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ABSTRACT  

In the realization of digital filters on a computer or by 

special purpose hardware, errors are generated because of finite word-

length arithmetic. These errors, which are called quantization errors, 

are of special concern in recursive digital filters where the error 

can build up to intolerable levels. Under the condition of 

deterministic inputs, these errors appear as sustained oscillations 

known as limit cycles. 

This thesis presents several ideas on the studies of limit cycle 

oscillations. Zero input response of second-order recursive filters 

with finite wordlength arithmetic are considered in the phase plane. 

The results show that the trajectory of the transient response of these 

filters can go through a process which is referred to as merging. From 

this behaviour, limit cycles are categorised according to their 

accessibility from certain initial conditions. 

Properties of the quantization processes are formulated and used 

to transform the structure of a second-order digital filter into a 

form which facilitates the study of limit cycle oscillations. The 

conditions for the occurrence of oscillations in the transformed 

structure are investigated and used to derive the conditions for the 

existence of some of the limit cycle oscillations. 

From the studies based on the transformation technique, a 

suitable structure has been synthesised in which the method of signal 

stabilization is used to suppress limit cycle oscillations. Various 

results concerning the effects of the signal stabilization technique 

are presented. 
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Simulations were also conducted to find more about the 

behaviour of limit cycle oscillation and to verify the theoretical 

results. 
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CHAPTER 1  

INTRODUCTION  

In general many types of numerical iteration techniques (for 

example, Simpson's Rule, Interpolation, etc.) can be characterised by the 

process of digital filtering. The term "digital filtering" usually refers 

to the numerical operations on a discrete digital signal to shape the 

spectrum of that signal [33]. Examples of these methods can range from 

numerical techniques, such as the Discrete Fourier Transform, to a 

combination, in a certain orderly manner, of simple arithmetical 

operations such as, addition, multiplication and delaying [6-12]. The 

term "digital filter" is, therefore, the name given to the piece of 

hardware or the algorithm which can perform these operations on an input 

signal. 

The digital filter can be realized by programming a general purpose 

computer, or designing 	special purpose hardware, to perform the above 

operations. In general, hardware implementation is preferable because 

the cost of the equipment is much less, and the speed of operation can 

be made much higher. 

Digital filtering of an analog signal may follow the sequence of 

operations shown in Fig. 1.1. This process normally is equivalent to 

the operation of an analog filter which uses components such as 

capacitors, inductors and resistors. 

Because of the fixed arithmetical operations which digital 

filters perform, they have a number of important advantages over their 

counterpart analog filters. These advantages may be summarised as 
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FIG. 1.1 

follows: 

i) Digital filters are predictable in their performance. For 

example, temperature variation, old age and similar features do not 

alter their characteristics. 

ii) Because of recent developments in the field of semiconductor 

devices and Large Scale Integration (LSI), digital filters have a great 

potential in miniaturisation and reduction in the cost of production. 

iii) The precision (i.e. the performance) of digital filters can 

be chosen to be as high as required, according to the cost versus 

performance trade-off. 

iv) Digital filters can be designed to be programmable, which 

renders the choice of their characteristics flexible. This feature 

enables the filter to be used on a time-shared basis, and enables the 

design of complex filters using a minimal amount of hardware. 

v) Digital filters have the potential of being produced in a 

universal building block form, which enables mass production (see 

Section 1.1). 

vi) Digital filters do not possess the restriction of impedance 
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matching which is inherent in analog circuits. 

vii) Digital filters can be designed to operate at extremely low 

frequencies without the extra difficulties inherent in analog circuits 

(i.e. the size of components, drift of signal, etc.). 

As in any practical system, digital filters also have a few 

disadvantages which may be listed as follows: 

i) Numerical representations in digital filters have to be 

restricted to a finite number of bits or digits for hardware implementa-

tion. Because of this restriction it is necessary to quantize the input 

signal and to limit the accuracy for the representation of the filter 

coefficients. In many cases the accuracy of the arithmetical operations 

for the filtering process also has to be limited. A full discussion of 

this problem is given in Sections 1.2 to 1.7, and specific areas of this 

problem are investigated in the following chapters. 

ii) Because they operate on sampled signals, digital filters have 

a limitation on the maximum frequency of the signal which they can handle. 

This limitation arises from the restriction on the speed of operation of 

the filter components. For example, if addition takes 1 micro-second 

(us) and multiplication 2 ps, then for a filter with two additions and 

two multiplications, using multiplexed adders and multipliers, each iteration takes  

at least 6 ps (we have ignored the time required for data handling). 

Therefore, the sampling period for this example must be greater than 6 us, 

and according to the sampling principle of Nyquist, the frequency of the 

signal must be less than 83 kHz (preferable by a factor several times 

greater than one). 

In this regard, digital filters have great potential for 

improvement, because of the recent development in semiconductor 

technology, and the development of new devices with even higher speeds 
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of operation. 

iii) Normally a digital filter has to be used in conjunction 

with simple analog filters (analog filters are used in the A/D and D/A 

converters). This requirement, therefore, makes the use of digital 

filters uneconomical for simple filtering operations. 

These disadvantages of digital filters have the potential of being 

improved. In this thesis the problem of quantization in digital filters 

is considered. In particular, the aim of this study has been to 

investigate the oscillation conditions resulting from the nonlinearities 

of the quantization processes, and to study a technique for their 

suppression. 

1.1 The structure of digital filters  

Digital filters in general can be divided into two basic 

categories [6-11], [33]: i) the recursive or Infinite Impulse Response 

(IIR) digital filter, and ii) the non-recursive or Finite Impulse 

Response (FIR) digital filter . 

The term "recursive" describes _a process which has its output 

dependent on the past values of its output. Therefore, a recursive 

digital filter has its output dependent on the past values of its output 

and the present and/or the past values of its input. This gives a 

recursive digital filter an impulse response of infinite duration. 

This description of a recursive digital filter may be expressed 

by a difference equation given as 

N 	 M 
y(n) + E  b. y(n-i) = X a. u(n-i) 

i=1 1 	i=0 

where, {u(n)} is the input sequence, and {y(n)} is the output sequence 

of the filter. The coefficients ai  and bi  are constants which determine 
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the response of the filter. 

A non-recursive digital filter on the other hand has its output 

dependent on only the present and the past values of the input sequence. 

Consequently, a digital filter of this type has only a finite duration 

impulse response, and its difference equation is of the form: 

M 
y(n) _ y ai  u(n-i) . 

i=0 
(1.2) 

Because of its finite impulse response, a non-recursive digital 

filter cannot accommodate any steady state oscillation, regardless of the 

coefficients or the quantization technique used. Therefore the non-

recursive digital filter will not be considered in this thesis. 

As digital filters operate in the discrete-time domain, their 

transfer function can be derived using the z-transformation technique 

[1-3] , [6-12] , [34-39] . For example, a general transfer function for a 

recursive digital filter is 

M 
ai z 

 

i=0 
H(z) _ 	 , 	(1.3) 

N 
1  + y 

b. z 
i=1 

for M 4 N. 
• 

Equation (1.3) can be realized in terms of the digital filter 

components (i.e. delays, multipliers, and adders) in a number of different 

ways [7-14], [40-47]. The following sub-sections describe some of the 

more important realization techniques. 

1.1.1 Direct form realization  

In the direct form realization the structure is constructed by 

directly simulating the operation of the difference equation (1.1). This 
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structure is shown in Fig. 1.2. It is well known that the direct form 

realization uses more delay elements than necessary [7-11]. 

u(n) 	 y(n) 

FIG. 1.2 Direct form realization 

1.1.2 Canonic realization  

By the term "Canonic realization", one normally is referring to a 

structure which can realize the transfer function of the filter using a 

minimum number of delay elements. There are a large number of canonic 

realizations. The most direct form can be derived by expressing the 

transfer function (1.3) as 

M 
H(z)  = H

1(z) 	a4 z 
i=0 

(1,4) 
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where H1(z) 
1 

 

N 
1  + X 

b. 
 z-i 

i=1 

• 

The structure representing this realization is shown in Fig. 1.3 . 

---1 - I ah1.- 
	 ̀ ,. 

FIG. 1.3 The canonic realization 

1.1.3 Parallel and cascade realizations  

Two of the more common forms of realizations of digital filters 

in the canonic form are the parallel and the cascade realizations. In 

these realizations, the transfer function of the digital filter is 

realized by the parallel or the cascade connection of first- and second- 
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order sub-filters respectively. 

For example, in the case of parallel form realization, the 

structure is determined by expanding the transfer function (1.3) in the 

partial fraction form, such as 

	

L 	-1 

	

H(z) = a0  + y 	a0i + ali z  

i=1 1 + bli z
-1 + b2i z-2  

(1.5) 

In the case of cascade form realization, the transfer function is expanded 

in a factorised form as given in equation (1.6). 

L 	a 	+ a 	z-1  + a 	z-2 H(z) = Tr Oi 	Ii 	2i 	(1.6) 
i=1 1 + b1i z

-1 + 
b2i 

z-2  

A diagrammatic representation of these realizations is shown in Fig. 1.4, 

where H.(z) is used to represent the sub-filters. Here we note that for 

cascade realization we have the choice of the order in which the sub-

filters can be cascaded, and the choice of pairing zeros and poles of the 

filter arbitrarily. This enables the designer to choose a representation 

with a minimum amount of quantization noise [11] , [25] , [81-82] . 

1.1.4 Other realization techniques  

There are several other forms of structures for realizing a digital 

filter which represents a given transfer function [40-47]. The realization 

based on continued fraction expansion of the transfer function [41], the 

ladder structure realization [42], and the wave digital filter [46], are 

some examples. 

There are also various methods for forming new structures. 

Jackson [251, [81-82] has presented a method which can be used to 

generate a new structure from a given one, by transposing the state 

equations of that structure. It has been shown [25] that this process 
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(b) Cascade realization 

FIG. 1.4 

is equivalent to reversing the direction of all the delay and multiplier 

elements, interchanging the summing nodes with the signal nodes, and 

interchanging the input with the output of the filter. 

Mitra and Hirano [43-44] and others [45] have developed another 

method for generating new realizations. This method is referred to as 

the "multiplier extraction method". In this technique, firstly all the 

multipliers necessary for the representation of the filter are assumed, 

then the structures with only delay and adder elements that relate the 

inputs and the outputs of the multipliers are considered. 
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1.1.5 The biquadratic section  

In the cascade and the parallel realizations we noted that any 

complex transfer function can be realized by a combination of simpler 

sub-structures. Each of these sub-structures can be defined in the 

general form by the transfer function 

a0  + al  z-1 + a2 z-2 - 

Nb(z) 	-1 	-2 	' 

	

1+b1 z
-1 

	z 
(1.7) 

This basic form of a digital filter is referred to as the "biquadratic 

section". In this thesis we concentrate on the behaviour of this type 

of filter under the restriction of finite wordlength arithmetic. 

1.2 Quantization errors in digital filters  

In the implementation of digital filters by hardware, or on a 

digital computer, one is restricted to the use of a finite number of bits 

or digits. Consequently, errors will be generated in the overall process 

of digital filtering. These errors may be categorised into four 

different groups, as described below. 

1.2.1 Quantization of the input  

For filtering analog signals, the samples of the input to the 

digital filter have to be converted to digital samples which, because 

of the wordlength limitation of the hardware, are quantized. Therefore, 

a process of quantization is necessary at the input stage of the digital 

filter. This quantization process can be considered equivalent to 

adding a noise (or error) source to the input of the digital filter. 

This error is referred to as the "input quantization error". 

Normally the input quantization error can be considered to be of 

a random nature with uniform probability distribution and power spectrum. 
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This assumption has been shown valid, by Bennet [76] for a wide range of 

input signals. Therefore, the properties of the output error due 

to the input quantization can readily be calculated [7-14]. 

To reduce the effects of the input quantization, one can 

increase the wordlength used for signal representation in the digital 

filter. Therefore this limitation need not be considered any further. 

1.2.2 Quantization of the coefficients  

The representation of the coefficients in a digital filter is 

also subject to errors because of wordlength limitations. These errors 

cause a difference in the performance of the digital filter from that 

which was intended by the designer. In some special cases this effect 

can cause instability. 

The severity of the effects of the coefficient quantization 

depend on the pole and zero sensitivity of the digital filter structure 

[10-11] [56-58] . For example, let us consider the pole sensitivity of 

two 	quadratic sections of different structures, as shown in Figures 

1.5(a) and 1.6(a). Their corresponding pole positions, assuming three 

bit wordlength, are shown in Figures 1.5(b) and 1.6(b) respectively. We 

note that the pole grid in the region of the real axis is very course 

for the structure of Fig. 1.5(a) as compared with that of Fig. 1.6(a). 

However, the better pole sensitivity for this example is achieved at the 

expense of using two extra multipliers. 

In more complex filters, for a given choice of a structure, the 

effect of the coefficient quantization is minimized by the optimum choice 

of the different ways in which the coefficients can be quantized [59-67]. 
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(a) Direct form realization of the 	quadratic section 

(b) Allowable pole positions for coefficients of 3 bits 

FIG. 1.5. 

1.2.3 Quantization of the result of multiplication  

In a recursive digital filter it is found necessary to quantize 

all multiplication products for each cycle of iteration either before 

or after the addition. For example, consider the product of two 

numbers with a wordlength of i bits resulting in a number with a 

wordlength of 2i bits. If this word is not quantized back to i bits 

in the next iteration, the result of the product will have 3i bits, and 
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so on for the subsequent iterations. Hence the wordlength requirement 

for a recursive digital filter will grow indefinitely if no quantization 

is allowed. 

The error introduced by the quantization of the results of 

multiplication is normally referred to as the "round-off" or "truncation" 

error, or simply the "quantization error" (short form for "multiplication 

quantization error"). 

The quantization error partly depends on the number representation 

used. There are basically three different ways of representing numbers 

in a digital filter [7-11] , [23-24] , [49] . These are known as fixed-

point, floating-point, and block floating-point representations. The 

simplest of these is the fixed-point number system. This is therefore 

more desirable for use in hardware implementation of digital filters. 

In this thesis we consider only the fixed-point number representation. 

1.2.4 Adder overflow  

A further limitation that can cause severe oscillation conditions 

in digital filters is the effects of adder overflow. This occurs when 

the result of addition exceeds the wordlength limit of the registers. 

The effect of this is the loss of the most significant bit of the number. 

Thus, the result can have a significant error which can cause large 

amplitude oscillations [8-11] , [68-75]. This severe performance can 

generally be reduced by use of "saturation adders" [33] , which produce 

a limiting effect when overflow occurs. 

One of the first studies of overflow oscillations was presented by 

Ebert et al. [68] , and also by Jackson [25] , [81] . Ebert et al. derived 

the conditions for zero input oscillations, ignoring the quantization 

errors. They also showed that, limit cycle oscillations due to adder 

overflow can be stopped by the use of saturation adders (also called 
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"saturation arithmetic"). Sandberg [69] considered the overflow problem 

in digital filters with saturation adders, allowing for quantization 

errors. He showed that any self-sustained limit cycle oscillation can be 

reduced to an arbitrarily small amplitude by increasing the number of bits 

used for the arithmetical operations. 

Works of Willson [70-72] and Classen and Kristianson [73] give 

more detailed studies of the limit cycle oscillations resulting from 

overflow effects in adders of various characteristics. The advantage of 

a normal adder over the saturation adder is pointed out, because 

overflows in the intermediate results of a multi-input addition can cause 

no errors in normal addition as long as the final result is within the 

capacity of the register. 

Kristianson [74] reported a jump phenomenon in the performance of 

a second-order recursive filter with saturation arithmetic, having a 

sinusoidal input. He reported a jump in the amplitude of the output of 

the filter caused by small changes in the frequency or the amplitude of 

the input. Landauro and Lienard [75] study the hardware for overflow 

detection. 

1.3 Quantization techniques  

In a digital machine there are two basic ways of discarding the 

unwanted bits of an arithmetical result. These two ways are truncation 

and rounding. In the case of truncation two different characteristics 

can be obtained, depending on the number representation employed. 

Therefore, there are total of three characteristics for the quantization 

processes. These are referred to as "Magnitude Truncation" T1[ ] , 

"Value Truncation" T2[ ] and "Rounding" R[ ], [33]. 

Magnitude Truncation is achieved by discarding the lower 

significant bits of a number represented in sign-magnitude or one's 
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complement forms. This is also sometimes called "sign-magnitude 

truncation". The function representing the characteristics of this 

process is shown in Fig. 1.7, where the crosses represent the values of 

the function at the transition regions. We shall use the symbol Tlq[ ] 

to represent this function when the quantization step is q. 

x 

FIG. 1.7 Magnitude truncation 

Value Truncation is the result of discarding the lower significant 

bits of a two's-complement number. This process results in a number 

which is always smaller in value than the original number (hence the term 

"Value Truncation"). The function representing the characteristics of 

this process is shown in Fig. 1.8, where, as before, the crosses denote 

the values of the function at the transition regions. We shall use the 

symbol T2q[ ] to represent this function when the quantization step 

is q. 

The rounding process is achieved also by discarding the unwanted 
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FIG. 1.8 Value truncation 

bits of the magnitude of the number. However, if the most significant 

bit of the discarded part is a one, then a one is added to the least 

significant bit of the magnitude of the remaining part. This operation 

will result in a lower error compared to the error in truncation. 

The rounding can also be achieved by adding a one to the largest 

significant bit of the unwanted part of a two's-complement number, and 

discarding the unwanted bits. 

The two different techniques for rounding a number are similar 

except when the number is of value (-i + 0.5)q, where i is any positive 

integer. Therefore, the rounding process should be described correctly 

by referring to it as either "magnitude", or "value" rounding. The 

functions for these two cases are shown in Figures 1.9(a) and 1.9(b) 

respectively, where the points marked by the crosses represent the values 
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of the function at the transition regions. We note that the points where 

the two functions do not correspond occur in very rare cases. Thus, 

magnitude and value rounding are almost equivalent, and we can use the 

symbol Rq[ ] to represent the rounding function in general. 

1.4 The properties of the quantization processes  

From the definitions of the quantization techniques described in 

Section 1.3, we can derive the following properties. 

a) Let Qq[ ] represent a general quantization function with the 

quantization step of q. Define the error of quantization e as 

Qq  ix] = x + e 

and use an appropriate subscript for e to distinguish between the 

quantization processes. Then 

(1.8) 
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for value truncation we have 

-q <eT2' 	' 
	 (1.9) 

ii) for magnitude truncation equation (1.9) applies only when 

x 3 0, however, for x < 0, we have 

	

O.eT1 <q 
	

(1.10) 

iii) for rounding, the limits for the error are given by 

-0.5q < eR  < 0.5q 
	

(1.11a) 

with the possible equality 

for value rounding, and 

eR  = 0.5q 

eR  = 0.5q•sgn(x) 	. 

(1.11b) 

(1.11c) 

for magnitude rounding. 

b) Comparing the various quantization functions it can be shown 

that the following relations exist. 

and 

T2q  [x] = Tlq  NI + sgn(x) - 1  

Rq  [x] = T2q  [x + 0.5g1 	, 

(1.12) 

(1.13) 

where Rq[x] represents the value rounding. 

c) If p and q are two different steps of quantization, then for 

any quantization process we have 

Qq[x1 	4p[ g1 [R]   
(1.14) 

d) For value truncation and (value) rounding, the quantization 

of the sum of a quantized variable, iq, and a non-quantized variable, x, 
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can be expressed as, 

T2 [iq+ x] = iq + T2 [x] (1.15) 

and Rq  [iq + x] = iq + Rq  [x] 	. (1.16) 

However, with magnitude truncation, we can write 

T1q[iq + x] = iq + T1 [x], 	(1.17) 

only if sgn(x) = sgn(iq + x). 

e) In terms of the modulo function, x mod q, the quantization 

error resulting from the various quantization techniques can be 

represented as 

and 

	

eR  = -[(x + 0.5q) mod q] + 0.5q 	, 

eT2  = -x mod q 	, 

eT1  = -(x mod q) sgn(x) 	. 

1.5 Implementation of the quantization in a digital filter  

The quantization processes discussed in the previous sections can 

be used in two different configurations. One method is to quantize the 

output of each multiplier before they are added together. A simple 

example is shown in Fig. 1.10. 

The second method is to apply quantization after the outputs of 

the multipliers are added together. An example is shown in Fig. 1.11. 

We note that in the structure of Fig. 1.11, the addition has to be 

carried out with a greater precision than that of the structure of Fig. 

1.10. If the wordlength of the coefficients and the signal to the 

multipliers are the same, the precision of the addition for the second 

method needs to be twice that of the first method. These methods are, 
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FIG. 1.10 Single precision digital filter 

FIG. 1.11 Double precision digital filter 

therefore, referred to as "single-precision" and "double-precision" 

respectively. 

The hardware for single-precision filters would be more economical, 

since addition would be simpler, and also multipliers can be 
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designed to evaluate only the required (higher significant) bits of the 

product (i.e. giving us faster and simpler multipliers). 

1.6 Limit cycle oscillations in recursive digital filters  

For the special case when the input to a recursive digital filter 

is deterministic, for example, an impulse or a step function, the 

quantization effects can cause a stable digital filter to go into a 

steady state oscillation. These are generally known as "limit cycle 

oscillations" (or, as used by earlier authors, the "dead-band effect" 

[5]).  

A simple demonstration of limit cycle oscillation can be shown by 

considering, for example, a first order recursive filter using rounding 

1 with quantization step of 1 and having coefficient of say 0.9. The 

difference equation defining this filter is given by 

y(n) _ R/[0.9 y(n - 1)] f u(n) 

where u(n) is the input and y(n) is the output of the filter. If an 

impulse of say amplitude 10 is applied at time zero, then the response 

of the filter will be given by the sequence {10, 9, 8, 7, 6, 5, 5, 5, 

. . . etc.}. The DC steady state of value 5 is the limit cycle 

oscillation caused by the rounding process. If, for example, magnitude 

truncation had been used, the limit cycle could not exist. 

In fact, the properties of limit cycle oscillations depend on the 

following factors: 

i) the quantization technique, 

ii) the precision of the arithmetic (i.e. single or double 

precision arithmetic), 

iii) the order of the filter (higher order filters have 	more 
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complex limit cycle oscillations), 

iv) the coefficients of the filter, 

v) the type of the input, 

vi) the initial conditions, 

vii) the configuration of the structure. 

The limit cycle oscillations in general can be categorised into 

three different forms: 

i) limit cycles with period of one sample (this oscillation is 

a constant DC signal as in the example above), 

ii) limit cycles with period of two samples, 

iii) limit cycles with period of three or more samples. 

The techniques for the analysis of these limit cycles generally 

differ because of the different complexities of the limit cycles. Some 

of these techniques will be investigated in this thesis. 

There have been a large number of publications on the studies of 

the quantization noise and the limit cycle problem in digital filters. 

In the following section an overview Of the literature on the problems 

of multiplication quantization in fixed-point recursive digital filters 

will be given. 

1.7 A survey of the literature on the effects of quantization in  

fixed-point recursive digital filters  

Since the advent of digital computers and their application in 

signal processing and control systems, many authors have become interested 

in the study of the various aspects of the errors caused by the inherent 

effects of the quantization in digital machines. In recent years, as 

digital filters have become more competitive with other forms of 
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filtering, the interest in this field has increased. 

In this section, first the basic ideas used for the analysis of 

the quantization errors will be introduced, then the individual works of 

the various authors will be discussed. 

