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Abstract

In this thesis we study two different, but related, dynamical systems on hypersurfaces of

Euclidean space. First, we consider billiard dynamics in a real-analytic, strictly convex

domain. In dimension 2, if a billiard trajectory begins with the velocity vector making

a positive angle with the boundary, then this angle remains bounded away from zero

at each collision due to the existence of a family of invariant curves called caustics. We

show that in higher dimensions, trajectories drifting towards the boundary can exist.

Namely, using the geometric techniques of Arnold diffusion, we show that in three

or more dimensions, assuming the geodesic flow on the boundary of the domain has

a hyperbolic periodic orbit and a transverse homoclinic, the existence of trajectories

asymptotically approaching the billiard boundary is a generic phenomenon in the real-

analytic topology. Secondly, we address the assumptions from the first problem. We

show that real-analytic, strictly convex, closed surfaces in 3-dimensional Euclidean

space generically have a hyperbolic closed geodesic with a transverse homoclinic. It

is also shown that real-analytic, closed hypersurfaces with an elliptic closed geodesic

generically have a hyperbolic closed geodesic and a transverse homoclinic geodesic, in

arbitrary dimension, and without the assumption of strict convexity. These are among

the first perturbation-theoretic results for real-analytic geodesic flows.
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1

Introduction

A few years after Vladimir Arnold proved the KAM theorem – probably the most

famous result about stability of near-integrable Hamiltonian systems – he published

a short note with an example of a near-integrable Hamiltonian system exhibiting a

certain type of instability, and expressed his belief in the existence of such instability

in the general case. Chirikov subsequently named this instability phenomenon Arnold

diffusion, and now, more than 50 years later, it is a very active area of research around

which there has been built a deep theoretical framework.

Arnold diffusion takes place in the realm of perturbation theory. Typically one

begins with a dynamical system that conserves some quantity, and then it is shown

that this quantity can drift arbitrarily far under arbitrarily small perturbations of the

system. The difficulty usually lies in showing that this phenomenon occurs not just

for a specific perturbation, but for a generic perturbation.

The techniques employed by Arnold are of a geometric nature. He studied dy-

namics near particular invariant subsets of the system’s phase space; these subsets

are characterised by the existence of nearby manifolds, one of which consists of orbits

approaching the invariant subset, and the other of orbits departing it. He observed

that there are orbits departing one invariant subset but asymptotically approaching

another. Arnold constructed a chain of such invariant sets connected via departing

and approaching trajectories, and noticed that nearby trajectories must behave in a

similar fashion, but without being bound by the invariant sets. He concluded that

there exist orbits starting at the bottom of the chain and finishing at the top, thus

diffusing across the phase space.

The motivation to study KAM theory and Arnold diffusion is linked to the question

of stability of the solar system. The n-body problem – a mathematical model of the

solar system constructed according to Newton’s law of gravitation – requires formidable

computations. Indeed, this hindered the progress of KAM theory in celestial mechanics

for many years until Pinzari discovered a way of dealing with a degeneracy in the

problem [100]. Despite progress in recent years, the problem of Arnold diffusion in
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10 CHAPTER 1. INTRODUCTION

celestial mechanics, as well as in the general setting, remains open.

The billiard problem, introduced by Birkhoff [18], concerns the motion of a point

particle in a domain. The particle travels along straight lines in the interior of the do-

main, and experiences elastic collisions at the boundary. Katok referred to the billiard

problem as a “mathematician’s playground” where “various questions, conjectures,

methods of solution in the theory of dynamical systems are tested” [72]. In this thesis

we use the geometric techniques of Arnold diffusion to investigate generic properties

of convex billiards.

Drifting Trajectories in Convex Billiards

Let M be a real-analytic, closed, and strictly convex hypersurface of Rd. The billiard

map takes a point x0 ∈ M and an inward-pointing velocity vector v0 of norm 1 and

follows the straight line in the direction of v0 until the next point of intersection with

M . At this point, say x1, the velocity vector transforms according to the optical law of

reflection: the angle of reflection α1 equals the angle of incidence β1 (see Figure 1.1).

Figure 1.1: The billiard map takes a point x0 ∈ M and an inward-pointing velocity
vector v0 to the point x1 and the velocity vector v1. Iterating the billiard map gives
an orbit {(xn, vn)}n∈N with a sequence {αn}n∈N of angles of reflection.

Suppose first that M is a real-analytic, strictly convex, closed plane curve in R2.

Consider another strictly convex closed plane curve C, contained inside the region

bounded by M , with the following property: if one segment of a billiard trajectory is

tangent to C, then so is every segment of that trajectory. A well-known example is the

case when M is an ellipse; in this case, every confocal ellipse contained inside M is a

caustic (see Figure 1.2). In fact, a result of Lazutkin implies the existence of a family

of caustics accumulating near the boundary of any sufficiently smooth, strictly convex,

closed billiard domain in R2 [80]. The phase space of the 2-dimensional billiard is a
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2-dimensional cylinder with the angular coordinate being an arclength parameter on

M , and the height corresponding to the angle of reflection. The family of caustics

near the boundary of M corresponds to a family of invariant essential curves near the

boundary of the phase space, where the angle of reflection is zero. Since the billiard

map is close to the identity near the boundary of its phase space, these invariant curves

divide the phase space into invariant regions where the angle of reflection is bounded

away from zero. In the case where there is at least one flat point (i.e. a point on M

where the curvature vanishes) however, it was shown by Mather that the caustics are

destroyed and that there are billiard trajectories that come arbitrarily close to being

tangent to the boundary [86].

Figure 1.2: The red curve is an elliptical caustic of an elliptical billiard in dimension
2. The blue line is a few iterates of a billiard orbit tangent to this caustic.

In higher dimensions the picture is different. The notion of caustics extends to

higher dimensions as follows: a caustic is a strictly convex closed hypersurface C

contained inside the region bounded by the closed and strictly convex hypersurface

M such that if one segment of a billiard trajectory is tangent to C then so is every

segment of that trajectory. As in the 2-dimensional case, if M ⊂ Rd (where d ≥ 3) is

an ellipsoid, then there are many ellipsoidal caustics contained in the domain bounded

by M . It turns out, however, that only ellipsoidal billiard tables in Rd have caustics

when d ≥ 3 [14, 59]. Therefore if M ⊂ Rd is a real-analytic, closed, and strictly convex

billiard table where d ≥ 3, and M is not an ellipsoid, then the sequence of angles of

reflection of a billiard trajectory may not necessarily remain approximately constant

as in the 2-dimensional case. In particular, there appears to be no obstacle in higher

dimensions to the existence of billiard trajectories along which the angle of reflection

tends to 0.

Such billiard trajectories were first studied by Gruber, who referred to them as
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“trajectories terminating asymptotically on the boundary” [58]. He proved that the

measure of such orbits is zero, but the question of existence remained open. That

question is addressed in this thesis.

A general principle of dynamical folklore says: the dynamics of the billiard map

in the limit as the angle of reflection goes to 0 is determined by the geodesic flow on

M . This statement is formulated and proved rigorously in this thesis. Consider the

following assumptions on the geodesic flow.

[A1] There is a hyperbolic closed geodesic γ on M ; and

[A2] There is a transverse homoclinic geodesic ξ to γ on M .

The first main result of this thesis may be stated as follows.

Theorem A. For a generic real-analytic, closed, strictly convex hypersurface M of

Rd (where d ≥ 3) satisfying assumptions [A1, 2], there are billiard trajectories in M

such that the corresponding sequence {αn}n∈N of angles of reflection satisfies αn → 0

as n→∞.

These billiard trajectories begin with a small positive angle of reflection α0, and

come closer and closer to being tangent with the boundary as the orbit progresses.

The word “generic” means that the phenomenon occurs on a residual set of hy-

persurfaces M in the real-analytic topology. This topology is very restrictive as bump

functions are not real-analytic, and so they cannot be used explicitly when making per-

turbations. This means that any small analytic perturbation affects dynamics globally.

To overcome this difficulty, we use a method introduced by Broer and Tangerman [22]:

determine open conditions (in a weaker topology, e.g. C4) to be satisfied by a family of

perturbations to obtain the desired effect for arbitrarily small values of the parameter;

show that these conditions are satisfied by a locally-supported family of perturbations;

and approximate the family of perturbed systems sufficiently well by a real-analytic

family. Since the conditions are open in a weaker topology, they are satisfied by the

real-analytic family since the approximation can be made arbitrarily well in Cr. There-

fore the desired effect is obtained for arbitrarily small values of the parameter of the

real-analytic family. As a consequence of this approach, the theorem is also true in

the Cr topology for r = 4, 5, . . . ,∞.

Assumptions [A1,2] imply the existence of a normally hyperbolic invariant manifold

Ā for the geodesic flow, the stable and unstable manifolds of which have a transverse

homoclinic intersection. We show that when the initial angle of reflection α0 is close

to 0, the billiard map can be considered as a small perturbation of a time-shift of the

geodesic flow, but with fluctuating speed. We adapt the theory of Fenichel [40, 41, 42]

to infer that the billiard map inherits the normally hyperbolic invariant manifold, and



13

that the transverse homoclinic intersection persists. Therefore this is the a priori

chaotic setting as defined in [32]. The union of a small neighbourhood of the nor-

mally hyperbolic invariant manifold with small neighbourhoods of several homoclinic

manifolds is called the homoclinic channel [34]. We prove that there are trajectories

of the billiard map that move up the channel, and that the angle of reflection tends

to 0 for these trajectories. These trajectories will mostly stay in a neighbourhood

of the hyperbolic closed geodesic γ, occasionally making excursions near a transverse

homoclinic intersection.

A related concept is that of Fermi acceleration [19, 35, 52]. It takes place in the

setting of nonautonomous Hamiltonian systems, and is characterised by unbounded

growth of energy. In the context of billiards, an example of a nonautonomous system

would be the billiard dynamics inside a table with moving walls, for instance. There

have been several results in recent years establishing Fermi acceleration in such cir-

cumstances [37, 50, 51]. In this thesis the billiard system is autonomous, and so the

billiard map conserves energy.

The geometric techniques used in this thesis rely on the scattering map of a nor-

mally hyperbolic invariant manifold, introduced in [32]. It is known that there are

actual orbits (of the billiard map, in this case) that shadow orbits of the scattering

map (see e.g. [53, 54]). Therefore one can prove the existence of diffusive trajectories

by destroying the invariant curves of scattering maps on an invariant cylinder. This

idea was first considered in [89], and developed further in [53, 82, 96]. Variational

techniques pioneered by Mather [87] have also had success in proving generic existence

of diffusive orbits.

The techniques used in this thesis are also suitable for describing oscillatory mo-

tions. A billiard trajectory is said to be oscillatory if the corresponding sequence of

angles of reflection has positive limit superior, but limit inferior equal to 0.

Theorem B. For a generic real-analytic, closed, strictly convex hypersurface M of

Rd (where d ≥ 3) satisfying [A1, 2], there are oscillatory billiard trajectories in M .

Remarkably, as a consequence of the proof, the generic hypersurfaces described in

Theorem B are the same hypersurfaces as those described in Theorem A. In other

words, in generic billiard domains in Rd where assumptions [A1,2] are satisfied, there

are both diffusive billiard trajectories and oscillatory billiard trajectories.

As an example of the above discussion and results, consider a triaxial ellipsoid M0

in R3 defined by

M0 =

{
(x, y, z) ∈ R3 :

x2

a2 +
y2

b2 +
z2

c2 = 1

}
where 0 < a < b < c. Then there are exactly 3 simple closed geodesics on M0, given

by {x = 0}, {y = 0}, {z = 0}. Moreover the lengths of these 3 geodesics are mutually
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distinct. Denote by γ = {y = 0} the simple closed geodesic of intermediate length. It

was shown by Knieper and Weiss that γ is a hyperbolic closed geodesic [76]. The curve

γ provides two periodic orbits of the geodesic flow, one by traversing it clockwise, and

the other by traversing it anticlockwise. Denote by γ+ one of these periodic orbits,

and by γ− the other. Since γ± are hyperbolic periodic orbits, they have stable and

unstable invariant manifolds W s,u(γ±). The symmetry of the ellipsoid M0 implies

that W s(γ+) = W u(γ−) and W u(γ+) = W s(γ−) [76]. A result proved in this thesis

(Theorem 4.5.5) implies that we can find a closed hypersurface M∗ of R3, arbitrarily

close to M0 in the real-analytic topology such that the heteroclinic cycle between γ+

and γ− becomes transverse. The existence of a transverse heteroclinic cycle implies the

existence of a transverse homoclinic orbit ξ to γ+ (or, equivalently, to γ−). Therefore

M∗ satisfies the assumptions of Theorems A and B. It follows that, arbitrarily close to

M∗ in the real-analytic topology, we can find a hypersurface M1 in which there are both

billiard trajectories drifting towards the boundary and oscillatory billiard trajectories.

We have started with an ellipsoid M0 in which the billiard trajectories are tangent to

caustics for all time, and by arbitrarily small real-analytic perturbation, we have found

a hypersurface M1 where the billiard dynamics has an extremely rich orbit structure

near the hyperbolic closed geodesic γ+, consisting periodic orbits, diffusive orbits, and

oscillatory orbits. That is to say, we have moved from integrability to chaos.

While this example shows that there are hypersurfaces arbitrarily near ellipsoids

on which assumptions [A1,2] are satisfied, we would like Theorems A and B to apply

more generally. Therefore we study geodesic flows.

Doubly Asymptotic Geodesics on Hypersurfaces

Let M be a real-analytic, closed (not necessarily convex) hypersurface of Rd where

d ≥ 3. The standard Euclidean inner product on Rd induces a Riemannian metric on

the hypersurface M . The geodesics of M are the curves that locally minimise length

with respect to this Riemannian metric. The geodesic flow takes a point x ∈ M and

a tangent vector u ∈ TxM and follows the unique geodesic passing through x in the

direction u at a constant speed ‖u‖.
As in the case of billiards, the geodesic flow on an ellipsoid is integrable [69].

The existence of a transverse homoclinic geodesic, on the other hand, implies the

existence of chaotic motions [108, 109]. The study of homoclinic geodesics goes back

to Hadamard and Poincaré [61, 101, 102], and was continued by Hedlund and Morse

(among others) in the next half-century [62, 90, 91, 92]. In a seminal paper, Anosov

studied the geodesic flow on closed Riemannian manifolds of negative curvature [6]. In

this case, the unit tangent bundle of the Riemannian manifold is a hyperbolic set for

the geodesic flow, so there are symbolic dynamics, positive topological entropy, and
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infinitely many homoclinic geodesics. The case of nonnegative curvature, however, is

more subtle. The most general result in this direction was proved by Contreras, who

showed that C2-generic Riemannian metrics on an arbitrary sufficiently smooth closed

manifold give rise to transverse homoclinic geodesics [29]. It was shown by Knieper and

Weiss that C∞-generic Riemannian metrics on a 2-sphere have a transverse homoclinic

geodesic [77].

These results do not apply directly to the case considered in this thesis for the

following two reasons. Firstly, if M is a real-analytic, closed hypersurface of Rd, and

g is a small perturbation of the standard metric on M , the Nash embedding theorem

guarantees that (M, g) can be isometrically embedded in some Euclidean space RN ,

but it is not necessarily the case that N = d [94, 95]. Therefore attention must be

restricted to those metrics g that do not change the dimension of the embedding space.

Secondly, the genericity proved in the results of Contreras and of Knieper and Weiss

is in the C2 and C∞ topologies, respectively. To prove genericity in those topologies

it is sufficient to use C∞-small locally-supported functions. Such an approach is not

valid in the real-analytic topology, as bump functions fail to be analytic. Instead, we

use again the method of Broer and Tangerman [22], and prove results for parametrised

families of locally supported perturbations for arbitrarily small values of the pertur-

bation parameter, before approximating by a real-analytic family.

Using these methods, the following general result is obtained in dimension d ≥ 3

by analysing the dynamics near an elliptic closed geodesic.

Theorem C. LetM be a real-analytic closed hypersurface of Rd (with d ≥ 3) equipped

with the standard metric. Suppose M has a nonhyperbolic closed geodesic. Then M

generically has a hyperbolic closed geodesic with a transverse homoclinic.

In the case when d = 3 and when it is assumed in addition that M is strictly

convex, genericity in the analytic topology is obtained.

Theorem D. Let M be a real-analytic, closed, and strictly convex surface in R3

equipped with the standard metric. Then M generically has a hyperbolic closed

geodesic with a transverse homoclinic.

The main tool used in proving Theorems C and D is a Kupka-Smale theorem for

analytic geodesic flows on hypersurfaces, which says: for generic real-analytic closed

hypersurfaces of Rd, the Poincaré map of every closed geodesic is in general position,

and every homoclinic or heteroclinic connection between hyperbolic closed geodesics

is transverse (Theorem 4.1.5). The proof of this theorem is as follows. It is first shown

that by an arbitrarily small analytic perturbation, the Poincaré map of a single closed

geodesic can be brought into general position. It is shown moreover that an arbitrarily
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small analytic perturbation can make connections transverse. It is then shown that

for each T > 0, there is an open and dense set of real-analytic closed hypersurfaces

M of Rd such that M has at most finitely many closed geodesics of length at most

T . Starting in this open dense set for T = 1, we can make finitely many real-analytic

perturbations to bring the Poincaré map of each of the finitely many closed geodesics

of length at most T into general position, and to make any homoclinic or heteroclinic

connections between them transverse. Repeating this process for each T ∈ N gives

countably many open dense sets, the intersection of which is the generic set we are

seeking.

Theorem C is immediate from the Kupka-Smale theorem and an argument of Con-

treras that is based on the work of Zehnder [29, 118]. Theorem D follows from the

Kupka-Smale theorem combined with arguments of Birkhoff, Mather, and Knieper and

Weiss [17, 77, 85]. The reason that the case of surfaces is special is that a simple closed

geodesic γ on a surface M in R3 splits M into northern and southern hemispheres. It

was then shown by Birkhoff that if M is strictly convex, every geodesic on M must

cross γ infinitely many times, both forward and backward in time. Consequently, γ

gives rise to a global Poincaré map, which is a mapping of a 2-dimensional annulus.

We can therefore use results about mappings of 2-dimensional annuli to complete the

proof.

Combined Results and Future Research

Combining Theorems A and B with Theorem C we obtain the following result near

elliptic closed geodesics.

Theorem E. Let M be a real-analytic, closed, and strictly convex hypersurface of Rd

where d ≥ 3. Suppose M has a nonhyperbolic closed geodesic. Then M generically

contains both billiard trajectories that drift towards the boundary, as well as oscillatory

billiard trajectories.

Finally, in dimension 3 we get the following general result upon combining Theo-

rems A and B with Theorem D, where assumptions [A1] and [A2] have been completely

removed.

Theorem F. For a generic real-analytic, closed, strictly convex surface M in R3, there

are both billiard trajectories that drift towards the boundary, and oscillatory billiard

trajectories.

It is, of course, desirable to have a version of Theorem F in dimension d > 3. This

would follow from a higher-dimensional analogue of Theorem D, but it turns out that

such a result is very difficult to prove (if indeed it is true). The closed strictly convex
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hypersurfaces considered in this thesis are topological spheres, and therefore have

trivial fundamental group. From a variational point of view, this means that standard

minimising techniques will fail. There are also “minimax” techniques which comprise

first maximising over some family of curves before minimising over homotopy classes

of such families [17], but these techniques, when applied to the search for homoclinic

curves, seem to require control of the first derivative of the curve. Such control is

apparently not granted by standard variational methods.

An approach that could potentially work is the following. As a result of Theorem

C it is only necessary to consider the case where M is a real-analytic closed hypersur-

face of Rd on which every closed geodesic is hyperbolic. It is well-known that closed

geodesics are critical points of a certain action functional. Hill’s formula, along with

the hyperbolicity assumption, implies that every closed geodesic is a nondegenerate

critical point of the action [20, 64, 117]. Therefore the action functional is a Morse

function on the loop space of M , and so we can construct its Morse homology. Such a

construction is called Floer homology [44, 45, 46]. It is possible that the profound the-

ory surrounding these constructions could be used to construct homoclinic geodesics

on generic M . A result of this sort would be a major coup, for two reasons: first of

all, it would improve significantly on any existing results about generic existence of

homoclinic geodesics; and secondly, it would be evidence of Floer homology being a

very powerful analytical tool in the theory of dynamical systems.

Structure of This Thesis

In Chapter 2 we define many of the mathematical tools and objects used in this the-

sis, including hyperbolic sets and normally hyperbolic invariant manifolds, scattering

maps, and symplectic structures. We consider the geometry of hypersurfaces, and

define the billiard map and geodesic flow. A proof of Gruber’s theorem regarding the

measure of billiard trajectories drifting towards the boundary is given.

In Chapter 3 we study billiard dynamics. It is shown that, under assumptions

[A1,2], the billiard map inherits a normally hyperbolic invariant manifold from the

geodesic flow, the stable and unstable manifolds of which have a transverse homoclinic

intersection. We construct an iterated function system on the invariant manifold com-

prising the billiard map and 8 scattering maps, and show how to destroy all invariant

curves of the iterated function system by arbitrarily small analytic perturbations, thus

proving Theorems A and B.

In Chapter 4 we study the geodesic flow. A Kupka-Smale theorem for geodesic

flows on real-analytic closed hypersurfaces of Rd is proved. In order to do this we

prove analogues of theorems of Anosov, Klingenberg and Takens, and Contreras and

Paternain [7, 29, 30, 75]. Theorem C follows immediately from this theorem and
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an argument of Contreras [29]. Finally, it is shown how to prove Theorem D by

constructing a global Poincaré map and analysing its hyperbolic fixed points, using an

argument of Knieper and Weiss [77].



2

Background and Preliminaries

2.1 Hyperbolic Dynamics

Hyperbolicity is characterised by the existence of expanding and contracting directions

for the linearisation of a map or flow at an invariant object. This ubiquitous concept

gives rise to many dynamical phenomena associated with chaos.

In this section we review some of the basic ideas and objects from hyperbolicity

theory that are fundamental in the study of Arnold diffusion and instability in gen-

eral: hyperbolic sets near transverse homoclinic points, normally hyperbolic invariant

manifolds, and scattering maps.

2.1.1 Homoclinic Trajectories and Hyperbolic Sets

Let M be a smooth manifold, and f : M → M a diffeomorphism with a fixed point

x ∈M . The fixed point x is said to be:

• Parabolic if 1 is an eigenvalue of the linearisation Dxf of f at x;

• Degenerate if Dxf has an eigenvalue equal to a root of unity;

• Hyperbolic if Dxf has no eigenvalue of absolute value 1; and

• Elliptic if it nondegenerate and nonhyperbolic.

Suppose x is a hyperbolic fixed point. In this case the theorem of Hadamard and

Perron (see for example [73]) guarantees the existence of f -invariant submanifolds

W s(x),W u(x) of M , called the stable and unstable manifolds of x which satisfy

W s(x) = {y ∈M : fn(y)→ x as n→∞},

W u(x) = {y ∈M : f−n(y)→ x as n→∞},

and

TxW
s(x)⊕ TxW u(x) = TxM.

19
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(a) (b)

(c) (d)

Figure 2.1: There are several ways that stable and unstable manifolds can intersect
at a homoclinic point y to a hyperbolic fixed point x. In (a), the stable and unstable
manifolds of x coincide to give a homoclinic loop; in (b) the intersection is transverse,
so the tangents to the invariant manifolds span the tangent space of R2 at y; in (c)
there is a homoclinic tangency; and (d) shows a nontransverse two-sided topological
crossing.

Definition 2.1.1. Let x, y ∈ M be hyperbolic fixed points of f . A point z ∈ M is

called a heteroclinic point if z ∈ W s(x) ∩W u(y). If x = y then such a point z (where

z 6= x) is called a homoclinic point.

If z ∈ W s(x) ∩W u(y) is a heteroclinic point then we clearly have fn(z) → x as

n→ +∞ and fn(z)→ y as n→ −∞. There are a number of different ways in which

the stable and unstable manifolds can intersect at a homoclinic or heteroclinic point

(see Figure 2.1), the most important (in this thesis) being the following.
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Figure 2.2: If y is a transverse homoclinic point to a hyperbolic fixed point x, the
invariance of the stable and unstable manifolds imply that all forward and backward
iterates of y under f are also transverse homoclinic points. Near x, the stable and
unstable manifolds fold on themselves as they cannot have self-intersections. This
leads to a complicated web of homoclinic intersections called the homoclinic tangle.

Definition 2.1.2. A heteroclinic (or homoclinic, in the case where x = y) point

z ∈ W s(x) ∩W u(y) is transverse if

TzW
s(x) + TzW

u(y) = TzM.

The existence of a transverse homoclinic point leads to very complicated dynamics

near the hyperbolic fixed point (see Figure 2.2). Indeed, Poincaré first drew this

picture after initially believing that transverse homoclinic points were too complicated

to occur in nature [101].

We will now be more precise about the word ‘complicated’: let us define hyperbolic

sets.

Definition 2.1.3. A subset Λ ⊂M is called a hyperbolic set for f if there is λ ∈ (0, 1),

a positive constant C, and an invariant splitting

TΛM = Es ⊕ Eu

of the tangent bundle such that for all x ∈ Λ and n ∈ N we have:

• ‖Dxf
n(v)‖ ≤ Cλn‖v‖ for all v ∈ Es

x; and

• ‖Dxf
−n(v)‖ ≤ Cλn‖v‖ for all v ∈ Eu

x .

A hyperbolic fixed point is an example of a hyperbolic set. In order to avoid such

trivial examples we also require the following additional definitions.
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Definition 2.1.4. Let Λ ⊂M be a hyperbolic set for f . The set Λ is said to be:

• Nontrivial if it contains more than one orbit;

• Locally maximal if there is a neighbourhood V of Λ in M such that

Λ =
⋂
n∈Z

fn(V );

• Basic if it is locally maximal and contains a dense orbit.

A proof of the following well-known result can be found, for example, in [73].

Theorem 2.1.5. Suppose Λ ⊂M is a nontrivial hyperbolic basic set for f . Then f |Λ
is topologically semiconjugate to a transitive subshift of finite type.

Theorem 2.1.5 tells us that the dynamics on a nontrivial hyperbolic basic set can be

explained symbolically. The transitivity of the symbolic dynamics implies that there

are infinitely many periodic and homoclinic orbits. The following theorem, due to

Smale [109, 110] (see also [108]), further establishes the relationship between hyperbolic

sets and homoclinic points.

Theorem 2.1.6. Let x ∈ M be a hyperbolic fixed point of f , and let y ∈ M be a

transverse homoclinic point to x. Then, arbitrarily close to x, we can find a nontrivial

hyperbolic basic set Λ for an iterate of f such that fn(y) ∈ Λ for some n ∈ N.

Combining Theorems 2.1.5 and 2.1.6, we obtain the following corollary.

Corollary 2.1.7. If f has a single transverse homoclinic orbit to a hyperbolic fixed

point x, then it has infinitely many.

2.1.2 Normally Hyperbolic Invariant Manifolds

In this section, let M be a smooth manifold, and φt : M →M a smooth flow with

d

dt

∣∣∣∣
t=0

φt = X.

One of the central objects of study in this thesis is a normally hyperbolic invariant

manifold.

Definition 2.1.8. Let A ⊂ M be a compact invariant manifold for φt. We say that

A is a normally hyperbolic invariant manifold if there is 0 < λ < µ−1 < 1, a positive

constant C, and an invariant splitting of the tangent bundle

TAM = TA⊕ Es ⊕ Eu
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such that:

‖Dφt|Es‖ ≤ Cλt for all t ≥ 0,

‖Dφt|Eu‖ ≤ Cλ−t for all t ≤ 0,

‖Dφt|TA‖ ≤ Cµ|t| for all t ∈ R.

(2.1)

Remark 2.1.9. This is actually stronger than the standard definition. Notice that

the rate of expansion λ is equal to the rate of contraction. Such invariant manifolds

are called symmetrically normally hyperbolic. Moreover, the standard definition of

normally hyperbolic invariant manifolds allows the parameters λ, µ to depend on the

point in A. However the definition given here is suitable for the purposes of this thesis.

Definition 2.1.10. Let A be a normally hyperbolic invariant manifold for φt, and let

λ, µ denote the hyperbolicity parameters as in the definition. If for some r ∈ N we

have 0 < λ < µ−r < 1, then A is called an r-normally hyperbolic invariant manifold.

This condition on the hyperbolicity parameters is referred to as a large spectral gap

condition. Setting t = 1 in (2.1) gives the definition of a normally hyperbolic invariant

manifold for the map f = φ1.

It was proved by Fenichel in the 70’s that normally hyperbolic invariant mani-

folds are stable under small perturbations [40, 41, 42]. The result was improved by

Hirsch, Pugh, and Shub to obtain the following, which is sometimes referred to as the

fundamental theorem of normally hyperbolic invariant manifolds [65].

Theorem 2.1.11. Let r ∈ N, and suppose A ⊂M is an r-normally hyperbolic invari-

ant manifold for φt. Let TAM = TA ⊕ Es ⊕ Eu denote the corresponding invariant

splitting of the tangent bundle.

1. There are φt-invariant stable and unstable submanifolds W s(A), W u(A) ⊂ M

given by

W s(A) = {x ∈M : d(φt(x), A) ≤ C(x)λt for all t ≥ 0},

W u(A) = {x ∈M : d(φt(x), A) ≤ C(x)λ−t for all t ≤ 0},

that are tangent at A to TA⊕ Es, TA⊕ Eu respectively;

2. W s(A),W u(A) are unique in the sense that any set V near A satisfying φt(V ) ⊆
V for all t > 0 is contained in W s(A), and any set V near A satisfying φ−t(V ) ⊆
V for all t > 0 is contained in W u(A);

3. W s(A) consists of all points whose forward orbits never leave some neighbourhood

of A, and W u(A) is the set of points whose backward orbits never leave some

neighbourhood of A;
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4. W s(A),W u(A), and A are Cr-smooth submanifolds;

5. On W s(A),W u(A) there are invariant foliations by submanifolds W s(x), W u(x)

for each x ∈ A where TxW
s(x) = Es

x and TxW
u(x) = Eu

x ;

6. If Y is a vector field Cr-close to X then there is a manifold AY Cr-close to A

that is a normally hyperbolic invariant manifold for the flow of Y . Moreover, its

stable and unstable manifolds and foliations are Cr-close to those of A; and

7. The flow φt near A is topologically conjugate to the flow of Dφt|Es⊕Eu.

Remark 2.1.12. Analogous results hold for maps. The theorem also includes similar

statements about eventually r-normally hyperbolic flows, but these statements are not

required for the purposes of this thesis.

Let A ⊂M be an r-normally hyperbolic invariant manifold for φt. The stable and

unstable invariant manifolds are given by

W s(A) = {x ∈M : d(φt(x), A) ≤ C(x)λt for all t ≥ 0},

W u(A) = {x ∈M : d(φt(x), A) ≤ C(x)λ−t for all t ≤ 0},

where C is a constant that is allowed to depend on x. The foliations described in part

5 of Theorem 2.1.11 are called the strong stable and strong unstable foliations. The

leaves of the foliations corresponding to x ∈ A are

W s(x) = {y ∈M : d(φt(x), φt(y)) ≤ C(x, y)λt for all t ≥ 0},

W u(x) = {y ∈M : d(φt(x), φt(y)) ≤ C(x, y)λ−t for all t ≤ 0}.

Two leaves of the strong stable or strong unstable foliation corresponding to different

points of A are disjoint, and

W s(A) =
⋃
x∈A

W s(x), W u(A) =
⋃
x∈A

W u(x).

The foliations are invariant in the sense that for any x ∈ A and t ∈ R we have

φt(W s(x)) = W s(φt(x)), φt(W u(x)) = W u(φt(x)). (2.2)

Moreover, the foliations are Cr−1-regular, meaning that the fields of tangents to the

leaves are Cr−1-smooth.
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2.1.3 Scattering Maps

Let M be a smooth manifold and φt : M → M a smooth flow. Suppose A ⊂ M is an

r-normally hyperbolic invariant manifold for φt.

Definition 2.1.13. The holonomy maps πs : W s(A) → A and πu : W u(A) → A

are the projections along leaves of the strong stable and strong unstable foliations,

respectively: if y ∈ W s(A) (resp. W u(A)) then there is a unique x ∈ A such that

y ∈ W s(x) (resp. y ∈ W u(x)). We define πs(y) = x (resp. πu(y) = x).

Now, suppose there is a homoclinic point x ∈ (W s(A) ∩W u(A)) \ A. We call x a

transverse homoclinic point if W s(A) and W u(A) are transverse at x, in which case

we write x ∈ (W s(A) t W u(A)) \A. If x is a transverse homoclinic point, the implicit

function theorem implies that there is an open neighbourhood V of x contained in

W s(A) ∩W u(A) such that every y ∈ V is a transverse homoclinic point.

