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Abstract

This thesis focuses on the study of training deep spiking neural networks (SNNs).
In recent years there has been an increasing interest in using spiking neurons for
deep learning with the aim of leveraging their unique properties and characteristics.
These include their potential for very energy efficient training and inference due to

their highly sparse activity and their suitability to model biological neurons.

We first introduce the fundamental models that are used in the SNN training lit-
erature, including neuron models at different levels of abstraction, synapses and
networks of neurons and neurons under noise. We also review the main SNN train-
ing methods that have been developed to this date. Then, we study the role of
neural heterogeneity and study the performance and robustness of SNNs under dif-
ferent heterogeneity schemes on two different supervised learning methods. Next,
we show how the sparse activity present in the forward pass on SNNs can also be
achieved in the backward pass, leading to highly efficient implementations that can
speed up the backward pass up to 150x and save 85% of the memory. Finally, we
aim to solve the weight initialisation problem for SNNs to achieve a predictable
network activity as well as prevent the gradient from vanishing or exploding. In
this process, we identify and solve the firing rate collapse issue caused by the dis-
cretisation of SNNs for simulation. In addition, we obtain theoretical and empirical
results for a general SNN initialisation strategy making use of variance propagation
and diffusion/shot-noise/threshold integration methods, as well as the solution to

the firing rate collapse problem we previously found.

Besides the ideas and experiments discussed in this thesis, code for the methods

described here can be found in https://github.com/npvoid.
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Chapter 1

Introduction

1.1 Aims

The main aim of this thesis is to advance the state of the art of deep spiking neural
networks (SNNs) training. In particular, we contribute to developing new methods
for training SNNs that give more accurate results, are more robust, faster and more

memory-efficient, while also improving our understanding of the brain.

Accuracy. Accuracy may be defined as the degree to which an SNN is capable
to solve the task it was trained for. Although, artificial neural networks (ANNS)
outperform SNNs in terms of accuracy in almost all benchmarks, the difference in
performance has steadily decreased in recent years. In this thesis, we aim to achieve
better accuracy than previous works on SNNs in an attempt to bridge the gap

between ANNs and SNNs.

Robustness. Training SNNs has proven to be more difficult than training ANNs
due to a combination of factors such as the spiking non-linearity, hyperparameter
tuning and parameter initialisation. This leads to spending more time manually

tuning SNNs to achieve effective training. Easing this process is fundamental for
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the development of SNN training. We tackle some of the these issues in Chapters 3
and 5.

Energy efficiency. One of the main reasons why SNNs are an attractive alterna-
tive to ANNs is their low energy consumption. This is usually due to two factors:
sparse weights and sparse activations. While sparse weights are applicable to ANNs
and have been widely studied in the ANN literature, sparse activations are a con-
sequence of the binary nature of the signals spiking neurons use to communicate.
Understanding and harnessing how can learning take place under this condition is
fundamental to be able to develop and implement energy efficient SNNs algorithms
both for inference and training. We tackle the issue of efficient SNN training in

Chapter 4.

Better understanding of the brain. Spiking neurons models were originally
developed with the aim of modelling biological neurons. They better represent
the dynamical nature and biophysical processes of neurons than less biologically
accurate models such as ANNs. Thus, their study is inevitably linked to the study
of computation on the nervous system and by studying SNNs we additionally aim
to better understand the brain. Some of the results we obtain in Chapter 3 provide
evidence to support hypothesis on the functional role of certain characteristics of

the brain.

1.2 Approach and Context

In this thesis, deep learning methods are combined with computational neuroscience
theory and models. The field of computational neuroscience deals with the study
and modelling of the nervous tissue and aims to understand, describe and predict
its computational capabilities. This takes place at several levels of abstraction, from

the study of complex biophysical processes taking place in cells to the study of large
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brain regions.

In recent years, the field of machine learning has experienced a revolution thanks to
the combination of deep learning architectures, large datasets and the availability of
powerful parallel processing hardware and algorithms. This has resulted in solving,
for the first time, highly complex problems in visual and auditory tasks [I, 2, 3],
natural language processing [1, 5], games [0, 7, 8] and even solving long standing

scientific problems like protein folding [9].

In this context, it is only natural for deep learning techniques to be used and adapted
to computational neuroscience models. In particular, the study of spiking neural
networks is specially well suited to benefit from deep learning techniques. On one
hand, they are simple and similar enough to be simulated efficiently with the same
hardware and libraries used for ANNs. On the other hand, SNNs are believed to be a
good model for the brain as they are able to reproduce several of its properties as well
as reproduce its electrical behaviour fairly accurately. Moreover, there is evidence
to suggest that SNNs should be able to perform similarly or better than ANNs while
consuming a fraction of the power. This has lead to very promising efforts to bridge
these fields [10, 11, 12] suggesting that SNNs combined with deep learning techniques
will potentially allow to improve the energy efficiency of intelligent systems and

further our understanding into how computation takes place in the brain.

1.3 Contributions

This thesis aims to develop new methods for faster, more accurate, more efficient
and more robust SNN training. The contributions of this work can be summarised

as follows:

1. Functional role of heterogeneity of time constants in SNNs. We
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trained spiking neural networks at difficult classification tasks under differ-
ent heterogeneity schemes. Our main findings were that heterogeneity im-
proved the overall performance across a range of tasks and training methods,
specially on tasks with richer temporal structure. The time constants found
after training qualitatively matched time constants measured in experimental
data. Since the cost of adding heterogeneity of time constants scales with
the number of neurons (O(n)) and not with the number of synapses (O(n?))
we conclude that neural heterogeneity is a computationally efficient strategy.
Moreover, since heterogeneity has no metabolic cost for the brain it supports
the hypothesis that it has a functional role and is not simply a product of

noisy developmental processes.

. Role of heterogeneity against mistuned hyperparameters. Heteroge-
neous networks were equally or more robust to mistuned hyperparameters.
Learning converges not only to better accuracies but also faster and it is less

likely to get stuck in local minima.

. Time, energy and memory efficient training algorithm on SNNs. We
introduce a novel training algorithm which allows to backpropagate the gradi-
ent with sparse operations on SNNs and developed custom CUDA kernels to
show its effectiveness in practice. It achieves the same performance as stan-
dard dense backpropagation at a much reduced computational and memory
cost (up to 150x faster and 85% more memory efficient). To the best of our
knowledge this is the first backpropagation method that leverages the sparse
nature of spikes in training and tackles the main performance bottleneck in

neuromorphic training.

. Theoretical and practical solution to firing rate collapse. We identify
an important problem regarding the accuracy of diffusion and shot-noise mod-

els for predicting the firing rate at typical simulation timestep lengths. We
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provide a theoretical explanation and solutions to this problem under different

assumptions and show that this problem can be easily corrected.

5. Theoretical and empirical results for optimal weight initialisation
on SNNs. We find a bound on the output firing rate on an L-layer SNNs
and obtained a close-form expression to ensure that the SNN gradients do not
explode or vanish with the number of layers. We also develop a method to
practically calculate the optimal weight initialisation and surrogate function

without the need to simulate the network.

6. Review of methods for computing the firing rate response of LIF
networks. We review and explain step by step the main methods for com-

puting the firing rate and membrane potential distribution of LIF networks.

1.4 Outline

The outline of the thesis is as follows:

Chapter 2: Background on Spiking Neural Networks. In this chapter we
give an overview of different types of neuron models according to their level of detail.
We describe the leaky integrate and fire model as well as several synaptic models,
populations of neurons and the effect of noise in the population activity. Finally
we review different SNN training methods including unsupervised, supervised and

reinforcement learning methods.

Chapter 3: Neural Heterogeneity promotes robust learning. This chapter
presents our work on neural heterogeneity where we study the performance and
robustness of recurrent SNNs under different heterogeneity schemes on two different

supervised learning methods.
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Chapter 4: Sparse Spiking Gradient Descent. This chapter introduces a
highly efficient training method based on extending the sparsity present in the for-
ward pass on an SNN (spikes) to the backward pass (gradients). This leads to up

to 150x faster and 85% more memory efficient SNN training.

Chapter 5: Optimal Spiking Network Initialisation. In this chapter we first
introduce some background theory on optimal weight initialisation on ANNs as well
as different methods to compute the firing rate and membrane distribution of a
population of spiking neurons. We next identify and solve the firing rate collapse
problem for large simulation time steps. Finally, we provide theoretical and empirical
results on the vanishing/exploding gradient problems on SNNs and a strategy to

optimally initialise the weights and surrogate function on an SNN.

Chapter 6: Conclusion. This last chapter summarises the main contributions

and results of this thesis and introduces potential future research directions.

1.5 Publications

The publications derived from the work in this thesis are

e Nicolas Perez-Nieves, and Dan Goodman. Sparse spiking gradient descent.

Advances in Neural Information Processing Systems (NeurIPS), 2021

e Nicolas Perez-Nieves, Vincent CH Leung, Pier Luigi Dragotti, and Dan FM
Goodman. Neural heterogeneity promotes robust learning. Nature communi-

cations, 2021

e Nicolas Perez-Nieves, Vincent CH Leung, Pier Luigi Dragotti, and Dan FM
Goodman. Advantages of heterogeneity of parameters in spiking neural net-

work training. Cognitive Computational Neuroscience (CCN), 2019
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In addition to the above publications, I have also been involved in other works during

my Ph.D., which are not discussed in this thesis:

e Nicolas Perez-Nieves and Dan Goodman. Generalisation of frequency mix-
ing and temporal interference phenomena through Volterra analysis Compu-

tational Neuroscience Conference (CNS), 2019

e Nicolas Perez-Nieves, Yaodong Yang, Oliver Slumbers, David H. Mguni, Ying
Wen, and Jun Wang. Modelling behavioural diversity for learning in open-

ended games. International Conference on Machine Learning (ICML), 2021

e Ming Zhou, Jun Luo, Julian Villella, Yaodong Yang, David Rusu, et al.
Smarts: Scalable multi-agent reinforcement learning training school for au-

tonomous driving. Conference on Robotic Learning (CoRL), 2020

e David H. Mguni, Jianhong Wang, Taher Jafferjee, Nicolas Perez-Nieves, Wen-
bin Song, et al. Learning to Shape Rewards using a Game of Switching Con-

trols. AAAI Conference on Artificial Intelligence (AAAI), 2023

e David H. Mguni, Taher Jafferjee, Jianhong Wang, Nicolas Perez-Nieves, Oliver
Slumbers, Feifei Tong, Yang Li, et al. LIGS: Learnable Intrinsic-Reward
Generation Selection for Multi-Agent Learning. International Conference on

Learning Representations (ICLR), 2022

e Le Cong Dinh, Yaodong Yang, Zheng Tian, Nicolas Perez Nieves, Oliver Slum-
bers, David Henry Mguni, Haitham Bou Ammar and Jun Wang. Online Dou-

ble Oracle. Transactions on Machine Learning Research, 2022.

e Daniel L. Barabasi, Taliesin Beynon, Adém Katona and Nicolas Perez-Nieves.
Complex Computation from Developmental Priors. Nature communications,

2023

e Adaptive Agents Team. Human-Timescale Adaptation in an Open-Ended

Task Space. International Conference on Machine Learning (ICML), 2023



Chapter 2

Spiking Neural Networks

This chapter presents an overview of spiking neurons. This includes the biological
and theoretical foundations of spiking neuron models, spiking neural networks and

different techniques developed to train them.

2.1 Biological Neurons

Neurons were first proposed as the basic unit of the nervous system by Wilhelm von
Waldeyer-Hartz in the late 19th century and were first observed under the micro-
scope by Santiago Ramén y Cajal between 1897 and 1904 [13]. Since then, the brain
has been studied across different scales and levels of abstraction resulting in a vast
amount of theoretical and empirical knowledge about its structure and function.
Most of this work revolves around the notion that neurons are its elementary pro-
cessing units (although recent work suggests that glial cells in the nervous system
may also play a computational role [14, 15, 16]). The human brain is a remarkable
structure containing an order of 10'! neurons and an estimated 10** to 10! synapses
[17, 18] while only consuming roughly 20W of power [19]. The study of the brain

has usually followed either a top-down or a bottom-up approach. The top-down

8
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approach usually starts from an overall behaviour and relates it to the interactions
between brain regions. This includes much of the work done in psychology and
neuropsychology. The bottom-up approach starts from the interaction between in-
dividual neurons (or even more fundamental units) and attempts to explain neural
and network properties. This includes disciplines such as molecular and cell biology,

biophysics and computational neuroscience [20)].

Most work on this thesis aligns with the bottom-up approach and uses neuron mod-
els from computational neuroscience. These models attempt to mathematically
describe the physiology and empirical observations made on animal neurons. Bio-
logical neurons are cells and as such present all standard elements of animal cells
(nucleus, cytoplasm, organelles and membrane). However, to study neurons from a
computational point of view it is often more useful to divide them into three parts:
dendrites, soma and axon as depicted in Fig. 2.1. The main operation of neurons
can be roughly summarised as: neurons receive input signals at their dendrites which
are then transmitted to the soma, the soma integrates these signals and if it reaches
a certain threshold it generates and output signal which is delivered through the

axon to other neurons.

Like other cells, neurons contain a wide range of ions and charged molecules. Most
of the time there is an excess of negative charge inside neurons resulting in an
overall negative membrane potential (measured as the voltage difference between
the inside and outside of the cell). There are numerous ion channels embedded
in the membrane which determine how easy it is for ions to flow in and out the
neuron. The conducting capacity of the channels can be modified by many factors
including the value of the membrane potential and the external concentration of
neurotransmitters. When the net flow of ions is zero the neuron is said to be at rest
and the membrane potential remains constant at a resting potential. A change in

the ion flow balance has the effect of moving the membrane potential away from the
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Contact with
Axon other cells

(Contacted by

other neurons) \_\,\\

Figure 2.1: Diagram of a biological neuron. Adapted from [21][22] and used under
CC BY 3.0 license.
resting potential either in the positive (depolarisation) or negative (repolarisation)

direction [23].

Upon reaching a certain threshold the neuron emits an action potential from the
soma through the axon called a spike. The shape of this action potential is usually
very stereotypical and as a result most of the literature considers that no information
is sent in the shape of the action potential but rather in the fact that an action
potential was sent at a given time [24]. This is illustrated in Fig. 2.2 which depicts

several membrane potential recordings showing little variability across trials.

Neurons communicate by sending these spikes to other neurons. The junction be-
tween two neurons is called a synapse. Synapses are unidirectional (from an axon to
a dendrite) and we refer to the emitting neuron as presynaptic neuron and the receiv-
ing neuron as postsynaptic neuron. Most synapses are chemical synapses meaning
that while the axon terminal is very close to the postsynaptic neuron, there is a
small gap between them called synaptic cleft where the presynaptic neuron releases

neurotransmitters. More specifically, when an action potential arrives at the synapse
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a complex bio-chemical process is triggered which leads to a release of neurotrans-
mitters which are detected at the postsynaptic neuron leading to the opening of

specific ion channels and thus changing the net ion flow at the postsynaptic neuron

[23, 24].

Despite this seemingly simple operation, biological neurons are highly complex cells
that display a wide variety of behaviours. This has lead to neural models of varying
degrees of abstraction and complexity ranging from simplified models consisting of
a single equation to biologically accurate models consisting of thousands of coupled
differential equations. Highly detailed models attempt to reproduce a long list of
properties and phenomena such neural and dendritic morphology, synaptic adapta-
tion, bursting, postinhibitory rebounds etc. [23, 24]. It is not clear which properties
are necessary to create a network capable of displaying intelligent behaviour and
which ones are not. This is further discussed in Chapter 3. Often, for technical
reasons, we use simpler models that capture as much as possible of the underlying
biological mechanisms but are simple enough to simulate using today’s computa-

tional resources. This is further discussed in Chapter 4.

A R B .

Figure 2.2: Membrane potential recordings at four different TRN neurons. Note
how the spike shape is highly stereotypical. Adapted from [25][20] and used under
CC BY-SA 4.0 license.

2.2 Spiking Neuron Models

Traditionally, the end goal of neuron models has been to explain the mechanisms

behind the operation of the nervous system. However, in recent years there has been
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an increasing interest in using spiking neurons for deep learning with the aim of
leveraging their unique properties. In this section we present an overview of models
and a more detailed description of the Leaky Integrate and Fire model (LIF) which

will be the basic model for the rest of this thesis.

2.2.1 Overview of models

Spiking neuron models attempt to describe the relationship between the different
currents across the membrane and the membrane potential as well as the generation

of spikes. This can be done at different levels of detail that we briefly review here.

Detailed Neuron Models

These models attempt to account for various ion channels, different kinds of synapses
and the neuron topology. The Hodgkin-Huxley model [27] was the first model at-
tempting to describe the interplay of various ionic currents measured in a series of
experiments on the giant axon of the squid. This model is summarised in Fig. 2.3A.
The neuron membrane consists of a thin bilayer of lipids that acts as a capacitor.
The ionic pumps and channels in the membrane allow ions to flow in and out the
membrane. We distinguish two types of ionic currents corresponding to sodium Na™
and potassium KT as well as a leakage current that accounts for all other ions that
are not explicitly modelled. Since the ionic concentrations inside and outside the
neuron are different they induce a voltage difference. These are modelled as volt-
age sources whose polarity depends on the relative ionic concentrations. Since ion
pumps actively transport ions from one side of the membrane to the other (con-
suming energy in the process) the relative ion concentrations result in a non-zero
equilibrium potential. Finally, the conductance of the ion channels is voltage and

time dependent while the leakage channel is voltage independent.
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Figure 2.3: Hodgkin-Huxley model. A. Circuit diagram equivalent of the Hodgkin-
Huxley model. B. Simulation of the Hodgkin-Huxley model where a pulsed current
generates an action potential (spike).

The full Hodgkin-Huxley model is given by the following four differential equations

dv

C’a = I(t) — gvnam®h(v — Ena) — ggn*(v — Eg) — gpm*h(v — Ep) (2.1)
dm
T — s (0)(1 = m) ~ Bue)m
dn
= )1 =)~ falon
dh
= a1 =) = A

Where the first equation simply applies Kirchhoff current law to the circuit on
Fig. 2.3A. The conductances (gna, 9k, gr), reversal potentials (Ey,, Ex, Fr) and
a(-) and fS(+) functions are experimentally derived. If enough input current I(t) is
injected this model the membrane potential will display a spiking profile as that
shown in 2.3B. This model is capable of displaying several spiking regimes such as

a single spike, periodic spiking and no spiking.

More detailed models have been developed to tackle the limitations of the Hodgkin-
Huxley model. These include adding other voltage-activated ion channels [25][29],
calcium-activated channels [30] and transmitter activated ion channels to account

for synaptic inputs (see [31] Chapter 2 for a more detailed review of ion channels).
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Stochasticity can also be added into these models to account for noise in ion channels
[32]. Finally, we can also consider the spatial structure of the neuron in our models
leading to distinguishing between single-compartment models (also called point-
neuron models) such as the Hodgkin Huxley model and multi-compartment models
where the neuron is represented as a collection of discrete compartments (see [31]

Chapter 2.6).

Phenomenological spiking models

Detailed models while more accurate from a physiological point of view are diffi-
cult to analyse and computationally expensive to simulate. For this reason simpler
models have been developed that attempt to model the neuronal dynamics while
not having to resort to specific biophysical details. Some of the most popular are
two-dimensional neuron models as reducing the number of coupled differential equa-
tions to two allows to easily study the neuronal dynamics in a phase plane. These
equations often describe how the membrane potential and another variable with no
biophysical meaning vary over time. Models like this include the FitzHugh-Nagumo
[33][34], Morris-Lecar [35] and Hindmarsh-Rose [36] among others (see [31] Chapter

3 for more).

Two-dimensional neuron models can be yet simplified further by considering that
spikes are highly stereotypical events whose shape does contain any specific infor-
mation [24]. This leads to even simpler models consisting of a single equation (often
a differential equation) followed by a non-linearity (usually the Heaviside step func-
tion) that decides when the spiking mechanism takes place. The differential equation
governs the behaviour of the membrane potential in the subthreshold regime then if
the membrane potential reaches a certain threshold, the neuron emits a spike and
resets to the resting potential. Note that in these models spikes are formal events

that occur at particular points in time. Thus, the membrane potential of this model
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will not reflect the characteristic spike shape but simply a discontinuity due to the

resetting. This is shown in Fig. 2.4A.

These models, often called formal spiking models, are very popular for the study of
neural coding, memory and larger network dynamics as they are computationally

inexpensive. Some of the most widely used models include the integrate-and-fire

[37], leaky integrate-and-fire [37], exponential integrate-and-fire [35], spike response
model [39][10] and fractional-order leaky integrate and fire model [11] among many
others (see [31] Chapter 4 for more).

While these models are attractive due to their simplicity they show limitations re-
garding their ability to reproduce the behaviour of more detailed models. These
differences can be improved by adding other mechanisms such as threshold adap-
tation and refractory periods leading to models where spikes are still formal events

but are more biologically realistic.

2.2.2 Leaky Integrate and Fire model (LIF)

The leaky integrate-and-fire (LIF) model was first introduced by Louis Lapicque in
1907 [37] and over a hundred years later it is still one of the most popular models
due to its simplicity. We will explain this model in more detail as it will be the basic

neuron model used in the following chapters.

In this model the membrane potential v(t) varies over time according to

dv(t)
™

— —(v(t) = Vo) + RI(t),  if v(t) < Vin (2:2)

The LIF model can be interpreted as a simplification of the Hodgkin-Huxley model

in which all currents have been lumped together into the input current I(t), V; is the
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resting potential and 7,, = RC where C' is the membrane capacitance and R is the
membrane resistance. Upon reaching the threshold V;;, three things happen: a spike
is emitted, the membrane is reset to V,. and the neuron enters a refractory period
that lasts t,.¢ seconds where the neuron cannot spike and the membrane potential

is kept constant at V..

Spikes are now formal events which means that the output signal of the neuron (the
signal that is to be transmitted though the synapse) can be written as a sum of
delta functions taking place at the spike times {¢(s)}. This stream of spikes is called

a spike train and can be formalised as

s(t)=>_o(t—t) (2.3)

+(f)

To give an intuition of the LIF neuron operation and its parameters we plot several
neuron traces in Fig. 2.4. Fig. 2.4A shows two neurons with different time constants
Tm = 10,20ms respectively and sharing the other parameters Vy = V, = —70mV,
Vin = 10mV, t,.y = 0, R = 1Q. Both of them receive a constant input current
I(t) = 90mA. Note that there is no ‘spike shape’ in the traces at all. As mentioned
before, the spikes are now formal events that we can record and transmit to other
neurons as we will see later but are not part of the membrane equation. It is not
uncommon to manually add the spikes just for plotting purposes as shown in Fig.

2.4B. We will use this kind of depiction in the following figures.

The LIF operation is simple, the input current I(t) is integrated resulting in an
increase of the membrane potential until it reaches the threshold. The speed at
which the membrane potential increases is determined by the time constant 7,. A
longer time constant results in a lower charging speed. After reaching the threshold,

the neuron resets to V.

Figure 2.4C shows the same trace but now the input current becomes OmA after 50ms
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Figure 2.4: Membrane potential of two LIF neurons with different time constants.
We add the ‘spike shape’ artificially at spike times for visualisation. A. Membrane
potential under a 90mA constant input current where the ‘spike shape’ has not
been added. B. Membrane potential under a 90mA constant input current. C.
Membrane potential under a pulsed current of 90mA between 0 and 50ms and OmA
afterwards. D. Membrane potential under a pulsed current of 90mA between 0 and
50ms and OmA afterwards with a resting potential (Vo =—70mV) different from the
reset potential (V,=—120mV).

resulting in the membrane potential turning towards the resting potential. Looking
back into equation (2.4), we observe that the resting potential and a constant input
current are identical from a mathematical point of view. In this case, we can write
the right hand side as —uv(t) + Vo + RI = —v(t) + Vo = —v(t) + RI. This means
that we can interpret the resting potential V simply as a constant current into the
neuron or alternatively, a constant current into the neuron as a resting potential. In
the following sections we will use the following equation for the LIF model instead
and assume that if a rest potential needs to be added it can be simply be part of

the input current (¢).

du(t)
™t

= —o(t)+ RI(t), ifv(t) < Vi (2.4)
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Finally, note that in all examples the resting potential and the reset potential are
the same. This is common practice in the literature but it is not necessarily always

the case. An example of this is show in 2.4D.

Subthreshold regime exact solution

Equation (2.4) is nothing but a linear first order differential equation and thus we
can obtain an exact solution. Provided an initial condition v(tg) = vy we can write

the solution to equation (2.4) for ¢t > t; in several equivalent ways:

o(t) = vp exp (—t ;mto) + %exp <_%) /t Cexp (%) I(s)ds  (2.5)

t—t R [t —
= Vg exp (— - 0) —1—7_—/ exp (T—S) I(t — s)ds
m m JO m

= U()E(t — t()) + TE(E * I)(t — '[Z())

m

where €(s) = exp(—s/7m)H(s), H(t) is the Heaviside step function and * is the
convolution operation. Looking at equation (2.5) we note that the membrane is
simply filtering the input current and the filter response is a decaying exponential.
Note however that this solution is only valid as long as v(¢) does not cross the
threshold. This is what we often call the subthreshold regime. After crossing the

threshold, we would need to reset the value of v(¢) and then continue integrating.

To simulate a LIF neuron on a computer we need to discretise time. Knowing that
at a given ty the membrane potential is v(¢y) = vy we want to compute what the
membrane potential will be after a short time interval of length At. We assume
that the current is constant during the interval [tg,ty + At) (see Chapter 5 for the

implications of this assumption). Thus, equation (2.4) can be rewritten as
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oty + A) = v(t) exp (—ﬁ) MEZIC) . <_i> /t: oxp (i) ds  (2.6)

m

= v(to) exp <—f—;> + RI(to) <1 TP <_f_r:)>

= av(ty) + (1 — a) RI(ty)
We will often also write the equations as a recurrent relation
v[n+ 1] = avn] + (1 — o) RIn| (2.7)

with n € {0,1,...} and v[0] = v.

We can also obtain the spikes in discrete time by simply applying
sln+ 1] = H(v[n + 1] — Vip) (2.8)

where H(x) is the Heaviside step function.

2.3 Spiking Neural Networks

The brain is an enormous network of interconnected neurons hierarchically organised
according to different areas, subregions and layers. As such, understanding the
brain requires studying how different neurons interact and communicate with each
other. In this chapter we will visit different types of synaptic models, populations
of neurons, how to simulate spiking neural networks (SNNs) in discrete time and

finally how to model the presence of noise in these networks.
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2.3.1 Synaptic models

Synapses establish how neurons communicate to each other. After a spike has been
emitted it is propagated through the axon until it meets with other neurons through
a connection called a synapse. The process of transmitting the spiking signal to
the next neuron is complex as it involves the release of neurotransmitters into the
synaptic cleft, the opening of channels in the postsynaptic neuron and the speed at
which the presynaptic neuron recovers and is able to release neurotransmitter again.
We often use much simplified synaptic models that simply inject a current that is a

low-pass-filtered version of the presynaptic spike.

