi (defined on a subset of
Mi containing ∂Mi) is admissible in (Mi, γi) for i ∈ {0, 1}, and the field ξJ

of complex tangencies on Z (defined on a subset of Z containing ∂Z) is
admissible in (Z, γ0 ∪ γ1).

A relative spinc structure onW is a homology class of pairs (J, P ), where:

• P ⊆ Int(W ) is a finite collection of points;

• J is an admissible almost complex structure defined over W \P ; and

• if ξJ is the field of complex tangencies along Z, then s◦ξ = s◦ξJ .

We say that (J, P ) and (J ′, P ′) are homologous if there exists a compact 1-
manifold C ⊆ W \ ∂Z such that P , P ′ ⊆ C; furthermore, J |W\C and J ′|W\C
are isotopic through admissible almost complex structures. We denote by
Spinc(W) the set of relative spinc structures overW .
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Remark 3.9. As in the case of sutured manifolds, we will denote relative
spinc structures on sutured cobordisms by s◦, in order to distinguish them
from ordinary spinc structures on oriented 4-manifolds, which we denote
by s, in analogy with the case of oriented 3-manifolds.

Remark 3.10. Spinc(W) is an affine space over

ker
(
H2(W,∂Z) −→ H2(Z, ∂Z)

)
.

There are restriction maps

Spinc(W) −→ Spinc(Mi, γi)

for i ∈ {0, 1}.

3.1.3 COBORDISM MAPS IN SUTURED FLOER HOMOLOGY

Juhász proved31 that a balanced cobordism W from (M0, γ0) to (M1, γ1)

induces a homomorphism

FW : SFH(M0, γ0) −→ SFH(M1, γ1).

IfW is endowed with a relative spinc structure s◦, then we also have a map

FW,s◦ : SFH(M0, γ0, s
◦|M0) −→ SFH(M1, γ1, s

◦|M1).

Let BSut denote the category of balanced sutured manifolds and equiva-
lence classes of cobordisms, whereas Vect denotes the category of vector
spaces over F2.

Theorem 3.11 (Juhász31, Theorem 11.12). SFH defines a functor

BSut→ Vect,

which is a (3 + 1)-dimensional TQFT in the sense of Atiyah4, and Blanchet and
Turaev8.
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We now outline the construction of the cobordism map associated to a
balanced cobordism. Let W = (W,Z, [ξ]) be a balanced cobordism from
(M0, γ0) to (M1, γ1), and suppose that every component Z0 of Z intersects
M1 (this last hypothesis can actually be dropped, as explained below). Ac-
cording to Remark 3.6, we can viewW as the composition of a boundary
cobordism Wb from (M0, γ0) to (N, γ1) and a special cobordism Ws from
(N, γ1) to (M1, γ1). Using the contact gluing map defined by Honda, Kazez,
and Matić24, Juhász31 constructed in Section 9 a map

FWb : SFH(M0, γ0) −→ SFH(N, γ1)

associated to the special cobordismWb.

The special cobordism Ws also induces a map: Choose a decomposition
of Ws as W3 ◦ W2 ◦ W1, where Wi is the trace of i-handle attachments.
Juhász31 defined a map FWi

associated to each cobordismWi, and the map
associated toWs is defined as

FWs = FW3 ◦ FW2 ◦ FW1 : SFH(N, γ1) −→ SFH(M1, γ1).

Finally, the cobordism map FW is the composition FWs ◦ FWb , which is
independent of all the choices made.

We supposed above that there are no components of Z = N \ M0 that
do not intersect M1 (these are also called isolated components); this require-
ment was needed for the definition of the gluing map (and also because
N may not be balanced). In the presence of isolated components, the map
associated to a cobordism W is defined as follows: Remove a standard
contact ball B3 (i.e.; a ball with a single suture on the boundary) from each
isolated component, and add them to M1. Then you get a cobordism W ′

from (M0, γ0) to (M1 t
∐
B3, γ1 t

∐
γB3) with no isolated components. By

composing the already defined map

FW ′ : SFH(M0, γ0)→ SFH
(
M1 t

∐
B3, γ1 t

∐
γB3

)
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with the natural isomorphism

SFH
(
M1 t

∐
B3, γ1 t

∐
γB3

)
'−→ SFH(M1, γ1),

one obtains a map FW : SFH(M0, γ0)→ SFH(M1, γ1).

All cobordism maps above admit refinements FW,s◦ along relative spinc

structures. The map FW can be recovered from the maps FW,s◦ for all
spinc structures (see Juhász31, Definition 10.9 and Proposition 10.11), and
the spinc cobordism maps satisfy a type of composition law (see Juhász31,
Theorem 11.3).

3.2 DECORATED LINK COBORDISMS

We now recall the definition of decorated link cobordisms and of the maps
that they induce, therefore making HFL functorial.

Definition 3.12 (Juhász31, Definition 4.2). A surface with divides (S, σ) is
a compact orientable surface S, possibly with boundary, together with a
properly embedded 1-manifold σ that divides S into two compact subsur-
faces that meet along σ.

Definition 3.13 (Juhász31, Definition 4.1). For i ∈ {0, 1}, let Yi be a con-
nected, oriented 3-manifold, and let Li be a non-empty link in Yi. Then a
link cobordism from (Y0, L0) to (Y1, L1) is a pair (X,F ), where

1. X is a connected, oriented cobordism from Y0 to Y1;

2. F is a properly embedded, compact, orientable surface in X ; and

3. ∂F = L0 ∪ L1.

We are now ready to define decorated link cobordisms.

Definition 3.14 (Juhász31, Definition 4.5). The triple X = (X,F, σ) is a
decorated link cobordism from (Y0, L0, P0) to (Y1, L1, P1) if

1. (X,F ) is a link cobordism from (Y0, L0) to (Y1, L1);
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2. (F, σ) is a surface with divides such that the map

π0(∂σ)→ π0((L0 \ P0) ∪ (L1 \ P1))

is a bijection;

3. we can orient each component R of F \ σ such that whenever ∂R
crosses a point of P0, it goes from R+(P0) to R−(P0), and whenever it
crosses a point of P1, it goes from R−(P1) to R+(P1); and

4. if F0 is a closed component of F , then σ ∩ F0 6= ∅.

Furthermore, we say that two decorated link cobordisms X = (X,F, σ)

and X ′ = (X ′, F ′, σ′) from (Y0, L0, P0) to (Y1, L1, P1) are equivalent if there is
an orientation-preserving diffeomorphism ϕ : X → X ′ such that ϕ(F ) =

F ′, ϕ(σ) = σ′, ϕ|Y0 = idY0 , and ϕ|Y1 = idY1 .

The category of decorated links and equivalence classes of decorated link
cobordisms is denoted by DLink.

According to Juhász31, there is a natural sutured manifold cobordism com-
plementary to a decorated link cobordism whose construction we recall in
the next definition. For this purpose, we first discuss S1-invariant contact
structures on circle bundles; see also Juhász31 (Section 4). Let π : M → F

be a principal circle bundle over a compact oriented surface F . An S1-
invariant contact structure ξ on M determines a dividing set σ on the base
F , by requiring that x ∈ σ if and only if ξ is tangent to π−1(x), and a split-
ting of F as R+(σ)∪R−(σ). The image of any local section of π is a convex
surface with dividing set projecting onto σ. In the opposite direction, ac-
cording to Lutz45 and Honda23, given a dividing set σ on F that intersects
each component of F non-trivially and divides F into subsurfaces R+(σ)

and R−(σ), there is a unique S1-invariant contact structure ξσ on M , up to
isotopy, such that the dividing set associated to ξσ is exactly σ, the coorien-
tation of ξσ induces the splitting R±(σ), and the boundary ∂M is convex.

Definition 3.15 (Juhász31, Definition 4.9). Let (X,F, σ) be a decorated link
cobordism from (Y0, L0, P0) to (Y1, L1, P1). Then we define the sutured
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cobordism W = W(X,F, σ) from Y0(L0, P0) to Y1(L1, P1) as follows. Pick
an arbitrary splitting of F intoR+(σ) andR−(σ) such thatR+(σ)∩R−(σ) =

σ, and orient F such that ∂R+(σ) (with R+(σ) oriented as a subsurface
of F ) crosses P0 from R+(P0) to R−(P0) and P1 from R−(P1) to R+(P1).
Then W is defined to be the triple (W,Z, [ξ]), where W = BlF (X) and
Z = UNF , oriented as a submanifold of ∂W , finally ξ = ξσ is an S1-
invariant contact structure with dividing set σ on F and convex bound-
ary ∂Z with dividing set projecting to P0 ∪ P1.

The contact structure ξ is independent of the splitting of F into R+(σ) and
R−(σ).

Note that, in the above definition, the contact vector fields with respect to
which a local section of UNF → F and ∂Z are transverse are different, so
they can project to different subsets of L0 ∪ L1. Specifically, we have that
the dividing set for ∂Z projects to P0∪P1, while ∂σ is disjoint from P0∪P1.

Moreover, note that if F does not have any closed component, then it de-
formation retracts onto a 1-dimensional CW complex, and therefore any
S1-bundle on it has a section, hence is trivial if the bundle is orientable. In
particular, UNF ≈ F × S1.

According to Juhász31, if (X,F, σ) and (X ′, F ′, σ′) are equivalent, so are the
cobordisms of sutured manifolds associated to them. Therefore, we obtain
a functor

W : DLink→ BSut.

Notice thatW(Y, L, P ) is what we called Y (L, P ). By composing with SFH,
we obtain a functor from DLink to Vect.

Definition 3.16. We define the functor

HFL: DLink→ Vect

to be the composition SFH ◦W .

We conclude this section with two remarks concerning notation. First,
given a decorated link cobordism, with a slight abuse of notation, we will
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S3

S3

XK × I

σ

P

P− +

− +

Figure 3.1: The figure shows the decorated cobordism X from (K,P ) to itself. The knot
decorations P are shown in red, and the cobordism decorations σ on the surface K × I
are shown in green. The signs − and + respectively stand for R−(P ) and R+(P ).

also denote the cobordism of sutured manifolds associated to it by the
same letter. Second, if we choose an orientation of F , then we always
orient L0 as −∂F and L1 as ∂F .

3.3 DECORATIONS MATTER

We already mentioned that decorations are fundamental to the definition
of cobordism maps. Here we give a concrete example of why this is the
case. Given a decorated knot (K,P ) in S3, construct a decorated link
cobordism X = (S3 × I,K × I, σ), where the decorations σ consist of two
parallel arcs which wind once along the cylinder K × I (see Figure 3.1).

As we said in Section 3.2, X induces a map

FX : HFL(K,P )→ HFL(K,P ).

An alternative definition of X is the following. Consider the product
cobordism (S3 × I,K × I, P × I), and identify both top and bottom of
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it to (S3, K, P ), using the identity diffeomorphism for the bottom

id : (S3 × {0}, K × {0}, P × {0})→ (S3, K, P ),

and a fingermove diffeomorphism for the top

d : (S3 × {1}, K × {1}, P × {1})→ (S3, K, P ).

More explicitly, d is a diffeomorphism which agrees with id away from
K, and which twists once along K in a neighbourhood of K itself. Note
that this diffeomorphism is not isotopic to the identity through diffeomor-
phisms fixing K. As explained by Juhász31, the map induced by X agrees
with the action of d on HFL(K,P ) described by Juhász and Thurston34.
Given a decorated link (Y, L, P ), according to Juhász and Thurston, there
is a representation of the mapping class group on HFL(Y, L, P ):

ρ : MCG(Y,K, P )→ Aut(HFL(Y, L, P )).

Sarkar72 proved that if (Y, L, P ) is a decorated knot (K,P ) in S3, then ρ(d),
where d is the diffeomorphism defined above, often acts non-trivially on
HFL(Y, L, P ). As a result, the map FX associated to the decorated link
cobordism in Figure 3.1 is not the identity map, and therefore this shows
that cobordism maps are sensitive to the choice of decorations.

We also mention that in the case of decorated links in S3, Zemke86 gave
a formula for ρ(di), where di is the diffeomorphism associated to a finger-
move along the i-th component of the link.

3.4 COBORDISM MAPS IN THE LITERATURE

There are some other constructions of maps in Heegaard Floer homol-
ogy associated to (decorated) link cobordisms, whose description is be-
yond the scope of this thesis. Nevertheless, we give in this section a brief
overview of the recent literature on the subject for the interested reader.

In 2010, a year after Juhász’s paper31, Sarkar71 gave a construction of link

69



cobordism maps in grid Floer homology associated to a surface in S3 × I ,
which secretly carried decorations. However, he has not proved that such
maps are invariant under isotopy of the surface in S3 × I . In his PhD
thesis, Graham18, attempted to show that Sarkar’s maps do not change
under surface isotopy by trying to show their invariance under the so-
called movie moves, but was able to prove it only for a subset of them. To
the best of the author’s knowledge, the question whether Sarkar’s maps
are invariant under isotopy is still unsettled.

More recently, Zemke85 defined maps associated to decorated link cobor-
disms for all flavours of link Floer homology. The spirit of his definition is
quite different from the one of Juhász. Rather than going through sutured
Floer homology, Zemke defines a map associated to each elementary dec-
orated link cobordism, and extends his construction to any cobordism by
composing elementary cobordisms. He also shows that such a map does
not depend on the choice of a splitting of the decorated link cobordisms
into elementary pieces. To the best of the author’s knowledge, it is un-
clear whether his maps coincide with Juhász’s maps. Note that in Chapter
5 we give a description of Juhász’s maps for each elementary decorated
link cobordism. However, the set of elementary link cobordism used by
Zemke is different from ours, specifically in the decorations chosen for
a saddle cobordism, and therefore it is not clear whether Zemke’s and
Juhász’s maps agree, although I should mention that the maps associated
to all other elementary cobordisms agree.

Lastly, Alishahi and Eftekhary1 defined maps associated to tangle cobor-
disms, which also yield maps for link cobordisms. Their construction is
more similar in spirit to Zemke’s one than to Juhász’s one.
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4
DECORATED CONCORDANCES

DECORATED concordances are the easiest kind of decorated link cobor-
dism. A classical concordance from a knot K0 ⊂ S3 to a knot K1 ⊂ S3

is an annulus F , properly embedded in S3 × I , such that ∂F = −K0 ×
{0} tK1 × {1}. This notion defines an interesting equivalence relation on
the set of knots: there are knots which are concordant to the unknot (they
are called slice knots), and knots which are not. Note that, by contrast, if
you allow any cobordism (that is, if you allow F to be a surface of any
genus), then every knot is cobordant to every other. There is a very rich
literature on concordance, for example about determining the structure of
the concordance group (which is the set of knots modulo concordance, en-
dowed with the connected sum operation). In this chapter, we focus on the
decorated counterpart of concordances, which we imaginatively call deco-
rated concordances. We will require that not only the surface is the easiest
possible, but that also the decorations are in a particularly nice form.

Recall from Definition 2.17 that a decorated knot (K,P ) in S3 is a knotK ⊂
S3, and a pair of points P ⊂ K, together with a decomposition of K into
compact 1-manifolds K = R+(P ) ∪ R−(P ) such that R+(P ) ∩ R−(P ) = P .
We will suppose that K is oriented.
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Definition 4.1 (Juhász-M.33, Definition 3.6). A decorated concordance be-
tween decorated knots (K0, P0) and (K1, P1) is a decorated link cobordism
C = (X,F, σ) as in Definition 3.14 such that

1. X is an integer homology S3 × I with boundary (−S3) t S3;

2. the surface F is an oriented annulus with ∂F = −K0 tK1; and

3. σ consists of two arcs connecting the two components of ∂F .

If X = S3 × I , we drop X from the notation and only write (F, σ).

Being a decorated link cobordism, a decorated concordance C = (X,F, σ)

from (K0, P0) to (K1, P1) induces a homomorphism

FC : ĤFK(K0, P0)→ ĤFK(K1, P1),

as explained in Sections 3.1.3 and 3.2. By ĤFK we mean the functor HFL

from Section 3.2 restricted to decorated knots. Recall that the map FC de-
pends on the decorations, as shown in Section 3.3. Actually, the decorated
link cobordism in Figure 3.1, which is discussed in that section, is also a
decorated concordance.

The main result of this chapter, from joint work with Juhász33, gives a
link between the two spectral sequences associated to (decorated) concor-
dant knots (K0, P0) and (K1, P1). Ozsváth and Szabó58 and, independently,
Rasmussen66 proved that for every decorated knot (K,P ) in S3, there is a
corresponding spectral sequence

ĤFK(K,P )⇒ ĤF(S3) ∼= F2.

Given an admissible doubly-pointed Heegaard diagram (Σ,α,β, w, z) for
(K,P ), the singly-pointed diagram (Σ,α,β, w) represents (S3, w), and z

gives rise to the knot filtration on ĈF(Σ,α,β, w). The spectral sequence
arises from this filtered complex. The E0 page is the associated graded
complex ĈFK(Σ,α,β, w, z), whose homology is ĤFK(K,P ), the E1 page.
The spectral sequence limits to the homology of ĈF(Σ,α,β, w), which is
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ĤF(S3) ∼= F2. The filtration level of the generator of F2 in the E∞ page
is the τ invariant, denoted by τ(K). This was introduced by Ozsváth and
Szabó56 and, independently, Rasmussen66 with the notation s(K).

The main result of this chapter, in joint work with Juhász33, is that a deco-
rated concordance C induces a non-vanishing homomorphism FC on knot
Floer homology that preserves the Alexander and homological gradings,
and also induces a morphism of the corresponding spectral sequences. Re-
call that the Alexander grading and the homological (or Maslov) grading
were introduced in Section 2.2.2. We denote by ĤFKj(K,P, i) the sum-
mand of ĤFK(K,P ) in Alexander grading i and homological grading j.

Theorem 4.2 (Juhász-M.33, Theorem 1.2). Let C = (X,F, σ) be a decorated
concordance between decorated knots (K0, P0) and (K1, P1), such that H1(X) =

H2(X) = 0. Then

FC

(
ĤFKj(K0, P0, i)

)
≤ ĤFKj(K1, P1, i)

for every i, j ∈ Z.

Furthermore, given an admissible diagram (Σr,αr,βr, wr, zr) of (Kr, Pr) for r ∈
{0, 1}, there is a filtered chain map

fC : ĈF(Σ0,α0,β0, w0)→ ĈF(Σ1,α1,β1, w1)

of homological degree zero such that the induced morphism of spectral sequences
agrees with FC on the E1 page and with idF2 on the total homology and on the E∞

page.

The fact that the map induced by a decorated concordance preserves both
the Alexander and the Maslov gradings has been shown independently
in a recent pre-print by Zemke87, who uses a different strategy. His tech-
niques are closer in spirit to Chapter 5 of this thesis. We will explain how
our work relates to Zemke’s work there.

Note that the fact that the map induced by a filtered map f on the total
homology is an isomorphism in general does not imply that the map f∞
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induced between the E∞ pages is also an isomorphism. As an example,
consider a complex C ∼= F2 in filtration level one, and a complex C ∼= F2

in filtration level zero. If f : C → C is an isomorphism, then H(f) is an
isomorphism but f∞ is not.

In the case of the filtered map fC induced by a decorated concordance C,
the fact that f∞C is an isomorphism follows from the fact that τ(K0) =

τ(K1), which was shown by Ozsváth and Szabó56 (Theorem 1.1), and of
which we give an alternative proof in Corollary 4.20, following a reasoning
already used by Rasmussen69 and Sarkar71 in different settings.

From Theorem 4.2 we also deduce that the concordance map FC is always
non-vanishing, since it is the map induced on the E1 page in a morphism
of spectral sequences where the E∞ map is non-vanishing. We use this
result to define an invariant of slice discs, which is discussed in Section
4.5.

Another application of Theorem 4.2, in combination with previous results
by Ozsváth and Szabó57, Ghiggini17, and Ni52,53, is a new proof of an un-
published result of Ruberman, concerning invertible concordances, which
will be discussed in Section 4.6.

We now outline the structure of the proof of Theorem 4.2, which is quite
involved and will take most of this chapter.

Structure of the proof of Theorem 4.2. We will break the proof of the theorem
in three main steps:

1. We first prove that the concordance map FC in ĤFK preserves the
Alexander grading (Proposition 4.6). More precisely, we prove that
a relative spinc structure on C restricts to relative spinc structures on
S3(K0, P0) and S3(K1, P1) with “same” first Chern class (see Lemma
4.5 for a precise statement). This is done in Section 4.1. An inde-
pendent proof of Proposition 4.6 will also be given in Chapter 5 (see
Corollary 5.29).

2. By using Lemma 4.5, we are then able to prove that the chain map fC
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preserves the Alexander filtration and therefore induces a morphism
of spectral sequences satisfying the properties stated above. This is
done in Section 4.3 (see Theorems 4.19 and 4.21).

3. Lastly, by using the fact that the map induced in total homology is
idF2 (which is proven in Theorem 4.19), we prove that FC preserves
also the Maslov grading (see Theorem 4.40, in Section 4.4).

This chapter is organised as follows. In Section 4.1 we study spinc struc-
tures on the sutured cobordism complementary to C, and we prove that
FC preserves the Alexander grading. In Section 4.2 we recall spectral se-
quences and morphisms between them, and we establish some lemmas
concerning the τ invariant in a more general setting. In Section 4.3 we
show that fC preserves the Alexander filtration, and therefore induces a
morphism of spectral sequences. By applying the results in Section 4.2, we
prove that τ is a concordance invariant, and that the map induced on the
E∞ page is the identity. In Section 4.4 we prove that FC also preserves the
homological grading. In Section 4.5 we note that FC is non-vanishing, and
discuss some consequences, including the definition of a new invariant of
slice discs. In Section 4.6 we study applications to invertible concordances.
Section 4.7 is devoted to a side topic, that is the relation between invertible
concordances and imitations as defined by Kawauchi36. Lastly, in Section
4.8 we extend the construction to other flavous.

4.1 DECORATED CONCORDANCES AND RELATIVE SPINc STRUCTURES

In this section we study relative spinc structures on decorated concor-
dances, which behave more nicely than for generic link cobordisms.

First of all, we prove the following lemma concerning 4-manifolds under-
lying decorated concordances.

Lemma 4.3 (Juhász-M.33, Lemma 3.7). Let X be an oriented cobordism from
S3 to S3. Then X has the same homology and cohomology as S3 × I if and only
if H1(X) = H2(X) = 0.
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Proof. The “only if” part is obvious. So suppose that H1(X) = H2(X) = 0.
Then let X be the closed 4-manifold obtained by gluing two 4-balls to ∂X .
We denote by B ⊂ X the union of these 4-balls. Then, for i ∈ {1, 2}, we
have

0 = Hi(X) ∼= H4−i(X, ∂X) ∼= H4−i(X,B) ∼= H4−i(X).

Here, the first isomorphism follows from Poincaré-Lefschetz duality, the
second from excision, and the third from the cohomological long exact
sequence of the pair (X,B). So H2(X) = H3(X) = 0, hence H1(X) ∼=
H3(X) = 0, and H1(X) = Hom(H1(X),Z) = 0. As X has the same inte-
gral cohomology is S4, after removing two balls, X has the same integral
homology and cohomology as S3 × I .

We now turn the attention to relative spinc structures.

Lemma 4.4 (Juhász-M.33, Lemma 3.8). Let C = (X,F, σ) be a decorated con-
cordance from (K0, P0) to (K1, P1). If (Mi, γi) = S3(Ki, Pi) is the balanced
sutured manifold complementary to (Ki, Pi) for i ∈ {0, 1}, and W = W(C) =

(W,Z, [ξ]) is the sutured manifold cobordism from (M0, γ0) to (M1, γ1) comple-
mentary to C, then

FW =
⊕

s◦ ∈ Spinc(W)

FW,s◦ . (4.1)

Furthermore, Spinc(W) is an affine space overH2(W,Z) ∼= Z, and the restriction
maps

ri : Spinc(W) −→ Spinc(Mi, γi)

are isomorphisms for i ∈ {0, 1}.

Proof. As in Remark 3.6, we writeW =Ws ◦Wb, whereWb is a boundary
cobordism from (M0, γ0) to (N, γ1), where N = M0 ∪ (−Z), and Ws is a
special cobordism from (N, γ1) to (M1, γ1). As Z is a product, N is diffeo-
morphic to the knot complement M0 ≈ S3 \ N (K0), and hence H2(N) = 0.
So, by Remark 10.10 and Proposition 10.11 of Juhász’s paper31,

FW =
⊕

s◦ ∈ Spinc(W)

FW,s◦ .
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As Hk(Z, ∂M1) = 0 for k ∈ {1, 2}, by Juhász31 (Lemma 3.7) we con-
clude that Spinc(W) is affine over H2(W,∂M1). Of course, H2(W,∂M1) ∼=
H2(W,∂M0) ∼= H2(W,Z). By excision, H2(W,Z) ∼= H2(X,N (F )), where
N (F ) is a regular neighbourhood of F . From the long exact sequence as-
sociated to the pair (X,N (F )), the fact thatH1(X) = H2(X) = 0, and since
H1(N (F )) ∼= H1(S1) ∼= Z, we obtain that H2(X,N (F )) ∼= Z.

The restriction maps

ri : Spinc(W)→ Spinc(Mi, γi)

for i ∈ {0, 1} are modelled on the restriction maps

H2(W,∂Mi)→ H2(Mi, ∂Mi)

for i ∈ {0, 1}. From the long exact sequence of the triple (W,Mi, ∂Mi), the
sequence

H2(W,Mi)→ H2(W,∂Mi)→ H2(Mi, ∂Mi)→ H3(W,Mi) (4.2)

is exact. Now consider the relative Mayer-Vietoris sequence of the pairs
(W,Mi) and (N (F ),N (Ki)), whose union is (X, ∂iX), where ∂iX ≈ S3 is
the ingoing boundary component of X when i = 0, and is the outgoing
boundary component when i = 1:

Hk(X, ∂iX)→ Hk(W,Mi)⊕Hk(N (F ),N (Ki))→ Hk(Z, ∂Mi).

Here, Hk(X, ∂iX) ∼= Hk(S3×I, S3×{0}) = 0, and the last term is zero as Z
deformation retracts onto ∂Mi. Consequently, Hk(W,Mi) = 0 for every k,
and by the exact sequence (4.2), this means that the restriction maps ri are
isomorphisms for i ∈ {0, 1}.

In the following lemma, v0 denotes any fixed vector field on a balanced
sutured manifold (M,γ) obtained by restricting an admissible vector field
to ∂M (see Definition 2.3 and Remark 2.4).

Lemma 4.5 (Juhász-M.33, Lemma 3.9). Let C = (X,F, σ) be a knot concor-
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dance from (K0, P0) to (K1, P1). As in Lemma 4.4, let (Mi, γi) = S3(Ki, Pi) for
i ∈ {0, 1}, and let

W =W(C) = (W,Z, [ξ]).

For i ∈ {0, 1}, let Si be a Seifert surface for Ki, and let ti be the trivialisation of
v⊥0 given by a vector field tangent to ∂Mi in the meridional direction. Then, for
any relative spinc structure s◦ ∈ Spinc(W),

〈 c1(r0(s◦), t0), [S0] 〉 = 〈 c1(r1(s◦), t1), [S1] 〉, (4.3)

where r0 and r1 are the restriction maps in Lemma 4.4.

From Lemma 4.5, we can already deduce the following proposition, which
is the first step towards the proof of Theorem 4.2.

Proposition 4.6 (Juhász-M.33, Proposition 3.10). If C is a decorated concor-
dance between two knots (K0, P0) and (K1, P1), then the map induced between
the knot Floer homologies preserves the Alexander grading, that is

FC

(
ĤFK(K0, P0, i)

)
≤ ĤFK(K1, P1, i)

for every i ∈ Z.

Proof. We use the same notation as in Lemmas 4.4 and 4.5. It follows from
Lemma 4.4 that the map FC = FW splits as the sum of the maps FW,s◦ for
s◦ ∈ Spinc(W), see Equation (4.1). It is therefore sufficient to check that,
for every relative spinc structure s◦ ∈ Spinc(W), the map

FW,s◦ : SFH(M0, γ0, s
◦|M0) −→ SFH(M1, γ1, s

◦|M1)

preserves the Alexander grading.

According to the proof of Theorem 1.5 on page 333 of Juhász’s paper28, if
ti is the trivialisation of v⊥0 given by a vector field tangent to ∂Mi in the
meridional direction, then

SFH(Mi, γi, t
◦) = ĤFK(Ki, Pi,−〈 c1(t◦, ti), [Si] 〉/2),
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where Si is a Seifert surface of Ki for i ∈ {0, 1}. The result now follows
from Lemma 4.5, which states that

〈 c1(s◦|M0 , t0), [S0] 〉 = 〈 c1(s◦|M1 , t1), [S1] 〉.

Proof of Lemma 4.5. Choose an admissible almost complex structure J on
W \ P whose homology class is s◦, where P ⊂ Int(W ) is a finite set of
points, as in Definition 3.8. Let ξJ be the field of complex tangencies of J
along Z (as defined in Section 3.1.2). Then, by definition, s◦ξ = s◦ξJ . In fact,
we can choose J such that ξJ = ξ. Choose a trivialisation of the normal S1-
bundle of F whose total space is Z. If we identify F with S1 × I such that
σ maps to Q0 × I for Q0 = σ ∩ K0, then this identification, together with
the above trivialisation, induces a diffeomorphism d : Z → S1 × S1 × I ,
where the first factor is the fiber direction, and such that ξ is mapped to an
I-invariant contact structure with dividing set S1×P0×{a} on S1×S1×{a}
for every a ∈ I , and {ϑ}×Q0× I on {ϑ}× S1× I for every ϑ ∈ S1. Hence,
we can perturb the 2-plane field ξ such that it is always tangent to the sec-
ond S1 factor; i.e., the longitudinal direction. So we can choose J such
that ξJ is also invariant in the I direction, and it contains the longitudinal
direction. If v is a nowhere zero section of ξJ tangent to the longitudinal
direction, then—under a homotopy of ξJ |∂Mi

to v⊥0 through admissible 2-
plane fields—the vector field v|∂M0 represents a trivialisation τ0 that corre-
sponds to t0 and v|∂M1 represents a trivialisation τ1 that corresponds to t1.

The 2-plane field ξJ , together with the trivialisation given by v, gives a
complex 1-dimensional subbundle of (TW |Z , J) together with a triviali-
sation. The complement of ξJ is also trivial, canonically trivialised by its
intersection with TZ, which then gives rise to a trivialisation τ of TW |Z .
As J is defined over the 3-skeleton of W , it makes sense to talk about the
relative Chern class c1(TW, J, τ) ∈ H2(W,Z). If ξiJ denotes the field of
complex tangencies of J along Mi, then the complement of ξiJ is a trivial
bundle (trivialised by its intersection with TMi), so

c1(ξiJ , τi) = c1(TW |Mi
, J, τ) = c1(TW, J, τ)|Mi

,
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where the second equality follows from the naturality of Chern classes. By
construction, ξiJ represents s◦i = ri(s

◦).

Recall that Si is a Seifert surface of Ki for i ∈ {0, 1}. Note that H2(W,Z) ∼=
Z, and that there is a bilinear intersection pairing

H2(W,Z)⊗H2(W,M0 ∪M1)→ Z.

Consider the cycle m = S1 × {pt} × I in C2(W,M0 ∪ M1). As both S0

and S1 intersect m once positively, they both represent the generator of
H2(W,Z) ∼= Z.

Hence

〈 c1(s◦0, τ0), [S0] 〉 = 〈 c1(TW, J, τ), [S0] 〉
= 〈 c1(TW, J, τ), [S1] 〉
= 〈 c1(s◦1, τ1), [S1] 〉,

and Equation (4.3) follows as we saw that τ0 corresponds to t0 and τ1 cor-
responds to t1.

4.2 FILTERED COMPLEXES AND SPECTRAL SEQUENCES

In this section, we briefly recall the definitions and properties of spectral
sequences that we need. We mainly refer to the book of McCleary51. The
spectral sequences we are interested in arise from filtered chain complexes,
so we focus on this case only.

Definition 4.7. A filtered chain complex is a chain complex

(C =
⊕
k∈Z

Ck, ∂),

such that ∂Ck ⊆ Ck−1, and with is a nested sequence of subcomplexes

. . . ⊆ Fp−1C ⊆ FpC ⊆ Fp+1C ⊆ . . .
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such that
⋃
p∈ZFpC = C and ∂(FpC) ⊆ FpC.

We say that the filtered chain complex is bounded if there are integers a ≤ b

such that
{0} = FaC ⊆ . . . ⊆ FbC = C.

We obtain a spectral sequence from a filtered chain complex as follows (see
also the proof of Theorem 2.6 in McCleary’s book51).

