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STRACT

The firast part of the thesis deals with the tight-binding
method of band atruoture emlculation, particulariy as applied
toabanéu,endﬂw second part with the role of the 4 band in
ferrapagnetism. |

A fundsmental exror in the tight-blnding method arises from
the use of a restricted set of tria) fumtions. A method of cal-
oulating an uwper bound to this error is given anmd an exaot cal-
culation of the error is made for a chain of §~finotims. The
peneral conolusion ia that the tight=binding method is only
socurate when the nearest neirhbors epproximation iz a good onoe
A method of esloulating corraotion tems is given which is wvolid
in cases of strong binding. The use of e 'muffin-tin' crystal
potential ips advocateds A oriterion for choosing the 'atanie’
funotiona is applied to the problem of caleulating 4 bandss A
corroot choloe ensures rvascnable accuracy for ‘atates vhioh do
not interact with the sp band. 4 tight=binding enloulation of
the 4 band in copner 4 described; this employs a oomvenient method
of reduoing s energy integrals to the mmallest mmber of indep-
endeant mes and a new method of enloulating thres-centre intograls.

A band treatment of apin waves in metals is fAven. The thermo-
dynamio properties of a ferramgmetic metal are disoussed in terms



of spin wave excditations and independent particle excitations.
 Herring and Kittel's conjecture on the sdditivity of the two

‘ cmmmﬁmu 'bo ﬂm specific heat, and to tho deviation of the
nagnetdeation from satumtion, is confirmed. The status of.
Stoner'a collective elootron theory is discussed. A formal

proof is given of the md.stpnca of spin waves of long wavelength
and a penarel mthad. of caloulating their enerpies, viich depend
strongly on the band structure is outlineds Herring's amd Izuyama's
results on spin-mave energles are obtained as special cases.
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The titlo of this theosin is the 4 bond in copper and the
tvannttdon netalo, vhere the latter tem 4s vsod with partiouler
yoference to thone olauonta vhich apnear Just before eoppor in the
pordotie table and have incoonlote 53 gholln in the atone “Idp
title nromupropes tnt the bohaviour of tho & eleotrons in thene
rotads ooy be desoribed by band thoory ond 1t 4o ono of tho tadtn
of thls introductory chanter to oxdne this asouwpdions rfootion 1
in a short Antroduotion to onewclootron band theory and sootion 9
denls with its taslis in nonyeboldy theorys Tho concopts of nanysbody
theory are inportont for th- theory of forronnrnetion in the socond
mrt of thoe thosis. In sootion 8 sone axporimental data on @ bonls
is rovierod and in sootion 4 an asoount of exlating tand strcoture
caleulationn for coppor and the trensition notels 4o plvene

Le  Opo-glootyon thoory

T™hie sootlon 4a concernad vith the motion of a sinnle clootron
in a potentiol £icld V(p) vidoh has the nymotry of a eryotal lattices
The fohrSdinger equation, in atonic unite (L.0. the Dohr radive nnd the
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Topdborg), 16

HY = [-V'+V()]y=EY
(141}

and thio st be solved gubjeot to certaln boundary oonditions vhich
ore indioated lntors To olanoify the cleotronio states it in ndvane
tagpoun 0 uge tho nethods of pronp thoorys It 4s a woll-lnowm thoorem
ot 40 a Noniltonlan 4s 4nvariont under & group of opcrations, its
cirenfunetions musd fomm bases far the drreduoible reprogontations
of the proup. This leads to the rolfotion of doponereoics and of
the way in vich various oipenfunotions oust transform under the
o~crations of the proupe The Mandltonion 4n (1.1) 4n invariant under
the cperntions which form the apaco proup of tho oryatale The snace
prounp conalota of tamnolation operatorn, the oporabors of the pind
proup and poentbly 14do rofleotionn and novew dipplasmments. The
voint pgroup oonsinte of propor or inpropor rotetions nnd rofleetionas
Glido rofleotions and sctow diaplacononts are reflecotions or rotations,
respeotively, cabined with a tmnalotion by a Craction of & bosto
Inttioe veotars A product of 133o refleotions and sorow digplocos
wmento can bo a tranalation oporntor so vhen thone eloments ave ravsont

the sooe proup doop not faotorine into a Lrandlation groun and a peoup

oonslcting of the romaining operntdons. (Aide refleotions and sorew

dlsnlacononts 4o not amoar 4n evhio strootures, with vhich this thomda
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is madnly corverned, and since thoso oporations oolicoto the m.-oup
theory consldorably they vill not bo considered furthore Then ﬁmuq
opomtions do not coour the space prmup fastorisoes into the trane-
latton proup and tho point proup; theose may be oonsidered mcocossivolys

A oryotal roy bo divided into 1dontienl undt colls vhose elpes

are remrenontod by the veotara 840 Sov Bg* If trenglation oporators
'13 aye defined sualh that

% VR = vEep

(1.2)
the trenalational symmety of tho arystal is exorepsod by the
relation
E‘E V(j} s V(g (1.5)
vhereo
00 g +npy +nghg (1+4)

and n,, nﬁ.%mmmmm.‘mmamwnmmgwmm

(144) fom a group whioh may bo rade i te by intredusin: periodie
bamdory confiitions 4n the forn

Q.@.+Ng; = '5'& ’ 11,1 8

The translation group connints of the n onerntory ﬁ‘& ouch that R
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is a lattioe veotor containod in the fundemental domain, which is
a parallelepiped with edpes Ny, las, Mage Since this rroup is
Abelian the irreducible representations are all one-dimensional.
A wave-vector X 1s ascocinted with esch representation and the
correspording basis function is of the well-known Iloch form

Ya (vr) = AT am(r)

| (1.5)

where u(y) has the perlodicify of the lattice. The wave-vectors

k are of the fom

k = (hlbd.‘ +h3}22 *hﬁkﬁ)m (1.6)

where hi. hgy he are intecors and _gl, Dps by are the basio veotors
of a reciprocal lattice defined by

(1.7)
The sotual set of 3 wave-vectors employed is arbitrary provided that
no two wave=-veotors in the set differ Ly a reciproeal lattice veotor.
The moet comvendent set to use are those wave-veotors contained in
the unlt polyhedron of the reciprocal lattice. This 4s the region of
k~spoce enclosed by planes whioh perpendioularly !Sisaot the lines

. the
Joining the origin to the nearest points of)‘mciproml lattice; 4t is
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FIGURE )3 Brillouin zone for a face-centered
cubic crystal, shcewing points and lines of
high symmetry.
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Imom as the Drillouin zone for the struoture concerned. The
Rrillouin zone for the face-centred ocublc lattice is shown in
fimre 1. | _

Since tho elpenfunotions of (1.1) must fom Lases for the
translation group, they are of the form (1s5)s lence the result of
sranslational myrmetry 1s that the eleotronio statos in the orystal
ray bo classified by vave-vootors k: whioch le within, or on the
boundayy of, the Briilouin sone.

A further classification of states vith a glven wmve-veotor
may be rade using the ayrmotry properticso amsocdiated with the point
froupe Suppose Q is an operafor of the point proup, then fyom (1.5)

k. Qy
QYQ () = = m(ar) .
(1.8)
Now 1€ the operation ¢ 4o applied in kespaco just as in real srace

one can write
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and henoe fran (1.48) |
T Y@ = HMTBE (o).

Thue, unléss g k differs from k by & reciprocal latiice veator,
the operator § tramsforme ‘) into a function v th a different wave=
ﬁotm‘o Hence the only @er;tma vhich are taaéful for classifying
gtates of & given k ave those which, whoen aprlied in k~space, leave
k vnohanged or change it by a reciprooal lattlce vectore These
operators form a subsgroup of the point proun ealled the pgroup of
the wave-veotor ks The group of k = O 4s tho full point group. At
a gereral point in the pone the proup of the wmve-wector consiats
only of the ddentity oporator. Group theory is therefore much more
poverful at podnts of high aymetry in the sone and this groatly
facilitates e ocolculation of cleotron energies at these polnta.
The points and lines of high symetry are labelled by letters as
showm in ﬁwc 1, vhere the notation of Bm‘xhlmert, gmoluchowald and
Vipnor (1936) im used. Ropresentations of the proups assoclated with
these points and lines are denoted by the corresponding letters with
various suffixes and primsse. Charecter tables and basis funotions for
the moat important groups assocciated with many structures are to be
found in the bod: by Jonea (1960)« Foms of character tablos, for
various subwgroups of the cublo group are piven in tables 3 —5 of
this thesis; thoy are uned there for a aomovhnt different XPOSes
The conclusion of the lant tvo seoiions 45 that the eipenfunctions
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of (1+1) are of the Bloch form (1.5), with wve-veotors k, anl that

they must form bases for the irreducible representations of the wmve=-

voctor groupse

Jad. Inerpy bandg
The Schrédinger equation (1.1) has an infinite mmber of eipe=

fumotions belonring 4o each wove~vector - and 4o each representation
of the wave-vector group. The energies corresponding to tho elpon-
funotdons vith mvewector I: nay be emumerated in ascending oxder of
ragritude as B (k) , Balk) ses By(k) +o. The energy 5 (k) varies
contimiously with k throughout the zomo ond it velues form the nt
energy bands Examples of energy tands may be seen in fipures 417,18
of this thesls. At noints, o alons lines, of eymmetry in the zone
the enerples of two bands moy otinclde. Thope depeneracies are Ire-
digetahle since a n=fold dereneracy is assoointed with eirenfunctions
videh belong to a representation of the n®® ordere docidential depen=
cracles may also ocoure Group theory ia of great asclstence in
aystematizing band theory and of practical value in ealeovlation since
at gymetry points in the come one knows in advance the gyrmetries

of #he ove functions vhich are badnz souchts leverthelesa the
praoctical problem of calcwlatdng encrgy bands 45 a difficult one and
various methods far doing this are hriefly discussed in seation 4
Tho firat mart of the theals is concormed partiowlarly with one such
method, the tirhi=binding method.
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A srineorbit internction term has not been included in the.
achr8dinger cqution (1+1)s This is not to say that it is vn-
important, cince $¢ plsys an important role in sano phenonenae
However, our present knowledge of clootronio states 4n many netals,
rartionlarly the tronsdtion metals, is still too inemaot to Justify
the refinsuent of inclvding spineoridt interactions in our band-
structare caloulotionss Nevertheless oven for tho transition motals
the effect of spineorbit ooupling has heen considered cualitatively
(Lehmen 1959, Callaway 1960)« The oltuation mey be contrasted with
that for ssmicondnotors such as pemamium and silicon vhere the band
struotire is wolleknomm and in vhich soineorblt inteyaotion plays a
daninent yolee

The onedcectron encryy band theory réﬂ.&: hag been skzotched,
topether with the Pauli emclusion principle, forms the basis for a
substantial mart of tho theory of tﬁe*baln. In the grovnd state of
the retal the oleotrona occuny the atates of lmét energy oonpatible
with the Paull principle 4ses such that no 4wo dlectrons of the pame
spin docupy the scame Hloch s(:atoQ Thus, in a non=ferrangm-tie metal
at absolute zero, all Bloch states within a certain constant energy
surface in lespace are occuplied by one cleotron of oach s»in, and nll
Blooh states outside that curface aye unoccupdeds The energy surface
80 Qefined i calied the Fermd surfaces

In an excdtcd state of the systom sane Dloch states ovtside the
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Ferrd. gurface are ccoupled and sme states vithin it are vnocourded.
In other words there are sono clegtrons outside the Ferml surface
end pone holes vithin 1te In the gimple indopendent eleotron theory
the total cnergy of the myntem ic taken as the sun of one-cleotron
energlies omd the statistiosl nechardes of tho system is siuples The
probability of any given Hloch state being occupied at a given temp-
evature is dotemnined by the Formi-Diyee statictlios, and all the thermoe
dynorde provertics of #ho nyatem are readily calculateds It is only
rocessary to Imow the density of states H(S), 1ees the number of Bloch
states por mnit rengo of enerpys

This sinple independent electron treatnent is remariably succosse
ful for deseribing propertios awh as clcetron specific heat and parne
nagnetic susceptitdlity of meny metalse Dond theowy is also a moderw
ately suocessful basls for diccussing »-ray band widtha. Tho reason
for these suoconnes has anly been really understood in the Iast ten
yoars and the sinnlo band ploture has been larpely Jwiified. The
application of FermieDirac statistics to electrons in metals vas
initlated by Samerfeld (1920) and an extension to forramapnetie
netals was rede by Stoner (1958, 1939)s Stoner's theory has hed
impropaive sucoess in coxmléting date on ferrampnotic metals eng

alloye but han yet to receive en adoquate Justifications This problem
is disoussed in Chaptor 6. ‘



In the indepmdent cleotwon modol no explicit accownt 1o talen
of slootyon indemotions In fact tho clcotwonn intereot atrmgdy
amonget themsolves vio Codash forses, ond these intomotions nast
be conpidered in a thomretiond Justification of tho plmyle tiodels
I% hop boen pentloned ot 40 a larme extont swh a Justifleatdon
has been achiovolls Timover his tiosts is mainly ooncemod with
the trenmtlon notals and tere atil) exdsts eane doubt ao to vhother
Dand theory can be apiied 40 all the 4 elootrons in smo of Gose
metalse In this sootion the mothods vhich have boon vacd %0 juatify
the band nodel are revioweds In poction 3 the evidenoe for the
ap 1icabslity of band theory to d sleotyons 1e cansdderode

In the indepondent eleotron nodel the potential V(p) 4n the

Seladdinger equation mey be ansuod to take an averared sceont of
the olarge dletribution of {he othor slcotrone. This ig the ‘mtyes
(1090) mothod and 4o eqdvadost to the use of o toted wave finction
1“51:?.(5: it o ginflo reoduet of ooe-election Sunctionae

The Iartree-Fool: nethod (Fook 2030) 43 4o use a ot wave :&noﬁ;!n
which 1s & dolominant of ono-elootron funetions; thin has the antie
gryetey rogdned by the il principlos 4 pet of souplad Mflere
ontlol equations for the omo~cleotron finotions are cbtsined by a
varintional pethod and an inportant thooren duo to Foownna (1085)
shoes that certadn Tagranian raremotorn, which ardse throush a



normalization condition, may be interpreted as one=aloctron encrglese.
Hovever thic apmvent improvenent on the lartree thoory leads to
disaster. Tho dempity of states curve for free elopirons in vhdch
cape tho Hartrec=Fook equations are ensily solved, falle repidly to
zero of the Perrl surface end then riges agpine This degtroys all
previcos arresncnt with experimentally observed cleotrondie specific
heatas The trouble may be (moed to certain exchanpe “crms in the
Jartree~fook enorgy which arige through the deteminantal form of the
total vave funotion. It was pointed out by Tichlfurth (1950) that the
trouble may bo avolded b assming a screencd Couland informmction of
the form £t & AF (A~ 120%n?’ ) Tito asswption haa oince
been Justified by the work of Babm and Pinea (1953).

T I ’

The dlficultica of the Hartrec-Fock theory are dua to the nepleot
of vorrelation between eloctron positidns. e (1934, 1938) cal~
ovlated the effeat of this neplect on the ground state onergy of the
syaten hut his method cannot deal with oxodited statese The first
suocent{ul treatment of the corvelation yncblen was that of Bolm and
Tinos (1053) for the froe clectyan pase An extension of the basio
idea to real solide wms firsh indicatod by Vott (1054) and was sube
soquently gorked cut in detnlil by Hozidres and Pines (1958).

~ Tho aglo iden of the Bolm~Pines~liozidres (Bi1]) treatment 1g
that a metal 1s in faot a plasmn with an eqwl mwbor of ponitively



charped 1ons amd nepatively charred eleotrons intemotirgg vin

Coulumb forves. The plasia tends %o remain i.n a ﬁeu‘bml Tield-

free state because of the screeming ection of the highly moblle |
sleotrons but there are oscillations ghout this eqdlibrium state.
The Coulemb foroe may be divided into a shorterange part and &
lanp=range vart, and e plasma oscillations ariue :&m e long~
range porte Tho method of Bl is to try to separate out the Plagma
motion, thus taldng up the troublescme lmgerenge pert of the Coulamb
force, ‘ana 40 leave the individual perticles intcracting via short
rangfe forcess To achieve this ndidtional variables are introduced
to desoribe plasma osciluaaom v:fith all wvewvectors un to 1:0,

the maxirman weve-voobor for vhich a plasma cocillation exists &s a
fairly indepondent mode of excitatione For metals k- is of the
order of the intereleotron gpeoinge By edding switeble texms to e
Haniltonien for the gysten, togethor with certain subsididary oondie
tionn on the wave funotion to campensate {or this addition, and hy
maldng two canonicnl transfammtions, X are able to mite the trans-
formed Handltaman as the swn of tno independent yaritse The first
prart descrdbes the plnsma oscillations with frequencies ¢iven hy a
dlapersion reletion; the fromencies are usinlly not far removed from
the olassical free electron plasm freoucnoy Wy = (amite? /m)’:? vhore
His the elacm densitye The sooond rert docoribos s sot of pard-
icles which intoract only via chort range farces, (the renre is of
ordex z:;i )o fotually the perticles nlso intersot via a week long-
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ranre forec and the particle wave function is subjeoct to subsidiery
conditionss PN suprest that those conpliontions may be negleoted.

It should be mentiood that the mrticles desoribed by the transformed
Hamiltonian are not the original cleetrons but mather, in the language
of £1¢1a theory, Grecsed eloctronss The seraration into plosom
oscillatione and neexly indepondent martleles czn only be elfeotad

it tvo comditions arc satisfieds Theoo are cxxressed in tomes of
optical. ocacillatar strengtie Lor interband mnsiﬁims virdich obey

tho e rules The firat is an 'existence'cxiterion for placma
osclliations and demends #hat a slzcable fraction of the osciliator
pirengths must corresond $o trancijtions of frequanoy well below u)' .
Thin 1n equivalent to demanding that the solid is moderately polare
soablos The second condltion is a ‘convergence' eriterion that the
majority of omcillator strengths mst corresnomd $o frecusnoies much
larper or smaller than Nr o This 38 the condition that the plasna
oscillations axist as fdirly independent modes of exmitation and do
not decay too quickly into single mrticle emcitationss “he applic-
ation of these criteﬂ,a in the trensition metals is disoussed in
scotlon 3¢ A typdonl plosma excitation enerpgy 16 of the order of 15 euVe
and plsamn oscillations ave not excitod ’ménmlly. The result of the
B treatment 4o that for most rurnoses a motal behewves as a retan

of almost indeopendent particles described by a Harmiltordan

"= ] vy,

(1.9)
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Hy,p, Forvesents the shorteranpe internoctions and the one-eleotron
potential V(z) 1s that arising fron the ion cores sorecncd by a
uniform neutralizing positive charpos Of course the problen of
perticles interacting via short renpe forces is atill a complic-
ated many=-body problem and short rance correlation effeots may
sometimes be very important (see section 21)« Hovever a reasomble
approach to a tand atructure celculetdion ia to attenpt a Nartreo-
Fock treatment of the Hamiltordan (1.9) end this has boon done by
Hedne (1857) 4n his calculation on aluminium. None of the previous
difficultien arise fron the exchange terms sdrnce the lonperange part
of the Coulomb forve has been removsd. No more than qualitative
results can really be expected from the BRRN approach sinoe the
approrimations mede are rather difficult to jJustify. If accurate

a priord caloulations of excitation enerples in real mlids are ever
made, it seems more likely that it will be through the use of manyw
body perturbation theory and this method is disoussed in the next

gsection.

The method of many=body perturbation theory is a very direot one.
The unperturbed system 4o taken to be that of the independent electron
nodel, with Hamiltordan defined by the first temm of (1.9), ani the
vholeo Coulomb interastion between cloctrons iaA treated as a perturbe
ation. The econd order terms in the Rayleiph-Schridinger series

diverge and one mist emi to all orders to obtain a converrent result.



25

All the porturbation methods used to solve the many=bhody problen
are essentially oquivnlent to t_he Rayleirh-Schrddinger serdes
although the formilations appeer mihor different. A feature
vhich a1l the methods have in oormon 4s that diagrams, einilar
to those used by Feymman (4848 in quantim field theory, are used
$o represent the different tems in the sordess Thip facilitates
. the renoval of divergencicss The Afferent methqda enrloyed will
now be mentioned briefly. _

Coldntone (1957) and mbbem& (1.957, 1958) have used a time-
deperdent adiabatde fomulation in vhich the Coulanb intersotion
iz imaprined to be tnmed on slowlye They consider only the ground
state of the systan and Kohn and luttinger (1060) and Luttinpger amd
Ward (1960) have shovn that this ia glven incorreotly 4f the Fermd
surfase ié non=spherioals The erxopy is due to am'mxm of the
adiabatis ammdmﬁ.c:‘n:se :;tﬁ minmhnm of axoited ntates was
glven Yy Fugonhal (1957)&9.;3) using a time-independent method and
they are included in Luttinger's (1960) treatment of the themodynamios
of an interacting eleotron system. _ |

The most Amportant remult of these vorious treatments is that
the low=eneryy oxolted states of a metal may be desoribed in toms
of electron~lilke and hole-lile excltations, vhers these luasi-porticles'
have a well-dofined btand struotwre € (k) near a well-defined Formi
surfaca. It mst be renembered that thde conclusion is only valid



1¢ the perturbation serdes converpes and this should be invest-
1ppted in principle in any porticuler casee The concept of a
Ferrd murface for & systan of interacting particles and the
conpept of & quasierarticle must now be dlscusseds The subject
has been reviewsd by Falicov and Heine (1961).

The ground state wve Amotim of & systey of non-interacting
particles is a mingle Slater determimnt snd the ocoupation mmber
1. of Bloch states is shom in fimwe 2(a)e THere m is plotted
againat k for an arbitrery direction in lespace and kp is the paint
of interseotion with tho Pormd surface. The latter is clearly defined
by the digoontimity in me In an interacting syotem, vhere the
ground atate mave function is o sun of many Slater determinants, one
. night expeot that the mean occupetion nmba."x?k would vary es shom
in figure 2(b) and that no woll-defined Fermd surface world exiat.
Tovever it wes sugzented by Mijlal (1957) and proved to be the case
if porturbation theory is walid by futtinger (1860) that a discontine
wlty in T persists as shown in figure 2(o). A perturbed Fermi surfoce
in tharofore defined and is found to have the sarw volume as that of
the interection-frec aystems Luttinger further showsd that, ot low
terperatures, equilitriun properties much as sloetromio specific heat
are given by fommulac identical with those of the Independent elcotron
model except that the ariginal one-sleotron energies aro replaced by
certaln cquasleparticlofenerpiess These cuapleparticle enerpies, or



"true" single~particle excitation energles as Luttinger calls them,
are given as golutions of well-defined equationse The "true" band
atructure of a solid, which if used in the normal formulne would
lead to correct lowetemperature equilibriim properdies, should thus
be determined by solving these equations, but this does not appear
feasible at present. A treatment of a nm-equilibﬁun' property
electrical resistivity, has been given in terms of quasi«partivles
by Langer (1961).
n K n K n K

| | |

- K K

(a) (b) (c)
F:s 2 - 77
The results of the work described above imply that the excitation
energies of the low-lying states of a many-electron system may be
written as a sun of independent quasi-ﬁartiole energies. - The ploture
of a quagl-particle is as followss A quasi-particle differs from an
actual eleotron or hole in that it is not a podnt mrticle but includes

the
all‘\local disturbance in the electron gas vhich soreens the charge.



My quasiepartiolos interact vie short renpe soreencd Coulonb
foroes. Sinoo the donoity of mmelemrticlos 1s 1ov at nomal
termeratures, this intormetion ooy vewlly be nogleoteds Tven a
atate ‘.‘m which & singllo @:aai-gnr&iolo L 4a mm 15 not on ot
olpenatato of tho ayatan and doceys vith o 2fetime T (k) into more
oaplicated ptatose fovover (&) 1o peopertimel to [e-6.17
8o that the 1ifetime tends to infimty at the Yerrd lovole Tho finite
Urotine of a quaispardicleo cen nausdly bo nepleoted pinco the
axaltations nonally readueced have & pufliclently lor enerpy that thely
1ifotine Ao ovh lonper tan e rclamation ine due o acatioring by
lattics vilmotions and dneritions ’

It has bocn secn that as long as the sexdos conwayen, panpebody
rertiztation theoary juctifies a bud ndotpe baned an an indorendent
qugierarticle nadels The nrantieal jeollen of caleulating gnoie
mrticle band strvotwes prosonts enommons 310 cultos dut attenpts S0
forramlate the ryohlen in a roosumble way have boon made by Yrast (1000)
and ihillips {1001)e

The Mnitations of ortmbation thomy must be nentloneds The
atates disovesed 4n thls sooidon amve all of tho tyne desoribod ans
"henldstyro® 4n Chopter 6f thay have a direot correaponionos with a
sindlo dsterminant siata of the intoraoticnefves pyntens Thore are
othor fgres of states, such as the c:dn wve otaten of Chapter G, that
do not have this oorronnondonoe and aso not obtalinad by nomal nerturbe
atdon thouxys The seocond point to ouinsive fa thot o Perdt grinen
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has only been showm to exist if the peries converges. This 4s not
always the case, for emsmple in the ground state of superconductors
or in.a system of well=separated hydrogen atamss In the latter case,
in the 1imit of infinite seperation T = % throughout the Brillouin
zonee Vhether the Fermmi surface disappears gradually or abruptly
with increasing sznaration is an interesting question discussed by
Mott (1961). |

The objeot of this section is to discusg the applicablility of
band-theory to d electrons in the transition metals and to indicate
sane experimental work which throws light on the band strmottme.
Nearly all properties of the transition metals depend direotly or
indirectly on this band struoture and no complete review can be given
heres The theory of these metals is not yet in a state whers very
detalled camparison with experiment ocan be made. The basic plcture
of the band siructure of copper and the transition metals is due to
Mott (1935). It consists of a rather narrow 33 band, with a high
density of states, whlch is overlapped by a broad sp band with low
density of states. In copper the d band is full but in the transition
metals there are holes in the @ band. Of course mixing ooours between
states of d, s and p symmetry but the onset of the 'd" band as one
approaches fram higher energies is quite clearly defined by a sharp

rige in the density of states. A division of the states into a 'a'



bant amd & 'sp’ band 4a very convenient, narticularly in the theory

of Perramasnoiism vheore one deals with holes in the d bond. 'l‘hia_
ddvision is not yeally objootionables The assumption ofton made of

a fixed mmber of holes in the d band corressonds 40 a clearecut
az;prmdmtimz one selects in a feixly mtwul way a pet of states

to form & d band and then neglects possible transitians of cleotrons
fran other otates (the sp band) into the seleoted onees This approx=
iration 4s probably quito a (00d one since the density of states of the
op band is low.

It 4s netunl 0 enquire vhother the theoretical woric described
in sectioh § oan provide a Justification for the nse of straipht-formrd
band thocay in the oase of d electrona. Unfortunately no definte
deoision can be made on the bapis of either plomsa theory or manywbody
portuxbation theory. In the latter case it 4s impossille to examine
the convergence of the sorles imiolvede In the case of plasm theory
1t is fornd thot although the ‘existence’ oriteorion dincussed in soction
2 1o satisfled, tho ‘converpence' oritorion 4s nots OUptioal neagures
ments (Threnreloh and iMdlipp 1982} on copper show that oscillator
ptrengthe imvolving @ and/or s eleoctrons are distributed over
a wide frequancy range vhich includes plamma frequencies onleulated
for the s electrons alono and for the & and 4 electr:ag;\ﬂ;leorsemr-
ation of the plagma is reelly posclible and no Justification is piven
for a ginplo picture of all the s and d el-ctrons interacting enly via

shorterange foroes. It cannot be deduced thnt band theory aprlica to



all the @ oleetrongs

The a-perinmental evidenco for the aixpl-lcnbuifzr of band theory
1s also anbiruous in sane oasoss Jowover 4n niclel and oobélt it is
elnost certatn that the & cleatrons must be dosoribed by band theory.
The ferrampetisn of these motals is duo to the 4 eleotrons, and
their nop=interyal narnoton mmbern, 0.6 for Ni and 1.7 for Co, axe
difficult to emnlain on a localized models. Hott and Stevens (10.'37)
have assenlled connidershle experimenta) evidence for thetr theory
that in 4iron the two ma.r;nat*i.c.eleomna are localigeds The magneton
mwmber of iron 1s 2.2 and the additional 0.2 aninas per ata: sre
attributed to polarization of the snina of the other clootromse luch
of the sxperimeninl evidenco, however, ocan be interpretod tm the basia
of band theory 1f suitoble asswpbions about the band structure are
mades 4 stronp ::_)iccd of evidence in favour of a looalired model for
iron ms'moviw bj- the w-ray determinationn of oleotron density mode
by Velns and De Maxco (1958) ’l'hey fouiﬁ ot the clcotron density
in iron diffored noxiredly fran that in eopper, nlolel and ocobalt end
corzesponded o only two clectrona in the mther} nm'wt d orbitalse
Hott and Stevens suppested that those o eleotrona wem the localizod
nametic onos and that the other cleotrons were in rather diffuse siatos
i‘Q:mea fron g, » and 4 funotionss Thia pleture s eritdeized on
murely electrsAstetie rrowds (see e.gs Herring 1960) ond the xeray
evidenoe hae since beon voviseds Datborman, Chipman and De lareo (1961)
find that in faot the 4 clectron dintrilution s not mich differont from
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thet in the free atone Nevertheless the uncrrdeinties secm to be
such that 4t ip d1fficudt to rejeot Yott and Stovens' nalel catego-
ricellys _

Nerring (1000) has stressed the neod for cxperinental investir=
atdons of the Fermd surface in tronsiiion motalas Hothods such as
ayelotron roponance and ancmlounn g-in effost viioh have heon fond
ugeful in other motals have not yet bosn apnlied to tho trandsition
metaloe The necessary condition for euccens in WeT' >y , vhere W,
in the oyolotron frequency (el/A™c) of earriorn of effootivo mams n™
in the magnetic £icld X and P is the carri-r rolasndion dine. This
comdition 1s d1CTioult to achieve, partionlarly for the heavy d
oledtm. The first direct informotion abond e Feri surface of
2 transition metal hap msoently boen obtained by Farmet? ond Read
(1962) vho obeerved the aripotropy of the hirheflcdd rapotorbaies
tance of a mielel single crysisl., Fowever they appavently only
achieve a coniition WY ~1 for the sp olectrons and their data 1s
conslntant vith a surface having the topolopny of the copnor Fermd
purface (Pimard 1957)« Detodled erperimental information on the &
clectron rart of the FPerm! ourfuce is golng o b vory difflculd

to obtein. However inforration on ihe densiiy of statos at o
Ferrd surface is renddly obtoined fron olectronlc simoifie heat
measurements and the high velver obsorved in the dron group of metals

are connistont vith a Mgh dencity of ntates in the d bands The



struoture of the 4 band is all-important for the ferromarmetism
of the transition metols and this is disenssed fully in part 2 of
this thesls.

Tectron tronsport propcrties depend on the band sirveture and
the scattering probabilitiose In tho transition metals the ovrront
is painly oarriod by the s electrons tut Mott (1038) pointod out
that the soattering probebility is rourhly proportional to the larpe
denoidy of ntates in the 4 band at the Pormd surfaces. This obsecrve
ation leads to a satisfactory cuelitative theory of the observed ros-
istivity ancaly at the Omrde point and of tho large nemative thorrio=
eleotric pover for niclkele The compliocatod mlvanminrnetie propertlios
of frracapnetic metals aprear to depend strongly on the 34 states
in the rresence of srineorblit interection. The tight-binding ap;rom=
imation has been used to discuss this type of problem (Berper 1963)e
Another phonomenon involving anineorbdt interaotion 4s that of forro-
rognotlic anisotropye Tletcher (1054) was able 40 ume the results of
ho earlier ticht=binding calculation (Flctcher 4952) 4o ealeulato the
anigotropy ooefficient in niclel. A corroctod value (Mletcher 1061)
is not in bed apgreement tith experiment. The camparative simpliolty
of the tirht=binding method moles 4t vory useful for dotailed calenle
atlions of this sort.

Reray eminsion spectra chould provide informnidon en the denoity
of’ gtates 1n the d band but the inderpretation of the reoulip is diff-
icult (see e.ge Sinnor, Dullen and Jolmston 1054), Tho ebserved bend
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ldths of sevoral e.v. in the transition metals agree rourhly
with theorotical estimatos. Optioal reflectance data on penie
conduotors has recently provided considorable information about
thetr band structures over quite a wide enerpy renge (Fhrenreich,
Philipp snd Philldps (1962)), Threnroich and Philipp (1962) have
applied similar mothods to copper end are able to identify a mumber
of interrond trancitions on the basls of Sognll’s (1963) cnloulated
band structure. |

Parhaps the moot fundemental property of & polid is its cohesion.
It 1s pnerally believed that the 4 ecleotroms 1h tho {transition metals
contribute & large part of the binding energye A dotailed calculation
for iron by Stern (1959) using a ticht=binding method plves pood
apreenant with the obgerved volus.

s He ) 8
of d bandp

It is clear that muoh theoretical and experimental work remaing
to be done before detalled ocomparisoms can be made botween calculated
band structurep and experimental data. Vork on the purely nathe-
matical problem of solving the one=eleotron Schr8dinger equation for
an apsumed periodie potential 1s only Just veaching the stage vhere
reliance can be placed on the results. Hovover a sttuation has now
beon reached where onlculations by different mothodn, but using the
same potential, yicld idenmtionl results. This hag been shom cmli.cifly
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by the worle of Segall (10672) and Purdick (1963) on coppers I

algo appears that band strectures nay not be as aensifaivs *bo the cxnot
potential used as has comotimos been thoucht. Same diserepencics
etween galoulations pecn 4o have been due to inadequate colutions

of the pericdic potentisl problem itselfs In the casc of the trans-
ition metals 1t seemp that the structwre of thq o and d bands thome
solves may be rolatively lnmensitive to tho exact potentinl used but
that their popition relantive to each other is q:i‘be sensitive to this
potentinl (soe Manus 1960-02).

The flrst mart of this thesis 1a devoted to the tishtebinding
nethod of band structure caloulntion vhich has proved one of the most
useful methods for d bondse In this seotion a brief reviev 4s riven
of other methods and thelr apilicntion to & bands. Unly fadrly recont
applioations are mentloned aince these are probedbly the most accurates
reforonoes to earlier work can be found in the review by Callavay (1558).

Nethods of band structure caloulation fall into two oatersgoriesns
First, those in vhich the wave functions satiafy the boundoxy conddtions
. (1484 the Tloch condition) exactly but the Schrédincer emuation only
Aapmmdmtely and, secondly those in vhich the Schrédinper equation 1s
satisfied exaotly but the bowdary conditions only approximately. In
the Tirwt type of caloulation the wwve function s expanded in a met
of Toch functions on? the vardational method leads to a ssoular equation
for the cnerglea. It in necessary o choose the exponalon got in such a



way that convergence is rapid, so that only secular equations of
reasonable size meed be solved. At symetry points in the zone the
order of the secular equation is reducea,since for a given energy
level only trial functions of a predetermined symmetry need be -
considered. Taamples of this type of calculation are the ortho=
gonalized plane wave: (OP) method, the ight-binding method and the.
augnented plane wave (APW) method. The latter method is scmething

of a hybrid since trial functions are constxructed by solving the
Schridinger equation exactly within a sphere inscriﬁed in the unit
cell and Joining this contimiously onto a plane wave in the outer
part of the cells This metho;i leads to rapid convergence in many
cases and may be used at genersl points in the zone. HMethods of the
second type are the cellular method and the Green's function method.
Once again group theory is useful at symmetry points in the zone and
the celiular method can be very good at such points. However, the
difficulties of satisfying the boundary conditlons on the cell boundary
make the method unreliable at a general polnt in the zone. The Green's
function method (Kohn and Rostocker 1954, Ham and Segall 1961) is much
superior in this respecte The method is initially restricted to a
‘muffin=tin® form of potential (one in which the potential is constaut
between inscribed spheres) but deviations of the potential from this

form may be treated by perturbation theory. Various ealeulations on
differsnt metals will now be mentioned.



Callaway (1955) used the OFW method in a calculation on the
d band in body-centred iron. He found that even at the symmetry
points to vhich his calculation was rcstrioted’rcasonable conver-
gence could only be achieved by supplementing the OFV set of
functions with functions of & symmetry localized on atamse. Callavay
ugsed a potential corresponding to the configuration in the free atom
and this led 0 a narrow band width of rather less than 2 eve
Because of poor convergence the OPW method is not well adapte&‘ to
d band calculations. B |

Howarth (1953) used the cellular method for copper and later
used the APV method (Howarth 1955) for a potential vhich was identical
with the celiular one within the sphere inscribed in the unit cell.
He obtained very different results for the 4 band in the two caleul=
ations and this was atiributed to extreme sensitivity to the detail
of the potential in the outer region of the celle It has since been
sugpested (Howarth, private cammnication) that the dimcrepancy is
due to a faulty epplication of the A=W method..

Hamms (1962), Vood (1962) and Burdick (1963) have used the APV
method in ealculations on nickel, iron and copper respectivelys Cuite
good converyrerice is obtained at general points in the zone and Bexdick's
results coincide with those of Segall (1962) who used the Green's

function method with the seme potentials This latter method also
converged quite rapldly. The copper Fermi surface deduced fram the

the '
calculations of Segall and Burdick is in agreement vrith)‘Pippara (1957)



nodel deduced from experimends

The oot accurate methaeds at present avallable for caloulating
d bnnds are the A7 nothod and the Groon's funotlon methods IHoither
of these nethods has the sinplicity of the tig,m;bmung nethod ond
it 1o the objeet of the flrat part of this thesis o exanine vhether

the latter nethod snn achieve reacomable accurnsys
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CHAPTER 2
TIITRODUCTION T0 T TIGT-BODING Mi

2

It vas pointed out in ascotion 5 that many pronorties of
the transition metals depond on the behaviomr of eleotrons in
the 84 ands In particular a novledpe of this behaviour ia
essential to an wnderatandcing of the phenanonon of ferramagnetien
vhich is the subleot of the second mart of this thoeis. To achieve
a dotalled understanding of these rroperticc it 4s necessary to
now electron energies and wave funotions at many points in the
Brillovin zons. Unfortunately most methods of band ztruoture
‘caleulation are restrioted in prootice to symmetry points in the
zone and 4t 48 not posaible to calotlato the density of states,
vhich 48 a vital plece of informtion. However donsity of otates |
cnxves for 3& bands have been calculated by the tipht-binding
method (Fletcher, 1052, Bolding 1959, Asdcnbe and Friedel 1961)
end the Hicht=binding intorpolation method (Slater and Koster 1954,
Viohlfarth and Cormmoll 1961). The only caloulations by other
mothods eve thope of Slater (1036), based on Kyutter's (1985) caleul-
ation by the old celluler method, which is Imom to be inaccurate, and tho
recent APV enleulations by Durdick (1965) onl %ood (1962)« This last
caloulation involved huge canmtotional offort and yet, ap Vhhlfarth
and Cormwell (1061) point out, Viood was still unable to cover a



suffiodent mwnbor of points in the zone to give a fully reliable
denoiiy of ptates cuyvee. The moat detriled owrve yot obtained is
that of Vohlfarth and Cornwoll (1901) vho fitted the tirht-binding
interpolation method to Wood's resultse As well as iis upefviness
for caloviating dengity of states ocurves, the Hirht-binding method
has the advantape that the wave {inetions are simple enourh to
forn a basis for physical thoordese |

It 48 clear {yrom the above asoount that the tight~binding
mothod occourles an important position 4in the theory of the 4transition
motalse Unfortumtely, however, aithouch the utility of the method
has been mroved, iis acouracy 18 larrely uninovm. Furthermore the
tight-binding interpolation method oan really only be reparded an
reliable in gitnations vhere a riforovaly applied & priori $irhte
binding caloulation would almso be accurntes It 4p, therefore, of
importance to ansess the accuracy of the Hightebinding method for
caloulating the structure of d bands and thic part of the thosis
in concerned with this problem. However, the worl of Chapter 3 is
quite renoral and not tied to the @ nnd probleos.

The ﬁ.rsf work the author did on this problen wng an elaborate
ticht=binding caloulatdon for the & hand in copper uwsing a crystal
potenticl for vhich it was claimed (Howarth 1958) that econrate
onorgios vere knorm at symotry points in tho Brillowin zones The
ain of the caleulation wms t0 oanmare emergics caloulated by the
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Hoht=-binding method with the accurate onese Although this vexry
laborious caleuletion has pame positive aspects the final resvl

is the rother necative one that in this oase the tipht-binding
method as used there, is very inacourates For this reason & mmrary
of this worls has been relemted to Chapter 5 at the end of this part
of the thesie. The lack of svocess in thls initial caleviation
stimlated a peneral Investiration of the basds of the tisht=binding
approximation and this is reported in Chantor 3. Hethods are develo-
ped for calemlating an uppor bound to the error in a tight-binding
oalculation and for calculating sorrections vherc nocossarys Thone
i{dean are applied 40 d banis in Chapter 4 and the connlupions reached
are sunerirzed in seciion 135, This ochapter is dovoted 0 a penoeral
formulation of the tirht-binding method and a survey of existing
caloulations.

It is the puarpose of this ssotion 0 formmlate the tirhi-bAnding
methol or method of linear combimtion of atomic orbitals (LCAO method)
in a {airly peneral ronner. The methed as used in prectice 4s an
epproximate one, but 14 my bo congidered as the first approxiration
in a potentinlly exnct methods The nmature of the approximation is

then olenxs



The ticht=binding cothod is most aymropristely vood for the
celeulation of the stroctwe of bunds in vhich the clootrons are
fairly tichtly bouni, 4.0 bunds wkich may be considered as arising
principally fran & single atadie orbital or group of degencrate
atomic orbitalse Suppose the poriodic ciyetel potentisl) to be nnod
in the band colouletion is

V@ - Zole- 2y) | (2a1)

vhere v(g = 2) io asoumed to be ephoricaily aymetric about the
Iattice point Ly» The titht-binding method 1s particuiarly aimple

to formmlate and to apply vhen V(g) takez the 'muffin=tin' form used
in the AFT end Green'sc function metholdn of caloulating bend struoturese
In this cane v(r) 4s assumed o Le zero outside a sphove of radivs
eoupl o or less than hnlf the nearest neighbour distance. In the more
usmal case the radius 45 oqunl to this distance so that the sphere is
insoribed in the undt coll and sthores abont adjacent sites touch.

