University of London
Imperial College of Science, Technology and Medicine
Department of Computing

Enhancing Response Time and Reliability via
Speculative Replication and Redundancy

Zhan Qiu

Submitted in part fulfilment of the requirements for the degree of
Doctor of Philosophy in Computing of the University of London and
the Diploma of Imperial College, February 2017






Declaration of originality

I declare that this thesis was composed by myself, and that the work it presents is my own,

except where otherwise stated.

Copyright declaration

The copyright of this thesis rests with the author and is made available under a Creative
Commons Attribution Non-Commercial No Derivatives licence. Researchers are free to copy,
distribute or transmit the thesis on the condition that they attribute it, that they do not use it
for commercial purposes and that they do not alter, transform or build upon it. For any reuse

or redistribution, researchers must make clear to others the licence terms of this work.



i



Abstract

Modern computer systems, such as cloud or server farms, have been widely deployed to provide
cost-effective and high-performance services. However, with the increasing scale and complexity,
it is not a trivial task to achieve high reliability and consistently low response times. To address
these issues, concurrent request replication has emerged as an effective mechanism to achieve
these goals. With replication, » > 1 replicas of each request are spawned simultaneously, and
the results of the first k£ (1 < k < r) replicas to complete are used. Replication can thus handle
unpredictable failures and delays due to exceptional conditions, unless they occur to all replicas

simultaneously.

The main risk of replication is that it may negatively impact latency since it introduces extra
load into the system. In this thesis we aim to capture the trade-off between these two conflicting
effects of replication. We first focus on the k£ = 1 case, i.e., the system replies with the result
from whichever replica completes successfully first. We investigate how replication can be used
to exploit processing time variability to reduce response times. Next, we investigate the k = r
configuration, a case known as fork-join queues, where each arriving job is split into r tasks,
each of which is assigned to one of r parallel processors. The key difference with the £ = 1
case is that the final result can only be delivered once all the tasks have been completed. In
the last part, we generalize the analysis to systems that implement erasure encoding, where
an object is stored by creating k£ fragments and storing » > k encoded fragments so that the

original object can be retrieved from any k of the r fragments.

The models proposed have the advantage of being able to compute the response-time distri-
bution, which is a significant advantage as mean response time guarantees are not sufficient in
deadline-driven applications. In addition, these models are able to handle fairly general inter-
arrival and service times. Extensive experimental results show that replication can be very
effective in keeping the response-time tail short, but these benefits highly depend on the num-
ber of replicas, processing-time distribution, as well as on the system load, number of servers,

and the statistical characteristics of the arrival process.
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Chapter 1

Introduction

1.1 Motivation and objectives

Fueled by the ever-growing demand for computation-intensive and massive-data operations,
modern computer systems, such as cloud, data centers, or server farms, have been widely de-
ployed to provide cost-effective and high-performance services [Mit13, KB03, KMRO08]. They
are usually composed of a set of local or geographically distributed, inexpensive processing
elements, providing computing services to multiple users. Besides low-cost access, two ma-
jor demands of users are to consistently achieve high reliability and low latency. However,
these systems, as any computing system, are subject to failures, and their overall reliability
deteriorates with increasing scale and complexity [KMRO8|, degrading the offered quality of
service (QoS). In this thesis we consider failures at the application level, also referred to as
request failures, caused for instance by deadlocks, errors in the input data, communication
errors [OV96], timeouts of resources with constrained availability, or application outputs ex-
ceeding latency requirements. To address this problem, various fault-tolerance mechanisms
have been developed, among which, checkpoint/restart [FSLIT11] has been the most prevail-
ing. In particular, in the checkpoint/restart approach, a failed request is re-executed, either
from the beginning or from the last checkpoint. Although effective to handle failures, a ma-

jor concern with this approach is the additional delay it introduces, degrading the application



2 Chapter 1. Introduction

100
80 -
60
40 -
20 K

mSlot O Memory m=mCPU

Utilization (%)

25% 50% 75% 90% 99%
Percentile of Time

Figure 1.1: Facebook traces reveal median CPU and memory utilization under 20% (from

[AGSS12)).

QoS, which is a major issue for deadline-driven applications [VMGS12, Bru09]. Moreover, this

approach has been found to impose large overheads and storage requirements to read and write

checkpoints [FSLIT11, OAT*07].

Besides the reliability issue, a key challenge in managing computing systems is to consistently
achieve low response times, or latency, especially to keep the tail of the response-time distri-
bution short. For example, it has been observed that virtualization in cloud systems can harm
performance owing to co-located virtual machines competing for CPU, memory bandwidth or
other resources. Experiments of Google show that a system where each request typically re-
sponds in 1ms, has a 99 percentile latency of 10ms [DB13]. Thus, a non-negligible fraction of
the processed requests face latencies that are very far from the average case. High latency can be
caused for a number of reasons, including contention for shared resources, queueing, imbalance
in request workload or hardware problems [DB13, AKG*10]. This performance degradation
leads to an increased variability in processing times, which impacts the application response
times, particularly affecting those users that face the longest response times. Keeping latency
low, especially to keep the tail of the latency distribution short, is critical since even a small
amount of delay may significantly degrade the perceived QoS of a system. For instance, the
traffic and revenue of Google searches has been observed to decrease by 20% when introducing
a 500ms delay [Lin06]. However, it is challenging for service providers to keep variability in
latency under control due to the scale and complexity of computing systems nowadays. Recent
efforts [DB13, AKG'10, DGO8] have proposed approaches by relying on standard techniques

including differentiating service classes, managing background activities and reissuing requests.
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However, as most systems have shared computational resources, and with the increasing of
the scale and complexity of modern computing systems, it is expensive or even infeasible to

eliminate all latency variability using existing engineering techniques [DB13].

To address these issues, concurrent or speculative request replication has been proposed [DB13]:
r > 1 replicas of each request are spawned simultaneously, and the results of the first £ replicas
(1 < k < r) that complete are used. This approach has been recently considered in [DB13,
AGSS12,SLR16, VMGS12] for the special case k = 1, i.e., the request latency is determined
by the minimum latency among all its replicas; and in [PGK88, CFG*05] with & > 1 for

deadline-driven and mission-critical systems to improve both latency and reliability.

Heavy concurrent replication is appealing given the common observation that most clusters are
highly underutilized, with the average utilization of major data center servers being around
18% [Sny10]. For example, traces from the Facebook cluster, as shown in Figure 1.1, reveal
that CPU and memory utilizations have a median of less than 20% [AGSS12]. Further, as it is
sufficient if only some of the replicas succeed, concurrent replication can handle unpredictable

failures, unless they occur to all replicas simultaneously.

To illustrate the effectiveness of replication on improving job reliability, we consider a simple
set-up where both service and failure times are exponentially distributed, a common assumption
in reliability engineering [ZL09, WSJ07]. In particular, we assume that servers process incom-

ing requests with rate p, and requests in service are subject to failures, with failure rate a.
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The reliability, measured as the probability that a request completes service successfully, thus
depends only on the service and failure rates, being given by u/(u+«) and 1 — (a/(u+«))" for
the systems without replication, and with r replicas (including the original copy), respectively.
Assuming p = 1, Figure 1.2 compares the reliability achieved under failure rates a between 0.1
and 0.5, for systems without replication (r = 1), and with r = 2, showing a significant improve-
ment in reliability when introducing replication. For instance, even under a large failure rate
of 0.5, the reliability improves from 66.67% to 88.89% thanks to the added replica, confirming

the effectiveness of replication to improve reliability.

In addition to the benefit on the reliability, this approach has the potential to reduce the
request latency. The motivation behind this approach comes from the observed high variability
in processing times from the server side, as servers might be temporarily slow down due to
factors such as current loads, network congestion, resource availability, background interference
or hardware problems. Concurrent replication can thus handle unpredictable delays due to
exceptional conditions, unless they occur to all replicas simultaneously. Recent studies have
shown that the source of latency is often due to external interference, rather than inherent to the
requests. This interference causes the request latency to be unpredictably long. For example,
a web query can take up to a factor of 28 times longer due to background activities [XBNJ13].
Replication can potentially reduce both the mean and the tail of the latency distribution, as
the overall latency of a request becomes the delay of the first k across all its replicas. Sending
redundant requests enables a job to receive the minimum service time across servers, thus
being effective in handling exceptional delays unless they occur in all replicas simultaneously.
In addition, in the distributed set-up where each server keeps its own queue, replication provides
further improvements because it can exploit the variability of the queueing times. For instance,
replication of DNS queries can mask delays caused by cache misses, network congestion, or

packet losses [VGM*13].

Although being effective to handle both failures and unpredictable delays, the main risk of
replication is that it may negatively impact latency since it introduces extra load into the sys-
tem, which may lead to excessive delays. In this thesis we aim to capture the trade-off between

these two conflicting effects of replication, and characterize the scenarios under which replica-
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tion improves latency tails, in addition to improving reliability. We investigate how speculative
request replication can be used to exploit processing time variability to reduce response times,
considering not only mean values but also the tail of the response-time distribution. Evaluating
the effect of replication is, however, non-trivial, for a number of factors, such as system load

and server pool size, will be shown in this thesis to affect the response time.

1.2 Summary and organization

Determining the job response-time distribution, especially its tails, requires expensive experi-
ments or time-consuming simulations. However, the models proposed in this thesis allow rapid
evaluation of different scenarios, providing a theoretical guidance on when to adopt replication,
and how many replicas to adopt for real applications. This section summarizes the key con-
tributions of the three parts of this thesis, where we describe in Table 1.1 the organization of
chapters within these parts. In the first part of this thesis (Chapters 3, 4 and 5), we consider
first-to-finish request replication to improve reliability and reduce latency: r — 1 extra replicas
are adopted for each arriving request, i.e., a total of r replicas of a request are submitted to
the system. In particular, r = 1 represents the case where no replication is adopted. The
system then replies with the result from whichever replica completes successfully first, i.e.,
k = 1. The outstanding replicas of the same request, can either continue service, or be canceled

immediately to reduce unnecessary workload.

1.2.1 Replication in unreliable systems

In Chapters 3 and 4 we focus on systems where requests are subject to failures, assuming that
the server is not affected by the failure, and continues serving the next request at the front of the
queue. We consider both the distributed and centralized set-ups, and develop stochastic models
to analyze the request latency distributions that enable the comparison of the performance of

these two set-ups.
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Table 1.1: Organization of this thesis

k Common set-up Chapter/Section Details
Request failures, with canceling Chapter 3 DIStHbl,lted set-up
Chapter 4 Centralized set-up
k=1 Section 5.1 Distributed set-up without canceling
Reliable systems Section 5.2 Centralized set-up without canceling
Section 5.3 Centralized set-up with canceling
k=r Fork-join queue Chapter 6 Distributed set-up
1<k<r Erasure encoding Chapter 7 Distributed set-up

In the distributed set-up, as described in Chapter 3, we consider a server farm consisting of
a number of distributed, homogeneous, and independent servers, where each server has its
individual queue, and processes replicas with first-come first-served (FCFS) scheduling. We
start with the simple case with » = 2 in Section 3.2, where we consider exponential processing
times and a Poisson arrival process. We then develop an approximate stochastic model in
Section 3.3 for the more general set-up with Markovian arrivals and r > 2, which allows the
determination of the request response-time distribution. Although approximate, validation
results indicate that our model is accurate for not only the mean response time but also its
percentiles, a significant advantage since mean response time guarantees are not sufficient in
many situations, in particular for deadline-driven applications. An alternative set-up is to
have a centralized queue in front of all the servers, as in Chapter 4, where all the replicas of
the incoming requests form a single queue in the order of arrival and join the next server that
becomes available with FCF'S scheduling. In Sections 4.1 and 4.2 we propose a stochastic model

to study how the replication approach affects the offered request response-time distribution.

In terms of response times, the centralized set-up must achieve lower response times than its
distributed counterpart, as in the latter case it is possible for some servers to have non-zero
waiting lines, while other servers remain idle. This is not possible in the centralized set-up, as
all servers must be busy if there is any job waiting to start service. However, most large server
farms dispatch incoming request to servers immediately, without holding a central queue. This
set-up provides more flexibility since there is no need to set up and manage a central dispatcher
that keeps track of the servers state, making it easier to increase or decrease the number of
servers as the load rises or falls. A major point of our investigation is to assess the magnitude of

the difference in response time between the two set-ups, to see if and when the distributed set-up
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suffers an excessive performance penalty. From extensive experimental results in Section 4.3, we
show that the distributed set-up offers response times close to those of the centralized system,

especially when the request reliability is medium or high.

We then extend our analysis to consider parallel jobs that are composed of multiple tasks in
Section 4.4, where the job response time is determined by the last task to finish. To understand
the impact of speculative replication on the reliability and response time of parallel jobs, we
propose a stochastic model to determine the response-time distribution, considering both task-

level and job-level replication.

1.2.2 Replication in systems without failures

We then focus on the impact that speculative request replication has on reducing the request
latency in Chapter 5, considering systems without failures. Here we relax the exponential service
time assumption to general phase-type request processing times [LLR99], which are necessary
to capture the variability observed in the server side. We first focus on the distributed set-up
in Section 5.1, then consider its counterpart, the centralized set-up, in Sections 5.2 and 5.3.
Here we consider two cases: replication without canceling in Section 5.2, and we introduce
canceling in Section 5.3. Whereas canceling has obvious benefits in limiting the additional load
introduced by replication, it can be expensive or unfeasible to implement. Results show that,
the potential of replication to reduce latency, depends on a number of factors, including the
arrival and service processes, the canceling policy, the utilization, and the number of replicas.
Service time variability plays a key role when evaluating the effect of replication on latency,
where highly variable service times provide larger gains, and offer more chances to benefit
from replication. Further, we observe that the improvement on latency is not uniform across
different percentiles, and the load threshold under which replication helps to reduce latency
largely depends on the metric targeted. Explicitly considering the response-time distribution,

via the targeted percentiles, is therefore fundamental to evaluate a replication strategy.
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1.2.3 Fork-join queues:

The above cases focus on the first-to-finish £ = 1 case, where the request benefits from the high
variability in processing times from the server side as its latency becomes the minimum delay
across all its r replicas. On the contrary, in many parallel systems, after a step where many tasks
are executed in parallel by a set of resources, the final product (job) can only be delivered once
all the tasks have been completed, thus introducing a synchronization point. Parallelism can be
found in many different computer systems, such as query processing in distributed databases,
parallel computing environments, distributed stream-processing systems, and parallel disk ac-
cess to improve I/O throughput in storage systems, amongst others. Modern computer and
manufacturing systems rely heavily on parallelism to satisfy their performance requirements,
exploiting large resource pools to perform tasks that would otherwise be uneconomical or even
infeasible. For instance, the Google search engine relies on a high degree of parallelism to re-
turn a huge volume of answers in less than a second [Thol5]. Fork-join queues are a popular
abstraction for these kinds of operations, as they are able to capture the parallel execution and

synchronization aspects precisely.

A key performance metric in a fork-join queue is the job response time, which is determined
by the last task to finish. Its computation is notoriously difficult due to the synchronization
step. In fact, exact solutions for the mean response time are only available for fork-join queues
with » = 2 nodes. In Chapter 6, we propose an Efficient Approzimation for Response-Time
Tails (EAT) of fork-join jobs, which relies on properties of order statistics and extreme values.
EAT has the advantage of being efficient and scalable, requiring only the analytical results for
a single-node and 2-node fork-join queues, which we obtain by the matrix-analytic approach.
Experimental results show that EAT yields good fits for the tails, even in very large cases with
general processing and inter-arrival times. The scalability and accuracy of EAT make it a good

candidate to support scheduling, resource provisioning and optimization decisions.
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1.2.4 Erasure encoding

Storage costs are increasingly taking a higher proportion of corporate operating and capital
budgets as data growth continues unabated. As a result, ways are being sought to reduce costs
by simplifying and consolidating operations while maintaining service level objectives (SLOs)
for performance, data management and data protection. With erasure encoding, an object
is stored by creating k fragments and storing » > k encoded fragments so that the original
object can be retrieved from any k of the r fragments (whence r — k failures can be tolerated).
These can be described as (1, k) partial-join queues where the special case with k = 1 is simple
replication, and r = k + 1,7 = k 4+ 2 or r = k + 3 can represent single, dual or triple parity
scenarios. In Chapter 7, we generalize the analysis for systems that implement erasure encoding,
where the key issue addressed is to deal with general order statistics of request response times,
rather than just the special cases of the minimum and maximum, corresponding to first-to-finish
replication, and fork-join queues, respectively. We consider two encoding policies based on when
redundant tasks are canceled: (a) “Canceling”, in which r — k associated tasks terminate their
service immediately after the first k complete; (b) “Farly canceling”, in which r — k associated
tasks leave the system when any k of the tasks have started service. Experimental results
show that both canceling policies significantly reduce the high quantiles of job response time,
where canceling achieves the lowest response times as it benefits from the property of resource

diversity, whilst also limiting the extra load introduced.

1.2.5 Summary

Summarizing, we consider in this thesis the speculative request replication approach, where
r > 1 replicas of each request are spawned simultaneously, and the results of the first k£ replicas
(1 < k < r) that complete are used. We introduce stochastic models to evaluate how repli-
cation affects the SLOs in various systems, especially the overall reliability and response-time
percentiles. In particular, we consider three different cases: k = 1 first-to-finish replication;
k = r fork-join queues; and k < r erasure encoding. The proposed models allow us to charac-

terize the conditions under which replication effectively reduces the response times.
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1.3 Publications

International conference and workshop papers

[RPQ*17] R. Birke, Z. Qiu, J. F. Pérez, M. Bjoerkqvist, L. Chen. Power of Redundancy:
Designing Partial Replication for Multi-tier Applications. In: [EEE International
Conference on Computer Communications (INFOCOM), 2017.
This paper investigates the effectiveness of replication for distributed multi-tier systems, where
interference from neighboring workloads is entangled with complex tier inter-dependency. My
contribution to this paper is the help in designng and implementing the models, and the eval-

uation of the experiment results.

[QPH16b] Z. Qiu, J. F. Pérez, P. G. Harrison. Variability-aware Request Replication for
Latency Curtailment. In: [EFEE International Conference on Computer Communications
(INFOCOM), 2016.

This paper investigates how request replication can be used to exploit processing time variability
to reduce response times in reliable systems, focusing on the distributed set-up. My contribution
to this paper is the development and implementation of the stochastic model, and the system

simulation.

[QPH16a] Z. Qiu, J. F. Pérez, P. G. Harrison. Tackling Latency via Replication in Dis-
tributed Systems. In: ACM/SPEC International Conference on Performance Engineering
(ICPE), 2016.

This paper develops an approximate stochastic model to determine the response-time distribu-
tion in an unreliable system with distributed queues, and compares its performance against its
centralized counterpart. I contributed the majority of the paper and the implementation and

the evaluation of the proposed methods.

[QP15a] Z. Qiu, J. F. Pérez. Enhancing Reliability and Response Times via Replica-
tion in Computing Clusters. In: IEEFE International Conference on Computer Communi-

cations (INFOCOM), 2015.
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This paper proposes a stochastic model to study how concurrent replication with canceling
affects the response times in an unreliable system with the centralized set-up. My contribution
to this paper is the development and implementation of the model, and the evaluation of the

resource provisioning decisions.

[QP15c] Z. Qiu, J. F. Pérez. Evaluating the Effectiveness of Replication for Tail-
tolerance. In: IEEE/ACM International Symposium on Cluster, Cloud and Grid Computing
(CCGrid), 2015.

This paper evaluates the impact of replication with canceling has for reliable computing systems
with the centralized set-up. I contributed the majority of the paper, and the development and

implementation of the model. I also evaluated the optimal number replication

[QP14] Z. Qiu, J. F. Pérez. Assessing the Impact of Concurrent Replication with
Canceling in Parallel Jobs. In: IEEE International Symposium on Modelling, Analysis €
Simulation of Computer and Telecommunication Systems (MASCOTS), 2014.

This paper explores the impact of replication has on the reliability and mean response time of
parallel jobs. My contribution is the development and implementation of the model for both

job- and task-level replication, and the evaluation of the effectiveness of replication.

[HQ13] P. G. Harrison, Z. Qiu. Performance Enhancement by Means of Task Replica-
tion. In: European Workshop on Performance Engineering (EPEW), 2013.

This paper considers a pair of distributed queues where requests may encounter failures dur-
ing service, utilizing the generating function and spectral expansion methods to determine the
job response-time distribution. My contribution to this paper is the derivation of the evolved

equations, and the implementation of the model and the simulation.

Journal papers

[QP16] Z. Qiu, J. F. Pérez. Evaluating Replication for Parallel Jobs: an Efficient
Approach. In: [EEFE Transactions on Parallel and Distributed Systems (TPDS), 2015.

This is an extension of [QP14], which proposes an efficient method to compute the response-
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time distribution of jobs with a large number of servers. It also introduced a novel way to
model correlated failures among the replicas of a job or task. I contributed to this paper by
developing and implementing the stochastic model, and developing the way to model correlated

failures.

[QPH15] Z. Qiu, J. F. Pérez, P. G. Harrison. Beyond the Mean in Fork-Join Queues:
Efficient Approximation for Response-Time Tails. In: International Symposium on
Computer Performance, Modeling, Measurements and FEvaluation 2015 (IFIP Performance),
2015.
This paper introduces a stochastic model to evaluate the response-time distribution for homo-
geneous fork-join queues. To tackle large-scale scenarios with high loads, an efficient algorithm
using matrix-analytic methods is developed. I contributed the majority of the paper by devel-
oping and implementing the stochastic model, and the approximation approach, as well as the

implementation of the system simulation.



Chapter 2

Background Theory

This chapter provides an overview of the relevant background theory that we use and extend
in this thesis, and a summary of existing work in modeling replication. Table 2.1 summarizes

the notation that will be used throughout.

2.1 Laplace transform and generating functions

In Section 3.2 we make use of the generating function method to determine the Laplace trans-
form of the request response-time probability distribution. This chapter thus starts with a brief
overview of Laplace transform and generating functions, and provides an example to show how

to combine these two to obtain the request response-time distribution.

2.1.1 The Laplace transform
For a function f defined on the non-negative reals, we define the Laplace transform, f*(s), by

() = (Lf)(s) = / e~ f(t)dt,

13
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Table 2.1: Summary of main notations used in this thesis

Parameter Definition

MAP(Dy, D) Job arrival process.

A Mean arrival rate.

PH(Swait, Swait) Job waiting-time PH distribution.
PH(Sger, Sser) Job service-time PH distribution.
PH(S1es, Sres) Job response-time PH distribution.

Alump) g Transition rates with or without a service completion.
v Probability that a job has to wait upon arrival.
1 A column vector with unit elements.
e, A zero vector with a 1 in its s-th element.
I, Identity matrix of size n.
SCV Squared coefficient of variation.
Mo Number of service completions in a busy period.
T Number of arrivals in a not-busy period.

for real values s > 0. The Laplace transform is an expectation f*(s) = E[e~*X] for non-negative

random variable X with density f.

2.1.2 Generating functions

A generating function of a random variable is a parametrized expectation defined over that ran-
dom variable’s probability distribution, density or mass function. Let p, be the mass function
of a random variable X whose values are the non-negative integers, and p; = p,(7) if p,(7) > 0,

pi = 0 otherwise, then the probability generating function G of X is defined by [HP92]

Gx(2) = E[zX] =) piz' =po+prz+pa®+ -+ +..
=0

Since > p; = 1, it follows that Gx(1) = 1. Expectations and higher moments of a random
i=0
variable may be obtained directly from the probability generating function by differentiation

and evaluation at z = 1. For example, we have

. s S B P / _ v
E[X] =Y ip = lim (ZW ) = lim Gy (2) = Gy ().

z—1
1=0 =0
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The probability distribution of a discrete random variable X is uniquely determined by its
generating function, i.e., if two discrete random variables X and Y have the same probability
generating function, they must also have the same probability distribution and probability mass

function.

2.1.3 Example

As an example, we consider a simple M/M/1 queue, i.e., a single server queue with FCFS
scheduling policy, with Poisson arrival process of rate A and exponentially distributed service
process of rate p. In conventional queueing terminology, we focus on a tagged request, and seek
the probability that its response time R does not exceed a positive real value ¢, conditioned on

the numbers of requests IV ahead of it at its arrival instant. For integers n > 0, we define

F.(t)=Pr(R<t| N =n).

Assuming that the tagged request arrives at time 0, let N(¢) be the numbers of requests ahead
of the tagged request at time ¢. For ¢ > 0, consider the interval (0,¢ 4+ h] and the initial

infinitesimal sub-interval (0, A, we have:

F,(t+h)=Pr(R<t+h|N()=n)

o0

(Pr(R<t+h| N(0) =n,N(h) =1i) x Pr(N(h) =i | N(0) =n))
=0
by the law of total probability. The terms Pr(/N(h) =i | N(0) = n) correspond to the possible

events that can occur during the interval (0, h] for h > 0, which we take to be infinitesimal.

Notice that we do not keep track of the arrivals that arrive later than the tagged request, as
their arrival will not influence the response time of the tagged request due to the FCFS policy.
Thus when n > 0, the only possible events in the interval (0, h] is a departure of the request in

service, with probability puh 4+ o(h) if i = n — 1, by the memoryless property of the exponential
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random variable. Therefore, F),(t 4 h) satisfies:

F,(t+h)=phPr(R<t+h|N(O)=n,N(h)=n-—1) 21)
+ (1 —ph)Pr(R<t+h|N(O)=N(h)=n)+o(h) |

By the Markov property applied at time h and the residual life property of exponential random
variables, the remaining response time of the tagged request after time h, R;, = R — h say, is
distributed as the full response time of a hypothetical arrival at time A conditioned on there

being N requests ahead [HP93]. For instance, Pr(R <t + h | N(0) = N(h) = n) simplifies to
Pr(Ry <t | N(h) = n) = Pr(R < 1| N(0) = n) = Fi(t)
Thus Eq. (2.1) becomes
F,(t+h) = phF,_1(t) + (1 — ph)F,(t) + o(h)

Rearranging, dividing by h, taking the limit A~ — 0 and omitting the argument t for brevity,

we obtain

fn = pFy_1 — pky,

where f,(t) is the derivative of F,(t) with respect to t. Let F(s) = (LF,)(s) be the Laplace
transform of F,(t), abbreviated as L, (s). Taking the Laplace transform of the above equation,

noting that (L£f,)(s) = sL,(s), we obtain
(:u + S)Ln = ftLn—

This recurrence relation can then be solved by introducing the generating function G(x) =

o)
> Lpz™. Multiplying throughout by ™ and summing from n = 1 to oo then gives
n=0

(b4 s)(G(x) = Lo) = pzG(x). (2.2)
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To obtain Ly, we consider the case with n = 0, where we have
Fo(t+h) = ph -1+ (1 — ph)Fy(t) + o(h).

The term ph -1 corresponds to the tagged request completing service. Proceeding as above, L

can be obtained by considering that

(1 +5)Lo = p/s.

Combing with Eq. (2.2), we have

Under FCFS discipline, the unconditional probability distribution of response time at equilib-
rium, R(t), is given by R(t) = Pr(R <t) = >_ m,F,(t), which has Laplace transform

n>0

R'(s) = (LR)(s) = 3 maLas),

n>0

where 7, is the steady state probability the queue length is n, assuming the queue is stable. As
the queue-length in the M/M/1 queue is geometric with parameter 1—p, we have m,, = (1—p)p",
where p = A/ < 1 is the utilization of the M/M/1 queue. Then the Laplace transform of R(¢)
is

R(s) = (1= G(o) = AP

Notice that the above solution is probably the longest one to find the request response time

in a M/M/1 queue. It serves in this thesis as an example to demonstrate the method of using

generating functions to find the request response-time distribution.
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2.2 Matrix-analytic methods

Matrix-analytic methods [Neu81] have been widely used as a technique to solve two-dimensional
Markov chains where the chains grow unboundedly in one dimension (increasing number of
jobs), yet have only a finite number of states in the other dimension with a repeating structure
[Neu81]. Matrix-analytic methods are numerical methods, and do not provide a closed-form
symbolic solution. In this thesis, we rely on these methods to find the request response-time
distribution for systems with replications with different set-ups. In the following, we start with

the introduction of Quasi-Birth-and-Death (QBD) processes and the Finite QBD processes.

2.2.1 Quasi-Birth-and-Death processes

A continuous-time Quasi-Birth-and-Death (QBD) process [LR99] is a two-dimensional Markov
chain (MC) {(N(¢),J(t)),t > 0}. N(t) is called the level variable, which takes values on N,
and J(t) is called the phase variable, and takes values on the set {1,2,...,mg} when the level
is 0, and on {1,2,...,m} for other levels. The one-step transitions are independent of the level
n for n > 1, and restricted to states in levels n’ = n — 1,n,n + 1. The QBD infinitesimal

generator has the form

B, B, 0 0 -
By A A, 0

Q=10 Ay A A, (2.3)
0 0 A A

The matrices Ag and A, are non-negative and carry the transition rates from level n > 1 to
levels n — 1 and n + 1, respectively. The matrices A; and B; have non-negative off-diagonal
elements, and strictly negative diagonals, holding the transition rates within level n, for n > 0
and n = 0, respectively. The matrices By and Bj are non-negative, and hold the transition

rates from level 0 to level 1, and from level 1 to level 0, respectively.
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For a QBD to be positive recurrent, it requires to hold the following condition that

. aAA21
N aAAo]_

<1. (2.4)

Here g is the drift of the MC, and a4 is the unique solution of the system a4 A = 0,41 =1,
with A = Ay + Ay + Ay. Let 7 be the steady-state distribution of the MC with generator @,
which we partition conformally with @, i.e., ® = (7, 71, 72, ...). The stationary distribution
vector 7r exists if the QBD MC is positive recurrent, and if it exists, can be found as 7; = R,

for ¢ > 1, where the matrix R is given by

R = Ay(—A; — AG) ™,

and G is the minimal non-negative solution of the quadratic matrix equation [LR99]

Ag+ A1G + AG? = 0. (2.5)

Many iterative algorithms have been developed to solve Eq. (2.5), including Functional Itera-

tions (FI), Logarithmic Reduction, and Cyclic Reduction (CR) [BMSVH06, LR99].

2.2.2 Finite Quasi-Birth-and-Death processes

Unlike the level-independent QBD, the transitions of the finite QBD processes are explicitly
dependent on the level, where the state-space of the level variable N(¢) is finite [GJL84]. The
finite QBD processes can be defined similarly using the pair of variables {(N(¢), J(¢)|t > 0} on

the state space {(k,j)|0<k<N,je{1,2,...,my}}, where my is the number of phases in level k.
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The corresponding block-tridiagonal infinitesimal generator Qgnite has the following structure

Ago) Ago) 0 0 0
AL AW AD o 0

Qe = | 0 AP AP AP ... 0 |,
N N

00 0 Ay A

and has row sums equaling zero and is comprised of level-dependent blocks, where Agk) (0 <
k < N) are square matrices, with order m; and matrices Aék) (0 <k < N-1)and A(()k)
(1 < k < N) are rectangular. The steady-state distribution 7 of the QBD, can be found

following [GJL84, Algorithm B].

2.3 Markovian arrival processes

In this thesis, request arrivals at the system are modelled as a Markovian arrival process (MAP).
MAPs are widely used to represent arrival streams with general and correlated inter-arrival
times (IATs) [LR99]. The continuous-time MAP [LR99] is a marked MC with generator D =
Do+ D;, where the transition rates not associated with arrivals are held in Dy, while the rates
that trigger new arrivals are kept in D;. The diagonal entries of Dy hold the total exit rate in
each state, such that (Dy + D;)1 = 0. We denote this process as MAP(m,, Dy, D;), where m,
is the number of states, or arrival phases, in the MC, i.e., the dimension of matrices Dy and

D;. The mean arrival rate is given by
A=dD1, (2.6)

where d is the stationary distribution of the underlying MC, i.e. dD = 0 and d1 = 1.
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2.4 Phase-type distributions

Phase-type (PH) distributions have gained popularity thanks to their ability to capture very
general behaviors, while maintaining some of the analytical tractability of the exponential
distribution. A PH random variable X [LR99] represents the absorption time in a MC with
n + 1 states, where the states {1,2,...,n} are transient and state 0 is absorbing. We denote
it as PH(7,T), where 7 is the 1 x n vector of the initial probability distribution, 7" is the
n X n sub-generator matrix, and the vector ¢ = —T'1 holds the absorption rates. The generator

matrix @ for the MC in the continuous case for a given representation PH(7,T') is given by

O
|

Its cumulative distribution function (CDF) is F(z) = 1 — Texp(Tx)1, for > 0, and its
expected value is

E[X]=—71T7'1. (2.7)

This thesis makes extensive use of PH distributions, which serve three main purposes:

e In Chapters 3 and 4, we will show that while the request processing times are exponentially
distributed, the job processing times follow a PH distribution, whose parameters depend

on the overall system state.

e In Chapters 5 and 6, they are used to model request processing times more general than
the standard exponential distribution. In addition, the models we introduce obtain PH

representations of the service-, waiting- and response-time distributions.

e In Section 5.2, a subset of PH distributions is generalized to model correlated processing

times.
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Figure 2.1: Example to illustrate the age process.

Algorithm 1 Computing the response-time distribution for MAP/PH/1 queue

Stage 1: Find service-time distribution PH(Sger, Sser)
Stage 2: Find waiting-time distribution PH(Syait, Swait)
a. Compute T find S and A0"™P) and solve Eq. (2.11)
b. Compute 7(0): solve Eq. (2.14)
c. Use Eq. (2.18) to find PH(Syait, Swait)

Stage 3: Combine waiting and service times as in Eq. (2.21) to obtain the response-time
distribution P H (Syes, Sres)

2.5 Calculation of the steady state job waiting-time dis-

tribution in MAP/PH/1 queues

In this thesis, we are interested in the job response-time distribution, instead of just the mean.
One can view the job response time as divided into two parts: (i) a waiting time from the job
arrival until it starts processing, and (ii) a service time from the service start until it completes
processing. Thus to obtain the job response-time distribution, the analysis is divided into two
stages: we first obtain the job waiting-time distribution, and then find the job service-time
distribution. In the following, we summarize the key steps of existing results in computing the
job waiting-time distribution in MAP/PH/1 queues, based on which we generalize to incorpo-
rate replication, considering multi-server systems. To help readers navigate the approach, we

summarize the key steps in Algorithm 1.

In the system where there is only one server, if a job arrives and finds the server idle, it can
start service immediately without waiting. In contrast, if the server is occupied, the waiting

time of the current job is the time period between its arrival, and the time its service starts. To
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determine the waiting-time distribution, Sengupta [Sen89] proposes to observe the queue only

during the busy periods, and defining a bivariate Markov process {(X (t), J(¢))|t > 0}.

Here the age X (t) is the total time-in-system of the job in service, which takes values in [0, c0),
increasing linearly with rate 1 if no service completions occur. The age process X (t) suffers
a downward jump when a service completion triggers the start of a new job service, and the
value of X (t) after the jump is equal to the waiting time of the job starting service, as it is the
only job in service and its age (time-in-system) is equal to its waiting time. Figure 2.1 gives
an example of how the age process involves. The first job that arrives sees an empty server,
thus it starts service directly, initiating a busy period. From then X (¢) increases linearly until
this job completes service. Assuming a second job arrives during this busy period, it waits in
front of the queue as the server is busy. When the first job completes, the second job starts
service, and its total time-in-system is its waiting time, thus X (¢) suffers a downward jump,
and its new value is equal to the waiting time of the this job. When the second job completes
service, as there is no job waiting in the queue, X (¢) jumps down to 0, initiating a not-busy
period. Similarly, when the third job arrives, it initiates a busy period. The age X (t) thus
increases linearly, and jumps down to 0 when this job completes service, assuming no more

arrivals during this period.

The phase J(t) = (A(t), S(t)) holds the joint state of the arrival process A(t) and the service
process S(t). Assuming S(t) takes value from the set of server phases Ng with cardinality m,
then the phase J(t) takes values in a set of size m = m,mg, where m, is the number of arrival
phases. In this thesis, we follow the {(X(¢), J(t)} process definition to determine the response-
time distribution of jobs with replication. Notice that, while Sengupta [Sen89] considers GI

arrivals, we generalize the analysis here to queues with MAP arrivals.

The determination of the PH representation (Syait, Swait) of the waiting-time distribution relies
on the stationary distribution 7 (x) of the (X (), J(t)) process, which has a matrix-exponential
representation [Sen89)

7(z) = w(0) exp(Tx), for x > 0, (2.8)

if process {(X(t), J(t))} is positive recurrent. The m x m matrix 7" can be found as the solution
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to the matrix integral equation

T=8®I,, + / exp(Tt)(AU™P) @ exp(Dgt) D, )dt, (2.9)
0

where ® stands for the Kronecker product, and S and AU™P) are m, x m, matrices that
describe the evolution of the service phase process. The off-diagonal entries of S hold the
transition rates, between the job service phases Ng, not associated with the start of a new
job service, while A0"P) holds the transition rates associated with a new job starting service,
during a busy period. The diagonal entries of S are set such that S + AU"™P) is the generator

of the service phase process [Sen89].

2.5.1 The matrix T

The standard method [Sen89] to solve Eq. (2.9) relies on the numerical integration and is

iterative. However, He [Hel2| proposes to define the matrix
L= /exp (Tt) (1, @ exp(Dot))dt (2.10)
0
such that Eq. (2.9) can be written as
T=S8®I,, + LA™ & D). (2.11)
Integrating L by parts, we obtain the following equation for L,
TL+ L(I,,, ® Dy) = —Ip,. (2.12)

Thus, we compute the T' matrix iteratively starting with Ty = S ® I,,,,, and in the k' iteration

solving

TiLi + Li(Ipn, ® Do) = —I,, (2.13)
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to find L;. The iteration continues with Ty, = S ® I, + Li(AV"™) @ D;) until convergence
is reached. Eq. (2.13) is a Sylvester matrix equation that can be solved in O(m?®) time with

the Hessenberg-Schur algorithm [GNVLT79].

To complete the matrix-exponential representation 7(x) = 7 (0) exp(7'x), we need to find the
vector 7r(0), which is the stationary distribution of the phase at the beginning of a busy period.

This vector can be found as the solution to the equation
7(0) = m(0) /exp(Tt)((Sserl) ® exp(Dot))dt(—Dy ) (8ser @ Dy), (2.14)
0

where (Sger, Sser) is the PH representation of the job service-time distribution, i.e., the processing-
time distribution of the server, which is known beforehand. This equation describes how the
phase starts a busy period according to 7(0), evolves with 7" and at some time ¢ a service
completion occurs with rate Sg, 1, which terminates the busy period. Next, the process simply
keeps track of the arrival phase, which evolves according to Dy, until a new job arrives with
rates in Dy and the new job starts service according to Sg.. After finding L, which is described

before in Eq. (2.10), we can re-write Eq. (2.14) as the linear system
7(0) = 7(0)L((Sser 1) ® Ion, ) (= D) (Ssex @ D1), (2.15)
which we can readily solve to find 7(0).

Relying on (7(0),7) we can obtain the PH representation (Syait, Swait) of the waiting-time
distribution as follows. Let apysy be the steady-state marginal distribution of the phase process
J(t), thus [Sen89]
o / T ()t = —m(0) T, (2.16)
0

Also, let ¢ be the probability that when the current state is (¢ + dt, i), the next return to a

state with age in the interval [t,¢ + dt] is by way of a downward jump, thus [AMO1]

P = / exp(Tt) (AU @ exp(Dot)Dy)dtl = (T — S @ I,,,)1, (2.17)
0
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following from Eq. (2.9). Therefore, the PH representation of the waiting time is given by
[AMO1]

Swait = Y Xbusy © LP/<<abusy o (P)]-)a Swait = AilT/Aa (218)

where o stands for the Hadamard product [Hor90], " denotes the matrix transpose, A is a

/
wait?

diagonal matrix such that A1 = s and v is the probability that a job has to wait, i.e.,

the probability that a job finds the server busy. To determine this probability, let 7y be
the number of service completions in a busy period, whose expected value can be obtained

as [AMO1, Section 7.2]
w(0)T (AP @ [, 1
7(0)1

Elno] = - (2.19)

Let nm; be the number of arrivals in a not-busy period, with expected value E[n;] = 1, since
an arrival during the not-busy period occupies the server, initiating the busy period. Thus the

probability that a job has to wait is

v = (Elno] = 1)/(Elno] = 1+ E[m]) = 1 = 1/E[nd], (2.20)

since, in a cycle made of one busy and one not-busy period, E[n| — 1 is the expected number

of jobs that have to wait, and E[ny] — 1 + E[n] is the expected number of job arrivals.

After the PH representation PH(Syait, Swait) of the waiting-time distribution has been obtained,

the PH representation (Ses, Sies) Of the response-time distribution is

Swait ( - Swait 1 ) Sser
Stes = [Swait (1 - Swait]-)sser]y Sres - 5 (221)
0 Sser

where PH(Sger, Sser) is the given PH representation of the server’s processing-time distribution.
Note that Eq. (2.21) applies as the waiting and service processes are independent. This rep-
resentation captures that for some jobs the response time is made of a first period of waiting
followed by a period of service, while others start service directly. With this representation we

can readily compute response-time percentiles and moments.

Based on the above existing results, we introduce in this thesis novel stochastic models to eval-
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uate how speculative replication affects job response-time distribution in multi-server systems,
which allow us to characterize the conditions under which replication effectively reduces the

response times.

2.6 Related Work

Request replication has been considered in [DB13,SLR16, VGM*13, AGSS12,Sny10, GZD" 15,
JSW15 RAWY15 GHBSW16| as an efficient way to combat the variability in latency. Trace-
driven simulations in [AGSS12] show that processing replicas of requests simultaneously is effec-
tive in mitigating the high average response time of long-running outliers. Joshi et. al. [JSW15]
analyze the impact of replication on the mean response time and the cost of computing re-
sources, and show that this impact depends on the processing-time distribution. Vulimiri
et. al. [VGM™13] propose a queueing model to derive the mean response time as a function
of system utilization and service-time distribution, and approximate the threshold load under

which replication improves mean latency.

Most existing works [DB13, SLR16, GZD*15, JSW15] consider the adoption of canceling to
limit the additional load introduced by the replicas. In fact, it is common to assume that
redundant replicas can be canceled at no cost. Dean and Barroso [DB13] observe that adopting
replication with canceling in a benchmark experiment reduces the latency substantially, while
introducing only a slight additional load. In fact, canceling plays a key role in obtaining
the scarce analytical solutions available for request replication [GZD*15,JSW15]. For instance,
canceling enables [JSW15] to reduce the problem to a single M/G/1 queue in the early-canceling
case or to an approximate M/G/C queue in the late-canceling one. Similarly, canceling is key in
obtaining the solution to the Markov chain model in [GZD*15]. From an analytical standpoint,
the cases without canceling considered in this thesis are more challenging than their counterpart
with canceling, where replicas of a request always finish service at the same time, adding a
synchronization point that simplifies the system dynamics. The absence of canceling allows

servers to evolve asynchronously, requiring a more complex analysis. This is also reflected in
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the few existing results that consider the cost of canceling, as these focus on fairly limited
scenarios, e.g., 2-server systems with a centralized queue, Poisson arrivals, and exponential
processing times [LPR15]. In contrast, in this thesis we consider in Section 5.3 where canceling
operation may require a significant amount of time, compared to the replica processing time,

and in Chapter 5 cases where canceling is hard or even infeasible to implement.

In many applications, requests are fairly homogeneous and their processing times depend largely
on the server, leading to a degree of independence between replicas’ service times. However,
in other applications, processing time depends on the intrinsic details of the request, which
impacts all of its replicas. In such cases correlation among the replicas of a request becomes
significant; whilst commonly ignored [VGM™13, GZD*15], it has only recently been taken into
account in [JSW15, GHBSW16]. In contrast, Section 5.2 considers cases of both independent

and correlated processing times among replicas of the same request.

We should also highlight that most existing works focus on either modeling or system exper-
imentation. The only exception is [VGM*13], which studies the threshold load by means of
approximate models, and experiments with different applications to confirm that this thresh-
old load for one additional replica is between 25% and 50%. To the best of our knowledge,
the model introduced in Section 5.2 is the first time a model for request replication is able to
provide response time mean and percentiles, and its predictions are validated against system

measurements.



Chapter 3

Fault-tolerance and Latency-reduction

via Replication: the Distributed Set-up

Although much effort has been spent on optimizing the performance of computing clusters
[GHBDLO09, GJW11, Mit13], requests unavoidably experience failures or delays, degrading the
offered quality of service. In this chapter, we evaluate the effectiveness of the speculative
replication strategy has on the system reliability and request latency in systems where requests
are subject to failures during service. In particular, to limit the additional load introduced by
replication, we adopt the so called replica cancellation scheme: after retrieving the result from
the first replica that completes, all other outstanding replicas are cancelled immediately. Using
this approach, the resources used by a job and its replica are freed as soon as one of them

completes service.

3.1 Reference model

We consider a server farm consisting of a number of distributed, homogeneous, and independent
servers, which process incoming requests with exponential service rate p1. The request in service
is subject to failure, where the time-to-failure is exponentially distributed with rate o, a common

assumption in reliability engineering [ZL09, WSJ07]. In the case of a request failure, we assume

29
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Individual queues [e—————

| Server 1

Arriving jobs Central queue

—_— II Dispatcher

Server 2 Dispatcher

—t—> Server r

i

(a) Server farm (b) The distributed set-up (c) The centralized set-up

Figure 3.1: Reference models. A server farm is split in nodes, as in (a). The set-up of each
node can be as in (b) or in (c).

that the server is not affected by the failure, and continues serving the next request in front of

the queue.

To improve the reliability, r — 1 extra replicas are adopted for each arriving request, i.e., a total
of r replicas of a request are submitted to the system. In particular, » = 1 represents the case
where no replication is adopted. We denote by request/replica the original request or any of
its replicas, and by job the set of replicas for a single request, where the number of replicas r
is also referred to as the replication level. To reduce unnecessary workload, the system replies
with the result from whichever replica completes successfully first, and immediately cancels all
the other outstanding replicas in the same job. The canceling overhead, which is the time to

remove all the replicas in a job, is assumed to be negligible.

