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Abstract

“L’odore delle case det vecchi.”

Jep Gambardella

The aim of this thesis is to investigate two questions which naturally arise
in the context of the classification of algebraic varieties.

The first project concerns the structure of Mori fibre spaces: these ob-
jects naturally appear in the birational classification of higher dimensional
varieties and the minimal model program. We ask which Fano varieties can
appear as a fibre of a Mori fibre space and introduce the notion of fibre-
likeness to study this property. This turns out to be a rather restrictive
condition: in order to detect this property, we obtain two criteria (one suf-
ficient and one necessary), which turn into a characterisation in the rigid
case. Many applications are discussed and the basis for the classification of
fibre-like Fano varieties is presented.

In the second part of the thesis, an effective version of Matsusaka’s the-
orem for arbitrary smooth algebraic surfaces in positive characteristic is
provided: this gives an effective bound on the multiple which makes an am-
ple line bundle D very ample. A careful study of pathological surfaces is
presented here in order to bypass the classical cohomological approach. As
a consequence, we obtain a Kawamata-Viehweg-type vanishing theorem for

arbitrary smooth algebraic surfaces in positive characteristic.
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1 Introduction

1.1 Motivation: classification and structure

1.1.1 Some history: classification of algebraic varieties and

minimal model program

Classification is a central problem in all natural sciences: sorting the ob-
jects of study according to their essential properties is fundamental not only
for the full understanding of a natural phenomenon but also in order to
facilitate effective communication within the scientific community. As Lin-
naeus started the complete classification for biological sciences during the
18th century, the Italian school of algebraic geometry (1885-1935) laid the
foundations for the classification of algebraic varieties.

Although the classification of complex algebraic varieties in dimension one
and two was essentially understood at that time, the problem in arbitrary di-
mension was first successfully attacked only in the 80’s: Mori’s breakthrough
and the revolutionary works by Kawamata and Shokurov put the basis of
modern complex birational geometry. In that period the minimal model pro-
gram (or MMP) was introduced: conjecturally, one should be able to find
(at least) one good representative in every birational class of varieties whose
geometric structure is the easiest possible. Although the MMP in dimension
three was completely established, this conjecture is still open in arbitrary
dimension. There exist an interesting class of varieties, which are covered by

rational curves: if we run an MMP for these uniruled varieties, there are no
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chances of remaining within the same birational class. Nonetheless, we come
up with a variety with a very easy geometric structure: a fibration over a
lower dimensional variety, whose fibres are Fano varieties, i.e. varieties with
ample anticanonical bundle. These fibrations are called Mori fibre spaces
(or MFSs) and play a central role in the classification.

The picture for algebraic varieties over an algebraically closed field in pos-
itive characteristic is still quite mysterious and this area of research has been
developed only for few years. Even for surfaces the picture is not completely
clear, since many techniques in complex birational geometry heavily rely
on Kodaira-type vanishing theorems, which are known to fail in positive

characteristic.

1.1.2 Geography of Mori fibre spaces and Fano varieties

After the seminal work | |, it is clear that running an MMP on a
uniruled variety, with reasonable singularities, always gives a MFS as end
product. Furthermore, | | and | | completely understood (for
threefolds and in arbitrary dimension respectively) how distinct but bira-
tionally equivalent MFSs are related one another (the so called Sarkisov
program).

Another fascinating research line is more focused on the explicit geometry
in low dimension, particularly of threefold MFSs (cf. | D-

Always in the stream of explicit algebraic geometry, an interesting class of
algebraic variety has been extensively studied for the last decades: toric
varieties. These objects have the big advantage of having a very explicit
combinatorial description which makes them particularly suitable for com-
putations, also and especially via computer algebra softwares (cf. | |
and | |). Toric Fano varieties play also an essential role in higher dimen-
sional algebraic geometry: they are used in order to test general conjectures

on arbitrary Fano varieties.
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Fano varieties, which can be considered as the elementary structural pieces
of uniruled varieties, are themselves object of research worldwide. In par-
ticular, several notions of stability for Fano varieties have been developed in
these years both from the algebro-geometric and the differential-geometric
point of view: the recent works by Chen, Donaldson and Sun and Tian
(cf. | | and | |) have proven an important open conjecture relat-
ing the notion of K-stability with the existence of Kéhler-Einstein metrics
on smooth Fano varieties. Nonetheless, K-stability remains a rather mys-
terious notion from the algebro-geometric side and the picture is not even
completely clear for threefolds (cf. | D).

Extending the classification results and the study of Fano varieties in
positive characteristic is another very active research field. The lack of many
characteristic-zero technical tools makes this field extremely challenging and

appealing for young algebraic geometers (cf. | I, | | and | D).

1.1.3 Surfaces in positive characteristic

Although the MMP for surfaces in positive characteristic has been recently
established, thanks to the work of Tanaka (cf. | |, | |), many inter-
esting effectivity questions remain open in this setting, after the influential

papers of Ekedahl and Shepherd-Barron (cf. | | and | ).

Conjecture 1.1 (Fujita). Let L be an ample divisor on a smooth variety X
of dimension n. Then Kx + (n+ 1)L is base point free and Kx + (n+ 2)L

1s very ample.

Even in characteristic zero, this conjecture remains open for dimension
bigger than two. In positive characteristic, even the two-dimensional case is
not complete.

The classical proof of this conjecture for smooth surfaces relies on Reider’s

theorem, which is proved to hold only on non-pathological surfaces in posi-
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tive characteristic (cf. Definition 3.17 and | D-

1.2 Contributions and publications

In this thesis, some of the results I obtained during my PhD studies are
discussed.

Original results in Chapter 2 are marked with © and have been obtained
in collaborations with Dr Giulio Codogni (Roma Tre), Dr Roberto Svaldi
(MIT) and Dr Luca Tasin (Bonn). Many of them can be found in the paper
[ |, to appear in IMRN.

New results in Chapter 3, marked with #, have been obtained in collab-
orations with Dr Gabriele Di Cerbo (Columbia) and they can found in the
paper | |, to appear in Algebra and Number Theory.

Some results which appear in this thesis are classically known and I could

not find precise attribution. In this case, they are marked with ¥.
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2 Geography of Mori fibre spaces

2.1 Introduction

In this chapter we investigate the geography of Mori fibre spaces (see Defini-
tion 2.21): these objects naturally appear in the context of the classification
of complex algebraic varieties in arbitrary dimension and they have been
extensively studied in the last decades. It is expected that every variety
with mild singularities which has negative Kodaira dimension is birational
to a Mori fibre space: this would reduce the birational classification of these
varieties to the classification of Mori fibre spaces.

All varieties involved in this chapter are defined over the com-
plex field, with the only exceptions of Subsections 2.3.3 and 2.4.6,
where varieties are defined over an algebraically closed field of

arbitrary characteristic.

Ruled surfaces

Many problems concerning the classification of Mori fibre spaces already
appear in the smooth two-dimensional case, so let us focus for a bit on few
phenomena appearing in this setting.

It is well known that a smooth surface S with x(S) = —oo is birational to a

(relatively minimal) ruled surface (cf. | , Chapter 13]).

Problem 2.1. There exist many ruled surfaces within a fixed birational class

of smooth surfaces with negative Kodaira dimension. This can be easily seen
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via elementary transformations: start with a relatively minimal ruled surface
m1: S1 — C, blow up a point x and contract the strict transform of the fibre
containing = (cf. [ , Exzample V.5.7.1]) to obtain a new ruled surface

mo: So — C which is birational but not isomorphic to S,

F

5 / \ s,
e

E

\
S~

9]

Figure 2.1: Elementary transformation between ruled surfaces

The previous example shows we can have many minimal models for a

smooth surface with negative Kodaira dimension.

Problem 2.2. Start with S := P! x C with C smooth curve. Then one can
perform a finite number of elementary transformations to obtain a new ruled
surface birational to S: this gives infinitely many relatively minimal ruled

surfaces in the same birational class of S.

Actually one can prove that all ruled surfaces can be obtained this way (cf.
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| ]): think of the Hirzebruch surfaces Fy, := P(Op1 @ Op1(—n)) — P!,
which can be constructed from P' x P! via a sequence of n elementary
transformations (cf. | , Lemma 12.6]).

Let us change our point of view and focus on the minimal model program
for surfaces: if our ultimate goal is to classify surfaces with negative Kodaira
dimension, we can run an MMP on S and end up with a (relatively minimal)
ruled surface or P2
One can ask how two minimal models Syin1 and Spn2 within a fixed
birational class are related one another. The answer is classical in this case
(the so called Castelnuovo-Noether theorem): Spin1 and Spin.2 are related
by a composition of very easy birational maps of the following form (cf.

[ , Theorem 1-8-8]).

{pt} <— P! P! — {pt}
(1) (1) (111)
P! x P! = P! x Pl
! :

(V)

These birational maps are called Sarkisov links: note that the type-(11)
link is simply an elementary transformation described in Problem 2.1. This

gives a complete picture in the smooth two-dimensional case.
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Problems 2.1 and 2.2 appear, as one can expect, also in higher dimen-
sion: they are aspects of the the so-called Sarkisov problem, which has been
completely established by | | in dimension three and by | | in

arbitrary dimension.

The fibres of Mori fibre spaces: a preliminary discussion

Let us now focus on the fibres of Mori fibre spaces: since the only smooth
curve with negative canonical divisor is P!, there are no structural questions
regarding them for two-dimensional Mori fibre spaces. Nonetheless, moving
to higher dimension (even for threefolds), it is not clear which smooth Fano
varieties (i.e. varieties with anti-ample canonical divisor) can appear as
fibres of a Mori fibre space.

In order to fix the ideas, let us start with a rough question which will lead
our introductory discussion (it was first asked during the Pragmatic 2013

conference in Catania).

Question 2.3. Which smooth Fano varieties can be realised as a general

fibre of a Mori fibre space?
Let us start with some easy examples.

Example 2.4. o Fwery Fano variety F' with minimal Picard rank p(F) =
1 has a trivial structure of Mori fibre space over the point, so Question

2.3 is interesting only for higher Picard rank.

o Consider the easiest nontrivial example: F = P' x P'. There is a very
nice way to obtain a Mori fibre space with gemeric fibre isomorphic
to F: just consider, in the product P> x P!, the ample linear system

L:=0(2,1). Let X be a general (smooth) element of L and consider
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the restriction f of the second projection mo to X :

X ——=P3 x P!

| A

Pl

It is clear that the generic fibre of f is isomorphic to F (which de-
generates to a cone P(1,1,2) in finitely many points). To show that
f: X = P! is a Mori fibre space, we need to compute the relative Pi-
card rank of f: this is easy, using Lefschetz hyperplane theorem (cf.
/ , Example 3.1.25]), which guarantees that p(X) = 2. This is

enough to conclude that f is a Mori fibre space.

The second natural example to consider would be the first Hirzebruch
surface F1, which is isomorphic to P2 blown up in one point. Despite P! x P!,
it cannot be realised as an ample hypersurface or complete intersection in
a projective space, so we are unable to perform the same construction as
before. Indeed, no smooth 3-dimensional Mori fibre space over a curve has
[F, as general fibre, as the following result due to Mori states (cf. |

Theorem 3.5]).

)

Theorem 2.5 (Mori ( = Theorem 2.54)). Let X be a nonsingular threefold,
let R be an extremal ray which is numerically effective and fr: X — Y
the associated extremal contraction. Then Y 1is nonsingular and, assuming

dimY =1, the generic fibre of f is a nonsingular del Pezzo surface S, with

S % S7,5s.

The non-admissible del Pezzo fibres are precisely P2 blown up in one or two
points. This result raises many other questions, even in the two-dimensional

case. First, we would like to see some explicit examples.

Question 2.6. Can one methodically construct examples of Mori fibre spaces

with assigned general fibre, generalising the construction in Example 2.7

20



For instance, one could consider divisors of the form O(3,1) in P? x P! to
obtain, as in Example 2.4, a Mori fibre space with cubic fibres S3. However,
cubic surfaces have nontrivial deformations and the obtained fibration will
not be isotrivial. This example is relevant in order to study the geography
of Mori fibre spaces, so we need to refine our notion of general fibre: this
will be extensively discussed in Subsection 2.2.3.

Since Theorem 2.5 only deals with threefold, one could ask what happens

in higher dimension.

Question 2.7. Does a higher dimensional Mori fibre space which has S7 or

Ss as general fibre exist?

Furthermore, working in the context of the minimal model program, one

should deal with mild singularities.

Question 2.8. What is the picture allowing varieties to be Q-factorial with

(log-)terminal singularities?

The project: towards the classification of fibre-like Fano varieties

In order to give an idea of our methods, we will focus on the smooth case: so
in this subsection we will limitate ourselves to Mori fibre spaces f: X — Y
with X and Y smooth and the fibration f smooth too. Classical results
in differential topology guarantee the existence of an Zariski open dense
subset U}Op over which all the fibre are smooth and the fibration is locally
topologically trivial (this is Sard’s Theorem combined with Ehresmann’s

Theorem).

Definition 2.9. Let f: X — Y be a Mori fibre space with X and Y smooth
varieties. The open dense subset U}Op C Y is defined as the maximal Zariski
open set for which f|f,1(U;op) : ffl(UJtcOp) — U;Op is locally topologically

trivial.
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The question we will address to is the following (a first refined version of

Question 2.3).

Question 2.10. Let F' be a smooth Fano variety. Does it exist a Mori fibre
space f: X — Y such that F is isomorphic to a fibre of f over the open

dense subset U;Op cY?

This question can be further refined allowing singularities: a new open

dense subset of the base denoted by U will appear.

Definition 2.11 ((= Definition 2.39)). A Fano variety is fibre-like if can be

realised as a fibre of a Mori fibre space f: X —Y over Uy.

The ultimate goal of this huge project would be to classify Q-factorial
Fano variety with terminal singularities (or at least smooth). What makes
this project ambitious but accessible is the restrictiveness of the fibre-like
condition for a Fano varieties, which will be clear in the following sections.

The aim of this chapter is to give a precise account on the state of this
project: many interesting questions have been answered via a rather general
approach. After a preliminary part (cf. Section 2.2) in which the general
notation of the minimal model program is briefly introduced, two criteria
(one sufficient and one necessary) detecting the fibre-likeness are discussed

in Section 3.3.
Theorem 2.12 (O (= Theorems 2.40, 2.42 and 2.43)).

Sufficient criterion: A Fano variety F such that

dimNS(F)p"" =1

is fibre-like.
Moreover, an explicit construction of an isotrivial MFS over a curve

s provided.
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Necessary criterion: A Fano variety F' for which

dimNS(F)y ") > 1,
where Mon(F) is the mazimal subgroup of GL(NS(F'),Z) which pre-
serves the birational data of F' (cf. Definition 2.34), is not fibre-like.

Characterisation for rigid varieties: Assume that the Fano variety F is rigid.

Then the sufficient criterion is a characterisation.

The main idea of our approach is to look at the monodromy action in the
special case of Mori fibre spaces: being a fibre of such a morphism imposes
very strict constraints on its birational geometry (cf. Subsections 2.3.2).
In Subsection 2.3.3 we start investigating a purely algebraic approach to
the problem, which allows us to obtain some new results also in positive
characteristic.

Section 2.4 is devoted to the main applications of our methods: smooth
surfaces and threefolds (cf. Subsections 2.4.1 and 2.4.3), passing through a
very general construction of Mori fibre spaces via complete intersections in
toric varieties which provides a huge number of fibre-like Fano varieties (cf.

Subsection 2.4.2).
Theorem 2.13 (O (= Theorems 2.54 and 2.67)).

Surfaces: A smooth del Pezzo surface is fibre-like if and only if it is not

isomorphic to P2 blown up in one or two points.

Threefolds: A smooth Fano threefold I, with Picard rank bigger then one is
fibre-like if and only if its deformation type is one of the eight classes
appearing in Table 2.1.

Theorem 2.14 (O (= Theorem 2.62)). Let F' be a smooth Fano variety

and let Z be a smooth projective variety. Assume that L;, 1 > i > k are
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basepoint-free effective Cartier divisors on Z and that F is defined as a
complete intersection of the L;’s in Z.
Let I the incidence variety in Z x |Lyi| X -+ - |Lg|. Assume the existence of
a finite cyclic subgroup G in Aut(Z) which is fix-point-free in codimension
one and whose action can be lifted to I. Moreover, assume that G does not
preserve F. If
dimNS(2)§ =1,

then F is fibre-like.

In arbitrary dimension, we can provide a complete picture for homoge-
neous spaces in Subsection 2.4.4 and partial results on smooth toric vari-
eties are presented in Subsection 2.4.5, together with the full classification
of smooth toric fibre-like Fano varieties up to dimension eight (an attempt
to a rigorous classification for smooth toric fibre-like Fano varieties is dis-
cussed too). Always in the toric case, an interesting connection between

fibre-likeness and K-stability is proved.

Theorem 2.15 (O (= Theorem 2.85)). Let F(A) be a smooth toric fibre-
like Fano variety, with associated polytope . Then A has barycentre in the

origin and, as a consequence, F' is K-stable.

The last application is for singular del Pezzo in arbitrary characteristic

(cf. Subsection 2.4.6).

2.2 Preliminaries

2.2.1 Some basic notation

In this subsection, we recall some standard notation which will be used in

this chapter.

Notation 2.16. By a variety X we mean an integral separated scheme of
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finite type over a field k. Unless otherwise specified we work over the field
of complex numbers.

We denote by NS(X)q the group of Cartier divisors of X modulo numerical
equivalence, tensored by Q. Dually, we denote by N1(X)q the group of curves
of X modulo numerical equivalence, tensored by Q.

In the relative setting, for a projective morphism of varieties f: X — Y,
we denote by N1(X/Y )q the subspace of N1(X)q generated by curves that
are mapped to a point and its dual NS(X/Y)qg.

In the theory of classification in higher dimension, (mild) singularities
naturally appear. We need to recall here some definitions. For the general

notation about singularities, see | ].

Definition 2.17. A normal variety Z has terminal (resp. log-terminal)

singularities if
1. Kz is Q-Cartier;
2. for every resolution of singularities r: Z — Z,
K;~Kz+» ak;
where E; are the exceptional divisors and a; > 0 (resp. a; > —1) for

all 7.

Terminal and log-terminal singularities only require the canonical divisor
to be Q-Cartier. This condition is usually not enough, for instance, to define

intersection theory on Z. This is why one needs Q-factoriality.

Definition 2.18. A normal variety Z is Q-factorial if every Weil divisor is

Q-Cartier.

Let us recall the definition of Fano varieties.
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Definition 2.19. A normal projective variety F'is said to be Fano if its anti-
canonical divisor — K is Q-Cartier and ample, i.e. there exists a sufficiently
high multiple —nKp which is Cartier and the invertible sheaf Op(—nKp)

is ample.

Let us recall the standard terminology for the type of steps of the minimal

model program (for a beautiful introduction on the ideas of the MMP, see

[ D)

Definition 2.20. Let 7: Z — Z’ be an extremal contraction (associated to

a negative ray R of the Mori cone NE(Z)). Then 7 is a

Divisorial contraction if 7 is birational and the exceptional locus is an ir-
reducible divisor and all the curves in the fibres are numerically pro-

portional, i.e. p(Z/Z") = 1;

Flipping contraction if 7 is birational, the codimension of the exceptional

locus is at least two and p(Z/Z') = 1;

Fibre-type contraction if 7 is a fibration with connected fibres and p(Z/Z") =
1.

Observe that, dually, pull-back via 7 identifies the nef cone of Z’ with a face

of the nef cone of Z.

We will be particularly interested in the fibration appearing as a fibre-type

contraction.

Definition 2.21. Let f: X — Y be a dominant projective morphism of
normal varieties. Then f is called a Mori Fibre Space (or simply MFS) if

the following conditions are satisfied:
1. f has connected fibres, with dimY < dim X;

2. X is Q-factorial with at most log-terminal singularities;
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3. the relative Picard number of f is one and —Kx is f-ample.
We will often refer to isotrivial fibrations. Let us recall here the definition.

Definition 2.22 (Isotrivial fibration). A morphism
[ X—=Y

is isotrivial if there exists an open dense subset U of Y and an étale cover

U’ — U such that X;» & Xy xy U’ is a trivial family.

2.2.2 Monodromy for Mori fibre spaces

In this subsections we recall some classic theory of monodromy, which will

form the technical core of our approach.

Notation 2.23. Our setting for this subsection will be the following. The
morphism f: X — Y will always be projective between normal varieties.

Additionally, we assume that
1. the fibres of f are connected (i.e. that f,Ox = Oy );
2. X 1s Q-factorial with log-terminal singularities;
3. —Kx 1s relatively ample over Y .

The assumption on the ampleness of —Kx implies that the general fibre is

a Fano variety.

We want to consider the monodromy action associated to the fibration f,
so we need to study some local systems on Y. Consider the sheaves R?f,Q
and R!f,G,, ® Q (their fibres on a point y € Y are H%(F,, Q) and Pic(F)g
respectively). The Fano condition on the fibres of f and the hypothesis on

the singularities of X guarantees that the first Chern class’s map

¢1: R .G, @ Q = R%£.Q (2.1)
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is an isomorphism (this is a consequence of Kawamata-Viehweg vanishing
theorem). The basic idea consists in finding an open dense subset of Y
over which all fibres are “good enough” and, in particular, R%f,Q is a local

system.