Since x ∈ W s(A) ∩ W u(A), there are unique x± ∈ A such that x ∈ W s(x+) ∩
W u(x−). The homoclinic intersection at x is said to be strongly transverse if

TxW
s(x+)⊕ Tx(W s(A) ∩W u(A)) = TxW

s(A),

TxW
u(x−)⊕ Tx(W s(A) ∩W u(A)) = TxW

u(A).

In this case the strong stable foliation is transverse to V in W s(A), and the strong

unstable foliation is transverse to V in W u(A), assuming V is small enough. In this

case we can define the scattering map (see Figure 2.3).

Definition 2.1.14. With the notation and assumptions as above, we define the scat-

tering map

s : πu(V ) −→ πs(V ) (2.3)

x 7−→ πs ◦ (πu)−1(x).

The scattering map was introduced by Delshams, de la Llave, and Seara [32, 33],

and has become a widely used tool in proofs of diffusion.

Now, consider the map f = φ1. Assume that A has the structure of a cylinder, so

there is a Cr-diffeomorphism h : T× [0, 1]→ A.

Definition 2.1.15. Let B ⊂ (W s(A) t W u(A)) \ A be a smooth two-dimensional

manifold. We say that B is a homoclinic cylinder if the scattering map

sB : A −→ A

relative to B is a Cr−1 diffeomorphism.
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Figure 2.3: The scattering map s takes a point x on the normally hyperbolic invariant
manifold A, follows a leaf of the strong unstable foliation of W u(A) until it reaches the
homoclinic manifold B, and then follows a leaf of the strong stable foliation of W s(A)
back to A.

A transverse homoclinic intersection remains transverse under sufficiently small

perturbations, as a result of part 6 of Theorem 2.1.11. It follows that, if f has a

Cr-smooth homoclinic cylinder B, and if g is sufficiently Cr-close to f , then the map

g has a homoclinic cylinder B̄ Cr-close to B. Moreover, the corresponding scattering

map s̄ is Cr−1-close to the unperturbed scattering map s.

It is clear that if B is a homoclinic cylinder, then so too is fn(B) for any n ∈ Z.

The following identities are an immediate consequence of the invariance (2.2) of the

strong stable and strong unstable foliations:

πsf(B) = f ◦ πsB ◦ f−1, πuf(B) = f ◦ πuB ◦ f−1. (2.4)

We also have analogous statements for time shifts of the flow φt. Similar expressions

hold for fn(B) for any n ∈ Z. Furthermore, combining (2.3) and (2.4) gives an

analogous expression for the scattering map sfn(B).
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2.2 Real-Analytic Perturbation Theory

In the theory of perturbations of dynamical systems, it is often convenient to make

some small change to the dynamics in a small region of the phase space while leav-

ing the dynamics elsewhere in the phase space unchanged. Locally-supported func-

tions, however, are not real-analytic. This is a significant obstacle when proving

perturbation-theoretic results for real-analytic systems, and specific techniques are

required to overcome this obstacle.

We begin with some basic definitions.

Definition 2.2.1. Let X be a topological space. Then:

• A subset Y ⊆ X is residual if it can be written

Y =
⋂
n∈N

Yn

where Yn is an open dense subset of X for each n ∈ N; and

• A property of points x ∈ X is said to be generic if it occurs on a residual subset

of X.

Let d ∈ N and let U ⊂ Rd be a domain.

Definition 2.2.2. A function ψ : U → R is said to be real-analytic if it admits a

holomorphic extension in a complex neighbourhood of U .

Equivalently, the function is real-analytic if it can locally be written as a convergent

power series in a neighbourhood of every point of U . If ψ : U → R is real-analytic

then we write ψ ∈ Cω(U). The following elementary lemma tells us that we cannot

use bump functions (i.e. locally-supported functions) explicitly in a Cω perturbation

theory.

Lemma 2.2.3. Bump functions are not real-analytic.

Proof. Let U ⊂ Rd be a domain, and let ψ : U → R be a smooth function. Suppose for

contradiction that both the support of ψ is compactly embedded in U , and ψ ∈ Cω(U).

Let V = supp(ψ). Since V is compactly embedded in U we can find a point

x0 ∈ ∂V such that every open neighbourhood of x0 in U contains an open subset of

U \V . Therefore ψ(x0) = 0 along with all of its derivatives. Since x0 ∈ ∂V , every open

neighbourhood of x0 in U also contains an open subset of V . Since ψ ∈ Cω(U), we

can find an open neighbourhood W of x0 ∈ U and constants aα ∈ R for each α ∈ Nd
0

such that

ψ(x) =
∞∑
|α|=0

aα(x− x0)α
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for all x ∈ W , where we have used multi-index notation. Since ψ vanishes at x0 along

with all of its derivatives, we find that aα = 0 for all α ∈ Nd
0, and so ψ|W ≡ 0. Since W

is an open neighbourhood of x0 it contains points of V , which is a contradiction.

Define the Cω topology on Cω(U) as follows. Two functions f, g ∈ Cω(U) by

definition admit holomorphic extensions f̂ , ĝ on a compact complex neighbourhood Û

of U . We say that f, g are close in the Cω topology if f̂ , ĝ are uniformly close on Û .

Suppose now we want to show that a property of functions in Cω(U) occurring on

a set

Y =
⋂
n∈N

Yn ⊆ Cω(U)

is generic. It follows from the definitions that it is sufficient to show that each Yn is

open and dense in Cω(U). Lemma 2.2.3 implies that the Cω topology is finer than the

Cr topology for any r ∈ N0∪{∞}. Therefore for openness, it is sufficient to show that

Yn is open in the Cr topology for some r ∈ N0, since this in turn implies Cω-openness.

For denseness, on the other hand, this is not sufficient.

This means that if we have a function f ∈ Cω(U) and some C∞-small bump

function ψ : U → R such that f + ψ has the desired properties, this is not enough

to prove denseness for a real-analytic perturbation theory. In order to overcome this

difficulty, we use a technique introduced by Broer and Tangerman [22]:

• Determine open conditions in a weaker topology (e.g. the Cr-topology for some

r ∈ N) to be satisfied by a family of perturbations in order to obtain the desired

effect for arbitrarily small values of the parameter;

• Show that these conditions are satisfied by f + εψ for arbitrarily small values of

ε where ψ is a bump function;

• Approximate f + εψ sufficiently well in the Cr topology by a real-analytic family

fε where f0 ≡ f ; and

• Since the conditions are open in the Cr-topology, and since the approximation is

sufficiently good in the Cr topology, conclude that we obtain the desired effect

for arbitrarily small values ε 6= 0 of the parameter for the real-analytic family fε.

As an application of this technique, Broer and Tangerman proved the following

theorem in [22].

Theorem 2.2.4. (Real-Analytic Kupka-Smale Theorem) Let (M, g) be a real-analytic

Riemannian manifold. Let Xω(M) denote the space of real-analytic vector fields on

M , equipped with the Cω topology. Then for generic X ∈ Xω(M) we have:
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1. Every periodic orbit of X is hyperbolic; and

2. Any homoclinic or heteroclinic connections are transverse.

2.3 Abraham’s Transversality Theorem

A theorem of Abraham regarding the transversality of a map to a submanifold of its

image has turned out to be very useful when proving results about generic properties

of dynamical systems. The theorem is stated using the terminology of pseudorepre-

sentations, but the parallels to the case of maps are clear.

We first define pseudorepresentations and pseudotransversality. Let E be a Baire

topological space (i.e. every residual subset of E is dense), and let M,N be second

countable, finite-dimensional manifolds. Let D be a subset of M , and ∆ a submanifold

of N .

Definition 2.3.1. A C1-pseudorepresentation is a map F : E → C1(M,N) such that

the evaluation map

ev
(
F (1)

)
: E × TM −→ TN

defined by

ev
(
F (1)

)
(G, z) = D (F (G)) (z)

is continuous.

Definition 2.3.2. A C1-pseudorepresentation F : E → C1(M,N) is Cr- pseudotrans-

verse to ∆ on D if there is a dense subset K ⊂ E such that for all G ∈ K there is an

open set BG in a separable Banach space B, a continuous mapping ψG : BG → E and

G ∈ BG such that ψG
(
G
)

= G and the map ev (F ◦ ψG) : BG×M → N is Cr-smooth

and transverse to ∆ on D.

Abraham’s transversality theorem can now be stated as follows.

Theorem 2.3.3. Suppose F : E → C1(M,N) is Cr-pseudotransverse to ∆ on D,

where r is sufficiently large. Denote by R the set of G ∈ E for which F (G) is transverse

to ∆ at points of D.

• If D = M then R is residual in E; and

• If ∆ is a closed submanifold and D ⊂ M is compact then R is open and dense

in E.

Various statements and proofs of this theorem can be found in the writings of

Abraham [1, 4, 5]. However in Abraham’s statements, the space E is required to
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be a Banach space. This was loosened by Robinson [107] (see also [105]) to the

requirement above, that it is a Baire topological space. Notice that the space C1(M,N)

is not given any topology. In this thesis, the set E will be a space of real-analytic

embeddings, equipped with the analytic topology. Theorem 2.3.3 is capable of handling

this topology.

As an example of how this theorem is used, let M,N be smooth finite-dimensional

manifolds without boundary, and let ft : M → N be a one-parameter family of

smooth mappings with smooth dependence on the parameter t ∈ R. Let ∆ ⊂ N be a

smooth submanifold without boundary. Consider the map F : R ×M → N defined

by F (t, x) = ft(x). Then F is a smooth map of manifolds. Suppose F is transverse to

∆ in the sense that

D(t,x)F
(
T(t,x) (R×M)

)
+ TF (t,x)∆ = TF (t,x)N

whenever F (t, x) ∈ ∆. Then Theorem 2.3.3 guarantees that there is a residual set

R ⊂ R such that ft is transverse to ∆ for all t ∈ R. The latter is a version of the

classical transversality theorem of Thom [115, 116].

2.4 Hamiltonian and Symplectic Dynamics

In classical mechanics, energy is determined entirely by position and momentum, and

is conserved due to the principle of conservation of energy. Hamiltonian mechanics

is a mathematical formulation of these concepts. From a dynamical point of view,

orbits of a Hamiltonian flow evolve in such a way that an energy functional called the

Hamiltonian remains constant along trajectories. Symplectic maps can be thought of

as a discrete analogue of Hamiltonian flows.

Integrable Hamiltonian systems are distinguished by the existence of action-angle

coordinates (ϕ, I) ∈ TTd such that the Hamiltonian depends only on the action vari-

able I. In this case, the dynamics takes place on invariant tori Td on which the action

variable is constant and the dynamics is smoothly conjugate to a rotation by a fixed

frequency vector. The problems of stability (KAM theory) and instability (Arnold dif-

fusion) of Hamiltonian systems relates to the perseverance of these invariant tori under

small perturbations of the system, and to the consequences of their destruction. The

study of these problems is motivated by the question of stability of the solar system,

which is modelled by the n-body problem.

2.4.1 Hamiltonian Flows and Symplectic Maps

Let M be a smooth manifold of dimension d. If x ∈ M and u ∈ TxM , we write

(x, u) ∈ TM . A Hamiltonian is a smooth function H : TM → R that represents
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energy1. The function H defines a dynamical system as follows. The orbit (x(t), u(t))

with initial condition (x, u) ∈ TM should evolve so that the energy functional H

remains constant, so

0 =
d

dt
H(x(t), u(t)) =

d∑
j=1

(
∂H

∂xj
(x(t), u(t))ẋj(t) +

∂H

∂uj
(x(t), u(t))u̇j(t)

)
where the dot represents the time derivative. Notice that this equation is satisfied if

ẋj =
∂H

∂uj

u̇j = −∂H
∂xj

.

(2.5)

The equations (2.5) are called Hamilton’s equations of motion. The manifold M is

called the configuration space, and the tangent bundle TM is the phase space.

Denote by Id the d× d identity matrix. The standard 2d× 2d symplectic matrix is

Ω =

(
0 Id

−Id 0

)
. (2.6)

Then the equations (2.5) can also be written in the concise form

(ẋ, u̇) = X(x, u) := Ω∇H,

where X is referred to as the Hamiltonian vector field of the Hamiltonian function H.

The flow φt : TM → TM defined by

d

dt

∣∣∣∣
t=0

φt = X (2.7)

is the Hamiltonian flow of the Hamiltonian function H.

This description can be generalised somewhat. A differential k-form α on TM

is called closed if dα = 0, and when k = 2 it is called nondegenerate if for any

(x, u) ∈ TM and ξ ∈ T(x,u)TM \ {0}, there is η ∈ T(x,u)TM such that α(ξ, η) 6= 0.

Definition 2.4.1. A differential 2-form ω is called a symplectic form if it is closed

and nondegenerate.

The standard symplectic form is

ω = dx ∧ du = dx1 ∧ du1 + · · ·+ dxd ∧ dud. (2.8)

1Typically a Hamiltonian is defined on the cotangent bundle rather than the tangent bundle. In
this thesis there is always a Riemannian structure on the manifold M which allows us to associate
the tangent and cotangent bundles.
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Notice that, for (x, u) ∈ TM and ξ, η ∈ T(x,u)TM we have

ω(ξ, η) = ξTΩη

where Ω is the standard symplectic matrix defined by (2.26). In order to define a

Hamiltonian system, it is sufficient only to have a symplectic form ω and a sufficiently

smooth function H on an even-dimensional manifold N .

Suppose now that N is a 2d-dimensional manifold and ω is a symplectic form on

N . It turns out that we can always write ω (locally) in the form (2.8) (see [11], for

example).

Theorem 2.4.2. (Darboux’s Theorem) The manifold N can be covered by charts with

coordinates (x, u) = (x1, . . . , xd, u1, . . . , ud) such that the symplectic form ω is written

in the form (2.8).

Now, let H : N → R be a Hamiltonian function. Denote by φt : N → N the

Hamiltonian flow associated with H.

Lemma 2.4.3. The Hamiltonian flow φt : N → N preserves the symplectic form.

Proof. There is a quick proof of this lemma using Cartan’s formula, but the following

is more instructive. By Theorem 2.4.2, we can cover N by charts with coordinates

(x, u) such that ω is the standard symplectic form. Let (x(t), u(t)) = φt(x, u) denote

the orbit with initial conditions (x, u). Then

(
φt
)∗
ω = dx(t) ∧ du(t) =

(
∂x(t)

∂x

∂u(t)

∂u
− ∂x(t)

∂u

∂u(t)

∂x

)
dx ∧ du.

It follows from (2.5), (2.7), and the previous equation that

d

dt

∣∣∣∣
t=0

((
φt
)∗
ω
)

=

(
∂2H

∂x∂u
− ∂2H

∂u∂x

)
dx ∧ du = 0.

Definition 2.4.4. The Liouville measure on N is defined as the integral over the

volume form ωd.

The next result is an immediate corollary of Lemma 2.4.3.

Corollary 2.4.5. The Hamiltonian flow φt : N → N preserves the Liouville measure.

We now define what it means for a map to be symplectic or exact symplectic - the

discrete analogue of Hamiltonian flows.

Definition 2.4.6. A smooth map f : N → N is said to be symplectic if f ∗ω = ω.
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Suppose now the symplectic form is exact, so there is a 1-form λ on N such that

ω = dλ. Such a 1-form is called the Liouville 1-form.

Definition 2.4.7. The smooth map f : N → N is exact symplectic if there is a smooth

function h : N → R such that

f ∗λ− λ = dh.

As in Corollary 2.4.5, a symplectic map preserves the Liouville measure.

2.4.2 KAM Theory

Let (ϕ, I) ∈ TTd and consider the Hamiltonian H = H(I). Such a system is called

integrable since the equations of motion
ϕ̇ =

∂H

∂I

İ = −∂H
∂ϕ

= 0

can simply be integrated to obtain{
ϕ(t) = ϕ(0) + ν(I(0))t

I(t) = I(0)

where ν(I) = ∂H
∂I

(I). Therefore the dynamics takes place on invariant tori Td×{I(0)}
and is a rigid rotation with frequency ν(I(0)).

Definition 2.4.8. A vector ν ∈ Rd is said to be:

• Resonant if there is k ∈ Zd \ {0} such that 〈k, ν〉 = 0;

• Nonresonant if it is not resonant; and

• Strongly nonresonant or Diophantine if there are γ, τ > 0 such that

|〈k, ν〉| ≥ γ

|k|τ
(2.9)

for all k ∈ Zd \ {0}, where |k| = |k1|+ · · ·+ |kd|.

It turns out that the persistence properties of an invariant torus under perturbation

are heavily dependent on the properties of the underlying frequency vector.

Suppose now we make a perturbation

H → Hε = H + εH̄
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where H̄ = H̄(ϕ, I). Poincaré showed that tori with resonant frequencies generally

do not survive, even for arbitrarily small values of ε, and it was widely believed that

the remaining tori should also be destroyed, but no (correct) proof appeared. This is

because it is not true, as Kolmogorov pointed out. Let ∆γ
τ denote the set of all vectors

ν ∈ Rd satisfying (2.9), and let

∆τ =
⋃
γ>0

∆γ
τ .

Let E ⊂ Rd be a bounded domain, and denote by Eγ the set of all vectors ν ∈ E ∩∆γ

such that ‖ν − ∂E‖ ≥ γ.

Theorem 2.4.9. (KAM Theorem) Suppose there is a set D ⊂ Rd such that the fre-

quency map ν : D → E is a diffeomorphism, the Hamiltonian Hε = H + εH̄ is

real-analytic on Td ×D, and

det
∂2H

∂I2 6= 0.

Then there is δ > 0 such that for

|ε| < δγ2,

the invariant tori Td×{I0} with frequency vectors ν(I0) ∈ Eγ survive the perturbation.

Remark 2.4.10. This is not the sharpest possible statement of the KAM theorem -

rather it was chosen in [103] as a relatively simple statement to facilitate the exposition.

The KAM theorem was first stated without proof by Kolmogorov [78] (see also an

appendix of [3] for an English translation of the famous address given by Kolmogorov

at the ICM in 1954). It was later proved separately by Arnold [9] and Moser [93],

and is named for these three. The author found [68, 103] to be particularly useful

references on KAM theory, and this exposition is based on them. The proof of the

theorem, which reduces to solving a certain homological equation via Newton’s method

of successive approximations, is beyond the scope of this thesis.

2.4.3 Arnold Diffusion

In his original paper [10] on the subject, Arnold considered the nonautonomous Hamil-

tonian Hε : TT2 × R→ R given by

Hε(ϕ, I; t) =
I2

2
+ ε(−1 + cosϕ1)(1 + µ(sinϕ2 + cos t)) (2.10)

where ε, µ are small parameters. For ε = 0, the system is integrable, and the dynamics

takes place on invariant tori T2 × {I0}. KAM theory implies that many of these

invariant tori survive perturbation. Arnold proved, however, that we also have the

following instability phenomenon.
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Theorem 2.4.11. (Arnold’s Example) For any 0 < A < B and ε > 0, we can find

µ0 > 0 such that for 0 < µ < µ0 the system (2.10) has a trajectory (ϕ(t), I(t)) such

that I2(0) < A and I2(τ) > B for some (potentially very large) τ > 0.

A sketch of the proof of this statement is as follows. Arnold calls an invariant torus

T a whiskered torus if it is contained in the intersection of invariant manifolds Y +, Y −,

called the arriving and departing whiskers of T . The manifolds Y ± can be thought of

as stable and unstable manifolds. A collection T1, . . . , Tn of whiskered tori is called a

transition chain if the departing whisker Y −j of Tj has a transverse intersection with

the arriving whisker Y +
j+1 of Tj, as well as some transversality properties of Y ±j near

Tj (see Figure 2.4). For µ = 0, the equations of motion of the (autonomous) system

(2.10) are 
ϕ̇1 =

∂Hε

∂I1

= I1, ϕ̇2 =
∂Hε

∂I2

= I2

İ1 = −∂Hε

∂ϕ1

= ε sinϕ1, İ2 = − ∂Hε

∂ϕ2

∣∣∣∣
µ=0

= 0.

Let ν ∈ R \Q and consider the torus

Tν =
{

(ϕ, I) ∈ TT2 : I1 = ϕ1 = 0, I2 = ν
}
.

Then Tν is a whiskered torus of Hε with Y + = Y − when µ = 0. Arnold points out

that, for small µ 6= 0, the invariant torus persists, and the separatrices Y ± split and

intersect transversely [10, 88, 101]. He then shows that we can find ν1, . . . , νn ∈ R \Q
such that ν1 < A < ν2 < · · · < νn−1 < B < νn, and such that Tν1 , . . . , Tνn is a

transition chain. Finally, he observes that arbitrarily small neighbourhoods of Tν1 are

connected to arbitrarily small neighbourhoods of Tνn by orbits of Hε, thus proving

Theorem 2.4.11.

When µ = 0, the system (2.10) is autonomous, and the phase space is 4-dimensional.

In this case the 2-dimensional invariant tori divide the phase space into regions that

are invariant under the Hamiltonian flow of Hε. However, when µ 6= 0 the system

depends periodically on time. This can be thought of as increasing the dimension of

the phase space, with the fifth variable, time, defined by ṫ = 1. The 2-dimensional

invariant tori do not divide the 5-dimensional phase space into invariant regions, and

so diffusion is possible.

The system (2.10) is a very specific example of what Arnold believed to be a much

more general phenomenon: “I believe that the mechanism of ‘transition chains’ which

guarantees that instability in our example is also applicable to the general case”. He

continued, however, “The search for whiskered tori and especially the investigation

of their intersections in the general problem of perturbation theory demands very

complicated calculations” [10].
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Figure 2.4: A transition chain of whiskered tori along which I2 increases.

Modern descriptions of Arnold diffusion are similar in spirit. Typically the system

has a normally hyperbolic invariant manifold A (or indeed a chain of them with hetero-

clinic connections between them), which for the purposes of this heuristic discussion we

assume to have the structure of a cylinder. In the case where the unperturbed system

does not have such an invariant manifold, it must be shown that one can be con-

structed by arbitrarily small perturbation. Suppose, moreover, a small perturbation

can be made that makes the stable and unstable manifolds of A intersect transversely.

Then we can define scattering maps s1, . . . , sn on subsets of A. Consider the iterated

function system (“IFS”) on A consisting the n scattering maps and a time-shift of

the restriction of the Hamiltonian flow to the invariant manifold A. Orbits of the IFS

are called “pseudo-orbits”. The next step is to find (perhaps by small perturbation)

diffusive pseudo-orbits – that is, pseudo-orbits which move up along the cylinder. Fi-

nally, it is shown that there are true orbits of the Hamiltonian system that shadow

the diffusive pseudo-orbits.

In the real-analytic case, the Nekhoroshev estimates apply [21, 97]. These estimates

give a lower bound on diffusion time that is exponentially large in the perturbation

parameter ε. As a result, the diffusion is an extremely slow process.

There are various settings in which Arnold diffusion can take place. These settings
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can be categorised as follows.

• A priori stable: the unperturbed system is integrable;

• A priori unstable: the unperturbed system has a normally hyperbolic invariant

manifold; and

• A priori chaotic: the unperturbed system has a normally hyperbolic invariant

manifold, the stable and unstable manifolds of which have a transverse homo-

clinic intersection.

The description given above relates to the geometrical methods of Arnold diffusion.

Variational methods pioneered by Mather have also had success in proving diffusion

[87]. These results however typically use a lemma of Cheng and Yan which requires es-

sentially the use of bump functions which cannot be approximated, and so the method

of Broer and Tangerman cannot be used [24]. This has presented an obstacle to pro-

ducing results in the real-analytic category.

2.4.4 k-Jets of Symplectic Automorphisms

Let M be a smooth manifold of dimension d, and let H : TM → R be a Hamiltonian

function. Suppose z ∈ TM is a periodic point of the Hamiltonian flow φt. Let Σ

denote a Poincaré section to the orbit of z in the energy level H(z). It follows that,

in some coordinates, the corresponding Poincaré map P : Σ → Σ is a symplectic

diffeomorphism from a neighbourhood of the origin in R2(d−1) to itself, with the origin

as a fixed point. Often it is easier to study this Poincaré map than it is to study the

flow.

Let S(d−1) denote the set of symplectic diffeomorphisms from R2(d−1) to itself with

a fixed point at the origin. Let Ω denote the standard 2(d− 1)× 2(d− 1) symplectic

matrix. A 2(d − 1) × 2(d − 1) matrix σ with real entries is said to be a symplectic

matrix if

σTΩσ = Ω. (2.11)

Let f ∈ S(d − 1). The fact that f is symplectic guarantees that D0f is a symplectic

matrix.

Lemma 2.4.12. Let σ be a symplectic matrix. Then the eigenvalues of σ come in

reciprocal pairs.

Proof. Notice that det(Ω) = 1. This, together with equation (2.11) implies that

det(σ) = ±1. Therefore (2.11) imples that

σ = −Ωσ−TΩ.



38 CHAPTER 2. BACKGROUND AND PRELIMINARIES

Using this formula together with the formulas det(Ω) = det(−Ω) = 1 and Ω−1 =

−Ω, and the fact that the determinant of a product of matrices is the product of

determinants, we see that the characteristic polynomial of σ is

det(σ − λI) = det(−Ωσ−TΩ + λΩ2)

= det(−Ω) det(σ−T − λI) det(Ω) = det(σ−T − λI).

Therefore σ and σ−T have the same characteristic polynomial. It follows that σ and

σ−1 have the same spectrum.

Another property of symplectic matrices implies that elliptic fixed points of sym-

plectic diffeomorphisms cannot be made hyperbolic by arbitrarily small symplectic

perturbations, meaning that a direct analogue of Theorem 2.2.4 is not true in the class

of Hamiltonian vector fields (or any subsets of this class). As an example, suppose

f ∈ S(1) and let

σ = D0f =

(
a b

c d

)
.

By Lemma 2.4.12 we have det(σ) = 1. Therefore the characteristic polynomial of σ is

λ2 − (a+ d)λ+ 1 = 0, and so the eigenvalues are

(a+ d)±
√

(a+ d)2 − 4

2
.

The product of these eigenvalues is 1, and the eigenvalues are nonreal if and only if

(a+ d)2 < 4,

in which case they must lie on the complex unit circle. The latter is clearly a C1-open

property of f in S(1). Therefore a different formulation of part 1 of Theorem 2.2.4 is

required in the Hamiltonian setting.

Let f ∈ S(d− 1) and k ∈ N. The k-jet Jk0 f of f at 0 is the truncated Taylor series

at 0,

Jk0 f(x) =
k∑
j=0

1

j!
Djf(0)x⊗j

considered as a polynomial in x. Denote by Jks (d − 1) the set of k-jets of symplectic

Ck-diffeomorphisms acting on R2(d−1) that fix the origin, and equip this space with

the product

Jk0 f1 · Jk0 f2 = Jk0 (f2 ◦ f1) .

Definition 2.4.13. Let J ⊂ Jks (d− 1). The set J is said to be:
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• Open if for all Jk0 f in J , for any g in a sufficiently Ck-small neighbourhood of

f , we have Jk0 g ∈ J ;

• Dense if for any f ∈ S(d − 1) we can find g arbitrarily Ck-close to f such that

Jk0 g ∈ J ; and

• Invariant if for any Jk0 f ∈ J and any g ∈ S(d− 1),

Jk0 g · Jk0 f · Jk0 g−1 ∈ J .

Remark 2.4.14. The invariance of a set of jets allows us to make symplectic changes

of coordinates without leaving the set.

A suitable reformulation of part 1 of Theorem 2.2.4 for Hamiltonian vector fields

is the following: if J ⊂ Jks (d− 1) is open, dense, and invariant, there is a residual set

of Ck-smooth Hamiltonian vector fields X on TM such that the k-jet of the Poincaré

map of every closed orbit of the flow of X is in J . Theorems of this type were proved

by Robinson for conservative systems in [105, 106], and for Mañé generic Hamiltonians

by Rifford and Ruggiero [104] and by Carballo and Miranda [23].

In practice, k-jets of symplectic diffeomorphisms can be hard to compute. Instead,

we will look at the (k + 1)-jet of the Hamiltonian, which takes the form of a more

familiar polynomial, and look at the effect of a generic perturbation on this function.

2.5 Hypersurface Geometry

Denote by Wd the set of all real-analytic functions Q : Rd → R such that the set

M = M(Q) = {x ∈ Rd : Q(x) = 0} (2.12)

is a closed hypersurface of Rd. Equip Wd with the real-analytic topology (see Section

2.2). Let Q ∈ Wd, and let M = M(Q). Then for x ∈M , the unit normal vector

n(x) = − ∇Q(x)

‖∇Q(x)‖
(2.13)

is inward-pointing2. The curvature matrix C(x) is the matrix of second partial deriva-

tives of Q divided by the norm of the gradient:

C(x) = ‖∇Q(x)‖−1

(
∂2Q

∂xi∂xj
(x)

)
i,j=1,...,d+2

(2.14)

2The minus sign is a convention that leads to the standard definitions of convexity and concavity.
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Let u ∈ TxM . The shape operator S(x) : TxM → TxM is defined as

S(x)u = −Dn(x)u = C(x)u− 〈C(x)u, n(x)〉n(x).

This enables a definition of the normal curvature at x in the direction u via

κ(x, u) = 〈S(x)u, u〉 = 〈C(x)u, u〉.

Definition 2.5.1. The manifold M is strictly convex if

κ(x, u) > 0

for all x ∈ M and 0 6= u ∈ TxM . Denote by Vd the set of all Q ∈ Wd such that

M = M(Q) is strictly convex.

It is clear from the above definition that strict convexity is an open property of a

compact manifold, in the sense that all sufficiently small perturbations of the manifold

preserve strict convexity. It follows that Vd is an open subset of Wd.

The following lemma allows us to simplify some formulas.

Lemma 2.5.2. Let Q ∈ Wd and M = M(Q). Then we may assume without loss of

generality that ‖∇Q(x)‖ = 1 for all x ∈M .

Proof. Replace Q by Q̃ = ‖∇Q(x)‖−1Q(x). Then Q̃(x) = 0 if and only if Q(x) = 0,

and so M = M(Q̃).Moreover, if x ∈M then

∇Q̃(x) = ‖∇Q(x)‖−1∇Q(x) +Q(x)∇‖∇Q(x)‖−1 = ‖∇Q(x)‖−1∇Q(x)

since Q(x) = 0 for x ∈M . It follows that ‖∇Q̃(x)‖ = 1 for all x ∈M .

For such a Q ∈ Wd with ‖∇Q(x)‖ = 1 whenever x ∈M , the unit normal vector is

n(x) = −∇Q(x). (2.15)

Therefore the shape operator takes the form

S(x)u = D (∇Q(x))u =

(
∂2Q

∂x2 (x)

)
u = C(x)u. (2.16)

Remark 2.5.3. When we perform perturbations to the hypersurface M , we still have

to use equation (2.13) rather than (2.15) to compute the perturbed normal vector. This

is because the perturbed normal vector will not necessarily have norm 1 and so must

be renormalised. However, once the perturbation is made, we can again assume that

‖∇Q(x)‖ = 1 for all x ∈M due to Lemma 2.5.2.
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Let

π : TM −→M

TxM 3 u 7−→ x

denote the canonical projection along fibres of the tangent bundle. We use the notation

(x, u) ∈ TM to mean x ∈M and u ∈ TxM , so that π(x, u) = x.

Throughout this thesis we consider Hamiltonian and symplectic dynamics on hy-

persurfaces M . The coordinates used are those of the ambient Euclidean space R2d,

but restricted to the tangent bundle TM . It is therefore necessary that the symplectic

form on R2d remains a symplectic form when restricted to TM .

Lemma 2.5.4. Denote by ω = dx ∧ du the standard symplectic form on R2d. Then

the restriction ω|TM is nondegenerate.

Proof. Let x ∈ M and u ∈ TxM . Let X ∈ T(x,u)TM \ {0}. Rotating M if necessary

we may assume without loss of generality that

TxM = {v = (v1, . . . , vd) ∈ Rd : vd = 0}.

In that case,

X = (Xx, Xu) =
((
Xx,1, . . . , Xx,d−1, 0

)
,
(
Xu,1, . . . , Xu,d−1, 0

))
.

Since X 6= 0, there is some j ∈ {1, . . . , d− 1} such that Xx,j 6= 0 or Xu,j 6= 0. Without

loss of generality Xx,1 6= 0. Let

Y = ((0, . . . , 0), (1, 0, . . . , 0)).