This potenidal is referred t0 as e 'mDuffinetin' potential with touwshing
sphores, or frecuently Just as a 'muffinetin' potentiale The discuspe
ion will be resiricted to this 4ype of notentinl for the noment bub
move reneral potentinles ave dlscussoed 4n scotion Ge.8e¢ For thiz type

of potentinl theoryntal potentisl 1s Just vr) withdn the repion
ocourded by the ion core surrownding the ordcin and the coro wave=
functions u(g)ess u3(x) are solutions of the Sehrbdinger equation



[—V”-i- U‘(!)] A, (V.') = €, u"_(r)

(2-2)
subject to tho boundary condition u, -0 ot 1rﬁ'in£ty. The arihoe
normelized cryvstel core functions are

b = -6
Xl =" = = o (r-K;)
(205)

ns 1long as the overlap of core functions on mighbmrimv atong ney
be nogleotods The surmation ds over all I lattice sifesRs in the
fundemental damain. The functions (243) are virtml son core
fNimetionas they do not corresnond to tho real ion core states sinoco
they are celeulated in the aryotal field apronriate to the band
whose structure is required and not in the lartrec~Fock fleld
ampropriats to the marticulsr ionecore state. The functions (2.3)
are solutions of the Sohr8dinger equation

WP (h = [-9"+ V(O] Y(ey) = E(k) Py  (a.8)

suhioot 40 poriodieo bourklary conitions and corraspond to the loxest
Giﬁenvﬂlue!!e. ,e‘. LI Y e& .
Suppose the conplete set of eigenvalves of {(244) 1s
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The 1040 rethod for finding the elgemvalues (k) Vel ese 45
to attempt to expand \"(I_c,g) in torms of the Floch fimotiona

. A
ba(k:.f}'_) s ¢ ZOXD(’JA'EJ) QB(E d ?:_43) (203)
o L%

vhore the g, are atade-likc wave functionse The g (z) are taven
as the canjlote get of nmaviodized atcmicelike orbitalc setiafving

o Schrbdinper equation

[-9"+uMTq, = €9,
2.'7)'

subject to the bonmndoxy oondition gy = O on the hovndary of the
funiamental damaine The Blosh functions (248) are not 4n rereral
oprthoroml or nomnlized ovdng 40 the nonecrthoronalily of s orbléals
on different lettios sitese The dholeo of the ‘atamic potentianl?
i(r) 1s dlscussed belows The eiconvalvos ¥ form o dleoroto-con-
tinuona enerprrgectnue

I$ 4o uswellr convordont to choose the sohorically symmetric
potential U(r) ae equal to v(z) within the resion cesupded by the



ion core surrounding the oririn but the fom of U(r) at larper
distances from the orlpin neod not be the save as v(r). Thus

the lowest elgenmilnes of (2.7) are 5, R 61 . e 62

vith corresponding eirenfunctions M, U, ... M_(. Nomoo

g Sty 8 =Lyesaals Suprose the next Towest elcenvelue

of (77) 1e B, with corres onding derencrate eipenfunotions

o seeeeefine The oauplete set of elgenvelues ¢, and eipenfunctions
£y OF (2:7) 4n then

Q o,

€ ....€ E_....E
' R RH+n+) ‘tﬁ-l'h-h.)"'

M, . .. “.Q} $|; =" ‘*\n ) %Q‘!rn-l-\ ) %Q*h‘l’z

) AR

The funotione 9!1... pfn are atonlo-like functions corrensponding 4o
the atomic state from whioh the tichtiy=bound band has evolveds

Tho funotions gy are nov defined and hence alsc the Tloch

SR _Coincid® with

funotions (2+6)e The fuotions bk, ﬁ,m;ﬂze erystal core funce
Hions and all other orysisl oipenfunotions must be orthopomal to
thesoe Thus a puitable sot of funotions in widch to expand P (&, )
18 obtained by adding lincay combinmations of the core functios ¢o
the remaining Mooh functions by(k, )y 8> 1, 80 as to mlke then

orthoroml to tho core functionse The recuired functions are

¥
a8 e 0 av
c. (& = Q (kv)- f >
s _.E). Qr:(-'r.) f‘?‘ Sa‘t e‘f(%,t), S?R.
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The functions (2.8) arc not orthoronsl and in faot are lincarly
depondent as will now be shovme [dnce the funetions [;é(_z:_ - 2)
baged on o given lattice site R form a omplete sot of funatdons,
the funotlon gy (z) based et the origin may be exprossed 4n the

Topm
MO 4, ® k-
and wsing (2+6) 4t 18 eany to shor that
ool D o eml-ieh) T8, (e, D)

The funotions cou(k, ) thus form a hichly ovor-canplete sct in
vhich 40 expand any function \')(_l_c_. z) vhich 1s orthoronal to the

core functions. If puch an exnansion were used in an attenpt to
solve (2+4) tho resuliing infimite meoular dotorminant would vanich
idontleallys. Zven vhen the infinite detexrminant is approximated by
one of fintte sice thore may still bo approdrate lincar dopendence
vhich may mise the sectloy equation nmeileally vnscleass Tamentor
(1952) attampted to wee the L0A0 method in this fom for a caloul-
ation of the band occcuplod by the valeme olcolirons 4n Yithiwms o
found thnt to a £ood aprradmation all the Mloch funetions ca(L:_. )
forved fyan valenoo and oxolted atomic funotiona differed anong
thomselves only by madtiplicative constants; they were all very
noarly proportional $o a pincle orthormalined plone waves Thus



the functions (8) nre a vei poor oot in vhich to exprnd wave
funotions for valence cleotrons ond Pomonter shored that e vory
mwch better selt 4o the get of orthosonnliced plone wven. Lomdgin
(1956) hos pointed out {hat the difficultics arigine from linear
demandence can in principle be overcome 1y suecocenively orthosonale

icing the foncticne (2.0) but the vorls involived is probibifive.
6. O

I% hos Been aeon $hoat Uhe 1040 methal Lo not guiinble for
calewlating wlonce bands since the overdap of ihe atodde funetlons
for valence and excited staters on diflerent ntons 1 4o Iarge thnt
the Dloch fenctionn formed {rom t?ze(: all eporozlnate oclosely to a
olnple orthoromliced plane wvaves The overdap of etomic 4 funotions
in coppar and the tronslition netals, hovever, 4s not oo large as to
couge Hds AiTfieully of nenr linenr dependences Tha Nunetiona os(_l;,_g)
formed from the five degenerote atoie @ fmetlons ﬂi, ﬂg.. e Yo
althoush not orthoyonal, are larpoly indonondent. Hewsver, the Hloch
funetions fomed Srom the ntomic wmlonee and excited states carmmot
be used to sannlete tha exwmansion set owving to thelr aproximate
Jincar 8ependonces A bettor choice in %0 complete e set with plane
Tmves orﬂmgsna.lincd to the core funptions and 0 the functions

e (k& ), 0 = Lesesss, forred from the d functions @« The fifth
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order secular equation ohiained in the tipht-binding method using
only the five IMoch f‘uxmti«ms may thus be ropprded as an aproxie
mation to the infinite aemlnr onmuation vhieh would be cbtained using
a conplote set of funotloms, namely tlo five Hloch mnctioné and a
nset of orthogonalirzed plane vavese It is ono of the nuin maposes

of this part of the thopls t0 cxanmine vhether this approxination can
yield results of reasomabls acouracys

Ce Y "

The aimplif:rihg assinption will now be pade that the non=orthoe
gonality of the Blooh functions bylk, £), 58> 1, t0 the coro functions
ray be neflenteds This anproxination is mede In most exdsting ti'g-,’at-
Wnding calculations alshouph 4t chould bo investipnted dn any parbe
ioular cases It is usually a pood approximtion for reasons discussed

in soctlon GeJe

Thus defining
| .
£ = b lud) =¥ "ij:e:az:(ﬂ_c_-ﬂj)ﬂh(g - 2)

aporoxinate sclutions of (2e4) are soughs of the form
Y(&@uin(}ﬁ)f(&,x)
- I ©

On substitoting (2.10) in (2.4), multislying 4n turn by
7 Dy £5 ) eees 5 )y ond intoprating over the aryetal

(2.9)

(2.410)



one obtains the five equntlona

=a. (N, —E®B =0 n=is

(2.11)
vhore
. & |
““m = Y 5', (“-lr) H §M(°};r)d‘r (2412)
. , .
Anm = S §h (051‘:) H im (@;r) dr (Zviﬂ)
Hirination of the an(k) between equations (2411) ylolds the
secular ervation
| Hom —E(®) B, ] =0,
(2.14)

Sqations (2014) hae five roots E (), = 1, seses and to the pilt

root E'(}_:_) there oorresnonds the arproxirnte wave funstion



&

Y(8,x) =< a_ (k)€ (0

(2.15)

where amQa_) ...aﬁ(_lg) satioly the equations

.

%qrm(fg) {\4“ — E (M A1 = n=) .8

‘ »
(2.86)
The seomular e@mtlo_n# {2.14) enn alpo be obtained by the varialiomal
pethiod with a 4rial function {2410)s If the Iloch funstions are
orihogonel to the core Nuncticns the energlos calculated munt theres

fore lie ahove the {rue moge

On substituting fom (2.0) dnto (2ei2) onc cituins

Ham = 50 N axp ik (€60 T[4 (g 0 (r-6, )

]

-1 h.R
== T B f‘f’:(r-&) -v*+v)é (r)dr

(2 i7)



Also since ﬁm mwtisfics the equntiond

[-v* +utn]$ () =€, £.lr)

(2.18)

equation (2417) may be vritien
-4 .R L
Ham = 3= 570 [ (-0 (£, + V-0, (v)ar
=g, T s‘“"'é"“‘ e f-’fw Pt R |
(2.19)
whore
(WM) g'$
(P «l—’[\/(?‘} -—U(V,]é V)d‘l" (2.20)
(nm) _ L
™= (4, (e-gJ §, (r]ar (2.20)
Sicd Lol

1 " (2.22)



and hence

A G ' -2 K ™
o= EB,py = (BT L0 g g

< t -

‘ {2.23)
m

Taression (2420) for Ji. ‘ may bte broien dovn by vse of (2+1) and

in n typlonl case when R, £ 0, one obtaing

‘a’f:'n) = _f nﬁ:(v_--ﬁr) I wle)-uln] b, (¥)dr
+ (4 r-gd (6B 4, (Har

T(#io,t (4, (c-60 w(r-82) $(v)ar
(2.24)
The evnluation of the motrix elaments thus consists 4in evaluatding
the nonearthoromlity intemrels s%rm) s e £irst two integrels in
(2.24) vhich aro two-centre intemrels, and the threescontre integrals
of the Inst tosm of (2.04)s Intermelde of all those types have been
evaluated in the detadlod caleulotion of Chapler De
Once tho catrix elaents bave been Gotermined aa functions of
¥k the determimtion of the bond struefure reduces to solving the
5 % 5 peoular ecuatdon {2+14) at a larre nuber of polnts in lespace.
Ge e

The above disgvasion refovs mrticularly to a 'muitinetin?

form of orystal potential pince this form of notential has very



conslderable advantages for a tisht-binding calculation. A preat
adwntare of the 'muffinetin' potential ias the prectioal one that
tho sm of throo-centre integrels in (2.24) is raplaly converpent.

. This le because v{g - 3&3,) is non-zeoro only within a sphere surrounie
ing the lattice site R qond wlthin this roplon the product

ﬁ'{i(z - .‘.-'z.t) ﬁm@

1o very eall i 2‘% is fur roemovod feom g_z,b and the ordigine Also
the three-centre integrals have only to be evaluated over a sphere
surrocunding a glven latiice site By and expenslans of tho product

(2+25) mey be made which only need be valid over thio lirdted regions

Uso of the 'muilinetin® potentinl malws 4% mmoiiocable to calculate
all integrals vhich moko o pienificant contribuiion to (2.94) anmd
smch a calcalation has been attenpbed in the work described in
Chapler 5+ It must be montioned that with o uifinetin' notential
and e sufficientiy larpe latddce eonsiant {(compared with the atonle
radius) even the lorpest Shree-centre intograls are nepligible oone
vared vAth the twoecentre nearest neighbour cnerpy intosrelss This
is boeause even i€ the polentlel centre 2 is a ncarest neighbour of
both the vave functdon centros R,, Ry, the product of (2+5) 4s only
appreciable in the outemost rogions of tho sphere surrounding Zy»
vhere t:e potential is proctioally neros

The 'mulfin-tin' potantial lnn anotlier property vhich, slthoush

it turns out to have no specisl value in the cose of 33 band caloulw

(2025)
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ations, may saictines be useful and seons vorth mcnbimiﬁg- This
rroperty ds that the potential is syhorically opmetrde within each
unit cell and the uvseful ocncequence is tmt the 'atonic' potential
- may be chosen a0 that {iae trial Bloch funetlonn are very nearly
ortl:oppnal to e core 1'ﬁnct:*.onm This consosuemce foliovs sdnee
the atomie petential H(r) may be ohooen ool to v{r) within the
core region and tho atanioelile functions gy ave then arthoronsl to
the core fimctions on the same atoms Nonworthoppnality of the fadel
Bloch functionas to the oore itnctlons then ardses only fron overlap
integrele Letvecn #3 end core {unctlons on neigibouring atons and
thopo are penereliy swll enmgh to be neflecteds Thiw Ivis alrecady
been assuned in seotion Geis It ahould be mentlonod that Hloch fune=
in cubic crystals
fions formed from 3d atonic funotions \are almyo nearly orthogonal to
the core functions no ratter how the cromtal potontial Vir) and the
‘atade! potential U(x) are chocens This 4o beesuse Vir) hag ouble
gymietyy and the selilze and p=-14ko coowre funclions on o gliven atom
belan:; to the reprecentations f: and ro's reseetively, of the exblc

!
group vhereas the 5 wtomic funetlons belong 1o r:z and 1« Hence

2§
the 5 funotions # arc alvays orihorpnal to the core functions on
the psme atom and it follown as befare thnt tho Tloch functions (2.0)
are very noaxly crihogonal to the core funciionse The funetions (249)
are in fact exmetly orthosonal to {the core funotions at certoin ayuretry

points, and alony certain gymuetry lines, 4n the Nrilloenin zonee This



is pointed out in more detnil for the Ince-ocentired oublc caso in
scction 10

Somo practical advantapes of & 'me'fin-tin' poiential Cor a
Hirht=binding caleulation have been indicoted ond in seolion C thie
type of potential fo shovn 60 be tho Lopt cholee {ram the point of
view of obtadning accurato resullse The Lot that the potential is
talon as conatant between noheren is of course o écesmm, but
- since pelf-conaintent patentiaia are in any ooase not available thds
is not unrenssnables Tho 4P and Croen's Tunchion methods of band
strueture calowlaidon are also resiricied t0 the 'mulfinetia' Lype
of vobentinl and 14s roasomablencas han recanily Deen argued by
llnn cnd Sepnlt (10C1).

G2 The * ot ')

e choloe of she 'atarict potentdal U{y) which occurs in
opation (2.7) 1o to saic oxtent artitearmy, llovever it was polnted
ord in the previeus seetion that 44 1g often convoamicnt %o choose
8{x) 28 emual to v{r) within tho core resion, slthoush not ncoessarily
the case vhen one 4s enrlevlating the struciure of & bandss In fact
the conpideraticns of gection 0«8 chow $hat to obtalin accvrate results
3t 4o umwelly casentdal to choose (x) ol to vlr) vithin the ‘mulfine
tn' sohere, althourh U(r) may difTer from v{r) outslde this sphoree
In seotion B3 & dofinite criferian ip devolored vihich restricts the

chnice of {x)e



In previous sectionn 41 has beon podnted ont that the 'muffine

#in' form of potential is a convoniont ome for a Hight-binding cale
culation. Hovever the tichtsbinding method 1s by no means rontricted
to this typo of potential, althoush it 4s arpued in Chapter 5 that
the method is most aocurate for such e potentinle A charscteristie
of a "muffinetin® potential is sphorical aymetry within the mit
cell and 1t may acnotines be felt that this Qoes not correspomd
exaotly to the physical mituwation. In partiocular Hott and Stevens
(1957) have suprested that the nonesphericsl cauponent of the ouble
flold in bodywcentred iron could be sufficient to mplit the & band
into wo sub-bands, one fomod fran & orbitalo of [ ; (%7, v2, £x)
eymmetry and the other from orbitals of 7 (x? = 92, 322 = 2)
symetry (ty, and e, respectively in another notation)e A none
spherical oanponent of potential about each lattice siie 4g readily
introduvced into a tishi=binding caloulation and its main effect im
on the k-independent temse

aff‘“) = g wn(;)] %v(;) - U(r)lar (2.20)

whioh appear in diagonal matrix elenents (2.28). ng) taleo two
diatinot valves, me for F, of q; syrmetry and another for #,
of 1], aymetry, and the effeot of this s to shift relntive to
each other the bands farmed fxrom the two tynes of orbdtal. Thepe



)
%

values are dtatinct even vhen V is soherieally symmetric within

the undt cell, because of the overlap of ﬁn into neishbouring cellse.
This type of splitting 4s evaluatod for a particulnr oase in scotion
17423 it 15 almays much amaller than the band widthe The aplitting
to be discugsed here is due to a nonegphorical eamonent of potential
v*(z) and may bo written

AE = S[ |4 (QQ)]"- ]‘#(ﬂ,) |'L ] lr'(v_') dr_  (2a7)
Callaway and Edwards (1960) evaluated this oxpression with
vip = - z 27/ |& = By ] + constant | (2.20)

vhore the onatant is an infinites one vhich exmotly cancels the
diverpgence in the mummation. This eocrresponds thysically 4o a oase |
with % electrons in op bands vhose oharpe 4s anmmed to be distrilmted
udformlye It is immlicitly asmmoed that the d electrons do not cone
tribute to the hon=-spherical component of potentialy this may be far
fran the truth in iron. iHevertholess AF was caloulated vAth analytic
atasle wave functions for iron and copper, the rosults being =047 eeve
at the obperved intemtamic speoing for iron and =0.037% ewve for coppere
Cortainly in the oase of coyper, vwhore it 4s ressomable to take 2 = i,
the cudde field mplitting io neplipible compared with the band width
and no splitting dnto subebands will ocour.
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The tight-binding mothod wms first introdvcod by Moch (1928)
ani han sinoe beon used extonaively, mrideularly in comection
with the allnli halides, grochite, the seniconductors of group 4
and the 3-5 ccpourds and d bands in tho transition metalse Tho
latter applioation is of nont nelevanoe here and oxisting caloule
ations are reviewod oritically bolows
23,4 bepd caloulntions

The first apnlicatdion of the $icht-binding method ¢o 4 banis |
wg made by Joncs and Fott (1957)« They rade the simplification of
neglooting the non-dlagonal matrix eloments Hy, betwesn Mloch sums
formed fran funotions of xy, yu, £x symetry and those formed fyon
functions of x° = %, 357 « r? aymetry. In thls way the fifth onder
seculay equation comveniently faotarises into a cubﬁ.c and a quadratic,
and in a prelininary calculation for niclzel Metcher and Vohlfarth
(1951) mads tho meme approximation.

The firat proper trentment of a bands was piven by Fletcher
(1952) for the case of nictele This caleulation oxtended the prolime
inaxy calculation referred to by including the non-dicgonal matrix
clements which were previously nogleotods Fletcher made the twoe
contre nearest noishbour aporoximation in vhich all thrve-centye
and noneorthoconality inteprals are noglected &8 are all two=centre



energy inteprals beyond noarest neighbours, Oming to the ume of
very localized atanic functions this approximation is probably
quite a good one. Flotchor wae oble to obtain a density of states
curve which ghows o peak noay the top of the band; the walue of the
linear low temparature elcotronic heat coefriclont doduced fram
this curve is in goad amement vith experinment. The total band
width 18 fond to bo 2.7 e.v. o

Athourh this caloulation wae a sieiflcant inprovement over
previous ones 1t may be oriticized in soversl respectss In the
firat place the crysﬁi potential 1s not oclearly defined« In cale
culating the two-centre integral (2.20) 1% vme asswiod that V = U = 0
vithin the sphere insoribed in the undt oell about the origin and
that |

V-0 =v(z-g)

outgide this srhere. This asmmtion may be intermreted roughly as
the use of a 'muffinetin® potontinl with V = U within each sphore.
However the effective neplect of U(r) outside the central srhere in
tho twowcentre intepral 4s then diffioult to Justifyye The effeot of
1ts incluaion would be to roduce the inteprals in ropnitude and shrink
the band width vhich ip alrcady quite smalls A second ariticim is
that the 'atonie’ funotions are not eironfunotions caloulated in tho
'a‘!:anic‘ potentiels The 'atomic' funotions were taken as the lartrooe
Fook 33 functlons for the Cu® ion (llartrec and Tartreo 19%6) and tzhe



‘atanic’ potentdal vas talken as the potentisl arising fram the core
and a (32)1° configumtion. The bani structure calculated does not
oorrespond therefore to e crystal potential oonetructed from the
assumed ‘atomic' potential; it corresnunde more closely to a orystal
potential constroted f‘rcm Tatomie! potentials for vhich tho Fartree-
Fook functions are eigenfunctionse This 4ype of uncertainty arising
fron an insufficiently careful choloe of ‘atamio® functions and potente
dals 18 tyrical of many tipht=-binding calculatdons.

Delatng (1956) has corried oub 4iriiebinding oaloulations for
the 4 hanl in chromimm, hody=contred ivon and nickele 'Zlanio?
fonetions vere talen Yo be the interpolated analyiic seli-oonnistent
ficld funotions piven by Iowdin and Appel (195C)e Delding followed
Flotoher's mothod vory closely and the resulds are ascompunied by
the same vnaertaintiess BPelding's work differs from Fletcher's in
that twowpontre encrgy intesrals beyond xnw;:st nel ghbours are inoluw
deds In the case of chramitm and nickel notiglibourn up to the fourth
necarest are considered and In the case of irem nearest and next noarest
neihbours ere incluleds The effeot of third and fourth nearest
neichbonrs 1a amll in all ceses and in nlchel 4hc next neavest
neichbour intesrals are only 167 of the neareat neichbour ones. In
iron and chramium, hovever, the second nearest nel hbouwr integrels
are about helf the size of tho nearest neighbour ones and certainly
cannot be neglecteds For thess two metals the neplect of three-centre
and non~arthorennlidy inteprals must be vefy sexiougs o detalled



regults are given apart from a rather orude density of atates ocurve
for iron. This shoss tro main peaks, a larce one at the top of the
bend as in Fletcher's curve and a smeller ons nearck  the boltans
Dua o the offoot of second nearest nelrhbour intoprais there in s
lonp tall, 101 e.v» long, at the bottan of the band vith very low
densify of statess 4 einilnr tail of 1.57 esve vas fomd for chromiume
The total band width in diron is about 4.7 ceve

Asdente and Fricdel (1961) have calculated a density of states
curve for chromium using o ‘muffin-tin' type of potentiale 'Atanic’
funotions and tho ‘atoomio' potentiel were aonstructed very simmly
using Slater's (1930) riles and first and socond nearest nelghbouy
tvomcantys mnergy interrals are included. A band width of aboud
745 esva 48 Obtained when the puhlished results aro corrected by &
factor 2+ (This oorrection 1s indlcated in an ermtin note circulated
by Aedente). |
| It 15 clear #nt a namber of $ight=binding calenlations in the
rest have suffered fron inconalstencies 4n the choloe of 'atonle! funce
tions and potentlals The whole question of this choice in the case of
d bands 4g oarefully ¢ nsidered in Chaptor 4. Stern (1050) aid treat
this problen carefully in his calevlation for body=centred iron and
he nodified tight-binding method ip en intere nes ones Storn used
ataric fuynotionas caleulated far the 56.745 confimmation in the freo
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aton and a potential consistent with this choloe of atanic fimotion
vas uped in each oolles OStern only considered lines of ayrmetyy in

the zone vhere the relevant Iloch mma can be written domn immediatelye
Hin moddification of the tight=binding method is to oxpand the NMoch
sz in s7herical hammonics within a sinsfle undt oell and %o calculate
the expectation enorgy by integration over #his cell, which is
a.pprmd.r:h‘aea by & gphere for the purpo@. in this my expliclt
considerntion of multi-centred integrals is avoided. Stern's madn
approxirations are to consider only nearest and next nelpghbours in

the expansion of the Tloch sum, 0 retasn only sphoricel harmemies
with 1€ 2, and %o o:mxrﬁ the yodlal functions, apart fyom the contral
& funotian in povers of r up to r only. The truncation of tho
mhcrical harmondo expansion appears €0 be a sorious aporoxisation
since expensians of the expanentially decrossing radial functions
on neichbouring sites are quite slovly converpent. If aimilar
eproxirations are made the difficulty of oaloulating the threc-centre
intograle of the nommel tishi=hinding Mum, vhich Sterm avolds,
is groatdy reducods Storn orthoponalires the mmﬂad loch sums to
tho core functions and nomnlines theme Since the approximate exponded
Hloch s is no longer an exact Moch funotion, d surface correoction
tomm has 0 be introdvced over the surface of the atosic asrhere in the
ealoulotion of the cnorgy. Stern found a band width of 0.2 awvee His
main ain wms to celculate the oohoeive enorgy and he obtained a value
in pood agrecmont with ex crimente
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Smme attention rust now be piven to the Hghit-binding inter~
nolation nethode This was introduced by Slasor and Keoter (1054)
to interpolate betveon enerples Imom at aynuefry podnts in the nnoe.
The integrals apvooring in the mtriz eloments of the tishi-binding
nethod are expreesed in torms of the smnilost number of independent
inteprols, vhich are treated as disposablq mmetcm{ Those are
choscn Bo tat the enerpies enleulatod agree vith the Imown enorgles
at sroetry points. The mmbor of Ioach gums used and the marticulay
apyroxination (two-centre, nearest neighbour etos) used for the mtrix
elancnts depends on the mnber of acourately mown encrgloa avedlables
Slater apd Koctor ap:lied the mothad to & bands in ooprer, using lmowm
enercics frov Hormpth?s (1953) cellulur calenlation, nnd in irone They
alao aprlied it to dlanond und here it is of nore doubiftul validity,
since the aprroxinationa of the ticht=iinding nethod are probably nob
valids Uohiforth and Cormwoll (1961) have used the method to obtain
o very detatled dénsity of niales curve fraw Vood's (1962) remlis
on irone Of courso the intorpolation method does not yicld weve funce
tionge
Ze2. . Oihar cgloulations

Apart from d bands, the main applicotions of the $icht=-binding
nethed have been to icnic orystols, sesiconducting canpounds and

Gavhites Oinse very ndecvate revicws esdat Em.lin {1050 1962),

UIJJ’
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Hernen(1058) Pincherle (1900) Jattention will only be drawn to

that appear %o be the two nost ccnplete caloulationge Those ere
Holand'e (1958) calculation on the volence bond of potassiun
chlopide and Corbato'n {1950) work nn grashites Tho wialonce band
in XC1 wes found to have a vidth of only 145 o« and valonce bands
in $omic eryotals aro obviously very sultable subjeots for tighte
bindinr oalculationss The same cannot rveally be eadd of the sond-
conduciors of group 4, and the 3=5 cunpounds, or of rrarhdto. The
077 methad 4s better adapted to thess matericlss In his caleulation
on twoedinmensionnd praphite Corbato wvms forved to ealeunlate interxnls
> o hinth nearcst neighbourse The oaloulation mas carried through
vory rigorously ond all significent two=centre, threo-centre and non-
orthozonalily integrals vere calculateds Howover, becouse of the
slow conversence, vhich s due %o the rather extended atame functions
involved, and the resiricted set of Floch sums used, tho armmenta

of the next ohapter suggost that the res:lis may not be very acoumtee.
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There are %o main sowrees of ercor in a Ggit=-binding ¢aloule
atione Tho first of those 48 that the ealoulaidon of the ratrix
olenents (2492) may ho oversinplifiod, for example by naking the twoe
centre neavest netighbour aprroximtion. The errer incurred in this
wy iz not too difficult to estlimate snd, viith aome efort, sy be
elininzteds This ray be extiemoly laborious, as the work: of Chapter
5 shows, but there is no @i iculty in prineiples A more difficult
problen ia 40 deal with the seoond and more fundemental source of
errors This arises through using tr4al wwe functions which are ainply
Yinear cmbinntions of Tioch funetiona fomwed from a rest-ictod act of
atomde functions, or even single Mloch functions formed {ran A none
degenorate atomec fimetione Tt wop pointed out In pection § that
thie sot of trdel Drctionz ray in princinile be completed Uy a sot
of ovthorormalised plrone weves, but 4f carried cut ptreicht-foremrdly
the caloulntion would then involve solving larpe secvlor ecuntions
ani the easontinl sinriicity of the tight~binding method would be loste
It 4s one of the alns of thin clapter to develop o coamarativelr ginple
nethod of caloviaiing correctioms 4o rosulia obbtained ueing the normal
tight-binddng trled furotionse The torms {hus exlcaulated elso include
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autonntically ocorrections for any non=orthosonalily of the ixial
functiona +0 the core ifunctionse Thio corivciion methsd is developed
in section 10 and e intercsiing fam of the correotion to the wave
function e disounsed in gection 10eZe

Beotion O deals with a mothod of obinining an upper bowd to the
ervor in a tight=binding calcrlation end it is stresced im¢ aoccureoy
aependds on a svifable chodee of the e of crysial polontial and
on o suvitable cholee of ‘atale? poteniisle In veotion § the error
in the Wgitebinding nethod ls caloulatsd exilicitly for a sinple
modol, and in geotion 11 1t s verdficd ithet the method of seotion 10
leads 6 tho proner correcdione An Innortent coneluclon of this
cioptor 1s that the tight~binding methed Js only 14loly to be noouwrate

in cases where the nearest neighbour approxinciion is cvite e food ones

The essomen of the ticht-binding peihiol is nowmelly thouwsht
to be that agmotrtically exnet resvlis ave obtained ap the Snterw
atomie distence tends o Znfinily. lomevo:
certain edrowatemeer an the folloving emmmple nalms cloara

Conadder & Inttice of point charpps Ye vith & unifom rorntlve
qcmening cuarpe 50 thnt {he shdle yraten it eleatrionlly nontizels

Assume for einplicity that the lattice hao cublc symotrre The
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potential energy of an electron at any point r is, in atonioc unite

Vile) = - z 2Z/[lr-Rel =+ coniony

where the sumation is over lattice points _g_t and the gonstant is
an infinite one, arising fran the uniform soreening charpe, which
exaotly cancels the divergence in the lattice sune The subscript
d in V,(z) indicates the dietance betwesn neareat neighbours vhich
may be reparded as a variable. The vectors ﬂb are then functions
of de Suppose that #(x) is tho wave funotion, and B the eigon-
value for a bound s-state in the atomio potential «2%/re Then the
simplest tight-binding approximation for a crystal wave fwmotion

in the band arising fran this atomie sgtate is the Bloch funotion

-3 k.
- T A =<'t
V(& e)=w 2:‘ -~ Plx-Re)
Hr)ew ¢ % for larpe r, where o= - E,, amd ¥ (k,z) is correctly
normalized apart from a factor 1 + O(e""d). For large 4 this
faotor is

A R ORI

> )

vhere the sunmation is over sites ;s which are nearest nedghbours
to the site at the origin. The energy corresnonding to Y (o)

(3.1)

(502)
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is
Ealt) =g, + DI60N" [valr) + 22 Jur

ab s r ' .
P 0 [V ()4 22 Thl) gy

:S ‘f“(!"'-fs) $(v)ar f\\‘(rﬂt[\/,\(\:)—r%]ar |
(3.3)

Throurhout this chapter e prime on a synbol representing an ercrgy

~ denotes that the energy is calculated within the tight-~binding

approximation. An upper bound to the error in this expression may

be written down using the theorem (Kohn 1047) that the orror & E

in the energy of a normalired amromima.ﬁon?to an elpenstate obeyn

<P |l-E3T>
|BE_.

i |

| $E |

, (544)
vhere & i the mean energy of the state ¥ and Az, 1s the
energy interval from % to the nearest noighbouring elpenvalue of

the sene symmetyy as f- If (3.4) is epplied to (3.3) one obtains
for large 4

|§€
< mg [‘ Ln- Ed("‘)lz"- J#"‘ R\ aor

(3.5)

f[z ~Ey(h) + Vy (2] + 22 1% 4 () %0

\AE

Mlﬂ



vhere | AF_; \tends to a constent as d-9e s If V. (z) + 22/r 18
oxpanded in cubic hammonics nbout the origin the leading term s a
fourth order hamonic and in the neishbourhood of the origin

V4 + 22/r ~d™d

for large de Also fwan (S.3) 4t follows tint

E&@'Eo"d-s.‘

Thue fron (845) 4t follows that an upper bound to the error in

(%e3) is of order &-10 50 that the first two temms 4in (3.3), vhich

are indepenient of k, are agyuptotically exacts Ilowever, there is

no reacon for supposing that any reliance can be placed on the

orucial third tern, which for large 4 is 0(0."&) <& d-io and

which determines the asyptotiec band structure, in partioulay the

band width, To emphasise this point 1% 45 instmctive to set up

an accurate procedure for calculating the agymptotic band structure.
Suppose in (3.2) Flr) is rerlaced by X (z) vidch satisties the

equation

[-V"--\— !Ar"(\:,')] 'Xd(\:) = t&xo‘(r) o



wylr) = V()
° ‘\:|>fd

)

3 |r|'<f4

($<per)

aml €, Eapd-3owe Itis cloar that xd(g),..,nw
for|p|> e Then the enery becoroes

Eh)=¢, + { vl [vd(v) wi (5 ] dr
+ 5:. % ps IXA (v) [Vd(!'} - ‘“’4(‘.'. '-ﬁ‘)]
X-A(!' 'f:) ar
Al e
Ea+ TP TValY) - g (e -0 Ty r- i

—
-—

for larpe &, and 5,(k) ~ &, ~ o~ %%, Ny 4o ene nothod as
bofore 4t 4s rendily shoon that the error 8’"1an».) satiofdos
the insquality

Isel < |aE, [ { Sl [vyle) = v (0T

tT L B gs § 33 e} Dvy 0 - vy}
INZWIEACS D) b2 A(! ;) A‘r}

(3:7)



72

vhere|a€ ;s independent of d« It follows that § =~ e‘fg“kie"‘_‘“
for larpe 4, s0 that Ea(k) is asymptotically exsot. The type of
procedure indicated here for obtaining asymptotically exact energles
Ins recantly been apriied by Herring (1962) to the H; ion and, very
powerfully, t0 Juatify the Heitler-London-fleisenberp spin Hamiltonians
However, 1t han not mroviously been invoked in comection with the
band structure probleme Of course, the procodure would be very diffi-
oult to carry throwh explicitly for the mﬁple oongidered hexrees The
potantial "’d(i) is not azyfmx‘ioally symmetrio so that equation (3.0)
does not separates Thus, since the simple Bloch function (3.2) is
usaless for the purpose, there is no easy way of caloulating the
anynptotic band structure for the orystel potential {3+1)e The same
aifficulty exists for any orystsl potential of the form (3¢1) 4n which
the atanio potentials v(r) on meighbouring sites overlap. Thus in the
1imit of large lattice constant the normal tight«binding method is
unswd table for use with a crystal potential contructed from over-
lapping atanic potentielse However, the ‘muffinetin’ type of potent-
inl, vhich has been advooated in Chapter 2 for other reasons, is une
objectionable in thds respect and this is a strons reason for uatng
this type of potentlal in a tight-binding calculatione Of course,
for a practical lattiece constant, as opposed to the asgymptotioc limit,
the effeot of potential overlap, and therefore the error produwed hy
it, may be zmall coopared with the band widthe An esample of this was

disoussed in sectlon 8.5. Nevertheless the ume of a 'muffinetin'
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totential avoido a possibvle uéurce of exrror and has considerable
précticaly é.dvantag;ea- Tor a prectical latiice conotant the erxor
in the tight-binding method even for a ‘muffin-tin' type of crysml
potontial and without maling the two-centre marest mighbour |
amoz!rmtim, may be quite larce a.rii a nethod of oalou]ating
correction terms is doscribed in sootion 10« In seotion Ge2 an

upper bmmd to this errcz' is examined and in sectlon G n ais-

cusaion, slvbeir-memlomenbn-~tini-ot-wootion-Gvdy, 1o iven of the
choloe of ‘atanic' potentinl.

Suppose it is dosired to calculate the structure of a band
derived from an atomio state which for sinplicity will be assuned

non=depenerates Suppose the erystal potential

V(o) = f-"a[a - R, (@)] ” (3.8)

i of ‘muffin-tin' form with touching spheres so that vd(r) is pero
ocutside the sphere insoribed in the unit cell about the oripin, i.e.

for r > &/2. Supposo the ‘atonic’potential Ud(r) used in tho tight-
binding caloulation 4s equal to vd(r) at loast for r< 4/2 amd  pupp-
ose that the corresponding atanic’ funotion and its cnergy are ?fd(r)
-and an respectivelye The band ntszcbm glven by the tight«binding
apmroximation is then



v4 ¢

Eald) = €y + S0 [V, (e)- ua0] g

ah-po '
. +.s$°—t = f j 4»:(\:) [VA(!')- VU (Z",es)] ".\“—"?5)”.

{%.9)
An upper bound o the error in thio expression, simtline to (B47),
i for Inye @
- ) )
AE . 2
‘ m"\ i g ‘éd(!” [V*(r)-ud(\-)]io\-r
ak- % o
) Ty, ) -uy0]
LVale)-Ugly-)7 h(r—g,):\’r'},
: 343.0)
It in soon that (7.10) 40 of the same forn an zx&(y) = B4 omopt
for an adii#loml factor |
AV CI TR PATCI
(s.11)

in the intexanias It ip polinted out later that nomally thie
faptor ensures that tho error 4s much less than the bond wAdth
for sufficdently larro 4, Hovover for the ense oonsidered here
of o piven findte @ the frotor may not bo oonll comxred vith
ity throughout the repgion of p vhich oontributes sipnificantly
to the enorpy intopralss Thus the orror in the aimnle t2phte



Mning apreoximation due €0 using a single Mooh funotion can
be sipnifioant; 4f 4 iz larce enourh this error will be bigoer
than correotions due to secondi nearest neichbour energy interrals
which are of a gmaller exnonontisl orders Of course the gimnle
tirht=binding approxioation is in genoral invalid i€ snother
band overlaps the ono constdered-eo that |AE,: |vecores very
gnlle However, 1t may atill be vrlid at points, or along lims,
in the Prillouin sone where the wve funotions lave differont
grmetrios firon those of the overlapping brnde This 1s disovased
4in ::'mlbf’mr the cape of an 's' band ~vorlanping the 4 band
and the srror (3.10) ip sctwmnlly estdrated for this cass. (3.10)
is & very convenicnt formula for an upper bound o the error in a
Hoht=binding caleulation and shonld prove useful in rany caseps
84 of

The idea behind the tight-binding aprradmation 4s that the
trial funotions employed are exaotly valid as the lattice constant
is allowed to tend to infinitys Vhen ecmsidering tho oasc of a
finito lattice 1t is well to bear in mind the limiting case for
virloch the Bloch funotions used are exact solutionss Consider the
‘muffinetin’ potentinl (3.0) and put

vd(r) e ¥ir) ~-v(@gR), re<df
0 s ¥ 4af
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where v(r) 1s a smooth funotion, defined for all r, and ropor=
tional to =1/r for larce re Tho aymbol d has somctines been used
in this section to remesent a variable nenrest nelphbourdmg dint-
ance, but it will now be used only for the particular wvalue for
vhich tho band structure isn required. The symbol b will be uvsed
to ropresent o variable distance. The erystal potential (3+8) may

then be thourht of in two wayse It oy be yeparded ae a special
case (b = d) of eitler of the follozing two potentiale;

b ® by vala - £, ()]

Vab = zt:, vb[.x: - E’c(b)]

Yhen by & the potential Vib is only nonezero within sphores
of radius &/2 which are far removed fram each others In the case
of Vzb, hovever, the soheres are allaved to exmnd as b increnses
and tho potentinl is alweys non-zero within sphores insoribed in
the expanded unit cclls. The relevant atamic poientials as b-yep
for V., and V,, are vd(r) and v(r) respectively. If ﬂl(r) and
#a(r) are the corresponding 'atonie’ functions the corresconding

Bloch functions are

Vi (80 =k 8 1 e

A = .
1,2



Use of theorem (3.4) as before shows that ‘ﬂb(lg,g)_ and \;;b(l_c_,_xﬂ
load to correct band structures as b=y for the crystal potentlals
v:.b and V‘m) respeotivelys In the firat cass the upper bound to the
error goes t0 gero exponentially as thes square of the band width,
whille in the second cane the error ez to zero faster than the

band width because of & factor of the form (341) with U (r) = v(r).
In the regton of g shich is sifnificant this factor tends to zeroRs b
this 18 a consequocnce of the asmmption that v(r)et= 1/r for larse re
Thus in eonnection with the crysial potential (3.8) 4t would aprear

- quite rcasomble to uﬁe'atmﬁc‘furbtione derived elther fra» an
atomie’ rotantisl v (r) or vlr)s both cholces load to Moch funotions
vhich have the conceptval advantare that they are exaot eipenfunctions
for well=dafined limiting potentinls as the lattloe oconstant 1s
allowed to tend to infinitye (of course both these linits ave merely
raétheinati@ modela within the one~clcotron schemos e ther 1inmiting
potential bears any reletdon to the actual prhynical potentinl experie
enced by an eleotron whon the ators ayo velleserarnted, in vhich
sitvation band theary 4s inapplicables) In pmétioce 4t 4n desimable
to choopso the "atmmie! potential which involves least error at the
marticular lattice constant vhich appliese This may be dor!c approxie
pately by attempting to minimse (3.10)e The sumation term in (3.10)
is positive or megative for Qifferent k oo that a tyrlcal error is
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miven Ly

-l ¢ 2
|8E. 17 | w,.(rn [V,\(g)-U,\(r)]le\'r

Thers |6€n;,,] tales a U;7doal value for states of the eymetry
considercds. Thie latter must not be too omrll 12 the tirht-
binddng; nethed is to hold at alls In sucha case QF -in

will no%t wnry imuch for eny recsonable choloe of ‘Ud end 1% sufiices

to nininise
F18aa™ [ v, te) - v 1 4o

It §» not an easy rroblem to £ind the best Ua pince 1t 1ig a self-
consigtent problen in the sense that ¢d depends on U, in a complic-
ated waye However, it is noi so Gi{riomlt to compeve the merits of
o given 'atamie’ potontialae {Vd(y)dUﬁ(r}]gis larger 4 Ua(r)w(r)
than 1f U (r) = va(r) tut on the other hand v(r) is tho Acopor potene
t1al well so thet fa(x) will full off more quicily with re This type
of criterion ghould be of ancisiance in choosing ‘atonic' potentials
in ~ractice. In nearly all cases it will be advisable to choose
Ud(r) = Vd(;) at least for r< &/2 since |¢d(g)|ie largest in thds
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roglons

Before considering a penersl nethod of ondoviating the errar
term 4in a tighi-binding caloulation it scems wortlwhile to consider
a sinple oane for which the tight=binding method can be tonted
directlye An obvious mcthod of testing any aprroximate method of
band=astrooture caleulotion is to earry out such a caloulation with
& oryatal notentisl far vhioh thr bandestructure is exnctly Imowme

An exanplo of much a test is the 'enply lattice tost! vsed by
Shookley (1957) to exposo the imadequacies of ¢in oricimal csllular
methods Unfortunately exaol band structures are only imown {or the
- empty lattice and for potontials of the form

V(x) + ¥(y) » V(z)

guch as in the l'athieu problem considered by Slater (1952)¢ None
of these potentizls are gulishle for a tirht«bindine ealoulatdon
end 5o no analogue of the 'ennty latiice tost' 4ias poosible in three
dimenpionss It thorefore soens worilwhile 0 consider a onowlinene
sional orystal potentlal end a particularly simple one 1o that of a
chain of §~functions. The hen? ptructure for this model oon be
ocalculated exactly and in thia section the struoture of the lowest



band 45 caopared with that calenlated by the tight=-binding approxi-
matd ane

Kronlg and Permey (1951) comsidered & oryeind potential of the
forn shom 4n figureda and they obtainod the relation botwoen the
oleatron energy € and tho wavo-vector k in the fom

Cok(a+l) = Co pa A ¥ -+ %13,;““5“39, (3412)

where, using atanic undés )

(S

P =¢ ¥ =V -2 .

b ] . o
(3.18)

It 4o more eonvenlont for tho precent nurpose to consider the cryatal
potemtial shom in figuwre 3b and electron enerpgy © is then given by
(3413) with

K R <
o - =-F
P E +V, > ¥ ' (3.14)

Por simplicity the detailed calovlation to bo sivon here 18 reptrice
ted to the limiting case vhen a = 0 and Voéoosa that avo reming
finttes In this limit with eV = 2P, ey, (3412) becamws

= Conh Yo — £ <
Cohor = ¥ = = kYL (5:25)



.

