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Abstract

Titanium alloys are used in the aerospace industry due to their high strength, low den-
sity, and corrosion resistance. Despite all of these virtues their use is hampered by a
failure mechanism called cold dwell fatigue (CDF), which can reduce the lifetime of sus-

ceptible alloys by a factor of 10.

The plastic deformation leading to CDF failure is caused by creep at stresses as low
as 60% of the yield stress and at temperatures as low 15% of the melting point of Ti.
This ‘cold creep’ is the result of the planar glide of dislocations in the hexagonal close-
packed or a-phase of Ti. Slip is the primary deformation mechanism for Ti and its

alloys, so there is an inherent interest in the slip behaviour of a-Ti.

Motivated by this I computed the entire first-order pyramidal «-surface for a-Ti us-
ing density functional theory (DFT) simulations. I found one low energy and one high
energy stacking fault with energies of 163 and 681 mJ/m?2, respectively. In contrast with
previous suggestions, I found no stable stable stacking fault at (c + a)/2. I computed
this surface using two different pseudopotentials with 4 and 12 valence states, showing
that the 4 state pseudopotential adequately reproduces the results of the 12 state pseu-
dopotential.

At the time of writing the mechanism controlling cold creep, and hence CDF is unknown.
One observation for helping to understand CDF is that the Ti alloy Ti-6Al-2Sn-4Zr-2Mo
is highly susceptible to CDF failure but Ti-6Al-2Sn-4Zr-6Mo is not. The main difference
between these alloys is 4 weight percent Mo. Motivated by this observation and using
DFT simulations I investigated a hypothesis that Mo traps vacancies in « grains thus
reducing the creep relaxation that exacerbates the conditions leading to CDF failure.

Based on my results I found no support for this hypothesis.
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Chapter 1

Introduction

Titanium and its alloys are a broad category of metallic materials primarily used for
structural applications. Their main application is in the aerospace industry owing to
their high specific strength, and their resistance to fatigue and corrosion [14, p. 15].
Their mechanical properties can be modified significantly by the addition of alloying
elements. One example is the Ti-alloy Ti-6Al-2Sn-4Zr-2Mo (Ti-6242), where the digits
denote weight percentages (wt.%) of the alloying elements. The addition of 6 wt.%
Al stabilises Ti’s low temperature a-phase, which has a hexagonal close-packed (hcp)
crystal structure, whereas the 2 wt.% Mo stabilises Ti’s high temperature body-centred
cubic (bcc) § phase (see Fig. 1.1). Sn and Zr do not stabilise either phase but instead
modify the mechanical properties of the alloy via solute strengthening ([15] and [14, pp.
37-38]). The stabilisation of these two phases helps give Ti-6242 its high strength and
fatigue resistance properties [16], which is why it is widely used to make the blades and

disks in the high-pressure compressor of aerospace jet engines [16].

Despite these desirable properties as structural materials Ti-alloys with a high « phase
fraction are susceptible to a fatigue failure mechanism called cold dwell fatigue (CDF).
CDF was first discovered in the uncontained failure of the fan disk assemblies of two
jet engines in late 1972 and early 1973 [17, 18]. Since then it has caused a number
of jet engines to fail whilst in service on commercial flights [19-21]. Fortunately no
deaths or serious injuries were sustained as all the engine failures occurred on or near
the ground. All the failures were caused by the fatigue fracture of one of the disks of the

high-pressure compressor 3-9 spool made from Ti-6242 and the failed disk in each case

16
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FIGURE 1.1: The hcp and bcc crystal structures are represented here by their conven-
tional unit cells. The vectors {aj,as,as,c} in (A) and {a,b,c} in (B) are the Miller
(Bravais) crystal lattice vectors for hep and bece respectively.

showed characteristic signs of CDF fracture. The components in question have been
removed from service by a number of safety directives by the National Transportation

Safety Board [20, 22].

The macroscopic conditions that cause CDF failure are now well known [23, Section
4(c)]. CDF failure is a fatigue failure mechanism that occurs over repeated loading
cycles below the yield stress of the alloy. CDF loading cycles include a ‘dwell’ period, as
shown in Fig. 1.2, in which the component or sample is held at the maximum stress level
for an extended period of time during the cycle. This type of loading cycle is similar to
the stresses experienced during a flight, which includes a large increase in stress during

take-off, a lower stress-hold during cruising, and unloading during landing [24, 25].

Despite detailed knowledge of CDF at the macroscale a precise mechanistic origin of
CDF failure is still unknown [23, Section 4(b)]. This uncertainty costs the aerospace
industry millions in over-conservative design and extensive testing for each commercial
aircraft [14, p. 279]. Because it is known that CDF can reduce the time to failure of
susceptible alloys by more than an order of magnitude [26], susceptible components
need to have their time in service reduced drastically to guarantee safe use. A detailed
understanding of the mechanisms involved in CDF failure would address these problems
allowing affected components to be designed lighter to save fuel, and to be used for more

hours in service, saving the money and time needed for frequent replacements.

17
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FIGURE 1.2: The loading cycles of cyclic fatigue and cyclic dwell fatigue. In cyclic
fatigue an equal amount of time is spent at every stress level, whereas in cyclic dwell
loading the load ‘dwells’ in the state of maximum stress for an extended time period.

The plastic deformation that causes CDF failure is due in part to Ti’s unusual creep
deformation behaviour at stresses as low as 60% of the yield stress', and at temperatures
as low as room temperature[28, 29]. This creep deformation is often called ‘cold creep’
[30] and appears to involve the planar glide of dislocations in grains oriented suitably for
slip (‘soft’ grains). These soft grains gradually become exhausted as load is transferred
to grains unfavourably oriented for slip (‘hard’ grains). The planar nature of slip in
Ti-alloys containing 6 wt.% Al during room temperature creep was shown [31] to be a

result of short range ordering of Ti and Al atoms.

CDF failure also depends on load redistribution (a.k.a. load shedding) from soft to hard
grains during low temperature creep [30]. Evans and Bache [24, 32] proposed a mech-
anism describing crack nucleation based on the Stroh model [33, 34]. This mechanism
involves pile-ups of dislocations at the boundary between a soft o grain favourably ori-
ented for slip and a hard « grain in which slip is difficult (see Fig. 1.3). The stress
concentration ahead of the pile-up in the hard grain cannot be relieved by slip in the

hard grain, so a crack nucleates. Failure occurs when the crack reaches a certain length.

At temperatures greater than 200 °C CDF is no longer a failure mechanism [14, p.
272]. Thus although creep leads to load shedding at temperatures possibly too low
for diffusion, there must be some thermally activated process that relaxes stresses at

temperatures above 200 °C.

The groups Zhang et al. [25] and Ozturk et al. [35] developed crystal plasticity models to

!The yield stress is usually defined as the flow stress at a strain of 0.002 [27].
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FIGURE 1.3: The Stroh model, adapted by Evans and Bache’s group [6, 7]. Slip
accumulates at the boundary between ‘hard’ and ‘soft’ grains which results in a stress
concentration build up in the hard grain and crack nucleation.

study near « and a+ 8 Ti-alloys and the temperature dependence of CDF. The model of
Zhang et al. simulates Ti-6Al (the digit denotes 6 wt. % Al) assuming that dislocations
in corresponding to all slip systems are pinned and then released by a thermally activated
process with a common activation energy of AH and an attempt frequency v. Zhang
et al. obtained their results by setting AH ~ 0.62 eV and v = 10" s~!. However
the work does not explain the mechanistic origin of the activation energy AH, nor
the low attempt frequency compared with the Debye frequency of Ti in the range of
7.6 — 8.9 x 10'2 [36-38].

In contrast the model of Ozturk et al. simulates Ti-7Al (the digit denotes 7 wt. % Al)
and Ti-6242 assuming that statistically stored dislocations are the cause of dislocation
pinning. The authors use a power law to relate the statistically stored dislocation density
to the resolved shear stress and slip rate for each slip system. Both models incorporated
the temperature dependence of the critical resolved shear stresses of slip on the basal,
prism, and pyramidal planes, as well as the temperature dependence of the anisotropic

elastic constants.

Both groups use measurements of the critical resolved shear stress (CRSS) over a range
temperatures carried out by Williams et al. [39] for single crystals of a-Ti to calibrate
their models. Both groups also applied a shift to each individual curve in Fig. 27 of
Williams et al. [39] to better match the room temperature critical resolved shear stresses

(CRSSs) for their system of interest. Zhang et al. shifted the curves so that the CRSS
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values match the Ti-6Al values of Hasija et al., and Ozturk et al. shifted the curves so
that the CRSS values match the Ti-6242 values of Deka et al. [40] for their model of
Ti-6242.

The models of both groups reproduced experimental creep data for single crystals and
polycrystals, with the model of Zhang et al. also reproducing data for different strain
rates. Both groups studied the effects of load shedding by considering a hard-soft grain
boundary. For these studies Zhang et al. simulated Ti-6Al and Ozturk et al. simulated
Ti-6242. They both found that under dwell loading conditions at temperatures below
230 °C a high stress concentration builds up at the hard-soft grain boundary. Above
230 °C the models of both groups predicted that this load shedding does not occur.

Both groups reached different conclusions about the temperature dependence of load
shedding using their models. Zhang et al. found that their model predicted that load
shedding was strongest at a temperature of about 120 °C under cyclic dwell loading with
a stress hold. This is in agreement with experimental results from industry [25]. In con-
trast, Ozturk et al. found that the effects of load shedding decreased with temperature
[35].

The two groups also reached different conclusions about the mechanism causing load
shedding. The model of Zhang et al. predicted that load shedding is caused by the
temperature sensitivity of the strain rate sensitivity in Ti-6Al. Zhang et al. found
that this strain rate sensitivity was exacerbated by using dwell loading compared with
conventional cyclic loading. In contrast Ozturk et al. concluded from the results of their
model that load shedding is caused by the plastic anisotropy of Ti-6242. Their results
showed that this anisotropy was temperature dependent and weakened with increasing
temperature. However, because their results were all carried out at the using one strain

rate they did not assess the role that strain rate plays in their model.

It is possible that the activation energy AH used by Zhang et al. in their crystal
plasticity model corresponds to a process involving point defects in the Ti lattice. Point
defects in Ti and its alloys are well-known to play an important role in affecting their
plastic deformation behaviour [41]. An example is the effect of Fe and Ni impurities,
which are hard to remove from Ti due to the way Ti is produced via the Kroll process

[14, p. 56]. These impurities as well as Co are known to significantly increase the
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FIGURE 1.4: This figure shows two cartoons depicting a mechanism by which creep

in Ti-alloys can be enhanced or reduced by the presence of point defects. (A) shows

that if a substitutional defect such as Ni, Fe, or Co ‘goes interstitial’ it will enhance

self-diffusion by increasing the number of vacancy-interstitial pairs. (B) shows that

vacancies can be rendered immobile if the vacancy encounters a substitutional defect

such as Mo and binds to it. If such a process is energetically favourable, then it would
reduce the amount of creep deformation by immobilising vacancies.

rate of self-diffusion in Ti-alloys by becoming interstitial defects, thus creating vacancy-
interstitial complexes that contribute to self-diffusion [42]. This process is shown in
Fig. 1.4(A). These Frenkel defects outnumber the intrinsic vacancy concentration and

dominate self-diffusion, hence diffusion is possible at low temperatures.

The effect of these impurities on self-diffusion has been well studied experimentally.
Herzig [43] found the activation energy for self-diffusion in commercially pure Ti to be
~ 2.00 eV, whilst in contrast Képpers et al. [12] found that much purer Ti with less
than 1 weight parts per million Fe, Co, and Ni had an activation energy of 3.14 eV
in the temperature range 560-860 °C. This is almost certainly the activation energy
of self-diffusion in pure a-Ti, and so the difference between these activation energies
demonstrates the effect of Fe, Co, and Ni impurities on the self-diffusion properties of
Ti. Whilst these impurities have a significant effect on self-diffusion both activation
energies are larger than 0.62 eV of Zhang et al. [25], and so cannot be the mechanism

responsible for the cold creep leading to CDF failure.

A possible clue to eliminating CDF is the experimental observation that Ti-alloy Ti-6Al-
28n-4Zr-2Mo (Ti-6242) and Ti-alloy Ti-6Al-2Sn-4Zr-6Mo (Ti-6246) have very different
CDF susceptibilities [26]. As mentioned earlier in this chapter, Ti-6242 is highly sus-
ceptible to CDF, whereas Ti-6246 is not [26]. The most significant difference between
them is Ti-6246 has 4 weight percent more Mo than Ti-6242.
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Qiu et al. [26] looked at Ti-624X, X=2,3,4,5,6, and their CDF susceptibilities. They
attributed the differing CDF susceptibilities of Ti-6242 and Ti-6246 in part to the higher
B phase fraction in Ti-6246. Since CDF doesn’t occur in the 8 phase [44] this reduces
the probability of CDF failure. However, in Ti-6246 there is a 60% « phase fraction,
suggesting that Mo is doing more to suppress CDF failure besides increasing the 8 phase
fraction. Qiu et al. also observed that the increasing Mo content from Ti-6242 to Ti-
6246 leads to an increasingly random distribution of « grain orientations, as well as a
decreasing average « grain size. The authors argue that both the orientation and size

distributions of « grains are have a strong effect on the CDF susceptibility.

Mo could also reduce CDF susceptibility by reducing the creep rate in the « phase
of Ti at the point defect length-scale. At this length-scale creep can be enhanced by
the presence of mobile vacancies in the o-Ti lattice. If a significant concentration of
Mo substitutional defects and Ti-vacancies can reduce the free energy of the system
by binding to each other, then Mo might reduce the creep rate by rendering vacancies

immobile (see Fig. 1.4). In chapter 6 of this thesis I will show that this is not the case.

To test the above hypothesis I used density functional theory (DFT) calculations to
compute the formation and binding energies of a range of Mo and intrinsic point defects.
Computer simulations such as DFT are ideal for probing these systems because a wide
range of parameters can be controlled compared with experiment. For example, the
precise positions of all the atoms can be specified in a computer simulation relatively
easily, allowing a wide range of geometries to be set up and studied in order to find the

most stable structure [45, section 6].

DFT was used because it explicitly treats the electronic structure of the system, lead-
ing to a more accurate treatment than approaches where electronic structure is treated
implicitly through fitting procedures such as interatomic potentials (IPs). This is par-
ticularly important for accurately predicting the properties of Ti as changes in the
treatment of the s, p, and d valence states of Ti have been shown to significantly affect

the description of equilibrium crystal structures [46].

Even computing ground-state properties of large systems using DF'T is a computationally
demanding task. Not only do DFT simulations generally require more computational

resources than IP simulations, but the resources required can also scale as rapidly as
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O(n3), where n is the number of atoms [47, section 10.5]. In contrast IPs such as Finnis-
Sinclair potentials [48] scale linearly with system size as O(n). Thus despite IPs being
less accurate than DFT in general, they have a low computational cost and can be used
to simulate much larger systems than DFT. Hence they are an ideal tool for testing and

developing methods in preparation for using DFT calculations.

After the introduction in chapter 1 density functional theory (DFT) and its use in metals
are described in chapters 2 and 3 respectively. These chapters provide an overview of
how the DFT calculations described in this thesis have been carried out, and how one

can perform DFT calculations to determine the properties of metal solids.

Chapter 4 summarises tests of the DFT method I carried out on the bulk hcp and bee
phases of Ti. I used these tests to establish the accuracy of the DFT models and to
better understand the bulk properties of Ti in these phases. I then used the DFT models
to investigate directional bonding in hcp-Ti by comparing the charge densities of hep-Ti

and face-centred cubic Al

In chapter 5 I summarise a study carried out on stacking fault energies and y-surfaces
in @-Ti. The first section summarises interatomic potential (IP) calculations I used as
a computationally inexpensive method to learn how to simulate isolated stacking faults
in -Ti. These studies helped to reduce the number of DFT calculations in the second
section of this chapter, and thus provided a significant saving of computational resources.
The second section summarises DFT simulations I carried out to compute y-surfaces for
a-Ti. The main result of these simulations is the full pyramidal I «-surface shown in
Fig. 5.7(A). The pyramidal I ~-surface is a useful tool for understanding c + a slip,
and hence plastic deformation in «a-Ti. I also computed properties of the pyramidal I
~v-surface using two different pseudopotentials to assess their suitability for simulating
~-surfaces in o-Ti. Finally in the third section I used the DFT ~v-surface data to test a
newly developed set of Ti IPs by Mendelev et al. [49].

Chapter 6 contains the main result of the thesis. In this chapter I show that the mech-
anism of Mo binding to vacancies does not suppress the creep rate in Ti-alloys, and so
does not significantly affect the CDF susceptibility of Ti-alloys. I also summarise the
formation energies of intrinsic and extrinsic Mo point defects in « and §-Ti and discuss
their atomic and electronic structure. The chapter also contains a detailed discussion

of the role of the vacancy in a-Ti. The chapter concludes with discussions of the role
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of Mo in affecting CDF susceptibility in Ti-6242 and Ti-6246, and a suggestion for how

CDF gets its characteristic temperature dependence.

Finally the thesis is concluded in chapter 7 which summarises the main results from
chapters 4, 5, and 6. This includes results pertaining to the pyramidal I y-surface and
the tests of the hypothesis described in this chapter. Chapter 7 also suggests further

research that could be carried out, which builds upon the work described in this thesis.
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Chapter 2

Density functional theory

Quantum mechanics is the most successful approach so far for describing the physics
of electronic and atomic systems. The range of applications for this branch of physics
includes some of the biggest technological breakthroughs of the 20th century such as
the transistor [50, Vol. III, ch. 14-6], the basis of all modern computers, and the laser
[50, Vol. I, ch. 5-3], which in the form of fibre-optic technology forms the backbone of

telecommunication networks worldwide [51].

The main difficulty of using quantum mechanics to describe many-electron systems is
that it is very computationally intensive. Small systems such as the hydrogen atom
can be solved analytically with a pen-and-paper calculation, but describing the wave-
function of a many-electron system requires a set of Slater determinants which scales

combinatorially with the number of particles [52, 53].

The most widely used quantum mechanical methods are those based on density func-
tional theory (DFT), and the computational approaches that resulted from it [54]. DFT
is so called because it treats the electronic charge density as the principle variable rather
than the many-electron wavefunction. The charge density is a much simpler object, but
it holds enough information within DFT to determine all the useful physical properties

of any quantum mechanical system.
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2.1 The Schrodinger equation

Understanding many quantum mechanical systems amounts to obtaining an accurate
description of the stationary states of the system. These can be obtained for a system of

atoms or molecules by solving the time-independent Schrédinger equation shown below:
HVU = ET, (2.1)

where the operator H called the Hamiltonian is defined as:

N VA 62
H=|- 7v2 7v2 e
; 2me za: 2Meq Za Ameg|r; — rq|
X e S 22
= deg|r; — 1l = deglre —rp| | '

The time-independent Schrodinger equation shown in (2.1) is a partial differential equa-
tion describing the energy contributions from all the particles in the system and their
interactions. Here all terms that depend upon the electrons’ positions {r;} are shown
using roman letters i, j, ..., and all terms that depend upon the positions of the nuclei
{r,} are shown using greek letters a, §,.... Thus the first two terms in the right-hand
side bracket are the kinetic energy terms of the electrons and the nuclei respectively.
The next three terms are Coulomb electrostatic potential energies between electrons and

nuclei, between just the electrons, and between just the nuclei respectively.

