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ABSTRACT

Measurements and calculations of the pressure and velocity 

characteristics of a two-dimensional separating boundary layer and 

its downstream wake are presented and compared. A combination of 

impact, hot-wire and flying hot-wire probes has been used to 

quantify the flow in the vicinity of a trailing flap whose angle 

of incidence results in turbulent boundary-!ayer separation, a large 

region of recirculating flow and a curved downstream wake. A flying 

hot-wire arrangement has been developed for the measurement of velocity 

characteristics in the region where negative values of instantaneous 

velocity occur; the mechanism and signal processing equations are 

described and appraised by comparing stationary and flying wire 

measurements. The results indicate that the effects of streamline 

curvature are important in the boundary-layer and separated flow 

regions, and that the inviscid-viscous interaction is strong near 

separation. The dominant feature of the separated region is the shear 

layer associated with the streamline dividing forward and reverse flow 

where generation of and transport by turbulence are large and solution 

of the cross-stream momentum equation is required.

The calculated results were obtained by numerically solving time- 

averaged transport equations in their potential, boundary-layer and 

elliptic forms. The Laplace equations for potential flow were solved, 

in finite-difference form, to obtain the co-ordinates of 
the intersections of iso-velocity potential and iso-stream 

function lines; the potential velocity and pressure 
distribution were subsequently obtained and used as 
boundary conditions for a finite-difference solution of the 

boundary-layer equations with a turbulence model based on 
transport equations for the Reynolds stresses. A 
two-dimensional form of the Reynolds-averaged
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equations was solved using a two-equation turbulence model on an 

orthgonal curvilinear mesh obtained from the potential-flow solution. 

The general flow patterns are in close accord with measurements in 

some regions of the flow. In others, including the near-wall region 

and near wake, significant discrepancies exist and the influences of 

numerical features are quantified to separate errors due to numerical, 

turbulence-model and wall-function assumptions.

«

*



ACKNOWLEDGEMENTS

I am most grateful to Professor J.H. Whitelaw whose supervision, 

insight, criticisms and counsel were fundamental to the prosperous 

execution of this research.

I am glad to acknowledge support from the Ministry of Defence, 

and am grateful to Mr. K.G. Winter and Dr. B.R. Williams of the Royal 

Aircraft Establishment and Mr. D.J. Butter of British Aerospace for 

their very useful advice.

Professor M.M. Ribeiro, of the Institute Superior Technico in 

Lisbon, who was responsible for the initial design of the flying-wire 

and Messrs. J.R. Laker and 0. Vis contributed greatly to development 

of its mechanical and electrical hardware. Mr. D. Adair assisted me 

in the laboratory phase of the flying-wire measurements. I am very 

pleased to acknowledge their contributions.

I also wish to express my thanks to my colleagues as follows:

Dr. J.J. McGuirk, who gave generously of his time and knowledge, for 

advice in many discussion on calculations; Dr. A.D. Gosman and 

Dr. P.S. Harvey for support and encouragement with the calculations 

in orthogonal curvilinear co-ordinates; Dr. M.M. Gibson and Mr. B.A. Youni 

for assistance with the boundary-layer calculations; Dr. A.M.K.P. Taylor, 

Dr. N.S. Vlachos, Dr. W.P. Jones and Dr. R.I. Issa for many interesting 

and informative discussions; and, Dr. J.B. Medley, Dr. A.B. Strong 

and Dr. G.D. Raithby of the University of Waterloo, Canada.

The support of the technical staff of Imperial College was 

essential to the experimental research program: Messrs. N. Frost,

M. Roper, F. King and the late R. Church were particularly helpful.

I wish to thank Ms. C. Maxwell, Mr. F. King and Mr. A. Craig for 

assistance in the preparation of this text.

Finally, I deeply appreciate the love and support of my wife,

Juliet, and my parents.



V

TABLE OF CONTENTS

• ABSTRACT ii
ACKNOWLEDGEMENTS iv

LIST OF TABLES vii
LIST OF FIGURES ix

•
CHAPTER 1 THETIC INTRODUCTION 1

1.1 Objectives 3

1.2 Review of Related Work 4
« 1.3 Present Contribution 18

CHAPTER 2 EXPERIMENTAL TECHNIQUES 41

2.1 Flow visualization 41

# 2.2 Pressure Measurements 47

2.3 Hot-Wire Anemometry 56

2.4 Flying Hot-Wire Anemometry 69

♦
2.5 Summary 81

Appendix 2.A Approximate Hot-Wire Response Equations 113

CHAPTER 3 EXPERIMENTAL INVESTIGATION 121

3.1 Description of the Flow Configuration 122
• 3.2 Mean Flow Results 127

3.3 Turbulence Results 135

3.4 Discussion 145

• 3.5 Concluding Remarks 156



VI

CHAPTER 4

4.1

4.2

4.3

4.4

4.5

4.6

CHAPTER 5

5.1

5.2

5.3

5.4

CHAPTER 6

NOMENCLATURE

REFERENCES

CONSERVATION EQUATIONS, TURBULENCE MODELS AND 

CALCULATION PROCEDURES 

Transport Equations and Turbulence Models 

Inviscid Flow Calculation Procedure 

Viscous-Inviscid Interactive Calculation Procedure 

Procedure for Solving Elliptic Transport Equations 

in Orthogonal Curvilinear Co-ordinates 

Viscous Flow Boundary Conditions 

Summary

COMPUTATIONAL INVESTIGATIONS AND COMPARISONS 

WITH EXPERIMENTAL RESULTS 

Inviscid Flow

Boundary-Layer Flow and the Viscous-Inviscid 

Interaction

Separated and Wake Flow 

Discussion and Conclusions 

CLOSURE

Page

207
208 
227 
242

256

283
294

314
315

320

329
342
369

383

391

t



- vii -

«

♦

TABLE

NUMBER

1.1

1.2

1 . 3
1 .4

2.1
2.2
2 . 3
2 . 4

2 .5
2.6
3.1
3 . 2
3 . 3

3 .4
4 .1
4 . 2
4 . 3

LIST OF TABLES

TITLE

Summary of separated flow calculations with the

visci d-i nvisci d i nteracti on

Summary of separated flow calculations with

time-averaged Navier-Stokes equations

Summary of the relevant wake calculations

Summary of detailed experiments in turbulent separating

boundary layers and downstream wakes

Constants of five-hole impact probe

Maximum uncertainties for pressure probes

Sample hot-wire calibration

Probe orientations and sensitivity coefficients of 

hot wires

Maximum uncertainties for stationary hot-wire anemometry 

Essential details of the flying hot-wire anemometer 

Mean and variance of the free-stream velocity 

Reference parameters

Maximum values of Reynolds stresses and comparison with 

other experiments

Parameters of the mean flow development 

The k-e turbulence model constants 

Reynolds stress turbulence model constants 

Source terms for orthogonal curvilinear form of 

transport equations

PAGE

22

28
33

35
83
84

85

86
87
88

158
159

160 
161 
297
297

298



PAGE

*

+

4.4 Under-relaxation parameters

4.5 Correction, diffusion and source terms of momentum

and turbulence kinetic energy balance equations

4.6 Summary of boundary conditions

5.1 Comparison of recirculation length and detachment point

5.2 Comparison of the effects of different wall boundary

conditions in the separated region

»

#

*

300

301 
304
348

349



ix -

LIST OF FIGURES

*

*

FIGURE

NUMBER
TITLE

2.1
2.2
2.3

2.4

2.5

2.6

2.7

2.8

2.9

2.10

2.11
3.1

3.2

3.3

3.4

3.5

3.6

3.7

3.8

Helium bubble visualizations

Surface oil flow visualization of separation point 

Surface oil flow around a circular cylinder 

Diagram of five-hole impact probe 

Orientation of hot-wire 

Trajectory of flying hot-wire 

Flying hot-wire mechanism and instrumentation 

Cooling velocity on the flying hot-wire probe 

Velocity characteristics of the attached boundary- 

layer flow at s/c of 0.78

Velocity characteristics of the separated boundary- 

layer flow at s/c of 0.90

Velocity characteristics of the wake at x/c of 0.66 

Flow configuration 

Flow control vanes

Total pressure contours in the plane of the 

trailing-edge

Surface flow visualization of the upstream 

boundary-ldyer

Surface flow visualization of curved boundary-layer

and separated region

Parameters of mean flow development

Profiles of static pressure coefficient

Mean velocity vector in the vicinity of separation

PAGE

89
90
91
92
92

93
94
96

97

103
108
164
165

166 

167

167
168 

174
175



X

*

#

3.9

3.10

3.11

3.12

3.13

3.14

3.15

4.1

4.2

4.3

4.4

4.5

4.6

4.7

4.8

5.1

5.2

5.3

5.4

PAGE

S t re a m lin e s  and p r o b a b il i t y  o f  downstream flo w  

in  the v i c i n i t y  o f  s e p a r a t io n  176

P r o f i le s  o f  mean v e lo c it y  1 7 8

P r o f i le s  o f  flo w  a n g le  i 8 i

C la u s e r  c h a r t s  184

P r o f i le s  o f  R eynolds s t r e s s e s  a p p ro a ch in g  s e p a r a t io n  186

P r o f i le s  o f  R eynolds s t r e s s e s  in  th e  v i c i n i t y  o f  

s e p a r a t io n  1 9 1

P r o f i le s  o f  R eynolds s t r e s s e s  in  the wake 199

O rthogonal c u r v i l in e a r  c o -o r d in a t e  system  307

T w o -d im e n sio n a l p la n e  o f  o rth o g o n a l c u r v i l i n e a r  

c o -o r d in a t e s  308

N u m erica l mesh f o r  stream  fu n c t io n  -  v o r t i c i t y  

s o lu t io n  308

S t re a m lin e  s o lu t io n  mesh 309

s - n  B o u n d a ry -!a y e r  c o -o r d in a t e  system  3 io

S ch e m a tic  o f  v is c o u s - in v is c id  in t e r a c t io n  p ro ced u re  3 1 1

Com parison o f  b o u n d a r y -c e ll r e p r e s e n t a t io n  3 12

Sch e m a tic  o f  s o lu t io n  domain 3 13

S t re a m -fu n c t io n  and v e lo c it y - p o t e n t ia l  l in e s  around 

a c y l in d e r  350

S u rfa c e  p re s s u re  d is t r ib u t io n  on a c y l in d e r  350

Com parison o f  m easured and c a lc u la t e d  n o n -d im e n s io n a l 

lo n g it u d in a l p re s s u re  g r a d ie n t  on the upper s u r f a c e  

o f  th e  p la t e  and f la p

C a lc u la t e d  and m easured d is t r ib u t io n s  o f  momentum 

t h ic k n e s s ,  shape f a c t o r  and s k in  f r ic t i o n  in  the 

v i c i n i t y  o f  s e p a r a t io n



xi -

9

9

5.5

5.6

5.7

5.8

5.9

5.10

5.11

5.12

C a lc u la t e d  and m easured p r o f i le s  o f  mean v e lo c it y  

and R eyn old s s t r e s s e s  in  the b o u n d a r y -la y e r  

a p p ro a ch in g  s e p a r a t io n  . 352

P o t e n t ia l  f lo w  mesh w ith  the c a lc u la t e d  

d isp la c e m e n t t h ic k n e s s  added to  the s u r f a c e  o f

PAGE

the p la t e  and f la p  358 

C a lc u la t io n  domain and s c a l a r  c e l l  fa c e s  359 

C a lc u la t e d  mean v e lo c it y  v e c to rs  359 

C a lc u la t e d  mean s t r e a m lin e s  36 1

E x p e rim e n ta l and c a lc u la t e d  d is t r ib u t io n s  o f

f r e e -s t r e a m  v e l o c i t y ,  s u r fa c e  s t a t ic - p r e s s u r e  and

s k i n - f r i c t i o n  c o e f f ic ie n t  362

P r o f i le s  o f  c a lc u la t e d  and e x p e rim e n ta l mean

v e lo c it y  365

P r o f i le s  o f  c a lc u la t e d  and e x p e rim e n ta l

tu rb u le n c e  k in e t ic  e n e rg y 368



CHAPTER 1

TH ETIC INTRODUCTION

T h is  t h e s is  i s  concerned w ith  th e  aerodynam ic c h a r a c t e r is t ic s  

o f  the s u b s o n ic  flo w  around a i r f o i l s  w ith  t u r b u le n t  t r a i l in g -e d g e  

s e p a ra t io n  a s s o c ia t e d  w ith  h ig h  l i f t  and la r g e  a n g le s  o f  a t t a c k .  

A ir c r a f t s  must o p e ra te  a t  low speeds and use h ig h  a n g le s  o f  a t t a c k  

to  p ro v id e  l i f t ,  f o r  exam ple d u rin g  t a k e -o f f  and la n d in g , a lth o u g h  

most o f  th e  f l i g h t  c y c le  i s  a t  c r u is e  c o n d it io n s  where low a n g le s  

o f  a t t a c k  m in im iz e  d rag  f o r c e s .  A i r f o i l s  a t  la r g e  a n g le s  o f  a t t a c k  

can have a re g io n  o f  s u s t a in e d  a d v e rse  p re s s u re  g ra d ie n t s  o v e r the 

downstream p o r t io n  o f  t h e i r  s u r f a c e  and t h is  le a d s  to  b o u n d a r y -la y e r  

s e p a ra t io n  w ith  r e c ir c u l a t in g  flo w  n e a r the t r a i l i n g  ed g e. T h is  

s e p a r a t io n  can a p p r e c ia b ly  e f f e c t  the h i g h - l i f t  perform ance and s t a l l  

c h a r a c t e r is t ic s  o f  a i r f o i l s ,  w ings and a i r c r a f t  and le a d s  to  a 

re d u c t io n  in  l i f t  and an in c r e a s e  in  d ra g . The im p o rtance  o f  th e se  

s e p a r a t io n  e f f e c t s  makes i t  d e s ir a b le  t o  im prove u n d e rsta n d in g  o f  

t h e ir  o cc u rre n c e  and e f f e c t s ,  and to d evelo p  t h e o r e t ic a l  p ro ce d u re s 

to  acco u n t f o r  them. T h is  d is s e r t a t io n  i s  concerned w ith  th e se  

re q u i re m e n ts.

The a b i l i t y  to  p r e d ic t  s e p a r a t io n  in  the tr |i/a |lin g -e g d e  re g io n  

o f  w ings w ould a id  d e sig n  and p o s s ib ly  a s s i s t  in  the a v o id a n ce  o f  s t a l l  

and s p in ,  cau sed  by s e p a r a t io n , w hich a re  a m a jo r cause o f  a v io n ic  

a c c id e n t s ,  see Anderson ( 1 9 7 9 ) .  V is c o u s  e f f e c t s  on a i r f o i l s  a re  

s i g n i f i c a n t ,  even under a tta c h e d  flo w  c o n d it io n s ,  and p ro p e r tre a tm e n t 

o f  the t r a i l in g -e d g e  r e g io n , in c lu d in g  wake c u r v a t u r e , normal p re s s u re  

g r a d ie n t s ,  and v is c o u s - in v is c id  in t e r a c t io n s ,  i s  n e c e s s a ry  to  o b ta in



satisfactory predictions of lift and drag (Melnik and Grossman, 1981 

and Olson et al, 1978). The numerical solution of boundary-layer 

and potential-flow equations has already been applied to simple 

airfoil and wing configurations as described, for example, by 

McDonald and Briley (1983), Cebeci, Stewartson and Whitelaw (1983),

Lock (1980) and Melnik (1980). Most methods involve interactive 

viscous-inviscid calculations which satisfactorily account for viscous 

effects through the boundary-layer displacement thickness distribution 

over the surface and in the near wake, see LeBalleur (1982), even 

with small regions of recirculating flow at the trailing-edge, 

see McDonald and Briley (1983). These approaches are extended here 

to include the calculation of large trailing-edge regions of 

turbulent separation which, at least for engineering purposes, depends 

on satisfactory modelling of the turbulence and strong viscous-inviscid 

interactions. The ability to calculate the mean turbulent flow, and 

consequently displacement thickness, is not satisfactory in the 

separated region and the major deficiencies have been inadequacy of 

the turbulence model and solution of overly-simplified transport 

equations. The primary purpose of this dissertation is to study a 

large-scale separated flow on a relatively simple configuration with 

the view to understanding the basic aerodynamic features and to 

improve flow modelling.



1 . 1  O b je c t iv e s

E x p e rim e n ta l and co m p u ta tio n a l in v e s t ig a t io n s  have been 

u nd ertaken  w ith  the f o llo w in g  s p e c if ic  o b je c t iv e s :

1 .  To im prove u n d e rsta n d in g  o f  flo w  phenomena a s s o c ia t e d  w ith  

t u r b u le n t  b o u n d a r y -la y e r  s e p a ra t io n  in  the v i c i n i t y  o f  the 

t r a i l in g -e d g e  o f  a i r f o i l s  by th e  a p p l ic a t io n  o f  e x p e rim e n ta l 

and c a lc u la t io n  m ethods.

2 .  To d evelo p  and a p p r a is e  p r e d ic t io n  te c h n iq u e s  f o r  the e x t e rn a l 

flo w  around the t r a i l i n g  edge o f  a i r f o i l s  a t  h ig h  a n g le s  o f  

in c id e n c e .

3 . To d evelo p  measurement te c h n iq u e s  and o b ta in  r e s u lt s  w hich w i l l  

a s s i s t  p h y s ic a l u n d e rsta n d in g  and may be used f o r  the v e r i f ic a t io n  

o f  the p r e d ic t io n  te c h n iq u e s  a n d , s p e c i f i c a l l y ,  o f  the e q u a t io n s , 

n u m e ric a l a ssu m p tio n s , boundary c o n d it io n s  and tu rb u le n c e  model 

w hich th e y  r e q u ir e .

The proposed c a lc u la t io n  method i s  based on the n u m e ric a l 

s o lu t io n  o f  c o n s e r v a t iv e  t r a n s p o r t  e q u a tio n s  in  d i f f e r e n t ia l  form .

The tw o -d im e n sio n a l form  o f  the t im e -a v e ra g e d  N a v ie r -S t o k e s  e q u a tio n s  

has been s o lv e d  in  the re g io n  o f  r e c ir c u l a t in g  flo w  to g e th e r w ith  

e q u a tio n s  w hich re p re s e n t  the t r a n s p o r t  o f  tu rb u le n c e  k in e t ic  en e rg y 

and i t s  d is s ip a t io n  r a t e .  Upstream  o f  the re g io n  o f  r e c ir c u la t in g  

f lo w , b o u n d a r y -la y e r  and p o t e n t ia l - f lo w  e q u a tio n s  have been 

s o lv e d  and co u p led  through boundary c o n d it io n s  w hich re p re s e n t  

the v is c o u s - in v is c id  in t e r a c t io n .  T h is  p a tte rn  o f  s o lu t io n  im p lie s  

n u m e r ic a l,  tu rb u le n c e -m o d e l and b o u n d a ry -c o n d it io n  a p p ro x im a tio n s 

w hich r e q u ir e  e x p e rim e n ta l s u p p o rt . As a co nseq u ence, the co rre sp o n d in g



measurement program is extensive and has involved the development 

of instrumentation as well as measurements in the regions of inviscid, 

boundary-layer, recirculating and wake flow. The choice of flow 

configuration and of instrumentation can be justified by reference 

to the review of the following section.

1.2 Review of Related Work

This section briefly describes previous investigations 

relevant to the formulation and assessment of the present contribution. 

Theoretical developments, including calculation methods for separated 

flows, are examined first to emphasize the recent trends toward 

their use in engineering design. The second part of this section 

reports on experimental investigations with separation and provides 

physical understanding with which calculated results can be compared 

and evaluated. -Experimental techniques are also discussed to provide 

background for the choices of the present work.

A complete review of aerodynamic literature is not attempted 

and the reader is referred to the recent texts of Chang (1970, 1976), 

Kuchflmann (1978), Cebeci and Smith (1974), Bradshaw et al (1981) 

and to the reviews of McDonald and Briley (1983), Cebeci et al (1983), 

Hess (1981), Melnik (1980), Lock (1980), Lynch (1978), Fernholz (1976) 

and Smetana et al (1975). Reference to specific methodology or topics 

which are are the subject of the following chapters, and not 

considered here, are introduced in the relevant parts of the text.



Theoretical investigations. The need for improvements to

computational fluid dynamic techniques for aeronautical design of 

high-1ift components has been identified, for example by Liebeck (1978), 

Lynch (1978), and Hunt et al (1981). The general opinion appears to 

be that advanced computational methods can result in improved levels 

of aerodynamic technology and efficiency, and reduce design costs and 

time by decreasing the amount of wind-tunnel testing required. At 

present, the benefits obtained from using calculation methods in high- 

lift design are limited and one limitation is the inability to predict 

the onset of turbulent boundary-layer separation including the properties 

of the downstream recirculation region and its wake.

The flow around airfoils can be divided into different 

regions and those which are presently of interest are as follows: the 

potential flow, the attached turbulent boundary-layer flow upstream of 

separation, the turbulent recirculating flow and the downstream wake 

flow. In each region, a different level of approximation for transport 

equations, turbulence modelling and numerical schemes may be appropriate 

and calculation methods have been developed to treat these regions 

either independently or collectively.

Most methods for calculating the flow around airfoils make 

use of a combination of inviscid and boundary-layer equations (Cebeci, 

Stewartson and Whitelaw, 1983) since viscous effects are important 

to lift and, especially, to drag (Olson et al, 1978). Potential flow 

solutions, which have been obtained with methods such as those reviewed 

by Hess (1975, 1980) or Hunt et al (1981), are interacted with solutions 

of boundary-layer equations, through appropriate boundary conditions 

and have been used for high speed flows and cruise conditions, but



without separation, for sometime (see Melnik, 1980 and Smetana et al,

1975). The solutions of boundary-layer equations up to separation 

were considered in the 1968 Stanford Conference (Coles and Hurst, 1968) 

and some further work is referred to by Cebeci and Smith (1974), Cebeci 

and Bradshaw (1977), Le Balleur et al (1980), Melnik (1980),

Bradshaw et al (1981), Kline et al (1981) and Cebeci et al (1983).

In trailing-edge flows, turbulent boundary-layer separation 

occurs gradually over a region of the suction-side surface and the 

following review is restricted to this type of separation which is 

initiated by an adverse pressure gradient. In contrast, separation 

can be initiated at a surface discontinuity, such as at a corner, and 

for this the reader is referred to the reviews of Taylor and Whitelaw (1983), 

Taylor (1981) and Eaton and Johnston (1981). The prediction of turbulent 

boundary-layer separation has been obtained with empirically-based 

correlations, often using simplified forms of the integral momentum 

equation; for examples see Smith (1972), Chang (1970) and Thwaites (1955). 

Such methods were reasonably effective at alerting designers to the 

possibility of separation, but were of less value in remedying the 

situation.

It is now widely recognized that steady boundary-layer 

equations can be used to predict small regions of separation when the 

interaction with the outer inviscid flow is represented (McDonald and 

Briley, 1983). Inverse boundary-layer procedures are necessary where 

the angle of incidence is large enough to cause upper surface separation 

as discussed, for example, by Carter (1975) and Cebeci (1976) for 

finite-difference solutions to the boundary-layer equations, and by 

Kuhn and Nielsen (1973) and East, Smith and Merryman (1977) for 

integral boundary-layer calculations. The viscid-inviscid interaction



in the vicinity of separation is reviewed by Le Balleur (1982, 1983), 

McDonald and Briley (1983) and Cebeci, Stewartson and Whitelaw (1983) 

and these authors refer to a number of calculations of small regions 

of recirculation with interactive techniques. Those shown on table 1.1 

are of particular interest to the present study in that they demonstrate 

that integral methods are often to be preferred for practical applications 

including three-dimensional flows, because they are comparatively economic 

They do, however, require appropriate velocity-profile assumptions which, 

although they have been applied to a range of attached flows (see 

Kline et al, 1968), need to be obtained or extended to include reversed 

flow (Swafford, 1983). Further, methods for solving the boundary-layer 

or integral-momentum equations can be used to treat small regions of 

recirculation but, where the region of recirculation exceeds a size 

which remains to be established, the boundary-layer approximations cease 

to apply and the Navier-Stokes equations are required.

A consequence of a large region of recirculation is that the 

inviscid flow field is significantly altered and the flow exhibits a 

strong viscous-inviscid interaction. One way to deal with strong 

interactions is to solve time-averaged Navier-Stokes equations over the 

entire flow domain. Attempts have been made to obtain complete solutions 

for attached flows over airfoils with the Navier-Stokes equations, for 

example see Wu et al (1977), Steger (1978), Shamroth and Gibeling (1980), 

Hegna (1982) and Rhie and Chow (1982), but numerical difficulties and 

extra expense make them undesirable alternatives where the simpler and 

cheaper methods discussed above can be used. Regions of recirculation 

have been calculated with elliptic transport equations to characterize 

the recirculating flow; for example see Bradshaw et al (1981),

Simpson (1981), Cebeci et al (1983) and those shown on table 1.2 which



are relevant to the present study. The last few on this table deal 

with separation in confined flows and were selected to indicate the 

likelihood of success near recirculatton with the present approach to 

calculations. The problems associated with the calculation of separated 

flows are associated with boundary-condition, numerical and turbulence- 

model assumptions (Whitelaw, 1981). Reasonable representation of the 

mean flow has been achieved where numerical truncation errors were 

sufficiently reduced and the indication is that closure with two-equation 

or higher order turbulence models is required for recirculating flows, 

see Gosman et al (1969), Mellor and Herring (1973), Wadcock (1980), 

Bradshaw et al (1981) and Marvin (1982), as opposed to the simpler 

models recommended for attached aerodynamic flows, for instance by 

Cebeci and Meier (1980).

Calculation of the wake is also important, for example in 

determing drag, and the relevant wake studies are shown on table 1.3.

The results suggest that the mean flow fields of symmetric and asymmetric 

near wakes can be predicted with satisfactory accuracy, but that the 

agreement between experiment and prediction deteriorates with distance 

from the trailing edge: it is dependent on turbulence model assumptions.

It is worth noting that the inaccurate representation of the flow in 

the vicinity of separation can propagate into the wake and that 

prediction of the wake thereafter depends on the accuracy of the 

solution in the upstream part of the wake (Durst and Rastogi, 1979) 

and to a lesser degree on turbulence models (McGuirk, Taylor arid 

Whitelaw, 1981). Accordingly, the present calculations emphasize 

the requirements for predicting the recirculating flow near the trailing- 

edge and presume, initially, that they are adequate in the wake.



Experimental investigations. Measurements are needed to 

provide physical insight into the flow in and around regions of 

turbulent boundary-layer separation near a trailing-edge. In addition 

they guide the choice of equations and turbulence models which are 

required to represent the flow.

Turbulent separation has been the subject of experimental 

studies in many engineering flows including the bluff-body separated 

flows reviewed by Simpson (1981), Taylor (1981), and reattaching flows 

of Eaton and Johnston (1981). Laminar boundary-layer separation has 

also been investigated and the studies by Gault (1949), Tarn* (1964),

Arena and Mueller (1980), van den Berg (1981), Mueller and Batill (1982) 

and the theoretical work of Smith (1983) are noteworthy since they 

provide understanding of certain separation processes and help to identify 

turbulent trailing-edge separation as different from the types of 

separation associated with laminar bubbles.

There is little reliable information of the flow structure 

for turbulent separating boundary layers and this is indicated in the 

references of table 1.4. Results in recirculating regions have been 

obtained with hot-wire, flying hot-wire and laser-Doppler anemometry 

and discussion of the relative advantages and disadvantages of these 

techniques appears in the next subsection. The flows of Nakayama (1983) 

and Coles and Wadcock (1979) are closest to the interests of the 

present study in that they were obtained near the trailing-edge of 

lifting airfoils with turbulent separation: the former study, with a

combination of hot-wires and laser-Doppler anemometry, has a smaller 

region of separation than that of present interest, and the latter 

study with flying hot-wire anemometry is at maximum lift but does 

not include detailed near-wall measurements. These results together



with those of Simpson et al (1981) in the vicinity of detachment 

and of Hastings and Moreton (1982), both obtained with laser-Doppler 

anemometry in turbulent separating boundary-layers, are compared to 

the present experimental results in chapter 3.

The above experiments indicate that velocity characteristics 

of the flow in the vicinity of turbulent separation are significantly 

different from those of attached turbulent boundary layers. For 

example, mean reverse velocities up to a maximum of 20 per cent of the 

free stream velocity have been found close to the wall (Simpson et al, 

1977). Also, intermittent reverse velocities have been found upstream 

of mean streamline detachment across the boundary-layer to about the 

location where the streamwise turbulence intensity is a maximum 

(Simpson et al, 1981) and downstream of the trailing-edge in the wake 

(Nakayama, 1983). Production of and diffusion by turbulence are very 

large around separation and, since the flow is also highly anisotropic, 

this implies turbulence modelling is not straightforward. Also in 

contrast to attached flows, the viscous-inviscid interaction is strong 

in the vicinity of separation since normal pressure gradients and 

Reynolds normal stresses are large and are important to the mean flow 

field (Nakayama, 1983).

It is evident that information about the near-wall region of 

the backflow is lacking in the results of Coles and Wadcock (1979) 

and is uncertain in the flows of Simpson et al (1981) and Hasting and 

Moreton (1982). It is difficult to establish a two-dimensional separated 

region and the flows of Nakayama (1983), Hastings and Moreton (1982), 

Simpson et al (1981, 1977) and Wadcock (1980) all report relatively 

good two-dimensional mean flow upstream of separation, but with less



certainty further downstream. There are also uncertainties associated 

with the experimental techniques used to obtain the measurements; 

for example, Coles and Wadcock (1979} report interference due to 

their mounting of the flying-wire motor inside the wind-tunnel and 

the laser-Doppler measurements suffer from difficulties associated 

with seeding and resolution in the backflow and near-wall regions.

There are also difficulties in comparing the available measurements 

with calculations. In the case of Simpson et al (1981), the downstream 

boundary has to be located part way through the recirculating flow and, 

in the case of Coles and Wadcock (1979), interference of the motor and 

probe on the surface pressure and backflow, respectively, introduce 

unacceptable uncertainties. Also, the upstream flow is unknown since 

there are no measurements near the leading edge. Nakayama (1983) and 

Viswanath and Brown (1983) have, perhaps, reported the most satisfactory 

sets of results but their separations are small and it is probable 

that boundary-layer equations may be appropriate if solved in an 

inverse mode. In the case of Hastings and Moreton (1982), the lack: 

of potential flow above the boundary layer downstream of detachment, 

and the resulting interference with the tunnel-roof boundary-layer, 

causes unncessary complications for calculations.

A few of the recent lexperimental studies of table 1.4 have 

included the wake downstream of recirculation and are relevant 

to the present study. The wakes of flat plates have also been 

investigated experimentally with emphasis on the turbulence structure, 

since the viscid-inviscid interaction is small, see for example 

Chevray and Kovasznay (1969), Pot (1979), Andreopoulos and Bradshaw (1980), 

Ramaprian et al (1982), MacLennan and Vincent (1982) and Wood and



Bradshaw (1982). It is clear that the ability to predict these 

wakes, and those of lifting airfoils, is related to the turbulence 

structure (Hah and Lakshminarayama, 1982) which is significantly 

different in separated wakes. Airfoil wakes have been the subject 

of the experiments of Nakayama (1983), Hah and Lakshminarayama (1982), 

Yu (1981), Viswanath et al (1980) and Preston et al (1945) and these 

investigations provide information of the wakes of lifting and non­

lifting aerofoils with attached boundary layers at the trailing edge. 

Information of the development of the very-near wake, pressure-side 

mixing layer and far wake are not available for the flow downstream 

of a large region of recirculation caused by turbulent boundary-layer 

separation near the trailing-edge.

Measurement techniques for separated flows. Measurements of 

velocity characteristics in subsonic flow with velocity reversals 

have been obtained with the following: pressure-sensing methods,

i.e. with impact probes; convection cooling techniques, i.e. with 

stationary or moving hot-wires; time-of-flight measurements with 

thermal or other tracers, i.e. pulsed-wire anemometry; and optical 

techniques, i.e. laser-Doppler velocimetry. Flow visualization 

can also be used to obtain the flow patterns in separated flow, see 

Chang (1976), but it is not practical for measuring velocity in highly 

turbulent recirculating flow.

Measurements in recirculation regions with stationary probes 

introduce uncertainties which are difficult to assess because the 

wake of the probe and its supports is retained, at least temporarily, 

within the recirculating flow and affects the regional flow properties. 

For example with impact, hot-wire and pulsed-wire probes, there will



be some instances where at least instantaneous measurements will be 

obtained in the probe wake since reversing flows do not have a 

preferred direction with which to align the probe.

Impact probes have been primarily used to obtain mean values 

of pressure and velocity in both two- and three-dimensional mean 

flows, for example see Coles and Hurst (1968), Chang (1970),

Cook et al (1979) and Mattick and Stollery (1981), and various back- 

to-back Pitot tubes have been used for mean velocities in very large 

regions of recirculating flow, for example see Rodgers, Seetharam 

and Wentz (1979). There are, however, large uncertainties in velocity 

characteristics obtained with pressure-probes in regions with flow 

reversals for the following reasons: the flow does not have a

preferential direction so the probe cannot be aligned, even approximately, 

with the flow direction and it measures inaccurately at large flow 

angles; the probe interferes with the local, and possibly overall, 

flow patterns as discussed above; mean readings of static and total 

pressure that are used to derive velocity values are affected by 

velocity fluctuations, which are large in the vicinity of separation and 

are also distorted by the probe, and this gives large relative 

errors in mean-velocity values especially in regions of recirculating 

flow where velocities tend to be small; and, lastly, large gradients 

of mean and instantaneous values of velocity and pressure that are 

associated with separation can cause significant errors in the response 

of impact probes. In conclusion, pressure probes are not very useful 

in separated flow.

Stationary hot-wires suffer from rectification around zero 

velocity because they respond to the rate of convective cooling,



i.e. forced convection, rather than directly to velocity. Directionally- 

sensitive hot-wire probes have been developed but are subject to 

restrictions which, as shown below, make them inappropriate for the 

turbulent separated flow of the present study. Downing (1972) and 

Fairlie and Perry (1975) made use of two additional resistance thermometers,

i.e. fine-wire sensors, to locate the thermal wake of a hot-wire and, 

thus, to determine the flow direction. These probes are unable to 

measure in flows with large tangential velocities and their frequency 

response is limited to fluctuations less than about 50 Hz because of 

ambiguities associated with the time required for the heated wake to 

pass from the hot-wire to the previously-upstream thermal sensor. 

Uncertainties resulting from these restrictions are unacceptable for the 

present purposes.

In a similar fashion, the shielded dual-wire probe of Cook 

and Redfearn (1976) is capable of measuring the mean and fluctuating 

components of velocity in reversing flow. It uses two hot-wire sensors 

to measure the one-dimensional flow through the central hole of a 

disc-shaped shield and detects the flow direction by identifying the 

thermal wake on the dov/nstream wire. Unfortunately, the probe is 

insensitive to flow direction when the wake misses the downstream wire 

and this is prevalent in low turbulence-intensity flow. Also, its 

use is limited to velocities between about 0.3 and 10 m/s and to 

velocity fluctuations with frequencies less than about 100 Hz and these 

factors, plus the large size of the probe, make it inappropriate for 

the present recirculating flow.

Split hot-film probes, which measure the heat transfer from 

heated strips which are located 180 degrees (2 sensors) or 120 degrees



(3 sensors) from one another on the surface of a cylindrical fibre, 

have been developed by Wentz and Seetharam (1977) and Jorgensen (1981), 

respectively. Split-film anemometry uses the variation of heat transfer 

with position around a two-dimensional cylinder to identify the velocity 

vector. Major sources of error can arise from uncertainties in the 

response of the individual hot-film strips. First, different combinations 

of instantaneous fluctuating velocity components may not be uniquely 

related to the voltage output levels, and, second, the response to 

velocity components parallel to the hot-film axis is uncertain which 

is of particular consequence to measurements of quantities involving 

fluctuating transverse velocities. Split-films have to be calibrated 

for variations in both flow speed and direction, which is expensive 

considering the large number of constants involved (see Jorgensen, 1981). 

Also, calibration needs to be repeated frequently because of time- 

dependent change in the thermal resistance of the surface above each 

hot-film sensor which is mainly caused by non-uniform particle 

deposition over the surface. Measurements with these multi-sensor probes 

incur uncertainties, which include those associated with interference 

effects of a stationary probe in recirculating flow discussed above, 

that are unacceptable for the present purposes and, although further 

investigation into their use is required, they are not considered 

here.

Pulsed-wire anemometry has been discussed by Castro and 

Cheun (1982) and Bradbury (1976) and it can be used to obtain mean 

and fluctuating components of velocity. It measures the time of 

flight of a tracer of heated air to one of two parallel sensing-wires



which act as resistance thermometers and are located perpendicular

to, and on either side of, a pulsed heat-generating wire. Bradbury (1976)

recommends its use in highly turbulent or reversing flow far away

from walls. Pulsed-wire measurements of lateral turbulence intensity

and turbulence shear stress are unsatisfactory for turbulence intensities

less than about 10 per cent because the thermal tracers miss the sensing-

wires. For turbulence levels above this, the largest sources of error

in pulse-wire measurements are a direct consequence of its yaw response.

There are two main effects: zero velocity is measured for instantaneous

velocities at an angle greater than about 70° to the axis perpendicular

to both sensor and heat-generating wires and, second, thermal diffusion

prevents the wire from having an ideal cosine-law response. The

resulting errors are dependent on characteristics of the turbulence

field and are discussed by Castro and Cheun (1982). In their analysis

of a typical, practical pulsed-wire in homogeneous turbulence, it is

shown that components of the Reynolds stress tensor have errors

greater than 20% of their values for the turbulence intensity ranges
2

as follows: for longitudinal Reynolds stress, <u >, above 50 per cent

2 2turbulence intensity; for lateral turbulence intensity, <v > or <w >, 

below 25 per cent turbulence intensity, assuming the wire is rotated 

90 degrees from the first case; and for Reynolds shear stress, <uv>, 

below 25 per cent and above 80 per cent turbulence intensities. Pulsed- 

wires have acceptable accuracy for all of the Reynolds stresses between 

about 25 and 50 per cent turbulence intensity and this restriction, 

plus those that are a consequence of its dimensions, make it inadequate 

for the present purposes.



Laser-Doppler velocimetry (LDV) is a non-obtrusive optical 

technique which measuresthe velocity of particles moving in the fluid 

and has been used, with frequency shift, to measure velocity characteristics 

in recirculating flows, see Durst, Melling and Whitelaw (1981) and, 

for airfoil flows, see table 1.4. LDV requires optical access and is 

expensive of time and money because the instrumentation is complex and 

difficult to use. In air flows, there are unresolved uncertainties 

associated with light-scattering particles which may result in 

substantial errors in recirculation regions. For example, the 

correlation between velocity and particle number may cause high readings 

of mean velocity depending on the turbulence intensity (Habib, 1980).

The number of particles found in the recirculation region can be 

up to an order of magnitude less than in the free stream as shown by 

Young, Meyer and Hoad (1978) and the related uncertainties are discussed 

by Simpson et al (1981) and Nakayama (1983). There are also uncertainties 

associated with the size and location of the measuring volume, particularly 

close to walls, and these are discussed by Olson and Orloff (1982) who 

propose an expensive remedy using mirrored surface and telescopes to improve 

the signal-to-noise ratio and to focus the crossed laser-beams, respectively.

Flying hot-wire anemometry has been used by Coles and 

Wadcock (1979) to measure velocity characterisites in the recirculating 

flow resulting from turbulent boundary-layer separation on a NACA 4412 

airfoil at high angle of attack. It v/as developed to shift 

the rectification effect associated with stationary wires to negative 

velocities equal to the probe speed. Moving the probe can be of further 

advantage since the flying-wire motion can be arranged so that the 

probe arrives in the region of interest before it has disturbed the
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local flow and then waits, before returning, at some inconspicuous 

location in the external or far-downstream flow until any disturbances 

associated with the probe wake have been dissipated from the region 

of interest and the flow there returns to its undisturbed state. 

Flying-wire calibration is similar to that for stationary hot-wires 

and, although the probe velocity must be obtained, the flying-wire 

can be calibrated using the known probe velocity for values less than 

the maximum possible probe speed. Flying hot-wire anemometry represents 

an alternative to laser-Doppler velocimetry rather than a directly 

justifiable choice for the present flow. In contrast to LDV, flying- 

wire anemometry is an extension of a well-developed technique with 

known uncertainties. Since it appears to be a promising approach, 

it was developed for use in the present region of turbulent trailing- 

edge separation and is discussed in chapter 2 .

1.3 Present Contribution

The review of the previous section indicates that the lack of 

detailed experimental information on velocity and pressure characteristics 

in and around the recirculating flow near the trailing-edge has prevented 

evaluation and inhibited development of current prediction procedures.

It is also clear that the use of flying hot-wire anemometry may be able 

to provide accurate measurements of the velocity characteristics and,
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in particular, to quantify the properties of the recirculation region. 

There is a need for an experimental investigation of a trailing-edge 

flow with substantial recirculation resulting from turbulent boundary- 

layer separation which includes measurements that will allow the 

evaluation of calculation methods but without ambiguities arising 

from the boundary conditions.

The contributions of this thesis include experimental and 

computational investigations of the flow in the vicinity of the trailing 

flap shown on figure 3.1, whose angle of incidence results in turbulent 

boundary-layer separation, a large region of recirculation and a 

curved downstream wake. The experimental investigations quantify the 

pressure and velocity characteristics of this flow, particularly in 

and around recirculation, and the results are sufficiently complete to 

allow the evaluation and development of calculation procedures and 

turbulence models. The computational investigation is divided into 

three parts which consider the regions of inviscid flow, boundary-layer 

flow approaching suction-side separation, and the separated flow 

including its downstream wake. The relative importance of assumptions 

contained in numerical methods, boundary conditions, turbulence models 

and approximate forms of transport equations are investigated.

The present flow configuration was selected to improve 

understanding of phenomena associated with turbulent trailing-edge 

separation without the complicating effects associated with the flow 

around the leading edge of airfoils.

The remainder of this treatise is dividied into five chapters. 

Chapter 2 describes the experimental methodology used to affect the 

measurements reported in chapter 3. Flow visualization was used to
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describe the flow patterns and to identify the region of two-dimensional 

mean flow. Pressure-measuring instruments were used to obtain the mean 

pressure distributions on the model surface and in the external flow 

where there were no velocity reversals/ Velocity characteristics 

were quantified with a combination of impact, hot-wire and flying 

hot-wire probes and the associated instrumentation, equations and 

procedures are described: flying hot-wire anemometry was required where

instantaneous flow reversals occur and was developed for this application.

In chapter 3, measurements of pressure and velocity characteristics 

in the flow of the trailing-edge configuration shown on figure 3.1, 

are reported and were obtained with the experimental techniques of 

chapter 2. Mean values of pressure and velocity, and the four non­

zero Reynolds stresses in two-dimensional flow are presented in the 

regions of potential, boundary-layer, recirculating and wake flow. Mean 

velocity distributions were investigated in the near-wall flow, including 

the backflow, because of their importance to the calculation methods 

of chapter 4. The two-dimensional nature of the mean flow was visualized 

and then quantified by velocity and pressure measurements which included 

the use of flying-wire anemometry in the recirculation region. Physical 

implications of mean-flow and turbulence results are discussed in 

relation to calculation methods for recirculation flows.

Calculation methods are the subject of chapter 4 which presents 

the conservation equations representing transport of mass, momentum 

and turbulence quantities in their differential and finite-difference 

forms appropriate for potential,boundary-layer and recirculating flows.

Two turbulence models, based on the k-e model and on modelling transport 

equations for the Reynolds stresses are described. The former was
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used in the recirculation region and the latter in the upstream 

boundary layer. Numerical procedures for solving inviscid, boundary- 

layer and elliptic transport equations are described and a procedure 

for interacting the inviscid and boundary-layer equations is presented. 

The implementation of boundary conditions appropriate to each method 

is explained.

# Chapter 5 presents results obtained with the calculation 

procedures of chapter 4. The inviscid flow was calculated around 

the present trailing-edge configuration after verifying the inviscid

• procedure in the flow around an infinite cylinder. Solutions to the 

boundary-layer equations with a Reynolds-stress transport turbulence 

model are presented in the region approaching separation. The wall 

boundary condition first included the measured pressure distribution 

to test the validity of the boundary-layer equations approaching 

separation and then the viscous-inviscid interaction was subsequently 

modelled to predict the wall pressure. Elliptic transport equations

* with the k-c turbulence model were solved in orthogonal curvilinear 

co-ordinates to represent the regions of potential, curved boundary-layer, 

separated and wake flow. The results are compared with the measurements

• of chapter 3.

Finally, chapter 6 reviews the achievements of this research 

and provides recommendations for improvements and future work.

*



TABLE 1.1

SUMMARY OF SEPARATED FLOW CALCULATIONS WITH THE VISCID-INVISCID INTERACTIONS

Author(s) Flow and Method Fi ndings/Comments

Street (1982) Supercritical airfoil.
8 ft. Supercritical wing and body.

3-D Integral boundary-layer method.
Full potential code. Wake strip method.

Good agreement with experiment.
Calculates small region of recirculation. 
Acceptable computation times.
3-D Wing body effects need to be calculated 
with a 3-D boundary-layer code rather than 
a strip 2-D method.

Olson et al (1978) Joukowski airfoil.
NACA 4412 with flap.

2-D Finite-difference boundary-layer method. 
Panel method.
2-layer eddy viscosity model.
Automatic grid generation.

Drag acceptably calculated for single air­
foils up to incipient separation and for 
multi-elements between lift coefficients 
of 0 .6 and 2 .2 .
Recommend comparisons of mean velocity and 
Reynolds stresses with experiment particularly 
for multi-element case.

Seebohm and 
and Newman (1975)

NACA 4418 with flap.
NACA 63A(10)18 with flap.
RAE 2815 with flap.

2-D Integral boundary-layer method. 
Surface-vortex inviscid method. 
Simple displacement surface.

Capable of calculating flow with no large 
regions of separation and no significant wake/ 
boundary-layer interactions.
Lift within 2 per cent. Drag poor.
Converges quickly - 2 to 3 iterations.



Author(s) Flow and Method

Briley and 
McDonald (1975)

NACA 662018 airfoil.

2-D streamfunction - vorticity boundary- 
layer equations with viscous-inviscid 
interaction.
2-D Navier-Stokes equations. 
McDonald-Fish one-equation turbulence 
model with modifications for separation.

Simpson and 
Collins (1978)

Flow of Simpson et al (1977).

Method of Bradshaw, Feriss and Atwell (1967) 
for boundary layer.
Finite-difference potential flow method 
with emperical polynomial for separated 
displacement thickness.

Findings/Comments

Solutions with the Navier-Stokes equations were 
compared to those of an interactive procedure with the 
boundary-layer equations. Results are obtained in 
small separation bubbles at the leading-edge and are 
compared with experiments.
Boundary-layer equations are not singular at 
separation and are appropriate for thin separation 
bubbles.
Little difference was found between calculations 
with the boundary-layer and Navier-Stokes equations for 
small separation bubbles.
Pressure distributions in good agreement with experiment. 
Mean velocities in reasonable agreement except near re­
attachment where the gradients are large or boundary- 
layer assumptions are inappropriate. !
Reynolds normal stresses are important in transport 
equations for mean momentum and turbulence kinetic 
energy.
Various wall functions were found to be unimportant 
approaching separation but were in disagreement near 
detachment. Shape factor is poorly predicted. More 
data is needed to determine normal stress effects 
near separation.
Flow conditions at intermittent separation can be 
used in a functional description of the displacement 
thickness if the distance between intermittent and 
fully-developed separation is short.



Author(s)

Butter and 
Williams (1980)

Whitefield et al

Veldman (1980)

Oskam (1980)

+ # • • • #

Flow and Method

RAE 100 aerofoil.
Airfoil with flap and slat.

2- D Integral inverse boundary-layer. 
Panel method with compressibility 
correction.
Displacement surface (transpiration).

(1981) Separating flow of Simpson et al (1977). 
Transonic flow over axisymmetric bump. 
18% thick circular-arc airfoil.
Body of revolution.
Three stores in TER configuration.

3- D Integral inverse boundary-layer. 
Finite-volume Euler code.
Surface-source (transpiration).

Dented plate with separation bubble.

Quasi-simultaneous method based on 
triple-deck hierarchy.

NACA 63-009 airfoil.
NLR 7301 airfoil with and without flap.

2-D Integral boundary-layer method. 
Panel method.

Good pressure distributions otherwise 
reasonable agreement except near trailing 
edge.
Separation overpredicted. Wake curvature 
effects important.

______ Findi ngs/Comments_________________

Low speed calculation good up to separation.
Skin friction agreed downstream of separation 
whereas other integral quantities did not. 
Reasonable calculation times (2-6 mins). 
Practical results for transonic flow.

i

to

i

Good description and comparison of inverse, 
direct semi-inverse strategies.
Calculate small separation bubbles in
1 -2 0  iterations.
Failed to converge above Reynolds number of 
4 x 10  ̂because of thick backflow.

Convergence: no separation 3 iterations, 
with separation 5-6 iterations.
Static pressure variation across shear 
layers near trailing edge needs investigating. 
Reasonable pressure, lift and drag values 
without separation. Inlet profiles important.
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Author(s) Flow and Method Findings/Comments

Leicher (1980) NACA 4412 ai rfoi1.
DO A5 airfoil with flap.
DO A4 airfoil with flap or slat BEC-C. 
Four-element airfoil system.
Transonic Al CAST-7 airfoil with and 
without flap.

2-D Integral inverse boundary-layer method. 
Panel method (subsonic) and full 
potential method (transonic).

Pressure under-predicted in separated flow. 
Separation point and lift variation with 
with angle of attack adequately predicted. 
Fair agreement in pressure distribution 
for large separation bubble and strong 
trailing edge separation. Velocity fields 
not presented.

Johnson and 
Spaid (1981)

Supercritical DSMA 671 airfoil.

Method of Arieli and Murphy (1981). 
Upwind differencing in backflow. 
Cebeci-Smith turbulence model.

Changes in static pressure and flow angle 
were small in boundary-layer but large in 
the wake.
Rapid growth just upstream of trailing 
edge under-predicted. Mean velocities good. 
Differences in shear stress distribution. 
Eddy viscosity under-predicted but not the 
only cause of under-prediction of boundary- 
layer growth near the trailing edge.

Arieli and 
Murphy (1980)

Transonic NACA 64A010 airfoil.
2-D Galerkin inverse boundary-layer method. 
Pressure matching correction.

Equations not elliptic in reverse flow 
region but parabolic in reverse direction. 
Comparison with solution of Navier-Stokes 
equation shows substantial economies in 
zonal calculations.

Wu and Gulcat (1979) Wake of a flat plate.
Circular cylinder.

Streamfunction-vorticity transformation. 
Boundary-layer equations in attached region. 
Navier-Stokes equations in detached region.

Boundary conditions difficult, see Wu (1976). 
Navier-Stokes solution required major part 
of computer time.
Flow patterns adequate. Separation point 
and coefficients of surface pressure 
and drag were reasonable.



Author(s) Flow and Method

Cebeci and 
Schimke (1983)

Render and 
Stollery (1983)

NACA 662018 airfoi1.

2-D finite-difference inverse boundary- 
layer equations.
Conformal mapping technique for potential 
pressure.
Cebeci-Smith algebraic eddy-viscosity 
turbulence model.

NACA 64o418 airfoil. Experiments also 
reported with Rec = 3.10 x 10 .̂

2-D Integral momentum and energy 
equations for the boundary-layer with and 
without simulation of laminar separation 
bubbles.
Panel method for inviscid flow.

Findings/Comments

Successful prediction of the separation bubble 
depended on the location and accurate prediction of 
transition.
The procedure which interacts inviscid and boundary- 
layer equations converged after about 10 iterations. 
Calculated and measured profiles of mean velocity are 
in very good agreement. Pressure distributions are 
in considerable disagreement with measurements in the 
vicinity of the laminar separation bubble and is 
attributed to the prediction of transition to turbulent 
flow in the separation bubble. .

Experimental results obtained for comparison include 
force and moment measurements and surface pressure 
distributions. Separation and detachment points were 
located with visualization.
Lift and drag coefficient were less than adequately 
predicted prior to the occurence of trailing-edge 
separation. Poorer agreement v/as found at angles 
of attack greater than about 6 degrees when turbulent 
separation occurs more than 5% of chord upstream 
of the trailing-edge. The location of separation is 
poorly predicted being too far upstream of its 
measured location.
The influence of laminar separation and reattachment, 
and hence transition, is of importance to the representa 
tion of the trailing-edge separated flow.
Inviscid pressure distributions are not corrected for 
boundary-layer displacement effects and are in poor 
agreement with measured results.



Author(s) Flow and Method Fi ndi ngs/Comments

Bhateley and 
Bradley (1972)

NACA 23012 airfoil with flap and slat. 
NACA 64A210 modified airfoil with and 
without leading-edge slat, or with slat 
and with or without flap.

2-D Finite-difference boundary-layer. 
Downstream extension of separation 
streamline with different approaches 
including free-streamline model. 
Distributed-singularity potential flow 
model.
Cebeci-Smith turbulence model.
Separation point located from experiment.

Comparison to surface pressures are adequate 
up to separation. Pressure conditions in 
separated wake not accounted for and 
pressures are poorly calculated in separated 
flow. Displacement thickness under-predicted 
at trailing edge in all cases.
Location of separation streamline ad hoc 
and separated flow poorly represented.

Maskew, Rao and 
Dvorak (1980)
Maskew and Dvorak (1978)

NACA 0012 modified infinite-swept wing.
GA(W ) - 1  airfoil.
NACA 4412 airfoil.

2-D and 3-D Integral boundary layer method. 
Separated region enclosed with vortex sheets. 
Panel method.
Separation line from experiment for 3-D 
case and by correlation or zero skin- 
friction coefficient for 2-D cases.

Pressure distributions in close agreement. 
Maximum lift values in good agreement 
otherwise fairly reasonable agreement for 
variations of lift and drag with angle of 
attack and Reynolds number.
"Problem really for Navier-Stokes equations 
but not a practical approach for the 
aerodynamicist".



TABLE 1.2

SUMMARY OF SEPARATED FLOW CALCULATIONS WITH TIME-AVERAGED NAVIER-STOKES EQUATIONS

Author(s) Flow and Method Findings/Comments

Rhie
and Chow (1982)

NACA 4412 airfoil.
NACA 0012 airfoil.

2-D primitive variable.
Boundary-fitted orthogonal curvilinear 
co-ordinate system.
2 Equation k-e turbulence model.

Agreement is good between experimental and predicted 
pressure and velocity distributions without separation. 
With separation, there is good agreement for mean flow 
but poor for turbulence quantities.
Accuracy of the results is highly dependent on resolving 
the gradients, and on the grid, near the trailing and i 
leading edges. Numerical diffusion likely contributes w 
to these errors. 00

i
Hegna (1982) NACA 0012 airfoil.

2-D primitive variable.
Body-fitted orthogonal curvilinear 
co-ordinate system.
Cebeci-Smith turbulence model with ad hoc 
modifications for separated region.

Pressure distributions are in reasonable agreement 
except near the trailing edge.
Mean velocities are in poor agreement. Lift is under­
predicted. Lift-to-drag ratio is moderately well calculated 
No quantitative turbulence data exists with which to 
compare results.
Solution is sensitive to small changes in leading edge 
phenomena particularly transition.
Numerical accuracy was not evaluated.

Sugavanam and 
Wu (1982)

Circular cylinder.
12% Thick Joukowski airfoil.

2-D streamfunction - vorticity equations. 
Time-dependent study.
Cebeci-Smith mixing length and combined 
mixing length/k-c turbulence models.

In attached flow, pressure and velocity profiles are 
well predicted with both turbulence models.
No comparison was made with experiment for the stalled 
airfoil case except that calculated oscillations in lift 
and drag were not observed experimentally.
Require improved turbulence models in the transitional 
and recirculating flow. Additional experimental data 
needed to establish their Validity.
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Author(s) Flow and Method

Cebeci, Khalil and 
Whitelaw (1979)

Flow of Simpson et al (1977). 
Straight-sided diffusers.
Trailing-edge wedges.

2-D Primitive variable, 
k-e Turbulence model.
Also inverse boundary-layer solution with 
Cebeci-Smith turbulence model.

Deiwart (1976) Symmetric, 18% thick, circular-arc 
airfoil at transonic speeds.

2-D Compressible primitive variable.
Four different zero equation models using 
algebraic edd-yviscosity equations with 
and without modifications for separated 
flow and shock boundary-layer interaction

Shamroth and 
Gibeling (1980)

NACA 0012 airfoil.

2-D Compressible primitive variable. 
Body-fitted non-orthogonal co-ordinate 
system.
McDonald-Fish one-equation turbulence 
model.

Fi ndi ngs/Comments

Recommend body-fitted co-ordinates.
Detailed trailing-edge and diffuser experiments are 
not available for comparison.
Separation point, turbulence kinetic energy mean 
velocities and integral quantities are in good 
qualitative agreement with experiment of Simpson 
et al (1977). Some uncertainty is associated 
with the downstream boundary conditions of this 
experiment and with numerical accuracy.
Cross-stream pressure gradients must be balanced 
with corresponding convective terms.

Method is capable of simulating basic features of 
separating transonic turbulent flow fields. 
Qualitative agreement is good. Quantitative agreement 
in separated and shock-interaction regions was poor. 
More detailed experiments are needed to develop 
models for the interaction and separated regions. 
Eddy-viscosity models do not seem adequate for 
representing the complex turbulence phenomena 
associated with separation.

Highly-stretched co-ordinate systems are used to 
emphasize the near-wall and leading-edge regions. 
Subsonic mean flow and turbulence results are in poor 
agreement. Lift agrees fortuitously.
Grid resolution (numerical errors) affect the results 
and the turbulence model is deficient.
(AIAA paper 79-1543 has good literature review up 
to 1979.)



Author(s) Flow and Method

Johnson 
et al (1982)

McGui rk 
et al (1981)

Habib and 
Whitelaw (1982)

Transonic axisymmetric bump.

2-D Compressible primitive variable. 
Variable spaced mesh.
Cebeci-Smith and two-equation Wilcox- 
Rubesin turbulence models.
Also 2-D inverse boundary-layer method 
of Arieli and Murphy (1979).

Confined, axisymmetric baffle of 
Taylor (1981).

2-D Primitive variable, 
k-c turbulence model.

Wide-angle diffusers of Habib (1980) with 
and without swirl.

2-D Primitive variable, 
k-e Turbulence model.
Body-fitted orthogonal curvilinear 
co-ordinate system.

Fi ndi ngs/Comments

Separation and shock is predicted too far downstream 
and reattachment is too far downstream with Cebeci- 
Smi th model.
Two-equation model is better in the vicinity of separation 
and there is little difference elsewhere.
Boundary-layer solutions were in good agreement with 
Navier-Stokes calculations when the C-S model was used.

Quantified numerical error and reduce it to 
acceptable limits.
Prediction of longer recirculation, smaller reverse 
velocities and smaller turbulence kinetic energy 
than in experiment. Difficulties with turbulence 
model. Eddy-viscosity hypothesis inappropriate in 
the initial region downstream of the baffle because 
the flow is not self-preserving and the normal-stress: 
normal-strain interaction is not modelled correctly. 
Streamline curvature effects neglected in turbulence 
model.
Recommend use of Reynolds stress transport equations 
for turbulence model with demonstrated absence of 
numerical error.

