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ABSTRACT

Digital processing of two-dimensional signals is becoming
increasingly important, and is finding applications covering various

scientific disciplines.

0f the number of structures of two-dimensional digital
filters possible, the recursive (IIR) is probably the mose efficient.
The design of this kind of structure is, however, made éomplicated by
stability considerations. This thesis will thus review past work on
the stability problem and present some nev methods for stabilising

unstable filters,

Existing spatial and frequency domain design techniques for
two—dimensional filters are briefly outlined, and a number of new
methods suggested. In the frequency domain, a novel design technique
for two-dimensional recursive (IIR) filters is described, along with
another technique applicable to the more general N-dimensional case,

One further frequency domain design technique suitabie for N-dimensional
non-recursive (FIR) filters is also given. While, for the spatial
design techniques, a number of these are generalised and exténded to

the N-dimensional case.
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CHAPTER 1 , 10.

INTRODUCTION

The last decade has witnessed some tremendous advances in
the technology of digital systems, with a dramatic drop in the cost
of basic hardware elements used in implementing suchlsystems. As-a
result, many applications of digital signal processing have become
feagible, and this in turn has stimulated the development of further
theory., The trend, however, has been generally confined to one-
dimensional (l—D) systems, and parallel development of two~-dimensional

(2-D) and the more general N-dimensional systems is yet to be seen,

Two~dimensional daté, in the form of numbers regularly or
irregularly spaced in a plane, are commonly encountered in a variety
of engineering disciplines. In some cases, (1-D) sigﬁal processing
techniques can be adaptéd to deal with such (2-D) data, but there are
situations where such adaptations can prove to be inadequate. The
need therefore arises for the full development of a general theory
for (2—D) and (N—D),systems on the linesg 6f the well-developed (1—D)

systems theory.

The manipulation of (2-D) data is commonly referred to as
image processing. This is because such data are usually displayed as
spatial images for human evaluation or appreciation even though the
two dimensions may not necessarily both be spatial. In signal
processing a dimension can mean any physical domain in which a signal
is defined; Time, space and frequency are examples of such domains,
and any combination of these is allowed as a co-ordinate system,

This provides some insight into how (N-D) signals can exist in spite
of the human mind's inability to comprehend anything that is beyond

3-dimensional.
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There are three general branches of image processing. The’
mo st imporfant of these, digital filtering, is the main theme of this
thesis., The remaining two aspects, image encoding and machine pattern
recognition, will not be discussed in length. Analogies of the (2-p)

theory in the more general (N-D) case will be given whenever possible.

(2-D) digital filters are computational algorithms that
transform.(QlD) input sequences of numbers into (QTD) output sequences
according to pre-specified rules, hence yielding some desired
modifications to the characteristics of the input sequences. The
(N-D) filters can be similarly considered to be performing manipulation

on (N—D) sequences of numbers.

Applications of (Q—D) digital filters cover a wide spectfum,
the object being usuallf either enhancement of an image to make it
more acceptable to the human eye, or removal of the effects of some
degradation mechanisms, or separation of features for easier

identification and measurement by human or machine.

Many important applications of (2-D) digital filters have
been in the field of space technology. Here digitally processed
satellite images are used in monitoring environmental effects, earth
resources and urban land use [1,2]. - In such applications, (Q—D)
digital filters enhance or reduce boundaries, remove low-frequency
shading effects, reduce noise and correct for distortions inherent to

the imaging systems employed E3,§].,

There are also applications in medicine and biology. (2=D)
X-ray films are digitally processed to reduce the low spatial

frequencies! contents, and by doing so fracture lines and other
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features with large high frequency components become easier to detect.
This procedure is sometimes followed or preceded by contrast enhance-
ment and noise reduction. Additional bio-medical uses include removal
of scan lines in radio-isotope scanning, low frequency background noise
reduction in photo-micrographs, and digital processing of acoustical
holograms, the latter rapidly establishing themselves as replacements

for X-rays [ 5,6 ).

Seismic prospecting is one area in which data is aequired as
(2-D) sequences that are mot images in the conventional sense. Seismic
detectors are placed at intervals both along and across an area, and
the digitized outputs of the detectors after an explosion form a (2—D)
data array. This array is then processed to minimize the effects of
multiple reflections and wind-induced noise, and information about the
subsurface structure of fhe locality is then readily obtained from the

output of the filtering operation [p,l@].

Geophysics is yet another science where (Q—Dj digital signal
processing is extensively employed. Atmospheric temperature and
pressure data are digitally smoothed before plotting on weather maps
Eﬁ!]. Similarly, magnetic and gravity measurements are digitally
processed to reduce the effects of surface anomalies, thus facilitating

the identification of large subsurface features.

The above is'only a brief review of some of the many possible
applications of (2-D) filters. Such a discussion invariably leaves out ‘
a number of other applications, and does not attempt to speculate on
the possible future additions to the list. However, it is evident from
the above that any area in which (2-D) data is encountered is also a

possible field of application of (2-D) digital filters.
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1.1 TIIE Z-TRANSFORM OF (2-D) AND (N-D) SIGNALS

It is assumed that the reader is familiar with the (1-D)
z-transform and its use as a convenient means of carrying out certain
operations involving (l—D) digital signals. On the same lines, the

z—transform of a regularly sampled (2-D) function

hoo= {hml;mé}

is given by
zw | E‘w fp Mo
H(zl,%g) = hml’mQ 7y 7y (1.1)
ml_z—oo m2=-oo .

where zq and Zo are complex variables; and h is understood to be

m, ,m
1772
zero for subsecript pairs (ml,mQ) that do not belong to the definition

set of h., When h is defined for non-negative subscripts only, it is

known as a first quadrant function and is then denoted by:

nﬁ =20

1 {l k
h = h,
m, ,m, m2> 0

Similarly, second, third and fourth quadrant functions can be defihed:
2&‘ 2 m1<§()
Tmymy |om, =20
{Bh m <0

{!*hb m 20 -
"17%2) m, <o

As would be expected, the above definitions with some simple

fl

1
=
1

-
1

extensions apply to the (N#D) case., Thus, for a regularly saﬁpled

(N—D) signal

h = {h _ 73
Iﬂl',..‘,mn
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the z—transform is defined as:

L © m m
1 n
H(Zl""’zn) = E E hml,...,mn Zy e Ty (1'2)
=—- =00 .
Y
where Zy3ZgsessZ, are again complex variables, and h is zero

1’oou,mn
for values of (ml,.,.,mh) that are outside the definition set of h.

When h is defined for non-negative subscripts only, it is called a
first—-quadrant function and is denoted by a left superscript 1:
' n
y - {lh  Nm. >0
ml,a..,mn 1:1 1
This is also the definition of a causal function, and therefore none
of the other possible guadrant functions (for which any or some of

the subscripts ml,...,mh are negativ@ can be causal,

1.2 CHARACTERIZATION OF (2-D) AND (N-D) DIGITAL FILTERS

Digital filters are in general either linear or non-linear.
For example, contrast enhancement, as carried out by (2-D) digital
filters, is a non-linear operation, whereas, on the other hand,
spatial frequency filtering and numerous other operations are linear.
This thesis will be mainly concerned with linear filtering, and in
particular with that which is shift invariant where the input and
output satisfy a (Q—D) linear constant coefficients difference equation

of the form E}9,20E}

Myrl Mgl '
0(‘“1”“2) = Z Z §prdy tmy =g el ymyg ]
. _1 32_ . :
fN1+1 N+l
- : by ot m ko4 lim o~k bl (1.3)
k.=1 k=1 1 2 1 22 :

1 2
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where Ml’ M2, N1 and N2 are arbitrary numbers defining the order of

the filter and k, e k2 4 1 simultaneously. This can be generalised

1
for the (N-D) recursive filter:
M +1 M +1
0 m L3 ) m —_— - -
(my 5 ? ) E : 31,...,3 m1_31+1"ff’mn-3n%1
Jy=1 J =t
1+1 N +1 X ,
E E 31,...,3 ml—j1+1,fft,mn—jn¢1
—1 J = AT
n
ps 3 1 1.4
P = .Jjﬁé (1.%)

vhere, in both (1.3) and (1.%) above, {i} and {0} are the input and

output sequences respectively.

Furthermore, linear digital filters can be classified either
as those with infinite impulse response (IIR), which are usually
recursive, or as those with finite impulse response (FIR), usually
non-recursive. The transfer functions for these two types of (2-D)

and (N-D) digital filters are given below.

1.2.1 The Recursive Filter

Firstly, for the recursive (IIR) filter, as from (1.3)

1+1 M2+1

Y Yo

A(Zl’zg) Jl'—‘l J

(2-0): H(zy,2y) = B(7, 2] ~ Ny#l Nil (1.5)

3 —1 Jo~1
22 >
317.]2 : 2

Jp=t Jo=1

and:



(N-D):

» ;
Il+1 M +1

j1~1 jn—l
...Z
E E 31,...93 ! n
A(zl,...,z ) IS s

0(zys.00.2, ) = BlZyseees2, Y = N+T N 41

j1~1 jn—l
oo.‘ b Z oooz :
: : Jlaony.] 1 n

lel Jn,.l

And secondly, for the non-recursive (FIR) digital filter:

(Q;D):

(N—D):

1.2.2

Myl Mgl

| z:: z dp7t dp71
H(Zl’z2) = . . ajl’jg gl. Z : (1.7)
lel J2=]

M. +1 M‘+1
1 n

' 31 i -1 ,
H(Zl’°’°’zn) = Zg:;.. ajl""’jn ZyT eeeZy (1.8)

Jl—_—]_ Jn:-_l

THE CONVOLUTIONAL FILTER

Tor a convolutional filter f the relation between the input

sequence i and the output sequence o is:

(2—D):
(N-D):

and in
(2-D):

(N-D):

1.2.3

0 - o -

o E E i f (1.9)
PysPy = L s R TR S e D )
m1=—ob m 2=---00
o8] e 0]

o . _.= E ceos g, i g n (1.10)
PyreesPy My geeesll = Py=illygees,Pp-mt,

m, =—co M. ==00
1 n

terms of the z—transforms this is:
6(21,22) = I(zl,z2).F(zl,z2) (1.11)
O(Zl,a.o’zn) = I(Zl,...,Zn).F(Zl,...,Zn) A (1.12)

' ZERO- PHASE FILTER

A zero phase filter is defined as a filter whose amplitude
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spectyrum has the following property:

(2-D): lH(ejul,equ)l - lll(e_jul,ejuz)‘ - [H(e—jul,e—j“?)]
= IH('ejul,e—juz)l (1.13)
T O O O T Y A A
T /ot W
;lzfz(e_jul,enjuz,...,e—jun)l (1.1%)

The above equations clearly illustrate that the (NLD) case is gimply an

extension of the (2-D) case.

1.3 SURVEY OF PREVIOUS WORK

The theory of (2—D) digital filters stems from classical
network synthesis and (I—D) digital filter theory, Both of these are
very well-developed, while, by comparison, (2—D) digital filter theory

itself remains in its infancy.

The introduction of the Fast Fourier Transform (FFT) algorithm
in 1965 was a turning pqint in the short history of (2-D) digital
filters! design and realisation[ZlQ]. Up td_that time, most implement-
ations made use of direct convolution, which is the basic form of
digital filtering realisation, However, this suffered from poor
computational efficiency and difficult design ﬁrocedures, and the

Fourier Transformation realisation made possible through the FFT was

thus universally adopted in preference, since it offered better
computational efficiency and reduced the frequency domain design
problem to the simple task of specifying an array of frequency-

weighting coefficients.
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Alas, the Fourier Transformation realisation was limited to
applications that did not involve abnormally large arrays of data, as
the question of computer storage capacity then came into play. Also,
processing on small machines and in real-time became the order of the
day, and interest began to be shown in the third basic realisation
philosophy, that of recursion, since this was the obvious answer to
both real-time and small machine processing., Recursion filters are
novadays initially specified by either the frequency characteristics
or the impulse response, and the design problem that remains, in the
frequency domain or the space domain respectively, is to determine the

filter coefficients, that would correspond to the given specification.

Darby and Davies [-13] in 1968 published one of the first
papers dealing with possible realisations for these filters specified
by frequenéy characteristics. They proposed the use of the inverse
(2-D) discrete Fourier transform for obtaining the impulse response
coefficients used later in a convolution realisation; they also
explored the desirability of choosing an appropriate window function
for possible reduction of the Gibbs phenomenon resulting from using a

truncated description of the filter frequency characteristics,

-Hhang[Zl%] contributed to this by further showing that (2~D)

window functions can be obtained from (1-D) window functions.

In 1972, McClellan.Eﬁ5,16] introduced a frequency domain
method which transforms a (1-D) FIR filter into a (2-D) FIR filter by
a change of variables. The method is very simple and useful but is
limited to the class of filters whose frequency response is constént

over large areas of the (2—D) frequency plane.
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Also in 1972 Hu and Rabiner [(17,187] extended the (1-D)
frequency sampling technique [}2]. This reduced the design of a
(2~D) FIR filter to a linear programming problem, thus offering
flexibility and the possibility of optimal solutions. But the method
was expensive in terms of the computation required, and designs
published using this approach were limited to the eighth degree in Zq
and Zg for optimal designs and the twenty-fourth degree for sub-

optimal designs.

Mersereau and Dudgeon.[}9j introduced a-method in 197k for
representing (2—D) sequences as (l—D) sequences, This resulted in an
FIR design method wheréby ‘the (2—D) design problem is recast as a (l—D)
design problem with multiple stop and pass regions. This approach
offers promise for efficient (2-D) FIR filter design since it allows
the application of highly efficient (l—D) design algorithms.

Additional work is necessary, however, because the technique does not |

produce good designs.

Recursive (ITR) (2-D) digital filters were not seriously
investigated until in 1972 the stability condition of such filters was
first derived, In that year, Shanks et al, E?Qj and independently
Huang‘EPI:]published equivalent conditions and_tests for stability of a
(2-D) recursive digital filter. Anderson and Jury‘E?Q,ij and also
Maria and Fahmy'E?H{j simplified these results in 1973 by putting the
stability tests in terms of the root locations or positivity of a set
of polynomials in one variable., While this represented a considerable
simplification, thevprocedure is still computationally difficult except

for low-order cases E?B,Qj].‘

An alternative test for stability was investigated by
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Pistor[:263 and Ekstréan?5,Qf] in 1974, The approach is to establish
the stability criteria in terms of a transformation of the complex
frequency response. The method still has unanswvered questions
concerning the approximations which must be made for a practical
algorithm; however, it-appears to provide not only a test for
stability but a decomposition of an unstable filter into stable

filters recursing in different directions.

E.L. Hall introduced the sepafable product technique[I?S,QQJ
which enables the design of any two-dimensional rectangular cut—off
boundary type filter by the use of two one~dimensional recursive
filters in cascade. This was the first design method for (2-D)

recursive digital filters.

The first transformation technique for (2-D) recursive
digital filters was due to Shanks et al., in 1972 [20]. This
technique takes a stable (1-D) continuous filter and uses a trans—
formation to rotate the amplitude response in (2-D). A bi-lineaf
transformation is then used on each variable to produce a {2-D)
digital transfer function., TUnfortunately there is no guarantee of
stability and the approach suffers from warping effects of the bi-linear
transformation on the frequency response., Costa and Venetsanopoulos
Eﬁdj devised a method of using this approach to produce circularly
symmetric filters while guaranteeing stability. Their techmique

produces filters of high order, however.

A design method used by Bernabo et al. Eﬁi] makes use of
the transformation technique of McClellan [ﬁﬁ] to a (1~D) Zero phase
recursive digital filter followed by a decomposition technique of

Pistor [-26°] in order to obtain four ome-guadrant recursive digital
q g
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filters each recursing in a different direction. The obtained filter

is of zero phase,

Shanks et al. [207] also extended a (1-D) time domain approx—
imation technique to (2-D). A (2-D) recursive digital filter is
obtained which approximates a desired (2—D) impulse response at a
finite number of points. This has the advantage of not involving
transcendental functions in the computation since the frequency domain

is not used.

However, stability of the result cannot be guaranteed. An
alternative spatial design technique for (2-D) recursive digital filters
has been proposedbyfhrdnerEﬁqj whereby a given discrete, finite-time,
impulse response is approximated by the response of a recursive filter.
The approximation is derived on the basis of the minimum squared error
between the desired impulse response and the impulse response of the
recursive filter model; however, the model response is constrained to
be sguare summable over Ep, Ui}, thus guaranteeing the stability of the

resulting filter.