A solution of (2.1) consists of a total energy of the system denoted by E, as well as a
function ¥ = W({r;}, {r,}) called the wavefunction. This is a complex function of the

positions of all the electrons and nuclei.

To simplify (2.1) it is convenient to rewrite it in natural or atomic units which set the
electron mass me, the electron charge e, Planck’s reduced constant &, and the Coulomb

constant 1/(4mep) equal to unity. In these units the Hamiltonian can be written as:

1 ZaZ
—Z§V$—Z—V2 Z]m—r[ Z\rz—r]! Z| | @Y

ro — g
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2.2 The Born-Oppenheimer approximation

The computational difficulty posed by the time-independent Schrédinger equation is due
to two characteristics of the problem it represents. The first is that it is a many-body
problem, where the energy of any single particle depends on its interactions with all the
others in the system. The second is the large number of particles involved, all being
described in a quantum mechanical framework, resulting in a large number of degrees
of freedom to be accounted for [47, 1.3]. These problems can be partially alleviated by

making use of the Born-Oppenheimer approximation.

The approximation is usually justified by observing that the nuclei are almost 2000 times
heavier than the electrons but experience forces of similar magnitude. Hence it can be
argued they will also have momenta of similar magnitude. This means that the electrons
move much faster than the nuclei, and thus when any nucleus is moved the electrons
can respond and relax to their ground-state almost instantly. Following this motivation
the wavefunction is approximated as a product of an electronic wavefunction ¥ and a

nuclear wavefunction &:

U({ri}, {ra}) = T({ri}; {ra}) @({ra}). (2.4)

The form of ¥({r;};{rs}) shows that it is a function of the electron coordinates {r;}
only, with the nuclear coordinates {r,} acting only as fixed parameters. Substituting
(2.4) into (2.1) results in the equations of motion in (2.6) and (2.7). Here we have
discarded all terms proportional to V,¥ and V2V in (2.5) to obtain (2.6), assuming
that the derivative of ¥ with respect to the positions of the nuclei is small. It has been
shown that the first of these derivative terms strictly vanishes, and that the second term

is proportional to 1/my, thus justifying this approximation [55].

—~ Z —VQ +&
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4

®=FEd (2.6)

We have also defined £ which collects all the electronic terms into (2.7) in the form of
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an electronic time-independent Schrédinger equation with electronic Hamiltonian H..
Written in this form it is clear that the motion of the electrons is decoupled from the
motion of the nuclei. The electrons only affect the motion of the nuclei in (2.6) the term
€ = E({ra}) called the Born-Oppenheimer potential energy surface. Because the nuclei
typically behave like classical point particles under most conditions [55, pp. 200-203]

Newtonian mechanics can be used to solve for the nuclear degrees of freedom in (2.6).

2.3 The Hohenberg-Kohn Theorems

The Born-Oppenheimer approximation simplifies solving the time-independent Schrodinger-
equation explicitly by decoupling the equations of motion of the nuclei and the electrons.
When the approximation is applied the main difficulty lies in solving the all-electron
time-independent Schrédinger equation shown in (2.7). Under the Born-Oppenheimer
approximation the Coulomb interaction between the nuclei is a constant when solving
for the electronic ground-state, and so can be ignored, and the Coulomb interaction
between the electrons and the nuclei is a static external potential acting on the electrons

defined as:

Vet (r) = = Y _ Zo (2.8)

v —ro|
Hence we can redefine the electronic Schrédinger equation in terms of this external

potential as:

HU = [F+ Veu]U =ET,
P —ZEV”Z#
— 2 ' =, —rj| |’
7 1>
‘A/ext = Z‘/ext(ri)' (29)

The way in which this equation is solved using DFT starts with the statement of two
theorems proved by Hohenberg and Kohn in 1964 [56]. These two theorems propose
solving the many-electron Schrodinger equation such that the principle object being
varied is not the wavefunction W, but the density n. This can be defined in terms of ¥

as:

n(r) = /Hd3r,-|xp(r, ro, ..., ry) % (2.10)
=2
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As a function of just 3 variables compared with the 3NN needed to describe W, the
density is a much simpler object. The potential savings in terms of computational effort

by making this switch is significant. The Hohenberg-Kohn theorems can be stated as:

e The external potential Vey(r), and thus any observable, is a unique functional of

the ground-state electron density no(r).

e The ground-state energy can be obtained using a variational principle and func-
tional for the density. The density that minimises the total energy functional is

the exact ground-state density.

We can prove the first Hohenberg-Kohn theorem by first assuming that, in contradiction
with the statement of the theorem, there exists another external potential V. (r) with
ground-state wavefunction ¥{, corresponding to the same ground-state density ng(r).
This defines two different Hamiltonians H = F + Vext and H = F + ‘A/elxt each with
a ground-state energy of Fy = [ WoHUdr and E} = [ W) H' V) d’r respectively. By
using the ground-state wavefunction Wy as the trial wavefunction for H’ and U( as the

trial wavefunction for H along with the variational principle we get:
Ey < / UL HY)dr = / ULH W) dr + / Ul (H — H')U)d®r
E} < /\IJOFI’\Ilod?’r = /%ﬁ’%d% + /WO(H’ — H)Wod’r. (2.11)
Because both of these systems correspond to the same ground-state density both of the

right-hand terms can be written in terms of the ground-state density using (2.9) which
gives:
FEy < E6 + /Tlo(‘?ext — Aelxt)d:sr

A

E\ < Ep— /no(ffext —V.,)dr. (2.12)
Adding both of these inequalities together results in the contradiction:
Ey+ E(/J < Fy+ E(/) (2.13)

Using this result the ground-state density uniquely defines an external potential V.

The ground-state density also defines the number of electrons N which uniquely defines
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F. Hence the Hamiltonian H, all observables are unique functionals of the ground-state

density.

This means that for all densities n(r) that are the ground-state density for some external
potential (v-representable) we can define the functional F[n] = [ d3r\P3(r)F Uy (r), since
both ¥y and F are defined by n(r) (uniquely for non-degenerate ground-states). Using
this definition a total energy functional can be defined for a potential V (r) unrelated to

the external potential Vet (r) given by n(r), in terms of n(r):
Evy[n] = F[n] + /d?’rV(r)n(r). (2.14)

The proof of the second Hohenberg-Kohn theorem relies on the variational principle of
quantum mechanics. This states that for a Hamiltonian H and a normalised wavefunc-

tion ¥ we can define an energy functional:
Ey[¥] = / Brv*(r)HU(r) (2.15)

such that E[¥] > Ey, where Ej is the ground-state energy of H. Equality is reached
only when W is equal to the ground-state wavefunction ¥g. Using the result of the first
Hohenberg-Kohn theorem a given electron density n(r) determines an external potential
Vext(r), for which it is the ground-state density, and also a ground-state ¥(r). We can
use this wavefunction as a trial wavefunction for the Hamiltonian H constructed using

the external potential V' (r) unrelated to Vex(r) in (2.14):

/ Erv*(r)HU(r) = / Brv*(r)FU(r) + [ dPr¥*(r)VI(r)

= F[n]+ /d3rV(r)n(r) = Ev[n] > Ey. (2.16)

The last inequality is given by the variational principle. Hence we have a new variational
principle given by the new inequality Ey/[n] > Ey where equality is reached only if n
is the ground-state density for the external potential V(r). The ground-state can thus
be computed by minimising the functional Evy[n] > Ej over all possible v-representable

densities.
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2.4 The Kohn-Sham equations

The Hohenberg-Kohn theorems show that there exists a variational method for finding
the ground-state of a many-electron system by minimising the total energy functional
Ey[n] in (2.14). However it does not define part of the total energy functional, F[n],
and so this must be approximated in order to take advantage of the results of these

theorems.

The method of Kohn and Sham [57] can be used to do this by mapping the problem
of many interacting electrons to the much simpler non-interacting problem. The non-
interacting ‘electrons’ created by this mapping are not real, nonetheless they can still
be used to compute the ground-state density, and hence the ground-state energy of the

interacting many-electron system.

We first write the corresponding variational problem for the Hohenberg-Kohn total en-
ergy functional E[n| = Ey[n| in (2.14) for the external potential V' = Vi (r) with a

Lagrange multiplier p used to constrain the number of electrons N:

%ﬂﬂ+/ﬁﬂ&@%ﬂ(/fm@—NH:0 (2.17)

Kohn and Sham chose to separate F'[n] in the following way:

Fm:nm+;/fmw“m””+@¢q (2.18)

v —r'|

where Ty[n] is the kinetic energy of a system of non-interacting electrons with density
n(r). The middle term is the Hartree energy Vi[n|, which accounts for the classical
electrostatic interactions of the electrons with the same density n(r). The last term
gathers together the non-classical electron interactions as well as the difference between
the interacting and non-interacting electron kinetic energies and is called the exchange-
correlation functional Ey.[n]. The reason for this separation is that the first two terms
can be computed in quite a straightforward way, whereas the last term only accounts
for a small part of the total energy in general. We shall see that there are surprisingly

good approximations for the exchange-correlation functional.
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By using the separation of (2.18) we can rewrite the variational problem as:

0Ts[n]
on(r)

+ Vis(r) = p, (2.19)

such that we have defined the Kohn-Sham potential Vxg(r) as:

n'(r)

v — |

Vis(r) = /d3r' + Vie(r) + Ve (r) (2.20)

and the exchange-correlation potential Vi.[n] is defined as:

(2.21)

The key result of rewriting the problem in this way is that (2.19) is the same form as a
system of non-interacting particles moving in a potential Vi g(r). Hence solving for the
ground-state after this mapping consists of solving a set of single-electron Schrédinger

equations called the Kohn-Sham equations:
Lo
A Viks(r)| ¢ = e, (2.22)

where the index ¢ runs over the single-particles states (1...N/2 for a spin-degenerate
system at 0K such that single-particle states 1; are doubly occupied). The electron
density can then be constructed from the single-particle states 1;(r) such that

N/2

n(r) =2 |ei(r)P (2.23)
i=1
as can the non-interacting kinetic energy Ts[n]
N/2
Tyn] = — Z / A3} (r)V2ey(r). (2.24)
i=1

The total energy is obtained from the Kohn-Sham eigenvalues {¢;} as follows:

E[n] = Ts[n] +;/d3rd3r’n(r)n/(r) + Exc[n] +/d3rn(r)Vext(r),

v —r'|
N/2

— 2;@ - ;/di’»rd:’arﬂm _/d3rn(r)‘&c(r)+Exc[n], (2.25)

taking into account the over counting of the Hartree energy and the exchange-correlation
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energy of the Kohn-Sham eigenvalues compared with the fully-interacting picture. The
form of the Kohn-Sham equations shown in (2.22) requires an initial guess for the electron
density n(r) in order that Vig(r) can be defined. Solution of the Kohn-Sham equations
gives a set of single-particles states {¢;(r)}, which in turn defines a density as in (2.23).
The same procedure could be applied with the new density, and the procedure could
be repeated iteratively for all subsequent output densities. The problem will only be
solved self-consistently when the input and output densities differ by a sufficiently small
amount, at which point these densities define the ground-state density. The total energy
can then be obtained by evaluating F[n] in (2.25) with the self-consistent ground-state

density. The self-consistency minimisation procedure is shown as a flow-chart in Fig. 2.1.

2.5 The exchange-correlation functional

In principle DFT is an exact theory which can be used to determine the ground-state
configuration of any atomic system by mapping the full interacting many-body problem
to a set single particles interacting with a mean field. However the main problem of DFT
is that the exact form the exchange-correlation functional Ey.[n] in (2.18) is unknown. It
must be approximated in all but the simplest cases using physical insight, experimental
data, [58], and methods more accurate than DFT [59-61]. The first approximation and

one of the most widely used is the local density approximation (LDA. [56, 62]):

Eyc[n] = /n(r)exc(n(r))d?’r, (2.26)

where €y, (n(r)) is the XC-energy per particle of the homogeneous electron gas with a
density n(r). Transition metals pose two problems for the LDA that limit its accuracy
in describing them. The first is that d-electrons are strongly affected by self-interaction
errors, which are very significant in the LDA [63-65]. In addition d-bonding is localised
and directional [66, ch. 9], which the LDA does not describe well. Both of these problems
are dealt with better by generalised gradient approximations (GGAs) which tend to
favour inhomogeneity more than the LDA and generally offer improved performance for
transition metals [65, 67]. The two most widely used are parameterisations by Perdew-

Burke-Ernzerhof (PBE, [68]) and that of Perdew and Wang (PW91, [69]). I have carried
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out all calculations in this thesis with the PBE exchange-correlation functional, except

where stated otherwise.

Construct Vj,, given atomic numbers and
positions of ions

Y

Pick a trial density n(r)

!

Calculate Vi [n] and Vxc[n] -

Solve H 1; = [—3V? + Vion + Vi + Vxc| ¥ = €t
for ; A

Y

Calculate new n(r) =), |4; ]2

Y A
IS THE SOLUTION SELF-CONSISTENT?

nout = nin

Y A
YES < > NO

f !

Compute the total energy| | Generate new density n(r) —»—

FIGURE 2.1: The Kohn-Sham self-consistent energy minimisation procedure is started
with an initial guess of the charge density. This charge density is used in a self-
consistency cycle to generate an output density. If input and output densities do not
agree to a high enough degree of precision, then a new density is generated and input
into the next self-consistency cycle. This procedure repeats until self-consistency in
the input and output charge densities is reached. Once this occurs the total energy
is computed. It is worth noting that this is the procedure used for traditional density
mixing DFT (see section 3.4), but there are alternative procedures that involve mixing
potentials instead of densities, as well as ensemble DFT.
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Chapter 3

DFT for metals

Metals are a particularly difficult class of materials to simulate using DF'T. The source
of this difficulty is that metals do not have a band-gap in their band structure, unlike
insulators and semiconductors [47, p. 28]. This means that there exists a Fermi surface
that divides the occupied and unoccupied states in reciprocal space, which requires ac-
curate sampling in order to be described correctly. Carrying out this sampling is much
more computationally expensive than insulator and semiconductor calculations of sys-
tems with the same number of atoms. To cope with this a host of computational methods
have been developed to improve the computational efficiency of DF'T for calculating the

ground-states properties of metals.

In this chapter I will summarise the methods that I have used to simulate metallic
systems using DF'T. This includes using finite temperature smearing and density mixing.
I also used periodic boundary conditions with a plane-wave basis set plus ultrasoft
and projector augment-wave pseudopotentials, methods that are not essential to the

simulation of metals and can be used to model other classes of materials as well.

3.1 Reciprocal space and k-points

Because we are interested in metals which take on a crystalline structure in their solid
form we would like to model atoms arranged in a periodic manner in space. The shape

of the cell which can be repeated in space to generate the crystal structure is given
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by three lattice vectors a, b, and c¢. Examples for the hexagonal close-packed (hcp)
and body centred cubic (bcc) crystal structures are shown in Fig. 1.1. When we solve
the Schrodinger equation in this case Bloch’s theorem applies [70]. A more detailed
discussion of Bloch’s theorem can be found in [71, ch. 8]. This states that the solution
will take the form ¢y (r) = exp(ik-r)uk(r) where uy is periodic in the lattice vectors, i.e.
uk(r 4+ nga + npb + nec) = uk(r), for all integers ng, np, and n.. k are the wave-vectors
or k-vectors labelling the eigenstates of the Schrédinger equation. It corresponds to a

vector in reciprocal or k-space.

The uy have the same periodicity as the crystal lattice, which means that we can decom-
pose it into a linear combination of periodic functions. One such set of periodic functions
is the set of plane-waves exp(iG -r). The G are linear combinations of reciprocal lattice
vectors {a*,b*, c*} corresponding to the real-space lattice vectors {a,b,c}. These are

defined as

cxa axb
=2T——— b*=2r————— =2 3.1
a 7Ta'(bxc)’ 7ra‘(b><c)7 ¢ 7Ta-(bxc) (3:-1)

Hence when G = g,a*+gpb* + g.c* for integers g, g», and g., G-a = 27g,, G-b = 27w gy,
etc. It is worth noting here that longer real space lattice vectors correspond to shorter

reciprocal space lattice vectors and vice-versa. The decomposition takes the form:
uk(r) = Z ck+G exp(iG - r). (3.2)
G

Applying Bloch’s theorem to the single particle solutions to the Kohn-Sham equations
in (2.22), our solutions can be expressed as 1); = ¥k, where n labels the band index and
k labels the solution’s corresponding k-point or k-vector. Plane-waves form a natural
basis set for periodic functions such as wave-functions of crystals. It is common for
DFT calculations to be carried out using plane-waves as a basis set to describe the
wave-function. One of the advantages of doing this is that it is possible to solve the
Schrodinger equation for each k-vector independently [47, 3.1.1]. This also applies to

any quantity derived from these solutions such as the electron density.

In real space the smallest periodic repeat cell for a crystal is called the primitive unit
cell. One such primitive unit cell is the Wigner-Seitz cell, and its reciprocal equivalent is

called the first Brillouin zone, often shortened to just the Brillouin zone. The reason that
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the Brillouin zone is important in plane-wave DF'T calculations is that many important
quantities are evaluated by integrating over the first Brillouin zone in reciprocal space.
If the quantities to be integrated are slowly varying across the Brillouin zone then a
weighted sampling over discrete points suffices to evaluate the whole integral accurately,
and that is what is done in many DFT codes. Hence the discrete set of k-points chosen

to sample reciprocal space usually lie within the first Brillouin zone.

A common method of sampling the Brillouin zone is the scheme of Monkhorst and Pack
[72] involving the specification of a grid of N, x N x N, points in total, where there are
N, equally spaced points along the first reciprocal lattice vector a*, N, along b*, and
N, along c*,. The use of a Monkhorst-Pack (MP) grid is equivalent to applying periodic
boundary conditions to a supercell made up of N, X N, x N, unit cells. Conversely,
running calculations with a supercell made up of a larger number of unit cells corresponds
to a finer sampling of the first Brillouin zone. In this case fewer k-points are needed to

achieve the same sampling density of the first Brillouin zone as using a single unit cell.