Definition 4.8. For p, q, r ∈ Z, we define

Zr
p,q = FpCp+q ∩ ∂−1 (Fp−rCp+q−1) ,

Br
p,q = FpCp+q ∩ ∂ (Fp+rCp+q+1) ,

Z∞p,q = FpCp+q ∩ ker ∂,

B∞p,q = FpCp+q ∩ im ∂.

For 0 ≤ r ≤ ∞, the r-page (or r-term) is the complex
(
Er =

⊕
p,q∈ZE

r
p,q, ∂

r
)

,
where

Er
p,q =

Zr
p,q

Zr−1
p−1,q+1 +Br−1

p,q

,

and the differential
∂r : Er

p,q → Er
p−r,q+r−1

is induced by the differential ∂ on the complex C.

Sometimes we only focus on the p grading. In such cases, we drop q from
the notation, and write Er

p =
⊕

q∈ZE
r
p,q. For the following, see the proof of

Theorem 2.6 in McCleary’s book51.

Theorem 4.9. The pages {(Er, ∂r)} induced by a filtered chain complex form a
spectral sequence; i.e.,

Er+1
p,q = Hp,q(E

r
∗,∗, ∂

r) :=
ker
(
∂r|Erp,q

)
im
(
∂r|Erp+r,q−r+1

) .
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If the filtration is bounded, then there is a canonical isomorphism

E∞p,q
∼=
Fp (Hp+q(C))

Fp−1 (Hp+q(C))
,

where the filtration on the total homology H(C) =
⊕

k∈ZHk(C) is the one in-
duced from C:

Fp(H(C)) := im
(
H(FpC, ∂|FpC)→ H(C, ∂)

)
.

Remark 4.10. Notice that E0
p,q is the graded module

FpCp+q
Fp−1Cp+q

associated with the filtration. The page E1
p,q is the homology Hq(E

0
p,∗, ∂

0)

of the associated graded module with the induced differential.

4.2.1 MORPHISMS OF SPECTRAL SEQUENCES

According to McCleary51, we have the following.

Definition 4.11. Let (Er, ∂r) and
(
E
r
, ∂

r
)

be spectral sequences. A mor-
phism of spectral sequences is a sequence of module homomorphisms

f r : Er
∗,∗ → E

r

∗,∗

for r ∈ N, of bidegree (0, 0), such that f r commutes with the differentials;
i.e., f r ◦∂r = ∂

r ◦f r, and each f r+1 is induced by f r on homology; i.e., f r+1

is the composite

f r+1 : Er+1
∗,∗
∼= H

(
Er
∗,∗, ∂

r
) H(fr)−−−→ H

(
E
r

∗,∗, ∂
r
)
∼= E

r+1

∗,∗ .

Remark 4.12. Let f : C → C be a map of filtered complexes of homological
degree zero; i.e.,

• f(Ck) ⊆ Ck;
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• f ◦ ∂ = ∂ ◦ f ; and

• f (FpC) ⊆ FpC.

Then f induces a morphism between the spectral sequences associated
to C and C.

Remark 4.13. If (Er, ∂r) and
(
E
r
, ∂

r
)

are bounded spectral sequences,

{
f r : Er → E

r}
is a morphism of spectral sequences, and f∞ is non-zero on E∞p,q, then f r is
non-zero on Er

p,q for all r ∈ N.

4.2.2 THE τ INVARIANT

In this subsection, we recall the definition and few properties of the τ in-
variant56,66, and we discuss it in a slightly more general setting.

Definition 4.14. If C is a non-acyclic bounded filtered complex over F2,
we define

τ(C) := min {p ∈ Z : H(FpC)→ H(C) is non-trivial} .

Definition 4.14 generalises the Ozsváth-Szabó τ invariant in the sense that,
if C = ĈF(H) for some Heegaard diagram for a decorated knot (K,P ),
then τ(C) = τ(K).

Remark 4.15. An alternative definition of τ(C) is given by the following
property:

E∞p (C)

= 0 if p < τ(C)

6= 0 if p = τ(C).

Furthermore, if the total homology H(C) = F2, then

E∞p (C)

= 0 if p 6= τ(C)

6= 0 if p = τ(C).
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The proof of the following lemma is already contained in the proofs of
Theorem 1 in Rasmussen’s paper69 and of Theorem 3.4 of Sarkar’s paper71.
We decide to make it explicit here since it has appeared in several settings.

Lemma 4.16. Let f : C → C be a filtered map of degree zero between bounded
filtered complexes over F2 such that

1. the total homologies H(C) = H(C) = F2; and

2. H(f) is the identity map in total homology.

Then τ(C) ≥ τ(C).

Proof. Let c ∈ Fτ(C)C be a cycle that represents 1 ∈ H(C). Then f(c) ∈
Fτ(C)C is also a cycle and also represents 1 ∈ H(C) (because the map H(f)

is the identity). It follows that τ(C) ≤ τ(C).

We conclude the section with a technical lemma that we will use to prove
that a decorated concordance induces a non-trivial map between the E∞

pages of the spectral sequences arising from the knot filtrations.

Lemma 4.17 (Juhász-M.33, Lemma 4.10). Let f : C → C be a filtered map of
degree zero between bounded filtered complexes over F2 such that

1. H(C) ∼= F2 and H(C) ∼= F2;

2. τ(C) = τ(C); and

3. H(f) : H(C)→ H(C) is an isomorphism.

Then E∞τ (C) ∼= F2, E∞τ (C) ∼= F2, and the map f∞ : E∞τ (C) → E∞τ (C) is also
an isomorphism.

Proof. Since 1. and 2. hold, by Theorem 4.9 and Definition 4.14, there are
canonical isomorphisms

E∞τ (C) ∼= H(C) ∼= F2 and E∞τ (C) ∼= H(C) ∼= F2.
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The commutativity of the following diagram concludes the proof.

E∞τ (C)
f∞ //

w

��

E∞τ (C)

w

��

H(C) '
H(f)

// H(C)

4.3 CONCORDANCE MAPS PRESERVE THE KNOT FILTRATION

4.3.1 THE KNOT FILTRATION

Let (K,P ) denote a null-homologous decorated knot in a closed oriented
3-manifold Y . Ozsváth and Szabó58 and, independently, Rasmussen66

proved that (K,P ) gives rise to a filtration of the Heegaard Floer chain
complex ĈF(Y ), well-defined up to filtered chain homotopy equivalence,
called the knot filtration, or the Alexander filtration, since it can be defined in
terms of the Alexander grading.

Let S be a Seifert surface for the knot K, and let (Σ,α,β, w, z) be a doubly
pointed Heegaard diagram for (K,P ). Given a generator x ∈ Tα ∩ Tβ , we
already defined its S-Alexander grading in (2.2) as

AS(x) =
1

2
〈c1(s◦(x), t), [S]〉.

Recall that if Y is a QHS3, the Alexander grading does not depend on S,
and we simply denote it by A(x), and the filtration by F(x).

The following lemma describes how the relative Alexander grading can
be read off the Heegaard diagram; see Oszváth and Szabó58 (Lemma 2.5),
and Rasmussen66 (page 25).

Lemma 4.18. Let (Σ,α,β, w, z) be a doubly-pointed Heegaard diagram for a
null-homologous decorated knot (K,P ) in a 3-manifold Y , and let S be a Seifert
surface for K. If φ ∈ π2(x,y), then

nz(φ)− nw(φ) = AS(x)−AS(y).
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Here nz(φ) and nw(φ) denote the multiplicities of the domain associated to
φ at z and w.

As explained in Section 4.2, the Alexander filtration defines a spectral se-
quence whose first page is ĤFK(K,P ) and whose abutment is ĤF(S3):

ĤFK(K,P )⇒ ĤF(S3).

4.3.2 KNOT FILTRATION AND CONCORDANCES

In the following theorem we prove that the knot filtration is preserved by
the chain maps induced by concordances.

Theorem 4.19 (Juhász-M.33, Theorem 5.4). Let C be a decorated concordance
from (K0, P0) to (K1, P1), and let (Σi,αi,βi, wi, zi) be a doubly pointed diagram
representing (Ki, Pi) for i ∈ {0, 1}. Then there is a chain map

fC : ĈF(Σ0,α0,β0, w0, z0)→ ĈF(Σ1,α1,β1, w1, z1)

preserving the knot filtration; i.e., for every generator x ∈ Tα0 ∩ Tβ0 ,

A(fC(x)) ≤ A(x),

such that fC induces the identity of ĤF(S3) on the total homology, and FC on the
homology of the associated graded complexes.

As a first application of Theorem 4.19 we obtain a new conceptual proof
of the fact that τ is a concordance invariant.

Corollary 4.20 (Juhász-M.33). τ is a (decorated) concordance invariant.

Proof. Given concordant knots K0 and K1, choose arbitrary decorations
on them and on a concordance between them. By Theorem 4.19 we have a
filtered map fC between filtered chain complexes associated to (Heegaard
diagrams of) (K0, P0) and (K1, P1), which is the identity in total homology.
Lemma 4.16 then implies that τ(K1) ≤ τ(K0). By swapping the roles of K0

and K1 we get the other inequality.
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Note that the proof of Corollary 4.20 works for concordances in a homol-
ogy S3 × I with boundary (−S3) t S3.

Theorem 4.19 yields a morphism of spectral sequences in the sense of Def-
inition 4.11, hence we have the following corollary.

Theorem 4.21 (Juhász-M.33, Theorem 5.5). Let C be a decorated concordance
from (K0, P0) to (K1, P1). Then the map fC from Theorem 4.19 induces a mor-
phism of spectral sequences from ĤFK(K0, P0) ⇒ ĤF(S3) to ĤFK(K1, P1) ⇒
ĤF(S3) such that the map induced on the E1 page is FC , and the map induced on
the E∞ page is idĤF(S3).

Proof. Suppose that C = (X,F, σ). Since H1(X) = H2(X) = 0, it follows
from the work of Ozsváth and Szabó56 (Theorem 1.1), or from Corollary
4.20, that τ(K0) = τ(K1). By Theorem 4.19, we have a filtered map fC that
induces an isomorphism on the total homology. We can therefore apply
Lemma 4.17 to conclude that the map induced on the E∞ page is also an
isomorphism.

We now turn to the proof of Theorem 4.19, which will take the rest of
Section 4.3.

4.3.3 TRIVIALITY OF THE GLUING MAP

As explained in Section 3.1.3, given a sutured manifold cobordism W =

(W,Z, [ξ]) from (M0, γ0) to (M1, γ1), the map

FW : SFH(M0, γ0)→ SFH(M1, γ1)

is the composition FWs ◦ Φ−ξ, where

Φ−ξ : SFH(M0, γ0)→ SFH(N, γ1)

is the gluing map of Honda, Kazez, and Matić24 for the sutured submani-
fold (−M0,−γ0) of (−N,−γ1) with N = M0∪ (−Z), and FWs is the surgery
map corresponding to handles attached along the interior of N .
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If C = (X,F, σ) is a decorated concordance from (K0, P0) to (K1, P1), let

W =W(C) : (M0, γ0)→ (M1, γ1)

be the complementary sutured manifold cobordism, where

(M0, γ0) = S3(K0, P0) and (M1, γ1) = S3(K1, P1).

Let T 2 × I be a collar neighbourhood of ∂M0 such that T 2 × {1} is iden-
tified with ∂M0. Since the dividing set on F consists of two arcs connect-
ing the two components of ∂F , there is a diffeomorphism d : T 2 × I → Z

such that ξ′ = d∗(ξ) is an I-invariant contact structure on T 2 × I , and
hence induces the trivial gluing map as proven by Honda, Kazez, and
Matić24 (Theorem 6.1). More precisely, if we write M ′

0 = M0 \ (T 2 × I)

and γ′0 for the projection of γ0 to T 2 × {0}, then there is a diffeomorphism
ϕ : (M ′

0, γ
′
0)→ (M0, γ0) supported in a neighbourhood of T 2×{0} such that

Φ−ξ′ = ϕ∗ : SFH(M ′
0, γ
′
0)→ SFH(M0, γ0).

Let D : M0 → N be the diffeomorphism that agrees with ϕ on M ′
0 and

with d on T 2× I , smoothed along T 2×{0}. By the diffeomorphism invari-
ance of the gluing construction, the diagram

SFH(M ′
0, γ
′
0)

ϕ∗ //

Φ−ξ′

��

SFH(M0, γ0)

Φ−ξ
��

SFH(M0, γ0)
D∗ // SFH(N, γ),

is commutative, hence Φ−ξ = D∗.

We now show that D∗ preserves the Alexander grading on the chain level.
If we glue D2 × S1 to N along ∂N such that the meridian is glued to a
suture in s(γ1), we obtain a 3-manifold Y diffeomorphic to S3, and the
image of {0} × S1 is a knot K ′ in Y . We can canonically extend D to
a diffeomorphism from (S3, K0) to (Y,K ′). Given a knot diagram H0 =

(Σ0,α0,β0, w0, z0) for (S3, K0), its image D(H0) is a diagram of (Y,K ′).
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W1

W2

W3

WΔW
^

M0

M1=Mα,β

M2=Mα,δ

M3

Mβ,δ

X1

X2

X3

XΔX
^

Y0=S
3 

Y1=Yα,β

Y2=Yα,δ

Y3=S
3

Yβ,δ

Figure 4.1: The left-hand side shows the sutured cobordismW = (W,Z, [ξ]), and how we
split it into different pieces. The picture on the right-hand side shows the cobordism of
3-manifolds X , and the corresponding decomposition into smaller cobordisms.

Given a Seifert surface S of K0 and a generator x ∈ Tα0 ∩ Tβ0 , the image
D(S) is a Seifert surface of K ′, and D(x) satisfies

〈 c1(s◦(x), t), [S] 〉 = 〈 c1(s◦(D(x)), D∗(t)), [D(S)] 〉.

As D(γ0) = γ1, the trivialisation D∗(t) points in the meridional direction
for K ′, and it follows that A(x) = A(D(x)). It is apparent from the above
discussion that we can identify (S3, K0) and (Y,K ′) via D, so from now on
we will think ofW as a special cobordism from (S3, K0) to (S3, K1).

4.3.4 NOTATION

In this subsection, we fix the notation for the rest of the section. Recall that
(K0, P0) and (K1, P1) denote two decorated knots in S3, and that we have
a decorated concordance C = (X,F, σ) from (K0, P0) to (K1, P1).

We denote by W = (W,Z, [ξ]) the sutured cobordism W(C) associated to
the knot concordance C. It follows from the discussion in Section 4.3.3 that
W can be thought of as a special cobordism. The 4-manifold W can be
obtained by attaching to M0 × I along the interior of M0 × {1} a sequence
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of 4-dimensional 1-handles, followed by 2-handles, and finally 3-handles.
We denote the number of i-handles by ci for i ∈ {1, 2, 3}, and often write p
for c1 and ` for c2. We split the cobordismW into three partsW1,W2, and
W3, in such a way thatWi = (Wi, Zi, [ξi]) is a cobordism from (Mi−1, γi−1)

to (Mi, γi), and is the trace of the i-handle attachments; see the left-hand
side of Figure 4.1. Notice that, by construction, (M0, γ0) = S3(K0, P0) and
(M3, γ3) = S3(K1, P1).

In order to represent sutured manifolds, we use doubly-pointed Heegaard
diagrams. If w, z ∈ Σ \ (α ∪ β), the Heegaard diagram H = (Σ,α,β, w, z)

represents the complement of a knot in a 3-manifold (recall Remark 2.23).

Let T = (Σ,α,β, δ, w, z) be a doubly-pointed triple diagram for the cobor-
dism W2 (see Section 4.3.8), where |α| = |β| = |δ| = d. Furthermore,
suppose that the 2-handles are attached along an `-component framed
link L. Then we further split the manifold W2 into two pieces accord-
ing to Juhász31 (Proposition 6.6): The pieceWα,β,δ = (W4, Z4, ξ4) denotes
the sutured manifold cobordism obtained from the triangle construction
in Juhász paper31 (Sections 5 and 6), whileWβ(L) = (Ŵ , Ẑ, ξ̂) is a sutured
manifold cobordism from

(R+(γ1), ∂R+(γ1)× I)#
(
#d−`
i=1(S2 × S1)

)
to the empty set. The horizontal boundary of Ŵ is the sutured manifold
Mβ,δ, defined by the diagram (Σ,β, δ, w, z). By analogy, we also use the
notation Mα,β

∼= (M1, γ1) and Mα,δ
∼= (M2, γ2).

We can fill in the vertical boundary of the sutured cobordism W by glu-
ing D2 × S1 × I along S1 × S1 × I to Z such that S1 × {(1, 0)} is glued to
a meridian of K0 to obtain cobordisms of closed 3-manifolds rather than
knot complements. In terms of Heegaard diagrams, this amounts to for-
getting the z basepoints. We denote the closed 3-manifolds by the letter Y
rather than M . As for the cobordisms, we use the letter X instead of the
letter W . See the right-hand side of Figure 4.1.

Lastly, let S0 ⊆ M0 and S3 ⊆ M3 be Seifert surfaces for K0 and K1, respec-
tively. Since (M1, γ1) is obtained from (M0, γ0) by taking connected sums
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with copies of S1×S2, the surface S0 also defines a surface S1 ⊆M1, which
is contained in the M0 summand of M1. Analogously, the Seifert surface
S3 induces a Seifert surface S2 ⊆M2.

4.3.5 DEFINITION OF THE CHAIN MAP fC

We now define the chain map fC . Given an admissible doubly-pointed
diagram H = (Σ,α,β, w, z) for a decorated knot (Y,K, P ), we denote by
ĈF(H) the Heegaard Floer chain complex that counts discs avoiding w

and filtered by z. Its homology is ĤF(Y,w), while the homology of the
associated graded complex ĈFK(H) is ĤFK(Y,K, P ).

Suppose that the 1-handles are attached along p framed pairs of points P ⊂
M0. Pick an admissible diagramH0 of (M0, γ) subordinate to P, and let

fH0,P : ĈF(H0)→ ĈF(H0
P)

be the 1-handle map defined by Juhász31 (Definition 7.5). The 2-handles
are attached along an `-component framed link L ⊂ M1. Choose an ad-
missible diagramH1 subordinate to L, and let

fH1,L : ĈF(H1)→ ĈF(H1
L)

be the 2-handle map defined by Juhász31 (Definition 6.8), on the chain
level. This map counts triangles that avoid w but might pass through z.
Finally, let H2 be an admissible diagram of (M2, γ) subordinate to framed
spheres S ⊂ M2 corresponding to the 3-handles. The corresponding 3-
handle map

fH2,S : ĈF(H2)→ ĈF(H2
S)

was introduced in Definition 7.8 of Juhász’s paper31.

As we explained in Section 2.1.3, given admissible diagrams H and H′ of
a sutured manifold (M,γ), there is a canonical isomorphism

FH,H′ : SFH(H)→ SFH(H′).
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We can obtain a chain level representative by connectingH andH′ through
a sequence of ambient isotopies, (de)stabilisations, and equivalences of
the attaching sets. If (M,γ) is complementary to a knot (Y,K), we can
view this as a sequence of moves on knot diagrams. Each induces a chain
homotopy equivalence on ĈF preserving the knot filtration according to
Ozsváth and Szabó58, and Rasmussen66, and induces an isomorphism on
both the homology of the whole complex (isomorphic to ĤF(Y )), and the
homology of the associated graded complex (isomorphic to ĤFK(Y,K)).
Note that the triangle maps corresponding to changing the set of attaching
curves do not pass over w but might cross z, so they are in fact naturality
maps for the closed 3-manifold and not the knot. Juhász and Thurston34

proved that the maps on the homology are independent of the sequence
of moves connecting H and H′. We write fH,H′ for the chain level repre-
sentative of FH,H′ described above. With the above notation in place, we
set

fC := fH2,S ◦ fH1
L,H2 ◦ fH1,L ◦ fH0

P,H1 ◦ fH0,P, (4.4)

from ĈF(H0) to ĈF(H2
S). Note that in each of the diagrams involved in the

construction above we can distinguish z and w. If we are given diagrams
H of (M0, γ0) and H′ of (M3, γ3), then we have to pre- and post-compose
the above map fC with fH2

S ,H′ and fH,H0 .

We split the proof of Theorem 4.19 into a number of steps, and we prove
that for eachWi the knot filtration is preserved.

4.3.6 1- AND 3-HANDLES

First, consider the case of the 1-handle attachments along the framed pairs
of points P ⊂ Int(M0). As in Section 4.3.4, we write W1 := W(P) for the
trace of the surgery along P; this is a cobordism from (M0, γ0) to (M1, γ1).
As explained by Juhász31 (Section 7), there is an isomorphism

Spinc(W1) ∼= Spinc(M0, γ0).
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Furthermore, a spinc structure s◦ ∈ Spinc(M1, γ1) extends to W1 if and
only if c1(s◦) vanishes on the belt spheres of all the 1-handles. Given s◦ ∈
Spinc(W), we write s◦0 for its restriction to (M0, γ0), and s◦1 for its restriction
to (M1, γ1).

Lemma 4.22 (Juhász-M.33, Lemma 5.8). Let s◦0 ∈ Spinc(M0, γ0), and let s◦1 ∈
Spinc(M1, γ1) denote the corresponding spinc structure. Then

〈c1(s◦0, t), [S0]〉 = 〈c1(s◦1, t), [S1]〉.

Proof. This is a consequence of the naturality of the first Chern class and
the fact that both S0 and S1 are actually contained in M0 \ N (P). We can
suppose that S0 is properly embedded in M0 \ N (P). By definition, S1 is a
surface contained in M0 \ N (P) ⊆M1 that is isotopic to S0 in M0 \ N (P).

Since S0 and S1 are isotopic in M0 \ N (P) and s◦1|M0\N (P) = s◦0|M0\N (P), by
the naturality of the first Chern class

〈c1(s◦1, t), [S1]〉 = 〈c1(s◦1|M0\N (P), t), [S1]〉
= 〈c1(s◦0|M0\N (P), t), [S0]〉
= 〈c1(s◦0, t), [S0]〉.

Notice that the trivialisation t of the vector field v0 on ∂M0 = ∂M1 does not
change because the boundary is left unaffected by the surgery.

Remark 4.23. Since c1(s◦1, t) vanishes on the belt spheres of the 1-handles,
the above result also holds for an arbitrary Seifert surface S1.

Corollary 4.24 (Juhász-M.33, Corollary 5.10). The map induced by the attach-
ment of the 1-handles fH0,P : ĈF(H0)→ ĈF(H0

P) preserves the Alexander grad-
ing with respect to arbitrary Seifert surfaces S0 and S1; i.e.,

AS1(fH0,P(x)) = AS0(x)

for any x ∈ Tα0 ∩ Tβ0 , whereH0 = (Σ0,α0,β0, w0, z0).

Proof. This is a straightforward consequence of Lemma 4.22, Remark 4.23,
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and the fact that the relative spinc structure induced by s◦(x) on (M1, γ1) is
exactly s◦(fH0,P(x)).

A dual reasoning gives the following results for the map fH2,S, which are
analogous to Lemma 4.22 and Corollary 4.24.

Lemma 4.25 (Juhász-M.33, Lemma 5.11). Let s◦3 ∈ Spinc(M3, γ3), and let s◦2 ∈
Spinc(M2, γ2) denote the corresponding spinc structure. Then

〈c1(s◦2, t), [S2]〉 = 〈c1(s◦3, t), [S3]〉.

Corollary 4.26 (Juhász-M.33, Corollary 5.12). The map induced by the attach-
ment of the 3-handles fH2,S : ĈF(H2) → ĈF(H2

S) preserves the Alexander grad-
ing with respect to arbitrary Seifert surfaces S2 and S3; i.e.,

AS3(fH2,S(x)) = AS2(x)

for any x ∈ Tα2 ∩ Tβ2 such that fH2,S(x) 6= 0, whereH2 = (Σ2,α2,β2, w2, z2).

4.3.7 2-HANDLES

The proof that the Alexander filtration is preserved under the attachment
of the 2-handles is less straightforward than in the case of 1-handles and
3-handles.

Lemma 4.27 (Juhász-M.33, Lemma 5.13). Let C be a decorated concordance
from (K0, P0) to (K1, P1). With the notation of Section 4.3.4, let W2 denote
the 2-handle cobordism from (M1, γ1) to (M2, γ2) obtained by surgery along a
framed link L, and let S1 and S2 be corresponding Seifert surfaces. Then there
is an admissible doubly pointed triple diagram (Σ,α,β, δ, w, z) subordinate to a
bouquet for L as follows: If x ∈ Tα ∩ Tβ is such that s(x) ∈ Spinc(Yα,β) extends
toX1, then for any y ∈ Tα∩Tδ that appears with non-zero coefficient in fH1,L(x),
and such that s(y) ∈ Spinc(Yα,δ) extends to X3, we have

FS2(y) ≤ FS1(x).
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Moreover, if ψ is a holomorphic triangle connecting x, ϑ (the top-graded generator
of ĈF(Σ,β, δ, w, z)), and y that does not cross w, then

FS2(y) = FS1(x)− nz(ψ). (4.5)

Notice that, in Lemma 4.27, we consider ordinary spinc structures rather
than relative ones. Recall that relative spinc structures are defined for su-
tured cobordisms, which we denote by the letterW , while ordinary spinc

structures are defined for cobordisms of 3-manifolds, which we denote by
the letter X , cf. Figure 4.1.

Idea of the proof. Consider an admissible triple diagram (Σ,α,β, δ) subordi-
nate to a bouquet for a framed link L, as explained by Juhász31 (Section 6).
Suppose that x ∈ Tα ∩Tβ is such that s(x) ∈ Spinc(Yα,β) extends to X1. Let
ϑ ∈ Tβ ∩Tδ be the top-graded generator of ĈF(Σ,β, δ), and let y ∈ Tα∩Tδ
be such that s(y) ∈ Spinc(Yα,δ) extends to X3. Given a Whitney triangle
ψ ∈ π2(x, ϑ,y), let

c = AS2(y)−AS1(x) + nz(ψ)− nw(ψ).

First, we prove that c is independent of ψ, x, and y. If ψ1, ψ2 ∈ π2(x, ϑ,y),
then the domain D(ψ1) − D(ψ2) is triply periodic. If we prove that, for
every triply periodic domain D, we have

nz(D)− nw(D) = 0,

then c is independent of ψ. For this reason, the next subsection is devoted
to the study of triply periodic domains in the setting of Lemma 4.27.

Given different intersection points x′ ∈ Tα ∩ Tβ and y′ ∈ Tα ∩ Tδ such
that s(x′) ∈ Spinc(Yα,β) extends toX1 and s(y′) ∈ Spinc(Yα,δ) extends toX3,
there are domains Dx connecting x with x′ and Dy connecting y with y′

that do not pass through w (but might have non-trivial multiplicities at z).
Adding these domains to D(ψ), we get a triangle domain connecting x′, ϑ,
and y′ with the same c by Lemma 4.18.

Then we show that c = 0 by isotoping α to obtain a diagram where such
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x, y, and ψ as above exist, and by applying Lemma 4.5. Finally, if ψ ap-
pears in the surgery map fH1,L(x), then nw(ψ) = 0 and it has a pseudo-
holomorphic representative, so nz(ψ) ≥ 0. Consequently,AS2(y) ≤ AS1(x),
as desired.

We now explain the missing details in the above outline.

4.3.8 TRIPLY PERIODIC DOMAINS

The following argument was motivated by the work of Manolescu and
Ozsváth47.

Definition 4.28. A doubly pointed triple Heegaard diagram is a tuple

T = (Σ,α,β, δ, w, z),

where Σ is a closed, oriented surface, and there is an integer d ≥ 0 such
that the sets α, β and δ all consist of d pairwise disjoint simple closed
curves in Σ \ {w, z} that are linearly independent in H1(Σ \ {w, z}).

We denote by Yα,β , Yα,δ, and Yβ,δ the 3-manifolds represented by the Hee-
gaard diagrams (Σ,α,β), (Σ,α, δ), and (Σ,β, δ), respectively.

Definition 4.29. Let T = (Σ,α,β, δ, w, z) be a doubly pointed triple Hee-
gaard diagram. Let D1, . . . , Dl denote the closures of the components of
Σ \ (α ∪ β ∪ δ). Then the set of domains in T is

D(T ) = Z〈D1, . . . , Dl 〉.

We denote by nz(D) (respectively nw(D)) the multiplicity of a domain D ∈
D(T ) in the region Di that contains z (respectively w).

A triply periodic domain is an element P ∈ D(T ) such that ∂P is a Z-linear
combination of curves in α ∪ β ∪ δ. We denote the set of triply periodic
domains by Πα,β,δ.

A doubly periodic domain is an element P ∈ D(T ) such that ∂P is a Z-linear
combination of curves in either α ∪ β, or in β ∪ δ, or in α ∪ δ. We denote
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the set of the three types of doubly periodic domains by Πα,β , Πα,δ, and
Πβ,δ, respectively.

The following result states that every triply periodic domain in the dia-
gram describing the surgery map forW2 can be written as a sum of doubly
periodic domains.

Proposition 4.30 (Juhász-M.33, Proposition 5.16). Let (Σ,α,β, δ) denote a
Heegaard diagram associated to the cobordism X2. Then

Πα,β,δ = Πα,β + Πα,δ + Πβ,δ.

Given a triple diagram associated to a surgery on an `-component link
L, one can construct a 4-manifold X4 as Ozsváth and Szabó do62 (Sec-
tion 2.2). See Juhász31 (Section 5) for the analogous construction in the
sutured setting. In ∂X4 naturally sit Yα,β , Yα,δ, and Yβ,δ, which are the
3-manifolds defined by the Heegaard diagrams (Σ,α,β), (Σ,α, δ), and
(Σ,β, δ), respectively. The cobordism X2 corresponding to the attachment
of the 2-handles is obtained by gluing the 4-manifold X̂ = \d−`i=1(S1 × D3)

to X4 along Yβ,δ ∼= #d−`
i=1(S1 × S2).

Lemma 4.31 (Ozsváth-Szabó60, Propositions 2.15 and 8.3). Given a pointed
triple Heegaard diagram (Σ,α,β, δ, z), there are isomorphisms

• πα,β : Πα,β
'−→ Z⊕H2(Yα,β) and

• πα,β,δ : Πα,β,δ
'−→ Z⊕H2(X4).

In both cases, the projection onto the Z summand is given by nz.

Lemma 4.32 (Juhász-M.33, Lemma 5.18). Given a pointed triple Heegaard dia-
gram (Σ,α,β, δ, z), the isomorphisms from Lemma 4.31 fit into the commutative
diagram

Πα,β

πα,β //

��

Z⊕H2(Yα,β)

idZ⊕i∗
��

Πα,β,δ

πα,β,δ // Z⊕H2(X4),
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where i : Yα,β → X4 is the embedding.

Proof. Let P be a doubly periodic domain in Πα,β . By construction, the 2-
chain in X∆ associated to P—thought of as a triply periodic domain—is
homotopic, hence homologous to i∗(H(P)), where H(P) is the 2-chain in
Yα,β obtained by capping off the boundary of the doubly periodic domain
P . Therefore, the projections onto the second summand commute. The
projections onto the Z summand commute because in both cases they are
obtained by taking nz.

Proof of Proposition 4.30. By Lemmas 4.31 and 4.32, it is sufficient to prove
that the map

χ : H2(Yα,β)⊕H2(Yα,δ)⊕H2(Yβ,δ) −→ H2(X4)

is surjective. From the long exact sequence of the pair (X4, Yα,βtYα,δtYβ,δ),
we see that the map χ is surjective if and only if

ϕ : H2(X4, Yα,β t Yα,δ t Yβ,δ) −→ H1(Yα,β t Yα,δ t Yβ,δ)

is injective. From the inclusion of pairs

iα,β,δ : (X4, Yα,β t Yα,δ t Yβ,δ) ↪→ (X,X1 tX3 t X̂),

we obtain the commutativity of the following diagram:

H2(X4, Yα,β t Yα,δ t Yβ,δ)
ϕ //

(iα,β,δ)∗

w

��

H1(Yα,β)⊕H1(Yα,δ)⊕H1(Yβ,δ)

(iα,β)∗⊕(iα,δ)∗⊕(iβ,δ)∗
��

H2(X,X1 tX3 t X̂) '
ϕ̃

// H1(X1)⊕H1(X3)⊕H1(X̂),

where iα,β , iα,δ, and iβ,δ are the restrictions of iα,β,δ to Yα,β , Yα,δ, and Yβ,δ,
respectively. The map (iα,β,δ)∗ is an isomorphism by excision. The fact
that ϕ̃ is an isomorphism follows from the long exact sequence in homol-
ogy associated with the pair (X,X1 tX3 t X̂), together with the fact that
H2(X) = H1(X) = 0.
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The commutativity of the above diagram implies that the map ϕ is injec-
tive, and therefore concludes the proof of the proposition.