M. Lal[j?jj has proposed another sfatial design technique,
where a given (2-D) impulse response over a specified sector is
divided into N convenient groups and each group of samples is approx-
imated by a second order (2-D) recursive filter in the least sguare
sense with stability constraint on the coefficients of the second

order filter in order to obtain stable filter.

In 1974, Maria and Fahmy [34,357] extended an iterative (1-D)
IIR design technigque due to DeczkyﬂZBQj. They proposed an algorithm

to obtain an approximation to a (2-D) frequency domain specification
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while giving some assurance that a stable filter would result[EBfH;
This was achieved by checking stability at every iteration and reducing
the step size if necessary to prevent crossing the stability boundary.
Because of the difficulty in checking stability, the type of filter
that can be desigﬁed is limited to a cascade of low order sections.

In addition, the computation required at each iteration is large, so
that the total order of a design is limited, The largest filter design

published using this method was of second degree in each variable.

The interest.shéwn in recent years in the stability of
multivafiable functions has not been paralleled by a similar interest
in the dqsign of such functions. However, these functions are finding
increasing applications in the analysis and synthesis problems of
various systems, and the time for some contributions in understanding

and solving the design problems of such (N-D) functions has come,

Justice and Shanks [-387] have studied the stability of (N-D)
digital filters. Stability tests for such filters were advanced by

Anderson and Jury E393, Bose and Jury E!fOE] and Bose and Kamat E&lj.

1.4 OUTLINE OF THESIS

In Chapter 2, the concept of stability is defined for (2-D)
recursive digital filters. Stability conditions for these filters
are discussed and methbods for determining stability are reviewed,

The ahove discussion is then extended to stability conditions and

tests for (N-D) recursive - digital filters.

Several stabilisation procedures for unstable recursive
digital filters are examined in Chapter 3 aud one of these procedures

is extended to (N—D).



In Chapter 4, frequency domain design techniques for (2—D)
and (N-D) recﬁrsive filters are considered. A new (2-D) design
technique for recurgive filters is presented and two new design
techniques for (N-D) filters are also proposed. The first of them is
applicable to non-recursive, zero phase filters and the second to the

recursive case,

Chapter 5 is concerned with spatial design techniques for
(Q—D) recursive digital filteré, These are discussed in detail and

sowe of the existing methods for (Q-D) are extended to (N—D).

The final chapter summarizes the work of the thesis and a
number of avenues are suggested in which further research may be

conducted.
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CHAPTER TWO

STABILITY

2.1 INTRODUCTION

The terﬁ stability is gener@liy used to indicate that
convolving a filter with some bounded input sequences always yields a
bounded output. As can be seen from equations (1.3) and (1.4), where
past output values in récuréive filters are used by the recursion
algofithm in calculating the present one, such value can become
arbitrarily large independent of the size of the input values.

Recursive filters can thereforebbe unstable.

To understand the various known conditions and tests for
stability of the (2-D) recursive fiiters, some definitions relating

to signal—representipg‘sequences mist first be defined,

A function 1(m1,m2) in two wvariables m, m, is absolutely

bounded when:

li(mlimQ)l<M< @ ' (2'1)

1

and is absolutely summable when:

Z , Z iy ) SN < 0 | (2.2)
e T

for all integer pairs (ml,mQ), where M and N are positive real .

numbers,

One kind of stability to consider is bounded input bounded

output stability. With the input array i(ml,mQ) absolutely bounded,
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the question of what restrictions are to be placed on fhe filter's
impulse response f(ml,mg) to ensure that the output o(ml,mg) is also
absolutely bounded, arises. Remembering that the output of a system
o(ml,mg) may be expressed as the convolution of the input i(ml,mg) and

the impulse response of the network function:

omsmy) = > > £(0:8y) ilmpyrl, mypgr) (2.5)

P Py

and applying Schwarz's inequality, gives:

olmmI< > > o) film-pysts mppp))  (20)

Py Po
but since |i|<<M for all integer values of its arguments, the inequality

reduces to:

lolmympf< 0 > fe(eym,)| (2.5)

Py Py
which restricts the impulse response to an absolutely summable
function. This has been shown to be a necessary and sufficient
condition for stability'EFQJ. So that, if the impulse response
f(pl’pg) is abéolutely surmable, and the input array i(ml,mg) is
absqlutely bounded, then the output o(ml,mg) is élso absolutely

bounded,

Another kind of stability is summable input, summable
output stability. Here again the restrictions on the filter's
impulse response f(ml,mz), that ehsure the summability of the
output o(ml,mg) with summable input i(ml’mg) are derived through
applying Schwarz's inequality to the convolutional sum of

equation (2.3):
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o(mymy) = > > 1(py0,)im-pyl, mypyrl)

Py Pg
ZZ! (my my)| = > > D > 1(omy)ilny-pytimypy1)

Mg Py Po

>>>> 1, gy
Mo Py Po

E:Z\f(pl,pg)\ZZl (m,-py+1, my-py+1)]

P; P

N [elem) (26

Py Py ’

and therefore a sufficient condition for the filter to be considered
stable is for its impulge response to be absolutely summable.
Generally, the stability of a (2-D) recursive digital filter is
determined by the coefficient of the denominator B( zl,zg) of the
z~transfer function of the filter when such filter is expressed in the
~ form of equation (1.5). However, testing the stability then is difficult |
because the fundamental theorem of algeﬁra is not applicable to two~
variable functions: namely, denominator factorisation is not always
péssible. Testing ‘the stability by finding the poles of the z~transfer
function, as in the (1-D) case, is hence not possible, nor is filter
stabilisation by the replacement of the poles in the instability

region by poles in conjugate reciprocal positions with respect to

the unit circle., A direct extension of the condition for stability

in the (1-D) case to the (2-D) case was proposed by Shanks E?Q].

can be stated as follows:



27.

2.2 SHANKS THEOREM [20 ]

Theorem 2,1: Given that B(zl,zg) is a polynomial in (Zl’zg)’ a
necessary and sufficient condition for the coefficients of the
expansion of F(zl,zg) = l/B(Zl’ZQ) in positive powers of Zys%g to

converge absolutely, and hence for f(ml’mg) to be absolutely

summable, is:
B(zy,2,) # 0 for lzll<1r\‘z2i<1

The above condition suggests a test procedure for checking the
stability of the filter by finding the continuum of (ZI’ZQ) values for

which B(Zl’zg) = 0. This is done by assigning values to the variable

Z

1 and finding the roots of B(zl,zg) = 0 as a function of z For

20

stability, it follows from theorem (2.1) that all roots of Zg mist be

greater than one in magnitude when ‘Zl‘ is less than one,

2.3 HUANG STABILITY TEST [21 ]

Shanks' condition for stability as stated above is very
tedious to apply, since it requires the mapping of an infinite number .
of points from the z

1—p1ane into the zg—plane. However, a considerably

simplified version has been arrived at by Huang:

Theorem 2.2 (Huang): A causal recursive filter with a z-transfer

function:

A(ZI,ZQ)

H(ZI’ZQ = m

is stable if and only if (iff):

(1) the map of Rl = (Zl’ lzl\ = 1) in the zg—plane according
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to B(Z1’Zg) = 0 lieg outside
d2 = (ZQ;\ZQ‘sgl); and

(2) no point in dl = (Zl’ lzﬂsg 1) maps into the point z, = 0 by

2
the relation B(Zl’zg) = 0.

To check the stability using theorem (2.2), Rl is mapped into
the zg—plane according to B(Zl’zg) = 0 and the resulting image tested
to determine whether it lies outside d2. Also, B(zl,O) = 0 mst be

solved to find whether there are any roots with magnitude less than 1.

2.4 ANSELL STABILITY THEOREM [ 47 ]

Theorem (2.2) can be reduced to a stability test involving
only a finite number of steps, However, as will be shown, this can

still be very tedious.

Usihg the change of variables:

1~21
1 T Tz (2-7)
1
and:
1=z
2
S2 = 1+z2 (2'8}

and letting:

A(Sl,SQ)

H(ZI,ZQ) = W | ' (2.9)

where A and B are polynomials in 4 and s,, theorem (2.2) can be

2,

restated as follows:

Theorem 2.3:(Anse11) Eﬁj]: the causal recursive filter H(zl,ZQ) is



29.

stable if and only if:

(1) In all real finite Uy the complex polynomial in So9

B(jul, 32) has no zeros in Re SQ> 0, and

(2) The real polynomial in 849 B(sl, 1), has no zeros in

Re Sy =0,

Moreover,

Theorem 2.4 (Ansell): Condition (1) of theorem (2.3) can be derived

in another form. Let B(jul, qu) be expressed, for real u, and Uy, as:

1
B(jul, ju2) = Bo(ul)urz1 + Bl(ul)ug~1 Foees Bﬂ(ul)
+ EOLO(ul)ﬁrQl + O(l(u1 u3_1-1+ cee + Otn(ul):[ (2.10)

where Cti (ul) and Bi(ul) ‘are real polynomials in ul' and where neither

O(O(ul) ‘nor Bo(ul) is iden'b:?cally ?ero. Also, define Yk,O,(ul) ast

Yk,Z = O‘& ‘%Bk | ' (2.11)

for 0 < Q,k< n, setting Q's and B's not present in B(jul,qu) equal
to zero, Then, with D(ul) denoting the n x n symmetrical polynomial
matrix whose typical element Dij(ul) (1 <i, j<n) is the sum of

all those Yk’&(ul_) (0 < x,0 < n? for which both
k+2 = i+ j-1

and _ (2.12)
£ -~k > |i-j|

are satisfied, the n successive principal minors of D(ul) mist be

positive for all real u,.
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In the above, Sturm's[ZkQ] method can be used to test whether
each minor of D(ul) ig positive for all real Uy
It can thus be seen that while Ansell!'s test requires only a

finite number of mappings, the mathematics involved are still tedious.

2.5 THE ANDERSON AND JURY STABTLITY TEST [227]

Huang's simplification of the stability test rests on the
fact that the denominator of the z-transfer function B(zl,zg) £ 0

for ‘zlléilf\lzzl$§1 iff the following two conditions hold:
B(z,,0) #£ O |z 1 ‘ (2.13)
B(zl,zg) £ 0 |2y = 1M [z2|<1 _ (2.1%)

Anderson and Jury's stability test is divided into two parts: first,
checking condition (2.13) for the values of B with Zq restricted,
and, second, checking condition (2.1%4) for the values of B with both

zq and 22 restricted:

2,5.1 Denominator Examination with 1 limited

Two methods for checking condition (2.13) have been provosed
by Anderson and Jhxy*[?ﬁ]. The first of these is based on the use of
the Schur-Cohn matrix [}5]. This matrix is square, Hermitian, of size
equal to the degree ofB(zl,O), and with elements which are simple
functions of the coefficients of B(zl,O). The matrix is negative
definite if and only if B(z,,0) has all its zeros in [z)|>1. The
negative definiteness can be established by examining the sign of the

leading principal ninors of the matrix.
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The Schur-Cohn criterion for checking condition (2.173)

will now be discussed in detail.

Suppose that:

t(z) = Z a, o (a_ #0) (2.15)

where the associated n x n Hermitian matrix C = CYij) is defined by:

i.
. . ~ % . . .
Vij = E“ (an_'i;p ®n-jtp T Pi-p aj—p)” i<j (2.16)
=1
then:.
(i) the number. of zeros z; of £(z) for which lzi]<: 1 and for

-1 . . - .
which z; 1is not also a zero is the number of positive eigen values

of C;

(di) the number of zeros Z5 for which Izi|:> 1 and for which zll ’

is not also a zero is the number of negative eigen values of C, and;

(iii) the number of zeros z, for which either Izil =1 or zzl is

also a zero (or both) is the nullity of C.

For condition (2.13) to hold, with B(zl,O) a real polynomial
and C a real matrix, all eigen values of C mmst be negative definite.
This is so if and only if odd-order leading principal minors are

negative and even-order leading principal minors are positive,

An alternative procedure for checking condition (2.13)
can be derived from the theorem of Jury‘[}7j, which is based on

forming a sequence of polynomials,
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Theoreﬁ (2.5):

Suppose that

#(z) = Zai 2 (2.15)

1=0

then, a-sequence of polynomials can be defined as follows:

' n n-~1-
P (2) = £(2) =‘ZE:A§°>21, F (z) = ZE:;gl)zi,
i=0 i=1 .
n-2 )
Fg(z) = :E:}§2)21'
: i=0 '
Fj(z) = ngégj)zi (2.17)
i=0
by Fj+1(z) = ai(j)Fﬁ(z) - a£§§F§(z) (2.18)
where
F?(z) = a*ci(j)zn—j + ai(j)zn_j_l + oeee + ai_j ’
_ iaeie(i)zn-i-i (2.19)
i=0

(Thus F?(z) is obtained from Fj(z) by coefficients reversal and

conjugation. )

Setting Cﬁ = Fj(o) and P = 6.0 ... Eﬁ’ then:

172
(1) all zeros of f(z) lie inside |Z|<1 iffin<< 0 for all j;
(i) all zeros of f(z) lie outside |%|<<1 iff P, >0 for all j,

or equivalently, 6j >0 for all j; and
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(iii) if all Pj are non-zero, the number of negative Pj'is the
number of zeros of f(z) ingide lleél and the number of positive Pj

is the number of zeros outside |Z|<1,

It should be noted that (ii) above covers the requirement

for condition (2.13).

2.5.2 Denominator Examination with both Zy and z, limited

Broadly, checking the above condition falls into two
distinct steps. First, a Schur-Cohn test will be applied. Second,
the positiveness of a number of polynomials on_]zll = 1 will be

checked.
Step 1: Applying the Schur-Cohn test:

To check condition (2.1%), £(z) in (2.15) is replaced by

B(Z11Z2) written as a polynomial in z

2

D
B(z,,2,) = i([bijzi)zg (2.20)
50

j=0 i=0

The coefficient aj is therefore é bijzi and the matrix € is q x q;

with entries which from (2.16) a5 seen to be polynomials in z, and

zi with real coefficient (matrix € is Hermitian).

The condition B(Zl,ZQ) £ 0 for |z 1, [z21$;1 holds if

1l =

and only if for all |z1| =1, C is negative definite, i.e., if and

only if the leading principal minors C have appropriate signs.

These principal minors being linear combinations of products of the

'Yij are themselves polynomial in‘z1 and zi with real coefficients;
-1

they are also real, since C is Hermitian. By setting zi =% ', on
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|Zﬂ = 1, the polynomials will have the form Ecj(zi + ZIJ)‘
j=0

Such polynomials are termed self-inverse, i.e. if 7y = Zqgy,

. . -1
is a zero so is z, = Z,~.
1 10

Step 2:
Step 2 involves checking the positiveness of a self inverse
polynomial on |Z1| =1, Considering the self-inverse polynomial,
N -
t(n) = » 6,(s+ 7)) (2.21)
j=0

where the Cj are real constants, some immediate necessary conditions
are obtained by putting Z = 1, -1:
N - ; N ‘
E~ch>o E (-1)ch>0 (2.22)
3=0 3=0

There are two techniques for checking sign definiteness of

a self inverse polynomial,

The first approach makes use of using z; = exp(iG) in
(2.21) which results in:

vN_.

f(cos8) = 2 ZE:?jcosjg (2.23)

j=0

Positiveness is to be cliecked for 0 <X 0 <2T (or -TT<< O <T). But
since cosjd = cos(—j@), it would be sufficient to examine the 0- 1C

range. The following change of variable will be made:

X = cosh Tk(X) = coskd (2.24)



where Tk(x),is the kth Chebyshev polynomial of the first kind, defined

recursively by

Tk+1 = QXTk(X) - Tk—l(x)’ Tl(X) =X
TO(X) =1 (2-23)
Then the requirement will be:
N |
glx) = E,“chj(x)>_o (2.26)
J=0 o

for -1 <x <1. Tj(x) igs a polynomial in X of degree j; therefore

g(x) has the form:

g(x) = ZE:?ij (2.27)

for some real dj. Positiveness can be checked by forming a Sturm

chain, An example'of this can be found in E&Q].