Mean velocity represented within experimental error 
without swirl. Less satisfactory results with swirl 
mainly due to turbulence model.
Turbulence kinetic energy is significantly different 
from measurements due to inability of turbulence 
model to represent large streamline curvature and 
rotation. Suggest anisotropic eddy-viscosity. 
Procedure adequate for many engineering purposes.



Author(s) Flow and Method

Hackman 
et al (1983)

Backward-facing step.

2-D Primitive variable, 
k-e turbulence model.
Cartesian and boundary-fitted orthogonal 
curvilinear co-ordinate system.

Johns (1980) Reciprocating flow in engine cylinders.

2-D Primitive variable.
Body-fitted orthogonal curvilinear 
co-ordinate system, 
k-e turbulence model.

Findings/Comments

Significant errors in the numerical solution of 
differential equations can influence calculated results 
more than turbulence model.
Upwind differencing is inappropriate in vicinity of 
recirculation. Recommend skew-hybrid-upwind (vector) 
differencing which yielded grid independent results 
with relatively coarse meshes.
Mean velocities are in good quantitative agreement with 
experiment. Pressure recovery is in reasonable 
agreement. Turbulence stresses are over-predicted due to 
the turbulence model. Wall function based on the law- 
of-the-wall are not in agreement with the local production 
of turbulence kinetic energy in separated region 
but is not significantly important.
Shear layer around recirculation most important 
to prediction of recirculating zone. 1

u)
H

Body-fitted and orthogonal co-ordinate systems have i 
advantages for numerical accuracy.
Calculations are in reasonable qualitative agreement with 
experiment, but substantial numerical differences exist
and are attributable to numerical diffusion, turbulence 
modelling assumptions and boundary conditions.
Solutions independent of grid size and time step, 
cannot be obtained for economical specifications 
of these quantities.



Author(s) Flow and Method

Degani and 
Steger (1983)

Supersonic flow over a ramp.

2-D Primitive variable with finite- 
difference equation in strongly 
conservative form for general co-ordinates 
Baldwin and Lomax eddy-viscosity model. 
Also thin, shear layer approximation (TSL) 
to time-averaged Navier-Stokes equations.

Amano (1983) Axisymmetric abrupt expansion.

2-D Primitive variable, 
k-e Turbulence model.

Horstman (1983) Trailing-edge flow of Viswanath and 
Brown (1983)

2-D Primitive variable.
Algebraic length scale. «
Two-equation k-e and k-ur turbulence models.

Findings/Comments

Separation is relatively small and it may be 
expected that boundary-layer equations should suffice. 
Little difference between results obtained with TSL 
and NS equations on a coarse grid.
Small discrepancies between TSL and NS results for 
fine grids are primarily confined to the separated 
regi on.
Results are not compared with experiment and are likely 
grid dependent.

Near-wall boundary conditions, modified to account 
for the viscous sublayer, have a small influence 
on the overall prediction of recirculation although 
the near-wall flow, and hence the value of the 
Stanton number, is better predicted.

Results obtained with both two-equation models 
were in reasonable agreement with each other and 
experiment but the eddy-viscosity model was in 
much poorer agreement with experiment.
For the two-equation k-e model the distributions 
of pressure, displacement and momentum thickness, 
mean velocity and skin-friction coefficient were 
in good agreement with experiment. Turbulence 
shear-stress and kinetic-energy were in reasonable 
agreement but was slightly under-predicted in the 
wake. The extent of separated flow was poorly 
predicted although its dimensions are small. 
Solutions of the boundary-layer equations were in 
poor agreement with experiment, and different 
from solutions of Navier-Stokes equations, because 
of failure of the boundary-layer procedure to 
represent the strong viscous-inviscid interaction 
near the trailing-edge and not because of the 
neglect of normal stress gradients in the boundary- 
layer equations.
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TABLE 1.3

SUMMARY OF THE RELEVANT WAKE CALCULATIONS

Author(s) Flow and Method Findings/Comments

Patel and 
Scheuerer (1982)

Symmetric and asymmetric wakes of a flat 
plate and a streamlined body.

2-D Boundary layer finite-difference 
method of Patankar and Spalding (1972). 
k-e turbulence model.

Near and far wakes provided a simple and yet 
critical test for turbulence modelling but 
external pressure gradient is neglected.
The k-e model predicts the near wake well but is 
much less satisfactory for the growth rates and 
distributions of velocity, shear stress, and 
turbulence kinetic energy in the far wake.
Peaks near the centre-line of very-near wake were 
not well predicted.

Baker
et al (1982)

NACA 63012 airfoil wake.

Viscous-inviscid interaction algorithm.
2-D Parabolized time-averaged Navier- 
Stokes equations.
Viscous-corrected potential flow. 
2-Equation turbulence model with algebraic 
equations for Reynolds stresses.

Mean velocity and Reynolds stress distributions 
were well calculated in near wake.
Initial conditions of turbulence kinetic energy 
and its dissipation rate were critical. Wake 
calculation depended on representation of the 
turbulent boundary layers on the airfoil surface. 
Numerical predictions compare favourably with 
experimental mean velocities and Reynolds stresses 
over half of the wake. Detailed comparisons close 
to the trailing-edge are lacking.



Author(s) Flow and Method

Hah and
Lakshminarayama

Waskiewicz 
et al (1980)

Pope and 
Whitelaw (1976)

NACA 0012 airfoil wake.
(1982)

2-D Time-average Navier-Stokes 
equations solved in elliptic form. 
2-Equation turbulence model with 
algebraic equations for Reynolds 
stresses.

Supersonic wake of a wedge plus 
flat plate model.

2-D Compressible Navier-Stokes 
equations in mass-averaged form. 
Cebeci-Smith turbulence model.

Near wakes of an ellipsoid, flat 
plate, a disc(baffle), and an 
annular jet.

2-D Time-averaged Navier-Stokes 
equations.
k-e and Reynolds stress transport 
turbulence-models.

Fi ndi ngs/Comments

Use of the conventional dissipation equation 
results in over-prediction of recovery in the wake 
due to the neglect of the effects of wake curvature. 
Recommend modified source term in dissipation equation 
to account for wake curvature.
Profiles and decay of mean velocity are well 
calculated. Reynolds normal and shear stress are 
reasonably well calculated. The predictions of 
the intermediate region of the near wake are least 
accurate but are still in good agreement with 
experiment.

Near wake region is in good agreement with experiment i 
but required ad hoc specification of the relaxation w 
length used to exponentially decay the eddy-viscosity ** 
along the length of the wake. 1
Pressure distribution and velocity profiles are in poorer 
agreement upstream in the very-near wake and recovery 
to get better agreement downstream seems somewhat 
fortui tous.

Without recirculation, turbulence is less important 
than the boundary conditions at the trailing edge, 
particularly the cross-stream velocity.
Mean velocities are predicted adequately but 
turbulence normal stresses required the Reynolds 
stress transport model.
Recirculation length and spread of the wake are 
under-estimated and appears to come from turbulence 
modelling assumptions in the dissipation equation 
although numerical accuracy is also suspect.



TABLE 1.4

SUMMARY OF DETAILED EXPERIMENTS IN TURBULENT SEPARATING BOUNDARY LAYERS AND DOWNSTREAM WAKES

Author(s) Measured Quantities and Techniques Flow Configuration/Comments

Coles and 
Wadcock (1979)
Wadcock (1978) 
Wadcock (1980)

Nakayama (1983)

<U>, <V>, <u2>, <v2>, <uv>, Cp , 
intermittency factor and higher order 
turbulence quantities of U and V.

Surface pressure tappings.
Flying hot-wire anemometry.

2 2
<U>, <V>, <u >, <v >, <uv>, Cp, and 
downstream intermittency.

Impact probes and surface pressure tappings. 
Hot-wire anemometry.
Laser-Doppler velocimetry.

NACA 4412 airfoil at 14 degrees incidence 
with Rec of 1.52 x 10®.

Maximum lift conditions with large separation 
bubble starting about 85 per cent of chord.
Flow control needed for two-dimensionality 
which was not adequately checked.
Flying-wire support mechanism interfered with 
the external flow.
Lack of velocity measurements close to the wall.
No w-component information.
Higher order turbulence data suspect because 
less than 1025 samples were used in their 
ensemble averages.

DSMA 671 airfoil at 12 degrees incidence with 
Rec of 1.2 x 106 .

Small separation buhble starting about 93 per 
chord.
Relatively good two-dimensionality over the centre 
span region.
Lack of information in the vicinity of incipient 
detachment and in the backflow very close to the 
wall.
Laminar-to-turbulent transition at 75 per cent 
of chord.



Author(s) Measured Quantities and Techniques

Viswanath and 
Brown (1983)

2 2
<U>, <V>, <u >, <v > and Cp .

Impact probes and surface pressure 
tappings.
Schlieren and shadow-graph visualisation 
Laser-Doppler velocimetry.

Flow Configuration/Comments

Flat plate of 0.57 m length with the rear quadrant 
of an 18%-thick circular arc airfoil attached to 
the trailing-edge.

Very small region of separated flow near the trailing- 
edge. Regions of recirculating flow extends from 
20 mm upstream of the trailing-edge to 4 mm into the 
wake with a maximum height of 2 mm. The separation 
bubble closes rapidly in the wake. Few measurements 
in the region of recirculating flow.
Noticeable changes in mean and turbulence fields around 
separation although the adverse pressure gradient is 
small. Normal-strain: normal-stress interaction 
makes a significant contribution to the production of 
turbulence, and hence the mean flow development, in 
the vicinity of separation.



Author(s) Measured Quantities and Techniques

Simpson et al (1981) 

Simpson et al (1977)

2 2 2 3 3 
<U >,<V>, <u >, < v >, <w > ,<uv>,<u >, <v >,
<u2v>, <u4> and <v^>, Cp, Cf and downstream
intermittency. H

Impact probes and surface pressure tappings 
Hot-wire anemometry.
Surface hot-wire skin-friction guage. 
Laser-Doppler anemometry.

Hastings and 
Moreton (1982)

2 2<U>, <V>, <u >, <v > and C .
r

Impact probes and surface pressure tappings 
Laser-Doppler anemometry.

Flow Configuration/Comments

Separation on a flat plate due to the pressure 
gradient induced by contours of and blowing 
or suction through the opposite wall.

Very large separation in excess of 3 metres 
in length.
Downstream influences on the recirculating 
flow in the vicinity of detachment are unknown 
and, for this experiment, have their origins 
in the three-dimensional region. Measurements 
not obtained in downstream portion of the 
separated region. Spanwise diffusion in separated 
flow occurred so that downstream of about 1 metre 
from mean streamline detachment, no two-dimensional 
region was found.

Separation on a flat plate due to the pressure 
gradient induced by contours on the opposite wall 
which was adjusted to give equilibrium velocity 
profiles.

Lack of potential flow due to the interaction of 
the roof and floor boundary layers over the test 
section.
Asymmetry in mean flow. Possibly some flow 
convergence. Uncertainties associated with 
seeding practice.



Author(s) Measured Quantities and Techniques

Solignac (1980)

Bachalo and 
Johnson (1979)

Meier et al (1983)

o o
<U>, <V>, <u >, <v >, <uv> and C .r
Impact probes.
Hot-wire anemometry.
Laser-Doppler velocimetry.

<U>, <V>, <u^>, <uv> and C .r
Surface pressure tappings. 
Holograph interferometry. 
Laser-Doppler velocimetry.

<U>, <V>, <W>, Cp and Cf.

Surface oil visualization.
Impact probes and surface pressure tappings 
Pitots used for separated flow.
Surface hot-film probes.
Laser-sheets with helium bubbles for 
visualization.

Flow Configuration/Comments

Axisymmetric contoured after-body, i.e. annular 
trailing-edge flow.

Flow measurements in the region of recirculation.
No measurements close to the wall in the backflow. 
Two-dimensionality suspect despite axisymmetry.

Transonic flow over an axisymmetric circular- 
arc bump on a cylinder.

Pressure gradient caused small region of separation 
near the trailing-edge. Boundary-layer shock 
interaction farther upstream.

Three-dimensional boundary-layer and separated 
flow on a prolate spheroid (body of revolution) 
at 10 and 30 degrees incidence.

Laminar flow at 10 degrees incidence and turbulent 
separation at 30 degrees incidence.
Flow structure is very complex with vortices and 
complex separating flow patterns.
Turbulence field is not obtained. Large gradients 
and dimensions of the flow domain make it expensive 
to obtain measurements even in such a simplified 
flow.



Author(s) Measured Quantities and Techniques

Young et al (1978) 2 2<U>, <V>, <u >, <v >, probability density 
functions and power spectra.

Laser-Doppler velocimetry.

Johnson and 
Spaid (1981)

Spaid and 
Bachalo (1981)

Johnson, Bachalo 
and Owen (1981)

Johnson and 
Bachalo (1980)

2 2
<U>, <V>, <u >, <v >, <uv> and C .r
Impact probe and surface pressure tappings 
Holograph interferometry.
Laser-Doppler velocimentry.

Flow Configuration/Comments

NACA 0012 airfoil at 19.4 degrees incidence 
with Rec of 1 x 1 0 6.

Large region of recirculation associated with 
stall, i.e. separation near the leading edge. 
Measurements were not obtained close to the 
wall. Seeding and access difficulties. 
Two-dimensionality uncertain.
Separation was unsteady in the mean and may 
possibly be associated with laminar bubble­
bursting phenomena.

Supercritical DSMA 671 at M* of 0.72 with small 
trailing-edge separation.
Supercritical DSMA 523 with small pressure- 
side separation.
Supercritical NACA 64A010 with shock-induced 
stall or leading-edge stall.
Supercritical NACA 64A010 at MOT of 0.80 with 
shock/boundary layer interaction without and 
with either mild separation or stall.

These four flow configurations correspond to the 
four references in the left-hand column.
All of these experiments involve a region of 
supersonic flow.



Author(s)

Seetharam and 
Wentz (1979)

Seetharam and 
Wentz (1975)

Perry and 
Fairlie (1975)

• • • •

Measured Quantities and Techniques_______

<U>, <V>, Cp and some quantitative turbulence 
turbulence information.

Impact probes and surface pressure tappings. 
Hot-wire anemometry.
Directionally-sensitive split-film hot-wire 
anemometry.

<U>, <V> and Cp .

Impact probes and surface pressure tappings. 
Directionally-sensitive hot-wire anemometry.

Flow Configuration/Comments

GA(W)-1 airfoil at 18.4 degrees incidence 
with Rec of 2.22 x 10^.

Reverse velocities obtained with the split- 
film probe have large uncertainties.
Turbulence quantities are difficult to 
interpret and may be affected by flow reversals. 
Near-wall flow is not measured.

Separating and reattaching turbulent boundary 
layer over a flat plate with a flexible wall 
opposite to control pressure gradient.

Results in regions of flow reversals are highly 
uncertain because of the use of stationary hot­
wire modified to locate hot-wire wake.
Backflow is not investigated close to the wall.



CHAPTER 2

EXPERIMENTAL TECHNIQUES

This chapter describes the experimental techniques and 

procedures used here and emphasizes their application in the 

vicinity of a large region of recirculation.

Flow visualization was used to examine the region of boundary 

layer separation and to indicate the region over which the mean 

flow may be regarded as two-dimensional. It is discussed in the 

first section. The measurement of mean pressure with wall tappings 

and various impact probes is considered in section 2.2 and the 

principles of hot-wire anemometry are explained in section 2.3.

The use of a flying-hot-wire anemometer was required in the 

vicinity of recirculating flow to avoid the rectification effect 

associated with a stationary wire and is described in section 2.4 

wherein velocity results obtained with pressure-probe and hot-wire 

methods are compared to those obtained with the flying-wire. The 

above procedures are used to obtain the measurements of pressure 

and velocity characteristics presented and discussed in chapter 3. 

They are compared to calculated results in chapter 5.

2.1 Flow Visualization -

The purpose of this section is to describe the present flow 

visualization techniques which were used to determine the extent of 

the regions of potential, boundary-layer and recirculating flow and



to determine the degree of two-dimensionality. To achieve these 

objectives helium bubble tracers, surface oil films, smoke injection, 

tufts and surface bubbles were used. The reviews by Maltby (1962), 

Bradshaw (1969), Hinze (1975) and Chang (1976) describe the general 

aspects of flow visualization as applied to aeronautical and 

separating flows and the reader is referred to their discussions 

for alternative visualization techniques.

Helium bubble tracers. The flow is visualized by releasing 

soap bubbles, filled with helium to balance the weight of the soap, 

into the upstream flow and following the paths along which they 

travel. Movement of the bubbles can be used to indicate the 

instantaneous streamlines away from the wall and to determine if 

the flow is turbulent or recirculating.

The bubbles were generated by injecting helium into an 

annular film of soap and were broken away using the friction induced 

by the airflow of an outer annular jet. The size of the bubbles 

was controlled by the rotational speed of the peristaltic pump used 

for the soap, so that they followed the flow and responded to 

aerodynamic forces. The flow rates were adjusted to generate around 

150 bubbles of about 1 mm diameter per minute.

Regions of turbulent flow were identified by unsteady 

movement of the bubbles and by a marked increase in their spreading 

rate over that experienced in the potential flow. Turbulent 

fluctuations were always observed immediately downstream of the 

nozzle due to the wake of the probe and its supports and because 

of mixing between the annular jet and the external flow. In the



potential flow,these effects were apparent close to the nozzle 

whereas the fluctuating motions of the bubbles were larger in 

the turbulent boundary-layer and turbulence diffusion increased 

the width of the bubble distribution with downstream distance, 

particularly in the spanwise direction.

The region of recirculation was identified by observing 

bubbles which travelled upstream with the reversed flow and by the 

shift of outer streamlines away from the wall. Some of the 

bubbles approached the surface and broke so that the surface 

became wet and modified the surface contours. This was particularly 

important near the trip wire,used to promote transition,and also 

near the trailing edge where the soap film tended to build up.

Also the small number of bubbles in the near wall region of the 

recirculating flow made the location of streamline detachment 

more evident by their absence.

Figure 2.1 shows a series of photographs of helium bubble 

visualizations which depict an attached boundary layer, turbulent 

separation at the trailing edge and complete stall for an airfoil 

with a 250 mm chord. Results of this type were used to help 

select the angle of attack for the flow configuration of section 3.1. 

Separation is absent in figure 2.1a but exists in the latter two 

photographs and the location of mean streamline detachment was 

deduced from continuous observation. For the flow configuration of 

section 3.1, photographs were not possible because of the need 

for flow control vanes on the side wall of the wind tunnel, but 

the flow was observed to be generally similar in character to the 

trailing edge separation in figure 2.1b.



Surface oil flow. A surface oil film moves slowly in a

manner representative of the intensity and direction of the surface 

shear stress and streaks in the film indicate the direction of the 

wall streamlines. The process of separation is dominated by the 

near wall flow and the location of the separation line, i.e. mean 

streamline detachment, may be detected where the downstream flow 

of oil ceases and, for two-dimensional flows, its direction reverses 

as shown on figure 2.2.

Squire (1961) solved the equations for the motion of a thin 

oil film under a boundary layer to describe the oil-flow pattern 

and to determine its effect on the boundary layer flow. The results 

showed that the oil flow followed the shear stress on the oil surface 

and the thickness of the oil displaces the boundary layer away 

from the solid surface. Accurate visualization is obtained with 

a film thickness less than 0.13 mm in the turbulent boundary 

layer here and was adhered to in the present study. The location 

of the separation line is uncertain within about 15 mm, since 

oil tended to collect around it and the skin friction approached 

zero.

The surface flow was visualized by observing the motion of 

a white pigmented-oil mixture over the model surface which was covered 

by smooth black plastic to keep it clean and to improve the 

contrast of the oil and the surface. The oil mixture consisted 

of titanium dioxide powder, medical-grade parafin (kerosene) 

and silicon oil in the proportions 45, 40 and 15 per cent by 

volume, respectively, plus a few drops of oleic acid which acted 

as an emulsifying agent.



The surface was coated with a thin layer of the oil mixture 

and the tunnel started. In regions where the surface shear stresses 

were large the oil flowed. In the recirculating region, there was 

no apparent motion even after 60 minutes and the oil on the surface 

was gradually diluted with parafin to reduce its viscosity by 

wiping the surface with a cloth soaked in parafin. This procedure 

had the additional benefit of reducing the thickness of the oil film 

in the vicinity of separation.

Figure 2.3 shows the surface oil flow pattern around 

the base of a circular cylinder for a Reynolds number of 18300, 

based on the diameter and free-stream velocity. Similar results 

were obtained for the flow configuration of section 3.1 in the 

region of attached flow but in the region of recirculating flow the 

visualization was less certain due to the effects of gravity.

Surface oil flow patterns must be cautiously interpreted 

and carefully observed during their development if regions of 

recirculating flow are to be identified. Visualization of the 

flow approaching separation and in the recirculation region was 

difficult where the surface shear stresses were small and the 

results are subject to uncertainties. For the flow configuration 

of section 3.1 the visualization results were not regarded as 

conclusive evidence that the mean flow was two-dimensional inside 

the recirculation bubble, although the two-dimensional features 

of the separation were correctly demonstrated by the present 

procedure, and were verified with more quantitative experimental 

techniques.

Smoke injection. Smoke consists of a suspension of 

particles or droplets which can be observed in a transparent gas



by the scattering and reflection of light. Oil smoke was used 

here and was obtained from a pyrotechnic device. Since the smoke 

diffused within 300 mm of the injecting nozzle, because of 

turbulence diffusion generated by the boundary layer and probe wake, 

its range of applicability was limited.

Smoke was injected at the trailing edge of the flow 

configuration of section 3.1 and filled the recirculation bubble.

The instantaneous boundary between upstream and downstream flow along 

the surface was clearly visible and, as expected, it was unsteady 

and instantaneously three-dimensional although its mean location 

appeared to be linear in the spanwise direction. The height of the 

bubble was also evident and appeared to be two-dimensional over 

the central region of the flow although it was obscured by turbulence 

diffusion into the outer flow downstream of the trailing edge. Smoke 

was retained in the recirculation bubble for less than 2 seconds 

after injection was stopped and indicated that turbulent fluctuations 

and the associated turbulence diffusion were large in the separated 

region.

Tufts and surface bubbles. The region of recirculation 

was visualized with tufts and soap bubbles on the surface.

Tufts were made from 10 and 25 mm lengths of thin cotton 

thread and were fixed to the surfaces at their mid-point. The 

tufts fluctuated due to turbulence and pointed towards the mean 

separation line except within 20 mm of mean streamline detachment 

where the fluctuations were so rapid that the flow direction could 

not be determined regardless of the length of string used.



A soap solution was bubbled onto the surface through holes 

in the wall. These surface bubbles moved in a similar fashion 

to the surface oil flow except downstream of separation where 

they moved up the inclined surface towards the separation line.

The bubbles approached within 20 mm of the location of mean 

streamline detachment and oscillated back and forth over a distance 

of about 4 mm.

Tufts and surface bubbles confirmed that reversed flow 

occurred downstream of the separation line identified by surface 

visualization, and indicated that large fluctuations of velocity 

occurred inside the region of recirculating flow.

2.2 Pressure Measurements

This section describes the calibration and measurement 

procedures for impact probes used to quantify the variation of 

mean values of static pressure and velocity in certain regions of 

the present flow. The use of pressure probes in subsonic flows 

has been reviewed, for example by Bryer and Pankhurst (1971), Becker 

and Brown (1974) and Chue (1975) and is based on the concepts of 

static pressure, P, total pressure, P^s and dynamic pressure as 

given by Bernoulli's equation:-

PT = P + ^ p V 2 (2.1)
in which P^ remains constant if viscosity effects are negligible.

This equation is used to develop relationships between the pressures



through the sensing holes of the probes and the local values of 

static pressure, flow direction and velocity around the probe. 

Impact probes are sensitive to pressure and velocity fluctuations 

due to turbulence and their calibrations apply over a limited 

range of flow angle so that they are inappropriate in highly 

turbulent or reversing flows. They were used in regions of the 

flow with a predominant flow direction and their use and possible 

sources of error are discussed here.

Mean pressures are important in the present flow and were 

measured but fluctuating pressures are of less value since, for 

example, turbulence kinetic energy budgets balance without 

fluctuating pressure terms (Bradshaw, Cebeci and Whitelaw, 1981). 

Also, there is no accepted method for making fluctuating pressure 

measurements since the probe dimensions must be very small or 

corrections for spatial resolution conjectured (Bradshaw, 1971).

Surface static pressure. The measurements of static 

pressure at the wall were made with tappings in the surface and 

avoids the problems associated with probe disturbances. The 

observed static pressure can be affected by the diameter of the 

wall tapping and Shaw (1960) investigated this phenomena in 

incompressible turbulent boundary layers over smooth walls: 

accordingly hole diameters of 0.5 mm and a depth to diameter ratio 

greater than 4 were used here. Burrs around the tappings can 

affect the pressure reading and were carefully removed. Any errors 

associated with turbulent fluctuations are likely to be small 

according to Bradshaw (1969) although the extent of the effect is 

not precisely known. For free stream velocities less than 30 m/s



the maximum uncertainty due to the cumulative effects of hole

2dimensions, burrs and turbulence is less than 0.5 pUT which is 

about 0.35% of the reference dynamic pressure.

Pitot tubes. Pitot tubes can accurately measure total 

pressure over a limited range of subsonic flow conditions: the flow 

must be aligned within 10 degrees of the probe axis; viscous 

effects must be small in the vicinity of the tube; the turbulence 

intensity must be less than 5 per cent of the undisturbed flow 

velocity; and the probe must be at least 2 probe diameters from 

the wall. These criteria are restrictive and this section describes 

the procedures adopted to correct the total pressures obtained with 

cylindrical and flattened-end Pitot where the above assumptions 

do not apply.

A cylindrical Pitot tube was used and had an internal 

diameter of 0.82 mm and a ratio of the internal over external diameters 

of 0.66. Correction for viscous effects was not required since 

the Reynolds number based on the internal diameter always exceeded 

100. In regions where there was a gradient of total pressure, 

the location of the measured pressure was shifted towards the higher 

total pressure by 15 per cent of the external diameter as suggested 

by MacMillan (1954a). Within two diameters of the wall an additional 

correction was applied to increase the total pressure according 

to the relationship based on the distance from the wall given by 

Bryer and Pankhurst (1971).

The flattened probe had internal and external heights of

0.31 mm and 0.48 mm, respectively, and a length to diameter ratio 

of 4.4. The viscosity corrections prescribed by MacMillan (1954b)



were used if the Reynolds number based on the height was less than 

1000 and decreased the measured value of total pressure by less 

than 1 per cent of the local dynamic pressure. No displacement correction 

for the effects of shear across the flattened probe was applied 

although the wall proximity correction of Bryer and Pankhurst (1971) 

was again used closer than two probe heights (1 mm) from the wall.

These corrections were less than the effects of turbulent 

fluctuations on the mean readings of total pressure. Turbulence 

effects are reviewed by Hinze (1975) and increase the mean reading 

of total pressure according to:-

< P > = < P >  + J r <px V > 2 {1 + t^ }  (2.2)
T ^ <v>

where <k> is the mean kinetic energy of the turbulence. The values 

of <k> were obtained with hot-wire anemometry and did not exceed

0.15 of the local dynamic head if the cylindrical-probe results 

were to be accurate within 1 per cent of dynamic pressure: this

level of accuracy requires that the flow is not angled by more than 

10 degrees to the probe axis (Bryer and Pankhurst, 1971). Flattened 

probes have a greater sensitivity to turbulence fluctuations in 

the transverse plane which results in increased uncertainties in 

highly turbulent flows. In all cases the Pitot probes were aligned 

with the mean flow directions by rotating the probe until the 

maximum total pressure was obtained.

Flow velocity can be obtained from equation 2.2 by combining 

total and wall pressure measurements provided that the gradient of static 

pressure is known. This procedure was used in the boundary layer
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upstream of the curved section and in the near-wall region where the 

differences between the local and wall values of static pressure 

were small.

Wall shear stress, tw , can be obtained from a single 

measurement of velocity using a round pressure probe of diameter, 

d, lying along the surface and the similarity law (Preston, 1954):-

t d LwAPd = p __\
9 rpRt 9 1 (2.3)

pv pv

where AP is the difference between the total pressure from the 

Preston tube and the undisturbed static pressure on the wall. This 

pressure difference is affected by the close proximity of the probe 

to the wall and requires calibration such as the chart of Head 

and Vasanta Ram (1971) used here. This calibration is empirical 

and requires similarity between the turbulent boundary layer where 

it was obtained and the measured flow.

Skin friction can also be obtained from velocity profiles 

if a logarithmic law-of-the-wall is assumed as proposed by 

Clauser (1954), and is compared in chapter 3 to results obtained 

with the Preston tube and by extrapolation of the measurements of 

Reynolds shear stress to the wall (also see the review by Winter, 1979). 

The extrapolation of hot-wire measurements of <uv> is straight­

forward and needs no further comment.

The logarithmic law of the wall is given by:-

{{- = -  In {—-} + BU K VT
and can be rearranged by defining the skin friction coefficient, 

cf = pUg.to give:-

1 nU
(2.4)
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r - i r )1'2 ^>*»J (2 .5 )

which can be compared to experimental velocity profiles on Clauser 

charts such as figure 3.12. The value of skin friction depends 

on the values of the constants k and B which were taken as 0.41 and

5.0 in the present study as recommended by Bradshaw, Cebeci and

Whitelaw (1981).

In regions of highly turbulent or reversing flow, pressure 

probes cannot be used because of the inability to align the probe 

axis and the instantaneous flow vector, even approximately, and 

since stationary hot-wires suffer from a similar problem the 

flying-wire of section 2.4 was required.

Pitot-static probes. Velocity may be obtained from 

simultaneous measurements of static and total pressure using a 

Pitot-static probe and equation 2.1. Combining Pitot and static 

tubes into one instrument poses no special problem since the mutual 

interference between the total-pressure and static-pressure tappings 

on the probe is negligible in practice although the probe size 

is necessarily larger and disturbs the flow to a greater extent.

The Pitot-static probe of the present study was commercially 

manufactured (Airflows Developments Ltd.) and had a diameter of 

2.19 mm and an ellipsoidal nose. When the probe axis was aligned 

within 10 degrees of the flow direction, equation 2.1 was used 

to obtain the dynamic pressure to an accuracy better than 1 per cent 

provided the turbulence intensity is low.

The range of applicability of the Pitot-static probe 

was limited because the total-pressure and static-pressure holes
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are displaced and an error arises in the static pressure reading 

unless the radius of curvature Of the flow is much larger than the

• length of this displacement. Turbulence affects the total pressure

as discussed above and also affects the measured value of static

1 2  2pressure making it high or low by a factor of j  p(<v > + <w >) 

depending on the scale of the turbulence (Hinze, 1975).

The Pitot-static probe was preferred in the outer potential 

flow and for calibration of hot-wires. It was not used near the 

surface or in regions with significant turbulence, flow curvature 

or gradients of pressure and velocity since in these situations 

the accuracy of its results are inferior to those obtained with the 

five-hole probe or simple Pitot tube.

• Five-hole impact probe. This probe was able to measure 

the flow angle, static and dynamic pressure simultaneously at the 

same location although it is larger than the other probes and 

requires calibration. It is shown diagramatically on figure 2.4
rv\

and was constructed from tubing with 0.51 mm inside and 0.82^outside 

diameters so that its maximum cross-stream dimension was 2.58 mm.

The measured pressures from the five tubes were used to 

obtain the flow angle, 6,  dynamic pressure, q, and total pressure, Py,  

from the equations (Bryer and Pankhurst, 1971):

.  9 ■  M P1 -  P2>/ <P5 -  Pm> <2 ' 6 >

0 = 7  PV2 = (P5 ' Pm> {KA ' KBT°9l0 K p5 ‘ (2-7)

and P j  = P5 +  q(K-|0 + l^ e 2 ) (2.8)



after rotating the probe in yaw to balance the pressures in 

tubes 3 and 4. The values of Kq , K^, Kg, qr, K-j and Kg are 

constant and were obtained from calibration and Pm is the mean 

value of the four pressures of the outer tubes (1-4) shown on 

figure 2.4. The static pressure is obtained from equation 2.1 

using the dynamic and total pressures from equations 2.7 and 2.8 

respectively.

The constants in equation 2.6-8 are given in table 2.1 

and were determined by curve fitting to calibration data obtained 

in the potential core of a round jet whose velocity was varied over 

the range 6-30 m/s, with angles of up to 15 degrees between the 

probe axis and the flow direction. Measurements with these 

constants were compared to those obtained with impact probes: static

and dynamic pressures obtained with the Pitot-static in the free 

stream agreed within 0.6 and 0.4 per cent of dynamic pressure over the 

range 7-28 m/s; similar results agreed within 3.4 and 2.9 per cent of 

dynamic pressure using the wall pressures measured in the attached 

turbulent boundary layer where cross-stream pressure gradients 

were around zero. The error in the free-stream measurements arose 

from the curve fitting procedure while those in the turbulent 

boundary layer are primarily attributable to velocity gradients 

although turbulence effects may also have contributed.

The above measurements were repeated with the five-tube 

probe inclined at angles of up to 15 degrees with the mean flow and 

agreed within the values given above. The measured angles were 

correct within 0.2 degrees in the free-stream and 1.7 degrees in 

the turbulent boundary layer. The latter error is primarily due



to gradients across the probe face and turbulence effects,and 

the former is attributable to the accuracy of the manometer. The 

five-tube probe was not used in the region close to the wall 

since its accuracy decreased rapidly when it approached within 

4 mm of the surface.

The discrepancy between measured values in the attached 

boundary-layer is indicative of the uncertainties expected in the 

curved boundary-layer and wake of the present flow although 

it is clear that measurements cannot be made with the five-tube 

probe in regions where flow reversals occur since the calibration 

is invalid.

Discussion. The impact probes described here have 

different limitations which restrict their application to certain 

regions of the flow. Table 2.2 gives the values of the maximum 

uncertainty for each pressure probe and the regions of the present 

flow where they were used.

The Pitot-static probe is preferred in the free stream 

because it is simpler to use and more accurate than the five 

tube probe. Cylindrical and flattened-end Pitot tubes were used 

in the near wall region of the attached boundary layer and the 

results corrected for the effects of viscosity, turbulence 

and proximity to the walls. The maximum uncertainty is largest 

with the five-tube probe in the turbulent boundary layer because 

no corrections have been applied to account for turbulence 

or cross-stream gradients: this uncertainty was estimated by

comparing to Pitot measurements in a turbulent boundary layer with 

negligible pressure gradient.



None of these impact probes are capable of measuring 

reversing flow since they require alignment with the flow direction. 

This is not applicable to the wall pressure tappings whose readings 

of static pressure are correct since the tappings are aligned 

perpendicular to the local direction of the near-wall flow.

2.3 Hot-Wire Anemometry

This section describes the constant-temperature hot-wire 

anemometry methods used to obtain the velocity characteristics 

of the present flow outside the regions of reversing flow where 

the flying-hot-wire of section 2.4 was required. Hot-wire 

instrumentation and the equations used to interpret and calibrate 

the signal of a stationary hot-wire are presented.

The principles and practices of hot-wire anemometry 

are well known and have been reviewed, for example, by Perry (1982), 

Vagt (1979), Compte-Bellot (1977) and Bradshaw (1969, 1971) and 

the reader is referred to these and also to the bibliography of 

Freymuth (1978).

This section is divided into five subsections concerned 

with the instrumentation; the response equations which convert 

the cooling velocity into the mean and fluctuating components 

of the flow velocity; the calibration procedure; the practices 

used to eliminate or account for the effects of contamination, 

velocity gradients, walls, and temperature; and the procedures 

used to measure with a stationary-wire probe.



57 -

Instrumentation. Constant-temperature operation of a 

hot-wire keeps the mean temperature of the wire constant when the

# velocity, and hence the heat transfer, is changed. Tungsten-platinum 

wires of 5 ym diameter were used for the heated sensors or the 

probes (DISA 55P10, 55P11 and 55P61). The anemometers (DISA 55M01) 

and constant-temperature bridges (DISA 55M10) with an overheat 

ratio of 1.8 were adjusted to obtain a cut-off frequency in excess

of 100 KHz as determined with the square-wave tests recommended 

by Freymouth (1977).

# The hot-wire voltage was converted to a digital signal 

and recorded by computer in accordance with the recommendations 

of Gibson (1973). Hot-wire voltage levels were held constant,

# using sample-and-hold modules (Analogic MP 240), during conversion 

by an analogue-to-digital converter (DEC AD01) to a 12-bit

digital signal, which was accurate to within 1.4 mV. The anemometer 

voltages were recorded by computer (DEC PDP8E) and, after 

calibration, gave direct information of the instantaneous wire­

cooling velocity. Ensemble averages of the wire-cooling velocity 

were calculated subsequently for a number of samples large enough

# that the velocity values and their moments were determinable to 

a specified statistical accuracy.

Transform equations. Heat transfer and temperature

# measurements made with hot-wires (Champagne et al, 1967 ) 

indicate that they respond to all three components of velocity 

and their sensitivity must be accounted for when interpreting 

the measured cooling velocity especially if the hot-wire is 

inclined to the flow.
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The heat transfer from a hot wire depends on 

and Qy, the axial, normal and tangential components of the cooling 

velocity shown on figure 2.5. The effective cooling velocity may 

be expressed in the form:-

Qeff = ^N1 + h*^N2 + k* ^ T ^ 2 ‘ ( 2 -9)

Rodi (1971) suggested the second term to account for the influence 

of disturbances due to the prongs and stem, and Muller (1982) 

has shown h*to be constant and determined from:-

h2 , {<Qeff(* - - <Qeff(» -
<Q>2 sin2(i|j = 10°) cos2(̂  = 10°)

(2 .10)

which gave typical values of around 1.10. This value has been 

used here since the pitch angle did not exceed 15 degrees. The 

importance of tangential cooling on the measured values of the 

Reynolds stresses was demonstrated by Champagne and Sleicher (1967b) 

The value of k*was taken as constant and was obtained from:-

2 _ 3<Qeff(a = 45°)>2 - 2<Qeff(a = 30°)>2 

-<Qeff(a - 45°)>2 + 2<Qeff(a = 30°)>2

which gave typical values of around 0.023.

The instantaneous effective-cooling-velocity of the hot 

wire which represents the cooling response to the velocity, Q, 

can be rewritten from equation 2.9 as:-

N1Qe f f  =  < Q >  c o s y ^ ^ K I  +  (
h zn z 
K % 2

2 2 
<Q >cos y

k* ^  <Q>2 cos2Y }1/2

*N1

(2.12)

with <Q> cosy representing the mean axial component, < ,  of



the cooling velocity. For convenience, equation 2.12 can be 

expressed in a more general form as:-

Qeff = <Q>c o s y(1 + F-|)[l + F2(l -F Fi)-2]1/2 (2.13)

where 1 + F-j = Qjyj^/<Q>cosY

and F2 = (h2Qjj2 + k2Q2)/<Q>2cos2Y

The non-linear term of equation 2.13 which is:-

T*= [l + F2(l + F,) ~2]1/2 (2.14)

requires some form of approximation and a binomial expansion 

may be used for low turbulence-intensity flows. To avoid this 

restriction the proposal of Ribeiro (1976) that the non-linear term 

be fitted to curves which represent the response over limited ranges 

of turbulence intensity and flow angle, has been adopted so that:-

Qeff = <Q>cosy Cq -j (1 + F-j + C^F^ ^ * ^2^2^!^ (2.15)

where the non-linear term is approximated in two stages by:-

-1 2 H*= (1 + F-|) corresponding to C^q + Ĉ -jF̂  + C^F-j

2
and \  corresponding to CG1 + CG2^F2H*'

so that the coefficients of equation 2.15 are:-

Ci = CHiCG2/CGl for 1 = ls 2 *

The sets of coefficients, C^. and C^., for each wire 

were determined by linear regression over the required range of 

turbulence fluctuations. Ribeiro (1976) demonstrated that the
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curves could be applied over a wide range of turbulence intensities 

and experience has shown that the maximum discrepancy between the 

true and approximated response is less than 0.7% for turbulence 

intensities less than around 30%. A curve fit can be obtained over 

any range of turbulence intensity provided the rectification effect, 

associated with a stationary hot-wire measuring reversals around zero 

velocity, is avoided.

Calibration. Approximate relations for the cooling of 

a cylindrical wire have been obtained experimentally for steady 

incompressible flow with forced convection and are expressed by the 

familiar King's law equation:-

E*= A*+ B*Qenf* (2.16)

that relates the anemometer voltage, E*,to the effective cooling 

velocity, Qeff> with the constants, A*and B*,and the exponent, n*, 

obtained from calibration. The constants, A*and B*,depend strongly 

on the temperature difference between ambient air and the probe 

sensor, and the exponent, n*,depends mainly on the local flow pattern 

around the wire and degree of surfaces contamination due to 

oxidation or particle deposition. It is generally recognized that 

equation 2.16 is not universal (Perry, 1982) although it may be 

applied over a limited range of velocities (Hinze, 1975).

Equation 2.16 has not been used here since single values 

of A*,B*and n*do not represent the voltage-velocity relationship 

over a wide range of velocity. Instead the effective cooling 

velocity of equation 2.9 is obtained from the hot-wire anemometer 

voltage, E*, with the explicit equation:-
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Qef f  = Aq + A ^ 'W  A2E2/n*+ A3E3/n* (2.17)
# which has been applied by Thompson (1981) over the velocity range 

from 1 to 40 m/s. The exponent, n*,was taken as 0.5 and reduced 

in steps of 0.02 if the maximum deviation exceeded 0.15 m/s or if 

the standard deviation of the error exceeded 0.075 m/s. The 

reference velocities, which were aligned with the axis of the hot­

wire probe, were obtained with a Pitot-static probe located in 

the potential flow of the wind tunnel for the velocity range from

• 6 to 35 m/s and overlapped with those obtained with the flying-hot-wire 

of section 2.4 whose speed was varied between 1 and 13.5 m/s in

still air. The coefficients, A., were determined by linear 

regression and required approximately 30 points with increments 

smaller than 0.5 m/s at the upper and lower limits of the 1 to 35 m/s 

range. A sample calibration is shown in table 2.3 with the maximum 

and standard deviations from a curve fit based on the method of

# least squares.

Practical implications. This subsection examines the factors 

which affect heat transfer from the hot-wire, other than velocity,

• and the methods used to control or account for them in the measurements 

reported in chapter 3.

Velocity gradients along or across the wire can have a 

significant effect on the measured value of velocity because of 

averaging of the heat transfer along the wire and have been 

considered by Gessner and Moller (1971), Ronald (1976) and Perry (1982) 

for example. In order to reduce the effects of gradient broadening, 

the magnitude of the mean velocity was determined from a single
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wire parallel to the surface (i.e. perpendicular to the velocity 

gradient) and probes with a length-to-diameter ratio of 200 were 

used.

Correction for the additional heat loss through conductive 

walls is important at values of Y+ less than 6 (Bhatia, Durst and

# Jovanic, 1982) but no corrections were required here.

The effects of changes in the ambient temperature and 

drift of the anemometer affect the constants, A.- of equation 2.17,

• and calibration was repeated if the room temperature changed by 

more than 1°C. Also the accuracy of the calibration curve was 

checked periodically during a set of measurements against the 

velocity obtained with a Pitot-static probe and recalibration was 

undertaken if they disagreed by more than 0.3 m/s. After recalibration, 

velocity measurements were repeated at a previous location to insure 

that the results with both calibration curves were in agreement.

# The presence of a probe inevitably affects the flow field 

and the effects of the wire supports (pintels) and probe stem are 

likely to be more significant than one would consider reasonable

• and are difficult to assess. Vagt (1979) discussed the consequences 

of aerodynamic disturbances and suggested they may be primarily 

attributed to the pintels and result in directional sensitivity of 

the probe as represented by equation 2.9. The use of single values
*

of k* and h*in this equation results in errors less than 0 .8 and

1 . 2  per cent of the mean velocity with an angle of incidence less 

than 15 degrees and is in agreement with the results of Muller (1982).

Contamination of the wire surface by oxidation or particle 

deposition may also cause the anemometer voltage level to drift. To
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prevent this, the tunnel airstream was filtered and the probes were 

cleaned, by soaking in acetone after about 20 hours of use, unless 

difficulties in calibration indicated a need for more frequent 

cleaning due to a build up of dirt. To avoid changes in the oxide 

layer on the heated surface, probes were burned in prior to measuring 

by operating them in still air for at least 8 hours when new or 

after cleaning. These practices coupled with frequent calibration 

checks, as described above, were used to account for anemometer 

drift.

The overall accuracy of hot-wire measurements is discussed 

for a stationary wire in the next subsection and for a flying-wire 

in section 2.4.

Stationary hot-wire anemometry. This subsection describes 

the procedures used to measure values of mean velocity and Reynolds 

stresses with a stationary hot-wire. Two levels of approximation 

for measuring in two-dimensional mean flow are considered. The 

simpler method is limited to low turbulence intensities with the 

probe axis aligned with the flow direction and the more complex 

method is developed to avoid these restrictions.

Ribiero (1976) has used a curve fitting approach for 

the hot-wire response equation similar to equation 2.15 and 

measured for the six Reynolds stresses and the magnitude and 

direction of the mean flow with seven probe orientations which 

required the probe axis be aligned with the mean flow. Habib (1980) 

used the same approach to obtain the mean flow and four non-zero 

Reynolds stresses in a two-dimensional mean flow with four probe 

orientations and also required alignment of the probe v/ith the
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direction of the mean flow. The first method presented here was 

used to measure two-dimensional mean flow but without alignment 

or turbulence intensity restrictions and can readily be extended 

to three dimensions.

Ensemble averages of the effective cooling velocity,

Qeff (normal) from a single wire aligned normal to the mean flow 

direction, and (cross, + a) and (cross, - a) from a

cross-wire arranged with the two wires in the plane of two-dimensional 

flow, were used to determine the magnitude and direction of the 

mean cooling velocity, assuming the cosine cooling law. The 

magnitude and angle of the mean cooling velocity, relative to 

tunnel co-ordinates are given by:-

<U> = <Q0f.f (normal )>

<Q
6 = arc tan {-̂ q

eff

eff

(cross, - a)>-<Qeff 

(cross, - a)>+<Qeff

(cross, + a)> 

(cross, - a)>*

(2.18)

(2.19)

It is advantageous to use the single normal wire to measure the 

magnitude of the mean velocity since it is subject to smaller gradient 

broadening effects compared with the cross wire and can measure 

closer to the surface, although the flow angle must be assumed 

at distances less than about 1.5 mm where the dimensions of the 

cross-wire prevent its use.

2 2 2The Reynolds stresses <u >, <v >, <w > and <uv> may be 

obtained from the solution of four simultaneous linear equations 

which represent the cooling response of four hot-wires orientated 

so that they are sensitive to different components of the velocity 

fluctuations. The selected orientations of the probe and their
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associated sensitivities to the fluctuations and angle of the 

effective cooling velocities, which appear as the functions 

in equation 2.15, are shown on table 2.4.

The mean square of the effective cooling velocity for each 

wire was calculated from:-

<qeff > = <(W f 2> " <^eff> (2 .2 0)

and related to turbulence fluctuations with four equations obtained 

by substituting equation 2.15 into equation 2.20 for each wire 

orientation and is of the form:-

Cm O O O
qeff > _ __ 2 , u < U  > , u  < V  > , k  < w > , u  < U V >  , , o  o n x- 2-  = cos Ytb, <(J>2 b2 ^ 2 + b3 + b4 <u>2 P* ) (2.21)

The mean velocity was obtained from equation 2.18 and y is defined

in table 2.4. The coefficients, b^, are functions of the four sets

of coefficients, C^, of equation 2.15 and the expression for f̂  and

g. as defined in table 2.4. The source term, <£> shown in appendix 2.A,

contains third and higher order correlations which could be obtained

by solving further equations although they would contain still

higher order correlations. Approximation is required to close these

equations and that chosen for evaluating the Reynolds stresses

was that the probability density function of turbulence fluctuations

has a Gaussian behaviour so that odd-order correlations are zero

and even-order moments are functions of second order moments only:

this is done without appreciable loss of accuracy since the

maximum errors in the values of <u-u-> due to this approximation
* 0

of the skewness and flatness factors are 0.3% and 0.65% respectively
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which were calculated u s in g  the values of third and fourth order 

correlations measured by Simpson et al (1981) in a separating 

boundary layer.

The Reynolds stresses were obtained by solving the set 

of four simultaneous equations based on equation 2.21. Initially 

the term, <^>, is assumed zero and the Reynolds stresses obtained 

using Gauss-Jordan elimination. This source term is then 

calculated with these values of the Reynolds stresses and the four 

simultaneous equations resolved. This procedure is repeated until 

the Reynolds stresses converge within 0.1% which usually requires 

from 2 to 9 iterations.

An alternative approach for obtaining the Reynolds 

stresses is to simplify the four simultaneous equations, based 

on equation 2 .2 1 , by aligning the probe with the flow direction. 

Alignment was achieved by using the flow angle measured with the 

five-tube probe of section 2 . 2  or by balancing the two mean 

velocities of the cross-wire although at distances closer than

2.5 mm from the surface the flow angle was assumed parallel to 

the wall. The magnitude of the mean velocity is then obtained 

from equation 2.18 and the Reynolds stresses obtained from the 

algebraic equations:-

? <^eff > <^eff > <^eff ^eff > <uZ> 1 , eTtl , e t t 2 , eTTl e TT2 ,
“ T V n  .2 ~  7Z <Q —  ><0 ~  >'<U>‘ ^ e f f ^ <Qeff, e f f i><!e f f2 ( 2 . 22)

< y 2 >
<U>2

<(W f
2>

<(5eff
2>

1 - 3k2 + 4k; <Qeff. <Qeff2>'

^eff^eff/



(2.24)
2 <(W f  >

<u> 1 -  k* <Qeff

<Q «  >xeff9 

" T --------- ?)

where the subscripts 1 and 2 correspond to the two wires in the 

vertical plane and angled at ±45 to the mean flow direction. The 

remaining Reynolds stress may be obtained by rotating the probe 

by 90° around the probe axis.

This approach neglects the higher order terms of <£> 

and hence is limited to turbulence intensities less than about 

15 per cent of the local mean velocity. It is also worth noting 

that these equations agree with those obtained by approximating 

equation 2.12 with a binomial expansion (Champagne and Sleicher, 

1967b) and were also used by Ribiero and Whitelaw (1975).

The errors which affect the results obtained with a stationary 

hot-wire stem from calibration, the approximate treatment of 

hot-wire response equation and determination of the location of the 

probe. The maximum deviation between the calibration data and 

the curve fit was 0.15 m/s and, combined with the error due to 

interpolation, results in a maximum uncertainty of less than 0.3 m/s. 

The probe was mounted on a traversing mechanism capable of motion 

in three orthogonal directions to within 0 .0 2 mm and the position 

relative to the surface was obtained by measuring the distance 

between the surface and the wire with gauges and was accurate to 

within 0.03 mm. The data collection instrumentation has an 

accuracy of 1.4 mV incurred during the digital conversion process 

and results in a further possible error of 0 .0 2 m/s.

The sources of inaccuracy in this method to determine 

the Reynolds stresses are of two types: systematic error in the



approximate form of the response equation and propagation of

random error in the measurements. The uncertainty resulting from the
2

approximate nature of the response equation is of order k times
4

Reynolds stresses, and k time third order correlations for mean 

velocity and Reynolds stresses,respectively. The propagation of 

random error is not crucial because the quantities to be determined 

are of the same order and strongly linked to the measured quantities.

The overall uncertainties are listed on table 2.5 as a function of 

flow angle and turbulence intensity together with the statistical 

error associated with the use of a finite number of samples for 

the ensemble-averaged quantities.

Summary. The procedures for measuring the velocity characteristics 

with a stationary hot-wire have been described. For regions with 

turbulence intensities below 15 per cent, and with the probe axis 

aligned in the flow direction, algebraic equations were used to transform 

measurements of wire-cooling velocity into values of mean velocity and 

Reynolds stresses. An alternative method was used if the turbulence 

intensity exceeded this value o r  if the flow was at an angle to the 

probe. It is more complicated and involves fitting an approximate 

curve to the response equations for the four wire orientations and 

solving the resulting simultaneous equations. Calibration curves based 

on polynomials were used to represent the voltage velocity relation 

over the velocity range 1-35 m/s. Measurements of mean velocity 

and Reynolds stresses obtained with both of the methods described above 

are presented in chapter 3.
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2.4 Flying Hot-Wire Anemometry

A flying hot-wire arrangement has been developed for the
m

measurement of the velocity characteristics of the flow around 

airfoils, and particularly in regions where negative values of 

instantaneous velocity occur. The mechanism and signal processing

• system are described and appraised by comparing stationary and 

flying wire measurements obtained in the trailing edge region of

a flap at an angle of attack which leads to upper-surface separation.

The problems associated with the use of hot-wire 

anemometry in high turbulence intensity and recirculating flows 

are well known. To overcome the signal rectification which can 

occur with hot wires, and in parallel with the frequency shifting 

of laser anemometry, flying hot-wires have been developed and 

reported by Coles, Cantwell and Wadcock (1978), and by Watmuff,

Perry and Chong (1983). This section reports details of the flying-wire

• instrumentation used to effect the measurements of chapter 3 together 

with results which allow an appraisal of the technique for use in 

the separated flow in the vicinity of airfoils at angle of attack.

It is not the purpose of this section to compare the 

relative advantages of flying-wire, pulse-wire and laser anemometry 

although each can be used to measure in highly turbulent or 

recirculating flows. It is useful to note, however, that the

• two wire-based methods are cheaper and offer the advantage of 

representing comparatively simple extensions of a well established 

technique. They have the potential disadvantage of disturbance to 

the flow but avoid the problem associated with the light-scattering
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particles required by laser anemometry. Flying-wire anemometry, 

in contrast to pulsed-wire anemometry, uses standard hot-wire 

probes and requires mechanical movements of the probe at a known 

velocity. Further information on pulsed-wire anemometry can be 

obtained, for example, from Castro and Cheun (1982) and of laser 

anemometry from Durst, Melling and Whitelaw (1981).

The remainder of this section is concerned with a detailed 

description of a flying-wire anemometer and its application to 

the measurement of the velocity characteristics of the separated 

flow on the upper surface of an airfoil at high angle of attack.

The instrumentation and data acquisition systems are described first 

and is followed by an outline of the measurement procedure. Results 

are presented to allow evaluation of the accuracy of the measurements 

and the problems associated with the use of the instrumenation.

The section ends with a summary of the more important conclusions.

Instrumentation and data-acquisition. The path which the 

flying-wire follows is of considerable importance, and that shown 

on figure 2 .6 was chosen for the present application with the support 

and drive mechanism mounted externally on the wind tunnel. The 

mechanism is shown schematically on figure 2.7 and was driven 

by a motor (Yaskawa PMEE 12 PM11). The location and corresponding 

velocity of the probe were calculated from the following equations 

with notation for geometric variables indicated in figure 2.7:-

x = ^ r s i n f t + - | - $  (2.25)a a

C by = a + r cos ft + —  r sin ft - (1 - — ) $ (2.26)
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§£ = - <or [(cos a) (f - f ̂ § ^ ) ]  (2.27)

§£ = . wr [£ cosfi- { 1 - (1 + |) (sliia)] (2.28)

Vp = ( ( f t ) 2 + ( f t ) 2}1/2 (2-29)

with $ representing the expression [a2 - (r sinfi)^J ' . The 

angles between the trajectory of the probe and the tunnel centreline 

and also between the axis of the probe and the centreline were 

• calculated from:-

B = arc tan (|^r/1£) (2.30)

and

• if; = arc tan (r sinn/$) (2.31)

respectively. To identify the position of the probe, an optical 

encoder (Digitech DR 1035) was attached to the motor drive and

• provided a train of 2000 pulses per revolution. The angular

shaft velocity was obtained by measuring the time between consecutive 

encoder pulses using a 10 MHz clock. Table 2.6 contains the essential 

details of the flying-wire.

The wire starts from its resting position, located outside 

the boundary layer, and is accelerated at a maximum rate over the 

region from position 1 to 2 of figure 2 .6 where it attains a 

predetermined velocity of up to 13.5 m/s. This velocity is 

maintained from location 2 to location 3 while measurements of 

effective cooling velocity are recorded. The momentum of the wire 

mechanism carries it back to the rest position 1 where it remains
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until any disturbances affecting the region of interest are 

dissipated after which another series of velocity values may be

• obtained. The retention of the probe outside the boundary layer 

and rapid acceleration to a velocity greater than the negative 

velocities of the flow in the recirculation bubble ensure that the 

wake of the probe and its holder do not influence the flow prior 

to the measurement part of the cycle.

Shaft velocity and up to two hot-wire voltages were 

obtained at each measurement location, and subsequently used to

• determine the velocity characteristics of the flow. For a sequence 

of preselected encoder locations, hot-wire voltage levels were 

held by synchronized sample and hold modules (Analogic MP 240),

• and recorded by a computer (PDP8E) after conversion to a 12-bit 

digital signal by an analogue to digital converter (DEC AD01).

The anemometer voltages, after calibration, gave direct information 

of the instantaneous wire-cooling velocity at the required locations. 

Probe velocity was calculated from equations 2.29 and 2.30 with 

the time between encoder pulses transferred from hardware while 

the probe was at rest. Conversion of the hot-wire voltages to

• effective cooling velocity was also performed at this time using

the calibration curve of equation 2.17. Values of probe and effective 

cooling velocity at each position were ensemble-averaged for a

• number of sweeps large enough to ensure that the calculated 

velocity values and their moments were determined to the accuracy 

specified in table 2 .6.

Measurement procedures. The mean velocity and the four 

non-zero Reynolds stresses of a two-dimensional flow can be obtained



with the flying-hot-wire from the measured characteristics of

probe velocity and effective cooling velocity. In order to obtain

2 2 2
the Reynolds stresses <u >, <v >, <w > and <uv> of the flow, the 

mean square of the effective cooling velocity was measured with 

four different wire orientations which were chosen as follows: 

a single wire aligned normal to the mean velocity, a cross-wire 

with its wires located in the plane of the two-dimensional mean 

flow, and a single wire slanted at 45 degrees to the normal wire 

with pintels coincident with those of the normal wire. The flying- 

wire probe cannot be aligned with the net cooling velocity so 

the mean velocity magnitude and direction were obtained from the 

effective cooling velocities of the normal wire and cross-wire 

respectively. Also the hot-wire response equation 2.12 is approximated 

with the curve fit given by equation 2.15 and was used to determine 

the characteristics of the fluctuating components of flow velocity 

after subtraction of the effects of probe motion.

Mean velocity. Ensemble averages of the effective cooling 

velocity, (normal) from a single wire aligned normal to the 

mean flow direction, and Qe^  (cross, + a) and (cross, - a) 

from a cross-wire arranged with the two wires in the plane of two- 

dimensional flow, were used to determine the magnitude and direction 

of the mean cooling velocity, assuming the cosine cooling-law. The 

magntiude and angle of the mean cooling velocity, relative to tunnel 

co-ordinates as shown on figure 2 .8 , are given by:-

<Q> = <Qeff (normal)> (2.32)

<Qef.p (cross, - ot)>-<Qeff (cross, + a)>
(j> - arc t a n ( c r o s s ,  - a)>+<Qg^  (cross, - a)>^ ^ (2.33)
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with representing the angle of the probe axis relative to the 

surface or tunnel roof.