The effects of quantization errors, in general, are studied by 

considering two different basic points of view: 

i) The errors due to the quantization effects are assumed to be 

of random nature. A stochastic approach may then be used to analyse the 

statistical properties (i.e. variance a2, correlation coefficient, etc.) 

of the error on the output of the filter. 

Bennet [76] was the first author to look at the quantization 

errors in this way. He concluded that for most input conditions the 

assumption that the quantization noise has random properties with a 

uniform probability density 	is valid. In general, the results 

based on this assumption give a very good estimate when the signal that 

is being processed is of random or near random nature. 

ii) The other point of view is to consider the quantization 

error to be of a deterministic nature. For example, the error due to 

quantization could be considered to be the worst case possible. This 

type of analysis normally results in an estimate of the absolute bound 

for the error on the output of the filter. In general the results which 

are based on the worst case error analysis are pessimistic. 

The model which is often used for the analysis of the 

quantization error is similar to the general model shown in Fig. 

1.12 (first used by Jackson [25], [81] in the form shown). In this 

model the error due to the quantization of the products is given by a 

source of noise at the subsequent summation point, and the multiplier 

is assumed to be ideal. The signal ei(n) represents the total error 
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x1(n) 

FIG. 1.12 A general model of a finite wordlength digital filter 

which is needed at the summation node i to allow for the quantization 

effects of all multipliers feeding that node. The transfer function 

of the filter from the 
.

summation node to the output of the filter 

is G.(z), and the transfer function from the input to the ith  branch 

node is F.(z). H*(z) represents the ideal transfer function of the 

overall system. 

An estimate of the variance of the error on the output, as , due 

to the noise source ei(n), is then given by: 

0Ē = 6e 	E g2(n) 	, 
i n=0  

(1.21) 

where, gi(n) is the inverse z-transform of the transfer function Gi(z). 

We can also express equation (1.21) as 
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2 
ae .  

°c. = d 	Gi(z) Gi(z)  z 
(1.22) 

whereG.(z) is the complex conjugate of G.(z). The integration in 

equation (1.22) is evaluated around a path which contains all the poles of 

G1(z) (normally this path is the unit circle). 

The variance a2  of the total error on the output due to all the 

sources of noise ei(n), assuming uncorrelated sources, is given by 

(1.23) 

The limits of the quantization error on the output of the filter 

can also be calculated using the same model. This limit,which is 

normally based on the worst case analysis,is as follows: 

n 

c.(n) = X g.(n - m) e.(m) 
m=0 

(1.24) 

Therefore, 

 

n  Igi(n - m) ei(m)I 
m=0 

 

ci(n) (1.25) 

   

   

We can also write 

Ic(n)I 	c(n) 	. 	 (1.26) 

The evaluation of equations (1.21)-(1.26) for a complex filter is 

generally difficult. A number of authors [77-111] have presented 

solutions for the analysis of noise in recursive digital filters, based 

on similar equations to those presented above. The following is a 

summary of the individual works cited in the literature. The works 

considered in this survey are mainly on the analysis of various aspects of 

the multiplication quantization errors and the limit cycle oscillations in 

a recursive digital filter with fixed point arithmetic. 
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One of the first analyses of the quantization noise in digital 

control systems was carried out by Bertram [77], and later by Slaughter 

[78]. In these analyses a model similar to that of Fig. 1.12 was 

considered. The worst case error on the output was estimated by using 

the state equations of the filter. Knowles and Edwards [79] derived the 

bounds for the expected mean-square output noise for the cases of direct, 

cascade, and parallel realizations. Their analyses were based on 

equations (1.24) to (1.26). 

Jackson [25], [81], [82] used the stochastic approach to give a 

comprehensive analysis of the quantization noise in various cascade and 

parallel realizations. He analysed the relation between the quantization 

noise and the dynamic range of the digital filter based on several 

scaling methods. He indicated that a good sequential ordering of the 

stages of the cascade realization can result in low round-off noise. The 

importance of the correct choice of the filter structure and its scaling 

was also indicated by Edwards et al. [831. Their results, which are 

based on spectral estimation of the quantization noise, show that the ratio of  the  

noise levels for canonic and parallel realizations for a particular 

eleventh order filter could be of the order of 1013  : 1. Kan and 

Aggarwal [84] considered the dead-band of the basic realizations (direct, 

parallel and cascade), and suggested some design rules for choosing a 

structure to give a minimum dead-band effect. 

Sandburg and Kaiser [85] considered the existence of a general 

limit cycle in a digital filter, and derived a bound for the rms.of the 

amplitude of oscillation. Their analysis was based on consideration of 

the worst case spectral transformation of the quantization noise. Long 

and Trick [86l also considered the existence of limit cycle oscillations, 

and by considering the worst case errors, similar to the arguments for 

equation (1.25), they solved an absolute bound for the amplitude of limit 
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cycles in a second-order recursive filter. In a later work [87] they 

considered the absolute bound for a general recursive digital filter, and 

showed that their result was similar to that of Yakowitz and Parker [88]. 

Yakowitz and Parker used the state space representation of the 

digital filter, and by using the spectral theory of operators, they found 

a bound for the quantization error in a general digital filter. The 

exact solution to their equation proved difficult to solve in general. 

Therefore, they also presented an approximate solution which was easier 

to use. Unver and Abdul l ah [89] , Fink [90] , and Bela' [91] pursued 

their results and presented other approximations which were somewhat 

better. 

Parker and Yakowitz [92-93] and Hwang [94] presented other studies 

of the round-off noise based on using the state space representation. In 

[92] and [94] these authors considered the statistical properties of the 

quantization noise, and derived bounds for the quantization noise in a 

general digital filter. In [93] Parker and Yakowitz used a state variable 

formulation of the quantization error in a multivariable digital filter 

and, based on the worst case error, they derived a bound for the 

quantization error. 

Mitra et al. [95] presented a method for simplifying the 

evaluation of equation (1.22). This method was based on the partial 

fraction expansion of the product G(z) G*(z). 

Other approximate solutions of the method of worst case error, 

i.e. equation (1.25), were also presented by Appel [96] and Chang [97]. 

They claimed better accuracy for their approximations. 

Jenkins and Leon [98] used the theories of interval algebra to 

derive a solution for the bound of the output quantization error. Their 

method was based on analysing the interval convolution. 
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A new approach for the analysis of the statistical properties of 

the quantization noise was presented by Yarlagadda and Massad [99]. They 

used the bilinear transformation to transform equation (1.22) into an 

equivalent one in the s-domain and then find its solution. 

The direct method of Liapunov was used by Johnson [100], and later 

by Hess [26], to derive an upper bound for the quantization error. 

However, the results derived using the Liapunov method in general are 

very pessimistic, and up to now no solutions based on this 

method have been found which give near true estimates. 

A modification to the noise model was suggested by Fettweis [101]. 

He showed that a more appropriate way of defining the noise samples e(n) 

due to the quantization of the variable x is 

e = k Q[x] - x 	 (1.27) 

as opposed to equation (1.8). k here is a constant which depends on the 

energy of the quantization noise. 

Halyo and McAlpine [102] studied the discrete properties of the 

quantization error. Their result showed that, when an M bit number is 

quantized to M' bits, if M-M' 	6, the difference between the rms.errors, 

assuming continuous and discrete models, is no greater than 0.1 dB . 

These studies are extended by Thompson [103], and Eckhardt and Schussler 

f104]. 

Parker and Girard [105] considered the correlation which exists 

between the round-off noise from different multipliers in a digital 

filter. This correlation was shown to be significant even when the 

filter is driven by a random signal. Their result also showed that the 

cross-correlation between the error sources is minimum when the 

multiplying constants are relatively prime. 

The output round-off noise due to the multipliers of a digital 
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filter was shown by Fettweis [106-107] to be closely related to the 

sensitivity of the digital filter structure toward coefficient variations 

under the special input condition of a sine wave. Bonzanigo [108] 

followed up Fettweis's result and showed that low coefficient sensitivity 

does not necessarily mean low round-off noise under all input conditions. 

Jackson [109] derived a lower bound for the round-off noise in digital 

filters considering the relation between the output quantization noise 

and the coefficient sensitivity. 

The analysis of the output noise in digital filters adopting 

magnitude truncation was considered by Liu and van-Valkenburg [1101, and 

Claasen et al. [111]. The analysis of the noise in this case is more 

complex when compared with the rounding and value truncation. This is 

because there exists a high order of correlation between the signal and 

the quantization noise. However, assuming simple statistical 

properties of the signal, a solution was made possible. 

Other studies of the quantization errors when they have developed 

to a deterministic stage (i.e. self-sustained or limit cycle oscillations) 

have also been extensive in the literature. Blackman [5] was one of the 

first to consider the limit cycle problem. He has referred to it as the 

"dead-band effect". 

Many other authors have since studied the properties of limit 

cycle oscillations such as the amplitude, 	frequency, and other 

characteristics. These works have been based on considering the limit 

cycle oscillations as the worst case error conditions, or by developing 

some novel technique for their study. The studies which consider the 

limit cycle oscillations to be the worst case error have already been 

covered in this section. In the literature mentioned below, the authors 

have either considered the limit cycle from a deterministic point of 

view other than the worst case, or presented other techniques for 
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their consideration. 

Jackson [25] , [112] presented an effective value linear model for 

the study of limit cycle oscillations. He suggested that a digital 

filter under limit cycle oscillation is equivalent to a filter having 

effective coefficients of a digital oscillator. Using this idea he 

presented a simple formula for the amplitude of the limit cycles. His 

results normally work out to be correct. However, for some coefficients 

limit cycles with larger amplitude are observed. 

Parker and Hess [26] , [113] considered Jackson's model and other 

techniques to analyse the amplitude of limit cycle oscillations. They 

also presented the concept of a successive value phase plane, equivalent 

to the phase plane in continuous systems for the display of limit cycle 

oscillations. Hess [26] also noted several types of symmetries for limit 

cycle oscillations. 

White [114] considered the describing function analysis of the 

limit cycles in a double precision digital filter. Ojongbede [29], 

[115-116] considered the state equation analysis of the properties of 

limit cycle oscillations in various realizations. 

By assuming sinusoidal oscillation conditions for limit cycles, 

Hess and Parker [117] derived a heuristic bound for the frequency of 

digital oscillators with roundoff error. Claasen et al. [118] introduced 

the concept of accessible and inaccessible limit cycle oscillations. 

This idea is similar to that presented in Chapter 3 of this thesis. 

Jatnieks and Shenoi [120] considered the limit cycle oscillation 

in a second-order digital filter of the coupled form. Their analysis 

was based on the effective value linear model of Jackson. Claasen et al. 

[119] derived the conditions for the absence of limit cycle oscillations 

in digital filters having one or more non-linear elements. Their 

analysis was based on considering the sufficient conditions in the 

frequency domain for the absence of any self-sustained oscillations. 
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The conditions for limit cycle oscillations can also occur under 

deterministic inputs such as a step function or a sine wave. Hess [26] 

studied this phenomenon briefly by considering simulation results. He 

found that for low input conditions the zero input limit cycle dominated 

the output. However, under large input conditions the forced output 

was the dominating factor. The period of the forced response limit cycles 

was studied by Storzbach [121]. He showed that the period of the limit 

cycle had to be an integral multiple of the period of the input signal. 

Kan and Aggarwal [122], Brubaker and Gowdy [123] , and Maria and Fahmy 

[124] also considered limit cycle oscillations in digital filters under 

forced input conditions. These considerations are particularly useful 

for estimating properties of limit cycle oscillations in a cascade of 

first-and second-order structures. Results for these cases have been 

presented as a recursion formulas relating the bounds for limit cycle 

oscillations in a cascade structure. 

Work on limit cycles in digital filters with sign-magnitude 

truncation have been presented by Bonzanigo [125], Kao [126], and 

Claasen et al. [127-129]. Kao showed that the only limit cycle 

oscillations which can exist in single precision digital filters with 

magnitude truncation are of the period of one or two samples. He 

therefore suggested the use of magnitude truncation as a simple way to 

eliminate complex limit cycles. This study was later taken up by 

Claasen et al., who indicated that the use of double precision arithmetic 

with magnitude truncation resulted in a digital filter with a very small 

possibility of limit cycle oscillations. 

Thong and Liu [130] considered limit cycle oscillations in the 

combinatorial implementation of digital filters [53]. These are digital 

filters in which the multiplier is replaced by a look-up table. They 

used the effective value linear model of Jackson, and results from 
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computer simulations. 

Results on the behaviour of limit cycle oscillations based on 

experimental verification have been presented by Buttner [1311 and 

Kieburtz [1321. Kieburtz considered a tenth order cascade realization 

of a particular transfer function. He indicated the importance of the 

ordering of the sections of the cascade realization for minimum limit 

cycle amplitude. He also indicated that the use of dithering of the 

least significant bit of the quantized word could completely suppress 

all limit cycle oscillations. 

Published literature on the study of quantization noise and limit 

cycle oscillations in digital filters also includes the study of the 

techniques for reducing the effects of these phenomena. Some of these 

techniques have already been mentioned in this section. 

One of the basic methods used for reducing the quantization noise 

was to choose the cascade structure with the optimum ordering of its 

sub-sections. Howang [133] used dynamic programming techniques for the 

optimization, and Lee [27] [1341 considered a minimax optimization method. 

Mitra et al. [1351 presented a technique for designing digital 

filters with low round-off noise. They suggested the use of all-pass 

sections which would ensure low quantization noise. By feeding the 

input signal at the appropriate internal nodes of the filter the 

,required transfer could then be achieved. 

Mullis and Roberts [136-137] also considered the optimization of 

the cascade realization. They presented an optimum second-order 

structure for low round-off noise. However, their second-order structure 

used nine multipliers as compared with the minimum of only 6. 

Suppression of limit cycle oscillation was first studied for 
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control systems. Oldenburger et al. [138-140] considered the use of an 

external signal of random or other nature to stabilize a non-linear 

control system. Blackman [5] applied this method to digital filtering. 

He suggested that the addition of a dither signal could suppress the 

dead-band effects (limit cycle oscillations). Wong and King [141] 

suggested the use of multi-rate digital filters with periodically 

varying coefficients to suppress limit cycle oscillations. Their 

conclusions were based on simulation results. 

The idea of controlled quantization to suppress limit cycle 

oscillations was presented by Butterweck [142]. He defined an energy 

term, or pseudo-power, for the digital filter. By considering the 

conditions for the non-existence of limit cycles based on his pseudo-power 

term, he suggested that the systematic control of the rounding process 

could eliminate the existence of limit cycle oscillations. The idea of 

pseudo-power for wave digital filters was also studied by Fettweis and 

Meerkotter [143-144]. They derived a criterion for the absence of limit 

cycles in wave digital filters. By applying this method Meerkōtter and 

Wegener [145] and Meerkdtter [146] developed second-order filters with no 

limit cycle oscillations. 

1.8 Outline and the contributions of this thesis  

In this thesis several original studies of the finite wordlength 

digital filters, which are believed to advance the study of limit cycle 

oscillations, are presented. In this section the outline and the 

contribution of this thesis are discussed. 

Chapter 2 deals with the background theoretical development for 

the studies in this thesis. It is argued (Section 2.2) that, for the 

study of the existence of limit cycle oscillations in digital filters, 

it is sufficient to only consider the behaviour of the state variables 
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of that filter. Using the method suggested by Jackson [25] and Hess [26] 

it is shown that there are only two basic realizations for the state 

variables of a second-order filter. These are called "type-A" and 

"type-B" realizations. 

Further, in Chapter 2, the noise properties of the individual 

multiplier branches and some of the properties of the limit cycle 

oscillations are considered. The noise analysis, which is similar to 

the works of Halyo and McAlpine [102], considers the quantization noise 

to be a discrete variable. This consideration is used in Chapter 5 to 

analyse and compare the increase in the noise level caused by the signal 

stabilization method. 

The development of the properties of limit cycle oscillations 

deals with the proof of some of the assumptions which are relevant for 

the analysis of limit cycle oscillations. These assumptions for the 

one- and two-sample limit cycles are widely used by other authors but, 

to the knowledge of this author, have not been proved. 

In Chapter 3 the phase plane behaviour of second-order 

recursive filters of the type-A realization is considered. The full 

analysis and the results presented in this chapter are original and 

were developed prior to the publication of Claassen et al. [118]. 

Firstly in Chapter 3 the behaviour of 	infinite wordlength 

filters is considered. From these results, a suggestion for the 

definition of the energy (or Lyapunov) function of the filter is 

presented. This is used in Chapter 6 to select a suitable search area 

for the test cases. 

For the finite wordlength filter, the trajectory of the zero 

input response is found to go through a process called merging. Various 
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results relating to the merging properties of the transient response 

of the second-order filter with the type-A realization have been 

developed. 

Further in Chapter 3 it is 	shown that, because of the 

process of merging, limit cycle oscillations for these filters can be 

categorised into two forms. These are called accessible and inaccessible 

limit cycle oscillations. 

The aim of the study presented in Chapter 4 has been to present 

some conditions by which the occurrence of limit cycle oscillations can 

be predicted. This idea is used later in Chapter 5 for developing 

techniques to suppress limit cycle oscillations. The arguments used 

are original and believed to be new. 

The study carried out in Chapter 4 is based on a technique 

for transforming a digital filter into two parts; one which has integer 

coefficients and therefore no quantization effect, and the other which 

has coefficients of magnitude less than 0.5 and therefore has 

quantization effects. This consideration permit analysis of the 

properties of some of the limit cycle oscillations. The results for 

limit cycle oscillations with period'greater than two samples are 

similar to those of Jackson [112] which have been shown to be wrong 

in some cases. However, this study has proved useful for the synthesis 

of a suitable structure for applying the method of signal stabilization 

(discussed in Chapter 5). 

In Chapter 5 the method of signal stabilization is used to 

modify the conditions for the limit cycle oscillations derived in 

Chapter 4. The analysis of the amplitude of the suppressed limit 

cycle oscillations, increase, in noise level, and the amplitude of a 

suitable signal for the stabilization method are presented. In 

Section 5.6 a discussion of a suitable signal for the stabilization is 
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given. The arguments and the results presented in Chapter 5 are 

original and are new results. 

Chapter 6 covers the results for simulation studies. Collective 

presentation of these results is found to be convenient because some 

of these could be related to the works of more than one chapter. 

Some original new results, based on simulation studies are 

presented. In addition, the theoretical results of Chapters 3, 4, and 

5 are compared with the results from the simulations. 

Chapter 7 concludes the results of this thesis and makes some 

suggestions for further studies. 
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CHAPTER 2  

RECURSIVE DIGITAL FILTERS WITH  

FINITE WORDLENGTH ARITHMETIC  

2.1 Introduction  

In the previous chapter it was pointed out that a second-order 

recursive digital filter (or the biquadratic form) can be the basic 

building block for much more complex filters. In fact, it is more 

economical to design general purpose second-order recursive filters and 

use them in the parallel or the cascade forms, than to realize the 

complex transfer functions directly. Therefore, in this thesis we only 

consider the (commonly used) second-order recursive filters for the study 

of limit cycle oscillations. 

In this chapter different aspects of the finite wordlength digital 

filters will be developed as 	background to the following chapters. 

First we will consider the simplification of the structure of the 

recursive second-order filter to a form suitable for the study of limit 

cycle oscillations. Then, in Section 2.3, the discrete behaviour of the 

quantization noise in the multiplier branches will be considered (similar 

results to Halyo and McAlpine [1021). Finally, some of the properties of 

the limit cycles in second-order filters will be developed to simplify 

the analyses for these oscillations. 

2.2 Realization of the state variables of a second-order recursive filter  

For studies of limit cycle behaviour of second-order filters it is 

usually sufficient to know the limit cycle behaviour of the filter's 
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state variables. This is because the output of the filter is related to 

the state variables by a non-recursive transfer function which does not 

contribute towards the build-up of the limit cycle oscillations. 

In this section we use the method suggested by Jackson [25] and 

Hess [26] to determine all of the different structures which realize the 

state variables of the second-order recursive filter . 

Consider the state equations of an ideal second-order digital filter 

with the state variables x1(n) and x2(n), as given in equation (2.1). 

x1(n) - -a11 	-a12  
x1(n-1) b1  

u(n) 	(2.1) 
x2(n) a21 	a22 

x2(n-1) b2  

where aij, for i and j = 1 or 2, are the coefficients of the filter, and 

u(n) is the input sequence. The signs for aij  are chosen in the above 

form for convenience. 

The structure represented by equation (2.1) is shown in Fig. 2.1. 

FIG. 2.1 A general structure for the realization of the state variables 

x1(n),  x2(n). 
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In this structure there are a number of redundant coefficients which 

can therefore be chosen arbitrarily. In the following discussion we 

consider the choices involved, and thus derive all of the basic 

structures for the realization of the state variables of these filters. 

To study the zero input limit cycle oscillations the choice of the 

b coefficients in equation (2.1) is immaterial. Therefore, to simplify 

the realization, these coefficients can be chosen as: b1  = 1, and 

b2 =0. 

The transfer functions relating the state variables and the input 

to the filter can now be written in the following forms: 

-1 
xl(z) 	1 - a22  z 

, 

•  

(2.2) 

(2.3) 

(2.4) 

(2.5) 

(2.6) 

-  
H1(z) 	= 	u(z) 	1 	

2  

1  + (a11 -a22)  z 	+ (a12 a21 - a11 a22) z 

and 

x
2
(z) 	a21 

 z
-1 

H2(z) 	u(z) 	
1 + (a11  - a22) 

z-1+ 
 (a

12 
a
21 

- a
11 a221 

z-2 

To realize a general characteristic equation defined by 

1 + a1  z-1  + a2  z2 	= 0 	, 

we require 

all -a22= a1 

and 

a12 a21 - all a22 = 
a2 	' 

There are two redundancies in the choice of the coefficients aid. The 

arbitrary values of these coefficients can be chosen such that the 

hardware requirements for the implementation of the resulting structure 

are minimized. 
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For example, coefficients of values zero or one do not require any 

multipliers, and the coefficients of values 2, 4, 8, . . . etc. or 

2, 4, $, . . . etc., for a binary machine, can be implemented by simple 

shift operations, However, in the case of 	coefficients with 

values of 2, 4, 8, . . . etc., there is a larger chance for overflow 

which can limit the performance of the filter. On the other hand, 

coefficients with 	values of 2, 4, g, . . . etc. cause extra noise to 

be generated because of the loss of the Least Significant Bit (LSB). 

Thus, the values of the arbitrary coefficients are chosen as either zero 

or one. In particular the choice of zero is preferred since then the 

resultant structure will involve one less addition than the case with one 

as the coefficient. 

Considering equations (2.5) and (2.6), for the unique representation 

of the values of al  and a2,  the arbitrary choices of one or zero can be 

made for either a
11 

or a22,  and the arbitrary choice of one for either 

a12  or a21(see references [25] and [26] for more details). We also note 

that if, for example, all  is chosen to be arbitrary, and a
22 = all - al,  

the resultant structure would be equivalent to choosing a22  to be arbitrary 

and letting a
ll = a

l { a22. Therefore, there are only two basic 

structures for the realization of the state variables of a second-order 

recursive filter. The one which uses a minimum number of components is 

obtained by choosing a22  = 0 and a21  = 1. The other structure is obtained 

by choosing a22  = 1. The former structure will be called "basic second-

order section" or "type-A realization". The latter structure will be 

called "type-B realization". 