3.2 Cut-off energy

As stated in the previous section, solutions of the Schrédinger for periodic systems are
constrained by Bloch’s theorem to take the form )y (r) = exp(ik - r)uy(r), where the
ux can be further expressed in terms of a linear combination of plane waves exp (iG - r)
as shown in (3.2). When expressed in this way we can define our solutions to the

Schrédinger equation as

Ui(r) =) cxraexpli(k + G) - r). (3.3)
G

Since each of the G span the over the integers, computing 1y for each k involves an
infinite sum over all the possible G-vectors. This infinite sum can be truncated by
noting that each of the plane-waves in the sum of (3.3) corresponds to a solution of the
Schrédinger equation with kinetic energy Eginetic = (1/2m)|k + G|?. This means that
G-vectors with higher magnitudes correspond to higher kinetic energy solutions. When
searching for ground-state solutions to the Schrodinger equation low energy solutions are
more likely to be physically relevant than higher energy solutions. Hence it makes sense

to remove those higher energy solutions from the minimisation by applying a kinetic
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energy cut-off (1/2)|k + G|? < E.yu, or equivalently a G-vector cut-off |k + G| < Geyw
which constrains the number of G-vectors to sum over. Thus when the kinetic energy

cut-off is applied the form of 1k reduces to

)= > agcexp(ik+G) ). (3.4)

[k+G[<Geut
The precision of the computed total energy increases with the cut-off energy for all
plane-wave DFT calculations. However so does the computational time required to per-
form the calculation as well as the amount of memory needed to store the wavefunction.
Convergence of this quantity to a value which provides the required precision and com-
putational cost is essential to performing efficient plane-wave DFT calculations. The

cut-off energy convergence tests I carried out for hep-Ti are discussed in section 4.2.1.

3.3 The Fermi surface

A single hydrogen-like atom with only one electron and a nucleus has a number of
discrete quantised states that the electron can occupy. Adding more electrons increases
the number of possible electronic states further via angular momentum coupling [52, pp.

185-195 |.

If we arrange these many-electron atoms into an infinite crystalline arrangement then
many new possible electronic states are created compared with the number of isolated
atom states (see Fig. 3.1). The energy gap between many of the states decreases as the
number of atoms increases, and in the limit of an infinite crystal lattice the states form

continuous energy bands [52, pp. 442-447].

If all the electrons occupy their lowest energy or ground state configuration it is possible
to define a state that has a 50% probability of being occupied. This state is called the
Fermi level. At zero temperature (0 K) the Fermi level is the highest energy occupied

state in a metal.

The Fermi level can be computed from the density of states, the occupation of electronic
states as a function of energy, and integrating such that the integral equals the electron
number. An example of the density of states for a-Ti that I computed using DFT is
shown in Fig. 3.2. The energy axis of this figure was scaled such that the Fermi level is
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FIGURE 3.1: A schematic representation of the formation of energy bands. As the

number of atoms that are brought into a crystal lattice configuration increases the

number of available discrete states increases. In the limit of an infinite crystal lattice

the energy separation between distinct states becomes vanishingly small and continuous
energy bands form.

at 0 eV on the plot. The Fermi level does not necessarily correspond to the energy of
a physical quantum state, but serves as a useful means of characterising the electronic

structure of solids.

The conduction properties of a material are determined in part by the location of the
Fermi level relative to the energy bands. An insulator has a large energy gap called a
band gap between the valence band, the band containing the highest energy occupied
state, and the conduction band, which contains the lowest energy unoccupied state [47,
p. 28]. Hence the Fermi level lies between these two bands for an insulator at zero

temperature.

In contrast with insulators, a metal has its Fermi level located within an energy band,
and so does not have a band gap. This means that in reciprocal space all occupied
electronic states will reside within a closed surface. This is called the Fermi surface.
Because the Fermi level for a metal lies within a band and the states within a band are
continuously distributed it only takes a small amount energy to excite an electron into

a higher energy state.

To account for this during the energy minimisation it is necessary to include extra
states beyond the minimum number for electronic structure metals calculations. The
number of extra bands must be kept to a minimum since the computational cost increases
quadratically with the number of bands. It is not possible to determine beforehand
which bands will be unoccupied, so an initial calculation is required to determine the

band occupancies and hence the number of extra bands needed to run the calculation.
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FIGURE 3.2: The density of states for a-Ti computed using a primitive hexagonal

close-packed unit cell of two Ti atoms. The red line at 0 eV is at the Fermi level. At

this energy the occupancy is non-zero, which means that a-Ti will have a partially filled
band at the Fermi level and no band gap.

Because states are occupied up to the Fermi surface in a metal at 0 K this calcula-
tion involves the numerical integration of a step function. This is a computationally
expensive operation because of the step function’s discontinuity at the Fermi level. A
common solution is to introduce a fictitious finite temperature, corresponding to an en-
ergy distribution centred around the Fermi level, that smooths the discontinuity of the
step function. This procedure is called finite temperature smearing. This is what has

been used to generate the density of states in Fig. 3.2.

The error associated with this smearing procedure depends on the amount of smoothing,
which is given by the width of the temperature distribution (often called the smearing
width), as well as the type of smearing scheme. The use of a temperature changes the
calculation from calculating the total energy of the system to calculating the free energy

of the system instead.

An estimate of this energy error given by one half of the product of the temperature
and the entropy is calculated and added to the computed free energy at the end of the

calculation to give an estimate of the 0 K total energy.

The smearing scheme that I used in all of my VASP calculations is the one developed

by Methfessel and Paxton [73]. The smearing scheme uses an expansion of the step
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function using Hermite polynomials multiplied by Gaussians to give very accurate results
depending on when the expansion is truncated and the character of the function being
integrated. In most cases a first- or second-order Hermite polynomial expansion provides
a smooth approximation to the step function and produces an energy close to the true
total energy for a given temperature [73]. In the case of my VASP calculations I used a

first-order expansion with a smearing width of 0.1 eV.

One disadvantage of the Methfessel-Paxton smearing scheme is the possibility of in-
troducing negative occupancies of electronic states, thus introducing the possibility of
regions where the density is negative [74]. The scheme I used for all of my CASTEP
simulations called cold smearing [74] has positive definite occupancies, and so avoids all
problems associated with negative occupancies. Within CASTEP I used cold smearing

with a smearing width of 0.1 eV.

3.4 Density mixing

Because metals do not have a band gap, i.e. their Fermi level lies within a band; the
charge density can vary quite significantly with small changes in energy. This property of
metals leaves them prone to the effects of ‘charge sloshing’: where a small change in the
input charge density results in a large output charge density [75, III. A], [76]. This leads
to large long-range oscillations of charge density, causing the calculation either to take
much longer to reach a self-consistent solution or to diverge completely from the solution
[76]. Thus self-consistent convergence can only be reached under these circumstances
if oscillations are damped by minimising large long-range variations between the input

and output densities of each iteration.

The most straightforward form of damping to implement for a given self-consistency
cycle N is to ‘mix’ in some of the input density n%(r) with the output density nq(r)

to generate a new input density for SCF iteration N + 1:
nfL () = anf () + (1 - a)nf(r). (3.5)

The constant o can be used to specify the degree of mixing manually. This scheme

is called simple or linear mixing. This scheme can be improved in many cases [77] by
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mixing in input and output densities from previous self-consistency cycles as well as
those of the current cycle. One such scheme is Pulay mixing [77] which involves taking

a linear combination of the input densities
N
n _ mn
nopt,N+1 - Zaun‘u ) (36)
p=1

where the coefficients oy, are constrained by norm conservation 25:1 a, = 1. The o

are given by

>, AL / , .
== " A, = | PrR(n"],r)R([n™], 1), 3.7
ay S, A " ([0 v) R[], x) (3.7)
where the charge density residual is defined as R [n@"] = nZ“t [nL"] — nL" It is possible

to improve this mixing procedure further by suppressing long-range variations in the
density and thus more effectively prevent charge sloshing. This is done using a pre-
conditioning method by Kerker [76]. First consider the Fourier transform of (3.6) with

the addition of a term that depends on the Fourier transformed residuals R [ﬁ;ﬂ

N
AN = > (ﬁ;f L AR [ﬁjﬁ]) , (3.8)
p=1
where 27" = 7/7(G) are the Fourier transformed input densities and R (] = ot (G)—
ni"(G). For Kerker pre-conditioning the A is a diagonal matrix:
' p g g
GQ
A=A, 3.9
G+ G (3.9)

where A is a mixing weight, G = |G| and G| is a user-defined parameter that determines
the ‘length-scale’ for damping. When G < Gy, i.e. long-ranged components, mixing is

damped significantly.

The value of A plays an important role in determining the rate at which convergence
is reached. Too much mixing can slow down convergence to the ground-state, but too
little will not damp out charge sloshing. Another consequence of using density mixing
is that the wavefunction and the density must evolve separately, as the mixed densities
do not necessarily correspond to a wavefunction of the system. Because of this density

mixing is not variational, and so it is not guaranteed that the total energy will decrease

42



with each minimisation step.

3.5 Pseudopotentials

The electrons that are localised closest to the nucleus are called the core electrons,
and are insensitive to the chemical environment of the atom. This means that their
contribution to the total energy is to a good approximation unaffected when isolated
atoms are brought together to form molecules or solids. The only significant energy
changes occur in the valence electrons involved in chemical bonding, and so only those

need to be updated every time the atoms are repositioned.

Not only are core electrons essentially chemically inert, they also cause computation
difficulties when included in a calculation. The electronic states associated with each
atom are eigenstates of the atomic Hamiltonian and so must be mutually orthogonal

[52, pp. 135-136]:
/ B (e (r) = by, (3.10)

where the {i,j} label the eigenstates. Because the core states are spatially localised
near the nucleus the valence states must include rapidly oscillations in order to satisfy
the mutual orthogonality condition as shown in Figure 3.3. Variations over small length
scales must be described by plane-waves with large k-vectors, which requires a higher
cut-off energy as described in section 3.2. This drastically increases the computational

cost of calculations involving these states.

These problems can be addressed by replacing the all-electron (AE) problem including
the strong nuclear Coulomb potential and the core electrons with a pseudopotential,
an effective potential than can be made as smooth and computationally cheap as the
calculation requires. Using a pseudopotential also requires replacing the valence wave-

functions with pseudo (PS) wavefunctions that vary smoothly inside the core region.

One widely used class of pseudopotentials are called norm-conserving pseudopotentials

[78]. A good norm-conserving pseudopotential is required to have the following features

[79]:

e The PS wavefunctions should have no nodes or zeroes for r < r. as shown in
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Fig. 3.3. Nodes are associated with spatial variations over small length-scales, and

so removing them also removes high kinetic energy components.

e The radial components of the AE and PS wavefunctions, denoted by R and RYS

respectively, agree outside a specified cut-off radius r.:

RAE(r) = RPS(r) for r > 7. (3.11)

e The pseudopotential is ‘norm-conserving’, that is charge inside the core region is

preserved for both the AE and PS wavefunctions:
Te Tc
/ |RME|2r2dr = / |RYS|2r2dr. (3.12)
0 0
e The AE and pseudo eigenvalues of the Kohn-Sham equations agree:

AP = S, (3.13)

These conditions help ensure that the logarithmic and first energy derivatives of the
pseudo and AE wavefunctions agree when r > 7. [78]. A related issue that is encountered
when constructing pseudopotentials is transferability. Pseudopotentials are constructed
for an isolated atom, but a well-constructed pseudopotential should be able to accurately
reproduce the AE system properties in a wide range of chemical environments. If a large
cut-off radius r. is used then typically a smoother pseudopotential described by fewer
plane-waves can be constructed, since more of the PS wavefunction’s functional form
can be varied by the pseudopotential generation procedure, and thus it can be made
smoother. However transferability usually suffers as a consequence because the core

region could impinge upon the bonding region between atoms.

This trade-off between transferability and smoothness or ‘softness’ is a key issue for the
construction of norm-conserving pseudopotentials [79]. Usually the cut-off radius must
be close to the outermost maximum of the AE wavefunction to ensure good transferabil-
ity [80]. This is restrictive for Ti because its 3d valence electrons are strongly localised
near the core, requiring a small core region and thus a very ‘hard’ pseudopotential which
needs to be described by a large plane-wave basis set. If the norm-conservation condition

is dropped however, it is possible to create much softer pseudopotentials and significantly
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lower computational costs. Two such methods that drop the norm-conservation condi-
tion and retain transferability are the ultrasoft pseudopotential (USPP, [81]) and the
projector augmented-wave (PAW, [82]) methods.

Without norm-conservation the charge inside the core region can differ from the AE
case. The difference is called the augmentation charge for both USPPs and PAW pseu-
dopotentials, and must be kept track of to produce the correct Kohn-Sham eigenstates
and charge density. The Ultrasoft and PAW pseudopotentials only differ in how they
treat this core region. The PAW method uses actual on-site terms, whereas the USPP
method uses a truncated linear expansion around a reference atom configuration [83].
The difference in practical terms is very little, but the PAW usually uses lower cut-off
energies and performs better for magnetic systems. I have used ultrasoft pseudopoten-
tials within the DFT code CASTEP version 8.0 [8] for the stacking faults calculations
in chapter 5, and PAW pseudopotentials [83] within the DF'T code VASP version 5.3.5

[84-87] for the point defects calculations in chapter 6.

The description of the augmentation charge and the charge density can be varied by
varying the reciprocal space grid used to store them. The reason this is useful can be
understood by considering the charge density. For norm-conserving pseudopotentials
the charge density is given by the square of the wavefunction, thus doubling the number
of terms in the Fourier series needed to describe it compared with the wavefunction.
This means that the reciprocal space grid used to store the wavefunction is unlikely to

have a enough samples to describe the charge density.

To account for this the charge density is usually stored on a larger spherical grid with a
maximum radius of 2|Geye|. The value of this maximum radius can be varied but I chose
a value of 2|G.y| for all our CASTEP and VASP calculations as this is recommended

to ensure an accurate description of the charge density [88].

The augmentation charge is described on another grid often called the fine or augmen-
tation grid. The reason that another grid is required is that the augmentation charge
can require a very large grid to be described accurately [88]. We set this grid equal to
the charge density grid, i.e. a reciprocal space spherical grid with a radius of 2|Geyel-
Because my cut-off energy convergence tests in section 4.2.1 produced a reasonable cut-
off energy for both CASTEP and VASP I kept the radius of both augmentation grids
set at 2|G eyt
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FIGURE 3.3: The all-electron (AE) radial s-orbital wavefunctions for a Ti atom (broken
lines) and the corresponding pseudo (PS) wavefunctions (solid lines). This plot was
generated by CASTEP’s on-the-fly pseudopotential generator [8]. The vertical black
dotted line is the cut-off radius (1.8 ag ~ 9.5 x 10~ m) for the pseudopotential. The
functional form of the AE and PS wavefunctions agree for » > r.. For r < r. the PS
wavefunctions have fewer nodes and so are less oscillatory than the AE wavefunctions.

Ti has 22 electrons with the electronic configuration 1s? 2s2 2p5 3s? 3p® 3d? 4s? in
standard orbital notation [50, Vol. III, Ch. 19]. Elements like Ti pose a problem for
pseudopotential generation because there is not a clear distinction between its core and
valence electrons. Usually the 1s? 2s? 2p5 are described as core electrons, and 3d? 4s? as
valence electrons, but the so-called semi-core states 3s2 3p® can affect a pseudopotential’s

accuracy if they are treated as core states [46].

Because of this there are two types of pseudopotential that are often used for Ti: those
that have four 3d? 4s? valence states (4elPP) and those that have twelve 3s% 3p5 3d?
45% valence states (12elPP). The inclusion of 8 extra valence states means that the
12elPP is more computationally expensive than the 4elPP. However it has been shown
that properties such as the stable crystal phase of Ti at 0 K is different for the 4elPP
compared with the 12elPP [46]. T have used a 12elPP generated on-the-fly by CASTEP,
as well as a 4elPP generated by White [89]. Unless stated otherwise I used the 12elPP.

Another widely used configuration is a 10-valence state pseudopotential (10elPP) that
confines the 3s states to the core. This description has the advantage that the 4s states
don’t need to be orthogonalised with respect to there 3s states when they are described
as core states, which decreases the computational cost compared with the 12elPP case.
Unless stated otherwise a 10elPP of the PAW type was used for Ti in all point defect

calculations described in chapter 6.
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Chapter 4

Bulk phases of titanium

As described in the previous chapter, modelling metals using DFT is a challenging
endeavour. The absence of a band-gap near the Fermi level in their band structure means
that there exists a Fermi surface dividing occupied and unoccupied states in reciprocal
space. An accurate description of this Fermi surface requires detailed consideration of

the electronic structure of the metal.

The electronic structure of Ti includes valence electrons that occupy s- and d-type
orbitals in the ground-state. These orbitals correspond to the formation of very different
types of bonds: bonds formed from s- and p- orbitals are usually very un-directional and
isotropic [66, pp. 109-111], whereas bonds formed from d-orbitals are very directional
and anisotropic [66, ch. 9]. Nevertheless both types of bonding must be described
accurately to obtain physically meaningful predictions about the bonding of Ti in its
solid form. Because DFT treats all electrons explicitly it represents an ideal method for

simulating solid Ti.

This chapter summarises how I parameterised and tested my plane-wave pseudopotential
DFT model used to simulate bulk Ti. I describe the atomic geometries I used to simulate
hexagonal close-packed (hcp) and body-centred cubic (bee) Ti, the convergence tests
carried out to determine the DFT cut-off energy and k-point mesh, and the equilibrium
lattice parameters of both crystal structures at zero temperature. I used CASTEP

version 8.0 [8] and VASP version 5.3.5 [84-87] throughout this chapter.

To demonstrate the accuracy of the DFT model I computed the hcp and bce elastic
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constants for Ti. The DFT model’s accuracy is verified by comparing the elastic con-
stants with other DFT and experimental values in the literature. The chapter concludes
with a study of the directional bonding in hcp-Ti I carried out by looking at the charge

densities of bulk hcp-Ti and and face-centred cubic Al

4.1 The unit cell

For all my bulk hep simulations I used the primitive unit cell as shown in Fig. 4.1(A),
which contains two atoms and is one way of constructing the smallest unit cell of the
hep crystal [90, p. 7, and pp. 133-135]. The primitive unit cell has three lattice vectors
{a, b, c}, with a and b of equal magnitude |a| = a separated by 60° and ¢ perpendicular
to both a and b. For all the bce simulations I used a conventional cubic bce unit cell
shown in Fig. 4.1(B), with three lattice vectors {a, b, c} of equal magnitude |a| = a and
each pair separated by 90°. T used the experimental lattice parameters a = 2.95 A and
lc| = ¢ = 4.68 A for hep [91] and a = 3.31 A for bee [92] to carry out the cut-off and

k-point convergence tests described in the following section 4.2.

(A) hep (B) bee

FIGURE 4.1: The unit cells I used to simulate hcp and bee Ti.