Example 2.24 (Smooth case). As a warm-up, we discuss the smooth case,

where the core idea already appears. Assuming
X and Y to be smooth,

Sard’s Theorem applies, producing an open dense subset U]f of Y over which
f is a submersion (all the fibres over U; are smooth). Ehresmann’s Theorem
(cf. | , Proposition 9.3]) implies that f is a locally topologically trivial.

We will need (a generalised version of ) a classic result by Deligne on mon-
odromy. In the smooth case, it can be easily stated. Consider the restriction

map to the fibres of the cohomology classes of the total space X :
H*(X,Q) — H(U}, R* £.Q).
One gets an isomorphism evaluating the sections at y:
HO(U}, R*£.Q) — H*(F,, Q)™ 7.
The composition gives a morphism
p: HY(X,Q) —» H*(F,, Q™7

Deligne’s Theorem (cf. [ , Theorem 16.24]) states that p is surjective

for every y € Us.

One can find a non-empty Zariski open subset of Y over which f is a

locally topologically trivial fibration also in the singular case (cf. | ,
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Corollary 5.1]).

Definition 2.25. The open dense subset of Y over which f is a locally
topologically trivial fibration will be denoted with U}Op .

Unfortunately, it is extremely hard to characterise U;Op (cf. | D).

On U;Op, the sheaf R?f,Q is a local system, a monodromy action of
71 (U™, y) on the fibre (R?f.Q), is defined and this can be easily described
(cf. | , Section 9.2.1, 15.1.1 and 15.1.2]): start with a class of a loop
in Wl(U;OP,y) and pull back X to the interval I = [0, 1] through this loop.
More explicitly, consider -, a representative of the class of the loop, defined
by : [0,1] = Y. One can perform a fibre product

y—=X

X
i s
0,1] L=V

After trivialising the family X,, a homeomorphism of F; identifies the
fibre over 0 and the fibre over 1.
In order to easily deal with terminal singularity, we need to consider an-

other (more refined) open dense subset of the base Y (cf. | | and

[ D

Theorem 2.26 (Kollar-Mori, de Fernex-Hacon). Keeping the above nota-
tion, let Uy be the open subset (possibly empty) of Y over which

1. 'Y s smooth;
2. f is flat;
8. the fibres of f are Q-factorial with terminal singularities.

Then R f.Gp, @ Q is a local system on Uy with finite monodromy action.
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Proof. The assumptions on the singularity of the fibres put us in the sit-
uation described in | , Conditions 12.2.1] (see also | , Remark
12.2.1.4]).

We define the sheaf GN''(X/Uy) as in | , Definition 12.2.4]. Like
for | , Proposition 6.5] one can see that GN'(X/U;) is isomorphic to
R'f.G,, ® Q at the general point of U ¢ (this is a consequence of Verdier’s
result and the isomorphism of the first Chern class). The following step
consists in showing the isomorphism at every point of Uy.

Although the paper | | deals with smooth curves as base space Y,

the same argument works in arbitrary dimension. O

Remark 2.27. Assumption (3) on the singularities is needed to define the
sheaf gNl(X/Uf). Nonetheless, Q-factorial singularities and smoothness
in codimension 2 is enough to prove the same result (cf. [ , Remark
12.2.1.4]).

Without this assumption, Uy may be empty. Nonetheless, the assumption
of terminality is enough to work in the context of the MMP, since this is the
mildest singularities we are forced to allow in order to make the MMP work.

About Q-factoriality of the fibres, we know that in a flat family X — B
of varieties with rational singularities and smooth in codimension 2 one can
find an open subscheme W C X parametrising Q-factorial fibres (cf. [ ,
Thm. 12.1.10]). Despite all this, even assuming the Q-factoriality of the

space X, the open W may be empty. Example 2.28 gives evidence of this.

Example 2.28. Let C be a projective curve of genus g > 1 and let C' — C
be a degree-two étale cover with associated involution t.

Consider a rank-three quadric Q inP* (this is simply a projective cone over
P! x P! via the Segre embedding). The action of the involution i switching
the factors on P* x P! lifts to an automorphism of Q (also denoted i).

Let X be Q x C' mod out by the involution (i,t) and consider the family
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X — C (all fibres are isomorphic to Q). One realises that Cl1(Q x C") has
rank three, being isomorphic to the direct sum of the class groups of QQ and
C'. The monodromy acts on X and the invariant part of the class group is
of dimension two. On the other hand, the Picard group of X has rank two,
the same as Q x C'. As a consequence, the morphism X — C' is isotrivial of

relative Picard one where X is Q-factorial but all fibres are not Q-factorial.

Let us get back to the monodromy action: Theorem 2.26 produces a new
open dense subset of the base Y denoted with Uy, which differs from U;(’p
in Definition 2.25, in general. We are here considering a monodromy action
of the fundamental group of different open subset of Y. However, given a
normal variety W and a closed subvariety Z C W, it is known that the
natural morphism m (W \ Z) — m (W) is always surjective (cf. | , 0.7
(B)])-

This tells us that when we deal with Mori fibre spaces, restricting to open
subsets of U;;Op will not affect the monodromy action on R2f,Q.

We are ready to generalise Deligne’s Theorem to NSq.

Theorem 2.29 (Deligne, Q). Keep the notation as in Theorem 2.26. Let
U = Uy be the open dense subset of Theorem 2.26 and assume it contains a

point y. Then the restriction map
. (Usy)
p: NS(X)g = NS(F,)g

is onto for every y € Uy.

Proof. First we remark that the sheaf GN'(f~1(Uy)/Uy) is a local sys-
tem on Uy whose global sections are NS(f~1(Uy)/Uf)g: this is a conse-
quence of Theorem 2.26 and | , Corollary 12.2.9]. Furthermore, gen-
eral properties of local systems (cf. | , Lemme 16.17|) guarantee that

this vector space is isomorphic to H?(F,, Q)™ Ws¥) | Finally, the Fano prop-
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erty and the assumptions on the singularities of the fibres guarantee that
H?(F,,Q)™WUs) is actually isomorphic to NS(Fy)g(Uf’y). Hence we have

an isomorphism given by the restriction to Fj,
NS(f~(U)/Up)g = NS(F)g ),
By definition of NS(f~1(Uy)/Uy)q, we have a surjective restriction map
NS(f71(Uf))g = NS(F)5 .

The Q-factoriality of X gives the surjectivity of the required restriction

map. O

2.2.3 Monodromy and MMP

This subsection provides the key application of the monodromy action for
the classification of the fibres of Mori fibre spaces: the idea consists in un-
derstanding which information of the Fano fibre Fy is preserved by the mon-
odromy. Many of the results are slight modifications or extensions of the
results in | ].

The following data is clearly preserved by the monodromy action:

e the intersection pairing (it can be seen as an action on the algebra

H*(Fy, 2));
e the canonical divisor Kp,;

e the Q-valued bilinear form b(A4, B) := (Kp,)" - A- B on NS(F,)q,

where n is the dimension of F.

o | | and | | prove that the nef cone is locally constant, as-

suming that the fibres are smooth;

32



o | , Theorem 6.8] shows that movable and pseudo effective cones

are preserved, assuming terminal Q-factorial singularities;

o | , Theorem 6.9] shows that the Mori chambers are locally con-
stant in the following cases: three-dimensional fibres; four-dimensional
and one-canonical fibres; toric fibres (in particular the nef cone is lo-

cally constant).

Remark 2.30. In [ |, the Mori chambers are showed not being pre-

served by the monodromy action in general.
Our result in this setting is the following.

Theorem 2.31 (©). Keeping the notations of Theorem 2.26 and up to
shrink Uy to a new open dense subset UJ’C of Y, the monodromy action pre-

serves Nef(Fy).

Proof. After trivialising the monodromy action via an étale cover p: V; —
Uy, we consider the quotient N1(Xvy,)/N1(Vy) =: N1(Xv,/V}) and remark
that the restriction map (with respect to fy,) to any fibre N1(Xv,/Vy)g —
Ni(Fy)q is an isomorphism.

The Fano hypothesis guarantees that the cone of curves W(va /Vy) is
rational polyhedral, generated by rays Rj,..., Ry (corresponding to classes
of a curves C}).

Kawamata’s rationality theorem implies the primitive generators of NE(Xvy, /Vy)
are integral lattice points which lie between the hyperplanes Hg = {w €
N (X/Y) | (Kx -w) =0} and Hop, = {w € Ni(X/Y) | (Kx -w) = 2m}
(m = dim X). The number of integral points in NE(Xy,/Vy)) laying be-
tween Hg and Ho,, is finite and its set is denoted with S.

Now, to any class of curves in S we can associate the following moduli
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space (quasi-projective scheme of finite type):

M= | Mor(P', Xy, /Vy, B).
BEeS
Its elements are morphisms from P! to Xv,, contracted by Xy, — V¢ and
having class belonging to §. This moduli space comes with a map to « :
M — V;. Let N be the union of irreducible components not dominating V
and let Z := w(N). Let us remark that Z is a Zariski closed set, since M is
of finite type and proper over V.

Let us define Wy := Vy \ Z and Xy, := f~1(W).

We claim that U} := p(W) is the required Zariski open set: focus on the
(rational polyhedral) cone NE(Xy, /Wy). As before, the extremal rays are
finite and their generators have bounded degree. Since every component of
M that does not belong to A/ dominates V7, then the classes generating
the extremal rays of NE(Xyw, /Wy) move over Wy. This implies that the
restriction Ni(Xw,/Wy)g — N1(Fy)q identifies NE(Xyy, /Wy) and NE(F))
(the inclusion NE(F,) C NE(Xy, /Wy) follows directly from the definition,

while the other one is a consequence of what we just said). O

Remark 2.32. Theorem 2.31 gives no clues on how to characterise this new

open set U]’c.

We will work now on the open dense subset U J’c whose existence is guar-
anteed by Theorem 2.31.

Consider an element vy € m1(U},y) and assume it exchanges two maxi-
mal faces F; and JF» of the nef cone. These faces correspond to extremal
contractions

i By — Gy,

which are associated to steps of the MMP for Fj, (cf. Subsection 2.2.1).
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The following is the key result which, combined with Theorem 2.42, will

allow us to deal, for instance, with the low dimensional cases.

Theorem 2.33 (V). Keeping the previous notation, let y € U} and assume
that the monodromy action identifies two faces F1 and Fa of the nef cone of
FE,. Then, the two maps

m: By — Gy
mo: Fy — Go

correspond to the same kind of step in the MMP.

Assuming they are both divisorial contractions, the monodromy action ex-
changes the exceptional divisors.

Furthermore, the varieties G1 and Gy (and the corresponding morphisms)

are deformation equivalent.

Proof. The proof of this result is a case-by-case analysis, depending on the
type of extremal contraction. Fix the dimension of the Fano variety dim £;,, =

n.

Divisorial contraction In this case 7; : F}y — G; are birational for i = 1,2,
so for a divisor H; in the relative interior of 7 Nef(G;) we have that
(H]) > 0. Let E; be the (irreducible) exceptional divisors, which are
the only effective divisor on F, such that (H'~*- E;) = 0, for every H;
in the relative interior of 7} Nef(G;). One can actually characterise the

dimension of 7;(E;) as the maximal integer k; for which (Hf i E;) #0.

Flipping contraction Also here, as in the previous case, we know that for
a given a divisor H; in the relative interior of = Nef(G;), the self-
intersection (H") is strictly positive. Since the two contractions m;,
with ¢ = 1,2, are small, for every effective divisor E; € F; we have

(Hf_1 - E;) > 0. Both these conditions are preserved by monodromy.
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Fibre-type contraction In this case, for every divisor H; in the relative in-
terior of m} Nef(G;), we have (H]*) = 0 and h; := dim G; is the biggest
integer such that (H,[“) # 0. In this case, for instance, we deduce that

also the dimension of the base is preserved by monodromy.

Let us produce now a flat deformation of G into Go. After a base change
p: Vj — U}, we obtain a new morphism with trivial monodromy f,: va/ —
/
Vi
This implies that the restriction morphism NS(XV;)Q — NS(Fy)q is sur-
jective for every fibre of f,. Since F; and F3 are identified on the family
XU} — UJ’C, we can find two point y1, yo on V}ﬁ and a divisor H on XV; whose
restrictions H; and Hj to the fibres Fy, and F), lie in the relative interior

of F1 and F3 respectively.

We construct now a variety

X = ProjOV; < &y fp*(’)XV; (mH)>,

meN

together with a morphism

Xy J X

The fibre of 7 over y; is G; and the restriction of g over the points y; is
just the contraction associated to the face F;.

Since H is a Cartier divisor and f), is flat, the sheaves O Xy, (mH) are all
flat over V. Moreover all fibres have terminal singularities, so H YF,Op(mH|F)) =
0 for all fibres F', every ¢ > 0 and m > 0: this is a consequence of our as-
sumptions (H|,, is nef and the monodromy action on X vy = U} preserves

the nef cone, so we have that H|p is nef for every fibre I over V7).
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Using some classical theory of cohomology and base-change (cf. | ,
Corollary 2|), the sheaves m.Ox,,(mH) are all locally free. As a conse-
f

quence,

D 15.0x,, (mH)

meN
is a flat sheaf of algebras.
The finite generation is a consequence of Castelnuovo-Mumford regularity,
up to passing to a sufficiently large multiple of H (cf. | , Example
1.8.24]).
This proves that 7 is flat and hence Gy is deformation equivalent to Gs.

O

We can now give one of our central definitions. Let us spend few words
on motivation.

Start with an isotrivial Mori fibre space (or, more generally, with a Fano
fibration). The monodromy action on NS(F")g, where I is the fibre over Uy,
factors through the automorphism group of the fibre. This is clearly not true,
for instance, for a family of cubic surfaces S3 in P3. Nonetheless, all cubics
are diffeomorphic and one can act on the family via diffeomorphisms pre-
serving the canonical class K. These diffeomorphisms also preserve other
data. We remark here that the generic cubic surface has no (holomorphic)

automorphisms.

Definition 2.34 (The groups HMon and Mon, ©). Let F' be a Q-factorial
n-dimensional Fano variety with terminal singularities. Let Aut(F)? be the
subgroup of Aut(F) acting trivially on the Néron-Severi group. The group
HMon(F) is defined as

HMon(F) := Aut(F)/ Aut(F)°.

The group Mon(F) is defined as the maximal sub-group of GL(N'(F),7Z)
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which preserves the following data:
e the canonical class Kr;
e the bilinear form b(A, B) := (Kp)" 2. A- B;
e the nef cone;

e the type of step of the MMP associated to the facets of the nef cone

and the exceptional divisor;

e the deformation type of the images of the contraction morphisms de-

fined by the faces of the nef cone.

Remark 2.35. The group HMon(F) is the sub-group of Mon(F') of elements
induced by Aut(F).

As F has only terminal singularities, it is actually a Mori dream space.

We remark that the group Mon(F') is invariant under flat deformations
which preserve the nef cone. On the other hand, the group HMon(F') can

jump when we deform the Fano variety.

Example 2.36. To make Definition 2.3/ more transparent, we discuss the
rank-two case.
In this case Mon(F') can either be trivial or of order two: in fact, if the
action of Mon(F) is not the trivial one, then it permutes the two primitive
vectors v1,ve of the nef cone (this last case can occur only if the class of the
canonical divisor lies on the linear span of v + vy and the extremal rays of
the nef cone correspond to the same kind of step in the MMP).

Again for del Pezzo surfaces (cf. Subsection 2.4.1), it is well-known that
the generic del Pezzo surface of degree 3 has no automorphisms (HMon is

then trivial in this case), but Mon is far from being trivial.
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Remark 2.37. When we are dealing with isotrivial fibrations (cf. Definition
2.22), Mon(Fy) factors through automorphisms of F, (the action of a loop
is induced by a (non-unique) element of Aut(Fy)).

Before proceeding with our main results, we restate the main result of

these subsections in a slightly different form, for future reference.

Theorem 2.38 (Deligne, ©). Let X and Y be normal projective varieties
and let
fiX—=Y

be a projective morphism such that
1. the fibres of f are connected (i.e. that f.Ox = Oy );
2. X 1is Q-factorial with log-terminal singularities;

3. on an open dense subset of Y the fibres of f are terminal and Q-

factorial;
4. —Kx is relatively ample over Y ;

Then, there exists a mazimal open dense subset U = U]’c of Y over which the

following holds:

e the restriction morphism f: Xy — U is a flat family of Q-factorial

Fano varieties with terminal singularities;

e for everyy € U, the monodromy action of m1(U,y) on NS(Fy)q factors
through the finite group Mon(Fy). The further assumption of isotrivi-
ality for f implies that the monodromy action actually factors through

HMon(Fy).

Furthermore, the restriction map

p: NS(X)g — NS(E,)p ")
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is onto for every y in U.
We close this subsection with the key definition we need for our purposes.

Definition 2.39 (Fibre-like, ©). A Q-factorial Fano variety F’ with terminal
singularities is fibre-like if it can be realised as a fibre of a Mori fibre space

f: X — Y over the open dense subset UJ’c appearing in Theorem 2.38.

2.3 Main Results

This is the section in which the fundamental results of this project are pre-
sented. Our ultimate goal would be to classify all Q-factorial Fano varieties
with log terminal singularities (or at least smooth) which are fibre-like.
Classification of smooth Fano varieties up to deformation have been com-
pleted only up to dimension three (cf. | | and | |). Classification
in dimension four is in progress and many interesting results have recently
appeared (cf. | | and | |). Nonetheless, the full classification
in dimension four requires a methodical (and, in some sense, “philosophical”)

recourse to computer algebra.

2.3.1 Criteria of fibre-likeness

In this section we present two criteria, one sufficient and one necessary, to
detect fibre-likeness of terminal Fano varieties. If the Fano variety is rigid
in the sense of deformation theory, we deduce a characterisation.

The sufficient criterion gives an explicit construction which produces an
isotrivial Mori fibre space with generic fibre isomorphic to the given terminal
Fano variety.

The necessary criterion heavily depend on Theorem 2.38.
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Theorem 2.40 (Sufficient Criterion, ©). Let F' be a Q-factorial Fano vari-

ety with terminal singularities for which
NS(F)p" ") = QK.

Then F is fibre-like.

Moreover, F' can be realised as the general fibre of an isotrivial Mori fibre
space f: X =Y withdimY = 1.
Remark 2.41. Before giving the proof, let us remark that K is always fived
by Aut(F). So, in general, dimNS(F)SUt(F) > 1. In particular, if we fix a
positive integer m for which —mKrp is very ample, the action of Aut(F") lifts
faithfully to a linear action on the linear system | — mKp|.

So we are asking, for the sufficient criterion, the subspace of NS(F)qg
preserved by Aut(F') to be minimal.

Proof. The nef cone Nef(F') of F' is rational polyhedral and HMon(F') per-
mutes the primitive vectors on the boundary. This implies that HMon(F') is
finite. We can also assume that HMon(F') is not trivial: if HMon(F') = {id}

the hypothesis implies that
dimNS(F)g =1

and in this case F' is trivially fibre-like.

Let [fi],...,[fg] (g = 1) be elements of HMon(F') and call G' the sub-
group of Aut(F') generated by fi,..., fy. Consider a genus-g curve C' and
denote by a; and b; the generators of m1(C,y), with base point y € C. Since

there is a unique relation between the a;’s and b;’s given by the commutator

arbia; 'by tagbeay 1oyt - - agbgag_lbg1 =1,
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we can define a representation

p: m(Cyy) — G.
a; = fi

b; = fz‘_l
Let C be the universal cover of C. We define our total space as
X = F x é/m(c,t),

where 71(C,y) acts on F' via the map p. The action of m(C,y) is free
and properly discontinuous, hence X is an analytic space with the same

singularities as F'. We claim that the Mori fibre space we are looking for is
f: X-=>C.

It is clearly an isotrivial fibration and the fibre is isomorphic to the given
Fano variety F.

Let us prove that X is projective. Denote by ¢ k.0 F — PN N =
dim | — mKp|, the embedding induced by the pluri-anticanonical system | —
mKp|, with m > 0 sufficiently large and divisible. Remark 2.41 implies that
the action of 71 (C,y) extends also to PV and that the morphism Pl—mKp| 18
equivariant with respect to the action. This gives a commutative diagram

N d)‘,mKF'deé ~

FxC PN x C

X:Fxé/m(C,y)LPNXé/ﬂl(cay)zz
f g
o id o

The singularities of Z are the same as PV and so Z is smooth. Further-
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more, since the action of Aut(F) is contravariant for ¢_,, Kp|xidg Z maps
to C and every fibre is isomorphic to the projective space PV. In particu-
lar, the anticanonical sheaf Oz(—K7z) is relatively ample over C. But C is
projective, so Z is projective, too.

The Q-factoriality of X is clear from the construction (the fibration is
isotrivial).

We have to prove that f: X — C has relative Picard number one. Since
every curve has Picard number one, we have to prove that the Picard number
of X is two. This is a consequence of the exactness of the following short

sequence:

0 = NS(C)g L5 NS(X)g 5 NS(F,)§ — 0.

The fibres of f are connected, so f* is injective and the surjectivity of +*
is trivial, since the vector space NS(Fy)g is one dimensional, generated by
—KF, (adjunction impies that .*Kx = Kp,). Clearly, im f* C ker:*. The
other inclusion is not trivial: it is actually very easy to produce examples for
which the previous sequence is not exact (the product of two elliptic curves
has three-dimensional Néron-Severi group).