Remark 4.33. The important condition in Proposition 4.30 is that the map

ρ : H2(X1)⊕H2(X3)⊕H2(X̂) −→ H2(X)

is surjective, which is obviously true as H2(X) = 0. The surjectivity of ρ is
equivalent to the injectivity of ϕ̃, which implies the injectivity of ϕ.

In Proposition 4.30, we saw that, in the case of a triple diagram describ-
ing the 2-handle attachments in the cobordism X , every triply periodic
domain can be expressed as a sum of doubly periodic domains. We now
analyze the doubly periodic domains.

Proposition 4.34. Consider a null-homologous knot K in a 3-manifold Y . If
(Σ,α,β, w, z) is a doubly pointed Heegaard diagram for (Y,K), then for every
periodic domain P ,

nz(P)− nw(P) = 0.

Proof. LetH(P) ∈ C2(Y ) be the 2-cycle obtained by capping off the bound-
ary of P with the cores of the 3-dimensional 2-handles attached to Σ × I
along α × {0} and β × {1}. Then nz(P) − nw(P) is precisely the alge-
braic intersection number of H(P) and K, which is zero as K is null-
homologous.

4.3.9 REPRESENTING HOMOLOGY CLASSES

Let (Σ,α,β) be a Heegaard diagram for a 3-manifold Y . It is straightfor-
ward to see that any element ofH1(Y ) can be represented by a 1-cycle in Σ.
In this subsection, we strengthen this result for the case of concordances
in the following sense.

Lemma 4.35 (Juhász-M.33, Lemma 5.21). Choose an arbitrary handle decom-
position of the cobordism X from S3 to S3, and let X2 denote the trace of the
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2-handle attachments. Suppose that (Σ,α,β, δ, w) is a pointed triple Heegaard
diagram subordinate to a bouquet for a link L that defines X2. Then the map

i : H1(Σ) −→ H1(Yα,β)⊕H1(Yα,δ),

induced by the inclusions Σ ↪→ Yα,β and Σ ↪→ Yα,δ, is surjective.

In other words, given any two classes in the first homologies of Yα,β and
Yα,δ, there is a 1-cycle in Σ that represents both simultaneously.

Proof. Consider the following short exact sequence of abelian groups:

0→ H1(Σ)

〈α,β〉 ∩ 〈α, δ〉
→ H1(Σ)

〈α,β〉
⊕ H1(Σ)

〈α, δ〉
→ H1(Σ)

〈α,β, δ〉
→ 0.

The middle term is isomorphic to H1(Yα,β)⊕H1(Yα,δ), and the last term is
isomorphic to H1(X4), where X4 is the 4-manifold obtained by the trian-
gle construction, as explained by Ozsváth and Szabó60 (Proposition 8.2).
The short exact sequence above can then be rewritten as

0→ H1(Σ)

〈α,β〉 ∩ 〈α, δ〉
f−→ H1(Yα,β)⊕H1(Yα,δ)

g−→ H1(X4)→ 0.

If we prove that H1(X4) = 0, then by exactness we have that the map f

is surjective. So the map i in the statement of the lemma is surjective too,
because it is obtained by composing the following two maps:

H1(Σ)→ H1(Σ)

〈α,β〉 ∩ 〈α, δ〉
f−→ H1(Yα,β)⊕H1(Yα,δ).

In order to prove that H1(X4) = 0, consider the Mayer-Vietoris long exact
sequence associated to the decomposition X = A ∪B, where A = X4 and
B = X1 tX3 t X̂ . A portion of the long exact sequence is

H2(X)→ H1(A ∩B)
ι−→ H1(A)⊕H1(B)→ H1(X).

Since X has trivial first and second homology groups, by exactness the
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map ι gives an isomorphism

H1(Yα,β)⊕H1(Yα,δ)⊕H1(Yβ,δ)
∼−→ H1(X4)⊕H1(X1)⊕H1(X3)⊕H1(X̂). (4.6)

If ck denotes the number of k-handles in the decomposition of the cobor-
dism X and d = |α|, then it is straightforward to check that

H1(Yα,β) ∼= H1(X1) ∼= Zc1 ,

H1(Yβ,δ) ∼= H1(X̂) ∼= Zd−c2 , and

H1(Yα,δ) ∼= H1(X3) ∼= Zc3 .

It now follows from Equation (4.6) that H1(X4) = 0, which concludes the
proof.

4.3.10 PROOF OF LEMMA 4.27

The cobordism W2 can be represented via surgery on a framed `-compo-
nent link L. Let T = (Σ,α,β, δ, w, z) be a doubly pointed triple Heegaard
diagram subordinate to a bouquet for the framed link L. As Juhász31 ex-
plains in Section 6, we suppose that d = |α| = |β| = |δ|, and that the
curve δi is an isotopic translates of βi for i ∈ {`+ 1, . . . , d}.

Following the notation established in Section 4.3.4 and in Figure 4.1, let
Yα,β , Yα,δ, and Yβ,δ denote the closed manifolds associated to the Hee-
gaard diagrams (Σ,α,β), (Σ,α, δ), and (Σ,β, δ), respectively. Each of
these closed manifolds contains a knot, defined by the basepoints w and z.
We denote the knot exteriors—thought of as sutured manifolds—by Mα,β ,
Mα,δ, and Mβ,δ. We let γ denote the sutures of all three sutured manifolds.

Let s be the unique spinc structure on X . By definition, s|X4 is the unique
spinc structure on X4 that extends to the whole cobordism X . Suppose
that x ∈ Tα∩Tβ and y ∈ Tα∩Tδ are such that s(x) = s|Yα,β and s(y) = s|Yα,δ .
Let ϑ ∈ Tβ ∩ Tδ denote the top-graded generator. Consider a Whitney
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triangle ψ ∈ π2(x, ϑ,y), possibly crossing the basepoints z and w, and let

c = AS2(y)−AS1(x) + nz(ψ)− nw(ψ). (4.7)

Our aim is to show that c = 0. First, we show that c is independent of the
triangle ψ ∈ π2(x, ϑ,y) for fixed x and y. Indeed, let ψ1, ψ2 ∈ π2(x, ϑ,y).
The domain P = D(ψ1) − D(ψ2) is triply periodic. By Proposition 4.30, P
can be expressed as the sum of three doubly periodic domains Pα,β , Pβ,δ,
and Pα,δ.

Since (Σ,α,β, δ) is subordinate to a bouquet for L, each of the diagrams
(Σ,α,β, w, z), (Σ,β, δ, w, z), and (Σ,α, δ, w, z) defines a null-homologous
knot in a connected sum of a number of copies of S1×S2. Hence, by Propo-
sition 4.34, nz(P ) = nw(P ) for every P ∈ {Pα,β,Pβ,δ,Pα,δ}. So nz(P) =

nw(P), and
nz(ψ1)− nw(ψ1) = nz(ψ2)− nw(ψ2).

Therefore, c is independent of the triangle ψ for fixed x and y, cf. Equa-
tion (4.7).

To check that c is independent of x, consider another generator x′ such that
s(x′) = s|Yα,β = s(x). Since x and x′ represent the same spinc structure,
there is a Whitney disc φ ∈ π2(x′,x) (that possibly crosses the basepoints
w and z). If ψ ∈ π2(x, ϑ,y), then φ#ψ ∈ π2(x′, ϑ,y). By Lemma 4.18, the
number c defined in Equation (4.7) is the same for ψ and φ#ψ, so c does
not depend on x. A similar reasoning also proves that c is independent of
y.

What remains to prove is that c = 0. We do this by constructing a Whitney
triangle ψ for which c = 0.

By isotoping the α-curves, we can create intersection points x̃ ∈ Tα ∩ Tβ
and ỹ ∈ Tα ∩ Tδ such that there is a “small” triangle ψ̃ ∈ π2(x̃, ϑ, ỹ). The
domain of ψ̃ is shown in Figure 4.2. For each i ∈ {` + 1, . . . , d}, we iso-
tope αi—pushing the other α-curves alongside—until it intersects both δi

and βi near ϑi, and consider the shaded triangle shown on the left-hand
side of the figure. For each i ∈ {1, . . . , `}, after some finger moves on the
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Figure 4.2: This show the domain of the Whitney triangle ψ̃. For i ∈ {` + 1, . . . , d}, the
curves βi and δi are small isotopic translates of each other, and—after isotoping αi—we
can find a “small” triangle bounded by αi, βi, and δi, shown shaded on the left. For
i ∈ {1, . . . , `}, after applying finger moves to the α-curves, we can assume that there is a
triangle, shown shaded on the right. The sum of all these triangles is the domain of ψ̃.

α-curves—again, pushing the other α-curves along—we can assume that
there is a small triangle near each intersection point ϑi = βi ∩ δi, as shown
shaded on the right-hand side of the figure. The sum of all these small
triangles is the domain of the Whitney triangle ψ̃. We denote by x̃ ∈ Tα,β
and ỹ ∈ Tα,δ the generators connected by ψ̃; i.e., ψ̃ ∈ π2(x̃, ϑ, ỹ).

The Whitney triangle ψ̃ satisfies nz(ψ̃) = nw(ψ̃) = 0, but the constant c
is not necessarily defined for it, because s(x̃) and s(ỹ) might not coincide
with s|Yα,β and s|Yα,δ , respectively, where s ∈ Spinc(X) is the unique spinc

structure, cf. Equation (4.7). The next lemma proves that we can replace ψ̃
with a Whitney triangle ψ for which the constant c is defined.

Lemma 4.36 (Juhász-M.33, Lemma 5.22). We can further isotope the α-curves
such that there is a Whitney triangle ψ ∈ π2(x, ϑ,y) satisfying

• nz(ψ) = nw(ψ) = 0; and

• s(x) = s|Yα,β and s(y) = s|Yα,δ .

Proof. Given generators x′ = (x′1, . . . , x
′
d) and x′′ = (x′′1, . . . , x

′′
d) in Tα ∩ Tβ ,

Ozsváth and Szabó60 (Definition 2.11) associate to them a class ε(x′,x′′) ∈
H1(Yα,β). Choose 1-chains a ⊂ α and b ⊂ β such that

∂a = ∂b = x′′1 + · · ·+ x′′d − x′1 − · · · − x′d.
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θ1
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θ1

x1y1

β1 δ1
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T1
~

T1 possible other 
α-curves

Figure 4.3: The picture above shows how to modify the Whitney triangle ψ̃ defined in
Figure 4.2 to obtain a Whitney triangle ψ satisfying the requirements of Lemma 4.36. The
picture on the left shows the loop λ near the triangle T̃1. The picture on the right shows
the new triangle T1 in the triple Heegaard diagram obtained after performing a finger
move on the α-curves along λ.

Then a− b represents an element of H1(Σ) whose image in H1(Yα,β) under
the inclusion map is ε(x′,x′′). Ozsváth and Szabó60 (Lemma 2.19) proved
that

s(x′′)− s(x′) = PD(ε(x′,x′′)). (4.8)

Consider the Whitney triangle ψ̃ ∈ π2(x̃, ϑ, ỹ) defined above, and whose
domain is shown in Figure 4.2. Its domain is the disjoint union of d trian-
gles T̃1, . . . , T̃d.

We define the homology classes h1 ∈ H1(Yα,β) and h2 ∈ H1(Yα,δ) as

h1 = PD
(
s|Yα,β − s(x̃)

)
and (4.9a)

h2 = PD
(
s|Yα,δ − s(ỹ)

)
, (4.9b)

where s is the unique spinc structure on X . By Lemma 4.35, there is a
homology class h ∈ H1(Σ) such that i(h) = (h1, h2); i.e., h represents h1 in
H1(Yα,β) and h2 inH1(Yα,δ). We can represent h as the sum of simple closed
curves λ on Σ that satisfies the following conditions:

• λ intersects the triangle T̃1 as on the left-hand side of Figure 4.3;

• λ is disjoint from all the triangles T̃2, . . . , T̃d; and

• λ is disjoint from the basepoints z and w.

If we perform a finger move on the α-curves along each loop λ, the re-
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sult will look like the right-hand side of Figure 4.3. If x1 and y1 are as
on the right-hand side of Figure 4.3, we define x = (x1, x̃2, . . . , x̃d) and
y = (y1, ỹ2, . . . , ỹd). Notice that, by construction,

ε(x̃,x) = h1 and ε(ỹ,y) = h2. (4.10)

Let ψ be a Whitney triangle with domain T1 t T̃2 t · · · t T̃d, where T1 is
the shaded triangle on the right-hand side of Figure 4.3. By construction,
we have nz(ψ) = nw(ψ) = 0. Furthermore, due to Equations (4.8), (4.10),
and (4.9), we have

s(x) = s(x̃) + PD(ε(x̃,x))

= s(x̃) + PD(h1)

= s(x̃) + (s|Yα,β − s(x̃)) = s|Yα,β .

Analogously, we have s(y) = s|Yα,δ .

Before showing that c = 0 for the triangle ψ ∈ π2(x, ϑ,y) constructed
above, we prove that the relative spinc structure s◦(ψ) ∈ Spinc(W2) ex-
tends to a relative spinc structure onW .

Recall that Y1 = Yα,β is obtained from Y0 by performing surgery along
some framed 0-spheres. The belt circles of the 1-handles involved give rise
to embedded 2-spheres O1, . . . , Op ⊂ Y1. Similarly, Y2 = Yα,δ is obtained
from Y3 by surgery along some framed 0-spheres, giving rise to embedded
spheres O′1, . . . , O′s ⊂ Y2. In Lemma 4.36, we achieved that s(x) = s|Yα,β
and s(y) = s|Yα,δ . This implies that s(x) extends to X1, or equivalently, that
〈 c1(s(x)), [Oi] 〉 = 0 for every i ∈ {1, . . . , p}. Similarly, 〈 c1(s(y)), [O′j] 〉 = 0

for every j ∈ {1, . . . , s}. However

〈 c1(s(x)), [Oi] 〉 = 〈 c1(s◦(x), t), [Oi] 〉,

as s◦(x) and s(x) are represented by the same vector field on M1 ⊂ Y1.
Since M0 is obtained from M1 by compressing the 2-spheres O1, . . . , Op,
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the equality
〈 c1(s◦(x), t), [Oi] 〉 = 0

implies that s◦(x) extends to s◦1 ∈ Spinc(W1). Similarly, s◦(y) extends to
s◦3 ∈ Spinc(W3). The Mayer-Vietoris sequence now implies that there is
a Spinc structure s◦ ∈ Spinc(W) such that s◦|W1 = s◦1, s◦|W2 = s◦(ψ), and
s◦|W3 = s◦3.

We are now ready to prove that, for the Whitney triangle ψ constructed
above, c = 0. Recall that, by definition,

c = AS2(y)−AS1(x) =
1

2
(〈c2(s◦(y), t), [S2]〉 − 〈c1(s◦(x), t), [S1]〉) ,

cf. Equation (4.7) and Equation (2.2). Since ψ is a Whitney triangle con-
necting x, ϑ, and y, we have that s◦(ψ)|M1 = s◦(x) and s◦(ψ)|M2 = s◦(y),
and therefore

c =
1

2
(〈c1(s◦(ψ), t), [S2]〉 − 〈c1(s◦(ψ), t), [S1]〉) .

Notice that we can omit the restrictions of the (relative) spinc structures by
the naturality of Chern classes.

Now the relative spinc structure s◦(ψ) extends to some relative spinc struc-
ture s◦ ∈ Spinc(W) by the above. Then, by Lemmas 4.22 and 4.25, we have

c =
1

2
(〈c1(s◦, t), [S3]〉 − 〈c1(s◦, t), [S0]〉) .

From Lemma 4.5, it finally follows that c = 0.

We can now conclude the proof of Lemma 4.27. By Equation (4.7), for any
Whitney triangle ψ ∈ π2(x, ϑ,y), where x ∈ Tα ∩ Tβ and y ∈ Tα ∩ Tδ are
such that s(x) and s(y) extend to X1 and X3, respectively, we have

AS2(y)−AS1(x) + nz(ψ)− nw(ψ) = 0.

If ψ contributes to the surgery map fH1,L(x), then nw(ψ) = 0, and it has
a pseudo-holomorphic representative, so nz(ψ) ≥ 0. Therefore, AS2(y) ≤
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AS1(x), as desired.

4.3.11 NATURALITY MAPS

Recall that34, given two admissible Heegaard diagrams H and H′ for the
same 3-manifold Y , there is a naturality map

fH,H′ : ĈF(H) −→ ĈF(H′),

which is the composition of maps associated to isotopies of the attach-
ing sets, handleslides, (de)stabilisations, and diffeomorphisms of the Hee-
gaard surface isotopic to the identity in Y . On the homology, it induces an
isomorphism

FH,H′ : ĤF(H)→ ĤF(H′)

that is independent of the sequence of Heegaard moves.

In our case, H and H′ are doubly pointed Heegaard diagrams, which de-
fine the same decorated knot (Y,K, P ). Juhász and Thurston34 (Proposi-
tion 2.37) proved that H and H′ can be connected by a sequence of Hee-
gaard moves that do not cross the basepoints w and z. If we forget about the
z basepoint, this sequence induces the naturality map fH,H′ above. As we
explained, the z basepoints on H and H′ induce filtrations on ĈF(H) and
ĈF(H′). It follows from the work of Ozsváth-Szabó58 and Rasmussen66

that, if fH,H′ is the map associated to either an isotopy, a handleslide, a
(de)stabilisation, or a diffeomorphism of the Heegaard surface isotopic to
the identity in Y , then it preserves the knot filtration. If fH,H′ is an iso-
topy map or a handleslide map, then the map induced on the E1 page
is the corresponding naturality map FH,H′ on ĤFK; i.e., it is the map ob-
tained by counting all holomorphic triangles that do not cross z. If fH,H′
is a (de)stabilisation or diffeomorphism map, then it is an isomorphism of
filtered complexes.

As the above result is only outlined in the works of Ozsváth and Szabó58

and Rasmussen66, we provide a bit more detail. With the techniques of
this paper, we can prove the following analogue of Lemma 4.27.
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Lemma 4.37 (Juhász-M.33, Lemma 5.23). Let K be a null-homologous knot in
Y = #p

i=1(S1×S2). Choose a Seifert surface S for K. Suppose thatH andH′ are
admissible doubly pointed Heegaard diagrams for (Y,K, P ) that only differ by an
isotopy or a handleslide.

Given an admissible doubly pointed triple diagram (Σ,α,β, δ, w, z) for the Hee-
gaard moveH → H′, if x ∈ Tα∩Tβ , then for any y ∈ Tα∩Tδ that has non-trivial
coefficient in the expansion of fH,H′(x), we have that

FS(y) ≤ FS(x).

Furthermore, if ψ is a holomorphic triangle connecting x ∈ Tα∩Tβ , ϑ ∈ Tβ ∩Tδ
(the top-dimensional generator of ĈF(Σ,β, δ, w, z)), and y ∈ Tα ∩ Tδ that does
not cross w, then

FS(y) = FS(x)− nz(ψ). (4.11)

Remark 4.38. The (de)stabilisation and diffeomorphism maps do not ap-
pear in Lemma 4.37 because they are not triangle maps. They are already
isomorphisms at the level of filtered chain complexes.

Idea of the proof. As in the proof of Lemma 4.27, we let

c = AS(y)−AS(x)− nw(ψ) + nz(ψ),

and prove that this is independent of ψ, x, and y. The main differences
from the proof of Lemma 4.27 are the following:

• Triply periodic domains: We closely follow the proof of Proposi-
tion 4.30. In this case, X ∼= Y ×I , the boundary of the 4-manifold X4
consists of Y t Y t Yβ,δ, and the cobordisms X1 and X3 are replaced
by identity cobordisms Y × I . Finally, the injectivity of ϕ follows
from the surjectivity of the map

ρ : H2(Y × I)⊕H2(Y × I)⊕H2(X̂) −→ H2(X),

as noted in Remark 4.33.

• Doubly periodic domains: One can use Proposition 4.34 for the two
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copies of Y and for Yβ,δ.

• Proving that c = 0: Note that, in contrast with Lemma 4.27, we can-
not isotope the α curves in this case, because the Heegaard diagram
would change. However, this is not necessary, because the homology
of the associated graded vector space is HFL(#S1×S2, K, P ), whose
splitting into Alexander grading is preserved under naturality maps,
by the functoriality of the sutured Floer homology34 SFH(M,γ, s◦).
This forces the grading shift c to be 0.

4.3.12 PROOF OF THEOREM 4.19

We are now ready to prove Theorem 4.19. In the proof we use the nota-
tion introduced in Section 4.3.4, and we assume that the gluing map is the
identity map, as explained in Section 4.3.3.

Suppose that x is a generator of ĈF(H0) such that fC(x) 6= 0. Let y be
a generator of ĈF(H2

S) that appears in the expression of fC(x) with non-
zero coefficient. Then there exist generators x′ ∈ ĈF(H0

P), x′′ ∈ ĈF(H1),
y′′ ∈ ĈF(H1

L), and y′ ∈ ĈF(H2) that appear with non-zero coefficient in
fH0,P(x), fH0

P,H1
(x′), fH1,L(x′′), and fH1

L,H2(y′′), respectively, and such that y
appears with non-zero coefficient in fH2,S(y

′). Notice that, by construction,
s(x′′) extends to X1 and s(y′′) extends to X3.

By Lemma 4.37, we know that the naturality maps preserve the knot fil-
tration, and by Corollaries 4.24 and 4.26 so do the maps fH0,P and fH2,S.
Finally, Lemma 4.27 proves that FS2(y

′′) ≤ FS1(x
′′). By putting all these

together, we obtain that

FS3(y) = FS2(y
′) ≤ FS2(y

′′) ≤ FS1(x
′′) ≤ FS1(x

′) = FS0(x). (4.12)

Thus fC is a map of filtered complexes and so, by Remark 4.12, it induces
a morphism of spectral sequences.

Furthermore, each of the maps fH0,P, fH0
P,H1 , fH1,L, fH1

L,H2 , and fH2,S is a
map of filtered complexes. The map induced by fC on the E1 page is the
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composition of the maps induced by each of the above maps on the E1

page.

We now consider the case when the inequalities in Equation (4.12) are all
equalities. Lemmas 4.22 and 4.25 imply that the maps induced by fH0,P

and fH2,S on the E1 page are the 1- and 3-handle maps for ĤFK. As for
the 2-handle map fH1,L, by Equation (4.5) in Lemma 4.27, we have that
F(y′′) = F(x′′) if and only if there is a pseudo-holomorphic triangle ψ
connecting x′′, ϑ, and y′′ such that nw(ψ) = nz(ψ) = 0, and in this case all
such holomorphic triangles satisfy this equality. Hence, the map induced
by fH1,L on the E1 page is the 2-handle map for ĤFK. Finally, it follows
from the discussion in Section 4.3.11 that the maps induced on theE1 page
by the naturality maps for ĈF are the naturality maps for ĤFK. Alterna-
tively, one can use Equation (4.11) in Lemma 4.37 and argue in the same
way as for the 2-handle maps.

This immediately implies that the map induced by fC on the E1 page is
obtained by counting (for the naturality maps and the 2-handle map) the
pseudo-holomorphic triangles that do not cross w and z, and so it is FC .

On the other hand, the map induced by fC on the total homology is given
by counting all holomorphic triangles that do not cross w but might cross
z. This is precisely the map F̂X : ĤF(S3) → ĤF(S3) induced by the cobor-
dism X . Since H1(X) = H2(X) = 0, the map F̂X = idĤF(S3), according to
Ozsváth and Szabó56 (Lemma 3.4).

4.4 CONCORDANCE MAPS PRESERVE THE HOMOLOGICAL GRADING

In this section, we show that concordance maps also behave well with
respect to the homological grading.

Let H be an admissible pointed Heegaard diagram for the closed, con-
nected, oriented, based 3-manifold (Y,w), together with a spinc structure
s ∈ Spinc(Y ) such that c1(s) ∈ H2(Y ) is torsion. Ozsváth and Szabó60 (Sec-
tion 4) showed that ĈF(H, s) admits a relative Z-grading (see also Section
2.2.1 of this thesis). For generators x, y ∈ ĈF(H, s) and φ ∈ π2(x,y), we

110



have
gr(x,y) = µ(φ)− 2nw(φ). (4.13)

According to Ozsváth and Szabó62 (Theorem 7.1) that this can be lifted to
an absolute Q-grading g̃r , in the sense that gr(x,y) = g̃r(x)− g̃r(y). Such
a grading is called the Maslov grading or homological grading.

Example 4.39. If Y = S3 with its unique spinc structure s0, and ifH is a Hee-
gaard diagram of Y , then on ĈF(H, s0) the absolute Q-grading is actually
an absolute Z-grading. The generator of ĤF(S3, s0) ∼= F2 is homogeneous
of grading zero.

More generally, if Y = #k
i=1(S1 × S2) with Heegaard diagram H, and

s0 ∈ Spinc(Y ) is such that c1(s0) = 0, then g̃r is an absolute 1
2
Z-grading

on ĈF(H, s0).

The main result of this section is the following.

Theorem 4.40 (Juhász-M.33, Theorem 6.2). Let C be a decorated concordance
from (K0, P0) to (K1, P1), and letHi be an admissible doubly pointed diagram of
(Ki, Pi) for i ∈ {0, 1}. Then, the chain map

fC : ĈF(H0) −→ ĈF(H1)

preserves the absolute homological grading; that is, if x ∈ ĈF(H0) is g̃r -homoge-
neous, so is fC(x), and if fC(x) 6= 0, then

g̃r(fC(x)) = g̃r(x).

Remark 4.41. Notice that the statement of Theorem 4.40 is stronger than
the fact that fC preserves the Maslov filtration. We actually claim that the
Maslov grading is not decreased by fC .

Idea of the proof. We proceed similarly to the proof of Theorem 4.19, and
use the notation from Section 4.3.4 and Figure 4.1. As the diffeomorphism
D constructed in Section 4.3.3 induces a homomorphismD∗ that preserves
the homological grading, we can assume the gluing map is trivial and we
are dealing with a special cobordism.
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First, we prove that, in the right spinc structure, each map fH0,P, fH0
P,H1 ,

fH1,L, fH1
L,H2 , and fH2,S preserves the relative Maslov grading gr . This is

only implicit in the work of Ozsváth and Szabó62, so we provide more
detail. Then we show that the absolute grading shift of fC , which is the
composition of all the above maps, is zero.

For the 1- and 3-handle maps fH0,P and fH2,S, it is straightforward to check
that the relative Maslov grading is preserved using Equation (4.13) above.

Now consider the 2-handle map fH1,L. Let (Σ,α,β, δ, w, z) be an admissi-
ble triple Heegaard diagram subordinate to a bouquet for L. For genera-
tors x ∈ Tα ∩ Tβ and y ∈ Tα ∩ Tδ such that s(x) = s|Yα,β and s(y) = s|Yα,δ ,
where s denotes the unique spinc structure on X , and for every Whitney
triangle ψ ∈ π2(x, ϑ,y), we let

d = g̃r(y)− g̃r(x) + µ(ψ)− 2nw(ψ).

We show that d is independent of ψ, x, and y. Since the triangles ψ con-
tributing to fH1,L have µ(ψ) = 0 and nw(ψ) = 0, it follows that the absolute
grading is shifted by d, so the relative grading is preserved.

We already know from the work of Ozsváth and Szabó60 that the natural-
ity maps fH0

P,H1 and fH1
L,H2 preserve the relative homological grading gr .

Alternatively, this can also be shown using the techniques of Section 4.3.11.

Finally, fC , which is the composition of all the above maps, preserves the
relative homological grading, or equivalently, it shifts the absolute homo-
logical grading by some constant e. This implies that, for every r ∈ N, the
map Er(fC) shifts the homological grading by the same constant e inde-
pendent of r. Since we know that the map in total homology is idĤF(S3)

and preserves the absolute grading by the work of Ozsváth and Szabó56

(Lemma 3.4), it immediately follows that e = 0.

The rest of this section is devoted to filling in the details of the above out-
line.
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4.4.1 SPINc STRUCTURES

Let s be the unique spinc structure on X . Then

fC = fC,s = fH2,S,s ◦ · · · ◦ fH0,P,s,

where the restrictions of s are omitted for the sake of clarity.

So it suffices to consider the above maps in the spinc structure s. In the
rest of the section, we will focus on the maps fH2,S,s, . . . , fH0,P,s, and for
simplicity, we will denote the restrictions of s by the same letter.

4.4.2 1- AND 3-HANDLES

The 1-handle map fH0,P,s satisfies the following.

Lemma 4.42 (Juhász-M.33, Lemma 6.4). Let x′′, x̃′′ ∈ ĈF(H0, s) be generators.
Then

gr(x′′, x̃′′) = gr(fH0,P,s(x
′′), fH0,P,s(x̃

′′));

i.e., the relative homological grading is preserved under the 1-handle map.

Proof. Let φ ∈ π2(x′′, x̃′′). Then the domain of φ also represents a Whitney
disc between fH0,P(x′′) and fH0,P(x̃′′) in the Heegaard diagram H0

P that we
also denote by φ. By Equation (4.13), we have

gr(x′′, x̃′′) = µ(φ)− 2nw(φ) = gr(fH0,P,s(x
′′), fH0,P,s(x̃

′′)).

A dual argument gives the following result for the 3-handle map fH2,S,s.

Lemma 4.43 (Juhász-M.33, Lemma 6.5). Let y′, ỹ′ ∈ ĈF(H2, s) be generators
such that fH2,S,s(y

′) 6= 0 and fH2,S,s(ỹ
′) 6= 0. Then

gr(y′, ỹ′) = gr(fH2,S,s(y
′), fH2,S,s(ỹ

′));

i.e., the relative homological grading is preserved under the 3-handle map.
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4.4.3 2-HANDLES

For 2-handles, we have the following.

Lemma 4.44 (Juhász-M.33, Lemma 6.6). Let x, x̃ ∈ ĈF(H1) be generators
such that s(x) = s(x̃) = s. Then fH1,L,s(x) and fH1,L,s(x̃) are g̃r -homogeneous,
and if they are non-zero, then

gr(x, x̃) = gr(fH1,L,s(x), fH1,L,s(x̃)).

Proof. For x ∈ ĈF(H1), y ∈ ĈF(H1
L), and ψ ∈ π2(x, ϑ,y) such that s(ψ) = s,

let
d = g̃r(y)− g̃r(x) + µ(ψ)− 2nw(ψ). (4.14)

First, we check that d is independent of ψ. As in the proof of Lemma 4.27,
it suffices to show that, for every triply periodic domain P ,

µ(P) = 2nw(P). (4.15)

Since every triply periodic domain is the sum of doubly periodic domains
by Proposition 4.30, it is sufficient to prove Equation (4.15) in the case of
doubly periodic domains in Heegaard diagrams of Yα,β , Yα,δ, and Yβ,δ.

Consider, for example, Yα,β and z ∈ Tα ∩ Tβ , with a periodic domain P ∈
Πα,β based at z. As s(z) extends to the cobordism X1, we see that c1(s(z))

vanishes on the belt spheres of the 1-handles. Furthermore, since H(P) ∈
H2(Yα,β) is a linear combination of the belt spheres, we obtain that

〈 c1(s(z)), H(P) 〉 = 0.

By the work of Ozsváth and Szabó60 (Theorem 4.9) and Lipshitz44 (Corol-
lary 4.12),

µ(P) = 〈 c1(s(z)), H(P) 〉+ 2nw(P),

and the result follows. This proves that d is independent of ψ.

Next, we check that d is independent of x and y. Let x̃ be another generator
of ĈF(H1) such that s(x̃) = s. Then there is a Whitney disc φ ∈ π2(x̃,x),
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hence φ#ψ ∈ π2(x̃, ϑ,y). Then, by Equation (4.13),

d = g̃r(y)− g̃r(x) + µ(ψ)− 2nw(ψ)

= g̃r(y)− g̃r(x) + µ(ψ)− 2nw(ψ) + (g̃r(x)− g̃r(x̃) + µ(φ)− 2nw(φ))

= g̃r(y)− g̃r(x̃) + µ(φ#ψ)− 2nw(φ#ψ).

Thus, d is independent of x. An analogous argument shows independence
of y.

Finally, all the holomorphic triangles that appear in the definition of the
map fH1,L,s satisfy µ(ψ) = 0 and nw(ψ) = 0. Then, it follows from Equa-
tion (4.14) that fH1,L,s increases the absolute grading g̃r by d. In particular,
it preserves the relative grading gr .

4.4.4 NATURALITY MAPS

We already know from the work of Ozsváth and Szabó60 that the natural-
ity maps preserve the Maslov grading. Alternatively, one can prove that
the handleslide and isotopy maps preserve the Maslov grading using the
techniques of Lemma 4.44. The (de)stabilisation maps are already isomor-
phisms on the chain level.