Figures 2.2 and 2.3 show these structures when infinite precision 

arithmetic is used. In Fig. 2.2 we have used a = a
ll = al' 6 = a12 = a2,  

and in Fig. 2.3 we have used a= all  =al + 1, b = a
12 w 1  +a1 + (12' 
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FIG. 2.2 Type-A realization 

FIG. 2.3 Type-B realization 

The difference equations for these basic structures are as follows: 

i) 	for type-A realization 

xl(n) = -axl(n - 1) - Sx2(n - 1) + u(n) 	, 	(2.7a) 
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x2(n) = xi(n - 1) 	; 
	

(2.7b) 

and 	ii) for the type-B realization 

x1(n) = -ax1(n - 1) - bx2(n - 1) + u(n) 	, 
	

(2.8a) 

x2(n) = x1(n - 1) + x2(n - 1) 	(2.8b) 

For finite wordlength arithmetic with single precision addition the 

above difference equations can be expressed as: 

i) 	for type-A realization 

x1(n) = -Qq  [ax1(n - 1)] - Qq  [U2(n - 1)] + u(n) 	, 	(2.9a) 

x2(n) = xi(n - 1) 	; 	(2.9b) 

and 	ii) for type-8 realization 

xi(n) = -Qq  [axi(n - 1)] - Qq  [bx2(n - 1)] + u(n) 	(2.10a) 

x2(n) = x
1
(n- 1) + x

2
(n- 1) 	. 	(2.10b) 

Comparing the structures shown in Figs. 2.2 and 2.3 with the com-

prehensive range of second-order structures given by Jackson [25] and Hess 

[26] we note that if we ignore the input and the output of these structures, 

and assume infinite wordlength arithmetic, they can all be simplified to 

the forms shown. However the simplification for some of the structures 

require the combination of two parallel multipliers, which for finite 

wordlength single precision arithmetic is not possible. Thus, the results 

of this thesis only apply to those structures with finite wordlength 

arithmetic which can be simplified to the forms shown in Figs. 2.2 and 2.3. 

Further studies are necessary to find the behaviour of the other class of 

filters. However, they can be assumed to have a worse noise (and there-

fore limit cycle) performance, because, these structures use a larger 

number of multipliers in their recursive section (note that a larger num-

ber of multipliers cannot give a better noise performance). 

2.3 Some remarks on the multiplication quantization error  

The quantization error from a multiplier branch with finite 

wordlength coefficient is a quantized variable [102-104]. Normally this 
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error can be approximated to be a continuous variable. However, for 

comparison of the noise level of the "signal stabilization" technique 

discussed in Chapter 5, this approximation will not be sufficient. 

In this section we consider the average error due to quantization 

when the coefficient has a finite wordlength. The model used for 

representing the quantization error is the noise source model [7-111 of 

Fig. 2.4. This model can also be described as 

Qq  [yx(n)] = yx(n) + e(n) 	. (2.11) 

Y x(n) + e(n) 

e(n) 

FIG. 2.4 

Let the quantization step of the state variable x(n) be q, and let 

the quantization step of the coefficient y  be qc. Then the quantization 

step of the error e(n) will be given by qe  = qqc, provided that qc  is 

defined appropriately. For example, let y = 32, then qc  can be 

3E' 16 or 
16. If qc  = 32, then for q = 1, the possible values of e(n) for 

the case of rounding can be any of the following: 
X32,  ±32' 
	

. . 
±14 	

16 This indicates that the quantization step of e(n) is 1 1 6 , which 
32' 32'  

is not the same as qqc. However, if qc 
	

16' then the quantization step 

of e(n) will be correctly equal to qqc. 

To find the function for evaluating qc, consider for example the 

case of rounding, and let x(n) = jq and y = iqc. Then from the properties 

of the rounding function as given in Section 1.4,, we have 
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- e(n) = kggc = (ijggc + 0.5q) mod q - 0.5q 	(2.12) 

where i, j, k are integers, and "mod" is the modulo function. Dividing 

both sides of equation (2.12) by q and simplifying, we have 

(jy + 0.5) modl - 0.5 = kqc 	, 	(2.13) 

where qc has a value such that k is an integer for all the integer values 

of j. The condition expressed by equation (2.13) is equivalent to 

jy mod 1_ k ' 

qc 
2.14) 

where k' is an integer for all the integer values of j. 

A further condition for e(n) to have the quantization step of qqc 

is 

qc 
= M (2.15) 

where M is an integer. This property of qc can be seen from the modulo 

function, (my) mod 1, as shown in Fig. 2.5. That is, for 

(iq) mod 11. = 	0, q has to satisfy equation (2.15). 
C 	±2M, ... etc. 	C 

(my)mod 1 

--Hq
c~  
1 	

.~ 
	 my 

FIG. 2.5 The modulo function 



i.e. 

P 
2 = 1 	2qc q2 	• e 	12 

(2.17) 
R 
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If the signal x(n) is random and has standard deviation much larger 

than the quantization step q, the probability density 	of e(n) will be 

nearly uniform and independent of the probability density and spectral 

distribution of the signal x(n). Thus for many different types of input, 

the probability density 	of the error e(n) will be of the forms given 

by 	Fig. 2.6 for the case of rounding, Fig. 2.7 for the case of value 

truncation and Fig. 2.8 for the case of magnitude truncation. In each of 

these cases Ne is defined as N - 21 
qc 

Consider the case of rounding, i.e. Fig. 2.6, the variance a2 
e
R 

N -1 
e 

pe = ae 	2N / (iggc)
2 

. 
R 	R 	e i=-Ne 

(2.16) 

and the mean square error p2 are given by 
e
R 

If qc « 1 then the above equation can be approximated to 

1 

peR - ~eR V12 
(2.18) 

In the case of value truncation the mean square error can be 

written as 

0 
Pe 	- 2N 	1 (iggc) 2 	, 
T2 	e i=-(2Ne-1) 

(2.19) 

where Ne is as defined above. Therefore, 

2 	(1 qc)(2 qc) q2

- PeT2 	6 
(2.20) 



H 
aqc  
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p(eR) 

1 
2N 
/ e 

E 

-Negqc  IH 	Negqc 	!R(n) 

qgc  

FIG. 2.6 Probability ,density of error due to rounding 

p(ev) 

1 
2Ne  

-2Negqc  

FIG. 2.7 Probability density  

H 
	

ev(n) 

qqc 

of error due to value truncation 

- 
I 

-2N
egqc 

FIG. 2.8 Probability density 

2Negqc 	
em(n) 

of error due to magnitude truncation 



by 

2 	1  
(2N 

e 
-1) 

_  

PeTl 	(4Ne - 1) I (iggc)
2  

i=-(2Ne-1) 

(2.22) 
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If qc  « 1, then the above equation can be approximated to 

1 

PeT2 
q . 

(2.21) 

In the case of magnitude truncation the mean square error is given 

where Ne  is as defined above. Therefore, 

pe = 3 1 - qc) q2  
T1 

and if qc  « 1, then we have 

1 

PeT1 
q • 

(2.23) 

(2.24) 

The above results show that the approximation 

Pe 
	 P 	 2P 	 q 
Tl eT2 eR 

is only true if qc  « 1. 

The results expressed by equations (2.18), (2.21) and (2.24) are 

well known [7-111. However, the above analysis indicates that if qc  is 

not much smaller than unity, the correct estimates for the mean square 

error are given by the results presented above. For example, the 

difference between the mean square value of the rounding error due to 

two coefficients with the values of 8 and  8 for the same quantization 

level q, is 1.63 dB . 
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2.4 Some remarks on limit cycle oscillations in second-order recursive  

filters  

In Chapter 1 it was pointed out that, depending on their period 

of oscillation, limit cycles in digital filters can be categorised into 

three different types. These are 	limit cycles with the period of one 

sample, two samples, or greater than two samples. In this section we 

consider each of these types separately, and derive new properties which 

will be useful in the analysis. 

2.4.1 Limit cycles with period of one sample 

In general, limit cycle oscillations of this type can be described 

by the sequence {Kq, Kq, Kq, . . . etc.}, where K is an integer and q is 

the quantization step. The condition for this type of limit cycle 

oscillation in the type-A realization is therefore given by 

Kq + Qq  [aKq] + Qq  [RKq] = 0 	. 	(2.25) 

The solutions to equation (2.25) give all the possible amplitudes for 

this type of limit cycle oscillation. In Chapter 4 a method for solving 

this equation will be discussed. 

For the type-B realization we note that 

x2(n) = xl(n - 1) + 
x2(11-1) 

	, 

n-1 
i.e. 	x2(n) = 	xl(i) 	. 

i=0 
(2.26) 

Hence, for the state variable x2(n) to be bounded in the case of a filter 

with stable response 

n 
ave[x1(n)] ; lim 	1 x1(i) = 0 	, 

n- 	i =0 

(2.27) 

where ave[ ] represents the time average of the signal. It follows that 
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limit cycles with period of one sample cannot exist on the state 

variable x1(n). However, the state variable x2(n) can accommodate limit 

cycles of this type. Therefore the limit cycles of period one and 

amplitude Kq, on the state variable x2(n), have to satisfy 

(2.28) Qq  IbKq] = 0 	, 

i.e. for the case of rounding 

0.5  

for the case of value truncation 

0 	K < Ibl 	' 

and for the case of magnitude truncation 

b 

(2.29a) 

(2.29b) 

(2.29c) 

2.4.2 Limit cycles with period of two samples  

In general limit cycle oscillations with period of two samples can 

be described by the sequence {Kq, -Lq, Kq, -Lq, . . . etc.}, where K and 

L are integers. The conditions for this type of oscillation in the 

type-A realization can be written as 

Kq + Qq  [-aLq] 	+ Qq  [sKq] = 0  (2.30a) 

and 

-Lq + Qq  [aKq] 	+ Qq  [-0Lq] = 0 	. (2.30b) 

From equations (2.30a) or (2.30b), we note that: 

i) 	if a > 0, sgn(K) - sgn(L), 

and 	ii) if a < 0, sgn(K) # sgn(L). 

Considering rounding or value truncation, equations (2.30a and b) 

can be rewritten as 
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and 

Qq  [ (1 + B) Kql + Qq  [-aLq] = 0 	, 

Qq  [-(1  + s)Lq] + Qq  [aKq] = 0 	. 

(2.31a) 

(2.31b) 

However, the condition for the stability of the digital filter is given by 

(1 + 	> fa) 	 (2.32) 

Therefore, if K > 0, 

Qq  [(1  + 13)  Kq] > Qq  [aKq] 
	

(2.33) 

From equations (2.31a and b) it follows that 

Qq  [- (1 + 13) Lq] 3 Qq  [-aLgl 
	

(2.34) 

But if L > 0, for non-zero solutions a > 0, and since (1+a) > 0, then 

Qq  [- (1 + 13)  Lq] F Qq  [-aLq] 	. 
	(2.35) 

From inequalities (2.34) and (2.35) it follows that 

Qq[-(1+R)Lq] = Qq[-aLg] 
	

(2.36a) 

and 

Qq  [ (1 + S) Kq] = Qq  [aKq] (2.36b) 

Similarly for all possible values of L and K we can derive similar 

equations, all of which may be expressed in the form 

Kq + d Qq  [aKq] + Qq  Mg] = 0 	(2.37) 

where d = +1 or -1 for a < 0 or a > 0 respectively. Equation (2.37) 

describes the general condition for limit cycle oscillations of period 

one-or two-samples in the cases of rounding or value truncation. 

The above results lead to the following theorem concerning limit 

cycles of period two in the case of rounding. 

Theorem 2.1  

In a basic second-order recursive digital filter (type-A 

realization) with single precision arithmetic and rounding for the 
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quantization, if limit cycle of the sequence {Kq, -Lq, Kq, -Lq, . . 

etc.}, where sig(K) = sig(L), is possible, then the limit cycles with the 

sequences {Kq, -Kq, Kq, -Kq, . . . etc.} and {Lq, -Lq, Lq, -Lq, . . 

etc.} will also be possible. Similarly if limit cycle with the 

sequence {Kq, Lq, Kq, Lq, . . . etc.} is possible, then the limit cycles 

with the sequences {Kq, Kq, Kq, . . . etc.} and {Lq, Lq, Lq, . . . etc.} 

will also be possible. 

For the type-B realization the limit cycles with the period of 

two samples can be described as {Kq, -Kq, Kq, -Kq, . . . etc.} for the 

state variable xl(n), and as {-Lq, Mq, -Lq, Mq, . . . etc.} for the 

state variable x2(n). In these descriptions K, L and M are integers, 

where 

K = L + M 	. 	 (2.38) 

The conditions for the existence of this type of limit cycle 

oscillation are given by 

and 

Kq + Qq  [-aKq] + Qq  [bMq] = 0 	, (2.39a) 

-Kq + Qq  [aKq] + Qq  [-bLq] = 0 	. 	(2.39b) 

For the case of rounding, equations (2.39a and b) can be rewritten 

as 

Rq  [(a-  1) Kq] = Rq  [bMq] 	, 

and 

Rq  [ (a - 1) Kq] = Rq  [bLq] 	. 

To simplify equations (2.30a and b), we note that 

(bM - 0.5)q s Rq  [bMq] < (bM + 0.5)q 	, 

and 

(bL - 0.5)q 	Rq  [bLq] < (bL + 0.5)q 	. 

(2.40a) 

(2.40b) 

(2,41a) 

(2.41b) 
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Adding inequalities (2.41a) and (2.41b) and from equations (2.38) and 

(2.40a and b) it follows that 

i.e. 

and 

{! - O.5]q  . Rq [(a - 1)41 

Rq[(a-1)Kq] = Rg fb
9J 

Rq [bLq] 	= Rq [bMq] 	= 

< 

lL 

Rq I 

{---
2 

.I 

b2 

+0.5)q 	, 	(2.42) 

(2.43a) 

(2.43b) j 

The amplitude of limit cycles with the period of two samples on 

the state variables x1(n) and x2(n) of the type-B realization for the 

case of rounding can be found by solving equations (2.43a) and (2.43b) 

respectively. The solutions to equation (2.43a) will be investigated 

in Chapter 4, and the solutions to equation (2.43b) are then a simple 

extension when Rg l b 
 2

~ is known. 

These results show that, for the study of the amplitude of limit 

cycles with the period of two samples on the state variable x1(n) for 

the type-B realization in the case of rounding, the sequences for the 

state variables xl(n) and x2(n) can be chosen as {Kq, -Kq, Kq, . . . etc.} 

and {-K-q, -2K-q, -2 -2 	, . . . etc.} respectively. 

For the case of value truncation a similar method may be used to 

simplify equation (2.39a) and (2.39b). In this case we have 

T2q [- (a - 1) Kq] + T2q [bMq] = 0 	, 	(2.44a) 

and 

T2q [(a - 1)Kq] + T2q [-bLq] = 0 	. 	 (2.44b) 

Equations (2.44a and b) can be rewritten as 

T2 [(a-  1) Kg] - T22 [bMq] = -q (2.45a) 



i.e. 

T2q  [ (a - 1) Kq] = T2q [?1(
.2J `2 J • 

(2.48) 

and 

However, 

and 

_62_ 

T2q  [ (a - 1) Kq] - T2q  [bLq] = q 	. 

bMq 	T2q  [bMq] < (bM + 1) q 	, 

bLq 	T2q  [bLq] < (bL + 1)q 	. 

Sect. 2.4 

(2.45b) 

(2.46a) 

(2.46b) 

Adding inequalities (2.46a) and (2.46b), and from equations (2.38) and 

(2.45a and b), it follows that 

2 	T2q[(a-1)Kq] < { +iJ q (2.47) 

Equation (2.48) describes the condition for limit cycles with 

period of two samples and amplitude of Kq, on the state variable xl(n) 

of the type-B realization in the case of value truncation. The solutions 

to this equation will be discussed in Chapter 4. 

Comparing equations (2.43a) and (2.48) we note that a general 

condition for limit cycles of amplitude Kq and period of two samples on 

the state variable x1(n) of the type-B realization, is given by 

Qq  [(a-  1) Kq] = Qq 
[ {2J Kq] 	

, 

where Qq[ ] represents either rounding or value truncation. 

(2.49) 

2.4.3 Limit cycles with period greater than two samples  

Limit cycle oscillations with period greater than two samples in 

the type-A realization have to satisfy 

x1(n) + Qq  [ax1(n - 1)] + Qq [13x2(n - 1)] = 0 	, (2.50) 



ave[e1(n)] + ave[e2(n)] 
ave[xl(n)] = ave[x2(n)] - 1+a +S • 

(2.51) 
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i.e. 

xl(n) + axl(n- 1) + 13xl(n - 2) = el(n) + e2(n) 	, 

where el(n) and e2(n) are the quantization errors of the products axl(n) 

and 13x2(n) respectively. Therefore, we can write 

Thus, for rounding 

ave [x1(n)] -4 0 	, 

and 	for value truncation 

ave[x1(n)] - 	 1 + a+0 • 

(2.52) 

(2.53) 

For type-B realization, in Section 2.4.1 it was shown that 

ave[xl(n)] = 0 	. 	(2.54) 

By considering the difference equations for this case it can be shown 

that 

ave[e1(n)] + ave[e2(n)] 
ave[x2(n)] - 	b  (2.55) 

i.e. for rounding 

ave[x2(n)] 	0 	, 	(2.56) 

and for value truncation 

ave[x2(n)] ti b 	. 	(2.57) 

2.5 Conclusions  

In this chapter several aspects of the finite wordlength second-

order recursive digital filters were investigated. The results found are 

as follows. 



- 64 - 	 Sect. 2,5 

i) It was suggested that for the study of limit cycle 

oscillations, in most cases, it is sufficient to consider the 

behaviour of the state variables of the filter and therefore ignore the 

zeros of the transfer function. 

The method suggested by Jackson [25] and Hess [26] was used 

to show that there are only two basic structures for the realization of 

the state variables of a second-order recursive filter. It was also 

mentioned that the basic second-order section, or the type-A realization, 

is the most economical in terms of hardware. 

ii) In Section 2.3 some of the properties of noise in digital 

filters were considered. It was shown that the effective noise 

introduced by a quantizer depended on the quantization step qc  of the 

coefficients (similar result to Halyo and McAlpine [102]). This value, 

as defined by equations (2.14) and (2.15),,should be considered when 

comparing 	noise from the coefficients with different quantization 

steps. 

iii) Finally some of the properties of 	limit cycle 

oscillations in the two structures of type-A and type-B realizations 

were investigated. It was shown that for the study of the amplitude of 

two-sample limit cycle oscillations it is sufficient to consider the 

solutions to equation (2.37) for the type-A realization and equation 

(2.49) for the type-B realization. 

Limit cycle oscillations with period greater than two samples 

were considered by an approximate study of their time average. These 

results are given by equations (2.52) and (2.56) for rounding and 

equations (2.53) and (2.57) for value truncation. 
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CHAPTER 3  

A STUDY OF LIMIT CYCLE OSCILLATIONS IN  

THE PHASE PLANE  

3.1 Introduction  

For a second-order analog system the phase plane is generally 

defined as the plane with the cartesian coordinates representing the state 

variables of that system. Normally these variables are x(t) and x(t), 

where x(t) represents the derivative of the state variable x(t). 

In this study we shall represent the phase plane for the 

second-order recursive digital filter also in terms of its state 

variables x1(n) and x2(n).  This representation is equivalent to the 

successive value phase plane suggested by Hess [26] [113]. He suggested 

that for a basic second-order section of Fig. 2.2, a suitable definition 

for the phase plane is the one having the cartesian coordinates 

representing the present and the immediately past values of the output. 

In this chapter we present new results derived from the zero 

input phase plane response of the basic second-order section of Fig. 2.2. 

Initially the transient response of a filter with infinite precision 

arithmetic is considered. From the trajectory of the infinite precision 

filter a term for the energy (or Lyapunov) function in the digital 

filter has been suggested. The result for the infinite precision filter 

is then modified to represent the general behaviour of the finite 

precision filter. 

In Sections 3.3 to 3.5 the properties of the trajectories for the 
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finite precision filter are considered, and used to derive new results 

on the behaviour of the limit cycle oscillations. 

3.2 The transient response of an infinite precision second-order filter  

The difference equation for the infinite precision digital filter 

of Fig. 2.2 is given by 

xl(n) =-axl(n - 1) - ax2(n - 1) + u(n) 	, (3.1a) 

x(n) = x1(n - 1) 	, 	(3.1b) 

where x1(n) and x2(n) represent the state variables of the ideal filter. 

If the input to the filter is zero, and any transient response is 

assumed to be due to the initial conditions x1(0), x2(0) for the state 

variables xl(n) and x2(n) respectively, we can write the z-transform for 

xl(n) as 

xi(0)  - Sx
2 
 (0) z-1 

X1 	
1 + az 

-1 
	OZ

-2 

or 	Xi(z) = [xi(0) - 3x2(0) z 11 H(z) 	, 

where 

H(z) - 	1  
1 + az

-1 
+ (3z

-2  

is the transfer function of the filter with xl(n) as the output. 

If h(n) is the inverse z-transform of H(z) (i.e. the impulse 

response), then we can write 

xi(n) = x1(0) h(n) - 13x2(0) h(n - 1) 	, 

and 

x2(n) = x1(0) h(n - 1) - 13x2(0) h(n - 2) 	, 

(3.2) 

(3.3a) 

(3.3b) 

for n 	1. 



2(0) - a2x
1
(0) 	n 

A2 1 
X1 

- A2 	2 	
~2 

1 
(3.6) 
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In general there are two types of responses described by equations 

(3.3a) and (3.3b). These depend on whether the poles of the filter are 

complex or real. The trajectory for each case is described below. 

3.2.1 The case of real poles  

Let the poles of H(z) be represented by the real quantities ai and 

A2. Then the impulse response h(n) is given by 

Aln+l - a
n+l 

h(n) - 
	2  
a1 - A2 

(3.4) 

Substituting for h(n), h(n - 1) and h(n - 2) in equation (3.3) we obtain 

and 

xl(n) 

_ 
x2( 

_ 
A x 	(0) 	- 	13x 	(0) 
1 1 	2 n + 

~'1 

n-1 
~l 	+ 

Sx (0) 	- a x (0) 
2 	2 1 ~n 

2 	, 

n-1 
x2 

(3.5a) 

(3.5b) 
~'lxl(0) 

X1 
- a2 

Sx2(0) 

al 
- X2 

6x2(0) 	X2x1(0) 
a 	- X 
1 	2 

-  X
2 

a 
1 2 

Writing equations (3.5a and b) in the vector form, we have 

xi(n) 	alxl(0) - Sx2(0) 	n 	1 
X1(n) = x(n) _ = 	Al - 	X2 	Al 	

ā 
1 

It follows that the sample representing the transient response of the 

filter in the phase plane, at the time index n, is the sum of two vectors, 

and Ba2 

 

   



and 

B= 	

A.1
-A2  

ßx2(0) - A2x1(0) 

These vectors are in the direction of 1, 1  and 1, 1  respectively, 
Al A2 

having magnitudes of ai and 4 respectively, which are functions of the 

time index n. An example of this trajectory for the case when both al  

and A2  are positive is shown in Fig. 3.1. The different trajectories 
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where 

X1x1(0) - Bx2(0)  
A - 	 

Al -A2  

FIG. 3.1 Typical phase plane transient trajectories of an infinite 
precision filter with real poles 

given in this diagram show the behaviour of the transient response with 

different initial conditions A, B and C. 
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3.2.2 The case of complex poles  

If the poles of the transfer function H(z) are complex, then they 

can be represented by the conjugate pair reje and re je, where r and 0 

are the magnitude and the angle of the complex poles (i.e. r = T and 

0 = cos-1 
2~) . 