The flow velocity was calculated from:-

6 = arc tan [(|n— + 
P

C O S  3  x-r (2.34)

and

<U> = ±[<Q> 2 - <Vp> 2 sin2 (6 + 3 ) ] ^ 2 - <Vp>cos(0 + 3) (2.35)

where <Vp> and 3 represent the probe velocity and angle obtained 

from equations 2.29 and 2.30.

2 2Reynolds stresses. The Reynolds stress <u >, <v >,
2

<w > and <uv> may be obtained from the solution of four simultaneous 

linear equations which represent the cooling response of four hot­

wires orientated so that they are sensitive to different components 

of the velocity fluctuations. The selected orientations of the probe 

and their associated sensitivities to the fluctuations and angle of 

the effective cooling velocities, which appear as the functions F. 

in equation 2.15, are shown on table 2.4.

The mean square of the effective cooling velocity for each 

wire was calculated from equation 2 .2 0 and related to turbulence 

fluctuations with four equations obtained by substituting equation 2.15 

into equation 2 .2 0 for each wire orientation and has the form:-

2 2 2 2 2 2 
<qeff > = <Q> cos Y(b-|<u.j> + b2<u£> + b3<u3> + b4<u^u2> +<P>) (2.36)

with u^ = q . / < Q >  for i = 1 , 2 , 3.

The mean velocity was obtained from equations 2.32 and Y is defined 

in table 2.4. The coefficients, b^, are functions of the four sets 

of coefficients, C^, of equation 2.15 and the expressions for f. 

and gn- as defined in table 2.4 and 1̂ is defined in appendix 2.A.
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The Reynolds stresses obtained by solving the set of

four simultaneous equations based on equation 2.36, represent the

fluctuations of the effective cooling velocity and conversion to

those pertaining to flow velocity requires subtraction of probe

velocity fluctuations. Samples were accepted in the ensemble

average only if the probe speed was within 0.3% of its selected

value and variations inside this limit resulted in a contribution

to the fluctuations of the effective cooling velocity. Ensemble

averages of the angular velocity of the motor shaft were used in
2

equations 2.27 and 2.28 to obtain <vp>> the mean square of these

one-dimensional probe fluctuations. The contribution of the probe

fluctuations to the effective cooling velocity for each wire was
2

obtained by substituting the values of <Vp>, normalised with the 

cooling velocity <Q> and transformed into the co-ordinate system 

orientated along the cooling velocity, into equation 2.36. These 

fluctuation effects are added to the source term which then is given 

by:-

<P*> = <fW  + V ' p f  + b2<vp2> + b4<vp l V  + <Pprobe> (2 '37)
so that the u^-fluctuations in equation 2.36 represent the 

contribution to the effective cooling velocity due to flow fluctuations 

only. Initially the term, <P.f’|0W>» is assumed zero and the Reynolds 

stresses obtained using Gauss-Jordan elimination. This source term 

is then calculated with these values of the Reynolds stresses and 

the four simultaneous equations resolved. This procedure is repeated 

until the Reynolds stresses converge within 0.1% which usually requires 

from 2 to 9 iterations.



The Reynolds stresses of the two-dimensional flow 

velocity, as shown on figure 2 .8 , were calculated in boundary layer 

or tunnel co-ordinates with the equations:-

<u^> = <Q>^(cos^<j)<u^> + s i n ^ c j x u ^  - 2sin(j) cosc})<u^U2 >) (2.38)

2 2 2 2 2 2 
<v > = <Q> (sin <f)<û > + cos (})<U2> + 2sincj) cos 0 <u^U2>) (2.39)

2 2 2 <W > = <Q> <Ug> (2.40)

2 2 2 <uv> = <Q> (sin<f)COS<f>(<û > - <U£>) + 2 2
(cos <j> - sin <J))<u-|U2>) (2.41)

with <Q> and 4> obtained from equations 2.32 and 2.33.

Preliminary tests. The flying wire was inti ally tested 

in still air to verify the calibrated cooling velocity against the 

encoder-based probe velocity and to determine the delay time at the 

rest position required to avoid probe interferece effects. The 

measured cooling velocity was found to be within 0.06 m/s of the 

probe velocity obtained from the encoder signal and the required 

delay time was found to be less than Is although this value was 

clearly too small to avoid the wake-disturbance effects expected 

to occur inside the separation bubble. Tests in the recirculating 

flow showed that a wire velocity of 10 m/s and a rest time of 5s 

were required to remove the rectification effect and to reduce the 

wake effect to less than 0.05 and 0.08 m/s of the mean and r.m.s. 

velocity respectively.

The flying-wire was subsequently used to measure in the 

potential flow regions above and below the surface where the mean 

velocity and r.m.s. of velocity fluctuations were known from Pitot 

tube and stationary hot-wire measurements to be 26 and 0.24 m/s 

and 14 and 0.15 m/s respectively. Flying hot-wire results obtained



with a calibration between 1 and 40 m/s agreed with these values 

within 0 .2% and 0 .8% respectively, and similar results were obtained 

when the tunnel speed was varied between 7 and 25 m/s and the probe 

speed varied between 3 and 13 m/s.

Tests in a turbulent separating boundary layer. Measurements 

of mean and fluctuating velocity have been obtained with the flying 

hot-wire in the two-dimensional turbulent boundary layer described 

in chapter 3. Figure 3.1 shows the flow configuration and indicates 

the regions of potential and attached flow where impact probes, 

stationary hot-wire and flying hot-wire results were compared.

The flying hot-wire was required near separation, where the probability 

of instantaneous flow reversals increased, and downstream of the 

location 200 mm from the trailing edge, where mean velocity along 

the surface was negative.

Measurements were obtained in the near-wall region at

s/c of 0.78, i.e. upstream of separation or its influence, with

stationary and flying wires and are shown on figure 2.9. The

mean velocities agreed within 0.15 m/s with the largest discrepancy

occurring between the two hot-wire results in the near wall region

where gradient broadening effects are greatest. The Reynolds

stresses were obtained by ensemble averaging 1000 samples with the

2 7stationary and flying-wire and resulted in agreement with 0.04 m /s . 

The results agreed clearly with those of Gibson et al (1983) for 

a curved boundary layer in that the stabilizing effect of streamwise 

curvature, which decreases the far wall values, was present and 

represented a more critical comparison of Reynolds stress measurements 

since the gradients are larger than in a flat plate boundary layer.



The closest measurement point from the surface was about 0.25 mm 

with both techniques, and the flow angle was assumed at distances 

less than 1.5 mm.

In the recirculating flow, the rectification effect 

associated with the stationary wire at zero velocity results in 

measurements of mean velocity which are positive, and Reynolds 

stresses which are smaller compared to those obtained from the 

flying-wire as shown in figure 2.10. The flying-wire shows that 

instantaneous flow reversals occur below 0.4 boundary layer 

thicknesses above the surface which is three times further from 

the wall than the outer extremity of mean reverse velocities at 

the same location. As expected, the flying-wire gives rise to 

higher values of the stresses than does the stationary wire which 

tends to underestimate the outer maximum and is unable to detect 

the inner maximum. In the outer region, and as expected from 

the earlier results, the stationary and flying-wires yield 

similar results.

The wake measurements of figure 2.11 were obtained downstream 

of the mean-flow recirculation and, as expected the mean velocity 

profiles, which are obtained with stationary and flying-

wires, are in close accord with a tendency for the flying-

wire value to be smaller in the region of minimum velocity. In

keeping with this tendency and the finite probability of negative

2 2instantaneous velocities, the values of <u > and <v > obtained 

with the stationary wire are up to 40% lower than those with the 

flying-wtre. A similar but smaller effect is evident in the 

vicinity of the stress maxima and maybe associated with the



comparatively high intensities and negative skewness of the <v > 

component. It may also be expected that both wire systems will 

give rise to low values of stresses in regions of very steep 

mean velocity gradient where broadening effects are significant: 

the hot-wire and laser velocimeter results of Nakayama (1983) 

indicate the magnitude of effects of this type.

Discussion and Summary. The errors which effect the results 

obtained with the flying-hot-wire stem from calibration, probe velocity 

measurement, the approximate treatment of the hot-wire response 

equation, and distortion of the probe moving mechanism. The maximum 

deviation between the calibration data and the curve fit was 

discussed in section 2.3 and results in a maximum uncertainty of 

less than 0.3 m/s. The probe velocity is measured by obtaining 

the angular velocity of the motor shaft and combining it with 

equations 2.27 to 2.30, for which the lengths of components are 

determined within 0 . 1 mm, the position of encoder pulse is known 

within 2.5 x 10"® degrees of the marker pulse, and the time 

between consecutive pulses is measured within 1 ys, and these 

represent a maximum error of 0.04 m/s on probe velocity. The 

position of the probe relative to the surface is obtained by 

locating the mechanism at bottom dead centre and measuring the 

distance between the surface and the wire with guages and was 

accurate to within 0.03 mm. The location of measurement is 

affected by the finite response time of the sampling logic which 

delays the acquisition of data by 10 ys after the triggering 

position is found. This, combined with the maximum frequency 

response of 100 KHz for the anemometer bridge, gives an added

2
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positional uncertainty of 0.05 mm. The data collection instrument­

ation has an accuracy of 1.4 mV incurred during the sample-and-hold 

and digital conversion processes and results in a further possible 

velocity error of 0.02 m/s. The overall uncertainties are listed on 

table 2 .6 together with the statistical error associated with the 

use of a finite number of samples for the ensemble-averaged 

quantities.

The flying-wire was tested and compared to conventional Pitot 

and stationary hot-wires and the mean velocity value agreed within

0.4% in the regions where all were appropriate. In boundary-layer 

flow, where the stationary hot-wire is appropriate, the discrepancy
p

between stationary and flying-hot-wire measurements of <U>, <u >,

2 2<v >, <w > and <uv> were less than 0.9, 0.75, 1.2, 1.7 and 0.85% 

of the maximum value. In a recirculating flow, and in the downstream 

wake where local intensities exceeds 30%, the rectification effects 

associated with the stationary wire yielded the expected relation 

between the two sets of results. The mean velocity values obtained 

with the stationary wire were high and the Reynolds stresses were 

lower than those obtained with the flying-wire. The laser-velocimeter 

measurements of Simpson et al (1977) and Nakayama (1983) confirm similar 

trends in a separating boundary layer and near wake respectively 

and indicate velocity and stress results similar to those of 

figures 2.10 and 2.11 and is discussed in chapter 3 where further 

results obtained with the flying-hot-wire are presented.
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Summary

Experimental techniques have been described for measuring 

velocity and pressure characteristics and for determining the two- 

dimensionality of the mean flow. Different devices are applied 

depending on the nature of the velocity field and chapter 3 indicates 

which are applied in the potential flow, boundary layer, recirculation 

region and wake of the present study.

Flow visualization techniques were presented in order to 

describe the flow patterns and determine the extent of two-dimensional 

mean flow but have to be verified with quantitative results.

Measurement procedures with impact probes were described 

and are relatively simple to implement although they are not 

recommended for regions with flow reversals. A five-tube probe is 

necessary where the mean flow is curved and it obtains mean values of 

pressure, velocity and flow angle. A pitot-static probe is preferred 

in the potential flow. Simple pitots are used in the near-wall 

region and boundary layer with negligible cross-stream pressure gradient 

and require wall values of static pressure in order to obtain the 

flow velocity.

Surface pressure tappings have been described for measuring 

mean values of static pressure on the wall: the results are valid

throughout the regions of attached and separated flow.

Hot-wire anemometry was required to obtain the characteristics 

of fluctuating velocity, and methods for obtaining the mean and variance 

of velocity in a two-dimensional flow have been described. Flying 

hot-wires are used in regions with flow reversals because of the 

rectification effect associated with a stationary wire around zero 

velocity.
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It is recommended that the flow domain is investigated 

with measurement techniques in ascending order of difficulty and 

hence expense; i.e. visualization, impact probes, hot-wires and 

flying-wires. Further, the more elaborate techniques are recommended 

only where necessary; for instance, flying hot-wire anemometry 

is needed in the vicinity of recirculation but not in the inviscid 

and attached boundary-layer flow.



83 -

CONSTANTS

TABLE 2 . 1

OF FIVE-HOLE IMPACT PROBE

Ke 5.8893 degrees

•

ka
1 .4757 N/m2

k b 0.5637 N/m2

•
^r 472.73 N/m2

Ki 0.4541 x 10 3 (degrees)-^

* K2 2.5218 x 10 3 (degrees) ^

Range of validity

•

angle to probe axis 15 degrees 

flow velocity 10-30 m/s
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TABLE 2.2

MAXIMUM UNCERTAINTIES FOR PRESSURE PROBES

Potential Flow

Pitot-static

mean velocity 

static pressure 

Five-tube probe 

mean velocity 

static pressure 

flow angle

0.5% of local velocity

1.0% o f ^ U 2

0.7% of local velocity

1 .6% of \p\iZ 

0 . 2 degrees

Attached Turbulent Boundary Layer and Wake

Negligible cross-stream gradient of static pressure 

Near wall (y <10 mm)

Circular-end pitot with wall static pressure

mean velocity 0.7% of local value

Flattened-and pitot with wall static pressure

mean velocity 0.9% of local value

Far wall (with flow curvature)

Five-tube probe ( 6 < 15 degrees)

mean velocity 1.5% of local value

static pressure 

flow angle 1.7 degrees

Surface Underneath Boundary Layer (attached and separated)

3.4% of > 2

wall static pressure 0.35% of ipU^
ref
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SAMPLE HOT-WIRE CALIBRATION

TABLE 2.3

HOT-WIRE
VOLTAGE

REFERENCE
VELOCITY

(m/s)
Equation 2. 

(m/s)

CALCULATED VELOCITY 
16 Equation 2.17 

with n=0.5 
(m/s)

Equation 2.17 
with n=0.42 

(m/s)

.4630 1.420 1.397 1 >419 1.411

.4861 1 .6 6 8 1.663 1.695 1.690

.5127 2.064 2 . 0 1 2 2.051 2.049

.5552 2.684 2.674 2.714 2.715

.5786 3.107 3.099 3.134 3.136

.6072 3.712 3.683 3.705 3.707

.6237 4.080 4.054 4.066 4.068

.6479 4.655 4.645 4.640 4.640

.6677 5.181 5.171 5.148 5.148

.6959 5.964 5.996 5.944 5.941

.7180 6.670 6.704 6.627 6.622

.7435 7.536 7.596 7.487 7.479

.7667 8.409 8.480 8.340 8.330

.7975 9.605 9.760 9.577 9.566

.8144 10.331 10.519 10.313 10.300

.8307 11.058 11.291 11.062 11.050

.8534 12.164 12.435 12.176 12.164

.8716 13.109 13.407 13.126 13.116

.8948 14.366 14.730 14.423 14.415

.9155 15.576 15.983 15.657 15.654

.9277 16.347 16.758 16.422 16.422

.9479 17.666 18.101 17.753 17.758

.9652 18.842 19.312 18.957 18.968

1.017 23.135 23.339 22.997 23.022

1.057 26.580 26.731 26.437 26.467

1.089 29.627 29.811 29.591 29.613

1.03 31.095 31.183 31.005 31.018

1.117 32.553 32.650 32.522 32.522

1.129 33.843 33.920 33.841 33.825

1.142 35.035 35.331 35.310 35.273

Standard deviation (m/s) .1571 .0686 .0591

Maximum difference

absolute (m/s) 
percentage (%)

.470
2.62

.175
1.62

.139
1.34
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TABLE 2  A

PROBE ORIENTATIONS AND SENSITIVITY COEFFICIENTS OF HOT-WIRE

ORIENTATION PROBE TYPE EFFECTIVE COOLING 
VELOCITY

PRIMARY TURBULENCE 
QUANTITY SENSED

ANGLE

Parallel to 
surface

Single normal 
wire Qeff(normal)

A
CVI r—

 
i 

cr 
V 0

Slanted relative 
to single normal 
wire

Single slant 
wire

Qeff(slant)
2 2 

<q1>, <qp

Slanted with wire 
perpendicular to 
surface

Cross wire Qeff(cross» + °0 <q^>, <q2>, <q1q2>

it Cross wire Qeff(cross» - a) <q^>, <q2>* <qiQ2> IT
' 7

The functions F-j and Fg in equation 2.15 are:-

F1 = flul + f2u2 + f3u3

oO)IICVI
Ll. + 3l“l + 92u2 + 93u3 + V l  + 96u3

+ 97V z  + g8u,U3 + g9u2u3

CASE 1 CASE 2

Y A + a arc(cos A cosa)

fl 1 1

f2 - tan y - tan A

f3 0 tana sec A

90 k*tan^Y
2 2 2 2 2 h*sec a tan A + k*tan a

9l 2k*tan^Y 2(h*sec^a tan^A + k*tan^a)

92 2k*tan Y 2 2 2 2 2(h*sec a- k*tan a) tan A

93 0
2

-2k* tana tan A

94 k*tan^Y 2 2 2 2 2 h*sec a tan A + k*tan a

95
k2**

2 2 2 2 2 h*sec a + k*tan a tan A

96
2 2 h*sec y k*sec^A

97 2k*tanY 2(h*sec^a - k*tan^a) tanA

98 0
2

-2k*tana secA

99 0
2

2k*tana tanA secA

where = q1-/<Q> for i= 1,2, 3 and A =

The angles,a and A, are shown on figures 2.5 and 2.8.

CASE

Case 2 

Case 2

Case 1

Case 1



TABLE 2.5

MAXIMUM UNCERTAINTIES FOR STATIONARY 

HOT-WIRE ANEMOMETRY

STATISTICAL ERROR

Maximum uncertainty with a 95% confidence level for 

measured quantities.

mean velocity 1.3% 

variance 3.0%

ESTIMATE OF MAXIMUM UNCERTAINTIES

Method with equations 2.22 - 2.24 which requires probe is 

aligned with the flow.

Turbulence Intensity

5% 10% 15% 20%

<U> (m/s) 0.15 0.16 0.18 0.20

<u2> (%) 9.3 1 0 . 1 15.3 22.3

<v2> (%) 9.8 10.9 16.1 26.2

<uv> (%) 6.3 7.1 1 1 . 2 17.0

Method with equations 2.18 - 2.21 using four different probe 

orientations. Flow angle <9>

0 5 degrees 10 degrees 15 degrees 20 degrees

<U> (m/s) 0.19 0 .2 1 0.24 0.27 0.31

<0> (degrees) 0 .2 0.3 0.3 0.4 0.5

2<u > (*) 3.0 3.0 3.1 3.1 3.2

<v^> (%) 1 0 .o ’ 1 0 .1 1 0 .2 10.3 10 .6

<w^> {*) 9.6 10.7 12.4 14.4 17.6

<uv> (%) 3.1 4.1 5.9 6.6 8.4

These uncertainties are independent of turbulence intensity

and assumes velocity rectification is iavoided.
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TABLE 2.6

ESSENTIAL DETAILS OF THE FLYING HOT-WIRE ANEMOMETER

»

%

Dimensions: a 0.160 m

b 0.357 m

c 0.127 m

r 0.04 - 0.06 m

Velocity: shaft (maximum) 100 rad/s

probe (maximum) 13.5 m/s

Calibration range: 1-30 m/s

Time in sampling part of cycle Tg = 0 .0 1 s

Time in dormant part of cycle
t d = 5 s

Maximum statistical uncertainty with a 95% 

confidence level for measured quantities:

mean velocity 2% 

variance 6%

Maximum uncertainties: probe speed 0.04 m/s

flow velocity 0.35 m/s 

flow angle 0 .6 degrees

Reynolds stresses

<u2> 7% 

<v2> 20% 

<w2> 23%

<uv> 14%
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♦

F ig u r e  2 .1
(a)

(b)
(c)

H e liu m  b u b b le  v i s u a l i z a t i o n s .  
A t t a c h e d  b o u n d a ry  l a y e r .
T r a i l i n g - e d g e  s e p a r a t i o n .  
S t a l l .
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f i g u r e  2 .2  S u r f a c e  o i l  f lo w  v i s u a l i z a t i o n  o f  s e p a r a t i o n  p o i n t
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F ig u r e  2 .3  S u r f a c e  o i l  f lo w  a r o u n d  a  c i r c u l a r  c y l i n d e r .
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Figure 2.5 Orientation of hot wire.
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m

Figure 2.6 Trajectory of flying hot-wire.
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Figure 2.7 Flying-hot-wire mechanisr and instrumentation.
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F i g .  2 . 7  ( c o n t . )  (b) I n s t r u m e n t a t i o n



Figure 2.8 Cooling velocity on the flying-hot-wire probe.
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O Stationary hot-wire 
□ Flying hot-wire

Figure 2.9
(a)

Velocity characteristics of the attached 
boundary-layer flow at s/c of 0.78 
Mean velocity.
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Flow angle (degrees)

Fig. 2.9 (cont.) (b) Flow angle.
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Fig. 2.9 (cont.) (c) Streamwise normal stress
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Fig. 2.9 (cont.) (d) Cross-stream normal stress.
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2 2 3<w >/U _ (x 10' )

Fig. 2.9 (cont.) (e) Transverse normal stress.



Ch
\£»

102

<1
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-

—<uv>/U^ _ (x 10̂ )

Fig. 2.9 (cont.) (f) Reynolds shear stress.
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O Flying hot wire 
O Stationary hot wire

O

< u > /u ref
Figure 2.10 Velocity characteristics of the separated 

boundary-layer flow at s/c of 0.905.
(a) Mean velocity.
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Fig. 2.10 (cont.) (b) Streamwise normal stress.
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Fig. 2.10 Ccont.) (c) Cross-stream normal stress.
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2 2 3<w >/U .. (x 10 )
Fig. 2.10 (cont.) (d) Transverse normal stress.
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6 . 0

Fig. 2.10 (cont.) (e) Reynolds shear stress.
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O Stationary hot wire 
□  Flying hot wire

*

Figure 2.11 Velocity characteristics of the wake at x/c of 0.066.
(a) Mean velocity.
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♦

F ig .  2.11 (c o n t.)  (b) Streamwise normal s t re s s .
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Fig. 2.11 Ccont.) (c) Cross-stream normal stress.
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Fig. 2.11 (cont.) Ce) Reynolds shear stress.
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APPENDIX 2.A

TERMS IN THE HOT-WIRE RESPONSE EQUATION

The approximate equation 2.15 representing the hot-wire response 

to a cooling velocity results in the following expression for the 

instantaneous cooling velocity:-

Ueff = CG1 <Q> cos‘t'{ a0 + alul + a2u2 + a3u3

+ a4u^ + agU^ + agUj +

+ ayU-jU2 + aguiu3 + a9u2u3

+ a-jQu^ + ai i u2 + a]2ulu3

+ a 1 3 U2 + a-j 4ui u2 + a15u2u3

+ algu3 + ai7uiu3 + a1 8 u2u3

+ aiguiu2u3

+ a2Qu1 + a2 iuiu2 + a22ulu3

2 2 2 2 . 2
l23ul u2 + a24ulu3 + a25ul'

4 , 3 , 3
l26u2 + a27ulu2 a28u2u3

2 2 , 2
29U2U3 + a30ulu2u3

4 3 , 3
31 u3 + a32ulu3 + a33u2u3

34U1U2U3} (2.42)

where u. = q^/<Q> and the coefficients,a^, are given by:-
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a2Q = C2flg4

a21 = C2flt2f294 + flg7̂

a22 = C2fl^2f394 + flg8 ^

a23 = C2^f2g4 + flg5 + 2flf2g7^

a24 = C2^f3g4 + flg6 + 2flf398^

a25 = C2^2f2f3g4 + 2flf397 + 2flf298 + flg9̂  

2
a26 = C2f2g5

a27 = ^2^2^2^195 + ^2g7̂

a28 = C2f2^2f3g5 + f2g9^

a29 = C2^f3g5 + f2g6 + 2f2f3g9^

a30 = C2^2flf395 + 2f2f397 + f2g8 + 2flf2g9̂  

2
a31 = C2f3g6

a32 = C2f3^2fl96 + f3g8^

a33 = C2f3^2f2g6 + f3g9)

a34 = C2^2flf296 + f3g7 + 2f2f3g8 + 2flf39g)

The constants,Cq , C-j and C2, are given in equation 2.15. The

expressions for the functions, f. and are given on table 2.4.

The general expression for second order moments is:-

u -,.2> eff " <Ueff2> “ <U
? 2 2 

= <Q>^cos 4>Cq-j

eff>

{b0

2

2 2 2 
+ b-|<u-j> + b2<u2> + b3<u3> + b4<u-j u2> + <P*>}
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2 2 2  2 2 2 2  2 2 2  
■f* P43<u] xt^xi^xu-j i*2> ^ ^ P 4 5 ^ U ] U i ^

2 2  2 2 2 2  2 2 2  + p̂ g<u.j xu^xii-j i^xU'j l>2> P47<ui ><u3><u3><u3> P48̂ 1̂ 112^
2 2 2■i- P̂ 9̂ û  U2̂  PgQ<u>| ><Uj ti2̂ <u*j u2^
2 2 2 2 2 2 2 2  2 2 2P51  ̂ P52<u2><u2><u2><u3> P53^ 2̂^^̂ 2^̂ 2̂^  ̂û  u2^
2 2 2 2  2 2 2  2 2+ p^ci^xt^xU gX U ^ + p55<u2><u2><u3><ul u2> + p56<u2><u2><ul u2><ui u2>
2 2 2 2  2 2 2  2 2+ P57<u2><lJ3><u3><u3> + P58<u2><u3><u3><u1u2> + P59<u2><u3><ul u2><ul u2>
2 2 2 2 2  2 2 2  + p5o<u2><ul u2><u'lu2><L,'lu2> + + p62<u3><u3><u3><u1u2>
2 2 2+ P63<u3><u3><ui u2><ulu2> + P64<u3><l,'|u2><u'lu2><u'llJ2> + P65<ul u2><ul u2><u'lu2>

and the coefficients, p., are:-

P 1 = 2a4 + 6ala10

p2 = a7 + 2ala14 + ^a2al1

p3 = a8 + 2a3a12 + 2alal7

P4 = Sa-ja-j-j + 6a2a^g + 4a^a^

p5 = 2a5 + 6a2a13

p6 = ag + 2a2a18 + 2a3a15

p7 = â-ja-j 3 + 6a2a-ĵ  + 4aga^

p8 = 2 a 6 + 6a3a16

p9 = 2(a.ja.|g + a2ai7 + a3aT9 + a8a9^ 

p10 = a7 + 4a1al4 + ^a2al1 + ^a4a5 

pH  = 1 5 a 10 + 24a4a20 

p12 = 3all + 6a7a21 + 6a10a14 + 4a4a23
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p56 = 81a27 + T68a23a26

p57 = 9a33 + 12a29a31

p58 = 18a28a32 + 16a2ga34 + 18a3Qa33

p59 = 12a30 + 20a23a29 + 24a24a26 + 24a25a28 + 18a27a34 

p60 = 120a21a26 + 108a23a27 

P61 = 94a31

p62 = 24a31a34 + 30a32a33 

p63 = 5a34 + 12a24a29 + 12a25a33 + 12a30a32 

p64 = 12a2]a29 + 12a22a28 + 8a23a34 + 12a24a27 + 12a25a30 

p65 = 20a23 + 48a20a31 + 48a22a32 

The expression for the functions, a.-, are given above.



CHAPTER 3

EXPERIMENTAL INVESTIGATION

This chapter presents the measurements of pressure and velocity 

characteristics obtained in the vicinity of a trailing flap whose 

angle of incidence results in boundary layer separation, a large 

region of recirculating flow and a curved downstream wake. A combination 

of impact, hot-wire and flying-wire probes were used to quantify 

the flow which is shown to be two-dimensional, steady and incompressible. 

The flying-wire arrangement was used in the regions of separated and 

high turbulence-intensity flow.

The objectives of this chapter are to present the measurements 

and to describe the physical mechanisms of the phenomena associated 

with two-dimensional separation of the turbulent boundary layer over 

the surface configuration described in section 3.1. Measurements 

of the mean flow are presented in section 3.2 and include integral 

quantities and distributions of mean values of pressure and velocity.

The velocity distributions in the near-wall region are examined to 

determine the extent to which logarithmic law-of-the wall assumptions 

are valid in and around the region of separated flow: it is important

to the calculation method of chapter 4 which requires a knowledge 

of the near-wall flow to specify the correct boundary conditions.

The turbulence is quantified in terms of the Reynolds stresses and 

the probability of downstream flow, and they are presented in 

section 3.3. Section 3.4 discusses the implications of the experimental 

results including the importance of pressure, convection,diffusion



and turbulence in the three main regions of the flow: the curved 

boundary layer approaching separation, the region of recirculation 

and the downstream wake.

3.1 Description of the Flow Configuration

The flow configuration is shown on figure 3.1 and comprises 

a 1035 mm flat plate with a trailing flap located in the working section 

of the low speed windtunnel described by Crabb et al (1981). The 

cross-section of the tunnel was 450 x 310 mm and significant regions 

of potential flow were found in the 250 mm above the trailing edge 

and in the 60 mm underneath. The flat plate was set at an angle 

of 1 degree and the flap at 17.5 degrees, both with respect to tunnel 

co-ordinates, after preliminary experiments to determine the angles 

which gave rise to the required region of separated flow on the 

flap.

The boundary layers on the tunnel walls and upper surface 

of the plate were tripped by 1.5 mm diameter wires located at the 

start of the flat plate which corresponds to the exit of the 8 to 1 

contraction. The trailing flap was 249 mm long and was connected 

to the flat plate by a radius of 812.5 mm. This arrangement caused 

the upper-surface boundary layer to separate 187 mm from the trailing 

edge and gave rise to the characteristic boundaries indicated on 

figure 3.1. The tunnel exit was located 650 mm downstream of the 

trailing edge and here the regions of potential flow emanating from



above and below the trailing edge had cross-sections of 190 x 150 mm 

and 370 x 45 mm respectively.

The flow was investigated from the location of the boundary 

layer trip on the suction side to the tunnel exit, on the pressure 

side from 25 mm upstream of the trailing edge to the tunnel exit 

and in the boundary layers on the roof and floor of the tunnel.

In the upstream region of the upper surface, for most of the lower 

surface and for much of the wake, the flow had a preferred direction 

and comparatively low turbulence intensities so that it was possible 

to measure mean values of pressure and velocity with the impact 

probes of section 2.2 and the velocity characteristics with stationary 

hot-wire anemometry as described in section 2.3. For the regions 

of potential flow and away from separation, a Pitot-static probe 

provided information of the mean velocity and static pressure. Close 

to separation and where the flow angle deviated from that near the 

surface of the flap, tunnel roof or floor, the five-tube probe was 

used to quantify the flow angle, velocity and static pressure as 

described in section 2.2. Close to the wall a flattened Pitot 

allowed measurements of mean velocity with reduced blockage and 

gradient effects. These velocity measurements were confirmed 

while obtaining turbulence quantities with stationary hot wires 

using the transform equations which depended on alignment of the 

probe with the mean velocity as described in section 2.3. The flying- 

wire arrangement of section 2.4 was selected to obtain the magnitude 

and direction of the mean flow and the corresponding Reynolds stresses 

in the region with flow reversals.



Two-dimensionality of the mean flow. The region over which

the mean flow was two-dimenaional was established by flow visualization, 

wall-pressure and local velocity measurements. Passive flow control 

vanes were used to reduce the growth of secondary flows which occur 

in the corner of the boundary layer over the curved surface and flap, 

and can result in premature separation near the side wall. The 

arrangement is shown on figure 3.2 and was adjusted to maximize 

the extent over which the mean separation line was two-dimensional.

Measurements of total pressure and of velocity characteristics 

confirmed that regions of uniform pressure and velocity existed 

on the upper and lower side of the plate. Table 3.1 gives the mean 

and r.m.s. values of velocity above the trip and beneath the 

trailing edge. Figure 3.3 shows a cross-section of the potential 

flow region at the trailing edge where its width was a minimum.

Visualization of the surface flow was two-dimensional 

except within 30 mm of the side walls as shown in figure 3.4. This 

was confirmed by measurements of the near-wall flow with Preston 

and flattened Pitot tubes which showed variations of less than 1%

•over this 390 mm and by measurements of wall pressure, mean velocity 

and Reynolds stresses which were identical, within experimental 

error, over more than 90% of the tunnel width.

Figure 3.5 shows that the mean separation line was straight 

and normal to the flow over the central 160 mm of the flap. Hot-wire 

and flying-wire measurements confirmed that the two-dimensional region 

narrowed as separation was approached and showed that profiles of 

mean velocity agreed within 1% of the local values over the central 

140 mm (31%) of the tunnel width at the location of mean streamline
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ft

ft

ft

detachment. The flying-wire was also used inside the recirculation 

region to obtain velocity profiles on the centreline and in the 

70 mm to either side and mean velocity values agreed within 1.5%.

The momentum integral equation for two-dimensional sub­

sonic flow with significant normal pressure gradient is given by:-

d60 <$« d<U > -i j <5

a r + (H + 2) au^>-ar- ' a?{ £(<p>‘ <pe>)dn} = r  (3-1)
^ e

where the subscript e refers to conditions at the edge of the 

boundary layer, i.e. at the location where the mean velocity reaches 

99.5% of its free stream value; the displacement thickness is:-

6 i = '  ^ 7 ) d n ;  ( 3 - 2 )
the momentum thickness is:-

= f  
o

<U>
- n  -

<u>

<Ue>
)dn

the shape factor i s:-

(3.3)

H = < y 6 2 ; (3.4)

and turbulence quantities are ignored. Terms of this equation 

were evaluated using the velocity and pressure measurements shown 

in section 3.2 using second order accurate methods for the integrals 

and derivatives and using the logarithmic law-of-the-law for the 

skin friction and velocity variation near the wall. Equation 3.1 

was balanced within 6% of the largest term in the regions of the 

upstream boundary layer approaching separation and the wake,including 

locations which were 50 mm away from the centreline. The largest



discrepancies occurred in the immediate vicinity of mean streamline 

detachment and just downstream of the trailing edge and may be 

attributed largely to variations in the static pressure caused by 

flow curvature effects associated with separation.

The emphasis of the above discussion has been on the two- 

dimensional nature of the mean velocity but two-dimensionality 

of mean turbulence quantities is equally important*. Cross-stream 

profiles of <u2>, <v2> and <uv> obtained with stationary hot wire 

anemometry, agreed within experimental error over the central 85% 

of the tunnel width in the upstream boundary layer, over the 

central 165 mm above the location of mean streamline detachment,

i.e. without flow reversals, and over the central 150 mm downstream 

of x/c of 0.2 in the wake. The values of Reynolds normal stress,

<u^>, obtained with the flying-wire in the recirculating flow agreed 

within 2% across the flow over the central 130 mm of the tunnel width.

Reference parameters. This subsection presents the 

parametric data for the present study.

Reference values of velocity, pressure, density and viscosity 

are shown on table 3.2 and were obtained at the reference location 

above the trip wire on the suction side and in the region of 

potential flow.

The reference length, hereafter known as the chord length, 

was 1.5183 m and represents the distance from the trip wire along 

the upper surface to the trailing edge. This definition was selected 

instead of the usual tip-to-root length used with aerofoils because 

of the. shape of the present surface.

TF
Turbulence is a three-dimensional phenomena but averaged quantities, 
such as the Reynolds stresses,may vary in a two-dimensional manner.
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Flow phenomena are expected to be independent of Reynolds 

number provided its value is sufficiently large. The present chord 

Reynolds number of 2.62 x 10^ was expected to be large enough to 

invoke Reynolds number independence and measurements of the non- 

dimensional pressure distribution on the wall confirmed this over
c

• the Reynolds number range from 1.8 - 3.6 x 10 .

3.2 Mean Flow Results

This section presents the mean flow results obtained on 

the centreline of the tunnel in the boundary layers over the upper 

surface, tunnel roof and floor and in the wake downstream of the 

trailing edge.

The skin friction coefficient, wall static pressure 

coefficient, and free stream values of pressure and velocity are 

shown on figure 3.6. The skin friction is zero at the location of 

mean streamline detachment, which can be deduced to have occurred at 

s/c of 0.879 where the boundary layer thickness was about 75 mm, 

although intermittent back flow was measured some 40 to 45 mm 

upstream of this location. The influence of the change in wall 

curvature at s/c of 0.68 can be seen to have affected the pressure 

and velocity fields some 5 per cent of chord further upstream. The 

static pressure coefficient varies between the wall and the free stream 

from just upstream of the curved section through to the trailing edge. 

The influence of separation can be seen where the suction-side, 

wall-pressure distribution attains an almost constant value.
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Pressure recovery begins near the most upstream location of intermittent 

backflow and the streamwise pressure gradient is very small from

• here downstream to the trailing edge.

The distributions of static pressure coefficient,

Cp - (<P>-<Pref>) / 4 p<Uref>2) , (3.5)

•
are shown on figure 3.7 across the attached boundary layer and 

wake. The magnitude of the cross-stream pressure gradient increases 

as detachment is approached and at s/c of 0.826 achieves a value which

• is approximately 2 . 6 times that of the longitudinal pressure gradient. 

The implications of the pressure gradient are discussed further in 

section 3.4.

• The boundary-layer development is also illustrated on figure 3.6 

which shows the momentum thickness and shape factor obtained with 

equations 3.2-4. The boundary layer grows rapidly as separation

is approached with 62 and H attaining values of approximately 8 mm 

and 2.7, respectively, at detachment. Values are presented in and 

around the separated region although their applicability is limited 

since terms in the cross-stream momentum equation are important

• from upstream of detachment through the separated flow.

The distribution of free stream velocity is shown on figure 3.6 

in tunnel co-ordinates, x/c. It can be seen that the free stream 

velocity on the suction side is 1.43 times that on the pressure side.

The consequences of this are that velocity gradients are smaller 

on the pressure-side downstream of the trailing edge and the flow 

recovers to a plane mixing layer.

The general organization of the mean velocities in the 

separated region is represented by the vector and streamline plates



of figures 3.8 and 3.9. The streamlines were determined by 

integrating the mean velocity profiles and show the negative velocity 

region close to the surface and throughout the length of the bubble. 

The cross-stream velocity in the separated region is larger than 

the corresponding streamwise velocity particularly in the regions 

of flow approaching attachment and after separation of the reverse 

flow boundary layer: they are small, however, compared with the

free stream velocity. The negative flow region extends about 

25 mm beyond the trailing edge after which the shear layers which 

circumvent the recirculation interact and develop into an asymmetric 

wake.

Profiles of mean velocity and flow angle are shown on 

figures 3.10 and 3.11 respectively for the region up to separation, 

in the separated region, and in the wake: it should be noted that

the co-ordinate system has changed at the trailing edge to correspond 

to the tunnel rather than the body although the flow angle is 

measured relative to the tunnel throughout. The measurements for 

the attached boundary layer extend to s/c of 0.879 and measurements 

with a predominant direction in the wake begin atx/cof 0.016 

although instantaneous flow reversals were still experienced. The 

intervening region features the recirculation bubble with its maximum 

40 mm width and 210 mm length and negative mean velocities less 

than 11 per cent of the free stream value. The free shear layer 

which circumvents the upper boundary of the recirculation region 

appears to start forming at approximately 1% of chord upstream 

of the location where the mean streamlines detach from the surface.

In the velocity profiles downstream of this and before detachment,



the mean velocity gradient across the flow, 3U/3n, decreases and 

then increases at a distance less than 10 per cent of the boundary 

layer thickness away from the wall. The corresponding kink in the 

velocity distribution may occur because the mean flow near the 

wall is deflected outwards around the region of recirculation.

The corresponding flow angles in this region indicate the tendency, 

towards separation with the rapid increase in flow angle spreading 

away from the surface as separation is approached. The velocity 

profiles in the separated region are characterised by the shear 

layer at the edge of the recirculation bubble which spreads as the 

strain rate increases with downstream distance and by the reverse 

flow boundary layer which begins around the trailing edge and 

continues towards the location of mean streamline detachment. The 

flow angle is consistent with the larger transverse velocity in the 

bubble which appear in the vicinity of the trailing edge and of the 

separation of the reversed-flow boundary layer.

The near-wall flow over the upper surface is depicted on 

figure 3.12 and confirms that the conventional law-of-the-wall 

adequately represents the mean velocity distribution in the region 

prior to separation. The maximum height of the logarithmic region 

decreases from Y+ of about 700 on the upstream plate to Y+ less 

than 30 at incipient detachment (Ypu <1.0). The region of backflow 

is apparent and its cross-stream dimension increases from its 

inception at s/c of 0.878 until it extends over about 22 per cent 

of the boundary layer at the trailing edge. A log-linear velocity 

distribution also exists in the central backflow between Reynolds 

numbers, based on the perpendicular distance from the wall, of 600



to 9000. Near the trailing edge where the backflow boundary 

layer starts to form and in the immediate vicinity of detachment, 

the log-linear distribution has a different slope and its outer 

limit is reduced to a value of Reynolds number of 2000.

The standard law-of-the-wall with constants, k and B 

of 0.41 and 5.0 respectively, is not appropriate downstream of 

the location of incipient detachment and in the backflow region.

There does seem to be a log-linear variation in the mean-velocity 

distributions across the reversed boundary layer however the 

values of skin-friction coefficient based on the standard log- 

law are an order of magnitude smaller than those obtained by 

extrapolating the Reynolds shear stress to the wall. With the 

latter values of ĉ r, a logarithmic law-of-the-wall can represent 

the near-wall mean-velocity profiles in the separated region but 

different log-law constants are required: they change gradually

in the vicinity of detachment, from the standard constants above 

to k  of 1.85 and B of 0.77 which fit the measured velocity 

distributions over most of the backflow downstream of x/d of

0.90. It should be noted that there is a relatively large uncertainty 

associated with the near-wall measurements of <uv> because of the 

small cross-stream dimensions of the log-law and constant Reynolds- 

stress regions compared to the flying cross-wire probe and because of 

large mean-velocity gradients close to the wall. This uncertainty, 

however, does not account for the discrepancy in skin-friction 

coefficient particularly over the central part of the backflow boundary 

layer where the values of c^ from extrapolation are about 10 times larger 

than those from the Clauser chart. Further, the logarithmic region



in the central portion of the backflow would extend over Y+ of 10 

to 172 using the wall shear stress obtained by extrapolating <uv> 

whereas it would be located unreasonably closer, between Y+ of 

3 and 54, if values of C.p from Clauser charts are used. Even with 

the larger values of Ĉ -, the values of Y+ are lower than those in 

the corresponding log-law region of a conventional boundary layer 

and indicates a decreases in the non-dimensional width of the 

buffer and viscous layer. The measurements of Simpson et al (1981) 

and Hastings and Moreton (1982) also show a log-linear region but, 

in a similar manner, these results do not fit the standard law-of-the- 

wall. It is also worth noting that the alternative proposal given 

by Simpson (1983) which gives the reversed mean-velocity profile as 

a function of the maximum negative velocity and its distance from 

the wall, did not describe mean-velocity distributions in the present 

flow.

The free shear layer which circumvents the upper boundary 

of the recirculation region appears to start forming at approximately 

7 per cent of chord upstream of the location where the mean stream­

lines detach from the surface. In the velocity profiles downstream 

of this and upstream of detachment, the mean velocity gradient across 

the flow, > decreases close to the wall and then increases at 

a distance of about 10 per cent of the boundary layer thickness from 

the wall. The corresponding inflection point in the velocity profile 

occurs because the mean flow is deflected outwards around the region 

of recirculation. Associated with this is the appearance of a 

maximum in the turbulent shear stress profile and it is also the 

location where increased production of Reynolds normal stresses



becomes evident as will be discussed in section 3.3. As the location 

of detachment is approached this inflection point develops into the 

location of zero mean velocity in the shear layer above the region 

of backflow.

The wake can be divided into three regions: the very-near

wake where negative velocities occur, the near wake where the shear 

layers from the suction and pressure sides interact and the far 

wake where recovery to a fully developed plane mixing layer occurs.

The very-near wake extends from the trailing edge to about 

x/c of 0.07 beyond which flow reversals are not found. Here,the 

region of reversed mean flow decreases in width until it is no longer 

evident downstream of x/c of 0.021 which includes about 12 per cent 

of the length of the recirculation bubble. Also the flow angle 

indicates that there is entrainment from the outer forward-flowing 

boundary layers on either side of the bubble as the rear stagnation 

point is approached. The mean velocity is also small inside this 

part of the bubble being less than 10 per cent of the free stream 

velocity on the suction side although the cross-stream component 

is larger here being as much as 1.5 times the maximum streamwise 

component. The attached pressure-side boundary layer enters from 

beneath the trailing edge and has a thickness of 4 mm and a 

logarithmic region with a skin friction coefficient of 0.00350.

A second smaller region of recirculation rotating in the opposite 

direction to the main recirculation bubble, is apparent between the 

pressure and suction side shear layers about 18 mm downstream of 

the trailing edge and balances the vorticity transport equation in 

association with the beginning of the shear-layer interaction.
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Downstream of the location where the two shear layers begin 

to interact, the shape factor asymtotically approaches 1.0, as was

# also found by Hah and Lakshminarayana (1982), and the displacement 

thickness increases with almost constant momentum thickness. Here, 

the mean flow is in the forward direction and the region with 

instantaneous flow reversals diminishes until it is no longer apparent 

downstream of x/c of 0.07. The static pressure variation also 

decreases with downstream distances and,beyond x/c of 0.66, the 

difference in static pressure between the suction and pressure side

• gradually reduces until they are equal at about 20 per cent of chord 

downstream of the trailing edge. Over this region the distribution 

of static pressure changes from the double-peaked profile apparent 

upstream of x/c of 0.15 to a single-peaked profile as a result of 

interaction of the upper and lower-side shear layers. The mean 

velocity also recovers here with its minimum value, increasing by 

about 2.8 times between x/c of .066 and .25 and the maximum gradient

*  of mean velocity decreasing by about 33 per cent.

In the far wake, beyond x/c of 0.25, the mean velocity 

recovers to a plane mixing layer. The profiles of mean velocity

• no longer have a distinct minimum and the static pressure becomes 

constant across the flow in the region downstream of 40 per cent 

of chord from the trailing edge.
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3.3 Turbulence Results

This section presents the Reynolds stresses obtained with 

hot-wire and flying-wire anemometry in the attached boundary layer, 

separated region and wake. Discussion of their implications for 

turbulence-modelling is presented in section 3.4.

• Attached boundary layer approaching separation. Reynolds normal 

and shear stresses were measured in the boundary layer approaching 

separation and are shown on figure 3.13 normalised with the local

wall potential-velocity given by:-

Upw ■  { 2 ( P t  -  Pw ) / p } 1 / 2  ( 3 . 6 )

where Py refers to the total pressure in the free stream and 

is the static pressure at the wall.

The profiles of Reynolds stresses agree well with those of 

Klebanoff (1954) in the region downstream of the trip wire and upstream 

m  of the location where curvature effects are noticeable,at s/c of 0.60.

Over the curved surface, the measured values of all Reynolds 

stresses decreased in the outer flow due to the effects of streamwise

• curvature. They vary in the range between those of Hoffman and 

Bradshaw (1978) and So and Mellor (1973) whose results were obtained 

in curved ducts with constant radii of curvature and are shown on 

figure 3.13 for comparison. Their curvature parameters, 6/R, were

0.01 and 0.18 respectively and bound the present value of 0.03*.

The tunnel roof is not curved in the present configuration and results 

in variations in the flow direction and static pressure through the 

boundary layer which make exact comparison to curved duct flow impossible.

Gill is and Johnston (1983) recently presented measurements in curved duct 
flow, which are in reasonable agreement with the present results, for 
values of 6/R of 0.05 and 0.10.



Reynolds stresses due to the milder curvature in the outer part

of the present boundary layer which has a smaller stabilizing effect

than is experienced closer to the wall. As a consequence, the

Reynolds stresses decrease more gradually in the outer flow and the

turbulence intensities are higher than would be expected in curved

duct flow. In contrast, curvature effects are comparable close to

the wall and the present distributions of the Reynolds stresses are

in reasonable agreement with those in curved ducts at least up to

about 75 per cent of chord length where the influence of separation

is apparent. Prior to this the turbulence intensities scales with

the potential velocity on the wall and decrease in magnitude with

downstream distance in the region from the wall outwards to about

2 1 / 265 per cent of the boundary layer thickness: <v > ' is affected

most and decreases by up to 50 per cent of its initial value. The

2 1 / 2azimuthal turbulence intensity, <w > , decreases almost uniformly

with downstream direction at the rate of about 4 per cent per 

centimetre faster than the potential-velocity at the wall. The value 

of Reynolds shear stress, which is constant for values of n/6 less 

than 0.2, decreases in unison with the skin friction coefficient 

and varies linearly across the central part of the boundary layer 

until it becomes negligible at a distance of about 80 per cent 

of the boundary layer thickness from the wall.

The influence of separation is apparent downstream of s/c 

of 0.75 although mean streamline detachment does not occur until 

s/c of 0.879. In this region the turbulence intensities increase 

below n/<$ of 0.5 as a result of extra production and decreased

This accounts for slight differences in the distributions of



effects of stabilizing curvature associated with the onset of

separation and deflection of the mean streamlines outwards around

the recirculation bubble. The largest effect is observed in 

2 1/2<v > ' again,whose maximum value moves away from the surface and 

increases by 25 per cent relative to the almost constant value of 

wall potential-velocity found here and throughout separation. The 

region of constant Reynolds shear stress which is evident close to 

the wall upstream of s/c of 0.777, is not apparent here and a maximum 

value of <uv> appears away from the wall and moves progressively outwards 

as separation is approached. This is an indication of development of 

the shear layer associated with the streamline that divides the forward 

and reversed flow. The values of <uv> decrease closer to the wall 

in agreement with the skin-friction coefficient however the maximum 

values of <uv> are larger than those measured in the constant shear 

stress layer farther upstream. This indicates that there is a 

decrease in shear stress production close to the wall, as would be 

expected with lower wall shear stress, although there is increased 

production, and possibly decreased dissipation, away from the wall 

in the region associated with deflection of the flow around the 

recirculation bubble and development of the shear layer in the 

vicinity of the dividing streamline. Schubauer and Klebanoff (1951) 

explain qualitatively the mechanism which causes this maximum away 

from the wall and its association with the prevention of separation 

in turbulent boundary layer. Above n/6 of 0.5, the effects of 

stabilizing curvature are similar to those further upstream and the 

normal stresses continue to decrease at approximately the same rate 

with downstream distances although they no longer correlate with the
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near-wall flow. All of the Reynolds stresses are suppressed to 

their free stream value beyond about 75 per cent of the boundary layer 

thickness because of curvature effects which are still important in 

the outer part of the boundary layer.

Separated flow region. Figure 3.14 shows measured values 

of the Reynolds stresses in the vicinity of the region of recirculation 

which were obtained by flying-wire anemometry as described in 

section 2.4. Instantaneous flow reversals occur close to the wall 

downstream of s/c of 0.845 and gradually spread outward until s/c of

0.95 where they occur over the inner 55 mm (46%) of the boundary 

layer. In this region the local turbulence intensity, <u^>^/^/<U>,exceeds

0.3 and the region of instantaneous backflow extends 2.1 times further 

from the wall than the outer extremity of reversed mean velocity.

Positive values of Reynolds shear stress are measured in the 

near-wall region downstream of s/c of 0.879 which corresponds to 

the location of mean streamline detachment and zero mean velocity 

close to the wall. A region of constant turbulent shear stress 

appears below 3 per cent of the boundary thickness downstream of 

s/c of 0.96, and was used when extrapolating to obtain the wall shear 

stress. Between the location of detachment and this point, a region 

of constant <uv> was not detected although it is likely to exist 

within 2 mm of the wall corresponding to the extent of the log-law 

region here. Measurements of <uv> could not be obtained because 

the dimensions of the cross-wire prohibit its use so close to the 

wall.

The distributions of Reynolds shear stress show linear 

increases from the positive near-wall value to a negative maximum 

located at about n/<S of 0.25. The positive and negative magnitudes
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of <uv> increase gradually with distance along the surface over 

the inner part of the boundary layer and correspondingly the value

at the negative maximum increases by about 4 times over the length

2 2of the backflow region to about -1.5 m /s . The locations of the 

zero value of <uv> in the inner region correspond to the minima 

in the mean velocity distributions and moves gradually away from 

the wall in the backflow region. In the outer part of the boundary 

layer the turbulent shear stress remains suppressed due to the 

effects of streamwise curvature and it is negligible outside of 

n/<5 of 0.6.

The profiles of Reynolds normal stresses downstream of s/c 

of 0.86 show two maxima which correspond approximately with the 

locations of inflections in the mean velocity profiles: the inner

maxima occurs at n/S of 0.025 and the larger outer maxima appears at 

around 0.25 except in the region near detachment where it is slightly
p

closer to the wall at s/c of 0.15. The distributions of <u > and
p

<v > have similar shapes across the outer part of the boundary layer

2 2although the magnitude of <v > is about 45 per cent of <u >. The 

magnutide of the outer maxima increases from 2.6 to 5.5 m^/s^ 

for <u > and from 1.2 to 2.5 m /s for <v > over the backflow region 

and the location of these maxima corresponds to that of the negative 

maxima of turbulent shear stress associated with the dividing 

streamline around the recirculating region. In the near-wall

region the values of <v > are small as expected with a maximum

2 2 2 2 value of 0.7 m /s near detachment before decreasing to 0.23 m /s ,

2 2which is less than 15 per cent of <u > or <w > within the reversed- 

flow boundary layer.
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2 2The distributions of<u > and <w > are almost identical
2

across the outer 85 per cent of the boundary layer where <u > and
2

<w > agree within 5 per cent of each other. Closer to the wall

the distributions are different with <u > generally larger although

their values are almost equal at the inner maxima. The cross-stream 
2

variation of <w > in the near-wall region is greater than that of 
2 2

<u > and is similar to <v > in that the inner peak is more pronounced. 

In the reversed boundary from s/c of 0.9 just downstream of detachment 

to the trailing edge, the profiles and levels of the turbulent 

normal stresses do not change and are approximately related by the 

ratios:

<u2>1/2 = 2.40 <v2>1/2

,2 1/2 _<u > = 1.02 <w >

<v2>1/2 = 0.43 <w2>

2J/2

2 2 2 2with maximum values of 1 .55, 0.27 and 1.48 m /s for <u >, <v > and
2

<w > respectively in the backflow boundary layer.

The suppression of turbulence fluctuations due to the 

curvature effects results in free-stream values of the normal stresses 

above n/6 of 0.6 except near the trailing edge where the flow begins 

to adjust for convergence and destabilizing curvature associated 

with the closing of the bubble in the wake.

Downstream wake. The distribution of Reynolds stresses 

in the wake are shown on figure 3.15 in tunnel co-ordinates.

The turbulence structure of the wake is affected by flow curvature 

and the presence of recirculation and hence it is very complex.



For example, the largest values of Reynolds normal stress are found 

just downstream of the trailing edge where large increases in the 

Reynolds stresses on the suction side of the reversed mean flow are 

found. Over the remainder of the very-near wake the turbulence 

stresses decrease until instantaneous flow reversals are no longer 

found downstream of x/c of 0.08. Farther downstream, the shear 

layers from the suction and pressure sides interact. The Reynolds 

stresses on the suction side increase with downstream distance 

whereas they decrease on the pressure side. At the downstream 

end of this region, at s/c of 0.231, the largest values of Reynolds 

shear stress are found at the same position as a second set of peak 

values of the turbulent normal stresses which have values about 80% 

of the maxima near the trailing edge. This location marks the start 

of the far wake where the Reynolds stresses diminish and spread 

outwards with downstream distance although the rate of recovery 

is more than would be expected in a symmetric wake. The remainder 

of this section describes the behaviour of the Reynolds stresses 

in the regions of the very-near, near and far wake which were 

identified with reference to the mean flow in section 3.2 and with 

respect to turbulence quantities above.

The very-near wake is characterised by large values of the

Reynolds stresses in the shear layers on either side of the

region of reversed mean flow. Here, the profiles of Reynolds normal

stresses across the wake have two maxima located approximately at

the inflection points in the mean velocity distribution. The values 

2 2 o
of <u >, <w > and particularly < \ c> increase rapidly on the suction 

side from just upstream of the trailing edge and attain their largest
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2 2
values in the flow being 7.3, 7.6 and 5.2 m /s , respectively at

x/c of 0.012. These maxima are located in the central part of the

upper shear layer and can be attributed to increased production and

decreased dissipation associated with convergence and destabilizing

curvature of the flow around the downstream end of the recirculating

region. Turbulence diffusion is also important here and acts to

make the normal stresses constant over about 20 per cent of the

wake thickness in the vicinity of their maxima. The values of <v^>

at its central minima increase with downstream distance over the

very-near wake whereas the minima of <u^> and <w^> remain almost

2 2constant at 2.4 and 2.8 m /s .

The second maxima of the normal stresses occur in the 

pressure-side shear layer and are smaller than those on the suction side 

The pressure-side maxima in <v^> and <w^> increase rapidly over the very

near wake changing from their boundary-layer values at the trailing

2 2 2 2 2 2 
edge to 2.9 m /s in <v > and to 6.7 m /s in <w^> at x/c of 0.10

where they are almost equal to the maxima on the suction side.

2 2 2 In contrast the <u>-maxima remains almost constant at 4.7 m /s

although it moves towards the centre of the wake in conjunction

with the inflection point in the mean velocity profile. The values 
2

of <w > change very rapidly at the end of the very-near wake and 

decrease by as much as 50% over the last 50 mm. Here also, the 

distributions of <u > and <v > remain relatively constant in the lower 

shear layer but their values reduce substantially near the suction-side 

maxima.

The Reynolds shear stress changes sign at the location 

of minimum mean velocity and is distributed differently along the



suction and pressure-side shear layers. On the suction side a local

2 2
maximum value of <uv> of 3.1 m /s is found just downstream of the

2 2trailing edge and decreases to its lowest value of 1.6 m /s by

the end of the very-near wake. Smaller values of <uv> are measured

in the lower shear layer but, in contrast, they increase from their

2 2boundary-layer value at the trailing edge to a maximum of 2.1 m /s 

at x/c of 0.10 which corresponds approximately to the location where 

the two shear layers collide.

Downstream of this location is the near wake. Here, the 

smaller maxima associated with the lower shear layer diminish with

downstream distance and become indistinguishable beyond x/c of 0.26 in

2 2 2<u >, 0.20 in <v > and 0.25 in <w > although negative values of <uv>

are found until x/c of 0.41 in the far wake. From the beginning

of the near wake at x/c of about 0.10 to its end at x/c of 0.231, all

three Reynolds normal stresses increase in the vicinity of the suction-

side maxima. This is contrary to what might be expected here since

convective and diffusive transport bring in lower levels of the

Reynolds stresses than are found in the near wake and the rate

of production of turbulence normal stresses is reduced because of

decreasing gradients of streamwise and cross-stream mean velocity.

