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Abstract

This thesis presents a comprehensive study of phase-space measurements, decoherence, and the
emergence of classicality in quantum systems. Motivated by limitations of position-based localisation
in standard decoherence models, we develop a phase-space decoherence formalism using coherent-
state positive operator-valued measures (POVMs). These generalised measurements, constructed
from overcomplete sets of coherent states, provide a natural and physically motivated framework for
modelling coarse-grained quantum observations.

We develop an iterative measurement scheme for phase-space decoherence in systems with Heisenberg-
Weyl, SU(2), SU(1,1), and SU(N) symmetries. In each case, repeated weak measurements gradually
suppress quantum interference, driving the system toward a maximally mixed state. A universal
structure is shown to emerge: a single iteration maps the Wigner function to the Husimi Q)-function,
removing negativity, while full decoherence maps the singular Glauber-Sudarshan P-function to the
Q-function, eliminating all singularities. This establishes a group-independent mechanism by which
phase-space measurements induce classicality.

We compare this model to Lindblad-type dynamics, which describe open quantum systems via com-
pletely positive, trace-preserving semigroups. For Heisenberg-Weyl and tomographic SU(N) sys-
tems, the measurement channel coincides exactly with isotropic Lindblad evolution. In SU(2) and
SU(1,1) cases, the correspondence is only partial, with exact agreement in asymptotic regimes. A
universal decoherence timescale, t., emerges beyond which quasi-probability distributions become
strictly positive.

We then construct a stochastic unravelling based on Brownian motion on phase space, offering a ge-
ometric alternative to standard stochastic Schrodinger equations. This reveals that decoherence oc-
curs without GKSL-type dynamics in noncompact systems. Such unravellings preserve the intrinsic
phase-space symmetry and provide a natural setting for studying semiclassical limits and quantum-

to-classical transitions.

Finally, we extend the framework to relativistic quantum systems by defining a covariant coherent-
state POVM on the future tube and constructing a Bargmann transform to the forward light cone.
Preliminary results on relativistic phase-space decoherence are presented, along with possible direc-
tions for future research.
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Chapter 1

Introduction

1.1 Motivation and context

Quantum mechanics has been remarkably successful in predicting and explaining physical phenom-
ena across a wide range of scales. However, the process of measurement remains one of its most
conceptually and mathematically subtle aspects. The standard formalism of quantum mechanics in-
volves two distinct types of evolution. When a system evolves in isolation, its dynamics are governed
by the deterministic, unitary Schrodinger equation [1]. When a measurement is performed, however,
the system’s state is said to undergo a discontinuous and stochastic “collapse” to one of the eigen-
states of the measured observable, with probabilities given by the Born rule. This dichotomy between

unitary evolution and measurement-induced collapse is known as the measurement problem [2-4].

At the heart of the measurement problem lies the question of how can a theory that is linear and de-
terministic at the microscopic level produce definite, irreversible outcomes at the macroscopic level?
The collapse postulate, while operationally successful, is not derived from the unitary dynamics of the
theory and introduces a seemingly ad hoc rule for how and when measurements occur. Despite the
fact that quantum mechanics does not predict the actual outcome of a single measurement, only its
probability, it is consistently observed that macroscopic systems exhibit definite, classical behaviour.
This raises the question of how does the classical world emerge from quantum theory, and in partic-

ular, how can superpositions of macroscopically distinct states become unobservable?

A significant step toward answering this is provided by the theory of decoherence, which describes
how quantum coherence is dynamically suppressed due to the interaction of a system with its en-
vironment [5-9]. In this framework, the total system (including environment) evolves unitarily, but
the reduced state of the system, obtained by tracing out the environmental degrees of freedom, ap-
pears to lose its off-diagonal elements in a preferred basis, sometimes known as pointer bases [10,11].
These bases are stable under environmental monitoring and behave approximately classically [11,12].
As a result, interference terms vanish, thus providing a mechanism by which classical-like statistical

behaviour emerges from purely unitary dynamics.

Decoherence does not, however, solve the measurement problem in its entirety. It does not explain
why a particular outcome is realised in a given run of an experiment, but rather why the superposition
of macroscopic alternatives becomes dynamically inaccessible and observationally indistinguishable

9



from a classical ensemble. Nonetheless, decoherence has become a cornerstone of modern quantum
theory, playing a central role in quantum information [13], quantum cosmology [14-17], and foun-
dational studies [8,18-21], and offering a powerful framework for understanding the emergence of

classicality.

Most traditional models of decoherence have focused on spatial localisation, wherein the environment
is assumed to interact predominantly with the position of the system [5,22]. These models are moti-
vated by the fact that classical particles appear localised in space, making position a natural candidate
for the preferred basis. However, classical physics, especially in the Hamiltonian formalism, describes
systems not merely by their position but by their entire phase-space configuration, including both posi-
tion and momentum. From this perspective, a particle existing in a superposition of distinct momenta

is as unphysical as one being in two places at once [23].

Yet, position-based decoherence models suppress only spatial coherence, often leaving momentum
coherence largely unaffected. This asymmetry becomes clear when visualised through the Wigner
function [24-26], a quasi-probability distribution on phase space that captures both classical and quan-
tum features. For instance, an initial superposition of momentum eigenstates may retain Wigner-
function negativity even as spatial interference fringes are suppressed, signalling the persistence of
nonclassical behaviour despite localisation as shown in Fig. 1.1. True classicality demands decoher-
ence not only in position but also in momentum. Yet quantum mechanics forbids simultaneous sharp
measurements of these conjugate variables; at best, one can perform joint measurements with limited

resolution, constrained by the uncertainty principle [27,28].

This limitation highlights the need for phase-space-based models of decoherence, in which both position
and momentum are treated on an equal footing. This is not to be confused with position-based models
formulated in phase space [26,29-32]; rather, it refers to approaches where position and momentum
jointly define the state and its evolution. This is achieved through the use of coherent states and their
associated phase-space positive operator-valued measures (POVMs), which provide a symmetric,
group-theoretic structure for modeling simultaneous, approximate measurements of noncommut-
ing quantities [33,34]. Unlike projective measurements, coherent-state POVMs form an overcom-
plete, smoothly varying set that allows for a more natural representation of quantum states in phase
space [35,36]. These measurements respect the symmetries of the system and suppress interference
in both position and momentum, offering a compelling account of how classicality emerges through

environmental monitoring [37,38].

The central aim of this thesis is to systematically develop and analyse this phase-space-based approach
to measurement and decoherence. We begin with canonical coherent states on the real line (associ-
ated with the Heisenberg-Weyl group), and extend the framework to systems with compact (SU(2))
and noncompact (SU(1, 1)) symmetries, as well as higher-dimensional SU(NN) systems [35,39]. At
each stage, we construct coherent-state POVMSs, study the iterative application of these measure-
ments, and analyse the resulting evolution of quantum states and phase-space distributions. We also
explore stochastic unravellings of the measurement process and their connection to Lindblad-type
master equations [40-44]. Finally, we propose a preliminary extension of this framework to relativis-
tic quantum theory by constructing coherent states and phase-space observables on the future tube
of complexified Minkowski space [45-47]. This serves as a potential foundation for understanding

measurement and decoherence in Lorentz-invariant settings using phase-space methods.
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Figure 1.1: Snapshots of the Wigner function illustrating phase-space decoherence. The plots show
time evolution att = 0, t = 7/4, and t = 87 (from left to right) under a diffusive open-system dy-
namics with rate v = 0.2. The top row corresponds to an initial Schrodinger “cat” state in position;
the middle row to a cat state in momentum; and the bottom row to the same momentum-cat state in
the presence of an additional harmonic oscillator Hamiltonian (w = m = 1). Cat states are quan-
tum superpositions of macroscopically distinct alternatives, which display strong Wigner-function
negativity. This makes them especially useful for visualising how decoherence suppresses quantum
interference and drives the system toward classical behaviour.
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To rigorously investigate the ideas introduced above, particularly quantum measurement, decoher-
ence, and the emergence of classicality, we begin by reviewing the formal structure of quantum theory.
This includes the standard postulates, the density matrix formalism, and the mathematical represen-
tation of measurement processes. Special attention is given to the role of projective and generalised
measurements, which form the theoretical basis for the phase-space POVM models developed later
in this thesis.

1.1.1 States and observables

In the standard (Dirac-von Neumann) formulation of quantum mechanics, the state of a physical
system is represented by a density matrix acting on the Hilbert space H. A Hilbert space is a complex
vector space equipped with an inner product (-, -) that is linear in its second argument and conjugate
linear in its first, and is complete with respect to the norm induced by this inner product. That is, every
Cauchy sequence in H converges to a limit in H [1,48-51]. The inner product defines the geometry
of the space, allowing the notions of orthogonality, projection, and length. For a normalised state
|¢) € H, the inner product (¢, ¢) = 1 expresses total probability.

In quantum mechanics, a measurement refers to the extraction of classical information from a quan-
tum system. Observables, measurable quantities such as position, momentum, spin, and energy, are
represented by self-adjoint (Hermitian) operators acting on the Hilbert space 7. According to the
spectral theorem, any self-adjoint operator A admits a decomposition

A=Y ub, (1)
i
where the a; € R are the distinct eigenvalues of A, and P; are the orthogonal projection operators onto
the corresponding eigenspaces, satisfying P;P; = 6;;P; and 3, P, = 1.

If the system is initially in a pure state, that is, a unit vector in the Hilbert space, |1/) € H, the proba-
bility of obtaining outcome «; is given by the Born rule

Pr(a;) = (V| P|). (1.2)

This probabilistic aspect reflects the inherent indeterminism of quantum measurement. Importantly,
the act of measurement also modifies the state of the system. According to the von Neumann projection
postulate [1], if outcome a; is observed, then the state collapses to

) = Bk (1.3)

N

This update rule characterises an idealised, instantaneous measurement process, commonly referred
to as a projective or sharp measurement [1,4]. Such measurements are repeatable i.e. immediately

measuring the same observable again yields the same outcome with certainty.

Finally, time evolution of the state of a system between measurements is governed by the Schrodinger

equation:

ih () = Al (), (14)
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A

where H is the Hamiltonian. The evolution is unitary, with a formal solution |¢)(t)) = U(t)[(0)),
where U(t) = e 1!/" preserves the norm and inner product structure.
1.1.2 The density matrix formalism

The state vector description of quantum mechanics, where pure states are represented by unit vectors
[4) in a Hilbert space H, is adequate for isolated systems in fully known states. However, many
physically relevant situations involve incomplete information, classical uncertainty, or entanglement
with external systems. To describe such cases, we require a more general framework: the density
matrix (or density operator) formalism [50,51].

A density operator p is a positive semidefinite, trace-one operator acting on H. That is
p>0, tr(p)=1. (1.5)
Any density operator can be expressed as a convex combination of pure states
p=> pilay(Wil, pi=0, > pi=1, (1.6)
i i
where {|1;)} are unit vectors in 7, and the weights {p;} represent classical probabilities. Note that

the summation here may be replaced by an integration with respect to a probability density.

A state is called pure if it can be written as p = [)(¢)| for some [¢)) € H; such states satisfy p* = p
and Tr(p?) = 1. A state is mixed if it cannot be written in this form, with Tr(p?) < 1. Mixed states
represent either statistical ensembles or subsystems of entangled systems.

The density matrix formalism is particularly indispensable in the context of composite systems. Let
Hs ® HE denote the Hilbert space of a bipartite system (system + environment) in a joint state psg.
The state of the system alone is obtained by taking the partial trace over the environment

ps = tre(psE).- (1.7)

This procedure leads naturally to mixed states even when pgg is pure, a key mechanism underlying
decoherence.

Measurement theory is also naturally expressed in this formalism. For a projective measurement { 7},

the probability of obtaining outcome i in state p is given by
Pr(i) = tr(pP), (18)

which generalises the Born rule.

This density matrix formalism allows for compact treatment of quantum operations and stochastic

unravellings, both of which are central themes in this thesis.

1.1.3 The Liiders rule

The von Neumann projection postulate provides a state-update rule following the measurement of

an observable with a nondegenerate spectrum. In that setting, the post-measurement state when
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the outcomes is recorded, is a projection onto a single eigenvector corresponding to the observed
eigenvalue. However, many physically relevant observables, such as angular momentum or energy
in systems with symmetry, exhibit degeneracies. That is, multiple orthonormal eigenvectors may
correspond to the same eigenvalue.

To extend the projection postulate to the degenerate case, Liiders proposed a generalised rule for
the post-measurement state [52]. Let A be an observable with spectral decomposition A = 3. a,; F;,
where each P, is an orthogonal projector onto the (possibly multidimensional) eigenspace associated
with eigenvalue a;. If the system is in state p and the measurement yields outcome a;, the post-
measurement state is given by the Liiders update rule
prspi= 2B (19)
tr(P;p)

This expression reduces to the standard von Neumann rule when the spectrum is nondegenerate
(i.e,, when P; = |a;)(a;|). The Liiders rule ensures that the post-measurement state remains within
the subspace corresponding to the measured eigenvalue, but preserves any coherences within the

degenerate eigenspace.

Physically, this rule captures the idea that the measurement process projects the system onto a sub-
space which is not necessarily one-dimensional. Importantly, it retains the symmetry associated with
the degenerate eigenspace and satisfies repeatability.

1.2 Generalised measurements and POVMs

The projective measurement framework described by the von Neumann and Liiders postulates as-
sumes idealised measurement conditions such as instantaneous, perfectly sharp observables with mu-
tually orthogonal eigenstates. While this framework is foundational, it does not adequately describe
many realistic experimental scenarios, particularly in systems subject to noise, continuous monitor-
ing, or limited resolution [4,44]. In practice, measurement devices may have finite precision, may
disturb the system in complex ways, and may only access coarse-grained or nonorthogonal proper-
ties of the system. To accommodate such scenarios, quantum measurement theory introduces a more

general framework based on positive operator-valued measures (POVMSs) [49,50].

A POVM is a collection of positive semidefinite operators {F;} acting on the system’s Hilbert space
‘H such that

E;i>0, > Ei=1. (1.10)

Each E; corresponds to a possible measurement outcome. Unlike projective measurements, the E;
need not be orthogonal projections, nor must they commute. The probability of obtaining outcome ¢

when the system is in state / is given by the generalised Born rule
Pr(i) = tr(pE;). (1.11)
POVMs encompass a wide range of measurements, including:
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Unsharp measurements: where outcomes correspond to smeared projectors.

e Weak measurements: in which the system is only partially disturbed.

Continuous measurements: modeled via time-resolved POVMs and quantum trajectories.

Simultaneous measurement of incompatible observables: such as approximate position and
momentum, as seen below in coherent-state POVMs.

An important result in this framework is Naimark’s dilation theorem, which states that any POVM on
a Hilbert space H can be realised as a projective measurement on a larger Hilbert space X O H,
typically by embedding the system into a joint system-environment space and performing a projective
measurement on the joint state [49,50,53-55].

Quantum instruments and post-measurement state update

While POVMs describe the statistics of quantum measurements, in themselves they do not specify
how the system evolves as a result of the measurement. In many contexts, such as sequential mea-
surement, feedback control, and open-system dynamics, it is necessary to describe not only the mea-
surement outcome probabilities but also the corresponding post-measurement states. This leads to
the concept of a quantum instrument [44,54,56].

A quantum instrument is a collection of completely positive (CP), trace-nonincreasing maps {Z; } such
that

e Each 7; maps a density operator j to a (possibly unnormalised) post-measurement state Z;(p).

e The probability of outcome i is given by Pr(i) = tr(Z;(p)).
e The post-measurement state, conditioned on outcome i, is p; = Z;(p)/ tr(Z;(p)).
e The overall transformation is trace-preserving: » . tr(Z;(p)) = 1.

Each instrument Z; is associated with a POVM element E; via tr(Z;(p)) = tr(pE;), ensuring that in-

struments generalise both the statistical and dynamical content of quantum measurements.

Special cases include the Liiders instrument, where Z;(p) = P, [)If’i, and more general operations de-
scribed by Kraus operators { K, }:

Ti(p) = Y KiahK},. (1.12)

Quantum instruments thus provide the most general framework for describing measurement as a
physical process and will play a central role in our treatment of phase-space decoherence, stochastic
unravellings, and iterative measurement schemes.

POVMs naturally arise in open-system dynamics, quantum optics, and quantum information, where
measurements are often indirect or mediated by an auxiliary system. In this thesis, we will focus
in particular on POVMs constructed from overcomplete sets of coherent states. These coherent-state
POVMs enable a continuous phase-space representation of quantum measurements and will serve as
the foundation for our models of decoherence and classicality.
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1.3 Coherent states and phase-space methods

Coherent states occupy a central role in quantum theory as the states that most closely resemble clas-
sical points in phase space. They were first introduced in the setting of the quantum harmonic os-
cillator [57-59], where they appear as wave packets that follow classical trajectories and saturate the
uncertainty principle. The concept was later generalised to a wide variety of physical systems, where
coherent states are constructed not only for oscillators but also for spin systems, noncompact groups,

and even relativistic symmetries [35,60].
In all cases, coherent states share a number of key features

e They exhibit the smallest quantum fluctuations allowed by uncertainty relations, making them
the most “classical-like” pure states.

e Expectation values of observables in coherent states evolve approximately like classical vari-
ables.

e They provide a natural localisation in phase space, while still respecting quantum uncertainty.

e They form an overcomplete set of states, which allows them to represent quantum states smoothly
through phase-space distributions.

e They are covariant under the action of the symmetry group, i.e. the group action maps one

coherent state to another within the family.

They provide a continuous family of states that can be used to build quasi-probability distributions
such as the Wigner, Husimi @), and Glauber-Sudarshan P functions [24,25,58,59, 61-63]. Each of
these distributions represents quantum states as functions on a classical-like phase space, offering a

bridge between quantum theory and classical intuition.

In the context of measurement and decoherence, coherent states provide a natural framework for
modelling the effect of environmental interactions. Such interactions can be interpreted as a continu-
ous sequence of weak, unsharp measurements that probe the system in phase space. Mathematically,
these are described by a coherent-state POVM

{Eo = |a)(al}aem; (1.13)

where |«) denotes a coherent state labelled by a point « in the underlying phase space M (e.g. C for
the Heisenberg-Weyl group, S? for SU(2), the Poincaré disk for SU(1, 1), or CPY~! for SU(N)).

If the outcome « is registered, the system collapses into the corresponding coherent state |a), localised
around a phase-space point. In the more typical situation where the outcomes are not observed, the
state is averaged over all possible results. This nonselective measurement induces decoherence i.e.
interference is suppressed while classical-like localisation emerges in phase space.

From this perspective, decoherence arises not from an abrupt projection, but from the accumulation
of unread phase-space information leaking into the environment. This picture underlies much of the
discussion in this thesis, where phase-space methods are used to study how continuous measurement

and environmental coupling drive quantum systems toward classical behavior.
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1.4 Scope and outline of the thesis

The chapters of this thesis are outlined below.

Chapter summary

e Chapter 2: This chapter introduces the canonical coherent-state POVM for quantum systems on
the real line, such as the harmonic oscillator, modelling simultaneous unsharp measurements
of position and momentum. Explicit expressions for the density matrix after & iterations of
nonselective coherent-state POVM measurement are derived in (2.29), and the corresponding
transformations of the quasi-probability functions are given in (2.41, 2.52,2.56). A central result
(2.72) shows that these distributions are related by fractional iterations of the POVM: a single
iteration maps the Wigner function to the ()-function, while two iterations map the singular P-
function to the smooth Q-function. This reveals a group-independent mechanism for the sup-
pression of quantum interference and emergence of classicality. We also show that this iterative
process admits a continuous-time limit governed by a Lindblad equation (2.80), thereby linking
measurement-induced decoherence to standard open-system dynamics. The Segal-Bargmann
space is introduced as a holomorphic representation connected to the coherent-state transform,
with further details in Appendix A. Appendix B provides explicit solutions of Lindblad equa-
tions for the free particle and harmonic oscillator. These results are new and have been pub-
lished in [23].

e Chapter 3: This chapter develops the theory of SU(2) coherent states for spin systems, general-
ising canonical coherent states to compact phase spaces. We construct the associated coherent-
state POVM and analyse the effect of iterative measurements both on density matrices and on
the full family of o-parametrised phase-space quasi-probability distributions. Explicit formulas
are derived for the k-step evolved state (3.30) and its o-distribution (3.48), providing a uni-
fied treatment that includes the Husimi @)-, Wigner, and Glauber-Sudarshan P-functions as
special cases. We show that repeated measurements drive the system toward the maximally
mixed state, modelling decoherence and the suppression of nonclassical features such as nega-
tivity and singularities. We then compare this discrete measurement-induced decoherence with
Lindblad dynamics generated by isotropic diffusion (3.50). The two match exactly for spin-%
and asymptotically for large s, but differ at finite s, due to distinct eigenvalue spectra (3.58).
Notably, we identify a characteristic timescale ¢, (3.68) beyond which all o-distributions be-
come strictly positive, offering a quantitative criterion for the emergence of classicality. As an
additional result, we numerically identify the minimum value attained by the o-distributions
over the Bloch sphere for arbitrary spin-s, yielding a quantitative signature of nonclassicality
under coarse-grained measurement (Fig. 3.2). Supporting derivations and proofs are provided

in Appendix C. These results are original and are currently being prepared for publication.

e Chapter 4: This chapter addresses tomographic measurement schemes in SU(/V) quantum sys-
tems. We introduce an iterative measurement protocol based on informationally complete POVMs
that enables full state reconstruction in finite-dimensional Hilbert spaces. The measurement
channel acts on both density matrices and the full o-parametrised family of phase-space quasi-
probability distributions, with explicit formulas given for the k-step evolution (4.18) and (4.28).
Unlike the SU(2) setting, where exact unravelling fails due to spectral mismatch, here the itera-
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tive measurement scheme admits an exact dynamical unravelling. Specifically, we derive a Lind-
blad equation (4.31) whose generator is constructed from the SU(XN) Lie algebra and exactly
reproduces the POVM-induced decoherence. This establishes a rigorous correspondence be-
tween discrete and continuous-time models of open quantum dynamics in higher-dimensional
systems. We also define a characteristic decoherence timescale ¢, beyond which all such distri-
butions become strictly positive, signalling the emergence of classical behaviour (4.45). Addi-
tionally, we identify a minimum value attained by the o-distributions over the projective Hilbert
space, offering a numerical signature of residual nonclassicality (4.49). The results of this chap-
ter are currently under review for publication in Physical Review Research [64].

Chapter 5: This chapter extends the analysis of coherent-state measurements to systems with
noncompact symmetry, specifically the group SU(1, 1), which arises naturally in quantum op-
tics, squeezing phenomena, and hyperbolic geometry. We construct the SU(1, 1) coherent states
and associated POVM, and analyse the iterative decoherence process induced by repeated weak
measurements. We compute the k-step evolution of the o-parametrised quasi-probability dis-
tributions (5.43), which evolve under a discrete convolution with the SU(1, 1) heat kernel on the
hyperbolic plane. Unlike the SU(2) and SU(/V) settings, the standard GKSL generator built from
Lie algebra elements is not SU(1, 1)-covariant and fails to match the measurement-induced dif-
fusion. To resolve this, we introduce a modified Lindblad generator with a flipped sign in the
noncompact generator K, (5.49), yielding trace-preserving, SU(1, 1)-covariant dynamics. Al-
though not completely positive on all operators, this dynamics becomes physical when restricted
to coherent-state-averaged observables. A characteristic decoherence time ¢, is identified in the
large-Bargmann index limit (5.78), beyond which all o-distributions become positive, indicating
the onset of classicality. Supporting calculations and derivations are provided in Appendix D.
The results of this chapter are original and currently being prepared for publication.

Chapter 6: This chapter develops a stochastic description of quantum evolution induced by
repeated coherent-state POVM measurements. Starting from the iterative measurement frame-
work developed in previous chapters, we derive stochastic differential equations (SDEs) gov-
erning the evolution of the system’s state in phase space. These SDEs describe diffusive motion
on the relevant group manifold, with the coherent state label evolving under Brownian motion,
and serve as a geometric alternative to stochastic Schrodinger equations (SSEs). For Heisenberg-
Weyl coherent states (6.9), the dynamics corresponds to planar Brownian motion in phase space;
for SU(2) coherent states (6.38), it takes the form of rotational diffusion on the Bloch sphere; and
for SU(1, 1) coherent states (6.68), the motion occurs on the hyperbolic plane. In each case, the
corresponding quantum state follows the trajectory of a moving coherent state, and the ensem-
ble average over trajectories yields a decoherence channel. In compact cases such as Heisenberg-
Weyl and SU(2), this stochastic unravelling reproduces completely positive, trace-preserving
Lindblad evolution. However, in the noncompact SU(1, 1) case, the resulting master equation
is generated by the Laplace-Beltrami operator (Casimir element) on the hyperbolic plane, and
preserves trace and covariance without complete positivity. We analyse the martingale struc-
ture of observables under this evolution, and show how entropy reduction and trajectory-wise
purity gain differ from those in standard SSE models. Appendix E provides the stochastic cal-
culus background and detailed derivations of the key results. The stochastic models developed
here are novel and are being prepared for publication.
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e Chapter 7: This chapter explores preliminary steps toward a relativistic theory of quantum mea-
surement using phase-space methods. The analysis is based on the future tube, a domain in
complexified Minkowski space that naturally encodes analyticity, causality, and Lorentz invari-
ance, and serves as a natural candidate for relativistic phase space. Within this framework, we
construct coherent states associated with unitary representations of the conformal group (7.54),
and define a novel positive operator-valued measure (POVM) on the future tube. These coher-
ent states generalise the Perelomov construction to a relativistically covariant setting. A new
Bargmann-type integral transform (7.60) is introduced, mapping holomorphic functions on the
future tube to square-integrable functions on the interior of the forward light cone. This trans-
form defines a relativistic phase-space representation of quantum states, offering an explicit link
between complex spacetime geometry and Hilbert space structure. We propose a framework for
defining relativistic phase-space measurements (7.152) on the light cone and outline how such
a model may underpin a future theory of relativistic open quantum systems. While a complete
physical interpretation is still under development, the construction provides new tools for in-
corporating measurement and decoherence into relativistic settings. Appendix F contains the
supporting analytic calculations and derivations. The coherent-state construction, Bargmann
transform, and POVM formalism developed in this chapter are new and form a foundation for

future research in relativistic quantum measurement theory.

e Chapter 8: This concluding chapter synthesizes the main contributions of the thesis, with a cen-
tral focus on coherent-state POVM measurements as a unifying framework for modelling quan-
tum decoherence and the emergence of classicality. We consolidate results from systems with
flat phase space (R), compact symmetry (SU(2)), noncompact symmetry (SU(1,1)), and the
tomographic SU(NN) case into a comprehensive comparative framework for iterative quantum
measurement in phase space (8.12). It clarifies how phase-space geometry constrains the struc-
ture of physically admissible semigroups. We also examine the relationship between stochas-
tic and dynamical unravellings, positioning the coherent-state trajectory picture as a geometric
alternative to standard stochastic Schrodinger equations. The role of the Casimir generator,
the emergence of a universal decoherence time scale ¢, (8.5), and the corresponding positivity
thresholds for quasi-probability distributions are unified across the studied symmetry groups.
Importantly, we propose experimental schemes with testable predictions that may guide future
developments in quantum control. We also introduce a preliminary framework for construct-
ing stochastic differential equations (SDEs) governing coherent-state evolution for arbitrary Lie
groups (8.22), and show that, under certain assumptions, the corresponding ensemble-averaged
dynamics yields a master equation that is not necessarily of GKSL form (8.25). The chapter also

discusses several avenues for future investigation.

With this structure in place, we now begin our investigation by considering phase-space measurement

in the simplest nontrivial setting: quantum systems defined on the real line.
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Chapter 2

Phase-Space measurement and
decoherence for quantum systems on the
real line

2.1 Introduction

In this chapter, we develop a model of measurement-induced decoherence in quantum systems with
Heisenberg-Weyl symmetry, such as the quantum harmonic oscillator. These systems evolve on the
real line, with a planar phase space, and are naturally described using the formalism of continuous
variables. Our goal is to understand how repeated, weak, and unsharp measurements of phase-space
observables drive quantum states toward classicality, and whether these measurements admit a con-

sistent dynamical unravelling.

Such models underpin the theoretical description of decoherence and state reduction in quantum op-
tics [43, 63], continuous quantum measurement [44], and quantum trajectory methods [65]. They
are particularly relevant to experimental platforms such as optical cavities [66], superconducting res-
onators [67], and optomechanical systems [68], where quadrature measurements play a central role.
These systems provide a natural setting for testing phase-space-based models of quantum-to-classical
transition and for implementing quantum control protocols [44,69].

We begin in Section 2.2 with a review of the harmonic oscillator and in Section 2.3 construct the canon-
ical coherent states, displaced versions of the vacuum that form an overcomplete basis of Hilbert
space [36,58]. An associated holomorphic (Segal-Bargmann) representation, ¢)(«) = (at)), provides
a natural analytic phase-space description. These states generate a POVM that approximates simulta-
neous, unsharp measurements of position and momentum [33,34 ], which we introduce in Section 2.4

as the starting point for modelling decoherence.

The central analysis is carried out in Section 2.5, where we study how repeated nonselective POVM
measurements modify both the density matrix and the standard quasi-probability distributions, namely
the Husimi Q-function, the Wigner function, and the Glauber-Sudarshan P-representation [24,25,58,
59,61, 62]. We show that successive measurements suppress quantum interference and drive the
system toward classical-like distributions, with the Husimi function in particular satisfying a diffu-
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sion equation on the complex plane. Building on this, we then extend the analysis to the full o-
parametrised family of quasi-probability distributions F(?) (o) [70-72], which are related by Gaussian
convolutions and provide a unified framework encompassing the ), W, and P functions as special

cases.

In Section 2.6, we propose a Lindblad master equation with Z and p as Lindblad operators, modelling
the effect of simultaneous unsharp measurements of position and momentum [38,44]. This dynam-
ics reproduces the same phase-space diffusion observed in the iterative POVM scheme and can be
expressed as a heat equation both on the (z,p) plane and in the Segal-Bargmann representation,

thereby linking decoherence with classical diffusion and complex-analytic structures.

Finally, in Section 2.7, we discuss these results and present analytical plots of cat-state decoherence
under free-particle and harmonic-oscillator Hamiltonians. Additional technical material is included
in two appendices. Appendix A develops the Segal-Bargmann representation in more detail and
explores phase-space measurement in this holomorphic setting, while Appendix B provides explicit
solutions to Lindblad equations with & and p as Lindblad operators, which were used to generate the
analytical plots in this chapter. Throughout, we work in natural units & = w = m = 1, simplifying the
algebra while preserving the essential structure of the theory.

2.2 The physical system: quantum harmonic oscillator

We consider the one-dimensional quantum harmonic oscillator with Hamiltonian [51,73]

52 a2
A~ p T
H=—+—, 21
where 2 and p are the position and momentum operators, satisfying the canonical commutation rela-

tion [¢, p|] = i1.

The eigenvalues and eigenfunctions of the harmonic oscillator follow from the time-independent
Schrodinger equation [73]

ﬁgbn(x) = En(bn(x)a (2'2)
yielding
E, = <n T 1) () = — e Hy ()02 (2.3)
2)’ V 2mnl/7 ’

where H,,(x) are Hermite polynomials. They satisfy the recurrence relations [74]
Hp1(z) =22H,(x) —2nHy_1(z), Ho(z)=1, Hi(z) = 2x. (24)

These eigenstates ¢,,(z) form an orthonormal basis of the Hilbert space L?(R) of square-integrable
functions. For any f, g € L*(R), the inner product is

o= [ " f(0)g(@) da. (25)
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An alternative and more algebraic approach to the harmonic oscillator is due to Fock [75], who intro-
duced ladder operators

1 1
a=—(&+1ip), a =-—=(2—ip), 2.6
\/5( p) \/5( p) (2.6)
which satisfy the canonical commutation relation [, af] = 1. The Hamiltonian becomes
. ||
H:de+§:N+§, (2.7)

where N = afa is the number operator. Its eigenstates |n) satisfy

Nin) =n|n), Hln) = <n + ;) n). (2.8)

The wavefunctions ¢, (z) introduced in (2.3) are just the position representation of these Fock states,

Pn() = (z|n).

While this chapter focuses on the one-dimensional oscillator, the algebraic formalism generalises natu-
rally to higher dimensions by introducing independent mode operators a;, dj.. We will now introduce
the canonical coherent states.

2.3 Canonical coherent states and phase space

As discussed in Chapter 1, coherent states provide the natural bridge between quantum and classi-
cal descriptions. In this chapter, we focus on canonical coherent states associated with the Heisen-
berg-Weyl group and their role in modelling measurement-induced decoherence.

These states can be defined as eigenstates of the annihilation operator
ala) = ala), a€C, (2.9)
and constructed explicitly as displaced vacuum states via the Weyl displacement operator
o) = D(a)|0) = exp (aaT - aa) 10). (2.10)

where a = %(x + ip), parametrise these states so that the quantum phase space can be identified
with the complex plane C.

Coherent states possess several properties that reinforce their classical interpretation:

Minimum uncertainty. Coherent states saturate the Heisenberg uncertainty relation: Az Ap > %,

achieving the minimum with equal uncertainties Az = Ap = \/é . They are Gaussian wave packets

centered at classical phase-space coordinates (Re(«), Im(«)), with isotropic spread.

Classical trajectories. Under the harmonic oscillator Hamiltonian H = afa + %, coherent states
evolve along classical trajectories

(b)) = e HYq) = e71/2|qe ). (2.11)
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This corresponds to uniform circular motion in the complex plane, with the expectation values (Z(t)),

(p(t)) satisfying classical equations of motion.

Overcompleteness and POVMs. Coherent states are not orthogonal, namely, the overlap of two

coherent states is given as

(@l8) = exp ~laf* - 516+ ap). (212)

but they form an overcomplete set that resolves the identity

™

20&
/ )y al = 1, (213)
C

where d?a = 3da A da = dRe(a) dIm(w).

Holomorphic structure and the Segal-Bargmann space

Although our primary formulation will remain in the Hilbert space % = L?*(R), coherent states natu-
rally lead to a holomorphic representation. Given any quantum state |¢)) € H, one defines a function
on the complex plane by

P(a) = {aly). (2.14)

This function is entire due to the Gaussian structure of the coherent states. The collection of such

functions, with inner product

&
wlo) = | Fajate) 2. (215)

forms a reproducing kernel Hilbert space known as the Segal-Bargmann space [76,77]. While we do
not adopt this as the main formalism in this thesis, the holomorphic structure will serve as a technical
tool for analysing measurement dynamics and phase-space diffusion.

Explicitly, the coherent state wavefunction in position space is given by

a2 |Oz|2

2
(z|a) = 7Y exp (—:”2 +V2ax — - - 2) : (2.16)

which acts as the kernel of the Segal-Bargmann transform. This overlap not only links the real-line
Hilbert space to holomorphic functions on C, but also satisfies the reproducing kernel property

2
(a) = (o) = /(C () v(8) 2, (217)

™
demonstrating that coherent states encode all information about |¢) through their inner products.

We will return to a more detailed mathematical discussion of the Segal-Bargmann representation and

its role in phase-space dynamics in Appendix A.

In the sections that follow, we use these features to build a model of quantum measurement via
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coherent-state POVMs. We study how repeated, unsharp phase-space measurements lead to deco-

herence and classical behavior, both in the density matrix and in phase-space representations.

2.4 Coherent-state POVMs and iterative phase-space measurement

In quantum mechanics, the uncertainty principle forbids assigning sharp simultaneous values to z
and p, so a single classical phase-space point has no direct analogue. Nevertheless, coherent states,
parametrised by o = % (x +1p), allow us to construct a family of phase-space measurements.

In particular, the overcompleteness of coherent states defines a positive operator-valued measure
(POVM) describing unsharp, continuous measurements of position and momentum. It is given by

Bo=la)al, aeC, (2.18)

and satisfies the resolution of the identity

2
/ dap 1. (2.19)
C

s

For a system in state p, the probability density for outcome « is
Pr(a) = tr(pEa) = (alpla), (2.20)

which (up to normalisation) is precisely the Husimi Q-function [61]. Thus, the Q-function arises
directly from coherent-state POVM statistics, providing a smooth, positive phase-space representation
of quantum states.

In the context of decoherence, we are particularly interested in nonselective measurements, where the
measurement is performed but the outcome « is not recorded. Rather than collapsing to a specific

coherent state |«), the system undergoes an ensemble-averaged transformation

A d’a A

prr | —la)alpla){al. (2.21)
c T

This operation is trace preserving and maps pure states to mixed states in general. While the classical

probability weights are retained at the ensemble level, coherence between distinct coherent states is

progressively suppressed. In this way, the transformation models decoherence induced by environ-

mental monitoring without conditioning on individual measurement outcomes.

Importantly, because coherent states are nonorthogonal, the POVM elements E,, do not satisfy Zurek’s
repeatability criterion for measurements [11,78]. In Zurek’s framework, a measurement is repeatable
if, once an outcome is obtained, an immediate repetition yields the same result with certainty. This
holds for projective measurements but fails for overcomplete POVMs like those formed by coherent
states. As a result, the coherent-state POVM reflects a more realistic and noisy measurement process,
one in which outcomes are inherently approximate and not sharply reproducible. To distinguish
this post-measurement state from the original, we denote it by 5(!), the density matrix after a single
iteration of the coherent-state POVM.
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We now compute the resulting density matrix after one such nonselective measurement in the position

representation.

Proposition 2.1. After one application of the coherent-state POV M, the density matrix evolves as

exp <— (z ;y)2> /_Z exp <—)\22>,0(x 0y +A)d), (2.22)

1
(1) _
P (x,y) Ton

where p(x,vy) is the initial density matrix in the position representation, and p™")(x, 1) denotes the state after

one application of the nonselective coherent-state POV M.

Proof. Sandwiching (2.21) between position eigenstates yields

0 do ;
(x[p]y) = T (z]e)(alpla)(aly). (2.23)
To evaluate the middle matrix element (a|p|c), we insert a resolution of the identity in the position
basis
(alple) = [ dudv ofu) ulpio)(elo) = [ dudo (o) p(u,v) (vl (224)

Substituting this back, we obtain

(1).%' = d2705 u Qv (rio) (o|u u,v)(vi) (&
) = [ S [ auduala) (ol plu o) (wlo) (ala). (225)

where we have defined (z|p™M|y) = p™M (z, 7).
We now evaluate the integral

d2a
I— /(C E24ala) (alu) (olo) (aly),

where we make use of the position-space overlap (cf. (2.12)) and express the complex variable o =
m + in € C in terms of real variables m,n € R. The measure becomes d?a = dm dn.
Substituting the coherent state overlaps and simplifying the exponent, we obtain

1 22 +y? +a? + b? .
I—WQexp<— 5 )/exp(x@m(a—i—y—x—b))

X [/ exp (—4m2 +V2m(x +b+a+ y)) dm] dn.

We first evaluate the Gaussian integral over m, using the standard identity

" exh(— Am? _ e (B
/_Ooexp( Am* + Bm)dm = Aexp<4A>, for A > 0,

with A =4, B=V2(z +b+a+y), yielding

1 2 2 2 b2 b 2
I:Qexp<—x ty —2}—a + -\g?exp<(m+ Faty) ) (2.26)
7T

X [ exp (i\@n(a +y—x— b)) dn.
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The integral over n gives a delta function [ exp(icn)dn = 27é(c), and so we obtain

I =

1 < x2+y2+a2+b2> ((x+b+a+y)2
ex — €ex
VP 2 P 8

Substituting this into (2.25), we get

e = (3 (52 [ 23

a 2 (a x
xexp(( +95) +( +b)4( +y)>6(a+yxb)p(a,b)dadb.

)5(a+y—x—b). (2.27)

8

We now evaluate the integral over a using the delta function, 6(a +y — 2« —b) = a = x — y + b, which

pDay) = \/%exp<_x2;yz>exp<@’gy>2>/eXp<_(x—y+2b)2+b2>

b— b)? b— b
><exp<(/lc+ 8y+ ) +<x+ y4+ )(x+y)>p(af—y+b,b)db.

gives

Simplifying the exponents, we eventually arrive at

1 — y)? 2
P (z,y) = 5= P <_ (z 2y) > /exp <_A2> p(z+ Ny + A)dA, (2.28)
after performing the change of variable A = b — y. O
The phase-space measurement suppresses off-diagonal terms by a Gaussian factor exp (—%),

reflecting decoherence in the position basis. At the same time, the convolution over A\ averages the
density matrix over diagonal shifts, producing an additional Gaussian smoothing of the mean coor-
dinate “}¥. Thus, the measurement induces a double smoothing, damping quantum coherences and
blurring the overall spatial profile, together capturing the gradual information loss that characterises
environmentally induced decoherence.

To model continuous monitoring, as in environmental decoherence, we therefore consider k succes-

sive unrecorded applications of the coherent-state POVM.

Proposition 2.2. After k applications of the coherent-state POV M, the density matrix evolves as

p8)(2,y) = \/21]77 exp < — W) /eXp (—;}Z)p(w + Ay + A d. (2.29)

where p(x,vy) is the initial density matrix in the position representation, and p'¥) (x, ) denotes the state after k
applications of the nonselective coherent-state POVM.

Proof. We prove the result by induction. For the base case k = 1, from the Proposition 2.1, we have

oD (2, y) = \/127 exp <— (z _2y>2> / exp <_A22) o+ Ny +A)d\, (2.30)
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which establishes the initial step. Assume the claim holds for some integer k& > 1, that is,

o8 (@ y) = \/;Tk exp <(x_2y)2k> /exp (;Z) e+ Ay + A)d. (2.31)

Applying the POVM update rule again, we obtain

,y) = \/127 exp (— (z _29)2> /eXp (—”5) p®) (@ + v,y + v) dv. (2.32)

Substituting the inductive hypothesis (2.31) into the integrand

T — )2
E0@y) = e (J y>2<k+1>)
A2 2

x//exp <_2k_2> plx +A+v,y+ A+v)drde. (2.33)

p(k+1)(

p

We now make the change of variables n = A + v, so that A = 7 — v and dAdv = dndv. Substituting

gives
x/{/exp <— n% —2> dy] plx+n,y+mn)dn. (2.34)

Evaluating the inner integral over v, which is Gaussian, gives

/exp (— (n ;k”)Q - ”;) dv = y/2n - kil exp <—2<k’i 1)) : (2.35)

Substituting this back into the expression for p*+1) in (2.34), we find

1 k (z —y)?(k+1) n?
(k+1) — _ S N
P (@, y) P 27rk+1exp< 5 /exp 511 ) PEHmy ) dn,
1 (w—y)2(k+1)>/ < U )
— — — , dn.(2.36
%(]Hl)eXp( 5 o | ~g gy ) ALy ) dn.(2.36)
This completes the inductive step, and the result follows for all £ € N. ]

The result in (2.29) shows that coherent-state POVM measurements induce two complementary ef-
fects on the density matrix. Off-diagonal coherence terms are suppressed by a Gaussian factor, driving
the state toward diagonality in the position basis, while a convolution along the phase-space diagonal
progressively blurs the spatial profile. After k iterations both effects accumulate, with suppression
and smoothing becoming sharper as % increases.

The same structure appears in the momentum representation as well, by taking the double Fourier
transform of (2.29), one obtains an identical expression with momentum variables (see Appendix B.2).
Thus, iterative measurements induce both dephasing (suppression of off-diagonal terms) and diffusion
(Gaussian smoothing), in both the position and momentum representations, together capturing the

essence of environment-induced decoherence.
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In the limit & — oo, the Gaussian prefactor tends to a delta function in the diagonal direction and

zero elsewhere: exp (—%) — 0(xz — y). Meanwhile, the smoothing kernel becomes broader and

covers the entire real line: exp <— %) — 1. Thus, the density matrix p(¥)(z, y) converges to a diagonal
operator with its entries given by the marginal distribution of the original state

P (z,y) = 6(z —y) /p(x + A,z 4+ A)dA (2.37)

While the resulting operator is formally diagonal, its diagonal entries are uniform over the entire
space due to the infinite-width smoothing. This suggests that the final state approaches a completely
mixed state, with minimal information about the initial coherences retained.

However, it’s important to note that this limiting state may no longer be trace-class in the usual sense,
and it may fail to represent a proper density operator. Rather, it can be interpreted as a distribution-

valued object, e.g., a weak-* limit in the dual space of trace-class operators.

2.5 Phase-space picture of decoherence

The results above can be recast in the language of phase-space quasi-probability distributions [25,43,
63], which provide complementary representations of quantum states. The Wigner function reveals
interference through its negative regions [24], the Glauber-Sudarshan P-representation [58,59,79]
expresses states as coherent-state mixtures (often singular), and the Husimi Q-function is smooth
and positive, corresponding directly to coherent-state measurement probabilities [36,61]. Under re-
peated POVM monitoring all three distributions are progressively smoothed, reflecting suppression
of quantum coherence and decoherence manifests as a diffusion-like blurring in phase space [38,44].

Husimi Q-function

The Husimi Q-function is defined as

Q) = (alpla), (2.38)

where |«) denotes the canonical coherent state labeled by a point & € C. This function is smooth,

positive-definite, and normalised over the complex plane, [~ Q(«) dQTa = 1. Although it does not
yield the correct marginal distributions for position or momentum, it is nonetheless a valid probability
distribution on phase space, and it arises naturally as the probability distribution associated with a

coherent-state POVM measurement.

In the context of a nonselective measurement, where no outcome is recorded, to determine the result-
ing Q-function after one iteration of the phase-space measurement, we sandwich both sides of (2.21)

with the coherent state |«), obtaining

2
Q) = (alpVla) = [ F

[{alB)*(B1218), (2.39)

where Q(V)(«) is the Husimi function after one application of coherent-state POVM measurement and
(Blp|B) = Q(P) is the initial Husimi density function.
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Using the known expression for the coherent-state overlap (2.12), we find that the post-measurement

Q-function is a Gaussian convolution of the initial distribution

2
QW (a) = /@ & la-s (). (2.40)

™

This reveals that the effect of the measurement is to smooth the initial @Q-function by a unit-variance
Gaussian kernel. The smoothing originates directly from the Gaussian structure of the coherent-state

overlap.

Just as we computed the density matrix after k£ nonselective measurements in the previous section for

the density matrix, we now derive the corresponding evolution for the Husimi function.

Proposition 2.3. After k successive nonselective coherent-state POVM measurements, the Husimi function

evolves as

@) = [ L2 e (2220 q. 241)

That is, the initial Husimi function is convolved with a Gaussian of variance k, resulting in increasing smoothing

over phase space with each iteration.

Proof. We proceed by induction on k.

For k = 1, we have already shown that in (2.40), which is the convolution of the initial Husimi function

@ with a Gaussian of unit variance. This establishes the base case.

Assume the result holds for some k € N, i.e.,

R ) 0)

We now compute Q1) («) using the definition of the nonselective measurement update

2
Q@) = [ lakPeie)

42 42 _ 3|2
= [0 [ L ew (-t -1, (243)

To evaluate the inner integral over -, we complete the square. Define

a+B/k

1
A=1+ = — 2.44
+ u I (2.44)
Then
a— 2+ Ly — P2 = Ay — 2 2= PL (2.45)
k E+1 ’

Thus, the inner integral becomes

d?y 2 =8P 4 o — B
/((:7r exp(—]a—’y\ —k>—Aexp<— E T ) (2.46)

29




Using A = %, we have % = kiﬂ, so the full expression becomes

d?p la — B2
QU+ = -7 ——— ) Q(B). 2.47
(@) /(Cw(k-i-l) exp( k+1 > (8) (247)
This completes the inductive step. Hence, by induction, the result holds for all £ € N. O

This result shows that the effect of repeated nonselective coherent-state measurements is to iteratively
smooth the Husimi Q-function by convolving it with a Gaussian kernel of increasing variance. In other

words, the process generates a net convolution with a k-fold broadened Gaussian

QM () = QY+ Gr) (), (248)
where Gi(a) = #e—laﬁ/ ¥ is the normalised Gaussian of variance k.

As k — oo, this smoothing becomes more pronounced, and the Q-function spreads out over the
entire phase space. In the limit, any initial structure in the state is washed out, and the distribution
becomes increasingly flat. Formally, since the total integral of the Q-function is preserved (due to trace
preservation of the quantum state), the distribution asymptotically approaches a uniform density over
C, though in practice this uniformity is always limited by the normalisation condition | QW (a) dQTO‘ =
1.

In the following section, we will explore phase-space measurement and decoherence through the
P-function.

Glauber-Sudarshan P-function

The Glauber-Sudarshan P-function [58,59, 62] represents the density operator as a diagonal mixture
of coherent states,

d%a

p= /C ©2 P(a) ) ol (2.49)
In contrast to the Husimi Q-function, the P-function is often highly singular for nonclassical states,
involving distributions such as derivatives of delta functions. Moreover, this representation is not
unique, different generalised functions P(a) may correspond to the same density operator, reflecting
the overcompleteness of the coherent-state basis. Although it cannot generally be interpreted as a gen-
uine probability density, it remains a central tool in quantum optics for characterising nonclassicality
relative to coherent states.

To explore how the coherent-state POVM acts on the P-function, we insert the diagonal P-representation
of p into the expression for the Husimi function

2
5 p

™

Q(a) = {alpla) = /C (8) l{alB). (2.50)

Using the coherent state overlap from (2.12), we obtain the convolution form

2
Qo) = /C B la—sp P(B). (2.51)

™
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This equation shows that the Husimi Q-function is the result of convolving the Glauber-Sudarshan
P-function with a Gaussian kernel. In effect, a single coherent-state POVM measurement smooths the
P-function, which may be highly singular or even distributional, into a well-behaved, positive-definite

function on phase space.

Using this result, we observe that the k-fold application of the coherent-state POVM to the P-function

produces the same Gaussian convolution structure as seen for the Husimi function. That is, the kth
iteration of the P-function evolves according to
(k) &8 ja—pp2/k
P a)= [ —e P(p). (2.52)
C ﬂ'k’

In other words, repeated coherent-state measurements progressively smooth out the P-function, and
in the large-£ limit, the two phase-space distributions we have considered so far, ), and P, approach

increasingly classical, diffused forms.
We now turn to the Wigner function, a quasi-probability distribution that, unlike the Q-function,

retains negative regions reflecting quantum interference.

Wigner function

The Wigner function W (z, p) provides a central phase-space representation of quantum states [24,25].
Unlike the Husimi Q-function, it is not a genuine probability distribution, as it can take on negative
values, a hallmark of nonclassicality. Nevertheless, it yields the correct marginal distributions

/ Wz, p)dp = (z]p|2), / W, p) dz = (pljlp). (2.53)

The Wigner function is related to the density matrix p(z, y) via the Wigner-Weyl transform

1 ' A A
w —— —ipA A4
(x,p) o /e p (x+ 5% 2) dA, (2.54)
with inverse transform
plx,y) = /e“’(”ﬁ‘y) W <x ; y,p) dp. (2.55)

We now analyse how repeated coherent-state POVM measurements affect the Wigner function. By
applying the above transforms to the iterated density matrix p(*)(z, ), we will derive the resulting
evolution of W(z,p) and show that it too undergoes phase-space diffusion, reflecting a progressive
loss of quantum coherence.

Proposition 2.4. Under repeated coherent-state POV M measurements, the Wigner function evolves via a two-
dimensional Gaussian convolution. Specifically, after n iterations, the Wigner function transforms according
to:

W) (2, p) = % / / exp ( (@ ;k“)Z _ ;k”)2> W (u, v) du dv. (2.56)

Proof. We begin with the expression for the density matrix after n iterations of the POVM measure-
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ment

(k)( )_ 1 « —k‘<x_y)2 / < _ﬁ ( + + )d (257)
p z,y _mep 2 eXp 2]€ pl' M?y M ” .
To obtain the Wigner function, we apply the Wigner transform
1
W®(z,p) = — / P (@ + @ — 1) exp(—2ipp) dps. (2.58)

Substituting (2.57) into this expression yields

W® (z,p) = W\/zﬂ /e%“2 [/ e’%p(a: A+ g+ A — p)d\| e 2 PH dy. (2.59)
We now express p in terms of the initial Wigner function using the inverse Wigner transform
pla’,y) = / W <x/ ;r y/,)\) M@ =) 4, (2.60)
Withz' =2+ A+ pand ¢ = 2+ A — p, we find
plx+A+px+A—p) = /W(x + X\, v)e?VH do. (2.61)
Substituting back
Wk (z,p) = 7r\/12ﬁ / / [ / o~ 2hi? o= 2ipp 2ivp dﬂ] o3 W(z + A\ v)d\dv. (2.62)

Evaluating the inner Gaussian integral over

) )2
/e2k,u2621(vp),ud'u _ /% exp <_ (p 2]:) ) , (263)

we obtain

1 N (p—v)?
W (g p) — A W
(@.p) = 3 // exp ( o ) (z + A, v) dXdo. (2.64)

Finally, changing variables v = = + A\, we get

W) (2, p) = 21% / / exp (— (@ ;k“)Q _ ;1:)2> W (u, v) du dv, (2.65)

as required. O

1
V2
tion form of this result mirrors the structure seen in the evolution of the Husimi Q-function and the

Note that in complex coordinates, where phase space is parametrised by o = —=(x + ip), the convolu-

P-function under coherent-state POVM measurements

WH () = /«: (f]f exp (—W) w(B), (2.66)

expressing the action of the measurement as a Gaussian diffusion in phase space.
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As k — oo, the Wigner function of the initial state is completely smoothed, losing all fine-scale quan-
tum features (such as negativity) and approaching a uniform distribution, similar in spirit to the
asymptotic forms of both the Q- and P-functions.

However, the smoothing induced by this POVM map is not restricted to integer iterations. Since each
iteration corresponds to convolution with a Gaussian kernel of fixed variance, fractional iterations
can be defined by convolution with a Gaussian of proportionally reduced variance. In particular, a
half-iteration of the measurement map applied to the Wigner function yields precisely the Husimi
Q-function.

Proposition 2.5. The Husimi Q-function is related to the Wigner function via a Gaussian smoothing in phase
space:

2
Q@) =2 [[ exp(-2la - sRW(5) 5. (267)
Proof. We expand the Husimi function using the position basis

Qo) = / da dy (o) {z]oly) (vla). (2.68)

Substituting the Weyl transform expression for the density matrix

pla,y) = /W <x ; v /\> exp (IMz — 1)) dA, (2.69)

and plugging into the Husimi formula

[ asdtala) o) [ [aw (w ty A) ewx—w]

_ /// dz dy dX (alz) (yla) 2@ 7 (““” = A) . (2.70)

We then perform the change of variables  + y = 2m, so z = 2m — y, and integrate out y (a Gaussian

Q)

integral). After simplifying, this results in

Qo) = jr// exp (—(m — )% — (A — p)2) W(m, A) dm d. @2.71)

Finally relabelling o = "”\g’ and 8 = mj}i)‘, we obtain the desired result. This completes the proof. [

Together with the earlier results, this completes a unified picture

1 1
PELW34Q (2.72)

The P-function, which may be singular, evolves into the Wigner function after a half-iteration of
the phase-space measurement, and into the positive-definite Q-function after a second half-iteration.
With further nonselective measurements, all distributions converge toward a uniform limit, reflecting
maximal decoherence and the loss of nonclassical features.

Beyond the individual @, P, and Wigner functions, all phase-space representations can be viewed as
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members of a one-parameter family of quasi-probability distributions defined via the Stratonovich—
Weyl (SW) kernel [25,70-72]. For each ordering parameter ¢ € R, the kernel operator (7 (a) is
defined as

) (0) = 1 / c8-08 518 pgy a2, (2.73)
C

s

where D(8) = exp(Bal — Ba) is the displacement operator. The corresponding quasi-probability
distribution for a state p is

FO(a) = tr (mz;(")(a)) . (2.74)

Special cases are obtained for 0 = —1,0, +1, yielding the Husimi Q-function, the Wigner function,
and the Glauber-Sudarshan P-function, respectively.

Moreover, different members of this family are related by Gaussian convolutions. For o3 < 071,

()= 2 _2a—B2Y m(o1)( 8y 42
FY7%(a) = W(Ul_@)/@exp< — )F (B)d*B. (2.75)

Thus, the apparent distinctions between P, W, and () are simply different orderings of the same

underlying phase-space description, smoothly interpolated by the parameter o.

Corollary 2.1. Let F(9)(a) = tr (p (@) (v)) denote the Cahill-Glauber o-parametrised quasi-probability
distribution on the complex phase space o € C (HW case), and let £ be a single unread coherent-state

POVM measurement (Gaussian convolution on phase space). Then, for any integer k > 1,

(EFF D) (a) = FEH)(a). (2.76)
Moreover, the (spectral) half-iteration satisfies

(EV2FO) (o) = FOD(a). (2.77)

Consequently, the minimal number of full iterations required to reach the Husimi distribution (¢/ =

—1) from a given o is

(2.78)

This result is significant because the Husimi distribution is strictly positive and free of quantum nega-
tivity. Thus, knin provides a sharp upper bound on the number of phase-space measurements needed
to guarantee classical behaviour, independently of the initial state.

The observation that phase-space quasi-distributions interpolate smoothly under fractional iterations
naturally motivates a continuous-time formulation. We therefore shift our focus from discrete mea-
surement steps to continuous dynamical evolution in the next section.
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2.6 Dynamical unravelling of phase-space measurement

In the previous sections, we examined the effects of iterative coherent-state POVM measurements,
showing how repeated nonselective measurements lead to a progressive smoothing of phase-space
distributions. These discrete updates describe the step-by-step degradation of quantum coherence
and the emergence of classical behavior. However, it is natural to ask whether this process admits a
continuous-time description that captures the same decohering effect.

Such continuous models fall within the framework of open quantum systems, where the system of
interest interacts weakly with an external environment. The dynamics of the reduced density matrix
p(t) are then governed by a master equation of the Gorini-Kossakowski-Sudarshan-Lindblad (GKSL)
form [40-42]

dp ; S
dt + Z < JPL;[ - 2{L;Ljap}> ) (279)

where H is the system Hamiltonian, and the operators L; encode the effects of decoherence or con-

tinuous measurement.

This form of the master equation ensures that the time evolution of the system is both completely
positive and trace-preserving (CPTP), thereby guaranteeing the physical validity of the quantum
state at all times [80,81]. Complete positivity is particularly crucial for preserving positivity even
when the system is entangled with ancillary degrees of freedom. The trace-preserving property, on
the other hand, ensures conservation of total probability, i.e., tr(5(t)) = 1 for all ¢. Moreover, the
Lindblad form emerges as the most general description of Markovian open system dynamics under
the assumptions of weak system-environment coupling and negligible memory effects. Its structure
ensures that the evolution preserves the physicality of the quantum state in all scenarios, even when

the system is embedded within a larger entangled context [80,81].

