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AN INVESTIGATION OF THE CHARACTERISTICS OF PLASTIC 

HINGES IN REINFORCED CONCRETE.  

by W.W.L. Chan . 

ABSTRACT.  

This thesis presents analytical and experimeeal 
work on the strength and deformation of plastic hinges 
in reinforced concrete, in the light of application to 
the ultimate load method of design of structures by the 
Plastic Hinge Theory. 

The concept of plastic hinges in statically 
indeterminate structures is first explained with a re- 
view of the Plastic Hinge Theory. 	A further comparison 
of this theory with exact analysis of the plastic be-
haviour of structures enables the validity and accuracy 
of 'the Plastic Hinge Theory to be examined, and the 
definition of plastic hinge rotations to be established 
from first principles. 

A proposed stress-strain relationship, valid for 
both plain and laterally bound concrete, is used as a 
basis for developing the strength and deformation equa-
tions for reinforced concrete members. 

The behaviour of plastic hinges is then discussed 
with reference to the main governing factors such as 
reinforcement, axial load, and lateral binding, and a 
procedure for the rapid design of .plastic hinges is also 
outlined. 

Experimental work is described of tests of 23 
reinforced concrete specimens. 	Tests of 9 laterally 
bound prisms and 7 spirally bound cylinders loaded by 
eccentric compression enabled the behaviour of bound 
concrete to be studied, and its application to bound 
plastic hinges considered. 	The formation of plastic 
hinges in columns was examined by further tests of 7 struts 
loaded axially and laterally, from which the curvature 
distribution and influence of axial load could be studied. 
The experimental results are then correlated and discussed. 

Finally, the conclusions which appear warranted 
are presented, and with the limitation3of the scope of 
this work in mind, recommendations are given for future 
work in this field. 
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INTRODUCTION 

The plastic theory of frameworks has been recog-

nised recently as a more realistic and rational 

approach to the economic design of statically in- 

determinat structures than the elastic theory. 	It 

examines the condition /prior to failure of a struc-

ture, taking into account its ability to redistribute 

the share of load amongst its various members in the 

most economic manner possible. 	Thus a truer 

measure of the ultimate strength of the structure as 

a whole is obtained. 	Furthermore, the plastic 

theory is simpler to apply since each member is 

known to be capable of contributing its ultimate 

strength and deformation, and hence the work of 

solving tedious elastic equations is greatly reduced. 

Plastic hinges, forming at critical sections of 

members under progressive loading, successively re-

duce the degree of indeterminacy of the structure 

since the plastic moments of resistance of the 

hinges are known. 	These moments remain approxim-

ately constant with further load and deformation, 

and failure is finally brought about when the struc-

ture or part of it forms sufficient hinges to become 

a mechanism, or when one or more of its plastic 
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hinges fail through excessive deformation. 

Successful application of the plastic theory to 

structural steel frames was achieved through the ex-

tensive research work of J.F. Baker and others.1'2 

The problem mainly lies in finding rapid methods of 

correct plastic hinge location, and of assessing 

collapse loads and forms of mechanisms. 

Due to the different properties of reinforced 

concrete, hinge positions may be prescribed at will 

since the strength and deformation at any section 

along a member may be locally adjusted by detailing. 

On the other hand, the capacity of flexural deform-,  

ations is considerably limited by brittleness. 

The problem is thus resolved into finding methods 

of assessing appropriate values of plastic moments 

within safe limits of deformation at pre-selected 

hinge positions to give the most economic distrib- 

ution of bending moments throughout the structure. 

Such methods were proposed by Professor A.L.L. 

Baker 3,4,5,6• 

Compressive plastic hinges, occurring at over-

reinforced concrete sections and at sections 

subjected to high axial load, contribute plastic 

deformations mainly by the initial yield .of con-

crete, and because the strain capacity of concrete 
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is small, such plastic deformations are rather small. 

It was anticipated, however, that the use of close 

spaced lateral binding could be relied upon to pro-

vide lateral compression on the bound concrete and 

delay failure by concrete crushing, so that sufficient-

ly larFe de-Cormations required for the most economic 

ultimate load designs can be safel7 accommodated. 

This thesis presents the methods and results of 

an experimental and anal7tical investigation under-

taken in an attempt to contribute new information on 

the strength and deformation of plastic hinges, and 

in particular, the critical cases of compressive 

hinges, so that safer and morn economic design rules 

may be used with advantage in the Plastic Hinge Theory 

of design. 

The theoretical work covers a review of the 

Plastic Hing3Theory and a comparison of this with 

the actual plastic behaviour of structures, in order 

to examine the validity and accuracy of the Plastic 

Hinge Theory. 

A generalized stress-strain relationship for 

plain and bound concrete is proposed which is shown 

by tests to be sufficiently accurate, and which forms 

the basis on which the strength and deformation of 
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plastic hinges throughout the elastic, unbound plas-

tic, and bound plastic ranges of strain are explained. 

An analysis is presented of the strength and 

deformation equations of plain and bound reinforced 

concrete sections, subjected to pure bending, axial 

load or both, at all stages of lodding which is 

essential to the study of plastic hinge behaviour. 

The influence of bending moment distribution, 

axial load, depth of concrete cover and spalling, per-

centage of longitudinal steel and of lateral binding 

on the propagation of the plastic zone, and on the 

final plastic hinge rotation is discussed. 	A rapid 

method of determining the available rotation at a 

given hinge is also given. 

The experimental work consisted of the prepar-

ation and testing of 9 laterally bound reinforced 

concrete prisms and seven spirally bound reinforced 

concrete cylinders subjected to eccertric compression, 

so that the behaviour of bound plastic members in the 

light of its application to bound compressive hinges 

could be studied. 	In addition, seven struts tested 

by loading axially and bending laterally, provided 

information on the influence of axial load on the 

plastic zone and the curvature distribution and its 
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relation to plastic hinge rotations. 

Experimental results are presented, in which the 

relationship between lateral binding and the ultimate 

strength and deformation of bound concrete is established. 

Curvature distribution factors are also obtained from 

the strut tests. 	The general hehaviour of test speci-

mens is compared with that predicted by analysis. 

The correlation of all analytical and experimental 

results enables the ultimate plastic hinge rotations to 

be calculated in terms of lateral binding ratios, and 

to be compared with some hinge rotation values required 

in typical structures for complete redistribution of 

moments. 

The work presented in this thesis is finally sum.-

marised and the conclusions which appear warranted are 

given, together with recommendations for further re-

search work in this field. 
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PART I 

THE PLASTIC HINGE CONCEPT - 

IN 

STATICALLY INDETERMINATE STRUCTURES  

The basic principles of the plastic theory of 

structures are generally well known, and need not be 

repeated here. 	The ability of statically indeter- 

minate structures of ductile material to yield at 

critically stressed sections while maintaining 

approximately constant moments of resistance at these 

sections, causes further load increments to be re-

distributed onto other stronger parts of the struc-

ture so that the structure will bear as much load as 

it possibly can before failure occurs. 	This forms 

the basic concept, whether the theory is applied to 

reinforced concrete or structural steelwork? 

The two main advantages claimed by the plastic 

theory over elastic methods are that realistic de- 

signs with rational factors of sof 	are achieved, 

generally resulting in more economical structures, 

and that the mathematical work involved is far simp- 

ler. 	Some knowledge of the elastic theory is, 

however, required in order to appreciate and apply 
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the plastic method of analysis. 

The transition from elastic to plastic or non-

linear behaviour of a structure subjected to predomin-

ately bending stresses, obviously commences at the 

peak points of the moment :Line under progressive 

loading. 	Plastic behaviour characterized by large 

plastic rotations without appreciable change in 

moments of resistance at these points under further 

loading causes the extra loads to be borne by other 

critical sections which still remain elastic. 	Such 

regions behave like hinges rotating under constant 

plastic moments and are termed plastic hinges. 

Failure of the structure is brought about when 

the number of plastic hinges is sufficient for the 

structure, or part of it, to become a mechanism, or 

when one or more of its hinges fail through excessive 

deformation. 

In structural steals^tor.•k, failure of plastic hinges 

by excessive deformation can be conveniently ignored, 

since its ductility is sufficiently high to accommo-

date plastic hinge deformations required in almost all 

practical cases. 	On the other hand, due to the mater-

ial being made in standard sections of uniform strength, 

it is necessary to devise methods of locating correct 
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plastic hinge positions and various cases of collapse 

mechanisms in order to determine the collapse load. 

Tests of steel fraMe8 
1 
 show that the plastic theory 

is a simple and rational basis of design. 

Reinforced concrete can only accommodate small 

plastic rotations, these being limited by the small 

ultimate strain capacity of concrete. 	As concrete 

is less ductile than steel, it is evident that plastic 

rotations mainly contributed by steel yield would be 

higher than that contributed hginly by concrete plas- 

ticity. 	However, because reinforced concrete can be 

detailed locally to suit strength and deformation 

requirements, plastic hinge positions may be readily 

located. 	The application of the plastic theory to 

reinforced concrete, therefore, requires that both 

the ultimate strength and deformations have to be 

considered. 
7,8,9 

Tests by various investigators 	on rein- 

forced concrete frames and continuous beams have 

shown beyond doubt that economic moment redistribu-

tion takes place after the structure has commenced 

to yield, and that the assumption of trapezoidal 

moment-load relationship at critically stressed 

regions gives an approximately true design solution. 
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It is found that complete moment redistribution can 

take place prior to failure in normal structures and 

loadings, but in cases where high ratio of support to 

mid-span moments, heavy reinforcement, and high axial 

loads occur, plastic rotations may not be sufficiently 

high for complete redistribution. 	In such cases, 

close lateral binding at critical hinge sections may be 

effectively employed to delay failure and allow higher 

plastic rotations to be accommodated. 	Numerous tests 

by the author on the behaviour of such bound members 

is described later. 

The positions of the peaks of the bending moment 

diagram in statically indeterminate structures gen-

erally occur, with some exceptions, near the supports 

or intersections of continuous members, and thus deter-

mine the positions of the assumed plastic hinges. 

Full moment redistribution is realized when the 

mid-span moments and support moments are finally 

equalized in the ultimate plastic condition for beams, 

and when the support moments are equalized at both ends 

for columns. 

Full moment redistribution may not always be 

advantageous, due to one or more of the plastic hinges 

being incapable of developing the required rotations, 
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or due to the unfavourable form of loading or struc-

ture, or to premature yielding of mid-span sections. 

This results in a structure which is, in the ultimate 

load condition, either partially redistributed in 

moments, or without redistribution at all, that is, 

elastic. 	Although this condition does not produce 

the most even distribution of moments, it may in 

certain cases be the most economic design, since the 

cost of structural materials required to achieve full 

redistributidn may be more expensive. 



A Review of the Plastic Hinge Theory. 

The application of the plastic theory of struc-

tures to reinforced concrete frameworks has been the 
3,4,5 

subject of recent papers 	by Professor. A.L.L. 

Baker, in which a comprehensive method is presented 

suitable for the analysis of complex structures many 

hundreds of times statically indetermin;Ite. 

In Prefessor. Baker's Plastic Hinge Theory, both 

the ultimate strength and allowable deformations are 

calculated. . It consists essentially of first assign-

ing to a structure which is n times statically inde-

terminate, n plastic hinges at suitable positions, 

these being determined from a preliminary analysis of 

the probable stress distribution in the structure. 

Knowledge of the nature of the applied loads enables 

good guess values of plastic moments to be given to 

the n hinges which would result in the most economic 

distribution of bending moments in the structure. 

Moment-deformation equations are then systematically 

applied to the plastic hinges to find the values of 

plastic rotations required for the desired condition 

of moment distribution. 

If rotations so found are of the wrong sense, then 

such hinge positions may have been wrongly selected, or 
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some intermediate sections between assumed hinge 

positions will yield before the hinges. 	Required 

rotations must also be within the safe allowable 

strains which can be accommodated at the hinge sec-

tions. 

Adjustments such as reinforcement, binding, 

positions of hinges and plastic moment values may 

then have to be made until the two conditions of 

plastic rotations are satisfactory. 

This trial and error adjustment process may also 

be used to determine the moment distribution under 

elastic working load conditions, to ensure that no 

excessive deflections or cracks occur in the struc-

ture. 

It is assumed that the moment-load characteristics 

of the hinges follow a trapezoidal relationship, the 

extent of the horizontal moment line being governed 

by the strain capacity Of the hinges. 

Plastic hinges are assumed, to be concentrated at 

points, and although this is not exactly true for any 

structure, it nevertheless affords a convenient ideal-

ized conception of what are in fact short plastic 

lengths of members giving rotations equivalent to those 

o•f hinges. 	Frame members spanning between the hinges 
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are assumed to be elastic throughout. 

In certain complex frameworks, "blocks" and criti-

cal
e 

 hinges can
b
selected so that rotation checking 

equations need only be applied to a few hinges in 

certain blocks. 	This greatly simplifies the work of 

solving complex structures. 

The governing equations in the Plastic Hinge 

Theory express the relation between the deformation 

caused by the applied load and internal restraints, 

and the plastic rotations or "angles of discontin- 

uity" at then hinges. 	Expressed in Influence Coeff-

icients, the n equations are of the form 

dOk 71.dlk 72.d2k 	7n•dnk ek 

	(1.1) 

Where k may be any number from 1 to n, and where 

)T11  denote plastic moment values 

at hinges 1, 2, --- n; 

dik  = Mi Mk  ds 
EIa  

denotes the relative rota-

tionindirection. XI  of ends 

of members at the hinge point 

of Xi, caused by the action 

of Xk = 1; 
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and 	doi  denotes the rotation in the same direction 

caused by the action of all external loads. 

From these general equations may be developed 

plastic rotation or e equations for the different 

types of beam and column hinges for the general case 

of frameworks having n bays and m storeys. 	From these, 

the selection of blocks and critical hinges as mentioned 

earlier may be made. 	These details are fully given 

in Professor Baker's papers, and is also being studied 

by Yu 10  . 

After the plastic moment values have been finally 

determined by the trial and adjustment method, the 

hinge sections may then be designed accordingly by 

the Plastic Theory for ultimate strength. 	The re- 

maining parts of the frame members are then designed to 

remain elastic at ultimate load. 

The required plastic rotation at each hinge as 

determined by equation (1.1) is safe if it does not 

exceed the available plastic rotation that is possible 

to be developed by the hinge. 	This is given by the 

Plastic Hinge Theory as 

nldp 	
(1.2) 

where 1P denotes length of nember.over which yield 

occurs; 
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s 	denotes concrete strain at compression edge; 

and 	n1 	ultimate neutral axis depth factor. 

The value of 1p is simply assumed to be equal to 

the effective depth of the beam for the case of hinges 

with initial steel yield, and d/2 - (half beam depth) 

or not greater than d or 1/10 of the length of the 

column or beam in other cases. 

The value of n1  may be obtained from the ultimate 

strength equations in the Plastic Theory. 

The concrete strain sP is assumed to have a safe 

limiting value of 0.002 for plain hinges, while much 

higher values are expected to be possible with later-

ally bound hinges. 

It must be mentioned here that the value of 

given by equation (1.2) represents the total rotation 

at a hinge, that is, both elastic and plastic rotations 

are included. 	To obtain the net plastic rotation 

which effects moment redistribution therefore, the 

elastic rotations over the same length 1p, calculated 

by the same equation with appropriate elastic values of 

sand nl, should be deducted from the total rota- 

tion. 	This will be proved from first principles 

later. 	This does not mean that equation (1.2) can- 

not b used, but the safe limiting values of sp, n1 
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and 1 must be suitably chosen so that the resulting 

value of 9 calculated from equation (1.1) represents 

the true net plastic rotation, excluding elastic 

rotations. 

Although excessive rotations can generally be 

avoided, critical hinges may occur in internal columns 

where the required rotations are relatively large 

accompanied by very high axial load. 	In certain 

cases where the effects or settlement have to be 

allowed for 
4

, required 9 values may also be quite 

excessive, especially for plasticity at hinges depen- 

ding mainly on concrete. 	In such cases it is anti-

cipated that the use of laterally bound compressive 

plastic hinges, which are capable of accommodating 

much higher concrete strains, may provide sufficiently 

large available rotations. 