To take advantage of replication, we consider a server farm consisting of n distributed computing
nodes, and a central scheduler that assigns jobs to the processing nodes in a round-robin or
random fashion, as shown in Figure 3.1(a). The node can have distributed queues in front of
cach of the servers, as shown in Figure 3.1(b). An alternative set-up is to have a centralized
queue in front of all the servers, as shown in Figure 3.1(c), where all the replicas of the incoming
requests form a single queue in the order of arrival and join the next server that becomes
available with first-come first-served (FCFS) scheduling. For this distributed case, each node
is composed of r independent and statistically identical processing servers, thus serving a job
of replication level r, by processing each of the r replicas in each server. Each of the r replicas
thus joins the end of the queue at one of the r servers, and is processed with FCFS scheduling.
For both models, when one of the replicas in a job completes service successfully, it immediately

cancels all its outstanding siblings, either waiting or in service. However, if a replica fails during
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service, it leaves the system without influencing its siblings.

In this chapter we develop stochastic models to determine the response-time distribution for
systems with the distributed set-up. In Section 3.2 we consider the set-up with two replicas,
where we assume a Markovian system and use the generating function method to determine
the Laplace transform of the response-time probability distribution, jointly with the probability
that not both replicas fail. We then generalize the number of replicas, and develop in Section 3.3
an approximate stochastic model to determine the request response-time distribution. Valida-
tion against simulation indicates that this stochastic model is accurate for not only the mean
response time but also its percentiles, which are particularly relevant for deadline-driven ap-
plications. Further, we show that in the distributed set-up, replication with canceling has the
potential to reduce response times, even at high utilization levels. These finding supports the

use of replication as an effective mechanism for both fault-tolerance and delay-reduction.

Notice that in this thesis we focus on a single computing node that implements replication, as
the analysis can be easily extended to the multi-node case to evaluate the overall performance

of the server farm, as described below.

3.1.1 The multi-node system

In this thesis, we assume that jobs that arrive at the dispatcher are assigned to the computing
nodes in either round-robin or random fashion. The advantage of round-robin scheduling is
that jobs are distributed evenly among the nodes, and no communication is required between
the nodes and the dispatcher about the nodes state. Under either round-robin or random
allocation, if the overall arrival process is a MAP(Dy,D;), the arrival process to each node is

also a MAP. Under round-robin allocation, the parameters are

Dy Dy . .- 0 O

Dy Dy --- 0 O
(3.1)

o o o O
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These matrices are of size nm,, where n is the number of computing nodes in this group. Under

the random allocation, the arrival process has parameters
Co= Do+ (1—p)D1, Ci=pDy,

where p = 1/n. As the arrival process to each computing node is still a MAP, it fits into the

proposed models.

3.2 The case with r = 2 replicas

In this section, we focus on systems with the distributed set-up, where we consider a single
computing node that implements replication with canceling and operates with » = 2 individual
queues, i.e., one extra replica is adopted for each request. We consider a pair of FCFS queues,
where a single Poisson arrival process of rate A sends a request to both queues at an arrival
instant. When a request completes service, it cancels its outstanding partners, either waiting
in the queue or in service. However, it may be that its partner had already failed, in which

case no action is taken on the service completion.

3.2.1 Conditional request response-time distribution

In conventional queuing terminology, we seek the joint probability that the two requests in a
tagged pair do not both fail, i.e., one completes service in one of the queues, and their response
time R does not exceed a positive real value ¢, conditioned on the numbers of requests ahead
of each of the tagged pair, N; and Ns, in each queue initially — e.g. at the tagged pair’s arrival
instant. If the tagged replicas both fail, R > t for all £ > 0, so that R = oo with probability

one. For integers m,n > 0, we define

Fon(t) =Pr(R<t| Ny =m, Ny =n),
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and obtain a recurrence formula for F,,(t), which we solve via a generating function of its
Laplace transform. We then decondition against the joint stationary distribution of N; and N
at the arrival instant of the tagged pair. Let f,,(t) be the derivative of F,,,(t) with respect to
t, and

Lmn(5> = ('Can)<5)

be the Laplace transform of F,,(t). Noting that, F,,(t) = F,n(t) and L, (s) = Lpn(s) for

all m,n > 0 by the symmetry of the two queues.

Instead of keeping track of the lengths of both queues, we focus on the difference between
the queue-lengths, i.e., we focus on the length of the shorter queue, n > 0, and the difference
k' =m —n > 0, assuming m > n. For example, difference k = 4 means the queue lengths are

(44 n,n) or (n,4+n). Thus we have F,,,, = Fy4xn and Ly, = Ly1i,. Let

oo o0 oo

G(ZL‘,y) = Ln-i—k,nmnyk = Z Gk($)yka

n=0 k=0 k=0

Va,y,s with |z| < 1, |y| < 1 and real values s > 0, where n is always the queue length of the

shorter queue, and

Gr(z) = Z Ly g px”
n=0

is the coefficient of y* in G(x,y). When one of the tagged pair of replicas has failed, the
problem reduces to a single queue. Focusing on the only queue with the tagged replica, and
letting k = m for this case, we define F,,, _1(t) = Fy, _1(t) = F_14(t) = Pr(R' <t | Ny = k)
for k > 0, where -1 indicates the failure of the tagged replica in the queue. R’ is the response
time random variable of queue 1 considered in isolation when there are m requests ahead of a
single tagged replica on its arrival. Similarly to the previous notation, fy 1(t) = Fj, _,(t) and

Ly, 1 = LF;, 1. We then define the corresponding one-parameter generating functions:

G0,y) => Lioy’, Galy)=> Liay"
k=0 k=0

Assuming that the tagged pair arrives at time 0, let Ny(t), No(f) be the numbers of requests



34 Chapter 3. Fault-tolerance and Latency-reduction via Replication: the Distributed Set-up

ahead of the tagged replicas in queue 1 and queue 2 respectively at time ¢. Then we have:

Fyn(t + 1) = Pr(R < t + | Ny(0) = m, No(0) = n)

_ i Pr(R < t+h | N1(0) = m, No(0) = n, Ny(h) = i, Ny(h) = j)

i.j=0

x Pr(N, (h) = i, Na(h) = j | N1(0) = m, Na(0) = n)

by the law of total probability. The terms Pr(N;(h) = i, Na(h) = j | N1(0) = m, No(0) = n)
correspond to the possible events that can occur during the interval (0, k] for A > 0, which we

take to be infinitesimal.
Proposition 1. For |z] < 1,|y| < 1,

G, y) = 2043 (b)) GO04) o214 20pr—a)3)Goe) —oaGax) (24 20) Lo
Y) = 2ut+2a+s—pr—(atp)y—azy—1

(3.2)

Proof. When m >n >0, e.g. m =n+ k with k£ > 1,n > 1, the possible events in the interval
(0, h] have the following probabilities, by the memoryless property of the exponential random

variable:

e a departure of the replica in service in queue 1, with probability uh+o(h)if i = m—1,5 =

n;

e a departure of the replica in service in queue 2, with probability uh+o(h) if i = m—1,j =
n — 1, since the departure of the replica in the shorter queue will cancel its partner in the

longer queue;

e a failure of the replica in service in queue 1, with probability ah+o(h) if i = m—1,7 = n;

e a failure of the replica in service in queue 2, with probability ah+o(h) if i = m, j = n—1;

e 10 change to the states of the queues with probability 1—2ah—2uh+o(h) if i = m,j = n.



3.2. The case with r = 2 replicas 35

All other values of i and j give a second-order contribution as more than one event in the

interval (0, h] would be required. Thus, F,,,(t + h) satisfies:

Fon(t+h) = phPr(R <t+h| Ni(0) =m,Ny(0) =n,Ni(h) =m — 1, No(h) =n)
+ ph Pr(R <t+ h| N1(0) = m, N3(0) = n, Ny(h) =m — 1, No(h) =n — 1)
+ ahPr(R <t+h| Ny (0) =m,N2(0) =n,Ni(h) =m —1, Ny(h) = n)
+ahPr(R <t+h| N (0)=m,Nao(0) =n, Ny(h) =m,Na(h) =n—1)
+ (1 —2uh — 2ah) Pr(R <t + h | N1(0) = Ny(h) = m, N2(0) = No(h) =n)
+o(h)
By the Markov property applied at time h and the residual life property of exponential random
variables, the remaining response time of the tagged pair after time h, R, = R — h say, is
distributed as the full response time of a hypothetical arrival-pair at time A conditioned on

there being Ny(h) and Ny(h) requests ahead in queues 1 and 2 respectively, c.f. [HP93]. The

last conditional probability (for instance) then simplifies to

Pr(Ry, < t | Ny(h) = m, Ny(h) = n) = Pr(R < t | Ny(0) = m, Na(0) = n) = Fyn(t)

Thus we have

an(t + h) = ,Uth—l,n(t) —f- Mth—l,n—l(t) + Oéth_Ln(t) + Oéth’n_l(t)

+ (1 — 2ph — 2ah) Fypyp(t) + o(h)

Rearranging, dividing by h, taking the limit A~ — 0 and omitting the argument t for brevity,

we obtain

fmn = HJFm—l,n + ,uFm—l,n—l + O4F1m—1,n + ClfF’m,n—l - (Z,U + 20‘)an

Taking the Laplace transform, noting that (£ f.,)(8) = $Lyn(s) and writing n + & for m, we
obtain

(Qlu +2a+ S)Ln—i—k,n = ((1/ + M)Ln—i—k—l,n + aLn—l—k,n—l + ,ULn—i—k—l,n—l
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Multiplying by 2™ and summing from n = 1 to oo, we find

2u+20+s—px)Gr(z) = (a+p1)Gr_1(x) +0rGri () + (2u+20+s) Lo — (p+a) Ly—10 (3.3)

Multiplying by %*, summing from k = 1 to oo and rearranging now gives Eq. (3.2). ]
Lemma 3.2.1.

Lo-1= s(s +/; + ) (3.4)
Proof. Proceeding as in the proof of Proposition 1, for m = 0,n = —1, we have

Fo1(t+h)=ph-1+ahF_;_(t)+ (1 —ph —ah)Fy_1(t) + o(h)

The term ph - 1 corresponds to the tagged replica completing service in queue 1. The term
F_1_1(t) = 0 corresponds to the failure of the tagged replica in both queues, with zero proba-

bility of completing service in less than time ¢ for any ¢ > 0. Then we obtain L¢ _;, proceeding

analogously to the proof of Proposition 1. m
Lemma 3.2.2.
2us + 2% + 4o
Log = e B (3.5)
s(s+ pu+a)(s +2u + 2a)
Proof. For m = 0,n = 0, we have, similarly to above,
(2u+ 20+ s)Loog =aLl_19+aLly_1 +2p/s =2aLlo_1 +24/s (3.6)
The result follows by substituting Eq. (3.4) into Eq. (3.6). O
Lemma 3.2.3. For |y| <1,
1
Goi(y) = (3.7)

s((p+a+s)—y(u+a))

Proof. For m > 0,n = —1, we have

(h+a+s) Lyt = (a+ p)Ly-1,1 (3.8)
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Multiplying by y*, summing from & = 1 to oo, we find

(1 +a+8)(Ga(y) + Lo1) = (@ + p)yG 1 (y).

Combining with Eq. (3.4), and rearranging gives Eq. (3.7). ]
Lemma 3.2.4. For |y| < 1,

(s + 20+ 2p) Lop + aG_1(y) — aLo—1 + py(s(1 —y))~"
s+2u+2a— (n+ a)y

G(0,y) = (3.9)

Proof. For m > 0,n = 0, we have, following the previous proof method:

Fk70(t + h) = /uLth_Lo(t) + ,uh 14 Oéth_l,O(t) + OéhFh_l(t) + (1 - 2,uh - 2Oéh)Fk70(t) + O(h)

Similar steps to before yield,

(2~ 200+ s)Lgo = (v + p) Ly—10 + oLy 1 + p/s (3.10)

and the result follows from Lemmas 3.2.1, 3.2.2 and 3.2.3. m
Proposition 2. For |z| < 1,

$/24 p+a)Loo — (2p 4 2a + s — (a + p)yo(x))G(0, yo(x))
$/2+a+ p—az/y(z)

Go(l‘) = ( s Vo € (0, 1)

(3.11)

where yo(z) = (s + 20 + 2u — px — /(s + 20 + 2u — px)? — dax(a + p))/(2(a + p)).

Proof. For l =m >0, i.e., k=0,n > 1, we have:

(2u+ 200+ )Ly = 20y o1 + 20 L1 1

Multiplying by x", summing from n = 1 to co then gives

(2u+ 20+ s — 2ux)Go(x) = 202Gy () + (2 + 20+ s) Lo (3.12)
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Now consider the expression for G(z,y) in Eq. (3.2). Since it is analytic in the unit disks of
both = and y, the numerator must vanish wherever the denominator is equal to 0. The zeros

of the denominator are those of the quadratic

Den = (a + p)y* — (5 +2u + 2 — px)y + ax =0

When y = 0, Den = ax > 0 for nonzero failure rate a, and when y = 1, Den = —(a + p)(1 —
r) —s < 0for 0 <x <1 Wheny — +oo, Den > 0 since the equation is dominated by 3>
Thus this equation has one (smaller) root in interval (0,1) and another in (1, 00). Given some

z € (0, 1), let the smaller root for y be yo(x) € (0, 1), namely:

() S+ 20+ 2 — px — /(s + 2 + 2u — px)? — dax(a + p)
T) = .
Yo 2(a+ 1)

To make G(z,y) analytic, the pair (z,yo(z)) must also be a root of the numerator of Eq. (3.2),

l.e. we must have

2u+2a+s— (p+ a)yo(z))G(0,yo(x)) + (s + 21 + 200 — px — ax/yo(z))Go(z) — axGy(x)

— (S + 2/,L + 20&)[40’0 = 0.

Substituting G (z) using Go(z) following Eq. (3.12), we obtain Eq. (3.11). ]

3.2.2 Formulation based on difference between queue-lengths

Under the FCFS discipline, the unconditional probability distribution of response time at

equilibrium, R(t), is R(t) = P(R < 1) = ¥ % TpnFrnll) = 32 3 TusrnFrsrn(t) (for
n>0m>0 n>0 k>0

m > n,k > 0), which has Laplace transform

R(s) =) TupknLntrn(s),

n>0 k>0

where 7,4, is the steady state probability that the joint state of the queues is (n+ k,n), i.e.,

when the length of the shorter and the longer queue is n and n+ k, respectively. We then essen-
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Table 3.1: Mean and Standard deviation of response times with ¢ = 1: simulation, and SEM.

o \ Mean Standard deviation
Simulation[95%] | SEM/%Err | Simulation[95%] | SEM/%Err
0.1 | 0.5270 £0.0003 | 0.5268/0.00 | 0.5279 +0.0002 | 0.5277/0.04
0.001 | 0.5 | 0.6669 £0.0004 | 0.6671/0.00 | 0.6674 £0.0003 | 0.6677/0.04
0.9 | 0.9091 £0.0004 | 0.9095/0.00 | 0.9101 +0.0004 | 0.9098/0.03
0.1 | 0.5310 £0.0003 | 0.5310/0.04 | 0.5394 +0.0002 | 0.5395/0.00
0.01 0.5 | 0.6707 £0.0005 | 0.6708/0.00 | 0.6762 +0.0003 | 0.6763/0.00
' 0.9 | 0.9121 £0.0005 | 0.9127/0.07 | 0.9151 £0.0004 | 0.9155/0.04
0.1 | 0.5558 £0.0004 | 0.5555/0.05 | 0.6042 +0.0002 | 0.6037/0.08
0.1 0.5 | 0.6906 £0.0005 | 0.6901/0.07 | 0.7243 +0.0004 | 0.7234/0.00
' 0.9 | 0.9236 £0.0006 | 0.9223/0.03 | 0.9409 +0.0004 | 0.9392/0.18
0.99 | 0.9987 £0.0007 | 0.9997/0.10 | 1.0115 £0.0004 | 1.0128/0.13
0.1 | 0.5204 £0.0004 | 0.5203/0.00 | 0.5711 +0.0004 | 0.5711/0.00
0.5 | 0.6242 £0.0005 | 0.6236/0.10 | 0.6647 +0.0003 | 0.6636/0.17
0.5 0.9 | 0.7852 +0.0005 | 0.7857/0.06 | 0.8076 +0.0004 | 0.8087/0.14
1.35 | 1.1347 +0.0007 | 1.1359/0.11 | 1.1260 £0.0005 | 1.1288/0.25
0.2 | 0.4470 £0.0004 | 0.4469/0.00 | 0.4769 +0.0002 | 0.4773/0.08
1 1.0 | 0.6351 £0.0005 | 0.6352/0.00 | 0.6514 +0.0003 | 0.6514/0.00
1.8 | 1.1446 £0.0008 | 1.1468/0.01 | 1.1165 £0.0006 | 1.1202/0.33

tially use the difference k£ to modulate the Markov process followed by the shorter queue length
using the spectral expansion method. Notice that the probability that a positive customer

completes service at either of the servers is the marginal probability R(oo) = sR*(s)]so-

The spectral expansion method (SEM) of [Mit02] is ideally suited to calculating the joint
equilibrium probabilities in the difference formulation, in which the system state is described
by a pair of random variables, (K, N); K is a control variable that determines the transition
rates in the Markov process followed by N. Here, K is the difference and N is the length of
the shorter queue. The random variable K must be finite and so we truncate the state space
thus K is at maximum a constant C'. The limit C' introduces an approximation, the goodness
of which depends on the system parameters. For instance, when the failure rate « is small
compared to the service rate p, the probability of a large difference K is small, since successful
service completions are more likely to occur, activating the canceling mechanism, which keeps
the queues more synchronized. With a larger failure rate, we may expect a larger difference.
However, due to the canceling mechanism, the probability of large differences between queue
lengths stays small, even at high utilization levels.

From our experiments, a truncation at

maximum difference C = 5 was found sufficient.

To evaluate the accuracy of our approximation, we compare its results against those estimated
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from simulation experiments. As there is no standard simulation tool that can simulate failures,
replication and canceling, we implemented an event-based simulation in Java, where the job
inter-arrival times, service and failure times are generated according to the exponential distri-
bution. In Table 3.1, we compare the mean and standard deviation of response time obtained
from simulation, with the SEM results (C' = 5). Here we set the service rate y = 1, and consider
different failure rate o, and arrival rate A, thus achieving different reliability and utilization
levels. For each setting, the simulations were run for 5,000 times with 500,000 samples each

time. Here we can see that our model shows a high degree of accuracy for all the cases.

In this section, we analyzed the effectiveness of replication schemes, considering the case of
two replicas. The approximation method proposed — focusing on the difference between the
queue lengths, achieves high accuracy. However, this solution, which involves using generating
functions to solve the request response-time distribution, is limited by its complexity. In the

next section, we investigate the case with r > 2 replicas using the matrix-analytic method.

3.3 The case with r > 2 replicas

Analyzing the model with » > 2 and distributed queues is challenging, as the synchronized
arrivals of replicas to all queues correlate their dynamics, while individual replicas fail asyn-
chronously. We therefore rely on the matrix-analytic method to develop an approximate
stochastic model to determine the job response-time distribution, capturing the dynamics intro-
duced by failures, replication and canceling. Although approximate, validation results indicate
that our model is accurate for not only the mean response time but also its percentiles, a sig-
nificant advantage since mean response time guarantees are not sufficient in many situations,
in particular for deadline-driven applications. Further, we show that in the distributed set-up
replication with canceling has the potential to reduce the response times, even under relatively
high utilization. The effect of replication actually depends on the specific response time per-
centile evaluated, especially in low-reliability scenarios. This effect is more uniform across the

response-time distribution when the request reliability is high or when more than one extra
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replica is adopted.

To this end we start by obtaining the waiting-time and service-time distributions separately,
both of which have Phase-type (PH) representations. For each job, composed of r replicas,
the waiting time is the period between its arrival and the time the first of its replicas starts
service, while the service time starts when the waiting period ends and concludes when one of

the replicas completes service successfully, or when all replicas fail.

3.3.1 The waiting-time distribution

Different from the single-server scenario considered in Section 2.5, the system considered in this
section is more complicated as it is composed of ¢ > 1 servers. In the system with multiple
servers, we follow the definitions in [AMO1], where an all-busy period refers to the time period
when all the servers are busy, which terminates when one of the servers becomes idle and its
queue is empty. This marks the start of a not-all-busy period, where at least one server is idle
and terminates when a job arrives, submitting one replica to each server, initiating an all-busy
period. To determine the waiting-time distribution, we observe the queues only during the
all-busy periods, and define a bi-variate Markov process {X(t), J(¢)|t > 0} [AMO1]. As the
single-server case, the phase process J(t) = (A(t), S(t)) still holds the state of the arrival and
service processes, where the arrival process is a MAP with m, phases and parameters (Dy, Dy).
The age process X (t) is the total time-in-system of the youngest job in service, which may
increase linearly with rate 1, if no job service completions occur. Note that, during the all-busy
period, a new job starts service only if the replica in service in the shortest queue completes
service or fails. This is because for the replicas waiting in other queues, one or more of their
siblings have already failed. Thus in case of a service completion or a failure in the shortest
queue, a new job starts service and a downward jump in X (¢) occurs, as the new job becomes

the youngest in service and its age (time-in-system) is equal to its waiting time.

To model the service process, we first order the queue lengths in ascending order, i.e., (¢1, ¢, - - -, ;)
with ¢; < g; for i < j and 1 < 4,5 < r, where the queue length includes jobs waiting and in

service. During the all-busy period, the shortest queue length must be positive, i.e., ¢4 > 0,
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Table 3.2: Transition rates for matrix S

From To Rate Range
(d17'"7d’i>di+l7"'7dr71) (dla'"7di_17di+17"'7d7‘71) M dz>07 di+l >0722 1
(dl,A..,di,dprh.“,d,,,,l) (dh...,di—l,maX{C,di+1+1}7.4.,d,,>,1) @ d; >0, di+1 >07>1

(d1,7d270770,dk,7d7«_1) (dl,,dlfl,o,,o,dh,dr_l) (k*l)/,l/ d2>0,d]:0 VZ<]<I€
d;, 0 d,_

(d17..., is ,...,O,dk,...7 rl) (dl,...,d,;—l,l.,O,...,O,dk,...,dr,l) (k?—Z)()/ dz>0,dJ:O v2<]<k§
Table 3.3: Transition rates for matrix AUump)

From To Rate Range
(d17d27"'ad1“—1> (dlad%"'vdr—l) 2 dl >0
(d17d27"'adr—1> (maX{C, d1+1})d27'“7dr—1) a dl >0

(O,...,O,di,...,dr_1> (0,...,0,di,...,dr_1) ZM di>0,dj:0 VJ<Z
(0,0,...,0,di,...,d,o_1) (1,0,...,0,di,...,dr_1> i di>0,dj:0 VJ<Z

while during the not-all-busy period the shortest queue must be empty, i.e., ¢y = 0. Further, we
focus on the differences between two consecutive queues after ordering, defined as (dy, ..., d,_1),
where d; = ¢;41 — q; for 1 < i < r—1. The queue-length difference is unbounded in principle,
but, to keep the phase space finite, we introduce an upper bound C' < oo as in Section 3.2,
such that the difference is at most C. As a result, the service process S(t) takes values in
the set Ny = {(dy,...,d,—1)|d; € {0,...,C} for 1 < i < r — 1}, the cardinality of which is
ms = (C' 4+ 1)""! for a system with 7 queues and an upper bound of C. We evaluate later in
Section 3.3.3 the accuracy of this approximation and explore the selection of the limit C'. The
phase process J(t) thus takes m = m,m; different values, where m, is the number of arrival

phases.

To determine the PH representation (Syait, Swait) of the waiting-time distribution, we rely on
the stationary distribution r(x) of the (X (¢), J(t)) process, which involves to solve the matrix
T in Eq. (2.9) as defined in Section 2.5. As mentioned above, only the service completion or
failure of the replica in service in the shortest queue triggers the start of a new job service, thus
transitions in the shortest queue correspond to matrix A0"™P)_ while transitions in other queues
correspond to matrix S. Table 3.2 shows the transition rates in S. The first row considers the
case where the replica in service in the (i+1)" shortest queue completes service, canceling its
partners in all the queues longer than queue (i+1)™, resulting in the difference between the
(i+1)™ and *® shortest queues decreasing by 1, while other differences remain unaffected. The

second row considers the case where the replica in the (i+1)*™" shortest queue fails, decreasing
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by 1 the difference between the (i+1)™ and i*® shortest queues, while the difference between
the (i+2)™ and (i+1)"™ shortest queues increases by 1, but bounded by C. In the previous two
cases we assumed that d;,; > 0, thus ensuring that the (i+1)™ shortest queue is actually a
single queue. The third and fourth rows consider the case where d;y; = --- = dy_1; = 0, such
that from the (i+1)™ to the k' shortest queues have the same length. Thus, the transition
rates in the third row reflect that a service completion in any of these queues triggers the
same transition. The fourth row considers the same condition for the case of replica failures.
Table 3.3 considers similar conditions but for the matrix AU™P)  The first and second rows
consider a service completion or failure of the replica in the shortest queue, thus initiating a
new job service. In case of a service completion, the replica that completes service cancels all
its partners, thus the differences between queue-lengths remain unchanged. On the other hand,
a failure in the shortest queue leads d; to increase by 1, but bounded by the limit C. The last

two rows consider the case where there are multiple shortest queues.

With matrices S and A9"™P) we could find the matrix T by solving Eq. (2.9). And after the
matrix 7" is found, we again need to determine the steady state distribution 7 (0) of the phases
at the beginning of an all-busy period. To find 7 (0), we need to connect the not-all-busy and
the all-busy periods [AMO01]. Compared to the all-busy period, in the not-all-busy period the
shortest queue is empty, ¢; = 0, but the differences between queue-lengths can be modeled just
as in the all-busy period. Thus, during the not-all-busy period we keep track of the arrival
and services phases Jy(t) = (A(t), Sn(t)), with the service phase Sy(t) = S(t) as the all-busy

period, taking values in the set Sg.

Note that a single arrival during the not-all-busy period is enough to initiate an all-busy period,
as its replicas are sent to each queue. Thus the vector 7w (0), which is the distribution of the

phase J(t) at the beginning of an all-busy period, solves

o0

7(0) = m(0) /exp(Tu)(A(jump) ® exp(Dou))du(Shot-all-busy P Do)~ (I, ® Dy), (3.13)

0

where @ stands for the Kronecker sum. Here the mg x my matrix Spot-an-busy holds the transition

rates across service phases, between arrivals, during a not-all-busy period. Since no arrivals are
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allowed and the queue is empty, there are no new jobs starting service during this period and
the Shot-all-busy Matrix holds the same transition rates as the matrix S. The only difference is in
the diagonal of Syt ai-busy, Which needs to be such that Shot-aibusyl = 0. Eq. (3.13) considers
that, during an all-busy period, the age reaches a value u with density 7 (0) exp(T'w). At this
point a downward jump of size larger than u occurs with density AU"™P) @ exp(Dyu). This
results in a transition to a not-all-busy period, where the phase process evolves according to
the sub-generator Shot-ail-busy @ Do, until an arrival occurs and triggers the process into a new
all-busy period. Notice that when a job arrives during a not-all-busy period, the service phase
Sn(t) remains unchanged since every queue receives a new request, keeping their differences
unchanged. The distribution of the phase just after the arrival that initiates the all-busy period,

given the phase just before this arrival, is thus (/,,, ® D).

To find 7(0), we rely on the integral

(e 9]

L= /exp(Tt)(ImS ® exp(Dyt))dt

0

defined in Eq. (2.10), which simplifies Eq. (3.13) to
7‘-(0) = W(O)L(A(Jump) ® ]ma>(snot—all—busy S DO)_I(ImS X Dl)

Here 7(0) can be found readily in O(m?) time, once L has been obtained.

After obtaining matrix 7" and vector 7(0), we readily have the waiting time distribution from
Eq. (2.18). Recall that the probability that a job has to wait is vy = (E[no]—1)/(E[no]—1+E[m]).
Here 79 is the number of service completions in an all-busy period, and 7, is the number of
arrivals in a not-all-busy period. The expected value of E[n] is given by Eq. (2.19), and
E[m] =1 as an arrival during the not-all-busy period sends replicas to all queues in the node,

initiating an all-busy period.
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Table 3.4: Transition rates for S, S'E and S’;

From To Rate Range
L(dy,...,d—1) [-1, (max{C, di+1},...,d,—1) a l=r
l,(dl,. ~7dr—1) S 12 l=r
l,(O,...,O,di, 7dr—1) lfl,(l,U,...,U,dZ-.,...,d,.,l) Xe’ IZT,di>U,dj:0 Vi<t
l7 (0, .0, d1;, R d,«,l) S LM l=r, d7;>07 d7:0 VJ<’L
l,( .,di7di+1, .7dT_1) l,(...,di—l,di+1,...,d,«_1) M di>0., di+1>07 I<r
l,(. ~7di7di+17 ,d,,n,l) l,(...,difl,max{c, di+l+1}7~- .,d,,«,l) (% d2>0, d,‘+1>07 ZST
l,(...7di70,...,0,dk,...,d,«,l) l,(...,di—l.,o,...,O,dk,...7dr,1) (k—l)ﬂ d;>0, d]:() V1<j<k, <r
L(oendsy 0y, 0odpy e dyy) L(oeodi—1,1,0,. 0,0, dpy .. dyy) (k—i)a | d;>0, d;=0 Yi<j<k, I<r
l./ (0,«,[,17 1, dr,lJrl, ey drfl) l—l, (Or,l,l, O, maX{C, drfl+l+1} caey drfl) « d7~,l+1>07 I<i<r
[, (Orfl,l7 1, dr,lJrl, L ,d,-,l) S 7 d7-71+1>07 1<i<r
l (0,_,_1,1,0,.,.,0,dk7...,dT_l) l—].,(07-_1_17071,0,...,0,dk7...,d,-_l) (k—T+l+1)0é 1<i<r
1,(0,—y-1,1,0,...,0,dg,...,d_1) S (k—r+l+1)u l<i<r
L0, 5 1) 5 7 =1
1,(0,_5,1) F o I=1

3.3.2 The service-time distribution

We now determine the job service-time distribution, which we show to be PH with parameters
(Ssers Sser) that depend on the overall system state. Let Y (t) be the service state of a tagged
job in service at time t. We define Y (t) = (R(t), S(t)), where R(t) records the number of alive
replicas of the tagged job at time ¢, thus R(t) € {1,...,7}. The variable S(t) is again the
difference between queue lengths, but it focuses on the queue lengths in front of the tagged
replicas only, ignoring any jobs that arrive after the tagged job. Thus if a tagged replica has
already failed, the corresponding queue length is kept at 0. Notice that since we are interested
in the service time of a tagged job, we focus on phases where at least one tagged replica is in
service, and we order the service states according to R(t) in descending order. Further, when
R(t) = 1, only one tagged replica remains alive, thus it is enough to keep track of the length
of the queue where this replica is located. To build the PH representation of the service-time
distribution we consider the sub-generator S, and two absorbing states, S and F, representing
the cases where the job completes service successfully or encounters a failure, respectively. We
can then write the generator of the service time process (ignoring the zero rows corresponding

to the absorbing states) as
{S’SQT S 5‘}] )
where the absorption vectors S and S}, hold the absorption rates into states S and F, respec-

tively, and 8" = Sg + S}
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The transitions among service phases depend not only on whether there is a successful service
completion or a failure, but also on which queue this happens. The transition rates of the
service process are shown in Table 3.4, which we split in four sets for clarity. The first set of
rows considers the case where R(t) = r, i.e., none of the tagged replicas has completed service
or failed, thus there is at least one tagged replica in service in one of the shortest queues. In
the first two rows there is only one tagged replica in service, thus its failure, with rate «, leads
dy to increase by 1 but bounded to C', while its service completion, with rate u, marks the
service completion of the whole job, thus entering the S state. Rows 3-4 cover a similar case,
but with ¢ tagged replicas concurrently in service. In the second set, we consider transitions in
queues other than the shortest ones, which do not hold tagged replicas. The first and second
rows consider the case of a service completion or a failure in the (i+1)™ queue, respectively,
assuming there is a single queue with this queue length (d;1; > 0). The third and fourth
rows consider a similar transition, but in this case the (i+1)™ to the & queues have the same
length, thus the transition rates are (k — i) and (k — i)a, respectively. In the third set we
assume that the number of tagged replicas alive is 1 < [ < r, thus at least one tagged replica
has already failed. In fact, the zero vector 0,_;1 in front of the state description corresponds
to the queue-length differences among the r» — [ servers where the tagged replicas have already
failed. Here the first two rows correspond to the failure or service completion, respectively, of a
tagged replica in the (only) shortest non-zero queue, thus assuming d,_;41 > 0. The third and
fourth rows cover the same case, but considering multiple (i.e., k — r + 1 — 1) shortest queues.
Finally, the last set considers the case where only one tagged replica remains in service, thus
its service completion marks a successful completion of the whole job, while its failure leads to

the job failure.

Having obtained Si, we define Sger = Sser ® I,,,, which is a matrix of size mg,. Since the
service phase space is ordered in decreasing order according to R(t), we let m, be the number
of phases where R(t) = r and mg the remaining phases, such that mg, = m, +mg. We can now
determine the initial probability vector sg., which is the stationary probability with which a

job starts service in each of the phases.

Proposition 3. The job service-time follows a PH distribution with parameters (Sser, Sser),
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where

Sser = [(1 = 7)m(0) + veotpysy(T—S @ I,) O] (3.14)

Here ¢! = @pys(T—S ® I,,,,)1, and the zero vector correspond to phases with R(t) < r as a

job can only start service in phases with R(t) = r, since it starts with all its replicas alive.

Proof. Notice that a job can only start service in the mg service phases with R(t) = r, since
in other phases one or more tasks have already completed service, thus the 0,,, vector in Sge,
corresponds to phases with R(f) < r. If a job finds at least one idle server, which occurs with
probability 1 — ~, it initiates an all-busy period, and starts service with phase according to
7(0). On the other hand, a job finds all the servers busy with probability «, and its starting
phase is given by the distribution of the phase in the (X (t), J(t)) process after a downward
jump, as these are the times when new jobs start service. We know that the joint distribution
of the age and the phase is 7(x). Further, thanks to the level-homogeneity of the process, given
that the age is 2 and the phase is i, the probability that the age reaches [z 4+ u,x + u + du)
is independent of z. Thus, the probability that level x is visited after a downward jump, and

that this occurs by visiting phase j is given by the j' entry of

C/OOO /O°° 7 (z) exp(Tu)(AV™P) @ exp(Dou) Dy )dudz = em(0)(=T) YT — S ® I,,,)

= CcOpusy (T — S @ Iy,,),

where the inner integral is equal to T'— S ® I,,,, from Eq. (2.9), and ¢ is a normalizing con-
stant that is therefore given by ¢! = Opusy(T' — S ® I,,,)1. Thus, a job that waits starts
service according to Otpusy(T' — S ® Iy,)/ (Qpusy (T — S @ I,,,)1). Multiplying this vector by
the probability that a job has to wait 7, and adding it to the (1 — )7 (0) term completes the

result. O

As a result, we have that (Sser, Sser) is @ PH representation of the service time for all jobs. For
further reference we also define the corresponding exit vector S5 = S% ® 1,,,. However, we

want to focus on the successful jobs only, for which we obtain the PH representation of the
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service- and response-time distributions in Proposition 4 and Theorem 3.1, respectively. The

proofs, which were done by Dr. Juan F. Pérez, can be found in Appendix A.1.

Proposition 4. The service time of successful jobs follows a PH distribution with parameters

(18567’7 Bser>; where
ﬁser = S*S/H/p5'7 Bser = HilS/ 11

ser——*

I1 is a diagonal matriz such that TI1 = 7/, n = —8.S.}

wor 1S the stationary distribution of the

service phase, and pg = —8erSy)

S’ is the probability that a job is successful.

Theorem 3.1. The response time of successful jobs follows a PH distribution with parameters

(Srem Sres) ) where

Bt 0 0
S{ By 0]’5“8 0 B (=Bl1)P,,| (3.15)
0 0 Swait

where (B¢ Bile) and (B°“Y, BYY) are the PH representations of the service times of successful

jobs that start service immediately upon arrival and that must wait, respectively. Letting ;g
be a diagonal matriz such that Agl = —(1 —~)(mw(0)SLL), (B, Bie) are given by

Ser ser Ser

Biy = S5liae/ps, Bty = AiStNide.

ser ser idle™ ser

Similarly, letting Ay be a diagonal matriz such that Ap,s,1

= (pusySL), (BYY, BYY) are given by

ser ? ser

/Bbusy - S*SAbusy/p5'7 Bbusy = A_l ! Abusy‘

ser ser busy™ ser

Finally, Ps., s an mge, X m matriz given by
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3.3.3 Experimental validation

We now demonstrate that the proposed model is able to provide accurate results with quite
moderate values of the limit C. To study its behavior, we focus on the mean response time,
and the p'" response-time percentile, denoted as R, which is the maximum response time faced
by p% of the successful jobs. With these two metrics, Table 3.5 summarizes the relative errors
of the values obtained from the approximated model (finite C), against simulation results.
Similar as Section 3.2, we implemented an event-based simulation in Java. While job service
and failure times are generated according to the exponential distribution, we consider Poisson
arrivals, and MAPs of second order job inter-arrival times, thanks to the flexibility offered by the
proposed model. While the Poisson case is a standard assumption, MAPs allow us to explore
the effect of the variability and auto-correlation of the inter-arrival times on the accuracy of
the approximation. The variability, measured by the squared coefficient of variation (SCV),
is defined for a random variable X as C% = Var[X]/E[X]?. While for Exp arrivals the SCV
is one, for the MAP case we set the SCV to 10. For MAP arrivals we also set the decay rate
of the auto-correlation function to 0.9. We use the method in [HHGO6] to obtain the MAP
representations. We show the errors achieved when r = 3 as an example, and consider different
system settings. The reliability of the system without replication is given by u/(u + «)%,
where the service rate p is set to be 1.0, and the failure rate « is set to achieve different
baseline reliability levels, namely 10%, 50% and 90%. Further, the arrival rate is set to achieve
different baseline utilization levels for the system without replication. For each configuration
we consider different values of the limit C: 5, 10 and 50. For each setting, the simulations were
run for 5,000 times with 500,000 samples each time, from which we obtain the mean response
time and Rgs. Focusing on the cases with r = 3 and the baseline reliability of 50% and 90%,
we observe that the relative error is below 1% for most test cases with C' as small as 5, with
the exception of the case with MAP arrivals and 0.9 utilization, which requires a larger C' of
10 to achieve an error below 1%. Here both the utilization and the more variable and auto-
correlated arrival process increase the likelihood of larger queues and larger differences among
queue lengths, thus requiring a larger limit C. However, when the reliability is just 10%, we

observe significant errors for several cases with C' =5 and 10. For instance, with MAP arrivals
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Table 3.5: Approximation error (%) compared with simulation results

e s Err - reliability:10% Err - reliability:50% Err - reliability:90%
Arr | Utilization | Measure |- e 0 o en e — e T = 10 1 G =50 [C = § [C = 10 C = 50
01 mean <1 <1 <1 <1 <1 <1 <1 <1 <1
Rys <1 <1 <1 <1 <1 <1 <1 <1 <1
Fxp 05 mean <1 <1 <1 <1 <1 <1 <1 <1 <1
' Rys <1 <1 <1 <1 <1 <1 <1 <1 <1
0.9 mean 15.2 2.6 <1 <1 <1 <1 <1 <1 <1
' Rys 19.5 3.5 <1 <1 <1 <1 <1 <1 <1
01 mean <1 <1 <1 <1 <1 <1 <1 <1 <1
' Rys <1 <1 <1 <1 <1 <1 <1 <1 <1
mean 31.6 11.3 <1 <1 <1 <1 <1 <1 <1
MAP 0-5 Rys 28.6 9.9 <1 <1 <1 <1 <1 <1 <1
0.9 mean 34.5 12.0 <1 2.0 <1 <1 <1 <1 <1
' Ros 35.1 12.8 <1 1.3 <1 <1 <1 <1 <1

and 0.9 utilization, the error rate with C' = 5 and 10 are 34.48% and 11.95% for the mean,
and 35.08% and 12.78% for Rys, respectively. The low reliability case is more challenging as
the higher likelihood of failures increases the differences among the queue lengths. Increasing
the limit C' to 50 allows us to obtain errors below 1%. With medium and high reliability
levels, failures are less frequent and the queues stay more synchronized, such that a small C' is

sufficient to cover most of the queue-length differences observed.

Considering the cases with r = 2 we observe similar trends, with errors increasing with the
utilization and the arrival process variability, and decreasing with the reliability. However, we
observe larger errors than with » = 3 thus requiring a larger C' to achieve the same level of
accuracy. This can be explained by noticing that with r replicas and limit C' the maximum
difference allowed by the model between the shortest and the largest queues is rC'. Thus a
larger number of replicas allows the model to consider larger queue-length differences, given

the same limit C.

3.3.4 Experimental results

We now make use of the proposed model for the distributed set-up to evaluate its performance
in the terms of its reliability and offered response times. Through the whole section, the service
rate p is set to 1, and the mean arrival and failure rates are set in proportion to u to obtain
different baseline utilization and reliability (the utilization and reliability achieved without

introducing any replicas).
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The effect of replication

Beyond the evident improvement in reliability, another benefit of replication with canceling
is its potential to reduce the response time by allowing the selection of the first successful
result. Focusing on the impact of replication levels has on the response times, Figures 3.2,
3.3 and 3.4 show how the utilization and Rg5 change under different replication levels, under

Poisson arrivals, and different baseline reliability levels (10%, 50% and 90%).

Figure 3.2(a) depicts how the system utilization increases as the replication level increases,
although the increase is relatively minor. In this case we assume a reliability of 90%. Decreasing
this reliability to 50% and 10%, as depicted in Figures 3.3(a) and 3.4(a), the relative increase in
utilization when replication is implemented is larger. For instance, when the reliability is just
10%, a utilization of 0.35 without replication becomes 0.67 when r = 2, and further increases to
0.95 when r = 3. However, the increase in utilization does not necessarily lead to a higher delay.
On the contrary, replication leads to lower response times, as long as the baseline utilization
stays below a certain threshold. For instance, Figure 3.2(b) shows that both replication levels
achieve a lower Rg; than without replication, when the baseline utilization is below 0.85. In
particular, the system with 3 replicas achieves the lowest response times among the three.
Although the introduction of replicas introduces extra load, which leads to an increase in
the response times, at the same time it allows the selection of the first replica that finishes,
potentially reducing the response times. However, the second effect weakens with a higher
failure rate, as we observe in Figures 3.2(b), 3.3(b) and 3.4(b) that the utilization threshold,
under which replication is beneficial, decreases with decreasing reliability. In particular, when
the baseline reliability is 10%, the introduction of replication increases the response times at
any utilization considered. The reason is two-fold: first, the system without replication and a
low reliability shows short response times since only short jobs can complete service before a
failure; second, the probability that all replicas are running until the first one completes reduces
with a higher failure rate, weakening the benefit of selecting the first replica that completes

service.

Figure 3.5 shows the utilization and Rgs obtained under MAP arrivals and a reliability of
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Figure 3.3: Poisson arrivals, 50% baseline reliability
90%, while keeping the same mean arrival rate as for Poisson arrivals. We observe how the
bursty workload modeled by the MAP arrivals leads to much larger response times and a lower
utilization threshold, below which replication reduces response times, compared to the case
with Poisson arrivals in Figure 3.2. This is caused by the more variable and auto-correlated
workload represented by the MAP arrivals, which limit the load range where replication is

beneficial.

The effect across the distribution

We now look further into the effect that replication has across the whole response-time dis-
tribution. To this end, for each percentile p in the range {10, 20, ..., 90, 99} we obtain the
relative improvement (R} — R;)/R.%, comparing the response time percentiles obtained with
replication (r = 2,3) against those without (R)). Figure 3.6(a)-(b) depicts the improvements
for the case under Poisson arrivals with reliability of 90% and utilization levels of 0.1 and 0.3,

respectively. We observe fairly stable improvements across the whole percentile range, with
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Figure 3.5: MAP arrivals, 90% baseline reliability
the exception of the improvement on the tail. For instance, when the utilization is 0.1, and
r = 2, the improvement on the 99" percentile is 34.83%, while the improvement experienced by
most percentiles is around 43%. In fact, we observe that the improvement generally decreases
as the percentile considered increases. The reason for this is that a larger percentile covers
longer response times, which are partially associated to longer service times. In a long service
time there is more room for a failure to occur, in which case the system loses its ability to use
the minimum of r execution times. Notice that this effect decreases if r is larger, as shown in
Figure 3.6(a)-(b), as even if one replica fails, there are r — 1 replicas that could execute concur-
rently and among which the system selects the minimum execution time. Further, this effect is
stronger if the utilization is low, as confirmed when comparing Figure 3.6(a) and 3.6(b), since
under low utilizations the contribution of the service time on the response time is larger as the

queueing times are very short.

In the previous set-up we assumed a reliability of 90%. If we reduce it to 50%, Figure 3.7(a)-(b)

shows that the gains across the percentiles are not uniform, where we observe peaks on small
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Figure 3.6: Improvement on R, (Poisson arrivals, reliability: 90%)
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Figure 3.7: Improvement on R, (Poisson arrivals, reliability: 50%)
percentiles, and a stronger decrease in the improvement for larger percentiles. For instance,
when r = 3 and utilization is 0.1, the improvement of the 10*® percentile is 39.64%, while it is
17.36% for the 99*" percentile. This more pronounced effect is in agreement with the observation
above as in this case failures are more likely and higher percentiles evaluate conditions where
service times can be larger and provide more chances for failures to occur. This clearly highlights

the importance of explicitly considering the response-time distribution, and not just its mean,

or one percentile, when evaluating a replication strategy.



Chapter 4

Fault-tolerance and Latency-reduction

via Replication: the Centralized Set-up

In the previous chapter, we have focused on the distributed set-up, where we develop an approx-
imate stochastic model to determine the request response-time distribution. In this chapter, we
explore the centralized set-up, where we propose a stochastic model to study how the replica-
tion with canceling approach affects the offered response-time percentiles, with two replicas in
Section 4.1, and general number of replicas in Section 4.2. Finally, in Section 4.3, we compare
the distributed and centralized set-ups, where we find that the distributed set-up offers response

times close to those of the centralized system, especially at medium-to-high request reliability.