By taking the inverse z-transform of H(z) we can show that 

h(n) = rn sin(n + 1)0  
sin 0• 

From equation (3.3) we, therefore, have 

xl(n) = x1(0)rn sin(n 0 )e 	 2(0)rn-1 s
sin 0 

(3.7) 

(3.8a) 

for n a 0, and 

	

x 1 (n) = x (0)rn-1 sin n8 	8x (0)rn-2 sin(n- 1)0  2 	1 	sino 	2 	sine , (3.8b) 

for n > 0. 

Combining equations (3.8a) and (3.8b) we get 

xi(n) + 8x2(n) +axi(n) x2(n) = sn [X2(0) + Bx2(0) +ax1(0) x2(0)] 	, 	(3.9) 

for n > 0. We note that equation (3.9) is also true for time index 

n = 0. This case describes the initial conditions of the filter. 

To simplify equation (3.9), we define a constant r(0) which 

depends only on the initial conditions, and the coefficients of the 

filter. This is given by 

r(o) = 4.(0) + x2(0) + ax1(o) x2(o) 	. 	(3.10) 

Therefore, equation (3.9) can be written as 

2 
xi(n) + 8x

2
(n) + axi(n) x2(n) = 8nr(0) 	. 	(3.11) 



x2(n)1  

/ 
/ 

' 
.••••  

/ /// 
/ /// 

/// / / 
• / / 

/ / / 

/ / 
/ / 

/ 
I / 

i 
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The relation between x1(n) and x2(n) described by equation (3.11) 

representsthe trajectory of the transient response of the filter in the 

phase plane. We note that, at the time index n, the sample of the 

trajectory in the phase plane lies on an ellipse with its centre at the 

origin, and its size dependent on the quantity Snr(0). According to the 

definition of r(0) we can also define 

2 	2 
r(n) = xi(n) + sx2(n) + axi(n) x(n) 	, 	(3.12) 

which can be written as 

r(n) = s r(o) 	. 

Therefore, we can conclude that the phase plane trajectory of a stable 

filter with  complex poles is an elliptical spiral as shown in Fig.3.2. Each 

FIG. 3.2 Typical phase plane transient trajectories of an infinite 
precision filter with complex poles 
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sample of this trajectory lies on an ellipse of constant shape but of 

diminishing size at the rate of 13 per sample. 

The variable r(n) as defined above can also be defined in the 

vector form as 

T 
r(n) = X'(n) P X'(n) 	, 	(3.13) 

where. 

P= 

2 S  

P is a positive definite matrix when 413 > a2  (i.e. condition for complex 

poles)., Therefore, for a second-order filter with complex poles we can 

consider r(n) as a Lyapunov or energy function. According to this 

definition for energy the rate of loss of energy per sample in a stable 

filter, having complex poles and infinite precision arithmetic, is the 

factor (1 - 13) per sample. 

3.3 Response of a finite precision filter in the phase plane  

The analysis of finite wordlength digital filters can normally be 

carried out using two basic modelling techniques: 	the equivalent 

coefficient model of Jackson [112], and the equivalent noise source 

model [7-11]. A survey of these techniques was presented in Chapter 1. 

In this section, to estimate the general trend for the trajectory of a 

finite precision filter, we consider the equivalent noise source model 

and apply the analysis technique discussed in the previous section. 

If the total quantization error in the evaluation of xl(n) is 

e(n), then the total deviation of xl(n) from the ideal response xi(n) 

will be given by 

e(n) = 	e(n)h(n - i) 	, 
i=0 

(3.14) 
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where h(n) is defined by equation (3.7). The absolute maximum bound 

(e(n)) for the error c(n), considering the worst possible error sequence 

for e(n), for the case of rounding, is given by 

n-1 
ē(n) = q i 	lh(i)j 	. 

i=0 
(3.15) 

Therefore, we can represent the phase plane trajectory of the finite 

wordlength digital filter as shown in Fig. 3.3. In°this diagram the 

2(n) 

A 	initial 
condition 

i 

ideal 	/~ 

response / 

/ 	 4 

FIG. 3.3 Possible areas in the phase plane where the samples of a finite 
precision filter may exist 

shaded areas represent the (worst case) bounds around the ideal trajectory 

where the response of the finite precision filter (with the initial 

Condition "A") can exist. 

It follows that a trajectory of a finite wordlength digital filter 

would be similar to that of an infinite wordlength filter (equation (3.11)), 
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except that each sample has a fluctuating error, which grows in magnitude 

towards a limit (for a stable filter) as n increases. For n approaching 

infinity any error will be in the form of a cyclic oscillation, which is 

the limit cycle oscillation. 

In the time domain a limit cycle is a sequence of numbers which 

are repeated periodically. In the phase plane a limit cycle, therefore, 

corresponds to a trajectory which is a closed loop. Thus, the phase 

plane trajectory of a stable basic second-order recursive digital filter 

with complex poles and finite wordlength is expected to be of an 

approximately spiralling elliptical shape. The trajectory is expected 

to terminate on a closed loop or at a single point. The closed loop 

corresponds to a limit cycle oscillation of period greater than one. 

The single point corresponds to a limit cycle with period of one sample, 

or to the zero steady state response. The zero steady state would be the 

termination of the trajectory at the origin of the phase plane. 

This behaviour implies that there exists a point or points in the 

phase plane where two or more trajectories can merge to form a single 

trajectory. These points will be called "points of convergence" or 

simply "merge-points", M. Fig. 3.4 shows a typical phase plane behaviour 

of the transient response of a basic second-order recursive filter with 

finite wordlength arithmetic. The points immediately prior to convergence, 

i.e. the points represented by P in Fig. 3.4, will be called "P-points". 
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-10 10 	x1(n) 

FIG. 3.4 A typical response of a finite wordlength filter in the phase 
plane 

3.4 Conditions for the existence of merging trajectories  

Let the point of convergence M for K trajectories be defined by 

the coordinates [xl(n), x2(n)] in the phase plane, where K is an integer 

greater than zero. Define the point P immediately prior to point M 

(i.e. the P-point) by the coordinates Ex1(n - 1), x2(n - 1)1. The 

coordinates of M and P must then satisfy the state equations of the 

finite wordlength digital filter as defined by equation (2.9). To have 
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K points such as P which can have a common point of convergence M, the 

state equations must be satisfied by K different values of x2(n - 1), for 

a given [x1(n), x2(n)]. On the other hand, because we have a quantized 

system, the variables xl(n), x2(n), xl(n- 1) and all possible x2(n- 1) 

must be integer multiples of the quantization step q. Therefore, the 

conditions for these restrictions can be formulated as follows: 

Qq  [6x] = Qq  [R(x + kq)] (3.16) 

where x represents a general x2(n - 1), and k is an integer that can have 

K different values including zero. 

The limitation on the possible values of k helps us find the 

conditions for the possibility of K trajectories merging at a single 

point, and the limitation on the values of x helps us find the boundaries 

in the phase plane where the points of convergence can exist. 

To find the conditions for K trajectories merging at a single 

merge-point the boundaries for the values of k for different types of 

quantization processes will be analysed. 

3.4.1 Rounding RE l  

Consider, for example, the magnitude rounding as defined in Section 

1.3 (similar arguments to the following could also be used for value 

rounding). The conditions for the values of k and x to satisfy equation 

(3.16) are given by 

Rq  [6x] - 0.5q < 6(x + kq) < Rq  [Sx] + 0.5q 	. (3.17) 

Equation (3.16) is also satisfied if the following equality conditions 

exist: 

for Rq  [Sx] > 0, and 

Rq [Sx] = 0.5q = s(x + kq) (3.18a) 
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for Rq [3x] < 0. 

Rq M] + 0.5q = gx + kq) (3.18b) 

Rearranging inequality (3.17) and equations (3.18a and b) we have 

R [I13I4 - 0.5q 	R [Is~x] + 0.5q 
q 	

I~Iq 	q < k< q 	Wq 	q 
(3.19) 

and 

R [I01x] - 0.5q sgn(x) 
k = q 	

Iola 	 q 	, 	 (3.20) 

where equation (3.20) applies when IRqp]I > 0. 

The conditions given by inequality (3.19) and equation (3.20) can 

be expressed graphically as shown in Fig. 3.5. The shaded areas show the 

FIG. 3.5 Possible solutions to equation (3.16) for rounding 

regions where k and x satisfy equation (3.16), and the solid line graphs 

express the condition of equation (3.20). It should be noted that k and 
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x are discrete variables, although for the convenience of drawing they 

are shown as continuous variables. 

To have K possible solutions to equation (3.16) for a given x, 

there must exist K different integer values for k which lie within the 

shaded areas of Fig. 3.5. Therefore, the condition for the possibility 

of only K trajectories converging at a single merge-point is given by 

~ , lsi < K: 1 (3.21) 

The value of K is thus independent of the coefficient u. Hence, we can 

specify different regions in the coefficient plane where the values of K 

can be equal to 1, 2, 3, etc. 

K = 1 

FIG. 3.6 Boundaries in the coefficient plane where maximum of K 
trajectories can merge 

1 
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3.4.2 Value truncation T2[ ]  

Using the properties of value truncation the conditions for the 

solutions to equation (3.16) can be expressed as 

T2q  [6x] s 13(x + kq) < T2q  [sx] + q 	. 

These conditions can be rearranged to 

(3.22) 

T21[IGlx] 	
x 	T21[IGIx] +  q 	x 

1131q 	q 	k  < 	10q 	q • (3.23) 

The inequality (3.23) represents the boundaries for the values of k which 

satisfy equation (3.16). These results are shown by the shaded areas in 

Fig. 3.7. 

FIG. 3.7 Possible solutions to equation (3.16) for value truncation 

Fig. 3.7 indicates that the condition for having a maximum of only 

K trajectories merging at a single point of convergence is similar to the 

case of rounding and, therefore, is given by the expression (3.21) or 

Fig. 3.6. 
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3.4.3 Magnitude truncation Ti[ ]  

Using the properties of magnitude truncation the conditions for 

the solutions to equation (3.16) can be expressed as: 

Tiq [04 	8(x+ kq) < Tlq [84 + q 	, 

for Tlq [8x] > 0, and 

(3.24a) 

TI [84- q < B(x+kq) 	Tlq[84 	, 	(3.24b) 

for Tiq [84 < 0. 

If T1 [B4= 0, then we have 

-q < 0(x+ kq) < +q 	. 	(3.24c) 

We can also express the above conditions in the following forms: 

i) if T1 [101x]> 0 

T1 [I8I4 	x 	T1 [181x]+ q 	x 

S q 	q ~ k< 	I~Iq 	q 

ii) 	if T1 [181x1< 0 

T1 [104- q 	y 	T1 [I8I4I 
< k < 	

S q 	q 

and 	iii) if T1 [1814= 0 

(3.25a) 

(3.25b) 

T T q < k< 	q 	(3.25c) 

These inequalities specify the range of values of k which satisfy equation 

(3.16) for magnitude truncation. A graphical representation of these 

results is shown in Fig. 3.8. 

A study of Fig. 3.8 or inequalities (3.25a- c) indicate that for 

magnitude truncation, if Igl'< 1 and satisfies the relation (3.21), there 

can exist a maximum of (2K+ 1) merging trajectories at a single merge-

point. However, if 181 >. 1, then no merging can take place. 
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FIG. 3.8 Possible solutions to equation (3.16) for magnitude truncation 

3.4.4 Generalised results  

The above results for all the cases of quantization can be 

summarised in the following theorem. 

Theorem 3.1: 

For a basic second-order recursive digital filter with single 

precision finite wordlength arithmetic and coefficients of a and S using 

rounding or value truncation, if thē coefficient 	satisfies 

101 `K-1 	' 
where K is a positive integer, there cannot exist any point in the phase 
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plane which is a merge-point for more than K trajectories, but it is 

always possible to find a merge-point for K or fewer trajectories. If 

the quantization process is magnitude truncation then the maximum number 

of merging trajectories at some merge-points can be up to (2K+ 1) except 

when 1131 a 1, in which case it will be only one. These results are 

independent of the coefficient a. 

The above theorem applies to all coefficient pairs, whether 

corresponding to a filter with a stable response or an unstable response. 

For example, when K = 1, i.e. the condition for no merging, 1s!  . 1. 

This corresponds to a digital oscillator or an unstable filter. 

A particular characteristic of finite wordlength digital oscillators 

with complex poles, using any type of quantization process, may be 

observed at this point. For these "filters", 13 = 1 and -2 < a < 2. Since 

no merging can take place under these conditions, then all initial 

conditions must be part of their subsequent oscillation trajectories, or 

the response will be unstable. But, the case of unstable response is not 

true for these coefficients. Therefore, for any finite wordlength digital 

filter with the coefficients of a digital oscillator having complex poles, 

all the initial conditions will be part of a cycle of oscillation. 

3.5 Boundaries for the points of convergence when K . 2  

In the previous section we studied the conditions for having the 

maximum of only K possible merging trajectories. However, we still have 

not considered where in the phase plane merging can occur. In this 

section we will consider this problem and derive the boundaries in the 

phase plane where the points of convergence can exist. 

Firstly we will consider the case when the maximum number K of 

the merging trajectories at a single merge-point is 2. For rounding and 

value truncation the condition for this was shown (inequality (3.21))to be 
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0.5 	181 < 1 	. 	(3.26) 

Then we will show that, if K > 2 is possible, every point in the phase 

plane will be a merge-point for at least two trajectories. 

To derive these results each type of quantization process will be 

considered separately. 

3.5.1 Rounding  

Consider the solutions of equation (3.16) as expressed by Fig. 3.5, 

and introduce the restriction that k can only have integer values (these 

values can be 0, 1 or 0, -1, for K = 2). These solutions are restricted 

to the values shown by the heavy lines in Fig. 3.9. 

FIG. 3.9 

By inspection of Fig. 3.9 we can write the following conditions 

for the values of x which satisfy equation (3.16). 
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i +0.5 	 ((i +0.5  
ICI 	~ q - 	̀  x ` l Isl Jq + 	, 

and for i > 0 

x 	i+0.5) = 	Igl ) 

or i < 0 

x = ji'0.5jq 

(3.27a) 

(3.27b) 

3.27c) 

where i is any integer, and E is the quantity shown in Fig. 3.9, i.e. 

h+r 1)q . (3.28) 

x is a quantized variable which can be expressed by x = mq, where 

m is an integer. The inequality (3.27a) can be rewritten as 

i -0I 55' ICI  < m < i+ 1`5l Isl  (3.29) 

The solution given by inequality (3.29) is not satisfied for all 

the values of i if m is to be an integer. For example, if S = 0.9 and 

i = 1, the inequality (3.29) reduces to 

1.67 < m < 1.78 	, 

which is meaningless if m has to be an integer. Therefore, we must 

transform inequality (3.29) to an expression which is correct for all 

the possible values of its index variable. For this purpose we define 

j = m - i. Substituting for i = m - j in inequality (3.29), we obtain 

j il.~~N ,„,,j+0.5-    
I 	

1 131  (3.30) 

We now have a solution for m for all the values of the integer variable 

j, since the difference between the upper and the lower limits of 

inequality (3.30) is 2. 

The values of x which can satisfy equation (3.16), therefore, 

satisfy 
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[i-  1.5 +I8IJq  < x  < fj 
1
+ 0. - 18lĪq  
- 181 

where j is any integer. 

(3.3la) 

Equations (3.27b and c) can also be expressed in terms of the index 

variable j. The result for this substitution is as follows: 

i) 	for j > 0 

x  {j+0.5- - 

	IRi} 
 1- 11 	1q 

and 	ii) for j < 0 

x = 
{j - 1.5 +
1118 1J q 

We note: 

i) for i > 0, m > i and therefore j > 0, and 

ii) for i < 0, m . i and therefore j s 0. 

(3.31b) 

(3.31c) 

The conditions (3.31a, b and c) represent the boundaries for x2(n) 

in the phase plane which include all the P-points. 

In the above discussion there has been no restriction on the x1(n) 

coordinates of a P-point. Therefore, we can represent the regions in the 

phase plane, where the P-points can exist, as shown in Fig. 3.10. As 

before, the equality conditions are represented by the solid lines. 

By considering conditions (3.31a, b and c) and the difference 

equation (2.9), we can also derive the phase plane boundaries for the 

points of convergence M. This result for the case of (magnitude) 

rounding is given by 

and 

-0.5q < x1(n) + ax2(n) + nj  < 0.5q 	, 	(3.32a) 

xl(n) + ax2(n) + ni  = 0.5q sgn(ax2(n)) 	, 	(3.32b) 

ni = R1 [MN 
- - 05 

Sl q (3.33) where 
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q(2.5 - lsi )/(1- lsI), 

q(lsl +0.5)/{1-ISI)/ 

q(1.5 - ISI)/(l- lsI), 

q( lsi - 0.5)/(1- Isl)~ 

-q( lsi - 0.5)/(1- ISI)~ 

-q(2.5 - ISI)/(l- Is\)/ 

Sect. 3.5 

FIG. 3.10 Regions in the phase plane for p-points when K = 2 (case of 
rounding) 

This boundary, for a < 0, is shown in·Fig. 3.11. 

The boundaries for the P-points have a simpler definition from the 

boundaries for the merge-points. Therefore, for convenience, the 

boundaries for the P-points will be considered in the rest of this 

chapter. 

From the above analysis it follows that, if lsi < 0.5, then every 

point in the phase plane is a merge-point for at least two trajectories. 

For the proof of this, consider Fig. 3.9, where if ~ > i·if, then k can 

have at least two different integer values for any value of x. Thus, 
I 

for any x (i .e. x2(n -1)), there exists at least two solutions to 
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FIG. 3.11 Regions in the phase plane for points of convergence when 
K = 2 (case of rounding) 

equation (3.16). This condition for the value of E is equivalent to 

W < 0.5. Therefore, for this case every point in the phase plane is a 

P-point and thus a merge-point. 

3.5.2 Value truncation  

The solutions of equation (3.16) for value truncation can be 

found in a similar way to above. Considering the conditions when K = 2, 

i.e. 0.5 < 	< 1, we can express these solutions by the heavy lines 

shown in Fig. 3.12. 
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FIG. 3.12 

The quantized values of x which satisfy equation (3.16) are 

therefore given by the limits 

 

SIl q < x .   [i1I]q 

 

J -1+ 
1- If 

(3.34) 

 

where j is an integer. 

The phase plane regions where the P-points can exist for the case 

of value truncation are as shown in Fig. 3.13. As for rounding, we 

note that if ICI < 0.5, every point in the phase plane is a 

merge-point for at least two trajectories. 
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(2 - I sl) q/ (1 - I s j) 

q 

-q 

- (2 - I B () q/ (1 - I B I ) 

FIG. 3.13 Regions in the phase plane for p-points when K = 2 (case of 
value truncation) 

3.5.3 Magnitude truncation 

The preceding method of analysis can also be applied to the case 

of magnitude truncation. Assuming 0.5 , lsi < 1, the solutions to 

equation (3.16) for having at least two integer values for k are 

indicated by the heavy lines in Fig. 3.14. From these results we note 

that the quantized values of x must satisfy 

, (3.35a) 

and, for j ~ 0 

_ [j+l-ISI] 
x- I-Is ]q (3.35b) 

I 
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4(n) 

FIG. 3.14 

or for j0 

x= i 1S S Jq, 

where, as before, j is an integer. 

(3.35c) 

The regions in the phase plane where the P-points can exist are, 

therefore, the shaded areas of Fig. 3.15. We note that for 0 < 0.5, in 

the case of magnitude truncation, every point in the phase plane is a 

merge-point. 



- 90 - Sect. 3.6 

- / 
\8\ q/ (1 - 181) 

-18\ q/ (1 - 181) 
" 

- / 
- (2 - 181) q/ (1 - 181) 

FIG. 3.15 Regions in the phase plane for p-points when K = 2 -(case of 
magnitude truncation) 

3.6 Characterisation of limit cycle oscillations 

From the simulation studies of zero input limit cycle oscillations 

it has been observed that a digital filter can accommodate a number of 

different limit cycle oscillations. The particular limit cycle 

oscillation which occurs normally depends on the initial conditions. In 

this section the results on the behaviour of the transient response of 

the basic second-order section in the phase plane will be used to 

characterise and develop properties of limit cycle oscillations. 

It was pointed out (in Section 3.3) that for a limit cycle to be 

the steady state response of an initial condition that is not a sample of 

that limit cycle, the trajectory of the transient response in the phase 

plane must go through a process called merging. The regions in the phase 

plane where this process can take placewereinve$tigated in the previous 
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section. 

Examining the results obtained (for example Fig. 3.11), we can 

find trajectories of limit cycle oscillations in the phase plane which 

do not have any samples in the regions where merge-points can exist. 

Such limit cycle oscillations have the special property that, they cannot 

occur unless the initial condition is one of the samples of its 

trajectory. We can, therefore, categorise limit cycle oscillations into 

two basic types called "accessible limit cycles" and "inaccessible limit 

cycles". The definitions of these terms are the following: 

i) an "accessible limit cycle oscillation" is defined as the 

steady state response of a transient from an initial condition which is 

not a sample of that limit cycle; 

ii) an "inaccessible limit cycle oscillation" is defined as the 

steady state response which can only occur when the initial condition is 

a sample of the trajectory of that limit cycle. 

These terms for the limit cycle oscillations were first used by 

Claasen et al. [118]. However, all of this chapter is based on works 

which were fully independent of their work. 

From the above discussion it follows that, an inaccessible limit 

cycle oscillation cannot have a merge-point as one of its samples, 

whereas an accessible limit cycle oscillation must have at least one 

merge-point on its trajectory. In the phase plane, however, a point of 

convergence is the subsequent sample to the P-points. Therefore the 

trajectory of an accessible limit cycle in the phase plane has to have 

at least one sample in the regions where the P-points exist. Thus, any 

limit cycle which is not of large enough amplitude to reach the 

boundaries for the P-points will be inaccessible. 

Because inaccessible limit cycles are initiated by a small and 

limited number of initial conditions, these modes of oscillation , 
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therefore, rarely take place in practice. On the other hand, the 

accessible limit cycles are much more common. This characterisation of 

limit cycle oscillations has, therefore, enabled us to comment on the 

probability of occurrence of two categories of limit cycle oscillations. 

From the results in the previous section we can specify some 

properties of the limit cycles in the basic second-order filter . 

Theorem 3.2  

For a basic second-order recursive filter with 1a1 < 0.5, all 

limit cycle oscillations, as well as the zero steady state, are 

always accessible. 

The proof of this theorem follows from the result that if 

1g1 < 0.5, then all points in the phase plane are merge-points. 

3.6.1 Rounding  

From the results presented by Fig. 3.10 or conditions (3.31a, b 

and c) we note that the amplitude of the smallest accessible limit cycle 

oscillation can be expressed by 

A 	= R 	 -0.5 +0.5 q , 
min 	1[

10 
 1 - 11 

i.e. 	 Amin - R1[I 1 0'15  1]q 	. 
	

(3.36) 

The following theorem,therefore, follows from this discussion. 

Theorem 3.3  

For the basic second-order digital filter, with coefficients a 

and B which correspond to a stable response, with I(31 	0.5, and using 

rounding, the transient response of the filter for all initial 

conditions which are not part of a subsequent steady state response will 

result in a limit cycle oscillation (an accessible limit cycle) with 
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amplitude A which is given by 

_ 	0.5  
A Amin 	R1 ( ~i1 1-1131 

Any limit cycle with amplitude less than A
min 

(including the zero steady 

state response) will be inaccessible and therefore rarely occurs. 