The simplest model is a simple first order filter which we can model as a first order

linear equation

1(t)
rot =1t + > " wi(t — 1) (2.9)

¢
where we have introduced a synaptic time constant 7, > 0 and a weight w € R
which simply scales the synaptic response. Synapses can be excitatory or inhibitory
depending on the weight w being positive or negative respectively. The solution to
this equation is simply the convolution of a sum of deltas with the kernel €(s) =

exp(—s/71s)H(s) leading to

1(t) =S wesp (-t - t(f)) H(t — 1) (2.10)

given an initial condition I[to] = 0 and t) > #, Vt(). Fig. 2.5B shows a synaptic

current resulting from this kind of filtering.

More complex synapses are also often used consisting of a raising and a decaying

time constant €(s)=(1 — exp(—s/7,)) exp(—s/7s) H(s) leading to synaptic currents
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It =Y w (1 — exp (—t _Tt(f)» exp (—t _T:(f)) H(t — D) (2.11)

ne)) "
Fig. 2.5C shows the resulting synaptic current.

In addition, some synaptic models also include a fast and a slow decaying rates

€(s)=[1 — exp(—s/7,)][exp(—5/Tfast) + expP(—5/Tsiow ) H (5) leading to

I(t) = Zw {1 exp (_t_Tf(f)ﬂ lexp (_t—t(f)> - exp (_t—t(f)ﬂ H(—t9)

() Tfast Tslow
(2.12)

shown in Fig. 2.5D. Note how the decaying time is slower now compared to Fig.2.5C.

In general, we can have any causal kernel convolved with the sum of spikes leading

to synaptic input currents of the form

It) =Y w /t te(s)é(t — D)y (2.13)

+(f)

= we(t — V)

t(f)

Finally, if we consider the synaptic time constant(s) to be very small relative to the
membrane time constant we can neglect the membrane kernel altogether and end
up with delta or instantaneous synapses. This model is often used in the literature
to simplify theoretical analysis and gain computational speed and will be used in
the following chapters. In this model, synaptic filtering is completely bypassed and
spikes (a sum of delta functions) are directly integrated into the membrane giving

a total synaptic current
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I(t) =Y wé(t — ) (2.14)

+(f)

This kind of input would look like the unfiltered spike train in Fig. 2.5A.
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Figure 2.5: Different types of synaptic filtering. We used weight w =1 and the
time constants as specified in each plot title. A. No filtering, the spikes are directly
integrated. B. Simple decaying synapse C. Rise and decay synapse D. Rise and
decay synapse with a fast and slow decaying time constant.

2.3.2 Populations of neurons

Neurons in the brain are connected with complex connectivity schemes that are
not yet fully known. In this thesis however, we will adopt the typical connectivity
schemes present in the machine learning literature where neurons are organised in
different layers. Input signals are presented to the first layer, then the output spikes
from this layer are the input to the next one and so on. Neurons within a layer may

or may not be connected to other neurons in the same layer.
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We can write the membrane potential of a layer of LIF neurons receiving inputs

from a previous layer with delta synapses (spikes are directly integrated) as

dvj(l)(t) (l) [ (l 1) (- e (D)
T = (t) —|—RI +Zw l- t, if v’ (t) < Vin (2.15)

where [ is the layer index, ¢ is the presynaptic neuron index, j is the postsynaptic

(1)

neuron index, w;; * is the weight from neuron j in layer /—1 to neuron ¢ in layer [.

The incoming spike trains sl(-lfl)(t) is now defined similarly to (2.3) as

=Y st —t) (2.16)

RO
where we have omitted the superscript [ in the times tz(-f ) for notational simplicity.

Note that we are using homogeneous values for the threshold, resistance and time
constant (i.e. all neurons in layer [ share the same parameters). This is a common
simplification that is often adopted in the literature that will be further studied in

Chapter 3.

As before we can compute the solution of (2.15) since it is simply a linear ODE

Discretising this solution leads to a problem since now we need to consider what
happens with spikes that take place within the interval (¢,¢ + At]. Usually this
is dealt with by placing all spikes either at the beginning or at the end of the

interval. This problem is analogous to the problem of discretising I(t) by assuming it
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constant within the timestep interval, yet it leads to important inaccuracies for some
theoretical predictions when At is not small enough. This is further investigated in
Chapter 5. Leaving all spikes at the beginning of the interval leads to the following

expression

v (to + At) = v (to) exp <_§) + RIV (t) (1 — exp (—f—;)) +Y O wid(t — to)

-
m URE)

= av(to) + (1 — a) RI" (to) + > w6 (2.18)

where ¢; is the Kronecker delta function which is 1 if the input neuron i spiked
within the interval (¢, 4+ At] and we are assuming that neurons can spike at most

once within every interval. As a recurrent equation this gives

ol +1) = a0l [t + (1= ) L] + D iVl (2.19)

where again sgl_l) [t] is 1 if the input neuron ¢ spiked within the interval (¢,¢ 4+ At].

We also obtain the spikes in discrete time by simply applying

sV +1] = HwVn + 1] — Via) (2.20)

J

We will often be interested in quantifying the level of activity of a layer. We can
use the population activity for this purpose. This is defined as the proportion of

neurons at layer [ that fire within a given time interval [t, ¢ + At].
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n®

v (t) = %ZZ&@ — iy (2.21)

i=1 ()

where n¥) is the number of neurons at layer [ and tY) € [t,¢ + At]. We can approx-

imate the firing rate using discrete time spikes with

n® N

v = ﬁ > snl (2.22)

i=1 n=1

where NV is the total number of simulation steps.

2.3.3 Neurons and noise

Recording biological neurons experimentally under the same conditions yields highly
variable results from trial to trial. Spike trains are rarely periodic and firing patterns

seem random. There are several sources of noise that result in this behaviour.

Some of these include thermal noise [12], the finite number of ion channels [13],
synaptic transmission failures [11] and random network connectivity which can result
in chaotic dynamics [15, 16, 17]. Answering how the brain encodes and processes

information under this highly noisy circumstances is still an open question.

Membrane as an Ornstein-Uhlenbeck process

Noise is often modelled by adding a Gaussian noise term to the membrane differential
equation. The resulting equation is a stochastic differential equation. For instance

in a LIF model (2.4) we end up with

dv(t)
™t

= —o(t)+ RI{t) +£(t),  ifo(t) < Vi (2.23)
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where £(t) ~ N(0,0%7,,). This type of equation describes an Ornstein-Uhlenbeck
process. The solution to this stochastic equation for ¢t > t; is a Gaussian process

with mean and variance given by

1(t) = E[o(£)] = vo exp (-t - t“) LB /OHO exp <_—S) I(t—s)ds  (2.24)

o2(t) = Var[v(t)] = %2 {1 - e;:: (#)} ’ (2.25)

Note that the mean value is nothing but the noise-free trajectory as it was obtained
n (2.5). Also note that the variance tends to 02/2 as t — oco. This solution is only
true in the subthreshold regime. As soon as we add a threshold the distribution is

no longer Gaussian. This will be further explored in Chapter 5.

We can simulate this process using the Euler-Maruyama method [18] which is an

extension of the original Euler method. This leads to

v(t + At) = (1 - g) v(t) + gRI(t) +o gn(t) (2.26)

Tm Tm Tm

with n(t) ~ N(0,1).

Alternatively, for LIF neuron, we can use an exact solution which follows from the

fact that v(t) is Gaussian [19], leading to

u(t + At) = exp (_§> u(t) + (1 ~exp (_§)> RI(t) + a\/l - exp(;mt/mn

Tm
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with n(t) ~ N(0, 1) again. Both solutions assume that the input current is constant

in the interval [¢,¢ + At) as in 2.6.

Membrane as a Stein’s model

In addition to white noise models we can also model noise in the input spikes times.
This leads to the same equation as in (2.15) which we rewrite here but now dropping

the neuron and layer indices.

dv(t)

Tm = = —vu(t) + RI(t) + ;wi ;5@ B tz(f)>’
= o)+ RI(t) + Z'UJiSi(t), ifo(t) < Vi (2.28)

The key difference with 2.6 is that spike times tz(-f ) are no longer deterministic but
are drawn from a probability distribution. In computational neuroscience spikes are
often generated by a Poisson process. This means that spikes happen with a rate
v but the specific spike times do not matter. Equation (2.28) is then called Stein’s
model [50, H1].

The expected number of input spikes from neuron i per unit time then is (s;(t)) =
v;, where we defined (f(t)) = limT_m}%f_TﬁZ f(t)dt. It can also be shown that
the autocorrelation (s;(t)s;(t')) = v;6(t — ') + v? [24]. Note that the definition
of autocorrelation is in the signal processing sense, not in the probabilistic sense
[52]. Using these facts we can obtain the steady-state mean and variance of the
membrane potential (i.e. the average value and variance of the membrane after

running the integration of spikes generated following this process for a long time).

See [21] sections 7.5 and 8.2 for more details.
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Tm

() = (v(t)) = ﬁ/o oo exp <__S> I(t —s)ds + T Zwil/,- (2.29)
o = (p(t) — o)) = 5 D wiv (2:30)

where we assumed the initial condition vy = 0 for simplicity. Note that p,(t) is
simply the filtered current (deterministic part) plus some new term which is the
average input due to the spikes (stochastic part) after they have been integrated
into the membrane for a long time. These expressions will be used again in Chapter
5 to show that under certain conditions the Stein’s model in (2.28) converges to the

Ornstein-Uhlenbeck process.

Simulating this process is as simple as using (2.19) using a Poisson generator to

generate the spikes.

2.4 Training Spiking Neural Networks

One of the most remarkable capabilities of the brain is that it is able to learn from
data in the form of sensory stimulus. The question of learning from data is the object
of research of the field machine learning for which it leverages techniques from statis-
tics, computer science, cognitive science and optimisation among others. In recent
years methods based on the usage of multi-layer artificial neural networks have lead
to unprecedented success matching and even surpassing human-level performance
on increasingly difficult auditory and visual recognition problems, natural language
processing, games and various real world problem solving. This has led to the adop-
tion of these methods to train spiking neural networks leading to highly effective

training algorithms that perform almost on par with artificial neural networks.
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It is worth clarifying that by training we mean the modification of synaptic efficacy
(i.e. synaptic weights W;;). There is a large amount of evidence, both theoretical
and experimental, that support that learning in the brain is fundamentally driven
by the modification of synaptic weights. Similarly, most artificial neural network
methods ultimately aim to find an optimal set of parameters (weights) to solve a
task. In this section we provide an overview of the different methods that have been

developed over the years to train spiking neural networks.

2.4.1 Spiking Networks as Universal Function Approxima-

tors

Universal approximation theorems are mathematical results that allow us to state
that an algorithmically generated class of functions is dense within a given function
space of interest. Informally, universal approximation theorems state that neural
networks are capable of approximating any continuous function with any required
degree of precision. More precisely, neural networks can approximate continuous
function with a compact domain and range arbitrarily well with regard to uniform
convergence (i.e for a function f(x) we can always find a neural network f(z) such
that |f(z) — f(x)| < eV x with ¢ > 0). There are multiple theorems that state this
result under different types of assumptions such as the network depth and width,

the activation function used and the class of functions that can be approximated.

By neural network we usually mean a composition of functions

~

f@)=frofiio...0fi(x) (2.31)

Each function composition corresponds to a new layer with n®) neurons. The func-

tion f; : K™Y — K" is usually defined as fi(z) = o(W®z + b)) and often K is
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the real numbers R or an interval [a,b]. The function o(z) is called the activation
function and is applied element wise to each neuron. The parameters that are al-
lowed to change to generate the approximation of f(z) are W® ¢ R and

b € R"". We will often refer to the set of all parameters in a network as 6.

Some of the most notorious results include proving this for continuous sigmoidal
functions (functions that tend to 0 at —oo and to 1 at oo) given an arbitrary layer
width in multilayer perceptrons with as few as one hidden layer [53, 54, 55]. This
results was later extended to a wider class of activation functions [56, 57]. Impor-
tantly, these theorems do not provide a means to compute how many neurons per

layer are required to satisfy a given approximation accuracy.

The arbitrary depth case has also been widely studied in [58, 59, 60, 61, 62, 63] as
well as the case for bounded width and depth [64, 65, 66]. Similar results have been
obtained for other types of networks such as recurrent neural networks (RNNs) [07]

and convolutional neural networks (CNNs) [05].

The case for spiking neural networks has also been studied in [69] and [70]. The
main result states that any feedforward or recurrent neural network with s neurons
that use saturation function activations (the simplest type of sigmoidal) can be
simulated by a network of s+ ¢ spiking neurons (where ¢ is a small constant) where
the inputs and outputs are encoded in temporal delays of spikes [70]. Thus, according
to this theorem, for spiking neural networks to be universal function approximators
in the same sense as sigmoidal networks it is sufficient to encode the input and
output values in the temporal delays of spikes. That is, the output values should be
encoded as t; = Toy — (D, Wij;), where o(z) is the saturation function o(z) =
z-1(0 <z <1)+ 1(x > 1). More recently, it has also been shown that SNNs with
alpha synapses that encode the output in the relative timing of the output spikes

are also universal functions approximators [71].

However, as we will see in the following sections and chapters, most recent work using
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spiking networks uses a function of the membrane potential at the last layer (e.g.
the sum of the membrane potential over time) to compute the output values instead
of the spike times as described above. In these models, spiking neural networks are
often discretised and simulated in such a way that they are essentially a special case
of recurrent neural networks (RNNs) where the activation function is the Heaviside
step function. Under these conditions it should be possible to prove that SNNs are
universal function approximators however, to the best of our knowledge, this result
has only been proved for the saturation function, and thus, there is no formal proof
in the literature for the spiking case. Despite this, there is a wide range of empirical
results showing that SNNs can successfully learn from data and perform almost on

par to other artificial neural networks.

Universal function approximation results are important because they demonstrate
that it is possible to find a set of parameters which approximate a function within a
certain bound. Nevertheless, they do not yield any method or algorithm to obtain
this set of parameters in tractable time. The following sections provide an overview

of methods developed to deal with this problem in the case of SNNs.

2.4.2 Unsupervised Learning

In unsupervised learning a learning system receives a sequence of input data samples
{z; e R" :i=1,2,...,N} and aims to build useful representations of the data to
be used for decision making, predicting future inputs, compressing the inputs etc.
It can be though of as methods that aim to identify statistically salient features
in the data [72]. Unsupervised learning methods have been extensively used in the
context of spiking neural networks mostly as Hebbian learning rules and variations

of spike-timed-dependent plasticity which we briefly review here.
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Hebbian learning rules

In 1949 Hebb postulated that when a presynaptic neuron stimulates a postsynaptic
neuron repeatedly some metabolic changes lead to making it easier for the presy-
naptic cell to stimulate the postsynaptic cell [73]. This was later rephrased in a
more concise way by Shatz as ‘Neurons that fire together wire together’ [74]. This
postulate resulted in many experimental work that confirmed to an extent that
this is indeed the case in biological neurons as well as many theoretical results and

formulations of learning rules.

We can write a general Hebbian learning rule as

dWs;

where 7; and 7; are some measure of the neural activity of the presynaptic and
postsynaptic neurons respectively (net necessarily the firing rate). These rules are
local, meaning that the weight update only depends on the neurons connected by
the corresponding synapse. The function f(-) should be defined such that a weight

change only happens if both neurons are simultaneously active.

The simplest case is the basic Hebb rule [23]:

_ dWi;
Y dt

= VVj (233)

where v;, v; are firing rates and 7,, > 0 the learning time constant. This rule however
is unstable since the absolute value of the weight can grow indefinitely. This can be

solved by a modification such as Oja’s learning rule which is stable [75].

It is worth noting that a Hebbian learning rule is an unsupervised learning method
since synaptic changes happen whenever there is joint activity on both neurons

regardless of whether this activity is beneficial or not for solving a task. Thus,
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Hebbian learning can only learn correlations in activity of both neurons. It has been
shown that Hebbian learning rules, if applied for long enough while presenting some
input data, result in weight vectors that are parallel to the principal eigenvectors
of the correlation matrix of the inputs [75]. In this sense, Hebbian learning rules
perform an operation similar to Principal Component Analysis (PCA) which is a

classical unsupervised learning method often used for dimensionality reduction [76].

Hebbian learning rules have been successfully used to model the development of
ocular dominance [77], orientation selectivity [78, 79], concept acquisition [$0] and a
computational model of infant cognitive development [31] among others. However,
since Hebbian learning is an unsupervised local learning rule it is unable to solve a

more general class of problems that require minimising a loss function.

Spike-timing-dependent plasticity (STDP)

While Hebbian learning rules usually concentrate around using the firing rates
to change the weights, learning rules based on spike-timing-dependent plasticity
(STDP) work at the specific spike time level. In fact, STDP can be seen as a spike-
based version of a Hebbian learning rule. The idea is very intuitive: if a presynaptic
neuron fires briefly before the postsynaptic neuron the synaptic weight is increased,
conversely, if it fires briefly after the postsynaptic neuron then the synaptic weight
is decreased. This extends the classical Hebbian postulate by allowing not only to
increase the weights but also decrease them. This learning rule has been derived
from empirical observations on biological neurons [32, 83]. A typical expression for

this rule is

AL (W) exp (Mgt ) e — 0 <0

T

A_(Wij) exp (—M> y tp'l‘e - tpost >0

T

where A, (W;;) > 0, A_(W;;) < 0 and t,,., tpost are the presynaptic and postsynaptic



34 Chapter 2. Spiking Neural Networks

spike times respectively.

The response latency of the postsynaptic neuron is decreased as STDP proceeds,
resulting in faster neural processing and depending more on the earlier spikes [34].
There are several applications that have used STDP to model the tuning of synaptic
connections in sound localisation [$5], learning of spatiotemporal spike patterns
[39, 86, 87], suppression of predictable signals [$8] among many others (see [31, 8]

for more examples).

Some more recent work has combined STDP rules with neural architectures from
deep learning such as convolutional neural networks to develop unsupervised meth-
ods that extract useful features from real world data and solve classification problems
[90, 91]. While the feature extraction happens thanks to the STDP rule, the clas-
sification usually requires some classical machine learning supervised method such
as support vector machines [70] or a variation of the learning rule which introduces
some reward signal [92] although it is possible to only rely on STDP and later

identify labels with output neurons [93].

2.4.3 Supervised Learning

In supervised learning a model receives a sequence of input samples {x; € R" : i =
1,2,..., N} and corresponding desired outputs {y; € K:i=1,2,..., N} where K is
either N (classification problem) or R (regression problem). The goal is to produce

the correct output y; for a never seen before input x; [72].

We usually distinguish two disjoint sets of data, the training set Diyain = {(xi, ys) :
i = 1,2,..., Nyain} that we use to train our model and the testing set Diess =
{(zs,y:) 11 =1,2,..., Nyest } which is never used during training and its sole purpose
is to measure the performance of the training procedure. Training means finding

the set of parameters that minimise the error between the model predictions and
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the desired output. This usually implies minimising a loss function Ly(Dyrqin) that

depends on the model parameters 6.

Models often have a different set of parameters that often cannot be optimised and
must be chosen a priori. These are called hyperparameters. We can use a third

disjoint set, the validation set Dyy = {(xi,y;) 11 =1,2,..., Ny} to tune them.

We briefly review some of the most important supervised algorithms on spiking
neural networks which we can divide into two kinds of supervised optimisation al-
gorithms: gradient based and gradient-free algorithms. For a comprehensive survey

refer to [94, 89, 95, 11].

Gradient Based Algorithms

Most successful supervised models are neural networks consisting of several layers
such as the one defined in 2.4.1 and other more complicated topologies including
Convolutional Neural Networks [96], LSTMs [97] and Transformers [98]. Networks
are commonly trained using some variation of the stochastic gradient descent algo-
rithm which consists in evaluating the loss function for a partition of the training
samples Birwin € Dirain, backpropagating the gradient of the loss function with re-
spect to the network parameters to all layers and updating the parameters in the

gradient direction

0ln + 1] = 0[n] — nVeLo(Birain) (2.35)

This process is repeated iteratively for all partitions. After iterating through the
whole training set a new partition is created and the iteration is resumed. This

process is repeated for several epochs (full training set iterations).

Variations to the stochastic gradient descent algorithm usually involve modifying
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the update equation 2.35 to yield faster and better convergence using a history of
previous gradient updates. Some of the most popular algorithms include RMSProp
[99] and Adam [100].

From a biological point of view gradient based algorithms are problematic. The
main issue is the so called ‘weight transport problem’ which arises from the need
of a symmetric backward weight for each forward weight in order to backpropagate
the gradient. It has been shown that for simple problems, symmetric weights are

not necessary but random weights also work, thus partially solving the problem

[101, 102].

Even if one does not care about biological plausibility, there is still a technical is-
sue regarding the derivative of spikes. Spiking neuron models often communicate
through streams of Dirac delta functions (spike trains) which do not have a well
defined derivative. This problem has been circumvented in several ways including:
encoding the outputs in spike times (temporal coding networks), using a smooth
spiking model, using the membrane potential to backpropagate, optimising the like-
lihood of spike trains, converting artificial networks into spiking networks, and using
a surrogate derivative. More recently it has been shown that it is possible to com-
pute exact gradients on networks of spiking neurons via the adjoint method [12] with
some limitations that have been further corrected very recently [103]. We briefly

review some of these methods here.

Temporal coding algorithms and Widrow-Hoff learning rule methods. The first su-

pervised algorithm to train SNNs [104] bypassed the need of computing the deriva-
tive of a spike by using a Spike Response Model (SRM) which allows to take deriva-
tives of the activations with respect to the spike times. This was later improved
for faster convergence in [105]. However, these algorithms had several limitations
including constraining the number of output spikes to one per neuron. Subsequent

improvements to this method have allowed to add more spikes [100, , , 109].
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Other important work includes the Tempotron [!10] and its variants [1 11, 112, 113]

and the Chronotron (E-learning rule) [114].

Another type of algorithms were derived from the Widrow-Hoff rule. The first
algorithm that used this rule was the ReSuMe algorithm [I15] which is gradient
free. Intuitively, this rule updates the weights according to the product of the error
signal (desired output minus network output) multiplied times the network activity.
Some variants of this algorithm include the Chronotron (I-learning rule) [111], SPAN
[116], PSD [117], MPDP [118], FILT [119] and others [120, 121].

Most of these algorithms have only been shown to be successful in solving simple
tasks like spike pattern matching, classification of artificially generated spike pat-
terns, the XOR problem and simpler datasets like the Iris [122] or MNIST dataset
[123]. Whether this is because of the limitation of the methods or the computational

capabilities at the time of these works is not clear.

Probabilistic models. Adding noise to the spike generation allows to compute the

likelihood of spike trains smoothly. Consequently, it makes it possible to define
gradients on expectation values. This was done first for the single layer case [124]
and later in the multilayer case [125]. This approach was also used in the context

of variational learning [120, , 128].

Membrane backpropagation based methods. Often in detailed spiking models or

two-dimensional models (e.g. Hodgkin-Huxley, Morris-Lecar and FitzHugh-Nagumo
models) spiking is simply a fast but smooth increase in the membrane potential
(soft threshold) thus presenting no challenge to computing the gradient. A model
like this was successfully trained in [10]. However, soft threshold models do not
have the binary spike propagation feature of SNNs which is particularly interesting
for its application on low energy neuromorphic hardware [95]. An alternative to
soft spiking models consists on using the membrane potential as the differentiable

activation function instead of the spikes while still propagating spikes [129, 130].
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ANN to SNN conversion. To get around the difficulties of gradient descent in spik-

ing networks, it is possible to convert a pretrained artificial neural network (ANN)
into an SNN by adjusting the weights and parameters of the spiking neurons with
the aim of replicating the input-output mapping of the original ANN in the SNN.
This is usually achieved by either taking an already trained ANN and converting it
to an SNN [131] , , , | or by training a constrained ANN to better fit
the conversion to SNN [136]. Network conversion has achieved the highest levels of
accuracy for SNNs when compared to other benchmarks. Nevertheless, this process
has several caveats. Firstly, not all activation functions and neural architectures
can be easily converted (e.g. max pooling layers are substituted by average pooling
layers). Secondly, since ANN activations take continuous values, it is usually neces-
sary to resort to rate-based coding on the SNN. This results in less energy efficient

networks than if the the original ANN was used in the first place[137].

Surrogate gradients. Surrogate gradient methods introduce a smooth function that

approximates the spiking function (the Heaviside step function) but only in the com-
putation of the gradients. Thus, the network still propagates spikes in the forward
pass but it backpropagates continuous values. Figure 2.6 shows several of these
approximations. This allows to treat SNNs as a special case of recurrent neural net-
works (RNNs) and apply conventional algorithms such as Backpropagation Through
Time (BPTT) or forward methods like Real-Time Recurrent Learning (RTRL) [11].
One of the first uses of surrogate gradient approximates the gradient using a piece-
wise linear function [138]. This was also used later to implement trained SNNs
on neuromorphic hardware [139]. Other surrogate functions have been successfully
used [102, , , , , | and more recently it has been shown that SNNs
can robustly learn under a wide range of surrogate functions [145]. This method is
employed in subsequent chapters which provide more details on its implementation

(see section 3.3 and Appendix B.1).
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Figure 2.6: Spike function H (v — Vj;,) with threshold Vi, =1 (dashed) and different

types of surrogate derivatives used in the literature including: Superspike m

[102], derivative of sigmoid o(v — Vi,)(1 — o(v — Vip,)) with o(z) being the sigmoid
function [115], piecewise linear max(0,1 — Blv — V4,|) [116] and piecewise constant
H(v = (Vin = Bun)) = H(v — (Vin + Bin)) [117]

Gradient-free Algorithms

Gradient-free supervised algorithms to train SNNs are more diverse than gradient-
based algorithms and use quite different approaches to solving the problem of train-
ing spiking neural networks. Here we briefly review some of the most prominent

ones.

Liquid-state machines. Liquid-state machines were first introduced in [1 18] following

the hypothesis that through evolution the mammalian cortex found a structural
motif that can be replicated and modified to serve different purposes. This structure
has often been called minicolumn or cortical microcircuit and consists of a few
hundred sparsely and recurrently connected neurons. Input signals are injected into
this network (also called a reservoir). A set of linear units is connected to the
reservoir and it is trained using linear regression to match a desired output. The

reservoir usually does not learn (although sometimes it is also implemented with
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STDP rules) but serves as a non-linear transformation of the input data [119, 89].

FORCE training. The FORCE method originates from the field of reservoir com-

puting. It leverages the complex dynamics of a high dimensional dynamical system
(e.g. a recurrent SNN) to perform computations. Originally applied to rate neuron
models exclusively [150] in more recent years it has also been successfully applied
to spiking networks [151, |. In FORCE training the aim is to approximate a
teaching signal with a linearly decoded signal from the network such as the synaptic
currents. The weights are usually updated using the recursive least squares (RLS)

algorithm [153]. Details for this method are provided in Chapter 3.