In contrast, the rate of dissipation is significantly lowered because

of destabilizing curvature and this acts to counterbalance the

reducing effects mentioned above so that the turbulence intensities

increase over the near wake. The production of Reynolds shear stress

is large, however, due to the high Reynolds normal stresses, and

<uv> increases by more than 5.fold over the near wake. Its largest

2 2value in the flow was measured to be -3.95 m /s at the location



144

of maximum mean velocity gradient in the suction side wake at

2 2 2s/c of 0.231. Local maxima of <u >, <v > and <w > of 6.2, 4.9

2 2and 4.6 m /s , respectively, are also associated with the downstream
2

end of the near wake and represent increases of 49% in <u >, 61%

2 2in <v > and 33% in <w > above the lowest values of the maxima 

in their profiles found at the beginning of the near wake some 15 

per cent of chord further upstream. These changes in turbulence 

structure occur before any significant change is apparent in the 

mean flow.

The effects of destablizing curvature are also important 

in the outer part of the near wake. The large values of Reynolds 

stresses associated with the shear layers, which were confined 

by stabilizing curvature effects upstream, are now able to diffuse 

toward the central minima and towards the outer extremities of 

the wake by turbulence diffusion.

In the far wake, downstream of 25 per cent of chord from 

the trailing edge, the turbulence decays as the flow recovers to 

a plane mixing layer. A single maximum is observed in the profiles 

of all four Reynolds stresses. The relative magnitude of the 

Reynolds normal stresses were found to be:-

2 2 2 <u > > <v > > <w >

which was also observed by Hah and Lakshminarayama (1982) in the 

asymetric wake of an aerofoil with attached turbulent boundary 

layers leaving the trailing edge. Further measurements are 

required at distances from 45 per cent to at least one chord length 

downstream of the trailing edge to determine the detailed development 

of the far wake in the present flow.



3.4 Discussion

This section discusses the physical phenomena implied 

by the above measurements and their relationship to calculation 

methods for recirculating flows.

The most important feature of this turbulent separating

boundary layer is the free shear layer associated with the dividing

streamline. Its development dominates the overall characteristics

of the flow in the separated region. Its accurate representation

is essential to the successful prediction of recirculation. The

largest curvature of the flow around separation is found in the

vicinity of this shear layer and the local gradients of cross-stream

pressure are correspondingly large. This is especially noticeable

near detachment as the mean velocity turns outwards around separati

and near the downstream end of the recirculation bubble where it

converges towards the centreline. Intense production of turbulence

also occurs in this shear layer primarily due to large mean shear
2

although up to 40 per cent of the generation of <u > may come from 

normal stress production (i.e. (<u >- < v S ) 3<U>/9s). The turbulence 

is anisotropic in and around recirculation, mainly because of 

differences in the production rates of Reynolds stresses, and this 

suggests that turbulence models based on an effective viscosity 

assumption may be of limited use. This is particularly pertinent 

on the backflow side of the dividing streamline where the turbulence 

production due to normal-stress: normal-strain interaction has

its largest cross-stream value although the levels of Reynolds 

stresses here are determined generally by turbulence diffusion from 

the shear layer above the backflow.



The presence of the separation bubble results in a strong 

interaction between the potential flow and the boundary layer.

The rapid growth of the boundary layer near the onset of separation 

acts to deflect the flow outwards. The local curvature of the 

potential flow is reduced and, thus locally, the adverse pressure 

gradient is relaxed although at different rate than is experienced 

closer to the wall. The measurements indicate that there is a 

pressure gradient across the shear layer associated with the dividing 

streamline since the backflow velocities are small close to the wall 

inside recirculation and the pressure distributions along the 

surface and in the potential flow are different. It is necessary, 

therefore, to solve the cross-stream momentum equation when calculating 

the recirculation bubble. It also appears likely that a simple 

interaction method employing the displacement thickness, or an equivalent 

transpiration velocity, will be inadequate in accounting for the 

presence of separation. Besides pressure gradient effects described 

above, the rate of change of displacement thickness near detachment 

is large so that the local stream function and velocity-potential 

lines are highly curved and the boundary condition for the solution 

of the potential-flow equations requires consideration of entrainment 

into the boundary layer as discussed in section 4.3.

Turbulence diffusion is responsible for transport of 

energy away from the shear layer and towards the wall which helps 

to delay the onset of mean streamline detachment. This process 

can be understood by considering the location of maximum shear 

stress which develops near the surface and moves progressively 

away from the wall with downstream distance. The region between 

the surface and the maximum of <uv> receives energy via turbulence



diffusion from the flow beyond the maxima so that the fluid in 

the near-wall region, although it has insufficient energy of its 

own, continues to move along the surface towards the region of 

higher pressure (Schubauer and Klebanoff, 1951). The wall continues 

to act as a momentum sink for the near-wall flow so that detachment 

eventually occurs where sufficient energy cannot be received from 

the outer flow: the instantaneous flow in the forward direction

is in balance with that in the reverse direction. In addition to 

determining the location of detachment, the nature of the free 

shear layer strongly affects the interaction between the suction- 

side and pressure-side wakes and, thus, determines the flow pattern 

at the downstream end of the recirculating region. This is discussed 

further below.

The reversed-flow boundary layer is significant as a wall 

boundary condition for calculations although it has less of an 

effect on the nature of the separation bubble than does the shear 

layer above it. The fluid in the backflow boundary layer does 

not always convect from the trailing edge, as there is no location 

where there was backflow all of the time (y t 0.0), and its 

flow sometimes originates locally most likely from within the large 

eddy structures convecting with the outer flow. Velocities 

in the reversed boundary layer are small and exist primarily 

because of the streamwise pressure gradient but they cannot sustain 

a large cross-stream pressure gradient. Turbulence production is 

apparent in the backflow boundary layer but does not have a pre­

dominant effect on the turbulence levels across the centre of the 

recirculation region. They are determined primarily by turbulence 

diffusion from the shear layer above since the centre of the bubble



has small velocity gradients, almost as if they exist only to 

satisfy continuity, and hence local production of turbulence is 

almost negligible. The effects of the wall are also transmitted 

by pressure fluctuations rather than by eddy migration alone, and 

there is confinement of the large eddies by the surface, including 

in the region downstream of detachment. Viscous effects become 

smaller near separation, which at least partially accounts for the 

small height of the viscous sublayer inside the recirculation region, 

and fluctuations dominate the flow losses. It should be noted that 

the free-stream flow was steady and the near-wall fluctuations are 

due to turbulence within the separated boundary layer.

The backflow boundary layer starts to develop near the 

trailing edge where cross-stream components of mean and fluctuating 

velocities are significant. The flow pattern and pressure distribution 

downstream of the trailing edge are important to its initial development 

and affect the region near detachment via the backflow. The instantaneous 

flow field divides in this region of rapid distortion downstream of 

the trailing edge and, accordingly, some of the fluid is pulled forward 

into the backflow while the remainder convects downstream. The 

mechanism of this division is likely to be different than that found 

in the reattaching shear layer of Etheridge and Kemp (1978) and is 

probably dependent on the turbulence structures in the colliding 

pressure-side and suction-side wakes. It is worth noting that there 

was no evidence of low frequency buffeting or characteristic frequencies 

in the wake, or above the separation bubble, as confirmed by frequency 

analysis of the linearized signal from a stationary hot-wire aligned 

normal to the mean flow.



149

The very-near wake is a critical part of the separation 

process with the strong interaction between the upper and lower shear 

layers controlling the downstream extent of the recirculation bubble 

and the location where the pressure becomes uniform. Closing of 

the bubble is largely determined by turbulence diffusion of momentum 

towards the centre of the very-near wake although pressure gradient

• effects are also important. Cross-stream velocity gradients are 

decreasing on the suction side but streamwise gradients have their 

largest values here. Accordingly, the generation rate of turbulence 

decreases gradually but has a significant contribution from normal- 

stress: normal-strain production which is dominant in the vicinity

of the mean-velocity minimum. Turbulence levels are also reducing 

as it seems that the dissipation rate is not yet affected by

# destabilizing curvature so, in the balance, it appears to remain 

large. Turbulence levels in the pressure-side wake are strongly 

linked to the mean flow field via turbulence production. The mean-

• velocity gradients increase with downstream distance and, correspondingly, 

so do the turbulence intensities.

Gradients of mean velocity decrease with distance farther 

downstream over the designated near-wake region, however, the turbulence 

field behaves in a peculiar manner. The turbulence intensities on 

the pressure side decrease as the strain rate of the mean flow relaxes, 

as expected, but the turbulence levels on the suction side increase

* despite locally decreasing gradients of mean velocity. This phenomena 

is attributable to the destabilizing curvature of the local flow 

which decreases the rate of dissipation of turbulence. The overall 

effect of positive values of 3V/9x on a turbulent shear layer with 

positive 3U/9x is to increase the turbulence intensity by the effects



of destabilizing curvature (Bradshaw, 1973). This is the case here 

although there is a somewhat greater influence on the turbulence 

than was measured in the mildly curved mixing layer of Gibson and 

Younis (1983). This phenomena is similar to that experienced in the 

flow over a backward facing step measured by Chandrsuda and 

Bradshaw (1981) where the maximum values of the Reynolds stresses 

appear in the middle of the shear layer above the location of 

reattachment. Although the effect of destabilizing curvature seems 

to be majorly responsible, it appears that there is an additional 

effect due to the interaction with the pressure-side wake in the 

present flow.

The influence of pressure gradient is significant in the 

vicinity of separation. Clearly the pressure balances with turbulence 

stresses at the location of mean streamline detachment and fixes the 

position of separation as described by Schubauer and Klebanoff (1951). 

Comparisons with the experiments of Simpson et al (1981), Coles and 

Wadcock (1979) and Nakayama (1983) demonstrate how differences in 

the pressure gradient, and also the curvature of the flow, can 

affect the mean and fluctuating flow fields. The distributions of 

Reynolds stresses measured in these experiments are similar to those 

in the present flow however their magnitudes are different. The 

Reynolds stresses in the boundary layer immediately upstream of 

separation are lower with the present configuration because of the 

larger stabilizing effects of wall curvature. Table 3.3 shows the 

maximum values of the Reynolds stresses obtained in the boundary 

layer immediately upstream of separation, in the vicinity of separation 

and in the wake. The relative increases in the normal stresses as a



result of separation are approximately equal in all of the flows 

and represent increases of 4, 5 and 6 times the upstream values of 

<u >, <v > and <w >, respectively. The turbulence stresses therefore 

remain lower throughout the separated region of the present flow 

and is at least partly due to the lower turbulence levels in the 

upstream boundary layer caused by stabilising curvature. Examination 

of the Reynolds stress transport equations also shows that the 

production of turbulence will be lower in the present flow than in 

those of Coles and Wadcock (1979) and Nakayama (1983). There are 

two contributory factors: first, the free-stream velocity on the

pressure side is less than that on the suction side which means that 

the cross-stream velocity gradients are smaller in the pressure-side 

mixing layer. Secondly, the turbulence intensities are lower in 

the upstream boundary layer as discussed above.

Although the values of the Reynolds stresses are different, 

the measurements obtained in the present flow are in sensible agreement 

with the distributions and features measured by Simpson et al (1981)

and Wadcock (1980). The distribution of normal stresses are in

2 2 2agreement: there are prominent double peaks in <u >, <v > and <w >
2

although <v > is smaller here because of curvature. Turbulence length 

scales are not the same, however, and the processes associated with 

development of the backflow region are different.

Differences between mechanisms which determine the origin 

of the backflow may be represented by the ratio of the length of 

recirculation to the length scale of large-scale turbulence in the 

boundary layer as is indicated by the ratio, L^/5, which relates the 

length of the negative mean-velocity region to the boundary layer.

If this ratio is small, say of order 1, the region of interaction
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between the backflow and the outer flow is short and large scale 

eddies do not necessarily interact strongly with the surface

# flow; so the streamwise pressure gradient is dominant in the momentum 

balance close to the wall and the primary source of near-wall flow 

is convection along the surface from the trailing edge. This is

the case in the present flow and in those of Coles and Wadcock (1979)

# and Nakayama (1983) where L̂ /6 is 3.0, 2.9 and 1.2, respectively, 

and growth of a reversed-flow boundary layer is evident inside the 

separated region. Flow visualization in the present case also

# suggests that the backflow comes from downstream of the trailing 

edge most of the time although it is influenced by local turbulence 

levels as it moves upstream. In contrast to these flows, the ratio, 

L^/6, ln seParatl'n9 boundary of Simpson et al (1981) is greater 

than 10* and the backflow would have to travel over 1 m upstream to 

the point of detachment if it originated at the downstream end of 

recirculation. This seems unlikely considering the small pressure

# gradient in the near-wall flow and, for this case, it may be that

the backflow is supplied locally as suggested by Simpson et al (1981). 

Further, the interaction between the backflow and the outer flow

# occurs over a long distance, relative to the turbulence length scale, 

so that turbulence diffusion is likely to be more important than 

pressure in the backflow region. Flow processes near the downstream 

end of the bubble are also important to the development of the backflow. 

There may be reattachment in the experiment of Simpson et al (1981)

but in the other flows mentioned the rear stagnation point is freely

This is an approximate value since the downstream end of recirculation 
is not reported.



located in the wake. This may be a reason for developing a more 

prominent boundary layer in the reversed flow of the trailing-edge 

experiments. In summary, the ratios of the recirculation length to 

the length scale of large-scale turbulence are smaller in the trailing- 

edge flows mentioned and this indicates that the mechanisms which 

influence the development of the backflow are dependent more on 

pressure effects than turbulence diffusion and differ from the 

processes which determine the backflow in the separating boundary 

layer of Simpson et al (1981).

The distribution of velocity characteristics in the wake 

of the present configuration are also in good qualitative agreement 

with those of Nakayama (1983) although turbulence levels are smaller 

on the pressure side because of reduced velocity gradients. The 

initial part of both wakes is dominated by the mixing of the almost 

stagnant recirculating flow and the high velocity pressure-side flow. 

The influence of the pressure side boundary is almost negligible.

In both flows, the recirculation region extends to about the same 

non-dimensional distance into the wake, to x/c of 0.07, and the 

distributions of Reynolds stresses show two peaks: a sharp peak

in the pressure-side mixing layer and a broader peak in the upper 

shear layer. In contrast, the size of the recirculation region 

over the surface is about 70 per cent larger in the present flow and, 

accordingly, the viscous-inviscid interaction is greater in the 

vicinity of separation.

The measurements indicate that the present flow domain 

can be divided into three regions where simplified versions of 

the transport equations for mass, momentum and turbulence quantities



can be used to represent the observed flow phenomena. Potential - 

flow equations can satisfactorily describe a large portion of the 

flow away from the walls provided appropriate boundary conditions are used 

to represent the influence of the viscous flow which is particularly 

near separation. The boundary-layer form of transport equations 

is adequate in the viscous flow region up to about 7 per cent of 

chord before detachment where the shear layer associated with the 

dividing streamline starts to form, although it does seem that the 

effects of streamwise curvature on the turbulence need to be modelled. 

Boundary-layer equations are also appropriate in the far wake well 

downstream of flow reversals. The flow in and around the separated 

region must be calculated with an elliptic form of the transport 

equations because the influence of downstream events can propagate 

upstream via the backflow and the local pressure. There is a 

distribution of pressure around the streamline dividing forward and 

reversed flow, and the local values of cross-stream velocity indicate 

it is necessary to account for pressure, convective and turbulence 

processes by using the cross-stream momentum equation here.

Turbulence modelling has direct consequences in the 

calculated results for the viscous flow region and it influences 

the potential flow through the viscous-inviscid interaction. It 

is important in determining the magnitude of diffusion terms which 

make a large contribution to transport in the vicinity of the 

dividing streamline and have a strong influence on the nature of 

the separated flow and development of the wake. Streamline curvature 

acts to change the structure of turbulence, having a stabilizing 

effect in the upstream boundary layer and a destabilizing effect



in the wake, and its effects on the rate of dissipation of turbulence 

must be appropriately modelled in order to predict the correct levels 

of turbulence diffusion. Turbulence transport is not well modelled 

with an effective viscosity hypothesis if the flow is complex 

and far from equilibrium. Thus, difficulties may be anticipated 

in the vicinity of separation since the turbulence is highly 

anisotropic and there are regions where the dominant production 

of turbulence kinetic energy occurs via normal-stress: normal-strain 

interaction. Wadcock (1980) and Simpson et al (1981) show, and it 

is confirmed in the present flow, that simpler models based on 

constant eddy-viscosity or mixing-length concepts are inappropriate 

for separated flows of this type. These authors, Viswanath and 

Brown (1983) and Delery (1981) emphasize the importance of turbulence 

normal stresses which are also shown to be important in the present 

flow. The importance of these effects on the calculated mean 

values of pressure and velocity is not known and is investigated 

presently with the calculation methods of chapter 4. The large 

increases in Reynolds stresses associated with separation in the 

present flow represents a challenge for turbulence models and 

calculation methods which are comparable to the difficulties found 

in the separated flows mentioned above, although it is likely 

that the effects on the mean flow are somewhat reduced here.



3.5 Concluding Remarks

Measurements of mean values of pressure and velocity have been 

presented in the two-dimensional regions of boundary-layer, separated 

and wake flow around the flow configuration shown on figure 3.1. The 

results depict the rapid growth of the boundary-layer approaching 

separation and indicate that there is significant cross-stream pressure 

gradient in the vicinity of the shear layer associated with the 

dividing streamline. Mean velocity profiles in the near-wall region 

are found to agree with the logarithmic law-of-the-wall in the region 

approaching separation. There is a log-linear region in the backflow 

boundary layer but the standard log-law constants do not apply: there 

is a variation from the upstream values of k and B of 0.41 and 5.0 

to about 1.85 and 0.77 in the backflow.

The four non-zero Reynolds stresses of two-dimensional flow 

were measured which required the use of the flying-hot-wire anemometer 

of section 2.4 in the region with instantaneous backflow. The 

distributions of Reynolds stresses are complex but are primarily 

affected by two phenomena: first, streamwise curvature which is

stabilizing in the curved boundary layer and destabilizing in the 

wake and, second, the shear layer around the recirculating flow 

where there is intense production of turbulence by cross-stream shear 

augmented by normal-stress: normal-strain interaction. There is an 

abnormal region in the wake where the Reynolds stresses increase 

despite decreasing mean-flow gradients and recovery to a plane mixing 

layer. This phenomena appears to be associated with changes in the 

rate of turbulence dissipation associated with destabilizing curvature.



157 -

Measurements in the present flow are in reasonable 

agreement with those reported by Nakayama (1983), Viswanath

• and Brown (1983), Simpson et al (1981) and Coles and Wadcock (1979)

in separating turbulent boundary layers. The interaction between 

the separated viscous and inviscid regions of the present flow is 

similar in magnitude to that found in Coles and Wadcock (1979)

which is larger than in Nakayama (1983) or Viswanath and Brown (1983) 

and smaller than in Simpson et al (1981). The magnitudes of pressure 

gradients and turbulence scales are different, as are those representing

• turbulence production, diffusion and its dissipation rate, although

their distributions are similar in these flows. This flow 

configuration presents comparable difficulties for calculation

• procedures and turbulence modelling, and represents a further problem

with which to verify predicted results.
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TABLE 3.1

MEAN AND VARIANCE OF THE FREE-STREAM VELOCITY

Suction side 

above the trip wire

<U> < u 2>l/2

(m/s) (m/s)

26.29 0.242

Suction side

at the trailing edge
20.40 0.244

Pressure-side 

at the trailing edge
14.02 0.151

★
Static pressure relative to atmosphere

<P>

(N/m2)

-207.45

-42.86

-42.54



TABLE 3.2

REFERENCE PARAMETERS

Parameter Symbol Value

Velocity ^ref
26.29 m/s

Static pressure *Yef
-207.35 N/m2

Viscosity (kinematic) y 18.22 x 10'6 kg/m.

(dynamic) V 15.221 x 10‘6 m2/s

Density p 1.197 kg/m3

Temperature T 20 degrees Celcius

Chord length C 1.5183 m

Reynolds number UrefC Re = rf 2.62 x 106
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MAXIMUM VALUES OF REYNOLDS STRESSES AND 

COMPARISON WITH OTHER EXPERIMENTS

TABLE 3.3

Maximum values of the Reynolds stresses

<u2> A < r
o

V <w2> <uv>

<U ->z ref
2

<U o> ref < u  f>2ref < u ref

Attached boundary layer just
(x 103)

COoX<—
< (x 103) (x 103

upstream of separation

Simpson et al (1981) 9.5 3.0 3.5 -1 .8

Coles and Wadcock (1979) 20 10 - -7.5

Present 3.7 1.6 1.9 -0.35

Separated Region

Simpson et al (1981) 40 20 23 -6.0

Coles and Wadcock (1979). 85 55 - -17.5

Present 10.2 6.3 10.0 -5.2

Wake Region

Coles and Wadcock (1981) 30 30 - -7.5

Nakayama (1983) 30 13 - -10.0

Present 9.0 5.0 5.0 -1.6
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TABLE 3.4

PARAMETERS OF THE MEAN FLOW DEVELOPMENT

SUCTION-SIDE SURFACE

s
c

Ue
(m/s)

*995
(mm)

*i
(mm)

*2
(ran)

H C*

(x 103) 
(Clauser)

p** 
Lf - 

(xlO3) 
(<uv>)

^wall
Upw

(m/s)

0.372 25.44 19.5 2.64 1.99 1.325 3.30 3.18 0.0078 25.24

0.504 25.24 21.2 3.40 2.56 1.330 2.93 2.86 0.0965 24.98

0.608 25.12 24.2 3.74 2.79 1.340 2.92 2.84 - -

0.635 25.08 28.3 3.71 2.74 1.354 2.90 2.88 0.0906 25.07

0.649 25.06 31.2 3.72 2.78 1.338 2.94 3.01 0.0892 25.09

0.668 24.98 37.1 3.50 2.65 1.320 3.07 3.08 0.0639 25.43

0.688 24.89 39.2 3.12 2.41 1.296 3.21 3.17 0.0247 25.96

0.695 24.86 43.7 2.97 2.30 1.290 3.30 3.28 0.0130 26.11

0.718 24.79 43.9 3.08 2.35 1.311 3.38 3.43 0.0137 26.10

0.729 24.69 44.8 3.34 2.51 1.330 3.08 2.97 0.0302 25.89

0.743 24-49 45.1 3.54 2.65 1.335 2.87 2.84 0.0452 25.68

0.757 24.29 46.9 3.73 2.78 1.341 2.76 2.79 0.0698 25.35

0.777 23.96 48.1 4.51 3.20 1.410 2.50 2.51 0.1020 24.91

0.784 23.81 51.2 5.64 3.81 1.480 2.14 2.20 0.1350 24.45

0.798 23.51 53.5 6.41 4.16 1.54 1.86 1.89 0.1741 23.89

0.818 23.21 57.6 8.61 4.95 1.74 1.16 1.24 0.2463 22.82

0.826 23.16 59.4 9.26 5.06 1.83 0.57 0.70 0.2650 22.53

0.852 22.49 68.9 15.91 7.21 2.21 0.15 0.44 0.3364 21.41

0.874 22.00 86.2 36.88 11.2 3.29 0.07 0.14 0.3642 20.96

0.885 21.07 111.2 41.95 12.04 3.485 -.0018 -.02 0.3741 20.79

0.905 20.68 137.2 52.35 13.0 3.767 -.028 -.42 0.3826 20.65

0.931 20.66 142.3 65.36 9.22 7.083 -.055 -.84 0.3888 20.55

0.968 20.39 146.8 68.80 10.63 6.473 -.100 -.92 0.3961 20.43

0.994 20.10 136.3 64.80 12.20 5.132 -.090 -.67 0.4060 20.26

★
Obtained from Clauser charts with k and B of .41 and 5.0.

Obtained by extrapolating Reynolds shear stress to the wall and using the equation: 

Cf " 2<uv>wall/<Ue>2



TUNNEL ROOF

1 + f Ue 6.995 6i 62 H Cn
pwall

(m/s) (mm) (mm) (mm)

.370 25.54 2.83 3.83 2.88 1.33 0.1106

.650 24.97 3.71 6.07 4.25 1.42 0.1604

.700 24.89 4.01 7.32 5.08 1.44 0.1846

.750 24.20 4.31 8.43 5.49 1.53 0.2149

.800 24.00 4.62 8.45 5.51 1.53 0.2410

.850 22.98 4.71 9.16 5.70 1.61 0.3121

.900 21.70 4.81 9.73 6.16 1.58 0.3524

.950 20.97 4.97 12.02 7.19 1.67 0.3903
•k

1.00 20.27 5.18 13.53 7.81 1.73 0.4093

1.066 19.71 5.26 13.21 7.95 1.66 0.4330

1.099 19.70 5.66 13.08 8.04 1.62 0.4495

1.181 19.68 5.76 13.20 7.98 1.65 0.4638

1.230 19.33 6.18 13.86 9.24 1.50 0.4697

1.329 19.30 6.31 13.74 9.15 1.50 0.4827

TUNNEL FLOOR

1 + £ Ue 6 .995 6i 62
H

^Pwall
(m/s) (mm) (mm) (mm) (mm)

1.033 13.86 3.31 2.61 1.94 1.34 0.4199

1.066 13.61 3.36 2.62 1.94 1.35 0.4321

1.099 13.42 3.39 2.65 1.95 1.36 0 .4 7 0 2

1.181 13.30 3.40 2.75 1.99 1.38

0LOO

1.230 13.28 3.71 2.96 2.14 1.39 0.4721

1.329 13.24 4.14 3.59 2.51 1.43 0.4820

★
Plane of trailing-edge.
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WAKE

X
c

ue
upper

uei
lower

6.995 61 62 H

.000 (20.50) 14.02

.040 20.24 13.72 161.3 65.02 21.61 3.01

.066 20.13 13.67 160.4 55.37 20.28 2.73

.099 19.87 13.53 160.2 46.41 20.91 2.22

.132 19.66 13.43 158.1 41.30 21.74 1.90

.181 19.42 13.27 153.6 39.55 21.73 1.82

.231 19.25 13.19 148.0 38.09 21.89 1.74

.329 19.18 13.14 130.6 35.00 21.28 1.65

.395 19.06 13.14 115.3 32.61 21.31 1.53

♦
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Figure 3.1 Flow configuration.
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Figure 3.3 Total pressure contours in the plane of the trailing edge.
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Figure 3.6 Parameters of mean flow development,

(a) Suction-side boundary layer.
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Fig. 3.6 Ccont.) Parameters of mean flow development.
(b) Suction-side boundary layer (cont.).
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Fig. 3.6 (cont.) Parameters of mean flow development.
(c) Wake flow
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Fig. 3.6 (cont.) Parameters of mean flow development.
(d) Wake flow (cont.)



172

wall

0.1

0.2

0.3 -

0.4 —

.995
(mm)

□

1 -

26

Tunnel roof and floor
□

□
□

□

□

□
n  □  
__I__ □

□
□  □

Roof 4 p=t-Q
n  □  n

□ □

.995
(mm)

□
O 0  O  °

O— > Floor

“ 14

U
24

22

°  □
Tunnel Roof ,£— □

O— ^ Tunnel Floor
°  O  o

13
□

□ 12

□
20 □ □  □  □  □

0- 4 0.6 0.8 1.0 1.2 1.4

1-x/C

Fig. 3.6 (cont.) Parameters of mean flow development,
(e) Tunnel roof and floor.
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Figure 3.6 (cont.) Parameters of mean flow development,
(f) Tunnel boundary layers.
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Figure 3.7 Profiles of static pressure coeficient.
( Symbols as in figures 3.10 a and b'f respectively.)
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Figure 3.8 Mean velocity vectors in the vicinity of separation.
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Figure 3.9 Streamlines and probability of downstream flow 

in the vicinity of separation. 

(a) Streamlines. 
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Fig. 3.9 (cont.) (b) Probability of downstream flow.
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Figure 3.10 Profiles of mean velocity. 

Summary of symbols.

*
BOUNDARY LAYER

♦

s Symbol
c

0.372 O
0.649 □
0.668 ^
0.688 ❖
0.695 O
0.718 X
0.757 +
0.777 •
0.798 ■
0.826 ▼ JL
0.839 i
0.852 ♦  *0.866 □
0.874 CD
0.886 v □
0.905 *
0.932 V
0.955 O
0.968 A

®0.980
0.994 ♦

WAKE

—  Symbol

0.000 ■
0.006 °
0.050 *
0.066 °
0.099 V
0.132 D
0.181 O
0.231 •
0.329 A
0.428 ■
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Figure 3.10 Profiles of mean velocity.
( Symbols are shown on previous page. )
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Fig. 3.10 (cont.) Profiles of mean velocity.
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Figure 3.11 Profiles of flow angle.
C Symbols as in figure 3.10 )
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Figure 3.12 Clauser chart. (Symbols as in fig. 3.10 ) 

(a) Upstream boundary layer.
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(Symbols as in fig. 3.10 )
Figure 3.12 (cont.) Clauser chart, (b) Separated region.
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Figure 3.13 

(a)

Profiles of Reynolds stresses approaching separation. 
( Symbols as in fig. 3.10 )
Streamwise normal stress.

i

i

Note: Plate (e) is non-dimensionalised with Upw
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Fig. 3.13 (cont.) (b) Cross-stream normal stress.
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Fig. 3.13 (cont.) (c) Transverse normal stress
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Figure 3.14 Profiles of Reynolds stresses in the vicinity of separation. 
( Symbols as in fig. 3.10 )
Streamwise normal stress upto detachment.(a)
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Fig. 3.14 (cont.) (c) Cross-stream normal stress upto detachment.
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Fig. 3.14 (cont.) (d) Cross-stream normal stress downstream of detachment.
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Fig. 3.14 (cont.) (e) Transverse normal stress upto detachment.
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Fig. 3.14 (cont.) (f) Transverse normal stress downstream of detachment.
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Fig. 3.14 (cont.) (g) Reynolds shear stress upto detachment.
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Fig. 3.14 (cont.) (h) Reynolds shear stress downstream of separation.
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Figure 3.15 Profiles of Reynolds stress in the wake.
( Symbols as in figure 3.10 >

(a) Streamwise normal stress in the very-near wake.
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Fig. 3.15 (cont.) (b) Streamwise normal stress in the near and far wake.
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Fig. 3.15 (cont.) (d) Cross-stream normal stress in the near and far wake.
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Fig. 3.15 (cont.) (e) Transverse normal stress in the very-near wake.
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Fig. 3.15 (cont.) (f) Transverse normal stress in the near and far wake.
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Fig. 3.15 (cont.) (g) Reynolds shear stress in the very-near wake.
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Fig. 3.15 (cont.) (h) Reynolds shear stress in the near and far wake
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CONSERVATION EQUATIONS, TURBULENCE MODELS AND 

CALCULATION PROCEDURES

This chapter provides a description of the conservation 

equations used to represent turbulent flows and the solution 

procedures used to solve them and to obtain the results of chapter 5. 

The equations have been formulated for steady planar mean flow and 

are simplified into their potential or inviscid, boundary layer 

and Reynolds-averaged forms. The boundary conditions and turbulence 

models required to specify the problem and close the equations, 

respectively, are described for the calculation procedures which 

were required to solve the equations for potentials boundary- 

layer and viscous-recirculating flows.

Section 4.1 describes the transport equations and turbulence 

models. Each of the three remaining sections deals with a different 

level of approximation to the instantaneous conservation equations. 

Section 4.2 describes the solution of the inviscid or potential 

flow equations to predict the surface pressure distribution and 

generate orthogonal meshes. In order to determine the influence 

of viscous effects the boundary layer equations are coupled with 

the inviscid equations in section 4.3 which describes the methods 

for solving the boundary layer equations and the viscous-inviscid 

interaction. This interaction method is expected to predict attached 

boundary layers and those with small regions of separation. For 

large regions of separation, however, solution of an elliptic form 

of the Reynolds-averaged equations is required and section 4.4

CHAPTER 4



describes the procedure which made use of an orthogonal curvilinear 

mesh. Boundary conditions for solution of the transport equations 

for mass, momentum and turbulence quantities appear in section 4.5. 

The chapter closes with summary conclusions and a brief discussion 

of the evaluation of possible numerical errors.

4.1 Transport Equations and Turbulence Models

It is generally accepted that turbulent flow in simple 

gases is described by the Navier-Stokes equations which represent 

the conservative transport of momentum with viscous stresses 

directly proportional to strain rate. The scale of turbulent motion 

is sufficiently larger than that of molecular motion to permit 

the fluid to be treated as a continuum particularly for the 

subsonic flows considered here. Although the mean flow can in 

some circumstances be regarded as planar, turbulence is a three- 

dimensional phenomena and the instantaneous equations which 

express conservation of mass and momentum in general orthogonal 

curvilinear co-ordinates are as follows:

Conservation of mass

(4.1)

Conservation of momentum - direction 1

3(PV,)

(Cont'd)
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%

+ V i  { ? 5 2 P̂V]V2 " Tl2  ̂ " k^ 2 " t22^}

8£ 9£

+ 3 ^ { 9Cj p̂VlV3 ' t 13^ ” 3C^ l-pV3V3 " T33^} = 0

Conservation of momentum - direction 2

3(pV«) i a a
~ 5 t ~  + A1'Jt2A'3 {3 ^  [ V V pVlV2 ' t 1 2 ^  + ^ 1  V pV2V2

+ [ V 2 (pV2V3 ' t23}]} +

9£ 95,

+ fpVl V2 " T12̂  '  3$~ fpVl Vl '  TV  }
9£ ££

+ { t pV2V3 ‘ t23^ '  fpV3V3 '  x33^ = 0

Conservation of momentum - direction 3

3(pVo) , s a

3 t + { 3iTj" tA2 V pVl V3 " t 1 3 ^  + 3 ^  f,ll S'3^pV2 V3

+ [ V 2 ( pV3V3 ‘ x3 3 ^ } +

9£

+ XjTJ{ 3?Y p̂VlV3 ’ Tl 3  ̂ ’ l-pVl Vl " TV }

i  95,o 35,p

+ {W 2 [pV2V3 * ^  - 4  [pV2V2 ’ T22]} = °

(4.2)

- t 2 2 ^

(4.3)

- t 23)J

(4.4)



The derivation of these equations in general tensor notation is 

shown by Habib (1980) and, although it is more compact, it is not 

used here to preserve clarity and to emphasize the last four terms 

of the momentum equations which are a consequence of co-ordinate 

curvature. The metric coefficients are defined as:-

q  = [ ( ^ - ) 2 + S ' ) 2 + ( f f - ) 2 ] 1/2 fo r  1 = 1. 2 , 3 (4 .5 )
1 3.Ci i

relative to the cartesian co-ordinates (x,y,z) so that the 

incremental length shown on figure 4.1 is given as:-

(ds) 2 = (a-jds-, ) 2 + U 2dC2 ) 2 + (*3dc3 )Z (4,5)

The stress tensor whose components are shown in figure 4.1 

are given in general form for incompressible fluid by:-

in  = 2y {I 7 3?i

9£i

V i } (4.7)

and:-
0. v. £• V.

- / _d 9 (_A\ + _L 9 t ^  \
Tij ^  8^i Aj 3Cj £-j

(4.8)

In most engineering design, the mean flow effects are usually 

of greatest importance and the instantaneous flow field is of much 

less direct value. This is fortuitous since present computer 

limitations do not permit, in general, the microscale of turbulence 

to be represented in solutions of numerical forms of the equations. 

The consequencial restriction to the calculation of time-averaged 

quantities is of considerable advantage since the equations are 

simplified and solutions can be achieved. Information of the 

flow behaviour is, however, lost as a result of the averaging
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process and is manifest in additional terms that must be determined 

in order to close the equations. In the case of the momentum

• equations, the additional terms are second order correlations, the 

Reynolds stresses, which are apparent when turbulence is important 

and their representation constitutes the subject of turbulence 

modelling.

Time-averaging is achieved by dividing the flow variables 

into mean and fluctuating components according to:-

V = <V> + v* (4.9)

and substituting these into equations 4.1 to 4.4 and time-averaging 

the resultant equations.

It is expedient to introduce the simplifications appropriate 

to the present study and to reduce the transport equations 4.1 to

4.4 to the form in which they will be solved. The presented flow 

is steady, subsonic, planar and at a constant temperature. The

* density and viscosity are constant and second order correlations 

involving density fluctuations are presumed negligible. Compressibility 

and bulk viscosity effects are ignored in the formulation of

• equations 4.7 and 4.8 and are appropriate assumptions when the 

Mach number is well below 0.3, as in the present case.

The mean flow in the plane of interest is described in orthogonal 

curvilinear co-ordinates, as shown on figure 4.2. Two identities
*

which aid the manipulation of the differential equations, and 

relate the radii of curvature to the metric coefficients, are:-

1 u 2 _ 1
&1&2 ^2

i 8s,i = i_
$»2 9 1

(4.10)
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Incorporating the above simplifications in equations 4.1 

to 4.4 gives the following conservation equations for incompressible 

constant density, planar flow.

Conservation of mass

* ^ 2 ^ 3  { a | j '  r*2*3<p> <V1 ^  + a f^  [{’i il3 < P> <v2>] } = 0 

Conservation of momentum - direction 1

*2*3 {^l" f{'2S'3(<p><Vl><Vl> " <T11>^  ‘ af^ [S"|̂ 3(<P><V1><V2> 

+ + 77 [<f»<V1><V2>-<T12>] -^[<p><V2x V2> - < t22>] =

«

%

Conservation of momentum - direction 2

[ V 3 ( <p><v2>̂ > - <T1 2 ^  + 1 ^ f i l £3<<P><V2><V -  

+ 17 + 77 [<p> < V <vi> ‘ <Ti2>] + 77 [<p><v-|><v-j> - <tu >] •

The stresses include components of the viscous and Reynolds stress 

tensors and can be written as:-

8<V-j> <V2>

<Tn >= 2p + _iT ] ■ <p><vivi >

(4.11)

<t 1 2 >^^

0

(4.12)

<t 22>  ̂

0

(4.13)

(4.14)
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*

«

»

%

<T 12'
>]_ <V2> 1 

y H 2 3?2 rl ^1 " r 2 J
(4.15)

3<V,> <V,>

<T22> = f i ^ “5 c T  + ' <p><*
(4.16)

The conservation equation in the third direction is trivial since, 

by the definition of two-dimensional mean flow, there is no strain 

in the Cg-di recti on and:-

T13 " T23 " 0 (4*17)

which implies that:-

<vlv3> = <V2V3> = 0 (4-18)

The Reynolds stresses, <v!v'.> , need to be specified or determined
i J

in order for the momentum transfer to be completely described in the 

above equations. Transport equations for these Reynolds stresses 

can be constructed, as described by Hinze (1975), and the resulting 

equation in Cartesian co-ordinates with suffix notation used for 

simplicity, is:-

9<u !u '•> 
T J

9x„ = A- • + P • • + 7T • • + £ • • 
U  U  1J 1J

(4.19)

where the diffusive transport term is:-

A. . = — (<u'u.'u'.>) + — —  ( _ij n  j y <p> v 8xi
■j 9<u^p *> 3<uJjp1 >

3xj
(4.20)



the stress production term is:-

9<U.> 9<U.>
P. . = - <uiul> ■ -̂--<u -u'> — ----
ij i £ 9x£ J Jl 9x^

the pressure strain term is:- 

, 9u! 9u

^ij " < p“ ^axT + 93^ >

and the viscous dissipation term is:-

9u! gul
- 2 -V—  < --- --ij <p> 9x 9x

(4.21)

(4.22)

(4.23)

The reason for expressing the equation in this fashion, and 

further explanation of the terms, will become apparent once the 

turbulence model is discussed.

It should be noted that third order correlations appear in this 

equation and also need to be specified or determined with transport 

equations in order to close the problem. The transport equation 

for third order correlations contains fourth order correlations 

and those for fourth order contain fifth order correlations and 

so on. The limitless nature of this process suggests that, for 

engineering problems, some form of approximation is necessary. Further, 

the number of equations grows rapidly as higher order correlations 

are considered and experience has shown that reasonable success 

can be achieved with relatively simple models with the required 

level of approximation dependent on the nature of the problem. The 

task of classifying turbulence models is not an objective of the 

present study and for this the reader is referred to chapter 1 and 

the texts by Rodi (1980) and Bradshaw, Cebeci and Whitelaw (1981) 

and Tennekes and Lumley (1972).



The use of zero and one equation models has been explored, 

for example, by Hegna (1982), Kwon and PI etcher (1983), Bachalo 

et al (1979),Olson et al (1978), Deiwart (1976) with zero equation 

models, by Briley and McDonald (1975) and Shamroth and Gibeling (1979) 

with one equation models, with limited success. The experiences 

indicated in many historical papers, referred to in the recent 

reviews by Cebeci, Stewartson and Whitelaw (1983) and Marvin (1982) 

and in the books of Bradshaw, Cebeci and Whitelaw (1981), Rodi (1980), 

Fernholz (1979), Launder and Spalding (1972) and Gosman et al (1969), 

suggest that two equation models represent the minimum level of 

closure appropriate for separated flows. Two equation models have 

been used to calculate recirculating flows by many workers, including 

Cebeci, Khalil and Whitelaw (1977), McGuirk, Taylor and Whitelaw (1981) 

and many others, and comparisons with zero equations have been 

favourable (see Johnson et al, 1982, and Sugavanam and Wu, 1982).

Marvin (1982) states that Reynolds stress modelling shows little 

improvement over the two equation approach and the level of improvement 

is quantified by Habib and Whitelaw (1981) and Habib (1980). The 

transport of turbulence is important, and particularly so in strong 

adverse pressure gradients, curved or separated flows, and two- 

equation or Reynolds stress transport models are generally preferred: 

they are both used here.

Turbulence Modelling. The two equation model, which involves 

a turbulent or eddy viscosity assumption, is used to approximate 

the turbulent transport of momentum in the mean flow equations by 

replacing the Reynolds stresses with the product of turbulent viscosity, 

and the mean strain rate. The orthogonal curvilinear form of



t h is  a p p ro x im a tio n  ( B o u s s in e s q ,18 7 7 ) may be used to  e x p re ss  the 

R e yn o ld s s t r e s s e s  in  term s o f  mean s t r a i n : -

and

■i 9<V-> <V •> 3£.  <V. > 3£.  2

£ • <V •> £• <V->
-  P<vi vj>  -  yt  3c7  ̂  ̂ + IT  3iT(T T ) *'1

The t u r b u le n t  v i s c o s i t y ,  y t , i s  r e la t e d  to the tu rb u le n c e  le n g th  

s c a l e ,  £ t , and th e  v e lo c it y  s c a le ,  v ^ , v ia  the r e la t io n s h ip  

( P r a n d t l , 1 9 2 5 ) : -

(4.24)

yt =<p>{,t vt (4.25)

P ra n d t l (19 4 5 ) a ls o  suggested t h a t  th e  v e lo c it y  s c a le  be re p re se n te d  

by the sq u are  ro o t  o f  tu rb u le n c e  k in e t ic  e n e rg y , w hich im p lie s  lo c a l 

is o t r o p y  in  the la r g e  s c a le  m o tio n s,

i  .e .

The t u r b u le n t  v is c o s i t y  i s  then g iv e n  b y : -

(4.26)

= p£j. < (4.27)

where both k and £ t  may be d eterm ined  from  t r a n s p o r t  e q u a t io n s .

The d i f f e r e n t ia l  e q u a tio n  f o r  c o n s e rv a t io n  o f  t u rb u le n c e  

k in e t ic  energy may be d e r iv e d  by summing the R eynolds s t r e s s  

e q u a tio n s  f o r  < v ^ v n-> .  The r e s u lt  f o r  s te a d y  p la n a r  in c o m p re s s ib le



217 -

#

S.1 l 2i '3 { 351 ^ 2 ?'3 <p><Vf < k > ) + g |^ C « .1S.3<P><V2>< k> )

I I + ̂  [ ^ - < P V i ’(k * ̂ ) > ]  * 4  £ £  < P V ^  * & H >

I I I

1 3<V1 > < v 9> + L
* 1 r l

1 3<V-j> < v
3 ; 2 r i

3<V9> <V-,>
-------- —  + — — )
&2 3^2 r2

IV v3 p- a v i- y <J_----- >
i *1 9<=i

3 -j 8v.‘ 2

l *j H i

V I -  y —  . j -  /1L _  9< <̂> } = o 
1 ^  3^- 3C-j ' ( 4 .2 8 )

The meaning o f the term s and m o d e llin g  o f th e  tu rb u le n c e  k in e t ic  

e n e rg y e q u a tio n  a re  d is c u s s e d  below and le a d s  to  a state m e n t o f  the 

m o d elled  form o f  th e  k -e q u a t io n . Term I re p re s e n ts  c o n v e c t iv e  

t r a n s p o r t  by the mean m otion and r e q u ir e s  no f u r t h e r  comment.

Term I I  re p re s e n ts  th e  d if f u s io n  by tu rb u le n c e  w hich 

i s  the t r a n s p o r t  o f  k by f lu c t u a t in g  v e l o c i t i e s .  P ra n d t l ( 1 9 4 5 ) ,  

Kolm ogorov (19 4 2 ) and o th e rs  assume the n a tu re  o f  t h is  term  to be 

d i f f u s iv e  a n d , n e g le c t in g  the p re s s u re  d if f u s io n  p a r t  o f  t h is  term 

on th e  b a s is  o f  m easured energ y budgets w hich b a la n ce  w ith o u t i t  

(B radshaw , C eb eci and W h ite la w , 1 9 7 7 ) ,  i t  can t h e r e fo r e  be m o delled  a s : -
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♦

_ J ____ r 3 f V ~ 3  v t  3 < k > ' , 3 . * 1 a 3 v t  3 < k > ' 1
£-j JU/2&3 3C] o^ 3 C i 9^2 ^^2

(4.29)

w here a^ i s  a t u r b u le n t  P ra n d t l num ber.^

Term I I I  re p re s e n ts  the work o f  d e fo rm a tio n  o f  th e  mean m otion 

by tu rb u le n c e  s t r e s s e s  and a c t s  to  g e n e ra te  tu rb u le n c e  k in e t ic  e n e rg y . 

The e d d y -v is c o s it y  a p p ro x im a tio n  o f  e q u a tio n s  4 .2 4  i s  used to  r e p la c e  

the R eyn old s s t r e s s e s  and th e  p ro d u c tio n  r a t e  o f  k i s  as f o l lo w s : -

1 n -l <V-i> a
Gt = y* {2(j- + 2(1-*1 3C 1 2 3?2

.!_ . ! V  . T_ 8<V2>
3?2 l"-| ^  3?!

<^2> 2
(4 .3 0 )

Term IV  a ls o  g e n e ra te s t u rb u le n c e  energy through the in t e r a c t io n  

o f  f lu c t u a t in g  p re s s u re  and v e l o c i t i e s .  L i t t l e  i s  known about t h is  

term  a lth o u g h  B ray (19 7 4 ) su g g e sts  i t  i s  n e g l ig ib le  f o r  low Mach 

number r e a c t in g  f lo w s ; i t  i s  n e g le c te d  h e re .

Term V r e p r e s e n t s  the v is c o u s  d is s ip a t io n  by t u r b u le n t  m otion 

and i s  re p la c e d  by < p e > , the d is s ip a t io n  r a t e ,  e ,  b e in g  the dependent 

v a r ia b le  o f  i t s  own t r a n s p o r t  e q u a tio n  shown below .

Term V I r e p re s e n ts  the t r a n s p o r t  o f  k by m o le c u la r  d if f u s io n  

and may be combined w ith  the m o d elled  form o f  term  I I  to g i v e : -

I I  + V I
1 , 3 , l 2 l 3 y e f f  3 < k > ' 3 , fcl fc3 p e f f  3 < k > „

&1&2^3 cr k 9^] 3^2 -^2 ^ k  ^^2
( 4 .3 1 )

w here the e f f e c t iv e  v is c o s i t y ,  y e^ >  i s  th e  sum o f t u r b u le n t  

and la m in a r  v i s c o s i t i e s  g iv e n  b y : -
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U eff - y t + P (4.32)

The f in a l  m o d elled  form  o f  th e  t u r b u le n t  k in e t ic  e n e rg y e q u a tio n

9  may be w r it t e n  a s :

I ^ { 3 f 7 ^ 3 < p > < V l > < k > ) + ^ 1 *3< P> < V 2>< k > >

*  -  3 y e f f  3 < k > ' _ a .fcl a 3 y e f f  3 < k > ' ,
'  3 ? /  a k 3 ?-, ; " 3 ? 2 ' * 2  a k 3 c 2 ' *

- Gj. + <p><e> = 0 (4.33)

n
Models have been su g gested  f o r  th e  t r a n s p o r t  o f  tu rb u le n c e  

le n g th  s c a le s  re q u ire d  by th e  a ssu m p tio n s o f e q u a tio n  4 .2 7  as a 

consequence o f d i f f i c u l t i e s  in  f in d in g  g e n e r a lly  v a l id  fo rm u la e

*  f o r  p r e s c r ib in g  o r c a lc u la t in g  them d i r e c t l y .  Length s c a le s  in  

t u r b u le n t  f lo w  a re  s u b je c t  to t r a n s p o r t  and h is t o r ic  p ro c e s se s  in  a 

s i m i l a r  way to  th e  k in e t ic  e n e rg y . However, i t  i s  not n e c e s s a ry  to

#  s o lv e  a t r a n s p o r t  e q u a tio n  d i r e c t l y  f o r  the le n g th  s c a le ;  any 

co m b in a tio n  w ith  k w i l l  s u f f ic e  because th e  t u r b u le n t  k in e t ic  energ y 

i s  known from s o lu t io n  o f  the k -e q u a t io n . S e v e ra l app ro aches have 

been t r i e d ,  see Chambers and W ilc o x  ( 1 9 7 7 ) ,  Sharma and P a ta n k a r (19 8 2 ) 

and C o a k le y  ( 1 9 8 3 ) , but the most p o p u la r  has been to  s o lv e  an 

e q u a tio n  f o r  th e  d is s ip a t io n  r a t e ,  e .  E x p e rie n c e  w ith  v a r io u s  e q u a tio n s  

has shown t h a t  th e  m ain d if f e r e n c e  r e s t s  w ith  the r e p r e s e n t a t io n  o f

• d if f u s io n  term s in  th e  le n g th  s c a le  e q u a tio n  and t h a t  n e a r w a lls  the 

g r a d ie n t  assum p tio n  f o r  d if f u s io n  w ith  a s in g le  c o n s ta n t  a p p ears to 

work b e t t e r  f o r  th e  d is s ip a t io n  e q u a tio n  than f o r  any o th e r v a r ia b le  

(se e  Launder and S p a ld in g , 1 9 7 2 ) .  The d is s ip a t io n  le n g th  s c a le  i s  

then taken a s : -
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f t

f t

f t

T h is  le n g th  s c a le  re p re s e n ts  the e d d ie s  w hich d is s ip a t e  t u rb u le n c e  

k in e t ic  e n e rg y a n d , because o f  th e  energy c a s c a d e , may be d if f e r e n t  

from  the s c a le  o f  e d d ie s  w hich t r a n s f e r  energ y from the mean flo w  

to  the t u r b u le n c e . The le n g th  s c a le  in  e q u a tio n  4 .2 7  p r e f e r e n t ia l ly  

re p re s e n ts  th e se  la r g e  s c a le  m otions and th u s th e  tu rb u le n c e  le n g th  

s c a l e ,  £ t , i s  o b ta in e d  by m u lt ip ly in g  the d is s ip a t io n  le n g th  s c a le ,

&e , by an e m p ir ic a l c o n s ta n t a c c o rd in g  t o : -

Ht  = C / e = Cy < k > 3 / 2 / < E>. ( 4 .3 5 )

T h is  e q u a tio n  can a ls o  be o b ta in e d  from d im e n sio n a l r e a s o n in g , see 

Lau nd er and S p a ld in g  ( 1 9 7 2 ) .  S u b s t it u t io n  in t o  e q u a tio n  4 .2 7  f o r  

the t u r b u le n t  v is c o s i t y  y i e l d s : -

Pt  = pCy < k> 2/< e > .  ( 4 .3 6 )

le = <k>3/2/<e> (4.34)

The d i f f e r e n t ia l  e q u a tio n  w hich re p re s e n ts  c o n s e rv a t io n  o f  the 

d is s ip a t io n  ra te  i s  shown below ( f o r  the d e r iv a t io n  see W a tk in s , 19 7 7 )

1 V 2 ^ 3  { l | |‘( £ 2 V p><Vl ><e>) + l ^ ( £ l £ 3<p><V2 ><e>)

I I

I I I

~ £o£o a ^
+ 3l7(T j - <p><Vie>) + K z ' - t r  K p><V2e>)}

+ 2y {i- 1 + i
^  Vi 9cj

3<Vi> 9 v! 9v!
<^-i >}

IV + 2y {
9 v! 9 v ‘ 9v!

<-—  1 — 1> +~ ~ > +  < ( -3 r  \

32v ! 2
■ ) ■ > }W j  3^  3^  <p> v *  3ca3?*



V I + —  T" | £ l
< p > A i a c i V £  ^ a ^ a

■>) + j -> -  Sy = 0 ( 4 .3 7 )

where Sy c o n t a in s  term s in v o lv in g  g ra d ie n t s  o f  m o le c u la r  v i s c o s i t y ,  

mean d e n s it y  and f lu c t u a t in g  p r e s s u r e .

Term I  re p re s e n ts  c o n v e c t iv e  t r a n s p o r t  o f  th e  d is s ip a t io n  r a t e  

by mean m o tio n .

Term I I  d e s c r ib e s  th e  t r a n s p o r t  o f  e by th e  f lu c t u a t in g  

v e lo c it ie s  and i s  m odelled  in  th e  same f a s h io n  as th e  c o rre sp o n d in g  

term in  th e  k -e q u a t io n .

IT 1 r 9 / 2 &3 y e f f  9<c>\ 8 M H  y e f f  d < e > \ } ,* 3
W z h  K v  £i ac 35i ' 9^2 H  ° z  9c2 k '

Term I I I  re p re s e n ts  th e  augm entation o f  the d is s ip a t io n  

r a t e  by th e  mean m otion and i s  m o d elled  a f t e r  Launder and S p a ld in g  ( 19 7 2 )  

a s : -

Term IV  re p re s e n ts  th e  d ecay o f  the d is s ip a t io n  r a t e  and i s  

assumed p ro p o rt io n a l to  the d is s ip a t io n  r a t e  i t s e l f ,  d iv id e d  

by th e  tim e s c a le  o f  t u r b u le n c e , k / e ,  a f t e r  H a n ja l ic  (19 7 0 ) and 

th e  m o d elled  form  i s : —

i J Aj. 3Cj (4 .3 9 )

2
(4 .4 0 )

Term V c o n t a in s  th e  p ro d u ct o f  the d is s ip a t io n  r a t e ,  and f i r s t

th e  d iv e rg e n c e  o f  f lu c t u a t in g  v e lo c it y  an d , s e c o n d ly , the



d iv e rg e n c e  o f  mean v e lo c it y .  The form er i s  assumed n e g l ig ib le  

w h ile  the l a t t e r  i s  ze ro  in  in c o m p re s s ib le  f lo w s .

Term s V I and a re  n e g le c te d  due to  the h ig h  R eyn o ld s number 

o f  the p re s e n t f lo w .

The m o d elled  form  o f  th e  d is s ip a t io n  r a t e  e q u a tio n  i s : -

+ 1 ^ 1 * 3  <P><V <e>)

.  _ 3 ! ± e f f  3<e>\ .  ^ e f f  3<E > n
3C] -̂j o£ 3^2^ ^2 ae

- CPl H ? Gt  +  CP2<P> ^ =  0 ' <4-41>

The v a lu e s  o f  the e m p ir ic a l c o n s t a n t s , C ^ , C e -|, a^ and

o e  a re  based on e x t e n s iv e  e x a m in a tio n  o f  f r e e  t u r b u le n t  f lo w s . In  g r id  

tu rb u le n c e  the p ro d u c tio n  te rm , G ^, i s  zero  so t h a t  th e  o n ly  c o n s ta n t 

a p p e a rin g  in  th e  m o d elled  k -  and e -e q u a t io n s  i s  whose v a lu e  i s  

about 1 .9 0  a c c o rd in g  to L a u n d e r, Reece and Rodi ( 19 7 5 )  and determ ined  

from the measured r a t e  o f  tu rb u le n c e  decay behind a g r id .  F o r l o c a l -  

e q u il ib r iu m  s h e a r la y e r s ,  where Ĝ . = < p e > , e q u a tio n s  4 .3 0  and 4 .3 6  

can be combined t o : -

<vlv2> 2 
C = ( ■ >- - )u v <k> '

( 4 .4 2 )

and m easurements o f  K le b a n o ff  (19 5 4 ) o v e r p la n e  w a lls  and Meroney 

and Bradshaw ( 1 9 7 5 ) ,  Muck (19 8 2 ) and V e r r io p o u lo s  (19 8 3 ) o v e r 

cu rve d  w a lls  y i e l d s : -



and show t h a t  i s  0 .0 9 . In  the n e a r w a ll re g io n  where the 

lo g a r it h m ic  la v / -o f -t h e -w a ll  p r e v a i ls ,  p ro d u ctio n  o f  tu rb u le n c e  e n erg y 

i s  a p p ro x im a te ly  b a la n ce d  by d is s ip a t io n  and c o n v e c t io n  o f  

d is s ip a t io n  i s  n e g l ig ib le ;  the m odelled  form  o f  the d is s ip a t io n  

r a t e  e q u a tio n  re d u ce s t o : -

Ce1 = Ce2 T T 7 Z  ( 4 -44)ae Mi

where k  i s  the la w -o f -t h e -w a ll  c o n s ta n t  and equal to 0 .4 1 .  T h is  

r e la t io n  f ix e s  Ce -|, o r  C£ 2 > when the o th e r v a lu e s  o f  the co n s ta n ts  

a re  ch o se n . The d if f u s io n  c o n s ta n ts  o  ̂ and a e a re  presumed to be 

c lo s e  to  u n it y  and th e y, as w e ll as e it h e r  Ce -| o r  were determ ined 

by com puter o p t im iz a t io n . A s e n s i t i v i t y  stu d y  has shown t h a t  the 

c a lc u la t io n s  a re  most s e n s it iv e  to  the v a lu e s  o f  Ce -| o r  f o r

example Morse (19 8 0 ) showed t h a t  a 5% change in  Ce -j w ith  

c a lc u la t e d  from e q u a tio n  4 .4 4  produces a 20% change in  the s p re a d in g  

r a t e  o f  a j e t .  The v a lu e  o f  th e  c o n s ta n ts  used by M cG uirk e t  a l  ( 19 8 1 )  

in  a s im i l a r  r e c ir c u l a t in g  flo w  were used f o r  the p re s e n t  stu d y  and 

a re  g iv e n  on T a b le  4 . 1 .

The second typ e  o f  t u rb u le n c e  model c o n s id e re d  here  i s  based 

on f iv e  t r a n s p o r t  e q u a tio n s  f o r  the fo u r  n o n -z e ro  R eyn o ld s < v j v j ^ c v ^ v ^ ,  

< V 3 V3> anc* < v -[v 2> in  tw o -d im e n sio n a l flo w  an d , e , the r a te  o f  

d is s ip a t io n  o f  tu rb u le n c e  k in e t ic  e n e rg y . E q u a tio n  4 .1 9  i s  the 

e x a c t  e q u a tio n  f o r  the t r a n s p o r t  o f  R eyn o ld s s t r e s s e s  and m o delled  

form s o f  the fo u r  term s exp re sse d  in  e q u a tio n s  4 .2 0  -  4 .2 3  a re  shown 

below . C a r t e s ia n  c o -o r d in a t e s  a re  r e t a in e d  in  o rd e r  to p re s e rv e  

c l a r i t y  and em phasize the tu rb u le n c e  m o d e llin g  p ro p o sed . The 

v e l o c i t i e s ,  <U^> and u ! ,  co rre sp o n d  to  th e  x ^ -d ir e c t io n .