3.6.2 Value or magnitude truncation  

The results of Figures 3.13 and 3.15 indicate that the theorem 3.3 

does not apply when either value or magnitude truncation is used. In fact, 

there would probably be a large number of initial conditions in the 

phase plane which can result in a zero steady state response for any 

stable transfer function. 

3.7 Conclusions  

In this chapter the properties of the trajectories of the phase 

plane response of finite wordlength basic second-order recursive digital 

filters were considered. It was shown that for these filters, with 

coefficients corresponding to a stable response, K trajectories (where 

K 3 2) can merge at a single point which was referred to as the merge-

point. Results giving the regions in the phase plane where merging can 

take place have been analysed. Figures 3.10, 3.13 and 3.15 show the 

boundaries for the points immediately prior to merge-points (i.e. P-points). 

The concept of merging trajectories was applied to the 

trajectories of limit cycle oscillations to show that these oscillations 

can be categorised as either accessible or inaccessible. 

Some properties of these modes of oscillation were considered. 

In particular, results show that for the case of rounding, if the 

q 



- 94 - 	 Sect. 3.7 

coefficient 0 satisfies, 

0.5 s Ist < 1 	, 

then there is a minimum amplitude for all accessible limit cycle 

oscillations, and therefore, the zero steady state will be inaccessible 

(theorem 3.3). For value or magnitude truncation the zero steady state 

was found to be always accessible for stable filters. 
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CHAPTER 4  

A TRANSFORMATION TECHNIQUE FOR THE  

STUDY OF ZERO INPUT LIMIT CYCLE OSCILLATIONS  

In this chapter a new technique is introduced for modifying the 

structure of a digital filter to facilitate the prediction of the 

mechanism by which some of the limit cycles occur. This information is 

then used in Chapter 5 to synthesize a suitable structure to enable 

suppression of limit cycle oscillations by the method of "signal 

stabilization" [138-140] . 

This technique is based on a property of the rounding or the value 

truncation functions, and it does not necessarily apply to the magnitude 

truncation function. Therefore, the studies presented in this chapter 

and Chapter 5 are only useful for these two quantization methods. 

For reasons described in Chapter 2, the digital filter considered 

is the all-pole second-order recursive filter with finite single 

precision fixed-point arithmetic. Both of the realizations for these 

types of filter are studied. 

4.1 A new representation of a second-order filter  

Consider a general multiplier branch of a finite precision digital 

filter, consisting of a multiplier with coefficient y, followed by a 

quantizer Qq[ ] of quantization step q, as shown in Fig. 4.1a. Let the 

input to the multiplier be x, where x is a quantized variable of 

quantization step q. Then the output of that branch will be Qq[yx]. 
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(a) 

The coefficient y can be expressed in two parts, 

i.e. 	 Y = P1[Y] + AY 	, 	 (4.1) 

where P1[ ] is any quantization function with the quantization step of one. 

The output of the branch considered can now be written as: 

Qq  [Yxl = Qq  [P1  [Yl x + iyx] (4.2) 

If Qq[ ] represents rounding or value truncation, the properties of these 

quantization processes (see Section 1.4) can be used to express equation 

(4.2) in the following form: 

Qq  [Yx] = P1  [Yl x + Qq  [Ayx] 	. (4.3) 

Equation (4.3) is a transformation that can be applied to any 

multiplier branch of a finite precision digital filter with single 
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precision arithmetic 	using rounding or value truncation. In this 

transformation, a coefficient of the filter is transformed into an integer 

part and a non-integer part, as shown in Fig. 4.1b. 

The quantization process P1[ ] can be any of, rounding R[ ], 

value truncation T2[ ] or magnitude truncation T1[ ). For convenience 

in the analysis it is found desirable to choose the rounding process for 

P1[ ]; however, this choice does not limit the generality of the 

results. 

Applying this transformation to each branch of a digital filter, 

a new structure (or a model) consisting of two parts can be formed. One 

part is a filter with integer coefficients, and therefore no quantization 

effects. This part will be called the "sub-filter". The other part 

provides a non-linear feedback to the sub-filter and will be called the 

"feedback section". 

Each of the realizations for a second-order recursive filter will 

be considered separately, and modified as suggested above. 

4.1.1 Type-A realization  

The second-order filter of type-A realization, shown in Fig. 4.2, 

has its difference equations given by: 

and 

 

x1(n) = -Qq  [ax1(n - 1)] - Qq [13x2(n - 1)] + u(n) 

x2(n) = x1(n - 1) 	. 

a = R; [al + Aa 

(4.4a) 

(4.4b) 

 

Let 

(4.5a) 

and 

= R1[1 t£ 	. 	(4.5b) 

Using the transformation described by equation (4.3), the state equations 
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(4.4a and b) can be written as: 

and 

where 

xl(n) = -R1  [a] xi(n - 1) - Ri[B]x2(n - 1) + v(n) 	, 	(4.6a) 

x2(n) = x1(n 1) 	 (4.6b) 

v(n) = _Qq  [dax1(n - 1)] - Qq  [ABx2(n - 1)] + u(n) 	. 	(4.7) 

The structure of the digital filter described by equations (4.6a 

and b) and (4.7) is shown in Fig. 4.3. In this transformation we note 

that the filter is modelled as a sub-filter with the transfer function. 

z2  
H
OA
(z) - 

2 
z + R1 fed z + R1 I131 

and a non-linear feedback defined by equation (4.7). 

(4.8) 

4.1.2 Type-B realization  

The second-order filter of type-B realization, as shown in Fig. 

4.4, has its difference equations given by: 

x1(n) = -Qq  [ax1(n - 1)1 - Qq  [bx2(n - 1)] + u(n) 

x2
(n) = xl(n- 

1) + x2(n - 1) 

a = RI  [a]+ Aa 

b = RI  [b] + Ab 	. 

As for the type-A realization, we can write the state equations (4.9a and 

b) in the following forms: 

and 

Let 

and 

(4.9a) 

(4.9b) 

(4.10a) 

(4.10b) 

xl(n) = -R1  [a] xl(n - 1) - RI  [b] x2(n - 1) + v(n) 	, 	(4.11a) 



x1(n - 1) 

z-1 

x2(n - 1) 

zl 

< 
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FIG. 4.2 A second-order single precision structure of type-A realization 

FIG. 4.3 A modified structure similar to Fig. 4.2 



L 

x1(n - 1) 

x2(n-1) J 

u(n) 	HOB(z) 

z 1  
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FIG. 4.4 A second-order single precision structure of type-B realization 

FIG. 4.5 A modified structure similar to Fig. 4.4 
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and 

x2(n) = xl(n - 1) + 
x2(n- 

 1) 	, 	(4.11b) 

where 

v(n) = -Qq  [Aaxl(n - 1)] - Qq  [Abx2(n - 1)] + u(n) 	. 	(4.12) 

The structure of the digital filter described by equations (4.11a 

and b) and (4.12) is shown in Fig. 4.5. The sub-filter for this 

realization has the transfer function given by 

HOB(z)  -  2 	z(z - 1)  

z + (R1  [a] - 1)z + (Ri  [b] - R1  [a] ) 

and the feedback section is defined by equation (4.12). 

(4.13) 

4.2 Studies of the model  

The coefficients of the sub-filter, as described above, are of 

integer values, which means that the sub-filter is free from quantization 

errors and has a limited number of possible coefficients. Figures 4.6 

and 4.7 show the positions for all the possible coefficient pairs of the 

sub-filter in the coefficient plane for the type-A and type-B realizations 

respectively. 

In Figures 4.6 and 4.7 the boundaries for stability are indicated 

by the triangle ABC, and the corresponding impulse response of the state 

variable x1(n) for each coefficient pair of the sub-filter are also 

shown. We note that, except for the cases when 

R1  [a] = R1  [R] = 0 

and 

R1  [a] = RI  [b] = 1 	, 

the sub-filter has the transfer function of a digital oscillator or an 

unstable filter. It follows that the feedback section must have a 

stabilizing effect on the sub-filter. This indicates that a condition 



FIG. 4.6 Coefficient pairs, and xl(n) impulse response of HQA(z) 

FIG. 4.7 Coefficient pairs, and xl(n) impulse response of HOB(z) 
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for the model to go into oscillation occurs when the feedback to the 

sub-filter has the transfer of zero. 

Using this idea we can suggest a condition for the model to go 

into oscillation. This condition would also be the condition which 

would guarantee the occurrence of limit cycle oscillations in the 

original filter. 

Simulation results show that (see Chapter 6) this condition is 

satisfied for a large number of cases. However, other factors produce 

limit cycles which do not obey this rule. It appears that if a slight 

randomization (such as the "stabilization technique" discussed in 

Chapter 5) is introduced,then the results based on the arguments 

presented in this chapter are generally correct. 

4.3 Limit cycle oscillations in the  type-A realization  

For the structure shown in Fig. 4.2 the limit cycle oscillations 

of the state variables x1(n) and x2(n) are similar, since x1(n) = x2(n - 1). 

The general conditions for limit cycle oscillations are therefore 

independent of whichever state variable is considered. 

Using the model shown in Fig. 4.3 the conditions for limit cycle 

oscillations can be obtained by considering the different types of limit 

cycles. In Chapter 1 three types of limit cycles were introduced. These 

were: 

i) limit cycles with period greater than two samples, 

ii) limit cycles with period of two samples, and 

iii) limit cycles with period of one sample. 

To have limit cycle oscillations with period greater than two 

samples, the overall system must behave as a digital oscillator having 

complex poles. On the other hand, for one- or two-sample limit cycles 

the overall system must behave as a digital oscillator with one or two 
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real poles (Jackson [112] ). 

Considering the possibility of each type of limit cycles separately, 

and using the model discussed above, the results presented in the 

following sub-sections can be obtained for the different limit cycle 

oscillations. 

4.3.1 Limit cycles with period greater than two samples 

In the previous chapter (Section 3.4), it was shown that self-

sustained. oscillations of period greater than two samples will necessarily 

exist in a type-A realization provided the coefficient p = 1, and a 

satisfies the inequality 

-2 < a < 2 	. 	 (4.14) 

Therefore, a condition which guarantees limit cycle 

oscillations of period greater than two samples is satisfied when 

R1 (~] = 1, and the feedback path corresponding to the coefficient AS has 

the transfer of zero for all the samples of oscillation. This idea is 

equivalent to the "effective value model" of Jackson [112]. However, it 

represents a new way of looking at the oscillation conditions, and it will 

assist us later to determine a suitable technique for the suppression of 

limit cycle oscillations. 

If rounding is the quantization process, a sufficient condition to 

allow a limit cycle oscillation to exist occurs when 

Rq [ASx2(n)] = 0 	, (4.15) 

where equation (4.15) is true for all the samples of the limit cycle 

oscillation. The condition expressed by equation (4.15) can also be 

written as 

Kq 05 • 
180 

(4.16) 
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Further, we can state that, if 

0.5  
(4.17) 

the period, N (samples), of all limit cycle oscillations will be that of 

the sub-filter, which is given by 

N - 
2Tr 

(4.18) 
cos

-1 
 [-R1  [a] /2] 

i.e. 1, 2, 3, 4, 6, or o. The values 1 and 0. are equivalent and 

correspond to a constant steady state value. 

For value truncation, the conditions for limit cycle oscillations 

can also be derived by similar arguments. For example, limit cycles 

with the period greater than two samples can occur when R1[6] = 1, and 

the feedback corresponding to the coefficient A8 has a signal transfer of 

zero for all the samples of that limit cycle, 

i.e. 	T2q  [A8x2(n)] = mq 

where m is an integer of value 0 or -1. 

(4.19) 

For equation (4.19) to hold, the state variable x2(n), or x1(n), 

must have no zero crossings. That is - 

-1 	A8x2(n) < 0 for m = -1 	, 

or 

0 a6x2(n) < 1 for m = 0 	. 

Therefore, the amplitude Kq of the limit cycle is given by 

Kq <  	 (4.20) 

Alternatively, the amplitudes of the limit cycles with no zero 

crossings normally satisfy 

Kq s 2 ave[x2(n)] 	, 	(4.21) 
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where ave[x2(n)] represents the time average of the sequence [x2(n)] 

during the limit cycle oscillations (ie. the DC. component). 

To estimate the value of ave[x2(n)], consider the model as 

described so far. Replace the quantizer in the branch having the 

coefficient a by an error source ea(n), where for value truncation 

ave [ea(n)] 	-0.5q 	, 

(see Fig. 4.8). 

FIG. 4.8 

From this description we can show that 

ave[x2(n)] [05_mJq . 

Inequality (4.21) can now be written as 

Kgs2`0.5m)q  . 
2a 

From equation (4.19) we note that, if m = 0, 

O 	ASx2(n) < 1 	. 

However, for the case when R1[f} = 1, we have As < 0, which gives 

x2(n) < 0. On the other hand, from equation (4.22) we have 

(4.22) 

(4.23) 
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ave x2(n) 
[0.5~ 
12+a q 	' 

i.e. x2(n) > 0. Therefore, the case m = 0 does not satisfy both of 

equations (4.19) and (4.22). This indicates that m = -1. 

Inequalities (4.20) and (4.23) can now be combined to give a 

rough estimate of the amplitude of the limit cycles with the period greater 

than two samples, for the case of value truncation, 

i.e. 	Kq s min [
2+
qa, i 	ii 	. 
	

(4.24) 

Experimental results presented in Chapter 6 (Fig. 6.13) indicate 

that the condition (4.24) is accurate for a majority of coefficients, and 

initial conditions. However, in some of the cases the amplitude of 

oscillation satisfies only condition (4.20). This indicates that, for 

value truncation, inequality (4.20) is an absolute limit for the amplitude 

of limit cycles with period greater than two samples. Experimental 

results also indicate that every limit cycle that satisfies condition 

(4.24) has no zero crossings, and its average is positive according to 

equation (4.22) when m = -1. 

4.3.2 Limit cycles with period of one or two samples  

In Chapter 2 (Section 2.4) it was shown that, for the study of 

the amplitude of limit cycles with period of one or two samples in the 

type-A realization, it is sufficient to consider the condition given by 

Kq + d Qq [aKq] + Qq [SKq] = 0 	, (4.25) 

where Qq[ ] represents either rounding, or value truncation; and 

d = +1 or -1 for one- or two-sample limit cycles respectively (see 

equations 2.25 and 2.37). In terms of the coefficients of the model, 

this condition can be expressed as 
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{1 + RIM + R1  [fil }Kq = -Q
q  [aaKq] - Qq  [AaKq] 	, 

for one-sample limit cycles, and as 

	

{1 - R1  [al + R1  [fil }Kq = Qq  [LiaKq] - Qq  [ARKgl 	, 

for two-sample limit cycles. 

Sect. 4.3 

(4.26a) 

(4.26b) 

Considering all the possible values for the coefficients of the 

sub-filter (i.e. R1[a] = 0, ±1, ±2, and R1[a] = 0,`±1), we note that there 

are two cases which can give solutions to equations (4.26a and b). These 

are the following: 

i) 	If 1 + d R1[a] + R1[2] = 0, in which case the linear sub- 

filter has at least one real pole on the unit circle, then the condition 

for the limit cycle oscillations of the amplitude Kq is given by 

d Qq  [QaKq] + Qq  [L Kql = 0 	, 

where d is as defined above. 

(4.27) 

The solutions to equation (4.27) can be found by plotting 

the functions d Qq  EAaKq] and -Q1  [OSKq] , and finding the values of K which 

give equality between these two functions. For example, if d tgn(Aa) 

sgn(Aa), the solutions to equation (4.27) for the case of rounding are 

given by the heavy lines of Fig. 4.9. 

Alternatively equation (4.27) may be solved using the method 

given in Appendix A. These solutions for the case of rounding can be 

expressed in the following forms:. 

(4.28) 

and if d sgn(Aa) # sgn(LS) additional solutions are given by 

i -S I Kq I < "0'5 (4.29) 
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I-0.5  < I+0.5  

A Rq[1 

3q- 

1.5q  

S 	1.5q 	0.5q 
 q- 

P 	P 

1.5q  
0.5q 	P 	1.5q 
S 	S 

2q_ 

4q 

d sgn(Ac) # sgn(a0 

FIG. 4.9 Solutions to equation (4.27) for rounding 

where 

i = 1, 2, 3, . . . I 	, 
	

(4.30a) 

P = max [Ioal, Ioal] 	, 
	

(4.30b) 

S = min [ lAal , Ioal] 	, 
	

(4.30c) 

and I is the largest integer such that 

S 	P 	' 

i.e. 
P+S  

I < 	2(P - S) 
	• (4.31) 

In the case of value truncation the solutions to equation 
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(4.27) can be found by similar method to the above. However, the results 

cannot be generalized in a simple form, and each special case has to be 

considered in its own right. For example, if d = +1, Aa > 0 and a < 0, 

equation (4.27) in the case of value truncation can be written as 

T2q [ l Aa I Kq] = -T2q [- j OS Kq] 	. 

The solutions to equation (4.32) have to satisfy 

(4.32) 

and 

i.e. 

i < IAaIK<i+1 	, 

-i < -IA131K < -i + 1 	, 

- 1 	[i+1  
max ~AaI' 	IA01 	

< K < min 	
i 

Ioat' l 	' 

(4.33a) 

(4.33b) 

(4.34) 

where i is an integer such that the left hand side of expression (4.34) 

is less than the right hand side. 

ii) If d ROW + RI M = 0, then the condition for the limit  

cycle oscillation of amplitude Kq is given by 

d Qq [AaKgl + Qq [A Kq] + Kq = 0 	. (4.35) 

For rounding the condition represented by equation (4.35) can 

be simplified because, (Aad < 0.5 and 	< 0.5. This means that 

Rq [AaKq] i < 0.5K 	, 

and 

IRO A1341 I < 0.5K 	. 

Therefore, equation (4.35) can be expressed as 

d Rq [AoKq] = Rq [AsKq] = -0.5Kq 	. (4.36) 

To have non-zero solutions for equation (4.36) we require, 

d &a < 0, a < 0, and K an even integer. If these conditions are 

satisfied, then the solutions to equation (4.36), and thus equation (4.35), 
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are the following: 

K = 0, 2, 4, . . . 2L 	, 	(4.37) 

where L is the largest integer that satisfies 

0.5  
L  1-2S ' 

and S is defined by equation (4.30c). 

For value truncation, equation (4.35) can be written as 

T2q  [(1+AB)Kq] = -d T2q[AaKq] 	. 

(4.38) 

(4.39) 

This equation may be solved by the graphical method described above or 

the method of Appendix A. However, as before, there are a number of 

cases for the solutions of equation (4.39), and these cannot be 

generalized. 

The above results for the amplitude of limit cycle oscillations in 

the type-A realization, for rounding and value truncation, are summarized 

in Tables 4.1 and 4.2 respectively. 

4.4 Limit cycle oscillations in the type-B realization 

The amplitude of limit cycle oscillations in a second-order 

digital filter with the type-B realization can also be analysed using 

similar arguments as those in the previous section. However, because 

the samples and the amplitude of the limit cycles of the state variables 

x1(n) and x2(n) are not necessarily equal for this structure, the 

results based on this method will not be as simple. Therefore, in this 

study we can only apply this idea to determine the sufficient conditions 

for some of the limit cycle oscillations. 
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Table 4.1 	Summary of the conditions and solutions for the amplitude of  

limit cycles in the type-A realization for rounding. 

Type of 

limit cycle 

Sufficient condition 

for oscillation 

Solutions for the 

amplitude of oscillation 

Period of 

one sample 
 

If 1 + R1  [a] 	+ R1 M 	= 0, 

then Rq  [AaKq] 	+ Rq  [ABKq] 	= 0 

0.5 K  < 
P 

or if sgn(Aa) # sgn(A0 

i-0.5 < K< i+0.5 

If R1  [a] + R1  M= 0, 

and Aa < 0, A5 < 0, 

	

] 	= -0.5 

	

then Rq  [AaKq] = Rq  WKq 	Kq 

K = 0, 	2, 	4, 	. 	. 	. 	2L, 

0.5 
L where 	< 

12S- 

Period of 

two samples 
 

If 1 - R1  [a] 	+ R1  [S] 	= 0, 

then -Rq[AaKq] 	+ R1[AsKq] 	= 0 

K  < 0.5 
P 

or if sgn(Aa) = sgn(66) 

i-0.5 K<  i+0.5 

If -R1  [al 	+ R1  [R] 	= 0, 	' 

and Aa > 0, AO < 0, 

then -Rq  [AaKgl = Rq  [AM] = -0.5Kq 

K = 0, 	2, 	4, 	. 	. 	. 	2L, 

	

L < 	
0.5 

where 
1-2S 

Period of 

greater 

than two 

samples 

I 

R1  M= 1 	, 

and Rq[A0Kq] 	= 0 

0.5 
K lal 

Note: 	Kq = amplitude of oscillation 

i, P, and S are defined in equations (4.30a, b and c) 
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Table 4.2 	Summary of the conditions for limit cycles in the type-A  

realization for value truncation. 

Type of limit 
cycle 

Sufficient condition for 
oscillation 

Period of one 
sample 

If 	1 + R1  [a] 	+ R1  M= 0, 

then T2q  [AaKgl 	+ T2q  [tSKq] 	= 0. 

If 	R1  [a] 	+ R1 [(3.1 	= 0, 

[A 	] then T2q  [ (1 + AS) Kql 	+ T2q Kq = 0. 

Period of two 
samples 

If 	1 - R1  [al+ R1[B] 	= 0, 

then T2q  [AaKq] 	= T2q L [ sKq] 	. 

If 	-R1  [a] 	+ Rl  [13] 	= 0, 

then T2q  [ (1 +tS)Kql 	= T2q  [DaKq] . 

Period of greater 

than two samples 

R1 [(3] 	= 	1 	, 

and 	T2q  [LSKq] 	= -1 	. 

Note: 	Kq = amplitude of oscillation. 
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4.4.1 Limit cycles with period greater than two samples  

To have limit cycle oscillations with period greater than two 

samples, the overall system must behave as a digital oscillator with 

complex poles. One way this can be possible is if we have complex poles 

for the sub-filter, with the effect of the feedback being zero. 

For the sub-filter to have complex poles we require 

R1  [b] - R1  [a] = 1 	. (4.40) 

If the above equation is satisfied, then a condition for the limit cycle 

oscillation is given by 

Q
q
[Aax

1
(n)] + Qq  [L,bx2(n)] = 0 	. (4.41) 

One simple case which guarantees a limit cycle oscillation of this 

type is given by 

Qq  [Aax1(n)] = Qq  [/bx2(n)] = 0 	. (4.42) 

For example, in the case of rounding, equation (4.42) has solutions 

given by 

Al 	
j AaI 	' 

(4.43a) 

and 

(4.43b) 

where Al  and A2  are the amplitudes of the limit cycles of the state 

variables x1(n) and x2(n) respectively. 

4.4.2 Limit cycles with the period of one or two samples  

In Chapter 2 (Section 2.4.1) limit cycle oscillations in the 

type-B realization having period of one sample was discussed and suitable 

conditions for oscillation and their solutions were suggested (see 

equation 2.28 and inequalities 2.29a, b and c). These results are 
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comprehensive and will not be discussed any further. 