(a) ©
—_— e
—b a x
‘V
—b '|___ _a .
x
(b)
— ~VO o
. Fiq. 3

The orvstal potential in this limdt 4s

V = -2¢ = §(x-nt)
4}

=-00
(34106)

and (3:15) plvos the cleotron encrey E = = ¥ — implicitly as
a funotion of ke (3+16) represents a chain of attractive §-function
potontials and this differs fYrom the limit of a chain of repulsive

$ =function potentials vhich was considered by Kronig and Penney.
The present purpose is to find an explicit oxnression for the eleotron
enorgy in the lowest band ani to compare it with that obtained by the
tight-binding method.
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The olwious Yatomic' potential to choose in the tifhte
binding salovlation 1o

U= -2° §(x
and the wave funotion for the boumnd state in 4Wa potential is

é(l) =-'J-F _:P'a(

with encroy

The band of interent is therefore that which arises fran this
‘atomde' level as b deoreaces from infinitye The elcotron energy
in this and, expressed ae a serdes of ascending novers of od
may be cbtained fron (3.15) as followa.

Put

thet is 2
B"-.:?-—G’

]
vhonoe for € €< P

= P -t &L L
¥ = ¢ 2 ¢ 8-9-5-7'2?:

(4

(3.17)

(3.18)

(3419)

(3.20)



Equatdon (5615) may then be wridten

L€6 ot €20
ool = Coad PR Coh[4 €5 M ERTE
~Seh Pl LT el ) e 3
[z f+1e';5¢+-ll‘-§'%+.]
-{1+2 £ +23 & :

Xlsnn P con[1 el L0 e )
e + 1% 9‘,—%4- ]
— Caah PR Soab, [.L 3% L €0,
= 4L € A a3
TETN R YN C—;,gﬁo-]}
and expanding this in powers of € onc obiains
- e §
M =T e [ (B )]
+ et 2 ¢ x
=+ € 3 2 0 -
(u’-' ige') = "'(g-;z."‘f@'-, +.—£—,;,,].n"°’]
3
+ ¢ L (/%
[ 37_p'r+3‘,s n"—é‘).n.
N 1 SN 73
+(Z + ot
ll"P 3‘2.?" |LP‘ 32‘:‘) }

a (3.21)

The problem 43 now to invert (5.21) and obtain € as o neries in
ascending povers of a"%- This may be done by an iteretive proocedure.
Thus the first apmroximation to € for laryp b ig

€, = -4p? c'Pb 00s kb

(3.22)



pEl o mooondd amproximction, corroct to oxder e’am ic obtalined
by substituting €2 for the € dn (3¢21) and solving for € .

«3D

A further theration vlelds € oarrect to order e and the

result s

_ 2 ¢ -f% -
€ = - 4P {.o. Ceo A0 + 1"'[("’-?!.-)—2”' 3f¢2'¢er]
+ -3“'[(39 2 =408 +1) calit,
+ (2 0M - 400 +3) 93“&]} (s

23)
The iterntive proosdvro appears to converye as lomg as he™ << i
and this condltion eerieinly enstwos tmt € & P2,
It falloms from equations (2e20), (2.21) and (2.23) et o
Heht=-bnding approdmation to € is miven by
6o

-*Om
) =. = 4 f 6™ x-m) [v- v] Plaldg

€ =
% —ale

= M (¥ (o) bl

(3424)
wheve V, U and £ are deiined by (3+16), (5417) and (3e18).

{3+24) may be writteu as

o _ TG (vov)a + Z, 2 Cohore [ §cm)ieu) i
| -+ f_"i_ 2 Coa ket [ ¥ (xemte) $00 o

(5-35)



and on evaluating the inteprals and neglecting terms which ocon=
tribute 0 a Mpher order then e 2P 4n € , one obtains

¢! = = 9P e —12 0N 3P0 300

Vo 200+ P4 it 42, 0+200) 2 2 Y020

(3-23)
For Fbe" ® < 1, vhich inequality must hold for the tight-bdnding
approximation to be useful, the denominator may be expanded and C'
{imally exmressed in the fom
e = -;P’a{e.mcoa Kb 4 6 2T ~Fb = (Fb = 1)eos 21b]
+ 63 [ (57%p2. 2)oos Kb
+ (2202 = 3Fb + 1)eoe Skb]} (3.27)

A canpaxison of G’ with the exact expression (3.235) shows that
the first order temm is glven exactly by the tisht-binding approxie-
| maiion, the second order term is very nearly correct for large b
but the third order terwm may be 507 in error for larpo ©be The
required correction to the tight-binding enorry in second order is



- PR (1 + oon 2kb), ' . (5.28)

T™e exactness of the first order teru could hove been predloted
fran an inequality of the type (5.7). Since tho ‘atomie’ potential

uged coincides with the crystal potential for |x|<¢ b and the

) -
'atcmic function iarP-e P'x‘it follows that an upner boaurd to

the error in the tipht=binding method is O(e > P ).

exoeptional feature of this example that the 'atamic' potential

It is a very

coincides with the orystal potontial right up to the mearest
meighbour lattice sites and in a more genoral case thore may be
corrections tov the first order termy

It_: the present exanple, Af the tight-binding approximation is
vsed for a lattice conatant such that the third order torm makes
a sifnificant eontribution, ‘he results vill be unrolisblee In
a more general case 1t may well be that second oxder tems are
unreliable and that the tight-binding approximation should be
reatricted to canes vhere tho nearest neighbowr apnroxiration e
a £ood one, oo that second oxdor temme arc neglipibles It 1s
coriainly desirable to have a method of calculating corrections
to the wpual tight-binding epproximation end one is descyibed in
the next ssctions

It is easily seen from equation (5.26) that neplect of none

orthoronality intorrals would mle the e = P term eemplotely wrongs
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It 18 algo intercsting to note that a three~centre integmml makes

a contribution to the e'gpb

term alreadys

The mvé fhnbﬁon used in the tight—binaing method is elther
a dngie Bloch function or a linear combination of Ploch functions
formed from a restricted éet of atomic ﬁmctléns; The error
involved in using this type of wave function ip the subject of
thia seotlone. It has already been pointed out that the normal
H oht-binding form of wave function could be supplementeod by
orthogonalized plane waves but this would lead to large secular
equations in a streight-forward caloulations In the method to
be described the nomal trial function ip sup-lemented by a sum
of plane waves but a secular equation, other than that which may
already exist in the nomal tight~binding method, is avoided. It
is found pomsaible in a fairly general case to calculate the asymptow
tlcally exnot correction tem by only solving inhomogensous integral
equations, vhich are not eigenfunotion problems.
401 Nop-derenorate Cage

Conalder first the case of a band vhich arises from a none
derencrate atonic funotione Suppose the orystal potentisl is of
the ‘muffin-tin' fom (348) ut that the srhores, within which

the potential is non-zero, do not neccessarily touch and are of



radius od vhere 0 & +e¢ If the atomic potential ti‘d(r) i chosen
equal to vd(r) it colncides with V(x) for r ¢ DA vhere p =1 ~ qe
Moo 0 a €% T € p€1e (The posoibility q = 0 48 included

to cover the § ~funotion case)s It will be noticed that the 'atamio'

potential chosen here varies with the lattice constant and it may
be taken in the fom | |

Ug(r) =v,(r) =v(r) - v(ad), rcad

0 » T

where v(r) ~> 0 ag r D0+ .
The' atomic’ function ﬂd(g) saticfies the cquation

[-P* + 0,1 4, @ =1 g,

Ir an — E, as d ~ 00 , ﬂd(_:_') e.“r for larpe r where

&' = <5+ It is required to solve the equation

X
[-V"+V, - g,(0)] Yil& r)=o
and the ﬂ@t—-b:lnding aprroximation to this solution ig

. 1
f'd@s,z:) = N z:_ em(i.ls-B,)?’a(.x:-RJ)

(3.20)

(5.30)

(3.31)

(5052)
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The tight=binding approxination to By(lc) = E , 18 of axrder o xd
and the arpument of section 8.2 sghows that the correction to
this can at most be of the eame ordery hence Ed® - B e %4,
From now on it 48 converdent o dron tho suffix & fram energles
and vave funotions. Sumpose the exnct solution of {3.31) 4s
. .

YiRo = §(a,0) +at b B0
ﬁ . | (3.33)
vhore {1 4s the volume of tho cryntal and the sumation is over all
reciprocal latticss vectors I_CB. Vhen (5755) 45 pubstituted in (3.30)
and the resultant equation is multiplied by expl-i(k + ‘_K_b) ox) and

inteprated over the crystal volume, one obtains
—'l:.(&_'."f ).Y‘ 2
§« =S (-v '+ V-E)$ ar

%
-+ .(L" = & [ {(&“"Ss)t‘E}su +V‘=$]

(3.34)
vhere

= A )" "7 T ylv) de (3435)



A=0./  being the volune of a undt cells If (3.32)
is used to substitute for £ in (S-M)”and use 45 made of (3.50),
it is ecasily chown that

A—é j‘ -.:‘_(_9_( + ‘S{).r

+Z &;[{(R_-H_(,]t-&'z Ses + Vs 1 =o

(3.308)
Since V - U is gero for r & rd end ﬂ(_:_' ~e-"" for larpe r (9189
Ep = Ewé-*a) it followa that if the lattice constant is sufficiently
large b, ~ o %P e tack of solving (3.38) for the coefficient
bs oxactly is obviously an impossible onee I% wonld be 2quivalent
to solving the bana otructure problen exactly Ly a plone wave
exmnoion and the firat tem in (3.53) would be an umnecessory
enocunbrance. Hovever, the leoser taslkc of finding tho asymptotic fomm
of b~ ¢ %) shen a-3 0 15 not too GifFicult and nay be done
without solving a secular equations Even for a {imlte Inttice
constant, 1f 1t i sufficiently larpe for the tisht=binding approxi=- -
mation to be appropriate, and marticularly 4 the nearest neiphbour
approximation is a pood one, 1t my be expected that the asymptotic
form fr b, leads to an ecourate corrected wave function (5.35) and
hence to an sccwrate eneryys

The foliodng great simpifications may be made in (S.36) if
only the asynptotic form of bg is required. In the first tem E, =B



may be replaced by the tight-bindine aporoximation to that quantity
and in the second term F nay be ﬁzplaced by ﬂoo These two‘mpiace-
ments dmvolve noglecting terms of order e~ %M ma ¢~ *{(p:1)d

" respectively vherean the daminant terms in (3.36) are of crder

o %P Unegs p et the B = T in the firot tem may be noplected
campletely since it is of order e~ ™ 4 Harever, it is not incone
venient to retain thc ‘tight-binding approximation to it for the

~ present. With the sbove simplificintions (5.56) becomes

DTS S ARANE e ey U] far

TR+ -e s, vV, ]

— O (3.57) -
vhere B' is the tight-binding ‘appro:dmtion to tha true eigenvalue
o8 Fo It in required to find b, of onder e XM oh that (3.57)
is satisfied to that orders This 1m no longer an eirenfunction
probleme It is very important not to attempt to satisfy (3.37)
exaotly to all orders since E, is5 not an exact eigorwalue in penoral
end the only cract solution of (3.37) for larce but finite d 1a the
trivial one with b such that yJ (k,x) = 0.

Vith the substitution

o, =l+X)?-gn (3.30)



(2.37) bcccxnga
V, ¢
5 ks + <
(k+w)*—€,
—_ ‘S —alk+Ne).x [€,-E _'_V_Uw]t(,(,,“.,.sg)
(3.
If a function X(‘k_..) is defined, not uniquely, such that
cs= & { Y(&,¥) orBser A
| (3.40)
then, by using (3+35), one moy write (3.39) as
- calle.n _; .
f§ ulw) Glu, o ¥k, vy 2T T _cab.ln S
+ Sulh,n) e By,
A"LS -L(k""(t) h /
[e—€ +V=-U ()] d(y )i,
(3.41)

vhere

Gle,vd = 7" = wxph [ L(Kg+ ). (vi-va)]
(% +Ks)"—E e {3.42)
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{z , £ ) 1z the Green function for the oerator (- 'V" ..130)
with the periocdic boundary conditions (Kohn and Restooler 1954)
emd may also be Written

YT s \ = ®-%
=t —R :
-8l (3.43)
If one writos
oL :
PR, Y) = A " ¥ r) 2 2F
(3.44)
(3+41) 45 certainly satisfied if
ulw § Gl m) pl R)dy, —p(x +)
=TE,—€ +V-uUl)T (v
[ ° ] 6(") (3425)

(3+45) doens not follow uniquely from (3s41) and there is no
frarentec that there existe a solution of (5:25) of the required
typoe It is neceseary that B (k,x) should be of onier e~ ® pd

and phould satiofy (5.45) to that orders £, however, such a
solution ean be found, then retracing the vholo arpment one is ‘
lod to b_of the correct order which satinfy (3437) to the remired



acouraoy. In fact 4t turns out that one can £ind auch a solution}
this is shorm in seotion 10.3 and will be asgumed for the present.

I2p(k,z) 48 Imown 1t is slople to find the corrocted wave
funotion Y (k,x) am enersy E(i)e Tram (3.38), (5420) and (3.42)
it follows that

. = a* Sp0,r) s [-ilk+15). t T g
s (&+ Ks)z-—Eo

(5046)
and hence {3.33) bocones

P(8,0) = $(x) + ol = (PO, )ap LR Le-g]
(R+1w)g,

= £ ( -4
= $(R,v)-w JG(r.r')p(bs,\:') d’.

(3427)
Thies wave function, although not exactly normalized, 1s correct |
to order e u.p% The encrgy is eimply derdved from the folloving
ocuntion obtained by substituting (3¢53) in (S.51), miltiplying

by £%(k,r), intepmting ovor the orystal volume and uveing (3+52)
and (5.30): |

( $*(-v*+V)§4d4r —E (5% 4n

-4 alk+¥s),
+8t £, (= Atk x [E,-€ + V-u(r] $(r)dr

- 0



25

E, = E 4n tho last tem may bo replaced by L) = ', or noglectsd
unless p = 1, and I 4s then obiained, correct to order 2 &% Pﬁ’

in the form.
£ = SEM -+ V)$ar
(€*5 ar

b i g [
[E.—E'+ VU] (e)ar
= B —{f p(a,v) 6 (r,v') [E,~F + V-U0)] $*(r)drap’

(3.48)

vhere use i made of (Z.46) and (3.42). A discussion of formulae

(3+47) aml (3.48) is given in seotlon 1044 The nathod developed
in this section for solving the band structure vroblem exactly in

the limit of larpe lattice constant may be regarded as a conbination

of the tight=-binding method and the Green function method (Kohn and
Rostooker 1954). In the noxt section the work so far is generalized to
the depenerate cnsee

0«2 te cac

Conaider now the case of bands vwhich arise from a set of desenerate

'atomic! funotionse The problem may be fomulated exactly as before
excopt that there ore nov a mumber of ‘atomic' functions an(g_) satis-
fying (3.30) andl the tightebinding approximation to the erystal wave

function is of the fom



where £, (l,x) 45 the Rloch funotion (3.32) formed from f (e

Suppose an exact solution of (3.31) is

f,r)=La, 5y +a 3 M

(3.49)
Folloving the method of the nonedegencrate case one then obtains

the following eqivalent of ecuation (S¢37)1

- i (R¥K) v
R i YA PR

+TF [ ]S, +Ve T =0

The term corresponding to the T, = B! tem in the intemand of the

(3450)

frat term in (3+87) 15 amitted here for comvenience although it

oould be includeds If b is defined as a quantity of onder e~ %P
vhich satisfics

-t -2 &
p= § b x [v-ulr)]9, lr)ar
+ B LR+ -, Y5+, ]=0

(3451
correct to the mme order, then the required solution of (3.50) is

By = % ab e (3.52)



Following the method of scction 10.1 it is poseible o express

bminﬁhefm
[ S A%‘ SP (&,r [—A(k-l-K ). r]dr
(R+w)*— ¢

‘(3.53)

where B (k,r) is of order @ AM,ng eatiafies

uln) (6 (v ) pulk, ) dy, = palk v) = [v—U(r)]i‘ (v,)

(5-54)

to that order. The energy is obtained as followme Substitute
(3449) in (3.31), multiply by f;, $nteprate over the orystal volume,
use (3.32), (5.30) and (5.52) and thus obtain

Z‘_q {fi (—V—I—V-— )fnoh-

4 Ak+K ). r
+ A % 'e’ns S ..Q.A o [\/"‘ U(P)l ¢:(v_'),w}

—_ 0O |,

Himimting the ay one obtalns & seculor emuntion which is just
the usual secul r equation of the tight-binding method in the
degenerate case but with additional {eros in the meftxrix elenmentse

These additionnl terrs may be exrressed in terns of the P" (p)



as in (3.28)s Thus onoe the integral equations (S.54) mave been
grlved a eorreeted secular equmation may be set up which must then
be solved in the usual ways
0.8 T
Intepral equations of the type (3.45) and (3+54) must now be
considored in sone details. Sinoce U(r) = O for r P od it is immedd-
atoly obvious that |

P&.0) = - [E,— € 4v-uta]d(r) v ved

(3.55)
To congider the solution of (3.45) for vy < qd 1% 18 oonvenient
£o use ‘expresaion {3.43) for G(gl, r,) end thus obtetn

J(v) - *A.’__(-f; o *In-h-Rs)

e movory PR + Bk y)

-

= —[e,—€'14(n)

which my be written

| ‘-_{_(__Vﬂ "2 «k.R
w Y CRAE Z% T TP g R

AR = [ -T¢(n) e



vhere r,, ”';:L ;J

Congider the first oase vhen 6 € a € F (Liee q £ %) o that
the soheres in the "muffin-tin' potential do not touche Then
bocause of the ¢~ T2 tomm 4n the integrand of the first tem
of (5+56), and since the U(ry) factor ensures that this tem
vanishes for ry 3 ad, it is surficient to substitute the exterior
solution {3.55) for P (s, ¥, = B)e The eqution 4s then correct
to order & %P, and the Iy = 2 torms may be neglected A€ only
terms of this order ave retained. To this order (3.56) becomes
u(v) f % |

. (&, v)dr, + P((’r,):,)
u(vz)

AP‘ Rs ,1 '
Y s-:{:o .( v _ U(V:.)‘ﬁ(\:.,_-_@,)dés' 57)
vhere the integrations are over s < ods -"'

a——
—

A difficulty now appears but 4t proves to be more anparont
whan reale. Suppose one ettenpts 4o solve the inhasopencous integral
equation (8.,57) by exponding P in terms of the eipenfunctions
qk of the hanogeneous integral cquation

_y ulw) -4y,
M DT g = qa.

T

(3.58)
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Norr the homogonecus emuntion obteined fron {3.57) by. setting

the ripht-hand side covel to zero ia Just (3458) with A = 1.

It follows [Moroe and Peghbach (1953) pne950=60] that 3f )\ =1

1g an eipenvalue of (3453) thore is no polntiem of (3.57) unless
tho right hand eide of tint equrtion ie orthosonal to the olgen-
funotion q 4+ Now X\ e1 ds in fact an eiremvalue of (3.58) vith
el penfunction g4 (r) = U(x) ¥4 (r) simce §f miisfies the integral
eqetion fornulation of the atmic elgenveluo problem (3+30), vize

— A —’:‘Y,

L '“"‘\;: * U“’z)*‘!’-]d/"z = 4([’. ) .

Tt thorefore aproars that (5.87) hap no solution and this is true if
one 1s seeldng an exact solution. Howvever, to obtain P correctl:”
in the limit as d—9o00 it is only necossary to rotain toms of
onder 6% and to this onder the right hond side of (5.57) 4s
orthogonal to U(ry) # (r,)s It may be oxplicitly orthogonslized
to Glry ) # (.ﬁ) by adding the tem

i) 6(v)

LTT S+0o
ohd

b ((uln b *;w‘u(v,} $(,-15.)

a7,

which is of onler @ - and therefore nerlipible. If this tem
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vere added to the right hand elde of (5457) 4% would then be

gafe to attenpt an cract éolution, aftervands neplecting tems '.

of lowor onder thon the dominant ones. lowever, a muc}‘x simplepy
approoch is o variational one and &1l m‘tmblé 40 avoided by using
trial Dmctions wiich are orthoponal o U(ry) # (py)s It 1o first
convenlent to separnte (3457) into different spherical harmonie
camponents.

Suppose
i% .8
e $r-8s)=Z 4nl) Yy (6.9)
(5.59)
where (v, ©, ) are o herical pclhr co-opdinates of r, and
P(&) rj = RZ'M %m (?_C)V‘) YQ.M (ex‘ﬁ) .
’ (3.00)

Also, using a wellelnown cxvension [Mott and Snedden (19%8),ps 387 ] for
-2

3] A2 /"19 and the additionsd thevrem for Leserndre polynominls,

one has

<t 4w

= ek Toas(an) k,,+.(« Y. 0,40, 6, 4)

for Ty < rpe In the cace then ry may alao be greater than Xy



1t ig comventent ¢o vrite

_g_""wh.
Ti: - L\-‘WE L-’lm(hnyt) YQM(O,A’,)YQ;’(O,,J,)
) (3.61)
where
L —
CEVAS: L O, (a) B (k-
s WK, () O-n o
and
(v =) , X>o
o) X< D

On substituting (5.59), (3.00) and (5,61) into (3457), integrating
over e 9'2 and eqnting cocfflcients of Ilm(e‘ , ﬂi) one i‘in:is

u(v) S;‘ Lm0 ) b, (R v) b, + &, (% v)

_ v* (3.65)
= U (v-l) g LQm (V',’Y',_)U(V'.L)%QM(V )V:O\Y _3 %

Tds is an inhanogeneous Mrcdholm equation of the second kind and
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it is not dirficult tov set up a variaticnal principle {or ita
golutione It muct be renenbered thet for tho equation with I, m
corresponding to the myular symmetry of £ it is necessary to use

a trial funotion for by, vidch is orthogonal to U « Othexr conpon=
ento of F are autaatically orthoromal to UF and no restriction
need be made on the trial funotion for theses The Trocticability

of the method described here has been tested succeasfully with

some calculntions on an s<band in a ginple cubdc latiice of sphorical
squaxe vallsgs In that case a fow terns of a pover scrics gerved as ade=
quate irial functions; the example is not of sufficdlent intrinsic
interent to juntify riving lengthy detadls here. The complete
solutin far B correot to onder g"“‘ﬂis, fran (3.55) and (5.00),

pl4& ,v) =Z (B, Y (8,0 — [v-ui]dt,

(s.64)
The first term is zero for r > aqde

Tt has been shown that, in the case of a 'mtin~tin' potential
for which the spherical non-zero potentdal regions do not touch, the

problen of finding the asympiotiocally exact correction temm to the
tightebinding method reduces to the reasomebly simple problem of
solving (35.57). However, if the sohores of the 'muffinetin'
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potontial touch, 4ece q = 5, the atep fran (3.56) to (3.57) in
which the exterdor molution (3.55) is substituted for F (&, L, = R )
does not glve (3¢57) corrcctly to order e” %™, 11 fact the
interior part of P(}g_. Iy = B)s 1ees that part with|r, = 2 _|<ad,
affeots the interior part ofPQg, z,) throuch the o *F12 fr,y to
in (3.56)« However, since ;ekrm/tw is of ghort ronge, this
Yntermotion' 45 only important mny where the adiacens spbereﬁ
touh. In this region § is amll because U ia rwell and 1t should
be & roasonable aprroximation to neglect this 'internction's After
solving (3457) 14 might bo pomsible to treat (5.56) more cxaotly,
if neceasaxry, by an iterative prooedure. |

It has been esmumed for convenience in the sbove that
Uy(x) = vd(r). [see equation (3.20)]« IHowever a sitwation of
caamon ocourence ia the cage of a 'muffin-tin' potential with
touching spheres end Uy(r) chosen to bo equal to v(r), which only
coincides with vd(r) for r € qde Tho ecuation analopous to (3445)
and (3454) 1s then

Va i) § 6 (g, v) pla, v ar, - plk,n)

— tvel - Uo\(vc)] é(‘s) .
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The suffix d has been kept here since it is néceasaxy to
distingmish between vd(r) vidch is zero for r > qd and v(r)
vhich 13 note Meuation (3.55) holds and (8457) becomes

o Tplk v)dr, 4+ p(&,\;.)
- u;(m i ¢ —av,
el s%:& gﬁ""' [ A GYE U.\("' R)]

<“V'1. Rs)d‘l;_.

It is nevessary to make & sphericel harmonic expension cf

< exp (15_03_5) Us (»~ Rs) 3] (;:-;}.a)
S¥o .

in addition to (350), and (5.63) gaine an extra tem. The

treatnent is umltered, howover, and the mlvtion P is of the
form (3+64) with U(r) = v(r).

The above procedure shows how to ebtain 8 in the fom (3.64)
and this can now be substituted in sxpression (3.47) and {3.48) for
the wavefmotion and energys Using {3.43) 4t is firat of all
possible to write (5.47) in the form

Pl v) = §(h v + W 20 (k)

(3.65)
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_ L - &Y, '
$n) = 3 Sl &P;z x Bk, v.)dr, .
" (3.08)
On substituting for 3 fram (3.64) and using (3.61) one fnda
%4 |
v) =
800 = Z Yeu (0,00 [ by (50 e (8 iy,
- L S‘,{**‘
b v [V-—U(Vz)] é("z) dy,
(3.67)

Tho seaond temmn only affeects tlhe wave funotion appreciably in the
outer z‘eg,idnn of a mit cell and, as vill be ceen, nmukes & mmaller
contribution to the energy correotion tian does the first terme.

The first temm is she more intereniing and is:a sum of localized
functions of different ancular symetries. Fach radial funotion
falls off as o 1 , for r, > ql beoame of tho faotor R (&r)
in Iyp® Thiua 4e corroction to the tight-binding wvave function

in (5465) 18 a mm of Bloch funotions fomed from localized functions
af different anpular symmetrdess It is significant that each radial
finotions falls off as & X Xlvhich would mot be the oace if one
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attenpted to supplement the oripginal Moch funotion with a feow
Mooh functions fdmed fron the nore extended higher atanic |
orbitalse FPractieal difficulties 4in the latter approach have
been noted (Paymenter 1952) and the present considerations make
it clear that a larpe mmber of orbitals of each symmetry tyve
would be required to build up the correct wave functions. The
present method bymascs all these dirficulties and also auto=
mtiecally includes correcstions dve to any non-orthogonallty of

the original Hloch function to the core furctionse The oontri-
bution of a glven anrular term to the wave funetion is determined
by the corresponding funstion by, which in turn 1s dotermined,
through equation (3.63), by the funotion gy (r) which appears in
(3.59)s It 1s therefore intoresting to see that each anpular tem
in the correotion to the wave function is induced by the corresp-
onding term in the expansion of the original «Mooch function about
the origin, the atomic function at the origin being omdtted. This
automatically ensures that for a piven k only those anmlar tems
eontribute vhich are allowed by oryotal gymmetyys. The above dise
ocussion has concentrated on the firet term of (3.07) which is the
more intereasting and also the easler to 'calcula'be once F is Imown.
Hovever, the points mode above require no modification 4f the sccond
temn 1o incluled, since for r; S od this also fallyorf as e 't



and may be eéxpanded in sphordoal hamonicse In this osse each
angular term is induced by the corresponding term in the expansion
of [V=-U(r)] ¢ (r) about the oripin.

The corrected enorgy is obtained by substituting (3.04) into
(5.48) and using (S.45). Thus also using (3.06) one obtains

£(8) = £0) + £ 25 f1n-80 [v- ] $ )i

(s.68)
vhich as 4% may be written A
€(8) = £'(%) + § 5 (r)[v-uln)] $%x)dr
Ak
I 20T g n) vl 9ty +;,)o\1‘ oo

where tho suretion is over nearest né:lghbmxr siten I, » Sinoe

?%) and #(x,) both fall off as & ' the first integrel 4n
&1 resenbles a degenernted threewcenire intosml 4n
which the two wave function centres caincide, and may be nogleoted

as 4 — 00 « Similarly, shen (3.67) is substituted in the summtion
term of (3.09), the termearising from the second terms of {8.67)

are negligihle. Then using (3.50) and assuning a centre of syrmetxy
ona finds

. |
E( %) = E(?c)-l-z: ff L ("',,l‘ )er (9¢ )U(r,)ﬁm(y')

it dr dy,
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The corrsciion to the energy is therefore obtained as a smn of
tema arising from MMﬁ anpular toerms in tho corrected wave
funotion.

Ng application of this method o a problem of real interest,
has yet been made. The crux of the method 1g the step from (3.36)
10 (%5+37) vhere the eipgenvalue problem is eliminated. It may be
worthwhile to 1llustrate the method in the simple one-dimensioml
ocase of the chair?: d-functions oonsidered in section 9, and to
verify that the proper asymplotic ocorrection to the tl.ght-binﬁlng
method 43 obtained.

It is possible to follow through the solution of (3+45) for the
one dimensioml ohain of §- funotions in a way quite analogous to the
penexal method of section 10.3« In the motation of section © the onee
dinensional equivalent of the Green funotion (S.42) is |

6, %)= -3¢ 2= 2=p LAy (R4 amye)]
nEe (k4 2mnfe)* 4 p?

= "‘,5:!"', £ -‘0‘-?\ i—(’lta-m!r’ +i&m9:}
m=-o (3.70)
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vhere ¥ = X, = X, ¢ G(zi, xz)maynloobevzi.ttenincloaod
form for y 4n on interval (0, b) but the form (3.70), which is
the analogue of (%.43), 48 in fact more converdents Vriting

' = B, + € to conforn to the notation of seotlon § and using -
(3.16), (3417) and (3.18) ane obtains the analome of (3+45) 4n
the form | B

—~20 § (ac.)_S G(2,3.) B(R, %) ox, — PI(D“’")

= [-€¢—-2¢f = §(x-nt/] ree Flxl
n*a '
(3471)
It 48 required 0 solve thle corseot to order 6 0. For x, » 0,

p(R,x,)=-[ ¢ +20 £ 5G,-nt)] Pl
h4o
» (3.72)
and in this sinmple caseP aOforxl = O [The right hand side of
(3.71) nay be taken as zero at x; » O in the etep analogous to that
from (3.41) to (3.45)]« The corrected rvave funotion and enerpy may
now be cbtained by substituting (3.70) amd (3.72) 1in the onee

dimensiopal amlopues of equations (3.47) and (3.48)e One obtains
[or. (3485)]

Y0 = $(hx) 4 NEg A )
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.m
/! _
$(x) = S{pz(i"-* h‘-p-:x.fp")

gk ot Pl _phee

+ 2 )

end £(k,x) 15 the origina)l Rloch funotione
Olearly #(x) + § (x) is the Vannier function for the band,
correot to order e P. The wave function may be written as

Y (&,x) = §(%, )
- [193/1-_’:?{-%&&] N"S'I §-&Amp'e’|x-m?/’-€ﬂx-"&,

and the correotion to the wave function is thus a Moch sum formed
fram & localized function |x|exp (<P |x] )« An eqetion similar

to (3.68) pives the correotion to the tight~binding eneryy expression
in the fom | |

191 .9:?":@ ko = -g:im.t!rj' || < P)a—mt-|

/ -nt)T Pl
[Q +1P;I*:DS(1. n )]_g &
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Only the €/ term 1n square brackets ocontributes to onder e 2 °
and the energy correotion is easily shown $0 equal the proper
exiwession (35.28'« This forms a check of the methode
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C1EA

The aim of this chapter ia ¢o apply the ideas of Chapter 3
to tho case of & bandse The method of section 8.1 48 used to
estimate upper bounds to the exrors expeoted in a tisht=-binding
caloulation and tho queption of the best choloe of *atamic’
potential is oonsidereds The conclusions reached are cumnarised

in section 13,

In this seotion it is proposed to ostimate the error incurred
in a typical tipht-Miniing caloulation of d bands when only Dloch
functions formed from 84 orbitals are useds This estimate vill be
bosed on Fletoher's (1852) caleulation for Mie I¢ wap Sdwwd pointed
out 4in goation 7 that the drfmtal rotential veod by Fletcher was not
clearly defined and it vAll be renlaced hore by & ‘muffinetin'
potential of the form (2.1) wvith
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ENERGY

FIGURE ¥ :Schematic diagram of bands
along the A axis.
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[4r]

v(r) = Uf(r) - Uf.(ro) s T<T,

vhere Ug(r) 1s the ‘atamc’ potential used by Fletcher and r, in
helf the noarest neighbour distance, (3/2 in a rrevious notation).
The 'atomic! potential hero will be taken as

Ur) = Ue) - Uln) (2.2)

for all r, vhich differs fram Fletcher's only by & comstant. It
is unlikely that the band structure calculated for the 'muffinetin’
potential described wonld differ too mueh fron thet calculated by
Flotcher. Tds is shorm schoratically in figure 4 for the (001)
direotion and the full linos show the type of structure to be
expectod when other bands are includeds. Fletoher made the twoe
oentre nearest neiphbour approximation but this could have been
avolded with gome effort. In faot the error made through tids
approximation is probably not very larges The concern of this
section 1s the error nude by only using the five Moch funotions
forned fram 34 atamic functions, and for simplicity states along
the B axis are mainly concidereds Alang this axis the Bloch
functions forned from different d funotions ab not mix and it folloms
from msootion 8.2 that an upper bound to the error for a tyrdesl



state in the band assoclated with the atomia funotion ¢ 0 ie

\8E,;, | ' f 14, (0] [v-um]* 4o
. (4.3)
O %y, 40 the encrgy interval between the tight-binding ap:rox-

imation to the state considered end the exact enerpy of the nearest
ned ghbouring atato of thc samo gyrmetrye It is clear from fipre Y-
that apart fron states of 0, end X aymwetry 1t 1s safe to insert
a valuc of 25 rydberps for O X3¢ (The nearest ocore level is
about & rydbergs dovn)s Tho integral in (4.5) will now be evaluated
using nmethods described in cectlon 173 | |

Urdng (241) one may wxrite the inteprel as

frd, o) Tv-vin1*se
= S*Zo (g, 00 Twle-e) T 4>
-2 ?;;Z, §|¢h(:)|" U(v) vlr-g) ar

+ {160 TumT ar

r>r,
It tumn out that the last two terms are considerably smaller than

(404)

the firnt so attention will be concentrated on this omns Only nearest
noighbour sites need be included in the sume Followlng a mothod
desoribed later in seotion 17.2 one may express the intepgral

TV = (W) [ve-00] 0



4n tems of integrals which involved d #inotions referred to new
axes Ox'y'z? where Oz' is in the direction of R,+ The oripinal
a functions #,(z) are given by (5.0) referred to the cubic axes
of he eryatel ani tho transfemmed & functions ﬂn,(g) are piven
by similar excrepsions but vith primed co-ordinntese Tith new
inteprals defined b;sr R

T =) «il,,,(_\:)lt [ r-&)]‘;h-

{4+5)
it i foumd, as in sectlion 17.2, that
2 a2
= gw,,@l [v(z = 21" ar
S¥ko
' v - ¢
= 51(1 ) + 41(2 )# SI(B ) s M=, 2,3
Y.

$10, 0@k al s (2.6)

The 4 funotions Vooourrlng: in I("')anﬁ 1(3')hava nodes pessing
through the potential centre: and I0 % makes much the larpest
contribution to thess expressionae It follows from the above
disoussion that, apart from states of A, and Xi. syrmetey, a
tyrieal errar in rydbergs should not be larger than the nureriesl
value of 1$5') 1n (ryabergs)®. A more accurete calowlotion vhich
inoluded the second tamm in (5.10) would lesd to lomer upper bounds
to the error for :same states, but hisher upper bounds for otheras
No error chould be greater then tvice the tyrloal one indicated and
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the errar in the X, state should also not be worse than thlse
1(5.) rmy be mlcu!.ated by the nethod indioated in section 17.2
and 4% 48 ol to bo 008 (xyiverps)” to a good approximasions
The mdial vave function used was Metcheé's malytic agprd:dmtion
to the I'nrtrec-Fock function. It 4s intercsting to note that,
althourh | ﬁ(;)lzfana off very rapldly redially, the largest con=
tribution to the interral cones fram the imuediate vieinity of the
potentdnl site becavso of the 2 eingmlaﬁty in v It 4o con~
cluded “nt a fyrieal error in the galconlation should not be gz-ea‘oer
than 0.04 rydborgs for any state vhich doos not interact with the
ovorlapdng sp barx‘i. This accuracy is sufficient to ensure that the
oxderity; of loveln et points of Moh synmotey 4s correotly piven and
ghows Hhnt the tichtebinding method 1s at lenst semi=guantitativoe
The acouraoy may be considernbly beticr than the upner bhound estimate.
The above caleulation possibly represonts tho tight-Moting
epproximation in rother too faveurable a Yphte Floteler enployed
HartrecwFook Cut 33 funotions and these correspand to a more attracte
ive potentdal than axisfﬁ in metallic M's “hene functions are more
localiized than thay should be amd this accounts for Fleicher's rather
aall bandewidthe It 4s clear fram (4.3) that the acovrecy of a
tightebinding calculation deperds lorrely on the deproe of looole
imation of the atamlc functions useds 2n exarmle at the opponite
extrerie 1n to be fourd in Chapter 5+ In the ealoulation on Cu reported
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there vory diffuse 'asode' functions are used and by actual
calculation ‘&m ervor in the tight-biniins enerples is found to
be sevesml times the true band vAdthe ‘Atomie’ funotions are
detormined from an ‘atamic’' potential which is usually closely
related o the orvstsl potentinl. A ¢ipht-binding osloulation can
only bo successful for a givenmetal Af a reasomble chelee of
‘atorde? potential can be nade such that the ‘atonic' funotions ave
aufficiently locslizeds The question of vhether this is the cnse
for ooppor and the transition nmetals 1o discuased in the next seetion.
In the free ata of a tramsition metel 2 mmber of different
confimrations (33)7(45)® mve energics vory close to each others
In the netal these confipurations interact, the 4s band overlaps
the 33 amd, and 4¢ 18 unreasonahle to use a potential oorresnonding
to the lowest atomie confipuratlon in the vicinity of each atan.
This haz been ghomn explicitly for body=-ocentrod eubic iom by Callewmy
(1955) ond Storm (4955)e Both theoe vorkern vsod a potentisl bosed
on tho melf-conaistent £leld Lo the %2°48% confipuration of atanie
iron and An hosh easos the 34 bend vas found to lie oompletely below
the 48 Honde This would imp]y thnt the eonfiruration 4n the golia
was 327 which 4s nconststent with . “initial confipuration assumede
Both caloulations algo found the .hand to be about Q04 rv. wide, widoh
is narrower than the width sugreated by Xeroy emission messurements
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(Seinner, Mullen and Johnston 1974). Caliavay's celculation

was by tho 0PV method and Stern's by his medified ticht~binding
nethode In Stern's case the narrowness of the band is due to the
looalired nature of the atanlc functions and the situation ds such
that the tight=binding method 4e protably very accurate for the crystal
potential usods Unfortunately the potential is not physicnlly veason=
atle. Iater caloulations by Stern (1959) and Tiood (1902) have chomn
thot a potential tesed on a 3d'4s configumtion leads to move reasone
able resulto. Farms (1900-02) has investipnted the effects of diff=-
srent cryafal rotantiels in 174 wsing the ATV nethods [Hp inditial
calenlntdon enployed o potentdal baed on a 51°4s2 aonfiguration

and thy 8 band waps found to lie very low relative to the @ band.