2.4.4 Reinforcement Learning

The reinforcement learning (RL) paradigm is rather different to the previous two. In
this case, there is an agent and and environment. The aim of the agent is to act on
the environment to maximise a cumulative reward. The interaction usually consist
in the following iteration: the agent sees a (possibly partial) observation o, of the
state of the environment s; and takes an action a; which affects the environment
prompting it to update its state to s;;1 with its corresponding updated observation

ou1. For each environment transition the agent also receives a reward r;.

States fully describe the environment at a given time. These are typically repre-
sented by a vector or a higher order tensor of real values. When an environment
is fully observed, agents have access to the full state at each time step otherwise
the environment is partially observed. Environments can be either deterministic

Si11 = f(St,a¢) or stochastic sgyq ~ P(+|sy, ay).

Action spaces may be discrete (only a finite number of actions are available, i.e. an
action is a vector of discrete values), continuous (actions are real-valued vectors) or

mixed (combination of the two). Agents choose actions according to a policy which
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may be either deterministic a; = p(o;) or stochastic a; ~ 7(-|oy).

Rewards are scalar values that are most often deterministically generated as a result
of the transition (s, ay, S¢+1), thus 7y = r(s¢, ag, S¢41). Sometimes rewards may only
depend on the current state or the current state and current action. Agents often
aim to maximise a return function which is often the finite-horizon undiscounted
return R = Y[, or the infinite-horizon discounted return R = Y27° v'r, with
~v € (0,1). In order to do this the agent must acquire data by interacting with the
environment to generate trajectories 7 = (s, ag, S1, a1, . ..) and rewards (rg,ry,...)
which can then be used to learn an optimal policy. Thus, the aim of an agent is to

find an optimal policy so that the total expected return E, .. [R(7)] is maximised.

Reinforcement learning is a natural learning paradigm for biologically inspired mod-
els because many animal behaviours are learned by interacting with the environment
in this way. For example, we can train mice to follow complex sequences of actions
by rewarding them when performing the desired behaviour. In the computational
neuroscience literature this has led to theoretical models that attempt to explain
how can such learning mechanisms be implemented in the neural circuits while fit-
ting as much as possible experimental data. The most notable result of this are
three-factor learning rules. More recently, and inspired by the huge success of deep
reinforcement learning [154, 0, , 9] there is also an effort to use similar techniques
on spiking neural networks with the aim of faster and more efficient learning rather

than biological plausibility.

While we do not use reinforcement learning techniques in this thesis, we still believe
it is important to give a very brief review of the literature of RL in SNNs due to its

biological importance and recent success.

Three-factor learning rules. The aim of most three-factor learning rules studies is

to find synaptic plasticity rules that could potentially model learning in biological

neural circuits. Three-factor learning rules [156, 157] combine unsupervised Hebbian
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learning (which consists of two factors, pre and post synaptic activity) with a third
factor which encodes the reward signal. This allows to potentiate synapses that do
lead to the desired outcome and depress those that do not. Often this third factor
attempts to model the influence of a neuromodulator such as dopamine. The general

rule has the form

dW;

where M is the extrinsic signal that encodes the reward and is not generated by
either the pre or post synaptic neurons. Some examples of this rules include R-max
rules which are ultimately derived from policy gradient methods [158, , ],
temporal-difference based rules [161, , | and R-STDP rules which are based

on heuristic considerations [159, 164, 160, 165] (see [156, 157] for an in-depth review).

Deep reinforcement learning on SNNs. Deep reinforcement learning on SNNs aims

to adapt RL techniques that have proven to be successful in ANNs to SNNs. This
allows to solve larger more complex problems that previous three-factor rules could
not solve. Some of these include solving control problems in MuJoCo environments
[166], grid-world games [167] and Atari games [168]. These works tend to aim to
use SNNs due to its lower computational an energy cost leading to consuming up
to 140x less energy [166]. Most of these results are based on jointly applying RL
algorithms such as DDPG [169] or PPO [170] with deep SNN training techniques

such as those reviewed in the previous section 2.4.3.



Chapter 3

Neural Heterogeneity Promotes

Robust Learning

This chapter explores the impact of using heterogeneous parameters on spiking neu-
ral networks trained using surrogate gradient descent and the FORCE method. It
challenges common network architectures where all neurons are identical units by in-
troducing different kinds of neural variability and systematically studying its effects.
The results support the idea that heterogeneity is a desirable and important prop-
erty in biological systems with an actual role in information processing in nervous

systems.

3.1 Introduction

The study of complex systems often starts with a simplified model of the object
of study to make easier its understanding. In physics, the study of gases is often
simplified by considering molecules as point masses that interact with perfect elastic
collisions. In neuroscience, biological neurons are often modelled as point neurons

which are governed by a few differential equations and a threshold mechanism.

43
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The purpose of a model is to capture the essential features of a real system, while
omitting details that are not important or that are too difficult to model accurately.
Understanding the limits of a model is crucial to avoid inaccurate predictions. For
instance, the ideal gas model fails when considering gases at very high temperatures.
Similarly, it is desirable to know to what extent point neuron networks are good
enough to model the brain. However, to this date, we hardly know what the cost
of these simplified models actually is and it is largely unexplored whether adding
more complexity to point neuron network models could have computational benefits.
In this chapter we aim to partly answer this question by challenging the common
practice in computational neuroscience of considering all neurons as highly simplified

identical units.

The brain is known to be deeply heterogeneous at all scales [171], however it is still
not known whether this heterogeneity plays an important functional role or if it

is just a byproduct of noisy developmental processes and contingent evolutionary

history. A number of hypothetical roles have been suggested (reviewed in [172]),
including in efficient coding [173, , , , , , ], reliability [130],
working memory [181], and functional specialisation [182]. However, previous studies

have largely used simplified tasks or networks, and it remains unknown whether or
not heterogeneity can help animals solve complex information processing tasks in
natural environments. Recent work has allowed us, for the first time, to train realistic
spiking neural networks to carry out these tasks at a high level of performance,
using methods derived from machine learning. However, learning in spiking neurons
has often been limited to learning synaptic weights exclusively leaving other neural
and synaptic parameters to be homogeneous and static [11, , |. The spiking
dynamics of biological neural networks are not only governed by the distribution of
synaptic weights, but also by all other neural and synaptic parameters. Thus, it is
only natural to study the functional role of these parameters within spiking neural

networks.
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Some recent work suggests that there may be an advantage on training other neural
and synaptic parameters in addition to weights. For instance, in [140] both synaptic
weights and delays are trained, in [183] it is found that neurons with adaptive
threshold are crucial in order to achieve the best performance and, more recently,
in [184] synaptic filters dynamics are trained in addition to synaptic weights. Other
works have suggested that the heterogeneity present in the brain may play several
important functional roles [141%, , , , , ], notably heterogeneous
tuning may be important for robust population coding of complex stimuli [176, ].
There is also work that suggests that heterogeneity plays a crucial role in neural
information processing [180], enhancing the information carrying capacity across
nervous systems [172] and results on a higher computational power [182]. Despite
these advances, the advantages of heterogeneity of parameters in SNNs have yet not

been systematically investigated.

We used two different learning models [152; 11] to investigate the effect of introduc-
ing heterogeneity in the time scales of neurons when performing tasks with realistic
and complex temporal structure. We found that heterogeneity of synaptic and
membrane time constants improves training performance for tasks where informa-
tion is mainly encoded in the spike times while seems to have almost no impact in
tasks where information is encoded in the spatial distribution of spikes. We found
that heterogeneity emerges even when time constants are initialised homogeneously
beyond simply spreading around its initial value and that the distributions of pa-
rameters found qualitatively match the experimental data. We also found that these
improvements were not due to a better fine tuning of network parameters but were
in fact due to the heterogeneity of parameters itself. Finally, we also found that
heterogeneity can make up for mistuning in the initialisation of time constants, thus

removing the need of performing an otherwise costly hyperparameter search.

In brief heterogeneity improves the overall performance, makes learning more stable



46 Chapter 3. Neural Heterogeneity Promotes Robust Learning

and robust and networks learn neural parameter distributions that match experi-
mental observations, suggesting that the heterogeneity observed in the brain may

be a vital component of its ability to adapt to new environments.

3.2 Results

3.2.1 Time scale heterogeneity improves learning on tasks

with rich temporal structure

We investigated the role of neural heterogeneity in task performance by training
recurrent spiking neural networks to classify visual and auditory stimuli with varying
degrees of temporal structure. The model used three layers of spiking neurons: an
input layer, a recurrently connected layer, and a readout layer used to generate
predictions (Fig. 3.1A), a widely used minimal architecture (e.g. Maass et al. [118],
Neftci et al. [11]). Heterogeneity was introduced by giving each neuron an individual
membrane and synaptic time constant. We compared four different conditions:
initial values could be either homogeneous or heterogeneous, and training could
be either standard or heterogeneous (Fig. 3.1B). In more detail, time constants
were either initialised with a single value (homogeneous initialisation), or randomly
according to a gamma distribution (heterogeneous initialisation). In both types
of training, the parameters of the models were optimised using surrogate gradient
descent [11]. Synaptic weights were trainable in both standard and heterogeneous
training regimes, while time constants were either held fixed at their initial values
in the standard training regime, or could be modified in the heterogeneous training

regime.

We used five different datasets with varying degrees of temporal structure. Neu-

romorphic MNIST (N-MNIST) [188], xiao2017fashion (F-MNIST) [189], and the
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Figure 3.1: Diagram of network architecture and training configurations.
A. Model architecture. A layer of input neurons emits spike trains into a recurrently
connected layer of spiking neurons which is followed by a readout layer. B. Config-
urations. Training can be either standard (only the synaptic weights are learned) or
heterogeneous (the synaptic weights and membrane and synaptic time constants are
learned). The initialisation can be homogeneous (all synaptic and membrane time
constants are initialised to the same value) or heterogeneous (synaptic and mem-
brane time constants are randomly initialised for each neuron by sampling them
from a given probability distribution).

DVS128 Gesture dataset [190] feature visual stimuli, while the Spiking Heidelberg
Digits (SHD) and Spiking Speech Commands (SSC) datasets [191] are auditory. N-
MNIST and DVS128 use a neuromorphic vision sensor to generate spiking activity,
by moving the sensor with a static visual image of handwritten digits (N-MNIST)
or by recording humans making hand gestures (DVS128). F-MNIST is a dataset
of static images that is widely used in machine learning, which we converted into
spike times by treating the image intensities as input currents to model neurons,
so that higher intensity pixels would lead to earlier spikes, and lower intensity to
later spikes. Both SHD and SSC use the same detailed model of the activity of

bushy cells in the cochlear nucleus developed in Cramer et al. [191], in response to
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spoken digits (SHD) or commands (SSC). Their model consists of standard com-
ponents from the auditory modelling literature, including a hydrodynamic basilar
membrane, transmitter pool and inhomogeneous Poisson process hair cell, and leaky
integrate-and-fire bushy cell. Of these datasets, N-MNIST and F-MNIST have mini-
mal temporal structure, as they are generated from static images. DVS128 has some
temporal structure as it is recorded motion, but it is possible to perform well at this
task by discarding the temporal information. The auditory tasks SHD and SSC by
contrast have very rich temporal structure. In all cases we used the train/test split
suggested by the corresponding dataset authors to compare our performance with

previous baselines fairly.

We found that heterogeneity in time constants had a profound impact on perfor-
mance on those training datasets where information was encoded in the precise
timing of input spikes (Table 3.1, Fig. 3.2A). On the most temporally complex
auditory tasks, accuracy improved by a factor of around 15-20%, while for the least
temporally complex task N-MNIST we saw no improvement at all. For the gesture
dataset DVS128 we can identify the source of the (intermediate) improvement as
the heterogeneous models being better able to distinguish between spatially similar
but temporally different gestures, such as clockwise and anticlockwise versions of the
same gesture (see Fig. 3.3). This suggests that we might see greater improvements

for a richer version of this dataset in which temporal structure was more important.

We verified that our results were due to heterogeneity and not simply to a better
tuning of time constants in two ways. Firstly, we performed a grid search across
all homogeneous time constants for the SHD dataset and used the best values for
our comparison. Secondly, we observe that the distribution of time constants after
training is very similar and heterogeneous regardless of whether it was initialised
with a homogeneous or heterogeneous distribution (Fig. 3.2B), indicating that the

heterogeneous distribution is optimal.
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Initialisation-Training N-MNIST F-MNIST DVS128 SHD SSC
Homog-Standard 97.44+0.0 80.1+£7.4 76.9£0.8 71.7£1.0 49.74+0.4
Heterog-Standard 97.5+£0.0 87.9+0.1 79.5+1.0 73.7+1.1 53.7+0.7
Homog-Heterog 96.6+£0.2 79.7£7.4 81.2+0.8 82.7£0.8 56.6£0.7
Heterog-Heterog 97.34+0.1 87.54+0.1 82.1+0.8 81.7+0.8 60.1+0.7
Chance level 10.0 10.0 10.0 5.0 2.9

Table 3.1: Testing accuracy percentage over different datasets and train-
ing methods Effect of initialisation and training configuration on performance,
on datasets of increasing temporal complexity. Initialisation can be homogeneous
(all time constants the same) or heterogeneous (random initialisation), and training
can be standard (only synaptic weights learned) or heterogeneous (time constants
can also be learned). N-MNIST and F-MNIST are static image datasets with little
temporal structure, DVS128 is video gestures, and SHD and SSC are temporally
complex auditory datasets.

Introducing heterogeneity allows for a large increase in performance at the cost of
only a very small increase in the number of parameters (0.23% for SHD, because
we have added some neuron-specific parameters, but not added any synapse-specific
ones, and the vast majority of parameters are synaptic weights), and without us-
ing any additional neurons or synapses. Heterogeneity is therefore a metabolically
efficient strategy. It is also a computationally efficient strategy of interest to neuro-
morphic computing, because adding heterogeneous time constants to the model adds
O(n) to memory use and computation time when simulating the model, while adding
more neurons adds O(n?) (because the model is fully connected, so the number of

synaptic weights is proportional to the square of the number of neurons).

Note that it is possible to obtain better performance using a larger number of neu-
rons. For example, Cramer et al. [191] obtained a performance of 83.2% on the
SHD dataset without heterogeneity using 1024 neurons and data augmentation tech-
niques, whereas we obtained 82.7% using 128 neurons and no data augmentation.
We focus on smaller networks here for two reasons. Firstly, we wanted to system-
atically investigate the effect of different training regimes, and current limitations

of surrogate gradient descent mean that each training session takes several days.
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Figure 3.2: Impact of training configuration and temporal structure of the
dataset on the testing accuracy, membrane time constant distributions
and performance when training at different time scales. A. Improvements in
accuracy in testing data, for datasets with low (N-MNIST, F-MNIST), intermediate
(DVS) and high (SHD) temporal complexity. Shaded areas correspond to standard
error of the mean over 10 trials (which in some cases is too small to be visible).
Initialisation can be homogeneous (blue/green) or heterogeneous (orange/red), and
training can be standard, weights only (blue/orange) or heterogeneous including
time constants (green/red). Heterogeneous configurations achieve a better test ac-
curacy on the more temporally complex datasets. Heterogeneous initialisation also
results in a more stable and robust training trajectory for F-MNIST, leading to a
better performance overall. B. Membrane time constant distributions before (left)
and after (right) training for each dataset. Histograms above the axis represent het-
erogeneous initialisation, and below the axis homogeneous initialisation. In the case
of standard training (weights only), the initial distribution (left) is the same as the
final distribution of time constants after training. C. Experimentally observed dis-
tributions of time constants for (top to bottom): mouse cochlear nucleus, multiple
cell types (172 cells)[192, 193]; mouse V1 layer 4, spiny (putatively excitatory) cells
(164 cells)[194, 195]; human middle temporal gyrus, spiny cells (236 cells)[194, 195].
D. Raster plot of input spikes from a single sample of the SHD dataset (spoken
digits) at three different time scales. E. Accuracy on the SHD dataset after training
on a variety of time scales (randomly selected from the grey distribution) for the
four configurations described in (A). F. Accuracy on the SHD dataset when the
initial distribution of time constants is tuned for time scale 1.0, but the training and
testing is done at different time scales.
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Figure 3.3: A. Visualisation of two samples of the DVS128 gesture dataset. Each
frame spans a 5ms window with 200ms between frames. To distinguish these ges-
tures we need to integrate over tens of milliseconds. B. Confusion matrices of the
DVS128 gesture dataset under the fully homogeneous (left) and fully heterogeneous
(right) configurations. Class 2 (Right hand wave) is often incorrectly classified as 4
(Right hand clockwise) and 5 (Right hand counter clockwise) under the homogeneous
configuration but not under the heterogeneous one.

Secondly, with larger numbers of neurons, performance even without heterogeneity
can in some cases approach the ceiling on these tasks (which are still simple in com-
parison to those faced by animals in real environments), making it more difficult to
see the effect of different architectures. In the case of SSC dataset however, even

with this limitation to small networks, heterogeneity confers such an advantage that

our results are state of the art (for spiking neural networks) by a large margin.

We also tested the effect of introducing heterogeneity of other neuron parameters,
such as the firing threshold and reset potential, but found that it made no appreciable
difference. This was because for our model, changing these is almost equivalent to
a simple scaling of the membrane potential variable. By contrast, Bellec et al. [183]
found that introducing an adaptive threshold did improve performance, presumably
because it allows for much richer temporal dynamics (in line with earlier findings

such as [190]).
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3.2.2 Predicted time constant distributions match experi-

mental data

In all our tasks, the distributions of time constants after training approximately but
not exactly fit a log normal or gamma distribution (with different parameters for
each task). They are also consistent across different training runs (see Fig. 3.4 and
Fig. 3.5) and initial distributions (see Fig. 3.6 and Fig. 3.7), suggesting that the
learned distributions may be optimal. Using publicly available datasets including
time constants recorded in large numbers of neurons in different animals and brain
regions [192, , , |, we found similar distributions to those we predicted
(Fig. 3.2C). This is striking, as our model is optimised for a single, relatively simple
task, while animals in real environments face a range of tasks, each of which is more
difficult than our model tasks. The parameters for the experimentally observed
distributions are different for each animal and region, just as for different tasks
in our simulations. Interestingly, the distribution parameters are also different for
each cell type in the experimental data, a feature not replicated in our simulations
as all cells are identical. This suggests that introducing further diversity in terms of

different cell types may lead to even better performance.

3.2.3 Generalisation across time scales

Sensory signals such as speech and motion can be recognised across a range of speeds
by humans and animals. We tested the role of heterogeneity in learning a circuit that
can function across a wide range of speeds. We augmented the SHD spoken digits
datasets to include faster or slower versions of the samples, multiplying all spike
times by a temporal scale as an extremely simplified model that captures a part of the
difficulty of this task (Fig. 3.2D). During training, temporal scales were randomly

selected from a distribution roughly matching human syllabic rate distributions
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Figure 3.4: Breakdown of membrane time constant distribution for each trial for
consistency checking on each dataset.

[197]. The heterogeneous configurations performed as well or better at all time scales
(Fig. 3.2E), and in particular were able to generalise better to time scales outside
the training distribution (e.g. an accuracy of 47% close to a time scale of 4, around
7% higher than the homogeneous network, where chance performance would be 5%).
Heterogeneous initialisation alone was sufficient to achieve this better generalisation
performance, while time constant training improved the peak performance but gave

no additional ability to generalise.

3.2.4 Robustness against mistuned learning

We tested the hypothesis that heterogeneity can provide robustness with two exper-
iments where the hyperparameters were mistuned, that is where the initial distri-

butions and learning parameters were chosen to give the best performance for one
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distribution, but the actual training and testing is done on a different distribution.

In the first experiment, we took the augmented SHD spoken digits dataset from the
previous section, selected the hyperparameters to give the best performance at a
time scale of 1, but then trained and tested the network at a different time scale
(Fig. 3.2F). We used training of weights only, since allowing retraining of time con-
stants lets the network cancel out the effect of changing the time scale. With a
homogeneous or narrow heterogeneous initial distribution (blue line in Fig. 3.2F),
performance falls off for time scales far from the optimal one, particularly for larger
time scales (slower stimuli). However, a wide heterogeneous initial distribution (pur-
ple line in Fig. 3.2F) allows for good performance across all time scales tested, at the
cost of a slightly lower peak performance at the best time scale. We tested whether
or not this was solely due to the presence of a few neurons with long time constants
by introducing an intermediate distribution where the majority of time constants
were the same as the homogeneous case, with a small minority of much longer time

constants (brown line in Fig. 3.2F). The performance of this distribution was inter-
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mediate between the homogeneous and heterogeneous distributions, a pattern that

is repeated in our second experiment below.

In the second experiment, we switched to a very different learning paradigm, FORCE
training of spiking neural networks [152] to replay a learned signal, in this case a
recording of a zebra finch call (Fig. 3.8A; from Bléittler and Hahnloser [198]). This
method does not allow for heterogeneous training (tuning time constants), so we
only tested the role of untrained heterogeneous neuron parameters. We tested three
configurations: fully homogeneous (single 20ms time constant as in the original
paper); intermediate (each neuron randomly assigned a fixed fast 20ms or slow
100ms time constant); or fully heterogeneous (each neuron randomly assigned a

time constant drawn from a gamma distribution).

Nicola and Clopath [152] showed that network performance is highly dependent on
two hyperparameters (G and @ in their paper). We therefore tuned these hyper-
parameters for a network of a fixed size (N = 1000 neurons) and ran the training
and testing for networks of different sizes (Fig. 3.8B). As the network size started
to diverge, the homogeneous network began to make large errors, while the fully
heterogeneous network was able to give low errors for all network sizes. The inter-
mediate network was able to function well across a wider range of network sizes than
the fully homogeneous network, but still eventually failed for the largest network
sizes. At these large network sizes, the homogeneous network neurons fire at or close
to their maximal rate and training cannot take place, leading to poor performance
(Fig. 3.8C). The robustness of the heterogeneous version of the network can be
measured by the area of the hyperparameter space that leads to good performance
(Fig. 3.8D). Adding partial or full heterogeneity leads to an improvement in learn-
ing for all points in the hyperparameter space, again suggesting that it can improve

robustness of learning in a wide range of situations.
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Figure 3.8: Robustness to learning hyperparameter mistuning. A. Spectro-
gram of a zebra finch call. The network has to learn to reproduce this spectrogram,
chosen for its spectrotemporal complexity. B Error for three networks at different
network sizes (hyperparameters G and () were chosen to optimise performance at
N = 1000 neurons as given in Table 3.4). Networks are fully homogeneous (Ho-
mog); intermediate, where each neuron is randomly assigned slow or fast dynamics
(Double); or fully heterogeneous, where each neuron has a random time constant
drawn from a gamma distribution (Gamma). C. Raster plots of 50 neurons ran-
domly chosen, and reconstructed spectrograms under fully homogeneous and fully
heterogeneous (Gamma) conditions for N = 4000 neurons as indicated in (B). D.
Reconstruction error. Each row is one of the three configurations shown as lines
in (B). Each column is a network size. The axes of each image give the learning
hyperparameters (G and ). Grey pixels correspond to log mean square error above
0, corresponding to a complete failure to reconstruct the spectrogram. The larger
the coloured region, the more robust the network is, and the less tuning is required.
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3.3 Methods

3.3.1 Neuron and synaptic models

We use the Leaky Integrate and Fire (LIF) neuron model in all our simulations. In

this model the membrane potential of the j-th neuron in the [-th layer v](.l) (t) varies

over time following Equation (3.1).

Tt = = (0 () = Vo) + R (1) (3.1)

Here, 7,, is the membrane time constant, V[ is the resting potential and I ](l) (t) is
the input current. When the membrane potential reaches the threshold value V;;, a
spike is emitted, v](-l)(t) resets to the reset potential V, and then enters a refractory
period that lasts ¢,.f seconds where the neuron cannot spike. For the remaining we

assume R = 1.

Spikes emitted by the i-th neuron in layer [—1 at a finite set of times {tl(k)} can be

formalised as a spike train S(H)(t) defined as in Equation (3.2)

%

s =" -1 (3.2)

The input current I ]@ (t) is obtained from the spike trains of all presynaptic neurons

connected to neuron j following Equation (3.3)

7 ! ) (- N
T Jdt :_]j()(t)*ZWé)sz( 1)(t)+ZV,fj)s£)(t) (3.3)
i k

Here 75 is the synaptic time constant, Wl]l ) is the feed-forward synaptic weight from

neuron ¢ in layer [—1 to neuron j in layer [ and V;g-l) is the recurrent weight from
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neuron ¢ in layer [ to neuron j in layer [.

Thus, a LIF neuron is fully defined by six parameters 7,,,, 75, Vi, Vo, Vi, trep plus its
synaptic weights I/VZ-(;) and Vig-l). We refer to these as the neuron parameters and
weights respectively.

Since we are considering the cases where these parameters may be different for each
neuron in the population we should actually refer to 7,, ;, 75, Vinj, Vo;,Vrj, tres-

However, for notational simplicity we will drop the j subscript and it will be assumed

that these parameters can be different for each neuron in a population.

3.3.2 Neural and synaptic model discretisation

In order to implement the LIF model in a computer it is necessary to discretise
it. We follow the discretisation in Cramer et al. [191] and 2.3.2. Here we use
square brackets to index variables changing in a discrete time setting, so that ¢
refers to a continuous value when written f(¢) or an integer when written f[t]. We
discretise time into multiples of a small time step At, so that spikes can only happen
at multiples of At. With this discretisation, we can approximately solve Equation

(3.3) to give
I+ oty =11+ 1] = alVt] + Z Wi D[] + Z VigstJt] (3.4)
with o = exp(—At /7). Similarly, Equation (3.1) becomes
oDt + At) = ot + 1] = B[] + (1 - 8) (vo + 1 [t]) — (Vi —Vi)sP[1] (3.5

with 5 = exp(—At/7,,). The last term is added to reset the neuron after spiking
and it is often called a ‘soft threshold’ (as opposed to a ‘hard threshold” which would

consist on setting the membrane to V,.).
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Finally, the spiking mechanism

1, if oY1) > Vi
SO = ! t (3.6)

J
0, if v\'[t] < Vi

Notice how the last term in Equation (3.5) introduces the membrane potential reset-
ting. This would only work if we assume that the neuron potential at spiking time
was exactly equal to Vj,. This may not necessarily be the case since a membrane
potential update that crossed the threshold may result in vgl) >V, and then the
resetting mechanism will not set the membrane potential to V.. However, we found

that this has a negligible effect in our simulations.

Surrogate Gradient Descent Training

With the discretisation introduced in the previous section, a spiking layer consists of
three cascaded sub-layers: current from Equation (3.4), membrane from Equation
(3.5) and spike from Equation (3.6). The current and membrane sub-layers have
access to their previous state and thus, they can be seen as a particular case of
recurrent neural network (RNN). Note that while each neuron is a recurrent unit
since it has access to its own previous state, different neurons in the same spiking
layer will only be connected if any of the non-diagonal elements of V¥ is non-zero.
In other words, all spiking neural networks (SNNs) built using this model are RNNs
but not all SNNs are recurrent SNNs (RSNNs).