To show that im f* D ker(*, we pick a line bundle L on X in the kernel
of +* and show it is actually the pullback of a line bundle on the base. Let
z # y be a point of C and let us show that L, is trivial.

First, the restriction Ljp, has trivial Chern class: c¢1(L) is a section of
the locally constant sheaf R?f,Q so if it is zero on a neighbourhood of v,
it is trivial. For a contractible neighbourhood U, of y we consider Vg, :=
f~Y(U,), which is a contractible neighbourhood of the fibre F,. This implies
c1(Lyvg,) = ei(Ly,) = 0.

The Fano assumption on the fibres implies the triviality of the restriction

line bundle (remark we are working over @, so we have no torsion).
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In our setting, we have a flat morphism
f: X—=C

and a line bundle L on X which is trivial on every fibre. The see-saw principle
(cf. | , Corollary 6, p. 54|, | , Proposition 12.1.4]) implies it is
actually the pullback of a line bundle one the base. ]

We can now state the necessary criterion: this will be useful to show,
for instance, that the majority of Fano varieties in low dimension with high

Picard rank cannot be fibre-like.

Theorem 2.42 (Necessary Criterion, Q). Let F' be a Q-factorial Fano va-

riety with terminal singularities. If

dimNS(F)y ") > 1,

F is not fibre-like.

Proof. This proof is by contradiction. Assume there exists a Mori fibre space
f: X—=>Y

for which F' is realised as a fibre over the open set U J’c Furthermore, the

restriction map

p: NS(X)g — NS(F,)o 7

is onto (F, is a fibre over UJ’C isomorphic to F).

1 (U} )

We need to show, to get a contradiction, that NS(Fy)q is one di-

mensional. For this purpose, we use the exact sequence

0 NS(¥)g L5 NS(X)g £ Ns(F,)2 " = 0
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(exactness is a consequence of the relative Picard rank condition of MFSs).
This implies that

dimNS(F,)7 Y 1.

Theorem 2.38, which guarantees that the monodromy action of 7r1(UJ’c, Y)
on NS(Fy)q factors through the group Mon(F'), implies that

dimNS(F,)y" " = 1.

Contradiction. O

The following is the characterisation for rigid Fano varieties.

Theorem 2.43 (Characterisation - Rigid case, ©). Let F' be a rigid Q-

factorial Fano variety with terminal singularities. Then F' is fibre-like if and

only if

Aut

NS(F)p"") = QK.

Furthermore, F' can be realised as the general fibre of an isotrivial MFS over

a curve.

Proof. The “if” part is Theorem 2.40. and the “only if” part follows from
Theorem 2.42, since the monodromy action factors through HMon(F'). [

Remark 2.44. If F is not rigid this characterisation does not hold (a coun-

terexample is the del Pezzo surface of degree three, cf. Subsection 2.4.1).

2.3.2 Necessary criterion and the MMP

In this subsection we give handy corollaries of Theorem 2.42 which allow us
to deal with the applications of our criteria, since the group Mon(F') itself
is very difficult to describe.

This group, roughly speaking, is the group of symmetries of the nef cone

preserving some other birational features of F', so we want to rephrase the
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necessary criterion in explicit terms of the birational geometry of the Fano
variety F'.

The basic idea is that, if there are faces of the nef cone of F' which are “dif-
ferent” from the viewpoint of birational geometry, then NS(F )g[ on(F) cannot
be one-dimensional. As a warm-up, we start with an example assuming F
with Picard number 2: Nef(F') has two faces, F1 and F2, each of which gives

a contraction m;: F' — Gj.

The following is a corollary of Theorem 2.42.

Corollary 2.45 (©). Let F' be a terminal Fano variety with Picard rank

two. Keeping the notation as before, assume that
dim G # dim Ga.

Then F' is not fibre-like.

Proof. Since Mon(F') cannot exchange J; and Fa, it must be trivial. In

particular the invariant part of NS(F')g will be two-dimensional. O

This is just an example of application of Theorem 2.42. Similar corollaries

can be easily obtained as follows.

Corollary 2.46 (O). Let F be a Fano variety obtained via the blowup of
another Fano variety G. Assume there are no other facets of Nef(F') whose

associated contraction is divisorial with image a variety deformation equiv-

alent to G. Then F' is not fibre-like.

In this statement, we are saying that F' is isomorphic in a “unique way”
to the blowup of another deformation type of Fano variety G. The type of
an extremal contraction and the deformation type of its image are preserved
under the action of Mon(F') because of Theorem 2.33, so this uniqueness
implies that the associated morphisms must be preserved by this action.

Let us give a proof.
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Proof of Corollary 2./6. We know that the face of Nef(F') corresponding to
the pullback of Nef(G) is Mon(F')-invariant. We need now to provide a
fixed point on this face and, consequently, a fixed one-dimensional subspace.
Assume by contradiction that F' is fibre-like. Then the only subspace pre-
served by Mon(F') is the one generated by the canonical class. This class
cannot lay on the pullback of Nef(G). As we explained above, if Nef(G) is
stable by Mon(F'), then the class of the exceptional divisor is fixed as well.
Contradiction. O

We show now how one can generalise the previous results, via some ex-

amples.

Example 2.47. Assume F has a unique fibre-type contraction to a variety
G, with dimG = k > 0. Then the associated face of Nef(F') corresponds
to the nef cone of G and is Mon(F)-stable. In particular, the primitive
generators of the extremal rays in the lattice NS(F') C NSg(F') of this face
are exchanged by Mon(F') and their sum will be Mon(F')-invariant. This
implies that F' cannot be fibre-like.

This happens, for instance, for the projectivisation of the vector bundle
associated to Opiyp1 @ Op1yp1(1,1). Recall that this Fano variety F' is iso-
morphic to the blow-up of the cone over a smooth quadric in P3 with center
the vertex. F has Picard rank three and the facets of Nef(F') are given by
the fibre-type contraction F — P! x P! and the two divisorial contractions

F — F;, i =1,2, given by contracting the two rulings.
To sum up, we proved the following more general result.

Corollary 2.48 (V). Let F be a Fano variety and assume that Nef(F')
contains a facet G corresponding to a certain variety G. Assume that for any
other facet H of the nef cone, the corresponding variety H is not deformation

equivalent to G. Then, F' is not fibre-like.
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Let us focus now on facets that move via the Mon(F')-action.

Let F' be a Fano variety and F be a facet in the nef cone of F'. Assume
one obtains other faces Fi,...,F) acting with Mon(F') on Nef(F'). Let
L,Ly,...,L; be the sum of the primitive generators of the extremal rays
spanning the faces F, Fi,...,Fi. It is clear that the L;’s are the orbits of
L under the Mon(F)-action. Hence, L + Lj + - - - + Ly, is Mon(F')-invariant
and, in order for F' to be fibre-like, it has to be a negative multiple of Kp,
in particular it must be an ample class.

If the face F corresponds to a divisorial contraction, then the same applies
to show that the sum E + E; + - - - + Ej. of the exceptional divisors must be

a multiple of —Kp, otherwise F' will not be fibre-like.

Example 2.49. Consider the blow-up of the cone over a smooth quadric Q) C
P3 with center the vertex and an elliptic curve C on Q. One can see that this
Fano variety F' can be realised as the blow-up of Po(Oq®Oqg(1,1)) along an
elliptic curve C' in E, where E is the negative section of Po(Og@®Og(1,1)).
Let w: F — @Q the resulting morphism.

Clearly, the generic fibre of m is P', but over C C Q the fibres are chains
of two Pl’s intersecting in a point. F has exactly two different divisorial
contractions ;1 F' — Po(Og @ Og(1,1)), i = 1,2, given by contracting the
two components of the fibres of w over C.

Assume by contradiction that F' is fibre-like, then the sum of the excep-
tional divisors for the 1;’s must be ample. But this is false since such sum

has intersection 0 with the generic fibre of m.

2.3.3 Another point of view

This subsection is aimed to rephrase our problem in a more algebraic setting,
in order to deal, for instance, also with variety in positive characteristic and

to recall some characteristic-free techniques which apply in our setting.
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Varieties we are dealing with here are defined over an arbitrary alge-

braically closed field.

Monodromy and the Fano condition in positive characteristic. We
start with monodromy. Consider a projective morphism f: X — Y between
normal varieties with connected fibres and assume X to be Q-factorial with
rational singularities. Furthermore, assume that —Kx is f-ample and that
there exists an open dense subset U}tf’p over which f is locally topologically
trivial (this is guaranteed in characteristic zero by the results of Verdier).
The first step of our approach (cf. Theorem 2.29) consisted in working out
the monodromy action on the Néron-Severi group, using the isomorphisms

of the first Chern class given by the exponential sequence:

R'f.Grn ® Q = R*f.Q.

Let us pick a variety Z over an algebraically closed field k of arbitrary
characteristic. Consider, for any prime [ # char k and n positive integer, the

Kummer exact sequence (in the étale topology):
0= fin — G 2 Gy — 0. (2.2)

Passing to cohomology, we obtain the following;:
0 — Pic(X)z/mz = HZ(X, pyn) — Br(X);m — 0, (2.3)

where Br(X) := H%(X,G,,) is the (cohomological) Brauer group of X.

We can now take the inverse limit of (2.3) with respect to n and obtain

0 — NS(X)z, — H%(X,Zi(1)) — Ti Br(X) — 0, (2.4)
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where T; Br(X) := Jim Br(X)». Furthermore we used the following fact:

Pic(X)z, ~ NS(X)z

e

We can recover basically the same result of Theorem 2.29 in this general

setting, assuming, for instance, that

for every fibre over U;OP .

Remark 2.50. This condition on the Brauer group is known to hold for
smooth rational surfaces in arbitrary characteristic. Furthermore Bright
proved in [ | that the same holds for singular del Pezzo surfaces of high
degree over an arbitrary algebraically closed field. This will be used to classify

fibre-like singular del Pezzo surfaces in Subsection 2.4.0.

An alternative approach to fibre-likeness. Once again, consider a pro-
jective morphism f: X — Y, where X and Y are defined over an arbitrary
algebraically closed field with —Kx f-ample. Consider the geometric generic
fibre X4+ of f, where K is the function field k(Y") of the base Y and assume it
is smooth. One has the natural action of the Galois group G := Gal(K /K)
on Pic(X3). Furthermore a natural exact sequence is defined (cf. | ,

Proposition 2.1]):
0 — Pic(Xk) — Pic(Xz)? 5 Br(K).

Assuming the existence of a K-point on X (i.e. of a section of f), the map

* is the zero map and one can deduce an isomorphism

Pic(Xg) =~ Pic(X%)C.
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This isomorphism holds true, for instance, if Y is a smooth curve, by | |
in characteristic zero (and | | in positive characteristic). Assuming the

previous isomorphism, one has the following short exact sequence:
0 — Pic(Y)g — Pic(X)g — Pic(X%)¢ — 0. (2.5)

The advantage of this approach is the following: let Nef(X7%) be the nef
cone of the generic fibre. Since G acts on X7 via automorphisms, this cone
is preserved. In this setting one could work directly on the generic geometric
fibre and deduce basically the same results of the previous subsections, at
least for MFS over a curve.

The following is a working definition.

Definition 2.51. A Q-factorial Fano variety F' with rational singularities
over an algebraically closed field is algebraically fibre-like over a curve if
there exists a MFS with Y a smooth curve and its generic geometric fibre
X7, where K := E(Y'), is isomorphic as abstract scheme (i.e. as a scheme

over SpecZ) to F.

The previous discussion gives the following result (observe that one can
give the same definition of the group Mon(F') in this more general setting,

cf. Definition 2.34).

Theorem 2.52. A Q-factorial Fano variety F with rational singularities

over C is algebraically fibre-like over a curve if and only if

Mon(F)

dim NS(F)g ™" = 1.

Proof. The “if” part can be obtained via the same construction of an isotriv-
ial fibration f: X — C over a curve of Theorem 2.40. To prove that the
obtained fibration is actually a MFS one considers the short exact sequence

(2.5): we know by construction that X4, where K := k(C), is isomorphic to

51



F' as abstract scheme, by | , Lemma 2.1] (this lemma is due to Totaro).
In particular the Néron-Severi groups are isomorphic and the action of the
Galois group on NS(F)q factors through Mon(F').

The “only if” part is also a consequence of the short exact sequence (2.5).

O]

2.4 Applications

2.4.1 Smooth del Pezzo surfaces

In this subsection we focus on two-dimensional smooth Fano varieties. This
case was studied in | |. We provide a proof using explicit constructions

of Mori fibre spaces and applying our criteria. We start with some notation.

Definition 2.53. A del Pezzo surface S is a smooth Fano variety of dimen-
sion two. A del Pezzo surface of degree d := (Kg)? obtained as the blow-up

of P? in 9 — d general points is denoted by Sy (1 < d < 8).

We refer to | , Section IIL.3|, for the general theory of del Pezzo
surfaces. The proof of the following result is obtained as a combination of

Theorems 2.56, 2.59 and 2.60.

Theorem 2.54 (Mori, ©). A del Pezzo surface S is fibre-like if and only if

it is isomorphic to P?, Pt x P! or Sy, with d < 6.

By comparing our result with the classification of K-stable smooth del
Pezzo surfaces, we obtain the following corollary (cf. | | for the notion
of K-stability for Fano varieties and the connection with the existence of

Kéhler-Einstein metrics).

Corollary 2.55 (V). A smooth del Pezzo surface is K-stable if and only if
it is fibre-like.
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Before applying our criteria to surfaces, we give some explicit construc-
tions of Mori fibre spaces whose general fibre is a del Pezzo of low degree

(1<d<4).
Theorem 2.56 (©). The following del Pezzo surfaces are fibre-like:

.IP)Q.

o Pl x P!;
o Sy, with d=3,4;
e the general Sy, with d =1, 2.

The 2-dimensional projective space has a trivial structure of Mori fibre
space: it is enough to consider the morphism P? — {pt}.

In the case of P! x P!, we consider a smooth hypersurface Xy of degree
(2,m) with m > 1in P3 xP!. This gives a fibration in quadrics fo: Xo — P
Assuming m > 1, the ampleness of X5 is guaranteed and we can apply
Lefschetz hyperplane theorem to deduce that p(Xs) = 2. This implies that
f2 is a Mori fibre space, with the generic fibre isomorphic to P! x P!. This
MFS is isotrivial over the open set over which f, is a submersion.

As a second example, we consider the case of cubics in P3. Fix a del Pezzo
S of degree three. Consider a smooth hypersurface X3 of degree (3, m), with
m > 1, in P? x P, This gives a fibration in degree-three del Pezzo surfaces
f3: X3 — P!, We can furthermore assume that one of the fibre is isomorphic
to S. Arguing as before, we can show that this gives an example of MFS.
Observe that this MFS is far from being isotrivial, indeed there are just
finitely many fibres isomorphic to S. The general fibre will be isomorphic
to S just as a topological space. Nonetheless, there will be finitely many
singular fibres not even homeomorphic to S.

Let us now recall the following classical description (cf. | , Theorem

111.3.5)).
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Theorem 2.57 (% ). Every del Pezzo of degree d can be realised as

e a hypersurface of degree 6 in the weighted projective space P(1,1,2,3)
ifd=1;

e a hypersurface of degree 4 in the weighted projective space P(1,1,1,2)
ifd=2;

o a hypersurface of degree 8 in P3, if d = 3;
e o complete intersection of degree (2,2) in P* if d = 4.

The degree-four del Pezzo can be treated as the degree 3. With the other
2 cases there is an issue: classical Lefschetz hyperplane theorem does not
hold, because the ambient space is not smooth. We can use the following

generalisation (Grothendieck-Lefschetz hyperplane theorem, cf. | D).

Theorem 2.58 (Ravindra, Srinivas). Let Z be a normal irreducible projec-
tive variety and let |H| be an ample base point free linear system on Z. Then

for a general X € |H|, the restriction map

Cl(Z) — Cl(X)

is an isomorphism, if dim Z > 4.

We can now carry out again the same construction, but we need a gener-
icity assumption on the surface (we think we could get rid of it by careful
analysis of the singularities).

This method does not help for higher dimensional Fano varieties: if a Fano
variety F' of dimension strictly greater than 2 is a complete intersection in
an ambient space of Picard number one, then also the Picard number of F
is one. This already means that F' is fibre-like, so there is nothing to prove.
However, this strategy could be used to study singular del Pezzo surfaces.

We apply now our criteria to the two-dimensional case.
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Theorem 2.59 (©V). The del Pezzo surfaces S7 and Ss are not fibre-like.

Proof. In both cases the del Pezzo is rigid because a configuration of one or
two points in P? is unique up to projectivity, so we can use Theorem 2.43.

Let us first consider the blow up at one point. The automorphism group
is given by all the projectivities which fix a marked point. This group pre-
serves both the line bundle given by the hyperplane coming from P? and the
exceptional divisor.

Now we consider the blow up at two points. The automorphism group is
given by all the projectivities which fix the marked points or exchange them.
This group preserves the line bundle given by the hyperplane coming from

P? and the sum of the two exceptional divisors. ]
On the positive side, our sufficient criterion gives the following.
Theorem 2.60 (©). The following del Pezzo surfaces are fibre-like:
e (rigid case) P! x P* and Sy with d = 5,6;
e (moduli case) Sq with d = 1,2,4.

Proof. Automorphisms groups of 2-dimensional Fanos have been widely stud-

ied (cf. | | and | |), so we can easily apply Theorem 2.40.

P! x P! The natural involution of the product P! x P! guarantees that the

invariant part of the Néron-Severi group has dimension 1.

d =1,2 Every del Pezzo surface obtained as the blow-up of P? in 8 or 7
points comes with an involution: respectively the Bertini (d = 1) and Geiser
(d = 2) involutions, denoted by ¢; and tg, which emerge when realising
Sy as a2 : 1 cover of P(1,1,2) (resp. P?)if d = 1 (resp. d = 2). The

automorphism groups of these del Pezzos can be much more complicated,
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but these two involutions are enough to minimise the invariant Picard rank

of S;: for i = 1,2 we have p(S;)" =

d =4 The automorphism group of all the del Pezzo surfaces in this class
contains a subgroup isomorphic to Z%. The quotient is the projective plane,

so the invariant part of the Picard group is one dimensional.

d = 5,6 The automorphism group of every del Pezzo of degree 5 is iso-
morphic to Ss; while Aut(Sg) ~ PGL(3; P1, Py, P3) X Zg,. In particular,
in both cases we can permute the exceptional divisors using projectivities
from P2. The Cremona involution centred at 3 blown-up point is a regular
automorphism of the surface. This Cremona transformation does not fix the
sum of exceptional divisors, so the invariant part of the Picard group is one
dimensional.

O

The generic del Pezzo of degree 3 has no non-trivial automorphisms (cf.
[ |). Because of this, we can not apply Theorem 2.40. Nonetheless, we

showed that S5 is fibre-like.

2.4.2 Complete intersections

This is a key application of our criteria: the idea is to consider Fano varieties
which can be realised as complete intersections in rigid spaces and study the
action of the automorphisms of the ambient space on the system of Fano
varieties.

Since the general construction is complicated and the key idea already
appears in some easy examples, we start with a preliminary discussion.

Let F be a smooth divisor of bidegree (2,2) in P? x P? and let o be

the involution of P? x P2, Define the projective space PV := PHO(P? x
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P2, 0(2,2))V and consider the incidence variety I in PV x P? x P2 (it is
simply a smooth divisor of degree (1,2,2) in PV x P2 x P2). We know by
Lefschetz hyperplane theorem that p(I) = 3 and we consider the fibre space
7: I — PN, whose relative Picard number is two. Acting with o on 7 and

defining X := I /o and Y = P¥ /o we obtain another fibration
f: X =Y,

with relative Picard number one. The singularities are finite quotient sin-
gularities, they are log-terminal and Q-factorial by | , Proposition 5.15
and Corollary 5.21|. This implies that f is a MFS. Up to acting on F' with
a generic element of PGL(3) x PGL(3), we can always assume that F' it is
not preserved by o; hence the action of ¢ is free on a neighbourhood of F' in
Z. This means that F' is a smooth fibre of f. In this way we have produced,
for every smooth threefold defined by a bidegree (2,2) divisor in P? x P? a
MFS which makes it fibre-like.

We give now the general construction, starting with an arbitrary smooth
Fano variety F', defined as a complete intersection of multi-degree (L1, ..., L)
in a smooth ambient variety Z, where the L;’s are base-point-free line bun-
dles on Z. Let I the incidence variety in Z X |Li| x - - - X |Lg| (the smoothness

of I is a consequence the base-pont-freeness).

Lemma 2.61 (9). The restriction map

p: Pic(Z x |Ly| x -+ x |Lg|) — Pic(1)

1s onto.

Proof. Since the fibres of 7: I — Z are divisors of multi-degree (1,...,1)
in |L1| x -+ x |Lg|, they have the same dimension. This implies that the

morphism 7 is flat. Let us fix a point z € Z and let I, be the corresponding
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fibre for m. We claim that the following sequence is exact:
Pic(Z) — Pic(I) — Pic(L,).

This is basically the same as the last part of the proof of Theorem 2.40: let
L be a line bundle on I whose restriction to I, is trivial. Since R27T*Q 18
locally constant on Z, we have that the Chern class of L is trivial on every
fibre. The Fano assumption on the fibres implies that L is actually trivial
on every fibre. The map = is flat, so we conclude by the See-Saw principle.