The le f t -h a n d  s id e  o f e q u a tio n  4 .1 9  re p re s e n ts  c o n v e c tio n  

o f  the R eyn o ld s s t r e s s e s  by the mean f lo w .

The d i f f u s iv e  t r a n s p o r t  te rm , a **» i s  m o d elled  w ith  the
■ J

s im p le  g r a d ie n t  d if f u s io n  p ro p o sa l o f  D a ly  and H arlow  ( 1 9 7 0 ) .  More 

com p lex, and t h e o r e t ic a l l y  more s u p e r io r ,  d if f u s io n  m odels have 

been developed by Lau nd er e t  a l ( 19 7 5 )  b u t they do no t seem to 

im prove p r e d ic t io n s  ( a ls o  see R e e ce , 1 9 7 7 ) .  The m odelled  form  

o f  the d if f u s io n  term  i s

A. .
1J

9
9XA

<k>
<e>

<u,'u ’> k i

9<u.'u !>
* J

3xk (4 .4 5 )

■ A l l  components o f  the p ro d u c tio n  te rm s, P . a r e  known
* J

q u a n t it ie s ,  o b ta in e d  from s o lu t io n  o f  t h e ir  r e s p e c t iv e  t r a n s p o r t  

e q u a t io n , and no m o d e llin g  i s  r e q u ir e d .

The p r e s s u r e -s t r a in  te rm s, tt. . ,  in  the R eyn old s s t r e s s  e q u a tio n
* \J

i s  the o n ly  term w hich  does n o t have a c o u n te rp a rt  in  the k -e q u a t io n

Recent re s e a rc h  has fo c u sse d  much a t t e n t io n  on t h is  term  and the

approach o f  G ib so n  e t  a l  ( 1 9 8 1 )  i s  adopted h e re . F lu c t u a t in g

p re s s u re s  a re  e lim in a t e d  from  the p r e s s u r e -s t r a in  term  v ia  a P o is s o n

e q u a t io n , as shown by R o tta ( 1 9 7 2 ) .  As a r e s u l t ,  the p re s s u re  s t r a in

term has two p a r t s  w hich a re  m o d elled  s e p a r a t e ly .  The f i r s t  p a r t ,

tt. . . ,  a r is e s  from  the in t e r a c t io n  o f  f lu c t u a t in g  v e lo c i t ie s  o n ly  i J»i
and i s  m o d elled  w ith  R o t t a 's  ( 19 7 2 )  p ro p o sa l a s : -

7T- - i  = -  Cn -3 ^ -( < u !u  '• i j  ,1  1 < k > v i  j
> - 2

1
(4 .4 6 )

The second p a r t ,  tt. . 9 , a r is e s  from  th e  in t e r a c t io n  o f  mean s t r a in  

and f lu c t u a t in g  v e lo c i t ie s  and i s  m o d elled  based on the p ro p o sa l 

o f  G ib son e t a l  ( 1 9 8 1 )  a s : -
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7T.i j>2 = - C,:(pi
2 '“f4  6. . — )J lj <p>' (4.47)

where P . . i s  g iv e n  b y e q u a tio n  4 .2 1  and Gt  i s  the g e n e ra t io n  o fl j t
tu rb u le n c e  k in e t ic  e n e rg y , k .  F u r t h e r  m o d e llin g  i s  re q u ire d  to

a cco u n t f o r  the in f lu e n c e  o f  the w a ll on th e  p r e s s u r e -s t r a in  c o r r e la t io n .

G ib so n e t  a l  ( 19 8 1)  su g g e st t h a t  the p re s s u re  f i e l d  i s  m o d if ie d  c lo s e

to a r i g i d  w a ll and t h a t  t h is  impedes the t r a n s f e r  o f  energ y from

the stream w ise  d ir e c t io n  to t h a t  normal to the w a l l .  The ob served

b e h a v io u r o f  the p r e s s u r e -s t r a in  c o r r e la t io n  i s  g e n e r a lly  produced

by ad d in g  two c o r r e c t io n  term s w hich may be w r it t e n  a s : -

= c i ' ( ^ ) ( <u k um> n knm6i j  * I  <u k ui > n knj  

- f < u j;u j> n kn1 ) f ( ^ ) ( 4 .4 8 )

" i d , 2 = C2 K m , 2 nk nm6i j  '  * i j , 2 nknj  '  \ j k , 2 nk " i>

where n i s  the u n it  v e c t o r  normal to  the s u r f a c e ,  r  i s  the p o s it io n  

v e c t o r ,  and i s  g iv e n  by e q u a tio n  4 .3 4 .  The f u n c t io n ,  f ,  i s  

n o rm a lis e d  to u n it y  in  the n e a r w a ll re g io n  o f  p la n e  boundary la y e r  

f lo w . The v a lu e s  o f  the c o n s t a n t s , shown on t a b le  4 . 2 ,  a re  taken 

from G ib son e t  a l ( 1 9 8 1 )  w hich g iv e  the v a lu e s  o f  the s t r e s s e s  le v e ls  

in  a u n if o r m -s t r e s s  boundary la y e r  to  b e : -

< u j2 > = 0 .2 7 5 < k >

< u i2 > = 0 .0 6 3<k>

< u i2 > = 0 .16 3 < k >

<u-ju2> = -  0 .0 6 5<k>
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M o d e llin g  o f  th e  d is s ip a t io n  e q u a tio n  re m a in s unchanged 

from e q u a tio n  4 .4 1  a s  do th e  e m p ir ic a l c o n s ta n ts  C ^ , C£ -| and C 

w ith  the e x c e p tio n  o f  th e  d i f f u s iv e  t r a n s p o r t  te rm , term  I I  in  

e q u a tio n  4 . 3 7 ,  w hich  i s  m o d elled  a f t e r  L a u n d e r, Reece and Rodi ( 19 7 5 )  

a s : -

- Ce 3 /< k >  
3X|^<£> < u kuJ£

3<e>,
(4 .4 9 )

where th e  v a lu e  o f  Ce i s  0 .1 8  su g gested  by Launder and Morse ( 1 9 7 9 ) .

The v a lu e  o f C£ i s  o b ta in e d  in  lo c a l e q u il ib r iu m  flo w  o v e r a p la n e  

w a ll where c o n v e c t iv e  t r a n s p o r t  o f  <e> i s  n e g l ig ib le ,  th e  e n e rg y 

d is s ip a t io n  r a t e  e q u a ls  the p ro d u c tio n  r a t e ,  and th e  m o d elled  t r a n s p o r t  

e q u a tio n  f o r  <e> , w hich com bines 4 .4 1  and 4 .4 9 , i s  s im p l i f ie d  

to  (L a u n d e r, Reece and R o d i, 1 9 7 5 ) : -

c£ = (CE1 -  Ce2 )U ®/K2 < u ^ < k > 2 (4 .5 0 )

1/2
where U i s  the w a ll f r i c t i o n  v e lo c i t y ,  (x ^ /p )  .

A t h ig h  R eynolds num bers, th e  t u rb u le n c e  i s  assumed to  be 

l o c a l l y  is o t r o p ic  an d , as a co nseq u ence, eq ual energ y i s  d is s ip a t e d  

from each R eyn old s normal s t r e s s  component, < u 1-u . > .  S in c e  th e re  

i s  no d is s ip a t io n  term  in  th e  R eyn o ld s s h e a r  s t r e s s  e q u a t io n s , the 

d is s ip a t io n  term  o f  e q u a tio n  4 .2 3  i s  m o d e lle d  a s : -

ei a = ! <£>6ij <4 -51)

where <e> i s  o b ta in e d  by s o lu t io n  o f  i t s  t r a n s p o r t  e q u a tio n  4 . 4 1 .

T h is  c o n c lu d e s th e  d is c u s s io n  o f  tu rb u le n c e  m o d e llin g  

and t r a n s p o r t  e q u a t io n s . The c a lc u la t io n  p ro ce d u re s and a s s o c ia t e d  

boundary c o n d it io n s  a re  d is c u s s e d  in  the f o llo w in g  s e c t io n s .



4 .2  I n v is c id  Flow  C a lc u la t io n  P roced u re

S o lu t io n s  o f the i n v i s c i d  f lo w  e q u a tio n s  f o r  f l u i d  m otion 

a re  re q u ire d  f o r  two re a s o n s : th e  s u r f a c e  p re s s u re  can be o b ta in e d

w ith  and w ith o u t in t e r a c t io n  w ith  a boundary la y e r  c a lc u la t io n  a n d , 

s e c o n d ly , an o rth o g o n a l mesh may be o b ta in e d  upon w hich th e  R e y n o ld s - 

averaged  e q u a tio n s  4 . 1 1 - 1 3  can be s o lv e d .

I t  may be a n t ic ip a t e d  t h a t  f a i r l y  c lo s e  agreem ent w ith  

o b s e rv a t io n  w ould be o b ta in e d  from  a th e o ry  w h ic h , as a s im p l if y in g  

a ssu m p tio n , n e g le c t s  v is c o s i t y .  A f t e r  a l l ,  most e n g in e e r in g  f lo w s  

have v e ry  h ig h  R eynolds numbers and s o lu t io n s  o b ta in e d  f o r  i n f i n i t e  

R eyn o ld s number, th u s i n v i s c i d ,  a re  l i k e l y  to  g iv e  a p la u s ib le  

d e s c r ip t io n  o f  th e  flo w  p a t t e r n s . I n v is c id  flo w  p a tte rn s  a re  i n i t i a l l y  

u s e fu l to d e s ig n e rs  because th e y  g iv e  the fo rc e  and momentum 

d is t r ib u t io n s  o v e r l i f t i n g  b o d ie s  w ith  u n sep arated  flo w  a n d , as i s  

th e  o b je c t iv e  o f  good d e s ig n , th e y  have minimum drag f o r c e s .  I t  i s  

a ls o  not s u r p r is in g  t h a t  in v i s c i d  th e o ry  i s  in  v io le n t  d isa g re e m e n t 

w ith  th e  o b served  flo w  p a tte rn  n e a r s o l id  w a lls  where th e  i n v i s c i d  

flo w  p r e d ic t s  s l i p  and e x p e rim e n ts show t h a t  v is c o u s  f o r c e s  a re  

predom inant w ith  no s l i p  a t  th e  w a ll ( S c h l ic h t in g ,  19 6 8 ) . In  

s e c t io n  4 . 3 , v is c o u s  e f f e c t s  w i l l  be in tro d u c e d  in t o  th e  s o lu t io n  and 

t h e i r  in f lu e n c e  on th e  i n v is c id  flo w  w i l l  be d is c u s s e d  in  more 

d e t a i l  but p r e s e n t ly  i t  i s  s u f f i c i e n t  to  in d ic a t e  t h a t ,  in  o rd e r to  

s o lv e  th e  boundary la y e r  e q u a t io n s , th e  p re s s u re  f i e l d  i s  re q u ire d  

and can be o b ta in e d  from s o lu t io n  o f  th e  in v is c id  f lo w  e q u a t io n s .

A comment on u s in g  the s o lu t io n  o f  i n v is c id  flo w  e q u a tio n s  

to  p ro v id e  o rth o g o n a l meshes i s  in  o r d e r ,  a lth o u g h  j u s t i f i c a t i o n  

f o r  s o lv in g  th e  N a v ie r -S t o k e s  e q u a tio n s  in  g e n e ra l o rth o g o n a l
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c u r v i l in e a r  c o -o r d in a t e s ,  w i l l  be l e f t  u n t i l  s e c t io n  4 .4 .  One o f 

th e  in te rm e d ia te  r e s u lt s  o f  an i n v i s c i d  f lo w  c a lc u la t io n  can be 

the lo c a t io n  o f the s t r e a m lin e s  and v e lo c it y  p o t e n t ia l l in e s  w h ich , 

by t h e ir  d e f in it i o n ,  a re  o rth o g o n a l to  one a n o th e r. P ro v id e d  

t h a t  th e  b o u n d a rie s  f o r  th e  p o t e n t ia l f lo w  s o lu t io n  a re  c o in c id e n t  

w ith  th o se  f o r  s o lu t io n  o f  th e  N a v ie r -S t o k e s  e q u a t io n s , then o n ly  

g e o m e tric  q u a n t it ie s  such a s  th e  m e t r ic  c o e f f ic ie n t s  d e f in e d  in  

e q u a tio n  4 . 5 ,  a re  re q u ire d  to  fo rm u la te  the com plete e q u a t io n s .

Gosman and Johns (19 7 9 ) a rg u e  t h a t  i t  i s  p r e f e r a b le  when s o lv in g  

th e  in v is c id  flo w  e q u a tio n s  in  f in i t e - d i f f e r e n c e  form  to use in v e r s e  

t e c h n iq u e s , w h ich  lo c a t e  th e  in t e r s e c t io n s  o f  is o -s t r e a m  f u n c t io n  

and is o -p o t e n t ia l  l in e s  and to  a v o id  th e  need f o r  th e  in t e r p o la t io n  

n e c e s s a ry  when th e  v a lu e s  o f  stream  fu n c t io n  and v e lo c it y  p o t e n t ia l 

a re  c a lc u la t e d  a t  d is c r e t e  lo c a t io n s .  W ith the in v e r s e  method th e  

g e o m e tric  q u a n t it ie s  a s s o c ia t e d  w ith  th e  g r id  a re  c a lc u la t e d  more 

a c c u r a t e ly  and the w a ll p re s s u re  can be o b ta in e d  from  o n e -d im e n s io n a l 

momentum and c o n t in u it y  e q u a tio n s  w hich t r e a t  th e  s t r e a m lin e s  as 

s l i p  b o u n d a r ie s .

In  th e  ca se  o f  tw o -d im e n s io n a l, in c o m p r e s s ib le , i n v is c id  

f lo w s , th e  system  o f  e q u a tio n s  4 . 1 1  -  4 . 1 3 ,  tra n sfo rm e d  in t o  C a r t e s ia n  

c o -o r d in a t e s , i s : -

9<Ui >

- 3 X - = 0

j  „ 3<Ui > , 1 3<P> n
a n d < Y ^ r r  ^ 1 * 7  = 0

( 4 .5 2 )

( 4 .5 3 )

summed f o r  j  = 1 ,  2 . E x a m in a tio n  o f  th e  r o t a t io n a l v e c t o r ,  w hich i s  ze ro  

o r  c o n s ta n t in  in v i s c i d  f lo w s , le a d s  to  th e  d e f in it io n  o f  mean
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v o r t i c i t y : -

9<U •> 9<U->
a  = 9 ^ 7 "  * (4 .5 4 )

P re s s u re  can be e lim in a t e d  from the c a lc u la t io n  by 

d i f f e r e n t ia t in g  e q u a tio n  4 .5 3  f o r  i  = 1 w ith  r e s p e c t  to  x 2 and 

f o r  i  = 2 w ith  re s p e c t  to  a n d , com bining w ith  the d e f in it io n  

o f  v o r t i c i t y  ab o ve, th e  v o r t i c i t y  e q u a tio n  f o r  p o t e n t ia l f lo w s 

r e s u l t s : -

'l>
3ft
3*1 + <U2>

3ft_ 
3x<

= 0 ( 4 .5 5 )

T h is  re p re s e n ts  c o n v e c t io n  o f  v o r t i c i t y  o n ly  and shows t h a t  th e  

le v e l  o f  v o r t i c i t y  w i l l  rem ain  unchanged w it h in  th e  f l u i d .  T h is  

i s  a ls o  th e  n e c e s s a ry  \ c o n d it io n  f o r  th e  e x is t e n c e  

o f  a mean v e lo c it y  p o t e n t ia l ,  cf>, w hich can be d e f in e d  a s : -

<Ui > = '  1 x 7  • ( 4 ' 56)

S u b s t it u t in g  in t o  th e  c o n t in u it y  e q u a tio n  4 .5 2  g iv e s  th e  L a p la c e  

e q u a tio n  o f  th e  v e lo c it y  p o t e n t ia l a s : -

= 0 (Summed f o r  i  = 1 ,  2 ) .  ( 4 .5 7 )

3xi
A mean s t r e a m lin e  may be d e fin e d  as a h y p o th e t ic a l l in e  

a c ro s s  w hich th e re  i s  no n e t t r a n s p o r t  and a mean stream  f u n c t io n  

can be d e f in e d  w ith  a c o n s ta n t v a lu e  a lo n g  a s t r e a m lin e ,  t h u s : -

<U-|> 3ip
3x 2 ;  < U 2 > 3JL3x-j (4 .5 8 )

S u b s t it u t io n  o f  th e se  d e f in it io n s  in t o  e q u a tio n  4 .5 4  g iv e s  

a n o th e r L a p la c e  e q u a tio n  f o r  th e  stream  f u n c t io n  w hich i s : -
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3x^

In v e r s e  form s o f  the two L a p la c e  e q u a tio n s  ( 4 .5 7  and 4 .5 9 )  

were o b ta in e d  by W inslow  (19 6 7 ) u s in g  th e  fo llo w in g  g e n e ra l 

t r a n s f o r m a t io n s :

3(f) _ _ 1 8X2 . dip _ ]_ ^ 2
3X-j "  ' J  3i|; 5 3x-j “  J  3(f)

= -  1 ^ 1 .  3i(< -  ) 3xl
3X2 iT 3if) * 3X2 J 3if)

where th e  J a c o b ia n , J ,  o f  th e  t ra n s fo rm a t io n  i s  g iv e n  b y:

3x-j 3X2 3x-j 3X2

dip 3<J) 3(f) dip

= 0 (Summed for i = 1, 2).

The in v e r s e  e q u a tio n  can be s o lv e d  n u m e r ic a lly  to  lo c a t e  the 

in t e r s e c t io n s  o f  iso-<f> and iso -if)  l in e s  and i s  g iv e n  b y : -

a
2

3 x

3 (f)

i
- - 6 w  + Y

3 2 x ,

dip
= 0 f o r  i  = 1 ,  2

where a ,  $ ,  and y  a re  the q u a d r a t ic  f u n c t io n s : -

3x1 n2 3x

a " 3̂if)  ̂ + ^ d i p

2x2

3x-| 3x-j 3x 2 3x 2

^ = W  W  + W ~  W

3  X -1 o  3 X n  n

V - <3T)Z + ^

I t  sh o u ld  be noted t h a t  o r t h o g o n a lit y  r e q u ir e s  s a t is f a c t io n  o f  

th e  Cauchy-R iem ann e q u a tio n s  w hich under g e n e ra l t r a n s fo rm a t io n  

become:

(4.59)

(4 .6 0 )

( 4 .6 1 )

( 4 .6 2 )

( 4 .6 3 )
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3x-| ax£ 9x 2 9x ^
af ~ = a 9$“  ; W ~  = " a

where a i s  the a s p e c t  r a t io  g iv e n  b y : -

(4.64)

a = l  (4 .6 5 )

F o r an o rth o g o n a l mesh w hich lo c a t e s  th e  s t r e a m lin e s  and 

v e lo c it y  p o t e n t ia l l i n e s ,  e q u a tio n  4 .6 2  red u ces to  

2 2
—i  = 0 f o r i  = 1 , 2  (4 .6 6 )
3<r

and th e  c e n t r a l term  in  e q u a tio n  4 .6 2  i s  e lim in a t e d  by th e  

o r t h o g o n a lit y  c o n d it io n .  Pope (19 7 8 ) used the above e q u a tio n  to  

g e n e ra te  c u r v il in e a r -o r t h o g o n a l meshes and c a lc u la t e d  the a s p e c t  

r a t io  by in t e g r a t in g  the Cauchy-R eim ann e q u a tio n s  a lo n g  th e  boundary 

in  th e  tra n sfo rm e d  p la n e ; a was o b ta in e d  a t  the b o u n d a rie s  f r o m :-

1 ^X1
a = - ■ f i q ' w  d* s * “ c o n s ta n t

( 4 .6 7 )

1 ^X 2a = dk{j ; (p =  c o n s ta n t  .

Boundary c o n d it io n s  a re  re q u ire d  f o r  both x-j and x 2 a t  a l l  lo c a t io n s  

on th e  p e r im e te r  and th e se  were d eterm in ed  from a s p e c if ic a t io n  

o f the boundary l o c i i  and by in t e g r a t in g  th e  a p p ro p r ia te  co n ju g a te  

f u n c t io n  re p re se n te d  by e q u a tio n  4 .6 4 .

Gosman and Johns (19 7 9 ) exp re sse d  e q u a tio n  4 .6 2  in  f i n i t e -

d if f e r e n c e  form u s in g  se c o n d -o rd e r c e n t r a l d if f e r e n c e s  w ith  c o n s ta n t  

ste p  s iz e s ,  a lth o u g h  th e  v a lu e s  o f Ail; and Ac}) were d i f f e r e n t ,  and i t  

may be w r it t e n  a s : -
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f t

f t

f t

f t

f t

f t

f t

a ( x i> £  -  2 x i> p  + - x 1>w ) V ( x i>N ~ - 2 x j  p - + * j , s )  =

A(j)2 A^ 0 (4.68)

f o r  i  = 1 ,  2 and where th e  f iv e  p o in t  n u m e rica l scheme (NSEW-P) 

i s  shown on f ig u r e  4 . 3 .  The a s s o c ia t e d  f u n c t io n s  a  and y  can a ls o  

be e x p re sse d  w ith  c e n t r a l d if f e r e n c e s  a s : -

xi m " xi c 2 x« M -  x« c 2___ / 1»N 1 , S ,  f 2 ,N  2 , S n
a " 1---2Sip----- > + l ^ ----- 'W (4 .6 9 )

x i  r  " x i  u 2 X ,  r  ■  X ,  „ 2 _ , 1 ,E  1 , 1 ^  , 2 ,E  2 ,Wn
y - (— zs?— > + (— m — ‘ (4 .7 0 )

The r e s u lt  i s  two e q u a t io n s , f o r  x-j and X£» w hich may be exp re sse d  

in  th e  f o r m :-

APx i , P  " ANx i , N  + ASx i , S  + AEx i , E  

where the c o e f f ic ie n t s  a re  g iv e n  b y : -

AWx i  ,W ( 4 .7 1 )

AN ” AS '  ( X1 , E  ‘  X 1,W^ + ( X2 ,E  '  x 2,Vp 

AE = Aw = ( x i >N -  x i , s ) 2 + ( X2 ,E  ‘  x 2,Vp •

( 4 .7 2 )

Boundary c o n d it io n s  a re  re q u ir e d  to  in s u r e  t h a t  c o -o r d in a t e  

in t e r s e c t io n s  on th e  b o u n d a rie s  a re  l in k e d  to  in t e r n a l  g r id  p o in t s  

w ith  a l i n e  t h a t  i s  o rth o g o n a l to  the b o u n d a r ie s . The boundary must 

f i r s t  be s p e c if ie d  in  th e  p h y s ic a l p la n e  w ith  a d is c r e t e  o r  co n tin u o u s 

s p e c if ic a t io n  o f  i t s  c o -o r d in a t e s .  I n i t i a l l y  the c o -o r d in a t e s  o f  th e  

in t e r s e c t io n s  on th e  boundary a re  guessed and a re  then r e f in e d  through 

su b seq u en t i t e r a t io n  w ith  th e  e q u a tio n s  e x p re s s in g  the o r t h o g o n a lit y  

c o n d it io n .  The method r e q u ir e s  t h a t  th e  boundary i s  co n tin u o u s 

and e x p l i c i t  in  the f i r s t  d e r iv a t iv e  o v er th e  re g io n  o f  in t e r e s t .  T h is  

i s  a rra n g e d  when the boundary i s  s p e c if ie d  as d is c r e t e  p o in t s  by f i t t i n g
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a p ie c e w is e  p a ra m e tr ic  c u b ic  p o lyn o m ia l to the boundary c o -o r d in a t e s  

(se e  M cConaloque, 1 9 7 0 ) . Gosman and Johns (19 7 9 ) propose an 

i t e r a t i v e  e q u a tio n  to e x p re ss  th e  boundary c o n d it io n .  A s t r a ig h t  

l i n e  i s  passed from  th e  boundary p o in t  through the f i r s t  in t e r n a l  

g r id  node w hich f o r  a n e a r h o r iz o n t a l boundary may be e x p re sse d  by 

th e  e q u a t io n s : -

= - V rlv '
-1 ,1

z r  j x t + C*d x 'B 1 

-1
( 4 .7 3 )

x2 ” ‘ x? + C*

where th e  s u p e r s c r ip t s  I and B r e f e r  to  the in t e r n a l  and boundary 

nodes r e s p e c t iv e ly .  The s lo p e  o f th e  boundary cu rv e  ( ^ ) B i s  o b ta in e d  

w ith  f i r s t  o rd e r  a c c u ra c y  from th e  e q u a t io n :-

. xl - x5/Sft - 2 2vdx;B ^
X1 “ X1

( 4 .7 4 )

where th e  s u p e r s c r ip t  E in d ic a t e s  th e  e stim a te d  v a lu e  from the 

p re v io u s  i t e r a t io n .  A f t e r  e l im in a t in g  C*and x ^ 9 th e  c o rre c te d
D

lo c a t io n  f o r  th e  c o -o r d in a t e  p o in t  x-j i s  o b ta in e d  from the i t e r a t i v e  

f o r m u la : -

xi =
* ‘  ^ b 1

( 4 .7 5 )

D
The v a lu e  o f  x-j may be updated s e v e ra l tim es w ith  t h is  e q u a tio n  b e fo re  

th e  in t e r n a l  nodes a re  r e c a lc u la t e d  thro ugh e q u a tio n  4 . 7 1 .  Once
D

th e  v a lu e  o f x-j i s  found th e  c u rv e  d e s c r ib in g  th e  boundary i s

used to  o b t a in  F ° r  a n e a r v e r t ic a l  b o u nd ary, e q u a tio n  4 .7 5

B
i s  re p la c e d  by a s im i l a r  one f o r  x ^  o b ta in e d  in  an an alo g o u s f a s h io n .



The e q u a tio n  s e t  g iv e n  by 4 .7 1  and 4 .7 5  f o r  x-j and x2~ d ir e c t io n s ,  

i s  s o lv e d  in  an i t e r a t i v e  manner due to  n o n - l in e a r i t y  o f  the e q u a tio n s  

and th e  boundary tre a tm e n t fo rm u la te d  ab o ve. The s o lu t io n  i s  

o b ta in e d  by f o r c in g  th e  f in i t e - d i f f e r e n c e  e q u a tio n s  in t o  t r id ia g o n a l 

m a tr ix  form  w ith  o f f -d ia g o n a l te rm s, r e la t in g  n e ig h b o u rin g  l i n e s ,  

e v a lu a te d  from t h e i r  most updated v a lu e s  and t e m p o r a r ily  taken as 

known. E q u a tio n  4 .7 1  i s  s o lv e d  a l t e r n a t iv e ly  f o r  th e  v a lu e s  o f 

x-j and X2 and re p e a t e d ly  a lo n g  co n stan t-^ ) and c o n s t a n t -^  l in e s  

u s in g  th e  t r id ia g o n a l  m a tr ix  a lg o r it h m  (TDMA) d e s c r ib e d  by P a ta n k a r ( 1 9 8 0 ) . 

A f t e r  each i t e r a t io n  the v a lu e s  o f  x -j a n d x ^  a re  r e v is e d  u s in g  the boundary 

v a lu e  fo rm u lae  o f  e q u a tio n  4 .7 5 .  The s o lu t io n  f o r  lo c a t in g  the 

in t e r s e c t io n s  i s  ju d g ed  to have converged when th e  maximum e r r o r  a t  

any in t e r n a l  in t e r s e c t io n  i s  le s s  than 2 °  from o rth o g o n a l w hich 

n o rm a lly  ta k e s  between 200 and 400 i t e r a t io n s .

Once the is o - i j j  and iso-4> l in e s  have been lo c a t e d  the g e o m e tric  

p aram eters f o r  the c o n s e rv a t io n  e q u a t io n s , f o r  exam ple 4 . 1 1  -  1 3 ,  

can be o b ta in e d  in  o rth o g o n al c o -o r d in a t e s .  The c a lc u la t io n  o f  the 

c e l l - f a c e  a r e a s ,  vo lu m e s, a r c  le n g t h s , r a d i i  o f  c u r v a t u r e  and lo c a l  

a n g le  w ith  re s p e c t  to  th e  x - a x is  w hich i s  c o in c id e n t  w ith  the tu n n e l 

ro o f  in  th e  p re se n t f lo w , a re  based on p ie c e w ise  p a ra m e tr ic  c u b ic  

p o lyn o m ia l c u rv e s  f i t t e d  between the in t e r s e c t io n s .  The c a lc u la t io n  

o f  th e se  g e o m e tric  p aram eters w ith  p ie c e w ise  c u b ic  p o ly n o m ia ls  has 

proved to p ro v id e  an a c c u ra t e  method f o r  th e  n e c e s s a ry  in t e g r a t io n s  

as f o l lo w s .

The c e l l  fa c e  a re a s  o f  th e  c o n tro l volume b o u n d a r ie s , A a , 

a re  computed from th e  r e la t io n :
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^ asw/nw

nw dxn 2 dx9 2 1 / 2

-  * '  « a r )  + }  ds
sw

where the s la s h  ( / )  in d ic a t e s  from the p o in t  sw to nw on f ig u r e  4 .4 ,

The a r c  le n g t h s , A S , a re  o b ta in e d  in  the same f a s h io n  a t  the m id -
dx.

p o in t s  o f  th e  s c a la r  c e l l s .  The v a lu e s  o f a re  e v a lu a te d  from 

th e  c u b ic  p o lyn o m ia l e q u a tio n  and the l i m i t s  o f  in t e g r a t io n  a re  

d e f in e d  by th e  mesh in t e r s e c t io n s .

The volum e, -V-, o f  th e  re g io n  su rro u n d in g  th e  p o in t ,  P , i s  

o b ta in e d  u s in g  the d iv e rg e n c e  theorem to  g iv e  th e  s u r fa c e  in t e g r a l  

dxq

- * =  § x 2 * r ds

where § in d ic a t e s  in t e g r a t io n  around the p e r im e t e r , sw /n w /n e /se /sw .

The r a d i i  o f  c u r v a t u r e , r-j and ^  shown in  f ig u r e  4 .2  a re  

g iv e n  by e q u a tio n s  4 .1 0  w ith  th e  ^  and ^ - d i r e c t i o n s  c o in c id e n t  

w ith  the ip and <{>- d i r e c t io n s .  The m e t r ic  c o e f f ic ie n t s ,  5,-j and 

a re  d e f in e d  in  e q u a tio n  4 .5  and o b ta in e d  f r o m :-

3 x , 2 3 x 9 2 1 / 2  AC
_ r /__ h  + /__ £ )  1 = /A S n

l ysw/nw *•v 1 v ' J sw/nw vAiJrsw/nw

3X-, 3x9 1 / 2  »r
^2^sw/se = ^3dT~) + W ”^sw/se =

Here ASsw^ nw co rre sp o n d s to the a r c  le n g th  a lo n g  th e  c-j = ^ 

l i n e  between g r id  p o in ts  sw and nw. The above fo rm u la  a llo w s  a 

r e l a t i v e l y  s im p le  f in i t e - d i f f e r e n c e  a p p ro x im a tio n  to be o b ta in e d  

f o r  the mean r a d i i  o f  c u r v a t u r e  in  term s o f  the a r c  le n g th s  jo in in g  

the v e r t ic e s  w hich a r e : -

(4.76)

( 4 .7 7 )

( 4 .7 8 )



r
 ̂ ^ Ss e /n e  sw/nw

(4.79)

r
^ ASnw/ne A Ssw /se

w here: -

(AS) Tf^se/ne + ̂ sw/nw^^nw/ne + ̂ sw/nw (4 .8 0 )

The p re s s u re  f i e l d  i s  o b ta in e d  by s o lv in g  the o n e -d im e n s io n a l 

stre a m w ise  momentum e q u a tio n  f o r  i n v i s c i d  flo w  on th e  o rth o g o n a l 

mesh where the mesh l in e s  c-j and ^  a r e  c o in c id e n t  w ith  is o -ip  

and iso-4> l i n e s ,  r e s p e c t iv e ly ,  w hich were p re d ic te d  by the s o lu t io n  

o f  th e  L a p la c e  e q u a t io n s . The i n v is c id  stream w ise  momentum e q u a tio n  

i s  o b ta in e d  by s im p l if y in g  e q u a tio n  4 . 1 2  t o : -

T h is  e q u a tio n  im p lie s  t h a t  th e  v e l o c i t y ,  and thu s t r a n s p o r t ,  i s  

ze ro  in  the d ir e c t io n  normal to  th e  s t r e a m lin e s .  The ^ “d ir e c t io n  

must be c o in c id e n t  w ith  4 > -lin e s  and th e  p re s s u re  and p o t e n t ia l 

v e lo c it y  a re  o b ta in e d  by s o lv in g  4 .8 1  a lo n g  stream  ch a n n e ls  e n c lo se d  

by the p re d ic te d  ^ - l i n e s  and c o in c id e n t  w ith  th e  c - j -d ir e c t io n  a s  

shown on f ig u r e  4 .4 .

E q u a tio n  4 .8 1  i s  m a n ip u la te d  in t o  i t s  f in i t e - d i f f e r e n c e  

form u s in g  the f i n i t e  volume approach o f  Gosman e t  a l (19 6 9 ) w hereby 

each term o f  th e  d i f f e r e n t ia l  e q u a tio n  i s  in t e g r a t e d  o v e r the 

su rro u n d in g  c o n tro l volume as fo llo w s

&1&2^3 9C-](a2a3 < P><V1><vl>)J = T ~
1_ 3^P> 
*1 3C] ( 4 .8 1 )
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/  i 2£ 3 < P > < V1 ><V1 > } dc 2

? 2 ,n

+ -V p  W s ^ v ^ i  d? 2  = 0

where the V-|-momentum so u rce  term  i s  g iv e n  b y : -

e _ 1 _  8<P> .
V] " 3c7

I t  i s  n e c e s s a ry  to use upwind d if f e r e n c in g  because th e re  i s  no 

d if f u s io n  and i s  d is c u s s e d  f u r t h e r  in  S e c t io n  4 .4 .  E q u a tio n  4 .8 2  

can be r e c a s t  in  the fo llo w in g  f o r m :-

(flp - V < Vl , w > = AE<V1 ,w w > + V V l , e >  + SU

where

Ap - AE + Aw

AW = max L°> \  < P >  awsw/wnw(V 1,ww + V1 ,w ^

AE = max P >  - 7 <p> a s / n (V l,w  + V l , e ^

S p = 0

and S u = Aas w /n v /PP -  PW)

f o r  the sta g g e re d  g r id  shown on f ig u r e  4 .4 * .  The v a lu e s  o f  Aa and 

-Vp a re  c a lc u la t e d  from e q u a tio n s  4 .7 6  and 4 . 7 7 ,  r e s p e c t iv e ly .

Tc
The slash (/) means from point to point; s to n for example.

( 4 .8 2 )

(4 .8 3 )

(4 .8 4 )

(4 .8 5 )



The c o n t in u it y  e q u a tio n  may be w r it t e n  a s : -

3
1

0

and, a f t e r  in t e g r a t io n ,  becomes

(4.86)

/ 2 ’ n {t2 t3 <pxVI>}® d c 2 = <P>{iase/ne < V 1)6 > -  A a sw/nw < V 1> y > } = 0
To - W

(4 .8 7 )

T h is  e q u a tio n  can be re fo rm u la te d  in  term s o f  th e  p re s s u re  

c o r r e c t io n  e q u a t io n , e x p ressed  by C h o r in  ( 1 9 6 8 ) , in  the fo llo w in g  

m anner. F i r s t  p o s t u la t e  t h a t  th e  in c o r r e c t  p r e s s u r e , P * , was used 

to  c a lc u la t e  the v e lo c it y  f i e l d ,  V ^ , and t h a t  the r e s u lt  does not 

s a t i s f y  c o n t in u it y .  P o s t u la t e  s e c o n d ly  t h a t  the r e a l p re s s u re  and 

v e lo c it y  f i e l d s ,  P and V -j,  can be o b ta in e d  by a d d in g  a c o r r e c t io n  

to  th e  e x is t in g  v a lu e s  a c c o rd in g  t o : -

P = P* + P'

(4 .8 8 )
V 1 = V |  + V]

where the prim e ( ' )  denotes the v a lu e  o f  the c o r r e c t io n .  A v e lo c it y  

c o r r e c t io n  e q u a tio n  may be w r it t e n  a s : -

Aa

1 ,w r r ^ p w -  p p > " V pw '  p p >
(4 .8 9 )

where Ap i s  g iv e n  by e q u a tio n  4 .8 5 .  S u b s t it u t e  th e  above e q u a tio n s  

in t o  4 .8 7  and the r e s u lt  i s  the p re s s u re  c o r r e c t io n  e q u a t io n :-

<P> {a a s e / n e < V l , e * > +  de^PP '  PE^

-  i a sw /nw < V l,w * >  + W  -  PW)> = 0
(4 .9 0 )



w hich can be r e c a s t  in t o  th e  form

APPP ■  a e p e  +  V w  + s (4.91)

where

( 4 .9 2 )

A,, = < p > d  Aa ,W K w sw/nw

S = < p>Aa / <Vn ' sw/nw I,w
*> -  <p>Aa / < V n *> • s e /n e  1 ,e

An i t e r a t i v e  s o lu t io n  p ro ced u re  i s  re q u ire d  and w i l l  g iv e  v a lu e s  

o f  a p p ro x im a te ly  z e ro  f o r  the p re s s u re  c o r r e c t io n ,  P ' ,  when 

co n verg ed .

Boundary c o n d it io n s  a re  re q u ir e d  a t  the i n l e t  o f  th e  s o lu t io n  

domain and a re  ta ke n  as the f r e e  stream  v e lo c it y  and p r e s s u r e . At 

the o u t le t  o f  th e  c o n t in u it y  e q u a tio n  i s  b a la n ce d  so t h a t  mass 

i s  co n se rv e d .

An i t e r a t i v e  s o lu t io n  p ro ce d u re  i s  adopted because o f

th e  n o n - l in e a r  n a tu re  o f  e q u a tio n  4 .8 4  and due to  th e  fo rm u la t io n

o f  the p re s s u re  c o r r e c t io n  e q u a t io n . E q u a tio n s  4 .8 4  and 4 .9 1  a re

s o lv e d  a lt e r n a t e ly  u s in g  the t r id ia g o n a l  m a t r ix  a lg o r it h m . The

s o lu t io n  f o r  th e  p re s s u re  was c o n s id e re d  converged when th e  net

-5
r e s id u a l in  each stream  tube was le s s  than 10  o f  th e  n et momentum 

f lu x  in  t h a t  tube w hich re q u ire d  le s s  than 30 i t e r a t io n s .

The p re s s u re  a t  the w a ll was e x tra p o la te d  from  the f i e l d  

v a lu e s  w ith  a c u b ic  p o lyn o m ia l f i t  to  th e  p re s s u re  nodes a t  

th e  f i r s t  th re e  in t e r n a l  nodes.



E r r o r s  in  the c a lc u la t e d  w a ll p re s s u re  a r is e  from th e  boundary 

c o n d it io n s  and f in i t e - d i f f e r e n c e  s o lu t io n  p ro ce d u re s used to  s o lv e  

th e  L a p la c e  and stre am w ise  momentum e q u a t io n s . Gosman and Johns (19 7 9 ) 

d em onstrate the L a p la c e  e q u a tio n s  a re  so lv e d  to  a p p ro x im a te ly  

se c o n d -o rd e r a c c u ra c y  in A ^ a n d  A\p and t h a t  th e  boundary fo rm u la e  

4 .7 5  a r e  r e s p o n s ib le  f o r  th e  la r g e s t  c o n t r ib u t io n  to th e  e r r o r .

The f in i t e - d i f f e r e n c e  fo r m u la t io n  o f th e  stream w ise  momentum 

e q u a tio n  w i l l  a ls o  in tro d u c e  e r r o r s  w hich a re  dependent on th e  g r id  

s p a c in g . I t  i s  d i f f i c u l t ,  how ever, to  a t t r ib u t e  th e  e r r o r s  in  th e  

p re s s u re  f i e l d  d i r e c t l y  to  e it h e r  o f  the L a p la c e  o r momentum 

c a lc u la t io n  p ro c e d u re s . The o v e r a l l  a c c u ra c y  may be e v a lu a te d  by 

ch e c k in g  t h a t  th e re  i s  no lo s s  o f  t o t a l head a lo n g  the stream  tu b e s .

F o r a 32 x 32 g r id  the maximum t o t a l  head lo s s e s  were 0 .3 %  and 0 .8 %  

o f  the i n l e t  dynam ic head f o r  in t e r n a l  and boundary n o d es, r e s p e c t iv e ly ,  

and a re  not c o n s id e re d  im p o rta n t f o r  th e  p re se n t p u rp o se s.

The boundary c o n d it io n s  c o n t r ib u t e  to  th e  e r r o r  in  two w ays: 

through the L a p la c e  e q u a tio n  a s  d is c u s s e d  above w hich i s  m inor 

a n d , more im p o r t a n t ly ,  thro ugh th e  s p e c if ic a t io n  o f  the boundary 

a t  and downstream from the t r a i l i n g  edge. The boundary i s  s p e c if ie d  

a c c u r a t e ly  up to  th e  t r a i l i n g  edge where a dilemm a o c c u r s . The shape 

o f  the v e lo c it y  p o t e n t ia l and s t r e a m lin e  em anating from th e  t r a i l i n g  

edge i s  not known a p r io r i  and must be g u esse d . T h is  i s  an im p lie d  

K u tta  c o n d it io n  w hich f ix e s  th e  c i r c u l a t io n  on th e  s u r fa c e  and 

c l e a r l y  a f f e c t s  the s u r f a c e  p re s s u re  f ie l d  u p stream . The d ir e c t  

in f lu e n c e  o f t h is  boundary c o n d it io n  w i l l  be in v e s t ig a t e d  w ith  

re s p e c t  to  the r e s u lt s  d is c u s s e d  in  c h a p te r 5 .



A te c h n iq u e  has been d e s c r ib e d  f o r  g e n e ra t in g  o rth o g o n a l 

c u r v i l in e a r  meshes to f i t  s im p ly  connected re g io n s  w ith  complex 

s u r f a c e s  and f o r  th e  d e d u ctio n  o f g e o m e tric  d ata re q u ire d  f o r  

n u m e rica l s o lu t io n  o f  the o rth o g o n al form o f  the c o n s e rv a t io n  

e q u a t io n s . Furth erm o re  th e  r e s u lt a n t  mesh was used f o r  the n u m e rica l 

s o lu t io n  o f  the stream w ise  momentum e q u a tio n  to  o b ta in  the s t a t i c  

p re s s u re  and p o t e n t ia l v e lo c it y  f i e l d s .  The te c h n iq u e  r e l i e s  

on s o lu t io n  o f  two L a p la c e  e q u a tio n s  f o r  th e  p h y s ic a l lo c a t io n s  

o f  th e  in t e r s e c t io n  o f is o -s t r e a m  fu n c t io n  and i s o - v e l o c i t y  

p o t e n t ia l l in e s  and f in i t e - d i f f e r e n c e  s o lu t io n  o f  the o n e -d im e n s io n a l 

momentum and c o n t in u it y  e q u a tio n s  w ith  th e  o rth o g o n al c o -o r d in a t e s  

ta ke n  c o in c id e n t  w ith  th e  stream  f u n c t io n  and v e lo c it y  p o t e n t ia l 

1 in e s .

R eg io ns o f  r e c ir c u l a t io n  w i l l  not be found when th e  i n v is c id  

flo w  e q u a tio n s  a re  s o lv e d  and v is c o u s  e f f e c t s  must be in tro d u c e d  

in  o rd e r to  p r e d ic t  s e p a r a t io n . As a r e s u lt  th e  s t r e a m lin e s  o b ta in e d  

from th e  s o lu t io n  o f  i n v i s c i d  flo w  e q u a tio n s  w i l l  have t r a n s p ir a t io n  

thro ugh them. The consequence i s  t h a t  the in v i s c i d  s t r e a m lin e  

must be e it h e r  moved to  t h e i r  c o r r e c t  lo c a t io n  a s  w ith  th e  v is c o u s -  

in v is c id  in t e r a c t io n  method o f  s e c t io n  4 .3  o r  a llo w a n c e s  made f o r  

th e  c r o s s -f lo w  a s in  th e  o rth o g o n a l s o lu t io n  p ro ced u re o f  s e c t io n  4 .4 .  

C le a r ly  th e re  w i l l  be flo w  a c ro s s  the in v i s c i d  s t r e a m lin e s  when a 

re g io n  o f  r e c ir c u l a t io n  i s  p r e d ic t e d .



4 .3  V is c o u s - in v is c id  I n t e r a c t iv e  C a lc u la t io n  P rocedure

The aerodynam ic p r o p e r t ie s  o f  f lo w s w ith  boundary la y e r s  

may be c a lc u la t e d  u s in g  a r e g io n a l approach w ith  se p a ra te  s o lu t io n s  

f o r  the v is c o u s  and in v i s c i d  e q u a tio n s  in t e r a c t e d  v ia  boundary 

c o n d it io n s .  V is c o s it y  p la y s  an im p o rta n t r o le  o n ly  in  a t h in  

re g io n  in  th e  v i c i n i t y  o f  the s u r f a c e  and in  the w ake, w hereas 

the re m a in in g  p a rt  o f  th e  f lo w  i s  i n v is c id  in  c h a r a c t e r .  The 

e x p e r ie n c e s  o f T h w a ite s  ( 1 9 5 5 ) ,  Kuchemann ( 1 9 7 8 ) ,  C e b e c i,  Bradshaw 

and W hite law  (19 8 1 )  and o th e rs  show t h a t  l i f t  depends m a in ly  on 

th e  i n v is c id  flo w  and t h a t  c o r r e c t io n  f o r  boundary la y e r  d isp la c e m e n t 

o r  e q u iv a le n t  blow ing v e lo c it y  i s  s u f f ic ie n t  in  many c a s e s . In  

c o n t r a s t ,  the p r e d ic t io n  o f  drag  r e q u ir e s  a c c u ra te  re p r e s e n t a t io n  

o f  the v is c o u s  f lo w  and th e  in t e r a c t io n  o f  the v is c o u s  flo w  w ith  

th e  i n v is c id  flo w  (O lso n  e t a l ,  1 9 7 8 ) . S u b d iv id in g  th e  flo w  

f i e l d  in t o  v is c o u s  and i n v is c id  re g io n s  p e rm its  th e  co m p u ta tio n a l 

e f f o r t  to  be fo cu sse d  on the more demanding r e g io n , v is c o u s  o r  

i n v i s c i d ,  and may have ad vantages o v e r s o lv in g  the v is c o u s  

e q u a tio n s  o v e r the e n t ir e  domain such as re d u c t io n  in  n u m e rica l 

e r r o r  o r co m p u ta tio n a l e xp en se.

The v is c o u s - in v is c id  in t e r a c t io n  can be reg ard ed  as 

th e  in f lu e n c e  o f  th e  boundary la y e r  on th e  p re s s u re  d is t r ib u t io n .

W ith weak in t e r a c t io n s  th e  v is c o u s  e f f e c t  on th e  p re s s u re  i s  sm a ll 

and Seebohm and Newman ( 1 9 7 5 ) ,  f o r  exam ple, accounted f o r  i t  w ith  

a n o n -d im e n sio n a l d is p la c e m e n t t h ic k n e s s ,  6 - j/C ,  whose o rd e r 

o f  m agnitude was | 1 n (R e )|  ̂ a s  d is c u s s e d  by M e ln ik  ( 1 9 8 0 ) . S tro n g e r 

in t e r a c t io n s  o cc u r a t  th e  t r a i l i n g  edge o r n e ar re g io n s  o f  

r e c ir c u la t io n ,  and M e ln ik  and Grossman ( 1 9 8 1 )  and M e ln ik  e t  a l  (19 8 3 )



found t h e ir  e f f e c t  co u ld  be an o rd e r o f  m agnitude g r e a t e r  on the 

in v i s c i d  f lo w  s o lu t io n .

R ecent w ork, rev iew ed  by McDonald and B r i l e y  ( 1 9 8 3 ) ,  

has dem onstrated t h a t  in t e r a c t io n s  in  the v i c i n i t y  o f  sm a ll 

re g io n s  o f  s e p a ra t io n  may be c a lc u la t e d  w ith  the boundary la y e r  

e q u a tio n s  and a v is c o u s - in v is c id  in t e r a c t io n .  The l i m i t  to  t h is  

approach i s  no t known a lth o u g h  i t  i s  g e n e r a lly  accep ted  t h a t  la r g e  

re g io n s  o f  s e p a ra t io n  w i l l  no t be w e ll re p re se n te d  by b o u n d a ry - 

la y e r  e q u a tio n s  due to th e  o m iss io n  o f  th e  c r o s s -s t r e a m  momentum 

e q u a t io n . The p re se n t stu d y  i s  concerned w ith  the l a t t e r  ca se  

and w ith  the s o lu t io n  o f th e  t im e -a v e ra g e  N a v ie r -S t o k e s  e q u a tio n s  

f o r  f lo w s  where th e  re g io n  o f  t r a i l i n g  edge s e p a ra t io n  i s  

s i g n i f i c a n t .  ( I t  a ls o  p ro v id e s  in fo rm a t io n  r e le v a n t  to  the 

a p p l ic a t io n  o f  th e  N a v ie r -S t o k e s  e q u a tio n s  to  re p re s e n t  f lo w s 

w ith o u t o r w ith  s m a ll s e p a r a t io n .)

I t  would be in e f f i c i e n t  to c a lc u la t e  th e  e n t ir e  domain 

w ith  v is c o u s  e q u a tio n s  p a r t i c u l a r l y  s in c e  th e  in t e r a c t io n  i s  weak 

in  th e  re g io n  upstream  o f  s e p a ra t io n  and th e  boundary la y e r  e q u a tio n s  

a re  a p p r o p r ia t e . An in t e r a c t iv e  approach sh o u ld  be s u c c e s s f u l in  

t h is  r e g io n , p ro v id e d  th e  in v i s c i d  f lo w  i s  r e s o lv e d , and a v e ry  

sm a ll number o f  it e r a t io n s  between th e  s o lu t io n  o f  the p o t e n t ia l  

f lo w  and boundary la y e r  e q u a tio n s  can be expected to  s u f f ic e  

(Seebohm and Newman, 1 9 7 5 ) .  T h is  w i l l  not be the ca se  c lo s e  to  

s e p a r a t io n  but r e s u lt s  from the boundary la y e r  c a lc u la t io n  can be 

used a s the upstream  boundary c o n d it io n s  f o r  a c a l c u la t io n ,  based 

on th e  N a v ie r -S t o k e s  e q u a t io n s , in  th e  re g io n  o f  stro n g  in t e r a c t io n  

a s s o c ia t e d  w ith  s e p a r a t io n . In  t h is  w ay, th e  region o ver w hich
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th e  e l l i p t i c  e q u a tio n s  a re  s o lv e d , w ith  t h e ir  g r e a t e r  exp ense, 

can be red u ced .

% C a lc u la t io n s  f o r  th e  weak v is c o u s - in v is c id  in t e r a c t io n

have been perform ed by the s o lv in g  o f  th e  b o u n d a r y -la y e r  and 

in v i s c i d  e q u a tio n s  co u p led  through th e  b o u n d a ry -la y e r  d isp la ce m e n t 

t h ic k n e s s .  An e q u iv a le n t  i n v is c id  flo w  i s  d e f in e d  to be id e n t ic a l  

to  th e  r e a l f lo w  o u t s id e  the sh e a r la y e r  by r e p la c in g  the s u r fa c e  

o f  th e  body w ith  a d isp la c e m e n t s u r f a c e ,  w hich extend s in t o  

th e  w ake, so t h a t  th e  mass flo w  between th e  d isp la c e m e n t s u r fa c e  and
! *

th e  edge o f  th e  s h e a r la y e r  e q u a ls  the mass f lo w  in  th e  boundary

| la y e r .  The i n v is c id  flo w  e q u a tio n s  have been so lv e d  in s id e  t h is
.

boundary to  c o r r e c t  the w a ll p re s s u re  f o r  the e f f e c t s  o f  the

I* boundary la y e r .

The s im p le s t  in t e r a c t iv e  pro ced u re i s  as f o l lo w s . The

in v is c id - f l o w  e q u a t io n s  a re  so lv e d  f o r  th e  p re s s u re  d is t r ib u t io n

u s in g  w a ll c o -o r d in a t e s  and the b o u n d a ry -la y e r  e q u a tio n s  s o lv e d

w ith  t h is  w a ll p re s s u re  as a boundary c o n d it io n .  The d isp la c e m e n t

t h ic k n e s s ,  6 -j, i s  then c a lc u la t e d  from th e  v is c o u s  s o lu t io n  and

th e  i n v is c id  flo w  i s  re s o lv e d  w ith  a s t r e a m lin e  co rre sp o n d in g  
r

to th e  d isp la c e m e n t t h ic k n e s s .  The p re s s u re  o b ta in e d  a lo n g  t h is  

s t r e a m lin e ,  i s  assumed to p r e v a il  th ro u g h o u t the boundary la y e r  

and i s  used su b s e q u e n tly  as a boundary c o n d it io n  in  a second 

* c a lc u la t io n  w ith  th e  boundary la y e r  e q u a t io n s . T h is  p ro ce ss i s

re p e ate d  u n t i l  th e  v a lu e s  o f  w a ll p re s s u re  co n v e rg e .

T h is  typ e  o f in t e r a c t io n  has two main r e s t r i c t i o n s .  The 

s t r e a m lin e  taken c o in c id e n t  w ith  th e  d isp la c e m e n t s u r f a c e  i s  a 

t r u e  s t r e a m lin e  in  the r e a l f l u i d  o n ly  when the d isp la c e m e n t e f f e c t



on the o u te r  f lo w  i s  s m a ll as p o in te d  out by Veldman ( 1 9 8 0 ) , 

t h a t  i s  to  sa y  t h a t  th e  g ra d ie n t s  in  the in v is c id  flo w  s o lu t io n  

a re  n e g l ig ib le  in s id e  th e  boundary la y e r .  C le a r ly  t h is  w i l l  not 

be th e  ca se  w ith  th e  stro n g  in t e r a c t io n  o f  th e  p re se n t r e c ir c u la t io n  

r e g io n . In  t h is  ca se  th e re  w i l l  be in f lo w  o r o u tflo w  a c ro s s  th e  

d isp la c e m e n t s u r f a c e  and th e  boundary c o n d it io n s  must be m o d if ie d , 

in  the f a s h io n  d e s c r ib e d  by Murman and B u ss in g  ( 1 9 8 3 ) ,  to  acco u n t 

f o r  t h is  e n tra in m e n t.

The second r e s t r ic t io n  i s  a s s o c ia t e d  w ith  th e  use o f  th e  

method o f  s o lv in g  th e  boundary la y e r  e q u a t io n s , w hich uses w a ll 

p re s s u re  a s  a boundary c o n d it io n . These s o lu t io n s  f o r  s te a d y  

flo w  a re  s in g u la r  a t  the lo c a t io n  o f  mean s t r e a m lin e  detachm ent, 

commonly termed the G o ld s t e in  s i n g u l a r i t y ,  and a r is e s  when th e  

stream w ise  p re s s u re  g r a d ie n t  i s  s p e c if ie d  as a boundary c o n d it io n  

and the s o lu t io n  pro ceed s by forw ard  m arch ing  in  th e  stream w ise  

d ir e c t io n .  The N a v ie r -S t o k e s  e q u a tio n s  have been shown to  be 

r e g u la r  through s e p a ra t io n  by B r i l e y  ( 1 9 7 1 ) ,  G h ia  and D a v is  (19 7 4 ) 

and many o t h e r s . The p resen ce o f  th e  s in g u l a r i t y  in  th e  s o lu t io n  

o f  th e  boundary la y e r  e q u a tio n s  has a ls o  been co n firm e d  by 

n u m e rica l r e s u lt s  o b ta in e d  by W erle  and D a v is  ( 1 9 7 2 ) ,  K lin e b u rg  

and S te g e r (19 7 2 )  and o t h e r s . I t  i s  a ls o  c le a r  t h a t  t h is  

s in g u l a r i t y  i s  a t t r ib u t a b le  to th e  s o lu t io n  a lg o r ith m  and not 

th e  b o u n d a r y -la y e r  fo rm u la t io n  o f  th e  e q u a tio n s  (McDonald and 

B r i l e y ,  1 9 8 3 ) .

I t  i s  an i n t u i t i v e  c o n c lu s io n , v e r i f ie d  by e x p e r ie n c e , 

t h a t  d ir e c t  s o lu t io n  o f  the boundary la y e r  e q u a tio n s  w i l l  

te rm in a te  th e  c a lc u la t io n  a t  about the lo c a t io n  o f  mean s t r e a m lin e  

detachm ent because o f  th e  s in g u la r i t y  in  the s o lu t io n  a lg o r it h m .



The in f lu e n c e  o f  stro n g  in t e r a c t io n  due to  s e p a ra t io n  

was found a t  le a s t  10  momentum t h ic k n e s s e s ,  d>2 > upstream  o f  the 

lo c a t io n  o f  t h is  detachm ent in  th e  p re se n t f lo w . T h is  re g io n  i s  

c a lc u la t e d  w ith  th e  proposed in t e r a c t io n  p rocedure and w i l l  v e r i f y  

th e  e x te n t to  w hich th e  boundary la y e r  fo rm u la t io n  a p p l ie s  in  

th e  re g io n  a p p ro a ch in g  s e p a r a t io n .

The re m a in d e r o f t h is  s e c t io n  d e s c r ib e s  the p ro ced u re  used 

to  s o lv e  the boundary la y e r  e q u a tio n s  and t h a t  used to  in tro d u c e  

th e  d isp la c e m e n t s u r f a c e  in t o  the i n v is c id  flo w  c a lc u la t io n  

p ro ce d u re s o f  s e c t io n  4 . 2 .  The o v e r a l l  s o lu t io n  p ro ced u re  i s  shown 

s c h e m a t ic a lly  on f ig u r e  4 .6  and i t s  im p le m e n tatio n  d e s c r ib e d  a t  

th e  end o f  th e  c h a p t e r .