4.4.5 PROOF OF THEOREM 4.40

As explained in Section 4.4.1,

fC = fH2,S,s ◦ fH1
L,H2,s ◦ fH1,L,s ◦ fH0

P,H1,s ◦ fH0,P,s.

All the above maps preserve the relative Maslov grading by Lemmas 4.42,
4.43 and 4.44, so fC shifts the absolute Maslov grading by some constant e.
It follows that the maps induced between the spectral sequences Er(fC)

shift the absolute Maslov grading by the same constant e. On the other
hand, the map in total homology is idĤF(S3), which is homogeneous of de-
gree 0, so we obtain that e = 0.
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4.5 A NON-VANISHING RESULT

By Theorem 4.2, the map induced by fC in the E∞ page is non-trivial,
hence so must be the map in the first page E1. In this section, we make
this statement more precise, by keeping in mind also the gradings.

Definition 4.45 (Juhász-M.33, Definition 5.6). We say that an element x ∈
ĤFK(K,P ) survives the spectral sequence to ĤF(S3) ∼= F2 if there is a se-
quence of cycles xi ∈ Ei for i ≥ 1 such that x1 = x and xi+1 = [xi]; we
denote the set of such elements by A(K,P ). Furthermore, we have a par-
tition A(K,P ) = A0(K,P ) ∪ A1(K,P ), where Aj(K,P ) consists of those
elements for which xi = j ∈ F2 for i sufficiently large (note that the spec-
tral sequence is bounded).

The subset A0(K,P ) is a linear subspace of A(K,P ), and A1(K,P ) is an
affine translate of A0(K,P ). Each set A(K,P ), A0(K,P ), and A1(K,P ) is a
knot invariant.

It follows from the definition of the τ invariant (see Section 4.2.2) that

A1(K,P ) ∩ ĤFK(K,P, i)

= ∅ if i 6= τ(K)

6= ∅ if i = τ(K).
(4.16)

If a ∈ A1(K), let a0 denote the homogeneous component of a in homologi-
cal grading zero. It is straightforward to check that a0 survives the spectral
sequence. Since the homological grading on ĈFK is inherited from the one
on ĈF, and since the homological grading of 1 ∈ ĤF(S3) is zero, it follows
that a0 ∈ A1(K). Combined with Equation (4.16), this implies that

A′1(K,P ) := A1(K,P ) ∩ ĤFK0(K,P, τ(K)) 6= ∅. (4.17)

Note that A′1(K,P ) is also a knot invariant.

Corollary 4.46 (Juhász-M.33, Corollary 5.7). Let C = (X,F, σ) be a decorated
concordance from (K0, P0) to (K1, P1), and let τ = τ(K0) = τ(K1). Then, for
j ∈ {0, 1},

FC(Aj(K0)) ⊆ Aj(K1)
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and hence FC is non-zero from ĤFK0(K0, P0, τ) to ĤFK0(K1, P1, τ).

Proof. The fact that FC(Aj(K0)) ⊆ Aj(K1) follows from by the fact that FC is
theE1 map in a morphism of spectral sequences, where theE∞ map is idF2

(see Theorem 4.2). Again by Theorem 4.2, FC preserves both the Alexander
and the Maslov grading, hence it maps ĤFK0(K0, P0, τ) to ĤFK0(K1, P1, τ).
So we only need to prove that this map is non-zero.

By Equation (4.17), we have A′1(K0, P0) 6= ∅; let x ∈ A′1(K0, P0). Then, by
the previous paragraph,

FC(x) ∈ A1(K1, P1) 6∈0,

hence FC(x) 6= 0.

4.5.1 AN INVARIANT OF SLICE DISCS

In this section we define an invariant of slice discs, and we apply it to
propose a refinement of an approach of Freedman, Gompf, Morrison and
Walker for disproving the 4-dimensional Poincaré conjecture. We start
with a technical lemma.

Lemma 4.47 (Juhász-M.33, Lemma 3.11). Let C = (X,F, σ) be a decorated
concordance from (K0, P0) to (K1, P1). If K0 is the unknot U , then the element

FC(1) ∈ ĤFK0(K1, P1, 0),

where 1 ∈ ĤFK(K0, P0) ∼= F2, is independent of the decorations σ and P0.

Proof. Suppose that σ′ is another decoration with the same endpoints as σ,
let C ′ = (X,F, σ′), and define

k = [σ′ − σ] ∈ H1(F ) ∼= Z.

Consider the decorated concordance Ck = (S3 × I, U × I, σk), where σk
spirals around k times. Then C ′ = C ◦ Ck. As ĤFK(U) ∼= F2, we have
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FCk = idF2 . By the functoriality of the knot concordance maps, we obtain
that FC′ = FC .

Since ĤFK(U) ∼= F2 has no non-trivial automorphisms, it does not matter
how we choose the markings P0.

Definition 4.48 (Juhász-M.33). Let B be an integral homology 4-ball with
boundary S3. Suppose that S ⊂ B is a slice disc for a decorated knot
(K,P ) in S3. If we remove a ball from B about a point of S, we obtain
a concordance C(S) from the unknot U to K, which we endow with two
arbitrary arcs as decorations. We define the element

tS,P := FC(S)(1) ∈ ĤFK0(K,P, 0).

Corollary 4.49 (Juhász-M.33). The element tS,P does not depend on the decora-
tions chosen on C(S), it is always non-zero, and it is an invariant of the surface S
up to isotopy in B fixing K.

Proof. This is a straightforward consequence of Lemma 4.47 and Corollary
4.46.

Question 4.50 (Juhász-M.33, Question 1.4). Can tS,P distinguish different
slice discs? More precisely, is there a decorated knot (K,P ) in S3 that has
two different slice discs S and S ′ in D4 such that tS,P 6= tS′,P ?

Note that, given different decorations P and P ′ on K, the basepoint mov-
ing map of Sarkar72 takes tS,P to tS,P ′ , so the answer is independent of the
choice of basepoints.

We can use the element tS,P to refine the approach of Freedman, Gompf,
Morrison, and Walker15 for disproving the smooth 4-dimensional Poincaré
conjecture.

Conjecture 4.51 (SPC4). If a smooth 4-manifold Σ4 is homotopy equivalent to
S4, then it is diffeomorphic to S4.

Note that, by the work of Freedman14, we know that Σ must be homeomor-
phic to S4.
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Our proposed refined approach to disprove SPC4 goes as follows. Sup-
pose that we are given a counterexample with no 3-handles and a sin-
gle 4-handle. Removing the 4-handle, we obtain an exotic 4-ball B with
boundary homeomorphic to S3. The belt circles of the 2-handles give a
link L ⊂ ∂B, and the cocores of the 2-handles give a collection of discs
C ⊂ B with boundary L. If we band sum the components of L in some
way, we obtain a knot K ⊂ ∂B, together with a disc D ⊂ B obtained from
C. Hence D induces an element tD,P ∈ ĤFK(K,P ) for any decoration P .
If tD,P 6= tS,P for S an arbitrary slice disc of K, then this implies that B is
indeed exotic.

The approach of Freedman et al. only works if K is not slice in the stan-
dard 4-ball, but it is in the homotopy 4-ball B. By the work of Ozsváth
and Szabó56 (Theorem 1.1), the τ invariant vanishes if K bounds a disc in
a homotopy ball, and so does Rasmussen’s s invariant according to Kro-
nheimer and Mrowka42, so neither can be used for the above purpose.
We could use any other theory equipped with knot concordance maps in
manifolds homeomorphic to S3 × I . However, note that the Khovanov
homology concordance maps of Jacobsson26 are only defined when the
ambient manifold is diffeomorphic to S3 × I .

4.6 INVERTIBLE CONCORDANCES

A knot is called doubly slice if it is a hyperplane cross-section of an unknot-
ted S2 in S4. Motivated by a question of Fox13 asking which knots are
doubly slice, Sumners78 introduced the notion of invertible knot cobor-
disms. In his terminology, cobordism stands for concordance; we use the
latter for clarity.

Definition 4.52. Let K0 and K1 be knots in S3. We say that a concor-
dance (S3× I, F ) from K0 to K1 is invertible if there is a concordance (S3×
I, F ′) fromK1 toK0 such that the composition of (S3×I, F ) and (S3×I, F ′)
from K0 to K0 is equivalent to the trivial cobordism. We write K0 ≤ K1 if
there is an invertible concordance from K0 to K1.
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In other words, F is invertible if and only if (S3 × I, F ) has a left inverse
in the cobordism category of links. A knot K is doubly slice if and only
if U ≤ K. The relation ≤ is a partial order on the set of knots in S3, as
we shall explain later. There are also two other partial orders on the set of
knots in S3 which compare to the one induced by invertible concordances.

Definition 4.53 (Rong70, Wang82). Given two knots K0 and K1 in S3, we
say that K1 1-dominates K0 if there is a degree one map

(E(K1), ∂E(K1))→ (E(K0), ∂E(K0)),

where E(Ki) denotes the exterior of Ki. In such a case we write K1 �1 K0.

Definition 4.54 (Silver-Whitten75). For i = 0, 1, let Ki ⊂ S3 be knots with
meridian-longitude pair mi, `i. We denote K1 � K0 if there is an epimor-
phism f : π1(K1) → π1(K0) that preserves the peripheral structure, i.e., such
that f(〈m1, `1〉) is conjugate to a subgroup of 〈m0, `0〉.

Silver and Whitten75 proved that� is a partial order on the set of knots. By
the following lemma, also ≥ and �1 are partial orders on the set of knots.

Lemma 4.55. For K0 and K1 knots in S3, we have the following chain of impli-
cations:

K1 ≥ K0 ⇒ K1 �1 K0 ⇒ K1 � K0.

As far as I can trace it, the first implication in the above lemma was essen-
tially observed by Ruberman, whereas the second one is due to Silver and
Whitten75.

Proof. For the first implication, let F be an invertible concordance from K0

to K1 with inverse F ′. Then there is a diffeomorphism d : S3 × I → S3 × I
such that d(F ′ ◦ F ) = K0 × I and d|S3×∂I is the identity. Let i : S3 → S3 × I
be the embedding i(x) = (x, 1/2), and let p : S3× I → S3 be the projection.
Then the composition

f = p ◦ d ◦ i : S3 → S3
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restricts to a degree one map between the knot exteriors. The fact that
f |E(K1) is degree one follows from the fact that we can isotope d such that
d(K1 × {1/2}) becomes transverse to the I-fibration of K0 × I , and hence
f |K1 is an embedding with image K0.

For the second implication, see Section 4 of Silver and Whitten’s paper75.

From Theorem 4.2 we get the following obstruction to the existence of in-
vertible concordances from K0 to K1.

Theorem 4.56 (Juhász-M.33, Theorem 1.6). If there is an invertible concor-
dance from K0 to K1, then

dim ĤFKj(K0, i) ≤ dim ĤFKj(K1, i)

for every i, j ∈ Z.

Proof. Suppose that F is an invertible concordance from K0 to K1. Choose
an arbitrary pair of points P0 on K0 and P1 on K1, making them into dec-
orated knots, and an arbitrary pair of arcs σ on F making F into a deco-
rated concordance from (K0, P0) to (K1, P1). Let F ′ be the inverse of F , and
choose a decoration σ′ on it such that (F ′, σ′) is a decorated concordance
from (K1, P1) to (K0, P0). As the composition of F and F ′ is equivalent to
the trivial cobordism K0× I from K0 to K0, we can choose σ′ such that the
composition of C = (F, σ) and C ′ = (F ′, σ′) is equivalent to the product
decorated cobordism (K0× I, P × I), where P = σ ∩K0 is a pair of points.
By the functoriality of FC and the fact that a product cobordism induces
the identity map,

FC′ ◦ FC = id
ĤFK(K0,P0)

,

and so FC is injective. The injectivity of FC , together with the fact it pre-
serves the bigrading (Theorem 4.2), implies that

dim ĤFKj(K0, P0, i) ≤ dim ĤFKj(K1, P1, i)
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for every i, j ∈ Z. Up to isomorphism, ĤFKj(Kr, Pr, i) is independent of
the choice of Pr, and the result follows.

For a knot K in S3, we denote its Seifert genus by g(K). Ozsváth and
Szabó57 proved that knot Floer homology detects the genus of a knot, in
the sense that

g(K) = max
{
i ∈ Z

∣∣∣ ĤFK∗(K, i) 6= 0
}
.

Furthermore, knot Floer homology also detects fibredness of knots, as
dim ĤFK∗(K, g(K)) = 1 if and only if K is fibred. This was shown by
Ghiggini17 in the genus one case, and by Ni52,53 in the general case. A
different proof was also given by Juhász28,29. These two results, together
with Theorem 4.56, immediately imply the following unpublished result
of Ruberman.

Corollary 4.57 (Juhász-M.33, Corollary 1.7). Suppose that K0 ≤ K1. Then

1. g(K0) ≤ g(K1);

2. if g(K0) = g(K1) and K1 is fibred, then so is K0.

We now outline a more elementary proof of these results, which was com-
municated to me and Juhász by Ruberman. Actually, we will prove the
following stronger statement. Also see the proof of Proposition 3.7 and
the paragraph following it in Silver and Whitten’s paper75.

Proposition 4.58 (Ruberman). Suppose that K0 �1 K1. Then

1. g(K0) ≤ g(K1);

2. if K1 is fibred, then so is K0.

Proof. In Section 4 of their paper, Silver and Whitten75 show that, if there
is a degree one map

f : (E(K1), ∂E(K1))→ (E(K0), ∂E(K0)),
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then, up to reversing orientation, f(m1) = m0 and f(`1) = `0. It fol-
lows that f |∂E(K1) is homotopic to a diffeomorphism. Therefore, we can
suppose that f restricts to a diffeomorphism on the boundary. If S is a
minimal genus Seifert surface for K1, then f |S satisfies the conditions of
Gabai’s generalisation of Dehn’s lemma16 (Corollary 6.23), hence there ex-
ists a Seifert surface T of K0 = f(K1) such that g(T ) ≤ g(S). It follows
that g(K0) ≤ g(K1). The generalised Dehn’s lemma states that if M is
a compact oriented 3-manifold, S a compact oriented surface with con-
nected boundary, and f : S → M a map such that f |∂S is an embedding
and f−1(f(∂S)) = ∂S, then there exists an embedded surface T in M such
that ∂T = f(∂S) and g(T ) ≤ g(S).

For the proof of 2, Lemma 1.2 of Rong’s paper70 shows that f induces a
surjection on the fundamental groups, and also on the commutator sub-
groups. If K1 is fibred, then the commutator subgroup π1(E(K1))′ must
be finitely generated, hence π1(E(K0))′ is also finitely generated, so K0 is
fibred by a result of Stallings77.

Based on the above proof and Theorem 4.56, it is natural to ask the follow-
ing questions.

Question 4.59. Does K1 � K0 imply dim ĤFK∗(K1, i) ≥ dim ĤFK∗(K0, i)

for every i ∈ Z?

Question 4.60. Does K1 �1 K0 imply dim ĤFK∗(K1, i) ≥ dim ĤFK∗(K0, i)

for every i ∈ Z?

Note that, in light of Lemma 4.55, Question 4.60 is weaker than Question
4.59. A positive answer to Question 4.59 would imply the following con-
jecture.

Conjecture 4.61 (Silver-Whitten75). If K1 � K0, then g(K1) ≥ g(K0).

However, Question 4.60 (and therefore also Question 4.59) has a negative
answer due to the following example constructed by Hom.
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Example 4.62. Let K1 = (T2,3)2,3 be the (2, 3)-cable of the right-handed tre-
foil T2,3, and let K0 = T2,3. Then there is a degree one map

(E(K1), ∂E(K1))→ (E(K0), ∂E(K0)).

Indeed, let T ⊂ E(K1) be the boundary of the solid torus used in the
satellite construction for K1. Then the exterior of T is E(K0), hence fibred
over S1. If we collapse the fibers to discs, we obtain a degree one map from
the exterior of T to D2 × S1, and hence from E(K1) to E(K0). But both
K0 and K1 are determined by their Alexander polynomials, K0 because
it is alternating, and K1 by the work of Hedden20 (Theorem 1.0.6). The
symmetrised Alexander polynomial of K1 is

t3 − t2 + 1− t−2 + t−3,

while the symmetrised Alexander polynomial of K0 is t − 1 + t−1. So
ĤFK(K1, 1) = 0 and ĤFK(K0, 1) = F2, contradicting the desired inequal-
ity.

In light of this, we propose the following weaker question.

Question 4.63 (Juhász-M.33, Question 1.9). Suppose that K1 � K0. Then is
it true that

dim ĤFK(K1) ≥ dim ĤFK(K0)?

Compare this with the following conjecture.

Conjecture 4.64 (Karakurt-Lidman35). If f : Y1 → Y0 is a non-zero degree
map between integer homology spheres, then dim ĤF(Y1) ≥ dim ĤF(Y0).

4.7 THE IMITATION GAME

As pointed out to me by Boileau, invertible concordances are closely re-
lated to the notion of imitation, introduced by Kawauchi36. In this section
there are no new results, but we explain the connection and review some
classical questions.

124



Following Kawauchi’s terminology, we say that an (m, `)-manifold pair
(M,L) consists of a smooth m-manifold M and a properly embedded `-
submanifold L.

Definition 4.65 (Kawauchi36). Let (M,L) be an (m, `)-manifold pair, and
I = [−1, 1]. A reflection in (M,L)× I is a smooth involution α on (M,L)× I
such that α(M × {1}) = M × {−1}, the set of fixed points Fix(α) is an
m-manifold, and α acts non-freely on each component of M×I . A smooth
embedding φ from an (m, `)-manifold pair (M1, L1) to (M0, L0) × I with
φ(M1, L1) = Fix(α) for a reflection α in (M0, L0) × I is called a reflector (of
the reflection α).

Kawauchi36 showed that, given a reflection on (M,L) × I , Fix(α) is an
(m, `)-manifold pair.

Definition 4.66 (Kawauchi36). A map f : (M1, L1) → (M0, L0) between
(m, `)-manifold pairs is called an imitation if there is a reflector

φ : (M1, L1)→ (M0, L0)× I

such that f = p1 ◦φ, where p1 : (M0, L0)× I → (M0, L0) is the projection on
the first factor.

The imitation f is called pure if f = p1 ◦ φ for a reflector φ of a reflection α
satisfying α(x, 1) = (x,−1) for all x ∈M .

Definition 4.67. If K0 and K1 are knots in S3, we say that K1 �i K0 if there
is a pure imitation (S3, K1)→ (S3, K0).

It follows from the work of Kawauchi that �i is a partial order on the set
of knots. The transitive property was proven by Kawauchi36 (Proposition
2.1), and the antisymmetric property follows from

K1 �i K0 ⇒ K1 �1 K0, (4.18)

together with the fact that�1 is already known to be a partial order. Equa-
tion (4.18) follows from Properties I and II of the work of Kawauchi36. Also
compare (4.18) with Lemma 4.55.
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Remark 4.68. Assuming the smooth 4-dimensional Schönflies conjecture
(SSC4), which is recalled below, it is straightforward to show thatK1 �i K0

also implies K1 ≥ K0.

Conjecture 4.69 (SSC4). A smoothly embedded S3 in S4 separates S4 into two
standard 4-balls.

A similar relation to �i can also be defined on connected closed oriented
3-manifolds. We let Y1 �i Y0 if there is a pure imitation f : Y1 → Y0. We
also define Y1 ≥ Y0 if there is an invertible cobordismX4 from Y0 to Y1, and
Y1 �1 Y0 if there is a degree one map from Y1 to Y0. Here, by analogy with
invertible concordances (cf. Definition 4.52), we call the cobordism X4 in-
vertible if there is a left inverse in the cobordism category of 3-manifolds.
It follows from Lemma 1.1 of Kawauchi’s paper36 that

Y1 �i Y0 ⇒ Y1 ≥ Y0, (4.19)

and there is a invertible cobordismX from Y0 to Y1 such that its left inverse
is X turned upside down. Moreover, we can show that

Y1 ≥ Y0 ⇒ Y1 �1 Y0. (4.20)

Indeed, if we denote by X− the invertible cobordism from Y0 to Y1, and by
X+ its left inverse, we have that

Z ∼= H3(Y0;Z) ⊆ H3(X±;Z),

since X± retracts onto Y0. By the long exact sequence in homology asso-
ciated to the splitting Y0 × I = X− ∪Y1 X+, and the fact that H2(Y1;Z) is
torsion-free, we get a short exact sequence

0 // H3(Y1)
(ι−,ι+)//

w

��

H3(X−)⊕H3(X+)
π−−π+//

w

��

H3(Y0 × I) //

w

��

0

0 // Z // Z⊕ Z // Z // 0

If we prove that ι− and ι+ are isomorphisms, then the maps π± ◦ ι± are
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isomorphisms too, so the composition map

Y1 ↪→ X− ↪→ Y0 × I → Y0

would be a degree one map. We now prove that ι− is an isomorphism. We
already know that it is injective. By Poincaré duality, we can consider it as
a map

ι− : H0(Y1)→ H1(X−,−Y0 ∪ Y1).

The fact that it is also surjective follows from the long exact sequences in
cohomology associated to the pair (X−,−Y0 ∪ Y1), together with the fact
that H1(X−) is torsion-free.

Rong70 proved that �1 is a partial order on the set of 3-manifolds modulo
homotopy equivalence. It follows that �i (and analogously ≥) is a partial
order on the set of 3-manifolds modulo some equivalence relation, which
can be thinner than that of homotopy equivalence. In particular, as far as I
know, it is also possible that �i is a partial order on the set of 3-manifolds.

Question 4.70. Is �i a partial order on the set of 3-manifolds?

Note that for a large class of 3-manifolds, namely hyperbolic 3-manifolds,
this is true. However, also�1 is a partial order on this class of 3-manifolds,
because, by Mostow rigidity, two hyperbolic 3-manifolds are homotopy
equivalent if and only if they are homeomorphic.

The converses of (4.19) and (4.20) do not hold. For (4.20), every 3-manifold
admits a degree one map to S3, but, for example, there is no invertible
cobordism from S3 to Poincaré sphere Σ(2, 3, 5): if there was one, then one
would get an embedding of Σ(2, 3, 5) into S4, which is impossible because
the Rokhlin invariant of Σ(2, 3, 5) is 1. For (4.19), a cancelling pair of 4-
dimensional 1- and 2-handles gives a product cobordism S3×I , where the
middle level set is S1×S2. Therefore, S1×S2 ≥ S3. However, only integer
homology spheres can imitate S3, by Kawauchi36 (Property II). Connected
to this point, we ask the following question.

Question 4.71. Which integer homology spheres imitate S3?
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Since an imitation induces an epimorphism in the fundamental groups, it
follows that the only 3-manifold that S3 can imitate is S3. However, there
may be reflections α on S3 × I , with Fix(α) ∼= S3, which are not isotopic
to the standard one. In light of Remark 4.73, the following question is a
weaker version of SSC4.

Question 4.72. Is every reflection α on S3 × I , with Fix(α) ∼= S3, isotopic
to the standard one?

Remark 4.73. The following are equivalent:

1. Every invertible cobordism from S3 to S3 is the product cobordism;

2. SSC4 holds true.

In light of Remark 4.73, an analogue of the smooth Schönflies problem for
knots would be whether every invertible concordance from the unknot to
itself is a product concordance. When translated to a language closer to
the one of SSC4, this question appears as in the following conjecture, for
which we propose the evocative name of four spheres’ conjecture.

Conjecture 4.74. Suppose that a smoothly embedded S3 in S4 cuts it into two
standard 4-balls and intersects an unknotted S2 in an unknotted S1. Then there
is a decomposition

(S4, S2) = (B4, B2)std ∪S3 (B4, B2)std.

Equivalently, if we view S4 = {x = (x1, . . . , x5) | ‖x‖ = 1}, then, up to ambient
isotopy, S3 = S4 ∩ {x5 = 0} and S2 = S4 ∩ {x3 = x4 = 0}.

Note that, as in the case of SSC4, the Heegaard Floer TQFT approach can-
not detect a counterexample to Conjecture 4.74, since all invertible con-
cordances from the unknot U to itself induce the only automorphism in
ĤFK(U) ∼= F2.
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4.8 OTHER FLAVOURS OF HEEGAARD FLOER HOMOLOGY

In this section we generalise Theorem 4.2 to all flavours of Heegaard Floer
homology. The content of this section was developed after a conversation
with Levine, for whom I reserve a special acknowledgement.

Independent generalisations of Theorem 4.2 were done by Tovstopyat-
Nelip80 and Zemke87.

First, we need to give a quick overview of all flavours of Heegaard Floer
homology. We keep using F2 coefficients since we do not know whether
Heegaard Floer homology is functorial with Z coefficients.

Suppose that Y 3 is a closed oriented 3-manifold, and H = (Σ,α,β, w) is a
pointed Heegaard diagram for it. Then we can define a chain complex

CF∞(H) = F2〈[x, i] |x ∈ Tα ∩ Tβ, i ∈ Z〉,

with differential

∂([x, i]) =
∑

y∈Tα∩Tβ

∑
D∈D(x,y)
µ(D)=1

#M̂(D) · [y, i− nw(D)].

CF∞(H) has a structure of F2[U ]-module, where the U action is given by

U · [x, i] = [x, i− 1].

Note that the differential commutes with the U action. Actually, CF∞(H)

is also an F2[U,U−1]-module.

There is a subcomplex CF−(H) ⊂ CF∞(H), generated by all elements [x, i]

with i ≤ 0, which is still an F2[U ]-module. The quotient complex, which is
again an F2[U ]-module, is denoted by

CF+(H) =
CF∞(H)

U · CF−(H)
.
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Note that, by definition, we have that, as chain complexes,

ĈF(H) =
CF−(H)

U · CF−(H)
.

The U action on ĈF(H) sends every element to 0, and therefore we only
consider ĈF(H) as a vector space over F2.

Ozsváth and Szabó60 proved that, for each ◦ ∈ {+,−,∞, ̂}, the homolo-
gies HF◦(Y, p) of the above complexes are invariants of Y . Moreover, all
above groups admit a natural splitting along spinc structures on Y .

Given a doubly pointed Heegaard diagram H = (Σ,α,β, w, z) for a null-
homologous knot K in Y , with a Seifert surface S, one can build the com-
plex

CFK∞S (H) = F2〈[x, i, j] |x ∈ Tα ∩ Tβ, i, j ∈ Z, j − i = AS(x)〉,

with differential

∂([x, i, j]) =
∑

y∈Tα∩Tβ

∑
D∈D(x,y)
µ(D)=1

#M̂(D) · [y, i− nw(D), j − nz(D)].

As before, one can define CFK−S (H), CFK+
S (H) and ĈFKS(H). All such

complexes carry a (Z ⊕ Z)-filtration, given by i and j. We call Alexander
filtration the Z-filtration given by j. When Y is a QHS3, or when K is a
local knot in #n

i=1S
1 × S2, i.e., when K is contained in a ball B3 ⊂ S1 × S2

(this terminology was used by Celoria10), then the Alexander grading does
not depend on the Seifert surface, and the filtered chain homotopy type
of CFK◦(Y,K, P ) is an invariant of the decorated knot58,66. The homol-
ogy of the associated graded module is denoted by HFK◦(Y,K, P ). Note
that by collapsing the j grading in CFK◦(Y,K, {w, z}) one obtains exactly
CF◦(Y,w). Note that, assuming Y QHS3 or K local in #n

i=1S
1 × S2, the

Alexander filtration on CFK◦ induces a spectral sequence

HFK◦(Y,K, {w, z})⇒ HF◦(Y,w).
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If Y is a 3-manifold equipped with a torsion spinc structure s, then Ozsváth
and Szabó60 showed that CF◦(H, s) admits a relative Z-grading. For gen-
erators [x, i], [y, i] ∈ CF◦(H, s) and φ ∈ π2(x,y), we have

gr([x, i], [y, i]) = 2(i− i) + µ(φ)− 2nw(φ).

According to Ozsváth and Szabó62 (Theorem 7.1) that this can be lifted to
an absolute Q-grading g̃r , in the sense that

gr([x, i], [y, i]) = g̃r([x, i])− g̃r([y, i]).

Such a grading is called the Maslov grading or homological grading. It can
alternatively be defined as

g̃r([x, i]) = g̃r(x)− 2i.

When Y is a QHS3, or whenK is a local knot in #n
i=1S

1×S2, such a grading
is defined in an analogous way on CFK◦.

From the works of Ozsváth and Szabó62, Juhász31, and Zemke84, there
are maps induced in all flavours of HF. Given a handle decomposition of
a cobordism (X, γ) from (Y0, w0) to (Y1, w1), there are maps associated to
each handle attachment, which behave functorially.

Recall that we proved in Section 4.3.3 that the gluing map in ĤFK associ-
ated to a decorated concordance is trivial. One can then try to define, for
all other flavours of HFK, maps associated to 1-, 2- and 3-handles attached
away from the knot, just as in the case of cobordisms of 3-manifolds, and
define the concordance map as the composition of such maps. This was
done by Zemke85, who constructed maps associated to every decorated
link cobordism by following a Morse theoretical approach.

For each ◦ ∈ {+,−,∞, ̂}, we denote by F ◦C Zemke’s concordance map.
Note that F̂C agrees with Juhász’s map FC . Then we generalise Theorem
4.2 as follows.

Theorem 4.75. Let C = (X,F, σ) be a decorated concordance between deco-
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rated knots (K0, P0) and (K1, P1), such that H1(X) = H2(X) = 0, and let
◦ ∈ {+,−,∞, ̂}. Then

F ◦C : HFK◦(K0, P0)→ HFK◦(K1, P1)

preserves both Maslov and Alexander grading.

Furthermore, given an admissible diagram (Σr,αr,βr, wr, zr) of (Kr, Pr) for r ∈
{0, 1}, there is a (Z⊕ Z)-filtered chain map

f ◦C : CFK◦(Σ0,α0,β0, w0)→ CFK◦(Σ1,α1,β1, w1)

of homological degree zero such that the induced morphism of spectral sequences
arising from the Alexander filtration agrees with F ◦C on the E1 page and with
idHF◦(S3) on the total homology and on the E∞ page.

Remark 4.76. Similar results were independently proven by Tovstopyat-
Nelip80 and Zemke87. Tovstopyat-Nelip80 gives an alternative definition
of the map induced by a decorated concordance in HFK−, and proves that
it preserves the Alexander grading and the absolute Z/2 Maslov grading.
Zemke87 gives computes the Alexander and Maslov grading shifts for all
cobordism maps in all flavours of link Floer homology. As a particular
case, he proves that the maps associated to decorated concordances pre-
serve both the Alexander and the Maslov grading, which is exactly the
first part of Theorem 4.75.

Proof. The chain map f ◦C is defined exactly as in Equation (4.4), with the
exception that all the map are now between CFK◦ complexes:

f ◦C := f ◦H2,S ◦ f ◦H1
L,H2 ◦ f ◦H1,L ◦ f ◦H0

P,H1 ◦ f ◦H0,P.

We use here the same notation as in Section 4.3.5. We will now check
that each map preserves the (Z⊕Z)-filtration and the relative homological
grading.
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The map associated to the 1-handles is defined as

f ◦H0,P([x, i, j]) = [x⊗ T, i, j],

where T is the tuple of top-dimensional intersection points of the new α

and β curves. The target of the map is CFK◦ because, due to Lemma 4.22,
we have that

j − i = A(x) = A(x⊗ T ).

The (Z⊕Z)-filtration, and actually also the (Z⊕Z)-grading, are preserved
by f ◦H0,P because i and j remain unchanged under the 1-handle maps.
The relative Maslov grading is also preserved, since any two intersection
points x, y ∈ Tα ∩ Tβ are connected by a Whitney disc φ ∈ π2(x,y), and

gr([x⊗ T, i, j], [y⊗ T, i, j]) = 2(i− i) + µ(φ)− 2nw(φ) = gr([x, i, j], [y, i, j]).

A dual reasoning shows that also 3-handle maps preserve the absolute
(Z⊕ Z)-grading and the relative Maslov grading.

The 2-handle map is defined by

f ◦H1,L([x, i, j]) =
∑

y∈Tα∩Tγ

∑
ψ∈π2(x,ϑ,y)
µ(ψ)=0

#M(ψ)[y, i− nw(ψ), j − nz(ψ)],

where ϑ denotes the top-dimensional intersection point of Tβ ∩ Tγ . Note
that this is the map on the complexes for the 3-manifold, where the j grad-
ing is collapsed. To get the 2-handle map for the knot complexes, one
should require that nz(ψ) = 0.