To model phase-space decoherence induced by coherent-state POVMs, we take the Lindblad opera-
tors to be the canonical observables & and p, reflecting the weak monitoring of position and momen-

tum [82,83]. This choice, equivalent to using a and a', is adopted for its clearer physical interpretation.

We focus on the purely dissipative case, with no Hamiltonian contribution, in order to isolate the
decoherence dynamics and hence consider the following master equation

dp U P
dt=7< px—f & ,p}>+7(ppp—2{p2,p}>, (2.80)

where v > 0 controls the strength of decoherence.

To obtain the evolution equation in the position representation, we sandwich both sides of (2.80)
between position eigenstates |z) and |y). Using the standard operator actions

o R T O
(L“.’IJ>—J)|JJ>, p= 181', p’$>— laxd(‘r Z’), (281)
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and applying the identities for the commutators in the coordinate basis, we find

dp(x,y,t) 1 2 82p($,y,t) 1 62 82
—_— = ——(x — O+ —t = =—= + =— t) ). 2.82
P 7| 5@y e,y 1) + aroy 3 \a T oy p(z,y,1) (2.82)

This partial differential equation governs the evolution of the density matrix elements in the posi-
tion basis. The first term leads to exponential suppression of off-diagonal elements (i.e., spatial co-
herences), modeling the decoherence mechanism. The derivative terms induce a kind of diffusive
spreading in the position variables, consistent with the intuitive picture of a noisy environment caus-
ing the system to undergo stochastic motion in phase space. We will now solve this Lindblad equation
in the following proposition.

Proposition 2.6. The solution to the Lindblad equation in position representation (2.82) with initial condition
p(x,y,0) = p(x,y), is given by

oy ) = ﬁiﬁ exp (_(9”_2”2775) / exp (—;;) (& + Ay + A)dA. (2.83)

Proof. Introduce centre/relative coordinates

u="2Y wma—y e t) = pl ). (2.84)
A direct computation shows
0 0 0 9 9
T R — )% =2 2.
(8x * 6y> gur @Tw=v (2:85)
Hence, (2.82) becomes
dp _ 9*p T2~ ~ _ =
dt (u,v,t) - 2 8'&2 (u,v,t) - 2 v p(u,v,t), p(u,v,O) - pO(uvv)' (286>

The generator splits into a sum of commuting parts: 92 (heat operator in u) and multiplication by

—2v? (inv). Therefore, the solution factorises as

92 -

plusv,t) = e 37 (5% o ) ) (u). (2.87)

The one-dimensional heat semigroup with diffusivity D = % has kernel

Gy (\) = \/%exp (- ;;) (c¥%f)w) = /]R Gy (A) fu+ A)dA. (2.88)

Thus,

1 PR

Returning to (z,y) variables (so that u + X <+ (z + A,y + A\), v = x — y) yields exactly (2.83). This

plusv,t) = o3

completes the proof. O

This solution establishes a direct correspondence between the discrete and continuous descriptions
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of phase-space decoherence. The Lindblad evolution plays the role of a continuous-time unravelling
of the discrete POVM iterations, with the time parameter ¢ corresponding to the iteration count &
in (2.29). Both perspectives capture the same physical mechanism: the gradual loss of coherence

induced by nonselective monitoring in the coherent-state basis.

We will now analyse the dynamical unravelling of phase-space measurement for Phase-space distri-
butions starting with the Husimi Q-function.

Dynamical unravelling of phase-space measurement for phase-space distributions

We now derive the dynamical evolution of the Husimi Q-function under the Lindblad equation. Recall
that the Q-function is defined as Q(«, t) = («|p(t)|a). To find its evolution, we take the time derivative
dQ(a, 1)

LD — (alp(b)]a). (2.90)

Substituting (2.80) and using the identities Z|a) = %(a + a)|a), pla)y = ﬁ(a — @)|a), and the

well-known fact that coherent states are eigenstates of the annihilation operator @, we evaluate

L (b, 19, Al (291)

SQ(a1) = (al£ldla) = —3{ale, . plllo)

These expectation values simplify due to the Gaussian structure of coherent states. In particular, the

action of these nested commutators reduces to Laplacians on the complex phase space, and we find

dQ(a,t) v 07 7
dt = §6a8dQ(a’t) = §AaQ(aat)' (2-92)

This is the heat equation on the complex phase space, describing diffusion of the Husimi Q-function.
In (z,p) coordinates, the Laplacian is given by 92 + 97 with a = %(m +ip)

This equation confirms our earlier intuition that the effect of continuous, nonselective coherent-state
measurements is a diffusion in phase space, consistent with the iterative smoothing discussed previ-

ously [38,43,44,84]. We now solve the heat equation in the following proposition.

Proposition 2.7. Let Q(«, t) evolve under the heat equation (2.92), with v > 0. Then the solution at time t,
given an initial Q-function Qo(«), is

d?p | — B2
Q1) /<c7wt eXP( o >Qo(/3’) (2.93)
Proof. Itis well known that the fundamental solution (Green’s function) of this equation is a Gaussian
kernel
1 | — B2
i) = — - 294
G(a, p;t) p— exp ( po , (2.94)

which solves the initial-value problem with delta-function [85,86]. By linearity, the solution with

general initial condition Q)p(«) is the convolution
Q) = [ Gla.p:0Qu(3) 5. (295)
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This proves the proposition. O

Lindblad equation in the Wigner representation

Having analysed the phase-space dynamics in the Husimi representation, we now turn to the Wigner
function W (x, p, t).

We begin by recalling that the Wigner function evolves under the Lindblad master equation through
the Moyal product [87,88] (see Appendix B.1.1), denoted by %, which encodes the noncommuta-
tive nature of quantum observables in phase space. Applying the Lindblad equation to the Wigner
representation, we obtain

dw

1 1
s :x*W*x—i(a:*m*W—i-W*a:*m)—i-p*W*p— §(p*p*W—|-W*p*p), (2.96)

where the star product is defined as

(f*9)(x,p) = f(z,p)exp [15 @5; - 5,)5;)] g(z,p). (2.97)

In our case, since the Lindblad operators are linear in position & and momentum p, the Moyal correc-
tions vanish beyond second order, and the master equation simplifies significantly. Specifically, we
find

(2.98)

N Ox? + Op?

dW(:(:,p,t)_l W PW
dt 2 ’

which is exactly the classical heat equation in two dimensions.

Proposition 2.8. The solution to (2.98) is given as

1 _@=w?  (p-v)?

W(z,p,t) = 271_t//e 2 e 2t Woy(u,v)dudo. (2.99)

Proof. The proof follows the same reasoning as Proposition 2.7, but here we outline an equivalent

approach based on the Fourier transform (see Appendix B.1.2).

Define the characteristic function

1

X, v) = o

// e WP (1, p, t) da dy. (2.100)

Then the heat equation in Fourier space becomes

dx¢(u,v)

1
T —§(u2 + %) xe(u, v), (2.101)

which has the solution
L 5 2
Xt (u,v) = xo(u,v) exp —5( + o)t ). (2.102)
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Applying the inverse Fourier transform, we find the Wigner function at time ¢

1 T—Uu 2 —U 2
W(x,p,t) = 27Tt//e‘< et Wo(u,v) dudv. (2.103)

O]

This confirms that the Wigner function, Husimi and also the P-function, undergoes Gaussian diffu-
sion in phase space. All three thus evolve under the same heat-type dynamics, reinforcing the in-
terpretation of decoherence as progressive phase-space smoothing, whereby singular or nonclassical

features are gradually washed away.

More generally, the o-parametrised family of distributions satisfies the heat equation on the complex

plane
dF(J) (Oé, t) Y (U)
—x - §AaF (a, t), (2.104)
whose solution is the Gaussian convolution
d2p la — B
(o) — _ (o)
F'9(a,t) /(c p— exp < o > F'(8,0). (2.105)

Equation (2.105) makes explicit that decoherence corresponds to diffusion on phase space, with vari-

ance growing linearly in time.

The minimum iteration count obtained earlier in (2.78) can be converted into a sufficient continuous-
time threshold for the onset of classicality. Identifying the iteration number with ~¢, this yields a
critical time

1
t (o) =2 27; , (2.106)

which specifies, for a given o-parametrised quasi-probability distribution, the time after which all
negativities are guaranteed to vanish.

2.7 Discussion and conclusion

In this chapter we showed that iterative coherent-state POVM measurements act as Gaussian smooth-
ing operations in phase space, providing a natural model of decoherence. Working first in the density-
matrix formalism, we demonstrated that each iteration suppresses off-diagonal coherence terms ex-
ponentially, while simultaneously smoothing the diagonal along the classical z = y direction. This
dual effect, damping of coherence and diffusion along the diagonal, provides a direct microscopic picture

of how environmental monitoring drives quantum states toward classical mixtures.

Translated into the language of phase-space quasi-probability distributions, the Husimi Q-function
was seen to evolve under a heat equation, spreading smoothly while remaining strictly positive. The
Wigner function, initially capable of negativity, undergoes the same diffusion dynamics, with negativ-
ity gradually erased until it becomes indistinguishable from the -function. By contrast, the Glauber-
Sudarshan P-function, which may be highly singular for nonclassical states, is progressively regu-
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larised into a smooth distribution under iteration. Thus, all three representations are unified by the

same underlying mechanism which is Gaussian diffusion in phase space.

This phase-space picture was confirmed dynamically by solving the Lindblad equation with & and
p as Lindblad operators, yielding the same diffusion kernels as in the iterative measurement model.
Hence, both discrete iterations and continuous-time unravellings describe a single mechanism, deco-

herence as diffusion in phase space.

Figure 2.1 illustrates this explicitly for the Wigner function of an initial Schrodinger-cat state. As time
evolves under Lindblad dynamics, the interference fringes characteristic of quantum coherence are
washed out, and the Wigner function becomes strictly positive, marking the transition to a classical-

like probability distribution.

Maximum entropy principle for the Husimi )-function

Beyond its dynamical role, the Husimi distribution is also the unique phase-space distribution that
maximises entropy under natural constraints (normalisation, mean, variance), offering an information-
theoretic justification for the Gaussian form arising from coherent-state POVMs and Lindblad evolu-
tion.

We consider the class of functions Q(«), defined on the complex plane a € C, that maximise the

Shannon entropy

d%a
= - / Q(a)log Qa) —, (2.107)
subject to the constraints of fixed normalisation, first and second moments
A%« d2a A%«
[t =1 [aow Tt =a [lafQ@ St = (2.108)

We introduce Lagrange multipliers A\g € R, A\; € C, and A\ € R to enforce the constraints. Define the

/Q )log Q(a +)\o</Q —1)+)\1(/04Q(a)djra—a>
+5\1</aQ()d2 >+)\2</|a|Q > (2.109)

We now set the functional derivative with respect to Q(«) to zero

functional

oL - )
30(a) —(1+1logQ(a)) + Ao + A + M@ + Aafal® = 0. (2.110)
Solving for ()(c), we obtain
Q(a) = exp (Ao — 1 + Aja+ Aja@ + Aslal?) . (2.111)

To ensure that Q(«) is real and normalisable, we require A2 < 0, so that the exponential decays for

large |a| and A\; = —\, ie., purely imaginary, so that the linear term is real.

Using the constraints, it can be shown that A\ = U%, Ay = —%, and so we absorb constants into the
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Figure 2.1: Density plots of the Wigner function evolved under the phase-space-decoherence Lindblad
dynamics with v = 0.1. Columns show times ¢ = 0, ¢t = 7/4, and t = 8w. Top row: position
Schrodinger-cat initial state; middle row: momentum cat; bottom row: same momentum-cat initial
state evolved with an additional harmonic-oscillator Hamiltonian (m = w = 1). All other parameters
and plotting conventions are identical to Fig. 1.1. Appendix B has the analytical solutions that were
used to generate these plots.
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normalisation factor. Then the solution becomes
1 a — al?
Qa) = — exp <—’ 5 | > : (2.112)

where the variance is given by 0% = x — |a|?. This result shows that the entropy-maximising phase-
space distribution is a circular Gaussian centered at the mean & with variance o2. As the least biased
estimate consistent with the known constraints, this distribution is the natural analogue of the canon-
ical Gaussian in quantum optics and statistical mechanics [89-92].

In summary, the flat case shows that coherent-state POVMs act as Gaussian smoothing channels,
erasing interference and driving states toward classicality. This process is equivalently captured by

a Lindblad diffusion in phase space, providing a clear baseline framework for analysis in SU(2) and
SU(1,1) cases.
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Chapter 3

Phase-space measurement and
decoherence in SU(2) quantum systems

3.1 Introduction

In Chapter 2, we analysed decoherence in systems with Heisenberg-Weyl (HW) symmetry, where flat
phase space made it possible to relate iterative coherent-state POVM measurements and their Lind-
blad unravellings directly to diffusion. The Husimi @)-, Wigner, and Glauber-Sudarshan P-functions
were shown to be connected by half-iterations of the measurement channel.

We now turn to systems with SU(2) symmetry. The SU(2) group arises naturally in many physical
contexts: collective spin models in atomic physics and condensed matter [66,93-95], polarisation
states of light in quantum optics [69,96], and qubits in quantum information processing [50]. Co-
herent states associated with SU(2) provide semiclassical descriptions of these systems, capturing

spin-polarisation directions on the Bloch sphere as minimal-uncertainty states [35,97].

Understanding decoherence in such systems is both fundamental and practical. On the conceptual
side, the compact, curved phase space of SU(2) coherent states allows us to explore how curvature
alters the diffusion-like behaviour observed in flat systems. On the applied side, spin decoherence is
a key limitation in quantum memories, interferometers, and error-correcting codes [98,99], making

the study of measurement-induced dynamics in SU(2) systems highly relevant.

A central tool in this chapter is the o-parametrised family of Stratonovich-Weyl distributions F(),
which interpolate between the P-, W-, and Q-functions. We show that under repeated POVM mea-
surements these distributions evolve via spectral damping factors expressed in terms of binomial co-
efficients, with each half-iteration reducing o by one. As in the HW case, the P-, W-, and @Q-functions
are thus related by half-steps of the measurement channel. To develop this framework, we also employ
irreducible tensor operators (ITOs), which form a natural representation-theoretic basis for analysing
SU(2) decoherence dynamics. This language allows us to diagonalise both the POVM channel and
the Lindblad semigroup, and to make precise statements about positivity, classicality thresholds, and

the approach to the maximally mixed state.

The structure of this chapter is as follows: Section 3.3 constructs the SU(2) coherent-state POVM and
its action on density matrices. Section 3.4 analyses the evolution of the F(?) family of phase-space
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distributions, including the P-, W-, and Q-functions as special cases. Section 3.5 introduces Lindblad
dynamics generated by tensor operators and compares them with the POVM channel. Section 3.6
examines the phase-space evolution of F(?), deriving sufficient conditions for classicality in terms
of time and iteration number, and analysing the minimum values of quasi-probability distributions.
Section 3.7 contains the discussion. Appendix C provides harmonic analysis on the sphere and sup-

porting technical derivations.

3.2 SU(2) coherent states

We shall begin by introducing the SU(2) coherent states and some of their properties that are useful for
ensuing analysis. Heuristically, coherent states associated with a given group G are a set of quantum
states that are invariant under the action of G, or more generally, the unitary representation of G on
Hilbert space, when G itself is not a unitary group. When G is a unitary group, such as the case for
SU(2), the matter simplifies somewhat. In this case, every quantum state of a two-level system is de
facto an SU(2) coherent state, because every element of the Hilbert space can be attained by the action
of SU(2) group on a given element. However, in a three-dimensional Hilbert space, starting from
a preferred element, the action of SU(2) will only exhaust a subset of the Hilbert space that can be
reached from that element. The situation is analogous in higher dimensions. These subsets of states
in turn form coherent states.

With these preliminaries, let us explore in more detail the action of the group SU(2). We begin by
noting that the Lie algebra of the SU(2) is spanned by three spin operators S;, S, and S, satisfying

the usual commutation relations
1Sz, 8] =iS., [Sy,S.] =18z, [S., S| = iS5, (3.1)

The squared magnitude of spin, or the Casimir operator 2 = 5’% + S; + 5’3, commutes with S’Z,
so for a system with a fixed spin s we have the joint eigenstates |s, m), labelled by the eigenvalues
me {—s,—s+1,...,s}of S, and for a fixed s, such that

S2|s,m) = s(s+1)|s,m) and S.|s,m) =m|s,m), (3.2)

in units where A = 1. For our analysis it will be useful to introduce the spin raising and lowering
operators S, = S, +iS, and S_ = S, — iS,, satisfying the commutation relations

[S4,5.]=25, and [S.,5:]=+5,. (3.3)

Then the actions of these operators on |s, m) are given by

Syls,m) = Vs(s+1) —m(m+1)|s,m+ 1),

A 34
S_|s,m) =+/s(s+ 1) —m(m—1)|s,m —1). (34)

From the first of these equations we deduce that the state |s,m) can be obtained from the lowest S,

state |s, —s) using the raising operator according to

o) = (2 ) g B0 s s, (35)
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whereas the action of the lowering operator on the lowest state gives S_|s,—s) =0. Similarly, we have
Sy|s,s) = 0 for the highest state.

The joint eigenstates |s,m) of S? and S, are evidently complete on the (2s + 1)-dimensional Hilbert

space

S

Z |s,m) (s,m| = 1. (3.6)
The coherent states for the group SU(2) are defined to be those states attainable by the action of
the group on the preferred element |s, —s). There are different ways in which one can characterise
the coherent states [100]; here we follow closely the characterisation due to Gilmore and Zhang
[39]. Geometrically we can think of them as parametrised by the coordinates on the quotient space
SU(2)/U(1), where U(1) is the isotropy group for SU(2). The space SU(2)/U(1) is diffeomorphic to
the complex projective line CP!, a real two-dimensional manifold that is isomorphic to a two-sphere
52 [39,93,94,101]. In terms of the complex coordinate ¢ = tan (6/2) exp (—i¢) of the sphere, where
8 € [0,7] and ¢ € [0, 27), we can define a coherent state |{) according to the prescription

€)= (1+[¢[H) T exp (¢S4 )]s, —s). (3.7)

Here the operator exp (¢S, ) is an element of the group SU(2)/U(1). The quotient space SU(2)/U(1) ~
S? has the natural interpretation of representing the classical phase space of spin systems.
If we expand the exponential in (3.7) and make use of (3.4), we can express the coherent state as a
series in ¢ according to
o 2 2s
=i 3 (L3, )¢ s (38)

m=—s

A further substitution of ¢ = tan (6/2)e~'¢ in here then gives us

o= (7)) (=g) (smgexp<-i¢>)”ms,m>,

= > Dp_s(6,6,—0)|s,m), (39)

where Dy, _ . is sometimes called the Wigner D-matrix [60,102-105] and is defined according to

Dy (0, B,7) = exp (—im/ ) dyyy,, (B) exp (—im). (3.10)

Here o, 8 and v are the Euler angles that describe rotations in three dimensions, and d; , ., known as

Wigner’s small d-matrix, is defined by

s o Grm)(s —m) (s +m)l(s —m)!
Ay (B) = Z (s+m—k)E(m —m+k)(s —m/ — k)!

k=Smin

(e w (D) e
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where s, = max(0,m —m’) and spax = min(s +m, s — m’).

Let us mention some useful identities in relation to SU(2) coherent states. To begin, if we have a pair of
coherent states parameterised by ¢ = tan(/2)e'? and ¢ = tan(6’/2)e~'?, then their squared overlap
is given by

(1+¢E>(1+¢o)*
L+ [C[2)%s (1 +[€[2)2s”

(C1&)]? = cos™ (g) =1 (3.12)

where 1) is the angular separation between the points (6, ¢) and (¢, ¢’) on the two-sphere S?, and is
defined by the relation

cosn = cosfcos + sinfsin @ exp (i(¢ — ¢')). (3.13)

The coherent states satisfy the following resolution of the identity [39,94]

[ 10ian; =1, (3.14)
where the relevant measure here takes the form
2s+1 1 ) 25 +1
dul = d dud , = 0dode. A1
IU’C T (1 + |C|2)2 Cv MO,(Z) sin ¢ (3 5)

Here d?¢ = —idc%dg = dRe(¢) dIm((). It follows that coherent states can be used to form a positive

operator-valued measure (POVM) for characterising generalised measurements on spin systems.

In our analysis that follows, we shall alternate between complex coordinates and spherical coordi-
nates, whichever is more convenient in the context of the analysis. With these mathematical prelimi-

naries, let us now proceed to discuss phase-space measurements using the coherent-state POVM.

3.3 Coherent-state POVM measurement

We consider a spin-s system, whose associated classical phase space is represented by the SU(2) co-
herent states. If the emergence of classicality in spin systems is interpreted as the particle acquiring
definite spin directions — or, equivalently, definite Stokes parameters [106] — in three dimensions,
then this can be modelled in quantum theory by a joint unsharp measurement of the spin in three in-
dependent directions [107,108]. The natural mathematical framework for such simultaneous, noisy

measurements is provided by the SU(2) coherent-state POVM.

Building on from the discussion in Section 2.4, we now extend the analysis of phase-space measure-
ment to the SU(2) setting, focusing on how iterative POVM measurements act on spin coherent states
and how this process induces decoherence. In effect, this is a nonselective measurement performed

on the system and in this case, the state of the system after the measurement is given by
o = [ Quul OO i (3.16)

Our first task is to evaluate the output state 5(!) after a single POVM measurement. Rather than at-
tempting direct calculations in the standard basis {|s, m) }, it is advantageous to take a representation-
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theoretic approach. The key idea is that SU(2) symmetry naturally organises the operator space of the
Hilbert space H, into irreducible components. This is achieved through the use of irreducible tensor
operators T, > » which provide a canonical operator basis adapted to the group structure [103,105,109-
114].

The utility of this basis is twofold. First, the tensor operators transform covariantly under SU(2) rota-
tions, in complete analogy with spherical harmonics, making them ideally suited for expressing the
action of coherent-state projectors and for analysing measurement-induced dynamics. Second, the
Wigner-Eckart theorem reduces matrix elements of these operators to Clebsch-Gordan coefficients,
enabling a systematic evaluation of quantities such as expectation values, overlaps, and phase-space

functions without resorting to cumbersome summations.

The irreducible tensor operators are defined by their commutation relations with the spin generators

Sz, Tl =m T, [8e,Tho) = VUEF m)(LEm + 1) Ty, (3.17)

and satisfy the Hermiticity relation (Tﬁm)T =(-nm Tfﬁm. An explicit construction in the {|m) } basis

. [20+1 < ok
Tfn = e 1 kkz_scs,’;em s, k') (s, k], (3.18)

where C'? Zj’ +m are Clebsch-Gordan coefficients (CGC) [103, 105,109, 110](see Appendix C). They

transform under SU(2) rotations like spherical harmonics of rank ¢

is

¢
UR) Ty, UNR) = 3~ D)L (R) T, (3.19)

m/'=—/{

and form a Hilbert-Schmidt orthonormal operator basis,

b (Tffm T;,Tm/) - 5&5'57”77?1” (3.20)
and the unique scalar operator is given by T(fo) = \/iﬁ’ while all higher-rank tensors L > 0 are

traceless, tr(Tg(izl) =0.

Expanding the density operator p, in this basis gives

2s

¢
po= > pmTim  pom = tr <<Tgfm)T ﬁ), (3.21)

=0 m=—¢

Hermiticity 5! = 5 and (Tfm)T = (—1)mT@f7m implies g, = (—1)™ pr,—m. The matrix elements p; ,
are the multipole components of the density matrix, [ = 0 corresponds to the monopole (isotropic

part), [ = 1 to the dipole (orientation), I = 2 to the quadrupole (alignment), and so on [112,114].

The trace condition tr p = 1 fixes the scalar component

) 1
1= trp = t<TS>:\/2+1 . = - 3.22
rp = prmtr (1), s+ 1 poo po0 = T (3.22)

£m
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With these preliminaries we now proceed to calculate the density matrix after one iteration of phase-

Space measurement.

Proposition 3.1. Let p be a density operator for a spin-s system. After one iteration of the SU(2) coherent-state

POVM measurement, the state can be expressed in the irreducible tensor operator basis as

2s L
,5(1) = Z Z )\S,Z Pe,m TZm?

=0 m=—¢

where p =3, pemT},, and the eigenvalues are

Proof. We begin by expanding the coherent-state projector into irreducible tensor operators:

2s )4
‘C><C| - Z Z CE,m(C) Tgs,mv

=0 m=—/

where the coefficients are defined by ( [35,93,105,110])

[e+1( (%) v
CZ,m(C) = <C‘T£(j7)j’C> = 25 + 1 <(25+jg+1)> }/ﬁm(g’ Qb)

Substituting for p and the coherent state in (3.16) we obtain

P = / (3 peamcem(@) (D et (OF7 ) i
tm om'

Using the orthogonality of spherical harmonics (for further details see Appendix C.1),

m yvm'(g 4\ A8 25 +1
/ Y6, 0) Y (6,9) dp 5000

0.0 = 9011

we find that
! (%) ;
ﬁ( )= Z 25011 pfvaZm’
lm ( ¢ )

the density matrix elements get damped by the binomial ratio.

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

Thus, the coherent-state POVM channel is diagonal in the tensor operator basis, with eigenvalue A, ,

on each rank-/ sector.

O]

It follows immediately that after £ successive applications of the POVM measurement channel, the

action is
. e\
[)() = Z( 2$+£€+1 ) p&mTva
lm ( ¢ )
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so that every multipole component of order ¢ decays geometrically with factor )\’;7 P

We would now like to analyse the behavior of the density matrix as & — oo. We consider the factor
which we denote by ()\syg>k, with

B e _faens
o (2S+%+1) T (2s-Ols L+ 5 (331)

Large-£ limit

For ¢ = 0, onehas A\ o = 1. For / > 1, every factor in the product satisfies (2s+1—j)/(2s+1+7j) <1,
so that

0<Asp <1 (£>1). (3.32)
Therefore,
1, £=0,
lim (As )" = (3.33)
k=00 0, 1<¢<2s

Thus, in the long-iteration limit, only the / = 0 mode survives, while higher-¢ components are expo-

nentially suppressed in k.

This implies that the density matrix becomes the following

1

(k) -
25+ 1’

lim p*) = pg 0T, = (3.34)
k—o0

and this is the maximally mixed state. This result shows that under repeated coherent-state POVM
measurements, all nonisotropic components of the state are exponentially suppressed, and the system

is driven irreversibly toward the maximally mixed state.

It is also interesting to ask how this behavior changes as the spin quantum number s increases.
The large-s limit corresponds to the semiclassical regime, where SU(2) coherent states become more
sharply localised on the Bloch sphere and quantum fluctuations diminish relative to the system size.

Large-s limit (with fixed ¢)

For s > ¢, we expand

2s+1—73j j j 2j 33
= ) =log |1~ —log (1 =— O ———=]. (335
g(2s+1+j) Og( 2.s+1> °g< +2s+1> s+ 1" ((2s+1)3 (3:35)

Summing over j = 1,..., ¢ gives

0
2 , & (0+1) &
log As.e = _2s+1;‘7+0 <(2s+1)3> = st ¢ ((2s+1)3>‘ (3:36)
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Hence,

Asp = exp <_£2(iil1) +0 ((%f 1)3>> , (As0)® = exp (—%) . (3.37)

For large s with fixed ¢, the decay rate is /(¢ + 1)/(2s + 1), and we will show later that this coincides
with the eigenvalue of the Laplacian on the sphere S?. Thus, the iterative measurement procedure
reproduces the action of a heat kernel on the two-sphere for large spins, progressively smoothing the

state until only the isotropic component remains.

3.4 Coherent-state POVM measurement on the phase space

Having understood the iterative action of coherent-state POVMs on the density matrix, it is natural
to ask how these effects manifest directly in phase space. In order to track the loss of coherence and
the approach to classicality, it is often more transparent to work with quasi-probability distributions
rather than with operator expressions. To this end, we now consider the Stratonovich-Weyl (SW)
family of quasi-probability distributions on the SU(2) phase space [70,112,115-119]. These distribu-
tions provide a unifying framework that interpolates between the Husimi Q, Wigner W, and Glauber-

Sudarshan P functions, and hence allow us to study decoherence at different levels of smoothing.

For any density matrix p, we define this ¢ parametrised family of quasi-probability distributions as

F(0,0) = w(pa'”(0,9)), (3.38)

on the spherical phase space associated with a given quantum state p, where the kernel operator is

given as
) (0,) = Z Z V2041 < ) ) " Y;(0,9) 17 (339)
) m (25+f+1) L \" £m: )
The family F(©) includes, in particular, the Husimi @ function (¢ = —1), the Wigner W function

(o= 0), and the Glauber-Sudarshan P function (¢ = +1), for SU(2) systems. The kernel satisfies
properties of the Stratonovich-Weyl correspondence, normalisation, [ () (6, ¢) dip , = 1 and has
unit trace tr(w(?) (6, ¢)) = 1.

Lemma 3.1. The SW kernel (?) (6, ¢) satisfies the completeness relation

/ w0, ¢)dug = 1. (3.40)

Proof. This follows by direct computation

2s —a/
/w(a) 0, ¢) d/ﬁz — Neren /Z V2r+1 ( (25(+€3-1)> Z Ym Tz m dﬂga

4 m=—/{

_ i (%) -
- mz 20+1 <(zs+é+1)>

14

Z T5n / Y (0,0) dug. (3.41)

m=—/{
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From YOO = 1 and the orthogonality of spherical harmonics, we deduce that

/ Y7® dpg = / Y7YY dpé = 6,0 6o (3.42)
Thus, only the ¢ = m = 0 term survives, yielding

/ W0, 0)du; = V2s+ 115, =1. (3.43)

A direct consequence of the above Lemma is the following

/ F(0,¢)duj , = 1. (3.44)

We will now analyse the effect of repeated phase-space measurement on the family of quasi-probability
distributions. As the iterative POVM measurement map is diagonalised by the irreducible tensor op-

erators, we find that after £ iterations of phase-space measurement, the function F (@) transforms as
F(0,6) = tr(pM () (0, ) (3.45)

Substituting (3.30) into the above expression we find

2s ? 2s _0/2
g o) = L s ) K m
Fk (9’ ¢) - m % mz;é 20 + 1 ( (25+§Z+1) ) )\S,E pﬁ,m }/K (07 ¢)7 (346)

where pg ., = tr(p T;m) Using the orthogonality of the spherical harmonics we can express py,,, as

—0/2
26041 ( () B} S
\/; <(23+§+1) Pom = / F)0,)Y;™(0, ¢) dug - (3.47)
(0)

and so F};"’ admits the integral kernel representation

2s
F(0.0) = S X [ Pilcosn) PO, 0 di (345)
where we have used the addition theorem for spherical harmonics (see Appendix C.1) and cosn =
cos 6 cos 0 + sin 6 sin 0’ cos(p — ¢').
From the above equation it follows that FIEU)(Q, ¢) = F@=2)_ In particular, a single nonselective
SU(2) coherent-state POVM measurement maps F(?) — F(°~2), while even a half-iteration already
produces F(@) s F(0=1),

The foregoing observations reveal an interesting hierarchy between the three principal phase-space
representations, namely, the Wigner W-function, the Husimi Q-function, and the Glauber-Sudarshan
P-function, represented in the forms Q@ = W1/2 = P() and W = P(/2). In other words, each of
these quasi-probability distributions can be obtained from another through a fractional number of
iterations of the SU(2) coherent-state POVM measurement.
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Figure 3.1: The Wigner (top row) and the Husimi (bottom row) functions of the initial state, the outcome state
after a single phase-space measurement, and that after ten repeated measurements. Starting from an initial
spin-cat-like state for spin s = 3. The initial density matrix corresponds to a coherent superposition
state: [¢)) = %ﬂm = 3) + |m = —3)), exhibiting quantum coherence between these extremal spin
states. The Wigner function initially displays pronounced negativity, which diminishes after a single
phase-space measurement, and any residual interference effect vanishes entirely by the tenth mea-
surement, resulting in a fully mixed state. The corresponding Husimi functions, which remain strictly
positive throughout, similarly transforms into uniformity and converge to the maximally mixed state
p ~ 1/7 after seven iterations. Wigner3j.m [120] function in MATLAB was used to make these plots.

As discussed in [121], Wigner functions for spin-s systems can exhibit significant regions of negativity,
serving as a hallmark of nonclassicality. However, as shown in Fig. 3.1, even a single iteration of
the coarse-graining process rapidly suppresses this negativity, and by the seventh iteration already,
the Wigner function has become completely mixed, indicating a full transition to classicality. We
also show the corresponding Husimi functions after each iteration; as expected, they remain strictly

positive throughout and progressively become more mixed, approaching a uniform distribution.

Within this formalism, negativity, a hallmark of nonclassicality, is gradually suppressed as o de-
creases, reaching the strictly positive Husimi function at ¢ = —1. For o < —1, the distributions F(?)
remain positive, corresponding to increasingly classical behaviour. Hence, after at most [(o + 1)/2]
POVM iterations, any initial F(?) becomes positive, providing a clear mechanism by which coherent-
state POVMs filter out high-frequency components and drive the system toward classicality.

As in the case of the density matrix, the function F(°) is getting damped by the binomial factor \;
after each iteration of the phase-space measurement. In the large-k limit, the function converges to
the following

1

tim £7(0,6) = [ FOO )by = 5

k—o0

(3.49)
signifying the complete mixed state.
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The way in which these ‘half’ iterations enter the analysis is highly suggestive of the existence of
an underlying continuous-time dynamical model of a Lindblad type that interpolates the discrete
iterated POVM measurements, whereby the iteration step % plays the role of time. It turns out that
it is not so straightforward to identify such continuous-time model. However, it is possible to find a
dynamical equation that approximately interpolates the POVM decoherence very closely, which we

shall present below.

3.5 Lindblad dynamics for the density matrix

Our aim here is to model the decoherence effect resulting from phase-space monitoring of the spin
system using the coherent-state POVM within a continuous-time dynamical setup. In Chapter 2,
Section 2.6, we have examined an analogous problem on a flat phase space. In the case of a flat phase
space, the decoherence effect resulting from successive coherent-state POVM measurements can be
replicated exactly by considering a Lindblad equation [40—42] for which the two driving Lindblad
operators are the position 2 and the momentum p operators [82,83].

This motivates us to explore properties of the Lindblad equation driven by the three angular momen-
tum operators S;, S,, and S,. Such an equation models isotropic spin decoherence, corresponding
to continuous, unsharp monitoring of all spin components simultaneously. We show in what follows
that such an equation, perhaps unexpectedly, does not exactly match the iterative POVM measure-

ments based on coherent states by working out the solution to the Lindblad equation.

The Lindblad master equation that we shall investigate is given by

Dy (sps + 8,08y + 8.p8. — o (82 +582) — 5 (8204 982) — 5 (8294 /35’3)) ,

(3.50)

where v > 0 is a parameter that determines the decoherence rate. We will now solve the Lindblad

equation as follows:

Proposition 3.2. Consider a spin-s system with Lindblad master equation as in (3.50) Each Tfm is an eigen-

operator of the generator
LTS, = —TeTf,,  To= JL(0+1). (3.51)

(if) Writing the density operator as

2s V4
pO) =" pem(0)T5,, (3.52)
{=0 m=—¢
the exact solution is
2s l ~
pl)y = 3> e 2D g, (0) T (3.53)
=0 m=—¢
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Proof. For Hermitian jump operators the Lindblad dissipator can be written as a double commutator

$:pS: — 152, 0} = ~5 51,5 A1) (3.54)

Therefore,
72( (8= 8% ) = =3 D150 1Si, - I)- (3.55)

The superoperator C[] = 3_,[S;, [S;, -]] is the adjoint action of the quadratic Casimir 5% = 52+ 52+ 2.
By standard tensor-operator theory (see, e.g., [103], [105]), the set {Te,m}fn:—e furnishes an irre-
ducible spin-¢ representation under the adjoint action, and thus

> 186 1S5 T = e+ 1) T, (3.56)

%

Inserting this into (3.55) yields (3.51)
LTS, = =30+ 1)T7,. (3.57)

Expanding j in the irreducible tensor operator basis and applying the semigroup e'* gives (3.53). [

We see therefore that the decoherence effect resulting from the Lindblad equation 3.50 is to exponen-
tially suppress the matrix elements. In the long time limit as t — oo, the only surviving elements are

¢ =0,m = 0 and using (3.22) and hence p, = the state of complete ignorance.

23+1’
We would now like to compare the decoherence induced by iterative POVM measurements with that
generated dynamically by Lindblad evolution. At first sight, this structural similarity suggests that
the two descriptions might coincide. To investigate this, we compare the decay rates governing the
two channels.
9 (25)
_ 1 ¢ . 3.58
v g(g + 1) 08 ((25—&-@6—%1)) ( )

The fact that the right side of (3.58) is dependent on the summation variable ¢ shows that there is

no decay rate v of the Lindblad dynamics that matches the decay rate of the iterated POVM mea-
surements except in the case s = 1/2 and for large spin, s >> ¢ (3.37), where the Lindblad equation
exactly matches the sequential POVM transformations. Other than this, the structure of the dynam-
ics is essentially identical, and in both cases, asymptotically as ¢ — oo, the density matrix approaches
the state of complete ignorance, independent of the choice of the basis in which the density matrix is
represented.

It is also worth remarking that the Lindblad equation (3.50) retains full covariance under the action
of the symmetry group in the sense that the dynamical equation is invariant under SU(2) transforma-
tions. This ensures that the dynamics remain isotropic in phase space and treats all spin directions
equivalently.
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3.6 Dynamical unravelling on phase space

Our final analysis concerns the phase-space representation of the Lindblad equation (3.50) and its
solution, which provides an alternative perspective of the dynamics.

Before proceeding, we recall the following standard result regarding the adjoint action of the Lindblad

generator.

Lemma 3.2. Let L : B(H) — B(H) be the Lindblad generator

£(p) = =il )+ > (ErpL), = 3LLLk, 2} (359
k
Then its adjoint L' acts on observables A as

LHA) = i[f, A+ (ﬁL/lﬁk - %{i,ﬁﬁk,fi}). (3.60)
k

Moreover, for all density operators 5 and bounded operators A4,

tr(L(p) A) = tr(p LT(A)). (3.61)
The proof is given in Appendix C.2.1. This relation will allow us to move the Lindblad generator
under the trace when working with phase-space quasi-probability distributions.

The Lindblad equation for these o-parameter distributions on the phase-space of SU(2) transforms

into the heat equation and can be solved as follows:

Proposition 3.3. F(7)(6, ¢, t) satisfies the heat equation

O (0,6,8) = T D2 F(0,6,1), (3.62)
and the solution is given as
—0/2
. —Lo(e+1) 2s .
F( )(0,<;5,t):2e< 2 ) ((25(+g)+1)> pem(0)Y7™(6,9). (3.63)
m V4

or equivalently in the integral representation as

2s

FO0,¢,t) =) e 20t ( / Py(cosn) F(0',¢',0) du5,¢> : (3.64)

=0

where cosn = cos 6 cos§ + sinfsin @’ cos(¢p — ¢') and d,ug@ = % sin 6 df d¢.

The proof is given in Appendix C.2.2. So we see that the phase-space representation of the Lindblad
equation shows that the dynamics gives rise to a heat equation associated with a Brownian motion
on phase space. The solution asymptotically converges to the uniform distribution F(?)(0, ¢,t) —
(2s + 1)~! on the sphere S2. This follows from the solution, which shows that in the large-time limit

the only surviving term in the sum is the term with / = 0, but ) = 1 and the normalisation condition

55



[F)0,6,t) dpj 4 = 1is preserved. Thus, irrespective of the value of o, all Stratonovich-Weyl phase-

space quasidistributions F(?) obey the same heat equation on the sphere.

3.6.1 Onset of classicality

A natural question to ask is: how long does it take for the quasi-probability distribution F(7)(,$,t) to
become a genuine probability density? That is, after what time ¢ are all negativities removed so that the
distribution admits a classical interpretation?

From (3.63), under isotropic diffusion with rate v, the evolution of each multipole component of rank

Loe+1)t A\

¢ is damped by e 2 ;Z/ 2, Classicality is guaranteed once

U2 312 gy, (3.65)

that is, when the damped o-kernel is no sharper than the Husimi (¢ = —1) kernel.

The critical time ¢, (o) is thus obtained from the worst-case multipole, which occurs at ¢ = 2s

o+1 4s+1
to(o) = 2@+ 10g< 54 > (3.66)

At this time, the highest-rank moments have decayed to Husimi level; for all ¢t > ¢,(o) the quasi-
probability distribution F(?) is strictly nonnegative. We may therefore interpret . as the onset of clas-
sicality for the o-ordered representation. For a given initial state, classicality may arise earlier, but ¢,

provides a sharp, state-independent threshold.
It is instructive to examine the scaling with spin. For large s, Stirling’s approximation yields [122,123]

4 1 1)log2
log< ot > ~ 4slog2, = t.(0) = M, s> 1. (3.67)
2s v S
Thus, larger spins classicalise more rapidly, consistent with the intuition that the macroscopic limit
accelerates the loss of quantum interference. Moreover, ¢, o 1/v so stronger diffusion accelerates
positivity, and ¢, « (o + 1), so the closer one is to the Husimi case (¢ = —1), the earlier positivity

occurs.

The worst-case choice ¢ = 2s yields a tight, state-independent bound but is conservative. If one fixes
the multipole rank ¢ and lets s — oo, substituting into the positivity condition, one finds the sharper

scaling

oc+1

tu(o,l) = 275

1
+ 0(§), S > 1, £ fixed. (3.68)

Thus, the “typical” onset time at fixed / is smaller than the worst-case bound by a factor % ~ 0.72.

3.6.2 Negativity and lower bounds of quasi-probability distributions

In addition to studying when F(?) becomes strictly positive, it is natural to ask how negative these
quasi-probability distributions can be for a given spin s and parameter c. We therefore analyse the
spectral bounds of F(?), identifying the minimal values these distributions may attain before positivity

is guaranteed.
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The SU(2) Stratonovich-Weyl kernels transform covariantly
U(R) w7 (0,0)UN(R) = @'7)(R(0,0)), (3.69)

for every rotation R. Hence, all kernels @(?)(6, ¢) are unitarily similar and share the same spectrum,
independently of (6, ¢). We may therefore evaluate the eigenvalues at the north pole (NP), (6, ¢) =
(0, arbitrary), where only the m = 0 spherical harmonics contribute. Writing the spin projection as
k € {—s,—s+1,..., s}, we consider

A9 = (s, kW@ (NP)|s, k). (3.70)

With Y;"(NP) = 6,,,0, we obtain

2s —0/2
e \/% Z NoTas <(23(M)H)> (s, 5 2o |5, 1). (3.71)
l

The diagonal tensor matrix element can be written as

. V20t 1
(8,6]T70 s, k) = NorEST (sk; £0]sk), (3.72)

which follows from (3.18). Substituting (3.72) into (3.71) yields the compact CGC form

2s 2s 0—/2
1 (¥)
Y Couen § 20+ 1 ¢ /0 . 3.73
Y 25+ 1 e:o( +1) ( (2s+;+1) > <S K ’ s “> ( )

Since F(7)(0, ¢) = tr(,[) w(7)(0, $)) is the expectation Value of a Hermitian operator, if we diagonalise
D@0, ) = 2 A i) (i) then FO) (0, ¢) = 3, pi A7) with p; = (i]pli) > 0,3, ps = 1. Therefore,

AT < FO0,0) < A9, (3.74)

min —

and the bounds are saturated by pure states aligned with the eigenvectors corresponding to A and

Agna)x Because the spectrum is independent of (6, ¢), the extremal values can be read off from (3.73)

by taking A — ming. A and AY). = max, 2.

min

The closed form (3.73) enables straightforward numerical evaluation of the kernel spectrum. Fig-
o)

min

Husimi case) the spectrum is {1,0,...,0}, so the minimum is 0 independently of s. For ¢ > 0 the

ure 3.2 shows the minimum eigenvalue )\( as a function of o for several spins s. At 0 = —1 (the

minimum becomes strictly negative, and its magnitude grows rapidly with both ¢ and s.

In particular, for the P-function (o = 1) the minimum eigenvalue takes the simple closed form

AL = (254 1), (3.75)
realised at k, = s — 1 (and symmetrically at x, = —(s — 1) when present). This compact expression

suggests a deeper algebraic structure underlying the spectrum of 1(?), which we leave for future work
to explore.
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Figure 3.2: (a) Minimum kernel eigenvalue )\I;)n as a function of the ordering parameter o for several
spins s. At 0 = —1 (Husimi) the minimum is 0 for all s; for ¢ > 0 the minimum becomes strictly
negative and its magnitude grows rapidly with both o and s. (b) Spin projection(s) x.(c) that attain
the minimum eigenvalue of 1(?) (evaluated at the north pole). For o = —1 the minimum is degenerate

over all K # s (not shown), while for ¢ > 0 the minimiser consistently occurs at x, = s — 1 (and
symmetrically at k., = —(s — 1) when present). Wigner3j.m [120] function in MATLAB was used to
make these plots.

3.7 Discussion and conclusion

We have worked out the effect of decoherence induced by repeated SU(2) coherent-state POVM mea-
surements on general spin systems from multiple complementary perspectives, namely, the density
matrix formalism, and the phase-space probability and quasi-probability distributions. It is shown, in
particular, that starting with an arbitrary initial quantum state of the system, the decoherence result-
ing from a single POVM measurement based on coherent states is to turn both the Wigner function
and the Glauber-Sudarshan P-function positive, thus washing out any quantum interference effect.

We next consider a Lindblad equation with the three spin components as independent Lindblad oper-
ators. Its solution provides a natural continuous-time analogue of the iterative POVM measurement
and, in many regimes, offers a close approximation. In the flat (Heisenberg-Weyl) case, we have
seen that an iterated coherent-state POVM can be matched exactly by a Lindblad equation generated
by position and momentum operators. For spin systems, however, the analogous formulation with
Sz, Sy, S, does not reproduce the POVM dynamics exactly, except in the special case s = 1 or asymp-
totically in the large-spin limit (s > /).

The discrepancy between the isotropic diffusion and the coherent-state POVM measurement can be
traced to the fact that, although both are SU(2)-covariant and possess the semigroup property, they
are governed by different spectra. The diffusion has decay rates determined by the quadratic Casimir,
while the POVM channel has damping factors given by binomial ratios. Thus, except in the special
case of spin-3 and in the semiclassical large-s limit, the two channels represent genuinely distinct
semigroups.
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Since the Lindblad dynamics generated by the spin operators {3, S, 5.} does not reproduce the
measurement-induced evolution, we are led to consider a more symmetric choice. The action of the
coherent-state POVM damps all irreducible tensor sectors of the density matrix, not just the rank-one
components. This motivates a Lindblad equation whose generators are taken to be all irreducible
tensor operators of all ranks. In this way we test whether the complete representation-theoretic oper-
ator basis can capture the POVM dynamics. As we show, even this fully symmetric Lindbladian fails
to coincide with the POVM channel, underlining a structural mismatch between the two models of

decoherence.

Proposition 3.4. Let j(t) be the state of a spin-s system evolving under a Lindblad equation with irreducible

tensor operators Tfm as Lindblad operators:

ZW Z (TinpOT) = M T 6. (3.76)

m=—/{

Then the solution is diagonal in the tensor operator basis,

Z Z e oy (0) T, (3.77)

{=0 m=—/
where H(0) =3, pg’m(O)T[fm and I'y > 0 are effective decay rates determined by the coefficients ~, and

2s

20 +1 sap |8 s L
=0

and {} denotes the Wigner 65 symbol [103,105]. In particular, Ty = 0, so that the trace is preserved, while
higher-rank sectors £ > 1 decay exponentially.

The proof is discussed in Appendix C.2.3. Here we see that I'y is not linear in its dependence on -, the
decoherence rates associated with each ¢-sector, suggesting that even though both channels appear
isotropic, their spectra originate from fundamentally different algebraic structures: Casimir-driven
for the diffusion semigroup, and binomially weighted for the POVM measurement and hence there

is no exact unravelling. For example lets look at the case for spin-1.
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Spin-1 case: irreducible tensor operators and isotropic channels

For concreteness, let us work out explicitly the case s = 1. In the S, eigenbasis {|1),]0), | — 1)} one can
construct the irreducible tensor operators (ITOs) of rank 0, 1, 2 in Hilbert-Schmidt orthonormal form

) 1 00 ) 1 0 0
Too = —=|0 10|, Ty=-—=]00 0|,
’ 3 ' 2
V3 0 01 V2 0 0 -1
T, = —%(\1><0|+|O><—1I)7 T, = %(I0><1!+|—1><0!),
1 0 O
Tho = |0 =2 0|, Thup = |E1(F],
0 0 1
Ty = %(—\1><OI+IO><—1I), Ty, ) = %(I0><1!—|—1><0!)- (3.79)
These satisfy orthonormality. The recoupling relation reads
o R N . s s L] -
ST TR TN = e Ty = 20+ 1) (-1 {s ) e/}T;yq, (3.80)
m=—~

with coefficients (independent of ¢) that can be computed either by explicit matrix multiplication or
from Wigner 6;-symbols [103,105]. For s = 1 one finds

Co—yp/ =0 @l =1 El =2

(=1 1 3 —3 (3.81)
— 5 5 1

t=2] 3 ~% &

so that the ITO basis indeed diagonalises the isotropic channel. Now consider a Lindblad generator
that is isotropic at the tensorial level,

J4
LX) = v Y (TngTZ,L— YT T, X}). (3.82)

m=—/

Using > T@fntfﬁfm = gﬁﬂ 1 and the above recoupling coefficients, one finds that £, acts diagonally
on each rank-¢’ subspace

. . 20 + 1
LTy ,) = avse Ty, Yt = Comt = 5 (3.83)
For s = 1 this gives
oy | 0=0 V=1 0'=2
_ 1 3
(=1 0 -5 -5 (3.84)
5 3

The full generator £ = £ + Ly is therefore diagonal on the tensor operator basis, with decay rates

2

Ty = — Z Yo Qs (3.85)
/=1
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These can be compared to the eigenvalues of the SU(2) coherent-state POVM channel. For s = 1 the
one-step eigenvalues are

o =1, A =1, Ao = 1, (3.86)
so that after £ iterations, I'y = — log )\’; - This yields the linear system
T1 =37+ 37 =klog2, Ty =371+ 372 = klog10, (3.87)
whose solution is
k k
n=g (5log 10 — 3log2), "=y (3log2 —log 10) . (3.88)

The important point is that 2 < 0 for & > 0, which violates complete positivity of the Lindblad
generator. Thus, while the isotropic tensor-operator Lindbladian is diagonal in the same ITO basis
as the coherent-state POVM channel, their spectra cannot be matched with nonnegative rates. This
shows concretely that the POVM channel and the heat-kernel diffusion, though both isotropic, are
genuinely different dynamical semigroups.

In summary, while the coherent-state POVM provides a natural and physically motivated model of
decoherence in spin systems, its dynamics cannot be exactly unravelled by a Lindblad semigroup,
even when the full tensor operator algebra is included. This persistent mismatch highlights a struc-
tural distinction between measurement-induced channels and dynamical master equations on com-
pact phase spaces. Together, these results clarify both the scope and the limits of phase-space models
of spin decoherence, and set the stage for exploring analogous phenomena in noncompact systems
such as SU(1, 1).
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Chapter 4

Tomographic measurement and its
dynamical unravelling for SU(/NV) quantum
systems

4.1 Introduction

In the preceding chapter, we examined phase-space measurement and dynamical unravelling for sys-
tems with SU(2) symmetry. A key observation was that, while iterative coherent-state POVM mea-
surements provide a natural mechanism for decoherence, the mismatch between coherent-state over-
laps and the associated heat kernels prevents an exact dynamical unravelling. This limitation moti-
vates the search for measurement schemes that probe the full Hilbert space and admit a consistent
dynamical description.

Remarkably, in the spin-3 case, every quantum state is a coherent state, and the corresponding mea-
surement scheme effectively performs quantum state tomography. This special case, where the coherent-
state POVM spans the full Hilbert space and aligns with the heat-kernel dynamics, highlights the
potential for consistent unravelling when such conditions are met. It thus motivates the construction
of generalised measurement schemes that extend this tomographic property to higher-dimensional

systems.

In this chapter, we extend the framework to finite-dimensional quantum systems with SU(V) sym-
metry. Such systems include higher-spin particles [124-126], multi-level atoms [98, 127, 128], qu-
dits [129-132], and collective spin ensembles [128,133], all of which are central to quantum informa-

tion processing, quantum simulation, and quantum control [50,99,134,135].

In this setting, the relevant measurements are essentially tomographic, i.e., they form informationally
complete POVMs that probe the entire Hilbert space, rather than only the classical phase-space vari-
ables as in the coherent-state POVM. This difference is crucial: while coherent-state POVMs access
coarse-grained phase-space information, tomographic POVMs resolve all operator components. As
a consequence, for SU(N) systems, the measurement-induced decoherence channel coincides exactly
with a Lindblad semigroup generated by the SU(NV) algebra, establishing a clean correspondence

between nonselective measurements and continuous-time dynamics.
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We model decoherence as arising from the iterative application of SU(/N) tomographic POVM mea-
surements. Section 4.2 introduces the SU (V) algebra and its associated coherent states. In Section 4.3,
we construct the POVM and analyse its action on the density matrix, before turning in Section 4.4 to the
induced dynamics on phase space, represented as probability distributions over the complex projec-
tive space CPN~!. A spectral analysis of the measurement map reveals how fractional iterations inter-
polate between different quasi-probability distributions, and in particular shows that a half-iteration
suffices to remove all negativity from the Wigner representation, thereby providing a sharp threshold
for classicality.

In Section 4.5, we derive a SU(/V)-covariant Lindblad master equation that continuously unravels the
measurement process, both at the operator level and in the phase-space representation. We conclude
with a discussion in Section 4.6, highlighting the implications of exact unravelling in SU(/N) systems

for decoherence theory and quantum information applications.

4.2 SU(N) group and its Lie algebra

The special unitary group SU(V) consists of all N x N unitary matrices with unit determinant.

Its associated Lie algebra, su(/N), comprises all traceless Hermitian matrices and forms the natural
space of observables for an N-level quantum system [136-140].

The generators {)\a}é\ifl of the Lie algebra, su(/N), satisfy: Hermiticity: AL = Ao, Tracelessness:
tr(Aq) = 0, Orthonormality (Hilbert-Schmidt inner product), tr(AaAg) = 2d43.

These generators obey the commutation and anticommutation relations

N2-1
PasAs] = 20 ) fapyh, (41)
y=1
4 N2-1
{/\Q’Aﬂ} = Néocﬁ]l +2 Z da57>‘77 (4.2)
y=1

where f.3, and d,g- are the totally antisymmetric and symmetric structure constants of su(XV), re-

spectively.

We now turn to the space of pure quantum states for an /N-level system, which is naturally identified
with the complex projective space CPV 1.

Quantum states in CPV !

A pure quantum state in an /N-level system corresponds to a ray in Hilbert space, represented by

a normalised vector |z(z)) € CV with (z(z)|z(x)) = 1, defined up to a global phase [91,141-143].

The space of such rays is the complex projective space CP"

R2N_2

, which we parametrise using local real

coordinates x €

The group SU(N) acts transitively on CPY~!, endowing it with a homogeneous and isotropic struc-
ture. This geometry is captured by the Fubini-Study metric, which defines the distance between two
pure states |z) and |2') as

drs([z], [2']) = arccos (|(z])]) . (4.3)
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This expression is independent of the choice of global phase and depends only on the equivalence
classes 2], [¢/] € CPN 1,

Locally, the infinitesimal form of the Fubini-Study metric yields the line element
ds? = (0;20;2) da'da? — (2]0;2)(0;2|z) da'da, (4.4)

where 0; = %, and derivatives are evaluated on the normalised representative |z(z)). This defines a

Kahler metric on CPY~!, and the corresponding volume form plays an important role in tomographic

reconstruction and the statistical analysis of quantum ensembles.

A general quantum state p on CY is represented by a density matrix, a positive semi-definite, Hermi-
tian operator with unit trace. In the context of SU(V), such a state admits a Bloch-like decomposition
in terms of the identity and the generators of the Lie algebra su(V)

1 1 N2—1
p= N + 5 Z TaAa; (45)

a=1
where { )\, } are the generalised Gell-Mann matrices (or any orthonormal basis of traceless Hermitian
SU(N) generators), and 7 = (r1,...,7y2_;) € RV’~1 is known as the Bloch vector, encoding the

state’s orientation in the space of traceless observables. The coefficients 7, = tr(Aop).
We define the Husimi function on projective Hilbert space CP" ! as the normalised probability den-
sity

Q(z) = (21pl2), (4.6)

where |z) € CV is a normalised state representing the ray [z] € CP"~!. To integrate functions over
CPN~!, we use the Fubini-Study volume form dyrs(z), which is the unique unitarily invariant mea-
sure on projective Hilbert space. In homogeneous coordinates, it takes the form
N N
durs(z) = An 6 | D 1z = 1] [ 4%, (4.7)

j=1 j=1

with normalisation constant Ay fixed by f@ml durs(#) = 1, and the resolution of the identity

1
| 1l durs(a) = 1 (48)
cpN-t
the Husimi function integrates to unity
N Q(2) durs(2) = tr(p) = 1. (4.9)

cpN -1

IP)N—I

Thus, Q(#) is a bona fide probability density on C , nonnegative by construction and bounded as
<

0<Q(z) <1

We now turn to tomographic measurements on quantum phase space, which serve not only to recon-
struct quantum states but also to model decoherence as an emergent phenomenon. Unlike coherent-
state POVMs, which probe lower-dimensional submanifolds (such as complex quadrics in CPY 1),
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tomographic POVMs are informationally complete and span the entire space of density operators.

4.3 Tomographic POVM measurement

We consider a quantum system with SU(N) symmetry, where classicality is modeled as the emer-
gence of definite values for observables spanning the full operator space. This perspective motivates
the use of informationally complete measurements, specifically, tomographic POVMs, that probe all

directions in the space of Hermitian operators.

We now consider a tomographic measurement on a quantum system described by an initial density
matrix 5. The POVM elements are rank-one projectors onto normalised state vectors |z) € CV, labeled
by points [2] € CPY 1. Upon obtaining the outcome corresponding to [2], the system collapses to the
pure state |z), and the post-measurement state becomes the projector |z)(z|.

Just like in the previous chapters, the post-measurement state in the nonselective setting, denoted by
p(1), is then obtained by averaging over all possible outcomes

PO =N [ e pTI) 1(E) dprs (), (4.10)

The prefactor IV ensures that p is correctly normalised under the resolution of the identity.