The s boud could accommodate two electrons below the & band which
does not agree with the nomal model of Hi with 6.6 n olecbrunse

The 4 band width was 0.63 rye Hamg also $ried & potenidal based

on a (30010 qonciguration vhere the sitvation was found to be vorse
with a lend width of 155 ry. Thls was only to be expeoted since a
4 sleotron is not bound so tishtly 4 there are 9 other d aleotrons
to sereen the cores Ifore recently lanus hag applied a suitable
oxchange potential corredtion to his original potentlal ond finds
that the d band lios in the middles of the frot band of the sp bands
and has n vidth of 0.3 ry.

Thoe above dincucsion shows that chooping a suitable orystal



potontdal is not casys The method at present is essentially one
of trial and errae wniil a potential is found vhich lends to 2
band structure eonsisbent wd th kmomn physical datas It 1s often
roonrked in tho litercture that modern computing tactniques will
soon reke 4t possibie to coloulate selfwcosaintent potentlalss
It wop pointed out in section 2, howevor, imt the aifficultics
of the many body problen are such that it 48 by no means clear
vhat self-consistert problen has to be solveds |

The quoation to be considered now is v&xéther various erystal
potenials, vhich have heen foumd phynioally roasomble for tranae
ition metals, are suitable for a tirht-binding approache Crystal
potentiale of cellular or "mulifinetin' form normally emvloy an
atomio-liice potenbial within the cell) or insoribded avhore, and
the potential extrapolates snoothly to the form =2/v. This extrae
polnted potential 4s the most natursl oholee of *atonic' potential
for a ticht-binding caloulatlon and the suitobility of this cholee
will presantly be conaldored Cor several cryatal potentinls for
viich band calculations exdste Ina tight-binding oalculation of
4 Innds the bands syrend to an aloost equal extont sbove and bolow
the elpenwalue Ty of the 'atomie® Sunction, caleulated in the 'atomdia
potential., Thus by examining a bard structure, vhich has been cale
culated by some method for o glven orystal notential, 4t 4a posaible
to infer the binldng emorcy of the maturcl dhotee oi‘ ‘atomdo’ funotion.
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FIGURE §: Graphical plot of the data in tables
A and B.
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mds hinding ensrpy detereines the ocelirzation of the Yatonde!

B -
forotion which for larpe r varies ae v

Tahere &= «Hye Tt is
then pessible 40 decdde on the oultabllity of the ticht-binding
methods Valuce are 1icted 4n table A of & ectimated in this vay
Orom varlous bond eﬁhwﬁzrca onlonlated agsouretely by methrﬁa othor
#lan “Hicht-bindnre The width of the ¢ bond is also indlcated.
Tho results of Hanus (1962) on I are not piven ainoce his potential
dnca not extmnolate 0 «2/r and the natunl cholee of ‘adonic?
notentinl indlonted above is not posaiblee TFrom table A 4t is scen,
as wonld be exnected, that the hand vidth is enller when tho 4 bands
e lower, isee vhen the 'atomic! fumetion is more localizeds Frm
this point of view lowarth's band width is vnesrectedly small or,
sltenw:ivcl:,-,_}*is & bard Moo woerpoetedly rhs  To discover vhether
a tisht-bindding colculation hneed on the natural ‘etonio’ fonetions
viould lead 0 reasonabloe rosu ts‘ in tho abeve cituntions, 1t is
nocesoaly Yo ommine the band-eddihs ohtedned uvaing 'atorde’ funotions
vith wmrious derreen of loealizntions Valves of & and band width
for some existing tisht-mm:ing‘ cnloula{;ionn are plven In fable De

The data of tables A ond B axe revroncmbed g-mphimlly in
ticure § ¢ Tt is clexr 0t Hoht-binlir- calenlotdong fon the
cryetal potontinls of table A célc‘ﬂntiona, cd vilth a natural choloe
of ‘atamie' rotentials, wovld incvitebly lead to bend widihs eonatdore

ably laypor then fhe tree onsoe Por example s Bchbehinding ealeulation
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JARLE A
-1,
o {Gadle. m@.@m
Hommapth {1053) Cu 2! 0428
Serall {1962) Cu (1ot potential} 0.8 0426
Cu (2n3. potential) 07 0430
17003 (1962) Falule Je 9194 0.45
G(alle Te ' Gedd 040
TAME B
(Il meisem
Meotoher  (1952) 4, 20 02
Beladng (1089) BeCeCe Fe 1443 0e34
Stemn (1.559) Do Fo 0.7 0.68

Pivmmds (see Chap.5) Cu 045 180



for Cu vping Segall's seoond potential, and using & matural
cholece of ‘atamic* potential, would almost cortainly lesd to
a band width nearer Stermn's value of 0.63 rys than the accurately
calculatad one of 0.30 rys Thia inference can be made, in splte
of the fact that Stern's calculation ia for B.C.0.Fe, because, in
the rogion of o<1, band widths in a tight=binding calculetion
are nore sengitive to changes in fatania' function than to changpes
in orystal potentiel and sixucture. This of course assunes that
differences in crystal potential are not larpe and ithat the nearest
ned phbour diatance 4a not changed miche %These conditions ohtain in
~the precent cages For the vace of lomrth's Cu potential a tiphte
Winding oelculaﬂon with a naturel cholce of 'ataxic' potential is
reported in Chapter £+ The band width is found to bo much too
larpes This result is not surprising cince 1t 4s pointed out 4n
section 18 that an upper bound to a typicel exrror, caleculeted from
(444}, &8 cbout 2 rydbergs in thia casee

The evidence oited sbowe shows oleayly that a natural choice of
‘atomic’ potontisl must be abandoned in calculating @ bandses Reasone
able ne*m'l‘bs are only obiained 1€ a>1 ani to ensure this the binding
eneryy of the'atanic! function in the ‘atoare’ potontial must bo
erentor than 1 rydberge Same obvions altermative ahodces of ‘atanio’
notentinl are shomn in fisure § « The brokon lines shor the modi-
fied 'atanle® potentialg and the full lines show the natoral choloe
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of ataric potentiale In case (o) the potential 45 pencimlly
deepened, particularly in the resion vhere the rediol d function
peakss In cases (b) and (e) & stop 48 introcuced into the 'atamic’
potentinl on the ‘muffinetin® sphere. The relative merits of these
poasibilf.t.’.ca ray bc; stndied using the oriterion indicated in
soction 842« Tho 'atame' potentinl U showld be chosen so that

the intorral

f1éto) Le,-€ + V-uT 4y
| (4.7)
ic an amall as possibles #(r) 45 on efcenfunction for the potential
U with eironmlue B, ond B is a2 typleal enerpy in the hond cnlculated
by the ticht-binMng nethode E' may be talien as tho 34 eipenvalue in
the natvrad chofce of 'atamic! ‘potcr.tial- By = B' ip not neglectod
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s hag boen done previously, sinoe 4t is not nerlirible in ease
(a) vhere there is = larce cnerpy shift ( o 1 rydbergie To
achieve approximmtely the same o for the 'stemic' funciion in
all cases tha potentinl step h must bo coual 40 the enoryyr AL
eronce B! = Ty 4n cace (o)« It 4s then clear thnt tho contrdbution
46 the integial (4.7) frcxn the region © > ¥, is of simdlar magnitude
in a1l caseae In ease (a), hovover, there in & con-l:x"ibxxti;m fron
T & T, vhich mey bo cuite larpe, althourh the large B* - e tem
must bpprocimately enncel V. - U over pard of the !'aiige. The best
chadoe of 'atanic' potential thus appears to be one of type (b} or
(e)s

It 48 simple to estimate an upper bound $o the error in a typleal
£ sht-Mnling calevlation in which atoudc' functions ae localized as
tho MartrecFock Cu’ 53 fmetions are obtadned rr ugine an 'niomle’
potentinl of type (e)e Ii is only necessary o veealeulate oxprosee
!o" (4»:4) with U faldng s connfan’ velue of (h + S/x*o) rdberges I
thin 45 dmme with b = 1 it 48 found that the %';;-3-,-% two terms are no
lonrer negliritle ond the value of (4.44) 4o appradmtely tvice that
celenlatied in soetion 1‘3.1. Thus a typical error in ¢he calewlation
ghould not be grcater than 0.08 rrdberrs for any ntate which does
not interact with the overlapping sp bands If the same ‘atordc’
finctiona were obtained using a potentlal of type (b) the wwer
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bound estimate would be snaller, porimpe about 0.08 rpdborgs.
It is probable that the scouracy 1s well wididn the bounds sete
Thus if en ‘atonic’ potantial of type (b) in wed the tighte
binding method Wmmwd‘ﬂmﬁMimmmdeaﬂdm
can ogcur when the matural choloe of ‘atomie' potential is mude
for d bandse Ideally the aotual Dotential step introduced should
bo chosen ©o as to minimise (4.7)s Fortumately hovever the band
atructure obtained vill bo falrly insencitive to tho exnot value of
K , and hence of h, for the following reasonss Firstly it is neen
feon fipure § that the band width only deercases relotively slovly
88 increapes for R > 1« Secondly as h , and henoe & , increases
the narnitode of the factor V - U in the energy intormls increacess
Thoce two eff'octs tend 0 ctmponsateas

It rdcht appoar that by introdueing o potential ntep into the
'asriio! potentiol, end thue obtaining very localized ‘atomic® funce
tions, o icht=binding viewpoint Mas been artificielly inposed on
the syatems Thic s not. g0 however since the potontial step device
only works vhen the clurge dintribuddon eorrosponding to the natural
chiodee of ‘atoude’ function is svch that most of the olorge 1ies
vithin the sphere inseribed in the wnit cells Then the matural
fatonlc! fimetion 1s more dirfvge, esfe conduetion slectwrons in i,
the offeet of & potomtial step is rerely o force wp the aneryy withe

ot preatls increasing the bindinge Thus, evon using the potential



hey dovice, the tighbebiniin: ametei-atin oan only bo vsel for

ologtooms vhiech o ~vite Lehdly bomde Pootiion ovidonoe for the

arrevnriatonoms o the toht-Mnding nethod for & bonds 4s the siimle

"4 hbebAniinwlile? fom of 1) owves ottained in acormate onloule

eddong by Yoo {1009) for Ye and Toppl) (4009) for Ous  Hornwell: and

Vohlfart (1861) woro ohle to £it ¥aodts vaoilis wery vl using tighte

Bindine dntorondafion forruloos

Ty mead Srovhze® 39 the conl $ichteldniing pothod for & bonds

o it 1% doece nod Qond) wlth the g end » ands thdch awexlnp e d

tenle Thene nnds and thely interrotions with the & Lopd camnat be

trontad by the vand $ichtebMindMoe nothal efnoe tho 45 and 4D alodo

funetions hawe Inrse overlena vi4h noichihowine atonge  In dhe nert

tion 34 is onmpidored wivther the Zdoas of Chapter 3 van e used

to povide oorvestiong fo the (- 4-Mnldnn w*!"*tx, an? o daxt with

the mmoblos of g0 amelase

It 2g Mawt o

7 01l wmorth cmalderin: vhnthor thr agrmintic
oorvestion nothod of sootion 10 can be vrel 40 oalarints evremodt

o the Hiphtebinidng moihod in the eare o & Innips  Inlopdunataly

o 3s ot ho cape dnee ho nethad enn onlyr iy ovlied vhan the
Intrte’ fonotiong ore aetinily bomd 4n e r?finetin® wodl, Jeoe

when thealresvalos for the nbtarie’ OQmetion Men below thn nopstant

00 potentied betuos othoress This 4o not the case for 4 hanls when

roalictio orvotal potontinls are vsede Tho asyrmtotio corrcotion
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nethod cotld prolably be aprlied successfully to Stern's (1955)
initial ticht-binding calculaidon for Fe in which the @ band Jay
commlatoly helow the & bande Ree:liaﬁc d bands 1%e Just within
the vanpe of epplicabliity of tho ticht-binding epprorimation,
elthoneh osve s needed as wes dlseussed in egootion 1.0.9, but
outside the range of appliccidlity of the asynpiotlie corceiion
wethods

The jeoblen of hov 4o deal with the mworlayming s end p tands
in a ticht=hinding calenlation reraing on unsolved once Unc dteniative
gueemation vey be mede heres I peetion 10.4 1% wme polnied out that
correciions to the ticght-bindiny vove svnction &alw the fom of Rloch

nums
T eplipn) Ta-n)

vhere § 4s the product of o njheriesl harmonio and a yadlal fSmotion
vhich 112 off oxponentdally as rapidly as the tight-binding *atomie’
fimotione In the vase of & bards, although the asymutotic correction
rethod does not apnly, 1t is noverthcless worth considering the use of
sirilor functionss One ¢ould constrvot 4s and 4p funoidons whlch

resemble the corzes-onding atomic funcidons over the core resion, ®o
tnl they are orthorenad 4o the core funedions, but which falld off

exponentiedlr as fant es the & 'atomda’ funeticnes Rloch sms fomed

from thece eovld bo vaad, together with the 4 Hmetions, to set wp
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the nowml seatlar eqations The vairix dlen-nts could be exsdly
colcwintad hecavse all the atomle funeiions uscd wdlld be quite
10@\25.30‘1. I magr be alrmifdeant that accumic ealoulations (Vood
1962, Semsdl, 19062} show that the sp band s oloser 0 a tipiihe
WMnding {om of band than to frcee eleetron Dandss e band gpps
8% the sone bourdsries ave lorpee Corneeil ond vohlfarth {(103:1)
were alle to fit Vood's p and & bands vith ticht-ldnding fomaules.
It may elec bo slsniticant that Lioliner (1£52) wue akle to 46
Pippard's (1057) Cu Formi murface with femms of Hghtebinding feume

[See eden a reforence 0 T1.J- Roaf in the paper by Seepdl (1532)]e
L3 Songlisionn

The etionlus for the woid: deseribed in thia chaptor and the
precoding one was e rathor mnmiccesefel oxlouletion which s roported
in Chanter Se A posoible senuel o this indtdel eslculation which
filed through maldng the matumml ohtdes of 'afasic’ Jwctions, vould
have been 9 repeat the emladation with nare localieced, il miler
erbltrorily chosen, “2bomio’ Dmetionss A mare recsonable soi oF )
cuvos ™uld cordeinl have beon ovtalnod but 4% tag folb $iab 1ittle
vo'1d b goined by adding 4o the existing mmber off gueh arvlitrary
cxlalationg, of unmom acewacys A pore fundaental evmmimibion of

e basiz of the tight-HMnding cethod was thereforo widerdson and the



main oonelusions will be suminrized heree It is felt that the
vay has how been prepared for better understood and mare carefull:
controlled applioatians of the tirht«-binding nethod, particularly

to the study of & bands.

(1)

(2)

The main conclusions are as followse
The ‘atamie’ funotions in a tight=binding calculation must
be well localired.

The error in the caloulation due to using a restricted sel
of trial functiong is likely to bo larpo unless tho nearest
nodipghbour approximation is a rood onee It will rarely he vorthe
while porsuing & #sht-bindingy celculetion boyond second nearest
ned ghbour interyalas. This conolusion v reached by cencral
arpuments in section 8y and in seotion 9 the error in the tichte
binding mothod was calculated explicitly for a chain of § ~funo-
tongse The calculation reported in the next chapter shows how
1a§ge ervors arise if the 'atate' funotions are inmufficiently
localized.

The 'muffin-tin'potential $n the mo: ¢ suilable fom of eryotal

potential for a tight=hinding oalculation. The reasons for this

are the following:

(a) Aceuracye Accurete rosults for a piven oryatal potontial
are no -t 1ilzely to bo obiained 4f the 'atardo' functions
correspond to an ‘atonic' potential vhioh coincides with
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(c)
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tho orystal potential within the sphere inseribed in
the unit celle This condition camnot be saticfied 4f
the aryotal potential is consiructed fram overlapping
potentials. A oeliulnr type of polential has practical
dondvantares but the ‘muffinetin’ potential 4s ideals

Vith the 'atame’ Punotions chosen as inileated the &rial

Moch funotions are nearly orthoronal to the core funotions.
Ntm-drthogomnty to the core only nrises from overlap of
the ‘atomic' funotions with core functions on nedghbouring
sitos, and this must be nerligible if ocondition (1) above
1s mitintied. |

Practical advantapese It vap pointed out in ncotion G.8 that
vith a 'muffin-tin' potential the mm of three-contre intee
g e in 79,24) 48 raridly convorpent. If condition (1) s
well satisfied three-centre intesrals are a minor correction
to the two-oentro aprroxiration and may easily be caloninted
since the integrations are over schoress A nmethod to be

deacﬂbed in seotion 17.3 15 a convenient neans of calonle

ating theme

The availability of a correotion metﬁoa- In scotion 10 a
method wyas devwel;dped for correcting the tight-binding method
for the error which arises through using a restricted set of
trial functions. Tho mothod applies vhen the corystal potente
ial 48 of 'muffinetin' foin and vhen the ’atonic' funstions
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correspond to statos bound in the 'muffinetin® well.
In geotion 11 the nethod vas applied to the simple
§ =funotion modele In the peneral case it is interesting
$0 soe how uormationq of difierent mmxlnr tymetries are
cancm'baq by temms of these metz'lea vwhich edset 4in the
oricinal trial mnotiém vhen expanded about a latiice aite,
(3) Reasonable accuracy can be attained in a tightebinding celoulation
of 4 bamié, at least for those states which do not interast with
the overlapring sp band, provided the correst cholce of 'atanio!
notential 1a made.

A matual ohoicc of 'atomic' potential s obtained by extra=
polating the potential within the 'muffinetin' aphore to a covlomble
form for large re. In this chavnter 1t was shown that this chotce
of *atanic?! potential 4s a wvory poor one f&r 4 bondse In order

%o produce sufficiently lécalisea ‘atomic® funotions 1% ic nocense
Ary to introduce .'mﬁ: the 'atomie’ potential a potential step of
about 1 rdberg on the 'muffinetdn' sphore. J'l‘h:la is preferable to
using an *atonio' potential rhidl is decpened within the spheré:
the latter method leads to results of uwicertain eacouracy. It
has been argued that the band structure ahauid be inssncitive to
the emaot potential step introduced and a oriterion for choosing
a reasonable one has heen givens The use of more localised funce

tions molkes the calculatlog sinpler and more accurate at the sane



#ine. Tho noarest neirhbour approximation nay be a food ono,
althouch 4n & pond caloulation the next nearcot nelphbour twom
contre intommls ond tho Iarmst thrececontre and noneorthogoe
anlity intograls showld be csloulatode An upper bound o the
ervor 4n a typical d tond celeulntion, for a state thich Goos
not dnternct with the overlapping op bands, is estimntod to

bo about 0s00 rwe Thero are indlcations (sep scotion 10) that
in many casss the error ey bo vory mueh mwller than the uppor
bound ootinatos She problon of sp ovorlep 48 a difYicult ono
bixt a sugrestion for doaling vith 4t Ino Doen made.

It 4o olwious that the (ihtebinding method camot aspire
to the nocuracy vhich oay br achiovod bty pme other nethods at
o rostricted mmber of points in tho ponoe lovorthelean the
Hiht-biriing nethod oan pive a reasombly aocurate pieture of
onorplos ond vave {vnotions throwhout the nonod 44 4o converdont
for calculating dengity of statos curven and the vave finotions
rre mificlontly pinmle to form a basis for miyaienl thooricpe
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CHAPTER

A TICAT-BINDING (ALCULATION FOR

In this chapter a oalouvlation 4s descridbed vhich was carried
out to inveatipate direetly, in a partioular case, whether the

struoture of the d band may be obtained with reasomable aceurscy by
the tight=binding methold using only the Hloch funotions formed from
the 54 'atemio' fmotions. In the event the calculations glve very
poce results and the reason for the failure of the tight-binding
method is obvious a poateriori. It appears that, through taking
the matural cholce of 'atomie' potential, the ‘atomic' functions
used were insufficiently localized. Nevertheless the caloulation
is reported here since, dsspite the nemtive remilt it has scue
posttive aspeots and two of these may be mentioned nows

In section 16 a genexrsl method‘:la desoribed of reducing all
the energy integrals to the smallest mmber of indspendent Mtgg;-ua.
The procedure gx.van is more convenient and systematic than that used
previously by Slater amd Koster (1954)« A seoond feature of the
caloulation is a new method of caloulating three-centre inteprals
which, to a fair approximation, reduces them to twoecentre integralsj
this is desoribed in pection 17.3. These features of the calculation
made 1%t possidble to include a large numbsr of three-cgentre integrels,
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as well as two-centre and nomeorthoronality integrelss Such a
canplete tight-binding caloulation does not anpear to have been

done previously for a three-dimensional lattice although Corbato
(1956) has onxried out an extended caloulation in the two-dimensional
case of graphits. | | | |

The general discussion of Chapter 8 shows that to formulate
a tight=binding caloulation attention must be paid to the orystal
potantial V(z) and the 'atomic’ potentfal U(r).
A1, The orvatal potential

Stnoe the calexlation is aimed at investisating the ascurscy
of tho tight«binding mathod it is desirable to use a orystal potential
for which some accurnte eigenvaluss are knom. The t).ght-bindim
results may then be compared with the known values. At the time
when the caleulation was started the only existing accurate caloula=
tions on the d band in copper were the two caloulations of Howarthe
The first of these (Howar®:11953) was by the cellular methed and the
second {Howarth 1658) by the AFY methods |

The potentiel used in the cellular method is of the fom
<= vig - By) where v(r) is non-zerc and spherically gyrmetric
inside the undt¢ cell oontaining the origin but pero outtide this
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cells The integrals involved in a i) 1~binding celeulation for
' thls orystal potentdal would he intograls over wilt cells, and extrenely
aifficult to evaluate. The crystal potential used in the APW method
ie the "muffin-tn" potentinl vhich 1s spherically symetric inside
a srhere raddus ry surrounding each aton and constant between these
spherese The radius r, is chosen 5o that the spheres just toush and
the oonstant betwean spheres is chosen ao that the potentio) 1ps
oontimwous across the boundaries of the gpheres Sinoce the potontial
is arbitrary to the extent of an additive constant the constant value
batween spheres may be taken as zeroe. The potential is t}xmoftbo
form ‘ ,
W) = T vip-y) (5.1)

where v(z) 1s sphericslly symmstric within the sphers redius ¥, ,
surrownding the origin and gero ocutsides It has been pointed out
that such a potential is extremely suitable for a tight-binding caloule
ations It was therefore decided to use the same crystal potential as
Homarth used in s APV caloulation, and the results obtained in a
tight-bdnding ealoulation should then be ocomparsable with Howarth'se
Although Howarth celculated the tigenrvalues only at certsin aymetry
roints in k-space, the values at these points were claimed to be
acourate. More recertly, however, doubt has been thrown on ths
correctness of Howarth's caleulation this was disoussed in section 4.

The crystal poﬁmtm used by Hovarth and used in the present
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caloulation, was formed to represent the (3&)9(45) configuration e
The funotion v(r) was obtained fram the Hartree Cu* potential
(Hartree 1933, 1034) as followse A potentisl v,(r) was first
formed by adding to the Hartree potentinl the contributions of
an atondo 4s wave function in this field, norralired to unity
inside the atonic sphere,” and subtmoting the spherdcal average
of the coniribution fran one atanic 34 vave function, also normal-
ired to unity inside the atomic sphere. ve(r) vs thepotential
usod by Hovarth in his cellular calewlation.. v(r) is now defined
by
¥(r) = vo(r) = volr,) »., TgT,
v(r) = 0 s T>T, .
v (r) 1s tatulated in table 1+ 1y = 2441 atanic units for Cu
end v_(r,) = =0:9307 ry. |
4 tatania ! pot
The matural chotoe af 'atamo’ potential U(r) was made so that
U(r) = vy(r) « v (r,)
for all r. Thue o(r) 18 equal to v(r) defined by (5.2) for r< r,
but does not flatton off to scro for r> r.. vc(r) extrapolates

smoothly to « 2/r for larpe re U(r) end v(r) arc drevn schematioally

in fipure 7
A convenient amalytic rit for U(r) for r< ry, vhich will be

desirmted Ul(r) and was vsed in evaluntin cortain intepgrals, is the

% I1.Be The aphere vhose volume is the volume/atan in the metal.

(5.2)

(5.8)



140

follovingt
s () = 40r-50r* , O r< Ou
‘ D5 = 4r y Ovb<erg2.a
%ﬁammm
For r » 3.5 U(r) ie given by

Upr) = 049307 = 2/r

to0 an acouracy of 17.

Ucry

ENERGY
(ry) 4

09307 | —— — | — —
06732 [-— — —

The "atomie' functions #3(r) to be used for constructing Bloch

functions are the five derencrate wave functions of the 34 states
bound by the potentinl U(r). Thus referred to the culde axes Uxys

(5.4)

(5 o5)
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of tho oryntal

$ -=j§_§; Raw, 4 =J'{£; SUNR SR Y

S I ) = IV g

(5.0)
and '
() = x| . (5.7)
vhere P(r) satisfies the equation
2 6 .
i = o+ Ulr) - B )P (5.3)
ar .
and is such that £(r) is finite at the origin and tends to zero as
r-pa0s The eipenvalue E, and the corresponding function Pﬂ(r) for
the Hartree Cut potcntdal Un(r) are ¥nom (H.rtree 1933) and these
may be used in a first-order perturbation calculation to obtain a
first approximation to Eo. Thus
5 Lo T (v-uy)
e, (v V=V, )dw
- ° R A
E o = E H + (5°9)

© 2
g L rT dy
and the value given by Hartree for EH is ~1s195 1.
7ith U defined by (5.3)

2“[ P, (N1 (V-U, ) de
AN

E, = =118 — v.(w) =+




/ | N
| 2 S 3
r (A .U)

FIGURE 8¢ Radial 'atomic' function calculated in
Howarths potential ( full curve) compared with
Hartree-Fock Cu' 3d function (broken curve )
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and numordcal integration leads to a value 0.70 ry for Eo. This
sarved as a uscful starting point for an accurate caloulation of E,
end the corrceponding function Pe This celenlation me carriod out

using methods desordibed by Martree (1926) and it vas foumd that

By = 0:0732 ry.

A graph of the corresponding funotion P 48 piven in ficure ¥ vhere
it 18 compared with the Fartree-Fock Cu’ funotion used by Fletcher

(5410)

(1952)¢ The latter function falls off much more rapidly as r incronses

end this, of course, is due to the more attiractive potential in the
ion.

It oan now be pointed out that {e second choice of U(x) which
might be considered, vize U(r) = v(r) for all r, is in feot not
possible. This im begause i an approximate E, 18 calculated frem

(5;7) with U(r) = v(r) a velue not much different from (5.8) ia obtained.

This ia positive and thus the potential well v{r) has no bounad %3d state.

It will be seen from figme 7 that the biniing energy of the 34 state in

the potential of U(r) 4s
00307 = 00732 = 042575 ry

4404 Analytlo approximationsto the padial wave funotion

In order ¢o evaluate the inteprals vhich occur in seotion 17 it is
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necessary to have amalytic approximations o the radial wmve
funotion P(xr)/re Unleas other=ise stated all the exrressions
glven below are accurate to within 1;7'3_over the relmnt' renge.

An accurate expression for P over the vwhole range is

Py = £ 060508 exp(=0.54r) + 0289 oxp(-1+144r) + 7.49 oxp(=2.71x]]
+ 806" expl=7+27r) (5.11)

The lact torm is significant over such & small xeg;!.ah that 4t almys
rokes a neglirible contritution to the integrals caloulateds 17
acouracy 1s preserved ovor the range r > 3.5 if only the first two
torms of (11) are retaineds An altornative £it, valdd over the range
fb< r< 7;2’19

P, = 1704125 exp(=0.65r) + 222 exp(=1+77x)] (5.12)

and this was used in an independent check of tho nearcet nei ghbour,
two~centre onerpy integmla.

For certaln purposes it is convenient to have exprossions involy-

3 =ar
ing tems r'e and such an expression, valid for 5.5<¢ r< 10, is

s |
Py = 1040255 exp(=0.60r)+04502 exp(-1.47r)] | {5.13)

In some cases much orvder single tomm flts were useds Thus for r > 3.5
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FIGURE 9: One-term approximations ( broken
curves) to the radial function P. (full curve)
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a rough fit is given by
] 5 ’ ' .
P, = 0.076r exp(-O.BSr) (5.14)
and for 2¢4 € r<€ 7.3
5 ’ .
Pg = 0.26r  exp(=lelr) , (5.15)

P, and P5 are compared with the exact curve in figure 9 and 1t will

be seen that the fit is rather poor. The parts of the calculation
employing these expressions could be improved by using two term fits
but in view of the unpromising results obtained this does not appear
worthwhile. An improvement in accuracy here could hardly produce
the radical changes necesséry to make sirnificant improvements in
the final resultss

154 m:_'gssigg for the'Matrix Elenents

In the px'qceding sections all the ingredients of a tight-binding
caloulation were presented. The erystal potential, ‘atomic' potential
and 'atomic' wave functions were all specified and 4t remains to insert
them in the formulse of sestion 6.2 to obtain the matrix elements in
the seoular equation. It is the aim of this caléulation to calculate
the matrix elements fairly accurately without any of the arbitrary
simplifications normally made in a tight-binding caleulation. To
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avoid having to polve fiftheonder secular equations the detailed
ealoulation of the cnergy bands will be restrioted to the (0,0,1)
axds in kespaces In this direction only the diagonal matrix eloments
Hons 8 8Te Ronezero end the sonular equation factarizes coopletely.
Ths for the (0,0,1) éirection in kespace the five enorgy bands are

given by
- 3_(\1“) ‘&-A.‘k_.ﬁt
_ —_ t
Eh(%) = HnnlAvm - Eo + 2 n c | (5416)
= s “"’_’:*Q'ft
< ot (n=),..5)

The group-theorogtical reascn for the fretorization of the sccular
equation 1a that for k along the (0,0,1) axie A , the Roch functions
£, formed from the ‘atarde’ funotion ), defined by (6), fom bases for
the irredusible ropresentationa of the proup of A as fallows:

!
A ] AJ- Az A: A‘
£, f, £, - (:t'2 fs)

Thus £‘5, £, and flbelong to different nonedegenerate reprosentations
and f, and £ Pelaong to the doubly depencrate representation [ s ¢
There. are, therefore, four distinet bands tu calculate along the
(0,0,1) axis, one of them beinp doubly depenorates

The seoond tarm on the sisht«hand side of (5.1G) 4nvolves ruus

over lattice sitos ,, anl it 45 convordent now to classify those as
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marest nelghbours, pemt onreot nolirhbours elics to the latidoe

plie at the ordipine In tho noxt scotlon the adtos are 1isted un

to O noovost neinibouras

Tho Cu Jattico 1c facc-oontred auble with lattios omstont, <.

clde of the vt oube of the inttice, a & G0 Autle

learost nedphbours (12)

als i 279 O als iy Op 5090

Mot nonropt tofzhboars (6)

nle 4 0, 0} o nf0, 24, 0)

304 hearest nedohbours (24)

5& 1, ..‘.".:3" ..*..é) » A ve L1y A%

4th nearest noiptbours §9)

als1y 21,9 , olz1, 0, 21)

Sith noarest netphboure {(24)

4 » , 3
{23,200 , als ,04d)

alo, 22, 27 , oled 0, £3)

Gth nearest noiphbours (6)
als 1) 21, 51)
7¢h noaves’ nedrhbours {40)

3(3_‘.{3.‘;1:.‘.’.'%30 als2
a(afy 224 £1), o

(v
-
B
s
-
’-ﬁ.

-

-

els, & 7y o O
afo, 0, £ 1}
ol gd 21)
a0, 14, & 1)

ol £ 0)

a(0, 3 s ...".'.';‘_)



129

8th nearest neighbours (6) | o
a{+ 2, 0, 0) , (a0, +2,0 , a0, 0, +2)

9th nearest neighbours (36) |

a(;o-_.;, +3, 0) s a(x2, 0, +3) s a(0, 23, +3)

a(x2, 2% 22) , aled, 22,23 ,eleh, 23, £2)
The sum in the mumeretor of 5.16 will presently be writden ocut in
full up to &h nearest neighbours. It may first be noted that, omitting
the complex conjugate symbol in (2.20) since the 'atomic' functions used
here are real,

Jénn)

fdo(x - BV - vl (ar

=‘¢n(?- RV - vlg, (Dav
()

This follows from the fact that V, U, and all the ¢n are invariant
wnder inversion in the oripgin (r — -p).

(mn) (m) (nn
T I,  expl~ikR) = J + T 3. cos keR
€ % ke oBy, o t#o t t (5.17)
It 1s convenient to use the obvious notation J(l(lgzlr) to denote

Ji(;m) with R, = a(p, g, r) and the follbwing expressions for the
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eun (5+17) mth k = (0, 0, 2¥e) are carily obtaineds The mmn

1a piven in two parts, the flrst part up to 4th nearcst neichbours
and the gecond part fran 5th to 9th nearest nedshboure. Thia.ia
done because the contributions of neirshbours up to fourth have
béen caleoulated more cayrefully then the hicher order contritwtions
and 4t 1n desireble to examine how fmportamt the higher ordor cone

tributions are. Tho superscripts (nn) are amiited in the formulae
bolow

E Jy oxp (-5._}3.;_{,&)

(18t = 4th nens)

= Jo =83 4 0) ™¥gwoq) *200) *Hor0) T Y10

Worn *Paon *Tuin *Fe1nl ooy

*{2"(0 01) *¥Fer1) *Yo11) *Puo 1)] cos 2%

(5.8)
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S_ Iy exp (~tieR,)
(‘“"ﬁ )

* YTuge) *Ye0) *Fr00)* Poz0) * (g1 0)
+I4J oy + 4t 4y + 8 4y & gy P BT, g ey + BT
(10‘_.) (Oi 3) (%la) (1% é) _ (2{,’::3) (.?.22 033
-!-[83(1 1 1) + 8:7(% 1_ 1)4— 8-7(:_% 1)] aoa L'y
[‘*"(* 02) *(022) * ¥ 12) * Fa 22) * T0z1) * ©(202) comn

PeratPoon] eser (5.19)

It 45 unnecessary to caloulate J(?c,z.)for both n = 1 and 2 since 4t

follows from oyclic permutation of the integmtion variables that

"Su)) - 3{3?331) | (5420)

The next four scotions are devoted to the method of coloulatdng

g;l) appearinge in (5418) and (519) withn = 1, 4 and 5. Famulae
exactly similsr to (5s18) and (5+19) extot for the sm 4n tho denamine

ator of ()-16) and the colculatdon of the ¢ g;n)) is also disoussed
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For symmetry reasons ell tho inteprals J (por) and S (por) BY®

not indepondent, 1+0« linear relations exint between them,. a:na. the
ain of this scotion ip to reduce thelr oaleulation to caloulating a
emaller mamber of Sndependent $nterrelss Slater ond Keoter (1058)
have dincussed this problem to mae extent and have piven a peneral
proseription for dealing with twoecentre intepralse They point out
that Flotoher (1952) 4n his caloulation for 1L caloulated twice as
nany inteprels as was neocecsary and this sort of unnccessary labowr
must be avolded in e caloulation as canplex an the present one.
Sater and Koster aloo discussed in special cases the problens of
reducing Jg:l) vhen the two centre approxdration is not mados However
they pave mﬁgeneml presoription for doing this and the sets of
independant interxals thoy used ave not the moot corwendent ones for
caleulation. This last consideration, vidch is disouesed again in
section 16.3, was not ioportant to Slator and Noster as their indepw
endent intepmls were trentved ac disposable paraneterse
16.4_ Hotation for the interyale

Aefore prooceding vith the reduotion of the non-orthoponality
and energy intopruls 1t is convenient o introduce a alirhtly modified
notation. Different notations arc beitter for dlfferent purposes and

g0 fay two notations have been used to specify integralse In the



general theory of seotion 8.2 a single suf{ix ¢ was used to denote

a mmréicular lattice site B-t and the corresponding noneorthoponality

and enerpy integrals ware denotsd by s(?) gm)

In the oxplicit farmulae (5.18) and (5.19) 1t mas nocesmry to

spocify the co=ordimmtes of each lattice slte so that J(M) vas

replaced by ng!) )ﬁhem g_t = a{py, 0, ©)e A sinilor notation S(nn)

par - fpyn)
wag implied for nomeorthoronalily intogralss In the following 4t

respactively.

w11 be useful to aoecily a lattice site as R whem the firat

suffix indloates that 4t is a 67 nsarest mighbow(to the ordrin)

and the sccond sufix u Andicates the partﬂ.mae.r meichbours The

eorresponding noneorthoronality and eneisy intuerawle will be denoted
{(m) (nn)
by Sw andJ tu .

(m) j’ﬁ (g - E&n) g (ar (5021,

axe easily reduced by expressing the oririnal 4 {imoctions (5.6), vhich
are referred to tho cublc axss of the orystal, in terms of d funotiona
referred to axes Ox', Oy', Oz' where Oz' is in the direction of Bpn®
Supyose Ox*, Oy* Oz' have dircotion cocines (1,, m, ni), (1, m, ng)
end (4, m, n) respeétlvelv, reforred to the cublo axce Oxyz, Then, if
#.{x) Genotce L15/C41t)]" (x'y*/c?) r(r) and #or (r) aenotes

£15/(41r)]" (5'z'/c2) £(r) oto., thé fallomng relations are exsily
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ohtainnd

ﬁl = (11mq + 12mi)¢1' + (12m + lmg) &52'4» (1.1:11 + 11m)¢5 '

+ Oy . In)flge +15 Infiee .
o = (ylommfy + Qg = nplfy +(11, =) Mg
+ [13' -np + 207 - u?] By (Fm0? - 2Py
A = JSopngy « [Sogpd, + [Fofdy, s (J&/2)(0] ~ ),

TR SRR - (5022

It may ensily be shomn that the intepral

s o [y (-2 7, (Dar (5425,
is zoxro unless n® =n' end that
Sgi'l') . s,(f"""") ; Sé«z'z') . s"(;3':;"). (5.3¢

Try ¥ '
It 1a clear that Sén n') doce not donend on the particular nedphbour

Ry, 80 the socond suffix u nocd not be apprndeds The integrels (S.21)

may be expressed in tormp of the interrels (5.23) by stbstit:ting for
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the ¢n fran (5.22) and using the relations betweon ddrection cosines
of orthoponal axsse One obtnins

s41) . (2. 12ma)8$:1'1') + (12 402~ ﬁzmz)séa'a')

n
+ 2%3(5'5")
%

S‘(uéﬁ) - {nﬁ . %(13 - 2)]3‘(51'1.) + {'13 + m?.‘ - (12 .mﬂ)ﬁls%?'fﬂ')
v 202 - o3P0
(5.25)
r ty | : ot
sgﬁ") . :‘:5,-(1"2 + ma) &‘éi 1) + an(lg + mz)siz 2')

. [nﬁ - %(13 . mQ)Q }sgs'ﬁ’)

Thus three intoprels must be caloulated for each welue of |ga_t;.
“motly similar relaticns hold for twe-centre enerpy integrals in
which on edditional faotor U(r) ccours in the intopreds of (5421) and
(5.28)» Those reletions hmve been given previously iy Slater amd
Fopter (1054}« The cocftMedicentsof Sgn'n'? in (5.25) are 1isted in
table 2 for all neiphbours up to fourth neares’ neiphbours. The
co-e?ficionts for more dlotant acishbowrs awe casily calcoulated i‘m
{5.25) |
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To rednes the intepmle

{rn) . |
Tl = (¢ -2 )v) - w2 ar

t0 a swa of independent inteprels it is onoe agpin mMmt o
mmmﬂwintommintcmm‘amummrem&wam_

Ox'y'z*, such that Op' 1s in the direoction of R« The integrals

24
(5.30) are then obained &in tems of integrels defined by

Ji”'m') o S yn.(g. gw)[v(;) - U(r)jgm,(;)aqo R

the specification of the Ox' and Oy' axee, which 48 necensary to
complote this &eﬁgﬂ.ﬁbn, 1o dlscussed later Yor esch group of
neighbourse The axes are 4o be chiosen in an equivalent way for
sach meighbour of a group, 5o that Jgn'm') depends only on the
type of nedghbour and e socond sufiix u can bo dropped.

Slater anl Koster d1d not ute ‘e intervals (5.27)3 they
scleetod a certodin mmber of dndependent J'gm) oad expresncd all
. other intermelsn J§M)m terms of theses For examrle all the

nearest melghbwr inteprels of the fave~contred ovkde lattloe

(5026)

(5.27)
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ware exprocsed in tema  of the slx Sntogrele

(13)

(11) (11)
T (20) T(ot Tor2y
{15) (s5) (42)
I210) 210 Tat0) .