The fact that the map f ◦H1,L is well defined follows from the fact that

A(y) + (i− nw(ψ))− (j − nz(ψ)) = A(x) + i− j = 0,

where the first equality follows from the proof of Lemma 4.27 (in particu-
lar Equation (4.7) and the fact that c = 0).

The fact that the 2-handle map preserves the (Z⊕Z)-filtration follows from
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the fact that, if ψ has a pseudo-holomorphic representative, then nw(ψ) ≥ 0

and nz(ψ) ≥ 0. For the relative Maslov grading, consider the following
quantity:

d = g̃r(y)− g̃r(x) + µ(ψ)− 2nw(ψ) + 2i− 2i,

associated to generators [x, i, j] and [y, i, j] in the torsion spinc structure
of Y1 and Y2. Following the proof of Lemma 4.44, it is straightforward to
show that d is independent of ψ, x and y, and that therefore the relative
Maslov grading is preserved by the 2-handle map.

The fact that naturality maps preserve the (Z⊕Z)-filtration and the relative
Maslov grading was proved by Ozsváth and Szabó58, and Rasmussen66.
Alternatively, the strategy we used for the 2-handle maps readily applies
to the naturality maps associated to isotopies and handleslides. The maps
associated to (de)stabilisations are already isomorphisms at the level of
chain complexes.

By composing all the maps, we obtain a map which preserves the (Z⊕Z)-
filtration and the relative Maslov grading. Therefore, it induces a mor-
phism of spectral sequences. The map induced on the first page of the
spectral sequence is obtained by setting nz(ψ) = 0 in all the triangle maps.
This yields exactly Zemke’s cobordism maps85 and the naturality maps for
the knot chain complexes58,66. We already proved in Theorem 4.2 that the
map in total homology is the identity map on ĤF(S3). The fact that the
map induces the identity in total homology also in the other flavours of
Heegaard Floer homology follows from the commutation with the exact
sequences (2) and (3) in Ozsváth and Szabó’s paper55.

We now prove that the absolute Maslov grading is preserved under F ◦C .
We already proved that the relative Maslov grading is preserved by each
handle map and naturality map, therefore the absolute grading is shifted
by a constant e. Since the maps induced in the total homology are the
identity maps, e = 0 for all flavours.

Lastly, we need to show that the map in the E∞ page is the identity. For a
knot in S3, and q ∈ Z, let xq denote the unique Maslov grading q homoge-
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neous non-trivial element of HF◦(S3), if it exists. We define

τ ◦q (K) := min {p ∈ Z | ∃x ∈ Fp(CFK◦(K)) : [x] = xq} .

More generally, for a filtered complex C over F2 and q ∈ Z such that
Hq(C) ∼= F2, we define

τq(C) := min {p ∈ Z | ∃x ∈ Fp(C) : [x] = 1 ∈ Hq(C)} . (4.21)

In a similar way as in Lemma 4.16, we prove that τ ◦q is a decorated con-
cordance invariant. Let C and C denote the complexes CFK◦(K0, P0) and
CFK◦(K1, P1), f : C → C the filtered map f ◦C , and p = τ ◦q (C). Then we have
the following commutative diagram.

H(Fp(C))
f //

ιC
��

H(Fp(C))

ιC
��

HF◦(S3) id // HF◦(S3)

If x ∈ Fp(C) is an element representing xq inH(C), then by commutativity
we have

ιC(f([x])) = ιC([x]) = xq,

and therefore τ ◦q (C) ≤ p = τ ◦q (C). By exchanging the roles of C and C we
get the other inequality.

The fact that theE∞ map is the identity then follows from the Lemma 4.77,
which is a refinement of Lemma 4.17.

Lemma 4.77. Let f : C → C be a filtered map of degree zero, homogeneous in the
homological grading, of filtered complexes over F2, bounded in every homological
grading (see Theorem 2.6 in McCleary’s book51), such that

1. Hq(C) ∼= F2 and Hq(C) ∼= F2;

2. τq(C) = τq(C) = τ ; and

3. Hq(f) : Hq(C)→ Hq(C) is an isomorphism.
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Then E∞τ,q−τ (C) ∼= F2, E∞τ,q−τ (C) ∼= F2, and the map

E∞τ,q−τ (f) : E∞τ,q−τ (C)→ E∞τ,q−τ (C)

is also an isomorphism.

Proof. Since 1. and 2. hold, by Theorem 4.9 and Equation (4.21), there are
canonical isomorphisms

E∞τ,q−τ (C) ∼= Hq(C) ∼= F2 and E∞τ,q−τ (C) ∼= Hq(C) ∼= F2.

The commutativity of the following diagram concludes the proof.

E∞τ,q−τ (C)
E∞τ,q−τ (f)

//
w

��

E∞τ,q−τ (C)

w

��

Hq(C) '
Hq(f)

// Hq(C)

As an immediate corollary of Theorem 4.75 we have the following result.

Corollary 4.78. The E∞ page of the spectral sequence induced by the Alexander
filtration on CFK◦(K,P ) is a decorated concordance invariant.

The E∞ page is always isomorphic to HF◦(S3) as an F2[U ]-module, but the
Alexander filtration carries interesting information about the knot. For in-
stance, the information contained inE∞(ĈFK(K)) is precisely the classical
τ invariant, because E∞(ĈFK(K)) ∼= F2 in filtration level τ(K).

Note that the U action strictly decreases the filtration level on theE∞ page.
Suppose that F([a]) = p. By definition, we can choose a representative a
for [a] in filtration level p. Then F(Ua) = p − 1, and therefore F(U [a]) ≤
p− 1.

Remark 4.79. Note that, since the chain map f ◦C is filtered also with respect
to the i filtration, the E∞ page carries also an i grading. Let yj denote the
non-trivial element in filtration level j in the E∞ page, if it exists. Then,
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the quantity

min
{
i ∈ Z

∣∣∃x ∈ C{j ≤ j or (j = j and i ≤ i)} : [x]∞ = yj
}

is invariant under decorated concordance. Once again, this follows from
the existence of filtered maps in both directions.

As an example, Figure 4.4 shows the E∞ pages associated to CFK± of the
two trefoil knots.

The E∞ page associated to CFK−(S3, K, P ) looks very similar to Krca-
tovich’s reduced knot Floer complex40. Krcatovich’s complex arises as a
complex chain homotopy equivalent to CFK−(S3, K, P ). The E∞ page is
rather its homology.

Finally, one can apply Theorem 4.75 as in Section 4.5 to obtain a distin-
guished tower in CFK◦(K,P ) which is an invariant of a slice disc for K.
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Figure 4.4: The picture shows the E∞ pages for the complexes CFK± associated to the
right-handed trefoil knot T2,3 and the left-handed trefoil knot T2,−3.
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5
A MORSE THEORETICAL

APPROACH TO LINK COBORDISMS

THIS chapter, whose content is based on joint work with Juhász32, is
devoted to developing tools for computing Juhász’s cobordism maps,

by reinterpreting the maps associated to each elementary decorated link
cobordism. In this chapter we only focus on decorated link cobordisms in
S3 × I . Via Morse theory, we can write every decorated link cobordism
as a composition of elementary link cobordisms. We define these elemen-
tary cobordisms in Section 5.1, and prove that they generate the decorated
link cobordism category in Proposition 5.6. In an elementary cobordism
(F, σ), the height function h : S3 × I → I has at most one generic critical
point when restricted to F and to σ, and Crit(h|F ) ⊆ Crit(h|σ). In a birth
cobordism, h|F has a local minimum. In a saddle, h|F has index one and h|σ
has a local maximum. We distinguish merge and split saddles depending
on whether the number of link components decreases or increases by one,
respectively. In a death cobordism, h|F has a local maximum. A stabilisation
is an elementary cobordism where h|F has no critical points, and h|σ has a
local minimum, and a destabilisation is when h|σ has a local maximum. A

139



(de)stabilisation is positive (resp. negative) if the bigon component of F \ σ
lies in R+(σ) (resp. in R−(σ)). Finally, an isotopy is a cobordism where h|F
and h|σ have no critical points.

In Sections 5.2-5.8 we give a description of the maps associated to the
aforementioned elementary cobordisms. The most interesting one is per-
haps the one associated to a saddle cobordism, which coincides with a
map appearing in an oriented skein exact triangle proven by Ozsváth
and Szabó, or, more precisely, a decorated version of it, which we state
in Section 5.5. This description of the cobordism maps in terms of elemen-
tary pieces is more similar in spirit to the constructions of Alishahi and
Eftekhary1, Sarkar71, and Zemke85.

In Section 5.9 we study the duality properties of the link cobordism maps.
It follows from the work of Ozsváth and Szabó62 (Theorem 3.5) that the
maps induced in Heegaard Floer homology by cobordisms of 3-manifolds
enjoy a duality property. See also Juhász’s paper31 (Theorem 11.8) for a
version for special cobordisms in sutured Floer homology. It is in general
an open question whether any sutured cobordism enjoys a duality prop-
erty. In the case of link cobordism maps, we prove a duality statement for
all elementary cobordisms except saddles, which still remain mysterious.

Lastly, in Section 5.10, we use the Morse theoretical description of dec-
orated link cobordisms to give a formula for the Alexander and Maslov
grading shifts of the map induced in link Floer homology. Zemke87 com-
puted the grading shifts for the maps that he defined for all flavours of link
Floer homology. Note that, at the time of writing, it is not clear whether
the maps that he defined for the hat flavour agree with Juhász’s maps.
However, the grading shifts that he finds for the hat flavour of link Floer
homology agree with the ones that we find in Section 5.10.

5.1 ELEMENTARY LINK COBORDISMS

We now define the elementary decorated link cobordisms, and prove that
they generate all decorated link cobordisms in S3×I . Since we will always

140



consider links in S3 and link cobordisms in S3× I , we drop them from the
notation, and we only write (L, P ) for a decorated link, and (F, σ) for a dec-
orated link cobordism. Recall that the link Floer homology and the cobor-
dism maps are defined for orientable L and F , and a choice of orientation
is not required, strictly speaking, for their definitions. However, since we
will compute the Alexander and the Maslov grading shifts, and since we
will use the gradings to distinguish elements in link Floer homology, we
will suppose that links and surfaces are always oriented. Recall from Def-
inition 3.15 that an orientation of F induces a splitting F = R+(σ)∪R−(σ).

Definition 5.1. A decorated cobordism (F, σ) from (L, P0) to (L, P1) is a
stabilisation (resp. destabilisation) if

• F = L× I ;

• the only critical point of the height function h : L × I → I on σ is a
non-degenerate minimum (resp. maximum); and

• all but one component of σ is of the form {x} × I for some x ∈ L.

If the bigon component of F \ σ lies in R+(σ), then we say that (F, σ) is a
positive stabilisation (resp. destabilisation), and is negative otherwise. Note
that this depends on the orientation of F .

Definition 5.2. A birth cobordism from (L0, P0) to (L1, P1) is a decorated
cobordism (F, σ) such that

• (L1, P1) is the split union of (L0, P0) and (U1, PU1), the unknot with
two decorations;

• F = F0 t D, where F0 = L0 × I ⊆ S3 × I and D is a disc such that
∂D = U1, and embedded in S3 × I such that the height function h|D
has a single critical point of index 0; and

• if σ0 = σ ∩ F0 and σD = σ ∩D, then σ0 consists of |P0| vertical lines,
one for each component of L0 \ P0, and σD is a single arc on D such
that Crit(h|σD) = Crit(h|D).
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Definition 5.3. A death cobordism from (L0, P0) to (L1, P1) is a decorated
cobordism (F, σ) such that

• (L0, P0) is the split union of (L1, P1) and (U1, PU1), the unknot with
two decorations;

• F = F1 t D, where F1 = L1 × I ⊆ S3 × I and D is a disc such that
∂D = U1, and embedded in S3 × I such that the height function h|D
has a single critical point of index 2; and

• if σ1 = σ ∩ F1 and σD = σ ∩D, then σ1 consists of |P1| vertical lines,
one for each component of L1 \ P1, and σD is a single arc on D such
that Crit(h|σD) = Crit(h|D).

Notice that, by turning a birth (resp. death) cobordism upside down, one
obtains a death (resp. birth) cobordism.

Definition 5.4. A saddle cobordism from (L0, P0) to (L1, P1) is a decorated
cobordism (F, σ) such that

• |P1| = |P0| − 2;

• the diffeomorphism f : S3 × {0} → S3 × {1} defined by f(x, 0) =

(x, 1) maps L0 to L1, except in the neighbourhood of a small square
S ≈ I× I in S3 that intersects L0 and L1 in the arcs I×∂I and ∂I× I ,
respectively, as illustrated in Figure 5.1; furthermore, f−1(P1) ⊆ P0;

• the surface F in S3 × I is a product outside a neighbourhood of S ×
I , and it interpolates between L0 and L1 inside S × I , as shown in
Figure 5.1; and

• σ consists of an arc supported on the square S shown in green in Fig-
ure 5.1, and outside the square it consists of small parallel translates
of P0 × I , in such a way that

π0(∂σ)→ π0 ((L0 \ P0) t (L1 \ P1))
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Figure 5.1: This figure illustrates a saddle cobordism. The first two pictures show how L0

and L1 differ in a neighbourhood of the square S. The last picture shows how the square
S is embedded in S3 × I , interpolating from L0 when t = 0 to L1 when t = 1. The green
arc in the last pictures is the decoration σ on S.

is a bijection. In particular, Crit(h|σ) = Crit(h|F ), and Crit(h|σ) is a
local maximum.

Note that |L1| = |L0| ± 1. We say that (F, σ) is a merge saddle if |L1| =

|L0| − 1, and it is a split saddle if |L1| = |L0|+ 1.

Definition 5.5. Let (F, σ) be a decorated link cobordism from (L0, P0) to
(L1, P1), and let h : S3 × I → I be the height function. Then we say that
(F, σ) is an isotopy if h|F and h|σ have no critical points.

Proposition 5.6 (Juhász-M.32). The category of decorated links in S3 and dec-
orated link cobordisms in S3 × I is generated by stabilisations, destabilisations,
births, deaths, saddles, and isotopies.

Proof. By a slight perturbation of F , we can assume h|F is a generic Morse
function. Then isotope σ such that it passes through the critical points of
h|F , and such that h|σ is also a generic Morse function with Crit(h|F ) ⊂
Crit(h|σ). We also require that if p is a saddle point of h|F , then h|σ has
a local maximum. Finally, if t ∈ I is a regular value of h|σ, then each
component of h−1(t) ∩ F contains at least two points of h−1(t) ∩ σ. For an
illustration, see Figure 5.2. The cobordism that we obtain is equivalent to
the original. Then let c1 < c2 < · · · < cn be an enumeration of the critical
values of h|σ, where n = |Crit(h|σ)|. We write c0 = 0 and cn+1 = 1, and let

ε = min{ (ci − ci−1)/3 : 1 ≤ i ≤ n+ 1 }.
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Figure 5.2: Isotoping the dividing set σ such that it passes through the critical points
of the height function on F , after which it can be written as a product of elementary
cobordisms.

We set t2i = ci − ε and t2i+1 = ci + ε for i ∈ {1, . . . , n}, and write t1 = 0 and
t2n+2 = 1.

Let Lj = F ∩ h−1(tj), and let Pj be a decoration of Lj such that its points
alternate with σ ∩ Lj . Then (F, σ) is the product of the cobordisms

(Fj, σj) = (F ∩ h−1[tj, tj+1], σ ∩ h−1[tj, tj+1])

for j ∈ {1, . . . , 2n + 1} from (Lj, Pj) to (Lj+1, Pj+1). The splitting Lj =

R+(Pj) ∪ R−(Pj) is chosen such that ∂R+(σj) goes from R+(Pj) to R−(Pj)

as it passes Pj , where R+(σj) = R+(σ) ∩ Fj .

When j is even, h|σj has a single critical point pj (that is possibly also a
critical point of h|Fj ), and we can isotope F and σ such that Fj and σj

are products outside a small neighbourhood of the critical point, and all
of Fj is a product if p 6∈ Crit(h|F ). Then every (Fj, σj) is an elementary
cobordism. In particular, it is an isotopy if and only if j is odd.
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5.2 ISOTOPIES

Let X = (F, σ) be an isotopy from (L0, P0) to (L1, P1), and let σ′ ⊂ F be
a push-off of σ in a normal direction such that ∂σ′ = P0 ∪ P1. If we set
Lt = F ∩ h−1(t) and Pt = σ′ ∩ h−1(t) for t ∈ I , then there is an ambient
isotopy dt : S3 → S3 for t ∈ I such that Lt = dt(L0) and Pt = dt(P0). Then
d1 is well-defined up to isotopy, and Juhász proved30 (Lemma 2.22) that
the link cobordism map

FX : HFL(L0, P0)→ HFL(L1, P1)

agrees with the map (d1)∗ defined by Juhász and Thurston34. In particular,
it preserves both the Alexander and the Maslov gradings.

5.3 PRODUCT ANNULI

Before studying the maps induced by stabilisations and destabilisations,
we review sutured decompositions along product annuli. For a full expo-
sition on sutured manifold decompositions, we refer to Juhász’s paper28.

Definition 5.7 (Juhász28, Definition 2.9). A product annulus A is a properly
embedded annulus in a sutured manifold (M,γ) such that one component
of A is contained in R−(γ) and the other one is contained in R+(γ).

A product annulus defines a sutured manifold decomposition

(M,γ)
A
 (M ′, γ′),

where

M ′ = M \ Int(N (A)),

γ′ = (γ ∩M ′) ∪N (A′+ ∩R−(γ)) ∪N (A′− ∩R+(γ)),

R+(γ′) = ((R+(γ) ∩M ′) ∪ A′+) \ Int(γ′),

R−(γ′) = ((R−(γ) ∩M ′) ∪ A′−) \ Int(γ′),
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where A′+ (resp. A′−) denotes the component of ∂N (A)∩M ′ whose normal
vector points out of (resp. into) M ′.

Juhász28 actually considers sutured manifold decompositions along more
generic decomposing surfaces. For the scope of this thesis, any decomposing
surface that we will consider will be a product annulus.

Definition 5.8 (Juhász28, Definition 1.2). Suppose that R is a compact, ori-
ented surface with non-empty boundary. Let C be an oriented simple
closed curve in R. If [C] = 0 in H1(R;Z), then R \ C can be written as
R1 t R2, where R1 is the component of R \ C that is disjoint from ∂R and
satisfies ∂R1 = C. We call R1 the interior and R2 the exterior of C.

We say that the curve C is boundary-coherent if either [C] 6= 0 in H1(R;Z),
or if [C] = 0 in H1(R;Z) and C is oriented as the boundary of its interior.

Lemma 5.9 (Juhász28, Lemma 8.9). Suppose that (M,γ) is a balanced sutured
manifold such that H2(M ;Z) = 0. Let A ⊂ (M,γ) be a product annulus such
that at least one component of ∂A is non-zero in H1(R(γ);Z) or both components
are boundary-coherent in ∂R(γ). Then A defines a sutured manifold decomposi-
tion (M,γ)

A
 (M ′, γ′), and there is an isomorphism

ΨA : SFH(M ′, γ′)
'−→ SFH(M,γ).

Honda, Kazez, and Matić give a potentially different construction of a di-
rect summand map associated to a sutured manifold decomposition. Sup-
pose that S ⊂ −M is a properly embedded surface, together with a contact
structure ξ onN (S), such that S is convex with Legendrian boundary, and
with ∂-parallel dividing set. Then (M,γ)

S
 (M ′, γ′) is a sutured manifold

decomposition, which induces an inclusion

ΦA : SFH(M ′, γ′)→ SFH(M,γ).

The construction of such a map is given in Section 6 of their paper25. It co-
incides with the gluing map Φξ, as explained by Honda, Kazez and Matić24

(Proposition 6.4). In the next lemma we study the grading shift induced
by ΦA.
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Lemma 5.10 (Juhász-M.32). For i ∈ {0, 1}, let (Yi, Li, Pi) be decorated nullho-
mologous links, such that there is a product annulus decomposition between the
complementary sutured manifolds

(M1, γ1)
A
 (M0, γ0).

Let S1 be a Seifert surface for L1 that intersects A in an essential arc. Then
S0 := S1 ∩ M0 is a Seifert surface for L0. With the orientations of L0 and L1

induced by the Seifert surfaces, the map

ΦA : HFL(Y0, L0, P0)→ HFL(Y1, L1, P1)

preserves the Si-Alexander grading and the relative Maslov grading.

Proof. By the work of Juhász31 (Proposition 9.11), we know that

ΦA(SFH(M0, γ0, s
◦)) ⊆ SFH(M1, γ1, f−ξ(s

◦)),

where f−ξ(s◦) is obtained from s◦ by gluing along the product annulus.
Specifically, if v0 is an admissible vector field on (M0, γ0) representing s◦,
then we can glue v0 to itself along the sutures that are identified by A, to
obtain an admissible vector field v1 on (M1, γ1). Note that by construction
v1|M0 = v0. If t0 is the trivialisation of v⊥0 on ∂M0 given by the meridional
direction, then it can be extended across A to a trivialisation t1 of (v1)⊥

on ∂M1 ∪ A, in such a way that t1|∂M1 is again along the meridional di-
rection (this follows from the fact that the orientations of L0 and L1 are
compatible). Hence, the obstruction c1(f−ξ(s

◦), t1) to extending t1 to a triv-
ialisation of (v1)⊥ restricts on M0 to c1(s◦, t0), and both can be represented,
by Poincaré duality, by a 1-manifold C ⊂M0.

Then, if y appears with non-zero multiplicity in ΦA(x), and s◦ denotes
s◦(x),

1

2
〈c1(f−ξ(s

◦), t1), [S1]〉 = C.[S1] = C.[S0] =
1

2
〈c1(s◦, t0), [S0]〉,

hence AS1(y) = AS0(x).
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We now turn to the relative Maslov grading. Recall from the work of
Honda, Kazez, and Matić24 that the gluing map is defined as follows.
One chooses a contact compatible Heegaard diagram H0 = (Σ0,α0,β0) for
(M0, γ0), and extends it to a contact compatible Heegaard diagram H1 =

(Σ1,α1,β1), where Σ0 ⊆ Σ1, α1 \ α0 ⊂ Σ1 \ Σ0, and β1 \ β0 ⊂ Σ1 \ Σ0.
The Heegaard diagram HA = (ΣA,αA,βA) = (Σ1 \ Σ0,α1 \ α0,β1 \ β0)

defines the sutured manifold corresponding to a regular neighbourhood
of the annulus A. ΣA is glued to Σ0 along two sutures corresponding to a
w and a z basepoints, which we denote by w0 and z0. We also denote by
H0, H1 and HA the multipointed Heegaard diagrams obtained by filling
the sutures with discs, and placing a basepoint (w or z depending on the
orientation) on each disc. We call wA and zA the basepoints on HA. The
gluing map on the chain level is defined as

ΦA : SFC(H0)→ SFC(H1)

x 7→ x⊗ EH(−ξ)

where EH(−ξ) is a distinguished generator of SFC(HA).

Given x, y in SFC(H0), let x′ and y′ denote their images through ΦA. Sup-
pose that D1 is a domain on H1 between x′ and y′. Then this induces a
domain D0 on H0 from x to y, and a periodic domain DA on HA, from
EH(−ξ) to itself. By Lemma 4.31, DA = m ·ΣA for some m ∈ Z. Recall that
HA defines a neighbourhood of A as sutured manifold, which has van-
ishing Euler characteristic. It follows that the number of αA curves (and
analogously of βA curves) must equal the genus g of ΣA. It follows that the
Euler characteristic ofD1 is obtained by addingm((2−2g)−4) to the Euler
characteristic of D0 (where the 4 is given by the fact that we are removing
four discs, about w0, z0, wA and zA). By Lipshitz’s formula44 (Corollary
4.10), we have

µ(D1) = µx′(D1) + µy′(D1) + e(D1)

= (µx(D0) +mg) + (µy(D0) +mg) + (e(D0)−m(2g + 2))

= µ(D0)− 2m = µ(D0)− 2nw0(D0).
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Here µx(D) denotes the point measure of the domain, obtained by summing
the multiplicities of D in all regions adjacent to x and dividing by 4, while
e(D) denotes the Euler measure of D. If S is a surface with boundary and
punctures, then e(S) is 1

2π
times the integral over S of the curvature of

a metric on S for which ∂S is geodesic and the punctures of S are right
angles.

By definition of the relative Maslov grading (see Equation (4.13)) and the
above computation, we have

gr(x′,y′) = µ(D1)− 2nw\w0(D1) = µ(D0)− 2nw(D0) = gr(x,y).

The following lemma will be useful.

Lemma 5.11 (Juhász-M.32). Let (Y, L0, P0) be a decorated link locally looking as
in Figure 5.5, and suppose that (Y, L+, P ) as in Figure 5.5 is still a decorated link
(i.e., every link component has at least two decorations). Let (Y#(S1×S2), L∗0, P )

be the decorated link obtained by attaching a 1-handle to Y in correspondence of
the decorations shown in Figure 5.5, and by reconnecting the two arcs in R+(P0)

(and analogously R−(P0)) inside the 1-handle. Then, if (M0, γ0) is the sutured
manifold complementary to (Y, L0, P0), and (M1, γ1) is the sutured manifold com-
plementary to (Y#(S1 × S2), L∗0, P ), there is a product annulus decomposition
(M1, γ1)

A
 (M0, γ0), where A is given by the cocore of the 1-handle, and the map

ΦA : SFH(M0, γ0)→ SFH(M1, γ1)

is an isomorphism.

Proof. The cocore of the 1-handle intersects the link L∗0 in two points, one
of which is in R+(P ) and the other one in R−(P ). It follows that it defines
a product annulus A in the sutured manifold (M1, γ1). By the work of
Honda, Kazez, and Matić24, the annulus A induces an injection

ΦA : SFH(M0, γ0)→ SFH(M1, γ1).

We will now prove that the ranks of SFH(M0, γ0) and SFH(M1, γ1) coin-

149



cide, implying that ΦA is an isomorphism.

Lemma 5.9, which is Lemma 8.9 by Juhász28, proves that if H2(M1) =

0, then the product annulus decomposition induces an isomorphism be-
tween SFH(M1, γ1) and SFH(M0, γ0). Looking at the proof of Lemma 8.9
in Juhász’s paper28, we see that the technical assumption H2(M1) = 0 en-
sures that there is an admissible surface diagram H adapted to the product
annulus A such that CF(H, s) = 0 for all s 6∈ OA, where OA is the set of
outer spinc structures. Although H2(M1) may be non-zero in our case, we
will prove that there is a Heegaard diagram satisfying the condition above.

Let P0 \ P = {p1, p2}. Given a Heegaard diagram H0 for (M0, γ0), a Hee-
gaard diagram H1 for (M1, γ1) is obtained from H0 simply by connecting
the two sutures γ0(p1) and γ0(p2) corresponding to p1 and p2 with an annu-
lus; see Figure 5.8. The core a of the connecting annulus—shown in green
in the picture—spans the decomposing annulus A in M1.

We claim that if we glue product 2-handles to M0 along γ0(p1) and γ0(p2),
corresponding to filling two basepoints p1 and p2 in the diagram H0, then
the resulting sutured manifold (M ′

0, γ
′
0) is still balanced. The only thing we

need to check is that each component of ∂M ′
0 has a suture.

First, suppose we have a merge saddle from L0 to L+; i.e., that p1 and p2 be-
long to different components of L0. Then, by definition, P0 has at least two
decorations on each component of L0. Hence gluing product 2-handles
to γ0(p1) and γ0(p2) results in two S2 components of ∂M ′

0 with at least one
suture on each.

Now suppose that we have a split saddle; i.e., that p1 and p2 lie on the
same component of L0 and |L+| = |L0| + 1. As the components of L+

involved in the saddle move each have at least two decorations of P , the
corresponding component of L0 has at least six points of P0 (including p1

and p2). Furthermore, p1 and p2 cannot be consecutive decorations, as that
would result in a component of L+ with no decorations. Hence ∂M ′

0 has
two S2 components with at least one suture on each.

Lastly, suppose that we have an unorientable saddle, i.e., that p1 and p2 lie
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on the same component of L0 and |L+| = |L0|. Then, the component of L0

containing p1 and p2 must contain at least four decorations, and p1 and p2

cannot be consecutive. Hence ∂M ′
0 has two S2 components with at least

one suture on each.

LetH′0 be the Heegaard diagram for (M ′
0, γ
′
0) obtained by filling γ0(p1) and

γ0(p2). Since (M ′
0, γ
′
0) is still a balanced sutured manifold by the discussion

above, it follows from the work of Juhász27 (Proposition 3.15) that H′0 can
be made admissible by winding the β-curves. Without loss of generality,
we can assume that H0 is already such that H′0 is admissible. Then we
claim thatH1 is also admissible. Indeed, if P is a non-zero periodic domain
in H1, then compressing it along the green curve a, we obtain a periodic
domain P ′ in H′0. As H′0 is admissible, P ′, and hence also P , has both
positive and negative multiplicities.

In particular, we can assume that both diagramsH0 andH1 are admissible.
Furthermore,H1 is adapted toA, and the quasi-polygon P that defines the
annulus A is a regular neighbourhood of the green curve a in Figure 5.8.
All the spinc structures associated to a generator of the complex SFC(H1)

are outer with respect to A. This is because, by construction, they are rep-
resented by a vector field which is tangent to A. Since P is disjoint from all
α- and β-curves, we can apply Juhász’s product annulus decomposition
formula28 (Lemma 8.9) to obtain that

dim(SFH(M0, γ0)) = dim(SFH(M1, γ1)),

and that therefore ΦA is an isomorphism.

5.4 STABILISATIONS AND DESTABILISATIONS

We now turn the attention to the maps associated to stabilisations and
destabilisations.

Proposition 5.12 (Juhász-M.32). Let S = (F, σ) be a stabilisation from (L, P0)

to (L, P1). We denote by W the bigraded vector space F2 ⊕ F2, where the first
summand is generated by the element b in Maslov and Alexander gradings−1/2,
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and the second summand is generated by the element t in Maslov and Alexander
gradings 1/2. Then, given an orientation of F , there is a canonical isomorphism

IS : HFL(L, P0)⊗W ∼−→ HFL(L, P1)

which preserves the bigrading, such that the link cobordism map

FS : HFL(L, P0)→ HFL(L, P1)

factorises as IS ◦ sS , where

sS : HFL(L, P0)→ HFL(L, P0)⊗W

is given by sS(x) = x⊗ t in case of a positive stabilisation, and sS(x) = x⊗ b in
case of a negative stabilisation.

Proof. LetW =W(F, σ) = (WF , ZF , ξ) be the sutured manifold cobordism
complementary to (F, σ) from the sutured manifold (M,γ0) = W(L, P0)

complementary to (L, P0) to the sutured manifold (M,γ1) = W(L, P1)

complementary to (L, P1). Here Z = ZF ∼= −F × S1 is oriented as the
boundary of WF , and hence the orientation of F induces an orientation of
the S1 factor. This is the orientation for which S1 has linking number one
with F .

By definition, the cobordism map FW is the composition of the gluing map

Φ−ξ : SFH(M,γ0)→ SFH(N, γ1),

where N = M ∪ (−Z), and a special cobordism map

FWs : SFH(N, γ1)→ SFH(M,γ1).

AsWs is a product, it induces the identity map. So, it suffices to compute
Φ−ξ.

We denote by σ0 the component of σ that contains the critical point of the
height function L × I → I . Let a be a properly embedded arc in F \ σ
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that is parallel to σ0, is disjoint from the bigon component of F \ σ, and
such that the there are two points of P1 in the rectangular region between
a and σ0, on different sides of the rectangle. Then A = a× S1 is a product
annulus in (N, γ1). If we decompose (N, γ1) alongA, we obtain the disjoint
union of (M,γ0) and the sutured manifold (D2 × S1, γ), where γ consists
of four longitudinal sutures. By the work of Juhász29 (Proposition 9.1),
we have SFH(D2 × S1, γ) ∼= W , and the isomorphism is uniquely given
by the orientation of the S1 factor, which in turn gives an orientation of
H1(D2 × S1), and hence allows one to distinguish between the two spinc

structures in which the two F2 summands live. Hence, by Honda, Kazez,
and Matić24 (Proposition 6.4) the gluing map from the product annulus
gives a canonical injection

IS : HFL(L, P0)⊗W ∼−→ HFL(L, P1), (5.1)

which is an isomorphism because the ranks of domain and range agree
(see for instance Proposition 2.3 by Manolescu, Ozsváth, and Sarkar48).
IS preserves the Alexander grading and the relative Maslov grading by
Lemma 5.10. By Equation (3) in Ozsváth and Szabó’s paper58, both sides
of Equation (5.1) enjoy a symmetry property Ca,m ∼= C−a,m−2a, where a is
the Alexander grading and m the Maslov grading. This property, with the
fact that IS is an isomorphism which preserves the Alexander grading and
shifts the Maslov grading by a constant e, implies that e = 0. Note that IS
depends only on the choice of the product annulus, which in turn depends
only on the bigon region in the stabilisation.