The behaviour of laterally bound concrete is 

described in a later part of this thesis. 
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Relation between Plastic Hinge Concept and Actual 

Behaviour' of Structures.  

It was stated earlier that plastic hinges are 

assumed for convenience to be concentrated at points, 

an idealized conception of what is in reality short 

plastic lengths of members over which develop plastic 

rotations or "angles of discontinuity" when moment 

redistribution takes place. 

The available rotation of a plastic hinge, given 

as 	ip 
 nid  
Sp 	

(I.1) 

describes in mathematical terms, the influence of the 

main factors governing the hinge rotation, although it 

does not necessarily represent the exact plastic be- 

haviour within the hinge zone. 	This however, is 

justified if the factors in the equation are chosen 

by studying actual behaviour. 

Again, the Plastic Hinge Theory may in fact be 

shown to be a powerful approximate method of analys-

ing statically indeterminate structures subject to 

yield and moment redistribution, based on certain 

idealized assumptions, and therefore some degree of 

error or departure from actual behaviour would be 

involved in the approximation. 	This degree of error 

• 
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can only be determined if the actual behaviour is 

studied. 

With the foregoing considerations in mind, the 

following analysis aims at ocrl?elating the Plastic 

Hinge Theory and the exact or actual behaviou.tr of 

structures, so that the degree and nature of approx-

imation resulting from the idealized assumptions made 

in the Plastic Hinge Theory and the significance of 

8 values can be assessed, and the validity of the 

Plastic Hinge Theory examined from first principles. 

Consider a structure which is n times statically 

indeterminate, in stable equilibrium under ultimate 

load where moment redistribution has taken place: 

Case (a) :  Plastic Hinge Theory. 	The assump- 

tion of n point hinges with wholly elastic members in 

between, of trapezoidal moment-load characteristic 

for the plastic hinges, and of abrupt "angles of dis- 

continuity" at hinges, gives equation 	which 

reads, as before, 

dOk * X1.dlk X2.d2k + 	+ 7n.dn = -9k 

in which all EI values are elastic. 

Case (b) : Actual Behaviour. 	If the assumed 

positions of the plastic hinges were correctly assumed 

in case (a), they would of course coincide with the 



Mu  

My 

E 

Actual. 
Behowoor 

-Idealized 
Curve 

19 

actual moment peak points. 	However, with reference 

to Fig. 1.1, the departure of the actual moment-load 

characteristics from the idealized case, postulates 

that: 

i. Plastic rotation at a hinge does not actually 

occur at a point, and therefore 

ii. Framework.members consist of partly elastic 

and partly plastic lengths at ultimate load; 

No actual "angle of discontinuity" can take 

place at a point between ends of members; if it were 

possible, it would imply that the member would be 

totally severed at that point. Although effective 

plastic rotati.ons do occur over the length of the 

plastic zone, there is in fact no A rotations at the 

assumed hinge points for the structure to be stable. 

This may perhaps be more readily visualised by subs-

tituting for the partly plastic structure, an imaginary 

equivalent structur-1 of identical shape and centre- 
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line dimensions which is wholly elastic, and where 

the stiffnesses along or between members may be 

altered at will, until a final distribution of moments 

identical to the actual partly plastic structure is 

obtained. 	For this equivalent structure, it can be 

seen that moment redistribution can occur by elastic 

adjustments, with 9k = O. 

From these arguments, the actual behaviour of 

the structure under ultimate load and with redistri-

buted moments, may be expressed by similar Influence 

Coefficients as 

d6k  f 71.4k -72 2k --- Yn.dnk = 0 

	(I.3) 

where 
dik  = 14114k.ds the value of EIs  being the EIs  

actual EI value along the length of a given member, 

and referring to Fig.I.1, for a member of constant 

section and reinforcement, OH is elastic and HB 

plastic. 

If dlk  is separated into the elastic and 

plastic parts so that 

di  — 	dk — el ik 	p2d!  ik 
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(Lk - hk) 	Lk 

	

Ml  Mk ds 	Mi. Mk  ds 
EIe 	EIs  

0 	(Lk-hk) 

equation (I.3) then becomes 

(eldOk p2d0k) 	71(eldik p2dik) 	72(eld2k f  /02(12k) 

--- 7n(eldnk p2dnk)  = 

	(I.3a) 

Equation (I.1) given by the Plastic Hinge Theory 

can also be expressed by splitting each dik term into 

two parts, both having elastic EI terms as assumed, 

so that 

(eldOk t e2d0k) 	71(eldlk 	e2dlk) 	X2(eld2k 	e2d2k) 

.7n(eldnk e2dnk) = (3k 

	(I.la) 

where eldik 

(Lk  -hk) 

mk  
	 ds 
EIe  

0 

%Lk 

and e2dik 	Mk  EI 
	ds 

(Lk-hk) 



22 

noting that both terms have elastic EI values. 

Since both equations refer to the same structure 

under the same applied loads and the same plastic 

moment values, (I.3a) and (I.1a) may be superimposed. 

Subtracting equation (I.la) from (I.3a) gives 

Gk = (p2dOk e2d0k) 511(p2d1k e2dlk)  ---

+ 7n(p2dnk e2dnk)  

Working out the p2d1k  and e2dik  terms in full 

and re-grouping, it can be shown that 

k = n 
(hk 

-k \ 	 !Mk (M0 + M1X1+  M2724. 

k = 1 

((1 	1) 
+Mn?Cri )LETs Eidds 

Now (MO MITC1rM2X24- 	Mr17n) = M, the resultant 

bending moment at any section, and hence 

(I.4) 

1

hk  

Mk.M / 1-1—)ds 
k-EIs  EIe  

k = n 

ek = 

k _1 __o 

(1.5) 

This equation expresses the exact relationship 

between the plastic rotation 9 as defined by the 

Plastic Hinge Theory and the actual plastic behaviour, 

and shows that in fact, the available hinge rotation.  

Gik for the kth hinge is determined not only by its 
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own plasticity, but is also influenced to some extent 

by the plasticity of every other of the remaining n-1 

hinges as well. 

However, in the n terms of the 

summation in equation (1.5), all 

terms with the exception of the kth  

term 
hk  

Mk. M  
Els  

I / cis  
EIG, 

01  

0A04  

are very negligibly small, since the 
	Typical Mk= / Diagrams 

2. 
Mk  = 1 diagram gives maximum values within the plastic 

zone of the kth  hinge only. 	Referring to the ex-

amples given in Fig. 1.2, it can be seen that other 

than the kth  hinge, the Mk = 1 diagram is very small 

for the remaining hinges, and tails off to zero at the 

assumed positions of the hinges. 	Also, the plastic 

zones hk  are generally very short compared with the 

lengths of the framework members. 	From these con-

siderations, little error is incurred by neglecting 

the n-1 secondary terms. 	This is further justified 

by the fact that both positive and negative terms are 

generally included, thus further diminishing the mag-

nitude of the sum of the secondary terms. Yu has 
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shown 
10 
 that there are generally more positive than 

negative secondary terms, so that any slight error 

due to neglecting these terms will be on the safe 

side, since the approximate available rotation will 

then be less than the actual value. 

Thus equation (I.5) reads, after simplification, 

9k= 

hk 
) 

Mk. M ( 1 	
1 
	ds 

EIs  EIe  

0 
hk 	hk 

or 	= f

Mk. M ds 	Mk.M 
EIS 	EIe 

ds 	(I.5a) 

0 
	

0 

Now j(Mk.M 
ds  EI 

is, by Mohr's rule, the expres- 

sion for the slope at the support 

tic weight M/EI. 	Referring to 

Fig.I.3, the reaction at A due 

to the M/EI diagram is 

R 	L 	s  d, A 
= ET' L 

/ EI ds 

since (L-s)/L is the value of 

Mk .1 at distance s from A. 

caused by the elas- 

 

    

Hence the plastic hinge rotation given by equa-

tion (I.5a) represents the total change in slope due 
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(c) 

Hhk  F- -- 

that equation (I.5a) 
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to plasticity over the plastic zone hk less the 

elastic change of slope over the same length and under 

the same load. 

Now a study of Influence Coefficients and typi-

cal framework examples 3,4,5,10 dl ows that the fDrm 

of Mk  = 1 

members is 

diagrams for straight 

either a rectangle, 
(a) 

--I 
frfir 	1 

• 4 F-- 
a trapezium, or a triangle (Fig. 

1.4). 	Equation (I.5a) would be 

greatly simplified if the 'term 

Mk could be eliminated by assum- 

ing a constant value of Mk = 1 

in all cases, i.e., Fig. I.4a, so 

would then read hk 	hk 

= 	M  ds 
EIs 	

— f M  -ds 
EIe  

0 	 0 

The error introduced for the cases (a), (b) & 

(c) in Fig.I.4 due to assuming the value of Mk = 1 to 

be constant will now be considered. 

Case (a). 	For a rectangular Mk  = 1 diagram, no 

error is introduced since Mk is of constant value 

throughout the length of the member. 

Case (b). 	For a triangillar Mk = I diagram, the great-

est. error is introduced, since the rate of change of 



ArePo
H  

— 
Ar 	

= Mu Azo4k 

1 

26 

Mk is greater than that of the two other possible cases. 

Taking the most ill-conditioned arrangement, assume 

that due to high axial load, the whole column has 

yielded, that is, hk = H/2. 	Assume also that the 

plastic WEIs,diagram is a parabola, and that the .  

ultimate EIu  at B (Fig. 1.5) is 0.4 EIe; these assumed 

values represent worst values as observed from tests. 
kto 

B.11. O. 	 DIAGRAM 	 DiACRAM E.z:f  

Referring to Fig.I.5, and applying equation 

(1.5a) in full, we have 

hk 	hk 

j( ° = 	ds 	I 	ds Ic  EIs 	EIe  

0 	 0 

	

Mg. H . 7 	Mu H 	5 by the rules 
EIs  6 	8 	EIe  4 6 

of integration, 

= 0.156 
M 

 
hie  

Now applying equation , (1.5a) in the proposed 
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simplified form by omitting Mk = 1 = constant, we 

have, 

Gk 

• 0 

hk 

Elsds 

hk 

M  d EIe s  

0 

Mu. H 
	

Mu  H 
— 	Eau 6 
	

EIe  4 

0.1665 MuH  EIe  

The discrepancy between the two Gk values is 

thus 	(0.1665 - 0.156) Mu/EIe  

0.0105 Mu/EIe 

and. the percentage error is 0.0105/0.156 
un- 
A 	

, 
6.7 % ( on the safe side). 

This degree of error, based on the worst condi-

tions that could occur in reinforced concrete struc-

tures, represents a very negligible figure consider-

ing that much higher variations are obtained from 

the erratic nature of concrete alone. 

Case (c). 	For a trapezoidal Mk = 1 diagram, the 

error incurred is evid-ntly intermediate between 

Case (a) and Case (b), and is therefore negligible. 

The above evidence shows that it is sufficiently 

accurate to determine the available effective plastic 

hinge rotation of the kth hinge of a structure n times 
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statically indeterminate from the simplified equa- 

tion hk 	hk 

Gk = f M  ds 	— i M  ds ----(I.6) 
EIs 	EIe 

0 	0 

incurring only very small errors in the worst cases. 

   

The value of Ak  :Z 0  

 

O A 	A  

  

   

is thus given by the hatched area in Fig. I.1. 

Here proof is also given that the elastic defor-

mations should be subtracted from the total rotation 

in order to obtain the effective rotation or A value 

as defined by the Plastic Hinge Theory. 

This deduction of elastic rotations is an impor-

tant factor, since to ignore subtracting the elastic 

term gives available A values which are too high, that 

is, erring on the unsafe side. 	This error is most 

serious in ordinary unbound hinges, where the concrete 

elastic strain is at least 30% of the ultimate strain. 

In laterally bound hinges where high strain capa-

cities may be developed by induced tri-axial compresr 

sion, in hinges heavily reinforced in compression, and 

in structural steel hinges, the elastic strain is but 

a very small fraction of the ultimate strain, so that 

ignoring elastic rotations may not incur serious error. 

For this reasons  the pinstic theory of steel 
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frames tacitly assumes that the moment-plastic rota-

tion curve is as depicted in Fig.I.6a, rather than the 

actual complete curve as in Fig.I.6b. 	It follows 

that in calculating the collapse load by the Virtual 

Work approach, the work done by plastic deformations 

only ( d, 9i) excluding elastic work, appears in the 

general equation 

P.d   Tay ei 

This was recently pointed out by English 11. 

Although elastic deformations can be safely . 

ignored in steel structures, it certainly cannot be 

overlooked in reinforced concrete. 

Al/ Ar„ 

  

e 
(a) 	 cb, 

6 . 
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Interpretation and Application of the 

:Plastic Hinge Theory.  

A study of the Plastic Hinge Theory and a com-

parison with actual behaviour of structures under 

ultimate load, indicates that? 

i. The Plastic Hinge Theory is a powerful approxi-

mation technique by which very complex statically inde-

terminate structures of ductile material can be rapidly 

designed, with full advantage taken of the economic 

redistribution of bending moments at ultimate load, 

and where both the strength and deformation of the 

structure are taken into account. 

ii. The assumption of concentrated point hinges and 

abrupt "'angles of discontinuity' or plastic rotations 

at these hinge points, and of wholly elastic members 

spanning between hinges, represent convenient idealized 

conceptions which depart slightly from actual behaviour. 

For the purpose of determining the best distribution 

of bending moments by the trial and adjustment method, 

the error involved in the idealized assumptions is 

shown to be negligibly small. 

iii. The "angles of discontinuity" or 9 values given 

by the assumed plastic hinge behaviour, may be regarded 

as a correction factor which reconciles plastic hinge 
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behaviour with actual behaviour. 	For a 100 % correc- 

tion, the value of 0 for a particular hinge is shown to 

be dependent on the deformations of each of the n 

hinges of an n times statically indeterminate struc- 

ture. 	However, a sufficiently accurate correction 

involving only a few percent maximum error  n 	thr• 34.fe 	 

witim is obtained by considering the deformation in 

the plastic zone of the particular hinge only. 

iv. The effective hinge rotation G as defined in 

is approximately the total change in slope over 

the plastic zone, less the corresponding elastic change 

of slope with reference to the ultimate load. 

v. The actual length of the plastic hinge zone is 

generally very short in flexural members, but may be 

considerably lengthened by the presence of high axial 

load. 	While it has been shown that the assumption 

of elastic members spanning between point hinges is 

an accurate approximation for the analysis of the 

state of moment distribution in the structure, it is 

evident that due regard must be given to the actual 

plastic length when detailing critical sections to 

develop the required strength and rotation. 

vi. It follows from iv. and v. that in order to 

calculate the available 8 values of plastic hinges, 
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the following properties of reinforced concrete have 

to be known; 

(a). 	The stress-strain relationship of the 

materials; these include the steel reinforcement 

and both plain and laterally bound concrete. 

(b), 	The strength and deformation of rein-

forced concrete members under various forms of load-

ing and at all stages of their loading history. 

(c). 	The length of the plastic zone in the . 

vicinity of the assumed hinge positions. 

The distribution of unit rotation or the 

M/EI curve in the plastic zone length. 

These items are discussed in detail in the 

following chapters. 
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PART II 

THE STRESS-STRAIN RELATIONSHIP OF PLAIN 

AND BOUND CONCRETE. 

The theory of plasticity shows that any brittle 

material can be transformed into a more ductile mat- 

erial by the application of lateral pressure. 	This 

has been proved by tests, and amongst these the most 

classical experiments were performed by von Karman 12  

on marble. 

The ability of lateral reinforcement to bind 

the enclosed concrete effectively and increase the 

load-bearing capacity of concrete compression members 

was probably first recognized and investigated by 

Considere 13  in 1903. 

F.E. 	 15 Richart and co-workers 14, 	conducted ex- 

periments on concrete prisms by applying axial, 

biaxial and triaxial compression, and observed that 

the strength of the prisms increased many times with 

the presence of lateral pressures, accompanied by 

large deformations ranging from 0.5% to more than 7%. 