4.1 The case with r = 2 replicas

We consider the model as shown in Figure 3.1(c), where all the replicas of the incoming requests
form a single centralized queue in the order of arrival and join the next server that becomes
available with FCFS scheduling. For example, in Figure 4.1 we show the case with r = 2
replicas, where for each request O submitted to the system, a single replica R is adopted and
sent right after the original request to the central queue, and the system replies with the result

from whichever replica completes first. To analyze the performance of this set-up, we first

95
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Figure 4.1: Reference model
propose a model to evaluate the performance of a system with » = 2 replicas. We then extend
the proposed model to cases with » > 2, limiting the number of replicas to be same as the
number of servers in a computing node. This allows the comparison between the distributed
and the centralized set-ups. As with the distributed case, while the request/replica processing
times are exponentially distributed with rate p, we will show that the job processing times

follow a PH distribution, whose parameters depend on the overall system state.

4.1.1 The queue-length distribution

In this section we focus on the computation of the queue-length distribution. While relevant
on its own, we will make use of the queue-length distribution in Section 4.1.2 to obtain the job
response-time distribution. The system without replication can be cast as a MAP/M/c queue
with service rate p + «, and its queue-length distribution can be obtained using the method
in [LR99, AMO1]. However, the case with replication requires a more detailed analysis due to

the particular dynamics introduced by both replication and canceling.

For the system with replication, we set up a two-dimensional MC {(L(t), J(t))|t > 0}, where
L(t), the level variable, holds the number of jobs in the system, and J(t) = (A(t), S(t)), the
phase variable, holds both the phase of the arrival process A(t) and of the service process S(t).
The arrival process is a MAP with m, phases and parameters Dy and D;. During a not-all-busy
period, we define the service state to be S(t) = (La(t), L1(t)), where L;(t) is the number of jobs
with ¢ replicas in service. A job has only one replica in service if the other one already failed.
For instance, for a system with 3 servers and 1 job in process, either one or both replicas of
this job are in service, leading the possible service phases in level 1 to be {(1,0),(0,1)}. On

the other hand, during an all-busy period we define the service state to be S(t) = (La(t), Y (¢)),
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where Y (t) represents the state of the youngest job in service. Y (¢) takes values from {2, O, R},
where: 2 means both replicas of the youngest job are in service; O means only the first replica
is in service while the second one is waiting in front of the queue; and R means one of the
youngest job’s replicas failed while the other one is still in service. In this case there is no
need to record the number of jobs with one replica in service, since this can be calculated as
c¢—2Ly(t) when all the servers are busy. In the example with 3 servers, but 3 jobs in the system,
the possible service phases are {(1,0), (1,2), (1, R), (0,0), (0, R)}, where service phase (1,0)
represents the case where one job has both replicas in service, the youngest job in service has
its first replica in service and its second replica waiting, and one job is waiting in the queue.
The number of service phases for level k is given by

(k) = k+1, k< |c/2], (4.1)

2k — |¢/2] +1, [¢/2] <k<ec.

From level ¢ onwards, all the levels have the same number of service phases ms; = 2¢ — |¢/2],
where |a] is the largest integer smaller than or equal to a. We order the state-space lex-
icographically and define level £ as the set of states where k jobs are present, i.e., the set

{(k,7),0 < j < my}, where my, = mymy(k), for 0 < k < ¢, and my, = mymy for k > c.

Notice that levels 0 to |¢/2| — 1 correspond to not-all-busy periods, while levels greater and
equal to ¢ correspond to all-busy periods. However, levels |¢/2] to ¢ — 1 have both not-all-busy
and all-busy states since a job may have either one of or both replicas in service. The MC
therefore has a Quasi-Birth-and-Death (QBD) structure [LR99], as described in Section 2.2.1,
with level-dependent transition rates between levels 0 and ¢, and level-independent rates from

level ¢ 4+ 1. As a result, the infinitesimal generator of the MC can be written as

Ago) Aém 0 0 v v e o0
AP AW AP o s s 0
P =
0 0 AY AL Al o
0 0 Ay A A
0 0 Ay A
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Table 4.1: Transition rates for levels 0 < k < ¢

Matrix | Condition | From To Rate
(kQ, 2) (kg — 1, O) 2k20[
_ (k% O) (k27 R) o
Re>c=k |1, 0) (k2,2) st
(kQ, R) (kQ — 1, O) 2k2a
cih (k9,2) | (kg — L,c— 2ky + 1) 2ksar
o (k27 O) (k’g, R) «
kQ - g (k27 O) (k27 2) 2k20[
(kg, R) (kg - 1./ Cc— 2k2 + 1) 2k20[
kg <c—k (k’z,kl) (kg— 1,]€1+1) ng(l
(kg, 2) (lﬁ]g, 2) 2]€2/L
(K2, 2) (k2,0) (c—2k2)B
_ (k27 O) (k27 O) (2k2 + 1)M
RZETF o) | (k1) | (e 2k - 18
(kg, R) (kQ, 2) 2k2/,L
(k27 R) (k27 O) (C _ 2k2)ﬁ
(kﬁg, 2) (kg — 1, C — 2k52) 2k’2/1,
C(k) (k’g, 2) (lfz, Cc— 2]412 - 1) (C - 2]422)/3
! ko — ¢ — k (k2,0) (k2,c—2ky — 1) (2ks + 1)p
’ (k27 O) (kQ + 17 2) (C - 2k2 - 1)/8
(kg, R) (k’g — 17 C — 2]{32) 2]{32/,6
(k27R) (k270—2k2 — 1) (C—2k2),8
k ,k ) (kg - 1. kl) QkQ/L
ko <c—k (K, Ky ’
2= (ko ko) | (hoki —1) k8

The matrices A(()k), Agk), and Agk) hold the transition rates from level k to levels £ — 1, k, and
k + 1, respectively. From level ¢ + 1 onwards, these matrices do not depend on the level and
are simply labeled Ag, A;, and A;. While a successful service completion of any replica in
service leads to a level decrease, a failure may not necessarily lead to the change of the level
variable. For example, if one job has both replicas in service, and one of them fails, the number
of jobs in the system is not altered as its other replica remains in service. We therefore model
the evolution of the service phase in level k as a MAP with parameters (ms(k), C’ék), C’fk)),
removing the super-index k for levels greater than or equal to ¢+ 1 as these transitions become
independent of the level. The matrices Cék), resp. ka) hold the service transition rates without,
resp. with, a change of the level. Letting I,, denote the n x n identity matrix, the QBD blocks

for levels k > ¢+ 1 are given by

A =C1® 1, A =C®In, +1n, @Dy, Ay=1,, & Dy,

and similarly for levels 0 < k < ¢, adding the super-index k.

Let the MC stationary probability vector 7 be partitioned as w = [mg, 7y,...]|, where the
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1 X my, vector 7, corresponds to level k, and its j-th element 7 ; holds the probability that k&
jobs are in the system, while the phase is j. The QBD structure implies that m.,; = w.R?, for
¢ > 1, thus the stationary distribution for levels £ > ¢+ 1 can be obtained from 7. and R. The
matrix R is the minimal non-negative solution to the matrix equation R = Ay + RA; + R%A,,
and can be obtained with, for instance, the Cyclic Reduction algorithm [BLMO05]. To determine
the sub-vector [mg, 7y, ..., ™. we modify the transition rates within level ¢ to Agc) + RAy, thus
censoring the transitions beyond this level. The result is a finite level-dependent QBD, the
stationary probability vector of which can be found with the linear level-reduction algorithm
in [LR99]. Once the sub-vector [mg, 71,..., 7| is obtained, it must be normalized with the
condition Y 5"t w1 + w.(I — R)™'1 = 1. Recall that the vector 7 exists if the QBD MC
is positive recurrent, which occurs under the condition Eq. (2.4). We now describe how to

determine the matrices (C’ék), CY“)) that govern the evolution of the service process.

1. Levels 0 < k < ¢

For levels 0 to ¢, each level has a different number of service phases, as in Eq. (4.1), and
transitions may lead to a switch between not-all-busy and all-busy periods states. Service
transition rates depend on different conditions as shown in Table 4.1, where § = p + «. Three
different conditions are possible: when ky > ¢ — k, there is at least one job waiting in the queue;
when ky = ¢ — k, either the queue is empty or the second replica of the youngest job is in the

queue; and when kg < ¢ — k, at least one server is idle.

2. Levels k> c+1

For levels greater than or equal to ¢ + 1, the transitions are independent of the level. The
transition rates of matrices Cy and C; are summarized in Table 4.2. As an example, consider
service phase (ko,2) (ke > 1) in level k, ky of the k jobs present have both replicas in service.
From this state, either replica of the k; jobs may complete service and cancel its partner

immediately, leading to service phase (ko,2) in level k — 1, with rate 2ksp.
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Table 4.2: Transition rates for levels k > ¢+ 1

Matrix | From To Rate
(k’g, 2) (k’g - 1, O) 2]€20[
C (kg, O) (kg, 2) 2k2a
0 (k2,0) | (Ko, R) o
(kﬁg, R) (k‘z — 1, O) 2]@‘2(1
2,2) | (k2,2 Ueapt
(k2,2) (k2,0) (c—2k2)B
C (kQ,O) (k’270) (2]{324’ ].)M
! (k2,0) | (ke +1,2) | (c—2ky —1)B
(ka2, R) (k2,2) 2kap
(k?g, R) (kg, O) (C - 2/?2)/))

4.1.2 The service-time distribution

We now show that the response-time distribution has a PH representation that is obtained
by considering the service-time and waiting-time separately. To obtain the job service-time
distribution, we make extensive use of the 7 vector found in the previous section for the
queue-length process. In the system with replication, the job service time does not follow an
exponential distribution since it is composed of two replicas, whose execution depend on the
system state. The service time however has a PH representation with parameters {Sser, Sser }-
Let Y(t) be the service state of a tagged job at time ¢, which takes values from {2, O, R}, as
defined in Section 4.1.1. We add two absorbing states S and F' to represent the cases where
the job completes service successfully or encounters a failure, respectively. Further, the holding
times in each state are exponentially distributed, and we can describe the transition among the

states as an MC with generator Sy = Sser ® Iy, , Where Sy, is given by

@) ©) (R () )

(2) -2 0 20 1 2u i 0
Seer|S|SH] = : :
[SeerlS's|S'e] (-1 = o : p : 0

(R) 0 0 -6 : u : «

We have labeled S’g and S} the absorption vector to states S and F, respectively, while Sy,
is precisely the sub-generator matrix we need for the PH representation of the service-time
distribution. Notice that a job can only start service in phase 2 or O, since in R one of the

replicas has already failed. Further, for phases 2 and R we only need to consider the state of
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Table 4.3: Transition rates of Qg(k), k > |¢/2] + 1

Condition | Current state | Initial states | Transition rates
(k2,2) 2 2kop
(kQ, 2) O (C — 2]€2)6 + 2]€20&
ko >c—k (k270) 0 (2]@’24—1),[1,
(Ko, R) 2 2kap
(k2, R) 0] (¢ — 2kq) B + 2kacx

the tagged job’s replicas in process. Instead, in phase O, which only occurs when all the servers
are busy, the first replica of the tagged job is in service while its second replica is waiting in
front of the queue. Thus, if any of the other ¢ — 1 requests in service completes service or fails,
the second replica of the tagged job starts service. This occurs with rate (¢ —1)g and leads the

tagged job to service phase 2.

Having obtained S, it remains to determine the initial probability vector sg., which is the
stationary probability that a job starts service in each of the phases {2, 0, R}. In other words,
Seer 18 the distribution of the service phase of the youngest job in service, immediately after
the initiation of a job service. This can be obtained from the queue-length process defined in
Section 4.1.1 by multiplying the stationary distribution 7 by a matrix that holds the rates at
which a new job starts service in each state, and the phase in which the service starts. We can

therefore obtain 8., as

S ma) ¢ S mlQal) + Qslh) + 5 mQs()
k=0 k=|c/2]+1 k=c | (4.2)
(Lf mQa(k) + k;z; el Qalk) + Q) + 2 sz(k’)> 1

where the denominator is simply the sum of the numerator entries. The matrices Q4 (k) and
(Q)s(k) hold the rates at which a new job starts service due to an arrival or to a service completion

in level k, respectively, as described next.

The matrices Q4(k) depend on the level k and are defined up to level ¢ — 1, as beyond this
level an arrival does not trigger a job service start. These matrices can be written as Q (k) =
Qa(k) ® Dy, where the (i, j)-th entry of Q4(k) is equal to 1 if the arrival of a job to a system
with £ jobs and service phase i causes the start of a new job in service state j; otherwise it is

equal to 0.
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Table 4.4: Transition rates of S and AUuwmp)

Matrix | From To Rate

(k?Q, O) (k'g, R) (0%
S (k’Q,O) (k2+1,2) (0—2]{}2 - 1)[)’

(k’27 O) (k’27 2) 2]€20&
(k2,0) | (k2,0) (2ks + D)p
(k‘g, 2) (k'g, 2) ngu
(kg, 2) (k’Q - 17 O) 2]4?2&

A(jump) (k’g, 2) (k’g, O) (C — Qk’g)ﬁ
(kg, R) (k’g, 2) 2]€2,U/
(k2, R) | (k2,0) (¢ —2ko)B
(kg, R) (k2 — 1, O) 2]€20&

The matrices Qg(k) are only relevant for states where all the servers are busy and at least
one job is waiting in the queue, i.e., for states in levels k > |¢/2] + 1 satisfying the condition
ko > c—k. Only in this case a service completion or failure may trigger the first job in the queue
to start service. Further, for levels ¢ + 1 or greater we remove the index k as these matrices no
longer depend on the level k. We let Qgs(k) = Qg(k) ® I,,,,, where the (i, j)-th entry of Qg(k)
holds the service and failure rate in service phase i, for 1 < i < mg(k), that triggers the start

of a job in service phase j. The transition rates of Qg(k) are shown in Table 4.3.

4.1.3 The waiting-time distribution

To determine the waiting-time distribution, we follow the process described in Section 3.3.1,
observing the queue only during the all-busy periods [AMO1], and defining a bivariate Markov
process { X (t), J(t)|t > 0} [Sen89]. Here the age process X (t) is again the total time-in-system
of the youngest job in service, and the phase process J(t) = (A(t), Lo(t), Y (¢)) holds the state
of the arrival and service processes, as in the queue-length process defined in Section 4.1.1. The
phase process J(t) thus takes m = m,m, different values. Different from the standard case
treated in [AMO1], where the service completion of any job in service triggers the start of a
new job service, we need to keep track of the service state of the youngest job in service Y (¥)
as part of the phase process. This is necessary because, a service completion or failure does
not necessarily trigger the start of a new job service, as a replica of the youngest job may be
the next to start service. For instance, if Y (¢) = O, a service completion or failure leads the

second replica of the youngest job to start service, without a new job stating service.
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To determine the PH representation (Syait, Swait) of the waiting-time distribution, we rely on
the stationary distribution r(x) of the (X (t), J(t)) process, which has a matrix exponential
representation 7(x) = m(0) exp(Tx) as in Eq. (2.8), thus involving to find the matrix 7" first. To
compute matrix 7', we rely on Eq. (2.9), which requires to determine matrices S and AG0"™P) first,
Recall that matrices S and AU"™P) hold the transition rates of the service process associated
to transitions without and with the start of a new job service, respectively, as described in
Section 2.5. Table 4.4 summarizes their transition rates. The vector (0) can be obtained by
observing that its i-th element equals the probability that the phase J(t) is ¢ immediately after
an arrival that finds ¢ —2 or ¢— 1 busy servers, thus starting an all-busy period. We thus define
the 1 x my vectors w; that hold the number of busy servers in each state of level k. Further,
let the i-th entry of the 1 x my, vector vy be [vy]; = 1{ux,; = ¢ — 1|c — 2}, where the indicator

function 1{z} equals 1 if x is true and 0 otherwise. Therefore, 7 (0) can be computed as

(£ (mo 080 0 1) ) (1, © D)

k=0

w(0) = = |
(2 (10 00) (i ® fma>) (I, @ D)1

k=0

where o stands for the Hadamard product [Hor90], and the mg4(k) x m, matrix K} holds the

first mg(k) rows of I,,..

Similar, the probability v that all servers are busy at a job’s arrival instant can be obtained by

relying on the queue-length process as

_ Zz;%)(ﬂ'k o wy,)(Ln,(k) ® D1)€m,x)
> reo (kL) @ Di)em,y)

v=1

where the entries of wy, are given by [wy]; = 1{ux; < ¢ — 1}, identifying the states with at

least one idle server.

To this end, we follow the process described in Section 2.5 to find the waiting-time distribution
(Swait, Swait)- Given the PH representations of both waiting and service times, the PH represen-
tation (Syes, Sres) Of the response-time distribution is given by Eq. (2.21). From this, we readily

have the response-time PDF, CDF, and moments. The average number of busy servers U can
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be computed as

c—1 c—1
U= (Zkﬂrkouk—l—c (1 — Zﬂ',ﬂ)) /c.
k=1 k=1

4.1.4 Experimental assessment

In this section, we make use of the proposed model to evaluate the impact of replication has
on the system performance. To illustrate the impact of the arrival processes, we consider
renewal processes with exponential (Exp) and 2-phase hyper-exponential (HE;) inter-arrival
times (IATSs), as well as 2-phase MAPs (MAP). The squared coefficient of variation, as defined
in Section 3.3.3 as SCV, is set to 1 for Exp arrivals, and 10 for the HE; and MAP cases. For
MAP arrivals we also set the decay rate of the auto-correlation function to 0.9. We use the
methods in [Whi82, HHGO06] to obtain the HE, and MAP representations. The service rate u

is again set to 1, and the arrival rate A and failure rate o are in proportion to .

In additional to the improvement on the reliability, another benefit of replication is its ability
to exploit the concurrent execution of the replicas to select the first available result. We have
observed that this effect can effectively reduce the response times in the distributed set-up, as
long as the utilization of the system without replication stays below a certain threshold. To
study this behavior in the centralized set-up, we focus on the response time p-th percentile R,.

Figure 4.2 depicts Rgs; as a function of the baseline utilization (the utilization of the system
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without replication), under HE, arrivals, 40 servers, and failure rates 0.1 and 0.3. Focusing
on the case with failure rate 0.1, we observe how Rgs is 40% smaller under replication, when
the utilization is up to 40%. For larger utilization levels, the difference reduces and becomes
zero at a utilization threshold of 0.78. Thus, below this value, the introduction of replication
effectively reduces the response times. Figure 4.2 also captures the effect of the failure rate
on the response-time distribution. Without replication, the system with higher failure rate
shows a shorter Rgs, as with a lower reliability, only short jobs can complete service before a
failure. However, the introduction of replication makes the Rgs; under failure rate 0.1 to be
shorter than under failure rate 0.3. This is caused by the ability of the replication strategy
to obtain the result of the first replica to finish, but this effect weakens with a higher failure
rate, as this reduces the probability that both replicas are running until the first one completes.
Further, the threshold diminishes under the higher failure rate, limiting the conditions under

which replication reduces the response times.

Figure 4.3 compares the Rgs; under Exp and MAP arrivals, keeping the same mean arrival rate.
First, we observe how the bursty workload modeled by the MAP arrivals has a large effect on
the response times, although this effect only takes shape after a certain utilization threshold, in
this case between 40% and 50%. Same as the distributed case, the system under MAP arrivals
has a smaller threshold than under Exp arrivals, and we observe how under MAP arrivals and

replication, the response times start to grow earlier than without replication.

Figure 4.4 compares the Rg; under 10 and 40 servers, with HE,; arrivals. The utilization
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Table 4.5: Transition rates of matrix S
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threshold the 10-server system is smaller than that of the 40-servers case, as more servers
provide more flexibility to handle the additional load introduced with the replicas. We also
observe how the Ry is the same for the 10 and 40 server cases up to a certain utilization
level, after which they start to diverge. This is because under low utilizations, response times
mostly correspond to service times, and as the utilization increases, queueing times become
more important. We conclude this section with Figure 4.5, which shows the threshold for Exp,
HE,, and MAP arrivals, with the number of servers between 5 to 50. This figure summarizes
how the variability and auto-correlation of the arrival process affect the replication decisions,

and how additional servers provide more flexibility to deal with the additional load.

4.2 The case with r > 2 replicas

Having obtained the response-time distribution for jobs in the centralized set-up with r = 2
replicas and ¢ > 1 servers, we now extend the model to consider the general cases with r > 2.
However, due to the complexity of the problem, the model becomes numerically intractable for
cases with » > 2 and general number of servers ¢, thus we restrict ¢ = r. This also enables the

comparison between the centralized and the distributed set-up.

4.2.1 The waiting-time distribution

Similar to the r = 2 case, we define a bivariate Markov process {X(t), J(¢)|[t > 0}. However,
the phase J(t) is defined as J(t) = (1.(t),...,l1(t), Y (t)), where [;(t) is the number of jobs with
i replicas in service for 1 < ¢ < 7, and Y'(¢) holds the state of the youngest job in service.

Thus, Y (t) = (i,7) means that i replicas of the youngest job are in service, j replicas are
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Table 4.6: Transition rates of matrix AGump)
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waiting in the queue, and r — i — j replicas already failed. Y'(t) therefore takes value in the set
Ny ={(i,j)|1 <i+4+j<r,i>1j>0}. To determine the PH representation (Syait, Swait) Of
the waiting-time distribution, we follow the steps as described in the » = 2 case in Section 4.1
to find the queue-length distribution 7r, which then allows us to determine vector 7(0), the
distribution of the phase at the beginning of an all-busy period. We then solve Eq. (2.9) to find
the matrix T that defines the matrix exponential representation 7 (x) = 7(0) exp(7Tx) of the
stationary version of the process {X(t), J(t)}. Thus we define matrices S and AU"™P) which
hold the transition rates of the service process associated to transitions without and with the
start of a new job service, respectively, as summarized in Tables 4.5 and 4.6. For matrix S
the first row considers the case where one of the [; jobs with a single replica in service either
completes service or fails, with rate § = u + «a, allowing one of the j replicas of the youngest
job in the queue to start service. In the second row, one of the [, jobs with b replicas in service
terminates successfully, canceling its siblings, and letting b new replicas to start service. Notice
that the number of replicas of the youngest job waiting (j) must be at least b to ensure that
no new job starts service. Similarly, if one of the b replicas of either of these [, jobs fails, with
rate «, one replica in the queue starts service. The last row for this matrix covers the case
where one of the 7 replicas of the youngest job fails, allowing one of its siblings waiting to start
service. For the AU"™P) matrix we consider similar scenarios, the main difference being that the
number of replicas of the youngest job waiting ;7 is assumed to be zero in most of the cases, as
this implies that the next replica to join service will be part of a new job, and the transition
thus corresponds to A0™P) The only exception is in the last row, where a job with b replicas
finishes successfully, and since j < b, this allows the j replicas of the youngest job in the queue,
and b—j replicas of a new job, to start service. After obtaining vector 7(0) and matrix T,

we follow the analysis of the r = 2 case to obtain the PH representation (Syait, Swait) Of the
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Figure 4.7: CCDFs of response times with the distributed set-up queues and with a centralized
set-up (Poisson arrivals, r = 3, utilization:0.3)

waiting-time process.

4.2.2 The service-time distribution

The next step is to show that the service-time distribution has a PH distribution with parame-
ters (Sger, Sser). For the service time, we focus on a tagged job in service, and let Y (¢) to be the
service phase of this job at time t. Here Y (¢) takes values from Ny = {(i,j)|1 <i+j <r,i>
1,7 > 0}, as defined before. Clearly, the service time of a tagged job is affected by other jobs in
service. Specifically, when the tagged job has replicas waiting in the queue, these replicas can
only start service if one of the replicas in service frees a server. Thus it is essential to keep track
of the states of all jobs in service, which can be done by means of S(t) = (l,_1(t),...,{1(1)),

where [;(t) is the number of jobs with i replicas in service at time ¢, excluding the tagged job.

Similarly to the case with individual queues, we define two absorbing states S and F' that
represent the cases where the job completes service successfully or encounters a failure, and

describe the evolution of the service process as an MC with generator S, given in Table 4.7.
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We split the transitions in three sets, and the first case in any of these sets considers the
successful completion of the tagged job caused by a successful tagged replica. The first set
considers the case where the tagged job has zero replicas waiting in the queue. Thus, if any
of its i replicas in service fails (second row) the number of replicas in service decreases by one.
In case there is only one tagged replica in service, ¢ = 1, a failure triggers the failure of the
whole job (third row). The second set covers the special case where 1 tagged replica is waiting
in the queue while the other » — 1 are in service. In the second row we consider the successful
completion or failure, with rate 5 = u + «, of the only non-tagged replica in service, which
allows the tagged replica in the queue to start service. The third row instead considers the
failure of one of the tagged replicas, which also allows the tagged replica in the queue to start
service. Notice that in the first two sets the evolution is independent of the state of the other
jobs in service, either because there are zero tagged replicas in the queue, or because there are
r — 1 tagged replicas in execution. The other cases, which depend on the state of the non-
tagged jobs in service, are described in the third set, starting with the successful completion
of any of the i tagged replicas in service. In the second row, one of the [; jobs with a single
replica in service either completes service successfully or fails, allowing one more tagged replica
to start service. In the third and fourth rows, one of the [, jobs with b > 1 replicas in service
completes successfully, allowing b new replicas to start service. If there are at least as many
tagged replicas as free servers, i.e. j > b, as in the third row, we are left with 7 — b tagged
replicas waiting in queue. If not, 7 < b as in the fourth row, all tagged replicas waiting in the
queue start service and we can just focus on the tagged replicas in service, ignoring any other
jobs. In the last row, one of the b replicas of the [, jobs in service fails, with b > 1, allowing a

new tagged replica to start service.

Having obtained S, we can obtain from the queue-length process the initial probability vector
Sger as in Eq. (4.2). This can be done following the analysis of the r = 2 case, by first finding
matrices Q4(k) and Qg (k) that hold the rates at which a new job starts service due to an arrival
or to a service completion in level k, respectively. We can then obtain the PH representation of
the service-time distribution for successful jobs by directly applying Proposition 4, and finally,

the PH representation of the response-time distribution (Syes, Sres) by Theorem 3.1.
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4.3 Comparison: distributed vs centralized

In this section, we compare the performance of the distributed set-up against the centralized
set-up, and determine the performance gains obtained by keeping a central queue. Again, the
service rate y is set to 1, and the mean arrival and failure rates are set in proportion to u to

obtain different load levels and the baseline reliability.

Given our independence assumptions, the distributed and centralized set-ups perform identi-
cally in terms of reliability, as this depends only on the replication level r. In terms of response
times, the centralized set-up must achieve lower response times than its distributed counterpart,
as in the latter case it is possible for some servers to have non-zero waiting lines, while other
servers remain idle. This is not possible in the centralized set-up, as all servers must be busy
if there is any job waiting to start service. To better understand this difference in performance
we show in Figure 4.6(a) the complementary CDFs (CCDFs) of the response times achieved
with 2 replicas by these two models, assuming Poisson arrivals, a baseline reliability of 90%,
and a baseline load of 0.3 as an example. Clearly, it is hard to tell the difference between
these two CCDFs. Reducing the reliability to 50% and 10%, Figure 4.6(b)-(c) shows a more
significant improvement of the centralized over the distributed set-up along the whole distri-
bution. Increasing the replication level to r = 3, Figure 4.7 shows that when the reliability is
high, the distributed set-up performs almost as well as the centralized one, while this difference
increases when the reliability decreases. Figures 4.6 and 4.7 also show that the improvement is
not uniform along the distribution, and that it is more significant in the tail than in the body

(e.g. second and third quartiles).
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Figure 4.8: Improvement on Rgs of the centralized set-up over the distributed set-up
Considering different baseline utilization levels, Figure 4.8(a) examines an reliability of 90%,
where the centralized set-up shows a relative improvement on the Rgs of less than 1% over
the distributed case. As discussed above, Figure 4.8(b)-(c) shows that reducing the reliability
increases the advantage of the centralized set-up, and this can be over 20% for utilization around
0.2 and r = 3 when the reliability is just 10%. If we modify the arrival process considered in
Figure 4.8(b) from a standard Poisson to a correlated MAP, Figure 4.8(d) shows that the gains
obtained with the centralized operation are similar in magnitude but are restricted to a smaller
subset of values for the baseline utilization, as with MAP arrivals replication is beneficial for a
more limited load range. Similar results, both in trend and magnitude, can be observed if we

compare the mean response time or other percentiles instead of the Rys.

From the experimental results we observed, as expected, that the centralized set-up achieves
lower response times than the distributed case, especially at low baseline reliability. However,
many large server farms dispatch incoming request to servers immediately, without holding a
central queue. Replication with distributed queues is also required when accessing mirrored
disks and searching distributed databases in parallel. This set-up provides more flexibility since
there is no need to set up and manage a central dispatcher that keeps track of the servers state,

making it easier to increase or decrease the number of servers as the load rises or falls.
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A major point of our investigation is to assess the magnitude of the difference in response time
between the two set-ups, to see if and when the distributed set-up suffers an excessive perfor-
mance penalty. From our results, we observe that, although the centralized system performs
better than the distributed set-up, this difference is quite small, under 1%, when the reliability
is high (90%). Even if this reliability is 50%, which is already low as it assumes that one
out of two requests fail, the improvement obtained with the centralized queue is at most 8%.
We therefore observe that replication not only is effective to reduce the response times in the
distributed set-up, as shown in Sections 3.3.4, but it also provides a performance close to that
of the centralized set-up as long as the reliability is not too low. In addition, the proposed
models focus on request failures, but not on server failures: the replicas in a job receive service
from distinct servers, in the centralized set-up several replicas in a job may be submitted to
the same server as the failure of one replica allows its sibling in the queue to start at the same
server, increasing the risk of failure. The distributed set-up thus offers many benefits over the

centralized case, while its performance disadvantage is limited when the reliability is high.

4.4 'The case with parallel jobs

In the previous sections, we focus on systems with jobs that are composed of one task only.
However, parallel job processing has become a common feature of many software systems.
For instance, many scientific applications and data processing frameworks rely on splitting a
job into many tasks, taking advantage of the large resource pools offered in grid and cloud
infrastructures. When processing parallel jobs, the response time is determined by the last task
to finish, a factor that can amplify the variability in the observed response times significantly,
as observed in Google services [DB13]. This effect is further intensified when the tasks that
compose a job fail, creating an overall unreliable job out of many highly-reliable tasks. To
understand the impact of speculative replication has on the reliability and response time of
parallel jobs, we propose a stochastic model to determine the response-time distribution in a
system that processes synchronous parallel jobs and uses replication to improve reliability. The

main features of the model are
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e [t considers both task-level and job-level replication with canceling, as well as the no-

replication case, in a single framework, as described in Section 4.4.2.

o [t explicitly considers correlation between replica failures, covering cases from fully-independent

to perfectly-correlated failures.

e [t allows for general job arrival processes that can display different levels of variability and

auto-correlation.

e In Section 4.4.4 we develop an efficient method to solve this model to obtain the job response-

time distribution, which enables us to consider jobs with a large number of tasks.

Making use of this model, we have performed a number of experiments, reported in Section 4.4.7,
to evaluate the impact of replication on the offered response times, and how this is affected by

different system parameters.

4.4.1 Background

To model the execution of synchronous parallel jobs, and their replicas, we make use of split-
merge queues [LKO07]. In a split-merge queue, shown in Figure 4.9, an incoming job joins a queue
and, upon reaching the head of the queue, it is split into multiple tasks, which are processed
simultaneously by a set of parallel processors. These processors are all blocked until all the tasks
finish service, at which point the tasks rejoin and depart from the system. Split-merge queues
have been studied in different contexts. For example, [HZ07]| analytically determined the job
service time in a split-merge queue with random exponential service times, and introduced an
approximation for general heterogeneous service times. Also, [LKO07] derived an approximation

for the response-time distribution in a split-merge queue with general service times and Poisson
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(a) Job-level Replication (b) Task-level Replication

Figure 4.11: Reference job-level and task-level models
arrivals. These results however do not consider task failures nor replication, which are the focus

of this section.

Reference model

In this section, we consider a system consisting of a central dispatcher and ¢ distributed and
homogeneous computing nodes, as shown in Figure 4.10, where jobs that arrive at the dispatcher
are assigned to the computing nodes in either round-robin or random fashion. A job starts
service directly if the corresponding node is idle, or joins the end of the queue in front of the
node, if it is busy, and waits until all the jobs in front are processed, with FCFS scheduling.
Each node is composed of multiple processors, such that, when a job starts service, each of its
n tasks is assigned to one of the processors in the corresponding node. The number of tasks in
a job, n, is also referred to as the job size. Similarly as previous sections, the task processing
times are assumed to be exponentially distributed with rate p, and tasks in service are subject
to failures, with the time to failure being exponentially distributed with rate a. When a task
fails during service, and no replication is adopted, the whole job fails, and leaves the computing
node. To increase the system reliability, we consider two levels of replication granularity, as

described next.

Replication granularity

For each arriving job, r > 1 replicas are submitted concurrently to the central dispatcher.

In this section we consider the cases r = 1, where no replication is adopted, and r = 2,
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where a total of two job replicas are submitted, including the original copy. We consider the
two replication granularity levels proposed in [AGSS12| for parallel jobs. The first option is
job-level replication, where for every job submitted to the system, two replicas are spawned
and processed independently, as shown in Figure 4.11(a). Once the result from the earliest
job-replica is obtained, the other one is canceled immediately if it is still in service. Job-level
replication is appealing due to its simplicity, but each job-replica is successful only if all its tasks
are successful. The second alternative is to clone at the task level, as shown in Figure 4.11(b),
where every task is cloned and the result of the first replica to complete is returned, canceling
its sibling if still in process. In this case it is enough that a single replica of each task succeeds

to have a successful job completion.

In the case without replication, we assume the system is composed of ¢ nodes and cn processors
in total, such that it can process ¢ jobs, each of size n, in parallel. If two replicas are adopted,
then every two nodes, i.e., 2n processors, are grouped together, allowing the processing of ¢/2

concurrent replicated jobs.

4.4.2 The job service-time distribution

The service time of a parallel job is the interval between the time that all the job tasks enter
a node’s processors, and the time the job leaves the node, either with service completion or
failure. In this section we show that, under the assumption of exponential service and failure
times for the tasks, the job service time follows a PH distribution with representation (Sger, Sser),
either with or without replication. Further, we consider the case where failures across replicas

are positively correlated, i.e., the failure of a replica makes more likely the failure of its partner.

No-replication model

In the no-replication case, the job service state is described by Nj(t), the number of tasks in
service at time t. The set of service states, or phases, is thus N; = {n|n;€{1,2,...,n}},

and the job leaves the system when either all its tasks complete service successfully, or one of
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Table 4.8: Transition rates for task-level replication

From To Rate Range
(ng,m1) | (ng —L,my +1) | 2noar | ng > 1,07 >0
(ng,nq) (ne —1,m1) 2nop | ng >2,n1 >0
(n2,nq) (ng,nq — 1) nip | ng >0,n; >2
(ng,ny) (F) nma | ng>0,n9 > 1
(1,1) (1,0) oo ne=1n =1
(1,1) (0,1) 2 | nma=1,n =1
(1,0) (S) 2u |me=1,m=0
(0,1) (S) o | ne=0n =1

them fails. The job service time thus has a PH (S, Sser) representation, where N is the set of
transient states, and we consider two absorbing states, S and F, representing the cases where
the job completes service successfully or encounters a failure, respectively. The absorption
vectors S and S% hold the absorption rates into states S and F, respectively, and S, =
—Sserl = S5+ Sy. If a job is in phase n; > 1, a task service completion leads the job to
phase ny — 1 with rate nypu. The (non-diagonal) entries of Sge, are thus Sge;(n1,n1—1) = nyp. If
ny = 1, the task service completion leads the job to a successful completion, thus to absorption
in phase S. Instead, if the job is in phase n; € N; and a task fails, the service process is
absorbed in phase F' with rate nya. Finally, a job always starts service in phase n, as all its

tasks start service at the same time, thus the initial probability vector is such that g (n) = 1,

and all its other entries are zero.

Task-level replication

For task-level replication, we define the job service state to be (Ny(t), N1(t)), where Ny(t) is the
number of tasks with both replicas in service, and N;(¢) is the number of tasks with one failed
replica at time ¢t. As each job has n tasks, the set of service phases is N; = {(ng,n1)|ns,ny €
{0,...,n},1 < ny +ny < n}, and the number of phases is n(n + 3)/2. The transition rates
of the sub-generator matrix S, are summarized in Table 4.8. Consider for instance the state
(ng,ny) € Ny with ng > 1, where either of the two replicas of the ny tasks may encounter a
failure, making the service process jump to state (ny — 1,n; + 1) with rate 2nya.. Further, since
every task in the job starts with both replicas in process, the service process starts in state

(n,0), thus se:((n,0)) = 1, and all the other entries of s, are zero.
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Table 4.9: Transition rates for job-level replication

From To Rate Range

( )| (n2,ny —1) | np ng >n; > 2
( )| (ng,ny — 1) | 2nqp | no=mnq > 2
(ng,m1) | (g —1,mq) | map ng >mng > 1
( )
( )
( )

(n2,0) no ng >mng > 1
(nq1,0) No ng >mng > 1
(ns,0) 2nma | ngo=mn; >1

(n2,0) | (ne—1,0) | nop | mg>2,n7 =0
(ns,0) (F) neae | ng > 1,mp3 =0
(n2,1) (S) I ng > 2,ny =1
(1,1) (S) 2u |ne=1,mn =1
(1,0) (S) g |ne=1,n =0

Job-level replication

For job-level replication, we track the number of tasks in service of each of the two job replicas
as (Na(t), N1(t)). To limit the state space, we let Ny(t) be the number of tasks in service of the
job replica with more tasks in service, and let N;(¢) be the number of tasks in service of the
other job replica. The service-phase space is thus N; = {(ng, n1)|ng,ny € {0,...,n},ny > ny},
which has cardinality n(n + 3)/2. In the example above, with n = 2, we have 5 service phases:
{(2,2), (2,1), (2,0), (1,1), (1,0)}. Notice that when N;(t) equals 0, one of the job replicas has
failed while the other is still in service. As an example, consider the case where the service
process is in state (ng,my) € Ny with ny > n; > 1, and one of the n; tasks of the job with
the least number of tasks in process fails; the service process jumps to state (ng,0) with rate
nic. This and the other transition rates for this case are summarized in Table 4.9. Also, as
both job replicas start with all their tasks in process, all jobs start service in phase (n,n), thus

Sser((n,m)) = 1.

Remark 1. Notice that in all the cases, with or without replication, the S, matriz has an
upper-triangular structure. In the case without replication we simply order the phase space
in decreasing order, and see that the only transition allowed from state ny is to state ni—1,
resulting in an upper-triangular matriz Sg... For the cases with replication, we obtain a similar
structure by ordering the phase space lexicographically in decreasing order. From Tables 4.8
and 4.9 we observe that all transitions from a phase (ng,ny) are to a phase (ng,ny — 1) or
to (ny — 1,—), i.e., either the first or the second variable decrease. Thus, under a decreasing

lexicographic order, the matriz S, is upper triangular. This structure will be exploited in the
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numerical methods proposed in Section 4.4.4.

4.4.3 Introducing correlation between replicas

So far we have assumed that the failures of the replicas of a task or job are statistically in-
dependent. However, this is not necessarily true for real applications, where the source of a
failure may be located in the task itself, for instance due to its input data. We thus introduce
correlation between replicas, which we model by defining the probability p that the failure of

one replica causes its partner to fail as well.

Task-level replication

For task-level replication, the time to the first failure among the two task replicas is exponen-
tially distributed with rate 2a. To incorporate correlation, we model the time to failure for
the remaining replica as the product of two independent random variables, a Bernoulli random
variable with mean 1 — p and an exponential random variable with parameter «, i.e., the prob-
ability that the time to failure of the second replica is less than ¢ is p + (1 — p)(1 — exp™®),
for 0 < p <1andt > 0. Clearly, the case when p equals 0 is equivalent to the independent
case since the second replica fails with exponential rate «. Instead, when p equals 1, task-level
replication works exactly as the no-replication case since the failure of either task replica leads
to the failure of its sibling, resulting in the failure of the whole job. Intermediate cases are
covered by values of p between 0 and 1, where a larger value of p decreases the job reliability

as it makes more likely the failure of both task replicas.

Job-level replication

The introduction of correlation in job-level replication is more involved due to the lack of
synchronization between the replicas, since the completion of a task replica does not cancel
its partner. As the tasks are homogeneous, if a job is in service phase (ng,ny) € Ny, for

each of the ny tasks in the first job replica, its partner is still in service in the second job
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Table 4.10: Transition rates for job-level replication with correlated failures

From To Rate Range
(na,m1) | (ng,my — 1) Ny for ny >nqy > 2
(ng,my) | (ng,mg — 1) 2n1 4 for ng =ny > 2
(ng,my) | (ng —1,mq) Not forng >ny >1
(ng,ny) (ng,0) nia(l — ngp/n) for ng >ny >1
(ng,n1) (nq1,0) naa(l —nyp/n) for ng >ny >1
(ng,n1) (F) 2ninsap/n for ng >n; >1
(ng,m1) (n2,0) 2ni1a(l —ngp/n) | for ng =ny >1
(n2,0) | (ny—1,0) Naf forng >2,n; =0
(ns,0) (F) el for ng > 1,n; =0
(ng, 1) (S) u forng >2,n; =1
(1,1) (S) 2u forng=1,n =1
(1,0) (S) 1 forng =1,n, =0

replica with probability n;/n, or it has already completed service with probability (n — ny)/n.
Thus, the failure of any of these ns tasks causes the failure of its sibling task in the other
job replica with probability pn;/n. As such an event triggers the failure of the whole job, the
job jumps from phase (ng,n;) to the absorbing phase F' with rate nsa(pn;/n). On the other
hand, the failure of any of the ny tasks does not trigger the failure of its sibling in service
with probability (1 — p)ni/n. Also, the sibling task may have already completed service with
probability (n — nq)/n. As a result, the job transits from phase (ns,n;) to phase (ny,0) with

rate noc((1 — p)ny/n+ (n —ny)/n) = nsa(l — pny/n).

Using a similar argument, the failure of any of the n; tasks in the second job replica leads the
job to transit from phase (n9,n1) to phase (ng, 0) with rate nya(1—pns/n), and to the absorbing
state F' with rate nja(pny/n). The transition rates for job-level replication with correlation
are summarized in Table 4.10, from which it is clear that the case with p = 0 is equivalent
to the independent case. However, when p equals 1, the behavior of job-level replication is
not equivalent to the case without replication as the successful completion of a task in one job
replica does not cancel its partner in the other job replica, which can still fail and make its job

replica fail as well. We study this issue experimentally in Section 4.4.7.

Based on the analysis of a single node, the extension to the multi-node case relies on the simple
observation that each node operates independently and only interacts with the other nodes

via the arrival process, as described in Section 3. While we focus on the single-node case, the
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analysis of the multi-node under round-robin scheduling case is obtained by substituting the

arrival process MAP(m,, Dy, D7) by the MAP(¢m,, Cy, C1), as in Eq. (3.1).

4.4.4 Efficient response-time computation

In Section 4.4.2 we obtained the PH representation (Sger, Sser) Of the service-time distribution.
Assuming we have a PH representation (Syait, Swait) for the waiting-time distribution, and given
the independence between service and waiting times, we can obtain the PH representation
(Sres, Sres) Of the response-time distribution following Eq. (2.21). This section therefore focuses
on computing the PH representation (Syait, Swait) of the waiting-time distribution, for which we
propose a numerically-efficient algorithm that allows us to consider parallel jobs with a large
number of tasks. In fact, this method is applicable for general MAP/APH/1 queues, where
APH stands for acyclic PH distributions. APH distributions are characterized by having an
upper-triangular generator matrix, which is a key feature of the job service time representations

PH(Sger, Sser) introduced in the previous section.

The waiting-time distribution

The waiting time of a job is the time period between its arrival and the time its service starts.
To determine the waiting-time distribution, we follow the approach in [Sen89] as described in
Section 2.5, observing the queue only during the busy periods, and defining a bivariate Markov
process {(X(t), J(t))|t > 0}. Here the age X(t) is the total time-in-system of the job in service,
and the phase J(t) = (A(t), Na(t), N1(t)) holds the joint state of the arrival process A(t) and
the service process (No(t), N1(t)), as defined in Section 4.4.2. The phase J(t) thus takes values
in a set of size m = m,ms. Recall that, for job-size n, in the no-replication case my; = n,
while under task- and job-level replication ms = n(n+ 3)/2. Instead, the age X (t) takes values
in [0, 00), increasing linearly with rate 1 if no service completions occur. In case of a service
completion, X (t) suffers a downward jump, with its new value being equal to the waiting time

of the job starting service. The service completion or failure of the job in service triggers the
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job in front of the queue to start service, while the service completion or failure of a task does

not necessarily trigger the start of a new job service.

To determine the PH representation (Syait, Swait) of the waiting-time distribution, we rely on
the stationary distribution 7 (z) of the (X(t), J(t)) process, which has a matrix-exponential
representation as Eq. (2.8). Thus finding 7 (z) boils down to finding the m x m matrix 7" in
Eq. (2.9) and the vector 7(0). Recall that the off-diagonal entries of S hold the transition rates
between the job service phases Nj, not associated with the start of a new job service, while
AUwmp) holds the transition rates associated with a job service completion or failure, during
a busy period. From the definition of S we see that it is in fact equal to Ss. since it holds
transition rates that are not accompanied by a job service completion or failure. Similarly,
AGmP) — (S 1)8g, as this matrix holds the rates with which a job completes service or
fails, and a new one starts with phase according to ss,. Notice that, since s, has a single
nonzero entry, AU™P) has a single nonzero column. Also, as pointed out in Remark 1, the matrix
Seer, thus S, has an upper-triangular structure. We will exploit these features in developing
an efficient algorithm to solve Eq. (2.9) to find 7. After obtaining matrix 7', we follow the
steps in Section 2.5 to find the vector 7(0), which is the stationary distribution of the phase at
the beginning of a busy period, and then the PH representation PH(Syait, Swait) of the waiting

time.