4.2 Convergence tests

4.2.1 Cut-off energy

I determined the optimal cut-off energy by varying the working cut-off energy and com-

puting the total energy difference between this calculation and the same calculation
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carried out with a very large cut-off energy (Eiot - Exo). I used 1000 eV for the very
large cut-off energy. I chose a working cut-off energy that resulted in a balance between
obtaining an accurate value of the total energy, and an efficient use of computational

resources.

The convergence test results for different pseudopotentials used in CASTEP and VASP
are shown in Fig. 4.2. The pseudopotentials are described in section 3.5. The plots
show that the pseudopotential choice can significantly change the cut-off convergence
behaviour. The PAW pseudopotentials provided with VASP converged faster than the
12elPP USPP that CASTEP generates by default, and the 4elPP generated by White
[89]. In addition a qualitative difference between the CASTEP and VASP pseudopo-
tentials is that the CASTEP pseudopotentials plateau after about 450 eV, but those of
VASP plateau at multiple points. This means that VASP pseudopotentials can show

apparent convergence at numerous cut-off energies.

The PAW pseudopotentials with fewer valence states converged more rapidly than those
with more valence states. The reason for this is that valence states such as the 3s and
3p states will have variations on shorter length-scales, and hence will require a higher
cut-off energy to describe these variations. For the CASTEP USPPs convergence of the
4elPP is more rapid than the 12elPP for smaller cut-off energies, but both reach almost
the same level of convergence at higher cut-off energies. Based on these convergence
test results I chose a cut-off energy of 480 eV for the CASTEP 12elPP and 4elPP, and
a 350 eV cut-off energy for the VASP 10elPP.

4.2.2 Brillouin zone sampling

I used Monkhorst-Pack (MP) grids for all k-point sampling grids [72]. Recall from
section 3.1 that reciprocal space lengths are inversely proportional to their corresponding
real space lengths. Because of this the c¢/a ratio of the hcp crystal structure helps to
partially determine the optimal k-point MP mesh. If there are M k-points along all of the
a-type reciprocal directions, then using M (c/a)~! k-points along the c-type reciprocal

direction will result in the same k-point density along all three directions.

This is what I have done for the MP grids used in Fig. 4.3, where the MP grid takes

the form Ny x N1 X Na, where N1/N2 = ¢/a in each case. In Fig. 4.3 there is a general
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primitive hep unit cell of two Ti atoms. All total energies are shown as deviations from
Eso, which was generated using the same system with a cut-off energy of 1000 eV.
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FIGURE 4.3: The convergence of the total energy with k-point sampling. The abscissa
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of the dataset Eg. The MP grid is also compared with the corresponding number of
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trend that odd-numbered grids use fewer k-points in the irreducible Brillouin zone (IBZ)

compared to even-numbered grids that have a similar number of k-points in the first

Brillouin zone (1BZ). The reason for this is that odd-numbered grids contain the I'-point,
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the k-point at the origin of reciprocal space. Grids containing this point are consistent
with the hep rotational symmetry, and so the number of k-points in the 1BZ on these
grids reduce to fewer k-points in the IBZ. Based on the results in Fig. 4.3 T used a
23 x 23 x 15 MP sampling grid for bulk hcp-Ti. To get a similar k-point density for
bee-Ti I used a 20 x 20 x 20 MP sampling grid.

4.3 Lattice parameters

Once well-converged values for the cut-off energy and the k-point sampling grid were
found, I determined the equilibrium geometry of the hcp and bee bulk crystal structures
of Ti at 0 K. I did this by using the unit cells described in section 4.1 and varying the

a- and c-lattice parameters for hcp and the a-lattice parameter for bee.

The a-lattice parameter was determined for each bulk phase by computing an energy-
volume curve where the unit cell volume is varied by a uniform scaling of all of the lattice
vector lengths. I then fitted the resulting set of points to a continuous curve given by
the Birch-Murnaghan equation of state [93, 94]. The equilibrium volume and a-lattice

parameter is then obtained from the minimum of the fitted function.

The energy-volume curves I computed for the hcp and bee phases using the PBE and
LDA exchange-correlation functionals within CASTEP are shown in Fig. 4.4, as well as
the resulting equilibrium a-lattice parameters. Fig. 4.4 shows how the LDA and PBE
functionals underestimate the equilibrium volume compared with experiment, but the
PBE functional does so to a lesser degree. I found similar results using VASP as shown
in Fig. 4.5. The equilibrium lattice parameters in Fig. 4.5(E) are almost identical to

those in. Fig. 4.4(E).

I used a similar procedure to compute the c-lattice parameter for hep-Ti using the PBE
functional and the 12elPP within CASTEP, the results of which are shown in Fig. 4.6(A).
The a-lattice parameter was held fixed whilst I varied the c-lattice parameter. In this
case the curve was fitted to a second order polynomial function of the ¢/a ratio. I found
the minimum of the curve to be 1.580. I carried out the same procedure for VASP using

the 10elPP and obtained an equilibrium ¢/a ratio of 1.586 as shown in Fig. 4.6(B).
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FIGURE 4.4: (A-D) The energy-volume curves computed using CASTEP for the hep

and bcc crystal structures simulated using the LDA and PBE exchange-correlation
functionals. I used the USPP 12elPP to obtain the data shown in this figure. Each plot
has its energy offset by the amount shown in the top-left corner of the plot. Both cells
simulated were two-atom cells, so the volumes and energies can be compared directly.
(E) The equilibrium a-lattice parameters in A obtained from the energy-volume curves.

Using the equilibrium hep and bee geometries it is possible to compute the phase stability
of hep relative to bee at 0K by computing the cohesive energy difference between the
two bulk phases. For VASP using the 10elPP and the PBE functional I found that the
cohesive energies for the hcp and bee phases were -5.273 eV and -5.165 eV respectively,
with an energy difference of 0.108 eV. These energies are in good agreement with those

of Huang et al. [95].
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FIGURE 4.5: (A-D) The energy-volume curves computed using VASP for the hcp
and bcc crystal structures simulated using the LDA and PBE exchange-correlation
functionals. I used the PAW 10elPP to obtain the data shown in this figure. Each plot
has its energy offset by the amount shown in the top-left corner of the plot. Both cells
simulated were two-atom cells, so the volumes and energies can be compared directly.
(E) The equilibrium a-lattice parameters in A obtained from the energy-volume curves.

4.4 Elastic constants

As a test of my DF'T model for hcp- and bee-Ti I computed the elastic constants of both
crystal structures. Computing the elastic constants is equivalent to taking the second
derivative of the total energy with respect to applied strain. Hence the elastic constants
are very sensitive to errors in the computational model. T computed the elastic constants
by applying strains ¢; (i = 1,...,6) to the equilibrium geometry described in sections 4.1

and 4.3 and then computing the resulting stress tensor o; (i = 1,...,6). The elastic
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FIGURE 4.6: The variation of the total energy of a primitive unit cell of hcp-Ti with

¢/a ratio computed using (A) CASTEP and (B) VASP. Both plots have their energy

offset by the amount shown in the top-left corner of the plot. The points were fitted to
quadratic polynomials of the ¢/a ratio, with minima at (A) 1.580, and (B) 1.586.

constants Cj; were then obtained from the following relation [96, section 5]:

6
o; = ZCUE]'. (41)
J=1

I generated the elastic constants using the scripts written by Andrew Walker and Dan

Wilson [97, 98]. The scripts generated the required strain matrices and computed the

elastic constants from the stresses output by CASTEP.

Results Tegner et al. [99] Jafari et al. [100] Experiment [91]

« 15} « I} Q I5} Q@ 15}
C11 206 90 169 90 168 114 176 -
Ci2 92 113 92 112 88 88 87 -
Ciz 85 - 70 - 72 - 68 -
Css 195 - 203 - 185 - 191 -
Cyq 43 41 47 41 40 45 o1 -
B 125 106 112 105 109 97 102 -

TABLE 4.1: The elastic constants for Ti in its hep («) and bee (8) bulk phases
computed using DFT and experiment. All values are expressed in GPa.

The elastic constants are shown in table 4.1 along with other values obtained from DFT

and experiment. The errors in the final fitting procedure were within 5 GPa. My results

for hep-Ti are all within about 20% of the experimental values. These deviations are

fairly typical of elastic constant calculations [101]. My bce-Ti elastic constants are in
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good agreement with those of Tegner et al. [99] with a maximum deviation of about
1%. The disagreement with the results of Jafari et al. [100] is more significant, with the
largest deviation between the Cio bec elastic constants of about 28%. One significant
difference between models is the significantly lower value of the equilibrium bcc lattice
parameter of 3.16 A of Jafari et al. [100] compared with about 3.25 A in tables 4.4(E)
and 4.5(E).

4.5 Directional bonding in Ti

Ti in its hcp or a-phase is an anisotropic material in terms of its crystallographic and
mechanical characteristics [23, section 2]. One proposed explanation for this anisotropy
is that the valence electrons occupying the 3d-orbital of Ti and forming unsaturated

covalent bonds along certain preferred directions ([102] and [66, ch. 9]).

A contrasting example is the metallic bonding of Al in its solid form. This bonding is
due to Al having two electrons in the 3s-orbital and one electron in the 3p-orbital of its
valence shell. The metallic bonding between Al atoms means that they behave like hard
spheres embedded in a homogeneous electronic ‘gas’ [66, pp. 109-111]. This is why Al

has a face-centred cubic (fcc) crystal structure at low temperatures and pressures.

To investigate the directional bonding in Ti and Al I carried out total energy min-
imisations on bulk hep-Ti and fee-Al. T used VASP version 5.3.5 [84-87] to compute
the ground-state properties of these structures, and for the simulations of Al I used a
PAW pseudopotential with three valence states from the VASP pseudopotential database
[83, 103, 104]. I then plotted the charge densities of both metals using VESTA [105].

The charge densities on the (111) and (0001) close-packed planes of fcc-Al and hep-Ti
are shown in Fig. 4.7(A) and (B) respectively. These are the charge densities of the
valence electrons of the corresponding pseudopotential. Atom centres are at the corners
and the centres of both plots. The difference between the charges at the atom centres of
Al in Fig. 4.7(A) and Ti in Fig. 4.7(B) is mainly due to the Ti pseudopotential having
10 valence electrons compared with the three in the Al pseudopotential. It is also partly

due to the different forms of the pseudopotentials.
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The different number of valence electrons in each element is also the most likely reason
for the differing charge density ranges in the valence regions between ionic cores. In Al
the valence region has a flat charge density shown by the contours of constant charge
density in the range of 30 to 32 x 1073 e/a} in Fig. 4.7(A). The valence region of Ti

contains contours over the wider range of 22 to 35 x 1073 e/a3 in Fig. 4.7(B).

The contours in Fig. 4.7(B) reveal an accumulation of charge of about 34 x 1072 e/a$ in
between three Ti atoms to the left of the figure. This feature looks like the pseudoatom
(unrelated to pseudopotentials) in the charge density of hep-Zr in the work of Eberhart
et al. [106]. Hence I shall call this feature a pseudoatom in this discussion. The charge
density is concentrated in this region on the (0001) basal plane, but is lower in the regions
directly between nearest neighbour Ti atoms in the basal plane. The pseudoatom in Ti
appears to act like a bond charge, with bonds forming through the pseudoatom between
the three neighbouring Ti atoms in the basal plane, and the two Ti atoms directly above

and below the pseudoatom (going out of the page).

In Figs. 4.7(A) and 4.7(B) the heat plots show that near the ionic cores the charge in
both planes is very circular. However the charge density in the valence region between
atoms, as shown by the contours, is less spherical in both plots. The Al contour nearest
its atom centres (with a charge density of 30 x 1073 e/a3) is circular, with other contours
taking on a rounded hexagonal shape the further they are from the atom centres. The
Ti contour closest to the atom centres (with a charge density of 35 x 1072 e/a}) appears

quite non-circular with a rounded triangular shape.

Whilst both planar charge densities show signs of directional bonding due to the non-
circular contours in the valence region, Ti shows a greater tendency towards directional
bonding from the plots in Fig. 4.7. The presence of pseudoatoms or bond charges in the
basal plane of Ti also suggests that there is a more heterogeneous distribution of charge
in the valence region compared with the (111) plane of Al. However, it can be argued
that the variations in charge density in the valence region are very small compared with
the variations over the whole plot, and so these variations are not large enough to be

evidence of directional bonding.
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FIGURE 4.7: The charge densities of (A) bulk fcc-Al on the (111) plane, and (B) bulk

hep-Ti on the (0001) basal plane. In both plots atoms are at the corners and centre. The

straight black lines mark the edges where charge density plots were tiled in a periodic

fashion to include an atom in the centre of the plot. They are not contours of constant

charge. The contours of constant charge density are (A) {30,30.5,31,31.5,32}, and

(B) {22,22.5,23,...,35} in units of 1073 e/a3. Values for specific regions and contours
have been indicated using arrows.
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Chapter 5

Stacking faults in titanium

Ti and its alloys are known to deform plastically primarily by slip at low temperatures
[14, pp. 19-23]. Some Ti-alloys also deform significantly via twinning, but for a and
near-a Ti-alloys with around 6 weight percent Al such as the two Ti-alloys Ti-6242
and Ti-6246, twinning is suppressed [39]. The dominant slip systems of Ti involve
dislocations with Burgers vectors (a) = (1/3)(1120) that glide on the {1100} prism

planes shown in red in Fig. 5.1 [107].

Because there are only two independent prism slip systems, three additional independent
slip systems are required to accommodate an arbitrary deformation according to the von
Mises criterion [108]. One possibility is ‘c4a-slip’ involving Burgers vectors of the form
(c+a) = (1/3)(1213) on the {0111} first-order pyramidal or pyramidal I planes, shown
in green in Fig. 5.1. This deformation mode has been observed experimentally as well
as c+a-slip on {1122} pyramidal IT planes [109-112]. The four independent c+a slip

systems on the pyramidal I plane are more than enough to satisfy the von Mises criterion.

One clue to understanding slip behaviour is that in general the dominant slip plane coin-
cides with spreading or dissociation of the dislocation core in that crystallographic plane
[113]. Dissociation of a perfect dislocation into partial dislocations on a crystallographic
plane requires the presence of low energy stable stacking faults (SFs) [114, section 10.3].
The low energy stable SFs of a given slip plane can be identified as local minima of
the v-surface or generalised stacking fault energy (GSFE) surface corresponding to that
plane [115]. In addition, for a dislocation core that is spread in the slip plane, the slope

of the y-surface for that slip plane determines the force that constricts the core [116].
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FIGURE 5.1: The (0001) basal, (1100) prism, and (0111) pyramidal I planes are shown
in blue, red, and green respectively.

In addition to this inherent interest of y-surfaces in a-Ti, the work summarised in this
chapter served as a learning exercise in carrying out large-scale density functional theory
(DFT) calculations on a-Ti. I used plane-wave pseudopotential DFT as described in the
previous chapter 4 as well as four interatomic potentials (IPs) to compute ~-surfaces on
the basal and pyramidal I planes for a-Ti. I also computed the prism ~y-surface using

the IP Ti0 described in section 5.1.

This chapter is divided into three sections. The first section 5.1 details IP studies using
the IP Ti0 developed by Ackland [9]. I used Ti0 to develop the methods of forming
SFs and computing 7-surfaces with a much less computationally expensive method than
DFT. The second section 5.2 details the DFT studies carried out, including the compu-
tation of the full pyramidal I y-surface. The third section 5.3 details how those DFT
results were used to test three IPs Til, Ti2, and Ti3 recently developed by Mendelev et

al. [49] to assess their capability of simulating plastic deformation in «-Ti.

5.1 Interatomic potential TiO studies

5.1.1 Stacking sequences

The basal plane, shown in Fig. 5.1 highlighted in blue, has a two-fold stacking sequence
...ABABAB..., with an inter-planar separation of ¢/2. The A sites in Fig. 5.2(A) are
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related to the B sites by the translation (1/3)[1100] + (1/2)[0001]. If the atoms in the
B plane are shifted by (1/3)[1100], then the atoms will be shifted into an equivalent
position in the lattice relative to the A plane under a 180° rotation. I shall denote this
translated B plane by C because it is related to the A plane via a different translation

vector.

The stacking sequence of the hcp basal planes is related to the stacking sequence of the
fce (111) planes that have a three-fold stacking sequence ... ABCABC.... Interrupting
the hcp basal plane stacking sequence by translating half of the crystal by (1/3)[1100]
the stacking sequence takes on a local fcc structure ... ABAB|CACA.... This SF is
often called Iy in the literature [9, 117] and is a low energy stable SF for many hcp
crystals [117, 118].

The prism atomic planes in the hep crystal have a four-fold stacking sequence ... ABC'D
ABCD... shown in Fig. 5.2 (B). The prism inter-planar spacing alternates between
narrow and wide spacing. Hence there are two distinct places where SFs can be formed.
I assumed that faults formed between narrowly-spaced planes would be too high energy
to be relevant at in low temperature plasticity, so I only considered prism faults formed

between the widely-spaced planes.

As was the case with the prism plane, the (1101) pyramidal I plane’s 16-fold stacking

sequence has two distinct inter-planar spacings between the atomic planes as can be seen
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FIGURE 5.2: The stacking sequences of the (A) basal, (B) prism, and (C) pyramidal I

‘superplanes’ in a-Ti. Small and large circles distinguish atoms on adjacent (1120)
planes. (A) and (C) from [2].
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in Fig. 5.2. The closely-spaced pairs of planes have an inter-planar spacing of about
0.37 A compared with an inter-planar spacing of about 1.86 A between the widely-
spaced planes according to my bulk DFT calculations (the lattice parameters I used are
described in section 4.3). Because the inter-planar spacing of the closely-spaced pairs of
planes is much less than the a-lattice parameter of 2.94 A these pairs of planes tend to
shear together as a single unit which I will call a ‘superplane’ as described by Tang and

El-Awady [119].

These superplanes have an eight-fold stacking sequence ... ABCDEFGHABCDEFGH ...

labelled in Fig. 5.2. By considering the stacking sequence there are three possible SF's
that can be formed by adding or removing superplanes without bringing atoms too close

together or far apart [9]. These are:

1. It
...ABCDEFGH|CDEFGHAB...,

2. I
...ABCDEFGH|GHABCDEF ....

Since all of these faults can be formed by the rigid translation of one crystal half with
respect to the other, all of these faults are intrinsic SFs. I have labelled the first two
faults Iy and Iy because as shall be shown later in this chapter they are both stable

intrinsic SFs.

5.1.2 The interatomic potential Ti0

The interatomic potential (IP) Ti0 used in all the calculations summarised in this section
is a Finnis-Sinclair (FS) potential [48] developed by Ackland [9]. F'S potentials are a type
of central-force (CF) potential like those of the embedded atom model [120] that rely on
the second-moment approximation of tight-binding [121]. CF potentials are implicitly
expressed in terms of pair potentials only with no explicit angular dependence, and so
total energies computed using these potentials depend only on the relative separations

between atoms [122].