S o lu t io n  o f  th e  boundary la y e r  e q u a t io n s . The boundary 

la y e r  e q u a tio n s  were s o lv e d  w ith  the method d e s c r ib e d  by G ib s o n , 

Jones and Y o u n is  ( 1 9 8 1 ) .  T h is  method was s e le c t e d  because i t  had 

a lr e a d y  been used s u c c e s s f u l ly  to  c a lc u la t e  a rang e o f  f lo w s 

s im i l a r  to  the cu rve d  boundary la y e r  re g io n  o f  th e  p re se n t stu d y  

(se e  G ib s o n , Jones and Y o u n is , 1 9 8 1 ,  G ib son and Y o u n is , 19 8 2 , and 

Y o u n is , 1 9 8 3 ) . The com p lete m ethod, tu rb u le n c e  model and r e s u lt s  

o b ta in e d  f o r  a number o f  cu rved  and s w ir l in g  f lo w s a re  re p o rte d  

by Y o u n is ( 1 9 8 3 ) . The method f e a t u r e s  s o lu t io n  o f  the t r a n s p o r t  

e q u a tio n  4 .1 9  f o r  the R eyn old s s t r e s s e s  w hich have been shown 

by Y o u n is  (19 8 3 ) to re p re s e n t  th e  s t a b i l i z i n g  in f lu e n c e  o f  convex 

c u rv a tu re  on th e  t u rb u le n c e  a s  i s  found by ex p e rim e n t s e e , f o r  

exam p le, So and Mel lo r  ( 1 9 7 3 ) ,  Meroney and Bradshaw (19 7 5 )  and 

G ib s o n , V e r r io p o u lo s  and V la c h o s  (19 8 3 ) and the d is c u s s io n  by 

Bradshaw ( 1 9 7 3 ) .  S o lu t io n  p ro ce d u re s w ith  s im p le r  t u rb u le n c e
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models, particularly the k-e model,were considered but disregarded 

for the curved boundary layer because they did not offer significant 

cost advantages and the available corrections for curvature effects 

such as those of Leschziner and Rodi (1981), Gibson (1978),

Launder, Pridden and Sharma (1977) and others, are ad hoc and 

difficult to extend to three dimensions. For the present case 

accurate representation of the turbulence field is important where 

there is a stabilising effect on the turbulence due to longitudinal 

curvature. Also the results will be used as the upstream boundary 

conditions for calculation of the separated region with the Navier- 

Stokes equations which requires an accurate description of the 

upstream flow.

The transport equations for steady incompressible flow 

have been simplified to their parabolic boundary-layer form in 

Bradshaw (1973) by assuming that the only significant shear stresses 

and diffusional fluxes are caused by gradients in the direction 

normal to the streamlines and that reverse flow is absent. The 

resulting boundary-layer equations are given in the s-n co-ordinate 

system by:-

Continuity

g| <Uf  + ^  <hl)2> = 0 (4.93)

Streamwise momentum

9<Un>

<ui> — as—  + h<u2>

, 1 3<P> , u * “1“^
+ p _3i_ +  h ~3n---

9<U,> <U-|><U2>
___ !_ + __ !___ r_
an R

2<u-ju^>

an (4.94)
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Streamwise Reynolds normal stress

2 > 3<u '2>
c I V ^ —  + h<U,> — 5— J—  

1 3s c 3n

11 + 2 <u-ju2> (h
3<U-j> <U-|>

3n + R J

_l(hc <k> .u .2, 3<ui2>}
9n^nut <e> u2 3n }

1 <F^<ul > '  3<k>) + C2(Pn  '  | Pk) + ^11,1 + ni l  ,2

+ <£> = 0

Cross-stream Reynolds normal stress

9<u«2> 3< u«2>
< U-,> — + h <U^> 9n

22

1 3s

<U i>
+ 4<ulu2> I T -

3 ,u„ <k> _ ,2, 3<u 22=\
3n(hCt <£> <u 2 > jjn ^

+ C1 7E>(<u22> ‘ I  <k>) + C2̂ P22 '  | Pk̂  + *22,1 + *22,2

+ ?  <£> = 0

(4.95)

(4.96)
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Azimuthal Reynolds normal stress

2 2 
9<ui > 9<ui >

<U,> — + h<U0>1 9s 2 9n

3/ur <k> . . .2  3<U3
" an(hCt ^  < u 2 > §n

+ C1 <!>(<u32> '  l <k>) ‘  3 C2Pk + ”33,1 + ”33,;

+ 3 <£> = 0
(4.97)

Reynolds shear stress

9<u'u«> 9<u1 >
<Ut> --- IrA- + h<U0>T  9s

12 9n

2 9n

— ) - 2<u'12>
0 9<Un> <Ut> 0 <U,>

+ <u'2> (h + 1 ' ’- ■ 2. 1
R

a <k> 2
8-(hC+ ^ - < u i 2> — L L - )9nv t <e> 2

+ C < C > <U-!uA> + CoP-io + It'to o + TT'no o = 01 ul u2"  T 2 1 2  T 12,2 T " 12,2 (4.98)

Turbulence kinetic energy

<U,> £ £  + h<Uo> 3<k>1 9s 2 9n

9<U-|> <U-j>
+ <u]u£>(h 3n - R )

__i(hcan^nLt <£> 2 3n '

+ <£> = 0 (4.99)



Rate of dissipation of turbulent kinetic energy

<U_> + h<Uo> :>
1 as 2 an

+ _JL(hr < ^  <u'^> ^< £ > ) 
3 n'nLE <e> < u 2 > an >

+ (C — £—  C ) = 0<k> v e-j <e>

where

(4.100)

h = 1 + £
(4.101)

and the co-ordinate directions, s and n, the local radius of 

curvature at the surface, R, the velocity components, U-j, u-j, 

and u^, are shown on figure 4.5.

The cross-stream momentum equation was simplified to:-

3<P> _ <P><U1 > 
an r

where r is the local radius of curvature of the streamlines in 

the corresponding potential flow. If the streamlines at any 

s-location are assumed to be locally concentric, the radius of 

curvature at any location in the profile is given by:-

(4.102)

r = n + R (4.103)

and represents a good approximation to the streamlines in the 

equivalent potential flow defined in section 4.2. At locations 

where the surface curvature changes discontinuously, the changes 

are smoothed over a distance of 5 mm with a linear interpolation 

factor.



The modelled transport equations for turbulence quantities 

are solved simultaneously with the continuity and momentum equations 

for the mean flow. The problem is posed as an initial value problem 

with equations 4.93 - 4.100 in finite-difference form and solved 

starting from an upstream location where all variables are known 

by taking steps of AS downstream and with boundary conditions 

provided in the free stream and at the wall. The solution is found 

using the marching-integration procedure based on the GENMIX program 

described by Patankar and Spalding (1970).

The upstream boundary conditions were obtained from measured

profiles at an inlet location where the cross-stream pressure

gradient was negligible. Profiles of the mean velocity, <U-j>, and

2 2 2the Reynolds stresses, <u^ >, <u£ >» <u^ > and <u-ju2> , are required 

and were obtained with a stationary hot wire. A Pitot-static 

probe was also used to verify the mean velocity and to obtain 

values of the total and static pressure at the inlet. The required 

dissipation rate was obtained from a mixing length hypothesis.

The outer boundary was located in the free stream where 

turbulence effects are assumed to be absent and implies the flow is 

inviscid in nature. The free stream velocity is taken as equal 

to that corresponding to the local radius of curvature of the 

surface and the local streamwise pressure gradient, and is obtained 

by integrating equation 4.102 and combining it with the pressure 

gradient at the surface. The local values of static pressure 

are obtained from:-
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♦

<P>N = [/ i ( ^ - ) d n ]  + / ( ^ ) wall ds + (<P>wall)ref (4.104)
wall * u

where the subscripts X, wall and ref refer to the local streamwise 

location (s = X), the value at the wall and the reference value, 

respectively. The free stream velocity is then given by 

Bernoulli's equation as:-

< Y e = [2({<Pn=6> + \  <P><U1>2 } ref - <PN=6>)/<p> ] 1 / 2  . (4.105)

The flux of turbulence quantities, the dissipation rate, e, and 

stresses due to laminar and turbulence effects were all taken 

as negligible.

The wall boundary requires special treatment since the 

numerical solution of the momentum equation 4.94 is matched 

to the logarithmic law-of-the-wall. Discussion of the wall functions 

used to implement this matching is deferred until Section 4.5 although 

the following comments pertain to the boundary conditions at the 

wall associated with the Reynolds stress model.

The dissipation in the near wall cell is not zero 

and is obtained by assuming a linear variation with distance from 

the wall given by:-

<e> = û /icn (4.105)T
When mean transport and normal stress gradients are neglected, 

the dissipation equation 4.100 reduces to a simple quadratic 

equation and is expressed by Gibson et al (1981) as:-
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C <k><u«^>

<E>w - C ^ Pk <e>„ - = 0 •
2 Cel (4.107)

For local equilibrium flow over a plane wall, the solution of 

this equation is consistent with the equation 4.50 used by 

Launder, Reece and Rodi (1975) to establish the model constants

and the value of C taken as 0.18 as recommended by Launder and
£

Morse (1979) when used in conjunction with the other constants 

on table 4.2.

No special treatment is required for the boundary cells

of the Reynolds normal stresses provided that the flux through the

2wall is set to zero and the production terms in the <u^ > and

<k>-equations have their normal velocity gradients modified to

correspond to the logarithmic velocity variation. The method for

obtaining the near wall values of streamwise velocity, Reynolds

shear stress and production of turbulence energy required use of

the assumed logarithmic velocity profile and are discussed in

detail in section 4.5. The production of turbulence kinetic energy

is important since it appears as a term in the equations for all

three normal stresses and the modification to it is the same as
2

that required for the production of <u-j > , the streamwise normal 

stress.

The value of pressure gradient at the wall is required 

when solving the boundary layer equations and equation 4.104 is 

used to provide the streamwise pressure gradient away from the 

wall. The values of pressure are obtained from solution of the 

inviscid flow equation or from measurements. These values are 

obtained at discrete locations in the flow which may not coincide
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with the s-locations where the boundary layer equations are 

solved. First order differencing and linear interpolation are used

• to determine the gradient and values of wall pressure, respectively, 

when the boundary layer equations are solved at locations between 

those where pressure is specified.

Only thirty cross-stream nodes were required to resolve 

the boundary layer which is partly attributable to the use of a 

wall function based on the logarithmic law. Also, the cross-stream 

spacing, An, was expanded away from the wall with a geometric

* series as suggested by Bradshaw, Cebeci and Whitelaw (1981) with

an expansion factor of 1.14. The forward step size, As, is limited 

by the accuracy to which the streamwise pressure gradient can be

# determined in the outer flow with equation 4.104 and typical 

values were between 0 .1 % and 1 % of the boundary layer thickness.

Viscous-inviscid interaction. Returning to the 

calculation of flow through the entire domain, the viscous-inviscid 

interaction procedure which couples the boundary layer solution 

to the inviscid solution is shown schematically on figure 4.6. 

Initially, surface co-ordinates are used to describe the boundaries

# and equation4.66 is solved to locate the streamlines then equation 

4.81 is solved, with the streamlines corresponding to the ^-direction, 

for the wall pressure. Subsequently the boundary layer equations

* are solved by marching downstream from the location where the 

measured profiles are provided and using the calculated values

of the inviscid wall pressure. The inviscid flow is then corrected 

for the influence of the boundary by resolving equation 4.66 

and 4.81 with a new boundary defined as the displacement surface
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above. The displacement surface is located by adding the displacement 

thickness, given by:-

6 >
<Si =  . . / „ ( !  -  7 T T - T - )  d " (4.108)

1 wall' < ^ > 3

to the surface co-ordinates. The new displacement surface represents 

a streamline in the inviscid flow solution and defines the boundary 

of the calculation domain for the second solution of the inviscid 

flow. The pressure obtained from this second solution of the inviscid 

flow is used as a boundary condition to recalculate the viscous flow 

with the boundary/equations and new values of the displacement 

thickness, 5-j, are obtained with equation 4.108. The process of 

updating the pressure and displacement thickness is repeated until the 

overall solution procedure converges which is expected after a few 

iterations (see Seebohm and Newman, 1975).

The downstream boundary for the inviscid flow is very 

important and must be supplied from empirical assumptions as discussed 

in the last section. The problem is compounded when the boundary 

layer equations /solved because of the Goldstein singularity which 

prevents even approximate values of the displacements thickness 

from being obtained in the separated region downstream of the 

singularity. Similarly the shape of the velocity potential line 

is not known at the singular point and further empirical interpretation 

is required with the interaction procedure. Several methods were 

tried and the degree of success and importance of this downstream 

boundary condition are evaluated in section 5.2. It should be 

noted that solution of the boundary layer equation in the inverse 

mode, which uses the displacement thickness as a boundary condition
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instead of wall pressure, would calculate the separated region 

whether the boundary layer equations applied or not, although 

the displacement thickness would be erroneous if the boundary 

layer assumption were invalid.

%

The methods for solving the boundary layer equations 

and interacting this viscous solution with the inviscid calculations 

of the previous section have been described. The location of the 

downstream boundary when solving for the inviscid flow is 

identified as important. Section 5.2 will discuss this further and 

report results obtained with the viscous-inviscid interactive 

calculation procedure. The presented form of the boundary layer 

equations exhibits a Goldstein singularity which prohibits 

solutions in the region of reversed flow. Also the interactive 

procedure is expected to be limited to regions of weak viscous- 

inviscid interaction where the coupling boundary condition occurs 

in a region of small gradients in the equivalent inviscid flow.

4.4 Procedure for Solving Elliptic Transport Equations in Orthogonal 

Curvilinear Co-ordinates

This section is concerned with the numerical calculation 

procedure for solving the general transport equations in flows 

with a region of recirculation. The two-dimensional form of the
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time-averaged Navier-Stokes equations 4.11-13 are solved 

numerically on a general orthogonal-curvilinear, finite-difference 

grid which was obtained by solving the Laplace equations as 

described in section 4.2. Closure is obtained with an eddy viscosity 

hypothesis and modelled forms of the equations representing transport 

of turbulence kinetic energy and dissipation rate.

The complete partial differential equation which represents 

instantaneous or time-averaged transport phenomena, are elliptic 

in nature. Ellipticity is a mathematical classification and 

depends on the manner in which the highest order derivatives appear 

in the partial differential equation (see Hornbeck, 1975,and 

Cebeci and Bradshaw, 1977). With elliptic equations there need 

not be a dominant direction of flow, unlike the parabolic boundary- 

layer equations, and disturbances can propagate upstream or 

downstream as in reversed flow. Boundary conditions are required 

on a complete contour enclosing the solution domain; elliptic 

equations pose a boundary-value problem. Since the transport 

equations are non-linear and, for elliptic problems, the finite- 

difference equations must be implicit, iterative solution techniques 

are required and are described in this section.

The finite-difference equations are solved on an orthogonal 

curvilinear mesh which represents the inviscid flow obtained without 

any shear layer effects. Orthogonal curvilinear co-ordinates are 

used because they are more appropriate for the representation of 

complex boundaries; their flexibility gives a very good approximation 

of curved boundary surfaces and boundary conditions can be accurately 

implemented. It is expedient at this point to compare this approach
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with alternative schemes that use non-orthogonal or pre-selected 

shapes for calculation cells, such as with Cartesian or cylindrical

• systems. These three approaches with non-orthogonal, orthogonal

curvilinear or simple shapes for calculation cells differ in three 

main ways: first, in their ability to represent boundary conditions

on complex surfaces; second, in the amount of numerical error 

they introduce; and, third, in the amount of computational effort, 

and expense, they incur.

The use of boundary cells which conform to simple shapes

• such as rectangles, circles or sections thereof, would lead to 

very uneven distributions of calculation accuracy since some 

gradients would be much better represented than other; particularly,

^ difficulties would arise when resolving the large gradients found

in the wall boundary layers. Figure 4.7 shows the grid which 

would result if rectangular and curvilinear calculation cells 

were implemented on a curved boundary and clearly the Cartesian 

grid would result in errors because of the need to implement 

the law of the wall boundary condition, discussed in section 4.5, 

on the velocity component tangent to the surface and would require

• an excessively large number of nodes to accurately represent stream- 

wise gradients, in addition to the normal gradients, as is found 

near separation.

A mesh which is coincident with the inviscid flow solution 

is advantageous because numerical errors associated with alignment 

of the grid with the flow direction are reduced. This numerical 

error manifests itself as false diffusion and Raithby (1976) 

found that it increases with inclination of the flow direction
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to the grid lines being a maximum where the flow vector is 

inclined at 45 degrees to the cell face. This is discussed further

• in the subsection on numerical accuracy later in this section but

here it is sufficient to point out that numerical error is a 

minimum, for a particular grid, if the flow vector is aligned 

with the co-ordinate directions of the calculation mesh. Flow

in the outer region is essentially inviscid, in practice, and, if 

the boundary layer effects are not too strong, it should follow 

the inviscid streamlines in this region and have minimal numerical

• diffusion errors.

The implications of a region of recirculation on solution 

of the equations with an orthogonal grid are primarily twofold: 

m  first, streamwise gradients are present which requires small grid

spacing in the streamwise direction and is discussed quantitatively 

in section 5.3 in connection with the grid used for the present 

study; and, second the flow cannot be aligned with the grid 

in the vicinity of recirculation since the solution of the potential 

flow equations does not take any account of separation and the 

calculated flow is expected to intersect the cell walls at an

• angle in this region which results in errors associated with numerical 

diffusion as described above. Also the orthogonality requirement, 

inherent in the potential-flow solution, must be satisfied by the 

grid and sometimes results in a non-optimum distribution of

grid nodes (see Thompson J.F., 1982). To account for these problems, 

an overly fine mesh is produced and nodes selected for the elliptic 

calculation according to the concentrations required to resolve 

the streamwise and large normal gradients in the wall boundary layer 

and separated region.



The use of the k-e turbulence model represents a compromise 

between an algebraic length scale and a Reynolds stress model. 

Algebraically specified length scales are generally unsatisfactory 

in recirculating flows as was discussed in section 4.1. Perhaps 

the most compelling reason for not using a Reynolds stress model 

is that, to date, they have not been widely used for predicting 

recirculating flow except by Pope and Whitelaw (1975) or Habib and 

White!aw (1981) and that the method of solution tended to wash 

out the effects of the turbulence model, via false diffusion 

(Whitelaw, 1983). The Reynolds stress equations are also more 

expensive to solve in their fully elliptic form particularly on 

an orthogonal curvilinear mesh; the boundary layer equations 

and related simplifications applied in section 4.3 whereas, for 

the elliptic equations, the number of computations is greatly 

increased due to the necessary additional terms associated with 

streamwise gradients, the solution of the cross-stream momentum 

equation, and the use of the curvilinear grid which also increases 

the computer storage requirement. The k-e model has been used to 

calculate recirculating flows, for example by Rhie and Chow (1982) 

Taylor (1981) and Habib (1980), and their results show that reasonabl 

mean flow fields can be predicted despite inaccuracies in the 

turbulence field.

The remainder of this section deals with the numerical 

calculation procedure for the solution of the elliptic equations 

in orthogonal curvilinear co-ordinates. First, the finite-domain 

equations are obtained by differencing the equations for transport 

of mass (4.11), momentum (4.12-3), turbulence kinetic energy (4.33)



261

and dissipation rate (4.41), Special attention ts given to 

the convection terms, which require a hybrid differencing scheme 

based on a combination of upwind and central differences and to 

the approximate nature of the solution,* which necessitates evaluation 

of the numerical accuracy. Numerical implementation of boundary 

conditions is considered at the end of this section and specification 

of the fluid dynamic aspects of boundary conditions given in 

section 4.5.

Finite-difference equations. This subsection describes the 

procedure used to obtain the finite-difference equation which 

represent the transport equations to be solved. The orthogonal mesh 

used to obtain the calculation cells for scalar variables is described 

and integration of the general form of the transport equation 

is shown. The finite-difference form of the convection and diffusion 

terms are also obtained in this subsection.

Figure 4.4 illustrates a portion of the computational grid 

in orthogonal curvilinear co-ordinates. The mutually-orthogonal 

directions, ^ ^  anc* £3 * are defined with respect to tunnel 

centreline (x), its vertical perpendicular (y) and azimuthal (z) 

directions such that the ^  ^  plane lies in the x-y plane

and the £g-direction is identical with the z-directi on. The flow 

is assumed to be two-dimensional in the x-y plane and, thus, in 

the C-j-C2 plane.

The scalar quantities of pressure, turbulence kinetic 

energy, dissipation rate and turbulence viscosity are calculated 

within the finite domain boundary around the points denoted by 

capitals - NSEWP as shown on figure 4.4. The velocities, and



and V2, are displaced in the c-j- and ^-directions, respectively, 

to points on the face of the scalar cell walls in accordance 

with the procedure first suggested by Harlow and Welch (1965) 

and subsequently by Caretto et al (1972.) and Patankar and 

Spalding (1972). This staggering has two advantages: the pressure

gradient term in both momentum equations can be easily and accurately 

differenced and the velocities located in a convenient location 

to calculate the convective fluxes at the scalar cell boundaries.

Thus continuity, solved in scalar cells, is balanced with local 

values of velocity on the cell walls and has a computational 

advantage over the non-staggered approach, where the velocity 

in adjacent cells are used, which is unable to predict wavy 

variations as described by Patankar (1980).

An approximate solution to the partial differential can 

be found by solving a set of algebraic equations obtained by 

dividing the entire region into small finite domains within which 

the variation of the dependent variable is presumed to be known; 

if the domains are small enough a linear variation is adequate.

The transport equations for mean flow and turbulence quantities, 

denoted by <p9 can be transformed into the general form:-

r<t>
£ 1 3C 1

+ 3?^ [*1 *3(<P><V2>«fr> - f ^ ) ] >



where the source term contains the remaining contributions which 

are different from the convection and diffusion terms. Integration 

of the general transport equation over the finite domain is 

described by Gosman et al (1969) and for the variable <J> located at 

a point,P,can be expressed as:-

Fc-
’2 ,n

;2 ,s V 3 (pV-icJ)
’ ^  3C--J3C-1 V d^2

r4 3<p vn
l 2 3C2 s d l̂

- f l 
Vp 1 V s  W C2 = 0 (4.1

where the superscript (~) refers to the convection velocity, the 

other symbols are defined on figure 4.4 and -Vp represent the cell 

volume surrounding the point P which has unity depth in the C^-plane 

and is calculated with equation 4.77. To preserve clarity, the 

average (<>) and fluctuating (') notation is dropped for the finite 

domain equations and it should be assumed that all dependent 

variables are ensemble averaged and independent variables refer to 

the £■|, c2-co-ordinate system unless otherwise stated.

The general transport equation is integrated prior to 

applying finite-difference approximations in order to preserve 

conservation relations for the convective and diffusive fluxes.

The terms, F̂ -j and F^2 °f equation 4.110, represent the combined 

effects of convection and diffusion of cf> across the cell faces along
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the c-j- and directions, respectively, and, taking the first 

term as an example, may be differenced spacially as:-

r. ^d)^E " ^  1 '
F?l~ Aase/ne fp V e  (AS1 )E/p  ̂e

- Aasw/nw [ p v „
(AS1)p/W

(4.ni)

where the symbols Aa and AS represent the cell face areas and 

are lengths given by, for example:

Aasw/nw ‘ (*2*3s?2 V f a c e (4.112)

«

<AS)p/W ( V ?l)p to U
(4.113)

and are calculated with equation 4.76 . The slash (/) in the

subscript indicates evaluation between the points indicated;

i.e. P to W in the last equation. The gradient term was differenced

as:-

( 1 3 $ ,  _ * E - * P
£^3C-j e TAS1 )^p (4.114)

and the cell Peclet number is defined as:-

Pee =
(pV^e ASE/p

(4.115)

and similar equations can be written for the terms on the west 

face. The cell-boundary diffusivities are evaluated by assuming 

linear variation between their nearest neighbours so that typically:-
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»

#

re = flFP + ^  ' fl)rE
(4.116)

where the weighting factor is given by:-

AS
f, = E/e
1 AS

E/P
(4.117)

The cell-face values of <J> may be expressed by defining a according 

to: -

^ D
$ e ----Pe---= (1 “ a e^ E  + “e^P

(4.118)
<f>p “

< b --- n---- = (1 - a.Un + a <h, i .Yw Pe v w /YP w W w

Equation 4.111 may be expressed with the above definitions as:-

^ Aase/ne(P^] )e((J)e " pe^ ) “ Aasw/nw^l  ̂ w^w 

or more simply as:-

F ?1 * Aase/ne(pV e  P 1 ' V + E  + “e V

Aasw/nv/p l̂ + '

<f>p - <*>w
Pe.’w

)

(4.119)

f 4.1 2 0 )

The differencing approximation used for the source terms 

in equation 4.110 depends on the variable under consideration 

and may be represented by:-

^ s^ = s Ex + sIm*P (4.121)



in which linearization of the source terms into explicit and implicit 

form, S^x and Sjm respectively, is anticipated. The finite-difference 

approximation of these source terms is considered in a following 

subsection.

The final form of the general transport equation can be 

written compactly as:-

(AP - Sb * P  - AE %  + AW ^  + V n + Vs + SEx <4 -122)

and the coefficients are given by:-

A E =  -  d  -  °<>e

AW “ V w

a n = * - “n K

AS “ V s

Ap = aeme - (1 - aw )mw + - (1 - a s)ms

(4.123)

where m is pAaV and the source terms are discussed below.

The above formulation applies directly in the scalar cells 

of figure 4.4 but the momentum equations require special treatment 

since they are solved in a control volume which is the central 

half of two adjacent scalar cells. The convection velocity,

V-j, of equation 4.111 is obtained by assuming a linear variation 

between neighbouring values and is typically given as:-
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The mass flow rate in the c-j-direction is:-

” pAawsw/wnw^l ,w 

and the cell Peclet number is:-

PeH = P ^1,W (ASr”w/w • (4-125)

In the C2“c*‘*rec'tion» the mass fl°w rates are obtained from a 

summation of the various components which, for the south cell- 

face, is:-

%  " pAawsw/sw^2 ,wsw + pAasw/s^2 ,s 

and the cell Peclet number is calculated from:-

(4.126)

P _ %  Â^WSW/S

sw Aawsw/s rsw

where the diffusivity is obtained from a weighted average of the 

surrounding values according to:-

(4.127)

rsw ■ fl trSWf2 + rW 0  - f2>] + (’ - fl) [rSf2 + O  - f2>rp] <4 -128)

The quantity 1S a spatial weighting factor whose specification 

provides a linear variation of scalar variables between SW to W 

and S to P, and is defined as:-

fo =
_ (^2 5 s 2 )p/:

2 fi? 2 ^P/S
(4.129)

The transport equation for -momentum can then be written as:-
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*

41

( A n -  S T i J V 1 n, = M l  *  + M l  inf + A wV n v p Im/ 1 ,w E 1 ,e W 1 ,ww N 1,nnw

+ AcV T + Sr- S 1,ssw Ex (4.130)

where the coefficients are the same as in equation 4.123 except 

because of the staggered grid, they are evaluated at e, ww, nnw 

and ssw locations; the mass flow rates are obtained from equation 

4.126 and values of a are defined in a similar fashion to 

equation 4.118 only with the cell Peclet number from equation 4.127. 

The source terms are integrated over the volume given by:-

-V" =sw

■V- + A t-

(4.131)

where ¥p and are the volumes defined by equation 4.77. Similar 

reasoning is applied to derive the momentum equation in the 

^-direction.

Hybrid differencing. The convection velocities, which appear 

in the coefficients of equations 4.122 and 4.130 as a result 

of central differencing, carry the dependent variable <f> into and 

out of the control volume and special consideration is required 

when differencing the terms containing values of <j). Intuition tells 

us that if the cell Peclet number, and hence convection, is large 

the value of the convected quantity, <J), should depend strongly 

on its upstream value and upwind differencing, where the convected 

quantity equals its value at the nearest upstream node, is a 

reasonable approximation. However when diffusion is comparable 

to convection the gradient of the convected quantity can not be 

approximated as constant, which upwind differencing assumes, and



269

a higher order approximation, for instance central differencing, 

is required. Studies by Spalding (1972) and Raithby and Torrance

(1974) and Stubley et al (1982), for example, have shown that

the use of upwind or central differencing can give erroneous results.

The upwind scheme suffers from the problems mentioned above and

• the central differencing scheme introduces an erroneous influence 

of downstream values of the convected quantity on the convection 

fluxes for large Peclet numbers (Stubley, 1982) and causes the

A.j-coefficients in equation 4.122 or 4.130 to be negative which 

gives unphysical solutions for <f>. A solution is to use a hybrid 

scheme which takes the advantages of central differencing at low 

Peclet numbers and upwind differencing at high Peclet numbers and 

is described below.

Solution of the steady one-dimensional transport equation 

with only a convective and diffusive term suggest that the variation

• of the convected quantity <f> should follow an exponential function

so that the value of a in equation 4.118 should typically be:-

«e = * (e' P e /2 - l ) ' 1 (4.132)

•
and Spalding (1972) has demonstrated that this will reproduce 

the analytical solution for (j>p in one dimension. Exponents are 

expensive to compute and this scheme is not exact for two-dimensional 

flows with non-zero source terms. Simplification seems justified 

and a piecewise fit between central and upwind differencing which 

approximates this response is used and is given by:-

*
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1 + 1 
2 + Pee for |Pe| < 2 Central Difference

= 1 for Pe > 2 (4.133)
e

0 for Pe < -2

“ Upwind Difference

This scheme ensures stability and gives physically reasonable 

solutions even on coarse grids by virtue of positive coefficients 

appearing in the finite-difference equations 4.122 and 4.130 

and the coefficient matrix always being diagonally dominant 

(Roache, 1972).

The accuracy of this scheme can be poor under certain 

conditions when it is used in multi-dimensional flows. Errors 

arise when the grid is not aligned with the dominant flow direction 

and appear as additional diffusion caused by the numerical 

approximation. Raithby (1976) identified this problem and 

proposes that higher order schemes, such as skew upwind differencing 

(Raithby, 1976b), could be used to overcome it. Several schemes 

have been proposed recently by Leonard (1979), Stubley et al (1980) 

and Lai (1983) for example, but are presently in their infancy 

and not well tested. It should be noted that the flow cannot 

be aligned with the grid a priori in the vicinity of regions of 

recirculation and substantial errors may arise from numerical 

diffusion. The evaluation of this possible error is considered 

later in this section.

Differencing of the source terms. There are several 

terms in equations 4.11-13,4.33 and 4.41 which are not accounted 

for in the finite-difference forms of the convection and diffusion
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terms described above. These terms given by equation 4.121 

are differenced with variable quantities in S^x and Sjm obtained 

from values of the previous iteration as shown below.

The source terms, S<|>, of the general transport equation 

4.109 are shown on table 4.3 for the equations representing 

transport of mass, momentum, turbulence kinetic energy and 

dissipation rate. Many of these terms are of similar form and 

representative examples will be dealt with here.

The pressure gradient terms in the momentum equation are 

differenced in a straightforward manner according to equation 4.114 

and, after integrating over the surface,become typically:-

- f f ^ ^ 2 £3̂ £-| ac- | ^ ‘d c2 :"Aasw/nw(PP " (4.134)

for the V-j-momentum equation 4.130.

The main curvature terms are the centripetal and Coriolis
2

accelerations which have the general forms of pV^/r^ and 

pV^Vj/r^fi / j), respectively, and tend to redistribute energy 

between the co-ordinate directions. For the £-|-direction the terms 

to be approximated are:-

PV 1 V 2 (4.135)

where the constituent parts are given by:-

V2 = 1  tfl(V2 ,wnw + V2 ,WSW) + ^  " fl)(V2 ,n + V2 ,s)] 

r 2 “ 7  ffl(r2,wnw + r2 ,wsw> + U  ‘ fl><r2 ,n + r2 ,s^

(4.136)



where f-j is defined in equation 4.117. Curvature terms in the 

?2~direction are similar and are differenced in the same manner.

The higher order curvature terms and all other terms, 

including those for turbulence quantities k and e, are differenced 

by following one of three rules. The first is:-

1 34> ^e *w

where

(4.137)

<J>W ” fl^w + t1 " fl^p (4.138)

with f-j defined by equation 4.117 and <j> treated in a similar 

expression. The second type is:-

1_ 9 ,1 9(f) x = 1 A  ~ _ t p - V
h 8cl £1 3 1̂ ^ S ê/w âS)e/P âS P̂/W

(4.139)

and the third is:-

J___9 /l 9(f) \ _ 1 /̂ ne ~ ^se _ ^nw " ^swv
*1 3?-|H2 3 c 2 (AS)e/„ (AS)ne/se (AS)nw/sw

(4.140)

where the values of <f> at the ne, nw, se and sw-locations are obtained 

from a weighted average of the surrounding values according to:-

$sw - [*swf2 + 4^0 ” ^2 ^  + ^  ^i) [ + ^P^ ” ^2^ (4.141)

The formulation of the curvature terms, with these 

expressions, is not conservative, although the formulation of 

convection and diffusion terms in equation 4.110 is conservative, 

and, hence, this numerical scheme is called weakly conservative.

For example, consider the Coriolis term in equation 4.135 whose



counterpart in the ^ “direction momentum equation will have 

different weighting factors applied for V-j and V£ in equation 4.136. 

There is no guarantee that the redistributive action of the 

Coriolis term in the ^-direction will be exactly accounted for 

in the recti on and thus false sources or sinks may arise

solely because of the numerical scheme. For the present case 

the radii of curvature is large throughout the domain and the 

resulting error is small for these Coriolis and centripetal 

accelerations. Higher order source terms are also relatively 

small.

This completes the discussion of differencing procedures 

for the equations which must now be solved.

Solution procedure. Finite-difference equations have 

been constructed above for the transport equations of momentum and 

turbulence quantities and that for the pressure correction equations 

is described below and the method used to obtain numerical solutions 

from them is described here.

The continuity equation is transformed into a pressure 

correction equation in the same manner as equation 4.91 of 

section 4.1 except in two dimensions. The velocity components, V-j and V 

arecorrected in the same fashion as in equation 4.88 for the V-j-component 

and equations similar to 4.89 will give negligible V.j and 

when the solution is converged.

The procedure for solving the transport equations in 

finite-difference form is described as follows: the momentum

equations are solved starting with a guessed pressure and velocity 

field; their solution provides the V* velocities of equation 4.88
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used to solve the pressure correction equation for P*. The solution 

of the P*-equation provides the corrections which are substituted 

back into equations 4.89 and 4.88 to correct the pressure 

and velocity field such that the latter satisfies continuity. The 

remaining turbulence equations are then solved and the turbulence 

viscosity updated. The steps of the iterative cycle, called the 

SIMPLE algorithm, are:-

1. Guess values of all field variables.

2. Solve the V-j- and ^^-momentum equations with the 

prevailing pressure field. Conservation of momentum will 

be satisfied but not continuity.

3. Solve the P*-equation and obtain values of the pressure 

and velocity corrections.

4. Evaluate new values of V-j, anc* P* Continuity is 

satisfied but not conservation of momentum.

5. Solve the k-equation.

6 . Solve the e-equation.

7. Calculate the turbulent viscosity.

8 . Check for convergence: if not attained use prevailing field

variables as guessed values and continue from step 2 .

The procedure is started with constant values for all field variables 

except V-j-momentum which is set according to an overall mass balance 

to assist stability.

The finite-domain formulation constructs a set of 

simultaneous algebraic equations, of the form of equation 4.122 

or 4.130. These algebraic equations are implicit and non-linear 

since the coefficients, , and source terms, S^x and Sjm » are



functions of the dependent variable and must be solved with an 

iterative method. The equations for nodes along constant c-j or 

^2 lines can be manipulated into a tri-diagonal matrix by temporarily 

assuming that values on neighbouring lines are known and temporarily 

makes A.,S_ and ST constant. The solution is obtained using the 

Thomas algorithm (Householder, 1964) which is a particular implicit 

type of Gaussian elimination. Full convergence is not necessary 

because the approximation of constant coefficients is not correct, 

and improved values of 4>, typically taken after 3 iterations, are 

adequate to obtain convergence of the overall solution with the 

cyclic procedure described above. Numerical instabilities may occur, 

however,since the unconverged values of the -coefficients are 

likely to fluctuate extensively during the initial iterations and 

underrelaxation was used to suppress large changes in the field 

values according to:-

* ■ *old - 0  - T)V w  (4 -142)

Values of the underrelaxation parameter for each variable, V-j, V2 »

P', k, e and are given on table 4.4.

The overall solution was adjudged to be converged when the 

sum of the absolute value of the normalised residuals in the 

equations for V-j, V2 and P‘ decreased to less than a specified 

value, usually 0.1 per cent. The residuals were normalized with 

the net mass flux entering the domain and the reference value of 

velocity. Additionally the values of velocities, V-j and V2 » at 

a representative node were required to change by less than 0 .0 0 2 m/s 

on subsequent iterations. It has been found that if both of these
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criteria are satisfied the solutions for the turbulence quantities, 

k and e, have also converged. Values of all variables at a given 

location were found to change by less than 0.2% with further 

iterations once the convergence criteria were satisfied and the 

maximum imbalance in any cell was less than 0.1 % of the largest 

of the convection, diffusion or source terms.

Numerical accuracy. The numerical accuracy of the solution 

is dependent on the contributions from round-off errors, residual 

errors when converged, and approximations associated with the 

finite-domain volumes and their equations.

The capabilities of the computer used to perform the 

calculations limits the round-off error because of its finite word 

size, which was 60 bits on the CDC 6500 used here, and is believed 

to be negligible. The errors associated with convergence 

are less than 0 .2 per cent as described above.

The errors due to the finite-difference approximations 

may be divided into two types: those associated with specification

of the grid and the others with the finite-difference approximation 

of the partial differential equations. The grid lines, obtained 

from the solution of potential flow equations as described in 

section 4.2, satisfy the orthogonality condition within 7. degree 

and this error is manifest in the integration used to obtain 

equation 4.110 which assumes that the mesh lines are orthogonal. 

It is difficult to quantify this error without adopting an 

expensive non-orthogonal treatment of the equations (see Demirdzic 

et al, 1981, and Mali ska et al, 1983) and it is likely to be 

insignificant in the present flow. It is certainly negligible



when compared to the error associated with representing the 

partial differential equations by finite-difference analogues 

which is believed to be the limiting factor.

McGuirk, Taylor and Whitelaw (1981) show that the solution 

of the finite-difference equations corresponds to the exact 

solution of a partial differential equation which is made of 

the original equation 4.109 plus additional terms due to the 

truncated Taylor series expansion for the gradients. With these 

as the dominant errors, the accuracy of the solution is determined 

by the relative importance of the added terms arising from the 

truncated expansion to the other exact terms in the differential 

equation. In fact,it is the truncation of the hybrid differencing 

scheme of equation 4.133 which gives most cause for concern.

Taylor series expansions of the variable <£ about the point 

P are given by (McGuirk et al, 1981) for one-dimensional flow as:-

+ ...

+ ( 4

where n is an integer. The above equation assumes uniform grid 

spacing and additional truncation terms are introduced with non- 

uniform spacing which depend on the mesh expansion. Both uniform
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and non-uniform grids were used in the present study but the 

affect of these additional errors was overshadowed by those 

considered presently. The approximations of equation 4.143 and 

4.144 represent central and upwind differencing, respectively, and 

it is apparent that the underlined term in the upwind scheme 

resembles a diffusion term which arises as a consequence only of 

the numerical scheme. The upwind scheme is applied for cell 

Peclet numbers greater than |2| and if this solution was used 

with central differencing to calculate the convection fluxes 

instead, the finite-difference equation would balance only as:-

(Ap -  sj)4>“ = + Si + T (4.145)

where T is the out-of-balance term and the superscripts uand c 

identify terms evaluated with upwind and central differencing, 

respectively. This out-of-balance term represents the difference 

between central and upwind differencing schemes which is, from 

equations 4.143-4 (McQuirk et al, 1981):

T = p U [ ^ - ^  6x + ..... + 6x2n'1] (4.146)

and the leading term is the numerical diffusion error. It is 

plausible that the higher order terms will tend to zero if the 

solution is suitably well behaved,and that this diffusion 

error will be the dominant contributor to T and,therefore, here it is 

considered approximately equal to it.

McGuirk and Rodi (1978) proposed a method for evaluating 

the local magnitude of numerical diffusion based on equation 4.145
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and is applied here as follows. The converged solutions to the 

finite difference equations are obtained with hybrid differencing. 

The values of convection, diffusion and source terms are evaluated 

using central difference approximations and the previous solution 

which was obtained using upwind differencing in cells where the 

Peclet number exceeded |2|. The out-of-balance term is obtained 

from equation 4.145 for each grid node and compared with the 

largest of the following terms: convection including Coriolis and

centripetal accelerations;diffusion including diffusive curvature 

effects; and pressure gradient or the remaining source terms; all 

are shown on table 4.5. If T is important, then the grid spacing 

is reduced locally in the direction in which upwind differencing 

is being invoked and a new solution calculated. The procedure 

is repeated until the out-of-balance term is less than a maximum 

of 1 0% of the other terms which was selected based on the suggestion 

of McGuirk (1983). The implication of this error is that the 

solution is not exact and is dependent on the grid. As will be 

shown in section 5.3 the error is largest, in relative terms, in 

the regions of high shear stress where the flow is not aligned 

with grid, and in the potential flow where diffusion is small 

and convection balances pressure gradient, although further 

grid refinement to reduce this error to say 1 % would require 

an excessive number of additional nodes, of the order of 100 times 

as many, thus making the required computation prohibitively 

expensive.

The truncation estimation could be performed for all 

dependent variables but since the major errors occur where the 

flow is at large angles with the grid lines then testing of the
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solutions for V-j, V2 and one turbulence quantity, usually k, 

should be sufficient for the purposes of grid refinement.

Boundary conditions. Boundary conditions must be applied 

for each variable to link the internal grid nodes to those on the 

boundary. The numerical implementation of the boundary conditions 

for scalar and velocity cells is considered here. There are three 

fundamental types of boundary conditions which are used presently: 

the boundary value is prescribed (Dirchlet), the boundary flux is 

prescribed (Neumann) and the value at an internal node is 

prescribed.

The numerical implementation of these conditions for a 

scalar cell, whose finite-difference equation is given by 4.122, 

is determined for a west face boundary as an example, and is 

coincident with the scalar cell-wall as shown on figure 4.7. The 

Dirchlet condition is prescribed by:-

Aw = 0; SIm = ’ AW ’ SEx = (4.147)

where <j>g is the given value at the boundary and the wall flux 

coefficient is:-

AW ■ pAasw/nwVl,B

with V-j g being the velocity across the boundary.

The Neumann boundary condition is prescribed by:-

AW = 0; Slm = °; SEx = %

(4.148)

(4.149)

where the boundary flux, cjg, is known and given by, for example:-
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%

fr

- fl'/i x x ) 
MW^dx -x = B (4.150)

It can be seen for a zero pressure gradient boundary that:-

= 0 ;8X (4.151)

which is the effect imposed by 4.149 although further direct 

implementation of 4.151 may be necessary when calculating higher 

order curvature and other source terms.

Values of the scalar, <J>p, may be fixed at an internal node

with:-

SInT - ™  SEx = Y = 1°3° <4-152>

in the finite-difference equation 4.122.

Implementing the velocity boundary conditions follows the 

same principles except that the inflow velocity cell has half of 

the volume of scalar cells adjacent to the boundary as shown in 

figure 4.7. The Dirchlet boundary condition with a prescribed value 

for the inflow velocity, V-j g, across the boundary is implemented 

in equation 4.130 with:-

asw/nw^l,P’
V2

sw/nw 1,B (4.153)

using upwind differencing for the convected velocity.

Boundary conditions for velocities parallel to the wall 

are implemented in the same manner as in scalar boundary cells. 

Wall boundary conditions are the only exception where the wall 

shear stress, t , represents an additional momentum flux through 
the surface and is implemented for a south wall as:-
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SInf SIm+ ases/e(V1"p)

and the reason for this formulation will be made clear in 

section 4.5.

(4.154)

This concludes the discussion of the procedure for solving 

the full (elliptic) transport equations with an approximate 

numerical approach based on finite volume equations. The boundary 

conditions required to complete the specification of the problem 

are given in the following section and results of a calculation 

performed for the present flow discussed in chapter 5.
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4.5 Viscous Flow Boundary Conditions

In the two preceding sections, calculation procedures for solving

^ differential transport equations were introduced which can only be

solved for a particular problem when boundary conditions have been 

specified. This section provides the conditions required at the 

various types of boundaries encountered in the present flow when solving

• the equations for pressure correction, momentum and turbulence quantities.

Four types of boundaries are considered: inflow, outflow, wall and

free stream boundaries.

• Treatment of the boundary conditions for the elliptic and 

boundary-layer forms of the transport equations used in sections 4.3 

and 4.4, respectively, are formulated in the same manner. The parabolic 

behaviour and hence marching procedure, of the boundary layer equations 

results in boundary conditions only being required on three sides 

since conditions at the outflow boundary can not affect the solution.

In contrast, the elliptic equations require variables to be specified 

on the complete boundary encompassing the solution domain. Table 4.6 

shows the boundary conditions and their implementation in the 

calculation procedures for the elliptic and boundary-layer equations.

• The remainder of this section endeavours to describe the equations 

and measurements required to effect these conditions.

The solution domain is shown in schematic form on figure 4.8 

with the boundary-layer procedure used only in the shaded region.

Solution of the conservation equation in their elliptic form is 

clearly uneconomic in regions where the boundary-layer assumptions 

are valid and the solution domain shown for the elliptic equations 

was chosen as a compromise which minimises these regions while
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allowing specification of boundary conditions based on experimental 

knowledge or on the results of the boundary-layer calculation.

Inlet boundary. The upstream boundary conditions include 

the measured values of <V-j>, <V2 >> and *P> across the flow. Profiles 

of Reynolds stresses were measured with a stationary hot wire and 

closely agreed with those of Klebanoff (1954) at S/C of 0.372 where 

the boundary-layer calculation was started. For the elliptic equations, 

the inlet boundary was located immediately upstream of the influence 

of boundary-layer curvature where measurements of all properties, 

including <V-j>, < V ^ > 9 <P>, and <k>, were determined. The rate of 

dissipation was obtained with a mixing length hypothesis by approximating 

equation 4.24 by:-

9<V1 >

<P><V1V2> " vt lz 3e2 (4.155)

and substituting the eddy viscosity from equation 4.36. The 

dissipation rate then is given by:-

e
C < k > 2
u~
<v^v^>

1 3<V(J------!_)
*2 9^2

(4.156)

where the velocity distribution, turbulence kinetic energy and

Reynolds shear stress are obtained from measurements.

Detailed knowledge of the lower surface boundary-layer was

used as an inlet condition for the flow entering the calculation

from beneath the trailing edge. Only the velocity parameters <V-j>
2

and <v-j > were measured with a single normal hot wire in the 

pressure-side boundary-layer because it had a thickness of only about 

5 mm. These velocity values agreed sensibly with Klebanoff (1954) 

and it was assumed that the remaining Reynolds stresses would also
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behave in a similar manner. The wall shear stress was obtained 

from Clauser charts and the level of turbulence shear stress at the 

wall set equal to it. The dissipation rate was obtained from 

equation 4.156.

The accuracy of the velocity measurements used to obtain the 

inlet profiles is important as is the method of interpolation between 

measurement locations. The profiles of mean velocity and turbulence 

correlation were obtained with stationary hot-wire anemometry as 

described in section 2.3. Measurements were taken so that the increment 

in mean velocity between cross-stream locations was less than 3 per 

cent of the free-stream velocity so that steps of less than 0.25 mm 

were taken close to the wall and increased to 5 mm at the boundary- 

layer edge. Linear interpolation was used for values required between 

these locations and for the velocity gradients in equation 4.155. The 

profiles of eddy viscosity and turbulence dissipation rate were found 

to vary smoothly and monotonically from their near-wall values to 

those in the free stream. The affects of interpolation and the accuracy 

of the mean velocity profiles is likely to be small on the calculation 

although tests are required particularly for the boundary conditions 

involving turbulence kinetic energy and its dissipation rate, since 

they are most uncertain. They are conducted in chapter 5.

The prescribed values at the inflow boundary were introduced 

into the elliptic calculations with the relations 4.153 for <V^> and 

4.147 for scalars and <V2>« The gradient of the pressure correction 

was set to zero with relation 4.149 with q^ set equal to zero.

With the boundary-layer equations the initial values were set 

in order to begin marching downstream.
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Mall boundary. At the solid boundary the no-slip condition 

applies so that mean and fluctuating velocities at the wall are zero; 

however, the dissipation rate is finite and demands special attention.

Two important features distinguish near-wall regions from 

other parts of the flow: first, very steep gradients prevail normal

to the surface for most flow properties and, second, viscous effects 

can be important so that the effects of molecular viscosity can 

influence the turbulence field. The presence of the wall influences 

the eddy structure so that the small scale turbulence is no longer 

isotropic and the high-Reynolds number turbulence models introduced 

in section 4.1 are not applicable. It is possible to account for 

these effects in the framework of the present method by using closely 

spaced grid nodes to resolve the gradients, but this is expensive, 

and by modifying the turbulence model so that low Reynolds number 

phenomena are more appropriately modelled (see Jones and Launder, 1972). 

This low Reynolds number formulation for the k-e equations is poorly 

founded and not well tested and hence it is not used here. Besides 

the emphasis of the calculation should not be placed, at least 

initially, on the wall boundary condition.

Calculation through the viscous sublayer is not necessary.

The measurements of near-wall velocity profiles in section 3.2 

indiciates that the empirical law-of-the-wall holds in sufficient 

generality so that it can be used to bridge between the wall conditions 

and the dependent variable outside the viscous sublayer. The semi- 

empirical relation, given by:-

U+ = Y+

can be used for points in the viscous sublayer and the univeral 

law-of-the-wall, given by:-

(4.157)



(4.158)U+ = - lnCEY+)
can be used for matching in the inertial sublayer. The dimensionless 

velocity and distance are defined by:-

U+ = (4.159)

. pU Y
Y+ = — I—  (4.160)P

respectively, with the friction velocity given by:-

UT = (t w /p )V2 (4.161)

where t w is the wall shear stress, <V-|> is the mean velocity parallel 

to the surface and Y is the perpendicular distance from the wall.

The buffer region between the viscous sublayer, below Y+ of 

5, and the inertial region, above Y+ of 30, may be dispensed with by 

extending the viscous and inertial layers to a common boundary at 

Y+ of 11.63 which is an adequate treatment for engineering purposes.

In the near-wall region the Reynolds stresses are measured 

to be nearly constant, see section 3.4 for instance, and the wall 

shear stress, tw , will be equal to the near-wall value of Reynolds 

shear stress so that:-

Tw = pu* = P < v jv £ >  (4.162)

The production of turbulence kinetic energy in the near-wall region 

is then obtained by simplifying term III of equation 4.28 with the 

additional assumptions of < ^ 2 > and its streamwise gradient being small 

in the near-wall cells. The cell-faces are taken perpendicular to the
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♦

boundary, so that ^  is infinite, and the generation of turbulence 

kinetic energy is expressed by:-

Gtw = 0 (<vi'vi>

T 3<Vn> <Vn>
+ t J i -  ̂ ----- s Hw v̂ 2 3^2 1

(4.163)

after invoking continuity. Direct application of the Boussinesq 

approximation of equation 4.24 would negate any contribution from

normal stresses represented by the first term in this equation. In

2 2 
section 3.3 it was observed that <v.j > was much greater than <v£ >

in the vicinity of separation which contrary to the Boussinesq

approximation and normal stress production makes an important contribution

to G^w . Furthermore, results obtained in the flows of Simpson et al (1977),

Nakayama (1983) and Wadcock (1980) show that the production in the

near wall may be greater than the contributions from the shear stress

production, represented by the second term in equation 4.163, alone.

The difference between the normal stresses was accordingly approximated

as:-

2 2 2
<v-j > - <v£ > = Cn<vjS (4.164)

and the normal stress calculated from equation 4.24 as:-

2 2  1 3<Vi>
<vr >  = 4  pk - 2y. -!------L.

1 J t z1
(4.165)

with a value of Cn obtained from measurements which was typically 

around 1.0 in the present flow. The generation of turbulent kinetic 

energy when modified to take some account of normal stress production, 

takes the form:-
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a<Vn> <v,>
Gtw = Tw 9^2 " rl  ̂ +

1 3<V-j> i 3<V^>
+ [i pk - 1 7  1 1 7 3^i

(4.166)

and was used here. The velocity gradient was obtained by differentiating 

equations 4.157 and 4.158 which gives:-

1 3<V(----------------- — )
v£ 2 3C2 w

1
T for Y+ <11.63 (4.167)

<vf

Y1og(EY+)
for Y+ > 11.63 (4.168)

As a consequence of nearly constant values of the Reynolds 

stresses in the near-wall region, convection and diffusion of 

<v!v'-> can be assumed to be negligible which implies that equilibrium
* J

prevails. The remaining terms in the turbulent kinetic energy 

equation are production and dissipation which must balance so that

P <EW> = Gtw (4.169)

The production of turbulence kinetic energy is approximated for this 

equation by considering only the dominant term which is:-

1 3<vT (-------- )
w v£ 2 3c2 w

(4.170)

so that, by substituting for t., from 4.161, equation 4.169 may bew

expressed as:-

9 I 3<Vn> 
<£w> = UT %  a c f 1w • (4.171)
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Applying the eddy viscosity assumption from equation 4.24 and 

ignoring terms arising from curvature and streamwise gradients gives 

the wall gradient as:-

(-j- ! - ) =  — —  (4.17
*2 3^2 w Peff

where is given by 4.32 and has the values of the laminar 

viscosity, p, in the viscous sublayer and the turbulent viscosity, Pt, 

in the inertial region. Substituting from equation 4.36, using 

Tv/yeff ^rom 4*172 for the gradient, and taking the square root of

The wall value of dissipation rate is then obtained from equation 4.171 

by substituting 4.167 and 4.168 and is expressed as:-

equation 4.171 gives an expression for the friction velocity which

is: -

(4.173)

pU4 pC k2
x K p for Y+ < 11.63 (4.174)P V

u3 pc 3/ \ 3/2T _ U_______
for Y+ > 11.63 (4.175)kJ ~ k Y

where the second term invokes equation 4.173 for the friction 

velocity.

Alternatively the wall friction can be obtained from 

equation 4.158 as:-

U = ---- !—  .
T ln(E Y+ )

K<V i >
(4.176)

The wall shear stress is then obtained by multiplying equations 

4.173 and 4.176 to give:-
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Tw ln(E Y+)

and the value of Y+ obtained with from equation 4.173 and 

expressed as:-

(4.177)

(4.178)

The wall functions were introduced into the elliptic calculation 

procedure using equation 4.154 and tw from equation 4.177 for the V-j- 

momentum equation. The cross-stream velocity, through the surface, was 

zero and implemented in 4.153 with V2 B equal to zero for a south cell-face. 

The gradient of pressure correction was set to zero with equation 4.149 

and cjg set to zero. The turbulence kinetic energy was taken as zero 

at the wall according to 4.147 with <£B set to zero and the generation 

term G^w from equation 4.166. The wall dissipation was set to its 

value with equation 4.152 and (J)^ set to <e^> obtained from 

equation 4.169.

The differences when formulating boundary conditions for the 

Reynolds stress transport equation are that is obtained from equation 

4.170 since normal stresses are assumed negligible and <£>is obtained with 

equation 4.174 or 4.175 and the additional wall treatment described in 

section 4.3 by equation 4.107. The other boundary conditions are identical.

Free stream boundary. The boundary layers on the upper and 

lower surface of the wind tunnel were not calculated and free stream 

boundary conditions were used which corresponded to the tunnel roof 

and floor or the measured displacement surface, 6-j of equation 3.2 

added to the surface co-ordinates. The details of the flow 

in the boundary layers on the tunnel roof and floor are not
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important to the separated region provided that their effects on 

the free stream values of pressure and velocity are represented.

Thus, the additional computation expense required to resolve the roof 

and tunnel boundary layer, is unnecessary.

Along the free-stream boundaries in the elliptic calculation 

the cross-stream velocity <V2> was zero and the gradients of <V-|>,

<k>, <e> and P' were set to zero. It should be noted that the 

velocity <V^> is allowed to change with downstream distance when the 

normal velocity < 1S zero and its gradient is used to balance the 

continuity equation 4.11 since ma^ ^ave a non“zero value.

Implementing these conditions in the elliptic code makes use 

of the treatment described by equation 4.153 only for north or south 

faces and the value of Vg set to zero. The zero gradient conditions 

are implemented with equation 4.149 with q^ set to zero.

The free stream boundary conditions for the parabolic 

equations are slightly different. The boundary does not extend 

to the upper surface of the tunnel and is located by obtaining a value 

for the entrainment velocity and matching to the free stream conditions 

immediately outside the boundary layer. The values of free stream 

velocity are obtained from equation 4.105 and the values of stresses, 

kinetic energy and dissipation rate of the turbulence were taken 

as negligible. These assumptions and those for the entrainment 

rate needed to be tested and the relevant results reported in 

section 5.2.

Outflow boundary. An outflow boundary was not required for 

the solution of the boundary layer equations although it is important 

in the associated potential flow calculation of the pressure as 

discussed in section 4.3.



The outflow boundary for the solution of the elliptic 

equation was located far enough downstream of the recirculation 

region that it did not affect the results: the flow was parabolic

in nature at the outlet. The gradients of <1^* <k>, <e> and the 

pressure correction were set to zero using equation 4.147. The boundary 

condition for streamwise momentum was implemented by specifying 

the outlet velocity corrected at every cell with equation 4.153 for 

an east boundary where the boundary value of velocity is given by:-

<Vi> n = <Vn>n . + U.1 B 1 last m e

where the subscripts B and last refer to the velocity at the outlet 

boundary and in the last V-|-calculation cell, respectively. The 

value of U. was obtained by balancing the overall continuity 

equation and is given by:-

^inc “ ^in " ^last^^out

where min and m last are the total mass flow rates at the inlet to the 

solution domain and at the outlet through the outlet boundary with 

area, Aq u j.. The value of m^n is calculated by integrating the 

upstream boundary conditions across the upper and lower entry ports. 

The value as-t ̂ s calculated by integrating across the outlet 

boundary with the velocity of the last V-j-calculation cell. When 

the solution is converged U. should have a negligible value andl I I W

implies that the gradient of <V-j> is zero at the outlet.
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4.6 Summary

Calculation procedures have been described to solve the 

time-averaged transport equations for mass and momentum and employ 

turbulence modelling based on k-e and Reynolds stress transport 

equations. A procedure was also presented to solve the inviscid-flow 

equations to obtain the pressure distribution and this was coupled 

with a calculation method based on the boundary-layer equations via 

an interaction technique using the displacement thickness. The potential- 

flow solution was also used as an orthogonal curvilinear mesh in a 

solution procedure for the time-averaged Navier-Stokes equations with 

the k-e turbulence model. Results obtained with these methods are 

presented and compared to experimental results in chapter 5.

The inviscid flow calculation procedure solved the streamwise 

momentum and continuity equations in finite-difference form on a grid 

consisting of streamlines and velocity potential lines. The grid was 

generated inside a body-fitted boundary by solving the potential- 

flow Laplace equations for the intersections between lines of constant 

stream function and velocity potential using a finite-difference 

method. The method used constant values for the spacings between 

stream function lines and between velocity potential lines so that 

the locations of nodes in physical space is not fixed a priori. Hence 

an overly fine grid is generated and calculation nodes are selected 

from it empirically.

A procedure was described for adding the displacement thickness, 

which is obtained from a boundary layer calculation, to the surface 

co-ordinates in order to interact the effects of the viscous boundary 

layer with those of the potential flow. An existing solution procedure
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for the boundary layer equations was described and utilized a 

Reynolds stress model that was able to account for the influence of 

streamwise curvature on the turbulence. The scheme can predict the 

upstream boundary layer but fails at the" location of mean streamline 

detachment because of the Goldstein singularity inherent in the 

forward-marching formulation. It is also expected that the 

simplified treatment of the cross-stream momentum equation will be 

inappropriate upstream of this location because of the strong inter­

action between the inviscid and viscous flow in the vicinity of 

separation.