We now proceed to calculate the density matrix after one iteration of nonselective tomographic mea-

surement.

Proposition 4.1. After one iteration of a nonselective tomographic POVM measurement, the post-measurement
state is given by

1y _ L+p

— . 411
p Nl (4.11)

Thus, the Bloch vector contracts by a factor of 1/(N + 1) after one iteration.

Proof. We start by expanding / in the Bloch representation (4.5). The Born rule gives the probability

density for outcome z
R
(elpls) = 5 +5 D Talzlhal2). (4.12)
a=1
Next, we expand the projector |z)(z| in its own Bloch representation

1 1 N<—1
2)(el = 5 + 5 D (el s (4.13)
B=1

Thus, the post-measurement state becomes

= N / <;+;Zra<z|>\a|2>> S Sl | durs(z). (419)
a B

65



Expanding the product, we obtain three types of terms. The identity term integrates to

1
/N *dqu z) = T

since the Fubini-Study measure is normalised. The cross terms vanish due to the tracelessness of the
generators and SU(N) invariance of the measure: [(z|\|z) durs(z) = 0. Using the integral identity,

derived from ensemble averages over projective Hilbert space [139,144], is

2
/CPN_1<Z|>\a|z><z|)\5|z> dprs(2) = mgaﬁ’ (4.15)

the second-order term becomes

72 N+1)/\ N+1Zr°““

Adding these terms, we find

N2-1

1 1
O I Z
P N 2(N +1) rekar (416)

Substituting for ), 7oA in terms of the initial density matrix p, we find the desired result
P = — (4.17)

This completes the proof. O

From the result we can see that after a single iteration of the nonselective tomographic measurement,
the density matrix undergoes a uniform transformation that reflects the isotropic averaging over the
full projective Hilbert space.

As this measurement is nonorthogonal, it does not fully project the system onto a basis state. Instead,
it produces a partial, symmetry-respecting reduction of the state. To capture the full evolution of
the system under ongoing environmental monitoring, we consider the iterative application of the
tomographic measurement We find that the density matrix after k iterations of the tomographic

measurement, denoted 5%, is given by

Proposition 4.2. After k iterations of the tomographic measurement we get

(k) 1 1 p
o) = <1 e 1)k> + N1 DF (4.18)

Proof. We will prove this by induction. Base case is when k£ = 1, substituting for £ = 1 in (4.18) we
get the same result as in (4.11). We will now proceed to prove the induction step using the induction
hypothesis.

We consider the density matrix after (k + 1)*" iteration of the tomographic measurement and we have
from (4.11)

. 1 )
pFHD) = —— (1 4 p®). (4.19)



Using the induction hypothesis, substituting for 5(*) from (4.18) in the above equation we obtain

1 1 1 1 D
A(k+1) _ A _ P
P N—|—1+N+1<N<1 (N+1)k>+(N+1)k>' (4.20)
Expanding the above expression yields
1 1 1 0
A(k+1) _ - p
P (N +1 + N(N+1) N(N+ 1)k+1> + (N + 1)k+17 (421)
which on simplifying gives
1 1 )
Ak+1) _ & P
P <N N(N + 1)k+1> * (N + 1)k+17 (4.22)

which gives us the density matrix after (k + 1) iteration, completing the induction step and thereby
completing the proof. O

As seen from (4.18) the off-diagonal elements of the density matrix are progressively damped by a
geometric factor of (N + 1) with each measurement step. This cumulative suppression reflects the
systematic erosion of quantum coherence due to repeated nonselective tomographic measurements.
While the diagonal elements (populations) are also attenuated, their relative weight increases due to
the decay of coherence, and the overall evolution asymptotically drives the system toward the maxi-
mally mixed state. In the long-time limit, the density matrix approaches

1
lim pF) = —

4.2

representing a state of maximal entropy and minimal information, a completely incoherent and isotropic

distribution over the quantum state space.

In the next section, we reformulate the dynamics of iterative tomographic measurements in terms of
phase-space representations.

4.4 Tomographic measurement on phase space

We define the o-parametrised Stratonovich-Weyl (SW) kernel [144,145] @(?) (z) on the SU(N) phase
space by

N2_-1

@) (2) = % + %\/(N TS (a2 e (4.24)
a=1
The associated o-parametrised quasi-probability distribution is then defined as
FO(2) = tr (;3 @) (2)) (4.25)

which generalises the Q-function (o = —1), Wigner function (¢ = 0), and P-function (¢ = +1) to
finite-dimensional SU(V) systems.

Proposition 4.3. Then, under one iteration of a nonselective tomographic POV M measurement, the o-parametrised
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quasi-probability distribution F(°) gets mapped to F(°~2),

Proof. After one iteration of nonselective tomographic measurement the o-parametrised function is

given as
FO(z) = r(pD%() (2) (4.26)

Substituting for the SW kernel we get

N2-1

o 1 R
F7(2) = < + VIV 15 37 (hal) r(600).
a=1

Substituting the result for 5(!) from (4.11) we find

N2-1
() = L o L+p
F ~ T3 \/N+1 Z (2] Aal2) t (<N+1 Ao

Using the fact that tr(\,) = 0 we find that

N2-1

F( —+ \/N+ o 12 2l 2) tr(pAa), (4.27)
and this is exactly F(°~2)(z). This completes the proof. O

Since the process is linear and preserves the Bloch decomposition structure, it follows that each half

iteration of the measurement map induces a smoothing step, that maps F(?) to F(o=1).

This is remarkable as it shows that the Wigner function lies precisely midway between the P- and
1 1

Q-representations in this measurement-induced hierarchy P(z) — W (z) —2 Q(z). This sequence
has immediate implications for the suppression of negativity. Since the Husimi Q-function is man-
ifestly nonnegative, any negativity present in the initial P- or W-function is necessarily eliminated
after a single full iteration of the tomographic measurement.

It follows from (4.27), that after k-iterations of the tomographic measurement the function F(?) gets

updated as

N2-1

- 1
Fl(2) = 5\/ (N + 1)o+1-2k Z (2 Aa|2) tr(pra) = FO—25), (4.28)

In the limit & — oo, the probability density function resulting from the iterative tomographic mea-

surement converges to the uniform distribution over phase space

(@) () - L
klirgoF (2) = N (4.29)

The phase-space distribution thus becomes fully uniform, reflecting the complete erasure of informa-
tion through repeated, informationally incomplete measurements.
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Since the Husimi Q-function (¢ = —1) is strictly positive, any quasi-probability negativity is elimi-

nated once the measurement iterations drive o to —1. This requires at most
1
Ro= |4 (4.30)

full iterations (or half as many half-iterations). Unlike bounds with N-dependent corrections [146],
this threshold is purely geometric, depending only on the initial o-ordering.

These fractional iterations highlight that the tomographic measurement process admits a continuous
interpolation, rather than being confined to discrete steps. This suggests the existence of an underly-
ing dynamical model, a continuous-time evolution that unravels the effect of tomographic measure-
ments. In the next section, we construct such a model in the form of a Lindblad-type master equation,
which captures the smoothing action of measurement in a time-resolved and symmetry-preserving

framework.

4.5 Dynamical unravelling

We now turn to a continuous-time description of the decoherence process induced by repeated to-
mographic measurements. Specifically, we propose a dynamical model that unravels the effect of
the iterative measurement process described above. This leads naturally to a Lindblad-type master
equation [40-42] governing the evolution of the system’s density matrix under continuous, isotropic

monitoring by the environment.

We will now show that the Lindblad equation with the SU(/V) generators as the Lindblad operators,
gives rise to the continuous-time unravelling of the iterative tomographic measurement. This is in
line with the interpretation that a Hermitian Lindbladian corresponds to a monitoring of the relevant

observable.

We have

N2-1

dp 1 .
T Z ()\i/»\;r - 2{>x1>xpﬂ}> ; (4.31)
i=1

where ); are the generators of the SU(V) Lie algebra.

Proposition 4.4. The Linbdlad master equation in (4.31) simplifies to

dp R
Ef — 2y (1 - Np). (4.32)

Proof. Consider the term )  AqpA. Substituting the Bloch expansion of the density matrix from
(4.5), we obtain

> Aapra = D Aa % + % > reds | Aas
«@ [e4 B
_ % SO+ % 3 rsAadsAa. (4.33)
« a,fB
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2
Using the completeness relation Zgifl A2 = Wﬂ, the first term evaluates to

ZAQ = 7_1)1. (4.34)
The second term simplifies by the identity > Ao AgAa = —%Aﬁ, and hence it becomes
1 2 1
B B
Recalling that Y~ ;rgAs = 2 (p — +) , we have

N2 1) 2 1
(0% (0% T aA7TO — X7 H— — .
D Aabha = =5 <p N)

«

Simplifying this expression yields

D Xahra =2 (11 — ]’\)7> . (4.35)

For the anticommutator term, note that A2 is proportional to identity for all «, so
L ANZ—1)
Z{ P = TP-
Substituting these results into the Lindblad equation, we obtain
dp p 2(N%2—1) .
= 201 £ ) =
at 7 ( ( N) A
= 2y(1—Np). (4.36)

This completes the proof. O

Having found the Lindblad equation for the density matrix we will now proceed to solve it.
Proposition 4.5. The solution to the Lindblad equation in (4.32) is given by

. 1 .

pt) = 57 (1 — exp (=2yNt)) + po exp (~2yN1), (4.37)

where p(0) = po.

Proof. We will verify that the result in the proposition is correct by taking its derivative. Taking the
derivative of (4.37), we get

A1) = (27N) (exp (~2yNt) — po exp (~2YN1)) (438)

Substituting the solution in the left hand side of (4.32) we get
: 1
p(t) =2y (]1 - N(N(l — exp (—2vNt)) + po exp (—2’yNt))> . (4.39)
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Expanding and simplifying gives

p(t) =2y (1 — 1+ Nexp(=2yNt) — pgexp (—2yNt)),
= (2yN) (exp (—=2yNt) — po exp (—2yNt)), (4.40)

which is the same as the right hand side of (4.38) and this completes the proof. O

Solving the Lindblad equation confirms the qualitative behavior observed in the iterative scheme
which is that the off-diagonal elements of the density matrix decay exponentially, and the system
evolves toward the maximally mixed state in the long-time limit, ¢ — co. The dynamical model thus
provides a continuous-time unravelling of the discrete tomographic measurement process, with both
frameworks capturing the same asymptotic behavior. By equating

1
and setting ~y to be
_1llog(N+1) (4.42)

2 N ’
we have thus dynamically unravelled the iterative tomographic measurement scheme within a continuous-

time framework.

We will now transform the Lindblad equation to the phase-space representation to get

dF©) (2, 1)
— \®» _ (9)
- 2y (1 NF (z,t)) . (4.43)
which can be solved by
FO@t) =~ + (FO(2) = = ) e 20N (4.44)
’ N 0 N ’

where Féa)(z) = F)(z,t=0).

This solution shows that the function F(°) exponentially relaxes toward the uniform distribution
FO)(z,t) — + ast — oo, consistent with the density matrix approaching the maximally mixed
state p = . The rate of decay is governed by the factor 2v.N, which encapsulates both the intrinsic

decoherence rate v and the dimensionality of the Hilbert space.

Onset of classicality

Using the correspondence between discrete iterations and the continuous-time Lindblad dynamics
(4.42), this translates into a physical time-to-classicality

(4.45)

4N ~y

t*(a):max{O, (o +1) 1n(N+1)}’

that is, the minimal evolution time after which the o-parametrised distribution has been smoothed to

the Husimi Q-function (or beyond) and hence becomes everywhere nonnegative.
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Figure 4.1: (a) Minimum value of the quasi-probability distribution 15531 as a function of iteration
number k, shown for several ordering parameters ¢ and Hilbert-space dimensions N = 2,3,4,5.
For each o, the curves cross the classicality threshold (dashed line) at the universal iteration k, =
[(0 + 1)/2], which is independent of the dimension N. (b) Phase diagram in the (o, k) plane for
N = 4, with the red line marking the boundary ¢ — 2k = —1 beyond which all quasi-probability
distributions become nonnegative. This illustrates the dimension-independent onset of classicality

under tomographic measurements.

We now construct the most negative value a o-parametrised distribution can take for a given value of
N. The argument is as follows: Substituting (4.5) in (4.25) we obtain

i 1 (N +1)l@tDh/2
F)(z) = N + (2) Z ra (2| A\a]2)- (4.46)

a

At the same time taking the expectation value of (4.5) with respect to |z) we find
. 1 1
(elplz) = 5 + 5 D_7a (2lAal2). (4.47)
Substituting (4.46) in (4.47) we find that

F9(2) = % + (N + 1)(e+D/2 <<z|ﬁ|z> - ;f) . (4.48)

As 0 < (z|p|z) < 1, the function attains a minimum value when (z|p|z) = 0, which gives

B 1 — (N + 1)(0'+1)/2

F(U) (Z) ~

min

(4.49)

The attainability of Q)(z) = 0 follows from the spectral properties of p. As p > 0, one has

)\min(ﬁ) < Q(Z) < )\max(ﬁ)'
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If p is full rank, then Q(z) > 0 everywhere. If j is rank-deficient, however, then there exists a state |z)
in the kernel of p such that Q(z) = 0. In particular, for any pure state p = |¢))(¢|, one has Q(z) = 0
whenever |z) is orthogonal to |¢)). Thus, when both p and |z) are varied, the minimum achievable

value is always

min Q(z) = 0,

P,z
independent of V.
In particular, for the Husimi case this yields FIE;nl ) = 0 consistent with the positivity of the Q-function,
Q(z) = (z]p|z) > 0. By contrast, the expression reported in [ 146 ] gives Fé;nl ) = N which is negative

for N > 2. This contradiction indicates that the extremal state assumed in [146], while correctly

normalised to unit trace, does not define a valid density operator because it violates positivity.

Fig. 4.1 makes clear that the negativity threshold is crossed at the same universal iteration k, =
[(c + 1)/2], independent of N, confirming analytically derived bounds and visually highlighting

the geometry-driven nature of the transition.

4.6 Discussion and conclusion

In this chapter, we investigated a measurement-based model of decoherence in finite-dimensional
quantum systems with SU(/N) symmetry. We distinguished between two classes of POVMs with dif-
ferent physical roles. Coherent-state POVMs provide a phase-space representation, probing classical-
like variables such as orientations or amplitudes on the homogeneous space G/H. By contrast, to-
mographic POVMs are informationally complete i.e. they uniformly sample the entire Hilbert space
and thereby resolve all operator components, not just the classical directions. This distinction high-
lights two complementary routes to classicality, coarse-graining onto effective classical variables, or

full suppression of coherence across the operator algebra.

In the SU(V) setting, we employed tomographic measurements to construct a physically motivated
mechanism for decoherence. The nonselective version of these measurements induces a gradual sup-
pression of coherence, driving the system toward the maximally mixed state. To connect this discrete
picture with a continuous-time framework, we proposed a Lindblad-type dynamical model that un-
ravels the tomographic process. The solution of the master equation reproduced the same qualitative
features observed in the iterative scheme, demonstrating the consistency between the two descriptions
and offering a clear physical interpretation of decoherence as continuous, isotropic environmental

monitoring without readout.

A key distinction from the SU(2) case is that, in the fundamental representation of SU(/V), the oper-
ator space decomposes only into the identity and adjoint sectors. This ensures that the tomographic
POVM channel acts with a single nontrivial eigenvalue, exactly matching the spectral action of a Lind-
blad semigroup generated by the SU(IN) Lie algebra elements. By contrast, for SU(2) (beyond spin-3)
the operator space contains higher-rank tensor sectors, leading to a spectral mismatch and only ap-

proximate unravellings.

This structural simplicity explains why the SU(V) case admits an exact Lindblad description, provid-
ing a particularly clean and general framework for quantum measurement dynamics in IV dimensions.
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Chapter 5

Phase-Space measurement and
decoherence in SU(1, 1) quantum systems

5.1 Introduction

Having seen that iterative phase-space measurement in compact settings such as SU(2) admits an
asymptotic dynamical unravelling, where the measurement-induced decoherence channel approaches
a Lindblad evolution in the large-spin limit, and that tomographic measurements in SU(V) systems
yield an exact correspondence with isotropic Lindblad dynamics, we are now led to explore whether a
similar unravelling exists for systems with SU(1, 1) symmetry. In this chapter, we investigate whether
repeated coherent-state POVM measurements on the hyperbolic phase space induce a decoherence
process that can be described by a continuous-time dynamical model, and what structural constraints

arise from the noncompact nature of the group.

Compared to SU(2) and Heisenberg-Weyl systems, SU(1, 1) systems have been less extensively stud-
ied due to the noncompact nature of the group and the complexity of its representation theory. While
SU(2) supports only finite-dimensional irreducible representations, SU(1, 1) admits infinite-dimensional
representations, including the discrete, continuous, and supplementary series. Despite this mathe-
matical richness, SU(1,1) systems play a central role in quantum optics, particularly in the study
of two-photon processes, parametric amplification [147-150], and nonlinear quantum interferome-
try [96,151], where they exhibit squeezing and enhanced metrological sensitivity [152,153]. They

also find applications in areas such as time-frequency analysis and signal processing [154].

In this chapter, we develop a framework for decoherence in SU(1, 1) systems based on iterative coherent-
state POVM measurements. Focusing on the positive discrete series of representations, we employ
the Stratonovich-Weyl (SW) correspondence to construct a one-parameter family of phase-space
quasi-probability distributions F(°). Similar to the SU(2) case, this provides a unified treatment of
the Husimi @)-, Wigner W-, and Glauber-Sudarshan P-functions, which appear as special cases at
o = —1,0,+1, respectively, and which we show are related by half-iterations of the POVM map.

Section 5.2 introduces the SU(1, 1) algebra and coherent states, together with their geometric real-
isation on the hyperbolic plane. Section 5.3 formulates the coherent-state POVM and its action on
quantum states. In Section 5.4, we study the effect of repeated nonselective measurements on the
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family F’ (@), showing that the dynamics act as a spectral filter suppressing high-frequency modes
and driving all distributions toward the maximally mixed state. The relation between @), P, and W
functions then follows as a special case of this family.

In Section 5.5, we turn to dynamical unravellings. Using SU(1, 1) generators, we construct a master
equation that is SU(1, 1) covariant, exhibiting diffusion-like behaviour in the )-representation. How-
ever, we demonstrate that this dynamics is not of GKSL form and fails to be completely positive at
the operator level. Interestingly, when reinterpreted through coherent-state averaging, the resulting
dynamics do preserve positivity and trace, thereby exposing a structural distinction between operator-
level and phase-space-level descriptions of decoherence. This difference highlights fundamental lim-
its on GKSL-type diffusion models in noncompact quantum systems. We conclude with a discussion
in Section 5.6.

Appendix D reviews harmonic analysis on the hyperbolic plane and the spectral decomposition un-
derpinning the SW correspondence. It also discusses SU(1, 1) covariance of Lindblad generators by
analysing conjugation under K, rotations and K, boosts (which together generate the full group), we
show that the flipped Lindblad operator is covariant. Finally, the appendix establishes the D-algebra
representation for SU(1, 1) generators, which forms the technical basis for deriving the POVM dy-

namics and master equations in this chapter.

5.2 SU(1,1) coherent states

We begin by introducing the Lie group SU(1, 1) and its Lie algebra su(1, 1), its Hermitian generators,

and the associated unitary representations that will play a central role in our analysis.

The group SU(1, 1) is a noncompact, simple Lie group. Unlike compact groups such as SU(2), all
unitary irreducible representations (UIRs) of SU(1, 1) are infinite-dimensional. These representations
are classified into three distinct families, namely, the discrete series, the continuous series, and the

supplementary series [35,148,155].

In this chapter, we focus exclusively on the positive discrete series representations, denoted Dt (k),
which are the most commonly encountered in physical applications. These representations are la-
beled by the Bargmann index & € %Z>0, and are realised on Hilbert spaces with orthonormal bases

indexed by nonnegative integers.

The algebra su(1, 1) is generated by three Hermitian operators K,, Ky, and K., which satisfy the

commutation relations

K., K,) = —iK,, [K,,K.]=iK,, [K., K,]=iK,. (5.1)

The corresponding Hilbert space admits an orthonormal basis labeled by |k, k+m), where k is a fixed

positive parameter and m € N U {0}, satisfying the resolution of identity

i|k,k+m><k,k‘+m|:]l. (5.2)

m=0
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These states are eigenstates of the operator K,
K|k, k+m) = (k+m)|k, k +m). (5.3)

The quadratic Casimir operator &2, which commutes with all generators of the algebra and charac-
terises irreducible representations, is given by

K?=K?- K2 - K. (5.4)
It acts on these basis states as
K2k, k+m) = k(k — 1)k, k +m). (5.5)
To further explore the structure of this representation, we define the ladder operators
Ky =i(K, +iK,), K_=—-i(K,—iK,), (5.6)
which satisfy the commutation relations
K., K] =+Ky, [Ky K ]=-2K.. (5.7)

These operators act as raising and lowering operators within the representation space

Kilk,k+m) = /(m+1)(2k+m)|kk+m+1),
K_|k,k+m) = Vm@2k+m—1) |k k+m—1), (5.8)

where |k, k) is defined to be the ground state, K|k, k) = 0. The states |k, k + m) can also be got from
the action of the ladder operator, K +, on the state |k, k) as follows:

|k, k+m) = \/m! (FF(;ZZ)F ) (K™ |k, k). (5.9)

The coherent states used in this work are the Perelomov SU(1, 1) coherent states [35,156,157], which
generalise the canonical Glauber coherent states of the Heisenberg—Weyl group to the noncompact
SU(1,1) setting. They are constructed within the positive discrete series representation D (k), char-
acterised by the Bargmann index k& > 0. Perelomov coherent states are obtained by acting on this
lowest-weight state with a group displacement operator

) =Dk, k), Xl <1, (5.10)

where x is a complex parameter inside the unit disc.

Geometrically, these states are labelled by points on the coset space SU(1, 1) /U(1), which is diffeomor-
phic to the two-dimensional hyperbolic plane H?2. This space can be represented either as the upper
sheet of the two-sheeted hyperboloid

R A 9 > 0,
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or equivalently by the unit disc (the Poincaré disc model), with the relation
x = tanh (%) e % zg=coshr, x; =sinh7cos¢, x =sinhrsine. (5.11)

Thus, each coherent state |y) may be viewed as a quantum analogue of a point on the hyperbolic
phase space, parametrised by the hyperbolic Bloch vector 7i(7, ¢) = (cosh 7, sinh 7 cos ¢, sinh 7 sin ¢).
For comparison, we note that Barut-Girardello coherent states [ 158] are instead defined as eigenstates
of the lowering operator K _, but in this work we restrict attention to the Perelomov family, which is
most naturally adapted to the phase-space and POVM framework.

The displacement operator, representing a coset element in SU(1,1)/U(1), takes the explicit form

D(x) = (1 — |x|)" exp(xK ). (5.12)

and the resulting coherent state can be explicitly written as

o0

I'(2k+m NG
) =0=x*"> I T(2h) L@k + m) |k, k +m). (5.13)
m=0

In hyperbolic polar coordinates (7, ¢), the coherent state becomes

0= 55 TR ()7 o () e s

m=0

These states form an overcomplete family and satisfy the resolution of identity

/\x) (x| dpy =1, (5.15)

with the SU(1, 1)-invariant measure in disc coordinates given by

2% — 1 1
T (1= |x?

1
2 d?y, fork > =,

. (5.16)

d,uf< =

where d?y = —1dx A dy = dRe(x) dIm(x) and for when k = 1/2, we take the limit of the expression
as k — 1/2. In hyperbolic polar coordinates, this becomes

2k
dpiy g =

-1
sinh 7 d7 de¢. (5.17)
7r

Alternatively in terms of the SU(1, 1) equivalent to SU(2) Wigner D-matrices the coherent states can

be written as

X) =Y Dfy (6,7 —0) [k, k +m), (5.18)

m=0

where Di, v (e, 8,7) [159-161] is defined as

D]lf:—&—,u,,k—‘,-,u’ ((X, 57 7) = exp (-1/1,@) dﬁ,p,’(T) exXp (—i//')’)v (519)
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and the little dﬁ, u’ is defined to be

Flp+k)I(p—k+1) 1 o (T
s = Fi(k— 'k — /4 1;tanh? | -
e (7) \/F(u’+k)F(u’—k+1)—F(u’+u+1)2 I\ R e i 5

x <cosh <;) > e < sinh <;) > M_ul. (5.20)

Using (5.13) and the orthogonality of the states |k, k + m), we can calculate the overlap between

coherent states parametrised by x1, x2 as

=T (2k+n) _
— 1— 2\k 1— 2\k n.n _
(x1lx2) (1= )P = e nz% T O

(1= PaP)a = xa)®

(1= )% (5.21)

If x1 = tanh (3 )e ¥t and x2 = tanh (% )e'?2 then the square modulous of the overlap [35,162] is

also given as

1+coshn>2k (5.22)

bl = (<55

where cosh 7 = cosh 71 cosh 79 — sinh 73 sinh 75 cos (¢1 — ¢2), the hyperbolic distance between x1, 2.

To conclude this overview, we briefly review the continuous series representations of the group SU(1, 1) [35,
163], which play a complementary role to the discrete series and are fundamental to the harmonic
analysis of noncompact Lie groups. In the continuous series, the irreducible unitary representations

of SU(1, 1) are labeled by a real parameter A\ € R and a discrete quantum number p € Z (or half-
integers, depending on the realisation). The Hilbert space is spanned by states |\, 1), which are si-
multaneous eigenstates of the Casimir operator K2 and the generator K,

. 1 .
R = (¥4 ) Kl =, (5.29)
The ladder operators K+ act on these states as
. 1. - .

Unlike the discrete series, where the spectrum of K is bounded from below, in the continuous se-
ries it is unbounded in both directions. These representations are unitary and essential for applica-
tions such as the Plancherel decomposition and the representation theory of the Poincaré upper half-
plane, where they appear in the spectral resolution of the Laplace-Beltrami operator [164-166](see
Appendix D.1).

We now shift focus to the central theme of this work, namely, modeling quantum measurements using

coherent state positive operator-valued measures (POVMs).

5.3 Coherent-state POVM measurement

We consider a quantum system with SU(1, 1) symmetry, characterised by the Bargmann index k in
the positive discrete series. Its classical limit is described by the hyperbolic phase space of SU(1,1)
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coherent states, which encode minimal-uncertainty configurations for the generators K o K y, and K,
of the su(1,1) algebra.

To model phase-space decoherence in this setting, we employ a positive operator-valued measure
(POVM) constructed from the coherent states. The POVM provides a resolution of the identity (5.16)
over phase space and captures the emergence of classical behaviour through coarse-grained phase-

space localisation.

Following the same idea as in Chapter 2, 3, we now consider the scenario in which a phase-space
measurement is performed, but the measurement outcome is not recorded and the post-measurement

state is given by

Pout = / dp(x) (xlpmlx) [x) (x| (5.25)

This map represents a completely positive, trace-preserving operation that captures the loss of quan-

tum coherence due to unobserved measurement interactions.

Although the analysis could in principle be carried out entirely in the operator formalism, the non-
compactstructure of SU(1, 1) presents major difficulties. Unlike SU(2), which admits finite-dimensional
representations and closed Clebsch-Gordan coefficients, SU(1, 1) has only infinite-dimensional rep-
resentations, and its Irreducible tensor operators or the Clebsch-Gordan coefficients are generally

known only in sums of hypergeometric functions or complicated series form [167-170].

Nevertheless, the effect of a single coherent-state POVM measurement can still be obtained analyti-
cally. While this approach does not scale to repeated iterations, it captures the operator-level structure
of decoherence and highlights the role of SU(1, 1) Clebsch—Gordan coefficients. For clarity, we denote
by 5V the output of one POVM measurement applied to an initial state , as established in the fol-

lowing proposition.

Proposition 5.1. After one iteration of the coherent-state POVM measurement, the density matrix decoheres

as
(1) _ Z Z K,2k+mi+mao+A K.2k+mi+ma+A K,2k -
Pmimg = Pmi+Xma+A Ck,k—l—ml;k,k—f—mg—l—)\ Ck,k-l—mz;k,k:-‘,—ml-i-)\ Ck,k;k;,k 2K —1° (526)
A=Amin K=Knmnin

where pgg,m = (k,k+my |[)(1) |k, k+maq), and the summation ranges are given by Apyin = max(—mq, —ma),

Amax = 00, Kmin = 2k +min(0, m; — ma), Kmax = 00. The coefficients Cﬁiﬁi%l;k%kﬁm are the Clebsch-
Gordan coefficients for the SU(1, 1) group [167-172], defined by
CloEAM = (k1 k1 + my; ko, ko +mo| K, K + M), (5.27)

k1,k1+my;ka,ka+meo

where the right-hand side denotes the scalar product between a tensor product basis state and a coupled basis
state

<k1,k1 4+ mq; ko, ko +m2|K,K+ M> = <k1,k1 +m1] & <k2,k2 —l—mgHK,K + M> (5.28)
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Remark. In the derivation above, the state | K, K+M) appearing on the right-hand side of the Clebsch-
Gordan decomposition is defined as the simultaneous eigenstate of the total Casimir operator and the
total Cartan generator of the combined system. That is, we define the total SU(1, 1) generators via

K* = K ®1+1® Ko, (5.29)
K = K. 9o1+1® Ky, (5.30)

The total Casimir operator is then
(K = (K2™)* = (K7*)? = (K,™)?, (5.31)

and the state | K, K + M) satisfies the eigenvalue equations

(K |K, K+ M) = K(K-1)|K,K+ M), (5.32)
KK, K +M) = (K+ M)|K,K+ M). (5.33)

By definition, the state | K, K + M) decomposes into the uncoupled basis |k1, k1 +m1) @ |k, ka2 + ma)

according to

K,K+M
’K7K + M> = Z Ck17k1im1;k2,k2+m2 ‘kl’ kl + m1> ® ‘k2’ k2 + m2>’ (5'34)

mi,m2

.. K,K+M
where the Clebsch-Gordan coefficients C’k1 ey ks kst

addition m; + mg = M. These coefficients satisfy the orthogonality relation

ensure proper angular momentum (weight)

K,K+M K/ K'+M B
Z k1,k1+my;ka,ka+mo Ckl,k1+m1;k2,k2+m2 - 6K7K/’ (5'35>
mi,m2

ensuring that total SU(1, 1) states with different Casimir labels remain orthogonal.

The proof is provided in detail in Appendix D.2.1. So we see from (5.26) that after a single application
of the coherent-state POVM measurement, the density matrix elements are damped by a weighted
sum over Clebsch-Gordan coefficients. In addition, the nontrivial index couplings in (5.26) prevent
the map from taking a simple recursive form. One cannot iterate the same transformation matrix on

the density operator; each step requires a fresh convolution involving Clebsch-Gordan coefficients.

To overcome these difficulties, and to establish a clearer link with classical phase-space, we turn in-
stead to the phase-space formulation of quantum mechanics. In this representation, the action of the
POVM becomes diagonal in a suitable spectral basis, allowing repeated measurements to be described

as a spectral filter acting on phase-space quasi-probability distributions.

5.4 Coherent-state POVM measurement on phase-space

Following the construction in [162,173-175], we define the o-parametrised kernel operators (?) (y)
on the SU(1, 1) phase space, thereby extending the Cahill-Glauber formalism to noncompact sym-
metric spaces. In this setting, the relevant harmonic analysis is carried out on the Lobachevsky
(hyperbolic) plane, where the natural basis functions are given by the conical (Mehler) functions
P, 1 (coshn), which play the role of spherical harmonics in this noncompact geometry. Appendix D.1
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provides further details on this representation theory and the harmonic analysis underlying these ker-
nels.

With this structure in place, the o-parametrised kernels admit the following spectral integral repre-
sentation

o 2 —o/2
00 = g [ [ Py feoshn 2200 ),

2 k —1/2—0/2 ;~—
= 1 / dpy / dvy Py_1(coshn) @A) /2772 %7 (x), (5.36)

where the spectral weight is given by

(2k — 1)|T(2k — 5 +1iN)|?
I'2(2k) ’

Pp(A) = (5.37)

and cosh ) = cosh 7 cosh 7/—sinh 7 sinh 7/ cos(¢—¢'), the variables x = tanh(%)e"*?and x’ = tanh(%) e i’
parametrise points on the Poincaré disk.

Here @™ (x) and @™ (x) denote, respectively, the inverse and direct coherent-state projectors. These
generate the familiar Glauber-Sudarshan P- [58,59,62] and Q-functions [61],

P(x) =tr(pa™(x)),  Q(x)=tr(pw~ (x)), (5.38)
with @™ (x) = |x)(x|- The P-function further provides a reconstruction of the density operator,
p= [ PO i (5.39)

By construction, the kernels @(?) () satisfy the normalisation condition tr[#(?)(x)] = 1 and obey the
resolution of the identity [ du® (%) (x) = 1.

The corresponding o-parametrised phase-space quasi-probability distributions are defined as

FOx) = tfpd' ().
- zzi [ ks [ pycoshin) B ()20 i (),
- Qk 1 duys [ dwn Bix_1(coshn) Op(N) 272 (N |pIX). (5.40)
For 0 = —1,0,+1, these distributions reduce to the SU(1, 1) analogues of the Husimi Q-function,
the Wigner function, and the Glauber-Sudarshan P-function, respectively. In particular, the o = —1

case corresponds to the Mehler-Fock transform on the hyperbolic plane, which plays the role of the
spherical harmonic expansion in the noncompact setting (see Appendix D.2.5).

We will now analyse the application of the coherent-state POVM measurement to the general function
F(9) as follows

Proposition 5.2. After one iteration of coherent-state POVM measurement

g 2 o
FO0) =g [ s [ o Py costin) @100 PO, (5.41)
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where Fl(o) (x) is the distribution after the nonselective measurement or equivalently

2

700 = 5

Ay (191) [ i Py coshn) @)/ (5.42)

The proof is discussed in Appendix D.2.2. So after one iteration of the coherent-state POVM measure-
ment, we see that the distribution F(?)(y) gets damped by a factor ®;()\). Notably, this multiplica-
tive factor ®;(\) acts as a spectral filter on the A-modes. Since this ratio decays as |A| increases (see
Fig. 5.1), it suppresses contributions from higher-frequency components in the Legendre expansion.
As a result, the transformation damps fine-grained structure in the input distribution, thereby imple-
menting a coarse-graining of the phase-space density. This mechanism reflects the intrinsic smoothing
behaviour of the coherent-state POVM, analogous to diffusion processes on the hyperbolic plane.

2 o
T ——k=05
—k=1.0
0.8 k=2.0
—k=5.0
1.5¢ \ — = W
0.6 =
~—~ E/
= =
= 04f g ‘
3 ~< 1 \
02} ,i\ \
"
A E:; \
B ~ 05¢
-0.2 \\
-0.4 0 - \\ ‘ ‘
0 5 10 15 20
T A
(a) Conical (Mehler) function P, A-1 (coshT) (b) Spectral weight A tanh (7))@ (N)

Figure 5.1: Spectral components of the SU(1, 1) phase-space convolution. (a) Conical (Mehler) func-
tion P, _ 1 (cosh 7) as a function of 7 for various values of A. The function exhibits oscillatory behaviour

that decays for larger 7, encoding the hyperbolic geometry of the SU(1, 1) phase space. (b) Effective
spectral weight A tanh(w\)®,()) as a function of A\, where @ () is the Plancherel weight. The decay
in spectral weight for large A reflects the suppression of high-frequency spectral contributions in the
phase-space convolution. Together, these functions govern the smoothing effect of the SU(1, 1) spec-
tral convolution, progressively washing out quantum interference features in the Wigner function.
The plots were generated using the SpecFunPhys MATLAB toolbox [176].

Comparing (5.42) with (5.40), we find that the exponent of ®;(\) shifts by +1, implying Fl(o) =
F©=2)_ Thus, a nonselective SU(1, 1) coherent-state POVM measurement acts by reducing the o-
parameter of the phase-space distribution by two, F(?)(y) + F(~2)(y), with half-iteration of the
measurement doing F(?)(y) — F=D(x).

Remarkably, this shows that the familiar quasi-probability distributions are related by fractional iter-
ations of the same measurement process, the Glauber-Sudarshan P function, the Wigner W function,
and the Husimi Q function correspond respectively to F(1), F(?), and F(~1), each separated by a half-
iteration. As a consequence, the singular behaviour of the P distribution and the negativity of the W
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distribution are completely eliminated after just a single full iteration, so that classicality, in the sense

of positivity in phase space, is achieved immediately.

An immediate consequence of Proposition 5.2 is that after n iterations of the POVM measurement the
distribution F(°) transforms as

. 2
F{ () = oh 1

/ duk / dva Py 1 (coshn) (@1 (A))" FO () = Fle=2n), (5.43)
The n-step convolution has the same form as the single-iteration case, with the spectral damping factor

@ () raised to the n'® power.

Since 0 < ®;(\) < 1forall A € Rand k > 1 (see Appendix D.2.3), repeated iterations exponentially
suppress every nonzero spectral mode. By dominated convergence, we may exchange the n — oo
limit with the spectral integral, yielding the trivial uniform steady state

lim E (7 ¢) = 0. (5.44)
This reflects the fact that the function F(?) becomes completely delocalised under repeated measure-

ment, spreading uniformly across the infinite-volume hyperbolic phase space. The probability density

at any specific point vanishes, even though the total integral remains normalised to unity.

Following the same spectral-iteration argument used for SU(2), the SU(1, 1) case also admits a nat-
ural route toward classicality. The classical boundary occurs at o = —1, where the Husimi function
becomes pointwise positive, and further POVM iterations (¢ — o — 2 per step) only increase the
smoothing. Thus, any initial F(?) converges to a positive classical distribution after at most [(c+1)/2]
iterations, providing an upper bound on the number of POVM steps required to suppress interference
in hyperbolic phase space.

The appearance of fractional iterations in the POVM framework naturally suggests the possibility
of an underlying continuous-time dynamical model, one in which the iteration index n plays the
role of time. While identifying an exact Lindblad-type equation that reproduces the discrete POVM
evolution is nontrivial, it is possible to construct a continuous dynamical model that approximates it

closely.

5.5 Dynamical model for phase-space POVM measurement

Just like in the HW and SU(2) cases (see Sections 2.6, 3.5), we consider a purely decohering Lindblad
equation [40-42] for the density matrix / of the form

R P 1 v
p= 72 <LkaL - 2{L2Lk,p}) ; (5.45)
k

where > 0 is a decoherence rate and Ly, are the Lindblad operators chosen to be

~

Ly =

A

Ly = Ly=K.. (5.46)

7
s
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Figure 5.2: The Wigner (top row) and the Husimi (bottom row) functions of the initial state, the outcome
state after a single phase-space measurement, and that after ten repeated measurements. Starting from an ini-
tial odd cat state |cat_) = N_ (|x0) — |—xo0)) with k = 1, xo = tanh(7/2) and 79 = 3.0, exhibiting
quantum coherence. The columns correspond to successive SU(1, 1) phase-space convolutions with
spectral power n = 0,1, 10. The initial Wigner function exhibits strong negativities due to quantum
interference, which are suppressed under successive convolutions, leading to a classical-like posi-
tive distribution. The corresponding Husimi functions, which remain strictly positive throughout,
similarly transforms into uniformity. The plots were generated using the SpecFunPhys MATLAB tool-
box [176].
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However, due to the noncompact nature of SU(1, 1), the Casimir operator involves a negative contri-
bution from the compact direction, K2. To correctly reproduce diffusion and preserve SU(1, 1) covari-
ance on the hyperbolic phase space, the contribution of K in the Lindblad equation must therefore
enter with an effective negative sign (see Appendix D.2.4). This sign flip ensures the correct bal-
ance between the compact and noncompact directions of the algebra and is essential for obtaining the
hyperbolic heat equation as the effective phase-space dynamics.

It should be emphasized, however, that the resulting “flipped” Lindblad equation although is trace-
preserving, is not completely positive at the operator level, since the associated Kossakowski matrix
is not positive semidefinite. Nevertheless, when averaged over coherent states the induced dynamics
of the Husimi @Q-function is governed by the heat kernel on the hyperbolic plane, which is positivity
preserving and trace preserving, thereby providing a physically consistent effective description of
decoherence in phase space. In fact, one can go further: a stochastic unravelling based on Brownian
motion of SU(1, 1) coherent states yields, upon ensemble averaging, precisely this diffusive (flipped)

Lindblad equation (see Chapter 6).

The generator for the diffusive motion is given by
. 1. o 1.0 o 1. 1 .. . NI PO
p=|gK+PK_ — Z{KfK%P} + 5K PKy - Z{KJrK—,P} — | KK, — i{Kzap} . (5.47)
By combining terms, this can be simplified to the more compact form
2 Le 2 D A B PR R S
p=(5 <K+pK_ + K_pK+> — RopRo+ 5 {2KZ KK - K_K+,p} . (5.48)
Using the identity for the Casimir operator in D*(k), K2 = k(k — 1)1, the dynamical equation sim-

plifies to

. 1/ N N N A
p= v<2 (Kephe+ K-pRy) + KopK + k(k - 1)&)- (549)

We now transform (5.49) to the coherent state representation and obtain an explicit expression for the
time evolution of the Husimi @-function, which we proceed to solve.
5.5.1 Husimi representation of the dynamical equation

To derive the Husimi representation of (5.49), we calculate the expectation value of (5.49) in the

SU(1, 1) coherent state |x), obtaining

! 1. .- 1. .- P .
(x[plx) =~ <x’2K+pK— + KPRy = KopK. + k(k —1)p x> : (5.50)
The left-hand side defines the time derivative of the Husimi Q-function,
Q(x) = (xIAlx), (5.51)

while the right side involves matrix elements of operator products evaluated between coherent states.

The required differential representations of SU(1, 1) generators in the coherent-state basis are derived
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in Appendix D.2.5. Using these results, one obtains a closed partial differential equation for Q(x,t),
which takes the form of a heat equation on the hyperbolic plane [177]

dQ_’Y 28Q ’Y

= 20— P AmQ, (552)

In hyperbolic coordinates this becomes

dQ(r,¢) _ <a2 1 92

0
dz 92 " sinh?(7) 9% + coth (7) aT> Q(T, ). (5.53)

Using the fact that the Husimi distribution satisfies the heat equation on the Hyperbolic plane we

now show that the o-parameter family of functions also satisfy the same heat equation.

Proposition 5.3. Assume Q(x, t) solves the hyperbolic heat equation 9;Q(x,t) = 3 ApeQ(x,t), with~ > 0.
Then for each fixed o, F(?)(x,t) also solves

OF (x,t) = 3 M FO(x.1). (5.54)

Proof. Write F(%) as a zonal convolution of the Husimi density @ for SU(1, 1), meaning a convolution

with a kernel that depends only on the invariant geodesic distance between phase-space points,

F(x,t) /Qx t) Go(x, X) duil. (5.55)

where

2 1
Golp) = gr—7 [ dva Py_s(coshn) Bx(1) 2

7. (5.56)

and G,(x, x') = Go(n(x, X)) is group invariant and depends only on the geodesic distance p. The
hyperbolic conical functions P, 1 (coshn) diagonalise A in either variable with the same eigenvalue,
hence

AX GU(Xv X/) = Ax’ GO’(X? XI)- (557)

Assuming Q(-,t) is smooth and satisfies 0,Q = 4 A,/Q, and using dominated convergence plus the

self-adjointness of A with respect to the 1nvar1ant measure d,ux, we obtain

Ot = [OQN) Gol ) i
= 3 [0 0 Gol )
= 3 [ Q0 (B Go) e did,
= 3 QD (Gl i,

- 1o [ e Gate ) ank] = T A . (5.58)
This proves that F(?) obeys the same heat equation as Q. ]
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5.5.2 Solving the hyperbolic heat equation

We now solve the hyperbolic heat equation derived in the previous section. It is important to empha-
size that the Q-function we consider here is associated with a quantum system in the positive discrete
series representation of SU(1, 1) with Bargmann index k > 3. As such, it is normalised with respect
to the SU(1, 1)-invariant measure d,u’j, s (which depends on k), rather than the standard Riemannian

volume measure on H?, dw, , (see Appendix D.1).

Proposition 5.4. The solution to the hyperbolic heat equation (5.53) with initial condition Q(t,¢,0) =
Qo(T, @), is given by

Qron) = [[| [ F0Dnycostn) dn] Qu(r'. o) e, (559)
where n = n(7, ¢; 7', ¢') is the hyperbolic distance given by

coshn = cosh 7 cosh 7/ — sinh 7 sinh 7’ cos(¢ — ¢'), (5.60)

and the measure dw, » = 5= sinh(7) dr d¢ and dvy = A tanh(w\) dX is the spectral Plancherel measure.

Proof. We begin by expanding the initial condition Qo(7, ¢) in terms of eigenfunctions of the hyper-

bolic Laplacian on H?, which are given by generalised spherical harmonics ) ,,(7, ¢)

Z / P Oau(r, @) dvy, (5.61)

p=—00

with spectral coefficients given by the projection onto this basis

/ Qo(r', ¢ )5 (7', &) dwrr . (5.62)

The heat operator acts diagonally on this basis, so the time evolution is given by

Qrot)= 3 [ F D nr o). (5.63)

H=—00

Substituting the expression for fy ,, we get

Qr. 6.1) Z/ ¥ [/ Qo(r', )5, (7', ¢) o 4 bap(r @) dm  (5.64)

p=—00

Now, using the addition theorem (reproducing kernel identity) for the eigenfunctions from (D.7), we
find

Qo) = [ | [ #05Dn_ycostin) dn] Qu(r'. o) e, (5.65)
which completes the proof. ]
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Similarly it can be shown that

FO(r,¢,1) = / [ / " F DR, s (coshn) duy | FO(r,¢,0) dwr . (5.66)

The solution to the heat equation (5.66) expresses the time-evolved Husimi function F(?)(7, ¢, ) as
a convolution of the initial distribution F(?)(7/, ¢/, 0) with a kernel of associated Legendre functions

P,,_1(coshn), weighted by an exponentially decaying factor. High-\ modes are rapidly suppressed,
2
while low-A modes dominate at long times, driving the distribution toward a smooth uniform state.

In contrast, the iterative POVM dynamics derived earlier introduce a geometric damping factor of the
form (®;(A))", where ®;(\) < 1 for all A # 0. Both frameworks, discrete POVM iteration and con-
tinuous dynamical evolution, act as spectral filters that dampen fine-grained features of the quantum
state, effectively driving it toward a classical-like configuration.

To compare the two approaches quantitatively, one may attempt to identify a correspondence between
the damping factors by equating their decay rates

1
exp (—’Y; ()\2 + 4>> < (Pr(N)". (5.67)
Taking logarithms yields the relation
o2 log B(N) (5.68)

This expression makes it evident that no single choice of v can match the entire spectrum of A values
unless @ () is itself exponential in A2, which it is not.

However, in the large-k limit, with X fixed, the spectral factor simplifies considerably. Applying Stir-
ling’s expansion to the logarithm of the Gamma functions [122,123], one finds

A+ g 1

In®,(\) = — T @ (l#) . (5.69)
Thus, to leading order,
A4l

Br(A) ~ exp ( ;k‘ 4) . (5.70)

After n measurement iterations, the damping factor becomes

o eyt
BN =~ exp( T <)\ + 4) ) (5.71)

This coincides with the eigenvalue of the hyperbolic heat kernel, with the effective diffusion time
identified as t = 4.

In the limit ¢ — oo, assuming sufficient regularity of F(°)(r, $,0), we may exchange the limit and the
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integral via dominated convergence

. o . _at(\24 1 -
lim FO(r,6,6) = lim { / e F TP, (coshy) dun | FO(, ¢/, 0)dpibs
= 0. (5.72)

5.5.3 Onset of classicality

Similar to the SU(2) case, we identify the earliest time ¢, for which the heat-kernel evolution (5.66)
produces a distribution F(?)(7, ¢, t) that is everywhere nonnegative. The key observation is that
one iteration of the SU(1,1) coherent-state POVM measurement corresponds to multiplication by
@1 (\) in the spectral domain, while the continuous-time dynamics multiplies each spectral mode
by exp[—7t(A? + 1/4)]. Thus, after (o + 1)/2 iterations, the exact number required to wash out nega-
tivity and singularities, the spectral damping factor is ®5,()\)("*1)/2. Positivity is therefore guaranteed

once
fvt(A2+l) o+1
e 1) < Pp(A) 2z forall A € R. (5.73)
The ratio
log (1/®1(\))
Ry(\) = ———+—~ (5.74)
X+

is maximised at A = 0, which sets the critical positivity time

o+l _ 204D (2k)
te(ok,y) = > ilelﬁRk(A) =——"log [mF(Zk— %)] : (5.75)

Forallt > t.(o, k,v) the distribution F(?)(, ¢, ) is strictly positive, signalling the onset of classicality.

As an example, when k = 1 one finds ¢, (0) = /4, giving

c+1

to(o,1,7) ~ 0.482 (5.76)
i
In the large-k limit, Stirling’s approximation yields
1 1
1 — | ~ = 5.77
°g<<1>k<0>> 8k’ 577)
so that
o+1

Thus, for fixed (o,~y) the onset time decreases inversely with the Bargmann index, reflecting the ac-

celerated emergence of classicality in the semiclassical, large-representation limit.
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5.6 Discussion and conclusion

In this chapter, we developed a coherent framework for modelling decoherence in quantum systems
with SU(1, 1) symmetry using phase-space measurements based on coherent-state POVMs. Focusing
on the positive discrete series, we showed that iterative, unread POVM measurements act as spectral
filters, progressively damping high-frequency modes of the o-parametrised quasi-probability distri-
butions F(?) on the hyperbolic plane. This process establishes a natural hierarchy in which successive
iterations shift o + o — 2, with fractional iterations connecting the entire family { F(?)} and recovering
the familiar P-, W-, and @Q-functions as special cases. In particular, we identified the Husimi function
(0 = —1) as the universal classical threshold, for any initial F(°), classicality is guaranteed after at
most [(o + 1)/2] iterations, providing a sharp, state-independent bound on the onset of positivity.

To complement this discrete picture, we introduced a continuous-time master equation based on the
su(1,1) generators, which yields a heat-like evolution on the hyperbolic plane. Although the corre-
sponding generator differs from the standard GKSL form and fails to ensure complete positivity at the
operator level, it preserves SU(1, 1) covariance and reproduces hyperbolic diffusion when interpreted
in the coherent-state representation. Here, complete positivity and trace preservation are recovered
under phase-space averaging. Unlike the POVM framework, however, the dynamical onset of clas-
sicality is state-dependent, with the decoherence time controlled by the spectral weight of the initial
distribution. This contrast highlights the complementary roles of measurement-based and dynami-
cal descriptions, one offers a universal sufficiency bound, while the other encodes state-specific decay
rates.

This completes our analysis of SU(1, 1) phase-space measurement and decoherence. We now turn
to tomographic measurement schemes for SU(NN) quantum systems, and examine how phase-space

decoherence manifests in that setting.
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Chapter 6

Stochastic unravelling of decoherence on
phase space

6.1 Introduction

In the previous chapters, we developed measurement-based and Lindblad descriptions of decoher-
ence across different symmetry groups. In this chapter, we turn to a complementary approach, focus-

ing instead on stochastic trajectory descriptions of phase-space measurements.

The dynamics of open quantum systems, especially under continuous observation, are fundamen-
tally stochastic in nature. While the unitary Schrodinger equation describes closed systems evolving
in isolation, realistic quantum systems are invariably coupled to external degrees of freedom such as
thermal reservoirs, measurement devices, and uncontrolled environments. This interaction leads to
decoherence, information loss, and effective irreversibility, all of which are encoded in the general the-
ory of quantum master equations and the framework of completely positive trace-preserving (CPTP)
maps [43,44,50,81,92].

Among the most important such descriptions is the Lindblad master equation [40-42], which gov-
erns the Markovian evolution of the density matrix for a system undergoing environmental noise or
continuous measurement. A deeper understanding of this dynamics is provided by the theory of
quantum trajectories and stochastic Schrodinger equations (SSEs), which represent the evolution of a
pure quantum state under continuous monitoring as a stochastic process in Hilbert space [43,44,65].
These unravelings not only reproduce the Lindblad equation upon ensemble averaging but also reveal
the underlying informational and physical mechanisms of decoherence and measurement backaction

(the effect, disturbance or alteration of a quantum state due to the act of observing it).

In this chapter we investigate the dynamics of coherent states undergoing stochastic evolution in-
duced by continuous monitoring of phase-space observables. By formulating a stochastic process
for the coherent-state label, we derive stochastic differential equations (SDEs) that govern the condi-
tioned evolution of the quantum state within the family of coherent states. We show that the ensemble
average of the outer product of the stochastic trajectories yields a trace-preserving quantum dynam-
ical semigroup. In the Heisenberg-Weyl and SU(2) cases this semigroup coincides with the Gorini-
Kossakowski-Sudarshan-Lindblad (GKSL) master equation, with Lindblad operators corresponding
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to the generators of the Lie algebra associated with the coherent-state manifold. For SU(1, 1), how-
ever, the resulting dynamics is not completely positive and departs from the standard GKSL form as
we saw in Chapter 5, instead taking the structure of a diffusion equation generated by the quadratic
Casimir on the noncompact phase space. In addition, we analyse the stochastic properties of quan-
tum observables along these trajectories, identifying martingale structures and entropy processes that
reflect the underlying symmetries.

The structure of this chapter is as follows: Section 6.2 provides a brief overview of the probabilistic
and stochastic framework needed to define and interpret the stochastic Schrodinger equation. This
includes a short discussion of probability spaces, filtrations, martingales, and Itd calculus. A full

account of this background is presented in Appendix E.

Section 6.2.1 presents the normalised stochastic Schrodinger equation (SSE), discusses its key proper-
ties such as norm preservation, and derives the associated Lindblad master equation through ensem-
ble averaging. In Section 6.3, we introduce continuous phase-space measurements within the frame-
work of canonical coherent states and derive the stochastic differential equation (SDE) governing the
evolution of the coherent-state label under such measurements. Section 6.4 extends this treatment to
generalised coherent states associated with the SU(2) group, formulating the corresponding SDE on
the Bloch sphere and analysing the induced stochastic dynamics. Section 6.5 generalises this approach
further to SU(1, 1) coherent states, deriving the SDE on the Poincaré disk and examining the evolu-
tion, with particular attention to boundary effects and amplification dynamics. In Sections 6.3, 6.4
and 6.5, we also investigate the martingale properties of observables under different measurement
schemes, highlighting their connection to conservation laws and symmetries. Finally we conclude
with a discussion in Section 6.6. For clarity of presentation, many of the detailed derivations and
lengthy proofs are deferred to Appendix E.

6.2 Mathematical background

In this section we outline the key probabilistic concepts required for the stochastic dynamics devel-
oped in this chapter. Rather than providing formal definitions, we briefly summarise the tools that
will be used in the main text, including probability spaces, filtrations, martingales, and It6 calculus.

A rigorous treatment, with precise definitions and supporting results, is given in Appendix E.1.

When a quantum system interacts continuously with an environment or measurement apparatus,
its evolution becomes inherently random and nonunitary. The deterministic Schrodinger equation is
then replaced by a stochastic Schrodinger equation (SSE), which describes the conditioned evolution
of the system’s wavefunction. These dynamics are naturally framed within the language of stochastic

processes and stochastic differential equations (SDEs).

A stochastic process is a collection of random variables indexed by time, whose evolution is described
by SDEs comprising deterministic drift and random fluctuations (diffusion). The latter are modeled
mathematically by Brownian motion (Wiener processes). The formal structure of such processes is
built on a probability space, with a filtration that encodes the accumulation of information over time,

enabling precise definitions of adapted processes, martingales, and conditional expectations.

Central to our analysis are It6 processes, stochastic analogues of ordinary differential equations, whose
evolution is governed by SDEs in differential form. The calculus of such processes is encapsulated in
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Itd’s lemma, a stochastic chain rule that accounts for the nondifferentiable nature of Brownian paths

through second-order correction terms arising from their quadratic variation.

Given that quantum states reside in complex Hilbert spaces, we extend It6 calculus to complex-valued
processes using Wirtinger derivatives. This complex stochastic framework preserves analytic struc-
ture and is particularly suited to quantum optics, coherent states, and measurement-induced dynam-
ics.

The concepts introduced here provide the mathematical foundation for constructing and analysing
stochastic Schrodinger equations, and for understanding the probabilistic structure of quantum sys-
tems subject to noise, feedback, and continuous observation. For detailed expositions, see Oksendal [178],
Karatzas & Shreve [179], Gardiner [180] and [181] for It6’s lemma. For quantum measurement theory
and SSEs, see Wiseman & Milburn [44] and Barchielli & Gregoratti [65].

With these preliminaries, we begin by reviewing the Stochastic Schrédinger equation.

6.2.1 Stochastic Schrodinger dynamics

Let H be a finite-dimensional complex Hilbert space of dimension IV, equipped with the inner product
(-]-). The quantum state is described by a family of state vectors {|t/;) }+>0, where for each ¢ € [0, c0),
the state vector |1/;) € H is arandom variable defined on a filtered probability space (2, F, { F; }¢>0, P).
We assume that {|1/;)} is adapted to the filtration {F;}, and satisfies the required integrability con-
ditions so that stochastic integrals are well-defined. Physically, |1;) represents a pure-state trajectory
undergoing random evolution due to its coupling to a noisy environment or a continuous measure-

ment process.

Let H denote the Hamiltonian of the system, and let { L*} be a fixed collection of Lindblad operators on
the Hilbert space H. Each L* corresponds to an independent channel of decoherence or continuous
measurement acting on the quantum system. We assume the existence of a collection {W}};>¢ of
mutually independent standard Wiener processes, one for each Lindblad operator, all defined on the
same filtered probability space and adapted to the filtration {F; }+>0.

The evolution of the quantum state |1/;) € H under continuous environmental interaction or observa-
tion is modeled by a normalised Ito-type stochastic Schrodinger equation (SSE) [182-187]

0.2

b =~ k) e — % ((i’“)Ti’“—szi’wLﬂ?) ey dt+ 2 D7 (L8 = LE) ) AW, (61)
k

where o > 0 is a fixed coupling constant that controls the strength of the stochastic fluctuations, and

Lf - M (6.2)

(el )

denotes the expectation value of the operator L* at time ¢. The nonlinearity in (6.1) arises from the
dependence of the drift and diffusion terms on this expectation value.
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- A\ T
In the special case where all Lindblad operators are self-adjoint, L* = (Lk> , the SDE simplifies to

: 2
e = — Al e — % 37 (20— 1) o de + S S (BF — ) o) (6:3)
k k

which is often used in the literature for systems undergoing real-valued measurement processes (e.g.,
homodyne detection [43,44,92]).