Now, since the image of Pic(Z x |Li| X -+ x |Lg|) contains the image of

Pic(Z) and is surjective to Pic(I,) we conclude. O

We prove now our main result in this setting.

Theorem 2.62 (V). Let G be a finite cyclic subgroup of Aut(Z) which is
fix-point-free in codimension one and whose action can be lifted to I. Assume

that G does not preserve F' and that
dimNS(2)§ = 1.

Then F' is fibre-like.

Proof. Fix a lifting of the G-action to I. We will produce an explicit con-
struction of MFS. Let us define X := I/G and Y := (|L1]| x --- x |Lg|)/G.
We prove that the fibration

f: X->Y

has relative Picard number one. The total spaces of |L;|’s are projective

spaces, S0

Pic(Z x |L1| x -+ x | Ly|) = Pic(Z) x Pic(|L1]) x - - x Pic(|Ly))
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and Lemma 2.61 combined with the hypothesis implies that
dim NS(X)g = dimNS(I)§

< dimNS(|Ly| x -+ x |Lg|)§ + 1 = dimNS(Y)g + 1.

The variety F' is a smooth fibre of f (it is not fixed by G). Furthermore,
the action of G on Z is fix-point-free in codimension one so the singularities
of X and Y are Q-factorial and log-terminal by | , Proposition 5.15
and Corollary 5.21]. O

Observe that unfortunately it is not easy to check if the singularities are
terminal, as the remark after | , Corollary 5.21] explains.
Our result has some immediate applications, which will be useful in the

following subsections.

Corollary 2.63 (V). Let r,k,d be positive integers and n > 2 such that
kd <n+1. Assume F to be a smooth complete intersection of k divisors of

degree (d,...,d) in (P™)". Then F is fibre-like.

Proof. Let G be a cyclic subgroup of the symmetric group S;., which transi-
tively acts on (P™)" permuting the factors. By acting with a general auto-
morphism of (P")" we can arrange that G' does not fix F'. So Theorem 2.62

applies. ]

Remark 2.64. The Mori fibre space one constructs here will in general
depend on the linearisation of G. For instance, in the previous example, if
G acts trivially on the linear system, the base Y will be a product of projective
spaces. If the lifting is not trivial, the base could be a singular variety with
small Picard rank. One can also choose a smaller G (it is sufficient that its

action is transitive on the copies of P and fix-point-free in codimension one

on (P™)").
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Another easy corollary is the following.

Corollary 2.65 (©). Let r and n > 2 be two fized integers and let L; be the
line bundle

o(1,1,...,1,0,1,...,1)

on (P™)", where the 0 appears only at the i-th position. Every smooth Fano

complete intersection of multi-degree (L1, ..., Ly) in (P™)" is fibre-like.

One can prove analogous corollary basically the same way. See Subsection

2.4.3 for further applications.

2.4.3 Smooth Fano Threefolds

In this subsection we present the main application in low dimension we can
obtain with our methods: the full classification of fibre-like smooth Fano
threefolds.

The complete classification of smooth Fano threefolds with high Picard
rank was completed by Mori and Mukai in | | and | |. Their main

result is the following.

Theorem 2.66 (Mori-Mukai). Smooth Fano threefold with p > 1 are clas-

sified in 88 deformation classes.

In what follows, we will refer to | , Tables 2, 3, 4, 5| where a full

description of the 88 deformations types is given.

Theorem 2.67 (V). A smooth Fano threefold F' with p(F) > 1 is fibre-like
if and only if its deformation type is one appearing in Table 2.1
In the second column there is the numbering used in [ [, which we will

adopt in our proof. Observe that entry la and 1b have the same deformation

type.
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Deformation type of F

(12) 2 20
(28) 2 28
(32) 2 48
(1) 3 12
(13) 3 30
(27) 3 48
(1) 4 24

F is a divisor of bidegree (2,2) in P? x P2,
Fisa2:1 cover of a smooth divisor W of
bidegree (1,1) in P2 x P? branched along a
member of | — Kyy|.

F is the blow-up of P? with center a curve
of degree 6 and genus 3 which is an intersec-
tion of cubics. Alternatively, F' is the inter-
section of three divisors of bidegree (1, 1) in
P3 x P3.

F is the blow-up of Q C P* with center a
twisted quartic, a smooth rational curve of
degree 4 which spans P4,

F is a divisor of bidegree (1,1) in P2 x P2,
F is a double cover of P! x P! x P!
whose branch locus is a divisor of tridegree
(2,2,2).

F is the blowup of a smooth divisor of
bidegree (1,1) in P? x P? with center a
curve C of bidegree (2,2) on it, such that
C — W — P? x P2 — P? is an embedding
for both both projections P? x P? — P2
F =P! x P! x PL.

F is a smooth divisor of multi degree
(1,1,1,1) in P! x P! x P! x P,

Table 2.1: Deformation types of smooth fibre-like Fano threefolds
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In the second column there is the numbering used in | |, which we will

adopt in our proof. Observe that entry 1a and 1b have the same deformation

type.

Remark 2.68. These threefold have alternative descriptions, which we will
use in the proof: these can be found in [ | and [ /.

About the classification in [ [, we remark that the last column in each
table describes all possible ways for the given Fano threefold to be realised
from another Fano threefold by blowing up a curve.

One can think of this via our approach as all the facets of the nef cone
corresponding to a divisorial contraction in which the image of the excep-
tronal divisor is a curve. It is important to underline that these contractions
are listed without multiplicity: there could be more than one face giving the

same contraction.

Proof of Theorem 2.67. We divide our analysis according to the Picard rank
of F.

p(F) =2

The nef cone of such a Fano variety is of the form

R*D; + R Dy,

where D; and Ds are two nef, semiample Cartier divisors on F' (the D;’s

can be assumed to be primitive).

Remark 2.69. Nef(F') is Mon(F)-invariant. Assume that F is fibre-like;
then the only invariant subspace is the line generated by the anticanonical
class. As a consequence, the sum of the primitive generators of the nef cone

must be a multiple of the canonical class. In particular, since p(F') = 2, the
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line of the canonical class is simply the bisector of Nef(F), i.e.

AKp ~ Dy + Dy

This implies, for instance, that a divisor of type (1,2) contained in P? x P?

cannot be fibre-like.

Consider Table 2 of | |. Corollary 2.48 implies that the following

classes of deformation are not fibre-like.

(1),(2),(3),(4), (5),(7),(8),(9), (10), (11), (13), (14),
(15), (16), (17), (18), (19), (20), (22), (23), (25), (26),

(27), (28),(29), (30), (31), (33), (34), (35), (36).

Theorem 2.62 implies that class (12), i.e. the intersection of three divisors
of bidegree (1,1) in P3 x P3, is fibre-like.

Remark 2.69 implies that entry (24) is not fibre-like.

Let us work out the remaining classes: the variety corresponding to class
(6a) is given by of degree-(2,2) divior in P? x P2, while class (32) is a (1, 1)-
divisor in P2 x P2: Corollary 2.63 implies that they are fibre-like.

Entry (6b) is a 2 : 1 cover of a smooth divisor W of bidegree (1, 1) in P2 x P2
branched along an element of |- Kyy|. One can construct the universal family
Z for this Fano variety inside | — K| x | — Kw/| (cf. | , Chapter
[.17]). The variety Z is smooth, projective and it has Picard rank three.
Since W has an involution ¢ and its action can be lifted to both | — Ky | and
Z, we define Y := | — K|/t and X := Z/. and obtain the required MFS
which makes this variety fibre-like (cf. Theorem 2.62).

Class (28) is given by a smooth complete intersection of L; := f*Ops(1)
and Lo := f*Ops(2) — E, where f: Z — P5 is the blow-up of the Veronese

surface V' and E is the exceptional divisor. In order to apply Theorem 2.62
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we need to construct an automorphism 7 of order two of Z such that 7*L; =
Lo. This automorphism 7 is simply a special Cremona transformation: the
Veronese surface is the intersection of 6 quadrics, so we have a Cremona
transformation of P> whose indeterminacy locus is V. By blowing-up V, we
obtain a regular map from Z to P° which contracts the secant variety of V,
so this new map is again a blow-up. We conclude that 7 lifts to a regular
automorphism of Z (one can check that it acts non-trivially on the Picard

group). This kind of Cremona transformations can be found in | |.

p(X) =3

With reference to Table 3 of | ], entry (1) is a double cover of P! x P! x P!
branched over a divisor of tridegree (2,2,2). For this case, we use the same
notation as in | , Section 54]. This Fano variety is a member of the
linear system |2L+2M +2N| in the toric variety Z with the following weight
data

o 1 Y Y1 20 21w
1 1 0 0 0 0 1| L
0 0 1 1 0 0o 1| M

0 O 0 o 1 1 1|N
Also for this variety Theorem 2.62 applies, since Z carries a natural action
of 83 exchanging the divisors L, M and N. So it lifts to the linear system
|2L 4+ 2M + 2N| and this shows that class (1) is fibre-like.
Entry (13) can be described as a smooth complete intersection of three
divisors of multi-degree (0,1,1), (1,0,1) and (1,1,0) in P? x P? x P2, so it
is fibre-like (cf. Corollary 2.65).
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Using Corollary 2.48, we can immediately conclude that the following

classes are not fibre-like:

(2), (4), (5),(6), (7), (8), (11), (12), (14), (15), (16),
(18), (20), (21), (22), (23), (24), (26), (28), (29), (30), (31).

Remark 2.70. In the case of Picard rank three, suppose that the nef cone
contains two facets for which the images of the corresponding contraction
morphisms are deformation equivalent. In this case, these faces may be
identified by the action of Mon(F'). In particular, the primitive generators
are exchanged and their sum is invariant. Hence, in order F to be fibre-like,
this sum has to belong to the line generated by the canonical divisor.

When the two facets correspond to divisorial contractions, the same anal-
ysis holds true for the sum of the two exceptional divisors E;, with i =1, 2.

In particular, E1 + Eo has to be ample.

Using this remark, the following entries are not fibre-like:

(3),(9), (10), (17), (19), (25).

p(X) =4

Here we refer to Table 4 of | |.

Entry (1), a divisors of multi degree (1,1,1,1) in P! x P! x P! x P!, is
fibre-like (cf. Corollary 2.63).

On the other hand, Corollary 2.48 implies that following entries of the
table are not fibre-like:

(3), (4), (), (6), (8),(9), (10), (11), (13).

Generalising Remark 2.70 to Picard number four, one can exclude the

65



following classes:

(2),(7), (12).

p(X) =5
Here we can easily list the possible cases.

e If F'is the blow-up of Y (the blow up of a quadric @ C IP? along a conic
on it with center three exceptional lines of the blowing up ¥ — Q)
then, assuming it is fibre-like, the sums of the three exceptional divisors
over the lines must be a (negative) multiple of Kyx. In particular it
would be ample, which is clearly false, as one can see by taking an

exceptional line for the map Y — ) other than those already blown
up.

e Assume F' to be the blow-up of Y = P(Op1yp1(1,0) P Opiyp1(0,1))
with center two exceptional lines Iy, lo of the blow-up ¢ : Y — P3 such

that [; and [5 lie on the same irreducible component of the exceptional

set of ¢. In this case, F' is not fibre-like, because of Corollary 2.46.

e Products

P! x Sy, d <6,

where S; is a del Pezzo of degree d. Since the projection onto the
second factor must be Mon(Sy)-invariant (as Nef(P! x S;) = Nef(P!) x

Nef(Sg)). So none of these products can be fibre-like.

Our case-by-case analysis has shown the following corollary.

Corollary 2.71 (V). Let F' be a smooth threefold. Then the necessary cri-
terion (Theorem 2.42) is actually a characterisation of fibre-likeness. More-

over, fibre-likeness is preserved by smooth deformations.
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Another question concerns K-stability in this setting. It would be inter-
esting to know whether the fibre-like Fano threefolds are K-stable or not.

The following is a first piece of evidence.

Remark 2.72 (K-stability). It is known that threefolds (4) and (7) are K-
stable. In [ /[, varieties (1.b) and 5 are proved to be K-stable, being

appropriate finite cover of K-stable varieties.

2.4.4 Homogeneous Spaces

In this subsection, fibre-like rational homogeneous spaces are completely
classified.

We need some notation.

Definition 2.73. A homogeneous space is a projective variety F with a

transitive action of G, algebraic group.

Assuming G semi-simple, F' is a rational Fano varieties and we refer to
these varieties as rational homogeneous spaces.

Such a Fano variety can be also defined as a quotient of G by a parabolic
subgroup P. General references for this circle of ideas are | | and
[Dem77]

The isomorphism class of F' is determined by the conjugacy class of P,
which are in bijective correspondence with subsets of the nodes of the Dynkin
diagram of G. We picture them by marking the corresponding nodes of the
diagram; the resulting decorated diagram is called the Dynkin diagram of
P.

We denote by Ep the group of symmetries of the Dynkin diagram pre-
serving the marked nodes: it is isomorphic to HMon(F') (cf. Corollary 2.76).

The key technical result is the following (cf. | , Theorems 1 and 2]).

Theorem 2.74 (Demazure). Let F' = G/P be a rational homogeneous
space of Picard number at least 2, with G simple. Then F is rigid, that
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is h*(F,Tr) = 0. Moreover, the automorphism group of F is isomorphic to
the semi-direct product of G and the symmetry Ep of the Dynkin diagram
of P.

Remark 2.75. The rational homogeneous spaces which are called excep-

tional in [ | have Picard number one, so we can ignore them. The
group of exterior automorphisms of G (denoted by E in [ ]) is known
to be equal to the symmetries of the Dynkin diagram (cf. [ , Section

10.6.10]). The group that Demazure calls Er is in our notation Ep.

The following result follows directly from Theorem 2.43 and Demazure’s

result.

Corollary 2.76 (©). Let F = G/P be a homogeneous space of Picard rank
at least 2, with G simple. Then the Fano variety F' is fibre-like if and only

if is it isomorphic to one of the following varieties:

1. F = F(n,k) parametrises pairs of subspaces (L, H) in C" such that
dmL=Fk, dmH =n—k and L C H;

2. F = F(n) parametrises n dimensional isotropic subspaces of (C*",Q),

where @ is a non-degenrate symmetric form;

8. F = F7 parametrises pairs of isotropic subspaces (L,I1) in (C8,Q),
where Q is a non-degenrate symmetric form, L is a line, II is four-

dimensional and L C 11 (the upper-script T stands for triality);

4. F' = F] 1s the target of a contraction of a facet of the nef cone of
F7; more explicitly either F] = F(4) or II is forced to belong to one
of the two connected component of the grassmannians of isotropic 4-

dimensional subspaces of C8.

5. F = G/P, where G is the exceptional group Eg and P is associated
to one of the two pairs of roots conjugated by the automorphism of the

Dynkin diagram.
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Before giving the proof we give a brief description of the involved varieties.
Case (1) is realised as an homogeneous space with G = SL,: it has Picard
rank two and the faces of the nef cone are given by the projection onto
grassmannians. After fixing a quadratic form ), we obtain an automorphism
of F given by ¢¢g(L, P) = (P*, L*) exchanging the faces of Nef(F).

In Case (2), the group G is SOs,: the linear subspaces of an even di-
mensional quadric are divided into two families (the even and odd spin
representations, cf. | , Section 11.7.2] or | , Section 6.1]). Also
this variety has Picard rank two and the action of an improper orthogonal
transformation exchanges the faces of Nef(F').

The third variety is homogeneous with G = SOs and has Picard rank
three. The interesting automorphisms are realised via the triality (cf. | ,

Section 11.7.3]). We give now the proof of the classification.

Proof of Corollary 2.76. Since F' is rigid, because of Theorem 2.43 we have

just to study the action of
Aut(F) =G x Ep

on NS(F)q.

The group G acts trivially in cohomology, so we only need to consider that
action of Ep. Since NS(F')g is spanned by the line bundles associated to the
simple roots of P (cf. | |), we can identify a basis of NS(F)g with the
marked nodes of the diagram of P. Since this identification is equivariant
with respect to Ep, HMon(F') equals to Ep.

Rephrasing, dim NS(F)aut(F)

= 1 if and only if the group Ep acts transi-
tively on the set of marked nodes.
Dynkin diagrams and their symmetries are classified (cf. | , Section

10.6.10]), so by direct inspection, we conclude that the unique F' which are

fibre-like are the ones listed above.
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To be more explicit, the Dynkin diagrams B,,, C,, Er, Eg, Fy and G»
have no symmetries, so the rational homogeneous spaces for the respective
groups are fibre-like if and only if the Picard number is one.

A, has just a symmetry of order two, so for each pair of conjugated nodes
one gets a fibre-like homogeneous space of Picard rank two (this is case (1)).
D,,, for n > 4, has just an order-two symmetry which fixes all nodes except
the two nodes associated to the spin representations (this is case (2)). The
group Dy has S3 as group of symmetries: so the triality gives cases (3) and
(4). For the case of Eg, one has an order-two symmetry which gives case

(5). O

2.4.5 The toric case

In this subsection we study the smooth toric case.

Our main result concerns the geometric structure of the polytope associ-
ated to smooth fibre-like toric Fano varieties: we prove it has barycentre in
the origin (i.e. it is K-stable).

The notion of K-stability is extremely subtle and here we can provide a
sufficient criterion for it, at least in the toric case. Let us remark that there
are manifestly K-stable smooth toric varieties which are not fibre-like: think

of P! x P2,

Preliminaries on toric geometry: primitive collections

We need to recall some basic theory of toric varieties (cf. | I, | |
and | | for more details).

Let N be a free abelian group of rank n and set Ng := N ®7Q and let M
be the dual of N. We denote by ¥ C Ng a fan of an n-dimensional smooth
toric Fano variety F' and with A C Ng the dual polytope associated to the

anti-canonical polarisation. The vertices of A will be denoted by V(A).
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The following is a basic short exact sequence:
0= Ni(F)=2Z"®) 5 N0 (2.6)

and dually
0— M —2zZV®) 5 NS(F) — 0. (2.7)

Our analysis is based on techniques involving primitive collections. We

need to recall them.

Definition 2.77. A subset P C V(A) is a primitive collection if the cone
generated by P is not in X, while for each € P the elements of P\ {z}

generate a cone in X.

For a primitive collection P = {x1,..., 2} let o(P) be the (unique) mini-
mal cone in ¥ such that (z1+...+x) € o(P) . Let y1,...,ys be generators
of o(P). Then

T(P):.I'l—l-...—l-.%'k:blyl—l-...—i-bhyh,

where the b;’s are positive integers.

Definition 2.78. The linear relation r(P) is the primitive relation of P and
the cone o(P) is defined as the focus of P. The integer k is the length of
r(P) and the degree of P is defined as deg P =k — > b;.

Using (2.6) we identify A; with the group generated by relations among
the elements of V(A):

Ay (X) 2 { (be)gev(a) € Hom(Z™ Z) | D bz =0
zeV(A)

By abuse of notation we denote with r(P) the cycle associated to r(P)

via the previous isomorphism.
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Note that deg P = —(Kp - r(P)): as a consequence, in our setting, any
primitive relation has strictly positive degree.

Let P a primitive collection such that r(P) is extremal (i.e. it generates an
extremal ray in NE(F)). The exceptional locus of the associated contraction
¢p: F — Fpis Z(o(P)).

Depending on o(P), one obtains the different type of steps in the minimal

model program.

Divisorial It appears when o(P) is a one-dimensional cone and the con-

tracted divisor is precisely the one associated to the ray.
Fibre type In this case o(P) is the origin.
Small This appears in all the other cases.

The following results will be useful in what follows.

Lemma 2.79 (Casagrande). Let v € NE(F) N A1 (F) be a cycle such that

—(KF-7) =1. Then v is extremal.
Proof. This is | , Prop. 4.3]. O

Theorem 2.80 (Reid). Let R be an extremal ray of NE(F) and v € RN
A1(F) a primitive cycle. Then there exists a primitive collection P =

{z1,..., 2} such that

’)/:T(P):.’L‘l—‘r...—l-.il:‘k:blyl—i-...bhyh.

For any conev = (z1,...,2) such that{z1,...,z}0{x1,..., 2k, y1,...,yn} =

0 and (y1,...,yn) + v € X, we have

<.’E1,...,.fi,...,xk,yl...,yh>+VEE

foralli=1,... h.
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Proof. It can be found in | , Theorem 2.4] and | , Theorem 1.5].
O

Proposition 2.81 (Casagrande). Let P a primitive extremal collection such
that o(P) = (y1,...,yn). Then for any primitive collection @ for which
PNQ #0 and Q # P, the set (Q\ P)U{y1,...,yn} contains a primitive

collection.
Proof. This is | , Prop. 3.4]. O

Remark 2.82. Let

arry + -+ agrg = biyr + - + bayn

be an (arbitrary) relation among vertices of A with all {a;} and {b;} pos-

itive integers. Assume that > a; > Y bj. Then, by [ , Lemma 1.4],
(w1 ak) € 2.
We will need the following result for our main theorem (cf. | , Propo-

sition 3.2|).

Proposition 2.83 (Batyrev). Let F' be a smooth toric Fano variety. Then

there exists a primitive collection P such that o(P) = 0.

Fibre-likeness implies K-stability

We present here our main result in the toric case: one expects to see a
combinatorial manifestation of fibre-likeness on the polytope A. Moreover,
one can be interested in further implications on the geometry of the smooth
toric Fano varitety.