The version I used was developed for LAMMPS [123] by Mendelev [10]. This potential
was fitted to an fcc crystal structure with a negative SFE on the (111). The potential
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Physical Quantity This work Ackland [9] Experiment

Cohesive energy (eV) 4.85 4.85 4.85 [124]
Lattice parameter a (A) 2.967 2.967 2.95 [91]
c/a ratio 1.592 1.592 1.587 [91]

TABLE 5.1: The equilibrium cohesive energy and lattice parameters I computed using
Ti0 [9]. The values are compared with those of Mendelev [10] computed using Ti0 and
with experimental values.

was also fitted to the cohesive energy and a-lattice parameter shown in table 5.1, but

also correctly reproduces the ¢/a ratio in good agreement with experiment.

5.1.3 Stacking fault simulation methods

I imposed two properties on my system geometries to simulate isolated SFs accurately.
The first is that all possible SFs can be formed by rigid relative translation along the
plane of interest followed by relaxation perpendicular to the fault plane. The second is
that the number of atoms is conserved during displacement using 3-dimensional periodic
boundary conditions. Two types of system geometry that have both of these properties

I will call bulk and slab geometries.

I used the bulk geometry to simulate all basal and prism gamma-surfaces in this thesis.
The un-faulted bulk geometry consists of a supercell made of perfect crystal. It is not
possible to introduce a single SF by rigidly displacing part of the crystal relative to the
other without violating the periodic boundary conditions being imposed. It is however
possible to form a single SF using the ‘tilted cell’ boundary conditions described in
Sutton and Balluffi [125]. Using the bulk geometry two equal but opposite SFs were
formed by rigidly displacing the middle section of the cell along the crystallographic
plane of interest. This is shown in Fig. 5.3(A). If the two faults are well separated the
influence of their interaction is minimised and both faults can be treated as isolated
from each other. If this is the case the two faults will be structurally identical with the
same SFE. The bulk geometry was used to simulate all basal and prism v-surfaces in

this thesis.

The slab geometry consists of an infinite slab with two surfaces separated by a region
of vacuum. A SF is formed by translating one slab half along the plane of interest with

respect to the other slab half (see Fig. 5.3)(B). The two surfaces both need to be relaxed
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F1GURE 5.3: The two stacking fault system geometries I used to simulate y-surfaces
are the (A) bulk (B) and slab geometries. Regions containing atoms are red/blue in
the bulk/slab system, and regions of vacuum are white. Displaced regions are coloured
darker than regions that are not displaced. See the text in section 5.1.3 for more details.

and well separated from the SF to reduce interaction between these planar faults. In
particular the relaxation of the surfaces significantly increases the computational cost of

using the slab compared with the bulk geometry.

The slab geometry was used to simulate the pyramidal I v-surface because it is not
possible to form all SFs as identical pairs in the bulk geometry cell described above.
Consider taking the pyramidal I superplane stacking sequence and displacing one A

superplane to the C configuration forming an I; SF H|C":

...EFGHABCD---— ... EFGH|C|BCD.... (5.1)

The other fault formed C|B is not the same fault, but Io. Because there are two distinct
SFs in this system it is impossible to extract the SFE of each individual fault from this
system. This shows that when translating one superplane it is not possible to form Iy
in the pyramidal I bulk geometry without forming Iy as well. Since all neighbouring
superplanes are related by the same translation vector it follows that forming I; in the

bulk geometry will always form Is regardless of how many superplanes are translated.

The smallest rectangular repeat cell in the (1101) plane is bounded by (1/3)[1120] and
[1102] lattice vectors. This cell also contains two lattice sites. Another important con-
sideration when constructing the (1101) pyramidal I plane supercell is that the normal

to this plane is not a lattice vector. To satisfy periodic boundary conditions only lattice
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vectors can be used to construct the supercell. Because of this I chose the third lattice
vector to be [3032] which is about 7.17° from the (1101) plane normal for the Ti0 c¢/a
ratio of 1.592.

5.1.4 Convergence tests

To verify the model of bulk a-Ti built using LAMMPS [123] and Ti0 [9] I performed a
full relaxation of the hep primitive unit cell to obtain equilibrium values of the a-lattice
parameter, cohesive energy, and c¢/a ratio. I then compared these values with the results
of Ackland and the fitting data for the LAMMPS version of the potential [9, 10]. The
a-lattice parameter, cohesive energy, and c/a ratio all agreed to within 1073% as shown

in table 5.1.

The Ti0 calculations described in this section were used to estimate the convergence
parameters for subsequent DFT calculations of the basal and pyramidal I ~-surfaces. To
converge the system size for the Ti0 calculations I varied the number of basal, prism,
and pyramidal I planes used to compute the corresponding y-surfaces. For efficient and
accurate SFE measurements there must be as few atoms as possible, but also enough to

reduce planar fault interaction energies below a required tolerance.

I converged the system size with respect to the Iy SFE for the basal system, the energy
of the SF located at (1/6)[1120] + (1/2)[0001] labelled F; for the prism system, and the
global maximum of the vy-surface for the pyramidal I system (0.33)[1102]. The basal
SFE was accurate to within 0.1% for a system of 6 atoms or basal planes for the bulk
geometry. The prism SFE was accurate to within 1% for a system of 38 prism planes
for the bulk geometry. The pyramidal I global maximum SFE was accurate to within
0.1% for a system of 8 pyramidal I superplanes for the slab geometry. See tables 5.2 for

the convergence test results.

5.1.5 Basal, prism, and pyramidal I y-surfaces

The basal y-surface shown in Fig. 5.4 is in good agreement with those computed by
Benoit et al. [127], Poty et al. [131], and Gershick et al. [113] using central-force

potentials. There is one local minimum at (1/3)[1010] (or [0.5,0.33] in coordinates
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FIGURE 5.4: The basal (A), prism (B), and pyramidal I (D) ~-surfaces simulated
using Ti0 [9]. In (C) a section of the prism 7-surface with a higher sampling density is
plotted for a more detailed view of the F; stacking fault. Contour labels are in units
of mJ/m?2. All heat plots use the colour scheme in the colour bar next to (D). (A) and
(D) are based on Fig. 3(b) from [2] and Fig. 3 from [1] respectively.
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Natoms Iz, mJ/m? Natoms Fj, mJ/m? Natoms Global Max, mJ/m?
6 63.930 14 259.64 16 895.398
14 63.841 22 241.27 32 888.966
22 63.841 30 259.59 48 890.179
30 63.842 38 259.58 56 890.182
38 63.841 46 259.59 64 890.182
46 63.842 54 261.98 - -
54 63.842 62 259.81 - -
62 63.850 70 259.96 - -
(A) Basal (B) Prism (¢) Pyramidal I

TABLE 5.2: Stacking fault energies (SFEs) generated using Ti0 [9] on the basal, prism
and pyramidal T planes. I varied the number of atoms (Natoms) in the system used
to compute each SFE in order to converge the system size. Energies are in units of

mJ/m?2. See section 5.1.4 for more details.

Stacking faults Basal Prism Pyramidal I

I Fy L I
Position (x, ) (0.5,0.33) (0.5,0.16) (0,0.15) (0,0.77)
This work 64 259 236 380
Ackland [9] 64 - 314 359
Pasianot A [126] 104 - - -
Benoit CF [127] 65 286 - -
Tarrat CF [128] 54 342 - -
Experiment [129] 310 - - -
Experiment [130] - 150 - -

TABLE 5.3: Stacking fault energies computed using Ti0 [9] on the basal, prism, and

pyramidal T planes. These are compared with results in the literature computed using

central force (CF) potentials, interatomic potentials with angular dependence (A), as

well as experimental data. All energies are shown in m.J/m?. Positions mark coordinates
on the -surfaces in Fig. 5.4. Based in part on Tables 1 and 2 from [1].

DFT results section 5.2 of this chapter.
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on the y-surface in Fig. 5.4(A)) with a SFE of 64 mJ/m? corresponding to the Iy SF
described in section 5.1.1. This energy is compared with other basal I SFEs computed
using central-force potentials in table 5.3. It is worth noting that this SFE is almost
a factor of 5 smaller than the corresponding energy computed from experiment, as the

results in table 5.5 show. This will be discussed further in this section and also in the

Figure 5.4(B) shows the [1010] prism v-surface formed between the widely-spaced prism



planes as described in section 5.1.1. This plane has been experimentally observed to be
the plane of least resistance to a-type slip [14, Fig. 2.7], and is thus an important plane
for the study of plastic deformation in o-Ti. The saddle point F; located at [0.5,0.16]
has a SFE of 259 mJ/m? in good agreement with other central-force potential results
shown in table 5.3, but significantly higher than the value deduced experimentally from

the core width of a-type dislocations on this plane [130].

As shown by the SFEs in table 5.3 the central-force potentials all predict that the basal
Iy SFE is lower than the prism F; SFE. The difference is striking, with Iy being more
than a factor of 6 lower than F; in the results of Tarrat et al. [128]. The underestimation
of the I basal SFE is a known feature of central-force potentials for the case of a-Ti

and has been discussed in previous publications [113, 127].

It has been shown that more accurate methods such as DFT and tight-binding (TB)
can obtain the correct ordering of the basal and prism SFEs [127, 132-134]. Hence it
is possible that the failing of the central-force potentials cited in table 5.3 is due to the
inability of these potentials to describe the long-ranged character of bonding involving

d-electrons in Ti as was first proposed by Legrand [132, 133].

Another reason for the discrepancy between the central-force potentials and the DFT
and TB results is that the potentials were not fitted to the SFEs in question. This
point was recently addressed by Mendelev et al. [49] in which the authors summarise
the development of three embedded atom model potentials fitted to the Is and F; SFEs.
A number of tests, including ~-surface results computed using these potentials, are

summarised in section 5.3.

The pyramidal I ~-surface computed using Ti0 is shown in Fig. 5.4(D). Apart from
perfect stacking at [0,0] and [0.5,0.5] there are two local minima on this ~y-surface
located at [0,0.15] and [0.5,0.27]. These local minima correspond to the I; and Iy SFs
described in section 5.2, and their energies when fully relaxed are shown in table 5.3.
My results are in qualitative agreement with those of Ackland [9] as shown in table 5.3.
It is not clear why my results for the relaxed stacking fault energies I; and Iy on the

pyramidal I plane differ from those computed by Ackland.

The two stable SF's 11 and Iy on the pyramidal I y-surface suggest a possible dissociation

mechanism for c+a dislocations on this plane. On the pyramidal I vy-surface in Fig. 5.4,
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the white arrow denotes the c+a vector at (0.5,0.5), and the black arrows show a set of

vectors by, by, and bs defined as:

1 _
bi = (0112
by — L[2010] + —[0112]
> 7 6 12
1. -
by = ;[0112]. (5.2)

These vectors lie between local minima of the ~y-surface that add up to c+a. These
black vectors are partial Burgers vectors describing a possible dissociation of the c+a
Burgers vector. This dissociation has been observed in MD studies of c+a dislocations
nucleating in Mg by Tang et al. [119] using the Mg IPs of Liu et al. [135] and Sun et al.
[136]. Also a closely related dissociation of a c+a dislocation on the {1122} pyramidal IT
planes into two (c + a)/2 dislocations has been proposed by Agnew et al. to explain
their experimental results in Mg [137]. T will show in the following section 5.2 that this
three-partial dissociation is not predicted by the DFT results because of the high SFE
of the DFT Iy fault.

5.2 Density functional theory studies

5.2.1 DFT parameters

All the DFT results in this chapter were obtained using CASTEP version 8.0 [§]. In
this chapter I used two ultrasoft pseudopotentials for Ti [81], one with 12-valence states
denoted by 12elPP and one with 4-valence states denoted by 4elPP as described in

section 3.5. I used the PBE exchange-correlation functional [68] for all calculations.

The DFT parameters used in these simulations are detailed in section 4.2. In summary,
I used a plane-wave energy cut-off of 480 eV for both pseudopotentials, a 23 x 23 x 15 MP
k-point sampling grid, and the cold smearing scheme with a smearing width of 0.1 eV.
The lattice parameters used were a = 2.94 A and ¢/a = 1.580. DFT relaxations were
finished once the maximum force on any atom was lower than 10 meV /A, and the total

energy convergence was to within 0.01 meV/atom.
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5.2.2 Convergence tests

The methods used to simulate the DFT ~-surfaces were the same as those used for the
Ti0 v-surfaces. Hence the bulk geometry was used to simulate the basal y-surface and
the slab geometry was used to simulate the pyramidal I v-surface for the same reasons

described in section 5.1.3.

The system size convergence tests carried out with Ti0 also helped to narrow down the
range of system sizes that needed to be tested for the basal and pyramidal I systems.
Hence systems containing {6, 10, 14, 18, 22,26} atoms were used to converge the basal
supercell size and {16, 24, 32,40, 48,56, 64} atoms systems were used for the size of the
pyramidal I supercell. The results are shown in tables 5.4. I found that a supercell of
14 atoms for the basal system gave an Is SFE within 2% of those computed with larger
cells. For a pyramidal I supercell the size convergence was carried out using the global
maximum located at 0.4[1102] or [0.0,0.4] of the Ti0 ~-surface in Fig. 5.4(D). In this
case 48 atoms or 12 superplanes resulted in a relaxation energy of this SF that was

within 2% of the relaxation energies of two larger cells.

In addition to computing the relaxation energies of the [0.0,0.4] fault using the pyra-
midal I supercell, I also calculated the inter-planar spacings of the relaxed system for
both pseudopotentials. As shown in Fig. 5.5, there is a large expansion at the fault,
with contractions at the surface layers, and oscillations between the intermediate super-
planes. As the system size increases these oscillations decay and almost vanish for the
16 superplane supercells. These results also show that the SF is reasonably well isolated
for a system of 12 superplanes, especially in the case of the 12elPP. It is worth noting

that a supercell containing 12 superplanes has 26.8 A of vacuum between the slabs.

Using the mirror symmetry of the Ti0 basal v-surface shown in Fig. 5.4(A) I sampled
half of the full area of the y-surface and generated the rest of the points using symmetry.
Using Ti0 I determined the size of the sampling grid needed to accurately sample the
whole basal «-surface by using 6 x 6, 12 x 12, 24 x 24, and 48 x 48 sampling grids. 1
obtained sufficiently accurate sampling with the 12 x 12 grid. The mirror symmetry

reduced the number of unique points to 78 points.

The pyramidal I y-surface shown in Fig. 5.4(D) has a reflection symmetry with mirror

plane along (1/2)[1120], as well as a translational symmetry of c4a. Hence only a
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Natoms 12¢lPP Natoms 12elPP 4elPP

6 326.9 16 1.59 1.56
10 314.9 24 1.57 1.50
14 306.0 32 1.67 1.38
18 303.4 40 1.65 1.32
22 301.2 48 1.48 1.28
26 302.7 56 1.47 1.29
- - 64 1.45 1.26
(A) Basal I SFE in units (B) Pyramidal I unstable stacking fault
of mJ/m? relaxation energies, in units of eV

TABLE 5.4: DFT stacking fault energies generated on the basal and pyramidal I planes.
I varied the number of atoms (Natoms) in the system used to compute each SFE in
order to converge the system size. See section 5.2.2 for more details.

quarter of the pyramidal I v-surface is unique, and the rest can be generated by these
symmetry operations. The quarter spanned by the vectors (1/6)[1120] and [1102] was
simulated with the sampling grids 4 x 12, 6 x 18, and 8 x 24. I found that the 4 x 12 grid
was accurate enough to reproduce the y-surfaces of the finer sampling grids. To make
the features of the resulting surface more smooth Fourier interpolation was used on the
sampling grid of the full ~-surface. Due to the computational cost a coarser uniform
grid of 24 points forming a subset of the full 4 x 12 grid was used to simulate the 12elPP
pyramidal I y-surface. The full 4 x 12 grid was used to simulate the 4elPP ~-surface.

o
=
o
~1

8superplanes l/“ -~ 8superplanes
o — 12superplanes o 26 — 12superplanes
125 16superplanes | 1 16superplanes
o] b()_7
S oy <
o, 204
0 17}
5 3
g . g 23
< 2.3 <
p— —
= =5
- = 22
3 ]
o 22 <}
— =21
2.1 2.0

(a) (B)

FI1GURE 5.5: The interplanar spacings through slabs of 8, 12 and 16 superplanes after
constrained relaxations. (A) shows the 12elPP results, and (C) shows the 4elPP results.
From [2].
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0.6 0.8
(1/3)[1120]

A(1 /3)[1150]

(a) (B)

FIGURE 5.6: The ~y-surface for the basal plane calculated with (A) DFT with the
12¢lPP and (B) Ti0 [9]. The maxima and minima are in the same locations for both
surfaces, but the energies are generally lower in the Ti0 surface. All energies are shown

in mJ/m?. A contour spacing of 50 mJ/m? was used. The basal plane unit cell is
highlighted in black. From [2].

5.2.3 Basal and pyramidal I y-surfaces

The basal v-surface computed using the 12elPP is shown Fig. 5.6(A). The Ti0 y-surface,
plotted using the same data as Fig. 5.4(A), is shown in Fig. 5.6(B) for comparison. As
pointed out by Benoit et al. [127] the Ti0 basal surface has deeper local minima than
the DFT surface. The local minimum corresponding to the Is SF is at the same location
(1/3)[1010] or [0.5,0.33] on both ~-surfaces, and the energy of this fault is in good
agreement with previous DFT calculations, as shown in table 5.5. Hence my results
show a large discrepancy between the DFT and Ti0 Iy SFEs as discussed in section 5.1.5

and previous publications [113, 127].

The pyramidal I y-surface I computed using DFT with the 4elPP is shown in Fig. 5.7(A).
The surface features are similar to those of the a-Zr y-surface computed by Chaari et
al. [146], and also those of the full a-Ti surface published by Liang et al. [144]. The
pyramidal I y-surface energies I obtained using the 12elPP were very similar to those
of the 4elPP. The difference between these two samplings v12.pp(t) — Yae1pp(t) on the
coarse grid is shown in Fig. 5.7(C). This surface gives a measure of the error associated
with using the 4elPP rather than the 12elPP. The entire surface is dark blue, indicating
that this error is small over the entire surface. This is verified by the root mean square
difference of 27 mJ/m?. There are two maxima located at [0,0.4] and [0.5,0.12] where
the energy difference reaches 40 mJ/m?. The locations of all the local minima are the

same for the 12elPP and 4elPP calculations.
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I SFE (mJ/m?)