An alternativé approach for checking positiveness is based
on the determination of the zero‘distribution of f(zl) in equation
(2.21). Because f(zl) is self-inverse, there are as many zeros of
iff(zl) inside \zll<:1.as outside. Therefore, f(zl) is positive on
[zls =1 if and only if £(1) >0 (or f(zl) is positive at any one point

of lzl = 1) and i?f(zl) has N zeros inside [z1|<:1 (for then i?f(zl)

has N zeros outside, and thus no zeros on [z1| =1).

Unfortunately, the Schor-Cohn matrix for a self-inverse
polynomial is zero, and the other procedure as mentioned before based
on setting up a sequence of polynomials leads to a zero polynomial at

the first recursion. Hence neither procedure, as it stands, is of
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help. However, the following result is of assistance:

Theorem 2.6: [}5,41] Let f(zl) be as in equation (2.21). The
number of zeros of g(zl) = ng(zl) in lzl\<:1 is the same as the
number of zeros of z%N—lg'(l/zl) in {z1|<11, where gV(l/zl) is
obtained by differentiating g(zl) with respect to zy and substituting

-1
zq for Zl'

Assuming that z?N—lg'(l/zl) has neither zeros reciprocal
with respect to |le = 1, nor zeros on |zl| = 1, the Schur-Cohn
eriterion will yield the number of zeros inside \z1\<11; s0 may
the procedure based on generating a recursive set of polynomials.,
If, on the other hand, z%N—lg'(l/zl) does have reciprocal zeros or

zeros on the unit cirele, the situation must be analysed further.

In view of the easily established relation

ng(n) + 2y g (1/2) = £(z) (2.28)

it follows that such zeros of z?N—lg'(l/zl) are also zeros of f(zl).

Accordingly the highest common factor of sz—l

g'(l/zl) and
f(zl) can be found, and then its zero properties can in turn be ’
studied, it too being self-inverse, Proceeding in this way will

result in determining the number of zeros of ziﬂel

g'(l/zl) and
therefore of sz(zl) inside Izl‘<:1, to conclude whether or not

2(z,) is positive.

The Anderson and Jury method for testing the stability

can be summarised as follows:
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1) For checking condition (2.13):

(1) Use the bilinear transformation of B(zl,O) = 0 and

apply the Hurwitz method to the transformed polynomial.

(ii) An alternative test involves forming the Schur-Cohn

matrix from B(Zl’o) = (0 and testing this for positiveness.

2) For checking condition (2.14) two successive tests as

follows are needed:

(i) Apply a Schur-Cohn test to B(Zl’ZQ) = 0 to get the
self-inverse polynomials and check the positiveness of these

polynomials.

(ii) Second, the positiveness of a number of polynomials of

B(zl,zg) = 0 on lZi] = 1 should be checked.

2.6 MARTA AND FAHMY METHOD FOR TESTING STABILITY ["247]

A method has been introduced by Maria and Fahmy [ 24 ] for
checking condition (2.13) of Huang's criterion, This method, based

on modification of Jury's table[}ﬁ{], is as stated below:
' th . .
Theorem 2.7: Let f(z) be the n  degree polynomial given by:

£(z) = aj + 2z + a2z2 + oeee + anzn ' (2.29)

where the coefficients asy i=0,1,...,n are complex numbers. The

roots of f(z) are outside the unit circle if and omnly if:

b0< 0, ¢, >0, d >0,..., g,>0,..., t0>0 (2.30)
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where bo’ Coreees to are obtained from the modified Jury table

formed as follows:

o 1 2 n-2 n-1 n
z Z Z P Z Z z
%0 il ) %n-2 fh-1 %
" -1 2 % 1 %
by by by b9 b1
* * % * *

bn—l bn—2 bn—3 bl bo

o %1 o ®n-2
* * *
n-2 cn—-3 o
T'o ‘ r1

* %
3 ro
t .

o (2 .3l )

where:
a a b b
o n-k o n-1-k
b = . . o = . (2.%32)
a4 % b1 Pk

and ai: is the complex conjugate of a -

To check the first condition of Huang's Theorem (2.13) »
using the above results, it should be noted that that condition is
satisfied if and only if the roots of Z, in B(Zl’ZQ)\ lzll -1 = 0 are

~outside the unit circle |22[ = 1, To test this equivalent condition,

B(Zl’z2) should be written in the form of

) Com - m,-1
B(ZI’ZQ) = Eaj(zl):lzg 2. Eaj_l(zl):lzzz F oees + an(zl):l
| (2.33)
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where:
D -

aylz) = by (2.5)

i=0

In such a form B(zl,zg) is viewed as a polynomial in the

single variable z, with the coefficients being functions in Zq» The

2
above table should be constructed for this B(zl,zg) = 0,

The computation of ‘the entries of the modified Jﬁry table is

éonsiderably simplified because:
i . .! * - ¥
(i) all nij s are real, and thus aj(zl) __aj(zl), and

(i) Zq is restricted to the boundary |z1| = 1, and thus

(zlzi . =1 for all (.

All the entriés of ‘the table will be functions.of z. with

1

bo’ Cur »oes to taking‘the form
c =g + g (z¥+ z,)+ (2*2{; 22) + (2.%)
€0 = Boo t Bo1\P1 * 71/t EgolF] 1 e .
Putting z, = X + j¥ and noting that |z = 1, the

coefficients bo, Cpr soe3 B3 coos to can be expressed as functions

of the real variable X by using the following substitutions for

! k
(Z‘]‘-{ + Zl), k = 1, 2, es ey

i

(z? + zl) 2X

(z*f2 + zi) = 4X2 -2

- ' (2.36)
(zij o+ z?)

8X3 - 6X

L4
2 )
(25" + 2y & 16x* 162 4 2

Thus the test for condition (2.13) may be represented as a modified



40,

Jury's criterion which takes the following form:

Tor 1<K <+1,
bO(X) <0

e (X)= 0, a (X)>0, ..., b (X)>0
This criterion can be further simplified as:
(i) b (0) <o, co(O)>O, eees $,(0) >0, and

(ii) the polynomials bo(X)’ cO(X), ceay tO(X) have no real roots

in the interval |X|<1.

Sturm's test can be used to check condition (ii) above.

2.7 STABILITY OF (N-D) DIGITAL FILTERS

Stability of (N-D) filters has been studied by Justice and

Shanks [ 387], Anderson and Jury [ 39 ], Bose and Jury [40 ] and Bose and
Kamat [ 41 ].

Here the concept of the stability of (N-D) digital filters
is defined and the conditions for stability of these systems are

discussed.

First, though, some definitions and preliminary theorems

that will be of later use are outlined.

A-function i(ml, csas mn) of n variables (ml, coes mn) is

called absolutely bounded when:

Ii(ml, oo m)ISM< 0 for all (m, i=1,n) (2.57)



L1,

and absolutely summable when:

Z...Z |i(ml, erey mn)l< N<{w for all (mi, i=1, n) (2.38)

m m

1 2

where M and N are positive real numbers.

If the input i(ml, cees mn) is an absolutely bounded (NZD)

function:
li(ml, cees mn)\<M<°° for all (mi’ i=1, n) (2.39)

where M is a positive real number, then to find the restriction to be
placed on the filter impulse response f(ml, sy mn) to ensure that
the output O(ml, ceey mn) is also absolutely bounded, the convolutional

sum:

O(ml, ...,'mn) =Z...Z f(pl, cesy pn)i(ml—pl+l,...,
pl pn

is considered., Applying Schwarz's inequality to this gives:

l o(ml-, o ,mn)| gz. . .Z If(pl, 2o ,pn)l F’L(ml—Pl-Fl, coe amn—Pn"”l)‘
Py Py (2.41)

but since \1l'-<~. M for all integer values of its arguments, it can be

written as:

lo(ml,...,mn)t< MZ...Z&(pl,...,pn)l (2.42)
Py Py

Thus, if the filter impulse response f(ml,...,mn) is
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absolutely summable, and the input array i(ml,...,mn) is absolutely
bounded, then the output o(ml,...,mn) is also absolutely bounded.
It has been proven E38:| that this is a necessary and sufficient
condition for stability. Further, it has been shown that when the
input i(ml,...,mn) is absolutely summable, the output is also

absolutely summable, only if the filter impulse response is summable.
Theorem 2.8:

A convolutional filter f as defined by equation (.1.10) is

stable iff:

i i lfml,...,m l * ' (2.43)

.___ o0 m =00

The above means that the z—transform of f is absolutely convergent for

all (Zi’ i=1, 2, ..., n) & Rn where -
n
= {(Zi, i = 1,2,-0g]n): ir_.')'llzil = 1} (202111:)

flfhe proof of this caﬁ be found in E}Sj and EAS:I.

2.7.1 Stability Constraints on (N-D) recursive filters

After discussing the concept of stability for (N-D) filters
and deriving the constraints on such filters' impulse responses, the

stability of (N—D) recursive filters is now briefly reviewed:
Theorem 2.9: [387]

A causal recursive filter F(zl,...,zn) = 1/B1(zl,...,zn) is

stable if and only if there exists a stable filter lf such that
1o s b 2 B,
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The above theorem can be re-stated as:

Theorem 2,10 58,407]

The causal recursive filter

03] 03]

: m
; 1
1/B(Z1,...,Zn) = Z--- fm ,.",m Z]. oo_-zn
1 n

mlzo mnfO

M M .
1 n
m1 mn.
1/( E “eo E bml,.“;mn-z1 ceeZ )‘ (2.45)
..m=0 m—_-()
1 n v

1l

F(Zl,ooa,zn)

It

where:

Ml Mn
E cos E \bm m < ® (2.46)
=0 m =0 1 n

n

|
is stable iff:

B(zl,...,zn) £ 0 for all (z, i = 1,2,...,n) € D, (2.47)

where:

n
D1 = {(zi, i=1,2,...,n): {21 ‘zi[sglg (2.48)

It has also been proved Eﬁg] that the above condition is

equivalent to the conditions:
o J’ﬁl
Bj(zl,zg,...,zj);‘ﬁ-o AN [zi\ -_-1} ﬂzﬂglg

for j =1, 2, ..., n where Bj(zl’°"’zj) is obtained by setting

—

Zj+1 = j+2 = eee = Zn = 0 in B(Zl’...,zn).

The test procedure is carried out by the repeated applic-

ations of the extended Jury's theor@nlt?Zj to'(N—D)[:BQJ, to determine
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the content of a system of polynomial inequalities in a single
variable, Details of this are omitted here for brevity, and are well-

documented elsewhere E39,110,111:|.
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STABTLISATION METHODS

Having discussed, in the last chapter, several methods for
testing the stability of (2—D) and (N—D) recursive digital filters, a
number of techniques for stabilising unstable (2—D)‘recursive digital
filters are now reviewed. One of these is then generalised to the

(N—D) case by a somewhat thorough mathematical treatment.

3.1 SHANKS STABILISATION METHOD [20]

This method is based on a conjecture that, too, is due to
' Shanks., It is a direct extension of a Qell—established (1-D) method
[ﬁl:lbased on some properties of the planar least square inverse of
a matrix., Before reviewing the method in detail, some useful

definitions and preliminary theorems relevant to its understanding

are given.

Definition 3.1

A ninimum-phase (1—D) discrete sequence is one with a

z—transform having no zeros inside the -z-plane unit circle,

A minimum-phase array a(ml,mé) is defined as one that

would satisfy both of the following two conditions:

(1) When the spectrum A(ul,u2), of the (2-D) array
a(ml;mg), is evaluated at any real frequency ﬁl’ the resulting

(l—D) function in frequency u, is minimum-phase,

2

(ii) The same spectrum A(ul,ug) wvhen evaluated at any real

frequency 32 forms a (1—D) minimum-phase function in u

1.
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The spectrum A(ul,u2) is the (2-D) Fourier transform of
the array a(ml,mQ). It can also be thought of as the z—transform
A(Zl’z2) of a(ml,m2) evaluated in Izll = 1(W[z2[ = 1. Therefore,

conditions (i) and (ii) may be re-stated as follows:

Theorem 3.1 EQO:\

A two-dimensional array a(ml,m2) with z-transform of

A(Zl,ZQ) is minimum-phase iff:
A(Zl’ZQ) £ 0 for ]z1|5;1(7|z2|s;1

From theorems 2.1 and 3.1 it can be cohcluded‘that the
filter F(Zl,ZQ) = 1/B(z1,22) is stable if B(Zl,ZQ) is minimum-phase.
In (1—D) filter theory it is known that the planar least-squares
inverse of a filter is minimum-phase [51:L The object here is to
find how to make use of this property for stabilising an unstable

(2-D) recursive digital filter without changing its amplitude spectrum.

Given an array C, an array P can be found such that the
convolution of C and P is approximately equal to the unit impulse

array D. That is:
cxp 20 (3.1)

where the symbol * denotes (2—D) convolution, In general, it is not
possible to make C¥P exactly equal to 0. Let C¥P = G; 1if P is now
chosen such that the sum of the squares of the elements of -G is

minimized, then,P is called a planar least square inverse (PLSI) of C.

The size of the array P is arbitrary. However, O and G must

have the same size, which depends on the size of the arrays C and P,
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If C is an array of dimension (ml’mQ) and P of (k1’k2)’ then G and O
mst be (m1+k1—1) by (m2+k2—1). Since the size of P is arbitrary,
there are many (PLSI) of the array C, one for each possible set of
dimensions of P. However, once the dimensions kl and k2 of the
matrix P are fixed, there is one and only one array P that
minimises ﬁhe mean square difference between G and §. This array P

is determined Ffrom the matrices & and C by the (2-D) Wiener

technique [52:L

As a group, PLSI's have some interesting properties. One
particular such property, which has not been proved yet, is

described by the following conjecture [?O:L

Conjecture 3.1

Given an arbitrary real finite array C, any planar least-
squares inverse of C is minimum-phase. This is an important
conjecture because it implies that the filter F(zl’ZQ) :_1/B(zl,z2)

is stable when B is a PLST.

When a (2-D) recursive digital filter F(zl,zg) = 1/B(zl,z2)
is found to be unstable after completing the design, the question
arises as to whether the coefficients of the filter's denominator
B(Zl’ZQ) could be altered in order to produce a final stable
filter. The denominator array.of'the unstable filter is denoted
by B. B!y a planar least-squares inverse of B,bcan be formed.
Turther, a planar least-squares inverse of B' can also be formed
and called B. Now, B is the inverse of the inverse, or the "double-
inverse" of B. Intuitively, B and B will have some characteristics

- A
in common, Moreover, B i§ itself a PLSI. Hence it is minirmm-phase,
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A, A
which B is not. Thercfore, the filter F(zl,z2) = 1/B(z1,22) is

stable.

The validity of assuming some degree of similarity
between ﬁ and B is, of course, questionable. It has been so far
téken for granted that %, being the double-PLSI of B, is an

~approximate minimum-phase version of the latter. Thus the amplitude

spectra of B and 8 would be expected to be roughly equal.

One of the factors governing the quality of the approxim-
ation is the size of the intermediate array B'. The larger the
gize of B', the better is the resemblance of B to the minimum-phase
version array %. Several examples, where the stabilisedvfilters S0
obtained were a good approximation to the original unstable ones,
can be found elsewvhere [?0,57:L They covered a number of cases
involving filters of differing classes and degrees. However, only

recently, Kamp [53:]gave a counter-example that invalidated the

method for certain cases.

3.2 READ AND TREITEL STABILISATION TECINIQUE [5%4 |

For a minimum-phase sequence, a(k), the phase, O(eJu), and
the log. of the amplitude spectrum, 10g‘A(eJu)|, are related by the

Hilbert transfoxm1[55,56]:
21t

O(eju) = - —Q%ioj iog [A(ejQ)l cot %2 as? (3.2)

where the above equation results from a(k) (k = 0,1,...,M-1) being
minimum-phase, and therefore causal, if and only if the inverse

z—transform of 102[}(2):]is causal., Since the Hilbert transform
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relates the real and imaginary parts of a minimum-phase function,
its application to logIA(ejuﬂ in equation (3.2) gives the imaginary
part of logltﬁ(z):”, which is the phase of A(z). To implement the
above integral on a digital computer the trapezoidal integration
rale EES:lhas been employed to approximate %ﬁe integral of |
equation (3.2) by the summation::

N-1

P(1) = 5 ) P(6) [1-(-1) " Totl(i-x) (3.3)
kS

1
© k=0

where Pr(i) and Pi(k) are respectively the real and imaginary part of

the Fourier transform of P(i).