Further tests by the same workers on spirally 

reinforced concrete prisms in compression showed 

that triaxial compression took place after the 
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prisms had reached their ordinary crushing strength, 

when large lateral deformations stretched the spirals 

and induced lateral pressure which supported the 

otherwise crushed concrete. 	The results of this 

series were found to agree with the previous set of 

experiments. 

The most important result of the findings of 

the various investigators can be expressed by the 

equation: 

f= 	Kf2. 

where f = longitudinal concrete stress. 

fc= compressive strength of plain concrete. 

fgr;  unit lateral stress. 

and 	K is a constant varying from 2.8 to 4.2 

for various concrete mixes. 

Prior to failure in a laterally bound member, 

considering that certain elements of the material 

have begun to deform plastically, these elements must 

be supported laterally if they are to carry further 

load. 	This lateral support must be afforded by the 

tensile strength of the surrounding elastic elements 

and by the lateral pressure developed by the binders. 

In plain concrete mambers no lateral support is 

available, and the concrete completely collapses when 
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this tensile strength is exceeded. 	In laterally 

bound concrete, the formation of arches of concrete 

within the clearances of adjacent binders enables 

the intermittent bands of binders to act as a con-

tinuous surface of lateral restraint. 

As strains progress into the bound range, the 

large lateral deformations accompanying high ten:-

silo stresses in the concrete develop further 

pressure against the binders, and as the support 

of surrounding elastic elements is lost through a 

splitting action, so requisite support is gained 

from the binders. 

As this action progresses, the concrete be-

comes more of a plastic mass, carrying further load 

only as fast as the lateral supporting force of the 

binders can be built up. 	When loading is applied 

more rapidly than the lateral support can be furn-

ished, failure commences. 

While the general observations on numerous ex-

periments on laterally bound concrete specimens by 

the author (see Part V) showed fair agreement with 

the behaviour of similar tests by previous investi-

gators, it was felt that a satisfactory relationship 

bo.tween stress and strain at all stages of loading 
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was lacking for an analysis of bound concrete behav-

iour. 

Thus the equation f = fc  Kf2  relates internal 

stresses, and does not relate stress with strain. 

For plain concrete, most of the well known plastic 

theories only give the stress-strain relationship 

for the ultimate strength condition. 	Hognestad 16  

recently proposed a satisfactory form of curve for 

the entire range of stress-strain, but, notwithstand-

ing the fact that most of the specimens in his tests 

had appreciable amounts of lateral binding, the in-

fluence of this variable was not identified. 

The following generalized stress-strain relation-

ship proposed by the author, and verified by test 

results, aims at'providing a simple basis for the 

analysis of bound compressive concrete members, applic-

able to the elastic, plastic and bound plastic ranges 

of strength .end deformation. 

Geteralized'Stres Strain Curve.  

So many complicated factors govern the behaviour 

of laterally bound concrete, such as the stability of 

arches spanning between binders, depression of binding 

into the concrete, progressive internal splitting, 



A 
1 

I 
1 	I 

CG) 
e 

Ca ) 

37 

that the exact analysis of its stress-strain relation- 

ship would be hopelessly involved and 

apply in practical design. 

Test results show that 	5 
 

the compreSsive stress-strain 

curve of laterally bound con-

crete may be closely approx-

imated by the three stages 

OA, AB, and BC as shown in Fig.II.l. 

inconvenient to 

a 

OA represents 

the elastic stage, and AB represents the greater 

portion of the unbound plastic range. 	OA and AB are 

defined by the physical constants Ee, 6e, Ai, (Fig.II, 

2) and their values may be obtained from bending 

tests as will be shown later. 	For unbound concrete 

tl last line BC is short and drops slightly, but for 

bound concrete this line may extend to a considerable 

length with a rising gradient, as shown in Fig. II.la  

and Fig. 11.1b. 	It will be realized that theyortion 

(jf the curve OAB is indep-mdont of the influence of 

lateral binding, since the latter has been found to 

have no effect before the stress approaches that of the 

normal crushing value, 

Line BC is expressed by the constants d'2  and .A2 

which are a function of the amount and type of lateral 
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binding. 	The authorts tests show that within the 

useful range of strength, this straight line satis- 

factorily represents its actual behaviour. 	Since 

there is no abrupt failure in bound concrete,.a sec-

tion is considered to have failed when it can no 

longer sustain a steady load. 

It is also assumed that in flexure, a given stress 

may be identified with a specific strain, irrespective 

of the position of the element considered. 

Finally, it is assumed for simplicity that the 

stress-strain relationship is identical for flexure 

as for axial compression. 	This appears to incur 

some error, since it is well known that concrete in 

flexure is capable of stress relief at the extreme 

fibres and thereby accommodate higher strains than 

when axially loaded. 	However, considering that the 

initial parts of the stress-strain curves in flexure 

and in axial compression are almost identical 
17, it 

is felt that this is a reasonable simplifying assump- 

tion. 

  

C 

   

Referring to Fig. II.24 

In the elastic range OA)  

ee, 	f = EEc 	---(II.la 

or expressing in terms oP fp) 

       

       

       



and when E = E.P' 

fp = fe. (1+01) 	 

In the plastic range BC, 61).- . 6 - 11, 

In the plastic range AB, 6e, < 6- < p 

and when E = E e, 

fe = fp / (1.41k) (II.1c) 

fp 
	.11 + -1)~lj ----(II.2a) (1+(141) 

(II.2b) 

(14- 6A1) 
	(II.3a) 

f
p 	[1 .01A1 4A2 	- 

fp 	6. 
f = (1+4141) E e 
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and when 	= Eu, 

  

 

1 +Oa + 12A21 

 

fu =fp 	 • ---(II.3b) 

   

In equilibrium equations for the strength of 

reinforced concrete sections in bending, knowledge of 

the concrete resultant force C = fpcilnibd and its 

line of action ginld at a particular load stage, 

enables these equations to be conveniently solved. 

It is therefore useful to derive the vd ues of qi 

and gl in terms of concrete strain. 



ql = 2 ee(144141) 
(II.4a) 
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Concrete 0ompression Factor ql. 

Referring again to Fig. 11.2, the resultant 

concrete force may be expressed as 

f1D.C11.  

and equating this to the summation of areas under the 

stress strain curve up to the value of strain 6, gives: 

In the elastic stage CA, *.-5.i" 6e, 

and when 	6 =-7 6e' 

ql 

In the plastic stage AB. 	< 6 

Ee r247  -a. -k(-2.)21  
2 (1+r1A.1) 

and when 

ii-41+VT  
2(14. )(1441k) 

In the plastic range BC, '1:) < 6  < 

ql = 64( 2/141)/AaA÷ ( E;:73 ) (014- 6Ai)4-.4 ()1? -.:--4512  
e 

2 (1411)1) 

(II.6a) 

and when.  

q1 - 

= 6u,  
2 	r 

(2a1+1)tA164212(14hri)#,A_1  
2(14.6.4, 12)(14.r1k) 

-(II.6b) 

ql 

ql 

1  
2(14.4".\1) 
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Compression Centroid Factor gi.  

Taking moments, it may be shown that from geo-

metric considerations (Fig.II.2): 

In the elastic stage, Et.46e , 

gi = 1/3 

In the plastic stage AB, c 

) 	it -1 ) 2  [3 	(6  -6e )/]_, 
[(2-1)+A1(-1- -1) 21 

and when E = 6 P' 

g1 = 1 
 

(7+6) 4  V1(3411A1)  
(1+X1)(1+2-A1W) 

In the Plastic range BC, 4E.p < F -cEu, 
1-  

Ee) 	2filA1)1k6 -6P )  4-1-Tie.32•13
(4. 

 )13Ie (14°12  g 1 = 
6 t1+6(24rik)+(66P)f2 (1+/-1A1) 4A2(66e'6-61 

e _ 

(11.7) 

gl = 

(II.8b) 

(II.9a) 

and when E = 

(754./142)+6.(241/1)003 124%A111 3  2 L 
1-70Y 3-019 ity?  4 	( (rik)+ -A2K1 

1 (14414.6)11441(24-6A1) +0612 (14- 6A1)+/\2u20 

	(II.9b) 

For a given concrete, sets of values of cll and 

may be plotted as curves against values of E since 

all the constants are known. '.Such typical carves T. 

,are given in Figs. 1 and 2. 

gl 

gl 



e 6 

0 2 

O 

015 

o•3 

4 ...-"_<-: 
6  

1d 

,1- 5:------  la ______ 

IC...'.*"...'...."....  

/4".."...  

P5.-.... 
,9 
2."---- 
2-1 
1 

z 

/ 

STRAIN e 1. - 

00049 	 o•oeboB 	 e. • 4.4.'2 	.G. #.6 o•..0,2a 

te7g. 1 . 	771E042E77CAL. 04/VW'S OF EQUIVALENT COAVESS/ON FACTOA1 

• 14  ------- 

riti______-- 
pi 

---Fr------ 

------- 

1.4,---'------- 

,-.S.  

i - 

pg 

...r----- 

ST4)41A/ e 

24 

2:2 

O 

1r  2 

eoao,..- 	a-000e 	 0-00/,Z 	 a-. 0,6 

, TNED4*-77CAL Ca2VES OF EQUIVALENT CEN7VOID A-AcToQii- 

0 Lc 



42 

The Determination of Stress-Strain Curve Constants.  

Elastic and Unbound Plastic Range.  

The stress-strain curve of anelasto-plastic 

material in flexure may be determined by considering 

small increments of load and strain in a short-time 

bending test. 	Nadai lb  has given such equations 

for a homogeneous material, and Prentis'19  has derived 

suitable equations for reinforced and prestressed 

concrete. 

Since the experiments conducted by the author were 

all of specimens subjected to combined bending and 

axial loading, these equations had to be modified to 

allow for axial load as well as compression reinforce- 
• 

4c  ment. 

Referring to Fig.IT.3, if the 

stress-strain relationship is given 

by 	f = (P( ),  

then equating forces, 

P - Acfc  - Atft  = b 4)(L' )dx 
0 

If plane sections remain plane, 

Ex = eb 	17 (6m - Eb) 

or(0'm ..  Eh  
d6 =   dx. 

'47_9.2%3, 

Substituting into (II.10), 



6 
b  P 	(Acfc  4 Atft) _ v.m_D  6110 	) d‹.  • 

Eb  
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---(II.12) 

Taking moments about 0 

M 4 Pi -1-Atft.tid - Acfc  (D-ti 
Dr  

dj= bfx.f.dx 

0 

bp2m  

(ni610)
2 ((x-413)() c16  

6b 

Re-arranging .and differentiating, it can be shown that, 

fm 	= bD
2 
 — 	1M P—  dem(   -11Atft. tld - Acfc(-tidiji 

2 IM f PD  -{Atft.tld 	Acfc(D-tldfl (1 cl6b) dE 

de - .(Acfc 	Atft) D .71.;b ; 

Similarly; it can. be  'shown .that,'.  

2 
fbbD = 

C" b ),I FM Pi V IT 
101. 

4tAcfc.tld Atft(D-tld 

  

- 21M - PP- 4A0  2 .tid Atft(D-t14(- dEM)  
d6b 

P 	(Acf c  + Atft, ).] 

After cracking, fb = 0, and (II.13) becomes 

S1  pm.bD = .deir 	- (Acfc 	Atft)] .(Ein-eb)} ' 

dem  
d6 b 

----(I.15) 
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The concrete stress strain curve from bending 

test data may thus be obtained by applying equations 

I1.13,14,&15. 	This method is applicable up to the 

ordinary crushing strain; after this range,i.e., in 

the binder range, due to the vary high strains and 

creep with very small increments in stress, the gra-

phical differentiation becomes very inaccurate. 

Fig. 3 shows stress-strain curve points plotted 

for the author's tests of 16 rectangular specimens 

subjected to combined bending and axial loading, in 

terms of the concrete stress fp. 	Two mean lines 

OA and AB drawn through these experimental points 

can be seen from Fig. 3 to represent sufficiently 

accurately the actual stress-strain relationship of 

the given concrete. 

These two mean lines adopted, in accordance with 

the stress-strain curve proposed earlier, give values 

of the constants for the concrete used, as follows: 

Concrete strength at 28 days = 3500 psi. 

Maximum elastic strain 	ee  = 0.00088. 

Strain at max. stress:fP' 	p = 0.0021. 

Unbound concrete max. strain 	E0  = 0.0035. 

Maxumum elastic stress 	fe  = 0.83 fp. 

Unbound concrete ult. stress 1'0  = 0.90 fp. 
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These values are in good agreement with the find-

ings of Smithies20, who by the direct method of bending 

simulation, found that the stress-strain curve was 

nearly linear up to a strain of 0.0091 with a corres-

ponding stress of 0.8 fp, for a similar concrete of 

fp  = 3600. 

The above figures give 

= 1.39. 

r2 = 1.59. 

Ee  = 943.f 

.A1 = 0.1472. 

A2  =Q.076, (for unbound concrete) 

Bound Plastic Range.  

For reasons mentioned above, it is unsatisfactory 

to use the graphical differentiation process to determine 

the stress-strain relationship in this range, where 

very high deformations are encountered. 

The only satisfactory method is to find, by trial, 

the values of ,A2  and r2  which give the best load defor- 

mation curve matching the actual curve obtained experi- 

mentally. 	The theoretical curves may be calculated by 

the equilibrium equations given in a later section, 

and are plotted together with the experimental results 

in Figs.25 to 49. 
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For a sufficient number of tests, the relation-

ship between /A2  ander2, and lateral binding may be 

established by this method of analysis. 

To facilitate the trial process of determining 

values of 4 and 12, various values may be assumed 

and the corresponding gi and cia values plotted as 

in Figs.4 & 5, for various values of strain. 

Stress-Strain Curve by Direct Method.  

The method of Bending Simulation for directly 

determining the stress-strain curve of concrete in 

flexure was proposed by Professor A.L.L. Baker 3, 

and consists of subjecting a short length of concrete 

to variable stresses across the section by means of 

small individual hydraulic rams in the special test- 

ing machine. 	When the distribution of strains across 

the section is so adjusted that it represents the pat-

tern of strain of a beam under bending, the corres-

ponding stress distribution is obtained from the ram 

pressure readings. 	Some results were obtained by 

Smithies 20, and further research with this machine 

is still continuing. 

The author would suggest that to check the validity 

of this method, beams of comparable size should be cast 
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with each bending simulation specimen, and tested in 

circular bending at the same time as the bending simu-

lation test, and at the same rate of loading, so that 

the stress-strain curves obtained directly may be com-

pared with those obtained analytically from the beam 

tests by the method described earlier. 

If the stress-strain curve of plain concrete is 

shown to be accurately determined in this way, then 

it should also provide a direct method of investigating 

the stress-strain curves of bound concrete, for which 

analytical methods available are unsatisfactory. 
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PART III 

THE STRENGTH AND DEFORMATION OF PLAIN 

AND BOUND REINFORCED CONCRETE.  

Having established the generalized stress-strain 

relationship for hound and plain concrete as described 

in Part II, it is then possible to develop moment and 

force equilibrium equations which fully describe the 

strength and deformation of any reinforced concrete 

section at all stages of its loading history. 

Basic Assumptions.  

1. Plane sections remain plane in pure bending, or 

where distortion due to shear forces is negligible. 

2. The stress-strain relationship is known for a 

given concrete, which for simplicity is assumed to be 

identical for flexure as for axial load. 

3. The stress-strain relationship for steel rein-

forcement follows a trapezoidal curve, with ultimate 

strain hardening behaviour, and is identical for 

compression as for tension. 

4. The tensile strength of concrete is neglected. 

5. The failure of a section is brought about by 

the concrete attaining its ultimate strain, beyond 

which it fails to sustain a steady load. 
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Since the most general case is that of a section 

subjected to combined bending and axial load, this 

will be considered first. 

Section Under Bending and Axial Load.  