4.4.5 Exploiting restricted transitions

As the time complexity to solve Eq. (2.13) is cubic in m, and m increases quadratically with the
number of tasks n, finding 7' becomes computationally expensive when considering instances
with large job size n. We therefore introduce an efficient solution method to exploit the inner

structure of the matrices S and AUump),

We consider a two-step approach. In the first step we exploit the structure in AGW™P) —
—(Sser1)Sser, which has a single non-zero column since s, has a single non-zero entry. In the

second step we exploit the upper-triangular structure in S = S, .
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Exploiting the structure in AU"™P)

As the term L(AU"™P) @ Dy) in Eq. (2.11) has only r = m, non-zero columns, the iteration
Tpy1 = S® Iy, + Li,(AUP) @ Dy) only affects the first r columns of 7', the last m — r columns
being given by the corresponding columns of Ty = S ® I,,,. To formalize this observation, we

write A0"P) @ [, = T'K, where the m x r matrix I and the rxm matrix K are given by
I'=—S:1® 1, and K = {[r OTer] )
Letting Y = LI', we can rewrite Eq. (2.11) as
T=S®Iy, + ITKI®D)=S® I, +Y [Dl Orxmr:| :

Therefore, it is enough to compute the m x r matrix Y, instead of finding the m x m matrix L
in each iteration. Focusing on the first  columns of this equation, we write T=8®I+YD,
where T refers to the first r columns of the matrix 7', and S; is the first column of S. To find

Y we solve
TY +Y Dy = T, (4.3)

which is obtained by post-multiplying Eq. (2.12) by I".  Thus, using the Hessenberg-Schur
method [GNVLT79], we can solve Eq. (4.3) in O(5m?/3) time, where this leading term is due to
the Hessenberg decomposition of T'. Since solving the original Eq. (2.12) requires O(115m?/6)
time, this step can be expected to provide a significant reduction in computation time, especially

for large block-size m.

Exploiting the structure in S

To exploit the upper-triangular structure in S, we recall that the Hessenburg-Schur method to
solve Eq. (4.3) requires finding the Schur decomposition of Dy, i.e., a quasi-upper-triangular

matrix S and an orthogonal matrix V such that Dy = V.SV’. Thus, assuming this is the £*®
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iteration, and post-multiplying Eq. (4.3) by V', we have
T.YV +YVV' D)V = -T'V.

Letting X = YV, F = —I'V, and replacing T} by its value from the previous iteration, we

obtain
(S® In, + L1 (A" @ D)) X + XS = F. (4.4)

Following [GNVL79], the above equation can be solved by columns, by writing a linear system
that involves finding one or two columns at a time, thanks to the quasi-upper-triangular nature
of S. For the sake of clarity, we assume that S is upper-triangular, such that each step involves
finding a single column. The more general case of a quasi-upper-triangular S can be treated

similarly.

Using the upper-triangular structure in S we can find the p™ column of X, X, by solving the

system
(S @ L, + L1 (AU @ D) + S, 1) X, = F, (4.5)

where F, = F, — S*~' X;S;,. Notice that the right-hand side depends on the first p — 1
columns of X, thus we can start with the first column and proceed forward finding one column
at a time. This is a linear system of size m and becomes the bottleneck of the Hessenberg-Schur
method, in which a Hessenberg decomposition of the matrix (S ® I,,,, + Lj_1(AV"™) @ Dy)) is
used to find X ,. Instead, we propose to take advantage of the structure in S. As this matrix
is upper-triangular, the matrix R = S ® I,,,, + 1,,5,, is upper-triangular as well. Moreover,
we know from the previous section that the matrix Ly_;(AU™P) ® D) can be written as
Ly TK(I ® Dy) = Y;_1D1K. The left-hand side matrix in Eq. (4.5) can then be written as

R+Y,_1D1K, and since Y;_; is an m X r matrix and D, K is an r X m matrix, this expression

is a rank-r correction of the upper-triangular matrix R. We can thus use the Woodbury matrix
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identity [Hag89] to write the inverse of the matrix in Eq. (4.5) as

1

(R+ Ly (A" g D)) =R — R Y1 (I, + DiKR Y1) "D KR™.

Further, post-multiplying by F‘p and recalling that K = [I,, Oy xm—r|, Wwe can write

X,=(R+YK(l,,,® D\)'F,=R'F, - R™'Y,_,(I, + D1Ry) "' D\ Rp,

where Ry holds the first r rows of the m x r matrix R7Y,_;, and Ry the first r rows of
the vector R'F' ». As a result, the key step in finding the column X, is the solution of the

upper-triangular system RZ = [F', Y;_;]. With the Woodbury identity, this can be done in

O(rm? + r*m + rm + r?) time due to the triangular structure of R.

The solution of such system requires O(rm?) time, and this is done to find each of the r
columns of X in Eq. (4.4), thus taking O(r?*m?) time to solve Eq. (4.4), which is equivalent to
Eq. (2.12). This is a significant improvement compared to the standard method, which has a
time complexity cubic in m, especially since r is n? times smaller than m, and n is the job size.
The next section reports experiments that illustrate how significant the gains obtained with

this method are.

4.4.6 FEvaluation

To illustrate the efficiency of the proposed approach to compute the matrix 7" we compare it
against the solution with the standard method described in Section 2.5.1, which we label Full.

ump) and S, we present

As the proposed method exploits the structure of both matrices A
the results considering only the structure of matrix AU"™P) labeled BS, and considering both

matrices, labeled BW.

The experiments were performed in MATLAB on an Intel Core i7-3770 machine, running at 3.4
GHz and with 16 GB of memory. We consider jobs with 50 and 100 tasks, service rate pu = 1,

and failure rate a = 0.1. For the arrival process, we consider renewal processes with HE,
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Table 4.11: Computation times (sec) for jobs with 50 tasks

Arrivals Ratio
(SCV) v Full BS BW R-BS | R-BW
HE, 0.2 | 3583.6 91.8 1.7 39.0 2108.0
(SCV=2) 0.5 ] 73109 | 188.6 | 3.4 38.8 2150.3
0.9 | 34634.0 | 878.0 | 15.8 | 39.4 2192.0
HE, 0.2 | 4675.6 | 114.1 2.1 41.0 2226.5
(SCV=10) 0.5 ] 13041.3 | 325.5 | 6.0 40.1 2173.6

09| / |o9152 159 /
MAP, 0.2 | 4613.5 | 121.3 | 2.0 38.0 | 2306.8
(SCV=10) | 0.5 | 13488.8 | 342.5 | 5.8 394 | 2325.7

(decay = 0.1) | 0.9 | /| o428 [ 152 /
MAP, 0.2 | 51748 | 120.8 | 2.3 42.8 | 2249.9
(SCV=10) | 0.5 | 32208.6 | 742.8 | 13.2 | 43.36 | 2440.0

(decay =0.9) | 0.9 / 3853.5 | 64.2 / /

inter-arrival distributions and general order-2 MAPs. The parameters of the HE, distribution
are computed using the moment-matching method in [Whi82], while the matrices Dy and D; of
the MAP are obtained with the method in [Hei04]. We consider MAPs with decay rate of the
auto-correlation function equal to 0.1 and 0.9, and SCV equal to 10. With these parameters,
the size of the phase space is m = 2650 for 50 tasks and m = 10300 for 100 tasks, while the
number of nonzero columns in Ay is r = 2 for both cases. We focus on task-level replication as

the results are similar for the job-level replication case.

Table 4.11 summarizes the computation times to find the matrix 7' for the case of 50 tasks. The
rows in Table 4.11 consider different arrival processes and utilization levels U, as shown in the
first two columns. We set a time limit of 10 hours, and the results not shown here correspond
to cases where the computation times exceeded this limit. We observe that the BS method
reduces the computation times by two orders of magnitude compared with the Full method,
while the BW method offers even larger reductions, of three orders of magnitude compared to
the Full method. This can also be observed in the last two columns (Ratio), where we report
the ratio between the Full and the BS and BW methods. Specifically, the computation times
with the BW method are 2100-2500 times shorter than with the Full method, while the BS

method offers a reduction of only 35-45 times.

Table 4.12 shows similar results for the 100-task case, but the results for the Full method are

not reported since its computation times exceeded 10 hours in all instances. We show in the
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Table 4.12: Computation times (sec) for jobs with 100 tasks

Arrivals ]
(SCV) U BS BW | Ratio
HE, 0.2 | 5130.8 | 17.0 | 301.8
(SCV=2) 0.5 | 8735.6 | 35.1 | 248.9
0.9 / 156.8 /
HE, 0.2 | 5219.7 | 20.3 | 257.1
(SCV=10) 0.5 | 15237.1 | 56.3 | 334.2

0.9 / |1842] /
MAP, 0.2 | 5372.1 | 214 | 251.0
(SCV=10) | 0.5 | 18817.3 | 57.7 | 326.1
(decay =0.1) | 0.9 / 177.9 /
MAP, 0.2 | 5696.3 | 22.4 | 254.3
(scv=10) 05| / | 1346]| /
(decay = 0.9) | 0.9 / 595.2 /

last column the ratio of the computation times between the BS and the BW methods, where
we observe that BW offers 240-340 shorter execution times than the BS method. Here and in
the previous set of results we observe that the computation times of all the methods increase
when the utilization, the arrival process variability and its auto-correlation increase. In the
toughest case considered here, where the utilization is 0.9 and the arrival process SCV and
decay rate of the auto-correlation function are 10 and 0.9, respectively, only the BW method is
able to provide a result, and it does so in just under 10 minutes. In most of the other instances,
its computation times are under 1 minute, highlighting its ability to efficiently compute T" by

exploiting the structure in the matrices AU"™P) and S.

Remark 2. Notice that the solution method proposed here is not restricted to the analysis of
parallel jobs considered in this section. For instance, using the results in [Cum82], any acyclic
PH distribution (APH) can be transformed to have an entry vector T with all the mass in the
first phase, and an upper-triangular matriz S. Thus, any MAP/APH/1 queue will fit within

our assumptions regarding the structure of the S and AU*™) matrices.

4.4.7 Evaluating the impact of replication

With the proposed model, and the efficient solution method introduced in the previous section,

we are now in a position to evaluate the effect of replication on the reliability and response
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times offered by the parallel-job computing cluster. In particular, we are able to determine
how replication impacts these metrics under different system conditions, such as the system

utilization, the correlation across replicas, and the job arrival process.

In the following we make use of the no-replication case as the baseline. The mean service rate
1 is set to 1, while the failure rate o is set to achieve a target baseline reliability. Similarly,
the arrival rate is set to achieve a target baseline utilization. To make the comparison fair,
the baseline set-up has as many servers as the set-up with replication, which implies that, for
job-size n, for every computing node with 2n servers in the scenarios with replication, there are

two computing nodes in the baseline set-up, each with n servers.

The impact of replication on reliability

The reliability is measured as the probability ps that a job completes service successfully.
When the replicas fail independently, the reliability depends only on the job size n, the service
rate p, and the failure rate . In the no-replication case, it is given by (u/(x + «))™, while
under task-level replication it is equal to (1 — (a/(a + ))?)™, and for job-level replication it is
1—(1—(p/(a+p))™)? Instead, when the failures between replicas are correlated, the reliability
is

Ps = _Ssersils*

ser ser’

where (Sger, Sser) 18 the PH representation of the job service-time distribution, defined in Sec-

tion 4.4.3, and 87, = —S,.1.

ser

Figure 4.12(a) compares the job reliability under different replication modes, considering the
case where the job-size n is 20, the baseline reliability is 90%, and the correlation p varies from
0 to 1. We observe that both task- and job-level replication improve the job-reliability under
most values of p, with task-level having a slightly higher reliability. Also, the improvement in
reliability decreases as the correlation p increases. Under task-level replication, the reliability
decreases until it becomes equal to the case without replication when the correlation reaches

1. For instance, task-level replication improves the job reliability from 90% to 99.94% when



88 Chapter 4. Fault-tolerance and Latency-reduction via Replication: the Centralized Set-up

100 ‘ ‘ ‘ ‘ 100
g O8 | "+ g
= 96 = 80
£ E
E)‘ 92 E 60
90 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
B0 02 04 06 08 1 00702 04 06 08 1
p D
‘—Task---Job---No ‘—Task---Job---No
(a) Baseline reliability: 90% (b) Baseline reliability: 50%

Figure 4.12: Reliability under different replication modes
p = 0, but decreases to 94.85% when p = 0.5, and drops back to 90% for p = 1. This effect is
clearer in Figure 4.12(b), where the baseline reliability is decreased to 50%. Here the reliability
achieved with task-level replication is significantly larger for small to medium correlations, and
it is always better than no-replication, except under perfect correlation. However, we observe
that the reliability achieved under job-level replication is much lower than the one achieved
under task-level replication. For instance, when p is 0.1, the reliability achieved under task-
level replication is 91.46%, while under job-level replication it is just 72.22%. This is because
under job-level replication, a single task failure causes the failure of a whole job-replica, while

in task-level replication the job fails only if both replicas of a task fail.

Figure 4.12 also offers a less expected, and somewhat counter-intuitive, result. While job-level
replication clearly improves the reliability under a broad range of the correlation, it actually
performs worse than the no-replication case for correlations close to one. The cause of this
behavior lies in the lack of synchronization between the two job replicas. While in task-level
replication the successful completion of a task immediately cancels its sibling, in job-level
replication this synchronization does not occur. As a result, the sibling task continues in
execution and may eventually fail, causing the failure of its job replica. This situation is
exacerbated when the failure rate and correlation are high, degrading the job reliability until it
becomes worse to replicate at the job level than to not replicate. This effect however only arises

when the correlation is close to one, which is not to be expected in application-level failures.
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Figure 4.13: The effect of the correlation - baseline reliability: 90%

The impact of replication on the response times

We now look further into the impact of replication on the offered response times, and how
this effect depends on the system parameters. In particular, we focus on the response-time
percentiles, where the i'" percentile of the response-time distribution, R;, stands for the value
x such that i% of the jobs experience a response time of at most x, for i = 1,...,99. We
consider a case with job-size 20, HE, arrivals (SCV = 2), utilization of 0.5, and reliability of
90%. Figures 4.13(a) and 4.13(b) show how the utilization and Rgs, respectively, change with an
increasing failure correlation p. Clearly, both task- and job-level replication increase the system
utilization, but job-level replication adds a much larger load, increasing the utilization from 0.5
to between 0.91 and 0.82. The effect of this additional load is clearly visible in Figure 4.13(b),
which shows how the Rgs shoots up under job-level replication, being one order of magnitude

larger than under no-replication and task-level replication.

We now decrease the baseline reliability from 90% to 50%, and display the obtained utilization
and Ros in Figures 4.14(a) and 4.14(b). In this case both task- and job-level replication increase
the utilization compared to the no-replication case. In fact, when the correlation p is below
0.7, the additional load under job-level replication makes the system unstable. Recall that the
utilization is 0.5 in this case. Moreover, Figure 4.14(b) shows that the Rgs achieved under
task-level replication is larger than without replication when the correlation p is below 0.7.

This clearly differs from the previous case where task-level replication improved the Rgs for
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Figure 4.15: Rgs achieved with different baseline utilizations

every correlation level. This is because of two reasons:

e If the reliability is low and no replication is used, only short jobs can complete service suc-
cessfully before encountering a failure. This causes the response times under no-replication
to be necessarily short.

e Introducing replicas has two effects: first, it increases the resource utilization, thus increasing
the response times; second, it allows the selection of the first replica that finishes, potentially
reducing the response times. If the reliability is low, as in Figure 4.14, one of the replicas
will likely fail and the first effect will be dominant, increasing the response times. Instead,
if the reliability is high, as in Figure 4.13, then both replicas are likely to finish service,

allowing the selection of the first result.
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Moreover, we notice that both the utilization and the Rg5 decrease as the correlation p increases.
Here again, as the correlation p increases it is more likely that the failure of a task leads to the
failure of its replica, allowing only short jobs to complete service. Also, the larger correlation
reduces the system load, allowing for shorter response times. In Figure 4.14(b) we also observe
that, under large correlation values, even though the improvement in reliability is limited, task-
level replication is still able to reduce the response times, thanks to its ability to select the first

task-replica that completes.

The effect of the baseline utilization

As replication, even with canceling, increases the system load, it is natural to expect that its
benefits can only be exploited as long as the baseline utilization is not too high. We now
explore some scenarios to study how high can the utilization be for replication with canceling
to effectively reduce the response times. Figure 4.15(a) compares the Rgs achieved under
different utilization levels, for the case with job-size 20, baseline reliability of 90%, HE, arrivals
(SCV = 2), and uncorrelated failures (p = 0). Clearly, job-level replication achieves the
highest Rgs, increasing the response times compared to no-replication, and causing the system
to become unstable when the utilization is larger than 0.5. Instead, task-level replication
reduces the Rg; compared to no-replication as long as the utilization is 0.6 or less. For larger
values of the utilization, task-level replication increases the Rgs, until the point that, under a
0.9 utilization, the Ry is actually one order of magnitude larger than without replication. It
is still significant, though, that task-level replication causes just a small increase in the Rgs for
a utilization as high as 0.7, while offering a much better reliability (99.95%). If the baseline
reliability decreases to 50%, as depicted in Figure 4.15(b), task-level replication is able to reduce
the Rgs, but only for a utilization of up to 0.2. For utilizations between 0.3 and 0.5, task-level
replication offers a larger Rgs than without replication, and higher values will make the system

unstable. This is again the result of the low reliability.

We now go back to the case with reliability 90%, as in Figure 4.15(a), but introduce a failure

correlation of p = 0.5, and depict the results in Figure 4.15(c). Comparing Figures 4.15(a)
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and 4.15(c), we observe that task-level replication reduces the Rgs up to a higher utilization (0.7)
in the correlated case than in the uncorrelated case (0.6). This is because a larger correlation
implies a higher probability that the failure of one replica causes its partner to fail, leading
to a lower utilization under task-level replication, and therefore shorter response times. We
thus observe that the impact of replication not only is affected by the utilization, but by the
reliability and the correlation among the task failures. The results indicate that under low to
medium utilizations, task-level replication is able to improve the response times, as long as the
reliability is high. A low reliability scenario can benefit from replication in terms of reliability,

but the room for improving the response times is more limited.

4.5 Discussion

Consistently high reliability and low latency are twin requirements common in server farms.
In Chapters 3 and 4, we evaluated the effectiveness of the speculative replication strategy
has on the system reliability and request latency in systems where requests are subject to
failures during service. We developed stochastic models to determine the request response-time
distribution for systems with both the distributed and centralized set-ups. We have observed
from various experiments that replication has the potential to reduce the request latency, in
addition to its benefit on the reliability, as long as the baseline utilization of the system stays
below a certain threshold. This threshold, however, depends on a number of factors, including
the arrival process, the request failure rate, the baseline utilization, and the number of replicas
and servers. For example, the threshold diminishes under higher failure rates, and under bursty
arrivals. Further, we observe that the improvement on latency is not uniform across different
percentiles, and the load threshold under which replication helps to reduce latency largely
depends on the metric targeted. Explicitly considering the response-time distribution, via the

targeted percentiles, is therefore fundamental to evaluate a replication strategy.

Comparing the two set-ups, we find that the centralized set-up achieves lower response times

than the distributed case. However, the distributed set-up offers response times close to those
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of the centralized system, especially at medium-to-high request reliability. In addition, the
distributed set-up provides more flexibility since there is no need to set up and manage a
central dispatcher that keeps track of the servers state, making it easier to increase or decrease

the number of servers as the load rises or falls.

We then evaluated in Section 4.4 the ability of concurrent replication with canceling to improve
the reliability and response times of parallel jobs subject to failures, where we demonstrate that
task-level replication with canceling offers an effective way of improving the system reliability,

with the potential to reduce latency, while limiting the increase in resource utilization.



Chapter 5

Variability-aware Replication for

Latency-reduction in Reliable Systems

In the previous chapters, we have evaluated the effectiveness of the speculative replication
strategy has on the system reliability and request latency in systems where requests are subject
to failures during service. In this chapter, we focus on the impact of replication has on reducing
the request latency, considering reliable systems, i.e., systems without failures. In addition, to
be able to analyze a broad range of behaviors for the replica processing times, we will rely
on Phase-type (PH) distributions, instead of considering exponential services only. In this
chapter, in addition to evaluate the replication with canceling strategy, we are interested in
analyzing replication for applications with very short processing times, such as web services,
which process requests in the order of milliseconds. For fast systems, the canceling overhead
would be comparable in magnitude to the replica processing time, such as web applications, in
which requests usually take only milliseconds to respond. Therefore, canceling is hard or even

infeasible to implement because of the non-negligible time required to cancel the replicas.

94
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Figure 5.1: Improvement on percentiles

5.0.1 Motivating example

Replication offers a trade-off between the additional load introduced and the potential to reduce
response time as it utilizes the first replica that completes service. Thus the main risk of
replication is that it may negatively impact latency since it introduces extra load into the
system, which may lead to excessive delays. In the previous sections, we have shown the effect
of a number of system parameters, including the arrival process, the numbers of servers and
replicas, and the failure rate, have on the effectiveness of replication. However, as the processing
times are modeled as exponential, the effect of its variability is unclear. To illustrate this, let
us consider a distributed system set-up with 50 servers, Poisson arrivals, and a short-tailed
service process with low variability (measured by the SCV). In this low variability case, the
SCV is set to 0.5. Figure 5.1(a) depicts the (positive) relative improvement (reduction) in the
response times obtained by introducing replication without canceling (r = 2). We show the
25t 50t and 75 percentiles, also known as the three quartiles, and the 90", 99" percentiles,
representative of the tail, for an increasing baseline utilization. Clearly, replication provides
significant gains under low utilizations, although the gain decreases with increasing utilization,

and becomes negative when the utilization is larger than around 0.32.

Turning to service times with a long tail and high variability (SCV=20), Figure 5.1(b) shows
that gains are much larger than in the low variability case, especially in the response time
tail. Different from the low variability case, the gains across the percentiles are not uniform,

and even the range of utilizations under which replication provides gains is different depending
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on which metric is considered. For instance, under a 0.35 utilization, the 99*" percentile can
be improved by close to 10% by introducing replication, but at this utilization replication is
harmful to lower percentiles. As a result, if a decision is made to replicate based on possible
gains on one percentile of the response-time distribution only, other percentiles may actually
suffer. This highlights the importance of explicitly considering the variability of processing
times, when evaluating a replication strategy. This is the purpose of the models introduced in

the forthcoming sections.

However, evaluating the effect of replication for systems with MAP arrivals and PH processing
times is non-trivial. In this chapter, we first focus on the distributed set-up in Section 5.1,
where replication is achieved by running copies of requests on multiple servers that otherwise
evolve independently, and waiting for the first replica to complete service. Here we consider

the adoption of replication without canceling.

We then consider its counterpart — the centralized set-up, where we consider two cases in
particular: the case where canceling is hard or almost infeasible to be implemented, and the
case with canceling, in Sections 5.3 and 5.2, respectively. We show the effect that the statistical
characteristics of service time, and in particular their variability, have on the potential for
replication as a latency-tolerance mechanism. It is natural to expect that the service time
variability, as noted for instance in [VGM™13, SLR16], should have an important role in the
effectiveness of replication as a means of reducing latency. However, a number of questions
remain unanswered when considering replication for latency-tolerance. In this chapter, we
make use of the proposed models to answer the following important questions, by performing
an in-depth analysis on how service times influence the effectiveness of request replication: for a
given service time pattern (distribution), what is the maximum utilization at which replication
can improve response times? Moreover, is such an improvement uniform over the response time
distribution? For example, can we expect a decrease in the average response time as well as
in its higher percentiles? While variability is a second-order effect, do higher order statistics,
such as the service time’s skewness, have a significant effect on the performance of replication?

In addition, in which conditions is it possible to gain from more than one additional replica?
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5.1 The distributed set-up: replication without cancel-

ing

In this section, we construct models that capture the evolution of a system adopting replica-
tion using approximate methods. In particular, we consider a distributed system where each
server holds its own request queue and the role of the dispatcher is to assign requests and their
replicas to these queues. In a reliable system, the synchronization introduced by the canceling
mechanism allows a new job to start service with all its r tasks, as all r tasks execute simulta-
neously and the first one to complete cancels all other tasks. As a result, the system simplifies
to a MAP/PH/1 queue with mean service rate ru since we can aggregate the servers into
a “super-server”. We thus can rely on existing works as described in Section 2.5 to analyze
this case with canceling. In this section, we focus on the more asynchronous and challenging
case where canceling is hard or even infeasible to implement because of the non-negligible time

required to cancel the replicas.

Analyzing this case is challenging as the servers work asynchronously but are not independent
since for every new request several servers receive a copy at the same time. We therefore rely
on approximate methods to cope with this set-up, which we use to analyze several scenarios

quantitatively. Our main findings can be summarized as follows:

e The effect of replication is non-uniform across the response time percentiles and mean. In
fact, there are cases where replication offers improvements in the mean but actually hurts

the response time tail.

e Highly variable service times offer the best opportunity to reduce response times, especially
in the tail. In this case it is even possible to obtain reductions in the high percentiles of the

response time distribution (90", 95 99th) even if the mean response time worsens.

e An evaluation based on the exponential assumption for service times hides important effects
of replication. The characteristics of response time under highly-variable service times, as
typically observed in real traces, are in fact much more complex than under the exponential

assumption.



98 Chapter 5. Variability-aware Replication for Latency-reduction in Reliable Systems
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Figure 5.2: Replication model
e Beyond variability, the service time skewness also has a significant effect on the potential

benefits of replication.

5.1.1 Problem set-up

We consider a system consisting of ¢ parallel, homogeneous and distributed servers, each with
an associated buffer, as shown in Figure 5.2. For each arriving request, a total of r copies
are sent to r servers for processing. Replicas in front of each server form a single queue in
the order of arrival and receive service with FCFS scheduling. The result of the request is
returned by the first replica to complete service. To analyze this system, Section 5.1.2 starts
by introducing a model to determine the request response-time distribution in the small-scale
case where ¢ = r, under fairly general inter-arrival and service times. This case can model, for
instance, applications that maintain replicated data in a subset of resources, such that a request
can be processed by any resource in this subset. Next, to analyze the general case where ¢ > 7,
a different approach is proposed in Section 5.1.3, where we consider that the r replicas of each
request are allocated to r out of ¢ servers, chosen uniformly at random. This case, which we
refer to as random, is more challenging to analyze and we therefore rely on the approximating
assumption that replicas of a request are independent, to obtain the response-time distribution
under fairly general service times. This case captures medium- or large-scale systems where

servers are not dedicated to serve a single arrival flow.

Notice that the basic case where ¢ = r can be easily extended to consider the system with
¢ > r servers by assuming that the servers are partitioned into ¢/r groups of size r, with ¢ a

multiple of r. Thus, upon the arrival of a request, all its r replicas are assigned to one of the
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groups, chosen at random. This allocation policy, which we refer to as grouped, can be found,
for instance, in multi-core systems where a job is sent to one core utilizing all its threads and
has the advantage of being easier to analyze as each group can be considered independently.
However, we may expect this policy to offer worse performance than the random policy, as the
latter benefits from greater multiplexing gains due to better load balance, with servers being

idle less often.

In the reference model, we assume that requests arrive according to a MAP(m,, Dy, Dy), while
the replica service times follow a PH(8yep, Srep) distribution. In the case of exponential service
times, we assume a mean processing time 1/u, such that s,e, = 1, and Syep = —p. The system
utilization U is the expected fraction of the time that a server is busy, thus U = r\/u, where

A is the mean arrival rate, and p is the replica service rate.

5.1.2 Grouped allocation

To study the impact of replication under the grouped policy, we first introduce a stochastic
model to determine the response-time distribution focusing on a single group with r servers,
and later we show how the analysis can be extended to cover systems with multiple groups. The
request response-time distribution is obtained by considering the service-time and waiting-time

processes separately, and connecting them via a PH representation.

The waiting-time distribution

To determine the waiting-time distribution, we again perform an age-based analysis [AMO1],
observing the r queues only during the all-busy periods and define the bivariate Markov process
{X(t), J(t)|t > 0}, with X (¢) the total time-in-system of the youngest request in service, and
the joint phase of the arrival process A(t) and the service state of the r queues S(t), i.e.,
J(t) = (A(t),S(t)). To keep track of the state of the r queues, and taking advantage of their
homogeneity, we focus on the queue-length differences with respect to the shortest one. The

length of a queue includes the number of requests waiting and in service, where we truncate it
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Table 5.1: Transition rates for S, AG"™) and S, ¢ ail-busy

Matrix From To Rate

g (no, . N %) (ng,...,m; —ej+eg,....,nc) 1.5 Srep (7, k), 4 >0
(no, . nl 17n1,,..7nc) (no,...,Mi-1 +eg,n;—ej, ..., nc) niijr*Cp(j)srep(k)7 1>1

AGump) (ng,m1,...,nc_1,n0) (er,mo —€;,M1,... ., Nc_2,No_1 +N¢) | 105575, (7)Srep (k)
(’/lo, ’l’lc) (no,...,ni—ej+ek,...,nc) niijrep(j, k)7 1> 1

Shot-all-busy | (70, - - nZ LN, ne) | (ng,...,Ni—1 +eg,n; —ej, ..., ne) nl]Srep(j)smp(k:)7 1> 2
(ng,mq1...,m0) (no+1,m —ej,...,n0) 1S, (7)

to be at most a constant C. Recall that the replica service-time distribution is PH(Syep, Srep)
with m,., phases. Thus, we define S(t) = (n;;(),0< i< C,1 < j < myep), where n; (1) is
the number of queues with queue-length difference i with respect to the shortest queue, and
such that the replica in service is in phase j, at time ¢. Thus S(¢) takes values in the set
Ng = {n = (n,...,n0)|n; = (i1, Ny )s iy € {0,..,7}1, 3°0 0o ni; = T}, the
cardinality of which is mg. Section 5.1.2 evaluates the accuracy of this approximation and

explores the value of C' needed to ensure accurate results.

The next step is to determine the stationary distribution 7 (z) of the (X(¢), J(t)) process, which
has a matrix-exponential representation 7(x) = m(0)exp(T'z), for x > 0. To determine the
m x m matrix T, we need to find the matrices S and AU™™P) where the matrix AU"™P) holds
the rates of service completion at any of the ny shortest queues, as a replica that completes
service in these queues triggers the start of a new request service. Other transition rates are
kept in the matrix S, as summarized in Table 5.1. The first row in this table considers the
case where the replica in service goes through a service-phase transition from phase j to phase
k, without completing service. The second row covers the case of service completions at any
queue but the shortest one, where the replica in service phase j completes, and a new replica
starts service in phase k. In the last row, a replica in any of the shortest queues, and service
phase j, completes service, resulting in a single shortest queue, which is in phase k. Also, as
the queue-length differences are bounded by €' transitions leading these differences to exceed

the limit C' are re-assigned to C.

To find 7 (0), which is the steady-state distribution of the phase at the beginning of an all-busy
period, we need to model the system evolution during the not-all-busy period. During this

period we only keep track of the arrival phase and the states of the queues, similar to the
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phase in the all-busy-period, but in this case the shortest queues are empty, and therefore ng
holds the number of idle servers. We thus define the process S(t), which takes values in the set
Ns = {(no,n1,...nc)|[n; = (Ri1, .. Nime,), 1 <0 < Conge{l,...,r},ni; € {0,...,7},no +
Zic:1 > 2 n,; = r}. In this case, the first entry of the vector (ng,n1, ... n¢) holds the number
of idle servers, while the remaining entries are the same as for S(¢). The transition rates across
service phases, between arrivals, during a not-all-busy period are held in the matrix Shot-al-busy
as summarized in Table 5.1. Here the first case corresponds to phase transitions without a

service completion, while the second and third cases correspond to service completions.

Since 7(0) is the distribution of the phase J(t) at the beginning of an all-busy period, it solves

not-all-busy

/eXp Tu A(Jump) ® eXp<D0u>)du<Sn0t-all-busy S DO)il(K(Start) ® Dl) (51)
0

The difference with respect to Eq. (3.13) lies in the matrix AU and K% which

not-all-busy
connect the state space when going from an all-busy period to a not-all-busy period, and vice

A (jump)

not-all-busy 1S Similar to matrix AGuwmp) iy Table 5.1, but from

versa, respectively. The matrix
a state (ng,ny,...,n¢) € Ng, the transition is to a state (1,my,...,n¢) € Ng with rate
n0,jS5p(7). This transition corresponds to a service completion in the shortest queue, which
starts a not-all-busy period with one empty queue. As the process enters a not-all-busy period,
the phase evolves according to the sub-generator Shot-ai-busy © Do, until an arrival occurs and
triggers the process into a new all-busy period. When this occurs, the matrix K®**) maps a
state (ng,m1,...,nc) € Ng into a state (rg,ny,...,nc) € Ng with probability pp,n,. As each
of the ny idle servers selects its initial service phase according to s,ep, the probability that the

shortest queues start the all-busy period in state mg = (10,1, - - . 70,m.,) follows a multinomial

distribution, thus

7’L0!

lsrep<1)n0’l +++ Srep (Myep) "0 mrep

Promo =
no,l! ©N0mypep

where 8., (i) denotes the i entry of vector s,p. which is then used to find 7(0) by solving a

linear system.
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After obtaining vector 7(0) and matrix 7', we are ready to find the waiting-time distribution,
following the process described in Section 2.5. Notice here the expected number of arrivals in
a not-all-busy period E[n;] is also 1, as an arrival during the not-all-busy period sends replicas

to all queues in the group, initiating an all-busy period.

The service-time distribution

We now show that the request service times follow a PH distribution with parameters (Sger, Sser)-
Let N(t) be the service state of a tagged request in service at time ¢, which we define as
N(t) = (nij(t),0 <i < C,1 < j < myep), where ng ;(t) is the number of queues with a replica
of the tagged request in service phase j, and n; ;(t), for ¢ > 0, is the number of queues where
the replica of the tagged request is in the i*" position in the queue. Notice that N(t) is similar
to the process S(t), but it focuses on the queue-lengths in front of the tagged request only.
Since the tagged request completes service when one of its replicas completes service, we are
interested in the service phases in N(t) where the r replicas of the tagged are still in service or

waiting, thus Zio > ng; = 7. As aresult, N(t) takes values in the set Ng.

Next, to obtain the service time PH representation we describe the transitions among the states
in Ng with a sub-generator Sg,. Notice that S, holds the service transition rates without a
service completion in the shortest queue, thus it is equal to the matrix S in Table 5.1. The

final step is to obtain the initial probability vector sy, which is given by
Sser = [(1 = 7)7(0) + byQpusy (T — S @ L, )],

following Proposition 3, where b™' = aupusy (T — S ® I, )1 is a normalizing constant.

The response-time distribution

Based on the waiting and service-time distributions, we can obtain the response-time distri-
bution in Theorem 5.1. The proof, which was done by Dr. Juan F. Pérez, can be found in

Appendix A.1.
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Theorem 5.1. The job response time follows a PH distribution with parameters (Syes, Sres),

where _
Sres = (1—’}/)77(0) &busy O15m | >

Sser 0m><m Ome (52)
ST@S = Ome Sser (_gserl)Ps,w )
0m><m 0m><m Swait
where Syer = ATIS, A, A is a diagonal matriz such that A1 = &', and § = —8,5,} is

the stationary distribution of the phase during service. Also, Gpysy = (—Sserl)'A, and P, =
YT - S®I,,)'A, where T and A are diagonal matrices such that T1 = (T — S ® I,,,,)'A1

and A1 = o), .

The above analysis of a single group can be easily extended to the multi-group case, following
Section 3.1.1. We refer to the random selection among groups as grouped-random, and we

compare its performance against the random policy in Section 5.1.4.

Experimental validation

We evaluate the accuracy of the proposed model by comparing its results against simulation,
focusing on the cases with r = 2 as an example, considering low (0.1), medium (0.5), and high
(0.9) utilizations (achieved with replication), as well as different service and arrival processes.
For the service process, we consider Exp, Erlang-2 (ERs), and HE, distributions, thus covering
a broad range of behaviors in terms of variability, measured by the SCV. The Exp and ER;
distributions have SCV equal to 1 and 0.5, respectively, while for the HE, distribution we
set it to 10. For the arrival process, we consider Poisson (Exp), and general order-2 MAP
arrivals, where the SCV of the MAP inter-arrival times is set to 10 and the decay rate of the
auto-correlation function is set to 0.5, thus modeling arrivals with high variability and auto-
correlation. We compute the errors for different values of the limit C' (100, 500 and 1000),
and report the errors for some typical settings in Table 5.2. For each setting, the simulations
were run for 5,000 times with 200,000 samples each time, from which we obtain the response-

time mean and its 99'" percentile Ry(99), and their 95% confidence intervals. Table 5.2 shows
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Table 5.2: Approximation errors (Grouped)

e s Err(%)
Arr | Ser | Utilization | Measure =100 TC =500 1 ¢ = 1000
0.10 mean <0.01 <0.01 <0.01
' R»(99) <0.01 <0.01 <0.01
mean <0.01 <0.01 <0.01
Exp | Exp 0-50 R»(99) | <001 | <0.01 | <0.01
0.90 mean <0.01 <0.01 <0.01
' R5(99) 0.11 0.11 0.11
0.10 mean <0.01 <0.01 <0.01
' R»(99) <0.01 <0.01 <0.01
mean <0.01 <0.01 <0.01
Exp | ER 0-50 R»(99) | <001 | <0.0I | <0.01
0.90 mean 0.04 0.04 0.04
' R»(99) 0.03 0.03 0.03
0.10 mean <0.01 <0.01 <0.01
' R5(99) 0.05 0.05 <0.01
mean 0.39 <0.01 <0.1
MAP | HE, 0-50 R»(99) 1.88 <0.05 <0.1
0.90 mean 23.92 0.83 <0.1
' R5(99) 26.06 0.14 <0.1

that, if C' is large enough, the proposed model provides accurate results for both the mean and
percentiles of the response times. Specifically, for the first two cases considered, Exp arrivals
with Exp and ERj5 services, the errors are negligible with C' = 100. This is due to the relatively
short tails of these service-time distributions, which causes the queue-length differences to
remain well within the C' = 100 limit. The more challenging case with auto-correlated (MAP)
arrivals and HE, services requires a larger limit C' to achieve the same level of accuracy. The
high variability in both the service and arrival processes, and the auto-correlated arrival stream,
increase the probability of large queue-length differences. A larger utilization further increase
these differences. Still, errors under 1% are achievable by setting C' = 500 even under a 0.9

utilization.

5.1.3 An approximation for random allocation

We now consider the case where the request replicas are allocated to r out of the ¢ servers,
selected at random without replacement. Analyzing this system is challenging because it re-
quires keeping track of the state of the ¢ queues, as a request’s replicas can be allocated to

any subset of queues. Also, the evolution of these queues is correlated as every time a request
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arrives, r queues receive one replica simultaneously. We thus opt for an approximation and

show experimentally that it provides good results when the ratio ¢/r is large.

Approximation approach

To approximate the response-time distribution of this system we introduce the simplifying as-
sumption that each queue evolves independently, receiving one request replica with probability
p = r/c every time a request arrives. This assumption was also used in [VGM'13] to approxi-
mate the mean latency in a system with a single replica. While this is a simplification of the
actual system dynamics, we may expect this assumption to be reasonable when the number
of servers c is sufficiently large compared to the number of replicas r. More specifically, if the
request arrivals are modeled as a MAP(m,, Do, D7), and the replica service times are PH, each
queue can be modeled as an independent MAP/PH/1 queue with arrivals MAP(m,, Dy, D}),
where Dy = Dy + (1 — p)Dy, D} = pDy, and p = r/ec.

Therefore, we can analyze each queue separately and obtain a PH representation (8., Brep)
of its response-time distribution following [Sen89]. Moreover, based on the independence as-
sumption, the response time of a request can be obtained as the minimum of the independent
response times of its 7 replicas. As the response time in each of the r servers is PH(B,.,, Brep),
the request response time is PH(B,cquest» Brequest), given by the minimum of r independent PH

variables as [LR99]

ﬁrequest - IBrep Q- Brep? BTGQUESt = Brep - Brep-

Evaluating the approximation

We now evaluate the accuracy of this approximation by comparing its results against simulation,
considering different utilization levels and ¢/r ratios, as well as the service-time distributions
and arrival processes defined in Section 5.1.2. Table 5.3 shows the relative error in the mean

and 99" percentile R,.(99) of the response time for different settings. The first row considers
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Table 5.3: Approximation errors (Random)

o7s . r

c/r | Arr | Ser | Utilization | Measure 5 3 1 5
2 | Exp | ER; 04 }I%n?gg) ?% 142.9714 155.53872 16%?943
5 Bw B or | mes OO OO TR
5 oo (o] o | me TETOSTIR T
mean 047 079 | 1.33 | 1.23

25 | Exp | Exp 08 R.(99) |0.68| 1.40 | 1.85 | 2.30
5| B [HE| 08 pio ot o o5t 0
mean 1.90 | 3.26 | 4.88 | 8.17

25 | MAP | HE, 08 R.(99) | 1.80 | 2.83 | 4.29 | 7.29
) mean 1.60 | 0.87 | 4.17 | 3.04

100 | MAP | HE, 08 R.(99) 10.96 [ 029 | 2.77 | 2.05
00| MAP | Bxp| 08 ey e T3 ot
mean 1.66 | 4.10 | 5.09 | 6.08

100 | MAP | ER, 08 R.(99) [320] 7.70 | 9.73 | 12.18

a 0.4 utilization, Poisson arrivals and ERs service times, with a small ratio ¢/r = 2. We
observe that the approximation produces errors lower than 8% for r = 2. However, the error
increases with a larger r as the request response time depends on a larger number of correlated
variables. Increasing the c¢/r ratio to 25, as shown in the second row, the errors decrease,
with the maximum error being as low as 1.19% for R5(99) with ERs services. Increasing the
utilization to 0.8 with ¢/r = 25, as shown in rows 3 to 5, for ERy, Exp and HE, services,
respectively, we observe that the errors increase with the utilization, although these remain
below 3%. Clearly, for this and larger ¢/r ratios, the approximation provides high accuracy
for both the mean and the tail of the response times. The next case in the table considers
MAP arrivals and HE, services, which cause the errors to shoot up, compared to the case
under Poisson arrivals. The reason is that MAP arrivals show high auto-correlation, while the
approximation assumes independence among the response times of the replicas. To reach a
higher accuracy, we increase the ¢/r ratio to 100 and the errors decrease to under 3% for HE,
services. However, for Exp and especially ERy service times we observe larger errors. These
results suggest that the approximation based on the independence assumption performs better
with more variable service times as the variability decreases the dependence among the replicas’

service times.
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Threshold utilization & optimal number of replicas

We now specialize the proposed approximation to the case of exponential services and Poisson
arrivals, and try to answer two of the questions we posed in the introduction: Up to what
utilization level can a reduction in response times be realized by implementing replication?
What is the optimal number of replicas to adopt to minimize the response times? By focusing
on exponential services and Poisson arrivals we can exploit closed-form expressions for the mean
and the percentiles of the response times. As we shall see, however, the exponential assumption
leads to an over-simplification of the effects of replication, and a better representation of the

service times is necessary to fully assess its potential benefits.

Threshold utilization: Assuming r replicas are adopted for each request, we want to find
the threshold utilization, which is the maximum baseline utilization under which replication is
beneficial. The response-time distribution of a request with r replicas is F,(t) = 1— exp "=,
where \* = r\/c is the arrival rate to each queue, and the system arrival rate is A. Thus
the response time p'" percentile is R.(p) = In(1/(1—p))/(ru—r*X/c), where In is the natural
logarithm. If the adoption of replication results in a lower latency, then we have R,.(p) < Ry(p),

from which we obtain the threshold utilization as

P =1/(r +1).

For example, when r=2 the threshold utilization is p* = 1/3, i.e., only if the system utilization
is below 1/3, the introduction of 2 replicas reduces the latency. Notice that the same threshold
is found for the mean response times, as in [VGM™13] for » = 2. As a result, under exponential
services and Poisson arrivals, the threshold utilization is independent of the specific response-
time percentiles considered, and gains in the mean translates in gains in all the percentiles. As

we show in Section 5.1.4, this conclusion is not valid for more general service times.

Optimal number of replicas: The p' percentile R,(p) of the response-time distribution,
can be shown to have a positive second derivative whenever the system is stable, i.e, u > rA/c.

Thus R,.(p) is a convex function in 7, and the optimal number of replicas to adopt is the
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Figure 5.3: Response time mean and percentiles under r = 1, 2
smallest number r* beyond which the latency increases, i.e., r* is the smallest r that satisfies

Rr<p) < Rr-i-l(p); thus

r* = min ([eu/Al, (e — N)/(2N)]). (5.3)

where the first condition ensures stability. In fact, we find that the same result holds for the
mean response time. Thus, under exponential services and arrivals, the number of replicas
can be chosen to be optimal for both the mean and every percentile of the response-time
distribution. We will test this result for more general arrival processes and service times in
the next section. To demonstrate this result, consider a system with 50 servers, mean arrival
and service rates of 10 and 1, respectively. From Eq. (5.3) the optimal number of replicas to
adopt is 2. Simulation results show that the mean response time when introducing 1, 2, 3 and
4 replicas is 1.251, 0.836, 0.839 and 1.275, respectively, while the 99" percentile is 5.762, 3.857,
3.889 and 5.957, respectively. These results verify that r = 2 is the optimal number of replicas

to adopt.

5.1.4 Experimental results

In this section we make use of the proposed models to evaluate the impact of replication on the
offered response times. As we are particularly interested in the effect of service time variability,
we make use of the ERy, Exp, and HE, distributions introduced in Section 5.1.2. To look

into the effect of the arrival process we consider both Exp IATs, and correlated MAP arrival
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processes. Throughout, we assume ¢ = 50 servers, and set the service rate p to 1, while the

arrival rate is set to achieve different utilization levels.

The utilization threshold

We start by investigating the utilization levels under which replication reduces latency, and
whether this depends on the service time variability and the replica-allocation policy. Figure 5.3
shows the response time mean (mean,) and 99" percentile (R, (99)) obtained for r = 1 and 2,
respectively, for baseline utilizations between 0.05 and 0.45, with random allocation. Notice
that the utilization achieved after the introduction of replication doubles when r = 2. While
Figure 5.3(a) focuses on highly variable HE, services, Figure 5.3(b) considers low-variability ERy
service times. In both cases, replication clearly reduces both the mean and the 99" percentile
of the response times, although the reduction decreases with increasing utilization, up to a
utilization level where replication becomes harmful. Comparing these figures we observe that
the utilization threshold is higher under HE, services than under ERy. This is more explicit in
Figure 5.4, which reports the utilization threshold for service times with an SCV that ranges
from 0.5 to 100. Here we observe not only that the threshold increases with a larger variability,
and stabilizes for SCVs larger than 5, but the threshold is actually different for the mean and
the 99*" percentile. As a result, for service times with an SCV greater than one, there is a
region of the utilization where replication does not improve the mean response time but it still

improves the 99" percentile.