This can be further simplified to:
N-1
2 TTre o .
T _ Pr(k)cobﬁ(l—n), i gven
k=1,3,5,..

g
—~
el
~

i

(3.4)

N-1

H

Pr(k)cot%t( i-k), i odd

Zjro

P(5)
k=0,2,4,..

The above relations suggest a method for minimising the phase of a
mixed or maximum-phase sequence., Firstly, the sequence is made
causal and then,a new phase for the z-transform of the sequence is
calculated using equation (3.2) to make it minimuwm-phase. This is
the basis of the Read and Treitel stabilisation technique for (QfD)
recursive filters. Tt is a direct extension of the (1-D) case
already treated by the same authors. Further treatment of the
technique necessitates the reader to be familiar with some alternative

definitions of a few already defined functions, as given below.

A finite discrete impulse response P(ml,mg) is causal if:
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m >M. /2
1 =
P(ml,mQ) =0 for - ! (3.5)
my MQ/Q
where my varies over the discrete set {O,l,...,Ml-—l} and m, over the

set {0,1,...,M2—1}. The even and odd parts of such a sequence are

defined as:

Pe(ml,mQ) = %[P(ml,mg) + P(Ml—ml, M2—m2)] (3.6)
and
P, (mysmy) = {P(ml’mz) = P(My-my s Mymy )] (5.7)

respectively, and are related (as in the general case of a (2—D)

minimum-phase sequence) by:
Po(ml’mQ) = Esgn(m-l,mg) + bdy(ml,mQ)] Pé(ml’mg) (3.8)

where the sgn function is a finite (2-D) version of the (1-D) signum
funetion, It is given by:
1 0 <m < M;/2 and 0 Ly < 1»12/2
sgn(ml,mQ) = {-1 M1/2 <m1 <M1 and M2/2 <m2 <MQ' (3.9)
0 elsewhere
The bdy function makes boundary adjustments and is defined by:
1 my=0 and 0<m1<Ml/2

-1 m =0 and M1/2 <m1< My

)
bdy(ml,m2) =¢{1 m=0 and 0<m,< MQ/Q (3.10)
-1 m =0 and ‘:;542/2 <m2 <M2
0 elsexvhere

The sequence P(m1 ,m2) is the sum of its even and odd parts:

P(ml,m2) = Pé(ml,mQ) + Po(ml’mQ) ' (3.11)
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Taking the Fourier transform of both sides yields:

or P, ym)] = DPIP (my )]+ DI ()] (5.12)

and, as is well-known, the DFT of a real and even function is real and

even, and that of a real and odd function is odd and imaginary. Thus:
P (my,my) = DFP (m ,m,)] 7 | (3.13)
Pi(ml,mg) = —jDF’IEPO(ml,mQ)] (3.1%)

Taking the inverse discrete Fourier transform (IDFT) of both sides of
(3.13) and substituting into (3.8) and using equation (3.14) will

result in:

Pi(ml’mQ = ujDFT({sgn(ml,mQ) + bdy(ml,mgj}.IDFH:Pr(ml,mQ)i})
(3.15)
This relation defines the (2-D) discrete Hilbert transform. (It

clearly corresponds to the continuous transform given in equation

(3.2).)

It will now be shown how to use the discrete Hilbert
transform procedure (3.15) to obtain a minimum-phase version of a
(2—D) array. The z-transform of such an array could be the
denominator polynomial in the equation F(zl,zg) = A(zl,zg)/B(zl,zg).
Applying the scheme leads to a rational filter ﬁ(zl,zg) with very
nearly the same amplitude spectrum as the original unstable filter
F(zl,zg). To arrive at a stable'result, the phase of the (2-D)
polynomial B(zl,zg) should be minimized. The (2-D) discrete Hilbert
transform can be applied in the same way as in (l—D) case [54:]to
obtain the minimum-phase version of a given array. Thus, given a

(2—D) amplitude spectrum B(ml,mg) of a causal sequence, the



minimum-phase spectrum Qﬁnlﬂng) is calculated from the equation:

Q(ml,mQ) = —jDFT({sgn(ml,mQ) + bdy(ml,mQ)}.IDFTE?ogB(ml,mQX])
(3.16)
The derivation of the above expression can be found in.[?th Forming
a minimum-phase version of an array by using equation (3.16) can be

summarised by the few steps below.

Step (1): Given a finite discrete (2—D) array, the coefficient array
should be angmented with zeros to satisfy the condition for causélity,
equation (3.6). The added zeros increase the size of the array, so

that it becomes amenable to Fast Fourier transform analysis.

Step !2!: The natural length bf the amplitude spectrum of the

augmented (2-D) array should be calculated.

Step (3): The (2-D) discrete Hilbert transform must be applied to
this (2—D) array. Thus the log. of the magnitude is treated as the
real part and the discrete Hilbert transform then yields the

imaginary part.

Step !4!: The imaginary part is used as the phase spectrum
corresponding to the given amplitude spectrum, These two spectral
characteristics completely describe the transform.of the minimum-

phase array.

Step (5); After conversion from amplitude and phase to real and
imaginary parts, the inverse transform is determined and truncated
to obtain the same dimensions as the original array. This yields

the minimun-phase version of the original array.
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Although the Hilbert transform procedure works for most
examples, it has been shown in [57:]that there exist some cases where
it proves to be of no value. One explanation of this may be that, if
the discrete Hilbert transform  stabilisation procedure was to yield
the precise minimum-phase array, then all the elements in the inverse
transform of the augmented array would be zero beyond the dimensions
of the original array. 1In practice, though, it has been found that
the element magnitudes of the augmented array beyond the boundaries.
defined by the original array are small compared to elements magnit-
udes within these boﬁndafies, but are not zero. These elements are
non-zero because the discrete Hilbert transform method of equation
(3.3), implemented using the discrete Fourier transform, is an

approximation to the original transform as given in equation (3.2).

Therefore, it can be concluded that the approximation of
the integral associated with the truncation of the array has caused
the failure of the Hilbert transform stabilisation procedure for

certain arrays.

3.3 PISTOR_STABILIZATION METHOD ["26 ]

The Pistor method provides a procedure for decomposing an
unstable (2-D) recursive filter having a non-zero, non-imaginary
frequency response into four stable recursive filters, each of which

recurses in a different direction.

For a real-valued discrete function ¢ with a limited number

of sample points, in which:

el
¢ = {cml,ng |m | < 2y =0ty (5.17)
lmgl < 2’1\12 =0 .

\e]
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the z-transform of which is of zero-phase and non-negative for all

(21,22) € R2

Ry = {(51575) ¢ |7y] = 10]z,] = 13 (5.18)
satisfies

Im[C (v ,u,)] = 0 (3.19)

re[C (u, ,u,)] >0 o (5.20)
where

i

C'(ul,u2)

m 2:—a )

%4 Clg
- TiTugmy —JoTlugm,
cm m e e
— 17™2
1=

i

C((zl,zg) for (21,22) € Ry (3.21)
LEquations (3.19) and (3.21) imply central symmetry of c:

. = .22
gy = oo, (520

Because of this symmetry, ¢ is not a one-quadrant function [?6:L
However, because ¢ hag a limited number of sample points, it can be
transformed by translation to any single.quadrant function. Thus,
the term 1/C(zl,22) could be associated with four different
recursive filfers. None, however, would be stable, Proof éf the
above statement will be given in the generalized form for the

N-dimensional case in the next section.

In the one-dimensional case, unstable recursive filters.:
1/B(zl), with no poles on the unit circle, can be decomposed into two
stable filters that recurse in opposite directions. TIn the (2-D) case

it is analogously shown that, the unstable 1/0(21,22) can be
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decomposed into four stable filters that recurse in four different

dircctions:
4

1/¢(z),7,5) = JT 1/Ky (2117,) (3.23)

This is done by transforming equation (3.23) into the

cepstrum domain [[26 |

% | o
A Z (%) (5.2%)
2=1

where 3 ig the c¢epstrum of ¢, definéd as a function whose
z—transform 6(z1,z2) is derived by the log.of the z—transform of C,
C(zl,ZQ).
The cepstrum 3 is readily obtained by evaluating the
2

€t (u up i) = 1n[ Z Z mj(ulm_1+ uQmQ)] (3.25)

n ——QM m o= M

z—transform of ¢ on R, as given by equation (3.18)

Since 6' is real and positive as in equations (3.19) and (3.20), the
1oga¥ithm in equation (3.25) presents no problem, It is easily
verified that all partial derivatives of @'(ul,ug) are continuous.
'Thus, for all uy and Uy 6'(u1,u2) is given by the Fourier series

expansion E59]:

£ L —2ﬂ5(u m +u m2)
S P R
m =

M=~

. a A
The coefficients ¢ that make up the cepstrum ¢ are
' My sy

obtained from:

1 1 .
N N 2ﬂh(ulm1+u2m2) o
Chom. = C'(ul,ug)e duldu2 ().2/)

1772 0 0
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From the properties of C'(ul,ug) and from equation (3.27) it follows

that:

Pal N '
= .28
“mpmy T Comy oy (5.28)

The procedure can be implemented by determining G, from

equations (3.21), (3.25) and (3.27).

This can be done by using the Fagt Fourier Transform
(FFT) EBo:]as indicated in Figure (3.1). The functions {cm o }
?

and {3m

m Y are IDFT of sampled version of C'(u13u2) and C'(ul,u2).

1772 n
L?(ml,mg) is defined as an aliased version of the desired result c.

The degree of aliasing can be controlled by the rate at which

C‘(ul,u2) ig sanmpled.

The functiont@(ml,mQ), truncated at the Nyquist

subscripts Im Ny and ImQNy’ is decomposed according to:
1
~ ~ DI }
Lptr = 1k' + k' + 3&' M ‘ v (3.29)

where the N are approximations of operator k in equation (3.24).

A more general treatment of the above technique isg given
by Ekstrom and Woods E?j],lwhere they have generalized the concept
of spectral factorisation to (2—D); also, a family of canonical
factorisations which are obtainable through the homomorphic transform
[};[] are found., In particular, the two, four and eight factor
decomposition and their numeriqal implementation are treated in

detail,
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ke Direct 0(uy su,) n
TFT
n
C(ul,ug)
q%ml,mg Inverse
FFT
Fig. (3.1): Block diagram of determination of the approximate

cepstrum transform for evaluation of equations

(3.21), (3.25) and (3.27).



3.4 STABILISING (N-D) ZERO-PHASE RECURSIVE DIGITAL FILTERS [50,637]

. This section presents an extension to (N-D) of the work of
Pistor [?6:} The stability of an (N-D) recursive digital filfer is
shown to be related to the properties of its cepstrum. A procedure
is also given for the decomposition of unstable recursive digital
filters having non-zero, non-imaginary frequency response into a
set of stable single quadrant recursive filters. Some useful
functions and generalised version of already stated theorem which

will be used in developing the method will be given first.

Theorem.(2.10), which is applicable to causal system, can
be applied to non-causal filters by transformation from qth quadrant

to 1St’quadrant.

Corollary (3.1)

Let the qth quadrant function 4f (q = 2,3,.6.,2n) be a
stable eonvolutional filter, Then the nOn—cau;al recursive filter
1/B1(z1,...,zn) is stable if and only if Bg(zl,l/z2,...,zn),
33(zl,z2,1/23,..c,zn),...,Bn(zl,...,1/zn),..., are non-zero for all
(Zi’ i:l,n) 6 Dl. The functions that meet the conditions of theorem

(2.10) and corollary (3.1) are characterized by definition.(E.Q).

Definition (3.2)

A one-guadrant function 9 is called recursively stable
if and only if 9f is a stable convolutional filter, i.e.

1/Bq(z1,...,zn) is a stable recursive filter, either causal or

non-causal.



3.h.1 N-Dimensional Cepstrum

Consider a function b and its z-transform:

{b

mlg...,mn‘l{ > B(Zl’.oo’zn) (3030)

By taking the logarithm of B we obtain:

A
B(zl,.,,,zn) = 1n B(zl,..p,zn) : (3.31)

A

The cepstrum 6f b, denoted by b, is a function whose z-transform is
A -

given by B(Zl"”’zn)' Equations (3.’50), (3.31) and (1.12) lead to

the following‘ input relation for a convolutional filter:

N n fal
O(Zl’ooo,zn) = I(Zl,-oo,zn) + F(Zl,ooo’zn) (3.32)
37.4.2 Decomposition of unstable, recursive, zZero—-phase

filters into stable recursive filters

Consider a real-valued discrete function c with a limited

number of sample points:

1 1 1

N
c = {le,.”,mnj(ir-:\llm'lgm' =0 ) (3.33)

Tts Fourier transform is zero-phase and non-negative for all

(zy, i=1m) 6 R, i.e.

I{C'(ul,...,un):lg 0 (5.3%)

ReEC'(ul,.n ,un):|>0 (3.35)
where: 0‘1 OLn : n
Ct(ul,...,un) = > ceoe E cml’”.,m .exp(—-QT"Cj E“uimi)
m1=—0(1 mnz-—-C(n n i=1

)
Q
N

N
=

.

.

N

) (75 = 1,m) 6 R (3.36)



60.
Equations (3.34) and (3.36) imply central symmetry of c:

e - ¢ (3.57)

ml,..',mn —ml,...,—mn

Equation (3.37) shows that ¢ is not a one-quadrant function. However,
sinceAc has a limited number of sample points, it can be transformed,
by translation, to any single quadrant function. Thus the term
l/C(zl,...,zn) couid be associated with QN different recursive
filters.. However, none of these would be stable, as will now be

proved., Consider a set of numbers:

{2% = {EI’QQ""’EI& ={:L_-1, il,..,,il}s

Each quadrant function is obtained by assigning the values +1 of -1

to all the various elements of the subseript set {Q}.

The following z—transforms can be obtained from ¢ by

translation:

Caly Oty O f
C(Zl,...,zn) = Zl oz2 g-.azn nc(zlyooogzn) (3038)
(2199—21”- 7Qn)
According to theorem (2.10) and corollary (3.1), the

recursive filters associated with these z-transforms are unstable if

a set {zi, i= l,n} 6 D1 exists such that:

- L

2 2
q 1 n
({'-:\1 Cllsnoo,a?rn (zl ’.an’zn ) =0 (3.39)

n
By choosing {2LZ1=1 the existence of such a set is proved,

if a Zy = Vs lw1|5§ 1 can be found, which solves simultaneously the
equations (3.40) and (3.%1):

O
z1: C(zl, 1,...,1)

It

4y
C&+m1
L c Z
E : ml,.,.,mn 1
m.—_—q
n n

m1=-

i

7y 6(zg) = 0 ~ (3.%0)
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Cly
1
; c(1/z1,1,...,1) = 2,

G(l/zl) =0 (3.41)

Since it can be concluded from the central symmetry of ¢

that:

G(z,) = Z Z Byyeeegn z?l = G(l/zl) (3.42)

1 “’CH nl—«{X

equations (3.40) and (3.41) are identical and will be satisfied
either by zZy = 0 or by a root of'G(zl) = G(l/zl). Since if Z1 = Wy

is a root so is zq = 1/w1, it is always possible to choose [zﬂ <1

Thus a set {zi, i:l,n} 6 D1 can always be found, such that
equation (3.39) is satisfied, and therefore no recursively stable
operator can be obtained from ¢ by translation. As is shown earlier
in the one- (and two-) dimensional case, unstable recursive filters
can always be decomposed into two (and four) stable recursive filters

vhich recurse in two (and four) different directions [52 26:]

Therefore the question arises whether an unstable (N-D)

filter l/C(z .,zn) can be decomposed into 2% stable filters that

17

. n .. . . X
recurse in 2 different directions. More precisely, we ask for

recursively stable one-guadrant functions lk, gk,.,.,gk such that:
~2n
l [ -1
1/C(zl,...,z ) = 1/k (zl,...,z ) (3.43)

We find a solution to this problem by transforming equation (3.473)

to the cepstrum domain:

ol

d= )y () (5.8)

(1:1
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Fek.3 Stability Criterion for Recursive Filters based
on (N-D) Cepstra

Let us assume that 1f is a first quadrant function that
is recursively stable. This assumption implies from theorem (2.8),

(2.9), (2.10) and definition (3.2) that:

ool 00]
Z_ Z ‘lfml’“.,m l < w (5.45)
m =O n
n

m1=0

. 1, -

‘P f = 6nﬁ,...,mn (3.45a)
Bl(zlvo-:Zn) # 0.7 (Zi’ i=19n) 6 Dl (3°ll6)