We can cascade L spiking layers to conform a Deep Spiking Neural Network anal-
ogous to a conventional Deep Neural Network and train it using gradient descent.
However, since Equation (3.6) is non-differentiable, we need to modify the back-
wards pass as in [11] so that the backpropagation through time (BPTT) algorithm

can be used to update the network parameters.
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v
O'(V(l)) _ J

This means that while in the forward pass the network follows a step function as in
Equation (3.6), in the backwards pass it follows a sigmoidal function described in

Equation (3.7), with a steepness set by p>0.

We can now use gradient descent to optimise the synaptic weights W & R xn®
and VO € R " a5 in conventional deep learning. We can also optimise the
spiking neuron specific parameters Vy,, Vp, V, since they can be seen as bias terms.
The time constants can also be indirectly optimised by training a and 8 which can

be seen as forgetting factors.

We apply a clipping function to a and 3 after every update.

e /3, if x<e V3
clip(x) = (3.8)
0.995, iof x> 0.995

In order to ensure stability, the forgetting factors have to be less than 1. Otherwise,
the current and membrane potential would grow exponentially. Secondly to make the
system causal these factors cannot be less than zero. This however, would allow for
arbitrarily small time constants and for a finite time resolution At leads to constant
firing and numerical instability. Thus, we constrain the time constants to be at least
3At. This leads to the minimum value being exp(—1/3). As for the upper bound, we
chose a maximum time constant of 100ms (corresponding to exp(—At/100) = 0.995)
informed by the time constants reported in the NeuroElectro database [199] which
shows that about 99.5% of the membrane time constants recorded from biological
neurons have time constants below this value. The lower bound is also consistent

with this database given our simulation time step of 0.5ms. Since there is no data
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available on synaptic time constants we chose the same range for as for the membrane
constant. We also set clipping limits for Vj;, V4, V,. such that they are always between

the ranges specified in Table 3.2.

There are several ways in which the neuron parameters may be trained. One possi-
bility is to make all neurons in a layer share the same neuron parameters. That is,
a single value of Vi, Vi, V., a, (3 is trained and shared by all neurons in a layer. An-
other possibility is to optimise each of these parameters in each neuron individually
as we have done in our experiments. We also always trained the weight matrices
W® and V. Training was done by using automatic differentiation on PyTorch

[200] and Adam optimiser with learning rate 107 and betas (0.9,0.999).

In all surrogate gradient descent experiments a single recurrent spiking layer with 128
neurons received all input spikes. This recurrent layer is followed by a feedforward
readout layer with Vj;, set to infinity and with as many neurons as classes in the

dataset.

For the loss function, we follow the maz-over-time loss in [191] to take the maximal
membrane potential over the entire time in the readout layer, which was found to
lead to the highest classification performance. We then take these potentials and

compute the cross-entropy loss

£ (V(L) [t]) — _ 10g ( exp(arg maXt ‘/c(l[(;ZS [t]) ) (39)

class L
5, explarg max, V7 1)

where class corresponds to the readout neuron index of the correct label for a given
sample. The loss is computed as the average of Nyun training samples. This was

repeated for a total of Nepocns-

In order to improve generalisation we added noise to the input by adding spikes

following a Poisson process with rate 1.2 Hz and deleting spikes with probability



3.3. Methods 63

0.001.

The parameters used for the network are given in Table 3.2 and Table 3.3 unless
otherwise specified. In Fig. 3.2F we used a log-normal distribution for the initial
values of the time constants in which we ensured the mode was the same as in the
Gamma distribution we used for the other experiments (see Table 3.2) but we scaled
the standard deviation to be f times that of the original Gamma distribution. We

used f =4 for the heterogeneous case.

For the intermediate case all neurons were initialised as in the Homogeneous config-
uration except for 5% of them selected randomly that were given the largest time
constant value allowed of 100ms. The aim of this was to test whether all that was
needed was some neurons with a longer memory. We chose 5% since the optimal
distribution of trained time constants in the SHD shows that about this fraction of

neurons reach this maximum value.

Table 3.2: Parameter initialisation for the different configurations

Parameter Homlnit Hetlnit Description

Tim Tim I'(3,7»/3) Membrane time constant
Ts Ts I'(3,7/3) Synaptic time constant
Vin Vi U(0.5,1.5) Membrane threshold
Vo Vo U(—-0.5,0.5) Resting potential

|78 V, U(—0.5,0.5) Reset potential

Table 3.3: Surrogate Gradient Descent network parameters

Parameter Value Description

At 0.5 ms Simulation time step

T 20 ms Mean membrane time constant
Ts 10 ms  Mean synaptic time constant
Vin 1V Membrane threshold

Vo 0 mV  Resting potential

V., 0 mV  Reset potential

ref 0 ms Refractory time

p 100 Surrogate steepness

All states I]@ 0] and Vj(l) [0] are initialised to 0. For the weights W and V, we



64 Chapter 3. Neural Heterogeneity Promotes Robust Learning

independently sampled from a uniform distribution ¢/(—k~'/2 k='/?), with k being

the number of afferent connections [201].

3.3.3 FORCE Training

The FORCE method is used to train a network consisting of a single recurrent layer
of LIF neurons as in [152]. In particular, we followed the method used to learn to
reproduce a songbird singing. In this method, there are no feedforward weights and

only the recurrent weights V' are trained. We can express these weights as

V = Guv + Qno" (3.10)

The first term in Equation (3.10), namely G, remains static during training and it
is initialised to set the network into chaotic spiking. The learned component of the
weights ¢7 € RF*YN with N being the number of recurrent units and K the number
of encodings, is updated using the Recursive Least Squares algorithm [153]. The
vector n € RV*K serves as a decoder and it is static during learning. The constants

G and (@) govern the ratio between chaotic and learned weights.

With this definition of V' we can write the currents into the neurons as the sum
It] =I¢[t]+1g[t] (we dropped the layer [ superscript since we only have a single

layer) where we define

It + 1] = alg[t] + Guslt] (3.11)
Io[t +1] = Qng'rt] (3.12)

rlt + 1] = ar[t] + s[t] (3.13)
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In order to stabilise the network dynamics we add a High Dimensional Temporal
Signal (HDTS) as in [152]. This is an M dimensional periodic signal z[t]. Given the
HDTS period T, we split the interval [0, 7] into M subintervals I,,,, m=1,..., M

such that each of the components of z[t] is given by

Asin (M=) if te I,
] = [Asin (57) (3.14)

0 otherwise

This signal is then projected onto the neurons through a decoder g€ RV*M similar

to n in Equation (3.10). The total current is then given by

It|=1g[t|+1g[t] + pzt] (3.15)

The aim of FORCE learning is to approximate a K-dimensional time varying teach-

ing signal z[t|. The vector r[t] is used to obtain an approximant of the desired

signal
z[t] = ¢'r[t] (3.16)
The weights are updated using the RLS learning rule [153] according to:
olt] = o[t — 1] — e[t]P[t]r[t] (3.17)

P[t — 1r[t]r[t]TP[t — 1]
1+ 7r[t]"P[t — 1]r[t]

Pt] =Pt — 1] — (3.18)

During the training phase, the teaching signal z[t| is used to perform the RLS

update. Then, during the testing phase, the teaching signal is removed.
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We used the parameters given in Table 3.4 for all FORCE experiments unless oth-
erwise specified. For the gamma initialised synaptic time constants we draw the

values from I'(3,0.025).

Table 3.4: FORCE network parameters

Parameter Value Description

At 0.04 ms Simulation time step

N 1000 Number of neurons

M 500 Number of HDTS subintervals
Tm 10 ms Membrane time constant

Ts 20 ms Synaptic time constant

Vin -40 mV Membrane threshold

Vo 0 mV Resting potential
V. -6b mV  Reset potential
Lref 2 ms Refractory time
Q 10 Chaotic weight
G 0.04 Learned weight
A 80 HDTS amplitude

The period T" was chosen to be equal to the length of the teaching signal z[t].
The membrane potentials were randomly initialised following a uniform distribution
UV, V). Vectors n and p were randomly drawn from U(—1,1). The static weights
v were drawn from a normal distribution A/(0,1/(Np?)), then these weights were
set to 0 with probability p= 0.1. All other variables are initialised to zero unless

otherwise specified.

We computed the errors following

A2
1ogMSE(z, &) = log;, (w) (3.19)

Where ||z||r is the Frobenius norm of the multidimensional time signal £ and D is

the number of elements in z.
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3.4 Discussion and conclusions

We trained spiking neural networks at difficult classification tasks, either forcing
all neuron time constants to be the same (homogeneous) or allowing them to be
different (heterogeneous). We found that introducing heterogeneity improved the
overall performance across a range of tasks and training methods, but particularly
so on tasks with richer intrinsic temporal structure. Learning was more robust, for
heterogeneous networks, in that the networks were able to learn across a range of
different environments, and when the hyperparameters of learning were mistuned.
When the learning rule was allowed to tune the time constants as well as synaptic
weights, a consistent distribution of time constants was found, akin to a log normal
or gamma distribution, and this qualitatively matched time constants measured in
experimental data. Our model is consistent with the two possibilities that these
time constant distributions are learned during an individuals lifetime, or that they

are found as a result of an evolutionary process.

We conclude from this that neural heterogeneity is a metabolically efficient strategy
for the brain. Heterogeneous networks have no additional cost in terms of the num-
ber of neurons or synapses, and perform as well as homogeneous networks which
have an order of magnitude more neurons. This gain also extends to neuromorphic
computing systems, as adding heterogeneity to the neuron model adds an addi-
tional time and memory cost of only O(n), while adding more neurons has a cost of
O(n?) (because all neurons are connected). Further, in some neuromorphic systems
like BrainScaleS this heterogeneity is already present as part of the manufacturing
process [202]. In addition to their overall performance being better, heterogeneous
networks are more robust and able to learn across a wider range of environments,
which is clearly ethologically advantageous. Again, this has a corresponding bene-
fit to neuromorphic computing and potentially machine learning more generally, in

that it reduces the cost of hyperparameter tuning, which is often one of the largest
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costs for developing these models.

We now turn to the matter of the extent of time constant tuning in real nervous
systems. It could be the case that the heterogeneous distribution of time constants
observed in different animals and brain regions (Fig. 3.2C) is simply a product of
noisy developmental processes. We cannot rule this out. However, our results show
that the distributions observed experimentally closely match the optimal ones found
by simulations, and this optimal distribution confers a substantial computational
advantage. It therefore seems likely that the brain makes use of this advantage.
We found that any degree of heterogeneity improves performance, but that the best
performance could be found by tuning the distribution of time constants to match
the task. Without a more detailed model of particular brain regions in specific
animals, and the real world tasks they solve, it is difficult to conclude whether or
not the precise distributions observed experimentally are tuned to those tasks or not.
Further, having a less precisely tuned distribution may lead to greater robustness in

uncertain environments.

A number of studies have used heterogeneous or tunable time constants [203, ,

], but these have generally been focused on maximising performance for neuro-
morphic applications, and not considering the potential role in real nervous systems.
In particular, we have shown that: heterogeneity is particularly important for the
type of temporally complex tasks faced in real environments, as compared to the
static ones often considered in machine learning; heterogeneity confers robustness
allowing for learning in a wide range of environments; optimal distributions of time
constants are consistent across training runs and match experimental data; and that

our results are not specific to a particular task or training method.

The methods used here are very computationally demanding, and this has limited
us to investigating very small networks (hundreds of neurons when using surrogate

gradient descent and thousands using FORCE training). Indeed, we estimate that
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in the preparation of this paper we used approximately 2 years of GPU computing.
Finding new algorithms to allow us to scale these methods to larger networks will

be a critical task for the field.

Finally, it would be interesting to see to what extent different forms of heterogeneity
confers other advantages, such as spatial as well as temporal heterogeneity. We ob-
served that in the brain, different cell types have different stereotyped distributions
of time constants, and it would be interesting to extend our methods to networks

with multiple cell types, including more biophysically detailed cell models.

Our computational results show a compelling advantage for heterogeneity, and this
makes intuitive sense. Having heterogeneous time constants in a layer allows the net-
work to integrate incoming spikes at different time scales, corresponding to shorter
or longer memory traces, thus allowing the readout layer to capture information
at several scales and represent a richer set of functions. It would be very valuable
to extend this line of thought and find a rigorous theoretical explanation of the

advantage of heterogeneity.



Chapter 4

Sparse Spiking Gradient Descent

In this chapter we introduce a new method for computing the backward pass on
SNNs that leverages the sparse nature of the spiking activations. We show that we
can compute sparse gradients without loss of accuracy and empirically show that we
can perform this gradient computation efficiently. We test this on different network
architectures and challenging benchmarks resulting in up to a 150x speedup and 85%
more memory efficient backward execution. These results open the possibility of a
fast, energy and memory efficient end-to-end training on spiking neural networks

which benefits neuromorphic training and computational neuroscience research.

4.1 Introduction

In recent years, deep artificial neural networks (ANNs) have matched and occasion-
ally surpassed human-level performance on increasingly difficult auditory and visual
recognition problems [I, 2, 3], natural language processing tasks [/, 5] and games
[0, 7, 8]. As these tasks become more challenging the neural networks required to
solve them grow larger and consequently their power efficiency becomes more impor-

tant [200, 207]. At the same time, the increasing interest in deploying these models

70
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into embedded applications calls for faster, more efficient and less memory intensive

networks [20%, 209].

The human brain manages to perform similar and even more complicated tasks while
only consuming about 20W [19] which contrasts with the hundreds of watts required
for running ANNs [206]. Unlike ANNs, biological neurons in the brain communicate
through discrete events called spikes. A biological neuron integrates incoming spikes
from other neurons in its membrane potential and after reaching a threshold emits
a spike and resets its potential [21]. The spiking neuron, combined with the sparse
connectivity of the brain, results in a highly spatio-temporally sparse activity [210]

which is fundamental to achieve this level of energy efficiency.

Inspired by the extraordinary performance of the brain, neuromorphic computing
aims to obtain the same level of energy efficiency preferably while maintaining an
accuracy standard on par with ANNs by emulating spiking neural networks (SNNs)
on specialised hardware [211, , , ]. These efforts go in two directions:
emulating the SNNs and training the SNNs. While there is a growing number of
successful neuromorphic implementations for the former [213, , , , , ,

, |, the latter has proven to be more challenging. Some neuromorphic chips

implement local learning rules [219, , | and recent advances have achieved to
approximate backpropagation on-chip [222]. However, a full end-to-end supervised
learning via error backpropagation requires off-chip training [215, , |. This

is usually achieved by simulating and training the entire SNN on a GPU and more
recently, emulating the forward pass of the SNN on neuromorphic hardware and
then performing the backward pass on a GPU [202] ]. The great flexibility
provided by GPUs allows the development of complex training pipelines without
being constrained by neuromorphic hardware specifications. However, as GPUs do
not leverage the event-driven nature of spiking computations this results in effective

but slower and less energy efficient training. An alternative to directly training
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an SNN consists on training an ANN and converting it to an SNN. However, this
approach has been recently shown to not be more energy efficient than using the

original ANN in the first place [137].

Training SNNs has been a challenge itself even without considering a power budget
due to the all-or-none nature of spikes which hinders traditional gradient descent
methods [1 1, 12]. Since the functional form of a spike is a unit impulse, it has a zero
derivative for all membrane potentials except at the threshold where it is infinity.
Recently developed methods based on surrogate gradients have been shown to be
capable of solving complex tasks to near state-of-the-art accuracies [224, , ,

, , , |. The problem of non-differentiability is solved by adopting a
well-behaved surrogate gradient when backpropagating the error [11]. This method,
while effective for training very accurate models, is still constrained to working on
dense tensors, thus, not profiting from the sparse nature of spiking, and limits the

training speed and power efficiency when training SNNs.

In this chapter we introduce a sparse backpropagation method for SNNs. Recent
work on ANNs has shown that adaptive dropout [220] and adaptive sparsity [227]
can be used to achieve state-of-the-art performance at a fraction of the computa-
tional cost [228, ]. We show that by redefining the surrogate gradient functional
form, a sparse learning rule for SNNs arises naturally as a three-factor Hebbian-
like learning rule. We empirically show an improved backpropagation time up to
150x faster than current implementations and up to 85% more memory efficient in
real datasets (Fashion-MNIST (F-MNIST) [139], Neuromorphic-MNIST (N-MNIST)
[188] and Spiking Heidelberg Dataset (SHD) [191]) thus reducing the computational
gap between the forward and backward passes. This improvement will not only im-
pact training for neuromorphic computing applications but also for computational

neuroscience research involving training on SNNs [225].
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4.2 Methods

4.2.1 Forward Model

We begin by introducing the spiking networks we are going to work with (Figs. 4.1
and 4.2). For simplicity we have omitted the batch dimension in the derivations but

it is later used on the complexity analysis and experiments.

@ ) 3)
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VI 0) Gr— 7 (1) < v @

Figure 4.1: Spiking Neural Network diagram highlighting the forward and backward
passes

We have a total of L fully connected spiking layers. Each layer [ consisting of n(®)
spiking neurons which are fully connected to the next layer [+1 through synaptic
weights W e R""*n"™ " Each neuron has an internal state variable, the membrane
potential, v](.l) [t] € R that updates every discrete time step ¢ € {0,...,T—1} for some
finite simulation time 7" € N. Neurons emit spikes according to a spiking function

f: R — {0,1} such that

sVt = FP1t)) (4.1)

The membrane potential varies according to a simplified Leaky Integrate and Fire
(LIF) neuron model in which input spikes are directly integrated into the membrane
[241]. After a neuron spikes, its potential is reset to V,.. We will work with a discretised
version of this model. The membrane potential of neuron j in layer [+ 1 evolves

according to the following difference equation
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(l“)[t—i—l] (l+1)[t] +(1—a)Vo+ Zs(l W(l (Vi — VT)S(»M)[t] (4.2)

J J

The first two terms account for the leaky part of the model where we define o =
exp(—At/7) with At,7 € R being the time resolution of the simulation and the
membrane time constant of the neurons respectively. The second term deals with the
integration of spikes. The last term models the resetting mechanism by subtracting
the distance from the threshold to the reset potential. For simplicity and without

loss of generality, we consider Vy=0,V;;,=1,V,=0 and UJ(-Z) [0]=0V1,j from now on.

We can unroll (4.2) to obtain

t

v E41) = ZZO R W =3 ot RS ] (4.3)

i k=0 k=0

J/

~~
Input trace Resetting term

~
Weighted input

Thus, a spiking neural network can be viewed as a special type of recurrent neural
network where the activation function of each neuron is the spiking function f(-).
The spiking function, is commonly defined as the unit step function centered at a

particular threshold V,

1, v >V
flv) = (4.4)

0, otherwise

Note that while this function is easy to compute in the forward pass, its derivative,
the unit impulse function, is problematic for backpropagation which has resulted in
adopting surrogate derivatives [11] to allow the gradient to flow. Interestingly, it

has been shown that surrogate gradient descent performs robustly for a wide range
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Figure 4.2: Illustration of the gradient backpropagating only through active neurons.

of surrogate functional forms [1415].

After the final layer, a loss function loss(-) computes how far the network activity
is with respect to some target value for the given input. The loss function can be
defined as a function of the network spikes, membrane potentials or both. It may
also be evaluated at every single time step or every several steps. We deliberately
leave the particular definition of this function open as it does not directly affect the

sparse gradient descent method we introduce.

4.2.2 Backward Model

The SNN is updated by computing the gradient of the loss function with respect to
the weights in each layer. This can be achieved using backpropagation through time
(BPTT) on the unrolled network. Following (4.1) and (4.3) we can derive weight

gradients to be
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Spike
derivative
VW(I) _ Z ;?(/+1> ¢ d: .JH_l) t Z t—k— 1 (1 k (4 5)
g =J H (l+1 a ’
t Gradient from J t ket

-~

next layer Input trace

This gradient consists of a sum over all time steps of the product of three terms.
The first term, modulates the spatio-temporal credit assignment of the weights by
propagating the gradient from the next layer. The second term, is the derivative
of f(-) evaluated at a given v;[t]. The last term is a filtered version of the input
spikes. Notice that it is not necessary to compute this last term as this is already
computed in the forward pass (4.3). We have chosen not make the spike resetting
term in (4.3) differentiable as it has been shown that doing so can result in worse

testing accuracy [115] and it increases the computational cost.

For a typical loss function defined on the output layer activity, the value of 55-]‘71) [t]
(i.e. in the last layer) is the gradient of the loss with respect to the output layer (see
Fig. 4.1). For all other layers we have that 5.50[7%} = Vsy)[ﬂ, that is, the gradient
of the loss function with respect to the output spikes of layer [. We can obtain an

expression for VSED ] as a function of the gradient of the next layer:

Spike
Gradient from derivative
next layer
0) ) ,+1 dsj(.lﬂ)[k:} i
€ [ﬂ = vsz‘ m = Z ij Z v w o (46)
k>t dvj k]

J
=y wiot, 1={0,...L—2}
j

All hidden layers need to compute equations (4.5) and (4.6). The first one to update
their input synaptic weights and the second one to backpropagate the loss to the

previous layer. The first layer (I=1) only needs to compute (4.5) and the last layer
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(l=L—-1) will compute a different gg-L*l)[l/} depending on the loss function.

We introduce the following definitions which result in the sparse backpropagation

learning rule.

Definition 4.1. Given a backpropagation threshold By, € R we say neuron j is

active at time t iff

|0 [t] = Vin| < B (4.7)
Definition 4.2. The spike gradient is defined as

ds;[t] _ g(vj[t]), if vj[t] is active )

0, otherwise

This means that neurons are only active when their potential is close to the thresh-
old. Applying these two definitions to (4.5) and (4.6) results in the gradients only
backpropagating through active neurons at each time step as shown in Fig. 4.2. The
consequences of this are readily available for the weight gradient in (4.5) as the only
terms in the sum that will need to be computed are those in which the postsynaptic

neuron j was active at time t. Resulting in the following gradient update:

ds{H ]

I+1 I 1) (7 :
" :5 [t }d fre, <Zk<f s E)[tD, v]( )[t] is active,
VW [t] =

ij
0, otherwise

}:vw” (4.10)

For the spike gradient in (4.6) we have two consequences, firstly, we will only need

RO
to compute Vsﬁ-” t] for active neurons since stg-/)[ | is always multiplied by - (Z)H in
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(4.5) and (4.6). Secondly, we can use a recurrent relation to save time and memory

when computing d;[¢] in (4.6) as shown in the following proposition.

Proposition 4.1. We can use a recurrent relation to compute §;[t| given by

- st + n), if T =0, for t+1<k<t+n
[H =
J
Vit 1 Fad+andlt4n], if PEE=0, for t+1<k<t+n, $HH A0

(4.11)

This means that we only need to compute 55-1“) t] at those time steps in which either

db] [t+1]

ARy # 0 or v(l)[ t] is active Thus, we end up with the following sparse expression

for computing the spike gradient.

> Wi i) [ ], ol [t] is active
7 ! (4.12)

0, otherwise

Proof. The proof follows directly from the definition of 6;[t]. For the first case we

have
ZV dS] 1
k>t
ds; [t+ 1] ds;[t + 2] dsjft+mn| ,_
— [t J O t J 1 t n—1
Vel + 1 sl A g e Vsl e
dsjlt+n+1]
ds;[t + 1] ds;[t + 2] ds;{t+n] ,_
— ) == - 21,0 ) g—2g2 T 21 1 Goglb T 78] n—1
Vs;lt + ]dvj[t—i—l]a + 5[t + ]dvj[t+2]a + . —|—V3J[t—|—n]dvj[ ]a
ds;[k] i
+ Z Vs][k]dvj[k]a
k>t4n
_n ds;[k] 4 (t+n)
=« Z vsj[k]dvj[k]a
k>t+n
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ds;k
dvj [k]

where the penultimate equality holds from the condition =0, fort+1<k<t+n.

ds;[t+1]
dv; [t+1]

The proof of the second case is identical except that now the term Vs;[t + 1]

will be non-zero.

4.2.3 Visualisation of §,[t] computation

We show now a visualisation of the update rule in Proposition 4.1. Given a presy-

naptic neuron ¢ and postsynaptic neuron j we need to compute the gradient

Vsiltl =3 Wi (sz 3;7; k—i—l) (4.13)

k>t

= > Wyd;1]

We first note that Vs;[f] is always multiplied by 1[% either in the weight gradient
equation (4.5) or in the spike gradient equation (4.6). Thus, we only need Vs;|t| at

those times at which 33[[‘2 #0.

Secondly, according to Proposition 1 ¢,[t] is only modified beyond an attenuation

factor of o™ at those times when ds H £0.

We define
ds;|t] . . . .
t=At: o] # 0} The times we need to compute the gradient of presynaptic neuron 4
%
ds;[t]

t # 0} The times that affect ; beyond o™ attenuation
av;

t]

Both sets of times are known by the time we compute the gradients since they are

simply the times at which neurons ¢ and j were active.
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The following example shows how the computation of §;[t] would take place using
Proposition 1. We note that we only need to write the result in global memory at

times 7,. Consequently, once we have all 7, we can simply stop the computation

ds;[8]
57 = = C t
.J[ ] d/Uj [8] ompute
§;16] = ad,[7] Compute and write
ds;
8;[5] = di; E + ad;[6]  Compute and write
5,[3] = a24;[5] Compute and write
. ds;[3] . ,
5,[2] = (1’11; 3 + ;3] Not required
1s;[1 :
;0] = ds;[1] +a’0,[2]  Not required
' dv;|1] '

Thus, in the worse case scenario where sets #; and t; are disjoint instead of doing T’

updates we only do |t;| + |¢;| updates.

4.2.4 Complexity analysis

We define p; € [0,1] to be the probability that a neuron is active in layer [ at a
given time. Table 4.1 summarises the computational complexity of the gradient
computation in terms of number of sums and products. We use here N to refer to
the number of neurons in either the input or output layer and B to refer to the
batch size. In a slight abuse of notation we include the constants p; as part of the

complexity expressions.
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This gradient as defined in (4.13) is obtained by computing the matrix product
between W € RV*N and §(*1 € RV*T per batch. This gives a total of O(BN?T)
products and sums. In the sparse case we only need to compute a fraction p; of the

entries in V.S thus a total of O(p; BN?T) products and sums.

There are two main ways of computing 6!+, The naive way requires doing O(NT?)
products and O(NT?) sums by computing all values with k > ¢ for a given ¢ every
time. Alternatively, we can use memoisation to store all values already computed
resulting in just O(NT') products and O(NT') sums per batch. Thus resulting in
O(BNT) products and sums. In the sparse case, the worst case scenario is when
the active times of layers [ and [+1 are completely disjoint as we saw in the previous
section. Meaning we have to compute O((prtp;1) BNT?) products and sums without

memoisation or O((p;+pi+1)BNT) with memoisation.