DFT
12elPP (this work) 306
10elPP [127] 259
10eIPP [138] 202
10elPP [139] 320
4eIPP [138] 322
4elPP [131] 336
4elPP [140] 292
4elPP [141, 142] 307
4elPP [143, 144] 309
4elPP [117] 306
Wu et al. [145] 287
TB
Legrand [132, 133] 290-370
Experiment
Partridge [107] >300

TABLE 5.5: I stacking fault energies on the basal plane computed in this work and

elsewhere compared with experiment. All values quoted are DFT results apart from the

results labelled tight-binding (TB) or Experiment. DFT results are labelled according

to the number of valence electrons used in the pseudopotential where this information
is known. Based on Table 1 from [2].

The DFT pyramidal I y-surface can be compared with the Ti0 surface shown in Fig. 5.7(B)
(plotted using the same data as Fig. 5.4(D)). The DFT surface has a local minimum
at [0.00,0.22] which corresponds to the Iy SF defined in sections 5.1.1 and 5.1.5. The
DFT surface does not have a minimum corresponding to the fault I at [0.5,0.26] on
the Ti0 surface, but instead has a saddle point located at [0.5,0.23]. I confirmed this by
decreasing the contour spacing to 10 mJ/m? as shown in Fig. 5.8. Hence this SF is not

stable when only relaxation normal to the fault is allowed.

The SFEs of the DFT pyramidal I surface are compared with published DFT results
in table 5.6. The fault energies are given for (i) relaxation perpendicular to the fault
plane only, and (ii) relaxations perpendicular and parallel to the plane allowed (labelled
as ‘Con’ and ‘Full’ respectively in table 5.6). The fully relaxed I; SFE energies are
150 mJ/m? for the 4elPP and 163 mJ/m? for the 12eIPP. It is worth noting that Iy is
about half the size of the stable basal SF I, and so is small compared with other DFT
SFEs for a-Ti in this study as shown in tables 5.5 and 5.6. I found the fully relaxed I
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0‘18.30 0.35 0.40 0.45 0.50 2.55 0.60 0.65 0.70
(1/3)[1120]

FIGURE 5.8: A section of the full DFT pyramidal I v-surface shown in Fig. 5.7(A), with
a refined contour spacing of 10 mJ/m?. From this plot it is clear that the stationary
point at [0.5,0.23] is a saddle point.

energies at [0.5,0.26] to be 700 mJ/m? for the 4elPP and 681 mJ/m? for the 12elPP.
These energies are a little higher than those of Yin et al. [117] and Liang et al. [144].

As the results in table 5.6 show, the SFE of I; drops significantly once fully relaxed from
its normal relaxed configuration, almost by a factor of two. I investigated this difference
by comparing both atomic structures obtained from normal and full relaxation using
the 12elPP. The differences were very small, the difference parallel to the I; fault plane
being only [0.00,0.02] A and a difference perpendicular to it of 0.10 A facilitated by

small local relaxations.

In contrast with I;, the decrease in energy of the Is SF when going from normal to
full relaxation is only 15%. Relaxations of this fault were slightly larger than the Iy
case with an expansion of the slab of 0.10 A perpendicular to the fault. The differences
along [1102] were as large as 0.19 A on either side of the geometrical fault plane, which

decreases to 0.07 A at the surfaces. To test the stability of the I fault I displaced the
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I Iy

Full Con Position Full Con Position
12elPP (this work) 163 288 [0,0.22] 681 775 [0.5,0.23]
4elPP (this work) 150 279 [0,0.22] 700 788 [0.5,0.23]
4elPP [142] 148 - - - - -
4elPP [117] 134 - [0,0.22] 634 - [0.5,0.24]
10elPP [143, 144] 134 243 [0,0.22] - - -

TABLE 5.6: The energies and y-surface positions of the I; and I, intrinsic faults for
the pyramidal I plane computed with DFT and three pseudopotentials, and with Ti0
[9]. ‘Full’ indicates an unconstrained ionic relaxation allowing atomic displacements
parallel and normal to the fault plane. ‘Con’ indicates a constrained ionic relaxation
allowing displacements only normal to the fault plane. The energies quoted for the Iy
fault with constrained DFT relaxation are for the unstable saddle point configuration
in the y-surface, which becomes a local minimum with full DFT relaxation. All energies
in mJ/m?. Based on Table 2 from [2].

normal relaxed Iy structure by [—0.1,0] or —(0.1)a; and then fully relaxed the resulting
structure. It relaxed to I;. This is in agreement with the results of Yin et al. [117] who
found that the Iy fault is stable after a small perturbation, but for perturbations greater

than 3%a the structure relaxes to Ij.

In order to better compare the above DFT results with Ti0 I also carried out the same
relaxations of the Ti0 I} and Is SFs. The changes in the energies were much less for
Ti0 than for the DFT calculations. The relaxation displacements of the constrained and
fully relaxed systems generated with Ti0 differed by up to 0.11 A for I; and 0.17 A for
I,. These were relaxations parallel to the fault. Displacements perpendicular to the

fault differed by less than 0.02 A for both Ti0 faults.

The structure of the fully relaxed pyramidal I slab obtained with the 12elPP is shown
in Figure 5.9(A). The structure is made up of contiguous arrays of octahedra and tetra-
hedra, examples of which are labelled by ‘0’ and ‘t’. The free (1101) surfaces of the slab
relax inward by a small amount, and so their structure is made up of contiguous arrays

of slightly distorted octahedra and tetrahedra.

The structure of the fully relaxed I; fault obtained with the 12elPP shown in Fig. 5.9(B)
is different compared with the bulk of the unfaulted slab in Fig. 5.9(A). This atomic
structure is made up of an array of adjoining octahedra labelled by ‘0’ with tetrahedra

(not shown) occupying the remaining space. The superplanes neighbouring the fault are
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FIGURE 5.9: Two periods of the fully relaxed (A) unfaulted slab, (B) I; fault, (C)

I, fault, viewed in projection along [1120] obtained from 12elPP calculations. (A)

Local atomic structures in the bulk and surface regions are specified by octahedra and

tetrahedra labels ‘0’ and ‘t’ respectively. Circle sizes follow the same scheme as in

Fig. 5.3. (B) The fault structure in the I fault region is specified by octahedra labels

‘0’. (C) The fault structure in the I fault region is specified by trigonal prisms and
tetrahedra labels ‘p’ and ‘t’ respectively. From [2].
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less rumpled than those in the bulk.

Figure 5.9(C) shows the Iy fault’s fully relaxed atomic structure obtained with the
12elPP. Because part of the displacement associated with this fault is along the direction
of projection, the displacement transforms small circles into large circles and vice versa.
Because of this the atomic structure of the fault differs significantly from that of I; and

comprises an array of trigonal prisms and tetrahedra, shown by ‘p’ and ‘t’.

To investigate the discrepancy between the 4elPP and 12elPP pyramidal I y-surfaces
I looked for the smallest separations between the nuclei in the atomic configurations
corresponding to the local maxima of the surface in Fig. 5.7(C). These points are p; =
[0,4/11] and py = [1/2,3/22]. The smallest separations with the 4elPP for p; was 2.58 A
and for ps it was 2.71 A, with each separation occurring at the fault. These separations

are 0.3 A and 0.17 A smaller than the smallest perfect crystal separations of the nuclei.

I compared these separations with twice the core radius of the 4elPP. In the case of
the 4elPP the core radius is 1.27 A, so twice the core radius is 2.54 A. Because the
wavelength of electrons at 480 eV is 0.56 A the ‘core radius’ of the 4elPP atom actually
has a finite width of roughly 0.28 A. Hence, when atoms come within 2.54+0.28 = 2.82 A
of each other the core and valence electrons begin to overlap significantly. Because both

the separations 2.58 A and 2.71 A are less than 2.82 A this is the most likely cause
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of the difference between the 4elPP and 12elPP ~-surfaces. Because the points p; and
p2 correspond to local maxima of both the 12elPP and 4elPP pyramidal I ~-surfaces,
they correspond to very high SFEs that are unlikely to be reached in low temperature
plasticity of a-Ti. Hence the 4elPP appears to be a good approximation of the 12elPP

for describing physically relevant SFs in «o-Ti.

My results show that the dissociation of a c+a dislocation into two (c+a)/2 dislocations
suggested by the y-surface line sections of [138, 147] is not possible due to the absence
of a stable SF at [0.25,0.25] in the y-surface. A line section of the 4elPP pyramidal I
v-surface shown in Fig. 5.7(A) can be taken from [0,0] to [0.5,0.5], corresponding to
the c+a Burgers vector, which is shown in Fig. 5.10. There is a local minimum along
this line section at [0.2,0.2], but this is not a true minimum, as shown by the full ~-
surface in Fig. 5.7(A). Because my values for the fully relaxed I; and Iy SFEs agree with
those of Yin et al. [117] and Wu et al. [148] my results support their conclusion that a
c+a dissociation into three partial dislocations on the pyramidal I plane is unfavourable

partially due to the high value of the Iy SFE.

1000
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FIGURE 5.10: A line section of the 4elPP pyramidal ~-surface shown in Fig. 5.7(A)
along the straight line between [0,0] and [0.5,0.5]. The point [0.5,0.5] on the y-surface
corresponds to a translation of §[2113]. From [2].

The authors Liang and Hardouin-Duparc recently proposed an alternative dissociation of
the ¢ + a dislocation into three partial dislocations [143, 144]. This suggestion is based on
their simulations of the pyramidal I and pyramidal II vy-surfaces for a-Ti using DFT with

a 4elPP [143, 144]. The dissociation involves a Burgers vector corresponding to the I;
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SF with a similar energy to the result I computed as shown in table 5.6. The dissociation
also involves the Burgers vectors 0.57(c + a) on one of the {1122} pyramidal IT planes
and 0.215a on one of the narrowly spaced {1101} pyramidal I planes. Further verification
of this dissociation process would require computationally expensive DFT simulations

of dissociation of the ¢ + a dislocation core.

5.3 Interatomic potential Til, Ti2, Ti3 tests

5.3.1 The interatomic potentials Ti-{1,2, 3}

The IPs Til, Ti2, and Ti3 developed recently by Mendelev, Underwood, and Ackland
(MUA) [49] are central force potentials like Ti0 [9]. These IPs were fitted to a number
of DFT SFEs, including the DFT Iy basal SFE of Benoit et al. [127]. To further assess
the capability of Ti-{1,2, 3} I carried out SF and 7-surface calculations on the basal and
pyramidal I planes using the same methods described in section 5.1. I also computed the
root mean square (RMS) difference between the Ti-{1,2,3} and DFT ~y-surface data,
as well as the RMS differences of their gradients. These RMS differences were also

computed for the Ti0 IP used in the previous two sections 5.1 and 5.2 for comparison.

5.3.2 ~-surfaces and stable stacking fault energies

Using the same methods described in section 5.1 I computed the basal and pyramidal I
v-surfaces using the Ti-{1,2,3} IPs. The resulting surfaces are shown in Figs. 5.11
and 5.12. I also included the DFT basal and pyramidal I surfaces identical to those in
Figs. 5.6(A) and 5.7(A) for comparison.

The four v-surfaces in Figs. 5.11 have a stable Is SF located at [0.5,0.33]. The fully
relaxed Is SFEs are shown in table 5.7 including the corresponding value for Ti0, and
are in good agreement with those of MUA [49]. Because the DFT I SFE of 306 mJ/m?
from Benoit et al. [127] was used in the fitting procedure of Ti-{1,2, 3}, the agreement
between the Iy values of the Ti-{1,2,3} and the DFT is much closer than the agreement
between the Ti0 and DFT values.
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Fault Ti0 Til Ti2 Ti3 DFT

64 255 234 235 306

Basal I
[0.5,0.33] [0.5,0.33] [0.5,0.33] [0.5,0.33] [0.5,0.33]
225 197 218 191 163

Pyr. I
[0,0.15] [0,0.15] [0,0.17] [0,0.17] [0,0.22]
359 655 494 472 681

Pyt‘. IQ
[0.5,0.27] [0.5,0.27] [0.5,0.27] [0.5,0.27] [0.5,0.23]

TABLE 5.7: Stable SFEs and their positions on the basal and pyramidal I y-surfaces

computed using the IPs and DFT. All energies are expressed in mJ/m?2. All positions

are expressed as fractions of the lattice vectors along the z- and y-axes of the y-surfaces
in Figs. 5.11 and 5.12.

Another distinct feature of the y-surfaces shown in Figs. 5.11 is the stationary point at
(2/3)[1010] or [1.00,0.66]. This is a global maximum of the DFT and Ti0 surfaces (see
Fig. 5.6), but is a local minimum of the Ti-{1, 2, 3} surfaces (see Fig. 5.11). Because this
feature is present in the high energy region of all of the ~-surfaces it should not directly
affect the accuracy of the potentials in the low energy region. This will be addressed in

the following section 5.3.3.

The v-surfaces on the pyramidal I plane computed with Ti-{1,2,3} and DFT are shown
in Fig. 5.12. The locations and SFEs of the I; fault are slightly different, as seen in
table 5.7. The Iy SFEs in computed with Ti-{1,2,3} are in better agreement with the
DFT than that of Ti0, especially that of Til. The IPs Ti-{1,2,3} also describe I5 as a
stable SF in agreement with DFT. Two of the local maxima in the DFT v-surface are
split into two local maxima in the Til y-surface. Nonetheless the agreement between
the Ti{1,2,3} and DFT ~-surfaces is quite good despite the pyramidal I y-surface being
absent from the fitting procedure of the Ti-{1,2, 3} potentials.

5.3.3 ~-surface differences

To quantify the difference between the y-surface energies shown in Figs. 5.11 and 5.12 1
computed the root-mean-square (RMS) difference between the IP and DFT ~-surfaces
for IPs Ti0 and Ti-{1,2, 3}.

As described in section 5.1.3 each vy-surface is spanned by two lattice vectors a; and ag. 1

used a; = (1/3)[1120] and ay = (1/3)[2110] for the basal y-surfaces and a; = (1/3)[1120]
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and ay = [1102] for the pyramidal T y-surfaces. I sampled the surfaces using a discrete
mesh of points t;; such that:
; ‘
tij = Mal + %ag, (53)

where i = {0,1,...,M — 1}, j = {0,1,..., N — 1}. For all calculations in this section I
used M = N = 12 for the basal sampling mesh and M =7, N = 23 for the pyramidal I
sampling mesh as described in section 5.2.2. The ~-surface energies at these sample
points are expressed in mJ/m? as vij = 7(ti;), and all distances in this section are
expressed in A. The RMS difference between an IP and a DFT ~-surface with samples

DFT

P and v respectively was computed using the following relation:

M—-1

1 2
Arms = MN <7£FT ’YinP> : (5.4)
=0

2

<.
Il
o

As shown in table 5.13(A), Ti0 has the largest RMS difference compared with the DFT
basal and pyramidal I y-surfaces. The lowest RMS differences for the basal y-surface are
between the Ti2 and Ti3 samples and those of DFT, and the lowest for the pyramidal I

surfaces are between Til and DFT.

A major contribution to the basal RMS differences in table 5.13(A) is the stationary
point at [1.00,0.66] described in the previous subsection 5.3.2. Even though this point is
unlikely to affect plastic deformation at low temperatures, it does significantly affect the
RMS differences between Ti0, Ti-{1,2,3} and the DFT values. To reduce the effects of

higher energy SFEs I weighted each SFE sample with a Boltzmann factor of the form:

1 M—

~ MN
=0

2

1 __
wy = —=e Yij/PE : _

e*'Yij/PEj (5.5)

.
Il
)

where ¢ = {0,1,...,M — 1}, 7 = {0,1,...,N — 1}, and ppg is an energy per unit area
that determines how the RMS differences are weighted by the w;;. The weighting was
carried out by pre-multiplying each ~y-surface sample by the corresponding weighting
factor v;; — w;jy;; for all 4,j. These weighting factors reduce the contribution of
samples with high SFEs, and increase the contribution of samples with low SFEs. I

used pg = 300 mJ/m? for both the basal and pyramidal I cases.

The weighted RMS differences are shown in table 5.13(B). There is a significant reduction

in all of the RMS differences compared with the un-weighted values. In particular the
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basal RMS differences for all the IPs decrease by about 40-50 mJ/m? upon weighting
compared with the DFT data. The weighting appears to show that the potentials Ti-
{1,2,3} do significantly improve on Ti0 when describing the basal ~-surface at low
SFEs.

Weighting the pyramidal I ~-surface samples decreases all of the RMS differences as
shown in table 5.13(B). The values of Ti-{1,2,3} are within about 20 mJ/m? of each
other, and the value of Ti0 is about 30 mJ/m? higher than the Ti-{1,2,3} values.
Hence applying the Boltzmann weighting creates a significant gap between the RMS
differences corresponding to Ti0 and the Ti-{1, 2,3} IPs. Of the IPs Ti-{1, 2, 3}, Ti2 has
the lowest RMS difference for the basal case and Til has the lowest RMS difference for

the pyramidal I case.

RMS differences (mJ/m?) Ti0 Til Ti2 Ti3

Basal 107 87 57 62

Pyramidal 1 236 116 172 190
(a)

RMS Boltzmann (mJ/m?) Ti0 Til Ti2 Ti3

Basal 68 34 17 18

Pyramidal I 135 86 99 106
(®)

FIGURE 5.13: The root-mean-square difference between samples of the IP and DFT
~v-surfaces. (A) shows the RMS differences between y-surface samples, and (B) shows
the RMS differences with samples weighted by the Boltzmann factor in (5.5).

5.3.4 ~-surface gradient differences

As described in the introduction of this chapter, the slope of the v-surface corresponding
to a particular slip plane is related to the force constricting the core of a dislocation on
this slip plane. The balance of this force and the force resulting from the elastic energy of
the dislocation determines the dislocation core width [116]. To investigate the capability
of these IPs to model this property I computed the RMS difference between the IP and
DFT y-surface gradients to test the IPs Ti-{1,2,3}. The expression I used to compute
the RMS difference between the gradients of the IP and DFT ~-surface samples is similar
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to equation (5.4):

Gradient

\Vaprrl  [Vyprr| \ MN = =

where the laplacian was computed as V? = 86—;2 + 88—;2. The expression in (5.6) returns
a single number expressed as a percentage of |Vyppr|, the average absolute value of
the corresponding DFT ~-surface gradient. The methods used to compute the ~y-surface

gradients are described in appendix A.

As shown in table 5.14(A), the basal RMS gradient differences are all within about 70-
100% of the average slope of the corresponding DFT ~-surface, where Ti2 and Ti3 have
the smallest RMS differences and Til has the largest. The pyramidal I RMS gradient
differences are generally smaller percentages of the average DFT slope, with Ti0 having

the largest value, and Ti2 having the smallest value.