0

i Z ‘lbml,...,mnl< °  (3.47)

m1=0 mn:O

We now wish to deduce that ﬁl(zl,...,zn) = 1n Bl(zl,...,zn) can be

uniquely expanded into a power series

© 0 _
z z m. m
tee 4% zll...znn (3.48)
m1=0

.yl
mn:() ml,'. ) n

for all (Zi’ i=1,n) € Dl' First we consider the case (Zi’ i=1,n) € D2

where
n
D, = {(5;5 i=t,m) & ) ]2]<1) | (5.49)

On this set Bl(zl,..,,zn) is regular, due to equation (3.45),
N
and consequently Bl(zl”'°’zn) is regular too, because Bl(zl,...,zn)
is non-zero., Thus a unique expansion (3;48) of ﬁl exists in D.. The

1

coefficient 1%0 0 is determined by evaluating
g o090y

N
Bl(zl"'”’zn) = 1n Bl(zl"”’zn) (3.50)
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In 1
- = .Hl
%, ee.,0 nby o : (3.51)

To find the other coefficients we differentiate equation (3.50) with

respect to each (Zi’ i=1,n) and replace 1/B1(zl,...,zn) by Fl(zl,.q.,zn);

zi(a/azi)ﬁl(zl,.,a,zn) = Flle,...,zn)zi(a/azi).Bl(zl,.,.,zn),

i=1,n (3.52)
The above relation corresponds to:

{m.lﬁ g = glf E%éh.lb c o1
1 ml’.."mn ml,...’mn 1 ml’..-’mn s 1 — ’n

(3.53)

or explicitly written:
P P
1 o
A .
13 = E E (—l)lbm £ .
Pl,--o,Pn ] . Pi 1’-ao,mn Pl“ml,o-o,pn“mn
m1=0 mn:O )

i= 1,n, Pi # 0 (3'54)
We prove now that the power series (3.48) with coefficients defined
by equations (3.51) and (3.53) is absolutely convergent and equal to

A -
Bl(zl,...,zn) for all (zi, i=1,n) € D,-D

2.
N N D D
E 5 at| ..z P <
PyseeesP 1 n
p1:0 pn:D
N Pn n
> ) o[ -
Pn ? ,"'3mn ’-o-,Pn_mn
'p::. m = .
n n
N N N N N
SR 1
S . YooY 6D ‘ b l "
P Mygeodym

pl'—ml g ,Pn—mn



6k,

1b lllf
Ty 5. sm PpHy s e e ey Py

n n
N N N N :
’ 1
< lb ‘f I
<Y e D a2 ) M,
=0 m =0 p:O p:O
ml n 1 n
and thus
00 0
Y P
LN Tt U P B
Pl" ’P 1 n
‘p1:0 pn:O
[09] 0 fod] 0
.os 1b I oo ‘1f < o0
: ml,...,mn pl,.¢.,pn
m, =0 m =9 p:O p:o
1 n , 1 n
(p., i=1,m) #0, (z,, i=1,n)60D : (3.55)
i 1 1

In equation (3.55) we have used the stability of 1f and 1b,

equations (3.45) and (3.47).

With the intermediate notation

[eo [¢2]
' 1; i
E Z veo 97 = oo e b VA voeZ . 6
( 1’ ’ n) M, geacym 1 n (3.56)
1 n
m. =0 m =0
1 n

it remains to be proved that
~
E(Zl,ooagzn) = Bl(zl,.,.,zn)

for all (zi, i=1,n) € Dl—DQ. Because E(zl,..Q,zn) and Bl(zl,...,zn)
are given by power series that are absolutely convergent for all
(zi, i=1,n) € D,, it follows that

—2ﬂﬁu1 2T5u

Lim EBl(e s Bgrese ,zn)—Bl(Sle

1 . -
¢ yeeesz ) ]=0 (3.57)
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.and

_anul : —Qthul -
Lim EE(e "“’Zn)‘ - E(gle ,...,zn)j:: 0 (3.58)
QI—%l

for any fixed (u yoee ’Zn) with

1?72

A

(ul’ZQ"“’Zn) 6 {(ul,zi, i=2,n) : O<u1

n
1 N 1(:\_421] < 1} = Q
From (5’.57) we conclude that:

- —j2ﬂh1 n —Qﬂjul
Lim1 Eﬁl(e 1Zgg0e. ’Zn) - Bl(gle

:Z2a°°~,zn)] =0
1-—)

(3_.59)

for any (ul,zi, i=2,n) €6 Q. When (3.59) is subtracted from (3.58)'
A
Bl(zl,...,zn) = E(zl,...,zn) : (3.60)
n
for all (Zi’ i—_-i_,n) c {(zi, i:l,n):]zllgl N i‘gglzi|<1}.'

Repeating the argument for =z

i

1 exp(—QTEjul) and

_ _oT .
Zg = ggexp( _.ﬂ'aug) or in general for z

1

Snexp(—"TEjun) where Upgenest

are any fixed values, we finally find:
A
Bl(zl,.,.,zn) = E(zl,...,zn), (zi, i=1,n) € D, (3.61)

Thus the convolutional stability of 1b is a necessary condition for lf
to be recursively stable. We prove now that this condition is alse

sufficient.

. 3 - . l\
Again we first consider the set D2. On D2 Bl(zl"_° "’Zn>

is regular because of (3.55), and since Bl(zl,...,zn) = exr[ﬁl(zl,...,zn)j

it is also regular; the identities

a 0\~
zi(—a-z—i)Bl(zl,...,zn) = Bl(zl,... ’Zn)zi(BE-;)Bl(Zl”"’zn)

i=1,n - (3.62)
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relate the absolutely convergent power series. These identities

yield relations similar to equation (3.54):

P
n_ ‘ :
1y :> :> ;> (=215, v .
plyoocgp p 1,...,1!1 p]_ ml,...,Pn n
1 m,=1 m =0
ny n
(3.63)
i=1,n and P, £ 0
For ( io1 1) 0 we find from equation (3.5‘1)
1 | 15 |
b . = b 3 o b
050540 exp{ b, ... ,0) (5.6%)

with 1b defined by equations (3.63) and (3.64). We have

o o n "
E ces E 1b z 1...zn (3'65)
ml,."’mn 1 n

identically for all (Zi’ i=1,n) 6 D,. We prove now that (3.65) is also
valid for all (zi, i=1,n) € Dl' To do this it is sufficient to find a
powver series that is equal to Bl(zl,...,zn) and absolutely convergent

for all (z, i=1l,n) € D, .

Since ﬁl(zl,...,zn) is given as a power series, that is,
by assumption, absolutely convergent for all (Zi’ i:l,n) 6 Dl’ and
the expansion of exp(x) is absolutely convergent for all |x|<To, the

expansion

, o0
- » - o
ex;[Bl(zl,...,zn)jz E -ﬁ-EBl(zl,....,zn):]
2=0

e« ~ ~ oo™ Ree)

Z(E,)( Z Y T, 1 z?l...zf:n)ﬁ (5.66)

=0 m1 mn_O
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is also absolutely convergent for all_(zi, i=1,n) € Dl' Thus
equation (3.66) can be regarded as
: = = my m
§ E n
exIE(ﬁl(Zlgoon,Zn)j: LI ] aml,.,,,’mn Zl PP A
m1:0 mn:O (,_), . 67 )
where .
o)
a, = E a(ﬂ) (3.68)
ml’...,mn ml,lﬂﬁ’mn
=0
@) e Z Z@ )
ml’..-,mn pl’ooo, ml—-pl,...,mn—-pn
L= 1,2,,.. (3-69)
o (0) - § (5.70)

Mygeoe,m Mygeos,m

Therefore the expansion (3.65) is valid and absolutely convergent for

all (zi, i=1,n) € Dl. It is evident from the definition that

B(Zl""’zn) is non-zero on D Theorem 3.2 summarizes the previous

10

results.

Theorem 3.2

The sequence

-
m .

n
is recursively stable iff there exists a power series

(m,, i 1,n) =20

3

1°°°

| lo4] 109]
— m
ver b Z 1 LI 3
E ; ml,...,mn 1 .,
m., =0 0

17 mn=

that is absolutely convergent and equal to

(Zi’

i=1l,n) € D, .

m
n
z
n

(3.71)

In Bl(zl”'°’zn) for all
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Theorem 3.2 remains applicable to non-causal recursive
operators qb, q = 2,3,...,2n, if they are transformed to a first

quadrant function. This leads to the following corollary:

Corollary 3.2

The qth quadrant function qb, in which q = 2,...,2n, is
recursively stable iff:
n
2 13 2
1 n
C:é In qBQ (z1 TEEEE N )

q l’cnn,ln .
for each q is equal to a power series of the form (3.71), that is

absolutely convergent for all (Zi’ i=1,n) 6D From theorem 3.2

]..
and corollary 3.2 it is evident that the decomposition problem in
the previous section can be solved if the cepstrum ¢ of ¢ can be

A
decomposed (see equation (3.44)) into one-quadrant functions qk,
in which q = 1,...,2n. These are stable convolutional filters. Im

the next section it is proved that the decomposition is possible in

view of the properties of c.

ER N  Solution of the Decomposition Problem

Now we will prove the existence of a set of solutions.
The cepstrum ¢ is obtained by evaluating the z-transform of c¢c on R.

We first have:

6'(111,...,1111):1}:1[ E e 0 C .

Mygeeas,yl
oM,  moe—oM L n
1 1 n n

n

exp(-2ITj uimi):l (3.72)
i=1

1=
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Since G! is real and positive (equations (3.34) and (3.35)), the
logarithm in equation (3.72) presents no problem. It is easily

verified that all partial derivatives of e'(u ’un) are

1,000
- K3 A - -
contimious. Thus, for all (ui, i = 1,n), C'(ul"'”’un) is given

by the Fourier series expansion:

0 0 n
ﬁt(ul,...,un) = EZ: ces zz: gml,...,m .exp(—Qﬂ@Z{Eimi)
m==00 M =~ 1 1=1 (3'?3)
The coefficients ¢ ~ that make up this cepstrum ¢ are

ml,-oa,mn

obtained from

exp(Qﬂﬁ uim.)dul,...,dun (3.74)

From the properties of C'(ul,...,un) and from equation

(3.74) it follows that:

N~

8 = C . (3'75)

Myse m —Im —-m
1’ L) n 1’000’ n

Repeated integration by parts will lead to the inequalities:

!80,0,...,0| <A< | (3.76)
‘180,0,...,ml< a/mi m o £0 - (3.77)
n
lcml,o,...,0|< Oc/mi | m # 0  (3.78)
3 T
k) ' 2
] Myyeee,m l\\ A/ i=1 (mi) : {i&mi#O (3f79)

Thus any decomposition:
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¢ = Zq? (3.80)

of ¢ into one-guadrant functions yields functions 9% that meet the

condition of Theorem 3.2 or Corollary 3.2. Consequently ecach of
s q n .

these decompositions corresponds to a set 1°k: q = 1,...,2 } of

recursively stable functions.

3.4.5 Problem of an Optimal Solution

Ideallly we wish to find a decomposition of T into functions
% with a minimum number of non-zero sample values such that eguation
(3.43) holds exactly, or at least to a close approximation.
Unfortunately such a decomposition cannot be achieved, but an
approximation to this may be possible by truncation of 9% into
finite length functions (q = 1,..5,2n); since ¢ is centrally

symmetric and also symmetric with respect to the axis m (i = 1y0ee,n).

In general the decomposition of ¢ may result in operators
9% having an infinite number of sample points. If these operators
are to be implemented numerically, some truncation of the operators
becomes mandatory. This truncation means not only that the
decomposition of equation (3.&3) becomes an approximate one, but
also that the recursive stability of the oferator'qk'may be
affected. Tt is shown in (2-D) case[:26,273 that the larger the
size of the approximated array the more likely it is to be stable.
Ekstfom et él. [:Qi] has introduced the weighting sequences to smooth
the truncated factors and remove the possible poles from the unstable
domain in (2-D) case; this technique can also be used for (N—D) casce.,

We can introduce the generalized version of the weighting sequences
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which Fkstrom used as follows:

™| ™o | |™al }
maxe{ (1 - n Y1 - 5 )een (1= 52, 0
n

1) W(ml, cee ,mn)

» n
2) W(ml,...,mn) = exp ~ }:Bilmﬂ (Bi, i=1,2,...,0)=20
i=1

and it is anticipated that these sequences may result in a

stabilising effect on the truncated recursive quadrant filters.
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CHAPTER TOUR

TRINUENCY DOMAIN DESIGN TECHNTQUES

INTRODUCTION

The problem of designing filters in the frequency domain
is that of épecifying the coefficieﬁts of the filtér's frequency
response as in equations (1.5) and (1.6), such that some agpects of
this response would approximate some desired characteristics. fhe
"approximating" design is determined by using any of a few well-
known optimisationbapproaches, e.g. minimum—mean—sqﬁare or

minimax error.

This chapter reviews sgeveral frequency aomain design
techniques for (2-D) recursive digital filters, and proposes a new
such technique. In addition, a novel design technique for (N-D)
zero-phase recursive digital filters is introduced. Through the
derivation of this evolves yet one more design technique, this time

for the general (N-D) non-recursive digital filter case.

The earliest work in (2-D) filter design was carried out by

Hall [ 28,29 ]

4.1 SEPARABLE PRODUCT TECHNIQUE [28,29]

E.L. Hall in 1970 published the first paper dealing with
the design of stable (2-D) recursive digital filters. The proposed
technique enables the design of any (2-D) rectangular cut—off
boundary type filter by the use of tﬁo (1-D) recursive digital
filters in cascade. This technique involves only the well-established

principles of (1-D) filter design, hence stability is simply ensured.
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.2 SHANKS DESIGN TECINIQUE [20]

The design technique proposed by Shanks consists of mapping
(1-D) into (2-D) filters with arbitrary directivity in a (2-D)
“frequency response plane., These filters are called rotated filters

because they are obtained by rotating (1-D) filters.

Suppose a (1—D) continuous filter whose impulse response

ig real, is given in its factored form:

() = my [ [T G TT 0] (5.1)
i=1 i=1

where HO is a scalar gain constant. The zero locations q; and the
pole locations p; may be complex, in which case their conjugates are
also present in the corresponding product. Thecut-off angular

frequency for this filter is assumed to be unity.

The filter given in equation (4.1) can also be viewed as a
(2-D) filter that varies in one-dimension only and could be written

as follows:

iy(syr5) = 3y (sy) = 1y | [[Copma)/ [TGspm) ] a2
i=1

i=1

Rotating clockwise the @1,s2) axis through an angle ﬁgby

nmeans of the transformation

0
]

1 sicosB + sésinB _ (Q.Ba)

P —SisinB + sécosB (4.3b)

]
Il

will result in a filter whose frequency response is rotated by an

angle —B with respect to the frequency response of (4.2):
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m

1T [(svgcosg - sysinf) - qi]

iy (s,e8) = 7y 2 (5.1)

T [:(s'cosB - sysinf) - p:l

1i=1

Hg(s'l,s"g) describes a continuous (2—D) filter in the new co-ordinate
system of s'1 and s"Q. The corresponding digital version of the above
filter is obtained through the application of the (2-D) bhilinear

z-transform defined by the following two equations:

1-z

2 1 —

sy = —'1-‘1+zl 4 (4.5a)
1-z
2 2

sy = i["1+z2 (%.5b)

In the above,it is assumed that the sample interval T is the
same in both directions. Substituting equation (4.5) into (4.4) will

result in:

+a Z x—a
H(z,,3,) = ATT 11 21 iy 12 o 90”1 %0 O (4.6)

'_l.
i=1 b] “’21 170107045071 %0

where:
A = H(3m)*™
- T0M2
M = wax(m,n)
ajy = cosB - sinB -—%Tqi

aél = cosB + sinB

i .
ajo = —-cosB - s1nB —%JI.‘qi : (5.7)
8.;2 = —-cosB + sinB

i i 1 i .
a11 = 321 = 8,12 = a;2 = 1, for m <<i <M

bi = cosB - sinB - -g.f.[‘pi

for 1 <<i<n
b = cosB + sinB
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i . 1
by, = —cos3 ~ sin(3 - 3Tp,
12 1 for 1< i<n
i " .
b22 = cosB + 31nE3 —3Tpi (4‘7)
i i i i ’
— = 1 —_ —_ 1 N
bll = by, = bio = b22 =1 for n <i <M

Uhfortunately this technique as it stands does not guarantee the
stability of the designed filter and the approach suffers from
wvarping effects of the bilinear transformation on the frequency
response. A modification to this technique has been introduced by

Costa and Venetsanopoulos.

k.3 COSTA AND VENETSANOPOULOS DESTGN TECHNIQUE {30

In this paper it is shown that the rotated filters can be
used in designing circularly symmetric (2-D) recursive filters. A
number of rotated filters whose angles of rotation are uniformly
di stributed over 180° results in a filter having a magnitude response
wvhich approximates a circularly symmetric cut—off boundary by a
polygon. This polygon has an even number of sides because each

rotated filter contributes two sides of the polygon.