Overall we get that if we do not use memoisation for computing V.S'/) then we do
O(B(NT? 4+ N2T)) sums and products and O(B((pi11+p)NT? + pi41N?T) in the
sparse case. With memoisation we do O(BN?T) and O(p;+1BN?T) in the sparse

case.

Table 4.1: Computational complexity

Original Sparse

Sums VIV ® O(BTN?) O(p+1BTN?)
Products VIW®  O(BTN?) O(p;;1BTN?)
Sums V.S® O(BTN?) O(pBTN?))
Products VSW  O(BTN?) O(p,BTN?)

In order for the sparse gradients to work better than their dense counterpart we need
to have a balance between having few enough active neurons as to make the sparse
backpropagation efficient while at the same time keeping enough neurons active to
allow the gradient to backpropagate. We later show in section 4.3 that this is the

case when testing it on real world datasets.
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4.2.5 Sparse learning rule interpretation

The surrogate derivative we propose, while not having a constrained functional form
for active neurons, imposes a zero gradient for the inactive ones. Looking back into
equation (4.5) we can identify it now as a three-factor Hebbian learning rule [230].
With our surrogate derivative definition, the second term (spike derivative) measures
whether the postsynaptic neuron is close to spiking (i.e. its membrane potential is
close to the threshold). The third term (input trace) measures the presynaptic
neuron activity in the most recent timesteps. Finally the first term (gradient from
next layer) decides whether the synaptic activity improves or hinders performance
with respect to some loss function. We note that this is not exactly a Hebbian
learning rule as neurons that get close to spike but do not spike can influence the
synaptic weight update and as such, the second term is simply a surrogate of the

postsynaptic spike activity.

Previous surrogate gradient descent methods used a similar approach to implement
backpropagation on SNNs [1406, , , , |, often using surrogate function
definitions that are maximal when the membrane is at the threshold and decay as the
potential moves away from it. In fact, in [110] the surrogate function used implies
that neurons backpropagate a zero gradient 32% of the time. However, as shown in
the next section, neurons can be active a lot less often when presented with spikes
generated from real world data and still give the same test accuracy. This is only
possible because surrogate gradient approximations to the threshold function yield
much larger values when the potential is closer to spike thus concentrating most of
the gradient on active neurons. This fact makes it possible to fully profit from our

sparse learning rule for a much reduced computational and memory cost.
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4.3 Results

We evaluated the correctness and improved efficiency of the proposed sparse back-
propagation algorithm on real data of varying difficulty and increasing spatio-temporal
complexity. Firstly, the Fashion-MNIST dataset (F-MNIST) [189] is an image
dataset that has been previously used on SNNs by converting each pixel ana-
logue value to spike latencies such that a higher intensity results in an earlier spike
[225][145]. Importantly, each input neuron can only spike at most once thus result-
ing in a simple spatio-temporal complexity and very sparse coding. Secondly, we
used the Neuromorphic-MNIST (N-MNIST) [185] dataset where spikes are gener-
ated by presenting images of the MNIST dataset to a neuromorphic vision sensor.
This dataset presents a higher temporal complexity and lower sparsity than the F-
MNIST as each neuron can spike several times and there is noise from the recording
device. Finally, we worked on the Spiking Heidelberg Dataset (SHD) [191]). This is
a highly complex dataset that was generated by converting spoken digits into spike
times by using a detailed model of auditory bushy cells in the cochlear nucleus.
This results in a very high spatio-temporal complexity and lowest input sparsity. A
visualisation of samples of each dataset can be found in the supplementary materi-
als. These datasets cover the most relevant applications of neuromorphic systems.
Namely, artificially encoding a dataset into spikes (Fashion-MNIST), reading spikes
from a neuromorphic sensor such as a DVS camera (N-MNIST) and encoding com-

plex temporally-varying data into spikes (SHD).

We run all experiments on three-layer fully connected network as in Fig. 4.1, where
the last layer (readout) has an infinite threshold. Both spiking layers in the middle
have the same number of neurons. We used g(v) := 1/(8|v — Viu| +1)? for the surro-
gate gradient as in [115]. See Appendix B.1 for all training details. We implemented

the sparse gradient computation as a PyTorch CUDA extension [200].
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4.3.1 Spiking neurons are inactive most of the time resulting

in higher energy efficiency

One of the most determining factors of the success of our sparse gradient descent
resides on the level of sparsity that we can expect and, consequently, the proportion
of active neurons we have in each layer. We measure the percentage of active neurons

on each batch as training progresses for each dataset. This can be computed as

# of active neurons

Activity = 1
ctivity 00 x BTN

(4.14)

where B is the batch size T is the total number of time steps and N the number
of neurons in the layer and the number of active neurons is obtained according to

(4.7). This is an empirical way of measuring the coefficient p; introduced earlier.

Figure 4.3A shows the activity on each dataset. As expected, the level of activity
is correlated with the sparseness of the inputs with the lowest one being on the
F-MNIST and the larger in the SHD dataset. Remarkably however, the activity on
average is never above 2% on average in any dataset and it is as low as 1.06% in the
F-MNIST dataset. This means that on average we will never have to compute more
than 2% of the factors in VIW and 2% of the values of V.S. This can be visualised

in the bottom row of Fig. 4.3B.

These coefficients give us a theoretical upper bound to the amount of energy that can
be saved if this sparse backpropagation rule was implemented in specialised hardware
which only performed the required sums and products. This is summarised in Table

4.2.

Importantly, in dense backpropagation methods the temporal dimension of datasets
and models is necessarily limited to a maximum of ~ 2000 since gradients must be

computed at all steps [191, |. This means that a lot of negligible gradients are
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Table 4.2: Theoretical upper bound to energy saved in hidden layers.

Mean activity Mean activity FEnergy saved Energy saved

layer 1 (%) layer 2 (%) in VIV (%)  in VS (%)

F-MNIST 1.06 0.87 99.13 98.94
N-MNIST 1.12 0.77 99.23 98.88
SHD 1.70 1.09 98.91 98.30

computed. However, our method adapts to the level of activity of the network and
only computes non-negligible gradients. This cost-prohibitive reality was evidenced
when we attempted to run these experiments in smaller GPUs leading to running
out of memory when using dense methods but not on ours (see Fig. 4.6). Thus,
sparse spiking backpropagation allows to train data that runs for longer periods of

time without requiring a more powerful hardware.

4.3.2 Sparse backpropagation training approximates the gra-

dient very well

We test that our sparse learning rule performs on par with the standard surrogate
gradient descent. Figure 4.3B shows a visualisation of the weight (first row) and spike
gradients (second row). Note how most of the values of V.S were not computed
and yet VWO is nearly identical to the original gradient. This is further confirmed
in Figures 4.3C and 4.3D where the loss on the SHD dataset is practically identical
with both methods (the loss for the other datasets can be found in Appendix B.2)
and the test accuracy is practically identical (albeit slightly better) in the sparse
case (F-MNIST: 82.2%, N-MNIST: 92.7%, SHD: 77.5%). These accuracies are on
par to those obtained with similar networks on these datasets (F-MNIST: 80.1%, N-
MNIST: 97.4%, SHD: 71.7%) [191, 145, 225]. These results show that sparse spiking
backpropagation gives practically identical results to the original backpropagation

but at much lower computational cost.
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Figure 4.3: Sparse backpropagation learns at high levels of sparsity. All figures
except B are a 5 sample average. Standard error in the mean is displayed (although
too small to be easily visualised). A. Percentage of active neurons during training
as a fraction of total tensor size (BxT x N) with N =200 neurons for each dataset.
B. Visualisation of the weight and spike gradients on the SHD dataset. We show
zero value in hatched grey. Note how both VW (® are nearly identical in despite
being computed using a small fraction of the values of Vs(!) in the sparse case. C.
Loss evolution on the SHD dataset using both algorithms. D. Final test accuracy
on all datasets using both methods.

4.3.3 Sparse training is faster and less memory intensive

We now measure the time it takes the forward and the backward propagation of the
second layer of the network during training as well as the peak GPU memory used.
We choose this layer because it needs to compute both VIW®) and Vs (note that
the first layer only needs to compute VW ). A performance improvement in this
layer translates to an improvement in all subsequent layers in a deeper network. We
compute the backward speedup as the ratio of the original backpropagation time

and the sparse backpropagation time. We compute the memory saved as
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memory_original — memory_sparse

Memory saved = 100 x (4.15)

memory _original

Figure 4.5A shows the speedup and memory saved on a 200 neuron hidden layer
(both hidden layers). Backpropagation time is faster by 40x and GPU memory is
reduced by 35%. To put this speedup into perspective Figure 4.5B shows the time
taken for backpropagating the second layer in the original case (about 640ms) and
the sparse case (about 17ms). It also shows that the time taken for backpropagating
is nearly constant during training as it could be expected after studying the network

activity in Fig. 4.3A.

We also tested how robust is this implementation for a varying number of hidden
neurons (in both layers). We increase the number of neurons up to 1000 which is
similar to the maximum number of hidden units used in previous work [191] and it
is also the point at which the original backpropagation method starts to run out of
memory. Here we also show the overall speedup defined as the ratio between the
sum of forward and backward times of the original over the sparse backpropagation.
The results shown in Fig. 4.5C show that the backward speedup and memory saved
remain constant as we increase the number of hidden neurons but the overall speedup
increases substantially. Given that the forward time is the same for both methods
(see Fig. 4.4) this shows that as we increase the number of neurons, the backward
time takes most of the computation and thus the sparse backpropagation becomes

more important.

We also note that these results vary depending on the GPU used, Figure 4.5 was
obtained from running on an RTX6000 GPU. We also run this on smaller GPUs
(GTX1060 and GTX1080Ti) and found that the improvement is even better reaching
up to a 70x faster backward pass on N-MNIST and SHD. This is shown in Fig: 4.6.

Our results show that our method speeds up backward execution between one and
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Figure 4.4: Average forward time for each dataset and varying number of neurons
(5 samples)

two orders of magnitude, meaning that to a first approximation we would expect it
reduce energy usage by the same factor since GPUs continue to use 30-50% of their

peak power even when idle [231].
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Figure 4.5: Speedup and memory improvement when using sparse gradient back-
propagation. All figures are a 5 sample average and its standard error in the mean
is also displayed. A. Backward speedup and memory saved in the second hidden
layer for all three datasets when using sparse gradient descent with 200 hidden neu-
rons. B. Time spent in computing the backward pass in the second hidden layer
consisting of 200 neurons when using regular gradient descent and sparse gradient
descent. C. Backward speed and memory saved in the second hidden layer as we
increase the number of hidden neurons in all hidden layers. We included the overall
speedup which takes into consideration both the forward and backward times spent
in the second layer.
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Figure 4.6: Backward speedup, overall layer speedup and backward memory memory
saved on an NVIDIA GeForce GTX 1060 (top row) and 1080Ti (bottom row)

4.3.4 Training deeper and more complex architectures

We show that our gradient approximation can successfully train deeper networks
by training a 6-layer fully connected network (5 hidden plus readout all with 300
neurons) on Fashion-MNIST (see Fig. 4.7). We measured the performance of the 5
hidden layers and achieve a 15x backward speedup when using 1080-Ti GPU (better
than the 10x speedup under these conditions with only 2 hidden layers as shown in
Fig. 4.6) and 25% memory saved while achieving a 82.7% testing accuracy (slightly
better than with 2 layers at 81.5%). The results are consistent with our previous

findings and show that the gradient is not lost in deeper architectures.

We also run a experiment with a convolutional and pooling layers on the Fashion-
MNIST dataset obtaining a test accuracy of 86.7% when using our spike gradient
approximation and 86.9% with the original gradients. We do not report speedup or
memory improvements in this network as developing a sparse convolutional CUDA
kernel is out of the scope of our work but we simply ran a dense implementation

with clamped gradients. This proves that our gradient approximation is able to
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train on more complex architectures although it still remains to be shown whether
efficient sparse operators can be implemented for this purpose. See Appendix B.1

for training details.
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Figure 4.7: Loss history and layer activities when training on Fashion-MNIST with
5 hidden layers with 300 neurons each

4.3.5 Sparsity-Accuracy trade-off

We trained the SHD dataset on the original 2-layer fully connected network with
400 neurons in each hidden layer and varied the backpropagation threshold Byy,.
We found that the training is very robust to even extreme values of By,. The loss
and accuracy remains unchanged even when setting By, = 0.95 (see 4.8A and 4.8B)
achieving a nearly 150x speedup and 85% memory improvement as shown in 4.8C.
We also inspected the levels of activity while varying By, and we found that there
are enough active neuron to propagate the gradient effectively. As By, gets closer
to 1 the number of active neurons decreases rapidly until there are no gradients to

propagate.
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Figure 4.8: Impact of varying the backpropagation threshold By, on the SHD
dataset. A. Final test accuracy on the SHD dataset as By, increases. B. Loss evo-
lution on the SHD dataset for different By,. C. Hidden activity, backward speedup
and backward memory saved as By, increases.

4.4 Discussion and Conclusions

Recent interest in neuromorphic computing has lead to energy efficient emulation
of SNNs in specialised hardware. Most of these systems only support working with
fixed network parameters thus requiring an external processor to train. Efforts to
include training within the neuromorphic system usually rely on local learning rules
which do not guarantee state-of-the-art performance. Thus, training on these sys-
tems requires error backpropagation on von-Neumann processors instead of taking

advantage of the physics of the neuromorphic substrate [232, 233].

We have developed a sparse backpropagation algorithm for SNNs that achieves the
same performance as standard dense backpropagation at a much reduced computa-

tional and memory cost. To the best of our knowledge this is the first backpropa-
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gation method that leverages the sparse nature of spikes in training and tackles the
main performance bottleneck in neuromorphic training. Moreover, while we have
used dense all-to-all connectivity between layers, our algorithm is compatible with

other SNNs techniques aimed at sparser connectivity like synaptic pruning [231].

By constraining backpropagation to active neurons exclusively, we reduce the num-
ber of nodes and edges in the backward computation graph to a point where over
98% of the operations required to compute the gradients can be skipped. This results
in a much faster backpropagation time, lower memory requirement and less energy
consumption on GPU hardware while not affecting the testing accuracy. This is
possible because the surrogate gradient used to approximate the derivative of the
spiking function is larger when the membrane potential is closer to the threshold re-
sulting in most of the gradient being concentrated on active neurons. Previous work
has used, to a lesser extent, similar ideas. Esser et al. [116] used a surrogate gradient
function which effectively resulted in about one third the neurons backpropagating
a zero gradient. Later, Pozzi, et al. [235] developed a learning rule where only the
weights of neurons directly affecting the activity of the selected output class are
updated, however, the trial and error nature of the learning procedure resulted in

up to 3.5x slower training.

However, due to the lack of efficient sparse operators in most auto-differentiation
platforms, every layer type requires to develop its own sparse CUDA kernel in order
to be competitive with current heavily optimised libraries. In our work, we concen-
trated on implementing and testing this in spiking fully connected layers and we
managed to show that sparse backpropagation is a lot faster and uses less memory.
Developing these sparse kernels is not trivial and we are aware that having to do so
for each layer is an important limitation of our work. This is no surprise since for
now there is few reasons to believe that sparse tensor operations will significantly

accelerate neural network performance. Our work aims to challenge this view and
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motivate the adoption of efficient sparse routines by showing for the first time that

sparse BPTT can be faster without losing accuracy.

We implemented and tested our method on real data on fully connected SNNs and
simulated it in convolutional SNNs. The same method can be extended to any
SNN topology as long as the neurons use a threshold activation function and the
input is spiking data. Yet, there remains still the need to develop custom sparse
CUDA kernels for each layer type. Developing these kernel types is not trivial and
we are aware that having to do so for each layer is an important limitation of our
work. This is no surprise since for now there is few reasons to believe that sparse
tensor operations will significantly accelerate neural network performance. Our work
aims to challenge this view and motivate the adoption of efficient sparse routines by
showing for the first time that sparse spiking BPTT can be faster while achieving the
same accuracy as its dense counterpart. Nevertheless, ideally, a dynamic backward
graph should be generated each time the backward pass needs to be computed and
consequently a GPU may not be the best processing unit for this task. A specialised
neuromorphic implementation or an FPGA may be more suited to carry out the
gradient computation task as this graph changes every batch update. Additionally,
while we have reduced the number of operations required for training several times,
we have only achieved up to a 85% memory reduction thus, memory requirements

remains an important bottleneck.

In summary, our sparse backpropagation algorithm for spiking neural networks tack-
les the main bottleneck in training SNNs and opens the possibility of a fast, energy
and memory efficient end-to-end training on spiking neural networks which will ben-
efit neuromorphic training and computational neuroscience research. Sparse spike
backpropagation is a necessary step towards a fully efficient on-chip training which

will be ultimately required to achieve the full potential of neuromorphic computing.



Chapter 5

Spiking Network Initialisation and

Firing Rate Collapse

5.1 Introduction

The remarkable success of deep artificial neural networks (ANNs) [236, 1] has prompted
a new interest in training spiking neural networks (SNNs) with the aim of study-
ing information processing in the brain and advancing neuromorphic engineering
[237, 238]. ANNs are typically trained using a gradient descent algorithm that relies
on the differentiability of the loss function with respect to the network parameters.
However, due to the binary nature of spiking neurons activations, this assumption
does not hold true in SNNs. Different methods have been developed to circum-
vent this issue, one of the most popular being surrogate gradient descent [l 1, ].
Surrogate gradient algorithms use a smooth function to approximate the spiking
function (Heaviside step function) in the gradient computation. This means that
the network still propagates spikes in the forward pass but backpropagates contin-
uous values. Since there are many possible choices of the surrogate function the

surrogate gradient is, unlike the true gradient, not unique. Yet, SNNs have been

94
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shown to learn very reliably under a wide variety of surrogate choices provided the

network is properly initialised [145].

Similarly to ANNs, a suboptimal weight initialisation on SNNs may result in van-
ishing or exploding gradients [239, ]. This issue has been largely explored in
the ANN literature and a wide range of strategies has been developed for an opti-
mal parameter initialisation [241]. The most popular methods rely on variance flow
analysis and aim to keep constant activations and gradient variance across layers.

Depending on the activation function and weight distribution different initialisation

schemes have been devised [212, , , . Other methods have also been
developed based on mean-field theory [246], Lipschitz property [247] and Hessian
approximations [241] (see [211] for a review).

Spiking Neural Networks are currently initialised following schemes designed for
ANNSs. These schemes are inadequate as the SNN activation function is different
from the ones studied in the ANN literature and, unlike SNNs, ANNs do not have
any temporal dynamics or resetting. Typically, this leads to either having too few
spikes in the final layers (vanishing activity) or having saturated neurons that fire
synchronously at their maximum rate and cannot propagate any information (sat-
urated /exploding activity). As a consequence, we often end up having to manually
adjust the weight variance and need to use regularisation penalties to ensure appro-
priate rates. This problem becomes worse when considering deeper networks where
potentially each layer needs to be tuned separately as the spiking signals get lost or

gradients vanish.

Research on optimal initialisation schemes on SNNs are very scarce. To the best of
our knowledge, this has only been addressed in [240]. However, this work presents
two important limitations. Firstly, it only considers approximate membrane distri-
butions that do not include the spiking and resetting mechanisms which ultimately

limit the applicability of this method to deeper networks. Secondly, it concentrates
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most of the analysis on the forward pass and does not derive analytical results for

the backward pass. In this chapter, we aim to extend this work by considering:

e Variance propagation in forward and backward pass. We use methods
developed for ANNs on SNNs forward and backward propagation. This leads
to obtaining a weak bound for the firing rate in the forward pass and a closed

form expression for the optimal weight variance in the backward pass.

e Fokker-Planck and Shot-noise approach for the forward pass. Since
variance propagation is not enough to establish the firing rate in the final layer
we resort to the diffusion approximation and similar approaches to compute

the output firing rate.

e Firing rate collapse solution. As we increase the timestep to typical step
sizes used to train SNNs with surrogate gradient methods, the diffusion ap-
proximation becomes less accurate. We introduce three different solutions to

this problem under different assumptions.

5.2 Background Theory

In this section we introduce the background theory necessary for understanding the
remaining of the chapter. This includes forward and backward variance propagation
on ANNs for optimal weight initialisation and different methods to compute the
output firing rate and membrane distribution of a layer of LIF neurons including:

diffusion approximation, shot-noise and threshold integration.
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5.2.1 Initialisation based on variance flow in ANNs

The derivations in this section are a more detailed version of those in [213]. We first
compute the variance of the activations and then the variance of the gradients on
feedforward /convolutional ANNs. From this we derive the optimal weight variance
to keep the activations variance bounded. We explore the use of this method on

SNNs in section 5.4.

We often use the following identities for random variables X; and scalars a; € R:

Var

N N
Z%Xi] = Za?Var [(X;] + 2 Z a;a;Cov [X;, Xj] (5.1)
i=1 i=1

1<i<j<N
for the special case where X;, X; are uncorrelated V¢, j with ¢ # j

N

Z aiXi] = Z a?Var [X;] (5.2)

=1

Var

For independent random variables variables X, Y
Var [XY] = BE[X?|E[Y?] — (E[X])* (E[Y])’ (5.3)
Forward variance propagation on ANNs

Unlike SNNs, ANNs do not have any dynamics or resetting present, they simply

consist of an affine transformation followed by a non-linearity.

YD = 00 4 0 (5.4)

1) = f(ytH) (5.5)

where y(+1 2+ ¢ R”(Hl), W e R"UH)X”(Z), zW e R”(l), b) =0 at initialisation, f

is a non-linear element-wise operation and [ = 0, ..., L—1. We make the assumptions
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that xz(l) are i.i.d. for all 7 and [, V[/igl) and xl(l) are independent and Wi(;) is zero mean

and symmetric around zero and i.i.d for all ¢, j and [. Then

ZW(z (l
Oy ar [W(l) ()]
var (W] | ()] (5:6)

Var [ } Var

Given that WZ] is zero mean and symmetric so is yyH) . Thus, for a typical case of

a ReLU function f(-) = max(0,-) we have

1 2
_ 1 0
=3F [(y ) }
_1 0
= §Var Y (5.7)
Resulting in
1
Var [y](.l“)} = §n(l)Var [WZ(;)} Var [ygl)} (5.8)

and for L layers

L
Var [yj(-L)} = Var [yzm]

|
—

nOVar [I/Vzgl)} (5.9)

X
I

Ensuring that the variance of the activations does not increase or decrease exponen-

tially with the number of layers, results in Kaiming’s initialisation [243]

Var [I/Vl(]l)} =2/n® (5.10)



5.2. Background Theory 99

Backward variance propagation in ANNs

Ideally gradients should propagate from the last layer to the first without exploding
or vanishing. To achieve this we follow the same approach as before but now with

the gradients.

We begin by rewriting the forward pass equations

y ) = WwOz0 4 0 (5.11)

x(l+1) — f(y(l+1)) (512>

Where y+1 2+ ¢ ]R"(M), w e R”(ZH)X”U), HARN= R”(D, b =0 at initialisation

and f is an non-linear element-wise operation and [ =0,..., L—1.

. Rn(lfl)

Given a loss function ¢ — R we can write the gradient of the loss with

respect to the activations

e 0 oylty
Oxr® o ay(l'H) Oz

(5.13)

gy(+1)
oz

O 1+1)
where de S Rixn 3 % S Rixn and
Y

+1 l
EO) e RrFxn® (note that we are

using numerator layout convention). Using (5.12) we can expand

Oe Oe [ (1)
(), = () 7 (647) 610

(14+1) (1) () ;
We also note that % = Wz _ pO1,
Az Az

"'While we are presenting the case of the fully connected layer, the following results also hold

for other architectures such as convolutional networks by simply adjusting the backward weight
oyt
Z(';a:(l) )
a filter of size k x k and a total20f ¢ input channels and d output channels: () € R %! and
yttD e R and WO € R¥**" Te., 2 is now an input block (a window spanning all input
depths) which has been flattened, y*+1) is an output block (a single neuron per output depth) and

matrix = W®. For instance in a regular convolutional layer in the forward pass, we have
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For notational simplicity, throughout this subsection we use a :=Az for any partial

derivative of the loss with respect to z as in [243].

This means we end up with the following equations

Az = Ay O (5.15)

Ay(m) _ sz(m)f/ (ylgm)) (5.16)

(2

We make the assumptions that AyZ ) are i.i.d. for all i and [ W and AyzlJrl are

independent and Wl(] is zero mean and symmetric around zero and i.i.d for all ¢, j

and [. We further assume that Axglﬂ) and f’ <y§l+1)> are independent.

We want to compute the variance of the gradients of a neuron on a given layer Axg.l)

as a function of the variance of the next layer A:v(lﬂ)

Var [Amy)] =Var

SO Ayl
17 7

— ZVar [ Z)A (t+1) }

— DY |:Wi(jl)Ay§l+1)}
U+ (E [W(J ] [Ayzl—i-l ] _E [Wi(j)}2 g [Ay§z+1)}2)

n" DV ar [Wg)z} E [Ay(ZHP] (5.17)

1

W® is the d filters flattened and stacked. This operation is repeated for each input block. Thus,

a neuron in the input affects a total of dk? neurons in the output (it helps to think of a single

input arriving at a given output neuron by a moving window k times in both height and width).

This leads to us defining a new £ € Rex1, g(+1) ¢ RA*x1 ang WO € R dxe and WO can be

reshaped into WO, Then the only dlﬂerence in the results of this subsection are obtained by using
) = dk? instead of nV = ck?.
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We note that

E [Ay(Hl)} _E 'Ax(lﬂ) / <y§l+1))}

Since E [ngﬂ)} = 0 and we assumed that A:EEHD is independent of f’ (yi(lH)).

Then we have

5 [Ayi(m)?} — Var [Ayfm)}
 Var [ty (1)
B [Am?“ﬂ E [f’ <y§z+1))2] = [szgm)} E [f’ (ygm))}

= Var [ac{] B { i (@’*”)2] (5.18)

2
Finally, the value of £ [ I <y§l+1)) } depends on the activation function we used. In

the case of a ReLU function its derivative is given by f'(x > 0) = 1 and f(z < 0) = 0.

Using the fact that y(lﬂ)

; Is symmetric zero mean as we saw in section 5.2.1.

(5.19)

N —
| —
N | —

E {f’ (yfl“)ﬂ =

Gathering results from (5.17), (5.18) and (5.19) we obtaining the final expression

Var [Amgﬂ = %n(l)Var [Wi(jlﬂ)] Var [Axglﬂ)] (5.20)



102 Chapter 5. Spiking Network Initialisation and Firing Rate Collapse

which for L layers leads to

Var [Axgl)] =Var [sz(»L_l)] ]1:[2 %n(”l)\/ar [W.(.l)} (5.21)

v
=1

To avoid exponential variance growth /shrink we set
Var [Wi(jl)] = 2/nl*) (5.22)

The expressions found for backward and forward optimal initialisation are differ-
ent (5.10),(5.22). However, choosing any of them leads to the forward(backward)

variance being 1 while the backward(forward) variance is still a constant [243].