A finite-difference calculation procedure was also described 

for solving the time-averaged Navier-Stokes equations in orthogonal 

curvilinear co-ordinates. This procedure can predict regions of 

recirculation and could be used over the entire flow domain although 

it would be inefficient where the boundary layer assumptions apply 

and inaccurate due to numerical diffusion in the inviscid flow.

The orthogonal curvilinear formulation was used in order to accurately 

represent the boundary conditions and has the added benefit of reducing 

numerical diffusion in the outer inviscid flow since the grid lines here 

will be approximately aligned with the flow direction. The solution 

of the potential flow equations used to generate the grid, takes 

no account of the region of recirculation and the flow is expected 

to cross the grid lines at an angle near separation. This causes 

numerical diffusion when upwind differencing is used. This error 

can be estimated by recalculating terms of the finite-difference 

equations using central differences and the flow field that was obtained 

when hybrid differencing was employed. Numerical errors can then be
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reduced by refining the grid wherever large Imbalances are 

found.

The k-e turbulence model was used in the elliptic calculation 

since it represents the lowest level of closure appropriate to 

recirculating flow. Further, solving the Reynolds stress transport 

equations in their elliptic form is computationally expensive, 

particularly in general orthogonal curvilinear co-ordinates, and 

offers no guarantee of significant improvement over the k-e model.

Solutions obtained with all of the above procedures are shown 

in chapter 5 and the results obtained in the regions of inviscid, 

boundary-layer and recirculating flow are evaluated.

#
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TABLE 4.1

THE k-e TURBULENCE MODEL CONSTANTS

CONSTANT VALUE

0.09

Ce] 1.44

1.92

1 . 0

0 1 . 2 2
e

K 0.4187

E 9.793

TABLE 4.2

REYNOLDS STRESS TURBULENCE MODEL CONSTANTS

CONSTANT VALUE

Ct 0 .2 2

C1 1 . 8

C2 0 .6

C1
0.5

C2
0.3

C 0.18£

^£] 1.45

Ce2 1.90

C 0.09
y

K 0.41

E 7.768
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TABLE 4.3

SOURCE TERMS FOR ORTHOGONAL CURVILINEAR FORM OF TRANSPORT EQUATIONS

VARIABLE DIFFUSIVITY

*

<v 1 > e f f

SOURCE TERM 

S,

1_  3<P> 
&1 9C-|

1 r 3 r, ,1 3<V1> . 2<V2>
^ ^ 3  3C-, + r-| ^  ' 3 <p><k>]

, , 3<V„> <V,> <V >

+ 3£^ f y A3 ,Jeff^Xj" ~~3fj rj F~ )]}

+ —  {-<p><V9><V,> 
rl *■ 1

1 3 < V i > < V , >  ,  3<V-> <V«>
+ ve f f ^  3 ^  Fj~ + Xj-

+ —  {<P><V2><V2>

, 3<V?> <V,> 2

- 2 V f f r q  “ S c f  + - r f )  + I  <p><k>}



299 -

<V£> ueff
1 3<P>

1 3 1 3<V
+ tl2 l3 ve f f ^  “ 5?

, 3<V,> <V,> <V„>

- ~ F ----- F->]2 rl r2

a , 3<V«> 2<V-. > 9

+ ̂ [ V 3 (yeff(X[ T ^ T  + “ 77"^

3<V,> <V0>
+ 1. {<pxV 1><Y1> - 2peff(|- - j J -  + + |  <p><k>}

+ ^  t - < p > < v 1 x v 2> + x e f f ( 1 3<V  _ <V1 > | 1 <V2> <v2>v 

& 2  ^^2 *̂1 r2

1 0 0 

(for p')

eff Gt - <p><£> (for see equation 4.30)

eff r < £ >  r p . . < £ >
Ce-| <k> Gt ‘ Ce 2 p

2 
<k>
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*

TABLE 4.4

UNDER-RELAXATION PARAMETERS

VARIABLE UNDER-RELAXATION CONSTANT

V1 0.5

V2 0.5

P' 0.5

k 0.7

e 0.7

1 . 0
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TABLE 4.5

CONVECTION, DIFFUSION AND SOURCE TERMS OF 

MOMENTUM AND TURBULENCE KINETIC ENERGY BALANCE EQUATIONS

BALANCE EQUATION: CONVECTION = DIFFUSION + SOURCE TERMS

V1 - MOMENTUM BALANCE TERMS

Convection = V 3< P > < V < V ) }

+ 1- <P><V2><V1> - j - <P><V2><V2>

. fc.A , 3<V, > -  3<V-,>
Diffusion = ~g n u ■■ ( 5 Prt-F-P 3r ) 9r ( 0 PQPP 9r )u3; ' ^  eff ~~5£7 3C2' l2 eff 3C2

1 3<V,> 2<V2> 2
+ Tq" + T ^ - " 3  <p><k>]

a 3<V9> <V,> <V9>
+ ^  ^1*3 ueff “ 3£j----- Fj----- r ^ }

i 3<V,> <Vl> 9
2 - ^ ( - 1-  -ST^- + I T - )  + 4 r  <?><!<>

1*2 ^2 ^^2 1*2 ' 3r2

. yeff <1 8<V  < V  t a<V2> <V2>

i*1 ^2 ^ 2  r 2

Pressure 

gradi ent

T_ 9<P>

h
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*

V2 - MOMENTUM BALANCE TERMS

Convection = t-S| ^ V 3 < p><Vl ><V2>) + 3 ^ ( i l V p><V2><V2>)}

- <v ><v,> + <V,><V0>
r-j I I r2 I 2

Diffusion =
o

3 , 2 3 3<V , V 3 3<V2>
{  ̂ Weff 3 î  ̂ 0-2 Peff 3 ? 2 '

+ gj- [J,25.3(ueff(I-
1 3<V,> <V1> <V2>

2 rl r 2
)]

2 3<V,> 2<V,> ,
+ 3 ^  Me f f - g q -  + — )) - 3 <P><k>3>

2y f f  , 3<V,> <V2> 2
eff4 -  - 5 T -  + -^-) + <P><k>r-j 2>-j 9C-j 1

V f , 1  3<V  <Vf  . 1 3<V  <V2>
r 2 &2 3£/ 'i h  3?i

Pressure

gradient

1_ 3<P> 
&2 3C2



k - TRANSPORT EQUATION BALANCE TERMS

Convection =

Diffusion =

Generation = 

Dissipation =

{ 3 ^  W p><Vl><k>> + W p><V2><k>>}

1 , 3 S h  yeff 3<k>< 3 , ^ 3  yeff 3<k>n
X.. 1 3 q ' Jl, ak 3?i ' 3£2 ak 1

Gt (see equation 4.30)

- p<e>
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TABLE 4.6

SUMMARY OF BOUNDARY CONDITIONS 

INVISCID CALCULATION

INLET - Velocity potential line (defined)

V 1 = Uref; v 2 = k = e= 0 (implied)

OUTLET - Velocity potential line (defined)

/\
V1 = Uref; V2 = k =.e= 0 (implied)

where A. and A„. . are the inlet and outlet areas, in out

WALL - Streamline (defined)

t = 0; V2 = k = E = 0 (implied); slip velocity. 

FREE-STREAM - Streamline (defined)

tw = 0; V2 = k = e = 0 (implied); slip velocity. 

BOUNDARY-LAYER CALCULATION

2 2 2
INLET - Measured profiles of <U-|>, <u^ >, <u£ >#<^3 > 9 and <u^u£>

? 9<Ui>
<U2> = 0 ; e = Cy <k > /<u^Ug>

OUTLET - Not required because of parabolic formulation.
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WALL - Law-of-the-wall

«  k < U , >
<Un> uses t = pU!: with = -------  ; U« = 0;

1 w T ln(EY+) 2

<u'^> = <^ 2 > = <u3 > = <u|u2> = 0 at the wall;

? Ce, C <k><ui>2
<e>“ - ^  P. <c> - ------ rf-—  = 0 ,

w 0^2 k w Cg2

. . 3<UPusing Pk = <u^u£> .

FREE-STREAM BOUNDARY

< U f e from equation 4.105;

2 2 2
<u-j > = <u£ > = <Ug > = <u^u^> = e = 0

ELLIPTIC TRANSPORT EQUATIONS

INLET - Measured profiles of <V-|>, <V2>, <k>, < v ^ 2>

3P‘2 3 ^ ^

E = V k>t-3?i-/<ViV2>; 3C7 = 0 - 

OUTLET - Zero gradient parabolic boundary

3P'3<V-j>
3C

= 0 ;  <V2> = 0 ;  0 ; 3<k> _ q . 3<e>
3C 3C-

= 0

Note: Overall mass balance applied.
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WALL - Law-of-the-wall

C1 /4<k>1/2K<V.
<Vi> uses t = i w ln(EY+)

9<Vn>

•; v 2 = 0;

<Vi >

8P 1
^C2

= (

<k> uses Gtw = Tw [(^-5c|-)w ■ -rj- ]

9<Vn >

1 9<V,>
1 1

1 9<V

t £ 1 J £-| H

1 >

COc_II

/ r v  +  \ » ew y

FREE-STREAM - Streamline with zero gradients

d<V}>
- 0 * <)lr>= 0 * — —  = 0 * = 0 * ^<£> = 0- U, <V2>- U, ^  U, 9^  U, 9C2 U

>

<k>3/2/Ky
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Figure 4.1 Orthogonal curvilinear co-ordinate system.
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Figure 4.2 Two-dimensional plane of orthogonal-curvilinear co-ordinates.

Figure 4.3 Numerical mesh for stream function-vorticity solution.
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x

Figure 4.4 Streamline solution mesh.
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FIGURE 4.6 
SCHEMATIC OF

VISCOUS-INVISCID INTERACTION PROCEDURE

1. Describe boundaries with surface relations or discrete points

i— 2. Solve equation 4.66 for the location of intersections of 
iso-stream function and iso-velocity potential lines.

3. Solve streamwise momentum and pressure correction equations 
to obtain the wall pressure.

4. Solve the boundary-layer equations representing
transport of momentum and continuity-in the boundary
layer.

5. Relocate the boundary streamlines to be coincident with 
the displacement surface that is described by adding the 
the calculated displacement thickness to the surface 
co-ordinates.

5a. Extend the boundary streamlines further downstream, 
i.e. through the uncalculated separation region, with 
empirical knowledge if necessary.

6. Repeat the procedure from step 2 onwards until the 
overall solution of inviscid and boundary-layer equations

—  has converged.
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Figure 4.7 Comparison of boundary-cell representation.



IN VISCID  CALCULATION REGION

Figure 4.8 Schematic of solution domain
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CHAPTER 5

COMPUTATIONAL INVESTIGATIONS AND COMPARISONS WITH 

EXPERIMENTAL RESULTS

This chapter presents the results of numerical solution 

procedures for the inviscid, boundary-layer and elliptic transport 

equations given in chapter 4. Calculated values of mean pressure, 

integral quantities, mean velocity, Reynolds stresses and turbulent 

kinetic energy are compared to the experimental results of chapter 3 

and help to quantify the merits of the turbulence model, the numerical 

scheme, boundary-condition assumptions and the level of approximation 

present in the transport equations 4.66 for inviscid flow, 4.93-4.99 

for boundary-layer flow and 4.11-4.13 for elliptic flow.

The measurements of chapter 3 indicate that the transport 

equations for mean and turbulence quantities can be simplified 

to their potential and boundary-layer forms in parts of the flow 

domain, but not in the vicinity of separation. The application of 

conservation equations in their elliptic Reynolds-averaged form is 

clearly uneconomic in regions where these simplifications are valid 

and the boundaries of the solution domains for potential, boundary- 

layer and elliptic calculations have been chosen as a compromise 

which minimizes the calculation effort while allowing specification 

of boundary conditions, based on experimental knowledge. Accordingly, 

this chapter has a section dealing with each level of approximation.

Section 5.1 presents the results of inviscid calculations 

for the potential flow around a circular cylinder, where the pressure 

distribution is known theoretically, and around the present configurati 

Computational results obtained with the boundary-layer equations are
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presented in section 5.2 for the region approaching separation.

The measured wall-pressure distribution is used initially to examine 

the boundary-layer approximation and the Reynolds stress turbulence 

model. The interaction between the viscous and inviscid flow is 

investigated using the concept of a displacement surface described 

in section 4.3. Section 5.3 presents calculated results in the region

* from upstream of separation through the wake which were obtained by 

solution of the elliptic Reynolds-averaged transport equations in 

orthogonal curvilinear co-ordinates using the k-e turbulence model. Mean flow

• and turbulence quantities are compared to measured values in order 

to evaluate the overall procedure and separate the effects of 

numerical accuracy, turbulence modelling and boundary conditions. The 

discussion of section 5.4 remarks on the appropriate levels of 

approximation, turbulence modelling, and wall functions required to 

calculate aerodynamic and separated flows. Implications of the present 

results are considered with particular attention to the region of 

recirculation.

5.1 Inviscid Flow

This section presents calculated results obtained with the 

procedures of section 4.2 for solving inviscid-flow equations. The 

first part presents results of a test case for the calculation 

procedure: the potential flow around a circular cylinder is calculated

and compared to the theoretical surface-pressure distribution. The



second part presents the potential flow field around the present 

configuration which is subsequently used in section 5.2 to start the 

viscous-inviscid interactive procedure described in section 4.3.

Test Case. The potential flow around a cylinder was 
calculated by solving the Laplace equation (4.66) to obtain the 
location of stream-function and velocity potential lines and 
thereby to examine possible problems of relevance to the flow 
over the geometry of figure 3.1. The cylinder geometry is, of 
course, a more severe test since it involves a discrete change in 
surface geometry at the leading edge of the cylinder and thus a 
singularity in the boundary functions. As discussed in section 
4.2, accurate solution of the Laplace equations requires 
specification of a boundary that is continuous in the first 
derivative and this requirement is violated at the singular 
point. A typical result is shown on figure 5.1 which corresponds 
to the prescription of the constant velocity boundary at 1.5 
radii from the centreline of the cylinder and shows that the 
intersections of the velocity potential and stream-function lines 
in the vicinity of the singularity on the lower boundary deviate 
from orthogonality by up to 37 degrees. Similar results were 
obtained with constant velocity boundaries at 2.5, 5 and 8 radii 
and showed that the velocity potential lines and streamlines were 
in reasonable agreement with analytic descriptions of their 
locations except in the vicinity of the singularity.

The influence of these errors on the local pressure 
distribution can be quantified from figures, such as figure 5.2, 
which corresponds to the case of the constant velocity boundary 
at 5 radii and leads to a value of Cp of -3.04 rather than the 
exact result of -3.1. Solutions of the potential flow equations 
were obtained with three grid densities: 24 x 24, 32 x 32 and 48 
x 48. The calculated pressure distributions are shown on figure 
5.2 and compared to the theoretical distribution given by 
Schlichting (1968). The agreement is adequate with all of the 
grids although it is clear that the pressure gradient is 
represented more accurately with higher concentrations of grid 
nodes. The distribution of nodes along the surface is not 
selected a priori since the inverse solution procedure used 
constant step sizes in streamfunction and velocity potential. The
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consequential spacing of nodes in physical space had denser 

concentrations away from regions with changes in curvature, and hence 

regions with significant second derivatives in pressure. In order to 

resolve these regions, a large number of nodes had to appear in regions 

with smaller gradients and this implies that the mesh-generation 

procedure makes inefficient use of computer resources.

Errors associated with the location of the streamlines and 

solution of the streamwise momentum equation, as discussed in section 4.2, 

manifest themselves as a decrease in total pressure and were found to 

be 0.5, 0.3 and 0.2 per cent of the inlet dynamic pressure for the 

24 x 24, 32 x 32 and 48 x 48 grids, respectively. A further error of 

about 0.5 per cent of dynamic pressure is associated with numerical 

approximations in determining the wall-boundary cell and extrapolation 

of static pressure to the model surface. A higher order differencing 

scheme for locating intersections with the boundaries, particularly on 

the curved wall, would reduce this error although at greater expense.

The implication of first-order accuracy in equation 4.74 for locating 

intersections with the boundary is that the orthogonality constraints 

are less rigidly applied at boundary cells than at internal cells 

where the second-order accurate scheme of equation 4.72 was used.

The latter equation is not applicable at boundary intersections because 

it would require the use of nodes outside the calculation domain.

Flow configuration of section 3.1. Wall co-ordinates were 

used to describe the boundary streamlines, without account of any 

effects of the boundary layer or of separation, and the inviscid 

equations were solved to give one of the distributions of pressure 

gradient shown on figure 5.3. The agreement between this calculation 

and the measurements is adequate up to about s/c of 0.78 where the
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process of separation begins to influence the flow. Here the velocity 

component normal to the surface is about 3 per cent of the local 

streamwise value in the near-wall region and increases rapidly before 

detachment to 10 and 15 per cent at s/c of 0.826 and 0.852, respectively.

The influence of numerical approximations and of the downstream 

boundary condition are both important. Numerical tests demonstrated 

that grid spacing of less than 8 mm between streamlines and 30 mm 

between constant velocity-potential lines gave the same results for 

the calculated pressure and free-stream velocity in the present 

configuration. This spacing was not adequate when calculating the 

pressure gradient, as shown on figures 5.3, since the pressure 

gradient changes rapidly between s/c of 0.65 and 0.86 so that smaller 

streamwise step lengths are necessary in this region. The required 

spacing depended on the local curvature of streamlines and velocity- 

potential lines with the smallest spacing associated with changes in 

surface curvature. Cell sizes were however difficult to arrange since 

the distance between nodes was a consequence of the uniform step sizes 

in velocity potential and stream function as discussed above.

Results were obtained with different downstream boundary 

conditions to determine their effect on the pressure distribution. 

Ideally,the downstream boundary should be a velocity-potential line 

which satisfied the inviscid equation, however this requires knowledge 

of the mixing process downstream of the trailing edge. Initially, 

a straight line was taken perpendicular to the tunnel roof at the 

trailing edge in order to represent the actual velocity-potential 

line which should be contoured here. Changing the angle of this line 

by up to 10 degrees from the vertical affected the surface pressure 

distribution from about 16 per cent of chord upstream of the trailing
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edge. To reduce this effect, the outlet boundary was moved downstream 

to a region where a straight-line approximation adequately represented 

the velocity potential, or at least did not influence the surface 

pressure. In practice, this required placement of the boundary 

streamline beyond 15 per cent of chord downstream of the trailing 

edge: a horizontal line was used to continue the boundary streamline

from the trailing edge downstream to the outlet boundary at x/c of 0 .2 0  

where changing the angle of the velocity-potential boundary by up to 

10 degrees had negligible effect on the surface pressure. The choice 

of a horizontal boundary was arbitrary and it was found that the pressure 

distribution was affected downstream of 90 per cent of chord when its 

angle was varied between the horizontal and -17.5 degrees: the latter

is equivalent to extending the plate further downstream. Although the 

surface pressure remained the same over more than 90 per cent of the 

surface with the various downstream boundary conditions, none of the 

pressure distributions agreed with the measurements downstream of s/c 

of about 0.78 because of seperation.

The calculated results of figure 5.3 were obtained with a 

horizontal boundary streamline extending to x/c of 0 .2 0 from the trailing 

edge where a vertical velocity-potential line was located. Between 

the plate and the roof, 40 cross-stream nodes were used and resulted in 

a maximum spacing of 5 mm. Initially 48 streamwise nodes were located 

between s/c of 0.50 and the outlet, and resulted in spacings of less 

than 30 mm. Although this was adequate to resolve the pressure 

distribution, there was an error of up to 25 per cent in the pressure 

gradient calculated with central differencing. Instead of curve fitting 

between the predicted nodes, and subsequently calculating the pressure 

gradient, the longitudinal spacing between nodes was reduced to 10 mm
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between s/c of 0.65 and 0.75 and to about 4 mm between s/c of 0.75 

and 0 .8 6 by resolving the potential flow equations, i.e. generating 

a finer mesh, using velocity potential lines obtained from solution 

with the coarse grid, as the inlet and outlet boundaries. The pressure 

gradient, shown on figure 5.3, was calculated using central differences 

between the discrete locations where the surface pressure is obtained.

• Summary. Solution of the inviscid-flow equations have been

obtained from the Laplace equations in fininte-difference form. The 

influence of truncation errors, associated with the finite distance 

between nodes, is significant but can be reduced to acceptable limits. 

The location and form of the downstream boundary condition is also 

shown to be important and further work is necessary to determine the 

best combination of assumptions in separated flows. The inviscid flow 

calculations are in reasonable agreement with measured results upstream 

of separation, as expected, and can be used to start the interactive 

calculation with the boundary layer equations considered in the next 

section.

5.2 Boundary-Layer Flow and the Viscous-Inviscid Interaction

This section presents results obtained with the solution 

procedure for the boundary-layer equations as described in section 4.3.

The boundary-layer equations are solved using the measured 

wall-pressure distribution in order to determine the likelihood of 

success with this level of approximation of the Navier-Stokes equations
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in the region approaching separation and to evaluate the performance 

of the Reynolds stress turbulence model in the curved boundary-layer.

Secondly, calculated results obtained without prior knowledge 

of the pressure distribution, are presented. The inviscid-viscous 

interaction is modelled with a displacement surface and solutions 

for the potential and boundary-layer flows are revised alternately.

This simple method of interaction was expected to be successful in the 

upstream boundary layer but its ability to represent the flow approaching 

separation needed to be investigated.

Boundary-1 ayer calculations with measured pressure. The 

equations appropriate to the boundary layer were solved in the manner 

described in section 4.3 with the measured wall pressure used to 

provide the free-stream boundary condition. The upstream boundary 

conditions included the measurements of mean velocity and Reynolds 

stresses obtained on the upper plate at s/c of 0.352 as shown on 

figures 3.10 and 3.13; the required distribution of the rate of turbulence 

dissipation was obtained using a mixing length hypothesis.

Calculated results were found to agree within 2, 5 and 3 

per cent of the measured values of skin friction, shape factor and 

momentum thickness, respectively, up to x/c of 0 .6 and are not 

presented here. The results obtained further downstream in the curved 

boundary layer are shown on figure 5.4 and are in reasonable agreement 

until separation is approached where, for example, the skin friction 

is under-predicted with its zero value extrapolated to s/c of 0.856 

rather than to 0.878 as found by measurement.. The calculated 

momentum thickness is in disaccord with measurements some 10 per cent 

of chord farther upstream and this location marks the upstream extremity
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of the discrepancy betwen calculated and measured results which 

exists over the region where flow reversals occur. The cross-stream 

pressure gradient was calculated to be 50 per cent of the value 

obtained from measurements at s/c of 0.771 and reduces to only 12 per 

cent of the measured value immediately upstream of detachment: this

error is attributable to the simplified form of the cross-stream 

• momentum equation 4.102. The numerical procedure failed to converge

downstream of s/c of 0.853.

Profiles of mean velocity and Reynolds stresses are shown 

on figure 5.5 and are in reasonable agreement in the curved boundary 

layer and on the trailing flap up to about s/c of 0.845 which corresponds 

approximately with the upstream extremity of instantaneous flow 

reversals. The agreement between calculated and measured mean velocities 

in the near-wall region appears adequate over the curved wall and farther 

downstream almost to detachment, and is a consequence of using the law- 

of-the-wall boundary condition which the measurements demonstrate is 

appropriate. This also accounts for the accurate calculation of skin- 

friction coefficient up to s/c of 0.85. The mean velocities agree 

well across the boundary-layer over the curved surface, but are in 

disaccord with experiments in the outer part of the boundary layer 

close to separation. Downstream of s/c of 0.845, the cross-stream 

dimension of the log-linear region does not change rapidly enough 

with downstream distance and the calculated velocity profiles do not 

develop the inflection point associated with deflection of flow 

around the separation bubble. These differences in the calculated 

velocity distributions are responsible for the under-prediction of 

momentum thickness and shape factor shown on figure 5.4.



The agreement between calculated and measured Reynolds stresses

is reasonable, as shown on figure 5.5, with the stabilizing effects of

curvature represented. The agreement is however less satisfactory than

with the mean velocities mainly because-of the neglect of turbulence

production via streamwise gradients although other turbulence modelling
2

assumptions are also likely deficient. The distributions of <u£ > are

well calculated and agree within experimental error across most of the

boundary layer in the region above the curved surface and up to s/c

2 2of 0.845. The values of <uj >, <Ug > and < u ^ 2>, however, are over-

2 2predicted by about 1.5, 1.3 and 0.3 m /s respectively, i.e. by about

50 per cent, over the inner half of the boundary layer. Evaluation
2

of production terms in the exact transport equations for <u-j > and 

cu-ju^ using experiment results, reveals that the turbulence stress-
o

normal strain interactions, i.e.<u.j >3<U-j>/3s and <u-ju2>3<U-j>/3s,
2

have a reducing effect on production of <u-j > and <u-ju^> and that

neglect of these negative contributions to the calculated production

terms, P-j-j of equation 4.95 and P-j2 of equation 4.98, is mainly

responsible for <u^>, <u^^>and <u^u£> being increasingly over-predicted

as separation is approached. The predicted levels of Reynolds stresses

are highly interdependent and the effect of neglecting turbulence-

normal strain interaction is as follows: <u-jU2> is over-predicted

because its production is calculated to be too large due to the neglect

of streamwise gradients of mean velocity, although this is somewhat

2 2offset by the over-predicted values of <u^ > used in <u-j> is

also over-predicted because its production is too large which is 

the result of a combination of over-predicting <u^u£> and neglecting 

streamwise velocity gradients; <u^ > is calculated to be too large
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because the modelled form of the redistribution pressure-strain

correlation, which uses the turbulence kinetic energy and its production

• 2rate in its formulation, depends heavily on cu-jU^; <u£ > is well

calculated since its production is small and normal-strain effects
2

are almost negligible in the <u£ > -transport equation. In the outer

• part of the boundary layer, the calculated values of turbulence intensity

are smaller and have larger negative gradients than those in the measure­

ments for two reasons: first, the radius of curvature calculated with

equation 4.103 gives smaller values than observed in the present 

experiment, and this results in over-estimation of the stabilizing 

effects of curvature on the turbulence in the calculation; secondly,

the free-stream turbulence is assumed to be negligible in the calculation. 

Despite quantitative differences, the qualitative features of the cross­

stream and streamwise variations in Reynold stress levels are reasonably 

well calculated and included the stabilizing effects of streamwise 

curvature. The calculated Reynolds stresses do not however exhibit 

the 'features associated with deflection of flow around the separated 

region.

Inviscid-viscous interaction. The interactive procedure
• -----------------------

of section 4.3 is used here to calculate the boundary-layer and potential 

flow upstream of separation.

Solution of the boundary layer equations with the inviscid 

wall-pressure calculated in section 5.1 agree satisfactorily with 

measured values up to s/c of 0.68. Downstream, as shown on figure 5.4, 

the skin-friction coefficient is under-predicted and the boundary layer 

grows more rapidly than is measured. This is mainly due to the 

potential-flow solution which because it assumes that the boundary
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layer remains attached, does not predict deflection of the streamlines 

around separation,and hence the pressure gradient is incorrectly 

predicted.

The streamlines were corrected to account for viscous effects 

by obtaining a displacement surface and using it to resolve the 

inviscid-flow equations and recalculate the wall-pressure distribution. 

The displacement surface was obtained by adding the displacement 

thickness, 6-j of equation 4.108, to the wall co-ordinates and was 

straightforward up to the calculated location of detachment. The 

boundary-layer calculation did not give values of displacement thickness 

downstream of this location and an approximation was required. The 

initial attempt was to specify a velocity-potential line at the 

calculated detachment point: it was taken perpendicular to the tunnel

roof although measurements indicate it should be contoured. Changing 

its angle with the roof by up to 10 degrees resulted in different 

wall pressure distributions in the region from 18 per cent of chord 

upstream of detachment, and subsequent calculation of the boundary-layer 

with these pressure distributions resulted in accordingly different 

distributions of the integral thickness and skin-friction coefficient. 

The location of separation was always further upstream from that of 

the first boundary-layer calculation and velocity characteristics 

were in poorer agreement with experiment.

In an attempt to improve these results, the displacement surface 

v/as empirically defined downstream of detachment in accordance with 

the recommendations of Bhately and Bradley (1972). The displacement 

surface and downstream boundary were obtained as follows: the wall

co-ordinates plus calculated displacement thickness were used up to
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calculated detachment; the separation streamline v/as specified 

by decreasing the rate of thickening of 6-j until the flow was tangent 

to the tunnel roof, in accordance with the flow direction observed 

in the measurements; its length was extended parallel to the tunnel 

roof to satisfy the experimentally-observed condition of constant 

pressure over the separated region; and a velocity-potential line 

perpendicular to the tunnel roof was located at x/c of 0 .2 0 in 

accordance with the recommendations of section 5.1. The potential-flow 

equations were resolved to generate the streamlines shown on figure 5.6 

and to obtain the wall pressure which was taken as that on the displace­

ment surface. The streamwise pressure gradient was over-predicted 

upstream of separation, as shown on figure 5.3, and modification 

to the shape or angle of the empirical displacment surface above 

and downstream of the separated region, over a wide range of possibilities 

reasonably consistent with experimental results, did not improve the 

calculated pressure gradient in the region approaching separation.

The boundary-layer equations were solved with the revised pressure 

distribution obtained from the potential-flow equations with the 

displacment surface extrapolated into the separated and wake flow.

The location of the boundary-layer separation was found to occur 

further upstream, as shown on figure 5.4. The agreement between 

measurements and calculations in the attached boundary layer improved, 

away from the region of separation, but significant boundary-layer 

growth occurred too far upstream of detachment when the skin-friction 

coefficient was under-predicted. It appears that over-prediction 

of the growth rate of the boundary layer just before separation in 

the first viscous-flow solution, correspondingly, over-predicts the
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blockage effect of separation in the second inviscid-flow calculation 

and hence the local pressure gradient is larger than that in the

# experiment and the separation point is calculated too far upstream. 

Further iterations cause the blockage effect of separation to increase 

beyond its already over-predicted value and, as a result, the separation 

point moves further upstream.

The difference between the measured and calculated wall-pressure 

distributions shows the need for further investigation of the coupling 

of potential and boundary-layer equations and, more particularly,

# of the downstream boundary with separation effects incorporated. It 

appears that in order to predict the flow approaching detachment,

at least the blockage effect of the separation bubble must be 

reasonably well represented. It is unlikely that an empirical function 

can be developed to describe the streamlines around separation (also 

see Bhateley and Bradley, 1972) and solution of some form of transport 

equations is needed to predict separated-flow effects. For instance, 

inverse procedures can be used to calculate through the separated 

region although they solve boundary-layer or integral equations which 

are not appropriate in large regions of recirculation as discussed

# in chapter 1. This approach will likely be more successful in

calculating at least the pressure distribution of the present flow 

for two reasons: it does not require empirical specification of

the boundary streamline provided the use of boundary-layer or integral 

equations near separation is adequate; and the calculation can be 

continued into the wake so that the downstream velocity-potential 

boundary has little influence. More specifically, the boundary-layer 

equations describe the flow upstream of the location where instantaneous



flow reversals occur and, up to here, the inverse procedure is 

certainly appropriate as was the present approach to the interaction. 

Closer to and through the separated region, the boundary-layer equations 

become increasingly inaccurate, as shown above, so that although 

inverse procedures can calculate through the region of separated flow, 

their representation of the blockage effect of separation may not 

be adequate because they solve inappropriate equations and neglect 

cross-stream momentum and streamwise gradients. Inverse integral 

procedures, based on a velocity profile assumption,and discussed in 

chapter 1 , may be more useful provided suitable empirical correlations 

can be established for the reversed-velocity characteristics. These 

methods are less general than those based on solution of the Navier- 

Stokes equations which can represent both the boundary-layer and 

separated-flow regions as discussed in the next section.

Summary remarks. The results of solutions to the boundary- 

layer equations with the measured wall pressure, and a simplified 

form of the cross-stream momentum equation, are in close accord with 

measurements up to the region where the influence of separation is 

significant, i.e. at about s/c of 0.845 where instantaneous flow 

reversals occur. Thereafter, and up to a location very near separation, 

the wall shear stress is well represented but integral, mean-velocity 

and turbulent quantities are less well calculated, perhaps due to 

the simplified form of the cross-stream momentum equation and the 

neglect of streamwise gradients of mean velocity. The present results 

demonstrate that simple assumptions about the viscous-inviscid 

interaction can lead to acceptable results up to the location where 

the boundary layer thickens rapidly approaching separation, provided
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the solution takes into account the displacement thickness of the 

boundary layer. This is difficult to arrange with a forward-marching 

procedure for solving the boundary layer equations since its solution 

has a singularity at detachment and knowledge of the displacement 

surface downstream of separation, and of the outlet velocity-potential 

boundary, must be supplied empirically for the potential-flow calculation. 

Consequently, it appears desirable to evaluate the possibility of 

solving the steady, two-dimensional form of the Reynolds-averaged 

equations in the region of and downstream of separation.

5.3 Separated and Wake Flow

This section presents calculated results obtained by solving 

the two-dimensional Reynolds-averaged momentum transport equations 

in orthogonal curvilinear co-ordinates, using the method and k-e 

turbulence model described in sections 4.4 and 4.1,respectively.

The solution domain was chosen to include the curved boundary layer, 

separated region and wake so that computational expenses were minimised 

while allowing specification of boundary conditions based on 

experimental knowledge.

The first part of this section presents calculated mean 

values of pressure, wall shear stress and velocity in and around 

the region of recirculation, and compares them to measured results. 

Numerical assumptions are known to be important and are evaluated 

using the method described in section 4.4. Calculated profiles of
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turbulence kinetic energy are compared to measurements in an assessment 

of the importance of turbulence modelling in and around the separated

• region. The influence of boundary conditions, including wall functions, is 

determined. The section closes with a summary of the more important 

conclusions.

Calculated mean flow. The results discussed here relate 

to the region of the flow identified by the solution domain of 

figure 5.7. Thus, boundary conditions were assigned on all sides 

of the solution domain, as described in section 4.5, and the finite-

• difference equations, representing transport of mass, momentum, 

turbulence kinetic energy and its dissipation rate, solved using the 

method of section 4.4.

The boundary of the calculation domain was arranged to be 

coincident with the surface, the tunnel roof, a location upstream of 

separation selected with experimental knowledge, and extended a short 

distance downstream of the trailing edge parallel to the tunnel 

roof. An orthogonal mesh of 48 x 48 nodes was generated within 

this domain using the method of section 4.2. The 48 x 48 grid was 

linked to similar but geometric expanding rectangular Cartesian

• grids which were specified to represent the flow stemming from beneath 

the lower surface and in the downstream wake. The resulting grid of 

60 x 60 nodes implied that solution of the Navier-Stokes equations 

would be expensive and time consuming. The results obtained below 

were, as a consequence, obtained with fewer nodes and these were 

selected with empirical knowledge of the regions of steep gradients 

and angled streamlines. A typical grid, shown on figure 5.7, 

comprised 30 x 30 nodes selected from the 60 x 60 mesh originally 

generated, and led to calculation times of around 850 s and 250



iterations required to achieve a convergence criteria of 0.1 per cent 

of the maximum residual of any dependent variable including the 

mass flow of the pressure correction equation.

The calculated mean velocity vectors of figure 5.8 may be 

compared with the measurements of figure 3.8 and are clearly in good 

qualitative agreement. As quantified in figure 5.9, mean streamline 

detachment was calculated to occur at 0.862 rather than the 0.878 

of the measurements. The overall size of the calculated reverse-flow 

region is wider over the first 55 per cent of its length and narrower 

downstream, by some 10% at the trailing edge,although in the wake it 

extends to a value of x/c of 0.021 rather than to the 0.016 of the 

measurements. The calculations also show that the normal momentum 

is greater than the longitudinal momentum in the vicinity of separation 

and in the shear layer surrounding the bubble where the normal pressure 

gradient has its largest values. Within the bubble, the mean 

velocity has a maximum value of approximately 11% of the free stream 

velocity and the normal and longitudinal velocities have similar 

magnitudes with the former being larger at the beginning and end of 

the reverse flow boundary layer.

The free-stream velocity and wall pressure distributions are 

shown on figure 5.10. The difference between the measured and 

calculated velocity distribution is consistent with the discrepancy 

in the size of the recirculation region which may, in part, be due 

to the inadequate representation of streamline curvature as discussed 

previously. The pressure distribution is, of course, very different 

from that obtained from the Laplace equations in the vicinity of the 

separation region and is in close accord with measured results except 

where there are insufficient nodes to represent the streamwise gradients 

at the start of curvature.
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The distribution of skin-friction coefficient of figure 5.10 

is also in good agreement with experiment and was obtained with the

•  aid of the wall functions of section 4.5. These wall functions linked 

the wall to the finite-difference node closest to it and always were 

located at a value of y+ less than 56 and greater than 10 with the 

minimum occurring in the separated region. Further discussion of

the effect of wall functions appears below.

It is useful to note that the ratio of 9P/9y to 9P/9x immediately 

upstream of separation and in the near wake, defines the need for

• equations which represent both. In addition, the evaluation of 

measured convection terms showed that the y-momentum was generally 

greater than the x-momentum in the downstream region of the recirculating 

flow, and that they had similar magnitudes in the central and upstream 

regions of separated flow except very close to the wall.

Solution accuracy. The results presented on figures 5.8 to 

5.10 and discussed above are encouraging and it is essential to 

determine the extent to which they depend on the numerical detail of 

the calculations. A partial answer to this question can be provided on 

the basis of the limited number of tests referred to in the following

• pragraph. It is clear from the velocity profiles of figure 5.11 that 

the calculated wake is wider than it should be and this may be the 

result of false diffusion associated with numerical inaccuracies 

discussed in section 4.4. Accordingly, the method of section 4.4 was 

used to evaluate the numerical error associated with upwind differencing 

in the solutions for V-j, V2 and k in each calculation cell. The imbalance 

term, T of equation 4.145, was determined using a central-differencing 

approximation whereas the solutions for V-j, V2 and k were obtained with



333 -

upwind-differencing where appropriate, according to the hybrid

m  scheme of equation 4.133, so that the value of this term, T, approximately

represents the local levels of numerical^diffusion error. The implication 

of values of T in excess of 10 per cent of the largest transport term,

i.e. nett convection,nett diffusion or nett source terms* in the local

* cell balances, is that numerical error makes a significant contribution 

to local diffusion and profiles of the dependent variable, for example 

V-j, V2 or k spread at a greater rate than is represented by the

* transport equations; i.e. finite-difference equations have significantly 

larger diffusion than the differential transport equations from which 

they were derived.

Values of the out-of-balance term were found to be in excess 

of 10 per cent of the maximum transport term over a significant part 

of the flow domain when calculations were obtained on the 30 x 30 grid.

The largest out-of-balance terms were found near the front of the 

recirculation bubble in the shear layer associated with the dividing 

streamline. Here, the flow deflects around the recirculation region 

and intersects the grid lines at angles v/hich result in large numerical

*  error, i.e. approaching 45 degrees, because the potential-flow grid 

lines do not account for separation. The maximum values of T found 

here are about 120, 160 and 30 per cent of the largest transport terms 

in the finite-difference equations for V-j, Vg and k, respectively. The 

imbalance term is also significant in the near wake where they comprise 

a maximum of 20, 80 and 45 per cent of the calculated diffusion terms

Source terms refers to pressure gradient terms in the momentum equations. 
Turbulence production and dissipation are treated as separate source 
terms in the k-equation. See section 4.4. for further details.
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°f V-j, V2 and k, respectively. The use of a single figure, however, 

is somewhat misleading since, although these errors are large, they 

are confined to small regions of the flow in the vicinity of detachment 

and of closure of the recirculation bubble in the wake. Elsewhere 

the imbalance term, T, is found to be less than about 30 per cent of

• the maximum transport term over more than 90 per cent of the calculation 

domain and less than 10 per cent over more than half of the flow.

Numerical error is therefore responsible for some of the enhanced 

diffusion observed in the calculated velocity characteristics of
*

figure 5.11 and 5.12, particularly between 20 and 40 per cent of the 

boundary layer thickness, although turbulence modelling assumptions 

are also likely to be deficient as discussed below.

Numerical diffusion errors are unimportant inside the separation 

bubble where the cell Peclet numbers were small and central differencing 

was applied over more than 75% of the recirculation region. The maximum 

imbalance term, T, was less than 8 per cent of the maximum transport 

term in the region where upwind differencing was applied immediately 

around the backflow and directly above the central 60 per cent of the 

length of recirculating flow, i.e. near the trailing edge. It increased
♦

to the larger values given above towards the front and rear of the 

shear layer around the recirculation region where the flow direction 

was not alligned with the mesh.

In the outer potential flow, convection balances pressure gradients 

and the gradients of mean velocity are small, so that the application 

of the above method would result in small imbalances and an indication 

of large errors as discussed in section 4.4. Further, the influence 

of any numerical diffusion would likely be large compared to those of
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the local diffusion terms since the levels of viscosity and mean 

strain rates are small here. Accordingly,calculations were performed 

to assess the influence of numerical approximation in the inviscid 

flow regions with the same number of nodes differently located in 

the solution domain of figure 5.7 and with smaller numbers of nodes.

• With 30 x 30 nodes, and a greater number located away from the near­

flap region, the velocity and pressure fields were very similar and 

this suggested that, although the cell Reynolds numbers in the free 

stream had magnitudes up tolO , the resulting truncation errors were 

unimportant. This conclusion was supported by calculations with 

2 0  x 20 nodes which gave very similar velocity and pressure values 

away from the surface of the flap: even the velocities in the outer

region of the recirculation were little changed although the wake was 

wider with this number of nodes. The distribution of nodes, with 

concentration away from the flap region, gave rise to different near 

wall values although the location of detachment was almost the same.

In particular, the skin-friction coefficient was altered because the 

near-wall node was located about twice as far from the wall in the Y+ 

region between 24 and 85 in contrast to the 10 to 56 range used earlier. 

The values of skin-friction coefficient increased along the surface

as follows: in the vicinity of detachment, values of increased

-5
by about 3 x 10 where the near wall node was located between 24

and 50 as opposed to 10 and 26; in the attached boundary layer,

-5 +
increased by about 18 x 10 where Y values increased to about 85

from 55; in the backflow, the magnitude of negative skin-friction

-5 +
coefficients increased by 1 x 10 where the Y range increased to 

about 50 to 64 from 28 to 45. Local velocities and pressure coefficients
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were also different with the largest changes found in the vicinity 

of detachment where mean velocity decreased by a maximum of 14 per 

cent of its local value, which is equivalent to 5 per cent of the 

reference velocity, and the pressure coefficient changed by less than 

3 per cent of reference dynamic pressure in the shear layer associated 

with the dividing streamline and less than 1.2 per cent on the wall.

It is also clear that more nodes or a higher order finite-difference 

scheme is required to represent the gradients in the shear layer 

associated with the dividing streamline and in the near wake.

The use of the complete 60 x 60 grid reduced the levels of 

numerical inaccuracy although numerical diffusion was still important 

particularly in the vicinity of detachment and near the rear stagnation 

point. Values of T in the shear layer associated with the dividing 

streamline decreased by about 30, 25 and 35 per cent but numerical 

diffusion was still important since levels of T in excess of 75% of the 

maximum local value of transport terms, were found in the shear layer 

above the detachment point. Calculations with this 60 x 60 mesh 

required in excess of 7 times the computational resources of the earlier 

30 x 30 grid and also indicated that denser calculation meshes are 

required to control numerical diffusion within acceptable levels. The 

generation of and calculation on such grids is prohibitively expensive 

and, since the 60 x 60 offers only marginal improvements with much 

greater computational expense, the results of this section were obtained 

on the 30 x 30 grid of figure 5.7 which was selected from the 60 x 60 

grid such that numerical diffusion was minimised, and following the 

recommendations of Rhie and Chow (1982).
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Turbulence results. It Is difficult to determine the importance 

of turbulence-modelling assumptions in the present calculation because 

of the magnitude of numerical diffusion, but there appears to be 

reasonable qualitative agreement between the calculated and measured 

profiles of turbulence kinetic energy, as shown on figure 5.12. Direct 

evidence of the magnitude of turbulence diffusion terms can be deduced 

from the present measurements and their qualitative behaviour is in 

agreement with calculated results which show that they were most 

important in the vicinity of the edge of the recirculation region and 

diminish in value towards the free stream, although their influence 

may be outweighted by numerical diffusion in some regions of the flow 

and particularly in the wake. Calculated levels of turbulence 

production were also in reasonable agreement with measured results. The 

largest production of turbulence occurs in the shear layer associated 

with the dividing streamline and in the pressure-side mixing layer of 

the wake. Levels of turbulence kinetic energy in the reversed-flow 

boundary layer were well calculated as a result of the modified wall 

production term of equation 4.166. Farther away from the wall, the 

agreement is less satisfactory because the local levels of production 

of turbulent kinetic energy are under-predicted, numerical inaccuracies 

contribute to diffusion, and diffusion by turbulence is over-predicted. 

The production of k is too small mostly because of numerical diffusion 

which reduces the local levels of mean-velocity gradient although the 

over-prediction of turbulence diffusion also contributes. Diffusive 

transport by turbulence is over-predicted because the stabilizing 

effects of streamline curvature are neglected in the formulation of 

the turbulence model. Both also depend on the eddy-viscosity hypothesis
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of equation 4.24 and 4.36 which is also deficient as discussed 

in the next section. It is not possible to separate the effects of 

numerical diffusion and of over-prediction of turbulence diffusion as 

a result of turbulence-model assumptions since both act to increase 

the spreading rate of the mean velocity and turbulence kinetic energy 

• as shown on figures 5.11 and 5.12. The diffusion indicated in these

profiles suggests that the differences between calculations and 

measurements are larger than would be caused by numerical diffusion 

alone. It appears that the k-c model in the form used here, tends 

to over-predict the effects of turbulence diffusion because it neglects 

the effects of streamline curvature on the turbulence and is in agreement 

with the results of Hah and Lakshminarayama (1980) and Younis (1983) 

in non-recirculating flows.

Influence of boundary conditions. The boundary conditions of 

section 4.5 are inexact and the purpose of this subsection is to 

examine their influence on the calculated results.

The influence of the location of the roof and floor of the wind 

tunnel did not appear to be very great since their representation by 

actual and expanded tunnel co-ordinates led to the same wall-pressure 

coefficients on the flap and to the same size of the recirculation region. 

Similarly, the location of mean streamline detachment was always 

calculated to an accuracy of not less than the distance between grid 

nodes in the s-direction. The values of free-stream velocity were 

under-predicted in the wake when surface co-ordinates of the roof and 

floor were used to locate the free stream boundaries. The blockage 

effects of the tunnel boundary layers caused the potential flow in the near 

wake of the experiment to decelerate less than in the calculation.
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Subsequently, the calculation of free-stream velocity was improved, 

as shown on figure 5.10b, by accounting for the tunnel boundary layers 

with the experimental displacement surface of the roof and floor 

boundary-!ayers used to represent the free-stream boundaries. The 

downstream end of the recirculation bubble was calculated to be at x/c 

of 0.19, which was in better agreement with the measurements, and the 

skin-friction coefficient and wall static pressure changed by less 

than 1 per cent as the near-wall flow on the suction-side was virtually 

unchanged.

The influence of the location of the downstream boundary 

condition was investigated and shown to be negligibly small in the 

vicinity of the plate and of recirculation.

The inlet boundary conditions for V-j, and k are obtained 

from experiment and for e by estimation, as discussed in section 4.5.

The profile of <V-j> is accurately known whereas that of is less 

certain. Accordingly, solutions were obtained with inlet values of 

<V£> of zero,0.05 m/s and with a linear variation of < 1 ^  from 0.1 m/s 

to zero between wall and the boundary-layer edge. The most pronounced 

difference between these solutions was found in the wall pressure 

distribution whose values changed by less than 4 per cent of dynamic 

head in the region up to about 4 per cent of chord downstream of the 

inlet. The calculations with non-zero values of <V£> showed poorer 

agreement with experiment than in the zero-velocity case and this may 

be regarded as a posterior conformation of the validity of the 

assumption of negligible

The inlet boundary was located at s/c of 0.668,upstream of 

surface curvature,so that the inlet profiles of k and e did not show 

the effects of streamwise curvature discussed in chapter 3. Calculations
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were performed to test the sensivity of the calculated results to the 

inlet profiles of k and e by using values that were half and twice those 

devised from experiment. The influence of the inlet values of k and e 

were observed throughout the calculation domain and, in order to 

quantify their effect, the changes to the recirculation length and 

detachment point are shown on table 5.1. It indicates that the size of 

the backflow changed by as much as 20 per cent and that changes in the 

dissipation rate had the largest effect. The regional patterns, but not 

the values, of the mean velocity, turbulence production and diffusion 

were preserved, partly because the inlet mean velocity field remained the 

same and so the mean strain rate, which contributes to the levels of 

turbulence in the vicinity of separation, was not greatly affected. The 

values of skin-friction coefficient changes in accordance with the 

different locations of detachment. The values of turbulent viscosity were 

different throughout the flow and caused the transfer of energy from the 

mean flow to be smaller if the inlet values of k and e were under-specified, 

and larger with over-specified values. This may seem contrary to equation 

4.36 when inlet values of e are changed but, for example, under-specifying 

e-values has the overall effect of over-predicting the k-field so that 

the net result is high turbulent viscosity except very close to the inlet 

boundary where the k-field is closely related to its inlet values. These 

results suggest that representation of the turbulence field is important 

to the location and size of the recirculation region, and implies 

turbulence modelling is also likely to be influential. The different 

inlet values of e affected the spacial distribution of mean flow quantities 

which suggest that the mixing length hypothesis, or any alternative 

method for deriving the necessarily approximate inlet values for e, 

contributes to the results obtained in the vicinity of recirculation. It
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is not possible to recommend the best procedure here because of the 

influence of numerical diffusion, and further testing is required but 

with a more accurate numerical scheme.

The calculated values of skin-rfriction coefficient are, at

least in part, due to the use of the law-of-the-wall in regions where

it does not strictly apply. Its importance to the results in the

vicinity of recirculation was examined by obtaining solutions with

different wall boundary conditions in the backflow region. A laminar

boundary condition was applied by using equations 4.157, 4.167 and

4.174 and, also, a slip condition of zero wall shear stress was applied

by setting tw in equation 4.166 to zero. These alternative boundary

conditions had very little effect on the solution, as shown on

table 5.2. Although these wall functions are radically different, the

shear stress in the backflow is small, verified in the experiment,

and therefore momentum transfer through the wall is relatively

unimportant. Hence, the wall boundary condition does not have a

dominant effect on the recirculating flow. Accordingly, the

recirculation region was not significantly altered. The values of static

-4pressure coefficient changed by less than 2 x 10 , and the turbulence

kinetic energy and its dissipation rate remained virtually constant.

The latter is a consequence of the dominance of turbulence production 

in the shear layer associated with the dividing streamline and of 

turbulence diffusion into the recirculating flow. This confirms,^ 

posteriori, the rational for not emphasizing wall boundary conditions 

since the law-of-the-wall is applicable in the boundary layer upstream 

of separation and appears to be of little consequence to the calculation 

of separated flow.



342

Summary. The general flew patterns are well calculated 

and the mean flow results are in accord with measurements in some 

regions of the flow. In others, significant descrepancies exist and 

numerical tests indicate that these are due to numerical assumptions 

although the two-equation turbulence model and related wall functions 

are also likely to be deficient.

5.4 Discussion and Conclusions

This section discusses the important aspects of calculation 

procedures for the present recirculating flow: first the approximation

of transport equations is considered; secondly, the importance of 

numerical assumptions are assessed; and, lastly, the role of 

turbulence modelling, and associated boundary conditions, is discussed.

Approximation of transport equations. It is desirable, 

and often necessary, to simplify the transport equations for mass, 

momentum and turbulence quantities to forms which are applicable in 

only certain regions. The measurements of chapter 3 show the present 

flow can be divided into regions of inviscid, boundary-layer and 

separated flow and the calculations of this chapter demonstrate that 

flow in these regions can be reasonably well calculated using 

appropriately simplified equations. Initially, it might appear that 

solution of the complete Reynolds-averaged equations, including a 

suitable turbulence model, is the most desirable way to calculate the 

flow through the entire domain. The present results indicate this
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is false. Solutions obtained in this manner are likely to have 

less accurate results, obtained at greater expense, than an approach 

which divides the flow domain into appropriate regions for solving 

simplified equations with methods that partition the calculation 

effort to emphasize the most demanding regions.

The calculation of large regions of potential flow with 

viscous equations is unnecessary, expensive and can result in numerical 

errors which introduce false viscosity and destroy the inviscid nature 

of the solution. For example, results obtained with the solution 

procedure of section 4.4 are inaccurate in regions of potential flow 

because of numerical diffusion. There is an aphysical drop in total 

pressure with downstream distance because, instead of convection 

processes balancing pressure gradient effects, numerical diffusion 

plays a dominant role in the momentum balance. Reduction of this 

error, for example by grid refinement or with higher order differencing 

schemes, incurs additional computational expense and places the 

emphasis of the calculation effort on reducing numerical errors in 

regions of small gradients instead of resolving the larger gradients 

in the viscous flow. For these regions, simpler methods, such as 

those of section 4.2 or the panel methods of Hess (1975) and Hunt (1980), 

are less expensive, more accurate and hence more appropriate although 

modelling of the viscous-inviscid interaction is required.

The choice between solving the boundary-layer or elliptic 

Reynolds-averaged equations depends on efficiency of the calculation 

procedure and applicability of the boundary-layer approximations.

Clearly it is worthwhile using the more efficient procedure of 

section 4.3 to solve the boundary-layer equations wherever possible.
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However, the boundary-layer assumptions breakdown, as show in 

section 5.2, at approximately the upstream extremity of the effects 

of separation, i.e. at about the farthest upstream location where 

instantaneous flow reversals are measured, and elliptic equations must 

be solved farther downstream. Interaction of the solutions of boundary- 

layerrelliptic equations seems straightforward since their domains 

can be overlapped and the results from the boundary-layer calculation 

may be used directly to start elliptic calculations. The latter 

can continue the calculation downstream through the region of 

recirculation incorporating streamwise gradients and the cross-stream 

momentum equation into the solution procedure which are both important 

as shown in section 5.2 and 5.3.

Numerical assumptions. The influence of numerical approximation 

was quantified for the three solution procedures for inviscid, boundary- 

layer and elliptic Reynolds-averaged transport equations. It can be 

reduced to acceptable levels in the inviscid and boundary-layer 

solutions, as discussed in sections 5.1 and 5.2, but was important 

to the solution in the region of recirculation presented in section 5.3.

Numerical errors in the inviscid flow calculation manifest 

themselves as a drop in total pressure of less than 1 per cent of 

the wall static pressure. Although the values of wall pressure were 

well calculated, albeit neglecting separation, the pressure gradient 

obtained by differentiation using discrete values of pressure, was 

poorly represented especially in regions with large second derivatives 

of pressure so that grid refinement was necessary to reduce this error 

to acceptable limits.
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Solutions of the boundary-layer equations were not obtained 

in the recirculating flow because of the Goldstein singularity in the 

forward-marching solution procedure. Furthermore, the inability to 

predict even approximate values of the displacement thickness downstream 

of separation resulted in failure of the simple viscous-inviscid 

interaction, as follows: the displacement surface had to be estimated

downstream of the singularity; the pressure distribution calculated 

with this displacement surface overestimated the blockage effect of 

separation; the separation point moved progressively forward with 

iteration between the viscous and inviscid solutions.

Numerical errors could not be reduced to acceptable levels 

in the solution of the elliptic Reynolds-averaged equations in the 

region of recirculation. Grid densities are required which are so 

large that they are impracticable for three-dimensional flows. The 

difficulty arises because of the use of upwind differencing in regions 

where the flow angle is not aligned with the finite-domain boundaries 

and resulted in numerical truncation errors of the order of actual 

diffusive terms for the momentum balances in the vicinity of recirculation. 

Numerical diffusion is more important than the local influence of 

turbulence modelling assumptions. Clearly, this is a major problem 

although recent work suggests that it may be overcome by using higher-order 

differencing schemes, such as those proposed by Leonard (1979) or 

Lai (1983), or with flexible grids which can adjust themselves approximately 

depending on the flow direction (see Ghia and Ghia, 1983): both of

these approaches are in their infancy and require further research.

Turbulence modelling and boundary conditions. In view of 

the influence of numerical diffusion it is difficult to draw conclusions
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about the effects of turbulence modelling on the calculation of 

recirculating flow. The use of a turbulence model based on the 

Reynolds stress transport equations may have benefits in representing 

turbulence phenomena in calculations of recirculating flow since it 

does not rely on the eddy-viscosity assumption used with simpler models, 

including the k-e model. The use of an eddy-viscosity assumption depends on

* on being able to scale the vorticity of eddies involved in cross-stream 

momentum transfer with the cross-stream vorticity of the mean flow,

and on being able to scale the shear stress with any of the Reynolds

* stresses (Tennekes and Lumley, 1972) so that production equals dissipation 

with convection balancing diffusion (Bradshaw, 1978). The measurements

of chapter 3 show that multiple length scales exist in and around 

recirculation and, thus, it seems unlikely that an eddy-viscosity model 

can represent diffusion in the vicinity of separation (also see Simpson 

et al, 1981). It is useful to quantify the effects of an eddy-viscosity 

assumption first, considering the advantages of simplicity offered 

by the k-e model, although a calculation procedure is needed which does 

not incur large numerical truncation errors.

The effects of streanwise curvature on the turbulence were

« reasonably well represented in the boundary-layer calculation of

section 5.2 which used a Reynolds stress turbulence model, but were 

not accounted for in the calculation of section 5.3 with the k-e model.

In view of the importance of the curvature effects in the measured 

turbulence fields, as discussed in chapter 3, it seems likely that 

their representation is important to the prediction of recirculating 

flows. It is not possible to evaluate fully the influence of 

turbulence modelling, and hence the neglect of curvature effects on the
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turbulence, in present results for the separated flow region because 

of the importance of numerical diffusion. The measurements suggest 

that turbulence models for recirculating flows are likely to require 

some account of the effects of streamwise curvature on the turbulence 

and the importance of these effects needs to be quantified using a more 

accurate numerical scheme.

Specification of inlet values of velocity, turbulence kinetic 

energy and its dissipation rate, by calculation or from measurement, is 

important to the size and position of the recirculation bubble. In 

contrast, the wall boundary conditions in the backflow does not have 

much of an influence on the calculated recirculation region as a result 

of the small values of wall shear stress found here.

In conclusion, it is worthwhile identifying the major 

impediments to the improvement of turbulence models for recirculating 

aerodynamic flows: numerical truncation error which suppress the

influence of the turbulence model; modelling requirements for the 

viscous-inviscid interaction; and the lack of experimental results, 

including turbulence data, in trailing-edge recirculation bubbles.

The measurements of chapter 3 contribute to alleviating the latter.