We write the gluing map Φ−ξ as a composition of two gluing maps, which
is possible according to Honda, Kazez, and Matić24 (Proposition 6.2). The
first gluing map sS corresponds to the sutured submanifold (−M,−γ0) of
(−M,−γ0) t (−D2 × S1,−γ) with the contact structure −ξ|D2×S1 on the
difference. The second gluing map IS , which is the one in Equation (5.1),
corresponds to the sutured submanifold (−M,−γ0) t (−D2 × S1,−γ) of
(−N,−γ1), using the contact structure−ξ on (−N) \ ((−M)t (−D2×S1)).
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By construction, the gluing map sS maps x ∈ HFL(L, P0) to

x⊗ EH(−ξ|D2×S1) ∈ HFL(L, P0)⊗ SFH(D2 × S1, γ).

Recall that −ξ is a positive contact structure on (−D2 × S1,−γ). In case
of a positive stabilisation, the dividing set of −ξ on −D2 × {p} is given by
the left-hand side of Figure 14 in the paper of Honda, Kazez, and Matić24,
while it is the right-hand side of it in case of a negative stabilisation. As ex-
plained there, the evaluation of the first Chern class of the spinc structure
of the contact element EH(−ξ|D2×S1) on the surface D2 × {p} is given by
χ(R+)−χ(R−) for the dividing set onD2×{p}. Hence EH(−ξ|D2×S1) = t in
case of a positive stabilisation and EH(−ξ|D2×S1) = b in case of a negative
stabilisation.

Remark 5.13. If we chose a different product annulus A′ = a × S1, with
a as on the left hand side of Figure 5.3, with the two basepoints in the
rectangular region delimited by σ0 and a on the same side of the rectangle,
then we would have obtained a different isomorphism

I ′S : HFL(L, P0)⊗W ∼−→ HFL(L, P1).

However, the D2 × S1 component of (N, γ1) decomposed along A′ would
have induced the same contact element in SFH(D2×S1, γ), on the grounds
that the convex surface D2×{p} carries the same dividing set and decom-
position into R+ and R−.

Proposition 5.14 (Juhász-M.32). Suppose that D = (F, σ) is a destabilisation
from (L, P0) to (L, P1). Let W be as in Proposition 5.12. Then, given an orienta-
tion of F , there is a canonical isomorphism

ID : HFL(L, P0)
∼−→ HFL(L, P1)⊗W

which preserves the bigrading, such that the link cobordism map

FD : HFL(L, P0)→ HFL(L, P1)
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Figure 5.3: The composition of a negative stabilisation and positive destabilisation on the
left, and the composition of a positive stabilisation and a positive destabilisation on the
right.

factorises as dD ◦ ID, where

dD : HFL(L, P1)⊗W → HFL(L, P1)

is given by dD(x⊗ b) = x and dD(x⊗ t) = 0 in case of a positive destabilisation,
and by dD(x⊗ t) = x and dD(x⊗ b) = 0 in case of a negative destabilisation.

Proof. Given a positive destabilisation D = (F, σ), let S− = (F, σ−) be a
negative stabilisation from (L, P1) to (L, P0) such that D ◦ S− exists and is
as on the left-hand side of Figure 5.3. ThenD◦S− is the identity cobordism
from (L, P1) to itself, and hence it induces the identity of HFL(L, P1).

Now let S+ = (F, σ+) be the positive stabilisation shown on the right-hand
side of Figure 5.3. Then FD ◦FS+ = 0, since the dividing set σ∪σ+ contains
a closed component that bounds a disc, so the corresponding S1-invariant
contact structure is overtwisted, and hence the gluing map vanishes by
Honda, Kazez, and Matić24.

Let a be the properly embedded dashed arc in F shown in Figure 5.3. The
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bigon component D of F \ a contains the bigon components of F \ σ+

and F \ σ− and the three points of P0 involved in the destabilisation, and
intersects both σ+ and σ− in two arcs. ThenA = a×S1 is a product annulus
in (M,γ0) =W(L, P0).

By Proposition 5.12,
FS+ = IS+ ◦ sS+ ,

where we use the above product annulus A to define the gluing map

IS+ : HFL(L, P1)⊗W → HFL(L, P1).

Let
dD = FD ◦ IS+ .

If we set ID := I−1
S+ , then

FD = dD ◦ ID.

Given x ∈ HFL(L, P1), we obtain that

0 = FD ◦ FS+(x) = dD ◦ sS+(x) = dD(x⊗ t),

as claimed.

In case of S−, we repeat the proof of Proposition 5.12 with the same prod-
uct annulus A, as explained in Remark 5.13, to obtain that

FS− = IS+ ◦ sS− .

Indeed, the dividing set of the S1-invariant contact structure correspond-
ing to σ− on the bigonD consists of two arcs such that χ(R+)−χ(R−) = −1.
Given x ∈ HFL(L, P1), we obtain that

x = FD ◦ FS−(x) = dD ◦ sS−(x) = dD(x⊗ b),

which completes the proof.
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K

Yl(K)

L∗

(Y, L, P )

Figure 5.4: The left-hand side of the figure shows the decorated link (Y,L, P ) with the
small unknot K = ∂D in red. In the middle, we see the result of l-surgery along K. The
manifold Yl(K), which is diffeomorphic to Y#(S1 × S2), is locally represented as the
complement of two balls, with their boundaries identified via a reflection.

5.5 A DECORATED SKEIN EXACT TRIANGLE

Ozsváth and Szabó58 defined an oriented skein exact triangle in knot Floer
homology. Recall that ĤFK(Y, L) of an n-component link L in a closed,
connected, oriented 3-manifold Y is obtained as follows: Choose 2n − 2

points p1, . . . , pn−1 and q1, . . . , qn−1 in L such that if we identify each pi

and qi in L, then we obtain a connected graph. After attaching 3-dimen-
sional 1-handles to Y with feet at pi and qi, and inside each 1-handles tak-
ing the connected sum of the link components, we get a knot κ(L, {pi, qi})
in a 3-manifold κ(Y, {pi, qi}) diffeomorphic to Y#n−1(S2 × S1). Then

ĤFK(L) := ĤFK (κ(Y, {pi, qi}), κ(L, {pi, qi})) .

The skein exact triangle is stated in terms of this invariant ĤFK. However,
the construction of ĤFK(Y, L) is not natural, as it depends on the choice of
points pi and qi, and is not stated in terms of decorated knots or links. In
this subsection, we outline a natural version of the Ozsváth-Szabó skein
exact triangle in terms of HFL that works for multi-pointed and unori-
ented (but decorated) links.

Let (Y, L, P ) be a decorated link in a closed oriented 3-manifold. Sup-
pose that D is a disc embedded in Y that intersects both R+(P ) and R−(P )

transversely in a single point. Let K = ∂D, we view this as a knot in
the sutured manifold (M,γ) := Y (L, P ). Let m, l, and s be oriented sim-
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ple closed curves on ∂N (K) such that m is a meridian of K, the curve
l = D ∩ ∂N (K) is a longitude, and s intersects both m and l once alge-
braically. For c ∈ {m, l, s }, let Mc(K) denote the manifold obtained by
Dehn filling M \ N (K) along c. Then there is a surgery exact triangle

· · · −→ SFH(Mm(K), γ)
e′−→ SFH(Ml(K), γ)

f ′−→ SFH(Ms(K), γ) −→ . . .

Here Mm(K) = M , so SFH(Mm(K), γ) = HFL(Y, L, P ). In Ml(K) (see
Figure 5.4), consider the annulus A obtained by capping off D \ N (K)

with the disc {1} ×D2 ⊂ S1 ×D2 whose boundary is glued to l. Such an
annulus appears as one of the two spheres on the right hand side of Figure
5.4, which are punctured twice by the dual link L∗, which is the image of L
in Yl(K). ThenA is a product annulus since |D∩R±(P )| = 1. Decomposing
(Ml(K), γ) along A, we obtain a sutured manifold (M ′, γ′) that coincides
with Y (L0, P0), where L0 is obtained from L \ N (D) by reconnecting the
endpoints parallel to D, and adding one decoration to P along each of
these parallel arcs. The gluing map

ΦA : SFH(Y (L0, P0))→ SFH(Ml(K), γ)

is an isomorphism by Lemma 5.11. By the work of Juhász31 (Proposi-
tion 9.11), the spinc-grading on SFH(Ml(K), γ) is obtained by gluing spinc

structures alongA+ andA−, the two sides ofA after the decomposition. Fi-
nally, (Ms(K), γ) = Y (L+, P ), where L+ is a link in Y obtained by adding
a full left-handed twist to L along D. For an illustration showing L, L0,
and L+, see Figure 5.5. Hence, we obtain the following natural version of
the Ozsváth-Szabó skein exact triangle.

Theorem 5.15 (Juhász-M.32). Let (Y, L, P ) be a decorated link in a closed,
connected, oriented 3-manifold. Suppose that D is a disc embedded in Y such
that it intersects both R+(P ) and R−(P ) transversely in a single point, and let
(Y, L0, P0) and (Y, L+, P ) be the decorated links defined above (see Figure 5.5).
Then there is an exact triangle

· · · −→ HFL(Y, L, P )
e−→ HFL(Y, L0, P0)

f−→ HFL(Y, L+, P ) −→ . . . ,
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Figure 5.5: A local picture of the decorated links (Y, L0, P0), (Y,L, P ), and (Y,L+, P ).

where e = Φ−1
A ◦ e′ and f = f ′ ◦ ΦA.

If Y = S3, |L0| = |L| ± 1, and P consists of two decorations on each com-
ponent of L and L+, then the above exact triangle coincides with that of
Ozsváth and Szabó58, after collapsing the multi-grading onto the main di-
agonal. The condition |L0| = |L|±1 means that the links L, L0, and L+ can
be oriented coherently, which was an assumption made by Ozsváth and
Szabó58, but which is not necessary for Theorem 5.15. Note that Ozsváth
and Szabó distinguish two cases depending on whether the two strands
of L+ meeting D belong to the same component. In both cases, we have
HFL(L, P ) ∼= ĤFK(L) and HFL(L+, P ) ∼= ĤFK(L+). If the two strands
belong to the same component of L+, then |L0| = |L| + 1, and P0 consists
of exactly two decorations on each component of L0, hence HFL(L0, P0) ∼=
ĤFK(L0). So, in this case, Theorem 5.15 specialises to exact sequence (7) in
Ozsváth and Szabó’s paper58:

· · · −→ ĤFK(L) −→ ĤFK(L0) −→ ĤFK(L+) −→ . . .

On the other hand, if the two strands belong to different components
of L+, then P0 consists of six decorations on one component of L0 and two
on all other components, hence HFL(L0, P0) ∼= ĤFK(L0) ⊗W ⊗W . Here
W ⊗ W is a 4-dimensional vector space with a 1-dimensional summand
generated by b⊗ b in Maslov and Alexander gradings−1, a 2-dimensional
summand generated by b⊗t and t⊗b in Maslov and Alexander gradings 0,
and a 1-dimensional summand generated by t ⊗ t in Maslov and Alexan-
der gradings 1. Ozsváth and Szabó58 denoted this vector space V , though
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10

Figure 5.6: The figure shows the 0-smoothing and the 1-smoothing for a crossing of an
unoriented link.

in this thesis we use that notation for a different purpose. Hence, in this
case, our exact sequence specialises to exact sequence (8) in Ozsváth and
Szabó’s paper58:

· · · −→ ĤFK(L) −→ ĤFK(L0)⊗W ⊗W −→ ĤFK(L+) −→ . . .

In particular, the Alexander and Maslov grading shifts are as in Ozsváth
and Szabó’s paper58, so all the maps preserve the Alexander grading, and e
and f decrease the Maslov grading by 1/2. A completely analogous proof
shows that this also holds for arbitrary decorated links in S3 with compat-
ible orientations.

Other unoriented skein exact triangles in link Floer homology appeared
in the literature, by Manolescu46, Manolescu and Ozsváth47, and Wong83.
However, such unoriented triangles relate the link Floer homology of a
link with that of its smoothings at a crossing, as in Figure 5.6. The result of
Theorem 5.15 is more similar to Ozsváth and Szabó’s oriented skein exact
triangle58.

5.6 SADDLES

In this section we will give a description of the map associated to a saddle
cobordism, which is given by the following theorem. Recall that we work
with oriented decorated link cobordisms. Therefore, the two basepoints
that disappear with the saddle move (cf. Definition 5.4) are a w basepoint
and a z basepoint.

Theorem 5.16 (Juhász-M.32). Let S = (F, σ) be an oriented saddle cobor-
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dism from (L0, P0) to (L1, P1), as in Definition 5.4. Call the two basepoints
that disappear in the saddle move w and z. Let (M0, γ0) = W(L0, P0) and
(M1, γ1) = W(L1, P1) denote the sutured manifolds complementary to the deco-
rated links, and let γ0(w) and γ0(z) denote the annular components of γ0 deter-
mined by w and z. Then the cobordism map associated to S is

FS = FWs ◦ ΦA,

where the gluing map ΦA is an isomorphism induced by the gluing of a product
annulus A joining the annuli γ0(w) and γ0(z).

The special cobordism consists of a 2-handle attachment, and it induces a map
FWs as follows. Let H0 denote a Heegaard diagram for (L0, P0) arising from a
connected link projection, as explained in Section 2.4, which in a neighbourhood
of the band corresponding to the saddle move appears as in Figure 5.7 on the left
hand side. Let H be the triple Heegaard diagram obtained by locally modifying
H0 as in Figure 5.7 on the right hand side, and by setting all the δ curves that are
not shown as isotopic translates of the respective β curves. Then FWs is the map
induced by the chain map that counts pseudo-holomorphic triangles inH:

fWs(x) =
∑

y∈Tα∩Tδ

∑
ψ∈π2(x,ϑ,y)
µ(ψ)=0

#M(ψ) · y.

We will break the proof of Theorem 5.16 into two parts. We decompose
the sutured cobordism complementary to the saddle cobordism into two
cobordisms, a boundary cobordism Wb and a special cobordism Ws, and we
will prove that the maps that they induce are ΦA and FWs as in the state-
ment of the theorem. This will be done in Sections 5.6.1 and 5.6.2.

From the Heegaard diagrammatic description of FWs given in Theorem
5.16 we will also derive a relation between the 2-handle map and the dec-
orated skein exact triangle, which we prove in Section 5.6.3.

Theorem 5.17 (Juhász-M.32). Let the triple (L, P ), (L0, P0), (L+, P ) be as in
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α1

δ1

β1α2

w z

Figure 5.7: The figure on the left is a local picture of the Heegaard diagramH0 for (L0, P0)
arising from a connected link projection. The triple Heegaard diagram H on the right
hand side is the one subordinate to the 2-handle attachment of which the special cobor-
dism associated to a saddle consists.

Figure 5.5, and suppose that they can be oriented coherently. Then the map

f : HFL(L0, P0) −→ HFL(L+, P )

appearing in the decorated skein exact triangle of Theorem 5.15 coincides with the
cobordism map induced by the saddle cobordism from (L0, P0) to (L+, P ).

5.6.1 THE BOUNDARY COBORDISM ASSOCIATED TO A SADDLE

Let (F, σ) be a saddle cobordism from (L0, P0) to (L1, P1). Let (Mi, γi) be
the sutured manifold complementary to (Li, Pi), and letW = (W,Z, [ξ]) be
the sutured cobordism complementary to (F, σ). Let Wb and Ws denote
the boundary and the special cobordisms such that W = Ws ◦ Wb. Let
(N, γ1) denote the outgoing end of the boundary cobordism. Since F is
oriented,

N ∼= M0 ∪(L0∩S)×S1 (S × S1),

where S is the square shown in Figure 5.1.

Proposition 5.18 (Juhász-M.32). Let S = (F, σ) be an oriented saddle cobor-
dism from (L0, P0) to (L1, P1), as in Definition 5.4. Call the two basepoints that
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a

Figure 5.8: The figure shows a Heegaard diagram for the sutured manifold (N, γ1) after
the boundary cobordism, obtained by connecting w and z by a tube. The core of the tube
is the green curve a.

disappear in the saddle move w and z. Let γ0(w) and γ0(z) denote the annular
components of γ0 determined by w and z. Then the gluing map ΦA associated to
Wb is an isomorphism induced by the gluing of a product annulus A joining the
annuli γ0(w) and γ0(z).

Furthermore, the map ΦA preserves the Alexander and the Maslov gradings.

Proof. Consider the annulus A = b × S1 ⊆ N , where b = I × {1/2} is
the arc contained in the square S drawn in blue on the right-hand side of
Figure 5.1. Such an annulus is a product annulus, and induces a sutured
manifold decomposition

(N, γ1)
A
 (M0, γ0).

By the work of Honda, Kazez, and Matić24 (Proposition 6.4), the annulus
A induces an injection

ΦA : SFH(M0, γ0)→ SFH(N, γ1),

which coincides with the gluing map Φ−ξ, and which is an isomorphism
by Lemma 5.11.

ΦA preserves the Alexander grading and the relative Maslov grading by
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Lemma 5.10. Together with the fact that ΦA is an isomorphism, and that
domain and range of ΦA enjoy the symmetry property Ca,m ∼= C−a,m−2a

(see Equation (3) by Ozsváth and Szabó58), this implies that ΦA preserves
also the absolute Maslov grading.

5.6.2 THE SPECIAL COBORDISM ASSOCIATED TO A SADDLE

We now turn the attention to the special cobordismWs associated to a sad-
dle. Recall that the sutured manifold (N, γ) after the boundary cobordism
is obtained from (M0, γ0) by gluing the annuli γ0(w) and γ0(z) with a tube,
which we will denote by T , whose core is a product annulus A. Figure
5.8 shows a Heegaard diagram for (N, γ1). The annulus A is spanned by
the curve a, and T is spanned by a tubular neighbourhood of a in that
diagram.

As we explained in Figure 5.1, the saddle critical point of F happens inside
a square region. We denote by B ⊂ F the band embedded in S3 × I , and
by S its projection onto S3 × {0}. Without loss of generality, we can sup-
pose that B projects diffeomorphically onto S through a diffeomorphism
d. Note that the result of surgery on L0 along S gives L1. Then we have
that T = UNB ∼= B × S1 inside BlF (S3 × I). Let c be the core of the band
S, joining the basepoints w and z of L0, and let c∗ denotes its cocore. Fur-
thermore, let c̃ = d−1(c) and c̃∗ = d−1(c∗) in B. Then A = UNc̃∗ ∼= c̃∗ × S1.
See Figure 5.9.

Proposition 5.19 (Juhász-M.32). The special cobordismWs associated to a sad-
dle cobordism consists of a single 2-handle attachment. With the notation set
above, let b ⊂ UNc̃ be a section of c̃ joining UNw ∩ S to UNz ∩ S, let c′ be
a parallel translate of c in S, disjoint from c, and b′ be a parallel translate of b
in UNB which is contained in UN(d−1(c′)). Then, the attaching sphere of the
2-handle is the curve c ∪ b, with framing c′ ∪ b′.

Proof. Up to isotopy, we can suppose that the band S is the square centred
in the origin of R3 ⊂ S3 × {0}, with edges parallel to the x and y axes and
of length 2. We can further suppose that the edges parallel to the y axis
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Figure 5.9: The figure shows the band S ⊂ S3 associated to the saddle cobordism. The
curves c and c∗ denote the core and cocore of the band S.

belong to L0, and that the rest of L0 is contained in R3 \ S × R.

We now introduce a cancelling pair of 4-dimensional 1-/2-handles, which
define a product cobordism from S3 × I to itself. The 1-handle h1 is an
ε-neighbourhood of the band B, where ε > 0 is small enough, and the
2-handle is

h2 =
{

(x, y, z, t)
∣∣ ∃t ≥ t : (x, y, z, t) ∈ B

}
.

If we remove an ε-neighbourhood of F from S3 × I we obtain the special
cobordism Ws, or, more precisely, a cobordism diffeomorphic to it. The
1-handle h1 is contained inNε(F ), and therefore disappears when we con-
siderWs. On the other hand, h2 is contained inWs, except a small portion
near the boundary, which is contained in Nε(F ). An illustration of h2 is
available in Figure 5.10 on the left hand side.

The core of the 2-handle is

C = h2 ∩ {y = z = 0} ,

whose boundary is c ∪ b, which is therefore the attaching sphere.

165



−

+

−

+

−

+

t

x

y

− +

− +− +

Figure 5.10: The figure above illustrates two decorated cobordisms. In both cases, the
decorated links are embedded in S3, and the cobordism is embedded in S3 × I . The
figure represents the {z = 0} section R2 × {0} × I of R3 × I ⊆ S3 × I , with coordinates
as shown above. Here, the coordinates on R3 are x, y, and z, and the coordinate on I
is t. We use this convention every time a (decorated) cobordism in S3 × I is represented
enclosed in a cylinder, as above. The figure on the left shows a merge saddle cobordism
from (U2, PU2

)—the two-component unlink with standard decorations—to (U1, PU1
)—

the unknot with standard decorations. The core of the 2-handle described in Section 5.6.2
is shown in blue. The picture on the right shows a birth cobordism from (U1, PU1

) to
(U2, PU2). The core of the 1-handle described in Section 5.7 is shown in blue.

For the framing of h2, a framing disc, parallel to C, in h2 is given by

C ′ = h2 ∩ {z = 0, y = ε} ,

whose boundary, which is the framing of h2, is c′ ∪ b′.

The height function onWs \ h2 does not have any critical points, and can
be rescaled to be a Morse function. It follows thatWs consists of the single
attachment of h2.

It follows from Proposition 5.19 and from the work of Juhász31 (Section
6) that the cobordism map FWs can be computed from any triple sutured
Heegaard diagram subordinate to the 2-handle attachment. We give an
explicit example of such a diagram in the next proposition.

Proposition 5.20 (Juhász-M.32). LetWs denote the special cobordism associated
to a saddle cobordism (F, σ) from (L0, P0) to (L1, P1). LetH0 denote a Heegaard
diagram for (L0, P0) arising from a connected link projection, as explained in
Section 2.4, which in a neighbourhood of the band corresponding to the saddle
move appears as in Figure 5.7 on the left hand side. Let H be the triple Heegaard
diagram obtained by locally modifyingH0 as in Figure 5.7 on the right hand side,
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and by setting all the δ curves that are not shown as isotopic translates of the
respective β curves. ThenH is a triple sutured Heegaard diagram subordinate to
the 2-handle described in Proposition 5.19.

Proof. Consider the Heegaard diagram on the right hand side of Figure 5.8,
and suppose that it is embedded in S3 as in the figure. Let Σ × I be a
regular neighbourhood of the Heegaard surface Σ in S3. The translates
Σ+ = Σ × {1} and Σ− = Σ × {0} of Σ appear on the inside and on the
outside of Σ = Σ× {0.5}, respectively.

Let C̃ ⊂ Σ denote the annulus joining the two vertical tubes. With the
notation established before Proposition 5.19, C̃ = UNc̃. We denote the
translates of the annulus C̃ ⊂ Σ by C̃+ ⊂ Σ+ and C̃− ⊂ Σ−. By Proposition
5.19, the attaching circle L = c ∪ b consists of two arcs, such that b ⊂ C̃,
and c lies on the square S ⊂ M0. Let B(L) be the bouquet obtained by
connecting L to C̃+ via a straight arc entirely contained in C × I .

Consider now the (α,β)-Heegaard diagram on the right hand side of Fig-
ure 5.7, which again we can think of as embedded in S3, and denote it by
(Σ′,α,β). In order to construct the sutured manifold associated to it, one
should take Σ′×I , and attach thickened discs to Σ′− along the α-curves and
to Σ′+ along the β-curves. We denote these discs by D2

αi
and D2

βi
. Given

subsets α′ ⊂ α and β′ ⊂ β, let Σ′(α′,β′) be the sutured manifold obtained
from Σ′ × I by attaching the thickened discs corresponding to the α- and
β-curves in α′ and β′. The manifold Σ′ × I can also be viewed as a subset
of S3, as well as the disc D2

α1
, which lies in the plane of the link projection

as it arose from the Ozsváth-Szabó diagram explained in Subsection 2.4,
so it follows that Σ′(α1) is also embedded in S3. Note that the band S is
contained within D2

α1
.

The manifold Σ′(α1, α2) is obtained from Σ′(α1) by attaching the thickened
disc D2

α2
. The upper half of α2 is parallel to the upper half of α1 along the

top of Figure 5.7 and outside of it, hence we can slide the upper half ofD2
α2

along D2
α1

until the upper boundary becomes a horizontal arc across D2
α1

,
and D2

α2
becomes perpendicular to D2

α1
. After the isotopy, D2

α2
connects

the small handle in the centre of Figure 5.7 to D2
α1
× I . This implies that
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Σ′(α1, α2) can also be seen as embedded in S3, and we can isotope the small
handle in the centre of Figure 5.7 ontoD2

α1
. Attaching all the other handles

along the α- and β-curves except β1, one obtains Σ′(α1, . . . , αg, β2, . . . , βg),
which is the same manifold as the one defined by the Heegaard diagram in
Figure 5.8—that is, N—with the difference that a neighbourhood of B(L)

has been removed from it. The curve β1 is the meridian of L, and δ1 is ex-
actly the framing given by Proposition 5.19. Therefore, this is a Heegaard
diagram subordinate to the 2-handle attachment.

We can now conclude the proof of Theorem 5.16.

Proof of Theorem 5.16. The proof follows by combining Propositions 5.18,
5.19, and 5.20, and by the fact that, by the work of Juhász31 (Section 6),
FWs is the map induced by the chain map that counts pseudo-holomorphic
triangles inH:

fWs(x) =
∑

y∈Tα∩Tδ

∑
ψ∈π2(x,ϑ,y)
µ(ψ)=0

#M(ψ) · y.

5.6.3 SADDLE COBORDISMS AND THE DECORATED SURGERY EXACT TRI-
ANGLE

In this subsection, we use the Heegaard diagrammatic description of the
saddle cobordism to prove Theorem 5.17, which is re-stated below.

Suppose that (L0, P0) and (L+, P ) are links in S3 that are related by a saddle
cobordism as in Figure 5.5. Let L be the link obtained from L+ by adding a
full right-handed twist. Then (L, P ), (L0, P0), and (L+, P ) have projections
that differ only locally as in Figure 5.5, and hence fit into the surgery exact
triangle

−→ HFL(L, P )
e−→ HFL(L0, P0)

f−→ HFL(L+, P ) −→

of Theorem 5.15. Indeed, consider the disc D that is perpendicular to the
plane of Figure 5.5 and intersects it in a horizontal arc that meets L in two
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ε1

δ1

β1

Figure 5.11: The quadruple diagram (Σ,α, ε,β, δ) above has four sets of attaching
curves. The triple diagram (Σ,α,β, δ) is subordinate to the 2-handle attachment de-
scribed in Section 5.6.2. The diagram (Σ,α, ε) is for S3(L,P ) = (M∞(K), γ), while
(Σ,α,β) is for (M0(K), γ), and (Σ,α, δ) is for S3(L+, P ) = (M1(K), γ). The δ-curves
and the ε-curves not shown are small isotopic translates of the β-curves.

points. Then resolving L along D gives L0, and doing a left twist gives L+.

Theorem 5.17 (Juhász-M.32). Let the triple (L, P ), (L0, P0), (L+, P ) be as in
Figure 5.5, and suppose that they can be oriented coherently. Then the map

f : HFL(L0, P0) −→ HFL(L+, P )

appearing in the decorated skein exact triangle of Theorem 5.15 coincides with the
cobordism map induced by the saddle cobordism from (L0, P0) to (L+, P ).

Proof. Consider the saddle cobordism S from (L0, P0) to (L+, P ). Then the
cobordism map

FS : HFL(L0, P0)→ HFL(L+, P )

is given by the isomorphism induced by gluing along a product annulus
as in Section 5.6.1, followed by the map obtained by counting holomorphic
triangles in the triple diagram (Σ,α,β, δ) in Figure 5.7 on the right.
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K

(M0(K), γ)

(µ∗, µ
′
∗)

(M0(K), γ)

L∗

(L, P )

(µ, µ′)

Figure 5.12: The left-hand side of the figure shows the link (L,P ) with the small unknot
K = ∂D in red, and the two concentric meridians of K, denoted by µ and µ′, in green.
In the middle, we see the result of 0-surgery along K. The manifold S3

0(K) = S1 × S2 is
represented here as the complement of two balls, with their boundaries identified via a
reflection. The framed knot (µ∗, µ

′
∗) is the image of (µ, µ′). After untwisting L∗, we get

the figure on the right, making the solid and the dashed green arcs linked.

Consider the crossing disc D that intersects L in two points, and let K =

∂D. As in Section 5.5, the framings m =∞, l = 0, and s = 1 of K give rise
to the surgery exact triangle

· · · −→ SFH(M∞(K), γ)
e′−→ SFH(M0(K), γ)

f ′−→ SFH(M1(K), γ) −→ . . .

(5.2)
If A denotes the product annulus obtained from D in M0(K), and

ΦA : HFL(L0, P0)→ SFH(M0(K), γ)

is the gluing map, then we obtain the exact triangle

· · · −→ HFL(L, P )
e−→ HFL(L0, P0)

f−→ HFL(L+, P ) −→ . . .

by setting e = Φ−1
A ◦ e′ and f = f ′ ◦ ΦA.

The result follows once we show that the quadruple diagram (Σ,α, ε,β, δ)

in Figure 5.11 is as in the statement of Lemma 9.2 of Ozsváth and Szabó’s
paper59, and counting holomorphic triangles in such a diagram yields the
exact sequence (5.2).

Consider a local projection for L as on the left of Figure 5.12, and let K
be the boundary of the crossing disc D. Let µ and µ′ be two concentric
meridians of K. We view µ as a knot with framing µ′. After performing
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0-surgery along K, the framed knot (µ, µ′) becomes isotopic to the core of
the solid torus that we glued in during the surgery, and which we denote
by (µ∗, µ

′
∗) in S1 × S2 = S3

0(K); i.e., µ∗ is S1 × {pt} and µ′∗ is S1 × {pt′}.
These are shown in green in the middle of Figure 5.12. This means that
performing surgery along the framed knot (µ∗, µ

′
∗) in (M0(K), γ), we re-

cover S3(L, P ) = (M∞(K), γ). In particular, M0(K) \ N (µ∗) = M∞(K) \
N (K).

The disc D can be capped off in M0(K) ⊂ S1 × S2 to obtain a sphere
S2 ⊂ M0(K). If we cut S1 × S2 along this sphere, the manifold that we
obtain is the complement of the two balls in the middle of Figure 5.12. To
recover S1×S2, glue the boundaries of the balls via an identification given
by a reflection. Note that, in the middle of Figure 5.12, the framed knot
(µ∗, µ

′
∗) appears as two parallel arcs.

Performing 0-surgery on K sends the link L to the link L∗ in the middle
of Figure 5.12. By twisting the left-hand sphere by π to the left and the
right-hand sphere by π to the right along the horizontal axis (this is an
automorphism of S1 × S2), we remove the two crossings of L, but intro-
duce a full right-handed twist in the green pair of arcs µ∗ and µ′∗; see the
right-hand side of Figure 5.12. By the twist, the link L∗ is sent to the link
on the right-hand side of Figure 5.12, whose complement has a Heegaard
diagram as in Figure 5.8.

By Proposition 5.20 that the triple diagram (Σ,α,β, δ) is subordinate to
performing surgery on (M0(K), γ) along the framed knot (c∪ b, c′∪ b′). On
the right of Figure 5.12, (c ∪ b, c′ ∪ b′) corresponds to µ∗ with a framing f
that is a parallel vertical copy of µ∗ (see the green pair in Figure 5.4 on
the right). Hence, surgery on (M0(K), γ) along (µ∗, µ

′
∗) gives (M∞(K), γ),

while surgery along (µ∗, f) gives (M1(K), γ).

Let B(µ∗) be a bouquet for the knot µ∗ in (M∞(K), γ), and let B(K) be
the corresponding bouquet of K in (M0(K), γ), as defined by Juhász31.
The Heegaard subdiagram (Σ,α,β \ β1) of the diagram on the right hand
side of Figure 5.7 represents the sutured manifold (M0(K) \ B(µ∗), γ), or,
equivalently, (M∞(K) \ B(K), γ). The curve β1 on the right hand side of
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Figure 5.7 corresponds to a meridian of µ∗, so Dehn filling the manifold
described by (Σ,α,β \ β1) along β1 yields (M0(K), γ). The curve δ1 corre-
sponds to f , so Dehn filling along it yields S3(L+, P ) = (M1(K), γ). The
curve ε1 in Figure 5.11 corresponds to µ′∗, and so filling along it yields
S3(L, P ) = (M∞(K), γ). Furthermore, it satisfies the condition [β1] + [δ1] =

[ε1] in the first homology of the boundary, and β1, δ1, and ε1 are oriented
such that their pairwise algebraic intersection numbers are −1. It fol-
lows that the Heegaard diagram (Σ,α, ε,β, δ) satisfies the hypotheses of
Lemma 9.2 by Ozsváth and Szabó59, and therefore the count of holomor-
phic triangles in such a diagram gives the exact triangle (5.2).