A defining feature of the stochastic Schrodinger equation (SSE) is the preservation of the norm of the

quantum state vector at all times.

Lemma 6.1. Let |¢;) evolve according to the normalised stochastic Schrodinger equation 6.1. Then the
norm is conserved almost surely for all ¢+ > 0, regardless of whether the Lindblad operators L are

Hermitian.

The detailed proof is presented in Appendix E.2.1.

6.2.2 Density matrix and the Lindblad equation

We now consider the corresponding mixed-state description of the system. For a given realisation of
the stochastic process, we define the instantaneous pure-state projector as R; = [1);)(1;|. The statistical
state of the system, which accounts for classical uncertainty due to the stochasticity of the measure-
ment record or environmental noise, is given by the ensemble average of these pure-state projectors:
pr = E[Ry]. By construction, j; is a legitimate density matrix, i.e. it is Hermitian, positive semidefinite,

and normalised to unit trace.

Proposition 6.1. Let |1;) evolve according to (6.1). Then the ensemble average p; = E[R;] satisfies the
deterministic Lindblad master equation

=gl 3 (i g {uniikad). (64)

where {-, -} denotes the anti-commutator.

The proof is discussed in detail in Appendix E.2.2. This result shows that the Lindblad equation
emerges naturally as the ensemble average of stochastic pure-state evolutions, thus providing the
rigorous basis for interpreting stochastic Schrodinger equations as microscopic unravellings of open-

system dynamics.

6.3 Continuous phase-space measurement and stochastic unravelling

The stochastic Schrodinger equation (SSE) provides a general framework for describing the condi-
tioned evolution of a quantum state under continuous measurement. When the measured observ-
ables are linked to phase space, such as position and momentum, or their analogues in systems with
Lie group symmetries, the quantum state undergoes a gradual, stochastic evolution driven by mea-

surement backaction, rather than an instantaneous collapse.

In many relevant scenarios, as we have seen in the previous chapters, this evolution remains con-

fined to a manifold of coherent states. This motivates describing the dynamics through a stochastic
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differential equation (SDE) for the coherent-state label, viewed as a diffusion process on the corre-
sponding phase-space manifold. While this approach is well established for canonical coherent states
of the Heisenberg-Weyl group [43,44,188], it extends naturally to generalised coherent states associ-
ated with Lie groups such as SU(2) and SU(1,1). In these cases, the geometry of the coherent-state
manifold, the Bloch sphere or the Poincaré disk, constrains the stochastic dynamics, leading to group-
structured diffusion processes.

We begin by developing this construction explicitly for the coherent states of the Heisenberg—Weyl
group, before extending it to SU(2) and SU(1,1).

6.3.1 Stochastic evolution of canonical coherent states

In Chapter 2, we introduced Heisenberg-Weyl coherent states as phase-space localised states provid-
ing a natural POVM for modelling measurement-induced decoherence. We now extend this construc-
tion dynamically by considering a time-dependent family of coherent states, indexed by a stochastic
process {a; }+>0. This allows us to describe decoherence as a diffusion process directly on phase space.
Formally, similar to (2.10), we define the coherent-state stochastic process

lay) = D(ay)|0) = exp(aza’ — @a)|0), (6.5)

where o; = % (x¢ + ipt), with a, p; real-valued stochastic processes given by

Tt = O'th, Pt = Jth (66)

Here, W7 and W/ are independent standard Brownian motions, and ¢ > 0 is a fixed parameter
governing the strength of the stochastic fluctuations.

The process «; is a complex It diffusion adapted to the filtration {F;} generated by the Wiener pro-
cesses. As such, the coherent state |a;) becomes a stochastic process in the Hilbert space #, adapted

and measurable with respect to the same filtration.

The differential of «; satisfies

1 i
day = —=ocdWP + —o dW?, 6.7
t \/50 t \/5‘7 t (6.7)

from which we immediately obtain the It6 identities (da;)? = (da;)? = 0, day day = odt.
Using this we now derive the SDE satisfied by the coherent-state stochastic process to be

Proposition 6.2. Let o be a complex-valued Itd process as defined above, and let o) denote the corresponding

time-dependent Heisenberg-Weyl coherent state. Then |o) satisfies the stochastic differential equation

o /. Q . 0 /. 17
dlag) = E(cﬁ—é) ) AW +E(cﬁ—§) o) AP

—% (a . %) lag) W 4 22 (a - %) o) AP

2
—— (&eﬁ +afa —aa, —aloy + o] ) o) dt. (6.8)




The detailed derivation of (6.8), using It6 calculus and the differential representation of displacement
operators, is provided in Appendix E.2.3. This result provides the explicit stochastic evolution of a

coherent-state-valued process |a;), driven by Brownian motion in phase space.

Expressing the dynamics in terms of the canonical quadrature operators & = %(d +a') and p =
1 /o A . ps . . . . .
o (a—a'), and using the decomposition a;; = % (x¢+ip;), the stochastic differential equation becomes

dlag) = —io (13— %) o) AWE + io (@— %) ) AW
2

- [(@ I (- gﬂ o) dt. (69)

Here, x; = (a¢|Z|a) and pr = (a4 |p|a:) are precisely the expectation values of position and momentum

in the coherent state ), consistent with the parametrisation oy = % (z¢ + ipy)-

This equation captures the coherent state’s response to phase-space noise, with each Brownian term
coupling to the quadrature conjugate to its label, namely, dW;* drives the momentum operator p,
while dW} drives position Z. This structure differs from the stochastic Schrodinger equation (SSE)
formulation, where each noise term is directly associated with a specific operator (Lindblad operator),
and the stochastic increments act independently on their corresponding Hilbert-space operators. In
contrast, the phase-space representation reflects the canonical conjugacy of position and momentum,
leading to a cross-coupling between the noise terms and the quadrature directions in the SDE for the
coherent-state label.

Crucially, this evolution preserves the normalisation (o|a;) = 1 at all times.

Proposition 6.3. Let |oy) = D(;)|0) be the coherent-state process defined as in (6.5), then it has constant
norm

(o) =1 forall t > 0. (6.10)

Proof. Since D(«y) is unitary for all oy € C, and the vacuum state |0) is normalised, we have
(ot = (0| DT () D(e)|0) = (0]0) = 1. (6.11)

O

Thus, the evolution is well-defined and the coherent state remains properly normalised throughout

the stochastic dynamics.

6.3.2 Martingale structure of the observables
We now analyse the martingale nature of the phase-space observables x; and p;.

Proposition 6.4. Let o) satisfy the coherent-state-valued stochastic differential equation in (6.8). Then the
processes x; = (ou|Z|ay) and p, = (ou|ploy) are martingales with respect to the filtration generated by the

Brownian motions Wi and W.

Proof. We apply It6’s lemma to the function z; = (a¢|Z|cy). Using the differential of a quadratic form
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of a stochastic process, we compute
dﬂ?t = <dC¥t|.’%|Oét> + <at|:13|dozt> + <d0ét’§3‘|d05t>. (612)

Each of these terms can be expanded using the explicit form of the SDE for |oy). After simplification,
we find that the drift term vanishes, and the result is purely stochastic

dzy = odW{. (6.13)

Hence, the conditional expectation of z; satisfies E[x;| Fs] = x5, which verifies the martingale property.
The same argument applies to p; using It6’s lemma with p, dp, = odW}. Thus, both z; and p; are
martingales. O

We now explore the martingale structure of the variances of the observables & and p.

Proposition 6.5. Let |a;) evolve according to the stochastic differential equation for Heisenberg-Weyl coherent
states in (6.8). Then, the variance processes

Var, (&) = (ae|&|ar) — (aul2law)?®,  Varg, (p) = (aulp?|ae) — (oulplae)? (6.14)

are constant in time. That is, for all t > 0, d Var,, (Z) = d Vare, (p) = 0.

Proof. We apply Itd’s lemma to compute the differential of the variance of &
dVar,, (2) = d(2%); — 2z day — (day)?, (6.15)
where z; = (o |2|ay).
Using It6’s lemma, we compute
d(x?) = 2z day + (day)?. (6.16)
From Proposition 6.4, we have dz; = o dW}*. Therefore, (dz;)? = o2 dt, and:
d(x?) = 202, AW} + o2 dt. (6.17)
Substituting into (6.15), we obtain
dVar,, (&) = (202 dW} +o0?dt) — 2z - o AW — 02 dt = 0. (6.18)

Thus, the variance of Z remains constant in time. A completely analogous computation shows that
d Var,, (p) = 0. This confirms that both Var,, () and Var,, (p) are preserved under the coherent-state

process and are trivially Martingale. O

The preservation of the variances of & and p under the coherent-state stochastic process has a clear
physical meaning. Since coherent states are minimum-uncertainty states that saturate the Heisen-
berg relation A% - Ap = 3, this result implies that the wavepacket retains its fixed Gaussian shape
throughout the evolution.
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We will now explore some further properties of the coherent state SDE.

6.3.3 Coherent-state reduction and entropy functionals

Let {|3)}sec denote the standard overcomplete set of Heisenberg-Weyl coherent states. For a time-

evolving coherent state |cy), we define the coherent-state reduction process

P(B) = [(Blaw) . (6.19)

This quantity describes the instantaneous overlap between the current state and a reference coherent
state |3).

As is well known, the overlap of two coherent states has the closed-form expression (2.12),
Pi(B) = exp (—|ou|* — |B]? + Boy + aB) = exp (—|ow — BI?). (6.20)

Thus, P,(3) behaves as a smooth, positive probability-like function on phase space, satisfying

/C Pu(B) dps = 1, (621)

with dpg = %dQ B, the standard Gaussian measure on phase space.

Since P;(3) depends explicitly on the stochastic process «, its evolution is governed by a stochastic
differential equation. We now compute this explicitly via Itd’s lemma to be

Proposition 6.6.
dP,(8) = V20Re|B — o] Py(B)dAWE 4+ V20 Im |3 — o] Py(B) AWP

+o? (=1 + > + 8] — Ba; — Bay) Py(B) dt. (6.22)

The proof is given in Appendix E.2.4.

To quantify this localisation more systematically, we turn to an information-theoretic perspective by
examining the Shannon entropy of P;(/). This provides a natural measure of how the distribution

spreads or concentrates under the action of continuous phase-space monitoring. Explicitly
S = [C P,(8) log Py(8) dyss. (623)
Substituting (6.20) into (6.23), we obtain
5= [ 18 = aul exp(=15 = uf*) d. (6.24)
Making the change of variables v = 3 — a4, so that du, = djg, this becomes
5 = /C 712 exp(~[712) . (6.25)
and this is a standard Gaussian integral over the complex plane. Therefore, the Shannon entropy
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evaluates to the constant
Sy = 1. (6.26)

Although the coherent-state process |o;) evolves stochastically over time, the transition probability
density P, () retains a fixed Gaussian profile centered at the moving point ;. As a result, the shape
of P;() does not change, only its center drifts in phase space. Since the Shannon entropy measures
the spread or uncertainty of a distribution, and this spread remains constant under translations, the

entropy S; remains invariant and is a Martingale.

6.3.4 Lindblad-type evolution for the density matrix

While the stochastic process |«;) captures the conditioned evolution along a single measurement tra-
jectory, physical predictions typically concern the ensemble behaviour obtained by averaging over
all possible realisations of the noise. We therefore consider the ensemble-averaged evolution of the

stochastic pure-state process and derive the equation governing the mixed state p; = E[|a) (] ].

Proposition 6.7. Let (o) be a stochastic process as defined in (6.5). Then py = E[|ow) (||, satisfies the master

equation

dp 1
% = o2 (dTﬁtd + apral — 5 {a*a + aal, ﬁt}> , (6.27)
where {-, -} denotes the anti-commutator. This is a Lindblad equation with non-Hermitian Lindblad operators
a and at, and represents a purely diffusive quantum dynamical semigroup.

Alternatively substituting for @, a' in terms of ¢ and p, we find that the Lindblad equation is given by

dp AUV B P S

ﬁ =0’ <xptx + oo’ — S{a" + 57, pt}> : (6.28)
The proof is discussed in Appendix E.2.5. In summary, averaging over stochastic trajectories of the
coherent-state process |«;) recovers the deterministic Lindblad evolution, with the flat geometry of
the Heisenberg-Weyl phase space shaping the diffusion in z- and p-quadratures. This establishes the

link between individual noisy trajectories and the ensemble description of decoherence.

We now extend this framework beyond flat phase space to non-Abelian settings. In the following sec-
tions, we analyse two canonical examples: the compact group SU(2), whose coherent states describe
spin systems on the Bloch sphere, and the noncompact group SU(1, 1), whose coherent states capture
squeezing dynamics on the hyperbolic plane.

6.4 Stochastic dynamics on the Bloch sphere: The case of SU(2)

Extending the flat-space analysis to the compact case, we now turn to stochastic dynamics of SU(2)
coherent states, where the label evolves as a diffusion process on the Bloch sphere. In Chapter 3, we
showed that iterative POVM measurements drive decoherence in terms of the stereographic coordi-
nate . Here, we develop a complementary description, instead of discrete iterations, we let {; undergo
Brownian motion on the sphere and derive the corresponding stochastic differential equation (SDE)
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for the evolving state |(;). This provides a continuous-time unravelling of the measurement-induced

dynamics.

6.4.1 Stochastic evolution of SU(2) coherent states

Using the stereographic parameterisation ¢; from (3.7), we model the effect of continuous phase-space
noise as a stochastic process on the Bloch sphere. Each state in the process takes the form

L , eCtSﬂs, —s), (6.29)

=T ep

where ¢; € CU {co} = CP! is now promoted to a time-dependent complex stochastic variable.

We start by explicitly computing the dynamics of the coordinate process (;, viewed as a function of
the spherical angles #; and ¢, and then later substitute this into the SDE for |(;).

Proposition 6.8. Let (; = tan(6;/2)e™% be the stereographic coordinate on the Bloch sphere. Suppose the
angles 6, and ¢, evolve according to the stochastic differential equations that describe the Brownian motion on
the sphere

1 1
46, = o (2 cot 0, dt + dWﬁ) S P < de’) : (6.30)

sin Gt

where o > 0 is a strength parameter, and WE, W} are independent standard Brownian motions. Then the

complex process (; satisfies the stochastic differential equation

,LHIGP)G

6=

(dwf . idWi’) . (6.31)

This describes a purely noise-driven evolution of the complex coordinate (; on the stereographic chart of the

sphere, induced by isotropic Brownian motion on the Bloch sphere.

[

Proof. Differentiating gives (; = tan (%) e7'?t gives

1 9 —i . ]- 6 9 —1
OpCt = 3 sec? (;) e 9yl = —ily, 3G = 1 sec? <2t> tan <2t> e 0

i 0 ;
83@@ = =G, 63¢Ct =5 sec? (;) e o, (6.32)

We now apply Itd’s lemma to the process (; to obtain
1 1
d¢; = 0pCy dOy + 0y Aoy + §8§9Q (d6y)? + §a§¢g (depe)? + 954Ce B Ay (6.33)

After substituting the trigonometric identities in terms of ¢; and simplifying, we obtain

_ 1[G G
2 ¢

4

_G
2

(de)? —i(1 4GS b, dgy.  (6.34)

de,)?
(d6) Gl

dgy

do; —i¢; depy +

Substitute the expressions for df; and d¢; from (6.30), and collect all dt, de, and th‘b terms. This
yields the final form in (6.31). O
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Immediately from the above proposition, we can calculate the following It6’s identities

o (1+1G]%)?

(d¢)2 =0, (dG)?=0, d¢dG=o :

dt. (6.35)

Before deriving the stochastic differential equation for the coherent-state stochastic process |(;), it is
convenient to establish a pair of algebraic identities satisfied by SU(2) coherent states. These relations,
already implicit in the representation-theoretic construction of coherent states discussed in Chapter 3,
will greatly simplify the subsequent computations.

Lemma 6.2. Let |(;) be the normalised SU(2) coherent state as in (6.29), then the following operator
identity holds

(5 +268. - 284 ) la) =o. (6.36)

Lemma 6.3. Let |(;) be the normalised SU(2) coherent state defined by (6.29), then the following iden-
tity holds

(St 8-G+ 161252 ) 16y = (82 + s+ 1)) 160 (6:37)
The proofs are discussed in Appendix E.2.6, E.2.7. These lemmas encapsulate the way the Lie algebra
generators act on the coherent-state manifold parametrised by ¢; € CP'.

Using Lemmas 6.2 and 6.3, we can simplify the action of the SU(2) generators on the coherent state
and thereby obtain the stochastic differential equation governing the process |(;)

Proposition 6.9.

2 L
a6y = ~7 (8.8, + 8.8 1282 + 2581 +[CP)) G dt + o (W) awg 1)
G
~ <i<S+<t £5-G)s 21\@&%) awe ). (638)

The proof is given in Appendix E.2.8. The stochastic differential equation above describes the evolu-
tion of an SU(2) coherent state subject to classical noise in the angular coordinates §; and ¢;. As in
the Heisenberg-Weyl case, the dynamics remain confined to the projective Hilbert space trajectory i.e.
the evolution is always tangent to the coherent-state manifold, with no component orthogonal to it.
This allows the process to be viewed as a quantum analogue of classical diffusion on a curved phase
space.

Equivalently in terms of the Hermitian generators S'm, S’y, S’Z, the SDE for the coherent state process is

given by
AG) = —% (S + 8+ 82+ 58,1+ () 16 dt + 0 <S“”f“t e C’f)) awd |G
t
_a (i(sx@t £Q) %G =G 2i|<t|252> awe G, (639)
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We note that the stochastic differential equation obtained here differs in structure from the stochastic
Schrédinger equation with S, S, S, as Lindblad operators. In our formulation, the noise is encoded
in the stochastic evolution of the coherent-state label (;, which directly parameterises the state |(;). By
contrast, the SSE with spin operators involves operator-valued noise terms acting on a fixed Hilbert-

space basis, without reference to the geometric coordinate ¢; on the Bloch sphere.

A key feature of this evolution is that it preserves the norm of the state vector. That is, % (Ct¢e) =0,

which follows from the structure of the SDE and reflects the unitarity of the underlying group action.

6.4.2 Martingale structure of SU(2) observables

We now investigate the Martingale structrue of the expectation values of the SU(2) spin observables
S’x, S’y, S, under the stochastic evolution of the coherent state |¢¢), driven by Brownian motion on the
Bloch sphere.

Proposition 6.10. Let |¢;) be a stochastic SU(2) coherent-state process. Then, the processes (Sy )y, (§y>t, (8.

are not, in general, martingales.

Proof. Instead of applying Ito’s lemma directly to the expectation values ((;|S,|¢;), we exploit the
geometric structure of the coherent states and the simplified form of the SDE for (;. The expectation

values of the generators S, S, S, are given by [35]

5 G+ G 5 =G & 1— ¢
Sz|Ct) = , S =5 ——">, S:C) = . 6.40
<<t| |<t> 8 1+ |Ct|2 <Ct| y|<t> s 1(1 + |<t|2) <Ct| Kt> 5 1+ |<t|2 ( )
Let us define
= G+ G
G = 6.41
f(Ct Ct) 1+ |gt’2 ( )
We compute df({;, (;) using Itd’s lemma for functions of complex variables as
= _ Of of .=, Of -
d =—d —=d =d¢;d 42
f(Ge, G) a¢, G+ ac, G+ 960G, G dér, (6.42)
as all the other terms are zero because of (6.35).
We now compute the partial derivatives
— ()2 _ 2 2 N =

G (1+[aP)? G (I+|aP)? 9GaG — (1+1Gl»3
Substituting the expressions and simplifying, the full stochastic differential for (S,): = s f(, &) is

<t+C_t
141G [?

iso

2|¢y

(8, = sl

NYSTZEIEATY — @ ¢ 2
C2|GI(1+ ¢ (=G + ) AW —o*s

(G + C) dWy + dt. (6.44)

Hence, (S,); evolves stochastically with a nonzero drift, proportional to (¢; +(;)/(1+|¢:|2), and there-

fore is not a martingale.
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Similarly (S,); is calculated to be

so(1—|G[%) G — G

A(8,)), = TV IS Eyaw? — 2T (¢, 4 G AW — g2e—t St gy 6.45
T R TR s ey o
and finally (S.);
. —2s0| (| o o (1—1¢GI%)
d({S.); = dW) — o°s— >~ dt. 6.46
S (5 S FaTa (646)
The drift terms are nonzero and hence ( Ay>t, and <S’z)t are not martingales. O

The sign and magnitude of the drift depend explicitly on the complex stereographic coordinate (;.

A~ A

Specifically, for (S,); and (S,);, the drift is proportional to the real and imaginary parts of (; (through

¢ + ¢ and ¢ — ¢, respectively), while for (S.);, the drift is proportional to 1 — |¢;|2, corresponding

to the radial distance from the north pole on the Bloch sphere. As a result, near the equator of the

sphere (where |(;| ~ 1), the drift term in (S,); approximately vanishes, making it behave almost like
a martingale. Similarly, (S,); and (S,); approach martingale behavior when the real or imaginary
parts of (; are small. In general, depending on the region of the sphere, these observables may behave

either as submartingales (if the drift is positive) or supermartingales (if the drift is negative).

This behaviour contrasts with the standard stochastic Schrodinger equation (SSE) formulation, where
the expectation values of observables are true martingales. Here, in the coherent-state reduction, the
drift terms survive, so the observables only approximate martingale behaviour in special regions of
the Bloch sphere. This situation also contrasts with the Heisenberg-Weyl case, where the position and
momentum observables & and p evolved exactly as true martingales under the coherent-state stochas-
tic process, with no drift terms. These distinctions underlie that the geometry of the coherent-state
manifold modifies the stochastic structure of quantum trajectories, leading to curvature-dependent
deviations from the SSE picture.

In contrast, the Casimir operator S remains constant in time as (¢;|S2|¢;) = s(s 4 1), and is trivially

a martingale, reflecting the conservation of total spin under the stochastic evolution.

Proposition 6.11. Let |(;) be a SU(2) coherent-state process evolving according to (6.38). Then, at any time
t, the variances of the spin operators S, S,, S, satisfy the relations

Varg,(5;) = Varg, () = Varg (S.) = 3. (6.47)

Proof. For any generator S, (with a = x,y, 2) of the SU(2) Lie algebra, the variance in a coherent state
is defined as

. . . 2
Varg,(S.) = (GIS216) = ((GlSales) (6.48)
It is a known property of SU(2) coherent states that [35]

S

(CelS21¢) = ((Q\S’Q\Q)Q +3 (6.49)
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where s is the spin quantum number. Substituting into the variance formula gives

Vare, (8,) = ; (6.50)

Thus, the variance of each spin component is constant in time and equal to s/2, independent of the

specific coherent state |(;). O

Since the variances Var, (S;), Vare, (Sy), and Varg, (S.) are constant in time and equal to s/2, they are

trivially martingales under the stochastic evolution of the coherent state, |(;).

6.4.3 Coherent-state reduction and information flow

We now turn to the overlap of SU(2) coherent states, viewed as a stochastic process. For a spin-s
system, the overlap between two coherent states |{) and |¢’), given in (3.12), defines the transition
probability amplitude between different points on the Bloch sphere. From this, we construct the as-
sociated probability density, which encodes the coherent-state reduction of the stochastic dynamics
to the phase-space level.

1+ ¢ 2
)> . (6.51)

AU = 660 = (e e

This function P;({) defines a transition probability kernel on S2, peaked around ¢ = (;, and exhibits
Gaussian behavior in the large-s limit. It describes the probability of finding a coherent state near £

given that it was initially peaked at ;.

Proposition 6.12. The overlap probability density satisfies the following SDE

soP(&) ((E— )G (€= )G g , is0P(§) _(E—Qtt)ﬁt (-GG p
4A(E) <l ((1%@ * <1+<}s>> W+ =) < arad (1+<}£>> Wi
(- C)E-G)
+t2 (e ey ) (6:52)

then the right-hand side is completely explicit in ;, (; via the formulas above.

Proof. We apply the complex version of Itd’s lemma on P;(&) to get
dP(€) = 0, P(€) dGs + O, Pi(€) dGe + O7, , Po(€) dG dG, (6.53)

where the other terms are zero because of (6.35). Taking the derivatives of P;({) we get

P& (€ ¢)
o, — POTTIR e
oP(§) (€ =)
R (AN
82Pt(§) __2sP(§) < €=C)E=C) 1) (6.54)
0G0G (T 1¢2)? N1+ &¢) (1 +£¢) . .
Substituting (6.31) into (6.53) we get the desired result. O

104



This stochastic differential equation makes explicit how the overlap probability density evolves under
Brownian motion of the coherent-state label. The noise terms describe random fluctuations induced
by the underlying angular diffusion, while the drift term encodes the deterministic damping and
spreading of P;(£). Together, these effects drive the overlap distribution toward uniformity on the

sphere, reflecting the approach to the maximally mixed state under continuous monitoring.

We now turn to a global measure of information loss by studying the associated Shannon entropy

process, which quantifies how continuous monitoring drives the system toward classicality.

Proposition 6.13. Let ((¢)¢>0 be a stochastic process on the Bloch sphere, and define

s = _ / P(€) log P(€) di, (6.55)
S
where dyg = %Wdzg. Then
2s
S; = %+ 1 (6.56)

for all t, hence (S;)¢>¢ is constant and therefore a martingale with respect to any filtration.

Proof. Rotational invariance implies that P;(¢) depends only on the angular separation 6 € [0, 7| be-
tween £ and (; and so

P€) = (cos2§)25 - (1%‘)59)2 (6.57)

Substituting this in the integral for Shannon entropy, we obtain

2s+1 [T . 1+ cosB2s 1+ cos0\2s
Si=-= /0 Sm@(T> log (T) d. (6.58)

With the substitution u = 1% ¢ [0,1] (so that sin 6 df = —2du), we get

1
Sy = —(2s+ 1)25/ u** log u du. (6.59)

0

! 1

Using /0 u®logudu = —m for a > —1, we obtain

S, = —(2s+1)2s(— - (6.60)
b= TN\ \Tesr12) T 211 '

This value is independent of (; and of ¢, completing the proof. O

Thus, the entropy process remains constant and is a Martingale, throughout the stochastic evolution,
highlighting that while individual trajectories fluctuate, the informational content of the overlap dis-

tribution is preserved under SU(2)-covariant noise.
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6.4.4 Lindblad-type evolution for the SU(2) density matrix

Having established the Itd SDE governing the evolution of the SU(2) coherent state vector |(;) under
stochastic motion on the Bloch sphere, we now lift this trajectory to the level of the density matrix. In
particular, we are interested in the ensemble-averaged evolution p; = E[|(¢) ((¢]]-

Proposition 6.14. The expectation value of the outer product of the coherent-state SDE in (6.38) satisfies the
following Lindblad-type master equation

dp S, S S 8 A . A
ﬁ = o’ <+Ptﬂ + = h Tt SthSz>

>
>
>

o2 (8.8 8.8, . sy .S.S5. S8
—<+ Pt + 2+Pt+S§pt+PtS§+pt +2 + Pt 2+>- (6.61)

The proof is detailed in Appendix E.2.9. This equation captures the dissipative dynamics of a quan-
tum spin system undergoing angular noise on the Bloch sphere. The effective Lindblad operators
S—\/g, %, S. reflect the fundamental SU(2) symmetries, with each term describing a decoherence chan-
nel aligned with the structure of the Lie algebra. This equation can also be written using the Lindblad

operators 5‘;,;, S'y and S..

While each trajectory |(;) remains confined to the coherent-state manifold, the ensemble average p;
typically lies outside this manifold due to its nonlinear and nonconvex geometry. As a result, p; is
generally a mixed state. Nevertheless, the evolution of p; preserves the underlying symmetry, i.e.,
the master equation is built entirely from SU(2) generators, faithfully encoding the geometry and
algebraic structure of the coherent-state framework.

6.5 Stochastic dynamics on the hyperbolic plane: The case of SU(1, 1)

We now turn to the stochastic dynamics of SU(1, 1) coherent states (see Chapter 5) under time-
dependent noise in the parameters 7; and ¢;. These parameters evolve stochastically on the upper
sheet of the hyperbolic plane, and the corresponding coherent state vector remains confined to the
manifold of SU(1, 1) coherent states.

6.5.1 Stochastic evolution of SU(1, 1) coherent states

We define the stochastic process {x:}+>0 by
— Tt i
Xt = tanh <§> e %t (6.62)
and the associated time-dependent coherent state as

Ixt) = (1= |xe|*)F exp( K1) |k, k). (6.63)

The derivational framework parallels the SU(2) case discussed in the previous section, and we there-
fore omit detailed intermediate steps that are formally analogous. Instead, we highlight the key struc-
tural differences, present the resulting stochastic differential equations, and derive the corresponding
Lindblad-type master equation. Full proofs of the intermediate lemmas and operator identities are
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given in Appendix E.

Similar to the SU(2) case it can be shown that the coherent-state label evolves as

(1= Pxel*)*xe

AW —idw?). 6.64
2|Xt| ( t t ) ( )

dy: =0

We calculate the It6 products, dx;dx:, dx:dx: and dx;dx; to be

1— ‘Xt|2)2

dXtht:az(( 5 )dt, dyidys =0, dyedys = 0. (6.65)

We will now proceed to derive the SDE for the coherent state vector in (6.62). Similar to the SU(2)
case we use the following identities

Lemma 6.4.

(K- = 2K + X7 K1) [xit) =0 (6.66)

Lemma 6.5.

(Koxe + Koxe = Dl K2) [xe) = (K = k(1= al®) Ixe) - (6.67)

The proofs of these results follow from a direct application of the Baker-Campbell-Hausdorff (BCH)
formula, together with the su(1, 1) commutation relations and are detailed in Appendix E.2.10, E.2.11.
Specifically, one can use the disentangled form of the SU(1, 1) coherent state and systematically com-
mute the generators to bring the operators to normal-ordered forms.

Using the identities and It6’s lemma, we can derive the coherent-state SDE to be

Proposition 6.15.
02 /. . o R X Kivi— K_¥x
dlx:) = 7 (K—K+ + Ky K- —2K2 + 2kK.(1 — \Xt\2>> Ix¢)dt + o <+X;’XXt dW |xe)
t
i(K K_y i|ve 2K,
o 1( +Xt T Xt) _ 1|Xt| th¢ ‘Xt> (668)
2|Xt’ |Xt’

The proof is in Appendix E.2.12. Equation (6.68) describes the stochastic evolution of an SU(1,1)
coherent state | ;) under classical noise in the hyperbolic angular coordinates 7; and ¢;. The complex
parameter x; undergoes stochastic motion on the Poincaré disk, reflecting the hyperbolic geometry of
the SU(1, 1) phase space. Equivalently the SDE can be written in terms of K, K, K, to be

0_2

dxe) = —7(A§+K§_K§+2k&(1—m12)) \Xt>dt+a<

K (e X0 = KyOu = x0) | gppe Ixt)
2‘Xt| !

. ((Kmt —x0) —iK, O+ 1) bR,

dW? [xs). 6.69
2/l \th> b (662

The evolution preserves the norm of the state and is confined to the coherent-state manifold due to
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the group-theoretic structure. Noise terms account for angular diffusion, while drift terms represent

deterministic dynamics such as external driving or weak continuous measurements.

6.5.2 Martingale structure of SU(1, 1) observables

We now analyse the stochastic evolution of the expectation values of the SU(1, 1) Lie algebra genera-

tors K, K, K, under the coherent-state process |x;).

Proposition 6.16. Let |x;) be a stochastic SU(1, 1) coherent-state process evolving under the simplified SDE
(6.64). Then, the expectation value processes

<[A(I>t7 <Ky>t7 <Kz>t (670)
are not, in general, martingales.

Proof. The expectation values of the generators K, K, K, in the state |x;) are given by [35]

1+ |xe|?

Xt + Xt
=k -~
1- \Xt‘Q

’ o X X
x| Kz lxt) = TP (el Kyle) = k o

0Tl (671)

<Xt‘f{z‘Xt> =k

We analyse the martingale structure by computing the Ito differential of the observable (K);. Let us

define the real-valued function

_ - Xt + Xt
, = (Kp) = &5—2=. 6.72
e X0) = (Ko = 1 (672)
and apply It6’s lemma for functions of complex variables
af of < O*f _ >
d dy: + ==—dx: + = dyd . 6.73
= aXt Xt OXt OxtOXt XXt ( )
We compute the partial derivatives
Af 14 (w)? af 1+ *f _ 20+ Xe) (6.74)

oxe (L= oxve  (Q—|xe)? oxoxe (1—|xef?)3

Now substituting the expression for dx; and its complex conjugate, we obtain a stochastic differential
for (Kz): = k f(xt, x¢) of the form

koi

+
)dwg o ‘( — ) AWY + ko> (xt +X1)

(1 —[xe[?)

) ko <(Xt+xt)<1+xt\2) dt.  (6.75)

d(Ky): =
T 2xl (1 —[xe?)
This reveals a nonzero drift term, proportional to x; + X, and hence (f( )t is not a martingale.

A similar computation reveals

- ko (14 |x¢/?) _ k 6 2, Xt — Xt
dK,)) = —— T (v, ) AW — —— (e + o) AW + o2k dt, (6.76
e 21(1—\><t|2>|<t|(xt x) Ay 2!x\(Xt x) AWy (1= [xe?) (6.76)
and finally (K);
- 2ka | x4 (1+ [xel?)
d{K, AW7 + o2k dt. 6.77
e i e 1—[Gf2 (&.77)



In all cases, the presence of a deterministic drift confirms that none of these expectation processes is

a martingale. O

As in the SU(2) case, none of the expectation values of the generators define martingale processes
as each evolution equation contains a deterministic drift term. However, the structure of this drift
depends sensitively on the underlying geometry. On the Bloch sphere (compact SU(2) case) the drift
reflects the positive curvature, while on the Poincaré disk (noncompact SU(1, 1) case) it reflects the
negative curvature. Thus, although martingale behaviour is absent in both settings, the way stochastic
fluctuations combine with deterministic drift encodes the curvature and symmetry of the phase-space

manifold.

Proposition 6.17. Let |x;) be a stochastic SU(1, 1) coherent-state process, and let K. j € {K,, Ky, K.} be any
of the generators of su(1,1). Then, the quantum variance of K; in the state |x:),

Vary, (K;) = (el K7 Ixe) — (el Kjlxe)?, (6.78)

is constant in time and satisfies

Var,, (K;) = g forall t > 0. (6.79)

This follows from the known formula for variances of SU(1, 1) observables [35]. Since the quantum
variance remains constant for all time*, it trivially satisfies the martingale property E[Var,, (K;) | Fs] =
Var,, (K;), for all t > s, with respect to the natural filtration F; of the stochastic process.

6.5.3 Coherent-state reduction, entropy process and information flow

We now consider the overlap of SU(1, 1) coherent states as a probabilistic, or more precisely, a stochas-
tic process. The overlap between two coherent states |x1) and |x2) is given by (5.21),

(1= [xa?)? (1 — |xa|*)?*

= _ 6.80
babe) = (PR = o (650
From this, we define the associated probability density
1— |yt 2)2%(1 = [p[2)2
Pi(n) = |2 = LD 20 = o) (651)

(=) xR

which gives the likelihood of observing the system in the coherent state labelled by 7, given that its
stochastic trajectory is currently peaked around ;.

Proposition 6.18. The overlap probability density satisfies the following SDE

_ koP(n) ((—X)xt | (n— xe)Xe ; dkoP(m) ( (M—Xo)xe | (01— Xxe)Xe p
wnm = A (G T ) e+ B (N ) W
otk (gL 1) o (082

then the right-hand side is completely explicit in x:, X+ via the formulas above.
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Proof. We use the complex version of It6’s lemma on P;(n) to get
dPy(n) = 9y, Pu(n) dxe + Ox, Pe(n) dxe + 05,5, Pe(n) dxe dxe, (6.83)

where the other terms are zero because of (6.65). Taking the derivatives of P;(n), we find that

OPy(n) (7 — xt)
= 2kP, )
o T paP)t - )
OPy(n) (n — xt)
= 2kP, )
o T paP)t - o)
2 o = ©
OFi(n)  _ 2sPt(77; i < (0 —xe)(1 —Xt) _ 1) ' (6.84)
OxtOXt (1= xel?) (1 = nxe) (1 — 7x¢)
Substituting (6.31) into (6.53) we get the desired result. O

As in the SU(2) case, this stochastic formulation provides a natural probabilistic interpretation of
coherent-state overlaps, encoding both classical transport and quantum spreading in a unified geo-

metric framework.
Finally, we explore the stochastic evolution of the entropy process.

Proposition 6.19. Let (x:):>0 be a stochastic process taking values in the unit disk D = {x € C : |x| < 1},
and define

5. =~ [ P log Putn) (6:55)
D
where duf] = 2’“;1 = |77| C=rRE d?n. Then, for all t,
2k
Sy = %1’ (6.86)

s0 (St)>0 is constant in t (hence a martingale with respect to any filtration).

Proof. By SU(1,1) covariance (disk automorphisms), we may assume x; = 0 without loss of general-
ity. For Perelomov SU(1, 1) coherent states, the squared overlap with the vacuum state at the origin

is
Py(n) = [(n]0)* = (1—[n*)*. (6.87)

Substituting this in the integral for Shannon entropy, we obtain

o 2k—1  d%p
T (L=

)22 (2k log(1 — r?)) rdr do,

&:—/(hﬂwm nf?)

Qk 2

= (2k—1)k/ (1 — 7222 log(1 — r2) rdr. (6.88)
0
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Using u = r? (sordr = % du) in the above integral expression, we get

' 2k—2 du
Se = —(2k—-1)2k | (1—u) log(1 — ) -
0

1
= —(2k-1) Qk/ v* 2 logvdv (v=1—u). (6.89)
0
! 1
Using / v* 1 ogvdv = ) for a > 0 with a = 2k — 1, we obtain
0

S, = —(2k—1)2k (— = 2 (6.90)

o)

This value is independent of x; and of ¢, completing the proof. O

6.5.4 Lindblad-type evolution for the SU(1, 1) density matrix

We now consider the ensemble-averaged evolution of a quantum system undergoing SU(1, 1) coherent-
state diffusion. As in the SU(2) case, we compute the time evolution of the density matrix p;, =
E[|x¢t) (xt|], where the expectation is taken over stochastic trajectories governed by the It6 SDE in (6.68).

Proposition 6.20. The expectation value of the stochastic evolution equation (6.68) leads to the following
Lindblad-type master equation

Ao K+A K. K_ P
o2 (K.K__  K_K, K,K_. KK
—2< +2 prt—5 — K2py — pe K2 + fy +2 th—s +>‘ (6.91)

The proof is given in Appendix E.2.13. At first sight, the resulting master equation for p; = E[|x¢) (x¢|]
does not take the standard Gorini-Kossakowski-Sudarshan-Lindblad (GKSL) form because of the mi-
nus signs in the dissipative terms. This deviation is a direct consequence of the noncompact nature
of SU(1,1). While GKSL dynamics guarantee complete positivity in general finite-dimensional set-
tings, the present equation instead preserves trace and is SU(1, 1)-covariant. Thus, although it is not
of GKSL form, it remains physically meaningful within the hyperbolic geometry of the SU(1, 1) phase
space.

This observation links naturally to the analysis in Chapter 5, particularly Section 5.5, where iterative
POVM measurements were shown to induce diffusion on the hyperbolic plane. Here we see the same
geometric structure re-emerging from the stochastic unravelling, the It6 SDE on the unit disc leads,

upon averaging, to a hyperbolic diffusion equation that is consistent with the SU(1, 1) symmetry.

With this, we conclude our exploration of stochastic dynamics on the coherent-state manifolds for
HW, SU(2) and SU(1, 1) groups.
6.6 Discussion and conclusion

We have developed a stochastic phase-space formulation of continuous quantum measurement for
coherent states associated with three key symmetry groups: the Heisenberg-Weyl group, SU(2),

111



and SU(1, 1). Starting from the normalised stochastic Schrodinger equation, we identified situations
where the conditioned quantum state remains confined to the corresponding coherent-state manifold,
with its phase-space label evolving according to a complex It6 diffusion. For each group, we derived
the explicit form of the coherent-state SDE, demonstrated norm preservation, and showed that the
ensemble average of the pure-state projectors recovers the appropriate master equation, with oper-
ators identified with the group generators. We also analysed the martingale properties of relevant

observables, as well as the behaviour of entropy processes under measurement-induced noise.

A notable distinction from the standard SSE framework is that in the latter, observables constructed
from the Lindblad operators are martingales, and the dynamics are insensitive to the underlying ge-
ometry. In contrast, in the coherent-state formulation developed here, the geometry of the phase space
(flat, spherical, or hyperbolic) enters explicitly into the drift and diffusion terms. This geometric de-
pendence prevents the corresponding observables from being strict martingales, but at the same time
allows the coherent-state SDEs to encode phase-space decoherence in a more natural and physically

transparent way than the geometry-free SSE picture.

In Chapter 8 we propose a general framework, based on the calculations here, that extends this
stochastic coherent-state approach to arbitrary Lie groups. From a mathematical standpoint, it would
be valuable to rigorously establish the general Lie-group formulation and characterise the associated
diffusion processes on noncompact and higher-rank coherent-state manifolds. From a physical per-
spective, extending this approach to multi-mode and multi-spin systems could open new possibilities
for modelling complex quantum networks and symmetry-protected dynamics. Finally, the framework
may serve as a foundation for designing measurement-based control protocols, where the stochastic
phase-space representation offers both analytic tractability and geometric insight.
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Chapter 7

Phase-space measurement in relativistic

quantum mechanics

7.1 Introduction

So far, in the previous chapters, we have studied phase-space measurements, decoherence, classicality,
and the stochastic unravelling of coherent-state POVMs in the nonrelativistic setting. We now turn to

the formulation of phase-space measurements in relativistic quantum mechanics.

Constructing a relativistic phase space presents conceptual and mathematical challenges. In nonrel-
ativistic mechanics, both classical and quantum, phase space is equipped with a natural symplectic
structure and global time evolution. In relativistic systems, however, the absence of a preferred time
coordinate, together with the demands of Lorentz invariance and causality, obstructs a straightfor-
ward extension of these ideas [189,190]. This motivates the search for alternative structures that

respect relativistic symmetry while retaining a phase-space-like interpretation.

One such structure is the future tube, a complexified extension of Minkowski space that preserves
causal order and admits holomorphic realisations of relativistic quantum states [191-202]. The future
tube supports a natural reproducing-kernel Hilbert space of square-integrable holomorphic functions
that is invariant under unitary action of the conformal group [47,190]. This symmetry extends the
familiar Poincaré group by including dilations and special conformal transformations. Within this set-
ting, one can construct relativistic coherent states that localise phase-space information in a Lorentz-
covariant way, thereby bridging classical phase-space intuition with relativistic quantum kinemat-
ics [35,76]. Beyond its role in the present construction, the future tube has been extensively studied
in mathematical physics as the natural analyticity domain of relativistic quantum fields. In particular,
it underpins the analytic continuation of Wightman functions and plays a central role in axiomatic
approaches to quantum field theory (QFT) [190,203,204,209].

In this chapter, we develop these ideas systematically. We begin in Section 7.2 by recalling the role of
phase space in classical mechanics and highlighting the difficulties of extending the usual cotangent-
bundle construction to relativistic settings. Motivated by these issues, we turn in Section 7.4 to the
geometry of the future tube, a complexified domain of Minkowski space that naturally incorporates an-

alyticity, causality, and Lorentz invariance, and discuss its significance for relativistic quantum theory.
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The transformation properties of this domain under the conformal group are analysed in Section 7.4.1.

We then construct coherent states on the future tube and analyse their fundamental properties, in-
cluding normalisation, overcompleteness, and the associated reproducing kernel. Section 7.5 intro-
duces the Bargmann transform, a unitary map from the holomorphic Hilbert space of the future tube
to a square-integrable function space on the interior of the forward light cone. This mapping pro-
vides a concrete representation of relativistic quantum states in terms of measurable quantities such
as position and momentum eigenvalues, and parallels the Segal-Bargmann representation discussed

in Appendix A.

Using this transform, Section 7.6 defines coherent states directly on the interior of the forward light
cone and verifies their mathematical structure, while Section 7.7 analyses their transformation under
the conformal group and its Lie algebra generators on the interior of the forward light cone. Finally,
in Section 7.10, we turn to measurement theory, constructing POVMs from coherent states on both
the future tube and the light cone and performing phase-space measurement within this relativistic
framework.

7.2 Phase space in relativistic classical mechanics

We begin by reviewing the notion of phase space in relativistic classical mechanics [205-208]. The nat-
ural starting point is Minkowski spacetime M, a four-dimensional Lorentzian manifold that provides
the configuration space of events. It is equipped with the Minkowski metric g,,, = diag(1, -1, -1, —1),
which determines the invariant line element ds? = g,,,, dz*dz". Each point in M corresponds to a po-
sition four-vector 2#, with u = 0, 1, 2, 3. Given two events %, y* € M| their separation is characterised
by the vector ¢* = z* — y°.

The nature of the separation is determined by the sign of g.;q%¢”

o If gupq®q® > 0, the separation is timelike, meaning that a signal traveling at or below the speed of
light can connect the two points.

o If gu,q°q® < 0, the separation is spacelike, implying that no causal signal can connect them.
o If g.yq°q® = 0, the separation is lightlike or null, corresponding to motion at the speed of light.

The associated relativistic phase space is then given by the cotangent bundle 7*M, an eight dimen-
sional manifold, whose points (z*,p,) consist of spacetime positions together with conjugate four-
momenta. This phase space inherits a natural symplectic structure from the canonical one-form
pu dz#, but its interpretation is complicated by the mass-shell constraint p,p* = m? and the absence

of a global time parameter.

Given a smooth function H : T*M — R, interpreted as the Hamiltonian, the dynamics on relativistic
phase space are governed by Hamilton’s equations
da? SBHOH  dp® b OH

el = 7.1
ds 7 opb’  ds I gt (7.1)

where s is typically referred to as the proper time, and the metric g, is used to raise and lower in-
dices via p* = g%p,. A solution to Hamilton’s equations defines a trajectory (%(s), pa(s)) € T*M,
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parametrised by proper time s € R*.

While this approach is natural from a classical perspective, it presents several difficulties when ex-
tended to relativistic systems, as discussed in [47]. Some of the key issues are:

1. Causality violations: The momentum p, can become spacelike or even past-pointing during
evolution. Although one can impose conditions to avoid this on a case-by-case basis, a more

fundamental resolution is desirable.

2. Lack of complex structure: The cotangent bundle 7*M does not naturally admit a complex
structure that would combine position and momentum into a unified complex variable. Com-
plex structures are essential in quantum field theory for distinguishing between positive and
negative frequency modes, and their absence limits the cotangent bundle approach.

3. Ambiguity in proper time for many-body systems: When dealing with multiple particles, it
becomes unclear which particle’s proper time should serve as the evolution parameter for the
overall system. A natural question arises: is there a way to define a universal proper time when

analysing many-body relativistic systems?

To address these issues, we seek an alternative framework for phase-space in relativistic mechanics,
one that maintains causal consistency, incorporates a complex structure naturally, and provides a uni-
versal evolution parameter suitable for many-body systems. This leads us toward the consideration
of complexified phase spaces such as the future tube, which we shall explore next.

7.3 Geometry of the future tube

We begin with the complexification of Minkowski spacetime, denoted CM, where each point is of the

form 2% = 2%+ iy®, with 2%, y* € R%. The complexified spacetime inherits the Minkowski metric [47].

Within CM, the future tube T'" is defined as the subset consisting of points

2% =% —ir® (7.2)
where r¢ satisfies two conditions, 7%, > 0 (the imaginary part is timelike), 7° > 0 (future-directed).
These conditions ensure that ' consists entirely of complex points respecting the causal structure of

spacetime [47].

A simple illustration is seen in one dimension, z = x — ir with » > 0, which parametrises a half-
plane Im z < 0. Up to a change of sign in the imaginary coordinate, this is equivalent to the standard
Poincaré upper half-plane.

Although each point on I'" is expressed as z* = 2:* — ir?, the physical meaning of r® requires careful
interpretation. Dimensionally, r* must carry the units of length. One insightful idea is to treat ¢
as related to the inverse of the momentum [47]. This relation is made precise through the Kelvin

transform, connecting r* and p“ via

T‘a = — pa = . (7'3)



A straightforward dimensional analysis confirms that * indeed has units of length

[ML>T—1] [MLT ]
[MLT!][MLT ]

[l = = 1. (7.4)
Thus the Kelvin transform defines an invertible correspondence between the future-directed timelike
cone in the cotangent bundle 7*M and the future tube I'".

By complex conjugation, one obtains the past tube I'~, defined by 2% = 2% + ir% r* > 0, which is
simply the complex conjugate of I't and corresponds to the analytic continuation associated with

past-directed timelike separations.

We will now prove the following result regarding the geometry of the future tube which will be useful
for later calculations.

Proposition 7.1. Let z® — ir® be a point on the future tube I'*. Then the Kelvin inversion of the conjugate
point x¢ + ir¢®

¢ +ir®

rt 7.5
(0 +1irb) - (zp + irp) €L (7.5)

also lies in the future tube.

Proof. The idea for this argument was kindly suggested by Prof. Lane Hughston. Expanding the
denominator of (7.5), we have
x4 ir? x4 +ir?

= 7.6
(0 +irb) - (xp +irp) 22 —1r2 4+ 2iz -7’ (7:6)

2 b

where 2% = 2%,, 12 = r’ry and x - r = 2°r.. We rationalise the above expression by multiplying

numerator and denominator by the complex conjugate (2> —r? —2i z-r). Then the numerator becomes

(2% +ir*)(z?* — r? — 2iz - r) which expands to 2%(z? — r?) + r*z - r +i [r*(2? — r?) — 22° z - r| and the

denominator modulus-squared is (2% — 72)% + 4(x - 7)2. Therefore the transformed point has the form
% + ir® x“(x2—7‘2)+T“x-7“+i[r“(xQ—TQ)—Qxax-r]

(20 +1irb) - (zp + irp) - (22 — 22 + 4(z - r)? : (7.7)

Observe that the denominator is strictly positive. To prove the transformed point is in the future tube,
it suffices to show that the imaginary part of the numerator is future-directed timelike. We define

v =714 x? —r?) = 22%z 1. (7.8)
First, we show it is timelike
v = 12 (z? — )2 +dr¥(x - r)?, (7.9)

which is strictly positive since r® is timelike with 7 > 0. To check that v® is past-directed, we contract
it with r, to get

rqv® = r2(x? — %) = 2(z - 1r)% (7.10)
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Substituting (7.8) into the above expression we get

[ (:c2 - 7“2) —2z%x 1| e = r2x? — (r?)?% = 2(z - )2 (7.11)
We now define the unit timelike vector t* = I~ so that z - r = z - t V72, with which we introduce an
Vr2
orthonormal basis
{t%, 4, m* n*} (7.12)

with ¢ unit timelike and the others spacelike. We now expand z¢ in this orthonormal basis as
=Tt + X'+ Ym* + Zn". (7.13)
Contracting = with itself gives
P =T?-X*-Y?*-27% 2-t=T. (7.14)
Substituting this in (7.11) we obtain
P22 — (12 — 2z - )2 = 2 [TQ _x2_y2?_ ZQ] — (r?)? = 2,°72. (7.15)
Simplifying the above expression gives
= [T? + X?+Y? + 7% — (r*)?, (7.16)

which is strictly negative. Therefore the imaginary part of the Kelvin-transformed point is past-
directed timelike, confirming that it lies in the past tube. O

We now turn to dynamics on the future tube. To derive Hamilton’s equations on I'", we first compute

how derivatives with respect to p® translate into derivatives with respect to r*. Using the chain rule

.  : d
we find 5 @ in terms of 5.5 as

b b b b b
9 - aii - i Tp” i — B 0 _ 2P°Pa i - lrcrc 52 _ 2 ij (7.17)
op®  Opeort  Ope \ pep. ) Orb p°pe (p°pe)?) Ort h rer, rb

where we have used (7.3). Contracting (7.17) with the metric g%, we get

b,.d
_ o, (gdb A ) 0 (7.18)

rere ) ort’

0
i da
g ap?

Similarly, applying the chain rule, we can express the derivative of p* with respect to s, the proper
time as

a a b a a b
dp®  dp*dr® < o 2rory, ) dr (7.19)

ds — drb ds " \rere  (ror.)?) ds

Contracting the above expression by g,4 leads to

1 dp® 1 2ryrg \ drb
—Gad——— = — —_— 7.20
hg 4 ds rerc (gbd 7ere ) ds ( )
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Recognising the structure in these expressions, we introduce two tensors h,;, and kb

1 27, 2rar?
tun = = (o= 22 ) = e (g0 20, (721)

Ter€
which satisfy hapk?® = 6. Thus, hg, and k% are inverses of each other.

Using these calculations, we can now express Hamilton’s equations on the future tube as

dz? wOH g% . 4 2rir\ 0H —kOH
= 9oy = e\ ) g T
ds dp h rér. ) Or h Or
At O rat (g 2O KOH
ds  dpbds dpbg B rer¢ ) Oxd B Ozd '

An interesting feature emerging from this structure is that the effective metric h,y, is positive defi-
nite [47], in contrast to the indefinite Minkowski metric g,;. This provides a Riemannian structure
on the future tube, where the natural quadratic form is given by ds?> = h,(dz%dz® + dr?dr®). This
positive definite structure on I'* plays a crucial role in defining a well-behaved relativistic phase space
suitable for quantum theory.

7.4 Phase space in relativistic quantum mechanics

We now turn to the construction of a phase-space framework for relativistic quantum mechanics based
on the future tube I'". In analogy with the role of the Segal-Bargmann space (see Appendix A) in the
nonrelativistic setting, the natural Hilbert space associated with I'" is the space of square-integrable
holomorphic functions. Accordingly, we define

L*MT*) = {f:T" - C| f holomorphic and (f, f) < oo} . (7.23)

This space is a closed subspace of £?(I'"), the Hilbert space of all square-integrable complex-valued
functions on I'". Equivalently, in sheaf-theoretic language, one may write L?(I'*, O) to refer to the

square-integrable global sections of the sheaf of holomorphic functions on I'* [47].

The inner product on L*"(T'") is defined as

0.0) = [ 9 dn, 7.24)
T+
where dy, is the Lebesgue measure on I'*" given by
dp, = L g1tz (7.25)
16 ' )

Using this inner product, we define the norm on L>"(T'*) in the standard way

1= ([ 7 an) (7.26)

An important structural feature of L?"(I'") is the existence of a reproducing kernel, the Bergman ker-
nel [210], associated with the space. If {®,,(2)},c; denotes an orthonormal basis of L>"(I'") (with I
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some indexing set), the Bergman kernel K (z,w) is defined as

K(z,0) =) ®p(w)®n(2). (7.27)
nel

This kernel satisfies the fundamental reproducing property: for any f € L2MTt),

f(z) = (K, f) = - K(z,2) (") dps, (7.28)

where K, (z) = K(z,w).

In addition, the Bergman kernel acts as an identity operator on the space, satisfying the composition
rule

I+ K(.T,y)K(y,E) dMy = K(x7§)7 (729)

which confirms its role as the fundamental two-point function on I'" [47].

For the specific case of the future tube I'*, the Bergman kernel has been found explicitly [47] to be

23 x 4! 1
K(z,w) = . 7.30
I e )] o

Here, gq, is the Minkowski metric, and the denominator emphasizes the role of causal structure

(through the Minkowski inner product) even in the complexified setting.

Moreover, the geometry of the future tube inherits a natural Kihler structure from the properties of the
Bergman kernel. Specifically, the Kdhler metric h,, on I'", discussed previously, can also be obtained

by taking the mixed second derivatives of the logarithm of the kernel

2

hay = —2—
b7 920 9

log K(z,%). (7.31)
This metric hyp is positive definite, providing a Riemannian structure on I't that will be essential for
the definition of coherent states and the discussion of quantum measurements on relativistic phase
space.

Using the expression for the Kdhler metric given in (7.31), we can explicitly recover the metric i, on
the future tube I'* previously introduced in (7.21). Starting from

O?logK(z,z) 0 ( 1 8K(z,z)>
02007 020 \ K(z,Z) 0z ’
1 0K (2,%) 0K (2,%) 1 0%K(z,72)

T (K(z,2)? 020 o7 +K(z,§) 90050 (7.32)

we proceed by explicitly computing the required derivatives of K (z,%).
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The first partial derivatives are

0K (z,7) 8gaa (27 — Z7) _
—_— = - K 7.33
Bza sea( — )t — 2 L E ), (7.33)
8K(z,§) 8gbf(2’f —Ef) _
= K . 7.34
oz ged(2¢ —7°) (24 — 7%) (2) 734
The mixed second derivative is computed to be
2 = 4 d _sd\(.f _=f
02407 (gea(z® —2°) (2 — 27))2 ged(2° — Z) (2 — 27)
1 d _=d\(f _=f
_ 16959aa(2" = 21 —2) o oy (7.35)

(gea(z¢ —2°) (24 — 27))?
Substituting the results from (7.33),(7.34), and (7.35) into (7.32), we obtain

P?log K(2,2) _ 89ab  16gprgaa(z — 2% (2! = Z/)
0207 ged(2¢ —2°) (2% — 2%) (geq(z¢ — 2°) (24 — 2))2

(7.36)

Now, recalling that points on the future tube I't are of the form 2% = 2% —ir®, with 7 > 0 and r,r* > 0,

we have, 2% —z* = —2ir®. Substituting this into the above expression yields
O?log K(z,z) 8Gab B 16 1 gaa(—2ir?) (—2ir/)
02002 (C20gearrd (=20) (gearrD?
_ 2, Aram
= e (rerc)?’
2 2ra.7p
= — . 7.37
rere <gab rere ) ( )

Thus, we recover

0?log K(z,%)

Soaps = 2hab (7.38)

where hg;, is exactly the Kédhler metric introduced earlier in (7.21).

This explicit computation shows that the positive-definite Kidhler metric on the future tube is di-
rectly derived from the geometry of the Bergman kernel. It also establishes the underlying complex-
symplectic structure crucial for defining relativistic quantum phase space dynamics.

7.4.1 Space-time transformations on the future tube

It is now natural to ask how fundamental spacetime symmetries, especially those of the Poincaré and
conformal groups, act on the Hilbert space of holomorphic square-integrable functions defined on
the future tube. Since the future tube is a complexified domain, one must construct explicit unitary
representations of these transformations acting on its Hilbert space H [47].