In addition, Figure 5.3 also shows that the reduction in response times for HE, services is



110 Chapter 5. Variability-aware Replication for Latency-reduction in Reliable Systems

= | R.(99 | <10 | —HE, -+ ER; |
A- Imean . : o | -
@04() 801N -t — =
E 3 | ‘ ,”A\ % 60 77777777 NG :”,
= e G L L S
803 A 2 40| e N
é@ L i% A S D
=025 1255 10 20 50 100 001 02 03
SCV Utilization
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much larger than for ERy services. This is further highlighted in Figure 5.5, where we depict
the relative improvement (reduction) in the response times 99" percentile when introducing
replication. While under HE, services the gains can reach up to 90% under very low utilizations,
under ERs services these are limited to at most 50%. This difference arises from the more
concentrated service times in the case with lower variability, which offers fewer chances to have

at least one replica with a short response time.

Similarly, under grouped-random allocation the threshold utilization is also higher for HEy than
for ER, services, but the differences are much larger than under the random policy. In fact, if we
evaluate the threshold utilization under service times with different variability, as in Figure 5.6,
we observe that this threshold can be between 20% and 45%, a much wider span than under
the random policy (see Figure 5.4). This figure also highlights that for lowly-variable service
times (SCV 1 or below), a decision to replicate based on a potential gain of the mean response
time can actually worsen the 99*" percentile. Further, the improvements under highly variable
(HE,) service times are also more significant than under ER; services, as shown in Figure 5.7.
The latter case provides gains of at most 40%, while the gains under HE, services can be as

large as 90% and sustain to around 20% for utilizations as high as 0.3.

The effect of higher moments

We now look further into the impact of the service time variability on the effect of replication
across the whole response time distribution. To this end we consider three values for the

SCV (C% =1, 5 and 10) and fix the first moment (mean) of the service time distribution
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M; to match the utilization. The second and third moments of the distribution are obtained
as My = (C% + 1)M? and Mz = 3M3(1 + C%)?/2. We rely on the method in [BHTO05] to
match these first three moments with a PH distribution. For each percentile p in the range
{10,20,...,90,95,99,99.9} we obtain the ratio Ra(p)/Ri(p), comparing the response times
obtained with replication (r = 2) against those without (r = 1), with random allocation.
Figure 5.8(a) depicts these ratios for a 0.1 utilization. The exponential case (C% = 1) shows
a very smooth behavior, with ratios of about 60% across the whole percentile range. The
more variable service times, however, show a strikingly different behavior, with ratios that vary
wildly among the percentiles considered. For instance, for the 80" percentile the ratio can be
under 0.05 for the C% = 10 case, i.e., this percentile with replication is 20 times lower than
without replication. The opposite case can be observed in Figure 5.8(b), where the utilization
is 0.3. Here the exponential case is again very smooth, with a ratio of around 1 across the
percentiles considered. However, with a larger service time variability we observe large peaks

in the central percentiles. In this case replication can be beneficial for the response time tail,

but it also increases the response times experienced by a significant proportion of requests.

Beyond the variability, we also consider the effect of the skewness, or third moment, which
measures the asymmetry of the service time distribution. To this end we fix the first moment
to match a given utilization, and the SCV to C% = 10, and define a baseline skewness coefficient
as 7 = 3C% /2 + 1/(2C%), which is the minimum skewness coefficient representable by a PH
distribution of order 2. We then let the skewness coefficient be v = 47, and consider values

of  in the set {1,10,100}. Figure 5.9 shows the ratio Rs(p)/Ri(p) for percentiles across the
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response time distribution for the values of 7 given above. Of the three cases considered, the
one closest to an exponential is 7 = 100, as most of the mass of the initial probability vector
is concentrated in one of the phases. In this case the percentile ratio is very stable across the
distribution. However, as the skewness decreases we observe very significant differences in the
percentile ratio. In both utilization scenarios a smaller skewness implies that the main effect of
replication concentrates on lower percentiles. For instance, with utilization 0.1 and n = 10 or
100, the main effect is on the tail, while for n = 1 the main effect is around percentile 80. Thus,
in addition to the mean service time, higher moments need to be considered when implementing

replication as they have a very significant effect on the offered response times.

Comparing allocation policies

We also compare the performance of the two policies considered, random and grouped-random.

The results, repeated over a wide range of scenarios, show that the grouped-random policy
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performs worse than the random policy. This is caused by the greater multiplexing gains offered
by the random policy, as it allocates the replicas of new requests to a completely random subset
of servers, while in the grouped-random case the random selection is done at the level of server

groups, each of which receives all the replicas for a given request.

Case study

We now consider realistic traffic patterns by making use of the Intel-NetBatch C and D logs
[Par]. These logs contains records from the Intel Netbatch grid of one month, which is composed
of multiple clusters in different locations around the world, each with tens of thousands of nodes.
Each log contains the workload from one cluster, including job ID, job submit time, start time,
end time, exit status and the number of cores used (number of tasks). We focus on successful
single-task requests that amount to over 99% of all successful requests. We observe heavy-tailed
service times in both logs, with SCV of 76.07 and 12.20, respectively. Given the high variability,
we fit the service times using hyper-exponential distributions with r phases (HE,), relying on
the maximum-likelihood method in [KSHO03], as implemented in jPhase [PR06]. Table 5.4
shows the mean relative error between the empirical CDF and the fitted CDFs for log C, which
clearly decreases as the number of phases increases. For instance, the error is 5.00% for Exp
(i.e., HE;), and 0.05% for HE5. The improvement is however limited after five phases, thus we
choose the HE5 representation for log C. Figure 5.10 shows the empirical CCDF of the service
times, and the fitted exponential and HE distributions. Clearly, the HE distribution captures
the behavior of the real traces much better than the exponential distribution, both the body
and tail. Similarly, we fit the service times of log D using an HE, distribution. For the arrival
process, we observe that the SCV is 1.92 and the decay rate of the auto-correlation function
(ACF) is 0.97 for log C, which we capture with a MAP using the method in [Hei04]. For log D,
the SCV is 8.43 and the ACF is just 0.09, thus we use an HE distribution to match the high

variability and the low auto-correlation observed.

The fitted distributions allow us to explore the effect of replication on latency under realistic

traffic patterns. As the number of servers is not disclosed, we set it to 50, but other values
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Figure 5.11: Percentile improvement in the case study
provide similar results. Figure 5.11(a) depicts the relative improvement on response time per-
centiles when introducing replication under a baseline utilization of 0.1, with grouped-random
allocation. The first immediate observation is that the improvement is very different among
the percentiles, and it also differs among traces. The log C shows a larger improvement in
the tail, while log D shows a stronger improvement for small percentiles. Figure 5.11(a) also
shows how the improvement would be evaluated if the empirical service times were modeled
with a standard exponential distribution. Surprisingly, both traces show the same improvement
across all percentiles, even though the arrival processes are very different. More importantly,
the exponential assumption hides the major differences in the lower percentiles and underes-
timates the benefits of replication. In Figure 5.11(b) we increase the baseline utilization to
0.3 and observe that replication significantly improves the tail for both traces, although this
improvement is more significant for log C. Also, the improvement of log C dominates that of
log D for most of the distribution, while under a 0.1 utilization this only occurs for percentiles
60 and above. These trends are quite different from the exponential assumption, which leads to
the conclusion that replication would be harmful for the tail. Explicitly considering the service

time variability shows that it is actually the tail that can benefit the most from replication.
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Beyond two replicas

We now consider the case with more than one additional replica. The introduction of replicas
increases the utilization by a factor r compared to the baseline utilization, thus limiting the
introduction of more than one replica to low-utilization cases. Focusing on random allocation
as an example, Figures 5.12(a) and 5.12(b) show that the addition of more than one replica
reduces the response time mean and 99" percentile, although under more limited baseline
utilizations. In fact, the improvement in the 99" percentile with 5 replicas can be above 95%
for a utilization under 0.1, but this improvement decreases very fast and becomes worse than
the two-replica case for utilizations above 0.15. This is further illustrated in Figure 5.12(c),
which shows the improvement across many percentiles under a very low utilization. Here each
additional replica improves every percentile, with the main gains obtained in the tail. However,
under a 0.15 utilization, Figure 5.12(d) shows that the improvement obtained with the third
and fourth replica is very limited across all percentiles, compared to the two-replica scenario,
while the addition of a fifth replica is actually harmful. Thus, except for scenarios with very low
utilizations, the main benefits of replication can be obtained with a single additional replica.

Additional replicas can provide further gains but only under very low utilizations.

5.2 The centralized set-up: replication without cancel-
ing

In this section we consider the centralized set-up, where the system consists of a central dis-
patcher and multiple distributed servers. We are interested in evaluating speculative replication
without canceling for applications with very short processing times. We introduce a novel ser-
vice model in this chapter to explicitly consider correlation in the processing times of the
request replicas, and design an efficient algorithm to parameterize the model from real data.
Extensive evaluations on a MATLAB benchmark and a three-tier web application (MediaWiki)
show remarkable accuracy, e.g., 7% (4%) average error on the 99" percentile response time for

the benchmark (respectively, MediaWiki), the requests of which execute in the order of seconds
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Figure 5.12: Improvement with r > 2 replicas
(respectively, milliseconds). Insights into optimal replication levels are thereby gained from
this precise quantitative analysis, under a wide variety of system scenarios. The ubiquity of
cloud computing has enabled many service providers to exploit almost unlimited resources in
a pay-as-you-go model. While this model offers many advantages, it also poses new challenges,
some of them related to the virtualized nature of the cloud offering. In this section, we are
interested here in evaluating the impact of replication without canceling, which is asynchronous,

and to this end, we derive a suite of stochastic models that accurately predict request response

times.

Moreover, through experimentation, we have observed that the processing times of replicas of
the same request can be correlated. To capture this behavior, we introduce a novel approach
that uses correlated hyper-Erlang (CHE) distributions in an extension of our model. At the
same time, we apply an efficient fitting method based on the Expectation-Maximization al-
gorithm to parameterize the CHE service model with respect to real data. The MediaWiki
experiments demonstrate the ability of the CHE service model to accommodate correlated ser-

vice times effectively, evident by its accurate estimation of response time percentiles. Based on
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these models, we derive insights into the design of replication policies, e.g., optimal number of

replicas, threshold utilization, etc, for real-world applications.

Most existing works [DB13, SLR16, JSW15] consider the adoption of canceling to limit the
additional utilization introduced by the replicas. From an analytical standpoint, the case we
consider in this section is more challenging than its counterpart with canceling, where replicas of
a request always finish service at the same time, adding a synchronization point that simplifies
the system dynamics. A more complex analysis is required to capture the asynchronous behavior

in the absence of canceling.

In many applications, requests are fairly homogeneous and their processing times depend largely
on the server, leading to a degree of independence between replicas’ service times. However,
in other applications, processing time depends, at least partially, on the intrinsic details of
the request, which impacts all of its replicas. In such cases, therefore, correlation among the
replicas of a request becomes significant; whilst commonly ignored [QP15¢, VGM ™13, GZD" 15,
QP15b, QP14], it is taken into account in [JSW15]. In contrast, this section considers cases of

both independent and correlated processing times among replicas of the same request.

5.2.1 Motivation and system set-up

Employing request replication to mitigate the latency tail poses a number of challenges, which
we now illustrate by means of experiments conducted on a real-life web application. We make

use of MediaWiki [med15], a standard three-tier web application deployed on a private cloud.
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times of two replicas from the same re-
quest.

Details of the application and its deployment can be found in Section 5.2.6. The cloud de-
ployment exposes the application to large variations in its effective resource capacity, caused by
virtual machines (VM) co-located on the same physical machine, a notorious drawback of cloud
computing [FJVT12,SDQR10]. This resource capacity variability can cause large variations on
the application response times, as illustrated in Figure 5.13. Here we show the CCDF of request
response times for two system set-ups: dense, where the six MediaWiki VMs are co-located on
three physical servers; and sparse, where each MediaWiki VM is hosted on a separate physical
machine. In the densely co-located cloud, the tail can be several times larger than the average
response time (73.3 msec). For example, the 95" and 99*® percentiles are 117.2 and 321.7 msec,
respectively, while the 99.9"" percentile is 713.0 msec, which is 9.73x larger than the average. In
the sparse case, the mean is similar to that of the co-located case, but the tail is much shorter,

with the 99.9%" percentile being only 385.0 msec, which is 5.05x larger than the average.

Figure 5.14 depicts the response time mean and tail percentiles when implementing between 1
and 3 replicas for an arrival rate of 10 requests per second. Clearly, replication is effective in
reducing the latency tail, with reductions close to 20% with 2 replicas. However, introducing a
third replica hurts the tail even if it improves the mean latency. This highlights the importance
of developing analytic models able to compute the latency distribution under replication, as
those proposed in this chapter, and not just the mean. A common assumption when modeling
replication is that the processing times of a set of replicas of the same request are independent.
Using measurements from the MediaWiki application with an arrival rate of 10 requests per

second and 2 replicas, Figure 5.15 depicts a scatter plot of the processing times of the replicas
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Table 5.5: Transition rates for S and AU0"P) with PH services

Matrix | Condition | From To Rate

S Ny 2> 0 (n7 nw) (TL + € — €, nw) niSrep(ivj)
Ny > 1 (n,ny) | (n+e; —einy —1) | 1:55,(1)Srep ()
ACump) Ny = 0 (n,0) (n+e; —e,r—1) | 7S} (1)8ep())

of each request. Here we observe a large mass along the 45° line, indicating a strong correlation
between the replicas’ processing times. Also, two other masses close to the axes indicate that
in many cases one replica has a long processing time whereas the other has a short one. Thus,
the replica processing times are highly varying but not independent, key features that shall be

considered in the analytical model proposed in the next sections.

Reference model

Based on the motivating case study presented earlier, our reference model, shown in Figure 5.16,
consists of a central dispatcher and ¢ distributed, homogeneous, and independent servers. Re-
quests arrive at the dispatcher and join the next server that becomes available with FCFS
scheduling. For each arriving request, » > 1 replicas asking for the same content are initiated
simultaneously and added to the dispatcher. The request is considered complete as soon as
one of its r replicas completes service. The remaining r — 1 replicas continue their execution
without being terminated. The mean replica processing time is 1/, and we consider two main
types of replica processing times, namely, phase-type and correlated hyper-Erlang, to capture
the key features of the processing times found in the case study. Our objective is to derive the
response-time distribution of requests analytically, for any given replication factor r, number

of servers ¢, and processing-time distribution.

5.2.2 Independent Processing Times

To obtain the job response-time distribution, the analysis is divided into two stages: we first

obtain the job waiting-time distribution and then find the job service-time distribution.
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The waiting-time distribution

To obtain the waiting-time distribution, we observe the queue only during all-busy periods, as
jobs that arrive during a not-all-busy period see at least one idle server and start service without
waiting. In the same vein as in [AMO1], we define a bi-variate Markov process { X (¢), J(t)|t > 0},
where the age X () is the total time-in-system of the youngest job in service, and the phase
J(t) = (Danbusy(t), A(t)) holds the phases of both the MAP arrival process A(t) and the
service process Daypusy(t). During an all-busy period, as a replica in service can be in any
phase 1 < i < My, we define the service state to be Dapusy(t) = (n1(1), - - - s Nunee, (1), 1 (1)),
where n;(t) is the number of replicas in service phase i and n,(t) is the number of replicas
of the youngest job waiting in the queue, at time t. Thus D,y pusy(t) takes values in the set
Natbusy = {(15 -5 Ny oo o Ny, M) €40, .. ) Sl ng = ¢,0 < ny, < 1}, of size Man pusy-
As the number of arrival phases is m,, the total number of phases during the all-busy period

IS M = MgMall-busy -

To determine the PH representation (Syait, Swait) Of the waiting-time distribution, we first need
to find the vector 7r(x), which holds the steady-state density of {X(t),J(t)}. This has a
matrix-exponential representation as shown in Eq. (2.8), which involves to solve Eq. (2.9) to
find matrix 7" first. Table 5.5 summarizes the transition rates of matrices S and AU"™P) where
n = (ni,...,Nm,,) is the state of the service process before the transition, and e; is a zero
vector with a one in the i-th entry. Here we consider that any of the n; replicas in service
phase i undergoes a transition without service completion with rate Syep (7, j) or with a service
completion with rate Sy, (i), where S’ = —S1, allowing a new replica to start service. In

the latter case, if no replicas of the youngest job are waiting in queue, a new job starts service

and this transition is recorded by the matrix AGwP),

Once T has been found, we obtain 7(0) to complete the matrix-exponential representation of
7(x). To find the vector 7r(0), which is the stationary distribution of the phase at the beginning
of an all-busy period, we construct a Markov chain by observing the system state every time a
new all-busy period starts. To this end we need to connect the not-all-busy with the all-busy

periods and follow the evolution of the system during the not-all-busy periods. We thus define
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Table 5.6: Transition rates for S(ai)-(not-alty and Shot-all-busy

Matrix From To Rate
S(all)—(not—all) (n> 0) n—e; niS:ep@)
n n—e; +e; | niSwep(i, )
Snot—all—busy n n—e; niS:ep(i)

the process Diotabusy(t) = (n1(t), ..., My, (t)), which keeps track of the number of replicas
in service in each phase during the not-all-busy period at time ¢ and takes values in the set

Nrot-allbusy = (11, - -+, Ny )| € {0, ..., c— 1}, S n; < c— 1}, which is of size Myot-all-busy-

To connect the all-busy period with the not-all-busy period, we introduce the matrix S(an)-(mot-al1),
which holds the service transition rates (between arrivals) that trigger the initiation of a not-
all-busy period. This matrix thus connects the set Najpusy With the set Nyotanbusy, has size
Mall-busy X Mnot-all-busy, and transition rates as described in the first row of Table 5.6. Note that
a transition can initiate a not-all-busy period from a state with zero replicas of the youngest job
waiting in the queue, such that a service completion of any replica in service phase 7, before an
arrival, terminates the all-busy period. Next, we focus on the not-all-busy period and introduce
the matrix Shot-an-busy; Which holds the service transition rates between arrivals during the not-
all-busy period, as summarized in Table 5.6. Here the second row considers phase transitions
without service completions, whereas the third row covers service completions. Also, we adjust

the diagonal entries of Spot-an-busy to make it a Markov chain generator.

To track service phase changes due to arrivals during the not-all-busy period, we let Ryot-all-busy
be an Muyot-all-busy X Mnot-all-busy Matrix, the (¢, j )t entry of which holds the probability that the
service phase just after an arrival is j given that it was i just before. To define this matrix,
we introduce the quantity p(n®), which is the probability that a job starts with w replicas and

in phase n* = (n¥,...,n

) " "Mrep

), where n¥ is the number of replicas that start in phase i, and
such that S 7" n® = w. As each replica selects its initial phase independently, this probability
=1 7

follows a multi-nomial distribution, thus

w

T Sl
n

p(n®) = w! H T (5.4)

where 8,0, (7) is the probability that a replica start service in phase i. We can therefore define
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Table 5.7: Transition probabilities for Ryot-all-busy, Fali-busy, and Reer

Matrix | From To Prob Condition

Rnot-all-busy n n + n’ p(nr) HnH +r<c
Rall-busy n (n+n“’,r—w) p(nw) ||nH +r Z C,W=C— HnH
Rser n (n’nw) p(nw) ||n||+r20,w:c— ||’I’L||

Rpot-a-busy as in Table 5.7, where the arriving job sees more than 7 idle servers and starts

T

service with all its r replicas, with service phases as described by the vector n”. For clarity

Mre . . . . .
we make use of the 1-norm ||n|| = > ,7" n;, which is the total number of replicas in service.
This table also defines a similar matrix Rajbusy, Of SiZ€ Mpot-all-busy X Mall-busy, Which covers the
case in which an arrival sees at most r idle servers, triggering the start of an all-busy period.

As shown in Table 5.7, in this case the arriving job becomes the youngest in service and starts

with w < r replicas in service, leaving the remaining r — w waiting in the queue.

We can now find 7(0) as the solution to the equation

m(0) = w(0) / exp(Tu) S™ (1) Qpot atbusy (Ratl-busy @ D1)du. (5.5)
0

This equation considers that the age during the all-busy period is u and that a transition
triggers the beginning of the not-all-busy period. This occurs according to matrix S*(u) =
Sall)-(not-all) @ exp(Dou), which captures that the next arrival occurs after u time units, such
that a service completion triggers the end of the all-busy period. Once the system is in the

not-all-busy period, it evolves according to

Qnot-all-busy = [mnot—all—busy ® DO + Snot-all-busy & [ma + Rnot-all-busy ® Dl) (56)

which considers transitions of the arrival process without arrivals, service completions, and
arrivals that do not trigger the start of an all-busy-period. Eventually, an arrival causes the

process to be absorbed into an all-busy period according to Rajbusy ® D1 .

To compute the integral in Eq. (5.5), we define

P = /000 exp(Tu)S™ (u)du, (5.7)
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Table 5.8: Transition rates for Sg,

From To Rate Condition
n Service completion | P nl-Sjep(z) |In||=r
n n+e—e niSrep(4, J) In|]| =7

(om) | (o+e;—e;,n) 0iSep(i,4) | [Im|[ <7 —1

(o,m) | (o,m+e;—ei) nidrep(i,7) | lInf| <7 —1

(oom) | (o—e;,n+e)) mﬁ@ﬁ&wU)lmHST—Q

(o,n) (n +e)) iSrep(D)Srep(J) | ||| =7 —1

(0,m) | Service completion Zm“"p rep(z) In|| <r—1

and integrate P by parts to obtain

TP+ P(I

Mnot-all-busy

® DO) = _S(all)—(not-all) ® [ma-

Because T is known, this is a Sylvester matrix equation that can be solved in O(m3m2, .,/
Muot-all-busy) time to find P. As a result, after finding P, determining 7r(0) reduces to solving a

linear system with matrix PQ L . busy(RaH—bUSy ® D), which can be done in O(m3(m3,,. busy T

3 2 :
Myot-all-busy + Mot-all-busy T all-busy + mall—busymHOt-aH-bUSY)) time.

Note that the stationary distribution 7(x) exists if {X(¢), J(¢)[t > 0} is positive recurrent,

which occurs if [Sen89]
0= p/ u( AP @ Do (u)Dy)dul > 1, (5.8)
0

where p is the invariant probability vector of the matrix S ® I,,, + (AUV"™P) @ D 1 D).

Having found 7 (0) and 7', we can now obtain the PH representation of the waiting-time dis-
tribution following Eq. (2.18), as this coincides with the distribution of the age X (t) just
after a downward jump, because that is the age of the job starting service, and thus its wait-
ing time. For the sake of completeness, we recall the computation of ~, by first defining
1o to be the number of service completions in an all-busy period, and 7; the number of ar-
rivals in a not-all-busy period, respectively. Their expected values can be obtained following
a similar approach as [AMO1, Section 7.2]. Thus the probability that a job has to wait is
v = (Eno| —1)/(E[no] — 1+ E[m]) since, in a cycle made of one all-busy and one not-all-busy

period, E[no] — 1 is the expected number of jobs that have to wait, and E[no] — 1+ E[n;] is the
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expected number of job arrivals.

The service-time distribution

We now move to the second step of the procedure, where we find a PH representation (Sger, Sser)
for the job service-time distribution. To determine this distribution, we follow the execution
of a tagged job from the time its first replica starts service until one of its replicas completes
service. In addition, when not all replicas of the tagged job are in service, we need to keep
track of the non-tagged replicas in service, as their completion marks the start of the tagged
replicas in the queue. We thus define the service process Dge(t) as (n1(t), ..., nm,,, (t)) When
Soivn(t) = r (all tagged replicas in service) and as {(01(t), - . ., Om,o, (£)), (R1(2), - - -, oy, ()}
when Y7 n;(t)<r (at least one tagged replica in the queue). Here, n;(t) is the number of
tagged replicas in service phase i, whereas o; is the number of non-tagged replicas in service
phase i, at time t. This process thus takes values in the set Ny, = N3 U NP where

ser ser

N2l = {(n1,...,nm,,)|0 < ny < v, 37" n; = r} covers the states where all tagged replicas

ser %

are in service, and the remaining states are in N2 = {(01,...,0m..,), (N1, .., Nm,,)[0 < 0; <

,0<m; <, 1 <SP <1, > P (0; + ni) = ¢} As Ny is made by the union of two sets,

i

we order it by placing the phases in the set N2 first, and then those in NP¥*,

ser ser

The transition rates among service phases, which define the sub-generator matrix S, can thus
be defined as in Table 5.8, where the vectors 0 = (01,...,0p,,,) and n = (n1,..., Ny, ) hold
the state of all non-tagged and tagged replicas in service before the transition, respectively.
The first two rows consider tagged transitions, with and without a service completion, when
all tagged replicas are in service. In the remaining rows, at least one tagged replica is still in
the queue. Rows three and four cover the cases of transitions without service completion for
non-tagged and tagged replicas, respectively. Instead, in rows five and six a non-tagged replica
completes service, letting one tagged replica start service. The difference is that in row five
at least one tagged replica is left in the queue after the transition, whereas in row six the last
tagged replica starts service. The last row considers the service completion of a tagged replica

when there still are tagged replicas in the queue.
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Having obtained S, it remains to determine the vector sy, which holds the stationary prob-
ability that a job starts service in each phase. In other words, sy is the distribution of the
service phase of the youngest job in service immediately after its service starts. Considering

the different conditions in which a job starts service, the 1 X mg., vector sg., is given by

_ all part
Sser = Sbusy + Snot—busy + Snot—busy’ (59)

as we explain in the following.

Busy start If, upon arrival, a job finds all servers busy, its initial phase must consider the state
of all non-tagged replicas already in service. This phase is therefore related to the stationary
distribution of the service phase after a downward jump in the age process X(t), as these are
the time points at which new jobs start service. We know that the joint distribution of the age
and the phase is 7(z). Furthermore, because of the matrix-exponential form, the probability
that the age reaches [z +u, z+u+du), given that the age is  and the phase is i, is independent
of x. Thus, the probability that level x is visited after a downward jump and that when this

occurs service phase j € Ny, is visited is given by the j* entry of

& /OOO /000 7(x) exp(Tu) (M ® exp(Dou) Dy ) dudz. (5.10)

Here ¢; is a normalizing constant, 7 (z) exp(T'u) is the probability density of reaching an age in
[z +u,x+u+du), and exp(Dou)D; is the probability density of observing a downward jump of
size [u, u+du). We also introduce the majibusy X Mser M matrix, which holds the rates at which
a downward jump occurs in service phase i € Nyjpusy and causes the new job to start service in
phase j € Ng,. The nonzero entries in matrix M correspond to service-completion rates from
service states with n,, = 0, where no replicas of the youngest job in service are waiting in the
queue, allowing a new job to start service with a single replica. Therefore, a transition from
state (m,0) to state (n — e;, e;) occurs with rate 1,55, (7)Swep(j). Since oupysy = —7(0)7,
we can write Eq. (5.10) as ¢j ey L(M ® Dy), where L = [ exp(Tw) (I,,, ® exp(Dou)) du as
defined in Eq. (2.10). This matrix has a similar form as P in Eq. (5.7) and can thus be found

by solving an associated Sylvester matrix equation. Also, to ensure that (5.10) is stochastic,
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we set ¢; ' = Qpusy L(D1 ® M)1. As v is the probability that a job has to wait, such a job starts

service according to

Sbusy = 7clabusyL(M ® Dl) (511)

Full start A job arrives during a not-all-busy period with probability 1 — v and starts service
without waiting. Among these arrivals, all but one start service with all their replicas, whereas
the last arrival initiates an all-busy period. Recall that 7; is the number of arrivals in a not-
all-busy period, E[n;] — 1 is then the expected number of jobs among them that find more
than r idle servers upon arrival. Thus the probability that a job starts with all its replicas in
a not-all-busy period is p, = (E[m] — 1)/E[m]. When a job finds more than r idle servers, it

starts service in state n” = (n},...,n" )€ N2l

> "Mirep ser?

where n] is the number of replicas that start

service in phase i. We define the vector s, of size |N2|, with entries s,(n") = p(n"), with

p(n”) as in Eq. (5.4), for every phase vector n” € NI

ser’

Thus, in this case, a job starts service

with probability vector

all

Snot—busy = (1 - 7)])7'[31' OTser_dr], (512)

as the job does not wait with probability 1—+ and finds more than r idle servers with probability
pr. Here 00 is an a x b zero matrix. Note that vector s, is assigned to the first phases as these

correspond to the set N2 C N, where the tagged job has all its replicas in service.

Partial start Finally, if a job finds 1 < w < r idle servers, with probability (1 —~)(1 — p,), it
starts service with its first w replicas and initiates an all-busy period. To consider this case, we
define an Myot-all-busy X Mser Matrix Rger, the (4, j )t element of which holds the probability that a
job that initiates an all-busy period starts service in phase j € Ng, given that the service phase
was ¢ € Npot-all-busy just before its arrival. The entries of matrix R are shown in Table 5.7,
illustrating the start of a new job with w replicas in phase n® with probability p(n®) given by
Eq. (5.4). The distribution of the service phase at the beginning of an all-busy period is thus
given by

exm(0) [ (TS (0)Quk iy (P © D),
0
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where ¢y is a normalizing constant that ensures that the vector is stochastic. The expression
considers the probability that the age during an all-busy period is u, and a transition triggers
the beginning of a not-all-busy period, during which the system evolves according to the sub-
generator Qnot-all-busy, until an arrival finds at most r idle servers, initiating an all-busy period
and selecting its initial service phase according to Ry, ® D;. Note that we can make use of the
integral term P, defined in Eq. (5.7), to re-write this expression as CQW(O)PQ;Olt_aH_bUSy(Rser ®

Dy), and ¢;' = 7(0) PQ; o anpusy (Rser ® D1)1. As a result, vector sgiifbusy can be obtained as

(1 - 7)(1 - pT)CQﬂ-(O)PQ;olt-aH-busy(Rser & Dl) (513)

The response-time distribution

We can now put together the PH representations of waiting and service times to obtain the PH

representation (Syes, Sres) Of the response-time distribution as

o ) all part
Sres = [Swalt> Snot—busy + Snot—busy]7

Swait <_Swait1>3busy/’y (514)

MMaMall-busy
Omser SSGI‘

Sres =

all
not-busy

part
not-busy

Note that to define vector s,.; we make use of the s and s vectors in Eq. (5.9),
which cover the cases where a job starts service without waiting. Other jobs must first un-
dergo a waiting time, starting with vector sy.i;, after which they start service according to
vector Spusy/7y, where 7 is used to re-normalize the vector to be stochastic. With this PH

representation, we can directly compute the response-time CDF, percentiles, and moments.

5.2.3 Validation

To test the accuracy of the model introduced in the previous section, we have implemented repli-
cation for a simple MATLAB benchmark application, which is executed on a multi-processor

host where each processor plays the role of a server in the model. This section describes the
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Figure 5.17: Experimental validation with the MATLAB benchmark on response-time per-
centiles. Each experiment is labeled by a tuple of (arrival process, processing-time distribution,
number of servers). B and M denote results obtained from the benchmark and the model,
respectively.

experimental set-up and results.

Experimental set-up

We have implemented replication for a MATLAB benchmark application in which requests
arrive to a central dispatcher that keeps a request queue and allocates the first request in the
queue to the next available worker. Workers are mapped to independent processors such that
the system operation follows the reference model introduced in Section 5.2.1. In particular,
we employ the MATLAB blackjack benchmark [Blal5], where each request emulates a game of
blackjack that consists of a pre-defined number of blackjack hands. This enables us to modify
the distribution of the request execution time by altering the distribution of the number of

hands.

In our set-up requests are generated according to a Poisson or a MAP process. We use MAPs

to consider arrivals with high variability and auto-correlation, and we set the SCV of the
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inter-arrival times to 10 and the decay rate of the auto-correlation function to 0.5. To set the
request execution time we fix the mean number of hands to 2000 per request, and generate the
number of hands according to three PH distributions, namely, Exp, ERy and HE,. The random
variates generated are rounded to obtain an integer number of hands. The SCV for ER,, Exp,
and HE, is 0.5, 1, and 10, respectively, showing an increasing degree of variability. We use
the methods of [Whi82,DA00] to obtain PH and MAP representations with these moments. In
each experiment we run the benchmark ten times, each time executing a total of 5000 requests,

and compute the response time percentiles and their 95% confidence intervals.

Performance prediction

We ran the benchmark application on an Intel Core i7-3770 machine with 4 cores running at 3.4
GHz, and 16 GB of memory, launching one worker per core. Running the application without
replication we estimate a mean processing time of 0.52 sec, which we use to parameterize the
model. Setting the arrival rate to 1 request per second we obtain a utilization of 0.13. We
compare the measured and the predicted response times in Figure 5.17, where each experiment
is labeled by a tuple of (arrival process, processing-time distribution, number of servers), and
we denote benchmark results by B and model results by M in the legend. Under Poisson
arrivals and exponentially-distributed processing times, as in Figure 5.17(a), our model shows
remarkably good prediction results for replication factors r = 2, 3 and 4. For instance, the
average error for the r = 2 case is only 2.72%. Focusing on the r = 2 case, Figure 5.17(b)
considers more general request processing-time distributions, ERy and HE,, where we observe
that our model is also accurate for systems with non-exponential processing times. Similarly,
replacing Poisson arrivals by MAP, Figure 5.17(c) shows that our model predicts results well

even under highly varying and auto-correlated arrivals.

We have also deployed the application on a shared cluster made of 4 Intel Xeon E5-4650
machines, with a total of 32 cores running at 2.70 GHz, and 512 GB of memory. Here we
deploy 20 workers and set the arrival rate to 4 requests per second. With a measured mean

request execution time of 0.71 sec, we achieve a utilization of 0.14. Figure 5.17(d) displays
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Figure 5.18: Percentile improvement.
the results for this case, under Poisson arrivals and exponentially distributed processing times,
where we observe that our model predicts the entire response-time distribution well, showing

a good prediction capability under a high level of parallelism.

5.2.4 Insights regarding replication

The excellent accuracy of the model enables us to explore a large experimental space efficiently
and derive insights regarding replication. Particularly, we aim to answer two key questions:
(i) when can replication improve the performance and to what extent; and, (ii) what is the

maximum baseline utilization for replication to improve the response times compared with the

baseline.

The impact of replication

For the results in this section we consider a system with ¢ = 20 servers, Poisson arrivals and
two processing-time distributions, namely, ERy and HE,, defined in Section 5.2.3. The mean
processing time is set to 1 sec, and the arrival rate is set to achieve a baseline utilization of
0.2. Figure 5.18 depicts the relative improvement for each percentile p in the range {10, 20,
..., 90, 99, 99.9}, comparing the response times obtained with replication levels r = 2, 3
and 4 against those without replication. For r = 2 and 3, the case under ER; services, as

shown in Figure 5.18(a), has a relatively smooth behavior, with the improvement increasing

slightly with the percentile. In contrast, for HEs services we observe large peaks in the tail.
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Figure 5.19: Threshold utilization.
For instance, for r = 3 the improvement on the tail is as high as 95%, while the average
improvement is around 60%. We have observed a similar behavior in other set-ups, indicating
that replication is effective in reducing latency, particularly the tail of the latency distribution.
While the improvement increases from r = 2 to 3 for all the percentiles, it decreases when
r increases to 4, especially for the tail under ER, services, and between the 50 and 90!
percentiles under HE, services. In fact, having 4 replicas is harmful for the 90" percentile
under HE, services, as the improvement is -5.86%. Thus, care must be taken in evaluating the
specific percentiles of interest as the effect of replication is nonuniform over the response-time
distribution, to the point that it may benefit some percentiles while hurting others. Also, the
service time distribution must be adequately characterized as it has a large impact on the

benefits of replication.

The threshold utilization

We now turn to find the threshold utilization, that is, the maximum baseline utilization under
which replication is beneficial. Here we illustrate our main observations by means of some
example set-ups, but we have observed similar behaviors in many other configurations. Note
that, for a replication factor r, the baseline utilization is upper bounded by 1/r, as introducing
r replicas in a system with a baseline utilization larger than 1/r would make it unstable. To
determine the threshold utilization, we rely on the golden section search method [Kie53]. We

summarize our key findings in the following.
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1. The threshold utilization is nonuniform along the response-time distribution.

Figure 5.19(a), where we assume 20 servers and HE, services with a mean processing time
of 1 sec, shows how the threshold utilization changes when evaluating different response-time
metrics. Comparing the first two cases, which assume MAP arrivals, we observe that the
threshold utilization is always larger if we evaluate the 99'" percentile rather than the mean.
As a result, a decision to replicate based solely on potential gains for the response time tail may
actually have a negative effect on the mean. For instance, in this set-up we find that under a
utilization of 0.4 the 99*" percentile decreases by 20% with the introduction of one replica, while
the mean increases by over 90%. This highlights the importance of explicitly considering the

response-time distribution, and the targeted percentiles, when evaluating a replication strategy.

2. The threshold utilization decreases with the variability and auto-correlation of

the arrival process.

Replacing MAP arrivals by Poisson, as shown in the third case in Figure 5.19(a), we observe
a large increase in the threshold utilization. For instance, for r = 2, the threshold utilization
increases from 0.38 under MAP arrivals to 0.46 under Poisson arrivals. This is caused by
the high burstiness of the MAP process, as replication during bursty periods increases the
probability of causing a high utilization, and thus longer delays. Thus, results based on the
Poisson assumption, when the actual arrival process displays high variability and/or auto-

correlation, can lead to the wrong decision of introducing replication when it is not beneficial.

3. The threshold utilization increases with the number of servers.

Figure 5.19(b) shows the effect of the number of servers on the threshold utilization, using the
95" percentile as the decision-making metric, under Poisson arrivals and Exp services with
mean service rate u = 1. Clearly, the threshold of the 5-server case is smaller than that of
the 20-server case. In particular, when introducing 2 replicas, the threshold utilization for the
5-server case is 0.35, whereas it is 0.46 for the 20-server set-up. Thus, more servers provide

more flexibility to benefit from replication.
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5.2.5 Correlated processing times

As illustrated in Section 5.2.1, replicas of a request display similarities in their processing times.
As the model we have introduced assumes independent processing times, these similarities have
not been considered. In fact, the independence of processing times is a standard assumption
in queueing models, and there are few results for correlated processing times. When such a
correlation is considered, as in [GHBDZ10], it is modeled as a general correlation between
the processing times of successive requests, whereas here we are interested in correlating the
processing times of the replicas of the same job. We thus introduce a model that explicitly cap-
tures the correlation among replica processing times and, importantly, fits within the analysis

framework defined in Section 5.2.2.

To model correlated processing times within a Markovian model, we introduce the concept
of correlated hyper-Erlang (CHE) distributions. Hyper-Erlang distributions [TBT06] model
convex combinations of Erlang distributions and are a sub-class of PH distributions. Here
we extend this set of distributions to incorporate a dependence between replicas of the same
job. Let a CHE distribution be characterized by a set of B branches B, the probability «; of
choosing branch i € B, the number of exponential phases h; in branch ¢ € B, and the rate \;
in each phase of branch ¢ € B. These are the parameters that characterize a standard hyper-
Erlang distribution. The key difference here is that, while each job is allowed to select a branch
independently, all replicas of a job must select the same branch. To model this behavior, we
let the first replica of a job select branch i € B with probability «;, and force all other replicas
from the same job to select the same branch as the first replica. With these definitions, we

extend the model of Section 5.2.2 to handle this modified service process in the following.

The waiting-time distribution

As the replicas of a single job follow a CHE distribution, we let the total number of phases in the
PH representation be myep, = Zf;l h;. Next, we redefine the service process during the all-busy

periods Danpusy(t) as (n1(t), ..., Ny, (t), n(t), b()), where n,(t) is the number of replicas in
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Table 5.9: Transition rates for S and AGwP) _ CHE services

Matrix | Condition From To Rate
g Ny > 0 (1, My, b) (n—e;+ej,ny,b) NiSrep (i, 7)
Ny > 1 (1, n4y,0) | (n—e; + ep,n,—1,0) 7Sy, (1)
“AGump) Ny =0 (n,0,b) (n—e;i+e;,r—1,7) | 7S5 (1)Srep()

Table 5.10: Transition rates for Syot-an-busy - CHE services

From To Rate
n n—e; + ej TLZSR(Z,j)
n n—e; n;Sk (1)

service phase i, for 1 < i < Myep, nyp(t) is the number of replicas of the youngest job waiting
in the queue, and b(t) is the service branch selected by the youngest job in service at time t.
This process takes values in the set Najpusy = {(R1, - - -, Numray s Ty 0) |1 € {0, .., e}, D5, =

¢,0<n, <rbe B}

To describe the evolution of this process, we re-define the matrices S and AW"™P) ag summarized
in Table 5.9. The key difference here is that whenever a new job starts service, with rates
recorded in matrix AG™™P) it chooses a branch j with probability Srep(j), and this choice is
recorded in the last entry of the state descriptor. Thus, when other replicas of the same job
start service, with rates in matrix S, they choose the same branch. With these matrices, we

can solve Eq. (2.9) to determine the matrix 7" of the age process.

To determine 7(0), we again need to consider the evolution of the system during the not-all-
busy period. However, during the not-all-busy periods there is no need to keep track of the
branch selected by the youngest job in service as this information is only needed when this job
has replicas waiting in the queue. We can therefore rely on the service process Dyot all-busy (f)
as defined in Section 5.2.2 and on the Shot-ai-busy Matrix in Table 5.10 to describe the phase
process evolution due to service completions. Also, a transition that initiates a not-all-busy
period ignores the branch selected by the youngest job in service, as captured by the matrix
S(all)-(not-att) i Table 5.11. In the case of arrivals, the matrix Ryot-al-busy, shown in Table 5.12,
requires a modification to ensure that all replicas of a new job start service in the same phase
i with probability Siep(7). When a job arrives during a not-all-busy period and finds w < r

idle servers, it initiates an all-busy period, with all its first w replicas starting service in phase
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Table 5.11: Transition rates for S(an)-(mot-airy - CHE services

From To Rate
(n,0,0) | (n—e;) niSjep(i)

Table 5.12: Transition probabilities for Ryot-ali-busys Fali-busy; and Rse - CHE services

Matrix | From To Probability Condition

Rnot—all—busy n n + re; Srep(i) ||n|| +r<c
Rall—busy n (n+wei,r—w,z’) Srep(i) HnH +r 2 CW = ||n|| tr—c
Reer n (n,we;, 1) Srep(1) |n||+7r>cw=|n|l+r—-c

i with probability Siep(7), as recorded in matrix Rajpusy in Table 5.12. Here we also keep the
selected branch in the last entry of the state descriptor so that the remaining » — w replicas
of the new job select the same branch when they start service. With these matrices, we can

proceed as done in Section 5.2.2 to obtain the waiting-time distribution.

The service-time distribution

The service-time process requires a similar adaptation to keep track of the service branch
selected by the tagged job when some of its replicas are waiting. We thus define the service
process Dy (t) as (n1(t), ..., M., (£)) when >°"7% n;(t) = r (all tagged replicas in service), and
as {(01(t), ..., 0mey (), (n1(), ... My, (£),0(2))} when 077" ny(t) < r (at least one tagged
replica in the queue). Note that the only difference to the service process in the independent
case is that we keep track of the branch b(t) selected by the tagged job when at least one tagged
replica is in the queue. As this process is very similar to that in the fully-independent case,
Table 5.13 summarizes the main differences in S, with respect to the one in Table 5.8. In
this case, when at least one tagged replica is in the queue and a non-tagged replica completes

service, a tagged replica starts service in the same phase b selected by all its siblings.

As in Section 5.2.2, to determine the stationary probability vector sg., according to which a job
starts service in each service phase, we consider three different scenarios and obtain this vector

as Eq. (5.9). The key differences are:

Busy start In this case, a job starts service with its first replica, which selects its initial service

phase according to Siep, just as in the independent case, thus it starts according to Eq. (5.11).
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Table 5.13: Transition rates for Sg, - CHE services. Main differences to Table 5.8

From To Rate Condition
(Ovnab) (O_ei7n+eb>b) OiS:ep(i) HnH < r—2

Full start When a job finds more than r idle servers, it starts service with all its replicas. The
main difference here is that the replicas select the same phase. Thus, a job selects phase re; with

probability Sy, (7). We therefore define a vector &, of size |N2|, with entries 8,(n") = Syep(i),

all
not-busy’

when n” = re;, and zero otherwise. We then find s the initial probability distribution

of the service phase in this case, by replacing s, with §, in Eq. (5.12).

Partial start Finally, if a job finds 1<w<r servers idle, it starts with its first w replicas, and

initiates an all-busy period. The difference to the fully-independent case is that all w replicas

part

select the same phase. We can thus find the distribution of the initial service phase Spot-busy

as in Eq. (5.13), but adjust the matrix Rse. Table 5.12 shows this modification, where all w
replicas start service in phase ¢ with probability Syep(7), and the selected phase is recorded in

the state descriptor to be used when the remaining replicas of the same job start service.

Fitting correlated processing times

The CHE service-time model introduced in Section 5.2.5 allows the r replicas of a job to be
correlated in the sense that all of them select the same Erlang branch of the CHE distri-
bution. While fitting methods exists for general PH distributions [ANO96] and some of its
sub-classes [KSHO03, TBT06], no such method exist for the CHE service model since this is
the first time this model is proposed. A maximum-likelihood method, based on the Expecta-
tion Maximization (EM) algorithm [DLR77], proposed by Dr. Juan F. Pérez, is developed to

parameterize the CHE service model, as described in Appendix A.1.4.

5.2.6 Evaluation on MediaWiki

In this section, we evaluate the capability of the proposed model to predict the response-time

distribution of a real-life application, MediaWiki, and show how our proposed analysis can
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guide the selection of optimal replication factors. We first present the experimental set-up,

followed by extensive experiments.