It 1o cloar that Slater and Konter were obliped to consider
off~diagronal integ._mla ng‘), ndne The procedure used here
also involves inbugale'é'gnﬁn’) with n' ¥ n's The disadvantage
of Slater and Loster's method of redustion is only apparent vhen
oo aotually attenpts to oaloulate their indepsnlent intogxelos
It 1a then not eaay to see how pany indepondent three-centre
intecrals must bo calaulsteds hen inteprels IS 2

irvolving & funotdons referred to specinlly chosen axes Ox'y'z?,

ares vaed

1t is posaible to consider the thrececentre intesrels in groups
of 2, 4 or even 8 equal ones. The details of this -recedure are
Aven in seotion 173+

In the oase of non-orthoronality interrals and two-centre
energy integrals the choice of the direation of Ux' &3 arbitrary
and the direotion cosines of Ox' end Oy* do not eppenr in the
farmiloe (525}« iiowevor in the case oy Jgfl) , simoe v(;_-) doos
not have complete rotatioml aymnmetry about the line B’tu’ it is
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S

FIGURE Transformed axes Ox’'y’'z' for nearest
neighbour energy integrals. Numbered sites refer
to Table Il ; other centres included there are
obtained by reflecting the numbered ones in
the x'z' plane and in the plane which
perpendicularly bisects OPF.
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S
P
FIGURE Transformed axes Ox'y'z’ for next

nearest neighbour energy integrals. Numbered
sites refer to Tablel2; other centres included
there are obtained by reflecting the numbered
ones in the planes x'=0 and y%=0.
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FIGURE Transformed axes Ox'y'7Z for 3rd

nearest neighbour energy integrals. Numbered
centres refer to Table I3 ; other centres included
there are obtained by reflecting the numbered

ones in the mid-point of OP3



FIGURE Transformed axes O x'y'z’ for 4th
nearest neighbour energy integrals. Numbered
centres refer to Table 14; other centres included
there are obtained by reflecting the numbered
ones in the x'z' plane and the plane which
perpendicularly bisects OFy-
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necensaxy 0 ohoose the x' and y' axes in the moat convenient
w7 Por ecch latilce gite "‘t;u'
Haepont Helcohbou

Conndder first the case vhere B"bu is o rearont neishbours

It is convenient 40 take Oy' along a cubdc axis and the axes

Ox'y'c! ave shown in figurelo for the case B, = all, 0, &)o
(n*c?)
b 3

non=reros This is dono by dnspesting fhe irroduoible represout-

1t 13 not A1fficilt to £ind vhich of the intogrels J are
ations of the group off the nesrest neighbour axis ieee tho group of
operntions under which the lattice and any paint of the neorest
naighbour axis rerein invariant. %ho charnctexr table fur this

proup 4s given in table 3 [oufe Jones (1960) pet07] and tho typo

of 4 furction 7. belonging to each representation 48 indicated in

the lagt colume The operations in cach class are piven in the usual
notation but roforred to the Ox'y’s! mysten of axes (cege ;:':,r‘z’ denotes
the ororationg x'—> «x', 7' — 7', &' —> & or roflcotion in the

7'z plane)e The interral (5427) &s non-zero only vhon gov end 7,
belanz to the sanme irveduoible remrerentation and so the intoprels

to s caloulated are

(171 (202n)  (s'=')  _(4'4")  (5'5')  {4'5Y) (5'a")
Ji , Ji \ 171 ) J:L , 4}1 . (:0?1 831 Y

The 1laat w0 intoprals sre eaual sdnee tae contributdon of the U
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tem in V =~ U ig sero vhen n' £ n' and ¥V has reflection symetry

about the plane which perpendicuvlarly bisccts the line OPi in fipure 003
also ﬁ4. and Pfs. are invariant under tho substitution £'~) =z'e

ﬁy using equation {(5.22), and the notation used there for the direce
tion cosines of Ox', Cy' Og?, one obtains the following expressions

[ )y ]
for the nearent nelchbour interrals Jgf‘ ) in torma of Jin m )a

Ji&l) - (11""2 + 12“1)2 J§1 ) . (lam . lm?‘)z{!‘:(.‘a'a')
+ (my + 11m)23§5-50) o218, + m)3J§4v4-)
512,53;’(.505') + 2[F (2, m + In) J§4-5-)
Jﬂ(.ﬁ.d') = (1113 - ming)zJj(‘i.i') . (121 N mgn)gan(.gtan)
+ (111 - mi)%is's') * [1:% - mf + % (12 - ms)]aJ§4-4.o)

+ 5?(13 - :12)3J§5'5') + rg(lg - ) [1? - m;f + 2(17% mz)]J:(:fs’



A ¥ ')
(50) n oo (1Y) a a_(a2%") a o (53
J!.u = mln?frl + 5”;:," J’L + 5n niJl
. 2, _(4'4%) 2 a (55Y)
" '}i'(ni - nZ} Ji + 2{3n" « 1) Jl
2 o p.(4'") ;
B « 1)(r = ns (5020

Particuloy eapcs are obtadned frean (5420) by substituiing the
rolovant value of the direction gosines. IFor example 4n the cace

By, = all, 0, &) one evbstituten

Qoo = (Foghle O n)d e eyl 04gl)

The cvefficients of tho Jj(.“?h-')a'in thege formulae are listed 4n table €
for R = al0,%), al0,4,%) end allyky0)

am

Ox'y Oy*, O2* may bo chosen 40 he onblo awes ns shom 4n
fipure ) ¢ Tho droractor tatle for the mmpﬂo{’ a aubie axds 4o piven
in tadle 4 and 4t follows that the only nonerero intosds (5427) are

(44" (20) (3'3)  (ana%) (orse
A o - * LR \)

Beationn oxaotly analosous to {H420) may be vritten down oxpresaing

m
Jou  1n tems of o above intopmls and the ocoefSiolont of thoge
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are listed in table 7.«
Inizd nearest pedchbours

It 18 ocomverdent to take Ox' in a nearest nedphbour direction
and Oy' in a sixth nearest neishbour direotion as shown in figure 12
for the oase ‘B“'m = a1, &, 7)e The direction cosines of the axes
Ox'y's’, reforred to O::yé, for this oase are

o Opp
v G
N

The symoetry about the Oz' axisiavezylmintfdaoaaemdﬂw
group of the axis oonsists only of the identity operator and reflooe

tion in the y2' rlanes The trivial charaoter table is piven in table
5 and 4t follows that the nonererc inteprals (5.27) are

ng'x') ng'a') J:(5:3'5') glara") 'Jgs's")

P (5.29)

J§405l) . J§5'4.), Jg?'s') ; Jga'z')

Jga:;) o Jéé:a)

{1's") (a%1?)
) Jﬁ = J.S
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The Yast four malre of intonrals aro equal sinoce U ean bo omiited
in the intorrend end V(x) is invnrtant unler reflcotion in the
mlAepAnt of the line &%’5 in Pirure 12+ The effect of thin reflood-
ion ororation is £ —3 &, - anl homce, fray (5427), one £inds
J(“'m') u J(n n') by veing the faot that & (g) Y (-x).
coeﬁ'icimmaf the interrels (5+37) 4n exproosdons for J(mﬂ

tAven in table .

“hese are in the oare diroctiomm as the nearest noelighbours but
twico as distants Thoe amns Ox'y's® nay thorefore be choson as for
nesrcal noichbours and able 8 applies.

4 paytinl chock on the tables 4z that talles 6, 7 and 6 munt
redwe esaontinlly to tahle 3 40 8 two-centre amnmdmtion in mades
In tids apnmsdm&lm J(n'” ) alforn* dn'amd

(1'1') (CAZA (arav) (5*s*)
t -] Jt » Jt ” Jt

: ¥4 tat)

Thus the mus of o coettiodents of T '2") ant 7§4"") piven by
tables 6, 7 and 8 must eqral the oorroasonding cosfPloimtsof

"'(1 ") in tablo e Sicllowly the am of thoe ooefficionts of J(q "

J 3’5 )nmat oqual the conffictient of '%(* a') * Aldgo the cooffioionts

we
of Jgs 5%)

oot equal the oox"emmaing oceffisienta of o "(5 ch ) The
equalitios nay readily be vorified from the tbless

Tiedghbours more distont tham the fourth w1l not be dlsovased
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here since, as explained later, a two~centre appraximation was used
for theas. No discussion haa been given of Jém) and this vexry
special case is dralt with at the mmorical stape in seotion 17.2.

' [ §
The next problen is sotuslly to caleulate the inteprels s(“ n')

e
and J(th M )o The docamposition of Jgn‘m ) into tvo=centre end three=
centre integrals s effected by substituting (2.1) for V(p) in (5.9).

Thus for ¢ 4 0 1t ip possible to write

J(n'm')a F{(zn'm.) ,+ gnumo) | {5'50)

vhere the firat temm is the twowcentre contribution and the second
the three-centre eontributione If 1t iy remembsred that: U(r)sv(r)

far r & r, the two centre contribution may be written

(n‘m' [ o{n'n*) . Ig_n'n')] $ » (5.51)
vhere
Eﬁ”"") = S Bz = By) U(r)ﬂn.(p)d‘r) (5+32)
_, (o)
Ig'““') = Fole- ) g (rar (5.33)
(o)

and (‘:) N ‘S._ ) denote interrations over the regions inaide and

ontside tho sthere redius T, surrouding the origin. The threc-centre
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contribution ie glven by

me Yo ? : :
=) g glpt) (5.34)
agot L
vhere
L.
i‘é’;..“.‘_) e S gn’(E-gt) t}(_r.-gi)gm.(z)d-,. (5.35)
‘ , )
and § denotes integrmtion within the srhere swramding 2.
O
7sd. =oaytre inteprals

Frbhably the moot é;emmlly usofvl nothod of caloulating tvow
oontre integrals is that of Darnett end Couleon (1951) and #his 1s
‘the nethod adopted here for calculatdng the xé“'“-'7 and save of the
Egn'n’). The method conslats in expanding the yedial wave function
sasogiated with oue centre ina Lammare polynodal series shout
the other bantm‘ | ‘
can.sidor fivat

Y] '
'I" = 't!;%r ’% §(vpuly) ’3'-'_51' fle)dy  (5.30)
(o) t

where r, = 2 -Bﬁ]. ¢ f(rt) is written in the fom

$(v) = v, Z A; < %iFe (5.57)
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then

0 s LM% iyt
It = = ? A: (s; oy v(r)tlr) a_(_;_? AT (5.38)
? .

Fig. 1%

-'i'he whole intepsrand in {5e33) may be exprecsed in nolar co-ordimtes

r, 9, # {see rirvre 1%) by vsing the expenaion

-, o0
R Tt 5 Inx) 5,
e ..nE e e (cn8) Ih+%(dr)Kn**(d‘t) (5.39)

whioch 4s wnlid for r<|3_¢land is therefore vnlid over the sphore of
redius r, surrouniing the origin. After subotituting (5.39) in (5438)
and oaryylng out the ¥ and @ intesrations one obteins
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wv) -
I, = “’f% A {m‘(o\..-ﬂd H, (4

"-‘79- Ké (a; K() lln(d_;)

(5.40)
+ 3_; K%(ﬂi ‘t) “1,'(4_;) }

where

v
o f+-;-
Wy L4) = E R U P T, ldr)dy (o00)

Tn the saume way, and ueing rocursence farmlae for the modificd Dessel
functions, Igg'z.) am Igﬁ's') may be expreased in terms of the BAMS
radal interrals Hyolet, ), Mol ;) end rgy(X;)e Onoe those integrels
iave bea: caloulated for the appearing in (5¢37), the formula (5.40)
enables one to caleulate 1(3‘ 2t for all nelphbour distances R,s and
atedlaxly for xéz"“") and zzﬁ'f"). The firct three toms in (5.11),
vhich give an exoellent fit to ¥ foryx > Xos Were npod to exross
#(r,) in the forn (5.:37) and the three radfel interrals I, («; ),

ne 0, 3, 4 vere emuluatel mm-rically for a(; = 0s54, 1444 and 271
The nuierical intosmtion was done using Simpaon'’s rule with 12
intervals and valuves of the halfeonder modified Bessel functions were



. (n'n')
tal:en from the tablen by 0.t Jones (1956)e The intepgrels It

obtained firon (540) and pinilar expreasions are tabulated up to
4th rearcat; nelghbours 4n table Se The I ™) are nerligthle
ooared with the corresponiing za(’t‘"") for more distant neighbourss
The whole Trocedure vae checked by using another £it to the redial
wave funotion £(r,), vize expression (5.12) (vhich is walid for
nearest nelghbour inteprels), and the x:{“ 'n’) agreed with the values
obtained reviously to vithin 0.87%. It was unfortumtely not possible
to maintoin this sort of acourasy throuchout the celeulation and still
keep the work vithin ressonable boundne However, tho two-contre con-
tributions ¢o nearest and next neighbour encrpy integrals are believed
to be accurate to within 17 All commutation was done on o desl
machine. |

To caloulate the inteprals zzg""‘", definod by (5.52), it s
oonvendent 0 divide the region of Antegretion 4nto thrve partst

(a) 2l € 1 & 552
(b) 352 < r < Ry
(o) R'b < r<m

The somewhnt arbitrary division at r = 553 is nade because for

r > 352 sluple and spoumte analytic approximations are available
for U(r) and P(r), whersas in repion (a) tho radial intesrals are
most ensily oaloulated meverionlly as in Ig“”") » In ropiong () and



(b) fomulae such es (5.40) were used excapt that the limits in
the radiel integrals Hm(tx) were ohanrod appropriately. For
recion (c) formulae mich as (5.40) become nodificd since, for
r >R, rend R muot be interchenged in the exvension (5+30)e
Towever, the formulas ave basically similare Sdnce regions (b)
and (o) surround the centre at E,» a tem corresponding to the
fourth tern 4n (5e14) should bo included in (5437) 4in adattion to
the torms with X, = D454, 1-1.445 and 2-71; Fovever 1t pay be ghom
tat the edditional Serm makes nezlirible contribution to the intepralas
The raiial integzals in regions (b) and (c) were omloninted from
analytic fomulae obtained hy uasing the oxaot analytic formulae for
the halfeorder Dessel functions, expression (5¢5) for U(r), and
expression (5.43) and the first 4wo terms in (5.12) for 2(r) 4n
regions (b) an2 (o) respectively. The acourasy of amlytic rethols
ves desirable for these radiel inteprale since in many onses there
won considerable loss of accurscy due to cancellation bhotween the
three terms in formulae like (5.40). Hovever, substitution in the
analytic formulae for these interrmls mroved a long and téaima
rrocess and the method was in fact only used for first and sccond
nearest neighbour integmlss Tho following o te different, smewhat
oxuder, method wag used for intemeution over repions (b) anmd (o)
together in the oase of more disiant neighbours.

For © > 3452 a rough £t ¢o P 48 given Ly P, {eane (5414)]
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4)
and U may be anrroadoated by U [con-( 3e5)]e Thus 4f 53(. demotes
one of the @ funotions vith edfal vmve fnetion piven by 1%,

[ . (r-g)utg, (x)dr

+»3.52

2 [ e 8V, 1) 6. ) ar

-5 $V-edy, (v-)4" YUy ) dr

r<3.52 : (0.42)
+ § Lo, (c-g)- 4:“'(\0 tJ]ut ¢, (;-)‘.,
Ir-Rlc3.52

vwhere the first integml on the right hand side is over all space.
The latter integral may eusily be evalunted using ellinsoidal
co-ordimtes [see cune Metoher (1953)] and the two other intesrels
mey be treated in the same way as the integrals I, n'0) . 1 the
cass of the last dntegral this involves exrerding Uz(r)ﬁn,(r) about
the second centre and to facilitate this two different fits for P(r)
were veed, vize (5413) and the Pirst two terms of (Se11).

Thus Ua(r)f(r).'!..‘- $L0.0588 0 94T | 0,455 o 1 *144F

~0,0406 6”098 _ 4 004 g1 °147r]
and in this wy only the e:lmple formula (5.80) 18 requirved for
exrending about the secomd emtre. Only the ﬁrat intepmal on the

right hand side of (5.42) eontritutes stgmﬁcan t1y for noighbours
nore distant than the fourth nearest. Integrals E(:'n ) calonlated



174

by methnds described above for t = 1, ssed ave given in fblo 9
and the total twowcontre contyihntions an'“'h gAven by (6.3L), are
alpo tabulated for all nelrhbours up to the Mnth nearest nelghbourse
For © = 5, Ged integrmls F&“'"') end Egn.“') ave practically equal
slrce the Ig"'n.) are neplisdible for thess more digstant neiphboure.
Noneorthoromality intoprals were treatod by omofly sindlar |
nethods 4o those described aboves Pormulae sinilar to (5+40) veve
usod for first and second noarvst neichbors; the redial intogmls
for r «€ 3.52 wore ooleulnted nmerically and analytie formulae vere
uoed in the rerions 3.52< r':Rt and r >Rt as boforg. For mode
distant neighbours equation (5422), vith the factors U(r) amd Uy(r)
aitted, was used for ﬂm ropion r > 352+ Hoan=orthoponality intepmls
sg"'"') are glven in table 10 for & = 1, 2,e+00
The estimted overall acenresy in FiB) o si“'“') 18 57

o Fymly (nn) ’
W

It ia now conwerdent to dlmouss the intoprel

s (@1 relar (508)

vhich has 80 far not boon oonpidored ag it 13 a vory speciel ocases

It will be dlsounned at this polut since 1% imvolves twoecontre
integrals vhich are ronlly desenerate easen of three-genire integralse
For ¢ 4s roason Flotchor (1052) esceatially nocleoted ng) in his twoe
contre calouwlation, treating it as a mere additive oomstent independent



of ne fovever, Slater ond Koater (1954) and Andente and Friedel
(mn)

(1961) rave included J,

in thodr cht-idnding coloulationss
The potentdal [V ~ U] has cubio ayrmotry ond there are two

distinot values vof ng) y O for the d statos of r;; a&mew

(n=1, 2, 8) and one for those of I;'z syrmetry (n = 4, 8).

Interrel {5+43) may be vriiten

"ém) = 'Rgm) +Z T<(>M) (5044)
1¥o

whore . o

"(?) Y [#(0)]% vlr)ar = 0,054t ry

7

and

Tg.m ). S [¢ (01° v(g - nax

Q) ‘

If 5y = B4(1, m, n) relations Just 1ike (5.25) exiot hetween Tg;m)

| °%
and integrals eg‘ n') defined by (5s35) with Ry = Os The latter

integals wore evalunted 4n a very similar way to that used for
the inteprals zg"'“".iwh(m” boing expanded sbout B« Since
3’,P(r)]"g falls off mpidly as r increcscg 4t vas only necessary
to take 4 u 1 ené 3, corresnding o nearest snd naxt nearest

noichbourae Tho remilte obtnined are os follovst

gV ¥ ‘
lioareat neighbours: T((}i' 1') ==5+04 x 10"5
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' 4 -
T( 2 ) =—2-50x103
ot -’
T&f 5') m—J4e74 x 10 2

Next nearcat neishbours:

| 7% }

T%;‘ ) e e x 1070
X

ng 2Y) 1 (3,85 x 10.5
k'!

ég ) 2 =031 % 10-4

| 9% )
an (o.éﬂ-) and the relstions bhotmean 7 }(m) and Tg‘ n*) one fMnis

yey oo ' (5 ! ‘2t
R Y AR L CED GRCED

LR L L igi "~
J‘()“) . o gl.(w,) 3 ) ﬁr(s‘) (%1)

’
+ 3‘1‘0(53 '51)
lenen 14 48 foumd thet

ng") o ~0uf206 ry J,(,“) e =0.188 ry (5.45)

These results ere acourate $o vitidn 17,
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_,gu) - Jf,u)

ctnmred ith the wmlun 0.040 vy deducod by Siater and Kooter

The ‘oubic feld snlitting’ of 04038 x7 ray bo

(1954) 1n an application of their internolation tisht-binding

methed tolbmpthts (1053) rosults on Cus Cuble Meld splisting

45 obtained althouch the potenidal in the precent calealantlon s
spherically symmetrio within ench unit cell; 4t arises from the
extenaicn of the atunic & funotions into neighbouring oolls. This
culdeo feld aplitting must be distimmziehcd from thet duve $0 demarture
of the potentinl {yo: s-herienl mymretyy within e wmdt cells Isgtimtes

Threa=contre intepmlc have nmuy been repleoted dn band

stmcture celoulations by the tight«hinding method and only Corbeto
(19508) has included then explicitly in hia work on grarhites The
reagon for thin negleot i the extrene &4rfioulty of caleulating

threzy ond tha standard method of Tarnett and Coulsan (1951) is very
laboriouss This methed involves exraniinpg Loth mdial wave funotions,
using formulac such us (5.59), about 4he potentiel centxes An infindte
serles of inteprels remsins whioh 45 often slowly converpunte The
inclugdon of 49 thivewoentre irtegrals in the nresent calenlation was
made possidle by thr introdvetion of o new methed of calculation vhich,
to a good approximation, reduces each three-contre interxel to a two-
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sontre 0. Thic now neothod will first he demeribed and then
the approdmtion m thich 145 15 bhagod w11 be esmmineds

Tn the evelinidon of a canplicated inteoed guch co (5e35) &t
is vseful to emrloy shnple.arﬂlﬁ;ic approivotions to the pedial
wave funciions ani exprossions (5e14) end (5415) were useds {5a15)
ws usad for vave funoiticne on contres vidch are nearcst neighbours
$0 the potortiel ventre and (5.3_4) vas vsed for more dlsiont centress
Greater acouracy could, of coursc, Lo obicined vsirg two=tors fite but
tho error imvolved in using (Ge14) and (5415) should not bo greater
than that involved in the svbescuent aprrovicstion to be deooribeds
Reasomble one=tern fltp aprc made poapible By the toet i they
neod only be velid over o sphere of radius rye

To i1lustrate the pencral method of evahmﬁng thioe-contire
inteprals oonoider the inteprel

210 g #+(g = iy) V(g = By ¥, o(r)ar
O
where 2, moy bo at different dletances fron the origin than R
so that the fits to0 the radlal wmve functions for the two 4 funotions
may be differents It is convenlent to talse the ordgin at B, so
that the integrel beoomes

'i‘g:'j-,') o y ?’1 l(_l: - "%3) U(r)ﬁa_c(g - R:_)GT
(o)



whore

I

Referred to axes Uxz'y's' the wave function centres C, and C, in

figure IS have the same x' and y' coe-ordinates since Oz' is rorellel
to c,ca». Thus the counonents of 31 and 32 referred these axes may
be witten

Tt X! :r'; ")
= = & 1

3‘3 ] (X’, Y',Zé) .

Fis. 15
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Suppose

ﬂi?(“ - 31) = Ai(x‘ - X'yt - 1) exp(- o, r1>
£z-R)= 42(1' = X' = 1) explow,x,)

whare_giug-%andzg .-:_:g-gz, 80 tﬁat

-+ %l’l')

" - A.A’. S (Il_x')'-'( ‘a"’Y')z—Q-d‘h—q;h.'

o) Ulr)*r. (5046)

Then the approximations (5.14) and (5¢15) are used «, and o

take values 0¢83 or 1.1.. The dif'ﬂculty in evalvating (5¢40) is
that of expressing the exponential term in terms of co~ordinates
referred to O» The iZar. Lahind the method used is to exploit the
fact that over the sphere surrounding the oirigin the main variation

~oGX

of e is in the direction of the vector _Igi, and pimilarly

for e-d‘r'é‘ o Thus to a first appraximation

2% T4 x4, -":"_é_@‘ + d, !'r.-‘fx)

= ‘“‘*ﬁ {“0(.(!;‘- ‘.'.'_;_Si )

A

]

(5.47)
- _r.&
» (& R, )3 .
If
¥a = % o .
- R, R+ -é-" ., (5.48)



e

where § s a uwdt veotor, {5¢47) may be mut in the fom

27N T4 e e [¥(-R+v).4] (5.49)
’
vhero |
= = o
- ¥ p X+ ('«T: g, ".-&i ‘Sz_) . (5.50)

¥ , dofined by (5448}, may bewgitmssed as

i/
Y = ( “;L -+ q:' + ‘1_9(‘11 ceée) * (5451)

vhore 0 4 the endle bemn% end ;{?.

The original ﬁppmzimﬁm mey_be used the other way roud on |
(5.49) so that

-¥|r-g|
- 2 . (5.52)

..0_— o, - d?l"‘

Vhen this epproximation is used in {De48) the three-centre

integrael 1s reduced to a twoecentxe integraly ihe oontres being
the origin end the point R Jdefined by (5450)« Thus

u't) : ) ’ -X,_'_@
T = AR, (!) (:x-X')"(\a'-Yll-e. - ,U(r) dr

(5.53)

and the exponential may be expanded about the origin as in the
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method of Barnott and Sovlson (1951)s The evaluntdon of (He53)

will not be dasoribed in detoil ns the method s very aimidar ¢o

that vrevicusly desarlbed for twoecenire intepwmdss The rnddal
interrela which opprar were cdotlateld snalytically walne cxpressions
(5.4) for u(xr).

It ia now necossary 0 exaine the eceuracy of the aroroximation
(5452)s Thic approxirntion may be obtalned as the first term in a
series for o~ % 1"%F2  and the next ter in the reries w11 now
be darived. Oomsidor first the following cxpression for & %1%,

%N -—""P‘["" (R~ vt- 1«..!:) 1
= ap [- 4, (8, 5—-—‘:) +\r,"-—(5l‘g-r)z}’i]

RI

= - _rR, "'1"‘(1:-‘3' * 3
"‘"9[ «, (R, - £ ){I-q- L '3 ](0'54)

& (« r-R.)

It 18 not Aiffioult to show that
- ( ;:_g‘):.
R\

(@- T8y & 53
1

(5055)

since r < %ﬂ The expression reised to the power & in (5.54)
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may therefore de =xronded in o dinonial series whioh nsy be
termimted at Sic second temn 0 a good approzimations The dhird
term s alwmys Zess than (1/72)s Shus

o “. ‘ 1-__(!‘_-&_@‘)’-
'"'D‘P‘[ “ (&, - |) %r«_\:é\ ]

: -d,V; -¥lr-R
and pirdloy exoressions held for @ * *and & iy

(Tnequality (5455) halds in the latter care since in ell csases which

have hoen evelvated B P Br je It 45 nov straiphiformud to ahow
that

“A—d, Y ~¥lr-Rl L (082
T T N ey
f—r & T3 &
R R, -r.&
?I
- %y V‘l"(!:_':‘)z
EY

) .
If the expression in ovrly breokets is represented by & _R"-

= = ) {l+5+§+...}_

(5+58)

Since § appears to be always neative and, even for v = r, in the
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worst gase considered, |8§] < 1.5 the siccesive correction
torms 4n (5.50) deorease and elternate in sipn. An overestimate
of the errar must therefare be obinined by examining the § tom

oniys The dencminators in § may be expanded in binomirl sories
and the leading tem §  takes the fom

§, =

¥ .
o i-é- {\,.1.__ r"‘ﬁ’gf-iﬂ""’ {P‘t Y‘\ }

-]

Cn substituting for ¥ and B fras (5.50) and (5.51) one obtatna

S, =X { AT Hdy R UL A0

—3 -~ %
R +d, R, Ry ’e‘,_}

-l Z i r,((‘ v @ 92
* N,R+d,R, [&. ®, M JL—"\’:‘ ‘fﬂﬁ (r—:-'R‘)L" °("("5&)"
' R, ﬁ; — }
which sinplifies to
§ = - d#,_\""‘

? 2R, R, (4R, +,R, ) (R,-%.)

+ __hid:

R 2
' 2 -
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I j 1s a umt veotor in fho direction of

~)
e

e :
R it
Lo T e
)

JB By Ry Ry

e}

Y is tho angle botmeen pand Jend  p =G0y ,

ok b |
§, = — b3 e T
1‘?!«2 (d|g|+4181)

(5457)

In the cuse vhen & zo, =« and “1 s RB = Ry J 18 in the direction
of B - L, and is pegpendicular o0 fe A estimate of tho fracticml
erzor in using arproxication (5453) to evaltado the intepral (5.46)

in such a caso pay be nade as follovne.  In paldng this estimate the .
polynonisl bexms in the integrend vhioh arise tram the anpular parts
of wave functions not centred at the origin, will be ardtted as they
are alovly-varying ooapszed with the exponentlel tenne Y& is :‘é‘?elt

convenient to use approximation (95+49) for the expomential tem: and,
in the notation of fig.lé the aprroximate factional error in (5e46)

may be written




155§, > (¥yrsapedluld viaipdraydd
(o)

) »'-N Yr S ot )UlY) risap drdvdd
(o)

=<§ > =

= <Pty
(5.58)

Using the folloving forulce [Watsen ((9We]

£3))
P ¢ = 2n T, (2)

.‘W/L . . 2 1":.‘-1(%)
> I,(ISM‘V)SMY% Ydy = '—;57;' I?i(?-)

1t is sl chtfomvrad o ghow that

%

2 . A
<PUIYS =4 + A i Rdds Gl

(™ v Ulr) SbYr dr

and e radial interrais are enpily evaluated uwsing oxpressions

(5+2) for U(z)e In the imporiant case vhen the two wave function
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centres and the notentisl ecentre are 221 nearest neighbours of cach
other the agrpropniateg:‘-.s civen by {5.c1) with of = X, = 1.1
(using €16 (B415) for ) and O =W/3 . Tws ¥ = 1,9058 and 1%
1o found thot (UEings 1000« Trom (5.55) vith P = R = 4082
one Pinds € = 0.078s I% Las alveady been pointed out that the
error Sorm ounsidored must bwer estimate the error which in this
case 18 provably conoidercbly less than 7«87 It is very umlikely
that in any threowomtro integxel vhich has boen caloulatod the
error exceeds 107« The czicdation of the three-centre intograls
10 the prectest sowree of errwe in the precent work but the error
involved ie rermixied ta Jual {olcreble in a calculation of this
oanplexitye

The new method of ocrlomlating three-centre intograla which
has been dascribed may be genormlly useful in ocases vhen great
acouraoy it not requireds Buch would be the case, for exsunle,
aven in qdie an acowrate coleulation, vwhen the three-centye inteprals
were arall and rerresemted a minue curreotim ¢o a {wo oentre approxie

matione

The mothod described obove was used to calenlate 49 three-centre

U
integrale vhich ocntritute %o GS'M.) t = 1eveds The valuocs obtained

are given in tablea 11, 12, 1% end 14+ It wap not necessaxy to
caleulate each three~centre intemzal individwally since they occur in
groups of 1, 2, 4 ar 8 equal interrals ar indionted in the tobleas
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Thug, for examnple, the four intepmls

[#ie-2)vz-2) 4 (Dav,

G :
vhere _;gi is a ncarest neighbowr of both the aripgin and _131, are all
equal as is readily shown by weldng the rorlocments x'—y 3+ x',
y'—» &y in the intogreidon varlables. These form the poup of
intograls (1) in teble 11+ The converidence of considering the
threcwcentre intepmls in provpe of equal intograls is the reason
foy exmressing the original energy intermis ng) in toma of the
interxals Jﬁ“’m'? In the case of the nearest nelghbowr enerpy
interrels 1t is certain that sufficlent tlwee-centre intesimls have
been included or aonvergences For 2nd, 3rd and 4th nearest neighe
bour inteprels it is not quite certain that all threeecentre inteprals
neglected are in faot nepligibles Hovever, their inclusion would be

mlikely to lead $0 any substantial improvement in the final result.

‘ i | .y
The three-centre contributiona ei“ o') y 4 8,00009, were

estimated by & much simplor nethod than that desoribed above. For
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¢ pronter than ¢4 the (weecentre inteprels

on'a') on'n') {n'n*) $
i = n'n

Tt =

are nepligible so that to an emsellont approximation

n'a')

ol e [fate -2 v AptDar,

For mufficiently larre 4, when a very lorpe nusber of wdt oells
make & almdficont contribution, 1t mwst be a good approximation
o0 replace V(;-) by 44a avernre value 5. ilence for large ¢

G-in'm') _9__ :f S‘gn'm')

This amroxination 48 a very oonvenlient one 40 use in estivating -
the eontritution of threowcentre intermls 4o enerpy intepmls in
which the wave funotions are oentyred on sites more dlstant than
fourth nearent neichbomrs. The valldity of tho aprroximation may
be chacked in the case of fourth neeyest neighboura where 4t would
not be expcoted to be too acouratss T is eunily colculated by
averaring over e unit cell so that

—

. (%
V =5 f ulr). yrridy = —).§7
0

A comtarison betveen Ji“"”') (n'z*)

ond « 107 874 is given Lelow 3



(111)  (g'2%)  (3'5%)  (4'¢") (5'5") (a'5")

L )
~1.57oin'm’)
. 3 D057 Viedd? e ) o X7 mBed2 o

The agraencnt in not goad hws 44 should bo botter for nore distant

] (n'a?)
neighbourns  Jy hae bacn talen o

(5459)

'm? .. (n*n') ap lA'MY) 4

¥
for £33 8« Values of Jin o') y a3 caloulated fyon (§30) and tables

9y 41, 12; 13 ard 14 for t = 1, Sessd and fron(559) and teblea O and

10 for L = 5, Bsesdy are piven in table 10w

i8S« Begulla.ond Placyssion

The finnl stape in the celculeation 3n o une {the intomla
]
20'0*) ang 5(0'0") ghich tave been calowlated, to obtain o

L %
intesals J(m') »  whioh appesy in (5.18), {5419) and the 3&:;)

()
which anrtear in corvespending formulac for naa~orthoronality
intecmls. Thic 40 eaaﬂy acoonnlished forn =1, 4 and 5 by
uaing formulne of the types (575} and (5.28),

The evofideicnts 1wonived have beon 1isted in $ebles 2, 6, 7

and € for neichbours up to fourth nearests For more distant neighbours



romdiac 0F the Jom (6e233; apply to both noneorthoronality and
eneryy intorrals, zinco the latier wore orioulated elffectdively by
a twoecentre ommadmtions She coefficient in (5425, for these

nore ¢laiant: ned {,hbﬂmt's have not been ligled ul are ewnlily coloule

n) 072}

<
r) and “(pc'r
it 45 not wortlwhile tabulniding ell tho integrals obinined and only

ated. Inteprels J (pc ) aie found irediaiely using (5420)
the roglt of inserting them in cxpressions (5418) and {(5419) W12
he plvens
18s1  Degults :
The noot ocomplete resnlts, ealonlated up to Hth nesrest neiphbowrs,
are obtained by adding expressions (5.18) amd (5e10)s It is cone
vandent to uso the nototion
| = 5 3‘("“) ~a k. g

By = = s .e_"“"'-r‘:*

"
and the reculis are as f'ollowse.
10 €11 m Qo7 + 1400 008"F = O4G8 con 27 1 04ld con 8Y «0.03 con 4

10 €, = 2401 = 2408 c0a'$ + 1¢10 008 27 + 0.32 cos 39 +0.50 cos 43

374
3

10 € = 0e00 o Q474 0o8™3 + 0448 003 28 0.05 0oz 33 «007 cos 43

B
>

10¢ o =Bl L85 c;oa'l 4+ 542G 098 S = 0480 o 8% ~-0e00 cos 4

2

(5.0



16D = 1033 = Le.0088 + 0e2200s2F = Collcus 5 + OelZcos 43
100 = GeSi & Le2%002% = D.1T00n 27 = 0412 eon B¥ - CQ.llcos 43
10 A'Mr"" 7,50 & OuiBoonY ~ Jeideos 3% + Dbl con 33« 0401 con 47

108, = 14a07 ~ 2227009 = 2374o0s 27+ Ga0 o3 53 + 0455 cos 43 (s.51)

\
The sorroopanding eanrossions eeleculedsd only up Lo 4th arwrest

naiphbowe avo ag follom

10 €, = 0413 + 0415 0083 « 018 con 2Y

b

10¢€ 087 =~ 5,31 con'y ¢+ 2444 con 2

i 4 N

10 €~.r = 182 4 042 comY =~ (LE7 oo 27

1O €, = 53,72 ¢ 5,48 angPs 3424 goc 23 (5.62)

ss

108, = 1065 = %04 conY = 0408 con 2

192 631 2 S35 4 1ed eoeY e 0.7 ooz 02

106 n 7419 » 0430 conY + 0,02 cos 23

‘e

f—QA” s 1504 = 2455 cos'y = 1.0% coz 2%  {5.68)
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FIGURE 17: Energy bands in the (OOl) direction.
The broken and solid curves were calculated by
including all energy and non-orthogonality

integrals up to 4th and Sth nearest neighbours

respectively.
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FIGURE \8: Energy bands in the (0OOI)
direction calculated with the two-centre
nearest neighbour approximation.



The four dlziinet energy tarls (;eﬂ 15 doubly depencrate) for

= {0, 0, 23/) are givon by (5410) as

E(4) =E, + (€,/b8,,) , n=i2,45.

Tho results are motted in f‘igmﬁl'lfbr the case whon mlylzlnter:,mla
up 3o fourth neerest nedgibowrs.acn includel as well as the case

whon 211 intermels up 4 pdnth oeovest peighbours are includeds e
natadlon of Eimiﬁn»:r‘s, samiyohona and Dlgner {4950) i3 nend $o label
the curses arl the represmmintion t0 thich each Modh funatim belonep

war inddosted in seoiiom 15« The energicos ealondode? within the Hwoe

onntre neavend nalghbone aprrordondion

oy

Iy = 00520 & 2,050 M‘S

1
133 = 04088 « Qo118 008 Y
f"‘;‘. e De0 = D10 e Y
&

R.‘j = U581 + 0,170 vog's

These ave Mirited in fMourn 184 A1 snorgies in tho figmmes are
relerred to the zoro of onargy botweon "mirCinetin' grheress

It vas qmgimu;r i.ﬁ*uemiecl to emmere the resulis of s caloulae
tion vith those o Nowaih {1955) vhideh were codlouiated with the mame
orystal potentisle However, 1t hap already becn mendionad that this
ATY enloulation of Hovarth's 4o now regrded as inscourato. Sinoe
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reoont work (Sesnll 1962) indleates that the d band ia not so
seneitive 40 tho orxvedal potentdel ags vas once thought, it is not
unreaconable $0 atteryt a emyrrison with domrth's eaxrdier caloule
ation {1953) hy the eellular methods The motontial within the cell

ip 1dentioal =L th s within the tnceribed s-hore in the AE-";? calonl-
adion and *he A Novence in crvntal poiential outaide spheres should
only Iiwc a manll cffect on: the & bands & glancs at fipgure |7 shovs
that in ieot no real vonpariaon with the prosent caloulation is
poscibles The width of e d band in Hovarih's caloulation is C.256ry
wherens 4n the jmesent caleulution 4t 4o 1420 zye The tight-bAnding
mothod hes cleerly broien dom and, =3 disonssed in Shavtor b, the
Fouson ig the nee of the neaturcl cholgs of ‘ntomie? votentlal vhich
loads to ‘atada’ funeiions thich e 400 &iffusos The ercor incvrred
Huouds using thege funeticns 3 not larges $han an wper bourd cstimate
chininnd b the mathol of scotion 5.2, which vag applied %2 4 bamds 4n
rontion 2% The uiper homd in piven by (4.3 end 4% ran pointed out
fnd tho modn emtribution to the 1ntepml eonos S the Simediate
vieinlty of ithe nenrost neichbour sitess The erwor is thus rouphly
porportional 4o |#(D 1Y eveluatod ot ticse olbess At the neavest
nedehbour distance the wadlal ‘atamie® fimction vsed in the resaent
eslevlation 4s seven #inos on leree as the HandreeeToeh: Ot Sumotions
Thus Mhe error ndght be expocted b0 be nbout 50 tipes lorger than the

0old mailberes eotimate of gecllen 1261 Tids ghres an uppar bound o
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the error of 2 rycherss, s that the errors aotually obtninoed ave
not muprlsinge

It ie seon from fiprre 18 thet the width of the d bend in the
tvowgenire neavent neichbouy appeerdmasion 1s 0.0 rye 16 nust be
aﬁmit'—l;ea that ‘cm initial éalmﬁa‘cimﬁ of this width lel 1o an erroneous
value only holf as bpe This ms sufficiently cveosraping to Justify
nmoeeriiuc with the éalcum{;ion of threcegentre intogrols eice These
then secmed to have an mmzelm.xw eﬁ'ect o #ho band width in view

of 4ts aprarently small valve within the sionle ap roxirmtion. This
ofvect does not nov seen g0 surprlaingly larse, but novertholess it
ig mainly due to the inclvsion of threc-certme intosrels that the
band width in fioune 17 1s thues tires that 4n fimwe 18 .

Campaxdison of the two pete OF curves in figwre  shoup that, even
when Oth neavest nedghbour inteprals are ind¥naod, it 1s not cortain
vhother atable £(}) curves ave been oblainede The difference between
the clnves obteined in the 4th neerest noiphbowr aporoxination and
the Sth nearvest neighbour approxirmtion are mmall cammred with the
calowlated band width, but nevertheless big enouth to dnvert the I1
and l';'; levelss To ensure thot comvercsncs has besn achieved in the
Oth nearest neighbour apnreeimation one wiuld have to procecd to the
12th nearest neighbour eprroximation, say, and make a further comparison,
It appears that, with ‘atontc! funotioma as diffusc as the prenent oneg,
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the *iphb-Bnding mothod 4 not only irpooizate but handly rracticablo.
Goptainle A1) 44e abiractive slmplicliy hes Deon losts

Sano Tenitnres of the curvea in fipnrel7 ean be emilainad by the
faet {hat the 2eial Pumesions ave not exantly orthogonal to the core
Ometionge It wma pointed oul in secélon 643 that this nonenrthopone
ality arigos through ove;rhp of the 'atmie' fwnetions with cove
funotions on nelghbouring sitess This efivet must be pavhi&:lnr]y
maxicod in the mresent case aince the ‘ctomic’ functions ave rathor
extondeds Core siatos are of ¢ end » grreirios ond referrcnoe to
tables 4n Ciapter 3 of Jonos' (1960) book: showm thet they belong to
the revrossntaidone X, 8, and A; , snone otherae States of these
srretries onlculated by the tichtebinding mothod, vihich is variational
in charaocter, need not nooessarily lie ahove the true eimmluce; On
the other hand, i the Hrht-binding method has been rirorcualy poraved,
states of T} \\:; » X¥2,%3, Ry | A, end A;.-m:m_eu'ica nust lie above the
true cipenvaluopes Those observationa probebly accomnt for the low xl
level in figure 17 and the segelng B, and 85 ourves. The X, level is
dvegrod dovn Uy nixing with 8s oore functions end peints on the A.
curve oan he deprossed still further by mixding srith both 8¢ and 8p
core funotionse The As ourve sagsthrough misdng with the 3p core
functions whilst for its end pointa’ (;; and xb’ 10 guch mixing iz poasible.