The future tube I'" is invariant under the action of the conformal group, which preserves its causal
structure and complex-analytic properties. In particular, conformal transformations act as biholo-
morphic automorphisms of I'*, mapping holomorphic functions to holomorphic functions and pre-
serving the domain of analyticity. This ensures that the induced action on # is compatible with the
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holomorphic structure and admits a unitary realisation with respect to the natural reproducing-kernel
inner product. At this stage, we only highlight this geometric invariance, deferring a systematic in-
troduction of conformal transformations and their generators to Section 7.7, where we study their

explicit action on coherent states and measurements
The Poincaré transformations can be described in coordinate form as
2% L¢2b 4+ B9, (7.39)
where B is a real four-vector representing a translation, and L is a Lorentz transformation satisfying
9abLE LY = gea. (7.40)
This transformation rule defines the action of the Poincaré group on the future tube.

On the Hilbert space of holomorphic functions, these coordinate transformations are implemented by
a family of unitary operators Up with the explicit kernel form

U(z,y) = K (L{a" + B*, 9), (7.41)

where K (xz,7) is the Bergman kernel of the future tube. This operator preserves the inner product on
‘H, guaranteeing unitarity, as can be checked by verifying

Ut =1 (7.42)

using the reproducing property of the Bergman kernel. Explicitly, one verifies [47]

/ U, 5) U097 duy = K (2, 7) (7.43)

by using the invariance of the measure under the group action. This demonstrates that these unitary

operators form a representation of the Poincaré group on the Hilbert space of the future tube.

Special conformal transformations

In addition to the Poincaré subgroup, one can also represent special conformal transformations, of
the form

2%+ ZQ)\a

7.44
G S VL (7.44)

where \* is a real four-vector parameter and 22 = g,,2%2°. Geometrically, these can be interpreted as
an inversion, followed by a translation, followed by a second inversion. The corresponding unitary
operator acting on # takes the form

1 %+ 22\
U(z,y) = K AN 7.45
(@9) (1+2/\-x+)\2x2)4 <1+2)\-x+)\2x2 y> (745)

and satisfies the appropriate group composition laws for special conformal transformations.
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Dilations

The future tube also admits dilations of the form
2% Az (7.46)
for positive A. The corresponding unitary operator on H is
U(z,y) = A* K (Az“,7), (7.47)
where the A* prefactor ensures preservation of the Hilbert space norm and unitarity.

Together, these transformations, translations, Lorentz transformations, dilations, and special confor-
mal transformations, generate a representation of the full 15-dimensional conformal group on the
future tube Hilbert space. The kernel formalism guarantees these operators are unitary and preserve
the holomorphic inner product.

Every infinitesimal generator of these transformations, such as the four-momentum operator associ-
ated with translations,

PN 0
P, = —ih—, 7.48
' oz ( )
can be represented explicitly by acting on the Bergman kernel, yielding a phase-space representation
as worked out in [47]. For instance, the phase-space representation of the four-momentum operator
takes the form
X 29 hi a b _ b
Pu(e,) = —° S gar (" — ') . (7.49)
™ Lga(z —w?) (2 — )]

These explicit representations make manifest how symmetry generators act on the relativistic phase-
space structure provided by the future tube.

7.4.2 Quantum states on the future tube

Having established the structure of the future tube I'", we now turn to the description of quantum
states defined on this space.

A general quantum state on L?"(I'") is represented by a density matrix R(z,w), a bi-holomorphic
function belonging to L>"(I'") x L2"(I'"). The density matrix must satisfy the following conditions:

1. Hermiticity: R(z,w) = R(w, %),

2. Positivity: For all ¥(w) € L"),
[ TC) R ) () dpe i > 0, (7.50)
T+
3. Normalisation: The trace condition

/ R(z,z)du, =1 (7.51)
T+
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must hold.

In particular, pure states correspond to density matrices of the form

R(z,w) = ¥(2) ¥(w), (7.52)

where ¥(w) € L>"(I't) has unit norm. The diagonal function R(z,w) describes the probability den-

sity associated with the state.

7.4.3 Coherent states on the future tube

The structure of the Hilbert space L>"(I'") allows a natural construction of coherent states based on
the Bergman kernel K (z,w). Let I'" 5 a, be a family of points smoothly parametrised by o € [0, 1].

For each o, we define a corresponding coherent state as
,(2) = CK(2a5), (753)

where the constant C is fixed to satisfy the resolution of identity. These coherent states form an over-
complete setin L>"(I't), ensuring that they provide a complete description of the quantum state space,
even after removal of finitely many elements [35]. They minimise uncertainty and are therefore well-

suited for describing phase-space localisation in relativistic quantum dynamics.

The normalisation constant C' is determined so that [, ¥, (2) ¥, (2) du, = 1, guaranteeing a resolu-
tion of identity and the explicit form of the normalised coherent state may be written as

— a 7a o 2
Wy (2) = K(z@) _ 8V3 (gan(w” — o) (w’ —a')) 7 (7.54)

VE@W,w) 7 (gu(z0 —w0) (20 — at))*

where K (z,w) is the Bergman kernel on L2"(T't).

Having established how spacetime symmetries, including the full conformal group, act unitarily on
the holomorphic Hilbert space of the future tube, we are now in a position to link these structures
to physically meaningful measurements and phase-space descriptions on real Minkowski space. In
particular, we shall next introduce the Bargmann transform, which provides a unitary map from the
holomorphic domain of the future tube to the real forward light cone. This transform allows us to
reinterpret the coherent states and symmetry generators developed above in a physically observable
representation, and sets the stage for constructing coherent-state-based measurement frameworks

consistent with relativistic causality.

7.5 Bargmann transform

In relativistic quantum theory formulated on the future tube I't C C*, the Hilbert space of states is
taken to be the space of square-integrable holomorphic functions, denoted L?"(I't), equipped with
a Lorentz-invariant measure. While this framework captures the analytic and geometric richness of
complexified spacetime, physical observables, particularly momentum eigenvalues, are naturally de-
fined on the real forward light cone

€t ={qeR"[¢" >0, ¢"q, >0}, (7.55)
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i.e., the set of all future-directed timelike four-vectors in Minkowski space.

7.5.1 Square-integrable functions on the interior of the light cone

Before we construct the Bargmann transform, let us consider the space of square-integrable functions
defined on the interior of the forward light cone. We define the Hilbert space L?(C5 ) to be the space
of complex-valued measurable functions ¢(g) on Cj that are square-integrable with respect to the

Lorentz-invariant measure

1
dvy = <= (¢"qa)* dg". (7.56)

The corresponding inner product on L?(C%) is given by

0.0 = [ @) 0ata) gz (a0 o (757)

7.5.2 The Bargmann transform

We now define the Bargmann transform as a unitary map between the space of holomorphic square-
integrable functions on the future tube I't C C* and the space of square-integrable functions on the

interior of the forward light cone C C R3.

Let A(q, z) be the Bargmann kernel, a jointly measurable function defined onI'* x CS.. The Bargmann

transform
B: L*MT") — L*(C3) (7.58)

is defined by the integral operator

(B)(q) = . A(g, 2) ¥(2) dps, (7.59)

where dp, is the invariant measure on I't, (7.25), and A(q, z) is given by

N 1 igqaz*
A(Q? Z) - (—iszb)4 €xp <_ Zbgb ) (760)

The transform is constructed such that if 2% € ', the future tube with the units of position, then z“
is the past tube with the units of position. The Kelvin inverse transforms it into the future tube in

momentum units and we are multiplying it with ¢ which has the units of position.

The inverse transform

B~ L*(C3) — HATT) (7.61)
is given by
B'9)() = [ A o) v, (7.62)

where dy, is the Lorentz-invariant measure defined earlier in (7.56).
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In this section, we will prove the two fundamental properties of the Bargmann transform:

1. Unitarity: The Bargmann transform 1 is an isometry:

(1, ¥2)p2(r+) = (BYr, BY2) r2(ce)- (7.63)

2. Reproducing kernel property: The Bargmann kernel satisfies the identity
| A@ 7 Al w) duy = Kz, 0), (7.64)

where K (z,w) is the reproducing kernel for the space L>"(T'T).

These two properties ensure that the Bargmann transform is not only unitary but also provides a

bridge between complexified momentum space and real relativistic position space.

Proposition 7.2. Let A(q, z) be the Bargmann kernel associated with the Bargmann transform B : L>"(T'+) —
L%(C3.), where z,w € IV and q € CS.

Alg.2) = (_1;2)4 exp (—iq,‘jza> (7.65)

z%zy

Then the kernel satisfies the reproducing identity

. A(q,z2) A(q, w)dvy = K(z,w), (7.66)

where K (z,w) is the reproducing kernel of the Hilbert space L>"(T'").

The proof is given in Appendix F.1.1. For completeness, we also establish the corresponding inverse
property.

Proposition 7.3. Let A(q, z) denote the Bargmann kernel and let A(z,w) be the reproducing kernel for the
Hilbert space L>"(T't). Then the following inverse resolution of the identity holds:

/A 0,%) A(q, 2) dp, = 6D (g — ¢'), (7.67)

in the sense of distributions on L*(C3.).

The proof is detailed in Appendix F.1.2. Taken together, these two properties establish the foundation

for the following theorem, which demonstrates that the Bargmann transform is an isometry.

Theorem 7.1. Let B : L") — L2(C3) be the Bargmann transform defined by

/ Alg,2) ¥(2) dps, (7.68)

where A(q, z) is the Bargmann kernel, and dp is the invariant measure on T't. Then B is a unitary operator.
That is,

<\111, \I/2>L2,h,(p+) = <Bi/)1, Bw2>L2(Ci)a (7.69)
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forall Uy, Uy € L2M(TF), and B is surjective.

Proof. We proceed in two steps: first, we verify that B is an isometry, and then we show that its image
is the whole of L?(C3).

B is an isometry.

Let 41,19 € L>*(I't). Then the inner product of their images under B is

(B, Bis) ia(cy) = / Bn(a) (B (q) dy,
-/ 1 [ AT E | | [ w0 v du| as. @70

We now interchange the order of integration (justified by Fubini’s theorem, assuming integrability of
the kernel) to write

Bur.Bi) ey, = [ [ TG waw)

The expression in brackets is, by assumption, equal to the reproducing kernel A(z, w), so we obtain:

A(g,z) A(g, w) dl/q] dpez Aty (7.71)
ez

(BY1, Ba)r2(cey = / / Wy (2) K (2, @) Wa(w) dpr dpta,
r+ Jr+
- \Ill,\I’2>L2 h(l—‘*)’ (772)

where the last equality follows from the reproducing property of K (z,w) in L2"(T'").

Surjectivity of B.

Since B is an isometry between two Hilbert spaces and has dense image (as it maps an orthonormal
basis in L>"(I'") to an orthonormal system in L?(C3)), it follows that B is surjective. Therefore, B is

unitary. O

This result sets the stage for the introduction of relativistic coherent states in the next section. There,
we will use the isometry to construct a family of normalised states with optimal phase-space local-
isation, and examine their mathematical structure and physical interpretation within the relativistic
framework.

7.6 Coherent states on the interior of the forward light cone

In this section, we construct a family of normalised relativistic coherent states, first on the future tube
and then, via the unitary Bargmann transform, on the interior of the forward light cone. These states
retain the hallmark features of coherent-state systems, normalisation, overcompleteness, and geomet-
ric labelling, thereby providing an informationally complete family in the Hilbert space. They furnish
a natural phase-space description within the holomorphic framework, while their representation on
the interior of the forward light cone makes their physical interpretation in terms of spacetime vari-
ables transparent. This construction forms the foundation for our subsequent treatment of relativistic

phase-space measurements and their operational meaning.
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Proposition 7.4. Let V,, € L?"(T'") denote the coherent state on the future tube, defined by

K(z,w)

y(2) = Rlww) (7.73)

where K is the Bergman kernel on T'". Then the image of ¥, under the unitary Bargmann transform B defines

a coherent state on the interior of the forward light cone, given by

ulq) = / A(g, 2)Wo(2) dp. (7.74)

This family {1, } forms an overcomplete set in L*(C3.) and preserves the geometric labeling, normalisation, and
resolution-of-identity properties of the coherent states on T'".

Proof. Using the explicit expression for the coherent state on the future tube from (7.54), and applying

the Bargmann transform, we define

Yu(q) = (BYw)(q) = z2) K(z,w) dp., (7.75)

A / F+
where A(w, q) is the Bargmann kernel.

By the reproducing kernel property for the Bargmann kernel, we have
A(q,2) K (=) dp. = Alq, ), (7.76)
I+
so that
Algw) _ 7

VEw,w) V192

This defines the coherent state on the interior of the forward light cone up to the same geometric

uld) = (W = wa—00) e (<22} (277)

—iwbwy WD,

labeling w. We will now verify that these coherent states are indeed normalised on L*(C3.).

Using the definition of the inner product on the interior of the forward light cone we have
o) = g [ Pul@bale) (" ds” (7.78)

Substituting for the coherent state gives

1 w2 ((wd — )(wg — wq) )2 igew®  ig,w®

2 a a

w = 5 _F - dg* y

’w (q)‘ 87T5 ( /192 ( lwcw )2( lwgwg)2 /0 eXp <wewe wfwf) (q qb) q
1

= (m®mg)* / _exp (igam®)(¢"q)” dg” (7.79)

15367

where we have substituted the following

z® z®
b —— — — 7.80
mn bz Z67Z, (7.80)

Using Proposition 7.2 (proved in Appendix F.1.1), the integral evaluates to i 1536”) Substituting this
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result into the expression above, we obtain

[ (a)? = 1, (7.81)

which confirms the normalisation of the state.

The overcompleteness of the transformed coherent states on the interior of the forward light cone fol-
lows immediately from the inverse resolution of identity established earlier for the Bargmann trans-
form in Proposition 7.3. Since the transform is unitary and bijective, the coherent states on the future
tube, which are known to be overcomplete, are mapped to a family of coherent states on the light
cone that also satisfy a resolution of the identity. This guarantees that the transformed coherent states
provide a redundant spanning set for the Hilbert space L?(CS ) without requiring an explicit recom-

putation of their integral kernel. O

Remark 7.6.1. Let ¢,,(¢q) denote the image of a normalised coherent state on the future tube under the
Bargmann transform, taking the explicit form

71.2

Yu(q) = Jio2 ((wd — @) (wq — ’u_)d))2 (—iwlcwc)4 exp <_Z%Zj:>’ (7.82)

Since the Bargmann transform is unitary, the state v)(¢) is normalised in the Hilbert space of square-

integrable functions on the interior of the forward light cone. It is often convenient to regroup the

normalisation constants, defining

- 72 ((w? — 07 (wg — ’u_)d))2 ig,w®
w(q) = . : - 7.
Yul(q) V192 (—iwcw,)?(—1wcw,)? exp < wbwb) (7.83)
which preserves the same norm because
191> = Ilwl* = 1. (7.84)

7.7 Conformal group and its generators

Having established the overcompleteness of coherent states on the interior of the forward light cone,
we now return to the role of symmetry transformations in this setting. While in Section 7.4.1 we
examined the conformal action on the future tube, here we focus on its realisation directly on the
light cone.

In classical and quantum physics, symmetry principles provide a unifying framework for understand-
ing conservation laws, particle classifications, and interactions. The Poincaré group, combining space-
time translations and Lorentz transformations, is fundamental to special relativity since it preserves
the Minkowski metric. However, certain physical systems and field theories possess an even richer
symmetry structure that preserves angles rather than distances; these are described by the conformal
group. The role of the conformal group in relativistic field theories has been thoroughly developed
in both mathematical and physical contexts [211-214], providing essential tools for the study of sym-

metries, operator product expansions, and renormalisation.

The defining feature of a conformal transformation is that it preserves the causal structure of Minkowski
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space, mapping lightcones to lightcones, and thereby preserves the notion of angle, though not nec-

essarily lengths.

In this section, we will systematically define the conformal group on Minkowski space, classify its
transformations, derive the explicit form of its generators, and explain how these transformations act
on spacetime coordinates. This will lay a solid mathematical foundation for applications in relativistic

quantum theories with conformal invariance.

Definition of conformal transformations

Let M? denote d-dimensional Minkowski space with metric g = diag(1,-1,-1,...,—-1). A confor-

mal transformation is a smooth, invertible map
o' s o' (x) (7.85)
such that the metric is preserved up to a local positive scaling factor
9po dx"d2’” = Q(2)? g, datdz”, (7.86)

for some positive, smooth function §2(z). In other words, conformal transformations preserve the

light-cone structure and hence causal relationships, though they do not globally preserve lengths.

In infinitesimal form, the conformal condition may be expressed as
8Mx’p(x) Dy’ (z) 9po = Q(ﬂf)Q Guv- (7.87)

A coordinate transformation satisfying this relation is called a conformal isometry of Minkowski

space.

The conformal group is the group of all such transformations, forming a Lie group whose dimension

is W, and whose Lie algebra is isomorphic to so(d,2). In d = 4, this yields 15 generators in

total. These generators consist of
e spacetime translations (4),
e Lorentz rotations and boosts (6),
e dilations (1),
e special conformal transformations (4).
This group dramatically enlarges the symmetry structure beyond the Poincaré group, with important

implications in relativistic field theories.

Translations as conformal transformations

We first consider the infinitesimal translation
o =t + at, (7.88)
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where a* is a constant parameter. In infinitesimal notation, this corresponds to ¢*(z) = a*. Since a*

is constant, its derivatives vanish: 9,¢, = 0. Substituting into the conformal Killing equation
ey + Ovey = f(T) G, (7.89)
we find
0+0=f(z)guw = f(z)=0. (7.90)

Therefore translations satisfy the conformal condition with a trivial scaling factor {2(z) = 1, preserv-
ing the Minkowski metric exactly. Translations map lightcones to lightcones without local rescaling
and are thus genuine conformal transformations. The associated generators are the momentum op-

erators

P, =—id,. (7.91)

Lorentz transformations as conformal transformations
Next, consider the infinitesimal Lorentz transformation
o't =t + Wb, (7.92)

I @

where w", is antisymmetric, w*” = —w"#. This corresponds to e*(z) = w", z". Taking the derivative,

On€g = Wga, Where indices are lowered with the Minkowski metric. Substituting into the conformal
Killing equation 0,€, + dy€, = f(x) g, yields

Wy + Wpy = f(fE) Juv- (793)
Since wy,, is antisymmetric, the sum vanishes, which implies
f(x)=0. (7.94)

Hence Lorentz transformations also satisfy the conformal Killing equation with €(z) = 1, preserv-
ing the Minkowski metric exactly, and map lightcones to lightcones without any local scaling. Their

generators are the familiar angular momentum and boost operators:

My, =i(2,0, — 2,0,) . (7.95)

Dilations as conformal transformations
Consider a global scaling, or dilation, defined infinitesimally by
" =1+ N\)a (7.96)

with a small parameter A. This can be rewritten in infinitesimal form as ¢*(z) = Az*. Taking its
derivative gives 0 ¢, = A 0,,,. Substituting into the conformal Killing equation d,¢, +0,¢, = f() guv,
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results in
Aoy + Ao = f(2) guw-
Since 6, = g, in index-free notation, this simplifies to
2A g = f(2) g = f(z) = 2.
Therefore, dilations are conformal transformations with a constant conformal factor

Qz) =14+ A,

(7.97)

(7.98)

(7.99)

scaling all distances uniformly. Dilations thus preserve lightcones up to an overall rescaling of the

metric. Their associated generator is

D = —iz"0,.

Special conformal transformations as conformal transformations
Special conformal transformations (SCTs) are defined by

zh — bl a2
1 —2b-x+ 222’

oz
where b# is a small constant parameter. For an infinitesimal 0*, expand to first order
o't~ — b 4 227 (b - x).
Hence the infinitesimal form is
() = —ba? + 227(b - ).
Let us compute its derivative
Ovey = —bu2x, +20,,(b- ) + 2x,b,.

Substituting this in the conformal Killing equation yields

Oper +0vey = —2b,xy, — 2b,xy + 29, (b - ) + 22,0, + 22,
=2gu(b-x).
Hence
f(z)=20b-x.

(7.100)

(7.101)

(7.102)

(7.103)

(7.104)

(7.105)

Therefore special conformal transformations satisfy the conformal Killing equation with a position-

dependent conformal factor
Qz)=1+b-z
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to first order in b. These transformations preserve the lightcone structure while performing an inver-

sion-translation-inversion sequence geometrically. Their generators are

K, = —i(22,2"9, — %9,) . (7.107)

Commutation relations of the conformal algebra

To analyse how relativistic coherent states transform, it is useful to recall the generators of the con-
formal Lie algebra. The conformal group is generated by spacetime translations P, Lorentz transfor-
mations M,,, dilations D, and special conformal transformations K,

(P, M, D, K,}. (7.108)

These operators close under commutation to form the Lie algebra so(d, 2), which in four dimensions
yields a total of 15 generators.

The satisfy the following commutation relations:

(M, M, 1(9vpMuo = gupMvo — GuoMpup + guoMyp) ,
[ m2) (Qup gupP)

[D, P,, [D,K,]=iK,,

po) =
P =
(M, K] = (QVp — 9upKu)
P
]—21(guVD M) .

[Py

All other commutators vanish:

[D,M,,] =0, [P,,P]=0, [K,K,)]=0. (7.109)

Geometric interpretation

These relations exhibit the following structural features:

e Lorentz subalgebra: ), satisfy the familiar Lorentz algebra, preserving the Minkowski metric

and describing rotations and boosts.

e Poincaré consistency: P, transform as Lorentz vectors, showing translations are consistent with

Poincaré symmetry. Likewise, K, also transform as Lorentz vectors under M,,,.

e Dilation weights: The commutators with D reveal that P, has scaling dimension —1 while K,

has scaling dimension +1, consistent with their geometric roles under scale transformations.

e Interplay of P and K: The commutator [P,, K,] produces both a dilation generator and a
Lorentz generator, demonstrating how translations and special conformal transformations are

linked in a nonabelian structure.

e Remaining vanishing commutators: These confirm no further hidden structure is present be-
yond these relations, closing the algebra.
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Geometrically, the conformal group preserves the causal structure of Minkowski spacetime. Transla-
tions and Lorentz transformations rigidly move the lightcones, while dilations scale them uniformly.
Special conformal transformations can be seen as a sequence of inversion, translation, and inversion,

preserving angles and mapping null rays to null rays.

7.8 Action of conformal generators on coherent states

We now examine how these conformal symmetry operations act directly on the coherent states them-
selves. Since coherent states provide a phase-space-localised basis of quantum states, their transfor-
mation properties under the conformal group encode valuable information about covariance, stability,
and the dynamics of phase-space measurements in relativistic settings. Although the conformal alge-
bra is defined globally on Minkowski space, in this exposition we restrict its action to the Hilbert space
of states supported on the interior of the forward light cone, where the generators remain well-defined
as differential operators acting on smooth functions within this causally consistent domain.

Momentum like operator - translations on coherent states

We begin by considering the infinitesimal translation generator P, which acts on states by shifting
their argument in Minkowski space. When applied to a relativistic coherent state v,,(¢), we have the

following in position representation

. 9 -
P;ﬂ/}w(Q) = _1@1&0((])7 (7'110)
which reflects the standard differential action of translations on wavefunctions.

Substituting for the coherent state and taking its derivative we see that

- B in? —iwt ((w? — 0?)(wg — wd))2 igqw®
Puibul0) =~ s i w2 (—idbay)? (_ wbwb)
= _1;:; QLw(Q)' (7111)

and so the coherent state is an eigenfunction of the translation operator.

The expectation value of the translation operator in the coherent state basis is given as

P _
<—i> =Y (7.112)

aqlu ’J)w (q) wcwc
From Proposition 7.1, We know that if w® € I'" and has the units of position, then w’fgc also lies in

the future tube, I'", with the units of momentum. So this translation operator looks like a complex

momentum operator.
Turning to the finite translation group element, generated by the unitary operator
Ula) = e 1" P, (7.113)
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In position representation, the coherent-state wavefunction transforms accordingly as

bu(q) = Pul(q —a), (7.114)

which shifts the phase-space localisation of the coherent state. This behaviour illustrates how relativis-
tic coherent states transform naturally under translations, preserving their interpretation as localised,

covariant wavepackets.

Position like operator

In addition to the translation generator P, one may consider the position-like operator Q*, defined

by multiplication with the coordinate variable ¢*.

Q“@w(Q) = qWZw(Q)- (7'115)

We will now calculate the expectation value of this operator in the coherent state basis, 1,,(¢). We

consider the following

Q)@ = /c " Pu(@)Pu(a) dvg (7.116)

+

Substituting for the coherent state 1/,,(¢q) the above expression can be written as

d _ ,5d _ g : a s A
@0 :/ quﬁ((w w)(wq wd>2 exp <1Qaw | igaw >duq (7.117)
C

o 192 (—iwewe)t(—iwbwy) wewe  wlwy

By letting m“ to be

me (7.118)

the integral becomes

m

q
/J' ~ pr
(@ >ww(q) /Ci 15367

Let us now consider the normalisation condition for the coherent state

(m%mg)* exp (igam®) dg® (7.119)

1 d

b ||> = 15367 /o (mmg)?* exp (ig®mq) dg® = 1. (7.120)
+
Let us now differentiate it by m®
d 7 2 1 s W d 4 s a a
am, Wel™ = {536 [, 14" (mfma)” exp (ig"ma) dg”,
ILL (o}
1 .
+15367r /co 8(mmy)3m* exp (ig®mq) dg®. (7.121)
+
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The first term is the expectation of the position like operator and the second integral can be evaluated

from the normalisation. So we have

d =0 8m#

wl|® = — =0. 7.122

o W0l =3+ (7.122)
Solving for the expectation value of Q" we get
8im#

Hy = . 7.123
(@) = i (7.123)
We will now argue that this expectation value is real and positive. Consider the quantity m® = 5

WpW

Ha

— with w® € T't, where w® = 2% — ir® and r° is future-directed timelike. Its complex conjugate
Wyw
,wa
is w* = z% + ir?, which belongs to the past tube I'". Each term in m* has the form ——, which
wyw
carries the units of inverse length, consistent with momentum, since w* has dimension of length and
wpw® has dimension of lengthQ. Because w* lies in the future tube, its denominator has a negative
imaginary part, so its reciprocal maps into the upper half-plane, behaving essentially like an element

of .

Taking the difference between these two terms yields m®, which is purely imaginary with a positive

imaginary part. Therefore i m“ is real and negative.

Next, consider its norm m®m.. Since m® is purely imaginary and timelike, its norm squared is nega-

tive. As a result, the entire expectation value

eR 7.124
e € Roo (7.124)

has a negative numerator (since im* is real and negative) and negative denominator, producing a
final answer that is real and positive overall, having the units of position, consistent with the physical

interpretation of a phase-space observable.

Using (7.110), (7.115), we wish to compute their commutator acting on an arbitrary smooth test func-

tion ¥ (q). Let us expand explicitly

[QM7 Pl/] ¢(Q) = Q"PyY(q) — PI/Q“¢(Q)7
= 0 (i) + i (00, (7.125)

Expanding the derivative in the second term we get

0 _ o
o0 (¢"¥(q)) = op(q) + ¢ o (7.126)
Substituting back, we obtain
0 0
@ RIv) = il i (ol + ).
= i), (7.127)
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where the terms involving ¢" 0,1 cancel exactly. Hence the commutator operator identity is
Q",P,] =1idb. (7.128)

This confirms that the relativistic position-like and momentum-like operators satisfy the standard
canonical commutation relation, consistent with their role as conjugate variables even within the do-

main of the forward light cone.

Dilation operator

We now consider the action of the dilation operator, D = —ig* %, on the coherent states 1), (q)

constructed previously. Substituting for the coherent state

.
q-wy,

bu(q), (7.129)

N o -
D — gt - _

VYu(a) = —i¢" 5 2vul(e) = — o
where we have used the result from (7.111). Let us now calculate the expectation of the Dilation

operator in the coherent state basis, this amounts to calculating the following integral

(D). = {ula) i s ul)) =~

14
WD,

(Bula)a"bu(@)) (7.130)

and this is the expectation of the position operator and substituting (7.123) we get

C
8imtw,

Phjute) = "y (7.131)

where

I G
mt = (7.132)

N wdwd u‘)du_)d'
The expectation value is a Lorentz scalar but is not necessarily real.

We now explore Quantum dynamics on the interior of the Forward light cone.

7.9 Quantum dynamics on the interior of the light cone

Describing relativistic quantum dynamics consistently inside the forward light cone requires the
introduction of an appropriate evolution parameter. Unlike in nonrelativistic quantum mechanics,
where the Hamiltonian generates evolution with respect to a globally defined Newtonian time, rela-
tivistic frameworks do not admit a preferred global time coordinate. Proper time along a worldline
provides a natural invariant parameter for classical particles, but it cannot be straightforwardly ap-
plied to interacting or quantum systems, where superpositions of trajectories and indefinite causal
structure appear.

A widely used resolution is the Stiickelberg parameter [189,215]. This parameter, often denoted by 7,
is introduced as an additional evolution variable, distinct from the spacetime coordinates x*. It plays
the role of a covariant analogue of proper time, with two crucial features:

1. Lorentz covariance: 7 is invariant under Lorentz transformations, ensuring that the dynamical
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evolution does not privilege any particular inertial frame.

2. Hamiltonian structure: 7 permits a Hamiltonian formulation in which the canonical coordi-
nates are (z*, p,) with the usual Poisson brackets, while the Hamiltonian generates translations

inT.

This construction, sometimes called Stiickelberg—Horwitz—Piron dynamics, extends standard relativis-
tic quantum mechanics by embedding trajectories in a five-dimensional phase space (z*,p,; 7). The

dynamical equations then resemble a Schrodinger-type equation in the evolution parameter 7,

1867_¢(x“77') = Hy(a*, 1), (7.133)

where H is a Hamiltonian constraint encoding the mass-shell condition and possible interactions.

We consider a relativistic quantum evolution on the interior of the forward light cone, governed by a

Stiickelberg-type Schrodinger equation with the symmetrised Hamiltonian
1
H= 5 (P*Q, +Q"P,), (7.134)

where P, = —i%, Q" = ¢". Expanding,

o) = 5 |-t o+t (i )| @) (7.135)
Observing the commutator
[Py, Q'] = =16l = —4i, (7.136)
one rewrites
Q"P, = P,Q" +[Q", F,] = P,Q" +14. (7.137)
Thus the Hamiltonian becomes
H = 3 (PrQu+Q'Fy) = —igd, — 2 (7.138)
and the evolution equation becomes
i% =—-i(¢"0u+2)y = g—q’ﬁ = (¢"0u +2) . (7.139)

This is a first-order PDE suitable for the method of characteristics. The characteristic flow satisfies

dg* "
— 7.140
o = ( )
which integrates to
g"(t) = ¢"(0)e". (7.141)



Along these curves, the evolution of 1) obeys

jif =2 = () =(0)e”. (7.142)

Hence the complete solution is

(g, 7) =€ f(geT) (7.143)

where f is arbitrary initial data specified at 7 = 0.

7.10 Phase-space measurements via POVMs

In the nonrelativistic settings explored in earlier chapters, phase-space measurements were mod-
elled using coherent-state POVMs naturally adapted to the underlying symmetry group, whether
the Heisenberg-Weyl group or its compact and noncompact analogues. We now extend this perspec-
tive to the relativistic domain. Our goal is to develop a framework for phase-space measurement in
relativistic quantum mechanics, using a POVM construction intrinsically adapted to the geometry
of the future tube I'". This allows us to formulate relativistic measurements in close analogy with
the nonrelativistic case, while respecting the analytic and causal structure of Minkowski spacetime.
We now adapt the coherent-state POVM formalism, first introduced in Chapter 1, to the relativistic
setting.

Formally, a POVM on phase space is defined by a family of positive operators {¢4(y,Z)} acs, where B
is the Borel o-algebra generated by open subsets of I'". Each measurable set A € B is associated with
a positive operator ¢ 4 satisfying the following properties:

1. Positivity: ¢4(y, Z) is a positive operator for every A € B;
2. Normalisation: The operator corresponding to the full phase space satisfies
or+(y,z) = K(y,2), (7.144)
where K (y, %) is the Bergman kernel;

3. Countable additivity: For any countable collection of disjoint measurable sets {A,, },cn with
union A = J,, A5, we have

da(2,2) = ¢a,(2,7). (7.145)
The POVM corresponding to the detection of an event within a measurable subset A C I'" is explicitly
given by
oa@?) = [ K@K du, AeB (7.146)
yeA

Given a quantum state described by a density matrix R(z,7), the probability that an event occurs
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within the set A is computed as

PA) = [ s ARG D dn = [ RG7) du (7.147)
r+ z€A

where R(z,%Z) is the diagonal probability density associated with the state.

To describe the transformation of the quantum state after a measurement, we introduce the associated
Kraus operator for the region A € B, defined by

K(u,w)K (v, w)K(w,7)K(w,7q)
weA K(w,@)

Ta(u,v,Z,y) = dty- (7.148)

The Kraus operator describes the coherent interaction of the system with the measurement region.

Importantly, taking the partial trace over one pair of variables recovers the POVM operator

/F+ Ta(@,y,9,z) dpy = dpa(z, 7). (7.149)

Suppose the system initially occupies the state Rin(y,v). After the measurement associated with de-
tecting an event in A, the updated (post-measurement) state is given by

fr+ TA(U, v, T, g)Rin(% @) d,uv dﬂy
fI‘+ TA(Zu v, Ea y)ﬂin(ya @) d/’L’U dﬂy d/j’z
 eea TR R 2) g (7.150)
a fzeA Rin('zv 2) dp, ‘ ’

Rout (U, f)

Here, the numerator describes the projection onto the region A, weighted by the original state, and the
denominator ensures normalisation. Thus, the POVM formalism allows for the consistent definition
of both the probability of measurement outcomes and the evolution of quantum states under localised

measurements in relativistic phase space.

Iterative phase-space measurement

To study repeated phase-space measurements in the relativistic setting, we first require a suitable
representation of quantum states. In the holomorphic framework on the future tube I'*, the state of
the system is described by a holomorphic density kernel R(z,w), which encodes statistical mixtures
and coherences in a form compatible with analyticity and the geometry of I'*.

The Bargmann transform provides a unitary map between this holomorphic representation and the
density matrix on the interior of the forward light cone. Explicitly, we define

ola,d) = / A(g,2) R(z, @) A7, @) dptz djta, (7.151)
I+xI'+

where A(g, ) is the Bargmann kernel introduced earlier.

Because the transform is unitary, p(g, ¢') inherits the usual algebraic properties of a density matrix,
Hermiticity, positivity, and unit trace, while its support is restricted to the forward light cone, thereby
ensuring compatibility with relativistic causality.
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As in the nonrelativistic cases studied in earlier chapters, a phase-space measurement can be viewed
as asking which coherent state best describes the system. A selective measurement projects onto a spe-
cific phase-space point, while a nonselective measurement, the case of interest here, averages over all
outcomes, yielding a partially decohered state. In the relativistic framework, this motivates the study
of iterative phase-space measurements, where successive applications of the coherent-state POVM grad-

ually suppress quantum interference and drive the density matrix toward classical-like behaviour.

Proposition 7.5. After one iteration of the coherent-state POV M measurement, the density matrix becomes

_15><25/ p(A+ g, A+ q)
cs ((

W(q,q) = A g Ny + q2))F AN 7.152
r(q,q) - qa+Aa+q'a)(Aa+qa+qg))6(( q*)( qa)) ( )

The proof is discussed in detail in Appendix F.1.3. This result illustrates explicitly how the density
matrix becomes damped under a single phase-space measurement, with the off-diagonal terms sup-
~12

pressed through integrals with the terms (A + ¢a)®(¢a + Ao + 4}))
action of the POVM.

, which encode the smoothing

While the first iteration can be evaluated in closed form, subsequent iterations involve increasingly
complicated nested integrals that are not easily reducible to compact expressions. A systematic anal-

ysis of these higher-order terms is deferred to future work.

7.11 Discussion and conclusion

In this final chapter, we have extended the phase-space measurement framework to the relativistic
setting. To overcome the difficulties inherent in defining phase space via the usual cotangent bundle
construction, we instead worked with the future tube, a complexified domain that provides a natural
arena for relativistic quantum mechanics. Within this setting, we constructed a POVM on the future
tube and established a unitary Bargmann transform mapping states from the forward light cone to the
future tube. This construction yields a family of coherent states associated with the conformal group,
thereby embedding relativistic quantum systems into the broader framework of group-theoretic co-
herent states.

We further examined Hamiltonian evolution in this setting using the Stiickelberg formulation of time,
and formulated phase-space measurements for density matrices defined on the interior of the forward
light cone. By applying the Bargmann transform we related these to states on the future tube, and
computed the effect of a single coherent-state POVM iteration on the density matrix. In contrast to the
nonrelativistic cases studied earlier, however, this process does not admit a simple recursive structure,

and further iterations remain an open challenge.

This underscores both the novelty and the complexity of relativistic phase-space measurements, to
which we return to in the general discussion in Chapter 8.
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Chapter 8
Discussion, conclusion and future work

This thesis has explored phase-space approaches to decoherence and classicality in quantum theory. The
overarching question has been: to what extent can phase-space methods, grounded in coherent states and
their associated measurements, provide a unifying description of decoherence, Lindblad dynamics, and the
quantum-to-classical transition? By analysing coherent-state POVMs, quasi-probability distributions,
and stochastic unravellings across different symmetry groups, we have sought to clarify how mea-

surement and environmental interactions shape quantum dynamics.

Our strategy has been twofold. First, we examined the effect of repeated coherent-state POVM mea-
surements, which provide a natural operational model of unsharp phase-space observation. This led
to explicit iterative and discrete-time descriptions of density-matrix dynamics, revealing how quan-
tum coherences are progressively suppressed through convolution-like smoothing in phase space.
Second, we compared these measurement-induced dynamics with those generated by Lindblad mas-
ter equations, the standard framework for Markovian open-system evolution. In this way, we sought
to identify conditions under which decoherence may be understood as phase-space diffusion, and to

clarify the role played by symmetry, geometry, and representation theory.

Our investigation revealed a rich interplay between group symmetries, Lindblad semigroups, and
informationally complete POVMs. In some cases (such as the flat Heisenberg-Weyl phase space and
SU(NV)) the correspondence is exact, while in others (such as SU(2) and SU(1, 1)) the relationship is
more subtle and requires alternative measurement schemes or even modifications of the dynamics.

Rather than treating each group in isolation, we now bring out the structural themes that unify
the diverse symmetry settings studied in this thesis. These include, the interpretation of iterative
coherent-state POVM measurements as covariant smoothing channels on phase space; the emergence
of continuous-time diffusion generated by quadratic Casimirs; the discrete-to-continuous hierarchy
of quasi-probability distributions; and the role of underlying geometry in shaping both deterministic

and stochastic dynamics.

8.1 Iterative POVMs vs Lindblad dynamics

The fundamental distinction between the Iterative POVM measurement and Lindblad dynamics lies
in the nature of these two constructions. POVM channels are defined by coherent-state overlaps,
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resulting in covariant smoothing maps, while Lindblad dynamics arise from heat kernels generated

by the quadratic Casimir, forming diffusion semigroups.

Despite both being isotropic on phase space, these channels generally have different spectra in the
natural harmonic basis, as summarised in Table 8.1. Exact agreement occurs only in the HW case,
where the POVM channel and Lindblad diffusion coincide fully, yielding an exact stochastic unrav-
elling. For SU(2) and SU(1, 1), the spectra differ but converge in certain limits, spin-3 and large-s (s
> 5 is sufficient) for SU(2); large-k semiclassical scaling for SU(1,1). Interestingly, the SU(NN) case
exhibits full spectral agreement, with both channels admitting a common decomposition in terms of
the su(N) generators.

Group Coherent-state overlap |(Q2|Q2')|? Heat Kernel Expansion
/12
HW exp( — |a — o/|? 1 Ja—df
( ) (4mt)1/2 P 4t
2 2s
(cos B) = Zang(cos 0), 9s
SU(2) 2 =0 —e(e41)t
oo Z e Py(cos p)
e
€= (2s+€+1)
¢
7\ —2k 00
(cosh 5) = / ck(N) Po1 (cosh7)dA\, 00 ,
SU(1,1) o . 2 Atanh(mA) e ATV P (coshT) dA
_ (26=1)|0(2k—5+iN)|? 0 A—3

Ck(A) - T'2(2k)

Table 8.1: Comparison between coherent-state overlaps and heat kernel expansions for the HW group,
SU(2), and SU(1,1). The agreement in HW explains the exact unravelling found in Chapter 2. For
SU(2) and SU(1, 1), the mismatch in spectral weights obstructs exact identification of POVM dynamics
with diffusion.

Both channels described above can be understood within the broader framework of quantum dynami-
cal semigroups, families of completely positive, trace-preserving (CPTP) maps ®;,¢ > 0 satisfying the
semigroup composition law ®;; = ®; o ®,. For Lindblad diffusion, ¢ is continuous and corresponds
to physical time; for POVM iteration, k is discrete and counts successive nonselective measurements.

Diffusion semigroup. Generated by the Laplace-Beltrami operator (or equivalently, the quadratic
Casimir), the diffusion channel acts on the eigenbasis f) as

o [f,] = e W £y, (8.1)

where Cy(\) is the quadratic-Casimir eigenvalue associated with the irreducible component labeled
by A.

POVM semigroup. Iterated coherent-state measurements define a discrete-time semigroup via

©OM(£2] = (Arovm)*(A) fa, (8.2)
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where the eigenvalues Apoym(\) arise from the harmonic decomposition of the coherent-state over-
lap kernel, Gaussian for HW, binomial ratios for SU(2), and ®;()\) weights for SU(1, 1). Operator-
theoretically, these eigenvalues define the spectrum of the Berezin transform [216-218], which cap-

tures how the POVM channel smooths phase-space structure through nonselective measurement.

In all symmetry settings the tension can be traced to the structure of the invariant operator algebra. For
the Heisenberg-Weyl (HW) case, coherent-state convolution kernels shrink in phase space and con-
verge to Gaussian heat kernels, so the Berezin channel coincides with the GKSL diffusion generated
by a,a'. For SU(2) and SU(1, 1), however, the coherent-state Berezin map is an invariant convolution
operator with a finite-width kernel on the curved phase space (sphere or hyperboloid). The only
SU(2) or SU(1, 1)-covariant local diffusive GKSL generators are multiples of the Laplace-Beltrami op-
erator (quadratic Casimir), by standard classification of invariant diffusions on homogeneous spaces.
These two invariant algebras, differential vs. convolution, do not coincide for finite kernel width; the
Berezin increment already contains higher even angular moments that cannot be captured by a single
second-order local operator.

By contrast, in tomographic SU(/N) measurements the situation is trivialised by representation the-
ory: SU(N) covariance reduces operator space to just two irreps (identity and adjoint), so both the
tomographic channel and the depolarising Lindbladian act as scalars on the same blocks, and can
be matched by tuning a single rate. Thus, only in the HW/flat and SU(/N) tomographic cases do the
measurement-induced Berezin channels coincide with simple GKSL diffusions, while for finite-spin
SU(2) and SU(1, 1) the structural mismatch is unavoidable.

This parallel structure raises a natural question: Can these two dynamics, diffusion and POVM smooth-
ing, be experimentally distinguished? To address this, we now turn to the task of discrimination
between semigroups via physically measurable quantities.

Experimental discrimination for decoherence models

Given that both mechanisms POVM measurement and the Lindblad dynamics are a priori plausible,
deciding which one captures physical decoherence is ultimately an experimental question. A minimal
and decisive test for SU(2) case is offered by a spin-1 system, where there are two nontrivial multipole
sectors (dipole ¢ = 1 and quadrupole ¢ = 2).

For the isotropic Lindblad model, the rank-¢ mode decays with rate A, = 4 ¢(¢ + 1). For the coherent-

state POVM channel, a single iteration multiplies the rank-/ coefficient by A, , = (%°)/(***/!); in an
exponential fit per iteration (or per unit time after a suitable calibration) the effective decay rate is

A = —log As ¢. For s = 1 this gives

E_ ’ /\1_log2

A Xo  log10
23 2 _ 987 339, (8.3)

a dimensionless discrepancy that cannot be absorbed into a rescaling of ~.

Working in the irreducible tensor basis for spin 1, where the orientation (dipole) sector is encoded in
p1.m and the alignment (quadrupole) sector in py ,, [112,114]. Because isotropic channels damp all
components within a fixed rank at the same rate, it suffices to monitor any nonzero pair p; ,,,(¢) and
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p2.m(t) and form

_ —log(p2,m(t)/p2,m(0))
—log(p1,m (t)/prm (0))

(8.4)

Then R =~ 3 supports Lindblad diffusion, while R ~ 3.32 supports POVM-induced smoothing. In
practice, p1 ,,, can be read out from single-spin expectations (QND Faraday rotation / spin-squeezing),
and ps ,, from alignment observables via alignment-to-orientation conversion (AOC) with Raman

coupling; see, e.g., [220-223].

In tomographic measurement, any isotropic Lindblad built from the Lie algebra generators likewise
gives a single adjoint decay rate. Consequently, the ratio test becomes trivial (R = 1 at the spectral
level after normalisation), i.e. spin-1 (SU(2) with s > 1/2) is the minimal setting that can discriminate

the two mechanisms spectrally.

For noncompact symmetry the standard GKSL with Hermitian generators is not SU(1, 1)-covariant;
the “flipped” (Casimir-diffusive) variant restores covariance but is not a conventional CP Lindbladian
at the operator level. Designing an experimental analogue of the above ratio test thus requires an
implementation-specific route to alignment/orientation observables in the positive-discrete series and

remains an open direction.

8.2 Hierarchy of phase-space distributions

The comparison of POVM and diffusion semigroups reveals how measurement-induced decoherence
reflects the spectral structure of each symmetry group. A complementary perspective is offered by
the Stratonovich-Weyl (SW) family of quasi-probability distributions F(°), which interpolate between
the singular P-function (¢ = 1), the Wigner function (¢ = 0), and the smooth, positive Husimi Q-

function (o = —1).

As shown in earlier chapters, coherent-state POVM iterations generate this hierarchy, acting as discrete
shifts 0 — o — 2, with half-iterations shifting o +— o — 1. Repeated measurements therefore drive any
initial quasi-distribution toward the Q-function, defining a natural regularisation process in which

singularities are smoothed, negativities eliminated, and classicality emerges.

In this language, the onset of classicality can be characterised by a sufficient bound

log Ay, (8.5)

ty = max

A yCa(N)

where v > 0 is the decoherence strength parameter. The equation is expressed in terms of the repre-

sentation labels A, with C2()) the quadratic Casimir and A) the Berezin eigenvalue for the associated

mode. This bound marks the time after which all nontrivial modes are suppressed below the POVM
threshold, ensuring positivity of the quasi-probability distribution.

Whether the same sufficiency bound applies in more general settings, and, more broadly, whether
universal decoherence time scales can be identified for arbitrary Lie group representations, remains

an open and compelling direction for future investigation.

Another promising avenue is the study of the minimum attainable value of a given quasi-probability
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distribution F(?), which quantifies its nonclassicality through the extent of negativity. Understanding
how this minimum evolves under POVM-induced smoothing could offer a more refined measure of
classicality onset, complementing the sufficiency bounds based on positivity alone. In Chapter 3 we
presented numerical simulations for the SU(2) case, showing how the lowest value of F(°) depends
on spin s. In Chapter 4 we derived an analytical value for the minimum of a quasi-probability dis-
tribution. Extending this analysis to a more rigorous theoretical framework, and generalising it to
noncompact settings such as SU(1, 1), would further clarify the role of negativity as a quantitative
witness of nonclassicality.

8.3 Lindblad dynamics vs stochastic descriptions

The Lindblad equation provides the most general algebraic framework for Markovian open-system
dynamics, with a generator that is linear, completely positive, and trace-preserving. However, the
choice of Lindblad operators is largely unconstrained and need not respect the symmetries of the

underlying system, so group covariance is not guaranteed in general.

By contrast, the POVM and stochastic approaches developed in this thesis are symmetry-adapted
from the outset. Coherent states are defined as group orbits, and their overlaps reflect the geometry
of the associated homogeneous space. The stochastic unravellings we construct, driven by Brownian
motion on the phase space, preserve this geometric structure, confining trajectories to the coherent-

state manifold and yielding dynamics that are automatically group-covariant.

In this framework, the generator is fixed by geometry: Brownian motion implies that evolution is
governed by the Laplace-Beltrami operator, tied to the quadratic Casimir of the group. This results in
diffusion-type semigroups. In contrast, GKSL master equations can describe a broader class of noise
processes, but they are not generally derived from an underlying phase-space geometry. The case
of SU(1, 1) highlights this distinction. Standard GKSL dynamics break group covariance, while the

coherent-state SDE construction retains it, yielding Casimir-driven diffusion.

Thus, Lindblad dynamics offer algebraic generality, while the coherent-state approach provides a geo-
metric, symmetry-aware model of decoherence, more constrained, but deeply connected to the under-
lying phase space. This opens a natural direction for future work which is to explore how alternative
noise models on the coherent-state manifold, beyond Brownian motion, can lead to different classes
of dynamical equations, and whether such models can capture the full structure of POVM-induced
channels [224,225]. Doing so could bridge the gap between geometric stochastic unravellings and the

algebraic richness of Lindblad dynamics.

8.4 Relativistic phase-space measurement and decoherence

Finally, we turned to relativistic quantum mechanics, a subject often bypassed in favour of quantum
field theory (QFT). While QFT provides the dominant framework for relativistic phenomena, it comes
with well-known challenges such as divergences requiring renormalisation, the absence of a natural
phase-space structure, and limited tools for analysing entanglement and decoherence.

Motivated by these shortcomings, we constructed a relativistic phase-space representation based on
the unitary Bargmann transform between the future tube and the forward light cone. This enabled the
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definition of coherent states of the conformal group and an associated POVM, thereby establishing a
measurement-theoretic phase-space picture for relativistic systems. We also introduced iterative mea-
surement and outlined preliminary dynamical considerations, pointing toward a broader programme

of relativistic phase-space methods.

Although this analysis is preliminary, it opens several promising directions for future work. One av-
enue is to develop a systematic understanding of iterative measurement processes in the relativistic
setting, which may require new mathematical tools beyond those used in the nonrelativistic case.
Another is to explore dynamical aspects more fully, including the possibility of defining causal and
covariant Brownian motion on the future tube or the forward light cone, providing a relativistic ana-
logue of the stochastic unravelling models introduced earlier. Such developments could offer new
insights into decoherence, classicality, and entanglement in relativistic quantum systems, and may
ultimately suggest a finite, measurement-based alternative to QFT that avoids divergences while re-

taining covariance.

8.5 Towards a generalised framework

The results presented in the previous chapters suggest the possibility of a generalised framework for
modelling decoherence and classicality in quantum theory. At its heart, this approach is based on
generalised coherent states and their associated POVMs, which encode the geometry of the underly-
ing symmetry group and provide a natural bridge between Hilbert space and classical phase space.

Within this tentative framework:

e Coherent states represent the geometry of phase space (flat, compact, noncompact, or relativis-
tic).

e POVM measurements generate diffusion-like processes that drive states toward classicality.

e Lindblad semigroups can be interpreted as the continuous-time limit of such measurements,

though the correspondence depends on the symmetry group and measurement choice.

e Stochastic unravellings can be modelled as Brownian motion of coherent-state labels on phase

space, with ensemble averages reproducing Lindblad dynamics.

We now sketch how these ideas can be formalised by introducing generalised coherent states, con-

structing the associated POVMs, and extending the discussion to stochastic unravellings.

8.5.1 Perelomov coherent states

A natural starting point for a generalised phase-space framework is the construction of Perelomov
coherent states [35] (briefly discussed in 3.2), which generalise the canonical coherent states of the

harmonic oscillator to arbitrary Lie groups.

Let G be a Lie group with a unitary irreducible representation (UIR) U(g) on a Hilbert space H. Fix a
normalised fiducial vector |1py) € H, often chosen as a ground state or vacuum. The family of coherent

states is then defined as the group orbit

lbg) = U(g)lto), g€G. (8.6)
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In general, the fiducial state is invariant up to a phase under a stabiliser subgroup H C G,
H = {h e G|U(N)to) = *Ply)}. (8.7)

Thus, the physically distinct coherent states are naturally labelled by the coset space G/ H. The result-
ing set {[vy1) } grrec/m is overcomplete in H and provides a resolution of the identity.
Properties

These coherent-states satsify the following properties.
Normalisation. Each state is normalised by construction, (i4|14) = 1.

Overcompleteness. The coherent states form an overcomplete set on the phase space G/H, satisfy-
ing a resolution of the identity

/ (g H) [y (tbgn| =1,
G/H

where dy is an invariant measure. This underpins their use in POVM-based measurements and phase-

space quantisation.

Nonorthogonality. Coherent states are nonorthogonal, with overlaps (14[14) # 0. These overlaps
define a reproducing kernel, endowing the coherent-state manifold with the structure of a reproduc-
ing kernel Hilbert space (RKHS) [33].

Semiclassicality. Coherent states often minimize uncertainty relations and follow trajectories on
G/ H that approximate classical motion, making them natural candidates for describing the quantum-
to-classical transition under decoherence.

8.5.2 POVMs from generalised coherent states and Lindblad dynamics

In this section, we describe how we can construct coherent-state based POVMs, discuss their inter-
pretational significance in measurement theory, and show how they provide a physically motivated

model for decoherence when viewed as nonselective environmental interactions.

Construction of the POVM

Given a set of generalised coherent states {|1yi)}4recq/n, we define a coherent-state POVM as the

map

£ B(G/H) = BO, £)= [ dulg) o)W (88)

where B(G/H) is the Borel o-algebra of the homogeneous space G/H, B(H) denotes bounded op-
erators on H, and dy is a normalised invariant measure over G/H. The completeness of the POVM
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follows from the resolution of the identity.

This defines an informationally complete measurement, any quantum state p € B(H) is fully specified
by the probability distribution

p(gH) = tx(p [vhgmr) (Wgm])- (89)

These POVMs are also covariant with respect to the symmetry group GG, meaning that for all ¢ € G,
we have

Ulg)EQ)U(g)" = E(g), (8.10)

where ¢©2 = {gh|h € Q}. This covariance ensures that the measurement respects the underlying
physical symmetries of the system.

This completeness, combined with the minimal disturbance from nonselective application, makes
them ideal tools for modeling decoherence and the emergence of classicality in symmetry-rich quan-
tum systems [11,54].

Selective and nonselective measurement

Suppose a measurement is performed using this POVM, and the outcome corresponds to a specific
point gH € G/H. Then, the post-measurement state (under the Liiders update rule) becomes

. |YgH) (Ygul

. 8.11
P urt ot (811

This describes a selective measurement, where the outcome is known, and the system collapses to the

coherent state labeled by the observed point in phase space.

However, to model decoherence, particularly as induced by an environment that is constantly moni-
toring the system without revealing the outcome, we must consider nonselective measurements. This
corresponds to averaging over all possible outcomes, leading to a completely positive trace-preserving
(CPTP) map

s / (g H) [gr) (o] p or) Gy (8.12)
G/H

Since coherent states are nonorthogonal, this measurement is fuzzy, it does not fully distinguish be-
tween basis elements, which reflects physical limitations of precision and information extraction in

realistic environments and thus can be used as an environmental model of decoherence.

Having established that nonselective coherent-state POVMs lead to decoherence by averaging over
phase-space outcomes, we now consider a dynamical perspective: What happens when such mea-
surements are applied repeatedly, as a sequence of weak, symmetry-respecting interventions? This
leads to the notion of iterative coherent-state POVMs, which serves as a bridge between static measure-

ment models and continuous-time open system dynamics.
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Iterated nonselective measurements

Let £ be the CPTP map associated with a nonselective coherent-state measurement:

£lf) = /G | ) W) Wt 1) (8.13)

Suppose this operation is applied iteratively at discrete time steps. After n applications, the state

evolves as
p = empl), (8.14)

where 5(*) is the initial state. As n — oo, under mild conditions, the state converges to a fixed
point, typically a diagonal mixture over the coherent states, representing a classical-like state with

suppressed coherence in the phase space.

To analyse this evolution, one can exploit the structure of a reproducing kernel Hilbert space (RKHS).
The coherent states satisfy

(g |y u) = K(gH, g H), (8.15)

where K is a positive-definite reproducing kernel. In many cases, we can expand the kernel in an
orthonormal basis {¢;} of L?(G/H,du)

K(gH,g'H) = X\, ¢w(gH) ¢p(g'H). (8.16)
k

This expansion provides a way to study the effect of repeated POVM application on the matrix ele-
ments of p in this basis.

8.5.3 Connection to Lindblad dynamics

A natural question is whether the discrete-time evolution induced by iterative POVM measurement
can be approximated by a continuous-time master equation. In the weak-measurement limit, such

dynamics often reduce to a Lindblad-type generator of the form
dp A 1 a0
= Z <Lijj - 2{L}Lj,p}> : (8.17)
J
where the L; are Lindblad operators.

For systems with Lie-group symmetry G, it is natural to construct these operators from the generators
{T}} of the Lie algebra g, represented on Hilbert space via

iU(e><;p(tTj)) . (8.18)

IA,J-:Xj where X; = I
t=0

This choice ensures complete positivity and trace preservation, but not necessarily covariance under
G.

Indeed, general GKSL dynamics are not group-covariant unless the generator commutes with the
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adjoint action of GG. This requires the dissipator to transform appropriately under the group, which
imposes additional constraints beyond the algebraic GKSL form. In compact groups such as SU(2),
isotropic Lindblad generators constructed from the spin operators do satisfy covariance. For noncom-
pact groups like SU(1, 1), however, covariance is generally broken due to the indefinite metric in the

adjoint representation.

An alternative, symmetry-respecting construction arises by endowing g with the Killing form and
taking the Lindblad generator to be proportional to the quadratic Casimir operator as

dp YUY O
Ei - ZZJ;RJ <LipL}L. -3 {L}Li,p}> : (8.19)

where 1% is the inverse of the Killing form matrix r;; = x(X;, X;), assuming it's nondegenerate.

This yields a diffusion semigroup whose generator is the Laplace-Beltrami operator on the group
manifold, and hence automatically group-covariant. Such dynamics are precisely those obtained from
the coherent-state Brownian-motion framework developed in this thesis, providing a geometrically
natural and symmetry-aware alternative to general GKSL evolution.

8.5.4 Stochastic unravelling of coherent-state diffusions

In what follows, we describe the structure of these group-based SDEs and outline their potential role
in modeling open quantum systems via diffusion on coherent-state manifolds. While a complete
formulation of this idea remains to be developed, we outline here a tentative framework aimed at

generalising these constructions.

Geometric construction

Consider the left-invariant 1t6 SDE on G [226-230]
dgr g7t = Xodw?,  dwl = p®dt + 0% dW}, (8.20)

where {X,} is a basis of g, {IW}} are independent standard Wiener processes.