Then Y ∈ T(x,u)TM , and

ω(X, Y ) = XTΩY =
(
Xx Xu

)( 0 Id

−Id 0

)(
Yx

Yu

)
=
(
Xx Xu

)( Yu

−Yx

)
= 〈Xx, Yu〉 − 〈Xu, Yx〉 = Xx,1 6= 0.

2.6 Convex Billiards

The billiard map takes a point on a strictly convex hypersurface M of Rd and an

inward-pointing velocity vector of norm 1, and follows the velocity vector to the next

point of collision with the boundary. At this point, the new velocity vector is obtained
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via the optical law of reflection: the angle of reflection equals the angle of incidence.

Billiard dynamics were first considered by Birkhoff [17, 18], who said “in this problem

the formal side, usually so formidable in dynamics, almost completely disappears,

and only the interesting qualitative questions need to be considered”. See also e.g.

[25, 113, 114] for modern expositions.

2.6.1 The Billiard Map

Let Q ∈ Vd, and let M = M(Q) denote the hypersurface of Rd defined by (2.12). The

phase space M of the billiard map consists of the closed unit ball around the origin

of each tangent space to M ,

M =M(Q) = {(x, u) ∈ TM : ‖u‖ ≤ 1}. (2.17)

For a point (x, u) ∈M, the inward-pointing velocity vector is

v = v(x, u) = u+
√

1− u2 n(x),

where u2 = ‖u‖2. Note that ‖v‖ = 1 since u is a tangent vector to M at x and

n(x) is normal to M at x. The boundary ∂M of the phase space is the set of points

(x, u) ∈M for which ‖u‖ = 1, and the interior is Int(M) =M\ ∂M. Define the free

flight time τ : Int(M)→ R between collisions with the boundary as

τ(x, u) = sup{t > 0 : x+ tv(x, u) ∈M}. (2.18)

This is well-defined on the interior ofM by strict convexity. Extend it continuously to

the boundary ofM by setting τ |∂M ≡ 0. It can be shown that τ |Int(M) is real-analytic

under our assumptions on M , but analyticity of τ fails on ∂M in these coordinates

(see Lemma 3.2.1). Since ‖v‖ = 1, the flight time τ(x, u) is equal to the Euclidean

distance from x to the next point of collision with the boundary. Define the billiard

map f :M→M by (x̄, ū) = f(x, u) wherex̄ = x+ τ(x, u) v

ū = v − 〈v, n(x̄)〉n(x̄).
(2.19)

The second equation of (2.19) is simply the optical law of reflection. Clearly f |∂M ≡ Id

since the flight time vanishes identically on the boundary. Moreover, a point (x, u) ∈
M is a fixed point of the billiard map if and only if ‖u‖ = 1.

The billiard map satisfies the following reversibility property: if I : TM → TM

denotes the operator I(x, u) = (x,−u) then f−1 = I ◦f ◦I. It follows that the billiard

map is bijective.
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Figure 2.5: An iterate of the billiard map. The billiard map takes as input a point

x, and a tangent vector u to M at x of norm at most 1. With v = u +
√

1− u2 n(x)
denoting the inward-pointing velocity vector and τ the flight time, the particle travels
a distance τ in the direction of v until the next point of collision with the boundary at
x̄. If ‖u‖ = 1, the inward-pointing component of the velocity vanishes, so the velocity
vector is tangent to the boundary, and the angle of reflection α is zero.

If λ = −u dx is the Liouville 1-form, then the standard symplectic form on R2d is

given by ω = dλ = dx∧du. The restriction of ω toM is a symplectic form by Lemma

2.5.4.

Lemma 2.6.1. The restriction of the billiard map f to the interior Int(M) of the

phase space is exact symplectic, with

f ∗λ− λ = −dτ.

Proof. Applying the differential to the first equation of (2.19) we see that

dx̄ = dx+ v dτ + τ dv.

Using this together with the second equation of (2.19), the fact that n(x) dx =

n(x̄) dx̄ = 0, and the fact that 〈v, v〉 = 1, we see that

−f ∗λ = ū dx̄ = v dx̄− 〈v, n(x̄)〉n(x̄) dx̄ = v dx̄

= v dx+ 〈v, v〉 dτ + τv dv

= u dx+
√

1− u2 n(x) dx+ dτ + τv dv

= − λ+ dτ + τv dv.
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Applying the differential to the identity 〈v, v〉 = 1 we see that v dv = 0, which com-

pletes the proof of the lemma.

Since the restriction of ω to M is a symplectic form, there is a corresponding

Liouville measure µ on M that is preserved by f as a result of Lemma 2.6.1.

2.6.2 Caustics

Let Q ∈ Vd, let M = M(Q) denote the corresponding hypersurface of Rd, and let

M denote the phase space of the billiard map f . Let (x, u) ∈ M. A segment of

the billiard trajectory (xn, un) = fn(x, u) is the straight line between two consecutive

points of collision xn and xn+1.

Definition 2.6.2. A caustic is a closed and strictly convex hypersurface C of Rd

compactly embedded in the interior of the region bounded by M that has the following

property: if one segment of a billiard trajectory is tangent to C, then so is every

segment of that trajectory.

Remark 2.6.3. Some authors do not require the assumptions of closedness or strict

convexity. The definition given above is suitable for the purposes of this thesis.

A well-known example of caustics is for the billiard inside an ellipsoid M in Rd. In

this case every confocal ellipsoid contained in the domain bounded by M is a caustic. A

consequence of this is that the billiard in an ellipsoid is integrable. In fact, a conjecture

of Birkhoff says that in R2 the billiard in an ellipse is the only integrable billiard. Some

progress has been made on this (see, for example, [12, 15, 36, 71]), but the conjecture

in its full generality remains open.

We now present various results regarding existence and nonexistence of such convex

caustics. The following famous result was proved in [80].

Theorem 2.6.4. (Lazutkin) If M is a sufficiently smooth, closed, strictly convex hy-

persurface of R2, then there is a family of caustics near the boundary occupying a set

of positive measure.

Remark 2.6.5. Sufficient smoothness in Lazutkin’s theorem was C553 – this was mo-

tivated by the KAM techniques he employed to prove the theorem. This requirement

was later reduced to C6 by Douady [39].

On the other hand, Halpern gave an example of a billiard boundary in R2 which is

strictly convex but only C2 smooth, and on which there are billiard trajectories that

become tangent to the boundary in finite time, implying that there are no caustics.
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It was shown by Mather that if a billiard boundary in R2 is at least C2-smooth

but has a flat point (i.e. a point at which the curvature is 0), then there are billiard

trajectories which come arbitrarily close to being tangent with the boundary [86]. As a

consequence of this and Birkhoff’s theorem about invariant circles of twist maps being

graphs of Lipschitz functions, he showed the absence of caustics in this case.

The following result was proved in its full generality in [59], improving results in

[14] which required some additional assumptions.

Theorem 2.6.6. (Gruber, Berger) Let Q ∈ Vd and let M = M(Q) denote the corre-

sponding hypersurface of Rd where d ≥ 3. Suppose there exist caustics in M . Then M

is an ellipsoid.

Theorem 2.6.6 implies that there is an open and dense subset of Vd such that for

every Q in this subset, the billiard map defined by the hypersurface M = M(Q) of Rd

(with d ≥ 3) has no caustics.

2.6.3 Trajectories Asymptotic to the Boundary

Let Q ∈ Vd, let M = M(Q) denote the corresponding hypersurface of Rd, and let M
denote the phase space of the billiard map f .

Definition 2.6.7. Let (x, u) ∈ M. The trajectory (xn, un) = fn(x, u) is said to

terminate asymptotically on the boundary if

lim
n→∞

‖un‖ = 1.

Such trajectories were first considered by Gruber [58]. Notice that the angle of

reflection along such a trajectory tends to zero, and so the trajectory comes closer to

being tangent with the boundary as n→∞.

In the case where d = 2, Theorem 2.6.4 implies the existence of a family of caustics

near the boundary. The phase space of the 2-dimensional billiard has the structure of a

cylinder, with an angular coordinate on M and the angle the trajectory makes with the

boundary taking values in an interval. The caustics divide this 2-dimensional phase

space into invariant regions, rendering the existence of trajectories asymptotically

terminating on the boundary impossible.

Suppose now that d ≥ 3. Let Q ∈ Vd and suppose M = M(Q) is not an ellipsoid.

Theorem 2.6.6 implies that M has no caustics. Even though caustics do not exist,

invariant tori with a different structure may be present (see [79] for a construction of

KAM tori for the billiard map in a neighbourhood of an elliptic closed geodesic on

M). In dimension 3, the known examples of invariant tori are of dimension 2 or lower,
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and so do not divide the 4-dimensional phase space. This removes an obstacle to the

existence of trajectories asymptotically terminating on the boundary.

The following result is due to Gruber [58], but has been adapted here to use the

notation and coordinates of this thesis. Let µ denote the Liouville measure on M
induced by the restriction of the standard symplectic form ω to M.

Theorem 2.6.8. (Gruber) For µ-almost every (x, u) ∈ Int(M) the trajectory fn(x, u)

does not terminate asymptotically on the boundary.

Proof. Denote by T the set of all points (x, u) ∈ Int(M) such that fn(x, u) terminates

asymptotically on the boundary. As it is not clear that the set T is measurable, we

proceed using the outer measure corresponding to µ, which for convenience we also

denote µ.

Suppose for contradiction µ(T ) > 0. For ε > 0 let

Aε =
{

(x, u) ∈ Int(M) :
√

1− u2 < ε
}
.

Clearly µ(Aε)→ 0 as ε→ 0, and so we can find some ε > 0 such that

µ(Aε) < µ(T ). (2.20)

For each (x, u) ∈ T there is N ∈ N such that fn(x, u) ∈ Aε for all n ≥ N . It follows

that

T ⊆
∞⋃
N=1

∞⋂
n=N

f−n(Aε). (2.21)

It follows from the µ-invariance of f , equations (2.20) and (2.21), and part (i) of

Theorem 10.16 in [63] that

µ(T ) ≤ µ

(
∞⋃
N=1

∞⋂
n=N

f−n(Aε)

)
≤ lim inf

n→∞
µ
(
f−n(Aε)

)
= µ(Aε) < µ(T ),

which is a contradiction.

2.6.4 Oscillatory Motions

Let Q ∈ Vd, let M = M(Q) denote the corresponding hypersurface of Rd, and let M
denote the phase space of the billiard map f .

Definition 2.6.9. Let (x, u) ∈ M. The trajectory (xn, un) = fn(x, u) is said to be

oscillatory if there is δ > 0 such that

lim inf
n→∞

‖un‖ = 1− δ, lim sup
n→∞

‖un‖ = 1.
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It is not known whether an analogue of Theorem 2.6.8 is true for oscillatory motions.

The study of oscillatory motions in celestial mechanics is an active area of research:

see for example [57, 60, 83]. In particular, Arnold called the question of the measure of

oscillatory trajectories the “central problem of celestial mechanics” [57]. The measure

of such trajectories is conjectured to be zero in the context of celestial mechanics. In

this thesis the generic existence of oscillatory trajectories in billiards is proved, and

we conjecture that the measure of such trajectories is zero.

2.7 Geodesic Flows

Geodesics - the equivalent of straight lines on curved surfaces - are a central object of

study in Riemannian geometry, and give rise to a dynamical system of classical interest.

Let M be a smooth manifold endowed with a Riemannian metric. The geodesic flow

takes a tangent vector u ∈ TM and follows the unique geodesic passing through π(u)

with first derivative equal to u. The geodesic flow is a natural form of the kinetic

energy of a Hamiltonian system, and so knowledge of generic properties of these flows

can be useful in that context.

2.7.1 The Geodesic Flow on Riemannian Manifolds

Let M be a smooth manifold of dimension d endowed with a Riemannian metric g.

The geodesic flow is the flow of the Hamiltonian function

H(x, u) =
1

2
g(x)(u, u).

In a coordinate chart, the equations of motion take the form
ẋk =

∂H

∂uk
(x, u) =

d∑
j=1

gjk(x)uj

u̇k = −∂H
∂xk

(x, u) = −1

2

d∑
i,j=1

∂gij
∂xk

(x)uiuj.

The question of existence of homoclinic orbits for flows of this type is a classical

problem that goes back to Poincaré [101]. We present here two results in this direction

obtained relatively recently. The following theorem was proved in [77].

Theorem 2.7.1. (Knieper and Weiss) There is a C∞-open and dense set of strictly

convex Riemannian metrics on S2 for which the geodesic flow has a transverse homo-

clinic orbit.

The next result, proved by Contreras in [29], built on work by Contreras and

Paternain in [30].
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Theorem 2.7.2. (Contreras) Let M be a smooth closed manifold of dimension d ≥ 2.

There is a C2-open and dense set of Riemannian metrics on M for which the geodesic

flow has a transverse homoclinic orbit.

2.7.2 The Geodesic Flow on Hypersurfaces

Let Q ∈ Wd, and let M = M(Q) denote the closed hypersurface of Rd defined by

Q. The geodesic flows studied in this thesis are associated with the induced metric

and coordinates of the ambient Euclidean space Rd, so a different formulation to the

above is required. Consider a smooth curve γ : [a, b]→M . The tangential component

γ′′(t)> of its acceleration is given by

γ′′(t)> = γ′′(t)− 〈γ′′(t), n(γ(t))〉n(γ(t)). (2.22)

Since γ′(t) ∈ Tγ(t)M and n(γ(t)) is normal to M at γ(t) for all t ∈ [a, b] we have

0 =
d

dt
〈γ′(t), n(γ(t))〉 = 〈γ′′(t), n(γ(t))〉 − κ(γ(t), γ′(t)). (2.23)

The curve γ is a geodesic if and only if γ′′(t)> = 0, so from (2.22) and (2.23) we see

that γ is a geodesic if and only if

γ′′(t) = κ(γ(t), γ′(t))n(γ(t)).

It follows that the geodesic flow φt : TM → TM is defined by

d

dt

∣∣∣∣
t=0

φt(x, u) = X(x, u),

where the vector field X(x, u) = (ẋ, u̇) is given by{
ẋ = u

u̇ = κ(x, u)n(x).
(2.24)

Consider the function H : TM → R given by

H(x, u) =
u2

2
+ κ(x, u)

Q(x)

‖∇Q(x)‖
. (2.25)

It is not hard to see that X = Ω∇H where

Ω =

(
0 Id

−Id 0

)
(2.26)

is the standard symplectic matrix. This is equivalent to the statement that the geodesic

flow is a Hamiltonian system with Hamiltonian H and symplectic form

ω = dx ∧ du.
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Notice that the second term of (2.25) vanishes identically on TM , and so the energy
u
2

2
is conserved. Since the Hamiltonian H is homogeneous of second order in u, the

dynamics of the geodesic flow is the same on every energy level.

The following lemma is geometrically clear: if the manifold is not curved in the

direction of a geodesic then the geodesic goes to infinity and cannot be periodic. Since

this fact is used repeatedly in later chapters, we give a proof. Similarly, it can be

shown that if a geodesic segment on the closed manifold M is sufficiently long, then

M must be curved in the direction of the geodesic segment.

Lemma 2.7.3. Let Q ∈ W d and let M = M(Q). Suppose (x0, u0) ∈ TM \ {0} is

a periodic point of the geodesic flow φt. Denote by (x(t), u(t)) = φt(x0, u0) its orbit.

Then there is some t > 0 such that

κ(x(t), u(t)) 6= 0.

Proof. If not, then

u(t) = u0 +

∫ t

0

u̇(s) ds = u0 +

∫ t

0

κ(x(s), u(s))n(x(s)) ds = u0

for all t ≥ 0, and so

x(t) = x0 +

∫ t

0

ẋ(s) ds = x0 + tu0.

Therefore ‖x(t)‖ → ∞ as t→∞, so (x0, u0) cannot be periodic, a contradiction.

2.7.3 Classification of Closed Geodesics

Let Q ∈ Wd, and let M = M(Q) denote the closed hypersurface of Rd defined by Q.

Closed geodesics on M correspond to periodic orbits of the geodesic flow. A method of

construction of closed geodesics on any Riemannian manifold was proposed by Birkhoff

[16, 17] (see also [31]; see [28] for a modern exposition). This implies that the geodesic

flow on M has a periodic orbit γ. Consider a transverse section to γ in TM , and

the corresponding Poincaré map of the periodic orbit γ in the energy level ‖u‖ = c.

Similarly to the classification of fixed points in Section 2.1.1, the closed geodesic γ is

said to be:

• Parabolic if 1 is an eigenvalue of the linearisation of the Poincaré map;

• Degenerate if the linearised Poincaré map has an eigenvalue equal to a root of

unity;

• Hyperbolic if the linearised Poincaré map has no eigenvalue of absolute value 1;

• Elliptic if it is nondegenerate and nonhyperbolic; and
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• q-elliptic if the linearised Poincaré map has exactly 2q eigenvalues of absolute

value 1.

Since the geodesic flow is a Hamiltonian system, the eigenvalues of the linearised

Poincaré map come in reciprocal pairs by Lemma 2.4.12. As the dynamics of the

geodesic flow is the same on every energy level (see Section 2.7.2), there is a periodic

orbit γ in each energy level, and moreover the above classification is independent of

the level set in consideration. Furthermore, the classification is independent of the

choice of Poincaré map [74].



3

Arnold Diffusion in Billiards

In this section it is shown that the billiard map on real-analytic closed hypersurfaces of

Rd (where d is at least 3) generically has trajectories that drift asymptotically towards

the boundary, assuming that the geodesic flow on the boundary has a hyperbolic

periodic orbit and a transverse homoclinic. On these same manifolds, there also exist

oscillatory billiard trajectories.

3.1 Results

Let d ≥ 3, and recall from Section 2.5 that Vd denotes the set of all real-analytic

functions Q : Rd → R such that the set defined as in (2.12) by

M = M(Q) = {x ∈ Rd : Q(x) = 0}

is a real-analytic, closed, and strictly convex hypersurface of Rd. Moreover, Vd is

equipped with the real-analytic topology. Denote by Vd∗ the set of all Q ∈ Vd such

that assumptions [A1,2] hold:

[A1] There is a hyperbolic closed geodesic γ on M ; and

[A2] There is a transverse homoclinic geodesic ξ to γ.

It is well-known that these conditions are C2-open in terms of the Hamiltonian function

of the geodesic flow (i.e. in terms of the Riemannian metric), and in our case the

Hamiltonian (as well as the metric) depends on the curvature of the hypersurface (i.e.

the second derivative). Therefore the set of hypersurfaces satisfying these assumptions

is C4-open. In particular, Vd∗ is open in Vd in the real-analytic topology.

Recall that the phase spaceM =M(Q) of the billiard map is defined by equation

(2.17), and the billiard map f itself is defined by (2.19).

51
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Theorem 3.1.1. There is a residual subset V of Vd∗ such that for every Q ∈ V, there

is (x, u) ∈ M = M(Q) with ‖u‖ < 1 and ‖un‖ → 1 as n → ∞, where (xn, un) =

fn(x, u).

Recall from Section 2.6.4 that a billiard trajectory {(xn, un) = fn(x, u)}n∈N0
is

oscillatory if the limit superior as n goes to infinity of ‖un‖ is 1, and the limit inferior

is less than 1.

Theorem 3.1.2. Let V denote the residual subset of Vd∗ described in Theorem 3.1.1.

Then for every Q ∈ V there is (x, u) ∈M =M(Q) for which the trajectory {(xn, un) =

fn(x, u)}n∈N0
is oscillatory.

Note that the trajectories described in Theorem 3.1.1 (and obviously those of The-

orem 3.1.2) cannot occur in a finite number of iterations: since the billiard map is

bijective, the preimage of a fixed point (i.e. ‖u‖ = 1) is a fixed point. In fact,

the process is extremely slow. Since the proof is valid in the analytic category, the

Nekhoroshev estimates apply, giving an exponential lower bound on the stability time

of finite segments of diffusive trajectories [97].

Let us describe these trajectories. Assumption [A1] guarantees that the geodesic

flow has a normally hyperbolic invariant manifold consisting the hyperbolic closed

geodesic γ on an interval of energy levels (see (3.25)). We prove that the billiard map

inherits such a normally hyperbolic invariant manifold A from the geodesic flow. The

manifold A has the structure of a 2-dimensional cylinder, where the height component

can be thought of as the reciprocal of the angle of reflection, and the angular component

is close to the angular variable on the closed geodesic γ. The diffusive trajectories

occur arbitrarily close to (but not on) this cylinder. Due to normal hyperbolicity,

A has stable and unstable invariant manifolds W s,u(A). Moreover, these invariant

manifolds have a transverse homoclinic intersection by [A2] (see (3.29) for a definition

of the homoclinic cylinderB). The union of some small neighbourhoods of the normally

hyperbolic cylinder and submanifolds of the transverse homoclinic intersection is called

the homoclinic channel. Diffusive trajectories occur in the homoclinic channel, starting

near the cylinder, and making excursions near a transverse homoclinic intersection

before returning close to A and remaining in a neighbourhood of A for some iterations

(see Figure 3.1). This process is repeated infinitely many times.

On the stable and unstable manifolds of the normally hyperbolic invariant manifold

A are the strong stable and strong unstable foliations respectively (see Section 2.1.2).

Each point x on the manifold A uniquely defines a leaf W s(x) of the strong stable

foliation and a leaf W u(x) of the strong unstable foliation. Suppose now that y is a

point of transverse homoclinic intersection of W s,u(A). The implicit function theorem

then implies that there is a manifold B such that y ∈ B ⊂ W s(A) t W u(A). Suppose
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Figure 3.1: The green line represents the height component of the normally hyperbolic
invariant cylinder A, which is equal to ‖u‖ plus a small correction. The blue lines
represent pieces of the unstable manifold W u(A), and the black lines pieces of the
stable manifold W s(A). The red curve is a diffusive trajectory. Compare with Figure
2.4.

moreover that the intersection at z is strongly transverse for each z ∈ B. Let A′

denote the subset of A consisting of points x for which the leaf W u(x) of the strong

unstable foliation intersects B at exactly one point. Recall from Section 2.1.3 that the

scattering map sB : A′ → A is defined as follows: from x ∈ A′, follow the leaf W u(x) of

the strong unstable foliation until it reaches B. At this point there is a unique leaf of

the strong stable foliation passing through B. Follow this leaf back to A. The resulting

point is sB(x) (see Figure 2.3). The scattering map was introduced by Delshams, de la

Llave, and Seara [32, 33], and is the key tool for analysing dynamics near a transverse

homoclinic intersection.

In Section 3.2, we prove that the billiard map has a normally hyperbolic invariant

cylinder A, with height component inversely proportional to the angle of reflection,

and such that the stable and unstable manifolds of A have a transverse homoclinic

intersection. The invariant manifold A is 2-dimensional, and the stable and unstable

manifolds are each d-dimensional. Each leaf of the strong stable and strong unstable

foliations is (d − 2)-dimensional. We prove the existence of A by using the fact that,



54 CHAPTER 3. ARNOLD DIFFUSION IN BILLIARDS

as mentioned above, the geodesic flow under assumptions [A1,2] has such objects.

Expanding the Taylor series of the billiard map in powers of the flight time τ , we find

that the term of order τ in this expansion is the vector field of the geodesic flow. The

problem with taking this approach directly is that the ‘small parameter’ τ is in fact a

function, and this function has unbounded u-derivative as ‖u‖ → 1. This implies that

the approximation of the billiard map by a time shift of the geodesic flow is only good

in the C0 topology, in these coordinates. Therefore we fix some small constant value

τ∗ > 0 of the flight time, and make a change of coordinates so that the billiard map

is real-analytic in some subset of the phase space. If we expand the billiard map now

in powers of τ∗, we find that the term of order τ∗ is a vector field Z, whose flow traces

the geodesics of M , but at a fluctuating (nonzero) speed. Moreover Z preserves an

integral, and so has a normally hyperbolic invariant manifold consisting the hyperbolic

closed geodesic on an interval of values of the integral. We conclude that the billiard

map is O(τ 2
∗ ) close to the time-τ∗ shift of the flow of Z. Fenichel theory guarantees the

persistence of the normally hyperbolic invariant manifold A for any dynamics C1-close

enough to Z [40, 41, 42]. Since we can make τ∗ as small as we like by considering

trajectories nearer to the boundary, we get the desired persistent manifold for the

billiard map.

Notice that as τ → 0, the billiard map tends to the identity. Therefore as we

move up the cylinder A, the hyperbolicity parameters become weaker. To deal with

this, we look at a large (i.e. 1/τ) iterate of the billiard map, and compare this to the

time-1 shift of the geodesic flow. Of course this means that we must exclude the case

τ = 0, which corresponds to the upper boundary of the normally hyperbolic invariant

manifold A. As a consequence, the resulting persistent manifold A for the billiard map

is a non-compact non-uniformly normally hyperbolic invariant manifold. Aside from

this, the non-uniformity of hyperbolicity parameters does not explicitly impact our

proof, although it does mean that diffusive trajectories become slower the further up

the cylinder they move. Non-compactness, however, means that we must adapt some

proofs of results we use from [53] and [54].

We conduct an analysis of the homoclinic cylinders in Section 3.3. We show in

this section that it is sufficient to make perturbations along (most of) a fundamental

domain of the billiard map on a homoclinic trajectory. We also give conditions for the

existence of diffusive pseudo-orbits, and describe how there are orbits of the billiard

map that shadow pseudo-orbits arbitrarily well.

In Section 3.4 we show how to perturb the billiard map by perturbing the function

Q that defines the manifold M . We make a perturbation of size ε, and compute the first

order expansion of the map resulting from this change of the surface. Since the billiard

map is symplectic, the first order term is a Hamiltonian vector field, corresponding
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to some Hamiltonian Hpert. Similarly, the first order term in the expansion of the

scattering map in powers of ε is a Hamiltonian vector field. Delshams, de la Llave,

and Seara proved a formula (Theorem 31 of [34]) for the Hamiltonian function of this

vector field in terms of Hpert and the unperturbed billiard dynamics. We make use of

this formula here.

In Section 3.5, we use the machinery developed in [53] and [54] to determine condi-

tions which, when satisfied, guarantee the existence of diffusive trajectories. We then

prove that these conditions are satisfied generically in the real-analytic category. Since

we have a homoclinic cylinder for the billiard map, there is a nontrivial hyperbolic ba-

sic set near the normally hyperbolic manifold A. This in turn implies the existence

of infinitely many independent homoclinic cylinders (see Section 2.1.1). Take 8 such

cylinders, and construct an iterated function system {f, s1, . . . , s8} on A, consisting of

the 8 scattering maps and the restriction of the billiard map to A. Orbits of the IFS are

often called pseudo-orbits, and it can be shown that there are orbits of the map f that

shadow pseudo-orbits arbitrarily well [54]. An adaptation of a result from [53] implies

that if the IFS has no essential invariant curves on the cylinder A, then there exist

diffusive pseudo-orbits: orbits of the IFS that drift up the cylinder A. We then prove

that the absence of invariant essential curves of the IFS is a generic property. This is

done by embedding the billiard map in a two-parameter family of real-analytic billiard

maps. In Lemma 3.5.2, we give open conditions on this family which, if satisfied, imply

that the set of parameters for which there are no invariant essential curves is of full

measure. The lemma is proved by contradiction, using a combinatorial argument that

requires 8 scattering maps. It is based on a result in [53], and finishes the proof of

Theorem 3.1.1. The idea of using families of real-analytic mappings to approximate a

system perturbed by a bump function was used in [22, 53, 56].

3.2 Billiard Trajectories Near the Boundary

The goal of this section is to show that the billiard map inherits a normally hyperbolic

invariant manifold from the geodesic flow, and to analyse the homoclinic intersection

of its stable and unstable manifolds. This is done by showing that, in some coordinates

and for sufficiently small τ∗ > 0, the billiard map f is approximated up to order τ 2
∗ by

the time-τ∗ shift of the flow of some vector field Z in the Cr-topology for any finite r.

We show that Z has a normally hyperbolic invariant manifold that does not depend

on τ∗ as a result of assumptions [A1,2]. Therefore, shrinking τ∗ if necessary, we can use

the theory of Fenichel to imply the persistence of the normally hyperbolic invariant

manifold for f [40, 41, 42]. This process is repeated a countable number of times, and

the resulting invariant manifolds are glued together to obtain a noncompact normally
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hyperbolic invariant manifold for f .

Let Q ∈ Vd∗ and let M = M(Q), M = M(Q) be as in (2.12), (2.17) respectively.

Lemma 2.5.2 implies that we can assume without loss of generality that ‖∇Q(x)‖ = 1

for all x ∈M . Therefore n(x), C(x), S(x) simplify via (2.15), (2.16).

3.2.1 Estimates Near the Boundary

We consider trajectories near the boundary by taking δ > 0 small and restricting our

attention to the subset

Mδ = {(x, u) ∈ TM : 1− δ ≤ ‖u‖ ≤ 1}

of the billiard map’s phase space.

Lemma 3.2.1. Let (x, u) ∈Mδ. Recall τ = τ(x, u) denotes the flight time defined by

(2.18), and v = u+
√

1− u2 n(x) is the inward-pointing velocity vector.

(i) We have √
1− u2 =

1

2
τκ(x, v) +

1

3
τ 2R(x, v) +O(τ 3) (3.1)

where

R(x, v) =
d∑

i,j,k=1

∂3Q

∂xi∂xj∂xk
(x)vivjvk. (3.2)

(ii) Write (x̄, ū) = f(x, u). Then

(x̄, ū) = (x, u) + τX(x, u) +O(τ 2) (3.3)

where X is the vector field of the geodesic flow, defined by equation (2.24).

(iii) With n(x) as in (2.15),

n(x̄) = n(x)− τS(x)v − 1

2
τ 2r(x, v) +O(τ 3) (3.4)

where r is the vector-valued function with components

ri(x, v) =
d∑

j,k=1

∂3Q

∂xi∂xj∂xk
(x)vjvk. (3.5)

(iv) With R(x, v) as in (3.2),√
1− ū2 =

√
1− u2 − 1

6
τ 2R(x, v) +O(τ 3). (3.6)
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Proof. These statements are proved by taking Taylor expansions in powers of τ . Notice

that

〈n(x), v〉 = 〈n(x), u〉+
√

1− u2〈n(x), n(x)〉 =
√

1− u2. (3.7)

From (2.15), (2.16), (3.7), and the fact that Q(x) = Q(x̄) = 0 we get

0 = Q(x̄) = Q(x+ τv)

= Q(x) + τ〈∇Q(x), v〉+
1

2
τ 2

d∑
i,j=1

∂2Q

∂xi∂xj
(x)vivj+

+
1

3
τ 3

d∑
i,j,k=1

∂3Q

∂xi∂xj∂xk
(x)vivjvk +O(τ 4)

= − τ〈n(x), v〉+
1

2
τ 2〈S(x)v, v〉+

1

3
τ 3R(x, v) +O(τ 4)

= − τ
√

1− u2 +
1

2
τ 2κ(x, v) +

1

3
τ 3R(x, v) +O(τ 4).

Dividing by τ and rearranging terms gives (i), where the terms of higher order are

uniformly bounded due to the real-analyticity of Q.

For (ii) we must compute the term of order τ in the expansion of (x̄, ū). From (3.1)

we get

x̄ = x+ τv = x+ τu+ τ
√

1− u2 n(x) = x+ τu+O(τ 2). (3.8)

Also by (3.7),

ū|τ=0 = u+
√

1− u2 n(x)− 〈n(x), v〉n(x) = u

and moreover

d

dτ

∣∣∣∣
τ=0

ū = − 〈v,Dn(x̄)v〉n(x̄)|τ=0 − 〈v, n(x̄)〉Dn(x̄)v|τ=0

= 〈v, S(x)v〉n(x) +
√

1− u2
∣∣∣
τ=0

S(x)v

= κ(x, u)n(x)

where (3.1) was used. It follows that

ū = u+ τκ(x, u)n(x) +O(τ 2). (3.9)

Comparing (3.8) and (3.9) with (2.24) completes the proof of (ii).

From (2.15) we get

n(x̄) = n(x) + τDn(x)v +
1

2
τ 2D2n(x)v⊗2 +O(τ 3)

= n(x)− τS(x)v − 1

2
τ 2r(x, v) +O(τ 3)

which is (iii).
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For part (iv) notice that the second equation of (2.19) combined with basic geom-

etry implies that

v̄ = v − 2〈n(x̄), v〉n(x̄) = ū− 〈n(x̄), v〉n(x̄)

which, along with (3.7), gives

〈n(x̄), v̄〉 = −〈n(x̄), v〉. (3.10)

Comparing (3.2) and (3.5) we see that

〈r(x, v), v〉 =
d∑

i,j,k=1

∂3Q

∂xi∂xj∂xk
(x)vivjvk = R(x, v).