Limit cycle oscillations with period of two samples were also 

considered. A simplified equation was suggested for obtaining the 

amplitude of these limit cycle oscillations, equation (2.49). Using 

this result we can apply the transformation method of Section 4.2 to 

find their solutions. 

where 

Expanding equation (2.49) we have 

{R1 [a] - 1 - R1 [ } Kq = Qq [A  {2
) Kq] - Qq  [AaKq] 

_ bb 
A 2 	2 - RI[ .] 	, 

Aa= a -R1[a] 	, 

(4.44) 

(4.45a) 

(4.45b) 

Kq is the amplitude of the limit cycle, and Qq[ ] represents either 

rounding or value truncation. 	

1 
For all the possible values of R1  [a] and Rill (i.e. R1  [a] = 0, 

±1, 2, 3, and R1{-] = 0, 1, 2), there are two cases which can give 

solutions to equation (4.44). These are the following: 

i) 	If R1[a] - R1[2J = 1, then equation (4.44) can be expressed 

as 

Qq 
[ -J  [A 	

Kq] = Qq  [AaKq] 	. (4.46) 

For rounding, using the graphical method suggested in 

Section 4.3.2 or the method of Appendix A, the solutions to equation 

(4.46) are found to be 

(4.47) 

and if sgn{A 2Jl = sgn(Aa), additional solutions are given by 

i-0.5  ,'K I < i+p0.5  
S 

(4.48) 
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where 

i = 1, 2, . . . I 	, 

P = max [IAaI 	
(A[21] 	

, 

S = min [loaf, jo(2, I] 	, 

and I is given as the largest integer such that 

P+S  
I  < 2(P - S) 	• 

(4.49a) 

(4.49b) 

(4.49c) 

(4.50) 

In the case of value truncation the same method can be used 

to find the solutions, however,the results cannot be generalized as above. 

ii) If R1[a] - R1[2] = 0, then equation (4.44) can be expressed 

as 

Qq  [A 
{-2 

Kq] - Qq  [Aa Kq] + Kq = 0 	. 

But we have lAaI 4 0.5 and lAbi s 0.5, therefore for the case of 

rounding, equation (4.51) can be written as 

Rq  [AaKq] = -Rq  [A{121 Kq]K 	= 0. 5Kq 	. 

(4.51) 

(4.52) 

To have non-zero solutions, we require Aa > 0, A[2] < 0, and K an even 

integer. If these conditions are satisfied, then JJ  the solutions are the 

following: 

K = 0, 2, 4, . . . 2L 	, 	(4.53) 

where L is the largest integer that satisfies 

0.5  
L< 1-2S • 

(4.54) 

For value truncation equation (4.51) can be written as 

T2q
[{1+Ll2JJKq

] = T2q [AaKq] 	. (4.55) 
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Table 4.3 	Summary of the conditions and solutions for the amplitude of  

limit cycles in the type-B realization for rounding. 

Type of 

limit cycle 

Sufficient conditions 

for oscillation 

Solutions for the 

amplitude of oscillation 

Period of 

one sample 

Rq [bMq] 	= 0 M , 0.5  wr 

Period of 

two samples 

If, 

then 

R1 [a] 

A [

b 

l2/ 

- 

1 

KqJ 

R1
[. ] 

= Rq 
Rq  

= 	1 	, 	. 

[daKq] 

K 	0.5 
P 

1
~ 	= sgn(oa) and if sgn~0~ 

 2J 

i -50.5 	K 	i +0 .5 

If 	R1 [a] 	- R1 [
b
]
] 	

= 0 

and 	Aa > 0, AI2J < 0 	, 

then 	l` 

Rq [DaKq] 	= -Rq [d 
t12/ 	
Kq] 	= 0.5Kq. 

K = 0, 2, 4, 	2L 	, 

where 	
10'2S 	' L < 

Period of 

greater than 

two samples 

R 	[a] 	+ 1 = R1 [b]. 

and 

	

R
q 
[AaKq] 	+ Rq [AbMq] 

, 

= 0 

normal 	solutions 

were not found 

Note: 	Kq = amplitude of oscillation for xl(n), 

Mq = amplitude of oscillation for x2(n), 

i, P, and S are defined in equations (4.49a, b and c). 
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Table 4.4 	Summary of the conditions for limit cycles in the type-B  

realization for value truncation. 

Type of limit 

cycle 

Sufficient condition for 

oscillation 

Period of 

one sample 

T2q  [bMq] 	= 0 

Period of 
two samples 

If R1  [a] 	- R1  [2] 	 = 1 	, 

` 
then T2

q [A  
j ZJ Kq

]  = T2q  [AaKq] 	. 

If R1  [a] 	- R1 
 El 

= 0 	, 

then T2q  [[i  + 	[2) I Kq
]  = T2q  [AaKq] . 

Period of 

greater than two 

R1  [a] 	+ 1 = R1  [b] 	, 

samples 
and T2q  [AaKq] 	+ T2q  [AbMq] 	= 0 	. 

Note: 	Kq = amplitude of oscillation for xl(n), 

Mq = amplitude of oscillation for x2(n). 



- 119 - 	Sect. 4.5 

Solutions to equation (4.55) may be found by similar method to the above, 

but cannot be generalized in a simple form. 

The results for the limit cycle oscillations in the type-B 

realization for rounding and value truncation are summarized in Tables 

4.3 and 4.4 respectively. 

4.5 Conclusions  

In this chapter a new idea for modelling (or transforming) the 

structure of a second-order digital filter was introduced. This technique 

was based on representing a coefficient in two parts, an integer part, 

and a non-integer part. Using this transformation the structure of the 

filter was divided into two sections (Figures 4.3 and 4.5), one having 

integer coefficients and therefore no quantization errors (the sub-filter), 

and the other with coefficients less than 0.5 in magnitude which 

therefore had quantization effects (the feedback section). 

By considering the oscillation modes of the model, the conditions 

for some of the limit cycle oscillations were derived. For limit cycles 

with period of one or two samples the transformation technique helped to 

find a comprehensive set of solutions' for the amplitude of oscillation, 

see Tables 4.1 to 4.4. 

The results show that limit cycles in second-order filters 

normally are due to a predictable behaviour of the branch of the model with 

the coefficient AB for the type-A and coefficient Ab for the type-B 

realizations, where the coefficients AS and Ab are defined in equations 

(4.5b) and (4.10b) respectively. This result is followed up in the next 

chapter to suggest a suitable method for suppressing limit cycle 

oscillations. 
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CHAPTER 5  

SUPPRESSION OF LIMIT CYCLE OSCILLATIONS  

5.1 Introduction  

The discussion of the previous chapter shows that limit cycle 

oscillations normally occur as the result of a consistency in the 

behaviour of the quantized output of the feedback section of the model 

described. For example, in the case of the type-A realization with 

rounding, this consistency was found to be the following: 

or 

i) for limit cycles with period greater than two samples: 

Rq  [LSKq] = 0 

ii) for the limit cycles with period of one or two samples: 

d Rq  [& Kq] + Rq  [AsKq] = 0 	, 

(5.1a) 

(5.1b) 

d Rq  [&aKq] = Rq 
[L  x2 

(n )] = -0.5Kq 	, 

where Kq is the amplitude of oscillation. 

(5.1c) 

In these cases, to suppress the limit cycle oscillations, it is 

sufficient to alter the quantity Rq[LSx2(n)] such that only the limit 

cycles with a smaller amplitude, or no limit cycle, can satisfy the 

conditions for oscillation. 

In this chapter the method of "signal stabilization" [138-140] is 

considered for modifying these conditions for oscillation. This method 

is based on the addition of an external signal to the system to make 

that system more linear, and therefore reduce non-linear instabilities. 
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This signal is referred to as the "stabilizing signal". 

In the following discussion, the stabilizing signal is assumed 

	

to be random with a uniform probability 	density 	and a flat spectrum. 

In Section 5.6 the use of a stabilizing signal with other properties is 

discussed. 

5.2 The method of signal stabilization  

Consider a multiplier branch of a digital filter defined by the 

function Qq[Yx(n)], where y is the coefficient of the multiplier, and 

x(n) is the corresponding state variable of that branch. In the method 

of "signal stabilization" an external signal independent of x(n) is 

added to this multiplier branch. The effect of this signal is to modify 

the quantization process by making its transition regions indeterminant 

(see Fig. 5.2). 

The stabilizing signal can be added to the branch either by a 

signal s(n) added to x(n) before multiplication or by a signal s'(n) 

added to the product yx(n). These methods are shown in Figures 5.1a and 

5.1b respectively. 

If the modified quantization processes in the two cases are 

represented by Pq[ ], and PI ] respectively, then 

and 

PgIYx(n)] = Qq[Y(x(n) + s(n))] 	, 

Pq[Yx(n)] = Qq[Yx(n) + s'(n)] 

(5.2) 

(5.3) 

For the two methods, the stabilizing effect of the signal is the 

same if s'(n) = ys(n) but the increase in the error can be different. 

This effect will be investigated in Section 5.4. 
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(a) 

FIG. 5.1 Two ways of adding the stabilizing signal 

If rounding is the quantization process, and the stabilizing 

signal is random and of amplitude 	the the modified quantization process 

Pq[ ] may be represented as shown in Fig. 5.2. In this diagram the 

shaded areas represent the regions where the transition of the function 

can exist. The stabilizing signal therefore has the effect of jittering 

the transition regions of the staircase non-linearity. We note that by 

this process we effectively reduce the region where the transfer of the 

non-linearity is zero. The modified quantization process Pq[ ] can 

also be described in the same way. 
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P [yx(n)] 

FIG. 5.2 The modified quantization function (case of rounding) 

Consider the sufficient condition for the existence of the limit 

cycles in the type-A realization, i.e. Tables 4.1 and 4.2. To apply the 

method of signal stabilization, it is sufficient to modify only the 

quantized variable Qq[ARx2(n)]. Therefore a suitable structure for 

applying the method of signal stabilization can be suggested to be that 

shown in Fig. 5.3. 
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FIG. 5.3 Type-A realization with signal stabilization 

The stabilizing signal s(n) must be of a suitable amplitude to 

suppress the limit cycles effectively, and must be of sufficiently low 

amplitude such that the excess noise added is negligible. In the 

following two sections we shall analyse the suppression effect of the 

signal stabilization in the type-A realization and the increase in the 

noise level due to this technique. In Section 5.5 the stabilization of 

the type-B realization will be considered. 

5.3 The amplitude of the modified limit cycles for the type-A realization  

The sufficient conditions for limit cycle oscillations in the 

structure of Fig. 5.3 can be investigated using similar methods as those 

discussed in Section 4.3. The results for each type of limit cycle 
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oscillation are presented in the following sub-sections. 

5.3.1 Limit  cycles with period greater than two samples  

For the occurrence of the limit cycles with period greater than 

two samples, in the case of rounding, it is sufficient that 

RgEAB(x2(n) + s(n))] = 0 	. 

The amplitude K'q of the limit cycle oscillations which satisfy 

equation (5.4) must therefore satisfy 

(5.4) 

0.5q - IABIA 
 s K'q < 	

16131  • (5.5) 

To suppress all of the limit cycles satisfying equation (5.4) As 

should be chosen such that K' < 1, i.e. 

q.5 -  As 	
IA 

~B( } q 
	• (5.6) 

  

On the other hand,to minimize the increase in the overall noise due to 

s(n), As must be small. Thus, from inequality (5.6), it follows that a 

suitable value for As sufficient to suppress the limit cycles with 

period greater than two samples and cause the least increase in the noise 

level is given by 

As = Tiq [0. 5 ] 	
(5.7) 

Equation (5.7) represents the smallest integral multiple of q which 

satisfies inequality (5.6). For example, let AB = 0.125 (i.e. 0.001 in 

binary representation), to have no limit cycle of period greater than 

two samples, As = 4q. 

For value truncation, the condition for the limit cycles of period 

greater than two samples in the type-A realization using signal 

stabilization can be expressed by 
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T2q[A8(x2(n) + s(n))l = mq 	, (5.8) 

where,as in equation (4.19), m is an integer of value -1. Therefore, to 

suppress all of the limit cycles which satisfy equation (5.8), a 

suitable signal is defined as 

Is(n)1 	As 	, 	 (5.9a) 

and 

sgn(s(n)) = sgn(A8) 	, 	(5.9b) 

where the amplitude As  of the signal, sufficient to suppress the limit 

cycle oscillations of this type is given by 

1 - IA0 1 
As  > 	(ACI 	q 	. (5.10) 

5.3.2 Limit cycles with period of one or two samples  

When signal stabilization is used, limit cycles with period of 

one or two samples can occur if the stabilizing signal is not of 

sufficiently large amplitude. The conditions for the limit cycles of 

these types are given by 

{1 + d R1[a] + R1 [WK'q = -d Qq [AaK'q] - Qq [AR(K'q+s(n))] 	, (5.11) 

where K'q is the amplitude of the modified limit cycle, and d = +1 or -1, 

for one- or two-sample limit cycles respectively. The proof of the 

conditions given in equation (5.11) follows on the same line as that 

discussed in Chapter 2 (Section 2.4). For details, in the case of two-

sample limit cycles, see Appendix B. 

There are two possible cases for equation (5.11). These are as 

follows: 

i) 	If 1 + d R1[cd +'R1[R] = 0, then the condition for the limit 

cycle oscillations of the amplitude K'q is given by 



I ` 	I(IAa! - IA31)1 

0.5(FAaj + 1A(31)q - As lAaj IA~1 

• 
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d Qq [AaK' q] + Qq [As (K' q + s (n) ] = 0 	. (5.12) 

The solutions to equation (5.12) can be found, using the graphical 

method discussed in the previous chapter (Section 4.3.2), or using the 

method suggested in Appendix A. For example, in the case of rounding, if 

IAaI > WI, and d sgn(Aa) # sgn(As), then the solutions to equation 

(5.12) are the heavy lines of Fig. 5.4a. However, if IAal < IA0I, and 

d sgn(Aa) # sgn(AW), then the solutions to equation (5.12) are the heavy 

lines of Fig. 5.4b. 

Alternatively, we note that if 

Qq[As(K'q + s(n)1 = iq 

then for rounding we can write 

(i - 0.5)q + 1ABIA 	(i + 0.5)q - IA~1A 

1A~I 	

s 	
K'q 

< 	
1A13.1 	

s 

(5.13) 

(5.14) 

i.e. from Appendix A, the following results for the case of rounding can 

be derived: 

K' < min 0.5 	
0.5q - IABIAs 

	

 IAai' 	IAsIq 

and, if d sgn(Aa) t sgn(As), additional solutions are given by 

max 
 [N

ail,
.51 

	

	(i-0.5)q+ IA IAs 

	JASJq 	< K 

 (i +0.5)q - IA13IAs 
K' 	

[{i+O.5 
< min 	

IAa1 ~' 	IAfflq  

(5.15) 

where i = 1, 2, 3, . . . I, for I defined as the largest integer whereby 

the left hand side of inequality (5.16a) is less than the right hand side 

of inequality (5.16b), i.e. 

(5.17) 



K' 

1.5q  
1,6131 

2q- 

4q 

(a) 

l 3.5q  

0.5q  
IoaI 

1.5q  
IoaI 
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Ji 

 

   

   

   

3 

1.5q  
Iasl 

3.5q  
- IoaI 

1[1- 
0.5q  
1 081  

1.5q 	
q 	"mu° 

I Da I jA 	 
1.5q  
IAcel 

IoaI > IA131 
d sgn(4a) # sgn(ds) 

3q - 

-2q- 

-4q- 

(b) 

IoaI < IA~i 
d sgn(4a) # sgn(A ) 

FIG. 5.4 Solutions to equation (5.12) 



- 129 - 	 Sect. 5.3 

Conditions (5.15) to (5.17) can be simplified by defining 

0.5q - IABIAs 
(5.18) 

where the quantity ip is also shown in Fig. (5.4). Now we can write 

K' < min [
{1cc ]' 

	
(5.19) 

and, if d sgn(Aa) 	sgn(o8), additional solutions are given by 

max [[i
ĪoaiS

j'  	
/~ ~ IA~I 	

s K' < mi Ri n 	I IJ 
' 1I~~J + 41] , 

(5.20) 

where i = 1, 2, 3, . . . I, for I defined as the largest integer which 

satisfies 

< (0. A ) 
I(I

5
oa+l

( a 
A - 	I~la~ I 
	• 

(5.21) 

From these results a suitable amplitude for s(n) which can 

suppress all of the limit cycles of period one or two samples can be 

shown to be given by 

As 	
[0.5 

	 I 1 q 	. 
 1

,60A81 
l 	)J 

(5.22) 

A comparison of the conditions (5.22) and (5.6) shows that these 

results are equivalent. Therefore, equation (5.7), the formula for 

choosing a suitable value for As to suppress all limit cycles, also 

applies for the limit cycles with period of one or two samples, when 

1 + d R1 [a] + R1
[8] = 0. 

For the case of value truncation, the solutions to equation (5.12) 

can be found following the same procedure as above. However, the results 

cannot be generalized in a similar way, but a suitable form for the 

stabilizing signal can be suggested to be as defined by the conditions 

(5.9a and b) and (5.10). 
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ii) If d ROW + R1[8] = 0, then the condition for the limit  

cycle oscillation of amplitude K'q and period of one or two samples is 

given by 

d Qq  [AaK' q] + Qg  [A8 (K' q + s(n))]  + K'q = 0 	. (5.23) 

For .rounding, as in Section 4.3, the above conditions can be 

simplified to 

d Rq  [AaK' q] = Rq  [A8(K' q + s(n))]  = -0.5K'q (5.24) 

Non-zero solutions require: d Aa < 0, AR < 0, and K to be an even integer. 

If these conditions are satisfied then the solutions to equation (5.24) 

are given by 

K' = 0, 2, 4, . . . 2L 	(5.25) 

where 

.  	0.5q - IASIAs  
L < min [{ 

05 
1 - 21Aa1j' 	(1 - 21A81 )q 

(5.26) 

From conditions (5.25) and (5.26) we note that,for the cases when 

d R1[a] + R1[8] = 0, to suppress all of the limit cycles having the period 

of one or two samples, we require: 

{2IAI  
As >  	. 

(5.27) 

In fact, if IA81  a 0.25, then As  = q, otherwise As  = 0. 

In the case of value truncation equation (5.23) may be written as 

d T2q[AaK'q] + K'q = -T2q[A8(K'q + s(n))] 	. (5.28) 

The solutions to equation (5.28) cannot be generalized in the same way as 

for the case of rounding. However, a suitable stabilizing signal could 

be suggested to be defined by the conditions (5.9a and b) and (5.10). 

Summarising the results derived in this section, we have the 

following: 
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i) For rounding the suitable amplitude of the stabilizing 

signal may be chosen according to the summary given in Table 5.1. If 

the amplitude of the stabilizing signal is less than the limits suggested 

the amplitude of the expected limit cycle oscillation will be given by 

. the results summarised in Table 5.2. 

ii) For value truncation the suitable stabilizing signal is 

defined as: 

for As > 0, and as 

for Afi < 0. 

0 	s(n) < T1q[A ] 	, 

Tig
Ls
] s(n) 0 , 

(5.29) 

(5.30) 

Table 5.1 Amplitude of the stabilizing signal sufficient to suppress  

the limit cycles in the type-A realization for the case of  

rounding. 

Conditions for 

the coefficients 

Suitable 	amplitude 	of 

the stabilizing signal 

R
1 
 10

1 

orf±R1[a] 	+R1[13] =0 

As = T1q  
[ 

±R1 [a] 	+ R1
[13] 	= 0 

with IA0 > 0.25 
As  = q 

Note: As  = amplitude of the stabilizing signal in 

the structure of Fig. 5.3. 
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Table 5.2 Amplitude of the modified limit cycle oscillation in the  

type-A realization for the case of rounding. 

Type of 

limit cycle 
Amplitude of the modified oscillation 

Period of 

one or two 

If 1 + d R
I
M + R

I
M =0 	, 	then 

samples 
K' s min 10.5 id 

and if 	d sgn(Aa) # sgn(As) 

and 

'')] 	̀  	K' 	, max Ri IAaISj' 	(ILI 

+ 5J K' < min W 
+Aa~

' 	[
~A~I 	61] 

I If d R1 [a] 	+ R1 [S] 	= 0 	, 	then 

K' 	= 0, 	2, 	4, 

0.5 
[[iiaj' 

L < min 

. 	. . 	2L 

0.5q - 	 )1  

where [(1-2jA)q ji  

Period of 

greater than 

two samples 

K' 	. 1P 

Note: K'q = amplitude of the modified oscillation. 

1P 

0.5q - IASIAs 

lA(3lq 

i = 1, 2, 3, . . . I, for I defined by inequality 

(5.21) . 

d = +1 or -1 for one- or two-sample limit cycles 

respectively. 
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5.4 Increase in the noise level  

We now consider the increase in the noise level of the system 

caused by addition of the stabilizing signal. For comparison purposes we 

only evaluate the increase in the noise level in the multiplier branch in 

which the stabilizing signal is added. The increase in the noise level 

of the state variables can then be evaluated by simple realizations 

(1.21) and (1.22). This increase for the case of rounding can be shown 

to be the same as the increase in the equivalent noise level at the 

input stage of the filter. 

Consider the realization of equation (5.2), i.e. Fig. 5.1a. To 

add the stabilizing signal s(n) to the state variable x(n), without 

having to increase the wordlength, the signal s(n) has to be quantized 

and must have the quantization level given by 

qs  = rsq (5.31) 

where rs  is any positive integer. Therefore the possible samples of 

s(n) are given by 

{0, ±q s, ±2qs, . . . ±Nsgs} 	, 

where Nsgs  is the amplitude As  of the signal s(n). The probability 

density 	of 	s(n), assuming it to be uniform, is therefore as shown 

in Fig. 5.5. 

The modified quantization process Pq[yx(n)] can be written as 

Pq[Yx(n)] = yx(n) + ys(n) + e(n) 	, 	(5.32) 

where e(n) is the error generated by the quantization of [y(x(n) + s(n))]. 

As discussed in Section 2.3, e(n) is also a quantized variable, having a 

quantization level of qqc, where qc  is the quantization level of the 

coefficient y as defined by equations (2.14) and (2.15). 
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FIG. 5.5 

Define es(n) to be the total error due to the quantization and 

the added signal, i.e. 

Therefore we have 

es(n) = ys(n) + e(n) 	. 

P22 = Y2 P2 	P22 	, 
s 

(5.33) 

(5.34) 

where pe, ps and pe are the root mean square (rms) values of e(n), s(n) 
s 

and es(n) respectively. 

From the property of s(n), as defined above, we have 

11/// 	

P~s(Ns +1) 

Ps3 	qs 	
. (5.35) 

For rounding, the rms.of e(n) is given by 

Pe 7  
(5.36) 
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i.e. 

   

P
es  

	

N (N +1)irs 

	

1+2qc 

	

2  s s 		2 	c 	(5.37) Y 	3  	+ 	12 	q 

where rs  is defined by equation (5.31). 

The increase in the rms.of the error in the branch considered is 

given by 

Spe  = 10 log10 
1 + 4y2r2 Ns(Ns  + 1) 

1+2q
c  

dB 	. 	(5.38) 

   

For example, in Fig. 5.3, if the multiplier AB has the coefficient 

of value 
32, 

 then qc  = 32, and if the amplitude As  of the stabilizing 

signal s(n) satisfies equation (5.7), i.e. Ns  = 16, then Spe  for the 

branch considered, is 3.14 dB . 