Define the coherent-state process

[thg.t) = Ulge) |vho)- (8.21)

Writing U, (X,) for the differential of the representation, Itd’s formula gives
1
Athgi) = (Ue(Xa) desf + 5 T UL (Xa) U (Xp) dt) i), (8.22)

and % = 3", 0%0%.

The general SDE above accommodates arbitrary diffusion structures in the Lie algebra directions
through the noise coefficients of. In many physically relevant scenarios, however, the noise is un-
correlated and acts independently along each generator of the Lie algebra. This yields the diagonal

noise case, in which the diffusion matrix I'** is diagonal.

Such a structure arises naturally in models of decoherence, weak continuous measurement, or symmetry-
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preserving diffusion, where each generator of the symmetry algebra undergoes independent stochas-

tic fluctuations. We record this as a corollary.

Corollary 8.1. Suppose the noise is uncorrelated and aligned with the Lie algebra basis, so that
dw! = \dWe,  dwldw? =g dt, (8.23)

where g% is the inverse of the invariant bilinear form (e.g. the Killing form) on the Lie algebra. Then
the coherent-state SDE is

dthgr) = [ D Uu(Xa) dwf + 39> g Ua(Xa)Un(Xp) At | [thgs)- (8.24)
a a,b

This form closely resembles the standard diffusive stochastic Schrodinger equation (SSE) used in open
quantum systems, with the differential representation operators U, (X,) playing the role of Lindblad
operators. The key distinction is that the diffusion coefficients are weighted by the invariant metric g%
of the Lie algebra: for compact groups (e.g. SU(2)) this reduces to the familiar positive-definite case,
while for noncompact groups (e.g. SU(1, 1)) the indefinite signature of g leads to sign changes in the
drift terms. In all cases, however, the evolution remains confined to the coherent-state manifold and

incorporates quantum noise consistent with continuous measurement or environmental decoherence.

We now show that under the diagonal noise dynamics, the ensemble-averaged state p; = E[Rt] =

E[[t0g,¢)(t0g,¢|] satisfies a master equation.

Proposition 8.1. Let |1, ;) be the coherent-state process defined by (8.24) with Gaussian noises satisfying
E[dwd] = 0 and dwf dw? = ~ g® dt. Then the ensemble-averaged density matrix py = E[ |1g+) (1), +| ] evolves
according to

~

T = (0 VLX) UL (X) — § {9 UL(Xa)UL(X), }) (8.25)

Proof. This follows directly from It6’s lemma applied to the stochastic process R;, using the quadratic
variation dw{ dw? = v¢® dt and collecting the drift terms. O

This concludes the discussion on the stochastic unravelling framework for generalised coherent states.

Conclusion and outlook

This thesis has developed a phase-space framework for decoherence and the emergence of classical-
ity, using generalised coherent states and their associated POVMs as the central unifying structure.
By examining the connections between iterative POVM-induced smoothing, Lindblad-type diffusion,
and stochastic unravellings on phase space, we have uncovered both universal mechanisms under-
lying measurement-induced decoherence and group-specific subtleties arising from the geometry of
the underlying symmetry.

These results point toward a deeper synthesis of quantum measurement theory, open-system dynam-

ics, and geometric methods, and suggest several avenues for future work as discussed.
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Appendix A

Phase-space measurement in

Fock-Segal-Bargmann representation

This appendix develops the Fock-Segal-Bargmann (FSB) representation as a holomorphic framework
for phase-space analysis. We first formulate phase-space measurements and Lindblad dynamics in
this representation, showing how coherent-state kernels naturally appear. Together, these results pro-
vide a complementary viewpoint to the main text in Chapter 2.

A.1 Fock-Segal-Bargmann representation

Although our primary formulation remains in the Hilbert space # = L?(R), coherent states naturally
give rise to a space of holomorphic functions via their overlap with quantum states. For any state

|v) € H, we define a function on the complex plane by
P(a) = (alp), «ae€C. (A1)

This function ¢ («) is entire (analytic) on all of C, due to the exponential structure of coherent states.
The space of such functions, equipped with the Gaussian-weighted inner product

— d%a
wle) = [ Tas() <2, (A2)
C s
defines a reproducing kernel Hilbert space known as the Fock-Segal-Bargmann (FSB) space [75-77].

Note that the measure used here differs from that in Chapter 2, where a flat (Lebesgue) phase-space
measure was employed for POVM-based analysis. The Gaussian weight in the Bargmann space en-
sures square-integrability of holomorphic functions and aligns with the canonical quantisation of the

harmonic oscillator. This space, often denoted 77, is a Hilbert space of entire functions f(z) such that

17 = [ 1 dis < o (A3)
We now discuss the Quantum harmonic oscillator in the holomorphic representation.
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Quantum harmonic oscillator in the FSB representation

In the FSB representation, the annihilation and creation operators act as differential and multiplicative

operators @ = =, af = 2. Consequently, the harmonic oscillator Hamiltonian H=ala+ 3 becomes

_,d 41
Hz—zdz—i—Q.

Proposition A.1. The eigenvalues and eigenfunctions of H, in the holomorphic representation are given by

H.®,(z) = E,®,(2), n € Zs>o, (A4)
where
Bo(z) = 2o Bp=n+t (A5)
n - \/m7 n — 2 o

These functions ®,,(z) form an orthonormal basis of the Segal-Bargmann space F;. They correspond
to the Fock number states |n) under the Segal-Bargmann transform ®,,(z) = (z|n). Thus, the entire
structure of the harmonic oscillator, its spectrum, ladder structure, and time evolution, admits a clean
analytic formulation in terms of holomorphic functions, which proves especially useful in analysing

the phase-space structure of quantum states.

Proof. We start with the time independent Schrodinger equation

.0, (2) = <Z;Z + ;) By (2) = Endr(2), (A6)

This equation can be solved for ®,,(z) and integration leads to

log(®n(2)) = <En - ;) log(2) + k. (A7)

where k is a constant of integration.
Taking the exponential of the above equation results in the following

1

B, (2) = cz(En=3), (A.8)

k

where ¢ = e” is a constant.

To ensure that these functions form a valid basis in the Hilbert space /1, we impose the orthonormality

condition. Using the inner product on F; (A.2) and (A.8), we compute

2
(B, Dy) = ’d/zEn—%zEm-%e—ZP d2z. (A9)
C

s

Using z = rel and d?z = r dr df, we get
|C‘2 e En+Em i0(E,—E 2
(P, D) = / / pEntEm 0(En=En) o=% 4 40. (A.10)
T Jo 0

We now examine this expression for two cases.
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Case 1: n = m. Then E,, = E,, and the angular integral evaluates to 27

o
_ 2 2E,, —r? 12 }
ny n/ — - n . .
(P, D) = 2| / reEne™ dr = |c|T <E + 2) (A11)
0

Normalising to 1 gives

S (A12)

T (E,+3)
Case 2: n # m. From (A.10), the §-integral evaluates to
2m
/ HOEE) 49 =0 iff E, — By ¢ Z. (A.13)
0

So orthogonality requires

E,— Epn €7 (A.14)

Holomorphicity constraint. In the Segal-Bargmann space F;, wavefunctions must be entire (holo-

morphic on C). This rules out negative or noninteger powers of z, since
o If I, — % <0, ®,(z) hasapoleat z = 0.
e If £, — 1 € Q\ Z, ®,() has branch cuts.

Therefore, the only acceptable values are

1 1
En—izneZJrU{O} = En=n+g, (A.15)

and thus

P, (2) = = : (A.16)

O]

Having established an orthonormal basis, we can now construct the reproducing kernel, which en-

codes the inner product structure of the Hilbert space.

Reproducing kernel. The eigenfunctions {®,,(z)}>2, form an orthonormal basis of ;. The Bergman
kernel (reproducing kernel) [210] is given by

B o] - o] )" B
K(z,m) = ®un(2)®p(w) =) ( n!) = exp(2w). (A.17)
n=0 n=0
We shall now verify its identity and reproducing properties.
Proposition A.2. The kernel reproduces the identity function:
(1, K(z,w)) = 1. (A.18)
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Proof. Using (A.2)

1 1
(1, K(z,w)) = /K(z,w) e 1wl g2y = / exp(z(ac—iy))e_(z2+y2) dz dy
™ JC ™ JR2
< 1 o
= — exp —Z(Zy +iz)* | dy = 1. (A.19)
oo VT

This confirms that the reproducing kernel correctly maps the constant function 1 to itself, validating
a key property of such kernels in a Hilbert space.

Proposition A.3. The kernel satisfies the reproducing property

/K(z,w)K(w,t) dpy = K(z,1). (A.20)

Proof.
/K(z,w)K(w,t) e vl g2y = / exp(2W + wi — |w|?) djiey. (A.21)
C C
Using w = x + iy and integrating yields
/exp((z + )z +iy(t — 2) — 22 — y?) dz dy = exp(21), (A.22)
as expected. O
Having constructed the Bargmann space F; as our phase space, we are now in a position to define
coherent states on it. These states are quantum analogs of classical points in phase space and are
known for their minimal uncertainty and Gaussian localisation as discussed in Chapters 1, 2. In Fj,

coherent states are generated by translating the vacuum state using the symmetry group of the phase
space. Explicitly, we define a coherent state centered at w € C as

U, (2) = OK(2,), (A.23)

where C is a normalisation constant to be determined.

To ensure that ¥, is normalised with respect to the inner product on 71, we require
(W, W) = /(c Vo2 W2 dp = 1, (A24)
Substituting (A.23) in the above expression
/C CRK (w,2)K (2,0) dpe = [C]2K (w, @) = 1, (A25)

where we have used the reproducing kernel property of the kernel function. Assuming that C is real

2
and substituting for the kernel we find that C' = exp (— %) . Thus, the normalised coherent state on
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F1 becomes

Uo(2) = exp [ — 2 ) exp (). (A.26)
()

We can now compute the modulus squared of this state, which gives the probability density in phase

space

Wy (2)]* = exp (—|w|* — |2|* + 2Re(zw)) . (A.27)
Letting z = z + ipand w = a + 18, we find ¢, (2)[* = exp (—(z — a)? — (p — B)?) .
This shows that the coherent state is a Gaussian centered at the point w = o + if in phase space.

Thus, the space of holomorphic functions associated with coherent states provides an analytic frame-

work in which to express and understand the effect of phase-space measurements on quantum states.

Coherent States in £?(R): We now derive the form of a coherent state in the Hilbert space £2(R)

using the inverse Bargmann transform.

Proposition A.4. The coherent state in position space 1)(q) corresponding to the Bargmann space coherent

state 1., (2) is given by:

2

2 2
V(q) = 7] exp <_]102|> exp <_q2 + \/iqw - u;) . (A.28)

Proof. By introducing a resolution of identity we obtain

() = (ql) = /C (al2) (1) dpe, (A29)

where A(g, z) = (g|z) is the Bargmann kernel given by [75,77,159]
1 22 q2
Ag,z) = /2 ©XP (—2 +V22q - 2> . (A.30)

Substituting for V,,(z) we get

Wig) = ——e |“’|2/ ,12+\/§ —ﬁr d (A31)
q) = i/ Xp 5 Cexp 5 2q 5 Zw s .

1

We now express z = = + iy, so that dp, = 7~ e~V dg dy, and compute

X //R2 exp (—W +V2q(z + iy) + (z — iy)w — 2% — y2> dzdy.  (A.32)
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Expanding the exponentials and collecting terms

W) = ;/46Xp( ! +|w|2)/ / eXp(2+fc( ly+fq+w)>

2
>mm<—2+mW%—demw (A.33)

Both integrals are Gaussian and can be evaluated using standard results

e 2
/ exp (—axz + bz) ,dz = \/?exp <éll)a) (A.34)

Applying this to both x and y integrations, simplifying the exponents and collecting terms, we ulti-

mately arrive at

2

b(g) = # exp < ’“;|2> exp <—2 +V2quw — “;) : (A.35)

as claimed. 0

This coherent state is indeed normalised as we have seen in Chapter 2.

A.2 General POVM measurement

Having defined the space of holomorphic functions i, constructed the Bergman kernel, and intro-
duced coherent states, we now proceed to define general quantum states on F; [47].

A general quantum state on 7 is defined to be a density state R(u,v) € F; x F; satisfying the prop-

erties:
1. R(u,v)is Hermitian i.e. R(u,v) = R(v,u) and

2. R(u,) is positive i.e

//¢ (v) dpp dpy > 0, (A.36)
where ¢ (u) € F; and finally
3. R(u,v) has unit trace i.e.
/ / K(u,7)R(v, @) dpty dpayy = / R(v,v)du, = 1. (A.37)
cJc C

The diagonal R(v,v) defines the probability density associated with the quantum state ¢ on the phase
space.

A pure state on F; is represented by the rank-one operator

R(u,v) = ¢(u)y(v), (A.38)
where ¢ (u) € Fj is a holomorphic function normalised such that || = 1.
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To describe measurements on phase space, we introduce a Positive Operator-Valued Measure (POVM).
An explicit realisation of the POVM is given by [47]

(I)A(xa 2) = K(ﬁ,g)K(y, 2) d:ulh Ae Ba (A39)
yeA

which acts on F; as an integral operator with a kernel built from the Bergman kernel.

Given a quantum state described by the kernel R(z, y), the probability that a measurement yields a
value within the set A is computed as

P) = [ [ ©atv. DR D) ey die = | _ RGDd (A40)

This expression reduces to integrating the diagonal of the density kernel over A, highlighting the role
of R(z, z) as the probability density on C.

Suppose the initial state is given by R(y,v). Then, the output state after a measurement yielding a
result in A is

K(u,2)K(z,x _
RO (u,7) = Jeca %R(z, Z) dpu, adn)
, fzeA R(ng) dﬂz ' )

This formula describes the updated state conditioned on the measurement outcome falling within the
region A of phase space. The numerator integrates a “filtered” version of the initial state, modulated
by the kernel’s reproducing property, while the denominator ensures normalisation. We now turn to
the question of quantum measurement on phase space.

A.3 Phase-space measurement

Suppose a measurement is performed on the phase space 1, and the outcome corresponds to detect-
ing a specific phase-space point z € C. In this case, the quantum state collapses to the coherent state
centered at z, denoted by W,,(2).

Nonselective or “unread" or unconditioned measurements naturally lead to environmental decoher-
ence, and they can be modeled within our formalism by averaging over all possible outcomes on phase

Space as

RO (u, 7) = / K(u,w)K (‘)""”)R(w,w) djtu, (A42)

where Rj, is the initial density matrix and R,y is the state of the system after such a nonselective
measurement.

Substituting the expression for the Bergman kernel into the phase-space measurement update ((A.41)),

we obtain an explicit formula for the output density matrix
RW (u,v) = / exp (Wb + uw — |w\2)R(w, W) Aty (A43)
C
However, this single application does not fully capture the cumulative effect of environmental mon-
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itoring as the coherent states are nonorthogonal. Therefore, we extend the model by iterating this
transformation i.e. we apply the same phase-space measurement process multiple times to model the
progressive decohering of the quantum state.

Let us now derive a general expression for the density matrix after n such measurement steps. Starting

from R() = R, we compute the density matrix after n measurements to be

Proposition A.5.

1 — 1)uv 0+ u — |wl?
R™(u,5) = - exD (W})/exp (wv—i—u: il )R(w,w)d,uw, n € No. (A44)
C

Proof. We will prove the result by induction. Starting with the base case n = 1, we have
RW (u,v) = / exp (Wb + uw — |w|?)R(w, @) dyty, (A.45)
C

and this is the same as (A.43).
We will now perform the induction step by calculating the density matrix after the (n + 1)th iteration

of phase-space measurement. We have from (A.43)

]%(n—l—l)(u7 @) _ / exp (U)T) + uw — |w\2)R(") (w’ QI)) d iy . <A46)
C

Substituting for R™ from (A.43) in the above expression and rearranging the terms we have

—_ 2 Iy z
R Y (u,5) = 1/ [/ exp (wo + uw — |w|?) exp ((”W> P (ZUH_W> duw]
Cc LJ/C ! '

n

X exp (_‘;'2 ) R(z,z) du.. (A47)

We will now compute the inner integral in the above equation as follows:

EENIE 54+ ws
I= 1 /exp (wo + uiw — |w|?) exp <(nl)|w> exp <zw—|—wz> dftey- (A.48)
n n

n

By making the substitution w = x + iy, so that du,, = 7! exp (—2? — y?) dx dy, we have

= 2 (el ) oo 52)

X eXp (— (n+ 1>(52 + y2)> dz dy. (A.49)

Since the expression consists of two separable Gaussian integrals, we can evaluate each one indepen-

dently using standard techniques to give

1 n (v +u+ 22)? n (o —u+ =2)?
I = n — n A.
(n+1) P < A(n+ 1) P A(n+ 1) ! (A.50)
which on simplfication evaluates to
1 (z+on)(Z + un)
I = . A51
e (S .
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Having now evaluated the inner integral / in (A.47), we substitute it back into the expression to obtain

n _ 1 nuv 20 4+ uz — |2|? _
Re(0) = o (75 ) fom (FFRET ) Re -

giving us the expression for the density matrix after (n + 1) iteration of the phase-space measure-
ment, thereby completing the proof. O

This result reveals a fundamental feature of the iterative measurement process which is that the den-
sity matrix undergoes exponential damping inside the integral along with an additional overall expo-
_ nub

nential damping through the factor exp (— 177 ). As the number of iterations n increases, this damping

becomes more pronounced, leading to a progressive suppression of quantum coherences.

A.4 Dynamical unravelling of the phase-space measurement

In this section, we derive a dynamical equation in the Fock-Segal-Bargmann representation and solve it
to show how the effect of phase-space measurement can be encoded into a time-continuous dynamical
evolution of the quantum state. Since our measurements are performed in phase space, it is natural to
consider the position and momentum operators, Z and p, as the relevant Lindblad operators [40—42]

dp

1
£ = zpat —

b ada AU S
(@hip+ pa'a) +ppp' — 5 (0'0p + pp'P)- (A.53)

Having introduced the Lindblad master equation, we now proceed to express it in the Fock-Segal-
Bargmann (FSB) representation.

To do so, we recall that the density operator p on £2(R) is related to the kernel representation R(u,v)

on F; via the Bargmann transform

R(u,v) = - A(u, x) p(x,y) A(v, y) de dy, (A.54)

where A(z, q) denotes the Bargmann kernel. Equivalently, we write this as
R(u,v) = (&alpl&s), (A.55)

with the state |¢;) defined by its action on 1) € £?(R) as

@W@z/A@wW@Nm (A.56)

We now apply the Bargmann transform to the Lindblad master equation, translating it into a partial
differential equation for the phase-space kernel R(u, v,t) on Fj.

Specifically, we consider the action of composite operator expressions like 252 and ppp', and demon-
strate how these translate to differential operators acting on R(u,v). The remaining terms follow

analogously.

Let us now evaluate the action of the operator #52 on the phase space. We show the following
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Proposition A.6.

1 0 0 o

Slo+ o) (ut 5 ) R(u,) = (Gala) | 252 | &(y)). (A.57)
o0v ou

Proof. We begin by expressing R(u, v) via the Bargmann transform

R(u,v) = /A(x,u) p(x,y) Ay, v) de dy. (A.58)

Applying the differential operators one after the other gives

2 0v ou 2 v
— [ Ay, pleny) Aly.0) dsdy, (A59)

L <17 + a> <u + a> R(u,v) = E (17 + 8) /A(-’L',U) p(x,y) V2, Ay, v) dz dy,

This is precisely the kernel representation of 521 in the Fock-Segal-Bargmann space:

(al) | 358" |E0(y)) = / A, u) 2y ple, ) Aly, 7) dzdy. (A.60)

Similarly, we now evaluate the action of the operator j/p' on phase space

Proposition A.7.

3 (7= 50) (u- s ) ROw0) = talo) 90 | 65(0) (A61)

Proof. We again begin with the Bargmann representation of the density matrix

R(u,v) = /A(x,u) plz,y) Ay, v) dz dy. (A.62)

Applying the differential operator, we compute

% <1—) _ ;ﬁ) <u _ i) R(u,7) = % <@ - ;@) <u - aau) /A(m,u) (@, y) Ay, o) dzdy. (A.63)

Using the known action of differential operators on A(z, «) and A(y, v), we obtain

% (a _ aé;) (u _ 8‘1) R(u,7) = % <17 _ ai) /A(:p, u) pl,y) Ay, 7) (2u — Vaz) dz dy,

= /A(x, u) (V2u — ) (V20 — y) p(x,y) A(y, ) dzdy.  (A.64)

Finally, recognising the second-order derivative structure in this expression, we can rewrite it as

1 <5 _ 8) <u _ 6‘1) Ru,5) — / A, u) 82’;(‘25) Ay, o) de dy,

= (alx) | ppp" | & (y))- (A.65)
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These computations confirm that the action of position and momentum operators (and their adjoints)
within the Lindblad equation can be naturally expressed as differential operators acting on the kernel
R(u,v). The table below summarizes the full set of such operator mappings, providing a practical

dictionary between Hilbert space expressions and their FSB counterparts.

Coordinate Space <> Bargmann Space

@H%(z—i—%)

P45 (2 - %)

Bp e g5 (2 + &)

p 75 (2= 52)

pt e 5 (24 &)

o - )
PN 1

p'op o 32— ) (- %)
pife < 5+ L) (z+ 2

Table A.1: Correspondence between the operators on the coordinate space and the Bargmann space.

Proposition A.8. The Lindblad equation in the Fock-Segal-Bargmann representation for the density matrix
R(u,v) is given as

dR(w,0) _ 0°*R(u,0) _ OR(w9)  OR(WD) 0 1ype, 5. (A.66)

d¢ T Qudv ou o0v

Proof. Substituting the correspondence rules for the operator expressions into the Lindblad equation,

we obtain

Expanding and simplifying the terms gives

dR(w,0) _ O*R(wv) _ OR(w,v) _ OR(u,0) (uv — 1) R(u, o), (A.68)

a  ouww " ou v
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completing the proof. OJ

The Lindblad equation, once expressed in the Fock-Segal-Bargmann (FSB) representation, admits the

following explicit solution for the density matrix kernel R(u, v, t).

Proposition A.9. The solution to (A.68) is given as

1 t— Duv 0+ wu — |wl|?
R(u,v,t) = 7 €Xp ((t)uv> /Cexp (wv#—w? [w] )Ro(w,w) dpty. (A.69)

Proof. A direct substitution of the proposed solution (A.69) into the Lindblad equation (A.68) verifies
that it satisfies the required time evolution. Since the equation is linear and homogeneous, uniqueness
of solutions guarantees that this expression is indeed the correct propagator of the initial density

matrix kernel. 0

In this way the phase-space decoherence model discussed in Chapter 2 can be reproduced in the FSB

representation.
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Appendix B

Solving Lindblad equations for
phase-space distributions for the
Heisenberg-Weyl case

This appendix reviews mathematical preliminaries relevant to phase-space methods, including the
Moyal representation and the Fourier transform on phase space. We then demonstrate, via a double
Fourier transform, that the density matrix undergoes identical decoherence in both the momentum
and position representations. We finally examine the evolution of quadratures under Lindblad dy-
namics, and explicitly solve the Lindblad equations for both the free particle and harmonic oscillator
Hamiltonians with position and momentum Lindblad operators. The solutions are presented in both
the Wigner and Husimi representations, highlighting how decoherence manifests differently in these
phase-space pictures.

B.1 Mathematical preliminaries

B.1.1 Moyal product and Lindblad operators

In the phase-space formulation of the Lindblad equation, the action of Lindblad jump operators linear
in position and momentum can be systematically expressed using the Moyal product [87,88,231]. Let
us denote generic Lindblad operators

A

LJ’ = aj:?: + bjﬁ (Bl)

where a;,b; € C. Their effect on the Wigner function requires evaluating terms like L j ﬁﬁ; translated
to phase space via the Moyal product. We expand the Moyal product for « and p explicitly, which
yields derivative corrections that capture noncommutativity. To this end, note the standard Moyal
product identity

. 2
f*g=fg+%{f7g}PB—%{{f79}PB79}PB+-~~ (B.2)

where {-, - }pp is the classical Poisson bracket. Applying this systematically gives the following expan-

sions:
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Position operator

ih ow ih oW

x*W(x7p):$W(xap)+5aip7 W(Q?,p)*l':xW(l',p)—Eaip, (B3)
leading to
x*W*x—x2W+ihxa—W—h—282l (B.4)
N op 4 Op? -’ ’
Momentum operator
ih oW ih OW
pxWiz,p) =pW(z.p) = 55- Wp)xp=pWp)+ 55— (B.5)
yielding
oW B OPW
— 2 —ihp— —
pxWxp=p*W 17ipa:C 102 (B.6)
Mixed terms which appear in many Lindblad cross-operator terms
ih OW ih OW  R? O*W
— = = = B.7
v Wap :EpW+21‘ax +2]98;0 4 0xop’ (B7)
ih OW ih OW  h* W
— _ = - = ) B.8
prWxz=peW 2p8p 2x8;c 4 Oxdp (B8)
These expansions are directly applied in the derivation of the phase-space Lindblad equation
dw A s ata
~ = Moyal (Lij} - %{L}Lj,p}+) (B.9)

where {-, -}, denotes the anticommutator. The derivative corrections from the Moyal product sys-
tematically account for quantum corrections to the dissipative terms, recovering the classical Fokker-
Planck structure in the limit 7 — 0.

B.1.2 Fourier transform on the real line

We shall now briefly review the double Fourier transform on £2(R). The Fourier transform, and its
inverse are defined as follows:

&(u,v) = S // exp | — wu exp | — Y W (z,p) dx dp, (B.10)
2m h h
and
1 iru ipv
W(x,p) = 3272 // exp (h> exp (h> &(u,v) dudo. (B.11)
Now let us verify if they are indeed inverses of each other. So we have
&(u,v) = L // exp | — wa exp | — Py W (z,p) dx dp. (B.12)
2m h h
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Substituting for W (z, p) in the above equation we have

1 . .
E(u,v) = W//exp(—?)exp(—i;})
. ip

Rearranging the terms gives

E(u,v) = ﬁ // [/exp <11:u’;Ll:cu> dx] {/exp (1;01/};11)1}) dp]{(u’,v’)du’dv’

Evaluating the integrals for p and x gives

£(u,v) = ﬁ / / (2mh8(u — u))(2rh 8(v — o)) €, o) duldo.

and evaluating the integrals for «’ and v’ gives &(u,v) = {(u, v).

B.1.3 Transforms on the phase space

We now discuss the analogous Fourier transforms in phase-space complex coordinates.

Proposition B.1. The pair of transforms

H(z,z) = i/exp(—zw—sz)@(w,w)dZw,
Qlw, @) — % / exp(—w? + =) H(z, ) d2z,

are inverses of each other and dw is the Lebesgue measure on C.

Proof. Substituting the expression for H into the inverse transform gives

1 iws | 1 -
Q(Z,E) _ /ezw+wz |:/ewu+uw Q(u,ﬂ)dzu de’
™

™

1
= 2//exp(—szrwz—wa+uw)Q(u,a)d2ud2w.
T

Define the kernel

K(z,u;2,1) = — /exp (=20 + wZ — wi + uw) d*w.
s

(B.13)

(B.14)

(B.15)

(B.16)

(B.17)

(B.18)

(B.19)

Set A=2—-1u, B =u-—zsothat-—wz+ wz— wu+ uw = wA + wB. Writing w = x + iy gives

w = x — iy and hence
wA+ wB =2(A+ B) +iy(A - B).
DefineC = A+ B, D = A — B, then
K(z,u) = % // exp(zC +iyD) dz dy.
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This integral is well-defined in the distribution sense. One interprets
/e“ﬁ"’C dz < §(Re C), /ein dy = 276(D), (B.22)
so K (z,u) « 6(Re C) §(D). Substituting back

C=CZ-u)+u—2=z+u—1u-—z, (B.23)

D=z—-u)—(u—2)=Z—u—1u+=z. (B.24)
Setting these to zero forces z = u, meaning the kernel acts as a delta function. Thus,
Q2) = [ £ -0 Qun) du = Q(z.2) (8.25)

as claimed. O

B.2 Double Fourier transform

In this section we shall show that (2.22) has the same structure in the momentum representation
using the double Fourier transform. We have the result for a density matrix after a single iteration of

nonselective phase-space measurement

oD (g, ) = jﬂ exp < _ (9”_23/)2> / exp ( _ A;) @+ Ay +\) d\. (B.26)

For momentum variables s, t the double Fourier transform of the density matrix p(s, t) is given as

plz,y) = % // exp (isx — ity)p(s,t) dsdt. (B.27)

Let us now define the double Fourier transform of p(z,y) from the coordinate space representation

to momentum space representation in variables p and q as

- 1 . .
V(p,q) = o / / exp (—ipz + igy)p™M (z,y) do dy. (B.28)

Now substituting (B.26) for p(!) in the above equation, we get

MMp.q) = \/(;T)i% / / o ipetiay exp(— (ny)Q)

X [/exp ( - f)p(w +ANy+A) d)\} dz dy. (B.29)

Substituting for p from (B.27) and rearranging the terms, the above equation becomes

(p,q) = J(;Tﬁ// U [//exp(ix(—erS)+iy(t—Q))eXp (— (x;y)2> dwdy]

2

A
X exp (isA — itA) exp ( - 2) d/\} p(s,t) dsdt. (B.30)
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Looking at the inner integral we have

// exp (iw(—p + 5) +1y(t — q)) exp < 2) exp ( N y; —iy(t — q)>
[/ < -5 taly+is - )))dx] dy. (B.31)

Evaluating the z integral gives

//eXP (iz(—p +s) +iy(t—Q))eXp(— (x;y)2> dzdy = \/ﬂ/exp<— y; —iy(t—Q)>
Xexp(_ (y+i(;—p))2> dy
= \/ﬂ/exp(iy(tq (s —p)))

X exp ( - (3_]))2) dy. (B.32)

2

Now evaluating the y integral and simplifying the terms gives
(i (=p+s)+iy(t—q)) (z—y)’ (a=p)"
//em pre)myit=d)) exp | — 5 dedy =+/(2n)3exp | — > ) 0(¢+s—p—1t).(B.33)
Now (B.30) becomes

iD(p,q) = ;ﬂ///exp<— (s _2p)2>5(q—|—8—p—t)exp<—)\22> exp (IA(s — 1))j(s, ¢) dsdtdA,
_ ;Tr//[/exp<—§+u(s—t)> dk}

s — )2
X exp < - (27”) 5(s — (g +t — p))p(s, t) dsdt. (B.34)

Evaluating the ) integral in the above equation gives

V(. q) = r//[exp< S_t) >]exp(— (S_Qp)2)(5(s—(q—i—t—p))ﬁ(s,t) dsdt. (B.35)

Now evaluating the s integral in the above equation with the delta function, we get

M (p,q) = \ﬁ/ex < q+t_2 _t)2>exp((p_q;t_p)2>ﬁ(p+tq,t)dt, (B.36)

which after simplifying becomes

D (p,q) f/ < )2> exp(— (t_2Q)2>ﬁ(p+t—q,t) dt. (B.37)

Now making the substitution ¢ — ¢ = y we get

i(p,q) = \/12—% exp ( _a ;p)2> /eXp < - “;)ﬁ(p + g+ ) dp, (B.38)

which is the same as the result we had in the coordinate space in (B.26).
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B.3 Lindblad equation for the free particle Hamiltonian
In this section, we examine the phase-space dynamics of a free particle subject to linear Lindblad
decoherence. The free particle Hamiltonian is given by

A2
o= (B.39)

2m’

We include two Lindblad operators representing dissipative couplings in position and momentum

Ly = /v 2, Lo = /7 p, (B.40)
where 7., v, > 0 are decoherence rates associated with position and momentum, respectively.

Our objective is to derive the time evolution of the first and second statistical moments of the system

(@(t)), (B), Var(i(t)), Var(pt)). (B.41)

We will first derive the moment equations for the most general case in which both Lindblad operators
are present. Subsequently, we will specialise these results to the limiting cases in which either ~, or ~,

is set to zero, to examine how purely position or purely momentum decoherence affects the dynamics.

Position and Momentum Lindbladians Together
The Lindblad master equation is given by

dp i

0= 5] (202 = 13, 01) + 3 (99— H8% 1) (B42)

Our goal is to obtain the time evolution of the first and second moments of position and momentum.

First Moments Let us define

(@) = te(p2), (p) = tr(pp)- (B.43)
Applying the master equation and using standard commutators, one obtains the Ehrenfest equations

S@ =), =0 (B.44)

m

The dissipative terms involving symmetric Lindblad operators do not alter the first moments, because

for Hermitian operators, the mean drift vanishes.
With initial conditions
(#(0)) = zo,  (P(0)) = po, (B.45)

the solutions are

(1) =po, (#(t) =0+t (B.46)

=
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Second Moments Let us next define the second-order moments

1

X2(t) = (2%), P(t) = (%), XP(t) = 5 (@b + pT).

Their evolution equations are obtained from the master equation:

e For (i?)
%<A2> = %(mﬁ@ = %XP(t)
e For (p?)
%<ﬁ2> =0+ 7h,

(B.47)

(B.48)

(B.49)

because the Moyal expansion of the 2-based dissipator gives momentum diffusion with strength

Yo

e Finally for the symmetric correlator

d 1
— XP(t) = —(p*
3 XEP®) = {5,

as there is no contribution from the Lindblad part to cross-terms.

Therefore the closed set of second-moment ODEs is

d 2 d 1

—X%(t) = = XP(t), iP?(t) =k, —XP(t) = —P%(t),

dt m dt dt m

with initial conditions
X2(0) = ko, P%0)=k;, XP(0)=ks.
The equation for P? can be solved immediately:
P%(t) = ki + y.h2 t.

Then

This integrates to

2
XP(t) =ks+ ki + 72:"":1 t2.
Finally
d 2
—X?%(t)= —XP
T (t) - (t)

(B.50)

(B.51)

(B.52)

(B.53)

(B.54)

(B.55)

(B.56)



which gives

d 2 ki, yh?
—X*t)=—(k —t t2 B.57
dt (t) = m < 3+ + o ), ( )
SO
2ks, ki o g
X2(t) =k —t —t t°. B.58
(t) = ko + + + 3 (B.58)
Variances We can collect the variances by noting
Var(z) = X2(t) — (2(t))*,  Var(p) = PX(t) — (B(1))*. (B.59)
Explicitly,
R 2k3 ki o vah? s Po,\?
Var()(t) = ko + 2t 4 5t + 2040 (x0+at> , (B.60)
and
Var(p)(t) = k1 + v.h*t — pj. (B.61)

The results reveal key features of Lindblad decoherence for a free particle in phase space. In the ab-
sence of dissipation, the free Hamiltonian conserves momentum moments, leading to ballistic spread-
ing of position variance. Introducing Lindblad terms alters this picture depending on the noise chan-
nel: a position-coupled Lindblad operator (L = ,/7,4) induces momentum diffusion, causing cubic
growth in position variance over time due to kinetic coupling. Conversely, a momentum-coupled
dissipator (L = V/7pb) leads to linear growth in position uncertainty from both ballistic and diffu-
sive contributions, while leaving momentum moments unaffected. When both couplings are present,
position and momentum undergo simultaneous diffusion, producing enhanced spreading in both
quadratures. This reflects the backaction trade-off in continuously monitoring noncommuting ob-

servables.
We will now solve the Lindblad equation for a free particle Hamiltonian with position and momentum

Lindblad operators (B.42)in both the Wigner and Husimi representation.

B.3.1 Solving the Lindblad equation in Wigner representation

In phase space, the master equation takes the form

d t i 1
W/(;p,) = _2771171 (p2*W—W*p2) + (x*W*:c—Z(x2*W+W*x2))
1
+’yz<p*W*p—2(p2*W—i—W*p2)>, (B.62)

where x denotes the Moyal product [87]. After evaluating the Moyal brackets, this simplifies to the
partial differential equation

(B.63)

dW(xz,p,t) P ow n hj oW o*wW
dt m ox = 2 ’

Y1 022 + 72 a2
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which describes a linear Fokker-Planck-type evolution in phase space. Its explicit solution can be
stated as follows:.

Proposition B.2. The solution of equation (B.63) is given by

// (z — ' — p't)?
(z
Pt t4 +1267) £3 4 12t

2 (2 +3)
t3 + 12t

Wo(2',p') da’ dp/, (B.64)

xexp[

where Wy (', p') is the initial Wigner function at t = 0.

Proof. We begin by taking the Fourier transform of equation (B.63), which yields

dt T m ov

1
-3 (71u2 + 721)2) &(u,v,t). (B.65)
To solve this equation, we apply the method of characteristics. The characteristic system is given by

dt dv du ¢ 1 9 9
&*17 & E*O; 45 5(%“ +720%) &(u, v, ). (B.66)

We choose initial conditions
u(s =0)=up, v(s=0)=uvy, &(u,v,8=0)=%¢(u,v), t(s=0)=0, (B.67)
and solve for the characteristic curves:
U

t(s) = s, u(s) = wo, v(s) =vg — o (B.68)

Next, let us compute the integrals appearing in the exponential solution. First,
/u2 ds = uls. (B.69)
Similarly,

2 2.2 2 2.3 2
/712 ds = / (vo — @s> ds = / 27y v — 10705 ) gs = 20°_ 4 Vs — Hovos (B.70)
m m? m 3m?2 m

Using these results, the ODE for { becomes

d 1 2
d—i =3 (71”(2) + 72 (Uo - %3) ) £(s), (B.71)

which integrates to

1 ug \2
logé(s) = - / <71u(2>+72 (v0—=2s) )ds,

U83 'LLU82
- —[?u%s+?<3;2+vgs— Onfz )] (B.72)
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Making the substitutions s = ¢, © = ug, and vo = v + “ﬁ, we obtain the general solution of the Fourier-
transformed PDE

3

_ ut 71u2t 721)2t 'yguzt uvtzvg
E(u,v,t) =& (u, v+ m> exp < 5 5 62 o) (B.73)

To recover the Wigner function, we apply the inverse Fourier transform

W(z,p,t) = ﬁ // exp (u‘hu> exp <1p;iv) &(u,v,t) dudo. (B.74)

Substituting &(u, v, t) from above gives

1 izu ipv
W(z,p,t) = 27rh2// exp <h> exp (%)

t 2 2 23 t2
x&p <u, v+ u) exp <—%u SE LA LR L 72) dudv. (B.75)
m

2 2 6m?2 2m

Now, expressing the initial characteristic function in terms of the initial Wigner function,

& <u v+ ) //exp <_1 “) exp <W) Wo(z,p') dz’ dp, (B.76)

which substituted back and and collecting terms, simplifies to

B m(z — ') — p't) — yut?h 3m2yult + you?t?
W(z,p,t) = 2?12 // //exp( ( Sy o2 du

B 2
X exp <v ( i - P )> - 72;} t) dv Wo(2',p') dz’ dp'. (B.77)

Integrating with respect to u, we obtain

- B 6m2 21m (x —a') = 2ip't — 7207525)

/ ’yz’UQt
X exp h 5 dv Wy (2',p') da’ dp'. (B.78)

Expanding the quadratic terms and rearranging leads to

/ m(z — ') — p't)
W t) =
(@,p,7) 472712 3m?2 1t+72t3 /// ( 2h2 (3m? 1t+'ygt3)>
9 4ot (3m Y1t + ’}/Qt3) — 3’}/2
Xexp | —v 3 3
8 (3m2yit + y2t3)

2(p —p') (3m2'71t + ’72t3) — 3 (m(x —2') —p't) ’72752 ’o ’oa
i dv W, da'dp’. (B.79
X exp (w ( 2h(3m2’ylt+'ygt3) vWo(z',p')da"dp’. ( )
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Integrating with respect to v gives

W ) 1 6m2m 87 (3m2vy1t + ot3)
m? 9 =
P 42h2 \| 3m2yrt 4 o3 \| 4ot (3mZygt + ot3) — 3’722t4

S ()
P\ 2 Bt + ’thg)
% exp <_ (2(p — p') (3m2yit + 72t3) — 3 (m(z — 2') — p't) 72t2)2>

2h2 (3m2y1t + yot3) (4’y2t (3m2y1t + vot3) — 372754)
xWo(x',p')da’ dp'. (B.80)

Further simplification gives the final form

\/gm 1
w t) =
(z,p:%) mh? \| 12m2y;yet? + y5t4

y //ex 2(p =) (3P +at?)
P 12m2’¥1’¥2t +3t3

6 (m(x — 2') — p't) (m(z —2") — pt) . .
X exp (— 12 (1221t + 72t9) ) Wo(z',p')da’ dp'. (B.81)

In the special case where i = y; = 72 = m = 1, the solution simplifies to

(x —2' —p't) (x — 2’ — pt)
ex
Wiap.t t4+12t2 p £ 1 121

X exp (— fllahs 3)> Wo(z',p') da’ dp'. (B.82)

t3 + 12t

B.3.2 Solving the Lindblad equation in the Husimi representation

In the holomorphic (FSB) representation, the Lindblad equation takes the following form:

it~ B (1) (- ) ) (-8 e
) (Bt 2)(




Expanding the differential operators yields , collecting and grouping the terms gives

dR(u,v,t —iQ(u? — 92 1(u—1v)? omQ(u + 0)? 1 omS?2 B
(00 (TR0l 0 o
(iQu N 71(0—u)  y2mQ(v + u)> OR(u,v)
2 2ms2 2 ou
+<—in ! (u—=1) 1emQv+ u)) OR(u,v)
2 2mf2 2 ov
+<72m§2 o 1Q> 0’ R(u, ) N (’meQ o 1Q> 0?R(u, )
4 4mQ 4 ou? 4 4mQ 4 0v?
o0 yomQ\ 0*R(u, v)
+<2mQ T ) dudv (B84)

Restricting to the diagonal elements u = z, v = Z gives in terms of the Husimi function Q(z, 2)

dQ(z, z,t) aQ <—in+ in> n 0Q (—in—i—in)

dt 0z 2 0z 2
PQ (amQ 0 n Q (12m  m N iQ
022 4 4AmS 072 4 Am 4
" yomQ\ 82Q(z, 2)
. B.
+<2mQ T ) REGE (B85)

Proposition B.3. Consider the Lindblad equation for the Husimi QQ-function in the holomorphic representation.
In the special case when

M= =0=1, (B.86)

the solution for the diagonal Husimi function is explicitly given by

—3(a 2
Q(z,z,t) \ / t4 n 9t2 /exp ) exp (m)

_ _ _1\2(H _ 2

where
a=z—u+iut, a=2z—u—iut. (B.88)

Upon explicitly substituting these expressions, the solution becomes

Q. 5.1) /ex z—u—z+u) ox —3(z —u+ 7z —u+iut —iut)?
t4+9t2 P P £ + 9t
“ox 3(t—1)2 z—u—z+u)2
P A(#3 + 9t)
% exp <3l(t—1) (z—u+z—1z3++1gi—1ut) (z—u—z+u)> Qoluw.7)d%u.  (B.89)
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Proof. We begin by introducing the holomorphic transform

H(w,w,t) = % /exp (—wz + 2w) Q(z, 2) d°z,

(B.90)

which maps the Husimi Q-function to the Segal-Bargmann kernel representation. Applying this

transform to the Lindblad equation yields

dH O0H <—iQw + iQw> N o0H (—iQw + iQw>

r T aul 2
YomQ(w — w)2  y(w+w)?  iQ(w? — 0?)
— H.
+ ( 1 mQ T 4

Using the method of characteristics, we have the following system of ODEs

dt 1 dw iQw — 1Qw dw QW — 1Qw

ds 7 ds 2 7 ds 2

together with

ds B

dH _ (yem(w — w)? v (w + w)? N iQ(w? — w?) 7
B 4 Am 4 '

Solving the first three characteristic equations with initial data
s=0, w(0)=wy, w(0)=1wy, H(w,w,0)= Hy(wo,wp),

yields

Inverting these, one finds

woziﬂ<w;w>5+w, woziQ<w_w>s+u_).

The ODE for the amplitude is then

ds B

dH YomQ(w —w)?  y(w+w)?  iQ(w? — w?)
= - H,
4 4mS) 4

which integrates to

)2 N2 O (2 2
log H = /(vng(w w)*  yi(w+w) +1Q(w w))ds’

4 4mf) 4
 emQ(w — 0)3s n 1w — w)?s> iy (w0? — w?)s?
B 4 12m 4m
y(w+w)?%s  iQ(w? — w?)s B 0252 (w — w)?
4mS) 4 8 ’
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(B.92)

(B.93)

(B.94)

(B.95)

(B.96)

(B.97)

(B.98)



Hence the solution to the PDE is

H(w,w,t) = Hy (—iQ (w 5 w) £+ w, —i0 (w;w> t+w>

Ow — )2 Q@ — w283 i (B2 — w22
« exp ~Yotm§( w) N Qw0 — w)t n i1 (0* — w?)t
4 12m 4m
yi(w+ o)t iQw? —w?)t Q%2 (w — w)?
— — . B.99
* exp ( e 4 8 (B.99)

The initial function Hy(wo, wo) can be expressed as

Hy(wp,wy) = ;/exp (iQ (ﬂ) ; w) tu — wu — i <2D;w> tu + wu) Qo(u, @) d*u.  (B.100)

We now reconstruct the solution in terms of the Husimi Q-function

1 o — o —
Q(z,5,t) = 2//exp<—zw+wz+i(2<wzw>tu—wu—iQ<w2w)tu+wu)
™

2 S 2 N243 (2 2)2 N2 O (a2 — a2
% exp (’ygtmﬂ(w W) +’le(w w)t +1'y1(w wi)t* v (w+w) t+1Q(w w )t)

4 12m 4m 4mS) 4
022 (w0 — )2
X exp <—(uéw)> Qo(u, 1]) d2w d2u. (B.lOl)
Introducing @ = z — 4% 4 2 _ 4 this becomes
Q(z,z,t) = //exp —0w + wa)
yotmQw —w)? Y Qw —w)?t iy (w0? - w2 oy (w+ 0w iQ(w? — w?)t
e ( 1 T m T ma 1
022 (w0 — )2
X exp (_(u;w)) QO(% ﬂ) d2w d%u. (B.102)

Making the substitution w = a + ib, we find

O(n2.1) = ;///exp<_a2<;;1;2>_’_a(m(a—a)—F::(')’lt—Qm)))

20t + 2791 Q13 — 3mQ2t?
X exp <—b2 (6727” +n sm ) +ib(a+a)> da db Qo (u, @) d*u.(B.103)

6m

Integrating with respect to a gives

_ mQm —a) + bt(yit — Qm))* Q
s = 5 [few (M)

20t + 271 Q3 — 3mO2t2
Xexp( <672m *on sm >+ib(a+a)> db Ho(u, @) d2u. (B.104)

6m
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Expanding the terms gives

mQm // (@—a mQ) (bzt('ylt - Qm)QQ) <b(’ylt —Qm)(a — «)
Q(z, exp exp exp
mt dmit 4mmy 21

( <672m2(2t + 2y 3 — 3m92t2>
X exp

6m

+ ib(a + a)) db Ho(u, @) d*u. (B.105)
Simplifying yields

m&r (@ — «) mQ
z2,zZ,t) =
@ ) \/ 7t At )

/ exp [ -2 127172m29t + 43083 — 6mQ2 2y — 30t (it — Qm)?
12mmy;

« exp (2171(64 + a) + (1t — Qm)(a

) b> db Ho(u, @) du. (B.106)
2m

Integrating with respect to b then gives

mr 127y,
Q(z, 3 203 3,2
yit \| 129199m=Qt — 3m=Q5t + Q31

y /exp <<a—a) exp <3m (2i71(a + ) + (3t — Qm)(a — a>>2> Ho(u, @) d%u.

4yt 4y1 (12y192m2Qt — 3m2Q3¢t + Qt347)

Expanding out gives

Z, Z’ — i

7T2t (12’y1’>/2m2t + tj,y% o ngQQt)

/ (@ — 04)27’)7,(2) 3m(y1t — Qm)Q(d . 05)2
X [exp| ———7F—]€exp

dmit 41 (129179m2Qt — 3m203t + Q1342)
—3myi(a + o)’
X exp
Y1 (127192m2Qt — 3m2Q3t + Qt347)
im(a + a)(a — a)(yt — Qm) o

: Ho(u,u) d"u. B.107

exXp (’Yl (127172m29t _ 3m293t 4 th")/%) O(U U) (7 ( )

In the case where m = v; = 72 = 2 = 1, we have the simplified form

z z, t /e ex —3(d+a)2
< —olaT o)
t4 rory ) P Pl B o

3i(a% —a?)(t—1) 3(t —1)2%(a— a)? .
X exXp < e 975 > exp ( T Hy(u,u)d*u, (B.108)

witha =z —u +iut, & =2z —u— iut. O
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B.4 Lindblad equation for the harmonic oscillator

Just as in the free-particle case, we now analyse the effect of Lindblad decoherence on a damped
harmonic oscillator governed by the Hamiltonian

o) 42
. D kz
=L . _
2m + 2 (B.109)
We focus on the evolution of the first and second moments
(#(t)), (p(t)), Var(i(t)), Var(p(t)), (B.110)

under continuous monitoring of position and momentum via Lindblad operators. Our analysis will
primarily treat the case of simultaneous monitoring, with the position-only and momentum-only sce-
narios obtained as limiting cases. This provides a unified framework for understanding how deco-

herence and measurement backaction shape the oscillator’s phase-space dynamics.

First and Second Moments

The combined Lindblad equation describing a harmonic oscillator under simultaneous position and

momentum monitoring can be written as

dp i [p*  ka? U BT FUUUIE EPSP
% = "% [2m+2,p +yi (@02 =5 {30} )+ (pop— 5 {p% 0} ). (BI1D)

From this master equation, one obtains the differential equations for the relevant expectation values

d O o
3 (&(pz)) = —tr(pp),
d o o
3 (D) = —ktx(pa),
d . 2 i
& (tr(pi®)) = —tr(pp2) + — + 72’
d o A
T (tr(pp?)) = —2ktr(pps) — ih+ 1 h?,
d N AA2 52
— (t = —t —kt B.112
3 (tr(Pp2)) — tr(pp”) — ktr(pa”) (B.112)
Given the initial conditions
tr(p2)(0) = zo, tr(pp)(0) = po, tr(ppa)(0) = ki, tr(pa®)(0) = ko, (B.113)
the solutions are
tr(pz) = xgcos(wt)+ % sin(wt),
tr(pp) = pocos(wt) — mwzgsin(wt),
k
tr(pi?) = m—i} sin(2wt) + ko cos(2wt) 4+ h2yat,
kk
tr(pp?) = —— sin(2wt) — mkky cos(2wt) + K2yt
w
ih
tr(ppz) = ki cos(2wt) — mwks sin(2wt) — 15 (B.114)
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The variances can then be determined explicitly as

Var(i(t)) = tr(pi?) — (tr(pi))?,

ki — 2
= Ryt + kg cos(2wt) + 1TZOQCO sin(2wt) — 23 cos?(wt) — mp;gﬂ sin?(wt),(B.115)
and
Var(p(t)) = tr(pp*) = (tr(0p))”
kk
= Ryt— 2 cos(2wt)

w

— (mkky — mwzopo) sin(2wt) — p3 cos?(wt) — m2w?x3 sin?(wt). (B.116)

The solutions show that simultaneous position (v;) and momentum (y2) monitoring leads to linearly
growing variances in both observables, reflecting measurement-induced diffusion superimposed on
harmonic oscillations. When only one Lindblad operator is active, the corresponding variance grows
directly, while the other evolves indirectly via oscillator coupling. Thus, position-only (v; > 0) or
momentum-only (72 > 0) decoherence results in asymmetric phase-space diffusion, while both active
channels produce symmetric delocalisation and enhanced spreading.

We now proceed to solve the Lindblad equation for the harmonic oscillator (B.111) in both the Wigner
and Husimi representations highlighting how the phase-space diffusion affects the oscillator dynam-

ics.

B.4.1 Solving the Lindblad equation in Wigner representation

On phase space, the above Lindblad equation maps to the following form:

d t i . .

M/(;U];p’) - _;(H*W(%P)—W(w,p)*f[)—i-’n(x*W(m,p)*x—z(Q;Q*W_i_W*mQ))
1

+72 (p* W(z,p)xp =3 (P =W+ W *p2)> : (B.117)

where * denotes the Moyal star product. Expanding the Moyal brackets to second order in %, one
obtains

dW(z,p,t)  p oW n ow n h? W 0w
dt m Oz 1 Op 2 ’

- B.118
M 53 + 72 a2 ( )

which is a Fokker-Planck-type equation describing diffusive evolution of the Wigner function under

harmonic confinement.

Proposition B.4. A formal solution to the Wigner equation for the harmonic oscillator with simultaneous
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position and momentum Lindblad operators (B.118) is given by

2mw? 1
mh? \| 4w? (vm2w?t 4 yat)? — (m2w? — 4y)?

// (mw(z — 2’ cos(wt)) — p/ sin(wt))2

>< —

P w2h? (m2y1t + o)

4w? (m2y1w?t + 2t) (p — p’ cos(wt) + z'mw sin(wt))?
h? (4002 (1m2w2t + yot)? — (y1m2w? — 72)2>

W(z,p,t) =

X exp

(mw(z — 2’ cos(wt)) — p’ sin(wt))2 (rm?w? — ’72)2
[4002 (Mm2w?t + 3at)? — (mm2w? — 72)2] (m?w?nit + 2t)

4w (mw(z — 2’ cos(wt)) — p'sin(wt)) (rim?w? — 72) (p — p’ cos(wt) + @'mw sin(wt))
Xexp [ —
4w? (yam2w?t 4 at)” — (mPw? — 7)°

X exp

xWo(z',p')da’ dp'. (B.119)

Proof. Taking the Fourier transform of the Wigner equation gives

d(uv,t) _wog 06 1o o
dt  mov kv@u 2 (mu’ +720%) €. (B.120)

We use the method of characteristics, introducing the system

d¢ du dv

| 2
o,
~

1 2 2
o> D D -~ 1 )
ds 2 (’Ylu + Y2v )67 ds k"l), ds m’ ds ) (B 121)
with initial conditions
u(s=0)=up, v(s=0)=wvy, &(0)=~E(ug,v9), s=0. (B.122)
From §£ =1 = s =t, and a second-order equation for u
d%u k
— = —— B.123
ds? m' ( )
with solution
’Uok .
u(s) = wugcos(ws)+ — sin(ws),
w
u(s) = —% sin(ws) + vo cos(ws). (B.124)
Rewriting these gives
k
uyp = wucos(ws)— Uv sin(ws),
Uw
v = - sin(ws) 4 v cos(ws). (B.125)
Next, for
/u ds = / (uo cos”(ws) + 2 sin”(ws) + - sin(2ws)> ds, (B.126)
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one finds

2.2 : 27.2
s o vik sin(2ws) [ 4 ugk upvok
=2 - - 2ws).
5 <u0 + 2 > + o Uy~ 3 52 cos(2ws)
Substituting back gives the simplified result
2.2
o, S o vk ukv
/Ud8—2<u+w2>_2w2'
Similarly
2,2 k
/’L)st = / <u(])€c2u sin?(ws) + v3 cos®(ws) — 1ot sin(2ws)> ds
leads to
5 (udw? sin(2ws) udw? UV
=3 < Ok:2 —l—v%) + 0 <— Ok? + v%) + 9, cos(2ws),
and simplifying gives
2,,2
2gs = 8 (W 2} w0
/Ud8—2<k2 +U>—|—2k.
Therefore, integrating
¢ 1, o 2
- 3 (mu® +720%) €
yields
2 2.2 2,2 2
v [ut vk ukv Yo [ utw vt uw
1 =—=|— -—— ] -= —+ .
085 = "5 <2 202 2w2> 2 <2k2t+ 2 +2k>

Hence the solution is

k
&(u,v,t) &o (u cos(wt) — i sin(wt), % sin(wt) + vcos(wt))
w
2 27.2 2, 2 2
woxp [0 (Wb VR, ukvy e futwn, | ot
2 2 2w? 2uw? 2 2k2 2

We now take the inverse Fourier transform to recover the Wigner function:

ipv

1 izu D
W)= 5 [[ e (h> P (
Substituting for &(u, v, t), we have

s [ o (1) o ()

k
x&o <u cos(wt) — v sin(wt), u?w sin(wt) + v cos(wt)

(- (2 2y

) &(u,v,t) dudo.

ipv

h

W(zx,p,t)

)

wiw?t vt

2k2

v2E2t kv
202 202

u?t

2

_n
2

V2

2

2
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uv
2k

uv

+ -+

2k

(B.127)
(B.128)

(B.129)

(B.130)
(B.131)

(B.132)

(B.133)

(B.134)

)

(B.135)

)) dudv.(B.136)



Using

QL // exp <_ (u cos(wt) — ksm(wt)>>

X exp <Z (? sin(wt) +v cos(wt))) Wo(2',p') da’ dp/, (B.137)

the Wigner function then becomes

2
_ 2’Ylm wt + ot
W(.%',p, - 2h2 /// eXp( 4m2w2

4 (mw2 (x — 2’ cos(wt)) — p Sin(Wt)w) +h (’71Um2w2 — ’721})
B dmw?h
X exp 2M oxp vi (p — p cos(wt) + &'mw sin(wt))
4 h
xWo(2',p") da’ dp’ du dv. (B.138)

X exp

Evaluating the integral with respect to u gives

1 Am2w2r
w t) =
(z,p,?) 4Am2h2 | m2w2y1t + ot ///

[4i (mw?(z — &’ cos(wt)) — p’ sin(wt)w) + h (yrvm?w? — ’ygv)]z
exp 16w?h2(m2w?~1t + Yat)

X exp 2wt + et exp (v P~ P’ cos(wt) + x'mw sin(wt))
4 h
xWo(z',p') dz’ dp’ dv. (B.139)

Expanding out the numerator of the exponential we obtain

1 4m2w3m (mw(z — 2’ cos(wt)) — p’ sin(wt))?
Wi(z,p,t) = 27,2 2,2 ///eXp 27,2 2( ) i)
4m2h2 \| m2w2yqt + Yot w?h? (m2y1t + 7yat)

X ox (vrvm2w? — 'ygv o i (mw(z — 2’ cos(wt)) — p' sin(wt)) (1vmw? — Y2v)
P 16w? (m2w?v1t + Yot) P 2wh (m2w?y1t 4 vot)

24w2 (m2w2'ylt + ’th)2 - (m2w271 - 72)2
X exp | —v
16w? (m2w?v1t + Yot )

Lo : , ot
« exp (Ul(p P’ cos(wt) + &'mw sin(wt))

- ) Wo(z', p') dz’ dp’ dw. (B.140)
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Evaluating the integral with respect to v gives

2mw? 1
mh? \ 4w? (am2w?t +99t)? — (amw? — 2)°

// (mw(z — 2’ cos(wt)) — p’ sin(wt))?
ex
P W2RZ (M1t + 7at)
—4w? (M*y1w?t + yat) (p — p' cos(wt) + z'mw sin(wt))?
X exp
B2 (42 (a2t + 1) — (um2? —12)?)