5.7 BIRTHS

We now turn to the description of the map associated to a birth cobordism.
Let V denote a 2-dimensional vector space over F2, generated by two ho-
mogeneous elements T , in Alexander grading 0 and Maslov grading 1/2,
and B, in Alexander grading 0 and Maslov grading −1/2. Then we have
the following result.

Theorem 5.21 (Juhász-M.32). Suppose that B is a birth cobordism from (L0, P0)

to (L1, P1). Then there is an isomorphism

HFL(L1, P1) ∼= HFL(L0, P0)⊗ V

such that FB(x) = x⊗ T for every x ∈ HFL(L0, P0).

Proof. Let (M0, γ0) = W(L, P ) and (M1, γ1) = W(L t U1, P t PU1) denote
the sutured manifolds complementary to the links. As usual, we write the
cobordism W(B) as the composition of a boundary cobordism Wb from
(M0, γ0) to (N, γ1), and a special cobordism Ws from (N, γ1) to (M1, γ1),
where

(N, γ1) = (M0, γ0) t (S1 ×D2, γ),

and γ consists of two longitudes as sutures. Note that SFH(S1 ×D2, γ) ∼=
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F2, and hence
SFH(N, γ1) ∼= SFH(M0, γ0)⊗ F2

in a canonical way by the multiplicativity of sutured Floer homology31

(Theorem 11.11). Since one component of the boundary cobordism is a
product (M0, γ0)× I , by multiplicativity of SFH the gluing map

Φ−ξ : SFH(M0, γ0)→ SFH(M0, γ0)⊗ F2

is either the zero map or the tautological isomorphism. Since B has a left
inverse, which is a saddle cobordism, by functoriality the map Φ−ξ must
be the tautological isomorphism.

We can now focus on the special cobordism Ws, for which we have the
following lemma.

Lemma 5.22 (Juhász-M.32). The special cobordismWs associated to a birth con-
sists of the 1-handle attachment that connects the two components of N .

Proof. Suppose that the birth of the new component is centred (with re-
spect to some local coordinate system on S3) at O = (0, 0, 0). Without loss
of generality, we can assume that the birth takes place in a ball BR(O) of
radius R centered at the origin so small that it is disjoint from L.

We can suppose that the sectionsWs
t of the special cobordism inside S3×I

appear as follows:

• for t ∈ [0, 1/2], we haveWs = M0;

• for t ∈ (1/2, 3/4), we haveWs = M0 \BR(O); and

• for t ∈ [3/4, 1], since U1 ⊆ BR(O), we can suppose that, if t > t, then
Ws

t ⊇ Ws
t
, andWs

1 = M1.

We define

H1 := {(x, y, z, t) | (x, y, z) ∈ BR(O) and t ∈ [0, 1/2]} .
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This is a 1-handle that connects the two components of N . An illustration
of H1 in a particular link cobordism can be found on the right hand side of
Figure 5.10. The 1-handle structure is clear from the diffeomorphism

H1 ∼= [0, 1/2]×BR(O) ∼= D1 ×D3.

The height function onWs \ H1 does not have any critical points, and can
be rescaled to be a Morse function. It follows thatWs consists of the single
attachment of H1.

Hence, by Juhász31 (Definition 7.5), the map FWs is

FWs : SFH(M0, γ0)→ SFH(M0, γ0)⊗ V.
x 7→ x⊗ T

It follows that the composition FB = FWs ◦Φ−ξ is as in the statement of the
theorem.

5.8 DEATHS

For a death cobordism D = (F, σ) from (L t U1, P t PU1) to (L, P ), where
(U1, PU1) is the unknot with two decorations, we have a result dual to The-
orem 5.21. As before, V denotes a 2-dimensional vector space over F2,
generated by two homogeneous elements T , in Alexander grading 0 and
Maslov grading 1/2, and B, in Alexander grading 0 and Maslov grading
−1/2.

Theorem 5.23 (Juhász-M.32). Let D be a death cobordism from (L0, P0) to
(L1, P1). Then there is an isomorphism

HFL(L0, P0) ∼= HFL(L1, P1)⊗ V

such that FD(x⊗ T ) = 0 and FD(x⊗B) = x for every x ∈ HFL(L0, P0).

Proof. By turning the cobordism W(D) upside down, we obtain a birth
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cobordismW(D), which we can break into a boundary cobordismWb fol-
lowed by a special cobordismWs. By turning this decomposition upside
down, we get a decompositionW(D) =Wb ◦Ws, where

• Ws is the special cobordism obtained by turningWs upside down;

• Wb is a (not necessarily boundary) cobordism, obtained by turningWb

upside down.

Ws is a cobordism from (M0, γ0) ∼= (M1, γ1)#(S1×D2, γ) to (M1, γ1)t(S1×
D2, γ). Here we are using the same notation as in Section 5.7. The map FWs

is dual to FWs by Juhász31 (Theorem 11.8). More explicitly,Ws consists of
a single 3-handle dual to the 1-handle H1 from Lemma 5.22. By Juhász31

(Definition 7.8), there is an isomorphism

SFH(M0, γ0) ∼= SFH(M1, γ1)⊗ V

such that the map

FWs : SFH(M1, γ1)⊗ V → SFH(M1, γ1)⊗ F2

is given by FWs(x⊗T ) = 0 and FWs(x⊗B) = x⊗1 for all x ∈ SFH(M1, γ1).
Note that, as in Section 5.7, we are identifying SFH((M1, γ1)t (S1×D2, γ))

with SFH(M1, γ1)⊗ F2 via the canonical isomorphism given by the multi-
plicativity of sutured Floer homology.

We now need to understand the map

FWb : SFH(M1, γ1)⊗ F2 → SFH(M1, γ1).

By multiplicativity of sutured Floer homology, this is either the tautolog-
ical isomorphism or the zero map. Since D has a right inverse, which is
a saddle preceded by two stabilisations, the map FWb is the tautological
isomorphism. By composing FWb ◦ FWs we get the map FD as in the state-
ment.
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5.9 DUALITY

If X is a decorated link cobordism from (L0, P0) to (L1, P1) (or more gen-
erally, a sutured cobordism from (M0, γ0) to (M1, γ1)), then one can turn
it upside down to get a decorated link cobordism from (L1, P1) to (L0, P0)

(or more generally a sutured cobordism from (−M1,−γ1) to (−M0,−γ0)).

Juhász31 (Theorem 11.8) proved that if you turn a special cobordism up-
side down, then the map induced on SFH is the dual map, and asked in
Question 11.9 whether this is true for any sutured cobordism. A weaker
question is whether this is true at least for decorated link cobordisms. An
approach to answer this weaker question would be to check what happens
for elementary cobordisms.

Proposition 5.24 (Juhász-M.32). Let S = (F, σ) be a stabilisation from (L0, P0)

to (L1, P1), and let D be the destabilisation obtained by turning S upside down.
Then the maps FS and FD are dual to each other.

Proof. Let σ0 ⊆ σ denote the arc with both endpoints in L1. Let p, q and
r denote three consecutive points on P1 such that the two points of ∂σ0

are contained in the components of L1 \ P1 bounded by p and q, and by
q and r. Call N a neighbourhood in S3 of the component of L1 \ {p, r}
containing q. Then ∂N is a sphere cutting L1 in two points, which induces
a product annulus A in (M1, γ1). By Propositions 5.12 and 5.14, A induces
an isomorphism

ΦA = IS = I−1
D : HFL(L0, P0)⊗W → HFL(L1, P1).

Under this identifications, the maps induced by S and D are dual to each
other, by the formulas given in Propositions 5.12 and 5.14.

Proposition 5.25 (Juhász-M.32). Let B be a birth cobordism, and let D be the
death cobordism obtained by turning B upside down. Then the maps FB and FD
are dual to each other.

Proof. Write W(B) = Ws ◦ Wb, where Wb is boundary and Ws special.
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=

Figure 5.13: If we turn a saddle cobordism upside down, then we can write it as a com-
position of two stabilisations, followed by another saddle cobordism.

Then, by turning the decomposition upside down, we obtain a decompo-
sitionW(D) =Wb ◦ Ws, whereWs is still special. The maps FWs and FWs

are dual to each other by Juhász31 (Theorem 11.8), and the maps FWb and
FWb are dual to each other because they both coincide with the tautological
isomorphism (see proofs of Theorems 5.21 and 5.23).

The situation is more complicated for the saddle maps. First, note that if
we turn a saddle cobordism upside down, then the height function has
a local minimum on σ as opposed to a maximum, so this is not an ele-
mentary saddle cobordism, according to our definition. However, as in
Figure 5.13, we can write this as a composition of two stabilisations and
another saddle cobordism (which is a split if the original cobordism was a
merge, and vice versa).

LetW be the sutured cobordism associated to a saddle. As usual, we write
it asWs ◦Wb, where

• Wb is a boundary cobordism from (M0, γ0) to (N, γ1), given by the
gluing of a product annulus;

• Ws is a special cobordism from (N, γ1) to (M1, γ1), consisting of a
2-handle attachment.

By turning this decomposition upside down, we obtain a decomposition
for the upside down sutured cobordismW asWb ◦Ws

, where

• Ws
is a special cobordism from (−M1,−γ1) to (−N,−γ1) (consisting

of the 2-handle dual to the one forWs);
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• Wb
is a cobordism from (−N,−γ1) to (−M0,−γ0) that is not a bound-

ary cobordism.

The map FWs induced by the special cobordism is dual to the map FWs by
Juhász31 (Theorem 11.8).

The map FWb is not so clear. If one could prove that this is the inverse of
the isomorphism induced by the product annulus decomposition

(−N,−γ1) (−M0,−γ0),

then the upside down cobordism would induce the dual map. Therefore,
the question about duality in the decorated link category boils down to
the following question.

Question 5.26 (Juhász-M.32). Let (N, γ1)  (M0, γ0) be a product annulus
decomposition, and let W be the boundary cobordism from (M0, γ0) to
(N, γ1) given by gluing along the product annulus. Does the map induced
by W coincide with the inverse of the inclusion induced by the product
annulus decomposition?

5.10 GRADINGS

Recall that HFL of a link L in S3 can be naturally endowed with two grad-
ings, the (collapsed) Alexander grading (denoted by A) and the Maslov
grading (denoted by g̃r ). They were both defined in Section 2.3. We will
also consider the δ-grading, defined by δ = A− g̃r , following the conven-
tion established by Manolescu and Ozsváth47.

Theorem 5.27 (Juhász-M.32). If X = (F, σ) is a decorated link cobordism, then
the map induced on HFL is homogeneous with respect to both the Alexander and
the Maslov gradings. Furthermore, if X is an elementary cobordism, then the
shifts are as given in Table 5.1. Consequently, FX shifts the Maslov grading by

χ(F ) + χ(R+(σ))− χ(R−(σ))

2
(5.3)
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Alexander grading Maslov grading

Positive (de)stabilisation +1
2

+1
2

Negative (de)stabilisation −1
2

−1
2

Birth or death 0 +1
2

Saddle 0 −1
2

Table 5.1: The table shows the shift in the Alexander grading and the Maslov grading
associated to each elementary cobordism.

and the Alexander grading by

χ(R+(σ))− χ(R−(σ))

2
. (5.4)

Remark 5.28. As δ = A − g̃r , an immediate consequence of Theorem 5.27
is that FX is also δ-homogeneous, and that the δ-grading shift is −χ(F )/2

and therefore does not depend on the decorations.

Proof. Since every decorated cobordism is a product of elementary cobor-
disms by Proposition 5.6, and formulas (5.3) and (5.4) are additive under
composition of decorated link cobordisms, it is sufficient to prove that the
maps associated to elementary cobordisms are homogeneous.

Stabilisation maps (see Proposition 5.12) are defined on the chain level as
tensor products with a contact element, so they are homogeneous. The
Alexander and the Maslov gradings of such an element (t or b) coincides
with the grading shift. Destabilisation maps (see Propositions 5.14 and
5.24) are dual to stabilisation maps, so they are also homogeneous, and
the grading shifts are the same as for stabilisations.

By Theorem 5.21, the birth cobordism map is induced by the tensor prod-
uct with the top-graded element of the vector space generated by two ele-
ments (called T and B) in different homological gradings, but in the same
Alexander grading. Therefore the map is homogeneous and the grading
shift is (A, g̃r) = (0,+1

2
). By Proposition 5.25, the death cobordism map is

dual to the birth cobordism map, so the grading shift is the same.
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By Theorem 5.17, the saddle map is given by an isomorphism ΦA induced
by a product annulus—which does not change the gradings by Proposi-
tion 5.18—followed by the map f ′ appearing in the exact triangle (5.2).
Following Ozsváth and Szabó’s proof of Theorem 10.258, we can prove
that f ′ preserves the Alexander grading and drops the Maslov grading by
1
2
, so the saddle map does the same.

Finally, isotopies induce diffeomorphism maps, which preserve both the
Alexander and Maslov gradings.

As a straightforward corollary of Theorem 5.27, we can compute the shift
in the Alexander grading and Maslov grading for decorated concordances,
hence obtaining an independent proof of the first part of Theorem 4.2,
when the decorated concordance is in S3 × I .

Corollary 5.29. Let C = (S3 × I, F, σ) be a decorated concordance between
decorated knots (K0, P0) and (K1, P1). Then

FC

(
ĤFKi(K0, P0, j)

)
⊂ ĤFKi(K1, P1, j),

that is, FC preserves both the Alexander and the Maslov grading.

5.11 COMPARISON TO OTHER THEORIES

In Section 3.4 we mentioned that there are other constructions of cobor-
dism maps in various versions of link Floer homology, which are defined
in a spirit similar to the one that motivates this chapter.

Zemke’s construction85 gives maps in all flavour of HFL◦. His maps are
defined on elementary decorated link cobordisms, and then on arbitrary
link cobordisms by composition. The set of elementary cobordisms chosen
by Zemke is a bit different from the one we chose for this chapter, in the
decorations chosen on the saddle cobordism. The map on ĤFL that Zemke
associates to a stabilisation (which he calls quasi-stabilisation), and the
one he associates to a destabilisation, coincide with the ones computed in
Section 5.4. Similarly, the maps that Zemke associates to birth and death
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cobordisms agree with the ones computed in Section 5.7 and 5.8. For the
saddle cobordism it is unclear whether the two maps are the same or not,
even after correcting for the different choice of decorations. The question
whether Juhász’s theory and Zemke’s theory for cobordism maps in ĤFL

agree is therefore unsettled.

A similar question concerning the relation between Juhász’s maps and
Sarkar’s maps71, or Alishahi and Eftekhary’s tangle Floer maps1, is also
unsettled, as far as I know.

Question 5.30. How does the Morse theoretical description of Juhász’s
maps given in this chapter relate to the constructions of decorated cobor-
dism maps by Alishahi and Eftekhary1, Sarkar71, and Zemke85?
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6
THE HFL FUNCTOR AND

KHOVANOV’S REDUCED TQFT

KHOVANOV homology is a homology theory for links introduced by
Khovanov37, which categorifies the Jones polynomial. In a subse-

quent paper38, Khovanov introduced a reduced version of this homology,
which was shown to have strong connections with Floer theoretical invari-
ants.

The first such connection was found by Ozsváth and Szabó61, who proved
the existence of a spectral sequence

K̃h(K)⇒ ĤF(Σ2(K)),

where K ⊂ S3 is a knot, K is its mirror image, and Σ2(K) is the branched
double cover of S3 along K.

After Ozsváth and Szabó, Kronheimer and Mrowka41 constructed a spec-
tral sequence

K̃h(K)⇒ KHI(K),
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where KHI(K) is the sutured instanton homology of the knot complement.
Kronheimer and Mrowka used such a spectral sequence to prove that re-
duced Khovanov homology is an unknot-detector.

Many related results appeared in the literature5,9,11,74,79, but the relation-
ship between (reduced) Khovanov homology and knot Floer homology is
still unsettled. The following conjecture, motivated by the above results,
is usually attributed to Rasmussen, who first raised the question about the
connection between the two theories68.

Conjecture 6.1. Given a knot K ⊂ S3, there is a spectral sequence whose E2

page is K̃h(K) and whose E∞ page is ĤFK(K).

The goal of this chapter is to prove the relation between the two theories
expressed by the following theorem. The content of this chapter is based
on joint work with Juhász32.

Theorem 6.2 (Juhász-M.32). The (1 + 1)-dimensional TQFT induced by HFL

on a category of decorated unlinks and decorated cobordisms between them is the
same as Khovanov’s reduced TQFT. Consequently, the homology of the complex
obtained from a cube of resolutions for a knot K by applying the functor HFL is
the reduced Khovanov homology of K with F2 coefficients.

A more precise statement of the result is given in Theorem 6.21. In order
to prove it, we will first determine the maps induced by some elemen-
tary decorated cobordisms between the unknot and the two-component
unlink, specifically the ones appearing in Figure 6.1. This will be done
is Section 6.1 by using the Morse theoretical description of the cobordism
maps achieved in Chapter 5. In Section 6.2 we will prove a disjoint union
formula for link cobordism maps. In Section 6.3 we define the categories
EmbCob* and AbsCob* of decorated unlinks and decorated cobordisms
between them, and, by using the results from Sections 6.1 and 6.2, we
prove Theorem 6.2. Lastly, in Section 6.4 we explain how Theorem 6.2
fits into the literature listed above.
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6.1 ELEMENTARY LINK COBORDISMS BETWEEN UNLINKS

This section is devoted to computing the maps induced on HFL by el-
ementary decorated link cobordisms between unlinks. We will denote
by (Un, PUn), or, with slight abuse of notation, just by Un, the standard
n-component unlink with two decorations on each component. We will
often consider it as embedded in the plane {z = 0} ⊆ R3 ⊆ S3, with
the centres of the components on the x axis, and for each component we
will suppose that the x-coordinate of each point of R−(PUn) (respectively,
R+(PUn)) is less than or equal (respectively greater than or equal) to the
x-coordinate of the centre; roughly speaking, we suppose that the − arc is
on the left and the + arc is on the right. We will often omit the labels −
and + in our figures.

The figures illustrating decorated link cobordisms will follow the conven-
tions explained in Figure 5.10: The cylinder enclosing a cobordism means
that the cobordism is embedded in S3 × I and that the figure represents
the section {z = 0} in R3 × I , with framing as shown in Figure 5.10.

In this section we focus on the following four cobordisms.

Definition 6.3. Let V denote the split saddle cobordism from (U1, PU1) to
(U2, PU2) with decorations as in Figure 6.1. Note that this is not an elemen-
tary decorated cobordism, according to Definition 5.4, because the height
function restricted to the decorations has a minimum rather than a maxi-
mum.

Let Λ denote the merge saddle cobordism from (U2, PU2) to (U1, PU1) with
decorations as in Figure 6.1.

Let Γ denote the birth cobordism from (U1, PU1) to (U2, PU2) with decora-
tions as in Figure 6.1.

Let L denote the death cobordism from (U2, PU2) to (U1, PU1) with decora-
tions as in Figure 6.1.

We will now determine the maps associated to the cobordisms defined
above. Recall that by V we denote the vector space F2〈B, T 〉 generated
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V

F2 −−−→ V

1 7−−−→ B

Λ

V −−−→ F2

T 7−−−→ 1

B 7−−−→ 0

Γ

F2 −−−→ V

1 7−−−→ T

L

V −−−→ F2

T 7−−−→ 0

B 7−−−→ 1

Figure 6.1: The decorated link cobordisms V, Λ, Γ, and L, and the maps induced on link
Floer homology. As explained in Figure 5.10, the figures represent the section {z = 0} in
R3 × I .

by two (Maslov) homogenenous elements B (in grading −1/2) and T (in
grading 1/2).

Theorem 6.4 (Juhász-M.32). Under the canonical identifications

HFL(U1, PU1)
∼= F2 and HFL(U2, PU2)

∼= V,

the maps associated to the decorated link cobordisms in Definition 6.3 are as in
Figure 6.1.

Proof. Consider the cobordism V. By Theorem 5.27 we know that FV is
homogeneous with respect to the Maslov grading, and that the Maslov
grading shift is −1/2. Therefore, FV(1) is either to 0 or to B. Since V has a
left inverse, in the sense that L ◦V = id(U1,PU1

), by functoriality FV cannot
be vanishing. Therefore, FV(1) = B, and the map is determined.

Similar considerations lead to the determination of the maps FΛ, FΓ and
FL.

Remark 6.5. The maps in Figure 6.1 also apply to cobordisms Ṽ, Λ̃, Γ̃, and
L̃ which have the same surfaces as V, Λ, Γ, and L, but with different deco-
rations, provided that the following two conditions are satisfied:
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• There is a partial (left or right) inverse in the category of decorated
link cobordisms; and

• χ(R−(σ)) = χ(R+(σ)).

The proof goes in the same way as for Theorem 6.4.

6.2 A DISJOINT UNION FORMULA

In this section, we focus on a formula for the disjoint union of link cobor-
disms, with the aim of putting the maps associated to the cobordisms in
Figure 6.1 into a TQFT. Although we actually need a minimal version of it,
we give a proof in the general setting that might be of independent inter-
est; cf. Theorem 6.14.

It is well known—see for instance Juhász27 (Proposition 9.15)—that the
link Floer homology of the “split” disjoint union of two links K and L

satisfies
HFL(K t L) ∼= HFL(K)⊗ HFL(L)⊗ F2

2. (6.1)

We would like to understand if the cobordism map associated to a disjoint
union of link cobordisms splits in a similar way.

Definition 6.6 (Juhász-M.32). Suppose that XK = (F, σF ) is a decorated
link cobordism from (K0, PK0) to (K1, PK1), and that XL = (G, σG) is a
decorated link cobordism from (L0, PL0) to (L1, PL1). We define the disjoint
union cobordism to be the cobordism in S3 × I obtained by taking the split
disjoint union of the two surfaces F and G with decoration σF t σG. We
denote it by XK 6 ‖ XL. Such a cobordism connects the decorated link (K0 t
L0, PK0 t PL0) (the “split” disjoint union of (K0, PK0) and (L0, PL0)) to the
decorated link (K1 t L1, PK1 t PL1).

One would hope that the map induced by the cobordism XK 6 ‖ XL on su-
tured Floer homology is the tensor product of the maps induced respec-
tively by XK and XL and the map idF2

2
. We will show that this is true under

some mild restrictions.
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We will actually prove it in a generalised setting, by considering sutured
manifolds. Recall that the complement of a decorated link is naturally a
sutured manifold; cf. Definition 2.16. By Juhász27 (Proposition 9.15), Equa-
tion (6.1) generalises as follows: If (M,γ) and (N, ν) are balanced sutured
manifolds, then

SFH ((M,γ)#(N, ν)) ∼= SFH(M,γ)⊗ SFH(N, ν)⊗ F2
2. (6.2)

Actually, we need to make the splitting in Equation (6.2) functorial, and
for this purpose we use framed pairs of points, bouquets, and sutured diagrams
subordinate to bouquets as defined by Juhász31 (Section 7).

Given a framed pair of points P for (M,γ) t (N, ν) such that p− ∈ M and
p+ ∈ N , let M◦ = Blp−(M) and N◦ = Blp+(N). We can view M◦ and N◦

as embedded in M#PN . Denote by S2 the sphere M◦ ∩ N◦. The relative
Mayer-Vietoris sequences in cohomology for (M,∂M) = (M◦, ∂M) ∪ B3,
(N, ∂N) = (N◦, ∂N)∪B3, and (M#PN, ∂(M#PN)) = (M◦, ∂M)∪(N◦, ∂N)

imply that the map

φ : Spinc(M,γ)× Spinc(N, ν)−−−→ Spinc(M#PN, γ ∪ ν) (6.3)

(sM , sN) 7−−−→ (sM)|M◦ ∪ (sN)|N◦

is well-defined and injective. We will write sM#PsN = φ(sM , sN). Further-
more, s ∈ Spinc(M#PN, γ ∪ ν) is in the image of φ if and only if s|S2 = 0

in Spinc(S2); i.e., if and only if it is the unique Spinc structure on S2 with
vanishing first Chern class. In this case, we call s|M and s|N the unique
spinc structures such that φ(s|M , s|N) = s.

The following is a spinc refinement of Proposition 9.15 by Juhász27.

Lemma 6.7 (Juhász-M.32). Let P be a framed set of points in the sutured man-
ifold (M,γ) t (N, ν), in such a way that p− ∈ M and p+ ∈ N . Let HM =

(ΣM ,αM ,βM) and HN = (ΣN ,αN ,βN) be admissible balanced diagrams such
thatHMtHN is subordinate to a bouquetB(P) for P. If s ∈ Spinc(M#PN, γtν)
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is such that s|S2 6= 0, then

SFH(HM#PHN , s) = 0.

If s|S2 = 0, then there is an isomorphism

ϕHM ,HN ,P,s : SFH(HM#PHN , s)→ SFH(HM , s|M)⊗ SFH(HN , s|N)⊗ V,

where V = F2〈T,B〉 denotes a 2-dimensional vector space generated by two ho-
mogeneous elements T (top) and B (bottom). Moreover, there is an isomorphism

ϕHM ,HN ,P : SFH(HM#PHN)→ SFH(HM)⊗ SFH(HN)⊗ V.

Proof. For each generator x ∈ SFC(HM#PHN), we have s(x)|S2 = 0. There-
fore, SFH(HM#PHN , s) = 0 unless s|S2 = 0. There is a self-evident bijec-
tion

SFC(HM#PHN , s)→ SFC(HM , s|M)⊗ SFC(HN , s|N)⊗ V.

Since HM t HN is subordinate to the bouquet B(P), all holomorphic discs
on ΣM#ΣN split as the disjoint union of a holomorphic disc on ΣM , one
on ΣN , and one on the annulus A attached to the framed pair of points P.
Each of these discs has multiplicity 0 near the boundary. It follows that the
above bijection descends to a map in homology.

The following Lemma proves that the isomorphisms defined in Lemma
6.7 are natural.

Lemma 6.8 (Juhász-M.32). Let P be a framed set of points in the sutured man-
ifold (M,γ) t (N, ν), in such a way that p− ∈ M and p+ ∈ N . Let HM =

(ΣM ,αM ,βM) and H′M = (Σ′M ,α
′
M ,β

′
M) be admissible balanced diagrams for

(M,γ) and HN = (ΣN ,αN ,βN) and H′N = (Σ′N ,α
′
N ,β

′
N) be admissible bal-

anced diagrams for (N, ν) such that HM t HN and H′M t H′N are subordinate
to the bouquets B(P) and B(P)′ for P, respectively. Let sM ∈ Spinc(M,γ) and
sN ∈ Spinc(N, ν), and let sP = sM#PsN ∈ Spinc(M#PN, γtν) denote the con-
nected sum of the Spinc structures. Then, if HM#PHN and H′M#PH′N denote
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the Heegaard diagrams obtained fromHM tHN andH′M tH′N by surgery on P,
we have that the following diagram commutes:

SFH(HM#PHN , sP) SFH(HM , sM)⊗ SFH(HN , sN)⊗ V

SFH(H′M#PH′N , sP) SFH(H′M , sM)⊗ SFH(H′N , sN)⊗ V.

ϕHM ,HN ,P,sP

ϕH′
M
,H′

N
,P,sP

FHM#PHN ,H′M#PH′N
FHM ,H′

M
⊗ FHN ,H′N

⊗ idV

Here FH,H′ denotes the naturality map defined by Juhász and Thurston34. An
analogous statement holds for ϕHM ,HN ,P and ϕH′M ,H′N ,P.

Proof. The proof is analogous to Theorem 7.6 of Juhász’s paper31.

Corollary 6.9 (Juhász-M.32). Let P be a framed set of points in the sutured
manifold (M,γ) t (N, ν), in such a way that p− ∈ M and p+ ∈ N . If s ∈
Spinc(M#PN, γ t ν) is such that s|S2 6= 0, then

SFH(M#PN, s) = 0.

If s|S2 = 0, then there is a well-defined isomorphism

ϕP,s : SFH(M#PN, s)→ SFH(M, s|M)⊗ SFH(N, s|N)⊗ V.

Moreover, there is an isomorphism

ϕP : SFH(M#PN)→ SFH(M)⊗ SFH(N)⊗ V.

We now generalise the notion of framed pair of points to cobordisms, in
order to define the connected sum of sutured cobordisms in a natural way.

Definition 6.10 (Juhász-M.32). Suppose that W = (W,ZW , [ξW ]) (respec-
tively U = (U,ZU , [ξU ])) is a cobordism between sutured manifolds (M0, γ0)

and (M1, γ1) (respectively (N0, ν0) and (N1, ν1)). A framed pair of arcs A con-
sists of two properly embedded arcs a− : I → W and a+ : I → U , such that
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a−(i) ∈ Mi and a+(i) ∈ Ni for i ∈ {0, 1}, together with a negative frame
〈v−1 (t), v−2 (t), v−3 (t), v−4 (t)〉 of the tangent space Ta−(t)W and a positive frame
〈v+

1 (t), v+
2 (t), v+

3 (t), v+
4 (t)〉 of the tangent space Ta+(t)U for all t ∈ I such that:

• the set A(i) := {a−(i), a+(i)} with the frames 〈v±1 (i), v±2 (i), v±3 (i)〉 is a
framed pair of points for (Mi tNi, γi t νi), for i ∈ {0, 1}; and

• v4 = a′± = da±/dt.

Given a framed pair of arcs, we can define the connected sum of the two
cobordisms, as explained in Definition 6.11, below. We will denote by
(M,γ)#P(N, ν) the connected sum of the sutured manifolds (M,γ) and
(N, ν) along the framed pair of points P, assuming that p− ∈ M and
p+ ∈ N .

Definition 6.11 (Juhász-M.32). Suppose that W = (W,ZW , [ξW ]) (respec-
tively U = (U,ZU , [ξU ])) is a cobordism between sutured manifolds (M0, γ0)

and (M1, γ1) (respectively (N0, ν0) and (N1, ν1)), and let A be a framed pair
of arcs.

We define the connected sum ofW and U as the cobordism

W6 ‖ AU = (V, ZV , [ξV ])

from (M0, γ0)#A(0)(N0, ν0) to (M1, γ1)#A(1)(N1, ν1), where

• V is the 4-manifold obtained by gluing Bla−W and Bla+ U respec-
tively along UNa− and UNa+, in such a way that the frame of a−(t)

is identified with the one of a+(t);

• ZV = ZW t ZU ; and

• ξV = ξW t ξU .

Remark 6.12. Let XK = (F, σF ) (resp. XL = (G, σG)) be a decorated link
cobordism from (K0, PK0) to (K1, PK1) (resp. from (L0, PL0) to (L1, PL1)).
Let (x−, y−, z−) ∈ S3 be such that

a− = { (x−, y−, z−, t) : t ∈ I }
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is disjoint from F . This holds for generic (x−, y−, z−), after possibly isotop-
ing F . Analogously, choose (x+, y+, z+) ∈ S3 and define a+ to be disjoint
fromG. Consider the pair of arcs A = {a−, a+}with frames 〈±∂x, ∂y, ∂z, ∂t〉.
Then

W(XK 6 ‖ XL) =W(XK) 6 ‖ AW(XL).

As in the case of the connected sum of sutured manifolds, one can define
the connected sum of Spinc structures for cobordisms. Suppose thatW =

(W,ZW , [ξW ]) and U = (U,ZU , [ξU ]) are cobordisms of sutured manifolds,
and letW6 ‖ AU = (W 6 ‖ AU,Z, [ξ]) denote their connected sum along some
framed pair of arcs A. Let W ◦ = Bla−W and U◦ = Bla+ U . Then W ◦ and
U◦ can be seen as embedded in W 6 ‖ AU . Denote by S2 × I the thickened
sphere obtained by intersectingW ◦∩U◦. Then, the relative Mayer-Vietoris
sequences for (W,ZW ) = (W ◦, ZW ) ∪ B3 × I , (U,ZU) = (U◦, ZU) ∪ B3 × I ,
and (W 6 ‖ AU,Z) = (W ◦, ZW ) ∪ (U◦, ZU) imply that the map

φ : Spinc(W)× Spinc(U)−−−→ Spinc(W6 ‖ AU)

(sW , sU) 7−−−→ (sW )|W ◦ ∪ (sU)|U◦

is well-defined and injective. We will denote φ(sW , sU) by sW 6 ‖ AsU . More-
over, s ∈ Spinc(W6 ‖ AU) is in the image of φ if and only if s|S2×I = 0 in
Spinc(S2 × I) (i.e., if and only if it is the unique Spinc structure on S2 × I
with vanishing first Chern class). In such a case we call s|W and s|U the
unique spinc structures such that φ(s|W , s|U) = s.