Referring to Fig. III.1, equating moments about 

tension steel, 

P(e 4 	= 0(1 = nlgl)d 	Acfcdf 
2 

= fp.qinibd (1 - nig') 	Acfcdf 

(III.1) 

Equating all forces, 

P = C 4 Acfc  - Atft  

= fp .qlnibd Acfc  - Atft ---(III.2) 

For linear strain distribution, 

nl 	fc 	CEs  n1  -  t1  , or 
ni 

----(III.3) 

and after yield f = 5 y 



Also 	= -ni , or 
Et 	1-111 

and after yield, 

ft =6.-Es 1-n1  ni 

ft =  fy 
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(111.4) 

 

The eccentricity e denotes the total eccentri-

city, i.e., the sum Of the nominal eccentricity (30  

and the deflection. A method for determining the 

deflection is given later 

To solve the section completely by equations III.1 

and 111.2 entails the solution of the familiar cubic 

equation in nl, which is rather tedious. 	A prac-

tical procedure is to find the value of n1  by succes-

sive approximation by the following sequence: 

For a particular value of 6, the values of gi 

and ql  are known from Figs. 1, 2, 4, 5. 	Using a first 

guess value of nl, a value of P is obtained by con- 

sidering equations 111.1, 3, and 4. 	Substituting 

this value of P, fc  and ft  in equation 111.2, and 

solve for n1 as unknown, thus completing the first 

cycle. 	Using this derived value of n1 as a new 

guess value, the process is repeated until the derived 

value of n1  equals the preceding guess value. 	In the 

first trial cycle, the eccentricity due to deflection 

can be neglected, using only the nominal value eo. 

The deflection term is introduced when an approximate 
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value Of n1  is determined. 

Note that to allow for the area of concrete dis- 

placed by the compression steel, the effective comp- 

ression steel stress is given by 

fc  = fs  - 

where f is the concrete stress corresponding to the 

strain C • 

   

     

     

Condition of n1 > d. 

When the neutral 

axis. is outside the 

section, a condition 	
17 
Ot 
11  ./.._ 

which may occur in a T d  
r'T 

reinforced concrete 	I/  

member under bending 	,e7g, 	2.  

and high axial load, 

and in prestressed concrete, it is clear from Fig.III.2 

that the concrete compression and centroid factors ql  

and g1  for a particular value of strain C.: must be 

modified to equivalent compression and centroid factors 

qe  and ge. 

If Ce  denotes the equivalent resultant force, then 

equating concrete forces; 



ge 

and 	n2  = n1 - -(37 

- n2(1-g2) 
---(III.6a) 

2 
giqlnl  - q2n2 ni 

gent 

Ce  = C - Cr  

fpqinibd - fpq2n2bd 

fpbd(q1n1 	q2n2) 

and defining Ce  = fp.qe.nidB, we have 

qe clan' 	cl2n2 
nl 

 

 

Taking moments of concrete forces about 0, 

Ce.genid 	C.ginld - Grp, - n2(1-g2)Jd 

= 	fpbd2(glq14.  - q2n2[ni  n2  (1-g2 

gi qinT -  q2n2.ni  - n2(1-g21f 
q2n2) n1  

or substituting (III.5) into (III.6) gives 
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giving ge = ---(III.6) 

The values of q2  and g2  may be found in the same way as 

for ql  and gl, for the corresponding strain .6b. 

Hence the equilibrium equations for cases where 

n1 	D/d now become 

2 
P (ef 	= fpgenibd (1-gent) t Acfcdf  ---(III.1a) 

and 	P 	= f q6  nibd Acfc  Atft  P 	(III.2a) 
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Condition of Tension Steel Yield  

At steel yield, equation (III.2) becomes 

P = foanlbd + Acfc  - Atfy 	(III2c) 

and equation (III.1) remains unchanged. 	Since the 

compression steel Ac  has not yielded, fc  must be 

determined from the compatability equation (111.3) 

and hence a cubic equation is still involved. 

Condition of Compression Steel  Yield.  

If the tension steel remains elastic, the general 

equations for this condition become. 

2 
P (e IL) = f

P 
 qlnibd (1-nigi) 	Acfydf  

2  

and 
	P 	= f qinlbd 4 Acfy  - Atft  • 

The solution involves a cubic equation. 

Condition of Yield  of Compression and Tension Steel.  

In this case both the steel stresses are known 

without the compatability equations, giving 

2 
P (e 111) = f qinibd (l-nlgi) 	Acfydf 

2 '71 

P 	= fpqlnibd 	Acfy  - Atfy, 

(d — d1.p — e) 
nl _ 	 

d
2f P

2 4glqi
t f  dfo+ptfy(e+c21f4 
c y(_  

2 .g1c1  
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This value of ni from the quadratic may then be 

substituted_into (111.2) to find the load P . 

For symmetrical reinforcement, pc  = pt = Ps, 

and combining equations (111.7) and (111.2), 

P = f 
P 2g 
bd a (1 - La) .4 Vo_ 

1 

where es  = e f df  2 

_ 	4g1. 	fy-df  
'c11 Ps fp  a 

	(III.8) 

Without compression reinforcement, pc  = 0, giving 

P = 	 ,. fnbd-p 	(1._ s) 
i 0 	- 	'-, 

P 2g1L y(1 - Cs)
2 4

g1 ptf Ydes 
cllfp 	) 

For greater slide rule accuracy, this equation may be 

multiplied and divided by 

eS la.pt.fYes 
q1 	fpd 

, giving 

P = Atf7  
(es - d)  - V(es  - d)2 	401.fyes.A,  

ql.fpb  

4 	fves  A (es 	d) -1(es - d)
2 	

ql.fpb .-t gl*   
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Sections Under Pure Bending.  

Fig. _7Z. 3 . 

Referring to Fig. 111.3, equating all forces 

gives fpglnlbd Acfc = Atft 

 

(III.10) 

 

and taking moments about the neutral axis, 

M = fpqinibd
2 
 (1 - gl) + Acfc(ni- ti)d 

Atft(1 	ni)d 

	(111.11) 

The compatability equations (111.3)  and (111.4) 

also apply to this case. 

The general equation for n1, for any stage of load 

corresponding to a strain &, is obtained by substi-

tuting equations (III.3) and (1II.4) into (III.10), 

V
(Pc 	Pt)+ 4Ipcil(Pctl - Pt) - (Pc 	Pt) 6 Es  

-(III.12)- 

ni = 2fPqi 

For no compression reinforcement, pc  = 0, and 

6E3  11/ 	2 4  4foapt  n1  = 2 	Pt f
p  C11 _ 	 6 :Es  

 

------(III.12a) 
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and for symmetrical reinforcement, pc  = pt  = ps  , 

.Es I/ 2 	4f qi  
nl = 2f cla  4ps  f  as  .ps(ti 	1 - 2ps  ---(III.12b) 

   

When the reinforcement steels yield, so the 

corresponding compatability equations are dissolved, 

as shown earlier. 

Expressing the neutral axis factor in terms of 

strain gives 

6 nl  = 

 

t 6-t 
and for a balanced yield, 

n
1 

 

 

6-Y  f 
Es 
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The Analysis of Circular Sections.  

Hitherto the strength and deformation equations 

have been only derived for rectangular sections. 	For 

circular sections, the determination of the concrete 

resultant force and its line of action is very in- 

volved, especially when n1=2)- 1 . 

Hognestad 
15 
 assumesfor such cases that the 

neutral axis depth may be considered to b 

from mhich the corresponding segment area of comp- 

ression A is determined. 	The concrete resultant 

force is then found from C = A.fpqlnid, the line of 

action being located at the geometric centroid of 

the segment. 

The author has found that this approximation is 

justified for the single ultimate load-stage only, 

and also only for sections in which n1  < 1 . 	For 

interpreting the complet .loading history of the sec-

tion, and where n1  is high, this approximation method 

incurs serious error. 

While a better method of analysis was still left 

to be desired, it was thought that , for the purpose 

of analysing the results of the author's tests on 

spirally bound cylinders, a sufficiently accurate 

approximation is achieved by assuming the circular 
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section to be replaced by an equivalent rectangle, 

the dimensions of the rectangle being obtained by 

equating: 

i. The two areas; 

ii. The two second moment of areas, 

giving 	De  = 0.866 Do  

and 	be  = 0.908 Do. 

The strength and deformation equations are then 

applied to the equivalent rectangle, the steel rein-

forcement positions being unchanged, and the concrete 

cover having the same value as that of the circular 

section. 

The theoretical curves given in Figs.35 to 41 

were obtained in this way. 
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Determination of Deflections.  

Deflection increases the eccentricity of a member 

subjected to combined bending and axial loads. 	When 

applying equations (III.1) and (III.2) to find the 

strength and deformation of such members, the deflec-

tion must therefore be known and included in the 

eccentricity term, as mentioned earlier. 

Any member will deflect when a lateral load is 

introduced, the magnitude depending on the ldad and 

the rigidity of the member. 	In very slender members 

loaded axially and laterally, the moment due to the 

deflection multiplied by the axial load will still 

further increase the deflection appreciably. 

Taking the case of a pin-ended uniform strut, 

axially loaded and point-loaded laterally at the 

centre as in Fig.III.5, the familiar expression for 

the maximum bending moment at the 

centre is 

   

7,„ 	p 

L 	 

Fig. III . 5. 

— 
2-  C3  * 	EI 

tan;1113— 
V --  

  

  

  

Expanding this in series form, 

1G3 1 2 e5 
3 	' 15 

WL WL3  ( 2 gives Mo 	
P , 1771  

4 	48E1 4-  ' 10Pe i  1680 

tang =  



WL , WL  
-- 7 4 	48E1

.P 
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.in cases where 

higher terms may be neglected. 

In most structural members, especially those of 

reinforced concrete, the slenderness ratios are not 

generally high, so that this approximation is suffi-

ciently accurate for practical purposes.. 

The above equation shows that the total bending 

moment is found as the sum of the moment due to the 

lateral load, and the moment due to the axial load 

multiplied by th& Uflection caused by the lateral 

load. 

In the above case, the deflection is 

WL
3 

48E1 

ML2 

12E1 

and. from the relation M/EI = 6 /nad , we have 

L2  
12n1d 

 

(III.13) 

 

Since the stress-strain relationship is fully 

known, the deflection may be found for any value of 

6 and n1 from the equations (III.1) and (III.2). 

When part of the beam is plastic, EI is no longer 

constant, and although the precise value of the deflection 
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may still be determined, the process would be extremely 

tedious, since the change of EI along the length of 

the member in the plastic stage is generally difficult 

to be found. In such cases, it is probably simplest 

to use the mean of the elastic and plastic El values. 

For cases of very slender columns and where 

moments due to deflections are of high proportions, a 

more accurate determination of deflections is neces- 

sary. 	It is understood that this problem is being 

studied in fuller detail by Bassi 21. 

Similarly, for the case of members subjected to  

bending and axial loads in single 

curvature bending only, as in Fig. 
4 

(III.6), the deflection is given 

by 	 LI" 
= 4;IJ

2 
---(III.14) 	f 8nld 	 k 

Fig. 12. 6. 
In this instance, since the member is subjected 

to a fairly uniform bending moment throughout its 

length, EI is also fairly constant throughout for 

both the elastic and plastic conditions. 
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Sections Under Axial Load.  

This condition does not only exist in axially 

loaded columns, but also at sections such as the 

point of contraflexure 0 0 shown in Fig.III.7 

in columns subjected to bending and direct 

load. 

Referring to Fig.III.7, 

equating forces gives 

P = f.bD 1  Acfc f  Atft 	1 

	(III.15) 

and since concrete stress-strain is related by f = 30(4e), 

P = P(E)bD 	(Ac + At) 6.Es  

or 	P = (19(6) f (pc  f pt )EEs  
bD 

  

(III.16) 

  

As reinforcement is usually symmetrical, Pc=10t=Ps ,  

(6) + 2Ps Es  bD = (P  

  

(III.16a) 

  

Note that the steel ratio psis in this case 

expressed in terms of the overall depth D and not d 

as in the analysis for bending. 

If the reinforcement is not symmetrical, the cen-

troid of internal forces may not be at the geometrical 

centre-line, but would be on a line which the resultant 

of all internal forces cuts the section. 	This point 

.P--• 

of -SI 

• 

Fig. 27 • 7 
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lies between the mid-depth and the geometrical cen-

troid of the reinforcement, and the section will be 

truly axially loaded if the load is applied at that 

point. 	For such a section, the true centroid of 

internal forces will remain constant in position in 

the elastic range, but in the plastic range, the 

plastic centroid changes with change in load, since 

the ratio of steel to concrete forces in the section 

no longer remains constant. 
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Spalling in the Bound Plastic Condition.  

Since effective triaxial compression from lateral 

binding commences after the ordinary crushing strength 

and deformation of the plain concrete has been exceeded, 

it follows that any concrete cover outside the lateral 

binding will have spalled off in the bound plastic 

range. 

In practice, a certain depth of concrete cover is 

always provided to protect the reinforcement, and thus 

some sudden loss in strength takes place when the spal-

ling load is attained, due to loss of concrete com- 

pression area. 	This reduction in area must be allowed 

for in considering the strength and deformation of 

bound concrete. 

Test observations have shown that it is suffi- 

ciently accurate to assume the effective core of 

bound concrete to be the area enclosed by the lateral 

binding, as shown in Fig.III.8. 	The portions of the 

concrete cover which are still intact where the spalling 

strain has not been exceeded, still remain part of the 

effective concrete compression area. 

Fig.III.8 shows the progressive stages of the 

spalling of concrete cover of a laterally bound section 

under bending load: 



• 1-""" 6 ---4"1 

. 	6 --.1 

Fib, 8, 

65 

(a) shows the commencement of spalling when the com-

pression edge of the section attains the plain concrete 

ultimate strain 60; 

(b) shows the increasing depth of spalling when lower 

fibres in turn attain the value of strain E0, result-

ing in the gradual reduction 

of effective depth; 

(c) shows further increase in 

the depth of spalling under 

further load, until all the 

cover up to the core boundary 

on the compression edge is 	eh)  

lost. 	Any further Loading 	Et  

would not'resdlt'ln further 

decrease in offectivu dupth, 

but will still continue to 	(c) 

reduce the concrete CompreS 	Et 

sion area, due to reduction 

in effective breadth: 

Referring again to Fig:III:8; the effee.EiVe 

depth de  may be shown to be 

do  = (1 4- 	 
rte  6t 

 

	'(I11417) 

 

for the condition d , 	i.e., within case (b),. 
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For condition (c), where 	(Ds' and b 	b, 

de  = df, 

and equating the effective area to the equivalent area, 

2.t2x 
be  . dr  = b (1 	df  df  

gives the eqdivalent breadth as, 

-moo  i 
be  = 4.1 - 2.t2 	 

	

4- tt 
	(111.18) 

The above equations enable values of de  and be  

to be determined for the appropriate condition of spal- 

ling. 	The strength and deformation of bound sections 

may then be analysed by substituting these values in 

equations (III.1) and (111.2). 

For axial loading, the strain is uniform over the 

entire section, so that once the spalling strain 60  

has been attained, the equivalent dimensions are simply 

be  = b - 2t2b 

and 
	

de  = ds. 



1pSp  
9= nid (I.2) 
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PART IV 

THE BEHAVIOUR OF PLASTIC HINGES.  

It was indicated in Part I that plastic hinge 

action commences at critical sections where peak 

regions of the bending moment diagram occur. 

The required hinge rotation 8 as defined in the 

Plastic Hinge Theory is first found by considering the 

modified elastic equations for plasticity and using a 

trial and adjustment procedure to obtain the most eco-

nomic ultimate distribution of bending moments. 

The available hinge rotation that can be developed 

at a hinge at the plastic moment value of resistance is 

then found by considering the deformation of the cri-

tical sections from 

and the hinge is satisfactory if the required value 

does not exceeded the available value. 

It was also shown in Part I that the above equa-

tion offers a practical design rule, but does not 

fully represent actual behaviour. 	In order to apply 

this design rule correctly, investigations have then 

to be made of the actual behaviour. 
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Basic Definitions.  

In accordance with the relation between the 

Plastic Hinge Theory and actual behaviour, examined 

in Part I, the following definitions may be proposed: 

1. A plastic hinge is defined as that region along 

a member under the influence of peak bending stresses, 

within which the strength and deformation has at every 

section exceeded its elastic value. 