Set-up

Our private cloud testbed is composed of eight identical physical servers, seven used to run the
experiments and one used as experiment orchestrator and repository. Each server is equipped
with 32 cores, 128 GB DDR4 RAM, six 1-TB solid state disks in RAID5, and two 10-Gigabit
Ethernet adapters. We use MediaWiki, the open source platform used to run the Wikipedia
website, as a representative application in the cloud [med15]. MediaWiki is a latency-sensitive
three-tier web application composed of Apache (v2.4.7) plus PHP (v5.5.9) as application server
frontend, Memcached (v1.4.14) as in-memory key-value store and MySQL (v5.5.40) as data-
base backend. In addition, we use an in-house dispatcher written in Go, which replicates and
distributes HT'TP requests. We deploy a MediaWiki cluster consisting of seven VMs configured
with two virtual CPUs and 4 GB of RAM. Six VMs run a complete stack of all three tiers,
and one VM is used as the dispatcher. We deploy the cluster in two set-ups: (i) dense, six
VMs on three physical servers, each server holding two VMs; and (ii) sparse, each VM hosted
on a separate physical server. The average processing time per request for each MediaWiki
VM is 1/pu = 72.98 msec. Requests are generated with httperf [htt15], an open-loop workload
generator. Due to the space limit, we only present the results for the dense set-up in the

following.

Upon receiving a request, the dispatcher immediately initiates r replicas of the same request
and dispatches the replicas to any available VM, with FCFS scheduling. The dispatcher ensures
that the maximum number of replicas at each VM is one and that the outstanding requests all
wait at the dispatcher. We note that this is a degenerated set-up, whereas the more general
set-up immediately forwards the requests to VMs, each of which can hold multiple requests

locally.

To emulate performance variability in the cloud, particularly the public cloud, we artificially

spawn neighboring workloads following Poisson arrivals and exponential run times. The spe-
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Figure 5.20: Experimental validation with the MediaWiki.
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Figure 5.21: Optimal replication factor: measurement vs. model.
cific neighboring workload used is fluidanimate, a CPU-intensive benchmark from PARSEC
3.0 [BL11]. Each MediaWiki is co-located with such a neighbor, and we keep the average active
time of neighboring workloads around 50% of the MediaWiki experiment time using a mean

inter-arrival time of 60 sec and a mean runtime of 30 sec.

Results

We validate our proposed analysis against seven load scenarios, considering Poisson arrivals
with mean arrival rates A of 3.33, 5, 6.67, 10, 20, 30 and 40 requests per second, thus achieving
a baseline load of 0.04, 0.06, 0.08, 0.12, 0.24, 0.36 and 0.48 without replication, respectively.
For each combination of arrival rate and replication factor, we collect mean and 99" percentile
across H0000 requests resulting in over 100 hours of experiment time. For each arrival rate
and replication factor, we parameterize the model from the trace using a CHE distribution

with 10 phases and 2 branches. Figure 5.20 summarizes the relative percentage error between
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Figure 5.22: Improvement using optimal Figure 5.23: Prediction errors using different
factor r*. fitting methods.

the analytical results and the measurements, focusing on the response time mean and 99"
percentile. Here we omit the results for A = 30 and 40 as they do not benefit from replication.
The errors for these two cases are 11.5% and 9.9% for the mean, and 1.2% and 0.1% for the
99" percentile, when r = 2 for A = 30 and 40, respectively. Our model slightly underestimates
the mean response time, although the errors are all below 20%. In contrast, we observe that
our model performs very well on the 99" percentile, with most errors under 5%. We note that

such fitting results are remarkable given the complexity of the application considered.

A key requirement for a system that implements replication is to determine the optimal repli-
cation factor r*. Figure 5.21(a) and (b) show the empirical and analytical replication factors
that minimize the mean and the 99" percentile, respectively. We find that in certain cases the
testbed offers very similar response times under two replication factors. In these cases we allow
multiple optimal replication factors if the response times differ by less than 5%. For instance,
for an arrival rate of 5, the mean response time for r = 2 and 3 is 62.93 and 63.76 msec,
respectively, a difference of just 1.32%, thus we consider both replication factors as optimal.
From Figure 5.21(a) and (b) we observe that our model identifies the optimal replication factor
in all cases considered. As expected, the optimal replication factor decreases with increasing
arrival rate, owing to the extra loads introduced by replication. A key observation here is that
the optimal replication factors for the 99" percentile are lower than those for the mean. This
confirms our observations in Section 5.2.4 and highlights the importance of considering the

targeted percentiles when choosing the replication factor.

When the optimal number of replicas is adopted, Figure 5.22 depicts the improvement in
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Figure 5.24: Prediction errors using A = 5.
the mean and the 99" percentile against the set-up without replication. Clearly, replication
improves the response times significantly, and has a stronger impact on the tail than on the
mean. For instance, when the arrival rate is 5, the improvement is 21.57% on the mean
and 70.05% on the 99*" percentile. Moreover, for both the mean and the 99*" percentile, the
improvement is much stronger for low arrival rates as it is more likely for several replicas to
execute in parallel, thus the system benefits from selecting the replica that completes first.
Instead, under high loads, the extra load introduced by replication leads to longer queueing

times, diminishing the benefit.

We now evaluate the introduction of correlation among the replicas’ processing times and
compare the predictions obtained from three different fitting methods: a moment-matching
method [Whi82], an EM method for independent PH distributions [TBT06], and the EM
method for CHE distributions introduced in Section 5.2.5. We consider the case with arrival
rate 6.67 and replication factor r = 2. Figure 5.23 shows the prediction errors on the response
time percentiles, {10, ..., 90, 95, 99, 99.9}, compared with the testbed measures. Clearly,
the CHE distribution achieves the lowest errors, especially at the tail, where the error on the
99.9%" percentile is as low as 0.55%. The independent PH distribution performs well up to the
95" percentile, but fails to capture the tail, which is a key performance metric. The moment-
matching method, in contrast, behaves erratically, with a large error on the tail. Further, we
compare the ability of the CHE and PH models to capture the 99.9'" percentile under different

replication factors. With » = 2, the 99.9*" percentile predicted with the CHE model is 0.3452,
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very close to the measurement of 0.3471, while the PH model predicts 0.1291. This difference
however diminishes as the replication factor increases, since more replicas benefit more from the
resource diversity, weakening the pair-wise correlation. Thus, increasing r to 3, the measured
99.9'" percentile is 0.1707, very close to the 0.1667 predicted by the CHE model, while the
PH model estimates 0.1415. In terms of optimal replication factor, the CHE model predicts
3 replicas — in agreement with the measurement, whereas the PH model chooses 2 replicas.
Again, this observation highlights the advantage of considering the correlation explicitly by

fitting the processing times using the CHE model.

Finally, we show that our model can be used to predict the response times under different loads
and replication factors. Note that the characteristics of the replica processing-time distribution,
in particular, its variability and correlation, differ under different replication factors. Thus, to
predict the response times for a given replication factor r, we first fit the replica processing time
from a historical trace with the same r, under any load. We then use the fitted distribution
to predict the response times for different arrival rates and the same r. As an example, we
fit the replica processing times observed for the case with A = 5 and r = 2, and use them to
predict the response times for cases with arrival rates of 3.33, 6.67, 10, and 20, all with r = 2.
Figure 5.24 shows the errors obtained for the mean and 99" percentile, considering replication
factors r = 2, 3 and 4. We observe a good prediction performance for all arrival rates, with an

average error of 12.61% for the mean and 4.89% for the 99*" percentile.

All in all, our analysis can guide the choice of optimal replicas for any response time percentile
and a wide range of load scenarios, including different arrival patterns and highly varying and

dependent processing times.

5.3 The centralized set-up: replication with canceling

In the previous section, we evaluate replication without canceling for applications with very
short processing times, where canceling is hard or even infeasible to implement because of the

non-negligible time required to cancel the replicas. In this section, we propose a stochastic
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model to evaluate the effect of replication with canceling has on reducing latency with the
centralized set-up, considering any number of replicas, general processing and inter-arrival
times, and computes the response-time distribution. We then make use of the model to support

the selection of the optimal number of replicas.

5.3.1 Reference model

To reduce unnecessary workload, servers communicate updates on the status of their replicas to
each other, such that, when a replica completes execution, it immediately cancels all the other
replicas in the same job. The removal of all the replicas in a job may require a non-negligible
time, which we refer to as the canceling overhead. In the model introduced in the next sections
we assume zero canceling overhead, but in Section 5.3.4 we modify the model to explicitly

consider overheads of different magnitudes, compared to the job processing times.

For the sake of clarity, we will introduce the model in two steps. First, we consider the basic
case, where we assume that the number of servers ¢ is a multiple of the job size r, i.e., ¢ = nr
for n € N. In this case the analysis simplifies because all the requests in a job start and
complete service at the same time. Figure 5.25(a) illustrates this for the case ¢ =4 and r = 2.
For instance, the completion of a replica in either job A or B triggers the completion of the
corresponding job, and all the replicas in job C start service at the same time. Thereafter, we
consider the general case, where no restrictions are posed on the number of servers. In this case,

a job may start service in either of two states: with all its replicas at the same time (denoted
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Table 5.14: Summary of main notations used in this section

Parameter Definition

A Number of super-servers, c4 = ¢/r

Job service-time PH distribution with m; service phases

(si, 5:) 1=job for the basic case, i=F for the general case

Transition rates with or without a service completion,
1= A for the basic case, i= P for the general case

JLEDE

Set of service phases (cardinality d;).

N 1=.5 for all jobs in service, i=Y for the youngest job,
! 1= N, initial phases of replicas remaining in the queue

as state A, which is short for all); or with only part of its replicas, while the remaining ones
wait in the queue (denoted as state P, which is short for part). An example of this is depicted
in Figure 5.25(b), for the case ¢ = 3 and r = 2. Here jobs A and B are in service, but job B
has one replica waiting in the queue. This replica will only start service once job A completes,
and it may not start at all if the replica of job B already in service finishes before job A. The

more complex dynamics present in this case will be considered in Section 5.3.3.

In the next sections we propose a model to evaluate the performance of a computing cluster
adopting replication with canceling. In addition to the notations summarized in Table 2.1, Ta-
ble 5.14 summarizes the notations used in this particular model. The model proposed assumes
that the replicas of a request are independent. Note that it can also be extended to consider

the correlated processing times following similar process in Section 5.2.5.

5.3.2 The basic case

In this section we focus on the basic case, where the number of servers ¢ is a multiple of the
number of replicas 7, as in Figure 5.25(a). The case without replication, i.e., when r = 1, is in
fact a MAP/PH/c queue, so we can readily use [AMO1] to obtain the waiting-time distribution,
and combine it with the service-time distribution to obtain the response-time distribution. The
case with replication requires a more detailed analysis to capture the dynamics introduced by
the replication and canceling. We assume that the distribution of the replica processing times is
PH(Syep, Srep), and a key step in the following analysis is showing that the job processing times

also follow a PH distribution, with parameters (sjob, Sjon) that depend on the overall system
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state.

The service-time distribution

As mentioned before, in the basic case all the replicas in a job start service at the same time, and
terminate when either of the replicas completes service. As a result we can aggregate the servers
into ¢y = ¢/r “super-servers”, letting each job be processed by a single super-server. We thus
need to describe the job service-time as a PH distribution, which is possible since the job service
time is in this case the minimum of the replicas service time, and PH distributions are closed
under the minimum operation [LR99]. Since the replicas are homogeneous, instead of recording
the service phase of each replica, it suffices to count the number of replicas in each service phase.
The service time of a job then follows a PH distribution with representation (i, Sjob), With
service phases Niob = {@job = (Tjob(1),- ., Tjob(M))|Tjon (i) € {0,..., 7}, 3" @ion(i) = 1},
where o, (7) is the number of replicas in the i-th service phase, for 1 <4 < m. The number of

job service phases is thus

m+r—1
Mijob =

The initial distribution of the job service phase sj,1, follows a multinomial distribution, as each
replica picks its initial phase independently. The probability that a job starts service in phase

Tjop is thus
m N Tioh (4
Srep (1) ° ©

. b(i)' ,  Tjob € ]Vjob- (515)
jo :

8j0b<wjob) =l
=1

Let e, be a zero vector with a 1 in its s-th element, such that a job goes from service phase
Tjop to phase xjoh, + €; — e; when a replica jumps from the j-th phase to the i-th. The elements
of the matrix Sjp, are thus given by Sion(Zjob, Tijob + €; — €;) = Tjob () Srep(4, ), as in this case

one of the zjo,(j) replicas in the j-th service phase jumps to the i-th with rate Syep(J, 7).

As an example, consider the case where the replica service-time distribution has m = 2 phases
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and sub-generator matrix

[Srep|Siep) = 172 2 | 0 (5.16)

rep

*

where C is the absorbing phase, and the vector S}, = —Siep1 holds the absorbing rates into

phase C. Assuming r = 2 replicas, the job service phases are Njo, = {(2,0), (1,1),(0,2)}, and

its sub-generator matrix Sjop, is

(2,00 (1,1) (0,2 C

(270) _4 4 0 0
Sion| S5,] =
[Sion| o] an| 0 -4 2 2
02 \ 0 0 —4 4

where S, = —Sjo,1. For instance, in job phase (2, 0) either of the 2 replicas in the first phase

could jump to the second phase with rate Syep(1,2) = 2, thus Sjop((2,0), (1,1)) = 4.

The waiting-time distribution

The waiting time of a job is the time period between its arrival and the time its service starts.
By aggregating the ¢ servers into ¢4 = ¢/r super-servers and looking at the job level, we can
compute the waiting-time distribution for the basic case using the approach in [AMO01], where
we define the bi-variate Markov process {X(t), J(¢)|t > 0}, as we have a MAP/PH/ca queue
with PH(Sjon, Sjop) service times. Here we detail some of the steps in [AMO01] as we will need

to treat them in more detail for the general case.

As we aggregate the servers in ¢4 super-servers, the variable S(t) of the service process records
the phases in which the c4 jobs in service are. The set of possible service phases of all the
jobs in service is Ng = {xg € N*™Mev|z4(3) € {0,...,ca}, >, xs(i) = ca}, where N'*™ieb g

":Ejvjob
a 1 X mye, vector of natural numbers, and xg(%) is the number of jobs in service phase %, for
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t € Njop. The bold index % here represent the job service phase %, which is a vector, and is
different from the scalar indexes used before for the replica service phase. The cardinality of
N S is

Miob + €4 — 1
me =

CA
The dimension of the full phase process J(t) = (A(t), S(t)) is thus myms, where m, is the

number of arrival phases.

Let the 1 x m,ms vector 7(x) hold the steady-state density of {X(¢),J(¢)}. To find = (z)
it involves to find the matrix 7" in order to determine the vector r(x) as it has a matrix-
exponential form such that 7 (z) = 7(0) exp(T'z) [AMO1]. Further, the matrix 7" can be found

by solving the non-linear integral equation Eq. (2.9), which is

o0

T= S’I(LXMAP) + /exp(Tu)A(AMM))(u)du7
0
in this case, where S™M*P=5, @ I, , AN ()=A1""") @ exp(Dou)D;. The elements of S
and A(j“mp) can be obtained by considering the transitions from service phase xg to phase
Ts+e; —e;, for each phase x5 € Ng, and 2,7 € Njo,. Here the vector e; is a zero vector of size
M;ep, indexed by Njop,, with a 1 in the entry that corresponds to service phase 2. Recall that in
this case xg describes the status of all the jobs in service. Thus the entry S(xs, xs + e; — €;)
is given by xg(J)Sjon(J, %), where one of the xg(j) jobs in service phase j jumps to phase %

with rate Sjon(4,2). Also, the element AU (g, x5+ e; — €;) is given by 25(5) S5y (5)si0b(2),

*

where one of the zg(j) jobs in service phase j terminates with rate Si,(j), and a new job

starts service in phase 4 with probability sj.(%).

Once T has been found, we need to find the vector 7w(0) and the probability v that a job finds
all servers busy and needs to wait, which we can rely on the similar analysis as Section 5.2.2.

We then readily obtain the waiting-time distribution PH(Syait, Swait )-
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The response-time distribution

Given the PH representations of waiting and service times, we can find the PH representa-
tion (Syes, Sres) Of the response-time distribution following Eq. 2.21 by replacing (Sser, Sser) by

(Sijobs Sjob)- With this representation we can compute the CDF, percentiles, and moments.

5.3.3 The general case

In this section, we obtain the response-time distribution for the general case, where the number
of servers ¢ is not necessarily a multiple of the number of replicas r. In this case, during the
all-busy period there are c4 = |¢/r] jobs in service with all the replicas in service, i.e., in state
A, where |a] is the largest integer smaller than or equal to a. In addition, the youngest job
in service is always in state P, with p = (¢ mod r) replicas in service and the remaining r — p
replicas waiting in front of the queue. Instead, during a not-all-busy period, all the jobs in
service are in state A. This therefore affects the service-time and waiting-time distributions, as

described next.

The service-time distribution

When a job starts service during an all-busy period, it does so in state P as the youngest
job in service. We thus introduce Y'(t) to keep track of the service phase of the youngest job
in service at time ¢. Y(¢) takes values in the set Ny = {xy = (zy(1),...,xy(m))|zy (i) €
{0,...,p}, X" @y (i) = p}, where xy (i) is the number of replicas in the i-th service phase, for

1 < i < m. The cardinality of Ny is

m+p—1
my =

The youngest job can complete service if any of its p replicas in service completes service.

Otherwise, when one of the c4 jobs in state A completes service, the r — p replicas of the
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youngest job waiting in the queue start service, and the job jumps to state A. Thus, for the
youngest job in state P, whether it completes service or jumps to state A, depends not only
on the service phase of the job itself, but also on the phase of all the jobs in service in state
A. Therefore, to describe the job service-time distribution it is essential to keep track of the
service phase of all the jobs in service, while the job is in state P. Once it switches from state

P to state A, its service time depends solely on the state of its own replicas.

With the previous considerations, we define PH(sp, Sr), the job service-time distribution. As

a job may be in either state A or P, we partition the sub-generator Sr as

Sua O o
Sp = | e (5.17)

SP,A SP,P

The S4 4 matrix holds the transition rates without a service completion for a job in state A.
The service-time distribution of a job in state A was defined in Section 5.3.2, thus Ss 4 = Sjob,
which is a mjo, X mjep matrix. Similarly, the matrix Spp holds the transition rates without
a service completion when the job is in state P. As stated above, when the job is in state P
we need to keep track of (S(t),Y (t)), where Y (¢) holds the service phase of the job in state P,
while S(¢) holds the service phase of all the jobs in state A. The set of service phases in this
case is thus the product of the two sets, Np = Ng x Ny, and its cardinality is mp = mgmy-.
As as example, consider the case r = 2, m = 2, and ¢ = 3, depicted in Figure 5.25(b). During
an all-busy period, one of the two jobs in service is in state A, while the youngest job is in state

P with 1 replica in service. The combined phases of jobs in service are Ng x Ny = {((1,0,0),

(1,0)), ((1,0,0),(0,1)), ((0,1,0),(1,0)),((0,1,0),(0,1)), ((0,0,1),(1,0)), ((0,0,1),(0,1))}.

The elements of the Mp x Mp matrix Sp p cover two cases. In phase (xg, xy ), one of the z5(j)
jobs in state A, service phase 7, may jump to service phase ¢ without a service completion with
rate Sion(J, 1), thus Spp((xs, xy), (xs+e;i—ej, xy)) = xs(J)Sion(J, 1), for 2,5 € Njop. Also, in
phase (xg, xy ), one of the xy (j) replicas of the youngest job in the j-th service phase may jump
to the i-th without completing service with rate Syep (7, 7), making Spp((xs, zy), (x5, Ty +€; —

e;)) = xy(5)S,(j, i), for 1 <i,5 <m.
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Finally, the matrix Sp4 holds the transition rates with which the youngest job in state P
enters state A. When the job in state P jumps to state A, its initial service phase in state
A is the combination of the current phase of its p replicas in service, and the starting phase
of its remaining replicas in the queue. Let xy be a 1 x m vector where the entry xy(i) is
the number of replicas starting service in phase i, out of the r — p replicas waiting in the
queue. All possible vectors of this type are in the set Ny = {xy = (zn(1),...,zxn(m))|zn(i) €
{0,...,r —p}, > on(i) = r — p}, and the probability sy(xy) of the r — p replicas starting
in phases &y can be computed with Eq. (5.15), replacing r by  — p, and @jo, by x. Then, in
phase (xg, xy), where the youngest job is in phase y € Ny, if its waiting replicas start service
in phase y € Ny, the job jumps to service phase (xy +xy) € Njob. Thus the elements of the
mp X Mje, matrix Sp 4 are given by Spa((xs, zy), €;j) = xg(i)Sj*;b(i)sN(a:N), as in this case

one of the x4(2) jobs in state A, phase ¢ € Nj,, completes service, and the job in state P jumps

to state A, phase j = (xy + xy).

To determine the initial probability vector sy of the job service process, we consider jobs starting
service in state A and P separately. During the all-busy period, every job starts service in state
P, while in the not-all-busy period, all jobs start service in state A except for the arrival that
initiates an all-busy period. As described in Chapter 2, E[n] is the expected number of job
service completions during an all busy period, so it is equal to the expected number of arrivals
during such a period, all of which start service in phase P. Also, E[n;] is the expected number
of arrivals during a not-all-busy, all of which, but one, start service in phase A. As a result, the
probability p4 that a job starts service in state A is given by (E[m] — 1)/(E[m] — 1 + E[no])-

The initial probability vector sg is thus

sp=[8a Sp]=[pasib (1 —pa)sy]. (5.18)

The waiting-time distribution

As in Section 5.3.2, to find the PH(Syait, Swait) Waiting-time distribution we need to find the

matrix 7. Apart from changing the identity matrix I, to I,,,, we must specify the mp x mp
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matrices Sp and Agi“mp), which replace S, and Aﬁ{“mp), respectively, in the general case. As the

matrix Sp holds the transition rates among the service phases Ny without triggering a service

p), instead,

completion during an all-busy period, this is simply equal to Sp p. The matrix Agium
holds the transition rates among the phases Np associated with a service completion during the
all-busy period, which can derive from two cases. In the case the job in state P completes service,
all its replicas, including the ones waiting in the queue, are canceled immediately, and the next
job in the queue starts service in state P. Thus the element AY"™ ((zg, @y ), (s, Tx)) is given
by zy (1)S!(i)sy (xk), for g € Ng and ¢y, xx € Ny, as any of the xy (7) replicas of the youngest
job in the i-th service phase completes service with rate S}, (i), and a new job starts service
in state P and phase xx with probability sy (k). Similarly, when a job in state A completes
service, the associated elements of the matrix AU"™) are given by AU™)((xg, @y), (x5 —
e, +ej,xr)) = x5(2)S5(¢)sn(xn)sy(xK), as any of the xg(2) jobs in state A, phase i € N,
completes service, and the job that was in state P, jumps to state A, phase j = (zy + xy). In

addition, a new job starts service in phase xx € Ny. We can now follow the same steps as the

basic case to find the waiting-time distribution PH(Syait, Swait)-

The response-time distribution

As in Section 5.3.2, the PH representation of the response-time distribution under the general

case is given by Eq. 2.21 by replacing (Sger, Sser) by (Sp, SF).

Utilization

The utilization U is the expected fraction of the time that a server is busy, which can be
computed as

U = (E[r)N)/(cn). (5.19)

where E[r| is the expected number of servers used by a job, the mean arrival rate X is defined in
Eq. (2.6), and the job mean service rate p is given by p = Sjon(—Sjob) ' 1. In the basic case, all

jobs start and complete service in state A, thus E[r] = r. Instead, in the general case, jobs may
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finish service using either r or p replicas depending on whether they complete service in state A
or P. This can be determined by relying on the service-time distribution PH(sg, Sr), as defined
in (5.17) and (5.18). Let S% . be the vector holding the absorption, or service completion, rates
for a job in state P, which is given by 8% = —(Spa + Spp)1. Thus the probability ppc that

a job completes service in state P, is given by

prc = sp(—Spp) ' Shes

which captures the path of a job that starts service in state P with initial probability vector
sp, and then spends some time in state P before eventually completing service, being absorbed
in phase C with probability vector (—Spp)~1S pc- Thus the expected number of servers a job
uses is given by

Elr] =r—=ppc(r —p),

since every job uses r servers, except those that, with probability pp ¢, use p servers only.

5.3.4 Experimental assessment

We now make use of the proposed model to evaluate the effect of different parameters on the
offered response times. Thanks to the flexibility offered by the model, we consider arrival
processes with Exp, ERs, and HE, IATs, as well as MAP. For the service-time distribution,
we also consider Exp, ERy, and HE, distributions. The mean service rate p is set to 1, while
the arrival rate is set to achieve a target baseline utilization U = A/cpu for the system without

replication.

The effect of the service-time distribution

We now illustrate the impact of the service-time distribution on the system performance, as
measured by the response time. We focus on the 99.99" percentile, but similar results hold

for other values of the response-time distribution. As a reference, Figure 5.26(a) compares the
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Figure 5.26: Service time PDF and response-time CCDF
probability density functions (PDFs) of the service-time distributions considered, where we see
that the HE, distribution (SCV = 10) has the longest tail while the ERy has the shortest.
Also, HE, has the highest probability of having short service times while ERy has the lowest.
Assuming 20 servers, Exp arrivals, a baseline utilization of 0.1, and 2 replicas, Figure 5.26(b)
shows how the response-time CCDF's have a similar trend as the service times, with ERy and
HE, having the shortest and longest tails, respectively. When the number of replicas increases
to 5, as in Figure 5.26(c), the response time tail shrinks for all service-time distributions, but
this change is largest for HE, services, which offers the shortest tail. This is further reinforced
when the number of replicas increases to 10, as in Figure 5.26(d), where the tail under ERy
services becomes the longest, and the order is reversed compared to the 2-replica case. The
advantage of the HE, distribution lies on its larger proportion of small jobs. Since the replication
mechanism allows the selection of the first replica that completes service, a larger number of

replicas increases the probability that a job benefits from at least one of its replicas having a
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Figure 5.27: Response times under different baseline utilizations and number of replicas
short service time. Replication with canceling is thus more effective if the probability of a short
service time is non-negligible. Highly concentrated processing time distributions, like the ERs,

offer less chances to gain from replication.

The effect of the number of replicas and the utilization

We now consider a scenario with 20 servers, starting with a relatively low baseline utilization of
0.2. Figure 5.27(a) depicts the Rgg g9 obtained under three service-time distributions, varying
the number of replicas between 1 and 20. We observe that, under Exp and HE, (SCV =
10) services, the Rggg9 decreases consistently as the number of replicas increases, achieving
the lowest Rgg 99 when the number of replicas equals the number of servers. Instead, for ER,
services, the Rgg g9 decreases until the number of replicas reaches 8, and increases afterward.
These different behaviors arise from the limited advantage that can be gained from replication
under ERs, as service times are highly concentrated. Instead, for Exp and HE, services, the
larger number of replicas increases the probability of having a short job service time. Notice
that having more replicas than servers offers no benefit, as at most ¢ replicas can start service

at the same time.

When the utilization increases to 0.5, as shown in Figure 5.27(b), the Rgg 99 under ER, services
increases dramatically, achieving a minimum Rggg9 with 3 replicas, and increasing thereafter
until the system becomes unstable with 7 or more replicas. Further, under ERy services,
increasing the utilization to 0.9, as in Figure 5.27(c), makes the system become unstable when

introducing only one extra replica. However, under the Exp and HE, service-time distributions,
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Figure 5.28: Rgg g9s under different overhead with Exp services
the Rgg g9 keeps decreasing although the main gain is obtained with the first few replicas. In
particular, when the utilization is 0.9, the main reduction in response times is achieved with the
first and second replicas, with marginal improvements beyond this number. Replication with
canceling can thus be beneficial even under high utilizations, as long as the replica service-time

distribution offers enough variability, as it increases the chances of a short job service time.

5.3.5 Introducing the canceling overhead

So far we have assumed that the cost of removing replicas is negligible. However, the canceling
operation may require a significant amount of time, compared to the replica processing time.
To model the canceling overhead, we introduce an additional phase A in the replica service-
time distribution such that, when the replica completes service, it has to spend some time in
phase A canceling the remaining replicas of this job before entering the absorbing phase C. For

example, assuming a mean canceling overhead of 0.1 in Example (5.16), we have

1 2 YA C
1 [—=2 2 0 0
2 0 -2 2 0

AN\DO 0 -10 10
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where the replica that completes service enters the phase /A before entering the absorbing
phase C. Figure 5.28(a) shows how the Rggg9 under 0% and 1% overhead, as a proportion of
the replica mean service time, are very similar, decreasing with an increasing number of replicas,
assuming Exp arrivals and services, 10 servers and a 0.4 utilization. However, when the overhead
increases to 10%, the Rgg g9 reaches a minimum at 6 replicas, and addition replicas degrade the
response time. In Figure 5.28(b), we consider the same cases but under MAP arrivals, where we
immediately observe larger response times caused by the bursty traffic. The difference is such
that, for an overhead of 10%, the Rggg9 decreases only with the first replica, and even a 1%
overhead can make a difference in the number of replicas that achieves the minimum response

time.

5.4 Discussion

In this chapter, we have evaluated the effectiveness of request replication to reduce the latency
experienced by requests in reliable systems with general processing and inter-arrival times,
for both the distributed and centralized set-ups. For the distributed set-up, as discussed in
Section 5.1, we first consider the small-scale case where ¢ = r. Next, we propose an approximate
stochastic model to analyze the general case with ¢ > r, where the r replicas of each request are
allocated to r out of ¢ servers, chosen uniformly at random. We then consider the centralized
set-up, where we evaluate the systems adopting replication without and with canceling, in

Sections 5.2 and 5.3, respectively.

The remarkable accuracy of the proposed models on predicting response-time distributions at
a wide range of load scenarios enables us to derive insights on adopting replication. Exper-
imental results show that service time variability plays a key role when evaluating the effect
of replication on latency. Highly variable service times provide larger gains, and offer more
chances to benefit from replication. Further, we observe that the improvement on latency is
not uniform across different percentiles, and the utilization threshold under which replication

helps to reduce latency largely depends on the metric targeted. Explicitly considering the
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response-time distribution, via the targeted percentiles, is therefore fundamental to evaluate a
replication strategy. Also, the introduction of the CHE service model enables us to incorporate

the observed correlation among the processing times of replicas of the same request.



Chapter 6

Efficient Approximation for
Response-Time Tails in Fork-join

Queues

6.1 Introduction

Fork-join queues are natural models for various computer and communications systems that
involve parallel multitasking and the splitting and resynchronizing of data, such as parallel
computing, query processing in distributed databases, and parallel disk access. In a fork-join
queue, each arriving job is split into r tasks, each of which is assigned to one of r parallel
processors, or nodes. Once assigned to a node, a task must wait in a queue until its service
starts, according to some scheduling policies. After each task is completed, it must wait for all
other tasks in the same job to also complete, at which point the job’s service terminates. A
key performance metric in a fork-join queue is the job response time, although its computation
is notoriously difficult due to the synchronization step. In fact, exact solutions for the mean
response time are only available for fork-join queues with » = 2 nodes. A large body of work
has therefore been devoted to obtaining approximations for the mean, and, in a few cases, the

distribution of the response time. Further, most approximations focus on the case with negative
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exponential execution times and Poisson arrivals. Notice that the fork-join queue deals with the
mazimum of node-queue response times, which are not independent due to the synchronized
arrivals. This is inherently different from “first to finish” schedules which require a minimum

value.

In this chapter, we introduce a stochastic model for r-node homogeneous fork-join queues
(r > 2) that focuses on the difference in length between any node-queue and the shortest
one, truncating the state space such that the maximum difference is at most a constant C'.
Whilst most previous methods focus on the mean response time, our model is able to evaluate
the response-time distribution, as well as accommodating phase-type processing times and
Markovian arrival processes. In order to tackle scenarios with high loads, which require a large
value of C' to provide sufficient accuracy, we develop an efficient algorithm using matrix-analytic
methods. Tests against simulation show that the proposed model yields accurate results for
2-node fork-join queues. Whilst the matrix-analytic model provides accurate results for small-
scale cases, it becomes numerically intractable for large values of » and C'. We therefore propose
an Efficient Approzimation for Response-Time Tails (EAT), which relies on properties of order
statistics and extreme values. It stems from an argument that the response-time percentiles of
a r-node fork-join queue grow at rate O(In(r)), based on the observation that both upper and
lower bounds also grow at this rate. EAT has the advantage of being efficient and scalable,
requiring only the analytical results for a single-node and 2-node fork-join queues, which we
obtain by the preceding matrix-analytic approach. Experimental results show that EAT yields
good fits for the tails, even in very large cases with general processing and inter-arrival times.
Its scalability and accuracy make the approximation a good candidate to support scheduling,

resource provisioning and optimization decisions.

The main contributions of this chapter can be summarized as follows:

e A stochastic model, presented in Section 6.4, to determine the response-time distribution
in homogeneous r-node fork-join queues. The model handles phase-type processing times

and Markovian arrival processes.

e An approximation based on extreme value theory for fork-join queues with a large number
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of parallel servers, which exploits the stochastic model introduced in Section 6.4, to provide
accurate estimates of the response-time tail. The approximation approach is described in

Section 6.5 and tested in Section 6.6.

Before introducing the stochastic model, we overview related work and provide background

definitions.

6.2 Existing work

There is a considerable body of published research on fork-join queues, as recently surveyed
in [Thol5]. The complexity of fork-join queues is evident in the paucity of exact results available.
With Poisson arrivals and exponential service times, the queue-length distribution for the 2-
node queue is derived in [FH84|, while [NT88] provides an expression for the mean response
time, which has also been obtained in [KA89] for cases with more general inter-arrival times
(hyper-exponential) and service times (Erlang). More general cases have been considered only
through approximate analysis. In particular, for fork-join queues with Poisson arrivals and
exponential service, [NT88] provides an approximation for the mean response time in fork-join
queues with r nodes, 2 < r < 32. This method is based on the observation that the upper and
lower bounds on the mean response time grow at the same rate as a function of the number
of nodes r. In this setting, lower and upper bounds on the mean response time [BDVD9S]
have also been obtained. [LMT94] considered a system with a serial-parallel phase-type arrival
process and exponential or Erlang service times, in which a job is split into 1 < ¢ < r tasks. It
derived both upper and lower bounds on the expected response time. For general inter-arrival

and service-time distributions, approximations for the mean response time in heavy-traffic can

be found in [VM94].

Although most previous methods focus on the mean response time, a few have considered its
distribution. An approximation for the case where each node has multiple exponential servers
and a Poisson arrival process is considered in [KS04]; it relies on estimating two coefficients

through extensive simulations and offers good accuracy for the mean response time when 2 <
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Figure 6.1: Fork-join queue
r < 50 as well as for the response-time distribution when r = 2. A similar approach is proposed
in [KS08] for the case that inter-arrival times form a general renewal process, with good accuracy
for the response-time distribution when 2 < r < 50, assuming Erlang inter-arrival times. In
the sequel we introduce a model to compute the response-time distribution in a r-node fork-
join queue where service times are phase-type and the arrival process is Markovian (MAP).
The model relies on observing the difference in size between any node-queue and the shortest
node-queue, and truncating the state space to limit the maximum difference to a constant C'.
We demonstrate that the model provides accurate results for the response-time distribution.
Since the numerics of the model become intractable at large values of r and C, we introduce a
method that exploits the results of the model for » = 2 to approximate the response-time tails
at larger r. Experimental results show that the approximation is accurate even at very large

values of r.

6.3 Reference model

We consider a fork-join queue made of r parallel processing resources, each with an associated
buffer, as shown in Figure 6.1. Jobs arrive following a MAP(m,, Dy, D7), and fork into r tasks,
which are sent to the r servers for processing. Tasks in front of a server form a single queue in
the order of arrival and receive service when the server becomes available with FCFS scheduling.
The r servers are homogeneous, thus the processing time of each task follows a PH(Stask, Stask)
distribution. For the case of exponential service times, we assume a mean processing time 1/,

such that sy, = 1, and Si.qc = —p. When a task completes service, it waits at the join point
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until all its partners complete execution. When all the tasks of a job complete service, the job
service is completed and the job leaves the system. The response time of a job, i.e., the time
interval between its arrival and its departure, is thus the maximum of the response times of its
tasks. Finally, the system utilization U, i.e., the expected fraction of the time that a server is
busy, is simply U = \/u, where X is the mean arrival rate, as defined in the previous section,

and p is the task service rate.

6.4 The response-time distribution

In this section, we introduce a stochastic model to estimate the response-time distribution of
a parallel job in a r-node fork-join queue, as in Figure 6.1. In the following we pay special
attention to the shortest of the parallel queues, and refer to a period during which the server of
the shortest queue is busy as an all-busy period, and a period during which at least one server

is idle as a not-all-busy period.

6.4.1 The waiting-time distribution

To determine the waiting-time distribution, we observe the fork-join queue only during the
all-busy periods, and define a bivariate Markov process {X(t), J(t)|t > 0}. The age X(t)
keeps track of the total time-in-system of the youngest job in service [AMO01], and the phase

J(t) = (A(t), D(t)) holds the joint state of the arrival process A(t) and the service process D(t).

To model the service process of a r-node fork-join queue, we first note that the state of the
service process is fully described by the vector (qi,¢s,...,q.), where ¢; holds the number of
tasks in queue 1, either waiting or in service, for 1 < i < r. Since all the servers are identical,
we order the queue lengths such that ¢; < ¢; for i < j and 1 < 4,5 < r, making ¢; and g,
the length of the shortest and longest queues, respectively. During the all-busy period the
shortest queue length is positive (¢; > 0), while during the not-all-busy period, ¢; is 0 since the

shortest queue must be empty. Instead of keeping this description, we focus on the queue-length
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Table 6.1: Transition rates for S and AUump)

From To Rate Matrix
(ngy .-, ni—1, My -.,ne) | (nogy...,nir+1,n;—1,... ng) | nyp, 0 > 1 S
(ng,n1,...,nc—1,nc) (L,ng — 1,mq,...,nc—2,Nc—1 + Nc) Noft Ajump)

differences with respect to the shortest queue. Since the queues are homogeneous, instead of
recording this difference for each queue, it suffices to count the number of queues with the
same queue length. We thus model the service process D(t) by keeping track of the number of
queues with j more tasks than the shortest queue, n;(t), for j > 0. In principle, the difference
in length between any queue and the shortest one is unbounded. We thus truncate the state
space such that the difference between the longest and the shortest queues is limited to be at
most C' < oo, such that the D(t) is given by (no(t),n1(¢),...,nc(t)). Thus D(t) takes values

in the set Np = {(no,...,nc)| Zf:o n; =r,n; € {0,...,r}}. The cardinality of Np is

(7" +C >
ms = :
r
The accuracy of this approximation depends on the system parameters. For instance, when
the utilization is high, we may expect a higher probability of large differences than under low

utilizations, thus requiring a larger value of C to achieve the same accuracy. Section 6.4.5

evaluates the accuracy of this approximation and explores the selection of the limit C'.

To determine the PH representation (Syait, Swait) of the waiting-time distribution, we rely on
the stationary distribution 7 (x) of the (X(t), J(¢)) process, which has a matrix-exponential
representation as in Eq. (2.9). Thus we need to find matrices S and AU"™P) which are m, x m,
matrices that hold the transition rates of the service process associated to transitions without
and with a new job starting service, respectively [AMO01,Sen89]. The generator of the marginal
service phase process during an all-busy period is thus S 4+ AU"™P) Notice that the service
completion of the task currently in service in any of the ng shortest queues triggers a new job
to start service, thus corresponding to rates in matrix AU"™P): transitions in other queues cor-
respond to rates in matrix S. Table 6.1 summarizes the service transition rates that correspond
to matrices S and AU"™P) Notice that transitions that lead any of the differences to exceed

the limit C' are re-assigned to C'.
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Table 6.2: Transition rates for Shot-an-busy

From To Rate
(ngy ...y ni—1, Mgy . yne) | (noy.ooynir + 1Ly — 1,000 ne) | g, @ >1

Computing 7 (0)

To determine the steady state distribution 7r(0) of the phase at the beginning of an all-busy
period, it is essential to connect the not-all-busy and the all-busy periods [AMO1]. During
the not-all-busy period we keep the same description of the phase J(t) = (A(t), D(t)), with
the service phase D(t) taking values in the set Np. In this case the shortest queue is empty,
and therefore ny holds the number of idle servers. Let the my X my matrix Spot-an-busy hold
the transition rates across service phases, between arrivals, during a not-all-busy period, as

summarized in Table 6.2.

Since 7(0) is the distribution of the phase J(t) at the beginning of an all-busy period, it solves
Eq. (3.13), as described in Section 2. Then following steps in Section 5.2.2, we obtain the

waiting-time distribution.

6.4.2 The service-time distribution

Although the task service-time follows an exponential distribution, the job service-time does
not, as it is composed of multiple tasks, and completes service only when all tasks terminate. We
now show that the job processing times follow a PH distribution, with parameters PH(Sger, Sser)-
Let Y'(t) be the service state of a tagged job in service at time ¢, which we define as Y (t) =
(R(t), N(t)). Here R(t) records the number of tasks in the tagged job that have not finished
service at time t, thus R(t) € {1,...,r}. Similarly to the service phase defined for the waiting-
time distribution, the variable N(t) = (no,...,n¢c) holds the state of the queues, with n; being
the number of queues with ¢ more tasks in queue than the shortest queue. However, here we
focus on the queue-lengths in front of the tagged job only, ignoring any job behind the tagged
one. This allows us to keep track only of the state of the k queues where tasks in the tagged

job have not completed, as the state of the other r — k queues is set to 0 after the tagged tasks
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Table 6.3: Transition rates for Sgu)-mot-fuln) and Shot-full

From To Rate Matrix

(7, (noy ..., 14, ..., ne)) (r—1,(1,ng—1,...,nc_2,nc-1 +nc)) not S (full)-(not-full)
(kv (n07-~-7ni71>ni7--~7n0)) (kv (n()a"'vnifl—"_lvni_ 17"'7”6)) nip (Z Z 2) Snot—full
(k, (ng,m1,...,nc)) (k—1,(no+1,n —1,...,n¢)) Ny Shot-full

complete. (R(t), N(t)) thus takes values in the set Sgy = {(k, (no,...,nc))|k €{1,...,r},n; €

{0, e ,/{Z},Zic:oni = k‘}

Therefore, the cardinality of Ngy is

r+C —
|Nen| = ( . ) +
k=

1

("“ ; C). (6.1)

For example, for the case » = 3 and C' = 2, if only one task has not finished service, thus
R(t) =1, and N(t) takes values in {(2,0,1),(2,1,0)}, as the 2 queues where the tagged tasks
finished service have queue-length 0, and the other queue can have a queue-length of either 1

or 2.

To obtain a PH representation of the service-time distribution we describe the transitions among
the states in Nyy with a sub-generator Sg,,. To this end, we partition Ngy into two sets: in
the full phases none of the tagged tasks have completed service, thus R(t) = r; and in the
not-full phases, at least one tagged task already finished service, thus 1 < R(t) < r. Notice
that the first set has m, phases, as defined in Eq. (6.4.1), and letting the number of not-full
phases be m,,r, we see from Eq. (6.1) that |Ngy| = ms + m,,s. Partitioning the sub-generator

Sser according to these subsets, we have

Sfull S(full)—(not—full)
ser — Imaa
0 Snot-full
thus the Ss, matrix is of size Mg = (M5 + myr)m,. Notice that here we have included the
arrival phase, such that during service we keep track of the arrival phase at the time when the
service started. Although this is not necessary for the service-time distribution on its own, it

will become necessary when building the response-time distribution in the next section. Since

Stan holds the service transition rates without a service completion in the shortest queue, we
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have Spy = S. The transition rates in Sn)-(mot-fu) and Sher-ran1 are summarized in Table 6.3.
Notice that the absorbing vector S}, = —Ss1 has a single nonzero element equal to p, which
corresponds to the phase where the last task completes service. Having obtained S, it remains
to determine the initial probability vector sy, which is the stationary probability with which

a job starts service in each phase. Following Proposition 3, we have

Sser = [(1 = 7)m(0) + CVQbu8y<T —S®In,) lemnfma]a

where ¢! = apusy (T — S ® I,,,) 1.

6.4.3 The response-time distribution

Based on the waiting- and service-time distributions, we can adapt Theorem 5.1 to obtain the

job response-time distribution, where

Sser OmSer X Msger Omser xXm
Sres = (1 - 7)77(0) dbusy 01><m ) Sres = O’mschmscr S’res (_Sresl)Ps,w ) (62)
Omxmse, Om X Mser Swait

where S, = ALY

ser

A, A is a diagonal matrix such that Al = )/, and n = —8., S} is the

stationary distribution of the phase during service. Also, @pusy = (—Sserl)’A. Finally, P, is

an Meer X M matrix given by

Omamnf xXm

where P,,, = "Y(T = S®I,,,)'A, and T and A are diagonal matrices such that T'1 = (T — S ®
I;m,)'A1 and A1 = ay,,,,- Notice that this result is exact as long as the PH representations of the
service and waiting-time distributions are exact. Since we obtain approximate representations

for these distributions, the response-time distribution is also approximate.
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Table 6.4: Transition rates for S and A0"P) with PH services
From To Rate Matrix
(ng, ..., My, ...,n¢) (ng,...,n;—e;+eg,...,nc) N jStask(J, k), 120 S
(No, ..., M1, My, ..., NG) (ng,....,ni_1+ex,n; —ej,...,nc) N ;S (J) Stask (), 1 > 1 ‘S
(no,ma,...,nc_1,nc) | (e, —€j,n,...,Nc_2,No_1 + N¢) 10,75 q1 (J) Stask (K) Alump)

Table 6.5: Transition rates for Shot-an-busy With PH services

From To Rate
(ngy...,Miy...,Nc) (no,....,n; —e; +ex,...,nc) 1 ;Stask (1, k), 1 > 1
(no,...,ni,17ni,...7nc) (no,...,ni,l—i—ek,ni —ej,...,nc) ni,jS:ask(j)stask(k)7 7> 2

(no,nl...,n(;) (n0+17n1 —Ej,...,nc) nLjS:ask(j)

6.4.4 Extension to PH services

The model presented so far has focused on exponential service-times, but it can be extended
to the more general case of PH distributions, as we now show. The main difference lies in the
service process D(t) as we now need to keep track of the phase of the tasks in service. Thus,
assuming the task service-time distribution is PH(Stask, Stask) With mi.q phases, we define

DPH (t)

(nij(t),0 < i < C,1 < j < myasx), where n; ;(t) is the number of queues with

queue-length difference ¢ with respect to the shortest queue, and such that the task in service

is in phase j, at time t. Thus DY (¢) takes values in the set NoH = {n

(161 i) 215 € {0,k S0 S

(ny,...,no)|n; =

ng; = 7”}.