Definition 6.13 (Juhász-M.32). Let A be a framed pair of arcs for W =

(W,ZW , [ξW ]) and U = (U,ZU , [ξU ]). A bouquet B(A) for A consists of a pair
of embedded squares d− : I × I → W and d+ : I × I → U and a framing of
d± given by a normal vector field v± such that:

• d±(0, t) = a±(t) and d±(1, t) ∈ ZW ∪ ZU for all t ∈ I ;

• for i ∈ {0, 1}, d±(s, i) with v±(s, i), which we denote by B(A)i, is
a bouquet for A(i) (in particular, d−(s, i) lies in Mi and d+(s, i) lies
in Ni);

• ∂sd±(0, t) = v±1 and ∂sd±(1, t) is transverse to Z;
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• v±(0, t) = v±2 ;

• along d±(1, t), ξ = 〈∂td±, v±〉; and

• ∂td±(0, t) = v±4 and ∂td±(s, i) is transverse to Mi tNi for i ∈ {0, 1}.

Theorem 6.14 (Juhász-M.32). Suppose that W = (W,ZW , [ξW ]) (respectively
U = (U,ZU , [ξU ])) is a cobordism between balanced sutured manifolds (M0, γ0)

and (M1, γ1) (respectively (N0, ν0) and (N1, ν1)). Let A be a framed pair of arcs
for the cobordisms W and U , and suppose that there exists some bouquet B(A)

for A. Then the following diagram commutes (the sutures have been dropped from
the notations because they are clear).

SFH(M0#A(0)N0) SFH(M0)⊗ SFH(N0)⊗ V

SFH(M1#A(1)N1) SFH(M1)⊗ SFH(N1)⊗ V

ϕA(0)

ϕA(1)

FW6 ‖ AU FW ⊗ FU ⊗ idV

Example 6.15. The existence of a bouquetB(A) in the statement of Theorem
6.14 is not just a technical condition, as we are going to show in this exam-
ple. Consider the cobordism Γ ◦L (cf. Definition 6.3). By the computations
in Section 6.1 and functoriality, we know that the map

FΓ◦L : V −−−→ V

induced on SFH(U2, PU2) has rank 1.

This cobordism can also be seen as the disjoint union X1 6 ‖ X2 of the iden-
tity cobordism X1 from (U1, PU1) to (U1, PU1) and a “death and re-birth”
cobordism X2 again from (U1, PU1) to (U1, PU1); cf. Figure 6.2. Choose A as
in Remark 6.12. Then we have that

FΓ◦L = FW(X1)6 ‖ AW(X2).

We cannot apply Theorem 6.14 here because there is no bouquet for A. If
the diagram in Theorem 6.14 were commutative also in this case, then the
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Figure 6.2: The cobordism Γ ◦ L can be seen as the disjoint union cobordism of two
cobordisms from (U1, PU1) to (U1, PU1), namely the identity cobordism to the left of the
blue rectangle, which we denote by X1, and the one to its right, which we denote by X2.

map induced by W(X1)6 ‖ AW(X2) would have rank either 0 or 2, contra-
dicting our computations.

Proof of Theorem 6.14. SplitW and U into a boundary cobordism and a spe-
cial cobordism: W =Ws ◦Wb and U = U s ◦U b. Then A determines framed
pairs of arcs Ab forWb and U b, and As forWs and U s. Note that

W6 ‖ AU = (Ws 6 ‖ AsU
s) ◦

(
Wb 6 ‖ AbU

b
)

is a decomposition of W6 ‖ AU into a boundary cobordism and a special
cobordism.

Fix a bouquet B(A) for A. Note that this induces bouquets B(Ab) and
B(As). Therefore, we can consider the cases of boundary cobordism and
special cobordism separately. We now split the proof into three cases.

CASE 1: W AND U ARE IDENTITY COBORDISMS. We first consider the
case whenW and U are identity cobordisms, and A is any framed pair of
arcs that admits a bouquet B(A). Let B− be a regular neighbourhood of
im(d−) in W , and let B+ be a regular neighbourhood of im(d+) in U . For
i ∈ {0, 1}, let B±(i) = B± ∩ (Mi tNi). The fact that the contact structure ξ
is parallel near the bouquet implies that B± can be turned into a special
cobordism

B± : B±(0)→ B±(1)
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by extending ξ to ∂B± ∩ Int(W ∪ U). If we remove B± from W and U ,
we obtain two identity cobordismsW◦ = idM and U◦ = idN , where M =

M0 \ B−(0) and N = N0 \ B+(0). Note that A is a framed pair of arcs and
B(A) is a bouquet in B±. The cobordism B− 6 ‖ AB+ is diffeomorphic to an
identity cobordism, therefore it gives a diffeomorphism

ψ : B−(0)#A(0)B+(0)→ B−(1)#A(1)B+(1),

and, without loss of generality, we can suppose that

• ψ(a±(s, 0)) = a±(s, 1); and

• dψ(v±(s, 0)) = v±(s, 1).

Let D±(0) be a 2-disc embedded in B±(0) containing a±(·, 0) such that
v±(·, 0) is tangent to D±(0), and let D±(1) = ψ(D±(0)). D−(i)#A(i)D+(i),
together with a meridional α- and a β-curve on the connecting tube that
intersect in two points, is a Heegaard diagramHi for B−(i)#A(i)B+(i), and
ψ∗(H0) = H1. The map induced by such a diffeomorphism on sutured
Floer homology preserves the relative homological grading, so it must be
the identity map:

SFH(H0) V

SFH(H1) V.

'

'

ψ∗ idV

We then choose Heegaard diagrams HM and HN for the sutured mani-
folds M and N such that

HM#A(0)N = HM\H0\HN

is a Heegaard diagram for the sutured manifold M#A(0)N (or, more pre-
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cisely, for M0#A(0)N0). The cobordismW6 ‖ AU induces a diffeomorphism

Ψ∗ : HM#A(0)N → HM#A(1)N = HM\H1\HN

such that the following diagram of diffeomorphisms commutes:

HM#A(0)N HM\H0\HN

HM#A(1)N HM\H1\HN .

'

'

Ψ∗ idHM
\ψ∗\ idHN

From this, it follows that the diagram below commutes:

SFH(HM#A(0)N) SFH(HM)⊗ SFH(HN)⊗ V

SFH(HM#A(1)N) SFH(HM)⊗ SFH(HN)⊗ V.

ϕHM ,HN ,A(0)

ϕHM ,HN ,A(1)

FHM#A(0)N ,HM#A(1)N idSFH(HM )⊗ idSFH(HN )⊗ idV

CASE 2: W AND U ARE BOUNDARY COBORDISMS. Since W and U are
boundary cobordisms, recall that M1

∼= M0 ∪ −ZW and N1
∼= N0 ∪ −ZU .

Given a bouquet B(A) = {d±, v±} for A, we define a bouquet B′(A(0)) for
A(0) in the sutured manifold (M1, γ1) t (N1, ν1). The arcs of B′(A(0)) are
η± = d±(·, 0) ∪ d±(1, ·), and the normal vector field is just the restriction of
v±.

Consider a sutured Heegaard diagram HM0 = (ΣM0 ,αM0 ,βM0
) for the su-

tured manifold (M0, γ0), and an extension of it to a sutured Heegaard di-
agram HM1 = (ΣM1 ,αM1 ,βM1

) for (M1, γ1) that are compatible with the
contact structure ξW as in the definition of the gluing map24. Choose anal-
ogous sutured Heegaard diagrams for (N0, ν0) and (N1, ν1). The gluing
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maps are then defined at the complex level as the tensor product with
contact classes, denoted by x′′M and x′′N .

Using a notation similar to Honda, Kazez, and Matić24, let M ′ = M0 \
N (∂M0), M ′′ = −ZW \ N (∂M0), and let M ′′′ = N (∂M0). Let L′ = η− ∩M ′,
L′′ = η−∩M ′′, and L′′′ = η−∩M ′′′. By definition of bouquet, L′′ and L′′′ are
Legendrian, and L′ is Legendrian close to ∂M ′. Let K ′′ be a Legendrian
skeleton of M ′′ containing L′′ as a connected component, and let K ′′′ be a
Legendrian skeleton ofM ′′′ dual to a Legendrian skeleton containingL′′′ as
a component. Lastly, let L′ be a contact compatible 1-skeleton for M ′, such
that a component of L′ ∩ N (∂M ′) is K ′. We can choose a contact cellular
decomposition M ′, M ′′, and M ′′′ such that the 1-skeletons are respectively
L′, L′′, and L′′′, and construct contact compatible Heegaard diagrams as
in24. It follows that the arc η− can be isotoped onto the Heegaard surface
ΣM1 , and is disjoint fromαM ′′ and βM ′′ . After performing a fingermove on
the αM ′ and βM ′ curves, η− is disjoint from all αM1 and βM1

curves.

Thus, we can suppose that HM0#A(0)HN0 is subordinate to the bouquet
B(A(0)) and HM1#A(0)HN1 is subordinate to the bouquet B′(A(0)). Fur-
thermore, the sutured diagramsHM0#A(0)HN0 andHM1#A(0)HN1 are contact-
compatible, and the contact class is just x′′M ⊗ x′′N . Therefore, the diagram
below commutes:

SFH(HM0#A(0)HN0) SFH(HM0)⊗ SFH(HN0)⊗ V

SFH(HM1#A(0)HN1) SFH(HM1)⊗ SFH(HN1)⊗ V.

ϕHM0
,HN0

,A(0)

ϕHM1
,HN1

,A(0)

ΦξWtξU ΦξW ⊗ ΦξU ⊗ idV

We are now left with the connected sum cobordism idM1 6 ‖ A idN1 , which
still contains a bouquet, induced by B(A). It follows from Case 1 that we
have a commutative diagram as below, which concludes the proof in the
case of boundary cobordisms:
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SFH(HM1#A(0)HN1) SFH(HM1)⊗ SFH(HN1)⊗ V

SFH(HM1#A(1)HN1) SFH(HM1)⊗ SFH(HN1)⊗ V.

ϕHM1
,HN1

,A(0)

ϕHM1
,HN1

,A(1)

FHM1
#A(0)HN1

,HM1
#A(1)HN1

idSFH(HM1
)⊗ idSFH(HN1

)⊗ idV

CASE 3: W AND U ARE SPECIAL COBORDISMS. Consider the function t

on B(A), and extend it to a Morse function on W t U . This gives a de-
composition of the cobordismsW and U into 1-, 2-, and 3-handles that are
attached away from the bouquet. Furthermore, B(A) is a product with re-
spect to this handle decomposition. In particular, A(0) and B(A)0 coincide
with A(1) and B(A)1 after the handle attachments.

For each handle attachment, one can choose adapted Heegaard diagrams
that are also subordinate to the bouquet B(A)0 for the framed pair of
points A(0). We therefore obtain a commutative diagram

SFH(M0#A(0)N0) SFH(M0)⊗ SFH(N0)⊗ V

SFH(M1#A(0)M1) SFH(M1)⊗ SFH(N1)⊗ V.

ϕA(0)

ϕA(0)

F sW6 ‖ AU F sW ⊗ F
s
U ⊗ idV

This concludes the proof of Theorem 6.14.

6.3 A (1 + 1)-DIMENSIONAL TQFT

The aim of this section is to determine the (1 + 1)-dimensional TQFT de-
fined by the cobordism maps computed in Section 6.1, and to compare it
with Khovanov’s reduced TQFT.
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6.3.1 THE CATEGORY OF MARKED EMBEDDED COBORDISMS AND THE

HFL TQFT

We first define the cobordism category that we are interested in.

Definition 6.16 (Juhász-M.32). We define the category of marked decorated
embedded cobordisms EmbCob* as follows. The objects are the standard
n-component unlinks (Un, PUn) for every n ∈ N with two decorations on
each component. As Kronheimer and Mrowka suggest41 in Section 8.2, we
can take a specific model for it: We define Un to be the union of standard
circles L1, . . . , Ln in the (x, y)-plane, each of diameter 0.5, centered at the
first n integer lattice points along the x-axis, and such that R−(PUn) ∩ Li =

Li∩{x ≤ i}. Furthermore, we suppose that the component L1 of the unlink
Un is marked (in addition to being decorated), and denote it by a dot on
the component itself.

The morphisms are all cobordisms in S3 × I generated by

• Ve
n (n ≥ 1), the cobordism from (Un, PUn) to (Un+1, PUn+1) obtained by

stacking horizontally the cobordism V in Figure 6.1 and the identity
cobordism of (Un−1, PUn−1). Note that the marked components are in
the V part of the cobordism.

• Λe
n (n ≥ 2), the cobordism from (Un, PUn) to (Un−1, PUn−1) obtained by

stacking horizontally the cobordism Λ in Figure 6.1 and the identity
cobordism of (Un−2, PUn−2). Note that the marked components are in
the Λ part of the cobordism.

• IXe
i,n (for 2 ≤ i ≤ n − 1 and n ≥ 3), obtained by swapping the i-

th and the (i + 1)-th component of (Un, PUn). Note that the marked
components are on the first component of the cobordism, and that
therefore the marked component cannot be swapped.

• IVe
n (n ≥ 2), the cobordism from (Un, PUn) to (Un+1, PUn+1) obtained

by stacking horizontally an identity cobordism I between the marked
components, the cobordism V and, finally, identity cobordisms on
the last n− 2 components.

199



• IΛe
n (n ≥ 3), the cobordism from (Un, PUn) to (Un−1, PUn−1) obtained

by stacking horizontally an identity cobordism I between the marked
components, the cobordism Λ and, finally, identity cobordisms on
the last n− 3 components.

The above cobordisms are represented in Figure 6.3.

Our aim is to describe the TQFT

HFL: EmbCob* −−−→ VectF2 .

To do so, we need to deal with some technicalities due to the fact that link
Floer homology does not naturally arise as an invariant of a marked link.
For this reason, we now explain how marking a component of (Un, PUn)

gives an isomorphism

ψUn : HFL(Un, PUn)
'−−−−→ V ⊗(n−1). (6.4)

Note that a sutured Heegaard diagram for the unknot in S3 is given by
(A, ∅, ∅), where A is an annulus. We can construct a (sutured) Heegaard
diagram for (Un, PUn) by taking n copies of this Heegaard diagram (each
one associated to a link component), and by connecting the first annulus
(i.e., the one that corresponds to the marked component) to all the other
annuli with tubes. Each tube contains a homotopically non-trivial α-curve
and a homotopically non-trivial β-curve that intersect in two points, which
we call B and T (for bottom-graded and top-graded). Then we have an
isomorphism

ψUn : HFL(Un, PUn)
'−−−−→ V2 ⊗ . . .⊗ Vn,

where by Vi we mean the vector space V = F2〈B, T 〉 associated to the tube
connecting the first component to the i-th component. As usual,B denotes
an element in homological grading −1/2, and T denotes an element in
homological grading 1/2.
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FVe1
: F2→ V

1 7→ B

FΛe2
: V → F2
T 7→ 1
B 7→ 0

FIXe2,3
: V ⊗ V → V ⊗ V
a⊗ b 7→ b⊗ a

FIVe2
: V → V ⊗ V
T 7→ T ⊗B + B ⊗ T
B 7→ B ⊗B

FIΛe3
: V ⊗ V → V
T ⊗ T 7→ T
T ⊗B 7→ B
B ⊗ T 7→ B
B ⊗B 7→ 0

− +

− +− +

− +− +

− +

− + − + − +

− + − + − +

− +

− +− +− +

− +

− +− +

− +− +

− +

Figure 6.3: The figure shows the cobordisms Ve
1, Λe

2, IXe
2,3, IVe

2 and IΛe
3 in the category

EmbCob* (represented following the conventions explained in Figure 5.10), and the
maps they induce via the TQFT HFL. Note that the marked component allows us to
choose a canonical identification ψUn : HFL(Un, PUn)→ V ⊗(n−1).
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Having set the isomorphism in Equation (6.4), our next aim is to under-
stand the cobordism maps induced by the generators of EmbCob* with
respect to the standard basis consisting of elements of the form

v2 ⊗ · · · ⊗ vn,

where vi ∈ {B, T} for every i ∈ {2, . . . , n}.

THE COBORDISM Ve
n

This cobordism is the disjoint union of the cobordism V and the identity
cobordism I⊗(n−1) = idUn−1 . Consider a framed pair of arcs A such that the
arc in V is close to the surface and its endpoints are close to the marked
component of the link. Then by, Corollary 6.9, there are isomorphisms

ϕUn : HFL(Un, PUn)→ F2 ⊗ V ⊗(n−2) ⊗ V, and

ϕUn+1 : HFL(Un+1, PUn+1)→ V ⊗ V ⊗(n−2) ⊗ V

such that the cobordism map can be easily expressed with respect to these
isomorphisms as in Theorem 6.14. However, ϕUn and ϕUn+1 are not the
isomorphisms ψUn and ψUn+1 given in Equation (6.4) for decorated unlinks
with a marked component.

Choose Heegaard diagrams giving the splittings ϕUn and ϕUn+1 above.
Since one of the two points in A(0) and A(1) is close to the marked compo-
nent, the connecting tube (to which the last V factor is associated) can be
supposed to connect the first (i.e., the marked) component of the unlink to
a Heegaard diagram for (Un−1, PUn−1) or (Un, PUn). It follows that we can
change the given Heegaard diagrams for Un and Un+1, which we denote
byH, to the standard onesHstd that give the isomorphisms ψUn and ψUn+1

in such a way that the naturality map affects only the last factors V ⊗(n−2)

and V .

Therefore, the following diagram commutes.

202



HFL(Un, PUn) F2 ⊗ V ⊗(n−1)

HFL(Un, PUn) F2 ⊗
(
V ⊗(n−2) ⊗ V

)

HFL(Un+1, PUn+1) V ⊗
(
V ⊗(n−2) ⊗ V

)

HFL(Un+1, PUn+1) V ⊗ V ⊗(n−1),

ψUn

ϕUn

ϕUn+1

ψUn+1

id

FVe
n

id

idF2 ⊗FHstd,H

FV ⊗ idV⊗(n−2) ⊗ idV

idV ⊗F−1
Hstd,H

Then we see that the map FVen with respect to ψUn and ψUn+1 is

FVen :F2 ⊗ V ⊗(n−1)−−−→V ⊗ V ⊗(n−1).

1⊗ ∗ 7−−−→ B ⊗ ∗

THE COBORDISM Λe
n

This cobordism is the disjoint union of the merge cobordism Λ as in Fig-
ure 6.1, from the first two components of Un to the first component of Un−1,
and the identity cobordism on the last n− 2 components. By arguing as in
the case of Ve

n, we see that the map FΛen with respect to ψUn and ψUn−1 is

FΛen :V ⊗ V ⊗(n−2)−−−→F2 ⊗ V ⊗(n−2).

T ⊗ ∗ 7−−−→ 1⊗ ∗
B ⊗ ∗ 7−−−→ 0

THE COBORDISM IXe
i,n

The effect of the cobordism IXe
i,n on the Heegaard diagram that induces the

isomorphism ψUn in Equation (6.4) is a swap between the two (unmarked)
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components i and i+ 1. The map on HFL is therefore

FIXei,n
:V ⊗(i−2) ⊗ V ⊗ V ⊗ V ⊗(n−i−1)−−−→V ⊗(i−2) ⊗ V ⊗ V ⊗ V ⊗(n−i−1).

∗ ⊗ a⊗ b⊗ ∗ 7−−−→ ∗ ⊗ b⊗ a⊗ ∗

THE COBORDISM IVe
n

We now turn our attention to the cobordism IVe
n. By Theorem 6.14, and

arguing as in the case of Ve
n, we can restrict to the case n = 2. Then we can

split the cobordism IVe
2 as the disjoint union of the identity cobordism I

and the split cobordism V from Figure 6.1. By Theorem 6.14, we have
isomorphisms

ϕU2 : HFL(U2, PU2)→ F2 ⊗ F2 ⊗ V, and

ϕU3 : HFL(U3, PU3)→ F2 ⊗ V ⊗ V,

such that the map FIVe2
under these identifications is as follows:

FIVe2
:F2 ⊗ F2 ⊗ V −−−→F2 ⊗ V ⊗ V.

1⊗ 1⊗ T 7−−−→ 1⊗B ⊗ T
1⊗ 1⊗B 7−−−→ 1⊗B ⊗B

Recall that we are however interested in writing the map with respect to
the identifications in Equation (6.4). Notice that the map

ϕU2 ◦ ψ−1
U2

: V → F2 ⊗ F2 ⊗ V

is clear because it preserves the grading. We can therefore identify

HFL(U2, PU2)
∼= V ∼= F2 ⊗ F2 ⊗ V.
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We need to understand ψU3 ◦ FIVe2
(T ) and ψU3 ◦ FIVe2

(B). Notice that ϕU3 ◦
FIVe2

(B) is the unique bottom-graded element of F2 ⊗ V ⊗ V , therefore we
deduce that

ψU3 ◦ FIVe2
(B) = B ⊗B ∈ V ⊗ V.

On the other hand, T is mapped to one of the three middle-graded ho-
mogeneous elements of F2 ⊗ V ⊗ V , so ψU3 ◦ FIVe2

(T ) is also one of the
middle-graded homogeneous elements: T ⊗ B, B ⊗ T , or T ⊗ B + B ⊗ T .
If we consider the composition of cobordisms IXe

2,3 ◦ IVe
2, we obtain the

cobordism IVe
2 with different decorations, which by Remark 6.5 and Theo-

rem 6.14 induces the same map as IVe
2 on HFL. Therefore, we have that

the map ψU3 ◦FIVe2
is invariant under swap. In the end, the map associated

to FIVen with respect to the identifications in Equation (6.4) is

FIVen :V ⊗ V ⊗(n−2)−−−→ V ⊗2 ⊗ V ⊗(n−2).

T ⊗ ∗ 7−−−→ (T ⊗B +B ⊗ T )⊗ ∗
B ⊗ ∗ 7−−−→ (B ⊗B)⊗ ∗

THE COBORDISM IΛe
n

The last case that we have to study is the cobordism IΛe
n. As in the case of

IVe
n, we can restrict our attention to IΛe

3.

By Theorem 6.14, we have isomorphisms ϕU2 and ϕU3 such that the map
FIΛe3

under these identifications is as follows:

FIΛe3
:F2 ⊗ V ⊗ V −−−→F2 ⊗ F2 ⊗ V.

1⊗ T ⊗ T 7−−−→ 1⊗ 1⊗ T
1⊗ T ⊗B 7−−−→ 1⊗ 1⊗B
1⊗B ⊗ T 7−−−→ 0

1⊗B ⊗B 7−−−→ 0
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As in the case of IVe
2, we need to understand this map with respect to the

isomorphisms given by Equation (6.4). By the fact that IΛe
3 ◦ IXe

2,3 is the
cobordism IΛe

3 (with different decorations) and by Remark 6.5, we know
that the map FIΛe3

with respect to such identifications is invariant under
swaps. Since we know that there is a unique middle-graded homogeneous
element of V ⊗2 that is in the kernel of FIΛe3

, and since ker(FIΛe3
) is invariant

under swaps, we deduce that such an element is T ⊗B+B⊗T . Therefore,
the map FIΛen with respect to the identifications in Equation (6.4) is given
by

FIΛen :V ⊗2 ⊗ V ⊗(n−3)−−−→V ⊗ V ⊗(n−3).

(T ⊗ T )⊗ ∗ 7−−−→ T ⊗ ∗
(T ⊗B)⊗ ∗ 7−−−→ B ⊗ ∗
(B ⊗ T )⊗ ∗ 7−−−→ B ⊗ ∗
(B ⊗B)⊗ ∗ 7−−−→ 0

Remark 6.17. The results above completely determine the TQFT HFL. This
is expressed in a concise form in Figure 6.3.

6.3.2 THE CATEGORY OF MARKED ABSTRACT COBORDISMS AND THE RE-
DUCED KHOVANOV TQFT

We now compare the TQFT HFL from Section 6.3.1 with another TQFT
from a category of marked cobordisms, namely the reduced Khovanov
TQFT, which gives rise to the reduced Khovanov homology of a marked
link. We start with the following definition.

Definition 6.18 (Juhász-M.32). The category of marked abstract cobordisms
AbsCob* is defined as follows. The objects are closed 1-manifolds with
a marked component, which we will denote by a dot on the component
itself. Let Un be a particular closed 1-manifold with n components; we
will suppose that each component is labelled by a number between 1 and
n, and that the marked component is the first one. Notice that any object
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of AbsCob* is diffeomorphic to some Un.

The morphisms are all abstract cobordisms between any two closed 1-
manifolds generated by

• Va
n (n ≥ 1), the cobordism from Un to Un+1 which consists of a pair-

of-pants between the first component of Un and the first two com-
ponents of Un+1, and, for each i > 1, of a cylinder between the i-th
component of Un and the (i + 1)-th component of Un+1. Notice that
the marked components of Un and Un+1 are both contained in the
pair-of-pants.

• Λa
n (n ≥ 2), the cobordism from Un to Un−1 which consists of a pair-

of-pants between the first two components of Un and the first com-
ponent of Un−1, and, for each i > 2, of a cylinder between the i-th
component of Un and the (i − 1)-th component of Un−1. Notice that
the marked components of Un and Un−1 are both contained in the
pair-of-pants.

• IXa
i,n (for 2 ≤ i ≤ n−1 and n ≥ 3), obtained by swapping the i-th and

the (i + 1)-th component of Un. Notice that the marked components
are on the first I component of the cobordism, and that therefore the
marked component cannot be swapped.

• IVa
n (n ≥ 2), the cobordism from Un to Un+1 which consists of a pair-

of-pants between the second component of Un and the second and
the third components of Un+1, and of cylinders between all the other
components. The marked components of Un and Un+1 are connected
by a cylinder.

• IΛa
n (n ≥ 3), the cobordism from Un to Un−1 which consists of a pair-

of-pants between the second and the third components of Un and the
second component of Un−1, and of cylinders between all the other
components. The marked components of Un and Un−1 are connected
by a cylinder.

The above cobordisms are represented in Figure 6.4.
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FVa1
: F2→ V

1 7→ B

FΛa2
: V → F2
T 7→ 1
B 7→ 0

FIXa2,3
: V ⊗ V → V ⊗ V
a⊗ b 7→ b⊗ a

FIVa2
: V → V ⊗ V
T 7→ T ⊗B + B ⊗ T
B 7→ B ⊗B

FIΛa3
: V ⊗ V → V
T ⊗ T 7→ T
T ⊗B 7→ B
B ⊗ T 7→ B
B ⊗B 7→ 0

Figure 6.4: The figure shows the cobordisms Va
1 , Λa

2 , IXa
2,3, IVa

2 and IΛa
3 in the category

AbsCob* and the maps they induce via the reduced Khovanov TQFT K̃h. Note that the
marked component gives a canonical identification K̃h(Un) = V ⊗(n−1).
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Definition 6.19. Let

Ob: EmbCob*→ AbsCob*,

be the forgetful functor such that on the objects Ob(Un, PUn) = Un, and on
the cobordisms it simply forgets all the decorations and the embedding.

Definition 6.20. The reduced Khovanov TQFT is the functor

K̃h : AbsCob*→ VectF2

such that on the objects K̃h(Un) = V ⊗(n−1), where each V factor should
be thought of as associated to an unmarked component, and on the mor-
phisms it is defined as in Figure 6.4.

The main result of the section is expressed in the following theorem.

Theorem 6.21 (Juhász-M.32). There is a commutative triangle of functors

EmbCob* VectF2

AbsCob*

HFL

Ob K̃h

Proof. We have by definition

HFL(Un, PUn) ∼= V ⊗(n−1) = K̃h(Un) = K̃h (Ob (Un, PUn)) .

The commutativity of the triangle on the morphisms can be checked just
on the generators of the morphisms. This is achieved by comparing Fig-
ures 6.3 and 6.4.

As a consequence of Theorem 6.21, we note that the reduced Khovanov ho-
mology of L can be computed by using the HFL TQFT. In order to prove it,
we need to quickly recall the definition of (reduced) Khovanov homology.
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Definition 6.22. Let L be a marked link in S3, and let D be a marked dia-
gram for L. A resolution of D is a map u from the set of crossings of D to
{0, 1}.

Given a resolution u, we denote by Lu the marked unlink obtained by
smoothing each crossing according to the conventions in Figure 5.6. We
will also call Lu a resolution.

If u and v are two resolutions of D, we say that u l v if v is obtained by
changing the value of a single crossing of u from 0 to 1.

We denote the number of 1’s in the resolution u by |u|.

Definition 6.23. If u l v, then Lv is obtained from Lu by a pair-of-pants
cobordism. We denote it by Gu,v.

We say that the family of all resolutions Lu together with the cobordisms
Gu,v such that ul v is a cube of resolutions for the marked diagram D.

Given a TQFT
K̃h : AbsCob*→ VectF2 ,

we define the reduced Khovanov homology of any link as follows.

Definition 6.24. Let D be a marked diagram for a marked link L in S3. Its
reduced Khovanov homology K̃h(L) is the (co-)homology of the complex(⊕

i∈Z

Ci, d

)
,

where we set
Ci :=

⊕
|u|=i

K̃h(Lu)

and
d|K̃h(Lu) :=

∑
ulv

K̃h(Gu,v).

Since the definition of reduced Khovanov homology is completely deter-
mined by the TQFT K̃h, we have the following corollary of Theorem 6.21.
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Corollary 6.25 (Juhász-M.32). The reduced Khovanov homology of a marked
link L (with F2 coefficients) can be computed by applying the TQFT HFL to a
cube of resolutions of L.

6.4 ON THE RELATION BETWEEN K̃h AND HFL

Although the relation between HFL and K̃h proven in Theorem 6.21 is far
from an answer to Conjecture 6.1, there is still a connection between them,
which we point out in this final section.

As mentioned at the beginning of this chapter, Kronheimer and Mrowka41

proved the existence of a spectral sequence

K̃h(K)⇒ KHI(K).

We now outline the strategy of their proof:

1. They define a singular instanton homology for links I\(L), which co-
incides with KHI(L) whenL is a knot, and which restricts to a functor
EmbCob*→ VectF2 which fits a triangle as in Theorem 6.21;

2. Given a diagramD for a link L, they construct the cube of resolutions
of D, and associate I\(Lu) to each vertex/resolution, and I\(Gu,v) to
each edge/cobordism. Since I\ restricted to EmbCob* fits a triangle
as in Theorem 6.21, the homology of the complex that they obtain
from the cube of resolution is the reduced Khovanov homology of
(the mirror image of) L;

3. They introduce higher differentials in the complex, and, by a map-
ping cone argument, they show that the total homology of the com-
plex is isomorphic to I\(L). Since for knots I\ coincides with KHI, the
result is established.

Inspired by Kronheimer and Mrowka, one could try to prove the existence
of a spectral sequence from K̃h(K) to ĤFK(K) by using the same strategy
as above with HFL in place of I\. Note that HFL coincides with ĤFK on
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knots by definition. Theorem 6.21 implies that points 1 and 2 hold unaf-
fected also in the case of HFL. However, point 3 is false for HFL, because
the mapping cone argument breaks already in the most elementary case.
This elementary case would be an unoriented exact triangle involving HFL

of three links L0, L and L1 that locally look as in Figure 5.6. However, there
are counterexamples to such a triangle. It is noteworthy that Manolescu46

proved a stabilised version of the aforementioned exact triangle, which is
not enough to prove Conjecture 6.1.

In order to make Kronheimer and Mrowka’s proof work for ĤFK, one
would need an invariant H̃FL for links such that:

1. H̃FL agrees with HFL on EmbCob*;

2. for every knot K in S3, H̃FL(K) ∼= ĤFK(K); and

3. H̃FL satisfies an unoriented exact triangle.

Lastly, I would like to mention that Baldwin, Levine, and Sarkar6 pro-
posed a different strategy to tackle the question about the relation between
HFL and K̃h. Instead of trying to define a suitable variation of link Floer
homology, they define a multi-pointed variation of reduced Khovanov ho-
mology. The goal of their programme would not be a spectral sequence
from K̃h(K) to ĤFK(K), but between equally stabilised versions, which
would anyway give a rank inequality

dimF2(K̃h(K)) ≥ dimF2(ĤFK(K))

for all knots K in S3.
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