W(z,p,t) =

— (mw(z — &' cos(wt)) — p’ sin(wt))? (v1mPw? — 72)2
X exp
(42 (a2t +726)* = (P = 32)°) (M2t +2t)
y —4w (mw(x — a2’ cos(wt)) — p'sin(wt)) (y1m*w? — y2) (p — p’ cos(wt) + x'mw sin(wt))
ex
’ A2 (22t +720)° — (rme? — )
xWo(x',p')da’ dp'. (B.141)

In the special case y; = 72 = h = k = w = m = 1, the solution reduces to

W (z,p, t // exp < z—1 cos(tQ)t— P sin(t))2>

o ! 2
X exp (— (p—p Cos(t;: 2'sin(t)) ) Wo(z', p') da’ dp'. (B.142)
O
B.4.2 Solving the Lindblad equation in the Husimi representation
We have the Lindblad equation
Dt )+ 2 (et~ g#a ) ) + 22 (500 — S0, 0) (B.143)
dt R h 2 ’ h ’ ’
with the Hamiltonian
- 2 k:;v
H=L_ 1™ _po -, (B.144)
2m

where 2 = \/% . On the Segal-Bargmann space of holomorphic functions, this becomes Expanding

the operators yields
dR(u,v,t) ~v1(u — ) ’meQ(u—l-v) " ~om§) ~
dt ( 4 oma 2 ) Fw?)
mﬂl (1=3) _ qmllo-+ 1)) OF
2 ou
o 2L u—v) Q0 +u)) OR
2 o0v
~omSd Y 0’R  0’R o] vm\ 0°R
. B.14
( 4mQ> (au2 Yoz ) P ama T T2 ) suar B
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Similarly, restricting to the diagonal © = 2, v = Z, we get in terms of the Husimi function Q(z, Z, t),

the equation is

(B.146)

d@ ., 0Q oQ (’yng Y )(8262 82Q> +( " +fyng> 0%Q

L i 0% _ .
@ e TP T U T ) Lo Tz omQ T 2 ) 9207

Proposition B.5. The solution to (B.146) is given by

B 4m2 1
Qz21t) = 2 20)2 2 202 2
™ 4€) ('ygm 0%t + 'ylt) — (72771 02 — 71)

mQ(a — a)? —2(a 4 @)?m? (yam?Q*t + yit)
X[ exp 20)2 oxp 2 20)2 2 20)2 2
2 (y2m?Q2t + mt) 402 (yvom2Q2%t + y1t)” — (12m2Q2 — 1)

( (6 — @) (1am?Q* — 1)” )

X exp

2mO3 (om2Q2t + nt) (492 (yam2Q%t + ) — (12m?Q2 — V1)2)
< —-2i(a? — a?) (12m*Q? — 1)

X exp 3

A2 (2Pt + it)” — (12m*Q? — )

5 ) Qo(u, @) d*u. (B.147)

where Q) is the initial Husimi function.

Proof. To solve the differential equation, we will make use of the following transform

1
H(w,w) = — /exp (—wz + 20) Q(z, 2) d*z (B.148)
m
The above PDE now becomes
dH (w,w, t) . O0H __ OH Yo (w — w)?*m 1 (w + w)?
——— = —iQuw— +iQuw— — H. B.14
dt T “’aw+< 1 ImQ (B-149)

We will use the method of characteristics to solve this PDE. We have the following system of ODEs

dt dw | do . dH (7w -—0)*mQ y(w+w0)?
JRR— 1 —_ = Q _ = _ = — H. .
ds T ds B e TR g ( 4 4mS) (B-150)
With initial conditions s = 0, w(s = 0) = wg and H (w,w, s = 0) = Ho(w, w), we find
t=s, w=wyexp(—ifds), w = wgexp(ifls). (B.151)
Let us now solve
dH yo(w — w)?mQ 1 (w + w)?
— = — H B.152
ds < 4 4m (B152)

Integrating on both sides gives
B Yo, o M _\2
logH = /< 1 (w — w) 4mQ(w+w) >ds

_(emQ o, i @)\ 2, i(w? —@?)
= ( 1 ( 2|w|*t 50 e 2|w|*“t 50 . (B.153)
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Hence the solution to the PDE is
H(w,w,t) = Ho(wexp(iQt), wexp(—iQt))
Yomfd (- 5. i(w? —w?) M 5, i(w? —w?)
X exp (4 < 2|w|*t + 50 G 2|w| 15—|—72Q . (B.154)

Taking the inverse transform of H(w, w, t) gives

Q(z,z,t) = 71T/exp(—zw+wz)Ho(wexp(iQt),weXp(—iQt))

emS (o, i(w? — @) 80! 2, , i(w? —@?) 2
xexp( 1 ( 2|w|*t + 50 = ama 2|w|*t + 50 d*w.(B.155)

Next, Ho(w exp(iQt), w exp(—iQ2t)) can be expressed as

Ho(wexp(iQt), w exp(—iQt)) = i/exp (— wexp(iQt)u + wexp(—iQt)u)Qo(u,ﬂ)dQU. (B.156)

Putting these together we have

Q(z,z,t) = //exp — 20 + wz — wexp(i)a + w exp(—iQt)u) Qo (u, @)
2 _ =2
X exp (72Z%Q<_2‘w|gt+ w? > <2|w| L 2Qw )>>
xd®w d*u. (B.157)

Defining a = z — exp(—iQ2t) v and making the substitution w = a + ib, we get

_ _ 1 _ y2mb - b o y2mQt it
Q(z,z,t) = 7r2///exp<oz<oz—oz— 5 +2m92> a 5 +2mQ

202
X exp ( s (W) +ib(a + a)) da db Qo(u, @) d2u. (B.158)
m

Evaluating the integral for a we get

Q2 2.1) 2mQm / mQ(a — oz)2
z,Z =
T rme?Q?t + it 2(yom2Q2t + t)

e 402 ’yngQQt + 7115) (72771 02 - 71)2
X
P 8mQ3 (yom2Q2%t + y1t)
wexp (b 2imQ3 (o + & (72m2Q32t + ’y;t) (@ — a)(72m?Q% — v) b
2mQ3 (yam?Q2t + y1t)
xQo(u, 0) d?u. (B.159)
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Let us now evaluate the integral for b, we get

Q. 5.1) 1 2mQr 8mmQ3(yom2Q2%t + y1t)
2,z = =
T 72\ vom2Q2t + 1t \| 4Q2(7om2Q2t + y1t)% — (72m2Q2 — )2

mQ(a — a)?
: / o <2(72m292t = w))
X exp < (2imQ3 (a + @) (2m*Q%t + 1t) — (@ — @) (y2m?*Q* — 71))2 )

2mQ3 (yom2Q%t 4 y1t) (402 (72m2Q2%t 4 71t)% — (72m2Q? — 71)?)
x Qo(u, ) du. (B.160)

Rewriting neatly we get

AmO? 1
T 402 (yam2Q%t + y1t)% — (72m2Q? — )2

" / mQ(a — a)? o —2(a + a@)?mO3 (yam2Q0%t + it
ex X
P\ 2(om2@t 1 711) ) P \ 402 (10m2Q2t 1 71)?2 — (7gm?Q2 — 12

Q(z’ Z? t) =

o (6~ 0?2 — 31? )
P 2mQ3 (yom2Q2t + y1t) (492 (yamQ%t 4+ 11t)? — (72mQ2 — 41)?)

—2i(a% — a®)(72m*Q* — 1) L
d*u. B.161
o <492(V2m292t +t)? — (72m?Q2 — )2 Qolu, ) d"u (B.161)

As a simple case, when 7| = 75 = h = Q = k = m = 1, the solution reduces to

1 — 3 — . _ 2 o 2
Qz,21) = — /eXp (uz xpl(—it) + Zue:pot) =" )Qo(u,ﬂ) d*u, (B.162)
™
where we substituted for a explicitly. ]

200



Appendix C

Spherical harmonics, Husimi

representation and other derivations

In this appendix we collect supporting material for the SU(2) analysis of Chapter 3. We review the
properties of spherical harmonics and their role in harmonic analysis on the sphere, and provide
detailed proofs of the propositions, lemmas, and theorems stated in the main text. Explicit derivations
are given for the action of phase-space measurements and Lindblad dynamics on the density matrix
in the {|s,m)} basis.

C.1 Harmonic analysis on S?

We begin by considering the space of square-integrable functions on the sphere, £2(5?), which plays
an important role in expressing quantum phase-space distributions for spin systems [102-104]. This
Hilbert space is equipped with the inner product

(o = [ TO079(6.6) it (€1

for each fixed [, where d,ulC is defined in (3.15) in terms of the spherical coordinates. A canonical
orthonormal basis of functions on £2(S?) is provided by the spherical harmonics Y;"(6, ¢) [73,102,
103], defined by

—~

[ —m)!
I+ m)!

Y7(6,6) = (~1)" By (cos 6) ™ (C2)

—

for m > 0, while for m < 0, ¥ is defined as the complex conjugate of ¥,”™. Here P/ are the

associated Legendre polynomials [35]. These functions satisfy the orthonormality condition

52 }/lm(ev qb)}/l/m/ (07 ¢) d:ulg = 5ll’ 5mm" (C3)

Any square-integrable function f with respect to the inner product (C.1) can be expanded in this
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basis [35,103] according to

with the expansion coefficients given by

/ 76, 0)Y7(0, 9) du . (C5)
The spherical harmonics satisfy the following form of the completeness condition [35,103,210]
= 0.7 =3 L b osg) P (cos ) )
= P (cosn), (C.6)

where the final expression uses the spherical harmonics addition theorem [103], and cos 7 is given by

cosn = cosf cos @’ + sin O sin @’ cos(¢p — ¢'). (C.7)

lth

Lemma C.1. The function P;(cos ), referred to as the I*" zonal harmonic, satisfies the following integral

identity

/Pl(cos n) Pj(cosn’) d/“LC’ = 0 Pj(cosn"), (C8)

where cos 1 = cos 6 cos 6’ +sin 0 sin 0’ cos(¢ — ¢'), cosn’ = cos @ cos §” +sin sin 0" cos(p— ¢"), cosn” =

cos ' cos 0" + sin 0’ sin 0" cos(¢’ — ¢).

Proof. Using the addition theorem and the orthonormality of spherical harmonics, we find

l

/Pl(cosn) Pj(cosn’) dué/ = / Z V™0, ¢)Y (6, ¢) Z Yk 0, ¢ Yk(Q” qﬁ”)duc/,

m=—1 ja—

= Y YOOVFO ) [TVl

m.k
= 0 )Y (0.0)Y" (0", ¢,
= 0P m(cos n"). (C.9)
O
The zonal harmonic P;(cos ) serves as the reproducing kernel on #;, satisfying:

| Plcosn) Pitcoss) duls = Picosn). (C10)

More generally, we have:
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Lemma C.2. For any square-integrable function f with respect to the inner product (C.1) we have
£6,0) = [ Putcosn) .0 dy. (Cn)

Proof. Using the expansion (C.4) of f and definition (C.6) we find

o
[ Rlcosmy 1@ )k = [ 3 V0.0V ) Y Cn¥ (0o dd,

k=—1 m=—1

= Z Cl,mYl (95 ¢)a
m=—I
= [f(6,9), (C.12)
where we have made use of the orthogonality (C.3). O

Finally, any function G(cos ) that depends only on the polar angle can be expanded in terms of Leg-
endre polynomials [35,103]

G(cos ) Z AN Py(cos @), (C.13)

with the coefficients given by

A= 2l + ! /G cos ) Py(cosf) sinfdo. (C.14)

C.2 Proofs of technical results

C.2.1 Proof of lemma 3.2

Proof. We verify the identity term by term. For the Hamiltonian contribution,

Tr( —i[H, p] A) = —iTe(HpA — pHA),
= —iTr(pAH — pHA), (cyclicity of the trace)
= Tr(pi[H, A]). (C.15)
For the jump term,
Tr(LppLLA) = Tr(p L ALy). (C.16)
For the anticommutator term,
Tr (—l{ﬁ L p) A) = —ITv (Ll L)pA + p(LYLy) A)
2 k ’ 2 k k )
= —3Tr(pA(L] Li) + p(L]Li)A),
=T (p (- HELL, A))) . (C.17)



Summing all contributions yields

h

Tr(L(p) A) = Tr(p LT(A)). (C.18)

If the Lindblad operators are Hermitian, Ll = Ly, then the superoperator is self-adjoint, £ = £, and
the duality relation reduces to the symmetry

Tr(L(p) A) = Tr(p L(A)). (C.19)

C.2.2 Proof of proposition 3.3

Proof. Taking the time derivative of (3.38) gives
FO@,¢,1) = tr (5w<0>(9, ¢)) — tr (ﬁ(ﬁ) @), ¢>)) . (C.20)
Using the result from Lemma we find that this is the same as writing
FO(9,6,0) = tr (pL(@)(0,9)) . (C.21)

As the irreducible tensor operators are the eigenoperators of the Lindblad superoperator we find that

from linearity

2s —0/2
L0, 0)) = > V2 +1 <(25(+e)+1)> Vi(0,0) (- 300+ )T (C22)
£m 14
Taking the trace of the above expression against /(¢) we obtain
(25) —0/2
OF ) ZVW <(2 +;+1)> (= 36+ Dpen®) VT 0,0),  (C23)

where pgn (t) = Tr(p(T7,,)1)-

Using the Hermiticity property of p; ,, and the fact that ¥;(0, ¢) = (—1)™Y," " (6, ¢), the above ex-

pression can be expressed as

2s —0/2
AF(0,6,1) = S VA1 < = (JH)> (= 36+ Vpem®)¥"0,0),  (C29)
4m l
Now observing that Ag2Y;" = —{(¢ + 1)Y,;" we obtain
% —0/2
o060 =180 (£ (o) ron). e
¢

So the family of distributions F(?) solve the heat equation on the phase-space. The solution to this
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equation boils down to the evolution of the density matrix elements

) =T, o), (C.26)

and hence the solution to the heat equation is thus given by

5 9 —0/2
FO0,6,1) = Ze<‘g“””> NoTaS| <(2(+§11)> pem(0) Y (6, ). (C27)

L

lm

Now from the above expression it can be seen that

20+ 1 2s
2511 ((ZS(fZ)H)) Prsm(0 / Yo 6,:0) dyap 4. (C.28)
l

using the orthogonality of spherical harmonics. Substituting this in the solution we obtain

e
F<"><9,¢,t>=§je< W“))[ / Y0, @) FO ¢, 0) duly 5 | Y™ (0, 0). (C.29)

lm

Summing over m using the addition theorem for spherical harmonics, gives the expression

2s <flz(e+1))
F0,6,t) = e\ ? / Py(cosn) FO(9',¢',0) dugy 5, (C:30)
=0
where cosn = cos 0 cos 0 + sin 0 sin 0’ cos(¢p — ¢'). O

C.2.3 Proof of proposition 3.4

Proof. The Lindbladian expression is rotationally invariant, since it sums over all m for fixed ¢. By
Schur’s lemma, the action of any rotationally invariant superoperator on the irreducible subspace

(T, im}ﬁ;:_ » must be proportional to the identity. Therefore,
The scalar 'y > 0 is obtained by computing, for example, the Hilbert-Schmidt inner product with
T(S)T .

o m!

tr(T,0 LT
Fﬁl — _ r( f,’rsrfi. [Af,m}) (C32)
tr (TE’,m’Ti,m/)

We first expand the state in the irreducible tensor operator basis:

2s V4
51 =D > o) T (C33)

=0 m=—¢

We compute £[Tj7 o) term by term. By rotational invariance, the action of }_,, Tfm( )T °T onan oper-
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ator must preserve the rank-¢ subspace and be proportional to Tgfq. Explicitly, the recoupling identity
(see Varshalovich [105]) gives

¢
e A s s £ -
N T IE TN = (204 1) (<) { f/}T;iq. (C.34)
S S S
Meanwhile, the anticommutator term yields
2+ c
*Z{T TémaTef b= 2511t (C.35)
since ) T; T T S = % 1. Combining these contributions, each ¢ sector contributes a coefficient
25 20+ 1 s s /
Ty =Y —vy |12 — (204 1)(—1)%1 .
eZ’YeQ+1(+)() dE (C.36)
£=0

multiplying T}fj ;- Summing over ¢ yields the claimed formula for I'p.

By construction, the Tfm are eigenoperators of the superoperator defined by the Lindblad generator.
That is,

L[T},] = —ToTf,,. (C.37)

where the scalar eigenvalue I'y depends only on the tensor rank ¢, not on m. This follows from rota-
tional invariance and the orthogonality of the Téfm [105].

Substituting into the master equation, the coefficients obey

d

P m(t) = —=L¢ pem(t). (C.38)
The solution is

pem(t) =e " pgm(0). (C.39)

Hence, the density operator evolves as

14

Z > e oy (0) T, (C.40)

=0 m=—¢

which proves the claim. O

C.3 Coherent state POVM in |s, m) basis

Proposition C.1. The matrix elements pﬁ,ﬂm = (s,m1|pV|s, ma) of the state of the system after a single

POVM measurement are given by

)\max Sm'xx 2s

1 A Syma— S,ma— (s)

P s = D Priamara (1N YOS \CSTR [ (MSH)], (C41)
A=Amin S=Smin S
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where Apin = —s+max(—mi, —mz2), Amax = S+min(—my, —mz2), Smin = max(0, |m1 —ma|), Smax = 25,

and

CSM . = ((31,m1| X <82,m2’)|5, M>, (C.42)

81,M1;82,M2

denotes the Clebsch-Gordan coefficients.

We remark that the state |S, M) appearing on the right side of (C.42) is defined as usual by the
simultaneous eigenstates of Casimir operator S of the combined spin S = 5; ® 1 + 1 ® Sy and
S,=5,®1+1®S8,,,satisfying 52 |S, M) = S(S + 1) |S, M). By definition, therefore, we have

S, M)y = > oM |51, m1) @ |s2,ma). (C.43)

$1,M1;582,M2
mi,m2

These coefficients satisfy orthogonality relations, ensuring different total spin states remain indepen-
dent:

SM S’M _
Z 0517m1,82,m2 51,M1;82,M2 55,5’7 (C.44)

mi,ma2

where § denotes the Kronecker delta. To establish the claim, we first express (3.16) in the |s, m) basis.
Then performing the integration, we apply properties of the Clebsch-Gordan coefficients to derive the
result in (C.41).

Proof. Let {pm, m,} denote the elements of the initial density matrix in the |s, m) basis
S S
p= Z Z Pmi,ms ‘87m1> <57m2| . (C.45)
mp=—smo=—s

Using the completeness condition (3.6), the Husimi density function of the initial density matrix can
be expanded in the form

Q(0, ¢) Z Z Cls, k) (s, k|pls, 1) (s,1[C). (C.46)

k=—sl=—s

From (3.9) we have (s, m|() = Dy, _(¢,0, —¢), so the expression reduces to

=SS o8 9D (6.6, 6). (C.47)

k=—sl=—s

By substituting (C.47) in (3.16) and expressing 5(!) in the |s,m) basis, we obtain the matrix elements

of () in terms of those of j as follows:

S S
Provms = D D Phi

k=—sl=—s

/ Dy (6,0, —0) (D} _y(,6,—0)) D2y (6,0, —)) D2 (0, —6) .
(C.48)
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We proceed to calculate the integral in the above equation, which we shall denote by I for convenience.
By noting that the complex conjugate of the Wigner D-matrix is satisfies the relation [60,102,103,105]

Dfru,mz (Oé, B, 7) = (_1)m1_m2Dim1,*m2 (Oé, B, 7) ) (C49)

we can express the integral I in the form

I = (_1)(25+m2+k’) /Dsk,s(¢7 07 _¢)Di75(¢7 67 _¢)D211,—s(¢7 07 _¢>Ds—m2,s(¢7 97 _¢) d/’bz .
(C.50)

The integrand is a product of four Wigner D-matrix elements. To simplify this, we shall reduce this
to a product of two, which will allow us to apply the orthogonality relation of the Wigner D-matrices.
Specifically, the product of two D-matrices can be expanded in terms of the Clebsch-Gordan coeffi-
cients [60,102,103,105]

S1+82
_ S,m1+ S,k1+k S
Das’rillﬂ (a’ﬁ”y)ijng (OZ?ﬂ"Y) - Z 051%1;87;,277120317];1;3227]42Dm1+m2,k1+k2 (OZ?B)'Y) . (C51)
S=|s1—s2|

Substituting (C.51) in the expression for I, we obtain

2s 2s
I = (_1)(2s+m2+k) Z Z CA%EZTS’TZCSQ,mlme Csl,O CSQ,O
S

$,m1;8,—m3 ' 8,8;8,—8 ' 8,—5;8,8
1=0 S2=0

<=1 [ DF1(6,0.-0) D3y (606.6) i (C52)

To work out the integral I, we make use of the following orthogonality property of the Wigner D-
matrices [60,102,103,105]

2s+1
/Dfrihkl (‘ba 07 _¢) qufg,kz (¢7 9; _(b) duz = m 5m1,m25k1,k2651,52 (C53)
to deduce that
2s 2s 25+ 1
l S1,l—k ~S2,m1— 51,0 S2,0
I= (_1)(28+m2+) Z Z Cs,lfk;s,lcsjnﬁi,jzfz0872;8,7808,38;5,3551,526k—l7m1—m2 m (C-54)
51=0 S2=0

Summing over S», and writing S1 = S for the remaining summation variable, we thus obtain

2s
I = (1)@m= oSt r oimme o0, 0 s (C.55)

s,—k;s,l~ s,m1;8,—ma  s,858,—s ' 5,—s;8,8 Vk—l,m1—ma 24 +1‘
5=0 1

Substituting (C.55) in (C.48) and replacing [ with k£ 4+ my — my, and noting that (—1)2(S+m2) =1, we
find the following expression for the matrix elements of (1)

kn]ﬂx
PN s = D Phktmae
mi,ma Jkt+mo—mgy
k=FKmin
Qmax 925+ 1
X Z (_l)k mlC;S:ﬁcz;s,zzirmzfml)Ci;;nul;S,T%2C;S:’ES;S,SC:?;S?S,—S 28 +1° (C'56)
S=Smin
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where kpin = —s + max(0,m1 — m2), kmax = s + min(0,m1 — m2), Smin = max (0, [m; — me|), and
Smax = 25. The above expression can be simplified further by utilising properties of the Clebsch-
Gordan coefficients. Specifically, we make use of the following symmetry property

cHM = (1) ScSo M (C.57)

S,M1;8,M2 S,—Mm1;S,—ma*

Then we have CS 0 s = (1275050 and €2 = (—1)%7S02M2 ™ | For the special

$,5;8,—S S§,m1;8,—m2 S,—m1;s,m2"

case of C2°___ it can easily be shown that

§,—8;58,8

1)2
C0 = (s,—s;s,5|5,0 25-5\/28 25) C.58
5,—S8;8,S8 <87 87 87 S‘ Y > ( ) + 2 _ S 1 + 2S + S) ( )
Substituting these in (C.56), we get
kmax Smax S S (28)
1 k—m ,ma—m ,ma—m S
pgnlymz - Z Pk k+ma—my Z (_1) 1Cs,_lf;s,(k:-mg—ml)CS,*77211;8,71H2 (25+S+1) , (C59)
k:kmin S:Smin S

Making the substitution £ — m; = A, we finally arrive at the desired result

)\max Smax 2s
1 Syma— Sima— (S)
ani,mz - Z Pmi+A, m2+>\ Z C Télfl)\l;87m2+ACs,fl,fmZ?n2 [(2s+5+1)] s (C60)
>\ >\m1n S Srnln S
where A\pin = —s + max(—mqi, —m2), Amax = $ + min(—mq, —m3), Spin = max (0, |m; — me|) and
Smax = 2s. This completes the proof. O

From (C.60) we observe that after a single iteration of the coherent state POVM measurement, the
density matrix undergoes a significant transformation that involves a damping effect characterised
by the presence of the Clebsch-Gordan coefficients, which impose a structured reduction of the off-
diagonal elements of the matrix and a binomial factor that contributes to the overall suppression of

coherences.

Proposition C.1 shows how the density matrix decoheres when the three spin components of the par-
ticle are monitored by the environment, when modelled through an SU(2) coherent state POVM. As
indicated earlier, due to the lack of orthogonality of the coherent states, though, if the ‘output’ state ﬁ(l)
were monitored again through another POVM measurement, then we obtain a further-decohered state
p?, and this process can carry on indefinitely. Hence to investigate the system’s evolution through
the process of decoherence, we iteratively apply the nonselective measurement process. Then the
effect of decoherence after the k' iteration of the coherent state POVM can be summarised as follows:

Proposition C.2. After k iterations of the coherent state POV M measurement the matrix elements (s, m1|p®|s, mz)

of the density matrix are given by

>\max Smax S S (25) k
)\ —
pml,mz - Z pm1+)‘ m2+)\( 1) Z Cs inrle Wi\l,s,m2+)\cs mT?H;Z?%lg [ 23+%+1 ] ) <C61)
A=Ammin S=Smin (75
where Apin = —$ + max(—mq, —m2), Amax = $ + min(—my, —m2), Smin = max (0, |m1 — ma|), and
Sax = 28.
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Proof. We prove this result by induction. For k = 1, (C.61) is evidently identical to (C.41), which has

already been established. Now suppose that (C.61) is valid for k. Then from (C.41) we can write

pﬁ,’if 71,22 in terms of p,(ffflmg in the form

max Smax S S (28)
(k+1) A mo—m mo—m S
pml»m2 - Z pm1+>\ m2+/\( 1) Z CS *ﬂil Als m2+>\CS *TELLS 71”2 (23+S+1) ’ (C'62)
A=Amin S:Smin S

where the summation ranges are the same as in (C.41). Next we substitute the expression (C.61) for
p®) in here to obtain

Amax Hmax S;nax
k+1 . Y S’ ma—maq S’ mag—m1
Poutmi,me = Z Z pml'HH‘)\me‘HH‘)\( 1) Z Cs =M1 —A— 38, m2+)\+,ucs,fm17/\;s,m2+)\
A=Amin #=Hmin S'= Sllnm
(25) k Smax S S (25)
S’ 1\ yma2—ms1 M2 —m] S
X (25+S+1) ( 1) Z Cs,fmlf)\;s,ngr)\Cs,fml;s,mg (25+S+1) ) <C63)
S’ S:Smin S
where fimin = —s+max(—mi—A, —ma—A), lmax = S+min(—m1—X\, —ma—2A), S/, = max (0, |m; — mg|),
and S/, = 2s. Making the substitution a = A + y, this becomes
Amax Omax max 2s k
(k+1) _ Z Z Z CS ,ma—m1 Osl,mz—ml M
pml,mg - Pmi+a, mg—i—a ,—m1—a;s,ma+a~ s, —mi—\;s,ma+\ 25+S5+1
A=Amin ®=%min Sl ( S’ )
Smax (28)
S,ma—my S,ma—my S
X Z Cs ,—m1— A,s,szrACs,fmus,mz 2s+S+1) |’ (C-64)
S=5Smin ( S )
where ain = —s + max(—my, —mg) and amax = $ + min(—m;, —mg). Rearranging the summations
we have
Omax max Smax (28) k
(k+1) _ CS ;M2 —m1 S’
pout,ml,mg - Pmi+a, m2+a s,—m1—a;s,ma+a 25+5+1
@=C%min t/nm 5=Smin ( S’ )
s (25) Amax S o
yma2—mg S ym2—mj ;m2—m;
CS »—M138,M2 (23+S+1) Z Cs,fm1f/\;s,m2+)\cs,fm17)\;s,m2+)\ ) (C65)
S )\:Amin
but using the orthogonality (C.44) of Clebsch-Gordan coefficients we deduce that
Omax max Smax (25) k
(k+1) _ CS' mo—m1 S/
Pmyme = Pmy+agmata(— —mi1—a;s,mat+a | 125+ S+1
a=amin =8 . 5=Smin s ™)
s (23)
Mg —m1 S
Cs ,—M1;8,m2 (25+S+1) 55’,5” . (C66)
S

Summing over S’ we thus obtain

Qmax Smax s, s, (28) k+1
(k+1) S
pmj:ﬂ’m = Z pm1+a mg-i—oz( 1)04 Z CS m77211 772,8,7’712-&-04 CS 1n772L1,7Sn71712 [ (25+S+1) ] ’ (C67)

Q=C0pmin S:Smin S

where apin = —s + max(—mi, —m2), Qmax = S + min(—my, —m3), Smin = max (0, |m; — mql|), and

210



Smax = 2s. But this is just the claim (C.61) for the k + 1 iteration, and hence completes the proof. [

In (C.61), we presented an explicit formula for the matrix elements of the density matrix 5(*) after
k iterations of the coherent state POVM measurement, in the S,-basis. This expression highlights
a key feature of the decoherence process which is the Clebsch-Gordan coefficients, which encode
the angular momentum coupling structure of the system, remain unchanged, while the binomial
damping factor [(253) / (2S+SS “) ¥ is iteratively applied. Since this ratio lies strictly between zero and one
for S > 0, we see that the iteration will exponentially suppress off-diagonal elements of the density
matrix, thereby enhancing decoherence. The difference with the standard decoherence theory, when

using an orthogonal POV, is that the diagonal elements are also averaged in a certain manner.

This iterative structure reveals how decoherence induces decay in a structured way, with different en-
tries decaying at different rates depending on their position and the Clebsch-Gordan decomposition,

ultimately driving the matrix toward a diagonal, maximally mixed form.

The property that the density matrix 5(*) becomes proportional to the identity matrix in the limit
k — oo is a generic feature in all spin systems. Indeed, we have the following. In the limit £ — oo, the

density matrix 5(*) converges to the state of complete ignorance:

1
: k
L Py = 5 Smama (C.68)

C.4 Lindblad dynamics for the density matrix in |s, m) basis

The dynamical equation that we shall investigate is given by

dp 1, .4 1, .4 A A N

d—f = (QS+pS + §S,p5+ + 5.pS, —s(s+ 1)p> , (C.69)
where 7 > 0 is a parameter that determines the decoherence rate and we used the identity $? =
S2 + 92 4 52 = 5(s + 1)1.for the dynamical equation. The advantage of this formulation is that the
matrix representation of the equation in the spin-z basis elements |s, m) can easily be obtained using

(3.2) and (3.4). In particular, we find

1

Prymy = Y ipml—lm—l\/s(s + 1) —ma(m1 — 1)/s(s + 1) — ma(mg — 1)

1
+§pm1+1,m2+1\/8(8 +1) — ma(my +1)y/s(s + 1) — ma(ma + 1)

+(mama — s(s+ 1)) pmims | - (C.70)

The general solution to this Lindblad equation can be expressed as follows:

Proposition C.3. The solution to the Lindblad equation (C.70) is given, in the |s, m) basis, by

kmax Smax
_ k—m S, ma—m1 S, ma—m1 —lg(s41 ~t
Pmime (t) = E Pk, k+mao—mq (0)(_1) ! E : Cs, —k; s, k+ma—mq Cs7 —mi; s, ma e ? ( ) ’
k=kmin S=Smin

(C.71)
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where pp,m, (t) = (s, m1|p(t)|s, ma), and the summation limits are given by kmyin = —s + max(0, m1 —ma),

kmax = s + min(0, m; — ma), Spin = max (0, |m1 — ma|), and Spax = 2s.

We observe that the solution to the Lindblad equation (C.71) closely parallels the structure of the iter-
ative POVM measurement (C.61): in both cases, all S # 0 terms are exponentially damped. The only
distinction lies in the rates: POVM-induced damping depends on the total spin s, whereas the Lind-
blad solution features a universal, s-independent decay. Thus, the two mechanisms yield qualitatively
identical decoherence, differing only by this quantitative factor.

Proof. Our strategy is to show that (C.71) satisfies the Lindblad equation (C.70), with a given initial
condition. We begin by checking that the initial condition is satisfied by the postulated solution.
Setting ¢t = 0 in (C.71), we obtain

Amax Smax
A S7 - S7 -
Pmi,ma (0) = E pm1+/\,m2+>\(0)(*1) E Cs,innilin)\l;&mQ_’_)\CS,Tnil;Z?;)m. (C.72)
)\:)\min S:Smin

Using the orthogonality relation (C.44) for the Clebsch-Gordan coefficients, we find

An1ax

Pmims(0) = Z Prma+ama+A(0)0x0 = Py ms (0), (C.73)
)\:)\min

and hence the initial condition is indeed satisfied. Next we work out the time derivative of the claimed
solution (C.71):

k 2s
) 1 max . s, a S, B
Pmi,me = _57 Pk,k+ma—my (0)(_1) " Z 08732;8721_;7”2_7”108721”211;2?71”2
k:kmin S=Smin
xS(S + 1) e"2S(E T, (C.74)

This gives the left side of equation (C.70). On the other hand, substituting (C.71) on the right side of
(C.70) gives

kmax 2s
. _ k—m S,ma—m1
Pmima = 7 E pk,k+m27m1(0)(_l) ! E: C,—k;s,k+m2—m1
k=kmin S=Smin

X [C’S’mz_ml (mima — s(s+ 1))

$,—M1;8,M2

1 _
5O a1 V(s 1) = mi(my = 1)V/s(s + 1) = ma(mg — 1)

1 _
O 1 V(s 1) — i (my + 1)V/s(s + 1) = ma(ma + 1)

e~ 2SS+, (C.75)
Since this substitution involves multiple terms, we will expand and simplify each term in detail to
demonstrate that the resulting expression coincides with the time derivative worked out in (C.74).

This will show that both sides of the differential equation agree, confirming that the proposed solu-
tion solves the Lindblad equation. To simplify the expression somewhat, let us define A4 (s, m) =
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\/s(s + 1) —m(m + 1). Then the above equation reduces to

kmax 2s
. o k—m S,ma—my
Pmime = Z pk,k+m2—m1(0)(_1) ! Z Cs,—k;s,k:—i—mz—ml
k:kmin S:Smin

OO Ly 1 A (5,m1) A (5,m2)

5,—M1;8,Mm2 © 9 U s,mmatlis,me—1

X [C’S’QOl (mima — s(s+1))

—EC’S’TQ_Tl. Ay (s,m1) AL (s, mo e~ 2S(S+)t, (C.76)
9 7 s—m1 1;5,mo+1

To further simplify this expression, we employ the following form of the recursion relations for Clebsch-
Gordan coefficients [102,103]:

AL (S, MYCSMEL — AL (s1,m1 F1)C5M + Ai(sg,mg F1)CM (C.77)

$1,M1;82,M2 s1,m1F1;s2,me 81,m1;82,m2F1"

Applying these relations with the relevant values of m; and ms, we obtain the following four identi-

ties:
AL (S, mg —my)Com2mrl g gSmemmi 4 CSme—m C.78
+(Syma —m)CTT 0, = A (s, m) O, + A (8,m2) O W 1 (C.78)
AL (S, mg —mq)Com2mtl g CSme—m A CSme—m (C.79)
+( ) M2 ml) s,—m1;s,mo+1 — +(57m1) s,—mi1—1;8,mo+1 + +(S’m2) 8,—1M1;8,M2? :
Symo—mi—1 S,mg— S,ma—
A*(S? m2 - ml)cs,in'r‘?ll;::ng—l = Ai (87 ml)cs,in'rfllﬁl;s,mg—l + Ai (8’ m2)08,1n’r)211;;?’}n27 (C8O)
and
Sima—mi—1 Sima— Sima—
A*(S7 ma — ml)cginrilinll;s,mQ = A+(S7 ml)CS,inﬂ%Ll;ZjTlngfl + A+(S’ mQ)Cs,TT?Llinll;s,m2+l' <C81)

Multiplying (C.79) by A (s, m2) and (C.81) by A (s, m1), then adding the two expressions and re-

arranging terms, we obtain

Ay (s,m1) Ay (s, mg)Com2—m = ;(A_(S, my —my) Ay (s,my)Com2 1 (C.82)

s,—mi1—1;5,ma+1 s,—mi1—1;8,ma

+ AL (5,m) AL (S, my —my)CZm2 ML (A (s,m1))? + (A (s,mp))?)Com2m >

s,—my;s,ma+1 5,—Mm1;8,m2
Similarly, multiplying (C.78) by A_(s,m) and (C.80) by A_ (s, m2), then adding the two expressions
and rearranging terms, we obtain

1

A_(s,m1)A_(s,mg)C>m2m 3 <A+(S, may —my)A_(s,m)Com2 L (€ 83)

s,—mi+1;s,ma—1 s,—mi+1;5,m2

s,—mi;8,ma—1 8,—Mm1;8,m2

+A_(s,m2)A_(S,my —my)CZm2m™L (A (s,m1))? + (A_(s,mg))?)Com2m )
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Next consider the sum of (C.82) and (C.83), which we denote by F:

Fo= A_(S7m1)A_(S7m2)CS,mrm1 -l—A+(s,m1)A+(s,m2)C’S’m27m1

s,—mi-+1;s,ma—1 s,—mi—1;s,ma+1

S,ma—mi— S,ma—mi—
A (S,ma = m) (A= (s,ma) ST 4 A (s, ma)CET2 )

1
2

s,—mi;s,ma+ s,—m1+1;5,mao

+A4(S,ma —my) (A+(s,m2)cs’m2*m1“ L+ A_(s,mq)CSmami+l )

§,—M1;8,Mm2

— (A2 (s5,m1) + A2 (s,m02) + A2 (s,m1) + A% (s,mg)) OS2 ] : (C.84)

Applying the recursion identity (C.77) to each group of terms, this simplifies to

1 ma2—m
Fo= 5 |AL(Simz —ma) + A2 (S,my —ma) = ) (AR (s.ma) + A (s,ma)) | G720,
+
= [S(S+1)+2mymy — 2s(s + 1)] CIm2 (C.85)

Finally, substituting this in (C.76), we obtain

kmax 2s
) _ S,mo—
rsma = VY Prktme—my (O)(=DFTT Y CiTEAm
k=Emin S=Smin
_ S(S+1
X [Cﬁf}%l;Z%Q <m1m2 —s(s+1)— 7( +1) —mimg + s(s + 1))] e*%S(SH)W,
1 Kmax 2s
k— S7 - S’ -
= _57 Pk,k+ma—m; (0)(_1) " Z Cs,f;:;s,lzlﬁmgfml Cs,inrzl;;r,?ng
k:kmin S:Smin
xS(S +1)e 255+, (C.86)
This exactly matches the time derivative of (C.74), thus completing the proof. O
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Appendix D

Hyperbolic harmonics, Husimi

representation and other derivations

This appendix provides the supporting mathematical framework for the SU(1, 1) analysis of Chap-
ter 5. We review harmonic analysis on the hyperbolic plane and its connection to SU(1, 1) represen-
tation theory, and give detailed proofs of the results stated in the main text. In particular, we discuss
the role of SU(1, 1) covariance in the construction of phase-space distributions and Lindblad-type
dynamics, and derive the D-algebra relations for SU(1, 1) coherent states. These results provide the
technical foundation for understanding measurement-induced decoherence and covariant dynamics

in the noncompact setting.

D.1 Harmonic analysis on the hyperbolic plane

In this section, we introduce the Hilbert space of square-integrable complex-valued functions defined
over the hyperbolic plane H? [35,162,166]. This space plays a central role in the harmonic analysis
of SU(1, 1) and underlies the phase-space formulation we adopt in this work. We denote this general
space by £2(H?), which is reducible under the group action.

The inner product (-, -) is defined for any pair of functions F, G € £2(H?)
(F,G) = /H T 0)Gr, ) dury, (D.1)

where, the integration is taken over the hyperbolic plane H? using the invariant volume element [35,
162]

1
dwr gy = o sinh(7) dr d¢, (D.2)

where 7 € [0, 00) is the radial (or hyperbolic distance) coordinate, and ¢ € [0,2n) is the angular
coordinate in the upper sheet of the two-sheeted hyperboloid model of H2.

A complete orthogonal set of functions on the space £?(H?), indexed by continuous and discrete
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parameters A € R and i € Z respectively, is given by [35,162,174]

_ LGN L, ”
Uau(T, @) = (-U“mpu_%(%shﬂe“ ; (D.3)

where Pi’/‘\_ , (cosh 7) denotes the associated conical (or Mehler) functions [35,164,165,232-234 ], which
2

1

arise as solutions to the associated Legendre differential equation with complex degree v = i\ — 3

and order p, defined on the domain 7 > 0.

These functions form a complete orthogonal system on the hyperbolic plane
A tanh(r) / Urn(7.8) T (7 8) deom s = 8,0 5(A — X). (D.4)

The conical functions Pi‘)‘\_ ! (cosh 7) admit an integral representation given by

1T +in+ 2 1= i
Pf;\_%(COShT) = %W/O (cosh 7 + sinh 7 cos 0)_§_1’\ el dg, (D.5)

highlighting their role as eigenfunctions associated with the hyperbolic Laplacian.

An important property of the conical functions is that they are real-valued for real arguments and
parameters

P* (z)=P" (), (D.6)

1 1
iA—3 —iA—3

which ensures that the radial part of the eigenfunction remains real when required.

The conical functions satisfy the following addition theorem [162,235,236]. For a fixed value of ), the
identity takes the form

Py_i(coshn) = " haulr, 0)daul(r,¢),

=—00
o T <; + i/\> 2

P!l i (cosh (7))P , (cosh (7')eli(9=9)) (D7)
p=—o0 |F(§+1A+u>|2 ’ ’

where P, 1is referred to as the zonal hyperbolic harmonic [35,164,232-234] and cosh ) = cosh (7) cosh (7/)—
sinh (7) sinh (77) cos (¢ — ¢'). These harmonics form a complete orthogonal basis for square-integrable,
rotationally invariant functions on the hyperbolic space [164,232-234,237], satisfying the following
orthogonality condition

S(A—N)

Atanh 7w\ (D.8)

/ Pi)\_% (cosh 77)131/\,_% (coshn) sinh pdp =

Any sufficiently well-behaved function f(cosh7) on the hyperbolic plane that depends only on the
geodesic distance from a reference point (i.e., is zonal) can be expanded as a superposition of zonal
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hyperbolic harmonics as
f(cosh) = /000 a()\)Pi)\_% (cosh 7) Atanh(mwA) dA, (D.9)
and the coefficient function a(\) is determined by the inverse transform
a(A) = /000 f(cosh T)PD\_% (cosh 1) sinh 7 dr. (D.10)

This expansion is analogous to the Fourier-Bessel or spherical harmonic expansion for radial functions
in Euclidean space and is referred to as the Mehler-Fock transform [232,233,237].

More generally, any square-integrable function f(r,¢) € £?(H?) can be expanded in terms of the
eigenfunctions of the hyperbolic Laplacian. As these eigenfunctions form a complete orthonormal
basis on the hyperbolic plane, the expansion takes the form [162,174,232,233,237]

frno) =% /0 dvx Fap ru (T 6), (D11)

p=—00

where the Plancherel measure is given by dvy = Atanh(7))d)\, and the expansion coefficients f~>\7 "
are obtained by projecting f onto the basis functions

P = [ £,0) 02,0700 dir (D.12)
This expansion is known as the generalised Mehler-Fock transform [162,174,232,233,237].

Substituting (D.12) into (D.11) yields

fro) = 3 /0 " an, [ /H Qf(f’,cﬁ’)zwfcdf)dwﬂ,w} Yru(T 0)- (D.13)

p=—00

Assuming convergence of the integrals and exchanging the order of integration and summation, we
obtain

fre) = [ [ o [ | an ¥ w,uw,qzsm,u(w,cﬁ@] £ 4),

H=—00
— // dw, [/OO dv) Pi/\_1(coshn)} f(r', ¢, (D.14)
H2 0 2

where the quantity cosh 7 is the hyperbolic distance between the points (7, ¢) and (7/, ¢’) and is given
by

coshn = cosh 7 cosh 7/ — sinh 7 sinh 7/ cos(¢ — ¢'). (D.15)

This expression demonstrates the reproducing kernel property of the Zonal hyperbolic functions,

highlighting their role in reconstructing arbitrary functions via harmonic decomposition.

As a final mathematical ingredient, we now establish a key identity involving the product of two zonal
spherical functions on the hyperbolic plane.
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Lemma D.1. Let P, _ 1 (coshn) be the zonal spherical function on the hyperbolic plane. Then the fol-

lowing identity holds
P hn')P. h7n"”)d _ G- ) 3 ! D.16
ix—1(coshn) Py, 1 (coshn™) dwpm g = W Z Unpu(T,8) Yx (T, ¢),  (D.16)
where
coshn’ = cosh7” cosh 7' — sinh 7" sinh 7/ cos(¢” — ¢'),
coshn” = cosh7cosht” — sinh 7sinh 7" cos(¢ — ¢”). (D.17)

Proof. Using the addition theorem for eigenfunctions of the Laplace-Beltrami operator on the hyper-

bolic plane in (D.7), we expand the zonal functions as

P _1(coshn') = Z Unu(™", ") (7, &), (D.18)
H=—00
Py _1(coshn) = Z Uy g (7, 8) Yy (77, 9). (D.19)

Substituting these expansions into the integral, we obtain

P, _1(coshn)P,,_ 1(cosh77 dwr wk,u ")V o (T, )
2

/ D7 8"V () dpn . (D.20)

Rearranging the summation and using orthogonality of the eigenfunctions on the hyperbolic plane

SO\ = N)d,

/%’,u’(ﬂ¢)¢A,u(77¢)dwr,¢> = tanh(r)) (D.21)

Substituting this back into the expression, we get the desired result and this completes the proof. [J

D.2 Proofs of technical results

D.2.1 Proof of proposition 5.1

Proof. The density matrix of an SU(1,1) system with Bargmann index %k can be expressed in the
|k, k 4+ m) basis as

pA: Z Z Pm1m2|k,k—|—m1></~c,k—|—m2\. (D.22)

m1=0m2=0

A matrix element of the output density matrix p(!) is then given by
Pitms = (kok - ma [ pO[k, o+ mo) = / Q(7, 6) (s b+ ma ) (xIk, b+ ma) dpif s, (D.23)
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where we have substituted (5.25). To evaluate this, we expand the Husimi function as

Q(1,¢) = (XIAIX) = D ppg (XIk b+ p)(k, &+ glx), (D.24)
p,g=0

using the resolution of identity in (5.2). The overlaps are expressed in terms of Wigner D-matrices as

Q(T,8) = Y Ppg Dy (6.7, —8) Dyt 16,7, — ). (D.25)

p,g=0

Substituting (D.25) into (D.23), we obtain

pm1,m2 Z pp‘I/Dk+m2k ¢7 T, ¢) Dllz—l-ml,k((ba T, _¢)

p,q=0

Dk+q,k(¢7 T, _¢) k+p k(¢7 9 QZS) d:“’ﬁ,qﬁ <D26)

Let us denote this integral by I, for brevity

I= /Dllz-i-m%]g(@ba T, _¢) Dllz—&—ml,k(qbv T, _¢>Dllz+q,k(¢a T, _¢) D]l:+p,k(¢> T, _¢) dl‘tﬁ,qﬁ' (D27)

Using the complex conjugation identity [161 ]

Dllerm,k((z)v T, _¢) = Dllerm,k((z)v T, _¢) exp(2imgb), (D.ZS)

we simplify the integral as

4
I= /exp [2i(ma + p)¢ H w0, T, — )duiqﬁ, (D.29)

where a; € {k +mi, k +m2,k+q,k +p}.
We now employ the Clebsch-Gordan decomposition of Wigner D-matrices [169]

00
Dkl Dkz _ § : CK,k1+k2+m1+m2 K,k1+ko+p1+p2 K (D 30)
k1+p1,k1+m1 " ka+p2,ka+ma T k1,k14+ma;ko ke+ma k1, k1+p1;ke ke+p2 T K+mi+mae, K+pi+p2’
K=k1+ko

and use the orthogonality of the D-matrix elements [161]

7 2k —1
/D§+a,K+b(¢>a T, =) Diy e ger (607, =) ik 4 = 57— 10K OacObd: (D.31)

Applying (D.30) to (D.29) gives
I= Z K1 2ktmitq Ko 2k+matp leli?ckk Clﬁ(liikk / exp [2(ms + p)d]

kk+ma; kk+q Ok ktma; k k+p
K1, Ko=2k

K K: k
XDE g 67O DI (6 -0 ik, (D32)
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Using (D.31) we find that I becomes

0o
2 2k -1
_ 2 : K,2k+m1+q K, 2k+ma+p K2k
I'= Ck Jk+ma1;k, k+qu k+ma;k,k+p Ck,k;k,k: 5MQ+p,m1+q IK —1° (D33)

K=2k

Substituting this into (D.26) and changing summation variables via p — m; = ), we obtain the final

result

guks 2 2k —1
K 2k+mq+mao+A CK,2k+m1+m2+)\ CK,Qk - (D 34)
pmth = E Pmi+Ama+X E : Cy Jtmaskktma A Yk ktmosk ktmi+x \Vkkikk ) 9 10\
A An’lll’] K KII)IU

where the summation limits are given by Ayin = max(—mq, —m2), Amax = 00, Kmin = 2k+min(0, m;—

m2), Kmax = 00. This completes the proof. O

D.2.2 Proof of proposition 5.2

Proof. Using (5.40) and substituting for 5(!) from (5.25), we have for Fl(g) (x),
P00 = [ dud 1) (010 001 (D35)

Substituting for () using (5.36) we get

o . 2 120
000 = [ (1o 5 [ anl [ o P yleoshnd) 21007272 (¢ )P (D36)

where cosh 7/ is the angular distance between x and x”.

The overlap of coherent states (5.22) is a real-valued function that depends solely on cosh(p), it can
be expanded in terms of conical (Mehler) functions using the Mehler-Fock transform (D.9,D.10)

0P = [ FOP_y(cost) don. (D37)

where cosh 7 is the angular distance between ' and x”.

The spectral coefficient f(\) can be computed using known results from harmonic analysis on hyper-
bolic spaces [162,232,233]

. 4 I'(2k — 5 +i))|?

fo) = /cosh_4k (772) Pi)ﬁ%(coshn”) sinh " dn” :2’ ( FQ(;]:)_I ) ,
2

S 2k—1

Dy(N). (D.38)

Substituting for the overlap in (D.36) we get

2
2k —1

FO0) = / i, (10X)
y 2
2k — 1

dul;é// dl/)\ 'Pi)\

O (N)P,y_1(coshn”)dvy. (D.39)

1
2
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Here we use the orthogonality of the Mehler functions D.4

o

o 2k—1 65— )) S (1 0) by (7, &), (DAO)
HU=—0O

/ . "
/Pi)\é(COSh (n ))Pi,\/f%(COSh (7)) dpiyn = 2 Atanh(mwA

where 1) , are a complete set of orthogonal functions on the Hyperbolic plane.

Substituting this in the above expression and using the addition theorem (D.7) gives

2
2k —1

FO0) = [ u (U1 [ v Py eostin) @122 (DA1)

Identifying the integral for F(°) we get

ag 2 g
F90) = T / S / dvy Py (coshn”) ®(N) F (). (D.42)
O
D.2.3 Asymptotic limits of ®;()\)
Proposition D.1. Let
kDD (kL)
with fixed k > % and X € R. Then we have
0<®p(N) <1 forall X € R. (D.44)
Moreover, for k =  one has ®1 5(\) = 0. Finally, as |A| — oo,
—-1)2
(N ~ M |A| 462 =TI (D.45)

T (2k)

Proof. Positivity is immediate since [I'(a + i)\)|?> = I'(a +i\)[(a — i\) > 0 for a > 0 and real A. Thus
®j,(A\) > 0 forall \; and if k = 1 then the prefactor (2k — 1) vanishes, so /0 =0,

For the upper bound, we evaluate at A = 0 to get

(2k —1)T2 (2k — 1)

3,(0) = =TT (D.46)
_1
By Gautschi’s inequality [238] (for > 0), F(lf(xf) < 2712  and with 2 = 2k we obtain
1 1
®4(0) < (2k—1)% = 1_ﬂ < 1. (D.47)

Moreover, for fixed a > 0 the function A — |I'(a + i\)| is strictly decreasing in || [239]; hence

r 2k—1+i/\ 2 < ' 2]{—1
2 2
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which implies ®(\) < ®4(0) < 1 for all A # 0.
Finally, the large-|\| behaviour follows from Stirling’s formula for complex arguments [122,123]
IT(a+iN)|* = T(a+iNT(a—iX) ~ 2x N2 Le ™™ (A = ). (D.49)

Setting a = 2k — % (so 2a — 1 = 4k — 2) yields

2

‘r <2k — % + i)\> ~ 2 |A|F2 eIl (D.50)
and therefore
(2k —1)27 \\ gpo _n)y
) ~ Crgpr M (1A = 00). (D51)
which establishes the claimed asymptotic decay. O

D.2.4 SU(1,1)-covariance of Lindblad generators

We consider Hermitian jump operators built from the SU(1, 1) generators K, K, K, and a time-
homogeneous Lindblad generator

co) = Y (Ropks - {KZ0)) = Y DR (D52)

j:x7y72 ]:x7y7z

Let U, be the unitary representation of g € SU(1,1) on the system Hilbert space. We say that £ is

G-covariant iff

L(UpUN) = Uy L(p)US Vg e G, Vp. (D.53)

Multiplying (D.53) on the left by U, g and on the right by U, gives the equivalent condition

L(p) = U L(UpUN) Uy Vg, Yp. (D.54)
Using the identity
Ul DIK] (U,pU}) U, = DIK'1p, K =UJKU,, (D.55)

we find that (D.54) is equivalent to
Z v DIKG] p = Z v; D Vg, Vp, (D.56)

i.e. the set of dissipators must be invariant under conjugation of the jump operators, with the ~;

unchanged.

Rotation about K,. LetU,(a) = ek, Conjugating the generators with U, gives [147]

K; =cosa K, —i—sinoz.f(y, Kzl/ = cosa.f(y — sina Ky, K; =K,. (D.57)
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For any linear combination aA + bB, we have the following result
DlaAd+bB)p = a*D[A]p+ b*D[Bp + ab (AﬁB + BpA - S{{A. B}, ;3}). (D.58)
Using the above result, the left-hand side of (D.56) becomes

DKL)+ vDIK)] + v:DIK.] = (7acos®a+ 7,sin®a) DIK,]
+(7z sin? a + vy, cos® a) D[Ky]
+(7a — ) sina cos a Ty, + 7. D[K], (D.59)

where Ty, (p) = K.pK, + KypK, — %{{f(x, K,}, p}. For equality with the right-hand side 7, D[K ] +
v,DIK,] + ~.D[K] for all o, the cross-term must vanish

(Ve —Ww)sinacosa=0 = =9 =7. (D.60)

Boost along K,. Let U,(8) = elfKz, Conjugating the generators with U, gives [147]
IA(Z’! :coshﬁf(y—sinhﬁf(z, K; = —sinhﬁf(y—i—coshﬂf(z, IA(; = K,. (D.61)
We define 7). (p) = KyﬁKz + Kzﬁf(y - %{{f(y, K.}, p}. Then we have

’ny[f(;] +7.D[K] = (4, cosh? B+ ~,sinh? 8) D[K,] + (7, sinh? 8 + v, cosh? 8) D[K_]
—(vy + 72) sinh B cosh B Ty.. (D.62)

Requiring equality with ~,D[K,] 4 7.D|[K] for all 3, forces the cross-term to vanish:
(9 +7z)sinh Bcoshf=0 = 7, =—7,. (D.63)
Combining (D.60) and (D.63) yields the unigue coefficient pattern
Yo =W=7 V=7 (D.64)
Therefore, the SU(1,1)-covariant second-order generator built from the triplet is
Leon(p) = 7(PIK.] + DK, - DIK] ). (D.65)

This is the familiar “flipped” sign structure.
For completion, lets do the following

Boost along K. LetU,(8) = eiBKy, Conjugating the generators with U, gives [147]
K; = cosh B K, —sinh B K., K; — —sinh 8K, + cosh B K., K; = Ky. (D.66)
By defining T, to be
Toa(p) = Ko+ Kope — (1R Ko, ), (D.67)
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we find that

’YID[K;] + ’VZD[K;] = (e cosh? B+ sinh? B) D[Kx] + (Ve sinh? B+ cosh® B) D[Kz]
—(vz +2) sinh S cosh 5 T,. (D.68)

Requiring equality with ~, D[K,] + ~.D[K.] for all 3 forces
(vz +7z)sinhfcoshf=0 = ,=—7 (D.69)
For v > 0 the quadratic form above has signature (+, +, —), so Lcov is not of GKSL form (not com-

pletely positive) when viewed as an operator-level generator.

Casimir connection

If we introduce the adjoint action on operators (Heisenberg picture), the quadratic Casimir of su(1, 1)
is K? = K2 + K2 — K2, and its image in the adjoint representation acts as

pad(f(Q) : 0 [Krv [Kfm O]] + [R—y’ [K% O]] - [[A(m [KZv O]] (D.70)
The flipped generator in the Heisenberg picture is precisely

Ll,0 = ~1 paa(K?) O, (D.71)

cov

i.e. proportional to the adjoint action of the Casimir; since the Casimir is invariant, L.,y is SU(1,1)-

covariant.

Trace preservation and first moments

The Heisenberg adjoint of the Lindblad generator acts as

00 = 3 y(R0K - HE2LO0Y) = -1 S 51K, 0 (D.72)

J=T,y,2 J=T,y,2

where the last equality uses Hermiticity.

Trace preservation (TP). Using cyclicity of the trace and Hermiticity,

A NP U
wL(p) = > v (tr[ijKj] - StrlK ] - *tr[pKfD,
j

2
N I TIPS S D
= Z’yj (tr[ij} — §tr[ij] — §tr[ij ]) = 0. (D.73)
J
Hence L is trace preserving, tr(p) = 0.
First moments. For any observable O,
%@ — (0 ) = (O L(p)) = tr(5 L1O). (D.74)
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Taking O = K, and using (D.72) together with the su(1, 1) commutators [K, Ky] = —iK,, [K,,K.] =
iK,, [KZ, Kw] = iKy, one finds the closed form

N 1 N N N N N
ETK:B = 5(7@/ —7.) Kg, ETKy = 5('% ) Ky, ETKz = 5(%5 + 'Yy) K. (D.75)
Therefore,
d - 1 S d - 1 A d - 1 N
—(Ky) = =) (Kz), —(Ky) =500z —7:) Ky), ) =< K.). D.7
Sl = Sl =) (Ka), SR = 50w — 1) (R, S (K2 = S +7) (K). (D76)

Cases.

e All-plus isotropic GKSL: 7, = 7y, = 7. = v > 0. Then we have LK, = 0, ETKy =
0, LK, = vy K. So the first moments are not all stationary, (K), (K,) are constant, whereas
(K) grows/decays exponentially, %(IAQ,) = ~(K.). (Trace is still preserved; TP does not imply
stationarity of (K,).)

e SU(1,1)-covariant (“flipped”) pattern: v, = v, = 7, 7. = —y. Then we have LK, =

fy_f(a;, UIQ = fyf(y, LK, = fyf(z, i.e. all three first moments evolve with the same rate ~.
This equality of eigenvalues on { K, K, K} is consistent with full SU(1,1) covariance.