Similarly, the matrices S and AU"™P) need to be re-defined, considering that A"™P) only keeps
transition rates associated to the start of a new job service, i.e., service completions in any of the
shortest queues. Table 6.4 summarizes the service transition rates that correspond to matrices
S and AU"P)  The first row in this table considers the case where the task in service goes
through a service-phase transition (from phase j to phase k, with 1 < j k < myaq), without
completing service, in any of the queues. The second row covers the case of service completions
at any queue but the shortest one, which are also kept in S. In this case, the task in service
phase j completes, letting a new task start service in phase k, with 1 < j, k < my.q. Finally,
the third row considers the case where the service completion occurs in any of the shortest
queues, which is recorded by matrix AU"™P) Here again the task completes service in phase j,

and the new task starts in phase k, such that now there is a single shortest queue, which is in

phase k.
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During the not-all-busy period, a similar modification is necessary, although in this case the
service process DPH(t) needs to reflect that empty queues do not have an associated task
in service that requires keeping track of its phase. To differentiate it from the DY (¢) pro-
cess during the all-busy period, we label this process DY, The DY process takes values
in the set NET = {(ng,m1,...nc)|ni = (nig, .oy Nimey ), 1 < i < Cyng € {0,...,7},ni; €
{0,...,r},no + Zlczl > n,; = r}. In this case, the first entry of the vector (ng, n, ... nc)
holds the number of idle servers, while the remaining entries have are the same as for DPH(¢).
Table 6.5 summarizes the entries of the matrix Spot-an-busy, Which are the transition rates across
service phases during a not-all-busy period. Here the first row corresponds to phase transitions
without a service completion, while the second and third row correspond to service comple-
tions. The third row shows how a task in a queue with queue-length one completes service
in phase 7, thus incrementing the number of idle queues ng. A final adaptation is needed to
compute 7(0), the distribution of the phase J(t) at the beginning of an all-busy period, which
now solves Eq. 5.1. Here the matrix AS;IEl)l)-busy is similar to AU0"P) a5 defined in Table 6.4,
but from a state (ng,ny,...,n¢) € NJE, the transition is to a state (1,m4,...,n¢) € N
with rate ng ;jS; g (7). Thus this transition corresponds to a service completion in the shortest
queue, which starts a not-all-busy period with one empty queue. On the other hand, the matrix
K®t) maps a state (ng, n1,...,n¢) € NJH into a state (ng,ny,...,nc¢) € No? with proba-
bility prgn,- Again, the only change is related to the shortest queues, which in this case go from
the idle state to an initial phase of service. Once 7 is found, the waiting-time distribution is

obtained as in the case with exponential services. A similar extension is then needed to obtain

the service-time and response-time distributions, which we omit for brevity.

6.4.5 Experimental validation

In this section we show that the proposed model is able to provide accurate results as long as
the limit C is large enough. Although the model is defined for any number of parallel queues r,
it becomes time consuming and computationally expensive with increasing r, especially in cases

with high loads, as these cases require a large value of the limit C' to provide sufficient accuracy.
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Table 6.6: Approximation error compared with exact results and simulations
Err(%)

Arr | Ser | U | Measure 5515 — 557 ¢ =100 | C = 500 C = 750 | C = 1000
0.10 mean <0.01 <0.01 <0.01 <0.01 <0.01 <0.01
R5(99) 0.06 0.06 0.06 0.06 0.06 0.06
0.50 mean 2.14 <0.01 <0.01 <0.01 <0.01 <0.01
Exp | Bxp R2(99) | 585 0.04 0.04 0.04 0.04 0.04
0.90 mean 49.30 0.84 0.01 <0.01 <0.01 <0.01
R5(99) 55.21 3.46 0.05 0.04 0.04 0.04
0.95 mean 68.19 9.47 0.98 0.03 0.03 0.03
R»(99) | 70.76 | 20.98 117 0.01 0.01 0.01
0.50 mean 33.23 0.42 0.01 0.01 0.01 0.02
R5(99) 26.81 0.88 0.01 <0.01 <0.01 <0.01
mean 83.57 47.28 25.28 0.03 0.03 0.03
Exp | HE | 090 —p G0y —70.40 | 54.46 38.43 0.11 0.07 0.07
0.95 mean 91.31 67.96 49.98 3.35 0.38 0.07
R5(99) 94.26 83.16 59.31 12.60 1.89 0.10
05 mean 0.51 <0.01 <0.01 <0.01 <0.01 <0.01
2 [T Ry(99) | 2.01 0.02 0.02 0.02 0.02 0.02
mean 34.11 0.07 <0.01 <0.01 <0.01 <0.01
Exp | ERy | 090 —5 60y 4060 | 0.23 <0.01 <0.01 <0.01 <0.01
0.95 mean 54.01 2.60 0.07 0.01 0.01 0.01
R»(99) 76.50 47.37 45.90 <0.01 <0.01 <0.01
0.50 mean 25.43 <0.01 <0.01 <0.01 <0.01 <0.01
MAP | Exp R5(99) 35.23 0.02 <0.01 <0.01 <0.01 <0.01
0.90 mean 57.32 11.06 3.37 0.07 0.07 0.07
R»(99) 56.48 13.87 6.24 <0.01 <0.01 <0.01
0.95 mean 71.05 21.78 11.02 0.23 0.09 0.08
R5(99) 70.16 22.26 13.26 0.45 0.04 <0.01
0.50 mean 52.35 5.49 0.40 <0.01 <0.01 <0.01
MAP | HE, R»(99) 47.61 11.00 1.24 <0.01 <0.01 <0.01
0.90 mean 86.40 54.38 36.53 2.10 0.19 0.14
R5(99) 85.77 97.24 42.63 7.59 1.37 0.08

To handle cases with large r, we propose an approximation approach in Section 6.5, which
provides a high degree of accuracy for the response-time tails in fork-join queues with r > 2,
exploiting the results of the model proposed for the r = 2 case. We thus focus on the 2-node fork-
join queue, considering different distributions for the arrival and service processes, and different
utilization levels. For the service times, we consider Exp, ERs, and HE, distributions. For the
arrival process, we consider Exp, and general order-2 MAPs. The Exp and ER, distributions
have SCV equal to 1 and 0.5, respectively, while for the HE, distribution we set it to 10. For
MAP arrivals we also set SC'V = 10, and the decay rate of the auto-correlation function is set

to 0.5.

For each setting, the simulations were run for 5,000 times with 200,000 samples each time, from
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which we obtain the response-time mean and percentiles, and their 95% confidence intervals.
Let the p'™™ percentile of the response time of a r-node fork-join queue be R,(p). We show in
Table 6.6 the errors of the mean response time, and R3(99) as an example. We also consider
different load levels, 0.1, 0.5, 0.9, and 0.95. The case with MAP arrivals, HE, services, and load
0.95 is not shown here, as we could not obtain a stable result for the tails via simulation due
to the high variability. For increasing values of C', Table 6.6 depicts the relative error obtained
with the approximation. For the mean response time we compare against exact methods for
2-node fork-join queues under exponential arrivals and services [NT88, VM94]. For queues with
MAP arrivals and PH services, and for the percentiles, we compare against simulation results.
With C = 100, the relative error is below 1% for most of the test cases, with the exception of
HE, services, and the cases with 0.95 load, which require a larger C' to reach this accuracy. We
expect this to be the most challenging case, as the large SCV implies service-times with a long
tail, potentially causing large differences among the parallel queues. For instance, with Exp
arrivals and HE, services, under 0.9 load, the error rate with C' = 100 and 500 are 38.34% and
0.04%, respectively. In addition, the statistical characteristics of the inter-arrival times have a
clear effect on the approximation accuracy, as the error achieved with Exp arrivals is always
smaller than the one achieved with MAP arrivals. For instance, for the case with Exp arrivals
and services with a 0.95 load, it requires C' = 500 to reach an error rate lower than 1%, while
for the same case but under MAP arrivals, it requires C' = 1000. This is caused by the high
variability and auto-correlation of the arrival process, as this leads to a high probability that

short inter-arrival times come in bursts, creating longer queues.

6.5 Approximate analysis

The analytical model introduced in Section 6.4 produces accurate results for 2-node fork-join
queues but it becomes time consuming and computationally expensive with increasing r, espe-
cially in cases with high loads, which require a large value of the constant C' to provide sufficient
accuracy. Furthermore, as the value of r increases, simulations must be run for very long times

in order to achieve sufficiently accurate values for the response time percentiles, especially in
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the tail; again, this is more pronounced at high load. We therefore seek an approximate ap-
proach based on the maximum of the response times of the spawned tasks, referred to as the
efficient approzimation for tails (EAT). We start with an approximation for fork-join queues
with Poisson arrivals and exponential service times — parallel M/M/1 queues — and then extend
to queues with MAP arrivals and PH service. We denote the response time random variable

for a r-node fork-join queue by R,, with p'® percentile R, (p).

6.5.1 Nelson and Tantawi’s approximation for mean

Nelson and Tantawi [NT88| derived the mean response-time for a 2-node fork-join queue by
decomposing the response-time of each task into the sum of the time R; that it spends in its
M/M/1 queue and the synchronization delay D spent waiting for its sibling after completion
of service, which is non-zero for the task that finishes first and zero for its sibling. Then the

total response-time for a job in the 2-node queue is shown to be
E[Ry] = E[Ra] + E[D] = (12 — p) E[R4]/8,

where E[R;] = 1/(p — A) is the mean of the response-time of a single M/M/1 queue, p = \/pu
is its utilization, and D is obtained using Little’s law, utilizing the average number of tasks
that have completed service and are waiting for their siblings to complete. An approximation
is then formulated for a r-node fork-join queue, with 2 < r < 32, by observing that the upper
and lower bounds of the mean response-time increase at the same rate. The bounds are derived
using properties of the random variables concerned: in particular, if the random variables
{X1, Xo,..., X, } are associated, i.e., the covariance of f(...X;...) and g(...X;...) is positive
for any pair of increasing functions f, g,

P(maXXi>x):1—P(/\Xi <z)< 1—HP(X,~§$).
i=1 ‘

1<i<n
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The upper bound is attained when the random variables { X1, X5,..., X, } are independent. It

can be shown that the response-times R; are associated and so

PR, >t)=P(max R; >t) <1— HP(Ri <t)=1—(1—exp WV

1<ilr
i=1
the expected value of which is

E[R,] = /Ooo(l—P(Rr < t))dt < /Ow(1_(1_exp—<u—x)t)r)dt :/0 - _1)\—)(?7"_ u)d“ _ MHT,\

where H, is the harmonic series 1+ % + % +...+ % Similarly, the lower bound H,/u is obtained

by neglecting queueing effects, so that H,/u < E[R,] < H, /(11 — A).

The tightness of the bounds is not the main concern, but the authors conclude that E[R,]
must grow at rate H, since both bounds grow at that same rate. The mean response-time of
a r > 2-node fork-join queue can then be expressed as E[R,] = S,(p)E[Rs], for r > 2, where
the scaling vector S,(p) is approximated by S,.(p) = a(p) + (1 — a(p))H,/Hs and a(p) is to
be determined. It follows from simulation results for » =4, 8, 16 and 32 that a(p) ~ 4p/11

provides a good approximation. Thus

H, 4p

H,

E) , for r > 2. (6.3)

Using Eq. (6.3), relative errors of less than 5 percent were obtained for r =4, 8, 16 and 32.

6.5.2 Efficient approximation for tails (EAT)

EAT relies on a similar observation. However, whilst [NT88] approximates the mean response
time in homogeneous r-node fork-join queues with exponential inter-arrival and service times
for 2 < r < 32, we derive the corresponding approximation for response time percentiles in more
general r-node fork-join queues with MAP arrivals and PH service times, for unlimited r > 2.
We start with an approximation for fork-join queues with Poisson arrivals and exponential

service times, then extend to queues with MAP arrivals and PH service. We first recap on the
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necessary background in order statistics and extreme-value theory.

The maximum random variable is a special case of an order statistic, the last one, and it is conve-
nient to express our analysis more generally in terms of order statistics. Let X1y, X2y, ..., X
be the ascending ordered sequence of random variables Xi, Xs,..., X, (with respect to the
normal arithmetic ordering), i.e. X1y < X <+ < Xy Then X;) is the M order statistic of
X1, X5,..., X, (1 <i<r)[DN81]. In particular, X(, is the maximum, one of the two extreme
order statistics (1°% and r*™ ). The cumulative distribution function (CDF) of the maximum of

r independent random variables is

r

FX(T)(‘(E) = HFZ(I)’

=1

where Fi(z) = P(X; < z). When the X; are also identically distributed with common CDF

F'(-), this simplifies to Fx (z) = F"(z).

For i.i.d. random variables with known distribution functions, so-called extreme theory can
be applied to approximate the distribution of extreme values, with increasing accuracy as the
number of random variables increases. There are three types of distributions for extreme val-
ues, among which Type I relates to sets of random variables with exponential tails [Gumb4]
and includes the Gumbel distribution (also called the log-Weibull distribution), with CDF
exp(—exp~(*=#/8) for x € IR, which has mode u (location of the peak of the density func-
tion), mean p + vf3, and variance 3?w%/6, where 7 is Euler’s constant. The standard Gumbel

distribution has p =0 and 8 = 1, giving
G(z) = exp(—exp ).

As r — 00, the maximum order statistic X, for type I distributions is asymptotically dis-

tributed as G with normalizing constants a, and b,, i.e.,

P(X@) —br)/a, <x) = F'(a,x 4+ b,) = G(x) as r — o0. (6.4)
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Here b, and a, is the mode and the measure of dispersion of the Gumbel distribution. In the
following, we exploit this approximation of extreme values to derive an efficient and accurate
approximation for the tail of the response-time distribution in r-node fork-join queues. The
approximation requires values for the response-time tail when r = 2, for which it uses the model

detailed in Section 6.4.

6.5.3 Asymptotic approximation for Poisson arrivals and exponen-

tial services

We first consider a r-node fork-join queue where the constituent nodes are M/M/1 queues. We
assume the system is homogeneous, i.e. that the M/M/1 queueing nodes are stochastically
identical, having the same defining parameters. By using Eq. (6.5), which we derive below, we
can replace the time consuming analytical method for fork-join queues with a large number of
nodes by a fast alternative that gives a high degree of accuracy, requiring only the analytical
results for a single-node and 2-node fork-join queues. We will evaluate the accuracy of this

approximation approach in Section 6.6.

Proposition 5. Following the conjecture of [NT88] regarding growth rates discussed above,
the p response-time percentile R,(p) of a r-node homogeneous fork-join queue with Poisson

arriwvals and exponential service times, 1s given by

R,(p) = Ri(p) + (R2(p) — Ra(p)) In(r)/ In(2), (6.5)

where Ry(p) and Ry(p) are the p'™ response-time percentiles of single-node and 2-node fork-join

queues with the same arrival and service rates, respectively, and In is the natural logarithm.

Proof. As explained above, the maximum value in a sample of i.i.d. negative exponential ran-
dom variables approaches the Gumbel distribution as the sample size increases, i.e., when
X, X0, ., X, w exp(a),

Fx,,,(z) ~ exp(—rexp™**)
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as r — oo. It follows that the p'® percentile of R,, which satisfies F X(T)(x) = p, can be

approximated as

R.(p) = L(r,p)/a, (6.6)

where L(r,p) = In(r) — Inln(1/p).

An upper bound RY(p) on the response-time percentiles is obtained by assuming that the
r parallel queues are independent, as in [NT88]. Since the response-time distribution of an
M/M/1 queue is exponentially distributed with rate y — A, where A and p are respectively the
arrival and service rates of the M/M/1 queue (see [HP92] for example), we have a = — X and

- L(r,p) _ In(r) B lnln(l/p)‘

Hence, the upper bound of R,.(p) grows at rate O(In(r)). On the other hand, a lower bound
R!(p) is obtained by neglecting queueing effects: in this case, the response-time is the maximum

of r i.i.d. exponentially distributed service times, each with mean 1/, i.e., we have

Ri(r,p) ~ L(;,p) _ ln/(j) B lnlnﬁ(bl/p).

Therefore, this lower bound grows at the same rate O(In(r)).

We thus observe that both bounds grow at the same asymptotic rate O(In(r)) at large r, from
which we conclude that R,(p) itself must be growing at the same rate, as in [NT88]. Clearly
we cannot assert that this conjecture holds at every value of r > 1. However, the average
growth rate of R.(p) over an interval r € [1, k] must be L(k,p) asymptotically as k — oo; if it
were greater, the upper bound would eventually be violated, if it were smaller, the lower bound

would be violated. Consequently, knowing the value of R(p), we may write

R.(p) = a(p) In(r)Ri(p) + B(p), for r > 1, (6.7)

where a(p) and [(p) are both functions of p, and are to be determined. Substituting r by 1

in Eq. (6.7), we find 8(p) = Ri(p). To obtain «(p), we utilize the matrix analytic model, from



6.5. Approximate analysis 175

which we obtain R;(p) for the single-node, and Rs(p) for the 2-node fork-join queues with the

same arrival and service processes. Thus

Ry(p) = a(p) n(2) Ri(p) + Ri(p),

from which we obtain

_ Ry(p) — Ri(p)
W)= @R )

Combining Egs. (6.8), (6.7) and S(p), we obtain Eq. (6.5). O

(6.8)

We now provide an example to illustrate this approximation.

Example 1. We use approzimation (6.5) to compute the response-time’s 99™ percentile in a
1024-node fork-join queue (R1024(99) ), where the arrival and service rates are A = 0.5 and p =1,
respectively. To approzimate Rip24(99), we first need the percentiles R1(99) and R2(99) for the
same setting. For a single-node queue with A = 0.5 and pu =1, we obtain R1(99) = 9.215. For
the 2-node case, we rely on the analytical model presented in Section 6.4 to find Ry(99) = 10.555,

by setting C' = 100. Thus, following (6.5), R1024(99) is given by

R1024(99) &~ R1(99) + (R2(99) — R1(99)) In(r)/In(2) = 22.615,

while the result from simulation is 22.287, giving a relative error of 1.47%.

To further illustrate the approximation, we look at the behavior of the Gumbel distribution as
an approzimation of the upper bound for this example. Figure 6.2(a) shows the error in the
response-time percentiles achieved using the Gumbel distribution, against the actual maximum
of the independent exponential random variables that define the upper bound. We depict results
forr =1, 2, 32, 128 and 1024, for the 25", 50", and 75" percentiles, also known as the first
three quartiles, and the 90", 95" and 99" percentiles, representative of the tail. As expected,
the response-time distribution of the upper bound converges to the Gumbel distribution with
increasing sample size, but the approrimation for the tail is significantly more accurate than for

the body. For instance, for r = 1, the errors of the first three quartiles are 213.54%, 47.12%,
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Figure 6.2: Errors(%) of approximation

and 10.13%, while for the 90", 95" and 99" percentiles they are 2.27%, 0.85%, and 0.11%,
respectively. Since the approximation (6.6) depends on the values of Ry(p) and Rs(p), we can
expect EAT to provide accurate results for the tail of the distribution, even if its accuracy is
limited for the first three quartiles. This is also illustrated in Figure 6.2(b), where we show the
errors of EAT in approximating the response-time percentiles R,.(50), R.(99) for values of r
between 4 and 1024. Clearly, the error in the 50" percentile is larger than in the 99™ percentile,
even though both are below 10%, and the latter surpasses 1% error for the largest values of r

only. Section 6.6 provides a thorough evaluation of the proposed approximation.

6.5.4 Asymptotic approximation for MAP arrivals and PH services

We now extend the preceding approximation for exponential service and inter arrival times to
queues with MAP arrivals and PH services. The proof in this case requires a more intricate
analysis since the extreme value approximations for the upper and lower bounds may have

different normalizing constants.

Proposition 6. The p'" response-time percentile R.(p) of a r-node homogeneous fork-join

queue with MAP arrivals and PH services is given by

R,(p) = Ri(p) + (R2(p) — Ri(p)) In(r)/ In(2), (6.9)

given the same growth rate conjecture as in Proposition 5.
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Proof. The distribution of the maximum of i.i.d. random variables whose distributions are
PH(7,S) converges to the Gumbel extreme-value distribution since they have exponential tails
and so are Class I [KS199, Theorem 9]. However, different PH representations converge to
Gumbel distributions with different normalizing constants, where the two main cases considered

in [KS199] are:

e Case 1: if S is irreducible, the distribution of the maximum converges to a Gumbel

distribution with normalizing constants

a.=1/n, b, =n'In(Ke), (6.10)

where —n is the eigenvalue of S with largest real part, and ¢ = 7v, with v its right

eigenvector.

e Case 2: if no two states in S communicate with each other, i.e., if S' can be expressed as an
upper-diagonal matrix, then the distribution of the maximum converges to the Gumbel

distribution with normalizing constants

ar=1/n, b=n"[n{)+ (v—1)Inln(r) — In(v — D! +In(y)], (6.11)

where the parameters 7, v,y are related to the set of paths from any initial state to the

absorbing state, as described in [KS*99, Remark 10].

In the following we show that both upper and lower bounds of the response-time percentile
R,(p) grow at a rate O(In(r)) if the PH service-time distribution falls into either of these two

cases.

As above, the response-time percentiles in the case that the parallel queues are independent
provide upper bounds for the r-node fork-join queue. Each of these queues is then a MAP/PH/1

queue, the response-time of which follows a PH distribution with parameters (a, SL.), from

which the eigenvalue and eigenvector pair (n*,v") is obtained. To compute PH(al., SL.),

we rely on the Q-MAM tool [PVVVHO8|, which utilizes the age-process approach originally
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proposed in [Sen89]. Moreover, from [Sen89, Lemma 2.5], we know that the matrix S._ is irre-
ducible as long as the queue is stable. Hence we can use Eq. (6.4) and the normalizing constants
in Eq. (6.10) to obtain an approximation for the maximum X, of a set of r independent PH

variables. It follows that
FX(T> (:L’) ~ eXp (— exp_(l’—br)/ar) — eXp (_ eXp_(nux_ln(rcu))) _ p’

where ¢ = a! v, so that the upper bound of R*(p) has the form

res

Therefore the upper bound of R,(p) grows at asymptotic rate O(In(r)).

For the lower bound, we again ignore queueing delays, thus taking the maximum of the service
time in the r queues, each of which follows a PH distribution with parameters (Otask, Stask)-

Different from the upper bound, where the matrix S!_ is always irreducible as long as the queue

res
is stable, the matrix Si.q may fall into either of the 2 cases mentioned. Below we show that, in
either of these two cases, the lower bound of R,.(p) grows at a rate O(In(r)). In the case that

Siask is irreducible, let —n! be the eigenvalue with largest real part of Siag, and v' its associated

right eigenvector. Then the lower bound of R¥(p) has the form

In(r) N In(c!) — Inln(1/p)

Rl(p) ~ ,
n! n!

which grows at the same rate O(In(r)). If Siag falls into case 2, e.g., the Si,qc corresponds to
an Erlang or hyper-exponential distribution, the normalizing constants are given by Eq. (6.11),
and it follows that the lower bound R.(p) has the form

_Mn(r)+ (v ="1)Inln(r)] = [=In(v—1)! +In(y) — Inln(1/p)]

Thus the lower bound of R,(p) grows asymptotically at rate O(In(r)), as the term Inln(r) is

dominated by In(r) [Sip06]. Consequently, we conclude that both bounds grow at the same rate
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Figure 6.3: Errors(%) of approximation for R,.(95)
O(In(r)). Following a similar procedure to that for queues with Poisson arrivals and exponential

services, we obtain Eq. (6.9). O

6.6 Evaluating the EAT approximation

To evaluate the quality of the EAT approximation, we compare its results against simulation for
a broad range of system setups. For each setting, the response time percentiles and their 95%
confidence intervals were obtained after 5,000 simulations with 200,000 samples each time. We
considered different utilization levels, service time distributions, and arrival processes, following
the same parametrisation as in Section 6.4.5. To obtain the values for the r = 2 case, on which

EAT relies, we used C' = 500 and 1000 to ensure accurate results.

Figure 6.3 shows the relative error of R,.(95) in cases with number of nodes r = 4, 32, 256, 1024
and at load levels of 0.1, 0.5 and 0.9. Figure 6.3(a) considers exponential service times and
Poisson arrivals, where we observe that EAT produces accurate results, the error being as low
as 4.17% for the most challenging case with r = 1024 at load 0.9. We also observe that the error
increases with the load, although the errors remain below 5%. Replacing the arrival process by a
MAP, as depicted in Figure 6.3(b), we observe an increase in EAT’s errors, particularly at high
utilization. Instead, replacing exponential service times by hyper-exponential, Figure 6.3(c)
shows how the errors are actually smaller, staying under 2% even at large r. This result
suggests that EAT performs better with more variable service times, but worse with more

variable inter-arrival times.
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Figure 6.4: Errors(%) of approximation when U = 0.5
Since MAP arrivals are the most challenging, Figure 6.4 focuses on this case, fixing the utiliza-
tion at 0.5 and considering different response-time percentiles and service time distributions.
Figure 6.4(a) shows how the error increases with 7, but decreases with the percentile. In fact,
the lowest errors are achieved for the 99" percentile, a result that is related to the faster con-
vergence of the Gumbel distribution for higher percentiles, as discussed in Section 6.5. If we
replace the service-time distribution by a hyper-exponential, we observe a large reduction in the
errors, which now remain under 3%. The opposite effect occurs if Erlang service times are con-
sidered, as the errors increase to as much as 15%. We therefore observe that EAT offers much
better results under highly-variable service times, even under MAP arrivals. Low variability in
the service times appears more challenging for EAT, although the errors are remarkably small
considering that we approximate cases as large as r = 1024 with data from the cases r = 1 and

r = 2 only.

6.7 Discussion

We have proposed a stochastic model for r-node, homogeneous fork-join queues with phase-
type processing times and MAP arrivals. Instead of focusing only on the mean response-time,
this model facilitates the estimation of the percentiles of response-time — its distribution — and
offers accurate results for small-scale fork-join queues. For large-scale fork-join queues, where
the numerics of the stochastic model become unviable, we proposed an efficient and scalable
approximate approach, which only requires the analytical results for a single-node and 2-node

fork-join queues. Tests against simulation show that the approximation gives a high degree of
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accuracy for the response-time tails, so that, since mean values can be approximated by known
methods, these models cover the majority of response-time requirements in such queueing
systems. Future work may consider the extension of the model to consider heterogeneous
servers. Also, the efficiency of the approximation makes it a good candidate to support resource

provisioning decisions in parallel computing frameworks.



Chapter 7

Managing Response-Time Tails by

Erasure Encoding

Storage costs are increasingly taking a higher proportion of corporate operating and capital
budgets as data growth continues unabated. As a result, ways are being sought to reduce costs
by simplifying and consolidating operations while maintaining service level objectives (SLOs)
for performance, data management and data protection. Scale-out systems use commodity
servers as nodes have become increasingly popular for both on-premise and cloud storage. As
an example of one type of architecture, consider a cluster of nodes where each node maintains
its own set of persistent storage devices (such as Solid State Drives, or SSDs) and some form of
erasure encoding provides protection from one or more node failures. With erasure encoding,
an object is stored by creating k£ fragments and storing » > k encoded fragments so that the
original object can be retrieved from any k of the r fragments (whence r — k failures can
be tolerated). Besides the failure-protection, many architectures also harvest response time
(i.e. data access time) benefits, for example by issuing r tasks (corresponding to fragments)
and constructing the required object after the first k£ responses have been received. These
can be described as (r, k) partial-join queues where the special case with k& = 1 is simple
replication [CSH™14, SLR12, HPZR12, JLS14] and r = k+ 1,r = k+2 or r = k + 3 can

represent single, dual or triple parity scenarios.

182
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Partial-join queues can be implemented with various policies based on when redundant tasks
are canceled, for example: (a) “Canceling”, in which all associated tasks terminate their service
immediately after the first £ complete; (b) “Early canceling”, in which r — k associated tasks
leave the system when any k of the tasks have started service. As a benchmark, we also consider
a baseline model of a split-(partial-)merge queue, in which objects are processed FCFS and a
service time is the time for the first k£ out of r tasks of an object to complete, whereupon the
“merge” occurs. Thus, accesses are synchronous in that only one “split” can be pending at any

time, so that servers will be idle when some of them (fewer than k) have completed.

This chapter obtains stochastic models, incorporating controlled approximations, for response
times in systems operating the aforementioned three policies. The key contributions are as

follows:

e Response-time distribution functions are computed, rather than just its moments, like the
average value, as considered by, for example, [CSH"14,SLR12, HPZR12,J1.S14,XLAC14,
LK14].

e In contrast to previous results that consider a single queue at a centralized dispatcher
[LK14, CSH*14,HPZR12, XLAC14], we investigate systems with an individual queue in
front of each of the servers, which process tasks asynchronously but are not independent

as every new arrival — from a MAP — sends one task to every queue simultaneously.

e Extensive experimentation with the models enable the comparison of the policies con-
sidered. For instance, we show that assuming no canceling overhead canceling always
performs best, particularly at low utilizations. However, early canceling may actually be

preferable at higher utilizations if canceling has a high overhead or is harder to implement.

e As a result, sound recommendations as to redundancy policies can be made for capacity
planning in distributed storage systems, choice of redundancy level and fine-tuning of

system parameters, such as the granularity of fragments.

The key issue addressed by the present work is to deal with general order statistics of task

response times, rather than just the special cases of the maximum and minimum, correspond-
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ing to first-to-finish replication in Chapter 5 and fork-join queue in Chapter 6, respectively.
Even with split-merge policies, where all a job’s tasks are allocated to servers simultaneously
immediately after the completion of service of the previous job, the problem is not straight-
forward; see Section 7.5. More realistic problems, with proper partial-joins, are investigated
using matrix-analytic methods. The partial-join operation must be modeled differently here
since a simple order statistic could not account for the presence of tasks from other jobs in the
queues, which break the synchronicity of split-merge. The only way to account for partial-joins
accurately is to keep track of the states of all the queues as well as the progress of the particular
tasks of some marked job (of which the response time is sought), which results in a huge raw
state space. Here we follow the idea in Section 3.3, by limiting the queue-length difference to

be at most an integer C' < co. This renders the matrix-analytic approach tractable.

7.1 Related work

Several recent works have studied the effectiveness of coding on latency reduction in (r, k)
partial-join queues [CSH*14,SLR12,HPZR12,JLS14,XLAC14,LK14]. In one variant [XLAC14,
HPZR12] each job creates k tasks, which can be served by any k out of the r servers, and departs
only after all its tasks complete service. Models that generate r tasks per job and wait for any
k of them to complete service, with various policies for handling the remaining r—k tasks, are
considered by [LK14,CSH"14,JLS14,SLR12]. In particular, [SLR12] argues that, under certain
conditions, the mean response time is minimized when tasks are sent to all servers. Among
these works, [LK14,CSH" 14, HPZR12, XLAC14] consider a centralized set-up, where a central
queue buffers jobs when all the servers are busy. On the other hand, [JLS14] derives upper
and lower bounds on the mean response time for a distributed set-up, where upon the arrival
of a job, each task is dispatched immediately to a different server, each of which maintains a
local queue. This approach simplifies the dispatching logic and is often used in server farms at
scale. We have also considered the distributed set-up in which all tasks are sent to all r servers
on a job arrival. The early-canceling policy has also been considered for replication to reduce

latency, as in [JSW15,DB13], for example. However existing studies obtain the mean response
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time [CSH'14,SLR12,HPZR12,JL.S14,XLAC14,LK14], whereas our work compares policies in

the context of response-time distribution.

7.2 Model types and definitions

The model we consider comprises r parallel servers, each with its own FCFS queue, which serves
requests with content. Requests first arrive at a scheduler, where they are transformed into jobs
(e.g., representing objects in a storage system) composed of r tasks (representing fragments,
for example). Each of these tasks is then submitted to a different server, where the scheduler
keeps track of their service completion status. Thanks to the coding scheme, it is only necessary
to wait for &k < r tasks to complete, as these carry sufficient information to reconstruct the
entire content requested. The response time of a job is therefore the time interval between its
arrival and the time its &' task completes service. The question is, what is to be done with the
remaining r — k tasks? In the following section we consider two scheduling policies for these

r — k tasks.

7.2.1 Scheduling policies

1. Canceling: Immediately after the first k tasks of a job complete service, the remaining
r — k tasks are canceled, i.e., leave their queue (or server, if currently being served). This
policy avoids the extra load that could be introduced by the redundant tasks, leading to better
response time. On the downside, the checking associated with the erasure code has to be

abandoned, although this is not a problem in many storage systems that rely on other data
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protection mechanisms, such as block checksums. To illustrate the operation of this policy,
Figure 7.1 depicts an example with » = 3 servers, where the job is done when any £ = 2 out
of 3 tasks are finished. When the task of job A in the middle server completes service, the
whole job A also completes service since one task had already finished in the lower server. The
outstanding task in the upper server is therefore canceled. Both of the tasks of job B that are

waiting in the queues start service.

2. Early-canceling: As soon as the first k£ tasks of a job have started service, the remaining
r—Fk tasks are canceled immediately. This policy is appropriate in applications where the latency
is mainly due to queuing delays [DB13]; in many systems, once a request is in execution, the
variability of its remaining response time decreases substantially. We illustrate this policy in
Figure 7.2, again for the case with » = 3 and k = 2. Here, we start from a configuration where
all the queues are empty and job A arrives. Arbitrarily, two of its tasks start service in the
upper and middle servers. Its third task is canceled, allowing a task of job B to enter service in
the lower server before either of the tasks of job A have finished in the upper or middle servers.
Job (' also arrives before any service completions and we obtain the configuration on the left
in the figure. When task A completes service in the middle server, task B in the middle queue
starts service. As job B now has two tasks that have started service, its last one in the top

(longest) queue is canceled.

3. Split-merge model: In this model, all tasks of a job start service at the same time. k£ — 1
servers remain idle after completing their tasks until the completion of the k" task, whereupon
the job completes service and leaves. Thus, this model implements canceling but with resource
starvation. This model is simple to analyze and provides an upper bound on the response time

for other models. Section 7.5 extends this model to MAP arrivals and phase-type service times.

7.3 Canceling model

In the canceling case, upon completion of the first £ tasks of a job, the remaining r — k are

canceled immediately. In the special case that £ = 1, the synchronization introduced by the
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canceling mechanism simplifies the system to a M AP/M/1 queue with service rate ru as all r
tasks execute simultaneously and the first one to complete cancels all other tasks, allowing a
new job to start service with all its r tasks. Also, when k = r, the system becomes a traditional
fork-join queue as we have to wait for all the tasks to complete service. The main modeling
issues arise from the fact that the system is a set of parallel queues, the evolution of which
is tightly coordinated as every arriving job sends a task to each queue. Furthermore, task
canceling can occur when the redundant tasks are either waiting in the queue or in service,
which requires accurately tracking the queues’ states. In addition, a job’s service time depends
on the complete system state, a feature we need to account for when describing response times.
In the general case with 1 < k& < r, we show that both the job waiting time and job service time
have PH distributions, and that these can be combined to yield the required job response-time

distribution.

7.3.1 The waiting-time distribution

To determine the waiting-time distribution, we perform an age-based analysis [AMO01], observing
the r queues only during the all-busy periods, i.e., when the r servers are all busy, and defining
a bivariate Markov process {X(t), J(t)[t > 0}. The age X(t) keeps track of the total time-
in-system of the current youngest job in service, and phase J(t) = (A(t), S(t)) holds the joint
state of the MAP arrival process A(t) and the service process S(t). The service process keeps
track of the r queue lengths, where the length of a queue includes both the tasks in service and

waiting in the queue. Before fully defining S(¢) we note the following property.

Proposition 7. In the system with canceling, the longest r — k + 1 queues always have the

same length.

Proof. The oldest job in service cannot have any older tasks in front of any of its tasks in any
queue. In other words, in every queue the oldest job in service must either be in-service or else

have already completed service. Moreover, every queue at which this job has a task in-service
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must have the same length, since each of them has exactly one task waiting to commence service
emanating from each of the jobs that arrived after the oldest job in service. Clearly, these are
the longest queues. To complete the proof, we note that the maximum number of queues from
which a task of the oldest job has departed is k — 1, for otherwise the job would have finished,

with all its remaining tasks canceled. Hence the minimum number in service is r — k + 1. [

This effect is illustrated in Figure 7.1 where, with r = 3, k = 2, the 2 longest queues decrease

their length at the same time when either task of job A completes.

Due to this proposition, instead of keeping track of the states of all queues, we focus on the
shortest k£ queues only. Furthermore, instead of considering the k£ queue-lengths themselves, we
order them by length to obtain the queue-length difference between any queue and the shortest
one. And, since all the queues are homogeneous, it suffices to count the number of queues with
the same difference. Thus, the service process S(t) keeps track of the number of queues with
i more tasks than the shortest queue, n;(t), for i > 0. We follow Section 3.3 to truncate the
state space artificially by limiting the difference to be at most some positive integer C' < oo, so
that S(t) is given by (ng(t),n1(t),...,nc(t)), which takes values in the set

C
{0, ne) | S m=kono > Lm0 0 <i< )}

1=0

where ng is the number of shortest queues. For instance, assume C' = 2 and consider the
scenario on the left in Figure 7.1 with » = 3 and k& = 2. There, the service process S(t) is in
state (no(t),n1(t),na(t)) = (1,0, 1), as there is one shortest queue, and one queue representing
the longest k = 2 queues, both of which have two more tasks than the shortest one. Under this

approximation, the number of states is

S k+C B k+C—-1\ [(k+C-1
o k k N C ’
so that the phase process J(t) takes values in a set of size m = m,mg, where m, is the number

of arrival phases, as defined in Section 7.2.
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Table 7.1: Transition rates for matrices S and AUuwmp)

From To Rate Matrix
(nOanla"wanlynC) (lano_17”17"'7”C727”C*1+nc) Nopt A(jump)
(no, -« Nongest 07 ey 0) (’I’L(), -+« Mongest—1 + 17 Mongest — 17 07 ceey 0) (nlongcst +r— k)/l S
(ng, ..., Ni—1,Ni, ..., N¢) (ng,...,ni1+1,n—1,...,n¢) nip, 1 <4 < longest

To determine the PH representation of the waiting-time distribution, the next step is to compute
the stationary distribution 7 (z) of the process (X (¢),J(t)), which involves to find the matrix
T and vector 7(0). To determine the m X m matrix 7', we need to find the matrices S and
AUwp) - we thus summarize in Table 7.1 their transition rates. The matrix AU“™P) holds the
rates of service completion at any of the shortest queues, as a new job starts service if and only
if there is a task service completion in a shortest queue. This is illustrated in Figure 7.1, where
a hypothetical job D, arriving after job C, would start service if the task of job C in the lower
server (shortest queue) completes service. Alternately, other task service completions would
allow a task of job B to start service, but job B must have started service previously as one
of its tasks had already left the lower server. The first row of Table 7.1 shows that a service
completion in any of the shortest ng queues, results in a single shortest queue, together with
ng — 1 queues with one more tasks in queue than the shortest one. It also shows a possible

subtle effect of the truncation.

Since we observe only the shortest k queues, assuming njongest queues of these are the longest,
there must be niongest + 7 — k queues among all the r queues with this length, as the longest
r — k + 1 queues always have the same length. This is captured in matrix S, as shown in the
second row of Table 7.1, where a task completes service in one of these longest queues with
transition rate (niongest + 1 — k). The third row in this table considers service completions in
queues other than the shortest and longest ones, where a task in service in one of the queues
with difference n; completes service, reducing its difference with respect to the shortest queue
by one, for ¢ > 1. Notice that as the queue-length differences are bounded by C transitions

leading these differences to exceed the limit C' are re-assigned to nc.

To find the steady-state distribution 7r(0) of the phase at the beginning of an all-busy period, we
keep track of the system evolution during the not-all-busy period and the transitions connecting

between the not-all-busy and all-busy periods. During a not-all-busy period, the shortest queues
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Table 7.2: Transition rates for Sgun)-(not-fun1y and Snot-fun (Canceling)

From To Rate Matrix
7, (no, -, M4, -, ne) r—1,(1,ng—1,...,n¢ 9,nc1 +nc) nopt S (full)-(not-full)
T, (’flo, -+« 5 Nongest s 0> sy 0) T, (Tl(), -+« Mongest—1 + 17 Nlongest — 1-, 07 B 30) (nlongest +r— k),u
7y (N0, « oy M1, Ny o« o, RO r,(ngy ... ni1 +L,ng—1,...,n¢) nip, 1 <1 < longest Shot-full
r, (g, N1, ..., Nc) r—1,(no+1,n —1,...,n0) np, r>r—k+1

must be empty and the system will remain in the not-all-busy period until a new arrival occurs,
sending tasks to all queues and initiating an all-busy period. Thus, the system’s evolution is
governed by service completions and it suffices to keep track of the phase process J(t), which is
defined similarly as for the all-busy period. To hold the transition rates across service phases,
between arrivals, during a not-all-busy period, we introduce the m, x my matrix Shot-all-busy:
whose non-negative transition rates are actually the same as in matrix S since this matrix also
contains service completion rates between arrivals. Since the shortest queues are empty, they
have no service completions. Finally, we set the diagonal entries of matrix Shot-ail-busy t0 make

it a Markov chain generator. Then the vector 7 (0) can be found by solving Eq. (3.13).

After 7r(0) has been obtained, we follow the steps in [AMO1] to find the PH representation of

the waiting-time distribution.

7.3.2 The service-time distribution

The job service time under the canceling scheme is the time elapsed between the start of service
of its first task and the time when its k" task completes. We thus follow a tagged job and let
Y (t) = (R(t),S(t)) be the service state of this job at time t. Here R(t) records the number of
tasks in the tagged job that have not finished service at time t (recall that S(t) is the state-
vector of the queues). Since the tagged job completes service when any k of its 7 tasks complete
service, we are interested in service phases where at least r — k 4+ 1 tagged tasks are still in
service or queuing, i.e., when R(t) > r — k 4+ 1. Although similar to the service phase defined
for the waiting-time distribution, in this case the variable S(t) focuses on the queue-lengths in
front of the tagged job only. Thus, if R(t) = r, ng holds the number of queues with a tagged
task in service, and Zz‘C:O n;(t) = R(t). Instead, if R(t) < r, ng holds the number of servers that

have already finished serving tagged tasks, and 3% n;(t) = R(t). Note that when R(t) < r,
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the number of tagged tasks currently in service is given by m;. Assuming a bound on the
queue-length difference C' = 2 and considering the example on the left in Figure 7.1, if job C'
is the tagged job, then ng = 1 and S(¢) = (1,0, 1), as there is one queue among the shortest
k = 2 queues that has two more tasks than the shortest one. If instead we focus on job B, then

S(t) = (1,1,0).

Next, to obtain the service-time PH representation, we split the service states into two sets:
the full phases, where none of the tagged tasks have completed service, so that R(t) = r;
and the not-full phases, where at least one tagged task has already finished service, so that
r—k+1 < R(t) <r. We then put together the transition rates among service states in a

sub-generator Sg., which is partitioned according to the above two subsets as:

S u S ull)-(not-fu
Sser _ full (full)-(not-full) ® [ma. (71)
0 Snot—full

Here the matrix Sgy holds the rates of transitions that do not involve a service completion in
the shortest queues while all the servers are busy; thus it is the same as the matrix S. When
the tagged job is in a full state and a service completion in the shortest queues occurs, the
tagged job jumps to a not-full state, as shown in the first row of Table 7.2. Once the job is in
a not-full state, the matrix Sy considers three types of transitions, summarized in rows 2-4
of Table 7.2: the second row considers the case where a task completes service in one of the
longest queues; the third row covers the case with service completions at any queue but the

longest and shortest ones; and in the fourth row, a tagged task completes service.

To complete the PH representation of the service-time distribution, the next step is to find the
stationary distribution of the phase sy, in which a task starts service, for which we rely on
Proposition 3. Having obtained the PH representations of a job’s waiting and service times,

the PH representation of the response-time distribution follows from Eq. (6.2).
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7.3.3 Resource consumption

The resource consumption, or system utilization, is the expected fraction of time that a server
is busy. Under the canceling scheme, assuming E[r] is the expected number of servers used
by a job, the utilization can be computed as p = E[r]\/(rpion), where A~ is the mean job
inter-arrival time, and ,ujf)%) is the mean job service time, given by Mj;}l;, = Sgor(—Sser) 11, As
requests may finish service using k or more servers depending on their evolution amongst service
phases, thus k£ < E[r] < r, and E[r] can be obtained as E[r] = (Tser, Mserver), Where (--) is
the inner-product operator. Here 7y, is the stationary distribution of the job service phase,
given by meer = Ssor(—S%l)/(Sser(—Sser) "11). Also, the i*" element of the vector Tgerver holds

the number of tagged tasks in service in the i*" service phase, which is equal to r for full states,

and to n, for not-full states.

7.4 Early-canceling model

Under the early-canceling policy, described in Section 7.2, the redundant r — k tasks are can-
celed once the first k start service. We follow a similar analysis as in the previous section,
determining first the waiting-time distribution and then the service-time distribution. How-
ever, the structure of the state-space and the state-transitions differ significantly. Under the
early-canceling policy, the system simplifies to a MAP/M /r queue when k = 1, as one task of
each job starts service, canceling all its siblings, as long as there is a server available; and, if
all servers are busy, the tasks all wait in a FCFS queue. Instead, when k£ = r, the system is
equivalent to a traditional fork-join queue, as with canceling. To analyze the general case with

1 < k <r, we note the following property.

Proposition 8. In the system with early canceling, the longest r — k + 1 queues always have

the same length.

Proof. The proof is inductive and in four parts.
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Table 7.3: Transition rates for matrices Sy, mot-anny a0d Shot-ai-busy (€arly-canceling)

From To Rate Matrix
(no,n1,...,nc-1,n¢) | (L,ng—1,n1,...,nc_2,nc_1 +nc) noft S (all),(not-all)
(N0, -+ - s Tongest> 0, - - -, 0) | (N0, - -+, Nongest—1 + Mongests 0, - - -, 0) Mlongest 1 S
(Mg, -+ s M1, My - -, ) (no,...,mis1+1L,m;—1,...,n¢c) | niu, 1 <i < longest not-all-busy

(1) In the state where all the queues are empty and the servers idle, the property holds vacu-

ously, and we assume inductively that it holds at all times.