Using this together with (3.4),

〈n(x̄), v〉 = 〈n(x), v〉 − τ〈S(x)v, v〉 − 1

2
τ 2〈r(x, v), v〉+O(τ 3)

= 〈n(x), v〉 − τκ(x, v)− 1

2
τ 2R(x, v) +O(τ 3). (3.11)

From (3.1), (3.7), (3.10), and (3.11) we get√
1− ū2 = 〈n(x̄), v̄〉 = −〈n(x̄), v〉

= − 〈n(x), v〉+ τκ(x, v) +
1

2
τ 2R(x, v) +O(τ 3)

= − 1

2
τκ(x, v)− 1

3
τ 2R(x, v) + τκ(x, v) +

1

2
τ 2R(x, v) +O(τ 3)

=
1

2
τκ(x, v) +

1

3
τ 2R(x, v)− 1

6
τ 2R(x, v) +O(τ 3)

= 〈n(x), v〉 − 1

6
τ 2R(x, v) +O(τ 3)

=
√

1− u2 − 1

6
τ 2R(x, v) +O(τ 3)

which completes the proof of the lemma.

Remark 3.2.2. Equation (3.3) implies that the billiard map is approximated up to

order τ 2 by the time-τ shift of the geodesic flow. Equation (3.1), however, implies that

∂τ

∂u
(x, u) =

−2u

κ(x, u)
√

1− u2
+O(1)

which is unbounded as ‖u‖ tends to 1. Therefore the approximation of the billiard

map by a time shift of the geodesic flow is only good in the C0 topology, which is not

enough to use the theory of Fenichel. However, if we consider τ as a variable rather

than a function and consider the billiard map as a function of x, u, and τ , then the

billiard map is real-analytic in x, u, τ by (3.1) and (3.6), and the estimates contained

in Lemma 3.2.1 hold in the Cr-topology for r finite.
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3.2.2 Normally Hyperbolic Invariant Manifold for the

Billiard Map

By Lemma (3.1), the principal part of τ is 2
√

1−u2

κ(x,u)
. Fix some small τ∗ > 0 and consider

the coordinates (x,w, z) where

w =
u

‖u‖
, z = τ−1

∗
2
√

1− u2

κ(x,w)
. (3.12)

By Remark 3.2.2, the billiard map is real-analytic in these coordinates. We will show

that it is also near to the identity. Fix any b > a > 0 and let

D∗ = {(x,w, z) : a < z < b} ⊂ M. (3.13)

Consider the vector field Z(x,w, z) = (ẋ, ẇ, ż) where
ẋ = zw

ẇ = zκ(x,w)n(x)

ż = −4
3
z2κ(x,w)−1R(x,w).

(3.14)

Comparing Z with X, it is clear that the orbits of Z trace the geodesics of M , but at

a fluctuating speed z. The following lemma is the general principle mentioned in the

introduction: the dynamics of the billiard map in the limit as the angle of reflection

goes to 0 is determined by the geodesic flow. More specifically, it says that the billiard

map is near to the identity. Therefore it is interpolated by the time τ∗ shift of the flow

of some vector field, which the lemma says is equal, up to terms of order τ∗, to Z.

Lemma 3.2.3. On D∗ ⊂M we have

f = Id+ τ∗Z +O(τ 2
∗ ) (3.15)

in the (x,w, z)-coordinates on M in the Cr-topology for any finite r.

Proof. The second equation of (3.12) implies that

‖u‖ =

√
1− 1

4
τ 2
∗κ(x,w)2z2 = 1 +O(τ 2

∗ ).

This together with the first equation of (3.12) gives

w = u+O(τ 2
∗ ). (3.16)

From (3.1) and (3.16) we get

τ =
2
√

1− u2

κ(x, v)
+O(τ 2) =

2
√

1− u2

κ(x,w)
+O(τ 2),
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and so

τ = τ∗z +O(τ 2) = τ∗z +O(τ 2
∗ ). (3.17)

Write (x̄, w̄, z̄) = f(x,w, z). From (3.3) and (3.16) we get

x̄ = x+ τv = x+ τ∗zu+O(τ 2
∗ ) = x+ τ∗zw +O(τ 2

∗ ) (3.18)

and

w̄ = ū+O(τ 2
∗ ) = u+ τ∗zκ(x, u)n(x) +O(τ 2

∗ )

= w + τ∗zκ(x,w)n(x) +O(τ 2
∗ ). (3.19)

Let us determine z̄. Equations (2.16), (3.18), and (3.19) imply

d

dτ∗

∣∣∣∣
τ∗=0

κ(x̄, w̄) =
d

dτ∗

∣∣∣∣
τ∗=0

d∑
i,j=1

∂2Q

∂xi∂xj
(x̄)w̄iw̄j

= z
d∑

i,j,k=1

∂3Q

∂xi∂xj∂xk
(x)wiwjwk+

+ 2zκ(x,w)
d∑

i,j=1

∂2Q

∂xi∂xj
(x)winj(x)

= zR(x,w) + 2zκ(x,w)〈S(x)w, n(x)〉

= zR(x,w) (3.20)

since S(x)w is tangent to M and n(x) is normal. Therefore

κ(x̄, w̄)−1 = κ(x,w)−1 − τ∗zκ(x,w)−2R(x,w) +O(τ 2
∗ ).

Moreover (3.1), (3.6), (3.16), and (3.17) imply√
1− u2 =

1

2
τ∗zκ(x,w) +O(τ 2

∗ )

and √
1− ū2 =

√
1− u2 − 1

6
τ 2
∗ z

2R(x,w) +O(τ 3
∗ ).

Combining the last three equations with the second equation of (3.12),

z̄ = τ−1
∗

2
√

1− ū2

κ(x̄, w̄)

= 2τ−1
∗

(√
1− u2 − 1

6
τ 2
∗ z

2R(x,w)

)
×

×
(
κ(x,w)−1 − τ∗zκ(x,w)−2R(x,w)

)
+O(τ 2

∗ )

= τ−1
∗

2
√

1− u2

κ(x,w)
− 2z

√
1− u2κ(x,w)−2R(x,w)−

− 1

3
τ∗z

2κ(x,w)−1R(x,w) +O(τ 2
∗ )

= z − 4

3
τ∗z

2κ(x,w)−1R(x,w) +O(τ 2
∗ ).
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It follows that

f = Id+ τ∗Z +O(τ 2
∗ )

where the vector field Z(x,w, z) is as in (3.14).

Assumptions [A1,2] imply that there exists a hyperbolic closed geodesic γ : T→M ,

and a transverse homoclinic geodesic ξ : R→M . Without loss of generality, the length

of γ is 1, and both curves are parametrised by arclength.

There are three main points to take from the following lemma. First of all, the

vector field Z preserves an integral y defined by (3.22). The integral tells us that the

speed of the vector field Z varies depending on the curvature of the manifold – for

example on a manifold of constant curvature (i.e. a sphere) the speed z is constant

and the flow of Z is exactly the geodesic flow. The preservation of this quantity

ensures that the speed z remains bounded away from 0 along orbits of the vector

field Z. Therefore geodesics on M which are hyperbolic for the geodesic flow are also

hyperbolic for Z. Secondly, the lemma tells us that the vector field Z has a normally

hyperbolic invariant manifold Ā∗. Since there is a hyperbolic closed geodesic γ, the

flow of Z has a hyperbolic periodic orbit for each fixed value of the integral y, and

the projection of this periodic orbit onto the hypersurface M is exactly γ. Finally,

the existence of a transverse homoclinic geodesic ξ to γ ensures that the normally

hyperbolic invariant manifold Ā∗ has a transverse homoclinic intersection.

Lemma 3.2.4. The vector field Z has an integral y, and the set

Ā∗ =

{(
γ(q), γ′(q), y−1κ(γ(s), γ′(s))−

4
3

)
: q ∈ T, y ∈

[
1

2
,
3

2

]}
(3.21)

is an r-normally hyperbolic invariant manifold for Z. Moreover the stable and unstable

manifolds of Ā∗ have a transverse homoclinic intersection.

Proof. Notice that, from (3.14), and by a similar computation to (3.20),

d

dt
κ(x,w) = zR(x,w).

It follows that

d

dt
ln z =

ż

z
= −4

3
zκ(x,w)−1R(x,w) = −4

3

d

dt
lnκ(x,w) =

d

dt
lnκ(x,w)−

4
3

which implies that z = Cκ(x,w)−
4
3 for some positive constant C. Therefore

y−1 = zκ(x,w)
4
3 (3.22)

is constant along trajectories. Since z = y−1κ(x,w)−
4
3 it is bounded along trajectories,

and bounded away from 0 for strictly positive y. It follows that the vector field
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Z follows the geodesics on M at a fluctuating speed that is bounded away from 0.

Therefore Ā∗ as defined in (3.21) is a normally hyperbolic invariant manifold for Z.

Notice that every point (q, y) ∈ Ā∗ is periodic with minimal period l = l(y) de-

pending only on y. We have

l(y) =

∫
q∈T

z(q)dq = y−1

∫
q∈T

κ(γ(q), γ′(q))−
4
3dq = K−1y−1

where

K−1 =

∫
s∈T

κ(γ(s), γ′(s))−
4
3ds

is a positive constant depending only on the periodic orbit γ. Then we can write the

cylinder as

Ā∗ =

{
φ
θl(y)
Z

(
γ(0), γ′(0), y−1κ(γ(0), γ′(0))−

4
3

)
: θ ∈ T, y ∈

[
1

2
,
3

2

]}
.

In this equation the time t along the orbit is equal to θl(y), and so we get θ̇ = Ky.

Therefore we have

Z(θ, y) = (Ky, 0)

and

φtZ(θ, y) = (θ + tKy, y)

where φtZ denotes the time-t shift of the flow of Z. It follows that the differential of

the time-t shift of the flow of Z is

DφtZ =

(
1 tK

0 1

)
which has a double eigenvalue of 1. Therefore there is an infinitely large spectral gap

in these coordinates, in the sense that for any fixed r ∈ N we can always find a norm

such that the hyperbolicity parameters λ, µ satisfy 0 < λ < µ−r < 1 (see Definition

2.1.10). It follows that Ā∗ is an r-normally hyperbolic invariant manifold.

Moreover there is a transverse homoclinic orbit that follows the geodesic ξ. Thus

the stable and unstable manifolds of Ā∗ have a transverse homoclinic intersection.

Remark 3.2.5. By choosing b > a > 0 appropriately in equation (3.13) we can guar-

antee that Ā∗ ⊂ D∗. Therefore combining the r-normally hyperbolic invariant manifold

Ā∗ of Lemma 3.2.4 with (3.15) and Fenichel theory [40, 41, 42] implies that we obtain

a Cr-smooth normally hyperbolic invariant manifold A∗ for f , O(τ 2
∗ )-close to Ā∗ in

the Cr-topology for any finite r, for sufficiently small values of τ∗ (where τ∗ depends

on r). Moreover, the results imply that when we perturb the surface M , the normally

hyperbolic invariant manifold A∗ of the billiard map persists. This is because the in-

variant manifold Ā∗ for the geodesic flow persists in the perturbed manifold, and so we
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can apply the results again to obtain a normally hyperbolic invariant manifold for the

billiard map on the perturbed manifold.

(a) (b) (c)

Figure 3.2: Three possible pictures of how the perturbed compact normally hyperbolic
invariant cylinders (i.e. the compact invariant cylinders of the billiard map) meet. In
(a), the two cylinders miss each other entirely; in (b) the cylinders agree transversely
along the KAM curves (in red), but not between them; and (c) shows a sequence
of cylinders that overlap and fit together to form a noncompact invariant cylinder.
In Proposition 3.2.6 it is shown how to construct a sequence of compact invariant
cylinders for the billiard map as in (c). The angular component of the cylinder is close
to the angular variable on the closed geodesic γ, and the height is close to values of
the integral y of the vector field Z. In particular, the angle of reflection tends to zero
as we move up the cylinder.

The next result shows that we can choose a sequence {Ān}n∈N of normally hyper-

bolic invariant cylinders for the flow of Z such that: the cylinders overlap; as we move

up the cylinders ‖u‖ → 1; and the corresponding persistent cylinders An of the bil-

liard map fit together to form a manifold, itself having the structure of a noncompact

cylinder (see Figure 3.2).

Proposition 3.2.6. We can choose a sequence of constants {τn}n∈N such that τn →
0 as n → ∞, and so that the corresponding cylinders An for the billiard map fit

together to form a noncompact nonuniformly normally hyperbolic invariant manifold.

Moreover, ‖u‖ → 1 as we move up the cylinder.

Proof. We choose the sequence {τn}n∈N so that the top of the cylinder Ā1 which is

y1 = 3
2

matches up with the middle of A2 which is y2 = 1 (see equation (3.21)). If we

can choose τ1, τ2 so that y1, y2 correspond to the same value of ‖u‖ at (γ(q), γ′(q)) for
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each q ∈ T, then the cylinders match up. We have

y−1
j = zjκ(γ(q), γ′(q))

4
3 = 2τ−1

j

√
1− u2 κ(γ(q), γ′(q))

1
3 , (3.23)

so we need
2

3
τ1 = τ1y

−1
1 = 2

√
1− u2 κ(γ(q), γ′(q))

1
3 = τ2y

−1
2 = τ2

or more generally,

τn+1 =
2

3
τn = · · · =

(
2

3

)n
τ1 (3.24)

which tends to 0 as n → ∞. Therefore we choose τ1 > 0 sufficiently small so that

Fenichel theory guarantees the persistence of the cylinder Ā1 as a Cr-smooth invariant

cylinder for the billiard map (where r is sufficiently large), along with its transverse

homoclinic intersection. Then define τn according to (3.24). Since the sequence is

strictly decreasing, and since Ān as defined in (3.21) does not depend explicitly on

τn, each cylinder Ān persists for the billiard map, along with its transverse homoclinic

intersection. Clearly ‖u‖ → 1 as we move up the cylinders since, from (3.23), and for

any q ∈ T, √
1− u2 =

1

2
τnκ(γ(q), γ′(q))−

1
3y−1 −→ 0 as n→∞.

Now, we must prove that
∞⋃
n=1

An

has the structure of a cylinder. It is clear that Int(Ān) ∩ Int(Ān+1) 6= ∅. Recall

that each closed essential curve on Ān corresponding to constant y is an invariant

circle of the flow of Z with frequency ρ = ρ(y) depending only on y. Moreover, ρ is

strictly monotone in y. KAM theory ensures that curves corresponding to Diophantine

frequencies survive perturbation and so are invariant circles for the billiard map. We

may assume without loss of generality (as we may slightly shift the boundary curves

of the cylinders Ān if necessary) that each cylinder Ān is bounded by curves with

Diophantine frequencies.

Let γ̄1 be the lower boundary curve of Ān+1 corresponding to y = y1. For any

ε > 0 we can find y2 ∈ (y1, y1 + ε) such that ρ(y2) is Diophantine. Let γ̄2 be the

invariant circle corresponding to y = y2. Then there are invariant circles γ1, γ2 for

the billiard map that are τ 2
n close in the Cr-topology to γ̄1, γ̄2, respectively. Clearly

we must have γ1, γ2 ⊂ An ∩ An+1. Let D1 be the region in An bounded by γ1 and

γ2. Then D1 is an invariant set for the billiard map. There is a characterisation of

the local stable (respectively unstable) manifold of An+1 as the set of points whose

forward (resp. backward) orbit never leaves a neighbourhood V of An+1 (see Theorem

2.1.11). Therefore the manifold An+1 is the set of points whose forward and backward

orbits never leave V . By choosing ε small enough, we can guarantee that D1 ⊂ V
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since An and An+1 are τ 2
n-close in the Cr-topology. It follows that D1 ⊂ An+1, and

so the cylinders An and An+1 agree between the curves γ1 and γ2. Now choose curves

γ̄3, . . . , γ̄N for some N ∈ N such that γ̄N is the upper boundary of Ān, and such that

each γ̄j ⊂ Ān corresponds to y = yj where ρ(yj) is a Diophantine number where

0 < yj − yj−1 < ε. Then this argument applies to the area between each pair of

consecutive curves γj, γj+1, and so the cylinders An, An+1 agree where they overlap.

This clearly applies for each n ∈ N.

3.3 Homoclinic Cylinders and Pseudo-Orbits

In this section we construct an iterated function system consisting the restriction of the

billiard map to the noncompact normally hyperbolic invariant manifold together with

n scattering maps. An orbit of the iterated function system is called a pseudo-orbit.

We give sufficient conditions for the existence of diffusive pseudo-orbits, and explain

how there are orbits of the billiard map that shadow pseudo-orbits arbitrarily well.

3.3.1 Analysis of Hyperbolic and Homoclinic Cylinders

It was shown in Section 3.2 that in (x,w, z)-coordinates defined by (3.12), the billiard

map f is approximated up to order τ 2
∗ by the time τ∗-shift of the flow of the vector

field Z, given by (3.14). Recall it was shown in the proof of Lemma 3.2.4 that we can

write the normally hyperbolic invariant manifold Ā∗ of the vector field Z as

Ā∗ =

{
φ
θl(y)
Z

(
γ(0), γ′(0), y−1κ(γ(0), γ′(0))−

4
3

)
: θ ∈ T, y ∈

[
1

2
,
3

2

]}
where

l(y) = K−1y−1

is the minimal period of a point on Ā∗ with height coordinate y, and

K−1 =

∫
s∈T

κ(γ(s), γ′(s))−
4
3ds

is a positive constant depending only on the periodic orbit γ. Moreover it was shown

that

Z(θ, y) = (Ky, 0)

and

φtZ(θ, y) = (θ + tKy, y).

Since K > 0 depends only on γ, we can replace y by Ky and write

Ā∗ =

{
φθy

−1

Z

(
γ(0), γ′(0), Ky−1κ(γ(0), γ′(0))−

4
3

)
: θ ∈ T, y ∈

[
K

2
,
3K

2

]}
. (3.25)
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Then the vector field and the flow take the simple form

Z(θ, y) = (y, 0)

and

φtZ(θ, y) = (θ + ty, y). (3.26)

Notice that the speed z of the flow of Z is now given by

z = Ky−1κ(x,w)−
4
3 . (3.27)

Moreover the billiard map is given by

f : (θ, y) 7−→ (θ + τ∗y, y) +O(τ 2
∗ ), (3.28)

since it is τ 2
∗ -close to the time-τ∗ shift of the flow of Z.

Since Ā∗ is a 2-dimensional normally hyperbolic invariant manifold in the 2(d −
1)-dimensional phase space M, it has d-dimensional stable and unstable manifolds

W s,u(Ā∗). On the stable (resp. unstable) manifold is the strong stable (resp. strong

unstable) foliation, each leaf of which is (d − 2)-dimensional, and is uniquely de-

termined by a point (θ, y) ∈ Ā∗ (see Section 2.1.2 for definitions). As shown in

Lemma 3.2.4, W s(Ā∗) and W u(Ā∗) have a transverse homoclinic intersection along

the homoclinic geodesic ξ. Recall that along a transverse homoclinic intersection

we have the holonomy maps π̄s,u defined as projections onto Ā∗ along leaves of the

strong stable and strong unstable foliations. Moreover, recall that a manifold B ⊂(
W s(Ā∗) t W u(Ā∗)

)
\ Ā∗ is called a homoclinic cylinder if the scattering map

sB : Ā∗ −→ Ā∗

relative to B is a Cr-diffeomorphism.

Lemma 3.3.1. The set

B̄∗ =

{
φθy

−1

Z

(
ξ(0), ξ′(0),Ky−1κ(ξ(0), ξ′(0))−

4
3

)
: θ ∈ [0, 1), y ∈

[
K

2
,
3K

2

]}
(3.29)

is a homoclinic cylinder. Moreover there are constants a± ∈ R that do not depend on

the point (θ, y) such that

π̄sB̄∗(θ, y) = (θ + a+, y), π̄uB̄∗(θ, y) = (θ + a−, y). (3.30)

Proof. It is clear that the holonomy maps are well-defined on B̄∗ since every point

on the homoclinic orbit ξ is the intersection of exactly one leaf of the strong stable

foliation and one leaf of the strong unstable foliation. Moreover they are Cr-smooth

due to the regularity of the foliations [65].
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Consider the point (0, y) ∈ B̄∗, and let (a+, y+) = π̄sB̄∗(0, y). Since y is constant

along trajectories of the flow, and since the holonomy map is defined via asymptotic

trajectories, we have y+ = y. Now let (θ, y) ∈ B̄∗ be another point with a different

θ-value and the same y-value. Then there is t∗ such that 0 < t∗ < l(y) = y−1 and

(θ, y) = φt∗Z (0, y) = (t∗y, y) (3.31)

where we have used (3.26). From (2.4), (3.26), and (3.31) we get

π̄sB̄∗(θ, y) = π̄sB̄∗ ◦ φ
t∗
Z (0, y) = φt∗Z ◦ π̄

s
B̄∗

(0, y) =

= φt∗Z (a+, y) = (a+ + t∗y, y)

= (θ + a+, y)

so a+ does not depend on θ. Moreover it does not depend on y since the dynamics of

the flow (3.26) is the same on every energy level y = const. The second equation of

(3.30) is proved analogously.

Corollary 3.3.2. The scattering map

sB̄∗ : Ā∗ −→ Ā∗

is defined by

sB̄∗(θ, y) = π̄sB̄∗ ◦
(
π̄uB̄∗
)−1

(θ, y) = (θ + ∆, y) (3.32)

where

∆ = a+ − a−.

Remark 3.3.3. In Section 3.5 we will take several homoclinic cylinders B and we will

make perturbations along most of the projected set π(B) ⊂M (where π : TM →M is

the canonical projection). However, the projections of the cylinders defined in (3.29)

are long curves (of length ≈ 1), whose iterates accumulate asymptotically on γ. This

means that any two of these cylinders B̄1, B̄2 are likely to have intersecting projec-

tions (or perhaps even self-intersections). Therefore any perturbation made along the

entirety of π(B̄1) is likely to interfere with a perturbation made along π(B̄2), making

computations very difficult. To avoid these complicated situations, we define an equiva-

lence relation in a neighbourhood of the cylinder Ā∗ that results in homoclinic cylinders

with projections of length O(τ∗). Then we will only have to make perturbations along

some fundamental domain of the billiard map.

There is a neighbourhood U of Ā∗ in M in which we can introduce Fenichel co-

ordinates: these are coordinates that straighten the stable and unstable manifolds

W s,u(Ā∗) (see [70]). Let ((θ, y), α, β) denote these coordinates where α = (α1, . . . , αd−2)

and β = (β1, . . . , βd−2). Let (θ0, y0) denote a fixed point on Ā∗. Then we have:
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• W s(Ā∗) = {α = 0};

• W s(θ0, y0) = {((θ, y), α, β) ∈ U : (θ, y) = (θ0, y0), α = 0};

• W u(Ā∗) = {β = 0}; and

• W u(θ0, y0) = {((θ, y), α, β) ∈ U : (θ, y) = (θ0, y0), β = 0}.

Slightly shrinking τ∗ if necessary, we may assume without loss of generality that

τ−1
∗ ∈ N. On the set U define the equivalence relation ∼ where ((θ1, y1), α1, β1) ∼

((θ2, y2), α2, β2) if and only if

θ1 = θ2 mod τ∗, y1 = y2, α1 = α2, β1 = β2.

Define the coordinate ϕ on U/∼ by

ϕ = τ−1
∗ (θ mod τ∗) ∈ T = R/Z.

Since τ−1
∗ is a natural number, this equivalence relation corresponds to wrapping the

torus T around itself exactly τ−1
∗ times.

Notice that, without loss of generality, we may assume that B̄∗ ⊂ U , where B̄∗ is

defined as in (3.29). This is because φtZ(B̄∗) is a homoclinic cylinder for all t ∈ R and

φtZ(B̄∗) → Ā∗ as t → ±∞. Therefore we can find some sufficiently large |T | so that

φTZ(B̄∗) ⊂ U and replace B̄∗ by φTZ(B̄∗).
Clearly the vector field Z induces a vector field on U/∼ since Z does not depend

on θ. For simplicity we also denote the quotient vector field by Z. Now, the cylinders
Ā∗/∼ and B̄∗/∼ can be written

Ā∗/∼ =

{
φ
τ∗ϕy

−1

Z

(
γ(0), γ′(0),Ky−1κ(γ(0), γ′(0))−

4
3

)
: ϕ ∈ T, y ∈

[
K

2
,

3K

2

]}
(3.33)

and

B̄∗/∼ =

{
φ
τ∗ϕy

−1

Z

(
ξ(0), ξ′(0),Ky−1κ(ξ(0), ξ′(0))−

4
3

)
: ϕ ∈ [0, 1), y ∈

[
K

2
,

3K

2

]}
(3.34)

where inside the brackets we are still using (x,w, z) coordinates. By the same logic as

before, we can write the restriction of Z and φtZ to these cylinders as

Z(ϕ, y) = (τ−1
∗ y, 0)

and

φtZ(ϕ, y) = (ϕ+ tτ−1
∗ y, y). (3.35)

Proposition 3.3.4. The manifold Ā∗/∼ as defined in (3.33) is an r-normally hyper-

bolic invariant manifold for the flow of Z for any finite r. The manifold B̄∗/∼ as

defined in (3.34) is a homoclinic cylinder to Ā∗/∼. Moreover the holonomy maps

π̄s,u
B̄∗/∼

: B̄∗/∼ −→ Ā∗/∼
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are defined by

π̄sB̄∗/∼(ϕ, y) = (ϕ+ a+, y), π̄uB̄∗/∼(ϕ, y) = (ϕ+ a−, y) (3.36)

where a± ∈ R do not depend on the point (ϕ, y) ∈ Ā∗/∼.

Proof. In Fenichel coordinates, normal hyperbolicity means hyperbolicity in the α, β

directions. Since these directions are not affected by the equivalence relation ∼, the

derivatives in the α, β directions still exhibit hyperbolicity with the same parameters.

From (3.35) we see that on the manifold Ā∗/∼, the differential of the time-t shift of

the flow of Z is

DφtZ =

(
1 tτ−1

∗

0 1

)
which has a double eigenvalue of 1. Therefore the spectral gap is infinitely large,

in the sense that for any r ∈ N we can find some norm for which the hyperbolicity

parameters λ, µ satisfy 0 < λ < µ−r < 1 (see Definition 2.1.10). It follows that Ā∗/∼
is an r-normally hyperbolic invariant manifold for any finite r.

The proof that B̄∗/∼ is a homoclinic cylinder and that the holonomy maps are

defined as in (3.36) is analogous to the proof of Lemma 3.3.1.

3.3.2 Shadowing of Pseudo-Orbits

Let {An}n∈N denote the sequence of normally hyperbolic invariant cylinders for the

billiard map f obtained in Proposition 3.2.6, and let

A =
⋃
n∈N

An

denote the noncompact cylinder.

Standard results imply that the existence of a single transverse homoclinic geodesic

ξ implies the existence of infinitely many (see e.g. [73]). Suppose we take N such

geodesics ξ1, . . . , ξN . Let B1, . . . , BN denote the corresponding homoclinic cylinders

for the billiard map, and consider the scattering maps sj = sBj . We now construct

an iterated function system {f |A, s1, . . . , sN} on A, and call orbits of the IFS pseudo-

orbits.

The following theorem is a generalisation of a theorem of Moeckel [89]. See also

[53, 82]. The proof here relies on the global definition of the scattering maps, but

recent progress has relaxed this assumption [55]. The theorem tells us that, given a

prescribed sequence {Amn} of consecutive cylinders, we can find a pseudo-orbit {µn}
visiting the cylinders Amn in the prescribed order.
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Theorem 3.3.5. (Diffusive and Oscillatory Pseudo-Orbits) Suppose f, s1, . . . , sN have

no common invariant essential curves in the cylinder A. Let {mn}n∈N ⊆ N such that

mn+1 = mn±1 for each n. Then there is a pseudo-orbit {µn}n∈N ⊂ A and {kn}n∈N ⊂ N
with

kn+1 > kn, µkn ∈ Amn
for each n ∈ N, and

µj ∈ Amn
for each j = kn + 1, kn + 2, . . . , kn+1 − 1.

Proof. The theorem is proved by applying the proof of Theorem 3 of [53] inductively to

each compact invariant subcylinder Amn . Indeed, it follows from (3.28) that the billiard

map is a twist map, and since the scattering maps are globally defined diffeomorphisms

that are τ 2
∗ -close to the maps (3.32), they are homotopic to the identity. Therefore the

assumptions of Theorem 3 of [53] are satisfied.

Let γ± denote the essential curves bounding the bottom and top of the cylinderAm1
,

and assume m2 = m1 +1. Construct a curve γ̃ as follows: the curves f(γ−), s1(γ−), . . .,

sN(γ−) divide Am1
into connected components. If one of these curves intersects γ+

then we have already found a pseudo orbit connecting Am1
and Am2

. If not, let γ̃

denote the lower boundary of the connected component of Am1
whose upper boundary

is γ+. Write γ̃ = F (γ). It is shown in [53] that by iterating F on γ−, we can obtain

a curve F n1(γ−) that intersects γ+, which in turn gives a pseudo-orbit connecting the

bottom of Am1
to the top. Since Am1

and Am2
overlap (see Proposition 3.2.6), we

can apply the process again to show that there is some n2 ∈ N such that F n1+n2(γ−)

intersects the upper boundary curve of Am2
. Similarly if m2 = m1 − 1 we can find

pseudo-orbits starting on γ+ and ending on γ−, thus connecting Am1
and Am2

in that

case. Repeating the process inductively gives the proof of Theorem 3.3.5.

Lemma 3.3.6. (Shadowing Lemma) Let ε > 0, and let {µn}∞n=0 be a pseudo-orbit, so

for each n = 0, 1, . . . we have either µn+1 = f(µn), or there is an αn ∈ {1, . . . , N} such

that

µn+1 = sαn(µn).

Then there is an orbit {νn}∞n=0 of f in M such that for some {mn}∞n=0 ⊂ N we have

νn+1 = fmn(νn)

and

‖µn − νn‖ ≤ ε.

The Lemma is equivalent to Lemma 3 of [53] and Lemma 3.11 of [54], so we do not

include it here. In those papers it is assumed that the manifold A is compact. The
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purpose of compactness is to allow application of the Poincaré recurrence theorem. In

our case, the structure of A as a countable union of compact invariant subcylinders

allows us to adapt the proof as we can apply the recurrence theorem in each compact

invariant subcylinder.

It follows from Theorem 3.3.5 and Lemma 3.3.6 that if we can show that the

property of the map f |A and the N scattering maps having no common invariant

essential curves on A is a residual property of Q ∈ Vd∗ , then Theorems 3.1.1 and 3.1.2

are proved.

3.4 Effect of a Perturbation on the Billiard and

Scattering Maps

3.4.1 Perturbing the Billiard Map

In order to perturb the billiard map, we perturb the surface M . Recall that M is given

implicitly as the set of zeros of a real-analytic function Q ∈ Vd∗ . In this section, we will

show how the billiard map is affected by compactly supported perturbations of the

surface M . Since such perturbations are not real-analytic, we will later approximate

the perturbed system Q+ εψ by a real-analytic family Qε ⊂ Vd∗ .
Fix some (x, u) ∈ M and let (x̄, ū) = f(x, u). Let ε > 0 and ψ : Rd → R be

a smooth function supported in a neighbourhood of x̄. In particular, assume x /∈
supp(ψ). Make the perturbation

Q −→ Qε = Q+ εψ. (3.37)

Denote by fε the perturbed billiard map, and let (x̃, ũ) = fε(x, u). Referring to (2.19),

we have x̃ = x+ τε(x, u) v

ũ = v − 〈v, ñ(x̃)〉 ñ(x̃),
(3.38)

where τε(x, u) = {t > 0 : Qε(x+ tv) = 0}, and

ñ(x) = − ∇Qε(x)

‖∇Qε(x)‖
. (3.39)

Since ε is sufficiently small, the new surface is still strictly convex and so τε is still well-

defined. Clearly for the x̃-component, the perturbation is manifested only through τε.