As we showed in the previous sections, fibre-likeness implies some kind of
“symmetry” of the Fano and it is known that the symmetry of the polytope

A is strictly related to the K-stability (this is known to be equivalent to the
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existence of Kahler-Einstein metric, cf. | | and | |) of the associated
Fano variety.

Mabuchi proved in | | the first result relating the K-stability with
the triviality of the barycentre of A. This result was generalised in the

singular setting in | , Corollary 1.2].

Theorem 2.84 (Berman). Let F(A) be a Gorenstein toric Fano variety.
Then F' is K-stable if and only if the barycentre of A is the origin.

The proof of the previous result is completely analytic.

In this context our main result is the following.

Theorem 2.85 (©V). Every smooth toric fibre-like Fano variety F(A) has

barycentre in the origin and, as a consequence, is K -stable.

Remark 2.86. Applying Theorem 2.8/, we can see that there are Gorenstein
terminal Q-factorial toric varieties which are fibre-like, but not K -stable, e.q.

the weighted projective space P(1,1,1,1,2).

The proof of Theorem 2.85 heavily depends on convex geometry. Let us

recall some basic facts.

Remark 2.87. The intersection of a convex polytope with an affine space is

again a convex polytope.

Lemma 2.88 (%). Let P be an n-dimensional convex polytope in an affine
space W ~ Q" and let H be a k-dimensional affine subspace intersecting P
in its interior. Define P' := P N H and consider a facet F' of P'. Then

there exists a unique face F of P of dimension al least k — 1 for which
o F'=FNH;

o H meets F in its relative interior.
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Proof. The polytope P is defined by inequalities {x € W | a;x < b;, i =
1,...,t}, with a;,b; € Q% ¢t > n+1 and H is defined by {x € W | cjz =
dj, j=1,...,d— k}, with ¢;,d; € Q?.

After reordering the coefficients a;’s and b;’s, the facet F’ is defined by
{eeW lax=0b,i=1,...,1, o < b;, i =1+1,...,t, cjx =dj, j =
1,...,d—k}, withl <n—Fk+1.

The set which defines the unique face F of P of dimension at least k — 1

with the required properties is the
{reW |ax=0b,i=1,...1, ao <bj, i=1+1,...t}.

O

Let us pass to the action of a subgroup of automorphisms of the polytope

on the vertices V(P).

Lemma 2.89 (O). Let P be an n-dimensional polytope in an affine space
W ~ Q" and let G be a finite subgroup of GL(W,Q). Assume that P is
invariant for the action of G on W and that W€ is k-dimensional and
intersects the interior of P. Then the action of G on the vertices V(P) has
at least k + 1 orbits.

Proof. We prove this lemma by induction on k. In the case k = 1, the fixed
locus W is a line, which meets two distinct (possibly not maximal) faces
JF1 and Fy of P.

The two invariant sets, which give at least two orbits are:
V(F)\V(F2), and V(F2)\V(F).

We prove now the inductive step. Because of Remark 2.87, we can consider
the intersection polytope P’ := PN W&. Let F' be one of its (k — 1-

dimensional) facets. Lemma 2.88 produces a (unique) face F of P, cut in
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its interior by W% in a k — 1 affine space. Let H be the smallest affine
subspace containing F (it is preserved by the action of G). By induction,
we obtain at least k orbits. The extra orbit is obtained by the vertices of P

not contained in F. O
We prove now the main result in the toric setting.

Proof of Theorem 2.85. Since smooth Fano toric varieties are rigid (cf. |
Corollary 4.6]), we can apply the characterisation of Theorem 2.43.

After tensoring by Q the short exact sequence (2.7), one gets
0 — Mg — Q") 5 NS(F(A))g — 0. (2.8)

There is a natural action of Aut(A) on Mg and QV(%) and a homomorphism
Aut(A) — Aut(F), which make the sequence above equivariant. Moreover

by | , Corollary 4.7] we have NS(F)5"®) = Ns(F)5" "

The following is a basic fact.

Lemma 2.90 (%). Let G be a finite group and S a finite G-set. Call t the
number of orbits of the action of G on S. Let

0-A—-Q°=B—=0
be an equivariant exact sequence of Q-vector spaces with a G-action. Then
dim B¢ =t — dim A,

Let us simplify the notation: G := Aut(A), let ¢ be the number of orbits
of the action of G on V(A) and k := dim M©.

Lemma 2.90 and the short exact sequence (2.8) imply that F' is fibre-like
if and only if t — k = 1.
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We can assume k > 0 and want to prove that if G has exactly k+ 1 orbits
on V(A), then the barycentre of A is the origin.

Observe that M and N are isomorphic as G-modules, so dim N¢ =
dim MY = E.

Let A’ be the intersection polytope N¢ N A. For every facet F’ of A’/
one can apply Lemma 2.88 to find a unique face F of A cut by N in its
interior.

Lemma 2.89 says that V(F) splits in at least k orbits.

The fibre-likeness of F' implies that V(F) splits in exactly k orbits: an-
other orbit is given by the set of vertices V (A)\V (F).

Let now Fj and F be two distinct facets of A’, which correspond to two
faces F1 and F; of A and determine two sets of k orbits S; and Sy in V(A).
We claim that S7 # S3: otherwise

VFR) =S =S =V(R)

and this would imply F; = Fo.

Since there are exactly k 4+ 1 ways to choose k elements in a set of cardi-
nality k41 and A’ has at least k + 1 facets, we conclude that any collection
of k orbits is supported on a face F of A.

To conclude the proof we need to use the Fano condition, via primitive
relations.

Let P be a primitive collection with trivial focus, whose existence is guar-
anteed by Proposition 2.83. Since any set of k orbits must be contained in a
face, P must involve at least one vertex from every orbit. Acting with G on P
one gets a family of primitive collections {P;}1<i<, such that o(P;) = 0 and
UP; = V(A). Assume that P; N'P; # 0 for some ¢, 5, i.e. P; ={z1,..., 21}
and Pj = {x1,...,Th, Ynt1,-- -, Y} With ys # x¢ for any s,t. Then

Thel + .o+ Tk = Yng1 + .. Yg-
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This is impossible by Remark 2.82, since xp41, ..., generate a cone in X.
As a consequence, all the P;’s are disjoint and the sum of all vertices of

A equals the origin, i.e. the barycentre of A is in the origin. O

The previous corollary seems to be the relative version in the toric case

of the following very general conjecture (cf. | , Conj. 5.1]).

Conjecture 2.91 (Odaka, Okada). Any smooth Fano manifold X of Picard

rank 1 is K-semistable.

MAGMA computations

In the following table we collect the smooth Fano toric varieties (up to
dimension 8) which are fibre-like. It has been obtained using the software
MAGMA together with the Graded Ring Database | | (for further details

on the classification, cf. | D)-

Remark 2.92. In the following table, the IDs of the Fano polytopes are the

ones introduced in [G'B"].

Remark 2.93. The varieties V,, are known as Del Pezzo wvarieties (see
/ | for more details). Varieties W§, W3 and W will be described later

i the subsection.

What is interesting about Table 2.2 is the fact that all the toric varieties

appearing have a very peculiar combinatorial property.

Definition 2.94 (Vertex-transitive). A polytope A is called vertez-transitive
if Aut(A) acts transitively on the vertices of A. If A is associated to a toric

Fano variety F, then F' is also called vertex-transitive.

Our MAGMA computations give evidence of the following conjecture in

toric geometry.
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Dimension # Vertices Description 1D

2 6 Va 2
2 4 P! x P! 4

2 3 P2 5

3 6 (Ph)3 21

3 4 P3 23

4 10 Vi 63

4 12 Vo x Vo 100
4 8 (P14 142
4 6 P? x P2 146
4 5 Pt 147
5 10 (P1)> 1003
5 6 P> 1013
6 14 Ve 1930
6 12 wg 5817
6 18 (Vo)3 7568
6 12 (P1)S 8611
6 9 (P2)3 8631
6 8 (P3)? 8634
6 7 IP6 8635
7 14 (P17 80835
7 8 P7 80891
8 18 Vs 106303
8 15 w3 277415
8 20 (Vy)? 442179
8 24 (Vo)4 790981
8 12 W 830429
8 16 (P1)8 830635
8 12 (P2)4 830767
8 10 (P4)2 830782
8 9 P8 830783

Table 2.2: Smooth fibre-like toric Fano varieties of dimension at most 8
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Conjecture 2.95 (Characterisation in the Toric case, ©). Let F := F(A)
be a smooth toric Fano variety. Then, F is fibre-like if and only if it is

vertez-transitive.
Table 2.2 inspires also the following speculation.

Conjecture 2.96 (O). Let A be a smooth fibre-like polytope of dimension
d. Assume that d is an odd prime number. Then either X(A) = P4 or
X(A) = (PHd.

Vertex-transitive Polytopes

In this subsection we investigate vertex-transitive Fano polytopes, which
naturally appeared in the previous discussion.

Our ambitious ultimate goal would be to classify these polytopes: the
transitivity condition seems rather restrictive. We can currently obtain some
partial results in this direction, which are enough to classify low dimensional
vertex-transitive Fanos.

From now on, A will denote a smooth Fano polytope of dimension n with
m vertices and F' will be the associated Fano variety.

The first interesting examples of vertex transitive Fano varieties are the

so called del Pezzo varieties.

Definition 2.97. The n-dimensional del Pezzo variety V,, (with n even) is

the smooth toric Fano whose associated polytope has vertices

V(A)={e1,...,en,—€1,...,—epn,(e1+...+en),—(e1+ ... +en)},

where e, ..., e, is the standard basis of Ng.

Remark 2.98. In Subsection 2.4.1, del Pezzo surfaces denoted all the smooth
Fano varieties of dimension 2 and this could cause confusion. Nonetheless

both notations are standard, so we prefer to keep it. We just remark that the
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del Pezzo variety of dimension two is just Sg, in the notation of Subsection

2.4.1.

Projective spaces and del Pezzo varieties are manifestly vertex-transitive,
but they are not the only one as we will see.

The following lemma is very useful in the spirit of classification.

Lemma 2.99 (V). Let X(A) be a vertez-transitive Fano toric variety such
that X 2 Y X Z forY, Z toric varieties. Then there exists a vertex-transitive
Fano toric variety W and positive integers r and s such that' Y = W" and

4 =2 Wse.

Proof. One can assume that Y and Z are not isomorphic to products of
toric varieties, since the general statement follows from this case. Let & =
conv(yi, ..., Ym,) and ¥ = conv(zy,..., zm,) be the polytopes of ¥ and Z
respectively, so that A = conv(® x {0},{0} x ¥). Consider an element g €
Aut(A) such that g((y1,0)) = (0, 21). We claim that g(® x {0}) € {0} x ¥,
from which, by symmetry, it follows that ® = ¥ and then the statement.
We may assume that g((y;,0)) = (0,z) for ¢ = 1,...,k with £ < m; and
9((z;,0)) € ® x {0} for j =k +1,...,mq. Hence

g(® x {0}) = conv((0,21),...,(0,21), 9(Yk+1,0), ..., 9(Ym,,0)).

Since Y is not isomorphic to a product, we conclude that & = m; and the

claim is proven. ]

The following is classic result in [ , Theorem 6].

Theorem 2.100 (Voskresenkii, Klyachko). Let F' be a smooth toric Fano
such that A is symmetric with respect to the origin. Then F' is isomorphic

to the product of projective lines and del Pezzo varieties.

The following definition is standard in convex geometry.
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Definition 2.101 (K-neighbourly polytope). A polytope A is called k-

neighbourly if every set of k vertices lies on a face of A.

Proposition 2.102 (V). Assume that A is smooth and vertez-transitive.

Then either
1. F(A) = (PYH™ or F(A) = (Vi)" for positive integers v and k or
2. A is 2-neighbourly.

Proof. Assume that A is not 2-neighbourly. This implies the existence of a
primitive collection with two elements.

We want to prove that there is a primitive relation of the form =z +y =
0. Assume by contradiction that there is no such relation and consider a
primitive collection P = {x1,z2} with relation R;: z1 + x2 = y1.

Acting with Aut(A) we obtain a family of primitive collections P =
{P;}1<i<r and relations R = {R;}1<i<, such that m := #{V(A)} divides r
(the action is transitive). Assume that the P,’s are all disjoint. Then 2r = m,
which is impossible. So we may assume, by symmetry, that Py = {21, 23}
and Ro: x1 + x3 = yo with xo # 3.

Combining P; and P> we get o + yo = x3 + y1, from which we deduce
that {2, y2} is also a primitive collection, thanks to Remark 2.82.

Write S1: z3+y1 =21 and S3: 2+ ys = 21. Lemma 2.79 implies that
both S; and Sy are extremal.

By Theorem 2.80, (y1,y2) € X, which is impossible because

Y1 +y2 =1 + 21-

This implies the existence of a primitive relation of the form x + y = 0.
Acting with Aut(A) we obtain exactly m/2 such relations (it is easy to
check that they are disjoint). In particular, by the vertex transitive condi-

tion, for any vertex x there is a vertex y such that x4y = 0. This means that
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A is symmetric. The result follows by Theorem 2.100 and Lemma 2.99. O

Proposition 2.103 (V). Assume that A is smooth, vertez-transitive and
2-neighbourly. Then there exists an integer k > 3 and a set of primitive
collections P = {P;}i=1,..r for which r = m/k, |Pj| =k, o(P;) = 0 and
PN P; =0 for any i # j. Moreover, these are the only primitive relations
with trivial focus.

Moreover if just one of these relations is extremal, F(A) = (PF=1)".

By contrast, if one of these relations is not extremal then F' does not admit

any elementary contraction of fibre type.

Proof. By Proposition 2.83 we know that there is a primitive collection P;
such that o(P;) = 0. Set k = |P;|. Note that k¥ > 3 (A is 2-neighbourly by
hypothesis).

Acting with Aut(A) we obtain a family of primitive collections P =
{Pi}1<i<r such that o(P;) = 0 and UP; = V(A). Assume that P; N P; # ()
for some 1,7, that P, = {z1,...,zx} and P; = {z1,...,Th, Yn+1,-- - Yk}

with ys # x; for any s,t. Then

Th+1 + .- + Tk = Ynt1 + - - - Yk,

which is impossible by Remark 2.82 (zp41,.. .,z generate a cone in X). It
is easy to check that there are no other primitive relations with trivial focus.
The first part of the proposition is hence proven.

Assume now that one of these relations (and hence all by symmetry) is
extremal. We claim that there are no other primitive collections. In fact,
let @ be a primitive collection such that @ ¢ P and @ has the minimal
cardinality among the primitive collections not contained in P. We may
assume that Py N Q # (). By Proposition 2.81, the set (Q \ P;) contains a

primitive collection, which contradicts the minimality of |Q|.
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This gives a complete description of the Mori cone: X has the same
primitive relations as (P*~1)" and hence we get the thesis.

O
Lemma 2.104 (O). Assume that A is smooth, 2-neighbourly and vertex-
transitive. Then there are no extremal relations of the form

l‘1+...+$k:b1y1.

In particular X does not admit any elementary divisorial contraction.

Proof. Assume, by contradiction that, acting with Aut(A), one gets another

extremal primitive relation

l‘l—f-Zz...—f-Zk:blyQ

(we argue as in Proposition 2.102 to show that, moving the primitive collec-
tions with Aut(A), they cannot be all disjoint).
We treat the case y2 ¢ {x9,..., 2k, y1}, the other one is similar.
We have
biyo+zo+...+xp=byy1 + 22+ ...+ 2.

Since A is 2-neighbourly, we know that (y1,y2) is a cone of ¥. We apply
Theorem 2.80 to get

<y2,$2, R ,xk) € Z,

which is impossible, again by Remark 2.82.

Examples

We study here a family of examples of vertex-transitive toric varieties, which

are generalisations of del Pezzo varieties.

84



They were first introduced in | | and also appeared in | |, al-
though the dual polytopes of these toric varieties naturally appeared as a
spacial class of transportation polytopes (the so-called central transportation

polytopes), which have been extensively studied in optimisation problems (cf.

[ D).

We will use a different notation compared to the one introduced by Klyan-
cho (cf. Remark 2.106): our choice is more convenient for classification (cf.

Remark 2.110).

Definition 2.105 (Klyachko varieties, ©). Let k& and n be positive integers
such that n > 2 and (k — 1)|n. Fix a basis e1,...,e, of a lattice N = Z".
The Klyachko variety of order k and dimension n is the Fano toric variety

WP associated to to the polytope A¥ € N with vertices

V(Afl) ={e1,e2,...,en,61 + ...+ ey,
—(e1+...+ex1),—(er+...+exm2) .., —(enpry2+...+en),
—(e1+ex+...+enki2),—(e2+epp1+... +enpt3), .-,

- (ek,1 +éeokp_9+ ...+ en)}

Note that when n is even, W2 is the del Pezzo variety V;,.

Remark 2.106. In [ |, the varieties WE are introduced with the nota-

tion Py ;. We have the following relations between the indices:

n=(g-10-1), k=g (orl)

(our definition of k is consistent because of the isomorphisms proved in

Lemma 2.107).

Assume that W is smooth (cf. Proposition 2.109). Then we have the

following geometric interpretation.
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The one-dimensional cones of the fan of W/ are exactly the one-dimensional
cones of the fan of the blow-up Z* of (]P’kfl)% in k invariant points. This
implies that there exist a birational map between W} and Z* which is an iso-
morphism in codimension one. Moreover, it can be shown that this map must
factor through a sequence of flips, since Wff is a smooth Fano: more precisely
this map can be realised by a Ky x-MMP with scaling (cf. | D).

Furthermore, the following isomorphisms hold.

Lemma 2.107 (V). For any integers n and m, we have Wtt = Jymrl,

Proof. One can assume that m < n and write down the vertices of W21

{617627-~-76mn7 er+...+ emn,
—(e1+...ten),—(ent1+ ...+ em), o, —(emmty41 + - + €mn),
—(e1+ent1 4. Femm-1)41), —(e2+eny2+ ...+ emm_1)12),-- -,

—(en+eam+ ...+ emn)}

It is now clear that reordering the base vectors

/ —
€mitj = En(i—1)+i+1

with i € {0,...,n} and j € {1,...,m — 1} gives the required isomorphism.
]

Lemma 2.108 (V). The polytope W,’f 1s vertex-transitive, reflexive and ter-

minal.

Proof. We start proving the transitivity by induction on the dimension n.
Let us fix the index k and consider the Klyachko variety with dimension

W,ffl. Using Lemma 2.107 we deduce the isomorphism

k  ~ 2
kal = kala
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where the right hand side is a vertex-transitive del Pezzo variety. Assume
now by induction that W} with ¢t < n is vertex transitive (¢ has to be a
multiple of k£ —1). We consider for every i = 0,...,n —k+1 the projections

from the polytope AF to the (k — 1)-codimensional subspaces orthogonal to

(€it1,€it2s -, Eitk1)- (2.9)

By inductive hypothesis, the images of the polytope Aﬁ via the projections
are all vertex transitive polytopes isomorphic to Aﬁ_k 41+ To deduce the
transitivity of the whole polytope, we use the isomorphisms of Ng swopping

the subspaces in (2.9).

Define W := Wk and A := Ak,

We prove that A is reflexive. It is enough to show that there are no
lattice points lying between the affine hyperplane spanned by each facet of
A* C Mg and its parallel through the origin. Since the action of Aut(A)
induces a transitive action on the facets of the dual A*, it is sufficient to
consider just one facets of A*: it is obvious that {z; = —1} C My satisfies
the property we want.

We now show that W has terminal singularities, i.e. that ANN = V(A)U
{0}. Assume by contradiction that there exists a non-zero v € AN N such
that v ¢ V(A). We may assume that v is not in the subspace H generated
by e1,...,ex_1. Let my the projection from H. Then I' = 7y (A) is again
a Klyachko polytope, 7y (v) € T and 7g(v) ¢ V(I') U {0}. Hence we can
conclude by induction, since WC% is terminal for any d > 2.

O

For any positive integers n and k we denote by n; the smallest non-
negative integer r such that n = mod k.
Although the following result is proved in | |, we give a different proof

using our notation. This gives a rather precise idea on how the arithmetics
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of indices makes the singularity W very different.

Proposition 2.109 (V). The variety WF is smooth if ged(n —1,k) = 1. If
ged(n — 1,k) # 1, then W is not Q-factorial.
In particular, if k is a prime number then Wff 18 smooth, unless n = 1

mod k.

Proof. For any k > 2 and t > 1 define the linear form

k-3
Ly = Z(l‘tﬂ'k + Tppikyr + o+ Tepipgn—2 — (B — 1)$t+z‘k+(k—1))-

i=0
Observe that the polytope A for n = (k — 1)? is not simplicial, since the
hyperplane {Ly ; + x, = 1} supports a facet of Afl which turns out to have
k(k — 1) vertices.
On the other hand we see that if n = k(k—1), the polytope A is smooth.
In fact it is easy to see that any facet F' of Afl which contains the vertex
(1,1,...,1) must contains at least f = (k — 1)(k — 2) + 1 elements of the

standard basis. This implies that the supporting hyperplane
{a1z1+ ...+ ageqg =1}

of F" has exactly f coefficients equal to 1, k — 2 coefficients equal to —(k—1)
and k — 1 coefficients equal to 0 (as for the hyperplane {Ly; + x5 = 1}).
One can also check that all these facets have vertices which form a basis of
N. By the transitivity of Aut(A¥) we gain that W} is smooth.