(2) In any state of the queues, a new arrival has up to k of its tasks start service (by arriving
at an idle server), at least r — k + 1 tasks join the longest queues, or no tasks join a queue if
k tasks started service and r — k were canceled. In either case, the longest » — k 4+ 1 queues

remain at the same length.

(3) After a service completion, if the k' task of a job enters service, the queue length at that
server decreases by one and the task’s siblings are canceled. Hence the » — k + 1 longest queues

all lose one task and remain at the same length.

(4) If after a service completion a task of a job that is not its k' enters service, it could not
have come from one of the r — k + 1 longest queues. Its queue length therefore reduces by one

and the r — k + 1 longest queues remain the longest and unchanged in length.

As a result, the r — k 4+ 1 longest queues remain at the same length at all times. O]

This is illustrated in Figure 7.2 where, with r = 3, k = 2, the two longest queues decrease their
length at the same time when the second task of the youngest job in service (B) starts to be
served. Due to this proposition, we again need not keep track of the states of all queues, but

instead focus on the shortest k queues only — just as with the canceling policy.

7.4.1 The waiting-time distribution

Based on the observation above we focus on the k shortest queues and proceed with an age-
based analysis, as in the previous section, defining the age X (¢) and the phase J(t), the latter

evolving on the same set. Again, we define matrices S and AU"™) and determine the matrix
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Table 7.4: Transition probabilities for Raypusy and Ruot-an-busy (€arly-canceling)

From To Probability | Matrix
(no,nl,O,...,O) (no_k;nl +k707a0) ]-7 ng > k Rnot—all—busy
(s -+ s My -, ) (Ngs -+ s Ny - -, ) I,ng <k Ranbusy

Table 7.5: Transition rates for Sifuii)-(not-full) (early-canceling)

From To Rate
(n07"'7ni7"'7n0) k_17(1777’0_17"')”0—27”0—1—’—”0) o b

T from Eq. (2.11). Under both schemes, during the all-busy period, a service completion at
the shortest queue triggers a new job (if present) to start service, so it is clear that the matrix
AUwmp) §s the same, as defined in Table 7.1. Further, as highlighted in Proposition 8, the
r — k + 1 longest queues are formed on those queues where the youngest job in service still has
tasks waiting. Therefore, if a task in any of these queues completes service, it will trigger all
the longest queues to decrease at the same time, as described in the second row of Table 7.1.
Finally, service completions in other queues simply allow a new task to start service, modifying
the queue-length differences as in the third row of Table 7.1. Thus the matrix S is also the

same for both canceling schemes.

Different from the canceling case, in the early-canceling case, more than one arrival may be
necessary to initiate an all-busy period. For instance, consider an empty system with r = 4
queues and k = 3, so that an arrival leads to 3 out of the 4 servers becoming busy, while
one server remains empty due to the early canceling, leaving the system in the not-all-busy
state. This contrasts with the canceling case, where any arrival during a not-all-busy period
must initiate an all-busy period. Whilst during all-busy periods we keep track of the states of
the shortest k queues only, during a not-all-busy period we must also consider the number of
idle servers and the state of all the non-empty queues. The state-vector is therefore S¢(t) =
{no(t),...,nc(t)}, where ng is the number of idle servers at time ¢. This process takes values

on the set {(ng,...,nc) | ZiC:O n; =r,n; > 0,n9 > 1}, which has cardinality mnot-all-busy-

We now define the matrix Sian),mot-ainy to hold the service transition rates that trigger the start of
a not-all-busy period from an all-busy-period, i.e., connecting the process S(t) with the process

S¢(t) and having size msXMuyot-ail-busy- Lable 7.3 shows that the non-zero entries of S(any, (not-am)
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hold the service completion rates at the shortest queues, as the all-busy period terminates if any
of these queues completes service before the next arrival. Next, we focus on the not-all-busy
period and introduce an Mpet-all-busy X Mnot-all-busy MatTiX Shot-ail-busy,; Which holds the service
transition rates between arrivals during the not-all-busy period, as summarized in Table 7.3.
The second and third rows of the table consider a service completion in any of the longest

queues, and in any of the other queues, respectively.

Since, during the not-all-busy period, several arrivals could occur, we track service phase
changes due to arrivals by introducing an mye-ali-busy X Mnot-all-busy MAtTiX Ruot-all-busy, the (4, j)th
entry of which is the probability that the service phase just after an arrival is j, given that it
was ¢ just before. As shown in Table 7.4, these transitions are restricted to cases where a job
finds more than £ idle servers upon arrival, thus starting service with all its k tasks, and the
system stays in the not-all-busy period. To consider the complementary case where an arrival
sees at most £ idle servers and initiates an all-busy period, we introduce an muyet-ali-busy X Mall-busy

matrix Rajibusy, Whose non-zero entries are summarized in Table 7.4. The only difference is that

the phase after the arrival relates to the process S(t), since the all-busy period has started.

With the definitions above we can find 7(0), which is the steady state distribution of the phase
at the beginning of an all-busy period, as the solution to Eq. (5.5). We can then follow the
steps in Section 5.2.2 to find 7 (0). Having found 7" and 7 (0), we utilize [AMO1] to find the PH

representation of the waiting-time distribution.

7.4.2 The service-time distribution

We now seek a PH representation (Sger,Sser) for the job service-time distribution. With early-
canceling, a job can have at most k tasks in service, as the remaining » — k are canceled when
the k'™ task starts service. Hence the state of a tagged job in service at time ¢ is defined
as Y (t) = (R(t),S(t)), where R(t)e{k,k —1,...,1} is now the number of tasks that have not
completed service and S(t) keeps track of the queue-lengths in front of the tagged tasks. Similar
to the canceling case, we identify two subsets for the state space of this process, the full set and

the not-full set. The difference here is that a job in service has at most k tasks, thus R(t) = k
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and R(t) < k for phases in the full and not-full sets, respectively. We can therefore describe
the service transition rates in a sub-generator matrix Ss;, which we partition as in Eq. (7.1).
As the matrix Sp, holds the rates of service-transitions that exclude service completions of the

tagged tasks, it is equal to the matrix S.

The matrix Shoifan, on the other hand, is the same as in the canceling case, as summarized
in Table 7.2: the service completion of one of the n; tagged tasks increases the number of
completed tagged tasks by one, accumulating up to job service completion; and other service
completions decrease the queue-length observed by the tagged tasks in these queues by one.
The only minor difference arises when considering the longest queues. In the canceling case,
a task that completes service in one of these queues cancels all its siblings, while in the early-
canceling case, a service completion triggers the task from another job to start service, and this
task cancels its siblings. In either case, the result for the tagged job is a decrease by one in
the lengths of all the longest queues. Finally, the transition rates in matrix S(g)-(not-funy are
summarized in Table 7.5, which considers a service completion in one of the shortest queues

when the tagged job is in a full state, triggering the tagged job to a not-full state.

To complete the PH representation of the service-time distribution, it remains to determine S,
which is the stationary distribution of the initial job service phase. Different from the canceling
case, to find this vector we consider the three different conditions under which a request starts
service, thus

o all part
Sser = [Sbusy + Snot—busy + Snot—busy’ 0}

Notice first that the non-zero entries correspond to the full phases, as a job can only start
service in phases where zero tasks have finished service, i.e., with R(t) = k, and service phases
are ordered such that the full phases come first. The vector 0 corresponds to the not-full phases.

Next, for the full phases, we consider the following three scenarios:

(1) On arrival, a job finds all the servers busy. At equilibrium, its initial service phase then has
the stationary distribution of the phase J(t) just after a downward jump of the age process X (t),

since these jumps mark the start of a new job service during the all-busy period. Following
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Proposition 3, the stationary distribution of the arrival’s initial service phase is therefore
Sbusy = Cf)/abusy(T -5 02y Ima)a

where c is a normalizing constant that ensures this vector is stochastic, and + is the probability

that a job has to wait for service upon arrival, which can be obtained as in [AMO01, Section 6].

(2) A job arrives during a not-all-busy period and starts service without initiating an all busy
period. As already noted, more than one arrival may be necessary to initiate the all-busy
period. Among these arrivals, all but one starts service with all their tasks, while the last one
does initiate an all-busy period and starts service with a number of tasks equal to the number
of idle servers just before it arrived. Let 7; be the number of arrivals in a not-all-busy period,
the expected value of which, E[n], can be obtained from [AMO01, Section 7.2], so that E[n;] —1
is the expected number of jobs that arrive during the not-all-busy period and find there are
more than k idle servers. The probability that a job arriving during the not-all-busy period
starts service with all its tasks is therefore py = (E[n;] — 1)/E[m]. These arrivals start service
with all their tasks, and so in the service phase with ny = k. We can write their initial service

phase distribution as

Sigt—busy = (1 - 7)pk [Oa 1]7

where we assume that the full phases are ordered increasingly with respect to ng, so that the

last phase corresponds to ng = k.

(3) A job arrives in a not-all-busy period, but finds at most k idle servers and so initiates an

all-busy period, starting service with initial phase distribution

sﬁggbusy = (1 - 7)(1 - pk)ﬁ(())?

where the components of the vector 7(0) are the phases of 7r(0) that correspond to full phases,
ie., with R(t) = k, as w(0) is precisely the steady state distribution of the phase at the

beginning of an all-busy period.
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Table 7.6: Transition rates for matrix Sgep

From To Rate Condition
(N1, m) | (1, — 1,00 n+ 1,00 ) | MiStask (4, ) —
(N1y ey Mg ) (N1, — 1, My NSt (1) | Yok, >r —k+1

We have therefore obtained the service- and waiting-time distributions, from which we can
obtain the PH representation of the response-time distribution by Eq. (6.2). The resource
consumption in this case is U = kA/(ru), where X is the request arrival rate and p~' mean task
service time, respectively. Unlike the canceling case, where we had to compute the expected
number of servers used by each job, under early canceling, exactly k servers are used by every

job .

7.5 Split-merge model

In this section, we consider our “baseline” model with split-(partial-)merge operation, general
PH task processing times and MAP arrivals. To solve the model with PH task processing times,
the key is to keep track of the phase of all tasks in service. Assuming the task processing-time
distribution is PH(S¢ask, Stask) With mygc phases, we define the service process of the job in
service as STH(t) = (ny(t),...,nm,.. (1)), where n,(t) is the number of tasks in service in
phase p at time ¢, for 1 < p < my.q. Thus STH(¢) takes values in the set STH = {n =
(N1, M)y € {0, rhr — k41 < Y% n, < r}. Note that we can represent
exponential task processing times with mean processing time 1/pu, by setting sy, = 1 and
Stask = W, with my,gc = 1 phase. The job service time is the interval between the time that
all the job tasks enter service, and the time the £ task completes service, according to the

split-merge policy.

7.5.1 The job service-time distribution

Following this definition, we first seek the PH representation PH(Sge, Sser) of the job service

time. As all r tasks of a job start service at the same time, and each of them selects its initial



7.5. Split-merge model 199

phase independently, the initial distribution of the job service phase s, follows a multinomial

distribution, where the probability that a job starts service in phase n is

Mtask S k(l)nl
sser(’n,) =l H asn—‘" n c SPH,
=1 v

where S (7) is the probability that a task starts service in phase i. The transition rates of
the sub-generator Sy, are summarized in Table 7.6. The first row considers the case where one
task in service phase ¢ jumps to phase j without completing service. The second row covers

the case where a task in phase ¢ completes service.

7.5.2 The job waiting-time distribution

To determine the waiting-time distribution, we again define a bivariate Markov process {(X (),
JPR()|t > 0}, where the age X (t) is the total time-in-system of the job in service, and the
phase JYH(t) = SPH(t) is the same as the one defined for the service process. We thus need
to define matrices S and AU™P) that describe the evolution of the service phase process. The
off-diagonal entries of S hold the service transition rates without a job service completion, thus
it is given by S. Similarly, AVWP) = — (S 1)s,.,, as the vector —Sg,1 holds the rates with
which a job completes service, and a new job selects its initial phase according to sg,. We thus

follow the steps in Section 7.3 to derive the job waiting-time distribution PH (Syait, Swait)-

After obtaining the PH representations for the waiting-time and service-time distributions, we
can obtain the PH representation of the response-time distribution as
Swai _Swai 1 Sser
Sres = [swait (1 - await]-)sser]v Sres = ' ( ' ) ;
0 SSEI‘
given the independence between service and waiting times. This representation captures that
for some jobs the response time is made of a first period of waiting followed by a period of

service, while others start service directly.
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Figure 7.3: Approximation error w.r.t. simulation — C' = 10

7.6 Numerical results

The models developed are now applied to evaluate the impact of erasure coding on delivered

response time. First, the accuracy of the models is assessed by comparing against simulation.

7.6.1 Validation

The accuracy of the models” approximations, i.e., the truncation of the difference between any
queue and the shortest queue to a constant C, is assessed for both the canceling and early-
canceling cases, considering different utilization levels, namely, low (0.1), medium (0.5), and
high (0.9), for the case of (r, k) = (6,4) as an example. Assuming Poisson arrivals and C' = 10,
we report the errors obtained on the 70" (Ryy) and 99™(Rgg) percentile of response time in
Figure 7.3(a). Note that errors lower than 0.1% are rounded to 0.1%. For each setting, the
simulations were run 5,000 times with 200,000 samples each time, from which we estimated
the mean response time as well as its 70" and 99" percentiles. We found the errors on the
mean in all test cases to be below 1%; thus we focus on the 70" and 99" percentiles in the
following. From the figure, it can be seen that, although C' is relatively small, the model
provides accurate results for both the 70" and the 99" percentile. Keeping the same C but
increasing the values of 7 to 9 and k to 6, we show in Figure 7.3(b) the corresponding errors,
which increase slightly. This is because having more queues potentially incurs a larger difference
between the longest queue and the shortest one. Moreover, we observe larger errors at high
utilization (0.9), although they are still lower than 3%. This is because at higher loads, the

queue-length differences are greater, thus requiring a larger value of C' to achieve the same
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Figure 7.5: Comparison of the redundancy level r — k (Canceling case, k = 6, C' = 10).

accuracy.

Figure 7.3(c) shows the case when the Poisson arrivals in the (6,4) case are replaced by an order-
2 MAP, with inter-arrival time having the same mean but a squared coefficient of variation
(SCV) of 10, together with an auto-correlation function (ACF) having a decay rate of 0.5,
which we obtained by the method of [HHGO6]. Clearly, in this setup the model incurs larger
errors compared to the case in Figure 7.3(a). This is simply because its higher variability
and auto-correlation leads to burstier traffic, creating longer queues and a higher probability
of having large differences between queue lengths. Accuracy can be improved, arbitrarily, by

increasing the value of C', but at greater computational cost.

7.6.2 Comparing cancelation policies

In this section, we compare the response time statistics obtained under the canceling and early-
canceling policies against the split-merge model. Specifically, we consider an (r, k) = (9,6)
set-up with mean service time p = 1 and Poisson arrivals with rates A = 0.1, 0.5 and 0.9.

Figure 7.4 depicts the utilization, the mean and the 99" percentile of response time achieved



202 Chapter 7. Managing Response-Time Tails by Erasure Encoding

0
)

| utilization:110.1880.5080.9

D
[}

Improvement (%)
SR
[ -}

)

Figure 7.6: Improvement on response time’s 99" percentile for canceling over early-canceling
(C =10)

under different policies. From Figure 7.4(a), we observe clearly that the utilization is highest in
the split-merge case, as servers are blocked by the job in service when it has tasks outstanding
at other servers. Further, we find that the with canceling case achieves the same load as the
early-canceling case. This result may seems surprising at first hand, as the request in the early-
canceling case uses exactly K servers while the with-canceling case uses at least K servers. The
reason lies on the fact that although the canceling case uses more servers, the job service time

is reduced thanks to the diversity of servers as we wait only for a subset of tasks to finish.

In terms of the response time, it can be seen that the canceling policy achieves the lowest
response time, for both the mean and the 99" percentile, partly because it limits the extra
load introduced by redundant tasks but mainly because it benefits from resource diversity. We
also observe that, when the load is low, for instance when A = 0.1, early-canceling has longer
response times than even split-merge. Again, this is because the early-canceling policy cannot

benefit from resource diversity as does split-merge.

7.6.3 The impact of redundancy level

Throughout this sub-section, we set & = 6 with mean service rate p = 1, and use different
values of r =6, 7, 8 and 9, with redundancy levels r — k = 0, 1, 2, 3, respectively. We show in
Figure 7.5(a)-(c), the mean and the 70®" and 99*® percentiles of response time obtained for the
canceling set-up, at utilizations of 0.1, 0.5 and 0.9, respectively. Clearly, all the response time

metrics decrease with increasing r, at all the utilization levels. This is because a job only waits



7.6. Numerical results 203

99" percentile
S~
.

99" percentile

10 o 2 4 6 8 10
Storage r/k Storage r/k

[ utilization: -0.1-- 0.5-m-0.9| [ utilization: -0.1-- 0.5-m-0.9]

(a) Canceling (b) Early-canceling

Figure 7.7: Trade-off between storage space r/k (corresponding to decreasing k horizontally)
and 99th percentile of response time (r =9, k = {1,...,9}, C = 10).

for the first £ tasks to complete service, thus benefiting from the more diverse response times
with increasing r. The largest decrease in the response time metrics occurs when 7 increases
from 6 to 7, while additional redundant tasks have a smaller impact. Further, these gains
become more limited as the utilization increases. Similar results can be observed under the

early-canceling policy.

To compare the canceling and early-canceling policies, Figure 7.6 shows the percentage improve-
ment on the 99" percentile of response time for the canceling case over the early-canceling case.
The first observation is that the improvement decreases with the load, as we have already noted,
because when the utilization is low, queuing time is small, so that any reduction in it offered
by early-canceling is very limited. Instead, at low loads, coding with canceling can still benefit
from the diversity in the service times, thus achieving a significant improvement over the early-
canceling case. However, when the utilization increases, early-canceling has the advantage of
avoiding the extra load introduced by redundant tasks under canceling, when the first k& have
started service. Hence the difference between the two canceling schemes becomes smaller. Fur-
ther, we observe that the difference between the two schemes amplifies as r increases, as this
allows canceling to exploit more diverse resources to reduce job service time. We have obtained
similar results by fixing r and varying k, observing consistent superiority of the canceling set-up
over early canceling, the difference decreasing with the load and the value of k. We explore

this further in Section 7.6.4.
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7.6.4 Storage-latency trade-off

For an object of k fragments, the storage space needed for each fragment is 1/k storage units
(chosen so that the object has size one) and so, if the object is encoded to have r fragments,
the total storage space needed is r/k units. Any gain in response time due to redundancy is
therefore achieved at a cost of storage space. When the number of servers is fixed to r = 9,
Figures 7.7(a)-(b) show the 99" percentile of response time and the storage space usage for
k = {1,...,9}, under canceling and early-canceling, respectively. We observe that for both
policies, when the utilization is 0.5 and 0.9, the response-time percentile first decreases and then
increases with the increase in k. For instance, under the canceling policy, the 99" percentile
of response time under 0.9 load decreases with k, reaching its lowest value at k = 6, i.e.,
r/k = 1.5. This is because when k is small, the sojourn time per task (including queueing
time) is relatively large, leading to longer job response time; when k is large (especially when
k =r, ie., r/k =1), waiting for many tasks to complete increases the probability of having a
straggler with exceptionally long service time (e.g. a deteriorating SSD cell). However, when
the load is 0.1, we observe that for the canceling case the 99" percentile is very low at k = 1
(highest storage r/k = 9), close to its minimum, whereas for the early-canceling case the lowest
response time is achieved using the least storage, i.e., at k = r or r/k = 1. Thus, for k = 9, the
canceling set-up has maximum response time, whereas the early-canceling set-up achieves the
lowest. To provide some insight into these observations, we use the following lemmas, which

apply at low utilization where job queuing times are least.

Lemma 7.6.1. The minimum mean service time under canceling is achieved when k = 1.

Proof. In low loads, the response times are mostly composed by the service times as queuing
times are negligible. If we focus on the service time only, under canceling this time comprises
k phases, where in phase 1 < ¢ < k there are r — ¢ + 1 parallel tasks in service. In each stage
the mean service time is 1/(ku), assuming a uniform division of a job into tasks that are each

k times shorter, on average, than in the single processor case. The mean service time for a job
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can therefore be written as

k

BlSc(kr) = — 3 —

k,ul 17’—2—1—1’

where Sc(k,r) is the service time random variable for a job under canceling with (r, k) coding,.

This can be rewritten as, after some rearrangement,

k

BlSo(k+ 1)+ k:—i—l (%Zr—z—l—l rik)

i=1

Each term in the sum is strictly less than 1/(r — k) so that E[Sc(k,r)] < E[Sc(k + 1,r)] for

all k. Hence the minimum mean service time is obtained when k = 1. [
Lemma 7.6.2. The minimum mean service time for the early-canceling policy is achieved when

k=r.

Proof. As in the canceling case, with early-canceling, the service time Sg comprises k phases,
where in phase i there are k—i+ 1 tasks in service. Again, a task has mean service time 1/(kpu)

so that the mean job service time is

LA
ElSp (k)] kME:k—z+1 _EZ:?

This can be written as

EWﬂk+Lrﬂ+ (%E:%_EIT>

Each term in the sum is less than 1 so that E[Sc(k,7)] > E[Sc(k+1,7)] for all k. The minimum

mean service time is therefore obtained when k& = r. O

These results indicate that at low loads, where the service time is the dominant component of
response time, it is optimal to select £ = 1 for canceling and k& = r for early canceling. This

is consistent with what we observed above when considering percentiles as the objective rather
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Table 7.7: Response-time percentiles and the improvement (%) over r = 4

Percentile | r=4 r=>5 r=6 r="7
70th 10.78 | 5.96 (44.71%) | 4.43 (58.91%) | 3.61 (66.51%)
95th 18.10 | 12.17 (32.76%) | 9.57 (47.13%) | 7.99 (55.86%)
99th 23.48 | 17.57 (25.17%) | 14.16 (39.69%) | 11.93 (49.19%)
99.9th 30.81 | 25.27 (17.98%) | 20.72 (32.75%) | 17.56 (43.01%)

than the mean. When the load increases, queuing times become more significant but coding

reduces queuing time with increasing k, i.e., as the size of tasks decreases.

7.6.5 MAP arrivals

We now consider the MAP of Section 7.6.1, with SCV 10 and ACF decay-rate 0.5. To be
concrete, we consider the canceling set-up with (r, k) = (6,4) at 0.5 utilization. Figure 7.8
shows the response-time PDFs obtained under both Poisson and MAP arrivals, and we note a
much longer tail in the latter case. This suggests that coding might be more beneficial with

highly-variable and auto-correlated arrivals in tackling a long tail.

Figure 7.9 shows the response-time PDF obtained for £k = 4 and r = 4,5,6,7. We see that
even a redundancy of just 1 (i.e. r = k + 1) is highly effective in shortening the response-time
tail. Table 7.7 shows the 70", 95" 99t and 99.9*" percentiles for different values of r, and the
corresponding improvement that r =5, 6, 7 have over the » = 4 case. We note large reductions

in the response-time tails caused by the coding scheme.
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Figure 7.10: The split-merge model provides an upper bound on the canceling model —
(r,k)=(9,6), C' = 10.

7.6.6 Canceling with general processing times

The PH distribution is a good candidate for modeling processing times with different levels of
variability. However, models quickly become computationally expensive since the size of the
phase space increases exponentially with the number of task service phases. We therefore turn
to an approximate approach to determine bounds on the response time for the canceling set-up,

which we choose in view of its superior performance over the early canceling policy.

An upper bound is provided by the split-merge model, where servers are blocked by a single
job until any k£ out of its r tasks finish service, thus introducing a synchronization point that
makes the analysis more tractable. Note that [JSW15] also uses this model to derive an upper
bound on the mean response time, whereas our split-merge model is able to provide the full

response-time distribution.

We show in Figure 7.10(a)-(b) and Figure 7.10(c)-(d) the response-time percentiles obtained
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by the split-merge model with Poisson arrivals and MAP arrivals (SCV = 10, decay-rate =
0.5), respectively, alongside simulation results, at utilization levels 0.1 and 0.9. For the task
processing-time, we used a mixture of two random variables: one negative exponential and one
Erlang-4, with respective means 0.5 and 50.5 units and weights 99% and 1%, giving an overall
mean service time of 1. As expected, we observe tight bounds when the utilization is low, as
the response time comprises mostly service times and the impact of server-blocking is small.
However, the bounds become looser with increasing utilization, as the queuing time becomes
significant at high loads due to the server blocking, thus providing a very conservative bound
at utilization 0.9. Further, it is worth noting that the bound is looser on the tail than on the
lower percentiles. Also, with MAP arrivals, we observe a large difference between the bound
and the simulation results at almost all percentiles, as bursty arrivals lead to longer queuing

times, which are amplified due to the blocking effect in the split-merge model.

7.7 Discussion

We have evaluated two policies for managing (r, k) partial-join queues and compared them
with a “baseline”, split-merge policy in terms of job response-time distribution. In general,
long response times can occur when service times jump up, when arrivals become more intense,
or when both occur roughly at the same time. These effects are compounded when a job
has to wait for all its parallel tasks. This is common in erasure encoded storage systems but
consistent performance is still required as the system ages and cells deteriorate electronically

in SSDs. Some of the conclusions we draw from our experimental results are the following:

e In (r, k) partial-join systems with MAP arrivals and exponential service times, both can-
celing policies significantly reduce the high quantiles of job response time, especially with

highly variable and correlated MAP arrival streams.

e (Canceling achieves the lowest response times across the range of utilizations since it bene-

fits from the property of resource diversity, whilst also limiting the extra load introduced.
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e Early canceling, on the other hand, is easier to implement as in-queue canceling requires
less modification to the system than canceling in-service. The choice, which is also affected
by the utilization, can be made on a sound, quantitative basis, in terms of performance

improvement and cost.

e Job response-time metrics decrease with increasing r, at all utilization levels, for both the
canceling and early-canceling schemes. However, any gain in response time is achieved
at a cost of storage space: if an object is encoded to have r fragments, the total storage

space needed is r/k units - i.e. more than 1.

e When considering general PH processing times, the split-merge model simplifies the anal-
ysis and provides an upper bound on the response times. The bounds are tight when the
utilization is low, however, become looser with increasing utilization. Further, it is worth
noting that the bound is looser under bursty arrivals, and looser on the tail than on the

lower percentiles.
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Conclusion

8.1 Summary of Thesis Achievements

Modern computer systems provide users with cost-effective and high-performance services by
exploiting large collections of inexpensive resources. However, the increasing scale and com-
plexity of these systems makes it challenging to achieve high reliability and consistently low
response times. In this thesis, we consider request replication as a strategy to improve both
reliability and request latency, by issuing r replicas of each request and using the result of the
first k£ (1 < k < r) replicas to complete. Request replication is effective to handle unpredictable
failures, with the potential to reduce response times, even at high utilization levels. However,
it introduces additional load that may negatively impact latency and lead to excessive delays.
To capture the trade-off between these two conflicting effects of replication, and characterize
the scenarios under which replication improves latency, we introduced stochastic models to

evaluate how replication affects the service level objectives in various systems.

We first focused on the case with £ = 1, where the system replies with the result from whichever
replica completes successfully first. In Chapters 3 and 4 we proposed stochastic models to
determine the response-time distribution for systems where requests are subject to failures,
where both service and failure times are exponentially distributed. We made use of the proposed

models to compare the distributed set-up against the centralized case, where we found that

210
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while the centralized case achieves slightly shorter latency, the distributed set-up provides
more flexibility, making it easier to increase or decrease the number of servers as the utilization
rises or falls. In Section 4.4 we also extended our analysis to consider parallel jobs that are
composed of multiple tasks, where the job response time is determined by the last task to finish.
We then considered in Chapter 5 reliable systems with general PH request processing times,
which allow us to capture the variability observed in the server side. We summarize our key

findings regarding replication in the following.

1. Replication is effective in reducing latency, particularly the tail of the latency
distribution. However, this depends on a number of factors, including the canceling
policy, the arrival and service processes, the utilization, and the number of replicas.
In particular, service time variability plays a key role when evaluating the effect of replication
on latency. Highly variable service times provide larger gains, and offer more chances to benefit

from replication.

2. The effect of replication is nonuniform over the response-time distribution. As
a result, a decision to replicate based solely on potential gains on one percentile may actually
have a negative effect on the others. This highlights the importance of explicitly considering the

response-time distribution, and the targeted percentiles, when evaluating a replication strategy.

3. The threshold utilization is nonuniform along the response-time distribution.
It increases with the number of servers, but decreases with the variability and

auto-correlation of the arrival process.

In the second part of this thesis, we considered fork-join queues with k& = r, as described in
Chapter 6. We proposed an approximate approach that is able to evaluate the response-time
percentiles, as well as to accommodate phase-type processing times and Markovian arrival
processes. Extensive validation reveals that the proposed approach is very accurate, with the

advantage of being efficient and scalable.

Finally, in Chapter 7 we dealt with general order statistics of request response times for systems

that implement erasure encoding. We evaluated both the canceling and early-canceling policies
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for managing (r, k) partial-join queues, and compared them with a baseline model — split-merge
policy in terms of job response-time distribution. Experimental results show that long response
times can occur when service times jump up, when arrivals become more intense, or when both

occur roughly at the same time.

In summary, different from existing works, which focus on the mean response time as the sole
performance metric, the models introduced in this thesis are able to determine the response-
time distribution, which enable to evaluate the impact of replication on different response-time
percentiles, which, as we demonstrated, is far from homogeneous. We made use of the models to
find the threshold utilization, i.e., the maximum utilization under which replication is beneficial,

which provides the guidance on when to adopt replication in real applications.

8.2 Future work

Request replication has been widely considered recently as a powerful mechanism to improve
reliability, and to limit the response time. In this thesis, we have provided the theoretical
guidance on when to adopt replication, and how many replicas to adopt. There are many

potential avenues for future work, among which those of particular interest are described below.

Real application experiments We validated the accuracy of the models with replication
without canceling in Section 5.2, via extensive evaluations on a MATLAB benchmark and
MediaWiki application. However, deploying replication with canceling in real applications,
remains to be challenging as it involves modifying the system scheduling policy, enabling the
communication between servers, and implementing the canceling policy. We are curious to see

how this simple but impactful idea works in various applications in the future.

Heterogeneous servers In this thesis we considered homogeneous servers, i.e., we assumed
that the systems under consideration are consisted of a number of homogeneous and indepen-
dent servers. Future work may consider the extension of the models to consider heterogeneous

servers, which will lead to much more complicated models with larger state space.
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Efficient computation A limitation of the matrix-analytic method lies in the fact that it
operates on matrices that can grow very fast in size with the number of servers, especially if
the processing-time distribution has many phases, the scale of the system is too large, and if
the system gets too complicated. For example, as shown in Chapter 7, when considering the
general PH distributed processing times, the models proposed quickly become computationally
intractable. While we have devised efficient methods to obtain the response-time metrics, future

work will look into alternative approaches to tackle large-scale systems.
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Appendix A

A.1 Proofs

A.1.1 Proof of Proposition 4

Proof. Since jobs only fail during service, the failure probability is given by
Ps = / Sser eXp(SserfE)S*Sdl' - _SserSs:;Sga
0
thus the probability that a job service time lasts for at most = time units and succeeds is

* 1

Fi(x) = —/ Sser €XP(Ssery)S5dy = 1 + — 8 St exp(Seert) S
Ps Jo Ps

This matrix-exponential representation of the service times for successful jobs can be turned into

a PH representation by defining a diagonal matrix IT such that II1 = 7/, where ) = — 8 S}

ser

is the stationary distribution of the service phase. Defining By, = II"1S’_II, we have

1
1 — F,(2) = ——8er S T T exp(Seerz ) IT IS
Ps

ser

1
= — Il ! exp(B.,z)I1S%
Ps

1
= — St Mexp(Beerr)1.
Ps

225
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This defines a proper PH distribution as the vector S%5'TI/pg is stochastic. This results from

S% and II being non-negative, and SE'T1 = —S% (8erSe))’ = ps- O

ser

A.1.2 Proof of Theorem 3.1

Proof. To obtain the response-time distribution we first recall that the PH representation of
the waiting-time distribution is obtained from a time-reversal argument [Sen89]. Thus, we
rely on a time-reversal argument to build the PH representation of the response time. As in
Theorem 4, we can obtain the PH representation of the service time distribution of successful
jobs. Here we split this representation for jobs that wait and jobs that do not. Jobs that wait
start service with phase according to Y7y, thus we define the diagonal matrix Ay,s, such

that Apusyl = = (ThusySeer)’ SINCE ThusySeer 1 the stationary distribution of the service phase

ser ser

for jobs that wait. We then obtain the PH representation for jobs that wait (2%, BPUY) as

ser ? ser

I@busy = _thAbusy/pSW Bbusy = A_l ! Abusy~

ser ser busy*'ser

A similar result is obtained for jobs that do not wait, considering that in this case jobs start

service according to (1 —)my. Eq. (3.15) is built by putting together the paths of jobs that do

idle

ser » With those of jobs that wait, which start service with

not wait, which start service with 3
IBbusy
ser °

For jobs that wait, their response time is composed of a first stage of waiting followed by a
second stage of service. Further, the phase in which the waiting stage ends determines the stage
in which the service stage begins. Since the waiting-time process is reversed in time, we build the
response time by first starting with a time-reversed version of the service time, which ends in a
phase that determines the phase in which the time-reversed version of the waiting-time process

starts. That (B2, BP»Y) is in fact the time-reversed version of the service time of successful

ser ser

busy __

comes from the fact that the starting vector Bg,

—t'sApusy/Ps 1s a transformation of the
original exit vector ¢g, and the transformation matrix Ay,s, has diagonal elements proportional

t0 (ThusySeer ), Which s the stationary distribution of the phase for jobs that wait.
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To find how the phase transitions from the end of the service stage to the beginning of the
waiting stage, in the time-reversed process, we observe that the joint probability that after a

downward jump the level is at least x and the phase is j is given by

W(a:):/ ﬂ(y)/o exp(Tu) AMAP) dudy,

as this considers the probability that any level greater than z is visited by means of a downward

jump of any size u. From (2.9) we know that the inner integral is equal to 1" — S, obtaining
W(z) = / T(y)(T — S)dy = —m(0)T " exp(Tx)(T — S) = Qpusy exp(Tz)(T — S).

Now we can perform the similarity transform in [Sen89] to obtain the PH representation of the

waiting-time process. We thus define a diagonal matrix A such that A1 = oy, ., to obtain
W () = apusy N " Aexp(Tz)A AT — S) = 1" exp(S.,,;,2) AT — S) = (T — S)' A exp(Syainz)1.

Notice that we use Syayw = AT’A™!, which is equivalent to the definition in Eq. (2.18). We
therefore have the standard representation for the sub-generator of the waiting-time distribu-
tion, but the term (7' — S)'A captures the transition from the final phase in the time-reversed
service process to the initial phase in the time-reversed waiting-time process. We now need to
normalize this by evaluating W (x) at = 0, as in this case every entry of W (0) must be 1
since it considers every possible length of the waiting-time process for each final phase of the

time-reversed service process. We therefore find the diagonal matrix I' such that
I'w(0)=0(T — S)A1=1.

Notice that, from Eq. (2.9), T'— S is a non-negative matrix since 7" has non-zero diagonal
elements [Sen89]. Thus, from the definition of T', the matrix P,,, = I'"*(T — S)'A is a stochastic
matrix. This leads to the second and third blocks in Eq. (3.15), which show how, for a job
that must wait, the response-time process starts with the time-reversed service process, with

parameters (Qservice, S’SBMC@). After this, the waiting-time process starts, selecting the initial



228 Appendix A.

phase of the time-reversed waiting process according to the matrix Ps,w. The process then

continues according to the sub-generator Sy.; until absorption. ]

A.1.3 Proof of Theorem 5.1

Proof. To build the PH representation of the response-time distribution we consider separately
the paths of jobs that start service immediately after arrival from those that must wait. As
stated before, a job starts service without waiting with probability 1—-y, its initial service phase
is given by 7(0), and the sub-generator associated to its service-time is Sge;. This is reflected

in the first set of phases in Eq. (5.2).

If a job has to wait, its response time is composed of a first stage of waiting followed by a
second stage of service. Further, the phase in which the waiting stage ends determines the
stage in which the service stage begins. Thus we need to keep track of the phase in which
the waiting-time concludes, and find the transition probabilities with which the service stage
starts given the phase in which the waiting stage ended. However, the PH representation
of the waiting-time distribution cannot be used directly for this purpose as it results from a
time-reversal argument [Sen89]. To overcome this, we find the time-reversed version of the
service-time distribution, and determine the probability that the time-reversed waiting-time

starts in each phase, given the final phase of the time-reversed service-time stage.

The PH representation of the time-reversed service-time distribution (Sser, Sser) is given by
[Ram90]
Seer = A71S!

ser

Aa dbusy = (_Sserl)/Aa

where A is a diagonal matrix such that A1 = 1/, and n = — 84S} is the stationary distribution

of the phase during service. This distribution is such that its initial phase is actually given by

the final phase of the original distribution, and vice versa.

To find how the phase transitions from the end of the service stage to the beginning of the

waiting stage, in the time-reversed process, we observe that the joint probability that after a
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downward jump the level is at least = and the phase is j is given by the j*" entry of

W)= [ ) [ epT A w)dudy,

as this expression considers the probability that any level greater than x is visited by means
of a downward jump of any size u. From (2.11) we know that the inner integral is equal to

T — SIMAP) obtaining

Wi = | ()T~ SM)dy = —w(0)T exp(T)(T — SO

= Qlpusy eXp(T'I) (T - S(MAP))

Now we perform the same similarity transform as in [Sen89] to obtain the PH representation of

the waiting-time process. We thus define a diagonal matrix A such that A1 = oy, to obtain

W(x) = abusyA_lA eXp(Tx)A_lA(T _ S(MAP)) — 1/ exp(S\/Vaitx)A(T . S(MAP))

= (T - S(MAP))’A exp(Swaitr) 1.

We therefore have the standard representation for the sub-generator of the waiting-time dis-
tribution, but the term (7 — SMAP)YA captures the transition from the final phase in the
time-reversed service process to the initial phase in the time-reversed waiting-time process. We
now normalize this expression by evaluating W (x) at z = 0, as in this case every entry of W (0)
must be 1 since it considers every possible length of the waiting-time process for each final

phase of the time-reversed service process. We therefore find the diagonal matrix I" such that
TW(0) = T(T — SMAP)YAL = 1.

Notice that, from (2.11), T — SMAP) is a non-negative matrix since 7' has non-zero diagonal
elements [Sen89]. Thus, from the definition of I', the matrix P, ,, = I'"*(T'— S)’A is a stochastic
matrix. This leads to the second and third blocks in Eq. (5.2), where the response-time process
starts with the time-reversed service process, with parameters (Gpusy, S’ser). After the service

completes, the waiting-time process starts, selecting the initial phase of the time-reversed wait-
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Algorithm 2 EM algorithm for the CHE service model

Require: Data: D, Number of phases: mg, €
1 S={(B,hi,....hp)| S0 hi =mg}

2: bestLH = oo

3: for (B,hy,...,hg) €S do

4: Initial guess © = (Gq,..., 48, My, 5\3)

5: dif =1

6: while diff > ¢ do

7: Compute (5(b|$n,(:)), b=1,...,B,d=1,...,D asin (A4), (A.2)
8: Compute ap, Ay, b=1,..., B asin (A.1)

9: diff = max [© — (aq,..., a5, A1, .., Ap)]

10: é):(al,...,aB,)\l,...)\B)

11: end while

12: Compute log L(O|D) as in (A.3)
13: if log L(©|D) > bestLH then

14: O*=0

15: bestLH = log L(6|D)
16: end if

17: end for

18: return O*

ing process according to the matrix P;,,. Notice that absorption from the service-time process
can only occur in its first m phases, which correspond to the full set of phases defined in Sec-
tion 4.2.2. The matrix 1587,” corresponds to this m phases. The process then continues according

to the sub-generator Sy.; until absorption. ]

A.1.4 Fitting correlated processing times

The CHE service-time model introduced in Section 5.2.5 allows the r replicas of a job to be
correlated in the sense that all of them select the same Erlang branch of the CHE distribution.
The benefits of the CHE service model can only be exploited as long as we are able to fit
the model parameters from a data trace. While fitting methods exists for general PH distri-
butions [ANO96] and some of its sub-classes [KSH03, TBT06], no such method exist for the
CHE service model since this is the first time this model is proposed. In this section, we pro-
pose a maximum-likelihood method for this purpose, based on the Expectation Maximization
(EM) algorithm proposed by Dempster et al. [DLR77]. Because our analysis method obtains
the response-time distribution, its ability to provide accurate results depends on capturing the

processing-time distribution well. As a maximum-likelihood approach considers the overall



A.l. Proofs 231

processing-time distribution, it appears better suited than the other widely adopted class of
fitting method, moment matching [Whi82], which captures only the first few moments. Also,
the popularity of the EM method for PH distributions is due to its ability to handle mixtures

of distributions, which we can also exploit for CHE distributions.

We assume a trace D = {x,...,xp}, where each of the D observations is a tuple x; =
(x}, ..., 27) holding the processing times of the r replicas of a job. From this trace, we want to
determine the entire set of parameters of the CHE model (B, hy,...,hg,aq,...,ag, A1,..., Ag).
However, and similar to [TBT06], we split this problem in two. First, we assume the number
of branches B, and the number of phases h; in each branch is known. Thus, we focus on
determining the parameters © = (a4, ...,ap, A1,..., Ap), that is, the probability «; of choosing
each branch and the corresponding Erlang rate \;, for ¢ € B. Later in this section, we consider

how to determine B and h;.

The basic idea behind the EM algorithm is to start with an initial guess of the parameters
©. We then iterate to obtain new values of © that maximize the log-likelihood function by
following the derivation detailed in Appendix A.2. Specifically, we compute 5(b|wd,@), the
probability that branch b is selected given data x,, and estimates é, which is the expectation

step in the EM method. In the optimization step, we obtain the branch selection probabilities

and the Erlang rates as
D
1 .
=7 ; 5(blzq, ©),

_ T‘hb 25:1 5(b|33d, é)
Sy 0(blza, ©) Yo7, @

As evidenced in this last expression, derived in Appendix A.2, the key characteristic of this

(A1)

b

method, and what makes it different from existing ones, is that it considers each sample x, as
an r-tuple, and these r processing-times samples are tied by the selection of the same Erlang

branch, in agreement with the CHE model.

We are now ready to state the EM algorithm for the CHE service model, summarized in
Algorithm 2. The algorithm requires the total number of phases mpg, the data D, and a stopping

criterion €. As mp is equal to the sum of the number of stages in all branches, ), h;, the
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algorithm determines all possible combinations for the number of branches and number of stages
in each branch (B, hy,...,hg), as in [TBTO06] for the independent hyper-Erlang case. For each
possible combination, it then executes the EM steps derived in Appendix A.2, starting from an
initial guess for the parameters and iterating until the difference between two successive sets of
estimates in Eq. (A.1) is less than the pre-defined limit €. Once the estimates have been found,
it computes the log-likelihood and compares it against the best one found so far, keeping the
set of estimates © with the highest log-likelihood, which is returned at the end of execution.
Note that considering all possible combinations (B, hy,...,hg) for a given number of phases
mp is feasible as long as this number is moderate. Given that the CHE service model is to be
used for analysis as described in Section 5.2.5, we are actually interested in small to moderate
values for mpg, and the full enumeration is thus feasible. In Section 5.2.6, we illustrate how
this method is able to capture the correlation structure that emerges in the processing times

of request replicas from a real system.

A.2 EM estimation for CHE times

The key to the EM algorithm is to consider the dataset D as incomplete data, where the branch
zq selected in sample d is missing. If this information, summarized in the vector z of size D,

was known we could write the log-likelihood of the parameter set © as
D
log L(O|D, 2) = Y _log (az,p-,(al\=,)) .

d=1

where py(24|Ap) is the likelihood of observing the response times x; when branch b is selected

and has rate )\,. Given the CHE service model, this quantity is

_ ()‘Z H§:1x§>hb_1 r ~ i A
pb<md|)\b) = (=G Ap €Xp 4 —Ap 21 Ty ( ~2)
J:

because, given that branch b has been selected for sample d, the processing times of the r replicas

follow independent Erlang distributions with parameters (hy, Ay). Note that the log-likelihood
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without considering z is given by

log L(O|D) = Zlog (Z appp(Tal ) ) , (A.3)

which considers all possible branches that could be selected in each sample.

As the vector z is in fact a realization of a random variable Z, the next step is to assume that
a guess O of the parameters is known. With this, we can determine the expected value of the
log-likelihood with respect to the random variable Z given the observations D and the guessed
parameters ©, which we write as Q(O, é)):EZ [log L(©|D, z)|D, (;)} . Since Z lives in the space

¢(=(1,...,B)P, we can write this expected value as

ZZlog Qz4Dzq md|>\2d))H (Zz|33ué)7

ze( d=1

where the first term in the sum is the likelihood of observing the processing time trace (1, ..., Tp)
given that the branches selected were z, and the second term holds the probability that branches
were selected as in z. If we consider each possible branch selected in each sample, we can re-

write this expression as

D B R
= ZZlog aypy(xal o)) 6(bla, ©).

d=1 b=1

A detailed derivation of this expected value for the hyper-Erlang case can be found in [TBT06,

Appendix A.2]. In fact, we rely on [TBTO06] to find §(b|x,,©) by means of Bayes’ rule as

S(b]O)p(xalb,©) _ dupy(walhs)
p(x4|®) S Ggpj(ealA;)

5(blxg, ©) = (A.4)

which gives us the likelihood of choosing branch b for sample d as a ratio that compares it with
all branches that could be selected. Computing these quantities constitutes the expectation

step of the EM method.

For the maximization step we find the values of © that maximize Q(©, é) As the CHE service

model is a mixture of densities, it has been shown in [DLR77] that we can obtain «, as in
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Eq. (A.1). To obtain A\, we derivate Q(O, @) with respect to Ay,

(N IT; j)hb_l

0 b llj=1 %y "L
—1lo A exp{ —A x’
N o\ (-1 p{ b; d}

and equate to zero to obtain Eq. (A.1).