It has been proved that stability of .the designed filter

is ensured if the following two conditions hold:
o ,
(i) 270° < 3 <360, where [3is the angle of rotation, and

(i) C, <0 for i = 1,2,...,M, vhere C; = Re E(T/Q)pi:] and p,

represents the location of a pole.

This has been derived through the knowledge of the stability
constraints on the coefficients of the denominator B(Zi’ZQ) of a

second order (2-D) recursive digital filter E?l:]of the form of

equation (4.6).
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4ok BERNABD DESIGN TECHNIQUE [317]

The Bernabo technique is based on the use of the transform-
ation methods of McClellan [ﬁS,GQ] followed by the decomposition
method of Pistor [?6] in order to obtain four stable single guadrant
filters which recurse in different directions which will now be

discussed in detail.

bobl 1 McClellan Design Method for FIR Filters [15,69 |

The McClellan transformation is a transformation of a
(1-D) zero-phase FIR filter into a (2—D) zero-phase FIR filter by
a substitution of variables. It can be applied to (1-D) filters
of odd length and in one special case also to filters of even

length. The latter will not be considered in this thesis.

For a (1—D) filter of length 2N+1 to bLe zero-phase its '
impulse response h(n) must have Hermitian symmetric coefficients.
Thus if h(n) is real it must also be even. Denoting the frequency

response by H(eJu), it can thus be writiten:

n(0) + i(n)[:e_jun'—p ejlm]
n=1
N

n(o) + zg:éh(n)cosun (%.8)

n=1

i

H(eju)

(2—D) digital filters which have frequency responses of the form:
M M
. . 1 2
Ty, T
,er ) =

H(e a(ml,mQ)cosmlul oS MU, (4.9)
ml.—:O m2:0

are examples of (Q—D) zero-phase filters. However, equation (4.9)

does not represent the most general class of such filters, but many
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useful filters are in this class and it is the only class which
will be considered here. The impulse response of such a system
h(ml,mQ) is a real sequence which is an even function of its

argunents.

The McClellan transformation converts (1-D) filters of
the form (4.8) into (Q—D) filters of the form (%.9) by means of

the substitution:

1

ot jE:: :E::t(pl’p2)°°sp1 1 °os Pg o ‘ (4.10)

_O p2

The relation between h(n) and h(ml,mz) can be seen by rewriting

equation (%.8) in the form:

m(ed) = :i%:lﬂrﬂ [}osgﬂrl | | (4.11)
=0 |

Performing the substitution indicated in equation (4.10)

gives:

N
H(e , ZO (n) [ pz pZ(plypg)cos P,u; cosPyu 2]
1= 2_

(k.12)
By exploiting the recurrence formula for Chebyshev polynomials, this
can be written in the form of equation (4.9). The (2-p) filter which

results is of size (2N+1)x(2N+1).

It follows implicitly from equation (%.10) that points in
the frequency response of the (1—D) filter are mapped to contours
in the (ul,uz) plane. Turthermore, the shape of these contours is

determined only by the parameters t. The variation of the frequency
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‘response from contour to contour, on the other hand, is controlled

by the impulse response of the (1-D) filter h(n).

The problem of designing filters using this technique thus

splits into two parts:

(i) the design of the contour parameters t such that the
contours (u = constant) produced by the transformation of
equation (3.10) in the (ul,uQ) plane have some desired shape,

and
(ii) the design of the (1-D) prototype filter h(n).

Due to the existence of several well-known efficient algorithms for
designing (1-D) FIR filter (see, for example, Rabiner and Gold [?Q] ),

we shall only be concerned here with the first of these problems.

L,4h,2 The Contour Approximation Problem

The transformation parameters t(Pl’Pg) need to be chosen

so that the contours (u = constant) produced by the transformation:

cosu

F(ul,ug)

Py Py

Z Zt(Pl’PQ)COSPlul oS Py, (%.173)

P 1::0 PQ:Q

1l

in the (ul,ug) plane have some desired shape. As a working example,
the design of a (Q—D) low-pass filter whose passband is in the shape
of a circle is considered. The contour in the frequency plane to
which the passband edge of the (1—D) prototype should map is then

described by the relation:
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2 2
ptu, = R (4.14)

For simplicity the transformation considered here is first order

of the form:

cosu = F(ul,ug) = t(0,0) + t(l,())cosu1 + t(O,i)cos#Q

+ t(1,1)cosu, coswu, (&.15)

If the prototype is low pass and the (2-D) filter is to be
low-pass, the (1~D) origin will uswally map to the (2—D) origin.

This gives the constraint equation:
t(0,0) + t(1,0) + t{0,1) + &(1,1) =1 (x.15)

One variable, say t(l,l), is thus constrained to be a function of the
other three, while those three are still unconstrained. To find
values for these free variables equation (4.16) should be solved for

u, in terms of w, u

1 and the free mapping parameters:

cosu = F(ul,u2 (%.16)

This yields the equation:

u, = G(u,uy,t(0,0), t(1,0), t(0,1))

3 cosu—t(O;O)—ﬁ(l,O)cos\ul

= 08 T(0,1) + t(1,1)cosw, (4.17)

An error function at the cut~off frequency can be defined as:

N
El(ul) = G(uo,ul,t) - /Rg—u% (4.18)

where 1, ig the cut-off frequency of the prototypé. The parameters
t can then be chosen to minimize some function of El(ul), such as
its integral square value.(L2 approximation) or maxinum

absolute value (Hn or Checbyshev approximation). There
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are two difficulties with this formulation. First, the error
function is not a linear function of known parameters; - thus non-
linear optimization routines mmst be used for the minimization.
Second, for transformations other than those of first order, an

explicit relation for G cammot be found. -

A suboptimum approach reformulates the problem as a
linear approximation problem. If the mapping were exact then as
the circular contour was traversed, the valué of F(ul,uQ) would be

constant, This would result in:

costy = £(0,0) + t(l,())cosu1+ t(0,1)cos fRQ—uf +

[s

cos R2—ug ' (4.19)

t(l,l)COSul 1

where g is the passband cut-off of the prototype. If the mapping is
not exact, however, the equality in equation (%.19) will only be

approximate and an error function can be defined as:

EQ(ul) = cosuy - +(0,0) - ’c(l,O)cosu1 - t(0,1)cos /Rz— ? -

(1 - £(0,0) - +(0,1) = t(1,0))cosu,cos RQ-uf (%.20)

1

This error is now a linear function of +(0,0), +(0,1) and t(1,0),
and thus linear optimization routines can be used to minimize the
integral squared error or. the maximum absolute error. The former
problem can be solved trivially using a classical least sﬁuares
formulation, and the parameters for minimizing the maximum absolute

error can be found by linear programming.

The above transformation has been used by Bernabo et al.

E}l:]in designing (2~D) zero—phase recursive digital filters.
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The transfer function of a (2—D) zero—-phase filter can be

written as:

M1 M2 _
E>‘ E P(mlamQ)COSmlul co§m2u2

ju j112 ‘ m:()m:

H(e 1,e ) = ’ — (4.21)

E :E:ﬁ(ﬁl,EQ)cosﬂ u, cos Q S,

The procedure to be described here is based on transforming

the squared magnitude frequency response of a (1-D) recursive digital
filter _

N

Eva(n)cosnu

(o) = 22 S (4.22)

Zb(m)cos_mu

m=0

which can be written as

N
Zau(n) Ceosd]™

' =n
H(e™) = 5 (&.23)

Zb'(m)l[c051am

m=0

into a (2-D) function by the change of variable of the form

1

cosu = E E t(pl,pQ)cosp1 1 C0S Py, (&.20)

_0 p2_0

It can be easily seen by substituting equation (%.24) into equation (%.23)
that a (2-D) zero-phase filter of the form of equation (%.21) will

result.

Since the designed filter has zero-phase property, implying
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instability [?6] , the decomposition téchnique of Pistor E?G:]should
be applied to the obtained filter coefficients array p and q to find

the coefficients of the single quadrant filters.

h.5 THE NEW DESIGN TECHNIQUE FOR (2-D) RECURSIVE FILTERS [ 64

The proposed design technique now to be described is based
on the use of a second order two-variable reactance function as a

transformation applied to a one-dimensional low-pass filter.

Before describing the method in detail some useful

definitions relevant to its understanding are given.

Definition 1!:66] t A function f(sl,sg) is said to be tanalytic!

at a point (s if f has a total differential at that point.

10’520)

Definition 2 : A function f(sl,sg) is said to be a positive

function if in the domain Re s1:> 0 and Re s2:> 0 f is analytic.

Definition 3 : A positive function f(si,sg) is said to be a two-—
variable positive real function, or to be positive real, if the

positive function f is real for 1 and Sq real,

Definition & : A function f(sl,sg) is said to be a two-variable

reactance function Eﬁj] if f is positive real and if f+£,=0. (The

lower asterisk denotes the substitution of =Sy and =89 for 8y and sQ

respectively.)

A second order, two—variable reactance function can be -
written as:

a

s,+a.s :

1+

1 2 (%.25)
0

t(syrs) = 73 B5ys
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Definition 5 : The z—transform of a (2~D) zcro-phase filter (1.13)

which has symmetry with respect to both the uy and Uy axis, may be
obtained by cascading four one-guadrant recursive filters which

recurse in different directions:

H(Zl,ZQ) = F(Zi,ZQ)F(Z] 17 (2, 1 ,z )1( 1,7 )"\ (%.26)

The proposed method makes use of the second order two-
variable reactance function, equation (%4.25) as a transformation

applied to a one-dimensional low-pass filter of the form:

n(s) S+B (:.27)
i=1
to realize a first-quadrant, two-dimensional recursive filter.
Second, third, and fourth quadrant filters are obtained by the same
transformation but replacing $q by -8y for second, sy by —S4 and s

2
by ~Sq for the third, and So by -3, for the fourth quadrant filter,
These four one~guadrant sections are cascaded and the bilinear

transformation is used in order to obtain the digitél version of the

filter.

The cut—off boundary of the filter depends on the choice
of the cut—off frequency of the one—dimensional filter, equation
(4,27), and the coefficients of the two-variable reactance function
equation (%4.25). The resulting filter is a zero-phase recursive
filter having symuetry with respect to the uy and U, axis. Since
the z—transform of the filter has already been decomposed into four
one~quadrant filters, the decomposition technique of Pistor [?6:ris
avoided., All that remains is to prove that the resulting filter is

stable.
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The initial low-pass function equation (4.27) is positive
real and so is the reactance function equation (%.25). It will now
be proved that the use of a positive real function as a itransform-—
ation applied to another positive real function leads to a positive
real function. We will show that the two necessary and sufficient
conditions that a positive real function must satisfy are preserved

under this transformation,

(1) Pogitiveness

It F(sl,sg) ig pogitive real, that is Re F(S1’SQ) >0 for
Re 4 = 0 and Re 52> 0, and also H(s) is positive real, namely
Re H(s) >0 for Re s >0, it follows that Re H [F(sl,sg)]>() for

Re sy > 0 and Re 52> 0.
(i) Realness

If F(sl,sg) is real for 84 and s, real and H(s) is real .

2

for s real, it follows that H(F(sl,sg)) is real for s, and s, real,

1 2
Also if F(s1’52) is analytic in Re 512’ 0 and Re s2>0 and H(s) is

analytic in Re s =2 0, then HI:F(51952):] is also analytic in Re s, = 0

1
and Re s, 0 [66] . Hence, the stability of the filter obtained by

the new design technique is guaranteed.

Another way of justifying the use of the two-variable
reactance function is that a digital filter w-i'th z—transform
H(zl,zg) obtained by performing a bilinear transformation on a network
function H(S]_’SQ) of a two-variable passive network is at worst
marginally stable E67:l . A two—variable reactance function has been

showm [:65,68] to be realizable asthe imittance of a finite passive
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network, Since the function obtained by using a two-variable
reactance function, as a frequency transformation applied to another
positive real function is also a positive real function as has heen
proved above, it will also be realizable with passive eclements.
Therefore filters with a transfer function derived in this way will

be stable,

To illustrate the proposed design technique several low-
pass (Q—D) recursive digital filters will be designed using third
order Butterworth, Chebyshev and elliptic filters as low-pass
prototypes. TFigs. (4.1)—(4.6) are amplitude spectrum and contour
plot of (Q—D) recursive digital filters obtained from a third order
Butterworth low-pass prototype with ay and a, coefficients of the
numerator of the two—variable reactance function set to unity and
with different values for the denominator’s coefficient, b.

Fig. (%.7) is the amplitude spectrum of a (2-D) recursive digital
filter obtained from a third order Chebyshev filter with ay and ay
set to unity and b = 0.1, Pig. (4.8) is the amplitude spectrum of
a (2-D) recursive digital filter resulting from a third order

elliptic low-pass prototype with ay and a, set to unity and b = 0.2.

L.6 TRANSFORMATION TECHNTIQUE FOR (N-D) FIR FILTERS [717] -

This is a generalisation of McClellan Transformation [ﬁ5,6Q]
to (N-D). Considering a (1-D) FIR filter of odd length with zero-

phase property as expressed in equation (4.8):

N

n{0) + Zh(n) [:e—jun + ejun:l

n=90

H(eju)

1

N

| h(0) + Z 2h(n)cosun (%.28)

n=]1

i
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ectrum of a (2—D) recursive digital filter obtained from a third order
(1-D) filter with numerator coefficients of reactance transformation

<
e
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+
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Amplitude sp

Fig. (%.1):

D.1.

function a1:a2=l and denominator coefficient b
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¥

u

Fig; (&.2): Contour plot of the amplitude spectrum of a (2-D)
recursive filter obtained from a third order
Butterworth (1-D) filter with a; = a5 =1 and
b - 0.10 '




Amplitude spectrum of a (Q—D) recursive filter obtained from a (1—D) third order

(4.3):

Fig,

38.

= 0.20

aQ =1 and b

1-:

Butterworth filter with a




o~

Fig. (%.4): Contour plot of a (2-D) recursive digital filter
obtained from a third order Butterworth (1-D)

filter with a = a2 =1 and b = 0.2.
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Fig. (k.6): Contour plot of the amplitude spectrum of a (2-D)

recursive filter obtained from a third order
Butterworth (1-D) filter with a. = a, = 1 and
b = 0.6- . 1 -
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Now, some (N—D) zero—phase FIR filters have a frequency

response of the form:

M1 Mn

. ju .
H(eJu,...,e n) = E oo E a(ml,...,mn)cosmlu1 ,..,cosmngn

my=0 m =0, (4.29)
where eguation (4.29) is not the most general class of such filters,
but does cover many useful ones, and will be the only class to be
considered here., The impulse response of such a system h(ml,...,m )

is a real sequence which is an even function of each of its arguments.

The proposed transformation employs the substitution:

l

cosrx——EE: EE:%(pl,...,p )cospl 17 2COSP U, (4;30)

~O P, =0

Hence, the relation between h(n) and h(ml,...,mn) can be seen by

rewriting equation (%.,28) as:

f(ed?) = ib(n) [cosﬂ : (%.731)
n=0

and performing the substitution indicated by eqdation (4.30) results

in:

u fu N Pl Pn

1

H(e  7,euuye n)=§ b(n)[ g > t(pyseeesp )
n:O plz() pn::O

n
cosplul‘,..,cosPnué] (%.32)

Furthermore, by exploiting the recurrence formula for Chebyshev
polynomials, this can be rewritten in the form of equation (4.29). The

(N-D) filter resulting from the transformation is of size



(21\1P1+1) x (2NP2+1) X ves X (2N’Pn+1), but only the case when

n
fHHP. =1 is to be considered here.
i=1 1

As seen in equation (4.30), points on the frequency response
of the (1-D) filter are mapped into contours in the (ul,...,un) planc.
The parameters t(pl,...,pn) determine the shape of these contours,
while the impulse response h(n) of the (1-D) filter contrbls the

variation of the frequency response from one contour to another.