We now prove the general statement by induction on k£ and n. The case
k =2 (and any n) and the case n = 2 are immediate.

Let AF be a Klyachko polytope with k,n > 3. If n < (k — 1) then
AF >~ A5+l where s = k — iy and n = s(k — 1), so by induction on k we

are done, because ged(n — 1, k) = ged(s + 1, k) = ged(s + 1,n — 1).
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We have already seen how to deal with the cases n = (k — 1)? and n =
k(k—1).

If n > k(k—1), then set t = n—k(k—1) and consider the plane H spanned
by {et+1,€r+2,...,e,} and the associated projection 7z on the orthogonal
space to H. The image 7 (AF) is AF and ged(n — 1, k) = ged(t — 1, k). For
any facet F' of AF with supporting hyperplane {P(z1,...,2;) = 1} we get a
facet F of A¥ supported by

{P+ Lk,(t+1) + (xg—py1 + ...+ 241 — (k= 1Dxg) = 1}.

We remark that |V (F)| = |V (F)|+ k(k — 1), so if A¥ is not simplicial, then
AF is not simplicial. In this way one can check that AF is smooth if and
only if AF is smooth; the result follows now by induction on n.

O

Remark 2.110. The 8-dimensional polytope denoted by W in Table 2.2
1s not a Klyachko variety. Nomnetheless, following our notation, it can be

considered as the candidate for a generalised Klyachko variety ng.

Low-dimensional case

In this subsection, we use the previous results to give a classification of
smooth vertex-transitive Fano polytopes in low dimension.

Let A be a transitive smooth Fano polytope of dimension n. By | ,
Theorem 1| we know that |V (A)| < 3n with equality if and only if n is even
and X := X(A) = (V5)™2. We also note that for any extremal relation
T1+...+xp=by1 + ...+ bpyn, we have k + h <n+ 1.

Dim(X)=2. If A is not 2-neighbourly, then by Proposition 2.102 we get
X 2P xPlor X V5.

Assume that A is 2-neighbourly. Then there is an extremal collection

P = {x1, 2,23} such that o(P) = 0 and so, by Proposition 2.103, we get
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X > P2

Dim(X)=3. If A is not 2-neighbourly, then by Proposition 2.102 we get
X = (P13,

Assume that A is 2-neighbourly. By dimensional restriction, the extremal
relations could be of the form x; + z2 + x3 = 0 (which is impossible by
Proposition 2.103), x1 +x2 + 23 = y1 (which is impossible by Lemma 2.104)
or &1 4+ xo + x3 + x4 = 0, which gives X = P3 by Proposition 2.103.

In this way we can recover all the smooth vertex-transitive Fano varieties
appearing in Table 2.2 (up to dimension 3).

Further analysis of primitive relations could lead to further results in this

direction.

2.4.6 Singular Del Pezzo fibrations

In this subsection, we provide some further results for singular del Pezzo

surfaces. These results hold in arbitrary characteristic.

Notation 2.111. The notation here is slightly different with respect to the
other subsections: we focus on the two dimensional case, but the hypothesis
on the del Pezzo surfaces involved are much weaker. We only assume them
to be defined over an algebraically closed field of arbitrary characteristic. In
positive characteristic, we work in the étale setting: all cohomology groups,
fundamental groups and Chern classes are considered with respect to the étale

topology.

Definition 2.112. A weak del Pezzo surface S of degree d is smooth two-
dimensional variety with —Kg big and nef such that d = (K3).
A singular del Pezzo surface S of degree d is two-dimensional Fano variety

with canonical singularities such that d = (Kz,)

Weak del Pezzo surface are classified: they are P2, P! x P! and P? blown

up in up to 8 almost general points (cf. | | for a precise definition).
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This condition on the points makes (—2)-curves appear on every properly
(i.e non-Fano) weak del Pezzo surface and all the possible configurations of
(—1) and (—2)-curves have been completely classified (cf. | D).

The aim here is to classify rigid singular del Pezzo surface which can be
realised as general fibre of a Mori fibre space. In the rigid case, it is very

easy to extend the definition of fibre-like.

Definition 2.113. A rigid singular del Pezzo surface is fibre-like if it can
be realised as the general fibre (over an open dense subset U%°, where the

fibration is isotrivial) of a Mori fibre space f: X — Y.

Remark 2.114. Verdier’s results in characteristic zero (cf. [ /) guar-
antee the existence of an open dense subset over which every MFES is topo-
logically trivial (denoted in the previous sections by U}Op). In arbitrary char-

acteristic, this is no longer clear.

For the general theory on singular del Pezzo surfaces, see | |. Here
we only recall in the following theorem the fundamental properties we need

for our purposes.

Theorem 2.115 (Artin, Demazure). Every singular degree-d del Pezzo sur-
face S is obtained from a weak degree-d del Pezzo S wia the contraction
7: 8 — S of all (—2)-curves (m is the minimal resolution of S). Moreover

this contraction morphism is associated to the (pluri)-anticanonical system
| —iKg| with
1 ford >3
1=1<2ford=2
3 ford=1

The main result of this section is the following.

Theorem 2.116. Let S be a (rigid) singular del Pezzo surface of degree
d > 5. Then S is fibre-like if and only if it is isomorphic to one of the
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following:
d=9: P?%;
d=8: P! xP! and Q (quadratic cone);

d=6: S, S§ (dominated by the blow-up of P? in 8 non-collinear infinitely
3,col

near points) and Sy (dominated by the blow-up of P2 in 8 collinear

infinitely near points);

d=5: S5 and Sg’wl (dominated by the blow-up of P? in 4 collinear infinitely

near points) .

Moreover, Sg’ 1s the only rigid fibre-like properly singular del Pezzo surface

with Picard rank bigger then one.

Before we prove this theorem, we need to extend some of our results in the
previous subsections. First, we need a slightly different version of Theorem

2.38 allowing more singularity, which holds in a general setting.

Theorem 2.117. Let
fiX—=Y

be a dominant morphism of projective normal varieties of arbitrary dimen-
sion, where X is Q-factorial with rational singularities. Assume that the

anti-canonical sheaf of X is f-ample.

characteristic zero Then the restriction map
p: NS(X)g — NS(E,)g Y

is surjective for every fibre over U = U}Op.

positive characteristic Assume the ezistence of an open dense subset U}SO
over which f is isotrivial. Moreover, assume that the Brauer group of

the fibre over U}so 1s trivial. Then the same result holds over U = U}SO
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Proof. Let us focus on the characteristic zero case. Rational singularities

guarantee that the first Chern class map yields an isomorphism
R'f.G,, ® Q — R%*f.Q (2.10)

of sheaves of abelian groups on U. Let us denote by S one of these two iso-
morphic sheaves, which are locally constant over U. We have a monodromy
action of 71(U,y) on S, = NS(F,)q = H?(F,,Q). This action is finite (let

G be the finite group it factors through). Consider an étale Galois cover
p:V—=U,

which trivialises p*S. The Galois group of the cover is G and it acts on V" and
V/G = U. We can lift this action to an action on Xy, again Xy /G = Xy.
By abuse of notation we denote again by p the map from Xy to Xy, and
by f the map from Xy to V. Let p~'y = {y1,...,yx} be the pre-images of
y in V. Denote by F; the fibre over y;. The restriction p; of p to F; is an
isomorphism with the fibre F.

Let g be an element of G. Write g(t1) = ¢;. Pick a divisor D in NS(Fy)
and denote by g(D) the monodromy action of g on D. Via pj, we can see D
as a divisor on Fj. Since p*S is trivial, there exists a (non-unique) divisor
D in Pic(Xy) which restricts to D on F. We denote by D; the restriction

of D to F;. The monodromy action on NS(Fy)q is given by
g(D) — p;l*bi — p;l*g*bl’

where the second equality is due to p; o g = p1. We remark that if G fixes
the isomorphism class of D in Pic(Xy ), then G fixes D in NS(F,)g. The
converse requires a bit of care. We want to show that if D is fixed by G, we

can find a G-invariant D. Pick any D in Pic(Xy,) which restricts to D on F}.
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Since D is possibly not G-invariant, we consider the average in Pic(Xy)q :

1 .
E:=— ZQ*D.
Gl =2

Since D is invariant under monodromy, the restriction of ¢*D to Fy is
isomorphic to D for any ¢ in G. We conclude that F; is isomorphic to
D as well. Moreover, F is G-invariant. We conclude that the restric-
tion ry to the fibre F; composed with p; defines a surjective morphism

ri: Pic(XV)(g — Pic(Fy)g. We now recall that Xy /G = Xy, so we have
Pic(Xv)§ = Pic(Xy)q.

We have a surjective morphism Pic(Xy)g — Pic(Fy)g and since X is Q-

factorial, also the restriction morphism
PiC(X)Q — PiC(XU>Q

is surjective (given a Cartier divisor on Xy, its Zariski closure is a Weil
divisor on X). The restriction commutes with taking Chern classes, so we

have the required surjection
p: NS(X)g — NS(F,)§.

In positive characteristic one can replace the first Chern class isomorphism
with the one induced by Kummer exact sequence (cf. Subsection 2.3.3). The

result follows repeating the same proof as in characteristic zero. ]

We can now extend our characterisation theorem (Theorem 2.43) in this

slightly worse singular setting.

Theorem 2.118. Let S be a (rigid) singular del Pezzo surface of degree
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d>5. Then S is fibre-like if and only if

Aut

NS(S)p"™) = QK

Furthermore, S can be realised as the general fibre of an isotrivial MFS over

a curve.

Proof. The if part is precisely Theorem 2.40 (the same construction can be
performed, although the singularities of the total space will be canonical
instead of terminal).

Since the involved fibres are rigid and the MFS are isotrivial, the singu-
larities are rational and Q-factorial and the involved MFS are isotrivial, one
can apply Theorem 2.117 to conclude as in Theorem 2.42 (in characteristic

D | | proves that Br(S) = 0 for S). O

Proof of Theorem 2.116. The proof is a case-by-case analysis, looking at the
automorphisms of the configurations of negative curves in the generalised del

Pezzo S dominating S (cf. | , Propositions 8.1, 8.2, 8.3, 8.4]).
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3 Matsusaka’s Theorem for surfaces

in positive characteristic

3.1 Introduction

In this chapter we present a project aimed to investigate Effective Mat-
susaka’s Problem for surfaces in positive characteristic. In order to attach
it, a new strategy has been developed, based on bend-and-break techniques
combined with other positive-characteristic methods developed by Ekedahl

and Shepherd-Barron to extend Bogomolov’s stability for vector bundles.

Motivation and history: the moduli problem and the classical

approach in characteristic zero

In order to study moduli of polarised varieties (X, D), where D is an ample
divisor on X, a smooth projective variety of dimension n, it is essential to
determine a constant mg(D), only depending on the Hilbert polynomial of
D, for which mD is very ample for m > mg. This is nodal in order to deter-
mine the scheme structure of the moduli space (the so-called boundedness
problem).

For curves, it is easy to show that the constant 2941 work for an arbitrary
ample divisor on a one-dimensional variety (i.e. there exists a constant only
depending on the geometry of the curve C which works for every ample

divisor on C). Unfortunately, already for smooth surfaces, one can easily
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see that there is no universal constant on a fixed variety, as the following

example shows (cf. | , Example 1.5.7]).

Example 3.1 (Kollar). Let X := E x E be the self-products of an elliptic

curve E and let us define, for every n > 2, the divisor
Api=nFi+n* —n+1)F — (n—1)A,

where F; are the two fibres of the projections and A is the diagonal. It is
easy to show that A, is ample.

Let R := F1 + F» and consider a smooth element B of the linear system |2R).
After constructing a 2 : 1 cover f: Y — X ramified over R, one can show

that the following injection
H°(X,0x(nA,)) — H(Y,Ox(nDy,))

is an isomorphism, where we have defined D,, := f*A,. This implies that

nD,, cannot be very ample and, as a consequence, that
mo(Dy,) > n.

This implies that the effective value mqg actually depends on the ample divisor

we choose.

A celebrated theorem of Matsusaka (cf. | |) solves the problem in
characteristic zero, providing a constant mg(D), only depending on the
Hilbert polynomial of D, and a further refined result by Kollar and Mat-
susaka, always in characteristic zero, (cf. | |) shows that this integer
only depends on the intersection numbers (D) and (Kx - D"~ 1).

More generally, one can ask the following question in arbitrary character-

istic.
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Question 3.2. Let X be a smooth variety over an algebraically closed field,
let D and B be an ample and a nef divisor on X respectively. Then there

exists an integer M depending only on (D?), (Kx -D) and (D - B) such that

mD — B

1s very ample for all m > M.

In the same spirit, the stronger question requiring an explicit integer M as
a function of (D") and (Kx - D"™1) can be formulated: this is the so called
effective problem. The first effective versions of Matsusaka’s theorem are due
to Siu (cf. | I, | |) and Demailly (cf. | I, | |): their
methods, which only work in characteristic zero, are cohomological and rely
on vanishing theorems. See also | | for a full account of this approach.

Let us state the main theorem of this chapter.

Theorem 3.3 ((= Theorem 3.5) Effective Matsusaka for surfaces in char-
acteristic p, #). Let X be a smooth surface over an algebraically closed field,
let D and B be an ample and a nef divisor on X respectively. Then there

exists an integer M depending only on (D?), (Kx -D) and (D - B) such that

mD — B

1s very ample for allm > M. Furthermore an explicit value of M is provided.

Since we will be interested in the case of surfaces, let us recall the work
by Fernandez del Busto (cf. | |) where basically the optimal bounds
for smooth surfaces in characteristic zero (with B = 0) are obtained. This
approach was generalised for some classes of smooth surfaces in positive
characteristic in | |.

In this chapter we will develop a method which works for arbitrary smooth

surfaces defined over an arbitrary algebraically closed field.
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Pathologies for surfaces in characteristic p

This is a very rich and interesting topic with a rather long history: the sem-
inal works by Bomberi and Mumford (cf. | I, | | and | )]
extended Enriques’ classification of smooth surfaces in positive characteris-
tic, focusing on new classes of surfaces which do not exist in characteristic
zero. On them, weird phenomena appear: Raynaud in | | provided
examples of quasi-elliptic surfaces on which Kodaira vanishing fails. Mukai
characterised in | | all surfaces over which Ramanujam vanishing fails
(cf. Theorem 3.49).

Although also the minimal model program for surfaces in positive char-
acteristic has been recently established, thanks to the work of Tanaka (cf.
| | and | |), some interesting effectivity questions remain open in
this setting, after the influential papers of Ekedahl and Shepherd-Barron (cf.
[ | and | |), where, for instance, effective birationality, base-point
freeness and very ampleness for pluricanonical linear systems on smooth
surfaces in positive characteristic was studied and completely solved.

One interesting strategy to study surfaces in characteristic p is via purely
inseparable covers. Actually, all new classes of surfaces which do not exist
in characteristic zero basically appear because of purely inseparable fields
extensions. In some sense, Frobenius morphism is the cause and the solution
for these new classes. We describe here a beautiful construction (cf. | ,
Construction 11.6.1.6]), which will be useful for our purposes. We present it
here, since it is extremely explicit and gives a good idea of the techniques in
this chapter.

First of all, we fix the notation about the Frobenius morphism: let X
be a smooth variety defined over an algebraically closed field of positive

characteristic p > 0. We will denote with

F:X—-X
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the absolute Frobenius, corresponding at the rings level to the map x — xP.

Construction 3.4 (Ekedahl, Kollar). Let X be a smooth variety of dimen-
sion n defined over a field of characteristic p > 0 and let D be a divisor for

which the following holds:
HY(X,0x(D))#0, but HYX,Ox(pD))=0.
This gives an element in the kernel of the induced Frobenius map
F*: H'(X,0x(D)) = H'(X,0x(pD)) = 0,
which is the same as a (non-split) rank-two vector bundle
0— Ox(D)—&— Ox —0,
for which the Frobenius action gives a splitting
F*(&) ~ Ox(pD) ® Ox.

Since F*(E) C SP(E), the previous splitting gives a section

0 € H'(X,0x) = H(X, Ox(57(£))) = H(Y, Oy (p)),

where Y := P(E) is the projective bundle associated to the rank-two bundle
E.

The associated zero section Z C'Y determines a purely inseparable cover
w: Z — X, where Z is integral (cf. | , Proposition 11.6.1.2]), but often
non normal (even if X is a smooth curve).

This construction can be very useful, for instance, if we want to produce
rational curves on X (cf. Section 3.2). We will also use it in order to

deduce effective Kawamata-Viehweg-type theorems for pathological surfaces
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(cf. Definition 3.17 and Section 5.5).

A new approach to Effective Matsusaka for surfaces in positive

characteristic
The main purpose of this chapter is to prove the following result.

Theorem 3.5 (#). Let D and B be respectively an ample divisor and a
nef divisor on a smooth surface X over an algebraically closed field k, with
chark =p > 0. Then mD — B is very ample for any

2D - (H + B)
>—

m D2

(Kx+2D)-D+1),

where
o H:=Kx +4D, if X is not-pathological (see Definition 3.17);
e H:=Kx + 19D, if X is pathological with k(X ) = 1;
o H :=2Kx + 19D, if X is pathological of general type.

Remark 3.6. The effective bound obtained with H = Kx + 4D is expected
to hold for all surfaces. Note that the bound in this case is not far from being
sharp even in characteristic zero (cf. [ ).

The proof of Theorem 3.5 does not rely directly on vanishing theorems, but
rather on Fujita’s conjectures, which are known to hold for smooth surfaces
in characteristic zero (cf. [ /) and for non-pathological smooth surfaces

in positive characteristic (cf. [ | and [ ).

Conjecture 3.7 (Fujita). Let X be a smooth n-dimensional projective va-
riety and let D be an ample divisor on it. Then Kx + kD is base point free
for k> n+1 and very ample for k > n + 2.

Another new result of this chapter is an effective very ampleness result d la

Fujita for surfaces which are quasi-elliptic with x(X) = 1 or of general type

101



we can prove the following effective result in the spirit of Fujita’s conjecture

(cf. Section 3.4).

Theorem 3.8 (= Theorem 3.33, #). Let X a smooth surface over an alge-
braically closed field of characteristic p > 0, D an ample Cartier divisor on
X and let L(a,b) := aKx + bD for positive integers a and b. Then L(a,b)

1s very ample for the following values of a and b:
1. if X is quasi-elliptic with k(X)) =1 andp=3,a=1 and b > §;
2. if X is quasi-elliptic with k(X)) =1 andp=2,a=1 and b > 19;
3. if X is of general type with p > 3, a =2 and b > 4;
4. if X s of general type with p =2, a =2 and b > 19.

The key ingredient of this result is a combination of a Reider-type result
due to Shepherd-Barron and bend-and-break techniques.

In the last part of this chapter (cf. Section 3.5), a Kawamata-Viehweg-
type vanishing theorem which holds for surfaces which are quasi-elliptic with
k(X) = 1 or of general type is proved (cf. Theorem 3.55 and Corollary 3.57):

this generalises the vanishing result in | .

3.2 Preliminary results

In this section we recall some results and techniques developed in the last
twenty years, some of them quite recently, in order to extend classical results
in characteristic zero to algebraically closed fields in characteristic p. In
some cases, we will start from characteristic-zero results in order to make

our discussion more clear.

Volume of divisors

When deforming a variety X of general type in flat families, one preserves

the Hilbert polynomial and in particular the top coefficient: this is, up to a
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constant depending on the dimension, the volume of X.

More generally, let D be a Cartier divisor on a normal variety X. The
volume of D measures the asymptotic growth of the space of global sections
of multiples of D. We need to recall some basic properties of vol(D) (cf.

[ | for a detailed discussion).

Definition 3.9. Let D be a Cartier divisor on X with dim(X) = n. The

volume of D is
W(X,0 D
vol(D) := lim sup (X, Ox(m ))

The volume of X is defined as vol(X) := vol(Kx).

Assuming the divisor D big and nef, one can show that vol(D) = D".
Although, in general, computing this invariant is incredibly hard, Fujita’s
approximation theorem allows us to deduce some properties if D is ample.
A complete proof of this result can be found in | | assuming the charac-
teristic to be zero. Just very recently, Takagi proved of the same theorem in
positive characteristic (cf. | ). As a consequence, we can deduce the
log-concavity of the volume function in characteristic p > 0. The proof of

this implication, which is characteristic-free, is in | , Theorem 11.4.9].

Theorem 3.10 (Fujita, Takagi). Let D and D' be big Cartier divisors on a

normal variety X defined over an algebraically closed field. Then
vol(D 4 D)™ > vol(D)Y/™ + vol(D')V/".

Bogomolov’s inequality and Sakai’s theorems

Here we present the notion of semi-stability for rank-two vector bundles on
surfaces. In this subsection, X is a smooth surface defined over an alge-

braically closed field.
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Definition 3.11. A rank-two vector bundle € on X is unstable if it fits in

a short exact sequence

0— Ox(Dl) — & — IZ . OX(DQ) — 0,

where Dq and Dy are Cartier divisors such that D’ := Dy — D5 is big with
(D'?) > 0 and Z is an effective O-cycle on X.

The vector bundle &€ is semi-stable if it is not unstable.