TABLE 5.1

COMPARISON OF RECIRCULATION LENGTH AND DETACHMENT POINT

Location of Backflow Region

Inlet Condition Detachment Length Width at Trailing Edge

s/c s/c n/c

Basic .862 .155 .0161

Half k .867 .139 .0153

Twice k .858 .165 .0169

Half e .879 .127 .0141

Twice e .847 .195 .0179

Measured .878 .138 .0175
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TABLE 5.2

COMPARISON OF THE EFFECTS OF DIFFERENT WALL

BOUNDARY CONDITIONS IN THE SEPARATED REGION

Separated Region Location of Value of s/c of 0.925*

Boundary Condition Detachment vi k cf

(i .e. for U < 0) s/c (m/s) (m2/s2) (-)

Log-law (10 <Y+ <50) .8622 -1.51 2.60 -2.53 xl0‘4

(nominally 20)

Laminar (U+ = Y+ ) .8659 -1.35 2.34 -5.1 xl0‘5

9<V,> A
Slip condition -■

o Cp
= 0) .8621 -1.50 2.60 -2.5x10"^

#

★
Corresponds roughly to the centre of the backflow.
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Figure 5.2 Surface pressure distribution 
a cylinder. on
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Figure 5.3 Comparison of measured and calculated non-dimensional longitudinal pressure 
gradient on the upper surface of the plate and flap.
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Figure 5.4 Calculated and measured distributions of momentum thickness, 
shape factor, and skin-friction coefficient in the vicinity 
of separation.
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Figure 5.5 Calculated and measured profiles of mean velocity and

Reynolds stresses in the boundary layer approaching separation.
( Symbols as in fig. 3.10a; □ calclated values, from boundary 
layer calculation procedure.)

Mean velocity.(a)
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Fig. 5.5 (cont.) (b) Streamwise normal stress.

354



#

Fig. 5.5 (cont.) (c) Cross-stream normal stress.
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Fig. 5.5 (cont.) (d) Transverse normal stress
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Fig. 5.5 (cont.) (e) Reynolds shear stress.
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Figure 5.6 Potential flow mesh with the calculated diplacement 
thickness added to the surface of the plate and flap.

*
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Figure 5.7 Calculation domain and scalar cell faces.

Figure 5.8 Calculated mean velocity vectors 
(a) Overall.
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Fig. 5.8 (cont.) (b) Separated region.
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Figure 5.9 Calculated mean streamlines.
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Figure 5.12 Profiles of calulated and experimental turbulence kinetic energy.
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Fig. 5.12 (cont.) Profiles of calulated and experimental turbulence energy.
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CHAPTER 6 

CLOSURE

This chapter provides a summary of the achievements and conclusions 

of the present research and makes recommendations for future work.

The more important findings of the experimental study are summarized 

and research with further flow configurations is suggested. The 

achievements of the computational investigations are also stated and 

corresponding recommendations made. The first part of this chapter 

considers the present contribution from experiments and is followed 

by that from calculations. The chapter closes with suggested 

improvements and recommendations for further research.

Measurements of pressure and velocity characteristics were made 

in the flow around a plate extended with a downstream flap to provide 

turbulent trailing-edge separation that is similar to the two-dimensional 

separation found on high-lift wings with high aspect ratios. The 

measurements consist primarily of mean values of pressure,velocity 

and Reynolds stresses in the potential flow,upstream boundary layer, 

recirculation region and downstream wake. The experimental procedures 

feature the use of flying hot-wire anemometry which was required 

in the vicinity of recirculation where flow reversals were found.

The results provide valuable information for testing calculation 

methods and turbulence models intended for recirculating flows: in

particular, they are useful for developing aerodynamic calculation 

procedures for the flow around the trailing-edge of airfoils near 

maximum lift, but without the complicating influence of leading-edge 

phenomena.



370 -

The experiments indicate, and verified by calculations, that 

certain regions of the flow are more important to the successful 

prediction of the effects associated with separation and they are the 

subject of the following paragraphs.

The shear layer associated with the dividing streamline is 

the most important region. Here, the mean flow is diverted around 

the recirculation region and results in cross-stream momentum and 

pressure gradients which are greater than can be approximated by 

boundary-layer equations. Velocity gradients are considerable in 

both cross-stream and streamwise directions and turbulence production 

is large. This results in significantly larger values of turbulence 

stresses throughout this shear layer than would be expected in an 

attached boundary layer and turbulent diffusion is, consequently, 

large. Turbulence transport is the main process which balances the 

pressure gradient in the vicinity of mean streamline detachment, and 

is important in determining the dimensions of the recirculating region. 

It is also responsible for the moderately high levels of turbulence 

stresses found near the centre of the recirculation bubble where 

turbulence production is insignificant. Turbulence-modelling 

assumptions are important to the prediction of this shear layer and 

it is possible that a model using an eddy-viscosity hypothesis may 

be adequate despite moderate anisotropy of the turbulence field.

The present calculations suggest this, but are not completely 

conclusive because of the influence of numerical truncation errors.

The flow close to the wall has a log-linear distribution 

of mean velocity across a portion of the boundary layer. The 

conventional law-of-the-wall describes the near-wall flow upstream
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o f  flo w  r e v e r s a ls  a s s o c ia t e d  w ith  in c ip ie n t  s e p a r a t io n . F a r t h e r  

downstream and in  th e  b a c k flo w , th e  lo g -la w  co n s ta n ts  g r a d u a lly  

change a lth o u g h  the c a lc u la t io n s  su g g e st t h a t  t h is  i s  o f  l i t t l e  

consequence to the m ean -flo w  r e s u l t s ,  p ro b a b ly  because the w a ll s h e a r  

s t r e s s  i s  v e ry  s m a ll in  and around the r e c ir c u la t io n  b u b b le .

C h a r a c t e r is t ic s  o f  th e  wake were found to be la r g e ly  dependent 

on the n a tu re  o f  th e  r e c ir c u l a t in g  f lo w  upstream . R eyn o ld s s t r e s s e s  

a re  la r g e  in  the wake because o f  la r g e  le v e ls  o f  tu rb u le n c e  p ro d u c tio n  

upstream  in  the v i c i n i t y  o f  r e c ir c u l a t io n  and in  the v e r y -n e a r  w ake,

i . e .  in  the s u c t io n -s id e  s h e a r  la y e r  and in  the p r e s s u r e -s id e  m ix in g  

la y e r  t h a t  a re  found above and below  th e  b a ckflo w  n e a r th e  t r a i l in g - e d g e .  

C o r r e s p o n d in g ly , tu rb u le n c e  d if f u s io n  in  the wake i s  a ls o  la r g e  and 

ca u se s the mean flo w  to re c o v e r  q u ic k ly  and the tu rb u le n c e  to approach 

an is o t r o p ic  s t a t e  r a p id ly  a lth o u g h  in  a h ig h ly  n o n - l in e a r  manner.

To c a lc u la t e  the w ake, i t  i s  e s s e n t ia l  to re p re s e n t  mean and tu rb u le n c e  

c h a r a c t e r is t ic s  f o r  th e  i n i t i a l  developm ent o f  the wake a s s o c ia t e d  

w ith  the b a ckflo w  b e c a u se , f i r s t l y ,  the b a ckflo w  o r ig in a t e s  m a in ly  

i n  t h is  re g io n  an d , s e c o n d ly , developm ent o f  the re m a in d e r o f  the 

wake depends h e a v i ly  on upstream  v a lu e s  w hich a re  co n vected  downstream 

and d eterm ine the le v e ls  o f  d if f u s io n  and tu rb u le n c e  p ro d u c tio n  in  the 

n e a r w ake. In  the v e r y -n e a r  and n e a r w ake, c u rv a tu re  o f  th e  flo w  

aro u nd  the downstream end o f  r e c ir c u l a t io n  d e s t a b i l iz e s  the tu rb u le n c e  

by re d u c in g  the lo c a l  r a te  o f  d is s ip a t io n  o f  tu rb u le n c e  k in e t ic  e n erg y 

in  the v i c i n i t y  o f  c lo s u r e  o f  th e  b u b b le . These c u r v a t u r e  e f f e c t s ,  

and tho se d is c u s s e d  b elow , have im p o rta n t consequences i n  t h a t  tu rb u le n c e  

m odels r e q u ir e  the r e p r e s e n t a t io n  o f  the e f f e c t s  o f  s i g n i f i c a n t  

change i n  the tu rb u le n c e  s t r u c t u r e  t h a t  i s  a consequence o f  the
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e x t r a  s t r a i n ,  f o r  in s t a n c e  due to c u r v a t u r e ,  in  o rd e r to  p r e d ic t  the c o r r e c t  

le v e ls  o f  tu rb u le n c e  s t r e s s e s ,  d is s ip a t io n ,  and thus d if f u s io n .

T u rb u le n c e  in  the cu rve d  b o u n d a r y -la y e r  upstream  o f  s e p a r a t io n  

was s t a b i l iz e d  as a consequence o f  stream w ise  c u r v a t u r e . The 

m easurements showed t h a t  the mean flo w  and tu rb u le n c e  s t r u c t u r e  

• were a f fe c t e d  and i t  may be im p lie d  t h a t  t h is  was cau sed  by an

in c r e a s e  in  the r a t e  o f  d is s ip a t io n  o f  tu rb u le n c e  e n e rg y w hich had 

the e f f e c t  o f  s t a b i l i z i n g  the tu rb u le n c e  and , h e n ce , d e c re a s in g  

d i f f u s io n .  The degree o f  t h is  e f f e c t  s u g g e s t s , and i t  i s  co n firm e d  by 

b o u n d a r y -la y e r  c a lc u la t io n s  w ith  the R eynolds s t r e s s  t r a n s p o r t  m odel, 

t h a t  m o d e llin g  the e f f e c t s  o f  stream w ise  c u rv a tu re  i s  im p o rta n t to 

th e  upstream  developm ent o f  the s h e a r  la y e r  a s s o c ia t e d  w ith  the 

d iv id in g  s t r e a m lin e ,  in c lu d in g  the lo c a t io n  o f detachm ent. In  a d d it io n ,  and 

a t  le a s t  as im p o rta n t in  the v i c i n i t y  o f  detachm ent and o f  the 

downstream end o f  r e c i r c u l a t io n ,  m easurements and c a lc u la t io n s  in d ic a t e  

t h a t  tu rb u le n c e  p ro d u c tio n  by n o r m a l-s t r e s s : n o r m a l-s t r a in  in t e r a c t io n  

may need to be m o d elled  where the tu rb u le n c e  i s  a n is o t r o p ic  and 

stre am w ise  g r a d ie n t s  a re  c o n s id e r a b le . T h is  su g g e sts  t h a t  b o u n d a ry- 

la y e r  form s o f  the R eyn old s s t r e s s  t r a n s p o r t  e q u a tio n  do not re p re s e n t  

tu rb u le n c e  phenomena in  the re g io n  a p p ro a ch in g  detachm ent and o f  r e c i r c u l a t ­

in g  flo w  so t h a t  e l l i p t i c  form s a re  re q u ir e d  w hich were a ls o  recommended 

f o r  the mean flo w  e q u a tio n s  d is c u s s e d  ab o ve.

C a lc u la t io n s  were perform ed w ith  n u m e rica l p ro ce d u re s t h a t  s o lv e  

the N a v ie r -S t o k e s  e q u a tio n s  in  t h e ir  i n v i s c i d ,  b o u n d a r y -la y e r  and 

e l l i p t i c  R e y n o ld s -a v e ra g e d  fo rm s, and the r e s u lt s  were compared w ith  

tho se o f  the above e x p e rim e n t. The n u m e rica l s o lu t io n  o f  the R e yn o ld s-  

a ve rag e d  tw o -d im e n s io n a l, s t e a d y , c o n s ta n t  p ro p e rty  form  o f  the N a v ie r -  

S to k e s e q u a tio n s  and e q u a tio n s  f o r  the t r a n s p o r t  o f  tu rb u le n c e  k in e t ic
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e n e rg y and d is s ip a t io n  r a t e  were in  re a so n a b le  agreem ent w ith  the 

e x p e r im e n t a lly  o b served  mean f lo w . They showed t h a t  th e  c r o s s -

*  stre am  momentum e q u a tio n  was im p o rta n t in  the v i c i n i t y  o f  s e p a r a t io n  

an d , s p e c i f i c a l l y ,  accounted f o r  up to  70 p e r c e n t o f  th e  momentum 

t r a n s f e r  in  th e  re g io n  where th e  mean flo w  converges around the downstream 

end o f  r e c i r c u l a t io n .  The c a lc u la t e d  v a lu e s  o f  mean v e lo c i t y ,  

t u rb u le n c e  k in e t ic  e n e rg y  and d is s ip a t io n  r a t e  were d i r e c t l y  a f f e c t e d  by 

n u m e rica l t r u n c a t io n  e r r o r s  w hich a p p e a r as f a ls e  d i f f u s io n .  T h is  

tended to  o b scu re  th e  in f lu e n c e  o f  tu r b u le n c e -m o d e llin g  and b o u n d a ry-

*  c o n d it io n  a ssu m p tio n s . I t  w as, how ever, ap p are n t t h a t  the use o f 

d if f e r e n t  boundary c o n d it io n s  on th e  w a ll in  the re g io n  o f  b a ckflo w  

d id  not have an a p p r e c ia b le  e f f e c t  on the m ean-flo w  and tu rb u le n c e  

r e s u l t s ,  even w it h in  r e c ir c u l a t io n .  I t  was a ls o  e v id e n t  t h a t  th e re  

was an a d d it io n a l o v e r -p r e d ic t io n  o f  d if f u s io n  by th e  p re s e n t 

fo rm u la t io n  o f  th e  k -e  tu rb u le n c e  model w hich was u n a b le  to  p r e d ic t  

th e  s t a b i l i z i n g  e f f e c t  o f  stream w ise  c u r v a t u r e  on th e  t u r b u le n c e .

The in f lu e n c e  o f  t h is  d e f ic ie n c y  c o u ld  no t be f u l l y  e v a lu a te d  because 

i t  r e s u lt s  in  e x t r a  d if f u s io n  o f  momentum and tu rb u le n c e  e n erg y w hich 

can no t be d is t in g u is h e d  from  th e  f a ls e  d if f u s io n  a s s o c ia t e d  w ith

*  n u m e rica l t r u n c a t io n  e r r o r s .  The n u m e rica l p ro ced u re  f o r  s o lv in g  

e l l i p t i c  form s o f  th e  t im e -a v e ra g e d  N a v ie r -S t o k e s  e q u a tio n s  has 

a d d it io n a l a d van tag e s a s s o c ia t e d  w ith  i m p l i c i t  tre a tm e n ts  o f  the 

v is c o u s - in v is c id  in t e r a c t io n  and th e  K u tta  c o n d it io n  a lth o u g h  the 

p ro ced u re  i s  i n e f f i c i e n t  in  re g io n s  where th e  i n v i s c i d  o r  b o u n d a ry- 

la y e r  e q u a tio n s  a re  a p p r o p r ia t e .

R e s u lt s  o b ta in e d  w ith  a fo rw a rd -m a rch in g  n u m e rica l p ro ced u re  

f o r  s o lv in g  b o u n d a r y -la y e r  form s o f  the t r a n s p o r t  e q u a tio n s  f o r  m ass, 

momentum and R eyn o ld s s t r e s s e s ,  were in  v e ry  good agreem ent w ith  the
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e x p e rim e n ta l mean flo w  o v e r the cu rv e d  b o u n d a r y -la y e r  and upstream  

o f  f lo w  r e v e r a ls .  T u rb u le n c e  le v e ls  were re a s o n a b ly  w e ll c a lc u la t e d

9  s in c e  the use o f  th e  R eynolds s t r e s s  t r a n s p o r t  model enab led  th e

r e p r e s e n t a t io n  o f  th e  e f f e c t s  o f  stream w ise  c u rv a tu re  on th e  tu rb u le n c e  

w ith  a p p r o p r ia t e  m o d e llin g  o f  th e  p r e s s u r e -s t r a in  c o r r e la t io n  and 

in f lu e n c e  o f  th e  w a l l .  The b o u n d a r y -la y e r  c a lc u la t io n s  d id  not 

ag re e  w ith  e x p e rim e n ts downstream o f  the upstream  e x t re m it y  o f  

flo w  r e v e r s a ls  a s s o c ia t e d  w ith  s e p a r a t io n , and t h is  i s  a t t r ib u t a b le  

to  th e  n e g le c t  o f  c r o s s -s t r e a m  momentum and stream w ise  g r a d ie n t s

• w hich both become in c r e a s in g ly  s i g n i f i c a n t  a p p ro a ch in g  detachm ent.

C a lc u la t e d  r e p r e s e n t a t io n  o f  v is c o u s  e f f e c t s  on the in v i s c i d  

f lo w , and hence on the s u r f a c e  p re s s u re  d is t r ib u t io n  used in  the 

b o u n d a r y -la y e r  c a l c u la t io n ,  was no t s u c c e s s f u l in  th e  v i c i n i t y  o f  

s e p a r a t io n . The b o u n d a r y -!a y e r  a p p ro x im a tio n  f a i l e d  upstream  o f  

s e p a r a t io n  and o v e r -p r e d ic t e d  th e  r a t e  o f  b o u n d a r y -la y e r  grow th. As 

a r e s u l t ,  s im p le  a cco u n t o f  th e  v is c o u s  f lo w  by a d d in g  the d isp la c e m e n t 

t h ic k n e s s  to  th e  w a ll c o -o r d in a t e s  in  th e  i n v i s c i d  c a lc u la t io n  was 

u n a b le  to  rep ro d u ce the w a ll p re s s u re  g r a d ie n t .  The p re s s u re  i s  o v e r ­

p r e d ic t e d  n e a r s e p a ra t io n  and th e  detachm ent p o in t  moves p r o g r e s s iv e ly

• upstream  w ith  su b seq u en t i t e r a t io n  between the b o u n d a r y -la y e r  and 

in v is c id - f l o w  s o lu t io n s .  The p re s e n t attem p t was u n s u c c e s s fu l f o r  

th re e  p o s s ib le  re a so n s and f u r t h e r  re s e a rc h  i s  r e q u ir e d  to  d eterm in e  

w hich a re  im p o rta n t . F i r s t ,  th e  s im p le  d isp la c e m e n t s u r f a c e  co n cep t 

may not be a p p r o p r ia t e  in  th e  v i c i n i t y  o f  r a p id  b o u n d a r y -la y e r  grow th: 

h ig h e r  o rd e r tre a tm e n t o f the boundary c o n d it io n  to  a cco u n t f o r  la r g e  

lo c a l  g r a d ie n t s  a c ro s s  the s t r e a m lin e s  may be n e c e s s a r y . S e c o n d ly , 

th e  fo rw a rd -m a rch in g  b o u n d a r y -la y e r  p ro ce d u re  f a i l s  to  converge
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downstream o f  detachm ent and e m p ir ic a l s p e c if ic a t io n  o f  th e  d isp la c e m e n t 

s u r fa c e  was r e q u ir e d : in v e r s e  methods f o r  c a lc u la t in g  the b o u n d a ry -

la y e r  f lo w  w ould a v o id  th e  need to  s p e c if y  th e  downstream b o u nd ary.

L a s t ly ,  th e  b o u n d a r y -la y e r  form  o f  t r a n s p o r t  e q u a tio n s  i s  in v a l i d  

in  the v i c i n i t y  o f  detachm ent however i f  t h is  re g io n  was s m a lle r  than 

a s iz e  y e t  to  be d e te rm in e d , the b o u n d a r y -la y e r  a p p ro x im a tio n s may be 

adequate f o r  e n g in e e r in g  p u rp o se s: in v e r s e  te c h n iq u e s  a re  a g a in  re q u ire d

to  s o lv e  f o r  th e  re m a in d e r o f  th e  se p a ra te d  f lo w  and a d d it io n a l d e t a ile d  

e x p e rim e n ts in  s m a lle r  re g io n s  o f  s e p a ra t io n  a re  needed to  d e f in e  the 

l i m i t s  o f  t h is  a p p ro a ch . T u rb u le n c e  m o d e llin g  and w a ll boundary 

c o n d it io n s  a re  o f  se co n d ary  im p o rtan ce  compared to  th e  above f a c t o r s ,  

b u t i t  i s  worth recommending th e  use o f  th e  la w -o f -t h e -w a ll  boundary 

c o n d it io n ,  w hich a c c u r a t e ly  and e f f i c i e n t l y  re p re se n te d  the n e a r -w a ll 

flo w , and use o f  th e  R eynolds s t r e s s  tu rb u le n c e  model w hich re p re se n te d  

th e  in f lu e n c e  o f  stream w ise c u r v a t u r e  on th e  t u r b u le n c e .

The c a lc u la t io n  methods o f  the p re s e n t stu d y  were a b le  to  re p re s e n t  

the mean flo w  around the t r a i l in g -e d g e  c o n f ig u r a t io n  o f  f ig u r e  3 . 1  b u t 

im provem ents a re  needed and a re  d is c u s s e d  in  the f o llo w in g  p a ra g ra p h s .

I t  seems t h a t  th e  most im p o rta n t d e f ic ie n c y  in  th e  c a lc u la t io n  

o f  se p a ra te d  and near-w ake flo w  i s  n u m e rica l a c c u ra c y  o f  th e  n u m e rica l 

s o lu t io n  p ro ce d u re . T ru n c a t io n  e r r o r s  cau se  f a ls e  d if f u s io n  in  re g io n s  

where u p w in d -d if fe r e n c in g  i s  a p p lie d  and th e  mean v e lo c it y  i s  in c l in e d  

to  the c a lc u la t io n  mesh, and th e se  e r r o r s ,  a lth o u g h  d i f f i c u l t  to  

q u a n t if y ,c a n  not be ig n o re d . The use o f  a g e n e ra l c u r v i l in e a r  mesh, 

w hich i s  c o n s tru c te d  from  th e  s t r e a m lin e s  and v e lo c it y - p o t e n t ia l  l in e s  

o f  the e q u iv a le n t  in v i s c i d  f lo w , h e lp s  to  im prove n u m e rica l a c c u ra c y  

in  the f o llo w in g  two w ays: f i r s t ,  th e  boundary c o n d it io n s  a re

a c c u r a t e ly  re p re se n te d  w hich i s  o f  p a r t ic u l a r  im p o rtan ce  a t  th e  w a ll
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boundary a n d , s e c o n d ly , th e  a lig n m e n t o f  th e  mesh and flo w  d ir e c t io n  

i s  im proved e s p e c ia l ly  in  r e g io n s  where v is c o u s  e f f e c t s  a re  s m a ll .

In  c o n t r a s t ,  th e  f lo w  in  th e  v i c i n i t y  o f  r e c ir c u l a t io n  has la r g e  

v a lu e s  o f  e f f e c t iv e  v is c o s i t y  and i s  d e f le c t e d  around the b a ck flo w  

so t h a t  i t  i s  not a lig n e d  w ith  th e  in v is c id - f l o w  mesh. T h is  m is -

• a lig n m e n t o cc u rs  in  th e  v i c i n i t y  o f  the im p o rta n t s h e a r la y e r  

a s s o c ia t e d  w ith  th e  d iv id in g  s t r e a m lin e ,  more s p e c i f i c a l l y  n e a r 

detachm ent and n e a r th e  r e a r  s t a g n a t io n  p o in t ,  and r e s u lt s  in  f a ls e

d if f u s io n  s in c e  th e  v e lo c i t ie s  h e re  a re  la r g e  enough to  r e q u ir e  upwind
m

d if f e r e n c in g .  The a c c u ra c y  o f  th e  c a lc u la t e d  r e s u lt  i s  l i k e l y  to  be 

adequate f o r  many p r a c t ic a l  purposes b u t can u s e f u l ly  be im p ro ved , 

perhap s by the use o f  h ig h e r  o rd e r a p p ro x im a tio n s . S e c o n d -o rd e r schem es, 

such a s  th o se  o f  R a ith b y  ( 1 9 7 6 ) ,  Leonard ( 1 9 7 9 ) ,  L a i (19 8 2 )  and 

Hackman e t  a l ( 1 9 8 3 ) ,  a re  p o s s ib le  c a n d id a te s  and need to  be q u a n t it a t iv e ly  

e v a lu a te d  f o r  the p re s e n t f lo w  c o n f ig u r a t io n . The use o f  a d a p t iv e  g r id s ,  

such as th o se  d is c u s s e d  by G h ia  and G h ia  ( 1 9 8 3 ) ,  a re  a ls o  l i k e l y  to  

be b e n e f ic ia l  and th e  p re s e n t r e s u lt s  su g g e st t h a t  p re s s u re  g ra d ie n t s  

a re  l i k e l y  to  p ro v id e  an a p p ro p r ia te  a d a p t iv e  c r i t e r i a .

The p re s e n t m easurem ents and c a lc u la t io n s  in d ic a t e s  t h a t
*

d if f u s io n  i s  o v e r -p r e d ic t e d  and t h a t  t h is  i s  not due e n t i r e ly  to  

n u m e rica l in a c c u r a c y . The use o f  an e d d y -v is c o s it y  h y p o th e s is  and the 

n e g le c t  o f  stream w ise  c u r v a t u r e  e f f e c t s  on the d is s ip a t io n  r a t e ,  

can n o t be f u l l y  a s s e s s e d  because o f  n u m e rica l in a c c u r a c ie s  b u t i t  does 

ap p e a r t h a t  th e  c u rv a t u re  and d if f u s io n  e f f e c t s  w ould be s i g n i f i c a n t  

even i f  n u m e rica l d if f u s io n  were a b s e n t. I t  i s  t h e r e fo r e  recommended 

t h a t  im provem ents to  th e  p re s e n t n u m e rica l scheme to  red u ce n u m e rica l 

t r u n c a t io n  e r r o r s  a re  fo llo w e d  by an in v e s t ig a t io n  o f  tu rb u le n c e
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m o d e llin g  in f lu e n c e s  in  the sh e a r  la y e r  a s s o c ia t e d  w ith  the s t r e a m lin e  

d iv id in g  forw ard  and re v e rs e d  f lo w  an d , a ls o ,  in  th e  cu rv e d  boundary 

la y e r  and n e ar wake.

The v is c o u s - in v is c id  in t e r a c t io n -c a n  be m o d elled  w ith  a s im p le  

d isp la c e m e n t t h ic k n e s s  upstream  o f  th e  in f lu e n c e  o f  s e p a r a t io n .

F u r t h e r  in v e s t ig a t io n  i s  needed to  d e te rm in e  a p p ro p r ia te  p ro ce d u re s 

f a r t h e r  downstream where the boundary la y e r  grows r a p id ly  as 

s e p a r a t io n  i s  ap p ro ach e d , and in  th e  v i c i n i t y  o f  r e c ir c u l a t in g  flo w  

and the cu rved  downstream wake. I t  ap p e ars d o u b tfu l w hether a s im p le  

approach w i l l  be a d e q u a te , a t  le a s t  in  the re g io n  a p p ro a ch in g  detachm ent, 

because o f  la r g e  g r a d ie n t s  in  the d isp la c e m e n t s u r f a c e ,a n d  hence the 

e q u iv a le n t  in v i s c i d  f lo w , w hich le a d s  to  th e  c o n s id e r a t io n  o f  h ig h e r  

o rd e r boundary c o n d it io n s  such as th o se  d is c u s s e d  by Murman and 

B u s s in g  ( 1 9 8 3 ) . Even s o , th e  u su a l approach has been to  s o lv e  b o u n d a ry- 

la y e r  e q u a tio n s  in  th e  v is c o u s  f lo w  around a i r f o i l s ,  but s i g n i f i c a n t  

v a r ia t io n s  o f  c r o s s -s t r e a m  v e lo c it y  and stream w ise  g ra d ie n t s  th a t a re  found 

in  th e  e x p e rim e n t, and v e r i f ie d  in  the c a l c u la t io n ,  in d ic a t e s  t h a t  

la r g e  re g io n s  o f  r e c ir c u l a t io n  must be re p re se n te d  by s o lu t io n s  o f 

le s s  s im p l i f ie d  form s o f  th e  t im e -a v e ra g e d  N a v ie r -S t o k e s  e q u a t io n s . 

C ro s s -s tre a m  momentum can be in c o rp o ra te d  by s o lv in g  i t s  t r a n s p o r t  

e q u a tio n  and t h is  was the p r a c t ic e  in  the p re se n t N a v ie r -S t o k e s  c a lc u la t io n s .  

The im p o rtance  o f  stre a m w ise  v a r ia t io n s  o f  the mean momentum and 

tu rb u le n c e  s t r e s s e s  in  both c a lc u la t io n s  and e x p e rim e n t, su g g e sts  

t h a t  the lo c a l  f lo w  p r o p e r t ie s  in  the v i c i n i t y  o f  r e c ir c u l a t io n  a re  

in f lu e n c e d  by e v e n ts  f u r t h e r  dow nstream , and in  a manner not acco un ted  

f o r  by p re s s u re  a lo n e , so t h a t  the m a th e m a tica l p ro p e rty  o f  e l l i p t i c i t y  

must be re p re se n te d  in  the e q u a tio n s  used to  re p re s e n t  t u r b u le n t  

r e c ir c u l a t in g  f lo w .



The s o lu t io n  o f t im e -a v e ra g e d  N a v ie r -S t o k e s  e q u a tio n s  has

ad van tag es o v e r v is c o u s - in v is c id  in t e r a c t iv e  c a lc u la t io n s  w hich make

them a t t r a c t iv e  f o r  re g io n s  o f  s tro n g  v is c o u s - in v is c id  in t e r a c t io n .

S o lu t io n  p ro ce d u re s f o r  th e  N a v ie r -S t o k e s  e q u a t io n s , such as t h a t  o f

th e  p re se n t c a l c u la t io n ,  re p re s e n t  e l l i p t i c  p r o p e r t ie s  o f  t r a n s p o r t
c

e q u a tio n s  t h a t  a re  im p o rta n t in  the v i c i n i t y  o f  r e c a lc u la t io n , as 

in d ic a t e d  ab o ve, w hereas in t e r a c t iv e  c a lc u la t io n s  r e t a in  e l l i p t i c i t y  o n ly  

thro ugh the p re s s u re  an d , in  th e  ca se  o f  in t e g r a l  m ethods, v e l o c i t y -  

p r o f i l e  a ssu m p tio n s. A ls o ,  N a v ie r -S t o k e s  c a lc u la t io n s  do not r e q u ir e  

e m p ir ic a l knowledge o f  o r s p e c ia l  tre a tm e n ts  f o r  the K u tta  c o n d it io n  

o r  w a k e -c u rv a tu re  e f f e c t s ,  w hich a re  the s u b je c t  o f  much u n c e r t a in t y  

in  in t e r a c t iv e  c a lc u la t io n s ,  o th e r  than th o se  assu m p tio n s a s s o c ia t e d  

w ith  tu rb u le n c e  m o d e llin g  and the la w -o f -t h e -w a ll  boundary c o n d it io n s  

w hich a re  le s s  r e s t r i c t i v e ,  and more g e n e r a lly  a p p r o p r ia t e , than 

a ssu m p tio n s about the t r a i l in g -e d g e  flo w  d is c u s s e d  by B u t t e r  and 

W ill ia m s  ( 1 9 8 0 ) , f o r  exam ple. In  c o n t r a s t  to  a tta c h e d  f lo w s , the K u t t a - 

c o n d it io n  and w a k e -c u rv a tu re  e f f e c t s  a re  more im p o rta n t in  f lo w s w ith  

t r a i l in g -e d g e  s e p a r a t io n  because o f  th e  c o rre sp o n d in g  s tro n g  v is c o u s -  

i n v i s c i d  in t e r a c t io n  and a p p ro p r ia te  assu m p tio ns a re  d i f f i c u l t  to  o b ta in  

because o f  the b a ck flo w  on the s u c t io n -s id e  s u r f a c e .  N a v ie r -S to k e s  

c a lc u la t io n s  in c o rp o ra t e  th e se  e f f e c t s  im p l i c i t l y  a n d , t h e r e f o r e , 

p ro v id e  a b e t t e r  r e p r e s e n t a t io n . In  a s i m i l a r  f a s h io n , u n c e r t a in t y  

in  th e  boundary c o n d it io n  t h a t  co u p le s v is c o u s  and i n v i s c i d  s o lu t io n s  

in  an in t e r a c t iv e  c a lc u la t io n  does not ap p ear in  N a v ie r -S t o k e s  

c a lc u la t io n s  s in c e  t h is  boundary c o n d it io n  i s  i m p l i c i t l y  c o n ta in e d  in  

the fo rm u la t io n  o f  th e  e q u a tio n s  a lth o u g h  the c a lc u la t io n  domain must 

in c lu d e  the o u te r  p o t e n t ia l - f lo w  r e g io n . The d i f f i c u l t i e s  w ith  u s in g  

N a v ie r -S t o k e s  e q u a tio n s  f o r  a i r f o i l  c a lc u la t io n s  a re  p r im a r i ly  a s s o c ia t e d
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n u m e rica l in a c c u r a c ie s  and co m p u ta tio n a l e f f ic ie n c y ,  and in  t h is

re s p e c t  in t e r a c t iv e  c a lc u la t io n s  have an advantage p ro v id e d  th e y  can

d e s c r ib e  the flo w  a p p r o p r ia t e ly  w e l l .  C o n s id e r in g  p re s e n t  com puter c o n s t r a in t s ,

the s o lu t io n  o f  N a v ie r -S to k e s  e q u a tio n s  o v e r the e n t ir e  domain i s

l im it e d  to  tw o -d im e n sio n a l c o n f ig u r a t io n s  s in c e  t h re e -d im e n s io n a l

c a lc u la t io n s  w ith  them a re  p r o h ib it iv e ly  e x p e n siv e  f o r  e n g in e e r in g

p r a c t ic e .  In  th e  in t e r e s t s  o f  e f f ic ie n c y ,  the c a lc u la t io n  domain c o u ld

be s u b -d iv id e d  in t o  re g io n s  where s o lu t io n s  o f  i n v i s c i d ,  b o u n d a r y -la y e r

and N a v ie r -S t o k e s  e q u a tio n s  a re  o b ta in e d  and co u p led  w ith  a p p ro p r ia te

boundary c o n d it io n s .  F o r exam p le, s o lu t io n s  o f  th e  N a v ie r -S t o k e s

e q u a tio n s  c o u ld  be o b ta in e d  in  a s m a ll p o rt io n  o f  an a i r f o i l  c o n f ig u r a t io n

in  the v i c i n i t y  o f  stro n g  v is c o u d - in v is c id  in t e r a c t io n ,  i . e .  n e a r th e

t r a i l in g -e d g e  w ith  o r  w ith o u t s e p a r a t io n , and co u p le d  to  i n v i s c i d ,

b o u n d a r y -la y e r  o r o th e r  a p p r o p r ia t e ly  s im p l i f ie d  v e r s io n s  o f  t r a n s p o r t

e q u a tio n s  w hich a re  used to c a lc u la t e  the rem aind er o f  the flo w  dom ain.

A c c o r d in g ly ,  the c a lc u la t io n  e f f o r t  can em phasize the more demanding

re g io n s  o f  th e  flo w  a lth o u g h  a p p r o p r ia t e  boundary c o n d it io n s  a re  r e q u ir e d

to re p re s e n t  the in t e r a c t io n  between s o lu t io n s  and c o u ld  be p ro v id e d

on a m atch in g  s u r f a c e  such as t h a t  proposed by Maghoub and Bradshaw (19 7 9 )

and d is c u s s e d  by Bradshaw , Kavanagh and Mobbs ( 1 9 8 3 ) .  The a t t r ib u t e s

o f  t h is  approach w ith  the in c lu s io n  o f  N a v ie r -S t o k e s  c a lc u la t io n s  f o r

th e  r e c ir c u l a t in g  f lo w , needs f u r t h e r  in v e s t ig a t io n  to d eterm ine  the

le v e ls  o f  e f f ic ie n c y  and a c c u ra c y  t h a t  can be a c h ie v e d . In  summary,

s o lu t io n s  o f  th e  N a v ie r -S t o k e s  e q u a tio n  p ro v id e  a more a c c u ra te

re p r e s e n t a t io n  o f  r e c ir c u la t io n  w ith  le s s  e m p ir ic a l assu m p tio n s and a re

a p p ro p r ia te  f o r  a w id e r  range o f  t r a i l in g -e d g e  flo w  c o n d it io n s  than

v is c o u s - in v is c id  in t e r a c t iv e  c a lc u la t io n s .  The l a t t e r  in c u r  le s s
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co m p u ta tio n a l e x p e n se , b u t the fo rm er sh o u ld  be p r e f e r r e d  f o r  

p r e d ic t in g  la r g e  re g io n s  o f  t r a i l in g -e d g e  s e p a r a t io n .

D e t a ile d  e xp e rim e n ts o f  th e  f lo w  around tw o -d im e n s io n a l, h ig h -  

l i f t  a i r f o i l  c o n f ig u r a t io n s  a re  su g g ested  f o r  f u r t h e r  in v e s t ig a t io n  

to  im prove the u n d e rsta n d in g  o f  s e p a r a t io n  phenomena and to  a id  the 

developm ent o f  d e s ig n  p ro ce d u re s f o r  a i r f o i l s  and w in g s . F o r  a i r f o i l s  

a t  la r g e  a n g le s  o f  a t t a c k  and t r a i l i n g  p la t e s  w ith  s e p a r a t io n , im provem ents 

to  c a lc u la t io n  m ethods, such as th o se  recommended above f o r  n u m e rica l 

a c c u r a c y , tu rb u le n c e  m o d e llin g , g r id  g e n e ra t io n  and in t e r a c t iv e  

p ro c e d u re s , depend in  p a r t  on o b t a in in g  f u r t h e r  knowledge from e x p e rim e n ts , 

and s p e c i f ic  e x p e rim e n ts a re  su g g e ste d  in  the f o llo w in g  p a ra g ra p h s.

Measurements s i m i l a r  to  th o se  in  the p re s e n t f lo w , a re  needed 

on a t r a i l in g -e d g e  p la t e  a t  s m a lle r  a n g le s  o f  in c id e n c e  to  a s s i s t  in  

d e te rm in in g  the s iz e  o f  r e c ir c u la t io n  re g io n  where N a v ie r -S t o k e s  e q u a tio n s  

a re  to  be p r e fe r r e d  to  v is c o u s - in v is c id  in t e r a c t iv e  p ro c e d u re s . The 

e x te n t  o f the se p a ra te d  re g io n  i s  h ig h ly  dependent on th e  a n g le  o f  

in c id e n c e  and d e cre a se s o f  about 1 and 2 degrees from th e  p re s e n t 1 7 .5  

degrees a re  l i k e l y  to  p ro v id e  t r a i l in g -e d g e  flo w s w ith  m oderate s t r e a m lin e  

c u r v a t u r e  and a re g io n  o f  in s ta n ta n e o u s  flo w  r e v e r s a ls  a s s o c ia t e d  w ith  

a sm a ll re g io n  o f  r e c ir c u la t io n  and in c ip ie n t  s e p a r a t io n , r e s p e c t iv e ly .

A nother s e r ie s  o f  e x p e rim e n ts a re  su g gested  to  in v e s t ig a t e  

the in f lu e n c e  o f  th e  upstream  b o u n d a r y -la y e r  on s e p a r a t io n . P r o p e r t ie s  

o f  the r e c ir c u l a t in g  flo w  depend on the d is t r ib u t io n s  o f  mean and 

tu rb u le n c e  q u a n t it ie s  in  the b o u n d a r y -la y e r  a p p ro a ch in g  s e p a ra t io n  

and m easurements a re  su g gested  to  q u a n t if y  t h is  dependence in  the flo w  

around a t r a i l in g -e d g e  p la t e  w ith  s e p a r a t io n . The f i r s t  s e t  o f  e x p e rim e n ts 

in tro d u c e s  the wake o f  an a d d it io n a l p la t e  w hich in t e r a c t s  w ith  the
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s u c t io n -s id e  b o u n d a r y -la y e r  upstream  o f  th e  t r a i l in g -e d g e  p la t e  w hich i s  

p o s it io n e d  a t  in c r e a s in g  a n g le s  o f in c id e n c e  to promote t r a i l in g -e d g e

• s e p a r a t io n . The aim  i s  to  re p re s e n t  th e  p h y s ic a l c h a r a c t e r is t ic s  o f  

s e p a r a t in g  c o n f lu e n t  b o u n d a ry -la y e rs  found on the s u c t io n -s id e  o f  

advanced h i g h - l i f t  a i r f o i l  c o n f ig u r a t io n s  d e p lo y in g  le a d in g -e d g e  

s l a t s  and to  im prove u n d e rsta n d in g  o f  th e  p h y s ic a l p ro ce sse s  a s s o c ia t e d  

w ith  i t s  s e p a r a t io n  and t h e ir  im p l ic a t io n s  f o r  the c a lc u la t io n  o f  th e  

r e c ir c u l a t in g  f lo w . The second s e t  o f  e x p erim en ts i s  in te n d e d  to a s s i s t  

in  d e te rm in in g  the im p o rtance  o f  stre am w ise  flo w  c u r v a t u r e  on s e p a r a t io n

• p ro c e s s e s . The su g g ested  flo w  c o n f ig u r a t io n  co m p rises a t r a i l i n g  p la t e  

w ith  s e p a r a t io n  preceded by cu rved  s u r f a c e s  t h a t  have c u rv a tu re  p aram eters 

6/ R ,  le s s  than the 0 .0 3  o f  th e  p re s e n t s t u d y . I t  i s  in te n d e d  to 

re p re s e n t  s e p a r a t io n  on a i r f o i l s  w ith  s h a llo w e r  c u r v a t u r e  o v e r  t h e ir

r e a r  s e c t io n  and to a id  th e  e v a lu a t io n  o f  tu rb u le n c e -m o d e l a ssu m p tio n s 

a s s o c ia t e d  w ith  the e f f e c t s  o f  th e  e x t r a  s t r a in  due to  c u rv a t u re  on th e  

tu rb u le n c e  s t r u c t u r e  and , c o r r e s p o n d in g ly , on s e p a r a t io n .

E x p e rim e n ta l in v e s t ig a t io n s  a re  proposed f o r  a s e r ie s  o f  flo w s 

around s im i l a r  t r a i l in g -e d g e  c o n f ig u r a t io n s  w ith  i n i t i a l  b o u n d a ry- 

la y e r s  t h a t  resem ble tho se  o f  blown and s lo t t e d  f la p s .  These f lo w s , w hich

• in c lu d e  in v e s t ig a t io n  o f  u p p e r -s u rfa c e  s e p a ra t io n  and the downstream 

w akes, c o n s t it u t e  an e x te n s io n  o f  the p re s e n t  stu d y  to  tw o-e lem ent 

a i r f o i l  c o n f ig u r a t io n s  w ith  a detached t r a i l i n g  f l a p .  The purpose i s

to a s s i s t  u n d e rsta n d in g  o f  the r e la t e d  problem s o f  m u lt i-e le m e n t  a i r f o i l s  

and c o n t r ib u t e s  s p e c i f i c a l l y  to  the developm ent o f  d e s ig n  methods f o r  

h i g h - l i f t  c o n f ig u r a t io n s .  A s p l i t t e r  p la t e  w ith  a i r  blown through the 

s u r f a c e  by an in d e p e n d e n tly  c o n t r o lle d  f a n ,  and w ith  a downstream 

detached f la p - p la t e  arrangem ent co u ld  be used to e s t a b l is h  m e a n -v e lo c it y
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d is t r ib u t io n s  c lo s e ly  r e la t e d  to those found on advanced w ing d e s ig n s .

Em phasis sh o u ld  be p la c e d  on the w a ke -typ e  p r o f i le  a s s o c ia t e d  w ith  

the s lo t t e d - f la p  arrangem ent o f  c i v i l  a i r c r a f t ,  h i g h - l i f t  c o n f ig u r a t io n s ,  

but m easurements a ls o  need to  be o b ta in e d  w ith  i n i t i a l  p r o f i le s  o f  the 

w a l l - j e t  form found w ith  blown f la p  a rra n g e m e n ts.

In  a l l  c a s e s ,  measurements a re  re q u ire d  in  s u f f i c i e n t  d e t a i l  

to  e n a b le  the e v a lu a t io n  o f  c a lc u la t io n  m ethods, in c lu d in g  tu rb u le n c e  

m o d e ls, and to im prove u n d e rsta n d in g  o f  the p h y s ic a l phenomena o f  

t u r b u le n t  se p a ra te d  f lo w s . A c c o r d in g ly ,  d e t a ile d  m easurements sh o u ld  

be o b ta in e d  to p ro v id e  boundary c o n d it io n s  f o r  c a lc u la t io n s .  These 

e x p e rim e n ts have been su g gested  to a s s i s t  developm ent o f  d e s ig n  p ro ce d u re s 

and c a lc u la t io n  method f o r  tw o -d im e n sio n a l h i g h - l i f t  a i r f o i l  c o n f ig u r a t io n s .

The lo n g -te rm  o b je c t iv e  i s  to  d evelo p  d e s ig n  c a p a b i l i t y  f o r  

p r a c t ic a l  s i t u a t io n s ,  and hence th re e -d im e n s io n a l a i r c r a f t  c o n f ig u r a t io n s ,  

but so f a r  the s u c c e s s  o f  c a lc u la t io n s  has been l im it e d  to a sm a ll 

range o f  c o n d it io n s ,  p r im a r i ly  f o r  c r u is e  o r  n e a r ly  tw o -d im e n sio n a l 

c o n f ig u r a t io n s .  I t  i s  a d v is e d  t h a t  e x te n s io n  to th re e -d im e n s io n s  be 

c o n s id e re d  d u r in g  the developm ent o f  tw o -d im e n sio n a l c a lc u la t io n  

p ro ce d u re s and i t  i s  w orth n o tin g  t h a t  th e  methods o f  th e  p re s e n t stu d y  

can be e xtend ed . A n a ly t ic a l ,  n u m e rica l and e x p e rim e n ta l in v e s t ig a t io n s  

o f  t h r e e -d im e n s io n a l flo w s a re  s c a r c e ,  f o r  example th e re  a re  no d e t a ile d  

e x p e rim e n ts in c lu d in g  tu rb u le n c e  d ata on w ings w ith  s e p a r a t io n . T h re e - 

d im e n sio n a l s e p a r a t io n  i s  l i k e l y  to  have i n i t i a l  m echanism s f o r  

s e p a r a t io n  w hich a re  s i m i l a r  to  th o se  o f  tw o -d im e n sio n a l f lo w , but t h r e e -  

d im e n s io n a l flo w  s t r u c t u r e s  can be v e ry  d if f e r e n t .  A c c o r d in g ly ,  f u t u r e  work 

needs to  encompass measurements in  re g io n s  o f  t h re e -d im e n s io n a l s e p a r a t io n , 

f o r  exam ple to re p re s e n t  se p a ra te d  flo w s o v e r swept w in g s , and used to 

p ro v id e  u n d e rsta n d in g  o f  and c a lc u la t io n  methods f o r  the flo w  around a i r c r a f t .
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NOMENCLATURE

< > t im e -a v e ra g e d  q u a n t it y

A c o e f f ic ie n t s  o f  f in i t e - d i f f e r e n c e  e q u a tio n  c h a p te r  4

Al* *  A3 c o e f f ic ie n t s  o f  h o t -w ir e  v o lt a g e -v e lo c it y  r e la t io n s h ip  

c h a p te r  2

A* K in g 's  law  c o n s ta n t

Aa c e l l - f a c e  a re a

a T *  a 34 c o e f f ic ie n t s  in  the in s ta n ta n e o u s  h o t -w ir e  respo nse e q u a tio n

a , b , c , r d im e n sio n s o f  f ly in g - w ir e  mechanism c h a p te r  2

B lo g a r it h m ic  la w -o f -t h e -w a ll  c o n s ta n t

B* K in g 's  law  c o n s ta n t

b -j. .  b^ c o e f f ic ie n t s  o f  second o rd e r  moments in  the 

a p p ro p r ia te  e q u a tio n  f o r  h o t -w ir e  c o o lin g  v e lo c it y

C ,c cho rd  le n g th

c p

Cf

s t a t ic - p r e s s u r e  c o e f f ic ie n t  

s k i n - f r i c t i o n  c o e f f ic ie n t

C1 ,C 2 ,C 3 c o n s ta n ts  in  the ap p ro xim ate e q u a tio n

CH 1’ CH2’ CH3 f o r  in s ta n ta n e o u s  h o t -w ir e  c o o lin g

CG 1 ’ CG2 v e lo c it y

Cy ,C e l* Ce 2 c o n s ta n ts  o f  the k -e  tu rb u le n c e  model

Ct  *C-j j ^2 c o n s ta n ts  o f  the R e y n o ld s -s t r e s s

V c i , c 2

Ce r Ce2

tu rb u le n c e  model

d
P re sto n  tube d ia m e te r c h a p te r  2

c o e f f ic ie n t  o f  f in i t e - d i f f e r e n c e  e q u a tio n  c h a p te r 4

E lo g a r it h m ic  la w -o f -t h e -w a ll  c o n s ta n t

E* v o lta g e  o u tp u t o f  h o t -w ir e  anemometer
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f
f u n c t io n

w e ig h tin g  f a c t o r  c h a p te r  4

F f u n c t io n

fpr P re s to n -tu b e  s i m i l a r i t y  fu n c t io n

c o e f f ic ie n t s  o f  f u n c t io n  F-j o f  ap p ro xim ate h o t -w ir e  

resp o n se  e q u a tio n

Gt r a t e  o f  g e n e ra t io n  o f  tu rb u le n c e  k in e t ic  e n e rg y ; 

a t  the w a ll

9 ]••• 9g c o e f f ic ie n t s  o f  f u n c t io n  o f  ap p ro xim ate  h o t -w ir e  

resp o n se  e q u a tio n

H shape f a c t o r

H* f u n c t io n

h* c o n s ta n t  re p re s e n t in g  h o t -w ire  s e n s i t i v i t y  to  normal 

v e lo c it y

W e
c a l ib r a t io n  c o n s ta n ts  o f  f iv e -h o le  im p act

K - J  jK£ probe

k tu rb u le n c e  k in e t ic  energ y

k* c o n s ta n t  re p r e s e n t in g  h o t -w ir e  s e n s i t i v i t y  to  t a n g e n t ia l 

■ v e lo c it y

ln le n g th  o f  n e g a t iv e  mean v e lo c it y  re g io n

£ le n g th  s c a le

■K'-j 9 & 2 9 ̂3 m e t r ic  c o e f f ic ie n t s  in  c-j > and C3- d ir e c t io n

N d e s ig n a te d  p o s it io n  from  s u r f a c e ,  i . e .  n = N

n c r o s s -s t r e a m  b o u n d a r y -la y e r  c o -o r d in a t e  

p e r p e n d ic u la r  to s u r fa c e

n* exponent o f  h o t -w ir e  v o lt a g e -v e lo c it y  e q u a tio n

P p re s s u re

P' p re s s u re  c o r r e c t io n
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p* sum o f  term s c o n t a in in g  t h ir d  and h ig h e r  o rd e r

Pf 1 ow c o r r e la t io n s  in  ap p ro xim ate h o t -w ir e  resp o n se  e q u a t io n :

p
probe

Pm

g e n e r a l,  f lo w - c o o l in g -v e lo c it y ,  and p ro b e -m o tio n  c o n t r ib u t io n s  

mean p re s s u re  o f  tubes 1 , 2 , 3  and 4 o f  f iv e -h o le  

im p act probe

P - , . . .  P5 mean p re s s u re s  o f  f iv e - h o le  im p act probe c h a p te r  2

Pi j ’ Pk ra t e  o f  p ro d u c tio n  o f  tu rb u le n c e  k in e t ic  energ y 

c h a p te r  4

Pe P e c le t  number

P t * # p65 c o e f f ic ie n t s  o f  e x p re s s io n  f o r  P*

P ' ‘ f lu c t u a t in g  p re s s u re

AP d if f e r e n c e  between P re s to n -tu b e  and w a ll p re s s u re s

Q h o t -w ir e  c o o lin g  v e lo c it y

q dynam ic p re s s u re  s e c t io n  2 .2

f lu c t u a t in g  component o f  h o t -w ir e  c o o lin g  v e lo c it y  

s e c t io n  2 .3  and 2 .4

^ r c o n s ta n t o f  f iv e - h o le  im p a ct probe c a l ib r a t io n

q f lu x

R r a d iu s  o f  c u rv a t u re  o f s u r f a c e

Re R eyn old s number

r r a d iu s  o f  c u r v a t u r e  ( p e r t a in in g  to  the flo w )

S so u rce  term s in  f in i t e - d i f f e r e n c e  e q u a tio n

AS a r c  le n g th

s stream w ise  b o u n d a r y -la y e r  c o -o r d in a t e  p a r a l l e l  to 

the s u r f a c e

t tim e

T o u t -o f -b a la n c e  e r r o r  term

T* n o n - l in e a r  term  o f h o t -w ir e  response e q u a tio n
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U

UT

u r u2 sU3

V
u

U"j ) U2 9 U3

u -j, U2 9 u^

V

V

VP

*

V1 ,V 2 ,V 2

v

v r v2 , v 3

w

X

X I 9 X2 9 X3

x , y , z

stream w ise  v e lo c it y  component 

v e lo c it y  a t  b o u n d a r y -la y e r  edge 

C a r t e s ia n  v e lo c it y  components c h a p te r  4 

f r i c t i o n  v e lo c it y

v e lo c it y  w ith  X - j -d ir e c t io n  a lig n e d  w ith  th e  w a ll

( b o u n d a r y -la y e r  s -n  c o -o r d in a t e s )  o r  tu n n e l c e n t r e - l in e

(wake x -y  c o -o r d in a t e s )

p o t e n t ia l v e lo c it y  a t  th e  w a ll

f lu c t u a t in g  stream w ise  v e lo c it y

n o rm a lis e d  f lu c t u a t io n s  o f  h o t -w ire  c o o lin g

v e lo c it y  c h a p te r  2

f lu c t u a t in g  v e lo c it y  components o f  U - j , ^  and U3

normal v e lo c it y  component

c o n v e c tio n  v e lo c it y

probe v e lo c it y

volume

v e lo c it y  components in  £ j - ^ -  and c ^ -d i r e c t i  ons 

f lu c t u a t in g  norm al v e lo c it y  o r  v e lo c it y  s c a le  

f lu c t u a t in g  probe v e lo c it y

f lu c t u a t in g  v e lo c it y  components o f  V ^ , anc* V39 

r e s p e c t iv e ly

f lu c t u a t in g  a z im u th a l v e lo c it y  ( z - d i r e c t i  on) 

d e s ig n a te d  p o s it io n  a lo n g  the s u r f a c e ,  i . e .  s = X 

C a r t e s ia n  c o -o r d in a t e  system

o rth o g o n a l c o -o r d in a t e  system  w ith  the x - d i r e c t i  on 

a lig n e d  w ith  the tu n n e l c e n t r e - l in e  e x ce p t in  

c h a p te r  2 where i t  may be a lig n e d  w ith  the w a ll 

( b o u n d a r y -la y e r )  o r  tu n n e l c e n t r e - l in e  (wake)
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V y w>zw o rth o g o n a l c o -o r d in a t e  system  w ith  i n d i r e c t i o n

a lig n e d  w ith  the w ire  and probe p in t e ls  in  the

V zw p1ane

Y d is t a n c e  p e r p e n d ic u la r  to  th e  s u r f a c e

G reek Sym bols

a

3

r
Y

c o e f f ic ie n t

yaw a n g le  o f  h o t -w ir e  r e la t iv e  to  probe a x is  c h a p te r  2

s p a c ia l  w e ig h tin g  f a c t o r  s e c t io n  4 .4

c o e f f ic ie n t

d ir e c t io n  o f  probe v e lo c it y  ch a p te r 2

tu rb u le n c e  d i f f u s i v i t y

c o e f f ic ie n t

a n g le  o f  mean a x ia l  c o o lin g  v e lo c it y  component 

to mean c o o lin g  v e lo c it y  view ed from the fram e o f 

re fe re n c e  on w ire  c h a p te r 2 

p r o b a b il i t y  o f  flo w  in  the downstream u - d ir e c t i  on 

d i f f u s iv e  t r a n s p o r t

a n g le  o f  mean flo w  v e lo c it y  to the probe a x is

b o u n d a r y -la y e r  t h ic k n e s s

d is p la c e m e n t t h ic k n e s s

momentum t h ic k n e s s

K ro n e cke r d e lt a

d is s ip a t io n  ra t e  o f  tu rb u le n c e  k in e t ic  energ y 

d is s ip a t io n  ra t e  o f  R eyn old s s t r e s s  components
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C l» C 2» C 3 g e n e ra l o rth o g o n a l c u r v i l in e a r  c o -o r d in a t e s

e d ir e c t io n  o f  f lo v / v e lo c it y

K tu rb u le n c e -m o d e l c o n s ta n t

y a b s o lu te  v is c o s it y

V k in e m a tic  v is c o s it y

j p r e s s u r e -s t r a in  r e d is t r ib u t io n

p d e n s it y

s summation

a P ra n d t l number

T s t r e s s

T
W

w a ll s h e a r  s t r e s s

T u n d e r -r e la x a t io n  f a c t o r

$ g e o m e tric  fu n c t io n

<t> any dependent v a r ia b le

d ir e c t io n  o f  c o o lin g  v e lo c it y  view ed from  frame 

re fe re n c e  on the probe c h a p te r  2 

v e lo c it y  p o t e n t ia l s e c t io n  4 .2

V ' p i t c h  a n g le  o f  h o t -w ir e  probe r e la t iv e  to  

x ,y ,z -c o -o r d in a t e s  c h a p te r  2

• stream  fu n c t io n  c h a p te r  4

Q a n g u la r  s h a f t  p o s it io n

w a n g u la r  s h a f t  v e lo c it y
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S u b s c r ip t s

B boundary

e edge o f  the b o u n d a r y -la y e r

e f f e f f e c t iv e

Ex e x p l i c i t

flo w p e r t a in in g  to flo w

Im i m p l i c i t

i »j  , k ,& ,m c o -o r d in a t e  d ir e c t io n s  in  te n s o r n o t a t io n  c h a p te r  4

k tu rb u le n c e  k in e t ic  energ y

l a s t l a s t

m mean

N ,S ,E ,W ,P poi n t s -o f -t h e -c o m p a s s  n o ta t io n

n ,s ,e ,w f o r  g r id  p o in ts

N 1 ,N 2 ,T a x i a l ,  normal and t a n g e n t ia l d ir e c t io n s  o f h o t -w ir e  

c o o lin g  v e lo c it y  r e la t iv e  to probe c o -o r d in a t e s  (xw »yw »zw )

new new

o ld o ld

PR P re sto n  tube

• p
probe

probe p e r t a in in g  to probe

r e f re fe re n c e

T t o t a l  (o r  t a n g e n t ia l see N l)

t tu rb u le n c e

v i i - d i r e c t io n  v e lo c it y  component

w ,w a ll w a ll

£ tu rb u le n c e  k in e t ic  e n erg y d is s ip a t io n  ra t e

* p e r t a in in g  to 4>

1 , 2 , 3 c o -o r d in a t e  d ir e c t io n s  ( i . e .  f o r

.995 a t  lo c a t io n  o f  <U>/<Ue > = .995
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«

S u p e r s c r ip t s

B boundary

c c e n t r a l d if f e r e n c in g

I in t e r n a l

u upwind d if f e r e n c in g

( ' )  f lu c t u a t in g  o r  c o r r e c t io n

(+ ) n o n -d im e n s io n a l

(* ) p r e v a i l in g ,  ap p ro xim ate o r in c o r r e c t  v a lu e

M athem atical Sym bols

I summation

/ in t e g r a l

8 p a r t ia l  d e r iv a t iv e

d e x a c t  d e r iv a t iv e

6 d is c r e t e  change

/ i . e .  a /b  means from  lo c a t io n  a to  b ch a p te r

max [ , ] maximum v a lu e  o f  term s in  b ra c k e ts
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