In a digital filter with single precision arithmetic and M 

multiplier branches, the increase in the rms.of the equivalent error 

source for the case of rounding is given by 

For"example, using the parameters defined above for the second-order 

filter of Fig. 5.3, Spe  can be shown to be 1.84 dB. 

For the realization of equation (5.3) (i.e. Fig. 5.1b), the 

stabilizing signal s'(n) has to be quantized to the quantization level 

given by 

qs=rs gcq , (5.40) 

where r' is any positive integer. Analysis similar to that given above 

yields the rms.of the equivalent error source, due to M multiplier 

branches and the stabilizing signal s'(n), to be 
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q 	• 	
(5.41) 

is given by 

. 	(5.42) dB 
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M  12 

equivalent error 

s 

 (Ns+ 1) 

1  + 

[142 

1  + 2qc 

Comparing equations (5.42) and (5.39), we note that the increase 

in the rms.of the overall error, for the structure shown in Fig. 5.1a, 

depends on the coefficient y; however, for the structure shown in 

Fig. 5.1b, this depends on qc. Therefore, the error in the former method 

will be larger when lad > qc. However, considering hardware implementation, 

the method of Fig. 5.1a has a simpler hardware when compared to the 

method of Fig. 5.1b, since in the latter case the implementation requires 

the full multiplication of the product yx(n) and a double precision 

adder for adding the stabilizing signal. It is therefore more economical 

to use the signal addition method shown in Fig. 5.1a. The fact that it 

may result in a larger increase in the noise level can be ignored since 

normally this difference is very small. 

5.5 Suppression of limit cycle oscillations in the type-B realization  

Considering the conditions of limit cycle oscillations in the 

type-B realization (i.e. Tables 4.3 and 4.4) we note that the output of 

the multiplier branch with the coefficient'Ab is a common factor for the 

build-up of all types of limit cycle oscillations. To suppress these 

oscillations, it is sufficient to add the stabilizing signal s(n) to the 

multiplier branch with the coefficient Ab. A suitable structure for this 

purpose is shown in Fig. 5.6. 

The condition for limit cycle oscillations in this structure can 
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u(n) 

 

FIG. 5.6 Type-B realization with signal stabilization 

be formulated using methods similar to those discussed in Sections 2.4 

and 4. 4. These conditions are the following: 

i) For limit cycles with period of greater than two samples and 

satisfying equation (4.40), the condition for oscillation is given by 

Qq[Mx1(n)] 	+ Qq[Lbx2(n) + Abs(n)] 	= 0 	. (5.43) 

ii) For limit cycles with period of two samples if 

R1  [a] 	- R1  [ ] = 1, then 

Qq[p{2jK'q + Abs(n)] = Qq[taK'q] 	, (5.44) 

and if R1  [a] - R1 
[z] 
 = 0, then 



(5.50) I< 
I(IAaI - 14)1)1 

(0.5 + IAa Iips) IA{ZJ I 
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Qq `AĪZJK'q + Abs(n)] - Qq[AaK'q] + K`q = 0 	, (5.45) 

where K'q is the amplitude of the modified limit cycles for the state 

variable xl(n). 

iii) For limit cycles with period of one sample, we have 

x1(n) = 0, and 

Qq  [bx2(n) + Abs(n)] = 0 	. (5.46) 

The proof of the above conditions is similar to the discussion of 

Sections 2.4 and 4.4. For example, the case of two-sample limit cycles 

is discussed in Appendix B. 

The solutions to equations (5.44) to (5.46) can be determined 

using the same procedures as those in Section 5.3. Consider, for 

example, equations (5.44) and (5.12). The solutions to equation (5.44) 

for the case of rounding can be expressed by 

K' 	min [ Iia  i , 11'B] 

and if sgn(Aa) = sgn(Aj2]), additional solutions are given by 

(5.47) 

max [ IAal51 	131  - 4'B 	K' < min 1' Iōa 	I 5J' 	̀b}} + B 	(5.48) 
IA 2- 

where 

0.5q - IAbIAs  

I°M lq 
(5.49) 

and i = 1, 2, 3, . . . I, for I defined as the largest integer which 

satisfies 



by 
0.5q - lAbIA 

x2(n) . 	
IbI 

(5.53) 
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Comparing equation (5.45) and (5.23), the solutions to equation 

(5.45) for the case of rounding can be expressed as 

K' = 0, 2, 4, . . . 2L' 	 (5.51) 

where 

 

1- 
0.5 	

- IQbIAs. 

I2IoaIj' 	
~b 
	 
I) 

	

(1-2 I 
2~ ~ 	q. 

  

L' < min 

 

(5.52) 

   

   

For non-zero solutions to exist, we require Aa > 0, and 	 J < 0. 

The solution to equation (5.46) in the case of rounding is given 

From the above results a suitable amplitude for the stabilizing 

signal to suppress the limit cycle oscillations can be suggested. For 

the case of rounding these are as follows: 

i) 	If R1[b] = 0, then 

0.5 - b 
As 	

Ab q (5.54) 

ii) If R1 [a] - RIM = 1, then 

0.5 - IAN! 

As 	IAbi 	q 

iii) If R1 [a] - R 12~ = 0, then 
2IA{]I-0.5 

As >' 	I Abi 	q 

iv) If R1 [a] - R1 [b] = -1, then 

(5.55) 

(5.56) 

A
sI 

> 
{o.s- IAbl

Jq 	• 
(5.57) 
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5.6 Remarks on the method of signal stabilization  

So far we have considered the method of signal stabilization with 

a random stabilizing signal of uniform probability density. This 

particular choice is an arbitrary one and may not be the most suitable. 

For example a signal with a different probability density or a special 

spectral distribution may result in a better performance. In this 

section a brief discussion of the basis for the choice of the different 

stabilizing signals will be considered. 

The suitability of the stabilizing signal may be based on the 

following criteria: 

i) the increase in the overall noise level caused by the 

signals, 

ii) the stabilizing ability of the signal, i.e. the speed with 

which a particular limit cycle may be effected, 

iii) the extra hardware necessary to implement the stabilization 

method. 

Considering the increase in the noise level on the output of the 

filter or in the branch concerned, we note that a suitable signal which 

causes the least increase should have a small variance a
2
. For example, 

a signal with triangular probability 	density 	causes less increase 

in the noise level than a signal with a uniform probability density. 

On the other hand the stabilizing effect of the signal with the 

triangular probability 	density 	is less, because the probability of 

having a sample of magnitude As  (i.e. a magnitude sufficient to suppress 

most limit cycles) at a suitable time relative to the period of the limit 

cycle is less. In fact the requirements for a signal to satisfy the first 

two criteria are opposite to each other. 
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The other criterion for the choice of the stabilizing signal was 

pointed out to be the hardware necessary for the implementation of the 

method of signal stabilization. For example, if a suitable signal is 

found which provides the best performance, but if it requires a complex 

hardware for its implementation, then it may work out cheaper to simply 

increase the wordlength of the filter by several bits and therefore 

reduce the effects of both quantization noise and limit cycle oscillations. 

Generally it appears that the implementation of a signal which 

can give a good performance would most likely involve the use of a complex 

hardware. Therefore from this discussion we can suggest that the 

suitability of a stabilizing signal should be first based on the 

complexity of the hardware for its implementation and then other factors 

could be considered. 

From the results derived in Section 5.3 and 5.5 we note that the 

signal, with the amplitude recommended, has the effect of altering only 

the Least Significant Bit (LSB) of the quantized output of the multiplier 

branch. Therefore it appears that, for a simple hardware realization of 

the method of signal stabilization,we can randomly jitter the LSB of the 

quantized output of the multiplier branch. This method has been 

reported by Kieburtz [132] . 

To compare the performance of this simple technique with that 

described by Fig. 5.1a, we express the effective quantization, when the 

LSB is randomly jittered and rounding quantization used, by the function 

shown in Fig. 5.7. The broken lines in this description represent the 

limits of the effective function. 

This representation shows that the method is equivalent to adding 

a three level signal of amplitude As,twice that recommended by equation 

(5.7). The equivalent signal has only the values of ±AS  and zero, with 

the probability of occurrence of 0.25 for the values +As and -As  each. 
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FIG. 5.7 The modified quantization function when jittering the LSB 

Thus the increase in the noise level in the branch where this technique 

is used can be shown to be about 8.45 dB for the cases when qc  « 1. 

Therefore, compared to the increase of about 3.01 dB for the method of 

signal addition suggested in this chapter, this simple technique has a 

poor noise performance. 

Based on this method and the signal addition method of Fig. 5.1a„ 

the dithering of the suitable bits of the input to the multiplier may be 

suggested. One example of this is shown in Fig. 5.8. Here a random 

signal is generated by a shift register sequence generator [22]. An 

effective signal addition is obtained by the exclusive-OR (XOR) operation 



multiplier A$ 

register for x2(n) 

	SS 	 
Yr  
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of the suitable bits of the input to the multiplier and the random 

sequence. The bits of the input to the multiplier which are dithered 

depend on the required amplitude of the stabilizing signal. 

pseudo-random sequence generator 

FIG. 5.8 A simple hardware to implement the signal stabilization method 

Other alternative gates, for. example AND, OR, etc. may also be 

used; however, the probability distribution of the effective signal may 

not be symmetrical and therefore result in a shift in the average value 

of the output. 

This technique,when implemented in the form of the structures 

shown in Figures 5.3 and 5.6, involves one extra single precision 

addition, a random sequence generator and the gates necessary to 

implement the addition process. 
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5.7 Conclusions  

Based on the results of Chapter 4, for suppressing limit cycle 

oscillations it was found sufficient to only interfere with the 

multiplier branch corresponding to the coefficient AB for the type-A 

and Ab for the type-B realizations. The structures shown in Figures 

5.3 and 5.6 were suggested for the implementation of signal stabilization 

technique in the second-order filter structures. 

Extending the analysis technique presented in Chapter 4, it was 

possible to estimate the amplitude of the limit cycle oscillations when 

insufficient signal stabilization is used (Table 5.2). From these 

results a suitable amplitude for the stabilizing signal to suppress limit 

cycles was suggested, see Table 5.1 for the type-A realization, and 

conditions (5.29), (5.30) and (5.54) to (5.57) for the type-B realization. 

In Section 5.6 the criteria for the choice of the stabilizing 

signal were considered. It was concluded that the suitability of a 

signal stabilization technique should be based on the extra hardware 

necessary for its implementation. 

A brief consideration of the simplest method for signal stabiliza-

tion (i.e. the random dither of the LSB of the output of the multiplier) 

showed that this method had a poor noise performance. The method shown 

by Fig. 5.8 was therefore suggested. This used the concepts described 

in this chapter and required a simple hardware. 
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CHAPTER 6  

SIMULATION STUDIES  

6.1 Introduction  

To develop further properties of the limit cycle oscillations, 

and to confirm the results from the previous chapters, 	second- 

order recursive filters of both the type-A and type-B realizations were 

simulated on a digital computer. The results of these simulations, 

which are related to the works of the previous chapters have all been 

presented in this chapter for convenience. 

These simulation results relate to some of the studies of 

Chapters 3 to 5 and also present further investigations which arise 

from this work. The results in the previous chapters which were 

developed in detail, for example the behaviour of one- or two-sample 

limit cycles, were not investigated in the simulation studies. 

For the simulation studies three different classes of programs 

were developed. These were written in Fortran IV language and were 

executed on the computers of Imperial College and Adelaide University 

(Cyber 173/CDC 6400). 

The first class of programs was developed for investigating 

the zero-input Limit Cycle (LC.) behaviour of a filter when it is 

operated at different Initial Conditions (ICS.). These programs 

provided a comprehensive search through all initial conditions in a 

specific search area for a number of different filter coefficients. 

The general flow diagram for these programs is shown in Fig. 6.1 and 



- 146 - 	Sect. 6.2 

the results are discussed in Section 6.3. 

The second class of programs was developed to investigate the 

suppression ability of the stabilization method suggested in chapter 5. 

The zero-input responses of both type-A and type-B structures were 

studied for different amplitudes of the stabilizing signal and the 

coefficients of the filter. The flow diagram for these programs is 

shown in Fig. 6.2 and the results are discussed in Section 6.4. 

The third class of programs was developed to examine the noise 

performance of the stabilizing method. In these tests the filter was 

excited by a random signal with uniform probability and spectral 

distributions. The flow diagram for these programs is shown in 

Fig. 6.3, and the results are investigated in Section 6.4. 

6.2 The programming techniques  

Several factors had to be considered for simulating the digital 

filter algorithm on the computer. These were 

i) the choice of the quantization steps for the signal and the 

coefficients of the filter, 

ii) the routines for the quantization technique, 

iii) the detection of limit cycle oscillations and their 

identification, 

iv) the generation of the random sequences for the various 

signals in the stabilization tests. 

Each of the above factors are discussed in the following sub- 

sections. 
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YES 

NO 

Repeat for various coeffs. 

Give a number to this LC. 

Label LCS. according to 

their amplitude 

Loop for time index N 

Give each IC. the label of 

its corresponding LC. 

Digital filter algorithm 

Test 

for LC. oscillation 

FIG. 6.1 The flow diagram for search through a range of initial 
conditions 
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FIG. 6.2 Flow diagram for the test of signal stabilization 
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Read information about the filter 

and the conditions for the test 

FIG. 6.3 The flow diagram for estimating increase in noise 



- 150 - 	Sect. 6.2 

6.2.1 Choice of quantization steps for the signal and the coefficients  

Consider the properties of the quantization function as discussed 

in Section 1.4. If x is a quantized variable with the quantization 

step of q, and y  is any coefficient, we can write 

Qq[Yx1 = Q1[ylq (6.1) 

where Qq[ 1 is any quantization function with the quantization step 

of q, and the quantity (-) is an integer variable. Therefore the 

simulation of the finite precision filter can be performed in integer 

arithmetic form, without loss of generality. 

The sectionsof the programs used for evaluating the response of 

the filter are shown in Fig. 6.4 for type-A and type-B realizations. 

In this figure, the normal representation for defining integer variables 

in the Fortran language is used (i.e. variable names starting with 

letters I to N). The output of the filter, IY(N), was assumed to be 

the state variable x1(n). The quantized output of the multipliers 

were specified by the state variables IY1 and IY2, and the coefficient 

values were represented by IB1/MF and IB2/MF, where IB1 and IB2 are 

integer variables and MF is an integer multiplication factor. 

The output of the multiplier branches were quantized by the 

subroutine QTZ, as given in Fig. 6.5, for the various quantization 

techniques. 

6.2.2 Detection and identification of limit cycle oscillations  

The limit cycle oscillations were detected by finding an 

equality between two samples in the phase plane. The details are given 

in Fig. 6.6. 

When signal stabilization was used, the check for a limit cycle 

was repeated for 10 periods of oscillation or 100 samples, whichever 
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was the greater number (see Fig. 6.2). This was to ensure that a 

detected limit cycle was in fact the steady state oscillation for the 

filter. For example, in the cases of one or two sample limit cycles, 

the check was repeated for one hundred samples. 

When searching for all the possible limit cycle oscillations in 

a specified search area in the phase plane, the amplitudes of the limit 

cycles were calculated and all limit cycles were categorised according 

to their amplitude (the largest limit cycle was given the label A, the 

next largest one was given the label B, etc.). Limit cycles of the 

same amplitude were categorised depending on which one was found first 

(i.e. first one found had a higher ranking label than the next). 

To limit the computation time for search through a large number 

of initial conditions a method had to be developed to increase the 

speed of the programs. This was based on remembering all the samples 

which a transient trajectory passes through before it reaches the steady 

state value (see Fig. 6.1). 

6.2.3 Random number generation  

From the discussion of Section 5.6, the suitability of the 

various random number generator routines was not considered, and 

therefore the simplest form of these (i.e. RANF function) was chosen 

arbitrarily. 

The RANF function for random number generation is a single 

congruential generator of nearly uniform random sequences with numbers 

in the range of zero to one. Fig. 6.7 shows how RANF was used to 

generate the various random sequences for the tests on the signal 

stabilization method. 

The required random sequences were of three types. These were: 
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C THE BASIC LOOP FOR THE EVALUATION OF THE NEXT 
C SAMPLE OF THE TYPE-A REALIZATION 

N1=2 
N2=1 
DO 1 N = 3,M 
IY1 = IB1*IY(N1) 
IY2 = IB2*IY(N2) 
CALL QTZ(IY1) 
CALL QTZ(IY2) 
IY(N) = - IY1 - IY2 
N2 = N1 
N1=N 

1 	CONTINUE 

C THE BASIC LOOP FOR THE EVALUATION OF THE NEXT 
C SAMPLE OF THE TYPE-B REALIZATION 

N1 = 1 
DO 1 N= 2,M 
IY1 = IB1*IX1(Ni) 
IY2 = IB2*IX2(N1) 
CALL QTZ(IY1) 
CALL QTZ(IY2) 
IX1(N) = - IY1 - IY2 
IX2(N) = IX1(N1) + IX2(Ni) 
N1=N 

1 	CONTINUE 

FIG. 6.4 The digital filter algorithm  

SUBROUTINE QTZ(IA) 
C 	SUBROUTINE FOR ROUNDING THE QUANTITY FLOAT(IA)/FLOAT(MF) 

COMMON /Q/ MF,MF2 
C MF2 EQUALS MF/2 

IF(IA.LT.0)GO TO 1 
IA = (IA + MF2)/MF 
RETURN 

1 	IA = (IA - MF2)/MF 
RETURN 
END 

SUBROUTINE QTZ(IA) 
C 	SUBROUTINE FOR VALUE TRUNCATION OF FLOAT(IA)/FLOAT(MF) 

COMMON /Q/ MF, MF1 
C MF1 EQUALS MF - 1 

IF(IA.LT.0)GO TO 1 
IA = IA/MF 
RETURN 

1 	IA = (IA - MF1)/MF 
RETURN 
END 

FIG. 6.5 The quantization routines 

Sect. 6.2 



- 153 - 	Sect. 6.2 

C 	TEST FOR LIMIT CYCLE OSCILLATIONS , TYPE-A 
Ii = NMIN - 1 
DO 1 I = NMIN,N1 
IF(IY(I).EQ.IY(N).AND.IY(I1).EQ.IY(N1))GO TO 2 
I1 = 1 

1 	CONTINUE 

C 	TEST FOR LIMIT CYCLE OSCILLATIONS , TYPE-B 
DO 1 I = NMIN,N1 
IF(IX1(I).EQ.IX1(N).AND.IX2(I)EQ.IX2(N))GO TO 2 

1 	CONTINUE 

NOTES: 	1) LOOP FOR I IS INSIDE THE LOOP FOR THE TIME INDEX N 
2) IF THIS LOOP FINISHES THEN LC. IS NOT REACHED 
3) STATEMENT 2 IS REACHED WHEN A MATCHED CONDITION IS FOUND 

IF SIGNAL STABILIZATION IS USED THEN A COUNTER IS STARTED 
TO CHECK THIS CONDITION FOR SEVERAL SAMPLES 

FIG. 6.6 The procedure for detecting limit cycle oscillations  

C 	TO GENERATE A SEQUENCE OF RANDOM NUMBERS 
DO 1 N = 1,NPTS 
S(N) = RANF(1.0) 
JS1(N) = INT(S(N)*2.9999)-1 
KS(N) = INT(S(N)*1.OE 14) 

1 	CONTINUE 

AS = FLOAT(2*IAS) + 0.9999 

C 	TO GENERATE A RANDOM SEQUENCE OF INTEGERS 
IS = INT( S(N)*AS) - IAS 

C 	TO GENERATE A RANDOM SEQUENCE OF VALUES +IAS, -IAS, AND ZERO 
IS1 = JS1(N)*IAS 

C 	TO STIMULATE THE HARDWARE SHOWN IN FIG. 5.8 
IS = KS(N).AND.IAS 
IX = XOR(IY(N2),IS) 
IY2 = IB2*IX 

NOTE: 	(IS) IS GENERATED IN THE LOOP FOR THE TIME INDEX N 

FIG. 6.7 Random signal generators  
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i) random sequences of amplitude As  and of integer quantities 

with nearly uniform probability distribution, 

ii) random sequences of values +As, -As  and zero, each value 

having equal probability, 

iii) one sided random numbers for use with tests on value 

truncation. 

For tests on the performance of the hardware suggested in Section 

5.6 (i.e. Fig. 5.8) large amplitude random sequences of integer values 

were generated and used in the form shown in Fig. 6.7. 

6.3 Scan of initial conditions  

The purpose of these tests was to verify some of the results of 

Chapter 3 and Chapter 4, and to investigate other properties of limit 

cycle oscillations. These tests were based on a thorough search of 

initial conditions for a large number of coefficients. 

To limit the computation time, the tests were divided into two 

parts. 

i) 	The first part of these tests was designed to search for the 

complete family of limit cycle oscillations corresponding to a limited 

number of coefficient pairs. This was achieved by the analysis of 

every initial condition in a suitably large area in the phase plane 

enclosing the origin. This area covered all possible limit cycle 

trajectories. Some examples of the results obtained are given in 

Figures 6.8 to 6.11. 

In these results the initial conditions in the search area 

are represented by the label of their subsequent limit cycle oscillations. 

For each test the complete pattern of the initial conditions is 

presented. In the same presentation, for ease of comparison, the 
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pattern for all initial conditions which correspond to some of the 

individual limit cycles are also shown. The limit cycles selected are 

all of the accessible limit cycles and a few of the larger inaccessible 

limit cycles. 

In the separated patterns of initial conditions, the 

samples of the limit cycles are represented by the asterisk symbol (*). 

The sequence for these samples is indicated by the solid lines joining 

these asterisks. In the figures corresponding to the type-A realization, 

the boundaries for the p-points in the search area are also shown (the 

broken lines enclosing x2  values of (+9, +10), and (-9, -10)). The 

conclusions for these results will be given later in this section. 

ii) The other part of these tests was set up to obtain information 

about the behaviour of the most popular limit cycle oscillations (i.e. 

accessible limit cycles). This was performed for a large and 

comprehensive range of coefficient pairs. To limit the computation time 

for these results, the search area was limited to the boundaries for the 

p-points so that only the accessible limit cycles could be detected. 

Further, to ensure that all of the accessible oscillations were 

detected, the search was carried out Within the first two positive 

boundaries covering the energy level r (as defined in Section 3.2) of 

at least five times that of the minimum energy in those bands. 

Referring to the definition for r, we note that by this choice we would 

find all accessible limit cycles (if any) of amplitude at least five 

times greater than the lower limit of the second boundary for the p-points. 

This was considered sufficient for detecting all accessible limit cycles. 

Examples of these results for the cases of rounding and value truncation 

are shown in Figures 6.12 and 6.13 respectively. 

To restrict the number of possible cases for these tests, they 

were mainly carried out for the coefficients corresponding to complex 
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conjugate poles with angles of less than 90°  (i.e. 48 > a2, and a < 0), 

and 7 bit wordlength. In the case of the type-A realization with 

rounding, it should be noted that the family of the limit cycles for 

the coefficient pair (a,0 are of the same amplitude as the family of 

limit cycles with the coefficient pair (-a, 	Therefore, for this 

example it is not necessary to cover both positive and negative values 

of a. 

From the results of Fig. 6.8 to 6.13 and other trial tests, the 

following conclusions could be made about the behaviour of limit cycle 

oscillations in second-order filters. 

i) The results discussed in Section 3.6, concerning accessibility 

and inaccessibility of limit cycle oscillations in the type-A 

realization, were found to agree with the simulation results, i.e. an 

accessible limit cycle had at least one sample in the regions for the 

p-points, inaccessible limit cycles did not have any samples in these 

regions. 

ii) The inaccessible limit cycles were normally smaller in 

amplitude than the lower limit of the first boundary for the p-points 

(defined by the left hand side of the inequality (3.31a), when j = 1). 