In characteristic zero, Bogomolov proved the following classical result (cf.

[ , Main Theorem]).

Theorem 3.12 (Bogomolov). Let X be defined over a field of characteristic
zero. Then every rank-two vector bundle & for which c3(£) > 4co(E) is

unstable.

As a consequence, one can deduce the following theorem, due to Sakai (cf.
| , Proposition 1]): the idea is that non-vanishing of the H' of adjoint
line bundles Kx + D with some weak positivity hypothesis on D allows us
to deduce something on the “negative part” of D.

In | |, the two statements are proved to be equivalent in characteristic

Zero.

Theorem 3.13 (Sakai). Let D be a nonzero big divisor with D* > 0
on a smooth projective surface X over a field of characteristic zero. If
HY(X,0x(Kx + D)) # 0 then there exists a non-zero effective divisor E
such that

o D —2F is big;
e (D—-FE)-E<O.

As a consequence, one obtains Reider’s theorem.
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Theorem 3.14 (Reider). Let D be a nef divisor with D?> > 4 on a smooth
projective surface X over a field of characteristic zero. Then Kx + D has

no base point unless there exists a non-zero effective divisor E such that

D-E=0and (E*)=-10orD-E=1 and (E?) = 0.

This is enough for surfaces in characteristic zero to prove Fujita’s conjec-

tures.

Corollary 3.15 (Fujita Conjectures for surfaces, char 0). Let Dq,..., Dy
be ample divisors on X smooth, over a field of characteristic zero. Then

Kx + D1+ ...+ Dy is base-point free if k > 3 and very ample if k > 4.

Remark 3.16. Theorem 3.13 is not known in general for smooth surfaces
i positive characteristic, although Fujita’s conjectures are expected to hold
wn general: classical cohomological techniques are too weak in positive char-

acteristic.

In order to make our presentation more clear, we introduce the following
definition for surfaces in positive characteristic over which Sakai’s theorem

holds.

Definition 3.17 (Non-pathological surface). A smooth surface X defined
over an algebraically closed field of positive characteristic is non-pathological
if the following holds: for every D # 0 big divisor with D? > 0 on X which
verifies

HY(X,0x(Kx + D)) #0,
there exists a non-zero effective divisor E such that
e D — 2F is big;

e (D—FE)-E<O.

105



A smooth surface X defined over an algebraically closed field of positive
characteristic which does not verifies the previous condition is said patholog-

ical.

Some pathologies for surfaces in positive characteristic:

quasi-elliptic surfaces

Before focusing on specific techniques we survey some interesting classes
appearing for smooth surfaces in positive characteristic. For a detailed ac-
count (with some proofs) on the classification in positive characteristic, see
the survey paper | .

Quasi-elliptic surfaces appeared in Bombieri-Mumford classification of sur-
faces in positive characteristic and play an important role in constructing
counterexamples to Kodaira vanishing. Starting with a surface X and a
fibration f: X — C on a curve, we know that the generic fibre F' is reduced
and irreducible. Nonetheless, we cannot deduce the smoothness of F' over

k(C), because of the failure of Bertini’s theorem.

Definition 3.18. A surface X endowed with a fibration f: X — C' on
a smooth curve such that the generic fibre is a singular integral curve of

arithmetic genus one is called quasi-elliptic.

The following fundamental theorem by Tate shows that quasi-elliptic sur-

faces only appear in low characteristic (cf. | , Theorem 7.18]).

Theorem 3.19 (Tate). Quasi-elliptic surfaces only exist in characteristic 2
and 3. Furthermore, the general fibre of the fibration is a genus one curve

with only one ordinary cusp.

Another interesting aspect of quasi-elliptic surfaces is concerning their

uniruledness.
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Remark 3.20. Let f: X --+ Y ba a dominant, generically finite map. In
characteristic 0, the assumption kK(X) = —oo implies k(Y) = —oo. By
contrast, in positive characteristic the existence of purely inseparable mor-
phisms produces examples where the pull-back of a non-zero pluricanonical

form annihilates.

For a quasi-elliptic surface f: X — C, there exists a purely inseparable
extension K /k(C) of degree p = char(k) such that I Xgpecr(c) Spec K is
not regular and whose normalisation is P'. We are saying that every quasi-

elliptic surface is purely inseparably uniruled.

Ekedahl’s construction and Shepherd-Barron’s theorem

In this subsection some classical results on smooth surfaces in positive char-
acteristic are recalled (cf. | I, | | and | | for further details).

In particular, we need to discuss here a construction which is due to Tango
for the case of curves (cf. | |) and Ekedahl (cf. | |) for surfaces.
There are many variations on the same theme (we saw an explicit example in
Section 3.1), but we will focus on the one which is more related to stability
of vector bundles. The following result is due to Bogomolov and basically

generalises Theorem 3.12. For a proof, see | , Theorem 1].

Theorem 3.21 (Bogomolov, Shepherd-Barron). Let £ be a rank-two vector
bundle on a smooth projective surface X over a field of positive characteristic
such that the Bogomolov’s inequality does not hold (i.e. such that c3(£) >
4co(E)). Then there exists a reduced and irreducible surface Y contained in

the ruled threefold P(E) such that

o the restriction p: Y — X is p®-purely inseparable for some e > 0;
o (F*)¢(&) is unstable.

Remark 3.22. In the proof of the previous result, an explicit construction

of the purely inseparable cover is provided.
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Construction 3.23 (Shepherd-Barron). Let £ be a rank-two vector bundle
such that the Bogomolov’s inequality does not hold and let e be an integer

such that F¢*E is unstable. One obtains the following commutative diagram.

P(FeE) S~ P(E) .

7|

X

hS]

Fe X

Since F¢*E is unstable, we obtain a short exact sequence
0— Ox(D1) - F“E -1z -Ox(D3) —0

and a quasi-section Xo of P(F¢*E) (i.e. pTXO: Xo — X is birational).

LetY be the image of Xg via G. One can show that the induced morphism
prY =X

is pC-purely inseparable. Let us define D' := D1 — Ds; one can show (cf.

/ , Corollary 5]) that the following relation on canonical divisors holds.

* pe_l
Ky = p <KX— - D’>.

Remark 3.24. The case we are interested in s when the rank-two vector

bundle £ appears as a nontrivial extension
0—>0x —=>E&—=0x(D)—=0

associated to a non-zero element v € HY(X,Ox(—D)), where D is a big
Cartier divisor such that (D?) > 0.

Indeed, the instability of F<*E guarantees the existence of a diagram (keep
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the notation as in Definition 3.11:

OX(D/+D2)
fi
0 Ox — L s Fere— 2 L Ox(p°D) —=0

First, we claim that the composition map o is non-zero: assume, by con-
tradiction that o = 0. This gives a nonzero section o’: Ox — Ox (D' + Ds).
This forces the composition T := go o f1 to be zero. But this implies that
D'+ Dy < 0. This is a contradiction (cf. the proof of [ , Proposition
1] and |[. , Lemma 16]).

This implies that Dy ~ E > 0: one can then rewrite the vertical exact

sequence as follows:

0= Ox(p°D — E) = F*E = Iz - Ox(E) — 0.

Since | , Corollary 8] implies that Corollary 3.15 holds true for
smooth surfaces in positive characteristic which are neither quasi-elliptic
with £(X) = 1 nor of general type, we need to deduce effective base-point-
freeness and very ampleness results only for these two classes of surfaces.

We recall here the following key result from | |, based on Bombieri-

Mumford classification of smooth surfaces in positive characteristic.

Theorem 3.25 (Shepherd-Barron). Let £ be a rank-two vector bundle on

a smooth projective surface X over an algebraically closed field of positive
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characteristic such that the Bogomolov’s inequality does not hold and is semi-

stable. Then
o if X is not of general type, then X is quasi-elliptic with k(X) = 1;
o if X is of general type and

9 vol(X)
i (&) —4e(E) > ——5,
then X is purely inseparably uniruled. More precisely, in the notation

of Theorem 3.21, Y is uniruled.

Proof. This is | , Theorem 7|, since the volume of a surface X with
minimal model X’ equals (K%). O

The corollary we are interested in is the following (cf. | , Corollary
8]).

Corollary 3.26 (Shepherd-Barron). A smooth surface X in positive char-
acteristic which is neither quasi-elliptic of Kodaira dimension one nor of

general type is non-pathological and Corollary 3.15 holds true for X.

Bend-and-break lemmas

This subsection is dedicated to the key technical result our approach is
based on. It is a celebrated method due to Mori (see | | for an insight
into these techniques) which allows us to find rational curves on varieties
with “negative” canonical divisor with a precise control on the intersection
numbers.

Mori theory deals with effective 1-cycles in a variety X; more specifically
we will consider non-constant morphisms h: C' — X, where C is a smooth

curve. These techniques allow us to deform curves for which

(Kx -C):=degoh"Kx < 0.
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On the space Z1(X) of 1-cycles, many equivalence relations can be im-
posed: following | | we will denote with % the effective algebraic equiv-

alence defined on Z;(X) (cf. | , Definition 11.4.1]).

Theorem 3.27 (Mori’s Bend-and-break). Let X be a variety over an alge-
braically closed field and let C' be a smooth, projective and irreducible curve
with a morphism h: C — X such that X has local complete intersection
singularities along h(C') and h(C) intersects the smooth locus of X. Assume

the following numerical condition holds:
(KX . C) < 0.

Then for every point x € C, there exists a rational curve Cy in X passing

through x such that
ha[C) & kolCal + > ki[C1] (3.1)
i#£0

(as algebraic cycles) with k; > 0 for all i and
—(Kx - Cp) <dim X + 1.

Proof. See | , Theorem I1.5.14 and Remark I1.5.15]. The relation (3.1)
can be deduced looking directly at the proofs of the bend-and-break lemmas
(cf. | , Corollary I1.5.6 and Theorem I1.5.7]): our notation is slightly
different, since in (3.1) we have isolated a rational curve with the required

intersection properties. O

The application we need for our purpose is the following.

Corollary 3.28 (#). Let X be a surface which fibres over a curve C via
f: X — C and let F be the general fibre of f. Assume that X has only

local complete intersection singularities along F and that F is a (possibly
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singular) rational curve such that
(KX . F) < 0.

Then
—(Kx - F)<3.

Proof. We are in the hypothesis of Theorem 3.27, so we can take a point x
in the smooth locus of X and deduce the existence of a rational curve C’

passing through z such that

—(Kx - C") < 3 and [F] & ko[C'] + > ki[Ci].
i#£0
By | , Exercise 11.4.1.10], the curves appearing on the right hand
side of the previous equation must be contained in the fibres of f. F' is the

general fibre, so the second relation implies that kg = 1 and k; = 0 for all

i # 0 and so that ' = F. O

3.3 Effective Matsusaka’s theorem

In this section we prove our main theorem, assuming the results on effective
very ampleness that we will prove in the next section. If not specified, X
will denote a smooth surface over an algebraically closed field of arbitrary
characteristic.

We start recalling few results. The first is a numerical criterion for big-
ness, whose characteristic-free proof is based on Riemann-Roch theorem (cf.

| , Theorem 2.2.15]).

Theorem 3.29 (k). Let D and E be nef Q-divisors on X and assume that

D?>2(D-E).
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Then D — E 1is big.
Some further lemmas are needed for the proof.

Lemma 3.30 (). Let D be an ample divisor on X. Then Kx + 2D + C

is nef for any irreducible curve C' C X.

Proof. If X = P? then the lemma is trivially proved. By the Cone theorem
(cf. | , Theorem 1.24]) and the classification of surfaces with extremal
rays of maximal length, we have that Kx + 2D is always a nef divisor.
This implies that Kx + 2D + C may have negative intersection number only
when intersected with C'. On the other hand, by adjunction, (Kx +C)-C =
2g — 2 > —2, where g is the arithmetic genus of C'. The divisor D is ample,

so the obtain the statement. O

Assuming the characteristic of the base field to be arbitrary and at least
in the case of surfaces, the key result to prove an effective Matsusaka’s the-
orem (on very ampleness) is an effective nefness result (cf. | , Theorem

10.2.4]).

Theorem 3.31 (#). Let D be an ample divisor and let B be a nef divisor
on X. Then mD — B is nef for any

2D - B
D2

m > (Kx +2D)-D+1)+1.

Proof. To simplify the notation in the proof let us define the following thresh-
olds for the pair (D, B):

n=n(D,B):=inf{t € Ry |tD — B is nef},

v=~(D,B) :=inf {t € Ryg | tD — B is pseudo-effective} .

In order to show the theorem, we need to find an upper bound on 7

(clearly, v < 7 since a nef divisor is also pseudo-effective).
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By definition of the threshold, nD — B is contained in the boundary of
the nef cone Nef(X). Nakai-Moishezon criterion implies that we are in one

of the following two cases:

e (1D —B)?=0, or

e there exists an irreducible curve C such that (nD — B) - C' = 0.
If (nD — B)? = 0, then it is easy to see that

D-B
D2 -

n<2

Let us assume that there is an irreducible curve C' such that nD-C = B-C.
Let us define G :=~+vD — B. Then

G-C=(-nD-C<(y—mn).

To simplify our computations, define A := Kx 4+ 2D. By Lemma 3.30 and
the definition of G, we have that (A 4+ C) -G > 0. Combining with the

previous inequality we get

(N—7)<-G-C<A-G=~+A-D—A-B.

In particular,

n<~y(A-D+1)—A-B<~v(A-D+1).

The statement of our result follows from Theorem 3.29, which guarantees

that v < 22

O

Remark 3.32. The previous proof is completely characteristic-free, although

the new result is for surfaces in positive characteristic.
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We can now prove our main theorem, assuming the results in the next

section.

Proof of Theorem 5.5. By Corollary 3.26, if X is non-pathological and H =
Kx + 4D then H + N is very ample for any nef divisor N. By Theorem
3.31, mD — (H + B) is nef for any m as in the statement. Then Kx +4D +
(mD — Kx — 4D — B) is very ample. For pathological surfaces, we can use
Theorem 3.43 and Theorem 3.46 to obtain the desired very ample divisor H

and deduce the result. ]

3.4 Effective very ampleness in positive
characteristic

In order to complete the proof of Theorem 3.5, we need an effective very

ampleness theorem for pathological quasi-elliptic surfaces of Kodaira dimen-

sion one and pathological surfaces of general type. Our ultimate goal is to

prove the following result via a case-by-case analysis.

Theorem 3.33 (M). Let X a smooth surface over an algebraically closed
field of characteristic p > 0, D an ample Cartier divisor on X and let
L(a,b) := aKx + bD for positive integers a and b. Then L(a,b) is very

ample for the following values of a and b:
1. if X is quasi-elliptic with k(X)) =1 andp=3,a=1 and b > 8;
2. if X is quasi-elliptic with k(X)) =1 andp=2,a=1 and b > 19;
3. if X is of general type with p >3, a =2 and b > 4;
4. if X s of general type with p =2, a =2 and b > 19.

In positive characteristic we cannot expect to obtain precisely Theorem
3.13. Nonetheless, we will deduce a (worse) effective result for pathological

surfaces. Let us fix the notation.
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Definition 3.34. A big divisor D on a smooth surface X with (D?) > 0 is

m-~unstable for a positive integer m if either
e HY(X,0x(—D)) =0; or
e H'(X,0x(—D)) # 0 and there exists a nonzero effective divisor F
such that
— mD — 2F is big;
- (mD—-E)-E<O.
Remark 3.35. Theorem 3.13 tells us that in characteristic zero every big di-
visor D on a smooth surface X with (D?) > 0 is 1-unstable. The same holds

in positive characteristic, if we assume that the surface is non-pathological.

Our goal here is to clarify the picture in the remaining cases.

We can start our analysis with quasi-elliptic surfaces of maximal Kodaira

dimension.

Proposition 3.36 (#). Let X be a quasi-elliptic with k(X) =1 and let D
be a big divisor on X with (D?) > 0. Then

1. if p=3, then D is 3-unstable;
2. if p=2, then D is 4-unstable.

Proof. Let us work out the case p = 3. Assume H'(X,Ox(—D)) # 0. This

nonzero element gives a (non-split) extension

0—>0x =& — 0Ox(D)—0.

Bogomolov’s result (Theorem 3.21) implies that (F*)¢E is unstable for e
sufficiently large. We need to bound this coefficient.

To prove the proposition we need to show that e = 1.

116



Assume e > 2 and let F' be the general element of the pencil of the
fibration f: X — B in curves with a cusp. Let p: Y — X be the p®-purely
inseparable morphism appearing in Construction 3.23. Then {C; := p*F'}
is a family of movable rational curves in Y. Let us define g := f o p and

consider its Stein factorisation:

//p)l;XB' |
N

N
B

g

Since the C;’s are precisely the fibres of h, we can use Corollary 3.28 on
h:Y — B’ (Y is defined by a quasi-section in a P'-bundle over X, so it has
hypersurface singularities along the general element of {C;}) and deduce
that

0<—(Ky-C;) <3.

This gives a contradiction, since the following chain of inequality holds:

€

32—y C) = (v (E 20D -28) - Ky ) )

_ pe<<pep;1(pesz)KX) F) — (p"—1)(p*D—2E)-F) > p°—1 > 8,

where FE is the effective divisor appearing in Remark 3.24.

The same proof for p = 2 gives, in that case e < 2. O

Let us move to surfaces of general type. For this case we need to use the

following result by Shepherd-Barron (cf. | , Theorem 12]).

Theorem 3.37 (Shepherd-Barron). Let D be a big Cartier divisor on a

smooth surface X of general type which verifies one of the following hypoth-
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es1s:

e p >3 and (D?) > vol(X);

e p =2 and (D?) > max{vol(X), vol(X) — 3x(Ox) + 2}.
Then D is 1-unstable.

Since the bound of the previous theorem depends on x(Ox) if p = 2, we
need further analysis: another result by Shepherd-Barrons useful for this (cf.
| , Theorem 8]).

Theorem 3.38 (Shepherd-Barron). Let X be a surface in characteristic
p = 2 of general type with x(Ox) < 0. Then there is a fibration f: X — C
over a smooth curve C, whose generic fibre is a singular rational curve with

arithmetic genus 2 < g < 4.
Let us prove our effectivity result for general type surfaces.

Proposition 3.39 (#). Let D be a big Cartier divisor on a surface in
characteristic p = 2 of general type with x(Ox) < 0 such that (D?) >
vol(X). Then D is 4-unstable.

Proof. As in Proposition 3.36, assume H!(X,Ox(—D)) # 0. Also here we

have a non-split extension
0—0x —&—0Ox(D)—0.

Using Theorem 3.21 one deduces that (F™*)¢E for e sufficiently large in un-
stable. Let F' be the general element of the pencil which gives the fibra-
tion in singular rational curves given by Theorem 3.38 and let p: ¥ — X
be the p®-purely inseparable morphism of Construction 3.23. Like in the
proof of Proposition 3.36, we use Corollary 3.28 on Y and deduce that
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0 < —(Ky - C;) < 3. This implies the following relations

2¢—1
%e

3> —(Ky-C;) = (p*< (2°D —2E) — KX> ' Cz‘)

= 26((262: 1(25D—2E)—KX>-F) = (((2°=1)(2°D—2E)—2°K x)-F) > 1.

So, the following holds:
(((2¢ = 1)(2°°'D - FE) - 2°"'Kx) - F) = 1.

As a consequence, we apply Theorem 3.38 to bound the intersection (K x-F):
(2°—1)((27' D~ B) - F) = 2(g — 1) + 1,

where g is the arithmetic genus of F'. Some basic arithmetic give that the
only possibilities for the pair (g,e) are (2,1), (3,1), (3,2) and (4, 1).
O

Theorem 3.37 can be used to deduce a variant of Reider’s theorem in
positive characteristic. We recall a technical proposition we will need later

(cf. | , Proposition 2|, the proof is characteristic-free).

Proposition 3.40 (Sakai). Let m: Y — X be a birational morphism between
two normal surfaces. Let D be a Cartier divisor on'Y such that D? > 0.
Assume there is a nonzero effective divisor E such that

o D —2F is big and

e (D-FE)-E<O.

Set D :=7,D, E:=n.E and a« = D>— D?. If D is nef and E is a non-zero

effective divisor, then

e 0<D E<a/2,
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e D-E—a/4<E?<(D-E)?/D?
In our case, we obtain this immediate corollary.

Corollary 3.41 (#). Let 7 : Y — X be a birational morphism between two
smooth surfaces and let D be a big Cartier divisor on'Y such that (D?) > 0.

Assume that
e H'(X,0x(~D)) #0;
e D is m-unstable for some m > 0.

Set D := m,D and a = D?> — D2. Then if D is nef, there exists a nonzero
effective divisor E on X such that

e 0<D-E<ma/2,
e mD-E—m?a/4< E*<(D-E)?/ D>

We prove our main theorem in this section case-by case, starting with
quasi-elliptic surfaces. For them, we apply Theorem 3.36 and the previous

corollary.