D.2.5 Deriving the heat equation and its solution

Lemma D.2.
N 0 2kx
XIFRLIX) = @<x\frx>+(1_*§‘2)<x\f\x>, (D.77)
. _ 0 2k|x|?
(XIfK:|x) = x&<x!f\x>+m<xlﬂx>+k<x|f|x>, (D.78)
) 2
(PRI = X )+ o (el + 2kt ) (D79)

Proof. We begin by proving (D.77). Taking the derivative of the coherent state definition (5.13) with
respect to x, we find

0 kx .
X)) =T 3Ix)+ Kilx) D.80
At ME )+ K [x) (D.80)
Taking the adjoint of (5.13) gives
Ol = (1= ™) (ke f exp(XK-), (D81)

from which we compute

9 =Xy
oy X 1—[y2 "

(D.82)
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Now consider

5 (1) = (501 ) F0 + 0clf (510 )

2kx 2
= o RO+ TR ).

ai(xlflx)

1

Rearranging the above expression gives
2kx

1_7|X|2<X’f\x>-

. )
XIfKE1]x) = @<x!f\x> +

To evaluate (x|fK.|x), we use the Baker-Campbell-Hausdorff formula

. . . L 1 . L
exp(xKy)K.exp(—xKy) = K.+ [xKy, K|+ §[XK+7 XKy, K]+ -

= K, - Xfﬂ..
We now rewrite the above expression as
K. = XKy + exp(xK1) K. exp(—xK ).
Taking the expectation value with (y|f and |x) and applying K|k, k) = k|k, k), we find
OXFEIx) = XOASE 10 + kO f 1)

Substituting (D.77) yields (D.78).
To compute (x|fK_|x), we again use the BCH formula

exp(xK 4 ) K- exp(—xK) = K- —2xK. + X’ K.
Taking the expectation value and noting K_|k, k) = 0, we get

0= (x|FE_|x) — 2x(X|F K= |x) + X2 (x| FE+]x)-

(D.83)

(D.84)

(D.85)

(D.86)

(D.87)

(D.88)

(D.89)

Solving for (x|fK _|x) and substituting the earlier results gives the expression in (D.79), completing

the proof.
Taking Hermitian adjoints of the above results yields
- 0 2k
K_ = = +— ;
(XK= flx) o b + 1= e x| f1x)
. 9 2k|x|*
Kz - e + +k 5
(XK fx) <x!ax<xlf\x> . |X|2<X\f\x> x| f1x)
A %) 2k|x|*x
WRL0 = g0 + T (0 + 2k 1)

(D.90)
(D.91)

(D.92)

We now demonstrate that the Husimi representation of (5.49) for the group SU(1, 1) reduces to the

heat equation on the Lobachevsky (hyperbolic) plane.
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Proposition D.2. The Husimi density function satisfies the following differential equation

Q@ _ v, 23262
E_5( — %) v (D.93)

which is the diffusion equation in the Poincaré disk representation, v € R is the decoherence parameter.

Proof. We compute the Husimi symbols of the operators K, K, and K, using the differential rep-
resentations derived in Lemma D.2. In the Husimi picture, operator expectation values become dif-
ferential operators acting on the Q-function.

1 . 1/,0  2kx[>’v  ._ a 2k|x|*x
SR ARD) = 3 (¥ + 2 o) (¢ + B k) Qo)
2 ox (1= IxP) (1= IxI?)
(| 4 Q| 2k|x[*x 9Q %Ix\?x@ 2k|x'Q | 4K x*Q >

oxox 1—|x[?Pox 1—[|x]?Pox (1—[x»)? 1—|x*?
(, 4 Q| 2k[xI’x9Q | 2k|x[*x 9Q | 2k|x|*(Ix* +2k)Q
oxOx  1—I|x[?9x 1—|x|?9x (1 —x[*)?

2
1
2
1

5 ) . (D.94)

Similarly, we can calculate (x| K pK_|x) to be

TP 1/ 2%y o 2ky
§<<X\K+PK—’X>> = 2<3X+)> (8X+)Q’

(1= |x[? 1— [x[2
S (29 B (29, 09) AAULANR
- (3X3>Z * (1—|xI?) ( + XaX + (1— [x]2)2 . (D.95)

And finally (x|K.pK.|x) is calculated to be
ik = (e ) (2 + 2 +k>@
o Yox TI-IxP Xox T 1-IxP ’
82@ (1+ \X2)< oQ Q> 2k(2k + D[x*Q
2 2
X -+ k +X +k°Q. (D.96
ooy T (G (0:26)

ox  Vox
Combining the terms, gives the desired result and this completes the proof. O

We now transform this expression into hyperbolic polar coordinates on the Poincaré disk. Using the

parametrisation y = tanh (%) e7¥ we compute the differential operators

9 2T ei¢ﬁ+$ﬂ
ox 2 Ot 2tanh (%) 0¢’
o ) I
oy~ cosh <2> or  2tanh(3) 06 (D7)

Now using this we can calculate (D.93) in hyperbolic polar coordinates to be

dQ(r, 0? 1 92 9
Q(<1Tt¢) - g(aﬂ + sinh?(7) 992 + coth (7 )8T> Q7. 9). (D.98)
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Appendix E

Stochastic processes, unravellings and
other derivations

This appendix reviews the mathematical background on probability theory and stochastic processes
needed for Chapter 6. We outline the key concepts of martingales, stochastic differential equations,
and diffusion processes, and then provide detailed proofs of the propositions and technical results

stated in the main text.

E.1 Mathematical background

Probability space and events

A probability space is a triple (€2, 7, P), where 2 is the sample space of all possible outcomes, F is a o-
algebra of subsets of (2 called events, and IP is a probability measure. The o-algebra F satisfies closure
under complementation and countable unions, ensuring that events can be consistently combined
and measured. The measure P : 7 — [0, 1] assigns probabilities to events such that P(Q2) = 1 and
is countably additive on disjoint collections. Each w € (2 represents a realisation of the underlying
random experiment, and an event A € F is a well-defined question to which the model assigns a
probability P(A). This structure provides the foundation for defining stochastic processes and the

probabilistic evolution of quantum systems under continuous observation.

Random variables and distributions

Once a probability space (€2, F, P) is specified, observable quantities are represented by random vari-
ables, defined as measurable functions from €2 to a target measurable space (I',G), where I' is a set
equipped with a o-algebra G. A function X : 2 — I' is measurable if the pre-image of every G € G
lies in F, ensuring that the event “X (w) € G” is a well-defined element of the probability space.

A particularly important case arises whenI" = R and G is the Borel o-algebra, in which case X is called
areal-valued random variable. Such variables are the probabilistic analogues of classical observables,
assigning numerical values to outcomes w € €2, and forming the foundation for defining stochastic

processes.
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Probability distribution and cumulative function

The probability distribution of a random variable X is given by its pushforward measure yx, defined
on (R, B(R)) via ux (B) = P(X ~!(B)) for all Borel sets B C R. The associated cumulative distribution
function (CDF) is Fx(z) = P(X < z), which gives the probability that the observable X takes a value
less than or equal to x.

Expectation value

The expectation (or expected value) of a nonnegative random variable X > 0 is defined by the
Lebesgue integral E[X] = [, X (w)dP(w). For a general real-valued random variable X, the expec-

tation is defined via its decomposition into positive and negative parts: E[X]| = E[Xt] — E[X ],
where X+ = max(X,0) and X~ = — min(X, 0). The expectation exists whenever X is integrable, i.e.,
E[|X]] < oc.

Stochastic processes and filtrations

A stochastic process is a family of random variables { X };>9 on a common probability space (2, F,P),
where each X; :  — R is measurable and represents the state of the system at time ¢.

To formalise the temporal flow of information, we introduce a filtration {F; }+>¢, an increasing family
of sub-o-algebras satisfying 7, C F; C F for0 < s < t. The o-algebra F; encodes all events observable

up to time ¢.

A process {X;} is adapted to the filtration if X; is F;-measurable for each ¢, ensuring that its value
depends only on information available up to that time.

Conditional expectation

Given a random variable X and a sub-c-algebra G C F, the conditional expectation E[X|G] is a G-
measurable random variable satisfying [, E[X|G]dP = [, XdP, forall A € G. It represents the
best estimate of X given the information contained in G. When G = F;, we write E;[X| = E[X|F],

denoting the expectation conditioned on information available up to time ¢.

Conditional expectation satisfies the tower property: E[E[X|G]] = E[X], and more generally, E[E[X |G>]|G:]| =
E[X|G1] if G1 C Ga. These identities are central to the analysis of multi-step stochastic processes and

will be used extensively in the discussion of martingales and stochastic integrals.

Martingales and supermartingales

Let { X} }+>0 be a stochastic process adapted to a filtration {F;}. It is called a martingale if E[|X;|] < oo
for all ¢, and E[X¢|F;] = X, for all s < t. Martingales represent “fair game” processes, with no
systematic drift in the conditional mean. In physical contexts, they often correspond to conserved
quantities under stochastic dynamics or unbiased measurement processes.

More generally, if E[.X,| F;] < X, the process is a supermartingale; if E[ X, | F,] > X, itis a submartingale.
These describe processes with systematic drift, such as dissipative dynamics or measurement-induced

information gain in quantum systems.
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Brownian motion:

A real-valued process { W, }+> is called a standard Wiener process (or Brownian motion) with respect to
a filtration {F; } if it satisfies Wy, = 0 almost surely; ¢ — W} is almost surely continuous; the increment
Wi — Wy is independent of F; and normally distributed with mean zero and variance ¢t — s for all
0 < s < t; and {W;} is adapted to the filtration. Brownian motion models continuous, memoryless
noise and serves as the fundamental source of randomness in the stochastic differential equations

considered throughout this work.

It6 integral and Itd processes:

Let {a;} and {b:} be real-valued, progressively measurable processes satisfying

T T
E [/ las| ds +/ |b5\2ds} < oo forallT > 0. (E.1)
0 0

A process is progressively measurable with respect to {F;} if, for each ¢t > 0, its restriction to [0, ¢] is
measurable with respect to ([0, t]) ® F;. This condition ensures that the process evolves causally and

is compatible with the stochastic integral framework.

Given such processes, the evolution

¢ ¢
Xy =Xo+ / asds + / by AW (E.2)
0 0

defines an It6 process. The first integral is interpreted in the standard Lebesgue sense, while the sec-
ond is the Ito integral, defined as the limit in probability of stochastic Riemann sums of the form
>k bty (Why ., — Wy, ). The It6 integral is well-defined despite the nowhere-differentiable nature of
Brownian paths and forms the foundation of stochastic calculus.

Itd’s lemma (real version):

Let X; be an Itd process as above, and let f € C*!(R x [0,00)), meaning that f(z,t) is twice con-
tinuously differentiable in « and once in ¢. Then the process Y; = f(X},t) satisfies the stochastic

differential equation

0 of 1,07 d
df(X;,t) = <a{ - ata—i - 2b§al;’;> dt + bta—i dw;. (E.3)

This result is the stochastic analogue of the chain rule. The second-order term, absent in classical
calculus, reflects the nonnegligible quadratic variation of Brownian paths and is central to the theory

of stochastic evolution.

Stochastic differential equations (SDEs):

A stochastic differential equation is an equation of the form
dXt = CL(Xt, t) dt + b(Xt, t) th, XQ = Xo, (E4:)
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where a and b are prescribed functions. Under suitable Lipschitz and linear growth conditions, such

equations admit a unique strong solution adapted to the filtration generated by the Brownian motion.

In quantum physics, SDEs are used to model the evolution of quantum states subject to continuous
measurement, feedback, and interaction with an environment, culminating in the theory of stochastic
Schrodinger equations.

Complex It6 calculus and Wirtinger derivatives

In many quantum applications, particularly those involving coherent states or wavefunctions, the nat-
ural variables of the system are complex-valued. To extend It6 calculus to this setting, we consider
complex Itd processes and employ Wirtinger calculus, a convenient formalism for differentiating func-

tions of complex variables.

Let Z; = X; + iY; be a complex-valued It6 process, where X; and Y; are real It6 processes. Then Z;

satisfies a stochastic differential equation of the form
dZt == M(Zt, t) dt + O'(Zt, t) th, (ES)
where ;1 and o are complex-valued functions, and W} is real Brownian motion.

Let f(Z,Z,t) be a complex-valued function of Z € C and its complex conjugate Z. The Wirtinger

derivatives of f are defined as

af of of\  of Foof
97~ (ax‘ay) 97~ (aX+aY> (E.6)

where Z = X +1iY. A function f(Z) is holomorphic if it is independent of Z, i.e. 9f /0Z = 0.

For the case where 11,0 € C are constants (or adapted processes), and W; is a standard real Wiener

process, applying Itd’s lemma in this complex setting gives

> of f,f 1232f 122f1232f
df(Zs, Zi,t) = | = —_— — + = —0° =5 + = — | dt
(2, 2, t) <8t+ Moz TPz, T 2% oz Y27 a2 T2 ez,
of _ af
When f is holomorphic, all terms involving Z, vanish.
E.2 Proofs of technical results
E.2.1 Proof of lemma 6.1
Proof. We prove that the stochastic Schrodinger equation
2 — A
by =~ Bl dt — O S (EMER —9BFER L8P o) d
k
O'
+2 37 (25— Lf ) ) Wi, (E8)

k
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preserves the norm, where L¥ = (1| L*|¢);). Define N; = (1/;|1;). By It0’s lemma,

ANy = (de|he) + (] dabe) + (debe|depy). (E9)

We first calculate (di|t) to be

. . 2 R R
(del) = = (il HJwe) dt = %= 37 (L ¥ le) — 21LE 2 + | LF?) dt
k
+% zk: (<¢t|£“ywt> _ ff) AW}, (E.10)

Taking the adjoint of the above equation gives

A~ 2 A A
(Weldve) = () dt = 7S (@l L4 EFas) — 2112 + | LFP2) e

i
h 8 <

+ 237 (Wil LFwn) — LF ) aw (E11)
k

Finally the It6 correction term is calculated to be

2

(deby|depy) = (%)2 SO(ER = L8) | (25 = L) v ae = T 7 (@l L4 EFje) — |LE1) dt.(B12)
k k

Combining all three terms yields

o2 o o2 A
dN, = (—82((L“L’“> - |Lf|2)> dt + (—8 > (LFLF) - \L?\2)> dt

k k
o? PPN
+ <4 Xk:<<L’“TL’“> - !Li“)) dt,
= 0. (E.13)

Hence, the norm is preserved for all ¢, i.e.,

(elhr) = (Yoltoo) = 1. (E.14)

E.2.2 Proof of proposition 6.1

Proof. We want to compute the time evolution of the ensemble-averaged density matrix
pr = E[Ri] = E () (] (E.15)
Applying It6’s product rule on p; gives
d(pe) = d([Pe) (Wel) = (dlthe)) (] + [e) (dWe]) + (Ale) ) (d{ge])- (E.16)
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The first term is calculated to be

(d|¢t>)<¢t| =

1~ o? A — .
— Ay dt = 5 37 (EMEF - 2LFLF + L) i)
k

+7 > (L% = LF) [po) dWf | (. (E.17)

Taking its adjoint gives the second term
2

) (dlwnl) = [e) [;wtmdt—;Z(wtm’“*i’“—%ﬁfi“ +|LE?) e

k

g TR _ Tk k
+2%<MNL —Q)Mﬂ], (E.18)
and finally the It correction term is calculated to be

o2 R R _
(@) dfusel) = 7 D7 (25 = LF ) o) el (L4 = LF ) at. (E19)

k

Adding all three terms and taking the expectation value, all stochastic terms proportional to dW}*
vanish. The remaining deterministic part yields

dpe _ i7n . o® [k Ny
dt——h[H,pthgégE[L ) 2 — L LR )] (E20)

Taking expectation over the stochastic process and using linearity

dp 1.~ o2 (. . 1 (arsnp .
ﬁz—ﬁ[ﬂapt]‘FZg <LthLkT—2{LkTLk,Pt})7 (E.21)
k

where p; = E[p;]. This is the standard Lindblad master equation with decoherence rate v, = 02/8. [

E.2.3 Proof of proposition 6.2

Proof. We begin from the definition |oy) = exp(aza’ — @;a@)|0). Using the Baker-Campbell-Hausdorff
(BCH) formula [49], we may write the displacement operator in disentangled form

exp(azal — ara) = exp(—|as|*/2) exp(ayal) exp(—aya),

exp(|at|*/2) exp(—aira) exp(azal). (E-22)

We choose the first expression for convenience. Then by applying Itd’s formula for vector-valued

functions, we compute

Olo) = <€LT — @) la),

80515 2
Ola)  (oq .
(- =



Similarly, the second derivatives yield
0%|a) a2 ate o (@
da? 4

0?|ox) ~2 o o
aan) a® — aoy + > ). (E.24)

[\

The mixed derivative is

2 1 2
galggt =3 <aaT +a'a —aa, —ala; + |O‘2t| > o), (E.25)

which has been simplified (using [a,a'] = 1). Substituting for dey from (6.7), the SDE simplifies to

o [ e 10 (4 Oy
dlay) = E(aT—?t) |at>th+E(aT—5) ) AW
L0 (f_ vy 0 (o p
ﬁ<a 2>|at>th+\/§(a 2>|at>th
9 (aat +ata— ag — ato 4+ 12
5 a'+a'a—aoy —a'ay + 5 |a) dt (E.26)

E.2.4 Proof of proposition 6.6

Proof. Setr; = B — au, so that P,(3) = exp(—|r¢|?) with |r|?> = 7¢7. First compute the differential of

7| via It6’s lemma

dlre> = d(rg) = 7 dre+redrg + dry dry. (E.27)
Because dr; = —day and d7; = —day, we have for f; = —|r|?,
dfy = —d|r* = mday +rday — day day. (E.28)

Insert the noise representation (6.7) to get the stochastic part of df;

_ _ O T p
rrdoy +riday = 7 [(rt +re) AW +i(7 — r) AW } ,
- V2o <Re[rt] AWE + Im[r] de). (E.29)
The It6 correction in d f; is —day da; = —o2dt. Hence,
df, = V20 (Re[rt] dW2 + Im[r,] de) _ 24t (E.30)

Next, apply the It6 formula for the exponential P, = exp( f;)
AP, = Pdfi+ L P (AF) (E31)
Since (dW#)? = (dW/F)? = dt and dWF dW/ = 0, the quadratic variation is
(df,)? = 20° <Re[rt]2 —|—Im[rt]2> dt = 202 |ry|2 dt. (E.32)

234



Therefore,
AP, = V20 Re[ry] P, AW + V20 Im[ry] P dW} + o*(— 1+ |re]?) Py dt. (E.33)
Finally, expand |r¢|?> = |8 — aw|? = |B]? + |at|* — Bay — Boy to obtain
o?( =1+ |rif?) = o*( = 1+ Jaul® + B — B — By ) (E34)

which yields the stated SDE. O

E.2.5 Proof of proposition 6.7
Proof. We apply It6’s lemma to compute the differential of the rank-one projector |a) (|
d(Jou)(a]) = dou) (| + |eg)d{oy| + d]oy)d(ay|. (E.35)

Substituting for d|oy) from (6.9), we compute each term individually. First, the product d|a:) (o]

gives:
dlag){ee] = % (aat +ata— agy — ataq + 4 ol dt + -2 (@t —a+ 2% o) (| dWF
)l 5 t 5 ) /2 5 t) (o | AWy
ic [ . oyt
7 (a* +a— . t) |ate) (v | AWP. (E.36)
Similarly, the adjoint term |a;)d(o| yields
2 o
lag)d(oy| = —U—\at><at| <aaT +afa —aa; —afoy + [ ;’ ) dt + Tyo@(at\ ( it +a— 2 0“) Aw?
10 at + &
_fat><at|< +a— t2 t)dwf. (E.37)
The second-order Itd correction is given by
0'2 0'2
dlag)d(oy| = (@ —a)|ar){ar|(a —ah)dt + - (a + a) o) (0@ + ah)at
= o2l o) (ay)a + o%a|oy) (aglatdt. (E.38)
Combining all three contributions, we obtain
1 1
d(|a) o) = o2al|ou)(asla + o%aloy)(asla’ — o (2(@% + aal) o) (ay| + ilat><at|(aTa + aaT)> dt
(0 — ) ) (el JAWF — [+ ) o)l JAW7. (E39)
V2 V2

Taking the expectation with respect to the noise (i.e., averaging over trajectories) yields the Lindblad-
type evolution for the mixed state

1
B (aﬂ,st& + apral — 5{@*& + aal, ﬁt}> , (E.40)
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which is of Lindblad form. This confirms that the coherent-state SDE, when averaged, gives rise to a

valid quantum dynamical semigroup. O

E.2.6 Proof of lemma 6.2

Proof. To prove the identity we compute the following using BCH formula [49]

¢

19[S, N+ (B4)

¢S (54265, — 281 ) e = S+ 268, — (FSy — GilSy. ] +

Explicit evaluation using the commutation relations in (3.3) shows that all higher-order terms vanish,
yielding

o—CtS+ (S_ +268, — gES;) S = G (E42)

Acting on the right side with (1 + [(;|*)~%|s, —s) and eSS+ on the left side of the above equation gives
(5-+268. =284 ) Iy = (141G 765 S |s, —s). (E43)

But S_|s, —s) = 0 by definition, so the identity holds. O

E.2.7 Proof of lemma 6.3

Proof. From Proposition 6.2, we have
(S_ 20,8, — gES;) IC) = 0. (E.44)
Multiplying both sides by (; and rearranging gives
(8-G+1aPS: ) 1o = (676 = lauPS. ) ) (E.45)

Adding S, ¢; to both sides gives

(846 +8-G+1GPS:) 16y = (S +¢aSs — 1S ) 1)

(14 1G1*)CS+1G) — (G282 G)- (E.46)

We use the BCH identity as in Proposition 6.2 on the following expression to get

e 5 (841G — 52)e85 = (845G — 82) — GlS4, 846 — Sul -
= S5.G-8.—GS; =-8.. (E.47)

Acting on (1 + [(;|*)~*|s, —s) on both sides gives
(14 G2 756755 (8¢ — S)estS¢|s, —s) = —(1+ |Gof>) ~*8els, —s). (E.48)
Identifying the structure of (6.29) and using the fact that S.|s, —s) = —s|s, —s) we find that
e (816 = 8)IG) = (1[G s |5, ). (E49)
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Multiplying on both sides by 5+ we find that
(846G = 92)IG) = (S4C — 52)[¢r) = s1¢r)- (E.50)
and this implies that
S1GlG) = (s + S2)|G).- (E.51)
Substituting (E.51) in (E.46) we arrive at the desired result
(846 + 5-G+1GI25)16) = (8= + s +16l) 6 (E52)

This concludes the proof. O

E.2.8 Proof of proposition 6.9

Proof. We apply the complex It6 formula for a vector-valued process |(;) defined by (6.29)

| _ _
d[¢r) = 0¢l¢) dG + 3@ |Ge) dGe + §6§t|4t> (dCt) + 23& |Ct) (dCt)2 + 3<t5§t|ﬁt> d¢ed¢;.  (E.53)

We now compute each derivative term explicitly.

We start by taking the derivative of (6.29) with respect to (; we get

01¢)
Gt

—s(1+[GI?) ™ exp (S1G) |k, k) + (1+ [¢f*) ™ Ss exp (S4G)ls, —s),

= —(L+ ¢ Gexp (S4.G1)Sels, —s) + S41¢h), (E.54)
where we have used the fact that S, |s, —s) = —s|s, —s). We now apply the BCH identity to get
€xp (S+<t)gz €xp (_§+Ct) = Sz + Ct[S’-‘M Sz] = Sz - Ctg—i-- (E'55)

Substituting this in the above equation we obtain

a = O A A ~
(‘|)§i> = (L4 |G 5 1(S. — ¢Sy ) exp (S4Gh)ls, —s) + S|,
Ctgz_ Kt2|‘§+ 4 S++S G
Ay T E.
axic T e = T (E56)

Let us now calculate the derivative of |(;) with respect to ¢

91¢)
¢

—s(L+1Ge?) ™ Gexp (G54 )]s, —s),

= (141G Gexp ((:54) 85, —s), (E.57)
and using the BCH formula as before we obtain

Ol _
¢

G+ 1G> (S — Gy exp (G5, —s) = = %), (E.58)
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Applying the result from Proposition 6.2 in the above equation yields

0G) a8+ 5
R (R, (E:59)

We have now calculated the first derivatives of |(;), we will now use them to calculate the second
derivatives. We start with

PGy 9 [ Sy + 5.
¢ G <<1+|<\ )@)’ (:60)

where we have substituted for aa\g? from (E.56). Using the product rule for differentiation the above

equation becomes

Pl _ 0 (8486 Ma( )
ac? ‘act(<1+|<t|2)>'@>+<1+gt|2>a¢t ) ) (E61)

Applying the result from (E.56) again in the above expression and expanding yields

2G)  —S4G — S.(8)? 8% +8:8.G + S.8:G + S2(Gr)?

= . E.62
oz~ a+gpr 7 (15 1GPP . (62
Using the commutation relation [S, S.] = —S,, we simplify the above equation to obtain
oG (1512 < (69
M ¢t)
Similarly, 3 ©)z can be calculated to be
(Ct) (1 +1G[%)? v '
Finally, we can calculate g;'gg as follows:
0(Gr) 9 9 (CtS +5_ )
= . E.65
06oG ~ a6 o6 ) = Tag \ e (6

Using the product rule and expanding the expression we get

0%¢)  —GS.5. =GS-S, — S-Sy — G282 + |G*S. + GS- — S.(1+1¢)?)

L — Ce)s E.66
0GG (14 [G:[2)? o (B60)
and using the commutation relations in (3.3) we get
2 - o - _ _ 2
IG) _ S_Sy — 5.8 — 205,85, — 2G:S.5- — 2|¢[2S? 1) (E.67)
G OG 2(1+1G?)?
Applying the result from Lemma 6.3, (E.67) becomes
02 ~5_8; — 8,8 —252 — 255, (1 +|¢[?
’Ct> o + + z S ( Kt’ ) ’Ct> (E68)

9GOG 2(1 +[¢e[*)?
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Combining all derivative terms in the It6 expansion, we obtain the desired stochastic differential equa-

tion for |(;)

dlc,) ((S-F + gZ&t)Kt))dg B <(S_ + SZCt)Ct>>dEt

(1 +1¢l?) (1+¢%)
1(5‘3 + 254 8.6 — 5:(G)* + S2(G)?
(1 +[Ge]?)?
1/82 + QS'_S'ZQ + 5}(@)2 + 5’3(4})2
( (1 +]¢[*)?
~1(8_8; +5.5_ + 252 259,
2( A+IGP? T a+1aP)

Substituting (6.31) into (E.69), we obtain the SDE for the coherent state process |(;)

_l’_

) ) (€6

[\

+

) (0G)?

[\

> (d¢)(dGy)- (E.69)

2

alg) = —Z (5284 + 8,5 + 282+ 268,01+ 161 |G e
SiG—S-¢ i(S4G + S-G) + 21| S,
o +Ct Ct the ‘<t> — 0 1( +Ct Ct) 1|Ct| th¢ ’Ct) (E70)
2|Gt| 2|G|
and this concludes the proof of the Proposition. O

E.2.9 Proof of proposition 6.14

Proof. We compute the It6 differential of the rank-one projector p; = |(;)((| using Itd’s product rule:

dpy = d[Ce) (G| + |Ge)d(Ce| + d[ ) (el (E.71)

Using the relation from Lemma 6.3 and simplifying

o?s(14¢]?)

o? . N N N -
a(lGDd(e) = (2<S+|ct><<ts_+s_\g><ct|s+>+ D1
o%s .2 . . .
+“‘;'C')|ct><ct\sz+o—252\ct><g|sz>dt. (B72)

Next, we compute the drift parts of d|¢)(¢;| and |(;)d(¢¢|, which are Hermitian conjugates. From
(6.38), we extract the drift part of d|¢;) and simplify.

d(|¢)) (| is calculated to be

~1/85.S; +5,5_ +282 255, 2(1 2)2
deial = Sr(EEEEAE BB g, A ) g
o(Pr Jamtiantal o (MG 4 B Jantia . 87
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and finally |(;)d((¢;|) is calculated to be

S_S, +5.5_ +25? 2585, 2(1 2)2
e = fotal5 (R 2 e D)
_ SiG— 5S-G 0 i(S4¢e + S-G) 2i|Ct|2§z> é
olael (45 awp + ol (4t L Yaw. e

Adding all three contributions we obtain

27 . R R R R R 1 A A .
Ao = % [S1GHGIS- + 5-1)@IS. + 281G IS — 5 (S-Seloal + Se-16) + 28216} G

G158 + [GHGIS LS. + r¢t><<t|252)} dt — o1¢) (G (W)dwf

S+<t—S_<t> ’ - <i<S+<t+S_<t> 2i\<t!2sp> 5
oS )awdlanel - o (LS HEEE Yawig g
(5,6 +8.3) 2G2S,
+0Ct><Ct|<l( *%Et Gt) 21’2C|t<|t| )thd), (E.75)

Taking the expectation, the terms linear in the Brownian motion dW; vanish. The remaining drift

terms yield

pr+ S2p+ piS2 + pr (E.76)

Q
[\V)
N
_EQ>
CQ>
IO)>
+

S5 S8,
5 + i 5 )

~

Rewriting in the standard Lindblad form, we recognize three effective jump operators L; = %7 Ly =

Ls=25,. Alternatively in terms of Sx, Sy, S, the equation can be written as

\f

djn

dt = o? (Smﬁtgx + Syﬁts’y + szﬁt*éz)

2
- (S2Pt + S2pi+ S2py + S+ piSE + PtS2> (BE.77)

E.2.10 Proof of lemma 6.4
Proof. To prove the identity we compute the following using BCH formula [49]
N R . ) R R R . 2
e Xeir (K_ — 2 K, + X?m) Xt = K — 2K, + X{Ky — xu[K, -]+ %[m, [Ky,-]]+--(E78)

Explicit evaluation using the commutation relations in (5.7) shows that all higher-order terms vanish,

yielding
e XK+ (IA(, — 2K + Xt2f(+) XKy — (E.79)
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Acting on the right side with (1 — |x;|?)¥|k, k) and eXtK+ on the left side of the above equation gives
(K- =20k 4 3R ) ) = (1= ) Kk, ). (E:80)
But K_|k, k) = 0 by definition, so the identity holds. O
E.2.11 Proof of lemma 6.5
Proof. From Proposition 6.2, we have
(k——2xdir%xﬁ30\m>=0- (E.81)
Multiplying both sides by x; and rearranging gives
(B-xe = palK. ) o) = (= ek + K- ) bo). (E82)
Adding K +xt to both sides gives

(K+Xt + fﬂf(t + |Xt’2f(z) Ixt) = (K+Xt — X?)th(+ + |Xt|2ffz> Ix¢)
= (1=K lxe) + el Kzlxe)- (E.83)

We use the BCH identity as in Proposition 6.4 on the following expression to get

e XKy — Ko)e X B+ = (Kixy — K,) — xal Ky, Koxe — Ko 4
= Kyxi— K. — Ky =—-K.. (E.84)

Acting on (1 + |x¢|?)¥|k, k) on both sides gives
(1= PaFe ¥ Ke (B yxg — o)Xt Kok, k) = —(1— x| K.k, k). (E.85)
Identifying the structure of (6.62) and using the fact that K |k, k) = k|k, k) we find that
K (K = Ko)a) = (1= Pl [k, £). (E86)
Multiplying on both sides by XK+ we find that
(K—O—Xt - f(z)\xﬁ = (K—O—Xt - IA{z)\XQ = —klx)- (E.87)

and this implies that Koxilxe) = (—k+K.)|xe). Substituting (E.2.11) in (E.83) we arrive at the desired

result

(R+Xt + R—Xt - |Xt’2f(z)‘Xt> = (Kz — k(1 - ’Xt’2)> Ixt)- (E.88)

This concludes the proof. O

E.2.12 Proof of proposition 6.15
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Proof. This SDE captures the infinitesimal evolution of the quantum state along stochastic trajectories
on the hyperbolic phase space. The derivation proceeds analogously to the SU(2) case and can be
obtained by applying complex It6 calculus to the nonlinear map x: — |x:), using the same tools, the
Baker-Campbell-Hausdorff (BCH) expansion, commutation relations from su(1, 1), and the identities
satisfied by the coherent states, Lemmas 6.4,6.5.

Applying It6’s lemma for the coherent state process |x;) we have

82‘Xt>
(X¢)?

Similar to the SU(2) case we calculate the derivatives of the coherent state |x;) with respect to x:, X;

8‘Xt> 8’Xt> _
dy: + —=dx, +
£ Xt %, Xt

}82‘%)
2 0x}

82
@)t + 20 g ax,. (E.89)

dy)? +
(dxt) OxtOX;

N |

d\Xt> =

and subsequently higher order derivatives to complete the proof. We have the following results for

the derivatives

dIxt) _ K+ - Kz)Zt|Xt>
oxt (1= Ixel>) ™"
a’Xt> _ (X%K-‘r - Xth)‘ >
oxt 1 —|x¢|? Xt
i) | K} —2K K.y, + K2(x,)? — K’z@)ﬂ >
oy (1 e)? X
0% xt) K2 —2K_K.xi + K2(x1)? + K. (xt)?
o) 0= TaP)? bxe)
9% xt) _ ~K_ K — K,K_+2K.Ky + 2y, K. K_ — 2’Xt‘2f(22| ) (E.90)
XX 2(1— [e]?)? e '

Substituting the derivatives in the expression for the It6 expansion of the coherent state we arrive at

the result in the proposition

dher = <(K?1_—§§i3)>|Xt>>dXt_ ((K_(l_—%?)m))d’“
% <K3 — 2K+Kzgt_—i;(;<‘;)2 + K2(x)? \xd) (dx)?
% <K2 - 2K_Kz(>itj§§)x;)2 + K2 (xt)’ |Xt>> (dx,)?
2 (T e @ (B2
and this concludes the proof. O

E.2.13 Proof of proposition 6.20

Proof. We apply 1t6’s lemma to d(|x¢){x¢|),

d(lxe) (xel) = dlxe)) Ocel + D) d({xel) + d(Oce)d(Ixe)) (E.92)
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Similar to the SU(2) case we find the Itd correction term to be

o2 . . . R o2 — |2
d((xeDd(lxe)) = 2(K+]Xt><xt\K_+K_]Xt><xt\[(+)+k(12>m

a2k(1 — |xe|? . . .
f TR ) e o2 ol (£93)

Kz’Xt><Xt\

Similarly the drift terms, d(|x:)) (x|, is calculated to be

d(xe) (xel =

1 /K K, +K,K_—2K? 2kK o2(1 — |xe|?)?
< + + i z 22>dt ( | t|) |Xt><Xt|
2 (1 —Ixel*) (1= [x¢/?) 2
Kixi— K v
+o(”“ Xt)dwfrxmxt\
2|Xt|
_J<1(K+Xt+K—>Zt) 21 x| K

- 2 )awy . E.94
L Xt (E94)

and finally |x;)d({x|) is calculated to be

-1 (K- K++K+K —2K2 2kK., > o2(1— |x|?)?
d = + dt
K+Xt—f(>2t> 9
—0 — == |dW,
)l (S Jawg
(Kixi +K_x1)  2if*K.
+0—’Xt><xt|< ( +Xt Xt) o ‘Xt‘ )thgf) (E95)
2[ x| 2| x|
Combining (E.93, E.94, E.95) we obtain
o[ . S S S S S
d(lxe)(xel) = 2[K+|Xt><Xt’K—+K—|Xt><Xt\K+—2Kz|Xt><Xth

1/ . . L .
5 (B bl + B4Rl = 28210

o) Ol KK+ Peah el R K- — xt><><t|2K3)] at — o) (el (M)dwf

2| x|

Kixi — K_x i(Koxe+ K xi)  2ix)?K

+G< +X;|X| Xt>th9|Xt><Xt\—U(( +Xt Xt)_ Xt K
t

2|th Q\Xt‘

)dwt¢\xt><xt|

i(Kaxa + K_xi) Zi\xt\Q&) (1= el 470
+o — dWw;". E.96)
ol (5 2hal ) Bl (
Taking the expectation value of the above equation yields the desired result
dpy K. K_ K_ K+ o K.K_. K_K, 5.
— = — - K. K. | — = ~ K2
o’ K.K_. KK
— | —p K2+ pr— + Pt . (E97)
2 2 2
O
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Appendix F

Relativistic phase-space measurement and
related derivations

This appendix contains detailed proofs of the propositions, lemmas, and technical results stated in
Chapter 7. These proofs provide the rigorous foundation for the analysis of relativistic extensions of

measurement-induced dynamics.

F.1 Proofs of technical results

F.1.1 Proof of proposition 7.2

Proof. Let ¥ € L>"(I't). Then applying the forward and inverse transforms in succession yields:

U(z) = (B~ o B)(¥)(2) = / A(q, 2) (By)(q) dvy. (E1)

o) = [ Aad

= [ |/ A(q,z>A<q,w>dvq] b (F2)
r ce
Let us now define I(z%) to be
16 =55 [ megrew (4 )pan ar (E3)
ST ce (—iz¢z.)% P 2bz DT Ga) < ’

Substituting for )(¢) in the above equation we have

! 1 1gaz" 1 igqw® 4. \2
I = o g exp (- (w) i, dg”,
=) 870 /c (—izoz)d P ( bz > [/m (Ciwew )t P ( QI}-f’U_)f> (w) dp }(q 9a)” dg

<
1 1 1gaw”  igq2 d_ N2
= — dg¢® | W Aty F4
/1;_‘_ (_iwewe)ll (—iZCZc)4 |:/_?_ exp ( wfwf + szb )(q Qd) q (’U)) H ( )
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Let

mi=— 0 (F.5)

2bzy,  wCw,’

then we have

1 =5 [ o ! 4[ [ e ) aan)? g | () (F6)

— 11010 )4 (—ixcC
iwewe)* (—iz¢zc) o
Let us now calculate the integral inside the square brackets. We define
Q(m) = /c _exp (gam®)(¢%qa)” dg”. (E7)
+
We now switch to spherical polar coordinates for the spatial components, defining R? = (¢')2+(¢?)?+
(¢%)?, and express the spatial part in terms of the radial coordinate R and angular variables such as 6,

via ¢' = Rn'(0, p), where i = 1,2, 3. The time component ¢° remains unchanged. The above integral

now becomes
Qm) = /O exp (¢°m?)
s 2m
X / / / exp (—mRcos(0))((¢°)? — R*)?R*sin(9) dRdAAdodq®.  (F.8)
R<q® Jo=0Jp=0
Evaluating the integral for ¢ we obtain

Q(m) = 27r/oooexp(q0m0)
X/R 0/;0 exp (—mRcos(9))((¢")* — R*)*R?sin(f) dR d6 dq". (F.9)

Using the fact

% <]§ exp (—RE cos(@))) = exp (—RE cos(6)) R? sin(6). (F.10)

we evaluate the integral for 6 to obtain

oo
2 0.0

Q(m) = — [ exp(gm)
m Jo

X / [ ((q0)4R + R’ — 2(q0)2R3) exp (—mR cos6) dRdq°. (E11)
R<qY =0

Substituting the limits we obtain

o
2T 0.0

Q(m) = — [ exp(¢g'm’)
m Jo

0

X /q ((@")'R+ R° —2(¢")*R?) (exp (mR) — exp (—mR)) dRdq". (F.12)
R=0
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We will now evaluate the integral for R to get

Q(m) =

2 /OOO exp (¢°m’) [(q0)5(eXp (mg°) +exp (=mq°®)) _ (¢°)*(exp (mg”) — exp (=mq"))

m2 m2.-m

+q0(m4(q0)4 + 20m?(¢°)? + 120))(exp (mq°) + exp (—mq"))

mG
(5(¢%)°m* + 12m?(¢°)* + 24) (exp (mq°) — exp (—mq"))
mb-m
2(¢°)2(m*(¢") + 6) (exp (mq°) + exp (—mq"))
m4
L 6@ (m?(d") + 2)7(2?7(7177%(10) — exp (mqo))] 4.

and finally evaluating the integral for ¢° gives

o = 2 (s ~ o) ot (s * )

+120 1 n 1 n 120 1 1
mS \ (m9+m)2  (mY—m)?2 mS.m \ (m®+m)  (m®—m)

15367 15367

(07 =)~ ()™

where we used the fact

4
do

0O4R RS 2¢°R3 i ;
<<(q ) 4= q) (echos(G))> _ ((qO)Q o RZ)QG—chos(G)RQ sin(@).

m m m

Substituting the result for ()(m) into the integral for I(2%) we get

192 1 1 1
4

I(z%) = 7 ditw.

7 Jre (—iwbwy)? (—izbzp)* (mmy)

We will now expand m®m,, as follows:

o 2% w® Zq Wq,
mmg = — — —— )
2bzy W, bz, W,
(% = @) (20 — Wa)
(wbwp) (2¢2¢) '
Substituting for m®m, in the integral for /(2) we obtain
192 1 1 1
I(z*) = — v dft,
(Z ) 7T4 r+ (—iZbe)4 (—i’ll_)b’lf)b)4 |:_ ((Za—’lfla)(za—wa)>4:| (w) W
(wbwp) (2¢2¢)
192
= o Tt gy Y
= U(z)
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F.1.2 Proof of proposition 7.3

Proof. Consider an arbitrary function ¢ € L?*(C3). Then applying the inverse Bargmann transform
followed by the forward transform yields:

#(q) = (BoB™") d(q) —/A(q7 z) / Al 2) ¢(q')dvq'] dgez. (F.19)
r cs
Interchanging the order of integration gives:
o = [ | [ Ao T | o) avy. (E20)
cg LJr+

Since this must hold for all ¢, the integral kernel in brackets acts as the identity on L? (C2). Therefore,
it must be the delta distribution

Alq,2) A(¢, 2) dp. = 69 (g — o). (F21)
T+
Let us define J(q) to be
_ 1 iqafa a
J(q) = /F+ EEAL exp ( = >\Il(z ) dpss. (F22)

Substituting for the Bargmann tranform we get

e = 2 L (9
V= g r+ (—izvz)4 P\ T3,
1 ipa 2 2
(isbs )4 b “pa)” dp® |, E23
% [/Ci (izbz)t O ( 22 )WP)(p Pa)” dp ] (F.23)
and rearranging the terms yields
1 1 1 ipez®  1g.z“ )
) = g5 - dp. “pa)® dp® (F24
(9) 87 Jes [/H (Cizea)t (i)t &P < o 2b2b> I ]w(p)(p pa)”dp” (F.24)

Let us now examine the integral appearing inside the square brackets. To facilitate its evaluation, we

perform a change of variables via the Kelvin transform, defined by

a

a Y

2% = . E.25
Ypy® (F2)
Under this transformation, the measure transforms as
dﬂz = YY) d,uy = (Zbib)4(2a2a)4d,uy. (F26)
(ypy)® (Yey©)
The integral is now written as
1 . a . _—a a 2 a
J() = = exp (ipay® — 1¢ay”) dpiy | ¥(p) (p*pa)” dp®. (F.27)
8 Ci T+

If 2¢ = 2% — ir?, with 7% > 0 and r%, > 0, then applying the Kelvin transform has the effect of
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negating the time component r0. More precisely, if

a

a z

Cozby)’

(F.28)

then one obtains y* = m® —in® withn® <0 and n%n, > 0. Hence, the Kelvin transform maps the
Y p

future tube to the past tube, inverting the sign of the imaginary time coordinate.

Substituting for ¢ in terms of m®, n%, the inner integral can now be evaluated as follows:
grory &

/ exp (igey” — ipay®) dpy = / exp (ige(m® —in®) — ipe(m® + in%)) d*md*n,
T+ T+
= (2m)*W(¢" - p) / exp (n*(a + pa)) d*n
ce

where we have used the fact that
[ o ame = 250 - ),
R4

where 5 is a four dimensional delta function.

Let us introduce the vector £% = ¢ + p?, with its spatial norm defined as £¢2 = (£1)? + (£2)2
p

and similarly R% = (n')? + (n?)? + (n%)2. We now consider the four-dimensional integral

[ ewmre)dtn = [ exp@e —nl¢ - w2 - ) dtn,
ce

ce

which in spherical coordinates can be written as
/ exp (n&g) d*n = / exp (nofo)
ce n0=0
T 27
X / / / exp (—RéE cos(0))R% sin(0) AR df d¢ dn®.
R<n0 Jo=0 J¢p=0
Evaluating the integral for ¢ gives

/ exp (n%,)dn = 2r / exp (n°¢0)
ce n0=0
n0 27
X / / exp (—RE cos(0))R?sin(#) dR df dn®.
nl=0J6=0
Using the fact

% (? exp (—RE cos(e))> _ exp (= RE cos(8))R? sin(6).

we evaluate the integral for 6 to obtain

/63 exp (n%,)d*n = 2r /n(): exp (n°€%) /R<n0 [? exp (—RE cos(6)) ;de dn?,
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(F.30)

+ (£%)?,

(F.31)

(F.32)

(F.33)

(F.34)

(F.35)



and on substituting the limits we get

0

/ exp (n%,) din = 2r /_OO exp (n%¢%) /n E(exp (RE) — exp (—RE))dRdn®.
ce 3

n9=0 R=0

Now evaluating the integral for R yields

@ in = - 0¢0 iex n®) — exp (—&n?
[ ewereyan = o [ eXp(n£)< (exp (€n) — exp (~£n?))
0

0—o &
+%(exp (€n°) + exp (—fno))> dn’,

and finally evaluating the integral for n° gives

a 4, i 1 _ 1 i 1 1
/cgexp<" o) din =20 <53 hwf 50—5] +52[(50+5)2 N <£O—£>2D‘

Substituting the limits and simplifying yields

or (B o+ SO,

£ (02— (€2 T e (02— (&)
&1
(€2

From all the earlier calculations, we have derived the following result

[ wrstn -
ce

8
.aa_.a,a d — ) 45(4) a __ a
/F+ exp (1qay” — ipay™) dpty (2m)* 0" (¢" —p )(qc+pc)2(qc+pc)2’

1287°5( (g% — p®)
((q¢ +p°)(ge +pe))?

So the Integral for J(q) is evaluated to give

1 1287°6™) (¢ — p%) i 2w
e = o /Ci o s ) 00

= ¥(q),

and this completes the proof.

F.1.3 Proof of proposition 7.5

(F.36)

(F.37)

(F.38)

(F.39)

(F.40)

(F.41)

Proof. On the future tube I'", let the initial density kernel be denoted by R(z,z). A nonselective
phase-space measurement, performed by projecting onto coherent states but without recording the

outcome, updates the density operator as

K(u,z) K(z,0)

R (u.7) =
(u’v) T+ K(Z,Z)

R(z,z)dps.
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Now, express R(z, Z) using the inverse Bargmann transform

R(z,Z) // p(q,q") A(d, z) dyg dugy. (F43)
o XCO

Substituting this into R(}), we obtain

RO (u,5) = [ B2 K(z0) [// p(q,q") Alg, 2) dvg duy | dps. (F.44)
r+ $xCe

Next, apply the forward Bargmann transform to map this back to the light-cone representation:
pD(a.q) = // A(g,w) R (u,0) A(¢,0) dpru dpto. (E45)
I+xI+

Substituting the R(!) expression gives

PVNa.d) = //MHA(‘I’a)

K(u,2) K(2,7) - N A
= (//Cixci A(p,z) p(p.p') A(p', 2) duy duy) duz]

X A(q', ) Ay, dpty. (F46)

X

Consider now the inner v and v integrals. Using the reproducing property of the Bergman kernel, we
have

- K(u,z) A(q, ) dpu = A(g, 2) (F47)

and

- K(zv ’D) A(q,7 U) dpy = A(qla 2) (F48)

Hence, the bracket simplifies to

M) (g, q') = / / )
TxCY

Since K (z, Z) is strictly positive, one may absorb it into a redefinition of the measure if desired. This

/ A(Qa 2) A(Q’az)A(p/,Z)m d/Jz p(p p/) dl/p de" (F49)
T+

K(z,2)

completes the transformation of the iterative phase-space measurement back to the light-cone density

matrix picture.

We will now evaluate the inner integral

I— / Alg,2) A(d', D) AW, ) Alp, 2)
r+

) Ldps (F.50)

Substituting for the explicit form of the Bargmann transform and the reproducing kernel on the future
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tube I't, the above equation becomes

—igez® _ iphZ® ipaz® 1qa )

1 eXp ( ~bx bz b
[ / zbz, z°z 2’zp 2Pzp dpu (F.51)
o \8/=d= 8 102 =
r+ (22¢)8(29%4) T (ge; (2o—20) (T 1))

Now making the substituting 2% = w— wh1ch corresponds to the Kelvin transform on the future

wC/
tube, the measure transforms as du, = wgwg dp, where w? = w%w,. Hence, the integral above
becomes
;o / w0 exp (w”(ipa +igs) — (g +ipp)) 1,
- 192w @8 8,8 CHws
_ wdw
7 (gea(we—we) (wi—wd))t
4
T . . _ _
= 1oy [ &P (Pa+ ;) — 1w (g0 + L)) gea(w’ — @) (w! — @) dpyy. (F52)
.-

Now let w* = m® + in%, where n° > 0 and nn, > 0. We have

= 19 //eXp im®(qg + Pa — da — P,))
x exp (—n®*(pl, + pa + ¢, + qa))(—4n nc) dm®dn®. (E.53)
By letting
o = Qa + Pa + Py + s (F.54)

and evaluating the integral for m® we obtain

_ @2m)tam)

92 (¢, + Pa — Ga — D) /exp (—naﬁa)(ncnc)4 dn®. (F.55)

The integral over the spatial components of n® can be conveniently evaluated using spherical coordi-
nates. Let

n® = (n')? + (n?)* + (n°)? = R?, (F.56)

where R denotes the spatial norm of the three-vector formed by the spatial parts of n®. In spherical
polar coordinates, the components are parametrised as

n' = Rsinfcos¢, n?= Rsinfsing, n®= Rcosb, (E.57)
with § € [0, 7] and ¢ € [0, 27). The measure in these coordinates becomes
d®n = R?sin dRd0 d¢, (E.58)

and the standard integration over the solid angle yields a factor of 47. This representation simplifies
the evaluation of integrals that depend only on n? by reducing them to a radial integral in R. From
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the change of variables into spherical coordinates we get
1) = [exp(-ne)mn)tan = [ / | / exp (%" + B¢ cos(6))
n9=0 J R=0 Jo=0 J =0
x((n%)? — R*)* R? sin(#) dn® dR d6 do, (E.59)

Evaluating the integral for ¢ gives

J€) = 2n / " exp (—n%%?)

0—=0

X /n / exp (RE cos(6)) (n°)? — R2)* R sin(8) df AR dn’, (F.60)
—0Jo=0

Now evaluating the integral for 6 gives

oo nO 3
JE) = or / exp (—n€) / (") — R2)'R? [QSmh(’ER)} dR dn’,
n0=0 R=0 ER
oo T'LO
_ An exp (—n%€Y%) / ((n®)? — R?)* Rsinh(¢R) dR dn®, (F.61)
§ n9=0 R=0
and evaluating the integral for R gives

4 384
J(€) = § 0o eXp(—noﬁo)gTo

x (€n2(945 4 105(n°6)? + (6n°)1) cosh(€n®) — 15(63 + 28((€n°)? + (£n°)1)) sinh(£n)) dn®, (F.62)
Finally evaluating the integral for n° gives

384 x 4 x 715 x 2566 384 x 4 x 15 x 256 X
S8 (£9€a)° (£9€a)°

Substituting this result in the integral I, we get

J(€) =

(F.63)

I— 2111571'(277)4(477)4 5(4) ((le + Do — Ga — p;) (F 64)
(g + p° + ' + ¢°)(ge + pe + . + )¢ '

Substituting the result for I in the integral for the coherent-state POVM measurement we get

p(p,p") dvyduy,. (F.65)

//2111577 (27)4(4m)* 6 (¢, + pa — P — ¢a)
o Jeo ((q°+p°+p°+q°)(qe + pe + Pl + ¢.))°

Evaluating the integral for p’ yields

119 /
W, o 2w )15/ po.pt+d —a) F66
P (Q7Q) 87‘(’5 ((pc_’_q/c)(pc_’_qé))ﬁ VP' ( . )

By making the substitution p — ¢ = A, we get the desired result

(A" + ¢ (Ag + ga))* A (F.67)

) 15 x 2° pA+ g, A+ )
g ((

/
(4:¢) = — ¢+ 2+ ) Ne + e+ ¢1))°

252



	Introduction
	Motivation and context
	States and observables
	The density matrix formalism
	The Lüders rule

	Generalised measurements and POVMs
	Coherent states and phase-space methods
	Scope and outline of the thesis

	Phase-Space measurement and decoherence for quantum systems on the real line
	Introduction
	The physical system: quantum harmonic oscillator
	Canonical coherent states and phase space
	Coherent-state POVMs and iterative phase-space measurement
	Phase-space picture of decoherence
	Dynamical unravelling of phase-space measurement
	Discussion and conclusion

	Phase-space measurement and decoherence in SU(2) quantum systems
	Introduction
	SU(2) coherent states
	Coherent-state POVM measurement
	Coherent-state POVM measurement on the phase space
	Lindblad dynamics for the density matrix
	Dynamical unravelling on phase space
	Onset of classicality
	Negativity and lower bounds of quasi-probability distributions

	Discussion and conclusion

	Tomographic measurement and its dynamical unravelling for SU(N) quantum systems
	Introduction
	SU(N) group and its Lie algebra
	Tomographic POVM measurement
	Tomographic measurement on phase space
	Dynamical unravelling
	Discussion and conclusion

	Phase-Space measurement and decoherence in SU(1,1) quantum systems
	Introduction
	SU(1,1) coherent states
	Coherent-state POVM measurement
	Coherent-state POVM measurement on phase-space
	Dynamical model for phase-space POVM measurement
	Husimi representation of the dynamical equation
	Solving the hyperbolic heat equation
	Onset of classicality

	Discussion and conclusion

	Stochastic unravelling of decoherence on phase space
	Introduction
	Mathematical background
	Stochastic Schrödinger dynamics
	Density matrix and the Lindblad equation

	Continuous phase-space measurement and stochastic unravelling
	Stochastic evolution of canonical coherent states
	Martingale structure of the observables
	Coherent-state reduction and entropy functionals
	Lindblad-type evolution for the density matrix

	Stochastic dynamics on the Bloch sphere: The case of SU(2)
	Stochastic evolution of SU(2) coherent states
	Martingale structure of SU(2) observables
	Coherent-state reduction and information flow
	Lindblad-type evolution for the SU(2) density matrix

	Stochastic dynamics on the hyperbolic plane: The case of SU(1,1)
	Stochastic evolution of SU(1,1) coherent states
	Martingale structure of SU(1,1) observables
	Coherent-state reduction, entropy process and information flow
	Lindblad-type evolution for the SU(1,1) density matrix

	Discussion and conclusion

	Phase-space measurement in relativistic quantum mechanics
	Introduction
	Phase space in relativistic classical mechanics
	Geometry of the future tube
	Phase space in relativistic quantum mechanics
	Space-time transformations on the future tube
	Quantum states on the future tube
	Coherent states on the future tube

	Bargmann transform
	Square-integrable functions on the interior of the light cone
	The Bargmann transform

	Coherent states on the interior of the forward light cone
	Conformal group and its generators
	Action of conformal generators on coherent states
	Quantum dynamics on the interior of the light cone
	Phase-space measurements via POVMs
	Discussion and conclusion

	Discussion, conclusion and future work
	Iterative POVMs vs Lindblad dynamics
	Hierarchy of phase-space distributions
	Lindblad dynamics vs stochastic descriptions
	Relativistic phase-space measurement and decoherence
	Towards a generalised framework
	Perelomov coherent states
	POVMs from generalised coherent states and Lindblad dynamics
	Connection to Lindblad dynamics
	Stochastic unravelling of coherent-state diffusions


	Phase-space measurement in Fock-Segal-Bargmann representation
	Fock-Segal-Bargmann representation
	General POVM measurement
	Phase-space measurement
	Dynamical unravelling of the phase-space measurement

	Solving Lindblad equations for phase-space distributions for the Heisenberg-Weyl case
	Mathematical preliminaries
	Moyal product and Lindblad operators
	Fourier transform on the real line
	Transforms on the phase space

	Double Fourier transform
	Lindblad equation for the free particle Hamiltonian
	Solving the Lindblad equation in Wigner representation
	Solving the Lindblad equation in the Husimi representation

	Lindblad equation for the harmonic oscillator
	Solving the Lindblad equation in Wigner representation
	Solving the Lindblad equation in the Husimi representation


	Spherical harmonics, Husimi representation and other derivations
	Harmonic analysis on S2
	Proofs of technical results
	Proof of lemma 3.2
	Proof of proposition 3.3
	Proof of proposition 3.4

	Coherent state POVM in |s, m basis
	Lindblad dynamics for the density matrix in |s,m basis

	Hyperbolic harmonics, Husimi representation and other derivations
	Harmonic analysis on the hyperbolic plane
	Proofs of technical results
	Proof of proposition 5.1
	Proof of proposition 5.2
	Asymptotic limits of k()
	SU(1,1)-covariance of Lindblad generators
	Deriving the heat equation and its solution


	Stochastic processes, unravellings and other derivations
	Mathematical background
	Proofs of technical results
	Proof of lemma 6.1
	Proof of proposition 6.1
	Proof of proposition 6.2
	Proof of proposition 6.6
	Proof of proposition 6.7
	Proof of lemma 6.2
	Proof of lemma 6.3
	Proof of proposition 6.9
	Proof of proposition 6.14
	Proof of lemma 6.4
	Proof of lemma 6.5
	Proof of proposition 6.15
	Proof of proposition 6.20


	Relativistic phase-space measurement and related derivations
	Proofs of technical results
	Proof of proposition 7.2
	Proof of proposition 7.3
	Proof of proposition 7.5