Therefore the term of order ε in the Taylor series of x̃ is Θ(x̄, ū)v, where Θ :M→ R
is a smooth function. We determine Θ by computing the first term in the Taylor series
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of Qε(x̃) = 0. Since this term must itself vanish, we have

0 =
d

dε

∣∣∣∣
ε=0

Qε(x̃) =
d

dε

∣∣∣∣
ε=0

[
Q(x̄+ εΘ(x̄, ū)v +O(ε2)) + εψ(x̃)

]
= [Θ(x̄, ū)〈∇Q(x̃), v〉+ ψ(x̃) +O(ε)]|ε=0

= −Θ(x̄, ū)‖∇Q(x̄)‖〈n(x̄), v〉+ ψ(x̄)

Elementary geometrical considerations imply that we can write v in terms of (x̄, ū) as

v = ū−
√

1− ū2 n(x̄). Therefore we have

Θ(x̄, ū) = − ψ(x̄)

‖∇Q(x̄)‖
√

1− ū2
. (3.40)

In order to compute the effect of the perturbation on the u-component, we write

ũ = ū + εΠ(x̄, ū) + O(ε2). This computation is more direct: we first compute the

expansion of ñ(x̃) up to first order, using (3.39) and (3.40), and then substitute this into

the expression for ũ in (3.38). Write ñ(x̃) = n(x̄)+εV (x̄, ū)+O(ε2). A straightforward

computation shows that

V (x̄, ū) =
d

dε

∣∣∣∣
ε=0

ñ(x̃)

= −Θ(x̄, ū)S(x̄)v − ‖∇Q(x̄)‖−1[∇ψ(x̄)− 〈∇ψ(x̄), n(x̄)〉n(x̄)].

Notice that V (x̄, ū) ∈ Tx̄M . It follows from (3.38) that

ũ = v − 〈v, n(x̄) + εV (x̄, ū)〉(n(x̄) + εV (x̄, ū)) +O(ε2)

= v − 〈v, n(x̄)〉n(x̄)− ε[〈v, V (x̄, ū)〉n(x̄) + 〈v, n(x̄)〉V (x̄, ū)] +O(ε2)

= ū+ ε
[√

1− ū2 V (x̄, ū)− 〈v, V (x̄, ū)〉n(x̄)
]

+O(ε2).

We compute

〈v, V (x̄, ū)〉 = 〈ū, V (x̄, ū)〉

= −Θ(x̄, ū)κ(x̄, ū) +
√

1− ū2 Θ(x̄, ū)〈C(x̄)ū, n(x̄)〉

− ‖∇Q(x̄)‖−1〈∇ψ(x̄), ū〉

We thus obtain the following expressions for Π:

Π(x̄, ū) =
√

1− ū2 V (x̄, ū)− 〈v, V (x̄, ū)〉n(x̄) (3.41)

= −
√

1− ū2 Θ(x̄, ū)S(x̄)v−

−
√

1− ū2 ‖∇Q(x̄)‖−1 [∇ψ(x̄)− 〈∇ψ(x̄), n(x̄)〉n(x̄)] +

+
[
Θ(x̄, ū)κ(x̄, ū)−Θ(x̄, ū)

√
1− ū2〈C(x̄)ū, n(x̄)〉+

+ ‖∇Q(x̄)‖−1〈∇ψ(x̄), ū〉
]
n(x̄)

(3.42)
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Equation (3.41) will be useful later since V (x̄, ū) ∈ Tx̄M , whereas the second term

is normal to M at x̄. Using equations (3.40) and (3.42), we see that the vector field

(Θ(x̄, ū) v,Π(x̄, ū)) of the perturbation is Hamiltonian. Indeed, the function

Hpert(x̄, ū) =
ψ(x̄)

‖∇Q(x̄)‖

[√
1− ū2 + 〈n(x̄), ū〉

]
−

−
[
Θ(x̄, ū)〈C(x̄)v, v̄〉+ ‖∇Q(x̄)‖−1〈∇ψ(x̄), v̄〉

] Q(x̄)

‖∇Q(x̄)‖
,

where v̄ = ū+
√

1− ū2 n(x̄), is such that
∂Hpert

∂ūj
(x̄, ū) = Θ(x̄, ū)vj

−
∂Hpert

∂x̄j
(x̄, ū) = Πj(x̄, ū).

3.4.2 Perturbative Computation of the Scattering Map

Let Ā∗ denote a compact normally hyperbolic invariant manifold of the flow of Z as

in (3.33), and B̄∗ the homoclinic cylinder as in (3.34), where in this section we drop

the modulo ∼ notation. Let A∗ and B∗ denote the corresponding normally hyperbolic

invariant manifold and homoclinic cylinder for f . As we do not have a precise formula

for B∗, it is difficult to perturbatively compute the scattering map of f . Instead,

denote by g the time-τ∗ shift of the flow of Z, make the perturbation Q → Q + εψ,

and define the map

gε = φεpert ◦ g

where φεpert is the Hamiltonian flow defined by

d

dε

∣∣∣∣
ε=0

φεpert = Ω∇Hpert

and Hpert is the Hamiltonian of the perturbation of the billiard map. Then we have

gε = g + εΩ∇Hpert ◦ g +O(ε2). (3.43)

This is no longer a time-shift of the geodesic flow, but rather a “billiard-like” pertur-

bation of a time-shift of the geodesic flow. Moreover

fε = gε +O(τ 2
∗ ) (3.44)

outside the equivalence relation, in the Cr-topology for any finite r. Assume now that

ψ is supported near π ◦ g(B̄∗). Let

s = π̄s ◦ (π̄u)−1
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where the holonomy maps π̄s,u are defined as in (3.36), and let sε denote the scattering

map corresponding to gε. The scattering map s has smooth dependence on ε. Therefore

we can write

sε(ϕ, y) = (Ψ(ϕ, y, ε), Y (ϕ, y, ε)) .

Proposition 3.4.1. Let (x̄, ū) = g ◦ (π̄s)−1 (ϕ, y). Then there is a strictly positive

function h : Ā∗ → R>0 such that

∂Ψ

∂ε
(s−1(ϕ, y), 0) = −1

2
τ∗h(ϕ, y)ψ(x̄)Ky−2κ(x̄, ū)−

1
3 +O(τ 2

∗ ) (3.45)

and

∂Y

∂ε
(s−1(ϕ, y), 0) = h(ϕ, y)

[
1

6
τ 2
∗ψ(x̄)K2y−3κ(x̄, ū)−

8
3R(x̄, ū)−

− 1

2
τ 2
∗K

2y−3κ(x̄, ū)−
5
3 〈∇ψ(x̄), ū〉

]
+O(τ 4

∗ )

(3.46)

where R is defined as in (3.2), and where the higher order terms are uniformly bounded.

Proof. Since Ā∗ is symmetrically normally hyperbolic, the restriction of the symplectic

form ω|Ā∗ is nondegenerate (see e.g. Proposition 4 of [53]). Moreover there is a positive

function h : Ā∗ → R>0 such that

ω|Ā∗ = h(ϕ, y)dϕ ∧ dy.

The map gε is symplectic as it is the composition of an exact symplectic map with

a time-shift of a Hamiltonian flow. It was shown in [34] that the scattering map is

therefore symplectic. It follows that there is some Hamiltonian function H̃pert such

that the perturbed scattering map is

sε = s+ εh ◦ sΩ∇H̃pert ◦ s+O(ε2)

where the unperturbed scattering map s0 = s is as in (3.32) due to Proposition 3.3.4.

Notice that the assumptions of Theorem 31 of [34] are satisfied. Therefore we have

H̃pert = lim
N±→+∞

N−−1∑
j=0

(
Hpert ◦ g−j ◦ (π̄u)−1 ◦ s−1 −Hpert ◦ g−j ◦ s−1

)
+

+

N+∑
j=1

(
Hpert ◦ gj ◦ (π̄s)−1 −Hpert ◦ gj

)
= Hpert ◦ g ◦ (π̄s)−1 (3.47)

where all but one term has vanished due to ψ being supported only near π ◦ g(B̄∗).
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Recall in Lemma 2.5.2 we assumed that ‖∇Q(x)‖ = 1 for all x ∈ M which gave

us the simple formula (2.16) for the shape operator. Now that we have made pertur-

bations, we may again make this assumption without loss of generality. Therefore the

perturbative vector field

X̃(x̄, ū) = Ω∇Hpert(x̄, ū) = (Θ(x̄, ū)v,Π(x̄, ū)) (3.48)

is defined by

Θ(x̄, ū) = − ψ(x̄)√
1− ū2

, (3.49)

v = ū−
√

1− ū2n(x̄) (3.50)

and

Π(x̄, ū) =
√

1− ū2V (x̄, ū)− 〈ū, V (x̄, ū)〉n(x̄) (3.51)

where

V (x̄, ū) = −Θ(x̄, ū)S(x̄)v − (∇ψ(x̄)− 〈∇ψ(x̄), n(x̄)〉n(x̄)) . (3.52)

Now, let (ϕ, y) ∈ Ā∗, and let (x̄, ū) denote the point g ◦ (π̄s)−1 (ϕ, y) in Euclidean

coordinates. We must determine the derivatives of (x̄, ū) with respect to (ϕ, y). By

(3.35) we have

g : (ϕ, y) 7−→ (ϕ+ y, y). (3.53)

Notice that, reparametrising the homoclinic geodesic ξ by a translation if necessary,

we may assume that a+ = 0 so that π̄s, defined as in (3.36), is just the identity.

Combining (3.34) and (3.53), we see that the set g(B̄∗) is equal to{
φ
τ∗(ϕy

−1
+1)

Z

(
ξ(0), ξ′(0),Ky−1κ(ξ(0), ξ′(0))−

4
3

)
: ϕ ∈ [0, 1), y ∈

[
K

2
,
3K

2

]}
.

Let

θ̄ = τ∗(ϕy
−1 + 1)

denote the time along the homoclinic geodesic ξ in g(B̄∗) so that

∂θ̄

∂ϕ
= τ∗y

−1,
∂θ̄

∂y
= −τ∗ϕy−2. (3.54)

There is an arclength parameter q̄ = q̄(ϕ, y) such that

x̄ = ξ(q̄), ū = ‖ū‖ξ′(q̄) (3.55)

where

‖ū‖ =

√
1− 1

4
τ 2
∗K

2y−2κ(ξ(q̄), ξ′(q̄))−
2
3 (3.56)
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by the second equation of (3.12) and by (3.27). Since z is the speed of the vector field

Z, we get from (3.27)

q̄ =

∫ θ̄

0

z(s)ds = Ky−1

∫ θ̄

0

κ(x(s), w(s))−
4
3ds.

Notice that

q̄ = O(τ∗), (3.57)

uniformly. We have

∂q̄

∂ϕ
= Ky−1κ

(
x
(
θ̄
)
, w
(
θ̄
))− 4

3
∂θ̄

∂ϕ

= τ∗Ky
−2κ

(
ξ (q̄) , ξ′ (q̄)

)− 4
3 (3.58)

and

∂q̄

∂y
= − y−1q̄ +Ky−1κ

(
x
(
θ̄
)
, w
(
θ̄
))− 4

3
∂θ̄

∂y

= − y−1q̄ − τ∗Kϕy−3κ
(
ξ (q̄) , ξ′ (q̄)

)− 4
3 (3.59)

where we have used (3.54). The second equation of (2.24) implies that

ξ′′(q̄) = κ(ξ(q̄), ξ′(q̄))n(ξ(q̄)). (3.60)

From (2.16) and (3.60) and by a similar computation to (3.20) we get

∂

∂q̄
κ
(
ξ (q̄) , ξ′ (q̄)

)
= R

(
ξ (q̄) , ξ′ (q̄)

)
(3.61)

where R is as in (3.2). Differentiating (3.56) with respect to ϕ, y and using (3.58),

(3.59), (3.61) yields

∂‖ū‖
∂ϕ

=
1

12
τ 3
∗ ‖ū‖−1K3y−4κ

(
ξ (q̄) , ξ′ (q̄)

)−3
R
(
ξ (q̄) , ξ′ (q̄)

)
(3.62)

and

∂‖ū‖
∂y

=
1

4
τ 2
∗ ‖ū‖−1K2y−3κ

(
ξ (q̄) , ξ′ (q̄)

)− 2
3 −

− 1

12
τ 2
∗ ‖ū‖−1K2y−3q̄κ

(
ξ (q̄) , ξ′ (q̄)

)− 5
3 R
(
ξ (q̄) , ξ′ (q̄)

)
− (3.63)

− 1

12
τ 3
∗ ‖ū‖−1K3ϕy−5κ

(
ξ (q̄) , ξ′ (q̄)

)−3
R
(
ξ (q̄) , ξ′ (q̄)

)
.

Differentiating (3.55) with respect to ϕ, y and using (3.58), (3.59), and (3.60) we get

∂x̄

∂ϕ
= ξ′ (q̄)

∂q̄

∂ϕ
= τ∗Ky

−2κ
(
ξ (q̄) , ξ′ (q̄)

)− 4
3 ξ′ (q̄) , (3.64)
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∂x̄

∂y
= ξ′ (q̄)

∂q̄

∂y
= −y−1q̄ξ′ (q̄)− τ∗Kϕy−3κ

(
ξ (q̄) , ξ′ (q̄)

)− 4
3 ξ′ (q̄) , (3.65)

∂ū

∂ϕ
=
∂‖ū‖
∂ϕ

ξ′ (q̄) + ‖ū‖ξ′′ (q̄) ∂q̄
∂ϕ

=

=
∂‖ū‖
∂ϕ

ξ′ (q̄) + τ∗‖ū‖Ky−2κ
(
ξ (q̄) , ξ′ (q̄)

)− 1
3 n (ξ (q̄)) , (3.66)

and

∂ū

∂y
=
∂‖ū‖
∂y

ξ′ (q̄) + ‖ū‖ξ′′ (q̄) ∂q̄
∂y

=

=
∂‖ū‖
∂y

ξ′ (q̄)− ‖ū‖y−1q̄κ
(
ξ (q̄) , ξ′ (q̄)

)
n (ξ (q̄))−

− τ∗‖ū‖Kϕy−3κ
(
ξ (q̄) , ξ′ (q̄)

)− 1
3 n (ξ (q̄)) .

(3.67)

Moreover, (3.12) and (3.27) imply that√
1− ū2 =

1

2
τ∗Ky

−1κ(ξ(q̄), ξ′(q̄))−
1
3 , (3.68)

and (3.56) implies that

‖ū‖ = 1 +O(τ 2
∗ ) (3.69)

where the higher order terms are uniformly bounded. Finally, differentiating (3.47)

with respect to ϕ, y and using (3.48), (3.49), (3.50), (3.51), (3.52), (3.57), (3.62), (3.63),

(3.64), (3.65), (3.66), (3.67), (3.68), and (3.69):

∂H̃pert

∂ϕ
=

〈
∂Hpert

∂x̄
(x̄, ū),

∂x̄

∂ϕ

〉
+

〈
∂Hpert

∂ū
(x̄, ū),

∂ū

∂ϕ

〉
= −

〈
Π(x̄, ū),

∂x̄

∂ϕ

〉
+ Θ(x̄, ū)

〈
v,
∂ū

∂ϕ

〉
= − τ∗

√
1− ū2Ky−2κ(ξ(q̄), ξ′(q̄))−

4
3 〈V (x̄, ū), ξ′(q̄)〉+

+ Θ(x̄, ū)‖ū‖∂‖ū‖
∂ϕ
− τ∗

√
1− ū2Θ(x̄, ū)Ky−2κ(ξ(q̄), ξ′(q̄))−

1
3

= τ∗

√
1− ū2Θ(x̄, ū)Ky−2κ(ξ(q̄), ξ′(q̄))−

4
3 〈S(x̄)v, ξ′(q̄)〉+

+ τ∗

√
1− ū2Ky−2κ(ξ(q̄), ξ′(q̄))−

4
3 〈∇ψ(x̄), ξ′(q̄)〉+

+ Θ(x̄, ū)‖ū‖∂‖ū‖
∂ϕ
− τ∗

√
1− ū2Θ(x̄, ū)Ky−2κ(ξ(q̄), ξ′(q̄))−

1
3

=
1

2
τ 2
∗K

2y−3κ(ξ(q̄), ξ′(q̄))−
5
3 〈∇ψ(x̄), ξ′(q̄)〉+

+
1

12
τ 3
∗Θ(x̄, ū)K3y−4κ(ξ(q̄), ξ′(q̄))−3R(ξ(q̄), ξ′(q̄)) +O(τ 4

∗ )

=
1

2
τ 2
∗K

2y−3κ(x̄, ū)−
5
3 〈∇ψ(x̄), ū〉−

− 1

6
τ 2
∗ψ(x̄)K2y−3κ(x̄, ū)−

8
3R(x̄, ū) +O(τ 4

∗ )
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and

∂H̃pert

∂y
=

〈
∂Hpert

∂x̄
(x̄, ū),

∂x̄

∂y

〉
+

〈
∂Hpert

∂ū
(x̄, ū),

∂ū

∂y

〉
= −

〈
Π(x̄, ū),

∂x̄

∂y

〉
+ Θ(x̄, ū)

〈
v,
∂ū

∂y

〉
=
√

1− ū2Θ(x̄, ū)

〈
S(x̄)v,

∂x̄

∂y

〉
+
√

1− ū2

〈
∇ψ(x̄),

∂x̄

∂y

〉
+

+ Θ(x̄, ū)‖ū‖∂‖ū‖
∂y

+ q̄
√

1− ū2Θ(x̄, ū)‖ū‖y−1κ(ξ(q̄), ξ′(q̄))+

+ τ∗

√
1− ū2Θ(x̄, ū)Kϕy−3κ(ξ(q̄), ξ′(q̄))−

1
3

= − q̄
√

1− ū2Θ(x̄, ū)y−1〈S(x̄)v, ξ′(q̄)〉−

− τ∗
√

1− ū2Θ(x̄, ū)Kϕy−3κ(ξ(q̄), ξ′(q̄))−
4
3 〈S(x̄)v, ξ′(q̄)〉−

− q̄
√

1− ū2y−1〈∇ψ(x̄), ξ′(q̄)〉−

− τ∗
√

1− ū2Kϕy−3κ(ξ(q̄), ξ′(q̄))−
4
3 〈∇ψ(x̄), ξ′(q̄)〉+

+ Θ(x̄, ū)‖ū‖∂‖ū‖
∂y

+ q̄
√

1− ū2Θ(x̄, ū)‖ū‖y−1κ(ξ(q̄), ξ′(q̄))+

+ τ∗

√
1− ū2Θ(x̄, ū)Kϕy−3κ(ξ(q̄), ξ′(q̄))−

1
3

=
1

4
τ 2
∗Θ(x̄, ū)K2y−3κ(ξ(q̄), ξ′(q̄))−

2
3 +O(τ 2

∗ )

= − 1

2
τ∗ψ(x̄)Ky−2κ(x̄, ū)−

1
3 +O(τ 2

∗ ).

These derivatives combined with the fact that the term of order ε in the expansion of

sε is h ◦ sΩ∇H̃pert ◦ s completes the proof of the proposition.

3.5 Diffusive Orbits

As mentioned in Section 3.3.2, the existence of a single transverse homoclinic geodesic

ξ : R → M implies the existence of infinitely many. Choose 8 distinct transverse

homoclinic geodesics ξ1, . . . , ξ8. The reason we choose 8 homoclinics is because 8 scat-

tering maps are needed for the combinatorial argument of Lemma 3.5.2. Each curve

ξj is parametrised by arclength, but we may reparametrise by translation without dis-

turbing this property. Recall it was shown in Section 3.2 that in (x,w, z)-coordinates,

f is approximated up to order τ 2
∗ by the time-τ∗ shift of the flow of a vector field

Z. Moreover, it was shown that this vector field has a normally hyperbolic invariant

manifold Ā∗. We then defined an equivalence relation to shorten the length of the

homoclinic cylinders. In fact, we showed that the quotient homoclinic cylinder B̄∗,j/∼
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defined by ξj is given by{
φτ∗ϕy

−1

Z

(
ξj(0), ξ′j(0), Ky−1κ(ξj(0), ξ′j(0))−

4
3

)
: ϕ ∈ [0, 1), y ∈

[
K

2
,
3K

2

]}
.

Moreover, in these coordinates the map g = φτ∗Z is given by g(ϕ, y) = (ϕ+ y, y).

The set of times t ∈ R for which ξj(t) is either an intersection point of ξj and ξk

for j 6= k, or a point of self-intersection for ξj is discrete. Translate the parametri-

sation of each curve ξj such that for all sufficiently small τ∗ > 0 there exist tubular

neighbourhoods Vj of π ◦ g
(
B̄∗,j/∼

)
in M such that:

• Vj ∩ γ = ∅

• Vj ∩ Vk = ∅ if j 6= k

• Vj ∩ ξj = π ◦ g
(
B̄∗,j/∼

)
In what follows we will make perturbations inside each Vj to affect only the scattering

map corresponding to B̄∗,j/∼, without interfering with the other scattering maps.

Recall that τ 2
∗ -close to Ā∗ and B̄∗,j we have analogous objects A∗ and B∗,j for the

billiard map f . Moreover, we have a sequence of such cylinders so that the set

A =
⋃
n∈N

An

is a noncompact normally hyperbolic invariant manifold for f . Combining the following

theorem with Theorem 3.3.5 and Lemma 3.3.6 completes the proof of Theorem 3.1.1.

Theorem 3.5.1. The billiard map f and the 8 scattering maps corresponding to the

homoclinic cylinders B∗,j having no common invariant essential curves on the non-

compact normally hyperbolic invariant cylinder A is a residual property of Q ∈ Vd∗ .

Proof. We show that all common invariant essential curves of the maps gε, s1, . . . , s8 on

Ā∗ can be destroyed by arbitrarily small perturbation of the hypersurface where gε is

defined by (3.43) and sj is the corresponding scattering map relative to the homoclinic

cylinder B̄∗,j. Since the perturbations will be supported away from Ā∗ it can be seen

that gε|Ā∗ is precisely the time-τ∗ shift of the flow of Z:

gε|Ā∗ (θ, y) = g|Ā∗(θ, y) = (θ + τ∗y, y).

Therefore every essential curve of Ā∗ corresponding to y = const is an invariant curve

of g. Since the derivative of the θ component of g with respect to y is τ∗, g is a twist

map, as is every map in some C1-neighbourhood of g. Therefore all invariant essential

curves of these maps on Ā∗ are graphs of Lipschitz functions. Let L∗ be the supremum
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of Lipschitz constants of every map in some C1-neighbourhood of g. In particular, this

C1-neighbourhood is large enough to contain the billiard map since f = g+O(τ 2
∗ ). It is

sufficient to show that all L∗-Lipschitz common invariant curves of s1, . . . , s8 in Ā∗ can

be destroyed by small perturbation. Now, there is some L > 0 such that if the quotient

scattering maps defined by s1, . . . , s8 on Ā∗/ ∼ have no L-Lipschitz common invariant

curves, then the maps s1, . . . , s8 have no L∗-Lipschitz common invariant curves on Ā∗.

Write Ã∗ = A∗/∼. The maps sj(θ, y) = (θ + ∆j, y) induce well-defined maps on

Ã∗, and the perturbations we make will preserve this property. Consider the space of

all L-Lipschitz functions y′ : T→ R equipped with the C0-topology. Let L denote the

subset consisting all such functions whose graph is contained in Ã∗ and is invariant

under each sj. Clearly L is compact. If L = ∅ then there is nothing to prove. Suppose

otherwise. Then for any µ > 0 there are finitely many y1, . . . , yq ∈ L such that for any

y′ ∈ L we have

graph(y′) ⊂ A(p)
∗ := {(ϕ, y) ∈ Ã∗ : |y − yp(ϕ)| ≤ µ} (3.70)

for some p ∈ {1, . . . , q}. Inclusion (3.70) is also true for invariant curves of all maps

in some C1 neighbourhood of gε. The set A(p)
∗ containing no L∗-Lipschitz common

invariant curves of s1, . . . , s8 is an open property of the hypersurface.

Let R be some positive constant such that∥∥∥∥ ∂sj
∂(ϕ, y)

∥∥∥∥ < R (3.71)

for each j = 1, . . . , 8 and for the 8 scattering maps corresponding to all maps in some

C1-neighbourhood of gε.

Since the scattering maps are defined on a cylinder, perturbations must be periodic

in the angular component. To this end consider arcs I1,2,3,4 ( T such that I1 ∪ I2 =

I3 ∪ I4 = T. Write Ikl = Ik \ Il, and assume that I12, I34, I21, I43 are mutually disjoint

and lie on T in this order (see Figure 3.3). Since each Ik is a proper subset of T = R/Z
we have l(Ik) < 1.

For yC ∈ L, let C = graph(yC). Then C is an L-Lipschitz sj-invariant curve for

each j. Each arc Ik defines a subset of the curve C: Îk = {(ϕ, yC(ϕ)) : ϕ ∈ Ik}. Since

C is sj-invariant, there is an arc Ījk ( T such that sj(Îk) = {(ϕ, yC(ϕ)) : ϕ ∈ Ījk}.
Clearly l(Ījk) < 1. Let

E = max
yC∈L

max
j,k

l(Ījk).

Then E < 1, so

µ =
1− E
R

> 0. (3.72)

By the above argument, there are finitely many y1, . . . , yq ∈ L such that every L-

Lipschitz common invariant curve of s1, . . . , s8 in Ã∗ lies in one of the cylinders A(p)
∗

as defined in (3.70) corresponding to this value of µ.
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{{{{ 𝕋10 1

Figure 3.3: We choose the arcs I1,2,3,4 ( T so that T = I1 ∪ I2 = I3 ∪ I4, and so that
if Ikl = Ik \ Il then I12, I34, I21, I43 are mutually disjoint and lie on T in this order. In
what follows, we make 8 perturbations (of size, say, ε): one perturbation per scattering
map. Each interval Ik corresponds to 2 scattering maps. We give conditions on the
term of order ε in the expansion of the scattering maps. To avoid monodromy, these
conditions apply only to ϕ in the corresponding interval Ik. The rest of T is dedicated
to guaranteeing a well-defined perturbation.

Consider one of these cylinders A(p)
∗ around yp ∈ L, and let Cp = graph(yp). By

(3.71), sj(A
(p)
∗ ∩{ϕ ∈ Ik}) is contained in the (Rµ)-neighbourhood of sj(Cp∩{ϕ ∈ Ik}).

This curve is a subset of Cp, since Cp is sj-invariant, and corresponds to an interval

Ījk where l(Ījk) ≤ E. Therefore (3.72) implies that there is an arc Î
(p)
jk ( T such that

sj(A
(p)
∗ ∩ {ϕ ∈ Ik}) ⊂ {(ϕ, y) ∈ A : |y − yp(ϕ)| < Rµ, ϕ ∈ Î(p)

jk }.

The fact that Î
(p)
jk is a proper sub-arc of T will allow us to define a perturbation however

we like on Î
(p)
jk and extend it to the rest of T without monodromy.

We will now construct a two-parameter family of functions Qε where ε = (ε1, ε2) and

Q0 = Q. Since the scattering maps sj depend smoothly on the map gε, they depend

smoothly on ε. Therefore, there are smooth functions Ψj, Yj for each j = 1, . . . , 8 such

that sj(ϕ, y, ε) = (Ψj(ϕ, y, ε), Yj(ϕ, y, ε)).

Consider the perturbation

Qε(x) = Q(x) + ε1(ψ1(x) + · · ·+ ψ4(x)) + ε2(ψ5(x) + · · ·+ ψ8(x)) (3.73)

of Q, where for now we assume that supp(ψj) ∩M ⊂ Vj. Later, we will approximate
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Qε by a real-analytic family. Let Mε = {x ∈ Rd : Qε(x) = 0}. It follows that

∂Ψ1,2,3,4

∂ε2
=
∂Y1,2,3,4

∂ε2
=
∂Ψ5,6,7,8

∂ε1
=
∂Y5,6,7,8

∂ε1
= 0. (3.74)

The following lemma provides conditions on the ε-derivatives of the scattering maps

which, if satisfied, ensure the absence of L-Lipschitz common invariant curves of

s1, . . . , s8 in A(p)
∗ . The lemma plays the same role as Lemma 5 in [53]. However

we have had to improve the estimates, as the assumptions of Lemma 5 of [53] do not

directly apply in our case.

Lemma 3.5.2. Suppose the scattering maps s1, . . . , s8 corresponding to the family Mε

satisfy:

(i) For j = 1, 2, and whenever Ψj(ϕ, y, 0) ∈ Ij we have

∂Yj
∂ε1

(ϕ, y, ε) > 2L

∣∣∣∣∂Ψj

∂ε1
(ϕ, y, ε)

∣∣∣∣ , (3.75)

and
∂Yj+4

∂ε2
(ϕ, y, ε) > 2L

∣∣∣∣∂Ψj+4

∂ε2
(ϕ, y, ε)

∣∣∣∣ . (3.76)

(ii) For j = 3, 4, and whenever Ψj(ϕ, y, 0) ∈ Ij we have

∂Yj
∂ε1

(ϕ, y, ε) < −2L

∣∣∣∣∂Ψj

∂ε1
(ϕ, y, ε)

∣∣∣∣ , (3.77)

and
∂Yj+4

∂ε2
(ϕ, y, ε) < −2L

∣∣∣∣∂Ψj+4

∂ε2
(ϕ, y, ε)

∣∣∣∣ . (3.78)

(iii) Moreover for j = 1, 2, 3, 4 we have∣∣∣∣∂Ψj

∂ε1
(ϕ, y, ε)

∣∣∣∣ > max{1, (1 + L−1)Rτ 2
∗ } (3.79)

whenever Ψj(ϕ, y, 0) ∈ Ij, and∣∣∣∣∂Ψj+4

∂ε2
(ϕ, y, ε)

∣∣∣∣ > max{1, (1 + L−1)Rτ 2
∗ } (3.80)

whenever Ψj+4(ϕ, y, 0) ∈ Ij.

Then the set of parameters ε = (ε1, ε2) for which the scattering maps s1, . . . , s8 have an

L-Lipschitz common invariant curve in A(p)
∗ has Lebesgue measure 0, and so there are

arbitrarily small values of ε for which the scattering maps have no L-Lipschitz common

invariant curve in A(p)
∗ .
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Proof. On the space of parameters we use the norm ‖ε‖ = max{|ε1|, |ε2|}. Take two

values ε∗ and ε∗∗ of ε, and suppose the scattering maps s1, . . . , s8 have an L-Lipschitz

common invariant curve L∗ ⊂ A(p)
∗ at ε∗, and L∗∗ ⊂ A(p)

∗ at ε∗∗. These curves can be

written as L∗ = graph(y∗) and L∗∗ = graph(y∗∗) where y∗, y∗∗ : T → R. We claim

that

‖ε∗ − ε∗∗‖ ≤ τ−2
∗ |y∗(0)− y∗∗(0)|. (3.81)

The lemma follows from (3.81). Indeed, suppose it is true, and let E ⊂ R2 denote

the set of all ε for which the scattering maps have an L-Lipschitz common invariant

curve in A(p)
∗ . Let Y denote the set of all points y0 ∈ R for which there is an L-

Lipschitz common invariant curve L′ = graph(y′) ⊂ A(p)
∗ of s1, . . . , s8 at any value of

ε with y′(0) = y0. By (3.81), for each y0 ∈ Y there is exactly one ε ∈ E at which the

scattering maps have an L-Lipschitz common invariant curve in A(p)
∗ that intersects the

y-axis at y0. It follows that there is a well-defined surjective map from Y to E sending

y0 to ε. Moreover, (3.81) also implies that this map is (τ−2
∗ )-Lipschitz. Since Lipschitz

maps do not increase Hausdorff dimension, it follows that E is a 1-dimensional set in

R2, and so it has Lebesgue measure 0.

We must now establish estimate (3.81). Suppose, for a contradiction, that it is not

true. Without loss of generality, we may assume that

y∗(0) ≥ y∗∗(0) and |ε∗2 − ε∗∗2 | ≤ |ε∗1 − ε∗∗1 | = ε∗1 − ε∗∗1 . (3.82)

It follows that ∆ε := ‖ε∗− ε∗∗‖ = ε∗1− ε∗∗1 > 0. The supposition that (3.81) is not true

implies that

0 ≤ y∗(0)− y∗∗(0) < τ 2
∗∆ε. (3.83)

We have that ϕ = 0 is in at least one of I3 or I4 since T = I3 ∪ I4. Assume 0 ∈ I3. We

write (ϕ̄∗, ȳ∗) = s3(0, y∗(0), ε∗) = (Ψ3(0, y∗(0), ε∗), Y3(0, y∗(0), ε∗))

(ϕ̄∗∗, ȳ∗∗) = s3(0, y∗∗(0), ε∗∗) = (Ψ3(0, y∗∗(0), ε∗∗), Y3(0, y∗∗(0), ε∗∗)).

Since L∗, L∗∗ are invariant under s1, . . . , s8 at ε∗, ε∗∗ respectively, we have ȳ∗ = y∗(ϕ̄∗)

and ȳ∗∗ = y∗∗(ϕ̄∗∗). It follows from the mean value theorem and (3.71), (3.74), (3.77),

(3.82), and (3.83) that

|ϕ̄∗ − ϕ̄∗∗| <
∣∣∣∣∂Ψ3

∂ε1

∣∣∣∣∆ε+Rτ 2
∗∆ε, ȳ∗ − ȳ∗∗ < −2L

∣∣∣∣∂Ψ3

∂ε1

∣∣∣∣∆ε+Rτ 2
∗∆ε.