Proposition 3.42 (#). Let X be a quasi-elliptic surface with maximal Ko-

daira dimension. Let D be a big and nef divisor on X. Then the following
holds.
e p=3:
— if D2 > 4 and |Kx + D| has a base point at x € X, there exists
a curve C such that D - C' < 5;

— if D?> > 9 and | K x +D)| does not separate any two points x,y € X,
there exists a curve C' such that D - C < 13;

e p=2:

— if D* > 4 and |Kx + D| has a base point at x € X, there exists
a curve C such that D -C < 7;
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— if D?> > 9 and | K x +D)| does not separate any two points x,y € X,
there exists a curve C' such that D - C < 17;

Proof. We will give explicit computations for the case p = 3. Assume that
|Kx + D| has a base point at x € X. Let 7 : Y — X be the blow up at
x. Since x is a base point we have that H'(Y, Oy (Ky + 7*D — 2F)) # 0,
where F' is the exceptional divisor of 7. Let D:=7*D — 2F.

By our assumption we have that D? > 0 and so, by Theorem 3.36, we can
find an effective divisor E such that pD — 2E is big and (pD — E) - E < 0.
The previous inequality easily implies that F is not a positive multiple of the
exceptional divisor and in particular E := 7, F is a non-zero effective divisor.
Moreover, D = 7, D is nef by assumption, thus we can apply Corollary 3.41
and since a = (D? — D?) = 4, the first inequality of the corollary implies
that D - E <5.

The statement on separation of points follows exactly in the same way. Note
that we allow the case z = y.
The bounds for the case p = 2 can be obtained the same way (D is p?-

unstable in this case). O

Effective very ampleness for adjoint divisors for quasi elliptic surfaces can

now be proved.

Theorem 3.43 (#). Let D be an ample Cartier divisor on a smooth quasi-

elliptic surface X with k(X) = 1. Then

e if p =3, the divisor Kx + kD is base-point free for any k > 4 and it

is very ample for any k > 8;

o if p =2, the divisor Kx + kD is base-point free for any k > 5 and it

is very ample for any k > 19.

In particular, if N is any nef divisor, Kx + kD + N s always very ample
for any k > 8 (resp. k > 19) in characteristic 3 (resp. 2).
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Proof. Also here we show one of the computations.

We compute here the minimal multiple of D which contradicts the second
inequality of Corollary 3.41 to prove the theorem.

Let us start with base-point-freeness for p = 3. Assume that & > 5,
Kx + kD has a base point and define D’ := kD. Then, by Proposition 3.42,
we know that there exists an effective divisor E such that (D' - E) < 5.

This implies

(D-FE)<1.

Now use the second inequality of Corollary 3.41 on D’ to deduce that

D . E)Q
15-9<3(D'-FE —9<(7<1.
<D/ B)—9< S <
Contradiction.
Similar computations give the other bounds. O

For surfaces of general type, the problem is more subtle, since we need
some extra positivity form the canonical divisor itself to guarantee basepoint-
freeness and very ampleness. The analogous of Proposition 3.42 is the fol-

lowing.

Proposition 3.44 (#). Let X be a surface of general type and let D be a
big and nef divisor on X. Then the following holds.

e p=>3:

— if D* > vol(X) + 4 and |Kx + D| has a base point at x € X,

there exists a curve C such that D - C < 1;

— if D? > vol(X)+9 and | Kx + D| does not separate any two points
x,y € X, there exists a curve C' such that D - C < 2;

e p=2:
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— if D* > vol(X) + 6 and |Kx + D| has a base point at © € X,

there exists a curve C' such that D -C < 7;

— if D? > vol(X) + 11 and |Kx + D| does not separate any two
points x,y € X, there exists a curve C' such that D - C < 17;

Proof. The proof is basically the same as Proposition 3.42. Let p > 3 and
assume that | Kx +D| has a base point at € X. Using the same notation as
Proposition 3.42, we can blow up x and deduce the existence of an effective
divisor £ such that D —2F is big and (D — E)-E < 0 (in order to deduce 1-
instability we use Theorem 3.37). Also here, the first inequality of Corollary
3.41 implies that (D - E) < 1.
The statement on separation of points follow the same way.

The bounds for the case p = 2 we use the same strategy, via a combination

of Theorem 3.38 and Proposition 3.39. O

The following effective very ampleness statement can be deduced for this

class of surfaces.

Remark 3.45. If we directly apply Proposition 3.44, this would provide
bounds that depend on the volume. Nonetheless, it is possible to get a uniform
bound if we work with linear systems of the type |2Kx +mD|. Note that we

get sharp statements for those linear systems.

Theorem 3.46 (#). Let D be an ample Cartier divisor on a smooth surface

X of general type. Then

e if p >3, the divisor 2Kx + kD is base-point free for any k > 3 and it

is very ample for any k > 4.

o if p =2 the divisor 2K x + kD 1is base-point free for any k > 5 and it

is very ample for any k > 19.

In particular, if N is any nef divisor, 2K x +kD+ N s always very ample
for any k >4 (resp. k > 19) in characteristic p > 3 (resp. p = 2).
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Proof. Since negative extremal rays of general type surfaces have length one,
if m > 3, we know that L := Kx + mD is an ample divisor and L -C > 2

for any irreducible curve C' C X. Moreover, Theorem 3.10 gives
L? = vol(L) > vol(Kx) 4+ 9D? > vol(X) + 4

and Proposition 3.44 implies that Kx + L = 2Kx + kD is base-point free
for any k > 4. A similar computation allows us to derive very ampleness.

The same strategy gives the result for p = 2. O

Proof of Theorem 3.33. This is a combination of Theorem 3.43 and Theorem

3.46. O

Remark 3.47. In [ |, similar results can be found. Nonetheless our ap-
proach allows us to work out effective base-point freeness and very ampleness

also on quasi-elliptic surfaces and arbitrary surfaces of general type.

3.5 A Kawamata-Viehweg-type Vanishing Theorem

in positive characteristic

Our techniques can be used also in order to deduce effective vanishing the-
orems for adjoint divisors: in this section we extend the results in | ],
where the author uses | | to deduce a Kawamata-Viehweg-type theo-
rem for non-pathological smooth surfaces. Our techniques apply in general
and we can deduce an effective Kawamata-Viehweg type theorem in positive
characteristic for surfaces on which even Kodaira vanishing fails.

Let us first recall the classical Kawamata-Viehweg vanishing theorem in

its general version (cf. | | for the general notation).

Theorem 3.48 (Kawamata, Viehweg). Let (X, B) be a kit pair over an

algebraically closed field of characteristic zero and let D be a Cartier divisor
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on X such that D — (Kx + B) is big and nef. Then
H'(X,0x(D))=0

for any i > 0.

In positive characteristic, even for non-pathological smooth surfaces, there
exist counterexamples to Theorem 3.48: Xie has interesting examples in
[ | of relatively minimal irregular ruled surfaces in every characteristic
where Theorem 3.48 fails.

In the case when the boundary B is trivial, Mukai deduced the following

structural result (cf. | D).

Theorem 3.49 (Mukai). Let X be a smooth surface in positive character-

istic. Assume there exists a big and nef Cartier divisor D on X such that
HY(X,0x(Kx + D)) # 0.

Then:
o X is either quasi-elliptic of Kodaira dimension one or of general type;

e up to a sequence of blow-ups, X has the structure of a fibered surface

over a smooth curve such that every fibre is connected and singular.

In weaker hypothesis, Terakawa deduced the following vanishing theorem

(cf. | |), using the techniques in | |.

Theorem 3.50 (Terakawa). Let X be a smooth projective surface over an
algebraically closed field of characteristic p > 0 and let D be a big and nef

Cartier divisor on X. Assume that either
1. k(X) # 2 and X is not quasi-elliptic with kK(X) =1; or

2. X 1s of general type with
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e p>3 and (D?) > vol(X); or
e p=2 and (D?) > max{vol(X),vol(X) — 3x(Ox) + 2}.
Then
H'(X,0x(Kx + D)) =0
for all i > 0.

Our aim is to improve this theorem for arbitrary surfaces, via bend-and-
break techniques.

More generally, we will deduce some results on the injectivity of cohomo-
logical maps

H'(X,0x(~D)) &5 H'(X,0x(~pD))

for a big divisor on X.
The following result by Kollar, based on Construction 3.4 is an appli-
cation of bend-and-break lemmas (cf. Theorem 3.27), specialised in our

two-dimensional setting.

Theorem 3.51 (Kollar). Let X be a smooth projective variety over a field

of positive characteristic and let D be a Cartier divisor on X such that:

1. HY(X,Ox(-mD)) o, HY(X,0x(—pmD)) is not injective for some

integer m > 0;

2. there exists a curve C' on X such that

(p—1)(D-C)— (Kx-C)>0.

Then through every point x of C' there is a rational curve Cy such that

[C] = kolCa] + > Ki[Ci] (3.2)
i£0
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(as algebraic cycles), with k; > 0 for all i and
(p—1)(D-Cp) — (Kx -Cy) <dim(X) + 1.

Proof. We can prove this result via a slight modification of | , Theorem
I1.6.2]. Assumption (1) allows us to construct (cf. Construction 3.4) a finite
morphism

mY = X,

where Y is defined as a Cartier divisor in the projectivisation of a non-split

rank-two bundle over X. Furthermore, the following property holds:
Ky =m"(Kx + (k(1 - p)D)),

where k is the largest integer for which H'(X, —kD) # 0.

Consider the curve given in (2) and define C’ := red 7~1(C). The hypoth-
esis on the intersection numbers and the formula for the canonical divisor
of Y guarantee that (Ky - C') < 0. Let y € C’ be a pre-image of x in Y.
One can apply Theorem 3.27 and deduce the existence of a rational curve
Cz// passing through y. Via the projection formula, we obtain a curve C, on

X for which:
(p—1(D-Cy)— (Kx-Cy) <dim(X) + 1.

O]

Remark 3.52. If we assume dim X = 2 and the divisor D to be big and

nef, the asymptotic condition
HY(X,0x(—mD)) =0,

for m sufficiently large is guaranteed by a result of Szpiro (cf. [ ).
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As a consequence, the following holds.

Corollary 3.53 (Kollar). Let X be a smooth projective surface over a field
of positive characteristic and let D be a big and nef Cartier divisor on X
such that HY(X,Ox(—D)) # 0. Assume there exists a curve C on X such
that

(p—1(D-C)—(Kx-C)>0.

Then through every point x of C' there is a rational curve Cy such that
(p—1)(D-Cp) — (Kx -C;) < 3.

We will show later how to use Corollary 3.53 to deduce our effective version
of Kawamata-Viehweg vanishing.

In what follows, we will also need the following lemma on fibered surfaces,
which explicitly gives a bound on the genus of the fibre with respect to the

volume of the surface.

Lemma 3.54 (#). Let f: X — C be a fibered surface of general type and

let g be the arithmetic genus of the general fibre F'. Then
vol(X) > g — 4.

Proof. We divide our analysis according to the genus b of the base curve,
after having assumed the fibration is relatively minimal (i.e. that Kx /¢ is

nef).

b > 2 In this case we can deduce a better estimate. Indeed,
vol(X) > (K%) = (K%/c) +8(g—1)(b—1) > 89 —8.

b =1 In this case we need a more careful analysis, since in positive charac-

teristic we cannot assume the semi-positivity of f.Kx/c. Nonetheless
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the following general formula holds:
deg(felx/c) = x(Ox) — (g = 1)(b— 1), (3-3)
which specialises to
deg(fiKx/c) = x(Ox) = 0.

Formula (3.3) can be obtained via Riemann-Roch, since we know that
le*KX/C = O¢ and that le*nKX/C = 0 for n > 2 by relative
minimality. This inequality can be assumed by | , Theorem 8§|.

Furthermore, one can apply the following formula

deg(f«(nKx/c)) = deg(feKx/c) + n(nz_l)(Kg(/c)-

Having Kx,c big, we deduce that

deg(f.(2K x/c)) > 1.

As a consequence, we can apply the results of | | and deduce a

decomposition of f.(2Kx/c) into indecomposable vector bundles
f.2Kx)0) = P Ei,

where we can assume that deg(F;) > 1. This implies that all quo-
tient bundles of F; have positive degree. We want to show now that
there exists a degree-one divisor L1 on C for which h%(C, f.(2K x/c) ®
Oc(-Ly)) # 0.

But this is clear, since, for every degree-one divisor L on C, one has
that all quotient bundles of f«(2Kx/c) ® Oc(—L) have degree zero

and, up to a twisting by a degree-zero divisor on C', one can assume
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there exists a quotient
f*(QKX/C & Oc(—Ll)) — Oc — 0.

This implies that h°(X, Ox (2K x/c—F))(= h°(C, f+(2K x/c)®0c(—L1))) #

0, where F' is the general fibre of f and, since Kx = Kx/c is nef, that
(Kx - (2Kx — F)) > 0.
We have obtained in this case the bound

vol(X) > (K%) > g — 1.

b =0 Also in this case we can assume that x(Ox) > 0 and, as a consequence,

that
deg(fKx/p) = x(Ox)+g—-1>g—1

If g >6,

deg(feKx/p1) > 5.

This implies that deg(f«Kx ® Op1(3)) > 0 and, as a consequence of

Grothendieck’s classification of vector bundles on P!,
hO(X, Ox (Kx = f*Oc(=3))) # 0.
As before, we have assumed that Ky p = Kx + f*Oc(2) is nef, so
(Kx + f70c(2)) - (Kx — [ Oc(=3))) = 0.
As a consequence,

vol(X) > (K%) > 2g — 2.
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If g <5, we simply use the trivial inequality vol(X) > 1 to deduce

vol(X) > g —4.

O]

The effectiveness of our result only depend on the birational geometry of

X . Here is the statement.

Theorem 3.55 (#). Let X be a smooth surface in characteristic p > 0 and
let D be a big Cartier divisor D on X. Then, for all integers

~ 2vol(X)+9

m>m
0 p—l

)

the induced Frobenius map

H'(X,0x(—mD)) = H' (X, Ox(—pmD))
18 tnjective.
(If K(X) # 2, the volume vol(X) =0).

Remark 3.56. The previous result becomes trivial if H'(X,Ox(—D)) =
0. Moreover, combined with Corollary 3.53, gives an effective version of
Kawamata-Viehweg theorem (cf. Corollary 3.57) in the case of big and nef

divisors.

Proof. We prove the result by contradiction. Assume that
F*
H'(X,0x(~[mo] D)) — H'(X,Ox(~p[mo] D))

has a nontrivial kernel. Then, after a sequence of blow-ups f: X’ — X, we

can assume the existence of a (relatively minimal) fibration (possibly with
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singular general fibre) of arithmetic genus g
7 X' — C.

We remark that we can reduce to prove our result on X': since D’ := f*D

is a big divisor we have the following commutative diagram

HY(X',Ox(~[mq] D)) ——= H' (X', Ox:(~p[mq] D) ,

gl iz

H'(X, Ox(~[mg] D)) — " H"(X, Ox(~p[mg] D))

where the vertical isomorphisms holds because of R! f,Ox: = 0.
We can than apply Theorem 3.51 to [mg]D’: choose C to be a general
fibre F' of 7, which certainly intersects positively D’, and we can use Lemma

3.54 and obtain
(p—1)[mo|(D"- F) = (Kx/ - F) > (p—1)[mo] — (29 —2) >3.  (34)

So we can apply Theorem 3.51: fix a point z € F' and find a rational curve
C; such that
(p—1)mo(D-Cy) — (Kx - Cy) < 3.

By construction, F' = Cy because of (3.2) in Theorem 3.51. But this is a

contradiction, because of (3.4). O

We finally obtain our effective vanishing theorem as a corollary.

Corollary 3.57 (#). Let X be a smooth surface in characteristic p > 0 and
let D be a big and nef Cartier divisor D on X. Then,

HY(X,0x(Kx +mD)) =0
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for all integers m > mg, where

e Mgy = z% if X is quasi-elliptic with k(X)) =1;

_ 2vol(X)+9

o1 if X is of general type.

.mo

Proof. For surfaces of general type, the result is trivial. For quasi-elliptic
surfaces, a better bound can be obtained, since (Kx - F') = 0, for the general

fibre F'. O
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4 Conclusion: Future Work

In this chapter, I present some research projects I plan to develop in a near
future.

This project is deeply related to many different research lines in alge-
braic geometry (such as classification, MMP, Fano varieties, toric geometry,
K-stability, positive characteristic methods, etc), interesting for complex
differential geometers (because of the connection with Kéhler-Einstein met-
rics) and potentially interdisciplinary (thanks to the unexplored connection

between fibre-like toric polytopes and optimisation problems).

Investigation of smooth four-dimensional fibre-like Fano varieties

In the results in Chapter 2, we analyse the three-dimensional picture, using
the classification (up to deformation) of smooth Fano varieties in dimension
three due to Mori and Mukai: our strategy consists in applying our gen-
eral criteria to deduce information on the structure of the nef cone (and in
particular on the induced monodromy action of the MFS on it) for three-
dimensional Fano varieties.
Furthermore, our approach can be applied also in higher dimension and we
can easily provide examples of Fano varieties in arbitrary dimensions which
are not fibre-like. This study of threefolds is based on explicit constructions
of MFS’s.

Classification of smooth Fano varieties is a rather active field of research:

Fanosearch group at Imperial College London has an ongoing classification
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project via quantum periods for dimension four and some partial results
have been already obtained.

Classification of fibre-like Fano varieties in dimension four, contextually to
the advance of classification in dimension four, seems reasonable, since the
majority of Fano fourfold can be realised as complete intersections in toric
varieties and Theorem 2.62 could work to prove that very symmetric Fano
fourfold can be realised as a general fibre of a MFS. On the other hand, one
can use the necessary criterion of Theorem 2.42 to show that the majority

of smooth Fano fourfolds cannot be fibre-like.

Complete classification of fibre-like smooth Fano toric varieties

For this project, we want to consider Conjecture 2.95, proved up to dimen-
sion eight, to give an explicit characterisation of smooth toric fibre-like Fanos
via their polytopes.

Some classes of fibre-like polytopes have been already studied, but the full
classification is far from being completely understood. In particular, it seems
that (the dual of) fibre-like polytopes also emerge in classical optimisation
problems: this connection between fibre-like toric Fano varieties and trans-
portation polytopes is almost completely unexplored (cf. | ). In this

research line, we would act in two directions:

1. use of computer algebra softwares, such as MAGMA, in order to ex-
plicitly study the low dimensional fibre-like polytopes (a very detailed
database of smooth toric Fano varieties is available up to dimension
eight) with special care for sporadic fibre-like toric Fano varieties in di-
mension larger than seven and algorithmically construct new fibre-like
Fano polytopes (the fibre-like condition can be verified with MAGMA

in arbitrary dimension);

2. investigate the connection between fibre-like and transportation poly-
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topes (cf. | D-

In this way, new classes of fibre-like polytopes would emerge and the

general picture would be sensibly clarified.

Connection between fibre-likeness and K-semistability for

smooth Fano varieties

Being realised as a general fibre of a MFS seems to be a tricky condition
and it is natural to understand its connection with other algebro-geometric

notions for Fano varieties which have been developed in these years.
Conjecture 4.1. Every smooth fibre-like Fano variety is K-semistable.

This conjecture on K-semistability, is far from being verified. It is a
relative version of Conjecture 2.91.

In this context, the notion of fibre-likeness would give a completely new
prospective to verify K-stability for Fano varieties in a purely algebro-
geometric way, bypassing birational rigidity, i.e. the notion of being the
unique end product of an MMP, or the explicit computations of alpha-
invariants. In this context, our point of view is radically different: fibre-
likeness does not deal with the structure of the total space of a MFS, but
rather with the geometric constraints on the fibres which appear in MFS’s.
This line of research is now at a preliminary status.

The plan is to:

e work out the K-stability of the 8 classes of smooth Fano threefold
appearing in Theorem 2.67, by explicit computations of ag-invariant
in the style of | | for very symmetric elements in each class and
deduce the K-stability at least for the general element of the family

via the methods developed in | |;
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e extend the method to smooth Fano varieties in higher dimension which
can be realised as complete intersections in products of projective
spaces (or more generally toric varieties), using the automorphisms
of the ambient space induced on the linear system defined by the com-

plete intersection.

Fano varieties and divisorial contractions

Always in the context of the MMP, one can modify the setting and discuss

the following question.

Question 4.2. Which Fano varieties can be realised as an exceptional divi-

sor of a divisorial contraction to a point?

In | |, the fibres of a divisorial contraction to a point from a smooth
threefold have been classified and Beltrametti extended Mori’s analysis to
smooth fourfolds in | |. Furthermore, the extensive work by Kawakita
gives an exhaustive answer for threefolds in the local analytic setting (cf.
[Kanv01], [Kaw02] and [Kaw05]).

Nonetheless, we are interested in understanding Question 4.2 in the alge-

braic category, rather then in the analytic one.
The reason why this question could be related to the one on MFS’s is that,
given a divisorial contraction 7w: X — Y which contracts a divisor E to a
point, one can see that Y is analytically Q-factorial if and only if p(E) = 1.
In this sense, this question becomes trivial for Fano varieties with Picard
number one, in analogy with the question for Mori fibre spaces.

The following example is interesting in this setting: it shows that a cubic
del Pezzo surface S3 can be realised as an exceptional divisor over a point

in a crepant (instead of extremal) divisorial contraction.

Example 4.3. Let f: Z — P* the blow-up of a point P with exceptional

divisor E ~ P3. Take Y to be a cubic in P* with a triple point in P and

137



define X := f*(Y)—3E. The restriction f: X — Y gives a crepant divisorial

contraction of a del Pezzo S5 to a point.

One could try to construct other explicit examples of divisorial contrac-
tions in the algebraic category in dimension three, in the spirit of Example

4.3 in order to clarify the three-dimensional picture.
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