5.2.2 Population Firing rate in Spiking Neural Networks

Computing the firing rate of a spiking neural network is far from trivial due to the
one-sided threshold-and-reset mechanism of spiking neurons. Several approaches

have been developed to obtain this under different assumptions.

These include the diffusion approximation [21], which assumes that the weights are
small compared to the distance between the reset and threshold and that weights
are restricted to a total of K different values which must include both positive and
negative values. We can allow for larger weights as long as they are distributed
following a Laplace distribution. This is called shot-noise and generalises the diffu-
sion approximation [218]. Both of these methods are restricted to LIF neurons. For

other neuron models the threshold integration method can be used [219, 250].

In addition to the particular assumption to each method, all of them assume a
homogeneous (identical neurons) population of neurons and the input spikes being

generated by a finite number of homogeneous Poisson processes.
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Diffusion Approximation

We start with a population of LIF neurons which receive stochastic spikes which are

generated following a Poisson process.

dv; 1
d—tj = ;(—Uj + RIe;m) + Z waé(t — tz(f)), v; < Vin (523>
i

We will drop the subscript 7 and use v to refer to the membrane potential of an

arbitrary neuron in the population. Note that v is a random variable.

We are first interested in finding the probability density of the membrane potential
of the population of neurons. Since the probability density may vary over time, we
define P(v,t) as the probability that a neuron in the unconnected population has
membrane potential v at time t. We also define the fluz J(v,t) as the net fraction of
neurons in this population per unit time whose membrane potential crosses v from

below.

Neurons in this population receive an external current I.,; and stochastic spikes at

rate 7;,(t) and weighted with some weights drawn from a distribution w;; ~pw (w).

If we consider a small voltage interval [v,v + dv], the proportion of neurons in this
interval at time ¢ is f:”v P(v',t)dv’. Consider now that this proportion changes
over time. This changes must be equal to the net flux in the interval. In other
words, the proportion of neurons that enter the interval per unit time is equal to
the net flux of neurons at the extremes of the interval (those that enter from below

minus the ones that leave from above). This is expressed as

a v+ov
2 / P, ) dv = J(v,8) — J(0 + 50,1) (5.24)
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Now taking the limit )v — 0 and rearranging we obtain the continuity equation

OP(v,t) N 0J(v,t)

o 5 =0 (5.25)

We can also add the resetting and spiking mechanism to the continuity equation by
considering that trajectories that reach the threshold V;, appear at V, instantly and

this happens at a rate 7,,:(t). Note that ry,(t) = J(Vip,t).

OP(v,t) N 0J(v,t)
ot ov

= Tout(t) (6(v = V;) = 6(v — Vin)) (5.26)
We can obtain an expression for the flux as the sum of two contributions, the first one
due to the incoming stochastic spiking and the second one due to the deterministic

external current and neural dynamics
J(0,t) = Tjump(0, )+ Jaripi (v, t) (5.27)

Let’s start by computing Jjum,(v,t). We are interested in the total contribution to
the flux created by neurons starting at u < v and jumping above v after receiving
a spike. There are a total of r;,(t) spikes per unit time each of them contributing
w ~ pw(w), thus only weights w > v—u will make neurons at u cross v. This is

given by 7, (t) fvofu pw (w)dw. We repeat this argument for all u < v, leading to

Sjump(V, 1) = Tin(t) /v P(u,t) /OO pw (w)dwdu (5.28)

—0o0 —Uu

where we have also weighted the contribution to the flux according to the original

density P(u,t).

The flux Jyi5¢(v, t) can be computed by simply considering the velocity 2 times the
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proportion of neurons at this potential

dv
Jdm-ft(v,t) = %P(U, t)

_ [_g + Rl P(0,1) (5.29)

where the second equality is obtained from (5.23) when not considering the random

input spikes.

We now consider the particular case in which we have K synaptic types giving a

probability distribution
pw(w) = Z Apd(w — wy) (5.30)
k

such that A, > 0 is the proportion of neurons of a given type & and >, Ay = 1.
Each synaptic type contributes a total number of spikes per second given by ry(t) =

Tink(t)Ag. Substituting in (5.28) results in

Tiump(V, 1) = / ) P(u,t) / h > re(t)d(w — wy)dwdu

— 00 —Uu k

N0 / " P(u,t) / " 5w — wp)dwdu

k —00 —Uu

=> n(t) /_ P(u,t)du (5.31)

Where the last equality comes from the fact that fvofu (w—wg)dwis 1if v —u < wy,

and 0 otherwise. Thus, only when u > v — wy the outer integral will be non-zero.

Substituting (5.31) and (5.29) into the continuity equation with reset (5.26) we

obtain
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apéz’t) = — %% <|: - v+ RIext] P(U7t)>
+ Y ri(t) (P(v = wi, t) — P(v,1))
k
+ Tout(t) (6(v — V3) — 6(v — Vin)) (5.32)

Where we can identify the first term with the drift, the second with the stochastic
spikes and the last one with the reset. By expanding P(v—wy, t) into a Taylor series

up to a second order around v we obtain

Tapgz’t) — % ( —v+ Rl —I—Tzk:rk(t)wk P(U,t)>
1 )| 0
+5 T;rk(t)wk 5.1
+ Tou(t) (8(v = V) — 8(v — Vin)) (5.33)

This is the Fokker-Plank equation of the LIF model. We define the total drive p(t)

and diffusive noise o(t) to be

p(t) = Rlew +7 Y ri(tywr (5.34)
o’(t) =7 ru(t)w; (5.35)

leading to a more compact form

AP 8 (ot ] Po.0) + T2 T P,

+ 70wt (t) (6(v = V) = 6(v — Vi) (5.36)
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It can be shown that under the diffusion approximation and given constant input
rates, the original LIF equation with noisy input spikes (5.23) is equivalent to an

Ornstein-Uhlenbeck process given by

TdZ—Ef) =—v({t)+p+&Et) o) <V (5.37)

where £(t) ~ N (0,0%7) is uncorrelated white Gaussian noise. This leads to the

steady state membrane potential mean and variance

fo = Rlpy + 7 Z W (5.38)
k

-
ol = 3 >y (5.39)
k

The mean p, approaches this value exponentially fast (with a rate given by the
membrane time constant exp(—t/7)) and the variance 2 approaches this value

somewhat faster as shown in Appendix C.

Without a threshold, the membrane distribution should be Gaussian at all times
with time varying mean and variance until it reaches the steady-state distribution
with parameters given by (5.38) and (5.39). However, adding the threshold and
reset, changes this distribution as it is equivalent to adding a boundary condition

onto the Fokker-Planck equation (5.36).

The diffusion equation (5.36) does not have closed form solution in general, however,
assuming that the input rates are constant r(t) = r, we can obtain the station-
ary (or steady-state) distribution. That is, the time independent distribution of

membrane potential P(v) which is eventually reached when % =0.

Using the fact that P(v,t) is a probability distribution and as such it must add up

to 1 and that the density above the threshold should be 0, it can be shown that the
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stationary distribution is given by

P(v) = et 0 (_%> / V o ((;—M)) T

2 _ )2 Vin N2
TO'U‘tO__Z exp (_M) / exp <M) ‘/7" < v S ‘/th

where the output firing rate r,,; is obtained by solving Siegert’s integral

Vin—r

1 o
- Tﬁ/ exp (%) (1 + erf(z)) da (5.41)

ut Yr—p

To

where erf(z)= \% Iy exp(—a'?)da’.

In brief, the diffusion approximation allows as to compute the expected output firing
rate of a LIF neuron which receives independent stochastic input spikes through
several synaptic types provided the rates are constant and the synaptic weights are

small.

As a final note, these results can be extended for different weight distributions
beyond simply having K synaptic types. Moreover, it is also possible to extend the
diffusion approximation for other synaptic kernels beyond the delta synapses used
here. In the end, the diffusion approximation only requires the mean and variance
of the membrane potential. Appendix C shows how the derive them for any weight

distribution and [240] shows how to obtain them for an arbitrary synaptic types.

Shot-noise

The main disadvantage of the diffusion approximation introduced before is that it
requires the weights to be small. In cases where this condition is not met, the

theoretical output firing rate obtained using (5.41) will not properly reflect the
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empirical firing rate. Similarly the stationary membrane distribution in (5.40) will

also be inaccurate.

The small weights assumption can be dropped if we consider that synaptic weights
follow an exponential distribution. Namely, considering both positive and negative

weights distributions

1
Py.(w) = —exp (—ﬂ) , w >0 (5.42)
We We
1
Py, (w) = — exp (—ﬂ) : w <0 (5.43)
w; w;
with w, >0 and w; <0. Note that if w, = —w; we can describe both positive and

negative weights with a Laplace distribution.

The total flux can be written as a combination of the drift contribution and the

jump contribution of each type excitatory and inhibitory separately.

J(v,t) = _gp(v, t) + Jo(v,t) + Ji(v, 1) (5.44)

where we assumed the external current is zero.

Substituting the synaptic distributions (5.42) and (5.43) into the flux expression
(5.28) we note that J, and J; are solutions to the following differential equations
respectively

0Je(v,t) __ Je(v,t) e P(v,1) — Tou ()5 (v — Vin)

ov We
8Jl(v,t) B JZ(’U,t)
i o +riP(v,t) (5.45)

where 7. and r; are the steady-state excitatory and inhibitory firing rates respec-

tively. This is a direct consequence of choosing the weights to be exponentially
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distributed. Note that we have added 7,,(t) in the excitatory term to account for

the threshold.

After applying the bilateral Laplace transform on equations (5.26) and (5.45) it is

possible to obtain the following expression for the stationary output firing rate

1 1/we Zfl xVin
- 7'/ o (@) ( ‘ - ewv’“) dx (5.46)
0

Tout x

with Zy ' (2) = (1 — 2w.)™e(1 — 2w;)™™.

Moreover, we can also obtain the Laplace transform of the probability distributions.
In principle it is possible to obtain compute the membrane potential probability
distribution by applying the inverse Laplace transform. However, in practise it is
difficult to do this and we resort to other methods to obtain it. Namely, threshold

integration which is discussed in the next section.

5.2.3 Threshold integration

Threshold integration is a different method that allows to numerically find the mem-
brane distribution and firing rate of spiking populations under the diffusion or shot

noise case. This section follows the reasoning and derivations in [249].

Regardless of which neuron model we use, we always have the continuity equation
and a Fokker-Planck equation which relates the time derivative of the distribution

with derivatives up to a second order in the voltage

OP(v,t) N 0J(v,t)
ot ov

OP(v,t)
e L(P(v,t)) (5.48)

=0 (5.47)
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We note that if we combine and rearrange these equations we get

L(P(v, 1)) = _an;, t) (5.49)

since the operator £ consists only on derivatives up to a second order in the voltage
we can define a new operator J which contains only derivatives up to a first order

in the voltage that relates the distribution and the flux

j(P(U,t)) = J<U’t) (550)

We have already seen some examples of the J operator in the drift and jump fluxes
(5.28), (5.29), the simplified jump flux we used for the diffusion approximation (5.31)
and, the shot noise flux (5.44) (5.45).

This allows us to obtain the stationary distribution by simply setting % =0 in
the continuity equation and explicitly adding the boundary conditions imposed by
the threshold and reset. This leads to two simultaneous first-order linear differential
equations, namely the stationary continuity equation and the relationship between

the membrane potential and the flux

= Tout (5(?‘7 - V;") - 5(U - V;h))) (551)

T(P(v)) = J(v) (5.52)

Note that the solutions are proportional to the steady-state firing rate giving

J(0) = rouj (V)

P(v) = roup(v) (5.53)
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Once J has been established, it is possible to numerically integrate backwards from
Vi to some lower bound voltage Vj, using initial conditions j(Vi,)=1 and p(V;,) =0
(note that J(Vin) =7out = Toutj(Vin)). Then, 7., can be recovered as the reciprocal

of to integral f‘}lfzh p(v)dv since P(v) must integrate to 1.

For instance, for the diffusion approximation of the LIF model, we can rearrange

the Fokker-Plank equation with boundary conditions (5.36) to obtain

oty 202 b, t)) — ro(8) (50 = Vi) — 60 — Vi)

T 217 Ov

+

OP(v,t) 0 (p(t)—wv
ot v ( il

Then, identifying terms in (5.51) we get

J(v,t) = “(t)T_”P@,t)— = %P(v,t) (5.54)

——) P(v) (5.55)

and thus we can rearrange to obtain the following simultaneous equations

P — i (60 = Vo) = (0~ Vi) (5:50)
az;(;;) _ 3—72' (” —Lp(w) + J(v)) (5.57)

Note how using (5.53) the unknown output firing rate can be factored out resulting

in two simultaneous linear differential equations that can be easily solved
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9j(v)

) — 50 - v;) - o0~ Vi (559
) 2 () +iw) (5.59)

Threshold integration can also be applied for the shot-noise case as shown in Ap-

pendix D.

5.3 Firing Rate Collapse

In principle, we should be able to obtain the expected firing rate with any of the three
methods mentioned in Section 5.2. However, these methods assume a continuous
time neuron model when in fact neurons are simulated in discrete time. Thus, as

we increase to simulation timestep we find that these predictions worsen.

This is hardly a problem in most of the computational neuroscience literature, as of-
ten it is perfectly feasible to simply decrease the simulation timestep. Nevertheless,
as we start to deal with SNNs for deep learning the increasing memory and com-
putational cost constrains the timestep to be about one order of magnitude larger
(at around 1ms) than in the computational neuroscience literature (usually below
0.1ms). This change in temporal resolution is important enough that the effect of a

larger timestep can no longer be ignored.

The following sections start by illustrating the problem and several hypotheses as
to why it happens. Then, we propose three different types of solutions for it under

different assumptions.
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5.3.1 Firing Rate Collapse problem identification

The continuous time expression for the subthreshold membrane potential under a
constant bias current and random input spikes after integrating the input for At

seconds is given by

()
v(t) :Eyv(t —At)+ (1 - a)R{—i—ZZwi exp <—t — tif ) H(t —tl(f)), v(t) < Vi,

T
~ . ; m
Deterministic ’ tE”

- g

~
Stochastic

(5.60)

with a=exp(—At/7,,) and tgf) € [t, t+At].

Note that the spike integration in (5.60) requires evaluating an exponential at con-

), Vi. This is problematic if we want to use a discrete uniform

tinuous times t—tgf
time step At as all spikes are synchronised to a grid with At resolution. Thus, we
cannot generate more than one spike during a time interval either on the input or

the output.

For this reason, most SNN simulators assume that all input spikes take place at a
fixed point during the interval, often either at the beginning or at the end. The
first thing we note is that if we assume that spikes are at the end, the exponential
in (5.60) tends to 0 for large At. This is indeed the case for the default settings of
some spiking neuron libraries like brian2 [251]. Figure 5.1 shows that the firing rate

tends to zero as we increase At as the effect of the input spikes becomes negligible.

Alternatively, we would expect that choosing the beginning of the interval would
lead to a simulation firing rate closer to the theoretical rate, if not slightly higher,
as the input spike strength has not decayed at all. Yet, this is not what we observe

in Figure 5.2. Instead, the firing rate still decays with the simulation timestep in
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Firing rate collapse

201
w
Py
0
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107! 10° 10!
At (ms)

Figure 5.1: Firing rate collapse as the simulation timestep increases. Average of
10 simulations with standard error in the mean. Population of 1000 LIF neurons
receiving inputs from 1000 Poisson inputs at 50Hz each connected with a probability
of 0.5, the inhibitory and excitatory weights were w, = —w; =0.01. Other parameters
were set to 7=10ms, I.,;,=0.8, R=1, V,=0 and V;,=1.

both the diffusion and the shot noise case. Importantly, the firing rate collapse is
already substantial at around 1ms, thus challenging any predictions that we would

make for deep SNN training (particularly so on the final layers).
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Figure 5.2: Firing rate collapse as the simulation timestep increases. Average of
10 simulations with standard error in the mean. A. Diffusion case. A population
of 1000 LIF neurons receiving inputs from 1000 Poisson inputs at 50Hz connected
with a probability of 0.5, the inhibitory and excitatory weights were w, =—w; =0.01.
Other parameters were set to 7=10ms, I.,;=0.8, R=1, V,=0 and V;, =1. B. Shot-
noise case with 3000 output neurons and 1600 Poisson sources at 0.14Hz connected
with probability 1. Other parameters were set to 7=10ms, I.,; =0., R=1, V., =0,
Vi,=1and a, = —a;=0.4.
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5.3.2 Hypothesis

We can propose three different hypothesis to explain why the firing rate decays as

we increase the timestep length:

Hypothesis 5.1. We cannot generate high enough input rates at large At because

each Poisson generator can generate at most a single spike per step.

Hypothesis 5.2. We cannot generate high enough output rates at large At because

each output neuron can only spike once per step.

Hypothesis 5.3. We are adding all inhibitory and excitatory spikes together at once
but some permutation of the incoming spikes could lead to crossing the threshold

before integrating the rest of the spikes.

Hypothesis 5.1 is a problem that only takes place if the rates are too high relative to
the step length. For instance, looking at 5.2A at At=1ms and given that input units
fire at 50Hz, they only fire more than once per timestep 0.12% of the time. Thus,
we should correct the input rate to 49.94Hz. This however leads to a theoretical
output rate of 18.25Hz instead of 18.26Hz when we empirically get about 16Hz in
the simulation. Thus, this hypothesis does not explain why we see such a drastic

firing rate collapse.

Hypothesis 5.2 is similarly invalidated if we assume that the output neuron spike
generation is also Poisson and note that the theoretical output rate of 18.26Hz is
lower than that of the input leading to spike more than once per interval just 0.016%

of the time.

For the final hypothesis 5.3, the key idea is that simulating all input spikes as
arriving at the same time is equivalent to constraining the order of spike arrival by
only considering orderings in which all excitatory inputs are perfectly aligned with

an inhibitory input and thus only the difference of excitatory and inhibitory inputs
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is integrated as illustrated in Figure 5.3A. Yet, other orderings which lead to spiking

while ending in the same final value are still possible as shown in Figure 5.3B.

A. Excitatory spikes B. Excitatory spikes
Inhibitory spikes Inhibitory spikes
Membrane potential Membrane potential
V
LOfmmm—m————————————————— t
0.5
0.0
0 0.2At 0.4At 0.6At 0.8At At 0 0.2At 0.4At 0.6At 0.8At At

Figure 5.3: Two different input spike orderings that lead to different results. In
panel A we do not spike while in panel B we do. Yet, in both cases the net input is
the same w (N—M)=w(4—3) = w. Integrating all spikes at once always leads to
the first case.

5.3.3 (General assumptions and proposed solutions

For simplicity, since all input spikes come from independent Poisson sources we can
merge them to get a single Poisson process with rate equal to the sum of the rates
of each process. Then, the actual value of membrane potential during a time step

is given by

ot + sAE) = als)o(t) + (1 — afs) I—I—Zwlexp< t sAt = )H(t—t,-), se0,1]

(5.61)

where a(s) = exp(—sAt/7), n is the total number of spikes received during the

interval and ¢; is a sequence of independent uniform random variables in [t, ¢ + At].



118 Chapter 5. Spiking Network Initialisation and Firing Rate Collapse

In order to simplify our analysis we will adopt the following assumptions:

Assumption 5.1. The spikes integrated during a timestep are not affected by the

decay within that timestep.

Assumption 5.2. The deterministic part of the membrane potential during a timestep

remains constant during that timestep and takes the value av(t) + (1 — a)l.

With these assumptions equation (5.61) becomes

v(t+sAt) =av(t)+(1—a) [+ Y wi, s€[0,]] (5.62)

1<i<|sn|

Note that as a consequence of Assumption 5.1 the decaying exponentials multiplying
the weights have been removed altogether and we are left with a piece-wise constant
function where the input spikes are all equally spaced within the timestep. This
may seem counter intuitive as it looks like we have lost some important timing
information. However, as per Hypothesis 5.3, the key reason why we loose output
spikes is due to ordering of the spikes and Equation (5.62) still allows for all possible

permutations.

One could be tempted to use the average exponential value a =E (exp(—t;/7)) =
7 (I — exp(—At/7)) leading to an effective weight of w;a. Note however that & — 0
as we increase At and thus we could end up in a similar situation as in Figure
5.1. Besides, often, threshold crossing will take place for permutations with several
excitatory spikes close together, thus the effective weight will be closer to w;, leading
again to Assumption 5.1. Empirical results also showed that choosing w;a resulted

in worse performance.

Similarly, we could have used the average decay value & for the deterministic part.
We choose to use a because the empirical results are slightly better when using this

value as we will show in the following sections.
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In the following three sections we analyse this problem under three different partic-

ular assumptions:

e Two weights of the same magnitude and opposite sign: We model the
incoming spikes as a random walk which allows us to analytically compute the

probability of firing.

¢ Random weights and high number of spikes per interval: We model
the incoming spikes as a Wiener process which also allows us to analytically

compute the probability of firing.

e General case: In the general case we have random weights from an arbitrary
distribution and we do not constrain the spiking rate. We cannot derive an
analytical solution for this case but we can devise an algorithm to simulate the

correct behaviour by randomly choosing a permutation of the input spikes.

5.3.4 Input spikes as a random walk

Approximating spike integration as a random walk

We now assume that we only have two possible weight values corresponding to
excitatory and inhibitory with the same magnitude, we,. = —w;p, = w. Then, we

can write the membrane potential within that timestep as

v(t+sA) =av(t) +(1-a)[+w > U, se[0,1] (5.63)

1<i<|sn|

where U; is a sequence of independent random variables, each taking values 1 and
—1 with probabilities p € [0, 1] and 1 — p respectively. Within the interval, the input
is a random walk with steps of size w

[sn]
wX |y =w Y T (5.64)

=1
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By the end of the interval the net input is simply the net difference of excitatory and
inhibitory spikes. For instance, if the neuron receives N excitatory and M inhibitory

spikes we get

v(t+At) =av(t) + (1 —a)l +w(N — M) (5.65)

We are interested in computing the probability that the membrane potential crosses
the threshold at some point within the timestep given that at the end of the timestep
interval a total of n = N 4+ M spikes were received (N excitatory and M inhibitory)

and the net integrated input was k = N — M.

We will show that this is equivalent to asking what is the probability that the
running maximum of a random walk is above a certain value y given that the end

value after n steps is k.

Running maximum of a random walk

With a slight abuse of notation we will refer to the random walk X, as X,

X,=> U, neN (5.66)
i=1
Let also Y,, =max{ X1, Xy, ..., X,}, the running maximum during the first n steps.

Finding the joint probability distribution P(Y,, > y, X, = k) is a well known problem
in the random walk literature which can be easily solved if we further assume that
excitatory and inhibitory spikes arrive with the same probability p = 0.5. In this

case, the reflection principle can be used to obtain the following [252, 253]

P(Y, >y, X, =k)=P(X,, =2y —k), k<y<n (5.67)
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The case where the running maximum is less than the final value (y < k) is easily

obtained by noticing that the event Y,, > y C X,, = k. Leading to

P(Y, >y, X, =k)=P(X,=k), y<k<n

These probabilities can be easily computed with

(&)2_”, ke{n,—n+2,...,n—2n}

0, otherwise

Correcting the probability of firing with a random walk

(5.68)

(5.69)

Assumption 5.3. (Symmetric random walk) The probability of receiving a excita-

tory spike is the same as that of receiving an inhibitory spike.

With the previous results we can formulate the following theorem:

Theorem 5.1. Provided Assumptions 5.1, 5.2 and 5.3 are satisfied. The probability

that a LIF neuron with time constant T fires at least once in a timestep of length

At given that it receives N excitatory and M inhibitory spikes each contributing +w

and an external current I is given by

.

P(Xn=2y—(N—M))
]P(XniN—M) ’ N-M=y=n
P > Vi t+ At) | = —
(seg}tafiﬂv(s) > Vi | vt + )) 1, y<N-—-M<n
0, y>N
\

(5.70)
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w

wheren =N+ M, y = {Vtr(av(t)ﬂl*a)[))-‘ , with a = exp(—At/7) and X,, being a

symmetric random walk.
Proof.

Cases 1 and 2:

The deterministic part of the membrane potential during the interval [t,t + At] is
av(t)+(1—a)l. Then, the number of excitatory inputs that a LIF neuron at potential

v needs to cross the threshold is given by

w

y— F/;h — (aw(t) + (1 — oz)]))—‘ (5.71)

Thus, the probability of crossing the threshold is the same as the probability of the

running maximum being greater than y

P ( max v(s) > Vth) =P (Yn = max X; > y> (5.72)
SE[t,t+AY] %

Since we know that the random walk ends at X,, = N — M we have

P ( max  v(s) > Vi,
SE[tt+AL]

v@+Aﬂ):POQ2ﬂXg:N—AO

P(Y, >y, X,=N—M)
P (X, = N — M)

P(X,, =2y—(N—M))
IP‘(X,iN—M) ) N-M<y<n

P(X,=N—-M) __

(5.73)

Case 3:

If the number of steps required is less than the total number of excitatory inputs

N < y then the neuron will never cross the threshold in this timestep. Thus, the
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probability of spike is 0. O

Note that a regular simulation where we consider all spikes taking place at the
beginning is equivalent to a probability of spike according to Cases 2 and 3 only.
The correction we add corresponds to Case 1, where a neuron that did not spike

according to the final value v(t + At) still could have spiked in between.

Implementing this correction is rather simple. We can perform the integration as
usual and simply take those neurons that did not spike but could have spiked, com-
pute their probability of spiking according to (5.70) and randomly sample whether
they spike. This is shown in Figure 5.4. Failure after At=20ms is due to the 50Hz

Poisson generators no longer able to keep up (as in Hypothesis 5.1).

Firing rate collapse
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Figure 5.4: Firing rate collapse as the simulation timestep increases and correc-
tion. Simulation details are identical to Figure 5.2. The integration is performed
identically but neurons that did not spike but could have spiked are made to spike
randomly according to Theorem 5.1. Failure after At =20ms is due to the 50Hz
Poisson generators no longer able to keep up.

If we were to use the average value of a for the computation of y we get the slightly

worse result in Appendix E.

We can easily extend the result in Theorem 5.1 to time varying thresholds V()

and non-linear membrane potential equations with the following result.



124 Chapter 5. Spiking Network Initialisation and Firing Rate Collapse

Theorem 5.2. Under the same assumptions as Theorem 5.1, a non-linear mem-

brane equation of the form % = f(v)+ >, w;d(t —t;) where the deterministic part is
discretised with g(v) and w; € {+w, —w}, and given a time-varying threshold Vi (t)

the results in Theorem 5.1 hold for y = {MW

w

Proof. The proof is identical to that of Theorem 5.1 upon substitution of the thresh-

old and discretisation expressions. [

5.3.5 Input spikes as a Wiener process

An important limitation of the previous results is that it restricts us to only use two
symmetric excitatory and inhibitory weights as well as requiring an identical excita-
tory and inhibitory rates. A simple workaround this can be achieved by considering
that the input rates are large enough during a timestep so that we can approximate
the (now not necessarily symmetric) random walk to a Wiener process. This is sim-
ilar to the diffusion approximation requirements with the subtle difference that the
input rate must be high enough so that number of spikes received in a timestep is

large enough.