However, this was not always true, and in some examples such as the 

limit cycle labelled "A" in the results shown in Fig. 6.10, inaccessible 

limit cycles were observed which did not obey this rule (note that the 

limit cycles of this amplitude were not detected in the tests for the 

results of Fig. 6.12). For the cases of one or two sample limit cycles, 

large inaccessible limit cycles were found more readily. 

iii) Normally for the case of rounding, the amplitude kq of the 

most popular limit cycle oscillations for a majority of the coefficients 

was bounded by the upper limit of the first boundary for the p-points, 

i.e. 
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Kg  < (1.5- 
6  3 8 	

q - (6.2) 

Therefore, the condition (6.2) can be considered a good estimate for 

the amplitude of limit cycles in the type-A realization (for the case of 

rounding). 

The condition (4.16), specifying the amplitude of limit cycle 

oscillations with period greater than two samples, is shown in 

Fig. 6.12b. We note that this condition only holds for most cases when 

jaj < 1. This proves that more complex phenomena than those discussed 

in Section 4.2 set up limit cycle oscillations. However, later in this 

chapter (Section 6.4) we note that the results based on this idea are 

quite accurate when slight randomisation, such as the signal stabilization 

technique is used. 

iv) The boundary defined by the condition (6.2) was exceeded in 

a number of cases; see Figures 6.9 and 6.12. In general it was found 

that limit cycles exceeding this limit had a smaller probability of 

occurrence. This is illustrated by the pattern for the limit cycle "A" 

in Fig. 6.9a. In very rare cases (e.g. a = -201/128, P. = 121/128 in 

Fig. 6.12a) limit cycles which almost reach the second boundary for the 

p-points were observed. Therefore, the absolute limit 
Kabsq, 

 for the 

amplitude of limit cycle oscillations in the type-A realization for 

rounding may be suggested to be 

K 	
q< (  j f3  1+ 0.51 q 

abs 	11- (S( 
(6.3) 

(i.e. substituting j = 2, in the left hand side of the inequality (3.31a)). 

v) From Figures 6.12 and 6.13, we note that the amplitude of 

limit cycle oscillations in the type-A realization appear to be related 

to the bit-pattern of the coefficient a. 	The exact nature of this 
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relation is not known. 

vi) The boundaries for the p-points (condition (3.31)) were 

verified by noting that in every case (i.e. Figures 6.8 to 6.10), the 

initial conditions with the same limit cycle labels always appeared in 

pairs in these regions. 

vii) For value truncation, the amplitudes of the accessible 

limit cycles in the type-A realization are shown in Fig. 6.13, for 

a = 121/128 and a wide range of the coefficient a. It appears that the 

amplitude of a majority of these limit cycle oscillations satisfy 

condition (4.24). However, the absolute limit for the amplitude was 

found to be the condition (4.20). 

viii) For magnitude truncation, tests with conditions similar 

to those for the results of Figures 6.12 and 6.13 were conducted, but 

only accessible limit cycles with a magnitude of one were observed. By 

a thorough search through a wide range of initial conditions, all 

accessible and inaccessible limit cycles were found to have period of 

oscillation of one or two samples only. This result agrees with the 

results of Kao [126]. Accessible limit cycles with amplitude greater 

than one were possible, but these were restricted to only a small 

range of coefficients. 

ix) For the type-B realization a search of all initial 

conditions in a suitable area of the phase plane gave the result of 

Fig. 6.11. From this result, three categories of limit cycles could 

be identified: 

a) accessible limit cycles, 

b) semi-accessible limit cycles, 

c) inaccessible limit cycles. 

The definitions of the accessible limit cycles (limit cycle 
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FIG. 6.8 Pattern of initial conditions in the phase plane labelled 
by their corresponding limit cycle label for the type-A 
realization with rounding, and coefficients a = -192/128 

= 121/128 
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FIG. 6.9 Pattern of initial conditions in the phase plane labelled 
by their corresponding limit cycle label for the type-A 
realization with rounding, and coefficients a = -214/128, 
8 = 121/128 
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FIG. 6.10 Pattern of initial conditions in the phase plane labelled 
by their corresponding limit cycle label for the type-A 
realization with rounding, and coefficients a = -202/128 

= 121/128. 
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labelled "A") are the same as the definitions given in Section 3.6. 

The "semi-accessible limit cycle" (limit cycles labelled "B" to "G") 

may be defined as: limit cycles which result from initial conditions 

that are not part of the trajectory of the limit cycle, and have a 

limited number of these conditions which can produce them (see Figures 

6.11 b, c and d). The behaviour pattern of these conditions is not 

understood yet. 

6.4 Suppression of limit cycle oscillations  

Simulations were carried out to study the performance of the 

method of signal stabilization as presented in Chapter 5. The purposes 

of these tests were the following: 

i) to experimentally verify the results of Section 5.3, i.e. 

the amplitude of the limit cycle oscillations when insufficient signal 

stabilization is used, and to verify the amplitude for the suitable 

stabilizing signal (see Tables 5.1 and 5.2), 

ii) to verify the increase in the noise level due to the 

stabilization method, i.e. equation (5.39). 

iii) to experimentally determine the performance of the simple 

techniques for implementing the signal stabilization method. 

The results of these tests (i.e. Figures 6.14 to 6.24) were 

obtained and presented using the following methods: 

i) The performance parameters (for example, amplitude of the 

limit cycle oscillations or the amplitude of the output noise) were 

determined for a range of amplitudes of the stabilizing signal. 

ii) The performance parameters were presented by averaging 

over a large number of coefficient pairs which were expected to give 

the same performance. For each set of results the maximum and the 
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minimum limits for the performance parameters were also presented for 

comparison. 

The discussions of the individual results are-given in the 

following sub-sections: 

6.4.1 Amplitude of the suppressed limit cycle oscillations  

Tests were performed to determine the steady state response of 

the second-order filter for an arbitrary initial condition that is 

expected to give an accessible limit cycle oscillation. The results 

for these tests are shown in Figures 6.14 to 6.16. 

Figures 6.14 and 6.15 show the results for the type-A realization 

in the cases of rounding and value truncation respectively. These 

correspond to a comprehensive range of filters with the coefficients 

= 121/128 and all possible values of a in the range -230/128 to zero 

at steps of 1/128 (i.e. all possible 7 bit coefficients in that range). 

In the tests giving the results illustrated in Fig. 6.14, it was 

found that, for 0 . As  < 9 the steady state response was always a limit 

cycle oscillation, and for As  > 9, the steady state response was noise. 

For As  = 9, the steady state response was always suppressed to zero 

which agrees with the results of Section 5.3 (i.e. Table 5.1). 

Further, it was observed that for 0 < As  < 9, a large majority 

of the test cases resulted in a limit cycle which corresponded to the 

lower limit shown in Fig. 6.14. This can be noted from the closeness of 

the average line to the lower limit. This limit is also the estimate 

for the amplitude of the suppressed limit cycles, as derived in 

Section 5.3 (see Table 5.2). 

In a small number of cases a larger limit cycle was observed 

(the upper limit in Fig. 6.14). However, using a different random 
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sequence it was possible to suppress these to the amplitude corresponding 

to the lower limit. A similar effect was also obtained by extending the 

check for the limit cycle oscillation. For the results shown, a period 

of only 100 samples or 10 periods of oscillation was used. The extended 

check for limit cycle oscillation resulted in a large increase in the 

computation time, and therefore could not be used for all of the test 

cases. 

The close agreement between the simulation results and the results 

derived in Chapter 5, shows that the arguments for the development of 

limit cycles with period greater than two samples (see Sections 4.3 and 

5.3) are valid for all cases when a slight randomization such as the 

signal stabilization is introduced. 

The suitable signal for suppressing the limit cycle oscillations 

in the case of value truncation (see Fig. 6.15) was given by the 

conditions (5.29) and (5.30). However, the result of Fig. 6.15 shows 

that similar effects could also be achieved with a signal of half that 

amplitude. In fact this should be preferred since the resulting 

increase in the noise level would be less. 

For the type-B realization, the suppression ability of the signal 

stabilization was observed for every case tested. Some examples of these 

results are presented in Fig. 6.16. In some of the tests, which are 

not illustrated in Fig. 6.16, the 	complete suppression of the 

limit cycle oscillations was not possible. The exact reason for this 

is not understood. 

6.4.2 Increase in the noise level due to signal stabilization  

The noise performance of the signal stabilization techniques was 

studied by estimating the increase in the noise level on the state 

variable x1(n), when the input to the filter was an arbitrary random 
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signal with an arbitrary amplitude. The results for a large number of 

coefficient pairs, which were expected to give the same performance, 

were compiled and presented in the form shown in Figures 6.17 to 6.22. 

In these results three curves are shown: 

i) the solid line curve representing the average result for 

all the cases which are expected to have the same performance. 

ii) the broken line curves representing the maximum and the 

minimum result for all the coefficients tested. The theoretical results 

derived in Section 5.4 for the case of rounding are also presented for 

comparison. 

In selecting the values for the coefficients in each test it 

was necessary to ensure that the base quantization noise (i.e. noise 

when s(n) = 0) generated by each multiplier branch was the same. This 

was to ensure that the increase of noise level for filters with higher 

base noise would not be less. 

In the discussion of Section 2.3 it was mentioned that the 

coefficients with same qc, as defined in equations (2.14) and (2.15), 

would have the same noise level. Therefore, the values of a considered 

were defined by (2i + 1)/128, where i is any integer. This choice gives 

qc  = 1/128. 

For each coefficient, the results correspond to tests on 3000 

samples. The average for all the coefficients tested would then be 

equivalent to the result for one coefficient when a much higher number 

of samples are used. 

The results from these tests are as follows: 

i) 	Fig. 6.17 shows the results for the increase in the noise 

level in the case of rounding for the type-A realization. The results 

calculated from equation (5.39) are also indicated for comparison. 
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ii) Fig. 6.18 shows results with test conditions similar to 

those of Fig. 6.17, but with an input signal of a different amplitude. 

We note that the input signal level did not alter the noise performance. 

iii) Fig. 6.19 shows the increase in the noise level for the 

case of value truncation with a stabilizing signal defined by the 

conditions (5.29) and (5.30). In this particular case, we note that 

the method of signal stabilization caused a decrease in the noise level 

in the system. This phenomenon is due to the use of a one sided signal 

which caused a reduction in the DC offset inherent in value truncation. 

iv) Three level signals, defined by 
±As 

 and zero, with equal 

probability were also used as a stabilizing signal. The results for 

noise increase in the cases of rounding and value truncation are given 

in Figures 6.20 and 6.21 respectively. In general the increase in the 

noise level for those types of signals was greater than for the signals 

quantized to the nearest quantization step (for example, for As  = 9, 

the difference was about 1.1 dB). Comparison of the simulation results 

and the theoretical results as shown in Fig. 6.20, show a good agreement. 

v) The increase in the noise level for the type-B realization 

was also tested. The results are shown in Figure 6.22. We note that 

for this type,the theoretical and the simulation results are in close 

agreement. 

6.4.3 Simulation of the simple implementation of signal stabilization  

Simulation tests were also conducted to determine the performance 

of the signal stabilization methods discussed in Section 5.6. For 

comparison purposes the test conditions and the result presentation were 

chosen similar to those for the cases described in the previous sub-

sections. 
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The first test was to determine the performance of the method 

based on jittering the LSB of the quantized output of the multiplier. 

The test was for 100 coefficient pairs with e. = 121/128 and a from 

-221/128 to -23/128 at steps of 2/128. The average increase in the 

noise level was about 6.13 dB. However, the results of Fig. 6.17 

show an increase of about 2dB in the noise level, for the optimum 

signal of amplitude 9. Comparing these two results we note that the 

noise performance of the first method is poor. 

On simulating the stabilization technique shown in Fig. 5.8, the 

results of Figures 6.23 and 6.24 were obtained. Fig. 6.23 shows the 

amplitude of the suppressed limit cycles for a large range of the 

filters coefficients. These results indicate that by this method it is 

possible to suppress the limit cycles in most cases. However, the 

suppression of these oscillations to zero steady state was not possible. 

Also in some cases large amplitude limit cycles could exist. 

It was noted that for the cases when large amplitude oscillations 

could exist there was a relation between the bit pattern of the samples 

of the limit cycle, the coefficient of the multiplier and the affected 

bits of the input to the multiplier. 'The exact form of this is not 

understood. 

On the average, the hardware suggested in Fig. 5.8 was found to 

be successful in suppressing limit cycles. 

The noise increase due to this method of signal stabilization 

is shown in Fig. 6.24. Comparing this with the results of Fig. 6.17, 

we note that the noise performance of this method is comparable to 

that of the signal addition method. If should also be noted that in 

the cases when As  is of value 2, 4, 8, ... etc., the effect of this 

technique would be equivalent to the use of a three level signal. 
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FIG. 6.14 Amplitude of the suppressed limit cycles or steady state 
noise in type-A realization with rounding: 
a from -230/128 to zero at steps of 1/128, 0 = 121/128 
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noise in type-A realization with value truncation: 
a from -230/128 to zero at steps of 1/128, B = 121/128 
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FIG. 6.16 Amplitude of the suppressed limit cycles or steady state 
noise in type-B realization with rounding: 
a = values shown, b = 121/128 
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6.5 Conclusions 

The simulation results presented in this chapter confirmed 

several of the theoretical results of the previous chapters. They 

also presented further results concerning the behaviour of limit cycle 

oscillations. 

From the simulation studies it was possible to suggest and 

confirm absolute limits for the amplitude of limit cycles in the cases 

of rounding and value truncation. 

The type-B realization was found to have three classes of limit 

cycles. These were referred to as: accessible, semi-accessible and 

inaccessible limit cycles. 

On tests of signal stabilization method discussed in Chapter 5, 

good agreement was found with the theoretical results. The simple 

technique suggested in Fig. 5.8 was found, on the average, to suppress 

limit cycle oscillations. 



- 194 - 

CHAPTER 7  

CONCLUSIONS AND SUGGESTIONS FOR FURTHER STUDIES  

In this thesis several aspects of the behaviour of finite word-

length recursive second-order filters have been investigated. The 

conclusions from these studies and suggestions on the possible areas 

of further research will be discussed in this chapter. 

The studies of limit cycle oscillations were based on the 

investigation of limit cycles of the filter's state variables. Using 

the method of Jackson [25] and Hess [26] it was shown that there are 

only two simple structures for the realization of the state variables 

of the second-order filter. These structures were called the type-A 

and the type-B realizations (see Section 2.2). 

The studies in this thesis are mainly on limit cycle oscillation 

of these structures. The areas of investigation may be divided into 

the following groups: 

i) the phase plane study of zero input response of the type-A 

realization. 

ii) the study of the occurrence of limit cycle oscillations 

resulting from a transformation of the filter's structure. 

iii) the synthesis of a suitable structure for the suppression 

of limit cycle oscillations using the method of signal stabilization. 

iv) the studies of the behaviour of the finite wordlength 

digital filter using comprehensive simulation tests. 
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Examining the zero input response of the finite wordlength 

filters in the phase plane, it was found that the trajectories of the 

transient response can go through a process called merging. For 

js( < 1, two or more trajectories can merge at a single point. The 

condition for the maximum number of trajectories merging at one point 

relates to the value of B  and were specified by theorem 3.1. 

For 0.5 	(S( < 1, merging could only take place in particular 

regions of the phase plane. These regions were specified for the 

points (p-points) immediately prior to the merge points, and were 

presented by Figures 3.10, 3.13 and 3.15 for the cases of rounding, 

value truncation and magnitude truncation respectively. For (13Ī < 0.5, 

every point in the phase plane was found to be a merge point. 

The idea of merging trajectories in the phase plane and the 

related results were found useful to categorise limit cycle 

oscillation into two types; the accessible and the inaccessible limit 

cycle oscillations. 

The accessible limit cycles were defined as the oscillations 

resulting from initial conditions that are not part of the trajectory 

of the limit cycle. Inaccessible limit cycles are only possible if 

the initial conditions are part of the trajectory of that limit cycle. 

Because accessible limit cycles are produced by a large number of 

initial conditions, they are more prevalent. Inaccessible limit cycles 

are not as common. 

The amplitudes of the accessible limit cycles in the type-A 

realization, when rounding is used and JS(  3 0.5, are found to have a 

lower limit. This phenomenon was described by Theorem 3.3. 

The second area of study was to develop a deterministic method 

to predict the occurrence of limit cycle oscillations. This was 

partially achieved by a transformation of the filter's structure into 
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two sections; one having integer coefficients and therefore no 

quantization effects, the other having coefficients less than 0.5 

and therefore exhibiting the effects of quantization. 

Using this idea, the conditions for the occurrence of limit 

cycle oscillations and some of the solutions for their amplitudes 

were developed (Tables 4.1 to 4.4). It was found that in all of these 

conditions the characteristics of a specific multiplier branch of the 

transformed structure was a common factor. This phenomenon was used to 

suggest a new structure in which limit cycle oscillations were 

suppressed by the method of signal stabilization. 

The process of signal stabilization was related to a modified 

form of the quantization nonlinearity. Using this technique new 

results for the amplitude of oscillation in the case of insufficient 

stabilization, and a suitable amplitude for the stabilizing signal, 

were derived (see Chapter 5). For the type-A realization these results 

agreed closely with those from simulation studies, implying that the 

conditions for limit cycle oscillations from the transformation 

technique are correct when a slight randomization of the filter's 

algorithm is introduced. 

In Section 5.6 a brief discussion of the choices for the 

stabilizing signal was given. It was suggested that the method of 

signal stabilization should use simple hardware to make it economical. 

A relatively simple implementation of this technique was suggested 

(Fig. 5.8) which was useful for suppressing limit cycle oscillation 

in most cases. 

From simulation studies of the type-B realization it was noted 

that three types of limit cycles could exist. These were the 

accessible, the inaccessible and the semi-accessible limit cycles. 

The full reason for the occurrence of these different types of,limit 
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cycle is not known. 

Bounds for the amplitude of the limit cycle oscillations for 

the type-A realization were suggested using the results from a 

comprehensive search for accessible limit cycles and from tests for a 

wide range of coefficients. For limit cycles with period greater than 

two samples in the cases of rounding and value truncation, two possible 

bounds were suggested for each case. One was a pessimistic bound which 

gave an absolute upper limit for the amplitude of limit cycles for all 

possible coefficients. The other was a good estimate for a majority 

of coefficients, however it was not exact. 

Further, these results showed that there appears to be a 

relation between the amplitude of the limit cycles and the bit pattern 

of the coefficient a for a given 13. The exact nature of this relation 

is not known. 

• From the above conclusion several possible areas for further 

investigation are suggested. 

i) The simulation study of limit cycle oscillations in the 

type-A realization has shown that there is a relation between the bit 

pattern of the coefficients and the amplitude of the limit cycle. 

The development of this relation would give better understanding of the 

limit cycle behaviour, and hence more efficient techniques for 

suppression of limit cycles could be found. 

ii) In a number of cases the hardware for an inexpensive 

implementation of the method of signal stabilization (as shown in 

Fig. 5.8) was found not to suppress all limit cycle oscillation 

effectively. This is believed to be due to the correlation which could 

exist between the bit patterns of the input to the multiplier branch, 

the coefficients,and the bits of the input to the multiplier affected 

by the stabilizing sequence. Further work could investigate more 
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effective simple hardware. 

iii) The cost versus performance of the signal stabilization 

technique compared to other techniques for suppressing limit cycle 

oscillations [141 - 146] could be investigated. 

iv) The various degrees of the accessibility of limit cycles in 

the type-B realization is not yet understood and therefore could be 

pursued. 

v) In the case of type-B realizations, for some conditions, 

the signal stabilization method could not suppress the limit cycles 

completely. This may be due to the existence of semi-accessible limit 

cycles. Further investigations could pursue this direction of study. 
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APPENDIX A 

Solutions of an equation with quantization nonlinearity.  

We have to solve the general equation given by 

Qq[aKq] = Qq[3Kgl, (A.].) 

where a and (3, are any coefficients, K is an integer and Q [ ] is a 

quantization function. In the analysis we assume a rounding function 

for Q1). 

Then 

Let 	Rq[aKq] = iq = Rq[SKq]. 

i -0.5 <K< 7+0.5  
a 	a 

(A.2)  

(A.3)  

and 
i -0.5  < K < i +50.5 . (A.4) 

Let 	P = max (1aI,101) , 

and 	S=min (IaI,f51). 

For K to satisfy both equations (A.3) and (A.4) we have to consider 

two cases: 

(a) sgn (a) # sgn (5). Then equation (A.2) implies i = 0 and hence 

K < 
0'5 

(b) sgn (a) = sgn (5). Then 

i -0.5<K<  i -P .5  

(A.5)  

(A.6)  

where i can have any positive integer value which allows K to be an 

integer. 	From equation (A.6) limit I for the value of i is given by 

< 0.5(P +S)  
(P - S) A.7) 
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APPENDIX B  

PROOF OF THE CONDITIONS FOR THE MODIFIED LIMIT 

CYCLES WITH THE PERIOD OF TWO SAMPLES  

Type-A realization  

Let the sequence for the samples of the modified limit cycle of 

period two samples in the structure of Fig. 5.3 be {K'q, -L'q, K'q, 

-Lq, . . . etc.}. Then we can write 

and 

K'q + Qq  [-aL' q] + Qq  [6K' q + Ags (n )] = 0 	, 

-L'q + Qq[aK'gl + Qq[-RL'q + A6s(n+1)} = 0 

For equations (B.1) and (B.2) to be true for all the possible values of 

s(n) and s(n + 1), we require: 

Qq[(3K'q + Ass(n)] = Qq[BK'g] 

and 

Qq[-OL'q + As(n+ 1)] = Qq[-BL'q] 	. 

Therefore, we can write: 

K'q + Qq  [-aL'gl + Qq  [SK'q] = 0 

and 

(B.3)  

(B.4)  

(B.5)  

-L'q + Qq  [aK'q] + 00-6L 	= 0 	. 	(B.6) 

Using the method of Section 2.4.2, we can show that the condition 

for oscillations of amplitude K'q in the structure of Fig. 5.3, is 

K'q + Qq  W' q + ls (n )l = Qq  [aK' q] 	. 	(B.7) 
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Type-B realization  

Let the sequence for the samples of the modified limit cycle of 

period two samples in the structure of Fig. 5.6 be {K'q, -K'q, K'q, 

-K'q, . . . etc.) and {-L'q, M'q, -Lq, M'q, . . . etc.) for the state 

variables x
1 
 (n)and x2(n) respectively, where K' = L' + M'. Therefore, 

we can write 

K'q + Qq  [-aK'gl + Qq  [bM`q + Abs(n)] = 0, 	(B.8) 

and 

-K'q + Qq[aK'q] + Qq[-bL'q + £bs(n+1)] = 0 . 	(B.9) 

For equation (B.8) and (B.9) to be true for all the possible values of 

s(n) and s(n +1), we need: 

and 

Qq  [bM' q + bs (n )] = Qq  [bM' q] , 

Qq  [-bL'q + Abs(n + 1)] = Qq  [-bL'g] 

Therefore, from the results of Section 2.4.2 we can show that 

QgIl2JK'q + Abs(n)1 + K'q = Qq[aK'q] 
(B.12) 
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