A eheak on the rigonr with which the tisht=binding rethod has boen
pursued here may be made by verifying that those levels vhich are
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ausainiieally orthemral 4o the core do in Peod lié ahove the

aucurn boly cosauloted aljcmraluese Tanthts (1050) velues, althouth
calovlated for o oliphtly different potentinrdl; showdd ba qults
accrrnto ond & cmardenn with these ®11 now be mades [Se;all (1062)
estlnaten fﬁa eneoey shdfie of lovels in rolng Oree a trffin-tin?
potenidal 1o & potential vhich {5 close to a ecelluly potmtinl as

le 55 than 0,005 rye.] Hormrth's values glven below are adjustod o
the same zero of potentinl es the tight-biniing yesultae The latter

rozulis are for ths Oth nearenrt nelzhbowr approxiastion.

State ‘ adon  Hompth
. 0u70 04756
n, 0.2 0%
%, 0.5 031
X, 0458 0400
T 0.59 0587
% 1454 04843

It 4 protifying % note that all sintes except X4 e above the

aprurate elrenvaluose This supgests that the 9th nearest naighbour
approximation incluies cnongh integmls for converpence. It is scen
fran figures 17 and 18 that with the nearest netphbour and 4th nearest

neighbour annroxinations some gtates lie below thelr correct values.
It 40 soxprieing how aoourste somo of the olrenveluos ares  Apard
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frav the X level (ignordinge the %, level vidch is expocted to be

inaccurato) e arrors are all an opder of mapnitvde smaller ¢han
the upper Lound cotimate of 2 rydberps. 7This avpurs well for better
oontrolied tighde-birding csloculationg along e lines indicated 1n
Chapter 4e
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108

172
1,76
1306
1.8¢
188
1eD2
186
200
204
2408

vo(r)

204150
244538
520
10,411
54980
15087
12975
10.8047
003333
D.0069

Te7221
GeOGS7
5074
547562
Je2380
4."8019
4048477
44,0705
27735
S.5033

De2008
30420
220458
240586
Ze5072
25602
22204
2104
1.90028%
10088

1e7324
17077
143278
15539
144854
144220
13857
13061
12509
l1.M148

r

2012
2416
2.20
2.24
2428
Del2
756
240
2ol
Del]
253
2+58
2.0

30
3400
520
Se40
360
380
4400

v,(r)

11687
1.1280

~ 100902

10550

1.0205

Ce39208
0963859
0.53705
0.91248
0.80062
G.680835
054029
082065

075250
0sG91.33
0«64093
0450383
056222
053085
050278
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Table 21 Coeffictents of si" 2')in formilee (5425) for sif:“)
q(i'i') s(2'2')
. it %
~{11) 5
P A L
g‘h! = 8.(,”:;, 0, jd‘
3(44) 9 1
‘ u 18 4
and a(O, Ly &) '
5(58) 3 5
n 18 4
(11)
S i 0
4
~(44)
. % = A(:‘_f. 'zf, 0) oiu 0 1
(55) 3
B:!.u 4 0
(21)
: | Sm 0 1
E..mE 3(1' 0, 0) )
44
o B % 0
and a(0, 1, 0)
-(55) ;
SQI! .E 0

afa

B



Igble 2 (gontinued)
{11Y) REVL)) (5t5%)
x’!t o.‘)t 4 St
(11)
S 1 0 0
% -] a(O, 0' 1) 5;54) 1 0 O
sg“’) 0 0 1
g{11) 5 4 L
3u 18 18 s
By = a(1, "2*‘; &)
o 5(44) 11 z 3
. , (7Y 48 . 19 16
and a(f, 1, ) _
5(55) ¥ 5 i
3u 28 19 10
(12) 9 L
©
“su 23% 9 12
n all, %, 1 5(44) 2
By = 8 2 1) Su 5 3 0
(65) 5
8 i 2 1
b 12 3 4

Coofficlents for 4th nearest neirhbours a(1, 0, 1), (0, 1, 1)
and a1, 1, 0) are the same ag fop corresponding nearest nedphbours



topt et PROR ] I -y Typegoff
x'y x'y's x'y'z x'y's d-faotion
1 1 1 1 (2% o?)i(x'? - y3)
i 1 -l -3 yia?
1 -l -1 i x*y!
i -3, i -, zix'




it Bt LEE zFel YELD Gymeser
4, 1 1 1 1 1 st
A, 1t a1 pPeyl
Ai 1 1 -1 -1 1 x'y*
S T "
A; " o o 0 0 (y‘s',a'x')
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defunction
' x'ytz! Typesof
x'y'n! x'y
2Y et ¥
(522 « )3 (x'? = y')s5%
1
1
-1
i




: (1'1!) [ ] | Tt
~’§2,2’) Jgsa) (4'2*) _(s5'8*) _(a'5*)
J

Jy
Jy Iy 1
(11)
1 ! % 2
B'iua G(Eocaf;") ; ° ° °
(44) o
J i3
1 0 0 i
and a(0,%,% c
a(0,7,7%) (=) * * * °
am5 0 0 2 3.
= : 5 & &
" 0 0 '
)
‘ % 3 -3
:’Ew 4 2
.glu' a(%,%,0) . ° ° ' ° ’
‘ 0
":(.55) o
5 0 0 2
: &+ 3




(190 (a'2%)  (a%8*)  (8'5Y)

B = u(a,b.o)

Gﬂd ‘(0.1’0)
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0 1 0 o

) i ]
0 0 : 2
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0 o 2 4
1 0 0 0
0 0 1 0
0 0 0 1
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t =3 te? t =35 tmd
Iéi'i.)x 102 ~0.702 “0.134 ~0.0445  ~0.0157
xia'z'),‘ 10° 2ehd 04554 0211 0.0895
I£5'5')x 102 -2.88 «0.747 ~0e311 -0s161
E‘gi'l.)& 10° 2460 1425 04610 0.325
n}f '2')y 402 -1.60 «2,00 -1478 -1 438
n§5'5')« 102 0,205 0,068 0.928 1403
Fi(:i'i')% 1@2 -%,30 138 .00654 "0!344
Fizlz')x 1% 4.04 2455 1.97 1454
x§5'5')x 10 -3.33 “lefl | «1.28 “1419

t =5 t-6‘ t =7 t=8 t =@
Fﬁfﬂ » 10 AATE 101 <0507  -0.562  =0.224
Fég'z')x 10° 8.81 5.47 3,68 2.48 1468
Fis's')x 103 =B.83 =749 -5 97 w8l =3.49
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P £a0 tes ted
10° B35 2428 1408 0,534
o o7 ol 4407 ~3ed0 «2e31

x 407 2400 2,78 Sedl 21D

L TN tnl te? t w8 t=D

"
sgl ') 40? 0.27L 04158 0.0085  0.08517  0.0831
3P i wDaEBE w0388 «0,378  =0.34%

need
5{8"x 16 1463 1490 0.985 0735  0.543




The Mrat colun gives the cowordimbes o a typload

potential oentre referred ¢o axes Ox'v's' of fipure 10

and mmbers in brackets on tho loft refer to oetres
marked in the (fgures The seoond column pives the
mmbar of centres maling the smme cmtritution.
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cotre ooy (10 20 BTN MG 10, (arst
contrec 1 ] ) % 1 y
WaBAD & s 2 L0 0?5 00 -.0.0%
(9)::6%‘.0,0) 3 ~0.048 0002 0s030 100  0ed32 =0.143
a%ﬂ,%) 3 <0u48 04000 0,005  w1eB0  0e22 1009
(s)a%lﬁ @ & 0073 w079  «0s104  «0.030 0,005 0054
a%,%,ézﬁ 4 w078 «0uI7D  =0.104 <0080 D008 04195
(4)8(0,1,9) R TS + IR ) - 0uX0 D70 04008 0,002
a(o,x,‘fg) RN el i & ERT s GoT0G  =0.470 04008 «0e1%7
a{“""’ x 10° W77 D85 S0 =304 D38 2,03
e — s .
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The fNrst colunn gives the oteordinates of a typleal
motential centre reforred ¢o axes Ox'y'=' of fimre ||
and mambers in brackets on the lef't refer o cantres

warked in the figures The seoond oolumn gives the
mmber of centros maldng the sase contribution.
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Ko. of 10"7 x contribution of one centre to

Conire squivaiont e tt) 1 0 "we
sentros (2%1) Gézz, G‘3(:1‘:,) Géss)

(1) B(O:'g’,‘p’l‘) a «0e(084 30 w0682 0557
(2) a(%,0,%) 2 0084  Oedd =0.082  =0.5%7
(3) all,%,0) 8 =0:315 0.0 -0:014  0e224

L ]
ng'n } . 4 102 =2 «03 134 -2+ B4 (85




The firet colmm gives the co-cidipates of a ty::aical potential centre
referred to axes Ux'y'z' of figure)a and mubers in brackots on the

le7t refer to coentres maried in the Miure.
the nuber of centres making the same contribution.

The secord column givea

loe of

o2

z contribution of one eentre %O

Centre aquimlmt (10., ) (ov9t)  (s'3') (a'a') (a%5?) (2%4') (1's')
antres Gy % Cs 5 G %
(1) Jﬁ,o,‘% 2 ~0.003 0.178 226 ~De174 -0.13 O ]
(2) alo, ‘,5 1 ~0.037 1495 0,088  ~0.269 ~0.052
a(o, rg, % 1 D027 1425 0,025  -0.269 0.026
(9 a(Z 5D 2 04109 Ce332 Ost0L  =GaSSL 0.205
aé:; J‘z‘%@ 2 -0.100 G.232  0.101  «0.331 -0.048
[ J—y
Ga(n =*) “0uE8  Adld 2495 1.8 0429

¥ic



Tha first cclum gives the co-ordinntes of a
fyicel notmtdal centro referred to axes
Ox'y'z! of figurel3and mmbdors In Drrckets on
thy left refor to centres maried in the fipure.
The accond calumn gives the numder of centres
maldng the same contritution.

Woe of ' 10% x comtribution of one centre to
Contre cquivalent Y tge ta? Va0 55 "0
o ntron Gé:. 1’3 Gia 2') Gf s') ngz AY G‘g 5%) G(: 5')
(1) a(0,0,) 3 ~0.004 0,180  0.189  -0.004 <395 O
(2) .a%,%,%) 4 ~0.060  0.500  0.65  =C.018  0.022  0.010
o120 A “0.080  0.500  0.165  =0.0:9 0,023  =0.001
ag""") x 103 2 2459 1454 “Dud3 55 0.07

g%
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THE TERIODVIAIC FROPInTIng OF

(RIAGTIRIC 1AL

Tha theory of ferramagneiisn in the trensition metals s one
of the most cntroversial sabjeet in solid sinte rhysicse Huch of
the controversy has been over the guestion of whether the electrons
resnensible for ferranagnetim ore bound on atomg or vhether a band
vleture applies. At one time e eonsidorable dravmbacl: t0 the bamd
theory was 1ts apparent inebility 4o desd with the exlotencs of
sin waves, which are obgerwed direct)y and indirecetly. Hocent worl,
including some hy the author on which this mmrt of the theeis is
bagad, hag shown that coin waves do emerge fran a and approash but
anly 1f one poes beyond the lartree~fuck aprordvaiione In the trans-
ition motale Sron, cobalt and nlctel if is the 4 eleotrons vhich are
responsible for ferrannrmetisme It therofore appears thot the d band
in thompe motals plays a danlnant role in the whole phentmenon of ferro-
marnetism, cven in the rhenmanon of spin waves vhich has usmlly been
associated with localired elcoirons.

Thio chapber deals cqualitatively with the low-lying states of a
forranarnetic netal end the consequent low temporebwre thermodynerdo

vroperties. A simple pleture of a spin wave 4s civens The sitwvation



at higher temperatures, near and above the Curie point, ia Blno

briofly discussed as is the present statvs of collective electron
theorre Chapter 7 givos o detalled treatment of the tand theory
of poin wavess It is firnt of all approrriate to sive an nocound

of provicus worike

This discucseion is restricted to the thoory of the spontaneous
mgnetization as opposed to danain theory and the theory of the mapw
netlpation curves To sxplain the spontancoun nagnetization Yelss
(1907) postulated the existence of a ‘moloocular £isld’ which was
mroportional to the mognotization and acted on the individwsl map-
notie carrlers. It is now I'noom from meanuremcnts of the gyro-
mpnetio ratio that these carvicrs are electron sninan. Velss' theory,
rarticularly whon the oririnal clessical fomm is modifisd to allow for
the disorete orientation of electron apin, pives reasonable qualdtative
apreemcnt with the following experimental faotas (1) the obsarved
decrease of the mapnctization o sero at the Curde tamperature O,

(2) the Curie-Uelss law for the tempernture variation of gusceptie
tility above the Curle temperature, (3) the nagnetic specific heate
Hesevor a very larpe moleculnr field (o~ :1.07 coves in magnetio tems)



is vequired to pilve the obsorved values of 8 ¢« The origin of
the 'molecvlar £icld’ remined a mystery until Heisenberg (1528)
tmeed 4% to the effacts of oxohange interaction betwoen elecironse
Heisenberg'a worl: was based on the lieitler-London model in vhiich
elootrons ave localized on atamse Dlooh (1929) mubssquently cons
sidered the onse of a frec eleotron gas and ghowed that tha iartrece
Fook approximation predicts i'mma@eﬁ.m far all electron densities
belor a cortain value which 1lics Just belowr tho metallic ransoe
Wemer (1038) and Pines (1059) have pince pointed out that in fact
correlation ef'focts make it very unlikely that the free elcotron gps
is ferromagnetic in any density rangas. lNo doubt ferromngnctism can
be produced if a sfficiently larre effective mase ic introduced.
Hoat eubsequent work has stemed fron those early contritmtions
of Holsonberg end Iloch, the one based on the licd {ler-london model and
the other on an itinerant madel. %he former aproach w411 not be
dinscuaged in detail here einoe it im tmable 4o deal vdth the faot
that in nickel and eohalt the saturation mapnotic manent correcponds
t0 non=integral mubers of unpaired eping per latiice eitse In iron
this mmber 4s 2.9 and, alloving for some polarization of the S elecotrons,
it 18 poasible that a localized model with two mapnetio electrons on
cech atom could apnly (see Hott and Stevens 1957)« The localized modsl

certainly aprlies to the rare sarth metals and o insulaturs such as
ferritons and parmotse The result of the localized wmodel vhich 1m of



mopt slgndficanco for the present discussion was obtalned by Hloch
(19%)« Tie eﬂmwea that the low=lying states of the Heitler-Lonlon-
Hoisenbors rmodel consdat of a mwber of almost independent spin
wave exoitotionse Tn o srin tave a spin reverssl sropasntea through
the crystal fmu ataa to aton vﬂ.ﬁh & wave-vector K« The exoitation
enerey of & spin wave is proportional to KQ, and Yr epnlying Boge-
Finstelin statdstics it is found thet both the deviation of the mage
netization {rom saturation and the asnociated sncclfde hoat vary
with temperature T os T2, for T4E.0 « Mhese T2 10vm ave
chsemved experinentally and move ddrvect evidence of the erintence

of gpin waves in ferronnrnetie mmé and alloys is providod hy
| inslastio neutron-goattering experiments (Lomle 1956, Sinelair amd
Rrooithouse 1960) end epin«wave resonance work (Tannenveld 1961)e 4
satisfootory theory of ferrararnetism must thevefore lea? %o spin
wavos, but 4t has been pointed oot et the localized model 4n vhich
" they appear so matvrally ie unsvitable froe othor points of view, at
lesnt for nickel ani sobalt.

The first application of band theory to ferrawnmetlien was made
by Slater (1936) for the cane of nicel. It is polnted out in seotion
21 that his amlycic 1n incccurate althourh he obtained a rossonable
eatimate of the Curie temperature. The moot systoretic ap-iicaglon of
bard theory to ferrooarmetion 4s the ‘collective electron’ theory of



Stoner (1038, 1830)s Stoner treats the holes in the d bard as n
perticles in a merabolic band, althoush the asoumption of a raprtioge
ular Bend shepe s not an essential pard of the theory and oﬂ'xe: band
‘Beves | bave beon ronsidered (Vohlforth 1951). Iwchanpe intoraotion
4o introdnced by assuming that the difference in cnergy of a rarticle
in the seme Hloch state vitherin rarallel and anti-parmllel to the mage
notipation La 262 . +@ 1na measice of the exshange interaotlon
whars = is Boltenamn's constent, and % 48 the relsiive magietizaiion,
1e6s the yetio of the marnatdc moment of the greten to that with all n
aving alinede It ds Nurther asamed thet FermdeMrac gtatistios may
be apnlied to tho marticles with their orewaleciron encxrics modified
in thie mays Gioner’c trezinent 4o Insod imnlicitly on a model syntem
whose onergy atatos are given by a mum of onceelecteon cinerzies and an
intrrootion term Ink o9, tiatere (4951, 1952) and Hoyer (1957) have
phomn that 40 the nornald nethods of sintistionl mochenios are aprlied
to much a gypien, the romlis sre identdeal vwith those ~tniusd by
Stoner’s alnplificd stelistical methods A basds for Stoner's model
vas sought (Fddiend 1951, Wohlfarth 15585, Tredeold 195%) within the
Hartree-Fook appragination bub diffevltdies vore Iimodintely on-
countered. The emclense crerpy doca not tolo e simple fom Snk e":"
because the individual exchanse integrals botween Iooh statos depond

very strongly om the difTerence in vave-veotor bet-eon the ptaten

involved. Iddiaxd (1951) pointed out that Stoner's m:&izgyomy



chinined 4f the exchonge intogrel is & constant. fe furthor

pointod ocut that 4hde would be the case i the effcotive ihierw

action hotmeen rexticles wore of sufliclently short mange, although

at that Hme no jvxstifioadon could be given for 'suoh an apouptions
The voe of & shord range interaction now apnoars yeastnable on the
besds of Do and imes' {1953) plase theary and & disocussion of

of the rresent status of Stoner's golleetive clectxron thoory is

given in peotion 21e Collectlve cleotron theory sorrelaine puocesse
fully data such ag saturatlion pametication, the Curde »olnd, suscop~
$1bi1li 4y above the Curle peint, and low temporature eleotronic specifie
heat for o wide varioty of metals and alloyssy (ses Tiohlfarth 1053

and references piven there, Tohlfarth 1958, Wholes and Vohlfarth 1063).
However no s»in vaves appear in the conventionnl for of the theorye
Tho firet band theory of evin waves vas piven by Slater (1037) but he
considered only the cace of a ferromametic insul-tor with ons electron
por atom. Sleler ghowed that the energy spectriun of sinties with total
svin S' - 1 and total wovewveotor X, vhere 5’ ig the 4otal apin in the
ferravagnetic grovnd state, 4s o8 shown in flrure 19 . The lovest Lronoh
of the speotrun consists of exciton=lile giates vhich correanond 4o
spin waves and the contdmim corresponds to band-type exsifationse The

worls of peotion 30 conptitutes a mneraliration of Tntap's o o

the ouse of & nmetale.



Fig. |9“
Iiam-ins and Kittel (41951) vade the first progress on the

protlon of oin waves in netalss Thelr treatment for oubde oryatals
is baged on tho masropcopic exchange cnerry

2 a L
AT ()" +(Fx,)* + (T ]
(6+1)
which is of importance .in the theory of the Bloch will between
of, , a, oy are the cosines of

domainge )de Yne anglesthe rametization vector makes with dhe

cvhic aneésg ;

4 end A is the exhanme atifMess conelant for tho
material consldereds Herring and F4ttel's phenanenologieal aporoach is
o cet w2 oniléonion involving svin dmeliy opambors vhich 4s based
on the cnery {641)s Spin waves of long vavelength ave dorived foruelly

by treatiry the ferramacnetic meterial ar a continvoug mediuwn in vhich



the components of the syin density operators are reparded as
sxplitudes ol e‘L vechor feld vhich is cuentized in the way demanded
by e imown comrutation relationg for spin camponentes. This quane
tized phonaoennlogiesl ap-roach, ar its comterpart in which the
Narglionlan ig ‘wealed classically, has proved vory veluable in
discusaing the inlerccilous with microwave fields vhich occur in
feravmmmﬁc rosonance and allled effects (pee the review by Akhlezer,
Per! Yeakhlar and Fognnov 1060} Slowover, t9ds approach oniy dosls
with the spin-wuve pers of the enorgy spectray and throus no pht
en the relation beiweon spinewave thoory and odllective elootron
theorys “hic probler can only be af»lvéa by examining the clrene
piates o the full Hamiltontan of the gystom  Herring and Eittel
dend with the problen of obtairding spinwwave eimnnﬁbes in an
indixcot way by consldering the regsonse of the paturated speoimeny
o smadl perivariding wmagnetie fields If the snperturbed momotie
“eation wotor is in the 2 diroetdon the perturdine fleld eomsidered
ic applied in tho y dlreetion and varieo simiscidally in space in
the ¥ dlrcotion with a long vavelenpth 9 /Ke The marmetization
regronds t0 the pertarbation ond 4t 45 shovn by & forval pertupbe
etion caloulntion thot on enorgy of the fom {6.1) anlr meoults if
statiomry statos of the system, vAth svall toled wve~roctor K and
total amn 5 « 1, exiat with enerpies 6{(0?) above tho fexrramagnetdo
rround statee (It s asmwed the lattor steto has zoro totnl wayee



veotor and total epin S* vhere snin is measured in unite of ﬁ -) Those
stoten are 1dontifled as svin waves and a method of obtaining thelir
wors fimotions end energles in ouilineds It is not clesr within vhat
amrerieiion 4ho states obinined ars actvadly olrenfunciions of the
rersterms Rerring (19578) wns Ablﬂ Lo caxrry the mi:hbd throogh 4n
Qetall by maldng . farther sporoximations

Tarriny and Kittel suprest that the lowcnerpy statescf ferro=-
nagnetic motel sre of two Wpes{ the mm-imaev ataten of dalledtiw
elsoizon thoory vwith 'no goin m"vea exited' end staten derived from
these by excitellon 7 ~>in wmavess It i further auggeatea that the
contrilatione of enlleotive glectrcn ard goin-weve enidntiona to the
snecific heat may be ed'itive. Thoso idens are desoribed as "very
ouch 4n the yealn of speculation” and 4% one of the aing of this
chapter to el them more definto (soe Ddrmrds 1083)s Other work
vith the meme adnm bhut usings qudte difforent nmethods 38 that of
Vensovsly snd Fcbelor (1061) and Rutjgrak (1062). Touk: by Izuyama
{1250) on epin vaves 4n the tand nodel zhould be menticaods He uses
2l thooreiionl nethods end his apivodratien is coulvaleat o
Torrdnz’s (165200 as is phien 4n scotion 242 of s theaiss

The work deneribad in thic st of tho theads 1o vostrdieted to
a single~band model ¢f a metnl for simplleity. There is 1i¢tle doubt
thut the qualitative resulis of this chapter hold even in the caso of

several overlarping tandse lMagnotle anmd shineortdt intereotions are
negloated throughout the work.



Conzidar o model vhich conainis of 2Zl-n cleetions dn a single
boni containing N-stetes of ench srin, vhere ndi, and cssuo that
the ground stube of the graten in that of noxdimum mul{iplic‘ity with
total spdn &' equal o [n» (szziﬁ is neasared throughont In undte ord).
At first only tho lmv;fi;ﬁ:gr; statoe of tho mbem with 5" equnl to
in or lni widl be Alscussced and 1t is suffioient to consider those
atatos vhich have 8% and the » oawponent of spin 55 equals Suppose
Y is the eigerfraction of such a atate; then if 3, S, avo x and y
cazpononts of grin the funchions

ol

(s ~13)Y, (o, my)aV’ (ﬁ’:s:"‘s,jr)m53 4

roprosent states fdeenorate with Wend of the same total spin S°

Lut with scceasively lowr veluog of S; oqmnl 4o
g -1, 8% w 2, vessrenesasas 3!

A:% cirongtnce vith i & S' may be derived in this way and 1t will
cicrge that the siate (5, - iﬁéng\r ray be reparded as forrmd from
Y broexiting R sidn waves of zero voetore
The vhitle dicoussion here i nsed on a band description of the
netal, althoush cormclotion eNeots are considerede An olrenfunotion
of tho grotam 1y be written as & lineny conbimtion of Slater deters
mincnts fomed form onewelooiron functions blk, zy)e((1) and bk, a)f(i)
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where g, 18 the position of the 1?*‘ eleotron, blk, £,) 16 &
Mosh funotion with wve vector k and « (1), p(1) are the eigen=
funotions of @, , the © coaponent of apin of the 1% eleotran,
ith eipenvalues + and =% respootivelys

Tn a state with 5! = in theasyin evb-hand 4 £ull and the P
spdn sub-band contaling n holess 'fhe lov-lying sintes with 58 = n
ray be dosoribed as Ynwing a (ullwspin bond and & rertindly full B
spAin hand with a for clecironmlike qrard-marticles just ouiside the
Farm? surfaoe and nn oonal mmber of holewlike cuasi=particles Just
within it. These quasieparticles are cssenitdnlly indcpondent and
pary state vhich mey be desexdidbed ve derivad fron the grownd state’
Wr exciting & mrenbor of inaémwent quasi=portielss will be referred
Lo az o hand-toet gtatcs  Sueh a state hoo o diveet correapondence
with an elgenfunction of the iystem in vhich eleetrorde internotions
are neglected fees direct corromsondence il & s:‘_nglé Sintor dotorw
ninante Dandwivne states arc thoso normellyr considared in collective
clootzon theory ond correspond 40 the stabes with "no spin vaves
e tod® dlsovased by lerring and Fittel (1951)4

States with 5] = {n-1, that i with one roversed suin, are of
threo dintinct typest (a) ctotes with total soin in vhlch ape derived
from states wth 52 w in by epilying e o eratior Sy = 46ys (D) tari-
tpe statos with total ordn ined in widch the ad2itional eleotron 4n
thefapin band bohoves an an adddtiom) cuasi-particle oulside the Formd
suriace end moven independently of the hole=like rarticle lofy in the



e

& orin bunds (o) statos vith total spin in-t in vhich en eleotron
in the P gpin bond and the hole 4n the & spin band ave bound together
in an cveitore=iike state cloractoristic of n anin waves

Thepe difforent 4ypen of states will now be dlscvased in a
auelitative e A-mare ommet discusnion of steties of type (o)
is given in Chapber 7s

Conaldon firct o siote of tyoo (B) videh differs fron the ground
astate 4n horing an elootroneliln quuslemartiele Juwet oubelde the
¥ormi surface in the P sMn band ond o holee=lile quasi-rriiéle neer
the tbp of theof g7dn bande Tho energy of such o etole is of the

-, ’
p s il

T + Ep(g;) - Bl (6.2)

vhere T io e ground stods encryy ond E P(_?._:_'), 124 q(,l_:) are quasie
meticle merglisg inp and & zxin bands roguecltivdlys The cuagie
mrilele enerplon nic only dofined in segions of kespace vhere the
quagi=porticles are long=lived, that 1o near the top of the & spin
and neny the Fermd gurface in the F gpin bands 1T the fervomammetic
state is stable, 3'3,3(11’)734(13) as ghorm in Sigurs 20 |

To eatoblioh the comesiion vith oollective eleotron ﬁhaox:y it

it conveniont to define nav enersion

€ B = 8 +%, ‘ePQ;') zEP(}_:_"} N
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where J is chosen go fel eu(lz) anml € P(I:' bacoss perts of

a falrly mooth € (i) curve as dhom in figwe20.+ The cnargy {ex)

then boowmos

B, o+ €& - €0) 2T | (c.5)
E - 3 0

! Y7

e |

| @l/

RO |

7 et

| |

| |

| {
L l — K l

(a) | (b)
Mpaao(a) torove 1 ghins w“('it) ad Mrao(b) Ovzves 1 and 2 show
the wop of the bandsy curwe 2 choe

the redefMned magierarticle

Ep(}:') at the remml mirfoces enorcing 6*(5:) and (P(ko ).

For a goncrud lowelying band-dyoe state ’:e-it!: o numiber of hioleoelite
aasiemrticles in do o« opin band and o mober of qngiepariicles excited

in the‘) a87in band, the enerry wmey e vaitten
E— = ¢ ) -t n. 2
o = 3 tix [€(R) =37 + £ nyp [e(n)+47]

= .f(ii Pap Le(h) +437 (60)



D4 o BN Pyp &1 occtmbion mwrbers for holeslilc swics and ni’

in the ooaimation nmber for an eleotron-iile quagi-parkicle stale

kye The mmallone 19 7, ) < £ are o bho caxried wul over staltes
respeciivelr ootside ond inslde the Ferd urfaoe in the P piin

oanls Tiaweschon Ged) gﬁ.\roﬁ‘ ‘dw emerey of & fypical stnto sunsliored
in collecdlive dicctyon Piemyr whewe the maxnseter k ¢ cocurriag An
that thecry 1o el t0 =J» Tn the oresent foanuiadion J i suneshnt
arbtirayy ut tho band form € Qg} 62.50 depciiia on oo In foot (Sef)
really involvss only the rpﬁsi-r; viicle enersies Eg 2'0 E « (i rion
ere the plysically aignﬁ‘icﬁnf tfuantities- The constant *oxchange
encryy' J mes been Introiuced merely to show that the energios of

the lormlying bond=tye sta‘fea of the syoten may be vwrlitten in the
forr of (G.4) which oorresponds to the low=lying states of collective
olectron theory.
CRly—bo—dise-doralyincatatos—cltho-prateme It rust Do emphanized
thht the above vory reneml argments aprly only to the lowlying

staten of the syntem, More restrictive conditions musi be nsvred orp

eyl & Aokt e .8 P .
proved 1o Justify colleciive slcotyon Srwory at highse tanorateren.

Thio 1a comgldered in seetlion 21

o
e IRy kY

& » -
A dipotsslon of stabes of tyve (o} w12 now be given. usdng an

appeazination enquivalont to thet redce b Hoeering (3652b). A more

emot &isensolon of siates of fuo (o) ia givon in Chavtor Ve



g

A sinte with ’1’ = Im moy be vopreconted aprroxdmotoly By a

Sintor dotorednont of doiad vave-vrotor ,F

() i
t [(av-0)] "4 %, By 93,‘, ""p""""xl’}

(Ge5)
wilch erntaing the one-sleotron functions blky,, gj) «(3) and
b(}gip, £gp(3)s 0 a Vannier furction a(pelt) in defined by

n.(r_ ) = 's'I < Z exp (-:Uc )b(_lg‘,k, ), (8.6)

where the sumation ie over all wve~veetors k,, (845) ray be wmritten

, -4 | |
- [(‘).N""ﬂ'-] A{-«M ,--°-RN4.’-°-"P""-&N~”,P}

vhich is a drterminant cordaining fonotions a,(‘,x_'_j - By (4) and

b, g;;)P(:j). Amredrate vave funetiors for ntades with

£' = It ani ol mveeveeter J+ & reybe forced ao linear
determionty

conbinntions oi'x ?1‘ ~ E, L) obtained fram (645) hy roplacing

bk ~ %, rx(3) by bk ,F3)pl1) vhere the latter state 15 unoccunpied

in (6e5)e It follows fram Herdng's word: (fering 1952b) end frenm

Ssetlon 24ed of this thowdn thet vithdn s aporadration statlonory

stztes oot with wave Tumtions of th> Poom

Wi 0, (Re-X k) +o(k)

- (648)
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for coaldl & vhere memtm surzation over L-vectirs of aiates
unocsnied 1n {Ge5). The stutos (6.8) with X £ O approxirate to
statos of toiat sdn dned sod in foet to otates of fype {(e}s their

- - x
godimave cranaler o caslly goen in n (5#8) 3o rewrltten as

N‘t s 4"?\(-‘{5~53)A,

s
{a.9)
where A do e Gnterninent obtained frvn (647) by vepleoing tho
furotion aly, - Enﬁa&(j} by c(;J - _13)';(;} Js olz) bedng o Locolized
Pimetion deMnnd by
‘ SR
olgy = n "ol , +0) (Ge10)
t

A Twoof of the omivalence of (G.8) and (G«B) 4s gsiven bolerve
(6+9) 18 clearly a ronemilisntion of a Mooh srin waves

It is straizhbforwand to ahov that A, , ac defined above may
bhe vritton

4 ) —ik,- €
As = n iz;_‘_ [' '*O(K)l 2 '.‘t .-’ (_.}N""S
& {«(v.—@.)«b) el - Dd(s-1)

aly; =K, Yol aly,_ -QJa(N-0t(k, ¥, )p(v)
e (&, v ,,\“,)fs(w»f')...Q:({%N_'1  Fanen )l

(8ve11)



whare-p( is o norralised antisyrmetrising operntor acting on the
eleetron eoordinates. One may m-.lbeﬂ ap

g = A& £
.“ 4 (6.12)
vheref faro antiaymetrizing operators acting on elootron
coordinaten in atates of of and P sMin respestively and A 15 an
operator wiich sums over permutations of electron coordinates
between tho two spin suberrours without regard to the ordering.
vithin each subegzroup. .

Using (6+11) and (6.12) ose finds that expression (6.9)
beomes

()t A f—i‘”[wo(k)]-u{l[dk- Ry). 8 ] (-.)N"S

Ko {aln-R,)x0).. Ay =R, Jatls-1) al vy~ Rs 4y ) dly

- alyy,_ -8 )oﬂ(N-\n
fo 1200 pln), c-(o.,m.)pm.) " oas)

To sinplify (6.13) congider the exoression Qr( &N-n »YonN-n pl'm-n)}

ib(_i E) eeoble b 5 00 0 2 )00 b0y s By, 1)} (6e124)

vhich 1«3 ecaplly shown equal to

g~ (11=1)/2 2—_ g & i‘(-‘-'- ~Rylevealry s =Rygdaly <By,,)

con a(gl.m1 -.I_’“) }
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vhere in 10 a minor of the complete ¥ x N deteminant

= || wbebs I

Now
§ = NN"& _&44 =N (_4)*"'11 _‘4 (A“O'(QVSA) M("*
vhereol 1n resl and expression (0.14) therefore equls
Ad (..|)“-‘.t M(-i%m.«')
£ Y alng). ... alr ,-8.)
alr;-8in). caln, - fy )}

(6415)

Using tho ecuivalence of (6+14) and (6+15) and putting ky ~ K = kq
one ms;y write (G.13), and thorefare (G.B) as

2% wi f 2:.“’[\-1-0(!\‘)1 ("
ft“t 1) aly ., (9“&" ,\_r.}_,)d(rt)
LIC N, N RICY I X (. T Ja(n-1)}
£ {e,(ah Yl plv) | (R, ¥, Jp(N+)
_ A -°‘~-n yYan-n) pav-w3
SR S TR PR TR

‘.



Thus apart fron a poesible phase factor (B.8) and (G+9) are
entively squivalent.

4 spin vave in a single=band model of a metal may thus be
plotured ag followse Consider first a state of maximum spin alince
ment 4n vhich theparin olectrona rartially £411 a band of Bloch
functions, and the « spin eleotrons may be desoribed either as
camletaly £11ling evch a band or as fillin: a set of Tamioer
funotions, one on each atame The detexminant §; apmearing in (6.0)
is now obtained by removing an & spin elootran from the Yannder
funotion at the s lattdce site, reversing its spin and placing it
in a "partial® Wannier function o(g - R,) localized about the same
Jattioe mdto. This partial Vannler function is farmed only fyrom
otherwize unoccupled Bloch funetions and 1s less localized than the
Wannier funotions a(p = R;)s The wave function (6.9) thus represonts
a sitvation 4in which the P s>in elecotron and & spdin hole move topother
throurh the orystel 1ile an exciton with waveevector Ii. The enorgy
of this apin wave atate in of the form I-IA e o2 o 0(115) for a piven
ddreotion of K vhere E, s the encrgy of the state‘]iwfrm vhich the
spin-wave state vas dorived. C 1s & constant vhich, for enblc orystals,
is independent of ihe direction of X and vhich 4s effectively the same
for all lom=lyine initial states \PK‘”; C must be poaitive, of course,
for the ferramgnetic state to be stablc. It 4 cloar fron (6e4) that

the vave funotions of spin-wave states oontaln almos’ oqul contxd-



butions £ron many Slater determinants and this property persists
in the more exact Geseription of these states piven in Chapter 7.

Thus a spin wave state does not have a correspondence with & single
determinantal fimetion of the intermotion-free aystom and is, there-

fore quite distinot from a band-type state. ‘

The limitation of the above discussion to snin-wave states
derived fram states with 5! = 7n is not a real onec and in fect
apin wave states may be derdved from any lowlying bandetype atate.
Consider a lom-lying band state with 5' = 3! = {n-ne This state
may be plotured as difforing fram the ground state by having n
ocoupied Dloch states Just outaide the Fermi surface in the P spin
band and m unoccuried Bloch states at the top of the of avin bande
The wave functdon of such a state may be reprosented approximately
by the eprropriate Slater doterminont Yx + A ptate derdved from
this band-type state by exciting a spin wvave of wave-veotor X has
the approximate wave funotion

(n=2m) "% = 8 (B-k, &) +0(k)

where the swmation is over the wawve-veotors of Nloch statos singly
oocurdied 4n YA and an ap-yoximate cnerpy of the fom E
for =smull Ke

A’ Cﬁiz

For tho purpose of surming over stntes 4o troat the statistical

(6 016)



mechandos of the ayoten it is necessary to enquire whether spine
smve states dorived fron different band-type states nre necessarily
indepcndents For cxemple, 1% night be thought that the state of
totel vave-vector @ + K derived ﬁm‘ff\q)by erciting a spin vave ¥
could be identical with the state derived fron same other band=type
atate ‘ffvby exciting a. epin vave p "3t KXo In fuot this 1o not
the caco &8 is shom by the following arpmente.

A1l low-1lying bend-type states must have a larpe numbor of
sinrly occurled Nloch states in conmon and A ffer among thenselves
painly through the occumtion of atates neaxr the top of the & spdn
band and just outpide the Fervid ourface in thap srin bands It
follows that a epin wave state (.10) derdved fram a rarticular
hand~type atate contains many detesminants QA@t - K, k) vhich do
not contribute to spinemmve states derived from any other band-type
statese Thus all spinwwave states dorlved from different bandetype
states are indepondent and there 1s no fear of counting states tvice
thrcmg\ congidering all spin wave cxcitations from all lowelying
band=-type gtates.

It remaing to mention stateo of type (n)e Vhen K = O the statos
{G+8) reduce to (5, -isy)‘li@émrt from a normalizing factor, and are
thue states of type (o). States of type (a) arve therefore states

'hav&ng a spin wave of zero vavewveotor oxcited.



So far only states vith one spin vave exclted have been oon-
sidered and td discuss the themodynamica of the aystem a genorel-
iantion must be made to the case of severel spin wave exoltations.

In the cass of an insulator it 4s Imoun (lolstein and Primakoff 1940)
that vhen a small mmber of apin wove states are excited the excitation
enerples are additive. It is reasomable to assmue that this result
halds in the prosent case for a state derived from a bandetype state
by exxiting a snll mmber of spin weves. Using the notation of

expresaion (Ge4) the energy of such a atate may then be written in
the form

‘E(f-l-(i nips Pip 3 Vi) = B (i smy spy0 ) +E0 (W)

(6.417)
vhere 5, 1s the enerpy (Get) of the band~type state and &, is the
total spin-wave excitation energy given by
— .
*"'sw:!.) wmC Z'_ N,.K,. (6.13)
o

vhere Ny is the occupation mmber for a spinerave of wave-veatar
5.