Wiener Process as a limit of a random walk

A Wiener process W, is a random process characterised by

1. Wy =0
2. It has independent increments. W, ,—W,;, s>0 is independent from W, u<t
3. It has Gaussian increments Wy, — W; ~ N (0, s)

4. It is continuous in t.

The probability density function of a Wiener process follows a Gaussian distribution

with mean 0 and variance ¢
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fwi(w) = \/% exp (—gj—z) (5.74)

A standard result due to Donsker [251] states that given a sequence of independent
identically distributed random variables &, &, ..., &,, with mean 0 and variance 1

the random walk:

&y, t€0,1] (5.75)

converges in distribution to a Wiener process as n — oco. This result explains why
Wiener processes are good models for many stochastic phenomena in nature. In
fact, the diffusion approximation we introduced in section 5.2.2 uses this result to

approximate the input spikes as Gaussian noise.

Running maximum of a Wiener process

We define the running maximum of a Wiener process as

M; = max W; (5.76)

0<s<t

The reflection principle can also be used in a Wiener process to obtain the joint

density function (see [255][256] for a derivation)

i, tm,w =
S (mow) = ===

With (5.74) and (5.77) we can compute the conditional density function
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() = P ) ZEZ) o (2 =)

fw(w) t t
(5.78)
Then, we can compute the conditional probability
2 - W,
P (M; > m|W,;) = exp (—M) , m > max(0, W;) (5.79)

Correcting the probability of firing with a Wiener process

With the previous results we can formulate the following Theorem.

Theorem 5.3. Provided Assumptions 5.1 and 5.2 are satisfied. Then, the probability
that a LIF neuron with time constant T receiving an external current I fires at least
once in a timestep of length At given that the weight distribution has mean j,, and
variance o, and that by the end of the interval a net contribution of W due to the

mcoming spikes was integrated, converges in distribution to

exp (—M%W) , m > max (0, Wiyay)
P (m[ax] v(t + sAt) > Vi | v(t + At)> =
s€|0,1
]-a m S Wt+At
(5.80)

as the number of input spikes per interval n increases, with m = %h_(a”(t)t/(l;zl)_“w))

owr/n/ AL ’
Proof.

The membrane potential during the timestep is given by
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v(t+sAt) =av(t)+(1—a) [+ Y wi, se€0,1] (5.81)

1<i<|sn|

We can rewrite the stochastic part of the membrane potential as

Y wi=puton Y, & (5.82)

1<i<|sn| 1<i<|sn|

where now & has zero mean and unit variance. Then, according to Donsker Theorem

/ ]7

Wals)=—= > & s€(0,1] (5.83)

converges in distribution to a Wiener process Wy as the number of input spikes tends
to infinity. Since our interval has a length of At we simply have to rescale the process

Wissar = VAW, and define W, = 0. Then, we can rewrite (5.81) as
vt + sAt) = av(t) + (1 — )] + fiy + Tuy /%WHSN, s €0,1] (5.84)

This means that for the neuron to spike we need the running maximum of the Wiener

process of be larger than

1y Vin— () + (1= a)D) = uy 5.55)

owr/ M/ At

That s
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P (max v(t + sAt) > V}h> =P (max Wiisar > m) (5.86)

s€[0,1] s€[0,1]

Finally, since we know that at the end of the interval a net contribution of W has

been integrated we have that

W — iy

owr/n/ AL

Wt+At =V Ath(t + At) - (587)

Which leads to

P (max v(t + sAt) > Vi,

s€[0,1]

U(t + At)> =P <maX WtJrsAt Z m)WHAt)

s€[0,1]

exp <_2m(m+tvt+m)> 7 m > max (0, Wi a¢)
1, m < Wiiae
(5.88)

The second case is evident from the fact that if m < Wi then the final value is

a running mazximum and it 1s above the threshold. [

We can easily apply this correction by integrating as usual and taking the neurons
that did not spike, compute their probability of spiking according to (5.80) and
randomly sample whether they spike. This is shown in Figure 5.5. Failure after
At =20ms is due to the 50Hz Poisson generators no longer able to keep up (as in
Hypothesis 5.1). We also observe that the correction is worse for small time steps

as we would expect since there are not enough input spikes per timestep.

As in the random walk case, this result can be extended to more complex membrane

models and time-varying threshold.
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Firing rate collapse Wiener process
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Figure 5.5: Firing rate collapse as the simulation timestep increases and correction.
Average and error in the mean for 5 samples are plotted. . Simulation details are
identical to Figure 5.2 but now there are 2000 inputs, the probability of connection is
1 and the weights are drawn from a Gaussian distribution with mean 0 and standard
deviation 0.01. The integration is performed identically but neurons that did not
spike but could have spiked are made to spike randomly according to Theorem 5.3.
Failure after At=20ms is due to the 50Hz Poisson generators no longer able to keep

up.

Theorem 5.4. Under the same assumptions of Theorem 5.3, a non-linear mem-

brane equation of the form % = f(v)+ >, w;d(t —t;) where the deterministic part is

discretised with g(v) and given a time-varying threshold Vi, (t) the results in Theorem

5.9 hold for m = Vo l0=s(O) -1,

Proof. The proof is identical to that of Theorem 5.3 upon substitution of the thresh-

old and discretisation expressions. [

5.3.6 General case

For the general case where we do not make any assumption about either the weights
or the input rates we cannot easily derive an analytical expression. Yet, we can

design an algorithm where we sample a permutation of the input spikes.
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Algorithm 1 A simulation of a single time step update for the general case
Vger = avlt] + (1 — )T
V[t + 1] = vger + D0, wi
if v[t + 1] > V};, then
The neuron spikes

vt +11 =V,
else
Usto =accumulate(permute([w, wa, ..., wy]))

if any(vget + vsto > Vi) then
The neuron spikes

vt+ 1=V,
else

The neuron does not spike
end if

end if

The function accumulate simply performs a cumulative sum of the input sequence.

We can parallelise this algorithm to be executed for several neurons by simply zero
padding the input weights to meet the sequence of the neurons which received the

most inputs in that time step. The results are shown in Figure 5.6.
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Figure 5.6: Firing rate collapse as the simulation timestep increases and correction.
Average and error in the mean for 5 samples are plotted. Simulation details are
identical to Figure 5.5. The integration is performed according to Algorithm 1.
Failure after At=20ms is due to the 50Hz Poisson generators no longer able to keep

up.
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5.4 Vanishing-Exploding gradients on SNNs

After correcting the rate collapse problem, the Fokker-Plank or shot-noise approaches
should be enough to ensure a proper network initialisation in the forward pass. Yet,
adjusting the network firing rates is not enough to ensure that the gradients will not
vanish or explode. To this end, we now attempt to use the the variance propagation

method for ANNs introduced in section 5.2.1 on SNNs.

Firstly, while strictly not necessary, we still include a section on applying this method
to the forward pass and show that we can only get a weak bound on the firing rate at
the output layer. Secondly, we attempt the same for the backward pass and obtain a
closed form expression that depends on the membrane potential distribution which

we can compute either by Fokker-Plank or threshold integration.

5.4.1 Variance propagation in the forward pass of an SNIN

We consider a total of L spiking layers with n(¥) neurons in each layer I = 0,..., L—1.

We use the unrolled membrane and spike expressions in discrete time

t

= S (Sufs o -an) G

k=0

sV 1] = HU ™+ 1) — Vip) (5.90)

J

We adopt the following assumptions:

)

Assumption 5.4. Membrane potentials UZ(Z across meurons at the same layer are

independent and identically distributed.

Assumption 5.5. The weight distribution is symmetric and E[wg)] =0, Vi, j,1
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(

Assumption 5.6. Weights wg) and spikes sil) (k] at layer 1 are independent.

Assumption 5.7. Spike times are uncorrelated at different time steps, implying

Covls{"[k], s [p]] = Var[s)" [k]|oy.

Assumption 5.8. The probability of spike is the same and constant for neurons in

the same layer and given by P(S(l) k] =1) = p¥ and P(sgl) k] =0)=1-p".

7

Assumptions 5.4 through 5.7 are analogous to the assumptions used in the variance

propagation in ANNs as in 5.2.1 and [243].

Assumption 5.8 implies that, given the timestep At is small enough, all spike trains
in the network are Poisson with a rate ¥ obeying p® = r(®At. Note that this
assumption would mean that the network cannot carry information in the precise
spike times, however, this is only required for initialisation (i.e. before any training

has taken place).
With these assumption we can formulate the following result:

Theorem 5.5. Given assumptions 5.4, 5.5, 5.0 and 5.7 are satisfied and further
assuming that the membrane potential distribution is symmetric around zero, the

probability that a neuron fires within a timestep is bounded according to

nOVar [wg)} 2
i o L0 (A(a)p(l) + B(a) (p") ) (5.91)
2Vih
with A(a) = 142, B(0) = =&

Proof. The proof can be found in Appendix F'

There are several issues with this approach. Firstly, the symmetry of the membrane
potential distribution assumption is in general too strong (see 5.2.2) and will not be

true for most parameter combinations. Secondly, this approach only offers an upper
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bound on the firing rate, not a lower bound, meaning we can only ensure the firing
rate in the final layer will be lower than a certain value. This may of course lead
to no firing at all. Finally, as we add more layers, the bound becomes weaker and

weaker and thus it becomes less useful.

It can be argued that other inequalities like Canteli’s inequality do not require the
symmetry assumption, however, it is weaker than Chebyshev’s and thus the third
issue remains. Even if we use other stronger inequalities we would still have the

second issue, namely, we only bound from above.

The problem stems from the fact that we are trying to find a relationship between
the variance of the membrane potential and the firing rate. However, we know that
this is not possible without considering the boundary conditions due to the resetting

as we saw In 5.2.2.

In brief, the variance propagation method applied to the forward pass on SNNs does
not give a useful solution to the network initialisation problem and other methods

based on the Fokker-Plank equation or shot-noise are required instead.

5.4.2 Variance propagation in the backward pass of an SNN

We assume that the loss function applied to the last layer e : RV 5 R s
a function of the sum of membrane potentials in the last layer across time (i.e.

e(E V) =L (3, vEV[t])). For clarity, we will use 25 := Az in this section as in

[243]. The gradients of the loss function with respect the spikes at layer [ are

AsO[t] = Z oF A R @ (5.92)

k>t

AV = AV (v ) (5.93)

1
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where AsO[t] € R At e ROV Wl ¢ Rn® and H(4) is a
function that subtracts the threshold V;;, and then applies the surrogate derivative

of the Heaviside step function. See Appendix A for a derivation of these expressions.
We adopt the following assumptions:
Assumption 5.9. The weight distribution has expectation E [wg)] =0, Vi,7,1

Assumption 5.10. The weights wg-) = (W), and the gradients Av*V[t] are

ndependent.

7

Assumption 5.11. The gradient As!™[t] and the surrogate H’ (vglﬂ)[t]) are in-

dependent.
Assumption 5.12. Gradients ASZ@ [t] that are far apart in time are independent.

Assumption 5.13. The surrogate function decreases fast enough so that z'fH’(vi(lH) [t]) #

0 at a given t it will be close to O at nearby steps.

Assumptions 5.10 and 5.11 are of course incorrect since the weights at layer [ are
used to compute the loss function and consequently gradients of the loss cannot be
independent from the weights. Yet, these assumptions are commonly adopted in

the weight initialisation literature with good empirical results (see section 5.2.1 and

[243]).

Intuitively assumptions 5.12 and 5.13 mean that either neurons are not active (i.e.
not close to the spiking threshold) for more than a single time step or in case they
are the surrogate gradient is comparably very small at contiguous steps. These
assumptions together with the fact that Avilﬂ)[k] = AsEHl)[k]H’(vng)[k]) mean

that Cov Avf”l)[lc], AUZ(Z—H) [p]} =Var [Avglﬂ)[lﬂ]] Okp-

Theorem 5.6. Provided assumptions 5.10 through 5.11 are satisfied, the variance

of the gradient of the loss function with respect to the spikes is given by
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(I+1)
Var [Asy) [t]] = fa—n(l“)Var [wg)] Var [Asglﬂ)[t]} (5.94)

— a2

where p{' = E [(H (vflﬂ)[t]))?] .

Proof. The proof can be found in Appendix F'

This result is an expression of the variance of the gradients as a function of the
variance of the next layer. With this, we can obtain an expression for the variance

of the gradient on the first layer

(5.95)

(5.96)

2
The challenge now is to find how to compute pi’ = E {(H ! (Ui(l) [t])) } :

5.4.3 Computing pg)

2
We need to be careful when computing £ {(H ! <vi(l) [t])) } . One may be tempted to
think that we can obtain the probability density function of the membrane potential
P(v) in the steady-state using either the diffusion approximation or the threshold

integration method and then simply integrate [~ (H’ (v)? P(v)dv

However, so far we have been using the membrane potential, v, in the diffusion,

shot-noise and threshold integration methods as if it was identical to that defined
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for the neuron update (e.g. (5.61)). These are not the same, however, since the
membrane in neuron updates equation has not yet applied the threshold-and-reset
mechanism. When we apply the threshold function to the membrane potential we
do so after updating it with the incoming spikes and currents within a timestep and
right before applying the reset. Thus, we do not apply the surrogate function to
the steady state distribution but to what we will call the before-reset distribution.
That is, the distribution we obtain after a time step At has taken place with initial

condition P(v) but before resetting the neurons.

For instance, in the diffusion case, in the absence of a spike-and-reset mechanism the

membrane potential distribution evolves according to the Fokker Planck equation

PPN O ok Pt + G Pt (5.97)

To obtain the before-reset distribution distribution we just need to find ]S(v) =
P(v,ty + At) given an initial condition P(v,ty) = P(v). A similar result can be
obtained using the shot-noise equations but instead of a partial differential equation
(PDE) we would had a system of differential algebraic equations (DAE) which most

numerical solvers struggle with, an exception being MATLAB’s PDE solver?.

Once the before-reset distribution P(v) has been found we can simply compute
o= [ @) P (5.99)

For the special case where our surrogate function is given by H'(v) = H(v — (Vi —

Bin)) — H(v — (Vi + By,)) as in Chapter 4 we have

2See https://uk.mathworks.com/help/matlab/math/partial-differential-equations.
html


https://uk.mathworks.com/help/matlab/math/partial-differential-equations.html
https://uk.mathworks.com/help/matlab/math/partial-differential-equations.html
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Vint+Ben
pd :/ P(v)dv (5.99)

Provided that By, is small as required by Assumption 5.13, we can interpret p,(ll) as
the probability of the backward spike gradient to be non-zero or if we prefer that

the backward gradient ‘fires’ as we saw in Chapter 4, Figure 4.3B.

Figure 5.7 shows the membrane potential distributions after reset (P(v)) and before
reset (P(v)) for both the Wiener corrected forward pass (bottom row) and the
original forward pass (top row). Note how the corrected version results in a much

better approximated distribution around the threshold, necessary for computing Z.

f’(v) (No correction)

P(v) (No correction)

2.0

== Theoretical LARLY
B Empirical

C. P(v) (Corrected) D. B(v) (Corrected)
231 2.0]
== Theoretical '

2.0 B Empirical
1.5
1.0
0.51
0.0-

0.0 0.2 0.4 0.6 0.8 1.0 1.2 -04 -0.2 00 02 04 06 08 10 1.2
Membrane potential Membrane potential

Figure 5.7: Membrane distributions theoretical and empirical. The theoretical dis-
tribution P(v) was obtained by using the membrane distribution equation according
to the diffusion approximation (5.40) and the before reset distribution was obtained
by solving (5.97) using the py-pde package [257]. Note how the distribution on the
corrected case fits much better around the threshold, leading to a better approxima-
tion of Z. The parameters for this simulations were At=1ms, 7=10ms, I.,; =0.9,
R=1,V,=0, Vi=1, p1,=0, 0,,=0.0096 and vy, = v44rget =30Hz.
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5.5 General SNN Initialisation strategy

The aim of this chapter was to find a way to initialise the weights of an SNN to ensure
a certain firing rate at the output while avoiding having exploding or vanishing

gradients. After the results from the previous sections we have the following:

1. We can compute the firing rate at each layer by using either the diffusion or
the shot noise approximation plus using an appropriate firing rate collapse

solution if necessary.

2. We have an expression for what the desired weight variance should be in order

to avoid vanishing or exploding gradients.

The question now is how can we use these results to obtain a desired firing rate

while ensuring the gradients will flow.

Let V be a operator that computes the firing rate at a layer [ given the variance
of the weights 0120(” and other parameters @ (threshold, input rates, time constant
etc). This algorithm can be Siegert’s integral, shot-noise rate equation or threshold

integration.

v = V(a2 0) (5.100)

Let W be the operator that computes the optimal weight variance 2 for the gradi-
ents to flow. This operator will include several steps: computing the stationary dis-
tribution, computing the before-reset distribution and finally computing the weight
variance with (5.96). Note that one of the input parameters of W will be the initial

variance o2 ..
w®

=W(o2,0) (5.101)
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This two variances, o2 and 62, will not necessarily be the same, but we would like
for them to be equal. This is easily achieved by allowing the surrogate function to

be scaled by a factor kH'(v). Then, equation (5.98) becomes

=r’T (5.102)

substituting into (5.96) the expression for the backward optimal variance becomes

2
s  l1—a

and finally we can obtain an expression for s
1—a?

We note that the integral Z needs to be only computed once since it is fully deter-

mined by the forward pass.

Thus, the general strategy for initialising and SNN consists of the following two

steps:

1. Set a desired firing rate and obtain o2 via a gradient-free root finding algorithm
to solve v — V(z,6) = 0 for =.
2. Compute k according to equation (5.104).

Since the surrogate gradient does not affect the computation of the forward firing

rate it is safe to modify it without affecting the forward pass. As opposed to [210], the
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scaling we apply to the surrogate function considers the statistics of the membrane
potential (through Z), thus, we do not expect the gradients to explode as in their
case. Moreover, since it has been found that surrogate gradient descent is remarkably

robust to the surrogate function we expect that training will take place without issue

[145].

We apply this method and obtain the results depicted in Figure 5.8. As we see, as
long as the firing rate collapse correction is added (in this case the random walk
version) the firing rate remains around the target rate quite reliably. Interestingly,
at high enough rates the firing rate collapse does not go to zero but converges to
some value (Figure 5.8 left). It may be interesting to study this further as predicting
this value could remove the need to use the firing rate collapse correction altogether.
In addition, we found that trying lower target rates results in the network biasing

towards a slightly higher rate (see Appendix G) this also needs to be studied further.
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Figure 5.8: Firing rate at each layer on a feed-forward SNN with 20 layers with
target rates 50Hz and 20Hz respectively. We plot the mean and standard error in
the mean for 5 trials. The input spikes where Poisson trains at the target rate.
Each layer consisted of 2000 LIF neurons with parameters 7=10ms, I =0.6, V,.=0,
Vin = 1. The probability of connection between neurons in consecutive layers was
0.5. The operator V was the diffusion rate. The optimal weights found were 0.0387
and 0.0299 respectively. Optimisation was done using scipy.root_scalar function
with toms748 method. The network was simulated for 1s with timestep At=1ms.

Finally, Figure 5.9 shows the gradient at each layer in a network where the forward
correction was done using the Wiener method. We compare the variance of the spike

gradient As; with and without the k correction. As we see, the original gradient
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vanishes while the x-corrected gradient remains nearly constant. We note however,
that the variance still decays to some extent due to the fact that our assumptions
are not completely correct. In fact, using a larger value of By, results in a much
worse variance propagation due to Assumption 5.13 not being true and consequently
the covariance term between gradient being too large (see Appendix G). Yet, as we
showed in Chapter 4, a small value of By, (e.g. By, =0.01 as in the figure) is still

perfectly fit for training successfully.
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1234567 8 91011121314151617181920
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Figure 5.9: Variance of the spikes gradient at each layer on a feed-forward SNN with
20 layers with target rate of 30Hz. The input spikes where Poisson trains at the
target rate. Each layer consisted of 2000 LIF neurons with parameters 7=10ms, [ =
0.9, V., =0, Vi, =1. The optimal weights found had standard deviation o, =0.0096.
Optimisation was done using scipy.root_scalar function with toms748 method.
The surrogate function used was piecewise-constant as in (4.8) with By, = 0.01,
and g = k (corrected) or g = 1 (original). The network was simulated for 1s with
timestep At=1ms.

5.6 Discussion and Conclusions

The development of new techniques that allowed to train deeper and deeper ANNs
has been an integral component of the success of ANNs in recent years. Proper

weight initialisation has been shown to be crucial to achieve the best accuracy and
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fast convergence on deep neural networks, especially when composed of many layers
[241]. Empirical evidence has shown that compared to ANNs, deep SNNs are even
more sensitive to suboptimal weight initialisation where networks with just a few

layers already pose a challenge [210].

Although there is a wide range of weight initialisation methods for ANNs, rela-
tively simple techniques based on variance propagation are the norm in most works.
However, we have shown that this method is insufficient for the forward propaga-
tion of SNNs for two reasons. Firstly, the relationship between the variance of the
membrane potential and the variance of the spikes (or equivalently the probability
of spiking) is not straight forward. Secondly, we observed that the probability of
spiking seems to decrease as we decrease the resolution of the SNN simulation (the

firing rate collapse problem).

The first problem has already been tackled in the past by developing techniques
based in finding the stationary membrane distribution. These include the diffusion
approximation [24], shot-noise [21%] or threshold integration [250]. These methods
should be enough to allow to predict the output firing rate under a wide range of
circumstances and neuron models. However, all of them are developed for ideal

continuous-time simulations and do not consider the firing rate collapse problem.

The firing rate collapse problem has often been suggested to be just an inability of the
neurons to fire enough times at low temporal resolutions. We have shown that this
is not enough to fully explain this phenomenon, instead, the issue often arises from
the fact that all inhibitory-excitatory inputs are cancelled instantaneously within a
timestep. Thus, removing all output spikes that could take place at some permuta-
tion of the input spikes. We have shown that we can take this into account using

different methods: random walk, Wiener noise or sampling a random permutation.

While these methods solve the firing rate collapse problem, it is yet to be seen

what impact they can have in SNN training. Since the newly added spikes are
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stochastic, this could lead to requiring more training steps to properly sample the
network response. Yet, given that this is only important during initialisation, we
could decrease the probability of firing as the training progresses and substitute this
by a homeostatic rule as in Chapter 4 and other works such as [115, ]. Moreover,
we also need to develop a method to evaluate how many layers can we stack while
somewhat accurately predicting the final rate when using real data instead of simple

homogeneous Poisson spikes.

In addition, there is also the added computational cost which, in principle, should
be small in the random walk and Wiener cases as the operations required are linear
with the number of neurons (O(n)) and thus negligible compared to the synaptic
cost (O(n?)). For the permutation method, if properly implemented, the cost would
be linear with the number of events. Since the number of events per timestep is
bounded by the number of weights, this method would scale quadratically with
the number of neurons (O(n?)) and thus not increasing the overall computational

complexity.

We also obtained an expression for the variance propagation of the gradients in the
backward pass and empirically tested its effectiveness. Our results suggest that it
is possible to ensure for the gradients to remain bounded by scaling the surrogate
function provided some assumptions are met. While most of the assumptions are
equivalent to those made on the ANN literature, the last assumption 5.13 is the most
problematic one since it implies that backward surrogate gradients are uncorrelated.
For this to be true we need to constrain the surrogate function to be very narrow.
We showed in Chapter 4 that it is indeed possible to use a very narrow gradient
while still learning efficiently which gives reason to believe that it is reasonable to use
this assumption. Besides, our empirical results suggest that the gradients do indeed
remain nearly constant when using this correction. However, empirical evidence is

needed to ensure that this actually works with real data.
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In this chapter we have assumed that the inputs are homogeneous Poisson spike
trains. In real datasets this is rarely the case and in particular most interesting
datasets are neither homogeneous nor Poisson. This is a very important issue that
needs to be tackled for these methods to be successful. Yet, our results as well as

previous work on SNN initialisation on real datasets are encouraging [210].

In brief, we have devised strategies to optimally initialise SNNs by considering their
true membrane distribution and the problems arising from discrete time simulations
of continuous systems. However, there is still the need to empirically prove their

viability on real data.



Chapter 6

Conclusion

This final chapter reviews the contributions of this thesis within the current SNN

training context and presents possible future research directions.

6.1 Future Work

We propose several future research directions to extend the work presented in this
thesis and briefly review recent works that have built upon the research presented

herein to some extent.

Neural Heterogeneity. In our work we studied the impact of adding hetero-
geneity of time constants in SNNs. Yet, there could be other neural mechanisms
that could benefit from heterogeneity. Posterior works have shown that including
heterogeneity in adaptive thresholds and using a multi-Gaussian surrogate function
improves performance to a point where it is comparable to ANNs [258]. Other
mechanisms have also been studied such as after-spike currents [259] and axonal
delays [260], and suggest there are further advantages to heterogeneity such as ro-

bustness against correlated noise [179] and propagation speed of synaptic activity

145
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[260]. There are also results that seem to point that adaptive mechanisms may not
always be advantageous [201]. Nevertheless, there is still a lot of uncertainty as to
when is heterogeneity useful, what desirable properties does it bring and what is the
role and importance of each possible neural mechanism where heterogeneity can be

introduced.

While these works (including ours) rely on artificial training mechanisms to tune het-
erogeneous parameters, we do not know how can these mechanisms are implemented,
if at all, in a biological networks. Some recent work on the Drosophila fly’s olfactory
memory centre suggests that adding interneuronal variability degraded the memory
performance but this could be recovered by adding compensatory mechanisms [262].
Yet, the mechanisms that take part in generating and regulating heterogeneity are

still largely unknown.

Similarly, we found that time constants follow some distributions that are quali-
tatively similar to experimentally observed time constants. Some recent work has
shown that the log-normal distributions of neuron densities seem to be ubiquitous
across mammalian cerebral cortex [203]. It would be interesting to answer why
this may be the case. It is possible that, similarly to how weight distributions of
trained ANNs are Gaussian, there may be some mechanism that results in this kind

of distributions across the brain.

We can also ask whether the lessons from heterogeneity can be applied to ANNs.
Some works suggest improvements by mixing activation functions [264] and also
that metalearning the activation functions leads to diversity in the activations [265].
There could also be be other applications of heterogeneity beyond SNN or ANN

training such as improving bio-inspired sensors such as spiking cameras [260].

Finally, we still do not have a theoretical justification to give an insight as to why
heterogeneity may be a desirable feature for learning. Intuitively, it seems reasonable

to use a dynamical system that behaves in diverse ways to learn from complex signals
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but yet, to the best of our knowledge, there are no formal insights into why.