2. The available hinge rotation is the total change 

of slope in excess of the corresponding elastic change 

of slope over the length of the plastic zone, with ref-

erence to the plastic moment. 

3. The strains within a plastic zone fall between 

two limits: 

(a). The yield strain 6y, at which plastic defor- 

mation commences with any further increase in load. 

The moment of resistance at this condition is defined 

as the yield moment My. 

(b). Any higher value of strain not exceeding 

the ultimate value Eli; the moment of resistance at 

this condition is the plastic moment Mu. 
For (a), since the yield strain of concrete is 

about 0.00088 from test observations, and about 0.0013 

for mild steel, the problem is considerably simplified 
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by assuming a common value of yield strain ey  = 0.0010. 
This implies that yielding commences at any section 

when the strain of 0.0010 is exceeded, for tension or 

compression. 	For other different concretes and steels, 

other suitable common values may be adopted. 

For (b), the ultimate strain of concrete eu  found 

in the author's tests had an average value of 0.0035. 

For laterally bound concrete, strain exceeding 0.015 

may be reached. 	The tension steel is assumed to be 

able to accommodate indefinitely large strains in most 

usual cases so long as the concrete has not crushed. 

The effects of bond-slip and crack distribution at 

vary high steel strains are not considered here, but 

may be allowed for by the use of F factors as in 

Proiessor ik.L.L. Baker's Plastic Theory. 	In bound 

sections where the concrete strain is very high and 

the neutral axis value small, steel fracture may occur, 

but this condition seldom exists in practice. 	For 

compression reinforcement, lateral ties must be close 

enough to avoid early plastic failure by the bars 

buckling. 
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The Length of the Plastic Zone h .  

For a ductile material with imperfect elasto- 

plastic properties, in which 

0 -4 My/Mum-1, 

plasticity must take place over a finite length when 

the member is subjected to a varying bending moment 

as shown in Fig.IV.l. 	The length over which plasti-

city occurs will now be determined. 

Case of Bending Only. 	Consider a length of member 

OGF which could be part of a beam with support section 

at 0, where plastic rotations are developed along 

OH = h = hi s, under a bending moment CGD which may 

be expressed as 	M = f (x). 

Differentiating, 

and thus 

dial 
dx 

 

s(1-h') 



or 

Mu 

dM 
f t(x).  

my 
For concentrated loading, the bending moment 

diagram is linear and may be expressed as 

and 

giving 

dM = Id d 
s x  

h
t 

1 - 
Mu. 

 

(IV.2) 

 

In most cases, it is sufficiently accurate to 

assume that the B.M. diagram is linear within the 

length of the bending moment intercept, s . 

The bending moment intercept s is a fraction 

of the whole length of a framework member. 	For in-

stance, in the interior span of a continuous beam with 

a central point load, the value of s is *, and for 

usual columns is *, for the condition of fully equalized 

moments. 	The value of s for a given member is 

shorter for higher moment redistribution. 

Using the general equPtions III.1 and 111.2, and 

IV.2, the length of the plastic zone have been calcu-

lated for a medium strength concrete and various per-

centages of steel, and plotted in Fig. 6. 
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It will be seen that for both under-reinforced 

and over-reinforced beams, the plastic zone length 

does not vary appreciably, having an average value of 

ht  = 0.4. 	For uniformly distributed loading, taking 

into account the parabolic moment diagram, the corres- 

ponding value would be 0.228. 	It is possible that 

bond-slip may shorten slightly the plastic zone for 

under-reinforced beams, but this was not taken into 

account in the curves of Fig.6. 

For laterally bound beams, the curve was calcu- 

lated assuming that a binding used permitted an ulti-

mate strain of Eu  = 0.0135, and 'k2 = 0.024, and a 

depth of cover t1 = o.12. 	The reduction of area 

due to concrete cover being spalled off was allowed. 

The curve is seen to show a similar form to that of 

the plain concrete beams, with a slightly lower average 

value of h = 0.32. 	The effect of spalling will be 

discussed later. 

base of Combined Bending and Axial Loads. 	Expressing 

the total bending moment as 

M = P.e , 

where e denotes the nominal ecdentricity.plus the 

deflection of the particular section, equation (IV.2) 

becomes 
h . = 1 - eu 

 

(IV.3) 
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The influence of axial load on the length of the 

plastic a,one has been examined and plotted in Fig.7 

for the concrete and reinforcement assumed as in Fig.lO, 

by considering equation (IV.3) and the equations (III.1) 

and (III.2). 	The axial load is expressed by the 

dimensionless parameter P/Pu  , where Pu  is the ulti-

mate strength of the column under a pureLaxial 

load. 

Unlike the case of beam hinges, the plastic zone 

increases in length with increasing axial load. 	It 

is clear that when the value of the axial load is alone 

sufficient to cause yield in the column 

at the point of contraflexure 00(Fig.IV.2) 

then the whole column has yielded since 

every other section along ,G0 is at a 

higher strain, and hence 

h' = 1, for Py -.< P 

 

fPy 

0 

 

tPy 

.Fig.IV.2 

For the case of plain unbound columns, the curve 

in Fig. 7 shows how the plastic zone spreads, as explai-

ned above. 

For the case of laterally bound column hinges, it 

will be noticed that the plastic zone is increased for 

increasing axial loads at low va1i1 'of load only, while 

at higher values of P , the value of h' is decreased 
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for further axial load increments. 	This is because. 

the binding chosen for this examples  giving f.:11.  = 0.0135 

and A2 = 0.024, gave values of Pu  after allowing for 

spalling, which were lower than the unspalled value of 

P so that no yield could occur at the point of contra-

flexure in the bound condition, and hence h' could not 

reach the value 1 . 

In most columns in practice, the percentage of .! 

steel, depth of cover, strength of concrete, and the 

practical ratio of lateral binding that may be used, 

are such that h' will usually be less than 1 in the 

bound condition. 
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The Effective Rotation of Plastic Hinges.  

It was shown in Part I that the hinge rotation 

as defined by the Plastic Hinge Theory, can be ex- 

pressed by 	hk 	hk 

ek 	EIs ds M  
EI 	--(I.6) 
e
ds  

0 	 0 
for the kth hinge. 

Equation (1.6) can be readily integrated if the 

relation M/EI = f(x) can be expressed mathematically. 

If the relationship is not known or is discontin-
uoUs, hk can be divided into small segments over 

which EI values can be taken as constant, and the value 

of ek may, then be obtained by summationt 
hk 	hk 

) m, ek = 	EIis E m 
C" 

--(IV.4) 
EIe  

0 	0 

Both equations (I.6) and (IV,4) are very tedious 

to apply in practice. 	It is far simpler to obtain the 

elastic M/EI diagram experimentally, integrating graphi-

cally to obtain the area, and thus obtain values of 

constants in terms of the ultimate unit rotation Mu/EIu. 

The value of Gk  may then be readily determined. 
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Practical Equation for Available Hinge Rotation.  

Referring to Fig. 1V.3, and in accordance with 

equation(I.6), it is clear that the effective rotation 

is given by the hatched area STR. 

The length of RQ is very short 

compared with SQ, so that approxi-

mately SR = SQ = h's. 

Area STR may be 

expressed by 

where fl is a constant depending on the form of curva-

ture distribution, and may be termed the curvature 

distribution factor. 	Also, TR = Mu/EIu  Mu/EIe  

so that the rotation equation becomes 

Ir. 57  

r 
= 	 p hk• s• mu EIu  

1 
EIe  ---(1V.5) 

 

If equation (IV.2) for the length of plastic zone 

is also introduced, then 

ek 

	

mu. fi 	_11 
EIe. 	NuLEIu  

The determination of Ak is thus reduced to the 

work of finding the moments and rigidities. of the 

member for the elastic condition and the ultimate fully 

	

plastic Obilditiori only. 	The experimental determination 

of /3 values is discussed later. 
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Main Factors Governing. the,Available Plastic Rotation.  

Tension Reinforcement. 

As was pointed out. by Professor Baker 3'4 , under - 

reinforced sections which yield mainly by steel plas-

ticity, can. develop high plastic rotation values be-

fore failure, since for a given value of 6LI, very 

small neutral axis depths occur before failure, so that 

mu/Eiu = u/nld  

will be high. 

For heavily reinforced sections, the neutral axis 

depth at failure will be relatively higher, giving 

smaller plastic rotations, unless higher strains can 

be safely accommodated by the use of lateral binding 

The relation between tension steel ratio and the 

available plastic hinge rotation has been studied and 

plotted in Fig.8, from a worked example assuming conc- 

rete and steel properties as given in Fig. 10 	The 

curves show that the increase of steel quickly de- 

creases the rotation value. 	This is in agreement with 

other results. 8'  17. 

Compression. Reinforcements;,  

Consideration of eciUation (III41) and (II1.2) will 

show that, since CompreSsion steel yields long before 
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the ultimate strain of plain concrete is reached, it 

cannot help the concrete to increase the ultimate 

compressive strain. 	However, high compression steel 

ratios for a given concrete strength and tension steel, 

will strengthen the compression zone and cause the vir-

tual tension steel ratio to be decreased, hence tend-

ing to result in tension failure and therefore giving 

higher rotation value. 

Also, for bound concrete, if the compression steel 

is adequately bound to prevent premature buckling, then 

a high compression steel ratio would tend to cause the 

member to behave more and more like a structural steel 

mmber, so that in the limit, if the amount of compres-

sion steel completely displaces the concrete, it be- 

comes a steel member. 	Since steel members are capable 

of accommodating high plastic rotations under an approx-

imately constant load, it will be seen that high compres-

sion steel ratios would tend to increase the plastic 

rotation of bound sections, and the drop of load due to 

spalling would tend to be minimised. 

Concrete Strength.  

In a review of previous work on the ultimate 

strain of different concretes, Hognestad
16 

showed that 

very diverse conclusions have been obtained, and that 
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it is probably simplest to assume that a constant 

average value holds for the range of concrete strengths 

which occur in practice. 

However, for a given steel ratio, a stronger con- 

crete strengthens the compression zone and therefore 

-bands to cause initial tension yield, resulting in 

a higher A value. 

In bound concrete, a high concrete strength for 

a given section and binding will give a very large 

drop of load when the spalling load is attained, esp- 

ecially when the compression steel ratio is low, and 

is usually an uneconomical arrangement. 

Axial Load.  

The presence of axial load superimposed on the 

bending load causes the neutral axis depth to be in- 

cteased. 	For a given ultimate strain, the Ultimate 

rotation is small since eviald is small. 

In the limit, as the total eccentricity of load-

ing approaches zero, so the curvature and rotation, 

ignoring the occurence of buckling, also tend to zero. 

It would thus appear that very small available rota- 

tions are obtained in such worst cases. 	Fortunately, 

the plastic zone is greatly lengthened for high axial 

load, thus allowing considerable plastic rotations to 
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be developed over a large region. 

The relation between axial load and 9 has been 

studied by the example worked out and plotted in Fig.lO. 

It is seen that at high values of P/Pu, the available 

rotation decreases rapidly with small increments of P . 

Since a symmetrically reinforced section will yield 

initially in tension when subjected to pure bending 

only, the 9 value at very low values of P/Pu  are high. 

The use of binders is shown to increase the avail-

able 9 value considerably. 

Lateral Binding.  

It was indicated in Part II that the strength and 

deformation of plain concrete can 'e considerably in- 

creased by using lateral binding. 	The stress-strain 

relationship was shown to be satisfactorily represented 

by the proposed curve. 

Even with very heavy ratios of lateral binding, a 

sudden small drop of load is inevitable when the con-

crete strain exceeds its ultimate value e0 , due to 

the spalling of concrete cover which is always provided 

for corrosion protection. 	On further loading, and 

accompanied by large deformations, the strength of 

the section may be further increased, or may gradually 

drop, depending on the efficiency of the binding, and, 
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in the case of columns, also on the rate of increase 

	

of bending moments due to deflections. 	When bending 

momnts due to deflections are appreciable, the actual 

bending moment resisted may increase, while the external 

load resisted is decreased. 

In most practical cases, it will be found that 

within the range of concrete strengths, steel ratios, 

lateral binding ratios, and slenderness ratios, the 

strength of the member in the bound plastic range will 

generally be less than the strength attained just be-

fore .galling. 

Figs. 9 & 11 give curves showing the relationship 

between G and the ultimate strain 
	

Comparing Fig. 

9 with Fig.11, the gradient of the 8-ecurves are much 

flatter for sections under pure bending in the bound 

range of strains.(Note difference in scales). 	This 

shows that lateral binding is more efficient for column 

hinges. 

Spalling and the Plastic Zone.  

	

As illustrated in Fig.IV.4, since 	is generally. 

40. 



. . 

• 

401  
PI 	a'  	 _4( 

82 

loss than Mu, we obtain hu 	hug that is, the 

plastic zone is decreased due to spelling. 	It will be 

noticed that between the load-stages Mu  and Mu, plastic 

unloading occurs between H and H', since OH is 

plastic at the Mu-stage. 	This is ignored for simpli- 

city, it being assumed that on unloading the same 

curve is retraced. 	The error involved is not serious, 

since u y on the M - E curve does not deviate much 

from a straight line. 

Spelling and Curvature Distribution.  

It is a well-known phenomena that when a member is 

subjected to a varying bending moment such as shown in 

Fig.IV.5, spalling occurs 

when the ultimate strain 

4E0  of the concrete cover 
C 	 R  

is exceeded at the point 0, 

taking place not only at the 

point 0, but propagating 

along the member for some 	44-49.17.5", 

distance OR = rls. 

It follows therefore, that since a strain gradient 

is present along the member, there must exist A lower 

limit of strain at which the propagation of spalling 

ceases. 	The author's tests indicate that this lower 



WEI = 61111d, the value 

of (u  is very high due 

to binder action, and 
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limiting strain Er  is around 0.0020 to 0.0025. 

With these considerations, it was found that 

where the axial load resulted in a value of h 

the value of r1  = 0.20, and is found to be rather 

insensitive to different values of h: 	This means 

that spalling spreads over a distance of one-fifth 

of the bending moment intercept. 

In the limit, when the member is subjected to a 

purely axial load, it is clear that when spalling 

occurs, it will extend over the entire length of the 

member, since there is no strain gradient..  

No quantitative data from previous investigators 

seems to be available regarding the propagation of 

spalling, although observations described and illus-

trating photographs 22  indicate that the value of 

ri = 0.20 finds reasonable verification. 

The propagation of spalling and the accompanying 

weakening of the member, results in a shortened plastic 

zone and the concentration of the change of curvature 

within the spalled length r1s, as shown in Fig.IV.6, 

since in the relation 



84 

nid is mall as spalling increases the eccentricity 

of loading. 

As will be expected, the value of /5  for spallod 

bound hinges is different from the value of /6 for 

plain unbound hinges. 	This is shown in the author's 

tests. 
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Procedure for Designing Plastic Hinges.  

On the basis of the characteristics of plastic 

hinges already 	scussed, the following procedure 

indicates the method of design: 

1. The required plastic hinge rotation 9 at a 

particular hinge for an ultimate economic distri-

bution of bending moments in the structure is first 

determined by applying the trial and adjustment method 

of the Plastic Hinge Theory. 	From this is also found 

the form of B.M. diagram, and the bending moment inter-

cepts for the various plastic hinge-regions. 

2. From the assumed sections at the particular hinge, 

determine the values of yield moment M and ultimate 

moment Mu. 	As a first trial, assume the hinge to be 

unbound, having say, 

6 =0.001 , 

Cu = 0.0035 

3. From 1.and 2., determine the plastic zone length 

factor hi t  given by 

h l  i 1 - 111 
Mu 

 

	-(1V.2) 

 

For beats under bending only, it is sufficiently 

accurate to assithne an average value of h' = 0.40. 

FOr members with OoMbined bonding and axial loads, the 

value of h' may be fOund from equation (IV3), or 
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obtained from curves such as those given in Fig.?. 

Alternatively, a rough value 0.4 .4.= h'.4-'7".. 0.7 may 

be assumed which dlould cover usual cases. 