These inequalities together with the mean value theorem again, the L-Lipschitz prop-

erty of y∗∗, and (3.79) imply that

y∗(ϕ̄∗)− y∗∗(ϕ̄∗) < ∆ε

[
Rτ 2
∗ (L+ 1)− L

∣∣∣∣∂Ψ3

∂ε1

∣∣∣∣] < 0.



84 CHAPTER 3. ARNOLD DIFFUSION IN BILLIARDS

We have assumed that y∗(0) ≥ y∗∗(0) and we have just shown that there is ϕ = ϕ̄∗∗ ∈ T
such that y∗(ϕ) < y∗∗(ϕ). It follows that

L∗ ∩ L∗∗ 6= ∅. (3.84)

Let us define what it means for an arc to be positive or negative. Let I ⊂ T be an

arc such that y∗(ϕ) = y∗∗(ϕ) for ϕ ∈ ∂I. We say that I is:

• Positive if y∗(ϕ) > y∗∗(ϕ) for all ϕ ∈ Int(I); and

• Negative if y∗(ϕ) < y∗∗(ϕ) for all ϕ ∈ Int(I).

We consider a single point in L∗∩L∗∗ to be both a positive and negative arc. It follows

that the only arcs in T that are both positive and negative are points in L∗ ∩L∗∗. We

will show that (3.83) implies that we can construct a positive arc and a negative arc

in T so that the interior of their intersection is non-empty. This is absurd, and will

complete the proof by contradiction.

We have already shown via (3.84) that there is at least one positive arc and one

negative arc. Let J ⊂ T be a positive arc, and let

L∗J = {(ϕ, y∗(ϕ)) : ϕ ∈ J}, L∗∗J = {(ϕ, y∗∗(ϕ)) : ϕ ∈ J},

and

DJ = {(ϕ, y) : ϕ ∈ J, y∗∗(ϕ) ≤ y ≤ y∗(ϕ)}.

We will show that if J ⊆ Ij for j ∈ {1, 2} then there is a positive arc J ′ ⊂ T such that

sj(L∗J , ε∗) ⊂ L∗J ′ and

l(J ′) > ∆ε, Area(DJ ′) > Area(DJ). (3.85)

Write s∗j(·, ·) = sj(·, ·, ε∗), and s∗∗j (·, ·) = sj(·, ·, ε∗∗). Let ϕ ∈ J , and let P =

(ϕ, y∗(ϕ)) ∈ L∗J denote the corresponding point in L∗J . WriteP
∗ = (ϕ∗, y∗(ϕ∗)) = s∗j(P ) = (Ψj(ϕ, y

∗(ϕ), ε∗), Yj(ϕ, y
∗(ϕ), ε∗))

P ′ = (ϕ′, y′) = s∗∗j (P ) = (Ψj(ϕ, y
∗(ϕ), ε∗∗), Yj(ϕ, y

∗(ϕ), ε∗∗).
(3.86)

Clearly P ∗ ∈ L∗ and P ′ ∈ s∗∗j (L∗J). Since J is positive we have y∗∗(ϕ) ≤ y∗(ϕ), and so

P is either on or above L∗∗. Moreover since L∗∗ is s∗∗j -invariant, P ′ must also lie on or

above L∗∗, and so

y′ ≥ y∗∗(ϕ′). (3.87)

The mean value theorem together with (3.74), (3.75), and expressions (3.86) implies

|ϕ∗ − ϕ′| ≤
∣∣∣∣∂Ψj

∂ε1

∣∣∣∣∆ε, y∗(ϕ∗)− y′ > 2L

∣∣∣∣∂Ψj

∂ε1

∣∣∣∣∆ε.
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These inequalities combined with (3.79), (3.87) and the L-Lipschitz property of y∗ and

y∗∗ give

y∗(ϕ∗)− y∗∗(ϕ∗) > L

∣∣∣∣∂Ψj

∂ε1

∣∣∣∣∆ε > 0, y∗(ϕ′)− y′ > L

∣∣∣∣∂Ψj

∂ε1

∣∣∣∣∆ε > 0. (3.88)

The first inequality of (3.88) shows that there is a positive arc J ′ ⊂ T such that

s∗j(L∗J) ⊂ L∗
J
′ . Let ỹ∗ = y∗ − y∗∗. Then ỹ∗ is 0 on the endpoints of J ′ and strictly

positive on Int(J ′). Moreover ỹ∗ is 2L-Lipschitz since y∗ and y∗∗ are L-Lipschitz.

Let s̃j : T → T denote the map s̃j(ϕ) = Ψj(ϕ, y
∗(ϕ), ε∗). Then s̃j(J) is compactly

embedded in J ′. Let ϕ1, ϕ4 denote the endpoints of J ′, and ϕ2, ϕ3 the endpoints of

s̃j(J). It is possible that ϕ2 = ϕ3. Without loss of generality, we may assume (by

translating our ϕ-coordinate on T if necessary) that ϕ1 < ϕ2 ≤ ϕ3 < ϕ4. Notice that

the first inequality of (3.88) holds at ϕ2, ϕ3 since it holds at all points of s̃j(J). These

facts combined with (3.79) imply that

l(J ′) = ϕ4 − ϕ1 ≥ ϕ4 − ϕ3 + ϕ2 − ϕ1

= |ϕ4 − ϕ3|+ |ϕ2 − ϕ1|

≥ (2L)−1 [|ỹ∗(ϕ4)− ỹ∗(ϕ3)|+ |ỹ∗(ϕ2)− ỹ∗(ϕ1)|]

= (2L)−1 (ỹ∗(ϕ2) + ỹ∗(ϕ3))

>

∣∣∣∣∂Ψj

∂ε1

∣∣∣∣∆ε > ∆ε

which is the first inequality of (3.85).

Due to (3.87) and the second inequality of (3.88), the curve L′ = s∗∗j (L∗J) lies above

L∗∗
J
′ , and strictly below L∗

J
′ . Since s∗∗j (DJ) is the region bounded by L′ and s∗∗j (L∗J) it

follows that

Area(DJ
′) > Area(s∗∗j (DJ)) = Area(DJ)

where the last equality is due to the symplecticity of s∗∗j . This is the second inequality

of (3.85).

Now, let J ⊆ Ij be a positive arc where j ∈ {1, 2}, and construct a sequence of

positive arcs Js as follows: J0 = J , and s̃js(Js) ⊂ Js+1 where js = 1 if Js ⊆ I1 and

js = 2 if Js ⊆ I2. The sequence terminates if neither Js 6⊂ I1 nor Js 6⊂ I2. Due to

the second inequality of (3.85), Area(DJs) is strictly increasing as s increases, and so

Js1 6= Js2 if s1 6= s2. Since all the arcs Js are positive, it follows that they are mutually

disjoint. Therefore, the first inequality of (3.85) guarantees that there cannot be more

than 1
∆ε

such arcs, and so the sequence must terminate at some positive arc J+ such

that J+ ∩ I12 6= ∅ and J+ ∩ I21 6= ∅.
Applying similar logic to negative arcs in the intervals I3 and I4, we construct a

negative arc J− such that J− ∩ I34 6= ∅ and J− ∩ I43 6= ∅. But since I12, I34, I21, I43 are
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located in this order on T, this means that Int(J+) ∩ Int(J−) 6= ∅, which is impossible

since one is positive and the other is negative. This contradiction implies (3.81), and

completes the proof of the lemma.

Now, suppose we make a perturbation as in (3.73) where each ψj is supported near

π◦g(B̄∗,j/∼) ⊂ Vj (where Vj are the neighbourhoods described at the beginning of the

section). First we will show that we can choose ψ1, . . . , ψ8 so that the scattering maps

corresponding to gε satisfy the assumptions of Lemma 3.5.2. Then using (3.44) and

shrinking τ∗, the scattering maps corresponding to the billiard map will also satisfy

these conditions.

Notice that since gε is constant in the y-component there is some constant L̃ not

depending on τ∗ such that

L = τ 2
∗ L̃. (3.89)

Now, suppose j ∈ {1, 2, 3, 4} and suppose (ϕ, y) ∈ A(p)
∗ such that Ψj(ϕ, y, 0) ∈ Ij,

where now sj = (Ψj, Yj) are the scattering maps corresponding to gε. Let

(x̄, ū) = g ◦
(
π̄uj
)−1

(ϕ, y) = g ◦
(
π̄sj
)−1 ◦ sj(ϕ, y).

By (3.45) and (3.46) we have

∂

∂ε1
Ψj(ϕ, y, ε) = −1

2
τ∗h(sj(ϕ, y))ψj(x̄)Ky−2κ(x̄, ū)−

1
3 +O(ε1, τ

2
∗ )

and

∂

∂ε1
Yj(ϕ, y, ε) = h(sj(ϕ, y))

[
1

6
τ 2
∗ψj(x̄)K2y−3κ(x̄, ū)−

8
3R(x̄, ū)−

− 1

2
τ 2
∗K

2y−3κ(x̄, ū)−
5
3 〈∇ψj(x̄), ū〉

]
+O(ε1, τ

4
∗ ).

Assume ψj > 0. Using these expressions, the fact that h is positive, and equation

(3.89), we see that conditions (3.75) and (3.77) are of the form:

〈∇ψj(x̄), ū〉+O(ε1, τ∗) <
1

3
κ(x̄, ū)−1R(x̄, ū)ψj(x̄) (3.90)

for j = 1, 2 whenever Ψj(ϕ, y, 0) ∈ Ij; and

〈∇ψj(x̄), ū〉+O(ε1, τ∗) >
1

3
κ(x̄, ū)−1R(x̄, ū)ψj(x̄) (3.91)

for j = 3, 4 whenever Ψj(ϕ, y, 0) ∈ Ij. Moreover condition (3.79) is

ψj(x̄) > 2τ−1
∗ h(sj(ϕ, y))−1K−1y2κ(x̄, ū)

1
3 max{1, (1 + L−1)Rτ 2

∗ }+

+O(ε1, τ∗).
(3.92)
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Notice that for all (x̄, ū) ∈ g(B̄∗,j/∼) we have

〈ξ′j(0), ū〉 = 1 +O(τ∗)

where the terms of order τ∗ are uniformly bounded. For constants Cj,1 > 0 and Cj,2 ∈ R
which are yet to be determined, let

ψj(x̄) = Cj,1 exp

(
Cj,2

d∑
k=1

ξ′j,k(0)x̄k

)

whenever x̄ is a point on the homoclinic curve ξj = (ξj,1, . . . , ξj,d) corresponding to

(ϕ, y) such that Ψj(ϕ, y, 0) ∈ Ij. Moreover ψj is 0 outside Vj, and ψj is at least

C4-smooth to guarantee persistence of homoclinic structures. For j = 1, 2 let

Cj,2 = −1 +
1

3
min

(x̄,ū)∈g(B̄∗,j/∼)

(
κ(x̄, ū)−1R(x̄, ū)

)
.

Since ψj > 0, we may divide both sides of (3.90) by ψj(x̄) to see that it is equivalent

to
1

3
κ(x̄, ū)−1R(x̄, ū) > 〈∇ lnψj(x̄), ū〉+O(ε1, τ∗) = Cj,2 +O(ε1, τ∗)

which is true for sufficiently small ε1, τ∗. Since the exponential term is nonzero, we

may choose Cj,1 > 0 large enough so that (3.92) is satisfied3. For j = 3, 4, let

Cj,2 = 1 +
1

3
max

(x̄,ū)∈g(B̄∗,j/∼)

(
κ(x̄, ū)−1R(x̄, ū)

)
.

Then a similar computation shows that ψj satisfies (3.91) and (3.92) for sufficiently

small ε1, τ∗. Similar computations show that similar functions satisfy conditions (3.76),

(3.78), and, (3.80).

Therefore, Lemma 3.5.2 implies that the scattering maps s1, . . . , s8 corresponding

to gε have no L-Lipschitz common invariant curves in the cylinder A(p)
∗ . Approximating

the perturbed function Qε sufficiently well by a real-analytic family Q̃ε ⊂ Vd∗ , we can

guarantee that for arbitrarily small values of ε, the conditions of Lemma 3.5.2 are

still satisfied for the analytic family. Now, apply this process to clear the L-Lipschitz

common invariant curves in A(1)
∗ . Since the property of the scattering maps having

no invariant curves in A(1)
∗ is open, we may repeat the process with sufficiently small

values of ε to kill the invariant curves in A(2)
∗ without creating new invariant curves

in A(1)
∗ . Repeating this process q times, we can simultaneously clear the subcylinders

A(1)
∗ , . . . , A

(q)
∗ of invariant curves. Since all L-Lipschitz common invariant curves of

s1, . . . , s8 in Ā∗/∼ were contained in these subcylinders, we have therefore cleared

the cylinder Ā∗/∼ of common invariant curves of the scattering maps. This implies

3It does not matter that Cj,1 is very large (of order τ−1∗ ) since we can just shrink ε1 accordingly.
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that the IFS {g, s1, . . . , s8} has no L∗-Lipschitz common invariant curves in Ā∗, which

in turn implies that the IFS {f, s1, . . . , s8} corresponding to the billiard map has no

common invariant essential curves on A∗, for sufficiently small τ∗.

We have shown that by making arbitrarily small analytic perturbations, we can

destroy the invariant essential curves on the cylinder A∗ for sufficiently small τ∗. This

implies that the property of the IFS having no invariant essential curves on A∗ is

dense in Vd∗ for sufficiently small τ∗. As mentioned earlier, it is also open. Choosing the

sequence of cylinders {An}n∈N so that the corresponding sequence {τn}n∈N of constants

are all sufficiently small, we therefore obtain for each n ∈ N an open dense set Vn ⊂ Vd∗
with the property that for all Q ∈ Vn, the corresponding IFS comprising the billiard

map and 8 scattering maps has no invariant essential curves on the cylinder An. It

follows that

V =
⋂
n∈N

Vn

is the residual set we are looking for.



4

Generic Properties of Geodesic Flows

In this chapter, the question of existence of transverse homoclinic geodesics on hy-

persurfaces of Euclidean space is addressed. In particular, this question is answered

positively for generic strictly convex surfaces in R3, and generically in the presence of

an elliptic closed geodesic on hypersurfaces of Rd with the real-analytic topology.

4.1 Results

Let d ≥ 3, and recall from Section 2.5 that Wd denotes the set of all real-analytic

functions Q : Rd → R such that the set

M = M(Q) = {x ∈ Rd : Q(x) = 0}

is a closed (not necessarily convex) hypersurface of Rd. Recall from Section 2.7.2 that

the geodesic flow φt takes a point x ∈ M and a tangent vector u ∈ TxM and follows

the unique geodesic through x in the direction u at a constant speed ‖u‖. We write

d = n+ 2

where n ≥ 1 for convenience throughout this chapter. Recall from Section 2.7.3 the

classification of closed geodesics.

Theorem 4.1.1. There is a residual set B ⊂ Wn+2 such that if Q ∈ B then every

closed geodesic on M(Q) is nondegenerate.

Recall from Section 2.4.4, for k ∈ N0, Jks (n) denotes the set of k-jets of symplectic

autormorphisms of R2n that fix the origin. The Poincaré map of a geodesic onM is such

a symplectic automorphism of a neighbourhood of the origin after making a suitable

coordinate transformation (e.g. Fermi coordinates - see Section 4.2). Moreover, the

geodesic need not be closed: one can simply consider the Poincaré map between two

transverse sections along a geodesic.

89
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Theorem 4.1.2. Let Q ∈ Wn+2, and let M = M(Q). Let k ∈ N and let J ⊂ Jks (n) be

open, dense, and invariant. Let γ : [0, 1]→M denote a nonconstant geodesic segment

such that the normal curvature along γ is not identically zero. Assume moreover that

γ(0) is not a point of self-intersection of γ. Let l : [0, 1] → TM be the corresponding

orbit segment l = (γ, γ′) of the geodesic flow. Let Σ0,Σ1 be transverse sections to l

at l(0), l(1) respectively. Let PQ denote the Poincaré map from Σ0 to Σ1. Then we

can find Q̃ ∈ Wn+2 arbitrarily close to Q such that the perturbed Poincaré map PQ̃
corresponding to the perturbed orbit segment l̃ : [0, 1]→ TM(Q̃) satisfies Jkl̃(0)PQ̃ ∈ J .

Remark 4.1.3. The orbits l, l̃ do not lie on the same manifold, so it is not immediately

clear that we can compare them. However we can fix some reference manifold M0 such

that the hypersurface M in consideration admits a Cω-diffeomorphism G : M0 → M ,

so we can pull back the Euclidean metric on M to M0 via G to get a Riemannian

metric on the hypersurface M0. Therefore we can consider l, l̃ as orbit segments of

geodesic flows corresponding to different metrics on M0. See Section 4.2.4.

Remark 4.1.4. The assumption that the normal curvature along γ is not identically

zero is necessary because the result of a perturbation of the hypersurface on the metric

in Fermi coordinates is equal to some function times a matrix related to the curvature

matrix (see Section 4.2 for definitions and details). In particular, if the curvature is

zero at a point, then so is the perturbation of the metric. This assumption is not par-

ticularly restrictive, as closed geodesics necessarily have this property, and therefore so

too do homoclinic and heteroclinic geodesics. Moreover, given a geodesic segment with

normal curvature identically zero, it is expected that a generic Cω-small perturbation

of the hypersurface would curve this geodesic segment.

Let γ be a hyperbolic periodic orbit of φt. Let θ ∈ γ. Recall that the strong stable

and strong unstable manifolds W s,u(θ) are defined as

W s(θ) =
{
θ̄ ∈ TM : ‖φt(θ̄)− φt(θ)‖ → 0 as t→ +∞

}
,

W u(θ) =
{
θ̄ ∈ TM : ‖φt(θ̄)− φt(θ)‖ → 0 as t→ −∞

}
.

The stable and unstable manifolds W s,u(γ) of the hyperbolic periodic orbit γ are

W s(γ) =
⋃
θ∈γ

W s(θ), W u(γ) =
⋃
θ∈γ

W u(θ),

and we have

dimW s(γ) = dimW u(γ) = n+ 1.

Now suppose η is another hyperbolic periodic orbit. A point θ̄ ∈ TM is heteroclinic if

there are θ1 ∈ γ, θ2 ∈ η such that

‖φt(θ̄)− φt(θ1)‖ → 0 as t→ +∞ and ‖φt(θ̄)− φt(θ2)‖ → 0 as t→ −∞.
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Clearly then θ̄ ∈ W s(γ)∩W u(η). Suppose the orbits γ, η lie in the unit tangent bundle

T 1M consisting of tangent vectors with length equal to 1. Then θ̄ is a transverse

heteroclinic point if θ̄ ∈ W s(γ) ∩W u(η) and

Tθ̄W
s(γ) + Tθ̄W

u(η) = Tθ̄T
1M.

If γ = η then θ̄ is a homoclinic point. If a homoclinic or heteroclinic point is transverse,

then so is every point in its orbit.

Theorem 4.1.5. Let k ∈ N and let J ⊂ Jks (n) be open, dense, and invariant. There

is a residual set K ⊂ Wn+2 such that if Q ∈ K and M = M(Q), then:

(i) The k-jet of the Poincaré map of every closed geodesic on M lies in J ; and

(ii) Any homoclinic or heteroclinic connections between hyperbolic closed geodesics

are transverse.

In the proof of Theorem 4.1.5, a result (Theorem 4.5.5) that may be of independent

interest is proved, which says: if two hyperbolic closed geodesics have a heteroclinic

(or homoclinic, in the case where the two geodesics coincide) connection, then by an

arbitrarily small real-analytic perturbation of the hypersurface, this connection can be

made transverse.

Combining Theorem 4.1.5 with an argument of Contreras [29], the following result

is obtained.

Theorem 4.1.6. There is a residual set Wn+2
0 ⊂ Wn+2 such that for all Q ∈ Wn+2

0 ,

if the geodesic flow on M(Q) with respect to the Euclidean metric has a nonhyperbolic

periodic orbit, then it has a hyperbolic periodic orbit with a transverse homoclinic.

Recall Vn+2 denotes the subset of Wn+2 consisting functions Q for which M =

M(Q) is strictly convex. Moreover Vn+2
∗ denotes the subset of Vn+2 consisting functions

Q for which M = M(Q) has a transverse homoclinic geodesic. Then Theorems 4.1.5

and 4.1.6 together with a theorem of Mather [85] and an argument of Knieper and

Weiss [77] imply the following result.

Theorem 4.1.7. V3
∗ is open and dense in V3.

Remark 4.1.8. It is quite possible that Theorem 4.1.7 is also true in the nonconvex

case (i.e. for an open and dense set in W3). The proof relies on the existence of a

global surface of section. In the strictly convex case, the existence of such a surface was

shown by Birkhoff [17]. In the case of 3-dimensional Reeb flows, conditions were given

by Hofer, Wysocki, and Zehnder which, if satisfied, guarantee the existence of a global

surface of section [66, 67]. The restriction of the geodesic flow to the unit tangent
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bundle is a 3-dimensional Reeb flow. One would need to check that the conditions

of those papers are Cω-generically satisified by geodesic flows on real-analytic closed

surfaces in R3, before applying the same reasoning as in Section 4.6.

It is well-known that the geodesic flow on manifolds of negative curvature has the

Bernoulli property, and so exhibits chaotic motions [6], but the positive curvature case

is more subtle. The first explicit example of a smooth, positively-curved Riemannian

metric with a nontrivial hyperbolic basic set was given in [76].

In the following discussion, the setting of perturbations of Riemannian metrics on

a fixed closed manifold is referred to as the classical setting.

In the classical setting, it was proved by Contreras that there is a C2-open and

dense set of C∞ Riemannian metrics on an arbitrary closed manifold M for which

the geodesic flow has a nontrivial hyperbolic basic set [29]. His result hinges on an

application of Mañé’s theory of dominated splittings [84], and an analogue of Franks’

Lemma for geodesic flows, which only works for C2-small perturbations of the metric.

Knieper and Weiss proved that, whenever there exists a global surface of section, by

an arbitrarily C∞ small perturbation of the metric, a geodesic flow with a nontriv-

ial hyperbolic basic set can be obtained [77]. Combining this with results of Hofer,

Wysocki, and Zehnder [66, 67] implies C∞-generic existence of nontrivial hyperbolic

basic sets on surfaces in R3 in the classical setting.

Theorem 4.1.1 was originally stated (without proof) by Abraham in the classical

setting [2] for Cr-smooth metrics where 5 ≤ r < ∞. Some time later, the first proof

was produced by Anosov [7], which worked for 2 ≤ r ≤ ∞. A C∞ version of the

theorem for hypersurfaces with the Euclidean metric was proved by Stojanov [111].

The classical result is typically referred to as the bumpy metric theorem, but we resist

that nomenclature in this instance to avoid any potential confusion with essential use

of bump functions, since they fail to be real-analytic.

Theorem 4.1.2 was originally proved for k-jets of Ck+1-smooth Poincaré maps aris-

ing in the classical setting in the Ck+1-topology for any k ∈ N by Klingenberg and

Takens [75]. For hypersurfaces with the Euclidean metric, it was first shown by Sto-

janov and Takens in [112], but this result did not include the analytic case. An

analogue for the case of Mañé generic Hamiltonians was proved for k = 1 in [104] and

for k ≥ 2 in [23].

Theorem 4.1.5 is an analogue of the Kupka-Smale theorem for geodesic flows on

real-analytic, closed, and strictly convex hypersurfaces of Euclidean space. Part (i) of

Theorem 4.1.5 follows from Theorems 4.1.1 and 4.1.2, as pointed out by Anosov [7].

Part (ii) was proved in the classical setting by Contreras and Paternain [30].

It was shown by Contreras that Theorem 4.1.6 is equivalent to Theorem 4.1.5 in

the classical setting [29]. As his proof applies directly, once Theorem 4.1.5 is proved,
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to the case of geodesic flows on real-analytic closed hypersurfaces of Euclidean space,

we do not include it here. The complicated structure of orbits near elliptic periodic

points was proved in the case of real-analytic symplectic diffeomorphisms of the plane

with an elliptic fixed point by Zehnder in the 70’s [118], and the proof in the case

of geodesic flows is based on the ideas in that paper. The general idea is that the

restriction of the Poincaré map of an elliptic closed geodesic to its centre manifold can

be put in a Birkhoff normal form. Then, using techniques developed by Arnaud and

Herman [8], it can be shown that such a map generically has a 1-elliptic periodic orbit.

The restriction of the Poincaré map corresponding to the 1-elliptic periodic orbit to

its 2-dimensional centre manifold is a twist map of the annulus, of Kupka-Smale type,

and therefore has a transverse homoclinic orbit [81].

The reason that the proofs of these theorems from the classical setting do not apply

to this case is that the class of perturbations allowed here is more restrictive. The Nash

embedding theorem guarantees that any Riemannian manifold can be isometrically

embedded in some Euclidean space RN , but small perturbations of the metric do not

necessarily preserve N . In the next section we compute the effect of a perturbation of

the surface on the metric, and we will see that this results only in a small subset of all

possible perturbations of the metric. It follows that many perturbations of the metric

are not allowed in the current setting. Moreover, the proofs presented here apply in

the real-analytic topology (as well as weaker topologies).

The remainder of this chapter is structured as follows. In Section 4.2, we introduce

some basic ideas regarding the geometry of the hypersurface, and show how a (local)

perturbation of the manifold affects the geodesic flow. In Section 4.3, Theorem 4.1.1

is proved. In Section 4.4, Theorem 4.1.2 is proved, and Theorem 4.1.5 is proved in

Section 4.5, along with a theorem that breaks homoclinic or heteroclinic connections

by arbitrarily small real-analytic perturbations of the hypersurface (see [30, 38, 99]

for proofs of similar results in the classical setting). In Section 4.6, it is shown how

to combine results of this paper with the argument of Knieper and Weiss to prove

Theorem 4.1.7.

4.2 Geometry and Perturbations

4.2.1 Effect of a Local Perturbation on the Geodesic Flow

Let Q ∈ Wn+2 and M = M(Q). Let x ∈M , and suppose we make a local perturbation

Q −→ Q+ εψ (4.1)
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where ε is small and ψ is a C∞ function supported near x. Then the Hamiltonian H

of the geodesic flow defined as in (2.25) perturbs as

H −→ Hε = H + εH̄ +O(ε2). (4.2)

Let us determine H̄. For u ∈ TxM we have

Hε(x, u) =
u2

2
+ κε(x, u)

Q(x) + εψ(x)

‖∇Q(x) + ε∇ψ(x)‖
. (4.3)

The perturbed normal curvature is

κε(x, u) = 〈Cε(x)u, u〉 (4.4)

where

Cε(x) = ‖∇Q(x) + ε∇ψ(x)‖−1

((
∂2Q

∂xi∂xj
(x)

)
i,j

+ ε

(
∂2ψ

∂xi∂xj
(x)

)
i,j

)
(4.5)

is the perturbed curvature matrix. We have

d

dε

∣∣∣∣
ε=0

‖∇Q(x) + ε∇ψ(x)‖ =
d

dε

∣∣∣∣
ε=0

(
n+2∑
j=1

(
∂Q

∂xj
(x) + ε

∂ψ

∂xj
(x)

)2
) 1

2

= ‖∇Q(x)‖−1〈∇Q(x),∇ψ(x)〉

= −〈n(x),∇ψ(x)〉

where we have used (2.13). Therefore

d

dε

∣∣∣∣
ε=0

‖∇Q(x) + ε∇ψ(x)‖−1 = ‖∇Q(x)‖−2〈n(x),∇ψ(x)〉. (4.6)

From (2.14), (4.5) and (4.6) we get

Cε(x) =
(
‖∇Q(x)‖−1 + ε‖∇Q(x)‖−2〈n(x),∇ψ(x)〉

)
×

×

((
∂2Q

∂xi∂xj
(x)

)
i,j

+ ε

(
∂2ψ

∂xi∂xj
(x)

)
i,j

)
+O(ε2)

= ‖∇Q(x)‖−1

(
∂2Q

∂xi∂xj
(x)

)
i,j

+ ε‖∇Q(x)‖−1

(
∂2ψ

∂xi∂xj
(x)

)
i,j

+

+ ε‖∇Q(x)‖−2〈n(x),∇ψ(x)〉
(

∂2Q

∂xi∂xj
(x)

)
i,j

+O(ε2)

= C(x) + ε‖∇Q(x)‖−1

[(
∂2ψ

∂xi∂xj
(x)

)
i,j

+

+ 〈n(x),∇ψ(x)〉C(x)

]
+O(ε2).

(4.7)
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Then (4.4) and (4.7) imply

κε(x, u) = κ(x, u) + ε‖∇Q(x)‖−1

[〈(
∂2ψ

∂xi∂xj
(x)

)
i,j

u, u

〉
+

+ 〈n(x),∇ψ(x)〉κ(x, u)

]
+O(ε2).

(4.8)

Combining (4.3), (4.6), and (4.8) yields

Hε(x, u) =
u2

2
+

[
κ(x, u) + ε‖∇Q(x)‖−1

(〈(
∂2ψ

∂xi∂xj
(x)

)
i,j

u, u

〉
+

+ 〈n(x),∇ψ(x)〉κ(x, u)

)][
‖∇Q(x)‖−1+

+ ε‖∇Q(x)‖−2〈n(x),∇ψ(x)〉

][
Q(x) + εψ(x)

]
+O(ε2)

=
u2

2
+ κ(x, u)

Q(x)

‖∇Q(x)‖
+ ε‖∇Q(x)‖−1

[
κ(x, u)ψ(x)+

+ 2〈n(x),∇ψ(x)〉κ(x, u)
Q(x)

‖∇Q(x)‖
+

+

〈(
∂2ψ

∂xi∂xj
(x)

)
i,j

u, u

〉
Q(x)

‖∇Q(x)‖

]
+O(ε2).

(4.9)

Therefore (4.2) and (4.9) imply

H̄(x, u) = ‖∇Q(x)‖−1

[
κ(x, u)ψ(x) +

(
2〈n(x),∇ψ(x)〉κ(x, u)+

+

〈 ∂2ψ

∂xi∂xj
(x)

)
i,j

u, u

〉 Q(x)

‖∇Q(x)‖

]
.

(4.10)

4.2.2 Fermi Coordinates

Let Q ∈ Wn+2 and M = M(Q). Recall that φt denotes the time-t shift along orbits

of the geodesic flow. Let x ∈M , and define the exponential map

expx : TxM −→M

u 7−→ φ1(x, u)

It is well-known that the exponential map is a diffeomorphism in a neighbourhood of

0 ∈ TxM .

Let γ : [a, b] → M be a nonconstant geodesic segment with no self-intersections,

parametrised to have unit speed. Then we can choose an orthonormal basis γ′(a), e1, . . . ,
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en of Tγ(a)M . Moving this basis by parallel transport along the geodesic segment γ

gives an orthonormal basis γ′(t), e1(t), . . . , en(t) of Tγ(t)M for each t ∈ [a, b]. It follows

that there is a δ > 0 such that if Bn
δ (0) denotes the ball of radius δ around the origin

in Rn then the map

: [a, b]×Bn
δ (0) −→M

(y0, y) = (y0, y1, . . . , yn) 7−→ expγ(y0)

n∑
j=1

yjej(y0)

defines a chart on M (since γ has no self-intersections). We can still use such ‘coordi-

nates’ if γ has self-intersections, but they will not define a chart.

Let (v0, v) = (v0, v1, . . . , vn) denote the corresponding tangent coordinates, in the

sense that (v0, v) corresponds to
n∑
j=0

vj
∂

∂yj

in the tangent space. Let gij denote the metric in these coordinates, and recall that

δij = 1 if i = j and 0 otherwise. Then along the geodesic segment γ we have

gij = δij,
∂

∂yk
gij = 0,

d

dt
yi = δ0i.

The equation of the geodesic is

γ(t) = (t, 0) = (t, 0, . . . , 0), γ′(t) = (1, 0) = (1, 0, . . . , 0). (4.11)

These coordinates were first introduced by Fermi and typically bear his name [43]. See

[74] for more details.

4.2.3 Perturbations in Fermi Coordinates

Let Q ∈ Wn+2 and M = M(Q). Lemma 2.5.2 implies that we can assume without loss

of generality that ‖∇Q(x)‖ = 1 for all x ∈M . Therefore n(x), C(x), S(x) simplify via

(2.15), (2.16).

Suppose we make a perturbation as in (4.1). The Hamiltonian of the perturbation

must be of the form

H̄(x, u) =
1

2
h̄(x)(u, u) (4.12)

where h̄(x) is a symmetric matrix with smooth dependence on x. Comparing (4.10)

with (4.12), and bearing in mind that ‖∇Q(x)‖ = 1, we see that

h̄(x) = 2ψ(x)C(x)+

+

(
4〈n(x),∇ψ(x)〉C(x) + 2

(
∂2ψ

∂xi∂xj
(x)

)
i,j

)
Q(x).