The problem of designing filters by this transformation
thus divides into two parts: +the determination of the contour
parameters {t(pl,...,pn)}, and the design of the (1—D) prototype

filter h(n). The former will be dealt with next.

%.6.1 The Contour Approximation Problem

The parameters {t(pl,...,pnjk mast be chosen such +that

the transformation

Pl
cosu = E E b(pl,...,p )cosp1 17ee+2€OSP w
—O P, =0
= F(ul’ LR "].n) . . i (4033)

produces contours (constant u) having some desired shape in the
(ul,...,un) plane. As an example, consider the design of an (N—D)
low—pass filter with an (N—D) spherical cut-off boundary. The

contour in fhe freqpency plane to which the pass-band cdge of the (1-D)

prototype should be mapped is then described by:

Z‘u? = RQ (’L.Bli)



and a possible first-order transformation is of the form

1 1 .
cosu = Z{:.;; t(pl,...,pn)cosplul %, COSP U (4.35)
p=0 p =0 '

If both the prototype and (N-D) filters are low—pass, then,
depending on the shape of the cut-off boundary, it may be necessary
to map the (1-D) origin into the (N-D) origin, 1In the case being

considered, that of a filter with spherical boundary, this origin

mapping is mandatory. Thus, the constraint equation:

1 1

Z..,Zt(pl,._..,pn) -1 - (4.36)

plz{) pn:()

results. This means that one variable, say t(l,l,...,l), is
constrained to be a function of the rest, with the remainder of
the variables unconstrained., To find values for these free
variables, equation (4;33) can be solved for u in terms of

Uy Uygeeesl and the free mapping parameter, This yields:

n-1

u = G(u,'ul,..., u %) ' ' (4.37)

n n-1’

A
where t is the free variable parameter set, or:

A

u = cos‘;1 P(ul,'..’unﬂl’t) (x.38)

n G(ul,...,un_lffy *
An error function can be defined as: o
, N-1 ‘
» 2
El(ul""’un~1) = G(uO’ul"'"’ n—l’t) - R~ E u? (%.39)
i=1

where u is the cut-off frequency of the prototype. + can then be
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chosen to minimise some fﬁnction of E1 such as its integral square
value (L2 approximation) or its maximum absolute value (LOO or
Chebychev approximation). However, this may prove to be difficult
to carry out since the error funection is not a linear function of
the unknown parametérs, and therefore non-linear optimization
routines must be used for the minimization. Also, there can be no
explicit expression for G in transformations other than first-order

ones, i.e. other than those for which (pi; i=l,n) = 1.

An alternative is a suboptimum approach that would
reformulate the problem as that of a linear approximation. If the
mapping were exact, then the value of F(ul,...,un) would be constant

as the spherical contour is traversed. This can be expressed as:
cosu = Fl(ul,...,un_l,t)

= 't(()’-ocgo) + t(l,-a-,o)coslll“{' soe -t

N-1
i(O,...,l)cos Rg—zg:}g + 'i:(l,l,...,O)cosu.1 Cos Uyt uo
1=1
N-1 .
R t(l,l,...,l)cosu1 cosug.. COS RQ—E 'ui (%.50)

i=1

where.uo is the pass-band cut-off of the prototype. On the other
hand, the equality in equation (4.40) would be only approximate if
the mapping were not exact., The ervor function could then be

defined as:
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A
E2(u1,...,un_1) = cosu_ —ﬁFl(ul,...,un_l,t)

= cosu, - +(0,0,...,0) - 'b(l,O,...,O)cosu1 .

N-1

2 z 2
R - u; - 1:(1,1,...,0)0031;1_1 cosu, ..

i=1

s t(o’o,aon ,1)00

oo = (1-6(0,0,...,0) = £(0,1,...,0) = .o = £(1,1,...,0).

(4.41)

The error has thus been made into a linear function of £ enabling
linear optimization routines to be used to minimize the integral
square or the maximum absolute error. 1In the event of choosing the
integral square minimization, a classical least squares formulation
can be used. While for minimizing the maximuu absolute error, the

parameters can be determined through linear programming.

Intuitively, a transformation is only useful if the coeff-

icients t(pl,...,pn) of the mapping were to satisfy the relation:

‘Z E t(pl, eesP )cosp1 1...cosp w1

= =(
Py =0 P, 0 ()Sgui\\ 1 = 1,2,...,0 (&.42)
Therefore, a linear scaling of the design parameters must be applied
so that equation (4.42) above holds. Using scaling factors defined

by
oy (ul!uzp’-o’un) = CIF(ul,HQ,...,un) -— 02 (4.43)

for a non-zero C1 and any 02, the shape of the contours F(ul,...,un)

= constant will remain unchanged. Hence, if Fmax denotes the maxinum
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value of F(ul,...,un) and Fmin denotes its minimum value, then by

choosing:

c. = o/(F -F . '
and 1 /( max m1n) (4.44)
02 = ClFmaX—l
the condition
1 1 .
lF'(ul,..,,un)l= iE.... E t‘(pl,..n,pn)cosplul..cospnuJSil
p;=0 p =0 , - (&.45)

is always satisfied. The shape of the contours remains unchanged,
as desired, and all that changes is the (1-D) frequency that is

agsociated with each contour. In particular, if F(ul’f"’un) were
originally associated with the value u, then F'(ul,...,un) defined

by equation (%4.%2) will be associated with the value u' where:
-1 .
u!' = cos (Clcosu__ 02) (&.45)

This implies that, in most cases, the (1—D) prototype must be

designed after the transformation has been found.

h,7 DESTGN TECHNIQUES FOR (N-D) ZERO-PHASE RECURSIVE FILTERS

The proposed design technique which will now be describedA
is an extension to the work of Bernabo et al, [ﬁﬁ] . It is based
on the transformation of the magnitude square of the frequency
response of a (l—D) digital filter by using an extension of
McClellan's transformation to (N-D) described above, folloved by
decomposition technique of Ahmadi and King [50,65] to obtain 2N

single quadrant filters.
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4,7.1 Transformation of (1-D) Filter to (N-D)

An N-dimensional first quadrant recursive filter is defined

by its z-transfer function:

Ml Mn
§ E ™ ™
» 00 a(ml,..‘,mn)zl .O‘Zn
ml::O mn::O :
H(zl,...,zn) = 5 m (4.46)
1 n
ny m
voe b(ml,...,mn)z]_ ceeB
ml=0 mn=0
A zero~phase filter can be written [50:]:
Ml- M1 )
E_ ces E p(ml,....,mn)cos.nrnlul cecosmou
ju ju m.=1 m =)
H(e l,...,e ) = %, ; - (h.u7)
1 n

*o0 Q(le-n,ﬂn)cos 2 u.,...cos P,nun

171
V,l:O P,n::ﬂ

The transformation to be described here is based on transforming the
squared magnitude fregquency response of a (l-—D) recursive digital

filter

N’ -

Za(n)cos.nu |

H(eju) = n;O (&.48)

Zb(m)cos‘mu

m=0

which can alternatively be written as:

N
Za' (n) [cosu] n

H(edM) = n;_”_ (4.49)

Zb' (m) Ceosa] ™

m=0
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into a (N—D) function by the change of variable of the form:

P
I -

cosu = zi: zg:}(pl,...,p )cosp1 peecosP u (4.50)

,O P, =0

Substituting equation (4.50) into equation (4.49) will result in:

N- - - Pl Pn
— : =
h Za' (n) Z t plg---,P )COQ plul o-r'OSP un
M o Pl Pn _
Zb' (m) E ;‘..Zb(pl,...,pn)cos Py ..COS P U
m=0 p1=0 pn=0 (1.51)

Furthermore, by exploiting the recurrence formula for Chebyshev poly-
nomials, this can be‘written in thé form of equation (4.47). The

(N-D) filter resulting from the transformation is of size (QNP1+1) x
(QNPQPI) X o0s X (2N9n+1) in the numerator and (QMP1+1) X (QMP2+1) X o
s X (QMPn+1) in the denominator, but only the case when {iaPi =1 is

to be considered here.

The. design procedure is divided into three parts, TFirst,
design of the (1-D) filter prototype; second, calculating the
parameter t such that the contour u = constant is aﬁ approximation
to the desired cut-off boundary in a least square sense. Finally,
because the zero-phase property of the design filter implies
instability [50,63 ], a decompositioﬁ technique should be applied to
the obtained filter coefficients array p and q to find the quadrants

filter coefficients a and b, equation (1.6).

The decomposition technique of Ahmadi and King [50,6j] can

be used to decompose the obtained unstable filter into QN stable~single
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quadrant filters which each recurse in a different direction. This
can be done by evaluating the cepstrum of the filter array and by

dividing it into the sum of QN arrays.,



CHAPTER FIVE

SPATTAL DESIGN TECHNIQUES

In this chapter, several spatial design techniques for (2—D)
recursive digital filters are reviewed, and their extensions to the

(N—D) cazse are derived wherever possible,

5.1 THE SHANKS' METHOD

This is an extension of the time domain design technique
in one dimension Eﬁ2,72] . A filter is designed by this technique
so as to give an impulse response that approximates some given

desired response,

5.1.1 The (2-D) Case [207]

Given the desgired impulse response d if a (2-D)

Ql,QQ
recursive filter for 21 = 1,2,...,L1 and 22 = 1,2,...,L2, its

z~transform is then:

L+l Ly+l

Z_ ZQ £-1 L1
21:1 22=1 LA
while the approximating (2-D) recursive filter will always be of the

form of equation (1.5):

Ml+‘1' M2+1 - .
Jp-1 -t
a ., Z Z
31532 1 2
Az, ,z2 Ja=1 j=1
1’72 B(z,,2,) = N +1 N_+1 t
1772 1 2 . .
. 31—1 32—1
b, . z z
. . Jqedo Y 2
Jl=1 32=1
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N, and N, are arbitrary (but fixed) parameters.

where 1\Il, M os Ny o

Equation (5.2) above can be re-written as:
F(Zl’ZQ)B(Zi’ZQ) = A(zl,zz) (5.3)

and since multiplication of the z-polynomials is equivalent to

convolution of the arrays in the space domain, it follows that:

+
"t
Z
+

el

1 2
(5.4)

a, .
31,32 m 2 Jl m1+1,32 m +L
m,=1 m.=1

2

The coefficients ajl,j2 are defined by equation (5.4) over the
integers jl = 1,2,...,M1, j2 = 1,2,...,M2. For all other values of
jl and j2, the a.l’j2 are zero. Therefore, if set of integer pairs
Sa is defined as

s, = {(jl,jzw) : 1<31<Ml, 1<32<Mz} (5.5)

and another set §a defined as the set of all other values of (jl’jg)

“greater than gero:

P . . 3 . . . "

8, = {(ysdg) + 37> 05 35>0, (§yrin) £5,3 (5.6)
then equation (5.4) can be re-written as:

1 2
b . .
31,32 Z Z my +1 32-—m2+1 (5 7)

m2=1

my ., A0 for (jl,jg) € ga

and when the b . 8re judiciously chosen in equation (5.7) above,

m
1’72
the £f. . approximates the desired impulse response dy . Thus:
']1"]2 1’22
1+1 N2+1
b d,
31,32 zg: m, M, 31—m1+1,32 m2+1 (5.8)
m1:1 m. =1

myamy £ 1 for (ji,3,) € {éan S(&
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where Sd‘is the set of integer pairs over which the desired filter

is defined:

s, ={(0,0,) ¢+ 1<y <1, 1<4,<1,1 (5.9)

An error e. can be added to the right-hand side of

equation (5.8) to produce the equality:
3
Ni+1 N2+L
d, . =e, . = b .d, . 5. 10
Jirdg  d12do Z - Myaly kL, Jommarl ( )
m.=1 m_=1 ’
: 1 2 .
which, with dj 3 moved to the summation, can be written as:
1742 4
N1+1 N2¢1
L. = b d. . (5.11
“iyrdg Z mysMy  Jymykls Jo-matl (5.11)
m1=l m2-.=1 ) )

tor (j;1d,) € {8,0 s

The obvious choice of the hm is that based on the minimisation of

m
1772
the mean-square-error:

2

EDADD ]

e = b d. N .12
_ L [ my Mgyl jormatd (5.12)
Jp dg M My '

(31s35) € {8,N s} ana

(ml,m2) € Sb

so that by differentiating equation (5.12) with respect to the bm -
1772

o that
my My

minimise e2 above can be found. This involves solving (Nl.NQ-l)

and setting the resultant equations equal to zero, the b

equations of the type:

N, N,
) . bm ,m &Pk K m.m = q)k k for kl = 1,2,.--,N1

- Zl 1M K™ My 1% K 1.9 N
ml': m2— (2 = Lygsgoesry o)

but k. .k, £ 1
N R E)
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where:

@ = > > a. a, (5.14)
k1h2m1m2 ' _ 31 I+1,32 +1 3y A1+1,32 n2+1

Jy Jo

and

ZZ 31’32 31 Lc1+1,d -m +1 (j19j2) € {Sam Sd%

(5.15)
With the denominator B(zi,zg) of the equation (5.2) computed, the

numerator A(zl,zg) must next be determined.

One way of doing this is to éompute those coefficients of

A(zl,z } that minimise the m?an sq%are difference between the
Az, ,z

coefficients of F(Zi’zg) = ﬁ(—%jzgy and the coefficients of the

desired response D(zl,zg). This is a Wiener filtering problem in

two dimensions. It consists of finding the optimum filter A(zl,zg),

.__‘1 -
given an input _T———__—y and a desired output D(z ' Z ).
B 21,22 1 2

In a simpler but less accurate method the array B can be
‘ A(z 9% )
convolved with D giving the A array. Since ﬁT"ITZ;T = D(zl,zg) the

coefficients ajl,j2 are computed from.A(zl,zg) = B(zl,zg).D(zi,zg)
for (jl,jg) ¢ S,. This is easy to apply but has the disadvantage

that the stability of the resulting filter cannot be guaranteed.