4. The plastic hinge rotation 9 available at the 

particular hinge, is then determined from 

9k  . mg EIe r 	Mu_ EIu  

where EI values may be calculated from EI = M.nidAe 

and the value of /5 obtained from tests. 

If the plastic zone is very long, and the pro-

perties of the sections change within this length, then 

the Value of Git  may have to be determined from equa- 

tion (IV.4). 	However, this complication is unlikely 

in practice. 

5. If the required G value is not greater than the 

available 9 value, then the plastic zone around the 

assumed hinge position is safe. 

If the required rotation is greater than the avai= 

lable value, then the critical section at the assumed 

hinge will fail before the final redistribution of moments 

is attained. 	In such cases, the hinge must be re-

designed by one of the following possible arrangements: 

(a) 	Re-detail the critical section, so that it 

will have the same plastic moment value, but having a 

---(IV.6) 
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low percentage of tension steel, thus giving higher 

available rotation. 

(b). Employ close lateral binding to extend the 

stress-strain range of the concrete, thus giving higher 

values. 	Lateral binding may be designed by the type 

of curves given in Fig. 65 & 66. 	If the 9 value so 

obtained is not less than the required value, the design 

is satisfactory. 	The binding should then be detailed 

to extend for not less than 1/5 of the bending moment 

intercept, since this is the distance of spalling pro- 

pagation. 	For cases of vary high axial load, where 

h' 	1, the required bound length may extend to the 

entire length of the bending moment intercept, 

(c). If the available 9 value obtained from 

the alternative arrangements (a) and (b) still give 

insufficient hinge rotation, the required rotation 

must be reduced, and the bending moment distribution 

for the structure re-adjusted by the methods given in 

the Plastic Hinge Theory. 

Any one of the three alternative methods may 

provide the most economic solution in a particular 

case, so that no general rule is possible. 

In beams, the method of under-reinforcing, if 

possible, is probably the simplest and most economic 

arrangement. 	In columns, where high axial loads are 
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present, this may not be possible. 	The weakening due 

to spalling is an important fa4r in bound hinges. 

A more economic design may often result with only 

partial redistribution in certain members, in which 

very high hinge rotations can thus be avoided. 
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PART V 

EXPERIMENTAL WORK  

It has been shown that the relation between 

lateral reinforcement and bound concrete stress- 

strain zurve constants must be determined from tests. 

It is convenient to study such behaviour experi-

mentally by conducting tests on bound concrete members 

subjected to compressive loading with small eccentri-

cities, with varying ratios and types of binding, so 

that the effect of lateral binding on members under 

high compressive flexural strain may be studied. 

The influence of axial load on the formation and 

behaviour of plastic hinges, which has been investi-

gated analytically, also requires experimental data to 

determine the curvature distribution factors, and to 

observe the propagation of spalling in bound sections. 

With these require/lents in mind, the following 

series of tests were conducted; 

Series B. 	This consisted of 9 short prisms, 6 inches 

square in section and 11,4 inohes long, reinforced with 

4 - 5/8" bars, and laterally bound with various types 

of square ties with bent-in ends, of i", 3/16", and 

1/8" diameters and of pitches from 1" to 4" . 
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These prisms were pin-ended and loaded by compress 

sion with an eccentricity of *". 

Series C. 	7 cylinders of 6 inch diameter and 12" 

long, also reinkrced with 4- 5/8" bars, were tested 

by loading in compression with an eccentricity of *" 

The main variable was also lateral binding, where 

i-", 3/16" and 1/8" diameter bars, and pitches from 1" 

to 4" were used in the spiral binding. 	By comparing 

the results of this series with those of series B, the 

efficiencies of rectangular and circular binders can 

be compared. 

Series S. 	This was made up of 7 struts 52" long and 
m.fl 

6" x 3= in section, symmetrically reinforced with 4- 
8 

e" bars and laterally bound with rectangular welded 

closed links at a pitch of 3", except for specimen S3, 

which had a pitch of le . 

The struts were loaded in a specially constructed 

testing frame by axial compression through pins at the 

ends, and also by a central lateral point load. 	This 

was intended to simulate the condition of a plastic hinge 

forming within the critical region of a column under 

a varying bending moment distribution and high axial 

load. 

By varying the ratio of the bending to the axial 



OUTLINE OF TESTS 

Series No. Size Reinforcement-  
Ac 	At 

Binding 
Dia. Pitch 

— 
Eccen- 
tricit7 

Av. Cube 
Strength 

. 
Remarks 

B 1 6 "x.6"x lle -5/8"/ 	2-5/e/ 4  la 	1" 
l a 
- 5460 .-- "clear 	cove 

2 SI at 	 if 21 	ii IT 3980 No cover 
3 at vi 	at u 	1"helix if 3510 11 
4 it it 	 if at 	2" 11 2910 if 

5 at at 	at at 	4" at 2650 ii 
6 at II 	at 3/16" 1" at 3550 ti 

7 n at 	if If 	2" iv 3100 as 
S is to 	 if 1/8" 	1" If 3320 ii 
9 it None 	None 3/16" 1" ii 2970 71 

C 1 6" dia.x 12:  2-5/8"/ 	2-5/e/ 1" 3/4n 
4 

Oat
4l 3540 iv 

2 n at 	as at 	2" it 2790 it 

3 at at 	 n II 	4" 21 2900 at 
4 iv at 	n 3/16" 1" n 3960 is 
5 ii. at 	a at 	2" at 3260 it 
6 at yi 	if 1/8" 	1" i1 3320 is 
7 None 	None 3/16" 1" n 2970 It 

R at 

S 1 6 i4  x3$ x 52" 2
"g 	2-  i"/ in 	3" ,1 W/P=1/21 4520 L/B"cl. 	cover 

2 n vy 	it II 	is 1/10 4360 it 
3 if II 	 II if 	lt"  1/18-  6160 n 
4* II as 4-3/8"/a at 	3 c, 1/10 4440 71 

5 at at 	_ 	if If 	IS 1/10 4400 i v** 
6 II ft 	 11 1/ 	IS 1/10 3880 vv*** 	• 
7 it at 	at VI 	h 1/18 4450 if 

Bent-in binders for series B. 
Spiral binding for series C. 
Welded binders for series S. 

* 	Extra hinge reinforceent. 
** After initial yield, P kept constant. 
*** After initial yiell, W kept constant. 
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load, the length of the plastic zone and the curvature 

distribution in different cases can be studied. The 

ratio of W/P ranged from 1/21 to 1/10 . 

In strut S4 , special hinge reinforcement was 

inserted. 

An outline of tests is given in the preceding page. 

Concrete Quality  

The concrete strength for series B and C was kept 

at around 3000p.s.i., while for series S the average 

value was 4000 p.s.i., both being the strength at 

28 days. 

The mix was approximately 1:2.4:3.6, using crushed 

3/8" shingle for the coarse aggregate. 	The water-

cement ratio was 0.68 for series B and C, and 0.5 for 

series S. 	This ensured a better flow of concrete in 

specimens of Series B and C, since there was hardly 

any concrete cover provided. 

Normal Portland cement was used for series B and C, 

and Rapid Hardening Portland cement for series S 

All specimens were compacted by vibration, aided by 

some hand tamping. 	Moulds were stripped at 3 days, the 

concrete cured for a further week in wet hessian, and 

then left 'exposed to the laboratory air until testing 

at 28 days. 3 cubes and 3 cylinders accompanied 

each test specimen. 
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Reinforcement.  

Ordinaby smooth round mild steel reinforcement was 

used for the longitudinal steel in all test specimens, 

having a yield point of around 40000p.s.i. 	As almost 

all the longitudinal steel were to be subjected to 

compression, care was taken to use only very straight 

bars, so that no premature buckling would occur. 

For lateral reinforcement, *", 3/16' and 1/6" 

diameter bars were used, all of mild steel. 	The 

1/8" wire used was of the type normally employed for 

reinforcing shell roofs. 

The stress-strain curves for all reinforcement used, 

are given in Fig. 12 and 13, and represent the average 

curves of 5 test pieces of each type of bar, which were 

tested in a "Buckton" 10-ton universal lever testing 

machine. 

These tests showed that for longitudinal rein-

forcment, the stress strain curves for tension and 

compression were practically identical up to the strain- 

hardening condition. 	After strain-hardening, thick-

ling invariably occurred in the test pieces, so that 

only the tension test pieces could record the strain-

hardening behaviour. 

Compression test pieces had a slenderness ratio 
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of 4 , with ends carefully ground truly flat and 

parallel. 	3 - *" electrical strain gauges were 

stack on each test piece longitudinally around the 

circumference. 	Small trial loads were first run 

and adjustments made to the centering of the tbst-

piece in the machine until a truly axial compression 

was indicated by the 3 strain gauges reading 

identically. 

In tension tests, test pieces had about 12" 

clearance between jaws. 	Both electrical and mecha- 

nical gauges were used. 	Gauge points for the media-

nical gauges were of two kinds: one by sticking small 

1 	*" /16" thick,square plates drilled with a No. 60 

drill hole on each plate as gauge points, and the other 

by welding small lugs made out of short lengths of 

3/8" diameter reinforcement onto the test bar, and 

drilling No. 60 holes on the lugs as gauge points. 

This latter method was used in measuring all the 

strains of embedded reinforcenent. 	Stress-strain tests 

on these two methods of strain measurement showed that 

spot welding small lugs for gauge points at intervals 

down to 2" did not materially affect the stress-strain 

properties of the reinforcement, and that it thus pro-

vided a satisfactory method of measuring steel strains. 
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Moulds.  

Special care was taken in the design of moulds 

to ensure that they were rigid and true, since the 

strength of members with high axial loads are greatly 

affected by being out of true. 	Thus steel forms 

were used whenever possible. 

The mould used for the short prisms of series B 

was made up of the straight backs of two lengths of 

6"x 3'1  steel channels as sides, and bolted down onto 

a stiff wooden baseboard which formed the third side. 

Two 3/8" thick steel plates were bolted on to the 

baseboard and the ends of the channels as end-plates. 

These specimens were cast on their sides. 

For the cylinders of series C, an ordinary test 

cylinder steel mould was used. 	The best mould was 

selected from a batch of 10 and the same mould used 

for all the specimens. 	These cylinders were there- 

fore cast vertically. 

In series S, the back faces of two long 6"x3" 

channels were used as sides, and also bolted onto a 

wooden baseboard. 	The back faces of the channels 

were carefully machined and each end faced off 

square. 	3/8" steel plates were used as end-plates. 
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Fabrication.  

Since loads were to be applied at the ends of the 

specimens in all the tests, it was necessary to ensure 

that the load would bear evenly on the concrete and 

the steel bars. 	For this, special external jigs 

which measured the exact overall lengths of the moulds 

were made. 	The main reinforcement bars to be used 

for the test specimens were first carefully straight-

ened, and then faced off on a lathe, where with the 

aid of the appropriate jig, the bars were brought 

down to exactly the same length as the moulds. 	This 

ensured that the ends of the reinforcement and conc-

rete were flush, resulting in an even distribution 

of load. 

To ensure binders of identical size and shape, 

A--" thick steel templates machined to the required 

internal dimensions and shape of the rectangular 

binders for specimens of series B and S, were made. 

Binders were then formed over these templates by 

hand with the aid of a hammer and a bench vise. 

Spiral binding for the cylinders of series C 

was coiled by hand around a 5" diameter piece of 

lead pipe. 	When released, it uncoiled approximately 

to the required diameter, and could be rs-adjusted 
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again to the correct size and shape. 

All reinforcement was first assembled and tied into 

rigid cages before being placed in moulds. 	Binding was 

tied to the longitudinal steel by means of 2 mm. soft 

wire. 

For the spirals of series C, the 4 longitudinal 

bars in each specimen were first positioned and aligned 

in a jig, 2 rings cut out from the spirals then welded 

round the bars near each end to lock them in position, 

and the spiral finally slipped in and secured. 

In the struts of series S, special positioning 

holes were drilled through the end-plates; the ends 

of the main bars were drilled and tapped with 5 B.A. 

thread, and were secured in position against the end-

plates by 5 B.A. screws after the required number of 

binders had been threaded in. 	The binders were then 

spaced and tied, and the whole cage finally bolted 

onto the steel mould at the end-plates. 

Steel lugs for use as strain gauge points on 

the main bars were welded on before assembly, and any 

kinks in the bars due to local heating straightened 

out. 	The lugs were wrapped with a thin layer of 

Plasticine to prevent bonding with the concrete. 
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Strain Measurement. 

All straim measurements were made by using mecha-

nical gauges applied by hand, of 8" and 2" gauge 

lengths. 	For small strains up to about 0.004, 2" 

and 8" Metzger gauges were used, but for higher strains 

up to about 0.025, (i,u., in the bound plastic range) 

a: modified type of 8" gauge with a very long travel 

devised by J.M. Prentis, was used. 	The usual prac- 

tice of checking instrument and temperature errors 

was made by taking readings on a dummy bar after each set 

of readings. 

The use of electrical resistance strain gauges 

was considered unsatisfactory for this experimental 

work as strains in the bound plastic range far exceed- 

ing the working range of such gauges were to be mea- 

sured, and moreover, great uncertainties accompanied 

their use in reinforced concrete work with regard to 

waterproofing, mechanical protection, and drift. 

In series B and C, 6 pairs of gauge points were 

used to measure the strain across the section. 	During 

each load stage, 12 strain readings were taken, 6on 

either face. 

In series S, there were 10 sets of 8" gauge points 

at 4" intervals and 5 sets of 2" gauge points at 1" 
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intervals on each face of the struts. 	Each set 

consisted of 6 pairs of gauge points across the face 

of the strut (see Fig.14.). 	Hence for each load-stage, 

a total of 180 strain readings had to be taken. 

All gauge points on concrete surfaces consisted 

of 1/16" thick, 3/8" square steel plates drilled with 

a No. 60 drill hole. 	They were stuck with a cellu- 

lose adhesive onto the concrete surface, the latter 

having been previously rubbed down and cleaned with 

acetone. 	The correct gauge length was set by means 

of a jig. 	After being stuck on, the gauge points 

were left to dry under an infra-red lamp for 24 hours 

and at least 3 more days were allowed to elapse be-

fore testing. 
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Testing; qatli21=LL 

Series B and C. 	For these daort specimens subjected 

to eccentric compression, a hydraulic compression 

machine of 200 ton capacity normally used for testing 

cubes and cylinders, was employed. 

As shown in Figs. 15 and 16, these specimens 

were capped at each end with a 2" thick steel end-

plate, and loaded through rocker plates and semi- 

circular pin-joints. 	These pins were not fixed 

to the end-plates so that they could be placed to 

give any eccentricity. 

As no further clearance was available in the 

machine, it was not possible to insert accurate load 

measuring devices such as proving rings or dynamometers 

directly between the loading ram and the specimen. 

Hence reliance had to be placed on the Bourdon pres-

sure gauge which was connected to the hydraulic cir- 

cuit of the machine. 	This gauge was carefully checked 

and calibrated from time to time. 

Series S. 	These longer struts were to be loaded axially 

as well as with a lateral bending load. 	Because it 

was impractical to support the strut laterally and at 

the same time apply the axial load through the same 

pin-joints, it had to be supported from underneath 
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Fig. 16 . Testing Arrangement for Series B & C. 
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near each end (similar to supports for a siiply 

supported beam) to take the lateral load reaction, 

and loaded axially through separate set of end- 

plates and pin-joints at each end, as shown in Fig.14 . 

With this arrangement, it will be appreciated 

that under progressive loading, deflection will cause 

the axial loading pins to travel .upwards, if the bottom 

supports remained fixed in position, or alternatively, 

the bottom supports will be lowered if the axial load- 

ing pins remained stationary. 	No machine was avai-

lable which fulfilled these requirements, and so a 

special testing frame had to be built for the purpose. 

Since the axial loading part of the frame involved 

heavy hydraulic jacks, load-measuring capsules, and 

tie bars, due to the high axial load required, it was 

more convenient to anchor the axial load system, and 

construct a bending frame which could be made light 

enough to be readily suspended and counterweighted, 

so that it would be capable of "floating" weight- 

lessly to follow the deflection movements. 	Many 

arrangements were attempted on these lines. 	The main 

difficulties encountered were to overcome ntesting 

machine instability", and to arrange the, tie-bars 

so that there was a minimuM of obstruction to strain 
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and deflection measurements, and also to provide suffi- 

cient clearance to accommodate the floated bending 

frame. 