The partition function for the aysten in a mmetic field I in the
o direction is

Z = Z32, em (P Tin/keT) (6.19)



vhere

Z.Q =35 axf [__ Ec(f&&i“.:fifgp )+7-PH§-F“

KT |
(6+20)
and
ZZ ax [ € (8;) +2pH N,
'» ‘O{T
| (6.21)

In (G¢20) the mmmation i over occupation numbers corresnonding to
all bond-type sfnbes;P is the Bohr macneton.
The sarmotization 4a then piven by

M..#rr z,qz..__g_,_k‘\‘?’nﬂz +P.'_'I§HZ

=M, + M+ WM,

(6422)
vhere V 1s the volume of the crystal, M, is the saturation mape
netization np/N and I, 1y are the deviations fram saturation
dug to band-type and spdn wave excitations respectively. then
H = O the oollective eleotron contribution is piven by
Mg = —2.p axp (- €, [hT) Sn(d—nes(\[(e-e,,)/&'r] d¢
h (6.23)

whore Eﬁ is the taximm energy in the band € (k) (t;iésingtha
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notation of section BO), n(¢ ) ic the density of atates in that
band and 63 ir the minimum exoitation energy vhon a spin is roversed.
Thus

Q% = € — € +7

vhere Es_ is the cnergy at the Ferrd surface in thep epin subeband
Tor e band with

nig = A(e, -¢)f

(6428) booomes

M, =—2pA g+ (80" np (¢ /)

(6.24)
and thls 1s equivalent to the usual colleotdve elcotron theory
expression when p = e If at absolute zero nelther spin subeband
is campletely full I, no longer has the fom (6423) but 1s proport=
enal to <17

It spin-mve excltation energles are vritten in the fom Jg1%2
whore 1 1s the side of the elencntary cubic coll in tho lotitce
(asoumed ouble),

I o

5 T

M = —0.0537 4( QT}}?- ™M
(5.95)
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chere ok ia & for the boly-centred lattice and L for the face~
contred and'S 45 the mean epin (in umts orf ) per lattice site
at T Oe

The speciflo heat at constant volume Cy i also given by the |
mm of two terms, one typieal of odllective elcetron thoory and one

of srin wave theoy. This for H = 0

2
C. =240 T n(€) &+ o.uz Nah kT
v=3 (¢ ( T ) o

where of bns the sane mecaning as 4n {(6.25). If at abaolute rero
nelther spin sub-bend is copletely full the coefficient of T in the
firat tem mwt be nodifiod. |

The qualititive argmmes of this section cannot be remanded as
riporous, but it is believed they are essentially correet. Thay have
been glven in some detaldl pince the problems conaidered ave handly
bean discussed ir-tho literature since the wor: of Herring and Fittel
nearly ten years apos It is hoped that tho mresent work may pave the
way for more oanplete dipcussionss Tho maln oonclusions of the work,
vhich support Herring and Kittel's ordipinal surmioe, cre that the low
tenperanture srecific heat of a ferramagnetic metal may be exnressod
as the mun of two tems, ono of vhioh may be caleulated by colleotdive
clootron theory and the other by nomal spdnwave thearye A4 similor
conclualon is reached concerning the deviation of the magnotization
fraa paturation at low tennomatures. bohlforth and Cornwell (1560)
hove attenpted to enalyne the data of Poner and Thampson (1050) on the



termorature variation of tho mgmetication of nickol by eabining
terms of tho colloctive cleotron ond erinewave Yyros. lowover they
introduos vedshting footors a end lea into tho toms I, end N, woep~
eotively, of (6423) and thin doos not soen to be Justified. A more
couroat arolyals 1g being onde by Vohlfarth anl Thanpsons Fuzh and
lxrryle (1062) dlcouss thoir careful meamurenents on the beoperature
variation of the marnetisation of nickel in tems of an expresnion
of the type (G+22)s However they use a 2 tom for i1, vheveas as
the exponential torm (G.2¢) 48 prodebly mare anropriate for niciol.
n this btasds they find that thelr resulis aro best desoribed by ooin
wave thoory elona, ut the rresence of an exprrontial term would not
amear 9 bo exnludods |

It nuwot be enrhasieed agin thet the rosults oltained so fer arve
restidoted o low tenporaturess At 1ov tomporatoresn, tomn Sypdoal of
colleotive eleotron thoory mot avpoar ae lon: as sxwo of the lom-dying
exolitations pay be Gessribed in 4oros of independent cvasiemrticlose
The gbates of tho systen idch are inporiant at tennaratures amproache
ing the Curie puint are vewy Qiffioult to desoribe at all quantitativoly
ol 11:_15 warth Geving to fommlate & cualitative ploture of thes. In
& Foion) state there aro a mmber of spin-rave eroitations ani a number
of bandetype emclitations, ani those muwod all intorent €0 nome extont.
In tho axciton-1ilke ploture of a spin wave desoribed in seetion 2073,
the localisation of the B axin cleotron about the of epin halo dependa



on 4he mumbor of wnocoupdod states in the P spdn sibebwnde In
s piato in which there are & considernble mumber of reversed soing
th: P enin clostron w1l not be very localined about the corresp
onding o 8pAn hole and svin~vave excitations will overlan each
othars Above a certain dengity of soin wave oxcitations & pure
bandetype dererivtion of the stade, albelt with strong corralation,
rnay be correats e idem in olopely econncotsd with Nott's (1.961)
1dens on the 4transition ¢ the metallic state. Cortainly well above
the Curie volnt a tand-typo desoriotion shmld be ap rupriate. A
band descrintion iu also amropiate at 0% amd rocent work by thodes
anl Tehlfarts (1003) ia based on the assuaption that comventdonal
collaoctive olectron theory holds in these two replons of terperatures
They emphasize that in the band scheme all the carriers noed not have
thelr onins alined at 0% Lece the relative marnetdnation 3 at 0% can be
logn than 1. ‘30 can 'v deduwced frem the obacrved sofuration mape
notdzation and the Curfe-Vieion constent, vidch yields the total mumber
of carrierae It ia found that for a wide range of melnls and allops,
'3, can be satisfantorily correloted with the Ourde temmerature § ,
both of these quantities depending on the melecular £-1a constent 8.
For eubatances with a low Curfe point s very maried ddsidnetion 1s

found between those viloh follow the tand model, vhen J, 1o much less
han 1, and thome vhich follow a localised model vhere I‘oia elwayn Le
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Unfortunately in the oase of irom, with ite hich Curie point, it is
not possible to make a decision botween 4he two modclse

The practical success of collective electron theory makes it very
degireble to cive o fundonental justification far the simple form of
hand={ype at:t:;:ggl}rned by Stoners It has been seen that spin waves
are adequately dealt vdth on tho band pleture but that the sitwmtion

at 0% and near to, and above the Curie point should bo describable
Just in temms of band-type states. Jidiand (1051) showod that Stonor's
theory of those states can be Justified within the Hartree-Fook ap rox-
dration 1f the sffective interastion belween carriexs is of sufficiently
ghort vanges It was pointed out in geotion 3 that 4in the case of &
bands the lonperange mart of the covlamb interaction camnot poally be
separmted out by plasma theorye The situation fram tho vicwpolnt ar‘
Poana theory ie further complicated by the fmot that the cut-off wmve~
vootor k, should sarely denend on tho stat: of narnetisation. Never—
thelens the interaction botween carrieras must certsinly be acmoned
since the @ eleotrons are very polarirsbles I one does asmme a
shorterange interaction, colleotive el ctron theory osn be Justified
quall tatdvely within the Ilartrocefoo!: approvimatione lowever, as
stressod by Mubbard (private cawumication), the 8 thus ofculated 1s

an order of mgitude too larre. This 4s bocawse, with ghort=ranre
carrelation neglocted, tho chief contritution o 8' 1a the lnrpe
coulanh energy ( ~ 10 csve) Of two carriers on the eme atan (see
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Yonlfarth 4053)s Tohlfarth (1953) and Van Vieck (1953) have suggested
that shorterance corvelation 4o 5o inportant tnt two carriers hardly
aver ooe togother on the same atoms Such strong short-range corre-
lation 18 perhaps surprising. Howewver any other view appears to rule
out the possibility of »U°< 1 and it is also diffioult 1;0 undoratand
vhy ralledivem 4s not then ferrammotic. A calculation of the shoprte
range correlation effeot by the author is in prorress. Slater (1930)
effeotivoly sot out to calculate 8’ for merel wiih o Hortroo~Fock ;
approxination and coneidering mainly intoraction effects on the same
ataie The reason why ho obiained an ansver that vame ﬁof. much too
~derge ban been explained by Anderson (1661) in a footnotes Slater

estimated the relevant intoguals from ercotroncopio data smd aprarently
tho largo ooulonb xepulaion intepral was alloved to drop oube
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CHAPTER 7

3 BAID TURORY OF O

A qualita.tﬁre pleture of spin waves in metels was glven in
soction 20.4. In this chanter snin wave states are considered in
more dotaile A formal proof of the existence of spin waves in
motals is given in section 29 and the acowrate caloulaﬂqn of theiy
cnergles is considered in seotion 23. The results of lerring (1052b)
and Izuyuma (1960) ere obtadned directly ae specinl cases in sootion
24.

The word: of Herping and Kittel on the existence of apin wves
in metals vas sumorized in section 18. It wes pointed out that
thely disoussions depend on the assumption of a nﬁcroacoiﬁo exchange
energy and in the oase of Nerring (1953b) on an appradmation such as
has been used in Seetion 20« Since doubts have been expressed (Van
Eranendonl: and Van Vleol 1058) as to the cxistenoe in metals of spin
waves with a molledefined wovelensth, a more rigorous proof that such
states exist soems desirable and 1t is tho object of this seotion to
supply thise It should be mentioned agnin that very direct experimental
proof of the existence of spin vmvenm in Terramapnotic netals ond alloys
is provided by the inclestie noutron scattering exverdments of Lowde (1956)
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and Sinclair and Procihouse (1960), and hy vecent spin wave resonance
work (Tannenwald 19G1).

Conaider a model of n electrons in a band containing I states
of each spin, vhere n< e Thus in the state of maximun spin aline-
ment in the 2 direction there are n electrons in thelapin band and
the ,l spin band 4s empty. This model is more convendent to deal with
than that of Seotion 30 and the results may be apnlied ¢o the previous
model by interchanging the roles of sleotrons and holess  The
Nadltonian for the system is

4
H =§Hi+gﬁ§vi3+cqnsm, (7.1)

vhere 1, 1s the sun of tho knotlo enerry of the 1™ elootron and
1ts potential enexrpy in the {1cld of the ions and v” e e [ rdl},
tho coulanb interaction betveen the 11 uni 3% cleotrons. One-

eleatron wave functions b(l, r) and energies w(l) are defined by the
equations

1ol ) = k) b (o py ) | (7.2)

Suppose the ferramarnetic pround state of the aystem is non-degensrate
with energy 2 and has zero total vave-veotor. It 4s required to show

that spin wave states with one reversed s»in and wave-vootor K oxlst
with enerples of the fom

T+ x® 4 oY) (7.5)
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At one point in tho proof it seems necessary to assume that the

crystal has a contre of inversion ;amwm ome might have expected

that the use of timeerevorsal ayretry would be sufficlent.
Suppose the ground state wave ﬂmctionp ’ comopmung to

3¢ = in dven by

T == ¥ | (7.4)

A

where the funotions \P,‘ are d-terminants fomod from the onseslectron
wavo funotions bk, 1,-1) o (4). Thus ono may write

Vx = A ( &., y* %h)
and
»
Zt: gt - ': (75)

where the owmation 1s over the wove-veotors appearing 4n \}f\ and

L 18 a reciprocal lattico veotors Tho set {yJconsists of a1 detere
pinants eetiofying (7.5) and in the present sinple-band model the
funotions of the set muwst A ffer from each other by changes of at
least two one-eleotron funotionss The ground state enersy is

(7.6)

_ a ' X



o

where
E, =<V, |I8W>.

The second suxation 4n (7.6) is over all peirs A pouch that Y).
and Yl‘ differ by tmo one-clectron functionse Thus suppose

‘VA '—"vA(?f_\,"' E%)g"‘ » & %h)

(7.7)

(708) :

(7.9)

T ol o [ <l vilnS — < tmft'>]

At p

vhere

< Rmlv|w)

- _(-Qr*(?g ,t') Q"*(gm xt‘) V'1Q!(9l ')t') Q’('.'.n’ \rl)'d’:z-

(7-10)



Throuchout this section the eufrixes 1, n, 1%, ' ars used 4n
conjunation vith A , |r to denote the wave-veotars of tho ongw
cleotron funotions by vhich ¥, and ‘Vr aiffer. Anothor casily
obininable relation is

2 _ A X ) '
ot t = U E‘, + ’§P a, [<Rm)v]2m>—<-&m]v]m'.t >J.

(7.14)
Dy analogy with eqution (G+0) 1t might be expected that a state
derived from Y by exoiting a spin wave K would be appraximately

normalized
rapresented by the’\wave function

@ = 5 a
5 T A (7.1%)

vhere

- (BN N
4>M_5' -:hi% )gx(‘!‘s,%s"“-(). |
(7:13)

flere e*(gg, kg + K) 1s tio doterminant derived fram Y| by replacing
the Rlech funotion blke, £yl (1) by blk,. + Ky xy) B (1)e Corteinly
@oct(sx - my@ and is thus an exact eipenfunction corrospanding to -
a state with a apin ymve of gero wave =-rootor em!.i:eﬂ- ®n will thore~
fore be taken as a tricl funotion and the cnorgy asaociate;‘: vith it



evalunted. Now
<O,|4e, >
= g + ‘{-‘qxlt [<¢X\3‘R|bm3>_gi\]

*55 S < b M B> — < Il ]

shere the sooond stemation 4s over all znim)\)'a such that
¥, er alffer by two onewslectron funoticms. It is stredghte

formard to show that
< ‘*’;\! l“‘¢\g> — E)\

= w' = L (herr)-urlho]

+n' -“s:w‘iw [ <sk dvisg > —<stlv) st

- <kl sPV]SB &> + s v[std] ,
(7@15)

{7.14)

vhere the notation
!
LR mlv] LK w'>

= (& (R, ) U v)w, bl 4 w)
¥( &, v ar,

has boen uscd.
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The evnluation w(ﬁklﬂﬁ.s)mwwmm cares From
(7.13)

< b 1Y $>
= v -;;_“’{g‘r’ NG Mgt‘(ﬁ‘ et 81> (7416)

aml if \K ,‘l’r are piven by (7.0) and (7.9) the only nonegero

contribntions to this s occur vhen

(1) ¢t =8 (n « 2 poacivilities)
(14) s=2orm t=1'orn'
The contribution of ease (1) to (7.16) is

=S AL A
and the contributions from case (11) are
@ s=2, tal'  w'<RK mv|K m>
(b)) o6=1, t=n' -— “"<*‘S,M|Vlm'5-,.ﬁ'>
(0) ¢aom tan' h-'<ﬂ‘m\_<'v|£’) WINN
@ s=m t=21' o~ h-‘<Q‘M‘S)Vl m',Q’)_()
Thus |

<¢Xl§‘ “' ¢F\S> - <\'JA,H"P’A>

- ' [ <KWk ‘m' vl&'*j \M'> —-(—"_f'h \VI""L(,‘Q'>
. (7.17)
'
R[] XKD _ Comirul o 2

=24 &m V(2D 4 2 tmlv|wid'>



Fron {7.14), (745) and (7.17) 1t 4o not airfioult to see that,
My & given direction of K, (7.14) 1& an even funotion of K as
long s one condition 4s fulfillede This 1s that for each

¥, = A (& ;000 k) appearing in (7.4) with a coefficicnt a,

there appoars &

\Px = A(-‘E\ ,--'-'p.‘n).

vith a coefficimt & a, (The sign must be the same for all X ).

It may be shorm that this is the osse if Q is non-dopgenerate and
the orystsl han a centre of imversion. Thus in this case (7.14)

in of the fom § + CgC for mell Ko It follows that a state with
one reversed spin and wave-voctor K must exist with an energy not
rroater than thine Aloo i€ the metal is fexrranagnetic the encrgy
of mich a state must lie above tho groundestato enerpy £ » Hemoe
states of the type considerod exiot with energles of the form (7.3)
vhere C < Coe This completes the proof of the existence of apine

wave statess

It is the object of thie mection to nresent a method which may,
in princinle, be used to calculate spin wave cnergles sccuratelye The
equations obtained form a gonerslization of equations piven by “Merring



(1952 b) although the method of derivation is quite differemnts It
is asgimed that the ground state wave function T 48 known 1.0+ B0t
the coefficicnts a, 4n (7.4) are Imoms In a practical calculation
e could normally only find approximations to Q but the spine-
wave energies should not dopend 400 eritically on its exaot fom.

The method used here is to exmnd the exact spin wave funotion
IK as a linear canbination of determinants.

B ol 3a+B (7.18)

vhere the wave-veotor ¢ + X after the sendcolon represonts a
stato of P spin, and

If the state of srin of and vwave veotor * iz wnocoupded 4n ('7.18)’
then the doteminant 1s Just 8, (g, g « ) whore §, ic dertrod 4n.
the previously described ramer from

VA — A(&.,...*’,'--&n-l)

However A the state of spin«and wave-vector q is occupled 4n (7.18)
thon the determinant 4s not eqwl to any of the functions 3'\ and
new funotions must be defined. A typieal one 1g

V(W =8, ke R, S RHK) (g
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[
(63

For the sincle-bend model conaldered the funotions 6)‘( a g +E)
and ?v i) form a canplete cet in vhich o expand I.r . it vill
be assuried that the coofficlonts in this exransion may be exrmanded

in povers of K, for a given dircetion of K , and the zero order
terms axe knom. since EG = @o . Thug

-4 (
E'_\' =ntZ Zs. Y ( G+ Uy Ko Koy )9,\('%5)9.‘:*5)

+ T (d,K 4o, K' )y (k)

(7+20)
vhere the coaffioienta b“ » Oy » 4, are to be determinede On
substituting in the Schridinger equation

e~ K
HE, =e(x) 8, |
(7.21)

mltinlying bw(ﬁr(};.t. ke + &)‘ end <']'.('.S)' ,and expending B(E)
in the fom (7.3), one obiaine a sot of ccuations vhich may be
brotzen dovn by exmanding the matrix elements in Uaclanrin'e scries

in K and envating coefficients of different powers of Ke BLquating
coef'{icients of K ylelds

[_%I? < ar(g‘t s'.'t""S)'“’ ®g>]k=°
-3 (&Y
+ w2 T8 <0, (k| - 8]0, (%, 8D
+ = d, <o, (Bhe,R)) K|y, (0> (7.a2)

= O
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[ ‘?R <')r(‘5) L ®'3>]N=-o
+wt TV o < e e,k 0>
+ = 4, <y u-2]y, 0>

- o . (7.28)

Lc;uaﬁng coei‘ficdcn{:a of K2 riven

% ‘oK" < er( ptg,“t"'r““‘ @ >]
Y (N
==V e, [R <o, o.t-m)lnle (&, &, +'<}7]
CM<QP (%, _e)‘H-CIQA(%s»?_'s)>}
P U DR <ot btk 095]
-+ Ry <9 (B‘t )pft) ‘“’ Y,v(°)>}

K=o

(7424)

e

C
P

The eicenvalue problem has now been vemoved; (7.23) and (7.28) are

"_:'h

a set of lincar equations vhich detemine the bAa end d,« Cis
obtained in texms of these coefficlents by muiltinlying (7.24) by

n s—a; and earrying out the mrwation & itr ,
"t
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Then

Cr~= '%.[';;t<@5‘“l®u>],<_
+ntz e [2<0, W0,k 8¢ >

- kK=o

[ <O I, 03]

fotually (7.32) and (7.23) do not deternine the b, , wdcuely

(7.25)

since 1t 1e clear that the equations remain unaliered if
bxs-) b,\s +.¢a’\wmre ® 43 a conaltant. However the normale
s{ration copdition on ‘I K fAves

= g(») la, + &, K+...|"+ §|ADK+..I1=|

and ecuating coefficdients of X one finds that
W «x
ﬁ.\ Z_ Z qQ Qr - D
x s A

(7.26)

This condition sorven to define the b AS uni cuied e

An attempt may be made 1o solve equations (7.32) amd (7.23)
iteratively. Thus i1f one first places all bAs except b, t equal

to zeoro and all d oxcept af‘ equal to zero one may solve for

l‘“ and ﬁl‘ » Thepe wvalues may then be put back in the equntions
and these polved agnin for b it ond dl" and the process repeated



3
o
Q

indefinitelys

One obtaina
-ert = —ht [% <et‘(%“g‘+5)|nl®’s>]x=o
<o hJ Mo >-t T
a = _ LR<n00 0 Oy>]
v =2
<"r(°"""lr‘°’> —- % + ...
(7.27)

If those meries are subatituted in (7.25) a serics is obtained for
C viich is dentical with the coefficient of ¥2 in (21) of Taverds
(1962), althouph slipghtly different functionp arc used theree This
nethod may be of little practical value since even if the sexrlos
converges the converrence ray well be glows

25 valua (5}

Although 1t bas not yet proved posgililo to solve (7.22) and
(7.25) 1n & very pemeral case 1t is advisable to evaluate the mtrdx
clements imvolved for future references In mrtiounlar 4t muat be
verificd that the ratrix elecments can bhe cxpanded in novors of Xe
Fran (7.12), (7.13) end (7.11) one obinins
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<er(a et ) [0 @ > wt
= ig + W(R +K)-Uf(°‘t)
+ =V [<s, e vls K> — <selvlst>
~<s, tg)v] b, sE> + <stivlts)]}
'*x% QY {Sun [(m,ﬂ lg)vlm,ﬁ!f)-—(m'l' [vime S
=<, AR [V] ,mKD + <m't | v] R ]

+ 80 [<R mK] V|2, mED ~ <o Iv]emD>
~< &' wWk|v[m,RE> + <2 |v|mED)]

(7098)
vhere as before 1, n, 1%, nn' denoto tho wmavesveotors of the

onowaleatron funciions by which \VA and Y', Affer . n mutting

by o) = e W uls (7.29)

a tyriesl interral in (7.28) becaves
<m’,2"5 ‘v‘ M)'Q‘S>
= (o {4 L% ) b+ (R~ )0 1}

W (& ,0) 6 (84K, v ulh, v uld 4N 1)
dr

Ya
ard there is no Aif'ficuliy in excandine in povers of Il gince

u(k, x) is a well~bohaved funotion of ;s The coefficicnt of K
vidoh appoars dn (7.22) is, therefare, eacily dctermined.
Rurther matrix elements vhich appear in (7.22) are

<9p(9t;ﬂ.t)\“|9 (%, ke >

E + (l" <ts|vlst> (7:50)
5'#(
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FIGURE 22
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and for s# ¢

<op (B, ko 10 BL(Ry, 0)D> = — < ks v]st>,
(7.31)
Algo for }\fp and ¢ £1' orn?
< Grl&“ 9.‘\') \“' eklg‘t )9!\’)
= < |v[8wmD> - WA v|2md (7.32)
and for )\:r'u and s £ ¢
<Ok, %) 1) @, (B, 09D
= (54 St + i, Sh‘,) < Kv Jv]am>
—( §50 St F S0 Segr ) <MY IRy (79)

It revains to canine matrix olements involving tho functions ()«

A tyrieal q,(g) 1n roprenented os the inltiel satate in the discrans
of Moures 2 and 22vhich are dingrens of tho type wed by Goldstone
(1957) referred to a state Y, as vacuun states Iines roprosenting
atates of smn':und apdn ‘! are dreem t0 the left rnd richt yegpootively
of the vertical dotted lines., The dlarnrams eorres~ond to natrd::

elements

<8, (R, &+ 1) V], (x)>

(7.32)



with s =1 and 5 = J« The only other non~zerc ratrix clement (7.34)
is thnt vith & = q ond is vepresentod by fipure 2 with 4 and q
inte:ohanped. The values of these ratrix elenents arc as follovss

<O\ (%, ki + VY, (9)> =<9, <8 v]g, 35>
< 8, %, %; +1) VI, (0> =g IVIpi> - <qa v 3>

<8, kg, Ryt 8) V1, [KD> =—<x g Vg D>

{(7.35)

In (7.23) the ratrix elenent

<l M B = Wiz z¥q <y 0lHe b, 1,405

xS
to the sum (7.3¢) (7.56)

aypears amd o (7.35) tho oontldbuﬁm)?f o rexrtioular )\ is
of the fom

<, a%)vlg 485 — <pilv) 4>
—<EANIVIA 98D + <piivi Ay

Thile oxpression is easily exrended in powors of K, 8o the coefficiont



of ¥. 4in (?-56) which eppoars in (7.28), is casily calculatea-
The vemaimng matrix elements <V)r\(°) |H]"),(°)> my be
caleunlated in particuler cases vdthout diffiendy.

Exdsting Pomal) eelculations of spin wave energles in metels
are those of Nerring (195b) and Isuyara (1060)s Doth thess oaloul-
ations aro based on the same approximation and they may bo reparded
ap spocial cases of the renerel method'premnted in the provioun
seotione It 4s of intercst to donfirm thelr results using thia
direct nethod.
4. rxing! a

In the notation of the vrevious chapter Herring's aphraximation
is equivalent to aasuming that tho ground siate may be recresented
% 2 single determinant Y, and that e spin-reve stato may be
approxirated by & linear oonbination of doterminants @ (ks k + K)o
Ts T =Jpagei, a,=0for A£0Q andall toma involving

My must be anitteds The zosults of seotion 25 muat be s1ichtly

nodified since the one-eleotron fnotions Hog‘r;;\a;cp;tg:hthosa
defined in (7.2) but solutions of the HartrmpeFock ewationss The
required modificaldons are that a1l patrix elenents must be ealculated
using the Hartree~Foolk oneeslectron frnotions and that the one=glectron
energles w(ly) and w(ly + E), correnpending to of ana P evtn states



respectively, must be expressed in terme of lartre:-Fock energies
A lry), X‘,(&\"’!S) as folloms!

ur( b)) = A (&) - 5:(.) [(islvlli s)-—(is)v]si)]

we( f; +K)"")s (k +K) — i_ <4 s|v,4l( s>
(7.57)

The 1ink between the notatdion of this iaper and that of Herring is
that Herving's nateix elenent Ii‘ (5) is given by

2 00) = 5, Daplli+m) -\ (k3 - <k 3 3% 4

= < 0,(h,, & +x)lH-E]6, (&3 ,_%3*'5’2

(7.38)
As in Herring's paper let
_—0 J /]
130(‘3) — 3_:\0 -+ K?i +R‘ E.. +
) *a " v e
(7059)

for a glven dirootion of X3 then (7.22) hoeomes

= Fo e+ F =
) -A’ B a -&b

(7-40)



which 4s oxactly Verring's cqustion (18) and (7.20) pives

= & =o,
- d
d
(70&1)
rrom (7.20) the wave function of the shin<wmve state is
I'S —_-:.h"'f- % “+erk +.. ) 60(9_() ‘?_(54-)5)
(7042)

.. and fron (7.30), (7.28) and (7-&0) 1ty enerpy 48

E(x) =€, +h"l<‘z [:{ + b, IM]
— e VL N »* o
—Eo + n K E ?“.) '--Qt'B ED* QrA]

(7.43)
vhich 4s just Herrdng's countdion (42) ALY of Herring's (1052b)
rosulis on the goin wave atatzs are thorefore simply derived by
the rrescnt methods
2 X g’

Tzuyana (1960) veed field theoroticnd methods to shom ho to



anloulate spin wave enerpics apiroxirately for a model which in
one respeot is more penecral than that of Herringe s opzential
aporocimation (the "ladder” appreximation) ic entirely equivalent
to Horring's, but he considers the caee in vhich the grourd sinte
i3 not necessarily the ono of carplete sHin alinement. It soems

worthwiile to show that Isupara'’s results are simply derived by
the prosent nethad.

Touyun considers a system with the Jam)ltonian

= R L I (& )
R

(7.44)
vhere h!d,anaf& are given by
*

q* Q
Ltk o~ R D

Pr =

L belng; the destrvetdon operator for the state of wmve-wegtor k

oI\

»

and goin 9" « Iruynma denotes tho one-electron energios by (1)

but they are here denoted by w(k) to conform with previcus notatione
Apart from a comstent (7.44) may be written



209

and this 4o Just the Harilgonion for a system of interaoting
ferwd.ons with one-cleotron enerpios w(k), one-cloctron fumotiona
bk, ;)’an& Anteractions vy mich that

for(e+h ) &MLk r) v, b2 v)e(Y v, a,

= T (k).

(7.43)

The assunption that J 4s a function of X only holds for free
eloctrons and Ipuyanma only considers in detail the ease where w(l)
i1 also ap ropriate to free eleatronse It f9 assumed that the
frooed ptate of the aystem is one in which oneecleotron levels are
fl1led ap shom in fipare 13« Suppose there ave N“amma of spdn
ocoupying the region k < kp, and NP atates of epin f occunying the
region k < kFr- ( «and § are interclenged in Inuyaum's notation).

The pround etzte i Teprosented by tho aprroariate Slater doter—
minant, ﬁand, the wave=funation for a apin=mve state mey bo written
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ag

F, = i) Tt o, (8 et 9) (148, %)

; (7.48)
for smll K vhere T, denotes sumration over the n(l) wevewvectors

k, which aro such that | s | SR e |p +EP 1y
The equation corressonding to (7.32) 45 -

=3 T & <0, (Re, Ryt 16) 10 0, (8, 4 41> ]
K=o

+i$§ ers <60(%t)%t)! “'fo,ea (p,‘s ,"!s)) =0

(7.47)
and the spinwmve energy is given by

Eo + (’3{2

for smll X vhere, oorresponding ¢o (7.95) ,

] ) |
R S & XX TS

o

st 2320 o [ F<o, (a, Rt W, (b Rt

K=o *
(7.48)

The matrix elcoents ave slmule to evalunte and, wing the free
electron exprosaion

wi) =Rk /m o,
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{7.47) and {7.20) become

- "B_\ 'P‘t — ¥ I(Rt'&s)(&( e’s)
™ - S

(7&49)

and

) N T
c=2 WM LB T
Nﬁ NP ™ N*‘.NF s

(7.50)

vhere I, io the camponent of k, in the &irection of L end Z*
denotes suxation over wmvewvectors k, such thatlk,kkand \ ) >0¢

Equations (7+49) and (7.50) are 1dentical with I;myana's eouab-
ions (18) and (17).

E
°‘ p
F"ﬁ' 23
— ﬁ&
25:.. Discussion

The pencral equations for eninemve energics piven in nection 28

have not yet been solved for eny particular oase and the diffMoultics



are oconsiderchle. Iomever, Nerring (1953 a,b) has been able o
solve the simpl r equations of scotion 2441 in the oasoe of free
elactrons and in a caso with oonstant exochanre intepral between
Moch functionss It has been pointed out earlier that a constant
exchange inteprel repults Jros a ghort ranpe intoraetion and that
a model based on this intornetion may sewe 40 Juetlify the oone
veatlann) eollective eloctron troatment of the nnd-type atatese
Splnewave enerplos An this nodel arc therofore of interonts In
the notation of this chapter ilersing's remlis for onbe oryatals
may Le vhiiben

E(te) £, = (6" K" 2 [Pleslhy - 2§ 17 ()3
A ndo J
(7+51)

vhere I, s essentially the coulamd repulsicn integral for two
oleotrons on the same atome It is intervating to aoks that spine
wmve enorgles derend strongly on the btund stmotures The firvat
term 4n (7.51) 45 proportiorel +n the effective mass averaged over
the pordion of the Lund occupled by carricors in the pround states
Equatdion (7.51) pives spinewave enerples of tho right crder of mape
nitude, but a detedled comparison with expevimont s nol veally
possibloa

Pinally it ooy be pointed ool fwt the bund theowy of goin
weves hng removed the Qifficultios iu interpreting data whioh have
somotines been experienced (see c.pe Hofmann et el 1958) due %o



avs

non~integral masmeton mumbarse Formiloe such as (6.25) ana {6.26)
do not dovend on a localized model. Howzver maxked dlscrepancles
ocour boetween ooinewmve encrgloes dodueed fras the '1‘3/3 lewe of

mapnetization and speoifio heat, noutron AlMraction measuremants

and srin weve rosomnee expordinentse
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A qualitative discussion is given of the low-lying states of a ferromagnetic metal and tho
consequent low-temperature thermodynamic properties of the system. It is concluded that
o typical low-lying state differs from the ground state by 8 number of independent particle
excitations, such as are considered in Stoner’s collective olectron theory, and a number of
exciton-like excitations, in which an electron of minority spin is bound to o hole of majority
spin, which correspond to spin waves. The low temperature specific heat and the deviation of
the magnetization from saturation may then both be expressed as tho sum of two terms, one
typical of collective electron theory and onc of spin wave theory. A formal proof is given
of the existence of spin waves of long wavelength in motals and o general method of cal-
culating their energios is outlinod. Herring’s results on spin-wave energics are obtained
as o special case.

1. INTRODUCTION

Most of the existing theoretical work on spin waves is based either on the pheno-
menological approach introduced by Lifshitz (1945) and Herring & Kittel (1951),
or on a spin-Hamiltonian approach which has its roots in the Heitler—London model.
Applications of the latter approach have been reviewed by Van Kranendonk &
Van Vleck (1958) and they stress the limited validity of the method. Although a
localized-spin model may apply to non-conducting ferromagnetics such as ferrites
and garnets, and perhaps to the rare earth metals, it cannot apply to the transition
metals in which there are a non-integral number of unpaired spins per lattice site.
The phenomenological approach, on the other hand, is independent of any detailed
model and it has proved very successful for discussing ferromagnetic resonance and
allied effects, both in insulators and metals.* However, this approach leaves many
problems unsolved. For example, it is not well adapted to discussing the thermo-
dynamic properties of a ferromagnetic metal since it does not yield the complete
energyspectrum of thesystem. Inparticularitthrowsnolight ontherelation between
spin-wave theory and collective electron theory (Stoner 1948; Wohlfarth 1953).
Also, all results derived by the phenomenological method contain the exchange
stiffness constant as a parameter and this can only be determined theoretically by
a quantum-mechanical calculation which is equivalent to calculating spin-wave
energies. This paper is concerned with these problems which have only been dis-
cussed previously in any detail by Herring & Kittel (1951) and Herring (19524,0),
to bereferred toas H.K., H (@), H (b), respectively, and Izuyama (1960). The present
work, although employing quite different methods, is closely related to the work
of these authors and it is convenient to end this introduction by summarizing
first their results and then the results of this paper.

In H.K. a ferromagnetic metal is considered whose ground state has total wave
vector K = 0 and total spin 8’. It is assumed that there exists a macroscopic

* A recent review is by Akhiezer, Bar'Yakhtar & Kaganov (1960).
[ 338 1]
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exchange energy proportional to the square of the rate at which the direction of
magnetization changes with position, and it is hence shown that states of small X
and total spin 8" — 1 exist with energies O(X2) above the ferromagnetic ground state.
These states are identified as spin waves and in H (b) it is shown how to calculate
their energies, within a certain approximation, by the indirect method of consider-
ing the response of the saturated speeimen to a small perturbing magnetie field.
In H.K. it is surmised that the low-energy states of a ferromagnetic metal are of
two types: the band-type states of collective electron theory with ‘no spin waves
excited’ and states derived from these by excitation of spin waves. It is further
conjectured that the eontributions of collective electron and spin-wave exeitations
to the specific heat may be additive. Izuyama (1960) has used field theoretieal
methods to caleulate spin wave energies within the same approximation as Herring.

The purpose of the present paper is to attempt to place some of the eonjeetures
made in H.K. on a firmer foundation and to describe a method of caleulating spin-
wave energies in metals which should be eapable of greater accuracy than hashither-
to been achieved. This method is closer to that used by Slater (1937) in his eal-
culation for a ferromagnetic insulator than to the method of H (b). For simplicity
the work of the present paper is restricted to a single-band model of a metal although
there is little doubt that the qualifative results of § 2 hold even in the case of several
overlapping bands. Section 2 is devoted to a qualitative diseussion of the low-
energy states of a ferromagnetic metal and the consequent low temperature
thermodynamic properties of the system. It is concluded that the low temperature
specific heat may be expressed as the sum of two terms, one of which may be
calculated by collective electron theory and the other by normal spin-wave theory.
A similar conclusion is reached concerning the deviation of the magnetization from
saturation at low temperatures. In §3 it is shown formally, assuming only the
convergence of a certain perturbation series, that spin waves of long wavelength
exist in metals and a method of caleulating their energies is described. Some special
applications of this method are discussed in § 4 and the results of H (b) are derived
in a direct manner. The possibility of caleulating spin-wave energies to a higher
approximation than that of H (b) is considered. As in H (b) magnetic and spin-orbit
interactions arc neglected throughout the paper.

2. THE LOW-TEMPERATURE THERMODYNAMIC PROPERTIES
OF A FERROMAGNETIC METAL

The specific heat and magnetization of a ferromagnetie metal at low temperatures
are determined by the energy distribution of the lowest stationary states of the
system. The discussion of these states which follows is based on a band description
of the metal although correlation effects are considered. Thus in general an eigen-
function of the system may be written as a linear combination of Slater determinants
formed from one-electron funections b(k,r;)«(z) and b(k,r;) 4(¢), where r; is the
position of the sth electron, b(k,r,) is a Bloch function with wave veetor k and
e(t), A(i) are the eigenfunctions of o, the z component of spin of the ¢th electron,
with eigenvalues + £ and — 1, respectively.*

* Spin is measured throughout in units of 7.
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Consider a model which consists of 2N —n electrons in a single band containing
N states of each spin, where » < N, and assume that the ground state of the system
is that of maximum multiplicity with total spin S’ equal to }n. At first only the
low-lying states of the system with S’ equal to 2n or 1n — 1 will be discussed and it is
sufficient to consider those states which have S’ and the z component of spin S;
equal. Suppose i is the eigenfunction of such a state; then if S, S, are  and y
components of spin the functions

(Sz—iS) ¥,  (S,—iS,)2¥,..., (S,—i8)* ¢
represent states degenerate with i and of the same total spin S’ but with suec-
cessively lower values of S, equal to
S—-1 8-2,.., -8
Any eigenstate with S, < S’ may be derived in this way and it will emerge that the
state (S,—iS,)'1 may be regarded as formed from ¥ by exciting I spin waves of
Zero wave vector.

In a state with S; = in the « spin sub-band is full and the £ spin sub-band con-
tains n holes. If the interaction between electrons were neglected such a state would
be represented by a single Slater determinant. It is assumed that when the inter-
action is present the eigenfunections of the system with S; = in could be derived
from single determinants by the methods of many body perturbation theory
(Hugenholtz 1957). Any statederivable in this way and thus having a correspondence
with a determinantal function of the unperturbed system will be called a ‘band-
type’ state. Band-type states are those normally considered in collective electron
theory and correspond to the states with ‘no spin waves excited’ disecussed in H.K.
Luttinger (1960) has shown that if the perturbation series converge the concept of
a Fermi surface is meaningful and Herring (1960) has considered the evidence for
this being so in the transition metals. This generalized band picture is certainly
believed to be true for nickel. Thus in particular the low-lying states with S, = n
may be pictured as having a full & spin band and a partially full # spin band with
a few electrons just outside the Fermi surface and a few holes just within it. There
are states of all possible total wave vectors with energies infinitesimally above the
ground state energy.

2:1. States with S, = in—1

States with one reversed spin are of three distinet types: (a) states with total spin
in which are derived from states with S; = in by applying the operator S,—iS,;
(6) band-type states with total spin 4n—1 in which the additional electron in the
B spin band occupies a Bloch state outside the Fermi surface and moves quite
independently of the hole left in the & spin band; (c) states with total spin 4n—1 in
which an electron in the £ spin band and the hole in the a spin band are bound
together in the exciton-like state characteristic of a spin wave. These different types
of states will now be discussed qualitatively using an approximation equivalent
to that of H (). A more exact discussion of states of type (¢) is given in § 3.

A state with S; = }n may be represented approximately by a Slater determinant
of total wave vector p

Q/I&P) = [(2N— n) ’]_% A{kla! “rer sz; klﬂ: Y kN—'n,ﬂ} (1)
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which contains the one-electron funetions b(k,,, r;) a(j) and b(k,, r;) A(j). Defining
a Wannier function a(r —R) by

a(r—R) = N-}* Sexp (—ik,.R)b(k, 1), (2)

where the summation is over all wave vectors, k, we can write (1) as
P = [N -1 F AR, ., Rygs kg, oo Ky, g} (3)

which is a determinant containing funetions a(r;—R;)a(j) and b(ks, 1;) B(9).
Approximate wave funetions for states with S, = in—1 and total wave vector
p + K may be formed as linear combinations of determinants 69 (k — X, k) obtained
from (1) by replacing b(k—K,r;)a(j) by b(k,r;)f(j) where the latter state is
unoceupied in (1), It follows from H (b) and from § 4 of this paper that within this
approximation stationary states exist with wave funections of the form

n} 5@ 6P (k,— K, k) + O(K) (4)
t

for small K where X denotes summation over k-vectors of states unoccupied in (1).
The states (4) with K + 0 approximate to states of total spin 1n—1 and in faet to
states of type (c); their spin-wave character is casily seen if (4) is rewritten as

N-*tTexp (iK.R,)A,, (5)

where A, is the determinant obtained from (3) by replacing the function

a(r;—Ry)a(j) by e(r;—Ry)A(),
¢(r) being a localized funetion defined by

e(r) = n~t TDp(k, r) + O(K).
t

It is straightforward to show the equivalence of (4) and (5), and (5) is clearly a
generalization of a Bloeh spin wave.

A spin wave in a single band model of a metal may thus be pictured as follows.
Consider first a state of maximum spin alinement in which the £ spin electrons
partially fill a band of Bloch funetions, and the « spin eleetrons may be described
cither as completely filling such a band or as filling a set of Wannier funetions, one
on cach atom. The determinant A, appearing in (5) is now obtained by removing
an o spin eleetron from the Wannier funetion at the sth lattice site, reversing its
spin, and placing it in a ‘partial’ Wannier function ¢(r— R,) localized about the
same lattice site. This partial Wannier function is formed only from otherwise
unoeeupied Bloeh funetions and is less localized than the Wannier funetion a(r — R,).
The wave funetion (5) thus represents a situation in which the # spin eleetron and
o spin hole move together through the erystal like an exeiton with wave vector K.
LExcept perhaps for terms of order 1/x (see the appendix) the energy of this spin-wave
state is of the form £, + CK?+ O(K?®) for a given direction of K where I, is the energy
of the state ¢/ from which the spin-wave state was derived. C'is a constant which,
for cubie erystals, is independent of the direction of K and which is effectively the
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same for all low-lying initial states /. It is clear from (4) that the wave functions
of spin-wave states contain almost equal contributions from many Slater deter-
minants and this property persists in the more exact description of these states
given in § 3. Thus a spin-wave state does not have a direct correspondence with a
single determinantal function of the interaction-free system and is therefore quite
distinct from a band-type state. In the appendix it is shown that spin-wave states
may be derived from any low-lying band-type state and that states derived from
different band-type states are independent of each other. It should be noted that
there are spin-wave states with energies infinitesimally above the ground state.

When K = 0 the states (4) reduce to (S,—iS,)¥¥, apart from a normalizing
factor, and are thus states of type (@). States of type (a) are therefore states having
a spin wave of zero wave vector excited.