(4.13)
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Let g denote the metric in Fermi coordinates (y0, y). Then g perturbs as

g −→ gε = g + εḡ +O(ε2).

In Fermi coordinates we have

Q(y0, y) ≡ 0. (4.14)

It is well-known that the formula for ḡ in terms of h̄ at a point q on M is

ḡij(q) =
n+2∑
k,l=1

∂xk
∂yi

(q)
∂xl
∂yj

(q)h̄kl(q). (4.15)

Combining (4.13), (4.14), and (4.15) gives

ḡ(y0, y) = 2ψ(y0, y)C̃(y0, y) (4.16)

where the matrix C̃ is defined by

C̃ij(q) =
n+2∑
k,l=1

∂2Q

∂xk∂xl
(q)

∂xk
∂yi

(q)
∂xl
∂yj

(q).

Due to the substantially less complicated nature of (4.16) relative to (4.13), we will

make perturbations exclusively in Fermi coordinates.

Notice that, at points (y0, 0) of γ, we have

∂xk
∂y0

(y0, 0) = γ′k(y0)

since y0 is time along γ. It follows that

C̃00(y0, 0) =
n+2∑
k,l=1

∂2Q

∂xk∂xl
(γ(y0))γ′k(y0)γ′l(y0) = κ(γ(y0), γ′(y0)). (4.17)

Remark 4.2.1. In the setting of generic Riemannian metrics on a smooth manifold,

the perturbed metric ḡ can be any symmetric positive-definite matrix. In the present

case the perturbed metric must be the matrix C̃ times some function. Therefore this

setting is significantly more restrictive - this (along with the more stringent topology)

is why the original proofs of the classical theorems do not apply directly.

If H̄ denotes the Hamiltonian of the perturbation as in (4.2), then

H̄(y0, y, v0, v) =
1

2

n∑
i,j=0

ḡij(y0, y)vivj = ψ(y0, y)
n∑

i,j=0

C̃ij(y0, y)vivj. (4.18)

Let

Xε = X + εX̄ +O(ε2)
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denote the vector field of the perturbed geodesic flow. Then

X̄ = Ω∇H̄ =

(
∂H̄

∂v
,−∂H̄

∂y

)
(4.19)

where

∂H̄

∂yk
=

n∑
i,j=0

(
∂ψ

∂yk
(y0, y)C̃ij(y0, y) + ψ(y0, y)

∂C̃ij
∂yk

(y0, y)

)
vivj

and
∂H̄

∂vk
= 2ψ(y0, y)

n∑
j=0

C̃jk(y0, y)vj.

4.2.4 A Class of Metrics on a Reference Manifold

Fix Q0 ∈ Wn+2 and let M0 = M(Q0). Denote by EQ0
the set of all Cω-embeddings

G : M0 ↪→ Rn+2. Then for each G ∈ EQ0
, there is Q ∈ Wn+2 such that G(M0) = M(Q).

Moreover M0 and M(Q) are topologically equivalent. Equip EQ0
with the topology

induced by Wn+2. Let δ denote the Euclidean metric on M(Q). Then the embedding

G defines a Riemannian metric

g = G∗δ (4.20)

via the pullback of δ by the map G to M0.

This construction allows us to draw comparison between orbits on different (topo-

logically equivalent) hypersurfaces M(Qj) by projecting them onto M0 using the cor-

responding map Gj. Similar constructions were used in [111, 112].

4.3 Generic Nondegeneracy of Closed Geodesics

4.3.1 Perturbation-Invariant Phase Space and Proof of

Theorem 4.1.1

Let Q0 ∈ Wn+2 and let M0 = M(Q0) denote the reference manifold. Recall the

definition of the space EQ0
from Section 4.2.4. Let G ∈ EQ0

. Then there is Q ∈ Wn+2

such that G(M0) = M where M = M(Q). To make comparisons easier, recall that G

defines a metric g = g(G) on M0 via (4.20).

Let φtG : TM0 → TM0 denote the geodesic flow on M0 corresponding to the metric

g = g(G). Since the dynamics of the geodesic flow is the same on every energy level,

it is sufficient to perform analysis on one energy level, say the bundle T 1M0 of tangent

vectors with norm 1. However, T 1M0 depends on the metric g, and therefore on the

function G ∈ EQ0
, so it will change when we make perturbations. Define the sphere
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bundle SM0 of M0 as follows: if x ∈M0, then ũ ∈ SxM0 if there is a nonzero tangent

vector u ∈ TxM0 such that

ũ = {λu : λ ∈ (0,∞)} (4.21)

is the ray emanating from the origin in the direction u. Let p denote the obvious

projection from the set of nonzero tangent vectors in TM0 to SM0: if 0 6= u ∈ TM0

then p(u) = ũ where ũ is defined as in (4.21). Denote by pG the restriction of the

projection p to T 1M0, and let iG = p−1
G . Consider the following maps.

TM0 \ {0}
p−−−−→ SM0

iG−−−−−→ T 1M0

φtG

y ψtG

y φtG

y
TM0 \ {0}

p−−−−→ SM0
iG−−−−−→ T 1M0

Here we define ψtG = p ◦φtG ◦ iG. Now the phase space SM0 is independent of G ∈ EQ0

(i.e. and Q ∈ Wn+2).

Define

F : SM0 × R>0 × EQ0
−→ SM0 × SM0

(z, t, G) 7−→ (z, ψtG(z)),

and consider the diagonal set

∆ = {(z, z) : z ∈ SM0} ⊂ SM0 × SM0.

Then z ∈ SM0 is an L-periodic point of the flow ψtG if and only if F (z, L,G) ∈ ∆.

Lemma 4.3.1. Suppose F (z, L,G) ∈ ∆, and suppose either:

1. The orbit {ψtG(z) : t ∈ [0, L]} is nonparabolic; or

2. L is the minimal period of z with respect to the flow ψtG.

Then F is transverse to ∆ at (z, L,G).

In the remainder of this section, it is shown how to deduce Theorem 4.1.1 from

Lemma 4.3.1. Lemma 4.3.1 itself is proved in Section 4.3.2. The following arguments

are adaptations of those in Section 4 of [7]. In the cases where the statements are

entirely analogous to those of Anosov, the reader is asked to refer to [7] for the proof.

Lemma 4.3.2. Let G0 ∈ EQ0
. Then there is a neighbourhood U of G0 in EQ0

and

α > 0 such that the flow ψtG has no periodic orbits with period less than or equal to α

for all G ∈ U .
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The proof of Lemma 4.3.2 is equivalent to the content of Section 4(c) in [7], so it

is not included here.

For 0 < a ≤ b, let BQ0
(a, b) denote the set of G ∈ EQ0

for which every periodic

orbit of ψtG with period at most b and minimal period at most a is nonparabolic. Let

BQ0
(a) = BQ0

(a, a). Notice that if 0 < a1 ≤ b1 and 0 < a2 ≤ b2 where a1 ≤ a2 and

b1 ≤ b2 then

BQ0
(a2, b2) ⊆ BQ0

(a1, b1).

The goal is to show that BQ0
(a) is open and dense in EQ0

. It turns out that openness

follows directly from the argument in [7], and so we get:

Lemma 4.3.3. BQ0
(a, b) is open in EQ0

.

The proof of the following result is where Lemma 4.3.1 is used.

Lemma 4.3.4. If (z, L,G) ∈ SM0 × (0, 2a)× BQ0
(a, 2a) and F (z, L,G) ∈ ∆, then F

is transverse to ∆ at (z, L,G).

Proof. If L is the minimal period then the lemma follows from part 2 of Lemma

4.3.1. If not, then the minimal period is at most L
2

which is strictly less than a since

L ∈ (0, 2a). Therefore z is a periodic point of ψtG with period at most 2a and minimal

period at most a, so it is nonparabolic since G ∈ BQ0
(a, 2a). Then part 1 of Lemma

4.3.1 completes the proof.

Lemma 4.3.5. BQ0
(3a

2
) ∩ BQ0

(a, 2a) is dense in BQ0
(a, 2a).

Proof. Lemma 4.3.4 implies that F restricted to SM0×(0, 2a)×BQ0
(a, 2a) satisfies the

assumptions of Abraham’s transversality theorem. Therefore Theorem 2.3.3 implies

that there is a dense set of embeddings G ∈ BQ0
(a, 2a) for which the map from SM0×

(0, 2a)→ SM0 × SM0 that sends (z, t) 7→ (z, ψtG(z)) is transverse to ∆. But for those

G, all periodic orbits of ψtG with period at most 2a are nonparabolic [4, 7, 47, 48, 49].

Therefore G ∈ B(2a) ⊆ BQ0
(3a

2
).

Lemma 4.3.6. Let a ∈ (0,∞), let G ∈ BQ0
(a). Then ψtG has only finitely many

periodic orbits of period at most a.

Proof. Let Q ∈ Wn+2 such that G(M0) = M where M = M(Q), and let α > 0 denote

a lower bound on the lengths of closed geodesics on M , given by Lemma 4.3.2. Recall

that φt : TM → TM denotes the geodesic flow on M . Suppose the statement is not

true: suppose {zi}i∈N ⊂ T 1M and {ti}i∈N ⊂ (α, a] such that

φti(zi) = zi,
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and if i 6= j then for all t ∈ R we have

zi 6= φt(zj).

By passing to a convergent subsequence, we may assume that there is z0 ∈ T 1M and

t0 ∈ [α, a] such that zi → z0 and ti → t0 as i→∞. Then we have

φt0(z0) = lim
i→∞

φti(zi) = lim
i→∞

zi = z0

and so z0 is a periodic point of φt with period t0 ∈ (α, a]. Let γi = π ◦ φt(zi) denote

the closed geodesic corresponding to the periodic point zi for each i ∈ N. Notice that

γ0 is nondegenerate since G ∈ BQ0
(a). Let Σ denote a transverse section to γ0 at some

point θ0. For i sufficiently large, γi is transverse to Σ. Let θi denote the point at which

γi meets Σ. Then θi 6= θj whenever i 6= j, and if P : Σ → Σ denotes the Poincaré

map, then P (θi) = θi for each i. Let

Y = lim
i→∞

θi − θ0

‖θi − θ0‖
= lim

i→∞

P (θi)− P (θ0)

‖θi − θ0‖
.

The limit exists because P is smooth. Moreover ‖Y ‖ = 1, so 0 6= Y ∈ Tθ0Σ. Further-

more we have

Dθ0
P (Y ) = Y

by construction, and so Y is an eigenvector of Dθ0
P with eigenvalue 1. This implies

that γ0 is parabolic, which is a contradiction.

Now, let G0 ∈ BQ0
(a). Lemma 4.3.6 implies that there is N ∈ N and z1, . . . , zN ∈

SM0 such that

ψtG0
(z0), . . . , ψtG0

(zN)

are all of the periodic orbits of ψtG0
of period at most a. Let Li denote the minimal

period of zi. The following lemma is a consequence of the arguments of Section 4(i)

in [7].

Lemma 4.3.7. There is a neighbourhood U of G0 in EQ0
and continuous functions

z∗i : U −→ SM0, L∗i : U −→ R

for each i = 1, . . . , N such that

z∗i (G0) = zi, L∗i (G0) = Li

and z∗i (G) is a periodic point of ψtG with period L∗i (G) for each G ∈ U . Moreover,

ψtG(z∗1(G)), . . . , ψtG(z∗N(G)) (4.22)

are the only periodic orbits of ψtG with period at most a for all G ∈ U .
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Lemma 4.3.8. BQ0
(a, 2a) is dense in BQ0

(a).

Proof. Let G0 ∈ BQ0
(a) and let U∗ be a neighbourhood of G0 in BQ0

(a). We will show

that U∗ ∩ BQ0
(a, 2a) 6= ∅. Let U ⊂ U∗ be a neighbourhood of G0 as in Lemma 4.3.7.

By applying Theorem 4.1.2 to each of the trajectories (4.22), we can find G arbitrarily

close to G0 in EQ0
such that each of these orbits is nonparabolic as a periodic orbit

with period at most 2a. Since G ∈ U , all periodic orbits of ψtG with minimal period

at most a are in (4.22). Therefore G ∈ BQ0
(a, 2a) ∩ U∗.

Proof of Theorem 4.1.1. Lemma 4.3.5 and Lemma 4.3.8 together imply that BQ0
(3a

2
)

is dense in BQ0
(a). It follows that BQ0

((
3
2

)i
a
)

is dense in BQ0
(a) for each i ∈ N. Let

G0 ∈ EQ0
. By Lemma 4.3.2 there is α ∈ (0, a) such that ψtG0

has no periodic orbits of

period less than or equal to α. This trivially implies that G0 ∈ BQ0
(α). Choose i ∈ N

such that

α∗ :=

(
2

3

)i
a ≤ α

which implies that G0 ∈ BQ0
(α∗) since BQ0

(α) ⊆ BQ0
(α∗).

Now, BQ0
(a) = BQ0

((
3
2

)i
α∗

)
is dense in BQ0

(α∗), so we can find G arbitrarily

close to G0 in Wn+2 such that G ∈ BQ0
(a). Therefore BQ0

(a) is dense. By Lemma

4.3.3, it is also open.

Let B(a) denote the subset of Wn+2 consisting functions Q for which there is

Q0 ∈ Wn+2 and G ∈ BQ0
(a) such that G(M(Q0)) = M(Q). Then B(a) is open and

dense in Wn+2. It follows that

B =
⋂
a∈N

B(a)

is the residual set we are looking for.

4.3.2 Proof of Lemma 4.3.1

Let x ∈M0 and u ∈ TxM0. Recall the vertical subspace T Vu TM0 of TuTM0 is

T Vu TM0 = TuTxM0.

Let G ∈ EQ0
and let g = g(G) denote the corresponding Riemannian metric on M0.

Recall the horizontal subspace THu TM0 is the orthogonal complement of T Vu TM0 in

TuTM0 with respect to g. Then we have

TuTM0 = THu TM0 ⊕ T Vu TM0 ' TxM0 ⊕ TxM0.

If u1, u2 ∈ TxM0, we let (u1;u2) ∈ TuTM0 denote the vector in the second tangent

space defined by this correspondence.
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Define
Φ : TM0 × R>0 × EQ0

−→ TM0

(θ, t, G) 7−→ φtG(θ).

Fix (θ, L,G) ∈ SM0×R>0×EQ0
, and let Ḡ ∈ TGEQ0

, so there is a real-analytic family

Gε ⊂ EQ0
with G0 ≡ G and d

dε

∣∣
ε=0

Gε = Ḡ. Define the curve

γε : [0, L+ 1] −→M0

by

γε(t) = π ◦ φtGε(θ),

and write

γε(t) = γ(t) + εγ̄(t) +O(ε2).

Lemma 4.3.9. Let DG denote the derivative with respect to G, and let ∇t = ∇γ
′
(t)

denote the covariant time derivative with respect to the Levi-Civita connection of the

metric g = g(G). Then we have

DGΦ(θ, L,G)(Ḡ) = (γ̄(L);∇tγ̄(L)).

Proof. Write θ = (x, u) where x ∈ TM0 and u ∈ TxM0, and let V ∈ TuTM0. Let

(U,ϕ) be a coordinate chart with x ∈ U and write

ϕ(x) = y, Dϕ(u) = (y, v), D2ϕ(V ) = (y, v, w, z). (4.23)

Let Γijk(·) = Γijk(·, G) denote the Christoffel symbols with respect to g = g(G) and

the chart (U,ϕ), and let Γ(y) denote the (n + 1)-dimensional vector valued function

with components

(Γ(y)(v, w))i =
n∑

j,k=0

Γijk(y)vjwk.

As pointed out in [6, 7] (see also [74]) we have V = (Y ;Z) where

Dϕ(Y ) = (y, w), Dϕ(Z) = (y, z + Γ(y)(v, w)). (4.24)

Let us show that

(γ(t), γ′(t), γ̄(t), γ̄′(t)) = (γ̄(t);∇tγ̄(t)). (4.25)

If

(γ, γ′, γ̄, γ̄′) = (Y ;Z)

then (4.23) and the first equation of (4.24) imply that

Dϕ(Y ) = (γ, γ̄),
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and so Y = γ̄. Moreover, (4.23) and the second equation of (4.24) give

Dϕ(Z) = (γ, γ̄′ + Γ(γ)(γ′, γ̄))

= (γ,
d

dt
γ̄ + Γ(γ)(γ′, γ̄))

which implies that Z = ∇tγ̄. This proves (4.25). Using (4.25) we see that

DGΦ(θ, L,G)(Ḡ) =
d

dε

∣∣∣∣
ε=0

Φ(θ, t, Gε)

=
d

dε

∣∣∣∣
ε=0

φtGε(θ) =
d

dε

∣∣∣∣
ε=0

(γε(t), γ
′
ε(t))

= (γ(t), γ′(t), γ̄(t), γ̄′(t))

= (γ̄(t);∇tγ̄(t))

which completes the proof of the lemma.

Lemma 4.3.10. Let G ∈ EQ0
and let g = g(G) denote the corresponding Riemannian

metric on M0. Let x ∈ M0, and suppose u ∈ TxM0 is such that g(x)(u, u) = 1 and

(x, u) is a periodic point of φtG with minimal period L. Let v, w ∈ TxM0 such that

g(x)(u, v) = g(x)(u,w) = 0. (4.26)

Then there is Ḡ ∈ TGEQ0
such that

DGΦ((x, u), L,G)(Ḡ) = (v;w) (4.27)

where DG denotes the derivative with respect to G.

Proof. Let γ(t) = π ◦φtG(x, u) denote the closed geodesic corresponding to the orbit of

(x, u), and let (y0, y) = (y0, y1, . . . , yn) denote Fermi coordinates in a neighbourhood

of γ so that γ(t) = (t, 0, . . . , 0). Now if v, w ∈ TxM0 such that (4.26) holds, then

v = (0, v1, . . . , vn) and w = (0, w1, . . . , wn).

Let Q ∈ Wn+2 such that G(M0) = M(Q) ≡ M . Consider a real-analytic family

Qε ⊂ Wn+2 with Q0 = Q. Let γε(t) denote the perturbed geodesic, and write

γε(t) = γ(t) + εγ̄(t) +O(ε2).

Let

Q̄ =
d

dε

∣∣∣∣
ε=0

Qε ∈ TQWn+2. (4.28)

By Lemma 4.3.9, if we can show that, by appropriate choice of real-analytic family

Qε, any vector (γ̄1(L), . . . , γ̄n(L), (γ̄1)′(L), . . . , (γ̄n)′(L)) ∈ R2n can be obtained, then

the lemma is proved.
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Suppose we make a localised perturbation Q→ Q+ εψ, and denote by ḡ the term

of order ε in the Taylor expansion of the perturbed metric. Then γ̄(t) is the solution

of the initial value problem

d2

dt2
γ̄i(t) +

n∑
k=1

Ri0k0(t, 0)γ̄k(t) + Γ̄i00(t, 0) = 0, γ̄(0) =
d

dt
γ̄(0) = 0 (4.29)

where Rijkl is the Riemann curvature tensor, and

Γ̄ijk =
1

2

(
∂ḡij
∂yk

+
∂ḡik
∂yj
−
∂ḡjk
∂yi

)
(4.30)

are the Christoffel symbols corresponding to the perturbation ḡ of the metric [7].

Since γ is a closed geodesic, Lemma 2.7.3 implies that there is a time t for which

κ(γ(t), γ′(t)) 6= 0. It follows that we must have κ(γ(t), γ′(t)) 6= 0 for all t in some

interval [a, b]. We assume that the perturbation ψ is supported only when y0 ∈ (a, b).

It follows from (4.17) that

C̃00(y0, 0) = κ(γ(y0), γ′(y0)) 6= 0

whenever y0 ∈ (a, b). For these values of y0 and for small y, define

ψ(y0, y) = C̃00(y0, y)−1
n∑
j=1

yjfj(y0) (4.31)

where f1, . . . , fn are functions of y0 that we will choose later. Moreover, we define ψ in

such a way that it goes to 0 smoothly in a small neighbourhood of γ((a, b)). Combining

(4.16), (4.30), and (4.31), we see that

Γ̄000(y0, 0) =
1

2

ḡ00

∂y0

(y0, 0) = 0

and

Γ̄i00(y0, 0) = −fi(y0)

for i = 1, . . . , n.

Since ḡ ≡ 0 along γ, we have γ̄0 = 0. Therefore we need only consider γ̄ =

(γ̄1, . . . , γ̄n). Write

f(t) = (f1(t), . . . , fn(t)), R(t) = (Ri0k0(t, 0))i,k=1,...,n.

The initial value problem (4.29) can be written as

d

dt

(
γ̄(t)

γ̄′(t)

)
=

(
0 In

−R(t) 0

)(
γ̄(t)

γ̄′(t)

)
+

(
0

f(t)

)
,

(
γ̄(0)

γ̄′(0)

)
=

(
0

0

)
.
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Let U(t) denote the fundamental matrix solution of this initial value problem, so we

have
d

dt
U(t) =

(
0 In

−R(t) 0

)
U(t), U(0) = I2n.

Then U(t) is a 2n× 2n invertible matrix, and upon differentiating the identity I2n =

U−1(t)U(t) we see that its inverse satisfies

d

dt
U−1(t) = −U−1(t)

(
0 In

−R(t) 0

)
. (4.32)

Choose some t0 ∈ (a, b) such that γ(t0) is not a point of self-intersection of γ. Let

δ(t − t0) denote the Dirac delta function, a generalised function that can be thought

of heuristically as taking the ‘value’ ∞ at t = t0 and 0 elsewhere. Suppose

f(t) = αδ(t− t0) + βδ′(t− t0)

where α, β ∈ Rn. Then the equation for variation of parameters together with prop-

erties of the Dirac delta function and equation (4.32) implies(
γ̄(L)

γ̄′(L)

)
= U(L)

∫ L

0

U−1(t)

(
0

f(t)

)
dt = U(L)

∫ L

t0

U−1(t)

(
0

f(t)

)
dt

= U(L)U−1(t0)

(
0

α

)
− U(L)

d

dt
U−1(t0)

(
0

β

)

= U(L)U−1(t0)

(
0

α

)
+ U(L)U−1(t0)

(
0 In

−R(t) 0

)(
0

β

)

= U(L)U−1(t0)

(
β

α

)
.

Therefore, by appropriate choice of α, β we can obtain any vectors γ̄(L), γ̄′(L) ∈ Rn.

However, δ is not a function, so instead choose some bump function ϕ : R → R such

that

supp(ϕ) ⊆ (−1, 1),

∫ ∞
−∞

ϕ(t)dt = 1.

For ε0 > 0 define ϕε0(t) = 1
ε0
ϕ
(
t
ε0

)
. Then we have

supp(ϕε0) ⊆ (−ε0, ε0),

∫ ∞
−∞

ϕε0(t)dt = 1.

Then ϕε0 → δ as ε0 → 0. For sufficiently small ε0 > 0, let f(t) = αϕε0(t−t0)+βϕ′ε0(t−
t0). Then we can still obtain any vectors by varying α, β. Finally, approximate Q+ εψ

by a one-parameter real-analytic family Qε such that the term Q̄ of order ε in the
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expansion of Qε (see (4.28)) is sufficiently close to ψ along γ, along with its first

derivative. Now, we can find a real-analytic family Gε ⊂ EQ0
with the property that

Gε(M0) = M(Qε) for all ε. Let

Ḡ =
d

dε

∣∣∣∣
ε=0

Gε.

Then Ḡ ∈ TGEQ0
satisfies (4.27).

The deduction of Lemma 4.3.1 from Lemma 4.3.10 is identical to the deduction of

Lemma 1 of [7] from Lemma 2 of [7], and so it is not repeated here.

4.4 Generic Properties of k-Jets of Poincaré Maps

Let Q ∈ Wn+2, and denote by M = M(Q) the corresponding closed Cω-smooth

hypersurface of Rn+2 equipped with the Euclidean metric. Let γ : [0, 1] → M denote

a nonconstant geodesic segment, and denote by l = (γ, γ′) the corresponding orbit

segment of the geodesic flow. Let Σ0,Σ1 denote transverse sections to l in TM at

l(0), l(1) respectively, restricted to the energy level of l. Let PQ,1 : Σ0 → Σ1 denote

the corresponding Poincaré map.

We assume moreover that the normal curvature κ(γ(t), γ′(t)) is not identically zero,

and γ(0) is not a point of self-intersection of γ. It follows from (2.24) that we can find

0 < a < b < c < 1 and a sufficiently small cylindrical neighbourhood W of the curve

segment γ([0, c]) such that:

• κ(γ(t), γ′(t)) 6= 0 for all t ∈ [a, b];

• γ([0, 1]) ∩W = γ([0, c]); and

• W is contained in a neighbourhood of γ in which Fermi coordinates are valid,

and the Fermi coordinates define a chart in W .

Notice that the third point implies that γ has no self-intersections in W . Let k ∈ N
and J ⊂ Jks (n) be open, dense, and invariant.

Theorem 4.4.1. There are n0 ∈ N and C∞-smooth locally-supported functions ψj :

Rn+2 → R for j = 1, . . . , n0 such that:

1. For each j, we have γ(0), γ(1) /∈ supp(ψj);

2. For each j, we have supp(ψj) ∩M ⊂ W ;
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3. γ is still a geodesic on the perturbed manifold

Mε = M(Q+ ψε)

where

ψε = ε1ψ1 + · · ·+ εn0
ψn0

for all sufficiently small values of ε = (ε1, . . . , εn0
), in the sense that φtMε

(γ(0), γ′(0))

= (γ(t), γ′(t)) where φtMε
denotes the geodesic flow on Mε with respect to the Eu-

clidean metric; and

4. There are arbitrarily small values of the parameters ε = (ε1, . . . , εn0
) for which

the k-jet Jkl(0)PQ+ψε,1
of the Poincaré map of γ on the perturbed manifold Mε lies

in the set J .

This section is devoted to the proof of Theorem 4.4.1. Theorem 4.1.2 follows

immediately from Theorem 4.4.1, since we can approximate Q + ψε sufficiently well

by a real-analytic family Qε = Q(ε1,...,εn0
) where Q0 ≡ Q. Then we can find arbitrarily

small values of the n0 parameters ε for which the k-jet of the Poincaré map of the

perturbed geodesic γ̃ on the manifold M(Qε) lies in J .

4.4.1 Effect of a Perturbation on the k-Jet

Let (y0, y) denote Fermi coordinates adapted to γ, and let (v0, v) denote the corre-

sponding tangent coordinates, as described in Section 4.2.2. Therefore (4.11) is the

equation of l. For each t ∈ [0, 1] let

Σ(t) = {(y0, y, v0, v) : y0 = t}.

Then Σ(t) is a smooth family of transverse sections to l in TM . Suppose now we make

a perturbation as in (4.1) with ψ supported near γ. Let

PQ+εψ,t : Σ(0) −→ Σ(t) (4.33)

denote the Poincaré map (in the above Fermi coordinates) corresponding to the geodesic

flow on M(Q+εψ) (i.e. PQ,t denotes the unperturbed Poincaré map from Σ(0) to Σ(t)).

Define the map

RQ,εψ,t : Σ(0) −→ Σ(0) (4.34)

by

RQ,εψ,t = P−1
Q,t ◦ PQ+εψ,t.
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Remark 4.4.2. The maps PQ+εψ,t and RQ,εψ,t may not be defined on all of Σ(0), so

we restrict them to a neighbourhood of the point l(0) in Σ(0) where they are defined,

and keep the notation as in (4.33) and (4.34) for convenience.

Let X̄ denote the vector field of the perturbation as in (4.19), and assume:

(i) Jk−1
l(t) X̄ = 0 for all t ∈ [0, 1];

(ii) l(0), l(1) /∈ supp
(
X̄
)
; and

(iii) X̄
∣∣
Σ(t)

is tangent to Σ(t) for all t ∈ [0, 1].

Consider the nonautonomous vector field

X̄t = P ∗Q,t
(
X̄|Σ(t)

)
defined as the pullback to Σ(0) under the unperturbed Poincaré map PQ,t of the

restriction of X̄ to the transverse section Σ(t). Let φtεX̄t denote the time-t shift along

orbits of the flow of εX̄t. The following result relating the k-jet of this flow with the

k-jet of RQ,εψ,t is analogous to Proposition 2.1 in [75].

Proposition 4.4.3. Jkl(0)RQ,εψ,t = Jkl(0)φ
t
εX̄t

+O(ε2) for each t ∈ [0, 1].

For each t ∈ [0, 1] define

Σ̃(t) = {(y0, y, v0, v) : y0 = t, v0 = 1}. (4.35)

Clearly Σ̃(t) ⊂ Σ(t). However, the manifold Σ̃(0) is not necessarily invariant under

RQ,εψ,t. The following lemma was proved in [75] (Lemma 3.1 and Remark 2.3).

Lemma 4.4.4. P−1
Q,t(Σ̃(t)) and Σ(0) are tangent to order k at l(0). Consequently, X̄t

is tangent to Σ̃(0) with respect to k-jets, and so Σ̃(0) and RQ,εψ,t(Σ̃(0)) have a tangency

of order k at l(0).

Define the perturbation space Pk as the space of C∞-smooth functions ψ : Rn+2 →
R such that M(Q+ εψ) is a C∞-smooth closed hypersurface of Rn+2 for all sufficiently

smooth values of ε, and such that, near γ, ψ takes the form

ψ(y0, y) = α(y0)β(y)

such that:

• α is a real-valued function in y0 with

supp(α) ⊂ (a, b);
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• β is a real-valued function in y = (y1, . . . , yn) with

Jk0 β = 0

for each t ∈ [0, 1], and β is supported sufficiently close to the origin so that

supp(ψ) ∩M ⊂ W.

Notice that the restriction of the symplectic form ω to Σ̃(t) is a symplectic form,

and so it makes sense to discuss Hamiltonian functions and Hamiltonian vector fields

on Σ̃(t).

Proposition 4.4.5. Let ψ ∈ Pk where ψ(y0, y) = α(y0)β(y). Then Jkl(0)RQ,εψ,t is equal

(up to terms of order ε2) to the k-jet at l(0) of the time-t shift along orbits of the flow

of the nonautonomous Hamiltonian function

ε
[
H̃t

]
◦ PQ,t : Σ̃(0) −→ R

where [
H̃t

]
(y) = κ(γ(t), γ′(t))α(t)β(y)

is a one-parameter family (with parameter t ∈ [0, 1], but supported only when t ∈
[a, b]) of homogeneous polynomials of degree k + 1 in y = (y1, . . . , yn) that is entirely

determined by our choice of ψ ∈ Pk and the normal curvature along γ. Moreover, any

one-parameter family of homogeneous polynomials of degree k + 1 in y = (y1, . . . , yn)

with t-support in (a, b) occurs for some ψ ∈ Pk.

Proof. Suppose we make the perturbation Q → Q + εψ with ψ ∈ Pk. Recall from

equation (4.18) that the Hamiltonian of the perturbation is

H̄(y0, y, v0, v) = ψ(y0, y)
n∑

i,j=0

C̃ij(y0, y)vivj

where

C̃ij =
n+2∑
k,l=1

∂2Q

∂xk∂xl

∂xk
∂yi

∂xl
∂yj

.

Let

H̃t = H̄
∣∣
Σ̃(t)

so that

H̃t(y, v) = ψ(t, y)

[
C̃00(t, y) + 2

n∑
j=1

C̃0j(t, y)vj +
n∑

i,j=1

C̃ij(t, y)vivj

]
.
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Recall that l(t) = (γ(t), γ′(t)) where

γ(t) = (t, 0, . . . , 0), γ′(t) = (1, 0, . . . , 0).

It follows from this and the definition of Pk that

Jkγ(t)ψ = α(t)Jk0 β = 0,

and

Jk+1
γ(t) ψ = α(t)Jk+1

0 β.

Now, by (4.17), the (k + 1)-jet of H̃t is

Jk+1
l(t) H̃t = κ(γ(t), γ′(t))α(t)Jk+1

0 β = Jk+1
l(0)

[
H̃t

]
.

We have

0 6= κ(γ(t), γ′(t))

for all t ∈ [a, b] by assumption. Since along γ, α can be any smooth function in y0 and β

can be any smooth function in y = (y1, . . . , yn) with vanishing k-jet, we can obtain any

one-parameter family of homogeneous polynomials of degree k + 1 in y = (y1, . . . , yn)

with t-support in (a, b) by varying our choice of ψ ∈ Pk.
Notice that perturbations ψ ∈ Pk give rise to perturbative vector fields X̄ satisfying

assumptions (i)-(iii) of Proposition 4.4.3. Therefore, combining Proposition 4.4.3 and

Lemma 4.4.4, we find that

Jkl(0)RQ,εψ,t = Jkl(0)φ
t
εX̃t

+O(ε2)

where

X̃t = P ∗Q,t

(
X̄
∣∣
Σ̃(t)

)
.