Sparse Spiking Gradient Descent. We mainly concentrated in accelerating the
backward pass of an SNN, however, it would also be interesting to study the overall
speedup we would obtain if we were to accelerate both forward and backward passes.
Other types of sparsity can also be added such as weight sparsity as described in
[234]. Moreover, the number of spikes can be restricted to a single one per neuron
per input sample [267]. All of these changes could lead to yet even faster SNN

implementations.

Another extension of this work could consist in adapting these methods to ANNs.
For instance, very recent work suggests that the GRU architecture can be adapted
to use the spiking non-linearity and achieve similar performance as their ANN coun-

terparts while being moderately sparse in the forward and backward passes [265].

Finally, it is possible that there are other modifications at the GPU programming
level that can speedup the inference and training process while not necessarily
changing the network execution. Some recent examples include recomputing and

timeskipping to enable for a longer number of timesteps [269)].

Spiking Network Initialisation. This topic is still largely unexplored with very
few references in the literature that have attempted to tackle it [240]. While the

results we have presented are promising there are still several unresolved questions.

Firstly, there is a need to test whether the firing rate collapse solution is viable
for training. This includes whether training actually takes place without issue and
whether the newly added computations do not add too much computational over-

head.

Secondly, a systematic analysis of different network architectures with different
widths and depths is required to test to what extent the forward propagation method

works for predicting the different layers firing rates. Importantly, this analysis needs
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to also take into consideration what happens when we switch the input from homo-

geneous Poisson spike trains to real data.

Finally, we need to perform a similar analysis for the backward pass. This should
include testing how well the different assumptions hold by measuring the variance of
the gradients at different layers with real data and also, check whether this method

is fast enough that it is reasonable to use it systematically for network initialisation.

6.2 Summary of Thesis Achievements

The goal of this thesis was to develop new techniques to advance the state of the
art of deep spiking neural networks training. This work took place at a time where
the revolutionary advances in the field of machine learning during the last decade
started to become available for SNN training. Technical issues such as the non-
differentiability of spikes hindered the adoption of deep learning techniques to train
SNNs at scale until recently. Methods like surrogate gradient descent have started
to become an easy and reliable way to train SNNs on large datasets with high ac-
curacy and flexibility. Importantly, as opposed to previous SNN training methods,
surrogate gradient learning combines several desirable features, namely it can be
used to train large models on large datasets, it learns the spike times directly and
it is able to create and remove spikes. These properties result in highly accurate
models that can work with relatively few spikes thus enabling to harness the higher
energy efficiency derived from the activation sparsity of SNNs. Despite all the desir-
able characteristics, training SNNs still suffers from important open questions and

shortcomings that motivate this thesis.

Firstly, as opposed to most ANN architectures, SNNs are dynamical systems that
attempt to model biological neurons in the brain. As such, SNN training can be used

to study whether there are any advantages to using this kind of dynamical system for
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learning as well as opening the possibility of gaining new insights into the brain. In
Chapter 3, we attempted to answer whether the heterogeneity present in the brain
has a functional advantage. We found that time constant heterogeneity improves
learning on tasks with rich temporal structure and generalisation across data at
different time scales. In other words, we confirmed an otherwise intuitive result:
that heterogeneous dynamical systems with responses at different timescales tend
to be better for processing temporally complex data. More unexpectedly, we also
found that heterogeneity adds robustness against mistuned hyperparameters and
that the learned time constants we obtained qualitatively matched time constants
measured in biological neurons. Importantly, these results extend to neuromorphic
computing systems. Heterogeneous initialisation is O(1) and time constant training
is O(n) with the number of neurons. Meanwhile, adding more neurons results in a
quadratic increase in the number of parameters to train. Altogether, these results
suggest that heterogeneity is a compelling strategy for more effective and robust

training for a relatively minor computational cost.

As we mentioned before, one of the main incentives for using SNNs is the poten-
tial to achieve the same level of power efficiency as the brain by leveraging the
sparse activations of spiking neurons. However, while most effort has concentrated
in efficiently emulating the forward pass of SNNs on specialised hardware, little
has been done to improve the computational requirements of the backward pass.
In Chapter 4, we attempted to do this by using surrogate functions that result in
sparse gradients. We demonstrate that we can get the same performance as stan-
dard dense backpropagation at a much reduced computational and memory cost. To
the best of our knowledge this was the first backpropagation method that leverages
the sparse nature of spikes in training. We empirically showed that about 98% of
the backward operations can be skipped and obtain up to 150x speedup and 85%
memory savings. This results suggest that it is possible to achieve fast, energy and

memory efficient end-to-end training on SNNs, which could have benefits for both
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neuromorphic training and computational neuroscience research.

Finally, despite showing that SNNs can be successfully trained to solve difficult
tasks and that training can indeed take place very efficiently, this can only be done
provided the initial network parameters have been properly set. While often not well
reflected in the literature, researchers frequently spend a lot of time fine tuning the
precise weight initialisation in SNNs. In Chapter 5 we attempted to tackle this issue
by using techniques from the ANN initialisation literature as well as computational
neuroscience results. We saw that the problem of weight initialisation for ANNs is
a much more nuanced problem than it is for ANNs due to the spike-and-reset non-
linearity of SNNs and the firing rate collapse problem. On one hand, we found several
solutions to the firing rate collapse problem under different sets of assumptions which
successfully solve the issue by leveraging classical random walk and Wiener processes
results. On the other hand we devised a general strategy for SNN initialisation
which combines variance propagation techniques from ANNs and different methods
to obtain the expected firing rate and membrane potential distribution based on
diffusion and shot-noise approximations. Altogether, we obtained theoretical results
to solve the SNN initialisation problem but it still remains to be seen whether this
method can be successfully applied to SNNs, on real datasets and to what extent

the results hold.

Overall, in this thesis we have tackled questions that aim to bring SNNs closer to the
current ANNs status as universal function approximators in most machine learning
tasks while at the same time bringing forward the opportunity to learn new insights
from biological computation and achieve more efficient inference and training. We

believe that the results and analysis presented here situate SNNs closer to this end.
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Appendix A

Gradient of an SNN layer

The unrolled expression of an SNN layer is given by

o[ 4 1 Za sO[k] + (1 — @) RI.) (A.1)

sV 1) = HO V[ + 1) = Vi) (A.2)

]

where o[t 4 1], st 4 1] € R, W e R0 O 4 1] € R"Y | the

rest of parameters are scalars and H is the Heaviside step function.

We assume that the loss function applied to the last layer ¢ : RV 5 Ris a
function of the sum of potentials in the last layer across time (i.e. e(vE=D[t]) =

£ (>, vEV[])). Thus, we can write

el
Z 8v (+1)] ( )[t] (A.3)

k>t

Oe Rixn® Oe RIxntD o4 D[] R xnlF) (

where 507 " BoUTDR 95O t]

using the

numerator layout convention).
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Figure A.1: Activation and gradient flow diagram for an unrolled SNN

Using equation (A.2) we can expand the first term in (A.3)

Where H' is a function that subtracts the threshold V;;, and then applies the surro-

gate deriwative of the Heaviside function.

For the second term, we note that a spike at time ¢ can only affect spikes in the

future (check Figure A.1 for a visualisation), thus

QD[] k—t—1

QD _ | Tt k>t (A5)
osOft] . '
0, otherwise
v 141 WDy
we also have 85(1)[[15} I — as(l>[t}H =Wwo,

For notational clarity, we often use % := Az. Thus, after applying equations (A.5),

equations (A.3) and (A.4) become
AsOTE =Y o A [ ® (A.6)

k>t

AV = AV (v ) (A7)

i



Appendix B

Supplementary Information on

Sparse Spiking gradient descent

B.1 Training details

B.1.1 Conversion of Fashion-MNIST to spike latencies

We convert the normalised analogue grayscale pixel values x; of the Fashion-MNIST
samples [189] to spike times in a similar way to that used in [115]. Specifically, we

convert the normalised intensities into spike times following

Teglog (=), x>0
T(,’L‘): i (ac 0)

oo, otherwise

B.1.2 Spiking neuron model

We use the simplified Leaky Integrate and Fire model which is a variation on the

standard Leaky Integrate and Fire model in which spikes are directly integrated
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in the membrane without being filtered by beforehand. The membrane potential

evolves according to

+1
Tdv](. )<t) _ _( (H’l

(l) )
B.1
— )+ Z W, (B.1)

The membrane potential resets to V,. as soon as it reaches a threshold V;;. The model
keeps the main features of a spiking model, namely, a membrane potential that varies
according to the incoming input spikes and synaptic weights, a leaky component that

draws the potential towards V., and spiking and resetting mechanisms.

We use a discretised version of the model as in Equation (2.19) that we repeat here

V1) = aol TV + (1 - )V + Z — (Vi = V) (B.2)

J

where we define o = exp(—At/7). Spiking then takes place by applying f(-) on the

membrane potential

s t+1] = " [E+1) (B.3)

which is defined as a unit step function centered at the threshold V};,

1, v >V
fv) = (B.4)

0, otherwise

Thus, given an input spikes tensor s € {0, 1}BXTX”(Z> (B being the batch size T

number of time steps and n) number of neurons in layer ) and weights W® ¢
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R e obtain the output spikes s¢) e {0, 1}BXTX”(Z+1) by applying (B.2), (B.3),

(B.4).

B.1.3 Network and weight initialisation

All layers are feed-forward fully connected in all experiments unless otherwise spec-
ified. The weights were sampled from a uniform distribution 2(—+/'N,v/N) where
N is the number of input connections to the layer. In all experiments we have an
input layer, two hidden layers with the same number of neurons and a readout layer
with as many neurons as output classes for the given dataset. The readout layer
neurons are identical to the hidden layers except in the firing threshold which we

set to infinity.

In the convolutional layer experiment, the first layer was a convolutional spiking
layer with 64 filters, kernel size of 3 and stride of 1, followed by a max pool layer
with kernel size of 2 and then flattened into a linear layer of 12544 inputs and 10

outputs.

B.1.4 Supervised and regularisation losses

We have a loss composed of three terms: cross entropy loss, higher activity regular-

isation and lower activity regularisation. The cross entropy loss is defined as

B
b=

£t = LSS e log)

1 c=1

With . € {0,1}¢ being a one hot target vector for batch sample b given a total
batch size B and a total number of classes C'. The probabilities p, . are obtained

using the Softmax function
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eab,c

25:1 etbe

Po,c =

Here, the logits a,. € R are obtained by taking the max over the time dimension
on the readout layer membrane potential a; . = max; U,(fc’_l)[t]. For the SHD dataset

we used ap. =), véiﬁl) ]

We also use two regularisation terms to constrain the spiking activity. These terms
have been shown to not degrade the network performance [145]. First, we use a

lower activity penalty to promote activity in the hidden layers.

0
ow )\low \ ow l 2
Liow = - E (max(O, plow — ij))

Here Célz) = >, 8p[t] is the spike count of neuron 7 in layer I and batch sample b.

Secondly, the upper activity loss is added to prevent neurons to spike too often.

n®

1
up __ _ yup (l) _ 4,up
L," = —=X"max | 0, o) E Gy —V

Finally the overall loss is obtained

Cross 1 ° ow U,
L=L7 42> (L + L))

b=1

B.1.5 Swurrogate gradient

We use the following function as the surrogate derivative of the firing function defined

in (B.4).
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dfe) 1
" IS B v e

In the sparse case we use

if ‘:L‘ — ‘/;/h‘ < Bth
- (B.5)

0, otherwise

B.1.6 Parameters

Here we summarise all parameters used in each dataset.

F-MNIST N-MNIST SHD
Number of Input Neurons 784 1156 700
Number of Hidden 200 200 200
Number of classes 10 10 20
Number epochs 100 100 200
B 256 256 256
T 100 300 500
At 1ms 1ms 2ms
7 hidden 10ms 10ms 10ms
T readout 10ms 10ms 20ms
Toff 20ms N/A N/A
0 0.2 N/A N/A
V., 0 0 0
Vo 0 0 0
Vin 1 1 1
By, 0.2 0.2 0.2
16 100 100 100
Optimiser Adam Adam Adam
Learning Rate 0.0002 0.0002 0.001
Betas (0.9,0.999) (0.9,0.999) (0.9,0.999)
\(ow) 100 100 100
pllow) 0.001 0.001 0.001
A\(wp) 0.06 0.06 0.06
() 1 1 10

Table B.1: Network and training parameters
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B.2 Loss evolution for all datasets

Loss F-MNIST Loss N-MNIST Loss SHD
31 s Original
2.01 2.04 e Sparse
P 1.5 1.54 2
o
= 1.0 1.0 A
1 4
0.5 1 0.5
0.0 T T T T 0.0 T T 0+ T T T
0.0 5.0 10.0 15.0 20.0 0.0 5.0 10.0 15.0 20.0 0.0 2.0 4.0 6.0
Number of gradient updates (x103) Number of gradient updates (x103) Number of gradient updates (x103)

Figure B.1: Loss for each dataset when using 200 hidden neurons (5 samples)



Appendix C

Mean and variance of Poisson

spikes filtered by the membrane

In a LIF neuron with instantaneous synapses with weight w,, distributed according
to an arbitrary distribution w,, ~ fu (w), by time ¢ the first spike input will have de-

—11), the second spike input will have decayed to w,, -exp(—=2)

T T

cayed to w,, -exp(—1
and so on. Thus, the total input the neuron receives from synapse m in an interval

of length t is given by

Wy - $om(E) = w0y, [exp <—¥> +exp (—t - t2> s } (1)

T

ol t—t,
:wmg exp | — (C.2)
T
i=1

where the spike times t; € [0,¢]. Then, the total input the neuron receives from all

its synapses is given by

St) = wmsm(t) (C.3)
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We will concentrate now on the input from a single synapse (C.2) and will drop the

subscript m for clarity.

Spikes arrive following a Homogeneous Poisson process with rate r. This means
that the number of spikes N is a random variable and the probability that a total

of N =k spikes arrive in a time interval of length ¢ is

(rt)*
k!

P(N = k)= Lt (C.4)

A direct consequence of this is that E[N] = rt (i.e. on average, we get rt spikes on

an interval of length ¢) and the variance of the number of spikes is also Var[N] = rt.

In a Poisson process, arrival times conditioned to the number of arrivals /N in the
given interval t are independent and uniformly distributed, ¢; ~ U(0,t) [270]. We

can obtain the conditional expectation of the input spikes given that N spikes arrived
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from this we can easily obtain E[s(¢)] using the law of total expectation

E[s(t)] = gE[s(ﬂk)]P(N — k) (C.11)
= i KE[s(t|1)] P(N = k) (C.12)
= E[s(¢[1)] i kP(N = k) (C.13)
= E[s(¢[1)JE[N] (C.14)

- {1 —exp (—é)} (C.15)

and finally since synapses have a weight w we can obtain the expected synaptic

input

Ew - s(t)] = E[w]E[s(t)] (C.16)

— E[w]rr {1 —exp (—fﬂ (C.17)

We can also compute the conditional variance given N spikes happened in the in-

terval

ﬁ:exp (-t _Tt)] (C.18)
; ZNjexp (%)] (C.19)
con () Sl ()] em
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we separately compute

oo (]

which then gives

sotan = (2) (5 oo (2) ] - (o () 1))

(C.24)
and we obtain Var[s(¢)] using the law of total variance
Var [s(t)] = E[Var [s(¢|N)]] + Var [E[s(t|N)]] (C.25)
= E[NVar [s(t|1)]] + Var [NE[s(¢]|1)]] (C.26)
= Var [s(t|1)] E[N] + (E[s(t|1)])* Var [V] (C.27)
= rt (Var [s(¢]1)] + (E[s(t|1)])2) (C.28)

and finally the synaptic input variance

Var[w - s(t)] = Var[w]Var[s(t)] 4+ Var[w] (E[s(t)])* + Var[s(t)] (E[w])? (C.29)

where all the terms are known.

Returning to the total input expression which considers a total of M synapses and

their corresponding weights w,,, and given that both weights and spike trains from
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different synapses are independent, we have that

E[S(t)] =) Elwmsm(t)] (C.30)
and
Var[S(t)] = Y Var(wysm ()] (C.31)

where now all terms are known.

These equations are empirically validated in the following Figure:

Expected voltage Variance of voltage Voltage
T S| ) 6
s4 / 92 s S
< / c ““ < :
5 |/ 2 24
@© 1 ‘g 1 © /
£2y | 1] |/ =
S / ol | 52{ /
> —— Empirical g | > /
[ —— Theoretical 5 || /
of! > 04! 01"
0.000 0.025 0.050 0.075 0.100 0.000 0.025 0.050 0.075 0.100 0.000 0.025 0.050 0.075 0.100
Time (s) Time (s) Time (s)

Figure C.1: Mean and variance evolution of the membrane potential as it is filtered
through the membrane layer. Results averaged over 10 trails.

Finally, in the limit ¢ — oo, we have

tliglo E[S(t)] = tliglo Elw - s(t)] (C.32)
= tliglo E[w]rT [1 — exp (—;)] (C.33)
= T MrE[w] (C.34)

If instead of a distribution of synapses we had K synaptic types we get as in (5.38)
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po = lim E[S(t)] =7 " rguwy (C.35)

Next, taking the limit in (C.28) leads to

tliglo Var[s(t)] = tlgilo rt (Var[s(t[1)] + (E[s(t]l)]f) (C.36)
=5 (C.37)

Then,

lim Var[w - s(t)] =

t—o00

= lim Var[w]Var[s(t)] + Var[w] (E[s(¢)])* + Var[s(t)] (E[w])?

t—o00

(C.38)

:%wmmwmwm¥+—@mf (C.39)

And again if instead of a distribution of synapses we had K synaptic types (Var[w] =

0 and E[wg] = wy) we get a variance as in (5.38)

o~ tlggo Var[S(t)] (C.40)
= tlggo Var|wy, - s(t)] (C.A41)

= 2 Elwd)? (C.42)

K
= % Z TRw; (C.43)
i



Appendix D

Threshold Integration in the

shot-noise case

This Appendix follows the derivations in the supplementary material in [245].

Similarly to the diffusion case, we can numerically find the membrane distribution
and firing rate for the shot noise equations. In this case, however, we start with
three simultaneous differential equations corresponding to the continuity equation

and the excitatory and inhibitory fluxes

9J(v,t)  OP(v,t)

+ 7out(t) (6(v = V;) = 6(v — Vip))

o ot
0J.(v,t Jo(v,t

w0 __ EU ) o P.1) — T (£)5(0 — Vin)
dJi(v,t)  Ji(v,t)

S = m + 7 P(v,t)

Note that we have three equations and four unknowns, however, we can rearrange
(5.44) to obtain P(v,t) = T (J.(v,t) + Ji(v,t) — J(v,t)) which in the steady state

leads to
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ov

OJe(v) _ Je(v) N TZT (Jo(v) + Ji(v) — J(0)) — Tous(t)5(v — Vip)

ov We
a‘éff’) _ J;(:> + 2 ((0) + S0) = () + (Va)do = Vi) (D)

Note that we added the term J;(Vj)d(v — Vjy) to ensure that the voltage is fully
contained between Vj;, and Vj;, however, given Vj, is sufficiently low the effect of this

is negligible.

In principle, it seems we should be able to integrate these equations as we did before,

however, the v in the denominator is problematic as we approach v=0.

This can be solve by splitting the integration into two parts. Firstly, we integrate
backwards from Vj; to 0. Secondly we integrate forward from Vj, to 0. This leads
to the need of adding the initial condition P(V};,) =0 which should be okay as long

as Vj, is low enough.

Then, for the first integration we consider

J(v) = rouf(v)
Je(v) - Toutfe(v)

Ji(v) = rourfi(v) (D.2)

and equations (D.1) become
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of(v) _
ov o —Vr)
) _ O ) + 40 - )
PR _ B0 BT o)+ ) - 1) (D.3)

and we start integrating with initial conditions f(Vin)=fe(Vin) = 1 and f;(Viy) =1

For the second integration we consider

Ji(v) = |Ji(v)gi(v) (D.4)
and equations (D.1) become
dg(v) _
o 0
20ele) 90 T (g 0) o+ i) — 9(0)
) I T (g 0) + i) — 9(0) D5

with initial conditions ¢(Vip) =g¢.(Vip) = 0 and ¢;(Vjp) =1

After solving (D.3) and (D.5) we obtain the firing rate from the fact that P(v)
must integrate to 1 and that at all three functions must be continuous at 0, i.e.

|Ji(0)]ge(0—) = rour fe(0+). This leads to
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| Ti(0)]/Tout = fe(0+)/ge(0—)

Then we can integrate to obtain the firing rate and reconstruct the fluxes and

probability distribution

S /WhP(v)alfu:/O i)l ge() + i) = 9(v) g\ [* Sel0) + £i0) = F0)

Tout Tout Vip Vip Tout v 0 v

So far, we assumed that V,. >0 by placing the é(v — V}.) term in the first equation in
(D.3), yet if we had the case V,. <0 we should place it in the first equation in (D.5).
We could also add an external current by simply substituting v by v — Rl.,; and
integrating from V;, to RI..; and Vj, to RI..;. We also note that we only consider

cases where RI..; <V,



Appendix E

Supplementary results on Firing

rate collapse correction

Firing rate collapse
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Figure E.1: Firing rate collapse as the simulation timestep increases and correc-
tion. Simulation details are identical to Figure 5.2. The integration is performed
identically but neurons that did not spike but could have spiked are made to spike
randomly according to Theorem 5.1 but now we use & for the computation of y.
Failure after At=20ms is due to the 50Hz Poisson generators no longer able to keep

up.
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Appendix F

Proofs on Vanishing-Exploding

gradients on SNNs

Theorem 5.5. Given assumptions 5.4, 5.5, 5.6 and 5.7 are satisfied and further
assuming that the membrane potential distribution is symmetric around zero, the

probability that a neuron fires within a timestep is bounded according to

nOVar [w(l-)}
+1) Y 0 0N
Pt < (A(a)p + B(a) (p") > (5.91)
2V
wzth A(a) = ﬁ, B(Oé) = (1—04)22%'
Proof.
We want to compute Var [vé””[t + 1]} as a function of parameters of the previous

layer. We begin with
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Chapter F. Proofs on Vanishing-Exploding gradients on SNNs

Var [ (Hl)[t + 1]] = Var
=Var
=Var

=Var

Yot (el
hos k(zw
Yl
b

OV g [wﬂ g [(cz@

Since we assumed spikes times are independent (Assumption

1) (l

z]z

Q)R[ext)

) (z

z]z

)

4
)]

5.7) we have that

Cov [sgl) k], sgl)[p]} =Var [sl@ [k]} dpr and we can expand

k=0 p=0
t ot
= o't PCov |:S()
k=0 p=0
¢
=) (o k)Q Var [s(l)
k=0

Then, as we assumed spike times are independent and spikes occur with probability

D (Assumption 5

@), Substituting in (F.2)

.8) we have that E [s7] = [(1—p1)s6(s)ds+ [ pVs?(s—1)ds =
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k=0 k=0
21— (a?)™! 2 (1 —alth\?
~ (0 _ (,0?) L o (L) F.3
~ (A= 00)) = ) (s (F.3)

where the last approzimation holds for large enough t. For instance, if At=1ms and
T =10ms after 50 timesteps the relative error of the approximation is lower than

1.5% for both sums.

With this result we obtain a final expression by substituting (F.3) back in (F.1)

o 1 1 2
Var |:U](»l+1)[t i 1]] ~nOVar _wz(é)_ ((p(l) _ (p(l))2> — + (p(l))2 (1 - &) )
T 1 200 2
_ 0y ol (L o 0)
nVar |w | <1_a2p +(1—a)2(1+oz) (P ))
=nWVar -wg)- (A(oz)p(l) + B(«) (p(l))2> (F.4)

Using Chebyshev’s inequality and the fact that we assumed the membrane potential

18 symmetric around zero we can write

P(jvy V[t + 1] > Vin) = 2P0Vt +1] > Vi)
Var [UJ(-lH)[t + 1]]

< 7 (F.5)
th

Since p+) = P(vj(.lﬂ)[t + 1] > Vi) we have

Var [v](lﬂ)[t + 1]]
(+1) T (F.6)
th

p
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Using this on (F.4) we finally obtain

)

nOVar [w?
VQTH (A(a)p(l) + Bla) (,o(l))2> (F.7)

pHD <

Theorem 5.6. Provided assumptions 5.10 through 5.11 are satisfied, the variance

of the gradient of the loss function with respect to the spikes is given by

Var [Asy) [t]] = pg—HLn(lH)Var [wl(]l)] Var [Asglﬂ)[t]} (5.94)

l—«

where p{' = E [(H (uﬂ*”[t]))?] .

Proof.

We begin by expanding using Assumptions 5.10 and 5.9

Var [Asgl) [t]] =Var

3l S A

k>t

wz(;) Z aktlAUZ(l—l-l)[k]]

k>t

=nHyar

2
—nVE )| B (Z a'f—t—lAvg””[k]) (F.8)

k>t

We further expand the last term using Assumptions 5.12 and 5.153
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(i)

Zzak t=1 ,p—t=1 A, H—l)[k]A (I+1) [p}]

k>t k>t p>t
_Zzak t—1,p—t-1p [A (l+1)[k]A (Hl)[pﬂ
k>t p>t
_ZZak =P~ =100 [A lﬂ[ k], Avflﬂ)[pﬂ
k>t p>t
(Z&k t— 1E[ (l+1)[ ﬂ)Q
k>t
_Z k—t— 1 Var[ (l+1 } (Zak t— 1E[ l+1)[ ﬂ)Q
k>t k>t

(F.9)

Substituting (F.9) back into (F.8)

where the last equality holds as k —t is increases.

Now we need to compute the terms Var [Avyﬂ)[k]] and E [Avilﬂ)[p]] For this,

the following result will be useful

B[] =5

wa Zak A k]]

k>t
Z ot A [k;]]

k>t

DR [wZ(Jl)] E

=0 (F.11)
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Then using Assumption 5.11 we have

E [Avg””[t]} —E [Asg””[tm’ (vgl“)[t]ﬂ
—E [As““) [t]} E [H’ (vgl“)[t]ﬂ (F.12)

i

=0 (F.13)

(ssmm) | (0| = (ot 1e)] o o (1)
-y :<As§l+”[t])2_ E {(H (vi(l“)[t]))z}
)

pitY (F.14)

And finally substituting (F.12) and (F.14) into (F.10) we obtain

Var [Asgl)] ~ntVE [wgq <1 L Var [AUZ(ZH) [k]] + L (E [Avglﬂ)[p]DZ)

— a2 (1 _ 04)2

1 2
E [(Asgl“)[t]) } P+

l—«

— D p [wgh}
(1+1)

= Pa )y, [wz(]l)} Var [AS(ZH)[t]} (F.15)

1—a2 !

]
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Network Initialisation limit cases
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Figure G.1: Firing rate at each layer on a feed-forward SNN with 20 layers with
target rate 10Hz. Simulations details are identical to Figure 5.8 but now with a
different target rate and input rate (10Hz). The optimal weight was 0.030
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Figure G.2: Variance of the spike gradient at each layer on a feed-forward SNN with
20 layers and By, =0.1. Other simulations details are identical to Figure 5.9.
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