5.1.2 FExtension to the (N-D) Case[:73]

This is when the impulse response of an (N-D) filter

dzl’.”’R for 21 = 1,2,..0,L, 22 = 1’2""’Lh3"" and L, = 1,2,...,Ln
n

is given. That is:
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I,+1 L +1

D(z,,.-+2.) = Z }: S i’l—l...z%—l (5.16)

The approximating (N—D) recursive filter can then be assumed

to be of the form (equation (1,6)):
M +1 M +1

Mapiien) SRS
TB(Zyreeesz ) T Nyl N 41

F(2g50597;)

jn
o (5.17)

)
-
-
'[\./]
~h
Cie
—
-
»
A d
L 3
-
[
o]
N
el
!
|
-
L]
»
L]
N
1
b

where Ml,d2,...,M ’ Nl""’N are arbitrary (but fixed) parameters.
The numerator and denominator coefficients a and b should be calc~
ulated such that the f, . approximate the desired filter's

dyrecesdy

impulse. response d in a least—sguare sense.
12

1,-00’211

Equation (5.17) can be re-written as:
Payseeesny) Blagsennszy) = Alzgennrz) (5.18)

and since multiplication of the z-polynomial is equivalent to

convolution of the arrays in the space domain:

N,+1 N +1
1 n .
a . . = se o b f. . .1
Jlgco-’Jn ) : ml,aa.,rﬂn Jl—ml-‘-l’..., Jn_mn’*'l (5 9)
ml—_-l mn':l
for (jrdgrerssrdy) € Sy
- - . /\
=0 for (31,32,...,Jn) € SM

where S\I and §M are the sets of integers defined by:
B

Sy = {Gyri=1m) £ 0<5, <My, 03, SM,,...,0 <5 < %(5 20)
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and:

A
S = {(ji, i=1,m) = j; >0, o= 0,..0,j >0, (§;, i=1,m) £ S

(5-21}

Therefore, assuming that b(1l,...,1) = 1 and using equation (5.19)

gives:
N,+1 N +1
1 n
E b f. .
Jl’OJQ’J 1,..»,111 Jl"ml’*'].’-a-,']n—mn'*']. (5.22)
il —1 m =1
n
n
o1y £ 1 for (Ji, 1:1,n) € SM
and when the b are judiciously chosen, the f, . will
ml’oo¢9mn Jl"""J
closely approximate the desired impulse response dR g Thus:
) 1,.00, n
1+1 Nn+1
d, . E=Y el b .d, . .2
leaa "Jn T ml,oaa ’mn Jl—m1+1’uoo,3n_mn+1 (5 3)
m1=1 mn;l

n
T:r m £ 1 for (j,, i=l,n) e{gqf\ SL%

where SL is the set of integers defined as

={Qyiﬂm):mé%éLyo\id\%“”m\tfi%k
| (5.24)
An error function e. . is defined as that which can be

12°°°2dy

added to the right-hand-side of equation (5.23) yielding the equality:

1+1 Nhfl
(].. . = - b ' .-
J].’...’Jn Jl,‘-.’J : m].’...’mn Jl_“11+1’..‘, —m +1
m,=1 m
1~ n
T
R £ 1 for (Ji, i=1,n) € {SM{W SL%
(5.25)
and therefore by moving the d, . to the summation:

1””""1’1
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N.+1 N +1
1 n
e. . = L] b d. .
Jpoeeesdy g —1' L Mygeseyl ']l—ml»l-l,-o.,Jn—mn+1
1- n
for (j,, i=1,n) € {sMﬁ SLK _ (5.26)
The b m are chosen such that the mean-square-error
1”0.’
2
> 2 [Z ) asenm, .
~ - - Mygese s 31—m1+1,.,.,,]n—mn+1
- - A »
(3;5 i=1,n) € §§, M s} (5.27)

is minimised. This'is so when the partial derivatives with respect
to each b(ml,...,m ) are equal to zero. Differentiating é2 with

reSPQCt to b(klgouo’I{ ), Where kl 1’2’...’N k = 1 2,...,N2,0.0’

1’ 72

kn = 1,2,.00, N and l ] k # 1, and setting each partial derlvatlve
i=1

to zero, gives:

+1 N +1
- 2 2 Z E b .d, .
Gb(kl,...,k | [ — — ( My yees,m 31—m1+1,,.,,]h—mn+1)
i dp mELomy;
. d. . = O
( 31—k1+1 yecay ,]n—kn+1)]
.. A
for (j,, i=l,n) € {st\ S.& (5.28)
which can be written as
N, N, .
E b =¥
ml’.a.’m kl’tac’lc L] ml".n,m lcl’ooo’k
m1=1 mn—_-

for (ki’ i—_:l,n) = (Ni’ i-_:l,n)

- but ﬁ ke, £1 (5.29)

=1

where:

E E d d.
kp1{1,...,kn,ml,.. 31—m1+1,...,3 —1 +1 Iy nl+1,...,,] -k +]
J1 3
(5.30)

n
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and:

g E d .
q)kl,..., : 31,...,3 Jl—k1+1,...,3n—khf1
31

n

.(Ji, i=1,n) € {gmfﬁ SL% (5.31)

Thus, equation (5.29) describes a set of ((N1+1)(N0+1)...(anl)—l)
similtaneous linear equations with the same number of unknowns. The
solution gives the b(ml,.,mymn) coefficients that minimise the

2
mean~square~srror e .

After computing B(zl,z ,.,.,zﬁ) coefficients of the

2

denominator in equation (5.23), the numerator coefficients A(zl,z

should be calculated., In a similar'way to the (2—D) case, the mean

yZ,)

2,004)

n

A(Zl,ooogz )

square difference between the coefficients of F(zl,...,zn)
and the coefficients of the desired response D(Zl’°’°’zn) should
be minimised. This is a Wiener filtering problem in N-dimensions.

It consists of finding the optimum filter A(Zl""°’zn) given an

1
B(zl,...,zn)

input and a desired output D(Zl""’zn)’

A(Zl"'°’zn) can be calculated less accurately by
convolving the array D with the array B, since

( ) A(zl,,.,,zn)
TprecesZy) = B(zl,..a,zé)

directly yields the coefficients of the array A.

5.2 THE BORDNER TECHNIQUE [ 327]

This is a modified form of the Shanks! Method [207] .
Stability of the designed filter is now guaranteed by means of

augmenting the desired impulse response with an infinite sequence.

B(Zli' . 7an
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5.2.1 The (2-D) Case

The finite (2—D) sequence of equation (5.1) representing
the desired impulse response can be augmented with an infinite
sequence, It is intuitively apparent that the best such sequence
is that which would represent the most natural extension of the
original impulse rcsponse sequence d(ll,EQ) for Ql = 1,2,...,L1 and
22 = 1,2,...,L2, and which is square summable over the region (O, ),
In other words, given the impulse response of the filter d(ﬂl,gg), a

square summable tail ng 0 should be added to it, yielding a new
b

(Q—D) sequence 3(21,22), where:

<L <
) d(JLl,EQ) for 1< L SI; ano...,..1< 1, <L
a(2qs2) = (5.32)
g(ﬂl,QQ) for L+l < 2, <@ and L+l <D, Lo

The square summability constraint on the augmented sequence implies

stability since:

ZZ |(2,,2,)|? < (5.33)
2 £

The transfer function of the filter is restricted to the bilinear

(2-D) form:

N A
i
H(zy,2,) = A, + § T+8,2, + C,z, + D 2,7 (5.3%)
T i’1 i72 i 2

The parameter set (Ai’ Bi’ Ci’ Di) wmust be calculated so as

to minimise the error function e in a 1east square sense:

Min ‘ Min 2
all "stable" E g a, - h
all“A.,B.,C.,D, ( Bysly 21,22) +

g = -
® © 1 2
&1:0 22:0 Q,l =0 EQ.—O

(5.55)
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The only restriction in this method is that the infinite array g,
' 1772
mist be square summable. This forces the inner minimisation, denoted

by braces { } in equation (5{35) above, to give a square summable

result, hence ensuring the stability of the impulse response.

5.2.2 Extension to the (N-D) Case [73 ]

Given a finite-length impulse response d N which is
1’..., n

defined for (Ri, i:l,n) € SL’ an augmenting (N—D) sequence g

3

Bseensl

A

can be added to it to form a new (N-D) sequence d where:
P.l,noo’,?,n
QE:;---QQ for (Bi, i=1,n) € SL
A _ I n
£ysennsh -
1 Bolg for L+l<R<® | [ 410 <o ,,..,T +1< b <o
QI,...,QH 1 1 2 2 n n
(5.36)

In the above, gy . is chosen as the most natural extension of

R

the original impulse regponse séquence (121 such that the new
g0 00y
n
completed sequence is square-summable over the region S, which is
defined as follows:
S, = {(JLi,_ i=1,n) : 0<21<00 , 05, <o ..., 0D < 00}

The mean-square error is then defined as:

, Ll Ln
2
e:{ o0 (d -h ) +
z ; 2oyeeayl .
1’ ’n 1! ’n
= Qh_O

[e o] 0
§ § 2
o000 —h -_
(gp,l,‘no,p_n Q— ,ooa’ﬁn)

0.0 0=0 1

ny (e By ?} (5.38)



and the coefficients of the (N-D) recursive digital filter are

determined by minimising the error function of equation (5.38) above.

5.3 THE IAL SPATTAL DESIGN TECHNIQUE [33 ]

This is again a modified version of the Shanks! Method
for designing (2—D) recursive digital filters in the space domaih.

The resulting filter is always stable.

The technique is based on sectioning the desired (2—D)

impulse response of equation (5.1) into N groups as follows:

L1, Ik, 2Ic, , 2k,
dkl’% ={a, 4 ,

P_ b
1772 o 1’2 .
.
fp=tegrl
Ly slg ’
cee)dy (5.39)
1772
Q2=L2-—k2+1

Each group can be approximated with a second order (2—D)
recursive z-transfer function of the form:

a

11 7 240%1 T Bg1%g T Bg9Zq%p

11 7 P1oZ%q + Poq%o + Doozy7y

(5.40)

An optimisation procedure is employed to calculate the
coefficients of the above filter transfer function with some
constraints on the coefficients of the denominator as stated in

E?{] . The filter realisation is that of the form shown in TFig. (5.1).



114,

Inpu't H( Zl,Z2)
-k, -k
1 2
Zy Z, H(zl,z2)
-k =l
1 2
2 Z, H(Z1’Z2)
|
|
-k, -k
1 2
Zq Zg H(zl,z2)

Fig. (5.1): Realisation structure of a digital filter designed
by Lalts Method.
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CHAPTER STX

CONCLUSIONS AND SUGGESTIONS
FOR FUTURE WORK

This chapter consists of a summary of the contributions of

this thesis and suggestions for further research.

In Chapter Two the concept of stability for (2-D) and (N-D)
recursive digital filters is defined and conditions fTor stability of

such filters are discussed. Several stability tests are reviewed.

The stability test of Shanks [20:] for (2-D) case requires
the construction of a theoretically infinite number of mappings:

this is not practical, especially for filters of higher orders.

The procedure of Huang EQl:] s although requiring a finite
number of mappings, incbfporates the mandatory application of two
bilinear transformations in order to enable the use of the method
of Ansell E’L')’] . Basically, Ansell!'s contribution is to couple the
use of a Hermite test to check stability, with a series of Sturm
tests to check positiveness which is still tedious to apply. The
procedure of Anderson and Jury EQQ:I is also finite and does not
require bilinear transformation; the Hermite test of Huang E?.lj is
replaced by a Schur-Cohn matrix test [:45,46] followed by a series
of Sturm tests, or, ‘equivalently, by a series of tests for
establishing the root distribution of a polynomial. TFinally the
last algorithm for checking the stabiiity of (2-D) recursive
filters is given by Maria and Fahmy I:Qlk] ; it provides a method for
checking the condition (2.13) of Huang!s method [:21:] by means of a

modified Jury's table. For (N-D) case the stability is checked by



116.-

means of the repeated applications of the extended Jury's theorem E?Q]

o (N-D) [39] .

A1l the techniques mentioned above suffer from the high
cost in terms of computing and complexity in terms of handling and
so we need a design technique which does not involve stability

checks.

Chapter Three is concerned with the techniques for
stabilising an unstable (2-D) recursive digital filter and the
presentétion of a new stabilisation method for (N-D) zero-phase
recursive digital filters. The stabilisation method of Shauks [207]
is based on the property of a planar least square inverse of a
matrix. This method has been successful for many examples given by
the same author, although a counter-example by’[ﬁj]'has placed a
question mark on the validity of the procedure., The stabilisation
technique of Read and Treitel [54:]has the same kind of problems as
Shanks?. Failuré of the technique for some examples is due to the
approximation made to an integral by a finite summation associated

with the truncation of the array.

Pistor[:QQ] introduced the stability criteria in terms of
a transformation of the complex frequency response. It provides not
only a test for stability but also a method of decomposition of an
unstable filter into stable filters recursing in different directions;
this technique is applicable to zero-phase filters. The method
still has unanswered questions concerning the approximation due tp
transformation which must be made for a practical algorithm. A

general treatment of Pistor's technique is presented by Ekstrom and
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Woods [?f] . In their method the application of two Window secquences
is recommended for removal into the stahle domain of the possible
poles in unstable domain caused by the approximation and truncation

used in Pistor'!s method.

The new decomposition technigue presénted in Chapter Tour
for (N-D) zero-phase recursive filters is an extension to (N-D) of
the work of Pistor. This‘method also makes use of the two (N-D)
weighting sequences to overcome the possible instability caused by
the truncation and approximation used in this technique. These
sequences are extensions to (N-D) of the ones proposed by Ekstrom

and Wood [27] .

In Chapter Four, different frequency domain design
techniques are studied. " A new (Q—D) design technique for (2-D)
filters is presented. A new design technique for (N-D) FIR filters
is also proposed and followed by another design technique for (N-D)
zero-phage recursive digital filters, The separable product
technique of Hall [28.29 ] gives a simple way of designing (2-D)
recursive filters using the well-established (1-D) technique.
Therefore these filters have ﬁo stability problem, while the choice
of the cut-off boundary for these filters is reétricted to the
rectangular type. This is the only technique for designing linear
phase filters. The rotated filters of Shanks [?Qj share the
simplicity of the design technique of Hall, while the stability of
the designed filter cannot be guaranteed. The design technique as
it stands cannot design a filter with specificd cut-off boundary or

phase, which is a disadvantage of this technique. This method has
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been improved by Costa et al. [3Qj . The new procedure no longer
suffers from the stability problem and design of circularly
symmetric filters which are of zero-phase with circular cut-off
boundary is possible. Bernabo Eﬁﬂ] proposed a method for designing
(2-D) zero-phase recursive filters with circular cut-off boundary.
It is based on the McClellan transformation [15 ] applied to a
squared magnitude of a (l—D) filter followed by the decomposition
technique of Pistor [}N{]. The technique gives the filter designer
control over the desired shape of the cut-off boundary while in
return it suffers from complexity and high cost of the computation.
The technique also relies on the decomposition technique of Pistor

which makes the stability of the designed filter to be in doubt.

The new design technique for (Q—D) zero-phasge filters
presented in this thesis‘is based on the use of a 2-variable
reactance function as a transformation applied to a (1-D) recursive
filter, The technique is simple to use and the stability of the
designed filter is guaranteed, while the shape of.the cut-off

boundary is restricted.

A new design technique for'(N—D) FIR filter is also
presented., This is based on the extension to (N-D) of McClellan!s
method [ﬁ5] . The chapter ends with a new design technique
pfesented for the (N—D) zero-phase recursive digital filters. The
technique makes use of the extension to the (N—D) of McClellan's
transformation E?ﬁ] to a magnitude square function of a (l—D) filter
followed by a decomposition technigue [50,6j] . This technique is
also an extension to (N—D) of Bernabo's E}ﬂ] , which has the same -

property as Bernabo's method.
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In Chapter Five, spatial domain design techniques are

considered.

The first (2-D) spatial domain design technique is due to
Shanks [?Qj . The technique consists of solving a system of linear
equations with the same number of unknowns. The solution to this
can easily be obtained by using the well-known Gauss elimination
technique. The computational labour involved is rather simple and
a guaranteed solution is also provided. This has been extended to
(N-D) [7jj . In spite of the simplicity of this method f&r both
(2-D) and (N-D) case, it has the disadvantagerof not using the
minimisation routine 6ver the true mean square error and the stability
of the designed filter camnnot be guaranteed. A modified version of
the above method has been derived by Bordner [52] for (Q—D) case

and also an extension of this is presented for (N—D) case E?j] -

In this method the finite impulse response sequence is
extended by a square summable infinite tail and an approximation
method is used to minimise the mean square error function. A
guaranteed solution is provided and the designed filter is stable
for both (2-D) and (N-D) case; nevertheless the solution does not
necessarily converge to a global minimum. Furthermore, the problem
of selecting an (N-D) square sunmable sequence which is the most
natural extension of the desired impulse response is rather difficult.
The technique also suffers from the high computation cost involved.
The method introduced by Lal [Bj] , which is also derived from Shanks!
method, guarantees the stability of the designed filter by using a
constraint optimisation routine to approximate the filter's impulse
response with a group of second order (2-D) filters. This method

lacks the controllability of the sharpness of the transition region.
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SUGGESTIONS FOR FUTURE WORK

As with the development of any new technique, more questions

are developed than are answered. The various possibilities which

come to mind and deserve consideration are as follows:

(1)

(2)

(%)

The high computational cost and labour involved in
checking the stability of  (2-D) and (N-D) recursive digital
filters with the existing methods makes these methods
uneconomical to use for filters of higher orders. The. time
has therefore come for the development of an efficient algorithm
for checking the stability of high order multi-dimensional

filters.

Most of the existing stabilisation algorithms lack the
reliability needed for eﬁsuring the stability of the designed
filter. This is due to the approximation and truncation needed
for practical implementation of each technique, Ekstrom [?fj
in his mefhod suggests the use of a weighting sequence to
jmprove the reliability of the algorithm., The question may
arise as to whether a similar procedure can be used in the

stabilisation technique of Read and Treitel E5@] .

The stabilisation techniques mentioned in Chapter
Three have the disadvantage of distorting the impulse response
of the filter The question may again arise as to whether one
can develop an algorithm which stahilises an unstable filter

withouat distorting the impulse response.

In the frequency domain an algorithm is desired

which enables us to design a stable filter which has a linear
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phase characteristic and arbitrary shape cut-off boundary.
Unfortunately none of the present design techniques caﬁ offer
2ll these requirements at the same time. Therefore another
possible field of work is the development of a technique which

offers these properties for the designed filters.
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