RMS differences (%) Ti0 Til Ti2 Ti3

Basal 85.7 100.0 73.8 73.2

Pyramidal 1 77.6 60.9 52.5 56.9
(a)

RMS Boltzmann (%) Ti0 Til Ti2 Ti3

Basal 95.3 83.1 62.7 58.9

Pyramidal I 101.4 714 65.5 74.1
(B)

Ficure 5.14: RMS differences between gradients of the IP and DFT ~-surfaces ex-

pressed as a percentage of the average slope of the corresponding DFT ~-surface. (A)

shows the RMS gradient differences between 7-surfaces samples, and (B) shows the
RMS gradient differences with samples weighted by the Boltzmann factor in (5.5).

I used the same weighting procedure described in the previous section 5.3.3 for the RMS
gradient differences as shown in table 5.14(B). The weights still depend on the sample
energies, not their gradients, so samples with high SFEs contribute less to the RMS
gradient difference, and samples with low SFEs contribute more upon weighting. For
the basal case the RMS gradient difference of Ti0 increases, and the values of Ti-{1, 2, 3}
decrease upon weighting. This changes the ordering of Ti0 and Til compared with the
un-weighted RMS differences in table 5.14(A).

84



The pyramidal I RMS gradient differences all increase when weighted y-surface samples
are used compared with un-weighted samples. This implies that the differences between
the IP and DFT gradients at low SFEs are larger than at higher SFEs. As was the case
for the Pyramidal I RMS gradient differences without weighting Ti2 has the lowest RMS
difference and Ti0 has the highest RMS difference after weighting as well.

These results show that the new IPs Ti-{1, 2,3} developed by MUA [49] offer improve-
ments over the original potential Ti0 developed by Ackland [9]. All three IPs predict
stable SFEs on the basal and pyramidal I planes that are closer to the DFT values than
those of Ti0. In particular Ti2 and Ti3 both show good agreement with DFT in the
form of low RMS differences between the basal and pyramidal I «-surfaces and their

gradients.

It is worth noting that although Ti2 and Ti3 show the best agreement with DFT results
according to the RMS differences, Til predicts a lower prism SFE than the Iy basal
SFE in agreement with experiment and DFT [49]. Hence the choice between Til and
Ti-{2, 3} requires choosing between correct stable SFE ordering on the basal and prism

planes, and better overall agreement with the DFT ~-surfaces.
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Chapter 6

Point defects in titanium

As described in chapter 1 the main motivation for the work described in this thesis
is the problem of cold dwell fatigue (CDF). The work in this chapter is motivated by
the strong effect Mo has on the CDF susceptibility of Ti-alloys that include Mo as an
alloying element. Qiu et al. [26] suggested that the influence of Mo on CDF susceptibility
is at the microstructural scale. Another hypothesis proposed in chapter 1 is that Mo
influences the CDF susceptibility at the atomic scale by trapping vacancies in a grains
thus reducing creep relaxation and preventing the large stress concentrations at hard

grains known to cause CDF failure.

I tested this hypothesis by computing formation and binding energies between Mo-atoms
and vacancies. Some of these quantities have been calculated before. Huang et al. [149]
computed formation and stabilisation energies of transition metal elements, including
Mo in the «, 8 and w phases. The focus of their work was understanding the influence
of transition metal elements on phase diagrams. Tegner et al. [99] studied the effect of
alloying elements, including Mo, on the phase stability of Ti alloys and showed that the
stabilisation of the S-phase is correlated with the filling of the d-band. Nevertheless I
calculated these quantities again for consistency and completeness of the results, and as

a check for my own simulations.

The chapter begins with a description of the simulation methods as well as convergence
tests of the supercell sizes that I used in the calculations. Then the results pertaining to
the Ti-vacancy, the Mo interstitial, the Mo substitutional, and the Mo-vacancy binding

energy are summarised and discussed. Finally, a mechanism addressing the temperature

86



dependence of CDF is summarised. The mechanism was suggested by Sutton in the

work by Ready, Haynes, Grabowski, Rugg, and Sutton [4].

6.1 Methods

6.1.1 DFT parameters

As stated in section 3.5 all calculations in this chapter were computed using VASP
version 5.3.5 [84-87]. I used the 10elPP PAW pseudopotential for Ti and a Mo PAW
potential with 6 valence electrons, as included in the VASP database [83, 103, 104]. T used
the PBE parameterisation of the exchange-correlation functional for most calculations in
this chapter, and where stated I used the parameterisation of Perdew and Wang (PW91)
[69].

Based on the convergence tests in section 4.2 I used a plane wave energy cut-off of 350 eV
for all calculations in this chapter, and I used a 23 x 23 x 15 I'-centred Monkhorst-Pack
(MP) k-point mesh for the primitive unit cell. For this k-point mesh the product of the
total number of k-points in the first Brillouin zone and the number of atoms in the unit
cell is about 16,000. In order to preserve this sampling density I ensured that all other
k-point samplings were equivalent to or greater than this product. Methfessel-Paxton

smearing was used with a smearing width of 0.1 eV.

DFT ionic relaxations were finished once the maximum force on any atom was lower

than 10 meV/A7 and the total energy convergence was to within 0.005 meV /atom.

6.1.2 Supercell size effects in point defect calculations

The use of periodic boundary conditions causes elastic and electronic interactions to
occur between a point defect in the supercell and its periodic images. The effects of
these interactions on the computed total energies can be lessened to a desired level by
using a larger supercell and by choosing a suitable k-point mesh. I used I'-centred MP

k-point meshes with an odd number of k-points along each reciprocal direction.
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Supercell no. atoms MP mesh kpxatom Ef FEcob

2x2x%x2 15 13x13x9 22,815 2.13 7.8897
3 X3 x2 35 9x9x9 25,515 2.13 7.8899
3x3x3 53 I9x9xT7 30,051 2.13 7.8901
4x4x2 63 TXTx9 27,783 2.15 7.8900
4x4x3 95 TXTXT 32,585 2.16 7.8901

TABLE 6.1: Vacancy formation energies (E') in a-Ti and cohesive energies (E°h)

of the perfect hcp crystal in eV computed for different supercell sizes. MP mesh is

the Monkhorst-Pack mesh of k-points. kpxatom is the number of k-points multiplied

by the number of atoms in the supercell used for comparisons between the k-point
sampling for different supercells.

I investigated the influence of the supercell on the formation energy of the vacancy in
a-Ti by computing the formation energy for a number of supercell sizes (see table 6.1).
During the energy minimisation the supercell vectors were held fixed. The supercell size
is specified using the notation m x n x p, where m, n, and p define the numbers of hcp
primitive vectors a, b, and c as described in section 4.1. As table 6.1 shows, I found
that a 2 x 2 x 2 supercell of 15 atoms converged the formation energy to within 0.03 eV.
My computed formation energies are compared with other values in the literature in

section 6.2.

To further test the convergence of my calculations with respect to supercell size I com-
puted the formation energy of the octahedral self-interstitial in a-Ti and compared those
energies with those of Vérité et al. [11]. The results in table 6.2 show that my results and
those of Vérité et al. differ by less than 3%. Because my results were in good agreement
with those of Vérité et al. [11] I also found that the 6 x 6 x 4 supercell was large enough
to achieve convergence of the self-interstitial formation energy. Hence I used a 6 x 6 x 4
supercell for calculating the formation energies of the interstitial and substitutional Mo
atoms in o-Ti, as well as the binding energy between a Mo substitutional atom and a

vacancy in a-Ti.

Supercell no. atoms MP mesh kpxatom Ef Ref. [11]
5xbx4 201 5xXb5x3 15,075 2.58 -

6 x6x4 289 DX D X3 21,675 2.46 2.40
6 x6x5b5 361 dxb5x3 27,075 247 2.40

TABLE 6.2: Self-interstitial formation energies in a-Ti computed as part of this study
and compared with those of Vérité et al. [11].
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6.1.3 The formation energies of a Mo-atom in o« and S-phases of Ti

Define E(Ntj, Mo) as the total energy for a supercell containing Nr; titanium atoms in
the a- or B-phases and a Mo atom occupying either a substitutional or interstitial site.

Then the formation energy of a Mo point defect can be defined as follows [150]:
E" = B(Nti,Mo) — Nripii — fino, (6.1)

where pri and py, are the chemical potentials of Ti and Mo respectively. I have defined
Mo to be the total energy per atom of Mo in its equilibrium bce crystal structure. 1
defined pT; to be the total energy per atom in a supercell of a- or 8-Ti with the same
supercell dimensions as the supercell containing the defect and with the same k-point

sampling.

Defining o as the total energy per atom of bee-Mo is only appropriate if the Ti-alloy
coexists in equilibrium with bee-Mo. In the case of Ti-6242 and Ti-6246 alloys this does
not occur. Mo only exists in solid solution in the o and 8 phases of Ti. It is still possible
to calculate the lowest energy phase of Mo by subtracting formation energies in the «
and [ phases as in equation (6.1) because the term pg, cancels out in the subtraction.

Those results are shown in section 6.4.

6.1.4 Mo-vacancy binding energy in a-Ti

I have defined the binding energy of a Mo substitutional defect and a vacancy in a-Ti as
the total energy difference between a system in which the defects are infinitely far apart
and a system in which they occupy neighbouring sites. When the defects are attracted to
each other the binding energy is positive. In practice the binding energy was calculated
as the total energy of both defects as far apart as possible in a 6 x 6 x 4 supercell minus
the total energy of the same supercell in which the vacancy occupies a site neighbouring

the Mo atom. I used a 5 x 5 x 3 MP k-point mesh for these calculations.

In o-Ti a given site has six nearest neighbour sites in the same basal plane, which are not
equivalent to the nearest neighbouring sites above and below this basal plane. Because

of this there are two distinct nearest neighbour sites, and so there are two distinct
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configurations for the Mo-vacancy pair: in the same basal plane, or in two adjacent

basal planes. I calculated the binding energies for both configurations in «-Ti.

6.2 Vacancy in o-Ti

Formation

energy, eV
PBE This work 2.15
Scotti et al. [151] 1.97
Medasani et al. [152] 2.08
Shang et al. [153] 2.09
PBEsol Medasani et al. [152] 2.15
Shang et al. [13] 2.14
Shang et al. [153] 2.16
PWOa1 This work 1.99
Medasani et al. [152] 1.99
Raji et al. [154] 1.97
LDA Medasani et al. [152] 2.08
Shang et al. [153] 2.07
TB Trinkle et al. [155] 2.03
Expt. Estimate from [12, 13] 2.74
Hashimoto et al. [156] 1.27
(bce) Shestopal et al. [157, 158] 1.55

TABLE 6.3: Vacancy formation energies in Ti from DFT using different exchange-

correlation functionals (PBE, PBEsol PW91 and LDA), tight-binding (TB), and ex-

periment. All formation energies are shown in eV. The estimate calculated from the
results of Képpers et al. [12] and Shang et al. [13] is discussed in section 6.2.

The vacancy formation energies I computed using the PBE and PW91 exchange-correlation
(XC) functionals (shown in table 6.3) are within 10% of all other results shown in the
table using these functionals. I included the PBEsol results of Medasani and Shang et
al. [13, 152, 153] because the functional was optimised to give improved bond lengths
in solids and surfaces compared with the PBE XC functional [159].

The DFT results in table 6.3 all agree on a vacancy formation energy of about 2 eV.
For the case of a vacancy formation energy of 2.15 eV that I computed in this study,

the equilibrium vacancy concentration at room temperature is 7.6 x 10737 vacancies
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FIGURE 6.1: The distinct bonds between atoms neighbouring the vacancy in «-Ti.

Bond lengths are shown as percentages of the corresponding equilibrium bond lengths

a = 2.94 A in the basal plane and @’ = 2.88 A out of the basal plane. The vacancy
occupies a site of Cg, symmetry.

per atom in the system, essentially zero. Even at the elevated temperature of 200°C
the equilibrium concentration is only 1.2 x 10723 vacancies per system atom, which is
still completely negligible. This implies that there is a negligible number of intrinsic
vacancies in macroscopic samples of a-Ti in thermal equilibrium. Despite this result, it
is well known [12, 160] that trace amounts of Fe, Co, and Ni substitutional impurities
produce vacancies in a-Ti by becoming interstitial defects that leave behind vacancies.
By using the formation energies I have computed shown in table 6.4 I can test this
mechanism for Mo. The energy required to form an interstitial Mo defect and a vacancy
from a substitutional Mo defect is 2.17 — 0.57 4+ 2.15 = 3.75 eV. This energy is so high

that I can conclude that Mo is not an extrinsic vacancy source in a-Ti.

As well as the formation energy I considered the changes in the lengths of bonds between
nearest neighbour atoms of the vacancy. As shown in Fig. 6.1 the bond lengths vary by
as much as 3% from the equilibrium bond lengths of 2.94 A in the basal plane and by
1% of 2.88 A out of the basal plane. These bond length changes maintain the local Csy

point group symmetries of atomic sites in the hcp crystal.

The experimental values for the vacancy formation energy vary considerably when com-
pared with the theoretical results, ranging from 1.27 eV [156] to 2.74 eV [12, 13]. In
their study of self-diffusion in ultra-pure samples of a-Ti, Koppers et al. [12] deduced a
self-diffusion activation energy parallel to the basal plane of 3.14 + 0.02 eV from mea-

surements in the temperature range 600 — 860°C. Assuming self-diffusion is mediated
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by vacancies, and assuming the vacancy migration energy parallel to the basal plane
is 0.40 eV, as computed by Shang et al. [13], I obtain a vacancy formation energy of
2.74 eV. This value is much higher than the DFT results in table 6.3.

The work of Glensk et al. [161] shows that in Cu the vacancy entropy of formation is
linearly dependent on temperature, in contrast with the assumption usually used in the
Arrhenius relation that the entropy is temperature-independent. This work implies that
the enthalpy of formation at absolute zero is over-estimated when using the Arrhenius
relation to extrapolate from data obtained at high temperatures, such as the data of
Koppers et al. [12]. For a Cu vacancy it was shown [161] that the formation enthalpy at
absolute zero is over-estimated by about 20%. If the enthalpy of formation of vacancies
in a-Ti follows a similar trend, then the corrected experimental enthalpy of formation

will be much closer to the DFT results in table 6.3.

Hashimoto et al. [156] deduced the vacancy formation energy in «-Ti from positron
annihilation measurements. The authors used an empirical relation [162] obtained for
fcc metals E{f (in eV) = 1.46 x 1073 T, where E{f is the vacancy formation energy, and
Tc is the critical temperature at which the temperature dependence of the normalised
peak positron count deviates from a linear relation because of thermal expansion [156].
In the experiment of Hashimoto et al. To = 597°C, so this is a high temperature
measurement. It is not clear whether the empirical relation [162] holds for hep metals

as well, not least because there are two independent thermal expansion coefficients.

The energy of vacancy formation of Shestopal et al. [158] was obtained from measure-
ments of the specific heat over a range of temperatures. A curve was then fitted to these
data, and then a linear contribution not due to vacancy formation following a trend
observed in other metals was subtracted. The measurement was made at temperatures
above the a — 8 transition temperature of 882°C, and is thus a measurement of the

vacancy formation energy in the S-phase.

6.3 Interstitial Mo in «o-Ti

To find the minimum energy configuration of the Mo-interstitial I relaxed the Mo atom

in six interstitial structures in the hcp lattice. I labelled the relaxed configurations using
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the naming convention of Johnson and Beeler [163]. The six distinct metastable relaxed
configurations of the Mo-interstitial are shown with their formation energies in table 6.4.
I found three variants of the split dumbbell configuration in the basal plane (BS) that
transform into each other via the three-fold rotational symmetry along the c-axis for
every atomic site in @-Ti. The BS-dumbbell is highlighted in Fig. 6.2(A), and has the
lowest formation energy of the interstitial structures considered. As shown in Fig. 6.2(A)
the most significant distortions are in the basal plane of the Mo interstitial. The bond
lengths between the Mo atom and its nearest neighbours in the BS configuration are
shown in Fig. 6.2(B). Other workers [11, 164, 165] have found the split dumbbell in the
basal plane is metastable for self-interstitials in Ti, Zr, and Hf. Their formation energies

are all within 0.2 eV of the lowest energy structures [11, 164, 165].

Mo defect configuration Formation energy, eV
Interstitial
Octahedral 2.32
Basal octahedral 2.67
Basal split dumbell (BS) 2.17
BS 90° rotation 2.23
Split dumbell 2.54
Tetragonal 3.37
Substitutional
a-Ti 0.57
£-Ti -0.71
Mo - Vac in a-Ti Binding energy, eV
Same basal 0.22
Adjacent basal 0.23

TABLE 6.4: Relaxed formation energies of six Mo interstitial configurations in «a-Ti,

and of Mo substitutional atoms in a- and 8-Ti. The last two rows show binding energies

between a Mo substitutional atom and a vacancy in a-Ti (Mo - Vac in a-Ti) in the

same basal plane and adjacent basal planes. (Positive binding energies correspond to
defects that are attracted to each other).
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(1/3)[1210]

:

(1/3)[1120]

(1/3)[2110]

FIGURE 6.2: (A) The minimum energy dumbbell structure of the Mo interstitial in red
with Ti atoms in blue. The structure is shown as a projection along the c-axis of two
adjacent basal planes of the 6 x 6 x 4 supercell. Circles of the same size denote atoms
in the same basal plane. The dumbbell has been outlined. There are two equivalent
structures related to this one by a three-fold rotational symmetry about the c-axis
(normal to the page). The distortion due to the Mo atom is highlighted by black lines
between atoms parallel to the [1210] perfect crystal direction. (B) A close-up of the Mo
interstitial and the bond lengths between the defect and its nearest neighbours.

<k = 98%
ba = 99% ° ° 100%
e = 99.3% ' 0
< = 99.7% . . .
= 100%

’ @ O
« = 100.3%

(®)

FIGURE 6.3: (A) The Mo substitutional atom (red circle) in a-Ti (blue circles) showing

bond lengths in the basal plane, shown as a percentage of the ideal bond length in

the basal plane of a-Ti. The relaxed defect configuration is located in a site of Cay

symmetry, highlighted by green and brown shading, the same as a Ti atoms in «-Ti.

(B) Projection of the Mo substitutional along [1100] with bond lengths shown as a

percentage of ideal bond lengths in pure a-Ti. The smaller circles are on adjacent
planes along [1100].
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6.4 Substitutional Mo in o- and $-Ti

I found the formation energy of the relaxed Mo substitutional atom in «a-Ti to be
+0.57 eV. The structure of the relaxed defect is shown in Fig. 6.3. I compared my
Mo substitutional results with those of Huang et al. [149] by using a free, non-spin
polarised atom as the reference state of the Mo chemical potential. The inclusion of
spin polarisation does not have a significant effect on the bulk energy in bce-Mo, but
it does have a significant effect on the isolated Mo atom, as the results of Huang et al.
show [149]. With this chemical potential I calculated a formation energy of —9.83 eV in

good agreement with the value of —9.88 eV obtained by Huang et al. [166].