The final arrangement shown in Figs. 17, 18, & 19, 

which was designed and built by the author, was success- 

fully used. 	The movable crosshead at one end of the 

axial loading system permitted the extension of tie- 

bars under load to take place, but prevented any verti- 

cal movement. 	This was achieved by a set of steel 

rollers tightly mounted on a hoi'izontal guide rail. 

The other fixed end consisted of a horizontally mounted 

80-ton hydraulic jack which exerted the axial load. 

The bending frame was made up of a girder of a 

pair of channels, with light hangers pinned at either 

end to hold up the test strut and take the lateral load 

reactions. 	A vertically mounted 10-ton jack provided 

the lateral load. 	The whole frame was hung up at the 

centre by a steel rope and counterweighted over a pair 

of pulleys, thus allowing the strut to "float" weight- 

lessly. 	The pulley frictional force was about 30 lbs. 

representing only very small shear forces at the end-

plates. 

The load-measuring devices consisted of a 50-ton 

"Maclow-Smith" liquid-filled capsule,for the axial load, 

and a 10-ton proving ring for the lateral load. 
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.Fig. 18 . Testing Frame for Strut Tests of Series S . 



Fig. 19 . Axial Load Arrangement in Strut Testing Frame. 
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Testing Procedure.  

Series B & C. 	After setting up the specimen accurately 

in the machine, a very slight load was applied to hold 

the specimen in place. 	Zero readings were then taken 

of strain gauges and deflection gauges. 

Loading then prodeedad by pumping up the ram, and 

after each increment of load, strain and deflection 

readings were taken. 	After the spalling stage, due 

to very high strains and creep, a slight increase in 

load was achieved only after considerable pumping. 

As no abrupt failure took place in these bound 

specimens, loading was continued until excessive creep 

and spitting of the bound concrete prevented any further 

load to be steadily sustained, when the section was 

deemed to have failed. 

Slight leakage of oil in the machine and creep 

usually caused a slight drop in load during the initial 

attainment of a new load stage, 	This was eliminated 

by allowing the load to settle for a while and then 

re-adjusting the load until a steady state was reached 

before readings ware taken. Any further change in load 

during measurements was noted and the average value 

adopted. 

One complete set of readings took about 8 minutes. 
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Series S. 	The testing frame was ao designed that most 

of its component parts were automatically self-align- 

ing. 	With the bending frame empty, the counterweight 

required to balance the bending frame alone was about 

200 lb. When the strut, which weighed about 100 lb. 

was placed on the frame, a corresponding counterweight 

had to be added. 

Prior to testing, numerous trial loads had to be 

run and the tie-bar anchoring nuts adjusted until 

identical strain readings on both faces of the strut 

indicated that the end load was truly axial. 

After zero readings, loading was progressively 

applied in about 12 to 15 stages, and the usual meas-

urements of strain and deflection were taken at each 

stage. 	The application of load called for two oper-

ators, synchronising the oil pumps so that the lateral 

and axial loads were at all times kept at the pre-

scribed ratio. 

Due to the large number of gauge points, each set 

of measurements took at least 20 minutes, and thus each 

specimen required a total testing time of about 6 hours, 

or one working day. 

The remarks about the method of applying load 

increments for series B and C also apply here. 
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The Behaviour of Test Specimens.  

General.  

In all three series of tests, the following 

general properties were observed; 

a. The ultimate crushing strain eo  of the concrete 

used varied between 0_003 and 0.004, under the action 

of bending and axial loads. 

b. Spalling commenced-at sections where the concrete 

cover reached its ultimate strain 60, causing an 

abrupt drop of load due to the reduction in effective 

concrete compression area, and the increase in eccen- 

tricity of loading. 	In cases where a strain gradient 

existed along the length of a member, such as in the 

struts of series S, spalling was observed to propagate 

along the length of the member for a short distance 

until the maximum surface strain was reduced to about 

0.002 to 0.0023. 

c. Lateral binding had a marked contribution to the 

strength and deformation of reinforced concrete mem- 

bers after the ordinary crushing strength of the con- 

Crete had been exceeded. 	Prior to the spalling stage, 

very little difference in behaviour was observed which 

could be attributed to the influence of lateral binding. 
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d. Circular binding was distinctly more efficient in 

extending the strength and deformation capacity of 

bound concrete as compared to rectangular binders. 	No 

difference in dfficiency was apparent between continuous 

square helices and separate tied square links. 

e. The distribution of strains across the section: 

of the specimens was approximately linear. (Fig. 34, 

42, & 50) 	Some deviation from a straight line distri- 

bution was observed at low loads in the short prisms 

of series B and C; this is thought to be due to the 

small differences in length between the reinforcement 

bars and the concrete specimen lengths, causing slight 

uneven distribution of pressure on the steel and con-

crete, and also due to disturbance created by the fric-

tional restraint of the end-plates on the ends of the 

specimens. 	In the struts of series S , it was shown 

from strain readings that the effects of this "end-

error" was not Mit at a distance of 6" away from the 

end plates. 	This error is decreased at higher loads, 

due to local yielding of the uneven bearing surfaces. 

Series B.  

As given in the Outline, 9 specimens of 6" square 

section and lli" long were subjected to compression 

with an eccentricity of e with lateral reinforcement 
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as the variable. 

The quaatity of lateral binding used was such that, 

after spalling, the strength of the specimen could not 

be recovered to its value at spalling. 	Hence the 

spalling load was the maximum attained. 	However, 	the 

lateral binding enabled very large deformations to take 

place with only comparatively small changes of load. 

The eccentricity of *" resulted in a neutral axis 

factor value of around 2 in the elastic range, and 

dropping to a value of about 1 as a result of spalling, 

deflection and plasticity. 

The spalling stage was generally reached at about 

the fifth or sixth loading stages and failure within 

15 load stages. 	At the instant of spalling, a small 

drop of load took place, the magnitude depending on the 

depth of cover and concrete strength. 	In specimen Bl 

which was the pilot test and had the largest depth of 

clear cover of *", the drop of load was most marked, 

While in the ether specimens with almost no cover, the 

drop in load was least felt. 	This may be seen by 

comparing Fig. 25 with Figs. 26 to 33 . 

After spalling, small quantities of crushed con-

crete would fall from the spaces between adjacent 

binders, and distinct arching of bound concrete be-

tween the binders could he seen.(Refer to Figs. 21, 22) 
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After the specimens were considered to have failed, 

they were then subjected to a creep observation by 

sustaining a reduced load of about 70% of the ultimate 

load for about 2 hours, and showed that, even after 

assumed failure, these specimens could still resist 

considerable load without catastrophic collapse. 

Specimen B3 , which was laterally reinforced with 

a continuous square helix, proved very difficult to 

fabricate, and was intended to show whether this type 

of binding had any advantage over tied links. 	As far 

as measurements have indicated, no difference was observed 

as compared with tied links. 

A further effort was made to investigate whether 

tied links with bent-in ends would open up under high 

lateral pressures. 	To do this, the corners of one of 

the specimens (B4) were bared where the bent-in position 

of the binders occurred. 	A fine line was then 

scribed across the two overlapping corners, as 

town in the accompanying diagram. 	An illu-

minated and graduated mapnifyirg glass nor-

mally used for detecting cracks, was used to 

observe the two lines, which would move out 

of alignment if any oponing7out of the binder 

occurred. 
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It was concluded that no opening-out of bent-in 

links would occur provided that the bent-in corner 

was embedded in the compression zone of the concrete, 

and that the bent-in legs were sufficiently long, say 

not less than the effective depth of the section. 

Series S.  

In this series 7 spirally bound 6" dia. x 12" 

cylinders were subjected to compression with i" eccen- 

tricity, also having lateral binding as variable. 

The eccentricity of 4-" caused the neutral axis 

factor 	to 	have a value of about 4 in the elastic 

range, and falling to about 1 in the bound plastic 

range. 

While the phenomena of deformation, spalling and 

arching action, etc., were observed to be very similar 

to those of the prisms of series B, it,was apparent 

that the circular-shaped binder was distinctly more 

efficient than rectangular ones. 	This was shown by 

the fact that in most of the spiral specimens, although 

a similar abrupt drop of load took place at the spall-

ing stage, it was eventually possible to attain load 

values exceeding the first maximum. 	Much higher strains 

could also be accommodated. 

Due to the circular-shaped section, spalling com- 
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menced at very narrow strips on the edge of maximum 

compression, and propagated across the section at a 

much slower rate than was observed in Series B. 

Other observations were similar to those of series 

B. 	In this series, all binding was of continuous 

spirals, so that no observations ware made of the 

opening-out of ends of binders. 

Series S .  
rr 

.7 struts 52" long and having a section of 611x3-5. 
8 

were tested as laterally loaded, pin-ended struts. 

The ratio of W/P varied from 1/10 to 1/21 . 

In struts S5 and S6 	W and P respectively 

were kept constant after the struts had reached the 

yield strain, and further load increments were applied 

with one jack only, the other load being kept constant. 

In strut S4 , special hinge reinforcement was 

inserted as shown in Fig. 46, to study the effect of 

this reinforcement on the strength and deformation. 

In strut S3 , the lateral binding of rectangular 

binders having welded ends, were at a pitch of li", 

while in all the other struts of this series, the binders 

were spaced at a pitch of 3" 	 • 

Prior to the spelling stage;  the struts deflected 

in the form of a smooth curve, but after spoiling, 
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accompanied by a drop in load, local weakening in the 

region of spalling caused most of the deformation to 

be concentrated in that region, with the result that 

the two halves of the struts appeared to be bent round 

very sharply near the centre, or indeed, a sort of 

hinge had been formed there. 	This may be seen from 

Figs. 23, and 58 to 64 . 

Since the concrete cover in these struts was 

much deeper than that of series B and C, and also the 

deflections were higher due to the longer length of 

the struts, the drop of load due to spalling was much 

more acute. 

Unlike. the shorter specimens, the struts could not 

be indefinitely strained to total destruction without 

dangerous signs of buckling sideways. 	Loading was 

therefore discontinued once the ultimate bound plastic 

strength of the struts was. exceeded. 



Fig. 20. 	Appearance of Typical specimsns of Series B & C 

at Spalling Load. 
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Fig. 21 . Series B Prisms after Testing to Destruction. 

(Photographs of B1 & B2 not available) 
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C 7 

Fig. 22 . Series C Cylinders after Testing to Destruction. 



Fig. 23 . Appearance of Typical Struts of Series S 

at Spalling Load. 
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Fig. 24 . Struts of Series S at Ultimate Load. 
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Fig. 24 . (Continued) 
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Fig. 24 . (Continued) 
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Discussion of Experimental Results.  

Presntation.  

Series E& C . 	For each of these test specimens, the 

following graphs were plotted from experimental records, 

together with the corresponding curves calculated from 

the authorts method of analysis: 

1. The Load-Deformation relationship (P C) through-

out the entire history of loading; 

2. The Load-Deflection curve; 

3. The curve of Load against the neutral, axis factor; 

4. Typical diagrams of distribution of strains across 

the section . 

These graphs are given from Figs. 25 to 42 . 

Series S . 	For each of these struts, similar curves 

to those mentioned in 1. to 4. above were also plotted 

for the behaviour at the centre of erich strut. (Figs. 

44 to 50) and in addition were plotted: 

5. The distribution of concrete strains at the top 

edge along the length of the strut; 

6. The distribution of curvature along the length; 

7, 	The variation of the flexural rigidity EI along 

the length; 

8. 	The deflected form of the strut from dial gauger. 

readings. 
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These graphs (items5 to 8) were plotted only for 

three significance load stages representing the elastic, 

unbound plastic, and bound plastic conditions. 

All the graphs of this series may be found from 

Figs. 51 to 64 

Comparison of Analytical and Experimental Results.  

The experimental results have been plotted side by 

side with the theoretical curves, and excellent agree-

ment is found in almost all the curves in the elastic 

and initial plastic ranges. 	In the plastic bound 

concrete range, the departure of the experimental curves 

from the 'theoretical ones is slightly more pronounced. 

This is understandable considering the high creep en- 

The spalling load cannot 
5-/;ce 

always be predicted very closely during testing,,-s-e--th,at 

it often occurs between load-stages, with the result 

that no strain readings could be recorded at that load. 

Thus the experimental results seem to indicate 

that the generalized stress-strain relationship for 

plain and laterally bound concrete furnishes a satis-

factory basis on which the strength and deformation 

of plain and bound plastic hinges may be analysed. 

countered in this range. 
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The Ultimate Strength and Deformation of Plain and 

Bound Concrete. 

Measurement of the ultimate loads and strains 

of all the test specimens having varying shapes and 

quantities of lateral binding, have enabled the 

ultimate concrete stress and strain to be related 

to the lateral binding ratio. 

Grouping the results of the tests of series B, C 

and .S in this way, the following relationships have 

plotted in Figs. 65 & 66 : 

(1). 	The ultimate equivalent concrete stress qu.fp  

(corresponding to 0(c' in Professor A.L.L. Baker's 

Plastic Theory) is plotted in terms of the cube strength 

qufp 	c<cl 
Cu  as. Ku 	Cu  _ 	against the lateral binder 

Cu 
ratio pb for cirmular and rectangular binders. 	Al- 

though no unbound specimen was tested, the point on the 

graph for pb 	0 could be obtained by the condition 

of the specimens at the spalling load, since this load 

would have been the ultimate load of unbound concrete. 

Within the range of lateral binder ratio covered 

in the author's tests, namely, 

Pb 
	0 to 0.0495 for circular binders, 

0 to 0.0375 for rectangular binders, 

where the lateral binding ratio- .is defined as 
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Volume of binder  

Pb = Volume of concrete 

(Section area of binder)x(length/loop)  

= (Pitch)x(net section area of bound core) 

it was found that, although some irregular scatter is 

indicated in the experimental results plotted, the 

following parabolic equations appeared to express a 

satisfactory empirical relationship between the ulti-

mate equivalent concrete stress and lateral binding ratio: 

For circular binders, 	pb = 0.0375 (Ku  - K0) 2  ---(V.1) 

For rectangular binders, 

pb  = 0.1890 (Ku  - K0)2  ---(V.2) 

as plotted in Fig.65, where Ko  is the value of K 

when pb = 0 . 	The value of fp  is found to vary 

slightly for members of different size and shape when 

related to the standard test cube or cylinder of fixed 

dimensions. 	In the authorts tests, it was found that 

fP  = 1.0 Cu  for the short prisms of series B, 

0.72 Cu  for the struts of series S, 

0.855 Cu  for the cylinders of series C. 

This resulted in 

Ko  = 0.696 for circular binders, 

= 0.82 for rectangular binders. 
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(2). 	The ultimate strain eu has been plotted 

against the lateral binding ratio for both circular 

and rectangular binders. 	The ultimate strain for 

unbound concrete pb 0 , had the average value 

60  = 0.0035 as observed at the spalling load. 

It was again found that the experimental points 

could be conveniently and satisfactorily expressed 

by mathematical relationships. 	In this case, the 

best form of curve found by trial appeared to be the 

equation of a cubic parabola. 	Thus the best fitting 

curves were found to be: 

For circular binders, 	Pb = 4970 (eu  - 60)u  ---(V.3) 

For rectangular binders, pb  = 14600(611  - 60) 	---(V.4) 

Although the lateral binding ratios included'in 

the tests coveys :tha practical range that can be 

used, it is hoped that future experimental work will 

enable these curves to be extended to a yet higher 

range of lateral binding ratios. Also, these equations 

only apply to the particular type of binder steel used. 

The design of bound plastic hinges is rapidly 

achieved with the aid of these equations. 
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Distribution of Curvature and Strain along Members  

with Varying Bending Moment.  

Sets of strain measurements across the section 

taken at close intervals along the lengths of the 

struts of series S, enabled the distribution of 

strain. and curvature along the lengths to be studied. 