A state of type (b) is a band-type state whose exact wave function has evolved
from a single determinant. Even in the case of weak electronic interaction the
exact wave function must deviate significantly from a single determinant in order
that the hole in the « spin band be screened by electrons of § spin. However, the
states of type (b) with low energy may be pictured as obtained from the ground
state by removing an electron of wave vector k at the top of the « spin band and
placing it in a state k' just outside the Fermi surface in the £ spin band. Such a
state must have an energy of the form

By +e5(k’)—e (k) +J, (6)

where E, is the ground-state energy, ¢,(k’) and ¢,(k) are quasi-particle energies in
the £ and « spin bands and J is a positive quantity, containing exchange and cor-
relation energies, which to a first approximation may be assumed independent of
k and k'.

This last assumption may be justified as follows. Suppose, first, that correlation
effects are neglected, so that the ground state and the excited state are represented
by single determinants; then J may be evaluated simply and, in the limiting case of
tightly bound electrons, is independent of k and k’. The main contribution to J
from correlation effects arises from the screening of the ¢ spin hole and this should
be independent of k' and not too dependent on k. Any dependence on k and k’
individually can be included in the quasi-particle energies.

It follows from (6) that all band-type states with S; = }n— 1 have energies which
lie above the ground state energy by a finite quantity which is not less than J— M
where M is the maximum value of |e,(k)—ey(k’)|. It is necessary that J— 2 be
positive for the ferromagnetic state to be stable. A second condition for this stability
is that spin-wave excitation energies are positive, that is C > 0.

2:2. Statistical mechanics of the system

So far only states with one spin reversed have been considered and to discuss the
thermodynamics of the system a generalization must be made to the case of several
spin reversals. It is reasonable to assume that for a small number of spin reversals
the excitation energies are additive and the energy of a typical low-lying state of
the system, derived from a band-type state by exciting several spin waves, may
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then be written down. If the original band-type state has a number of holes in the
a spin band and a number of clectrons outside and holes inside the Fermi surface
in the £ spin band, the energy of the state with spin waves excited may be written

in the form By~ 3 palealle) = W1+ 3 nglele) +17]
b1 i>f
= Zpyleslle)+ 11+ C S NEL, ™
i< 1

Pi. and p;, are occupation numbers for hole states and n,,, N; are occupation
numbers for electron states and spin-wave exeitations, respectively. The sum-
mations ¢ > f,7 < fare to be carried out over states, respectively, outside and inside
the Fermi surface in the £ spin band. The first four terms of (7) give the energies of
states considered in collective electron theory where the parameter 2§’ occurring
in that theory is equal to 1J. The last term of (7) is the excitation energy of several
spin waves and the occupation numbers N, arc independent of the occupation
numbers in the first four terms. Thus the partition function obtained by summing
over all states (7) is the product of two factors, one arising from the states of
collective electron theory and one from spin-wave exeitations. It follows that the
temperature dependence of both the low-temperature specific heat and magnetiza-
tion may be written as the sum of two terms, one typical of collective electron theory
and one of spin-wave theory. Wohlfarth & Cornwell (1960) have attempted to
analyze the data of Foner & Thompson (1959) on the temperature variation of the
magnetization of nickel by combining terms of the collective electron and spin-wave
types. However, they introduce weighting factors & and 1 —e which does not seem
to be justified. A discussion of some experimental results on nickel and nickel-
copper alloys is reserved for a later publication.

The gualitative arguments of this secetion cannot be regarded as rigorous, but it
is believed they are essentially correct. They liave been given in some detail since
the problems considered have hardly been discussed in the literature since the work
of Herring & Kittel nearly 10 years ago. It is hoped that the present work may
pave the way for more complete discussions.

3. THE EXISTENCE OF SPIN WAVES AND CALCULATION OF TIEIR ENERGIES

The work of Herring & Kittel on the existence of spin waves in metals was
snmmarized in § 1. It was pointed out that their discussions depend, in the case of
H.K. on the assumption of a macroscopic exchange energy, or in the case of H (b)
on a determinantal approximation such as has been used in § 2. Since doubts have
been expressed (Van Kranendonk & Van Vleck 1958) as to the existence in metals
of spin waves with a well-defined wavelength, a more rigorous proof that such states
exist seems desirable. The object of this section is to supply this and to outline a
method of calculating spin-wave energies. The only serious assumption made is
that a certain perturbation series converges. It should be mentioned that very
dircet experimental proof of the existence of spin waves in ferromagnetic metals
and alloys is provided by the inelastic neutron-scattering experiments of Lowde
(1956) and Sinclair & Broekhouse (1960), and by recent spin-wave resonance work
(Tannenwald 1961).
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Consider a model of # electrons in a band containing N states of each spin, where
n < N. Thus in the state of maximum spin alinement in the z direction there are
n electrons in the « spin band and the £ spin band is empty. This model is more
convenient to deal with than that of§ 2 and the results may be immediately applied
to the previous model by interchanging the roles of electrons and holes. The
Hamiltonian for the system is

H = ¥ H;+ 13 X v;;+ constant,
1 [EY]

where H, is the sum of the kinetic energy of the ith electron and its potential energy
in the field of the ions and v;; = e?/|r;—1;|, the coulomb interaction between the
ith and jth electrons. One-electron wave functions b(k, r) and energies w(k) are

defined by the equation Hb(k, r,) = w(k)b(k, r,). (8)

Suppose the ferromagnetic ground state of the system is non-degenerate with energy
& and has zero total wave vector. It is required to show that spin-wave states with
one reversed spin and wave vector K exist with energies of the form

&+CK2+0(K?), (9)

and the proof involves, formally, an actual calculation of these energies. At one point
it seems necessary to assume that the crystal has a centre of inversion although one
might have expected that the use of time-reversal symmetry would be sufficient.

The starting-point is the ground-state wave function ¥, corresponding to
8. = 4n, which is assumed known. In a practical calculation one could normally
only find approximations to ¥ but the spin-wave energies should not depend too
critically on its exact form. Suppose

Y= g\: 2P0 (10)
where the functions ¢, are determinants formed from the one-electron wave func-
tions b(k, r;) a(z). Thus one may write

’ﬁ/\ = A(kla very kn)
and Pk =L, (11)
t
where the summation is over the wave vectors appearing in ¥, and L is a reciprocal
lattice vector. The set {;} consists of all determinants satisfying (11) and in the

present single-band model the functions of the set must differ from each other by
changes of at least two one-electron functions. The ground-state energy is

&= E Ial\lel\+22a,/|\ga/t<¢/\| H Iw‘u>7 (12)
A A p

where By =<yl H |y (13)

The second summation in (12) is over all pairs A, 4 such that ¥, and ¢, differ by
two one-electron functions. Thus suppose

¥y = Ay, .k K o k)
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and v= Ay, Ky ks k),
then & =X |PE,+ X S afa, [dm|v|l'm'y—dm|v|m'l')], (14)
A Astp

where {m|v|lI'm"y = jb*(k,, ) b¥(k,,, To) ¥1,0(ky, T7) 0K, ') ATy,

Throughout this seetion the suffixes I, m, I', m’ are used in conjunction with A, x
to denote the wave veetors of the one-clectron functions by which y, and yr, differ.
Another easily obtainable relation is

ai & =aiE,+ ¥ ai[{m|v[I'm'y—m|v |m'l')). (15)
Asp

By analogy with equation (4) it might be expected that a state derived from V'
by exciting a spin wave K would be approximately represented by the wave funetion

Ok = %a,\ﬁﬁm’ (16)
where g = 7t TN0, (k,, k,+K). (17)
S

Here 0,(k,, k,+K) is the determinant derived from ¢, by replacing the Bloch
funetion b(kg, r;) (i) by b(k,+K,r;) A(7). Certainly 0,cc (S,—iS,)¥" and is thus
an exact eigenfunction corresponding to a state with a spin wave of zero wave
vector excited. It will now be shown that exact eigenfunctions ®g of the system do
exist which differ from the O only by terms of order X and correspond to energies
of the form (9). These eigenfunctions are generalizations of the approximate
functions (4} and clearly represent spin-wave states.

An eigenfunction ®g may be formed as a linear combination of g and single
determinants orthogonalized to @g. A typical determinant which contributes

to D is Aky, ..., k,_4; q+K), (18)

where the wave vector q + K after the semicolon represents a state of £ spin, and

n—1

2 kt+q = L.
t=1

If the state of spin & and wave vector q is unoccupied in (18), then the determinant
is just €,(q, q + K) where 0, is derived in the previously described manner from

¥y = Ay, .., Q- k5, ).

However, if the state of spin « and wave vector q is occupied in (18), then the
determinant is not equal to any of the functions ¢, and new functions must be
defined. A typical one is

7, =Alky, .. Ky Lk, K+ K). (19)
These functions are automatically orthogonal to @g and orthogonalizing 8,(q, q +K)
to O the function
ax

vk = (1- 2570 g a+50)- Fog (20)
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is obtained. For the single-band model considered the funetions @, x:(q,q+K)
and 7, now form a complete set in which to expand ®g. (Strictly one of the functions
X1(a,q +K) must be omitted to avoid over-completeness.) Expanding @g in this
way, and substituting in the Schridinger equation

Hdg = E(K) Og,
one is led to a secular equation which may be expanded in the form (Léwdin 1951)

- A [<Og| H |x(ks, ky+ K))|?
00 = Ol 10~ |2 3 [ty T KO H [, o+ Ky~ (R
Okl # |7,)|* }

R H - BR T &
It is shown in §3-1 that for small K the zero-order term of (21) is of the form
& +C) K2, that the numerators of higher-order terms are all of order K? and that the
energy denominators remain finite as K — 0. It follows that if the perturbation
series converges, eigenstates exist with energies of the form (9). Further the eigen-
funections &g, for which perturbation series may also be written down, differ from
the ®g only by terms of O(X) and thus correspond to spin-wave states. It should
be pointed out that all the x, are not exactly mutually orthogonal and this would
appear to complicate the higher terms of (21). In fact this complication is not
serious as is shown for a special case in § 4.

3-1. Evaluation of matriz elements
Using (16) and (17) and the notation

(K, m| o |[VE, m"y = f b (ke + K, 1) b*(kp Tp) 3200k + K, T3) b(lyy, T3) Ay
one obtains
(Og| H |Og) = 5’+§ |ea|? [Kpag| H |$rr) — En]
+n7t %FZ afa,[(K,m|v |I'K,m")— (K, m|v|m'K,l")
+{, mK|v|l',m'K)— <, mK| v |m’, 'K}
—2{m|v|l'm"y+2Im|v |mT)] (22)
and (Prx| H |$rx) — E) = n7? ;(/\) [w(k,+ K) —w(k)]

+n 1 O TV (K, t| v |sK, ) — (st| v |st)
’ t—(tK,s|7J|sK, £+ (ts| v |st)]. (23)

Evidently, for a given direction of K, (22) is an even function of K if for each
¥y = A(ky, ..., k,) appearing in (10) with a coefficient @, there appears a

Iﬁ/\' = A(_kla teey _kn)

with coefficient + @,. It is easy to show that this is the case if ¥ is non-degenerate
and the crystal has a centre of inversion. Thus in this case the first term in (21) is
of the form & + C; K2 for small K.
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To evaluate (21) as far as terms in K2, K may be equated to zero in the energy
denominators. The first denominator then becomes

ol B H sk =6 = (1- 207 g, scalo i} 29

and a similar expression may be obtained for the second energy denominator. It
must now be shown that the matrix elements appearing in the numerators are O(K)

A ki+K ‘

kY — Ak K

Ficure 1 FicUure 2

and hence that the second-order and higher terms in (21) are O(X2). From (16),
(17), (20) and (15) one obtains

{Og| H [x:(k; ki + K)) (n— [a,|2)} = af{ew(k, +K) — w(k) — [{Og| H [Og)— €]
+ TV [{s, tK| v |s, LK) — {st| v |st)

—<t, sK| v |s, LK)+ is| v |st)]}
+ 3 a} S Km’, VK| v |m, IK) — (m'V| v [ml)
BEA

=, K| v |m, IK) +{U'm’| v |ml)]

+ 8, MK | v I, mK) — {I'm’ | v | lm})

— !, VK| v |l, mK) +<{m/V| v |lm)]}, (25)
which is of order X for small XK. The last matrix element to be considered is

<®K‘ H l77v> = 'IL—% % %U\) ax <6/\(ks’ ks+K)‘ v ‘77»'>' (26)

The interactions of a typical %, with functions 6,(k,, k, 4 K) derived from a particular
¥, are represented in the diagrams of figures 1 and 2, which are diagrams of the
type used by Goldstone (1957) referred to i, as vacuum state. Lines representing
states of spin o and spin £ are drawn to the left and right respectively of the vertical
dotted lines. The diagrams correspond to matrix elements

Oa(ks, Ky +K)| v [7,) (27)
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with s = 7 and s = j. The only other non-zero matrix element (27) is that withs = ¢
and is represented by figure 1 with ¢ and ¢ interchanged. The sum of these matrix
elements gives the contribution to the sum (26) of a particular A and is of the form

(g, iK|v|p,jK) — (gi| v | )
— i, 6K o] p,jK)+Cig v | 23
which is O(K) for small K.
This completes the proof of the existence of spin-wave states and an outline of

a general method of caleulating spin-wave energies has been given. A further
discussion of this general method is given in § 4-2.

4, SPIN-WAVE ENERGIES IN SPECIAL CASES

4-1. Herring’s approximation

Existing calculations of spin-wave energies in metals are those of Herring (H (b))
and Izuyama (1960). Both these calculations are based on the same approximation
and they may be regarded as special cases of the general method presented in §3.
It is of interest to confirm Herring’s results using this direct method.

In the notation of §3, Herring’s approximation is equivalent to assuming that
the ground state may berepresented by a single determinant 1, and that a spin-wave
state may be approximated by a linear combination of determinants &,(k, k +K).
Thus & = Ey, a, = 1 and a, = 0 for A 4 0. Spin-wave energies may be evaluated
within this approximation by omitting all terms involving the functions #, in the
perturbation series (21) and summing to all orders. The results of § 3 must be slightly
modified since the one-electron functions of H (b) are not those defined in (8) but
solutions of the Hartree—-Fock equations. The required modifications are that all
matrix elements appearing in (21) must be calculated using the Hartree-Fock
one-electron functions and that the one-electron energies w(k;) and w(k;+K)
corresponding to o and g spin states, respectively, must be expressed in terms of

Hartree-Fock energies A,(k;), A4(k; +K) as follows:
wk) = A (k,)— ZO[is| v |is) — (ts] v |si)]
° 28
w(k,; +K) = A4(k; +K) - ZO (K, s| v |iK, 5). } (28)

The link between the notation of this paper and that of H (b)is that the matrix
element @,(K) of H (b) is given by

D4(K) = &;;{A4(k; + K) — A, (k)] - (K, j] v [jK, i). (29)
Asin H () let O ,(K) = OY + KDy + K207, + ... (30)
for a given direction of K; then from (22), (23), (25), (28), (29) and (30) one obtains
to OCK?) (@x| H |0g) ~ Ty = n K25 0%, (31)

and to O(K) (Ox| 7 [x(k ey + K)) = (n— 1)K S 0, (32)
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To evaluate spin-wave energies to O(K?), K may be equated to zero, not only in
the energy denominators, but in all matrix elements between functions y(k;, k;+K)
which appear in (21). A typical energy denominator in (21) is given by (24) as

el k)| H |k, b)) — By = (1~ l/n)‘ls§f°) (s v]js> (33)

and, remembering that the x(k;, k;) are not mutually orthogonal, a typical non-
diagonal element is given by

< CH s IHIX kl’kl> EO(\ 82 a l;\. kt kt > (1-—1/77,)—1(?58[?)[8?5). (34)

The result of substituting the last four equations into the complete perturbation
series (21) is

B(K)—By—n-1K? 5, 0,
T (Zop) 1 v]12).. (p,p—1|v|p— Lp) (S

p—y '3 o 2 ,
,,Zlk,zk,, (SO oI5y ... ( Z(o)(sp|v|p8>
81 s=n

(35)

where only non-diagonal elements appear in the numerators. Defining a function

IRYE 2j|v]j2) (2 Dz)
b, = blk;) = — s — T - — 36
1= M) = ST T R (@l i (oG 0
s LES] s%2
(35) may be written
BE(K)— L, = n‘le{Z Do+ X z D5 by} (37)
Since, from (28), (29) and (30),
DY = — (G| v | ji) + 8 T (is| v | s,
it is easily shown that b; satisfies the equation
Z (I)ij J i+ Z (I)'L] (38)
7

which is exactly equation (18) of H (b). The b; of H () thus coincides with that
defined by (36), and using (37) and (38) the spin-wave energy is obtained as

E(K)— By = n-1K2 ¥ (O — b5 0Y;b,),
¥

which is just equation (42) of H (b). Using Lowdin’s (1951) perturbation formula
for the wave function of the spin-wave state equation (44) of H (b) is also easily
obtained.

Izuyama (1960) has shown how to calculate spin-wave energies approximately
by field theoretical methods for a model which in one respect is more general than
that of H (b). His essential approximation (the ‘ladder’ approximation) is entirely
equivalent to that of H (b) but he considers the case in which the ground state is
not necessarily the one of complete spin alinement. Izuyama’s results are also
easily derived by the methods of this section.
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4-2. The possibility of more accurate calculations

The approximation discussed in §4-1, in which the ground-state wave function
is taken as a single determinant, is obviously only of qualitative value. Strictly this
approximation can only be valid for cases in which the electronic interaction energy
is negligible compared with the kinetic energy and this situation is incompatible
with the existence of ferromagnetism. Now the method described in § 3 allows one,
in principle, to go beyond the determinantal approximation. However, the difficulty
immediately arises that all the energy denominators in (21) then contain a correla-
tion energy which depends explicitly on the size of the system considered. This
difficulty is common in many-body perturbation theory and has been resolved by
Hugenholtz (1957). Roth & Pratt (1959), in another connexion, have already applied
Hugenholtz’s methods in conjunction with Lowdin’s form of perturbation series.
It is hoped that a similar application to the present problem may make possible
more acourate calculations of spin-wave energies.

I am indebted to Dr E. P. Wohlfarth for originally stimulating my interest in
the problems discussed in this paper, particularly those of §2, and for many in-
formative discussions. I am also grateful to him, and to Sir Nevill Mott, F.R.S,,
for reading the manuscript of this paper and making some helpful suggestions.
Thanks are due to the Admiralty for permission to publish this work.

APPENDIX. INDEPENDENCE OF SPIN-WAVE STATES DERIVED
FROM DIFFERENT BAND-TYPE STATES

The following discussion is based on the model and the approximation of § 2.

Consider a low-lying band state with 8’ = S, = }n—m where m < n. This state
may be pictured as differing from the ground state by having m occupied Bloch
states just outside the Fermi surface in the £ spin band and m unoccupied Bloch
states at the top of the « spin band. The wave function of such a state may be
represented approximately by the appropriate Slater determinant i,. A state
derived from this band-type state by exciting a spin wave of wave vector K has
the approximate wave function

(n—2m)‘*2tlﬁa(kt—K, k) +O(K), (39)

where the summation is over the wave vectors of Bloch states singly occupied in
¥, and an approximate energy of the form &, + CK?for small K. Terms in the energy
which are linear in X and of order m/n may appear due to the fact that the Bloch
states occupied in i, may not be distributed symmetrically about the origin in k
space, although this is assumed to be the case for the ground state. For states of
sufficiently low energy in which 7 < n these linear terms may be neglected.

All low-lying band-type states must have a large number of gingly occupied
Bloch states in common. It follows that a particular spin-wave state (39) derived
from a particular band-type state contains many determinants 6,(k,—K,k,)
which do not contribute to any other spin-wave state. Thus all spin-wave states
derived from different band-type states are linearly independent.
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The splitting of the fivefold degeneracy of free atom d electron states by nonspherical components of
a crystalline field is calculated. The crystal potential employed is that of a lattice of positive point charges
screened by a uniform distribution of electrons. The calculation is done to first order in the cubic field,
using hydrogenic electron wave functions. The triply degenerate d state is lowered with respect to the
doubly degenerate one in both body-centered and face-centered cubic lattices. Numerical results are given
for both lattices. Finally, analytic atomic wave functions are used to estimate the splitting in iron and
copper at the observed lattice spacing. The crystal field splitting of these levels is found to be much smaller
than the overlap splitting as obtained in previous calculations for both materials.

I. INTRODUCTION

N a recent calculation, perturbation theory was used
to study d bands in the body-centered cubic lattice.!
The crystal potential employed was that produced by
a lattice of point charges of atomic number Z and
lattice parameter g, screened by a uniform distribution
of valence electrons. The energy of an electron state
in this potential can be expressed as (atomic units

throughout)
E=(Z/a)f(Za)

where f(Za) is a function proportional to (Za)~! for
small Za. The parameter Za is a measure of the tightnesg
of the binding, and the perturbation calculation re-
ported contained the first three terms in the expansion
of the function f(Za) for certain interesting states.
The calculation could only be expected to be valid for

17, Callaway, Phys. Rev. 115, 346 (1959). For a review of
energy band calculations, see J. Callaway in Solid State Physics,
edited by F. Seitz and D, Turnbull (Academic Press, Inc., New
York, 1958}, Vol. 7.

small Za, but the apparent behavior of the series for
large Za led to the conjecture that the d bands in this
limit would split into two sub-bands. Within the model
considered, such a split could arise only from the
departure of the crystal potential around a lattice site
from spherical symmetry.

The situation is similar in many respects to that
considered in crystal field theory, in which the presence
of cubic terms in the crystal potential produces a split
of the fivefold degeneracy of the d states of a single
electron into a triply degenerate state Ty, and a doubly
degenerate state E,? We estimate this splitting for a
metal. The calculation, which utilizes the ideas of the
tight-binding approximation, considers the potential
produced by the lattice of point charges previously
mentioned; it can probably be generalized to more
complicated situations.

To understand the physical situation in more detail,

2 A recent review of crystal field theory is given by W. Moffitt
and C. J. Ballhausen, Ann. Revs. Phys. Chem. 7, 107 (1956).



924 J.

consider a hypothetical cubic metal with both s and d
electrons, such that the s electrons are distributed
reasonably uniformly throughout the atomic cell, but
the d electrons are rather tightly bound so that d wave
functions on the atomic sites overlap only slightly. The
degeneracy of the d levels of the isolated atom would
be broken both by the overlaps of the wave functions
and by the nonspherical components of the crystal
field. TFor very tightly bound d functions, we would
expect the crystal field splitting to be large compared
to the overlap splitting. The d levels would then form
two sub bands. This is essentially the model which
Mott and Stevens® have proposed for the body-centered
transitions metals. One of the principal reasons for
undertaking this calculation was to determine whether
the Mott-Stevens model could reasonably be expected
to apply to iron. None of the existing energy band
calculations for iron supports the Mott-Stevens model';
however, all the calculations have neglected crystal
field effects.

One of the problems in a tight-binding calculation of
energy bands is to determine the expectation value of
the crystal potential using atomic wave functions on a
single site. This quantity, which is often considered to
be the same for all the states in the band, actually
contains the crystal field effects in which we are in-
terested. If for simplicity we consider hydrogenic d
electron radial wave functions:

Ry= (07/6 ) r2e—tor )

the appropriate dimensionless parameter characterizing
the physical situation is ae (@=2Z/3 for a Coulomb
potential). We will later be able to obtain the crystal
field splitting for more general wave functions con-
sisting of sums of terms of this form. Large values of
aa correspond to small overlap and tight binding.
While both the overlap splitting and the cubic field
splitting go to zero as aa— o, the overlap splitting
goes exponentially while the cubic field depends on
(xa)~* as we will show. Thus, for sufficiently large aa
the cubic field will dominate.

The problem of crystal field effects in metals has
previously been discussed by Leigh.* He considered a
similar model of the crystal potential, but quite different
wave functions. He estimated d band splittings at the
observed interatomic spacing only, in iron and copper.
The present calculation is of greater generality.

This calculation also contains substantial improve-
ments with respect to conventional crystal field studies
which are made possible by the use of a simple model of
the crystal potential. We use an expression for the
potential which is exact for this model, and do not
restrict ourselves to a multipole expansion valid only
at distances from the central atom less than the nearest
neighbor distance. The use of simple radial functions

3 N.T. Mott and K. W, H. Stevens, Phil. Mag. 2, 1364 (1957).
4R. S. Leigh, Proc. Phys. Soc. (Londen) 71, 33 (1958).
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makes it possible to obtain explicit expressions for all
radial integrals, which are conventionally regarded as
parameters to be determined from experimental data.
Tinally, we have evaluated all the pertinent lattice sums.

II. THEORY

The use of a simple lattice model and approxi-
mate d electron wave functions permits us to estimate
the cubic field effects for a large range of the appro-
priate parameters. To be precise, we wish to calculate
the difference in the energies of the d states of
T2 (xy, ¥3, 2x) symmetry and those of I'ip symmetry
(x2— % 352—r?) b (f5, and e, respectively in another
notation), of a single electron in a potential field pro-
duced by a lattice of positive point charges (atomic
number Z) screened by a uniform distribution of elec-
trons so that each cell is electrically neutral. The
calculation is the first order in the cubic field only.
Spin-orbit coupling is neglected. We define

AE=E(P25')—E(F12)=f [l (Tos)]?
= y@w) [V (D)dr. (2)

AE defined by (2) is the negative of the quantity
called 10 Dyg in the literature of crystal field theory.
We put

11/(1125') =Ry (7)3C2.25' (07¢)7
Y(T'12) = Ra(r)XK2,12(0,9),
where Ry is given by (1) and &, functions are the

appropriate kubic harmonics® (order ! and representa-
tion I';). For example we have

15 *xy 17153 (x*—9?)
R
2\4x r’

3

la
ra

Then
AE= f R[50 (0,8)— Koo 1:(0,8) IV (D)7, (5)

Since V(r) belongs to the completely symmetric (T'y)
representation of the cubic point group, it follows that
if ¥V (r) is expanded in kubic harmonics, the only ones
which appear are the 3¢,;. From the orthonormality
properties of the spherical harmonics it follows we
need only consider coefficients of 4,;.

5/21\} fatyitst 3
K4 1=- —) (——————). 6)
4 \4r "o

& Notation according to L. Bouckaert, R. Smoluchowski, and
E. Wigner, Phys. Rev. 50, 58 (1936).

8 F. C. Von der Lage and H. A. Bethe, Phys. Rev. 71, 612
(1947),
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We then deduce

5

AE=—2(21.".) fRd (r)&C4_1(0,qS)V(r)dr. (7)

We use the Fourier series expression for V (r)
V(r)=% b(K,) exp(iK,-1), ®)
where K, is a reciprocal lattice vector,
Kn= (27r/d) (nlxn%nS))
b(Kn) =— SWZ/QoKn2= o 22a2/1r90n2.
Qo is the volume of the unit cell.
In evaluating (7) we make use of the fact that the

kubic harmonics are linear combinations of spherical
harmonics of order /; for example,

Kea= (112D Yot /19 (Vut+Yeq)],  (10)

where the ¥y, are normalized spherical harmonics as
given, for example, by Bethe and Salpeter.” Also, the
Fourier transform of a spherical harmonic is propor-
tional to the same spherical harmonic in & space:

)

f 6"“"Y;m(0,¢)dﬂ=4'n‘i1jz(kf) Y;,,.(G;..,dxk) (11)

where , 6, ¢+ are the spherical polar components of k.
Thus if we substitute (8) into (7) and perform the
integration over solid angle, we obtain

AE=—10(x/21)} 3° b(K.) 34,1 (0k,$)
X f Rp2(r)ja(kr)ridr. (12)

The radial integral can be done for the radial d function
given by (1):
32(5Ya

8p—ar 5 [
f rS¢=arjy(kr)dr P /E)

If we substitute (13) and (9) into (12), we find after
some rearrangement

1280 =2

T § Kﬂz
A= e\t ——————— K1 (0i). (14
3 Qoa‘(Zl) z (1K, /a?)" 01(0c,pe).  (14)

Some further simplification is possible using (9) and
the explicit representation of the kubic harmonics,
The type of lattice (body-centered cubic or face-
centered cubic) is involved in (14) through the ex-
pression giving the cell volume in terms of the lattice
parameter and in the choice of reciprocal lattice
vectors K,. For the body-centered lattice (Qo=a?/2),

(13)

7 H. A. Bethe and E. Salpeter in Handbuch der Physik, edited
by S. Flugge (Springer-Verlag, Berlin, 1957), Vol, 35, p. 91.

925
we have finally
400 Z s2m\* n?
B e
3r a \ao (1+4n2n%/a%a?)8
witnttnzt 3
X(———————) (15)
nt 5

while for the face-centered lattice, the numerical coeffi-
cient is greater by a factor of two. The procedure used
here may also be applied to more complicated crystal
potentials by suitable choice of the coefficients b(k,) in
(8).

The series in (5) is not difficult to evaluate for
moderate values of ae; however for large aa (say
ae>20) the convergence of (15) is slow.

For large values of ag, it is necessary to transform
the series to a more rapidly convergent form. This can
be done in the following manner.

We define the function

J(h)=3k. g(h—K,) (16a)
where
g(h)=h2(14-h?/a?)=5Cs,1(0n,$5). (16b)
Then
1280/ m\}! nZ
AE=T(2—1) 50;:}‘(0). 17

f(h) is periodic function of h and thus may be expanded
in a Fourier series in the direct lattice.

f(h)=2%%x a(R,) exp(—ih-Ry). (18)

R. is a direct lattice vector. The coefficients a(R,) are
given by

e(Ry)=L0/(20)1] [ J(h) exp(ih- R)dh. (19)
With the use of (16), (19) may be expressed as
o(Ro)=[00/ (2] f o(h) exp(ih-R)dh.  (20)
Then using (11) and (16), we have
Qo * h‘j.s(hRn)
Rn =—&4,1(0r, —an. 1
o(Re)=—5saOnshs) | o @

With the use of (13), we transform the integral over % to
the form

* J4is(hR) all
f dh=
o (14+h2/a?)e 32(5)
[\

X f f r8c—erj (hr)74(hR)dhdyr.
0
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F1c. 1. The cubic field splitting eAE/Z is shown for body-

centered cubic and face-centered cubic lattices, based on the
numerical data of Table I,

This integral over % can now be done? leaving an
elementary integral over . We obtain

( R f rme“"dr—{-R‘* f re““dr)
576(5!) R

1057 8 'L‘ O
=—[1—<I) aR)]; @(x) —e“"[ 2 —+—
=0 s 10'

But, from (17) and (18)
1280 / 7 \! nZ
AE=——(-——) ™ FoRy)
3 \2
11 2007 ¢ = \!} a \?*
= (——) Z(—) Ry1(0rdr)[1—D(aRN)]
afat \21 Ry

where in the last line we have introduced the lattice
parameter explicity. Then using (6) for X4,; we finally

have
“x( “N) [1—(aR,)]

X (R4 Ryot+ Ryt —

Since #(aR,) is an exponentially decreasing function,

8 Erdelyi, Magnus, Oberhettinger,
Integral Transforms (McGraw-Hill Book Company, Inc.,
York, 1954), Vol. II, p. 47.

7000 Z
(ac)? a

A=

FRy)/Rat. (29)

and Tricomi, Tables of
New

CALLAWAY AND D. M.

EDWARDS

for large aa we may write
/OOO Z
(aa (Rv)
X (Ryr*+Ru*+ Rys*—3Ry*)/Rut. (25)

Equation (25) may also be obtained more directly by
a multipole expansion, as is shown in Appendix 1.

AL

III. RESULTS

It is not necessary to employ sophisticated methods
to cvaluate the lattice sum in (25) unless great pre-
cision is desired. These sums have been carried out
approximately for the body-centered and face-centered
cubic lattices. The results are —2.131 and —5.163,

respectively, with an accuracy of about 4-0.003 in each

case. Thus we have

aAE/Z=—1.492X10'(aa)™* for the bec,

eAE/Z=—3.614X10(aa)™* for the fcc. (26)

Numerical results for the splitting ¢AE/Z are presented
in Table I and shown graphically in Fig. 1, based on
evaluation of (15) and (26). We can conclude that the
cubic field splitting tends to lower the energies of
functions of the type I's;» with respect of those of 'y,
symmetry for all values of the relevant parameters,

A check on the numerical work is provided by the
agreement between the values of ¢AE/Z computed for
the bee lattice for (aa)?=12#72 The sum of the series
(15), including 102 different reciprocal lattice vectors is
a ¢E/Z=-—0.0653. Equation (26) yields for this value
of aa; —0.0664. The agreement is already quite good;
and inclusion of the function ®(aR,,) in the lattice sum
using Eq. (24) gave aE/Z=—0.0653. A similar agree-
ment between (15) and (24) was found for the fcc
lattice at aa=8xr.

It is possible to use these results to make a reasonable
estimate of the contribution of the cubic field to the

T5, I'ys separation in iron at the actual lattice spacing.”

Of course, d-electron wave functions are more compli-
cated than the simple form (1), but it appears to be
possible to express free atom € functions in the form

Ry=7r? Z,’ Nie—tair, (27)

In recent calculations, four terms are included in the
sum% 1

AE can then be found as a sum of term of the form
(15) or (26) provided the change in normalization of the
basic functions is properly included. This calculation
has been carried out for iron with two different electron
wave functions: that found by Lowdin and Appel;
and the one determined for the average of all con-
figurations based on @® by Watson.!®

9 P. O. Lowdin and K. Appel, Phys. Rev. 103, 1746 (1956).

10 R, E. Watson, Technical Report 12, Solid State and Molecular
Theory Group, Massachusetts Institute of Technology (June 13,
1959) (unpublished).




CUBIC FIELD SPLITTING OF D LEVELS IN METALS

TasLE I. The cubic field splitting a AE/Z is given for body-
centered cubic and face-centered cubic latties as a function of aa.
The evaluation is based on Eqgs. (15) and (24) of the text. For
values of aa greater than those given in the table, the simple
formula of Eq. (26) will generally suffice.

(ea/27)? ag a6AE/Z (bec) @AE/Z (fec)
0.0 0.000 —0.00000 —0.0000
0.5 4.443 —0.02351 —0.01245
1.0 6.283 —0.1187 —0.08174
1.5 7.695 —0.2228 —0.1867
2.0 8.886 —0.2938 —0.2873
3.0 10.883 —0.3344 —04110
4.0 12.566 —0.3034 —0.4391
5.0 14.050 —0.2538 —0.4146
6.0 15.391 —0.2063 —0.3695
8.0 17.771 —0.1353 —0.2748

10.0 19.869 —0.0918 —0.2011
12,0 21.766 —0.0653 —0.1493
16.0 25.133 —0.0373 —0.0886

We find E=—0.094Z (ev) using the Lowdin func-
tion and E=—0.128Z (ev) using the Watson function.
The number of free electrons is contained as a parameter
in the results, but it is probably reasonable to take
Z=1. The difference of the results given is of significance
only insofar as it indicates the sensitivity of the calcu-
lated splitting to the compactness of the wave
functions. We can conclude that the cubic field splitting
is of the order of —0.1Z ev at the observed interatomic
spacing. This would appear to be considerably smaller
than the d bandwidth,! for any reasonable value of Z,
and is in essential agreement with the result of Leigh,
obtained in a cruder calculation.* These considerations
do not support application of the Mott-Steven d-band
model applied to iron,

We have also estimated AE for copper by the same
procedure, using an analytic wave function for Cut
from Lowdin and Appel. The result is a cubic field
splitting —0.03Z ev at the observed interatomic spacing.
The splitting is smaller than in iron because of the
greater compactness of the Cut wave functions.

APPENDIX

We give here a derivation of Eq. (25) based on the
conventional multipole expansion of the crystal poten-
tial. This furnishes a check on the algebra involved in
the derivation of that equation. The expansion can be
obtained without difficulty, following the work of
DeWette and Nijboer.!! We note first that in the crystal
model considered here the uniform distribution of
negative charge can contribute only to the spherically
symmetric part of the potential, so that we may con-
sider only the point charges. Let these be located at
lattice vectors R,. Then

V(l‘)=—22 Z)\ |t— Rxl_l (A—l)
(except for the contribution from the negative charge).

(119‘555 W. DeWette and B. R. A. Nijboer, Physica 24, 1105
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We use the expansion
w 1 47 1

r—Ry["1=
=R Eom§—z2z+11w+l

XY in*(0,0)Yin(0r,0r) (A-2)

which is valid for # smaller than the nearest neighbor
distance. We are only interested in the part of the
expansion involving /=4, which we call V,. The lattice
constant ¢ is also introduced;

O RO C)

xym(e,z,m)]. (A-3)

On account of the symmetry of the crystal, the sums in
(20) must produce the kubic harmonic ;. It is

found that
2Z rr\*
V4=——(—) 5€4,1(0,¢)B
¢ \a

where B is a numerical coefficient

Js=4—;-’(17—2)i TR ViolOnpn) (g—)i (A-5)

With the use of (A-4), the explicit representation of the
radial function, and the orthonormality of the kubic
harmonics, AE, as given by Eq. (7) may be evaluated:

B 2.52%X10* BZ
- (21m)} a(aa)“’

(A-4)

(A-6)

We must now evaluate B. Since the atoms are in “‘cubic”
positions, the sum of Y, over all the atoms of a given
type [say those located at Ra=a(3,2,1)] is proportional
to the kubic harmonic &4,;. We find that

5 a \b
B=—_217)t 3R, (——)
18 Ry

X (R +RA-RAi—ER)/Rat. (A7)
Equation (23) is substituted in (A-6) to obtain
7000 Z a\®
AE= - ZR)‘ (—)
(ea)t a R,
X (RA+RARA—FRW/ R (A-8)

Equation (A-8) agrees exactly with (25) of the text.

If we replace Eq. (A-2) by the complete multipole
expansion which has radial dependence Ry!/r*! for
r> R,. we obtain, by a similar procedure, Eq. (24). This
result demonstrates the complete equivalence of the
procedures based on the Fourier series and on the multi-
pole expansion of the crystal potential.



	Page 1
	Page 2
	Page 3
	Page 4
	Page 5
	Page 6
	Page 7
	Page 8
	Page 9
	Page 10
	Page 11
	Page 12
	Page 13
	Page 14
	Page 15
	Page 16
	Page 17
	Page 18
	Page 19
	Page 20
	Page 21
	Page 22
	Page 23
	Page 24
	Page 25
	Page 26
	Page 27
	Page 28
	Page 29
	Page 30
	Page 31
	Page 32
	Page 33
	Page 34
	Page 35
	Page 36
	Page 37
	Page 38
	Page 39
	Page 40
	Page 41
	Page 42
	Page 43
	Page 44
	Page 45
	Page 46
	Page 47
	Page 48
	Page 49
	Page 50
	Page 51
	Page 52
	Page 53
	Page 54
	Page 55
	Page 56
	Page 57
	Page 58
	Page 59
	Page 60
	Page 61
	Page 62
	Page 63
	Page 64
	Page 65
	Page 66
	Page 67
	Page 68
	Page 69
	Page 70
	Page 71
	Page 72
	Page 73
	Page 74
	Page 75
	Page 76
	Page 77
	Page 78
	Page 79
	Page 80
	Page 81
	Page 82
	Page 83
	Page 84
	Page 85
	Page 86
	Page 87
	Page 88
	Page 89
	Page 90
	Page 91
	Page 92
	Page 93
	Page 94
	Page 95
	Page 96
	Page 97
	Page 98
	Page 99
	Page 100
	Page 101
	Page 102
	Page 103
	Page 104
	Page 105
	Page 106
	Page 107
	Page 108
	Page 109
	Page 110
	Page 111
	Page 112
	Page 113
	Page 114
	Page 115
	Page 116
	Page 117
	Page 118
	Page 119
	Page 120
	Page 121
	Page 122
	Page 123
	Page 124
	Page 125
	Page 126
	Page 127
	Page 128
	Page 129
	Page 130
	Page 131
	Page 132
	Page 133
	Page 134
	Page 135
	Page 136
	Page 137
	Page 138
	Page 139
	Page 140
	Page 141
	Page 142
	Page 143
	Page 144
	Page 145
	Page 146
	Page 147
	Page 148
	Page 149
	Page 150
	Page 151
	Page 152
	Page 153
	Page 154
	Page 155
	Page 156
	Page 157
	Page 158
	Page 159
	Page 160
	Page 161
	Page 162
	Page 163
	Page 164
	Page 165
	Page 166
	Page 167
	Page 168
	Page 169
	Page 170
	Page 171
	Page 172
	Page 173
	Page 174
	Page 175
	Page 176
	Page 177
	Page 178
	Page 179
	Page 180
	Page 181
	Page 182
	Page 183
	Page 184
	Page 185
	Page 186
	Page 187
	Page 188
	Page 189
	Page 190
	Page 191
	Page 192
	Page 193
	Page 194
	Page 195
	Page 196
	Page 197
	Page 198
	Page 199
	Page 200
	Page 201
	Page 202
	Page 203
	Page 204
	Page 205
	Page 206
	Page 207
	Page 208
	Page 209
	Page 210
	Page 211
	Page 212
	Page 213
	Page 214
	Page 215
	Page 216
	Page 217
	Page 218
	Page 219
	Page 220
	Page 221
	Page 222
	Page 223
	Page 224
	Page 225
	Page 226
	Page 227
	Page 228
	Page 229
	Page 230
	Page 231
	Page 232
	Page 233
	Page 234
	Page 235
	Page 236
	Page 237
	Page 238
	Page 239
	Page 240
	Page 241
	Page 242
	Page 243
	Page 244
	Page 245
	Page 246
	Page 247
	Page 248
	Page 249
	Page 250
	Page 251
	Page 252
	Page 253
	Page 254
	Page 255
	Page 256
	Page 257
	Page 258
	Page 259
	Page 260
	Page 261
	Page 262
	Page 263
	Page 264
	Page 265
	Page 266
	Page 267
	Page 268
	Page 269
	Page 270
	Page 271
	Page 272
	Page 273
	Page 274
	Page 275
	Page 276
	Page 277
	Page 278
	Page 279
	Page 280
	Page 281
	Page 282
	Page 283
	Page 284
	Page 285
	Page 286
	Page 287
	Page 288
	Page 289
	Page 290
	Page 291
	Page 292
	Page 293
	Page 294
	Page 295
	Page 296
	Page 297
	Page 298
	Page 299
	Page 300