Since P ∗Q,t is determined by the 1-jet of the symplectic map PQ,t, and since H̃t is the

Hamiltonian function with Hamiltonian vector field X̄
∣∣
Σ̃(t)

, the k-jet of X̃t is the k-jet

of the Hamiltonian vector field with Hamiltonian function
[
H̃t

]
◦ PQ,t.

4.4.2 k-General Position of Families of Poincaré Maps

Recall that the set J1
s (n) of 1-jets of symplectic automorphisms of R2n that fix the

origin is just the set Sp(2n,R) of real 2n× 2n symplectic matrices, that is, matrices σ

satisfying

σTΩσ = Ω

where

Ω =

(
0 In

−In 0

)
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is the standard symplectic matrix.

Let Rk[y, v] denote the set of real homogeneous polynomials of degree k in (y, v) =

(y1, . . . , yn, v1, . . . , vn). This is a real vector space of dimension

N = dimRk[y, v] =

(
2n− 1 + k

k

)
.

Definition 4.4.6. A vector of matrices (σ1, . . . , σN) ∈ Sp(2n,R)N is k-general if there

are homogeneous polynomials f1, . . . , fN ∈ Rk[y] such that

{f1 ◦ σ1, . . . fN ◦ σN}

forms a basis of Rk[y, v]. Write

Gk =
{

(σ1, . . . , σN) ∈ Sp(2n,R)N : (σ1, . . . , σN) is k-general
}
.

Proposition 4.4.7. Gk is open and dense in Sp(2n,R)N for each k ∈ N.

Proof. Let F (y, v) = yk1 . It is shown in [23] (Proposition 6) that the set{
(σ1, . . . , σN) ∈ Sp(2n,R)N : {F ◦ σ1, . . . , F ◦ σN} is a basis of Rk[y, v]

}
is dense in Sp(2n,R)N . This set is contained in Gk, so Gk is dense. Since a sufficiently

small perturbation of a basis is a basis, Gk is open.

The following basic linear algebra result is the key step in passing from the C∞ to

the Cω topology.

Lemma 4.4.8. Let N ∈ N and let V be an N-dimensional vector space. Let u1, . . . , uN ,

v1, . . . , vN ∈ V and ε∗ > 0 such that

u1 + ε∗v1, . . . , uN + ε∗vN (4.36)

is a basis of V . Then

u1 + εv1, . . . , uN + εvN (4.37)

is a basis of V for all but a finite number of ε ∈ [0, ε∗].

Proof. Consider the matrix

A(ε) = [u1 + εv1| · · · |uN + εvN ]

and the degree N polynomial

f(ε) = det(A(ε)).

Then the vectors (4.37) form a basis of V if and only if f(ε) 6= 0. Since (4.36) is a

basis of V , we have f(ε∗) 6= 0. Therefore f has at most N zeros in [0, ε∗], and so there

are at most N values of ε ∈ [0, ε∗] for which (4.37) is not a basis of V .
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Definition 4.4.9. Let {σt}t∈[0,1] be a one-parameter family of symplectic automor-

phisms of R2n that fix the origin. This family is k-general if there are times t1, . . . , tN ∈
[0, 1] such that (

J1
0σt1 , . . . , J

1
0σtN

)
∈ Gk.

Proposition 4.4.10. Let the assumptions and notation be as in the statement of

Theorem 4.4.1. Denote by (y0, y) Fermi coordinates adapted to γ, and by (v0, v) the

corresponding tangent coordinates. Let the transverse sections Σ̃(t) be defined as in

(4.35). Then we can find ψ ∈ P1 such that the family of linearised Poincaré maps{
Dl(0)PQ+εψ,t : Tl(0)Σ̃(0) −→ Tl(t)Σ̃(t)

}
t∈[0,1]

is k-general for arbitrarily small values of ε where the times t1, . . . , tN in the definition

of k-generality satisfy

a < t1 < · · · < tN < b. (4.38)

Proof. The easiest way to prove the proposition is to start with the analogous result

for the C∞ case and use Lemma 4.4.8 to pass to the Cω case. By Proposition 4.4.7,

k-generality is an open and dense property of 1-jets. It was shown by Stojanov and

Takens that we can find an arbitrarily C∞-small function ψ̃ ∈ P1 such that the family

of differentials {
Dl(0)PQ+ψ̃,t : Tl(0)Σ̃(0)→ Tl(t)Σ̃(t)

}
t∈[0,1]

is k-general, where the times t1, . . . , tN in the definition of k-generality satisfy (4.38)

[112]. Choose some small ε∗ > 0 and write

ψ̃ = ε∗ψ. (4.39)

Then there are times a < t1 < · · · < tN < b and homogeneous polynomials f1, . . . , fN ∈
Rk[y] such that

f1 ◦ σ1,ε
∗ , . . . , fN ◦ σN,ε∗

is a basis of Rk[y, v], where

σj,ε = Dl(0)PQ+εψ,tj

for ε ∈ [0, ε∗]. Momentarily ignoring the second order terms in ε∗, we may assume,

shrinking ε∗ and redefining (4.39) if necessary, that

f1 ◦ σ1 + ε∗f̄1, . . . , fN ◦ σN + ε∗f̄N

is a basis of Rk[y, v], where σj = σj,0 and

f̄j =
d

dε

∣∣∣∣
ε=0

fj ◦ σj,ε ∈ Rk[y, v].
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By Lemma 4.4.8, there are at most finitely many ε ∈ (0, ε∗) for which

f1 ◦ σ1 + εf̄1, . . . , fN ◦ σN + εf̄N

is not a basis of Rk[y, v]. Then, since a sufficiently small perturbation of a basis is a

basis, {
Dl(0)PQ+εψ,t : Tl(0)Σ̃(0) −→ Tl(t)Σ̃(t)

}
t∈[0,1]

is k-general for arbitrarily small values of ε, where the k-generality times satisfy (4.38).

4.4.3 Proof of Theorem 4.4.1

Let the assumptions and notation be as in the statement of Theorem 4.4.1, with (y0, y)

Fermi coordinates, (v0, v) the corresponding tangent coordinates, and the transverse

sections Σ̃(t) as defined in (4.35). By Proposition 4.4.10 we may assume without

loss of generality (in the context of Theorem 4.4.1) that the family of Poincaré maps

{Dl(0)PQ,t}t∈[0,1] is (m + 1)-general for each m = 1, . . . , k, where the times in the

definition of m-generality satisfy (4.38). Recall the definition of the space Pm of

perturbations from Section 4.4.1, and consider the map

Sm : Pm −→ Jms (n)

ψ̃ 7−→ Jml(0)RQ,ψ̃,1.

Denote by

πm : Jms (n) −→ Jm−1
s (n)

the projection by truncation. Then the kernel of πm is the set of σ ∈ Jms (n) for which

πm(σ) is equal to the (m−1)-jet of the identity map on R2n. It is clear that the image

of Sm is contained in the kernel of πm.

Lemma 4.4.11. For each m = 1, . . . , k we can find ψm,1, . . . , ψm,Nm ∈ P
m, where

Nm = dimRm+1[y, v]

such that the map

: RNm −→ ker(πm)

(ε1, . . . , εNm) 7−→ Sm(ε1ψm,1 + · · ·+ εNmψm,Nm)

is open in a neighbourhood of 0 ∈ RNm.
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Proof. Fix some m ∈ {1, . . . , k}. Since {Dl(0)PQ,t}t∈[0,1] is (m + 1)-general with times

in (a, b), there are f1, . . . , fN ∈ Rm+1[y] and times a < t1 < · · · < tN < b such that

f1 ◦Dl(0)PQ,t1 , . . . , fN ◦Dl(0)PQ,tN (4.40)

is a basis of Rm+1[y, v] where

N = dimRm+1[y, v].

As in the proof of Lemma 4.3.10, we will first use delta functions to perform compu-

tations, and then approximate the delta functions by C∞-smooth locally-supported

functions in Pm to complete the proof of the Lemma.

Since the normal curvature along the geodesic segment γ([a, b]) is nonvanishing,

and since the times ti are in (a, b), we have κ(γ(ti), γ
′(ti)) 6= 0. For each i = 1, . . . , N

let

ψ̃i(y0, y) = κ(γ(y0), γ′(y0))−1δ(y0 − ti)fi(y).

Write

ψ̃ε =
N∑
i=1

εiψ̃i

where ε = (ε1, . . . , εN) takes values in a neighbourhood of 0 ∈ RN . By Proposition

4.4.5, the m-jet at l(0) of RQ,ψ̃ε,1
is equal (up to terms of order ε2) to the m-jet at l(0)

of the time-1 shift of the flow of the nonautonomous Hamiltonian function

N∑
i=1

εiδ(t− ti)fi ◦ PQ,t.

Denote by

Y =
N∑
i=1

Yi

the corresponding Hamiltonian vector field, with the summands Yi being given by

Yi = εiδ(t− ti)Ω∇
(
fi ◦ PQ,t

)
where Ω is the standard 2d × 2d symplectic matrix. Let φtY denote the flow of the
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vector field Y . Let (y, v) ∈ Σ̃(0) and write (y(t), v(t)) = φtY (y, v). We have

φ1
Y (y, v) = (y, v) +

N∑
i=1

εi

∫ 1

0

Yi(y(t), v(t); t)dt

= (y, v) +
N∑
i=1

εi

∫ 1

0

δ(t− ti)Ω∇(fi ◦ PQ,t)(y(t), v(t))dt

= (y, v)+

+
N∑
i=1

εi

∫ 1

0

δ(t− ti)Ω
[
∇fi(PQ,t(y(t), v(t)))

]T
D(y(t),v(t))PQ,tdt

= (y, v) +
N∑
i=1

εiΩ
[
∇fi(PQ,ti(y(ti), v(ti)))

]T
D(y(ti),v(ti))

PQ,ti .

Let I denote the identity map on R2n. Since Jml(0)fi = 0, the (m− 1)-jet of ∇fi at l(0)

is zero. Moreover, since l(0) is an equilibrium of Y we find that

Jml(0)RQ,ψ̃ε,1
= Jml(0)φ

1
Y +O

(
ε2
)

= J1
l(0)I +

N∑
i=1

εiΩ
(
Jml(0)∇fi

)
◦Dl(0)PQ,ti +O

(
ε2
)
. (4.41)

Since any homogeneous polynomial of degree (m + 1) in (y, v) can be obtained as a

linear combination of the polynomials (4.40), from (4.41) we can obtain the 1-jet of the

identity plus any homogeneous m-jet of a symplectic automorphism of R2n by varying

ε = (ε1, . . . , εN). Therefore the map

(ε1, . . . , εN) 7−→ Sm(ε1ψ̃1 + · · ·+ εN ψ̃N)

is open.

Now, choose a C∞ bump function ϕ : R→ R such that

supp(ϕ) ⊂ [−1, 1],

∫ ∞
−∞

ϕ(t)dt = 1.

For small ε0 > 0 let ϕε0(t) = 1
ε0
ϕ
(
t
ε0

)
. Then

supp(ϕε0) ⊂ [−ε0, ε0],

∫ ∞
−∞

ϕε0(t)dt = 1.

It follows that ϕε0 → δ as ε0 → 0. Fix some sufficiently small ε0 > 0 and let

ψi(y0, y) = κ(γ(y0), γ′(y0))−1ϕε0(y0 − ti)fi(y).

Since ε0 is sufficiently small, we have

supp(ψi1) ∩ supp(ψi2) = ∅
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if i1 6= i2, and moreover

supp(ψi) ⊂ (a, b).

Therefore ψ1, . . . , ψN ∈ Pm, and since a sufficiently small perturbation of a basis is a

basis, we obtain that the map

(ε1, . . . , εN) 7−→ Sm (ε1ψ1 + · · ·+ εNψN)

is open in a neighbourhood of the origin, as required.

Proof of Theorem 4.4.1. Let Xk denote the space of C∞-smooth functions ψ : Rn+2 →
R of the form ψ = ψ1 + · · ·+ ψN for some N ∈ N where

ψ1, . . . , ψN ∈ P1 ∪ · · · ∪ Pk,

and define the map

S : Xk −→ Jks (n)

ψ 7−→ Jkl(0)RQ,ψ,1.

Consider the functions {ψm,i}
i=1,...,Nm
m=1,...,k found in Lemma 4.4.11. Relabel these functions

as ψ1, . . . , ψN where

N =
k∑

m=1

Nm.

By Lemma 4.4.11, the map : RN → Jks (n) defined by

(ε1, . . . , εN) 7−→ S(ε1ψ1 + · · ·+ εNψN)

is open in a neighbourhood of 0 ∈ RN . Since J is open and dense, there exist

arbitrarily small values of ε = (ε1, . . . , εN) for which Jkl(0)PQ+ψε,1
∈ J where ψε =

ε1ψ1 + · · ·+ εNψN .

4.5 Transversality and the Kupka-Smale Theorem

Recall that a submanifold N of a symplectic manifold (TM,ω) is called Lagrangian

if the restriction of ω to TN vanishes identically, and the dimension of N is maximal

with respect to this property (i.e. dimN = 1
2

dimTM). A proof of the following

lemma can be found in Appendix A of [30].

Lemma 4.5.1. If a Lagrangian submanifold N is contained in an energy level H−1(E)

of a Hamiltonian function H, then the Hamiltonian vector field associated with H is

tangent to N .
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The following local perturbation result (which uses Lemma 2.7.3 in its statement)

allows us to make a heteroclinic intersection transverse in a neighbourhood of a het-

eroclinic point using locally-supported perturbations. In practice, we will make these

locally-supported perturbations and then approximate by a real-analytic family to en-

sure we remain in the space Wn+2. This lemma is an adaptation of Lemma 2.6 in

[30].

Lemma 4.5.2. Let Q ∈ Wn+2 and M = M(Q), and suppose γ, η are hyperbolic closed

geodesics on M (where γ is allowed to equal η). Choose t0 such that

κ(γ(t0), γ′(t0)) 6= 0 (4.42)

and let U be a sufficiently small open neighbourhood of (γ(t0), γ′(t0)) in TM . Suppose

θ ∈ W u(γ) ∩W s(η) ∩ U is such that the projection π : TM →M is a diffeomorphism

in a neighbourhood of θ in W u(γ). Assume moreover that θ ∈ T 1M has unit length.

Take any sufficiently small neighbourhoods U1 ⊂ U2 ⊂ U3 of θ in W u(γ) such that

U3 ⊂ U . Then there is a C∞-smooth function ψ : Rd+2 → R such that

supp(ψ) ∩M ⊆ π(U3)

and, with Mε = M(Q + εψ), for all sufficiently small values of ε, the connected com-

ponent of W u(γ) ∩ U1 containing θ is transverse to W s(η).

Proof. Since U is siffuciently small, and since θ ∈ U , we may pass to Fermi coordinates

(y0, y) = (y0, y1, . . . , yn) adapted to γ (see Section 4.2.2). Let (v0, v) = (v0, v1, . . . , vn)

denote the corresponding tangent coordinates. Then we know that the geodesic flow

is the flow of the Hamiltonian function

H(y0, y, v0, v) =
1

2
g(y0, y)((v0, v), (v0, v)) =

1

2

n∑
i,j=0

gij(y0, y)vivj.

Since π|Wu
(γ) is a diffeomorphism in a neighbourhood of θ, the connected component

W of W u(γ) ∩ U3 containing θ is

W = graph(v∗) = {((y0, y), v∗(y0, y)) : (y0, y) ∈ π(W )}

where v∗ = (v∗0, v
∗
1, . . . , v

∗
n). A result of Robinson implies that there is a C∞ smooth

potential V (that does not necessarily correspond to a geodesic flow) such that

supp(V ) ⊆ U2

and if we write

H̃ε = H + εV
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then the perturbed unstable manifold W̃ u
ε (γ) corresponding to the Hamiltonian flow of

H̃ε is transverse to the unperturbed stable manifold W s(η) in the neighbourhood U1 of

θ for arbitrarily small values4 of the parameter [105]. Since W s(η) is unchanged up to

the support of the perturbation, the new stable and unstable manifolds are transverse.

Let Wε denote the connected component of W̃ u
ε (γ) ∩ U3 containing θ. If ε is small

enough then π|Wε
is still a diffeomorphism, so we can write

Wε = graph(v∗ + εv̄∗) = {((y0, y), v∗(y0, y) + εv̄∗(y0, y)) : (y0, y) ∈ π(Wε)}

where v̄∗ may depend on ε. Now make the perturbation Q→ Q+ εψ and consider the

perturbed metric

gε = g + εḡ +O(ε2)

where

ḡ(y0, y) = 2ψ(y0, y)C̃(y0, y)

and

C̃ij(y0, y) =
n+2∑
k,l=1

∂2Q

∂xk∂xl
(y0, y)

∂xk
∂yi

(y0, y)
∂xl
∂yj

(y0, y).

Write

κ̃((y0, y), (v0, v)) =
n∑

i,j=0

C̃ij(y0, y)vivj.

Due to (4.17) and (4.42) we have

κ̃((t0, 0), (1, 0)) = C̃00(t0, 0) = κ(γ(t0), γ′(t0)) 6= 0.

Since U is a sufficiently small neighbourhood of (γ(t0), γ′(t0)) we have

κ̃((y0, y), (v0, v)) 6= 0 (4.43)

for all ((y0, y), (v0, v)) ∈ U .

The Hamiltonian of the perturbed geodesic flow is

Hε(y0, y, v0, v) =
1

2
g(y0, y)((v0, v), (v0, v)) +

1

2
εḡ(y0, y)((v0, v), (v0, v)) +O(ε2).

On the manifold Wε we have

gε(y0, y)(v∗(y0, y) + εv̄∗(y0, y), v∗(y0, y) + εv̄∗(y0, y)) =

= g(y0, y)(v∗(y0, y) + εv̄∗(y0, y), v∗(y0, y) + εv̄∗(y0, y))+

+ εḡ(v∗(y0, y), v∗(y0, y)) +O(ε2)

= g(y0, y)(v∗(y0, y), v∗(y0, y))+

+ ε [2ψ(y0, y)κ̃((y0, y), v∗(y0, y)) + 2g(y0, y)(v∗(y0, y), v̄∗(y0, y))] +O(ε2).

4In the proof of Claim a, Theorem 3 of [105], c is the small parameter. The claim is not proved
explicitly in that paper, but it is equivalent to the proof of Claim a of Theorem 1 of [105].
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Notice that the term of order ε vanishes if we let

ψ(y0, y) =

−
g(y0,y)(v

∗
(y0,y),v̄

∗
(y0,y))

κ̃((y0,y),v
∗
(y0,y))

if (y0, y) ∈ π(U2)

0 if (y0, y) /∈ π(U3)

with a smooth transition on π(U3)\π(U2). This is well-defined due to (4.43). Consider

the truncated perturbed Hamiltonian

H∗ε = H + εH̄

where we have removed the terms of order ε2. On the manifold Wε we have

H∗ε ((y0, y), v∗(y0, y) + εv̄∗(y0, y)) = H((y0, y), v∗(y0, y)) =
1

2

since

W = graph(v∗) ⊂ T 1M.

It follows that

Wε ⊂ (H∗ε )
−1

(
1

2

)
.

It is well-known that the stable and unstable manifolds of a hyperbolic periodic orbit

of a Hamiltonian flow are Lagrangian submanifolds. Indeed, the Hamiltonian flow

preserves the symplectic form and contracts vectors on the stable manifold, which

is only possible if the symplectic form vanishes identically on the stable manifold –

similarly for the unstable manifold. Therefore, by Lemma 4.5.1, the Hamiltonian

vector field of H∗ε is tangent to Wε. It follows that Wε is a piece of the unstable

manifold of γ with respect to the flow of H∗ε . Moreover, Wε is transverse to W s(η).

Since Hε is O(ε2)-close to H∗ε , the unstable manifold of γ is transverse to the stable

manifold of η with respect to Hε in the neighbourhood U1 of θ.

The following result is also useful. A proof can be found in [98] (Proposition 2.11).

Proposition 4.5.3. Let φt : TM → TM denote the geodesic flow, π : TM → M the

canonical projection, and let θ ∈ TM . Suppose L ⊂ TθTM is a Lagrangian subspace.

Then the set {
t ∈ R : Dθφ

t(L) ∩ ker
(
Dφ

t
(θ)π
)
6= {0}

}
is discrete.

Remark 4.5.4. In Lemma 4.5.2, it is assumed that the restriction of the projection

π : TM → M to W u(γ) is a diffeomorphism in a neighbourhood of a point θ ∈
W u(γ). Proposition 4.5.3 combined with the inverse function theorem tells us that

this assumption fails to be true on an at most countable set of points on the orbit of θ.

Therefore if we start at a point θ ∈ W u(γ) where the projection is not a diffeomorphism,
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then we can find arbitrarily small t so that it is a diffeomorphism at φt(θ), and so we

can apply the lemma. Since transversality of stable and unstable manifolds is a property

of orbits and not just points, if the perturbed invariant manifolds are transverse in a

neighbourhood of φt(θ), then they are transverse in a neighbourhood of θ.

Theorem 4.5.5. Let Q ∈ V and M = M(Q), and suppose γ, η are hyperbolic closed

geodesics with a heteroclinic (or homoclinic in the case where γ = η) connection. Then

there is Q̃ arbitrarily close to Q in V such that γ, η are still hyperbolic closed geodesics

on M(Q̃), and the connection between γ and η is transverse.

Proof. Since γ : T→M is a closed geodesic, there exists t0 ∈ T such that κ(γ(t0), γ′(t0))

6= 0, as a result of (2.24). Let U be a sufficiently small neighbourhood of (γ(t0), γ′(t0))

in TM , as in Lemma 4.5.2.

Suppose W u(γ) ∩W s(η) 6= ∅. Recall that a fundamental domain for the geodesic

flow φt on W u(γ) is a subset of W u(γ) that intersects every orbit of φt|Wu
(γ) exactly

once. We can find arbitrarily small fundamental domains arbitrarily close to γ. Let

K ⊂ W u(γ) ∩ U be a sufficiently small compact set, sufficiently close to γ, such that

K contains a fundamental domain of φt|Wu
(γ).

Let θ1 ∈ K, and suppose π|Wu
(γ) is a diffeomorphism in a neighbourhood K1 of θ1,

where K1 is sufficiently small (i.e. K1 plays the role of the set U1 in Lemma 4.5.2).

Then, by Lemma 4.5.2, there is a locally supported function ψ1 such that for arbitrarily

small values of ε, the connected component of W u(γ) ∩K1 containing θ1 is transverse

to W s(η) on the manifold M(Q+ εψ1).

If θ1 does not have the property that π|Wu
(γ) is a diffeomorphism in a neighbourhood

of θ1, then we can find some small time t such that φt(θ1) ∈ U does have that property,

by Proposition 4.5.3. Then let K̄1 denote a sufficiently small neighbourhood of φt(θ1)

where we can apply Lemma 4.5.2 to find the appropriate perturbation ψ1, localised near

φt(θ1). Let K1 = φ−t(K̄1). Then for arbitrarily small values of ε we get transversality

of W s(η) and W u(γ) in the set K1 ∩M(Q+ εψ1) (see Remark 4.5.4).

Since K is compact, there is n0 ∈ N such that for j = 1, . . . , n0 we have a neigh-

bourhood Kj of θj in W u(γ) and locally supported functions ψj such that W s(η) and

W u(γ) are transverse in Kj on the manifold M(Q+ εψj), and

K ⊂
n0⋃
j=1

Kj.

We first make a sufficiently small perturbation Q → Q + ε1ψ1 to get transversality

on K1. Since the property of W s(η) and W u(γ) being transverse in K1 is open, we

may then find sufficiently small ε2 such that if we make the perturbation Q+ ε1ψ1 →
Q+ε1ψ1+ε2ψ2, we obtain transversality of W s(η) and W u(γ) in K2 without destroying
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the transversality in K1. Repeating this process n0 times, each time taking care not

to destroy transversality in the previous neighbourhood Kj, we find that there are

arbitrarily small values of the parameters ε = (ε1, . . . , εn) such that if

Q̃ε = Q+

n0∑
j=1

εjψj,

then the stable manifold of η is transverse to the unstable manifold of γ on the manifold

M(Q̃ε). We can now approximate Q̃ε arbitrarily well by an n0-parameter real-analytic

family Qε. If the approximation is sufficiently good in the C4-topology, then η, γ are

still hyperbolic closed geodesics on the manifold M(Qε), and W s(η),W u(γ) are still

transverse for arbitrarily small values of ε. Therefore we can take ε small enough

to find Q̃ arbitrarily close to Q in Wn+2 for which we get the desired transversality

property.

Proof of Theorem 4.1.5. Let N ∈ N and let H(N) denote the set of Q ∈ Wn+2 for

which the k-jet of the Poincaré map of every closed geodesic of length at most N in

M(Q) lies in J . Intersect J with the set of k-jets of symplectic automorphisms of

R2n whose linearisation at the origin does not have an eigenvalue equal to 1. Then

J is still open, dense, and invariant. On such a manifold M(Q) there can be only

finitely many periodic orbits of length at most N (see Lemma 4.3.6). Therefore H(N)

is open since J is. By Lemma 4.3.3 and Lemma 4.3.8, there is an open and dense set

B(N) ⊂ Wn+2 such that for all Q ∈ B(N), every closed geodesic of length at most N

on M(Q) is nondegenerate. By Lemma 4.3.6, for each Q in B(N), the manifold M(Q)

admits only finitely many closed geodesics of length at most N .

Now, let Q0 ∈ Wn+2. Arbitrarily close to Q0 we can find Q1 ∈ B(N) since B(N)

is dense. Then there are only finitely many closed geodesics of length at most N on

M(Q1). Therefore we can apply Theorem 4.1.2 to each of these closed geodesics to

find some Q2 arbitrarily close to Q1 such that the k-jet of the Poincaré map of every

closed geodesic of length at most N in M(Q2) is in J . Therefore Q2 ∈ Hk(N). Since

Q2 is arbitrarily close to Q0, this proves that H(N) is dense. This proves part (i) of

Theorem 4.1.5.

Let K(N) denote the set of Q ∈ H(N) such that if γ, η are hyperbolic closed

geodesics on M(Q) of length at most N , then W s(η),W u(γ) are transverse. Since

transversality is an open property, K(N) is open. It remains to prove that K(N) is

dense.

Let Q ∈ H(N), and let γ, η be hyperbolic closed geodesics on M(Q) of length at

most N . If there is no heteroclinic connection (or homoclinic if γ = η) between γ

and η, or if any such connection is transverse, there is nothing to prove. Otherwise,
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there is a nontransverse intersection. We may then apply Theorem 4.5.5 to make this

intersection transverse.

Repeating this process for each of the finitely many pairs of hyperbolic closed

geodesics of length at most N completes the proof of density of K(N). It follows that

K =
⋂
N∈N

K(N)

is the residual set we are looking for.

4.6 Generic Existence of Transverse Homoclinic

Geodesics on Surfaces

In this section it is shown that the geodesic flow with respect to the Euclidean metric

on real-analytic, closed, and strictly convex surfaces in R3 generically (i.e. for a Cω

open and dense set of such surfaces) has a transverse homoclinic orbit as a result

of Theorems 4.1.5 and 4.1.6, a theorem of Mather [85], and an argument of Knieper

and Weiss [77], thus proving Theorem 4.1.7. Since a surface M = M(Q) having a

transverse homoclinic orbit for its geodesic flow is a C4-open property of Q ∈ V3, it is

required to show only that it is Cω-dense.

Theorem 4.1.6 implies that any closed strictly convex analytic surface in R3 with a

nonhyperbolic closed geodesic Cω-generically has a transverse homoclinic to a hyper-

bolic closed geodesic. Moreover, Theorem 4.1.5 implies that, on Cω-generic surfaces, all

homoclinic and heteroclinic connections are transverse. Therefore in what follows we

consider only the case where every closed geodesic is hyperbolic and every homoclinic

or heteroclinic connection is transverse (the “Kupka-Smale condition”).

Let Q ∈ V3, M = M(Q) such that the above assumptions are satisfied, and recall

that φt : TM → TM denotes the geodesic flow with respect to the Euclidean metric

on M . A variational construction due to Birkhoff implies the existence of a simple

closed geodesic γ : T → M which is referred to as the “minimax” geodesic [17]. Let

A = T× [0, π]. Notice that the simple closed curve γ divides M into two hemispheres.

SinceM is strictly convex and γ is the minimax geodesic, a theorem of Birkhoff (Section

VI, 10 of [17]) implies that there is a well-defined analytic function τ : Int(A) → R
defined as follows. If (ϕ, y) ∈ Int(A) and x = γ(ϕ), then there is a uniquely defined unit

tangent vector u ∈ T 1
xM pointing into the northern hemisphere and making an angle

y with γ′(ϕ). Then τ(ϕ, y) is the minimum value of t > 0 for which (x̄, ū) = φt(x, u)

consists a point x̄ on the curve γ and a unit tangent vector ū ∈ T 1
x̄M pointing again

into the northern hemisphere. The function τ is then extended continuously to ∂A.
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Figure 4.1: Birkhoff proved that if M is a strictly convex surface in R3, then a simple
closed geodesic gives rise to a global Poincaré map P : (ϕ, y) 7→ (ϕ̄, ȳ).

This implies the existence of a global Poincaré map P : A→ A defined as follows.

If (ϕ, y) ∈ A and (x, u) are as above, then let (x̄, ū) = φτ(ϕ,y)(x, u). Then there is

ϕ̄ ∈ T such that x̄ = γ(ϕ̄). Since ū is pointing into the northern hemisphere, the angle

ȳ between ū and γ′(ϕ̄) is in [0, π]. Then P (ϕ, y) = (ϕ̄, ȳ) (see Figure 4.1). Moreover

P is analytic on Int(A) and continuous on ∂A.

Since M is topologically a 2-sphere, the theorem of the three closed geodesics

implies that M has at least three geometrically distinct simple closed geodesics [13] (see

also [74]). Let η : T → M denote one of these simple closed geodesics, geometrically

distinct from γ. This geodesic is hyperbolic by assumption, and therefore implies the

existence of a hyperbolic fixed point z ∈ Int(A) for (an iterate of) the global Poincaré

map P . The idea of the proof is to apply the following theorem of Mather [85].

Theorem 4.6.1 (Mather). Let U ⊆ S2 be an open set and f : U → f(U) ⊆ S2 a

homeomorphism. Suppose every fixed point of f is sectorial periodic or Moser stable,

and suppose f has no fixed connections. Let O be a sectorial fixed point of f and let

b1, b2 be any two stable or unstable branches of O. Then the closures of b1 and b2

coincide.

Since the map must be defined on an open set, notice that we can extend P con-
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tinuously to an open annulus A′ containing A, for example by reflecting the dynamics

of P |Int(A) across ∂A.

The precise definitions of sectorial periodic and Moser stable fixed points can be

found in [85], but sectorial periodic points can be thought of as a topological alternative

to hyperbolic periodic points with one contracting and one expanding eigendirection.

Indeed, Mather points out in [85] that hyperbolic fixed points of maps in dimension

2 with one expanding and one contracting eigendirection are sectorial periodic. Since

all closed geodesics on M are hyperbolic, so too are all fixed points of P . Moreover,

P is a symplectic map so the characteristic eigenvalues of hyperbolic fixed points are

reciprocal pairs. Therefore every fixed point of P in Int(A) is sectorial periodic.

A fixed connection is a P -invariant arc ξ with fixed endpoints [85]. The existence

of such an arc for P would imply the existence of a non-transverse homoclinic or

heteroclinic connection, which is impossible due to the Kupka-Smale condition that

we have assumed. It follows that P satisfies the assumptions of Mather’s theorem,

and so the closure of all 4 stable and unstable branches of the hyperbolic fixed point

z coincide. Therefore the following result of Knieper and Weiss [77] applies.

Proposition 4.6.2 (Knieper and Weiss). Let A be a surface to which the Jordan

curve theorem can be applied, and let f : A→ A be a diffeomorphism with a hyperbolic

fixed point z. Suppose the closure of a branch of W s(z) coincides with the closure of a

branch of W u(z). Then the two branches have a topological crossing.

The proposition implies that the stable and unstable manifolds of z intersect. By

the Kupka-Smale condition, this intersection is transverse. The transverse homoclinic

intersection of W s(z),W u(z) for P implies the transverse homoclinic intersection of

W s(η),W u(η) for the geodesic flow, completing the proof of Theorem 4.1.7.
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