Figs. 51 t '57 show graphs of maximum concrete 

strain E, unit rotation 	, and the flexural 

rigidity ET plotted against a symmetrical half length 

along the struts, at three relevant load stages, namely, 

elastic, unbound plastic, and ultimate bound plastic 

stages. 

Experimental results are plotted together with the 

corresponding curves calculated analytically, and show 

that fair agreement exists between the actual and 

predicted behaviour. 

To the author's knowledge, little information is 

available regarding the distribution of curvature and 

strain along the length of reinforced concrete members, 

since measurements have usually been carried out on 

critical sections of test members only. 	Some curvature- 

length - relationshipswere given by El-Katib, calculated 

analytically. 

Inspection of Figs. 51 to 57 shows that in the 
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elastic range, strain and distribution of curvature 

are proportional to the bending moment and no plastic 

rotation is developed. 

In the unbound plastic stage, plasticity spreads 

over a considerable length of the member, being longer 

for a higher axial load, and the strain and curvature 

are no longer proportional to the bending moment, but 

increases at a higher rate along the plastic zone, thus 

giving a plastic rotation in excess of the rotation 

developed within the same zone if the member had remained 

elastic. 

When spalling took place, the drop in load was 

accompanied by a contraction of the length of the plastic 

zone, and the length of spalling was observed to extend 

to a.  length of approximately 1/5 of the bending moment 

intercept. 	This resulted in a concentration df most 

of the plastic rotation within the length of spalling.' 

By graphical integration of the curvature distri-

bution diagrams in the two plastic stages, experimental 

values of the curvature distribution factor /5 in the 

equation 

= hi s ma p 	kIV.5) 
EIu  EIel 

as given in Part IV for the practical design of plastic 

hinges, w5rf.1 deterMined, the average values being, 
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= 0.305 for unbound plastic range, 

= 0,21 for bound plastic range, 

for the case of linear bending moment distribution. 

The Ultimate Strength and Rotation of Bound  

Plastic Hinges.  

From the relationship between lateral binding and 

concrete ultimate stress and strain as determined from 

tests and given in Figs. 65 & 66, and from the /g values 

obtained ffom the strut tests, curves have been plotted 

for the ultimate strength and rotation of bound plastic 

hinges, and are given in Figs. 67 to 74 , for both 

circular and rectangular binders. 

In most cases, under-reinforced beams will develop 

sufficient hinge rotations without the aid of lateral 

binding. 	For over-reinforced beams, rotations may be 

insufficient and lateral binding may have to be used to 

provide higher rotations. 	However, a very high ratio 

of lateral binding is required to effect a small in- 

crease in rotation. 	This indicates that where cir-

cumstances permit, under-reinforcing in beams would 

be a more economical method of providing for large 

plastic hinge rotations. 

For hinges subjected to combined bending and axial 

loads, Figs. 71 to 74 show that the use of lateral 
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binding greatly increasesthe available rotation, and 

often provides the only solution in cases where the 

required rotations and axial loads are both high. 

The interaction curves of Figs. 72 and 74 show that 

the most economic design for ultimate bending strengths 

occur at between P/ Pu  = 0.25 to 0.50, within which 

a near-balance failure occurs. 	This is in agreement 

with interaction curves given by Hognestad 
16, who also 

showed that this was roughly true for other percentages 

of reinforcement. 	Lower P/Pu  may be used to advan- 

tage, and high rotation values characteristic of under 

reinforced sections are obtained. 	For P/Pu  values 

higher than say 0.60, both the ultimate strength and 

bending available rotations are decreased rapidly. 

This shows that for plastic hinges in columns, the most 

economical designs are achieved when P/Pu  does not 

exceed 0.60. 

Figs. 67 to 70 also show that spiral binding enables 

higher strengths and rotations to be developed in bound 

concrete hinges as compared to rectangular binders. 

However, rectangular binders occur more frequently 

in practice. 

Fig. 75 gives elastic EI values for different 

tension steel ratios, in which the tensile strength in 
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concrete is neglected, i.e., assuming a cracked section. 

In actual fact, it is not strictly true to assume a 

cracked section in the elastic stage, since in this 

stage the ultimate tensile strain of concrete,,has 

probably not been exceeded, so that the uncracked ten-

sion zone contributes some tensile strength to the 

section. 	This causes the true elastic EI value to be 

higher than the assumed cracked-section value, espec-

ially in under-reinforced sections, where the tension 

zone is large. 	However, the assumption of cracked 

sections is simpler to apply, and errs on the safe 

side, since required rotations so calculated would 

then be higher than the exact value. 

Fig. 76 gives elastic EI values plotted against 

the axial load ratio, and the comments regarding 

cracked sections also apply in this case. 	When the 

axial load is such that ni> 1 , then the whole section 

is in compression, and no error due to the assump-

tion of cracked sections arises. 

Knowledge of elastic EI values enables the stiff-

flosses of framework members to be determined and applied 

to the trial and adjustment method of the Plastic Hinge 

Theory, and also enables the net plastic hinge rotations 

to be calculated. 
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Typical Required Values of Plastic Hinge Rotations.  

There are a limitless number of ways in which 

combinations of proportioning of dimensions of struc-

tures, form, magnitude and order of loading, etc., can 

produce ill-conditioned cases of ultimate bending 

moment distribution and axial load, giving required 

G values for complete moment redistribution which are 

too large to be safely accommodated by critical regions 

of a structure. 	There are therefore extreme cases 

in which the plastic theory cannot be applied with 

advantage to any material, be it concrete or steel. 

These extreme cases, however, do not occur in most 

practical cases. 

The determination of required 9 values for com-

plex frameworks cannot be dealt with in detail in this 

investigation, but is being studied by yu.10  So many 

parameters govern the rotation of plastic hinges in 

such structures, that critical hinge rotations cannot 

be readily isolated for general cases. 	Some values 

of required 9 for the more simple structures, calculated 

by equation(I.1), are given below, for the condition 

of full redistribution. 
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Structure 

beam, U.D.L. 

2-span cont. 

beam, U.D.L. 

2-pinned portal, 

central pt. load 

Fixed portal, 

pt. sway load. 

Required G  

MuL 
6EIe  

3 Etie  

MuL 
6EIe 

Value of s 

0.146 L 

0.344 L 

0.50 L 

0.50 H 

Fixed-end 

0.153 MuL  
EIe  

Since the available rotation depends also on the 

value of s as well, one of the critical cases from 

the above examples is the fixed1,.end beam, in which a 

very low value of s = 0.146 L occurs, so that 

	

i

/Mu.s 	1 	1  

	

EIe 	6 0.146 

1.14 . 

Reference to Fig. 69 shows that this value can-

not be accommodated by unbound hinges, even with a 

	

tension steel ratio as low as 0.01 . 	By using rectang- 

ular binders, say pb = 0.015, and pt  = 0.01 gives 

9/111u.t.! = 1.12 , which is then satisfactory provided Eie 
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the low tension steel ratio does not resUlt in excessive 

weakening due to bond slip or wide cracks. 	If a higher 

value of pt  is found to be more suitable, then a higher 

pb  is required for a given value of 8 . 

The above case represents one of the most 

conditioned structures in practice, since all the 

plastic rotations can only develop over a very short 

length of the beam. 	Assuming that h' = 0.4 , then 

the length of the plastic zone would be only 

0.4 x 0.146L = 0.0584 L 

1/17 of the span. 

In a column, there is usually only one point of 

contraflexure along the thole length, so that the 

value of s is high, usually having the value of I 

for full redistribution. 	Thus, although the required 

8 value may often appear to be high, the high value of 

s enables large plastic hinge rotations to be developed 

over a long plastic zone. 	The magnitude of axial load 

is often a parameter independent of the bending moment, 

so that the worst order of axial load cannot be assessed. 

An increase in axial load tends to decrease the value 

of strain available for flexural deformations, but on 

the other hand, tends to increase the length of the 

plastic zone over which considerable plastic hinge 
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rotations can develop. 	Hence when the value of P/Pu  

is not too excessive, the net effect of axial load 

is to spread the plastic zone only, while the avai- 

lable rotation is self-adjusting. 	In practice, the 

condition of P/Pu 226-0.'6 can usually be realized; 

lateral binding may also be used to increase the avai-

lable rotation many times, so that it may be said that 

column hinge rotations will, if suitably designed, cover 

most cases of required 0 values. 

Thus it appears that reinforced concrete iplastic, hinges 

are capable of accommodating the required plastic hinge 

rotations in most practical cases. 	With thn use of 

lateral binding which considerably increases the ducti-

lity of ordinary odncrete, the ultimate strain of conc-

rete may be raised to more than 2%, or 20 times its 

elastic strain. 	This figure compares well with the 

ductility of structural steel frameworks, and shows 

that, while lateral binding is neither often economi-

cal nor necessary, it can be used with advantage in 

critical cases, thus affording favourable support for 

the ultimate load method of design of reinforced con-

crete frameworks by the Plastic Hinge Theory. 
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PART VI 

CONCLUSION 

General Summary of. Investigation.  

It was the object of this investigation to study 

the characteristics of plastic hinges analytically 

and experimentally, in the light of application to 

the ultimate load method of design of reinforced 

concrete frameworks by the Plastic Hinge Theory. 

An analytical study was made by comparing the 

Plastic Hinge Theory with exact theory, so that the 

idealized assumptions made, and the degree of approxi-

mation incurred in the Plastic Hinge Theory could be 

examined. 

A generalised stress-strain relationship for 

plain and bound concrete was adopted, from which equa-

tions for the strength and deformation of plain and 

and bound reinforced concrete sections subjected to 

various forms of applied load, were developed. 	These 

general equations are valid throughout the entire 

history of loading. 

The available plastic hinge rotation which can 

be developed in the region of plastic hinge behaviour, 

was discussed with reference to the length of the plastic 
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zone, the curvature distribution, and the influence 

of reinforcement, concrete strength, axial load, 

lateral binding, and spalling of concrete cover. 

Tests were conducted on 23 reinforced concrete 

specimens, consisting of 9 laterally bound short 

prisms, 7 spirally bound short cylinders, and 7 

rectangular struts. 

The prisms and cylinders enabled the strength 

and deformation of concrete bound with different, 

ratios of lateral binding to be studied, while the 

strut tests showed the distribution of curvature 

within the plastic zone, and the influence of varying 

the ratio of axial load to bending load on the plastic 

hinge rotation. 

The analytical and experimental findings were finally 

correlated and discussed. 
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General Conclusions.  

Within the scope of this work, the following 

conclusions appear to be justified 

1. It has been shown that although the idealized 

conception in the Plastic Hinge Theory does not inter-

prete the exact structural behaviour of a statically 

indeterminate framework, it provides a very simple and 

powerful approximation method for determining the most 

economical bending moment distribution and required 

plastic hinge rotation values in structures subject 

to yield and economic redistribution of bending moments 

at ultimate load. 

2. The error incurred by the Plastic Hinge Theory 

when compared with exact theory has been found to be 

,p14.4' - 	- 	a 	generally negligible, the worst 

case being of the order of a few percent. 

3. The local detailing and design of plastic hinge 

regions should be based on the actual plastic behaviour. 

4. The available plastic hinge rotation as defined 

by the Plastic Hinge Theory is approximately the total 

rotation less the corresponding elastic rotation over 

.the length of the plastic zone, and is given by 
wrk 	fhk 

= 	 ----(1.6) EI s  s 	EI ds  e 



128 

5. Under short-time loading conditions, the stress-

strain curve of plain and bound concrete throughout 

its entire history of loading may be closely approxi-

mated by 3 connected straight lines. 

6. Lateral binding does not not sensibly influence 

the strength and deformation of concrete sections until 

the crushing strain of plain concrete is attained; at 

this stage, lateral pressure gradually builds up in 

the binders due to the large lateral deformations 

developed by the concrete, and this induced triaxial 

compression delays failure and extends the stress-

strain range of the concrete, transforming it into 

a more ductile material. 

7. Test results indicate that the ultimate strength 

and deformation of bound concrete under flexural comp-

ression may be approximately related to the lateral 

binding ratio pb by the following empirical equa- 

tions for the particular type of binder steel used 

in the author's tests: 

For circular binders, within the range pb = 0.to 0.0417, 

pb . 0.0375 (Ku  - K0)2  	(V.1) 

pb  = 	4970 ( 1.1    (V.3) 

For rectangular binders, range pb = 0 to 0.0324. 

pb  = 0.189 (Ku  - K0)2  	(V.2) 

pb = 14600 (0Eu - 60)3  	(V.4) 
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8. The concrete used in the tests commenced to 

spall at a strain of 60  = 0.0035, and propagated 

along the length of members with varying bending 

momentsi  until a lower limiting strain Er  = 0.0022 

was reached. 	The spalled.length was approximately 

1/5 of the bending moment intercept, and was found to 

be rather insensitive to small changes in the length 

of the plastic zone. 

9. The proposed general strength and deformation 

equations predict satisfactorily the behaviour of 

plain and bound reinforced concrete members. 

10. High plastic hinge rotations can be developed in 

unbound under-reinforced sections, and where the bend-

ing moment intercept is long. 

11. Laterally bound sections can develop very high 

plastic hinge rotations, and is particularly efficient 

for column hinges. 	The spalling of concrete cover in 

laterally bound plastic hinges causes a slight drop of 

load, contraction of the length of plastic zone, and the 

concentration of plastic hinge rotations within the 

spalled length. 

12. A semi-empirical method for rapidly determining 

the available plastic hinge rotation, is given by the 

equation 
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ek = mu hts 
 [
-1— EIu  

  

---(IV.5) 
EIe  

     

where the curvature distribution factor /3 was found 

from tho strut tests to have the values 

= 0.305 for unbound hinges, 

= 0.21 	for laterally bound hinges. 

13. In beams, the length of the plastic zone is 

approximately 0.4 of the bending moment intercept. 

Assuming the highest value of B.M. intercept to be 

the length of the plastic zone is therefore not greater 

than 1/10 of the span. 

In columns, the length of the plastic zone is 

increased by the presence of axial load. 	Although 

it is possible for the length of the plastic zone 

to reach a theoretical maximum value equal to the 

entire length of the bending moment intercept, in prac-

tice the value of P/Pu  may be assumed to be less than 

0.64  i.e., if the bending moment intercept has the value 

of i, then the plastic zone for column hinges is there-

fore not greater than 0.35 of the length of the column. 

This spread of plasticity does not affect the validity 

of the Plastic Hinge Theory. 

14. In most structures, economic redistribution of 

ultimate moments an be achieved without using lateral 
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binding. 	In critical cases, laterally bound plastic 

hinges generally enables sufficiently high rotations 

to be accommodated. 

15. 	Lateral binding gives great ductility to conc-

rete, and ultimate strains exceeding 20 times the 

elastic strain are possible. 	Besides its use in 

plastic hinges, bound concrete avoids sudden brittle 

collapse normally associated with compression failure 

in reinforced concrete members, and justifies the use 

of a lower factor of safety.. 
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Recommendations for Future Work.  

The investigation of the characteristics of 

plastic hinges is obviously far from complete, and 

with the limitations of the author's work in view, 

the following recommendations are given for future 

work in this field. 

1. More tests on laterally bound concrete should be 

carried out with a wider range-•of variables, namely, 

binders of various shapes and sizes, different pitches 

and types of steel. 

2. Limitation of equipment did not permit the 

author's test specimens to be full-sized members. 

Consequently, the accuracy of strain measurements was 

not as high as could be desired. 	This is particularly 

marked when the neutral axis is outside the section. 

Testing of larger specimens should therefore give 

strain measurements of improved accuracy. 

3. Creep tests should be carried out on laterally 

bound concrete. 	The author's tests were carried out 

for short-time loading conditions only, and hence little 

is yet known of the creep characteristics of bound 

concrete. 

4. The flexural rigidity of bound concrete EI is 

very low compared to the elastic value, and where axial 
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load is high, lateral instability is very liable to 

occur. 	For such members, the safe allowable slender- 

ness ratios and reduction-coefficients for bound conc-

rete, as applied to the ultimate load design method 

iri the Plastic Hinge Theory, .should be determined by 

conducting tests on bound concrete members of varying 

slenderness ratios to investigate plastic buckling 

behaviour. 
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