Huang et al. [149] used the isolated transition metal atoms as the reference state to
calculate formation energies of substitutional transition metal defects in Ti. The authors
did this to remove the influence of the varying interatomic bonding of the transition
metals in their bulk phase on the formation energies [149]. However, because these
energies are very large in magnitude the crystalline state of Mo appears to be a more
appropriate choice for the chemical potential reference state when computing formation

energies that are likely to occur physically.

To better understand why Mo is more soluble in the S-phase than the a-phase I simulated
a relaxed Mo substitutional defect in a supercell composed of 6 X 6 X 6 conventional unit
cells of B-Ti. From these simulations I calculated a formation energy of —0.71 eV. Hence
the process of forming Mo substitutional defects in the a-phase is endothermic, whereas
it is exothermic in the g-phase. This implies that in thermal equilibrium Mo is much
more stable in the S-phase of Ti than the a-phase, and so a much higher concentration
of Mo would be expected in the S-phase relative to the a-phase in Ti-alloys containing

both phases.

6.5 Binding energy between a Mo substitutional atom and

a vacancy in «o-Ti

I found that the Mo substitutional atom and the vacancy bind with an energy of 0.22 eV
for both defects in the same basal plane, and 0.23 eV for defects in adjacent planes. My

results are in fairly good agreement with those of Xu et al. [167], with good agreement for
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= 93-95%
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FIGURE 6.4: (A) Neighbouring Mo substitutional atom (red) and vacancy defects

in the same basal plane of a-Ti. (B) Neighbouring Mo substitutional atom (red) and

vacancy defects in adjacent basal planes. The Mo atom lies in the basal plane containing

atoms represented by larger circles, and the vacancy in the basal plane containing atoms

represented by smaller circles. All bond lengths are shown as percentages of the ideal
lattice parameter a = 2.94 A.

the binding energy of defects in the same basal plane, and a deviation of 0.1 eV between
our binding energies for defects on adjacent basal planes. The significant difference in the
latter case could be because of the smaller supercell of 4 x 4 x 2 primitive hcp unit cells
used by Xu et al. [167]. The deviations in bond length near the Mo-vacancy complex
are large, with differences in between -10% and +7% from the ideal bond length in the
basal plane. Because the supercell size parallel to the c lattice vector that was used by
Xu et al. [167] is half the value used in this study, distortions such as those shown in

Fig. 6.4 may not be allowed.

Despite the binding energy between a Mo atom and a vacancy being positive it is not
enough to bind the defect pair for a significant length of time. For a typical vibrational
frequency of 10'? Hz it would take about 10 ns for the defects to unbind. Even at room
temperature the vacancy would almost instantly break away from the Mo atom. Thus
even if there were enough vacancies present to allow creep to occur via vacancy mediated
mass transport, the effect of additional Mo in a-Ti regions of Ti-6246 in suppressing creep
would be negligible. This result indicates that the relatively lower CDF susceptibility
of Ti-6246 compared with Ti-6242 is not due to suppression of mass transport, and
hence load transfer to hard grains during CDF loading. This result also implies that
the intrinsic creep properties of a-grains in Ti-6242 and Ti-6246 should not differ. In
this instance, ‘intrinsic’ means excluding differences due to microstructural features like

differing grain sizes and relative grain orientations.
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6.6 The effect of Mo in Ti-6242 and Ti-6246

Based on the results in the previous section it is more likely that the CDF susceptibility
difference is due to the influence of Mo on the microstructure and microtexture of the
alloys as observed by Qiu et al. [26]. The authors observed that the microstructural
effect of the extra Mo in Ti-6246 compared with Ti-6242 was to decrease the phase
fraction of the a phase, as well as the average « grain size from roughly 13.6 pym in
Ti-6242 to roughly 5.3 pm in Ti-6246. Qiu et al. attributed this to Mo being a slow
diffuser in o-Ti [26], [14, pp. 45-46].

Qiu et al. prepared their alloys by thermo-mechanically processing the ingots of Ti-624X
(X=2,3,4,5,6 wt. % Mo) above the a- phase transition temperature, reducing the ingot
diameters by ~30%. Qiu et al. then deformed the alloys below the a-8 phase transition
temperature in the «a + 8 phase field, reducing the ingot diameters further by ~70%.
In this second processing stage the a-phase began to nucleate. The growth rate of the
a-phase is partially determined by the diffusion rate of Mo atoms out of the a-phase
to the S-phase [26]. Hence the slow diffusion rate of Mo limits the growth rate of the
a-phase, resulting in a smaller a grain size being formed in Ti-624X alloys containing a
higher wt. % of Mo. Since most of the plastic strain is accommodated in the « grains
as shown by Qiu et al. [26], smaller « grains result in a shorter effective slip length for

dislocations, which can result in a smaller accumulated strain whilst deformation occurs.

Another effect of a smaller average a grain size is that it decreases the average slip
band spacing within the « grains [26]. This is shown in the experimental results of Qiu
et al. [26] where the slip band spacing decreases in the a-grains going from Ti-6242
to Ti-6246. A smaller slip band spacing results in a more homogenous distribution of
dislocations, reducing the likelihood of high stress concentrations occurring at phase or
grain boundaries. This reduces the effects of load shedding, which is hypothesised to
play a key role in CDF failure [23].

The microtextural effect Mo has in Ti-6246 compared with Ti-6242 described by Qiu
et al. [26] is that it forms a more random orientation distribution of «a grains. Qiu
et al. assert that Mo does this as a strong 3 stabiliser by lowering the a-f transition

temperature, which encourages formation of multiple differing a-grain orientations [14,

pp. 32-33]. Qiu et al. [26] observed this tendency in their Ti-6242 and Ti-6246 samples,
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such that the Ti-6242 sample had « grains that were clustered together into colonies of
similar orientation, whereas the Ti-6246 contained thin « grains with a more random

orientation distribution.

6.7 CDF temperature dependence

The previous section shows that Mo atoms binding to vacancies does not explain the
difference in CDF susceptibility between Ti-6242 and Ti-6246. My results show that the
binding energy between a Mo substitutional atom and a vacancy in a-Ti is only 0.23 eV.
This energy barrier could be overcome by a vacancy in 10 ns via thermal excitations at
room temperature, allowing a vacancy to almost instantaneously escape from a Mo atom.
Hence our results are in agreement with those of Qiu et al. [26] suggesting that the role
of Mo in affecting CDF susceptibility is primarily microstructural and microtextural.
However, their observations do not explain the vanishing CDF susceptibility in Ti-6242

for temperatures exceeding roughly 200°C [14].

In a recent article by Ready, Haynes, Grabowski, Rugg, and Sutton (RHGRS) [4], Sutton
suggests that the temperature dependence of CDF is caused by the large reduction of
the critical resolved shear stress of (c + a) slip for temperatures in the range 0°C and
300°C observed [14] for single crystals of Ti-6.6Al. Sutton suggests that the reduction
allows enough plastic deformation to occur in hard grains via (c + a) slip to prevent
large loads forming at grain boundaries. Once the research was completed RHGRS [4]
became aware that a similar explanation was suggested recently by Somnath Ghosh and

coworkers [35, 168].

When the intrinsic lattice resistance impeding (c + a) dislocation motion is large then
the dislocations are likely to move via the nucleation and migration of double kinks,
which are both thermally activated processes. Consider a length L of the dislocation
with a crystal period parallel to the (c 4 a) dislocation line p. For the kink height of h
the number of sites where a double kink could be nucleated along this dislocation line
is L/p. The fraction of these sites where nucleation of a double kink does occur is:

—AG + Tbhi,
o (LY 6
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where AG/ is the free energy of formation of a double kink, 7 is the resolved shear stress
on the pyramidal plane along the (c + a) direction, b is the magnitude of ¢ + a, I, is
the critical separation of the double kink beyond which it separates into two kinks, kg
is Boltzmann’s constant, and 7" is the temperature. Using the definition in (6.2), the

number of kinks on the dislocation is:

L ~AG Tbhl,
25 exp ( T ) exp ( ) . (6.3)

Let vy be the velocity of the dislocation, and v, be the velocity of a kink. If ¢; is the
time needed for a kink to travel the distance L, then ¢; = L/vg. When the kink travels

the length L the dislocation advances a distance equal to the kink height h. Therefore:

Vd =

hooh
L. 6.4
o L* (6-4)

The kink velocity shown in (6.4) can be defined as follows:

B —AG, Tbhp\ —71bhp
vy = prexp T exp T exp T ,
—AG, bh
= 2prexp ( /cBCJT: ) sinh <‘7l;:|BTp> , (6.5)

where AG,, is the free energy of migration of the kink, v is the attempt frequency. The

two exponential terms inside the square brackets of the first equation in (6.5) correspond
to kinks migrating forwards and backwards along the dislocation line. Substituting the
expression for the kink velocity in (6.5) into (6.4), and multiplying by the number of

kinks given by (6.3) results in:

A bh bhl.
vg = 4hv exp (_kB(;) sinh (’;Lﬂ?) exp <|TI<:’BT>’ (6.6)

where AG = AG; + AG,,. The dislocation velocity vg can then be related to a strain
rate contribution 4 using Orowan’s equation, 4 = ppsbvg, where pps is the density of
mobile (c+a) dislocations. Testing this suggestion would require reliable calculations of
the energy of formation of double kinks and the single kink migration energy for (c + a)

dislocations. This would be a major undertaking using DFT.

Sutton estimated AG in [4] by first assuming a Debye temperature of 147°C [38]. This

implies that at room temperature the attempt frequency is lower than vp the Debye
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frequency, but for temperatures greater than 200°C the attempt frequency may be set
equal to vp = 8.75 x 1012 s~1. For a screw ¢ + a dislocation such that b = p = 5.51 A,
the kink height, h, is the spacing between Peierls valleys parallel to ¢ + a, which is
roughly equal to the lattice constant a = 2.94 A. For T = 200°C the argument of
sinh in (6.6) is |7|bhp/(kpT) = 8.20, assuming a value of |7| = 600 MPa from the
experimental measurements of [14, p. 21]. Using these values sinh(|7|bhp/(kpT)) can be

well approximated using % exp(|7|bhp/(kpT)). Assuming l. ~ p equation (6.6) becomes:

AG 2|7 |bhyp
—2h = :
Vd vV exp < k‘BT> exp ( ]{SBT > (6 7)

Using the values in the above paragraph exp ((2|7|bhp)/(kgT)) = 1.32 x 107. For a

typical strain rate of 107* s~! and a mobile (c + a) dislocation density of roughly
10' m~2, Orowan’s equation requires an average dislocation velocity of about 1.81 x
107° ms~!. When these values are substituted into equation (6.7) they give a value
of AG = 1.46 eV. As a check this estimated value of AG can be used to calculate
the critical resolved shear stress for slip of screw (c + a) dislocations at 27°C needed
to produce a strain rate of 107* s7!. The value obtained is 860 MPa, which agrees
fairly well with the experimental measurement of [14, p. 21] of ~ 800 MPa, given the
uncertainties in the mobile (c+a) dislocation density, the strain rate assumed, and in /..
The combination of equation (6.7) and the Orowan equation gives the following relation

between the critical resolved shear stress and the strain rate:

_1 ¥p
T=4 [AG—G—I{:BTID (l/QpM>] , (6.8)

where 2 = 2bhp is the activation volume for forming a double kink and moving a single

kink.
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Chapter 7

Conclusions and Outlook

The primary motivation for this project was to better understand the fatigue failure
mechanism called cold dwell fatigue (CDF). The observation that the Ti-alloys Ti-6242
and Ti-6246 have very different CDF susceptibilities led to a hypothesis about the role
the extra Mo plays in Ti-6246 to reduce its CDF susceptibility. The hypothesis is that
Mo traps vacancies in the hexagonal close-packed o phase of these alloys thus reducing
creep relaxation and preventing large stress concentrations known to cause CDF failure

23],

Testing this hypothesis required simulating large supercells of Ti atoms containing point
defects using density functional theory (DFT). In preparation for these calculations I
parameterised the DFT model by carrying out convergence tests on bulk Ti. As well as
these tests I studied the bonding of hexagonal close-packed Ti by comparing its charge
density on the basal plane with that of face-centred cubic Al on the (111) plane using
DFT. This study showed that while Ti appears to have more bond directionality in
its basal charge density compared with the (111) charge density of Al, it can be argued
that the charge density variations are not large enough to provide evidence of directional

bonding.

Because of the significant interest in the slip deformation of Ti-alloys and as a learning
exercise for carrying out large-scale DFT calculations I computed the y-surface for the
pyramidal I plane in o-Ti using DFT. I used two different pseudopotentials to compute
this surface, one denoted by 4elPP with four valence states and one denoted by 12elPP

with 12 valence states. My results show that the 4elPP provides a good approximation
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of the 12elPP for describing physically relevant stacking faults in the pyramidal I plane
of a-Ti.

From the features of the pyramidal I v surface I identified two stable stacking faults, Iy
with an energy of 163 mJ/m?, and Iy with an energy of 681 mJ/m?. The high value
of the I stacking fault energy implies that ¢ + a dissociation on the pyramidal I plane
into three partial dislocations described in chapter 5 is unfavourable. The surface also
rules out dissociation of ¢+ a dislocations into two (c+a)/2 partial dislocations because

there is no stable minimum at (c + a)/2 on the surface.

Using the basal and pyramidal I ~-surfaces computed using DFT I tested three new
interatomic potentials (IPs) for Ti for simulating plasticity developed by Mendelev et
al. [49]. I tested these new IPs by computing v-surfaces and stable SFEs, and then com-
pared them to the corresponding DFT results. These IPs are much less computationally
expensive, and so they if they are accurate enough compared with DFT they could be
used to efficiently simulate plastic deformation in «-Ti. I found that the new IPs show
better agreement with DFT than the potential developed by Ackland [9]. However all
of the IPs have ~-surface energies and gradients that differ significantly from those of

DFT. Hence further tests need to be carried out to assess the impact of these differences.

Using the experience I gained from running the ~y-surface calculations I tested the hy-
pothesis about the role of Mo in affecting CDF susceptibility. I did this by computing the
binding energy between a Mo substitutional defect and vacancy in a-Ti. I found that the
binding energy was positive, but too small to keep the defect pair bound when thermal
fluctuations are present. Hence I found that Mo does not influence creep deformation

by trapping vacancies.

Based on these findings I now think that the effect Mo has on the CDF susceptibility
is largely microstructural as shown by the experimental studies of Qiu et al. [26]. The
authors show that Mo reduces the CDF susceptibility in Ti-6246 relative to that of Ti-
6242 by causing a more random orientation distribution of smaller a-grains to form in
Ti-6246. These conditions serve to lessen the probability of large stress concentrations

building up at hard grains in the a-phase, and so reduce the likelihood of CDF failure.

One possible explanation for the temperature dependence was proposed by Somnath

Ghosh and coworkers [35, 168] and was derived later and independently by Sutton in
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the work of Ready et al. [4]. The suggestion is that the temperature dependence is
due to the strong temperature dependence of (c + a) slip, with the (c + a) slip being
activated by the nucleation of double kinks and the migration of the individual kinks.

The proposed model agrees with the experimental data of Paton et al. [169] [14, p. 21].

To test the suggestion of Ghosh et al. [35, 168] and Sutton [4] reliable calculations of
the formation energy of double kinks and the migration energy of single kinks would
have to be carried out. Carrying out these calculations using DFT would be a major

undertaking.

The directional bonding study could be continued by using more quantitative measures of
directional bonding. One such measure involves taking the charge density and projecting
it into spherical harmonics, or lattice harmonics consisting of linear combinations of
spherical harmonics that transform under the symmetry group of the hexagonal close-
packed crystal [170-172]. If the projections for orders [ # 0 are comparable to the [ =0

projection then this would indicate significant angular variation or bond directionality.

Our work testing the new IPs of Mendelev et al. [49] has not fully assessed their capa-
bility of accurately simulating plastic deformation in a-Ti. One way of further assessing
these IPs would be to carry out the tests presented in section 5.3 for the prism ~-surface
computed using the new IPs and DFT. Because prism slip is the dominant slip mode in
«-T1 this test would provide a useful test of these new IPs for describing slip in a-Ti. The

entire prism 7-surface has already been computed before using DFT [127, 140, 143, 173].
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Appendix A

v-surface gradients

In chapter 5 I used root mean square differences between gradients of ~y-surfaces to
quantify the difference between surfaces computed using interatomic potentials (IPs)
and density functional theory (DFT). Those results are shown in section 5.3.4. In this
appendix I summarise how I computed the y-surface gradients by using energy samples

of the surfaces as well as slow Fourier transforms.

As described in section 5.1.3 each ~y-surface is spanned by two lattice vectors a; and as.

I sampled the surfaces using a discrete mesh of points t;; such that:

i .
tij = Mal + %ag, (Al)

where ¢ = {0,1,...,M — 1}, j = {0,1,...,N — 1}. The lattice vectors and sampling
meshes used in this study are described in section 5.2.2. The y-surface energies at these

sample points are defined as 7;; = y(t;;).

I used the lattice vectors a; and as that span the -surface, as well as a third lattice

vector ag = a; X az to compute the reciprocal lattice vectors {aj, a3, a}}:

X X X
aimgr BXE o WmXA o mXE
aj - (ag X a3) al - (ag X a3) aj - (ag X a3)
Then I used aj and a% in (A.2) to construct the wave-vectors:
m * n *
kpg = (p - 5) a; + (q - 5) a, (A.3)
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where p = {0,1,...,M — 1} and ¢ = {0,1,..., N — 1}. I then used the wave-vectors in
(A.3) as well as the translation vectors in (A.1) to compute the Fourier coefficients 4,
of the ~-surface samples ;;:
M—-1N-1
Ypg = Z Z Vij exp kpq tij)- (A.4)
=0 75=0

The corresponding inverse FT is defined as:

M—

2

1

Yij = MN 2 -

\Qz

p (ikpq - tij) - (A.5)

Il
o

To compute the y-surface gradient I expressed the translation vectors t;; and the wave-

vectors k,, in cartesian components:

i J
tij = Aty
= ;X + tljy
= iall‘ —|— L’a2zp X “l— . —ai + l‘aZ S’? (AG)
M N M YN
where X and y are unit 2-d cartesian vectors, a1, and a1, are the projections of a; along

x and y respectively, and ag; and ag, are the projections of az along X and y respectively.

I defined the cartesian components of the wave-vector k;; in a similar fashion:

M * N *
kyg = Y a; + 1= 5 )3

[ a4
(-5 e+ (a3 ) o] v (A7)

where aj, and aj, are the projections of aj along X and y respectively, and a3, and

+

a3, are the projections of a3 along x and y respectively. I then used these cartesian

decompositions to define the gradient of the ~-surface at t;; as follows:

9ij _ 1
Ox x:t,z M
L

(%)
ay y:ty M

1N—
Z pq'qu eXp k tzj) )

1N-1
> ikl Apg exp (iKpg - tij). (A.8)
q=0

=
EM|§ Mi
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